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Chapter 1

Introduction And Main Results

1.1 Introduction

Survival analysis is the part of statistics, in which the variable of interest may often be interpreted as
the time elapsed between two events. Such ”lifetimes” typically appear in a medical or an engineering
context. E.g., a quantityU may denote the time between infection and the onset of a disease. In
engineering,U may be the time a technical unit was on test until failure occurred. Since in each case
U is a random variable one may be interested in distributionalproperties ofU . A typical feature of
such lifetime data analysis is that due to time limitationsU may not always be observable. Hence the
available data only provide partial information and, as a consequence, standard statistical procedures
are not applicable. Maybe the most famous example is random (right) censorship where instead of
U one observesmin(U,C) andδ = 1{U≤C}, in whichC is a censoring variable and the indicator
reveals the information which ofU andC was actually observed. Another important example is
random truncation, in whichU is observed only ifU ≤ D, whereD is the associated truncating
variable. In each case standard empirical estimators attaching equal weights to the observations are
not recommendable and need to be replaced by others taking into account the actual structure of the
data. Typically, this results is a complicated reweightingof the observations leading to estimators with
distributions which are not easy to handle.
In many situations, when one observes patients over time, one may be interested in consecutive times
X1 ≤ X2 ≤ X3 ≤ ... denoting the beginning of different phases in the development of a disease. E.g.,
in HIV studies,X1 could be the time of infection,X2 the time when antibodies occur (seroconversion)
andX3 the time when AIDS is diagnosed. Let

U1 = X2 −X1 and U2 = X3 −X2

denote the length of each period. Typically, we may expect some dependence betweenU1 andU2. Let
F denote the unknown bivariate distribution function (d.f.)of (U1, U2):

F (x1, x2) = P(U1 ≤ x1, U2 ≤ x2), x1, x2 ∈ R.

More generally, we may be interested in integrals

I =

∫

ϕdF

w.r.t. F , whereϕ is a given score function. E.g., if we takeϕ(x1, x2) = x1x2, we obtain an integral
which is part of the covariance ofU1 andU2. Given a sample(U1i, U2i), 1 ≤ i ≤ N , of independent
replicates of(U1, U2), the standard empirical estimator ofI becomes
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IN =
1

N

N
∑

i=1

ϕ(U1i, U2i).

In a practical situation, theU ’s may not be all observable. For example, ifE denotes the end of the
study, and if we setZ = E − X1, then the patient becomes part of the study only ifU1 ≤ Z. In
other words,U1 may be truncated from the right byZ and hence gets lost ifU1 > Z. If no truncation
occurs, bothU1 andZ will be observed. As toU2, this variable will be available only ifU1 +U2 ≤ Z.
Otherwise we observeZ − U1. Hence given thatU1 is not truncated,U2 is at risk of being censored.
SinceU1 andU2 may be dependent we obtain some kind of dependent censorship.
To summarize the data situation, for each person, we have three sequentially observed dataX1 ≤
X2 ≤ X3 giving rise toU1 andU2. As before, letE denote the end of the study. The following figure
then displays the possible data structures depending on thelocation ofE:

- truncation and censoring

- no truncation but censoring

- no truncation and censoring

-

U1 U2 X3X2X1

X3X2

X3X2

X3X2

X1 E

X1 E

X1 E

Figure 1.1: Possible Data Structures

LetN be the number of people at risk. Since, under possible truncation,N is unknown, we also have
to introducen, the number of actually observed cases. Denoting withα = P(U1 ≤ Z) the probability
of non-truncation,n is a binomial random variable with parametersα andN . Typically, for truncated
data, the statistical analysis will be conditionally on a givenn. In terms ofn, we are given a sample
(U1i, Ũ2i), Zi andδi, 1 ≤ i ≤ n, whereŨ2i equalsU2i when no censoring occurs. Otherwise,

Ũ2i = Zi − U1i.

Finally, δi = 1{U2i≤Zi−U1i}.

It is the goal of our work to derive an estimatorFn of F given the above data. As a second step we
shall study estimators

In =

∫

ϕdFn

of I. For the computation of confidence intervals forI, one needs to compute or at least approximate
the distribution ofIn. For this, we shall derive a representation ofIn as a sum of i.i.d. summands plus
remainder. After that we may apply the Central Limit Theorem(CLT) to the leading term to obtain
asymptotic normality ofn1/2(In − I).
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1.2 Main Theorem

In this section we develop an estimatorIn of I through identifiability ofF . This means, that we are to
find a representation ofF in terms of estimable quantities.

For this, recall thatX1 ≤ X2 ≤ X3 are three consecutive times such that we are interested in

U1 = X2 −X1 and U2 = X3 −X2.

As before denote withF the distribution function (d.f.) of(U1, U2):

F (x1, x2) = P(U1 ≤ x1, U2 ≤ x2).

Let

F1(x1) := P(U1 ≤ x1)

and

F2(x2) := P(U2 ≤ x2)

be the associated marginal d.f.’s. LetE denote, as before, the end of the study so that

Z := E −X1 ∼ G

denotes the time elapsed betweenX1 andE. It is assumed throughout that(U1, U2) is independent of
Z andZ is observed always whenU1 is observed, whetherU2 is censored or not. Note, however, that
sinceU1 is observed only whenU1 ≤ Z, truncation may cause some dependence between the actually
observedU1 andZ. As before, write

α = P(U1 ≤ Z)

for the probability, that(U1, Z) can be observed. In addition to truncation, whenU1 ≤ Z, the random
variableU2 is at risk of being censored from the right byZ − U1 = E −X2. In other words, we only
have access to

Ũ2 = min (U2, Z − U1) (1.1)

Since in generalU1 andU2 will be dependent and, at the same time, the observedU1 also depends on
Z, equation (1.1) incorporates a kind of dependent censorship. Along with (U1, Z) andŨ2 we also
observe

δ = 1{U1+U2≤Z} =

{

1, if U2 is uncensored
0, otherwise

It is the purpose of this work to reconstructF from a sample of independent replicates of(U1, Z), Ũ2

andδ. Actually, our target will be

I =

∫

ϕdF,

whereϕ is a given score function. In particular, whenϕ is the indicator of the rectangle(−∞, x1] ×
(−∞, x2], we are back atI = F (x1, x2).

4



For identifiability ofF , we also need some sub-distributions connected withF andG. Set

H1
2 (x, y) = P(U1 ≤ x, Ũ2 ≤ y, δ = 1|U1 ≤ Z)

= P(U1 ≤ x, U2 ≤ y, U1 + U2 ≤ Z|U1 ≤ Z)

= α−1
P(U1 ≤ x, U2 ≤ y, U1 + U2 ≤ Z)

= α−1

∫ x

−∞

∫ y

−∞
[1 −G(x1 + x2)

−]F (dx1, dx2),

where the last equality follows from the independence of theoriginal (U1, U2) andZ.
Hence, provided thatsupp(ϕ) ⊂ {(x1, x2) : G(x1 + x2)

− < 1}, we obtain

I =

∫

ϕdF =

∫

ϕ(x1, x2)
α

1 −G(x1 + x2)−
H1

2 (dx1, dx2).

Furthermore,

α−1(1 −G(x)−) =
P(Z ≥ x)

P(U1 ≤ Z)
=

P(Z ≥ x, U1 ≤ Z) + P(Z ≥ x, U1 > Z)

P(U1 ≤ Z)

= P(Z ≥ x|U1 ≤ Z) + α−1

∫

[x,∞)

[1 − F1(y)]G(dy).

Set

A(x) = P(Z ≥ x|U1 ≤ Z)

and

B(x) = α−1

∫

[x,∞)

[1 − F1(y)]G(dy).

Hence

I =

∫

ϕdF =

∫

ϕ(x1, x2)
1

A(x1 + x2) +B(x1 + x2)
H1

2 (dx1, dx2). (1.2)

The functionA can be easily estimated through the empirical d.f. of an observed Z-sample. In
contrast, the functionB contains the unknownα and the unconditional d.f.’sF1 andG of U1 andZ.
To eliminate these terms we introduce

G∗(y) = P(Z ≤ y|U1 ≤ Z) = α−1

∫

(−∞,y]

F1(z)G(dz)

so that

B(x) =

∫

[x,∞)

1 − F1(y)

F1(y)
G∗(dy).

The functionG∗ is a conditional d.f. which again is easily estimable, whileF1 can by estimated
through the well known Lynden-Bell estimator for truncateddata.
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Our statistical analysis is based on a sample ofn replicates of(U1, Z), Ũ2 andδ. More precisely, we
assume that we are givenN independent(U1i, U2i) random observations from the d.f.F and a sample
Zi of N independent random variables from the d.f.G such that theU-sample is also independent of
theZ-sample. We only observe(U1i, Zi) if U1i ≤ Zi. Hence the actually observed number of data is

n =

N
∑

i=1

1{U1i≤Zi}.

Note thatn is a binomial random variable with parametersN andα. Throughout this work our
statistical analysis will be based on a given value ofn. The distribution function of the observedZi

equalsG∗ and can be estimated through

G∗
n(y) =

1

n

n
∑

i=1

1{Zi≤y}.

The d.f. of an actually observedU1i becomes

F ∗
1 (x1) = P(U1 ≤ x1|U1 ≤ Z)

which may be estimated through

F ∗
1n(x1) =

1

n

n
∑

i=1

1{U1i≤x1}.

The empirical analogue ofA(x) becomes

An(x) =
1

n

n
∑

i=1

1{Zi≥x}, (1.3)

whileB(x) is estimated through

Bn(x) =

∫

[x,∞)

1 − F1n(y)

F1n(y)
G∗

n(dy)

=
1

n

n
∑

i=1

1{Zi≥x}
1 − F1n(Zi)

F1n(Zi)
, (1.4)

whereF1n is the Lynden-Bell estimator ofF1 for right-truncated data. More precisely, since

F ∗
1 (x1) = P(U1 ≤ x1|U1 ≤ Z)

= α−1

∫

(−∞,x1]

(1 −G(u−))F1(du)

we have

αdF ∗
1 = (1 −G−)dF1

and therefore
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dF1 =
dF ∗

1

α−1(1 −G−)
.

Set

C(x) = P(U1 ≤ x ≤ Z|U1 ≤ Z). (1.5)

Since

C(x) = α−1
P(U1 ≤ x ≤ Z) = α−1F1(x)(1 −G(x−)),

we obtain

dF1

F1

=
dF ∗

1

C
. (1.6)

The cumulative hazard function associated withdF1

F1
is defined as

Λ(x) =

∫

[x,∞)

F1(du)

F1(u)
.

The product-integration formula then yields

F1(t) = e−Λc(t)
∏

y>t

[1 + Λ{y}] .

Since by (1.6)

Λ(x) =

∫

[x,∞)

dF ∗
1

C
,

the empirical counterparts become

Λn(x) :=

∫

[x,∞)

dF ∗
1n

Cn
=

n
∑

i=1

1{U1i≥x}
nCn(U1i)

and, if there are no ties,

F1n(t) =
∏

y>t

[1 + Λn{y}] =
∏

U1i>t

[

1 − 1

nCn(U1i)

]

, (1.7)

where

Cn(x) =
1

n

n
∑

k=1

1{U1k≤x≤Zk}.

Finally, the estimator ofH1
2 (x, y) becomes
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H1
2n(x, y) =

1

n

n
∑

i=1

1{U1i≤x,Ũ2i≤y,δi=1},

where

Ũ2i = min (U2i, Zi − U1i), 1 ≤ i ≤ n.

We are now in the position to define our estimator ofI =
∫

ϕdF . In view of (1.2), we set

In :=

∫

ϕ(x1, x2)
1

An(x1 + x2) +Bn(x1 + x2)
H1

2n(dx1, dx2)

=
1

n

n
∑

i=1

ϕ(U1i, Ũ2i)
δi

An(U1i + Ũ2i) +Bn(U1i + Ũ2i)
.

As Theorem 1.1 will show, under mild integrability conditions,In admits a representation as a sum of
i.i.d. random variables (plus remainder).

Theorem 1.1.Under continuity ofF1, assume that

A1:
∫

dF1

1−G−
<∞

A2:
∫ |ϕ(x1,x2)|k

F 2
1 (x1+x2)

F (dx1, dx2) <∞

A3:
∫ |ϕ(x1,x2)|k

(A+B)2(x1+x2)
F (dx1, dx2) <∞

for k = 1, 2. Then we have

In =

∫

ϕ(x1, x2)

(A+B)(x1 + x2)
H1

2n(dx1, dx2)

−
∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

1

C(y)
(F ∗

1n(dy) − F ∗
1 (dy))G∗(dx)H1

2 (dx1, dx2)

+

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

Cn(y) − C(y)

C2(y)
F ∗

1 (dy)G∗(dx)H1
2 (dx1, dx2)

+

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)
(G∗(dx) −G∗

n(dx))H1
2 (dx1, dx2) + oP(

1√
n

).

Remark 1.1. Assumptions A1-A3 yield
∫ |ϕ(x1, x2)|

(A+B)(x1 + x2)F1(x1 + x2)

∫ ∞

x1+x2

G(dy)

F1(y)
F (dx1, dx2) <∞

and

∫ |ϕ(x1, x2)|k
(A+B)(x1 + x2)F1(x1 + x2)

F (dx1, dx2) <∞

for k = 1, 2.
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Set In = În + R̂n, whereÎn is the sum of i.i.d. random variables and̂Rn is the remainder from
Theorem 1.1. In the following Lemma we compute the variance of În.

Lemma 1.1. We have

V ar(În) =
1

n

(

∫ ∫ ∫
[

ϕ(y1, y2)

(A+B)(y1 + y2)
+ ψ(y1, y3)

]2

H3(dy1, dy2, dy3) +

∫ ∫

ψ2(y1, y3)H̃
2
2(dy1, dy3)

)

=:
σ2

n
,

where

H3(y1, y2, y3) = P (U1 ≤ y1, U2 ≤ y2, Z ≤ y3, δ = 1|U1 ≤ Z)

H̃2
2 (y1, y3) = P (U1 ≤ y1, Z ≤ y3, δ = 0|U1 ≤ Z)

and

ψ(y1, y3) =

∫ ∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

[

∫ ∞

x1+x2

1

F1(x)

{
∫

(x,∞)

1{y1≤y≤y3}
C2(y)

F ∗
1 (dy) − 1{y1>x}

C(y1)

}

G∗(dx)

− 1{y3≥x1+x2}
F1(y3)

]

H1
2 (dx1, dx2).

Since we can writeIn as a sum of i.i.d. r.v.’s and a remainder of the orderoP(
1√
n
), we may apply the

CLT. Actually,

√
n(In − I) → N (0, σ2). (1.8)

If ϕ is the indicator of the rectangle(−∞, x] × (−∞, y], we have, in particular,

Fn(x, y) =
1

n

n
∑

i=1

1{U1i≤x,Ũ2i≤y}δi

An(U1i + Ũ2i) +Bn(U1i + Ũ2i)

and

√
n(Fn(x, y) − F (x, y)) → N (0, σ2(x, y)).

This can be used to compute confidence intervals forF (x, y). For this we have to replace the unknown
σ2(x, y) through its estimator.

To obtain an estimator of the variance ofIn, we use the Plug-In Method. This means we have to
replace the unknown terms inσ2 with their estimators. This leads us to the following lemma.

Lemma 1.2. The Plug-In estimator ofσ2 equals

σ2
n =

1

n

n
∑

i=1

[

ϕ(U1i, Ũ2i)

(An +Bn)(U1i + Ũ2i)
+ ψn(U1i, Zi)

]2

δi +
1

n

n
∑

i=1

ψ2
n(U1i, Zi)(1 − δi),
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where

ψn(U1i, Zi) =
1

n

n
∑

l=1

ϕ(U1l, Ũ2l)

(An +Bn)2(U1l + Ũ2l)
δl

[1

n

n
∑

j=1

1{Zj≥U1l+Ũ2l}
1

F1n(Zj)

{

− 1{U1i>Zj}

Cn(U1i)

+
1

n

n
∑

k=1

1{U1k>Zj}
1{U1i≤U1k≤Zi}
C2

n(U1k)

}

−
1{Zi≥U1l+Ũ2l}
F1n(Zi)

]

.
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Chapter 2

Simulations

2.1 The Marshall and Olkin Model

In this chapter we study examples for the estimatorIn of I for different sample sizes and truncation
rates1−α. In the next two sections we will deal with the estimator of a d.f., Fn, estimate variances of
Fn and compute confidence intervals. In the last section we study examples ofIn for different score
functionϕ, like estimated correlation coefficients or expectations.

The variablesU1, U2 andZ are taken from an exponential distribution with parametersλU1, λU2 and
λZ, respectively. Recall that, in general,U1 andU2 are dependent. Because of that, we will produce
dependent replicates ofU1 andU2 using a method proposed by Marshall and Olkin. See Johnson and
Kotz (1972). For this we first produceN copies of three independent vectorse1, e2 ande3 from an
exponential distribution with parametersλ1, λ2 andλ3, respectively. Whileλ1, λ2 and the correlation
betweenU1 andU2 can be chosen, theλ3 is given by

λ3 =
Corr(U1, U2)(λ1 + λ2)

1 − Corr(U1, U2)
.

Setting

U1 = min(e1, e3)

and

U2 = min(e2, e3)

we obtain vectors of replicates from an exponential distribution with parametersλ1 + λ3 andλ2 + λ3,
respectively. To keep the truncation rate equal to1 − α, vector ofZ ’s is to be produced from an
exponential distribution with parameter:

λZ =
1 − α

α
(λ1 + λ3).

This equation is a consequence of

P(Z ≤ y|U1 ≤ Z) = α−1

∫

(−∞,y]

F1(z)G(dz),

whereF1 andG are the distribution functions ofU1 andZ, respectively. Settingy = ∞, we obtain
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1 = P(Z ≤ ∞|U1 ≤ Z) = α−1

∫

(−∞,∞)

F1(z)G(dz)

SinceF1(z) = 1 − e−(λ1+λ3)z andG(z) = 1 − e−λZz for z ≥ 0 andF1(z) = G(z) = 0 for z < 0 we
obtain

α =

∫

(0,∞)

(1 − e−(λ1+λ3)z)λZe
−λZzdz = 1 − λZ

λ1 + λ3 + λZ

and therefore

λZ

λ1 + λ3 + λZ

= 1 − α.

Hence, finally, we have

λZ =
1 − α

α
(λ1 + λ3).

To use the estimator from Chapter 1, we take only then ofN replicates ofU1, U2 andZ for which the
U1’s are less than or equal toZ.
The joint distribution function of the dependent(U1, U2) is given as

F (x, y) = 1 − e−(λ1+λ3)x − e−(λ2+λ3)y + e−λ1x−λ2y−λ3max(x,y).

2.2 Simulations for the estimator of a d.f. for differentα andN

For our simulation study we first takeλ1 = 1, λ2 = 1 andCorr(U1, U2) = 0.5. Then we obtain
exponentialU1 andU2 both with parameter equal to 3. The first figure shows the true distribution
function:

x
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0.6

y

0.0

0.2

0.4

0.6

0.0

0.2

0.4

0.6

0.8

1.0

Figure 2.1: Distribution function
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Figure 2.2 displays the estimatorFn for N = 20 data and 10% truncation. We can see that there
are big differences between our estimator and the true distribution functionF . This is not surprising
since, after truncation, our estimator on average is based on 18 data. For the available sample the first
variable can be observed, but some ofU2i’s are additionally censored.

x
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Figure 2.2: Estimator of a d.f. forN = 20 andα = 0.9

The small sample size also has an influence on the estimator ofthe variance. We will see, that the
variance is large compared to variances for 50 or 100 data. But we can observe that the estimator of
the variance falls for largex andy similarly as the variance for a standard estimator of a distribution
function (based on complete data). This happens because for10% truncation the loss of information
is much smaller compared with larger truncation rates, for example 40%.

13



x

0.0

0.2

0.4

0.6

y

0.0

0.2

0.4

0.6

0.00

0.01

0.02

0.03

0.04

0.05

Figure 2.3: Estimator of variance forN = 20 andα = 0.9

But already forN = 50 and 10% truncation the estimator of the distribution function is very good. As
we can see, the estimator based on 45 data is not only close to the true distribution function for small
(x, y) but we also haven’t any overestimation for large(x, y).
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Figure 2.4: Estimator of a d.f. forN = 50 andα = 0.9

For a larger data set (N = 100), even with a large percentage of truncation (40%) we can seethat the
estimator of a distribution function, for small(x, y), looks good. The truncation rate has a noticeable
influence, if at all, for large(x, y). This is the effect of loss of information for large data.
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Figure 2.5: Estimator of a d.f. forN = 100 andα = 0.6

As we can see on the next figure, the heavy truncation has also an influence on the estimator of
variance. It increases whenx andy become larger, but decreases for small(x, y).
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Figure 2.6: Estimator of variance forN = 100 andα = 0.6

In all of our simulations we did until now, the expectations of U1 andU2 were both equal to1/3. The
expectation of the truncation variableZ was equal to 3 forα = 90% and 0.5 forα = 60%.
Next we study a more asymmetric d.f., where on avarageU1 is much smaller thatU2. This is similar to
a situation in AIDS, where the period between infection and seroconversion is much smaller than the
period between seroconversion and AIDS. In such a situation, the longer second variableU2 is more
likely to be censored as in the first example.
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More precisely, in this case we choose a small correlation betweenU1 andU2 namely 0.1, while
λ1 = 1.5, λ2 = 0.3. Then we get exponential variablesU1 andU2 with parameters 1.7 and 0.5. This
gives usEU1 = 0.59 andEU2 = 2. In this case, the true d.f. looks as follows:
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Figure 2.7: Distribution function

For heavy truncation (α = 0.7) the expectation ofZ equals 1.37. As a consequence we obtain a big
censoring rate as well. Nevertheless for a large data set (N = 200) the estimator is pretty close to the
true d.f.
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Figure 2.8: Estimator of a d.f. forN = 200 andα = 0.7

16



Some problems occurs if we takeN = 50.
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Figure 2.9: Estimator of a d.f. forN = 50 andα = 0.7

This was expected, since forα = 0.7 about 15 data are truncated, and of the remaining 35 data, about
one half were additionally censored.
But if we take a more realistic case, 10% truncation, which yields an expectation ofZ being equal
to 5.3, we get a much better approximation of our distribution function already for a small data set
(N = 50).
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Figure 2.10: Estimator of a d.f. forN = 50 andα = 0.9
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Finally we make some simulations for strongly correlated data. More precisely , we choose a correla-
tion equal 0.8, whileU1 andU2 have parameters equal to 4.5 and 5.4, respectively. ThenEU1 ≈ 0.22
andEU2 ≈ 0.18. The true distribution function is as follows:
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Figure 2.11: Distribution function

For α = 0.7, the expectation of the truncation variableZ equals 0.52. ForN = 50 we have the
following estimator:
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Figure 2.12: Estimator of a d.f. forN = 50 andα = 0.7
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If α = 0.9, theZ expectation equals 2 and the results are much better.
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Figure 2.13: Estimator of a d.f. forN = 50 andα = 0.9
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Figure 2.14: Estimator of a d.f. forN = 200 andα = 0.9

In the simulations, we see that for different parameters, the truncation rate has a large influence on the
estimator. This is obvious if we recall that the truncation variableZ is, at the same time, a censoring
variable.
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The large influence of the truncation rate1−α we can see better when we construct confidence inter-
vals. We take, as in the beginning of this chapter,λU1 = λU2 = 3. The correlation equals 0.5. The next
three figures show 95% confidence intervals at(1, 1). This point was chosen, because, as we could see
in Figures 2.2, 2.5 and 2.6, first for large(x, y) with x, y ≥ 0.5 occur some problems with estimation.
Figure 2.15 is an example of confidence intervals forα = 70% and 50 data.
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Figure 2.15: Confidence Intervals forN = 50 andα = 0.7

In Figure 2.16 the intervals are smaller than in 2.15, since we take twice as many data (N = 100) data
with α still being equal 70%.
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Figure 2.16: Confidence Intervals forN = 100 andα = 0.7
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If we takeN = 50 and a largeα equal to 90% ( only 10% truncation ) the confidence intervals are
much smaller than in Figure 2.15. This confirms the big influence of the truncation rate.
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Figure 2.17: Confidence Intervals forN = 50 andα = 0.9

These confidence intervals are made for only 40 replicationsand because of that we can use them only
to say something about differences for differentα’s, and not about the quality of estimation.

2.3 Comparison betweenFn(x, y) and the standard empirical es-
timator

In this section we compare our estimatorFn(x, y) with the standard empirical estimatorHn(x, y),
defined as

Hn(x, y) =
1

n

n
∑

i=1

1{U1i≤x,Ũ2i≤y}.

At first we compare the two empirical estimators in one point(x, y) with help of an estimated mean
squared error, defined as

M̂SE(Fn(x, y)) =
1

m

m
∑

i=1

(Fn(x, y)(i) − F (x, y))2,

and estimated bias defined as

M(Fn(x, y), F (x, y)) :=
1

m

m
∑

i=1

Fn(x, y)(i) − F (x, y),

wherem is the number of replications andFn(x, y)(i) estimated d.f. based on theith sample. Then we
will compare this two dimensional functions with help of plots.
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For the first comparison, we take, as in the beginning of this chapter,λ1 = λ2 = 1 andCorr(U1, U2) =
0.5. This yieldsU1, U2 ∼ exp(3).
In the following table we provide the estimated MSE form = 1000, for differentα and sample size
N in point (x, y) = (0.5, 0.5).

α N = 20 N = 50 N = 100 N = 200

M̂SE(Fn(0.5, 0.5)) 0.7 0.0327 0.0080 0.0050 0.0043

M̂SE(Hn(0.5, 0.5)) 0.7 0.0459 0.0170 0.0210 0.0274

M̂SE(Fn(0.5, 0.5)) 0.9 0.0058 0.0044 0.0016 0.0007

M̂SE(Hn(0.5, 0.5)) 0.9 0.0030 0.0089 0.0058 0.0041

Table 2.1: estimated MSE

α N = 20 N = 50 N = 100 N = 200
M(Fn(0.5, 0.5), F (0.5, 0.5)) 0.7 0.1148 0.0518 0.0446 0.0127
M(Hn(0.5, 0.5), F (0.5, 0.5)) 0.7 0.2056 0.1797 0.1569 0.1527
M(Fn(0.5, 0.5), F (0.5, 0.5)) 0.9 -0.0381 0.0522 0.0309 0.0157
M(Hn(0.5, 0.5), F (0.5, 0.5)) 0.9 0.0126 0.0903 0.0742 0.0623

Table 2.2: estimated bias

As we can see, both estimators are better for bigger sample size than 20, butFn(x, y) gives much better
results (for MSE) thanHn(x, y), when the truncation is heavy. This was expected sinceHn(x, y) uses
the data as if they were complete andFn(x, y) takes into consideration that we have lost information.
The differences can be seen even better in Figures 2.19, 2.20and 2.21.
Recall that the true d.f. is as follows:
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Figure 2.18: Distribution function
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Forα = 0.99 (almost no lost of information) andN = 50 the estimators looks similar.
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N = 50, α = 0.99
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Figure 2.19: Two estimators forN = 50 andα = 0.99

Forα = 0.7 andN = 100 we can already see some differences.
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N = 100, α = 0.7
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Figure 2.20: Two estimators forN = 100 andα = 0.7

But for very heavy truncation (α = 0.6) and strong censorship, whenN = 200, the standard empirical
estimatorHn(x, y) strongly overestimates the true d.f.F (x, y), whileFn(x, y) is almost perfect.
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Figure 2.21: Two estimators forN = 200 andα = 0.6

For the more asymmetric case, when the correlation betweenU1 andU2 equals 0.1,U1 ∼ exp(1.7)
andU2 ∼ exp(0.5) , we choose(x, y) = (0.5, 2) ≈ (EU1, EU2) and get the following results:

α N = 20 N = 50 N = 100 N = 200

M̂SE(Fn(0.5, 2)) 0.6 0.0656 0.0413 0.0105 0.0061

M̂SE(Hn(0.5, 2)) 0.6 0.1987 0.1606 0.1427 0.1312

M̂SE(Fn(0.5, 2)) 0.9 0.0101 0.0015 0.0007 0.0006

M̂SE(Hn(0.5, 2)) 0.9 0.0177 0.0102 0.0087 0.0048

Table 2.3: estimated MSE

α N = 20 N = 50 N = 100 N = 200
M(Fn(0.5, 2), F (0.5, 2)) 0.6 0.0698 -0.0647 0.0623 0.0018
M(Hn(0.5, 2), F (0.5, 2)) 0.6 0.3524 0.3349 0.3967 0.3609
M(Fn(0.5, 2), F (0.5, 2)) 0.9 0.2229 -0.0371 -0.0273 -0.0183
M(Hn(0.5, 2), F (0.5, 2)) 0.9 0.2893 0.0759 0.0685 0.0675

Table 2.4: estimated bias

As before, for heavy truncation,Fn(x, y) is much better thanHn(x, y) already for small sample sizes.
This is a consequence not only of 40% truncation, but also of censoring, so that, in the end, we observe
less than half of the complete data. On the other hand, whileα = 0.9, Fn(x, y) is truly better than
Hn(x, y) only for bigger sample size.
Finally, when we look at the tables , we can see that the results forHn(x, y) are not changing too much
for N = 50, 100, 200, while for our estimator,Fn(x, y), we get each time much better results. This
confirms the asymptotic results for this estimator.
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2.4 Estimation of correlation coefficients and expectations

Since in this work we deal with estimators ofI =
∫

ϕdF for Borel functionsϕ, we are able not only
to compute estimators of a d.f. but also of the correlation betweenU1 andU2, EU1 orEU2. As in the
last section, we will compare our estimator with a standard empirical estimator.
Recall

In =

∫

ϕdFn =
1

n

n
∑

i=1

ϕ(U1i, Ũ2i)
δi

An(U1i + Ũ2i) +Bn(U1i + Ũ2i)
,

and set

Sn =

∫

ϕdHn =
1

n

n
∑

i=1

ϕ(U1i, Ũ2i).

Let Corrn(L) be the estimated correlation coefficient andL(Uj) describe the estimated expectation
of Uj by using the estimatorL, whereL is In or Sn. For example

Sn(U1) =
1

n

n
∑

i=1

U1i

and

Corrn(Sn) =
1
n

∑n
i=1(U1i − Sn(U1))(Ũ2i − Sn(Ũ2))

√

1
n

∑n
i=1(U1i − Sn(U1))2 1

n

∑n
i=1(Ũ2i − Sn(Ũ2))2

.

As in the last section̂MSE is the estimator of the mean squared error, defined as

M̂SE(Corrn(L)) =
1

m

m
∑

i=1

(Corrn(L)(i) − Corr(U1, U2))
2,

and

M̂SE(L(Uj)) =
1

m

m
∑

i=1

(L(U1)
(i) −EUj)

2.

As before we takeλ1 = λ2 = 1,Corr(U1, U2) = 0.5, whenceU1, U2 ∼ exp(3). Results form = 1000
are in following tables:

α N = 20 N = 50 N = 100 N = 200

M̂SE(Corrn(In)) 0.7 0.3054 0.0996 0.0809 0.0298

M̂SE(Corrn(Sn)) 0.7 0.2071 0.0645 0.0511 0.0189

M̂SE(Corrn(In)) 0.9 0.0498 0.0390 0.0313 0.0040

M̂SE(Corrn(Sn)) 0.9 0.0376 0.0260 0.0306 0.0044

Table 2.5: estimated MSE for correlations
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α N = 20 N = 50 N = 100 N = 200

M̂SE(In(U1)) 0.7 0.0281 0.0155 0.0081 0.0051

M̂SE(Sn(U1)) 0.7 0.0172 0.0130 0.0105 0.0089

M̂SE(In(U2)) 0.7 0.0520 0.0257 0.0098 0.0045

M̂SE(Sn(U2)) 0.7 0.0219 0.0129 0.0135 0.0156

M̂SE(In(U1)) 0.9 0.0042 0.0039 0.0013 0.0008

M̂SE(Sn(U1)) 0.9 0.0032 0.0048 0.0021 0.0023

M̂SE(In(U2)) 0.9 0.0058 0.0064 0.0012 0.0014

M̂SE(Sn(U2)) 0.9 0.0090 0.0010 0.0023 0.0049

Table 2.6: estimated MSE for expectations

UnfortunatelyIn seems to give better results only forIn(Ui). Because of that we compare the two
estimators with the estimated bias as well. Recall

M(Bn, B) :=
1

m

m
∑

i=1

B(i)
n − B,

wherem is a number of replications,B(i)
n is the value of estimator computed for theith sample, and

B is the true value.
Form = 1000 we have the following results for the correlation coefficient and expectations:

α N = 20 N = 50 N = 100 N = 200
M(Corrn(In), Corr(U1, U2)) 0.7 -0.3540 -0.1525 -0.0911 0.0071
M(Corrn(Sn), Corr(U1, U2)) 0.7 -0.3387 -0.2025 -0.1858 -0.1070
M(Corrn(In), Corr(U1, U2)) 0.9 0.1983 -0.0898 -0.0963 -0.0076
M(Corrn(Sn), Corr(U1, U2)) 0.9 0.1583 -0.1012 -0.1415 -0.0431

Table 2.7: estimated bias for correlations

α N = 20 N = 50 N = 100 N = 200
M(In(U1), EU1) 0.7 -0.0507 -0.0241 -0.0092 -0.0068
M(Sn(U1), EU1) 0.7 -0.1249 -0.1113 -0.1010 -0.0872
M(In(U2), EU2) 0.7 -0.0705 0.0174 0.0061 -0.0033
M(Sn(U2), EU2) 0.7 -0.1437 -0.1100 -0.1146 -0.1262
M(In(U1), EU1) 0.9 -0.0171 -0.0463 -0.0094 -0.0037
M(Sn(U1), EU1) 0.9 -0.0477 -0.0675 -0.0437 -0.0296
M(In(U2), EU2) 0.9 -0.0572 0.0398 -0.0002 0.0006
M(Sn(U2), EU2) 0.9 -0.0914 -0.0150 -0.0452 -0.0384

Table 2.8: estimated bias for expectations

The last two tables show that our estimator is better, and we see the positive effect for heavy truncation
as well. Besides, we can see that by estimation of expectations all results for standard estimator are
negative. This is the result of, already mentioned, overestimation of a d.f..
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Chapter 3

Proofs

The objective of this Chapter is to prove Theorem 1.1.

First recall that

In :=

∫

ϕ(x1, x2)
1

An(x1 + x2) +Bn(x1 + x2)
H1

2n(dx1, dx2)

=
1

n

n
∑

i=1

ϕ(U1i, Ũ2i)
δi

An(U1i + Ũ2i) +Bn(U1i + Ũ2i)
,

where

An(x) =
1

n

n
∑

i=1

1{Zi≥x}, (3.1)

Bn(x) =

∫

[x,∞)

1 − F1n(y)

F1n(y)
G∗

n(dy)

=
1

n

n
∑

i=1

1{Zi≥x}
1 − F1n(Zi)

F1n(Zi)
, (3.2)

and

δi = 1{U1i+U2i≤Zi} =

{

1, if U2i is uncensored
0, otherwise

To analyzeIn it will be important to find a proper decomposition into leading terms and remainders.
For this, write

In =

∫

ϕ

[

1

An +Bn
− 1

A+B

]

dH1
2n +

∫

ϕ
1

A+B
dH1

2n

=

∫

ϕ
1

A +B
dH1

2n +

∫

ϕ

[

1

An +Bn

− 1

A+B

]

(dH1
2n − dH1

2 )

+

∫

ϕ

[

1

An +Bn
− 1

A+B

]

dH1
2 = I1n + I2n + I3n, (3.3)
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say. The termI1n is already a sum of i.i.d. random variables. As toI2n andI3n, note that

1

An +Bn

=
1

A+B
+
A +B −An −Bn

(A+B)(An +Bn)

whence

I2n =

∫

ϕ
(A+B − An − Bn)2

(A +B)2(An +Bn)
(dH1

2n − dH1
2)

+

∫

ϕ
A+B − An − Bn

(A+B)2
(dH1

2n − dH1
2 ) ≡ J1n + J2n (3.4)

and

I3n =

∫

ϕ
(A+B − An − Bn)2

(A+B)2(An +Bn)
dH1

2

+

∫

ϕ
A+B −An − Bn

(A+B)2
dH1

2 ≡ J3n + J4n. (3.5)

Clearly,

J1n + J3n =

∫

ϕ
(A+B −An − Bn)2

(A+B)2(An +Bn)
dH1

2n.

This term will turn out to be negligible, as will also be the case withJ2n. The termJ4n in addition to
I1n is the only quantity which will contribute to the leading part of In.

Before we come to details, we representBn in a way which is more convenient for the analysis of
A+B − An − Bn. For this, write

B(x) −Bn(x) =

∫

[x,∞)

1 − F1

F1
dG∗ −

∫

[x,∞)

1 − F1n

F1n
dG∗

n

=

∫

[x,∞)

1 − F1

F1
[dG∗ − dG∗

n] +

∫

[x,∞)

F1n − F1

F1F1n
dG∗

n.

Since

1

F1n
=

1

F1
+
F1 − F1n

F1F1n
,

we obtain

B(x) −Bn(x) =

∫

[x,∞)

F1n − F1

F 2
1

dG∗
n −

∫

[x,∞)

(F1n − F1)
2

F 2
1F1n

dG∗
n

+

∫

[x,∞)

(

1

F1
− 1

)

[dG∗ − dG∗
n]

and therefore
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A(x) +B(x) −An(x) −Bn(x) =

∫

[x,∞)

1[dG∗ − dG∗
n] +B(x) − Bn(x)

=

∫

[x,∞)

1

F1
[dG∗ − dG∗

n] +

∫

[x,∞)

F1n − F1

F 2
1

dG∗
n −

∫

[x,∞)

(F1n − F1)
2

F 2
1F1n

dG∗
n. (3.6)

In the following we discuss and derive some fundamental properties of the Lynden-Bell estimatorF1n.

A basic role in the analysis ofF1n will be played by the process

H1
n(t) =

1

n

n
∑

i=1

1{t≤U1i≤Zi}.

This process is adapted to the decreasing filtration

Gn(t) = σ({U1i < s ≤ Zi}, {s ≤ U1i ≤ Zi} : t ≤ s, 1 ≤ i ≤ n)

and has left-continuous sample paths. In the following lemma we derive the Doob-Meyer decompo-
sition ofH1

n in reverse time. For this we have to assume thatG andF1 have no jumps in common.
Otherwise, separate discontinuities are allowed.

Lemma 3.1. The processH1
n has (in reverse time) the innovation martingale

Mn(t) = H1
n(t) −

∫

[t,∞)

Cn(u
+)

F1(u)
F1(du),

where as in section 1.2

Cn(u) =
1

n

n
∑

i=1

1{U1i≤u≤Zi}.

Remark 3.1. The functionCn(u) is an unbiased estimator of the function

C(u) = P(U1 ≤ u ≤ Z|U1 ≤ Z) = α−1F1(u)(1 −G(u−)), (3.7)

which plays a key role in the analysis ofF1. Note thatCn is neither right nor left-continuous. Because
of that, in the compensator ofH1

n, we will obtainCn(u+) which is the right-continuous and hence
predictable version ofCn.

Proof of Lemma 3.1.Because of independence it suffices to consider the case n=1.
Fix t <∞ and consider a finite grid

t = tm+1 < tm < tm−1 < ... < t1 <∞ ≡ t0.

We then have

1{tk≤U1≤Z} = 1{tk−1≤U1≤Z} + 1{tk≤U1<tk−1≤Z} + 1{tk≤U1≤Z<tk−1}.

The first indicator is measurable w.r.t.G1(tk−1). As to the second, we have
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E(1{tk≤U1<tk−1≤Z}|G1(tk−1)) = 1{U1<tk−1≤Z}
P(tk ≤ U1 < tk−1 ≤ Z)

P(U1 < tk−1 ≤ Z)

The last equality follows from the fact that the process of interest is Markovian and at timetk−1 the
σ-field is generated by the partition

{U1 < tk−1 ≤ Z}, {tk−1 ≤ U1 ≤ Z}, {U1 ≤ Z < tk−1}, {U1 > Z}.
For the third summand we obtain

E(1{tk≤U1≤Z<tk−1}|G1(tk−1)) = 1{U1≤Z<tk−1}
P(tk ≤ U1 ≤ Z < tk−1)

P(U1 ≤ Z < tk−1)
.

Altogether we obtain

E(1{tk≤U1≤Z}|G1(tk−1)) = 1{tk−1≤U1≤Z} + 1{U1<tk−1≤Z}
P(tk ≤ U1 < tk−1 ≤ Z)

P(U1 < tk−1 ≤ Z)

+ 1{U1≤Z<tk−1}
P(tk ≤ U1 ≤ Z < tk−1)

P(U1 ≤ Z < tk−1)
.

In the Doob-Meyer decomposition in discrete time the martingale partM1(tk) satisfies the recursion

M1(tk) = M1(tk−1) + 1{tk≤U1≤Z} − E(1{tk≤U1≤Z}|G1(tk−1)) = M1(tk−1) + 1{tk≤U1≤Z} − 1{tk−1≤U1≤Z}

− 1{U1<tk−1≤Z}
P(tk ≤ U1 < tk−1 ≤ Z)

P(U1 < tk−1 ≤ Z)
− 1{U1≤Z<tk−1}

P(tk ≤ U1 ≤ Z < tk−1)

P(U1 ≤ Z < tk−1)
.

By induction we obtain

M1(tk) =

k−1
∑

j=0

(M1(tj+1) −M1(tj)) = 1{tk≤U1≤Z} −
k−1
∑

j=0

1{U1<tj≤Z}
P(tj+1 ≤ U1 < tj ≤ Z)

P(U1 < tj ≤ Z)

−
k−1
∑

j=0

1{U1≤Z<tj}
P(tj+1 ≤ U1 ≤ Z < tj)

P(U1 ≤ Z < tj)
.

Settingk = m+ 1 we gettk = t. Since

1{U1<tj≤Z}
P(tj+1 ≤ U1 < tj ≤ Z)

P(U1 < tj ≤ Z)
= 1{U1<tj≤Z}

F1(t
−
j ) − F1(t

−
j+1)

F1(t
−
j )

the first sum converges, as the partitions get finer and finer, to

∫

[t,∞)

1{U1≤u<Z}
F1(du)

F1(u)
.
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The second sum converges to zero, at least whenG andF1 have no jumps in common.
Conclude that in continuous time and forn = 1

M1(t) = 1{t≤U1≤Z} −
∫

[t,∞)

1{U1≤u<Z}
F1(du)

F1(u)
,

as desired.
⊠

Next, recall

Λ(x) =

∫

[x,∞)

dF ∗
1

C
,

Λn(x) =

∫

[x,∞)

dF ∗
1n

Cn

=
n
∑

i=1

1{U1i≥x}
nCn(U1i)

and, see (1.7),

F1n(t) =
∏

y>t

[1 + Λn{y}] =
∏

U1i>t

[

1 − 1

nCn(U1i)

]

.

It is easy to see thatF1n satisfies the integral equation

−
∫

(t,∞)

F1n(y)Λn(dy) = 1 − F1n(t).

Our next goal will be to find proper upper and lower bounds forF1n/F1.
For this definêΛ0 through

Λ̂0(dt) = 1{Cn(t+)>0}Λ(dt),

and let

F̂0(t) :=
∏

s>t

[

1 + Λ̂0{s}
]

e−Λ̂c
0(t), (3.8)

the pertaining d.f. We are going to show that the process

1 − F1n(t−)

F̂0(t−)

is a martingale in reverse time. For this the following lemmawill be helpful.

Lemma 3.2(Gill) . LetA andB be two nonincreasing, left-continuous functions satisfying

A{x} ≥ −1 and B{x} > −1 for all x ∈ R.

The function
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Z(t) = 1 −
∏

s≥t(1 + A{s})exp(−Ac(t))
∏

s≥t(1 +B{s})exp(−Bc(t))

satisfies the integral equation
∫

[t,∞)

1 − Z(s+)

1 +B{s} (B(ds) − A(ds)) = Z(t).

In our applicationA(t) andB(t) are the left-continuous cumulative hazard functions ofF1n andF̂0,
respectively.

Lemma 3.3. We have that the process

F1n(t−)

F̂0(t−)

is a martingale in reverse time w.r.t.Gn(t).

Proof.
Since

1 − F1n(t−)

F̂0(t−)
= 1 −

∏

s≥t(1 + Λn{s})
∏

s≥t(1 + Λ̂0{s})e−Λ̂c
0(t)

,

according to Lemma 3.2, the process

Z(t) := 1 − F1n(t−)

F̂0(t−)

satisfies the integral equation

Z(t) = −
∫

[t,∞)

1 − Z(s+)

1 + Λ̂0{s}

[

Λn(ds) − Λ̂0(ds)
]

. (3.9)

Next we will writeZ(t) as a stochastic integral w.r.t. the martingaleMn. From Lemma 3.1 we obtain
that the differential ofMn satisfies the equation

dMn = dH1
n +

C+
n

F1
dF1.

On the set{s : Cn(s+) > 0} we have

dMn

C+
n

=
dH1

n

C+
n

+
dF1

F1

= dΛn − dΛ,

since the functionH1
n has jumps of size−1/n at theU1i and, becauseF1 andG have no jumps in

common, the functionCn satisfiesCn(U+
1i) = Cn(U1i). Since on the support ofH1

n the function
Cn(s+) is positive, we obtain

1{C+
n >0}
C+

n

dMn = dΛn − 1{C+
n >0}dΛ = dΛn − dΛ̂0.
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Therefore, by (3.9), we get

F1n(t−)

F̂0(t−)
= 1 +

∫

[t,∞)

F1n(s)

(1 + Λ̂0{s})F̂0(s)

1{Cn(s+)>0}
Cn(s+)

dMn(s).

Furthermore,Mn is a martingale in reverse time and the function under the integral is predictable.
Hence the processF1n(t−)/F̂0(t

−) is a reverse martingale.
⊠

To proceed with the properties of the above process, we need to work with a stopped martingale. For
this, in the next Lemmas, we will study a special timeT and prove that it is a stopping time.

Lemma 3.4. Set

T = sup{t < maxZi : Cn(t+) = 0}.
Then we have

T = max

{

U1i : Cn(U
+
1i) =

1

n

}

Proof.
Let t < maxZi be chosen so thatCn(t

+) = 0. Then1{U1i≤t<Zi} = 0 for i = 1, ..., n. Sincet <
maxZi, there existsU1j such thatU1j > t. For the smallest among suchU1j ’s we haveCn(U+

1j) = 1
n

and thereforeT ≤ max{U1i : Cn(U+
1i) = 1

n
}.

On the other hand, letU1i be the maximum of theU ’s such thatCn(U
+
1i) = 1

n
. ThenCn(t+) = 0 for

everyt ∈ [a, U1i), wherea is the largest ofZj ’s, which are smaller thanU1i, if such exist or−∞ if
not. The supremum of sucht’s equalsU1i. This meansT = U1i and the proof is complete.

⊠

Lemma 3.5. For all t we have

{T ≥ t} =
n
⋃

i=1

{

U1i ≥ t, 1{U1j<U1i≤Zj} = 0, j = 1, ..., n
}

=:
n
⋃

i=1

Ai(t)

Proof.
According to Lemma 3.4 we haveT = max

{

U1i : Cn(U+
1i) = 1

n

}

. Since by assumption theU ’s and
theZ ’s have no jumps in common, we get

Cn(U+
1i) =

1

n

n
∑

j=1

1{U1j≤U1i<Zj} =
1

n
+

1

n

∑

j 6=i

1{U1j≤U1i<Zj} =
1

n
+

1

n

n
∑

j=1

1{U1j<U1i≤Zj}.

Hence

T = max
{

U1i : 1{U1j<U1i≤Zj} = 0 for everyj = 1, ..., n
}

.

To prove the lemma we takeω ∈ {T ≥ t}. Then there exists at least oneU1i ≥ t (e.g. U1i = T )
so that1{U1j<U1i≤Zj} = 0 for everyj = 1, ..., n. Henceω ∈ Ai(t) and thereforeω ∈ ⋃n

i=1Ai(t). To
complete the proof we takeω ∈ ⋃n

i=1Ai(t). This means there existsi so thatω ∈ Ai(t). Hence there
existsU1i ≥ t such that1{U1j<U1i≤Zj} = 0 for everyj = 1, ..., n. SinceT is the maximum of such
U1i’s, T (ω) ≥ t.

⊠
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Lemma 3.6. The r.v.T is a stopping time w.r.t.

Gn(t) = σ({U1j < s ≤ Zj}, {s ≤ U1j ≤ Zj} : t ≤ s, 1 ≤ j ≤ n)

Proof.
Assume w.l.o.g. that all r.v.’s are non-negative and set

U
(m)
1i =

∑

k≥0

k

2m
1{ k

2m ≤U1i<
k+1
2m }

and

T (m) = max
{

U
(m)
1i : 1{U1j<U

(m)
1i ≤Zj} = 0 for everyj = 1, ..., n

}

.

As before,

{T (m) ≥ t} =

n
⋃

i=1

{

U
(m)
1i ≥ t, 1{U1j<U

(m)
1i ≤Zj} = 0, j = 1, ..., n

}

=:

n
⋃

i=1

A
(m)
i (t).

For t ∈ ( k
2m ,

k+1
2m ] we have

{U (m)
1i ≥ t} = {U1i ≥

k + 1

2m
} ∈ Gn(

k + 1

2m
)

and

{U (m)
1i ≥ t} = {U (m)

1i ≥ k + 1

2m
} =

⋃

l≥k+1

{U (m)
1i =

l

2m
}

Furthermore, fort ∈ ( k
2m ,

k+1
2m ], we have

{U1j < U
(m)
1i ≤ Zj} ∩ {U (m)

1i ≥ t} =
⋃

l≥k+1

(

{U1j <
l

2m
≤ Zj} ∩ {U (m)

1i =
l

2m
}
)

.

Since, according to the definition ofGn(t),

{U1j <
l

2m
≤ Zj} ∈ Gn(

l

2m
)

we get

{U1j < U
(m)
1i ≤ Zj} ∩ {U (m)

1i ≥ t} ∈ Gn(
k + 1

2m
).

