
❏✉st✉s✲▲✐❡❜✐❣✲❯♥✐✈❡rs✐tät ●✐❡ÿ❡♥

❋❛❝❤❜❡r❡✐❝❤ ▼❛t❤❡♠❛t✐❦ ✉♥❞ ■♥❢♦r♠❛t✐❦✱ P❤②s✐❦✱ ●❡♦❣r❛♣❤✐❡

❉✐ss❡rt❛t✐♦♥
❩✉r ❊r❧❛♥❣✉♥❣ ❞❡s ❛❦❛❞❡♠✐s❝❤❡♥ ●r❛❞❡s

❉♦❦t♦r ❞❡r ◆❛t✉r✇✐ss❡♥s❝❤❛❢t❡♥

✭❉r✳ r❡r✳ ♥❛t✳✮

❲❛✈❡❧❡ts ✉♥❞ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ♠✐t

❆♥✇❡♥❞✉♥❣❡♥ ✐♥ ❞❡r ❖♣t✐♦♥s♣r❡✐st❤❡♦r✐❡

❉❛♥✐❡❧ ❙❝❤♠✐❞t

▼❛✐ ✷✵✶✼

●✉t❛❝❤t❡r

Pr♦❢✳ ❉r✳ ▼❛rt✐♥ ❇✉❤♠❛♥♥
Pr♦❢✳ ❉r✳ ▼❛r❝✉s ❘✳ ❲✳ ▼❛rt✐♥ ✭❡①t❡r♥ ❚❍▼✮



✧❉✐❡ ▼❛t❤❡♠❛t✐❦ ✐st ❞❛s ■♥str✉♠❡♥t✱ ✇❡❧❝❤❡s ❞✐❡ ❱❡r♠✐tt❧✉♥❣ ❜❡✇✐r❦t ③✇✐s❝❤❡♥
❚❤❡♦r✐❡ ✉♥❞ Pr❛①✐s✱ ③✇✐s❝❤❡♥ ❉❡♥❦❡♥ ✉♥❞ ❇❡♦❜❛❝❤t❡♥✿ s✐❡ ❜❛✉t ❞✐❡

✈❡r❜✐♥❞❡♥❞❡ ❇rü❝❦❡ ✉♥❞ ❣❡st❛❧t❡t s✐❡ ✐♠♠❡r tr❛❣❢ä❤✐❣❡r✳ ❉❛❤❡r ❦♦♠♠t ❡s✱ ❞❛ÿ
✉♥s❡r❡ ❣❛♥③❡ ❣❡❣❡♥✇ärt✐❣❡ ❑✉❧t✉r✱ s♦✇❡✐t s✐❡ ❛✉❢ ❞❡r ❣❡✐st✐❣❡♥ ❉✉r❝❤❞r✐♥❣✉♥❣
✉♥❞ ❉✐❡♥st❜❛r♠❛❝❤✉♥❣ ❞❡r ◆❛t✉r ❜❡r✉❤t✱ ✐❤r❡ ●r✉♥❞❧❛❣❡ ✐♥ ❞❡r ▼❛t❤❡♠❛t✐❦

✜♥❞❡t✳✧

✲❉❛✈✐❞ ❍✐❧❜❡rt✲

■



❋ür
❆♥♥❛❞ ✉♥❞ ❍❡❧♠✉t❞
▲♦rr❛✐♥❡ ✉♥❞ ▼✐♠✐

■❝❤ ♠ö❝❤t❡ ♠✐❝❤ ❣❛♥③ ❤❡r③❧✐❝❤ ❢ür ❞✐❡ ❛✉s❣❡③❡✐❝❤♥❡t❡ ❇❡tr❡✉✉♥❣ ✈♦♥ ❍❡rr♥
Pr♦❢✳ ▼❛rt✐♥ ❇✉❤♠❛♥♥ ✉♥❞ ❍❡rr♥ Pr♦❢✳ ▼❛r❝✉s ▼❛rt✐♥ ❜❡❞❛♥❦❡♥✳ ■❤r
❊♥❣❛❣❡♠❡♥t✱ ❛❧s ❛✉❝❤ ✐❤r❡ st❡ts ❤✐❧❢r❡✐❝❤❡♥ ❆♥r❡❣✉♥❣❡♥ ✉♥❞ ■❞❡❡♥ ❤❛❜❡♥ ♠✐r
✐♠♠❡r s❡❤r ❣❡❤♦❧❢❡♥✳

■■



■♥❤❛❧ts✈❡r③❡✐❝❤♥✐s

✶ ❊✐♥❧❡✐t✉♥❣ ✶

✷ ❘❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ✷

✸ ❲❛✈❡❧❡ts ✉♥❞ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ✾

✸✳✶ ❉✐❡ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q✉❛❞r✐❝ ❋✉♥❦t✐♦♥❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✸✳✷ Pr❡✇❛✈❡❧❡ts ❛✉s ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q✉❛❞r✐❝ ❋✉♥❦t✐♦♥❡♥ ✐♥ ❡✐✲

♥❡r ❉✐♠❡♥s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✸✳✷✳✶ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❆♥❛❧②s✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✸✳✷✳✷ ❱❡r❛❧❧❣❡♠❡✐♥❡rt❡ ♠✉❧t✐q✉❛❞r✐❝ Pr❡✇❛✈❡❧❡ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✸✳✸ ❲❛✈❡❧❡ts ❛✉s r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ✐♥ ③✇❡✐ ❉✐♠❡♥s✐♦♥❡♥ ✳ ✳ ✳ ✸✹
✸✳✸✳✶ ❊✐♥ ❦♦♥str✉❦t✐✈❡r ❆♥s❛t③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻
✸✳✸✳✷ ❉❡r ③✇❡✐❞✐♠❡♥s✐♦♥❛❧❡♥ ❋❛❧❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽
✸✳✸✳✸ ❊✐♥ ❑♦♥str✉❦t✐♦♥ ü❜❡r ●❛✉ÿ✬s❝❤❡ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ✺✸
✸✳✸✳✹ ❊✐♥❡ ❡①♣❧✐③✐t❡ ❑♦♥str✉❦t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✹ ❆♥✇❡♥❞✉♥❣❡♥ ✻✷

✹✳✶ ❉❛s ❦❧❛ss✐s❝❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥✲▼♦❞❡❧❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
✹✳✷ ❉❛s P♦st✲❈r✐s✐s ▼♦❞❡❧❧ ♥❛❝❤ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✹✳✷✳✶ P♦s✐t✐✈❡ ❆✉s③❛❤❧✉♥❣s♣r♦✜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶
✹✳✷✳✷ ◆❡❣❛t✐✈❡ ❆✉s③❛❤❧✉♥❣s♣r♦✜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸
✹✳✷✳✸ ❊r❣❡❜♥✐ss❡ ❞❡s ✉♥✐❧❛t❡r❛❧❡♥ ❋❛❧❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✹✳✸ ❊✐♥❡ ❆❞♦♠✐❛♥✲❘❇❋✲❲❛✈❡❧❡t✲▼❡t❤♦❞❡ ③✉r ▲ös✉♥❣ ♣❛rt✐❡❧❧❡r ❉✐❢✲
❢❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼
✹✳✸✳✶ ❉❡r ❧✐♥❡❛r❡ ❋❛❧❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼
✹✳✸✳✷ ❉❡r ♥✐❝❤t❧✐♥❡❛r❡ ❋❛❧❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✺ ❩✉s❛♠♠❡♥❢❛ss✉♥❣ ✉♥❞ ❆✉s❜❧✐❝❦ ✾✼

▲✐t❡r❛t✉r ■■■
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✶ ❊✐♥❧❡✐t✉♥❣

■♥ ❞✐❡s❡r ❆r❜❡✐t ❣❡❤t ❡s ✉♠ ❞✐❡ ❑♦♥str✉❦t✐♦♥ ✉♥❞ ❆♥✇❡♥❞✉♥❣ ✈♦♥ r❛❞✐❛❧❡♥
❇❛s✐s❢✉♥❦t✐♦♥❡♥ ❲❛✈❡❧❡ts ❛✉❢ ❛❦t✉❡❧❧❡ ❋r❛❣❡st❡❧❧✉♥❣❡♥ ❞❡r ❖♣t✐♦♥s♣r❡✐st❤❡♦r✐❡✳
❉❛③✉ ✇❡r❞❡♥ ③✉♥ä❝❤st ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡ ♠✉❧t✐q❛✉❞r✐❝ Pr❡✇❛✈❡❧❡ts ✐♥ ❡✐♥❡r ❉✐✲
♠❡♥s✐♦♥ ✭✐♥ ❆♥❧❡❤♥✉♥❣ ❛♥ ❇✉❤♠❛♥♥ ❬✹❪✮ ❦♦♥str✉✐❡rt✳ ■♠ ❩✉s❛♠♠❡♥❤❛♥❣ ♠✐t
❞❡r ❑♦♥str✉❦t✐♦♥ ✈♦♥ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q❛✉❞r✐❝ Pr❡✇❛✈❡❧❡ts ✇❡r❞❡♥ ♥❡✉❡
❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q✉❛❞r✐❝ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥ ❤❡r✲
❣❡❧❡✐t❡t✳ ❉✐❡ ♥❡✉❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q✉❛❞r✐❝ r❛❞✐❛❧❡♥
❇❛s✐s❢✉♥❦t✐♦♥ s✐♥❞ ❞❛❜❡✐ ♥✐❝❤t ♥✉r ③❡♥tr❛❧ ❜❡✐ ❞❡r ❑♦♥str✉❦t✐♦♥ ❞❡r Pr❡✇❛✈❡❧❡ts✱
s♦♥❞❡r♥ ❡❜❡♥❢❛❧❧s ♥♦t✇❡♥❞✐❣ ❢ür ❞✐❡ ❛♥❞❡r❡♥ ❚❡✐❧❡ ❞✐❡s❡r ❆r❜❡✐t✳ ■♠ ❆♥s❝❤❧✉ss
❛♥ ❞✐❡ ❑♦♥str✉❦t✐♦♥ ❞❡r Pr❡✇❛✈❡❧❡ts ✇✐r❞ ♠✐t❤✐❧❢❡ ❞❡r ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❆♥❛❧②s✐s
❡✐♥❡ ▼ö❣❧✐❝❤❦❡✐t ❞❡r ❑♦♥str✉❦t✐♦♥ ✈♦♥ ❲❛✈❡❧❡ts ❛✉s r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥
✐♥ ❡✐♥❡r ❜③✇✳ ③✇❡✐ ❉✐♠❡♥s✐♦♥❡♥ ❞✉r❝❤❣❡❢ü❤rt✳ ■♠ ❆♥s❝❤❧✉ss ❛♥ ❞✐❡ ❍❡r❧❡✐t✉♥❣
❞❡r ❑♦♥str✉❦t✐♦♥s♠❡t❤♦❞❡ ❢ür ❘❇❋✲❲❛✈❡❧❡ts ✇❡r❞❡♥ ❞✐❡s❡ ✐♥ ❡✐♥❡♠ ❡✐❣❡♥❡♥
❑❛♣✐t❡❧ ❡①♣❧✐③✐t ❦♦♥str✉✐❡rt✳ ■♠ ❞r✐tt❡♥ ❚❡✐❧ ❞❡r ❆r❜❡✐t ✇❡♥❞❡♥ ✇✐r s♦✇♦❤❧ ❞✐❡
❘❇❋✲❲❛✈❡❧❡ts ❛❧s ❛✉❝❤ ❞✐❡ ♥❡✉❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐✲
q❛✉❞r✐❝ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥ ❛✉❢ ❡✐♥ ❛❦t✉❡❧❧❡s Pr♦❜❧❡♠ ❞❡r ❖♣t✐♦♥s♣r❡✐st❤❡♦✲
r✐❡ ❛♥✳ ❉❛❜❡✐ ❧❡✐t❡♥ ✇✐r ❡✐♥❡ s❡♠✐✲❛♥❛❧②t✐s❝❤❡ ▲ös✉♥❣ ❞❡r ♥✐❝❤t❧✐♥❡❛r❡♥ ♣❛rt✐❡❧❧❡♥
❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ❛✉s ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ❬✽❪ ❤❡r✱ ✇♦❜❡✐ ✇✐r ✐♥ ❞✐❡s❡♠ ❩✉s❛♠✲
♠❡♥❤❛♥❣ ❡✐♥❡ ♥❡✉❡ ❆❞♦♠✐❛♥✲❘❇❋✲❲❛✈❡❧❡t ▼❡t❤♦❞❡ ③✉r ▲ös✉♥❣ ♥✐❝❤t❧✐♥❡❛r❡r
♣❛rt✐❡❧❧❡r ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥ ❡✐♥❢ü❤r❡♥✳ ❇❡✐ ❞❡♠ ❆♥s❛t③ ✈♦♥ ❇✉r❣❛r❞ ✉♥❞
❑❥❛❡r ✐st ❡s ♠ö❣❧✐❝❤✱ ❞❛ss s♦✇♦❤❧ ❞❡r ❊♠✐tt❡♥t ❞❡r ❖♣t✐♦♥ ❛❧s ❛✉❝❤ ❞❡r ❑♦♥tr❛✲
❤❡♥t ✇ä❤r❡♥❞ ❞❡r ▲❛✉❢③❡✐t ❛✉s❢❛❧❧❡♥ ❦ö♥♥❡♥✳ ■♠ ❧❡t③t❡♥ ❚❡✐❧ ❞❡r ❆r❜❡✐t ❜❡tr❛❝❤✲
t❡♥ ✇✐r ❡✐♥✐❣❡ ❇❡✐s♣✐❡❧❡ ✐♠ ❩✉s❛♠♠❡♥❤❛♥❣ ♠✐t ❞❡r ♥❡✉❡♥ ▼❡t❤♦❞❡ ✉♥❞ ❞❡ss❡♥
✜♥❛♥③ö❦♦♥♦♠✐s❝❤❡♥ ❆✉s✇✐r❦✉♥❣❡♥ ❛✉❢ ❞✐❡ ❖♣t✐♦♥s♣r❡✐st❤❡♦r✐❡✳ ❉❡r ❆✉❢❜❛✉ ❞❡r
❆r❜❡✐t ✐st ❞❛❜❡✐ s♦ ❣❡✇ä❤❧t✱ ❞❛ss ❞✐❡ ♠❛t❤❡♠❛t✐s❝❤❡♥ ●r✉♥❞❧❛❣❡♥ ❥❡✇❡✐❧s ❞✐❡
❊✐♥❧❡✐t✉♥❣ ③✉ ❞❡♥ ❡✐♥③❡❧♥❡♥ ❚❡✐❧❛❜s❝❤♥✐tt❡♥ ❞❛rst❡❧❧❡♥✳ ❉✐❡ ❡✐♥③✐❣❡ ❆✉s♥❛❤♠❡
❜✐❧❞❡♥ ❤✐❡r❜❡✐ ❞✐❡ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ✉♥❞ ❞❡r❡♥ ❡❧❡♠❡♥t❛r❡ ❊✐❣❡♥s❝❤❛❢t❡♥✱
❞❛ ❞✐❡s❡ ❛❧❧❡ ❚❡✐❧❡ ❞❡r ❆r❜❡✐t ❜❡rü❤r❡♥✳ ❆✉s ❞✐❡s❡♠ ●r✉♥❞ ❡r❤❛❧t❡♥ ❞✐❡ r❛❞✐❛❧❡♥
❇❛s✐s❢✉♥❦t✐♦♥❡♥ ❡✐♥ ❡✐❣❡♥❡s ❑❛♣✐t❡❧ ③✉ ❇❡❣✐♥♥ ❞✐❡s❡r ❆r❜❡✐t✳

✶



✷ ❘❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥❡♥

▼✐t ❍✐❧❢❡ r❛❞✐❛❧❡r ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ❧❛ss❡♥ s✐❝❤ r❡❡❧❧✇❡rt✐❣❡✱ ♠✉❧t✐✈❛r✐❛t❡ ❋✉♥❦✲
t✐♦♥❡♥ f : Rn → R ❛♣♣r♦①✐♠✐❡r❡♥✱ ❞✐❡ ♥✉r ❛♥ ❣❡✇✐ss❡♥ ❙tüt③st❡❧❧❡♥ tj ∈ Rn✱
j ∈ {1, ······,m} ❜❡❦❛♥♥t s✐♥❞✳ ❉✐❡ ❙tüt③st❡❧❧❡♥ tj ∈ Rn✱ j ∈ {1, .....,m} ✇❡r✲
❞❡♥ ❛✉❝❤ ❩❡♥tr❡♥ ❣❡♥❛♥♥t✳ ❩✉ ❞✐❡s❡♥ ❩❡♥tr❡♥ s❡✐❡♥ ❋✉♥❦t✐♦♥s✇❡rt❡ f(tj) ♠✐t
j = 1, 2, ······,m ❜❡❦❛♥♥t✳ ●❡s✉❝❤t ✐st ❞❡♠♥❛❝❤ ❜❡✐s♣✐❡❧s✇❡✐s❡ ❡✐♥❡ ❆♣♣r♦①✐♠❛t✐✲
♦♥ s ♠✐t s(tj) = f(tj) (j = 1, 2, ······,m)✳ ❉✐❡ ❛❧❧❣❡♠❡✐♥❡ ❋♦r♠ ❞❡r ■♥t❡r♣♦❧❛♥t❡♥
s ✐st ❤✐❡r❜❡✐

s(t) :=

m∑

j=1

λjφ(||t− tj ||2)

♠✐t t ∈ Rn✳ ❲❡✐t❡r❤✐♥ st❡❧❧t φ : R+ → R ❡✐♥❡ s♦❣❡♥❛♥♥t❡ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥
❞❛r✱ ✉♥❞ || · ||2 ❜❡③❡✐❝❤♥❡t ❞✐❡ ❡✉❦❧✐❞✐s❝❤❡ ◆♦r♠✳ ❉❡♠♥❛❝❤ ♠✉ss ❢ür ❛❧❧❡ tj ∈ Rn✱
j ∈ {1, ······,m} ❞✐❡ ♥❛❝❤❢♦❧❣❡♥❞❡ ■♥t❡r♣♦❧❛t✐♦♥s❜❡❞✐♥❣✉♥❣ ❣❡❧t❡♥✿

f (tj) := s(t) =
m∑

k=1

λjφ(||tj − tk||2).

❉✐❡s st❡❧❧t ❢ür ❞✐❡ ❑♦❡✣③✐❡♥t❡♥ λj (j = 1, 2, ...,m) ❡✐♥ ❧✐♥❡❛r❡s ●❧❡✐❝❤✉♥❣ss②st❡♠
❞❛r✱ ✇❡❧❝❤❡s ❧ös❜❛r ✐st✱ ✇❡♥♥ ❞✐❡ ▼❛tr✐① A := φ(||tj − tk||2)(j,k)ǫ{1,2,...,m}2

♥✐❝❤t
s✐♥❣✉❧är ✐st✳ ❍✐❡r❜❡✐ s✐♥❞ ❞✐❡ ❜❡❦❛♥♥t❡st❡♥ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ❣❡❣❡❜❡♥
❞✉r❝❤✿

✶✳ ❉✐❡ ❧✐♥❡❛r❡ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥✿

φ(t) = t

✷✳ ❉✐❡ ♠✉❧t✐q✉❛❞r✐❝ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥✿

φ(t) =
(
t2 + a2

) 1
2 , a ∈ R

✸✳ ❉✐❡ ●❛✉ÿ✬s❝❤❡ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥✿

φ(t) = exp(−a2t2), a ∈ R

✹✳ ❉✐❡ ✐♥✈❡rs❡ ♠✉❧t✐q✉❛❞r✐❝ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥✿

φ(t) =
(
t2 + a2

)− 1
2 , a ∈ R

✺✳ ❉✐❡ t❤✐♥ ♣❧❛t❡ s♣❧✐♥❡s r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥✿

φ(t) = t2 log(t)

✷





❦❛♥♥ ♠❛♥ ③❡✐❣❡♥✱ ❞❛ss ❞✐❡s❡ ✐♠♠❡r r❡❣✉❧är ✐st✳ ❍✐❡r❜❡✐ s❡✐❡♥ ❞✐❡ ti =
(
t
(1)
i , t

(2)
i

)

♣❛❛r✇❡✐s❡ ✈❡rs❝❤✐❡❞❡♥ ✉♥❞ ♥✐❝❤t ❦♦❧❧✐♥❡❛r✳ ■♥ ❞❡♥ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ 2
❜✐s 4 ✐st a ∈ R ❥❡✇❡✐❧s ❞❡r ❙❤❛♣❡ P❛r❛♠❡t❡r✳ ❍✐❡r❜❡✐ ✐st ❞✐❡ ❲❛❤❧ ❞❡s ♦♣t✐♠❛✲
❧❡♥ ❙❤❛♣❡ P❛r❛♠❡t❡rs a ❡✐♥ ♦✛❡♥❡s Pr♦❜❧❡♠ ✐♠ ❋♦rs❝❤✉♥❣s❣❡❜✐❡t ❞❡r r❛❞✐❛❧❡♥
❇❛s✐s❢✉♥❦t✐♦♥❡♥✳ ❲✐r ✇❡r❞❡♥ ✐♠ s♣ät❡r❡♥ ❱❡r❧❛✉❢ ❞✐❡s❡r ❆r❜❡✐t ❡✐♥✐❣❡ ✉♥t❡r✲
s❝❤✐❡❞❧✐❝❤❡ ❲❡rt❡ ❢ür a ❜❡tr❛❝❤t❡♥✱ ✇♦❜❡✐ ✇✐r ❞❡♥ ❙❤❛♣❡ P❛r❛♠❡t❡r ❞❛③✉ ❜❡✲
♥✉t③❡♥ ✇❡r❞❡♥✱ ❞✐❡ ❇r❡✐t❡ ❞❡r ❦♦♥str✉✐❡rt❡♥ ❲❛✈❡❧❡ts ③✉ ✈❡rä♥❞❡r♥✳ ❲✐r ✇♦❧❧❡♥
✉♥s ✈♦r❤❡r ❛❧❧❡r❞✐♥❣s ♥♦❝❤ ❞✐❡ ●rü♥❞❡ ❢ür ❞✐❡ ❘❡❣✉❧❛r✐tät ❞❡r ❑♦❡✣③✐❡♥t❡♥♠❛✲
tr✐① ❞❡s ■♥t❡r♣♦❧❛t✐♦♥s♣r♦❜❧❡♠s ♥♦❝❤ ❡t✇❛s ❣❡♥❛✉❡r ❛♥s❡❤❡♥✱ ✇♦❜❡✐ ✇✐r ❢ür ❞✐❡
❇❡✇❡✐s❡ ❞❡r ❜❡♥öt✐❣t❡♥ ❙ät③❡ ❛✉❢ ❇✉❤♠❛♥♥ ❬✺❪ ✈❡r✇❡✐s❡♥ ✇♦❧❧❡♥✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❊✐♥❡ ❋✉♥❦t✐♦♥ F ∈ C (Rn,R) ❤❡✐ÿt ❜❡❞✐♥❣t ♣♦s✐t✐✈ ❞❡✜♥✐t ❞❡r
❖r❞✉♥❣ k✱ ❦✉r③ b.p.d.(k), ❢❛❧❧s ❢ür ❛❧❧❡ ♣❛❛r✇❡✐s❡ ✈❡rs❝❤✐❡❞❡♥❡♥ (tj)j∈{1,····,m}❣✐❧t✿
❊s ✐st

m∑

i=1

m∑

j=1

λiλjF (ti − tj) > 0

❢ür ❛❧❧❡ (λj)j∈{1,····,m} 6= 0, ❞✐❡ ❞✐❡ ◆❡❜❡♥❜❡❞✐♥❣✉♥❣

m∑

j=1

λjq (tj) = 0

❢ür ❛❧❧❡
∏k−1

n ❡r❢ü❧❧❡♥✱ ✇♦❜❡✐ ✇✐r ③✉sät③❧✐❝❤
∏−1

n := {0} ❣❡s❡t③t ❤❛❜❡♥✳

❲✐r ✇♦❧❧❡♥ ♥✉♥ ❡✐♥✐❣❡ ❙♣❡③✐❛❧❢ä❧❧❡ ❜❡tr❛❝❤t❡♥✱ ❞✐❡ ♥❛❝❤❢♦❧❣❡♥❞ ❜❡✐ ❞❡r ✇❡✐t❡r❡♥
❍❡r❧❡✐t✉♥❣ ✇✐❝❤t✐❣ ✇❡r❞❡♥✳

❇❡♠❡r❦✉♥❣ ✷✳✶✳ (1) ❢ür k = 0 s✐♥❞ ❞✐❡ ❜❡tr❛❝❤t❡t❡♥ ❋✉♥❦t✐♦♥❡♥ ❣❡♥❛✉ ❞✐❡ ♣♦s✐t✐✈
❞❡✜♥✐t❡♥ ❋✉♥❦t✐♦♥❡♥✿ ❋ür ❧✐♥❡❛r❡ ❋✉♥❦t✐♦♥❡♥ ❋ ✐st ❛❧s♦ ❞✐❡ ❆❜❜✐❧❞✉♥❣s♠❛tr✐①
A ♣♦s✐t✐✈ ❞❡✜♥✐t✳
(2) ❋ür k = 1 ♠✉ss

m∑

i=1

m∑

j=1

λiλjF (ti − tj) > 0

❢ür ❛❧❧❡ (λk)k∈{1,····,m} ♠✐t

m∑

j=0

λj = 0, λ 6≡ 0

❣❡❧t❡♥✳
(3) ❍❛❜❡♥ ✇✐r k = 2, s♦ ♠✉ss

m∑

i=1

m∑

j=1

λiλjF (ti − tj) > 0

✹



❢ür ❛❧❧❡ (λk)k∈{1,····,m} ♠✐t

m∑

j=0

λjq (tj) = 0, λ 6≡ 0

❢ür ❛❧❧❡ q ∈∏1
n ❣❡❧t❡♥✳

❊s ❧✐❡❣t ❛❧s♦ ♥❛❤❡✱ ❞❛ss ❜❡❞✐♥❣t❡ P♦s✐t✐✈✐tät ✉♥❞ ❞✐❡ ◆✐❝❤ts✐♥❣✉❧❛r✐tät ❞❡r ❑♦✲
❡✣③✐❡♥t❡♥♠❛tr✐① ❡t✇❛s ♠✐t❡✐♥❛♥❞❡r ③✉ t✉♥ ❤❛❜❡♥✳

❙❛t③ ✷✳✶✳ ❊s s❡✐ ❋ ❜❡❞✐♥❣t ♣♦s✐t✐✈ ❞❡✜♥✐t ❞❡r ❖r❞♥✉♥❣ ❦✱ ❛❧s♦ b.p.d.(k) ✇✐❡ ✐♥

❉❡✜♥✐t✐♦♥ ✷✳✶✱ ✉♥❞ ❡s ❣❡❧t❡ dim
∏k−1

n |(tj)j∈{1,····,m}
=
(
n+k−1

n

)
= dim

∏k−1
n .

❉❛♥♥ ✐st ❞✐❡ ▼❛tr✐①

Ã =




A
((
tαj
)
j∈{1,····,m},|α|<k

)T
((
tαj
)
j∈{1,····,m},|α|<k

)T
0


 ∈ Rγ

r❡❣✉❧är✱ ✇♦❜❡✐ γ =
(
m+

(
n+k−1

n

))
×
(
m+

(
n+k−1

n

))
s♦✇✐❡

A = (F (ti − tj))(i,j)∈{1,····,m}2 ✉♥❞ α = (α1,····· , αn) ∈ Nn
0 ❞❡r ▼✉❧t✐✐♥❞❡① ♠✐t

|α| := ‖α‖1 ✉♥❞ tα =
(
t(1),···· , t(n)

)α
=
(
t(1)
)α
,···· ,

(
t(n)
)α

✐st✳

❲✐r ♠❡r❦❡♥ ❛♥✱ ❞❛ss ❢ür k = 0 ❞✐❡ ▼❛tr✐① Ã = A ♣♦s✐t✐✈ ❞❡✜♥✐t✱ ❛❧s♦ r❡✲
❣✉❧är ✐st✳ ❋❡r♥❡r ❜❡s❛❣t ❞✐❡ ❉✐♠❡♥s✐♦♥s❜❡❞✐♥❣✉♥❣ dim

∏k−1
n |(tj)j∈{1,····,m}

=
(
n+k−1

n

)
= dim

∏k−1
n s♣❡③✐❡❧❧ ❛♥❣❡✇❛♥❞t ♠✐t ❧✐♥❡❛r❡♥ P♦❧②♥♦♠❡♥ ❣❡r❛❞❡✱ ❞❛ss

❞✐❡ (tj)j∈{1,····,m} ♥✐❝❤t ❦♦❧❧✐♥❡❛r s✐♥❞✳

❑♦r♦❧❧❛r ✷✳✶✳ ❲❡♥♥ Φ (‖·‖) : Rn → R b.p.d.(k) ✐st✱ s♦ ✐st ❞❛s ■♥t❡r♣♦❧❛t✐♦♥s✲
♣r♦❜❧❡♠ {

f (tj) = s (tj) =
∑m

k=1 λkφ(||tj − tk||2) + p (tj)

0 =
∑m

k=1 λkq (tk) = 0 ❢ür ❛❧❧❡ q ∈∏1
n✱

❡✐♥❞❡✉t✐❣ ❧ös❜❛r ❢ür ❛❧❧❡ (tj)j∈{1,····,m} , ❞✐❡ ❞✐❡ ❇❡❞✐♥❣✉♥❣ ✐♥ ❙❛t③ ✷✳✶ ❡r❢ü❧❧❡♥✱

✇♦❜❡✐ p ∈∏k−1
n ✐st✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳ ❊✐♥❡ ❋✉♥❦t✐♦♥ g ∈ C
(
R+

0 ,R
)
∩ C∞ (R+

0 ,R
)
❤❡✐ÿt ✈♦❧❧stä♥❞✐❣

♠♦♥♦t♦♥✱ ❢❛❧❧s
(−1)

ℓ
g(ℓ) ≥ 0 ❢ür ❛❧❧❡ ℓ ∈ N0

❣✐❧t✳

❆♥ ❞✐❡s❡r ❙t❡❧❧❡ ✇♦❧❧❡♥ ✇✐r ❡✐♥✐❣❡ ❇❡✐s♣✐❡❧❡ ③✉s❛♠♠❡♥tr❛❣❡♥✱ ❞✐❡ ✇✐r ❞❛♥♥ ❞✐r❡❦t
❢ür ✉♥s❡r❡ ❍❡r❧❡✐t✉♥❣ ❜❡♥✉t③❡♥ ✇♦❧❧❡♥✳

✺



❇❡✐s♣✐❡❧ ✷✳✶✳ (1) ❑♦♥st❛♥t❡ ♥✐❝❤t✲♥❡❣❛t✐✈❡ ❋✉♥❦t✐♦♥❡♥ ✇✐❡ ③✳❇✳ g ≡ 0 s✐♥❞ tr✐✲
✈✐❛❧❡r✇❡✐s❡s ✈♦❧❧stä♥❞✐❣ ♠♦♥♦t♦♥✳

(2) ❉✐❡ ❋✉♥❦t✐♦♥ g1 (t) = exp
(
−c2t

)
, c ≥ 0, ✐st ✈♦❧❧stä♥❞✐❣ ♠♦♥♦t♦♥✱ ❞❛ ✇❡❣❡♥

(−1)
ℓ · g(ℓ)1 (t) = (−1)

ℓ ·
((

−c2
)ℓ · exp

(
−c2t

))
= c2ℓ · exp

(
−c2t

)
> 0

♦✛❡♥❜❛r ❞✐❡ ❱♦r③❡✐❝❤❡♥❜❡❞✐♥❣✉♥❣ ❢ür ❛❧❧❡ ℓ ∈ N0 st❡ts ❡r❢ü❧❧t ✐st✳

(3) ❆✉❝❤ g2(t) =
(
t+ c2

)− 1
2 ✐st ❡✐♥❡ ✈♦❧❧stä♥❞✐❣ ♠♦♥♦t♦♥❡ ❋✉♥❦t✐♦♥✱ ❞❛ ❛✉❝❤

❤✐❡r

(−1)
ℓ · g(ℓ)2 (t) = (−1)

ℓ ·
(

ℓ∏

k=1

−1− 2 (k − 1)

2

)
(
t+ c2

)−1−2ℓ
2

= (−1)
ℓ (−1)

ℓ

2

ℓ∏

k=1

(2k − 1) ·
(
t+ c2

)−1−2ℓ
2 ≥ 0

❢ür ❛❧❧❡ ℓ∈ N0 ❣✐❧t✳

(4) ❱❡r③✐❝❤t❡t ♠❛♥ ❛✉❢ ❞✐❡ ❋♦r❞❡r✉♥❣ ♥❛❝❤ ❙t❡t✐❣❦❡✐t ❛♠ ◆✉❧❧♣✉♥❦t✱ ✐st ❛✉❝❤
g3(t) = t−1 ✈♦❧❧stä♥❞✐❣ ♠♦♥♦t♦♥✱ ❞❡♥♥

(−1)
ℓ · g(ℓ)3 (t) = (−1)

ℓ
(−1)

ℓ · ℓ! · t−(ℓ+1) = ℓ! · t−(ℓ+1) > 0

❢ür ❛❧❧❡ t ∈ R+.

❆❧❧❡r❞✐♥❣s s✐♥❞ ❞✐❡s❡ ❇❡✐s♣✐❡❧❡ ♥♦❝❤ ♥✐❝❤t ❛✉sr❡✐❝❤❡♥❞✱ ✉♠ ❢ür ❞✐❡ ❑❧❛ss❡ ❞❡r
♦❜❡♥ ❣❡♥❛♥♥t❡♥ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ❞✐❡ ❘❡❣✉❧❛r✐tät ❞❡r ❑♦❡✣③✐❡♥t❡♥♠❛✲
tr✐① ③✉ ③❡✐❣❡♥✳ ❉❛③✉ ❜❡♥öt✐❣❡♥ ✇✐r ♥♦❝❤ ❡✐♥❡ ❆❜s❝❤✇ä❝❤✉♥❣ ✈♦♥ ❉❡✜♥✐t✐♦♥ ✷✳✷✳

❉❡✜♥✐t✐♦♥ ✷✳✸✳ ❊✐♥❡ ❋✉♥❦t✐♦♥ g ∈ C∞ (R+
0 ,R

)
❤❡✐ÿt ❜❡❞✐♥❣t ✈♦❧❧stä♥❞✐❣ ♠♦✲

♥♦t♦♥ ❞❡r ❖r❞♥✉♥❣ k✱ ❦✉r③ b.v.m.(k)✱ ❢❛❧❧s

(−1)
ℓ
g(ℓ) ≥ 0 ❢ür ❛❧❧❡ ℓ ≥ k

❣✐❧t✳

❉❛s ❜❡❞❡✉t❡t✱ ❞❛ss ❥❡❞❡ ✈♦❧❧stä♥❞✐❣ ♠♦♥♦t♦♥❡ ❋✉♥❦t✐♦♥ ♦✛❡♥❜❛r b.v.m.(k) ❢ür
❛❧❧❡ k ∈ N0 ✐st✱ s♦❞❛ss ✇✐r ❞✐❡ ♦❜✐❣❡ ❉❡✜♥✐t✐♦♥ ✷✳✷ s✉❜s✉♠♠✐❡rt ❤❛❜❡♥✳ ❲✐r ✇♦❧✲
❧❡♥ ♥✉♥ ♥♦❝❤ ❡✐♥✐❣❡ ❇❡✐s♣✐❡❧❡ ❛♥❢ü❤r❡♥✱ ♠✐t ❞❡r❡♥ ❍✐❧❢❡ ✇✐r ❞❛♥♥ s❡❤❡♥ ✇❡r❞❡♥✱
❞❛ss ❛❧❧❡ ♦❜❡♥ ❣❡♥❛♥♥t❡♥ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ③✉♠✐♥❞❡st ❢ür ❞❛s ❡r✇❡✐t❡rt❡
■♥t❡r♣♦❧❛t✐♦♥s♣r♦❜❧❡♠ ❡✐♥❡ r❡❣✉❧är❡ ❑♦❡✣③✐❡♥t❡♥♠❛tr✐① ❜❡s✐t③❡♥✳

❇❡✐s♣✐❡❧ ✷✳✷✳ (1) ❉✐❡ ❋✉♥❦t✐♦♥ g4(t) = −
√
t+ c2 ✐st b.v.m.(1)✱ ❞❡♥♥ ✇✐r ❤❛❜❡♥

③✇❛r
(−1)0 · g4(t) = g4(t) ≤ 0 ❢ür ❛❧❧❡ t ∈ R+

✻



❛❜❡r

−g′

4(t) =
1

2
(t+ c2)−

1
2 ≥ 0 =

1

2
g2(t)

♠✐t ❞❡r ✈♦❧❧sä♥❞✐❣ ♠♦♥♦t♦♥❡♥ ❋✉♥❦t✐♦♥ g2 ❛✉s ❇❡✐s♣✐❡❧ ✷✳✶(3), ✇❛s k = 1 ❧✐❡❢❡rt✳

(2) ❋ür g5(t) = t · log (t) ❡r❤❛❧t❡♥ ✇✐r ♥❛❝❤ ③✇❡✐♠❛❧✐❣❡♠ ❉✐✛❡r❡♥③✐❡r❡♥

g
′′

5 (t) =
1

t
= g3(t),

✇♦♠✐t ♥❛❝❤ ❇❡✐s♣✐❡❧ ✷✳✶(4) ❢♦❧❣t✱ ❞❛ss g5 b.v.m.(2) ✐st✳ ▼❛♥ ❜❡❛❝❤t❡ ❛♥ ❞❡r ❙t❡❧✲
❧❡✱ ❞❛ss ❜❡❞✐♥❣t ✈♦❧❧stä♥❞✐❣ ♠♦♥♦t♦♥❡ ❋✉♥❦t✐♦♥❡♥ ♥✐❝❤t ♥♦t✇❡♥❞✐❣❡r✇❡✐s❡ st❡t✐❣
❛♥ ◆✉❧❧ s❡✐♥ ♠üss❡♥✳

(3) ❊s ❣✐❧t✿ ●✐❜t ❡s ❡✐♥ k ∈ N, s♦❞❛ss g(k) ✈♦❧❧stä♥❞✐❣ ♠♦♥♦t♦♥ ✐st✱ s♦ ✐st g
b.v.m.(k).

❉❛ ♥❛❝❤❢♦❧❣❡♥❞❡ ③❡♥tr❛❧❡ ❙❛t③ ❣✐❜t ♥✉♥ ❆✉❢s❝❤❧✉ss ü❜❡r ❞✐❡ ❊①✐st❡♥③ ✉♥❞ ❊✐♥✲
❞❡✉t✐❣❦❡✐t ❞❡r ▲ös✉♥❣✳

❙❛t③ ✷✳✷✳ ❊s s❡✐ Φ : R+ → R ❞❡r❛rt✱ ❞❛ss Φ ◦ √· b.v.m.(k) ❛❜❡r ❦❡✐♥ P♦❧②♥♦♠

✐♥
∏k

1 ✐st✳ ❉❛♥♥ ✐st Φ ◦ ‖·‖ b.p.d.(k) ❛✉❢ ❛❧❧❡♥ Rn.

❇❡✐s♣✐❡❧ ✷✳✸✳ (1) ❉✐❡ ●❛✉ÿ✬s❝❤❡ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥ Φ (t) = exp
(
−c2t2

)
♠✐t

❡✐♥❡♠ c ∈ R ❧✐❡❢❡rt ❞❛♠✐t

Φ
(√

t
)
= exp

(
−c2t

)
= g1(t),

s♦❞❛ss Φ◦√· ♥❛❝❤ ❇❡✐s♣✐❡❧ ✷✳✶(2) b.v.m.(0) ✐st✱ ❛❧s♦ Φ◦‖·‖ ♥❛❝❤ ❙❛t③ ✷✳✷ b.p.d.(0)
✐st✳

(2) ❉✐❡ ♥❡❣❛t✐✈❡ ♠✉❧t✐q✉❛❞r✐❝ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥ Φ(t) = −
√
t2 + c2 ♠✐t ❡✐♥❡♠

c ∈ R ❡r❣✐❜t

Φ
(√

t
)
= −

√
t+ c2 = g4(t),

✇❡❧❝❤❡s ❡✐♥❡ ❜❡❞✐♥❣t ✈♦❧❧stä♥❞✐❣ ♠♦♥♦t♦♥❡ ❋✉♥❦t✐♦♥ ❞❡r ❖r❞✉♥❣ k = 1 ♥❛❝❤
❇❡✐s♣✐❡❧ ✷✳✷(1) ✐st✱ ✇❡❧s❤❛❧❜ ♥❛❝❤ ❙❛t③ ✷✳✷ ❞✐❡ ❋✉♥❦t✐♦♥ Φ ◦ ‖·‖ b.p.d.(1) ✐st✳

(3) ❇❡tr❛❝❤t❡♥ ✇✐r ❞✐❡ t❤✐♥ ♣❧❛t❡ s♣❧✐♥❡s r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥ Φ(t) = t2 log(t),
❡r❤❛❧t❡♥ ✇✐r ❛✉s

Φ
(√

t
)
=

1

2
t · log (t) = 1

2
g5(t)

✉♥❞ ③✉s❛♠♠❡♥ ♠✐t ❙❛t③ ✷✳✷✱ ❞❛ss ❞✐❡ ❋✉♥❦t✐♦♥ Φ ◦ ‖·‖ b.p.d.(2) s❡✐♥ ♠✉ss✳

✼





✸ ❲❛✈❡❧❡ts ✉♥❞ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥❡♥

■♥ ❞✐❡s❡♠ ❑❛♣✐t❡❧ ✇♦❧❧❡♥ ✇✐r ③✉♥ä❝❤st ❞✐❡ Pr❡✇❛✈❡❧❡ts ❛✉s ❇✉❤♠❛♥♥ ❬✹❪ ✈❡r❛❧❧❣❡✲
♠❡✐♥❡r♥✳ ❉❛♥❛❝❤ ✇❡r❞❡♥ ✇✐r ✉♥s ❡✐♥❡r ❛♥❞❡r❡♥ ❑♦♥str✉❦t✐♦♥s♠❡t❤♦❞❡ ✇✐t♠❡♥✱
✇❡❧❝❤❡ ü❜❡r ❡✐♥❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❆♥❛❧②s✐s ③✉♥ä❝❤st r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥
❲❛✈❡❧❡ts ✐♥ ❡✐♥❡r ❉✐♠❡♥s✐♦♥ ❡r③❡✉❣t✳ ▼✐t❤✐❧❢❡ ❜❡st✐♠♠t❡r ▼❛tr✐③❡♥✱ ✇❡r❞❡♥ ✇✐r
❞✐❡s❡ ❞❛♥♥ ❛✉❢ ③✇❡✐ ❉✐♠❡♥s✐♦♥❡♥ ❡r✇❡✐t❡r♥✳

✸✳✶ ❉✐❡ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q✉❛❞r✐❝ ❋✉♥❦t✐♦♥❡♥

❯♥t❡r ❞❡♠ ❇❡❣r✐✛ ❞❡r ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q✉❛❞r✐❝ ❋✉♥❦t✐♦♥❡♥ ✈❡rst❡❤t ♠❛♥

❥❡♥❡ ❋✉♥❦t✐♦♥❡♥✱ ❞✐❡ ❡✐♥❡ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ❞❡r ♠✉❧t✐q✉❛❞r✐❝ ❋✉♥❦t✐♦♥
(
a2 + t2

) 1
2

❞❛rst❡❧❧❡♥✳ ❉❛❜❡✐ ❡r❤ä❧t ♠❛♥ ❞✐❡ n − te ♠✉❧t✐q✉❛❞r✐❝ ❋✉♥❦t✐♦♥ φn(t) ♠✐tt❡❧s

φn(t) =
(
a2 + t2

)n− 1
2 ♠✐t n ∈ N ✉♥❞ a > 0✳ ❲✐r ✇♦❧❧❡♥ ♥✉♥ ③✉♥ä❝❤st ❡✐♥✐❣❡

♥❡✉❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ❞✐❡s❡r ❋✉♥❦t✐♦♥❡♥ ③✉s❛♠♠❡♥st❡❧❧❡♥✱ ✉♠ ❞✐❡s❡ ❞❛♥❛❝❤ ❜❡✐
❞❡r ❑♦♥str✉❦t✐♦♥ ✈♦♥ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q✉❛❞r✐❝ Pr❡✇❛✈❡❧❡ts ③✉ ❜❡♥✉t③❡♥✳

❙❛t③ ✸✳✶✳ ❋ür ❥❡❞❡s φn(t) =
(
a2 + t2

)n− 1
2 ♠✐t n ∈ N ✉♥❞ a ∈ R ❣✐❧t✿

ˆ ∞

−∞
φ(2n)n (t)dt > 0 ✭✸✳✶✳✶✮

♠✐t φ
(2n)
n (t) = O(|t|−1−n−ǫ

) ✉♥❞ ǫ > 0✱ s♦✇❡✐t ❞❛s ■♥t❡❣r❛❧ ✇♦❤❧❞❡✜♥✐❡rt ✐st✳

❇❡✐s♣✐❡❧ ✸✳✶✳ ❉✐❡ ❡rst❡♥ ❞r❡✐ ❇❡✐s♣✐❡❧❡ ❤✐❡r❢ür s✐♥❞✿

n = 1 : ❉❛♥♥ ✐st φ1(t) =
(
a2 + t2

) 1
2♠✐t φ(2)1 (t) = a2

(a2+t2)
3
2
✉♥❞

ˆ ∞

−∞
φ
(2)
1 (t)dt =

t

(a2 + t2)
1
2

|∞−∞= 2.

n = 2 : ❉❛♥♥ ✐st φ2(t) =
(
a2 + t2

) 3
2♠✐t φ(4)2 (t) = 9a4

(a2+t2)
5
2
✉♥❞

ˆ ∞

−∞
φ
(4)
2 (t)dt =

9a2t+ 6t3

(a2 + t2)
3
2

|∞−∞= 12.

n = 3 : ❉❛♥♥ ✐st φ3(t) =
(
a2 + t2

) 5
2♠✐t φ(6)3 (t) = 225a6

(a2+t2)
7
2
✉♥❞

ˆ ∞

−∞
φ
(6)
3 (t)dt =

15
(
15a4t+ 20a2t+ 8t5

)

(a2 + t2)
5
2

|∞−∞= 240.

❇❡✇❡✐s✳ ❊s ✐st ❛✉sr❡✐❝❤❡♥❞ ③✉ ③❡✐❣❡♥✱ ❞❛ss

φ(2n)n (t) =

n∑

k=0

(−1)k ·
(
n

k

)
·

n∏

i=1

(2i− 1)2
t2k

(a2 + t2)
k+ 1

2

=

∏n
i=1(2i− 1)2 · a2n

(a2 + t2)
n+ 1

2

✭✸✳✶✳✷✮

✾



♠✐t a ∈ R ✉♥❞ n ∈ N ❣✐❧t✳
❉❛♥♥ ❣✐❧t

ˆ ∞

−∞

∏n
i=1(2i− 1)2 · a2n

(a2 + t2)
n+ 1

2

dt =
p(t)

q(t)

∣∣∣∣
∞

−∞
= const. 6= 0,

❞❛ p(t) ∈ ∏̊2n−1

t ❛❧s♦ ❡✐♥ P♦❧②♥♦♠ ❣❡♥❛✉ ✈♦♠ ●r❛❞ 2n−1 ✉♥❞ q(t) =
(
a2 + t2

)n− 1
2

✐st✳ ❉✐❡s❡ ◆♦t❛t✐♦♥ ✇❡r❞❡♥ ✇✐r ❛✉❝❤ ♥❛❝❤❢♦❧❣❡♥❞ ✐♠♠❡r ✇✐❡❞❡r ❜❡♥✉t③❡♥✳ ❋❡r♥❡r
❣✐❧t ❞❛♥♥ ❛✉❝❤ φ(2n)n (t) = O(|t|−1−n−ǫ

) ♠✐t ǫ > 0.
❋ür ❞❛s ③✇❡✐t❡ ●❧❡✐❝❤❤❡✐ts③❡✐❝❤❡♥ r❡✐❝❤t ❡s ③✉ ③❡✐❣❡♥✿

n∑

k=0

(−1)k ·
(
n

k

)
· t2k

(a2 + t2)
k+ 1

2

=
a2n

(a2 + t2)
n+ 1

2

✭✸✳✶✳✸✮

❉✐❡s ❡r❣✐❜t s✐❝❤ ❛✉s✿

n∑

k=0

(−1)k ·
(
n

k

)
· t2k

(a2 + t2)
k+ 1

2

=

(
n

0

)
· 1

(a2 + t2)
1
2

−
(
n

1

)
t2

(a2 + t2)
3
2

+

(
n

2

)
t4

(a2 + t2)
5
2

−····±
(
n

n

)
t2n

(a2 + t2)
n+ 1

2

=

(
n
0

) (
a2 + t2

) 3
2 ····· ·

(
a2 + t2

)n+ 1
2 −···· ±

(
n
n

)
· t2n

(
a2 + t2

) 1
2 ····· ·

(
a2 + t2

)n− 1
2

(a2 + t2)
1
2 ····· · (a2 + t2)

n+ 1
2

=

(
n
0

) (
a2 + t2

)(∑n
k=0 k+ 1

2 )− 1
2 −···· ±

(
n
n

)
t2n
(
a2 + t2

)(∑n
k=0 k+ 1

2 )−(n+ 1
2 )

(a2 + t2)(
∑n

k=0 k+ 1
2 )

=

(
a2 + t2

)(∑n
k=0 k+ 1

2 )− 1
2

[(
n
0

)
−
(
n
1

)
t2
(
a2 + t2

)−1
+···· ±

(
n
n

)
t2n
(
a2 + t2

)−n
]

(a2 + t2)(
∑n

k=0 k+ 1
2 )

=

[(
n
0

) (
a2 + t2

)n −···· ±
(
n
n

)
t2n
(
a2 + t2

)0]

(a2 + t2)
n+ 1

2

=

(
a2 + t2 − t2

)n

(a2 + t2)
n+ 1

2

=
a2n

(a2 + t2)
n+ 1

2

.

❉✐❡ ●❧❡✐❝❤❤❡✐t φ(2n)n (t) =
∏n

i=1(2i−1)2a2n

(a2+t2)n+1
2

❢♦❧❣t ❞❛♥♥ ♠✐tt❡❧s ❋♦✉r✐❡r✲❚r❛♥s❢♦r♠❛t✐♦♥

❛✉❢ ❜❡✐❞❡♥ ❙❡✐t❡♥ ❞❡r ●❧❡✐❝❤✉♥❣✳

✶✵



❩✉♥ä❝❤st ❜❡tr❛❝❤t❡♥ ✇✐r ❞✐❡ ❧✐♥❦❡ ❙❡✐t❡✿

F
(
φ(2n)n (t)

)
= (−1)

n
r2nF (φn(t)) =

(−1)
n
r2n2

1
2+nan

Γ
(
1
2 − n

)
|r|n Kn (ar)

=
(−1)

n
2

1
2+n

Γ
(
1
2 − n

) |r|n anKn (ar) =

√
2(2n)!

n! · 2n√π |r|n anKn (ar) .

❙♦✇✐❡ ❞✐❡ r❡❝❤t❡ ❙❡✐t❡ ❞❡r ●❧❡✐❝❤✉♥❣✿

F
(∏n

i=1(2i− 1)2 · a2n

(a2 + t2)
n+ 1

2

)
=

∏n
i=1(2i− 1)22

1
2−n

Γ
(
1
2 + n

) |r|n anKn (ar)

=

∏n
i=1(2i− 1)2

√
2 · n! · 2n

(2n)!
√
π

|r|n anKn (ar)

❤✐❡r❜❡✐ ✐st Kn ❞✐❡ ♠♦❞✐✜③✐❡rt❡ ❇❡ss❡❧❢✉♥❦t✐♦♥ ③✇❡✐t❡r ❆rt ✉♥❞ Γ(·) ❞✐❡ ●❛♠♠❛✲
❋✉♥❦t✐♦♥✳ ❉✐❡ ❋♦✉r✐❡r✲❚r❛♥s❢♦r♠❛t✐♦♥ ❞❡r ♠✉❧t✐q✉❛❞r✐❝ ❋✉♥❦t✐♦♥❡♥ ✐st ❤✐❡r❜❡✐
✐♥ ❇✉❤♠❛♥♥ ❬✺❪ ③✉ ✜♥❞❡♥✳ ❊s ♠✉ss ❞❛♥♥ ♦✛❡♥❜❛r ♥✉r ♥♦❝❤ ❞✐❡ ●❧❡✐❝❤❤❡✐t ❞❡r
❱♦r❢❛❦t♦r❡♥ ❜❡tr❛❝❤t❡t ✇❡r❞❡♥✳ ❉✐❡ ●❧❡✐❝❤❤❡✐t ✈♦♥

(
(2n)!

n! · 2n
)2

=
n∏

i=1

(2i− 1)2

❢♦❧❣t ❞✐r❡❦t ♠✐tt❡❧s ■♥❞✉❦t✐♦♥ ♥❛❝❤ n✱ ❞❡♥♥ ♦✛❡♥❜❛r ❣✐❧t ❞✐❡ ●❧❡✐❝❤✉♥❣ ❢ür n = 1✳
❋ür ❞❡♥ ■♥❞✉❦t✐♦♥s❝❤r✐tt n→ n+ 1 ❣✐❧t✿

(
(2n+ 2)!

(n+ 1)! · 2n+1

)2

=

n∏

i=1

(2i− 1)2
(
(2n+ 1)(2n+ 2)

(2n+ 2)

)2

=

n∏

i=1

(2i− 1)2(2n+ 1)2 =

n+1∏

i=1

(2i− 1)2.

✶✶



❑♦r♦❧❧❛r ✸✳✶✳ ❉✐❡ ❋✉♥❦t✐♦♥❡♥ d2n

dt2nφn(t) ♠✐t n ∈ N0 ✉♥❞ a ∈ R s✐♥❞ s❡❧❜st

✇✐❡❞❡r r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ✉♥❞ d2n

dt2nφn(‖t‖) ✐st ♣♦s✐t✐✈ ❞❡✜♥✐t✳

❇❡✇❡✐s✳ ❊s ❣✐❧t✿

(−1)ℓ
(
(t+ a2)−n− 1

2 a2n
)(ℓ)

=
ℓ∏

k=1

(
n+

(2k − 1)

2

)
(t+ a2)−n− 1

2−ℓa2n ≥ 0

❉✐❡s ❢♦❧❣t ❞✐r❡❦t ♠✐tt❡❧s ❞❡s ❙❛t③❡s ü❜❡r ♣♦s✐t✐✈ ❞❡✜♥✐t❡ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥❡♥
❛✉s ❇✉❤♠❛♥♥ ❬✺❪✳

▲❡♠♠❛ ✸✳✶✳ ❋ür ❞✐❡ ❆❜❧❡✐t✉♥❣

dk

dtk
1

(1 + t2)
n+ 1

2

=
dk

dtk
(cosh (arsinh (t)))

−2n−1

♠✐t t ∈ R ✉♥❞ n, k ∈ N0 ❣✐❧t✿

dk

dtk
1

(1 + t2)
n+ 1

2

= (−1− 2n)


2k−1

k−1∏

j=1

(−n− 1

2
− j) · tk

(
1 + t2

)−n−k− 1
2

+

⌊ k
2 ⌋∑

i=1

2k−1−i

(
k

2i

) i∏

j=1

(2j − 1)

k−1−i∏

j=1

(
−n− 1

2
− j

)
tk−2i

(
1 + t2

)−n−k− 1
2+i


 .

❇❡✇❡✐s✳ ❉❡r ❇❡✇❡✐s ❢♦❧❣t ♠✐t ■♥❞✉❦t✐♦♥ ü❜❡r k ✉♥❞ ❡s ❣✐❧t ❢ür k = 0 :

1

(1 + t2)
n+ 1

2

= (cosh (arsinh (t)))
−2n−1

.

❋ür k → k + 1 ❣✐❧t✿

dk+1

dtk+1

1

(1 + t2)
n+ 1

2

=
d

dt

(
dk

dtk
1

(1 + t2)
n+ 1

2

)

= (−1− 2n) · d
dt


2k−1

k−1∏

j=1

(−n− 1

2
− j) · tk

(
1 + t2

)−n−k− 1
2

+

⌊ k
2 ⌋∑

i=1

2k−1−i

(
k

2i

) i∏

j=1

(2j − 1)

k−1−i∏

j=1

(
−n− 1

2
− j

)
tk−2i

(
1 + t2

)−n−k− 1
2+i




✶✷



= α

(
k · tk−1

(
1 + t2

)−n−k− 1
2 + tk

2t ·
(
−n− k − 1

2

)

(1 + t2)
n+k+ 3

2

)

+β

(
(k − 2i) · tk−2i−1 ·

(
1 + t2

)−n−k− 1
2+i

+
tk−2i · 2t

(
−n− k − 1

2 + i
)

(1 + t2)
n+k+ 3

2−i

)

♠✐t

α = 2k−1
k−1∏

j=1

(−n− 1

2
− j)

✉♥❞

β =

⌊ k
2 ⌋∑

i=1

2k−1−i

(
k

2i

) i∏

j=1

(2j − 1)

k−1−i∏

j=1

(
−n− 1

2
− j

)
.

❉❛♠✐t ❢♦❧❣t✿

= (−1− 2n)·


2k

k∏

j=1

(−n− 1

2
− j) · tk+1

(
1 + t2

)−n−k− 3
2 + α · k · tk−1

(
1 + t2

)−n−k− 1
2

+

⌊ k
2 ⌋∑

i=1

2k−i

(
k

2i

) i∏

j=1

(2j − 1)

k−i∏

j=1

(
−n− 1

2
− j

)
tk+1−2i

(
1 + t2

)−n−k− 3
2+i

+ β · (k − 2i) · tk−2i−1 ·
(
1 + t2

)−n−k− 1
2+i


 .

❲✐r ♠üss❡♥ ♥✉♥ ❞✐❡ ❑♦❡✣③✐❡♥t❡♥ ❞❡r ❙✉♠♠❡♥ ❡✐♥③❡❧♥ ❜❡tr❛❝❤t❡♥ ✉♥❞ ❡t✇❛s
s❡♣❛r✐❡r❡♥✳ ❖✛❡♥❜❛r ♠✉ss ❢ür ❞❡♥ ❑♦❡✣③✐❡♥t❡♥ tk−1

(
1 + t2

)−n−k− 1
2 ❣❡❧t❡♥✿

2k−1
k−1∏

j=1

(−n− 1

2
− j) · tk−1

(
1 + t2

)−n−k− 1
2

(
k +

(
k

2

))

= 2k−1

(
k + 1

2

) k−1∏

j=1

(
−n− 1

2
− j

)
tk−1

(
1 + t2

)−n−k− 1
2

❉❡♥♥ ❡s ❣✐❧t✿

k +

(
k

2

)
=

2k + k2 − k

2
=
k · (k + 1)

2
=

(
k + 1

2

)

❉❛♠✐t ❢♦❧❣t ❞❛♥♥ ❢ür k + 1✿

dk+1

dtk+1

1

(1 + t2)
n+ 1

2

= (−1− 2n) ·


2k

k∏

j=1

(−n− 1

2
− j) · tk+1

(
1 + t2

)−n−k− 3
2

✶✸



+2k−1

(
k + 1

2

) k−1∏

j=1

(
−n− 1

2
− j

)
tk−1

(
1 + t2

)−n−k− 1
2

+

⌊ k
2 ⌋∑

i=2

2k−i

(
k

2i

) i∏

j=1

(2j − 1)

k−i∏

j=1

(
−n− 1

2
− j

)
tk+1−2i

(
1 + t2

)−n−k− 3
2+i

+

⌊ k
2 ⌋∑

i=1

2k−1−i

(
k

2i

) i∏

j=1

(2j − 1)

k−1−i∏

j=1

(
−n− 1

2
− j

)
· (k − 2i) · tk−2i−1 ·

(
1 + t2

)−n−k− 1
2+i




✉♥❞ s❝❤❧✐❡ÿ❧✐❝❤ ✇❡❣❡♥
(
k

2i

)
· (k − 2i) =

(2i+ 1) k!