Altogether, for everyi = 1, ..., n, k ≥ 0 andt ∈ ( k
2m ,

k+1
2m ], we have

A
(m)
i (t) =

{

U
(m)
1i ≥ t, 1{U1j<U

(m)
1i ≤Zj} = 0, j = 1, ..., n

}

∈ Gn(
k + 1

2m
).

Hence, sinceGn(t) is decreasing, we have

{T (m) ≥ t} =
n
⋃

i=1

A
(m)
i (t) ∈ Gn(

k + 1

2m
) ⊆ Gn(t).
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Conclude thatT (m) is a stopping time. Furthermore, we have

{

U
(m)
1i : 1{U1j<U

(m)
1i ≤Zj} = 0 for everyj = 1, ..., n

}

=
{

U
(m)
1i : U1j ≥ U

(m)
1i orU (m)

1i > Zj for everyj = 1, ..., n
}

SinceU (m)
1i ≤ U1i < U

(m)
1i + 1

2m , U (m)
1i > Zj yields thatU1i > Zj. Furthermore, since we assumed

U1j 6= U1i for i 6= j, there existsM = M(n, ω) such that for everym ≥M , |U1j − U1i| > 1
2m . Hence

fromU1j ≥ U
(m)
1i we obtainU1j ≥ U1i for everyj 6= i. SinceU (m)

1i ≤ U1i, we get

T (m)(ω) = max
1≤i≤n

{

U
(m)
1i : U1j ≥ U

(m)
1i orU (m)

1i > Zj for everyj = 1, ..., n
}

≤ max
1≤i≤n

{

U
(m)
1i : U1j ≥ U1i orU1i > Zj for everyj = 1, ..., n

}

≤ max
1≤i≤n

{U1i : U1j ≥ U1i orU1i > Zj for everyj = 1, ..., n} = T (ω), for m ≥M.

On the other hand, sinceU (m)
1i ≤ U1i, fromU1j ≥ U1i we obtainU1j ≥ U

(m)
1i . Furthermore, since we

assumedZj 6= U1i for i 6= j, there existsM1 = M1(n, ω) such that for everym ≥M1, |Zj−U1i| > 1
2m .

Hence fromU1i > Zj it follows thatU (m)
1i > Zj . So,

max
1≤i≤n

{

U
(m)
1i : U1j ≥ U1i orU1i > Zj for everyj = 1, ..., n

}

≤ max
1≤i≤n

{

U
(m)
1i : U1j ≥ U

(m)
1i orU (m)

1i > Zj for everyj = 1, ..., n
}

= T (m)(ω), for m ≥M1.

SinceU1i < U
(m)
1i + 1

2m ,

T (ω) − 1

2m
= max

1≤i≤n
{U1i : U1j ≥ U1i orU1i > Zj for everyj = 1, ..., n}

≤ max
1≤i≤n

{

U
(m)
1i : U1j ≥ U

(m)
1i orU (m)

1i > Zj for everyj = 1, ..., n
}

= T (m)(ω), for m ≥ M1.

For eachε setM2 = log2(1/ε), so that for everym ≥M2 we have 1
2m ≤ ε.

Finally ∀ω ∈ Ω and∀ε > 0 ∃M̃(= max(M,M1,M2)) so that∀m ≥ M̃ we obtain|T (m) − T | ≤ ε.
HenceT (m) → T andT is, as a limit of stopping times, a stopping time as well.

⊠

Now, set

aF̂0
= inf {t : F̂0(t) > 0}

and recall

T = sup {t < max
1≤i≤n

Zi : Cn(t+) = 0}.

Since

Λ̂0(ds) = 1{Cn(s+)>0}Λ(ds) = −1{Cn(s+)>0}
F1(ds)

F1(s)
≥ −F1(ds)

F1(s)
= Λ(ds)
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we have

F̂0(t) = e
R

[t,∞) Λ̂0(ds) ≥ e
R

[t,∞) Λ(ds) = F1(t).

HenceaF̂0
≤ aF1 andbF̂0

≤ bF1 . Together withaF1 ≤ min(U1i) ≤ T we obtainF̂0(t ∨ T−) > 0 for
everyt > aF1.
Furthermore, according to Lemmas 3.4 and 3.6,T is a stopping time w.r.t.Gn(t). Set

Z̃(t) := 1 − Z(t ∨ T ) =
F1n(t ∨ T−)

F̂0(t ∨ T−)
.

Then the process̃Z(t) is, according to Lemma 3.3, a martingale in reverse time fort > aF1 .
Therefore an application of Doob’s maximal inequality yields for everyaF1 < s and anyc > 0 :

P

(

sup
s≤t

Z̃(t) > c

)

≤ EZ̃(s)

c
=
EZ̃(bF1)

c
≤ 1

c
.

Lettings ↓ aF1, we get

P

(

sup
aF1

<t<∞

F1n(t ∨ T−)

F̂0(t ∨ T−)
> c

)

≤ 1

c
. (3.10)

In the next lemma we show that we may replaceF̂0 by the originalF1.

Lemma 3.7. Asn→ ∞, we have

sup
aF1

<t

F1n(t−)

F1(t−)
= OP(1).

Proof. We shall bound the ratio separately in three different regions:

• ForaF1 < t < min
1≤i≤n

U1i, we haveCn(t+) = 0 = F1n(t−) so that the ratio vanishes there.

• For min
1≤i≤n

U1i ≤ t < max
1≤i≤n

Zi = T1, we have that, ifCn(t
+) = 0 for at least onet ∈

[ min
1≤i≤n

U1i, max
1≤i≤n

Zi), there exists at least one pair(U1i, Zi) such thatt < U1i ≤ Zi. Since

by continuity we may assume thatU1i 6= U1j for i 6= j, then for the smallest amongU1i’s with
t < U1i ≤ Zi, we havenCn(U1i) = 1 and therefore

F1n(t−) =
∏

U1i≥t

[

1 − 1

nCn(U1i)

]

= 0.

By monotonicity,F1n(s−) = 0 for all s ≤ t. Hence, recalling

T = sup {t < max
1≤i≤n

Zi : Cn(t+) = 0},
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we haveF1n(s−) = 0 for all s ≤ T . Hence the ratio vanishes there.

Since

Λ̂0(dt) =

{

Λ(dt), for t ∈ [T, T1)
0, for t ≥ T1

,

we have fors ∈ [T, T1)

F̂0(s) = e−Λ̂0(s) = e
R

[s,∞) Λ̂0(dt) = e
R

[s,T1)
Λ(dt)

= eΛ(T1)e−Λ(s) = eΛ(T1)F1(s)

and therefore

F1n(s−)

F1(s−)
= eΛ(T1)F1n(s−)

F̂0(s−)
= eΛ(T1)F1n(s ∨ T−)

F̂0(s ∨ T−)
=

1

F1((max
1≤i≤n

Zi)
−)
Z̃(s).

SinceZ̃(s) is, according to (3.10), bounded in probability ons > aF1 andT ≥ aF1, we get that
Z̃(s) is bounded in probability ons > T . Furthermore,max

1≤i≤n
Zi ↑ bG∗ andF1(b

−
G∗) > 0. Con-

clude thatF−1
1 ((max

1≤i≤n
Zi)

−) is bounded in probability. In conclusion the ratioF1n(s−)/F1(s
−)

it bounded in probability ons ∈ (T, T1].

• For max
1≤i≤n

Zi ≤ t we haveCn(t
+) = 0 andF1n(t−) = 1. Hence

F1n(t−)

F1(t−)
≤ 1

F1((max
1≤i≤n

Zi)
−)

As beforemax
1≤i≤n

Zi ↑ bG∗ andF1(b
−
G∗) > 0. This completes the proof of the lemma.

⊠

To prove the main result of our work (Theorem 1.1) we also needto study the ratioF1/F1n. For this
it will turn out that the process

α̂(t) :=
F1n(t)(1 −Gn(t−))

Cn(t)
(3.11)

plays a crucial role. Due to

α(t) =
F1(t)(1 −G(t−))

C(t)
≡ α,

it is likely that alsoα̂(t) is the same for allt. This problem has been studied in detail in He and Yang
(1998). Below we give a quick and straightforward proof of their main result.
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Lemma 3.8. On the set

T ≤ t ≤ max
1≤i≤n

Zi,

we have that

α̂(t) ≡ α̂ is a strictly positive constant.

Proof. SinceF1n, Gn andCn are constant between two successive data,F1n, Cn are right-continuous
atU1j andGn, Cn are left-continuous atZj , it remains to show that

α̂(U1j)

α̂(U−
1j)

= 1 =
α̂(Z+

j )

α̂(Zj)
for all 1 ≤ j ≤ n.

As to the first equation, we have

α̂(U1j)

α̂(U−
1j)

=

∏

U1i>U1j

[

1 − 1

nCn(U1i)

]

Cn(U1j)

Cn(U−
1j)

∏

U1i≥U1j

[

1 − 1

nCn(U1i)

] =
Cn(U1j) − 1

n

Cn(U1j)

1

1 − 1
nCn(U1j)

= 1.

Similarly, we obtain

α̂(Z+
j )

α̂(Zj)
=

∏

Zi≤Zj

[

1 − 1

nCn(Zi)

]

Cn(Z
+
j )

Cn(Zj)
∏

Zi<Zj

[

1 − 1

nCn(Zi)

] = (1 − 1

nCn(Zj)
)

Cn(Zj)

Cn(Zj) − 1
n

= 1.

FinallyF1n(t) andGn are positive fort ∈ [T,max(Zi)]. This completes the proof of the lemma.
⊠

Lemma 3.9. Set

Ω
(n)
0 := {ω ∈ Ω : Cn(U1i) =

1

n
for at least oneU1i > min

1≤j≤n
U1j}. (3.12)

Then

P(Ω
(n)
0 ) → 0, as n→ ∞. (3.13)

Proof.
LetU11:n < U12:n < ... < U1n:n be the order statistics of theU1i’s and letZ[1:n], Z[2:n], ..., Z[n:n] be the
concomitants paired with theU1i:n’s. Since

nCn(U1i:n) =

n
∑

k=1

1{U1k:n≤U1i:n≤Z[k:n]} =

i−1
∑

k=1

1{U1i:n≤Z[k:n]} + 1
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we have that

{nCn(U1i:n) = 1} =
i−1
⋂

k=1

{Z[k:n] < U1i:n}. (3.14)

Furthermore,

H2(x, y
−) := P(U1 ≤ x, Z < y|U1 ≤ Z) = α−1

∫ x

0

(G(y−) −G(z−))1{y≥z}F1(dz)

=

∫ x

0

G(y−) −G(z−)

1 −G(z−)
1{y≥z}α

−1(1 −G(z−))F1(dz) =

∫ x

0

G(y−) −G(z−)

1 −G(z−)
1{y≥z}F

∗
1 (dz).

Then, according to Lemma 2.1 in Stute and Wang (1993),

P(Z[k:n] < y|U1k:n = z) = P(Z1 < y|U11 = z) = K(z, y),

where

K(z, y) =
G(y−) −G(z−)

1 −G(z−)
1{y≥z}.

Furthermore, theZ[k:n] are conditionally independent, givenU11:n, ..., U1n:n.
Hence, by (3.14),

P(nCn(U1i:n) = 1|U11:n, ..., U1n:n) =

i−1
∏

k=1

P(Z[k:n] < U1i:n|U11:n, ..., U1n:n) =

i−1
∏

k=1

G(U−
1i:n) −G(U−

1k:n)

1 −G(U−
1k:n)

=

i−1
∏

k=1

[

1 − 1 −G(U−
1i:n)

1 −G(U−
1k:n)

]

.

Conclude that

P(nCn(U1i:n) = 1) = E

(

i−1
∏

k=1

[

1 − 1 −G(U−
1i:n)

1 −G(U−
1k:n)

]

)

. (3.15)

Moreover, note thatU11:n, ..., U1i−1:n givenU1i:n = z are, in distribution, equal toU∗
11:i−1, ..., U

∗
1i−1:i−1,

where

P(U∗
1 ≤ x|U1 ≤ Z) =

F ∗
1 (x)

F ∗
1 (z)

1{x≤z}.

Therefore

E

(

i−1
∏

k=1

[

1 − 1 −G(U−
1i:n)

1 −G(U−
1k:n)

]

|U1i:n = z

)

= E

(

i−1
∏

k=1

[

1 − 1 −G(z−)

1 −G(U∗−
1k:i−1)

]

)

= E

(

i−1
∏

k=1

[

1 − 1 −G(z−)

1 −G(U∗−
1k )

]

)

=

i−1
∏

k=1

E

(

1 − 1 −G(z−)

1 −G(U∗−
1k )

)

=

i−1
∏

k=1

(

1 − 1 −G(z−)

F ∗
1 (z)

∫ z

0

F ∗
1 (dx)

1 −G(x−)

)

=

(

1 − α−1F1(z)(1 −G(z−))

F ∗
1 (z)

)i−1

=: (1 − q(z))i−1 ,
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where

q(z) =
F1(z)(1 −G(z−))

∫ z

0
(1 −G(x−))F1(dx)

.

By (3.15),

P(nCn(U1i:n) = 1) = E(1 − q(U1i:n))i−1. (3.16)

SinceP(nCn(U11:n) = 1) = 1, we get

P(

n
⋃

i=2

{nCn(U1i:n) = 1}) ≤
n
∑

i=2

P(nCn(U1i:n) = 1) =

n
∑

i=1

P(nCn(U1i:n) = 1) − 1

=
n
∑

i=1

E(1 − q(U1i:n))i−1 − 1 =
n
∑

i=1

E(1 − q(U1i))
Ri−1 − 1

= nE(1 − q(U11))
R1−1 − 1,

whereR1 − 1 =
∑n

j=1 1{U1j≤U11} − 1 =
∑n

j=2 1{U1j≤U11}.
Finally, since

E
(

(1 − q(U11))
R1−1|U11 = z

)

= E
(

(1 − q(U11))
Pn

j=2 1{U1j≤U11}|U11 = z
)

= E
(

(1 − q(z))
Pn

j=2 1{U1j≤z}

)

= E
[

(1 − q(z))1{U12≤z}
]n−1

= [(1 − q(z))F ∗
1 (z) + 1 − F ∗

1 (z)]n−1

= [1 − q(z)F ∗
1 (z)]n−1 ,

we obtain

nE(1 − q(U11))
R1−1 − 1 = nE

(

E
(

(1 − q(U11))
R1−1|U11

))

− 1

= nE [1 − q(U11)F
∗
1 (U11)]

n−1 − 1

= n

∫

[1 − q(z)F ∗
1 (z)]n−1 F ∗

1 (dz) − 1.

To complete the proof we need to show that the right side goes to zero, asn→ ∞.
For this we split the integral into three pieces. Sinceq(z) → 1 for z ↓ aF1 , we may find for a given
ε ∈ (0, 1), az0 > aF1 such thatq(z) ≥ 1 − ε for all z ≤ z0. Conclude that

n

∫ z0

−∞
[1 − q(z)F ∗

1 (z)]n−1 F ∗
1 (dz) − 1 ≤ n

∫ z0

−∞
[1 − (1 − ε)F ∗

1 (z)]n−1 F ∗
1 (dz) − 1

≤ n

∫ 1

0

[1 − (1 − ε)u]n−1du− 1 = −ε
n − 1

1 − ε
− 1 → ε

1 − ε
,

which can be made arbitrarily small. The integraln
∫ z1

z0
[1 − q(z)F ∗

1 (z)]n−1 F ∗
1 (dz) converges to zero

geometrically fast for eachz1 < bG. Just note that on(z0, z1) the productq(z)F ∗
1 (z) is bounded away
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from zero. Finally, on[z1, bF1 ] we have, sincen(1 − u)n−1 ≤ u−2 for each0 < u ≤ 1 and every
n ≥ 1:

n

∫ bF1

z1

[1 − q(z)F ∗
1 (z)]n−1 F ∗

1 (dz) ≤
∫ bF1

z1

F ∗
1 (dz)

[q(z)F ∗
1 (z)]2

≤
∫ bF1

z1

F1(dz)

F 2
1 (z)(1 −G(z−))

.

SinceF1 is bounded away from zero on[z1, bF1 ] it follows from A1 that the last integral can be made
arbitrarily small wheneverz1 is close enough tobF1 . This completes the proof.

⊠

We are now in a position to prove the following lemma.

Lemma 3.10.We have, asn→ ∞,

sup
an≤t

F1(t)

F1n(t)
= OP(1)

wherean = min
1≤i≤n

U1i.

Proof.
First of all we have the following equality:

P

(

ω ∈ Ω : sup
an≤t

F1(t)

F1n(t)
≥ λ

)

= P

(

ω ∈ Ω
(n)
0 : sup

an≤t

F1(t)

F1n(t)
≥ λ

)

+P

(

ω ∈ Ω\Ω(n)
0 : sup

an≤t

F1(t)

F1n(t)
≥ λ

)

.

According to Lemma 3.9

P(Ω
(n)
0 ) → 0, as n→ ∞.

Hence

P

(

ω ∈ Ω
(n)
0 : sup

an≤t

F1(t)

F1n(t)
≥ λ

)

≤ P(Ω
(n)
0 ) → 0.

It remains to show that

P

(

ω ∈ Ω \ Ω
(n)
0 : sup

an≤t

F1(t)

F1n(t)
≥ λ

)

goes to zero, asλ→ ∞. Since on the setΩ \Ω
(n)
0 there are ”no holes”, i.e.,an = T , from Lemma 3.8

we have

F1(t)

F1n(t)
=
α(t)

α̂(t)

C(t)

Cn(t)

1 −Gn(t−)

1 −G(t−)
(3.17)

for all an ≤ t ≤ max
1≤i≤n

Zi. SinceF1n(t) = 1 for all max
1≤i≤n

U1i ≤ t, it suffices to study the ratio over

an ≤ t ≤ max
1≤i≤n

U1i. Moreover, sinceF1n is constant between two successive order statistics of the

U ’s andF1 is nondecreasing and continuous, we get
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sup
an≤t≤max1≤i≤n U1i

F1(t)

F1n(t)
≤ max

2≤i≤n

F1(U1i:n)

F1n(U−
1i:n)

SetXi = −U1i andYi = −Zi so that for the observed(Xi, Yi) we haveXi ≥ Yi. From equation (3.1)
in Stute and Wang (2007) we have

sup
1≤i≤n

C(Xi)

Cn(Xi)
= OP(1), asn→ ∞.

SinceC(Xi) = C(U1i) andCn(Xi) = Cn(U1i) we get

sup
1≤i≤n

C(U1i)

Cn(U1i)
= OP(1), asn→ ∞. (3.18)

On the setΩ\Ω
(n)
0 , sinceU1i:n 6= U1j:n for i 6= j, we also haveCn(U1i:n) ≥ 2

n
for i = 2, 3, ..., n. Then,

according to the definition ofCn, Cn(U1i:n) ≥ 1
n

with jumps atU1i’s being of size1
n
. On the other

hand,Cn(U1i:n) = 1
n

for i = 2, 3, ..., n would mean thatU11:n < T = max
{

U1i : Cn(U+
1i) = 1

n

}

. This

is a contradiction toT = an = U11:n onΩ \ Ω
(n)
0 .

This yields

Cn(U−
1i:n) = Cn(U1i:n) − 1

n
≥ 1

2
Cn(U1i:n)

and therefore

sup
2≤i≤n

C(U1i:n)

Cn(U−
1i:n)

= OP(1), asn→ ∞. (3.19)

From Lemma 3.7 we obtain that the ratio

1 −Gn(t−)

1 −G(t−)
is uniformly bounded in probability ont ≤ max

1≤i≤n
U1i. (3.20)

Finally, for anyλ > 0,

P

(

ω ∈ Ω \ Ω
(n)
0 : max

2≤i≤n

F1(U1i:n)

F1n(U−
1i:n)

> λ

)

= P

(

ω ∈ Ω \ Ω
(n)
0 : max

2≤i≤n

α

α̂

C(U1i:n)

Cn(U−
1i:n)

1 −Gn(U−
1i:n)

1 −G(U−
1i:n)

> λ

)

,

The last probability is, however, less than or equal to

P

(

ω ∈ Ω \ Ω
(n)
0 : max

2≤i≤n

α

α̂

C(U1i:n)

Cn(U−
1i:n)

>
√
λ

)

+ P

(

ω ∈ Ω : max
2≤i≤n

1 −Gn(U−
1i:n)

1 −G(U−
1i:n)

>
√
λ

)

≤ P

(

ω ∈ Ω \ Ω
(n)
0 :

α

α̂
> λ1/4

)

+ P

(

ω ∈ Ω \ Ω
(n)
0 : max

2≤i≤n

C(U1i:n)

Cn(U−
1i:n)

> λ1/4

)

+ P

(

ω ∈ Ω : max
2≤i≤n

1 −Gn(U−
1i:n)

1 −G(U−
1i:n)

>
√
λ

)

.
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By He and Yang (1998) we havêα → α asn → ∞ and therefore the first probability converges to
zero forλ > 1, asn → ∞. From (3.19) and (3.20) conclude that the second and the third probability
can be made as small as possible by lettingλ→ ∞. This completes the proof.

⊠

Lemma 3.11.We have

sup
aF1

<x≤cn

A(x) +B(x)

An(x) +Bn(x)
= OP(1),

where

cn = max
1≤i≤n

(U1i + Ũ2i).

Proof. We have

A(x) +B(x)

An(x) +Bn(x)
=

∫

[x,∞)
1

F1(y)
G∗(dy)

∫

[x,∞)
1

F1n(y)
G∗

n(dy)
=

∫

[x,∞)
1

F1(y)
G∗(dy)

∫

[x,∞)
1

F1(y)
F1(y)
F1n(y)

G∗
n(dy)

.

By Lemma 3.7, we have for an appropriateK̃ <∞:

F1n(y)

F1(y)
≤ K̃ for all aF1 < y

with large probability for alln ≥ 1. Conclude that

A(x) +B(x)

An(x) +Bn(x)
≤ K̃

∫

[x,∞)
1

F1(y)
G∗(dy)

∫

[x,∞)
1

F1(y)
G∗

n(dy)
.

Next, fix aF1 < xε < bG. Forx ≤ xε we have

∫

[x,∞)
1

F1(y)
G∗(dy)

∫

[x,∞)
1

F1(y)
G∗

n(dy)
≤
∫

[aF1
,∞)

1
F1(y)

G∗(dy)
∫

[xε,∞)
1

F1(y)
G∗

n(dy)
.

The numerator equalsα−1(1 −G(aF1)) <∞, while the denominator converges to

∫

[xε,∞)

1

F1(y)
G∗(dy) = 1 −G(xε) > 0

Forx > xε, we obtain

∫

[x,∞)
1

F1(y)
G∗(dy)

∫

[x,∞)
1

F1(y)
G∗

n(dy)
≤ F−1

1 (xε)(1 −G∗(x−))

1 −G∗
n(x−)

.
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This ratio, however, forx ≤ max1≤i≤n(U1i + Ũ2i), is again uniformly bounded in probability. See, for
example, Shorack and Wellner (1986), Chapter 10.3.

⊠

Our next goal will be to show that

J1n + J3n =

∫

ϕ
(A+B −An − Bn)2

(A+B)2(An +Bn)
dH1

2n. (3.21)

is asymptotically negligible. To bound the numerator the following expansion ofF1n − F1, which
corresponds to the expansion of the Lynden-Bell estimator for left-truncated data, will be helpful.

Lemma 3.12.We have

F1n(x) − F1(x) =

∫

Ψx(y)

C(y)
(F ∗

1n(dy) − F ∗
1 (dy)) −

∫

Cn(y) − C(y)

C2(y)
Ψx(y)F

∗
1 (dy) +Rn(x)

where

Ψx(y) = 1(−∞,x](y)γ(y)−
∫

y>z

1(−∞,x](z)γ(z)

C(z)
F ∗

1 (dz)

and

γ(z) = exp

{

−
∫

(z,∞)

F ∗
1 (ds)

C(s)

}

.

Furthermore,Rn(x) is a remainder of the orderoP(n
−1/2). See Section A.3 of Appendix A for details.

Proof. According to Lemma A.22 in Appendix A,F1n(x) − F1(x) is a sum of i.i.d. r.v.’s and a
remainder. Furthermore the leading term is a sum of four coefficientsLn1, Ln2, Ln3 andLn4, defined
in Section A.3. In particular,

Ln1 + Ln3 =

∫

(−∞,x]

γ(y)

C(y)
(F ∗

1n(dy) − F ∗
1 (dy)) −

∫

(−∞,x]

γ(z)

C(z)

∫

(z,∞)

1

C(y)
(F ∗

1n(dy) − F ∗
1 (dy))F ∗

1 (dz)

=

∫

1

C(y)

(

1(−∞,x](y)γ(y)−
∫

y>z

1(−∞,x](z)γ(z)

C(z)
F ∗

1 (dz)

)

(F ∗
1n(dy) − F ∗

1 (dy))

=

∫

Ψx(y)

C(y)
(F ∗

1n(dy) − F ∗
1 (dy))

and

Ln2 + Ln4 = −
∫

Cn(y) − C(y)

C2(y)
Ψx(y)F

∗
1 (dy).

The proof is complete.
⊠
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Remark 3.2. Since by (1.6)dF ∗
1

C
= dF1

F1
, γ(z) = F1(z) andΨx(y) = −1{y>x}F1(x).

Lemma 3.13.We have

sup
1≤i≤n

Cn(U1i)

C(U1i)
= OP(1).

Proof.
Similar to Lemma 3.10, we split the probability of interest in two parts:

P

(

ω ∈ Ω : sup
1≤i≤n

Cn(U1i)

C(U1i)
> λ

)

= P

(

ω ∈ Ω
(n)
0 : sup

1≤i≤n

Cn(U1i)

C(U1i)
> λ

)

+P

(

ω ∈ Ω\Ω(n)
0 : sup

1≤i≤n

Cn(U1i)

C(U1i)
> λ

)

.

According to Lemma 3.9, for the first probability we have

P(Ω
(n)
0 ) → 0, as n→ ∞.

Hence

P

(

ω ∈ Ω
(n)
0 : sup

1≤i≤n

Cn(U1i)

C(U1i)
> λ

)

≤ P(Ω
(n)
0 ) → 0.

By (3.11), for the second probability we have

P

(

ω ∈ Ω \ Ω
(n)
0 : sup

1≤i≤n

Cn(U1i)

C(U1i)
> λ

)

= P

(

ω ∈ Ω \ Ω
(n)
0 : sup

1≤i≤n

α

α̂

F1n(U1i)

F1(U1i)

1 −Gn(U−
1i)

1 −G(U−
1i)

> λ
)

≤ P

(

ω ∈ Ω \ Ω
(n)
0

α

α̂
> λ1/4

)

+ P

(

ω ∈ Ω sup
1≤i≤n

F1n(U1i)

F1(U1i)
> λ1/4

)

+ P

(

ω ∈ Ω sup
1≤i≤n

1 −Gn(U−
1i)

1 −G(U−
1i)

>
√
λ
)

.

Since the right side goes to zero, the proof is complete.
⊠

According to Lemma A.6, for givenε > 0, there existK ≥ 1 and sequencesan andbn, so that the
event

Ω̃0
n =

{

sup
1≤i≤n

C(U1i)

Cn(U1i)
≤ K,U11:n > an, Zn:n < bn

}

∩ Ω
(n)
1 ,

whereΩ
(n)
1 := Ω \Ω

(n)
0 , has probability larger than or equal to1− 4ε. Furthermore, by Lemmas 3.11,

3.7 and 3.10, for givenε > 0, there existL ≥ 1, K̃ ≥ 1 andK̃1 ≥ 1 so that the event

Ω̃3
n =

{

sup
aF1

<x≤cn

A(x) +B(x)

An(x) +Bn(x)
≤ L, sup

aF1
<t

F1n(t−)

F1(t−)
≤ K̃, sup

an≤t

F1(t)

F1n(t)
≤ K̃1

}

has probability larger than or equal to1−3ε. Altogether the event̃Ω7
n := Ω̃0

n∩Ω
(n)
1 ∩Ω̃3

n has probability
exceeding1 − 7ε.
Now we are in the position to prove thatJ1n + J3n is a remainder. In the next lemma we consider part
of this term, and show that it is of the ordero(n−1/2).
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Lemma 3.14.Under A1-A3, on the set̃Ω7
n,

1√
n

n
∑

i=1

{

ϕ(U1i, Ũ2i)δi

(A+B)3(U1i + Ũ2i)

[
∫ ∞

U1i+Ũ2i

F1n − F1

F 2
1

dG∗
n−1

]2
}

(3.22)

goes to zero in probability.

Proof. W.l.o.g. we may assume thatϕ ≥ 0. On the set̃Ω7
n we may restrict integration w.r.t.G∗

n to
(−∞, bn). Therefore

(3.22) ≤ n−5/2
n
∑

i=1

∑

j 6=i

ϕ(U1i, Ũ2i)δi

(A+B)3(U1i + Ũ2i)
1{bn≥Zj≥U1i+Ũ2i}

(F1n(Zj) − F1(Zj))
2

F 4
1 (Zj)

(3.23)

+ n−5/2

n
∑

i=1

∑

j 6=i

∑

k 6=i,j

ϕ(U1i, Ũ2i)δi

(A+B)3(U1i + Ũ2i)

|F1n(Zj) − F1(Zj)|
F 2

1 (Zj)
1{bn≥Zj≥U1i+Ũ2i} ×

|F1n(Zk) − F1(Zk)|
F 2

1 (Zk)
1{bn≥Zk≥U1i+Ũ2i} (3.24)

As to (3.23), by Lemma 3.7 there exists some constantK̃ so that on the set̃Ω7
n

(F1n − F1)
2(Zj)

F 4
1 (Zj)

≤ 1

F 2
1 (Zj)

(

2
F 2

1n(Zj)

F 2
1 (Zj)

+ 2

)

≤ 2K̃2 + 2

F 2
1 (Zj)

.

Hence

(3.23) ≤ n−5/2

n
∑

i=1

∑

j 6=i

ϕ(U1i, Ũ2i)δi

(A+B)3(U1i + Ũ2i)
1{bn≥Zj≥U1i+Ũ2i}

2K̃2 + 2

F 2
1 (Zj)

,

where the expectation of the right side is less than or equal to

n−1/22(K̃2 + 1)

∫

ϕ(x1, x2)

(A+B)3(x1 + x2)

∫ bn

x1+x2

G∗(dx)

F 2
1 (x)

H1
2 (dx1, dx2). (3.25)

Finally, sincedH1
2 = (A+B)dF , dG∗ = α−1F1dG and1 −G− = α(A+B), we get

(3.25) ≤ n−1/22(K̃2 + 1)

∫

ϕ(x1, x2)

(A+B)(x1 + x2)F1(x1 + x2)
F (dx1, dx2) → 0.

As to (3.24), according to Lemma A.12, oñΩ0
n ⊂ Ω̃7

n,

(F1n−1 − F1)
2(Zk) ≤ k1E

2
n−2(Zk) +Mn(U1i, Zi, Zk),

whereEn−2 is defined asEn in Lemma A.6 but doesn’t containU ’s andZ ’s with index i andk.
Furthermore,k1 is a constant. Hence
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(3.24) ≤ n−5/2
n
∑

i=1

∑

j 6=i

∑

k 6=i,j

ϕ(U1i, Ũ2i)δi

(A +B)3(U1i + Ũ2i)

1{bn≥Zj ,Zk≥U1i+Ũ2i}

F 2
1 (Zj)F

2
1 (Zk)

√

|k1E2
n−2(Zk) +Mn(U1i, Zi, Zk)|

×
√

|k1E2
n−2(Zj) +Mn(U1i, Zi, Zj)|. (3.26)

Next we compute the expectation of the right side. Since theU ’s andZ ’s are i.i.d., we get

E(3.26) ≤ n1/2E

(

ϕ(U11, Ũ21)δ1

(A +B)3(U11 + Ũ21)

1{bn≥Z2,Z3≥U11+Ũ21}
F 2

1 (Z2)F 2
1 (Z3)

√

|k1E2
n−2(Z2) +Mn(U11, Z1, Z2)|

×
√

|k1E
2
n−2(Z3) +Mn(U11, Z1, Z3)|

)

= E(E(...|U11, Ũ21, Z1))

≤ n1/2E

(

ϕ(U11, Ũ21)δ1

(A +B)3(U11 + Ũ21)

1{bn≥Z2,Z3≥U11+Ũ21}
F 2

1 (Z2)F
2
1 (Z3)

(

E(k1E
2
n−2(Z2) +Mn(U11, Z1, Z2)|U11, Ũ21, Z1)

×E(k1E
2
n−2(Z3) +Mn(U11, Z1, Z3)|U11, Ũ21, Z1)

)1/2
)

(3.27)

According to A.15 in Lemma A.6 and Lemma A.13

(

E(k1E
2
n−2(Z2) +Mn(U11, Z1, Z2)|U11, Ũ21, Z1)

)1/2

≤
(

kk1
K5M2

cc1α

ln3( n
c1α

)

n
+

1

n
k2
M5K4

c21c
2
ln2(

n

c1α
)

×
(

1 +
γ2(U11)

C(U11)
+

γ2(U11)

nC2(U11)

)

)1/2

≤ k3n
−1/2M

5/2K5/2

c1c2α

(

1 +
γ(U11)
√

C(U11)
+

γ(U11)√
nC(U11)

)

,

wherek3 is a constant. Hence

E(3.27) ≤ n−1/2k2
3

M5K5

c21c
2
2α

2
E

(

ϕ(U11, Ũ21)δ1

(A +B)3(U11 + Ũ21)

1{bn≥Z2,Z3≥U11+Ũ21}
F 2

1 (Z2)F
2
1 (Z3)

(

1 +
γ(U11)
√

C(U11)
+

1√
nC(U11)

)2
)

≤ n−1/2k2
3

M5K5

c21c
2
2α

2

[

2

∫

ϕ(x1, x2)

(A +B)3(x1 + x2)

(
∫ bn

x1+x2

G∗(dx)

F 2
1 (x)

)2

H1
2 (dx1, dx2)

+4

∫

ϕ(x1, x2)

(A+B)3(x1 + x2)

αF1(x1)

1 −G(x−1 )

(
∫ bn

x1+x2

G∗(dx)

F 2
1 (x)

)2

H1
2 (dx1, dx2)

+4n−1

∫

ϕ(x1, x2)

(A+B)3(x1 + x2)

α2

(1 −G(x−1 ))2

(
∫ bn

x1+x2

G∗(dx)

F 2
1 (x)

)2

H1
2(dx1, dx2)

]

(3.28)

To show that the right side goes to zero we need to consider thethree integrals separately. Since
dH1

2 = (A+B)dF , dG∗ = α−1F1dG and1 −G− = α(A+B), for the first integral we obtain

2

∫

ϕ(x1, x2)

(A+B)3(x1 + x2)

(
∫ bn

x1+x2

G∗(dx)

F 2
1 (x)

)2

H1
2 (dx1, dx2)

≤ 2

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

α−2(1 −G(x1 + x−2 ))2

F 2
1 (x1 + x2)

F (dx1, dx2) = 2

∫

ϕ(x1, x2)

F 2
1 (x1 + x2)

F (dx1, dx2).
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For the second integral we have

4

∫

ϕ(x1, x2)

(A+B)3(x1 + x2)

αF1(x1)

1 −G(x−1 )

(
∫ bn

x1+x2

G∗(dx)

F 2
1 (x)

)2

H1
2 (dx1, dx2)

≤
∫

ϕ(x1, x2)

(A+B)3(x1 + x2)

αF1(x1 + x2)

1 −G(x1 + x−2 )

(
∫ bn

x1+x2

G∗(dx)

F 2
1 (x)

)2

H1
2(dx1, dx2)

≤
∫

ϕ(x1, x2)

F1(x1 + x2)(A +B)(x1 + x2)
F (dx1, dx2)

To bound the third integral in (3.28) we use assumption A1. Since

1 − F1(x)

1 −G(x−)
≤
∫

(x,∞)

F1(dy)

1 −G(y−)
≤M

we get

1

F1(x)
=

1 − F1(x)

F1(x)
+ 1 ≤ M(1 −G(x−))

F1(x)
+ 1 =

Mα(A +B)

F1(x)
+ 1.

Therefore

4

∫

ϕ(x1, x2)

(A+B)3(x1 + x2)

α2

(1 −G(x−1 ))2

(
∫ bn

x1+x2

G∗(dx)

F 2
1 (x)

)2

H1
2 (dx1, dx2)

≤ 4

∫

ϕ(x1, x2)

(A+B)4(x1 + x2)

α−2(1 −G(x1 + x−2 ))2

F 2
1 (x1 + x2)

F (dx1, dx2) = 4

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

F (dx1, dx2)

F 2
1 (x1 + x2)

≤ 4

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

(

2
M2α2(A+B)2(x1 + x2)

F 2
1 (x1 + x2)

+ 2

)

F (dx1, dx2)

= 8M2α2

∫

ϕ(x1, x2)

F 2
1 (x1 + x2)

F (dx1, dx2) +

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)
F (dx1, dx2)

Altogether, since by assumptions the integrals are bounded, we get

(3.28) ≤ n−1/2k4
M7K5

c21c
2
2α

2

(
∫

ϕ(x1, x2)

F 2
1 (x1 + x2)

F (dx1, dx2) +

∫

ϕ(x1, x2)

F1(x1 + x2)(A+B)(x1 + x2)
F (dx1, dx2)

+

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)
F (dx1, dx2)

)

→ 0.

⊠

Lemma 3.15.Under A1-A3, on the set̃Ω7
n,

n1/2[J1n + J3n] → 0, in probability.

Proof. W.l.o.g. we may assumeϕ ≥ 0. Since, by Lemma 3.11,A+B
An+Bn

≤ L , it suffices to show that

n1/2

∫

ϕ
[A+B − An − Bn]2

(A+B)3
dH1

2n → 0 (3.29)
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Recall

(An +Bn)(x) =

∫

[x,∞)

G∗
n(dz)

F1n(z)
.

Then the integral in (3.29) can be bounded from above by

n1/2 1

n

n
∑

i=1

ϕ(U1i, Ũ2i)δi

(A+B)3(U1i + Ũ2i)
[A+B −An − Bn]2(U1i + Ũ2i)

≤ n1/2 2

n

n
∑

i=1

ϕ(U1i, Ũ2i)δi

(A+B)3(U1i + Ũ2i)
[A+B −An−1 −Bn−1]

2(U1i + Ũ2i) (3.30)

+n1/2 2

n

n
∑

i=1

ϕ(U1i, Ũ2i)

(A+B)3(U1i + Ũ2i)

1

n2

1{Zi≥U1i+Ũ2i}
F 2

1n(Zi)
, (3.31)

where

(An−1 +Bn−1)(U1i + Ũ2i) =
1

n

∑

j 6=i

1{Zj≥U1i+Ũ2i}
1

F1n(Zj)
=
n− 1

n

∫

[U1i+Ũ2i,∞)

G∗
n−1(dz)

F1n(z)
.

As to (3.31), by definition ofF1n and sinceU1i ≤ Zi, we have the following bound

(3.31) ≤ n−5/2
n
∑

i=1

ϕ(U1i, Ũ2i)

(A+B)3(U1i + Ũ2i)
1{Zi≥U1i+Ũ2i}

∑

j 6=i

1{Zi<U1j}

F 2
1n(U−

1j)
. (3.32)

By Lemma 3.10, there exists̃K1 so that

(3.32) ≤ K̃2
1n

−5/2
n
∑

i=1

ϕ(U1i, Ũ2i)

(A+B)3(U1i + Ũ2i)
1{Zi≥U1i+Ũ2i}

∑

j 6=i

1{Zi<U1j}

F 2
1 (U−

1j)
. (3.33)

SinceU1j is independent of theZi andUi’s for j 6= i, we have

E(3.33) = n−1/2K̃2
1E

(

ϕ(U11, Ũ21)

(A+B)3(U11 + Ũ21)
1{Z1≥U11+Ũ21}E

[

1{Z1<U12}

F 2
1 (U−

12)
|U11, Ũ21, Z1

]

)

= n−1/2K̃2
1E

(

ϕ(U11, Ũ21)

(A+B)3(U11 + Ũ21)
1{Z1≥U11+Ũ21}E

[

1{y<U12}

F 2
1 (U−

12)

]

(y = Z1)

)

= n−1/2K̃2
1E

(

ϕ(U11, Ũ21)

(A+B)3(U11 + Ũ21)
1{Z1≥U11+Ũ21}

∫

(Z1,∞)

F ∗
1 (dz)

F 2
1 (z−)

)

= n−1/2K̃2
1

∫

ϕ(x1, x2)

(A +B)3(x1 + x2)
1{y≥x1+x2}

∫

(y,∞)

α−1(1 −G(z−))F1(dz)

F 2
1 (z−)

H3(dx1, dx2, dy)

≤ n−1/2K̃2
1

∫

ϕ(x1, x2)

(A+B)3(x1 + x2)
α−1(1 −G(x1 + x−2 ))

1{y≥x1+x2}
F1(y)

H3(dx1, dx2, dy). (3.34)
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Finally, sinceH3(x1, x2, y) = α−1
∫ x1

−∞
∫ x2

−∞(G(y) −G(y1 + y2))F (dy1, dy2) if 1{y≥x1+x2} and
α−1(1 −G(x1 + x−2 )) = (A+B)(x1 + x2), we obtain

(3.34) = n−1/2K̃2
1

∫

ϕ(x1, x2)α
−1

(A +B)2(x1 + x2)

1{y≥x1+x2}
F1(y)

G(dy)F (dx1, dx2)

= n−1/2K̃2
1

∫

ϕ(x1, x2)α
−1

(A +B)2(x1 + x2)

∫ ∞

x1+x2

G(dy)

F1(y)
F (dx1, dx2)

≤ n−1/2K̃2
1

∫

ϕ(x1, x2)

(A+B)(x1 + x2)

1

F1(x1 + x2)
F (dx1, dx2).

By assumption, the integral goes to zero, asn→ ∞.

As to (3.30) recall (3.6). By repeated use of(a + b)2 ≤ 2(a2 + b2), it remains to show that on the set
Ω̃7

n,

n1/2 1

n

n
∑

i=1

{

ϕ(U1i, Ũ2i)δi

(A+B)3(U1i + Ũ2i)

[
∫ ∞

U1i+Ũ2i

1

F1
(dG∗ − dG∗

n−1)

]2
}

→ 0 (3.35)

n1/2 1

n

n
∑

i=1

{

ϕ(U1i, Ũ2i)δi

(A+B)3(U1i + Ũ2i)

[
∫ ∞

U1i+Ũ2i

F1n − F1

F 2
1

dG∗
n−1

]2
}

→ 0 (3.36)

and

n1/2 1

n

n
∑

i=1

{

ϕ(U1i, Ũ2i)δi

(A+B)3(U1i + Ũ2i)

[
∫ ∞

U1i+Ũ2i

(F1n − F1)
2

F 2
1F1n

dG∗
n−1

]2
}

→ 0 (3.37)

For the proof of (3.36) see Lemma 3.14. Expression (3.35) equals

n−1/2

n
∑

i=1

ϕ(U1i, Ũ2i)δi

(A+B)3(U1i + Ũ2i)

[

1

n

∑

j 6=i

(
∫ ∞

U1i+Ũ2i

1

F1
dG∗ −

1{Zj≥U1i+Ũ2i}

F1(Zj)

)

]2

(3.38)

Note that

E







[

1

n

∑

j 6=i

(
∫ ∞

U1i+Ũ2i

1

F1
dG∗ −

1{Zj≥U1i+Ũ2i}

F1(Zj)

)

]2

|U1i, Ũ2i







≤
∫ ∞

U1i+Ũ2i

G∗(dy)

F 2
1 (y)

UsingdG∗ = α−1F1dG andA+B = α−1(1 −G−) the expectation of (3.38) is bounded from above
by

E(3.38) ≤ n−1/2

∫

ϕ(x1, x2)α
−1

(A+B)3(x1 + x2)

∫ ∞

x1+x2

G(dy)

F1(y)
H1

2 (dx1, dx2)

≤ n−1/2

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)F1(x1 + x2)
H1

2 (dx1, dx2)

= n−1/2

∫

ϕ(x1, x2)

(A+B)(x1 + x2)F1(x1 + x2)
F (dx1, dx2).
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Since the integral is finite the last term goes to zero, asn→ ∞.

As to (3.37), we can restrict the integral w.r.t.G∗
n to (−∞, bn). Then we can bound the term (3.37) in

probability from above by

n1/2

n3

n
∑

i=1

∑

j 6=i

∑

k 6=i

ϕ(U1i, Ũ2i)δi

(A+B)3(U1i + Ũ2i)

[

(F1n − F1)
2(Zj)

F 3
1 (Zj)

1{bn≥Zj≥U1i+U2i}

]

×
[

(F1n − F1)
2(Zk)

F 3
1 (Zk)

1{bn≥Zk≥U1i+U2i}

]

= n−5/2

n
∑

i=1

∑

j 6=i

∑

k 6=i

ϕ(U1i, Ũ2i)δi

(A+B)3(U1i + Ũ2i)

×
[ |F1n(Zj) − F1(Zj)|

F 2
1 (Zj)

|F1n(Zk) − F1(Zk)|
F 2

1 (Zk)
1{bn≥Zj ,Zk≥U1i+U2i}

]

×|F1n(Zj) − F1(Zj)|
F1(Zj)

|F1n(Zk) − F1(Zk)|
F1(Zk)

(3.39)

By Lemma 3.7 there exists some constantK̃, so that

F1n(Zj)

F1(Zj)
≤ K̃,

whence

|F1n(Zj) − F1(Zj)|
F1(Zj)

|F1n(Zk) − F1(Zk)|
F1(Zk)

≤ (K̃ + 1)2.

Hence the proof that (3.39) goes to zero is the same as that of (3.23) if k = j. In casek 6= j we refer
to (3.24) in Lemma 3.14. This completes the proof of the Lemma.

⊠

In the next lemma we show that

J2n =

∫

ϕ
A+B − An − Bn

(A+B)2
(dH1

2n − dH1
2 )

is negligible.

Lemma 3.16.Under A1-A3, on the set̃Ω7
n,

n1/2J2n → 0, in probability.

Proof. Similarly to Lemma 3.15 we writeJ2n as follows:

J2n =

∫

ϕ
A+B − An−1 − Bn−1

(A +B)2
(dH1

2n − dH1
2)

−n−2
n
∑

i=1

(

ϕ(U1i, Ũ2i)δi

(A+B)2(U1i + Ũ2i)F1n(Zi)
−
∫

ϕ(x1, x2)1{Zi≥x1+x2}
(A+B)2(x1 + x2)F1n(Zi)

H1
2 (dx1, dx2)

)

=: Ja
2n + J b

2n

and assume, w.l.o.g., thatϕ ≥ 0.
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As to J b
2n, we bound its absolute value from above by the sum of two terms. According to Lemma

3.10, there exists̃K1 so that

n1/2|J b
2n| ≤ n−3/2

n
∑

i=1

(

ϕ(U1i, Ũ2i)δi

(A+B)2(U1i + Ũ2i)F1n(Zi)
+

∫

ϕ(x1, x2)1{Zi≥x1+x2}
(A+B)2(x1 + x2)F1n(Zi)

H1
2 (dx1, dx2)

)

≤ n−3/2K̃1

n
∑

i=1

(

ϕ(U1i, Ũ2i)δi

(A +B)2(U1i + Ũ2i)F1(Zi)
+

∫

ϕ(x1, x2)1{Zi≥x1+x2}
(A+B)2(x1 + x2)F1(Zi)

H1
2 (dx1, dx2)

)

The expectation of the right hand side is bounded from above by

n−1/2K̃1

∫

ϕ(x1, x2)1{y≥x1+x2}
(A+B)2(x1 + x2)F1(y)

G(dy)F (dx1, dx2)

+ n−1/2K̃1

∫

ϕ(x1, x2)1{y≥x1+x2}
(A+B)2(x1 + x2)F1(y)

G∗(dy)H1
2(dx1, dx2)

≤ n−1/22K̃1

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

G(dy)

F1(y)
F (dx1, dx2)

≤ n−1/22K̃1

∫

ϕ(x1, x2)

(A+B)(x1 + x2)F1(x1 + x2)
F (dx1, dx2)

and this, according to the finiteness of the integral, goes tozero, asn→ ∞.

As toJa
2n, by (3.6), it suffices to show that on the setΩ̃7

n,

n1/2

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1
(dG∗ − dG∗

n−1)(H
1
2n(dx1, dx2) −H1

2 (dx1, dx2)) → 0

(3.40)

n1/2

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

F1n − F1

F 2
1

dG∗
n−1(H

1
2n(dx1, dx2) −H1

2 (dx1, dx2)) → 0

(3.41)

and

n1/2

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

(F1n − F1)
2

F 2
1F1n

dG∗
n−1(H

1
2n(dx1, dx2) −H1

2 (dx1, dx2)) → 0

(3.42)

As to (3.40), we will prove that

n1/2E

∣

∣

∣

∣

∫ ∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

1{y≥x1+x2}
F1(y)

(G∗
n−1(dy) −G∗(dy))(H1

2n(dx1, dx2) −H1
2 (dx1, dx2))

∣

∣

∣

∣

goes to zero, asn→ ∞.
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Set

ϕ̃(x1, x2, y) =
ϕ(x1, x2)1{y≥x1+x2}

(A+B)2(x1 + x2)F1(y)
.

By Cauchy-Schwarz it is sufficient to prove

nE

[
∫ ∫

ϕ̃(x1, x2, y)(G
∗
n−1(dy) −G∗(dy))(H1

2n(dx1, dx2) −H1
2 (dx1, dx2))

]2

→ 0, (3.43)

asn→ ∞.
Now set

ϕ∗(x1, x2, δ
1, y) : = ϕ̃(x1, x2, y)δ

1 −
∫

ϕ̃(x1, x2, u)δ
1G∗(du) −

∫

ϕ̃(v1, v2, y)H
1
2(dv1, dv2)

+

∫ ∫

ϕ̃(v1, v2, u)G
∗(du)H1

2(dv1, dv2).