(2i+ 1)! (k − (2i+ 1))
=

(
k

2i+ 1

)
· (2i+ 1)

✉♥❞
i∏

j=1

(2j − 1) · (2i+ 1) =
i+1∏

j=1

(2j − 1)

❢♦❧❣t✿

dk+1

dtk+1

1

(1 + t2)
n+ 1

2

= (−1− 2n)


2k

k∏

j=1

(−n− 1

2
− j) · tk+1

(
1 + t2

)−n−k− 3
2

+

⌊ k+1
2 ⌋∑

i=1

2k−i

(
k + 1

2i

) i∏

j=1

(2j − 1)

k−i∏

j=1

(
−n− 1

2
− j

)
tk−2i+1

(
1 + t2

)−n−k− 3
2+i




✶✹



❙❛t③ ✸✳✷✳ ❊s ❡①✐st✐❡r❡♥ ❦❡✐♥❡ ❆❜❧❡✐t✉♥❣❡♥ dk

dtk
φn(t), t ∈ R ♠✐t k, n ∈ N ✉♥❞

k 6= 2n, ❢ür ❞✐❡
´∞
−∞ φ

(k)
n (t)dt 6= 0 ✉♥❞ ✇♦❤❧❞❡✜♥✐❡rt ✐st✳

❇❡✇❡✐s✳ ❋ür dk

dtk
φn(t) ♠✐t k < n✱ ✐st limt→∞

dk

dtk
φn(t) ✉♥❜❡s❝❤rä♥❦t✳ ■st k = n✱

❣✐❧t ❢ür limt→∞
dk

dtk
φn(t) = limt→∞

p(t)
q(t) ♠✐t p(t) ∈ ∏̊n

t ✉♥❞ q(t) =
(
a2 + t2

) 1
2 ✱

✇❛s ♥✉r ❢ür ❞❡♥ ❙♣❡③✐❛❧❢❛❧❧ k = n = 1 ❜❡s❝❤rä♥❦t ✐st ✉♥❞
´∞
−∞ φ

(2)
1 (t)dt =

t

(a2+t2)
1
2
|∞−∞❡♥ts♣r✐❝❤t✳ ❋ür n < k < 2n− 1 ✐st limt→∞

dk

dtk
φn(t) = limt→∞

p(t)
q(t)

✉♥❜❡s❝❤rä♥❦t✱ ❞❛ p(t) ∈ ∏̊k

t ✉♥❞ q(t) =
(
a2 + t2

)n
2 ✐st✳ ❋ür k > 2n ✇✐ss❡♥ ✇✐r

♠✐t ▲❡♠♠❛ ✸✳✶✱ ❞❛ss ❢ür ❛❧❧❡ ❆❜❧❡✐t✉♥❣❡♥

dk

dtk
1

(1 + t2)
n+ 1

2

=
λ0t

k

(1 + t2)
n+k+ 1

2

+

⌊ k
2 ⌋∑

i=1

λit
k−2i

(1 + t2)
n+k+ 1

2−i

❣✐❧t✳ ❲♦❜❡✐ λ0, ...., λ⌊ k
2 ⌋ ∈ R ✇✐❡ ✐♥ ▲❡♠♠❛ ✸✳✶ s✐♥❞✳ ❲✐r ♥❡❤♠❡♥ ❞❛r❛✉❢ ❇❡③✉❣

✉♥❞ s❡t③❡♥ ♦✳❇✳❞✳❆✳ a = 1 ✉♥❞ ♠✉❧t✐♣❧✐③✐❡r❡♥ φ(2n)n (t) ♠✐t
∏n

i=1(2i−1)−2✱ s♦❞❛ss

φ(2n)n (t) ·
n∏

i=1

(2i− 1)−2 =
1

(1 + t2)
n+ 1

2

✐st✳ ❉✐❡s ä♥❞❡rt ♥✐❝❤ts ❛♥ ❞❡r ❑♦♥✈❡r❣❡♥③ ❞❡s ■♥t❡❣r❛❧s✳ ❲✐r ❦ö♥♥❡♥ ❞❛♥♥ ❞✐r❡❦t
s❡❤❡♥✱ ❞❛ss

lim
t→∞


 λ0t

k

(1 + t2)
n+k+ 1

2

+

⌊ k
2 ⌋∑

i=1

λit
k−2i

(1 + t2)
n+k+ 1

2−i


 = 0

❣✐❧t✱ ❞❛ ❞❡r ◆❡♥♥❡r ❢ür ❜❡❧✐❡❜✐❣❡s ❛❜❡r ❢❡st❡s n, k ∈ N ✐♠♠❡r s❝❤♥❡❧❧❡r ❢ä❧❧t✱ ❛❧s
❞❡r ❩ä❤❧❡r ✇ä❝❤st ✉♥❞ s♦♠✐t ❞❛s ■♥t❡❣r❛❧ ♥✐❡♠❛❧s ❣❡❣❡♥ ❡✐♥❡ ❑♦♥st❛♥t❡ ✉♥❣❧❡✐❝❤
❞❡r ◆✉❧❧ ❦♦♥✈❡r❣✐❡r❡♥ ❦❛♥♥✳

✶✺



❑♦r♦❧❧❛r ✸✳✷✳ ❉❡r ◆♦r♠✐❡r✉♥❣s❢❛❦t♦r α ∈ Q, ❢ür ❞❡♥ α
´∞
−∞ φ

(2n)
n (t)dt = 1

❣✐❧t✱ ✐st 1
2p ✱ ♠✐t p = (

∏n
i=1 2i− 1) · (n− 1)! · 2n−1✳

❇❡✇❡✐s✳ ❋ür ❞❛s ■♥t❡❣r❛❧
´∞
−∞ φ

(2n)
n (t)dt ♠✐t a∈ R+ ✉♥❞ n ∈ N ❣✐❧t✿

ˆ ∞

−∞
φ(2n)n (t)dt = ϕ (t) +

n∏

i=1

(2i− 1)2t · a−1
2F1

(
1

2
;
1

2
+ n;

3

2
;− t2

a2

) ∣∣∣∣
τ

−τ

♠✐t

ϕ (t) =

ˆ −1

−∞
φ(2n)n (t)dt+

ˆ ∞

1

φ(2n)n (t)dt

✇♦❜❡✐ 2F1(a; b; c; t) ❞✐❡ ❤②♣❡r❣❡♦♠❡tr✐s❝❤❡ ❋✉♥❦t✐♦♥ ♠✐t P❛r❛♠❡t❡r♥ a, b, c ✐♥ t
✉♥❞ τ → 1, τ < 1 ✐st✳ ▼✐t ❊✉❧❡r ❚r❛♥s❢♦r♠❛t✐♦♥ ✉♥❞ ❙②♠♠❡tr✐❡ ❢♦❧❣t✿

ˆ ∞

−∞
φ(2n)n (t)dt = ϕ (t) +

n∏

i=1

(2i− 1)2t · a−1
2F1

(
1

2
;
1

2
+ n;

3

2
;− t2

a2

) ∣∣∣∣
τ

−τ

= ϕ (t) +

n∏

i=1

(2i− 1)2t · a−1

(
1 +

t2

a2

)n− 1
2

2F1

(
1; 1− n;

3

2
;− t2

a2

) ∣∣∣∣
τ

−τ

= ϕ (t) +

n∏

i=1

(2i− 1)2t · a−1

(
1 +

t2

a2

)n− 1
2

2F1

(
1− n; 1;

3

2
;− t2

a2

) ∣∣∣∣
τ

−τ

= ϕ (t) +
n∏

i=1

(2i− 1)2t · a−1
n−1∑

k=0

(−1)k
(
n− 1

k

)
(1)(k)(
3
2

)
(k)

(
− t2

a2

)k ∣∣∣∣
τ

−τ

✇♦❜❡✐ (q)n = q(q + 1) · ···· · (q + n − 1) ❞❛s P♦❝❤❤❛♠♠❡r✲❙②♠❜♦❧ ✐st✳ ❋ür ❞✐❡

◆♦r♠✐❡r✉♥❣ ✐st ♦✛❡♥❜❛r ♥✉r
∏n

i=1(2i− 1)2
(1)(n)

( 3
2 )(n)

✈♦♥ ■♥t❡r❡ss❡✱ ✉♥❞ ❡s ❣✐❧t✿

n∏

i=1

(2i− 1)2
(1)(n)(
3
2

)
(n)

=

∏n
i=1(2i− 1)2(n− 1)! · 2n−1

∏n
i=1(2i− 1)

=

n∏

i=1

(2i− 1) · (n− 1)! · 2n−1

✶✻



✸✳✷ Pr❡✇❛✈❡❧❡ts ❛✉s ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q✉❛❞r✐❝ ❋✉♥❦✲

t✐♦♥❡♥ ✐♥ ❡✐♥❡r ❉✐♠❡♥s✐♦♥

■♥ ❞✐❡s❡♠ ❑❛♣✐t❡❧ ✇✐r❞ ❞❛s ❱♦r❣❡❤❡♥ ❛✉s ❇✉❤♠❛♥♥ ❬✹❪ ③✉r ❑♦♥str✉❦t✐♦♥ ✈♦♥
♠✉❧t✐q✉❛❞r✐❝ Pr❡✇❛✈❡❧❡ts s♦ ❡r✇❡✐t❡rt✱ ❞❛ss ❡s ❢ür ❞✐❡ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐✲
q✉❛❞r✐❝ ❋✉♥❦t✐♦♥❡♥ ❡❜❡♥❢❛❧❧s ❢✉♥❦t✐♦♥✐❡rt✳ ❩✉❞❡♠ ✇✐r❞ ❣❡③❡✐❣t✱ ❞❛ss ❞✉r❝❤ ❊r✲
❤ö❤✉♥❣ ❞❡s ❚rä❣❡rs ❞❡r ❇✲❙♣❧✐♥❡s ❞✐❡ Pr❡✇❛✈❡❧❡ts ❛❧s (2d+2λ+2)✲t❡ ❞✐✈✐❞✐❡rt❡
❉✐✛❡r❡♥③❡♥ ✈♦♥ φn(t)✱ n ∈ N, ❜❡r❡❝❤♥❡t ✇❡r❞❡♥ ❦ö♥♥❡♥✳

✸✳✷✳✶ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❆♥❛❧②s✐s

❊✐♥❡ ❣❡s❝❤❛❝❤t❡❧t❡ ❋♦❧❣❡ ✈♦♥ ❋✉♥❦t✐♦♥❡♥rä✉♠❡♥ · · · ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ V2 ⊂
V3 ⊂ · · · ❤❡✐ÿt ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❆♥❛❧②s✐s✱ ♦❞❡r ❦✉r③ ▼❘❆✱ ✇❡♥♥

✭❙✶✮ Vj ⊂ Vj+1, j ∈ Z

✭❙✷✮ f(·) ∈ Vj ⇐⇒ f(A·) ∈ Vj+1, j ∈ Z

✭❙✸✮ f(·) ∈ Vj ⇐⇒ f(· − α) ∈ Vj , j ∈ Z, α ∈ Zd

✭❙✹✮
⋃

j∈Z

Vj = L2(Rd)

✭❙✺✮
⋂

j∈Z

Vj = {0}

❣✐❧t✱ ✇♦❜❡✐ f ∈ L2(R) ✐st✳ ❩✉❞❡♠ ✐st A = 2 ✐♥ ❡✐♥❡r ❉✐♠❡♥s✐♦♥ d = 1 ✉♥❞ ❢ür d ≥
2, ✐st A ❡✐♥❡ r❡❣✉❧är❡ (d×d)✲▼❛tr✐① ♠✐t ❣❛♥③③❛❤❧✐❣❡♥ ❊✐♥trä❣❡♥ ✉♥❞ |detA| > 1✳
❍✐❡r❜❡✐ ❜❡❞❡✉t❡t ✭❙✷✮✱ ❞❛ss ❞✐❡ ❙❦❛❧❡♥ s❡❧❜stä❤♥❧✐❝❤ s✐♥❞ ✉♥❞ ✭❙✸✮✱ ❞❛ss ❞✐❡ Vj
tr❛♥s❧❛t✐♦♥s✐♥✈❛r✐❛♥t s✐♥❞✳ ❙♦❧❝❤❡ ❚❡✐❧rä✉♠❡ ✇❡r❞❡♥ ❞✉r❝❤ ❋✉♥❦t✐♦♥❡♥ φ(x) ∈
L2(Rd) ❡r③❡✉❣t✳ ❊✐♥ ❡✐♥❢❛❝❤❡s ❇❡✐s♣✐❡❧ ❢ür ❡✐♥❡ s♦❧❝❤❡ ❋✉♥❦t✐♦♥ ✐st ❞✐❡ ❍❛❛r✲
❋✉♥❦t✐♦♥

φ(x) :=

{
1 ❢ür 0 ≤ x ≤ 1

0 s♦♥st
.

❉✐❡s❡ ❋✉♥❦t✐♦♥❡♥ ✇♦❧❧❡♥ ✇✐r ✉♥s ③✉♥✉t③❡ ♠❛❝❤❡♥✱ ✉♠ ♥❛❝❤❢♦❧❣❡♥❞ ✉♥s❡r❡ ✈❡r✲
❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q✉❛❞r✐❝ Pr❡✇❛✈❡❧❡ts ③✉ ❦♦♥str✉✐❡r❡♥✳

✸✳✷✳✷ ❱❡r❛❧❧❣❡♠❡✐♥❡rt❡ ♠✉❧t✐q✉❛❞r✐❝ Pr❡✇❛✈❡❧❡ts

❊s s❡✐❡♥ ③✇❡✐ ❋♦❧❣❡♥

x = {· · · < x−1 < x0 < x1 < x2 < · · · }

τ = {· · · < τ−1 < τ0 < τ1 < τ2 < · · · } .
♠✐t τ2i−1 = xi✱ i ∈ Z ❣❡❣❡❜❡♥✳ ❍✐❡r❜❡✐ s♦❧❧ ❣❡❧t❡♥✿

✶✼



κ := sup
i∈Z

(τi−1 − τi) <∞

✉♥❞

δ := inf
i∈Z

(τi−1 − τi) > 0.

❩✉❞❡♠ s❡✐❡♥
{
Bc

j

}∞
j=−∞ ✉♥❞

{
Bf

j

}∞

j=−∞
❋♦❧❣❡♥ ✈♦♥ ❇✲❙♣❧✐♥❡s ♠✐t ❞❡♠ ●r❛❞

d+λ✱ d, λ ∈ N0 ❛✉❢ ❞❡♥ ❋♦❧❣❡♥ x ✉♥❞ τ ♠✐t ❚rä❣❡r [xj , xj+d+λ+1] ✉♥❞ [τj , τj+d+λ+1]✱
✇❡❧❝❤❡ ♥♦r♠❛❧✐s✐❡rt s✐♥❞✱ ✉♠ ❡✐♥❡ P❛rt✐t✐♦♥✐❡r✉♥❣ ❞❡r ❊✐♥s ③✉ ❜✐❧❞❡♥✳ ❋ür ❡✐✲

♥❡ ❉✐♠❡♥s✐♦♥ ✐st d = 1. ❲❡✐t❡r❤✐♥ ✐st
∣∣∣φ(2n)n (t)

∣∣∣ = O(|t|−1−d−ǫ
) ❢ür ǫ > 0 ③✉

t → ±∞, ✉♥❞ ❡s ❡①✐st✐❡rt ❡✐♥❡ r❡❡❧❧❡ ❋♦✉r✐❡r✲❚r❛♥s❢♦r♠✐❡rt❡
̂
φ
(2n)
n (t) > 0 ♠✐t

t ∈ R✳ ❲ä❤❧t ♠❛♥ ♥✉♥ ϑn(t) ✇✐❡ ❢♦❧❣t✿

ϑn(t) =
1

2p
φ(2n)n (t) =

1

2p

∏n
i=1(2i− 1)2 · a2n

(a2 + t2)
n+ 1

2

, ✭✸✳✷✳✶✮

❣✐❧t ③✉❞❡♠
´∞
−∞ ϑn(t)dt = 1✳ ❯♠ ♠✐t ❞✐❡s❡♥ ❋✉♥❦t✐♦♥❡♥ ✐♥ ❡✐♥❡r ❉✐♠❡♥s✐♦♥

(d = 1) ③✉ ❛r❜❡✐t❡♥✱ ❣✐❧t ♦✛❡♥❜❛r ε = 2n− 1 s♦✇✐❡ λ = ǫ− 1✳ ❉❛s ❤❡✐ÿt ✐♥ ❡✐♥❡r
❉✐♠❡♥s✐♦♥ ✐st λ ✐♠♠❡r ❣❡r❛❞❡✳ ❉❡♥♥ ❢ür n = 1, 2, 3, 4, ... ✐st λ = 0, 2, 4, 6, ...
❣❡❣❡❜❡♥✳ ❲✐r s❡t③t❡♥ ♥✉♥

Cj := Bc,d+λ
j ⋆ ϑn,

Fj := Bf,d+λ
j ⋆ ϑn,

✇♦❜❡✐ ⋆ ❋❛❧t✉♥❣ ❜❡❞❡✉t❡t ✉♥❞ j ∈ Z ✐st✳ ❉❛♥♥ ❢♦❧❣t ❞✐r❡❦t✱ ❞❛ss

∞∑

j=−∞
|Fj(t)| =

∞∑

j=−∞
Fj(t) = 1

✉♥❞

∞∑

j=−∞
|Cj(t)| =

∞∑

j=−∞
Cj(t) = 1

❣✐❧t✱ ❞❡♥♥ ❞✐❡ ♥♦r♠❛❧✐s✐❡rt❡♥ ❇✲❙♣❧✐♥❡s ③❡r❧❡❣❡♥ ❞✐❡ ❊✐♥s ✉♥❞
´∞
−∞ ϑn(t)dt = 1.

✶✽



▲❡♠♠❛ ✸✳✷✳ ❉✐❡ ❋✉♥❦t✐♦♥❡♥ Cj ✉♥❞ Fj s✐♥❞ (2n)✲t❡ ❞✐✈✐❞✐❡rt❡ ❉✐✛❡r❡♥③❡♥ ✈♦♥
φn✳

❇❡✇❡✐s✳ ❉❡✜♥✐❡rt D [ξj , ξj+1, ···, ξj+d+λ+1]u φn(t−u) ❞✐❡ ❞✐✈✐❞✐❡rt❡ ❉✐✛❡r❡♥③ ❛❧s
▲✐♥❡❛r❦♦♠❜✐♥❛t✐♦♥ ❞❡r ❋✉♥❦t✐♦♥s✇❡rt❡ ❛♥ ❞❡♥ ξj ✱ s♦ ❡r❤ä❧t ♠❛♥ ♠✐t d = 1 ❞✐❡
(2n)✲t❡♥ ❞✐✈✐❞✐❡rt❡♥ ❉✐✛❡r❡♥③❡♥ ✈♦♥ φn(t)✳ ▼✐t P❡❛♥♦✲❑❡r♥ ❋♦r♠ ❣✐❧t✿

D [ξj , ξj+1, ···, ξj+d+λ+1] g =
1

(2n)!

ˆ ∞

−∞
g(2n)(u)Bd+λ(u)du,

✇ä❤❧t ♠❛♥ ♥✉♥ g(u) = φn(t− u)✱ s♦ ❡r❤ä❧t ♠❛♥✿

D [ξj , ξj+1, ···, ξj+d+λ+1]u φn(t− u) =
1

(2n)!

ˆ ∞

−∞
ϑn(t− u)Bd+λ(u)du.

❲✐r ❞❡✜♥✐❡r❡♥ ♥✉♥ ❞✐❡ ③✇❡✐ ❱❡❦t♦rrä✉♠❡ V0 ✉♥❞ V1 ✇✐❡ ❢♦❧❣t✿

V0 :=





∞∑

j=−∞
cjCj

∣∣∣c = {cj}∞j=−∞ ∈ ℓ2(Z)





V1 :=





∞∑

j=−∞
cjFj

∣∣∣c = {cj}∞j=−∞ ∈ ℓ2(Z)





▲❡♠♠❛ ✸✳✸✳ ❉❡r ❱❡❦t♦rr❛✉♠ V0 ✐st ✐♠ ❱❡❦t♦rr❛✉♠ V1 ❡♥t❤❛❧t❡♥✳

❇❡✇❡✐s✳ ❊s s❡✐ c = {cj}∞j=−∞ ∈ ℓ2(Z) ✉♥❞ f ∈ V0 ♣✉♥❦t✇❡✐s❡ ❞❡✜♥✐❡rt✱ ❞❛♥♥
❣✐❧t✿

f(t) =

∞∑

j=−∞
cjB

c,d+λ
j ⋆ ϑn, t ∈ R.

❉❛❤❡r ✐stf(·) ❛❜s♦❧✉t ❦♦♥✈❡r❣❡♥t ✉♥❞ ❜❡❣r❡♥③t ✐♥ ‖c‖∞✱ ❞❛ ϑn(x − y) > 0 ✉♥❞
❞✐❡ ♥♦r♠❛❧✐s✐❡rt❡♥ ❇✲❙♣❧✐♥❡s ❞✐❡ ❊✐♥s ③❡r❧❡❣❡♥✳ ◆❛❝❤ ❞❡ ❇♦♦r ❬✶✻❪ ❡①✐st✐❡rt ❡✐♥❡
❑♦♥st❛♥t❡ Q✱ ✇❡❧❝❤❡ ♥✉r ✈♦♠ ●r❛❞ d+ λ ✈♦♥ Bc,d+λ

j ❛❜❤ä♥❣t✱ s♦❞❛ss

Q ‖c‖p ≤

∥∥∥∥∥∥

∞∑

j=−∞
cj

(
d+ λ+ 1

tj+d+λ+1 − tj

) 1
p

Bc,d+λ
j

∥∥∥∥∥∥
p

≤ ‖c‖p

♠✐t 1 ≤ p ≤ ∞ ✉♥❞ Q > 0 ❣✐❧t✳ ❉❛♥♥ ✐st Q ❞✉r❝❤
2−(d+λ)−2

√
π(d+λ)

2(d+λ)+1 ♥❛❝❤
✉♥t❡♥ ❜❡❣r❡♥③t✳ ❍✐❡r③✉ s❡✐ ❛✉❝❤ ❛✉❢ ❈❤r✐st❡♥s❡♥ ❬✶✶❪ ✈❡r✇✐❡s❡♥✳ ▼✐t p = 2 ✉♥❞
❞❡r ❈❛✉❝❤②✲❙❝❤✇❛r③ ❯♥❣❧❡✐❝❤✉♥❣ ❦ö♥♥❡♥ ✇✐r ❞✐❡ ❙✉♠♠❛t✐♦♥ ✉♥❞ ■♥t❡❣r❛t✐♦♥
✈❡rt❛✉s❝❤❡♥✱ ✉♥❞ ❡s ❣✐❧t✿

✶✾



f(t) =

ˆ ∞

−∞

∞∑

j=−∞
cjB

c,d+λ
j (y)ϑn (t− y) dy

▼✐t ❞❡♠ ❙❛t③ ✈♦♥ ❈✉rr②✲❙❝❤♦❡♥❜❡r❣ ❢♦❧❣t ❞❛♥♥

f(t) =

ˆ ∞

−∞

∞∑

j=−∞

∼
cjB

f,d+λ
j (y)ϑn (t− y) dy

♠✐t h =
(∼
cj

)
∈ ℓ2(Z). ❉✐❡ ❘ü❝❦✈❡rt❛✉s❝❤✉♥❣ ✈♦♥ ■♥t❡❣r❛❧ ✉♥❞ ❙✉♠♠❡ ❡r❣✐❜t

❞❛♥♥ f ∈ V1✳

❙❛t③ ✸✳✸✳ ❊s s❡✐
{
τk
}∞
k=0

❡✐♥❡ ❋♦❧❣❡ ✈❡rs❝❤❛❝❤t❡❧t❡r ❚❡✐❧❢♦❧❣❡♥ ✐♥ R ♠✐t τ0 ⊂
τ1 ⊂ · · · ✳ ❉❛♥♥ ❣✐❧t

κk := sup
j∈Z

(
τkj−1 − τkj

)
→ 0, k → ∞,

✇♦❞✉r❝❤ τk ❞✐❝❤t ❧✐❡❣t ✐♥ R ❢ür k → ∞✳ ❍✐❡r❜❡✐ ✐st τk =
{
τkj
}∞
j=−∞✳ ❋❡r♥❡r s❡✐

Vk = Lτ,d,ϑn , ✇♦❜❡✐ Lτ,d+λ,δ ❞❡r ❱❡❦t♦rr❛✉♠ ❞❡s ❙♣❧✐♥❡s ♠✐t ❑♥♦t❡♥ τk ✈♦♠
●r❛❞ d+ λ ✉♥❞ ϑn ✐st✳ ❉❛♥♥ ❣✐❧t

⋃

j∈Z

Vj = L2(R).

❇❡✇❡✐s✳ ❉❛ ❞✐❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠❛t✐♦♥ ❡✐♥ ✐s♦♠❡tr✐s❝❤❡r ■s♦♠♦r♣❤✐s♠✉s ✈♦♥
L2(R) → L2(R) ✐st✱ ❜❡✇❡✐s❡♥ ✇✐r ❞✐❡s ♠✐tt❡❧s ❋♦✉r✐❡r ❚r❛♥s❢♦r♠❛t✐♦♥✳ ❙❡✐
ĥ ∈ Cc(R)✱ ✇♦❜❡✐ Cc(R) ❞❡r ❱❡❦t♦rr❛✉♠ ❞❡r st❡t✐❣❡♥ ❋✉♥❦t✐♦♥❡♥ ♠✐t ❦♦♠✲
♣❛❦t❡♠ ❚rä❣❡r ❛✉❢ R ✐st✳ ❉✐❡s❡ s✐♥❞ ❞✐❝❤t ✐♥ L2(R)✳ ❲✐r ♠üss❡♥ ③❡✐❣❡♥✱ ❞❛ss ĥ
❜❡❧✐❡❜✐❣ ❣❡♥❛✉ ✐♥ L2(R) ❛♣♣r♦①✐♠✐❡rt ✇❡r❞❡♥ ❦❛♥♥ ❞✉r❝❤ ❡✐♥❡ ❋✉♥❦t✐♦♥ ❞❡r ❆rt
∑∞

j=−∞ cj
̂
B

f,[k]
j ϑ̂n✱ ✇❡♥♥ k ❣r♦ÿ ❣❡♥✉❣ ✐st✳ ❲♦❜❡✐ ✇✐❡❞❡r c = {cj}∞j=−∞ ∈ ℓ2(Z)

✉♥❞
{
B

f,[k]
j

}∞

j=−∞
❞✐❡ ❇✲❙♣❧✐♥❡s ✐♥ Lτ,d+λ,ϑn

s✐♥❞✳ ❉❛ ✇✐r ✈❡r❧❛♥❣t ❤❛❜❡♥✱ ❞❛ss

❢ür ❛❧❧❡ ϑ̂n > 0 ❣✐❧t✱ ✐st ĥ
ϑ̂n

∈ L2(R), ✉♥❞ ❡s ❦❛♥♥ ❜❡❧✐❡❜✐❣ ❣❡♥❛✉ ❞✉r❝❤ ❡✐♥❡

❋✉♥❦t✐♦♥ ❞❡r ❆rt
∑∞

j=−∞ cj
̂
B

f,[k]
j ❛♣♣r♦①✐♠✐❡rt ✇❡r❞❡♥✱ ✇❡♥♥ k ❣r♦ÿ ❣❡♥✉❣ ✐st✳

❉❛r❛✉s ❢♦❧❣t ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳

❲✐r ✇♦❧❧❡♥ ♥✉♥ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡ ♠✉❧t✐q✉❛❞r✐❝ Pr❡✇❛✈❡❧❡ts ♠✐t ♥✐❝❤t äq✉✐❞✐✲
st❛♥t❡♥ ❑♥♦t❡♥ ❦♦♥str✉✐❡r❡♥✳ ❉❛③✉ ✇❡r❞❡♥ ✇✐r ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡ ❢✉♥❞❛♠❡♥t❛✲
❧❡ ❋✉♥❦t✐♦♥❡♥ ❜❡♥✉t③❡♥✱ ✇♦❜❡✐ ❞❡r ❇❡❣r✐✛ ❞❡r ❢✉♥❞❛♠❡♥t❛❧❡♥ ❋✉♥❦t✐♦♥❡♥ ❛✉s
❇✉❤♠❛♥♥ ✉♥❞ ▼✐❝❝❤❡❧❧✐ ❬✻❪ s♦✇✐❡ ❈❤✉✐ ✉♥❞ ❲❛♥❣ ❬✶✷❪ st❛♠♠t ✉♥❞ ❤✐❡r ③✉ ✈❡r✲
❛❧❧❣❡♠❡✐♥❡rt❡♥ ❢✉♥❞❛♠❡♥t❛❧❡♥ ❋✉♥❦t✐♦♥❡♥ ❡r✇❡✐t❡rt ✇✐r❞✳ ■♥ ❬✻✱ ✶✷❪ s✐♥❞ ❞❛✲
♠✐t ❙♣❧✐♥❡s ✈♦♠ ●r❛❞ (2d + 1) ❣❡♠❡✐♥t✳ ❍✐❡r ✇❡r❞❡♥ ✇✐r ❞❛s ❑♦♥③❡♣t ❛✉❢
❙♣❧✐♥❡s ✈♦♠ ●r❛❞ (2d + 2λ + 1) ❡r✇❡✐t❡r♥✱ ✇♦❜❡✐ λ = ǫ − 1 ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t
✈♦♥ ϑn(t) ✉♥❞ ❞❡r ❉✐♠❡♥s✐♦♥ ❣❡✇ä❤❧t ✇❡r❞❡♥ ♠✉ss✳ ❆♥❣❡♥♦♠♠❡♥ ❡s ❡①✐st✐❡r❡♥
uℓ =

{
uℓk
}∞
k=−∞ ∈ ℓ1(Z) \ {0} , ℓ ∈ Z✱ s♦❞❛ss

✷✵



Ψℓ,n(t) =
∞∑

k=−∞
uℓk

ˆ ∞

−∞
Bf,2d+2λ+1

k (t− y)ϑn(y)dy ✭✸✳✷✳✷✮

✇♦❜❡✐ Bf,2d+2λ+1
k ∈ Lτ,2d+2λ+1,δ ❞✐❡ ❇✲❙♣❧✐♥❡s ♠✐t ❚rä❣❡r [τk, τk+2d+2λ+1] s✐♥❞✳

▼❛♥ ❡r❤ä❧t ❞✐❡ ■❞❡♥t✐tät✿

ˆ ∞

−∞
ϑn(y − τj+d+λ+1)Ψℓ,n(y)dy =





1, ✇❡♥♥ ℓ = j ✉♥❞ d+ λ ✉♥❣❡r❛❞❡✱

1, ✇❡♥♥ ℓ = j + 1 ✉♥❞ d+ λ ❣❡r❛❞❡✱

0, s♦♥st✱
✭✸✳✷✳✸✮

✇♦❜❡✐ j, ℓ ∈ Z s✐♥❞✳ ❉✐❡ ❋✉♥❦t✐♦♥❡♥ Ψℓ,n(t) ♥❡♥♥❡♥ ✇✐r ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ❢✉♥✲
❞❛♠❡♥t❛❧❡♥ ❋✉♥❦t✐♦♥❡♥✱ ❞❛ s✐❡ ❡✐♥❡ ✇❡✐t❡r❡♥t✇✐❝❦❧✉♥❣ ❞❡r ❢✉♥❞❛♠❡♥t❛❧❡♥ ❋✉♥❦✲
t✐♦♥❡♥ ❛✉s ❬✻✱ ✶✷✱ ✹❪ ❞❛rst❡❧❧❡♥✳ ❙❡✐ ψℓ ❞❡✜♥✐❡rt ❞✉r❝❤ ψℓ := Ψ

(d+λ+1)
2ℓ,n ✳ ❉✐❡s ✐st

✐♥ V1 ❡♥t❤❛❧t❡♥✱ ❞❡♥♥ ❞✐❡ (d+ λ+ 1) ✲t❡ ❆❜❧❡✐t✉♥❣ ❡✐♥❡s ❇✲❙♣❧✐♥❡s ✈♦♠ ●r❛❞
2d+ 2λ+ 1 ✐st ❞❛rst❡❧❧❜❛r ü❜❡r ▲✐♥❡❛r❦♦♠❜✐♥❛t✐♦♥❡♥ ✈♦♥ ❇✲❙♣❧✐♥❡s ✈♦♠ ●r❛❞
d+ λ✳ ❉✐❡ ❜❡♥öt✐❣t❡ ❖rt❤♦❣♦♥❛❧✐tät ψℓ ⊥ V0 ❣✐❧t✱ ✇❡♥♥

ˆ ∞

−∞
ψℓ(t)Ck(t)dt = 0, k, ℓ ∈ Z

❣✐❧t✳ ❩✉s❛♠♠❡♥ ♠✐t ❑❛♣✐t❡❧ ✸✳✷✳✶ ❢♦❧❣t W0 ⊥ V0✳ ❉✐❡s ❢♦❧❣t ♠✐tt❡❧s ♣❛rt✐❡❧❧❡r
■♥t❡❣r❛t✐♦♥ ✉♥❞ ❡✐♥❡♠ ❉✐r❛❝✲❑❛♠♠ ❆r❣✉♠❡♥t✱ ❞❡♥♥

ˆ ∞

−∞
ψℓ(t)Ck(t)dt

=

ˆ ∞

−∞
Bc,d+λ

j ⋆ ϑn
dd+λ+1

dtd+λ+1

∞∑

k=−∞
uℓk

ˆ ∞

−∞
Bf,2d+2λ+1

k (t− y)ϑn(y)dy

=

ˆ ∞

−∞

(
dd+λ+1

dtd+λ+1
Bc,d+λ

j

)
⋆ ϑn

︸ ︷︷ ︸
❉✐r❛❝✲❑❛♠♠

Ψ2ℓ,n(t)

= (−1)
d+λ+1

ˆ ∞

−∞

∞∑

k=−∞
µj
kϑn (t− tk)Ψ2ℓ,n(t) = 0, j ∈ Z.

❖✛❡♥❜❛r ❣✐❧t ❞✐❡ ❖rt❤♦❣♦♥❛❧✐tät ✐♥ ❡✐♥❡r ❉✐♠❡♥s✐♦♥ d = 1 ♠✐t n = 1, 2, 3, ... ✉♥❞
λ = 0, 2, 4, ...✱ ❞❡♥♥ ❞✐❡ (d+ λ+ 1)✲t❡ ❆❜❧❡✐t✉♥❣ ❡✐♥❡s ❇✲❙♣❧✐♥❡s Bc,d+λ

j ✐st ❡✐♥❡
❡♥❞❧✐❝❤❡ ❑♦♠❜✐♥❛t✐♦♥ ✈♦♥ ❞❡❧t❛ ❋✉♥❦t✐♦♥❡♥ δ(· − tk) ♠✐t k ∈ Z✳
❲✐r ✇♦❧❧❡♥ ♥✉♥ ♥❛❝❤❢♦❧❣❡♥❞ ❞✐❡ ❇❡❞✐♥❣✉♥❣❡♥ ❛♥ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡ ♠✉❧t✐q✉❛❞r✐❝
Pr❡✇❛✈❡❧❡ts ❛♥❣❡❜❡♥ ✉♥❞ s✐❡ ❞❛♥♥ ❙tü❝❦ ❢ür ❙tü❝❦ ❤❡r❧❡✐t❡♥ ✉♥❞ ③❡✐❣❡♥✱ ❞❛ss
❞✐❡s❡ ❢ür n = 1, 2, 3... ❣❡❧t❡♥✳

▲❡♠♠❛ ✸✳✹✳ ❋ür τ ∈ β·Z ♠✐t β ∈ Q ❧❛ss❡♥ s✐❝❤ ❞✐❡ ❇❡❞✐♥❣✉♥❣❡♥ ❛♥ Pr❡✇❛✈❡✲
❧❡ts ψℓ ∈ V1 ✉♥❞ V1 = V0 ⊕W0 ✇✐❡ ❢♦❧❣t s❝❤r❡✐❜❡♥✿

✷✶



sup
t∈(−∞;∞)

∞∑

j=−∞
ϑn(t− τj) < 2 inf

θ∈(−β(d+λ+1);β(d+λ+1))
Φ(θ) ✭✸✳✷✳✹✮

β < min

{
1, 4β2 inf

θ∈(0;2β(d+λ+1))
Φ(θ)

}
✭✸✳✷✳✺✮

β inf
θ∈(−β(d+λ+1);β(d+λ+1))

Φ(θ) >
1

2
✭✸✳✷✳✻✮

❍✐❡r❜❡✐ ✐st Φ(θ) :=
´∞
−∞ ϑn(y)ϑn(y−θ)dy ♠✐t θ ∈ R✱ ✇❛s ❞❡r ❋❛❧t✉♥❣ ϑn⋆ϑn(−·)

❡♥ts♣r✐❝❤t✳ ❉✐❡ Pr❡✇❛✈❡❧❡ts ❣❡♥ü❣❡♥ ❞❡♥ ❙✉♠♠❛t✐♦♥s❜❡❞✐♥❣✉♥❣❡♥✿

∞∑

j=−∞
|ψℓ(t− τj)| ≤ ❝♦♥st✳ <∞ ❣❧❡✐❝❤♠äÿ✐❣✐♥ t ∈ R✉♥❞ ℓ ∈ Z ✭✸✳✷✳✼✮

✉♥❞

∞∑

j=−∞
|ψℓ(t)| ≤ ❝♦♥st✳ <∞ ❣❧❡✐❝❤♠äÿ✐❣ ✐♥ t ∈ R ✭✸✳✷✳✽✮

❆✉s ❞❡♠ ❇❡✇❡✐s ♥❛❝❤ ❇✉❤♠❛♥♥ ❬✹❪ ✉♥❞ ✉♥s❡r❡♥ ♥❛❝❤❢♦❧❣❡♥❞❡♥ ❊r✇❡✐t❡r✉♥❣❡♥
❢♦❧❣t✱ ❞❛ss s✐❝❤ ❞✐❡ ❇❡❞✐♥❣✉♥❣❡♥ ❛♥ Pr❡✇❛✈❡❧❡ts ❞✉r❝❤ ❞✐❡ ❢♦❧❣❡♥❞❡♥ ❆✉s❞rü❝❦❡
s❝❤r❡✐❜❡♥ ❧❛ss❡♥✱ ✇❡❧❝❤❡ s❝❤✇ä❝❤❡r✱ ❛❜❡r s❝❤✇❡r❡r ü❜❡r♣rü❢❜❛r s✐♥❞✳

Djk :=

ˆ ∞

−∞

ˆ ∞

−∞
ϑn (t− τk+d+λ+1)B

f,2d+2λ+1
j (t− x)ϑn(x)dxdt, j, k ∈ Z

✭✸✳✷✳✾✮
❉✐❡s ✐st ✇♦❤❧❞❡✜♥✐❡rt✱ ✇❡❣❡♥ ϑn(t) = O(|t|−1−d−ǫ

) ♠✐t n ∈ N. ❉✐❡ ❇❡❞✐♥❣✉♥❣❡♥
❧❛✉t❡♥ ❞❛♥♥✿

sup
j∈Z

∞∑

j=−∞
Djk < 2β inf

θ∈(−β(d+λ+1);β(d+λ+1))
Φ(θ) ✭✸✳✷✳✶✵✮

β < min

{
1, inf

k∈Z

1

2π

ˆ ∞

−∞

∣∣∣ϑ̂n(y)
∣∣∣
2
∣∣∣∣B̂

c,n+d
k (y)

∣∣∣∣
2

dy

}
✭✸✳✷✳✶✶✮

inf
j∈Z

Dkk >
1

2
✭✸✳✷✳✶✷✮

❇❡✇❡✐s✳ ❉✐❡ ❡r✇❡✐t❡rt❡♥ ❇❡❞✐♥❣✉♥❣❡♥ ❛♥ Pr❡✇❛✈❡❧❡ts ❧❛✉t❡♥ ✇✐❡ ❢♦❧❣t✿

sup
j∈Z

τj+2d+2λ+2 − τj
2d+ 2λ+ 2

· sup
t∈(−∞;∞)

∞∑

k=−∞
ϑn(t− τk)

< 2inf
k∈Z

τk+2d+2λ+2 − τk
2d+ 2λ+ 2

· inf
θ∈(τk−τk+λ+d+1;τk+2d+2λ+2−τk+λ+d+1)

Φ(θ)

✷✷



✉♥❞

sup
k∈Z

τ2k+2d+2λ+1 − τ2k−1

d+ λ+ 1

< 2min

{
1, inf

k∈Z

(τ2k+2d+2λ+1 − τ2k−1)
2

(d+ λ+ 1)
2 inf

θ∈(0;τ2k+2d+2λ+1−τ2k−1)
Φ(θ)

}

s♦✇✐❡

inf
k∈Z

τ2k+2d+2λ+2 − τk
2d+ 2λ+ 2

inf
θ∈(τk−τk+d+λ+1;τk+2d+2λ+2−τk+d+λ+1)

Φ(θ) >
1

2

▼✐t τ ∈ β·Z ♠✐t β ∈ Q ✇❡r❞❡♥ ❞✐❡ ❆❜stä♥❞❡ ❞❡r τk äq✉✐❞✐st❛♥t ✉♥❞ ❧❛ss❡♥ s✐❝❤
✇✐❡ ❢♦❧❣t s❝❤r❡✐❜❡♥✿

sup
k∈Z

τk+2d+2λ+2 − τk
2d+ 2λ+ 2

= sup
k∈Z

2β
︷ ︸︸ ︷
τk+2 − τk

β(2d+ 2λ)
︷ ︸︸ ︷
+τ2d+2λ

2d+ 2λ+ 2
= sup

j∈Z

β(2d+ 2λ+ 2)

2d+ 2λ+ 2

= sup
j∈Z

β = β

❆♥❛❧♦❣ ❢♦❧❣t ❞❛♥♥ ❛✉❝❤ inf
k∈Z

τk+2d+2λ+2−τk
2d+2λ+2 = β✳ ❩✉❞❡♠ ❣✐❧t

sup
k∈Z

τ2k+2d+2λ+1 − τ2k−1

d+ λ+ 1
= sup

j∈Z

2β
︷ ︸︸ ︷
τ2k+1 − τ2k−1

β(2d+ 2λ)
︷ ︸︸ ︷
+τ2d+2λ

d+ λ+ 1

= sup
j∈Z

2β(d+ λ+ 1)

d+ λ+ 1
= sup

j∈Z

2β = 2β

❉❛r❛✉s ❢♦❧❣t ❡❜❡♥❢❛❧❧s✱ ❞❛ss inf
k∈Z

(τ2k+2d+2λ+1−τ2k−1)
2

(d+λ+1)2
= 4β2 ✐st✳ ❋ür ❞✐❡ ■♥t❡❣r❛❧✲

❣r❡♥③❡♥ ❣✐❧t ❞❛♥♥✿

(τk − τk+d+λ+1; τk+2d+2λ+2 − τk+d+λ+1)

= (τk − τk+1 − τd+λ; τk+d+2 − τk+d+1 + τd+λ) = (−β(d+ λ+ 1);β(d+ λ+ 1))

✉♥❞

[0; τ2k+2d+2λ+1 − τ2k−1) = [0; τ2k+1 − τ2k−1 + τ2d+2λ) = [0; 2β(d+ λ+ 1))

❉✉r❝❤ ❊✐♥s❡t③❡♥ ❞❡r ❯♠❢♦r♠✉♥❣❡♥ ✐♥ ❞✐❡ ✉rs♣rü♥❣❧✐❝❤❡♥ ❇❡❞✐♥❣✉♥❣❡♥ ❡r❤ä❧t
♠❛♥ ❞✐❡ ❇❡❞✐♥❣✉♥❣❡♥ ❞❡s ▲❡♠♠❛s✳

✷✸



❩✉❞❡♠ ✐st ❞❛♥♥ inf
k∈Z

Dkk = β inf
θ∈(−β(d+λ+1);β(d+λ+1))

Φ(θ) ❞❡♥♥✱

inf
j∈Z

Dkk =

ˆ ∞

−∞
Φ(z)Bf,2d+2λ+1

k (τk+d+λ+1 + z)dz

= inf
j∈Z

ˆ τk+2d+2λ+2−τk+d+λ+1

τk−τk+d+λ+1

Φ(z)Bf,2d+2λ+1
k (τk+d+λ+1 + z)dz

= inf
j∈Z

Φ(θ)

ˆ τk+2d+2λ+2

τk

Bf,2d+2λ+1
k (z)dz

= inf
j∈Z

τk+2d+2λ+2 − τk
2d+ 2λ+ 2

Φ(θ)

= β inf
θ∈(−β(d+λ+1);β(d+λ+1))

Φ(θ)

❉❡r ♥❛❝❤❢♦❧❣❡♥❞❡ ❙❛t③ ❢ü❤rt ♥✉♥ ❞✐❡ ❇❡❞✐♥❣✉♥❣❡♥ ❛♥ Pr❡✇❛✈❡❧❡ts ✉♥❞ ❞✐❡ ✈❡r✲
❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q✉❛❞r✐❝ ❋✉♥❦t✐♦♥❡♥ ③✉s❛♠♠❡♥ ✉♥❞ ③❡✐❣t✱ ❞❛ss ❢ür r✐❝❤t✐❣
❣❡✇ä❤❧t❡s β ✉♥❞ ❡✐♥❡ ❧❡✐❝❤t❡ ❆❜ä♥❞❡r✉♥❣ ❡✐♥❡r ❞❡r ❇❡❞✐♥❣✉♥❣❡♥ ❛♥ ❞✐❡ Pr❡✲
✇❛✈❡❧❡ts ❞❛③✉ ❢ü❤rt✱ ❞❛ss s✐❝❤ ❞✐❡ Pr❡✇❛✈❡❧❡ts ❛❧s (2n + 2λ + 2)✲t❡ ❞✐✈✐❞✐❡rt❡
❉✐✛❡r❡♥③❡♥ ✈♦♥ φn(t) ❜❡st✐♠♠❡♥ ❧❛ss❡♥✳

❙❛t③ ✸✳✹✳ ❋ür ϑn ♠✐t a∈ R+ ✉♥❞ n ∈ N ❣❡❧t❡♥ ❞✐❡ ❇❡❞✐♥❣✉♥❣❡♥ ❛♥ Pr❡✇❛✲
✈❡❧❡ts ❢ür β = 1

2n ✐♥ ❡✐♥❡r ❉✐♠❡♥s✐♦♥✳ ❉✐❡s ❢ü❤rt ③✉ ❡✐♥❡r ❧❡✐❝❤t ❛❜❣❡ä♥❞❡rt❡♥
❇❡❞✐♥❣✉♥❣ ❞❡r ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q✉❛❞r✐❝ Pr❡✇❛✈❡❧❡ts✿

inf
θ∈(−β(d+λ+1);β(d+λ+1))

Φ(θ) > 1 ✭✸✳✷✳✶✸✮

❇❡✇❡✐s✳ (1) ❲✐r ✇✐ss❡♥ ❜❡r❡✐ts✱ ❞❛ss 1 < inf
θ∈(−β(d+λ+1);β(d+λ+1))

Φ(θ) < 2 ❣✐❧t✱

❞❡♥♥ ❢ür d = 1, n = 1, λ = 0 ✉♥❞ β = 1
2 ❣❡❧t❡♥ ❞✐❡ ❇❡❞✐♥❣✉♥❣❡♥✳ ❉❛s ❤❡✐ÿt✱ ✉♠

❡✐♥❡ ❘ü❝❦❢ü❤r✉♥❣ ③✉ ❡rr❡✐❝❤❡♥ ♠✉ss β(d+λ+1) = 1 ❣❡❧t❡♥✳ ❉❛ ❢ür n = 1, 2, 3, ...
✇✐❡ ❜❡r❡✐ts ❡r✇ä❤♥t λ = 0, 2, 4, ... ❣✐❧t✳ ❉✐❡s ✇✐r❞ ♠✐t β = 1

2n ❡rr❡✐❝❤t✳
(2) ❉✐❡ ③✇❡✐t❡ ❇❡❞✐♥❣✉♥❣ ❧❡✐t❡t s✐❝❤ ❛✉s ❞❡r P❛rs❡✈❛❧✲P❧❛♥❝❤❡r❡❧ ■❞❡♥t✐tät ❤❡r
✉♥❞ ✐st ❢ür β < |bk|2 ❡r❢ü❧❧t✱ ❞❡♥♥ ❡s ❣✐❧t✱

〈Ck, Ck〉 =
1

2π

ˆ ∞

−∞

∣∣∣φ̂n(y)
∣∣∣
2

·
∣∣∣B̂c,d+λ

k (y)
∣∣∣
2

dy = |bk|2

✇❡❣❡♥

〈Ck, Ck〉 =
ˆ ∞

−∞

∣∣∣∣
ˆ ∞

−∞
ϑn(t− y) ⋆ Bc,d+λ

k (y)dy

∣∣∣∣
2

dt

=

ˆ ∞

−∞
|D [ξk, ξk+1, ···, ξk+d+λ+1]u φn(t− u)|2 dt

=
1

2π

ˆ ∞

−∞

∣∣∣D [ξk, ξk+1, ···, ξk+d+λ+1]u φ̂n(w − u)
∣∣∣
2

dw

✷✹



=
1

2π

ˆ ∞

−∞
|b · 2πδ (· − tk)|2 dw = |bk|2

❍✐❡r❜❡✐ ✐st bk ❞❛s ❆❜s♦❧✉t❣❧✐❡❞ ❞❡r (2n+2λ+2)✲t❡♥ ❞✐✈✐❞✐❡rt❡♥ ❉✐✛❡r❡♥③ ✈♦♥ φn✳
❉❛s ❤❡✐ÿt✱ ❡s ✐st ❤✐♥r❡✐❝❤❡♥❞✱ ❞❛ss β < |bk|2 ✐st✱ ❞❛♠✐t ❞✐❡ Pr❡✇❛✈❡❧❡ts ❡①✐st✐❡r❡♥✳
❙♦❧❧t❡ ❞✐❡s ♥✐❝❤t ❣❡❣❡❜❡♥ s❡✐♥✱ ♠✉ss ❣❡❣❡❜❡♥❢❛❧❧s ❞❡r P❛r❛♠❡t❡r a ❡t✇❛s ❛♥❞❡rs
❣❡✇ä❤❧t ✇❡r❞❡♥✳
◆✉♥ ♠üss❡♥ ✇✐r ♥✉r ♥♦❝❤ ③❡✐❣❡♥✱ ❞❛ss ❞❛s ■♥✜♠✉♠ ✈♦♥ Φ(θ) ❢ür ❣✉t ❣❡✇ä❤❧t❡s
a ≤ 1✱ ♠♦♥♦t♦♥ ✇❛❝❤s❡♥❞ ✉♥❞ ❞❛ss ❙✉♣r❡♠✉♠ sup

t∈(−∞;∞)

∑∞
k=−∞ φ

(2n)
n (t − τk)

♠♦♥♦t♦♥ ❢❛❧❧❡♥❞ ✐st✳ ❉❛ ❞❛s ▼❛①✐♠✉♠ ✈♦♥ ϑn(t) ✐♥ t = 0 ❧✐❡❣t✱ r❡✐❝❤t ❡s ✐♥
❱❡r❜✐♥❞✉♥❣ ♠✐t τ ∈ 1

2nZ ❞✐❡ ❘❡✐❤❡
∑∞

k=−∞ ϑn(τk) ③✉ ✉♥t❡rs✉❝❤❡♥✳ ❊s ❣✐❧t✿

∞∑

k=−∞
ϑn(τk) =

∞∑

k=−∞

1

2p

∏n
i=1(2i− 1)2 · a2n
(
a2 +

(
k
2n

)2)n+ 1
2

=

∏n
i=1(2i− 1)

(n− 1)! · 2n−2




∞∑

k=1

a2n

(
a2 +

(
k
2n

)2)n+ 1
2

+
1

a




≤
∏n

i=1(2i− 1)

(n− 1)! · 2n−2




∞∑

k=1

a2n (2n)
2n+1

k2n+1

︸ ︷︷ ︸
ζ (s)

+
1

a




❍✐❡r❜❡✐ ✐st ζ (s) ♠✐t s = 2n + 1 ❞❡r ❘✐❡♠❛♥♥s❝❤❡ ❩❡t❛❢✉♥❦t✐♦♥✳ ❉✐❡ ❘❡✐❤❡ ✐st
s♦♠✐t ❢ür ❜❡❧✐❡❜✐❣❡s n ∈ N ❜❡s❝❤rä♥❦t✱ ❞❛ ❞✐❡ ❘✐❡♠❛♥♥s❝❤❡ ❩❡t❛❢✉♥❦t✐♦♥ ζ (s) =∑∞

k=1
1
ks ♠✐t s ∈ C, ℜ (s) > 1✱ ❜❡s❝❤rä♥❦t ✐st✳ ❲ä❤❧t ♠❛♥ a > 0♠✐t a→ 0 ✭❦❧❡✐♥

❣❡♥✉❣✮✱ ✐st
∑∞

k=1
2·
∏n

i=1(2i−1)2·a2n

(

a2+( k
2 )

2
)n+1

2
= 0 ✉♥❞

∏n
i=1(2i−1)

(n−1)!·2n−2a > 0✳ ❲ä❤❧t ♠❛♥ ♥✉♥ ❡✐♥

a∈ R+ ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ✈♦♥ n ∈ N♠✐t a1 < a2 < · · · an✱ ❡r❤ä❧t ♠❛♥ ❞❛s ♠♦♥♦t♦♥
❢❛❧❧❡♥❞❡ ❙✉♣r❡♠✉♠✳ ❋ür ❞❛s ■♥✜♠✉♠ ✈♦♥ Φ(θ) s♦❧❧ ❞❛♥♥ ♠✐t a1 < a2 < · · · an
❡❜❡♥❢❛❧❧s inf Φ(θ)a1 < inf Φ(θ)a2 < · · · < inf Φ(θ)an ❣❡❧t❡♥✳ ❊s ❣✐❧t✿

inf
θ∈(−β(d+λ+1);β(d+λ+1))

Φ(θ) = inf
t∈(−1;1)

F−1 (F (ϑn(t)) · F (ϑn(t)))

= inf
t∈(−1;1)

F−1

(
21−2na2nq2 |ω|Kn(a |ω|)2

Γ
(
1
2 + n

)2

)
(t)

= inf
t∈(−1;1)

2−
1
2−2nq2

√
π · Γ

(
1
2 + 2n

)
2F1

(
1
2 + n, 12 + 2n, 1 + n, −4a2

t2

)

a · Γ
(
1
2 + n

)
Γ (1 + n)

✷✺



=
2−

1
2−2nq2 (4n)!

(2n)!·42n · 2F1

(
1
2 + n, 12 + 2n, 1 + n,−4a2

)

a · (2n)!
n!·4nΓ (n) · n︸ ︷︷ ︸

n!

=
q2(4n)!

2
1
2+2n(2n)!24na

·
∞∑

k=0

(
1
2 + n

)
k

(
1
2 + 2n

)
k

(1 + n)k k!

(
−4a2

)k
.

❍✐❡r❜❡✐ ✐st q =
(

∏n
i=1(2i−1)

(n−1)!·2n
)
✱ ✇❡❧❝❤❡s s✐❝❤ ❛✉s ❞❡♠ ◆♦r♠✐❡r✉♥❣s❢❛❦t♦r ✉♥❞

ϑn(t) ❡r❣✐❜t✳ ❩✉❞❡♠ ✐st Kn ✇✐❡ ♦❜❡♥ ❞✐❡ ♠♦❞✐✜③✐❡rt❡ ❇❡ss❡❧❢✉♥❦t✐♦♥ ③✇❡✐t❡r
❆rt ✉♥❞ Γ(·) ❞✐❡ ●❛♠♠❛✲❋✉♥❦t✐♦♥✳ ❉✐❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠❛t✐♦♥ ❞❡r ✐♥✈❡rs❡♥
♠✉❧t✐q✉❛❞r✐❝ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥ ✐st ✐♥ ❇✉❤♠❛♥♥ ❬✺❪ ③✉ ✜♥❞❡♥✳ ❆✉s ❇✉❤♠❛♥♥
❬✹❪ ❢♦❧❣t✱ ❞❛ss ❞✐❡ ❇❡❤❛✉♣t✉♥❣ ❢ür n = 1 ❣✐❧t ✉♥❞ s♦♠✐t ❛✉❝❤ ❢ür ❛❧❧❡ n ∈ N

s♦❧❛♥❣❡ 0 < a < 1 ✐st✱ s♦❞❛ss ❞✐❡ ▼♦♥♦t♦♥✐❡ ✈♦♥ q2(4n)!

2
1
2
+2n(2n)!24na

❡r❤❛❧t❡♥ ❜❧❡✐❜t

✉♥❞
∑∞

k=0

( 1
2+n)

k
( 1

2+2n)
k

(1+n)kk!

(
4a2
)k

❜❡s❝❤rä♥❦t ✐st ❢ür ❛❧❧❡ a→ 0✳ ❖✛❡♥❜❛r ✐st ❞✐❡

▼♦♥♦t♦♥✐❡ ✈♦♥ πn = q2(4n)!

2
1
2
+2n(2n)!24na

❢ür ❧❛♥❣s❛♠ ❛♥✇❛❝❤s❡♥❞❡s a ❣❡❣❡❜❡♥✱ ❞❡♥♥

πn =
q2(4n)!

2
1
2+2n(2n)!24na

= a−1

∏n
i=1(2i− 1)2(4n)!

2
1
2+4n(2n)!24n(n− 1)!2

< πn+1 =

= a−1

∏n
i=1(2i− 1)2(4n)!

2
1
2+4n(2n)!24n(n− 1)!2

(2n+ 1)2(4n+ 1)(4n+ 2)(4n+ 3)(4n+ 4)

26n2(2n+ 1)2(2n+ 2)2

= πn
(256n4 + 640n3 + 560n2 + 200n+ 24)

26(4n4 + 8n3 + 4n2)︸ ︷︷ ︸
≥1∀n∈N ♠✐t a ≤ 1

❩✉❞❡♠ ✐st
∑∞

k=0

( 1
2+n)

k
( 1

2+2n)
k

(1+n)kk!

(
−4a2

)k
❢ür ❦❧❡✐♥❡s ✉♥❞ ❧❛♥❣s❛♠ ✇❛❝❤s❡♥❞❡s

a ≤ 1 ❡❜❡♥❢❛❧❧s ❜❡s❝❤rä♥❦t✱ ✇❛s ♠✐t ❢♦❧❣❡♥❞❡♥ ❆❜s❝❤ät③✉♥❣❡♥ ✉♥❞ ❯♠❢♦r♠✉♥✲
❣❡♥ ❦❧❛r ✇✐r❞✿

∞∑

k=0

(
1
2 + n

)
k

(
1
2 + 2n

)
k

(1 + n)k k!

(
−4a2

)k
=

∞∑

k=0

(
1
2 + n

)
k

(
1
2 + 2n

)
k

(n+k)!
n! k!

(
−4a2

)k

≤
∞∑

k=0

(1 + n)k (1 + 2n)k
(n+k)!

n! k!

(
−4a2

)k
=

∞∑

k=0

n! (n+k)!
n!

(2n+k)!
(2n)!

(n+ k)!k!

(
−4a2

)k

=

∞∑

k=0

(2n+ k)!

k!(2n)!

(
−4a2

)k
=

∞∑

k=0

(−1)
k

∏2n
i=1(k + i) · 4k
(2n)!a−2k

︸ ︷︷ ︸
ck

=
∞∑

k=0

(−1)
k
ck,

✷✻



✇♦❜❡✐ ck ♠✐t r✐❝❤t✐❣ ❣❡✇ä❤❧t❡♠ a ✐♠♠❡r ❡✐♥❡ ♠♦♥♦t♦♥ ❢❛❧❧❡♥❞❡ ◆✉❧❧❢♦❧❣❡ ✭❜③❣❧✳
k → ∞) ✐st ✉♥❞ s♦♠✐t ❞✐❡ ❘❡✐❤❡

∑∞
k=0 (−1)

k
ck ♥❛❝❤ ❞❡♠ ▲❡✐❜♥✐③✲❑r✐t❡r✐✉♠

❜❡s❝❤rä♥❦t ✐st✳ ❉❛♥♥ ❢♦❧❣t ♠✐t ▲❡♠♠❛ ✸✳✹ ❞✐❡ ❇❡❤❛✉♣t✉♥❣ ❞❡s ❙❛t③❡s✳

❲✐r ♠üss❡♥ ♥✉♥ ♥♦❝❤ ③❡✐❣❡♥✱ ❞❛ss ❞✐❡ r❡st❧✐❝❤❡♥ ❇❡❞✐♥❣✉♥❣❡♥ ❛✉s ▲❡♠♠❛ ✸✳✹
✇❡✐t❡r❤✐♥ ❣❡❣❡❜❡♥ s✐♥❞ ✉♥❞ ♥✐❝❤t ✈♦♥ ✉♥s❡r❡r ♥❡✉❡♥ ❇❡❞✐♥❣✉♥❣ ✭✸✳✷✳✶✸✮ ❜③✇✳
❞❡r ❊r❤ö❤✉♥❣ ❞❡s ❚rä❣❡rs ❞❡r ❇✲❙♣❧✐♥❡s ❜❡❡✐♥trä❝❤t✐❣t ✇❡r❞❡♥✳
❉✐❡ ■❞❡♥t✐tät ✭✸✳✷✳✸✮ ❤❡✐ÿt✱ ❞❛ss uℓ ❞✐❡ ℓ✲t❡ ❩❡✐❧❡ ❞❡r ✐♥✈❡rs❡♥ ▼❛tr✐① D =
{Djk}∞j,k=−∞✐st✱ ✇❡♥♥ d + λ ✉♥❣❡r❛❞❡ ✐st✱ s♦♥st ✐st ❡s ❞✐❡ ■♥✈❡rs❡ ✈♦♥ D ✉♠
❡✐♥s ✈❡rs❝❤♦❜❡♥✳ ❉✐❡ ❱❡rs❝❤✐❡❜✉♥❣ ✉♠ ❡✐♥s✱ ❦♦♠♠t ❛✉❢ ●r✉♥❞ ❞❡r ■❞❡♥t✐tät
✭✸✳✷✳✸✮ ③✉st❛♥❞❡✳ ❉✐❡ ▼❛tr✐① D ✐st ❤✐❡r❜❡✐ ❡✐♥ ❦♦♥t✐♥✉✐❡r❧✐❝❤❡r ❧✐♥❡❛r❡r ❖♣❡r❛t♦r
✈♦♥ D : ℓp(Z) → ℓp(Z) ❢ür p ∈ {1,∞}✱ ✇✐❡ ✇✐r ♥❛❝❤❢♦❧❣❡♥❞ s❡❤❡♥ ✇❡r❞❡♥✳ ❉✐❡
▼❛tr✐① D ❤❛t ℓ1 (Z) ◆♦r♠ ❡✐♥s✱ ❞❛ ❞✐❡ ❇✲❙♣❧✐♥❡s ❞✐❡ ❊✐♥s ♣❛rt✐t✐♦♥✐❡r❡♥ ✉♥❞
´∞
−∞ ϑn(t) = 1 ❣✐❧t✳ ❩✉❞❡♠ ❤❛t ❞✐❡ ▼❛tr✐① D ❡✐♥❡ ❜❡❣r❡♥③t❡ ℓ∞ (Z) ◆♦r♠✱ ✇❛s
❛✉s ❙❝❤✉♠❛❦❡r ❬✸✷❪ ❢♦❧❣t✿

‖D‖∞ ≤ β · sup
t∈(−∞,∞)

∞∑

k=−∞
ϑn(t− τk) ✭✸✳✷✳✶✹✮

❉✐❡ r❡❝❤t❡ ❙❡✐t❡ ❞❡r ❯♥❣❧❡✐❝❤✉♥❣ ✐st ❡♥❞❧✐❝❤✱ ❞❛ κ <∞ ✐st ✉♥❞ ϑn(t) = O(|t|−1−n−ǫ
)

❣✐❧t ✉♥❞ ❞✐❡ ❆❜stä♥❞❡ τk+1−τk ≥ δ ❢ür ❛❧❧❡ k ∈ Z s✐♥❞✳ ❩✉❞❡♠ ✇✐ss❡♥ ✇✐r ❜❡r❡✐ts✱
❞❛ss

inf
j∈Z

Dkk = β inf
θ∈(−β(d+λ+1),β(d+λ+1))

Φ(θ)

❣✐❧t✳ ❉✐❡ ◆✐❝❤t♥❡❣❛t✐✈✐tät ❞❡r ❊✐♥trä❣❡ ❞❡r ▼❛tr✐① D ③✉s❛♠♠❡♥ ♠✐t ‖D‖1 = 1
✐♠♣❧✐③✐❡r❡♥✱ ❞❛ss Dkk ≤ 1 ✉♥❞ s♦♠✐t

‖D − I‖∞ ≤ ‖D‖∞ + 1− β−1 inf
k∈Z

Dkk ✭✸✳✷✳✶✺✮

✐st✳ ❉✐❡ ❆✉ss❛❣❡♥ ✭✸✳✷✳✹✮✱ ✭✸✳✷✳✶✹✮ ✉♥❞ ✭✸✳✷✳✶✺✮ ❢ü❤r❡♥ ③✉ ‖D − I‖∞ < 1✳ ❉❛♠✐t
✐st D ❡✐♥ ❍♦♠♦♠♦r♣❤✐s♠✉s ❛✉❢ ℓ∞(Z) s♦ ❞❛ss ❞✐❡ ❑♦❡✣③✐❡♥t❡♥ uℓk ❡①✐st✐❡r❡♥
✉♥❞ supℓ∈Z

∥∥uℓ
∥∥
1
<∞ ✐st✳ ❉❛ss ✭✸✳✷✳✹✮ ❡rs❡t③t ✇❡r❞❡♥ ❦❛♥♥ ❞✉r❝❤ ✭✸✳✷✳✶✵✮ ✉♥❞

❞✐❡ ■♥✈❡rt✐❡r❜❛r❦❡✐t ♠✐tt❡❧s ◆❡✉♠❛♥♥ ❘❡✐❤❡ ✐♥t❛❦t ❜❧❡✐❜t✱ ❢♦❧❣t ❡❜❡♥❢❛❧❧s ❛✉s
✭✸✳✷✳✶✺✮✳ ❊✐♥❡ ✇❡✐t❡r❡ ❞✐r❡❦t❡ ❑♦♥s❡q✉❡♥③ ✈♦♥ uℓ ∈ ℓ1(Z) ✉♥❞ ❞❡♥ ❇❡❞✐♥❣✉♥❣❡♥
❛♥ Pr❡✇❛✈❡❧❡ts ✐st

∞∑

j=−∞
|Ψℓ(x− τj)| ≤ β sup

t∈(−∞,∞)

∞∑

j=−∞
ϑn(t− τj) sup

ℓ∈Z

∥∥uℓ
∥∥
1

✭✸✳✷✳✶✻✮

❉✐❡ r❡❝❤t❡ ❙❡✐t❡ ❞❡r ❯♥❣❧❡✐❝❤✉♥❣ ✐st ❡♥❞❧✐❝❤✱ ✇❡✐❧ ✭✸✳✷✳✶✹✮ ❣❧❡✐❝❤♠äÿ✐❣ ❜❡s❝❤rä♥❦t
✐st✳ ❲✐r ❡r❤❛❧t❡♥ ❞❛♥♥ ✭✸✳✷✳✼✮ ❞✉r❝❤ ❞✐❡ ❚❛ts❛❝❤❡✱ ❞❛ss ❞✐❡ (d+λ+1)✲t❡ ❆❜❧❡✐t✉♥❣
❡✐♥❡s ❇✲❙♣❧✐♥❡s ✈♦♠ ●r❛❞ 2d + 2λ + 1 ❡✐♥❡ ❡♥❞❧✐❝❤❡ ▲✐♥❡❛r❦♦♠❜✐♥❛t✐♦♥ ✈♦♥
❇✲❙♣❧✐♥❡s ✈♦♠ ●r❛❞ d + λ ✐st✳ ❉✐❡ ❧✐♥❦❡ ❙❡✐t❡ ✈♦♥ ✭✸✳✷✳✼✮ ✐st ❞❛♥♥ ❡❜❡♥❢❛❧❧s
❣❧❡✐❝❤♠äÿ✐❣ ❜❡s❝❤rä♥❦t ❞✉r❝❤

β sup
t∈(−∞;∞)

∞∑

j=−∞
ϑn(t− τj) sup

ℓ∈Z

∥∥uℓ
∥∥
1
(βδ)

−d−λ−1

✷✼



❍✐❡r③✉ s❡✐ ❛✉❝❤ ❛✉❢ ❙❝❤✉♠❛❦❡r ❬✸✷❪ ✈❡r✇✐❡s❡♥✳ ❉❛ ϑn ❜❡❧✐❡❜✐❣ ♦❢t st❡t✐❣ ❞✐✛❡r❡♥✲
③✐❡r❜❛r ✐st ✉♥❞ ϑn = O(|t|−1−n−ǫ

) ♠✐t ❣röÿ❡r❡♠ ǫ > 0 ❛✉❝❤ ❢ür ❞✐❡ ❆❜❧❡✐t✉♥❣❡♥
✈♦♥ ϑn ❣✐❧t✱ ✇❛s ❛✉s ❙❛t③ ✸✳✷ ❢♦❧❣t✱ ❦❛♥♥ ❞✐❡ ❆❜s❝❤ät③✉♥❣ ❛✉❝❤ ♦❤♥❡ ❞❡♥ ❛♥✲
st❡✐❣❡♥❞❡♥ ❋❛❦t♦r (βδ)−d−λ−1 ♠✐tt❡❧s ❙❝❤✉♠❛❦❡rs ❆❜❧❡✐t✉♥❣s❢♦r♠❡❧ ❞❛r❣❡st❡❧❧t
✇❡r❞❡♥ ❞✉r❝❤✿

β sup
t∈(−∞,∞)

∞∑

j=−∞
ϑ(d+λ+1)
n (t− τj) sup

ℓ∈Z

∥∥uℓ
∥∥
1

❉✐❡s ✐st ♥♦t✇❡♥❞✐❣✱ ❞❛ s♦♥st ❜❡✐ ✐♠♠❡r ❦❧❡✐♥❡r ✇❡r❞❡♥❞❡♥ ❆❜stä♥❞❡♥ δ ❞❡r
❙tüt③st❡❧❧❡♥ τk✱ ❞❡r ❋❛❦t♦r (βδ)

−d−λ−1 st❛r❦ ❛♥✇❛❝❤s❡♥ ✇ür❞❡✳ ■♥ ❣❧❡✐❝❤❡r ❲❡✐✲
s❡ ✇♦❧❧❡♥ ✇✐r ♥✉♥ ✭✸✳✷✳✽✮ ③❡✐❣❡♥✳ ❲✐r ✇✐ss❡♥ ❜❡r❡✐ts✱ ❞❛ss ♠✐t ✉♥s❡r❡r ♥❡✉❡♥
❇❡❞✐♥❣✉♥❣ ✭✸✳✷✳✶✸✮ ❞✐❡ ❆❜s❝❤ät③✉♥❣ ✭✸✳✷✳✶✺✮ ❣✐❧t✳ ❉❛❤❡r s✐♥❞ ❞✐❡ ❑♦❡✣③✐❡♥t❡♥
uℓk ❡❜❡♥❢❛❧❧s ❛❜s♦❧✉t s✉♠♠✐❡r❜❛r ü❜❡r ℓ ∈ Z. ❲✐r ❜❡♥✉t③❡♥ ✇✐❡❞❡r✱ ❞❛ss ❞✐❡ ❇✲

❙♣❧✐♥❡s
{
Bf,2d+2λ+1

k

}∞

k=−∞
❞✐❡ ❊✐♥s ♣❛rt✐t✐♦♥✐❡r❡♥ ✉♥❞ ♠✐t uk =

{
uℓk
}∞
ℓ=−∞ ∈

ℓ1(Z), k ∈ Z s♦✇✐❡ ϑn = O(|t|−1−n−ǫ
) ❢♦❧❣t

∞∑

ℓ=−∞
|Ψℓ(x)| ≤ sup

k∈Z

‖dk‖1 ,

❞❛r❛✉s ❢♦❧❣t ❞✐r❡❦t ♠✐t ❙❝❤✉♠❛❦❡rs ❆❜❧❡✐t✉♥❣sr❡❣❡❧ ❢ür ❇✲❙♣❧✐♥❡s

∞∑

ℓ=−∞
|ψℓ(x)| ≤ β sup

k∈Z

‖dk‖1 (βδ)
−d−λ−1

.

❯♠ ❛✉❝❤ ❤✐❡r ❞❡♥ ❋❛❦t♦r (βδ)
−d−λ−1 ③✉ ✈❡r♠❡✐❞❡♥✱ s❝❤r❡✐❜❡♥ ✇✐r ❞❛s ❣❛♥③❡

✇✐❡ ❢♦❧❣t✿
∞∑

ℓ=−∞
|ψℓ(x)| ≤ sup

k∈Z

‖dk‖1
ˆ ∞

−∞

∣∣∣ϑ(d+λ+1)
n

∣∣∣ dx

❉❛s ❤❡✐ÿt✱ ♠✐t ❛♥❞❡r❡♥ ❲♦rt❡♥ s✐♥❞ ✉♥s❡r❡ Pr❡✇❛✈❡❧❡ts ψℓ ❛❜s♦❧✉t s✉♠♠✐❡r❜❛r
✉♥❞ ♥✉r ✐♥ ❡✐♥❡r ❯♠❣❡❜✉♥❣ ❞❡r ◆✉❧❧ s✐❣♥✐✜❦❛♥t ✈♦♥ 0 ✈❡rs❝❤✐❡❞❡♥✳ ❉✐❡ ✇✐❝❤✲
t✐❣st❡♥ ●rü♥❞❡ ❞❛❢ür s✐♥❞✱ ❞❛ss ❞✐❡ ❇✲❙♣❧✐♥❡s ❞✐❡ ❊✐♥s ♣❛rt✐t✐♦♥✐❡r❡♥ ✉♥❞ ✇✐r
❞❛s ■♥t❡❣r❛❧

´∞
−∞ ϑn(t) ♠✐t❤✐❧❢❡ ✈♦♥ ❑♦r♦❧❧❛r ✸✳✷ ③✉ ❡✐♥s ♥♦r♠✐❡r❡♥ ❦ö♥♥❡♥✳ ❩✉✲

❞❡♠ ✐st ♥❛tür❧✐❝❤ ❡ss❡♥t✐❡❧❧✱ ❞❛ss ❞✐❡ ❇✲❙♣❧✐♥❡s ❧♦❦❛❧❡♥ ❚rä❣❡r ❤❛❜❡♥ ✉♥❞ ✉♥s❡r❡
❋✉♥❦t✐♦♥❡♥ ϑn ❡①♣♦♥❡♥t✐❡❧❧ ❛❜❦❧✐♥❣❡♥✳
◆✉♥ ✇♦❧❧❡♥ ✇✐r ③❡✐❣❡♥✱ ❞❛ss V1 = V0 ⊕W0 ❣✐❧t✳ ❲✐r ✇✐ss❡♥ ❜❡r❡✐ts✱ ❞❛ss ❥❡❞❡
❋✉♥❦t✐♦♥ g ∈ V1 s✐❝❤ ❛❧s ❡♥❞❧✐❝❤❡ ▲✐♥❡❛r❦♦♠❜✐♥❛t✐♦♥ ✈♦♥ Fj s❝❤r❡✐❜❡♥ ❧ässt✱
✉♥❞ ❞❛♠✐t ❛❧s ❞✐✈✐❞✐❡rt❡ ❉✐✛❡r❡♥③✳ ❉✐❡ ❑♦❡✣③✐❡♥t❡♥ ❞❡r Fj s✐♥❞ ❞❛❜❡✐ q✉❛❞r❛t
s✉♠♠✐❡r❜❛r✳ ❲✐r ❜❡♥öt✐❣❡♥ ❛❧s♦ ❡✐♥❡ ❩❡r❧❡❣✉♥❣ ❡✐♥❡s ❥❡❞❡♥ Fj ∈ V1✳ ❉❛❤❡r
s✉❝❤❡♥ ✇✐r ❑♦❡✣③✐❡♥t❡♥ Bjk, j, k ∈ Z✱ s♦❞❛ss ❞✐❡ ❖rt❤♦❣♦♥❛❧✐tät

ηj := Fj −
∞∑

k=−∞
BjkCk ⊥ Cℓ ✭✸✳✷✳✶✼✮

✷✽



❢ür ❣❛♥③❡ ❩❛❤❧❡♥ j ❣✐❧t✳ ❆♥❞❡rs ❛✉s❣❡❞rü❝❦t ✈❡r❧❛♥❣❡♥ ✇✐r

∞∑

k=−∞
Bjk 〈Ck, Cℓ〉 = 〈Fj , Cℓ〉

❢ür ❛❧❧❡ ℓ ∈ Z ❣❡❧t❡♥ s♦❧❧✱ ✇♦❜❡✐ 〈·, ·〉 ✐st ❞❛s ❙❦❛❧❛r♣r♦❞✉❦t ✈♦♥ L2 (R) . ▼✐t s♦❧✲
❝❤❡♥ ❑♦❡✣③✐❡♥t❡♥ Bjk ❦ö♥♥❡♥ ✇✐r ❞❛♥♥ ηj ❛✉s✇❡✐t❡♥✱ s♦❞❛ss Fj ∈ V0⊕W0 ❣✐❧t✳
❉✐❡ ❊✐♥trä❣❡ ❞❡r s②♠♠❡tr✐s❝❤❡♥ ▼❛tr✐① χ = {〈Ck, Cℓ〉}k,ℓ∈Z

s✐♥❞ ♥✐❝❤t ♥❡❣❛t✐✈
✉♥❞ ❞❛❞✉r❝❤✱ ❞❛ss ❞✐❡ ❇✲❙♣❧✐♥❡s ❞✐❡ ❊✐♥s ♣❛rt✐t✐♦♥✐❡r❡♥ ❤❛t ❞✐❡ ▼❛tr✐① ℓ1 (Z) s♦✲
✇✐❡ ℓ∞ (Z) ◆♦r♠ ✉♥❞ sup

k∈Z

τ2k+2d+2λ+1−τ2k−1

d+λ+1 = 2β ✇✐❡ ♦❜❡♥ ❜❡r❡✐ts ❣❡③❡✐❣t ✇✉r❞❡✳

❲✐r ✇✐ss❡♥✱ ❞✉r❝❤ ✉♥s❡r❡ ❇❡❞✐♥❣✉♥❣ ✭✸✳✷✳✶✶✮✱ ❞❛ss ‖I − χ‖1 = ‖I − χ‖∞ < 1
❣✐❧t✳ ❊s ❣✐❧t ❞❛♥♥

‖I − χ‖p ≤ 2β+max

{
−1, 1− 2 inf

k∈Z

〈Ck, Ck〉
}

= 2β+max

{
−1, 1− 2 inf

k∈Z

|bk|2
}

❞❡♥♥ ✇✐❡ ✇✐r ❜❡r❡✐ts ✇✐ss❡♥ ❣✐❧t✿

〈Ck, Ck〉 =
1

2π

ˆ ∞

−∞

∣∣∣φ̂n(y)
∣∣∣
2

·
∣∣∣B̂c,d+λ

k (y)
∣∣∣
2

dy = |bk|2

❉❛s ❤❡✐ÿt✱ ✇✐❡ ♦❜❡♥ ❜❡r❡✐ts ❡r✇ä❤♥t✱ ♠üss❡♥ ✇✐r ✉♥s❡r a s♦ ✇ä❤❧❡♥✱ ❞❛ss ❡s
③✉♠✐♥❞❡st ❡✐♥ ❆❜s♦❧✉t❣❧✐❡❞ ❞❡r ❞✐✈✐❞✐❡rt❡♥ ❉✐✛❡r❡♥③ ❣✐❜t✱ s♦❞❛ss|bk|2 ❦❧❡✐♥ ❣❡♥✉❣
✐st✳ ❉❛s ❛❧s ❇❡❞✐♥❣✉♥❣ ❤❛t ③✉r ❋♦❧❣❡✱ ❞❛ss 2β+max

{
−1, 1− 2 infk∈Z |bk|2

}
< 1

✐st✳ ❯♥t❡r ❞❡r ❱♦r❛✉ss❡t③✉♥❣✱ ❞❛ss χ ❡✐♥❡ ■♥✈❡rs❡ ▼❛tr✐① χ−1 ❜❡s✐t③t✱ ❡r❣❡❜❡♥
s✐❝❤ ❞✐❡ ❑♦❡✣③✐❡♥t❡♥ Bjk ❛❧s

Bjk =
∑

ℓ∈Z

〈Fj , Cℓ〉χ−1
ℓk .

❉✐❡ ▼❛tr✐① B = Bjk ✐st ✇♦❤❧❞❡✜♥✐❡rt ✉♥❞ ❤❛t ‖B‖1✉♥❞ ‖B‖∞ ◆♦r♠✱ ✇❡❣❡♥∑∞
j=−∞ |Fj(t)| =

∑∞
j=−∞ Fj(t) = 1 ✉♥❞

∑∞
j=−∞ |Cj(t)| =

∑∞
j=−∞ Cj(t) = 1

✉♥❞ ✇❡✐❧ χ ✐♥✈❡rt✐❡r❜❛r ✐st✳ ❉✐❡ ❚❛ts❛❝❤❡✱ ❞❛ss ηj ∈ V1 ✐st✱ ❢♦❧❣t ❞❛♥♥ ♠✐t ❍❛r❞②✱
▲✐tt❧❡✇♦♦❞ ✉♥❞ Pó❧②❛ ❬✸✵❪✳ ❯♠ ❞❡♥ ❇❡✇❡✐s ♥✉♥ ③✉ ✈❡r✈♦❧❧stä♥❞✐❣❡♥ ♠üss❡♥ ✇✐r
♥♦❝❤ ③✇❡✐ ✇❡✐t❡r❡ ▲❡♠♠❛s ✐♥ ❆♥❧❡❤♥✉♥❣ ❛♥ ❇✉❤♠❛♥♥ ❬✹❪ ❡r✇❡✐t❡r♥✳

▲❡♠♠❛ ✸✳✺✳ ❙❡✐ ηj , j ∈ Z, ❞❡✜♥✐❡rt ✇✐❡ ✐♥ ✭✸✳✷✳✶✼✮✱ ❞❛♥♥ ❡①✐st✐❡rt ❢ür ❥❡❞❡s j

❡✐♥ d+λ+1 ♠❛❧ ❞✐✛❡r❡♥③✐❡r❜❛r❡ ❋✉♥❦t✐♦♥ Hj s♦❞❛ss H
(d+λ+1)
j = ηj ❣✐❧t✳ ❩✉❞❡♠

❣✐❧t

sup
j∈Z

∞∑

k=−∞
|〈ϑn(· − τ2k), Hj〉| <∞

✉♥❞

sup
k∈Z

∞∑

k=−∞
|〈ϑn(· − τ2k), Hj〉| <∞

✷✾



❇❡✇❡✐s✳ ❩✉♥ä❝❤st s❡✐ ❞❛s Hj ❡①♣❧✐③✐t ♠✐t P❡❛♥♦✲❑❡r♥ ❉❛rst❡❧❧✉♥❣ ❛♥❣❡❣❡❜❡♥
❛❧s

Hj(x) =

ˆ ∞

−∞
(x− t)n+ηj(t)dt, x ∈ R

✇♦❜❡✐ (·)n+ =

{
xn x ≥ 0

0 x < 0
❛❧s ❛❜❣❡s❝❤♥✐tt❡♥❡ P♦t❡♥③ ✭tr✉♥❝❛t❡❞ ♣♦✇❡r✮

❜❡③❡✐❝❤♥❡t ✇✐r❞✳ ❊s ❢♦❧❣t ❛✉s ❞❡r ❉❡✜♥✐t✐♦♥ ✈♦♥ ηj ❞❛s ‖B‖∞ < ∞ ✉♥❞ ❛✉s
(ϑn (t)) = O(|t|−1−n−ǫ

)✱ ❞❛ss Hj ✇♦❤❧❞❡✜♥✐❡rt ✐st✳ ❩✉❞❡♠ ❣✐❧t

〈Hj , ϑn(· − τ2ℓ−1)〉 = 0, ℓ ∈ Z ✭✸✳✷✳✶✽✮

❞❡♥♥ ❡s ✐st

〈ηj , Cℓ〉 = (−1)d+λ+1

〈
Hj ,

ˆ ∞

−∞
B

c,(d+λ+1)
ℓ ϑn(· − y)dy

〉

=

〈
Hj ,

∞∑

k=−∞
µℓ
kϑn(· − τ2k−1)

〉
= 0

✇✐❡❞❡r ♠✐t ❞❡♠ ❆r❣✉♠❡♥t✱ ❞❛ss ❞✐❡ (d+ λ+ 1) ✲t❡ ❆❜❧❡✐t✉♥❣ ❡✐♥❡s ❇✲❙♣❧✐♥❡s
✈♦♠ ●r❛❞ d + λ ❡✐♥❡ ❡♥❞❧✐❝❤❡ ❙✉♠♠❡ ✈♦♥ ❉❡❧t❛❢✉♥❦t✐♦♥❡♥ ❛♥ ❞❡♥ P✉♥❦t❡♥
τ2k−1, k∈ Z ✐st✱ ✇♦♠✐t ✇✐r ❞❛♥♥ ❡✐♥ ■♥t❡❣r❛❧ ü❜❡r ❡✐♥❡ P✉♥❦t♠❡♥❣❡ ❛✉s✇❡rt❡♥✱
✇❡❧❝❤❡s ♥❛tür❧✐❝❤ ❣❧❡✐❝❤ 0 ✐st✳ ❩✉❞❡♠ s✐♥❞ ❞✐❡ ❑♦❡✣③✐❡♥t❡♥

{
µℓ
k

}∞
k=−∞❱✐❡❧❢❛❝❤❡

❞❡r ❑♦❡✣③✐❡♥t❡♥ ❞❡r d+ λ+ 1 ❞✐✈✐❞✐❡rt❡♥ ❉✐✛❡r❡♥③ ✈♦♥ φn ✐♥ ❆❜❤ä♥❣✐❦❡✐t ❞❡r
❙tüt③st❡❧❧❡♥ ✈♦♥Bc

ℓ .❆✉ÿ❡r❞❡♠ ✐♠♣❧✐③✐❡rt ❞❡r ❇❡✇❡✐s ③✉ ✸✳✷✳✶✽✱ ❞❛ss 〈Hj , ϑn(· − τk)〉
♣♦❧②♥♦♠✐❛❧❡s ❲❛❝❤st✉♠ ❤❛t✱ ❛❜❡r ❦❡✐♥ P♦❧②♥♦♠ ✐st✱ ❞❛ ❡s ❦❡✐♥❡ ♥✐❝❤ttr✐✈✐❛❧❡♥
P♦❧②♥♦♠❛♥t❡✐❧❡ ❤❛t✱ ❛✉ÿ❡r ❞✐❡ ✈♦♠ ●r❛❞ d + λ✳ ❯♠ ♥✉♥ ❞✐❡ ❇❡s❝❤rä♥❦t❤❡✐t
❞❡r ❙✉♠♠❡ ③✉ ③❡✐❣❡♥✱ ♥❡❤♠❡♥ ✇✐r ❞✐❡ (d+ λ+ 1) ✲t❡ ❞✐✈✐❞✐❡rt❡ ❉✐✛❡r❡♥③ ✈♦♥
〈ϑn(· − y), Hj〉 ❛♥ ❞❡♥ d+λ+2 P✉♥❦t❡♥ τ2k−1, τ2k, τ2k+1, τ2k+3, ···, τ2k+2d+2λ−1

✉♥❞ ✇❡♥❞❡♥ ❞❡♥ ❙❛t③ ✈♦♥ P❡❛♥♦ ❑❡r♥ ❞❛r❛✉❢ ❛♥✱ s♦❞❛ss

|〈ϑn(· − τ2k), Hj〉| ≤ C
∣∣∣
〈
ϑn(· − τ̃2k) [τ2k+2d+2λ−1 − τ2k−1]

d+λ+1
, |ηj |

〉∣∣∣

❢ür ❣❡❡✐❣♥❡t❡s C ✉♥❞ τ̃2k ∈ (τ2k−1, τ2k+2d+2λ−1) ❣✐❧t✳ ❲❡♥♥ ✇✐r ♥✉♥ ü❜❡r j ∈ Z
s✉♠♠✐❡r❡♥✱ ✐st ❡s ✉♥❛❜❤ä♥❣✐❣ ✈♦♥ k ❜❡❣r❡♥t③t✱ ❞❡♥♥

∑∞
j=−∞ |ηj | ✐st ❣❧❡✐❝❤♠äÿ✐❣

❜❡❣r❡♥③t ❞✉r❝❤ |ϑn (t)| = O(|t|−1−n−ǫ
) ❞❡♥ ❦♦♠♣❛❦t❡♥ ❚rä❣❡r ❞❡r ❇✲❙♣❧✐♥❡s ✉♥❞

❞❡r ❚❛ts❛❝❤❡✱ ❞❛ss ‖B‖1 < ∞ ✐st✳ ❆♥❞❡rs❤❡r✉♠ ❣✐❧t ❡❜❡♥❢❛❧❧s✱ ❞❛ss ❞✐❡ ❙✉♠♠❡
ü❜❡r ❛❧❧❡ k ❜❡s❝❤rä♥❦t ✐st ✉♥❞ ✉♥❛❜❤ä♥❣✐❣ ✈♦♥ j, ❞❛ ηj ∈ L1(R) ✐st✳

❯♠ ✉♥s❡r ▲❡♠♠❛ ✸✳✹ ♥✉♥ ❡♥❞❣ü❧t✐❣ ③✉ ❜❡✇❡✐s❡♥ ✉♥❞ ❞❛♠✐t ❛✉❝❤ ❙❛t③ ✸✳✹✱
♠üss❡♥ ✇✐r ❞✐❡ ηj ✐♠ ❙✐♥♥❡ ✉♥s❡r❡r ψk ❡r✇❡✐t❡r♥✱ s♦❞❛ss Fj ∈ V0 ⊕ W0 ❣✐❧t✳
❍✐❡r③✉ ❜❡♥öt✐❣❡♥ ✇✐r ♥♦❝❤ ♥❛❝❤❢♦❧❣❡♥❞❡s ▲❡♠♠❛✳

▲❡♠♠❛ ✸✳✻✳ ❙❡✐ ηj , j ∈ Z, ❞❡✜♥✐❡rt ❞✉r❝❤ ✭✸✳✷✳✶✼✮ ❞❛♥♥ ❣✐❧t

ηj =

∞∑

k=−∞
Ajkψk, j ∈ Z, ✭✸✳✷✳✶✾✮

✸✵



❢ür ❑♦❡✣③✐❡♥t❡♥ Ajk✱ ✇❡❧❝❤❡ ❛❜s♦❧✉t s✉♠♠✐❡r❜❛r s♦✇♦❤❧ ü❜❡r j ∈ Z, ❛❧s ❛✉❝❤
ü❜❡r k ∈ Z s✐♥❞✳

❇❡✇❡✐s✳ ❊s ✐st ❛✉sr❡✐❝❤❡♥❞ ❛♥st❡❧❧❡ ✈♦♥ ✭✸✳✷✳✶✾✮ ③✉ ③❡✐❣❡♥✱ ❞❛ss

H̃j =

∞∑

k=−∞
AjkΨ2k, j ∈ Z, ✭✸✳✷✳✷✵✮

❢ür ♣❛ss❡♥❞❡ ❑♦❡✣③✐❡♥t❡♥ Ajk ✉♥❞ H̃j ♠✐t H̃(d+λ+1)
j = ηj ❣✐❧t✱ ❞❛ ✇✐r ❛✉❢ ❜❡✐❞❡♥

❙❡✐t❡♥ d+λ+1 ♠❛❧ ❛❜❧❡✐t❡♥ ❦ö♥♥❡♥✳ ❲✐r ✇❡r❞❡♥ s❡❤❡♥✱ ❞❛ss ❡s s♦❧❝❤❡ ♣❛ss❡♥❞❡
❑♦❡✣③✐❡♥t❡♥ Ajk ❣✐❜t✱ ✉♥❞ ✇✐❡ ❞✐❡s❡ ❛✉ss❡❤❡♥✳ ❲✐r ❜❡❤❛✉♣t❡♥✱ ❞❛ss ✐♥ ❆❜❤ä♥✲
❣✐❣❦❡✐t ❞❡r ❋♦r♠ ✈♦♥ Ψk ✉♥❞ ❞❡♥ ❇❡❞✐♥❣✉♥❣❡♥ ❛♥ ❞✐❡ Hj ✱ ❞✐❡ ♥❛❝❤❢♦❧❣❡♥❞❡
❲❛❤❧ ❞❡r ❑♦❡✣③✐❡♥t❡♥ ♣❛ss❡♥❞ ✐st✿

H̃j :=
∑∞

k=−∞ 〈ϑn (· − τ2k+d+λ+1) , Hj〉Ψ2k ✇❡♥♥ d+ λ ✉♥❣❡r❛❞❡
H̃j :=

∑∞
k=−∞ 〈ϑn (· − τ2k+d+λ) , Hj〉Ψ2k ✇❡♥♥ d+ λ ❣❡r❛❞❡

}
, j ∈ Z

✭✸✳✷✳✷✶✮
❉✐❡ ❘❡✐❤❡ ✐st ❛❜s♦❧✉t ❦♦♥✈❡r❣❡♥t✱ ❞❛ ❞✐❡ Ψ2k ❣❧❡✐❝❤♠äÿ✐❣ ❜❡s❝❤rä♥❦t s✐♥❞ ❞✉r❝❤
supℓ∈Z

∥∥dℓ
∥∥
1
✉♥❞ ✇❡❣❡♥ ▲❡♠♠❛ ✸✳✺✳ ❉❡r ❙❛t③ ✷✼✺ ❛✉❢ ❙❡✐t❡ ✶✾✽ ✈♦♥ ❍❛r❞②✱

▲✐tt❧❡✇♦♦❞ ✉♥❞ Pó❧②❛❬✸✵❪✱ ▲❡♠♠❛ ✸✳✺ ✉♥❞
∥∥dℓ
∥∥ <∞ ✐♠♣❧✐③✐❡r❡♥✱ ❞❛ss ❞✐❡ r❡❝❤t❡

❙❡✐t❡ ✈♦♥ ✭✸✳✷✳✷✶✮ ✐♥ V 2d+2λ+1 ❧✐❡❣❡♥✱ ✇♦❜❡✐ V 2d+2λ+1 = Lτ,2d+2λ+1,ϑn
❣✐❧t✳

❲❡♥♥ ✇✐r ❞❛s ❙❦❛❧❛r♣r♦❞✉❦t 〈·, ·〉 ♠✐t ϑn(· − τℓ) ❛✉❢ ❜❡✐❞❡♥ ❙❡✐t❡♥ ✈♦♥ ✭✸✳✷✳✷✶✮
♥❡❤♠❡♥✱ ❡r❤❛❧t❡♥ ✇✐r ♠✐t ❞❡r ■❞❡♥t✐tät ❞❡r Pr❡✇❛✈❡❧❡ts ❢ür ✉♥❣❡r❛❞❡s d

〈
ϑn (· − τ2l+d+λ+1) , H̃j

〉
= 〈ϑn (· − τ2l+d+λ+1) , Hj〉 , ℓ ∈ Z,

✉♥❞ ▲❡♠♠❛ ✸✳✺ ✐♠♣❧✐③✐❡rt✱ ❞❛ss
〈
ϑn (· − τ2l+d+λ) , H̃j

〉
= 〈ϑn (· − τ2l+d+λ) , Hj〉 = 0, ℓ ∈ Z,

❣✐❧t✳ ❆♥❛❧♦❣❡s ❣✐❧t ❢ür ❣❡r❛❞❡s d + λ✳ ❉✐❡ ◆✐❝❤ts✐♥❣✉❧❛r✐tät ✈♦♥ D ❛❧s ❖♣❡r❛t♦r
ℓ2(Z) → ℓ2(Z) ❤❡✐ÿt✱ ❞❛ss

f ∈ V1, F ∈ V 2d+2λ+1
1 , F (d+λ+1) = f s♦✇✐❡ 〈ϑn (· − τℓ) , F 〉 = 0 ∀ ℓ ∈ Z ⇒ f = 0

❣✐❧t✳ ❉✐❡s ❜❡❞❡✉t❡t H̃(d+λ+1)
j = H

(d+λ+1)
j = ηj ✇✐❡ ✈❡r❧❛♥❣t✳ ❉❛♠✐t ❤❛❜❡♥

✇✐r ❞✐❡ ❑♦❡✣③✐❡♥t❡♥ Ajk, j, k ∈ Z ❣❡❢✉♥❞❡♥✱ ✇❡❧❝❤❡ ♥❛❝❤ ▲❡♠♠❛ ✸✳✺ ❛❜s♦❧✉t
s✉♠♠✐❡r❜❛r ü❜❡r k✱ ❛❧s ❛✉❝❤ ü❜❡r j s✐♥❞✳

◆✉♥ s❡✐ g ∈ V1, g =
∑∞

j=−∞ cjFj ✱ ❢ür c = {cj}∞j=−∞ ∈ ℓ2(Z). ▼✐t ▲❡♠♠❛ ✸✳✻
❣✐❧t ❞❛♥♥

g =

∞∑

k=−∞

∞∑

j=−∞
cjAjkψk +

∞∑

k=−∞

∞∑

j=−∞
cjBjkCk

♠✐t

✸✶



∞∑

k=−∞




∞∑

j=−∞
cjAjk




2

<∞ ✉♥❞
∞∑

k=−∞




∞∑

j=−∞
cjBjk




2

<∞ ✭✸✳✷✳✷✷✮

❉✐❡ ❡rst❡ ❆❜s❝❤ät③✉♥❣ ❣✐❧t ♠✐t ▲❡♠♠❛ ✸✳✻ ✉♥❞ ❞✐❡ ③✇❡✐t❡ ✇❡❣❡♥
∑∞

j=−∞ |Bjk| ≤
❝♦♥st✳ <∞, ❣❧❡✐❝❤♠äÿ✐❣ ❜❡③ü❣❧✐❝❤ j ✉♥❞ k✳ ▼✐t ❞❡♠ ♥❛❝❤❢♦❧❣❡♥❞❡♥ ❙❛t③ ❦ö♥♥❡♥
✇✐r ♥✉♥ ❞✐❡ ❑♦♥str✉❦t✐♦♥ ❞❡r ♠✐tt❡❧s ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡r ❢✉♥❞❛♠❡♥t❛❧❡r ❋✉♥❦t✐♦✲
♥❡♥ ❡r③❡✉❣t❡♥ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q✉❛❞r✐❝ Pr❡✇❛✈❡❧❡ts ❛❜s❝❤❧✐❡ÿ❡♥✱ ✉♠ ✐♠
❆♥s❝❤❧✉ss ❡✐♥ ♣❛❛r ❇❡✐s♣✐❡❧❡ ③✉ ③❡✐❣❡♥✳

❙❛t③ ✸✳✺✳ ❊s ❡①✐st✐❡r❡♥ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡ ♠✉❧t✐q✉❛❞r✐❝ Pr❡✇❛✈❡❧❡ts {ψℓk}∞ℓ=−∞ ,
k ∈ Z+ ✱ ✐♥ Vk+1 ✉♥❞ ❱❡❦t♦rrä✉♠❡ Wk✱ ✇❡❧❝❤❡ ✈♦♥ ❞❡r ❞✐r❡❦t❡♥ ❙✉♠♠❡ s♦❧❝❤❡r
Pr❡✇❛✈❡❧❡ts ❛✉❢❣❡s♣❛♥♥t ✇❡r❞❡♥ ✉♥❞ q✉❛❞r❛ts✉♠♠✐❡r❜❛r❡ ❑♦❡✣③✐❡♥t❡♥ ❤❛❜❡♥
s♦❞❛ss Vk+1 = Vk ⊕Wk, k ∈ Z+ ❣✐❧t ✉♥❞

L2(R) = V0 ⊕
∞⊕

k=0

Wk, ✭✸✳✷✳✷✸✮

s♦❧❛♥❣❡ ❞✐❡ ❆♥♥❛❤♠❡♥ ❛✉s ❙❛t③ ✸✳✸ ❣❡❧t❡♥ ❢ür ❛❧❧❡ τk✳

❇❡✇❡✐s✳ ❙❡✐ f ∈ L2(R) ✉♥❞ s❡✐ ❡✐♥ ǫ > 0✳ ▼✐t ▲❡♠♠❛ ✸✳✸ ❡①✐st✐❡r❡♥ k ∈ Z ✉♥❞
fk ∈ Vk✱ s♦❞❛ss

‖f − fk‖22 ≤ ǫ.

❩✉❞❡♠ ✐st
fℓ+1 = fℓ + gℓ, fℓ ∈ Vℓ s♦✇✐❡ gℓ ∈Wℓ ∀ 0 ≤ ℓ ≤ k✳

❉❛s ❢r❡✐❡ ǫ > 0 ✉♥❞ ❞✐❡ ❖rt❤♦❣♦♥❛❧✐tät ③✇✐s❝❤❡♥ ❞❡♥ Wℓ ❜❡❞❡✉t❡t✱ ❞❛ss ✸✳✷✳✷✸
❣✐❧t✳

❙❛t③ ✸✳✻✳ ❉✐❡ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q✉❛❞r✐❝ Pr❡✇❛✈❡❧❡ts ❧❛ss❡♥ s✐❝❤ ❛❧s (2d+
2λ+ 2)✲t❡ ❞✐✈✐❞✐❡rt❡ ❉✐✛❡r❡♥③ ✈♦♥ φn(t)✱ n ∈ N ❜❡st✐♠♠❡♥✱ s♦❞❛ss ❣✐❧t✿

Djk = u2ℓk =

ˆ ∞

−∞
ϑn (t− τk+d+λ+1)D [ξk, ξk+1, ···, ξk+2d+2λ+2]u φn(t)dt

s♦✇✐❡

ψℓk =

∞∑

k=−∞
u2ℓk D [ξk, ξk+1, ···, ξk+2d+2λ+2]u φn(t),

✇♦❜❡✐ t ∈ R ✐st ✉♥❞ ❞✐❡ ξi, i ∈ N s✐❝❤ ❛✉s ❞❡♠ ❚rä❣❡r ❞❡r ❇✲❙♣❧✐♥❡s ✈♦♥
Bf,2d+2λ+1

k ❡r❣❡❜❡♥✳

❇❡✇❡✐s✳ ❉❡r ❇❡✇❡✐s ❢♦❧❣t ♠✐tt❡❧s ♣❛rt✐❡❧❧❡r ■♥t❡❣r❛t✐♦♥✱ ❞❡♥♥ ❡s ❣✐❧t✿

Djk =

ˆ ∞

−∞

ˆ ∞

−∞
ϑn (t− τk+d+λ+1)B

f,2d+2λ+1
j (t− x)ϑn(x)dxdt, j, k ∈ Z

=

ˆ ∞

−∞
ϑn (t− τk+d+λ+1)D [ξk, ξk+1, ···, ξk+2d+2λ+2]u φn(t)dt

✸✷





✸✳✸ ❲❛✈❡❧❡ts ❛✉s r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ✐♥ ③✇❡✐ ❉✐♠❡♥✲

s✐♦♥❡♥

■♥ ❞✐❡s❡♠ ❑❛♣✐t❡❧ ✇♦❧❧❡♥ ✇✐r ♥✉♥ ❞✐❡ ❜✐s❤❡r✐❣❡♥ ❊r❦❡♥♥t♥✐ss❡ ♥✉t③❡♥✱ ✉♠ ❲❛✈❡✲
❧❡ts ❛✉s r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ✐♥ ❡✐♥ ✉♥❞ ③✇❡✐ ❉✐♠❡♥s✐♦♥❡♥ ③✉ ❦♦♥str✉✐❡r❡♥✳
❉✐❡s❡ ❑♦♥str✉❦t✐♦♥ ✇❡r❞❡♥ ✇✐r ❞❛❜❡✐ ü❜❡r ❡✐♥❡ s♦❣❡♥❛♥♥t❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣
❞✉r❝❤❢ü❤r❡♥✳ ❲✐r ✇❡r❞❡♥ ❞❛❢ür ③✉♥ä❝❤st ✐♥ ❡✐♥❡r ❉✐♠❡♥s✐♦♥ ▲ös✉♥❣❡♥ ❞❡r ❙❦❛✲
❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣ ✈♦♥ ♥üt③❧✐❝❤❡♥ ❋✉♥❦t✐♦♥❡♥ ❜❡st✐♠♠❡♥✱ ✇❡❧❝❤❡ ✇✐r ❞❛♥♥ ❢ür
❞✐❡ ❑♦♥str✉❦t✐♦♥ ✐♥ ③✇❡✐ ❉✐♠❡♥s✐♦♥❡♥ ❜❡♥✉t③❡♥ ✇♦❧❧❡♥✳ ■♥s❣❡s❛♠t ✇♦❧❧❡♥ ✇✐r
✇✐❡❞❡r ❞❛s ❑♦♥③❡♣t ❡✐♥❡r ▼❘❆ ❜❡♥✉t③❡♥✳ ❲✐❡ ✇✐r ❜❡r❡✐ts ❛✉s ❑❛♣✐t❡❧ ✸✳✷✳✶ ✇✐s✲
s❡♥✱ ❦ö♥♥❡♥ ❚❡✐❧rä✉♠❡✱ ✇❡❧❝❤❡ (S1)−(S5) ❡r❢ü❧❧❡♥✱ ❞✉r❝❤ ❋✉♥❦t✐♦♥❡♥ f ∈ L2(R)
❡r③❡✉❣t ✇❡r❞❡♥✳ ❉✐❡ ❊r③❡✉❣✉♥❣ ❞❡r ❘ä✉♠❡ ❡r❢♦❧❣t ❞❛❜❡✐ ❞✉r❝❤ ❚r❛♥s❧❛t✐♦♥ ✉♥❞
❉✐❧❛t❛t✐♦♥ ✈♦♥ f ✱ ✇♦❞✉r❝❤ ③✉♥ä❝❤st ❞✐❡ ✇❡✐t❡r❡♥ ❋✉♥❦t✐♦♥❡♥

fj,k(x) = 2−j/2f(2−jx− k), j, k ∈ Z,

❣❡✇ä❤❧t ✇❡r❞❡♥✳ ❉❡r ❘❛✉♠ Vj ✇✐r❞ ❞❛♥♥ ❛❧s ❞❡r ❛❜❣❡s❝❤❧♦ss❡♥❡ ❧✐♥❡❛r❡ ❚❡✐❧r❛✉♠
✈♦♥ L2 (R) ❞❡✜♥✐❡rt✱ ❞❡r ✈♦♥ ❞❡♥ fj,k ❡r③❡✉❣t ✇✐r❞

Vj := span {fj,k |k ∈ Z} =

{∑

k∈Z

ckfj,k

∣∣∣∣ck ∈ R

}
.

❖✛❡♥s✐❝❤t❧✐❝❤ s✐♥❞ ❞❛♥♥ (S2) ✉♥❞ (S3) ❡r❢ü❧❧t✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳ ❊✐♥❡ ❋✉♥❦t✐♦♥ f ∈ L2 (R) ❤❡✐ÿt ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥✱ ✇❡♥♥
❞✐❡ ③✉❣❡❤ör✐❣❡♥ Vj ❞✐❡ ❇❡❞✐♥❣✉♥❣❡♥ (S1) − (S5) ❡r❢ü❧❧❡♥ ✉♥❞ ü❜❡r❞✐❡s ❞✐❡ f0,k
♠✐t k ∈ Z, ❡✐♥❡ s♦❣❡♥❛♥♥t❡ ❘✐❡s③✲❇❛s✐s ✈♦♥ V0 ❜✐❧❞❡♥✱ ❞✳❤✳ ❢❛❧❧s ❡s ♣♦s✐t✐✈❡
❑♦♥st❛♥t❡♥ 0 < A ≤ B <∞ ❣✐❜t✱ ♠✐t

A
∑

k∈Z

|ck|2 ≤
∥∥∥∥∥
∑

k∈Z

ckf0,k

∥∥∥∥∥

2

≤ B
∑

k∈Z

|ck|2 ✭✸✳✸✳✶✮

❢ür ❛❧❧❡ ❋♦❧❣❡♥ (ck)k∈Z ∈ ℓ2✱ ❞❛♥♥ ❜✐❧❞❡♥ ❛✉❝❤ ❞✐❡ ❋✉♥❦t✐♦♥❡♥ fj,k ❡✐♥❡ ❘✐❡s③✲
❇❛s✐s ✈♦♥ Vj ✳
■st f ❡✐♥❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥✱ ❞❛♥♥ ❧ässt s✐❝❤ ❢ür ❥❡❞❡s j ∈ Z ❥❡❞❡ ❋✉♥❦t✐♦♥
g ∈ Vj ❛❧s ❡✐♥❡ ✐♥ L2(R) ❦♦♥✈❡r❣❡♥t❡ ❘❡✐❤❡

g =
∑

k∈Z

cj,kfj,k

♠✐t ❡✐♥❞❡✉t✐❣ ❜❡st✐♠♠t❡♥ ❑♦❡✣③✐❡♥t❡♥ cj,k, ✇♦❜❡✐ (cj,k)k∈Z ∈ ℓ2 ✐st✱ s❝❤r❡✐❜❡♥✳
❋❡r♥❡r ✐st ❢ür ❡✐♥❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥ f ❞✐❡ ❇❡❞✐♥❣✉♥❣ (S1) ❞❛③✉ äq✉✐✈❛❧❡♥t✱
❞❛ss f ❡✐♥❡r s♦❣❡♥❛♥♥t❡♥ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣

f(x) =
∑

k∈Z

hkf1,k(x) =
√
2
∑

k∈Z

hkf(2x− k) ✭✸✳✸✳✷✮

♠✐t ❑♦❡✣③✐❡♥t❡♥ (hk)k∈Z ∈ ℓ2 ❣❡♥ü❣t✳ ❉✐❡ ❋♦❧❣❡ ✈♦♥ ❑♦❡✣③✐❡♥t❡♥ (hk)k∈Z

♥❡♥♥t ♠❛♥ ❤✐❡r❜❡✐ ❛✉❝❤ ▼❛s❦❡ ❞❡r ❋✉♥❦t✐♦♥ f.❍✐❡r③✉ s❡✐ ❛✉❝❤ ❛✉❢ ❋r❡✉♥❞✴❍♦♣♣❡
❬✷✵❪ ✈❡r✇✐❡s❡♥✳

✸✹



❉✐❡ ❡❜❡♥ ❡✐♥❣❡❢ü❤rt❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥ ✉♥❞ ❞✐❡ ❞❛③✉❣❡❤ör✐❣❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐✲
❝❤✉♥❣ ✐st ❡❧❡♠❡♥t❛r ✇✐❝❤t✐❣ ❜❡✐ ❞❡r ♥❛❝❤❢♦❧❣❡♥❞❡♥ ❑♦♥str✉❦t✐♦♥ ✈♦♥ ❲❛✈❡❧❡ts
❛✉s r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥✳ ❉❛r✉♠ ✇♦❧❧❡♥ ✇✐r ③✉♥ä❝❤st ✇❡✐t❡r❡ ❜❡❦❛♥♥t❡ ❊✐✲
❣❡♥s❝❤❛❢t❡♥ ❞❡r ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣ ③✉s❛♠♠❡♥tr❛❣❡♥✳

❙❛t③ ✸✳✼✳ ❙❡✐❡♥ f1 ✉♥❞ f2 ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥❡♥✱ ✇❡❧❝❤❡ ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐✲
❝❤✉♥❣ ❡r❢ü❧❧❡♥ ✉♥❞ s❡✐❡♥ ❢❡r♥❡r h1 := (h1k) k∈Z ∈ ℓ2 ✉♥❞ h2 := (h2k) k∈Z ∈ ℓ2
❞✐❡ ❞❛③✉❣❡❤ör✐❣❡♥ ▼❛s❦❡♥✱ ❞❛♥♥ ❣❡❧t❡♥ ❢♦❧❣❡♥❞❡ ❊✐❣❡♥s❝❤❛❢t❡♥✿

✶✳ ❋❛❧t✉♥❣✿ ❊r❢ü❧❧t f1 ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣ ♠✐t ▼❛s❦❡ h1 ✉♥❞ ❡r❢ü❧❧t f2
❞✐❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣ ♠✐t ▼❛s❦❡ h2 ❞❛♥♥ ❡r❢ü❧❧t ❞✐❡ ❋❛❧t✉♥❣ f1 ⋆ f2 ❞✐❡
❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣ ♠✐t ▼❛s❦❡ ✭✉♥❞ ❞✐s❦r❡t❡r ❋❛❧t✉♥❣✮ h1 ⋆ h2.

✷✳ ❉✐✛❡r❡♥t✐❛t✐♦♥✿ ❊r❢ü❧❧t f1 ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣ ♠✐t ▼❛s❦❡ h1 ✉♥❞ ❞✐❡

❆❜❧❡✐t✉♥❣ f
′

1 ❡①✐st✐❡rt✱ ❞❛♥♥ ❡r❢ü❧❧t ❞✐❡s❡ ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣ ♠✐t ❞❡r
▼❛s❦❡ 2 · h1✳

✸✳ ■♥t❡❣r❛t✐♦♥✿ ❊r❢ü❧❧t f1 ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣ ♠✐t ▼❛s❦❡ h1 ✉♥❞ ❡①✐st✐❡rt
❡✐♥❡ ❙t❛♠♠❢✉♥❦t✐♦♥ F (x) =

´ x

0
f(τ)dτ, ❞❛♥♥ ❡r❢ü❧❧t ❞✐❡ ❙t❛♠♠❢✉♥❦t✐♦♥

x 7→ F (x)+c ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣ ♠✐t ▼❛s❦❡ 1
2h1✱ ✇♦❜❡✐ ❞✐❡ ❑♦♥st❛♥t❡

c, ❞✐❡ ❢♦❧❣❡♥❞❡ ●❧❡✐❝❤✉♥❣ ❡r❢ü❧❧❡♥ ♠✉ss

c ·
(
1−

∑

k∈Z

h1k

)
=
∑

k∈Z

h1k · F (−k).

❍❛t f ❦♦♠♣❛❦t❡♥ ❚rä❣❡r✱ s♦ ❦❛♥♥ ❞✐❡ ❙t❛♠♠❢✉♥❦t✐♦♥ F ❛❧s ❋❛❧t✉♥❣ ♠✐t
❞❡r ❍❡❛✈✐s✐❞❡✲❋✉♥❦t✐♦♥

H(x) :=

{
0, ❢ür x < 0

1, s♦♥st
.

❜❡st✐♠♠t ✇❡r❞❡♥✳

✹✳ ❋♦✉r✐❡r✲❚r❛♥s❢♦r♠❛t✐♦♥✿ ❉✐❡ ❋♦✉r✐❡r✲❚r❛♥s❢♦r♠❛t✐♦♥✱ tr❛♥s❢♦r♠✐❡rt ❞✐❡
❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣ ✭✸✳✸✳✷✮ ✐♥ ❡✐♥ Pr♦❞✉❦t ❞❡r ❋♦r♠

f̂ (ω) = Q (ω) f̂
(ω
2

)
✭✸✳✸✳✸✮

♠✐t

Q (ω) =
1√
2

∑

k∈Z

hk exp (−ikω) .

❉✐❡ ❇❡✇❡✐s❡ ❞❡r ❡✐♥③❡❧♥❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥ s✐♥❞ ✐♥ ❉❛❤♠❡♥✴▼✐❝❝❤❡❧❧✐ ❬✶✺❪ ③✉ ✜♥✲
❞❡♥✳

✸✺



✸✳✸✳✶ ❊✐♥ ❦♦♥str✉❦t✐✈❡r ❆♥s❛t③

◆❛❝❤❞❡♠ ✇✐r ♥✉♥ ✇✐ss❡♥✱ ✇❛s ❡✐♥❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥ ✉♥❞ ❞✐❡ ❞❛③✉❣❡❤ör✐❣❡
❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣ ✐st✱ ✇♦❧❧❡♥ ✇✐r ✉♥s ✐♥ ❞✐❡s❡♠ ❩✉s❛♠♠❡♥❤❛♥❣ ❞✐❡ ❇✲❙♣❧✐♥❡s
♥♦❝❤ ❡✐♥♠❛❧ ❣❡♥❛✉❡r ❛♥s❡❤❡♥✳ ❲✐r ❜❡❣✐♥♥❡♥ ❤✐❡r❜❡✐ ♠✐t B0(x) = χ[0;1](x) =
φ(x) ❛✉❝❤ ❜❡❦❛♥♥t ❛❧s ❞✐❡ ❍❛❛r✲❋✉♥❦t✐♦♥✳

φ(x) :=

{
1, ❢ür 0 ≤ x ≤ 1

0, s♦♥st
✭✸✳✸✳✹✮

❉✐❡ ❍❛❛r✲❋✉♥❦t✐♦♥ ❤❛t ❦♦♠♣❛❦t❡♥ ❚rä❣❡r ✇✐❡ ❛❧❧❡ ❇✲❙♣❧✐♥❡s ✉♥❞ ❡r❢ü❧❧t ❞✐❡
❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣ ♠✐t

φ(x) =
√
2 (h0φ(2x) + h1φ(2x− 1)) ✉♥❞ ❞❡r ▼❛s❦❡ h0 = h1 =

1√
2
.

❉❛ s✐❝❤ ❛❧❧❡ ❇✲❙♣❧✐♥❡s r❡❦✉rs✐✈ ♠✐tt❡❧s ❞❡r ❋❛❧t✉♥❣

Bn(x) = Bn−1(x) ⋆ B0(x)

❜❡r❡❝❤♥❡♥ ❧❛ss❡♥✱ ❢♦❧❣t ❞✐r❡❦t✱ ❞❛ss ❛❧❧❡ ❇✲❙♣❧✐♥❡s ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣ ❡r✲
❢ü❧❧❡♥✳ ❲✐r ❜❡tr❛❝❤t❡♥ ♥✉♥ ❡✐♥❡ ❑♦♥str✉❦t✐♦♥ ✭♠✐t ❦♦♥t✐♥✉✐❡r❧✐❝❤❡r ❋❛❧t✉♥❣✮ ❞❡r
❆rt

f(x) = gn,0(x) ⋆ gn,1(x) ⋆ gn,2(x) ⋆ gn,3(x) ⋆ · · · ✭✸✳✸✳✺✮

♠✐t

gn,w(x) = ϕ(w)

ℓ∑

k=−ℓ

Bn(x− k),

✇♦❜❡✐ |ℓ| ≤ c · w, c ❦♦♥st❛♥t s♦✇✐❡ c, w, n ∈ N ✉♥❞ Bn(x) ❞❡r ❇✲❙♣❧✐♥❡ ✈♦♠
●r❛❞ n ✐st✳ ❩✉❞❡♠ ✐st ϕ ❡✐♥❡ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥✳ ❉✐❡s❡ ❑♦♥str✉❦t✐♦♥ ❡r❢ü❧❧t
♦✛❡♥❜❛r ❛✉❝❤ ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣✱ ❞❡♥♥ ❞✐❡ ❱❡rs❝❤✐❡❜✉♥❣❡♥ k s✐♥❞ ❣❛♥③✲
③❛❤❧✐❣ ✉♥❞ ❞✐❡ ❆✉s✇❡rt✉♥❣❡♥ ❞❡r r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥ s❝❤❧❛❣❡♥ s✐❝❤ ♥✉r ✐♥
❡✐♥❡r ❱❡rä♥❞❡r✉♥❣ ❞❡r ▼❛s❦❡ ♥✐❡❞❡r✳ ❉✐❡ s♦ ❣❡♥❡r✐❡rt❡♥ ❋✉♥❦t✐♦♥❡♥ f(x) ❤❛✲
❜❡♥ ③✇❛r ❦♦♠♣❛❦t❡♥ ❚rä❣❡r✱ ❛❜❡r ❞❡r❡♥ ❣❛♥③③❛❤❧✐❣❡ ❚r❛♥s❧❛t❡ {f0,k(x)| k ∈ Z}
❜✐❧❞❡♥ ❦❡✐♥❡ ❖rt❤♦♥♦r♠❛❧❜❛s✐s ✉♥s❡r❡s ●r✉♥❞r❛✉♠❡s V0✳ ❉✐❡s ✇♦❧❧❡♥ ✇✐r ♥✉♥ ③✉✲
♥ä❝❤st ❜❡❤❡❜❡♥✳ ❉❛❜❡✐ s❡✐ ❢ür ▲❡♠♠❛ ✸✳✼ s♦✇✐❡ ❙❛t③ ✸✳✽ ❛✉❢ ▲♦✉✐s✴▼❛❛ss✴❘✐❡❞❡r
❬✷✸❪ ✈❡r✇✐❡s❡♥✳

▲❡♠♠❛ ✸✳✼✳ ❋ür f(x) ∈ L2(R) ✐st {f(· − k)| k ∈ Z} ❡✐♥ ♦rt❤♦♥♦r♠❛❧❡s ❙②st❡♠
♠✐t

〈f(· − k), f(· − n)〉L2
= δk,n ✭✸✳✸✳✻✮

❣❡♥❛✉ ❞❛♥♥✱ ✇❡♥♥

✸✻



∑

n∈Z

∣∣∣f̂(ω + 2πn)
∣∣∣
2

=
1

2π
✭✸✳✸✳✼✮

❢❛st ü❜❡r❛❧❧ ❣✐❧t✳

❇❡✇❡✐s✳ ❆♥❣❡♥♦♠♠❡♥ ✭✸✳✸✳✻✮ ❣✐❧t ❢❛st ü❜❡r❛❧❧✱ ❞❛♥♥ ❢♦❧❣t

δ0,k = 〈f(·), f(· − k)〉L2

=
〈
f̂(·), f̂(·) exp(−ik·)

〉
L2

=

ˆ

R

∣∣∣f̂(ω)
∣∣∣
2

exp(−ikω)dω

=

ˆ 2π

0

∑

n∈Z

∣∣∣f̂(ω + 2πn)
∣∣∣
2

exp(−ikω)dω

❉❛♠✐t ✐st ❞❡r k − te ❋♦✉r✐❡r✲❑♦❡✣③✐❡♥t ❞❡r 2π✲♣❡r✐♦❞✐s❝❤❡♥ ❋✉♥❦t✐♦♥
∑

n∈Z

∣∣∣f̂(ω + 2πn)
∣∣∣
2

❛❧s♦ δ0,k✳ ▼✐t k = 0 ❢♦❧❣t ✭✸✳✸✳✼✮✳ ◆❡❤♠❡♥ ✇✐r ✉♠❣❡❦❡❤rt

✭✸✳✸✳✼✮ ❛♥✱ s♦ ❧✐❡❢❡rt ❞✐❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠❛t✐♦♥ ❞✐❡ ❇❡❤❛✉♣t✉♥❣

∑

n∈Z

∣∣∣f̂(ω + 2πn)
∣∣∣
2

=
1

2π

⇔ 1√
2π

ˆ 2π

0

∑

n∈Z

∣∣∣f̂(ω + 2πn)
∣∣∣
2

exp(−ikω)dω =
δ0,k√
2π

⇔ 1√
2π

ˆ

R

∣∣∣f̂(ω)
∣∣∣
2

exp(−ikω)dω
︸ ︷︷ ︸

δ0,k

=
δ0,k√
2π

❯♥s❡r❡ ❋✉♥❦t✐♦♥❡♥ ❜✐❧❞❡♥ ♥♦❝❤ ❦❡✐♥ ♦rt❤♦♥♦r♠❛❧❡s ❙②st❡♠✱ ✇❡s✇❡❣❡♥ ✇✐r ❞✐❡s❡
♦rt❤♦❣♦♥❛❧✐s✐❡r❡♥ ♠üss❡♥✱ ✉♠ ❡✐♥ s♦❧❝❤❡s ❙②st❡♠ ③✉ ❡r❤❛❧t❡♥✳

❙❛t③ ✸✳✽✳ ❊s s❡✐ f ∈ L2(R) ✉♥❞ ❡①✐st✐❡r❡♥ ♣♦s✐t✐✈❡ ❑♦♥st❛♥t❡♥ A,B ♠✐t

A ≤
∑

n∈Z

∣∣∣f̂(ω + 2πn)
∣∣∣
2

≤ B ❢❛st ü❜❡r❛❧❧, ✭✸✳✸✳✽✮

❞❛♥♥ ✐st
{
f̃(x− k)|k ∈ Z

}
♠✐t

ˆ̃
f(ω) =

1√
2π

f̂(ω)√
∑

n∈Z

∣∣∣f̂(ω + 2πn)
∣∣∣
2

✭✸✳✸✳✾✮

❡✐♥❡ ❖rt❤♦♥♦r♠❛❧❜❛s✐s ✈♦♥ V0✳

✸✼



❇❡✇❡✐s✳ ❉❛ ✭✸✳✸✳✽✮ ❣✐❧t✱ ✐st f̃ ∈ L2 (R) .❲✐r ❢ü❤r❡♥ ❞✐❡ 2π✲♣❡r✐♦❞✐s❝❤❡ ❍✐❧❢s❢✉♥❦✲
t✐♦♥

ĥ(ω) =
1√
2π

1√
∑

n∈Z

∣∣∣f̂(ω + 2πn)
∣∣∣
2

❡✐♥✳ ❉❛♥♥ ❧ässt s✐❝❤ h ✐♥ ❡✐♥❡r ❋♦✉r✐❡r✲❘❡✐❤❡ ❡♥t✇✐❝❦❡❧♥✱ ❢ür ❞✐❡ ❣✐❧t✿

ĥ(ω) =
∑

k∈Z

fk exp (−ikω)

❲✐r ❦ö♥♥❡♥ ♥✉♥ h ❜❡st✐♠♠❡♥ ❣❡♠äÿ

h (t) =
√
2π
∑

k∈Z

fkδ (t− k) . ✭✸✳✸✳✶✵✮

▼✐t ❍✐❧❢❡ ❞❡s ❋❛❧t✉♥❣ss❛t③❡s ❦ö♥♥❡♥ ✇✐r ❞❛♥♥ ❞❡♥ ❩✉s❛♠♠❡♥❤❛♥❣ ③✇✐s❝❤❡♥ f, f̃
✉♥❞ h ❛♥❣❡❜❡♥✿

f̃ = (f ⋆ h) (t)

✭✸✳✸✳✶✵✮
=

∑

k∈Z

hkf (t− k) .