Then to show (3.43), we have to prove that

n−3
n
∑

i=1

n
∑

k=1

n
∑

j=1

j 6=k,i

n
∑

l=1
l 6=k,i

E(ϕ∗(U1i, Ũ2i, δi, Zj)ϕ
∗(U1k, Ũ2k, δk, Zl)) → 0,

asn→ ∞.

Since theU ’s, δ’s andZ ’s are independent for different indicesi 6= j 6= k 6= l and since the mean of
ϕ∗ equals zero, the following term vanish.

n
n(n− 1)(n− 2)(n− 3)

n4
E(ϕ∗(U11, Ũ21, δ1, Z2)ϕ

∗(U13, Ũ23, δ3, Z4))

The terms

n
n(n− 1)(n− 2)

n4
E(ϕ∗(U11, Ũ21, δ1, Z2)ϕ

∗(U11, Ũ21, δ1, Z3)).

and

n
n(n− 1)(n− 2)

n4
E(ϕ∗(U11, Ũ21, δ1, Z2)ϕ

∗(U13, Ũ23, δ3, Z2))

can be written as expectations of conditional expectations, given (U11, Ũ21, δ1, Z1) andZ2, respec-
tively. It can be proved that these conditional expectations equal zero.
To complete the proof of (3.40) it remains to show that

n−1E[(ϕ∗(U11, Ũ21, δ1, Z2))
2]

goes to zero. Since, by A1,1−F1(x)
1−G(x−)

≤
∫

[x,∞)
dF1

1−G− ≤ M < ∞ and hence1
F1

= 1−F1

F1
+ 1 ≤

M 1−G−
F1

+ 1, then, together withdG∗ = α−1F1dG anddH1
2 = (A+B)dF , we obtain
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n−1E[(ϕ∗(U11, Ũ21, δ1, Z2))
2] ≤ 16n−1

∫

ϕ2(x1, x2)

(A+B)4(x1 + x2)

∫ ∞

x1+x2

dG∗

F 2
1

H1
2 (dx1, dx2)

≤ 16n−1

∫

ϕ2(x1, x2)α
−1

(A+B)2(x1 + x2)F1(x1 + x2)
F (dx1, dx2)

≤ 16Mn−1

∫

ϕ2(x1, x2)α

(A+B)(x1 + x2)F1(x1 + x2)
F (dx1, dx2) + 16n−1

∫

ϕ2(x1, x2)

(A+B)2(x1 + x2)
F (dx1, dx2),

which goes to zero, because the integrals are finite by assumptions A2 and A3.

Now we will deal with (3.41). Set

ϕ̂(x1, x2) :=
ϕ(x1, x2)

(A+B)2(x1 + x2)
.

Then the term in (3.41) equals

n1/2 1

n

n
∑

i=1

(

ϕ̂(U1i, Ũ2i)δi
1

n

n
∑

j 6=i

F1n(Zj) − F1(Zj)

F 2
1 (Zj)

1{U1i+Ũ2i≤Zj}

−
∫

ϕ̂(x1, x2)
1

n

n
∑

j 6=i

F1n(Zj) − F1(Zj)

F 2
1 (Zj)

1{x1+x2≤Zj}H
1
2 (dx1, dx2)

)

. (3.44)

By Lemma 3.12,

F1n(x) − F1(x) = Ln(x) +Rn(x),

where

Ln(x) =

∫

Ψx(y)

C(y)
(F ∗

1n(dy) − F ∗
1 (dy)) −

∫

Cn(y) − C(y)

C2(y)
Ψx(y)F

∗
1 (dy).

Since, according to definition ofF1n, we have

F1n(Zj) =
∏

U1l>Zj

[

1 − 1

nCn(U1l)

]

=
∏

U1l>Zj ,l 6=j

[

1 − 1

(n− 1)Cn−1(U1l)

]

=: F 6=j
1n−1(Zj),

we obtain

F1n(Zj) − F1(Zj) = F 6=j
1n−1(Zj) − F1(Zj) = L6=j

n−1(Zj) +R 6=j
n−1(Zj).

Hence
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(3.44) = n1/2 1

n

n
∑

i=1

(

ϕ̂(U1i, Ũ2i)δi
1

n

n
∑

j 6=i

L6=j
n−1(Zj) +R 6=j

n−1(Zj)

F 2
1 (Zj)

1{U1i+Ũ2i≤Zj}

−
∫

ϕ̂(x1, x2)
1

n

n
∑

j 6=i

L6=j
n−1(Zj) +R 6=j

n−1(Zj)

F 2
1 (Zj)

1{x1+x2≤Zj}H
1
2 (dx1, dx2)

)

= n1/2 1

n

n
∑

i=1

(

ϕ̂(U1i, Ũ2i)δi
1

n

n
∑

j 6=i

L6=j
n−1(Zj)

F 2
1 (Zj)

1{U1i+Ũ2i≤Zj}

−
∫

ϕ̂(x1, x2)
1

n

n
∑

j 6=i

L6=j
n−1(Zj)

F 2
1 (Zj)

1{x1+x2≤Zj}H
1
2 (dx1, dx2)

)

+n1/2 1

n

n
∑

i=1

ϕ̂(U1i, Ũ2i)δi
1

n

n
∑

j 6=i

R 6=j
n−1(Zj)

F 2
1 (Zj)

1{U1i+Ũ2i≤Zj}

−n1/2 1

n

n
∑

i=1

∫

ϕ̂(x1, x2)
1

n

n
∑

j 6=i

R 6=j
n−1(Zj)

F 2
1 (Zj)

1{x1+x2≤Zj}H
1
2 (dx1, dx2)

Furthermore, sinceF1 is continuous, we have thatΨx(y) = −1{x<y}F1(x). HenceΨZj
(U1j) = 0,

1{U1j≤y≤Zj}ΨZj
(y) = 0 and therefore

Ln(Zj) =
n− 1

n
L6=j

n−1(Zj) +
ΨZj

(U1j)

nC(U1j)
− 1

n

∫

ΨZj
(y)

C(y)
F ∗

1 (dy) − 1

n

∫

1{U1j≤y≤Zj} − C(y)

C2(y)
ΨZj

(y)F ∗
1 (dy)

=
n− 1

n
L6=j

n−1(Zj) −
1

n

∫

ΨZj
(y)

C(y)
F ∗

1 (dy) +
1

n

∫

ΨZj
(y)

C(y)
F ∗

1 (dy) =
n− 1

n
L6=j

n−1(Zj).

Hence we obtain

n1/2 1

n

n
∑

i=1

(

ϕ̂(U1i, Ũ2i)δi
1

n

n
∑

j 6=i

L6=j
n−1(Zj)

F 2
1 (Zj)

1{U1i+Ũ2i≤Zj} −
∫

ϕ̂(x1, x2)
1

n

n
∑

j 6=i

L6=j
n−1(Zj)

F 2
1 (Zj)

1{x1+x2≤Zj}H
1
2 (dx1, dx2)

)

= n1/2 n

n− 1

∫

ϕ̂(x1, x2)

∫ ∞

x1+x2

Ln(x)

F 2
1 (x)

G∗
n−1(dx)(H

1
2n(dx1, dx2) −H1

2 (dx1, dx2)).

So, to prove (3.41), we have to show that the following terms go to zero in probability:

n1/2

∫

ϕ̂(x1, x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)

C(y)
(F ∗

1n(dy) − F ∗
1 (dy))G∗

n−1(dx)(H
1
2n(dx1, dx2) −H1

2 (dx1, dx2))

(3.45)

n1/2

∫

ϕ̂(x1, x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Cn(y) − C(y)

C2(y)
Ψx(y)F

∗
1 (dy)G∗

n−1(dx)(H
1
2n(dx1, dx2) −H1

2 (dx1, dx2))

(3.46)
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n1/2 1

n

n
∑

i=1

ϕ̂(U1i, Ũ2i)δi
1

n

n
∑

j 6=i

|R 6=j
n−1(Zj)|
F 2

1 (Zj)
1{U1i+Ũ2i≤Zj} (3.47)

and

∫

ϕ̂(x1, x2)
1

n

n
∑

j=1

|R 6=j
n−1(Zj)|
F 2

1 (Zj)
1{x1+x2≤Zj}H

1
2 (dx1, dx2). (3.48)

At first we deal with (3.47). According to Lemma A.22,|R 6=j
n−1(Zj)| ≤ |R̃ 6=j

n−1(Zj)|. Since, on the set
Ω̃7

n,

(3.47) ≤ n1/2 1

n

n
∑

i=1

ϕ̂(U1i, Ũ2i)δi

F1(U1i + Ũ2i)
× 1

n

n
∑

j=1

|R̃ 6=j
n−1(Zj)|
F1(Zj)

1{an≤Zj≤bn}

and

1

n

n
∑

i=1

ϕ̂(U1i, Ũ2i)δi

F1(U1i + Ũ2i)
→
∫

ϕ̂(x1, x2)

F1(x1 + x2)
H1

2 (dx1, dx2) =

∫

ϕ(x1, x2)

(A+B)(x1 + x2)F1(x1 + x2)
F (dx1, dx2) <∞

it remains to show that

n1/2 1

n

n
∑

j=1

|R̃ 6=j
n−1(Zj)|
F1(Zj)

1{an≤Zj≤bn} = oP(1).

By Lemma A.22

ER̃n(t) ≤ k10
1

n

K3M3

c21c
2
ln2(

n

c1α
) +

2
√
αM

n

1
√

1 −G(t−)

(

ln(
n

c1α
) + 1

)1/2

+

√
8Mα

n3/2

1

1 −G(t−)

+
2M√
cα

ε√
n
.

SinceR̃ 6=j
n−1(.) doesn’t containU ’s andZ ’s with indexj, we get

E

(

n1/2 1

n

n
∑

j=1

|R̃ 6=j
n−1(Zj)|
F1(Zj)

1{an≤Zj≤bn}

)

= E(E(...|Zj)) = E

(

n1/2 1

n

n
∑

j=1

E(|R̃ 6=j
n−1(Zj)||Zj)

F1(Zj)
1{an≤Zj≤bn}

)

≤ k10
1√
n

K3M3

c21c
2
ln2(

n

c1α
)

∫

(an,bn)

G∗(dx)

F1(x)
+

2
√
αM√
n

(

ln(
n

c1α
) + 1

)1/2 ∫

(an,bn)

G∗(dx)

F1(x)
√

1 −G(x−)

+

√
8Mα

n

∫

(an,bn)

G∗(dx)

F1(x)(1 −G(x−))
+

2M√
cα
ε

∫

(an,bn)

G∗(dx)

F1(x)
.
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SincedG∗ = α−1F1dG and by Remark A.1−ln(1 −G(bn)) ≤ ln( n
cα

), for everyε > 0, the right side
is bounded from above by

k10
1√
n

K3M3

c21c
2
ln2(

n

c1α
) +

2
√
αM√
n

(

ln(
n

c1α
) + 1

)1/2

ln(
n

cα
) +

√
8Mα

n
ln(

n

cα
) +

2M√
cα
ε.

Since the first three coefficients go to zero asn → ∞ and the last can be made as small as possible,
the proof of (3.47) is completed. As to (3.48), this is bounded from above by

(3.48) ≤ n1/2

∫

ϕ̂(x1, x2)

F1(x1 + x2)
H1

2 (dx1, dx2) ×
1

n

n
∑

j=1

|R̃ 6=j
n−1(Zj)|
F1(Zj)

1{an≤Zj≤bn}

which, like (3.47), goes to zero.
As to (3.45) we will show that

n1/2

∫

ϕ̂(x1, x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)

C(y)
(F ∗

1n(dy) − F ∗
1 (dy))G∗(dx)(H1

2n(dx1, dx2) −H1
2 (dx1, dx2))

(3.49)

n1/2

∫

∣

∣

∣
ϕ̂(x1, x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)

C(y)
(F ∗

1n(dy) − F ∗
1 (dy))(G∗

n−1(dx) −G∗(dx))
∣

∣

∣
H1

2 (dx1, dx2)

(3.50)

and

n1/2

∫

∣

∣

∣
ϕ̂(x1, x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)

C(y)
(F ∗

1n(dy) − F ∗
1 (dy))(G∗

n−1(dx) −G∗(dx))
∣

∣

∣
H1

2n(dx1, dx2)

(3.51)

go to zero in probability.
The term (3.49) equals

n1/2

∫ ∫

S(x1, x2, y)(F
∗
1n(dy) − F ∗

1 (dy))(H1
2n(dx1, dx2) −H1

2 (dx1, dx2))

where

S(x1, x2, y) = ϕ̂(x1, x2)

∫ ∞

x1+x2

1

F 2
1 (x)

Ψx(y)

C(y)
G∗(dx).

Set

S∗(x1, x2, δ, y) = S(x1, x2, y)δ −
∫

S(x1, x2, v)δF
∗
1 (dv) −

∫

S(u1, u2, y)H
1
2(du1, du2)

+

∫ ∫

S(u1, u2, v)F
∗
1 (dv)H1

2(du1, du2).
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Then, by Cauchy-Schwarz, it remains to show that

n−3
n
∑

i=1

n
∑

k=1

n
∑

j=1

j 6=i,k

n
∑

l=1
j 6=i,k

ES∗(U1i, Ũ2i, δi, U1j)S
∗(U1k, Ũ2k, δk, U1l) → 0.

Using similar arguments as for (3.40) we only have to prove that

n−1ES∗(U11, Ũ21, δ1, U12)
2 (3.52)

goes to zero.
Since, by continuity ofF1, γ = F1 and thereforeΨx(y) = −1{y>x}F1(x), we have

(3.52) = n−1ES∗(U11, Ũ21, δ1, U12)
2 = n−1E

(

E
(

S(U11, Ũ21, U12)δ1 −
∫

S(U11, Ũ21, v)δ1F
∗
1 (dv)

−
∫

S(u1, u2, U12)H
1
2(du1, du2) +

∫ ∫

S(u1, u2, v)F
∗
1 (dv)H1

2(du1, du2)
)2

|U11, Ũ21, δ1

)

≤ 8n−1E
(

ϕ̂(U11, Ũ21)δ1E
(

(
∫ ∞

x1+x2

1

F 2
1 (x)

1{U12>x}F1(x)

C(U12)
G∗(dx)

)2

(x1 = U11, x2 = Ũ21)
))

+24n−1

∫ ∫
(

ϕ̂(u1, u2)

∫ ∞

u1+u2

1

F 2
1 (x)

1{v>x}F1(x)

C(v)
G∗(dx)

)2

F ∗
1 (dv)H1

2 (du1, du2)

≤ 32n−1

∫

ϕ̂2(x1, x2)
1

C(z)

(
∫ z

x1+x2

α−1dG

)2

F ∗
1 (dz)H1

2 (dx1, dx2)

≤ 32n−1

∫

ϕ2(x1, x2)α
−2

(A +B)4(x1 + x2)
(1 −G(x1 + x−2 ))2

∫ ∞

x1+x2

F1(dz)

F 2
1 (z)

H1
2 (dx1, dx2)

≤ 32n−1

∫

ϕ2(x1, x2)

(A +B)(x1 + x2)F1(x1 + x2)
F (dx1, dx2)

which goes to zero by finiteness of the integral.

As to (3.50), by Cauchy-Schwarz, we have to prove that

n1/2

∫

ϕ̂(x1, x2)

(

E

[
∫ ∫

Ψx(y)1{x≥x1+x2}
F 2

1 (x)C(y)
[F ∗

1n(dy) − F ∗
1 (dy)](G∗

n−1(dx) −G∗(dx))

]2
)1/2

H1
2 (dx1, dx2)

goes to zero.

Set

ϕ1(x, y) =
Ψx(y)1{x≥x1+x2}
F 2

1 (x)C(y)

and
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ϕ∗(x, y) = ϕ1(x, y) −
∫

ϕ1(x, u)F
∗
1 (du) −

∫

ϕ1(v, y)G
∗(dv) +

∫ ∫

ϕ1(v, u)G
∗(dv)F ∗

1 (du).

Then we have to prove

n1/2

∫

ϕ̂(x1, x2)

(

E

(
∫ ∫

ϕ∗(x, y)F ∗
1n(dy)G∗

n(dx)

)2
)1/2

H1
2 (dx1, dx2) → 0, as n→ ∞.

Similarly to the proof of (3.40) and by usingΨx(y) = −1{y>x}F1(x) the expectation equals

1

n4

n
∑

i=1

n
∑

j=1

n
∑

k=1
k 6=i,j

n
∑

l=1
k 6=i,j

E(ϕ∗(Zi, U1k)ϕ
∗(Zj , U1l)) =

1

n2
Eϕ∗(Z1, U12)

2 ≤ 1

n2

1

F 2
1 (x1 + x2)

∫ ∞

x1+x2

dG

F1

∫ ∞

x1+x2

dF1

1 −G− .

Finally, since by A1,
∫∞

x1+x2

dF1

1−G− ≤M <∞, we obtain

E|(3.50)| ≤ n−1/2

∫

ϕ̂(x1, x2)

F1(x1 + x2)

(
∫ ∞

x1+x2

dG

F1

∫ ∞

x1+x2

dF1

1 −G−

)1/2

H1
2 (dx1, dx2)

= n−1/2

∫

ϕ(x1, x2)

(A+B)(x1 + x2)F1(x1 + x2)

(
∫ ∞

x1+x2

dG

F1

∫ ∞

x1+x2

dF1

1 −G−

)1/2

F (dx1, dx2)

≤
√
Mn−1/2

∫

ϕ(x1, x2)

(A+B)(x1 + x2)F1(x1 + x2)

√

1 −G(x1 + x−2 )
√

F1(x1 + x2)
F (dx1, dx2). (3.53)

Furthermore, by A1,1 − F1(x) ≤M(1 −G(x−)), we have

1

F1(x1 + x2)
=

1 − F1(x1 + x2)

F1(x1 + x2)
+ 1 ≤M

1 −G(x1 + x−2 )

F1(x1 + x2)
+ 1 = M

α(A+B)(x1 + x2)

F1(x1 + x2)
+ 1.

Therefore

(3.53) ≤ n−1/2

∫

ϕ(x1, x2)Mα

F
3/2
1 (x1 + x2)

F (dx1, dx2) + n−1/2

∫

ϕ(x1, x2)α
1/2

(A+B)1/2(x1 + x2)F
1/2
1 (x1 + x2)

F (dx1, dx2)

≤ n−1/2

∫

ϕ(x1, x2)Mα

F 2
1 (x1 + x2)

F (dx1, dx2) + n−1/2

∫

ϕ(x1, x2)

(A+B)(x1 + x2)F1(x1 + x2)
F (dx1, dx2),

which again goes to zero.

As to (3.51), we can bound it from above by

(3.51) ≤ n1/2

∫

∣

∣

∣
ϕ̂(x1, x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)

C(y)
(F ∗

1n−1(dy) − F ∗
1 (dy))(G∗

n−1(dx) −G∗(dx))
∣

∣

∣
H1

2n(dx1, dx2)

+n−1/2

∫

∣

∣

∣
ϕ̂(x1, x2)

∫ ∞

x1+x2

1

F 2
1 (x)

Ψx(U11)

C(U11)
(G∗

n−1(dx) −G∗(dx))
∣

∣

∣
H1

2n(dx1, dx2)
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The first coefficient is dealt with in the same way as (3.50). The expectation of the second is bounded
from above by

n−1

∫

ϕ(x1, x2)

(A+B)(x1 + x2)F1(x1 + x2)

(
∫ ∞

x1+x2

dG

F1

∫ ∞

x1+x2

dF1

1 −G−

)1/2

F (dx1, dx2),

which goes to zero.

(3.46) is dealt with similarly to (3.45). We bound its absolute value as follows:

n1/2

∫

ϕ̂(x1, x2)

∣

∣

∣

∣

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Cn(y) − C(y)

C2(y)
Ψx(y)F

∗
1 (dy)(G∗

n−1(dx) −G∗(dx))

∣

∣

∣

∣

H1
2n(dx1, dx2) (3.54)

+n1/2

∫

ϕ̂(x1, x2)

∣

∣

∣

∣

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Cn(y) − C(y)

C2(y)
Ψx(y)F

∗
1 (dy)(G∗

n(dx) −G∗(dx))

∣

∣

∣

∣

H1
2 (dx1, dx2) (3.55)

+n1/2

∣

∣

∣

∣

∫

ϕ̂(x1, x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Cn(y) − C(y)

C2(y)
Ψx(y)F

∗
1 (dy)G∗(dx)(H1

2n −H1
2 )(dx1, dx2))

∣

∣

∣

∣

(3.56)

As to (3.55), its expectation equals

n1/2

∫

ϕ̂(x1, x2)E

∣

∣

∣

∣

∫ ∫

1{x≥x1+x2}
1

F 2
1 (x)

Cn(y) − C(y)

C2(y)
Ψx(y)F

∗
1 (dy)(G∗

n(dx) −G∗(dx))

∣

∣

∣

∣

H1
2 (dx1, dx2)

(3.57)

Sinceγ = F1 andΨx(y) = −1{y>x}F1(x) the expectation is, by Fubini, less than or equal to

n1/2

∫

1

C2(y)
E

∣

∣

∣

∣

∫ ∞

x1+x2

1

F 2
1 (x)

(Cn(y) − C(y))1{y>x}F1(x)(G
∗
n(dx) −G∗(dx))

∣

∣

∣

∣

F ∗
1 (dy) (3.58)

SinceCn(y) andC(y) are independent ofx, by use of Cauchy-Schwarz, we come up with an upper
bound for the expectation, namely:

√

E(Cn(y) − C(y))2

√

E

(
∫ ∞

x1+x2

1{y>x}
F1(x)

[G∗
n(dx) −G∗(dx)]

)2

The first square root equals

√

1

n
C(y)(1 − C(y))

and the second

√

√

√

√

1

n

(

∫ ∞

x1+x2

1{y>x}
F 2

1 (x)
G∗(dx) −

[
∫ ∞

x1+x2

1{y>x}
F1(x)

G∗(dx)

]2
)
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Finally, bydG∗ = α−1F1dG, (3.58) is bounded from above by

n−1/2

∫

α−1/2

C2(y)

√

C(y)1{y≥x1+x2}

(
∫ y

x1+x2

dG

F1

)1/2

F ∗
1 (dy) ≤ n−1/2

∫ ∞

x1+x2

α−1/2

C3/2(y)
F ∗

1 (dy)

(
∫ ∞

x1+x2

dG

F1

)1/2

= n−1/2

∫ ∞

x1+x2

F1(dy)

F
3/2
1 (y)(1−G(y−))1/2

(
∫ ∞

x1+x2

dG

F1

)1/2

≤ n−1/2

(
∫ ∞

x1+x2

F1(dy)

F 3
1 (y)

)1/2(∫ ∞

x1+x2

F1(dy)

1 −G(y−)

)1/2(∫ ∞

x1+x2

dG

F1

)1/2

≤ n−1/2 1

F1(x1 + x2)

(
∫ ∞

x1+x2

F1(dy)

1 −G(y−)

)1/2(∫ ∞

x1+x2

dG

F1

)1/2

From this it follows that (3.57) is bounded from above by

n−1/2

∫

ϕ̂(x1, x2)

F1(x1 + x2)

(
∫ ∞

x1+x2

F1(dy)

1 −G(y−)

)1/2(∫ ∞

x1+x2

dG

F1

)1/2

H1
2 (dx1, dx2)

= n−1/2

∫

ϕ(x1, x2)α

(A +B)(x1 + x2)F1(x1 + x2)

(
∫ ∞

x1+x2

F1(dy)

1 −G(y−)

)1/2(∫ ∞

x1+x2

dG

F1

)1/2

F (dx1, dx2).

Under our assumptions, (3.57) goes to zero, asn→ ∞. The proof of (3.54) is almost the same.
As to (3.56), byΨx(y) = −1{y>x}F1(x) and Fubini we need to prove that

n1/2

∫ ∫

1

F1(x)

1

C2(y)
E

∣

∣

∣

∣

∫

ϕ̂(x1, x2)1{y>x≥x1+x2}(Cn(y) − C(y))(H1
2n −H1

2 )(dx1, dx2))

∣

∣

∣

∣

F ∗
1 (dy)G∗(dx)

goes to zero. Furthermore, by Cauchy Schwarz,

E

∣

∣

∣

∣

∫

ϕ̂(x1, x2)1{y>x≥x1+x2}(Cn(y) − C(y))(H1
2n(dx1, dx2) −H1

2 (dx1, dx2))

∣

∣

∣

∣

≤ 1

n

√

C(y)

(
∫

ϕ̂2(x1, x2)1{y>x≥x1+x2}H
1
2 (dx1, dx2)

)1/2

.

Hence, sincedG∗ = α−1F1dG, dF ∗
1 = α−1(1−G−)dF1, 1−G− = α(A+B) anddH1

2 = (A+B)dF ,
we get

E|(3.56)| ≤ n−1/2

∫ ∫

1

F1(x)

1

C3/2(y)

(
∫

ϕ̂2(x1, x2)1{y>x≥x1+x2}H
1
2 (dx1, dx2)

)1/2

F ∗
1 (dy)G∗(dx)

= n−1/2

∫ ∫

α−1

(1 −G(y−))1/2F
3/2
1 (y)

(
∫

ϕ2(x1, x2)1{y>x≥x1+x2}
(A+B)3(x1 + x2)

F (dx1, dx2)

)1/2

F1(dy)G(dx)

≤ n−1/2

∫

α−1

(1 −G(y−))1/2F
3/2
1 (y)

(
∫ ∫

ϕ2(x1, x2)1{y>x≥x1+x2}
(A+B)3(x1 + x2)

G(dx)F (dx1, dx2)

)1/2

F1(dy)

= n−1/2

∫

α−1

(1 −G(y−))1/2F
3/2
1 (y)

(
∫

αϕ2(x1, x2)1{y≥x1+x2}
(A+B)2(x1 + x2)

F (dx1, dx2)

)1/2

F1(dy).
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By Cauchy-Schwarz we get that the right side is bounded from above by

n−1/2

(
∫

α−2

1 −G(y−)
F1(dy)

)1/2(∫
1

F 3
1 (y)

∫

αϕ2(x1, x2)1{y≥x1+x2}
(A+B)2(x1 + x2)

F (dx1, dx2)F1(dy)

)1/2

≤
√
Mn−1/2

(
∫

αϕ2(x1, x2)

(A +B)2(x1 + x2)F 2
1 (x1 + x2)

F (dx1, dx2)

)1/2

(3.59)

By A1 we have that1 − F1 ≤ M(1 −G−). Then by repeated use of1
F1

≤M 1−G−

F1
+ 1 we get

(3.59) ≤ O(n−1/2)

(
∫

αϕ2(x1, x2)

F 2
1 (x1 + x2)

F (dx1, dx2) +

∫

αϕ2(x1, x2)

(A+B)(x1 + x2)F1(x1 + x2)
F (dx1, dx2)

+

∫

αϕ2(x1, x2)

(A +B)2(x1 + x2)
F (dx1, dx2)

)1/2

→ 0.

To show (3.42) we prove

n1/2

∫

ϕ̂(x1, x2)

∫ ∞

x1+x2

(F1n − F1)
2

F 2
1F1n

dG∗
nH

1
2 (dx1, dx2) → 0 in probability (3.60)

and

n1/2

∫

ϕ̂(x1, x2)

∫ ∞

x1+x2

(F1n − F1)
2

F 2
1F1n

dG∗
n−1H

1
2n(dx1, dx2) → 0 in probability. (3.61)

As to (3.60), on the set̃Ω7
n, F1/F1n is bounded from above bỹK1. Hence

(3.60) = n1/2K̃1

∫

ϕ̂(x1, x2)
1

n

n
∑

i=1

(F1n − F1)
2(Zi)

F 3
1 (Zi)

1{Zi≥x1+x2}H
1
2 (dx1, dx2)

Furthermore, sinceU1i ≤ Zi, (F1n − F1)
2(Zi) = (F1n−1 − F1)

2(Zi) andF1n−1 does not includeU1i

andZi. By Lemma A.6,(F1n−1 − F1)
2 is bounded from above byE2

n−1. Hence

(3.60) ≤ n1/2

∫

ϕ̂(x1, x2)
1

n

n
∑

i=1

E2
n−1(Zi)

F 3
1 (Zi)

1{Zi≥x1+x2}H
1
2 (dx1, dx2).

Finally, the expectation of the last part, according to (A.15), is bounded from above by

n1/2

∫

ϕ̂(x1, x2)
1

n

n
∑

i=1

E

(

E2
n−1(Zi)

F 3
1 (Zi)

1{Zi≥x1+x2}

)

H1
2 (dx1, dx2)

= n1/2

∫

ϕ̂(x1, x2)
1

n

n
∑

i=1

E

(

1{Zi≥x1+x2}
F 3

1 (Zi)
E
(

E2
n−1(Zi)|Zi

)

)

H1
2 (dx1, dx2)
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≤ n1/2

∫

ϕ̂(x1, x2)
1

n

n
∑

i=1

E

(

1{Zi≥x1+x2}
F 3

1 (Zi)

(

k
K5M2

cc1α

ln3( n
c1α

)

n

))

H1
2 (dx1, dx2)

≤ T√
n

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ bn

x1+x2

1

F 2
1 (t)

G(dt)H1
2(dx1, dx2)

≤ T√
n

∫

ϕ(x1, x2)α

(A+B)(x1 + x2)F1(x1 + x2)

∫ bn

x1+x2

1

F1(t)
G(dt)F (dx1, dx2),

whereT = kK5M2

cc1α
ln3( n

c1α
). Since by assumption the integral is bounded, the right sidegoes to zero.

As to (3.61), the arguments are similar to (3.60). On the setΩ̃7
n, and by Lemma A.12, we have

(3.61) ≤ K̃1n
1/2 1

n

n
∑

i=1

ϕ̂(U1i, Ũ2i)
1

n

∑

j 6=i

(F1n(Zj) − F1(Zj))
2

F 3
1 (Zj)

1{U1i+Ũ2i≤Zj}

≤ K̃1n
1/2 1

n

n
∑

i=1

ϕ̂(U1i, Ũ2i)
1

n

∑

j 6=i

k1E
2
n−2(Zk) +Mn(Zk, U1i, Zi)1{Zk,Zi≤bn,U1i>an}

F 3
1 (Zj)

1{U1i+Ũ2i≤Zj}.

The proof that

K̃1n
1/2 1

n

n
∑

i=1

ϕ̂(U1i, Ũ2i)
1

n

∑

j 6=i

k1E
2
n−2(Zk)

F 3
1 (Zj)

1{U1i+Ũ2i≤Zj} → 0

follows from (3.60). Therefore it remains to show that

K̃1n
1/2 1

n

n
∑

i=1

ϕ̂(U1i, Ũ2i)
1

n

∑

j 6=i

Mn(Zk, U1i, Zi)1{Zk,Zi≤bn,U1i>an}
F 3

1 (Zj)
1{U1i+Ũ2i≤Zj} → 0

According to Lemma A.13,

E(Mn(Zk, U1i, Zi)1{Zk,Zi≤bn,U1i>an}|Zk, U1i, Ũ2i, Zi) ≤
1

n
k2
M5K4

c21c
2
ln2(

n

c1α
)

(

1 +
γ2(U1i)

C(U1i)
+

γ2(U1i)

nC2(U1i)

)

.

Hence

E

(

K̃1n
1/2 1

n

n
∑

i=1

ϕ̂(U1i, Ũ2i)
1

n

∑

j 6=i

Mn(Zk, U1i, Zi)1{Zk,Zi≤bn,U1i>an}
F 3

1 (Zj)
1{U1i+Ũ2i≤Zj}

)

≤ n−1/2K̃1k2
M5K4

c21c
2
ln2(

n

c1α
)

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

(

1 +
γ2(x1)

C(x1)
+

γ2(x1)

nC2(x1)

)
∫ bn

x1+x2

G∗(dx)

F 3
1 (x)

H1
2 (dx1, dx2)

≤ n−1/2K̃1k2
M5K4

c21c
2
ln2(

n

c1α
)

∫

αϕ(x1, x2)

F 2
1 (x1 + x2)

(

1 +
αF1(x1)

1 −G(x−1 )
+

α2

n(1 −G(x−1 ))2

)

F (dx1, dx2)

≤ n−1/2K̃1k2
M5K4

c21c
2
ln2(

n

c1α
)

∫

αϕ(x1, x2)

F 2
1 (x1 + x2)

F (dx1, dx2)

+n−1/2K̃1k2
M5K4

c21c
2
ln2(

n

c1α
)

∫

α2ϕ(x1, x2)

F1(x1 + x2)(1 −G(x1 + x−2 ))
F (dx1, dx2)

+n−3/2K̃1k2
M5K4

c21c
2
ln2(

n

c1α
)

∫

α3ϕ(x1, x2)

F 2
1 (x1 + x2)(1 −G(x1 + x−2 ))2

F (dx1, dx2).
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By assumption, the first and the second term go to zero. As to the third term, since by A11−F1(x) ≤
M(1 −G(x−)), we get

(

1

F1(x)

)2

≤
(

1 − F1(x)

F1(x)
+ 1

)2

≤ 2M2 (1 −G(x−))2

F 2
1 (x)

+ 2.

Hence, sinceα−1(1 −G−) = A+B, we obtain

n−3/2K̃1k2
M5K4

c21c
2
ln2(

n

c1α
)

∫

α3ϕ(x1, x2)

F 2
1 (x1 + x2)(1 −G(x1 + x−2 ))2

F (dx1, dx2)

≤ n−3/2K̃1k2
M5K4

c21c
2
ln2(

n

c1α
)

∫

2M2α3ϕ(x1, x2)

F 2
1 (x1 + x2)

F (dx1, dx2)

+ n−3/2K̃1k2
M5K4

c21c
2
ln2(

n

c1α
)

∫

αϕ(x1, x2)

(A +B)2(x1 + x2)
F (dx1, dx2) → 0.

⊠

To writeIn as a sum of i.i.d. random variables and a remainder, we have toprove thatJ4n has a proper
representation.

Since

∫

[x,∞)

F1n − F1

F 2
1

dG∗
n =

∫

[x,∞)

F1n − F1

F 2
1

(dG∗
n − dG∗) +

∫

[x,∞)

F1n − F1

F 2
1

dG∗,

J4n can be written as

J4n =

∫

ϕ̂(x1, x2)

∫ ∞

x1+x2

F1n − F1

F 2
1

dG∗H1
2 (dx1, dx2)

−
∫

ϕ̂(x1, x2)

∫ ∞

x1+x2

(F1n − F1)
2

F 2
1F1n

dG∗
nH

1
2 (dx1, dx2)

+

∫

ϕ̂(x1, x2)

∫ ∞

x1+x2

F1n − F1

F 2
1

(dG∗
n − dG∗)H1

2 (dx1, dx2)

+

∫

ϕ̂(x1, x2)

∫ ∞

x1+x2

1

F1

(dG∗ − dG∗
n)H

1
2 (dx1, dx2) = K1n +K2n +K3n +K4n,

where

ϕ̂(x1, x2) =
ϕ(x1, x2)

(A +B)2(x1 + x2)
.

The termK4n is already a sum of i.i.d. random variables. Next we will prove thatK2n andK3n are
negligible.

Lemma 3.17.Under A1-A3, on the set̃Ω7
n,

n1/2K2n → 0, in probability.
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Proof.
The proof is identical to the proof of (3.60) in Lemma 3.16.

⊠

Next we prove thatK3n is a remainder.

Lemma 3.18.Under A1-A3, on the set̃Ω7
n,

n1/2K3n → 0, in probability.

Proof. It is sufficient to show that, on the setΩ̃7
n,

n1/2

∫

ϕ̂(x1, x2)

∣

∣

∣

∣

∫ ∞

x1+x2

F1n − F1

F 2
1

(dG∗
n − dG∗)

∣

∣

∣

∣

H1
2 (dx1, dx2) → 0.

By Lemma 3.12 and use of|a+ b| ≤ |a| + |b| it remains to show that the following expectations

n1/2

∫

ϕ̂(x1, x2)E

∣

∣

∣

∣

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)

C(y)
[F ∗

1n(dy) − F ∗
1 (dy)](G∗

n(dx) −G∗(dx))

∣

∣

∣

∣

H1
2 (dx1, dx2) (3.62)

n1/2

∫

ϕ̂(x1, x2)E

∣

∣

∣

∣

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Cn(y) − C(y)

C2(y)
Ψx(y)F

∗
1 (dy)(G∗

n(dx) −G∗(dx))

∣

∣

∣

∣

H1
2 (dx1, dx2) (3.63)

go to zero and the integral

n1/2

∫

ϕ̂(x1, x2)

∣

∣

∣

∣

∫ ∞

x1+x2

Rn

F 2
1

(dG∗
n − dG∗)

∣

∣

∣

∣

H1
2 (dx1, dx2) (3.64)

goes to zero in probability, asn→ ∞.

The proof of (3.64) is similar to the proof of (3.47).

As to (3.62), by Cauchy-Schwarz, it suffices to prove that

n1/2

∫

ϕ̂(x1, x2)

(

E

[
∫ ∫

Ψx(y)1{x≥x1+x2}
F 2

1 (x)C(y)
[F ∗

1n(dy) − F ∗
1 (dy)](G∗

n(dx) −G∗(dx))

]2
)1/2

H1
2 (dx1, dx2)

(3.65)

goes to zero, asn→ ∞.
Set

ϕ1(x, y) =
Ψx(y)1{x≥x1+x2}
F 2

1 (x)C(y)

and
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ϕ∗(x, y) = ϕ1(x, y) −
∫

ϕ1(x, u)F
∗
1 (du) −

∫

ϕ1(v, y)G
∗(dv) +

∫ ∫

ϕ1(v, u)G
∗(dv)F ∗

1 (du).

Then the expectation in (3.65) equals

E

(
∫ ∫

ϕ∗(x, y)F ∗
1n(dy)G

∗
n(dx)

)2

=
1

n4

n
∑

i=1

n
∑

j=1

n
∑

k=1

n
∑

l=1

E(ϕ∗(Zi, U1j)ϕ
∗(Zk, U1l))

We have that theU ’s andZ ’s are independent for different indices. Similarly to the proof of (3.40) we
can show that the expectation and conditional expectation of ϕ∗ givenU1i orZi equals zero.
Since, for continuousF1, Ψx(y) = −1{y>x}F1(x) then, similarly to the proof of (3.52), we get

1

n4

n
∑

i=1

n
∑

j=1

n
∑

k=1

n
∑

l=1

E(ϕ∗(Zi, U1j)ϕ
∗(Zk, U1l)) ≤

1

n2
E(ϕ∗(Z2, U11))

2 +
1

n3
E(ϕ∗(Z1, U11))

2

≤ 4

n2
E(ϕ1(Z2, U11))

2 +
4

n2
E

∫

ϕ2
1(Z2, u)F

∗
1 (du) +

4

n2
E

∫

ϕ2
1(v, U11)G

∗(dv)

+
4

n2

∫ ∫

ϕ2
1(v, u)G

∗(dv)F ∗
1 (du) +

4

n3
E(ϕ1(Z1, U11))

2 +
4

n3
E

∫

ϕ2
1(Z1, u)F

∗
1 (du)

+
4

n3
E

∫

ϕ2
1(v, U11)G

∗(dv) +
4

n3

∫ ∫

ϕ2
1(v, u)G

∗(dv)F ∗
1 (du)

≤ 28

n2

∫ ∫

ϕ1(x, y)
2F ∗

1 (dy)G∗(dx) +
4

n3

∫ ∫

ϕ1(x, y)
2dP (U1 ≤ y, Z ≤ x|U1 ≤ Z)

=
28

n2

∫ ∫

1{y>x}F
2
1 (x)1{x≥x1+x2}

F 4
1 (x)C2(y)

F ∗
1 (dy)G∗(dx) +

1

n3

∫ ∫

ϕ1(x, y)
21{x≥y}F1(dy)G(dx)

≤ 28

n2

1

F 2
1 (x1 + x2)

∫

x1+x2

dG

F1

∫

x1+x2

dF1

1 −G−
.

Therefore (3.65) is bounded from above by

n1/2
√

28

∫

ϕ̂(x1, x2)

(

1

n2

1

F 2
1 (x1 + x2)

∫

x1+x2

dG

F1

∫

x1+x2

dF1

1 −G−

)1/2

H1
2 (dx1, dx2)

≤ n−1/2
√

28

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)F1(x1 + x2)

(
∫

x1+x2

dG

F1

∫

x1+x2

dF1

1 −G−

)1/2

H1
2 (dx1, dx2)

= n−1/2
√

28

∫

ϕ(x1, x2)

(A+B)(x1 + x2)F1(x1 + x2)

(
∫

x1+x2

dG

F1

∫

x1+x2

dF1

1 −G−

)1/2

F (dx1, dx2)

≤ n−1/2
√

28M

∫

ϕ(x1, x2)

(A+B)(x1 + x2)F1(x1 + x2)

(
∫

x1+x2

dG

F1

)1/2

F (dx1, dx2).

By assumption, the integral is bounded and hence the right side goes to zero, asn → ∞. This com-
pletes the proof of (3.62).

As to (3.63), the proof is the same as that of (3.55).
⊠
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Lemma 3.19.Under A1-A3, on the set̃Ω7
n, we have

K1n = −
∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

1

C(y)
(F ∗

1n(dy)− F ∗
1 (dy))G∗(dx)H1

2 (dx1, dx2)

+

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

Cn(y) − C(y)

C2(y)
F ∗

1 (dy)G∗(dx)H1
2 (dx1, dx2)

+ oP(
1√
n

).

Proof. We assume thatϕ ≥ 0. By Lemma 3.12K1n can be written as follow:

K1n =

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)

C(y)
(F ∗

1n(dy) − F ∗
1 (dy))G∗(dx)H1

2 (dx1, dx2)

−
∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Cn(y) − C(y)

C2(y)
Ψx(y)F

∗
1 (dy)G∗(dx)H1

2 (dx1, dx2)

+ ϕ̂(x1, x2)

∫ ∞

x1+x2

Rn

F 2
1

dG∗H1
2 (dx1, dx2) =: Ka

1n +Kb
1n +Kc

1n

Sinceγ(x) = F1(x), Ψx(y) = −1{y>x}F1(x). Hence

Ka
1n = −

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

1

C(y)
(F ∗

1n(dy)− F ∗
1 (dy))G∗(dx)H1

2 (dx1, dx2)

and

Kb
1n =

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

Cn(y) − C(y)

C2(y)
F ∗

1 (dy)G∗(dx)H1
2(dx1, dx2).

To show thatKc
1n = oP(

1√
n
), by Lemma A.22, it is sufficient to prove that

n1/2

∫

ϕ̂(x1, x2)

∫ ∞

x1+x2

|R̃n|
F 2

1

dG∗H1
2 (dx1, dx2)

goes to zero, wherêϕ = ϕ
(A+B)2

. The expectation of this term is, by Lemma A.22 anddG∗ = F1dG,
for everyε > 0,

n1/2

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ bn

x1+x2

E|R̃n|
F 2

1

dG∗H1
2 (dx1, dx2)

≤ n−1/2

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ bn

x1+x2

1

F 2
1 (t)

(

k10
K3M3

c21c
2
ln2(

n

c1α
) + 2

√
αM

1
√

1 −G(t−)

(

ln(
n

c1α
) + 1

)1/2

+

√
8Mα

n1/2

1

1 −G(t−)

)

G∗(dt)H1
2 (dx1, dx2) +

2M√
cα
ε

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ bn

x1+x2

G∗(dt)

F 2
1 (t)

H1
2 (dx1, dx2)
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≤ n−1/2k10
K3M3

c21c
2
ln2(

n

c1α
)

∫

ϕ(x1, x2)

(A+B)(x1 + x2)F1(x1 + x2)
H1

2 (dx1, dx2)

+n−1/22
√
αM

(

ln(
n

c1α
) + 1

)1/2 ∫
ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ bn

x1+x2

G(dt)

F1(t)
√

1 −G(t−)
H1

2 (dx1, dx2)

+

√
8Mα

n

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ bn

x1+x2

G(dt)

F1(t)(1 −G(t−))
H1

2 (dx1, dx2)

+
2M√
cα
ε

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ bn

x1+x2

α−1G(dt)

F1(t)
H1

2 (dx1, dx2). (3.66)

Since, by A1, we have

∫ bn

x1+x2

G(dt)

F1(t)
√

(1 −G(t−))
≤M

∫ bn

x1+x2

G(dt)

F1(t)
+

∫ bn

x1+x2

G(dt)
√

(1 −G(t−))
≤M

α(A+B)(x1 + x2)

F1(x1 + x2)
+1,

∫ bn

x1+x2

G(dt)

F1(t)(1 −G(t−))
≤M

∫ bn

x1+x2

G(dt)

F1(t)
+

∫ bn

x1+x2

G(dt)

1 −G(t−)
≤M

α(A+B)(x1 + x2)

F1(x1 + x2)
+ln(

n

cα
)

and

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ bn

x1+x2

α−1G(dt)

F1(t)
H1

2(dx1, dx2) ≤
∫

ϕ(x1, x2)

F1(x1 + x2)
F (dx1, dx2) <∞.

Therefore (3.66) goes to zero ifn→ ∞. The proof is complete.
⊠

Altogether we have

Lemma 3.20.Under A1-A3

J4n = −
∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

1

C(y)
(F ∗

1n(dy) − F ∗
1 (dy))G∗(dx)H1

2 (dx1, dx2)

+

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

Cn(y) − C(y)

C2(y)
F ∗

1 (dy)G∗(dx)H1
2 (dx1, dx2)

+

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)
(G∗(dx) −G∗

n(dx))H1
2 (dx1, dx2) + oP(

1√
n

)

Proof. To prove the Lemma we only need to use Lemma 3.17, 3.18 and 3.19.
⊠

Now we are ready to complete the proof of our main theorem.

Proof of Theorem 1.1.The proof is an immediate consequence of Lemmas 3.15, 3.16 and 3.20.
⊠
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Chapter 4

A Functional Central Limit Theorem

In the last Chapter we dealt with the convergence in distribution of In for oneϕ. Now we deal with a
class ofϕ to obtain a limit process for this class.
Recall the linearization ofIn from Theorem 1.1:

In(ϕ) =

∫

ϕ(x1, x2)

(A+B)(x1 + x2)
H1

2n(dx1, dx2)

+

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)

C(y)
(F ∗

1n(dy) − F ∗
1 (dy))G∗(dx)H1

2 (dx1, dx2)

−
∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)
Cn(y) − C(y)

C2(y)
F ∗

1 (dy)G∗(dx)H1
2 (dx1, dx2)

+

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)
(G∗(dx) −G∗

n(dx))H1
2 (dx1, dx2) + oP(

1√
n

)

= În(ϕ) + R̂n(ϕ),

whereR̂n(ϕ) is the remainder. See Lemmas 3.15, 3.16, 3.17, 3.18 and 3.19 for details.
Let

ϕ ∈ K,

whereK is a Vapnik-̆Cervonenkis class (VC-class) with envelope functionϕ0 (that is |ϕ| ≤ ϕ0 for
eachϕ ∈ K).

More precisely, the goal of this Chapter is to prove that the process{√n(In(ϕ) − I(ϕ)) : ϕ ∈ K}
converges in distribution to some Gaussian process. In the first step of the proof we deal with a class
of functionsG, such that̂In(ϕ) = 1

n

∑n
i=1 g(U1i, Ũ2i, Zi, δi) for someg ∈ G.

For a classG we prove the uniform entropy condition (2.5.1) from van der Vaart and Wellner (1996).
To be more precisely, for a classG with envelope functionG we need to prove that the integral

∫ 1

0

sup
Q

√

logN(ε||G||,G, L2(Q))dε

is finite, whereQ is a probability measure onR3 × {0, 1}, ||G||2 := ||G||2Q,2 =
∫

G2dQ, and
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N(ε||G||,G, L2(Q))

is the minimal number of balls{g : ||g − f || ≤ ε||G||} with radiusε||G|| needed to cover the setG,
called covering number. The above-mentioned uniform entropy is the logarithm of a covering number.
Note, that it is sufficient to prove the entropy condition forε ∈ (0, 1), because forε ≥ 1 one ball is
enough to cover the setG and thenlogN(ε||G||,G, L2(Q)) = 0.

Additionally, the assumption that for i.i.d. Rademacher variables(e1, ..., en) independent of
(U11, Ũ21, Z1, δ1), ..., (U1n, Ũ2n, Zn, δn) we have that

((U11, Ũ21, Z1, δ1), ..., (U1n, Ũ2n, Zn, δn)) → sup
g∈G

|
n
∑

i=1

eig(U1i, Ũ2i, Zi, δi)|

is a measurable function, yield the Donsker property for theclassÎn(ϕ).
The second step is to prove that

√
nR̂n(ϕ) converges to zero in probability uniformly inϕ. This is to

find in Lemma 4.6.

We assume thatF1 andF2 are continuous and that the assumptions A2 and A3 from Chapter 1 are
valid forϕ0. This means, we have

A1:
∫

dF1

1−G−
<∞

A2’ :
∫ |ϕ0(x1,x2)|k

F 2
1 (x1+x2)

F (dx1, dx2) <∞

A3’ :
∫ |ϕ0(x1,x2)|k

(A+B)2(x1+x2)
F (dx1, dx2) <∞

for k = 1, 2.

Theorem 4.1. Under assumption thatϕ is VC-class of functions with envelope functionϕ0, assump-
tions A1,A2’ and A3’ and for continuousF1 andF2 we have

{√n(In(ϕ) − I(ϕ)) : ϕ ∈ K} d→ L ◦ α1 in l∞(K)

wherel∞(K) is a space of uniformly bounded functions andL ◦ α1 a mean-zero Gaussian process
with covariance

Cov(L ◦ α1(ϕ1), L ◦ α1(ϕ2)) =

∫

R3

(

ψ1(y1, y3) +
ϕ1(y1, y2)

(A+B)(y1 + y2)

)(

ψ2(y1, y3) +
ϕ2(y1, y2)

(A+B)(y1 + y2)

)

H3(dy1, dy2, dy3) +

∫

R2

ψ1(y1, y3)ψ2(y1, y3)H̃
2
2 (dy1, dy3),

where

H3(y1, y2, y3) = P (U1 ≤ y1, U2 ≤ y2, Z ≤ y3, δ = 1|U1 ≤ Z)

H̃2
2 (y1, y3) = P (U1 ≤ y1, Z ≤ y3, δ = 0|U1 ≤ Z)
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and

ψi(y1, y3) =

∫

R2

ϕi(x1, x2)

(A+B)2(x1 + x2)

[

∫ ∞

x1+x2

1

F 2
1 (x)

{

ψx(y1)

C(y1)
−
∫

ψx(y)
1{y1≤y≤y3}
C2(y)

F ∗
1 (dy)

}

G∗(dx)

− 1{y3≥x1+x2}
F1(y3)

]

H1
2 (dx1, dx2)

for i = 1, 2.