❉✐❡ ❧❡t③t❡ ●❧❡✐❝❤✉♥❣ ❜❡s❛❣t
{
f̃ (· − k) |k ∈ Z

}
⊂ V0✳ ❉✐❡ ❋✉♥❦t✐♦♥ f̃ ✇✉r❞❡

s♦ ❦♦♥str✉✐❡rt✱ ❞❛ss s✐❡ ❞❡♥ ❱♦r❛✉ss❡t③✉♥❣❡♥ ✈♦♥ ▲❡♠♠❛ ✸✳✼ ❣❡♥ü❣t✳ ❉❛❤❡r

✐st
{
f̃ (· − k) |k ∈ Z

}
❡✐♥ ♦rt❤♦♥♦r♠❛❧❡s ❙②st❡♠✳ ◆✉♥ ♠üss❡♥ ✇✐r ♥♦❝❤ ❞❡ss❡♥

❱♦❧❧stä♥❞✐❣❦❡✐t ✐♥ V0 ③❡✐❣❡♥✳ ❉❛③✉ ✉♥t❡rs✉❝❤❡♥ ✇✐r ❞✐❡ ❉❛rst❡❧❧✉♥❣ ❞❡r ❙❦❛❧✐❡✲
r✉♥❣s❢✉♥❦t✐♦♥ ✐♠ ♥❡✉❡♥ ❋✉♥❦t✐♦♥❡♥s②st❡♠✿

∑

k∈Z

∣∣∣
〈
f (·) , f̃ (· − k)

〉
L2

∣∣∣
2

=
∑

k∈Z

∣∣∣∣
ˆ

R

exp (ikω) f̂ (ω)
ˆ̃
f (ω)dω

∣∣∣∣
2

✭✸✳✸✳✾✮
=

∑

k∈Z

∣∣∣∣∣∣∣∣

1√
2π

ˆ 2π

0

exp (ikω)

∑
ℓ∈Z

∣∣∣f̂(ω + 2πℓ)
∣∣∣
2

√
∑

n∈Z

∣∣∣f̂(ω + 2πn)
∣∣∣
2
dω

∣∣∣∣∣∣∣∣

2

=
1√
2π

∑

k∈Z

∣∣∣∣∣

ˆ 2π

0

exp (ikω)

√∑

n∈Z

∣∣∣f̂(ω + 2πn)
∣∣∣
2

dω

∣∣∣∣∣

2

❲✐r s✉♠♠✐❡r❡♥ ❤✐❡r❜❡✐ ü❜❡r ❞✐❡ ◗✉❛❞r❛t❡ ❞❡r ❋♦✉r✐❡r✲❑♦❡✣③✐❡♥t❡♥ ❡✐♥❡r 2π✲
♣❡r✐♦❞✐s❝❤❡♥ ❋✉♥❦t✐♦♥✳ ◆✉t③❡♥ ✇✐r ❞✐❡ P❛rs❡✈❛❧s❝❤❡ ■❞❡♥t✐tät✱ ✐st ❞✐❡s❡ ❣❧❡✐❝❤
❞❡r L2✲◆♦r♠ ❞❡r ❋✉♥❦t✐♦♥✳ ❉❛s ❤❡✐ÿt ❢ür ✉♥s

∑

k∈Z

∣∣∣
〈
f (·) , f̃ (· − k)

〉
L2

∣∣∣
2

=

ˆ 2π

0

∑

n∈Z

∣∣∣f̂(ω + 2πn)
∣∣∣
2

dω = ‖f‖2L2 .

✸✽



❖✛❡♥❜❛r ❢♦❧❣t ❞❛♥♥✿

∥∥∥∥∥f (·)−
N∑

k=−N

〈
f (·) , f̃ (· − k)

〉
L2
f̃ (· − k)

∥∥∥∥∥

2

L2

= ‖f‖2L2 −
N∑

k=−N

∣∣∣
〈
f (·) , f̃ (· − k)

〉
L2

∣∣∣
2

︸ ︷︷ ︸
N→∞−→ 0

❊s ✐st s❡❤r ♥üt③❧✐❝❤ ③✉ ✇✐ss❡♥✱ ❞❛ss ❡s ❡✐♥❡ ▼ö❣❧✐❝❤❦❡✐t ❞❡r ❖rt❤♦❣♦♥❛❧✐s✐❡r✉♥❣
❣✐❜t✳ ❉❛s ❡①♣❧✐③✐t❡ ❆✉❢s❝❤r❡✐❜❡♥ ❞❡r ❖rt❤♦♥♦r♠❛❧❜❛s✐s ✐♥ ❞❡r ❋♦r♠ ✭✸✳✸✳✾✮ ✐st
❤✐♥❣❡❣❡♥ ♥✐❝❤t ❡✐♥❢❛❝❤ ✉♥❞ ❜❡✐ ❲❡✐t❡♠ ❛✉❝❤ ♥✐❝❤t ✐♠♠❡r ❜❡st✐♠♠❜❛r✳ ❉❛❤❡r
✇♦❧❧❡♥ ✇✐r ③✉♥ä❝❤st ✇❡✐t❡r❤✐♥ ✐♥ ❡✐♥❡r ❉✐♠❡♥s✐♦♥ ❜❧❡✐❜❡♥ ✉♥❞ ✉♥s ❛♥s❡❤❡♥✱
♦❜ ❡s ❢ür ✉♥s❡r❡♥ ❆♥s❛t③ ❡✐♥❡ s♦❧❝❤❡ ❖rt❤♦♥♦r♠❛❧❜❛s✐s ❣✐❜t✳ ❉❛③✉ ♠üss❡♥ ✇✐r
③✉♥ä❝❤st ③❡✐❣❡♥✱ ❞❛ss ❞❡r ❆♥s❛t③ ✭✸✳✸✳✺✮ ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣ ✭✸✳✸✳✽✮ ❡r❢ü❧❧t✳ ❉❛③✉
❜❡♥öt✐❣❡♥ ✇✐r ♥♦❝❤ ❢♦❧❣❡♥❞❡ ❱♦r❜❡tr❛❝❤t✉♥❣❡♥✳

▲❡♠♠❛ ✸✳✽✳ ❋ür ❛❧❧❡ n ∈ N0 ✉♥❞ ❢ür ❜❡❧✐❡❜✐❣❡s x ∈ R \ πZ ❣✐❧t ❞✐❡ ❇❡③✐❡❤✉♥❣✿

Sn(x) =
∑

k∈Z

1

(x+ kπ)
2(n+1)

=
1

(2n+ 1)!

d2n

dx2n
S0(x)

♠✐t

S0(x) =
1

sin2(x)
.

❇❡✇❡✐s✳ ❲✐r ③❡✐❣❡♥ ❞✐❡ ❇❡❤❛✉♣t✉♥❣ ♠✐t ✈♦❧❧stä♥❞✐❣❡r ■♥❞✉❦t✐♦♥✳ ❆✉s ❞❡ ❇♦♦r
❬✶✼❪ ❦ö♥♥❡♥ ✇✐r ❞✐❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠❛t✐♦♥ ❢ür ❞✐❡ ❇✲❙♣❧✐♥❡s ✭③❡♥tr✐❡rt ✉♠ ◆✉❧❧✮
❡♥t♥❡❤♠❡♥

B̂n

(
x+

(n+ 1)

2

)
=

1√
2π

(
sin
(
x
2

)
x
2

)n+1

=
1√
2π

sincn+1
(x
2

)
.

❩✉❞❡♠ ✇✐ss❡♥ ✇✐r ❜❡r❡✐ts✱ ❞❛ss ❞❡r ❇✲❙♣❧✐♥❡ B0(x) ❞✐❡ ●❧❡✐❝❤✉♥❣ ✭✸✳✸✳✼✮ ❡r❢ü❧❧t
✉♥❞ ∑

k∈Z

∣∣∣B̂0(x+ 2πk)
∣∣∣
2

=
1

2π

❣✐❧t✳ ❉❛r❛✉s ❢♦❧❣t

1 =
∑

k∈Z

(
sin
(
x
2 + πk

)
x
2 + πk

)2

= sin2
(x
2

)
S0

(x
2

)
.

❉❡r ❧❡t③t❡ ❙❝❤r✐tt ❢♦❧❣t ❞❛♥♥ ❞✐r❡❦t ♠✐tt❡❧s ■♥❞✉❦t✐♦♥ ✈♦♥ n→ n+ 1✿

∑

k∈Z

1

(x+ kπ)
2(n+2)

=
1

(2n+ 3)!

d2n+2

dx2n+2
S0(x)

✸✾



=
1

(2n+ 2)(2n+ 3)

d2

dx2

∑

k∈Z

1

(x+ kπ)
2(n+1)

=
1

(2n+ 2)(2n+ 3)

∑

k∈Z

(2n+ 2)(2n+ 3)

(x+ kπ)
2(n+2)

▲❡♠♠❛ ✸✳✾✳ ❋ür ❛❧❧❡ n ∈ N0 ❣✐❧t ❢ür ❜❡❧✐❡❜✐❣❡s x ∈ R \ πZ ❞✐❡ ❇❡③✐❡❤✉♥❣✿

d2

dx2
1

sin2n(x)
=

(2n)
2
cot2(x)

sin2n(x)
+

2n

sin2n+2(x)

❇❡✇❡✐s✳ ❉❡r ❇❡✇❡✐s ❢♦❧❣t ♠✐t ■♥❞✉❦t✐♦♥ ü❜❡r n✳ ❋ür n = 1 ❣✐❧t✿

d2

dx2
1

sin2(x)
=

d

dx

−2 cot (x)

sin2(x)
=

4 cot2(x)

sin2(x)
+

2

sin4(x)

❋ür ❞❡♥ ■♥❞✉❦t✐♦♥ss❝❤r✐tt n→ n+ 1 ❢♦❧❣t ❞❛♥♥✿

d2

dx2
1

sin2n+2(x)
=

(
1

sin2n(x)
· 1

sin2(x)

)(2)

=
2∑

k=0

(
2

k

)(
1

sin2(x)

)(k)(
1

sin2n(x)

)(2−k)

=

(
2

0

)
1

sin2(x)

(
(2n)

2
cot2(x)

sin2n(x)
+

2n

sin2n+2(x)

)

+

(
2

1

)(−2 cot (x)

sin2(x)
· −2n cot (x)

sin2n(x)

)
+

(
2

2

)(
4 cot2(x)

sin2(x)
+

2

sin4(x)

)
1

sin2n(x)

=

(
4n2 + 8n+ 4

)
cot2(x)

sin2n+2(x)
+

2n+ 2

sin2n+4(x)
=

(2n+ 2)
2
cot2(x)

sin2n+2(x)
+

2n+ 2

sin2n+4(x)

❉❡✜♥✐t✐♦♥ ✸✳✷✳ ❋ür ❛❧❧❡ n ∈ N ❣❡❧t❡♥ ❢ür ❜❡❧✐❡❜✐❣❡s x ∈ R ❞✐❡ ❢♦❧❣❡♥❞❡♥
❉❡✜♥✐t✐♦♥❡♥✿

Dn(x) =

n∑

k=−n

exp (ikx) = 1 + 2

n∑

k=1

cos (kx) =
sin
((
n+ 1

2

)
x
)

sin
(
x
2

)

s♦✇✐❡

Fn (x) =
1

n+ 1

n∑

k=0

Dk(x) =
1

n+ 1

sin2
(

(n+1)x
2

)

sin2
(
x
2

) .

❲✐r ♥❡♥♥❡♥ Dn(x) ❉✐r✐❝❤❧❡t✲❑❡r♥ ✉♥❞ Fn(x) ❋❡❥ér✲❑❡r♥✳

✹✵



❉❡✜♥✐t✐♦♥ ✸✳✸✳ ❊s s❡✐ {Kn(x)}∞n=1 ♠✐t x ∈ R, ❡✐♥❡ ❋❛♠✐❧✐❡ ✈♦♥ ❑❡r♥❡♥✳ ❲✐r
♥❡♥♥❡♥ {Kn(x)}∞n=1 ❣✉t❡ ❑❡r♥❡✱ ✇❡♥♥ ❞✐❡ ❢♦❧❣❡♥❞❡♥ ❱♦r❛✉ss❡t③✉♥❣❡♥ ❣❡❧t❡♥✿

✶✳ ❋ür ❛❧❧❡ n ≥ 1 ❣✐❧t✿
1

2π

ˆ π

−π

Kn(x)dx = 1.

✷✳ ❊s ❡①✐st✐❡rt ❡✐♥ ❦♦♥st❛♥t❡s M ✱ s♦ ❞❛ss ❢ür ❛❧❧❡ n ≥ 1 ❣✐❧t✿
ˆ π

−π

|Kn(x)| dx ≤M.

✸✳ ❋ür ❛❧❧❡ δ > 0 ❣✐❧t✿
ˆ

δ≤|x|≤π

|Kn(x)| dx→ 0 ❢ür n→ ∞✳

❊s ✐st ❛❧❧❣❡♠❡✐♥ ❜❡❦❛♥♥t ✭❙t❡✐♥✴❙❤❛❦❛r❝❤✐ ❬✸✺❪ ❡t ❛❧✳✮✱ ✇❡s✇❡❣❡♥ ✇✐r ✉♥s ❞❡♥
❇❡✇❡✐s ❛♥ ❞✐❡s❡r ❙t❡❧❧❡ s♣❛r❡♥✱ ❞❛ss ❡s s✐❝❤ ❜❡✐ ❞❡r ❋❛♠✐❧✐❡ {Fn(x)}∞n=1 ✉♠ ❡✐♥❡
❋❛♠✐❧✐❡ ✈♦♥ ❣✉t❡♥ ❑❡r♥❡♥ ❤❛♥❞❡❧t✳ ❇❡✐ ❞❡r ❋❛♠✐❧✐❡ {Dn(x)}∞n=1 ❤❛♥❞❡❧t ❡s s✐❝❤
✉♠ ❦❡✐♥❡ ❣✉t❡♥ ❑❡r♥❡✱ ❞❛ ❞✐❡ ❊✐❣❡♥s❝❤❛❢t❡♥ 2. ✉♥❞ 3. ♥✐❝❤t ❡r❢ü❧❧t ✇❡r❞❡♥✳ ❉❡r
③❡♥tr❛❧❡ ❙❛t③ ü❜❡r ❣✉t❡ ❑❡r♥❡ ✐st ❞❡r ♥❛❝❤❢♦❧❣❡♥❞❡✳

❙❛t③ ✸✳✾✳ ❊s s❡✐ {Kn(x)}∞n=1 ♠✐t x ∈ R, ❡✐♥❡ ❋❛♠✐❧✐❡ ✈♦♥ ❣✉t❡♥ ❑❡r♥❡♥ ✉♥❞
f ∈ C[0;2π] ❡✐♥❡ 2π−♣❡r✐♦❞✐s❝❤❡ ❋✉♥❦t✐♦♥✱ ❞❛♥♥ ❣✐❧t✿

lim
n→∞

(f ⋆ Kn) (x) = f (x)

❣❧❡✐❝❤♠äÿ✐❣✳

❋ür ❞❡♥ ❇❡✇❡✐s s❡✐ ❡❜❡♥❢❛❧❧s ❛✉❢ ❙t❡✐♥✴❙❤❛❦❛r❝❤✐ ❬✸✺❪ ✈❡r✇✐❡s❡♥✳ ❲✐r ❤❛❜❡♥ ♥✉♥
❛❧❧❡ ♥öt✐❣❡♥ ❲❡r❦③❡✉❣❡ ❜❡✐s❛♠♠❡♥✱ ✉♠ ③✉ ❜❡✇❡✐s❡♥✱ ❞❛ss ✉♥s❡r❡ ❑♦♥str✉❦t✐♦♥
✭✸✳✸✳✺✮ ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣ ✭✸✳✸✳✽✮ ❡r❢ü❧❧t✳

❙❛t③ ✸✳✶✵✳ ❊s s❡✐ f(x) := gn,0(x)⋆gn,1(x)⋆gn,2(x)⋆ · · · ∈ L2(R) ♠✐t gn,w(x) =

ϕ(w)
∑ℓw

k=−ℓw
Bn(x−k), ℓw = inf

{
j ∈ N0|

∑j
k=−j Bn(x− k) = 1∀x ∈ [−w;w]

}

✉♥❞ Bn (·) ❡✐♥ ✉♠ ◆✉❧❧ ③❡♥tr✐❡t❡r ❇✲❙♣❧✐♥❡ ✈♦♠ ●r❛❞ n, ✇♦❜❡✐ n,w ∈ N ✐st✳ ❩✉✲
❞❡♠ s❡✐ ϕ(·) ❡✐♥❡ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡ ✐♥✈❡rs❡ ♠✉❧t✐q✉❛❞r✐❝ ❋✉♥❦t✐♦♥✱ ❞❛♥♥ ❡①✐st✐❡rt
❡✐♥❡ ❑♦♥st❛♥t❡ B > 0✱ s♦❞❛ss

∑

u∈Z

∣∣∣f̂(ω + 2πu)
∣∣∣
2

≤ B ✭✸✳✸✳✶✶✮

❣✐❧t✱ ✇♦❜❡✐

B =

∏w̃−1
ℓ=1 (2ℓ+ 1)

2π

(
w̃∏

i=1

ϕ(i)2

)
(
(2n)2 + 2n

) w̃−1∏

ℓ=1

(2ℓη + 1)

✹✶



♠✐t

η =
(n+ 1) w̃

2
, w̃ = |{w1, w2, w3,···}| , η ∈ N

✐st✳

❇❡✇❡✐s✳ ❩✉♥ä❝❤st ❜❡tr❛❝❤t❡♥ ✇✐r ❢♦❧❣❡♥❞❡ ❯♠❢♦r♠✉♥❣✿

d2

dx2
1

sin2n(x)
=

(2n)
2
cot2(x)

sin2n(x)
+

2n

sin2n+2(x)
=

(2n)
2
(S0(x)− 1)

sin2n(x)
+

2n

sin2n+2(x)

=
(2n)

2
+ 2n

sin2n+2(x)
− (2n)

2

sin2n(x)

♠✐t S0(x) =
1

sin2(x)
✇✐❡ ✐♥ ▲❡♠♠❛ ✸✳✽✳ ❉❛♥♥ ❣❡❧t❡♥ ❢♦❧❣❡♥❞❡ ❆❜s❝❤ät③✉♥❣✿

(2n)
2
+ 2n

sin2n+2(x)
− (2n)

2

sin2n(x)
=

(2n)
2
+ 2n− (2n)

2
sin2(x)

sin2n+2(x)
≥ 2n

sin2n+2(x)
✭✸✳✸✳✶✷✮

s♦✇✐❡

(2n)
2
+ 2n− (2n)

2
sin2(x)

sin2n+2(x)
≤ (2n)2 + 2n

sin2n+2(x)
✭✸✳✸✳✶✸✮

❋ür n = 1 ❢ü❤rt ▲❡♠♠❛ ✸✳✽ ③✉

d2

dx2
1

sin2(x)
=

4 cot2(x)

sin2(x)
+

2

sin4(x)
= 6S2

0(x)− 4S0(x),

✇❛s ❣❡♥❛✉ ❞❡♠ ❡rst❡♥ ❋❛❧❧ ✈♦♥ ▲❡♠♠❛ ✸✳✾ ❡♥ts♣r✐❝❤t✳ ❲✐r s❡❤❡♥ ❞✐r❡❦t✱ ❞❛ss
❞❛♥♥ ❞✐❡ ❆❜s❝❤ät③✉♥❣❡♥✿

6S2
0(x)− 4S0(x) =

6

sin4(x)
− 4

sin2(x)
≥ 2

sin4(x)

✉♥❞

6S2
0(x)− 4S0(x) =

6

sin4(x)
− 4

sin2(x)
≤ 6

sin4(x)

❣❡❧t❡♥✳ ❉❛s ❤❡✐ÿt✱ ✇✐r ❤❛❜❡♥ ❢ür ❥❡❞❡ ❣❡r❛❞❡ ❆❜❧❡✐t✉♥❣ ✈♦♥ S0(x), ✇✐❡ ✐♥ ▲❡♠♠❛
✸✳✽ ✈❡r❧❛♥❣t✱ ❡✐♥❡ ❋♦r♠ ✇✐❡ ✐♥ ▲❡♠♠❛ ✸✳✾✳ ❱♦♥ ❞✐❡s❡♠ ▲❡♠♠❛ ✇✐ss❡♥ ✇✐r✱
❞❛ss ❞✐❡ ❆❜s❝❤ät③✉♥❣❡♥ ✭✸✳✸✳✶✷✮ ✉♥❞ ✭✸✳✸✳✶✸✮ ❣❡❧t❡♥✳ ❉✉r❝❤ ❞✐❡s❡ ❘❡❦✉rs✐♦♥
❡r❣✐❜t s✐❝❤ ❞✐❡ ❑♦rr❡❦t❤❡✐t ✉♥s❡r❡r ❆❜s❝❤ät③✉♥❣ ❢ür ❛❧❧❡ ❣❡r❛❞❡♥ ❆❜❧❡✐t✉♥❣❡♥
✈♦♥ S0(x)✳ ❲✐r ❢♦r♠❡♥ ♥✉♥ ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣ ✭✸✳✸✳✶✶✮ ✉♠ ✉♥❞ ❜❡♥✉t③❡♥ ✉♥s❡r❡
❜✐s❤❡r ❣❡✇♦♥♥❡♥ ❊r❦❡♥♥t♥✐ss❡ ✉♠ ❞✐❡ ❑♦♥st❛♥t❡ B ③✉ ❜❡st✐♠♠❡♥✳ ❆✉s

∑

u∈Z

∣∣∣∣∣
w̃−1∏

ℓ=1

(
ℓ∑

k=−ℓ

1√
2π

exp (iωη)
k

)
sinc(n+1)w̃

(ω
2
+ πu

) w̃∏

i=1

ϕ(i)

∣∣∣∣∣

2

✹✷



❢♦❧❣t

=
1

2π

w̃∏

i=1

ϕ(i)2
∑

u∈Z

sinc2(n+1)w̃
(ω
2
+ πu

) ∣∣∣∣∣
w̃−1∏

ℓ=1

ℓ∑

k=−ℓ

exp (iωη)
k

∣∣∣∣∣

2

=
1

2π

w̃∏

i=1

ϕ(i)2 sin2(n+1)w̃
(ω
2

)
S(n+1)w̃−1

(ω
2

) ∣∣∣∣∣
w̃−1∏

ℓ=1

Dℓ (ωη)

∣∣∣∣∣

2

=

∏w̃−1
ℓ=1 (2ℓ+ 1)

2π

w̃∏

i=1

ϕ(i)2 sin2(n+1)w̃
(ω
2

)
S(n+1)w̃−1

(ω
2

) w̃−1∏

ℓ=1

F2ℓ (ωη) .

❲✐r ❦ö♥♥❡♥ ❞✐r❡❦t s❡❤❡♥✱ ❞❛ss ✉♥s❡r❡ ❑♦♥str✉❦t✐♦♥ ◆✉❧❧st❡❧❧❡♥ ❤❛t✱ ❞❡♥♥ ❞❡r
❋❡❥ér✲❑❡r♥ ✐st ♥✐❝❤t ♥✉❧❧st❡❧❧❡♥❢r❡✐✳ ❉✐❡ ❙✐♥❣✉❧❛r✐tät❡♥ ✈♦♥ F2ℓ (ωη) ❜❡✐ 2πk, k ∈
Z, st❡❧❧❡♥ ❦❡✐♥ Pr♦❜❧❡♠ ❞❛r ✉♥❞ ❤❛❜❡♥ ❞❡r ❲❡rt 2ℓη + 1✱ ✇✐❡ ♠❛♥ ❞✉r❝❤ ③✇❡✐✲
♠❛❧✐❣❡s ❆♥✇❡♥❞❡♥ ❞❡r ❘❡❣❡❧ ✈♦♥ ❞❡ ❧✬❍♦s♣✐t❛❧ s✐❡❤t✳ ❉❛♠✐t ♠✉ss ✉♥s❡r❡ ✉♥t❡r❡
❙❝❤r❛♥❦❡ ❣❧❡✐❝❤ ◆✉❧❧ s❡✐♥✳ ❉❛s ▼❛①✐♠✉♠ ❞❡s ❋❡❥ér✲❑❡r♥s ✇✐r❞ ✐♥ ❞❡r ◆✉❧❧ ❛♥✲
❣❡♥♦♠♠❡♥✱ ✇♦r❛✉s ③✉♠ ❡✐♥❡♥

∏w̃−1
ℓ=1 F2ℓ (0) =

∏w̃−1
ℓ=1 2ℓη + 1 ❢♦❧❣t✱ s♦✇✐❡ ❛✉s

✉♥s❡r❡♥ ❆❜s❝❤ät③✉♥❣❡♥

∏w̃−1
ℓ=1 (2ℓ+ 1)

2π

w̃∏

i=1

ϕ(i)2 sin2(n+1)w̃
(ω
2

)
S(n+1)w̃−1

(ω
2

)

≤
∏w̃−1

ℓ=1 (2ℓ+ 1)

2π

w̃∏

i=1

ϕ(i)2
(
(2n)2 + 2n

)
.

❉❛r❛✉s ❡r❣✐❜t s✐❝❤ ❞❛♥♥ ❞✐r❡❦t

B =

∏w̃−1
ℓ=1 (2ℓ+ 1)

2π

(
w̃∏

i=1

ϕ(i)2

)
(
(2n)2 + 2n

) w̃−1∏

ℓ=1

(2ℓη + 1) .

❲✐r s✐♥❞ ❞❛♠✐t ♥♦❝❤ ♥✐❝❤t ❣❛♥③ ❛♠ ❩✐❡❧✱ ❞❛ ✇✐r ③✇❛r ❡✐♥❡ ♣♦s✐t✐✈❡ ❑♦♥st❛♥t❡ B
❣❡❢✉♥❞❡♥ ❤❛❜❡♥✱ ❞✐❡ ✉♥s❡r❡ ♦❜❡r❡ ❙❝❤r❛♥❦❡ ❞❛rst❡❧❧t✱ ❛❜❡r ✉♥s❡r❡ ✉♥t❡r❡ ❙❝❤r❛♥✲
❦❡ ♥♦❝❤ ♥✐❝❤t ♣♦s✐t✐✈ ✐st✳ ❇❡✈♦r ✇✐r ❞✐❡s ❜❡❤❡❜❡♥✱ ✇♦❧❧❡♥ ✇✐r ✉♥s ③✉♥ä❝❤st ❞✐❡
❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣ ✉♥s❡r❡r ❑♦♥str✉❦t✐♦♥ ❛♥s❡❤❡♥✿

❙❛t③ ✸✳✶✶✳ ❊s s❡✐ f(x) := gn,0(x)⋆gn,1(x)⋆gn,2(x)⋆ · · · ∈ L2(R) ♠✐t gn,w(x) =

ϕ(w)
∑ℓw

k=−ℓw
Bn(x−k), ℓw = inf

{
j ∈ N0|

∑j
k=−j Bn(x− k) = 1∀x ∈ [−w;w]

}

✉♥❞ Bn (·) ❡✐♥ ✉♠ ◆✉❧❧ ③❡♥tr✐❡t❡r ❇✲❙♣❧✐♥❡ ✈♦♠ ●r❛❞ n, ✇♦❜❡✐ n,w ∈ N ✐st✳ ❩✉✲

❞❡♠ s❡✐ ϕ(·) ❡✐♥❡ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡ ✐♥✈❡rs❡ ♠✉❧t✐q✉❛❞r✐❝ ❋✉♥❦t✐♦♥ ✉♥❞ (n+1)w̃
2 ∈

N, w̃ = |{w1, w2, w3,···}|✳ ❉❛♥♥ ❡r❢ü❧❧t ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥
ˆ̃
f(ω) ♠✐t

ˆ̃
f(ω)

✇✐❡ ✐♥ ✭✸✳✸✳✾✮ ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣✱ ✉♥❞ ❡s ❣✐❧t✿

ˆ̃
f(ω) = Q

(ω
2

)
ˆ̃
f
(ω
2

)
✭✸✳✸✳✶✹✮

✹✸



♠✐t

Q
(ω
2

)
=

∏w̃−1
ℓ=1 cos

((
ℓ+ 1

2

)
ωη
2

)
cos
(
ω
2

)m
2
∣∣cos

(
ωη
4

)∣∣w̃−1
√
Sτ

(
ω
4

)

cos
(
ωη
4

)w̃−1
2

m
2

∣∣cos
(
ω
4

)∣∣m2
√
Sτ

(
ω
2

) ∣∣∣
∏w̃−1

ℓ=1 cos
(

(2ℓ+1)ωη
4

)∣∣∣

✉♥❞

f̂
(ω
2

)
=

1√
2π
∏w̃−1

ℓ=1 (2ℓ+ 1)

∏w̃−1
ℓ=1 Dℓ

(
ωη
2

)
sinc

m
2

(
ω
4

)
√
sin
(
ω
4

)m
Sτ

(
ω
4

)∏w̃−1
ℓ=1 F2ℓ

(
ωη
2

) ,

✇♦❜❡✐ τ = (n+ 1) w̃ − 1 ✉♥❞ m = 2 (n+ 1) w̃ ✐st✳

❇❡✇❡✐s✳ ❋ür ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥ ♥❛❝❤ ✭✸✳✸✳✾✮ ❣✐❧t✿

ˆ̃
f(ω) =

f̂ (ω)√
2π ·∑u∈Z

∣∣∣f̂(ω + 2πu)
∣∣∣
2

=
1√
2π

∏w̃
i=1 ϕ(i) ·

∏w̃−1
ℓ=1 Dℓ(ωη) sinc

m
2

(
ω
2

)
√∏w̃−1

ℓ=1 (2ℓ+ 1)
∏w̃

i=1 ϕ(i)
2 sinm

(
ω
2

)
Sτ

(
ω
2

)∏w̃−1
ℓ=1 F2ℓ (ωη)

=
1√

2π
∏w̃−1

ℓ=1 (2ℓ+ 1)

∏w̃−1
ℓ=1 Dℓ(ωη) sinc

m
2

(
ω
2

)
√
sinm

(
ω
2

)
Sτ

(
ω
2

)∏w̃−1
ℓ=1 F2ℓ (ωη)

❉❡r Ü❜❡rs✐❝❤t❧✐❝❤❦❡✐t ❤❛❧❜❡r ❜❡tr❛❝❤t❡♥ ✇✐r ♥✉♥ ③✉♥ä❝❤st ❩ä❤❧❡r ✉♥❞ ◆❡♥♥❡r
❣❡tr❡♥♥t✳ ❋ür ❞❡♥ ❩ä❤❧❡r ❣✐❧t✿

(
w̃−1∏

ℓ=1

Dℓ(ωη)

)
sinc

m
2

(ω
2

)
=

∏w̃−1
ℓ=1 sin

((
ℓ+ 1

2

)
ωη
)
sin

m
2

(
ω
2

)

sin
(
ωη
2

)w̃−1 (ω
2

)m
2

=
2w̃−1

∏w̃−1
ℓ=1 sin

((
ℓ+ 1

2

)
ωη
2

)
cos
((
ℓ+ 1

2

)
ωη
2

) (
2 sin

(
ω
2

)
cos
(
ω
2

))m
2

(
2 sin

(
ωη
4

)
cos
(
ωη
4

))w̃−1 (ω
4

)m
2 2

m
2

=

∏w̃−1
ℓ=1 cos

((
ℓ+ 1

2

)
ωη
2

)
cos
(
ω
2

)m
2

cos
(
ωη
4

)w̃−1
Dℓ

(ωη
2

)
sinc

m
2

(ω
4

)
.

❋ür ❞❡♥ ◆❡♥♥❡r ❢♦❧❣t ❞❛♥♥✿
√√√√sinm

(ω
2

)
Sτ

(ω
2

) w̃−1∏

ℓ=1

F2ℓ (ωη)

✹✹



=

√√√√√
(
2 sin

(
ω
4

)
cos
(
ω
4

))m
Sτ

(
ω
2

) (
2w̃−1

∏w̃−1
ℓ=1 sin

(
(2ℓ+1)ωη

4

)
cos
(

(2ℓ+1)ωη
4

))2

∏w̃−1
ℓ=1 (2ℓ+ 1)

(
2 sin

(
ωη
4

)
cos
(
ωη
4

))2(w̃−1)

=

√√√√√2m cos
(
ω
4

)m
Sτ

(
ω
2

)∏w̃−1
ℓ=1 cos

(
(2ℓ+1)ωη

4

)2
sin
(
ω
4

)m∏w̃−1
ℓ=1 F2ℓ

(
ωη
2

)

cos
(
ωη
4

)2(w̃−1)

=
2

m
2

∣∣cos
(
ω
4

)∣∣m2
√
Sτ

(
ω
2

) ∣∣∣
∏w̃−1

ℓ=1 cos
(

(2ℓ+1)ωη
4

)∣∣∣
∣∣cos

(
ωη
4

)∣∣w̃−1

√√√√sin
(ω
4

)m w̃−1∏

ℓ=1

F2ℓ

(ωη
2

)
.

❉✉r❝❤ ❡✐♥❡ ▼✉❧t✐♣❧✐❦❛t✐♦♥ ♠✐t ❞❡r ❡✐♥s ✐♠ ❙✐♥♥❡ ✈♦♥

√

Sτ(ω
4 )

√

Sτ(ω
4 )

❢♦❧❣t ❞✐❡ ❙❦❛❧✐❡✲

r✉♥❣s❣❧❡✐❝❤✉♥❣
ˆ̃
f(ω) = Q

(ω
2

)
ˆ̃
f
(ω
2

)

♠✐t

Q
(ω
2

)
=

∏w̃−1
ℓ=1 cos

((
ℓ+ 1

2

)
ωη
2

)
cos
(
ω
2

)m
2
∣∣cos

(
ωη
4

)∣∣w̃−1
√
Sτ

(
ω
4

)

cos
(
ωη
4

)w̃−1
2

m
2

∣∣cos
(
ω
4

)∣∣m2
√
Sτ

(
ω
2

) ∣∣∣
∏w̃−1

ℓ=1 cos
(

(2ℓ+1)ωη
4

)∣∣∣

✉♥❞

f̂
(ω
2

)
=

1√
2π
∏w̃−1

ℓ=1 (2ℓ+ 1)

∏w̃−1
ℓ=1 Dℓ

(
ωη
2

)
sinc

m
2

(
ω
4

)
√

sin
(
ω
4

)m
Sτ

(
ω
4

)∏w̃−1
ℓ=1 F2ℓ

(
ωη
2

)

❲✐r ✇♦❧❧❡♥ ✉♥s ♥✉♥ ♥♦❝❤ ❡✐♥♠❛❧ ❞❡♠ ❋❡❥ér✲❑❡r♥ ③✉✇❡♥❞❡♥ ✉♥❞ ❞❡♠ ❞❛♠✐t
✈❡r❜✉♥❞❡♥ Pr♦❜❧❡♠ ❞❡r ◆✉❧❧st❡❧❧❡♥✳ ❉❛ ❢ür ❞❡♥ ❋❡❥ér✲❑❡r♥ Fn(x) ❞✐❡ ◆✐❝❤t♥❡✲
❣❛t✐✈✐tät ❣✐❧t✱ ♠üss❡♥ ✇✐r ✉♥s ♦✛❡♥❜❛r ♥✉r ✉♠ ❞✐❡ ❙t❡❧❧❡♥ ❦ü♠♠❡r♥✱ ❛♥ ❞❡♥❡♥
Fn(x) ≡ 0 ✐st✳

▲❡♠♠❛ ✸✳✶✵✳ ❉❡r ❋❡❥ér✲❑❡r♥ Fn(x)✱ ♠✐t n ∈ N ✉♥❞ x ∈ R ❜❡s✐t③t ❞✐❡ ❢♦❧❣❡♥❞❡
❉❛rst❡❧❧✉♥❣✿

Fn (x) =
1

n+ 1

n∑

k=0

Dk(x) = 1 +
1

n+ 1

n∑

k=1

(2n− 2 (k − 1)) cos (kx)

✹✺



❇❡✇❡✐s✳ ❉✐❡ ❉❛rst❡❧❧✉♥❣ ❢♦❧❣t ♠✐tt❡❧s ■♥❞✉❦t✐♦♥ ü❜❡r n, ✉♥❞ ❡s ❣✐❧t ❢ür n = 1 :

F1 (x) =
1

2

1∑

k=0

Dk(x) = 1 +
1

2

1∑

k=1

(2− 2 (k − 1)) cos (kx) = 1 + cos (x) .

❋ür n→ n+ 1 ❢♦❧❣t✿

Fn+1 =
1

n+ 2

(
n∑

k=0

Dk(x) +Dn+1(x)

)
=
n+ 1

n+ 2
Fn+

1

n+ 2

(
1 + 2

n+1∑

k=1

cos (kx)

)

=
n+ 1

n+ 2

(
1 +

1

n+ 1

n∑

k=1

(2n− 2 (k − 1)) cos (kx)

)
+

1

n+ 2

(
1 + 2

n+1∑

k=1

cos (kx)

)

=
1

n+ 2

(
(n+ 1) +

n∑

k=1

(2n− 2 (k − 1)) cos (kx) + 1 + 2

n+1∑

k=1

cos (kx)

)

=
1

n+ 2

(
(n+ 2) +

n∑

k=1

(2 (n+ 1)− 2 (k − 1)) cos (kx)

)

= 1 +
1

n+ 2

n+1∑

k=1

(2n− 2 (k − 1)) cos (kx)

❉❛♠✐t ✐st ❞❡r ❋❡❥ér✲❑❡r♥ Fn(x) ♦✛❡♥❜❛r s❡❧❜st ❡✐♥❡ ❡♥❞❧✐❝❤❡ ❋♦✉r✐❡r✲❈♦s✐♥✉s✲
❘❡✐❤❡ ♠✐t ❦♦♥st❛♥t❡♠ ❑♦❡✣③✐❡♥t a0❂✶✳ ❲✐r ✈❡rä♥❞❡r♥ ♥✉♥ Fn(x) ❞❛❤✐♥❣❡❤❡♥❞✱
❞❛ss ✇✐r ❛✉❢ ❞❛s a0 ❡✐♥❡♥ ❙tör❢❛❦t♦r ǫ > 0 ❛❞❞✐❡r❡♥✱ ✇♦❜❡✐ ❞✐❡s❡r ❙tör❢❛❦t♦r
❣❧❡✐❝❤③❡✐t✐❣ ❞❛s ▼✐♥✐♠✉♠ ✈♦♥ Fn,ǫ(x) ❞❛rst❡❧❧t✳ ❉❛ ♦✛❡♥❜❛r limǫ→0 Fn,ǫ(x) =
Fn(x) ❣✐❧t✱ ❦ö♥♥❡♥ ✇✐r s♦ ✈❡r❤✐♥❞❡r♥✱ ❞❛ss ✉♥s❡r❡ ❑♦♥str✉❦t✐♦♥ ◆✉❧❧st❡❧❧❡♥ ❤❛t
✉♥❞ ❞❛♠✐t ❡✐♥❡ ❖rt❤♦❣♦♥❛❧✐s✐❡r✉♥❣ ❞✉r❝❤❢ü❤r❡♥✳ ❉❛s ❤❡✐ÿt✱ ✇✐r ❤❛❜❡♥ ♥✉♥ ❡✐♥❡
③✇❡✐t❡ ▼ö❣❧✐❝❤❦❡✐t ❣❡❢✉♥❞❡♥✱ ♠✐tt❡❧s ❡✐♥❡r ❋❛❧t✉♥❣ ✉♥❞ ❞❡r ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣
❲❛✈❡❧❡ts ❛✉s r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ③✉ ❡r③❡✉❣❡♥✳ ❆❜s❝❤❧✐❡ÿ❡♥❞ ✇♦❧❧❡♥ ✇✐r ✉♥✲
s❡r❡ ❊r❦❡♥♥t♥✐ss❡ ♥♦❝❤ ✐♥ ❡✐♥❡♠ ❙❛t③ ③✉s❛♠♠❡♥❢ü❤r❡♥✳ ❉❡r ❙❛t③ ❜❡❞❛r❢ ❛❧❧❡r✲
❞✐♥❣s ❦❡✐♥❡s ❡✐❣❡♥❡♥ ❇❡✇❡✐s❡s ♠❡❤r✱ ❞❛ s✐❝❤ ❜❡r❡✐ts ❛❧❧❡s ❛✉s ❞❡r ✈♦r❛♥❣❡❣❛♥❣❡♥
❑♦♥str✉❦t✐♦♥ ❡r❣✐❜t✳

❙❛t③ ✸✳✶✷✳ ❊s s❡✐ Vj ❞✐❡ ❞✉r❝❤ ❞✐❡ ❙❦❛❧✐❡r✉♥❣

V0 = span {f (ω − u) |u ∈ Z}

❡r③❡✉❣t❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❆♥❛❧②s✐s✳ ❉✐❡ ❞❛③✉❣❡❤ör✐❣❡ ♦rt❤♦❣♦♥❛❧❡ ❩❡r❧❡❣✉♥❣

L2(R) = V0 ⊕
⊕

j∈Z

Wj

✹✻



✇✐r❞ ❜❡st✐♠♠t ❞✉r❝❤ ❞❛s ✐♥ ●❧❡✐❝❤✉♥❣ ✭✸✳✸✳✶✹✮ ❞❡✜♥✐❡rt❡ ❲❛✈❡❧❡t f̃ ✿

W0 = span
{
f̃(ω − u)|u ∈ Z

}
.

❉❛♠✐t ✐st
{
f̃ (·) = 2−

j
2 f̃
(
2−j · −u

)
|j, u ∈ Z

}
❡✐♥❡ ❖rt❤♦♥♦r♠❛❧❜❛s✐s ❞❡s L2 (R) .

❉✐❡ ✈♦♥ ✉♥s ❦♦♥str✉✐❡rt❡♥ ❲❛✈❡❧❡ts ❤❛❜❡♥ ♥❛tür❧✐❝❤ ❦❡✐♥❡♥ ❦♦♠♣❛❦t❡♥ ❚rä❣❡r
♠❡❤r✱ ❛❧❧❡r❞✐♥❣s ❢❛❧❧❡♥ s✐❡ ❡①♣♦♥❡♥t✐❡❧❧ ✭❛❜❤ä♥❣✐❣ ✈♦♥ ǫ > 0✮ ❛❜✳ ❍✐❡r❜❡✐ ❣✐❧t ❢ür
Fn,ǫ(x) :

lim
ǫ→0

Fn,ǫ(x) = lim
ǫ→0

(1 + ǫ) +
1

n+ 2

n+1∑

k=1

(2n− 2 (k − 1)) cos (kx) = Fn(x)

❉✉r❝❤ ❞✐❡ ❚❛ts❛❝❤❡✱ ❞❛ss ❞✐❡ ❲❛✈❡❧❡ts ❞✉r❝❤ ❡✐♥❡ ❞✐s❦r❡t❡ ❋❛❧t✉♥❣ ♠✐t ❡✐♥❡♠
❇✲❙♣❧✐♥❡ ❡♥tst❡❤❡♥✱ ❤❛❜❡♥ ❞✐❡s❡ ❡✐♥❡ ❧❡✐❝❤t❡ ➘❤♥❧✐❝❤❦❡✐t ❜❡③ü❣❧✐❝❤ ❞❡s ✒❋♦r♠✲
❢❛❦t♦rs✏✱ ✐♠ ❍✐♥❜❧✐❝❦ ❛✉❢ ❙♣❧✐♥❡ ❲❛✈❡❧❡ts✳ ❲✐r ✇❡r❞❡♥ ✉♥s ❞✐❡s ✐♠ ❑❛♣✐t❡❧ ü❜❡r
❡①♣❧✐③✐t❡ ❑♦♥str✉❦t✐♦♥❡♥ ♥♦❝❤ ❡✐♥♠❛❧ ❣❡♥❛✉❡r ❛♥s❡❤❡♥✳ ❊s ✐st ♥♦❝❤ ❛♥③✉♠❡r❦❡♥✱
❞❛ss ❞❡r P❛r❛♠❡t❡r a s♦ ❣❡✇ä❤❧t ✇❡r❞❡♥ s♦❧❧t❡✱ ❞❛ss ❞✐❡ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥
♥✐❝❤t ③✉ s❝❤♥❡❧❧ ❛❜❢ä❧❧t✱ ❞❛♠✐t ❡s ❣❡♥ü❣❡♥❞ ❋❛❧t✉♥❣s♣✉♥❦t❡ ❣✐❜t✳ ❉❡♥♥ ❣✐❜t ❡s
③✉ ✇❡♥✐❣ ❋❛❧t✉♥❣s♣✉♥❦t❡✱ ✐st ❞❡r ❊✐♥✢✉ss ❞❡r r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥ ❣❡r✐♥❣✱ ❞❛
❞✐❡s❡ ♥✉r ❛♥ ❞❡♥ ❙t❡❧❧❡♥ wi, i ∈ Z ❜❡tr❛❝❤t❡t ✇✐r❞✳ ❩✉❞❡♠ ❤❛t ❞✐❡ ❑♦♥str✉❦t✐♦♥
❢♦❧❣❡♥❞❡ ✇❡✐t❡r❡ s❝❤ö♥❡ ❊✐❣❡♥s❝❤❛❢t✿

❇❡♠❡r❦✉♥❣ ✸✳✶✳ ◆❡❜❡♥ ❞❡♥ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q✉❛❞r✐❝ ❋✉♥❦t✐♦♥❡♥ ❡r❢ü❧❧❡♥
❛✉❝❤ ❞✐❡ ●❛✉ÿ✬s❝❤❡♥ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ❞✐❡ ❇❡❞✐♥❣✉♥❣❡♥ ❛♥ ❞✐❡ ❞✐s❦r❡t❡
❲❛✈❡❧❡t ❑♦♥str✉❦t✐♦♥✳

❉✐❡s ✐st ❦❧❛r✱ ❞❡♥♥ ✈♦♥ ❞❡r ❋✉♥❦t✐♦♥ ϕ ✇✐r❞ ❜❡✐ ❞❡r ❑♦♥str✉❦t✐♦♥ ❧❡❞✐❣❧✐❝❤
✈❡r❧❛♥❣t✱ ❞❛ss s✐❡ r❛❞✐❛❧s②♠♠❡tr✐s❝❤ ❛❜❢ä❧❧t ✉♥❞ str✐❦t ♣♦s✐t✐✈ ✐st✳ ❉✐❡s ❡r❢ü❧❧t
♥❛tür❧✐❝❤ ❛✉❝❤ ❞✐❡ ●❛✉ÿ✬s❝❤❡ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥✳ ❉❛♠✐t ❧❛ss❡♥ s✐❝❤ ❛✉❢ ❞❡r
❇❛s✐s ❞❡r ✈♦r❛♥❣❡❣❛♥❣❡♥ ❑♦♥str✉❦t✐♦♥ ❡✈❡♥t✉❡❧❧ ❛✉❝❤ ♥♦❝❤ ❛♥❞❡r❡ ❋✉♥❦t✐♦♥❡♥
✜♥❞❡♥✱ ✇❡❧❝❤❡ ❞✐❡s❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ❡r❢ü❧❧❡♥ ✉♥❞ ❞❛♠✐t ③✉r ❲❛✈❡❧❡t ❑♦♥str✉❦t✐♦♥
❣❡❡✐❣♥❡t ✇är❡♥✳
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✸✳✸✳✷ ❉❡r ③✇❡✐❞✐♠❡♥s✐♦♥❛❧❡♥ ❋❛❧❧

■♠ ❧❡t③t❡♥ ❙❝❤r✐tt ✇♦❧❧❡♥ ✇✐r ♥✉♥ ✉♥s❡r❡ ❑♦♥str✉❦t✐♦♥ ü❜❡r ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐✲
❝❤✉♥❣ ✐♠ ❩✇❡✐❞✐♠❡♥s✐♦♥❛❧❡♥ ❛♥✇❡♥❞❡♥✳ ❉✐❡ ❞❛③✉ ♥öt✐❣❡♥ ●r✉♥❞❧❛❣❡♥ ❤❛❜❡♥ ✇✐r
❜❡r❡✐ts ✐♠ ❑❛♣✐t❡❧ ✸✳✷✳✶ ❣❡❧❡❣t✳ ❉♦rt ❤❛❜❡♥ ✇✐r ❜❡r❡✐ts ❞✐❡ ▼❘❆ ❢ür ❤ö❤❡r❡ ❉✐✲
♠❡♥s✐♦♥ ❞❡✜♥✐❡rt✳ ❉❡r ●r✉♥❞r❛✉♠ V0 ✇✐r❞ ✐♠ ▼❡❤r❞✐♠❡♥s✐♦♥❛❧❡♥ ✇✐❡❞❡r ❞✉r❝❤
❡✐♥❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥ f ∈ L2(Rd), d ≥ 2 ❡r③❡✉❣t ✉♥❞

{
f (· − k) |k ∈ Zd

}
❜✐❧✲

❞❡t ❡✐♥❡ ❘✐❡s③✲❇❛s✐s ✈♦♥ V0✳ ❉❛♠✐t ✐st

{
fj,k (·) = |detA|−

j
2 f
(
Aj · −k

)
|j ∈ Z, k ∈ Zd

}

❡✐♥❡ ❖rt❤♦♥♦r♠❛❧❜❛s✐s ✈♦♥ Vj , ❞❡♥♥ ✇✐r ❞ür❢❡♥ ♦❤♥❡ ❇❡s❝❤rä♥❦✉♥❣ ❞❡r ❆❧❧❣❡✲
♠❡✐♥❤❡✐t ❞✐❡ ❖rt❤♦♥♦r♠❛❧✐tät ✈♦♥

{
f (· − k) |k ∈ Zd

}
✉♥❞

ˆ

Rd

f (x) dx 6= 0

❛♥♥❡❤♠❡♥✳ ❍✐❡r③✉ s❡✐ ❛✉❝❤ ❛✉❢ ▼❡②❡r ❬✷✼❪ ✈❡r✇✐❡s❡♥✳ ❲✐r ✇♦❧❧❡♥ ❡✐♥ ✇❡✐t❡r❡s
③❡♥tr❛❧❡s ❊r❣❡❜♥✐s ✈♦♥ ▼❡②❡r ❬✷✼❪ ❛♥❣❡❜❡♥✱ ✇♦❜❡✐ ✇✐r ❢ür ❞❡♥ ❇❡✇❡✐s ❛✉❢ ❞✐❡
❣❡♥❛♥♥t❡ ◗✉❡❧❧❡ ✈❡r✇❡✐s❡♥✳

❙❛t③ ✸✳✶✸✳ ❊s s❡✐ {Vj}j∈Z
❡✐♥❡ ▼❘❆ ♠✐t ❡✐♥❡r ▼❛tr✐① A ∈ Z2, |detA| > 1,

✇❡❧❝❤❡ ❞✐❡ ✐♥ ❑❛♣✐t❡❧ ✸✳✷✳✶ ❜❡s❝❤r✐❡❜❡♥❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥ ❜❡s✐t③t✳ ❉❛♥♥ ❡①✐st✐❡r❡♥
|detA| − 1 ❲❛✈❡❧❡ts

f̃1, f̃2, ·····, f̃|detA|−1 ∈ V−1

✉♥❞

{
f̃i,j,k (·) = |detA|−

j
2 f̃i

(
A−j · −k

)
|i = 1, ·····, |detA| − 1 , j ∈ Z, k ∈ Zd

}

✐st ❡✐♥❡ ❖rt❤♦♥♦r♠❛❧❜❛s✐s ❞❡s L2
(
Rd
)
✳

❉❛s ❤❡✐ÿt ❢ür ❞❛s ❆✉❢s♣❛♥♥❡♥ ✉♥s❡r❡s ❘❛✉♠❡s V0 s✐♥❞ ♥✉♥ ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ❞❡r
▼❛tr✐① A ✉♥t❡r ❯♠stä♥❞❡♥ ♠❡❤r❡r❡ ❲❛✈❡❧❡ts ♥öt✐❣✳ ❊s ❦♦♠♠t ❛❧s♦ ♥❛❝❤❢♦❧❣❡♥❞
❛✉❢ ❞✐❡ ❲❛❤❧ ❞❡r ▼❛tr✐① A ❛♥✳ ●❡♥❡r❡❧❧ ❣✐❜t ❡s ❛❧s♦ ❡✐♥❡ ✉♥❡♥❞❧✐❝❤ ❣r♦ÿ❡ ❆♥✲
③❛❤❧ ❛♥ ▼ö❣❧✐❝❤❦❡✐t❡♥✱ ✇✐❡ ❞✐❡ ▼❛tr✐① A ❛✉ss❡❤❡♥ ❦❛♥♥✱ ✇♦❜❡✐ ❞✐❡ ❆♥③❛❤❧ ❞❡r
❲❛✈❡❧❡ts ❛♥ ❞❡r ❉❡t❡r♠✐♥❛♥t❡ ❤ä♥❣t ✉♥❞ ❞✐❡ ❉r❡❤✉♥❣ ❞❡r ❡✐♥③❡❧♥❡♥ ❲❛✈❡❧❡ts
❛♥ ❞❡♥ ❊✐❣❡♥✇❡rt❡♥✳ ❲✐r ✇♦❧❧❡♥ ❤✐❡r ❛❧❧❡r❞✐♥❣s ❡①♣❧✐③✐t ③✇❡✐ ▼❛tr✐③❡♥ ❛♥❣❡❜❡♥✱
✇❡❧❝❤❡ ❛✉s ❞❡r ▲✐t❡r❛t✉r ❜❡r❡✐ts ❜❡❦❛♥♥t❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ❤❛❜❡♥✳ ❉✐❡ ▼❛tr✐③❡♥
s✐♥❞ ❛✉❝❤ ❞❡r ❍❛✉♣t❣r✉♥❞ ❢ür ❞✐❡ ❡r♥❡✉t❡ ❑♦♥str✉❦t✐♦♥ ❞❡r ❡✐♥❞✐♠❡♥s✐♦♥❛❧❡♥
r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ❲❛✈❡❧❡ts ü❜❡r ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣✳

❙❛t③ ✸✳✶✹✳ ❊s s❡✐❡♥ f1, f2 ∈ L2(R) ❡✐♥❞✐♠❡♥s✐♦♥❛❧❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥❡♥✱
✇❡❧❝❤❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣❡♥ ♠✐t ❑♦❡✣③✐❡♥t❡♥ h1 := (h1k) k∈Z ∈ ℓ2 ✉♥❞ h2 :=
(h2k) k∈Z ∈ ℓ2 ❣❡♥ü❣❡♥✳ ❉❛♥♥ ❡r❢ü❧❧t f1,2 ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣
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f1,2 (x) = 2 ·
∑

k∈Z2

hkf1,2 (Ax− k) ✭✸✳✸✳✶✺✮

♠✐t hk = h1 ⋆ h2 ✉♥❞

A =

(
2 0
0 2

)
.

❊s s❡✐❡♥ f̃1, f̃2 ❞✐❡ ✈♦♥ ❞❡♥ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥❡♥ f1 ✉♥❞ f2 ❡r③❡✉❣t❡♥ ❡✐♥❞✐✲
♠❡♥s✐♦♥❛❧❡♥ ❲❛✈❡❧❡ts✱ ❞❛♥♥ s✐♥❞ ❞✐❡ ③✉❣❡❤ör✐❣❡♥ ③✇❡✐❞✐♠❡♥s✐♦♥❛❧❡♥ ❲❛✈❡❧❡ts
❞❡✜♥✐❡rt ❞✉r❝❤✿

f̄1 (x1, x2) = f̃1 (x1) f2 (x2)

f̄2 (x1, x2) = f1 (x1) f̃2 (x2)

f̄3 (x1, x2) = f̃1 (x1) f̃2 (x2)

❉❛♥♥ ✐st
{
f̄i,j,k (·) = 4−

j
2 f̄i
(
2−j · −k

)
|i = 1, 2, 3 , j ∈ Z, k ∈ Z2

}

❡✐♥❡ ❖rt❤♦♥♦r♠❛❧❜❛s✐s ❞❡s L2
(
R2
)
✳

❋ür ❞❡♥ ❇❡✇❡✐s s❡✐ ❛✉❢ ❈♦❤❡♥✴❉❛✉❜❡❝❤✐❡s ❬✶✹❪ ✈❡r✇✐❡s❡♥✳
❉❛s ❤❡✐ÿt✱ ❞✐❡ ❡rst❡ ▼❛tr✐① ❢ü❤rt ✉♥s ③✉ ❡✐♥❡r ❑♦♥str✉❦t✐♦♥ ü❜❡r ❞✐❡ ❡✐♥❞✐♠❡♥s✐♦✲
♥❛❧❡♥ ❲❛✈❡❧❡ts✱ ❞✐❡ ✇✐r ❜❡r❡✐ts ❦♦♥str✉✐❡rt ❤❛❜❡♥✳ ❆❧❧❡r❞✐♥❣s ✐st ♥♦❝❤ ❡✐♥ ✇❡♥✐❣
✉♥s❝❤ö♥✱ ❞❛ss ✇✐r ❞r❡✐ ❲❛✈❡❧❡ts ③✉♠ ❆✉❢s♣❛♥♥❡♥ ✉♥s❡r❡ ●r✉♥❞r❛✉♠s V0 ❜❡✲
♥öt✐❣❡♥✳ ❉❡s✇❡❣❡♥ ✇♦❧❧❡♥ ✇✐r ♥❛❝❤❢♦❧❣❡♥❞ ❡✐♥❡ ✇❡✐t❡r❡ ▼❛tr✐① ③✉ ❑♦♥str✉❦t✐♦♥
❛♥❣❡❜❡♥✳ ❉❛③✉ ❜❡♥öt✐❣❡♥ ✇✐r ❞❛s ♥❛❝❤❢♦❧❣❡♥❞❡ ▲❡♠♠❛✳

▲❡♠♠❛ ✸✳✶✶✳ ❊s s❡✐ ĥ1 (ω1) ❞✐❡ ❋♦✉r✐❡rr❡✐❤❡ ❞❡r ❙❦❛❧✐❡r✉♥❣s❦♦❡✣③✐❡♥t❡♥ ❡✐♥❡r
♦rt❤♦❣♦♥❛❧❡♥ ❡✐♥❞✐♠❡♥s✐♦♥❛❧❡♥ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥✳ ❉❛♥♥ ❡r❢ü❧❧t

ĥ (ω) = ĥ (ω1, ω2) = ĥ1 (ω1)

❞✐❡ ❖rt❤♦❣♦♥❛❧✐täts❜❡❞✐♥❣✉♥❣

∣∣∣ĥ(ω)
∣∣∣
2

+
∣∣∣ĥ(ω + (π, π)

T
)
∣∣∣
2

= 1, ĥ(0) = 1

❡✐♥❡r ♦rt❤♦❣♦♥❛❧❡♥ ③✇❡✐❞✐♠❡♥s✐♦♥❛❧❡♥ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥✳

✹✾



❉✐❡s ✐st ❛❧❧❡r❞✐♥❣s ✇✐❡❞❡r ♥✉r ❡✐♥ ❤✐♥r❡✐❝❤❡♥❞❡s ❑r✐t❡r✐✉♠✳ ❲✐r ♠üss❡♥ ❛✉❝❤
❤✐❡r s✐❝❤❡rst❡❧❧❡♥✱ ❞❛ss ❞✐❡ ③✇❡✐❞✐♠❡♥s✐♦♥❛❧❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣ ✐♥ L2

(
R2
)

t❛tsä❝❤❧✐❝❤ ❡✐♥❡ ▲ös✉♥❣ ❜❡s✐t③t ✉♥❞ ❡✐♥❡ ♦rt❤♦❣♦♥❛❧❡ ❩❡r❧❡❣✉♥❣ ❞❡r ❆rt L2(R) =
V0 ⊕⊕∞

j=0Wj ❡r♠ö❣❧✐❝❤t✳ ❉❛❜❡✐ ✐st ✇✐❡ ❣❡✇♦❤♥t V0 ✉♥s❡r ●r✉♥❞r❛✉♠ ✉♥❞
❞✐❡ Wj s✐♥❞ ❱❡❦t♦rrä✉♠❡✱ ✇❡❧❝❤❡ ✈♦♥ ❞❡r ❞✐r❡❦t❡♥ ❙✉♠♠❡ ✉♥s❡r❡r ❲❛✈❡❧❡ts
❛✉❢❣❡s♣❛♥♥t ✇❡r❞❡♥✳ ❉❛❜❡✐ ❤✐❧❢t ✉♥s ❢♦❧❣❡♥❞❡r ❙❛t③✳

❙❛t③ ✸✳✶✺✳ ❲❡♥♥ ❞❛s ✉♥❡♥❞❧✐❝❤❡ Pr♦❞✉❦t

ĥ∞ (ω) =

∞∏

k=1

ĥ
(
A−kω

)

♠✐t
ĥ(ω) = 2−

1
2

∑

k∈Z2

hk exp(−ik · ω)

✉♥❞

A =

(
1 1
1 −1

)

✐♥ L2
(
R2
)
❦♦♥✈❡r❣✐❡rt✱ ❞❛♥♥ ❡①✐st✐❡rt ❣❡♥❛✉ ❡✐♥ ❲❛✈❡❧❡t

f̄ (x1, x2) = f̃ (x2) f(x1 − x2)

s♦❞❛ss {
f̄j,k (·) = 2−

j
2 f̄
(
2−j · −k

)
|j ∈ Z, k ∈ Z2

}

❡✐♥❡ ❖rt❤♦♥♦r♠❛❧❜❛s✐s ❞❡s L2
(
R2
)
✐st✳

❋ür ❞❡♥ ❇❡✇❡✐s ❞❡s ▲❡♠♠❛s ✸✳✶✶✱ ❛❧s ❛✉❝❤ ❢ür ❞❡♥ ❙❛t③ ✸✳✶✺ s❡✐ ✇✐❡❞❡r ❛✉❢
❈♦❤❡♥✴❉❛✉❜❡❝❤✐❡s ❬✶✹❪ ✈❡r✇✐❡s❡♥✳
❉❛s ❤❡✐ÿt ❢ür ✉♥s✱ ✇✐r ♠üss❡♥ ❞✐❡ ❑♦♥✈❡r❣❡♥③ ✈♦♥ ĥ∞ (ω) ✐♥ L2(R2) ③❡✐❣❡♥ ✉♥❞
❡r❤❛❧t❡♥ ❞❛♥♥ ✉♥s❡r ❲❛✈❡❧❡t f̄ (x1, x2) ♠✐t ❞❡♥ ❣❡✇ü♥s❝❤t❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥ ❡✐♥❡r
▼❘❆ ✐♥ ③✇❡✐ ❉✐♠❡♥s✐♦♥❡♥✳ ❲✐r ✇♦❧❧❡♥ ♥✉♥ ❛❧s ❡rst❡s ❡❧❡♠❡♥t❛r❡ ❊✐❣❡♥s❝❤❛❢t❡♥
❞❡r ▼❛tr✐① A ❤❡r❛✉sst❡❧❧❡♥✳

❑♦r♦❧❧❛r ✸✳✸✳ ❋ür

A =

(
1 1
1 −1

)

✐st

A−n =
1

2
n
2

(
1 0
0 1

)
❢ür n ∈ 2N

✉♥❞

A−n =
1

2
n+1
2

(
1 1
1 −1

)
❢ür n ∈ N \ 2N

✇♦❜❡✐ A−n ❞✐❡ n✲t❡ P♦t❡♥③ ❞❡r ■♥✈❡rs❡♥ ❞❡r ▼❛tr✐① A ✐st✳

✺✵



❇❡✇❡✐s✳ ❊s ❣✐❧tA−1 =

(
1
2

1
2

1
2 − 1

2

)
= 1

2 ·A ✉♥❞A−2 = A−1·A−1 = 1
2

(
1 0
0 1

)
=

1
2 · I2. ❉❛♠✐t ❢♦❧❣t

(
1
2 · I2

)n
2 ♠✐t n ∈ 2N ♦✛❡♥❜❛r ❣❡r❛❞❡ ❞❡r ❡rst❡ ❋❛❧❧ ✉♥❞

1
2 ·A

(
1
2 · I2

)n−1
2 = 1

2
n+1
2

A · I2 = 1

2
n+1
2

A ♠✐t n ∈ N\2N, ✇❛s ❣❡r❛❞❡ ❞❡♠ ③✇❡✐t❡♥

❋❛❧❧ ❡♥ts♣r✐❝❤t✳

❲✐r ✇♦❧❧❡♥ ♥✉♥ ❡✐♥ ✇❡✐t❡r❡s ▲❡♠♠❛ ❛✉s ❈♦❤❡♥ ❬✶✸❪ ❜❡♥✉t③❡♥✱ ✉♠ ❞❡♥ ◆❛❝❤✇❡✐s
❞❡r ❑♦♥✈❡r❣❡♥③ ✈♦♥ ĥ∞ ❡✐♥❢❛❝❤❡r ③✉ ♠❛❝❤❡♥✳ ❍✐❡r❜❡✐ s❡✐ ❢ür ❞❡♥ ❇❡✇❡✐s ✇✐❡❞❡r
❛✉❢ ❞✐❡ ❣❡♥❛♥♥t❡ ◗✉❡❧❧❡ ✈❡r✇✐❡s❡♥✳

▲❡♠♠❛ ✸✳✶✷✳ ❉✐❡ ❋♦✉r✐❡rr❡✐❤❡ ❞❡r ❙❦❛❧✐❡r✉♥❣s❦♦❡✣③✐❡♥t❡♥ ĥ∞ ❦♦♥✈❡r❣✐❡rt ✐♠
❙✐♥♥❡ ✈♦♥ ❙❛t③ ✸✳✶✺✱ ✇❡♥♥ ❡✐♥ ❑♦♠♣❛❦t✉♠ K ⊂ R2 ❡①✐st✐❡rt✱ s♦❞❛ss ❣✐❧t✿

✶✳ K ❡♥t❤ä❧t ❡✐♥❡ ♦✛❡♥❡ ❯♠❣❡❜✉♥❣ ❞❡s ❯rs♣r✉♥❣s✱

✷✳ R2 =
⋃

u∈Z2 (u+K) ❢❛st ü❜❡r❛❧❧✱

✸✳ (u+K) ∩K = ∅, ∀u ∈ Z2 \ {0} ❢❛st ü❜❡r❛❧❧✱

✹✳ ❋ür k > 0✱ ω ∈ K✱ ❣✐❧t ĥ
(
A−kω

)
6= 0✳

❲♦❜❡✐ ❞✐❡ ❇❡❞✐♥❣✉♥❣❡♥ ✶✳ ✲ ✹✳ äq✉✐✈❛❧❡♥t s✐♥❞ ③✉

∑

n∈Z2

∣∣∣f̂(A−kω + 2πn)
∣∣∣
2

6= 0.

❉✐❡s ✐st ❡✐♥ s❡❤r ♥üt③❧✐❝❤❡s ▲❡♠♠❛✱ ❞❛ ❡s ✉♥s ❞❡♥ ◆❛❝❤✇❡✐s ❞❡r ❑♦♥✈❡r❣❡♥③ ✈♦♥
ĥ∞ ❣❛r❛♥t✐❡rt✳ ❉❡♥♥ ♠✐t ❙❛t③ ✸✳✶✵ ✉♥❞ ❞❡r ❋♦✉r✐❡r✲❈♦s✐♥✉s✲❘❡✐❤❡ Fn,ǫ (x) ❣✐❧t

♦✛❡♥❜❛r✱ ❞❛ss
∑

n∈Z

∣∣∣f̂(ω + 2πn)
∣∣∣
2

♥✐❡ ❦❧❡✐♥❡r ❛❧s ❡✐♥❡ ♣♦s✐t✐✈❡ ❑♦♥st❛♥t❡ ✇✐r❞

✉♥❞ s♦♠✐t ❛✉❝❤ ❦❡✐♥❡ ◆✉❧❧st❡❧❧❡♥ ❜❡s✐t③t✳ ❲✐r ✇✐ss❡♥ ✇❡✐t❡r❤✐♥✱ ❞❛ss ❛❧❧❡ ❊✐♥trä❣❡
❞❡r ▼❛tr✐① A−k r❡❡❧❧ s✐♥❞ ✉♥❞ ❞❛ss ❞✐❡ ▼❛tr✐① ♥✐❝❤t ♥✐❧♣♦t❡♥t ✇✐r❞✳ ❉❛♠✐t ✐st
❞✐❡ ◆✉❧❧st❡❧❧❡♥❢r❡✐❤❡✐t ✐♠ ❩✇❡✐❞✐♠❡♥s✐♦♥❛❧❡♥ ❣❛r❛♥t✐❡rt✳ ❯♥s❡r❡ ❊r❣❡❜♥✐ss❡ s❡✐❡♥
✐♥ ❢♦❧❣❡♥❞❡♠ ❙❛t③ ③✉s❛♠♠❡♥❣❡❢❛sst✳

❙❛t③ ✸✳✶✻✳ ❊s s❡✐ f̃ ❞❛s ❡✐♥❞✐♠❡♥s✐♦♥❛❧❡ ❲❛✈❡❧❡t ❛✉s ❙❛t③ ✸✳✶✷ ✉♥❞ f ❞✐❡ ③✉✲
❣❡❤ör✐❣❡ ❡✐♥❞✐♠❡♥s✐♦♥❛❧❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥ ♠✐t ❑♦❡✣③✐❡♥t❡♥ h := (hk) k∈Z ∈
ℓ2✳ ❉❛♥♥ ❡r❢ü❧❧t

ĥ(ω) = ĥ (ω1, ω2) = 2−
1
2

∑

k∈Z2

hkexp (−ik · ω)

❞✐❡ ❖rt❤♦❣♦♥❛❧✐täts❜❡❞✐♥❣✉♥❣ ❛✉s ▲❡♠♠❛ ✸✳✶✶ ❡✐♥❡r ♦rt❤♦❣♦♥❛❧❡♥ ③✇❡✐❞✐♠❡♥s✐♦✲
♥❛❧❡♥ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥ ✉♥❞ ❞❛s ✉♥❡♥❞❧✐❝❤❡ Pr♦❞✉❦t

ĥ∞ (ω) =

∞∏

k=1

ĥ
(
A−kω

)

♠✐t

A =

(
1 1
1 −1

)

✺✶



❦♦♥✈❡r❣✐❡rt ✐♥ L2
(
R2
)
, s♦❞❛ss ❡✐♥ ❲❛✈❡❧❡t

f̄ (x1, x2) = f̃ (x2) f (x1 − x2)

❡①✐st✐❡rt ✉♥❞ {
f̄j,k (·) = 2−

j
2 f̄
(
2−j · −k

)
|j ∈ Z, k ∈ Z2

}

❡✐♥❡ ❖rt❤♦♥♦r♠❛❧❜❛s✐s ❞❡s L2
(
R2
)
✐st✳

❉❛♠✐t ✐st ❞❛s ③✉ ❇❡❣✐♥♥ ❞✐❡s❡s ❑❛♣✐t❡❧s ❣❡s❡t③t❡ ❩✐❡❧ ❡rr❡✐❝❤t✳ ❲✐r ❤❛❜❡♥ ③✇❡✐
▼ö❣❧✐❝❤❦❡✐t❡♥ ❣❡❢✉♥❞❡♥✱ ③✇❡✐❞✐♠❡♥✐♦♥❛❧❡ ❲❛✈❡❧❡ts ❛✉s r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥
③✉ ❦♦♥str✉✐❡r❡♥ ✉♥❞ ❞❛♠✐t s♦❣❛r ❞✐❡ ✈❡r♠❡✐♥t❧✐❝❤❡ ✒❯♥s❝❤ö♥❤❡✐t✏ ✈♦♥ ♠❡❤r ❛❧s
❡✐♥❡♠ ❲❛✈❡❧❡t ③✉♠ ❆✉❢s♣❛♥♥❡♥ ✉♥s❡r❡s ●r✉♥❞r❛✉♠s ü❜❡r✇✉♥❞❡♥✳ ■♠ ❑❛♣✐t❡❧
ü❜❡r ❡①♣❧✐③✐t❡ ❑♦♥str✉❦t✐♦♥❡♥ ✇❡r❞❡♥ ✇✐r ❞❛s ✸❉ ❲❛✈❡❧❡t ♥♦❝❤ ❡✐♥♠❛❧ ❣❡♥❛✉❡r
❜❡tr❛❝❤t❡♥✳ ❉❛♠✐t ❤❛❜❡♥ ✇✐r ❞❛s ❡rst❡ ❛✉s ❞❡r ▲✐t❡r❛t✉r ❜❡❦❛♥♥t❡ ③✇❡✐❞✐♠❡♥✲
s✐♦♥❛❧❡ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ❲❛✈❡❧❡t ❦♦♥str✉✐❡rt✳ ❉✐❡s❡s ❲❛✈❡❧❡t ✒❜❡✈♦r③✉❣t✏
❞✐❡ ❉✐❛❣♦♥❛❧❡ ✉♠ ❞❡♥ ❯rs♣r✉♥❣✱ ✇❛s ❞❡♥ ❊✐❣❡♥✈❡❦t♦r❡♥ ❞❡r ▼❛tr✐① A ❣❡s❝❤✉❧❞❡t
✐st✳ ❲✐r ♠üss❡♥ ✉♥s ❛❜❡r ✐♠ ❑❧❛r❡♥ s❡✐♥✱ ❞❛ss ✇✐r ❡✐♥❡♥ ❑♦♠♣r♦♠✐ss ❡✐♥❣❡❣❛♥❡♥
s✐♥❞✱ ❛❧s ✇✐r ❞✐❡ Fn(x) ❞✉r❝❤ Fn,ǫ(x) ❡rs❡t③t ❤❛❜❡♥✳ ❉❡♥♥ ❥❡ ❦❧❡✐♥❡r ❞❛s ǫ✱ ✉♠s♦
❧❛♥❣s❛♠❡r ❦❧✐♥❣t ❞❛s ❲❛✈❡❧❡t ❛❜ ✉♥❞ ✉♠s♦ ❣röÿ❡r ❞❛s ǫ✱ ❥❡ s❝❤❧❡❝❤t❡r ✇❡r❞❡♥
❞✐❡ ❖rt❤♦❣♦♥❛❧✐täts❜❡③✐❡❤✉♥❣❡♥ ✉♥s❡r❡r ❲❛✈❡❧❡ts✳

✺✷





❆✉❢ ❞❡r ❧✐♥❦❡♥ ❙❡✐t❡ ❞❡r ❆❜❜✐❧❞✉♥❣✱ ❦ö♥♥❡♥ ✇✐r ❡✐♥❡ ❑♦♥str✉❦t✐♦♥ ü❜❡r ❞✐❡
❙✉♠♠❡ ✉♥❞ ❛♥s❝❤❧✐❡ÿ❡♥❞❡ ❋❛❧t✉♥❣ ♠✐tt❡❧s ❇✲s♣❧✐♥❡s ✈♦♠ ●r❛❞ 0 s❡❤❡♥✳ ❆✉❢ ❞❡r
r❡❝❤t❡♥ ❙❡✐t❡ ❞❡r ❆❜❜✐❧❞✉♥❣ ❤✐♥❣❡❣❡♥✱ ❡✐♥❡ ❑♦♥str✉❦t✐♦♥ ü❜❡r ❞✐❡ ❙✉♠♠❡ ✉♥❞
❛♥s❝❤❧✐❡ÿ❡♥❞❡ ❋❛❧t✉♥❣ ♠✐tt❡❧s ❇✲s♣❧✐♥❡s ✈♦♠ ●r❛❞ 1✳ ▼❛♥ ❦❛♥♥ ❜❡✐ ❜❡✐❞❡♥ ❑♦♥✲
str✉❦t✐♦♥ s❡❤r ❣✉t ❡r❦❡♥♥❡♥✱ ❞❛ss ❞✐❡ ❋❛❧t✉♥❣ ③✉ ❡✐♥❡r ✢❛❝❤❡r❡♥ ❋✉♥❦t✐♦♥ ❢ü❤rt✱
❞✐❡ ❛❜❡r ❣❧❡✐❝❤✇♦❤❧ ✐♠♠❡r ♥♦❝❤ r❛❞✐❛❧s②♠♠❡tr✐s❝❤ ✐st✳ ❲✐r ✇♦❧❧❡♥ ♥✉♥ ③✉♥ä❝❤st
✇✐❡❞❡r ③❡✐❣❡♥✱ ❞❛ss ✉♥s❡r ❱♦r❣❡❤❡♥ ❛✉❝❤ ❢ür ●❛✉ÿ✬s❝❤❡ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥❡♥
❛♥✇❡♥❞❜❛r ✐st✳ ❉❛③✉ ♥✉t③❡♥ ✇✐r ❞❡♥ ♥❛❝❤❢♦❧❣❡♥❞❡♥ ❙❛t③✿

❙❛t③ ✸✳✶✼✳ ❊s s❡✐ f(x) := gn,0(x)⋆gn,1(x)⋆gn,2(x)⋆ · · · ∈ L2 (R) ♠✐t gn,w(x) =

ϕ(w)
∑ℓw

k=−ℓw
Bn(x−k)✱ℓw = inf

{
j ∈ N0|

∑j
k=−j Bn(x− k) = 1∀x ∈ [−w;w]

}

✉♥❞ Bn (·) ❡✐♥ ✉♠ ◆✉❧❧ ③❡♥tr✐❡rt❡r ❇✲❙♣❧✐♥❡ ✈♦♠ ●r❛❞ n ✇♦❜❡✐ n,w ∈ N ✐st✳
❩✉❞❡♠ s❡✐ ϕ(a·) ❡✐♥❡ ●❛✉ÿ✬s❝❤❡ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥ ♠✐t P❛r❛♠❡t❡r a ∈ R✱
❞❛♥♥ ❡①✐st✐❡rt ❡✐♥❡ ❑♦♥st❛♥t❡ B > 0✱ s♦❞❛ss

∑

u∈Z

∣∣∣f̂(ω + 2πu)
∣∣∣
2

≤ B ✭✸✳✸✳✶✻✮

❣✐❧t✱ ✇♦❜❡✐

B =

∏w̃−1
ℓ=0 (2ℓ+ 1)

2π

w̃∏

i=1

exp
(
− (ai)

2
)2 (

(2n)2 + 2n
) w̃−1∏

ℓ=1

(2ℓη + 1)

♠✐t

η =
(n+ 1) w̃

2
, w̃ = |{w1, w2, w3,···}| , η ∈ N

✐st✳

❇❡✇❡✐s✳ ❊s ❣❡❧t❡♥ ✇❡✐t❡r❤✐♥ ❞✐❡ ❆❜s❝❤ät③✉♥❣❡♥

(2n)
2
+ 2n

sin2n+2(x)
− (2n)

2

sin2n(x)
=

(2n)
2
+ 2n− (2n)

2
sin2(x)

sin2n+2(x)
≥ 2n

sin2n+2(x)
✭✸✳✸✳✶✼✮

s♦✇✐❡

(2n)
2
+ 2n− (2n)

2
sin2(x)

sin2n+2(x)
≤ (2n)2 + 2n

sin2n+2(x)
. ✭✸✳✸✳✶✽✮

❉❛♠✐t ❜❧❡✐❜t ❞✐❡ ❘❡❦✉rs✐♦♥ ✉♥s❡r❡r ❆❜s❝❤ät③✉♥❣❡♥ ❢ür ❛❧❧❡ ❣❡r❛❞❡♥ ❆❜❧❡✐t✉♥❣❡♥
✈♦♥ S0(x) ❡r❤❛❧t❡♥✳ ❆✉s ❞❡♠ ❇❡tr❛❣sq✉❛❞r❛t ❛❧s ◆❡♥♥❡r ❞❡r ❖rt❤♦♥♦r♠❛❧❜❛s✐s

∑

u∈Z

∣∣∣∣∣
w̃−1∏

ℓ=0

(
ℓ∑

k=−ℓ

1√
2π

exp (iωη)
k

)
sinc(n+1)w̃

(ω
2
+ πu

) w̃∏

i=1

exp
(
− (ai)

2
)∣∣∣∣∣

2

♠✐t

η =
(n+ 1) w̃

2
, w̃ = |{w1, w2, w3,···}| , η ∈ N

✺✹



❢♦❧❣t

=
1

2π

w̃∏

i=1

exp
(
− (ai)

2
)2∑

u∈Z

sinc2(n+1)w̃
(ω
2
+ πu

) ∣∣∣∣∣
w̃−1∏

ℓ=1

ℓ∑

k=−ℓ

exp (iωη)
k

∣∣∣∣∣

2

=
1

2π

w̃∏

i=1

exp
(
− (ai)

2
)2

sin2(n+1)w̃
(ω
2

)
S(n+1)w̃−1

(ω
2

) ∣∣∣∣∣
w̃−1∏

ℓ=1

Dℓ (ωη)

∣∣∣∣∣

2

=

∏w̃−1
ℓ=0 2ℓ+ 1

2π

w̃∏

i=1

exp
(
− (ai)

2
)2

sin2(n+1)w̃
(ω
2

)
S(n+1)w̃−1

(ω
2

) w̃−1∏

ℓ=1

F2ℓ (ωη) .

❉✐❡ ✉♥t❡r❡ ❑♦♥st❛♥t❡ ✐st ✇✐❡❞❡r A = 0✱ ✇❛s ❛♠ ❋❡❥ér✲❑❡r♥ ❧✐❡❣t✳ ❉❛s ▼❛①✐♠✉♠
✇✐r❞ ✐♥ ❞❡r ◆✉❧❧ ❛♥❣❡♥♦♠♠❡♥✱ ✇♦r❛✉s ③✉♠ ❡✐♥❡♥

∏w̃−1
ℓ=1 F2ℓ (0) =

∏w̃−1
ℓ=1 (2ℓη + 1)

❢♦❧❣t✱ s♦✇✐❡ ❛✉s ✉♥s❡r❡♥ ❆❜s❝❤ät③✉♥❣❡♥

∏w̃−1
ℓ=1 (2ℓ+ 1)

2π

w̃∏

i=1

ϕ(i)2 sin2(n+1)w̃
(ω
2

)
S(n+1)w̃−1

(ω
2

)

≤
∏w̃−1

ℓ=1 (2ℓ+ 1)

2π

w̃∏

i=1

exp
(
− (ai)

2
)2 (

(2n)2 + 2n
)
.

❉❛r❛✉s ❡r❣✐❜t s✐❝❤ ❞❛♥♥ ❞✐r❡❦t

B =

∏w̃−1
ℓ=1 (2ℓ+ 1)

2π

w̃∏

i=1

exp
(
− (ai)

2
)2 (

(2n)2 + 2n
) w̃−1∏

ℓ=1

(2ℓη + 1) .

❲✐r rä✉♠❡♥ ❛✉❝❤ ❤✐❡r ❞✐❡ ◆✉❧❧st❡❧❧❡♥ ❞❡s ❋❡❥ér✲❑❡r♥s ♠✐t❤✐❧❢❡ ❞❡r ❉❛rst❡❧✲
❧✉♥❣ ü❜❡r s❡✐♥❡ ❋♦✉r✐❡r✲❈♦s✐♥✉s✲❘❡✐❤❡ ❛✉s ✉♥❞ ❦ö♥♥❡♥ ❞❛♠✐t ③❡✐❣❡♥✱ ❞❛ss s✐❝❤
❛✉❝❤ ❞✐❡ ●❛✉ÿ✬s❝❤❡♥ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ③✉r ❑♦♥str✉❦t✐♦♥ ✈♦♥ r❛❞✐❛❧❡♥
❇❛s✐s❢✉♥❦t✐♦♥❡♥ ❲❛✈❡❧❡ts ❡✐❣♥❡♥✳ ❲✐r ✈❡rä♥❞❡r♥ ❤✐❡r❜❡✐ Fn(x) ✇✐❡❞❡r ❞❛❤✐♥✲
❣❡❤❡♥❞✱ ❞❛ss ✇✐r ❛✉❢ ❞❛s a0 ❡✐♥❡♥ ❙tör❢❛❦t♦r ǫ > 0 ❛❞❞✐❡r❡♥✱ ✇♦❜❡✐ ❞✐❡s❡r
❙tör❢❛❦t♦r ❣❧❡✐❝❤③❡✐t✐❣ ❞❛s ▼✐♥✐♠✉♠ ✈♦♥ Fn,ǫ(x) ❞❛rst❡❧❧t✳ ❉❛♥♥ ❣✐❧t ♦✛❡♥❜❛r
limǫ→0 Fn,ǫ(x) = Fn(x), ✇♦♠✐t ❡✐♥❡ ❖rt❤♦❣♦♥❛❧✐s✐❡r✉♥❣ ♠ö❣❧✐❝❤ ✇✐r❞✳ ❍✐❡r❜❡✐
✐st s♦✇♦❤❧ ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥ ❛❧s ❛✉❝❤ ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣ ❞✐❡ ❣❧❡✐❝❤❡
✇✐❡ ✐♥ ❙❛t③ ✸✳✶✶✱ ✇♦r❛✉s ❞✐r❡❦t ❢♦❧❣t✱ ❞❛ss ❜❡✐❞❡ ❑♦♥str✉❦t✐♦♥❡♥ ❞✐❡ ❣❧❡✐❝❤❡ ❖r✲
t❤♦♥♦r♠❛❧❜❛s✐s ❞❡s L2(R) ✇✐❡ ✐♥ ❙❛t③ ✸✳✶✷ ❡r③❡✉❣❡♥✳ ❲✐❡ ✐♥ ▲♦✉✐s✴▼❛❛ss✴❘✐❡❞❡r
❬✷✸❪ ✉♥t❡r ❑♦r♦❧❧❛r ✷✳✷✳✶✸ ♥❛❝❤③✉❧❡s❡♥ ✐st✱ ✐st ❞❛s ♠✐t ❡✐♥❡r ▼❙❆ ❛ss♦③✐✐❡rt❡ ❲❛✲
✈❡❧❡t ♥✐❝❤t ❡✐♥❞❡✉t✐❣ ❜❡st✐♠♠t✳ ❉❛♠✐t ❦ö♥♥❡♥ ✇✐r✱ ♦❤♥❡ ❞❛ss ❡s ❡✐♥❡s ✇❡✐t❡r❡♥
❇❡✇❡✐s❡s ❜❡❞❛r❢✱ ❞✐r❡❦t s❡❤❡♥✱ ❞❛ss ✇✐r ❞✐❡ ❑♦♥str✉❦t✐♦♥ ✈♦♥ ●❛✉ÿ✬s❝❤❡♥ r❛❞✐❛✲
❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ❲❛✈❡❧❡ts ✐♥ ③✇❡✐ ❉✐♠❡♥s✐♦♥❡♥ s♦ ❞✉r❝❤❢ü❤r❡♥ ❦ö♥♥❡♥✱ ✇✐❡
✐♠ ✈♦r❛♥❣❡❣❛♥❣❡♥ ❑❛♣✐t❡❧✳

✺✺



✸✳✸✳✹ ❊✐♥❡ ❡①♣❧✐③✐t❡ ❑♦♥str✉❦t✐♦♥

❲✐r ✇❡r❞❡♥ ♥✉♥ ❜❡✐s♣✐❡❧❤❛❢t ❡✐♥❡ ❡①♣❧✐③✐t❡ ❑♦♥str✉❦t✐♦♥ ❡✐♥❡s ●❛✉ÿ✬s❝❤❡♥ r❛✲
❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ❲❛✈❡❧❡ts ♠✐tt❡❧s ❞❡s ❇✲s♣❧✐♥❡s ✈♦♠ ●r❛❞ 1 ✉♥❞ a = 2
❞✉r❝❤❢ü❤r❡♥✳ ❲✐r ✇ä❤❧❡♥ ❞✐❡s❡s ❇❡✐s♣✐❡❧✱ ❞❛ ❞❡r ❆✉❢✇❛♥❞ ❞❡s ❡①♣❧✐③✐t❡♥ ❆✉❢✲
s❝❤r❡✐❜❡♥s ❞❡r ❋❛❧t✉♥❣ ♠✐t ❞❡♠ ●r❛❞ ❞❡r ❇✲s♣❧✐♥❡s ❛❧s ❛✉❝❤ ♠✐t ❞❡r ❇r❡✐t❡
❞❡r r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥ ✉♥❞ ❞❡s ❞❛♠✐t ❡✐♥❤❡r❣❡❤❡♥❞❡♥ ❣röÿ❡r❡♥ ❲❡rt❡♥s w̃
st❡✐❣t✳ ❯♥s❡r❡ ❑♦♥str✉❦t✐♦♥ ❧❛✉t❡t ❞❛♥♥

f(x) = g1,0(x) ⋆ g1,1(x)

♠✐t

g1,0(x) = exp
(
− (a · 0)2

)




1 + x, ❢ür −1 < x ≤ 0

1− x, ❢ür 0 < x ≤ 1

0, ❢ür s♦♥st

✉♥❞

g1,1(x) = exp
(
− (a · 1)2

) 2∑

k=0

B1 (x+ k)

= exp
(
− (a · 1)2

)




2 + x, ❢ür −2 < x ≤ −1

1, ❢ür −1 < x ≤ 1

2− x, ❢ür 1 < x < 2

0, s♦♥st

.

❋ür f(x) ❢♦❧❣t ❞❛♥♥ ✐♥s❣❡s❛♠t✿

f(x) =

1∏

j=0

exp
(
− (a · j)2

)





1
6 (x+ 3)

3
, ❢ür −3 ≤ x < −2

1
6

(
−2x3 − 9x2 − 9x+ 3

)
, ❢ür −2 ≤ x ≤ −1

1
6

(
x3 + 6

)
, ❢ür −1 < x < 0

1
6

(
−x3 + 6

)
, ❢ür 0 ≤ x ≤ 1

1
6

(
2x3 − 9x2 + 9x+ 3

)
, ❢ür 1 < x ≤ 2

− 1
6 (x− 3)

3
, ❢ür 2 < x ≤ 3

0, s♦♥st

.

❉❛ ✇✐r ♥✐❝❤t ♥✉r ❞✐❡ ❋✉♥❦t✐♦♥ f(x) ❡①♣❧✐③✐t ❛✉❢s❝❤r❡✐❜❡♥ ✇♦❧❧❡♥✱ s♦♥❞❡r♥ ❛✉❝❤ ❞✐❡
▼❛s❦❡ ❞❡r ❋✉♥❦t✐♦♥ ❦❡♥♥❡♥ ✇♦❧❧❡♥✱ ✉♠ ❞❛♥♥ ❡①♣❧✐③✐t ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐❝❤✉♥❣
❛✉❢③✉s❝❤r❡✐❜❡♥✱ ❢❛❤r❡♥ ✇✐r ❞❛♠✐t ③✉♥ä❝❤st ❢♦rt✳ ❆✉s ❞❡r ❍❛❛r✲❋✉♥❦t✐♦♥ ✭✸✳✸✳✹✮
❡r❣❡❜❡♥ s✐❝❤ ③✉♥ä❝❤st ❞✐❡ ▼❛s❦❡♥ ✉♥s❡r❡r ❋✉♥❦t✐♦♥❡♥ g1,0(x) ✉♥❞ g1,1(x)✱ ✇♦❜❡✐
✇✐r ❞❡r Ü❜❡rs✐❝❤t❧✐❝❤❦❡✐t ❤❛❧❜❡r

√
2 ③✉♥ä❝❤st ✈❡r♥❛❝❤❧äss✐❣❡♥✳

✺✻



❋ür ✉♥s❡r❡ ❋✉♥❦t✐♦♥❡♥ ❢♦❧❣t✿

g1,0(x) =
1

2
g1,0(2x− 1) + g1,0(2x) +

1

2
g1,0(2x+ 1)

✉♥❞

g1,1(x) =
1

2
(g1,1(2x− 2) + g1,1(2x− 1) + g1,1(2x+ 1) + g1,1(2x+ 2))

❲✐r ✇ä❤❧❡♥ ♥✉♥ ❢ür ❞✐❡ ❉❛rst❡❧❧✉♥❣ ❞❡r ▼❛s❦❡♥ ❡✐♥❡ ❦♦♠♣❛❦t❡r❡ ✉♥❞ ✐♥ ❞❡r
▲✐t❡r❛t✉r ❤ä✉✜❣ ❛♥③✉tr❡✛❡♥❞❡ ❙❝❤r❡✐❜✇❡✐s❡✳ ❉✐❡s❡ ❧❛✉t❡t ✇✐❡ ❢♦❧❣t✿

❋ür g0,1(x) :
(
···, 0, 0, 0,

1
2 , 1,

1
2 , 0, 0, 0, ···

)

❋ür g0,2(x) :
(
···, 0, 0,

1
2 ,

1
2 , 0,

1
2 ,

1
2 , 0, 0, ···

)

❉✐❡s❡ ❋♦r♠ ❣✐❜t ✐♠ ❆❧❧❣❡♠❡✐♥❡♥ ❞✐❡ ❑♦❡✣③✐❡♥t❡♥ ❞❡r ▼❛s❦❡♥ ✇✐❡❞❡r✱ ❛❧s ❛✉❝❤
❞✐❡ P♦s✐t✐♦♥ ❞❡r ❣❛♥③③❛❤❧✐❣❡♥ ❚r❛♥s❧❛t❡✳ ❍✐❡r❜❡✐ ✇✐r❞ st❛♥❞❛r❞♠äss✐❣ ✈♦♥ ❞❡r
❩❡♥tr✐❡r✉♥❣ ✉♠ (2x+ 0) ❛✉s❣❡❣❛♥❣❡♥✳ ▼✐t❤✐❧❢❡ ❞❡r ❞✐s❦r❡t❡♥ ❋❛❧t✉♥❣ ❡r❤❛❧t❡♥
✇✐r ❞✐❡ ▼❛s❦❡ ❞❡r ❣❡❢❛❧t❡t❡♥ ❋✉♥❦t✐♦♥ f(x)✿

(
···, 0,

1

8
,
3

8
,
3

8
,
1

4
,
3

8
,
3

8
,
1

8
, 0, ···

)

❊①♣❧✐③✐t ❜❡❞❡✉t❡t ❞❛s ❢ür ✉♥s❡r❡ ❋✉♥❦t✐♦♥ f(x) :

f(x) =
1

8
f(2x− 3) +

3

8
f(2x− 2)

+
3

8
f(2x− 1) +

1

4
f(2x) +

3

8
f(2x+ 1) +

3

8
f(2x+ 2) +

1

8
f(2x+ 3).

❲✐r ❜❡st✐♠♠❡♥ ♥✉♥ ❞✐❡ ❋♦✉r✐❡r✲❚r❛♥s❢♦r♠❛t✐♦♥ F (f(x)) ✉♥❞ ❡r❤❛❧t❡♥✿

f̂ (x) = F (f(x)) = F (g1,0(x) ⋆ g1,1(x)) = F (g1,0(x))F (g1,1(x))

=
ζ√
2π

(
sinc2

(x
2

))(
sinc2

(x
2

) 1∑

k=−1

exp (ixk)

)

=
ζ√
2π

sinc4
(x
2

)
D1 (x) = Q(x) · f̂

(x
2

)

♠✐t

f̂
(x
2

)
=

ζ√
2π

sinc4
(x
4

)
D1

(x
2

)
s♦✇✐❡ Q(x) = cos3

(
x
2

)
cos
(
3x
2

)

✺✼



✉♥❞

ζ =
1∏

j=0

exp
(
− (a · j)2

)
.

❲✐r ❜❡st✐♠♠❡♥
∑

u∈Z

∣∣∣f̂(x+ 2πu)
∣∣∣
2

✉♥❞ ❡r❤❛❧t❡♥✿

∑

u∈Z

∣∣∣∣
ζ√
2π

sinc4
(x
2
+ πu

)
D1 (x)

∣∣∣∣
2

=
ζ2

2π

∑

u∈Z

sinc8
(x
2
+ πu

)
|D1 (x)|2

=
3ζ2

2π

∑

u∈Z

sinc8
(x
2
+ πu

)
F2 (x) =

3ζ2

2π
sin8

(x
2

)
S3

(x
2

)
F2,ǫ (x)

❉❛♠✐t ❧ässt s✐❝❤ ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥ ˆ̃
f(x) ü❜❡r ❞✐❡ ❢♦❧❣❡♥❞❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐✲

❝❤✉♥❣ ❞❛rst❡❧❧❡♥✿

ˆ̃
f(x) =

ζ√
2π

sinc4
(
x
2

)
D1 (x)√

3ζ2

2π sin8
(
x
2

)
S3

(
x
2

)
F2,ǫ (x)

=

24 sin4( x
4 ) cos

4( x
4 ) sin(

3x
4 ) cos(

3x
4 )

( x
4 )

4
sin( x

4 ) cos(
x
4 )√

3S3

(
x
2

)
28 sin8

(
x
4

)
cos8

(
x
4

) sin2( 3x
4 ) cos2(

3x
4 )

3 sin2( x
4 ) cos2(

x
4 )

=
sinc4

(
x
4

)
D1

(
x
2

)
cos3

(
x
4

)
cos
(
3x
4

)
√
3S3

(
x
2

)
sin8

(
x
4

)
F2,ǫ

(
x
2

)
cos6

(
x
4

)
cos2

(
3x
4

) = Q̃ (x) · ˆ̃f
(x
2

)

❍✐❡r❜❡✐ ✐st

ˆ̃
f
(x
2

)
=

sinc4
(
x
4

)
D1

(
x
2

)
√
3S3

(
x
4

)
sin8

(
x
4

)
F2,ǫ

(
x
2

) s♦✇✐❡ Q̃ (x) =

√

S3( x
4 ) cos

3( x
4 ) cos(

3x
4 )

√

S3( x
2 )|cos3( x

4 ) cos(
3x
4 )|

.

❯♠ ♥✉♥ ❞❛s ♦rt❤♦❣♦♥❛❧❡ ❲❛✈❡❧❡t ❛✉❝❤ ✐♠ ❩❡✐t❜❡r❡✐❝❤ ③✉ ❡r❤❛❧t❡♥✱ ✇♦❧❧❡♥ ✇✐r ③✉✲
♥ä❝❤st ✉♥s❡r❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥ ✐♠ ❩❡✐t❜❡r❡✐❝❤ ❜❡st✐♠♠❡♥✳ ❉❛❤❡r ❡♥t✇✐❝❦❡❧♥

✇✐r
∑

u∈Z

∣∣∣f̂(x+ 2πu)
∣∣∣
2

❛❧s ❋♦✉r✐❡r✲❈♦s✐♥✉s✲❘❡✐❤❡

1√
3ζ2

2π sin8
(
x
2

)
S3

(
x
2

)
F2,ǫ (x)

=
∑

k∈Z

ck exp (ixk)

♠✐t

ck = c−k =
2

π

ˆ π

0

cos (kx)√
3ζ2

2π

(
1− 4S−1

0 ( x
2 )

3 +
2S−2

0 ( x
2 )

5 − 4S−3
0 ( x

2 )
315

)
F2,ǫ (x)

dx, k ∈ N0.

✺✽



❉✐❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥ ✐st ❞❛♥♥ ✐♠ ❩❡✐t❜❡r❡✐❝❤ ❣❡❣❡❜❡♥ ❞✉r❝❤✿

φ(x) =
∑

k∈Z

ckf(x− k)

❲✐r ❜❡♥öt✐❣❡♥ ♥✉♥ ♥♦❝❤ ❞✐❡ ❲❛✈❡❧❡t❦♦❡✣③✐❡♥t❡♥ hr ∈ R ✐♥ ❞❡r ❉❛rst❡❧❧✉♥❣✿

H(x) =
1√
2

∑

r∈Z

hr exp (−irx) ✭✸✳✸✳✶✾✮

❩✉♥ä❝❤st ❢♦❧❣t✿

H(x) =
ˆ̃
f(2x)

ˆ̃
f(x)

=
f̂ (2x)

f̂ (x)

√
sin8

(
x
2

)
S3

(
x
2

)
F2,ǫ (x)

sin8 (x)S3 (x)F2,ǫ (2x)

= cos3
(x
2

)
cos

(
3x

2

)√
sin8

(
x
2

)
S3

(
x
2

)
F2,ǫ (x)

sin8 (x)S3 (x)F2,ǫ (2x)
= Q(x)

√
sin8

(
x
2

)
S3

(
x
2

)
F2,ǫ (x)

sin8 (x)S3 (x)F2,ǫ (2x)
.

❉❛♥♥ ❡♥t✇✐❝❦❡❧♥ ✇✐r ❞❡♥ ❲✉r③❡❧❛✉s❞r✉❝❦ ♥❛❝❤ ❋♦✉r✐❡r ✉♥❞ ❡r❤❛❧t❡♥✿
√

sin8
(
x
2

)
S3

(
x
2

)
F2,ǫ (x)

sin8 (x)S3 (x)F2,ǫ (2x)
=
∑

k∈Z

qk exp (−ikx) ✭✸✳✸✳✷✵✮

♠✐t

qk = q−k =
2

π

ˆ π

0

√
sin8

(
x
2

)
S3

(
x
2

)
F2,ǫ (x)

sin8 (x)S3 (x)F2,ǫ (2x)
cos (kx) dx, k ∈ N0.

❊✐♥ ❑♦❡✣③✐❡♥t❡♥✈❡r❣❧❡✐❝❤ ✈♦♥ ✭✸✳✸✳✶✾✮ ✉♥❞ ✭✸✳✸✳✷✵✮ ❧✐❡❢❡rt ❞❛♥♥ ❞✐❡ ❲❛✈❡❧❡t❦♦✲
❡✣③✐❡♥t❡♥ ✉♥❞ ❡s ❣✐❧t

hr =
√
2

3∑

k=−3

akqr+k

♠✐t

ak =





1
8 , ❢ür k ∈ {−3, 3}
3
8 , ❢ür k ∈ {−2,−1, 1, 2}
1
4 , ❢ür k = 0

0, s♦♥st

.

❉✐❡ ❲❡rt❡ ✈♦♥ ak st❛♠♠❡♥ ❤✐❡r❜❡✐ ❛✉s ❞❡r ③✉ ❇❡❣✐♥♥ ❞❡r ❑♦♥str✉❦t✐♦♥ ❡r♠✐t✲
t❡❧t❡♥ ▼❛s❦❡ ✈♦♥ f(x)✳ ❉❛s ❲❛✈❡❧❡t ❡r❣✐❜t s✐❝❤ ❞❛♥♥ ✜♥❛❧ ❞✉r❝❤✿

ψ (x) =
∑

k∈Z

(−1)
k−1

h−k−1φ(2x− k)

✺✾







✹ ❆♥✇❡♥❞✉♥❣❡♥

■♥ ❞✐❡s❡♠ ❑❛♣✐t❡❧ ✇♦❧❧❡♥ ✇✐r ♥✉♥ ✉♥s❡r❡ ❜✐s❤❡r ❡r❛r❜❡✐t❡t❡ ❚❤❡♦r✐❡ ❞❡r r❛❞✐❛❧❡♥
❇❛s✐s❢✉♥❦t✐♦♥❡♥ ❲❛✈❡❧❡ts ❛✉❢ ✜♥❛♥③♠❛t❤❡♠❛t✐s❝❤❡ Pr♦❜❧❡♠❡ ❛♥✇❡♥❞❡♥✳ ❲✐r
✇♦❧❧❡♥ ❞✐❡s s♣❡③✐❡❧❧ ✐♠ ●❡❜✐❡t ❞❡r ❖♣t✐♦♥s♣r❡✐st❤❡♦r✐❡ t✉♥✱ ✇♦❜❡✐ ✇✐r ✉♥s ❛✉❢
❞❛s ▲ös❡♥ ✈♦♥ ♣❛rt✐❡❧❧❡♥ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥ ✭P❉❊ ✮ ❛✉s ❞❡r ❖♣t✐♦♥s♣r❡✐s✲
t❤❡♦r✐❡ ❦♦♥③❡♥tr✐❡r❡♥ ✇❡r❞❡♥✳ ❲✐r ✇❡r❞❡♥ ③✉♥ä❝❤st ❞✐❡ ❦❧❛ss✐s❝❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s✲
▼❡rt♦♥ P❉❊✱ ❍❛✉s♠❛♥♥ ❬✷✶❪ ❡t ❛❧✳ ♠✐t ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡♥ ❊♥❞✇❡rt❜❡❞✐♥❣✉♥❣❡♥
❜❡tr❛❝❤t❡♥✳ ■♠ ❆♥s❝❤❧✉ss ❞❛r❛♥ ✇✐r❞ ❞✐❡ P❉❊ ✈♦♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ❬✽❪ ❜❡✲
tr❛❝❤t❡t✳ ❍✐❡r❜❡✐ st❡❧❧t ❞❛s ▼♦❞❡❧❧ ✈♦♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ❡✐♥❡ ❊r✇❡✐t❡r✉♥❣ ❞❡s
❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥✲▼♦❞❡❧❧s ❞❛r✱ ✇❡❧❝❤❡ ❞❡♥ ❆✉s❢❛❧❧ ❞❡r ❜❡✐❞❡♥ ❤❛♥❞❡❧♥❞❡♥
P❛rt❡✐❡♥ ❛❧s ③✉sät③❧✐❝❤❡ ❋❛❦t♦r❡♥ ✐♠ ▼♦❞❡❧❧ ❜❡❤❛♥❞❡❧t✳ ❉❛❜❡✐ ✐st ❞✐❡ ❇❧❛❝❦✲
❙❝❤♦❧❡s✲▼❡rt♦♥ P❉❊ ❡✐♥❡ ❧✐♥❡❛r❡ P❉❊ ✉♥❞ ❞✐❡ ❡r✇❡✐t❡rt❡ P❉❊ ✈♦♥ ❇✉r❣❛r❞
✉♥❞ ❑❥❛❡r ❡✐♥❡ ♥✐❝❤t ❧✐♥❡❛r❡ P❉❊✳

✹✳✶ ❉❛s ❦❧❛ss✐s❝❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥✲▼♦❞❡❧❧

❉❡r ❆✉s❣❛♥❣s♣✉♥❦t ❞❡r ❇❡tr❛❝❤t✉♥❣ s♦❧❧ ✐♠ ❦❧❛ss✐s❝❤❡♥ ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥✲
▼♦❞❡❧❧ ❞✐❡ ❢♦❧❣❡♥❞❡ ♣❛r❛❜♦❧✐s❝❤❡ ♣❛rt✐❡❧❧❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ❢ür t ∈ [0, T ] ③✉
❣❡❣❡❜❡♥❡r ❊♥❞✇❡rt❜❡❞✐♥❣✉♥❣ s❡✐♥✿

rV =
∂V

∂t
+ (r − q)S

∂V

∂S
+

1

2
σ2S2 ∂

2V

∂S2
✭✹✳✶✳✶✮

❍✐❡r❜❡✐ ✐st r, q, σ, S, t ∈ R+
0 ✉♥❞ ✇✐r ♥❡♥♥❡♥ V (S, t) : R2 → R ❞❡♥ ❢❛✐r❡♥ ❛r❜✐✲

tr❛❣❡❢r❡✐❡♥ Pr❡✐s ❡✐♥❡s ❉❡r✐✈❛t❡s ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ❞❡s ❆❦t✐❡♥❦✉rs❡s S ✉♥❞ ❞❡s
❩❡✐t♣✉♥❦t❡s t. ❉❡s ❲❡✐t❡r❡♥ ✐st σ ❞✐❡ ❱♦❧❛t✐❧✐tät✱ r ❞❡r r✐s✐❦♦❧♦s❡ ❩✐♥s ✉♥❞ q ❞✐❡
st❡t✐❣❡ ❉✐✈✐❞❡♥❞❡✳ ❲✐r ✇♦❧❧❡♥ ♥✉♥ ③✉♥ä❝❤st ❞✐❡ ❡①❛❦t❡ ▲ös✉♥❣ ❞✐❡s❡r P❉❊ ❢ür
❞✐❡ ❊♥❞✇❡rt❜❡❞✐♥❣✉♥❣❡♥ ❡✐♥❡s ❡✉r♦♣ä✐s❝❤❡♥ ❈❛❧❧s Ce(T ) = max {S −K, 0} ✉♥❞
❡✐♥❡s ❡✉r♦♣ä✐s❝❤❡♥ P✉ts Pe(T ) = max {K − S, 0} ❛♥❣❡❜❡♥✳ ■♠ ❆♥s❝❤❧✉ss ❞❛r❛♥
✇❡r❞❡♥ ✇✐r ❞✐❡ ❛♥❛❧②t✐s❝❤❡ ▲ös✉♥❣ ❡✐♥❡s ❋♦r✇❛r❞s ✭Ce − Pe✮ ♠✐t ❞❡r ▲ös✉♥❣
❡✐♥❡r ❆❞♦♠✐❛♥✲❘❇❋✲❲❛✈❡❧❡t✲▼❡t❤♦❞❡ ✈❡r❣❧❡✐❝❤❡♥✳ ❉✐❡ ❛♥❛❧②t✐s❝❤❡ ▲ös✉♥❣ ❞❡r
P❉❊ ✇✐r❞ ü❜❡r ❡✐♥❡ ❚r❛♥s❢♦r♠❛t✐♦♥ ❛✉❢ ❞✐❡ ❲är♠❡❧❡✐t✉♥❣s❣❧❡✐❝❤✉♥❣ ❜❡st✐♠♠t✳
❊s ❣✐❜t ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡ ▼ö❣❧✐❝❤❦❡✐t❡♥ ❡✐♥❡r ❚r❛♥s❢♦r♠❛t✐♦♥ ❛✉❢ ❞✐❡ ❲är♠❡❧❡✐✲
t✉♥❣s❣❧❡✐❝❤✉♥❣✱ ✇♦❜❡✐ ✇✐r ❡✐♥❡♥ ❛❧❧❣❡♠❡✐♥❡♥ ❆♥s❛t③ ❢ür ♣❛r❛❜♦❧✐s❝❤❡ ❉✐✛❡r❡♥t✐✲
❛❧❣❧❡✐❝❤✉♥❣❡♥ ✈❡r✇❡♥❞❡♥ ✇♦❧❧❡♥✳ ❉✐❡ ▲ös✉♥❣ ❞❡r ❲är♠❡❧❡✐t✉♥❣s❣❧❡✐❝❤✉♥❣ ✇✐r❞
❞❛♥♥ ♠✐tt❡❧s ❋♦✉r✐❡r✲❚r❛♥s❢♦r♠❛t✐♦♥ ❜❡st✐♠♠t✳ ❲✐r s❡t③❡♥ ③✉♥ä❝❤st

S = K · exp (x) , V (S, t) = K · v (x, τ) , τ =
1

2
(T − t)σ2, K ∈ R

✉♥❞ ❧❡✐t❡♥ V (S, t) ♣❛rt✐❡❧❧ ❛❜✿

∂V

∂t
= K

∂v

∂τ

∂τ

∂t
= −Kσ

2

2

∂v

∂τ

∂V

∂S
= K

∂v

∂x

∂x

∂S
= K

∂v

∂x

∂

∂S
log

(
S

K

)
=
K

S

∂v

∂x

✻✷



∂2V

∂S2
=

∂

∂S

(
K

S

∂v

∂x

)
= −K

S2

∂v

∂x
+
K

S

∂

∂S

∂v

∂x
= −K

S2

∂v

∂x
+
K

S2

∂2v

∂x2

❉✐❡s s❡t③❡♥ ✇✐r ♥✉♥ ✐♥ ❞✐❡ ●❧❡✐❝❤✉♥❣ ✭✹✳✶✳✶✮ ❡✐♥ ✉♥❞ ❡r❤❛❧t❡♥

∂v

∂τ
=
∂2v

∂x2
+ a

∂v

∂x
+ bv ✭✹✳✶✳✷✮

♠✐t

a =

(
2 (r − q)

σ2
− 1

)
✉♥❞ b = − 2r

σ2
= −

(
1 +

2q

σ2
+ a

)

❲✐r ✈❡r✇❡♥❞❡♥ ♥✉♥ ❡✐♥❡♥ ❛❧❧❣❡♠❡✐♥❡♥ ❆♥s❛t③ ③✉r ▲ös✉♥❣ ♣❛r❛❜♦❧✐s❝❤❡r ♣❛r✲
t✐❡❧❧❡r ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥✱ ♠✐t❤✐❧❢❡ ❞❡ss❡♥ s✐❝❤ ❞✐❡ P❉❊ ✭✹✳✶✳✷✮ ✇❡✐t❡r ❛✉❢
❞✐❡ ❦❧❛ss✐s❝❤❡ ❲är♠❡❧❡✐t✉♥❣s❣❧❡✐❝❤✉♥❣ r❡❞✉③✐❡r❡♥ ❧ässt✳ ❍✐❡r❢ür ❞❡✜♥✐❡r❡♥ ✇✐r
v (x, τ) ✇✐❡ ❢♦❧❣t✿

v (x, τ) = f (τ) · g (x) · h (x, τ) ✭✹✳✶✳✸✮

▼✐t❤✐❧❢❡ ❞✐❡s❡s ❆♥s❛t③❡s ❦ö♥♥❡♥ ✇✐r ❞✐❡ P❉❊ ✭✹✳✶✳✷✮ ❞✉r❝❤ ▲ös❡♥ ✈♦♥ ③✇❡✐ ❣❡✲
✇ö❤♥❧✐❝❤❡♥ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥ ❛✉❢ ❞✐❡ ❦❧❛ss✐s❝❤❡ ❲är♠❡❧❡✐t✉♥❣s❣❧❡✐❝❤✉♥❣
③✉rü❝❦❢ü❤r❡♥✳ ❲✐r ❜❡st✐♠♠❡♥ ③✉♥ä❝❤st ✇✐❡❞❡r ❞✐❡ ♣❛rt✐❡❧❧❡♥ ❆❜❧❡✐t✉♥❣❡♥

∂v

∂τ
=
df

dτ
g · h+ f · g ∂h

∂τ
,

∂v

∂x
= f

dg

dx
h+ f · g ∂h

∂x
,

∂2v

∂x2
=

d

dx

(
f
dg

dx
h+ f · g ∂h

∂x

)
= f

d2g

dx2
h+ 2 · f dg

dx

∂h

∂x
+ f · g ∂

2h

∂x2

✉♥❞ s❡t③❡♥ ❞✐❡s❡ ✐♥ ✉♥s❡r❡ ●❧❡✐❝❤✉♥❣ ✭✹✳✶✳✷✮ ❡✐♥✿

df

dτ
g ·h+f ·g ∂h

∂τ
= f

d2g

dx2
h+2 ·f dg

dx

∂h

∂x
+f ·g ∂

2h

∂x2
+a

(
f
dg

dx
h+ f · g ∂h

∂x

)
+bfgh

✭✹✳✶✳✹✮

◆✉♥ ♦r❞♥❡♥ ✇✐r ✭✹✳✶✳✹✮ ♥❛❝❤ ❞❡r ❋✉♥❦t✐♦♥ h(x, τ) ✉♥❞ ❞❡r❡♥ ❆❜❧❡✐t✉♥❣❡♥ ✉♠
✉♥❞ ❡r❤❛❧t❡♥✿

f ·g ∂h
∂τ

= f ·g ∂
2h

∂x2
+
∂h

∂x

(
2 · f dg

dx
+ a · f · g

)
+h

(
− df

dτ
g + f

d2g

dx2
+ a · f · dg

dx
+ bfg

)

❲✐r t❡✐❧❡♥ ❞✉r❝❤ f · g ✉♥❞ ❡r❤❛❧t❡♥✿

∂h

∂τ
=
∂2h

∂x2
+
∂h

∂x

(
2 · g−1 dg

dx
+ a

)
+ h

(
− df

dτ
f−1 + g−1 d

2g

dx2
+ a · g−1 · dg

dx
+ b

)

✻✸



❉❛ ✇✐r ❞✐❡ ❚r❛♥s❢♦r♠❛t✐♦♥ ❛✉❢ ❞✐❡ ❲är♠❡❧❡✐t✉♥❣s❣❧❡✐❝❤✉♥❣ ❛♥str❡❜❡♥✱ ♠✉ss
♦✛❡♥❜❛r

2 · g−1 dg

dx
+ a = 0

s♦✇✐❡

− df

dτ
f−1 + g−1 d

2g

dx2
+ a · g−1 · dg

dx
+ b = 0

❣❡❧t❡♥✳ ❉✐❡ ▲ös✉♥❣ ❞✐❡s❡r ❣❡✇ö❤♥❧✐❝❤❡♥ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥ ❡r❤❛❧t❡♥ ✇✐r ❞✐✲
r❡❦t ❞✉r❝❤ ❧♦❣❛r✐t❤♠✐s❝❤❡ ■♥t❡❣r❛t✐♦♥✱ s♦❞❛ss ❣✐❧t✿

g(x) = c1 exp
(
−a · x

2

)

s♦✇✐❡

f(τ) = c2 exp

(
−a

2τ

4
+ bτ

)
.

❉❛s ❤❡✐ÿt✱ ❞✐❡ ❚r❛♥s❢♦r♠❛t✐♦♥ ❞❡s ❢❛✐r❡♥ ❛r❜✐tr❛❣❡❢r❡✐❡♥ Pr❡✐s❡s ❡✐♥❡s ❉❡r✐✈❛t❡s
✭✹✳✶✳✶✮ ❡r❢ü❧❧t ❞✐❡ ❦❧❛ss✐s❝❤❡ ❤♦♠♦❣❡♥❡ ❲är♠❡❧❡✐t✉♥❣s❣❧❡✐❝❤✉♥❣

∂h

∂τ
=
∂2h

∂x2
, x ∈ R, τ ∈

[
0,
σ2T

2

]
,

♠✐t S = K · exp (x) , τ = 1
2 (T − t)σ2 s♦✇✐❡ a =

(
2(r−q)

σ2 − 1
)
, b = − 2r

σ2 ✉♥❞

V (S, t) = K ·v (x, τ) = K ·exp
(
−
(
a2

4
+ 1 +

2q

σ2
+ a

)
τ

)
exp

(
−ax

2

)
·h (x, τ) .

✭✹✳✶✳✺✮

❲✐r ✇♦❧❧❡♥ ❞✐❡s❡ ●❧❡✐❝❤✉♥❣ ♥✉♥ ❡①♣❧✐③✐t ♠✐t ❆♥❢❛♥❣s❜❡❞✐♥❣✉♥❣ h (x, 0) ♠✐tt❡❧s
❋♦✉r✐❡r✲❚r❛♥s❢♦r♠❛t✐♦♥ ❧ös❡♥✳ ❉✐❡ ❋♦✉r✐❡r✲❚r❛♥s❢♦r♠❛t✐♦♥ ❞❡r ❦❧❛ss✐s❝❤❡♥ ❤♦✲
♠♦❣❡♥❡♥ ❲är♠❡❧❡✐t✉♥❣s❣❧❡✐❝❤✉♥❣ ✐st ❣❡❣❡❜❡♥ ❞✉r❝❤✿

∂ĥ

∂τ
= −y2ĥ

❉✐❡ ▲ös✉♥❣ ❞✐❡s❡r ●❧❡✐❝❤✉♥❣ ✐st

ĥ (y, τ) = ĥ (y, 0) exp
(
−y2τ

)
,

✇♦❜❡✐ ĥ (y, 0) ❞✐❡ ❋♦✉r✐❡r✲❚r❛♥s❢♦r♠✐❡rt❡ ❞❡r ❆♥❢❛♥❣s❜❡❞✐♥❣✉♥❣ h (x, 0) ✐st✳ ❯♠
♥✉♥ h (x, τ) ③✉ ❡r❤❛❧t❡♥✱ ✇❡♥❞❡♥ ✇✐r ❞✐❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r✲❚r❛♥s❢♦r♠❛t✐♦♥ ❛♥ ✉♥❞
s❡t③❡♥ ③✉♥ä❝❤st

ĥ1 (y, τ) = exp
(
−y2τ

)
⇒ h1 (y, τ) =

1√
2τ

exp

(−x2
4τ

)

✻✹



s♦✇✐❡

ĥ2 (y, τ) = ĥ (y, 0) ⇒ h2 (y, τ) = h (x, 0) .

❉❛ ❞✐❡ ❋❛❧t✉♥❣ ✈♦♥ ③✇❡✐ ❋✉♥❦t✐♦♥❡♥ ✐♠ ❩❡✐t❜❡r❡✐❝❤ ❞❡r ▼✉❧t✐♣❧✐❦❛t✐♦♥ ✐♠ ❇✐❧❞✲
❜❡r❡✐❝❤ ❡♥ts♣r✐❝❤t✱ ❡r❤❛❧t❡♥ ✇✐r h (x, τ) ü❜❡r ❞❡♥ ❋❛❧t✉♥❣ss❛t③ ♠✐tt❡❧s

h (x, τ) = (h1 ⋆ h2) (x, τ) =
1√
2π

ˆ ∞

−∞
h1 (x− u, τ)h2 (u, τ) du

=
1√
4πτ

ˆ ∞

−∞
exp

(
− (x− u)

2

4τ

)
h (u, 0) du.

❲✐r ❦ö♥♥❡♥ ❞❛s ■♥t❡❣r❛❧ ❛❧s♦ ❧ös❡♥✱ ✇❡♥♥ ✇✐r ❞✐❡ ❆♥❢❛♥❣s❜❡❞✐♥❣✉♥❣ h (u, 0) ❦❡♥✲
♥❡♥✳ ❉❛ s✐❝❤ τ = 1

2 (T − t)σ2 = 0 ❣❡♥❛✉ ❞❛♥♥ ❡r❣✐❜t✱ ✇❡♥♥ t = T ❣✐❧t✱ ❜❡♥öt✐❣❡♥
✇✐r ♥✉♥ ❞✐❡ ❆✉s③❛❤❧✉♥❣s♣r♦✜❧❡ ✉♥s❡r❡r ❉❡r✐✈❛t❡ ❜❡✐ ❊♥❞❢ä❧❧✐❣❦❡✐t✱ ✉♠ ❞❛s ■♥✲
t❡❣r❛❧ ③✉ ❜❡st✐♠♠❡♥✳ ❋ür ❡✉r♦♣ä✐s❝❤❡ ❈❛❧❧✴P✉t ❖♣t✐♦♥❡♥ ✐st ❞✐❡ ❆✉s③❛❤❧✉♥❣
❣❡❣❡❜❡♥ ❞✉r❝❤ max {α (S −K) , 0}✱ ✇♦❜❡✐ α = 1 ❡✐♥❡♠ ❡✉r♦♣ä✐s❝❤❡♥ ❈❛❧❧ ✉♥❞
α = −1 ❡✐♥❡♠ ❡✉r♦♣ä✐s❝❤❡♥ P✉t ❡♥ts♣r✐❝❤t✳ ❋ür h (u, 0) ❢♦❧❣t ❞❛♥♥ ③✉s❛♠♠❡♥
♠✐t ●❧❡✐❝❤✉♥❣ ✭✹✳✶✳✺✮✿

h (u, 0) =
1

K
exp

(au
2

)
V (K · exp (u) , T )

=
1

K
exp

(au
2

)
max {α (K · exp (u)−K) , 0}

= max
{
α
(
exp

((a
2
+ 1
)
u
)
− exp

(au
2

))
, 0
}

❲❡♥♥ ✇✐r ♥✉♥ ❞❛s ■♥t❡❣r❛❧

h (x, τ) =
1√
4πτ

ˆ ∞

−∞
exp

(
− (x− u)

2

4τ

)
max

{
α
(
exp

((a
2
+ 1
)
u
)
− exp

(au
2

))
, 0
}
du

❧ös❡♥ ✉♥❞ ✐♥ ●❧❡✐❝❤✉♥❣ ✭✹✳✶✳✺✮ ❡✐♥s❡t③❡♥✱ ❡r❤❛❧t❡♥ ✇✐r ❞✐❡ ❢❛✐r❡♥ ❛r❜✐tr❛❣❡❢r❡✐❡♥
Pr❡✐s❡ ❡✉r♦♣ä✐s❝❤❡r ❈❛❧❧s (α = 1) ✉♥❞ ❡✉r♦♣ä✐s❝❤❡r P✉ts(α = −1) ❞✉r❝❤

V (S, t) = αS exp (−q (T − t)) Φ (αd1)− αK exp (−r (T − t)) Φ (αd2) ✭✹✳✶✳✻✮

♠✐t

d1 =
log
(
S
K

)
+ (T − t)

(
r − q − σ2

2

)

σ
√
T − t

, d2 =
log
(
S
K

)
+ (T − t)

(
r − q + σ2

2

)

σ
√
T − t

s♦✇✐❡

Φ (x) =
1√
2π

ˆ x

−∞
exp

(
−y

2

2

)
dy.