Before we prove this theorem, we formulate a useful corollary.

Corollary 4.1. For continuousF1 andF2, under assumptions A1,A2’ and A3’, we have

{√n(Fn(t1, t2) − F (t1, t2)) : (t1, t2) ∈ R
2} d→ L ◦ α1 in l∞(K),

whereL ◦ α1 is a mean-zero Gaussian process with covariance

Cov(L ◦ α1(t1, t2), L ◦ α1(s1, s2)) =

∫

R3

(

ψ1(y1, y3) +
1{y1≤t1,y2≤t2}

(A+B)(y1 + y2)

)(

ψ2(y1, y3) +
1{y1≤s1,y2≤s2}

(A+B)(y1 + y2)

)

H3(dy1, dy2, dy3) +

∫

R2

ψ1(y1, y3)ψ2(y1, y3)H̃
2
2 (dy1, dy3),

where

ψ1(y1, y3) =

∫ t1

−∞

∫ t2

−∞

1

(A +B)2(x1 + x2)

[

∫ ∞

x1+x2

1

F1(x)

{

−1{y1>x}
C(y1)

+

∫

(x,∞)

1{y1≤y≤y3}
C2(y)

F ∗
1 (dy)

}

G∗(dx)

− 1{y3≥x1+x2}
F1(y3)

]

H1
2 (dx1, dx2)

and

ψ2(y1, y3) =

∫ s1

−∞

∫ s2

−∞

1

(A +B)2(x1 + x2)

[

∫ ∞

x1+x2

1

F1(x)

{

−1{y1>x}
C(y1)

+

∫

(x,∞)

1{y1≤y≤y3}
C2(y)

F ∗
1 (dy)

}

G∗(dx)

− 1{y3≥x1+x2}
F1(y3)

]

H1
2 (dx1, dx2).

Proof.
The class of indicator functions is a VC-class. Takingϕ equal to the indicator of a rectangle(−∞, t1]×
(−∞, t2] completes the proof.

⊠

Proof of Theorem 4.1.At first we deal withÎn(ϕ). SinceF1 is continuous,Ψx(y) = −F1(x)1{y>x}.
We set
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G =
{

g : g(w1, w2, w3, δ) = ϕ(w1, w2)
δ

(A+B)(w1 + w2)

−
∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

[

1{w1>x}
C(w1)

−
∫

(x,∞)

F ∗
1 (dy)

C(y)

]

G∗(dx)H1
2 (dx1, dx2)

+

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

[

1{w1≤y≤w3}
C2(y)

− 1

C(y)

]

F ∗
1 (dy)G∗(dx)H1

2 (dx1, dx2)

+

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

[
∫ ∞

x1+x2

G∗(dx)

F1(x)
− 1{w3≥x1+x2}

F1(w3)

]

H1
2 (dx1, dx2) with ϕ ∈ K

}

.

To deal withG we write it as follows:

G =
{

g : g(w1, w2, w3, δ) = ϕ(w1, w2)
δ

(A+B)(w1 + w2)

−
∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

1{w1>x}
C(w1)

G∗(dx)H1
2 (dx1, dx2)

+

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

1{w1≤y≤w3}
C2(y)

F ∗
1 (dy)G∗(dx)H1

2 (dx1, dx2)

+

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

[
∫ ∞

x1+x2

G∗(dx)

F1(x)
− 1{w3≥x1+x2}

F1(w3)

]

H1
2 (dx1, dx2) with ϕ ∈ K

}

.

To prove the theorem, we need to show that the class of functionsG is a Donsker class and, according
to van der Vaart and Wellner (1996), it is sufficient to prove the uniform entropy condition (2.5.1).
For this we must bound the covering numbers for the classG. For this we writeG as a subset of four
classes for which the covering numbers are easier to bound. Actually

G ⊂ G1 + G2 + G3 + G4,

where

G1 =
{

g : g(w1, w2, δ) = ϕ(w1, w2)
δ

(A+B)(w1 + w2)
with ϕ ∈ K

}

G2 =
{

g : g(w1) = − 1

C(w1)

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1{w1>x}
F1(x)

G∗(dx)H1
2 (dx1, dx2) with ϕ ∈ K

}

G3 =
{

g : g(w1, w3) =

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

1{w1≤y≤w3}
C2(y)

F ∗
1 (dy)G∗(dx)H1

2 (dx1, dx2)

with ϕ ∈ K
}

and

G4 =
{

g : g(w3) =

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

[
∫ ∞

x1+x2

G∗(dx)

F1(x)
− 1{w3≥x1+x2}

F1(w3)

]

H1
2 (dx1, dx2) with ϕ ∈ K

}

.

In Lemmas 4.1, 4.2, 4.5 and 4.3 we prove thatGi, for i = 1, 2, 3, 4, are VC-classes with envelope
functionsg1, g2, g3 andg4, respectively and
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logN(ε||gi||,Gi, L2(Q)) ≤ ki

(

1

ε

)2−2/vi

with constantski ≥ 0 andvi ≥ 2, for i = 1, 2, 3, 4.

Then for a probability measureQ onR3 × {0, 1} and everyε ∈ (0, 1) we have

logN(ε||G||,G, L2(Q)) ≤ logN(ε||g1 + g2 + g3 + g4||,G, L2(Q))

≤ logN(
ε

2
||g1 + g2||,G1 + G2, L2(Q)) + logN(

ε

2
||g3 + g4||,G3 + G4, L2(Q))

≤ logN(
ε

4
||g1||,G1, L2(Q)) + logN(

ε

4
||g2||,G2, L2(Q))

+ logN(
ε

4
||g3||,G3, L2(Q)) + logN(

ε

4
||g4||,G4, L2(Q))

≤ k14
2−2/v1

(

1

ε

)2−2/v1

+ k24
2−2/v2

(

1

ε

)2−2/v2

+ k34
2−2/v3

(

1

ε

)2−2/v3

+ k44
2−2/v4

(

1

ε

)2−2/v4

≤ K

(

(

1

ε

)2−2/v1

+

(

1

ε

)2−2/v2

+

(

1

ε

)2−2/v3

+

(

1

ε

)2−2/v4
)

≤ 4K

(

1

ε

)v

,

where

v = max{2 − 2/v1, 2 − 2/v2, 2 − 2/v3, 2 − 2/v4} ∈ [1, 2)

and

K = max{k14
2−2/v1 , k24

2−2/v2 , k34
2−2/v3 , k44

2−2/v4}.
Hence

sup
Q

√

logN(ε||G||,G, L2(Q)) ≤
√

4Kε−v/2

and, sincev/2 ∈ [1/2, 1), we get that

∫ 1

0

sup
Q

√

logN(ε||G||,G, L2(Q))dε ≤
√

4K
1

−v/2 + 1

is finite. This proves condition (2.5.1) from van der Vaart and Wellner (1996).

In Lemma 4.6 we prove that
√
nR̂n(ϕ) goes to zero uniformly inϕ.

The central limit theorem and (1.8) yield, that the limit process is a mean-zero Gaussian process,
which completes the proof.

⊠
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Lemma 4.1. For the class of functions

G1 =
{

g : g(w1, w2, δ) = ϕ(w1, w2)
δ

(A+B)(w1 + w2)
with ϕ ∈ K

}

with envelope function

g1(w1, w2, δ) = ϕ0(w1, w2)
δ

(A+B)(w1 + w2)

we have for every discrete probability measureQ onR2 × {0, 1} andε ∈ (0, 1)

logN(ε||g1||,G1, L2(Q)) ≤ k1

(

1

ε

)2−2/v1

with constantsk1 andv1 ≥ 2.

Proof.
SinceK is a VC-class, then according to Lemma 2.6.18 vi (van der Vaart and Wellner (1996))G1 =
{K · f} with f(w1, w2, δ) = δ

(A+B)(w1+w2)
, is also a VC-class. For each function in this class we have

|ϕ(w1, w2)|
δ

(A+B)(w1 + w2)
≤ ϕ0(w1, w2)

δ

(A+B)(w1 + w2)
=: g1(w1, w2, δ).

Henceg1 is the envelope function for this class. Furthermore

||g1||2 =

∫

g2
1(w1, w2, δ)H(dw1, dw2, dδ) =

∫

ϕ2
0(w1, w2)

(A+B)2(w1 + w2)
H1

2 (dw1, dw2)

is, according to our assumption, finite.
Then Corollary 2.6.12 in van der Vaart and Wellner (1996) yields

logN(ε||g1||,G1, L2(Q)) ≤ k1

(

1

ε

)2−2/v1

,

wherek1 is a constant andv1 is a VC-Index of classG1 greater than or equal to 2.
⊠

Lemma 4.2. For the class of functions

G2 =
{

g : g(w1) = − 1

C(w1)

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1{w1>x}
F1(x)

G∗(dx)H1
2 (dx1, dx2) with ϕ ∈ K

}

with envelope function

g2(w1) =
2

C(w1)

∫

ϕ0(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1{w1>x}
F1(x)

G∗(dx)H1
2 (dx1, dx2)

we have for every discrete probability measureQ onR andε ∈ (0, 1)

logN(ε||g2||,G2, L2(Q)) ≤ k2

(

1

ε

)2−2/v2

with constantsk2 andv2 ≥ 2.
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Proof.
To deal withG2 we split the functionϕ into its positive and negative part. Then we have

G2 ⊂
{

g : g(w1) = − 1

C(w1)

∫

ϕ+(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1{w1>x}
F1(x)

G∗(dx)H1
2 (dx1, dx2) with ϕ ∈ K

}

+
{

g : g(w1) =
1

C(w1)

∫

ϕ−(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1{w1>x}
F1(x)

G∗(dx)H1
2(dx1, dx2) with ϕ ∈ K

}

=: F1 + F2

As toF1, we set

F̃1 =
{

g : g(w1) = −
∫

ϕ+(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1{w1>x}
F1(x)

G∗(dx)H1
2(dx1, dx2) with ϕ ∈ K

}

and

F∗
1 = −F̃1.

The classF∗
1 is a class of monotone increasing functions, and because of that a VC-major class with

the following bound for every function in this class:

∫

ϕ+(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1{w1>x}
F1(x)

G∗(dx)H1
2 (dx1, dx2)

≤
∫

ϕ0(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1{w1>x}G
∗(dx)

F1(x)
H1

2 (dx1, dx2) (4.1)

From Lemma 2.6.18 iv (van der Vaart and Wellner (1996)) it follows thatF̃1 = −F∗
1 is also a VC-

major class.
Furthermore,

F1 =

{

1

C(w1)
· f : f ∈ F̃1

}

.

Then, according to Lemma 2.6.18 vi (van der Vaart and Wellner(1996)),F1 is also a VC-major class.
Finally, since the integral in (4.1) is bounded, we have thatF̃1 and then alsoF1, as a bounded VC-
major classes, are VC-hulls with envelope function for the classF1

f1(w1) :=
1

C(w1)

∫

ϕ0(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1{w1≥x}
F1(x)

G∗(dx)H1
2 (dx1, dx2)

=
1

C(w1)

∫

ϕ0(x1, x2)α
−1

(A+B)(x1 + x2)

∫ ∞

x1+x2

1{w1≥x}G(dx)F (dx1, dx2).

By assumption A1 we have

1 − F1(x)

1 −G(x−)
≤
∫

[x,∞)

F1(dy)

1 −G(y−)
≤M <∞.

Hence
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1

F1(x1 + x2)
=

1 − F1(x1 + x2)

F1(x1 + x2)
+ 1 ≤M

1 −G(x1 + x−2 )

F1(x1 + x2)
+ 1 = Mα

(A+B)(x1 + x2)

F1(x1 + x2)
+ 1.

Therefore for||f1|| we have the following bound

∫

f 2
1 (w1)F

∗
1 (dw1) ≤

∫

ϕ2
0(x1, x2)α

−2

(A+B)2(x1 + x2)

∫ ∞

x1+x2

∫

(x,∞)

F ∗
1 (dw1)

C2(w1)
G(dx)F (dx1, dx2)

=

∫

ϕ2
0(x1, x2)α

−2

(A+B)2(x1 + x2)

∫ ∞

x1+x2

∫

(x,∞)

F1(dw1)

(1 −G(w−
1 ))F 2

1 (w1)
G(dx)F (dx1, dx2)

≤
∫

ϕ2
0(x1, x2)α

−2

(A+B)2(x1 + x2)F1(x1 + x2)

∫ ∞

x1+x2

G(dx)

F1(x)

∫

(x1+x2,∞)

F1(dw1)

1 −G(w−
1 )
F (dx1, dx2)

≤ M

∫

ϕ2
0(x1, x2)α

−1

(A+ B)(x1 + x2)F1(x1 + x2)

∫ ∞

x1+x2

G(dx)

F1(x)

∫

(x1+x2,∞)

F1(dw1)

1 −G(w−
1 )
F (dx1, dx2)

+

∫

ϕ2
0(x1, x2)α

−2

(A +B)2(x1 + x2)

∫ ∞

x1+x2

G(dx)

F1(x)

∫

(x1+x2,∞)

F1(dw1)

1 −G(w−
1 )
F (dx1, dx2)

≤ M2

∫

ϕ2
0(x1, x2)

F 2
1 (x1 + x2)

F (dx1, dx2) +M

∫

ϕ2
0(x1, x2)α

−1

(A+B)(x1 + x2)F1(x1 + x2)
F (dx1, dx2).

According to our assumptions the integrals are finite. Hence1
2
||f1|| < ∞. Corollary 2.6.12 (van der

Vaart and Wellner (1996)) yields a bound for the uniform entropy:

logN(
ε

2
||f1||,F1, L2(Q)) ≤ c12

2−2/s1

(

1

ε

)2−2/s1

,

wheres1 ≥ 2 is a VC-Index ofF1 andc1 = const.

Next we deal withF2. Set

F̃2 :=
{

g : g(w1) =

∫

ϕ−(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1{w1>x}
F1(x)

G∗(dx)H1
2 (dx1, dx2) with ϕ ∈ K

}

and

F2 =

{

1

C(w1)
· f : f ∈ F̃2

}

.

The classF̃2 is a class of monotone increasing functions, and because of that a VC-major class of
functions. For every function from this class we have

∫

ϕ−(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1{w1>x}
F1(x)

G∗(dx)H1
2 (dx1, dx2)

≤
∫

ϕ0(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1{w1>x}
F1(x)

G∗(dx)H1
2 (dx1, dx2) <∞.
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As before, according to Lemma 2.6.18 vi (van der Vaart and Wellner (1996)), classes̃F2 andF2 are
VC-hulls. Since, as in the case ofF1, the envelope function forF2 equalsf1, where

f1(w1) =
1

C(w1)

∫

ϕ0(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

1{w1≥x}
F1(x)

G∗(dx)H1
2 (dx1, dx2),

theL2-norm 1
2
||f1|| is finite. Then we have the following bound for the uniform entropy:

logN(
ε

2
||f1||,F2, L2(Q)) ≤ c22

2−2/s2

(

1

ε

)2−2/s2

,

wheres2 ≥ 2 is a VC-Index ofF2 andc2 = const.

According to Proposition 5.1.13 iv in de la Peña and Giné (1999) the classG2 is, as a subset ofF1+F2,
a VC-hull with envelope functiong2 := 2f1. Therefore,

logN(ε||g2||,G2, L2(Q)) ≤ logN(
ε

2
||f1||,F1, L2(Q)) + logN(

ε

2
||f1||,F2, L2(Q))

≤ c12
2−2/s1

(

1

ε

)2−2/s1

+ c22
2−2/s2

(

1

ε

)2−2/s2

≤ k2

(

1

ε

)2−2/v2

,

where

v2 = max{s1, s2} ≥ 2

and

k2 = 2max{c122−2/s1 , c22
2−2/s2}.

⊠

Lemma 4.3. For the class of functions

G4 =
{

g : g(w3) =

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

[
∫ ∞

x1+x2

G∗(dx)

F1(x)
− 1{w3≥x1+x2}

F1(w3)

]

H1
2 (dx1, dx2) with ϕ ∈ K

}

with envelope function

g4(w3) =

∫

ϕ0(x1, x2)

(A+B)(x1 + x2)
H1

2 (dx1, dx2) + 2

∫

ϕ0(x1, x2)1{w3≥x1+x2}
(A+B)2(x1 + x2)F1(w3)

H1
2 (dx1, dx2)

we have for every discrete probability measureQ onR with andε ∈ (0, 1)

logN(ε||g4||,G1, L2(Q)) ≤ k4

(

1

ε

)2−2/v4

with constantsk4 andv4 ≥ 2.
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Proof.
As before, we writeG4 as a subset of two classes of functions

G4 ⊂
{

g : g =

∫

ϕ(x1, x2)

(A+B)(x1 + x2)
H1

2 (dx1, dx2) with ϕ ∈ K
}

+
{

g : g(w3) = − 1

F1(w3)

∫

ϕ(x1, x2)1{w3≥x1+x2}
(A +B)2(x1 + x2)

H1
2 (dx1, dx2) with ϕ ∈ K

}

=: F3 + F4

SinceF3 is a class of constants andK is a VC-class,F3 is also VC-class bounded from above by
∫

ϕ0(x1, x2)

(A+B)(x1 + x2)
H1

2 (dx1, dx2) =: f3.

The functionf3 is then the envelope function for the classF3. Since||f3||2 is, by the assumptions,
finite we have

logN(ε||f3||,F3, L2(Q)) ≤ d1

(

1

ε

)2−2/l1

,

whered1 = const andl1 ≥ 2.
To deal withF4 we need to writeϕ as a sum ofϕ+ and−ϕ−, whereϕ+ andϕ− are the positive and
negative part ofϕ, respectively.

Similarly to the proof of Lemma 4.2, the sets of functions

F1
4 =
{

g : g(w3) = −
∫

ϕ+(x1, x2)1{w3≥x1+x2}
(A+B)2(x1 + x2)

H1
2 (dx1, dx2) with ϕ ∈ K

}

and

F2
4 =
{

g : g(w3) =

∫

ϕ−(x1, x2)1{w3≥x1+x2}
(A+B)2(x1 + x2)

H1
2 (dx1, dx2) with ϕ ∈ K

}

are VC-major classes with the same envelope function

∫

ϕ0(x1, x2)1{w3≥x1+x2}
(A+B)2(x1 + x2)

H1
2(dx1, dx2).

Since the integral is finite then

F4 ⊂
{

1

F1(w3)
· f : f ∈ F1

4

}

+

{

1

F1(w3)
· f : f ∈ F2

4

}

is a VC-hull with envelope function

f4(w3) :=
2

F1(w3)

∫

ϕ0(x1, x2)1{w3≥x1+x2}
(A +B)2(x1 + x2)

H1
2 (dx1, dx2)

=
2

F1(w3)

∫

ϕ0(x1, x2)1{w3≥x1+x2}
(A+B)(x1 + x2)

F (dx1, dx2).
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SinceG∗(dw3) = α−1F1(w3)G(dw3),

∫

f 2
4 (w3)G

∗(dw3) ≤ 4

∫

ϕ0(x1, x2)α
−2

(A+B)2(x1 + x2)

∫ ∞

x1+x2

G(dw1)

F1(w3)
F (dx1, dx2)

is bounded. Corollary 2.6.12 in van der Vaart and Wellner (1996) yields the following bound for the
entropy:

logN(ε||f4||,F4, L2(Q)) ≤ d2

(

1

ε

)2−2/l2

,

whered2 = const andl2 ≥ 2.
Finally, according to Proposition 5.1.13 iv (de la Peña andGiné (1999) ) the classG4 is a VC-hull with
envelope function

g4 = f3 + f4

and

logN(ε||g4||,G4, L2(Q)) ≤ logN(
ε

2
||f3||,F3, L2(Q)) + logN(

ε

2
||f4||,F4, L2(Q))

≤ d12
2−2/l1

(

1

ε

)2−2/l1

+ d22
2−2/l2

(

1

ε

)2−2/l2

≤ k4

(

1

ε

)2−2/v4

,

where

k4 = 2max{d12
2−2/l1 , d22

2−2/l2}
and

v4 = max{l1, l2} ≥ 2.

⊠

Before we may proceed with the proof for the classG3, we need the following Lemma.

Lemma 4.4. Let F̃ be a given d.f. on the unit square, leth : R4 → R be a given function andK a VC
class. Then the class of functions

G =
{

g : R
2 → R | g(w1, w3) =

∫ 1

0

∫ 1

0

ϕ̃(x1, x2)h(x1, x2, w1, w3)F̃ (dx1, dx2) where ϕ̃ ∈ K
}

is a VC-hull.

Proof.
According to Section 2.6.3 in van der Vaart and Wellner (1996) we need to show that every function
g ∈ G is a pointwise limit ofgm =

∑m
i=1 αifi, wherefi ∈ M, M is a VC class and

∑m
i=1 |αi| ≤ 1.

First we will prove that the following class of functions

H := {f : R
4 → R | f(x1, x2, w1, w3) = ϕ̃(x1, x2)h(x1, x2, w1, w3) with ϕ̃ ∈ K}
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is a VC class. For this we define the class of sets

A := {{(t, x1, x2, w1, w3) : ϕ̃(x1, x2) > t} | ϕ̃ ∈ K} = {{(t, x1, x2) : ϕ̃(x1, x2) > t} | ϕ̃ ∈ K} × R
2

=: B × R
2.

SinceB is a VC class of sets, thenA is, according to Proposition 5.1.13 in de la Peña and Giné (1999),
as well a VC class of sets. Hence the class of functions

K̃ := { ˜̃ϕ : R
4 → R | ˜̃ϕ(x1, x2, w1, w3) = ϕ̃(x1, x2) with ϕ̃ ∈ K}

is a VC class. Finally, since

H = K̃ · h = {f : R
4 → R | f(x1, x2, w1, w3) = ˜̃ϕ(x1, x2, w1, w3)h(x1, x2, w1, w3) with ˜̃ϕ ∈ K̃},

the class of functionsH is, according to Lemma 2.6.18 (vi) in van der Vaart and Wellner (1996), a VC
class. Hence

D := {{(t, x1, x2, w1, w3) : f(x1, x2, w1, w3) > t} | f ∈ H}.

is a VC class of sets.
Now, for everyx0

1, x
0
2 ∈ R andf ∈ H set

Df

x0
1,x0

2
:= {(t, x0

1, x
0
2, w1, w3) : f(x0

1, x
0
2, w1, w3) > t}

= {(t, x1, x2, w1, w3) : f(x1, x2, w1, w3) > t} ∩ {R × {x0
1} × {x0

2} × R
2}

=: Df ∩Ex0
1,x0

2
.

Since

{Df : f ∈ H} = D
and

{Ex0
1,x0

2
: x0

1, x
0
2 ∈ R}

are VC classes of sets, then, according to Proposition 5.1.13 in de la Peña and Giné (1999), the class
of sets

C := {Df

x0
1,x0

2
: f ∈ H, x0

1, x
0
2 ∈ R}

is a VC class. Hence the class of functions

M := {f(x0
1, x

0
2, ·, ·) | f ∈ H and x0

1, x
0
2 ∈ R}

= {f(x0
1, x

0
2, ·, ·) | f(x0

1, x
0
2, w1, w3) = ϕ̃(x0

1, x
0
2)h(x

0
1, x

0
2, w1, w3), ϕ̃ ∈ K and x0

1, x
0
2 ∈ R}

is a VC class.
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Next let0 = x10 < x11 < ... < x1m1 = 1 and0 = x20 < x21 < ... < x2m2 = 1 be finite grids of the
interval[0, 1],

fi,j(w1, w3) := ϕ̃(x1i, x2j)h(x1i, x2j , w1, w3)

and

αij := F̃ (x1i, x2j) − F̃ (x1i, x2j−1) − F̃ (x1i−1, x2j) + F̃ (x1i−1, x2j−1).

According to the definition ofM, we have that for everyi, j

fi,j(w1, w3) = ϕ̃(x1i, x2j)h(x1i, x2j , w1, w3) = f(x1i, x2j, w1, w3) ∈ M.

As toαij , sinceF̃ is a two dimentional d.f., we have thatαij ≥ 0. Furthermore, sincẽF (x10, x2j) = 0,
we obtain

m1
∑

i=1

αij = F̃ (x1m1 , x2j) − F̃ (x1m1 , x2j−1).

Hence

m2
∑

j=1

m1
∑

i=1

αij =

m2
∑

j=1

(F̃ (x1m1 , x2j) − F̃ (x1m1 , x2j−1)) = F̃ (x1m1 , x2m2) ≤ 1.

Finally if partitions(x1i)i and(x2j)j get finer and finer

m2
∑

j=1

m1
∑

i=1

fi,j(w1, w3)(F̃ (x1i, x2j) − F̃ (x1i, x2j−1) − F̃ (x1i−1, x2j) + F̃ (x1i−1, x2j−1))

goes to
∫

[0,1]2
ϕ̃(x1, x2)h(x1, x2, w1, w3)F̃ (dx1, dx2) = g(w1, w3)

and this completes the proof.
⊠

Lemma 4.5. For the class of functions

G3 =
{

g : g(w1, w3) =

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

×
∫

(x,∞)

1{w1≤y≤w3}
C2(y)

F ∗
1 (dy)G∗(dx)H1

2 (dx1, dx2) with ϕ ∈ K
}

with envelope function

g3(w1, w3) =

∫

ϕ0(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

1{w1≤y≤w3}F
∗
1 (dy)

C2(y)
G∗(dx)H1

2 (dx1, dx2)
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we have for every discrete probability measureQ onR2 andε ∈ (0, 1)

logN(ε||g3||,G3, L2(Q)) ≤ k3

(

1

ε

)2−2/v3

with constantsk3 andv3 ≥ 2.

Proof.
SincedH1

2 = (A+B)dF , we have

G3 =
{

g : g(w1, w3) =

∫

ϕ(x1, x2)

(A+B)(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

×
∫

(x,∞)

1{w1≤y≤w3}
C2(y)

F ∗
1 (dy)G∗(dx)F (dx1, dx2) with ϕ ∈ K

}

.

Set

h(x1, x2, w1, w3) =
1

(A+B)(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

1{w1≤y≤w3}
C2(y)

F ∗
1 (dy)G∗(dx).

Then

G3 =
{

g : g(w1, w3) =

∫

ϕ(x1, x2)h(x1, x2, w1, w3)F (dx1, dx2) with ϕ ∈ K
}

.

Moreover, since the distribution functions ofU1 andU2, F1 andF2, are continuous,F (x1, x2) =
F̃ (F1(x1), F2(x2)), whereF̃ is a d.f. on the unit square. Finally, by Lemma 4.4, we have that G3 is a
VC-hull.

The envelope function for this class equals

g3(w1, w3) =

∫

ϕ0(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

1{w1≤y≤w3}F
∗
1 (dy)

C2(y)
G∗(dx)H1

2 (dx1, dx2)

=

∫

ϕ0(x1, x2)α
−1

(A+B)(x1 + x2)

∫ ∞

x1+x2

∫

(x,∞)

1{w1≤y≤w3}F1(dy)

(1 −G(y−))F 2
1 (y)

G(dx)F (dx1, dx2).

SinceH2
2 (dw1, dw3) = α−1F1(dw1)G(dw3), we get

||g3||2 =

∫

g2
3H

2
2 (dw1, dw3) = α−1

∫

g2
3F1(dw1)G(dw3)

and , since by assumption A1,1 − F1(y) ≤M(1 −G(y−)), we obtain

||g3||2 ≤
∫

ϕ2
0(x1, x2)α

−4

(A+B)2(x1 + x2)

∫ ∞

x1+x2

∫

(x,∞)

∫

{w1≤y≤w3}
F1(dw1)G(dw3)

F1(dy)

(1 −G(y−))2F 4
1 (y)

G(dx)F (dx1, dx2)

≤
∫

ϕ2
0(x1, x2)α

−4

(A+B)2(x1 + x2)

∫ ∞

x1+x2

∫

(x,∞)

F1(dy)

(1 −G(y−))F 3
1 (y)

G(dx)F (dx1, dx2)

82



=

∫

ϕ2
0(x1, x2)α

−4

(A+B)2(x1 + x2)

∫ ∞

x1+x2

∫

(x,∞)

F1(dy)

(1 −G(y−))F 2
1 (y)

(

1 − F1(y)

F1(y)
+ 1

)

G(dx)F (dx1, dx2)

≤
∫

ϕ2
0(x1, x2)α

−4

(A+B)2(x1 + x2)

∫ ∞

x1+x2

∫

(x,∞)

F1(dy)

(1 −G(y−))F 2
1 (y)

(

M(1 −G(y−))

F1(y)
+ 1

)

G(dx)F (dx1, dx2)

≤ M

∫

ϕ2
0(x1, x2)α

−4

(A+B)2(x1 + x2)

∫ ∞

x1+x2

∫

(x,∞)

F1(dy)

F 3
1 (y)

G(dx)F (dx1, dx2)

+

∫

ϕ2
0(x1, x2)α

−4

(A +B)2(x1 + x2)

∫ ∞

x1+x2

∫

(x,∞)

F1(dy)

(1 −G(y−))F 2
1 (y)

G(dx)F (dx1, dx2)

≤ M

∫

ϕ2
0(x1, x2)α

−4

(A+B)2(x1 + x2)F1(x1 + x2)

∫ ∞

x1+x2

G(dx)

F1(x)
F (dx1, dx2)

+

∫

ϕ2
0(x1, x2)α

−4

(A +B)2(x1 + x2)F1(x1 + x2)

∫ ∞

x1+x2

F1(dy)

1 −G(y−)

∫ ∞

x1+x2

G(dx)

F1(x)
F (dx1, dx2)

≤ M2

∫

ϕ2
0(x1, x2)α

−3

(A+B)(x1 + x2)F1(x1 + x2)

∫ ∞

x1+x2

G(dx)

F1(x)
F (dx1, dx2)

+M

∫

ϕ2
0(x1, x2)α

−3

(A+B)2(x1 + x2)

∫ ∞

x1+x2

G(dx)

F1(x)
F (dx1, dx2)

+M

∫

ϕ2
0(x1, x2)α

−3

(A+B)(x1 + x2)F1(x1 + x2)

∫ ∞

x1+x2

F1(dy)

1 −G(y−)

∫ ∞

x1+x2

G(dx)

F1(x)
F (dx1, dx2)

+

∫

ϕ2
0(x1, x2)α

−4

(A +B)2(x1 + x2)

∫ ∞

x1+x2

F1(dy)

1 −G(y−)

∫ ∞

x1+x2

G(dx)

F1(x)
F (dx1, dx2)

≤ (2M2 +M)

∫

ϕ2
0(x1, x2)α

−2

F 2
1 (x1 + x2)

F (dx1, dx2) +M

∫

ϕ2
0(x1, x2)α

−2

(A+B)(x1 + x2)F1(x1 + x2)
F (dx1, dx2) <∞.

It follows that the entropy forG3 is bounded from above by

logN(ε||g3||,G3, L2(Q)) ≤ k3

(

1

ε

)2−2/v3

,

where

k3 = 4max{d54
2−2/l5 , d64

2−2/l6}
and

v3 = max{l5, l6} ≥ 2.

⊠

Lemma 4.6. Under assumptions A1, A2’ and A3’:

sup
ϕ∈K

|R̂n(ϕ)| = oP(n
−1/2)

Proof.
To prove that the remainder isoP(n

−1/2) uniformly in ϕ we consider the functions in Lemmas 3.15,
3.16, 3.17, 3.18 and a remainder in 3.19, separately.
We begin with the remainders from Lemmas 3.15, 3.17 and 3.18 because each of them can be bounded
from above by functions containingϕ0, which are, in the same way as in this Lemmas,oP(n

−1/2).
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The proof that the function in Lemma 3.16 isoP(n
−1/2) uniformly inϕ is more complicated. For some

of the terms in these function we need the theory of U-statistics, Hoeffding projection and Theorem
5.3.7 from de la Peña and Giné (1999).

Remainder from Lemma 3.15:

J1n + J3n =

∫

ϕ(x1, x2)
[A +B − An −Bn]2(x1 + x2)

(A +B)2(x1 + x2)(An +Bn)(x1 + x2)
H1

2n(dx1, dx2).

Since

sup
ϕ∈K

∣

∣

∣

∣

∫

ϕ(x1, x2)
[A+B − An − Bn]2(x1 + x2)

(A+B)2(x1 + x2)(An +Bn)(x1 + x2)
H1

2n(dx1, dx2)

∣

∣

∣

∣

≤
∫

sup
ϕ∈K

|ϕ(x1, x2)|
[A+B −An −Bn]2(x1 + x2)

(A+B)2(x1 + x2)(An +Bn)(x1 + x2)
H1

2n(dx1, dx2)

≤
∫

ϕ0(x1, x2)
[A +B − An −Bn]2(x1 + x2)

(A +B)2(x1 + x2)(An +Bn)(x1 + x2)
H1

2n(dx1, dx2)

and the assumptions in Lemma 3.15 hold forϕ0(x1, x2), then the proof thatJ1n + J3n = oP(n
−1/2)

uniformly in ϕ is the same as the proof of Lemma 3.15.

Remainder from Lemma 3.17:

K2n = −
∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

(F1n − F1)
2

F 2
1F1n

dG∗
nH

1
2 (dx1, dx2)

We have

sup
ϕ∈K

∣

∣

∣

∣

−
∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

(F1n − F1)
2

F 2
1F1n

dG∗
nH

1
2 (dx1, dx2)

∣

∣

∣

∣

≤
∫

sup
ϕ∈K

|ϕ(x1, x2)|
1

(A+B)2(x1 + x2)

∫ ∞

x1+x2

(F1n − F1)
2

F 2
1F1n

dG∗
nH

1
2 (dx1, dx2)

≤
∫

ϕ0(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

(F1n − F1)
2

F 2
1F1n

dG∗
nH

1
2 (dx1, dx2).

The proof of Lemma 3.17 with the assumptions forϕ0(x1, x2) yields the proof for this part.

Remainder from Lemma 3.18:

K3n =

∫

ϕ̂(x1, x2)

∫ ∞

x1+x2

F1n − F1

F 2
1

(dG∗
n − dG∗)H1

2 (dx1, dx2)

and
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sup
ϕ∈K

∣

∣

∣

∣

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

F1n − F1

F 2
1

(dG∗
n − dG∗)H1

2 (dx1, dx2)

∣

∣

∣

∣

∫

sup
ϕ∈K

|ϕ(x1, x2)|
1

(A+B)2(x1 + x2)

∣

∣

∣

∣

∫ ∞

x1+x2

F1n − F1

F 2
1

(dG∗
n − dG∗)

∣

∣

∣

∣

H1
2 (dx1, dx2)

∫

ϕ0(x1, x2)

(A +B)2(x1 + x2)

∣

∣

∣

∣

∫ ∞

x1+x2

F1n − F1

F 2
1

(dG∗
n − dG∗)

∣

∣

∣

∣

H1
2 (dx1, dx2).

The proof for Lemma 3.18 yields thatn1/2K3n goes to zero in probability uniformly inϕ.

Remainder from Lemma 3.16:

J2n =

∫

ϕ(x1, x2)
(A+B − An −Bn)(x1 + x2)

(A+B)2(x1 + x2)
(H1

2n(dx1, dx2) −H1
2 (dx1, dx2))

=

∫

ϕ
A+B −An−1 −Bn−1

(A+B)2
(dH1

2n − dH1
2 )

−n−2

n
∑

i=1

(

ϕ(U1i, Ũ2i)δi

(A+B)2(U1i + Ũ2i)F1n(Zi)
−
∫

ϕ(x1, x2)1{Zi≥x1+x2}
(A +B)2(x1 + x2)F1n(Zi)

H1
2 (dx1, dx2)

)

=: Ja
2n(ϕ) + J b

2n(ϕ).

As toJ b
2n(ϕ)

sup
ϕ∈K

∣

∣J b
2n(ϕ)

∣

∣ ≤ n−2

n
∑

i=1

(

ϕ0(U1i, Ũ2i)δi

(A+B)2(U1i + Ũ2i)F1n(Zi)
+

∫

ϕ0(x1, x2)1{Zi≥x1+x2}
(A+B)2(x1 + x2)F1n(Zi)

H1
2 (dx1, dx2)

)

≤ n−2K̃1

n
∑

i=1

(

ϕ0(U1i, Ũ2i)δi

(A+B)2(U1i + Ũ2i)F1(Zi)
+

∫

ϕ0(x1, x2)1{Zi≥x1+x2}
(A +B)2(x1 + x2)F1(Zi)

H1
2 (dx1, dx2)

)

and, in the same way as forJ b
2n in Lemma 3.16, the expectation of the right side is bounded from

above by

n−12K̃1

∫

ϕ0(x1, x2)

(A+B)(x1 + x2)F1(x1 + x2)
F (dx1, dx2).

To deal withJa
2n(ϕ) recall (3.6)

(A+B−An−Bn)(x1+x2) =

∫ ∞

x1+x2

1

F1

[dG∗−dG∗
n]+

∫ ∞

x1+x2

F1n − F1

F 2
1

dG∗
n−
∫ ∞

x1+x2

(F1n − F1)
2

F 2
1F1n

dG∗
n.

We will prove that

sup
ϕ∈K

∣

∣

∣

∣

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1
(dG∗

n−1 − dG∗)(H1
2n(dx1, dx2) −H1

2 (dx1, dx2))

∣

∣

∣

∣

(4.2)
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sup
ϕ∈K

∣

∣

∣

∣

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

F1n − F1

F 2
1

dG∗
n−1(H

1
2n(dx1, dx2) −H1

2 (dx1, dx2))

∣

∣

∣

∣

(4.3)

and

sup
ϕ∈K

∣

∣

∣

∣

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

(F1n − F1)
2

F 2
1F1n

dG∗
n−1(H

1
2n(dx1, dx2) −H1

2 (dx1, dx2))

∣

∣

∣

∣

(4.4)

areoP(n
−1/2).

We begin with (4.4). Since

sup
ϕ∈K

∣

∣

∣

∣

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

(F1n − F1)
2

F 2
1F1n

dG∗
n−1(H

1
2n(dx1, dx2) −H1

2 (dx1, dx2))

∣

∣

∣

∣

≤ sup
ϕ∈K

∣

∣

∣

∣

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

(F1n − F1)
2

F 2
1F1n

dG∗
n−1H

1
2n(dx1, dx2)

∣

∣

∣

∣

+ sup
ϕ∈K

∣

∣

∣

∣

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

(F1n − F1)
2

F 2
1F1n

dG∗
n−1H

1
2 (dx1, dx2)

∣

∣

∣

∣

≤
∫

ϕ0(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

(F1n − F1)
2

F 2
1F1n

dG∗
n−1H

1
2n(dx1, dx2)

+

∫

ϕ0(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

(F1n − F1)
2

F 2
1F1n

dG∗
n−1H

1
2 (dx1, dx2)

then the proofs of (3.60) and (3.61) in Lemma 3.16 yields that(4.4) isoP(n
−1/2).

To deal with (4.2), set

M1n(ϕ) :=

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1

(dG∗
n−1 − dG∗)(H1

2n(dx1, dx2) −H1
2 (dx1, dx2))

=
1

n2

n
∑

i=1

n
∑

j=1

j 6=i

( ϕ(U1i, Ũ2i)δi1{Zj≥U1i+Ũ2i}

(A +B)2(U1i + Ũ2i)F1(Zj)
−
∫

ϕ(U1i, Ũ2i)δi1{u≥U1i+Ũ2i}

(A+B)2(U1i + Ũ2i)F1(u)
G∗(du)

−
∫

ϕ(x1, x2)1{Zj≥x1+x2}

(A+B)2(x1 + x2)F1(Zj)
H1

2 (dx1, dx2) +

∫

ϕ(x1, x2)1{u≥x1+x2}
(A+B)2(x1 + x2)F1(u)

G∗(du)H1
2 (dx1, dx2)

)

.

Define

H̃3(x, y, z, δ̃) := P (U1 ≤ x, U2 ≤ y, Z ≤ z, δ = δ̃|U1 ≤ Z)

a measure onR3 × {0, 1} and

ϕ̃((x1, x2, x3, δ
1), (y1, y2, y, δ

2)) =
ϕ(x1, x2)δ

11{y≥x1+x2}
(A +B)2(x1 + x2)F1(y)
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a H̃3 × H̃3 integrable function.

Since

∫

ϕ̃((x1, x2, x3, δ
1), (y1, y2, u, δ

2))dH̃3(x1, x2, x3, δ
1) =

∫

ϕ(x1, x2)1{u≥x1+x2}
(A+B)2(x1 + x2)F1(u)

H1
2 (dx1, dx2)

and

∫

ϕ̃((x1, x2, x3, δ
1), (y1, y2, u, δ

2))dH̃3(y1, y2, u, δ
2) =

ϕ(x1, x2)δ
1

(A+B)2(x1 + x2)

∫ ∞

x1+x2

G∗(du)

F1(u)

thenM1n can be written as a function of̃ϕ as follows:

M1n(ϕ̃) =
1

n2

n
∑

i=1

n
∑

j=1

j 6=i

(

ϕ̃((U1i, Ũ2i, Zi, δi), (U1j, Ũ2j , Zj, δj))

−
∫

ϕ̃((U1i, Ũ2i, Zi, δi), (y1, y2, u, δ
2))dH̃3(y1, y2, u, δ

2)

−
∫

ϕ̃((x1, x2, x3, δ
1), (U1j, Ũ2j , Zj, δj))dH̃3(x1, x2, x3, δ

1)

+

∫

ϕ̃((x1, x2, x3, δ
1), (y1, y2, u, δ

2))dH̃3(x1, x2, x3, δ
1)dH̃3(y1, y2, u, δ

2)
)

≡ 1

n2

n
∑

i=1

n
∑

j=1

j 6=i

π2ϕ̃((U1i, Ũ2i, Zi, δi), (U1j, Ũ2j , Zj, δj)).

Furthermoreπ2ϕ̃ is, according to de la Peña and Giné (1999) page 137, the Hoeffding projection with
k = 2,m = 2 andS = R3 × {0, 1}. Therefore

n

n− 1
M1n(ϕ̃) = U (2)

n (π2ϕ̃)

is a U-statistic of Hoeffding’s projection.
For this we want to use Theorem 5.3.7 in de la Peña and Giné (1999) with the functionf = ϕ̃, which,
according to Remark 5.3.9 (de la Peña and Giné (1999)) do not have to be symmetric since we use a
symmetrized version of U-statistic (the sum is taken over all i 6= j and not only overi < j). To prove
the assumptions we define a class of functions

H = {ϕ̃ : ϕ ∈ K},
which can be proved to be a VC-subgraph with envelope function

ϕ̃0((x1, x2, x3, δ
1), (y1, y2, y, δ

2)) =
ϕ0(x1, x2)1{y≥x1+x2}δ

1

(A+B)2(x1 + x2)F1(y)

and
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||ϕ̃0||2 =

∫

ϕ̃2
0((x1, x2, x3, δ

1), (y1, y2, y, δ
2))dH̃3(x1, x2, x3, δ

1)dH̃3(y1, y2, y, δ
2)

=

∫

ϕ2
0(x1, x2)

(A+B)4(x1 + x2)

∫ ∞

x1+x2

1

F 2
1 (y)

G∗(dy)H1
2(dx1, dx2)

≤
∫

ϕ2
0(x1, x2)

(A+B)2(x1 + x2)F1(x1 + x2)
F (dx1, dx2). (4.5)

Assumption A1 yields that1 − F1(x) ≤ M(1 − G(x−)). Together with1 − G(x−) = α(A + B)(x)
we get

(4.5) =

∫

ϕ2
0(x1, x2)

(A+B)2(x1 + x2)

1 − F1(x1 + x2)

F1(x1 + x2)
F (dx1, dx2) +

∫

ϕ2
0(x1, x2)

(A+B)2(x1 + x2)
F (dx1, dx2)

≤ M

∫

ϕ2
0(x1, x2)α

(A+B)(x1 + x2)F1(x1 + x2)
F (dx1, dx2) +

∫

ϕ2
0(x1, x2)

(A+B)2(x1 + x2)
F (dx1, dx2) <∞.

Theorem 5.3.7 in de la Peña and Giné (1999) yields

{nU (2)
n (π2ϕ̃) : ϕ̃ ∈ H} d→ {

√
2KP (π2ϕ̃) : ϕ̃ ∈ H} in l∞(H),

whereKP is a chaos process withP = H̃3.

Finally, by Cramér-Slutsky,

sup
ϕ̃∈H

|√nM1n(ϕ̃)| = sup
ϕ̃∈H

|√nn− 1

n
U (2)

n (π2ϕ̃)| =
√
n
n− 1

n2
sup
ϕ̃∈H

|nU (2)
n (π2ϕ̃)| P→ 0.

Now we will deal with (4.3). We set

M2n(ϕ) =

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

F1n(x) − F1(x)

F 2
1 (x)

G∗
n−1(dx)(H

1
2n(dx1, dx2) −H1

2 (dx1, dx2))

=
1

n

n
∑

i=1

(

ϕ̂(U1i, Ũ2i)δi
1

n

n
∑

j 6=i

F1n(Zj) − F1(Zj)

F 2
1 (Zj)

1{U1i+Ũ2i≤Zj}

−
∫

ϕ̂(x1, x2)
1

n

n
∑

j 6=i

F1n(Zj) − F1(Zj)

F 2
1 (Zj)

1{x1+x2≤Zj}H
1
2 (dx1, dx2)

)

.

Using properties ofF1n as for (3.41) in Lemma 3.16, it is sufficient to prove that

sup
ϕ∈K

∣

∣

∣

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)

C(y)
(F ∗

1n(dy) − F ∗
1 (dy))G∗

n−1(dx)

(H1
2n(dx1, dx2) −H1

2 (dx1, dx2))
∣

∣

∣
(4.6)

sup
ϕ∈K

∣

∣

∣

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)
Cn(y) − C(y)

C2(y)
F ∗

1 (dy)G∗
n−1(dx)

(H1
2n(dx1, dx2) −H1

2 (dx1, dx2))
∣

∣

∣
(4.7)
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sup
ϕ∈K

∣

∣

∣

1

n

n
∑

i=1

ϕ̂(U1i, Ũ2i)δi
1

n

n
∑

j 6=i

|R 6=j
n−1(Zj)|
F 2

1 (Zj)
1{U1i+Ũ2i≤Zj}

∣

∣

∣
(4.8)

and

sup
ϕ∈K

∣

∣

∣

∫

ϕ̂(x1, x2)
1

n

n
∑

j=1

|R 6=j
n−1(Zj)|
F 2

1 (Zj)
1{x1+x2≤Zj}H

1
2 (dx1, dx2)

∣

∣

∣
(4.9)

areoP(n
−1/2), whereRn(x) is the remainder in the linearization ofF1n.

At first we bound (4.6) by the sum of

sup
ϕ∈K

∣

∣

∣

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)

C(y)
(F ∗

1n(dy) − F ∗
1 (dy))

(G∗
n−1(dx) −G∗(dx))(H1

2n(dx1, dx2) −H1
2 (dx1, dx2))

∣

∣

∣
(4.10)

and

sup
ϕ∈K

∣

∣

∣

∫

ϕ(x1, x2)

(A+ B)2(x1 + x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)

C(y)
(F ∗

1n(dy) − F ∗
1 (dy))G∗(dx)

(H1
2n(dx1, dx2) −H1

2(dx1, dx2))
∣

∣

∣
(4.11)

The first term is bounded by

sup
ϕ∈K

∣

∣

∣

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)

C(y)
(F ∗

1n(dy) − F ∗
1 (dy))(G∗

n−1(dx) −G∗(dx))H1
2n(dx1, dx2)

∣

∣

∣

+ sup
ϕ∈K

∣

∣

∣

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)

C(y)
(F ∗

1n(dy)− F ∗
1 (dy))(G∗

n−1(dx) −G∗(dx))H1
2 (dx1, dx2)

∣

∣

∣

≤
∫

ϕ0(x1, x2)

(A+ B)2(x1 + x2)

∣

∣

∣

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)

C(y)
(F ∗

1n−1(dy)− F ∗
1 (dy))(G∗

n−1(dx) −G∗(dx))
∣

∣

∣
H1

2n(dx1, dx2)

+

∫

ϕ0(x1, x2)

(A+B)2(x1 + x2)

∣

∣

∣

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)

C(y)
(F ∗

1n(dy) − F ∗
1 (dy))(G∗

n−1(dx) −G∗(dx))
∣

∣

∣
H1

2 (dx1, dx2)

and, in exactly the same way as for (3.50) and (3.51), it can beproved that the expectations of these
terms areo(n−1/2).

For (4.11) we need to use Theorem 5.3.7 in de la Peña and Giné(1999). Set

N2n(ϕ) =

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F 2
1 (x)

∫

Ψx(y)

C(y)
(F ∗

1n(dy) − F ∗
1 (dy))G∗(dx)

(H1
2n(dx1, dx2) −H1

2 (dx1, dx2)),
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SinceF1 is continuousΨx(y) = −1{y>x}F1(x). Hence

N2n(ϕ) = −
∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

1{y>x}
C(y)

(F ∗
1n(dy)− F ∗

1 (dy))G∗(dx)

(H1
2n(dx1, dx2) −H1

2 (dx1, dx2))

=

∫ ∫

ϕ(x1, x2)

(A+B)2(x1 + x2)C(y)

∫ ∞

x1+x2

−1{y>x}
F1(x)

G∗(dx)(F ∗
1n(dy) − F ∗

1 (dy))

(H1
2n(dx1, dx2) −H1

2 (dx1, dx2))

=
1

n2

n
∑

i=1

n
∑

j=1

[

− ϕ(U1i, Ũ2i)δi

(A+B)2(U1i + Ũ2i)C(U1j)

∫ ∞

U1i+Ũ2i

1{x<U1j}

F1(x)
G∗(dx)

+

∫

ϕ(U1i, Ũ2i)δi

(A+B)2(U1i + Ũ2i)C(y)

∫ ∞

U1i+Ũ2i

1{x<y}
F1(x)

G∗(dx)F ∗
1 (dy)

+

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)C(U1j)

∫ ∞

U1i+Ũ2i

1{x<U1j}

F1(x)
G∗(dx)H1

2 (dx1, dx2)

−
∫ ∫

ϕ(x1, x2)

(A+B)2(x1 + x2)C(y)

∫ ∞

x1+x2

1{x<y}
F1(x)

G∗(dx)F ∗
1 (dy)H1

2(dx1, dx2)
]

.