✻✺



✹✳✷ ❉❛s P♦st✲❈r✐s✐s ▼♦❞❡❧❧ ♥❛❝❤ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r

❲✐r ✇♦❧❧❡♥ ♥✉♥ ❞✐❡ P♦st✲❈r✐s✐s ❲❡❧t ❜❡tr❛❝❤t❡♥✱ ✐♥ ❞❡r ❡s ♠ö❣❧✐❝❤ ✐st✱ ❞❛ss ❜❡✐❞❡
❜❡t❡✐❧✐❣t❡♥ P❛rt❡✐❡♥ ✇ä❤r❡♥❞ ❞❡r ▲❛✉❢③❡✐t ❞❡s ●❡s❝❤ä❢ts ✐♥ ❑♦♥❦✉rs ❣❡❤❡♥ ❦ö♥✲
♥❡♥✳ ❲✐r ❦♦♥③❡♥tr✐❡r❡♥ ✉♥s ❞❛❜❡✐ ❛✉❢ ❞✐❡ ❞✉r❝❤ ❞❡♥ ❙❡♠✐✲❘❡♣❧✐❦❛t✐♦♥s✲❆♥s❛t③
❡♥tst❡❤❡♥❞❡ P❉❊ ♥❛❝❤ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ❬✼✱ ✽❪✳ ❲✐r ✇❡r❞❡♥ ③✉♥ä❝❤st ♠✐t❤✐❧❢❡
❞❡s ❙❡♠✐✲❘❡♣❧✐❦❛t✐♦♥s✲❆♥s❛t③❡s ❞✐❡ P❉❊ ❤❡r❧❡✐t❡♥✳ ❲✐r ❜❡tr❛❝❤t❡♥ ❡✐♥ ❉❡r✐✲
✈❛t✱ ❞❛s ♠ö❣❧✐❝❤❡r✇❡✐s❡ ✭♥✐❝❤t ③✇❛♥❣s✇❡✐s❡✮ ❜❡s✐❝❤❡rt ✐st✳ ❉✐❡s❡r ❱❡rtr❛❣ ③✇✐✲
s❝❤❡♥ ❡✐♥❡♠ ❊♠✐tt❡♥t❡♥ B ✉♥❞ ❡✐♥❡♠ ❑♦♥tr❛❤❡♥t❡♥ C✱ ♠✐t ❡✐♥❡♠ ö❦♦♥♦♠✐s❝❤❡♥
❲❡rt Ṽ, ❜❡✐♥❤❛❧t❡t ❞❛s ❆✉s❢❛❧❧r✐s✐❦♦ ❞❡r ●❡❣❡♥♣❛rt❡✐ s♦✇✐❡ ❡✈❡♥t✉❡❧❧ ❡♥tst❡❤❡♥❞❡
◆❡tt♦❦❛♣✐t❛❧❦♦st❡♥✱ ❞✐❡ ❞❡r ❊♠✐tt❡♥t ✈♦r ❡✐♥❡♠ ❡✐❣❡♥❡♥ ❆✉s❢❛❧❧ ❡r❧❡✐❞❡♥ ❦❛♥♥✳
◆❛❝❤❢♦❧❣❡♥❞ ❜❡s❝❤r❡✐❜❡♥ ✇✐r ❡✐♥❡ ❛❧❧❣❡♠❡✐♥❡ ❙❡♠✐✲❘❡♣❧✐❦❛t✐♦♥s✲❙tr❛t❡❣✐❡✱ ❞✐❡
❞❡r ❊♠✐tt❡♥t ✭❞❡r ❊♠✐tt❡♥t ❞❡s ❉❡r✐✈❛ts✮ ③✉r ❆❜s✐❝❤❡r✉♥❣ ❡✐♥s❡t③❡♥ ❦❛♥♥✱ ✇♦✲
❜❡✐ ❞✐❡ ❙tr❛t❡❣✐❡ ❦❡✐♥❡ ♣❡r❢❡❦t❡ ❆❜s✐❝❤❡r✉♥❣ ❜✐❡t❡t✱ ✇❡♥♥ ❞❡r ❊♠✐tt❡♥t s❡❧❜❡r
✇ä❤r❡♥❞ ❞❡r ▲❛✉❢③❡✐t ❛✉s❢ä❧❧t✳ ❉✐❡ ❤❛♥❞❡❧❜❛r❡♥ ■♥str✉♠❡♥t❡✱ ❞✐❡ ✐♥ ❞✐❡s❡r ❙tr❛✲
t❡❣✐❡ ✈❡r✇❡♥❞❡t ✇❡r❞❡♥✱ s✐♥❞ ③✉♠ ❡✐♥❡♥ ❡✐♥ ❩❡r♦❜♦♥❞ PC ❞❡s ❑♦♥tr❛❤❡♥t❡♥ C
♠✐t ❘❡❝♦✈❡r② ❘❛t❡ RC = 0✱ s♦✇✐❡ ③✇❡✐ ❇♦♥❞s ❞❡s ❊♠✐tt❡♥t❡♥ P1 ✉♥❞ P2 ♠✐t
✉♥t❡rs❝❤✐❡❞❧✐❝❤❡♥ ❘❡❝♦✈❡r② ❘❛t❡s R1 ✉♥❞ R2 ✉♥❞ ❡✐♥ ▼❛r❦t✐♥str✉♠❡♥t S✱ ✇❡❧✲
❝❤❡s ③✉r ❆❜s✐❝❤❡r✉♥❣ ✭❍❡❞❣✐♥❣✮ ❞❡s ❞❡♠ ❉❡r✐✈❛t❡❦♦♥tr❛❦t ③✉ ●r✉♥❞❡ ❧✐❡❣❡♥❞❡♥
▼❛r❦t❢❛❦t♦rs ✭✐♠ ❆❧❧❣❡♠❡✐♥❡♥ ❞✐❡ ❆❦t✐❡✮ ❜❡♥✉t③t ✇❡r❞❡♥ ❦❛♥♥✳ ❲✐r ❣❡❤❡♥ ❞❛♥♥
✈♦♥ ❢♦❧❣❡♥❞❡♥ ❙t❛♥❞❛r❞✲❉②♥❛♠✐❦❡♥ ❢ür ❞✐❡s❡ ■♥str✉♠❡♥t❡ ✭i = 1, 2✮ ❛✉s✿

dS = µSdt+ σSdW ✭✹✳✷✳✶✮

dPC = rCP
−
C dt− P−

C dJC ✭✹✳✷✳✷✮

dPi = riP
−
i dt− (1−Ri)P

−
i dJB ✭✹✳✷✳✸✮

❍✐❡r❜❡✐ s✐♥❞ JB ❜③✇✳ JC ❞✐❡ ■♥❞✐❦❛t♦r❡♥ ❢ür ❡✐♥❡♥ ❆✉s❢❛❧❧ ✈♦♥ B ❜③✇✳ C ✉♥❞
P−
i s♦✇✐❡ P−

C s✐♥❞ ❞✐❡ Pr❡✐s❡ ❞❡r ❇♦♥❞s ❜❡✈♦r ❡✐♥❡ P❛rt❡✐ ❛✉s❢ä❧❧t✳ ❋ür ❞✐❡
Pr♦③❡ss❡ JB ❜③✇✳ JC ✉♥t❡rst❡❧❧❡♥ ✇✐r ❤✐❡r P♦✐ss♦♥✲Pr♦③❡ss❡ ✭❛❧s♦ ▲é✈② Pr♦③❡ss❡✮✳
❉❛♠✐t ❤❛❜❡♥ ❞✐❡ Pr♦③❡ss❡ st❛t✐♦♥är❡ ❜③✇✳ ✉♥❛❜❤ä♥❣✐❣❡ ❩✉✇ä❝❤s❡✱ ✉♥❞ ❢ür JB =
{JBt

: t ≥ 0} , s♦✇✐❡ JC = {JCt
: t ≥ 0} ✐st JB0

= JC0
= 0 P ✲❢❛st s✐❝❤❡r✳ ❩✉❞❡♠

s✐♥❞ (JBt)t∈[0,∞) ✉♥❞ (JCt)t∈[0,∞) P ✲❢❛st s✐❝❤❡r st❡t✐❣✳ ❉❛♠✐t s✐♥❞ ❞✐❡ Pr♦③❡ss❡
JB ❜③✇✳ JC ✇♦❤❧❞❡✜♥✐❡rt✳ ❖❤♥❡ ❇❡s❝❤rä♥❦✉♥❣ ❞❡r ❆❧❧❣❡♠❡✐♥❤❡✐t ♥❡❤♠❡♥ ✇✐r
P1 ❛❧s ❞❡♥ ❇♦♥❞ ♠✐t ♥✐❡❞r✐❣❡r❡r ❘❡❝♦✈❡r② ❘❛t❡ ❛♥✱ s♦❞❛ss R1 < R2 ✉♥❞ r1 > r2
✐st✳ ■♥ ❞✐❡s❡♠ ❋❛❧❧ ✐st

ri − r = (1−Ri)λB , ✭✹✳✷✳✹✮

✇♦❜❡✐ r ❞❡r r✐s✐❦♦❧♦s❡ ❩✐♥s ✉♥❞ λB ❞❡r ❙♣r❡❛❞ ✭❆✉s❢❛❧❧r✐s✐❦♦✮ ❞❡s ❊♠✐tt❡♥t❡♥ B
✐st✳ ❍✐❡r❜❡✐ ✇❡♥❞❡♥ ✇✐r ❞❛s ❈r❡❞✐t ❚r✐❛♥❣❧❡ ❛♥✱ ✇♦❜❡✐ ✇✐r ❞❛♠✐t ✉♥t❡rst❡❧❧❡♥✱
❞❛ss s♦✇♦❤❧ ❞✐❡ ❩✐♥s❦✉r✈❡ ❛❧s ❛✉❝❤ ❞✐❡ ❈❉❙ ❙♣r❡❛❞❦✉r✈❡ ✢❛❝❤ ✈❡r❧❛✉❢❡♥✱ ✉♥❞
Ri ❛❧s ❛✉❝❤ λB ❦♦♥st❛♥t s✐♥❞✳ ❊s s❡✐ Ṽ (t, S, JB , JC) ❞❡r ❣❡s❛♠t❡ ö❦♦♥♦♠✐s❝❤❡
❲❡rt ❞❡s ❉❡r✐✈❛ts ❢ür ❞❡♥ ❊♠✐tt❡♥t❡♥✳ ❉❛♥♥ s✐♥❞ ❞✐❡ ❘❛♥❞✇❡rt❜❡❞✐♥❣✉♥❣❡♥ ❜❡✐
❆✉s❢❛❧❧ ❞❡s ❊♠✐tt❡♥t❡♥ ❜③✇✳ ❞❡s ❑♦♥tr❛❤❡♥t❡♥ ❣❡❣❡❜❡♥ ❞✉r❝❤✿

Ṽ (t, S, 1, 0) = gB(MB , X), ✇❡♥♥ B ③✉❡rst ❛✉s❢ä❧❧t✱ ❜③✇✳
Ṽ (t, S, 0, 1) = gC(MC , X), ✇❡♥♥ C ③✉❡rst ❛✉s❢ä❧❧t✳

✻✻



❍✐❡r❜❡✐ ✐st MB ❜③✇✳ MC ❞❡r ❲❡rt ❜❡✐ ❆❜✇✐❝❦❧✉♥❣ ✉♥❞ X ❞✐❡ ❤✐♥t❡r❧❡❣t❡ ❙✐✲
❝❤❡r❤❡✐t✳ ❊s ❣✐❜t ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡ ▼ö❣❧✐❝❤❦❡✐t❡♥ gB ❜③✇✳ gC ③✉ ✇ä❤❧❡♥✳ ❊✐♥❡
▼ö❣❧✐❝❤❦❡✐t ❢ür ❡✐♥❡ ❘❛♥❞✇❡rt❜❡❞✐♥❣✉♥❣❡♥ ♠✐t ❜✐❧❛t❡r❛❧❡♠ ❘✐s✐❦♦ ✐st gB =
Ṽ + + RBṼ

− s♦✇✐❡ gC = RC Ṽ
+ + Ṽ −. ❉✐❡s❡ ✇❡r❞❡♥ ✇✐r ❛✉❝❤ ♥❛❝❤❢♦❧❣❡♥❞

❢ür ✉♥s❡r❡ ❇❡tr❛❝❤t✉♥❣❡♥ ♥✉t③❡♥✳ ❋ür ❞❡♥ ❙❡♠✐✲❘❡♣❧✐❦❛t✐♦♥s✲❆♥s❛t③ ❜❡♥✉t③❡♥
✇✐r ❢♦❧❣❡♥❞❡s P♦rt❢♦❧✐♦ Π (t) :

Π (t) = δ (t)S (t)+α1(t)P1(t)+α2(t)P2(t)+αC(t)PC(t)+βS(t)+βC(t)−X(t),

♠✐t δ (t) ❊✐♥❤❡✐t❡♥ ❞❡r ❆❦t✐❡ S✱ α1/2 ✉♥❞ αC ❊✐♥❤❡✐t❡♥ ❞❡r ❇♦♥❞s ❞❡s ❊♠✐tt❡♥✲
t❡♥ ❜③✇✳ ❞❡s ❑♦♥tr❛❤❡♥t❡♥✱ ❇❛r❣❡❧❞ ✐♥ ❍ö❤❡ ✈♦♥ βS(t) s♦✇✐❡ βC(t) ✉♥❞ ❡✐♥❡ ❙✐✲
❝❤❡r❤❡✐t X(t)✳ ❍✐❡r❜❡✐ ✇❡r❞❡♥ ❞✐❡ ❇❛r❣❡❧❞♣♦s✐t✐♦♥❡♥ ❜❡♥✉t③t✱ ✉♠ ❞✐❡ ❥❡✇❡✐❧✐❣❡♥
P♦s✐t✐♦♥❡♥ ✐♥ S ✉♥❞ ❞❡♠ ❇♦♥❞ PC ③✉ ✜♥❛♥③✐❡r❡♥✳ ❊s ❣✐❧t ❛❧s♦✿ αCPC + βC = 0
✉♥❞ δ · S + βS = 0✱ ✇♦❜❡✐ ❞✐❡ P♦s✐t✐♦♥❡♥ ❩✐♥s❡♥ ✐♥ ❍ö❤❡ ✈♦♥ qC ✉♥❞ (r − q)
③❛❤❧❡♥✱ ❞❛❜❡✐ ✐st q ❞✐❡ st❡t✐❣❡ ❉✐✈✐❞❡♥❞❡♥③❛❤❧✉♥❣✳ ❉✐❡ ❙✐❝❤❡r❤❡✐t X > 0 ❡r✇✐rt✲
s❝❤❛❢t❡t st❡t✐❣❡ ❩✐♥s❡♥ ✐♥ ❍ö❤❡ ✈♦♥ rX . ❉✐❡ ❙tr❛t❡❣✐❡ s♦❧❧ s♦ ❣❡✇ä❤❧t ✇❡r❞❡♥✱
❞❛ss Ṽ + Π = 0 ✐st✱ ❛✉ÿ❡r ❜❡✐ ❆✉s❢❛❧❧ ❞❡s ❊♠✐tt❡♥t❡♥✳ ❉✐❡ P♦s✐t✐♦♥ ✐♥ ❞❡♥ ❡✐✲
❣❡♥❡♥ ❇♦♥❞s ❞❡s ❊♠✐tt❡♥t❡♥ α1P1 ✉♥❞ α2P2 ✇✐r❞ ✈❡r✇❡♥❞❡t✱ ✉♠ ❛❧❧❡s ❇❛r❣❡❧❞✱
✇❡❧❝❤❡s ♥✐❝❤t ❞✉r❝❤ ❞✐❡ ❙✐❝❤❡r❤❡✐t ❣❡❜✉♥❞❡♥ ✐st✱ ③✉ ✐♥✈❡st✐❡r❡♥✱ s♦❞❛ss ❣✐❧t✿

Ṽ −X + α1P1 + α2P2 = 0, ✭✹✳✷✳✺✮

♠✐t α1/2 ≥ 0✳ ❋ür ❞✐❡ ❊♥t✇✐❝❦❧✉♥❣ ❞❡s ❍❡❞❣❡✲P♦rt❢♦❧✐♦s ✐♠ ❩❡✐t✈❡r❧❛✉❢ ❢♦❧❣t
❞❛♥♥✿

dΠ (t) = δ (t) dS (t) + α1(t)dP1(t) + α2(t)dP2(t) + αC(t)dPC(t) ✭✹✳✷✳✻✮

+dβS(t) + dβC(t)− dX(t)

❍✐❡r❜❡✐ s✐♥❞ ❞✐❡ Pr♦③❡ss❡ dS (t) s♦✇✐❡ dP1(t), dP2(t) ✉♥❞ dPC(t) ❜❡r❡✐ts ❛✉s
✭✹✳✷✳✶✮✱✭✹✳✷✳✷✮ ✉♥❞ ✭✹✳✷✳✸✮ ❜❡❦❛♥♥t✳ ❩✉❞❡♠ s✐♥❞ dβS(t), dβC(t) ✉♥❞ dX(t) ❞✐❡
➘♥❞❡r✉♥❣❡♥ ❞❡s ❇❛r❣❡❧❞❜❡st❛♥❞s ✉♥❞ ❞❡r ❙✐❝❤❡r❤❡✐t❡♥ ✐♠ ❩❡✐t✈❡r❧❛✉❢✳ ❋ür ❞✐❡
❡✐♥③❡❧♥❡♥ Pr♦③❡ss❡ ❣✐❧t ❛✉❢❣r✉♥❞ ❞❡r ❡✐♥③❡❧♥❡♥ ❩✐♥s✲ ✉♥❞ ❉✐✈✐❞❡♥❞❡♥③❛❤❧✉♥❣❡♥
❢♦❧❣❡♥❞❡s✿

dβS(t) = δ (r − q)Sdt ✭✹✳✷✳✼✮

dβC(t) = −αCqCPCdt ✭✹✳✷✳✽✮

dX = −rXXdt. ✭✹✳✷✳✾✮

❲✐r s❡t③❡♥ ③✉❞❡♠ ❞✐❡ ❇♦♥❞♣♦s✐t✐♦♥ ✈♦r ❡✐♥❡♠ ❆✉s❢❛❧❧ ❞❡s ❊♠✐tt❡♥t❡♥ ❛✉❢ P =
α1P1 + α2P2 s♦✇✐❡ ♥❛❝❤ ❆✉s❢❛❧❧ ❛✉❢ PD = R1α1P1 + R2α2P2. ❉✉r❝❤ ❡✐♥s❡t③❡♥
✈♦♥ ✭✹✳✷✳✶✮✱✭✹✳✷✳✷✮ ✉♥❞ ✭✹✳✷✳✸✮ s♦✇✐❡ ✭✹✳✷✳✼✮✱✭✹✳✷✳✽✮ ✉♥❞ ✭✹✳✷✳✾✮ ✐♥ ✭✹✳✷✳✻✮ ❡r❤❛❧t❡♥
✇✐r✿

dΠ = (r1α1P1 + r2α2P2 + λCαCPC + (r − q)δS − rXX) dt

+(PD − P ) dJB − αCPCdJC + δdS

❍✐❡r❜❡✐ ✐st λC = rC−r ❞❡r ❈r❡❞✐t✲❙♣r❡❛❞✱ ❞❛ RC = 0 ✐st ✭♥❛❝❤ ❈r❡❞✐t ❚r✐❛♥❣❧❡✮✳
❉✐❡ ❊♥t✇✐❝❦❧✉♥❣ ❞❡s ❉❡r✐✈❛t❡s ✐♥ ❘✐❝❤t✉♥❣ ❞❡r ❩❡✐t ❡r❣✐❜t s✐❝❤ ❞❛♥♥ ❞✐r❡❦t ❛✉s

✻✼



❞❡♠ ▲❡♠♠❛ ✈♦♥ ■tô ❢ür ❙♣r✉♥❣♣r♦③❡ss❡ ✭❍❛✉s♠❛♥♥ ❬✷✶❪ ❜③✇✳ ❖❦s❡♥❞❛❧ ❬✷✽❪✮
✉♥❞ ❡s ❢♦❧❣t

dṼ =
∂Ṽ

∂t
dt+

∂Ṽ

∂S
dS +

1

2
σ2S2 ∂

2Ṽ

∂S2
dt+∆ṼBdJB +∆ṼCdJC ,

♠✐t
∆ṼB = Ṽ (t, S, 1, 0)− Ṽ (t, S, 0, 0)

= gB − Ṽ

✉♥❞
∆ṼC = Ṽ (t, S, 0, 1)− Ṽ (t, S, 0, 0)

= gC − Ṽ .

❇✐❧❞❡♥ ✇✐r ♥✉♥ ❞✐❡ ❙✉♠♠❡ ❞❡s ❍❡❞❣❡✲P♦rt❢♦❧✐♦s ✉♥❞ ❞❡s ❉❡r✐✈❛t❡s ✐♠ ❩❡✐t✈❡r✲
❧❛✉❢✱ ❡r❤❛❧t❡♥ ✇✐r✿

dΠ + dṼ =

(
∂Ṽ

∂t
+

1

2
σ2S2 ∂

2Ṽ

∂S2
+ r1α1P1 + r2α2P2

+ λCαCPC + (r − q) δS − rXX) dt

+ (gB + PD −X) dJB +
(
∆ṼC − αCPC

)
dJC +

(
δ +

∂Ṽ

∂S

)
dS.

✭✹✳✷✳✶✵✮

❉❡r ❱♦r❢❛❦t♦r ✈♦♥ dJB ❦♦♠♠t ❞❛❜❡✐ ❞✉r❝❤ ❞✐❡ ●❧❡✐❝❤✉♥❣ ✭✹✳✷✳✺✮ ③✉st❛♥❞❡✳ ❲✐r
❦ö♥♥❡♥ ❞❛♥♥ ❛✉s ●❧❡✐❝❤✉♥❣ ✭✹✳✷✳✶✵✮ ❞❡♥ ❊✐♥✢✉ss ❞❡r ❆❦t✐❡ ✉♥❞ ❞❛s ❑♦♥tr❛❤❡♥✲
t❡♥r✐s✐❦♦ ❛✉ss❝❤❛❧t❡♥✱ ✐♥❞❡♠ ✇✐r

αCPC = ∆ṼC

✉♥❞

δ = −∂Ṽ
∂S

✇ä❤❧❡♥✳ ❲✐r ❡r❤❛❧t❡♥ ❞❛♥♥

dΠ + dṼ =

(
∂Ṽ

∂t
+ LtṼ − rXX + r1α1P1 + r2α2P2 + λC∆ṼC

)
dt ✭✹✳✷✳✶✶✮

+(gB + PD −X) dJB

♠✐t

LtṼ =
1

2
σ2S2 ∂

2Ṽ

∂S2
+ (r − q)S

∂Ṽ

∂S
.

✻✽



❲✐r ❜❡♥✉t③❡♥ ♥✉♥ ✜♥❛❧ ❞✐❡ ●❧❡✐❝❤✉♥❣❡♥ ✭✹✳✷✳✹✮✱ ✭✹✳✷✳✺✮ ✉♥❞ ❞✐❡ ❉❡✜♥✐t✐♦♥ ✈♦♥
∆ṼB = gB − Ṽ ❜③✇✳ ∆ṼC = gC − Ṽ ✉♠ ✭✹✳✷✳✶✶✮ ③✉ s❝❤r❡✐❜❡♥ ❛❧s

dΠ+dṼ =

(
∂Ṽ

∂t
+ LtṼ − (r + λB + λC) Ṽ − sX ·X + λCgC + λBgB − ǫhλB

)
dt

✭✹✳✷✳✶✷✮

+ǫhdJB ,

✇♦❜❡✐ sX = rX − r ✐st✳ ❆✉s ❞❡r ●❧❡✐❝❤✉♥❣ ✭✹✳✷✳✶✷✮ ❢♦❧❣t ❞❛♥♥✱ ❞❛ss ❜❡✐ ❆✉s❢❛❧❧
❞❡s ❊♠✐tt❡♥t❡♥ ❡✐♥ ❍❡❞❣❡✲❋❡❤❧❡r ❞❡r ●röÿ❡♥♦r❞♥✉♥❣ ǫh = gB + PD − X ❡♥t✲
st❡❤t✳ ❋ä❧❧t ❞❡r ❊♠✐tt❡♥t ♥✐❝❤t ❛✉s✱ s♦ ❡♥tst❡❤❡♥ ❑♦st❡♥✴●❡✇✐♥♥ ✐♥ ❍ö❤❡ ✈♦♥
−ǫhλB ♣r♦ ❩❡✐t❡✐♥❤❡✐t✳ ❉❛ ❞❡r ❊♠✐tt❡♥t ❡✐♥❡ s❡❧❜st✜♥❛♥③✐❡r❡♥❞❡ ❙tr❛t❡❣✐❡ ♦❤♥❡
❍❡❞❣❡r✐s✐❦♦ ❛♥str❡❜t✱ ♠✉ss ♦✛❡♥❜❛r gB + PD −X = 0 ❣❡❧t❡♥✱ ✇❛s ♠✐t

α1 =
R2Ṽ − gB + (1−R2)X

(R1 −R2)P1

❜③✇✳

α2 =
R1Ṽ − gB + (1−R1)X

(R2 −R1)P2

❡rr❡✐❝❤t ✇✐r❞✳ ❉❛ ♥✉♥ ✈♦♥ ❡✐♥❡r s❡❧❜st✜♥❛♥③✐❡r❡♥❞❡♥ ❙tr❛t❡❣✐❡ ♦❤♥❡ ❍❡❞❣❡r✐s✐❦♦
❛✉s❣❡❣❛♥❣❡♥ ✇✐r❞✱ ♠✉ss ♦✛❡♥❜❛r ✭✈❡r❣❧❡✐❝❤❡ ✭✹✳✷✳✶✷✮✮

∂Ṽ

∂t
+ LtṼ − (r + λB + λC) Ṽ − sX ·X + λCgC + λBgB = 0

❣❡❧t❡♥✳ ▼✐t gB = Ṽ + +RBṼ
− s♦✇✐❡ gC = RC Ṽ

+ + Ṽ − ❢♦❧❣t✱

∂Ṽ

∂t
+LtṼ −rṼ = sX ·X+λC

(
−RC Ṽ

+ − Ṽ − + Ṽ
)
+λB

(
−Ṽ + −RBṼ

− + Ṽ
)
.

✭✹✳✷✳✶✸✮

■♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ❬✽❪ ✇✐r❞ Ṽ + ❜③✇✳ Ṽ − ❞❡✜♥✐❡rt ❞✉r❝❤✿

Ṽ + =
Ṽ + ˜|V |

2
, Ṽ − =

Ṽ − ˜|V |
2

,

✇♦♠✐t Ṽ + ≥ 0 ✉♥❞ Ṽ − ≤ 0 ✐st✳ ❉❛♠✐t ❢♦❧❣t ❢ür

Ṽ − Ṽ + = Ṽ −
(
Ṽ + ˜|V |

2

)
=

{
0, Ṽ > 0

Ṽ , Ṽ ≤ 0

}
= Ṽ −

✉♥❞

Ṽ − Ṽ − = Ṽ −
(
Ṽ − ˜|V |

2

)
=

{
Ṽ , Ṽ > 0

0, Ṽ ≤ 0

}
= Ṽ +.

✻✾



❉✐❡s s❡t③❡♥ ✇✐r ♥✉♥ ✐♥ ✭✹✳✷✳✶✸✮ ❡✐♥ ✉♥❞ ❡r❤❛❧t❡♥✿

∂Ṽ

∂t
+ LtṼ − rṼ = sX ·X + λC

(
−RC Ṽ

+ + Ṽ +
)
+ λB

(
−RBṼ

− + Ṽ −
)

⇔ ∂Ṽ

∂t
+ LtṼ − rṼ = sX ·X + λC Ṽ

+ (1−RC) + λBṼ
− (1−RB)

❙❡t③❡♥ ✇✐r ♥✉♥ ♥♦❝❤ X = Ṽ +, s♦❞❛ss sX = sF ✐st✱ ✉♥❞ ✇✐r ❞❛♠✐t ❞❡♥ P♦s✐t✐✈t❡✐❧
❞❡s ❉❡r✐✈❛t❡s ❛❧s ❙✐❝❤❡r❤❡✐t ♥❡❤♠❡♥✱ ❡r❤❛❧t❡♥ ✇✐r

∂Ṽ

∂t
+ LtṼ − rṼ = sF Ṽ

+ + λC Ṽ
+ (1−RC) + λBṼ

− (1−RB) .

❲✐r ✇♦❧❧❡♥ ♥✉♥ ❞✐❡ ❛✉s ▼❛ÿ✲ ✉♥❞ ■♥t❡❣r❛t✐♦♥st❤❡♦r✐❡ ❜❡❦❛♥♥t❡ ◆♦t❛t✐♦♥ ❢ür Ṽ +

✉♥❞ Ṽ − ✈❡r✇❡♥❞❡♥✱ s♦❞❛ss ❞❡r ❆✉s❣❛♥❣s♣✉♥❦t ❞❡r ❇❡tr❛❝❤t✉♥❣ ❞✐❡ ♥✐❝❤t❧✐♥❡❛r❡
P❉❊

rṼ =
∂Ṽ

∂t
+ LtṼ + (1−RB)λBṼ

− − (1−RC)λC Ṽ
+ − sF Ṽ

+

♠✐t

LtṼ =
1

2
σ2S2 ∂

2Ṽ

∂S2
+ (r − q)S

∂Ṽ

∂S

s♦✇✐❡

Ṽ + =
Ṽ + ˜|V |

2
, Ṽ − =

−Ṽ + ˜|V |
2

,

✐st✳ ❍✐❡r❜❡✐ s✐♥❞ r,RB , RC , λB , λC , sF , σ, S, t, q ∈ R+
0 ❞✐❡ ♦❜❡♥ ❡✐♥❣❡❢ü❤rt❡♥ ❑♦♥✲

st❛♥t❡♥ ✉♥❞ ✇✐r ♥❡♥♥❡♥ Ṽ (S, t) : R2 → R ❞❡♥ ❢❛✐r❡♥ ❛r❜✐tr❛❣❡❢r❡✐❡♥ P♦st✲❈r✐s✐s
Pr❡✐s ❡✐♥❡s ❉❡r✐✈❛t❡s ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ❞❡s ❆❦t✐❡♥❦✉rs❡s S ✉♥❞ ❞❡s ❩❡✐t♣✉♥❦✲
t❡s t. ❍✐❡r❜❡✐ s❡✐❡♥ λB = rB − r ❜③✇✳ λC = rC − r ❞✐❡ ❈r❡❞✐t ❙♣r❡❛❞s ✈♦♥
❊♠✐tt❡♥t❡♥ B ❜③✇✳ ❑♦♥tr❛❤❡♥t❡♥ C✱ sF = rF − r ❞❡r ❋✉♥❞✐♥❣ ❙♣r❡❛❞ s♦✇✐❡
rB ❜③✇✳ rC ❞✐❡ ❩❡r♦❜♦♥❞s ✈♦♥ B ❜③✇✳ C✳ ❍✐❡r❜❡✐ ✇❡r❞❡♥ ❞✐❡ ❱♦r❛✉ss❡t③✉♥✲
❣❡♥ ❞❡s ❈r❡❞✐t ❚r✐❛♥❣❧❡s ❛♥❣❡♥♦♠♠❡♥✱ s♦✇✐❡ rB ❜③✇✳ rC ♠✐t ❘❡❝♦✈❡r② ❘❛t❡
◆✉❧❧✳ ❩✉❞❡♠ ③❛❤❧t ❞❛s ❯♥❞❡r❧②✐♥❣ ❡✐♥❡ ❉✐✈✐❞❡♥❞❡ q. ❲✐r s❡t③❡♥ ♥✉♥ ③✉♥ä❝❤st
a1 = (1−RB)λB , b1 = − (1−RC)λC − sF ✉♥❞ c1 = (r − q) . ❉❛♠✐t ❡r❤❛❧t❡♥
✇✐r

rṼ =
∂Ṽ

∂t
+

1

2
σ2S2 ∂

2Ṽ

∂S2
+ c1S

∂Ṽ

∂S
+ a1Ṽ

− + b1Ṽ
+. ✭✹✳✷✳✶✹✮

■♠ ●❡❣❡♥s❛t③ ③✉♠ ❦❧❛ss✐s❝❤❡♥ ▼♦❞❡❧❧ ✈♦♥ ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥ ❡r❤❛❧t❡♥ ✇✐r
♥❛❝❤ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ❡✐♥❡ ♥✐❝❤t❧✐♥❡❛r❡ ♣❛r❛❜♦❧✐s❝❤❡ ❉✐✛❡r❡♥③✐❛❧❣❧❡✐❝❤✉♥❣ ♠✐t
P♦s✐t✐✈✲ ✉♥❞ ◆❡❣❛t✐✈t❡✐❧❡♥ ❛❧s ◆✐❝❤t❧✐♥❡❛r✐tät❡♥✳ ❊s st❡❧❧t s✐❝❤ ♥✉♥ ❞✐❡ ❋r❛❣❡✱
✇❛♥♥ ❞❡r P♦s✐t✐✈t❡✐❧ ❜③✇✳ ❞❡r ◆❡❣❛t✐✈t❡✐❧ ✐♥ ❡✐♥❡r s♦❧❝❤❡♥ P❉❊ ③✉♠ ❚r❛❣❡♥
❦♦♠♠t✳ ●❡♥❡r❡❧❧ ❦♦♠♠t ♥✉r ❞❡r P♦s✐t✐✈t❡✐❧ ③✉♠ ❚r❛❣❡♥✱ ✇❡♥♥ ❞✐❡ ❆✉s③❛❤❧✉♥❣s✲
❢✉♥❦t✐♦♥ ❞❡r ❖♣t✐♦♥ ♥✐❝❤t ♥❡❣❛t✐✈ ✐st✱ ✉♥❞ ♥✉r ❞❡r ◆❡❣❛t✐✈t❡✐❧✱ ✇❡♥♥ ❞✐❡ ❆✉s③❛❤✲
❧✉♥❣s❢✉♥❦t✐♦♥ ♥✐❝❤t ♣♦s✐t✐✈ ✐st✳ ❆❧❧❡r❞✐♥❣s ❣✐❜t ❡s ❛✉❝❤ ❋ä❧❧❡✱ ❜❡✐ ❞❡♥❡♥ s♦✇♦❤❧

✼✵



P♦s✐t✐✈t❡✐❧ ❛❧s ❛✉❝❤ ◆❡❣❛t✐✈t❡✐❧ ❜❡✐ ❞❡r ❇❡✇❡rt✉♥❣ ❡✐♥❡ ❘♦❧❧❡ s♣✐❡❧❡♥✳ ❑❧❛ss✐s❝❤❡r✲
✇❡✐s❡ ✇är❡ ❤✐❡r ❡✐♥ ❋♦r✇❛r❞ ③✉ ♥❡♥♥❡♥✳ ❉❛ ✇✐r ③✉♥ä❝❤st ❣❡s❝❤❧♦ss❡♥❡ ❋♦r♠❡❧♥
❛✉❢st❡❧❧❡♥ ✇♦❧❧❡♥✱ ❦♦♥③❡♥tr✐❡r❡♥ ✇✐r ✉♥s ❛✉❢ ❞✐❡ ❙♣❡③✐❛❧❢ä❧❧❡✱ ❞✐❡ ❡♥t✇❡❞❡r ♥✉r
❡✐♥❡♥ P♦s✐t✐✈t❡✐❧ ♦❞❡r ❡✐♥❡♥ ◆❡❣❛t✐✈t❡✐❧ ❤❛❜❡♥✳ ❉✐❡s s✐♥❞ ❦❧❛ss✐s❝❤❡r✇❡✐s❡ ❡✉r♦✲
♣ä✐s❝❤❡ ❈❛❧❧s ✉♥❞ P✉ts✳ ❊s ❣✐❜t ③✇❛r ♥♦❝❤ ✇❡✐t❛✉s ♠❡❤r ❉❡r✐✈❛t❡ ♠✐t ❡✐♥❡♠
✉♥✐❧❛t❡r❛❧❡♥ ❘✐s✐❦♦✱ ❛❧❧❡r❞✐♥❣s ✇❡r❞❡♥ ❞✐❡s❡ ❤ä✉✜❣ ❞✉r❝❤ ❞✐❡ P✉t✲❈❛❧❧✲P❛r✐tät
❤❡r❣❡❧❡✐t❡t✱ ✇❡❧❝❤❡ ❥❡❞♦❝❤ ♥❛❝❤ ❞❡r ❑r✐s❡ ♥✐❝❤t ♠❡❤r ❛❧s ❙t❛♥❞❛r❞✈♦r❛✉ss❡t③✉♥❣
❛♥❣❡♥♦♠♠❡♥ ✇❡r❞❡♥ ❦❛♥♥✳ ❲✐r ✇❡r❞❡♥ ♥❛❝❤❢♦❧❣❡♥❞ ❛❧s ❙♣❡③✐❛❧❢ä❧❧❡ ③✉♥ä❝❤st
❞✐❡ ♣♦s✐t✐✈❡♥ ❆✉s③❛❤❧✉♥❣s♣r♦✜❧❡ ✉♥❞ ❞❛♥❛❝❤ ❞✐❡ ♥❡❣❛t✐✈❡♥ ❆✉s③❛❤❧✉♥❣s♣r♦✜❧❡
❜❡❤❛♥❞❡❧♥✳

✹✳✷✳✶ P♦s✐t✐✈❡ ❆✉s③❛❤❧✉♥❣s♣r♦✜❧❡

❋ür ❞✐❡ P❉❊ ✭✹✳✷✳✶✹✮ ❢♦❧❣t ❢ür ❡✐♥❡ ♣♦s✐t✐✈❡ ❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥✿

rṼ =
∂Ṽ

∂t
+

1

2
σ2S2 ∂

2Ṽ

∂S2
+ c1S

∂Ṽ

∂S
+ b1Ṽ

+ ✭✹✳✷✳✶✺✮

⇔ rṼ =
∂Ṽ

∂t
+

1

2
σ2S2 ∂

2Ṽ

∂S2
+ c1S

∂Ṽ

∂S
+ b1

Ṽ + ˜|V |
2

⇔ (r − b1) Ṽ =
∂Ṽ

∂t
+

1

2
σ2S2 ∂

2Ṽ

∂S2
+ c1S

∂Ṽ

∂S

❲✐r s❡t③❡♥ ③✉♥ä❝❤st ✇✐❡❞❡r

S = K · exp (x) , Ṽ (S, t) = K · v (x, τ) , τ =
1

2
(T − t)σ2, K ∈ R

✉♥❞ ❧❡✐t❡♥ Ṽ (S, t) ♣❛rt✐❡❧❧ ❛❜✿

∂Ṽ

∂t
= −Kσ

2

2

∂v

∂τ
,
∂Ṽ

∂S
=
K

S

∂v

∂x
,
∂2Ṽ

∂S2
= −K

S2

∂v

∂x
+
K

S2

∂2v

∂x2

❉✐❡s s❡t③❡♥ ✇✐r ♥✉♥ ✐♥ ❞✐❡ ●❧❡✐❝❤✉♥❣ ✭✹✳✷✳✶✺✮ ❡✐♥ ✉♥❞ ❡r❤❛❧t❡♥

(r − b1)Kv = −Kσ
2

2

∂v

∂τ
+

1

2
σ2S2

(
−K

S2

∂v

∂x
+
K

S2

∂2v

∂x2

)
+ c1S

K

S

∂v

∂x

⇔ (r − b1) v = −σ
2

2

∂v

∂τ
+
σ2

2

(
−∂v
∂x

+
∂2v

∂x2

)
+ c1

∂v

∂x

⇔ −2 (r − b1)

σ2
v =

∂v

∂τ
−
(
−∂v
∂x

+
∂2v

∂x2

)
− 2c1
σ2

∂v

∂x

⇔ ∂v

∂τ
=

(
2c1
σ2

− 1

)
∂v

∂x
+
∂2v

∂x2
− 2 (r − b1)

σ2
v

❉❡r Ü❜❡rs✐❝❤t❧✐❝❤❦❡✐t ❤❛❧❜❡r s❡t③❡♥ ✇✐r ♥✉♥

α1 =

(
2c1
σ2

− 1

)
, β1 = −2 (r − b1)

σ2

✼✶



✉♥❞ ❡r❤❛❧t❡♥
∂v

∂τ
= α1

∂v

∂x
+
∂2v

∂x2
+ β1v. ✭✹✳✷✳✶✻✮

❲✐r ❜❡❞✐❡♥❡♥ ✉♥s ♥✉♥ ✇✐❡❞❡r ❞❡♠ ❛❧❧❣❡♠❡✐♥❡♥ ❆♥s❛t③ ③✉r ▲ös✉♥❣ ♣❛r❛❜♦❧✐✲
s❝❤❡r ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥ v (x, τ) = f (τ) · g (x) · h (x, τ) ✉♥❞ ❞❡r❡♥ ♣❛rt✐❡❧❧❡r
❆❜❧❡✐t✉♥❣❡♥

∂v

∂τ
=
df

dτ
g·h+f ·g ∂h

∂τ
,
∂v

∂x
= f

dg

dx
h+f ·g ∂h

∂x
,
∂2v

∂x2
= f

d2g

dx2
h+2·f dg

dx

∂h

∂x
+f ·g ∂

2h

∂x2
,

✇❡❧❝❤❡ ✇✐r ✐♥ ❞✐❡ ●❧❡✐❝❤✉♥❣ ✭✹✳✷✳✶✻✮ ❡✐♥s❡t③❡♥✳ ❲✐r ❡r❤❛❧t❡♥ ❞❛♥♥

df

dτ
g·h+f ·g ∂h

∂τ
= α1

(
f
dg

dx
h+ f · g ∂h

∂x
,

)
+f

d2g

dx2
h+2·f dg

dx

∂h

∂x
+f ·g ∂

2h

∂x2
+β1fgh.

✭✹✳✷✳✶✼✮

❉✐❡s❡ ♦r❞♥❡♥ ✇✐r ✇✐❡❞❡r ✉♠ ✉♥❞ t❡✐❧❡♥ ❞✉r❝❤ f · g✱ s♦❞❛ss ✇✐r
∂h

∂τ
=
∂2h

∂x2
+
∂h

∂x

(
2 · g−1 dg

dx
+ α1

)
+h

(
− df

dτ
f−1 + α1 · g−1 dg

dx
+ g−1 d

2g

dx2
+ β1

)

❡r❤❛❧t❡♥✳ ❉✉r❝❤ ▲ös❡♥ ❞❡r ❣❡✇ö❤♥❧✐❝❤❡♥ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥

2 · g−1 dg

dx
+ α1 = 0

s♦✇✐❡

− df

dτ
f−1 + α1 · g−1 dg

dx
+ g−1 d

2g

dx2
+ β1 = 0

❡r❤❛❧t❡♥ ✇✐r

g(x) = c1 exp

(−α1 · x
2

)

✉♥❞

f (τ) = c2 exp

(
−α

2
1τ

4
+ β1τ

)
.

❉❛s ❤❡✐ÿt✱ ❞✐❡ P❉❊ ❡✐♥❡s ❢❛✐r❡♥ ❛r❜✐tr❛❣❡❢r❡✐❡♥ P♦st✲❈r✐s✐s Pr❡✐s❡s ❡✐♥❡s ❉❡r✐✲
✈❛t❡s ♠✐t ♣♦s✐t✐✈❡r ❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥ ✭✹✳✷✳✶✺✮ ❦❛♥♥ ❡❜❡♥❢❛❧❧s tr❛♥s❢♦r♠✐❡rt
✇❡r❞❡♥ ✐♥ ❞✐❡ ❦❧❛ss✐s❝❤❡ ❤♦♠♦❣❡♥❡ ❲är♠❡❧❡✐t✉♥❣s❣❧❡✐❝❤✉♥❣

∂h

∂τ
=
∂2h

∂x2
, x ∈ R, τ ∈

[
0,
σ2T

2

]
,

♠✐t S = K · exp (x) , τ = 1
2 (T − t)σ2 s♦✇✐❡ b1 = − (1−RC)λC − sF , c1 =

(r − q) ✉♥❞ ♠✐t

α1 =

(
2c1
σ2

− 1

)
, β1 = −2 (r − b1)

σ2

✼✷



❢♦❧❣t

Ṽ (S, t) = K ·v (x, τ) = K ·exp
((

−α
2
1

4
+ β1

)
τ

)
exp

(
−α1x

2

)
·h (x, τ) ✭✹✳✷✳✶✽✮

= exp

(
2b1
σ2

τ

)
K · exp

((
−α

2
1

4
−
(
1 + α1 +

2q

σ2

))
τ

)
exp

(
−α1x

2

)
· h (x, τ) .

❉❛ ✇✐r ✇❡✐t❡r❤✐♥ ❞✐❡ ▲ös✉♥❣ ❞❡r ❲är♠❡❧❡✐t✉♥❣s❣❧❡✐❝❤✉♥❣ ♠✐tt❡❧s ❋♦✉r✐❡r✲❚r❛♥s✲
❢♦r♠❛t✐♦♥ ♥✉t③❡♥ ✉♥❞ s✐❝❤ ❞❡r P❛②♦✛ ❡✐♥❡s ❡✉r♦♣ä✐s❝❤❡♥ ❈❛❧❧s✭ǫ = 1✮✴P✉ts✭ǫ =
−1✮ ♥✐❝❤t ❣❡ä♥❞❡rt ❤❛t✱ ❢♦❧❣t✿

h (x, τ) =
1√
4πτ

ˆ ∞

−∞
exp

(
− (x− u)

2

4τ

)
max

[
ǫ
(
exp

((α1

2
+ 1
)
u
)
− exp

(α1u

2

))
, 0
]
du

❉❛ ❞❡s ❲❡✐t❡r❡♥ a ❛✉s ❞❡♠ ❦❧❛ss✐s❝❤❡♥ ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥✲▼♦❞❡❧❧ ❣❧❡✐❝❤ α1

❛✉s ❞❡♠ ▼♦❞❡❧❧ ✈♦♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ✐st✱ ❡r❤❛❧t❡♥ ✇✐r ✉♥s❡r Ṽ (S, t) ❞✐r❡❦t
ü❜❡r

Ṽ (S, t) = exp

(
2b1
σ2

τ

)
K·exp

((
−α

2
1

4
−
(
1 + α1 +

2q

σ2

))
τ

)
exp

(
−α1x

2

)
·h (x, τ)

= exp

(
2b1
σ2

τ

)
· V (S, t)

❉❛♠✐t ❢♦❧❣t ❢ür ❞❡♥ P♦st✲❈r✐s✐s Pr❡✐s ❡✐♥❡s ❉❡r✐✈❛ts ♠✐t ♥✐❝❤t ♥❡❣❛t✐✈❡r ❆✉s③❛❤✲
❧✉♥❣s❢✉♥❦t✐♦♥✿

Ṽ (S, t) = exp ((− (1−RC)λC − sF ) (T − t))V (S, t) ✭✹✳✷✳✶✾✮

❍✐❡r❜❡✐ ✐st V (S, t) ✇✐❡ ✐♥ ✭✹✳✶✳✻✮ ③✉ ❜❡r❡❝❤♥❡♥✳

✹✳✷✳✷ ◆❡❣❛t✐✈❡ ❆✉s③❛❤❧✉♥❣s♣r♦✜❧❡

❇❡✐ ❞❡♥ ♥❡❣❛t✐✈❡♥ ❆✉s③❛❤❧✉♥❣s♣r♦✜❧❡♥ ä♥❞❡rt s✐❝❤ ❜❡✐ ❞❡♥ ❍❡r❧❡✐t✉♥❣ ❜✐s ❛✉❢
❡✐♥❡♥ ❛♥❞❡r❡♥ ❆❜③✐♥s✉♥❣s❢❛❦t♦r ✉♥❞ ❡✐♥✐❣❡ ❱♦r③❡✐❝❤❡♥✇❡❝❤s❡❧ ♥✐❝❤ts✳ ❉❛❤❡r ✐st
❞✐❡ ❉❡t❛✐❧t✐❡❢❡ ❞❡r ▲ös✉♥❣ ❞❡r P❉❊ ❡t✇❛s ❛❜❣❡s❝❤✇ä❝❤t✳ ❋ür ❞✐❡ P❉❊ ✭✹✳✷✳✶✹✮
❢♦❧❣t ❢ür ❡✐♥❡ ♥❡❣❛t✐✈❡ ❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥✿

rṼ =
∂Ṽ

∂t
+

1

2
σ2S2 ∂

2Ṽ

∂S2
+ c1S

∂Ṽ

∂S
+ a1Ṽ

− ✭✹✳✷✳✷✵✮

❯♠ ♥✉♥ Ṽ ✉♥❞ Ṽ − ③✉s❛♠♠❡♥❢❛ss❡♥ ③✉ ❦ö♥♥❡♥✱ ♠üss❡♥ ✇✐r ❞✐❡ ❱♦r③❡✐❝❤❡♥ ä♥✲
❞❡r♥✱ ❞❡♥♥ ❢ür ❡✐♥❡ ♥❡❣❛t✐✈❡ ❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥ ✐st Ṽ ♥❡❣❛t✐✈ ✉♥❞ Ṽ − ♣♦s✐t✐✈✱
❣❧❡✐❝❤❡s ❣✐❧t ❢ür ❞✐❡ ❆❜❧❡✐t✉♥❣❡♥ ♥❛❝❤ S ✉♥❞ t.

⇒ −rṼ = −∂Ṽ
∂t

− 1

2
σ2S2 ∂

2Ṽ

∂S2
− c1S

∂Ṽ

∂S
+ a1Ṽ

−

✼✸



⇔ (r + a1) Ṽ =
∂Ṽ

∂t
+

1

2
σ2S2 ∂

2Ṽ

∂S2
+ c1S

∂Ṽ

∂S
❲✐r s❡t③❡♥ ③✉♥ä❝❤st ✇✐❡❞❡r

S = K · exp (x) , Ṽ (S, t) = K · v (x, τ) , τ =
1

2
(T − t)σ2, K ∈ R

✉♥❞ ❧❡✐t❡♥ Ṽ (S, t) ♣❛rt✐❡❧❧ ❛❜✿

∂Ṽ

∂t
= −Kσ

2

2

∂v

∂τ
,
∂Ṽ

∂S
=
K

S

∂v

∂x
,
∂2Ṽ

∂S2
= −K

S2

∂v

∂x
+
K

S2

∂2v

∂x2

❉✐❡s s❡t③❡♥ ✇✐r ♥✉♥ ✐♥ ❞✐❡ ●❧❡✐❝❤✉♥❣ ✭✹✳✷✳✷✵✮ ❡✐♥ ✉♥❞ ❡r❤❛❧t❡♥

(r + a1)Kv = −Kσ
2

2

∂v

∂τ
+

1

2
σ2S2

(
−K

S2

∂v

∂x
+
K

S2

∂2v

∂x2

)
+ c1S

K

S

∂v

∂x

⇔ ∂v

∂τ
=

(
2c1
σ2

− 1

)
∂v

∂x
+
∂2v

∂x2
− 2 (r + a1)

σ2
v.

❉❡r Ü❜❡rs✐❝❤t❧✐❝❤❦❡✐t ❤❛❧❜❡r s❡t③❡♥ ✇✐r ♥✉♥

α2 =

(
2c1
σ2

− 1

)
, β2 = −2 (r + a1)

σ2

✉♥❞ ❡r❤❛❧t❡♥
∂v

∂τ
= α2

∂v

∂x
+
∂2v

∂x2
+ β2v. ✭✹✳✷✳✷✶✮

❆❜ ❤✐❡r ✈❡r❤ä❧t s✐❝❤ ❞✐❡ ❍❡r❧❡✐t✉♥❣ ❣❡♥❛✉ ✇✐❡ ✐♠ ✈♦r❛♥❣❡❣❛♥❣❡♥ ❑❛♣✐t❡❧✱ s♦✲
❞❛ss ✇✐r ❡✐♥✐❣❡ ❙❝❤r✐tt❡ ü❜❡rs♣r✐♥❣❡♥ ✉♥❞ ❞✐r❡❦t ③✉♠ ❊r❣❡❜♥✐s ❦♦♠♠❡♥✳ ❉✐❡
P❉❊ ❡✐♥❡s ❢❛✐r❡♥ ❛r❜✐tr❛❣❡❢r❡✐❡♥ P♦st✲❈r✐s✐s Pr❡✐s❡s ❡✐♥❡s ❉❡r✐✈❛t❡s ♠✐t ♥❡❣❛✲
t✐✈❡r ❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥ ✭✹✳✷✳✷✶✮ ❦❛♥♥ tr❛♥s❢♦r♠✐❡rt ✇❡r❞❡♥ ✐♥ ❞✐❡ ❦❧❛ss✐s❝❤❡
❤♦♠♦❣❡♥❡ ❲är♠❡❧❡✐t✉♥❣s❣❧❡✐❝❤✉♥❣

∂h

∂τ
=
∂2h

∂x2
, x ∈ R, τ ∈

[
0,
σ2T

2

]
,

♠✐t S = K · exp (x) , τ = 1
2 (T − t)σ2 s♦✇✐❡ a1 = (1−RB)λB , c1 = (r − q) ✉♥❞

♠✐t α2 =
(
2c1
σ2 − 1

)
, β2 = − 2(r+a1)

σ2 ❢♦❧❣t

Ṽ (S, t) = K ·v (x, τ) = K ·exp
((

−α
2
2

4
+ β2

)
τ

)
exp

(
−α2x

2

)
·h (x, τ) ✭✹✳✷✳✷✷✮

= exp

(
−2a1
σ2

τ

)
K · exp

((
−α

2
2

4
−
(
1 + α2 +

2q

σ2

))
τ

)
exp

(
−α2x

2

)
· h (x, τ) .

■♥ ❆♥❛❧♦❣✐❡ ③✉r ♣♦s✐t✐✈❡♥ ❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥ ❢♦❧❣t ♠✐t ❣❧❡✐❝❤❡♠ h (x, τ) ❞❡r
P♦st✲❈r✐s✐s Pr❡✐s ❢ür ❡✐♥❡♥ ❡✉r♦♣ä✐s❝❤❡♥ ❈❛❧❧✴P✉t ♠✐t ♥❡❣❛t✐✈❡r ❆✉s③❛❤❧✉♥❣s✲
❢✉♥❦t✐♦♥ ✭s❤♦rt ❈❛❧❧ ♦❞❡r s❤♦rt P✉t✮ ❞✉r❝❤✿

Ṽ (S, t) = exp ((− (1−RB)λB) (T − t))V (S, t) ✭✹✳✷✳✷✸✮

✼✹



✹✳✷✳✸ ❊r❣❡❜♥✐ss❡ ❞❡s ✉♥✐❧❛t❡r❛❧❡♥ ❋❛❧❧s

❉❛♥❦ ✉♥s❡r❡♥ ✈♦r❛♥❣❡❣❛♥❣❡♥ ❍❡r❧❡✐t✉♥❣❡♥ ❦ö♥♥❡♥ ✇✐r ♥✉♥ ❡✐♥ ③❡♥tr❛❧❡s ❚❤❡♦✲
r❡♠ ③✉r Ü❜❡r❢ü❤r✉♥❣ ✈♦♥ ❉❡r✐✈❛t❡♣r❡✐s❡♥ ❛✉s ❞❡♠ ❦❧❛ss✐s❝❤❡♥ ❇❧❛❝❦✲❙❝❤♦❧❡s✲
▼❡rt♦♥✲▼♦❞❡❧❧ ✐♥ ❞❛s ▼♦❞❡❧❧ ✈♦♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ❛♥❣❡❜❡♥✳

❙❛t③ ✹✳✶✳ ❋ür ❥❡❞❡s ❉❡r✐✈❛t V (S, t) : R2 → R ❛✉s ❞❡♠ ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥✲
▼♦❞❡❧❧ ♠✐t ♣♦s✐t✐✈❡r ♦❞❡r ♥❡❣❛t✐✈❡r ❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥ ✉♥❞ ❣❡s❝❤❧♦ss❡♥❡r Pr❡✐s✲
❢♦r♠❡❧✱ ❞❡r❡♥ ❍❡r❧❡✐t✉♥❣ ♥✐❝❤t ✈♦♥ ❞❡r P✉t✲❈❛❧❧✲P❛r✐tät ❛❜❤ä♥❣✐❣ ✐st ✭s✐❡❤❡ ❇❡✲
♠❡r❦✉♥❣ ✹✳✶✮✱ ❣✐❜t ❡s ❡✐♥❡ ❣❡s❝❤❧♦ss❡♥❡ Pr❡✐s❢♦r♠❡❧ Ṽ (S, t) : R2 → R ✐♠ ▼♦❞❡❧❧
✈♦♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r✳ ❍✐❡r❜❡✐ ❡r❣❡❜❡♥ s✐❝❤ ❞✐❡ Pr❡✐s❢♦r♠❡❧♥ ❢ür ❉❡r✐✈❛t❡ ♠✐t
♣♦s✐t✐✈❡r ❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥ ü❜❡r

Ṽ (S, t) = exp ((− (1−RC)λC − sF ) (T − t))V (S, t) ,

s♦✇✐❡ ❢ür ❉❡r✐✈❛t❡ ♠✐t ♥❡❣❛t✐✈❡r ❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥ ü❜❡r

Ṽ (S, t) = exp ((− (1−RB)λB) (T − t))V (S, t) .

❇❡✇❡✐s✳ ❩✉♥ä❝❤st ♠❛❝❤❡♥ ✇✐r ✉♥s ❦❧❛r✱ ❞❛ss ❢ür h (x, τ) ✐♥ ❜❡✐❞❡♥ ▼♦❞❡❧❧❡♥

h (x, τ) = (h1 ⋆ h2) (x, τ) =
1√
2π

ˆ ∞

−∞
h1 (x− u, τ)h2 (u, τ) du

=
1√
4πτ

ˆ ∞

−∞
exp

(
− (x− u)

2

4τ

)
h (u, 0) du

❣✐❧t✳ ❉❛s ❤❡✐ÿt✱ ❞✐❡ ➘♥❞❡r✉♥❣❡♥ ✉♥s❡r❡r Pr❡✐s❡ ✐♥ ❇❡③✉❣ ③✉♠ ❦❧❛ss✐s❝❤❡♥ ❇❧❛❝❦✲
❙❝❤♦❧❡s✲▼❡rt♦♥✲▼♦❞❡❧❧ ❤ä♥❣t ✈♦♥ ❞❡♥ ❋✉♥❦t✐♦♥❡♥ f (τ) ✉♥❞ g (x) ❛❜✳ ❉❛ ✇✐r
♠✐t ❞❡♠ ❆♥s❛t③

V (S, t) = K · v (x, τ) = K · f (τ) · g (x) · h (x, τ)
❛r❜❡✐t❡♥ ✉♥❞ ✉♥s❡r❡ ❋✉♥❦t✐♦♥❡♥ ❊①♣♦♥❡♥t✐❛❧❢✉♥❦t✐♦♥❡♥ s✐♥❞✱ ❦ö♥♥❡♥ ✇✐r ❞✐❡✲
s❡ ❡✐♥❢❛❝❤ ❛❧s ❉✐s❦♦♥t❢❛❦t♦r❡♥ ✈♦r ❞❡♥ ❦❧❛ss✐s❝❤❡♥ ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥ Pr❡✐s
③✐❡❤❡♥ ✉♥❞ ❡r❤❛❧t❡♥ ❞✐❡ ❛♥❣❡❣❡❜❡♥ ❋♦r♠❡❧♥✳

❇❡♠❡r❦✉♥❣ ✹✳✶✳ ❲✐r ✈❡r③✐❝❤t❡♥ ✐♥ ❙❛t③ ✹✳✶ ❛✉❢ ❞✐❡ P✉t✲❈❛❧❧✲P❛r✐tät✱ ❞❛ ✇✐r s♦♥st
❡✐♥❡ ❆rt ✈❡rst❡❝❦t❡s ❜✐❧❛t❡r❛❧❡s ♦❞❡r s♦❣❛r tr✐❧❛t❡r❛❧❡s ❘✐s✐❦♦ ✐♥ ❡✐♥❡r Pr❡✐s❢♦r♠❡❧
❤❛❜❡♥ ❦ö♥♥t❡♥ ✇❡❧❝❤❡ ❡✐❣❡♥t❧✐❝❤ ♥✉r ❢ür ❡✐♥ ✉♥✐❧❛t❡r❛❧❡s ❘✐s✐❦♦ ❣✐❧t✳ ❲✐r ✇♦❧❧❡♥
❞✐❡s ❛❧❧❡r❞✐♥❣s ❡rst ③✉s❛♠♠❡♥ ♠✐t ❞❡♥ ❊r❣❡❜♥✐ss❡♥ ❛✉s ❑❛♣✐t❡❧ ✹✳✸✳✷ ✐♠ ❆✉s❜❧✐❝❦
❞✐❡s❡r ❆r❜❡✐t ❞✐s❦✉t✐❡r❡♥✳

▼✐t ❞❡♥ ❤❡r❣❡❧❡✐t❡t❡♥ ❋♦r♠❡❧♥ ✐st ❡s ♥✐❝❤t ♥✉r ♠ö❣❧✐❝❤✱ ❞✐❡ ❦❧❛ss✐s❝❤❡♥ P♦st✲
❈r✐s✐s P❧❛✐♥✲❱❛♥✐❧❧❛✲❉❡r✐✈❛t❡ ❣❡♠äÿ ❙✲❈❙❆ ❜❡s✐❝❤❡rt❡♥ ✉♥✐❧❛t❡r❛❧❡♥ ❑r❡❞✐tr✐s✐✲
❦❡♥ ③✉ ❜❡✇❡rt❡♥✱ s♦♥❞❡r♥ ❣❡♠äÿ ▼✉♥♦③ ❡t ❛❧✳ ❬✶✾❪ ❛✉❝❤ ❞✐❡ ✉♥❜❡s✐❝❤❡rt❡♥ ❉❡r✐✲
✈❛t❡ ✐♥ ❞❡♠ ❙♣❡③✐❛❧❢❛❧❧✱ ❞❛ss ❞✐❡ ❇✐❞✲❆s❦✲❙♣r❡❛❞s ❢ür ❞❛s ❋✉♥❞✐♥❣ ✈❡rs❝❤✇✐♥❞❡♥✳
❉✐❡ ❇❡✇❡rt✉♥❣s✲P❉❊ ❢ür ✉♥❜❡s✐❝❤❡rt❡ ❉❡r✐✈❛t❡♣♦s✐t✐♦♥❡♥ ✐st ❣❡❣❡❜❡♥ ❞✉r❝❤

∂V̄

∂t
+ (rB − q)S

∂V̄

∂S
+

1

2
σ2S2 ∂

2V̄

∂S2
= −V̄ −f + V̄ +i,

✼✺



♠✐t ❙♣r❡❛❞s sf = f − rC ✉♥❞ si = i − rC ✳ ❍✐❡r❜❡✐ ✐st rB ❞✐❡ ❘❡♣♦✲❘❛t❡ ✉♥❞
rC ❞❡r r✐s✐❦♦❧♦s❡ ❩✐♥s✳ ❋ür ❞✐❡s❡ P❉❊ ❦ö♥♥❡♥ ✇✐r ❞❛♥♥ ✐♥ ❣❧❡✐❝❤❡r ❲❡✐s❡ ❞✐❡
❤❡r❣❡❧❡✐t❡t❡♥ ❋♦r♠❡❧♥ ❞❡r ✉♥✐❧❛t❡r❛❧❡♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r P❉❊ ♥✉t③❡♥✳
■♥ ❬✼❪ ❤❛❜❡♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ❞✐❡ P❉❊ ♠✐t❤✐❧❢❡ ❞❡r ❋♦r♠❡❧ ✈♦♥ ❋❡②♥♠❛♥✕❑❛❝
❣❡❧öst✳ ❲✐r ❤❛❜❡♥ ♥✉♥ ❡✐♥❡ ✇❡✐t❡r❡ ▼ö❣❧✐❝❤❦❡✐t ❞❡r ❇❡r❡❝❤✉♥❣ ✈♦♥ ❖♣t✐♦♥❡♥ ♠✐t
♣♦s✐t✐✈❡r ♦❞❡r ♥❡❣❛t✐✈❡r ❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥ ✐♠ ▼♦❞❡❧❧ ✈♦♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r
❤❡r❣❡❧❡✐t❡t✳ ❉❛♠✐t s✐♥❞ ✇✐r ❛✉❝❤ ✐♥ ❞❡r ▲❛❣❡✱ ❞❛s ❈r❡❞✐t ❱❛❧✉❛t✐♦♥ ❆❞❥✉st♠❡♥t
✭❈❱❆✮ ❜③✇✳ ❞❛s ❉❡❜✐t ❱❛❧✉❛t✐♦♥ ❆❞❥✉st♠❡♥t ✭❉❱❆✮ ❢ür ❖♣t✐♦♥❡♥ ♠✐t ♣♦s✐t✐✲
✈❡r ♦❞❡r ♥❡❣❛t✐✈❡r ❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥ ❛♥③✉❣❡❜❡♥✳ ❍✐❡r❜❡✐ ❜❡st✐♠♠❡♥ ✇✐r ❞❛s
❈❱❆ ❜③✇✳ ❞❛s ❉❱❆ ❡✐♥❡r ❖♣t✐♦♥ ♠✐t ♣♦s✐t✐✈❡r ♦❞❡r ♥❡❣❛t✐✈❡r ❆✉s③❛❤❧✉♥❣s❢✉♥❦✲
t✐♦♥ ü❜❡r ❞✐❡ ❉✐✛❡r❡♥③ Ṽ (S, t)−V (S, t) ❢ür ❞❛s ❈❱❆ s♦✇✐❡ V (S, t)− Ṽ (S, t) ❢ür
❞❛s ❉❱❆✳ ❉❛❜❡✐ ✐st Ṽ (S, t) ❞❡r ❖♣t✐♦♥s♣r❡✐s ✐♠ ▼♦❞❡❧❧ ✈♦♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r
❢ür ♣♦s✐t✐✈❡ ✭❈❱❆✮ ♦❞❡r ♥❡❣❛t✐✈❡ ✭❉❱❆✮ ❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥❡♥ ✉♥❞ V (S, t) ❞❡r
❇❧❛❝❦✲❙❝❤♦❧❡s✲Pr❡✐s ❞❡r ❣❧❡✐❝❤❡♥ ❖♣t✐♦♥✳ ❲✐r ❜❡tr❛❝❤t❡♥ ❜❡✐♠ ❈❱❆ ③✇❡✐ ❋ä❧❧❡✿
❩✉♠ ❡✐♥❡♥ ♥❡❤♠❡♥ ✇✐r sF = 0 ❛♥✱ ✇❛s ✐♠♣❧✐③✐❡rt✱ ❞❛ss sF = rF − r ✐st✱ ✉♥❞
s♦♠✐t rF = r ❣✐❧t✱ ✇♦♠✐t ✇✐r ❞❛s ❉❡r✐✈❛t ❛❧s ❙✐❝❤❡r❤❡✐t ❜❡♥✉t③❡♥ ❞ür❢❡♥✳ ❉❡r
③✇❡✐t❡ ❋❛❧❧ ✐st✱ sF = (1−RB)λB , ✇♦❜❡✐ ✇✐r ✐♥ ❞✐❡s❡♠ ❋❛❧❧ ❞❛s ❉❡r✐✈❛t ♥✐❝❤t ❛❧s
❙✐❝❤❡r❤❡✐t ❜❡♥✉t③❡♥ ❞ür❢❡♥✳ ❋ür ❞❛s ❈❱❆ ✐♠ ❡rst❡♥ ❋❛❧❧ ♠✐t sF = 0 ❢♦❧❣t ❞❛♥♥

CV A = V (S, t) (exp (− (1−RC)λC (T − t))− 1) ,

s♦✇✐❡ ❢ür ❞❡♥ ③✇❡✐t❡♥ ❋❛❧❧ ♠✐t sF = (1−RB)λB

CV A = V (S, t) (exp (− ((1−RC)λC + (1−RB)λB) (T − t))− 1) .