Furthermore, sinceN2n(ϕ) is a double sum, we split it into a partN i6=j
2n (ϕ) for i 6= j andN i=j

2n (ϕ) for
i = j. Since

sup
ϕ∈K

|N2n(ϕ)| ≤ sup
ϕ∈K

|N i6=j
2n (ϕ)| + sup

ϕ∈K
|N i=j

2n (ϕ)|

we can deal with each part separately.
To deal withsupϕ∈K |N i6=j

2n (ϕ)| we set

ϕ1((x1, x2, x3, δ
1), (y1, y2, y3, δ

2)) = − ϕ(x1, x2)δ
1

(A +B)2(x1 + x2)C(y1)

∫ ∞

x1+x2

1{x<y1}
F1(x)

G∗(dx)

a H̃3 × H̃3 integrable function, where

H̃3(x, y, z, δ̃) := P (U1 ≤ x, U2 ≤ y, Z ≤ z, δ = δ̃|U1 ≤ Z).

The class of functions

H1 = {ϕ1 : ϕ ∈ K}
is VC with envelope function

ϕ1
0((x1, x2, x3, δ

1), (y1, y2, y3, δ
2)) =

ϕ0(x1, x2)δ
1

(A +B)2(x1 + x2)C(y1)

∫ ∞

x1+x2

1{x<y1}
F1(x)

G∗(dx).

SinceC(y1) = α−1F1(y1)(1 −G(y−1 )), dG∗ = α−1F1dG, dF ∗
1 = α−1(1 −G−)dF1 and1 − F1(x) ≤

M(1 −G(x−)), we get

||ϕ1
0||2 =

∫

(ϕ1
0)

2dH̃3 × dH̃3
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≤
∫

ϕ2
0(x1, x2)

(A+B)4(x1 + x2)

(
∫ ∞

x1+x2

1{x<y1}
C(y1)F1(x)

G∗(dx)

)2

F ∗
1 (dy1)H

1
2 (dx1, dx2)

=

∫

ϕ2
0(x1, x2)

(A+B)4(x1 + x2)

(
∫ ∞

x1+x2

1{x<y1}

F1(y1)(1 −G(y−1 ))
G(dx)

)2

F ∗
1 (dy1)H

1
2 (dx1, dx2)

≤
∫

ϕ2
0(x1, x2)

(A+B)4(x1 + x2)

∫

1{x1+x2<y1}

(1 −G(y−1 ))2

(
∫ ∞

x1+x2

G(dx)

F1(x)

)2

F ∗
1 (dy1)H

1
2(dx1, dx2)

=

∫

ϕ2
0(x1, x2)

(A+B)3(x1 + x2)

∫ ∞

x1+x2

G(dx)

F1(x)

∫ ∞

x1+x2

G(dx)

F1(x)

∫ ∞

x1+x2

α−1F1(dy1)

1 −G(y−1 )
F (dx1, dx2)

≤
∫

ϕ2
0(x1, x2)

(A+B)2(x1 + x2)F1(x1 + x2)

∫ ∞

x1+x2

G(dx)

F1(x)

∫ ∞

x1+x2

F1(dy1)

1 −G(y−1 )
F (dx1, dx2)

≤ Mα

∫

ϕ2
0(x1, x2)

(A+B)(x1 + x2)F1(x1 + x2)

∫ ∞

x1+x2

G(dx)

F1(x)

∫ ∞

x1+x2

F1(dy1)

1 −G(y−1 )
F (dx1, dx2)

+

∫

ϕ2
0(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

G(dx)

F1(x)

∫ ∞

x1+x2

F1(dy1)

1 −G(y−1 )
F (dx1, dx2)

≤ M2α

∫

ϕ2
0(x1, x2)

F 2
1 (x1 + x2)

F (dx1, dx2) +M

∫

ϕ2
0(x1, x2)

(A +B)(x1 + x2)F1(x1 + x2)
F (dx1, dx2)

The last two integrals are, according to the assumptions, finite. Then

n

n− 1
N i6=j

2n (ϕ) = U (2)
n (π2ϕ

1)

is a U-statistic of Hoeffding’s projection. Therefore, as in the proof of (4.2), Theorem 5.3.7 in de la
Peña and Giné (1999) and Cramér-Slutsky yield

sup
ϕ∈K

|√nN i6=j
2n (ϕ)| =

√
n
n− 1

n2
sup

ϕ1∈H1

|nU (2)
n (π2ϕ

1)| P→ 0.

To complete the proof of (4.6) we have to deal withN i=j
2n (ϕ). The supremum overϕ ∈ K is bounded

from above by

1

n2

n
∑

i=1

[

sup
ϕ∈K

∣

∣

∣

∣

∣

ϕ(U1i, Ũ2i)δi

(A+B)2(U1i + Ũ2i)C(U1i)

∫ ∞

U1i+Ũ2i

1{x<U1i}
F1(x)

G∗(dx)

∣

∣

∣

∣

∣

+ sup
ϕ∈K

∣

∣

∣

∣

∣

∫

ϕ(U1i, Ũ2i)δi

(A +B)2(U1i + Ũ2i)C(y)

∫ ∞

U1i+Ũ2i

1{x<y}
F1(x)

G∗(dx)F ∗
1 (dy)

∣

∣

∣

∣

∣

+ sup
ϕ∈K

∣

∣

∣

∣

∫

ϕ(x1, x2)

(A +B)2(x1 + x2)C(U1i)

∫ ∞

U1i+Ũ2i

1{x<U1i}
F1(x)

G∗(dx)H1
2 (dx1, dx2)

∣

∣

∣

∣

+ sup
ϕ∈K

∣

∣

∣

∣

∫ ∫

ϕ(x1, x2)

(A+B)2(x1 + x2)C(y)

∫ ∞

x1+x2

1{x<y}
F1(x)

G∗(dx)F ∗
1 (dy)H1

2(dx1, dx2)

∣

∣

∣

∣

]

.

SinceU1i < U1i + Ũ2i, the first term is zero and

E(sup
ϕ∈K

|√nN i6=j
2n (ϕ)|) ≤ 3√

n

∫

ϕ0(x1, x2)

(A +B)2(x1 + x2)C(y)

∫ ∞

x1+x2

1{x<y}
F1(x)

G∗(dx)F ∗
1 (dy)H1

2(dx1, dx2)
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=
3√
n

∫

ϕ0(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

F ∗
1 (dy)

C(y)
G∗(dx)H1

2 (dx1, dx2)

=
3√
n

∫

ϕ0(x1, x2)α
−1

(A +B)(x1 + x2)

∫ ∞

x1+x2

∫

(x,∞)

F1(dy)

F1(y)
G(dx)F (dx1, dx2)

≤ 3√
n

∫

ϕ0(x1, x2)α
−1

(A +B)(x1 + x2)

∫ ∞

x1+x2

G(dx)

F1(x)
F (dx1, dx2)

goes to zero asn→ ∞. Hence

sup
ϕ∈K

|N i=j
2n (ϕ)| = oP(n

−1/2).

As to (4.7), by continuity ofF1, for the inner integral we have the following equation

∫

Ψx(y)
Cn(y) − C(y)

C2(y)
F ∗

1 (dy) = −F1(x)

∫

(x,∞)

Cn(y) − C(y)

C2(y)
F ∗

1 (dy).

Then, in a similar way as for (4.6), we have

(4.7) = sup
ϕ∈K

∣

∣

∣

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

Cn(y) − C(y)

C2(y)
F ∗

1 (dy)G∗
n−1(dx)

(H1
2n(dx1, dx2) −H1

2 (dx1, dx2))
∣

∣

∣

≤ sup
ϕ∈K

∣

∣

∣

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

Cn(y) − C(y)

C2(y)
F ∗

1 (dy)

(G∗
n−1(dx) −G∗(dx))H1

2n(dx1, dx2)
∣

∣

∣
(4.12)

+ sup
ϕ∈K

∣

∣

∣

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

Cn(y) − C(y)

C2(y)
F ∗

1 (dy)

(G∗
n−1(dx) −G∗(dx))H1

2(dx1, dx2)
∣

∣

∣
(4.13)

+ sup
ϕ∈K

∣

∣

∣

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

Cn(y) − C(y)

C2(y)
F ∗

1 (dy)G∗(dx)

(H1
2n(dx1, dx2) −H1

2 (dx1, dx2))
∣

∣

∣
(4.14)

The term (4.12) is bounded from above by

∫

ϕ0(x1, x2)

(A+B)2(x1 + x2)

∣

∣

∣

∣

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

Cn(y) − C(y)

C2(y)
F ∗

1 (dy)(G∗
n−1(dx) −G∗(dx))

∣

∣

∣

∣

H1
2n(dx1, dx2)

and (4.13) by

∫

ϕ0(x1, x2)

(A+B)2(x1 + x2)

∣

∣

∣

∣

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

Cn(y) − C(y)

C2(y)
F ∗

1 (dy)(G∗
n−1(dx) −G∗(dx))

∣

∣

∣

∣

H1
2 (dx1, dx2),

As for (3.63) in Lemma 3.18 we can show that the terms above areoP(n
−1/2).
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The integral in (4.14) we write as a U-statistic and use, as inthe proof for (4.6), Theorem 5.3.7 in de
la Peña and Giné (1999). We set

Tn(ϕ) =
1

n2

n
∑

i=1

n
∑

j=1

[ ϕ(U1i, Ũ2i)δi

(A +B)2(U1i + Ũ2i)

∫ ∞

U1i+Ũ2i

1

F1(x)

∫

(x,∞)

1{U1j≤y<Zj} − C(y)

C2(y)
F ∗

1 (dy)G∗(dx)

−
∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

1{U1j≤y<Zj} − C(y)

C2(y)
F ∗

1 (dy)G∗(dx)H1
2 (dx1, dx2)

and write it asT i6=j
n + T i=j

n , whereT i6=j
n is a sum over different andT i=j

n is a sum over equal indices,
respectively. We define ãH3 × H̃3 integrable function

ϕt((x1, x2, x3, δ
1), (y1, y2, y3, δ

2)) :=
ϕ(x1, x2)δ

1

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

1{y1≤y≤y3} − C(y)

C2(y)
F ∗

1 (dy)G∗(dx).

ThenT i6=j
n can be written as follows:

T i6=j
n =

1

n2

n
∑

i=1

n
∑

j=1

j 6=i

[

ϕt((U1i, Ũ2i, Zi, δi), (U1j , Ũ2j , Zj, δj))

−
∫

ϕt((x1, x2, x3, δ
1), (U1j, Ũ2j , Zj, δj))dH̃3(x1, x2, x3, δ

1)
]

.

SinceE(1{U1j≤y<Zj}) = C(y), we have

−
∫

ϕt((U1i, Ũ2i, Zi, δi), (y1, y2, y3, δ
2))dH̃3(y1, y2, y3, δ

2)

+

∫

ϕt((x1, x2, x3, δ
1), (y1, y2, y3, δ

2))dH̃3(x1, x2, x3, δ
1)dH̃3(y1, y2, y3, δ

2)

=

∫

[

ϕt((x1, x2, x3, δ
1), (y1, y2, y3, δ

2))dH̃3(x1, x2, x3, δ
1)

− ϕt((U1i, Ũ2i, Zi, δi), (y1, y2, y3, δ
2))
]

dH̃3(y1, y2, y3, δ
2)

= E
(

∫ ∫

1{y≥x}
F1(x)

1{U1j≤y≤Zj} − C(y)

C2(y)

∫

[

ϕ(x1, x2)1{x≥x1+x2}
(A+B)2(x1 + x2)

−
ϕ(U1i, Ũ2i)1{x≥U1i+Ũ2i}δi

(A+B)2(U1i + Ũ2i)

]

dH̃3(x1, x2, x3, δ
1)F ∗

1 (dy)G∗(dx)
)

=

∫ ∫

1{y≥x}
F1(x)

E

(

1{U1j≤y≤Zj} − C(y)

C2(y)

)
∫

E

[

ϕ(x1, x2)1{x≥x1+x2}
(A+B)2(x1 + x2)

−
ϕ(U1i, Ũ2i)1{x≥U1i+Ũ2i}δi

(A+B)2(U1i + Ũ2i)

]

dH̃3(x1, x2, x3, δ
1)F ∗

1 (dy)G∗(dx)
)

= 0.

Hence
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T i6=j
n =

1

n2

n
∑

i=1

n
∑

j=1

j 6=i

[

ϕt((U1i, Ũ2i, Zi, δi), (U1j , Ũ2j , Zj, δj))

−
∫

ϕt((U1i, Ũ2i, Zi, δi), (y1, y2, y3, δ
2))dH̃3(y1, y2, y3, δ

2)

+

∫

ϕt((x1, x2, x3, δ
1), (y1, y2, y3, δ

2))dH̃3(x1, x2, x3, δ
1)dH̃3(y1, y2, y3, δ

2)

−
∫

ϕt((x1, x2, x3, δ
1), (U1j , Ũ2j, Zj, δj))dH̃3(x1, x2, x3, δ

1)
]

,

is a U-statistic.

Set

H2 = {ϕt : ϕ ∈ K}
which is a VC with envelope function

ϕ0
t ((x1, x2, x3, δ

1), (y1, y2, y3, δ
2)) :=

ϕ0(x1, x2)δ
1

(A +B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

|1{y1≤y≤y3} − C(y)|
C2(y)

F ∗
1 (dy)G∗(dx).

SincedF ∗
1 = α−1(1 − G−)dF1, dG∗ = α−1F1dG, A + B = α−1(1 − G−) and, by A1,1 − F1 ≤

M(1 −G−), we have

ϕ0
t ((x1, x2, x3, δ

1), (y1, y2, y3, δ
2)) ≤ ϕ0(x1, x2)δ

1α

(A+B)(x1 + x2)

∫

(x1+x2,∞)

1{y1≤y≤y3}
F 2

1 (y)(1 −G(y−))
F1(dy)

+
ϕ0(x1, x2)δ

1

(A+B)(x1 + x2)

∫

(x1+x2,∞)

1{y1≤y≤y3}
F1(y)

F1(dy) ≤
ϕ0(x1, x2)δ

1α

(A+B)(x1 + x2)
M

∫

(x1+x2,∞)

1{y1≤y≤y3}
F 2

1 (y)
F1(dy)

+
ϕ0(x1, x2)δ

1α

(A+B)(x1 + x2)

∫

(x1+x2,∞)

1{y1≤y≤y3}
F1(y)(1−G(y−))

F1(dy) +
ϕ0(x1, x2)δ

1

(A +B)(x1 + x2)

M(1 −G(x1 + x−2 ))

F1(x1 + x2)

≤ 3
ϕ0(x1, x2)δ

1

(A+B)(x1 + x2)F1(x1 + x2)
M1{x1+x2≤y3}.

Hence

||ϕ0
t ||2 ≤

∫ ∫

(ϕ0
t )

2dH̃3(x1, x2, x3, δ
1)dH̃3(y1, y2, y3, δ

2)

≤ 9M2

∫ ∫

ϕ2
0(x1, x2)1{x1+x2≤y3}

(A+B)2(x1 + x2)F 2
1 (x1 + x2)

G(dy3)H
1
2 (dx1, dx2)

= 9M2

∫

ϕ2
0(x1, x2)α

(A+B)(x1 + x2)F 2
1 (x1 + x2)

H1
2 (dx1, dx2) = 9M2

∫

ϕ2
0(x1, x2)α

F 2
1 (x1 + x2)

F (dx1, dx2).

This is, by assumption A2’, finite. Then

94



n− 1

n
T i6=j

n (ϕ) = U (2)
n (π2ϕt)

and, with Theorem 5.3.7 in de la Peña and Giné (1999) and Cramér-Slutsky, we have that

sup
ϕ∈K

|√nT i6=j
n (ϕ)| =

√
n

n− 1
|nU (2)

n (π2ϕt)|

goes to zero in probability.

Now we deal with
√
nT i=j

n (ϕ). For the expectation of its absolute value we have:

√
nE(sup

ϕ∈K
|T i=j

n (ϕ)|) ≤ 1√
n
E
[ ϕ0(U11, Ũ21)δ1

(A+B)2(U11 + Ũ21)

∫ ∞

U11+Ũ21

1

F1(x)

∫

(x,∞)

|1{U11≤y≤Z1} − C(y)|
C2(y)

F ∗
1 (dy)G∗(dx)

]

+
1√
n

∫

ϕ0(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

E
[ |1{U11≤y≤Z1} − C(y)|

C2(y)

]

F ∗
1 (dy)G∗(dx)H1

2 (dx1, dx2)

Since|1{U11≤y≤Z1} − C(y)| ≤ 1{U11≤y≤Z1} + C(y) the right side is bounded from above by

1√
n

(

E
[ ϕ0(U11, Ũ21)δ1

(A+B)2(U11 + Ũ21)

∫ ∞

U11+Ũ21

1

F1(x)

∫

(x,∞)

1{U11≤y<Z1}
C2(y)

F ∗
1 (dy)G∗(dx)

]

+3

∫

ϕ0(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

1

C(y)
F ∗

1 (dy)G∗(dx)H1
2 (dx1, dx2)

)

=
1√
n

(

∫

ϕ0(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

1{x1≤y<z}
C2(y)

F ∗
1 (dy)G∗(dx)α−1G(dz)F (dx1, dx2)

+3

∫

ϕ0(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

1

F1(x)

∫

(x,∞)

1

C(y)
F ∗

1 (dy)G∗(dx)H1
2 (dx1, dx2)

)

≤ 1√
n

(

∫

ϕ0(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

∫

(x,∞)

(1 −G(y−))

F 2
1 (y)(1 −G(y−))2

F ∗
1 (dy)G(dx)F (dx1, dx2)

+3

∫

ϕ0(x1, x2)

(A +B)2(x1 + x2)

∫ ∞

x1+x2

∫

(x,∞)

1

F1(y)
F1(dy)G(dx)H1

2(dx1, dx2)
)

≤ 4√
n

∫

ϕ0(x1, x2)α
−1

(A+B)(x1 + x2)F1(x1 + x2)
F (dx1, dx2).

Since the integral is finite, we get

√
nE(sup

ϕ∈K
|T i=j

n (ϕ)|) → 0,

asn→ ∞.

Finally, to prove (4.8) and (4.9) we bound them from above. Wehave
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(4.8) ≤ 1

n

n
∑

i=1

ϕ0(U1i, Ũ2i)

(A+B)2(U1i + Ũ2i)
δi

1

n

n
∑

j 6=i

|R 6=j
n−1(Zj)|
F 2

1 (Zj)
1{U1i+Ũ2i≤Zj}

and

(4.9) ≤
∫

ϕ0(x1, x2)

(A+B)2(x1 + x2)

1

n

n
∑

j=1

|R 6=j
n−1(Zj)|
F 2

1 (Zj)
1{x1+x2≤Zj}H

1
2 (dx1, dx2).

In the same way as in the proofs for (3.47) and (3.48), we can show that (4.8) and (4.9) areoP(n
−1/2).

Remainder from Lemma 3.19:

Since

sup
ϕ∈K

∣

∣

∣

∫

ϕ(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

Rn(x)

F 2
1 (x)

G∗(dx)H1
2 (dx1, dx2)

∣

∣

∣

≤
∫

ϕ0(x1, x2)

(A+B)2(x1 + x2)

∫ ∞

x1+x2

|Rn(x)|
F 2

1 (x)
G∗(dx)H1

2 (dx1, dx2)

the proof for Lemma 3.19 yields that the term above isoP(n
−1/2).

⊠

96



Appendix A

Basic Properties ofF1n(t)

In this chapter we studyF1n(t). We start with a linearization ofF1n(t) and then provide some proper-
ties of the remainder and its second moment. These are usefulfor the linearization ofIn in Chapter 3.
Recall thatF1(t) = P(U1 ≤ t) and its estimator is the Lynden-Bell estimator for right-truncated data
(for details see (1.7)):

F1n(t) =
∏

U1i>t

[

1 − 1

nCn(U1i)

]

SincenCn(U11:n) = 1 and

n
∏

j=i+1

[

1 − 1

nCn(U1j:n)

]

+
1

nCn(U1i+1:n)

n
∏

j=i+2

[

1 − 1

nCn(U1j:n)

]

=

n
∏

j=i+2

[

1 − 1

nCn(U1j:n)

]

,

onΩ
(n)
1 := Ω \ Ω

(n)
0 (under ”no holes”, for details see (3.12)),F1n(t) can be written as

F1n(t) =
n
∑

i=1

1{U1i:n≤t}
nCn(U1i:n)

n
∏

j=i+1

[

1 − 1

nCn(U1j:n)

]

=

∫

(−∞,t]

1

Cn(x)
exp

{

n

∫

(x,∞)

ln

(

1 − 1

nCn(y)

)

F ∗
1n(dy)

}

F ∗
1n(dx)

=

∫

(−∞,t]

1

Cn(x)
γn(x)F ∗

1n(dx)

where

γn(x) = exp

{

n

∫

(x,∞)

ln

(

1 − 1

nCn(y)

)

F ∗
1n(dy)

}

.

Set

γ(x) = exp

{

−
∫

(x,∞)

F ∗
1 (dy)

C(y)

}

.

Note that, since by (1.6)dF ∗
1

C
= dF1

F1
, we haveγ(z) = F1(z).
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With Taylor’s formula we get

γn(x) = γ(x) + e∆n(x)

[

n

∫

(x,∞)

ln

(

1 − 1

nCn(y)

)

F ∗
1n(dy) +

∫

(x,∞)

F ∗
1 (dy)

C(y)

]

,

wheree∆n(x) ∈ (γn(x), γ(x)). Hence∆n(x) ≤ 0.
Before we may proceed with[...], for givenε > 0 we may choose a smallc and sequencesbn → bG∗

so that1 − G∗(bn) = c
n

andP (U1n:n < bn) ≥ P (Zn:n ≤ bn) ≥ 1 − ε. Hence on an eventΩbn
n of

probability greater than or equal to1 − ε we may restrict integration w.r.t.F ∗
1n to (−∞, bn).

Furthermore, for givenε > 0 we may choose a smallc1 and sequencesan → aF ∗
1

so thatF ∗
1 (an) = c1

n

andP (Z1:n > an) ≥ P (U11:n > an) ≥ 1 − ε. Hence on an eventΩan
n of probability greater than or

equal to1 − ε we may restrict integration w.r.t.F ∗
1n to (an,∞). Hence, onΩ∗

n = Ωbn
n ∩ Ωan

n , an event
of probability greater than or equal to1 − 2ε, F ∗

1n is supported by(an, bn).

Now, onΩ
(n)
1 ∩ Ω∗

n,

[...] =

[

n

∫

(x,bn)

ln

(

1 − 1

nCn(y)

)

F ∗
1n(dy) +

∫

(x,∞)

F ∗
1 (dy)

C(y)

]

=

[

n

∫

(x,bn)

ln

(

1 − 1

nCn(y)

)

F ∗
1n(dy) +

∫

(x,bn)

F ∗
1n(dy)

Cn(y)

]

−
∫

(x,∞)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

+

∫

(x,bn)

Cn(y) − C(y)

Cn(y)C(y)
F ∗

1n(dy).

Define, forx ≥ U11:n,

Bn(x) = n

∫

(x,bn)

ln

(

1 − 1

nCn(y)

)

F ∗
1n(dy) +

∫

(x,bn)

F ∗
1n(dy)

Cn(y)

Dn1(x) = −
∫

(x,∞)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

Dn2(x) =

∫

(x,bn)

Cn(y) − C(y)

Cn(y)C(y)
F ∗

1n(dy).

Then

F1n(t) =

∫

(−∞,t]

γ(x)

Cn(x)
F ∗

1n(dx) +

∫

(−∞,t]

e∆n(x)

Cn(x)
Bn(x)F ∗

1n(dx) +

∫

(−∞,t]

e∆n(x)

Cn(x)
Dn1(x)F

∗
1n(dx)

+

∫

(−∞,t]

e∆n(x)

Cn(x)
Dn2(x)F

∗
1n(dx) = Sn1(t) + Sn2(t) + Sn3(t) + Sn4(t).

The termSn1(t) can be written as follows:

Sn1(t) =

∫

(−∞,t]

γ(x)

C(x)
F ∗

1 (dx) +

∫

(−∞,t]

γ(x)

C(x)
[F ∗

1n(dx) − F ∗
1 (dx)]

+

∫

(−∞,t]

γ(x)

C(x)Cn(x)
(C(x) − Cn(x))F ∗

1n(dx) = F1(t) + Ln1(t) + Sb
n1(t).
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Finally

F1n(t) − F1(t) = Ln1(t) + Sb
n1(t) + Sn2(t) + Sn3(t) + Sn4(t),

where

Ln1(t) =

∫

(−∞,t]

γ(x)

C(x)
(F ∗

1n(dx) − F ∗
1 (dx))

Sb
n1(t) =

∫

(an,t]

γ(x)

C(x)Cn(x)
(C(x) − Cn(x))F

∗
1n(dx)

Sn2(t) =

∫

(an,t]

e∆n(x)

Cn(x)
Bn(x)F ∗

1n(dx)

Sn3(t) =

∫

(an,t]

e∆n(x)

Cn(x)
Dn1(x)F

∗
1n(dx)

Sn4(t) =

∫

(an,t]

e∆n(x)

Cn(x)
Dn2(x)F

∗
1n(dx).

In the later parts of this chapter we will need the following remark.

Remark A.1. SinceF1(an) ≥ αF ∗
1 (an) = αc1

n
and1 − G(bn) ≥ α(1 − G∗(bn)) = αc

n
, we have that

ln((F1(an))−1) ≤ ln( n
αc1

) andln((1 −G(bn))−1) ≤ ln( n
αc

).

A.1 Bounds for (F1n − F1)
2(t)

According to the last section, by repeated use of(a+ b)2 ≤ 2a2 +2b2, we have, on an eventΩ∗
n ∩Ω

(n)
1

of probability greater than or equal to1 − 3ε,

(F1n − F1)
2(t) ≤ 8(L2

n1(t) + (Sb
n1)

2(t) + S2
n2(t) + S2

n3(t) + S2
n4(t)).

Next, we will bound each of the terms separately and compute their expectations.

According to equation (3.1) in Stute and Wang (2007) we have that for everyε > 0, there exist large
K andn0, so that forn ≥ n0

P( sup
1≤i≤n

C(U1i)

Cn(U1i)
≤ K) ≥ 1 − ε.

SetΩ̃n = {ω ∈ Ω : sup1≤i≤n
C(U1i)
Cn(U1i)

(ω) ≤ K} andΩ̃0
n := Ω∗

n ∩ Ω
(n)
1 ∩ Ω̃n. ThenP(Ω̃0

n) ≥ 1 − 4ε.
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Lemma A.1. On the set̃Ω0
n, we have

S2
n3(t) ≤ K

n

n
∑

i=1

1{an<U1i≤t}
γ2(U1i)

C(U1i)

(
∫

(U1i,∞)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

)2

+
K2

n2

n
∑

i=1

∑

j 6=i

γ(U1i)

C(U1i)

γ(U1j)

C(U1j)
1{an<U1i,U1j≤t}

∣

∣

∣

∣

∫

(U1i,∞)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫

(U1j ,∞)

F ∗
1n(dy)− F ∗

1 (dy)

C(y)

∣

∣

∣

∣

∣

=: S̃2
n3(t).

Furthermore,

ES̃2
n3(t) ≤ 2KMα

n
ln(

n

c1α
) +

2K

n2
ln2(

n

c1α
) + 18

K2αM

n
ln2(

n

c1α
) + 4

√
72K2

n3/2
α3/2M3/2ln(

n

c1α
).

Proof.
SinceCn(U1i) ≥ 1/n, C/Cn ≤ K on Ω̃0

n andexp {∆n(x)} ≤ γ(x), we have

S2
n3(t) ≤

(
∫

(an,t]

γ(x)

Cn(x)
|Dn1(x)|F ∗

1n(dx)

)2

=
1

n2

n
∑

i=1

n
∑

j=1

1{an<U1i≤t}
γ(U1i)

Cn(U1i)
1{an<U1j≤t}

γ(U1j)

Cn(U1j)

∣

∣

∣

∣

∫

(U1i,∞)

F ∗
1n(dy)− F ∗

1 (dy)

C(y)

∣

∣

∣

∣

×
∣

∣

∣

∣

∣

∫

(U1j ,∞)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

∣

=
1

n2

n
∑

i=1

1{an<U1i≤t}
γ2(U1i)

C2
n(U1i)

(
∫

(U1i,∞)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

)2

+
1

n2

n
∑

i=1

∑

j 6=i

1{an<U1i≤t}
γ(U1i)

Cn(U1i)
1{an<U1j≤t}

γ(U1j)

Cn(U1j)

∣

∣

∣

∣

∫

(U1i,∞)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

×
∣

∣

∣

∣

∣

∫

(U1j ,∞)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

∣

≤ K
1

n

n
∑

i=1

1{an<U1i≤t}
γ2(U1i)

C(U1i)

(
∫

(U1i,∞)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

)2

+
K2

n2

n
∑

i=1

∑

j 6=i

γ(U1i)

C(U1i)

γ(U1j)

C(U1j)
1{an<U1i,U1j≤t}

∣

∣

∣

∣

∫

(U1i,∞)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫

(U1j ,∞)

F ∗
1n(dy)− F ∗

1 (dy)

C(y)

∣

∣

∣

∣

∣

= S̃2
n3(t).

Since

∫

(U1i,∞)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)
=
n− 1

n

∫

(U1i,∞)

F 6=i∗
1n−1(dy) − F ∗

1 (dy)

C(y)
− 1

n

∫

(U1i,∞)

F ∗
1 (dy)

C(y)

and

E

(
∫

(x,∞)

F ∗
1n−1(dz) − F ∗

1 (dz)

C(z)

)2

≤ 1

n− 1

∫

(x,∞)

F ∗
1 (dz)

C2(z)

we have
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E

(

K
1

n

n
∑

i=1

1{an<U1i≤t}
γ2(U1i)

C(U1i)

(
∫

(U1i,∞)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

)2
)

= KE

(

1{an<U11≤t}
γ2(U11)

C(U11)

(
∫

(U11,∞)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

)2
)

≤ 2K
(n− 1)2

n2
E

(

1{an<U11≤t}
γ2(U11)

C(U11)

(
∫

(U11,∞)

F ∗
1n−1(dy) − F ∗

1 (dy)

C(y)

)2
)

+2K
1

n2
E

(

1{an<U11≤t}
γ2(U11)

C(U11)

(
∫

(U11,∞)

F ∗
1 (dy)

C(y)

)2
)

≤ 2K

n

∫

(an,t]

γ2(x)

C(x)

∫

(x,∞)

F ∗
1 (dy)

C2(y)
F ∗

1 (dx)

+
2K

n2

∫

(an,t]

γ2(x)

C(x)

(
∫

(x,∞)

F ∗
1 (dy)

C(y)

)2

F ∗
1 (dx).

To bound the right side we usedF ∗
1 = α−1(1−G−)dF1, C = α−1(1−G−)F1 andγ = F1. Since by

A1
∫ F1(dy)

1−G(y−)
≤M and using Remark A.1, we get

2K

n

∫

(an,t]

γ2(x)

C(x)

∫

(x,∞)

F ∗
1 (dy)

C2(y)
F ∗

1 (dx) =
2Kα

n

∫

(an,t]

F1(x)

∫

(x,∞)

F1(dy)

F 2
1 (y)(1 −G(y−))

F1(dx)

≤ 2Kα

n

∫

(an,t]

F1(dx)

F1(x)

∫

(−∞,∞)

F1(dy)

1 −G(y−)
≤ 2Kα

n

∫

(an,∞)

F1(dx)

F1(x)

∫

(−∞,∞)

F1(dy)

1 −G(y−)

=
2Kα

n
ln(F1(an))−1

∫

(−∞,∞)

F1(dy)

1 −G(y−)
≤ 2KMα

n
ln(

n

c1α
)

and

2K

n2

∫

(an,t]

γ2(x)

C(x)

(
∫

(x,∞)

F ∗
1 (dy)

C(y)

)2

F ∗
1 (dx) ≤ 2K

n2
ln2(

n

c1α
).

As to the second sum iñS2
n3(t), first consider

E

(

∣

∣

∣

∣

∫

(U1i,∞)

F ∗
1n(dz) − F ∗

1 (dz)

C(z)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫

(U1j ,∞)

F ∗
1n(dz) − F ∗

1 (dz)

C(z)

∣

∣

∣

∣

∣

|U1i, U1j

)

. (A.1)

It follows that

E

(

∣

∣

∣

∣

∫

(U1i,∞)

F ∗
1n(dz) − F ∗

1 (dz)

C(z)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫

(U1j ,∞)

F ∗
1n(dz) − F ∗

1 (dz)

C(z)

∣

∣

∣

∣

∣

|U1i = x, U1j = y

)

= E

(
∣

∣

∣

∣

∣

1

n

n
∑

k=1

[

1{U1k>U1i}
C(U1k)

−
∫

(U1i,∞)

F ∗
1 (dz)

C(z)

]

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1

n

n
∑

l=1

[

1{U1l>U1j}

C(U1l)
−
∫

(U1j ,∞)

F ∗
1 (dz)

C(z)

]
∣

∣

∣

∣

∣

|U1i = x, U1j = y

)

= E

(

∣

∣

∣

∣

∣

1

n

n
∑

k 6=i,j

[

1{U1k>U1i}
C(U1k)

−
∫

(U1i,∞)

F ∗
1 (dz)

C(z)

]

+
1{U1j>U1i}

nC(U1j)
− 2

n

∫

(U1i,∞)

F ∗
1 (dz)

C(z)

∣

∣

∣

∣

∣
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∣

∣

∣

∣

∣

1

n

∑

l 6=i,j

[

1{U1l>U1j}

C(U1l)
−
∫

(U1j ,∞)

F ∗
1 (dz)

C(z)

]

+
1{U1i>U1j}

nC(U1i)
− 2

n

∫

(U1j ,∞)

F ∗
1 (dz)

C(z)

∣

∣

∣

∣

∣

|U1i = x, U1j = y

)

= E

(

∣

∣

∣

∣

∣

1

n

n
∑

k 6=i,j

[

1{U1k>x}
C(U1k)

−
∫

(x,∞)

F ∗
1 (dz)

C(z)

]

+
1{y>x}
nC(y)

− 2

n

∫

(x,∞)

F ∗
1 (dz)

C(z)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1

n

∑

l 6=i,j

[

1{U1l>y}
C(U1l)

−
∫

(y,∞)

F ∗
1 (dz)

C(z)

]

+
1{x>y}
nC(x)

− 2

n

∫

(y,∞)

F ∗
1 (dz)

C(z)

∣

∣

∣

∣

∣

)

By Cauchy-Schwarz, the right side to the power 2 is smaller than or equal to

E

(

1

n

n
∑

k 6=i,j

[

1{U1k>x}
C(U1k)

−
∫

(x,∞)

F ∗
1 (dz)

C(z)

]

+
1{y>x}
nC(y)

− 2

n

∫

(x,∞)

F ∗
1 (dz)

C(z)

)2

×E
(

1

n

∑

l 6=i,j

[

1{U1l>y}
C(U1l)

−
∫

(y,∞)

F ∗
1 (dz)

C(z)

]

+
1{x>y}
nC(x)

− 2

n

∫

(y,∞)

F ∗
1 (dz)

C(z)

)2

(A.2)

Furthermore, by using(a+ b+ c)2 ≤ 2a2 + 4b2 + 4c2 and Bienaymé,

E

(

1

n

n
∑

k 6=i,j

[

1{U1k>x}
C(U1k)

−
∫

(x,∞)

F ∗
1 (dz)

C(z)

]

+
1{y>x}
nC(y)

− 2

n

∫

(x,∞)

F ∗
1 (dz)

C(z)

)2

≤ 2

n2

n
∑

k 6=i,j

E

[

1{U1k>x}
C(U1k)

−
∫

(x,∞)

F ∗
1 (dz)

C(z)

]2

+ 4
1{y>x}
n2C2(y)

+
16

n2

(
∫

(x,∞)

F ∗
1 (dz)

C(z)

)2

≤ 2(n− 2)

n2

∫

(x,∞)

F ∗
1 (dz)

C2(z)
+ 4

1{y>x}
n2C2(y)

+
16

n2

(
∫

(x,∞)

F ∗
1 (dz)

C(z)

)2

≤ 18

n

∫

(x,∞)

F ∗
1 (dz)

C2(z)
+

4

n2

1{y>x}
C2(y)

.

Hence, since1{y>x}1{x>y} = 0,

(A.2) ≤ 182

n2

∫

(x,∞)

F ∗
1 (dz)

C2(z)

∫

(y,∞)

F ∗
1 (dz)

C2(z)
+

4 ∗ 18

n3

1{y>x}
C2(y)

∫

(y,∞)

F ∗
1 (dz)

C2(z)
+

4 ∗ 18

n3

1{x>y}
C2(x)

∫

(x,∞)

F ∗
1 (dz)

C2(z)

Finally,

(A.1) ≤ 18

n

√

∫

(U1i,∞)

F ∗
1 (dz)

C2(z)

∫

(U1j ,∞)

F ∗
1 (dz)

C2(z)
+

√
72

n3/2

1{U1j>U1i}

C(U1j)

√

∫

(U1j ,∞)

F ∗
1 (dz)

C2(z)

+

√
72

n3/2

1{U1i>U1j}

C(U1i)

√

∫

(U1i,∞)

F ∗
1 (dz)

C2(z)

Hence the expectation of the second sum inS̃2
n3(t) equals

K2

n2
n(n− 1)E

(

γ(U11)

C(U11)

γ(U12)

C(U12)
1{an<U11,U12≤t}

∣

∣

∣

∣

∫

(U11,∞)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

∣

∣

∣

∣

∫

(U12,∞)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

)
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=
K2

n
(n− 1)E(E(...|U11, U12)) ≤

18K2

n

(

∫

(an,t]

γ(x)

C(x)

(
∫

(x,∞)

F ∗
1 (dy)

C2(y)

)1/2

F ∗
1 (dx)

)2

+2

√
72K2

n3/2

∫

(an,t]

γ(x)

C(x)

∫

(x,t)

γ(y)

C2(y)

(
∫

(y,∞)

F ∗
1 (dz)

C2(z)

)1/2

F ∗
1 (dy)F ∗

1 (dx)

As to the first sum, since

(
∫

(x,∞)

F ∗
1 (dy)

C2(y)

)1/2

≤
√
α

F1(x)

(
∫

(x,∞)

F1(dy)

1 −G(y−)

)1/2

≤
√
αM

F1(x)
,

we get

18
K2

n

(

∫

(an,t]

γ(x)

C(x)

(
∫

(x,∞)

F ∗
1 (dy)

C2(y)

)1/2

F ∗
1 (dx)

)2

≤ 18
K2αM

n

(
∫

(an,t]

F1(dx)

F1(x)

)2

≤ 18
K2αM

n
ln2(

n

c1α
).

The second term equals

2

√
72K2

n3/2

∫

(an,t]

∫

(x,t)

α

F1(y)(1 −G(y−))

(

α

∫

(y,∞)

F1(dz)

F 2
1 (z)(1 −G(z−))

)1/2

F1(dy)F1(dx)

≤ 2

√
72K2

n3/2
α3/2

√
M

∫

(an,t]

∫

(x,t)

F1(dy)

F 2
1 (y)(1 −G(y−))

F1(dx) (A.3)

Since by A1

1 − F1(x)

1 −G(x−)
≤
∫

(x,∞)

F1(dy)

1 −G(y−)
≤M

we have

1

F1(x)
=

1 − F1(x)

F1(x)
+ 1 ≤ M(1 −G(x−))

F1(x)
+ 1.

Hence

(A.3) ≤ 2

√
72K2

n3/2
α3/2

√
M

[

M

∫

(an,t]

∫

(x,t)

F1(dy)

F 2
1 (y)

F1(dx) +

∫

(an,t]

∫

(x,t)

F1(dy)

F1(y)(1 −G(y−))
F1(dx)

]

≤ 2

√
72K2

n3/2
α3/2

√
M

[

Mln(
n

c1α
) +

∫

(an,t]

1

F1(x)

∫

(x,t)

F1(dy)

1 −G(y−)
F1(dx)

]

≤ 2

√
72K2

n3/2
α3/2

√
M

[

Mln(
n

c1α
) +

∫

(−∞,∞)

F1(dy)

1 −G(y−)

∫

(an,∞)

F1(dx)

F1(x)

]

≤ 2

√
72K2

n3/2
α3/2

√
M

[

Mln(
n

c1α
) +Mln(

n

c1α
)

]

≤ 4

√
72K2

n3/2
α3/2M3/2ln(

n

c1α
)

It follows that
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ES̃2
n3(t) ≤ 2KMα

n
ln(

n

c1α
) +

2K

n2
ln(

n

c1α
) + 18

K2αM

n
ln2(

n

c1α
) + 4

√
72K2

n3/2
α3/2M3/2ln(

n

c1α
).

The proof is complete.
⊠

Lemma A.2. On the set̃Ω0
n we have

S2
n2(t) ≤ K4

n4

n
∑

i=1

1{an<U1i≤t}
γ2(U1i)

C2(U1i)

∑

k 6=i

∑

l 6=i,k

1{U1k>U1i}
C(U1k)

1{U1l>U1i}
C(U1l)

+
K3

n3

n
∑

i=1

1{an<U1i≤t}
γ2(U1i)

C2(U1i)

∑

k 6=i

1{U1k>U1i}
C(U1k)

+
K5

n5

n
∑

i=1

∑

j 6=i

1{an<U1i≤t}
γ(U1i)

C(U1i)
1{an<U1j≤t}

γ(U1j)

C(U1j)

∑

k 6=i,j

∑

l 6=i,j,k

1{U1k>U1i}
C2(U1k)

1{U1l>U1j}

C(U1l)

+
4K4

n4

n
∑

i=1

∑

j 6=i

1{an<U1i≤t}
γ(U1i)

C(U1i)
1{an<U1j≤t}1{U1i>U1j}

γ(U1j)

C(U1j)

∑

k 6=i,j

1{U1k>U1i}
C2(U1k)

=: S̃2
n2(t).

Furthermore,

ES̃2
n2(t) ≤

K4Mα

n
ln2(

n

c1α
) +

K3Mα

n
ln(

n

c1α
) +

K5Mα

n
ln3(

n

c1α
) +

4K4α

n
ln(

n

c1α
).

Proof. To find the bound forS2
n2(t), recall

Bn(x) = n

∫

(x,bn)

ln

(

1 − 1

nCn(y)

)

F ∗
1n(dy) +

∫

(x,bn)

F ∗
1n(dy)

Cn(y)
.

On the setΩ(n)
1 , where there are ”no holes”,nCn(U1i) ≥ 2 for U1i > U11:n. Since forx ∈ [0, 1/2] we

have−x− x2 ≤ ln(1 − x) ≤ −x, we obtain

0 ≥ Bn(x) ≥ −1

n

∫

(x,bn)

F ∗
1n(dy)

C2
n(y)

.

Hence

S2
n2(t) ≤

(
∫

(an,t]

γ(x)

Cn(x)

1

n

∫

(x,bn)

F ∗
1n(dy)

C2
n(y)

F ∗
1n(dx)

)2

≤ 1

n4

n
∑

i=1

1{an<U1i≤t}
γ2(U1i)

C2
n(U1i)

(
∫

(U1i,∞)

F ∗
1n(dy)

C2
n(y)

)2

+
1

n4

n
∑

i=1

∑

j 6=i

1{an<U1i≤t}
γ(U1i)

Cn(U1i)
1{an<U1j≤t}

γ(U1j)

Cn(U1j)

∫

(U1i,∞)

F ∗
1n(dy)

C2
n(y)

∫

(U1j ,∞)

F ∗
1n(dy)

C2
n(y)

(A.4)

SincenCn(U1i) ≥ 1 and, on the set̃Ωn, we haveC/Cn ≤ K, we obtain

∫

(U1i,∞)

F ∗
1n(dy)

C2
n(y)

∫

(U1j ,∞)

F ∗
1n(dy)

C2
n(y)

=
1

n2

∑

k 6=i

∑

l 6=j

1{U1k>U1i}
C2

n(U1k)

1{U1l>U1j}

C2
n(U1l)
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=
1

n2

∑

k 6=i,j

∑

l 6=i,j,k

1{U1k>U1i}
C2

n(U1k)

1{U1l>U1j}

C2
n(U1l)

+
1

n2

∑

k 6=i,j

1{U1k>U1i}1{U1k>U1j}

C4
n(U1k)

+
1

n2

∑

l 6=i,j

1{U1j>U1i}

C2
n(U1j)

1{U1l>U1j}

C2
n(U1l)

+
1

n2

∑

k 6=i,j

1{U1k>U1i}
C2

n(U1k)

1{U1i>U1j}

C2
n(U1i)

≤ 1

n

∑

k 6=i,j

∑

l 6=i,j,k

1{U1k>U1i}
C2

n(U1k)

1{U1l>U1j}

Cn(U1l)
+
∑

k 6=i,j

1{U1k>max(U1i,U1j)}

C2
n(U1k)

+
∑

l 6=i,j

1{U1j>U1i}
1{U1l>U1j}

C2
n(U1l)

+
∑

k 6=i,j

1{U1k>U1i}
C2

n(U1k)
1{U1i>U1j} ≤

K3

n

∑

k 6=i,j

∑

l 6=i,j,k

1{U1k>U1i}
C2(U1k)

1{U1l>U1j}

C(U1l)

+K2
∑

k 6=i,j

1{U1k>max(U1i,U1j)}

C2(U1k)
+K2

∑

l 6=i,j

1{U1j>U1i}
1{U1l>U1j}

C2(U1l)
+K2

∑

k 6=i,j

1{U1k>U1i}
C2(U1k)

1{U1i>U1j}

and therefore, byCn(U1k) ≥ 1/n,

(
∫

(U1i,∞)

F ∗
1n(dy)

C2
n(y)

)2

=

(

1

n

n
∑

k=1

1{U1k>U1i}
C2

n(U1k)

)2

≤
(

n
∑

k=1

1{U1k>U1i}
Cn(U1k)

)2

=
∑

k 6=i

∑

l 6=i,k

1{U1k>U1i}
Cn(U1k)

1{U1l>U1i}
Cn(U1l)

+
∑

k 6=i

1{U1k>U1i}
C2

n(U1k)
≤
∑

k 6=i

∑

l 6=i,k

1{U1k>U1i}
Cn(U1k)

1{U1l>U1i}
Cn(U1l)

+ n
∑

k 6=i

1{U1k>U1i}
Cn(U1k)

≤ K2
∑

k 6=i

∑

l 6=i,k

1{U1k>U1i}
C(U1k)

1{U1l>U1i}
C(U1l)

+Kn
∑

k 6=i

1{U1k>U1i}
C(U1k)

.

Hence, for (A.4) usingC/Cn ≤ K, we get

(A.4) ≤ K4

n4

n
∑

i=1

1{an<U1i≤t}
γ2(U1i)

C2(U1i)

∑

k 6=i

∑

l 6=i,k

1{U1k>U1i}
C(U1k)

1{U1l>U1i}
C(U1l)

+
K3

n3

n
∑

i=1

1{an<U1i≤t}
γ2(U1i)

C2(U1i)

∑

k 6=i

1{U1k>U1i}
C(U1k)

+
K5

n5

n
∑

i=1

∑

j 6=i

1{an<U1i≤t}
γ(U1i)

C(U1i)
1{an<U1j≤t}

γ(U1j)

C(U1j)

∑

k 6=i,j

∑

l 6=i,j,k

1{U1k>U1i}
C2(U1k)

1{U1l>U1j}

C(U1l)

+
K4

n4

n
∑

i=1

∑

j 6=i

1{an<U1i≤t}
γ(U1i)

C(U1i)
1{an<U1j≤t}

γ(U1j)

C(U1j)

∑

k 6=i,j

1{U1k>max(U1i,U1j)}

C2(U1k)

+
K4

n4

n
∑

i=1

∑

j 6=i

1{an<U1i≤t}
γ(U1i)

C(U1i)
1{an<U1j≤t}

γ(U1j)

C(U1j)

∑

l 6=i,j

1{U1j>U1i}
1{U1l>U1j}

C2(U1l)

+
K4

n4

n
∑

i=1

∑

j 6=i

1{an<U1i≤t}
γ(U1i)

C(U1i)
1{an<U1j≤t}

γ(U1j)

C(U1j)

∑

k 6=i,j

1{U1k>U1i}
C2(U1k)

1{U1i>U1j} (A.5)

Now, since1{U1k>max(U1i,U1j)} = 1{U1k>U1i}1{U1i>U1j} + 1{U1k>U1j}1{U1j>U1i} and using symmetry in
i, j for the last three sums, we get

(A.5) ≤ K4

n4

n
∑

i=1

1{an<U1i≤t}
γ2(U1i)

C2(U1i)

∑

k 6=i

∑

l 6=i,k

1{U1k>U1i}
C(U1k)

1{U1l>U1i}
C(U1l)

+
K3

n3

n
∑

i=1

1{an<U1i≤t}
γ2(U1i)

C2(U1i)

∑

k 6=i

1{U1k>U1i}
C(U1k)
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+
K5

n5

n
∑

i=1

∑

j 6=i

1{an<U1i≤t}
γ(U1i)

C(U1i)
1{an<U1j≤t}

γ(U1j)

C(U1j)

∑

k 6=i,j

∑

l 6=i,j,k

1{U1k>U1i}
C2(U1k)

1{U1l>U1j}

C(U1l)

+
4K4

n4

n
∑

i=1

∑

j 6=i

1{an<U1i≤t}
γ(U1i)

C(U1i)
1{an<U1j≤t}1{U1i>U1j}

γ(U1j)

C(U1j)

∑

k 6=i,j

1{U1k>U1i}
C2(U1k)

= S̃2
n2(t)

Furthermore, for anym1, m2, we get

E

(

∑

k 6=i,j

∑

l 6=i,j,k

1{U1k>U1i}
Cm1(U1k)

1{U1l>U1j}

Cm2(U1l)

∣

∣

∣
U1i, U1j

)

≤ n2

∫

(U1i,∞)

F ∗
1 (dy)

Cm1(y)

∫

(U1j ,∞)

F ∗
1 (dy)

Cm2(y)
.

Hence

ES̃2
n2(t) ≤ K4

n

∫

(an,t]

γ2(x)

C2(x)

(
∫

(x,∞)

F ∗
1 (dy)

C(y)

)2

F ∗
1 (dx) +

K3

n

∫

(an,t]

γ2(x)

C2(x)

∫

(x,∞)

F ∗
1 (dy)

C(y)
F ∗

1 (dx)

+
K5

n

(

∫

(an,t]

γ(x)

C(x)

(
∫

(x,∞)

F ∗
1 (dy)

C2(y)

)1/2(∫

(x,∞)

F ∗
1 (dy)

C(y)

)1/2

F ∗
1 (dx)

)2

+
4K4

n

∫

(an,t]

γ(x)

C(x)

∫

(x,∞)

γ(y)

C(y)

∫

(y,∞)

F ∗
1 (dz)

C2(z)
F ∗

1 (dy)F ∗
1 (dx).

Next, we consider each summand separately. Recall

dF ∗
1 = α−1(1 −G−)dF1, C = α−1(1 −G−)F1 and γ = F1.

By A1 and using Remark A.1, we get

K4

n

∫

(an,t]

γ2(x)

C2(x)

(
∫

(x,∞)

F ∗
1 (dy)

C(y)

)2

F ∗
1 (dx) ≤ K4

n

∫

(an,t]

F1(dx)

1 −G(x−)

(
∫

(an,∞)

F1(dy)

F1(y)

)2

≤ K4Mα

n
ln2(

n

c1α
),

K3

n

∫

(an,t]

γ2(x)

C2(x)

∫

(x,∞)

F ∗
1 (dy)

C(y)
F ∗

1 (dx) ≤ K3Mα

n
ln(

n

c1α
),

K5

n

(

∫

(an,t]

γ(x)

C(x)

(
∫

(x,∞)

F ∗
1 (dy)

C2(y)

)1/2(∫

(x,∞)

F ∗
1 (dy)

C(y)

)1/2

F ∗
1 (dx)

)2

≤ K5Mα

n
ln3(

n

c1α
)

and

4K4

n

∫

(an,t]

γ(x)

C(x)

∫

(x,∞)

γ(y)

C(y)

∫

(y,∞)

F ∗
1 (dz)

C2(z)
F ∗

1 (dy)F ∗
1 (dx) ≤ 4K4α

n
ln(

n

c1α
).

The proof is complete.
⊠

Lemma A.3. We have

E(L2
n1(t)) ≤

αM

n
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Proof. We have

L2
n1(t) =

(
∫

(−∞,t]

γ(x)

C(x)
(F ∗

1n(dx) − F ∗
1 (dx))

)2

.

Hence, usingdF ∗
1 = α−1(1 −G−)dF1, C = α−1(1 −G−)F1, γ = F1 and A1, we obtain

E(L2
n1(t)) ≤

1

n

∫

(−∞,t]

γ2(x)

C2(x)
F ∗

1 (dx) =
α

n

∫

(−∞,t]

F1(dx)

1 −G(x−)
≤ αM

n

⊠

Lemma A.4. On the set̃Ω0
n, we have

(Sb
n1)

2(t) ≤ 2K2 1

n2

n
∑

i=1

∑

j 6=i

γ(U1i)1{an<U1i≤t}
C2(U1i)

γ(U1j)1{an<U1j≤t}

C2(U1j)

1

n2

∣

∣

∣

∣

∑

k 6=i

(

C(U1i) − 1{U1k≤U1i≤Zk}
)

∑

l 6=j

(

C(U1j) − 1{U1l≤U1j≤Zl}
)

∣

∣

∣

∣

+
2K

n

n
∑

i=1

γ2(U1i)1{an<U1i≤t}
C3(U1i)

(

1

n

∑

k 6=i

(

C(U1i) − 1{U1k≤U1i≤Zk}
)

)2

+2K2 1

n3

n
∑

i=1

∑

j 6=i

γ(U1i)1{an<U1i≤t}
C3/2(U1i)

γ(U1j)1{an<U1j≤t}

C3/2(U1j)
+ 2

1

n2

n
∑

i=1

γ2(U1i)1{an<U1i≤t}
C2(U1i)

=: (S̃b
n1)

2(t).

Furthermore,

E(S̃b
n1)

2(t) ≤ K2Mα

n
ln2(

n

c1α
) +

4
√

8K2

n
αM2 1√

c1
+

4
√

8K2

n
√
n
α3/2M3/2

√

ln(
n

c1α
) +

2(K + 1)Mα

n

Proof.
We have

(Sb
n1)

2(t) =

(
∫

(an,t]

γ(x)

C(x)Cn(x)
(C(x) − Cn(x))F ∗

1n(dx)

)2

≤
(

1

n

n
∑

i=1

γ(U1i)1{an<U1i≤t}
C(U1i)Cn(U1i)

1

n

∣

∣

∣

∣

∣

n
∑

k=1

(

C(U1i) − 1{U1k≤U1i≤Zk}
)

∣

∣

∣

∣

∣

)2

≤ 2

(

1

n

n
∑

i=1

γ(U1i)1{an<U1i≤t}
C(U1i)Cn(U1i)

1

n

∣

∣

∣

∣

∣

∑

k 6=i

(

C(U1i) − 1{U1k≤U1i≤Zk}
)

∣

∣

∣

∣

∣

)2

+2

(

1

n

n
∑

i=1

γ(U1i)1{an<U1i≤t}
C(U1i)Cn(U1i)

1

n
|C(U1i) − 1|

)2

≤ 2
1

n2

n
∑

i=1

∑

j 6=i

γ(U1i)1{an<U1i≤t}
C(U1i)Cn(U1i)

γ(U1j)1{an<U1j≤t}

C(U1j)Cn(U1j)

1

n2

∣

∣

∣

∣

∑

k 6=i

∑

l 6=j

(

C(U1i) − 1{U1k≤U1i≤Zk}
)

×
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(

C(U1j) − 1{U1l≤U1j≤Zl}
)

∣

∣

∣

∣

+
2

n2

n
∑

i=1

γ2(U1i)1{an<U1i≤t}
C2(U1i)C2

n(U1i)

(

1

n

∑

k 6=i

(

C(U1i) − 1{U1k≤U1i≤Zk}
)

)2

+2

(

1

n2

n
∑

i=1

γ(U1i)1{an<U1i≤t}
C(U1i)Cn(U1i)

)2

. (A.6)

Furthermore, sincenCn(U1i) ≥ 1, for the last sum we have

2

(

1

n2

n
∑

i=1

γ(U1i)1{an<U1i≤t}
C(U1i)Cn(U1i)

)2

=
2

n4

n
∑

i=1

n
∑

j=1

γ(U1i)1{an<U1i≤t}
C(U1i)Cn(U1i)

γ(U1j)1{an<U1j≤t}

C(U1j)Cn(U1j)

≤ 2

n3

n
∑

i=1

∑

j 6=i

γ(U1i)1{an<U1i≤t}

C(U1i)
√

Cn(U1i)

γ(U1j)1{an<U1j≤t}

C(U1j)
√

Cn(U1j)
+

2

n2

n
∑

i=1

γ2(U1i)1{an<U1i≤t}
C2(U1i)

Since on the set̃Ωn we haveC/Cn ≤ K and using thatnCn(U1i) ≥ 1 for the second sum, we get

(A.6) ≤ 2K2 1

n2

n
∑

i=1

∑

j 6=i

γ(U1i)1{an<U1i≤t}
C2(U1i)

γ(U1j)1{an<U1j≤t}

C2(U1j)

1

n2

∣

∣

∣

∣

n
∑

k 6=i

(

C(U1i) − 1{U1k≤U1i≤Zk}
)

∑

l 6=j

(

C(U1j) − 1{U1l≤U1j≤Zl}
)

∣

∣

∣

∣

+
2K

n

n
∑

i=1

γ2(U1i)1{an<U1i≤t}
C3(U1i)

(

1

n

∑

k 6=i

(

C(U1i) − 1{U1k≤U1i≤Zk}
)

)2

+2K2 1

n3

n
∑

i=1

∑

j 6=i

γ(U1i)1{an<U1i≤t}
C3/2(U1i)

γ(U1j)1{an<U1j≤t}

C3/2(U1j)
+ 2

1

n2

n
∑

i=1

γ2(U1i)1{an<U1i≤t}
C2(U1i)

= (S̃b
n1)

2(t).

Before we compute the expectation of(S̃b
n1)

2(t), for fixed i, j we bound:

E

(

∣

∣

∣

∣

∑

k 6=i

(

C(U1i) − 1{U1k≤U1i≤Zk}
)

∑

l 6=j

(

C(U1j) − 1{U1l≤U1j≤Zl}
)

∣

∣

∣

∣

|U1i, U1j , Zi, Zj

)

.

Taking w.l.o.g.i = 1, j = 2, we have:

E

(

∣

∣

∣

∣

∑

k 6=1

(

C(U11) − 1{U1k≤U11≤Zk}
)

∑

l 6=2

(

C(U12) − 1{U1l≤U12≤Zl}
)

∣

∣

∣

∣

|U11 = x1, U12 = x2, Z1 = y1, Z2 = y2

)

= E

(
∣

∣

∣

∣

∑

k 6=1,2

(

C(U11) − 1{U1k≤U11≤Zk}
)

+
(

C(U11) − 1{U12≤U11≤Z2}
)

∣

∣

∣

∣

∣

∣

∣

∣

∑

l 6=1,2

(

C(U12) − 1{U1l≤U12≤Zl}
)

+
(

C(U12) − 1{U11≤U12≤Z1}
)

∣

∣

∣

∣

|U11 = x1, U12 = x2, Z1 = y1, Z2 = y2

)

= E

(
∣

∣

∣

∣

∑

k 6=1,2

(

C(x1) − 1{U1k≤x1≤Zk}
)

+
(

C(x1) − 1{x2≤x1≤y2}
)

∣

∣

∣

∣

∣

∣

∣

∣

∑

l 6=1,2

(

C(x2) − 1{U1l≤x2≤Zl}
)

+
(

C(x2) − 1{x1≤x2≤y1}
)

∣

∣

∣

∣

)

.
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Hence, by Cauchy-Schwarz, the right side to the power 2 is less than or equal to

E

(

∑

k 6=1,2

(

C(x1) − 1{U1k≤x1≤Zk}
)

+
(

C(x1) − 1{x2≤x1≤y2}
)

)2

×E
(

∑

l 6=1,2

(

C(x2) − 1{U1l≤x2≤Zl}
)

+
(

C(x2) − 1{x1≤x2≤y1}
)

)2

.

Furthermore, sinceC2 ≤ C, we have

E

(

∑

k 6=1,2

(

C(x1) − 1{U1k≤x1≤Zk}
)

+
(

C(x1) − 1{x2≤x1≤y2}
)

)2

≤ 2(n− 2)C(x1) + 4C2(x1) + 41{x2≤x1≤y2}

≤ 2nC(x1) + 41{x2≤x1≤y2}.

Finally, sinceU11 6= U12,

E

(

∣

∣

∣

∣

∑

k 6=1

(

C(U11) − 1{U1k≤U11≤Zk}
)

∑

l 6=2

(

C(U12) − 1{U1l≤U12≤Zl}
)

∣

∣

∣

∣

|U11, U12, Z1, Z2

)

≤ 2n
√

C(U11)C(U12) +
√

8n
√

C(U12)1{U12≤U11≤Z2} +
√

8n
√

C(U11)1{U11≤U12≤Z1}

≤ 2n
√

C(U11)C(U12) +
√

8n
√

C(U12)1{U12≤U11} +
√

8n
√

C(U11)1{U11≤U12}.

For the expectation of the first sum in(S̃b
n1)

2(t) we have:

E

(

2K2 1

n2

n
∑

i=1

∑

j 6=i

γ(U1i)1{an<U1i≤t}
C2(U1i)

γ(U1j)1{an<U1j≤t}

C2(U1j)

1

n2

∣

∣

∣

∣

∑

k 6=i

(

C(U1i) − 1{U1k≤U1i≤Zk}
)

×

∑

l 6=j

(

C(U1j) − 1{U1l≤U1j≤Zl}
)

∣

∣

∣

∣

)

= 2K2n(n− 1)

n4
E

(

γ(U11)1{an<U11≤t}
C2(U11)

γ(U12)1{an<U12≤t}
C2(U12)

×
∣

∣

∣

∣

∑

k 6=1

(

C(U11) − 1{U1k≤U11≤Zk}
)

∑

l 6=2

(

C(U12) − 1{U1l≤U12≤Zl}
)

∣

∣

∣

∣

)

= E(E(...|U11, U12, Z1, Z2))

≤ 4K2n
2(n− 1)

n4
E

(

γ(U11)1{an<U11≤t}
C3/2(U11)

γ(U12)1{an<U12≤t}
C3/2(U12)

)

+ 4K2n(n− 1)

n4

√
8n×

E

(

γ(U11)1{an<U11≤t}
C3/2(U11)

γ(U12)1{an<U12≤t}
C2(U12)

1{U11≤U12}

)

≤ 4K2

n

(
∫

(an,t]

γ(x)

C3/2(x)
F ∗

1 (dx)

)2

+
4
√

8K2

n
√
n

∫

(an,t]

γ(x)

C3/2(x)

∫

[x,∞)

γ(x)

C2(y)
F ∗

1 (dy)F ∗
1 (dx).

As to the second sum in(S̃b
n1)

2(t) we have

E

(

2K

n

n
∑

i=1

γ2(U1i)1{an<U1i≤t}
C3(U1i)

(

1

n

∑

k 6=i

(

C(U1i) − 1{U1k≤U1i≤Zk}
)

)2
)
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= 2K
1

n2
E

(

γ2(U11)1{an<U11≤t}
C3(U11)

(

∑

k 6=1

(

C(U11) − 1{U1k≤U11≤Zk}
)

)2
)

= 2K
1

n2
E(E(...|U11))

≤ 2K

n
E

(

γ2(U11)1{an<U11≤t}
C2(U11)

)

=
2K

n

∫

(an,t]

γ2(x)

C2(x)
F ∗

1 (dx)

Hence

E((S̃b
n1)

2(t)) ≤ 4K2

n

(
∫

(an,t]

γ(x)

C3/2(x)
F ∗

1 (dx)

)2

+
4
√

8K2

n
√
n

∫

(an,t]

γ(x)

C3/2(x)

∫

[x,∞)

γ(x)

C2(y)
F ∗

1 (dy)

+
2K

n

∫

(an,t]

γ2(x)

C2(x)
F ∗

1 (dx) +
2K2

n

(
∫

(an,t]

γ(x)

C3/2(x)
F ∗

1 (dx)

)2

+
2

n

∫

(an,t]

γ2(x)

C2(x)
F ∗

1 (dx)

=
6K2

n

(
∫

(an,t]

γ(x)

C3/2(x)
F ∗

1 (dx)

)2

+
4
√

8K2

n
√
n

∫

(an,t]

γ(x)

C3/2(x)

∫

[x,∞)

γ(x)

C2(y)
F ∗

1 (dy)F ∗
1 (dx)

+
2(K + 1)

n

∫

(an,t]

γ2(x)

C2(x)
F ∗

1 (dx).

Now we need to bound each of the terms separately. As to the first we obtain

6K2

n

(
∫

(an,t]

γ(x)

C3/2(x)
F ∗

1 (dx)

)2

≤ K2α

n

(

∫

(an,t]

1
√

F1(x)(1 −G(x−))
F1(dx)

)2

≤ K2α

n
ln2((F1(an))−1)

∫

(−∞,t]

F1(dx)

(1 −G(x−))
≤ K2Mα

n
ln2(

n

c1α
).

As to the second, since by A1
∫ F1(dx)

1−G(x−)
≤ M and1 − F (x) ≤ M(1 − G(x−)) ≤ M

√

1 −G(x−),
we get

4
√

8K2

n
√
n

∫

(an,t]

γ(x)

C3/2(x)

∫

[x,∞)

γ(x)

C2(y)
F ∗

1 (dy)F ∗
1 (dx)

=
4
√

8K2

n
√
n
α3/2

∫

(an,t]

1
√

F1(x)(1 −G(x−))

∫

[x,∞)

F1(dy)

F1(y)(1 −G(y−))
F1(dx)

≤ 4
√

8K2

n
√
n
α3/2

∫

(an,t]

1
√

F1(x)(1 −G(x−))

1

F1(x)

∫

[x,∞)

F1(dy)

1 −G(y−)
F1(dx)

≤ 4
√

8K2

n
√
n
α3/2M

∫

(an,t]

1
√

F1(x)(1 −G(x−))

(

1 − F1(x)

F1(x)
+ 1

)

F1(dx)

≤ 4
√

8K2

n
√
n
α3/2M2

∫

(an,t]

1

F
3/2
1 (x)

F1(dx) +
4
√

8K2

n
√
n
α3/2M

∫

(an,t]

F1(dx)
√

F1(x)(1 −G(x−))

≤ 4
√

8K2

n
√
n
α3/2M2 1

√

F1(an)
+

4
√

8K2

n
√
n
α3/2M

√

∫

(an,t]

F1(dx)

F1(x)

√

∫

(an,t]

F1(dx)

1 −G(x−)
.

According to Remark A.1,F1(an) ≥ c1α
n

. Conclude that the right side is less than or equal to
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4
√

8K2

n
αM2 1√

c1
+

4
√

8K2

n
√
n
α3/2M3/2

√

ln(
n

c1α
).

As to the third one:

2(K + 1)

n

∫

(an,t]

γ2(x)

C2(x)
F ∗

1 (dx) ≤ 2(K + 1)Mα

n
.

The proof is complete.
⊠

Lemma A.5. On the set̃Ω0
n we have

S2
n4(t) ≤ K2 1

n2

n
∑

i=1

1{an<U1i≤t}
γ2(U1i)

C2(U1i)
(D̃n2(U1i))

2

+K2 1

n2

n
∑

i=1

∑

j 6=i

1{an<U1i≤t}
γ(U1i)

C(U1i)
1{an<U1j≤t}

γ(U1j)

C(U1j)
|D̂n2(U1i)||D̂n2(U1j)| =: S̃2

n4(t),

where

D̃n2(U1i) =
K

n

n
∑

k=1

∑

l 6=k

1{x<U1k,U1l≤bn}
|Cn(U1k) − C(U1k)|

C3/2(U1k)

|Cn(U1l) − C(U1l)|
C3/2(U1l)

and

D̂n2(U1i) =
K2

n2

n
∑

k=1

∑

l 6=k

1{x<U1k≤bn}1{x<U1l≤bn}
|Cn(U1k) − C(U1k)|

C2(U1k)

|Cn(U1l) − C(U1l)|
C2(U1l)

.

Furthermore,

ES̃2
n4(t) ≤ 14K2

n
αMln(

n

c1α
) +

32K2M

nc1
+

2K2

n
αMln2(

n

c1α
) +

32K2

n
αMln(

n

c1α
)

(

M√
c1

+

√

Mαln(
n

c1α
)

)

+
128K2

n
αM

(

M√
c1

+

√

Mαln(
n

c1α
)

)2

+
AK2

n
ln2(

n

c1α
) + 2

√
A
√
BK2

n
2αMln(

n

c1α
)

+2

√
A
√
CK2

n
αMln(

n

c1α
)

(

ln(
n

c1α
) + 1

)

,

where

A = 28KMα+
32MKα

c
+2K2αMln(

n

c1α
)+32K2αM

(

√

M

c1
+

√

1

c
ln(

n

c1α
)

)

+128K2 ∗4M2α

B = 18K +
8K

cc1α
+ 2K2α2

√

Mln(
n

c1α
) + 16K2

(

√

M

c1
+

√

1

c
ln(

n

c1α
)

)

+
128K2

c1
2M
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and

C = 2K2Mα2 +
32K2Mα2

√
c1

.

Proof.
Before we consider the termS2

n4(t), we derive two bounds forDn2(x). SinceCn(U1i) ≥ 1/n and
C/Cn ≤ K on Ω̃n, we get

Dn2(x)
2 =

(
∫

(x,bn)

Cn(y) − C(y)

Cn(y)C(y)
F ∗

1n(dy)

)2

=
1

n2

n
∑

k=1

1{x<U1k≤bn}
(Cn(U1k) − C(U1k))

2

C2
n(U1k)C2(U1k)

+
1

n2

n
∑

k=1

∑

l 6=k

1{x<U1k≤bn}1{x<U1l≤bn}
Cn(U1k) − C(U1k)

Cn(U1k)C(U1k)

Cn(U1l) − C(U1l)

Cn(U1l)C(U1l)

≤
n
∑

k=1

1{x<U1k≤bn}
(Cn(U1k) − C(U1k))

2

n2C2
n(U1k)C2(U1k)

+
1

n

n
∑

k=1

∑

l 6=k

1{x<U1k,U1l≤bn}
|Cn(U1k) − C(U1k)|

√

nCn(U1k)
√

Cn(U1k)C(U1k)

|Cn(U1l) − C(U1l)|
√

nCn(U1l)
√

Cn(U1l)C(U1l)

≤
n
∑

k=1

1{x<U1k≤bn}
(Cn(U1k) − C(U1k))

2

C2(U1k)

+
K

n

n
∑

k=1

∑

l 6=k

1{x<U1k,U1l≤bn}
|Cn(U1k) − C(U1k)|

C3/2(U1k)

|Cn(U1l) − C(U1l)|
C3/2(U1l)

= D̃n2(x)
2

and

Dn2(x)
2 =

(
∫

(x,bn)

Cn(y) − C(y)

Cn(y)C(y)
F ∗

1n(dy)

)2

=
1

n2

n
∑

k=1

1{x<U1k≤bn}
(Cn(U1k) − C(U1k))

2

C2
n(U1k)C2(U1k)

+
1

n2

n
∑

k=1

∑

l 6=k

1{x<U1k≤bn}1{x<U1l≤bn}
Cn(U1k) − C(U1k)

Cn(U1k)C(U1k)

Cn(U1l) − C(U1l)

Cn(U1l)C(U1l)

≤ K

n

n
∑

k=1

1{x<U1k≤bn}
(Cn(U1k) − C(U1k))

2

C3(U1k)

+
K2

n2

n
∑

k=1

∑

l 6=k

1{x<U1k≤bn}1{x<U1l≤bn}
|Cn(U1k) − C(U1k)|

C2(U1k)

|Cn(U1l) − C(U1l)|
C2(U1l)

=: D̂n2(x)
2.

Furthermore, for fixedi, j, k, l, by (a+ b+ c)2 ≤ 2a2 + 4b2 + 4c2, we get

E((Cn(U1k) − C(U1k))
2|U1i, U1k, Zi, Zk) ≤ E

(

2

(

1

n

∑

m6=i,k

[1{U1m≤U1k≤Zm} − C(U1k)]

)2

+
4

n2
(1{U1i≤U1k≤Zi} − C(U1k))

2 +
4

n2
(1{U1k≤U1k≤Zk} − C(U1k))

2|U1i, U1k, Zi, Zk

)
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≤ 2
n− 2

n2
C(U1k) +

8

n2
1{U1i≤U1k≤Zi} +

8

n2
C2(U1k) +

8

n2
+

8

n2
C2(U1k)

≤ 14

n
C(U1k) +

16

n2

and therefore

E(|Cn(U1k) − C(U1k)||Cn(U1l) − C(U1l)||U1i, U1j , U1k, U1l, Zi, Zj, Zk, Zl)

= E

(

∣

∣

∣

1

n

∑

m6=i,j,k,l

[1{U1m≤U1k≤Zm} − C(U1k)] +
1{U1i≤U1k≤Zi}

n
+

1{U1j≤U1k≤Zj}

n
+

1

n
+

1{U1l≤U1k≤Zl}
n

−4

n
C(U1k)

∣

∣

∣

∣

∣

∣

1

n

∑

s 6=i,j,k,l

[1{U1s≤U1l≤Zs} − C(U1l)] +
1{U1i≤U1l≤Zi}

n
+

1{U1j≤U1l≤Zj}

n
+

1{U1k≤U1l≤Zk}
n

+
1

n
− 4

n
C(U1l)

∣

∣

∣
|U1i, U1j , U1k, U1l, Zi, Zj, Zk, Zl)

)

≤ E

(

{
∣

∣

∣

∣

∣

1

n

∑

m6=i,j,k,l

[1{U1m≤U1k≤Zm} − C(U1k)]

∣

∣

∣

∣

∣

+
8

n

}

×
{
∣

∣

∣

∣

∣

1

n

∑

s 6=i,j,k,l

[1{U1s≤U1l≤Zs} − C(U1l)]

∣

∣

∣

∣

∣

+
8

n

}

|U1i, U1j , U1k, U1l, Zi, Zj, Zk, Zl)

)

≤
√

2

n2
(n− 4)C(U1k) +

2 ∗ 64

n2

√

2

n2
(n− 4)C(U1l) +

2 ∗ 64

n2

≤ 2

n

√

C(U1k)C(U1l) +
16

n
√
n

√

C(U1k) +
16

n
√
n

√

C(U1l) +
128

n2
. (A.7)

Coming back to our goal, we obtain

S2
n4(t) ≤

(
∫

(an,t]

γ(x)

Cn(x)
|Dn2(x)|F ∗

1n(dx)

)2

=
1

n2

n
∑

i=1

1{an<U1i≤t}
γ2(U1i)

C2
n(U1i)

(Dn2(U1i))
2

+
1

n2

n
∑

i=1

∑

j 6=i

1{an<U1i≤t}
γ(U1i)

Cn(U1i)
1{an<U1j≤t}

γ(U1j)

Cn(U1j)
|Dn2(U1i)||Dn2(U1j)|

≤ K2 1

n2

n
∑

i=1

1{an<U1i≤t}
γ2(U1i)

C2(U1i)
(D̃n2(U1i))

2

+K2 1

n2

n
∑

i=1

∑

j 6=i

1{an<U1i≤t}
γ(U1i)

C(U1i)
1{an<U1j≤t}

γ(U1j)

C(U1j)
|D̂n2(U1i)||D̂n2(U1j)| =: S̃2

n4(t).

To compute the expectation, for the first sum inS̃2
n4(t) we have

E

(

K2 1

n2

n
∑

i=1

1{an<U1i≤t}
γ2(U1i)

C2(U1i)
(D̃n2(U1i))

2

)

= K2 1

n
E

(

1{an<U11≤t}
γ2(U11)

C2(U11)
(D̃n2(U11))

2

)

≤ K2 1

n
E

(

1{an<U11≤t}
γ2(U11)

C2(U11)

∑

k 6=1

1{U11<U1k≤bn}
(Cn(U1k) − C(U1k))

2

C2(U1k)

)

+K2 1

n
E

(

1{an<U11≤t}
γ2(U11)

C2(U11)

K

n

∑

k 6=1

∑

l 6=k,1

1{x<U1k,U1l≤bn}
|Cn(U1k) − C(U1k)|

C3/2(U1k)

|Cn(U1l) − C(U1l)|
C3/2(U1l)

)
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≤ K2E

(

1{an<U11≤t}
γ2(U11)

C2(U11)
1{U11<U12≤bn}

(Cn(U12) − C(U12))
2

C2(U12)

)

+K3E

(

1{an<U11≤t}
γ2(U11)

C2(U11)
1{x<U12,U13≤bn}

|Cn(U12) − C(U12)|
C3/2(U12)

|Cn(U13) − C(U13)|
C3/2(U13)

)

= K2E

(

1{an<U11≤t}
γ2(U11)

C2(U11)

1{U11<U12≤bn}
C2(U12)

E
(

Cn(U12) − C(U12))
2|U11, U12

)

)

+K3E

(

γ2(U11)1{an<U11≤t}
C2(U11)

1{x<U12,U13≤bn}
C3/2(U12)C3/2(U13)

E (|Cn(U12) − C(U12)||Cn(U13) − C(U13)||U11, U12, U13)

)

.

The first expectation is bounded from above by

K2E

(

1{an<U11≤t}
γ2(U11)

C2(U11)

1{U11<U12≤bn}
C2(U12)

[

14

n
C(U12) +

16

n2

])

≤ 14

n
K2

∫

(an,t]

γ2(x)

C2(x)

∫

(x,bn)

F ∗
1 (dy)

C(y)
F ∗

1 (dx)

+
16

n2
K2

∫

(an,t]

γ2(x)

C2(x)

∫

(x,bn)

F ∗
1 (dy)

C2(y)
F ∗

1 (dx)

The second expectation is bounded from above by

K2E

(

1{an<U11≤t}
γ2(U11)

C2(U11)

1{x<U12,U13≤bn}
C3/2(U12)C3/2(U13)

[

2

n

√

C(U12)C(U13) +
16

n
√
n

√

C(U12)

+
16

n
√
n

√

C(U13) +
128

n2

])

=
2K2

n

∫

(an,t]

γ2(x)

C2(x)

(
∫

(x,bn)

F ∗
1 (dy)

C(y)

)2

F ∗
1 (dx)

+
32K2

n
√
n

∫

(an,t]

γ2(x)

C2(x)

∫

(x,bn)

F ∗
1 (dy)

C(y)

∫

(x,bn)

F ∗
1 (dy)

C3/2(y)
F ∗

1 (dx) +
128K2

n2

∫

(an,t]

γ2(x)

C2(x)

(
∫

(x,bn)

F ∗
1 (dy)

C3/2(y)

)2

F ∗
1 (dx).

Now we will deal with the second sum iñS2
n4(t). Its expectation equals

K2 1

n2
E

( n
∑

i=1

∑

j 6=i

1{an<U1i≤t}
γ(U1i)

C(U1i)
1{an<U1j≤t}

γ(U1j)

C(U1j)
|D̂n2(U1i)||D̂n2(U1j)|

)

≤ K2E

(

1{an<U11,U12≤t}
γ(U11)

C(U11)

γ(U12)

C(U12)
|D̂n2(U11)||D̂n2(U12)|

)

= K2E

(

1{an<U11,U12≤t}
γ(U11)

C(U11)

γ(U12)

C(U12)
E
[

|D̂n2(U11)||D̂n2(U12)|
∣

∣

∣
U11, U12, Z1, Z2

]

)

.

By Cauchy-Schwarz, the right side is less than or equal to

K2E

(

1{an<U11,U12≤t}
γ(U11)

C(U11)

γ(U12)

C(U12)

√

E
[

D̂2
n2(U11)|U11, U12, Z1, Z2

]

E
[

D̂2
n2(U12)|U11, U12, Z1, Z2

]

)

. (A.8)

Next, we will deal with one of the conditional expectations.We have
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E
[

D̂2
n2(U11)|U11, U12, Z1, Z2

]

= E

[

K

n

n
∑

k=2

1{U11<U1k≤bn}
(Cn(U1k) − C(U1k))

2

C3(U1k)
|U11, U12, Z1, Z2

]

+E

[

K2

n2

n
∑

k=2

∑

l 6=k,1

1{U11<U1k≤bn}1{U11<U1l≤bn}
|Cn(U1k) − C(U1k)|

C2(U1k)

|Cn(U1l) − C(U1l)|
C2(U1l)

|U11, U12, Z1, Z2

]

. (A.9)

Furthermore,

E

[

K

n

n
∑

k=2

1{U11<U1k≤bn}
(Cn(U1k) − C(U1k))

2

C3(U1k)
|U11 = x1, U12 = x2, Z1 = y1, Z2 = y2

]

= E

[

K

n

n
∑

k=3

1{U11<U1k≤bn}
C3(U1k)

(

1

n

n
∑

i=3

[1{U1i≤U1k≤Zi} − C(U1k)] +
1

n
1{U11≤U1k≤Z1} +

1

n
1{U12≤U1k≤Z2}

−2

n
C(U1k)

)2

+
K

n

1{U11<U12≤bn}
C3(U12)

(

1

n

n
∑

i=3

[1{U1i≤U12≤Zi} − C(U12)] +
1

n
1{U11≤U12≤Z1} +

1

n

−2

n
C(U12)

)2

|U11 = x1, U12 = x2, Z1 = y1, Z2 = y2

]

≤ E

[

K

n

n
∑

k=3

1{x1<U1k≤bn}
C3(U1k)

[

2

(

1

n

n
∑

i=3

[1{U1i≤U1k≤Zi} − C(U1k)]

)2

+
4

n2
(1{x1≤U1k≤y1} + 1{x2≤U1k≤y2})

2

+4
4

n2
C2(U1k)

]

+
K

n

1{x1<x2≤bn}
C3(x2)

[

2

(

1

n

n
∑

i=3

[1{U1i≤x2≤Zi} − C(x2)]

)2

+ 4
1

n2
(1{x1≤x2≤y1} + 1)2

+4
4

n2
C2(x2)

]]

≤ K

n
(n− 2)E

[

1{x1<U13≤bn}
C3(U13)

[

2

(

1

n

n
∑

i=3

[1{U1i≤U13≤Zi} − C(U13)]

)2

+
8

n2
+

16

n2
C2(U13)

]]

+
K

n

1{x1<x2≤bn}
C3(x2)

E

[

2

(

1

n

n
∑

i=3

[1{U1i≤x2≤Zi} − C(x2)]

)2

+
8

n2
+

16

n2
C2(x2)

]

≤ 2KE

[

1{x1<U13≤bn}
C3(U13)

(

1

n

n
∑

i=4

[1{U1i≤U13≤Zi} − C(U13)] +
1

n
− 1

n
C(U13)

)2]

+
8K

n2

∫

(x1,bn)

F ∗
1 (dx)

C3(x)

+
16K

n2

∫

(x1,bn)

F ∗
1 (dx)

C(x)
+

2K

n2

1{x1<x2≤bn}
C2(x2)

+
8K

n3

1{x1<x2≤bn}
C3(x2)

+
16K

n3

1{x1<x2≤bn}
C(x2)

= E(E(...|U13)) + ... ≤ 4K

n

∫

(x1,bn)

F ∗
1 (dx)

C2(x)
+

8K

n2

∫

(x1,bn)

F ∗
1 (dx)

C3(x)
+

8K

n2

∫

(x1,bn)

F ∗
1 (dx)

C2(x)

+
8K

n2

∫

(x1,bn)

F ∗
1 (dx)

C3(x)
+

16K

n2

∫

(x1,bn)

F ∗
1 (dx)

C(x)
+

2K

n2

1{x1<x2≤bn}
C2(x2)

+
8K

n3

1{x1<x2≤bn}
C3(x2)

+
16K

n3

1{x1<x2≤bn}
C(x2)

≤ 28K

n

∫

(x1,bn)

F ∗
1 (dx)

C2(x)
+

16K

n2

∫

(x1,bn)

F ∗
1 (dx)

C3(x)
+

18K

n2

1{x1<x2≤bn}
C2(x2)

+
8K

n3

1{x1<x2≤bn}
C3(x2)

.

Hence, the first sum in (A.9) equals
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E

[

K

n

n
∑

k=2

1{U11<U1k≤bn}
(Cn(U1k) − C(U1k))

2

C3(U1k)
|U11, U12, Z1, Z2

]

≤ 28K

n

∫

(U11,bn)

F ∗
1 (dx)

C2(x)

+
16K

n2

∫

(U11,bn)

F ∗
1 (dx)

C3(x)
+

18K

n2

1{U11<U12≤bn}
C2(U12)

+
8K

n3

1{U11<U12≤bn}
C3(U12)

. (A.10)

The second sum in (A.9) equals

E

[

K2

n2

n
∑

k=2

∑

l 6=k,1

1{U11<U1k,U1l≤bn}
|Cn(U1k) − C(U1k)|

C2(U1k)

|Cn(U1l) − C(U1l)|
C2(U1l)

|U11, U12, Z1, Z2

]

= E

[

K2

n2

n
∑

k=3

∑

l 6=k,1,2

1{U11<U1k,U1l≤bn}
|Cn(U1k) − C(U1k)|

C2(U1k)

|Cn(U1l) − C(U1l)|
C2(U1l)

|U11, U12, Z1, Z2

]

+E

[

2K2

n2

∑

l 6=1,2

1{U11<U12≤bn}1{U11<U1l≤bn}
|Cn(U12) − C(U12)|

C2(U12)

|Cn(U1l) − C(U1l)|
C2(U1l)

|U11, U12, Z1, Z2

]

≤ K2E

[

1{U11<U13,U14≤bn}
|Cn(U13) − C(U13)|

C2(U13)

|Cn(U14) − C(U14)|
C2(U14)

|U11, U12, Z1, Z2

]

+
2K2

n
E

[

1{U11<U12,U13≤bn}
|Cn(U12) − C(U12)|

C2(U12)

|Cn(U13) − C(U13)|
C2(U13)

|U11, U12, Z1, Z2

]

= K2E

[

1{U11<U13,U14≤bn}
C2(U13)C2(U14)

E
(

|Cn(U13) − C(U13)||Cn(U14) − C(U14)|
∣

∣

∣
{U1i, Zi, i = 1, 2, 3, 4}

)

|U11, U12, Z1, Z2

]

+
2K2

n
E

[

1{U11<U12,U13≤bn}
C2(U12)C2(U13)

E
(

|Cn(U12) − C(U12)||Cn(U13) − C(U13)|
∣

∣

∣
{U1i, Zi, i = 1, 2, 3}

)

|U11, U12, Z1, Z2

]

.

According to (A.7), for the first term we have

K2E

[

1{U11<U13,U14≤bn}
C2(U13)C2(U14)

E
(

|Cn(U13) − C(U13)||Cn(U14) − C(U14)|
∣

∣

∣
{U1i, Zi, i = 1, 2, 3, 4}

)

|U11, U12, Z1, Z2

]

≤ K2E

[

1{U11<U13,U14≤bn}
C2(U13)C2(U14)

(

2

n

√

C(U13)C(U14) +
16
√

C(U13)

n
√
n

+
16
√

C(U14)

n
√
n

+
128

n2

)

|U11, U12, Z1, Z2

]

≤ 2K2

n

(
∫

(U11,bn)

F ∗
1 (dy)

C3/2(y)

)2

+
32K2

n
√
n

∫

(U11,bn)

F ∗
1 (dy)

C3/2(y)

∫

(U11,bn)

F ∗
1 (dy)

C2(y)
+

128K2

n2

(
∫

(U11,bn)

F ∗
1 (dy)

C2(y)

)2

(A.11)

and for the second term

2K2

n
E

[

1{U11<U12,U13≤bn}
C2(U12)C2(U13)

E
(

|Cn(U12) − C(U12)||Cn(U13) − C(U13)|
∣

∣

∣
{U1i, Zi, i = 1, 2, 3}

)

|U11, U12, Z1, Z2

]
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≤ K2E

[

1{U11<U12,U13≤bn}
C2(U12)C2(U13)

(

2

n

√

C(U12)C(U13) +
16
√

C(U12)

n
√
n

+
16
√

C(U13)

n
√
n

+
128

n2

)

|U11, U12, Z1, Z2

]

≤ 2K2

n

1{U11<U12≤bn}
C3/2(U12)

∫

(U11,bn)

F ∗
1 (dy)

C3/2(y)
+

16K2

n
√
n

1{U11<U12≤bn}
C3/2(U12)

∫

(U11,bn)

F ∗
1 (dy)

C2(y)

+
16K2

n
√
n

1{U11<U12≤bn}
C2(U12)

∫

(U11,bn)

F ∗
1 (dy)

C3/2(y)
+

128K2

n2

1{U11<U12≤bn}
C2(U12)

∫

(U11,bn)

F ∗
1 (dy)

C2(y)
. (A.12)

Altogether,E
[

D̂2
n2(U11)|U11, U12, Z1, Z2

]

is bounded from above by the sum of (A.10), (A.11) and

(A.12). Hence we get

E
[

D̂2
n2(U11)|U11, U12, Z1, Z2

]

≤ 28K

n

∫

(U11,bn)

F ∗
1 (dx)

C2(x)
+

16K

n2

∫

(U11,bn)

F ∗
1 (dx)

C3(x)
+

18K

n2

1{U11<U12≤bn}
C2(U12)

+
8K

n3

1{U11<U12≤bn}
C3(U12)

+
2K2

n

(
∫

(U11,bn)

F ∗
1 (dy)

C3/2(y)

)2

+
32K2

n
√
n

∫

(U11,bn)

F ∗
1 (dy)

C3/2(y)

∫

(U11,bn)

F ∗
1 (dy)

C2(y)

+
128K2

n2

(
∫

(U11,bn)

F ∗
1 (dy)

C2(y)

)2

+
2K2

n

1{U11<U12≤bn}
C3/2(U12)

∫

(U11,bn)

F ∗
1 (dy)

C3/2(y)
+

16K2

n
√
n

1{U11<U12≤bn}
C3/2(U12)

∫

(U11,bn)

F ∗
1 (dy)

C2(y)

+
16K2

n
√
n

1{U11<U12≤bn}
C2(U12)

∫

(U11,bn)

F ∗
1 (dy)

C3/2(y)
+

128K2

n2

1{U11<U12≤bn}
C2(U12)

∫

(U11,bn)

F ∗
1 (dy)

C2(y)
. (A.13)

Before we may deal with the second sum inS̃2
n4(t), we will bound

1{an<U11}E
[

D̂2
n2(U11)|U11, U12, Z1, Z2

]

by a simpler function than the one in the above inequality. For this we consider each term of (A.13)∗1{an<U11}
separately. SincedF ∗

1 = α−1(1 −G−)dF1 andC = α−1(1 −G−)F1, we have for the first term

28K

n
1{an<U11}

∫

(U11,bn)

F ∗
1 (dx)

C2(x)
≤ 28KMα

n

1{an<U11}
F 2

1 (U11)
.

By Remark A.1,1 − G(b−n ) ≥ n
cα

and by A11 − F1(x) ≤ M(1 − G(x−)). Hence the second term is
bounded from above by

16K

n2
1{an<U11}

∫

(U11,bn)

F ∗
1 (dx)

C3(x)
=

16Kα2

n2
1{an<U11}

∫

(U11,bn)

F1(dx)

F 3
1 (x)(1 −G(x−))2

≤ 16Kα2

n2
1{an<U11}

(

M

∫

(U11,bn)

F1(dx)

F 3
1 (x)(1 −G(x−))

+

∫

(U11,bn)

F1(dx)

F 2
1 (x)(1 −G(x−))2

)

≤ 16Kα2

n2
1{an<U11}

2M

F 2
1 (U11)(1 −G(b−n ))

≤ 16Kα2

n2
1{an<U11}

2M

F 2
1 (U11)

n

cα
=

32MKα

nc
1{an<U11}

1

F 2
1 (U11)

.

The third summand in (A.13) is bounded from above by

18K

n2

1{an<U11<U12≤bn}
C2(U12)

≤ 18K

n

1{an<U11<U12≤bn}
C2(U12)

.

By Remark A.1,1 −G(b−n ) ≥ n
cα

andF1(an) ≥ n
c1α

. For the 4th term in (A.13), we therefore get
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8K

n3

1{an<U11<U12≤bn}
C3(U12)

≤ 8K

n3

1{an<U11<U12≤bn}
C2(U12)

α

F1(an)(1 −G(b−n ))
≤ 8K

n

1{an<U11<U12≤bn}
C2(U12)

1

cc1α
.

Cauchy-Schwarz yields for the 5th term in (A.13)

2K2

n
1{an<U11}

(
∫

(U11,bn)

F ∗
1 (dy)

C3/2(y)

)2

=
2K2α

n
1{an<U11}

(

∫

(U11,bn)

F1(dy)

F1(y)
√

F1(y)(1 −G(y−))

)2

≤ 2K2α

n

1{an<U11}
F 2

1 (U11)
Mln(

n

c1α
).

For the 6th term we have

32K2

n
√
n

1{an<U11}

∫

(U11,bn)

F ∗
1 (dy)

C3/2(y)

∫

(U11,bn)

F ∗
1 (dy)

C2(y)
≤ 32K2

√
α

n
√
n

∫

(U11,bn)

F1(dy)

F1(y)
√

F1(y)(1 −G(y−))

αM

F 2
1 (U11)

≤ 32K2
√
α

n
√
n

αM

F 2
1 (U11)

∫

(U11,bn)

(
√

M(1 −G(y−))

F1(y)
+ 1

)

1

F1(y)
√

1 −G(y−)
F1(dy)

≤ 32K2
√
α

n
√
n

αM

F 2
1 (U11)

(

√
M

1
√

F1(U11)
+

1
√

1 −G(b−n )
ln(

n

c1α
)

)

≤ 32K2
√
α

n
√
n

αM

F 2
1 (U11)

(√
M

√

n

c1α
+

√

n

cα
ln(

n

c1α
)

)

≤ 32K2

n

αM

F 2
1 (U11)

(

√

M

c1
+

√

1

c
ln(

n

c1α
)

)

.

For the 7th term we get

128K2

n2
1{an<U11}

(
∫

(U11,bn)

F ∗
1 (dy)

C2(y)

)2

≤ 128K2

n

4M2α

F 2
1 (U11)

1{an<U11}

By Remark A.1,1 − F1(y) ≤ M(1 − G(y−). Therefore, by Cauchy-Schwarz, for the 8th term we
obtain

2K2

n

1{an<U11<U12≤bn}
C3/2(U12)

∫

(U11,bn)

F ∗
1 (dy)

C3/2(y)
=

2K2
√
α

n

1{an<U11<U12≤bn}
C3/2(U12)

∫

(U11,bn)

F1(dy)

F
3/2
1 (y)

√

1 −G(y−)

≤ 2K2
√
α

n

α3/21{an<U11<U12≤bn}

F
3/2
1 (U12)(1 −G(U−

12))
3/2

(

∫

(U11,bn)

1

F
1/2
1 (y)

√

1 −G(y−)

(

M(1 −G(y−))

F1(y)
+ 1

)

F1(dy)
)

≤ 2K2
√
α

n

α3/21{an<U11<U12≤bn}

F
3/2
1 (U12)(1 −G(U−

12))
3/2

( M
√

F1(U11)
+

√

Mln(
n

c1α
)
)

≤ 2K2Mα2

n

1{an<U11<U12≤bn}

F 2
1 (U11)(1 −G(U−

12))
2

+
2K2α2

n

√

Mln(
n

c1α
)
1{an<U11<U12≤bn}

C2(U12)
.

For the 9th summand in the (A.13) we have
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16K2

n
√
n

1{an<U11<U12≤bn}
C3/2(U12)

∫

(U11,bn)

F ∗
1 (dy)

C2(y)
≤ 16K2α3/2

n
√
n

1{an<U11<U12≤bn}

F
3/2
1 (U12)(1 −G(U−

12))
3/2

∫

(U11,bn)

F ∗
1 (dy)

C2(y)

≤ 16K2α3/2

n
√
n

√

n

c1α

1{an<U11<U12≤bn}

F1(U12)(1 −G(U−
12))

2

∫

(U11,bn)

F ∗
1 (dy)

C2(y)

≤ 16K2α

n

√

1

c1

1{an<U11<U12≤bn}

F1(U11)(1 −G(U−
12))

2

∫

(U11,bn)

F ∗
1 (dy)

C2(y)
≤ 16K2α

n

√

1

c1

1{an<U11<U12≤bn}

F1(U11)(1 −G(U−
12))

2

2αM

F1(U11)

=
32K2Mα2

n
√
c1

1{an<U11<U12≤bn}

F 2
1 (U11)(1 −G(U−

12))
2
.

Using the bound for
∫

(U11,bn)

F ∗
1 (dy)

C3/2(y)
in 6th term, we get for the 10th term in (A.13)

16K2

n
√
n

1{an<U11<U12≤bn}
C2(U12)

∫

(U11,bn)

F ∗
1 (dy)

C3/2(y)
≤ 16K2

n
√
n

1{an<U11<U12≤bn}
C2(U12)

√
α

(√
M

√

n

c1α
+

√

n

cα
ln(

n

c1α
)

)

≤ 16K2

n

(

√

M

c1
+

√

1

c
ln(

n

c1α
)

)

1{an<U11<U12≤bn}
C2(U12)

.

For the 11th term we obtain

128K2

n2

1{an<U11<U12≤bn}
C2(U12)

∫

(U11,bn)

F ∗
1 (dy)

C2(y)
≤ 128K2

nc1
2M

1{an<U11<U12≤bn}
C2(U12)

.

Hence

E
[

D̂2
n2(U11)|U11, U12, Z1, Z2

]

≤ 1

n

(

A
1

F 2
1 (U11)

+B
1{an<U11<U12≤bn}

C2(U12)
+ C

1{an<U11<U12≤bn}

F 2
1 (U11)(1 −G(U−

12))
2

)

,

where

A = 28KMα+
32MKα

c
+2K2αMln(

n

c1α
)+32K2αM

(

√

M

c1
+

√

1

c
ln(

n

c1α
)

)

+128K2 ∗4M2α

B = 18K +
8K

cc1α
+ 2K2α2

√

Mln(
n

c1α
) + 16K2

(

√

M

c1
+

√

1

c
ln(

n

c1α
)

)

+
128K2

c1
2M

and

C = 2K2Mα2 +
32K2Mα2

√
c1

.