■♥ ❣❧❡✐❝❤❡r ❲❡✐s❡ ❦❛♥♥ ♠❛♥ ❞❛s ❉❱❆ ❛❧s ❉✐✛❡r❡♥③ ❞❡s r✐s✐❦♦❧♦s❡♥ ❇❧❛❝❦✲❙❝❤♦❧❡s
Pr❡✐s❡s ♠✐♥✉s ❞❡s r✐s✐❦♦❜❡❤❛❢t❡t❡♥ ❲❡rt❡s ❞❡r ❖♣t✐♦♥ ✐♠ ▼♦❞❡❧❧ ✈♦♥ ❇✉r❣❛r❞
✉♥❞ ❑❥❛❡r

DV A = V (S, t) (1− exp (− (1−RB)λB (T − t)))

❜❡st✐♠♠❡♥✳

✼✻



✹✳✸ ❊✐♥❡ ❆❞♦♠✐❛♥✲❘❇❋✲❲❛✈❡❧❡t✲▼❡t❤♦❞❡ ③✉r ▲ös✉♥❣ ♣❛r✲

t✐❡❧❧❡r ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥

❲✐r ✇♦❧❧❡♥ ♥✉♥ ❞✐❡ ❑❛♣✐t❡❧ ü❜❡r ❲❛✈❡❧❡ts ✉♥❞ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ✉♥❞
❞✐❡ P♦st✲❈r✐s✐s ▼♦❞❡❧❧❡ ♥❛❝❤ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ✈❡r❦♥ü♣❢❡♥✳ ❉❛❜❡✐ ✇❡r❞❡♥
✇✐r ❞✐❡ ♣❛rt✐❡❧❧❡ ♥✐❝❤t❧✐♥❡❛r❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ❛✉s ❞❡♠ ▼♦❞❡❧❧ ✈♦♥ ❇✉r✲
❣❛r❞ ✉♥❞ ❑❥❛❡r ♠✐t❤✐❧❢❡ ❡✐♥❡r ❆❞♦♠✐❛♥✲❩❡r❧❡❣✉♥❣ ✉♥t❡r ❩✉❤✐❧❢❡♥❛❤♠❡ ✈♦♥ ❘❇❋✲
❲❛✈❡❧❡ts ❧ös❡♥✳ ❩✉♠ ❊✐♥st✐❡❣ ✇❡r❞❡♥ ✇✐r ③✉♥ä❝❤st ❞✐❡ ❆♥✇❡♥❞✉♥❣ ❞❡r ❆❞♦♠✐❛♥✲
❩❡r❧❡❣✉♥❣ ❛✉❢ ❞❛s ❦❧❛ss✐s❝❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥✲▼♦❞❡❧❧ ❞✉r❝❤❢ü❤r❡♥✱ ✇♦❜❡✐
✇✐r ✉♥s ❞❛❜❡✐ ❛♥ ❞❡r ❆r❜❡✐t ✈♦♥ ❇♦❤♥❡r✴❩❤❡♥❣ ❬✸❪ ❜③✇✳ ✐♥ ❛❧❧❣❡♠❡✐♥❡r❡r ❋♦r♠ ❛♥
▲❡s♥✐❝ ❬✷✷❪ ♦r✐❡♥t✐❡r❡♥✳ ❲✐r ✇❡r❞❡♥ ❞♦rt ❜❡r❡✐ts s❡❤❡♥✱ ✇❛r✉♠ ❡✐♥❡ ❊r✇❡✐t❡r✉♥❣
❞❡r ▼❡t❤♦❞❡✱ ❜❡✐s♣✐❡❧s✇❡✐s❡ ❞✉r❝❤ ✉♥s❡r ❘❇❋✲❲❛✈❡❧❡t✱ ♥öt✐❣ ✇✐r❞✳

✹✳✸✳✶ ❉❡r ❧✐♥❡❛r❡ ❋❛❧❧

❲✐r ❜❡❣✐♥♥❡♥ ③✉♥ä❝❤st ✇✐❡❞❡r ♠✐t ❞❡r ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥✲P❉❊

rV =
∂V

∂t
+ (r − q)S

∂V

∂S
+

1

2
σ2S2 ∂

2V

∂S2

⇔ −Vt + rV = aS2VSS + bSVS

✇♦❜❡✐ a = σ2

2 ✉♥❞ b = r− q ✐st✳ ❩✉❞❡♠ s❡t③❡♥ ✇✐r ❛❧s ❊♥❞✇❡rt❜❡❞✐♥❣✉♥❣ ✉♥s❡r❡
❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥ V (S, T ) = g (S) . ❉✐❡ ❆❞♦♠✐❛♥✲❩❡r❧❡❣✉♥❣ ❛✉s ❬✷✷✱ ✸❪ st❡❧❧t
❛❧❧❣❡♠❡✐♥ ❡✐♥❡ P❉❊ ✇✐❡ ❢♦❧❣t ❞❛r✿

N∑

n=0

αn (S, t)GnV (S, t) =
M∑

m=1

βm (S, t)FmV (S, t) + f (S, t) ✭✹✳✸✳✶✮

♠✐t GnV (S, 0) = gn (S) , 0 ≤ n ≤ N − 1. ❉❛❜❡✐ s✐♥❞ Gn ✉♥❞ Fm ❉✐✛❡r❡♥t✐❛❧✲
♦♣❡r❛t♦r❡♥ ❞❡r❛rt✱ ❞❛ss

Gn =
∂n

∂tn
, 0 ≤ n ≤ N s♦✇✐❡ Fm =

∂m

∂Sm
, 0 ≤ m ≤M

❣✐❧t✳ ❉❡♠❡♥ts♣r❡❝❤❡♥❞ s✐♥❞ ❞✐❡ ■♥t❡❣r❛❧♦♣❡r❛t♦r❡♥ G−1
n ✉♥❞ F−1

m ❣❡❣❡❜❡♥ ❞✉r❝❤✿

G−1
n =

ˆ t0

0

ˆ t1

0
···

ˆ tN−1

0

dtN ··· dt1 s♦✇✐❡ F−1
m =

ˆ S0

0

ˆ S1

0
···

ˆ SM−1

0

dSM ··· dS1.

❉✐❡ ▲ös✉♥❣ ❞❡r P❉❊ ❡r❣✐❜t s✐❝❤ ❞❛♥♥ ü❜❡r ❡✐♥❡ ❘❡✐❤❡

V (S, t) =

∞∑

k=0

Vk(S, t), ✭✹✳✸✳✷✮

✼✼



✇♦❜❡✐

V0 (S, t) = G−1
n

(
f (S, t)

αN (S, t)

)
+

N−1∑

ℓ=0

tℓ

ℓ!
gℓ (S)

s♦✇✐❡

Vk+1 (S, t) =

(
M∑

m=1

G−1
N

(
βm (S, t)

αN (S, t)
Fm

)
−

N−1∑

n=0

G−1
N

(
αn (S, t)

αN (S, t)
Gn

))
Vk (S, t)

✐st✳ ❉✐❡ ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥✲P❉❊ ❡r❣✐❜t s✐❝❤ ❛❧s ❙♣❡③✐❛❧❢❛❧❧ ♠✐t N = 1, M =
2, f (S, t) = 0, α0 = r, α1 = −1, β1 = bS, β2 = aS2. ❲✐r ❡r❤❛❧t❡♥ ❞❛♥♥ ❢ür
V0(S, t) = g(S) s♦✇✐❡

Vk+1(S, t) =

(
2∑

m=1

G−1
N

(
βm (S, t)

αN (S, t)
Fm

)
−

0∑

n=0

G−1
N

(
αn (S, t)

αN (S, t)
Gn

))
Vk (S, t)

✭✹✳✸✳✸✮
= G−1

1

(
−bSF1 − aS2F2 + rG0

)
Vk(S, t)

=

ˆ t

T

(
−bS ∂Vk (S, τ)

∂S
− aS2 ∂

2Vk (S, τ)

∂S2
+ rVk (S, τ)

)
dτ

=

ˆ T

t

(
bS
∂Vk (S, τ)

∂S
+ aS2 ∂

2Vk (S, τ)

∂S2
− rVk (S, τ)

)
dτ

♠✐t k ∈ N0. ❉❛s ③❡♥tr❛❧❡ ❊r❣❡❜♥✐s ❛✉s ❬✸❪ ✭❙❛t③ ✷✳✶❀ ❋♦r♠❡❧ ✭✷✳✸✮✮ ✐st✱ ❞❛ss s✐❝❤
✭✹✳✸✳✸✮ s❝❤r❡✐❜❡♥ ❧ässt ❛❧s

Vk(S, t) =

(
2k∑

m=0

(
m∑

v=0

(−1)
m−v

v!(m− v)!
ρkv

)
Smg(m)(S)

)
(T − t)

k

k!
✭✹✳✸✳✹✮

♠✐t k ∈ N0 ✉♥❞ ρv = a
(
v2 − v

)
+ bv − r s♦❢❡r♥ g(S) ❜❡❧✐❡❜✐❣ ♦❢t ❞✐✛❡r❡♥③✐❡r❜❛r

✐st✳ ❍✐❡r❜❡✐ tr✐tt ♥✉♥ ❛✉❝❤ ❞❛s ③❡♥tr❛❧❡ Pr♦❜❧❡♠ ❞✐❡s❡r ▼❡t❤♦❞❡ ❛✉❢✱ ✉♥❞ ③✇❛r✱
❞❛ss ❞✐❡ ❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥ ❜❡❧✐❡❜✐❣ ♦❢t ❞✐✛❡r❡♥③✐❡r❜❛r s❡✐♥ ♠✉ss✳ ❉✐❡s ✐st ❢ür
❞✐❡ ❛❧❧❡r♠❡✐st❡♥ ✉♥❞ ✇✐❝❤t✐❣st❡♥ ❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥❡♥ ♥✐❝❤t ❣❡❣❡❜❡♥✱ ✇❡s❤❛❧❜
❡✐♥❡ ❆♥♣❛ss✉♥❣ ❞❡r ▼❡t❤♦❞❡ ♥öt✐❣ ✇✐r❞✳ ❇❡✈♦r ✇✐r ❡✐♥❡ ❆♥♣❛ss✉♥❣ ❞❡r ▼❡t❤♦❞❡
✈♦r♥❡❤♠❡♥✱ ✇♦❧❧❡♥ ✇✐r ♥♦❝❤ ❡✐♥❡ ❆✉ss❛❣❡ ü❜❡r ❞✐❡ ❖r❞♥✉♥❣ ❞❡r ❘❇❋✲❲❛✈❡❧❡ts
❛✉s ❙❛t③ ✸✳✶✷ ♠❛❝❤❡♥✳

❙❛t③ ✹✳✷✳ ❉✐❡ ❘❇❋✲❲❛✈❡❧❡ts f̃ (x) ❛✉s ❙❛t③ ✸✳✶✷ ❤❛❜❡♥ ❞✐❡ ❖r❞♥✉♥❣ ✷ ✉♥❞ ❛❧❧❡
✉♥❣❡r❛❞❡♥ ▼♦♠❡♥t❡ mn =

´

R
xnf̃ (x) dx ♠✐t n ∈ N \ 2N ✉♥❞ x ∈ R ✈❡rs❝❤✇✐♥✲

❞❡♥✳

❇❡✇❡✐s✳ ❲✐r ♠üss❡♥ ♦✛❡♥❜❛r ③❡✐❣❡♥✱ ❞❛ss ❢ür ❛❧❧❡ ✉♥❣❡r❛❞❡♥ n ❞✐❡ ❇❡③✐❡❤✉♥❣
ˆ

R

f̃ (x)xndx = 0

✼✽



❣✐❧t✳ ❖✛❡♥❜❛r ♠✉ss
´

R
f̃ (x) dx = 0 ❢ür ❥❡❞❡s ❲❛✈❡❧❡t ❣❡❧t❡♥✱ ✉♠ ♠✐♥❞❡st❡♥s ❞✐❡

❖r❞♥✉♥❣ ✶ ③✉ ❤❛❜❡♥✱ r❡s♣❡❦t✐✈❡ ③✉ ❡①✐st✐❡r❡♥✳ ❉✐❡ ❖r❞♥✉♥❣ ✷ ❡r❣✐❜t s✐❝❤ ❞❛♥♥
❛✉t♦♠❛t✐s❝❤✱ ✇❡♥♥ ❞✐❡ ❆✉ss❛❣❡ ❢ür ❛❧❧❡ n ∈ N \ 2N r✐❝❤t✐❣ ✐st✳ ❉❛ s✐❝❤ f̃ (x) ❛✉s
❞❡r ❙✉♠♠❡ ✈♦♥ ❇✲s♣❧✐♥❡s ❡r❣✐❜t✱ ✇❡❧❝❤❡ ❣❡r❛❞❡ ❋✉♥❦t✐♦♥❡♥ s✐♥❞✱ ❣❡♥ü❣t ❡s ③✉
③❡✐❣❡♥✱ ❞❛ss

ˆ

R

Bk

(
x+

k + 1

2

)
xndx = 0

♠✐t Bk

(
x+ k+1

2

)
❡✐♥❡♠ ③✉♠ ❯rs♣r✉♥❣ ③❡♥tr✐❡rt❡♥ ❇✲s♣❧✐♥❡ ✈♦♠ ●r❛❞ k ∈ N

❣✐❧t✳ ❉❛ ❞✐❡ ❋✉♥❦t✐♦♥ f(x) = Bk

(
x+ k+1

2

)
xn ❛✉s ❞❡♠ Pr♦❞✉❦t ❡✐♥❡r ❣❡r❛❞❡♥

✉♥❞ ❡✐♥❡r ✉♥❣❡r❛❞❡♥ ❋✉♥❦t✐♦♥❡♥ ❜❡st❡❤t✱ ✐st f(x) ❡❜❡♥❢❛❧❧s ♣✉♥❦ts②♠♠❡tr✐s❝❤
③✉♠ ❯rs♣r✉♥❣✳ ❩✉❞❡♠ ✐st Bk

(
x+ k+1

2

)
♥✐❝❤t ♥❡❣❛t✐✈✱ ✇❡s❤❛❧❜ Bk

(
x+ k+1

2

)

❞❡♥ ❣❧❡✐❝❤❡♥ ❊✐♥✢✉ss ❛✉❢ ❞❡♥ ❋✉♥❦t✐♦♥s✈❡r❧❛✉❢ ❤❛t✱ ✇✐❡ ❡✐♥❡ ❋✉♥❦t✐♦♥ g(x) =
−χ[− k+1

2 , k+1
2 ] (x) · xm ♠✐t m ∈ 2N. ❉❛♠✐t ❢♦❧❣t

ˆ

R

g (x)xndx =

ˆ

R

−χ[− k+1
2 , k+1

2 ] (x) · x
mxndx = −

ˆ

k+1
2

− k+1
2

xm+ndx = 0

✉♥❞ s♦♠✐t ❞✐❡ ❆✉ss❛❣❡ ❞❡r ❙❛t③❡s✳

❉❛s ❤❡✐ÿt✱ ✇✐r ❦ö♥♥❡♥ ❛✉❢ ❡✐♥❡♠ ❡♥❞❧✐❝❤❡♥ ■♥t❡r✈❛❧❧ s♦✇♦❤❧ ♠✐t ✉♥s❡r❡r ❙❦❛❧✐❡✲
r✉♥❣s❢✉♥❦t✐♦♥ ❛❧s ❛✉❝❤ ♠✐t ✉♥s❡r♠ ❲❛✈❡❧❡t P♦❧②♥♦♠❡ ✉♥❣❡r❛❞❡♥ ●r❛❞❡s r❡♣r♦✲
❞✉③✐❡r❡♥✳ ❉✐❡s ✐st ❢ür ✉♥s❡r❡ ✇❡✐t❡r❡ ❑♦♥str✉❦t✐♦♥ s❡❤r ❤✐❧❢r❡✐❝❤✱ ❞❛ ❞✐❡ ③✉ ❜❡✲
tr❛❝❤t❡♥❞❡♥ P❛②♦✛✲❋✉♥❦t✐♦♥❡♥ ❜❡✐s♣✐❡❧s✇❡✐s❡ ❡✐♥❡s ❋♦r✇❛❞s✱ ❡✐♥ P♦❧②♥♦♠ ✈♦♠
●r❛❞ 1 ✐st✳ ❲✐r ❛♣♣r♦①✐♠✐❡r❡♥ ❞❛♥♥ ❞✐❡ ❋✉♥❦t✐♦♥ V (S, T ) = g (S) ❞✉r❝❤✿

g̃N (S) =

N∑

k=−N

g (k) · f (S − k) , N ∈ N. ✭✹✳✸✳✺✮

❍✐❡r❜❡✐ ✐st g̃N (S) ❞✐❡ ■♥t❡r♣♦❧❛t✐♦♥ ✈♦♥ g(S) ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ❞❡s ■♥t❡r✈❛❧❧s
[−N,N ] ✉♥❞ f ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥ ✉♥s❡r❡s ❲❛✈❡❧❡ts✳ ❉❛ss ✇✐r ❞✐❡ ❋✉♥❦t✐♦♥
g (S) stü❝❦✇❡✐s❡ ü❜❡r ❡✐♥❡ s♦❧❝❤❡ ❘❡✐❤❡ ❞❛rst❡❧❧❡♥ ❦ö♥♥❡♥✱ ❧✐❡❣t ③✉♠ ❊✐♥❡♥ ❞❛r❡♥✱
❞❛ss s✐❝❤ ❥❡❞❡ ❋✉♥❦t✐♦♥ g ∈ Vj ✱ ♠✐t j ∈ Z ✉♥❞ Vj ✇✐❡ ✐♥ ❑❛♣✐t❡❧ ✸✳✷✳✶ ❞❡✜♥✐❡rt✱
❛❧s ❡✐♥❡ ✐♥ L2 (R) ❦♦♥✈❡r❣❡♥t❡ ❘❡✐❤❡ g(x) =

∑
k∈Z

cj,kf(2
−jx − k) s❝❤r❡✐❜❡♥

❧ässt✱ ✇♦❜❡✐ f ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥ ❡✐♥❡s ❲❛✈❡❧❡ts ❞❛rst❡❧❧t ✉♥❞ ❞✐❡ cj,k ∈ R
❣❡❡✐❣♥❡t❡ ❑♦❡✣③✐❡♥t❡♥ s✐♥❞✳ ❍✐❡r③✉ s❡✐ ❛✉❝❤ ❛✉❢ ❋r❡✉♥❞✴❍♦♣♣❡ ❬✷✵❪ ✈❡r✇✐❡s❡♥✳
❩✉♠ ❆♥❞❡r❡♥ ❣✐❧t ❢ür ✉♥s❡r❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥ ❛❧s ❛✉❝❤ ❢ür ✉♥s❡r ❲❛✈❡❧❡t✱
❞❛ss s♦✇♦❤❧

∑
k∈Z

f(x−k) ❛❧s ❛✉❝❤∑k∈Z
f̃(x−k) ③✉ ❡✐♥s ♥♦r♠✐❡r❜❛r s✐♥❞✳ ❉❛s

❤❡✐ÿt✱ ❞❛ss s✐❝❤ ❡✐♥❡ ❧✐♥❡❛r❡ ❋✉♥❦t✐♦♥ ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ❞❡r ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥
✉♥❞ ❡✐♥❡r ❣❡♥ü❣❡♥❞ ❣r♦ÿ❡♥ ❆♥③❛❤❧ ✈♦♥ ❙tüt③st❡❧❧❡♥ N, ❛✉❢ ❞❡♠ ■♥t❡r✈❛❧❧ [a, b]
♠✐t −N < a < b < N r❡♣r♦❞✉③✐❡r❡♥ ❧ässt✳ ❲✐❡ ✇❡✐t ❞✐❡ ■♥t❡r✈❛❧❧❣r❡♥③❡♥ a, b
✈♦♥ −N ❜③✇✳ N ❡♥t❢❡r♥t s✐♥❞✱ ❤ä♥❣t ✈♦♥ ❞❡r ❇r❡✐t❡ ❞❡r ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥
❛❜✳ ❯♠ s♦ ❜r❡✐t❡r ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥✱ ✉♠ s♦ ✇❡✐t❡r ✇❡❣ ❧✐❡❣❡♥ ❞✐❡ a, b ✈♦♥
❞❡♥ −N,N ✉♥❞ ✉♠❣❡❦❡❤rt✳ ❉✐❡s ✐♠♣❧✐③✐❡rt✱ ❞❛ss ❡✐♥❡ ❧✐♥❡❛r❡ ❋✉♥❦t✐♦♥ g(S)
✭❜❡✐s♣✐❡❧s✇❡✐s❡ ❞✐❡ P❛②♦✛✲❋✉♥❦t✐♦♥ ❡✐♥❡s ❋♦r✇❛r❞s (S−K) ❛✉❢ ❡✐♥❡♠ ■♥t❡r✈❛❧❧✮

✼✾



✐♥ V0 ❧✐❡❣t ✉♥❞ s♦♠✐t ❞✐❡ ❣❡❡✐❣♥❡t❡ ❑♦❡✣③✐❡♥t❡♥ c0,k ∈ R ❞✐❡ g(k) s✐♥❞✳ ❲✐r
✇❡r❞❡♥ ✉♥s ✐♠ ✇❡✐t❡r❡♥ ❱❡r❧❛✉❢ ❞✐❡s❡s ❑❛♣✐t❡❧s ❡✐♥ ❇❡✐s♣✐❡❧ ❞❛③✉ ❛♥s❡❤❡♥✳
●❡♥❛✉ ✇✐❡ ❜❡✐ ❜❡✐s♣✐❡❧s✇❡✐s❡ ❞❡♥ ❋✐♥✐t❡✲❉✐✛❡r❡♥③❡♥✲▼❡t❤♦❞❡♥ ♠✉ss ♠❛♥ s✐❝❤
❜❡✐ ❞❡r ❆❞♦♠✐❛♥✲❘❇❋✲❲❛✈❡❧❡t✲▼❡t❤♦❞❡ ❛✉❢ ❡✐♥❡♥ ❇❡r❡✐❝❤ ❢❡st❧❡❣❡♥✱ ✐♥ ❞❡♠
♠❛♥ ❞✐❡ ♣❛rt✐❡❧❧❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ❧ös❡♥ ♠ö❝❤t❡✳ ❆❧❧❡r❞✐♥❣s ❜❡♥öt✐❣t ♠❛♥
❦❡✐♥ ●✐tt❡r✱ s♦♥❞❡r♥ ❧❡❞✐❣❧✐❝❤ ❞❡♥ ❆❦t✐❡♥❦✉rs S0 ❢ür ✇❡❧❝❤❡♥ ♠❛♥ ❞❡♥ ❖♣t✐✲
♦♥s♣r❡✐s ❜❡r❡❝❤♥❡♥ ♠ö❝❤t❡✳ ❯♥t❡r ❑❡♥♥t♥✐s ❞❡s ❆❦t✐❡♥❦✉rs❡s S0 ✐st ❡s ❞❛♥♥
♥✉r ♥♦❝❤ ♥♦t✇❡♥❞✐❣✱ g̃N (S) ✐♥ ❡✐♥❡♠ ❇❡r❡✐❝❤ ✉♠ ❞❡♥ ❆❦t✐❡♥❦✉rs S0 ③✉ ❜❡st✐♠✲
♠❡♥✳ ❊rs❡t③❡♥ ✇✐r ♥✉♥ g(S) ✐♥ ●❧❡✐❝❤✉♥❣ ✭✹✳✸✳✹✮ ❞✉r❝❤ g̃N (S) ❡r❤❛❧t❡♥ ✇✐r ❞✐❡
❆❞♦♠✐❛♥✲❘❇❋✲❲❛✈❡❧❡t✲▼❡t❤♦❞❡ ü❜❡r

Vk(S, t) =

(
2k∑

m=0

(
m∑

v=0

(−1)
m−v

v!(m− v)!
pkv

)
Smg̃

(m)
N (S)

)
(T − t)

k

k!
. ✭✹✳✸✳✻✮

❍✐❡r❜❡✐ ✐st g̃N (S) ③✇❛r ✐♠♠❡r ♥♦❝❤ ♥✐❝❤t ❜❡❧✐❡❜✐❣ ♦❢t ❞✐✛❡r❡♥③✐❡r❜❛r✱ ❛❧❧❡r❞✐♥❣s
❦ö♥♥❡♥ ✇✐r s❝❤♥❡❧❧ ❡✐♥❡♥ ❜❡❧✐❡❜✐❣❡♥ ●r❛❞ ❛♥ ❉✐✛❡r❡♥③✐❡r❜❛r❦❡✐t ❡rr❡✐❝❤❡♥✱ ✐♥❞❡♠
✇✐r ❡✐♥ ❲❛✈❡❧❡t ❤ö❤❡r❡♥ ●r❛❞❡s ❦♦♥str✉✐❡r❡♥✳
❲✐r ✇♦❧❧❡♥ ♥✉♥✱ ❜❡✈♦r ✇✐r ❞✐❡ ▼❡t❤♦❞❡ ❛✉❢ ❞❛s ▼♦❞❡❧❧ ✈♦♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❡❛r
❛✉s✇❡✐t❡♥✱ ❡✐♥ ♥✉♠❡r✐s❝❤❡s ❇❡✐s♣✐❡❧ ❢ür ❞❛s ❦❧❛ss✐s❝❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥✲
▼♦❞❡❧❧ ❜❡tr❛❝❤t❡♥✳

❇❡✐s♣✐❡❧ ✹✳✶✳ ❲✐r ❜❡tr❛❝❤t❡♥ ❡✐♥❡♥ ❋♦r✇❛r❞ ✭F (S, T ) = S − K✮ ♠✐t ❙tr✐❦❡
K = 9 ❊✉r♦✱ ❘❡st❧❛✉❢③❡✐t (T − t) = 0.2✱ ❱♦❧❛t✐❧✐tät σ = 0.2 ✉♥❞ r✐s✐❦♦❧♦s❡♠ ❩✐♥s
rf = 0.03 ❛✉❢ ❡✐♥❡ ❆❦t✐❡ ③✉♠ ❛❦t✉❡❧❧❡♥ ❑✉rs S0 = 12 ❊✉r♦✳ ❲✐r ✇ä❤❧❡♥ ❡✐♥
❘❇❋✲❲❛✈❡❧❡t✱ s♦❞❛ss g̃N ∈ C5 ✐st✳ ❆✉s ●rü♥❞❡♥ ❞❡r Ü❜❡rs✐❝❤t❧✐❝❤❦❡✐t ✭③✉ ✈✐❡❧❡
❙✉♠♠❛♥❞❡♥✮ ❣❡❜❡♥ ✇✐r ♥✉r ❞✐❡ ❋✉♥❦t✐♦♥ f ∈ C5 ❛♥✱ ♠✐t❤✐❧❢❡ ❞❡r❡r ❞✐❡ ❲❛✈❡❧❡ts
❡r③❡✉❣t ✇❡r❞❡♥✳ ❉✐❡s❡ ✐st ❣❡❣❡❜❡♥ ❞✉r❝❤

f (x) = g1,0(x) ⋆ g1,1(x) ⋆ g1,2(x)

♠✐t

g1,0(x) = exp
(
− (a · 0)2

)
·





1 + x, ❢ür −1 < x ≤ 0

1− x, ❢ür 0 < x ≤ 1

0, ❢ür s♦♥st

✉♥❞

g1,1(x) = exp
(
− (a · 1)2

)
·





2 + x, ❢ür −2 < x ≤ −1

1, ❢ür −1 < x ≤ 1

2− x, ❢ür 1 < x < 2

0, s♦♥st

✽✵





■t❡r❛t✐♦♥ ✉♥❞ ❋❡❤❧❡r
1. 2. 3. 4. 5. 6.

0, 0538 1, 61 · 10−4 3, 23 · 10−7 4, 85 · 10−10 5, 37 · 10−13 4, 52 · 10−14

❆❜❜✐❧❞✉♥❣ ✶✵✿ ■♥ ❞❡r ❡rst❡♥ ❩❡✐❧❡ ✇❡r❞❡♥ ❞✐❡ ❡✐♥③❡❧♥❡♥ ■t❡r❛t✐♦♥ss❝❤r✐tt❡ ❛❜❣❡✲
tr❛❣❡♥ ✉♥❞ ✐♥ ❞❡r ③✇❡✐t❡♥ ❩❡✐❧❡ ❞✐❡ ❛❜s♦❧✉t❡♥ ❋❡❤❧❡r ❞❡r ♥✉♠❡r✐s❝❤❡♥ ❇❡r❡❝❤♥✉♥❣
✐♠ ❱❡r❣❧❡✐❝❤ ③✉♠ ❛♥❛❧②t✐s❝❤❡♥ ❋♦r✇❛r❞♣r❡✐s✳

❲✐❡ ♠❛♥ s❡❤r ❣✉t ❛♥ ❞❡♠ ❇❡✐s♣✐❡❧ ❡r❦❡♥♥❡♥ ❦❛♥♥✱ ❦♦♥✈❡r❣✐❡rt ❞✐❡ ▼❡t❤♦❞❡ s❡❤r
s❝❤♥❡❧❧ ❣❡❣❡♥ ❞✐❡ ❛♥❛❧②t✐s❝❤❡ ▲ös✉♥❣✳ ◆❛❝❤ ❞❡r 6. ■t❡r❛t✐♦♥ ✐st ❦❡✐♥❡ s✐❣♥✐✜❦❛♥✲
t❡ ❱❡r❜❡ss❡r✉♥❣ ♠❡❤r ③✉ ❡r❦❡♥♥❡♥✳ ❉❛♠✐t ❤❛❜❡♥ ✇✐r ♥❛❝❤ ❞❡r 6. ■t❡r❛t✐♦♥ ❞✐❡
❣❧❡✐❝❤❡ ❋❡❤❧❡r♦r❞♥✉♥❣ ✇✐❡ ❜❡✐ ❞❡r ■♥t❡r♣♦❧❛t✐♦♥ ❞❡r P❛②♦✛✲❋✉♥❦t✐♦♥ ❞✉r❝❤ ❞❛s
❘❇❋✲❲❛✈❡❧❡t✳ ❙♦♠✐t s✐♥❞ ❛✉❝❤ ❦❡✐♥❡ ❜❡ss❡r❡♥ ❊r❣❡❜♥✐ss❡ ♠❡❤r ③✉ ❡r✇❛rt❡♥✳ ❲✐r
✇♦❧❧❡♥ ✉♥s ❤✐❡r ♥✉r ❡✐♥ ❇❡✐s♣✐❡❧ ❛♥s❡❤❡♥✱ ❞❛ ❞✐❡ ❑♦♥✈❡r❣❡♥③ ❞✐❡s❡r ▼❡t❤♦❞❡ ♥❛❝❤
❇♦❤♥❡r✴❩❤❡♥❣ ❬✸❪ ❢ür ❜❡❧✐❡❜✐❣ ♦❢t ❞✐✛❡r❡♥③✐❡r❜❛r❡ ❋✉♥❦t✐♦♥❡♥ ❣❡❣❡❜❡♥ ✐st✳ ❉❛
✇✐r ♠✐t ✉♥s❡r❡♠ ❲❛✈❡❧❡t ❡✐♥❡♥ ❜❡❧✐❡❜✐❣❡♥ ●r❛❞ ❛♥ ❉✐✛❡r❡♥③✐❡r❜❛r❦❡✐t ❡rr❡✐❝❤❡♥
❦ö♥♥❡♥✱ ❣✐❧t ❞✐❡ ❑♦♥✈❡r❣❡♥③ ❡❜❡♥s♦ ❢ür ✉♥s❡r❡ ▼❡t❤♦❞❡✳ ❉✐❡ ❡✐♥③✐❣❡ ▼ö❣❧✐❝❤❦❡✐t
❡✐♥❡r ❉✐✈❡r❣❡♥③ ✇är❡ s♦♠✐t ❡✐♥❡ ✒s❝❤❧❡❝❤t❡✏ ■♥t❡r♣♦❧❛t✐♦♥ ❞❡r P❛②♦✛✲❋✉♥❦t✐♦♥✳
❉❛ ✇✐r ❛❜❡r ❜❡r❡✐ts ❣❡s❡❤❡♥ ❤❛❜❡♥✱ ❞❛ss ✉♥s❡r❡ ❙❦❛❧✐❡r✉♥❣s❢✉♥❦t✐♦♥ ❞✐❡ P❛②♦✛✲
❋✉♥❦t✐♦♥ s♦❣❛r ❛✉❢ ❡✐♥❡♠ ❤✐♥r❡✐❝❤❡♥❞ ❣r♦ÿ❡♥ ■♥t❡✈❛❧❧ r❡♣r♦❞✉③✐❡r❡♥ ❦❛♥♥✱ ✐st
❞✐❡ ▼❡t❤♦❞❡ ✉♥❡♠♣✜♥❞❧✐❝❤ ❣❡❣❡♥ü❜❡r ➘♥❞❡r✉♥❣❡♥ ❞❡r ■♥♣✉t P❛r❛♠❡t❡r✳ Pr♦✲
❜❧❡♠❡ ❤❛t ❞✐❡ ▼❡t❤♦❞❡ ❛❧❧❡r❞✐♥❣s ❜❡✐s♣✐❡❧s✇❡✐s❡ ❜❡✐ ❦❧❛ss✐s❝❤❡♥ ❈❛❧❧ ❜③✇✳ P✉t
❖♣t✐♦♥❡♥✱ ❞❛ ❛❧❧❡ ❙✉♠♠❛♥❞❡♥ Vk (S, t) ♠✐t

Vk(S, t) =

(
2k∑

m=0

(
m∑

v=0

(−1)
m−v

v!(m− v)!
pkv

)
Smg̃

(m)
N (S)

)
(T − t)

k

k!
,

✈❡rs❝❤✇✐♥❞❡♥✱ ✇❡♥♥ ❞✐❡ P❛②♦✛✲❋✉♥❦t✐♦♥ g(S) ❜③✇✳ ❞❡ss❡♥ ■♥t❡r♣♦❧❛t✐♦♥ g̃N (S)
✐❞❡♥t✐s❝❤ ◆✉❧❧ ✐st✳ ❉✐❡s ✐st ❛❧❧❡r❞✐♥❣s ❢ür ❡✐♥❡♥ ❡✉r♦♣ä✐s❝❤❡♥ ❈❛❧❧ ❞❡r ❋❛❧❧✱ ✇❡♥♥
S < K ✐st✱ s♦✇✐❡ ❜❡✐ ❡✐♥❡♠ ❡✉r♦♣ä✐s❝❤❡♥ P✉t✱ ✇❡♥♥ S > K ✐st✳ ❲✐r ❦ö♥♥❡♥ ③✇❛r
❞✐❡ P❛②♦✛✲❋✉♥❦t✐♦♥❡♥ ❛✉❢ [0,K] ❜③✇✳ [K,∞) ♠✐t ✉♥s❡r♠ ❘❇❋✲❲❛✈❡❧❡t ✐♥t❡r♣♦✲
❧✐❡r❡♥✱ ❛❧❧❡r❞✐♥❣s ✐st ❞✐❡ ❑♦♥✈❡r❣❡♥③❣❡s❝❤✇✐♥❞✐❣❦❡✐t ❞❡r ▼❡t❤♦❞❡ ✭③✉♠ ❧ös❡♥ ❞❡r
P❉❊✮ s❡❤r ❧❛♥❣s❛♠✳ ❉✐❡s ❧✐❡❣t ❞❛r❛♥✱ ❞❛ss ❞❡r ③❡♥tr❛❧❡ ❑❡r♥ ❞❡r ▼❡t❤♦❞❡ ❛✉❢
❞❡♥ ❆❜❧❡✐t✉♥❣❡♥ ❜❡r✉❤t✳ ■st ❞✐❡ ■♥t❡r♣♦❧❛t✐♦♥ ❞❡r P❛②♦✛✲❋✉♥❦t✐♦♥ ♥✉♥ s❡❤r ✢❛❝❤
✇✐❡ ❡s ❢ür ❡✐♥❡♥ ❡✉r♦♣ä✐s❝❤❡♥ ❈❛❧❧ ❜③✇✳ P✉t ❛✉❢ [0,K] ❜③✇✳ [K,∞) ❞❡r ❋❛❧❧ ✐st✱
✇❡r❞❡♥ ✇❡✐t❛✉s ♠❡❤r Vk(S, t) ❜❡♥öt✐❣t ✉♠ ❡✐♥❡♥ ❣✉t❡♥ Pr❡✐s ③✉ ❡r❤❛❧t❡♥✳ ❋ür
❞❡♥ ❋❛❧❧✱ ❞❛ss s✐❝❤ ❞✐❡ ❖♣t✐♦♥ ✐♠ ●❡❧❞ ❜❡✜♥❞❡t✱ ❧✐❡❢❡rt ❞✐❡ ▼❡t❤♦❞❡ ❛❧❧❡r❞✐♥❣s
❣❡♥❛✉s♦ ❣✉t❡ ❊r❣❡❜♥✐ss❡✱ ✇✐❡ ❜❡✐ ❡✐♥❡♠ ❋♦r✇❛r❞✱ ❞❛ ❞✐❡ P❛②♦✛✲❋✉♥❦t✐♦♥❡♥ ❞❛♥♥
stü❝❦✇❡✐s❡ ♠✐t ❞❡♥❡♥ ❡✐♥❡s ❧♦♥❣ ❈❛❧❧s ❜③✇✳ s❤♦rt P✉ts ü❜❡r❡✐♥st✐♠♠❡♥✳

✽✷



✹✳✸✳✷ ❉❡r ♥✐❝❤t❧✐♥❡❛r❡ ❋❛❧❧

❲✐r ❜❡❣✐♥♥❡♥ ③✉♥ä❝❤st ✇✐❡❞❡r ♠✐t ❞❡r P❉❊ ✈♦♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ❬✽❪✳ ❉❡r
❆✉s❣❛♥❣s♣✉♥❦t ❞❡r ❇❡tr❛❝❤t✉♥❣ ✐st ❞❛♥♥

rṼ =
∂Ṽ

∂t
+ LtṼ + (1−RB)λBṼ

− − (1−RC)λC Ṽ
+ − sF Ṽ

+

♠✐t

LtṼ =
1

2
σ2S2 ∂

2Ṽ

∂S2
+ (r − q)S

∂Ṽ

∂S

s♦✇✐❡

Ṽ + =
Ṽ + ˜|V |

2
, Ṽ − =

−Ṽ + ˜|V |
2

.

❉❛♥♥ ❣✐❧t✿
Ṽt − aṼ − b ˜|V | = −cS2ṼSS − d · SṼS ,

✇♦❜❡✐

a = r +
1

2
(1−RB)λB +

1

2
(1−RC)λC +

1

2
sF

✉♥❞

b = −1

2
(1−RB)λB +

1

2
(1−RC)λC +

1

2
sF

✐st✱ s♦✇✐❡ c = σ2

2 ✉♥❞ d = r − q✳ ❩✉❞❡♠ s❡t③❡♥ ✇✐r ✉♥s❡r❡ ❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥
Ṽ (S, T ) = g (S) . ❲✐r ❜❡♥✉t③❡♥ ❞❛♥♥ ✇✐❡❞❡r ❞❡♥ ❆♥s❛t③ ✭✹✳✸✳✶✮✱ ✇♦❜❡✐ ✇✐r
❞✐❡s❡♥ ✉♠ ♣♦❧②♥♦♠✐❛❧❡ ❆♥t❡✐❧❡ ❡r✇❡✐t❡r♥✱ ✇❡❧❝❤❡ ❞✐❡ ◆✐❝❤t❧✐♥❡❛r✐tät ❜❡❤❛♥❞❡❧♥✳
❍✐❡r③✉ s❡✐ ❛✉❝❤ ❛✉❢ ❙❡♥❣✴❆❜❜❛♦✉✐✴❈❤❡rr✉❛✉❧t ❬✸✸❪ ✈❡r✇✐❡s❡♥✳ ❲✐r ❡r❤❛❧t❡♥ ❞❛♥♥

N∑

n=0

αn (S, t)GnV (S, t) +A (G0, G1, ...., GN−1)

=

M∑

m=1

βm (S, t)FmV (S, t) +B (F1, ...., FM−1) + f (S, t)

♠✐t A,B ❞❡♥ ◆✐❝❤t❧✐♥❡❛r✐tät❡♥ ❞❡r ❋✉♥❦t✐♦♥ u(S, t) ✉♥❞ ❞❡r❡♥ ❆❜❧❡✐t✉♥❣❡♥ ♥❛❝❤
S ❜③✇✳ t. ❉✐❡ ❛❧❧❣❡♠❡✐♥❡ ▲ös✉♥❣ ❡✐♥❡s s♦❧❝❤❡♥ Pr♦❜❧❡♠s ❡r❣✐❜t s✐❝❤ ❞❛♥♥ ✇✐❡❞❡r
ü❜❡r ❞✐❡ ❘❡✐❤❡

V (S, t) =
∞∑

k=0

Vk(S, t),

✽✸



✇♦❜❡✐

V0 (S, t) = G−1
n

(
f (S, t)

αN (S, t)

)
+

N−1∑

ℓ=0

tℓ

ℓ!
gℓ (S)

s♦✇✐❡

Vk+1 (S, t) =

(
M∑

m=1

G−1
N

(
βm (S, t)

αN (S, t)
Fm

)
−

N−1∑

n=0

G−1
N

(
αn (S, t)

αN (S, t)
Gn

))
Vk (S, t)

+G−1
N (Bk −Ak)

s✐♥❞✳ ❉✐❡ Ak, Bk, ✇❡r❞❡♥ ❆❞♦♠✐❛♥ P♦❧②♥♦♠❡ ❣❡♥❛♥♥t✳ ❉✐❡s❡ P♦❧②♥♦♠❡ ❦ö♥♥❡♥
❢ür ◆✐❝❤t❧✐♥❡❛r✐tät❡♥ ❜❡r❡❝❤♥❡t ✇❡r❞❡♥✱ ✇❡❧❝❤❡ ❛✉❢ ❞❡♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ❜❡✲
❧✐❡❜✐❣ ♦❢t ❞✐✛❡r❡♥③✐❡r❜❛r s✐♥❞ ✭❤✐❡r③✉ s❡✐ ❛✉❝❤ ❛✉❢ ❆❞♦♠✐❛♥ ❬✷❪ ✈❡r✇✐❡s❡♥✮✳ ❉✐❡s❡
P♦❧②♥♦♠❡ ❦ö♥♥❡♥ ✐♥ ❞✐❡s❡♠ ❋❛❧❧❡ ✇✐❡ ❢♦❧❣t ❜❡r❡❝❤♥❡t ✇❡r❞❡♥✿

Ak =
1

k!


 dk

dλk
A




k∑

j=0

λjG0Vj ,····· ,
k∑

j=0

λjGN−1Vj





λ=0

, k ≥ 0

❜③✇✳

Bk =
1

k!


 dk

dλk
B




k∑

j=0

λjF1Vj ,····· ,
k∑

j=0

λjFM−1Vj





λ=0

, k ≥ 0.

❩✉♥ä❝❤st ✇❡r❞❡♥ ❞✐❡ ❆❜❧❡✐t✉♥❣❡♥ ♥❛❝❤ λ ❣❡❜✐❧❞❡t ✉♥❞ ❞❛♥♥ λ = 0 ❣❡s❡t③t✳
❋ür ✉♥s❡r❡ ◆✐❝❤t❧✐♥❡❛r✐tät A (·) = |·| ❦ö♥♥❡♥ ❞✐❡s❡ ❞❛♠✐t ♥✐❝❤t ❡✐♥❢❛❝❤ ❜❡r❡❝❤♥❡t
✇❡r❞❡♥✳ ❆❧❧❡r❞✐♥❣s ❦ö♥♥❡♥ ✇✐r ❞✐❡s❡s Pr♦❜❧❡♠ ♠✐t ❞❡r ♠✉❧t✐q✉❛❞r✐❝ r❛❞✐❛❧❡♥
❇❛s✐s❢✉♥❦t✐♦♥ ❧ös❡♥✱ ❞❡♥♥ ❡s ❣✐❧t✿

|x| = lim
c→0

√
x2 + c2.

❉❛s ❤❡✐ÿt✱ ✇✐r ❦ö♥♥❡♥ ♠✐t ❜❡❧✐❡❜✐❣ ❦❧❡✐♥❡♠ c ❞✐❡ ❇❡tr❛❣s❢✉♥❦t✐♦♥ ❜❡❧✐❡❜✐❣ ❣✉t
❛♣♣r♦①✐♠✐❡r❡♥✳ ❍✐❡r❜❡✐ ❦♦♥✈❡r❣✐❡rt ❞✐❡ ❋✉♥❦t✐♦♥❡♥❢♦❧❣❡ ❣❧❡✐❝❤♠äÿ✐❣ ❣❡❣❡♥ ❞✐❡
❇❡tr❛❣s❢✉♥❦t✐♦♥✳ ❲✐r ✇♦❧❧❡♥ ✉♥s ♥✉♥ ③✉♥ä❝❤st ❞✐❡ ❡rst❡♥ P♦❧②♥♦♠❡ Ak ❛♥s❡❤❡♥✳
❊s ❣✐❧t✿

A0 =
1

0!

[
d0

dλ0
A

(
0∑

k=0

λkVk

)]

λ=0

= A (V0)

A1 =
1

1!

[
d

dλ
A

(
1∑

k=0

λkVk

)]

λ=0

=

[
d

dλ
A (V0 + λV1)

]

λ=0

= V1 ·A(1) (V0)

A2 =
1

2!

[
d2

dλ2
A

(
2∑

k=0

λkVk

)]

λ=0

=
1

2!

[
d2

dλ2
A
(
V0 + λV1 + λ2V2

)]

λ=0

✽✹



= V2 ·A(1) (V0) +
1

2
V 2
1 ·A(2) (V0)

A3 = V3A
(1) (V0) + V1V2A

(2) (V0) +
1

3!
V 3
1 A

(3) (V0)

❉❛s ❤❡✐ÿt✱ ❞✐❡ Ak ❧❛ss❡♥ s✐❝❤ s❝❤r❡✐❜❡♥ ❛❧s

Ak = VkA
(1) (V0) + ξk,

✇♦❜❡✐ ✇✐r ξk ❞❡♥ ❋❡❤❧❡r ❞❡r ❆♣♣r♦①✐♠❛t✐♦♥ ♥❡♥♥❡♥✱ ❞❡♥♥ ❞✐❡ ❇❡tr❛❣s❢✉♥❦t✐♦♥✱
✇❡❧❝❤❡ ✇✐r ❛♣♣r♦①✐♠✐❡r❡♥✱ ❜❡s✐t③t ❦❡✐♥❡ ✒❤ö❤❡r❡♥✏ ❆❜❧❡✐t✉♥❣❡♥✳ ❉✐❡ ❦r✐t✐s❝❤❡
❙t❡❧❧❡ ❞✐❡s❡r ❆♣♣r♦①✐♠❛t✐♦♥ ✐st ❞✐❡ ◆✉❧❧✳ ❆✉s ❞✐❡s❡♠ ●r✉♥❞ ❜❡tr❛❝❤t❡♥ ✇✐r ♥✉♥
❞❛s ❱❡r❤❛❧t❡♥ ❞❡s ❋❡❤❧❡rs ξk ❛♥ ❞❡r ◆✉❧❧✳ ❲✐r ✇✐ss❡♥ ❜❡r❡✐ts✱ ❞❛ss ❞✐❡ ❡rst❡♥
❜❡✐❞❡♥ ❆❜❧❡✐t✉♥❣❡♥ ❞❡r ♠✉❧t✐q✉❛❞r✐❝ ❋✉♥❦t✐♦♥ f (x) =

√
x2 + c2 ❣❡❣❡❜❡♥ s✐♥❞

❞✉r❝❤✿

f (1) (x) =
x√

c2 + x2
s♦✇✐❡ f (2) (x) =

c2√
c2 + x2

.

❉❛s ❤❡✐ÿt ❢ür c→ 0 ✉♥❞ c2 ≪ x2 ✐st ❞✐❡ ❡rst❡ ❆❜❧❡✐t✉♥❣ f (1) (x) ❞❡✜♥✐❡rt ❞✉r❝❤✿

lim
c→0

c2≪x2

f (1) (x) = lim
c→0

c2≪x2

x√
c2 + x2

=

{
1, x > 0
−1, x < 0

}

c2≪x2

.

❋ür ❞✐❡ ❆❜❧❡✐t✉♥❣❡♥ ❞❡r ♠✉❧t✐q✉❛❞r✐❝ ❋✉♥❦t✐♦♥ dk

dxk

√
x2 + c2 ♠✐t k > 2 ❣✐❧t ♥❛❝❤

▲❡♠♠❛ ✸✳✶

dk

dxk
1

(1 + x2)
3
2

= −3


2k−1

k−1∏

j=1

(−3

2
− j) · xk

(
1 + x2

)−k− 3
2

+

⌊ k
2 ⌋∑

i=1

2k−1−i

(
k

2i

) i∏

j=1

(2j − 1)
k−1−i∏

j=1

(
−3

2
− j

)
xk−2i

(
1 + x2

)−k− 3
2+i


 .