Finally the second sum iñS2
n4(t) is less than or equal to
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(A.8) = K2E

(

1{an<U11,U12≤t}
γ(U11)

C(U11)

γ(U12)

C(U12)

√

E
[

D̂2
n2(U11)|U11, U12, Z1, Z2

]

E
[

D̂2
n2(U12)|U11, U12, Z1, Z2

]

)

≤ K2

n
E

(

1{an<U11,U12≤t}
γ(U11)

C(U11)

γ(U12)

C(U12)

(√
A

1

F1(U11)
+
√
B

1{U11<U12≤bn}
C(U12)

+
√
C

1{U11<U12≤bn}

F1(U11)(1 −G(U−
12))

)

×
(√

A
1

F1(U12)
+
√
B

1{U12<U11≤bn}
C(U11)

+
√
C

1{U12<U11≤bn}

F1(U12)(1 −G(U−
11))

)

≤ K2

n
E

(

1{an<U11,U12≤t}
γ(U11)

C(U11)

γ(U12)

C(U12)

[

A
1

F1(U11)F1(U12)
+
√
A
√
B

1{U12<U11≤bn}
C(U11)F1(U11)

+
√
A
√
C

1

F1(U11)

1{U12<U11≤bn}

F1(U12)(1 −G(U−
11))

+
√
B
√
A

1{U11<U12≤bn}
C(U12)

1

F1(U12)

+
√
C
√
A

1{U11<U12≤bn}

F1(U11)(1 −G(U−
12))

1

F1(U12)

])

= K2A

n

(
∫

(an,t]

F ∗
1 (dx)

C(x)

)2

+2K2

√
AB

n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1 (dy)

C2(y)
F ∗

1 (dx) + 2K2

√
AC

n

∫

(an,t]

1

C(x)

∫

(x,bn)

γ(y)

C2(y)
F ∗

1 (dy)F ∗
1 (dx)

Hence

ES̃2
n4(t) ≤ 14

n
K2

∫

(an,t]

γ2(x)

C2(x)

∫

(x,bn)

F ∗
1 (dy)

C(y)
F ∗

1 (dx) +
16

n2
K2

∫

(an,t]

γ2(x)

C2(x)

∫

(x,bn)

F ∗
1 (dy)

C2(y)
F ∗

1 (dx)

+
2K2

n

∫

(an,t]

γ2(x)

C2(x)

(
∫

(x,bn)

F ∗
1 (dy)

C(y)

)2

F ∗
1 (dx)

+
32K2

n
√
n

∫

(an,t]

γ2(x)

C2(x)

∫

(x,bn)

F ∗
1 (dy)

C(y)

∫

(x,bn)

F ∗
1 (dy)

C3/2(y)
F ∗

1 (dx)

+
128K2

n2

∫

(an,t]

γ2(x)

C2(x)

(
∫

(x,bn)

F ∗
1 (dy)

C3/2(y)

)2

F ∗
1 (dx) +

AK2

n

(
∫

(an,t]

F ∗
1 (dx)

C(x)

)2

+2

√
ABK2

n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1 (dy)

C2(y)
F ∗

1 (dx) + 2

√
ACK2

n

∫

(an,t]

1

C(x)

∫

(x,bn)

γ(y)

C2(y)
F ∗

1 (dy)F ∗
1 (dx)

Finally, similarly to the lemmas before we get

ES̃2
n4(t) ≤ 14K2

n
αMln(

n

c1α
) +

32K2M

nc1
+

2K2

n
αMln2(

n

c1α
) +

32K2

n
αMln(

n

c1α
)

(

M√
c1

+

√

Mαln(
n

c1α
)

)

+
128K2

n
αM

(

M√
c1

+

√

Mαln(
n

c1α
)

)2

+
AK2

n
ln2(

n

c1α
) + 2

√
ABK2

n
2αMln(

n

c1α
)

+2

√
ACK2

n
αMln(

n

c1α
)

(

ln(
n

c1α
) + 1

)

⊠
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Finally, by Lemmas A.1-A.5, we get the following result.

Lemma A.6. For givenε > 0, there existK ≥ 1 and sequencesan andbn, so that the event

Ω̃0
n =

{

sup
1≤i≤n

C(U1i)

Cn(U1i)
≤ K,U11:n > an, Zn:n < bn

}

∩ Ω
(n)
1 ,

has probability bigger than or equal to1 − 4ε. On the set̃Ω0
n we have

(F1n − F1)
2(t) ≤ 8(L2

n1(t) + (S̃b
n1)

2(t) + S̃2
n2(t) + S̃2

n3(t) + S̃2
n4(t)) =: 8E2

n(t), (A.14)

whereE(E2
n(t)) is the sum of expectations in Lemmas A.1-A.5. Furthermore, since w.l.o.g.M ≥ 1,

c ≤ 1 andc1 ≤ min( 1
eα
, 1), we have

E(E2
n(t)) ≤ k

K5M2

cc1α

ln3( n
c1α

)

n
, (A.15)

wherek is a constant.

A.2 Bounds for (F1n − F1)
2(Zk)

In this section, for fixed indicesi andk andU1i ≤ Zk, we bound(F1n − F1)
2(Zk) by functions which

don’t containU ’s andZ ’s with indicesi andk. Let L2
n−11, (Sb

n−11)
2, S2

n−12, S
2
n−13 andS2

n−14 be the
functions as defined in Chapter A.1, which don’t contain index k. To find a bound for(F1n−F1)

2(Zk),
we need the following lemmas.

Lemma A.7.

L2
n−11(Zk) ≤ 4L2

n−21(Zk) +
4

(n− 1)2
F 2

1 (Zk) + 2
γ2(U1i)

(n− 1)2C2(U1i)

Proof.
We have

L2
n−11(Zk) =

(
∫

(−∞,Zk]

γ(x)

C(x)
(F ∗

1n−1(dx) − F ∗
1 (dx))

)2

≤ 2

(

n− 2

n− 1

∫

(−∞,Zk]

γ(x)

C(x)
(F ∗

1n−2(dx) − F ∗
1 (dx))

− 1

n− 1

∫

(−∞,Zk]

γ(x)

C(x)
F ∗

1 (dx)

)2

+ 2
γ2(U1i)

(n− 1)2C2(U1i)

≤ 4

(

n− 2

n− 1

∫

(−∞,Zk]

γ(x)

C(x)
(F ∗

1n−2(dx) − F ∗
1 (dx))

)2

+
4

(n− 1)2

(
∫

(−∞,Zk]

γ(x)

C(x)
F ∗

1 (dx)

)2

+2
γ2(U1i)

(n− 1)2C2(U1i)
≤ 4L2

n−21(Zk) +
4

(n− 1)2
F 2

1 (Zk) + 2
γ2(U1i)

(n− 1)2C2(U1i)

⊠
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Lemma A.8. On the set̃Ω0
n, we have

(Sb
n−11)

2(Zk) ≤ 4(S̃b
n−21)

2(Zk) +
4K

n− 1

(
∫

(an,Zk]

γ(x)

C3/2(x)
F ∗

1n−2(dx)

)2

+ 4
γ2(U1i)(C(U1i) − Cn−2(U1i))

2

C2(U1i)

+
4

(n− 1)2

γ2(U1i)

C2(U1i)

Proof.
We have

(Sb
n−11)

2(Zk) =

(
∫

(an,Zk]

γ(x)

C(x)Cn−1(x)
(C(x) − Cn−1(x))F

∗
1n−1(dx)

)2

≤ 2

(

n− 2

n− 1

∫

(an,Zk]

γ(x)

C(x)Cn−1(x)
(C(x) − Cn−1(x))F

∗
1n−2(dx)

)2

+2
γ2(U1i)(C(U1i) − Cn−1(U1i))

2

(n− 1)2C2(U1i)C
2
n−1(U1i)

≤ 2

(

(n− 2)2

(n− 1)2

∫

(an,Zk]

γ(x)(C(x) − Cn−2(x))

C(x)Cn−1(x)
F ∗

1n−2(dx)

+
n− 2

(n− 1)2

∫

(an,Zk]

γ(x)

C(x)Cn−1(x)
(C(x) − 1{U1i≤x≤Zi})F

∗
1n−2(dx)

)2

+4
(n− 2)2

(n− 1)2

γ2(U1i)(C(U1i) − Cn−2(U1i))
2

(n− 1)2C2(U1i)C2
n−1(U1i)

+
4

(n− 1)2

γ2(U1i)(C(U1i) − 1)2

(n− 1)2C2(U1i)C2
n−1(U1i)

≤ 4

(

(n− 2)2

(n− 1)2

∫

(an,Zk]

γ(x)(C(x) − Cn−2(x))

C(x)Cn−1(x)
F ∗

1n−2(dx)

)2

+4
(n− 2)2

(n− 1)4

(
∫

(an,Zk]

γ(x)

C(x)Cn−1(x)
(C(x) − 1{U1i≤x≤Zi})F

∗
1n−2(dx)

)2

+4
(n− 2)2

(n− 1)2

γ2(U1i)(C(U1i) − Cn−2(U1i))
2

(n− 1)2C2(U1i)C
2
n−1(U1i)

+
4

(n− 1)2

γ2(U1i)(C(U1i) − 1)2

(n− 1)2C2(U1i)C
2
n−1(U1i)

.

Since(n−1)Cn−1(x) ≥ (n−2)Cn−2(x), and according to Lemma A.4, the first sum is bounded from
above by

4

(
∫

(an,Zk]

γ(x)|C(x) − Cn−2(x)|
C(x)Cn−2(x)

F ∗
1n−2(dx)

)2

≤ 4(S̃b
n−21)

2(Zk).

Furthermore, since on the setΩ̃0
n we haveC(U1j)/C

6=k
n−1(U1j) ≤ K for j 6= k and by(n−1)Cn−1(U1i) ≥

1, we obtain

4
(n− 2)2

(n− 1)4

(
∫

(an,Zk]

γ(x)

C(x)Cn−1(x)
(C(x)−1{U1i≤x≤Zi})F

∗
1n−2(dx)

)2

≤ 4K

n− 1

(
∫

(an,Zk]

γ(x)

C3/2(x)
F ∗

1n−2(dx)

)2

and

4
(n− 2)2

(n− 1)2

γ2(U1i)(C(U1i) − Cn−2(U1i))
2

(n− 1)2C2(U1i)C2
n−1(U1i)

+
4

(n− 1)2

γ2(U1i)(C(U1i) − 1)2

(n− 1)2C2(U1i)C2
n−1(U1i)

≤ 4
γ2(U1i)(C(U1i) − Cn−2(U1i))

2

C2(U1i)
+

4

(n− 1)2

γ2(U1i)

C2(U1i)
.
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The proof is complete.
⊠

Lemma A.9. On the set̃Ω0
n, we have

S2
n−12(Zk) ≤ S̃2

n−22(Zk) +
K31{bn>U1i>an}
(n− 1)C(U1i)

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

+
2K4γ2(U1i)

(n− 1)2C2(U1i)

(
∫

(U1i,bn)

F ∗
1n−1(dy)

C(y)

)2

.

Proof.
We have

S2
n−12(Zk) ≤

(
∫

(an,t]

γ(x)

Cn−1(x)

1

n− 1

∫

(x,bn)

F ∗
1n−1(dy)

C2
n−1(y)

F ∗
1n−1(dx)

)2

≤ 2

(
∫

(an,Zk]

γ(x)

Cn−1(x)

n− 2

(n− 1)2

∫

(x,bn)

F ∗
1n−1(dy)

C2
n−1(y)

F ∗
1n−2(dx)

)2

+ 2
γ2(U1i)1{U1i≤Zk}

(n− 1)4C2
n−1(U1i)

×
(
∫

(U1i,bn)

F ∗
1n−1(dy)

C2
n−1(y)

)2

≤ 4

(
∫

(an,Zk]

γ(x)

Cn−1(x)

(n− 2)2

(n− 1)3

∫

(x,bn)

F ∗
1n−2(dy)

C2
n−1(y)

F ∗
1n−2(dx)

)2

+4

(
∫

(an,Zk]

γ(x)

Cn−1(x)

n− 2

(n− 1)3

1{bn>U1i>x}
C2

n−1(U1i)
F ∗

1n−2(dx)

)2

+ 2
γ2(U1i)

(n− 1)4C2
n−1(U1i)

×
(
∫

(U1i,bn)

F ∗
1n−1(dy)

C2
n−1(y)

)2

.

Since(n− 1)Cn−1(x) ≥ (n− 2)Cn−2(x), the first sum on the right side is bounded from above by

4

(
∫

(an,Zk]

γ(x)

Cn−2(x)

1

n− 2

∫

(x,bn)

F ∗
1n−2(dy)

C2
n−2(y)

F ∗
1n−2(dx)

)2

≤ 4S̃2
n−22(Zk)

As to the second and third term, since on the setΩ̃0
n we haveC(U1j)/C

6=k
n−1(U1j) ≤ K for j 6= k and

(n− 1)Cn−1(U1i) ≥ 1, we obtain

4

(
∫

(an,Zk]

γ(x)

Cn−1(x)

n− 2

(n− 1)3

1{bn>U1i>x}
C2

n−1(U1i)
F ∗

1n−2(dx)

)2

≤ K3

n− 1

1{bn>U1i>an}
C(U1i)

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

and

2
γ2(U1i)

(n− 1)4C2
n−1(U1i)

(
∫

(U1i,bn)

F ∗
1n−1(dy)

C2
n−1(y)

)2

≤ 2K4 γ2(U1i)

(n− 1)2C2(U1i)

(

n− 2

n− 1

∫

(U1i,bn)

F ∗
1n−2(dy)

C(y)

)2

⊠
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Lemma A.10. On the set̃Ω0
n, we have

S2
n−13(Zk) ≤ S̃2

n−23(Zk) +
8K2ln( n

c1α
)

(n− 1)2

(
∫

(an,Zk]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

+ 4
ln( n

c1α
)

(n− 1)2
γ2(U1i)

+8K2 1{bn>U1i>an}
(n− 1)2C2(U1i)

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

+ 4γ2(U1i)D
2
n−21(U1i).

Proof.
We have

S2
n−13(Zk) ≤

(
∫

(an,Zk]

γ(x)

Cn−1(x)
|Dn−11(x)|F ∗

1n−1(dx)

)2

≤ 2

(

n− 2

n− 1

∫

(an,Zk]

γ(x)

Cn−1(x)
|Dn−11(x)|F ∗

1n−2(dx)

)2

+2
γ2(U1i)D

2
n−11(U1i)

(n− 1)2C2
n−1(U1i)

1{U1i>an} (A.16)

Furthermore

Dn−11(x) = −
∫

(x,∞)

F ∗
1n−1(dy) − F ∗

1 (dy)

C(y)
=
n− 2

n− 1
Dn−21(x)+

1

n− 1

(
∫

(x,∞)

F ∗
1 (dy)

C(y)
− 1{U1i>x}

C(U1i)

)

and

Dn−11(U1i) =
n− 2

n− 1
Dn−21(U1i) +

1

n− 1

∫

(U1i,∞)

F ∗
1 (dy)

C(y)
.

Hence

(A.16) ≤ 4

(

n− 2

n− 1

∫

(an,Zk]

γ(x)

Cn−1(x)
|Dn−21(x)|F ∗

1n−2(dx)

)2

+
8

(n− 1)2

(
∫

(an,Zk]

γ(x)

Cn−1(x)

∫

(x,∞)

F ∗
1 (dy)

C(y)
F ∗

1n−2(dx)

)2

+8
1

(n− 1)2

(
∫

(an,Zk]

γ(x)

Cn−1(x)

1{U1i>x}
C(U1i)

F ∗
1n−2(dx)

)2

+ 4
(n− 2)2

(n− 1)2

γ2(U1i)D
2
n−21(U1i)

(n− 1)2C2
n−1(U1i)

+4
1

(n− 1)2

γ2(U1i)

(n− 1)2C2
n−1(U1i)

(
∫

(U1i,∞)

F ∗
1 (dy)

C(y)

)2

. (A.17)

Furthermore, since(n− 1)Cn−1(x) ≥ (n− 2)Cn−2(x),

4

(

n− 2

n− 1

∫

(an,Zk]

γ(x)

Cn−1(x)
|Dn−21(x)|F ∗

1n−2(dx)

)2

≤ 4

(
∫

(an,Zk]

γ(x)

Cn−2(x)
|Dn−21(x)|F ∗

1n−2(dx)

)2

≤ S̃2
n−23(Zk).

Recall thatdF ∗
1

C
= dF1

F1
and, by Remark A.1, on the setΩ̃0

n we have
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∫

(x,∞)

F ∗
1 (dy)

C(y)
1{x>an} ≤ ln(

n

c1α
).

Hence, sinceC(U1j)/Cn−1(U1j) ≤ K, for the second term in (A.17) we obtain

8

(n− 1)2

(
∫

(an,Zk]

γ(x)

Cn−1(x)

∫

(x,∞)

F ∗
1 (dy)

C(y)
F ∗

1n−2(dx)

)2

≤
8K2ln( n

c1α
)

(n− 1)2

(
∫

(an,Zk]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

.

From(n− 1)Cn−1(U1j) ≥ 1 for the last term we get

4
1

(n− 1)2

γ2(U1i)

(n− 1)2C2
n−1(U1i)

(
∫

(U1i,∞)

F ∗
1 (dy)

C(y)

)2

≤ 4
ln( n

c1α
)

(n− 1)2
γ2(U1i)

Finally, for the third and fourth term, we have on the setΩ̃0
n

8
1

(n− 1)2

(
∫

(an,Zk]

γ(x)

Cn−1(x)

1{U1i>x}
C(U1i)

F ∗
1n−2(dx)

)2

≤ 8K2 1{bn>U1i>an}
(n− 1)2C2(U1i)

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

and, by(n− 1)2C2
n−1(U1i) ≥ 1

4
(n− 2)2

(n− 1)2

γ2(U1i)D
2
n−21(U1i)

(n− 1)2C2
n−1(U1i)

≤ 4γ2(U1i)D
2
n−21(U1i).

⊠

Lemma A.11. On the set̃Ω0
n, we have

S2
n−14(Zk) ≤ S̃2

n−14(Zk) +
8K4

(n− 1)2

(
∫

(an,Zk]

γ(x)

C(x)

∫

(x,bn)

|1{U1i≤y≤Zi} − C(y)|
C2(y)

F ∗
1n−2(dy)F

∗
1n−2(dx)

)2

+
8K2(K2 + 2K + 2)

(n− 1)2C2(U1i)
1{an<U1i<bn}

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

+
4K2(K2 + 1)

(n− 1)2

γ2(U1i)

C2(U1i)

(
∫

(U1i,bn)

F ∗
1n−2(dy)

C(y)

)2

+ 4K2 γ2(U1i)

(n− 1)2C2(U1i)

∫

(U1i,bn)

F ∗
1n−2(dy)

C(y)

Proof.
We have

S2
n−14(Zk) ≤

(
∫

(an,Zk]

γ(x)

Cn−1(x)
|Dn−12(x)|F ∗

1n−1(dx)

)2

≤ 2

(

n− 2

n− 1

∫

(an,Zk]

γ(x)

Cn−1(x)
|Dn−12(x)|F ∗

1n−2(dx)

)2

+2
γ2(U1i)

(n− 1)2C2
n−1(U1i)

D2
n−12(U1i)

Furthermore,
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Dn−12(x) =

∫

(x,bn)

Cn−1(y) − C(y)

Cn−1(y)C(y)
F ∗

1n−1(dy) =
n− 2

n− 1

∫

(x,bn)

Cn−1(y) − C(y)

Cn−1(y)C(y)
F ∗

1n−2(dy)

+
1

n− 1

Cn−1(U1i) − C(U1i)

Cn−1(U1i)C(U1i)
1{x<U1i<bn} =

(n− 2)2

(n− 1)2

∫

(x,bn)

Cn−2(y) − C(y)

Cn−1(y)C(y)
F ∗

1n−2(dy)

+
n− 2

(n− 1)2

∫

(x,bn)

1{U1i≤y≤Zi} − C(y)

Cn−1(y)C(y)
F ∗

1n−2(dy) +
n− 2

(n− 1)2

Cn−2(U1i) − C(U1i)

Cn−1(U1i)C(U1i)
1{x<U1i<bn}

+
1

(n− 1)2

1 − C(U1i)

Cn−1(U1i)C(U1i)
1{x<U1i<bn}.

Since(n− 1)Cn−1 ≥ (n− 2)Cn−2, we obtain

|Dn−12(x)| ≤ |Dn−22(x)| +
n− 2

(n− 1)2

∫

(x,bn)

|1{U1i≤y≤Zi} − C(y)|
Cn−1(y)C(y)

F ∗
1n−2(dy)

+
n− 2

(n− 1)2

|Cn−2(U1i) − C(U1i)|
Cn−1(U1i)C(U1i)

1{x<U1i<bn} +
1

(n− 1)2

1 − C(U1i)

Cn−1(U1i)C(U1i)
1{x<U1i<bn}

and

|Dn−12(U1i)| ≤ |Dn−22(U1i)| +
n− 2

(n− 1)2

∫

(U1i,bn)

|1{U1i≤y≤Zi} − C(y)|
Cn−1(y)C(y)

F ∗
1n−2(dy).

Therefore

S2
n−14(Zk) ≤ 8

(
∫

(an,Zk]

γ(x)

Cn−2(x)
|Dn−22(x)|F ∗

1n−2(dx)

)2

+8

(
∫

(an,Zk]

γ(x)

Cn−1(x)

n− 2

(n− 1)2

∫

(x,bn)

|1{U1i≤y≤Zi} − C(y)|
Cn−1(y)C(y)

F ∗
1n−2(dy)F

∗
1n−2(dx)

)2

+8

(
∫

(an,Zk]

γ(x)

Cn−1(x)

n− 2

(n− 1)2

|Cn−2(U1i) − C(U1i)|
Cn−1(U1i)C(U1i)

1{x<U1i<bn}F
∗
1n−2(dx)

)2

+8

(
∫

(an,Zk]

γ(x)

Cn−1(x)

1

(n− 1)2

1 − C(U1i)

Cn−1(U1i)C(U1i)
1{x<U1i<bn}F

∗
1n−2(dx)

)2

+4
γ2(U1i)

(n− 1)2C2
n−1(U1i)

D2
n−22(U1i)

+4
γ2(U1i)

(n− 1)2C2
n−1(U1i)

n− 2

(n− 1)2

∫

(U1i,bn)

|1{U1i≤y≤Zi} − C(y)|
Cn−1(y)C(y)

F ∗
1n−2(dy). (A.18)

Furthermore, by Lemma A.5, we have

8

(
∫

(an,Zk]

γ(x)

Cn−2(x)
|Dn−22(x)|F ∗

1n−2(dx)

)2

≤ S̃2
n−14(Zk).
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Since on the set̃Ω0
n we haveC(U1j)/Cn−1(U1j) ≤ K and(n−1)Cn−1(U1j) ≥ 1, for the first summand

in (A.18) we obtain

8

(
∫

(an,Zk]

γ(x)

Cn−1(x)

n− 2

(n− 1)2

∫

(x,bn)

|1{U1i≤y≤Zi} − C(y)|
Cn−1(y)C(y)

F ∗
1n−2(dy)F

∗
1n−2(dx)

)2

≤ 8K4

(n− 1)2

(
∫

(an,Zk]

γ(x)

C(x)

∫

(x,bn)

|1{U1i≤y≤Zi} − C(y)|
C2(y)

F ∗
1n−2(dy)F

∗
1n−2(dx)

)2

.

For the second we have

8

(
∫

(an,Zk]

γ(x)

Cn−1(x)

n− 2

(n− 1)2

|Cn−2(U1i) − C(U1i)|
Cn−1(U1i)C(U1i)

1{x<U1i<bn}F
∗
1n−2(dx)

)2

≤ 8K2

(
∫

(an,Zk]

γ(x)

C(x)

n− 2

n− 1

(

Cn−2(U1i)

(n− 1)Cn−1(U1i)C(U1i)
+

1

(n− 1)Cn−1(U1i)

)

1{x<U1i<bn}F
∗
1n−2(dx)

)2

≤ 8K2(K + 1)2

(n− 1)2C2(U1i)
1{an<U1i<bn}

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

For the third summand in (A.18) we obtain

8

(
∫

(an,Zk]

γ(x)

Cn−1(x)

1

(n− 1)2

1 − C(U1i)

Cn−1(U1i)C(U1i)
1{x<U1i<bn}F

∗
1n−2(dx)

)2

≤ 8K2

(n− 1)2C2(U1i)
1{an<U1i<bn}

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

SinceD2
n−22(x) ≤

(

∫

(x,bn)

F ∗
1n−2(dy)

C(y)

)2

(K2 + 1), for the 4th term we get

4
γ2(U1i)

(n− 1)2C2
n−1(U1i)

D2
n−22(U1i) ≤ 4K2(K2 + 1)

γ2(U1i)

(n− 1)2C2(U1i)

(
∫

(U1i,bn)

F ∗
1n−2(dy)

C(y)

)2

For the 5th summand in (A.18) we obtain

4
γ2(U1i)

(n− 1)2C2
n−1(U1i)

n− 2

(n− 1)2

∫

(U1i,bn)

|1{U1i≤y≤Zi} − C(y)|
Cn−1(y)C(y)

F ∗
1n−2(dy)

≤ 4K2 γ2(U1i)

(n− 1)2C2(U1i)

∫

(U1i,bn)

F ∗
1n−2(dy)

C(y)

This completes the proof of the lemma.
⊠

Now we are in the position to formulate the main Lemma.
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Lemma A.12. On the set̃Ω0
n, for fixedi andk withU1i ≤ Zk, we have

(F1n − F1)
2(Zk) ≤ k1E

2
n−2(Zk) +Mn(Zk, U1i, Zi)1{Zk,Zi≤bn,U1i>an},

whereEn−2 is defined asEn in Lemma A.6 but doesn’t containU ’s and Z ’s with indexi and k.
Furthermore,

Mn(Zk, U1i, Zi) =
8

(n− 1)2
F 2

1 (Zk)ln(
n

c1α
) + 6

γ2(U1i)

(n− 1)2C2(U1i)
+

4K

n− 1

(
∫

(an,Zk]

γ(x)

C3/2(x)
F ∗

1n−2(dx)

)2

+4
γ2(U1i)(C(U1i) − Cn−2(U1i))

2

C2(U1i)
+
K31{bn>U1i>an}
(n− 1)C(U1i)

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

+10K4 γ2(U1i)

(n− 1)2C2(U1i)

(
∫

(U1i,bn)

F ∗
1n−2(dy)

C(y)

)2

+
8K2ln( n

c1α
)

(n− 1)2

(
∫

(an,Zk]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

+48K4 1{bn>U1i>an}
(n− 1)2C2(U1i)

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

+ 4γ2(U1i)D
2
n−21(U1i)

+
8K4

(n− 1)2

(
∫

(an,Zk]

γ(x)

C(x)

∫

(x,bn)

|1{U1i≤y≤Zi} − C(y)|
C2(y)

F ∗
1n−2(dy)F

∗
1n−2(dx)

)2

+
4K2

(n− 1)2

γ2(U1i)

(n− 1)2C2(U1i)

∫

(U1i,bn)

F ∗
1n−2(dy)

C(y)
.

Proof. SinceU1k ≤ Zk and1{U1k≤U1j≤Zk} = 0 if U1j > Zk, we get

F1n(Zk) =
∏

U1j>Zk

[

1 − 1

nCn(U1j)

]

=
∏

U1j>Zk,j 6=k

[

1 − 1

(n− 1)Cn−1(U1j)

]

=: F1n−1(Zk).

According to the last section:

(F1n−1 − F1)
2(Zk) ≤ 8(L2

n−11(Zk) + (Sb
n−11)

2(Zk) + S2
n−12(Zk) + S2

n−13(Zk) + S2
n−14(Zk)),

where the functions don’t include the variables with indexk.
By Lemmas A.7-A.11, the right side is bounded from above by

(F1n−1−F1)
2(Zk) ≤ k1(L

2
n−21(Zk)+(S̃b

n−21)
2(Zk)+S̃

2
n−22(Zk)+S̃

2
n−23(Zk)+S̃

2
n−24(Zk))+M̃n(Zk, U1i, Zi),

where the functions fromL2
n−21(.) until S̃2

n−24(.) on the right side don’t include indexk andi.
Furthermore

L2
n−21(Zk) + (S̃b

n−21)
2(Zk) + S̃2

n−22(Zk) + S̃2
n−23(Zk) + S̃2

n−24(Zk) = E2
n−2(Zk)

and
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M̃n(Zk, U1i, Zi) =
4

(n− 1)2
F 2

1 (Zk) + 2
γ2(U1i)

(n− 1)2C2(U1i)
+

4K

n− 1

(
∫

(an,Zk]

γ(x)

C3/2(x)
F ∗

1n−2(dx)

)2

+4
γ2(U1i)(C(U1i) − Cn−2(U1i))

2

C2(U1i)
+

4

(n− 1)2

γ2(U1i)

C2(U1i)

+
K31{bn>U1i>an}
(n− 1)C(U1i)

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

+
2K4γ2(U1i)

(n− 1)2C2(U1i)

(
∫

(U1i,bn)

F ∗
1n−2(dy)

C(y)

)2

+
8K2ln( n

c1α
)

(n− 1)2

(
∫

(an,Zk]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

+ 4
ln( n

c1α
)

(n− 1)2
γ2(U1i)

+8K2 1{bn>U1i>an}
(n− 1)2C2(U1i)

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

+ 4γ2(U1i)D
2
n−21(U1i)

+
8K4

(n− 1)2

(
∫

(an,Zk]

γ(x)

C(x)

∫

(x,bn)

|1{U1i≤y≤Zi} − C(y)|
C2(y)

F ∗
1n−2(dy)F

∗
1n−2(dx)

)2

+
8K2(K2 + 2K + 2)

(n− 1)2C2(U1i)
1{an<U1i<bn}

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

+
4K2(K2 + 1)

(n− 1)2

γ2(U1i)

C2(U1i)

(
∫

(U1i,bn)

F ∗
1n−2(dy)

C(y)

)2

+
4K2γ2(U1i)

(n− 1)2C2(U1i)

∫

(U1i,bn)

F ∗
1n−2(dy)

C(y)
.

Sinceγ = F1,K ≥ 1 andln( n
c1α

) ≥ 1, we get

M̃n(Zk, U1i, Zi) ≤ 8

(n− 1)2
F 2

1 (Zk)ln(
n

c1α
) + 6

γ2(U1i)

(n− 1)2C2(U1i)
+

4K

n− 1

(
∫

(an,Zk]

γ(x)

C3/2(x)
F ∗

1n−2(dx)

)2

+4
γ2(U1i)(C(U1i) − Cn−2(U1i))

2

C2(U1i)
+
K31{bn>U1i>an}
(n− 1)C(U1i)

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

+
(6K4 + 4K2)γ2(U1i)

(n− 1)2C2(U1i)

(
∫

(U1i,bn)

F ∗
1n−2(dy)

C(y)

)2

+
8K2ln( n

c1α
)

(n− 1)2

(
∫

(an,Zk]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

+48K4 1{bn>U1i>an}
(n− 1)2C2(U1i)

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

+ 4γ2(U1i)D
2
n−21(U1i)

+
8K4

(n− 1)2

(
∫

(an,Zk]

γ(x)

C(x)

∫

(x,bn)

|1{U1i≤y≤Zi} − C(y)|
C2(y)

F ∗
1n−2(dy)F

∗
1n−2(dx)

)2

+
4K2γ2(U1i)

(n− 1)2C2(U1i)

∫

(U1i,bn)

F ∗
1n−2(dy)

C(y)
=: Mn(Zk, U1i, Zi).

Finally, on the set̃Ω0
n,Mn(Zk, U1i, Zi) = Mn(Zk, U1i, Zi)1{Zk,Zi≤bn,U1i>an}.

⊠

Next, we compute the conditional expectation ofMn(Zk, U1i, Zi) givenZk, U1i, Ũ2i, Zi. We have the
following result.

Lemma A.13. For fixed indexi andk we have

E(Mn(Zk, U1i, Zi)1{Zk,Zi≤bn,U1i>an}|Zk, U1i, Ũ2i, Zi) ≤
1

n
k2
M5K4

c21c
2
ln2(

n

c1α
)

(

1 +
γ2(U1i)

C(U1i)
+

γ2(U1i)

nC2(U1i)

)

,
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wherek5 is a constant.

Proof.
According to Lemma A.12

Mn(Zk, U1i, Zi) =
8

(n− 1)2
F 2

1 (Zk)ln(
n

c1α
) + 6

γ2(U1i)

(n− 1)2C2(U1i)
+

4K

n− 1

(
∫

(an,Zk]

γ(x)

C3/2(x)
F ∗

1n−2(dx)

)2

+4
γ2(U1i)(C(U1i) − Cn−2(U1i))

2

C2(U1i)
+
K31{bn>U1i>an}
(n− 1)C(U1i)

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

+
10K4γ2(U1i)

(n− 1)2C2(U1i)

(
∫

(U1i,bn)

F ∗
1n−2(dy)

C(y)

)2

+
8K2ln( n

c1α
)

(n− 1)2

(
∫

(an,Zk]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

+48K4 1{bn>U1i>an}
(n− 1)2C2(U1i)

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

+ 4γ2(U1i)D
2
n−21(U1i)

+
8K4

(n− 1)2

(
∫

(an,Zk]

γ(x)

C(x)

∫

(x,bn)

|1{U1i≤y≤Zi} − C(y)|
C2(y)

F ∗
1n−2(dy)F

∗
1n−2(dx)

)2

+
4K2

(n− 1)2

γ2(U1i)

C2(U1i)

∫

(U1i,bn)

F ∗
1n−2(dy)

C(y)
.

To compute the conditional expectation ofMn(Zk, U1i, Zi), givenZk, U1i, Ũ2i, Zi, we will deal with
the terms separately. Recall thatγ = F1, C = α−1(1 −G−)F1 anddF ∗

1 = α−1(1 −G−)dF1. By A1
we have1 − F1(x) ≤M(1 −G(x−)), so that

1

F1(x)
≤ M(1 −G(x−))

F1(x)
+ 1.

Therefore, by Remark A.1, we have

E

(

(

1{Zk,Zi≤bn}

∫

(an,Zk]

γ(x)

C3/2(x)
F ∗

1n−2(dx)

)2

|Zk, U1i, Ũ2i, Zi

)

=
1{Zk,Zi≤bn}
n− 2

∫

(an,Zk]

γ2(x)

C3(x)
F ∗

1 (dx)

+1{Zk,Zi≤bn}

(
∫

(an,Zk]

γ(x)

C3/2(x)
F ∗

1 (dx)

)2

≤ 1

n− 2

(

α2M
n

cα
ln(

n

c1α
) + α2M

n

cα

)

+ αMln(
n

c1α
)

≤ 3
1

c
αM

(

ln(
n

c1α
) + 1

)

+ αMln(
n

c1α
) ≤ 7M

ln( n
c1α

)

c
.

Next, sinceE(Cn − C)2 = 1
n
C(1 − C), we get

E
(

(Cn−2(U1i) − C(U1i))
2|Zk, U1i, Zi

)

≤ 1

n− 2
C(U1i).

By A1, we have

E

(

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1n−2(dx)

)2

|Zk, U1i, Ũ2i, Zi

)
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= E

(

1

(n− 2)2

∑

j 6=i,k

∑

l 6=i,k

γ(U1j)

C(U1j)

γ(U1l)

C(U1l)
1{an<U1j ,U1l≤U1i}|Zk, U1i, Ũ2i, Zi

)

≤ 1

n− 2

∫

(an,U1i]

γ2(x)

C2(x)
F ∗

1 (dx) +

(
∫

(an,U1i]

γ(x)

C(x)
F ∗

1 (dx)

)2

≤ αM

n− 2
+ F 2

1 (U1i).

Similarly as above and by Remark A.1, we obtain

E

(

1{U1i>an}

(
∫

(U1i,bn)

F ∗
1n−2(dy)

C(y)

)2

|Zk, U1i, Ũ2i, Zi

)

≤ 1{U1i>an}
n− 2

∫

(U1i,bn)

F ∗
1 (dy)

C2(y)

+1{U1i>an}

(
∫

(U1i,bn)

F ∗
1 (dy)

C(y)

)2

≤ 1{U1i>an}
n− 2

2Mα

F1(U1i)
+ ln2(

n

c1α
) ≤ 2M

c1

n

n− 2
+ ln2(

n

c1α
) ≤ 7M

c1
ln2(

n

c1α
).

SinceDn1(U1i) = −
∫

(x,∞)

F ∗
1n(dy)−F ∗

1 (dy)

C(y)
andγ = F1, we get

E
(

1{U1i>an}γ
2(U1i)D

2
n−21(U1i)|Zk, U1i, Ũ2i, Zi

)

≤ F 2
1 (U1i)

1

n− 2

∫

(U1i,∞)

F ∗
1 (dy)

C2(y)

= F 2
1 (U1i)

α

n− 2

∫

(U1i,∞)

F1(dy)

F 2
1 (y)(1−G(y−))

≤ αM

n− 2

Finally, we need to consider

E

(

(
∫

(an,Zk]

γ(x)

C(x)

∫

(x,bn)

|1{U1i≤y≤Zi} − C(y)|
C2(y)

F ∗
1n−2(dy)F

∗
1n−2(dx)

)2

|Zk, U1i, Ũ2i, Zi

)

≤ E

(

∫

(an,Zk]

γ2(x)

C2(x)

(
∫

(x,bn)

1

C2(y)
F ∗

1n−2(dy)

)2

F ∗
1n−2(dx)|Zk, U1i, Ũ2i, Zi

)

. (A.19)

By repeated use of1 − F1(x) ≤M(1 −G(x−)) we have

1

C2(y)
≤ 3α2M2

F 2
1 (y)

+
3α2M

(1 −G(y−))2
.

Hence (A.19) is bounded from above by

2 ∗ 9α4M4E

(

∫

(an,Zk]

γ2(x)

C2(x)

(
∫

(x,bn)

1

F 2
1 (y)

F ∗
1n−2(dy)

)2

F ∗
1n−2(dx)|Zk, U1i, Ũ2i, Zi

)

+2 ∗ 9α4M2E

(

∫

(an,Zk]

γ2(x)

C2(x)

(
∫

(x,bn)

1

(1 −G(y−))2
F ∗

1n−2(dy)

)2

F ∗
1n−2(dx)|Zk, U1i, Ũ2i, Zi

)

≤ 18α4M4

n− 2

∫

(an,Zk]

γ2(x)

C2(x)

∫

(x,bn)

F ∗
1 (dy)

F 4
1 (y)

F ∗
1 (dx) + 18α4M4

∫

(an,Zk]

γ2(x)

C2(x)

(
∫

(x,bn)

F ∗
1 (dy)

F 2
1 (y)

)2

F ∗
1 (dx)

+
18α4M2

n− 2

∫

(an,Zk]

γ2(x)

C2(x)

∫

(x,bn)

F ∗
1 (dy)

(1 −G(y−))4
F ∗

1 (dx)

+18α4M2

∫

(an,Zk]

γ2(x)

C2(x)

(
∫

(x,bn)

F ∗
1 (dy)

(1 −G(y−))2

)2

F ∗
1 (dx).
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Furthermore, sincedF ∗
1 = α−1(1−G−)dF1, 1−G(y−) ≤ 1−G(x−) for y > x, by Remark A.1 and

since n
n−2

≤ 3 for n ≥ 3, we get

(A.20) ≤ 18α4M4

n− 2

1

F 2
1 (an)

+ 18α4M4 1

F1(an)
+

18α4M2

n− 2

M2

(1 −G(b−n ))2
+ 18α3M5

≤ 18α4M4

n− 2

n2

c21α
2

+ 18α4M4 n

c1α
+

18α4M4

n− 2

n2

c2α2
+ 18α3M5 ≤ 144M5n

c21c
2

.

Therefore, for the conditional expectation ofMn(Zk, U1i, Zi)1{Zk,Zi≤bn,U1i>an}, we obtain

E(Mn(Zk, U1i, Zi)1{Zk,Zi≤bn,U1i>an}|Zk, U1i, Ũ2i, Zi) ≤
8

(n− 1)2
F 2

1 (Zk)ln(
n

c1α
) + 6

γ2(U1i)

(n− 1)2C2(U1i)

+
28KM

n− 1

ln( n
c1α

)

c
+ 4

γ2(U1i)

(n− 2)C(U1i)
+
K31{bn>U1i>an}
(n− 1)C(U1i)

(

αM

n− 2
+ F 2

1 (U1i)

)

+10K4 γ2(U1i)

(n− 2)2C2(U1i)

7M

c1
ln2(

n

c1α
) +

8K2ln( n
c1α

)

(n− 1)2

(

αM

n− 2
+ F 2

1 (U1i)

)

+48K4 1{bn>U1i>an}
(n− 1)2C2(U1i)

(

αM

n− 2
+ F 2

1 (U1i)

)

+ 4
αM

n− 2
+

8K4

(n− 1)2

144M5n

c21c
2

+
4K2

(n− 1)2

γ2(U1i)

C2(U1i)
ln(

n

c1α
). (A.20)

Sinceγ = F1 ≤ 1,M,K ≥ 1, we have

(A.20) ≤ k̃

n− 1

K2M5

c21c
2
ln(

n

c1α
) +

6γ2(U1i)

(n− 1)2C2(U1i)
+

4γ2(U1i)

(n− 2)C(U1i)
+
K31{bn>U1i>an}
(n− 1)C(U1i)

(

αM

n− 2
+ γ2(U1i)

)

+10K4 γ2(U1i)

(n− 2)2C2(U1i)

7M

c1
ln2(

n

c1α
) + 48K4 1{bn>U1i>an}

(n− 1)2C2(U1i)

(

αM

n− 2
+ γ2(U1i)

)

+
4K2

(n− 1)2

γ2(U1i)

C2(U1i)
ln(

n

c1α
), (A.21)

wherek̃ is a constant.
Furthermore, since1 − F1(x) ≤ M(1 −G(x−)) we get

1{bn>U1i>an}
(n− 1)2C2(U1i)

≤ α2 1

(n− 1)2

(

3M2

F 2
1 (an)

+
3M

(1 −G(b−n ))2

)

≤ 6
M2

c21c
2

and

1{bn>U1i>an}
(n− 1)C(U1i)

≤ α
1

n− 1

(

M

F1(an)
+

1

1 −G(b−n )

)

≤ 2M

c1c
.

Hence

48K4 1{bn>U1i>an}
(n− 1)2C2(U1i)

(

αM

n− 2
+ γ2(U1i)

)

≤ 48K4 αM

n− 2
6
M2

c21c
2

+ 48K4 γ2(U1i)

(n− 1)2C2(U1i)
.
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and

K31{bn>U1i>an}
(n− 1)C(U1i)

(

αM

n− 2
+ γ2(U1i)

)

≤ K3αM

n− 2

2M

c1c
+

K3γ2(U1i)

(n− 1)C(U1i)
.

Therefore, we obtain

(A.21) ≤ 1

n
k2
M5K4

c21c
2
ln2(

n

c1α
)

(

1 +
γ2(U1i)

C(U1i)
+

γ2(U1i)

nC2(U1i)

)

,

wherek2 is a constant.
⊠

A.3 Linearization of F1n

In this section we will writeF1n(t) as a sum of leading term and remainder and proof some properties
of the remainder. Recall

F1n(t) =

∫

(−∞,t]

γ(x)

Cn(x)
F ∗

1n(dx) +

∫

(−∞,t]

e∆n(x)

Cn(x)
Bn(x)F ∗

1n(dx) +

∫

(−∞,t]

e∆n(x)

Cn(x)
Dn1(x)F

∗
1n(dx)

+

∫

(−∞,t]

e∆n(x)

Cn(x)
Dn2(x)F

∗
1n(dx) = Sn1(t) + Sn2(t) + Sn3(t) + Sn4(t)

where

Bn(x) = n

∫

(x,∞)

ln

(

1 − 1

nCn(y)

)

F ∗
1n(dy) +

∫

(x,∞)

F ∗
1n(dy)

Cn(y)

Dn1(x) = −
∫

(x,∞)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

Dn2(x) =

∫

(x,∞)

Cn(y) − C(y)

Cn(y)C(y)
F ∗

1n(dy)

andSn1(t) can be written as follows

Sn1(t) =

∫

(−∞,t]

γ(x)

C(x)
F ∗

1 (dx) +

∫

(−∞,t]

γ(x)

C(x)
(F ∗

1n(dx) − F ∗
1 (dx))

+

∫

(−∞,t]

γ(x)

C(x)Cn(x)
(C(x) − Cn(x))F ∗

1n(dx) = F1(t) + Ln1(t) + Sb
n1(t)

Furthermore,

Sb
n1(t) =

∫

(−∞,t]

γ(x)

C2(x)
(C(x) − Cn(x))F ∗

1 (dx) +

∫

(−∞,t]

γ(x)

C2(x)
(C(x) − Cn(x))(F ∗

1n(dx) − F ∗
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+

∫

(−∞,t]

γ(x)

C2(x)Cn(x)
(C(x) − Cn(x))2F ∗

1 (dx) = Ln2(t) +Rn1(t) +Rn2(t)
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Sn3(t) =

∫

(−∞,t]

γ(x)

Cn(x)
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e∆n(x)+
R

(x,∞)

F∗
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C(y) − 1

)

Dn1(x)F
∗
1n(dx) +

∫

(−∞,t]
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∗
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An(t) =

∫
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∫

(x,∞)

F ∗
1 (dy) − F ∗

1n(dy)

C(y)
F ∗

1 (dx) +

∫

(−∞,t]

γ(x)

C(x)
Dn1(x)(F

∗
1n(dx) − F ∗

1 (dx))

+

∫

(−∞,t]

γ(x)

C(x)Cn(x)
Dn1(x)(C(x) − Cn(x))F ∗

1n(dx) = Ln3(t) +Rn4(t) +Rn5(t)

and

Sn4(t) =

∫

(−∞,t]

e∆n(x)

Cn(x)

∫

(x,∞)

Cn(y) − C(y)

C2(y)
F ∗

1n(dy)F ∗
1n(dx)

+

∫

(−∞,t]

e∆n(x)

Cn(x)

∫

(x,∞)

(Cn(y) − C(y))2

C2(y)Cn(y)
F ∗

1n(dy)F ∗
1n(dx) = A2n(t) +Rn6(t)

where

A2n(t) =

∫

(−∞,t]

γ(x)

C(x)

∫

(x,∞)

Cn(y) − C(y)

C2(y)
F ∗

1 (dy)F ∗
1 (dx) +Rn7(t) = Ln4(t) +Rn7(t)

Summarizing:
TheLn1(t), Ln2(t), Ln3(t) andLn4(t) are leading terms.
TheSn2(t), IIn(t), Rn1(t), Rn2(t),Rn4(t), Rn5(t), Rn6(t) andRn7(t) are remainders.

Our goal is to bound from above the absolute value of each of the remainders by functions, which
expectations are bounded. As in section A.1, onΩ∗

n = Ωbn
n ∩Ωan

n , an event of probability greater than
or equal to1 − 2ε, we can restrict integration w.r.tF ∗

1n andG∗
n to [an, bn].

Lemma A.14. On the set̃Ω0
n, we have

|Sn2(t)| ≤ K2 1

n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1n(dy)

C2(y)
F ∗

1n(dx) =: R̃n1(t)

Furthermore,

ER̃n1(t) ≤
K22Mα

n
ln(

n

c1α
)

Proof.
As in Section A.1

|Bn(x)| ≤
1

n

∫

(x,bn)

F ∗
1n(dy)

C2
n(y)
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Since, on the set̃Ω0
n, we haveC/Cn ≤ K , we obtain

|Sn2(t)| ≤ K2 1

n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1n(dy)

C2(y)
F ∗

1n(dx) = R̃n1(t)

and

ER̃n1(t) = K2 1

n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1 (dy)

C2(y)
F ∗

1 (dx) = K2α
1

n

∫

(an,t]

∫

(x,bn)

F1(dy)

F 2
1 (y)(1−G(y−))

F1(dx)

Since by A1,
∫

dF1

1−G− ≤M and then1 − F1 ≤M(1 −G−), we have

∫

(x,bn)

F1(dy)

F 2
1 (y)(1 −G(y−))

≤M

∫

(x,bn)

F1(dy)

F 2
1 (y)

+

∫

(x,bn)

F1(dy)

F1(y)(1−G(y−))
≤ 2M

F1(x)
.

Therefore, by Remark A.1,

ER̃n1(t) ≤
K22Mα

n
ln(

n

c1α
)

⊠

Lemma A.15. On the set̃Ω0
n, we have

Rn2(t) ≤ K

∫

(−∞,t]

γ(x)

C3(x)
(C(x) − Cn(x))2F ∗

1 (dx) =: R̃n2(t)

Furthermore,

ER̃n2(t) ≤
4Kc1
n

1

1 −G(a−n )
+
KMα

n

(

ln(
n

c1α
) + 1

)

Proof.
We have

Rn2(t) ≤ K

∫

(−∞,t]

γ(x)

C3(x)
(C(x) − Cn(x))2F ∗

1 (dx) = R̃n2(t)

and

R̃n2(t) ≤ 2K

∫

(−∞,an]

γ(x)

C3(x)
(C2(x) + C2

n(x))F ∗
1 (dx) +K

∫

(an,t]

γ(x)

C3(x)
(C(x) − Cn(x))2F ∗

1 (dx).

Therefore, by Remark A.1,
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ER̃n2(t) ≤ 4K

∫

(−∞,an]

γ(x)

C(x)
F ∗

1 (dx)
K

n

∫

(an,t]

γ(x)

C2(x)
F ∗

1 (dx) ≤ 4K
c1
n

1

1 −G(a−n )
+
K

n

∫

(an,t]

γ(x)

C2(x)
F ∗

1 (dx).

Since

K

n

∫

(an,t]

γ(x)

C2(x)
F ∗

1 (dx) =
Kα

n

∫

(an,t]

F1(dx)

F1(x)(1 −G(x−))
≤ Kα

n

(
∫

(an,t]

M
F1(dx)

F1(x)
+

∫

(an,t]

F1(dx)

1 −G(x−)

)

≤ Kα

n

(

Mln(
n

c1α
) +M

)

the proof is complete. ⊠

Lemma A.16. On the set̃Ω0
n, we have

Rn6(t) ≤ K2

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

(Cn(y) − C(y))2

C3(y)
F ∗

1n(dy)F ∗
1n(dx) =: R̃n6(t)

Furthermore,

ER̃n6(t) ≤ 4MK2α
1

n
ln(

n

c1α
) +

1

n

44M2K2

c1c

Proof.

Rn6(t) ≤ K2

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

(Cn(y) − C(y))2

C3(y)
F ∗

1n(dy)F ∗
1n(dx) = R̃n6(t)

and

ER̃n6(t) ≤ 2K2

n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

1

C2(y)
F ∗

1 (dy)F ∗
1 (dx) +

4K2

n2

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

1

C3(y)
F ∗

1 (dy)F ∗
1 (dx)

=
2K2α

n

∫

(an,t]

∫

(x,bn)

F1(dy)

F 2
1 (y)(1 −G(y−))

F1(dx) +
4K2α2

n2

∫

(an,t]

∫

(x,bn)

F1(dy)

F 3
1 (y)(1 −G(y−))2

F1(dx)

Since

2K2α
1

n

∫

(an,t]

∫

(x,bn)

F1(dy)

F 2
1 (y)(1 −G(y−))

F1(dx) ≤ 2K2α
1

n

∫

(an,t]

2M

F1(x)
F1(dx) ≤ 4MK2α

1

n
ln(

n

c1α
)

and

4K2α2 1

n2

∫

(an,t]

∫

(x,bn)

F1(dy)

F 3
1 (y)(1 −G(y−))2

F1(dx) ≤ 4K2α2 1

n2

∫

(an,t]

∫

(x,bn)

6M2F1(dy)

F 3
1 (y)

F1(dx)

+4K2α2 1

n2

∫

(an,t]

∫

(x,bn)

5M
F1(dy)

(1 −G(y−))2
F1(dx) ≤

6M24K2α2

n2

1

F1(an)
+

5M24K2α2

n2

1

1 −G(b−n )

≤ 6M24K2α
1

c1n
+ 5M24K2α

1

cn
≤ 1

n

44M2K2

c1c
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the proof is complete.
⊠

Lemma A.17. We have

E|Rn1(t)| ≤
2
√
αM

n

1
√

1 −G(t−)

(

ln(
n

c1α
) + 1

)1/2

+

√
8α

n

(

Mln(
n

c1α
) +M

)

+
M3/2

n
√
c1

+

√
8Mα

n3/2

1

1 −G(t−)

Proof.
The expectation of(Rn1(t))

2 equals

E(Rn1(t))
2 = E

(
∫

(an,t]

γ(x)

C2(x)
(C(x) − Cn(x))(F ∗

1n(dx) − F ∗
1 (dx))

)2

=
1

n4

n
∑

i=1

n
∑

j=1

n
∑

k=1

n
∑

l=1

E

(

γ(U1i)1{an<U1i≤t}
C2(U1i)

(1{U1j≤U1i≤Zj} − C(U1i))

−
∫

(an,t]

γ(x)

C2(x)
(1{U1j≤x≤Zj} − C(x))F ∗

1 (dx)

)

×
(

γ(U1l)

C2(U1l)
1{an<U1l≤t}(1{U1k≤U1l≤Zk} − C(U1l))

−
∫

(an,t]

γ(x)

C2(x)
(1{U1k≤x≤Zk} − C(x))F ∗

1 (dx)

)

Now, if only two indices are equal ori 6= j 6= k 6= l, it is easy to see that the expectation equals zero.
So it is remains to deal withi = l 6= j = k, k = l 6= j = i, k = i 6= j = l andk = i = j = l. For the
first one we have

1

n4
n(n− 1)E

(

γ(U11)1{an<U11≤t}
C2(U11)

(1{U12≤U11≤Z2} − C(U11)) −
∫

(an,t]

γ(x)

C2(x)
(1{U12≤x≤Z2} − C(x))F ∗

1 (dx)

)2

≤ 1

n2
4

∫

(an,t]

γ2(x)

C3(x)
F ∗

1 (dx) =
4α

n2

∫

(an,t]

1

F1(x)(1 −G(x−))2
F1(dx) ≤

4α

n2

1

1 −G(t−)

(

Mln(
n

c1α
) +M

)

.

The second one, fork = l 6= j = i, equals

1

n4
n(n− 1)E

(

γ(U11)1{an<U11≤t}
C2(U11)

(1 − C(U11)) −
∫

(an,t]

γ(x)

C2(x)
(1{U11≤x≤Z1} − C(x))F ∗

1 (dx)

)

×
(

γ(U12)1{an<U12≤t}
C2(U12)

(1 − C(U12)) −
∫

(an,t]

γ(x)

C2(x)
(1{U12≤x≤Z2} − C(x))F ∗

1 (dx)

)

≤ 4
1

n2

(
∫

(an,t]

γ(x)

C2(x)
F ∗

1 (dx)

)2

≤ 4α2 1

n2

(

Mln(
n

c1α
) +M

)2

If k = i 6= j = l, we obtain the same bound as above. Finally, ifk = i = j = l, we get
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1

n4
nE

(

γ(U11)1{an<U11≤t}
C2(U11)

(1 − C(U11)) −
∫

(an,t]

γ(x)

C2(x)
(1{U11≤x≤Z1} − C(x))F ∗

1 (dx)

)2

≤ 4

n3

∫

(an,t]

γ2(x)

C4(x)
F ∗

1 (dx) =
4α3

n3

∫

(an,t]

1

F 2
1 (x)(1 −G(x−))3

F1(dx)

≤ 4α

n3

∫

(an,t]

(

M(1 −G(x−))

F1(x)
+ 1

)2
1

(1 −G(x−))3
F1(dx)

≤ 4α

n3

∫

(an,t]

2M2

F 2
1 (x)(1 −G(x−))

F1(dx) +
4α

n3

∫

(an,t]

2

(1 −G(x−))3
F1(dx)

≤ 4α

n3

∫

(an,t]

2M3

F 2
1 (x)

F1(dx) +
4α

n3

∫

(an,t]

2M2

F1(x)(1 −G(x−))
F1(dx) +

4α

n3

∫

(an,t]

2

(1 −G(x−))3
F1(dx)

≤ 16M3α

n3

1

F1(an)
+

8Mα

n3

1

(1 −G(t−))2
≤ 16M3

n2c1
+

8Mα

n3

1

(1 −G(t−))2

and, by Cauchy-Schwarz, we get

E|Rn1(t)| ≤
2
√
αM

n

1
√

1 −G(t−)

(

ln(
n

c1α
) + 1

)1/2

+

√
8α

n

(

Mln(
n

c1α
) +M

)

+
M3/2

n
√
c1

+

√
8Mα

n3/2

1

1 −G(t−)

⊠

Lemma A.18. We have

E|Rn4(t)| ≤
√

52

n
αM

(√

ln(
n

c1α
) + 1

)

.

Proof.
We have

E(Rn4(t))
2 = E

(

∫ ∫

γ(x)

C(x)
1{x≤t}1{y>x}

1

C(y)
(F ∗

1n(dy) − F ∗
1 (dy))(F ∗

1n(dx) − F ∗
1 (dx))

)2

=
1

n4

n
∑

i=1

n
∑

j=1

n
∑

k=1

n
∑

l=1

E(h(U1i, U1j)h(U1k, U1l))

with

h(x, y) = h1(x, y) −
∫

h1(x, v)F
∗
1 (dv) −

∫

h1(u, y)F
∗
1 (du) +

∫

h1(u, v)F
∗
1 (du)F ∗

1 (dv)

and

h1(x, y) =
γ(x)

C(x)C(y)
1{x≤t}1{y>x}

Furthermore,E(h(U1i, U1j)h(U1k, U1l)) = 0 if three or fourth indices are different. Since additionally
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E(h(U11, U11)h(U12, U11)) = E(h(U11, U11)E(h(U12, x))(x = U11)) = 0,

we get

E(Rn4(t))
2 =

1

n3
E[(h(U11, U11)

2] +
1

n2
E[(h(U12, U11)

2].

Sinceh1(U11, U11) = 0,

1

n3
E[(h(U11, U11)

2] ≤ 10

n3

∫

(an,t]

γ2(x)

C2(x)

∫

(x,bn)

F ∗
1 (dy)

C2(y)
F ∗

1 (dx).

Furthermore,

1

n3
E[(h(U12, U11)

2] ≤ 16

n2

∫

(an,t]

γ2(x)

C2(x)

∫

(x,bn)

F ∗
1 (dy)

C2(y)
F ∗

1 (dx).

Since, by A1 and Remark A.1,

∫

(an,t]

γ2(x)

C2(x)

∫

(x,bn)

F ∗
1 (dy)

C2(y)
F ∗

1 (dx) ≤
∫

(an,t]

α

1 −G(x−)

2αM

F1(x)
F1(dx) ≤ 2α2M

(

Mln(
n

c1α
) +M

)

we get

E(Rn4(t))
2 ≤ 26

n2
2α2M

(

Mln(
n

c1α
) +M

)

.

Finally

E|Rn4(t)| ≤
√

52

n
αM

(√

ln(
n

c1α
) + 1

)

⊠

Lemma A.19. On the set̃Ω0
n, we have

|Rn5(t)| ≤ K

∫

(an,t]

γ(x)

C2(x)

∣

∣

∣

∣

∫

(x,bn)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

|C(x) − Cn(x)|F ∗
1n(dx) =: R̃n5(t)

Furthermore,

ER̃n5(t) ≤
2KMα

n
ln(

n

c1α
)(ln(

n

c1α
) + 1) +

√
2K

n
αM

(

M1/2ln(
n

c1α
) + 1

)

+
2KM

n

√
α√
c1
.
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Proof.
We have

|Rn5(t)| ≤ K

∫

(an,t]

γ(x)

C2(x)

∣

∣

∣

∣

∫

(x,bn)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

|C(x) − Cn(x)|F ∗
1n(dx) = R̃n5(t)

and

R̃n5(t) ≤ K

∫

(an,t]

γ(x)

C2(x)

{

n− 1

n

∣

∣

∣

∣

∫

(x,bn)

F ∗
1n−1(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

+
1

n

∫

(x,bn)

F ∗
1 (dy)

C(y)

}

|C(x) − Cn(x)|F ∗
1n(dx)

≤ K

∫

(an,t]

γ(x)

C2(x)

∣

∣

∣

∣

∫

(x,bn)

F ∗
1n−1(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

|C(x) − Cn(x)|F ∗
1n(dx)

+
2K

n

∫

(an,t]

γ(x)

C2(x)

∫

(x,bn)

F ∗
1 (dy)

C(y)
F ∗

1n(dx) =: R̃a
n5(t) + R̃b

n5(t)

The expectation of the second term equals

ER̃b
n5(t) =

2K

n

∫

(an,t]

γ(x)

C2(x)

∫

(x,bn)

F ∗
1 (dy)

C(y)
F ∗

1 (dx) ≤ 2K

n
ln(

n

c1α
)α

∫

(an,t]

F1(dx)

F1(x)(1 −G(x−))

≤ 2KMα

n
ln(

n

c1α
)(ln(

n

c1α
) + 1),

while for the first one we have

R̃a
n5(t) ≤ K

∫

(an,t]

γ(x)

C2(x)

∣

∣

∣

∣

∫

(x,bn)

F ∗
1n−1(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

[

n− 1

n
|C(x) − Cn−1(x)| +

1

n
|C(x) − 1|

]

F ∗
1n(dx)

≤ K

∫

(an,t]

γ(x)

C2(x)

∣

∣

∣

∣

∫

(x,bn)

F ∗
1n−1(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

[

|C(x) − Cn−1(x)| +
1

n

]

F ∗
1n(dx)

By Cauchy-Schwarz we obtain

E

∣

∣

∣

∣

∫

(x,bn)

F ∗
1n−1(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

|C(x) − Cn−1(x)| ≤
1

n

(
∫

(x,bn)

F ∗
1 (dy)

C2(y)

)1/2

C1/2(x)

and

E

∣

∣

∣

∣

∫

(x,bn)

F ∗
1n−1(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

≤ 1

n

(
∫

(x,bn)

F ∗
1 (dy)

C2(y)

)1/2

.

Therefore,

ER̃a
n5(t) ≤ K

n

∫

(an,t]

γ(x)

C3/2(x)

(
∫

(x,bn)

F ∗
1 (dy)

C2(y)

)1/2

F ∗
1 (dx) +

K

n
√
n

∫

(an,t]

γ(x)

C2(x)

(
∫

(x,bn)

F ∗
1 (dy)

C2(y)

)1/2

F ∗
1 (dx).
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Furthermore, for the integrals on the right side, we have

K

n

∫

(an,t]

γ(x)

C3/2(x)

(
∫

(x,bn)

F ∗
1 (dy)

C2(y)

)1/2

F ∗
1 (dx) ≤

√
2K

n
αM

(

M1/2ln(
n

c1α
) + 1

)

and

K

n
√
n

∫

(an,t]

γ(x)

C2(x)

(
∫

(x,bn)

F ∗
1 (dy)

C2(y)

)1/2

F ∗
1 (dx) ≤ 2KMα

n
√
n

1
√

F1(an)
≤ 2KM

n

√
α√
c1
.

Hence

ER̃n5(t) ≤
2KMα

n
ln(

n

c1α
)(ln(

n

c1α
) + 1) +

√
2K

n
αM

(

M1/2ln(
n

c1α
) + 1

)

+
2KM

n

√
α√
c1
.

⊠

Lemma A.20. On the set̃Ω0
n, we have

|IIn(t)| ≤ K3

n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1n(dy)

C2(y)
|Dn1(x)|F ∗

1n(dx) +K

∫

(an,t]

γ(x)

C(x)
D2

n1(x)F
∗
1n(dx)

+

∫

(an,t]

γ(x)

C(x)
(L̃a

n3(x) + Lb
n3(x))F

∗
1n(dx) =: ĨI

∗
n(t),

where

L̃a
n3(x) =

K

n

n
∑

i=1

1{x<U1i<bn}
C3(U1i)

(Cn−1(U1i) − C(U1i))
2

+
K2

n2

n
∑

i=1

∑

j 6=i

1{x<U1i<bn}
C2(U1i)

1{x<U1j<bn}

C2(U1j)
|Cn−1(U1i) − C(U1i)||Cn−1(U1i) − C(U1i)|

and

Lb
n3(x) =

K

n

∫

(x,bn)

F ∗
1n(dy)

C2(y)

∣

∣

∣

∣

∫

(x,bn)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

.

Furthermore,

EĨI
∗
n(t) ≤ k6

K3M2

n

ln2( n
c1α

)

c1c
,

wherek6 is a constant.
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Proof.
We have

|IIn(t)| ≤
∫

(−∞,t]

γ(x)

Cn(x)

∣

∣ezn(x) − 1
∣

∣ |Dn1(x)|F ∗
1n(dx)

with

zn(x) = ∆n(x) +

∫

(x,∞)

F ∗
1 (dy)

C(y)

By Taylor

∣

∣ezn(x) − 1
∣

∣ = |zn(x)|ez̃n(x), z̃n(x) ∈ (zn(x), 0)

and since

∆n ∈
(

n

∫

(x,∞)

ln

(

1 − 1

nCn(y)

)

F ∗
1n(dy),−

∫

(x,∞)

F ∗
1 (dy)

C(y)

)

(Bn +Dn1 +Dn2)(t) ≤ zn(x) ≤ 0.

Furthermore, on the set̃Ω0
n, we haveC/Cn ≤ K. Hence

|IIn(t)| ≤ K

∫

(an,t]

γ(x)

C(x)
|(Bn1 +Dn1 +Dn2)(t)||Dn1(x)|F ∗

1n(dx)

≤ K3

n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1n(dy)

C2(y)
|Dn1(x)|F ∗

1n(dx) +K

∫

(an,t]

γ(x)

C(x)
D2

n1(x)F
∗
1n(dx)

+K2

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

|Cn(y) − C(y)|
C(y)Cn(y)

F ∗
1n(dy)|Dn1(x)|F ∗

1n(dx)

=: L̃1n(t) + L̃2n(t) + L̃3n(t) =: ĨIn(t).

To deal withL̃1n, note that

|Dn1(U1i)| ≤
n− 1

n
|Dn−11(U1i)| +

1

n

∫

(U1i,bn)

F ∗
1 (dy)

C(y)
,

where|Dn−11(.)| does not includeU1i. Hence

L̃1n(t) =
K3

n

∫

(an,t]

γ(x)

C(x)

(n− 1)2

n2

∫

(x,bn)

F ∗
1n−1(dy)

C2(y)
|Dn−11(x)|F ∗

1n(dx)

+
K3

n2

∫

(an,t]

γ(x)

C(x)

n− 1

n

∫

(x,bn)

F ∗
1n−1(dy)

C2(y)

∫

(x,bn)

F ∗
1 (dy)

C(y)
F ∗

1n(dx).

Furthermore, by Cauchy-Schwarz, we have
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E

(
∫

(x,bn)

F ∗
1n(dy)

C2(y)
|Dn−11(x)|

)

= E

(
∫

(x,bn)

F ∗
1n(dy)

C2(y)

∫

(x,bn)

∣

∣

∣

∣

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

)

≤ 1

n

(
∫

(x,bn)

F ∗
1 (dy)

C4(y)

)1/2(∫

(x,bn)

F ∗
1 (dy)

C2(y)

)1/2

+
1√
n

∫

(x,bn)

F ∗
1 (dy)

C2(y)

(
∫

(x,bn)

F ∗
1 (dy)

C2(y)

)1/2

.(A.22)

Hence

EL̃1n(t) =
K3

n2

∫

(an,t]

γ(x)

C(x)

(
∫

(x,bn)

F ∗
1 (dy)

C4(y)

)1/2(∫

(x,bn)

F ∗
1 (dy)

C2(y)

)1/2

F ∗
1 (dx)

+
K3

n

1√
n

∫

(−∞,t]

γ(x)

C(x)

(
∫

(x,bn)

F ∗
1 (dy)

C2(y)

)1/2 ∫

(x,bn)

F ∗
1 (dy)

C2(y)
F ∗

1 (dx)

+
K3

n2

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1 (dy)

C2(y)

∫

(x,bn)

F ∗
1 (dy)

C(y)
F ∗

1 (dx).

Next, we consider the inner integrals separately. By repeated use of1 − F1(x) ≤M(1 −G(x−)) and
since w.l.o.g.M ≥ 1, we get

(
∫

(x,bn)

F ∗
1 (dy)

C4(y)

)1/2

≤ α3/2

(
∫

(x,bn)

20M3

F 4
1 (y)

F1(dy) +

∫

(x,bn)

15M2

(1 −G(y−))3
F1(dy)

)1/2

≤ α3/2
√

20M3/2

F
3/2
1 (x)

+
α3/2

√
15M3/2

1 −G(b−n )
≤ α3/2

√
20M3/2

F
3/2
1 (x)

+ α1/2
√

15M3/2n

c
.

and
∫

(x,bn)

F ∗
1 (dy)

C2(y)
≤ 2Mα

F1(x)
.

Therefore, since
∫

(x,bn)

F ∗
1 (dy)

C(y)
≤ ln( n

c1α
) for x > an and γ

C
dF ∗

1 = dF1, we obtain

EL̃1n(t) ≤ K3

n2

∫

(an,t]

α3/2
√

20M3/2

F
3/2
1 (x)

√
2Mα

√

F1(x)
F1(dx) +

K3

n2

∫

(an,t]

α1/2
√

15M3/2n

c

√
2Mα

√

F1(x)
F1(dx)

+
K3

n

1√
n

∫

(−∞,t]

(2Mα)3/2

F
3/2
1 (x)

F1(dx) +
K3

n2
ln(

n

c1α
)

∫

(an,t]

2Mα

F1(x)
F1(dx)

≤ K3

n

√
40M2α

c1
+
K3

n

√
30M2α

c
+
K3

n

(2M)3/2α√
c1

+
K3

n2
2Mαln2(

n

c1α
).

As to L̃2n(t), since

ED2
n1(x) ≤

1

n

∫

(x,bn)

F ∗
1 (dy)

C2(y)
,

we get
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EL̃2n(t) ≤ K
1

n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1 (dy)

C2(y)
F ∗

1 (dx) ≤ 2KMα

n
ln(

n

c1α
).

As to L̃3n(t), the inner integral can be written as

∫

(x,bn)

|Cn(y) − C(y)|
C2(y)

F ∗
1n(dy)|Dn1(x)| ≤

n− 1

n

∫

(x,bn)

|Cn−1(y) − C(y)|
C(y)Cn(y)

F ∗
1n(dy)

×
∣

∣

∣

∣

∫

(x,bn)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

+
K

n

∫

(x,bn)

|1 − C(y)|F
∗
1n(dy)

C2(y)

∣

∣

∣

∣

∫

(x,bn)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

≤
∫

(x,bn)

|Cn−1(y) − C(y)|
C(y)Cn(y)

F ∗
1n(dy)

∣

∣

∣

∣

∫

(x,bn)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

+
K

n

∫

(x,bn)

F ∗
1n(dy)

C2(y)

∣

∣

∣

∣

∫

(x,bn)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

= La
n3(x) + Lb

n3(x)

As toLa
n3(x), we have

(La
n3(x))

2 =

(
∫

(x,bn)

|Cn−1(y) − C(y)|
C(y)Cn(y)

F ∗
1n(dy)

)2(∫

(x,bn)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

)2

.

For the first summand, sinceC/Cn ≤ K on Ω̃0
n andCn(U1i) ≥ 1/n, we obtain

(
∫

(x,bn)

|Cn−1(y) − C(y)|
C(y)Cn(y)

F ∗
1n(dy)

)2

=
1

n2

n
∑

i=1

n
∑

j=1

1{x<U1i<bn}
C(U1i)Cn(U1i)

1{x<U1j<bn}

C(U1j)Cn(U1j)
|Cn−1(U1i) − C(U1i)||Cn−1(U1i) − C(U1i)|

=
1

n2

n
∑

i=1

1{x<U1i<bn}
C2(U1i)C2

n(U1i)
(Cn−1(U1i) − C(U1i))

2

+
1

n2

n
∑

i=1

∑

j 6=i

1{x<U1i<bn}
C(U1i)Cn(U1i)

1{x<U1j<bn}

C(U1j)Cn(U1j)
|Cn−1(U1i) − C(U1i)||Cn−1(U1i) − C(U1i)|

≤ K

n

n
∑

i=1

1{x<U1i<bn}
C3(U1i)

(Cn−1(U1i) − C(U1i))
2

+
K2

n2

n
∑

i=1

∑

j 6=i

1{x<U1i<bn}
C2(U1i)

1{x<U1j<bn}

C2(U1j)
|Cn−1(U1i) − C(U1i)||Cn−1(U1i) − C(U1i)| =: L̃a

n3(x).

Furthermore,

E

(

1

n

n
∑

i=1

1{x<U1i<bn}
C3(U1i)

(Cn−1(U1i) − C(U1i))
2

)

=
1

n

∫

(x,bn)

F ∗
1 (dy)

C2(y)
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and

E

(

1

n2

n
∑

i=1

∑

j 6=i

1{x<U1i<bn}
C2(U1i)

1{x<U1j<bn}

C2(U1j)
|Cn−1(U1i) − C(U1i)||Cn−1(U1j) − C(U1j)|

)

≤ 1

n

(
∫

(x,bn)

F ∗
1 (dy)

C3/2(y)

)2

.

Hence, forx > an

EL̃a
n3(x) ≤ 1

n

∫

(x,bn)

F ∗
1 (dy)

C2(y)
+

1

n

(
∫

(x,bn)

F ∗
1 (dy)

C3/2(y)

)2

≤ 2αM

n

1

F1(x)
+

1

n

αM2

F1(x)
+
αM

n
ln(

n

c1α
)

≤ 3αM2

n

1

F1(x)
+
αM

n
ln(

n

c1α
).

Therefore,

E

(
∫

(an,t]

γ(x)

C(x)
L̃a

n3(x)F
∗
1n(dx)

)

≤ 1

n
3αM2ln(

n

c1α
) +

αM

n
ln(

n

c1α
).

Furthermore, since,

Lb
n3(x) =

K

n

∫

(x,bn)

F ∗
1n(dy)

C2(y)

∣

∣

∣

∣

∫

(x,bn)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

,

according to (A.22),

ELb
n3(x) ≤

1

n2

(
∫

(x,bn)

F ∗
1 (dy)

C4(y)

)1/2(∫

(x,bn)

F ∗
1 (dy)

C2(y)

)1/2

+
1

n
√
n

∫

(x,bn)

F ∗
1 (dy)

C2(y)

(
∫

(x,bn)

F ∗
1 (dy)

C2(y)

)1/2

and, similarly as for the first term iñL1n, we obtain

∫

(an,t]

γ(x)

C(x)
Lb

n3(x)F
∗
1n(dx) ≤ K

n

√
40M2α

c1
+
K

n

√
30M2α

c
+
K

n

(2M)3/2α√
c1

Altogether,

ĨIn(t) ≤ L̃1n(t) + L̃2n(t) +

∫

(an,t]

γ(x)

C(x)
(L̃a

n3(x) + Lb
n3(x))F

∗
1n(dx) =: ĨI

∗
n(t)

and

EĨI
∗
n(t) ≤ K3

n

√
40M2α

c1
+
K3

n

√
30M2α

c
+
K3

n

(2M)3/2α√
c1

+
K3

n2
2Mαln2(

n

c1α
) +

2KMα

n
ln(

n

c1α
)

+
1

n
3αM2ln(

n

c1α
) +

αM

n
ln(

n

c1α
) +

K

n

√
40M2α

c1
+
K

n

√
30M2α

c
+
K

n

(2M)3/2α√
c1

.

Since we may chooseK ≥ 1,M ≥ 1, c ≤ 1 andc1 ≤ min( 1
eα
, 1), we have

EĨI
∗
n(t) ≤ k6

K3M2

n

ln2( n
c1α

)

c1c
,

wherek6 is a constant.
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Lemma A.21. On the set̃Ω0
n, we have

Rn7(t) ≤ K5/2

√
n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1n(dy)

C3/2(y)

∫

(x,bn)

|Cn(y) − C(y)|
C2(y)

F ∗
1n(dy)F ∗

1n(dx)

+K

∫

(an,t]

γ(x)

C(x)

∣

∣

∣

∣

∫

(x,bn)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

∣

∣

∣

∣

∫

(x,bn)

Cn(y) − C(y)

C2(y)
F ∗

1n(dy)

∣

∣

∣

∣

F ∗
1n(dx)

+K

∫

(an,t]

γ(x)

C(x)

(
∫

(x,bn)

|Cn(y) − C(y)|
C(y)Cn(y)

F ∗
1n(dy)

)(
∫

(x,bn)

|Cn(y) − C(y)|
C2(y)

F ∗
1n(dy)

)

F ∗
1n(dx)

+

∫

(an,t]

γ(x)

C2(x)
|C(x) − Cn(x)|

∫

(x,bn)

|Cn(y) − C(y)|
C2(y)

F ∗
1n(dy)F ∗

1n(dx)

+

∫

(an,t]

γ(x)

C(x)

∣

∣

∣

∣

∫

(x,bn)

Cn(y) − C(y)

C2(y)
(F ∗

1n(dy) − F ∗
1 (dy))

∣

∣

∣

∣

F ∗
1n(dx)

+

∣

∣

∣

∣

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

Cn(y) − C(y)

C2(y)
F ∗

1 (dy)(F ∗
1n(dx) − F ∗

1 (dx))

∣

∣

∣

∣

=: R̃n7(t)

Furthermore,

ER̃n7(t) ≤ k9
1

n

K3M3

c21c
2
ln2(

n

c1α
) +

2
√
M

n

∫

(an,t]

(
∫

(x,bn)

F1(dy)

(1 −G(y−))2

)1/2

F1(dx)

Proof.
We have

Rn7(t) =

∫

(an,t]

γ(x)

Cn(x)

(

ezn(x) − 1
)

∫

(x,bn)

Cn(y) − C(y)

C2(y)
F ∗

1n(dy)F ∗
1n(dx)

+

∫

(an,t]

γ(x)

Cn(x)C(x)
(C(x) − Cn(x))

∫

(x,bn)

Cn(y) − C(y)

C2(y)
F ∗

1n(dy)F ∗
1n(dx)

+

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

Cn(y) − C(y)

C2(y)
(F ∗

1n(dy) − F ∗
1 (dy))F ∗

1n(dx)

+

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

Cn(y) − C(y)

C2(y)
F ∗

1 (dy)(F ∗
1n(dx) − F ∗

1 (dx))

= Ra
n7(t) +Rb

n7(t) +Rc
n7(t) +Rd

n7(t)

As toRa
n7(t), similarly as in the proof ofIIn(t),

∣

∣ezn(x) − 1
∣

∣ ≤ |Bn(x)|+ |Dn1(x)|+ |Dn2(x)|. Since
on the set̃Ω0

n, we may replaceCn with C andnCn ≥ 1, we get

Bn(x) ≤ 1

n

∫

(x,bn)

F ∗
1n(dy)

C2
n(y)

≤ K3/2

√
n

∫

(x,bn)

F ∗
1n(dy)

C3/2(y)

|Ra
n7(t)| ≤ K5/2

√
n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1n(dy)

C3/2(y)

∫

(x,bn)

|Cn(y) − C(y)|
C2(y)

F ∗
1n(dy)F ∗

1n(dx)

+K

∫

(an,t]

γ(x)

C(x)

∣

∣

∣

∣

∫

(x,bn)

F ∗
1n(dy) − F ∗

1 (dy)

C(y)

∣

∣

∣

∣

∣

∣

∣

∣

∫

(x,bn)

Cn(y) − C(y)

C2(y)
F ∗

1n(dy)

∣

∣

∣

∣

F ∗
1n(dx)
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+K

∫

(an,t]

γ(x)

C(x)

(
∫

(x,bn)

|Cn(y) − C(y)|
C(y)Cn(y)

F ∗
1n(dy)

)(
∫

(x,bn)

|Cn(y) − C(y)|
C2(y)

F ∗
1n(dy)

)

F ∗
1n(dx)

=: Mn1 +Mn2 +Mn3 =: R̃a
n7(t)

in probability.
Furthermore,M2n(t) = L̃2n(t), so that

EM2n(t) ≤ K
1

n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1 (dy)

C2(y)
F ∗

1 (dx) ≤ 2KMα

n
ln(

n

c1α
).

Next, we deal with expectations ofMn1 andMn3. As toMn3, we have

Mn3(t) ≤ K2

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

∫

(x,bn)

|Cn(y) − C(y)|
C2(y)

|Cn(z) − C(z)|
C2(y)

F ∗
1n(dz)F ∗

1n(dy)F ∗
1n(dx)

= K2 1

n3

n
∑

i=1

∑

j 6=i

∑

k 6=i

γ(U1i)

C(U1i)
1{an<U1i≤t}

|Cn(U1j) − C(U1j)|
C2(U1j)

|Cn(U1k) − C(U1k)|
C2(U1k)

1{x<U1j ,U1k≤bn}

= K2 1

n3

n
∑

i=1

∑

j 6=i

γ(U1i)

C(U1i)
1{an<U1i≤t}

(Cn(U1j) − C(U1j))
2

C4(U1j)
1{x<U1j≤bn}

+K2 1

n3

n
∑

i=1

∑

j 6=i

∑

k 6=i,j

γ(U1i)

C(U1i)
1{an<U1i≤t}

|Cn(U1j) − C(U1j)|
C2(U1j)

|Cn(U1k) − C(U1k)|
C2(U1k)

1{x<U1j ,U1k≤bn}.

Hence, using conditional Cauchy-Schwarz for the second summand, we obtain

EMn3(t) ≤ K2

n
E

(

γ(U11)

C(U11)
1{an<U11≤t}

(Cn(U12) − C(U12))
2

C4(U12)
1{x<U12≤bn}

)

+K2E

(

γ(U11)

C(U11)
1{an<U11≤t}

|Cn(U12) − C(U12)|
C2(U12)

|Cn(U13) − C(U13)|
C2(U13)

1{x<U12,U13≤bn}

)

≤ K2

n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1 (dy)

C3(y)
F ∗

1 (dx) +K2E

(

γ(U11)

C(U11)
1{an<U11≤t}

1{x<U12,U13≤bn}
C2(U12)C2(U13)

×
√

E((Cn(U12) − C(U12))2|U11, Z1, U12, Z2, U13, Z3)

×
√

E((Cn(U13) − C(U13))2|U11, Z1, U12, Z2, U13, Z3)

)

.

Since

E((Cn(U12) − C(U12))
2|U11, Z1, U12, Z2, U13, Z3) ≤ 2

(n− 3)2

n2
E((Cn−3(U12) − C(U12))

2|U12, Z2)

+
2

n2
[(1{U11≤U12≤Z1} − C(U12) + (1 − C(U12)) + (1{U13≤U12≤Z3} − C(U12)]

2

≤ 2

n
C(U12) +

18

n2
, (A.23)

then
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EMn3(t) ≤ K2

n2

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1 (dy)

C3(y)
F ∗

1 (dx) + 2
K2

n
E

(

γ(U11)

C(U11)
1{an<U11≤t}

1{x<U12,U13≤bn}
C3/2(U12)C3/2(U13)

)

+12
K2

n
√
n
E

(

γ(U11)

C(U11)
1{an<U11≤t}

1{x<U12,U13≤bn}
C3/2(U12)C2(U13)

)

+18
K2

n2
E

(

γ(U11)

C(U11)
1{an<U11≤t}

1{x<U12,U13≤bn}
C2(U12)C2(U13)

)

=
K2

n2

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1 (dy)

C3(y)
F ∗

1 (dx) + 2
K2

n

∫

(an,t]

γ(x)

C(x)

(
∫

(x,bn)

F ∗
1 (dy)

C3/2(y)

)2

F ∗
1 (dx)

+12
K2

n
√
n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1 (dy)

C3/2(y)

∫

(x,bn)

F ∗
1 (dy)

C2(y)
F ∗

1 (dx)

+18
K2

n2

∫

(an,t]

γ(x)

C(x)

(
∫

(x,bn)

F ∗
1 (dy)

C2(y)

)2

F ∗
1 (dx)

As in the Lemmas before, it can be shown, that

EMn3(t) ≤ K2M2α

n

(

6

c1
+

4

c

)

+ 2
K2(M2 +M)α

n
ln(

n

c1α
) + 24

K2M
√

2(M2 +M)α

n

1√
c1

+ 36
K2αM2

n

1

c1

As toM1n, we have

Mn1(t) ≤ K5/2

√
n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1n(dy)

C3/2(y)

∫

(x,bn)

|Cn(y) − C(y)|
C2(y)

F ∗
1n(dy)F ∗

1n(dx)

=
K5/2

√
n

1

n3

n
∑

i=1

∑

j 6=i

γ(U1i)

C(U1i)
1{an<U1i≤t}

|Cn(U1j) − C(U1j)|
C7/2(U1j)

1{x<U1j≤bn}

+
K5/2

√
n

1

n3

n
∑

i=1

∑

j 6=i

∑

k 6=i,j

γ(U1i)

C(U1i)
1{an<U1i≤t}

|Cn(U1j) − C(U1j)|
C2(U1j)

1

C3/2(U1k)
1{x<U1j ,U1k≤bn}.

Then, by (A.23)

EMn1(t) ≤
√

2
K5/2

n2

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1 (dy)

C3(y)
F ∗

1 (dx) +
√

18
K5/2

n2
√
n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1 (dy)

C7/2(y)
F ∗

1 (dx)

+
√

2K5/2 1

n

∫

(an,t]

γ(x)

C(x)

(
∫

(x,bn)

F ∗
1 (dy)

C3/2(y)

)2

F ∗
1 (dx)

+
√

18K5/2 1

n
√
n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

F ∗
1 (dy)

C3/2(y)

∫

(x,bn)

F ∗
1 (dy)

C2(y)
F ∗

1 (dx) ≤ k7
K5/2

n

M3

(c1c)3/2
ln2(

n

c1α
),

wherek7 is a constant.
ForRb

n7(t) we have

|Rb
n7(t)| ≤ K

∫

(an,t]

γ(x)

C2(x)
|C(x) − Cn(x)|

∫

(x,bn)

|Cn(y) − C(y)|
C2(y)

F ∗
1n(dy)F ∗

1n(dx) =: R̃b
n7(t)
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Furthermore,

R̃b
n7(t) ≤ K

1

n

n
∑

i=1

1{an<U1i≤t}
γ(U1i)

C2(U1i)

(

∣

∣

∣

1

n

∑

j 6=i

(

C(U1i) − 1{U1j≤U1i≤Zj}
)

∣

∣

∣
+

1

n
(1 − C(U1i))

)

×1

n

∑

k 6=i

1{U1i<U1k<bn}

∣

∣

∣

1
n

∑

l 6=i

(

1{U1l≤U1k≤Zl} − C(U1k)
)

∣

∣

∣
+ 1

n
(1 − C(U1k))

C2(U1k)

≤ K
1

n

n
∑

i=1

1{an<U1i≤t}
γ(U1i)

C2(U1i)

1

n

∑

k 6=i

1{U1i<U1k<bn}
1

C2(U1k)

(

∣

∣

∣

1

n

∑

l 6=i,k

(

1{U1l≤U1k≤Zl} − C(U1k)
)

∣

∣

∣
+

2

n

)

×
(

∣

∣

∣

1

n

∑

j 6=i,k

(

C(U1i) − 1{U1j≤U1i≤Zj}
)

∣

∣

∣
+

2

n

)

.

Since, for fixedi andk, by Cauchy-Schwarz

E

[(

∣

∣

∣

1

n

∑

l 6=i,k

(

1{U1l≤U1k≤Zl} − C(U1k)
)

∣

∣

∣
+

2

n

)(

∣

∣

∣

1

n

∑

j 6=i,k

(

C(U1i) − 1{U1j≤U1i≤Zj}
)

∣

∣

∣
+

2

n

)

∣

∣

∣
U1i, U1k

]

≤
(
√
n− 1

n

√

C(U1i) +
2

n

)(
√
n− 1

n

√

C(U1k) +
2

n

)

=
n− 1

n2

√

C(U1i)
√

C(U1k)

+
2

n

√
n− 1

n

√

C(U1i) +
2

n

√
n− 1

n

√

C(U1k) +
4

n2
,

we get

ER̃b
n7(t) ≤ K

n

∫

(an,t]

γ(x)

C3/2(x)

∫

(x,bn)

F ∗
1 (dy)

C3/2(y)
F ∗

1 (dx) +
2K

n
√
n

∫

(an,t]

γ(x)

C2(x)

∫

(x,bn)

F ∗
1 (dy)

C3/2(y)
F ∗

1 (dx)

+
2K

n
√
n

∫

(an,t]

γ(x)

C3/2(x)

∫

(x,bn)

F ∗
1 (dy)

C2(y)
F ∗

1 (dx) +
4K

n2

∫

(an,t]

γ(x)

C2(x)

∫

(x,bn)

F ∗
1 (dy)

C2(y)
F ∗

1 (dx).

Therefore, sinceK,M ≥ 1 andc, c1 ≤ 1, by Remark A.1 and since by A11
F1

≤ M(1−G−)
F1

+ 1, we
obtain

ER̃b
n7(t) ≤ K

n

M2

c1
ln(

n

c1α
)k8,

wherek8 is a constant.
Next, we deal withR̃d

n7(t). By Fubini we get

Rd
n7(t) =

∫

1

C2(y)
(Cn(y) − C(y))

∫

1{an<x≤t}1{x<y<bn}
γ(x)

C(x)
(F ∗

1n(dx) − F ∗
1 (dx))F ∗

1 (dy).

Since
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E

∣

∣

∣

∣

(Cn(y) − C(y))

∫

1{an<x≤t}1{x<y<bn}
γ(x)

C(x)
(F ∗

1n(dx) − F ∗
1 (dx))

∣

∣

∣

∣

≤ 1

n

√

C(y)

√

∫

1{an<x≤t}1{x<y<bn}
γ2(x)

C2(x)
F ∗

1 (dx)

Furthermore, sinceγ = F1 and

√

∫

1{an<x≤t}1{x<y<bn}
γ2(x)

C2(x)
F ∗

1 (dx) ≤
√

F1(y)α1{an<y<bn}

∫

(an,t]

F1(dx)

F1(x)(1 −G(x−))

≤
√

F1(y)α1{an<y<bn}

√

Mln(
n

c1α
) +M,

we obtain

|Rd
n7(t)| ≤ 1

n

√

Mln(
n

c1α
) +M

∫

(an,bn)

√

F1(y)α

C3/2(y)
F ∗

1 (dy) =
1

n

√

2Mln(
n

c1α
)

∫

(an,bn)

F1(dy)

F1(y)
√

1 −G(y−)

≤ 1

n

√

2Mln(
n

c1α
)

(

Mln(
n

c1α
) +

√
M

)

≤ 4

n
M2ln(

n

c1α
).

As toRc
n7(t)

|Rc
n7(t)| ≤ n− 1

n

∫

(an,t]

γ(x)

C(x)

∣

∣

∣

∣

∫

(x,bn)

Cn(y) − C(y)

C2(y)
(F ∗

1n−1(dy) − F ∗
1 (dy))

∣

∣

∣

∣

F ∗
1n(dx)

+
1

n

∫

(an,t]

γ(x)

C(x)

∣

∣

∣

∣

∫

(x,bn)

Cn(y) − C(y)

C2(y)
F ∗

1 (dy)

∣

∣

∣

∣

F ∗
1n(dx)

≤ n− 1

n

∫

(an,t]

γ(x)

C(x)

∣

∣

∣

∣

∫

(x,bn)

Cn−1(y) − C(y)

C2(y)
(F ∗

1n−1(dy) − F ∗
1 (dy))

∣

∣

∣

∣

F ∗
1n(dx)

+
1

n

n− 1

n

∫

(an,t]

γ(x)

C(x)

∣

∣

∣

∣

∫

(x,bn)

1 − C(y)

C2(y)
(F ∗

1n−1(dy) − F ∗
1 (dy))

∣

∣

∣

∣

F ∗
1n(dx)

+
1

n

∫

(an,t]

γ(x)

C(x)

∣

∣

∣

∣

∫

(x,bn)

Cn(y) − C(y)

C2(y)
F ∗

1 (dy)

∣

∣

∣

∣

F ∗
1n(dx). (A.24)

The expectation of the second coefficient is bounded from above by

2

n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

1

C2(y)
F ∗

1 (dy)F ∗
1 (dx) =

2

n

∫

(an,t]

∫

(x,bn)

F1(dy)

F 2
1 (y)(1 −G(y−))

F1(dx) ≤
4

n
Mln(

n

c1α
).

The expectation of the third term in (A.24) is bounded from above by

1

n

∫

(an,t]

γ(x)

C(x)

∫

(x,bn)

2

C2(y)
F ∗

1 (dy)F ∗
1 (dx) ≤ 4

n
Mln(

n

c1α
).
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As to the first term in (A.24), we need to deal first with

E

∣

∣

∣

∣

∫

(x,bn)

Cn(y) − C(y)

C2(y)
(F ∗

1n(dy) − F ∗
1 (dy))

∣

∣

∣

∣

.

We have

E

∣

∣

∣

∣

∫

(x,bn)

Cn(y) − C(y)

C2(y)
(F ∗

1n(dy) − F ∗
1 (dy))

∣

∣

∣

∣

≤ 1

n2
E

∣

∣

∣

∣

∣

n
∑

i=1

∑

k 6=i

(

1{x<U1i<bn}
1{U1k≤U1i≤Zk} − C(U1i)

C2(U1i)
−
∫

(x,bn)

1{U1k≤y≤Zk} − C(y)

C2(y)
F ∗

1 (dy)

)

∣

∣

∣

∣

∣

+
1

n
E

(

1{x<U1i<bn}
1 − C(U1i)

C2(U1i)
+

∫

(x,bn)

1 − C(y)

C2(y)
F ∗

1 (dy)

)

.

The second term is bounded from above by

2

n

∫

(x,bn)

1

C2(y)
F ∗

1 (dy) ≤ 2α

n

(
∫

(x,bn)

M

F 2
1 (y)

F1(dy) +

∫

(x,bn)

1

F1(y)(1 −G(y−))
F1(dy)

)

≤ 4α

n

1

F1(x)
.

As to the second term, we compute the second moment

1

n4
E

(

n
∑

i=1

∑

k 6=i

(

1{x<U1i<bn}
1{U1k≤U1i≤Zk} − C(U1i)

C2(U1i)
−
∫

(x,bn)

1{U1k≤y≤Zk} − C(y)

C2(y)
F ∗

1 (dy)

)

)2

=
1

n4

n
∑

i=1

n
∑

j=1

∑

k 6=i

∑

l 6=j

E

(

1{x<U1i<bn}
1{U1k≤U1i≤Zk} − C(U1i)

C2(U1i)
−
∫

(x,bn)

1{U1k≤y≤Zk} − C(y)

C2(y)
F ∗

1 (dy)

)

×
(

1{x<U1j<bn}
1{U1l≤U1j≤Zl} − C(U1j)

C2(U1j)
−
∫

(x,bn)

1{U1l≤y≤Zl} − C(y)

C2(y)
F ∗

1 (dy)

)

.

If one, three or four indices are different, the above expectation equals zero. So we need to consider
summands fori = j 6= k = l andi = l 6= k = j.
For i = j 6= k = l

1

n4
n(n− 1)E

(

1{x<U11<bn}
1{U12≤U11≤Z2} − C(U11)

C2(U11)
−
∫

(x,bn)

1{U12≤y≤Z2} − C(y)

C2(y)
F ∗

1 (dy)

)2

≤ 1

n2

∫

(x,bn)

1

C3(y)
F ∗

1 (dy)
1

n2

(
∫

(x,bn)

1

C2(y)
F ∗

1 (dy)

)2

≤ 1

n2
α2

∫

(x,bn)

(

6M2

F 3
1 (y)

+
4M

(1 −G(y−))2

)

F1(dy)

+
1

n2

4M2α2

F 2
1 (x)

=
1

n2

10M2α2

F 2
1 (x)

+
1

n2
4M

∫

(x,bn)

1

(1 −G(y−))2
F1(dy)

If i = l 6= k = j we obtain
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1

n4
n(n− 1)E

(

1{x<U11<bn}
1{U12≤U11≤Z2} − C(U11)

C2(U11)
−
∫

(x,bn)

1{U12≤y≤Z2} − C(y)

C2(y)
F ∗

1 (dy)

)

×
(

1{x<U12<bn}
1{U11≤U12≤Z1} − C(U12)

C2(U12)
−
∫

(x,bn)

1{U11≤y≤Z1} − C(y)

C2(y)
F ∗

1 (dy)

)

≤ 4

n2

(
∫

(x,bn)

1

C2(y)
F ∗

1 (dy)

)2

≤ 4

n2

4M2α2

F 2
1 (x)

Hence

E

∣

∣

∣

∣

∫

(x,bn)

Cn(y) − C(y)

C2(y)
(F ∗

1n(dy)− F ∗
1 (dy))

∣

∣

∣

∣

≤ 4α(1 + 4M)

nF1(x)
+

1

n

√
10Mα

F1(x)
+

2
√
M

n

(
∫

(x,bn)

F1(dy)

(1 −G(y−))2

)1/2

.

Therefore, for the expectation of the first term in (A.24), weobtain

E

(
∫

(an,t]

γ(x)

C(x)

∣

∣

∣

∣

∫

(x,bn)

Cn−1(y) − C(y)

C2(y)
(F ∗

1n−1(dy) − F ∗
1 (dy))

∣

∣

∣

∣

F ∗
1n(dx)

)

≤
∫

(an,t]

γ(x)

C(x)

(

4α(1 + 4M)

n

1

F1(x)
+

1

n

√
10Mα

F1(x)
+

2
√
M

n

(
∫

(x,bn)

F1(dy)

(1 −G(y−))2

)1/2
)

F ∗
1 (dx)

≤ 1

n
24Mαln(

n

c1α
) +

2
√
M

n

∫

(an,t]

(
∫

(x,bn)

F1(dy)

(1 −G(y−))2

)1/2

F1(dx)

Hence

R̃n7(t) = R̃a
n7(t) + R̃b

n7(t) + |Rc
n7(t)| + |Rd

n7(t)|
and sinceM,K ≥ 1, c, c1 ≤ 1 and n

c1α
≥ 1

ER̃n7(t) ≤ k9
1

n

K3M3

c21c
2
ln2(

n

c1α
) +

2
√
M

n

∫

(an,t]

(
∫

(x,bn)

F1(dy)

(1 −G(y−))2

)1/2

F1(dx)

wherek9 is a constant.
Furthermore, according to assumption A1,

∫

dF1

1−G− <∞. Hence forε > 0, there existsx0, so that for
everyx ≥ x0 we have

∫

(x,∞)
dF1

1−G− ≤ ε2. Therefore, forx ≥ x0, according to definition ofbn,

(
∫

(x,bn)

F1(dy)

(1 −G(y−))2

)1/2

≤ 1
√

1 −G(b−n )

(
∫

(x0,∞)

F1(dy)

1 −G(y−)

)1/2

≤
√
n√
cα
ε.

Forx < x0, we have

(
∫

(x,bn)

F1(dy)

(1 −G(y−))2

)1/2

≤
(
∫

(x,x0)

F1(dy)

(1 −G(y−))2

)1/2

+

(
∫

(x0,bn)

F1(dy)

(1 −G(y−))2

)1/2

≤ d+
1

√

1 −G(b−n )

(
∫

(x0,∞)

F1(dy)

1 −G(y−)

)1/2

≤ d+

√
n√
cα
ε,
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whered is a constant.
Finally

ER̃n7(t) ≤ k9
1

n

K3M3

c21c
2
ln2(

n

c1α
) +

2
√
M

n
d+

2
√
M√
cα

ε√
n
.

⊠

Summarizing:

Lemma A.22.

F1n(t) − F1(t) =

4
∑

i=1

Lni +Rn(t)

where on the set̃Ω0
n, we have

|Rn(t)| ≤ R̃n1(t) + R̃n2(t) + R̃n6(t) + |Rn1(t)| + |Rn4(t)| + R̃n5(t) + ĨIn(t) + R̃a
n7(t) + R̃b

n7(t)

+|Rc
n7(t)| + |Rd

n7(t)| =: R̃n(t).

Furthermore,

ER̃n(t) ≤ k10
1

n

K3M3

c21c
2
ln2(

n

c1α
) +

2
√
αM

n

1
√

1 −G(t−)

(

ln(
n

c1α
) + 1

)1/2

+

√
8Mα

n3/2

1

1 −G(t−)

+
2M√
cα

ε√
n
,

wherek10 is a constant.
Proof.
Lemmas (A.14)-(A.21).

⊠
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