✭✹✳✸✳✼✮

❲✐r ♥✉t③❡♥ ♥✉♥ ❞✐❡ ✈❡r❡✐♥❢❛❝❤t❡ ❉❛rst❡❧❧✉♥❣ ❛✉s ❙❛t③ ✸✳✷ ✉♥❞ ❡rs❡t③❡♥ ❞✐❡ ❊✐♥s
❞✉r❝❤ c2, s♦❞❛ss

dk

dxk
c2

(c2 + x2)
3
2

= c2


 λ0x

k

(c2 + x2)
k+ 3

2

+

⌊ k
2 ⌋∑

i=1

λix
k−2i

(c2 + x2)
k+ 3

2−i


 ✭✹✳✸✳✽✮

❣✐❧t✳ ❲♦❜❡✐ λ0, ...., λ⌊ k
2 ⌋ ∈ R ✇✐❡ ✐♥ ▲❡♠♠❛ ✸✳✶ s✐♥❞✳ ❲✐r ❦ö♥♥❡♥ ♥✉♥ s❡❤❡♥✱ ❞❛ss

❛❧❧❡ ✉♥❣❡r❛❞❡♥ ❆❜❧❡✐t✉♥❣❡♥ ✐♥ ❞❡r ◆✉❧❧ ✈❡rs❝❤✇✐♥❞❡♥✱ ❞❛ ❛❧❧❡ ❙✉♠♠❛♥❞❡♥ ❜❡✐

✽✺



✉♥❣❡r❛❞❡♠ k ✈♦♥ x ❛❜❤ä♥❣❡♥✳ ❉❛s ❤❡✐ÿt✱ ❞✐❡ ❋❡❤❧❡r ❞❡r ❆♣♣r♦①✐♠❛t✐♦♥ ❦♦♠✲
♠❡♥ ✈♦♥ ❞❡♥ ❣❡r❛❞❡♥ ❆❜❧❡✐t✉♥❣❡♥ ❞❡r ♠✉❧t✐q✉❛❞r✐❝ ❋✉♥❦t✐♦♥✳ ❇❡✐ ❞❡♥ ❣❡r❛❞❡♥
❆❜❧❡✐t✉♥❣❡♥ ❜❡♥öt✐❣❡♥ ✇✐r ♥✉♥ ✇✐❡❞❡r c→ 0 ✉♥❞ c2 ≪ x2✱ ❛❧s♦ c2 ✇❡s❡♥t❧✐❝❤❡r

❦❧❡✐♥❡r ❛❧s x2. ❉✐❡s ❧✐❡❣t ❛♠ ❧❡t③t❡♥ ❚❡r♠ ❞❡r ❙✉♠♠❡✱ ✇❡❧❝❤❡r
c2·λ k

2

(c2+x2)
k+3
2

✐st✳

❉❛s ❜❡❞❡✉t❡t ❢ür ❞✐❡ ❆♣♣r♦①✐♠❛t✐♦♥✱ ❞❛ss ✇✐r ❦❡✐♥❡ ❣❧❡✐❝❤♠äÿ✐❣❡✱ s♦♥❞❡r♥ ❧❡✲
❞✐❣❧✐❝❤ ❡✐♥❡ ♣✉♥❦t✇❡✐s❡ ❑♦♥✈❡r❣❡♥③ ✐♥ ❞❡♥ ❆❜❧❡✐t✉♥❣❡♥ ❤❛❜❡♥✱ ✇♦❜❡✐ ✇✐r x 6= 0
✈❡r❧❛♥❣❡♥✳ ❆✉ÿ❡r❤❛❧❜ ❡✐♥❡r ❯♠❣❡❜✉♥❣ ❞❡r ◆✉❧❧ ❦♦♥✈❡r❣✐❡rt ❞❡r ❋❡❤❧❡r ❛✉❢❣r✉♥❞
❞❡r ❤ö❤❡r❡♥ ❆❜❧❡✐t✉♥❣❡♥ ❡①♣♦♥❡♥t✐❡❧❧ ✉♥❞ ❣❧❡✐❝❤♠äÿ✐❣ ❣❡❣❡♥ ◆✉❧❧✱ ✇❛s ❞✐r❡❦t
❛✉s ▲❡♠♠❛ ✸✳✶ ❢♦❧❣t✳ ❉❛ ✇✐r ✇✐❡ ✐♠ ❧✐♥❡❛r❡♥ ❋❛❧❧ ❡✐♥❡ ❛♥❛❧②t✐s❝❤❡ ▲ös✉♥❣ ❛♥str❡✲
❜❡♥✱ ✐st ❡s ♥♦t✇❡♥❞✐❣✱ ❞❡♥ ❋❡❤❧❡r ξk ❛✉s ❞❡r ✇❡✐t❡r❡♥ ❍❡r❧❡✐t✉♥❣ ❤❡r❛✉s③✉❤❛❧t❡♥✳
❉✐❡s ❞ür❢❡♥ ✇✐r ❛❧❧❡r❞✐♥❣s ♥✉r✱ ✇❡♥♥ ❞❡r ❋❡❤❧❡r ✈❡r♥❛❝❤❧äss✐❣❜❛r ❦❧❡✐♥ ✇✐r❞ ✉♥❞
✇✐r ✐♥ ✉♥s❡r❡r ▲ös✉♥❣ ♥✉r ♥♦❝❤ ✈♦♥ ❡♥❞❧✐❝❤ ✈✐❡❧❡♥ Vk ❛✉s❣❡❤❡♥ ✉♥❞ ♥✐❝❤t ♠❡❤r
✈♦♥ ✉♥❡♥❞❧✐❝❤ ✈✐❡❧❡♥✱ ✇✐❡ ❜❡✐ ❞❡r ❡①❛❦t❡♥ ❛♥❛❧②t✐s❝❤❡♥ ▲ös✉♥❣✳ ❉❛❤❡r s♣r❡❝❤❡♥
✇✐r ✈♦♥ ♥✉♥ ❛♥ ✈♦♥ ❡✐♥❡r ❛♥❛❧②t✐s❝❤❡♥ ❆♣♣r♦①✐♠❛t✐♦♥ ♠✐t ❡♥❞❧✐❝❤ ✈✐❡❧❡♥ Vk
✉♥❞ s♦♠✐t Ak, ❜❡✐ ❞❡♥❡♥ ❞❡r ❋❡❤❧❡r ❦❧❡✐♥ ❣❡♥✉❣ ✐st✱ ✉♠ ✐❤♥ ❛✉s ❞❡r ✇❡✐t❡r❡♥
❍❡r❧❡✐t✉♥❣ ❛✉s❦❧❛♠♠❡r♥ ③✉ ❦ö♥♥❡♥✳ ❉❛③✉ ✇♦❧❧❡♥ ✇✐r ❛♥ ❞✐❡s❡r ❙t❡❧❧❡ ❡①♣❧✐③✐t
❞✐❡ ❋❡❤❧❡r ❜❡tr❛❝❤t❡♥✱ ❞✐❡ ❞✉r❝❤ ❞✐❡ ❣❡r❛❞❡♥ ❆❜❧❡✐t✉♥❣❡♥ f (k) (x) ✭❜❡✐ ❣❡r❛❞❡♠
k ✉♥❞ k > 2✮ ❡♥tst❡❤❡♥✳ ❍✐❡r③✉ ❧❡❣❡♥ ✇✐r ❢❡st✱ ❞❛ss|x| ≥ 10−5 ✐st✱ ✉♥❞ ✇✐r ❜❡✲
tr❛❝❤t❡♥ ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡ ❲❡rt❡ ❢ür c s♦✇✐❡ ❞✐❡ ❞❛③✉❣❡❤ör✐❣❡♥ ❋❡❤❧❡r✱ ❞✐❡ ❞✉r❝❤
❞✐❡ A(k) ♠✐t k > 2 ✉♥❞ k ∈ 2N ❡♥tst❡❤❡♥✳

▼❛①✐♠❛❧❡r ❋❡❤❧❡r ❞❡r f (k) (x) ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ✈♦♥ c
f (k) (x) /c c = 10−30 c = 10−40 c = 10−50 c = 10−60

f (2) (x) 1 · 10−45 1 · 10−65 1 · 10−85 1 · 10−105

f (4) (x) 1, 2 · 10−34 1, 2 · 10−54 1, 2 · 10−74 1, 2 · 10−94

f (6) (x) 3, 6 · 10−23 3, 6 · 10−43 3, 6 · 10−63 3, 6 · 10−83

f (8) (x) 2, 016 · 10−11 2, 016 · 10−31 2, 016 · 10−51 2, 016 · 10−71

f (10) (x) 18.144 1, 814 · 10−19 1, 814 · 10−39 1, 814 · 10−59

f (12) (x) 2, 395 · 1013 2, 395 · 10−7 2, 395 · 10−27 2, 395 · 10−47

f (14) (x) 4, 358 · 1025 435.891 4, 358 · 10−15 4, 358 · 10−35

f (16) (x) 1.046 · 1038 1, 046 · 1018 0, 0104614 1, 046 · 10−22

f (18) (x) 3, 201 · 1050 3, 201 · 1030 3, 201 · 1010 3, 201 · 10−10

❆❜❜✐❧❞✉♥❣ ✶✶✿ ■♥ ❞❡r ❧✐♥❦❡♥ ❙♣❛❧t❡ ✇❡r❞❡♥ ❞✐❡ ❡✐♥③❡❧♥❡♥ f (k) (x) ❛♥❣❡❣❡❜❡♥✳ ■♥
❞❡r ③✇❡✐t❡♥ ❩❡✐❧❡ ✇❡r❞❡♥ ❞✐❡ ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡♥ c ❛❜❣❡tr❛❣❡♥✱ s♦❞❛ss ❞✐❡ ❲❡rt❡
f (k) (x) /c ❞✐❡ ❋❡❤❧❡r ❞❡r ❡✐♥③❡❧♥❡♥ f (k) (x) ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ✈♦♥ c s✐♥❞✳ ■♥ ❛❧❧❡♥
❇❡tr❛❝❤t✉♥❣❡♥ ✇✐r❞ |x| ≥ 10−5 ❢❡st❣❡❧❡❣t✳ ❉✐❡ r♦t ♠❛r❦✐❡rt❡♥ ❋❡❤❧❡r s✐♥❞ ❞✐❡
♥✐❝❤t ❛❦③❡♣t❛❜❧❡♥✳

❆♥❤❛♥❞ ❞❡r ❚❛❜❡❧❧❡ ❧ässt s✐❝❤ s❡❤r ❣✉t ❡r❦❡♥♥❡♥✱ ❞❛ss s✐❝❤ ❞❡r ❋❡❤❧❡r✱ ❞❡r ❞✉r❝❤
❞✐❡ ❆❜❧❡✐t✉♥❣❡♥ ✐♥ ❡✐♥❡r ❯♠❣❡❜✉♥❣ ❞❡r ◆✉❧❧ ✭|x| ≥ 10−5✮ ❡♥tst❡❤t✱ ❧✐♥❡❛r ✐♥
f (k) (x) ✈❡r❤ä❧t✳ ■♠ ❋❛❧❧❡ ❞❡s ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥✲▼♦❞❡❧❧s ❤❛❜❡♥ ✇✐r ❜❡r❡✐ts
❣❡s❡❤❡♥✱ ❞❛ss ❞✐❡ ▼❡t❤♦❞❡ s❡❤r s❝❤♥❡❧❧ ❣❡❣❡♥ ❞✐❡ ❛♥❛❧②t✐s❝❤❡ ▲ös✉♥❣ ❦♦♥✈❡r✲
❣✐❡rt✳ ❉❛ ✇✐r ❤✐❡r ❡✐♥ s❡❤r ä❤♥❧✐❝❤❡s ❱♦r❣❡❤❡♥ ✈❡r✇❡♥❞❡♥✱ ❣❡❤❡♥ ✇✐r ✈♦♥ ❡✐♥❡r

✽✻



ä❤♥❧✐❝❤ s❝❤♥❡❧❧❡♥ ❑♦♥✈❡r❣❡♥③ ❛✉s✳ ❉❡s ❲❡✐t❡r❡♥ ✇✐r❞ ✉♥s❡r ❱♦r❣❡❤❡♥ ❞✉r❝❤ ❞✐❡
❚❛ts❛❝❤❡ ✉♥t❡rstüt③t✱ ❞❛ss ❊❧✲❑❛❧❧❛ ❬✶✽❪ ❡✐♥ ❛♥❞❡r❡s ❱♦r❣❡❤❡♥ ③✉r ❇❡r❡❝❤✉♥❣
❞❡r ❆❞♦♠✐❛♥ P♦❧②♥♦♠❡ ✈❡r✇❡♥❞❡t✱ ❜❡✐ ❞❡♠ ❧❡❞✐❣❧✐❝❤ ❞✐❡ ▲✐♣s❝❤✐t③✲❙t❡t✐❣❦❡✐t
✈♦r❛✉s❣❡s❡t③t ✇✐r❞✳ ❉✐❡s❡s ❱♦r❣❡❤❡♥✱ ✇❡❧❝❤❡s ❛✉❢ ❡✐♥❡r ❯♠♦r❞♥✉♥❣ ❞❡r P♦❧②✲
♥♦♠❡ ❜❡r✉❤t✱ ❜❡✐ ❞❡r ❛♥st❡❧❧❡ ✈♦♥ ❆❜❧❡✐t✉♥❣❡♥✱ ❉✐✛❡r❡♥③❡♥ ✈❡r✇❡♥❞❡t ✇❡r❞❡♥
❦ö♥♥❡♥✱ ❢ü❤rt ❢ür P❉❊➫s ♠✐t ▲✐♣s❝❤✐t③✲st❡t✐❣❡r ◆✐❝❤t❧✐♥❡❛r✐tät ③✉ ❡✐♥❡r ❛♥❛❧②✲
t✐s❝❤❡♥ ▲ös✉♥❣✳ ❉❛ ❞✐❡ ❇❡tr❛❣s❢✉♥❦t✐♦♥ ▲✐♣s❝❤✐t③✲❙t❡t✐❣ ✐st✱ ✇✐ss❡♥ ✇✐r s♦♠✐t✱
❞❛ss ❡s ❡✐♥❡ ❛♥❛❧②t✐s❝❤❡ ▲ös✉♥❣ ❣❡❜❡♥ ♠✉ss✳ ❉❛ ❞❛s ❱♦r❣❡❤❡♥ ♠✐t ❞❡♥ ❆❞♦♠✐❛♥
P♦❧②♥♦♠❡♥ ❛✉s ❊❧✲❑❛❧❧❛ ❬✶✽❪ ❛❧❧❡r❞✐♥❣s ♥✐❝❤t ③✉ ❡✐♥❡r ❣❡s❝❤❧♦ss❡♥❡♥ ❋♦r♠ ❢ü❤rt✱
♥✉t③❡♥ ✇✐r ❞✐❡ ❆♣♣r♦①✐♠❛t✐♦♥ |x| = limc→0

√
x2 + c2 ✐♠ ❩✉s❛♠♠❡♥❤❛♥❣ ♠✐t

❞❡♥ ❦❧❛ss✐s❝❤❡♥ ❆❞♦♠✐❛♥ P♦❧②♥♦♠❡♥✳ ❋ür ✉♥s❡r ✇❡✐t❡r❡s ❱♦r❣❡❤❡♥ ✈❡r❧❛♥❣❡♥
✇✐r ♥✉♥✱ ❞❛ss limc→0 ξk = 0 ♠✐t k > 2 ✉♥❞ k ❡♥❞❧✐❝❤ ✐st✱ s♦✇✐❡ c2 ≪ x2 ❣✐❧t✱
s♦❞❛ss ✇✐r ❢ür ❞✐❡ Ak ❛♥♥❡❤♠❡♥ ❞ür❢❡♥✱ ❞❛ss

Ak = VkA
(1) (V0) + ξk = lim

c→0

(
Vk

V0√
c2 + V 2

0

+ ξk

)
=

{
Vk, V0 > 0
−Vk, V0 < 0

}

c2≪V 2
0

❣✐❧t✳ ❋ür ❞❡♥ ❙♣❡③✐❛❧❢❛❧❧ ❞❡s ▼♦❞❡❧❧s ✈♦♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ❣✐❧t ❞❛♥♥ N =
1, M = 2, f (S, t) = 0, α0 = −a, α1 = 1, β1 = −d · S, β2 = −c · S2 ✉♥❞ ❞✐❡
❛♣♣r♦①✐♠✐❡rt❡ ◆✐❝❤t❧✐♥❡❛r✐tät A (·) = |·| . ❉❛ ❡s ✐♥ ❦❡✐♥❡r ❆❜❧❡✐t✉♥❣ ♥❛❝❤ t ❡✐♥❡
◆✐❝❤t❧✐♥❡❛r✐tät ❣✐❜t✱ ❢❛❧❧❡♥ ❛❧❧❡ Bk ✇❡❣✱ s♦❞❛ss s✐❝❤ ❞❛s Pr♦❜❧❡♠ r❡❞✉③✐❡rt ❛✉❢✿

V0 (S, t) = g (S) ✭✹✳✸✳✾✮

Vk+1 (S, t) =

(
2∑

m=1

G−1
1

(
βm (S, t)

α1 (S, t)
Fm

)
−

0∑

n=0

G−1
1

(
αn (S, t)

α1 (S, t)
Gn

))
Vk (S, t)

−b ·G−1
1 (−Ak)

= G−1
1

(
β1
α1
F1 +

β2
α1
F2 −

α0

α1
G0

)
Vk − b ·G−1

1 (−Ak)

= G−1
1

(
−d · S · F1 − c · S2 · F2 + a ·G0

)
Vk − b ·G−1

1 (−Ak) .

=

ˆ t

T

(
−d · S · ∂Vk (S, τ)

∂S
− c · S2 · ∂

2Vk (S, τ)

∂S2
+ a · Vk (S, τ)

)
dτ

+

ˆ t

T

b ·Akdτ

=

ˆ T

t

(
d · S · ∂Vk (S, τ)

∂S
+ c · S2 · ∂

2Vk (S, τ)

∂S2
− a · Vk (S, τ)− b ·Ak

)
dτ

=





´ T

t

(
d · S · ∂Vk(S,τ)

∂S + c · S2 · ∂2Vk(S,τ)
∂S2 − (a+ b)Vk (S, τ)

)
dτ, ❢ür V0 > 0

´ T

t

(
d · S · ∂Vk(S,τ)

∂S + c · S2 · ∂2Vk(S,τ)
∂S2 + (b− a)Vk (S, τ)

)
dτ, ❢ür V0 < 0✳

✭✹✳✸✳✶✵✮
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❲✐r ✇♦❧❧❡♥ ♥✉♥ ③❡✐❣❡♥✱ ❞❛ss s✐❝❤ ❞✐❡ Vk(S, t) ✐♠ ♥✐❝❤t❧✐♥❡❛r❡♥ ❋❛❧❧ ❡❜❡♥❢❛❧❧s ❛❧s
❣❡s❝❤❧♦ss❡♥❡ ❆✉s❞rü❝❦❡ s❝❤r❡✐❜❡♥ ❧❛ss❡♥✳ ❉❛③✉ ♥✉t③❡♥ ✇✐r ❞✐❡ ❍❡r❧❡✐t✉♥❣ ❛✉s
❇♦❤♥❡r✴❩❤❡♥❣ ❬✸❪ ✭❙❛t③ ✷✳✶✱ ▲❡♠♠❛ ✸✳✶ s♦✇✐❡ ▲❡♠♠❛ ✸✳✷✮ ✉♥❞ ♣❛ss❡♥ ❞✐❡s❡
❣❡❡✐❣♥❡t ❢ür ✉♥s❡r❡ Vk(S, t) ❛♥✳ ❉❛③✉ ③❡✐❣❡♥ ✇✐r ③✉♥ä❝❤st ③✇❡✐ ▲❡♠♠❛s✱ ✉♠ ✐♠
❆♥s❝❤❧✉ss ❞❛s ③❡♥tr❛❧❡ ❊r❣❡❜♥✐s ❛♥③✉❣❡❜❡♥✳

▲❡♠♠❛ ✹✳✶✳ ❋ür ❞✐❡ ❋✉♥❦t✐♦♥❡♥

γ(k)m =

m∑

v=0

(−1)
m−v

v!(m− v)!
ρkvi

♠✐t i ∈ {1, 2} , k ∈ N0 ✉♥❞ ρv1 = c
(
v2 − v

)
+dv−(a+b) ❜③✇✳ ρv2

= c
(
v2 − v

)
+

dv + (b− a) ❣✐❧t✱ ❞❛ss γ
(k)
m = 0 ❢ür m < 0 ✉♥❞ m > 2k, s♦✇✐❡ ❞✐❡ ❘❡❦✉rs✐♦♥

γ(k+1)
m =

{
[cm(m− 1) + dm+ (b− a)] γ

(k)
m + [2c(m− 1) + d] γ

(k)
m−1 + cγ

(k)
m−2, ❢ür ρv1

[cm(m− 1) + dm− (a+ b)] γ
(k)
m + [2c(m− 1) + d] γ

(k)
m−1 + cγ

(k)
m−2, ❢ür ρv2

✐st✳

❇❡✇❡✐s✳ ❲✐r ③❡✐❣❡♥ ③✉♥ä❝❤st ❞✐❡ ❘❡❦✉rs✐♦♥✳ ❍✐❡r❜❡✐ ✈❡r✇❡♥❞❡♥ ✇✐r ❞✐❡ ◆♦t❛t✐♦♥
ρm1 , ρm2 , ✇♦❜❡✐ ✇✐r ❞❛❜❡✐ ❧❡❞✐❣❧✐❝❤ ✐♥ ρv1 , ρv2 ❞❛s v ❞✉r❝❤ ❡✐♥ m ❡rs❡t③❡♥✳ ❉✐❡s
❢❛ss❡♥ ✇✐r ❞❛♥♥ ③✉ ρm − ρv ③✉s❛♠♠❡♥✳ ❊s ❣✐❧t ♦✛❡♥❜❛r

γ(k+1)
m =

m∑

v=0

(−1)
m−v

v!(m− v)!
ρk+1
vi =

m∑

v=0

(−1)
m−v

v!(m− v)!
ρkviρvi

✉♥❞

ρm1 − ρv1 = c(m2 −m) + dm− (a+ b)−
[
c(v2 − v) + dv − (a+ b)

]

= c(m2 −m) + dm− c(v2 − v)− dv

s♦✇✐❡

ρm2 − ρv2 = c(m2 −m) + dm+ (b− a)−
[
c(v2 − v) + dv + (b− a)

]

= c(m2 −m) + dm− c(v2 − v)− dv

✉♥❞ ❞❛♠✐t
ρm1

− ρv1
= ρm2

− ρv2 = ρm − ρv.

❆♥❛❧♦❣ ❢♦❧❣t

ρm1
− ρ(m−1)1 = ρm2

− ρ(m−1)2 = ρm − ρm−1

= c
(
m2 −m

)
+ dm− c

(
(m− 1)2 − (m− 1)

)
− d(m− 1)

✽✽



= 2c(m− 1) + d

❉✐❡s s❡t③❡♥ ✇✐r ♥✉♥ ❡✐♥ ✉♥❞ ❡r❤❛❧t❡♥
{

[cm(m− 1) + dm− (a+ b)] γ
(k)
m + [2c(m− 1) + d] γ

(k)
m−1 + cγ

(k)
m−2, ❢ür ρv1

[cm(m− 1) + dm+ (b− a)] γ
(k)
m + [2c(m− 1) + d] γ

(k)
m−1 + cγ

(k)
m−2, ❢ür ρv2

}

−γ(k+1)
m

=

m∑

v=0

(−1)
v

v!(m− v)!
ρkvi (ρm − ρv)−

m−1∑

v=0

(−1)
v

v!(m− 1− v)!
ρkvi

(ρm − ρm−1)

+

m−2∑

v=0

(−1)
v

v!(m− 2− v)!
ρkvi · c

=

m−2∑

v=0

(−1)
v

v!(m− v)!
ρkvi (ρm − ρv − (m− v) (ρm−1 − ρm)

+(m− v)(m− v − 1)c) = 0

❉❛♠✐t ✐st ❞✐❡ ❘❡❦✉rs✐♦♥ ❣❡③❡✐❣t✳ ❉❛ ♣❡r ❉❡✜♥✐t✐♦♥ γ
(k)
m = 0 ❢ür m < 0 ✐st

✭♥❡❣❛t✐✈❡ ❇✐♥♦♠✐❛❧❦♦❡✣③✐❡♥t❡♥✮✱ ❢♦❧❣t ❞✐❡ ❡rst❡ ❊✐❣❡♥s❝❤❛❢t ✈♦♥ γ
(k)
m . ❩✉❞❡♠

❣✐❧t

γ(0)m =
m∑

v=0

(−1)
v

v!(m− v)!
ρ0vi =

1

m!

m∑

v=0

(−1)
v

(
m

v

)
= (1−1)m =

{
1 ❢ür m = 0

0 s♦♥st
.

❲❡❣❡♥ ❞❡r ❘❡❦✉rs✐♦♥ ❜❡♥öt✐❣❡♥ ✇✐r m = 2k ❙✉♠♠❛♥❞❡♥✱ ✇❡s✇❡❣❡♥ ✇✐r ❛❜
m > 2k ✐♥ ❞❡♥ ❇❡r❡✐❝❤ ✈♦♥ m < 0 ❣❡❧❛♥❣❡♥✱ ✈♦♥ ❞❡♠ ✇✐r ❛❜❡r ✇✐ss❡♥✱ ❞❛ss
γ
(k)
m = 0 ❣✐❧t✳ ❉❛♠✐t ❢♦❧❣t ❞✐❡ ③✇❡✐t❡ ❊✐❣❡♥s❝❤❛❢t ✉♥❞ ✐♥s❣❡s❛♠t ❞✐❡ ❇❡❤❛✉♣t✉♥❣
❞❡s ❙❛t③❡s✳

▲❡♠♠❛ ✹✳✷✳ ❉✐❡ ❋✉♥❦t✐♦♥❡♥

vk(S) =

2k∑

m=0

m∑

v=0

(
(−1)

m−v

v!(m− v)!
ρkvi

)
Smg(m)(S)

♠✐t i ∈ {1, 2} , k ∈ N0 ✉♥❞ ρv1 = c
(
v2 − v

)
+dv−(a+b) ❜③✇✳ ρv2

= c
(
v2 − v

)
+

dv + (b− a) ✇♦❜❡✐ g(S) ∈ C∞ ✐st✱ ❡r❢ü❧❧❡♥ ❞✐❡ ❘❡❦✉rs✐♦♥

vk+1(S) =

{
c · S2 · v′′

k (S) + d · S · v′

k(S)− (a+ b) · vk(S), ❢ür ρv1

c · S2 · v′′

k (S) + d · S · v′

k(S) + (b− a) · vk(S), ❢ür ρv2 ✳

✭✹✳✸✳✶✶✮

✽✾



❇❡✇❡✐s✳ ❲✐r ✇ä❤❧❡♥ ♦✳❇✳❞✳❆✳

γ(k)m =

m∑

v=0

(−1)
m−v

v!(m− v)!
ρkv1

✇♦❜❡✐ ♠❛♥ ❞✐❡ ❆✉ss❛❣❡ ❛♥❛❧♦❣ ♠✐t ρv2
③❡✐❣t✳ ❉❛♠✐t ❧❛ss❡♥ s✐❝❤ ❞✐❡ vk(S) s❝❤r❡✐✲

❜❡♥ ❛❧s

vk(S) =

2k∑

m=0

γ(k)m Smg(m)(S), k ∈ N0.

❲✐r ❜✐❧❞❡♥ ♥✉♥ ❞✐❡ ❡rst❡ ✉♥❞ ③✇❡✐t❡ ❆❜❧❡✐t✉♥❣ ❞✐❡s❡r vk(S) ✉♥❞ ❡r❤❛❧t❡♥

v
′

k(S) =

2k∑

m=0

γ(k)m

(
mSm−1g(m)(S) + Smg(m+1)(S)

)

v
′′

k (S) =

2k∑

m=0

γ(k)m

(
m (m− 1)Sm−2g(m)(S)

+2mSm−1g(m+1)(S) + Smg(m+2)(S)
)
.

❉✐❡s s❡t③❡♥ ✇✐r ✐♥ ✭✹✳✸✳✶✶✮ ❡✐♥✱ ✉♥❞ ❡r❤❛❧t❡♥

c · S2 · v′′

k (S) + d · S · v′

k(S) + (b− a) · vk(S)

=

2k∑

m=0

γ(k)m

(
[cm (m− 1) + dm+ (b− a)]Smg(m)(S)

+ [2cm+ d]Sm+1g(m+1)(S) + cSm+2g(m+2)(S)
)

=

2k∑

m=0

[cm(m− 1) + dm+ (b− a)] γ(k)m Smg(m)(S)

+
2k+1∑

m=0

[2cm(m− 1) + d)] γ
(k)
m−1S

mg(m)(S) +
2k+2∑

m=0

cγ
(k)
m−2S

mg(m)(S)

=

2k+2∑

m=0

γ(k+1)
m Smg(m)(S) = vk+1(S).

❋ür ❞❡♥ ❧❡t③❡♥ ❙❝❤r✐tt ❤❛❜❡♥ ✇✐r ❞✐❡ ❘❡❦✉rs✐♦♥ ❞❡r γ(k)m ❛✉s ▲❡♠♠❛ ✭✹✳✶✮ ✈❡r✲
✇❡♥❞❡t✳ ❉❡r ❇❡✇❡✐s ❢✉♥❦t✐♦♥✐❡rt ❛♥❛❧♦❣ ♠✐t ρv2 .

✾✵



❙❛t③ ✹✳✸✳ ❉✐❡ ❋✉♥❦t✐♦♥❡♥ Vk (S, t) , ✇❡❧❝❤❡ ✐♥ ✭✹✳✸✳✾✮ ✉♥❞ ✭✹✳✸✳✶✵✮ ❞❡✜♥✐❡rt
✇✉r❞❡♥✱ ❧❛ss❡♥ s✐❝❤ ❡①♣❧✐③✐t s❝❤r❡✐❜❡♥ ❛❧s

Vk(S, t) =





(∑2k
m=0

(∑m
v=0

(−1)m−v

v!(m−v)!ρ
k
v1

)
Smg(m)(S)

)
(T−t)k

k! , ❢ür V0(S, t) > 0(∑2k
m=0

(∑m
v=0

(−1)m−v

v!(m−v)!ρ
k
v2

)
Smg(m)(S)

)
(T−t)k

k! , ❢ür V0(S, t) < 0

✭✹✳✸✳✶✷✮

♠✐t k ∈ N ✉♥❞
ρv1 = c

(
v2 − v

)
+ dv − (a+ b)

❜③✇✳
ρv2

= c
(
v2 − v

)
+ dv + (b− a)

s♦✇✐❡ g(S) ∈ C∞.

❇❡✇❡✐s✳ ❲✐r s❝❤r❡✐❜❡♥ Vk(S, t) ❛✉s ✭✹✳✸✳✶✷✮ ❛❧s

Vk(S, t) =

{
vk1

(S) (T−t)k

k! , ❢ür V0(S, t) > 0

vk2
(S) (T−t)k

k! , ❢ür V0(S, t) < 0

♠✐t

vk1(S) =

2k∑

m=0

(
m∑

v=0

(−1)
m−v

v!(m− v)!
ρkv1

)
Smg(m)(S)

✉♥❞

vk2
(S) =

2k∑

m=0

(
m∑

v=0

(−1)
m−v

v!(m− v)!
ρkv2

)
Smg(m)(S)

♠✐t k ∈ N. ❲✐r ③❡✐❣❡♥ ③✉♥ä❝❤st✱ ❞❛ss ●❧❡✐❝❤✉♥❣ ✭✹✳✸✳✶✵✮ ❡r❢ü❧❧t ✐st✳ ❊s ❣✐❧t

Vk+1 (S, t) =

=





´ T

t

(
d · S · ∂Vk(S,τ)

∂S + c · S2 · ∂2Vk(S,τ)
∂S2 − (a+ b)Vk (S, τ)

)
dτ, ❢ür V0 > 0

´ T

t

(
d · S · ∂Vk(S,τ)

∂S + c · S2 · ∂2Vk(S,τ)
∂S2 + (b− a)Vk (S, τ)

)
dτ, ❢ür V0 < 0

=
(T − t)

k+1

(k + 1)!

{
c · S2 · v′′

k (S) + d · S · v′

k(S)− (a+ b) · vk(S), ❢ür V0 > 0

c · S2 · v′′

k (S) + d · S · v′

k(S) + (b− a) · vk(S), ❢ür V0 < 0

=
(T − t)

k+1

(k + 1)!
·
{

vk1
(S) ❢ür V0 > 0

vk2
(S), ❢ür V0 < 0

❍✐❡r❜❡✐ ❤❛❜❡♥ ✇✐r ❢ür ❞❡♥ ❧❡t③❡♥ ❙❝❤r✐tt ❞❛s ▲❡♠♠❛ ✹✳✷ ✈❡r✇❡♥❞❡t✳

✾✶



❉❛s ❤❡✐ÿt✱ ✇❡♥♥ ✇✐r ❞✐❡s ♥✉♥ ❛✉❢ ✉♥s❡r❡♥ ❙❛t③ ✹✳✸ ❛♥✇❡♥❞❡♥✱ ❣✐❧t ❢ür ✉♥s❡r❡
Vk(S, t) ✐♠ ❋❛❧❧❡ ❡✐♥❡s ❋♦r✇❛r❞s✱ ❞❛ss

Vk(S, t) =





(∑2k
m=0

(∑m
v=0

(−1)m−v

v!(m−v)!ρ
k
v1

)
Smg(m)(S)

)
(T−t)k

k! , ❢ür S −K > 0(∑2k
m=0

(∑m
v=0

(−1)m−v

v!(m−v)!ρ
k
v2

)
Smg(m)(S)

)
(T−t)k

k! , ❢ür S −K < 0

✭✹✳✸✳✶✸✮

✐st✱ ✇♦❜❡✐

ρv1
=
σ2

2

(
v2 − v

)
+ (r − q)v − (1−RC)λC − sF − r

❜③✇✳

ρv2
=
σ2

2

(
v2 − v

)
+ (r − q)v − (1−RB)λB − r

❣✐❧t✳ ❍✐❡r❜❡✐ ✐st V0 = S − K. ❉❛ ✇✐r ✐♥ ❞❡r ❍❡r❧❡✐t✉♥❣ ❞✐❡ ❙♣rü♥❣❡ ❛✉s ❞❡r
P❉❊ ♠✐t❤✐❧❢❡ ❞❡s ❍❡❞❣✐♥❣s ❡♥t❢❡r♥t ❤❛❜❡♥✱ ❡r❤ä❧t ♠❛♥ ❞❡♥ Pr❡✐s ❞❡s ❉❡r✐✈❛t❡s✱
✐♥❞❡♠ ♠❛♥ ❢ür g (S) ❞✐❡ P❛②♦✛✲❋✉♥❦t✐♦♥ ❞❡s ❦❧❛ss✐s❝❤❡♥ ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥✲
▼♦❞❡❧❧s ❡✐♥s❡t③t✳ ■♠ ❋❛❧❧❡ ❞❡s ❤❡r❣❡❧❡✐t❡t❡♥ ❋♦r✇❛r❞s ✇är❡ ❞✐❡s s♦♠✐t S − K.
❋ür ✉♥s❡r❡ ▲ös✉♥❣ ❞❡r P❉❊ ❣✐❧t ♥✉♥✱ ❞❛ss ❞✐❡ ❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥ ❡♥t✇❡❞❡r
stü❝❦✇❡✐s❡ ♣♦s✐t✐✈ ✭❢ür S > K✮ ♦❞❡r stü❝❦✇❡✐s❡ ♥❡❣❛t✐✈ ✭❢ür S < K✮ ✐st✳ ❋ür
❞✐❡s❡ ❋ä❧❧❡ ❤❛❜❡♥ ✇✐r ❛❧❧❡r❞✐♥❣s ❜❡r❡✐ts ❛♥❛❧②t✐s❝❤❡ ▲ös✉♥❣❡♥ ❤❡r❣❡❧❡✐t❡t✱ s♦❞❛ss
✇✐r ❢ür ❞❡♥ Pr❡✐s ❡✐♥❡s ❋♦r✇❛r❞s ✐♠ ▼♦❞❡❧❧ ✈♦♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ✉♥t❡r ❞❡♥
❱♦r❛✉ss❡t③✉♥❣❡♥ ❛♥ x ✉♥❞ c✱ ❞❡♥ Pr❡✐s ❛♥❣❡❜❡♥ ❦ö♥♥❡♥ ❞✉r❝❤✿

Ṽ (S, t) =

{
DB · (Ce − Pe) , S < K

DC · (Ce − Pe) , S > K
✭✹✳✸✳✶✹✮

♠✐t
DB = exp (− (1−RB)λB (T − t)) ✭✹✳✸✳✶✺✮

✉♥❞
DC = exp (− ((1−RC)λC + sF ) (T − t)) . ✭✹✳✸✳✶✻✮

❉✐❡ ❣❧❡✐❝❤❡ ❍❡r❧❡✐t✉♥❣ ❦❛♥♥ ❢ür ❜❡❧✐❡❜✐❣❡ ❛♥❞❡r❡ ❉❡r✐✈❛t❡ ❛✉s ❞❡♠ ▼♦❞❡❧❧ ✈♦♥
❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥ ❞✉r❝❤❣❡❢ü❤rt ✇❡r❞❡♥✱ s♦❞❛ss ♠❛♥ ③✉ ❞❡♥ Pr❡✐s❡♥ ✐♠ ▼♦✲
❞❡❧❧ ✈♦♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ❣❡❧❛♥❣t✳ ❲✐r ✇♦❧❧❡♥ ♥✉♥ ❞❛s ❣❧❡✐❝❤❡ ❇❡✐s♣✐❡❧ ✇✐❡ ✐♠
❧✐♥❡❛r❡♥ ❋❛❧❧ ❜❡tr❛❝❤t❡♥ ✉♥❞ ✇✐❡❞❡r ❞❡♥ ♠❛①✐♠❛❧❡♥ ❛❜s♦❧✉t❡♥ ❋❡❤❧❡r ③✇✐s❝❤❡♥
❞❡r ❛♥❛❧②t✐s❝❤❡♥ ▲ös✉♥❣ ✭✹✳✸✳✶✹✮ ✉♥❞ ✉♥s❡r❡r ❘❡✐❤❡♥❡♥t✇✐❝❦❧✉♥❣ ❛♥❣❡❜❡♥✳

❇❡✐s♣✐❡❧ ✹✳✷✳ ❉❡r ❙tr✐❦❡ s❡✐ ✇✐❡❞❡r K = 9 ❊✉r♦, ❞✐❡ ❘❡st❧❛✉❢③❡✐t (T − t) = 0.2✱
❞✐❡ ❱♦❧❛t✐❧✐tät σ = 0.2✱ ❞❡r r✐s✐❦♦❧♦s❡ ❩✐♥s rf = 0.03 s♦✇✐❡ ❞❡r ❆❦t✐❡♥❦✉rs
S = 12 ❊✉r♦✳ ❩✉❞❡♠ ♥❡❤♠❡♥ ✇✐r λB = 0.03 ✉♥❞ λC = 0.08 s♦✇✐❡ sF = 0.04 ❛♥✳

✾✷



❲✐r ✇ä❤❧❡♥ ❞❛s ❣❧❡✐❝❤ ❘❇❋✲❲❛✈❡❧❡t ✇✐❡ ✐♥ ❇❡✐s♣✐❡❧ ✹✳✶✱ s♦❞❛ss g ∈ C5 ✐st✳ ❉✐❡
P❛②♦✛✲❋✉♥❦t✐♦♥ ❡✐♥❡s ❋♦r✇❛r❞s ✐st ❤✐❡r❜❡✐ g (S) = S −K✳

■t❡r❛t✐♦♥ ✉♥❞ ❋❡❤❧❡r
1. 2. 3. 4. 5. 6.
1, 1 0, 68 0, 18 2, 9 · 10−2 3, 6 · 10−2 3, 6 · 10−3

■t❡r❛t✐♦♥ ✉♥❞ ❋❡❤❧❡r
7. 8. 9. 10. 11.

3, 6 · 10−4 2, 2 · 10−6 1, 4 · 10−7 7, 7 · 10−9 3, 7 · 10−10

❆❜❜✐❧❞✉♥❣ ✶✷✿ ■♥ ❞❡r ❡rst❡♥ ❩❡✐❧❡ ✇❡r❞❡♥ ❞✐❡ ❡✐♥③❡❧♥❡♥ ■t❡r❛t✐♦♥ss❝❤r✐tt❡ ❛❜❣❡✲
tr❛❣❡♥ ✉♥❞ ✐♥ ❞❡r ③✇❡✐t❡♥ ❩❡✐❧❡ ❞✐❡ ❛❜s♦❧✉t❡♥ ❋❡❤❧❡r ❞❡r ♥✉♠❡r✐s❝❤❡♥ ❇❡r❡❝❤♥✉♥❣
✐♠ ❱❡r❣❧❡✐❝❤ ③✉♠ ❛♥❛❧②t✐s❝❤❡♥ ❋♦r✇❛r❞♣r❡✐s Ṽ (S, t)✳

■♠ ❱❡r❣❧❡✐❝❤ ③✉♠ ❧✐♥❡❛r❡♥ ❋❛❧❧ ❦♦♥✈❡r❣✐❡rt ❞✐❡ ❆❞♦♠✐❛♥✲❘❇❋✲❲❛✈❡❧❡t✲▼❡t❤♦❞❡
✐♠ ♥✐❝❤t❧✐♥❡❛r❡♥ ❋❛❧❧ ❧❛♥❣s❛♠❡r ❣❡❣❡♥ ❞✐❡ ❛♥❛❧②t✐s❝❤❡ ▲ös✉♥❣ ✭✹✳✸✳✶✹✮✳ ❉❡r ♠❛✲
①✐♠❛❧❡ ❋❡❤❧❡r ✇✐r❞ ❤✐❡r❜❡✐ ❢ür |S −K| = 10−5 ❛♥❣❡♥♦♠♠❡♥✱ ✇❡❧❝❤❡s ❞❡r P✉♥❦t
♠✐t ❞❡♠ ❣❡r✐♥❣st❡♥ ❆❜st❛♥❞ ③✉r ◆✉❧❧ ✐♥ ✉♥s❡r❡r ❇❡r❡❝❤♥✉♥❣ ✐st✳ ❉✐❡s ✐st ✐♥s♦❢❡r♥
✒❡r✇❛rt✉♥❣str❡✉✏✱ ❞❛ ✇✐r ✐♥ ✉♥s❡r❡r ❍❡r❧❡✐t✉♥❣ ❜❡r❡✐ts ❢❡st❣❡st❡❧❧t ❤❛❜❡♥✱ ❞❛ss
❞❡r ❦r✐t✐s❝❤❡ P✉♥❦t ❞❡r ❇❡tr❛❝❤t✉♥❣ ❞✐❡ ◆✉❧❧ ✐st✳ ❲✐r ❡r❤❛❧t❡♥ ❡❜❡♥❢❛❧❧s ❡✐♥❡
❡t✇❛s s❝❤❧❡❝❤t❡r❡ ●❡♥❛✉✐❣❦❡✐t ✐♠ ❱❡r❣❧❡✐❝❤ ③✉♠ ❧✐♥❡❛r❡♥ ❋❛❧❧✳ ❆❧❧❡r❞✐♥❣s ❦❛♥♥
❜❡✐ ❡✐♥❡♠ ♠❛①✐♠❛❧❡r ❋❡❤❧❡r ✈♦♥ 3, 7·10−10 ❞✐❡ ❆❞♦♠✐❛♥✲❘❇❋✲❲❛✈❡❧❡t✲▼❡t❤♦❞❡
❞✉r❝❤❛✉s ❛❧s ❛♥❣❡♠❡ss❡♥❡ s❡♠✐❛♥❛❧②t✐s❝❤❡ ▲ös✉♥❣ ❞❡s Pr♦❜❧❡♠s ❛♥❣❡s❡❤❡♥ ✇❡r✲
❞❡♥✳ ❉❡s ❲❡✐t❡r❡♥ ❦♦♥♥t❡♥ ✇✐r ❞❛♠✐t ③❡✐❣❡♥✱ ❞❛ss ❡s ❢ür ❡✐♥❡ ❡✐♥❢❛❝❤❡ ❇❡r❡❝❤✲
♥✉♥❣ ❞❡s Pr❡✐s❡s ❡✐♥❡s ❋♦✇❛r❞s ✐♠ ▼♦❞❡❧❧ ✈♦♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ❛✉sr❡✐❝❤t✱ ❞✐❡
❋♦r♠❡❧ ❛✉s ✭✹✳✸✳✶✹✮ ③✉ ✈❡r✇❡♥❞❡♥✳ ❊✐♥❡♥ Pr❡✐s ❢ür S = K ❦ö♥♥❡♥ ✇✐r ❛❧❧❡r❞✐♥❣s
♠✐t ❞✐❡s❡r ▼❡t❤♦❞❡ ♥✐❝❤t ❛♥❣❡❜❡♥✳ ❇❡✈♦r ✇✐r ✉♥s ❡✐♥✐❣❡♥ ✇❡✐t❡r❡♥ ❇❡✐s♣✐❡❧❡♥
✇✐❞♠❡♥✱ ✇♦❧❧❡♥ ✇✐r ✉♥s ③✉♥ä❝❤st ♥♦❝❤ ❞✐❡ ♣❛rt✐❡❧❧❡♥ ❆❜❧❡✐t✉♥❣❡♥ ✭●r✐❡❝❤❡♥✮ ✐♠
▼♦❞❡❧❧ ✈♦♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ❛♥s❡❤❡♥✳ ❲✐r ✈❡r✇❡♥❞❡♥ ❞❛❜❡✐ ❞✐❡ ❇❡③❡✐❝❤♥✉♥✲
❣❡♥ ❞❡s ❦❧❛ss✐s❝❤❡♥ ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥✲▼♦❞❡❧❧s ✭s✐❡❤❡ ❤✐❡r③✉ ❍❛✉s♠❛♥♥ ❡t
❛❧✳ ❬✷✶❪✮ ✿

❈❛❧❧ P✉t
❉❡❧t❛✿ △C = Φ(d1) △P = Φ(d1)− 1

●❛♠♠❛✿ Γ = ϕ(d1)

Sσ
√
T−t

❱❡❣❛✿ Λ = Sϕ (d1)
√
T − t

❚❤❡t❛✿ ΘC = α− r · β · Φ (d2) ΘP = α+ r · β · Φ (−d2)
❘❤♦✿ ρC = (T − t) · β · Φ (d2) ρP = − (T − t) · β · Φ (−d2)

❆❜❜✐❧❞✉♥❣ ✶✸✿ ■♥ ❞❡r ❡rst❡♥ ❩❡✐❧❡♥ ✇❡r❞❡♥ ❥❡✇❡✐❧s ❈❛❧❧ ✉♥❞ P✉t ❛❜❣❡tr❛❣❡♥✱
s♦✇✐❡ ✐♥ ❞❡r ❡rst❡♥ ❙♣❛❧t❡ ❞✐❡ ❡✐♥③❡❧♥❡♥ ◆❛♠❡♥ ❞❡r ♣❛rt✐❡❧❧❡♥ ❆❜❧❡✐t✉♥❣❡♥ ✐♠
❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥ ▼♦❞❡❧❧✳

❍✐❡r❜❡✐ ✐st α = −Sσϕ(d1)

2
√
T−t

✉♥❞ β = K · exp (−r (T − t)) , s♦✇✐❡ d1 ❜③✇✳ d2 ✇✐❡
♦❜❡♥✳

✾✸



❉❛♥♥ ❢♦❧❣t ❛✉s ❡✐❣❡♥❡♥ ❇❡r❡❝❤♥✉♥❣❡♥ ❢ür ❞❛s ▼♦❞❡❧❧ ✈♦♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r✿

❈❛❧❧ P✉t
❉❡❧t❛✿ DB/C△C DB/C△P

●❛♠♠❛✿ DB/CΓ DB/CΓ
❱❡❣❛✿ DB/CΛ DB/CΛ

❚❤❡t❛✿ DB/C

(
− log(DB/C)

(T−t) · Ce +ΘC

)
DB/C

(
− log(DB/C)

(T−t) · Pe +ΘP

)

❘❤♦✿ DB/CρC DB/CρP

❋♦r✇❛r❞
❉❡❧t❛✿ DB/C

●❛♠♠❛✿ 0
❱❡❣❛✿ 0

❚❤❡t❛✿ DB/C

(
log(DB/C)

(T−t) · (Pe − Ce) + ΘC −ΘP

)

❘❤♦✿ DB/C (ρC − ρp)

❆❜❜✐❧❞✉♥❣ ✶✹✿ ■♥ ❞❡♥ ❥❡✇❡✐❧s ❡rst❡♥ ❩❡✐❧❡♥ ✇❡r❞❡♥ ❈❛❧❧✱ P✉t ✉♥❞ ❋♦r✇❛r❞ ❛❜❣❡✲
tr❛❣❡♥✱ s♦✇✐❡ ✐♥ ❞❡♥ ❥❡✇❡✐❧s ❡rst❡♥ ❙♣❛❧t❡♥ ❞✐❡ ❡✐♥③❡❧♥❡♥ ◆❛♠❡♥ ❞❡r ♣❛rt✐❡❧❧❡♥
❆❜❧❡✐t✉♥❣❡♥ ✐♠ ▼♦❞❡❧❧ ✈♦♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r✳

❍✐❡r❜❡✐ ✐st DB/C ❞✐❡ ❆❜❦ür③✉♥❣ ❢ür DB , ✇❡❧❝❤❡s ❜❡✐ ♥❡❣❛t✐✈❡♥ ❆✉s③❛❤❧✉♥❣s✲
❢✉♥❦t✐♦♥❡♥ ③✉ ✈❡r✇❡♥❞❡♥ ✐st ✭s✐❡❤❡ ●❧❡✐❝❤✉♥❣ ✭✹✳✸✳✶✺✮✮✱ s♦✇✐❡ DC ❜❡✐ ♣♦s✐t✐✈❡♥
❆✉s③❛❤❧✉♥❣s❢✉♥❦t✐♦♥❡♥ ✭s✐❡❤❡ ●❧❡✐❝❤✉♥❣ ✭✹✳✸✳✶✻✮✮✳ ❉❡s ❲❡✐t❡r❡♥ s✐♥❞ Ce ✉♥❞
Pe ❞✐❡ ❦❧❛ss✐s❝❤❡♥ ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥✲Pr❡✐s❡ ❢ür ❡✉r♦♣ä✐s❝❤❡ ❈❛❧❧s ❜③✇✳ P✉ts✳
❩✉❞❡♠ s✐♥❞△C ,△P ,Γ,Λ,ΘC ,ΘP , ρC , ρP ✇✐❡ ✐♥ ❞❡r ❚❛❜❡❧❧❡ ❞❛rü❜❡r ❛♥❣❡❣❡❜❡♥✳
❲✐r ✇♦❧❧❡♥ ♥✉♥ ❡✐♥✐❣❡ ❇❡✐s♣✐❡❧❡ ❜❡tr❛❝❤t❡♥✳

✾✹







✺ ❩✉s❛♠♠❡♥❢❛ss✉♥❣ ✉♥❞ ❆✉s❜❧✐❝❦

❲✐r ❦♦♥♥t❡♥ ✐♥ ❞✐❡s❡r ❆r❜❡✐t ③❡✐❣❡♥✱ ❞❛ss ❡✐♥ ❣r✉♥❞sät③❧✐❝❤❡r ❩✉s❛♠♠❡♥❤❛♥❣
❞❡r ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q✉❛❞r✐❝ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥ ♠✐t ❞❡r ✈❡r❛❧❧❣❡♠❡✐✲
♥❡rt❡♥ ✐♥✈❡rs❡♥ ♠✉❧t✐q✉❛❞r✐❝ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥ ü❜❡r ❡✐♥❡ (2n)✲t❡ ❆❜❧❡✐t✉♥❣
❜❡st❡❤t✿

φ(2n)n (t) =
d2n

dt2n
(
a2 + t2

)n− 1
2 =

∏n
i=1(2i− 1)2 · a2n

(a2 + t2)
n+ 1

2

✇♦❜❡✐ a, t ∈ R ✉♥❞ n ∈ N ✐st✳ ❲✐r ❦♦♥♥t❡♥ ❞❡s ❲❡✐t❡r❡♥ ③❡✐❣❡♥✱ ❞❛ss ♥✉r
❞❛s ■♥t❡❣r❛❧

´∞
−∞ φ

(2n)
n (t)dt 6= 0 ❞❡r (2n)✲t❡♥ ❆❜❧❡✐t✉♥❣❡♥ ❞❡r ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥

♠✉❧t✐q✉❛❞r✐❝ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥ ✇♦❤❧❞❡✜♥✐❡rt ✐st✳

❉✐❡s❡ ❊✐❣❡♥s❝❤❛❢t ❞❡r ♠✉❧t✐q✉❛❞r✐❝ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥ ❤❛❜❡♥ ✇✐r ❞❛♥♥ ❣❡✲
♥✉t③t✱ ✉♠ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡ ♠✉❧t✉q✉❛❞r✐❝ Pr❡✇❛✈❡❧❡ts ✭✐♥ ❆♥❧❡❤♥✉♥❣ ❛♥ ❇✉❤✲
♠❛♥♥ ❬✹❪✮ ✐♥ ❡✐♥❡r ❉✐♠❡♥s✐♦♥ ③✉ ❡r③❡✉❣❡♥✳ ❉✐❡s❡ Pr❡✇❛✈❡❧❡ts ❜❡♥öt✐❣❡♥ ③✇❛r ❦❡✐✲
♥❡ äq✉✐❞✐st❛♥t❡♥ ❑♥♦t❡♥✱ ❛❧❧❡r❞✐♥❣s ❞ür❢❡♥ ❞✐❡ ❑♥♦t❡♥ ❛✉❝❤ ♥✐❝❤t ❜❡❧✐❡❜✐❣ ✈❡r✲
t❡✐❧t s❡✐♥✳ ●❡♥❡r❡❧❧ ❤❛❜❡♥ ✇✐r ❣❡③❡✐❣t✱ ❞❛ss ❞✐❡ Pr❡✇❛✈❡❧❡ts ❡①✐st✐❡r❡♥✱ s♦❧❛♥❣❡ ❞✐❡
❑♥♦t❡♥ ✒✉♥❣❡❢ä❤r✏ ❞❡♥ ❆❜st❛♥❞ ✈♦♥ 1

2n ❤❛❜❡♥✱ ✉♥❞ ❞❡r s❤❛♣❡ P❛r❛♠❡t❡r a ❞❡r
✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q✉❛❞r✐❝ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❞❡♥ ❞❡♥ ❑♦♥str✉♥❦t✐♦♥s✲
❜❡❞✐♥❣✉♥❣❡♥ ❣❡♥ü❣t✳ ❊✐♥❡ ❲❡✐t❡r❢ü❤r✉♥❣ ✈♦♥ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ Pr❡✇❛✲
✈❡❧❡ts ❦ö♥♥t❡ ❞❡♠♥❛❝❤ ❞✐❡ ❊r✇❡✐t❡r✉♥❣ ❛✉❢ ❛♥❞❡r❡ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ s❡✐♥✳
❆♠ ✐♥t❡r❡ss❛♥t❡st❡♥ ✇är❡ ❤✐❡r ❡✐♥❡ ❊r✇❡✐t❡r✉♥❣ ❛✉❢ ❞✐❡ ❲❡♥❞❧❛♥❞✲❋✉♥❦t✐♦♥❡♥✱
✇❡❧❝❤❡ ❡✐♥❡♥ ❦♦♠♣❛❦t❡♥ ❚rä❣❡r ❤❛❜❡♥✳ ❆✉❝❤ ✇❡♥♥ ❞✐❡ ❲❡♥❞❧❛♥❞✲❋✉♥❦t✐♦♥❡♥ ✐♥
❞✐❡s❡r ❆r❜❡✐t ♥✐❝❤t ❜❡tr❛❝❤t❡t ✇✉r❞❡♥✱ st❡❧❧❡♥ s✐❡ ❞❡♥♥♦❝❤ ❡✐♥❡ s❡❤r ✐♥t❡r❡ss❛♥✲
t❡ ♠ö❣❧✐❝❤❡ ❊r✇❡✐t❡r✉♥❣ ✐♠ ❩✉s❛♠♠❡♥❤❛♥❣ ♠✐t ❞❡♥ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥
Pr❡✇❛✈❡❧❡ts ❞❛r✳ ❉✐❡s ❧✐❡❣t ❞❛r❛♥✱ ❞❛ss ✐♥ ❞❡r ❆♥✇❡♥❞✉♥❣ ❣❡♥❡r❡❧❧ ❲❛✈❡❧❡ts
✭♦rt❤♦❣♦♥❛❧✐s✐❡rt❡ Pr❡✇❛✈❡❧❡ts✮ ♠✐t ❦♦♠♣❛❦t❡♠ ❚rä❣❡r ❜❡✈♦r③✉❣t ✇❡r❞❡♥✳

■♥ ❑❛♣✐t❡❧ ✸✳✸ ❤❛❜❡♥ ✇✐r ❡✐♥❡ ❛♥❞❡r❡ ▼ö❣❧✐❝❤❦❡✐t ❞❡r ❑♦♥str✉❦t✐♦♥ ✈♦♥ ❲❛✈❡❧❡ts
❛✉s r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ❤❡r❣❡❧❡✐t❡t✳ ❍✐❡r❜❡✐ ❤❛❜❡♥ ✇✐r ❞✐❡ ❑♦♥str✉❦t✐♦♥
ü❜❡r ❞✐❡ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❆♥❛❧②s✐s ❞✉r❝❤❣❡❢ü❤rt ✉♥❞ ❞❛❜❡✐ ❞✐❡ ❙❦❛❧✐❡r✉♥❣s❣❧❡✐✲
❝❤✉♥❣ ❣❡♥✉t③t✳ ❉✐❡s❡ ▼❡t❤♦❞❡ ✐st ✐♥s♦❢❡r♥ ❛♥✇❡♥❞✉♥❣s❢r❡✉♥❞❧✐❝❤❡r✱ ❞❛ ❞✐❡ ❑♦♥✲
str✉❦t✐♦♥ ❞✐r❡❦t ③✉ ❡✐♥❡♠ ❲❛✈❡❧❡t ❢ü❤rt✱ ✉♥❞ ♥✐❝❤t ❞❡♥ ❲❡❣ ü❜❡r ❡✐♥ Pr❡✇❛✈❡❧❡t
♥✐♠♠t✳ ❯♥s❡r❡ ❑♦♥str✉❦t✐♦♥s♠❡t❤♦❞❡ ❡r❧❛✉❜t ❡s ❞❛❜❡✐✱ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡ ✐♥✈❡rs❡
♠✉❧t✐q✉❛❞r✐❝ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ❛❧s ❛✉❝❤ ●❛✉ÿ➫s❝❤❡ r❛❞✐❛❧❡ ❇❛s✐s❢✉♥❦t✐♦✲
♥❡♥ ③✉ ♥✉t③❡♥✳ ❊✐♥❡ ❊r✇❡✐t❡r✉♥❣ ❛✉❢ ❛♥❞❡r❡ ❋✉♥❦t✐♦♥❡♥ f ∈ L2 (R) ✐st s❡❤r ❣✉t
❞❡♥❦❜❛r✱ ❞❛ ❧❡❞✐❣❧✐❝❤ P♦s✐t✐✈✐tät ✉♥❞ P✉♥❦ts②♠♠❡tr✐❡ ③✉♠ ❯rs♣r✉♥❣ ❜❡♥öt✐❣t
✇✐r❞✳ ❊✐♥ ❡✐♥❢❛❝❤❡s ❇❡✐s♣✐❡❧ ✇är❡

ψ (t) =

{
(1− t) , 0 ≤ t ≤ 1

(1 + t) , −1 ≤ t < 0
,

✇❛s ❡✐♥❡r ③✉♠ ❯rs♣r✉♥❣ ♣✉♥❦s②♠♠❡tr✐s❝❤❡♥ ❊r✇❡✐t❡r✉♥❣ ❞❡r ❲❡♥❞❧❛♥❞✲❋✉♥❦t✐♦♥
ψ1,0 (t) = (1− t)+ ✭✈❡r❣❧❡✐❝❤❡ ❲❡♥❞❧❛♥❞ ❬✸✻❪✮ ❡♥ts♣r✐❝❤t✳ ❩✉❞❡♠ ✇är❡ ❡s ❡❜❡♥✲
❢❛❧❧s s❡❤r ✐♥t❡r❡ss❛♥t✱ ✇❡❧❝❤❡♥ ◆✉t③❡♥ ❞✐❡ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥❡♥ ❲❛✈❡❧❡ts ✐♥
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❞❡♥ ●❡❜✐❡t❡♥ ❞❡r ❆♥✇❡♥❞✉♥❣✱ ❜❡✐s♣✐❡❧s✇❡✐s❡ ✐♥ ❞❡r ❙✐❣♥❛❧✲ ✉♥❞ ❇✐❧❞✈❡r❛r❜❡✐t✉♥❣
❤❛❜❡♥✳ ❊✐♥❡ ✇❡✐t❡r❡ ▼ö❣❧✐❝❤❦❡✐t ✇är❡✱ ❞✐❡ ❲❛✈❡❧❡ts ❞✐r❡❦t ③✉r ▲ös✉♥❣ ✈♦♥ ♣❛r✲
t✐❡❧❧❡♥ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥ ③✉ ♥✉t③❡♥✱ ✇✐❡ ❜❡✐s♣✐❡❧s✇❡✐s❡ ✐♥ ❙❤❡♥ ✉♥❞ ❙tr❛♥❣
❬✸✹❪ ③✉r ▲ös✉♥❣ ❞❡r ❲är♠❡❧❡✐t✉♥❣s❣❧❡✐❝❤✉♥❣ ✭❍❡❛t❧❡ts✮ ❣❡s❝❤❡❤❡♥✳

■♠ ❧❡t③t❡♥ ❚❡✐❧ ❞❡r ❆r❜❡✐t ❤❛❜❡♥ ✇✐r ✉♥s❡r❡ ❊r❦❡♥♥t♥✐ss❡ ❛✉s ❞❡♥ ❡rst❡♥ ❜❡✐❞❡♥
❚❡✐❧❡♥ ❛✉❢ ❞✐❡ ❖♣t✐♦♥s♣r❡✐st❤❡♦r✐❡ ❛♥❣❡✇❡♥❞❡t✱ ❣❛♥③ s♣❡③✐❡❧❧ ❛✉❢ ❞❛s ▼♦❞❡❧❧ ✈♦♥
❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ❬✽❪✳ ❍✐❡r❜❡✐ ❤❛❜❡♥ ✇✐r ③✉♠ ❡✐♥❡♥ ❞✐❡ ♥❡✉❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥
❞❡r ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ♠✉❧t✐q✉❛❞r✐❝ r❛❞✐❛❧❡♥ ❇❛s✐s❢✉♥❦t✐♦♥ ❛❧s ❛✉❝❤ ❞✐❡ ❦♦♥str✉✲
✐❡rt❡♥ ❲❛✈❡❧❡ts ❣❡♥✉t③t✱ ✉♠ ❡✐♥❡ ♥❡✉❡ ❆❞♦♠✐❛♥✲❘❇❋✲❲❛✈❡❧❡t ▼❡t❤♦❞❡ ③✉r ▲ö✲
s✉♥❣ ♥✐❝❤t❧✐♥❡❛r❡r ♣❛rt✐❡❧❧❡r ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥ ❡✐♥③✉❢ü❤r❡♥✳ ▼✐t❤✐❧❢❡ ❞✐❡s❡r
▼❡t❤♦❞❡ ✐st ❡s ♠ö❣❧✐❝❤✱ ❡✐♥❡ s❡♠✐✲❛♥❛❧②t✐s❝❤❡ ▲ös✉♥❣ ❞❡r ♥✐❝❤t❧✐♥❡❛r❡♥ P❉❊
✈♦♥ ❇✉r❣❛r❞ ✉♥❞ ❑❥❛❡r ③✉ ❣❡✇✐♥♥❡♥✳ ❉❡r ❱♦rt❡✐❧ ❞❡r ▼❡t❤♦❞❡ ✐st ❞❛❜❡✐ ③✉♠
❡✐♥❡♥✱ ❞❛ss ❞✐❡s❡ s❡❤r s❝❤♥❡❧❧ ❦♦♥✈❡r❣✐❡rt ✉♥❞ ③✉♠ ❛♥❞❡r❡♥ ✐♥ ❡✐♥❡r ❣❡s❝❤❧♦ss❡✲
♥❡♥ ❋♦r♠ ❛♥❣❡❣❡❜❡♥ ✇❡r❞❡♥ ❦❛♥♥✳ ❉❡s ❲❡✐t❡r❡♥ st❡❧❧t ❞✐❡ ▼❡t❤♦❞❡ ❞✐❡ ❡rst❡
❜❡❦❛♥♥t❡ s❡♠✐✲❛♥❛❧②t✐s❝❤❡ ▲ös✉♥❣ ❞✐❡s❡r P❉❊ ❞❛r✱ ✇♦❜❡✐ s♦❣❛r ❣❡③❡✐❣t ✇❡r❞❡♥
❦♦♥♥t❡✱ ❞❛ss ❡✐♥❡ ❘ü❝❦❢ü❤r✉♥❣ ❛✉❢ ❞✐❡ ❦❧❛ss✐s❝❤❡♥ ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥ Pr❡✐✲
s❡ ♠✐t ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡♥ ❉✐s❦♦♥t❢❛❦t♦r❡♥ ♠ö❣❧✐❝❤ ✐st✳ ❉✉r❝❤ ❞✐❡ ❍❡r❧❡✐t✉♥❣ ❞❡r
❆❞♦♠✐❛♥✲❘❇❋✲❲❛✈❡❧❡t ▼❡t❤♦❞❡ ✇✐r❞ ❡❜❡♥❢❛❧❧s ❦❧❛r✱ ✇❛r✉♠ ✇✐r ✐♥ ❙❛t③ ✹✳✶ ❛✉❢
❞✐❡ P✉t✲❈❛❧❧✲P❛r✐tät ✈❡r③✐❝❤t❡t ❤❛❜❡♥✱ ❞❛ ❞✐❡s❡ ✭P✉t✲❈❛❧❧✲P❛r✐tät✮ ♥✉r ❢ür ❞✐❡
❣❧❡✐❝❤❡♥ ❉✐s❦♦♥t❢❛❦t♦r❡♥ ✇❡✐t❡r❤✐♥ ✐♥t❛❦t ❜❧❡✐❜❡♥ ✇ür❞❡✳ ●❧❡✐❝❤✇♦❤❧ ❦❛♥♥ ♠❛♥
❞✉r❝❤ ❆✉❢③✐♥s❡♥ ♠✐t ❞❡♥ ❥❡✇❡✐❧✐❣❡♥ ❉✐s❦♦♥t❢❛❦t♦r❡♥ ❞✐❡ ❖♣t✐♦♥❡♥ ✐♥ ❞✐❡ r✐s✐❦♦✲
♥❡✉tr❛❧❡ ❲❡❧t ü❜❡r❢ü❤r❡♥✱ ✉♠ ❞❛♥♥ ❡✐♥❡ ❆rt s②♥t❤❡t✐s❝❤❡ P✉t✲❈❛❧❧✲P❛r✐tät ③✉
♥✉t③❡♥✳ ❑♦♥❦r❡t ❜❡❞❡✉t❡t ❞❛s ❜❡✐s♣✐❡❧s✇❡✐s❡ ❢ür ❡✐♥❡♥ ❋♦r✇❛r❞✱ ❞❡ss❡♥ ❋♦r♠❡❧
✇✐r ❞✉r❝❤

Ṽ (S, t) =

{
DB · (Ce − Pe) , S < K

DC · (Ce − Pe) , S > K
,

❛♥❣❡❣❡❜❡♥ ❤❛❜❡♥✱ ❞❛ss ❞✐❡ ❡✉r♦♣ä✐s❝❤❡♥ ❈❛❧❧s ✉♥❞ P✉ts✱ ✇❡❧❝❤❡ ✐♥ ❞❡r ❋♦r♠❡❧
✈♦r❦♦♠♠❡♥✱ ❛❧❧❣❡♠❡✐♥ ♥✐❝❤t ❞✉r❝❤ ❈❛❧❧s ✉♥❞ P✉ts ❛♥❞❡r❡r ❑♦♥tr❛❤❡♥t❡♥ ❤✐♥t❡r✲
❧❡❣t ✇❡r❞❡♥ ❞ür❢❡♥✳ ❉✐❡ ❡✐♥③✐❣❡♥ ❆✉s♥❛❤♠❡♥ ✇är❡♥ ❤✐❡r✱ ✇❡♥♥ ❞✐❡ ❉✐s❦♦♥t❢❛❦t♦✲
r❡♥ ❞❡r ❛♥❞❡r❡♥ ❑♦♥t❤r❛❤❡♥t❡♥ ❣❧❡✐❝❤ ✇är❡♥ ♦❞❡r ❞✐❡ ▲❛✉❢③❡✐t ❞❡r ❖♣t✐♦♥ s❡❤r
❦✉r③ ✭✇❡♥✐❣❡ ❚❛❣❡✮ ✇är❡✱ ❞❛ ✐♥ ❞✐❡s❡♠ ❋❛❧❧ ❞❡r ❉✐s❦♦♥t❢❛❦t♦r ❡✐♥❡♥ ❣❡r✐♥❣❡♥
❊✐♥✢✉ss ❤❛t✳ ❊✐♥❡ ❊r✇❡✐t❡r✉♥❣ ❛✉❢ ❛♥❞❡r❡ ✜♥❛♥③♠❛t❤❡♠❛t✐s❝❤❡ ▼♦❞❡❧❧❡ ✇är❡
s❡❤r ❣✉t ❞❡♥❦❜❛r✱ ❞❛ ❞✐❡ ▼❡t❤♦❞❡ s❝❤♥❡❧❧ ❦♦♥✈❡r❣✐❡rt ✉♥❞ ❛♥✇❡♥❞❜❛r ✐st✱ s♦❧❛♥❣❡
③✉♠✐♥❞❡st ❢ür ❞✐❡ ♥✐❝❤t ❧✐♥❡❛r❡♥ ❆♥t❡✐❧❡ ❞❡r P❉❊ ❞✐❡ ▲✐♣s❝❤✐t③✲❙t❡t✐❣❦❡✐t ✈♦r✲
❛✉s❣❡s❡t③t ✇❡r❞❡♥ ❦❛♥♥✳ ❆❧❧❡r❞✐♥❣s ✐st ③✉ ❡r✇❛rt❡♥✱ ❞❛ss ❞❛♥♥ ❞✐❡ ❣❡s❝❤❧♦ss❡♥❡
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