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Abstract
Thermoelectric technology is a good option for electricity generation due to its capacity
to turn waste heat directly into employable electrical energy. Thermoelectric modules
are the basis of this technology and are fabricated from doped n- and p-type
semiconductors.
Mg2(Si,Sn) thermoelectric material is one of the top candidates for module assembly
due to its good thermoelectric properties coupled with low density and cost. The low
toxicity and high availability of the precursor elements give this material system crucial
advantages in comparison with other competitors.
Thermoelectric module operation requires a temperature difference, which inevitably
causes differential thermal expansion within a module. Such an expansion in a device
composed of different materials with different expansion coefficients could lead to
failure due to stress-induced fracture, posing a serious threat to reliability and
applicability of thermoelectric modules. It is therefore important for module design to
take into account the different thermal and mechanical properties of the materials
involved in the assembly.
Most of the research on thermoelectric applications, however, is focused on the
optimization of the thermoelectric performance of the materials. Other properties like
elastic modulus, hardness and coefficient of thermal expansion are studied with
substantially lower intensity.
This thesis aims at filling the gap of missing information regarding the mechanical and
thermal properties for the solid solutions Mg2Si1-xSnx with x = 0 – 1.
This work starts with hardness measurement, Vickers indentations were performed on
the sintered pellets to identify the effect of Sn content in Mg2(Si,Sn) on the hardness
exhibited by the material. Increasing the amount of Sn in the solid solution decreases
the hardness values in a linear relationship. Mg2Si has the highest value at 5 GPa and
Mg2Sn the lowest at 2 GPa. The fracture toughness of the studied samples did not,
however, follow the same trend, as the material Mg2Si0.6Sn0.4 exhibited the highest
value. It was found that Si-rich regions in the microstructure left over from the synthesis
and pressing processes were strengthening the material by adding interfaces, which
deflected or otherwise impeded the growth of the cracks produced by indentation.
The next step towards filling the gap in missing information was to characterize the
elastic moduli of the solid solution series Mg2Si1-xSnx with x = 0 – 1. Two nondestructive characterization methods were employed and compared, the Resonant
Ultrasound Spectroscopy and the Impulse Excitation Method. This work innovates in
the parallel measurement and comparison between the results provided by both of
these techniques. The difference between the measurement results is below 9%,
which suggests that using both techniques interchangeably is possible. The main

xi

differences between the techniques are the sample size required for testing, as well as
the ease at which high temperature measurements can be implemented.
This work presents the first ever report of Young’s modulus of Mg2(Si,Sn) as a function
of composition and temperature, finding a linear dependence of both. Using these
results, a bilinear dependence was proposed to predict the Young’s modulus of any
material within the solid solution and at any temperature between 300 K and 623 K.
Joining a fast quantification method to estimate the local composition using backscattered electron images to the bilinear equation, the effective Young’s modulus of
several samples was estimated. For this estimation both the Voigt and Reuss
approximations for a composite material were used. The results show that the
composite material approach and the bilinear equation can be used to accurately
predict the effective elastic modulus of typical, not completely homogenized,
Mg2(Si,Sn) material.
To test the effect of doping species on the thermal and mechanical properties of
Mg2(Si,Sn), the materials Mg2Si0.3Sn0.665Bi0.035 and Mg1.97Li0.03Si0.3Sn0.7 were
compared to undoped Mg2Si0.3Sn0.7 and low doped Mg2Si0.3Sn0.6925Bi0.0075. This
information is crucial for accurate module design as any possible effect has not been
identified before.
Room and high temperature Young’s modulus was measured for all the mentioned
compositions. All of them exhibited a linear behavior, albeit with Bi containing samples
having different slopes. Both materials of interest show, however, very similar values
at application temperatures.
The coefficient of thermal expansion for all the aforementioned samples was measured
from room temperature to 440 °C. It was proposed to use a linear fit and extrapolation
to describe the temperature dependent thermal expansion of the material instead of
the mean value usually given in literature. When the equation obtained from the
extrapolation is used to estimate the room temperature value, the comparison to the
mean value results in a difference <3%.
This work concludes with the simulation of a thermoelectric uni-couple using Finite
Element Modelling. For this simulation, temperature dependent data presented in this
work is used and compared to modeling results based on constant values. The stress
distribution is described using three main stress components, the von Mises stress,
the principal stress 1 and the shear stress along the contact surface. A comparison
between constant values with temperature dependent data for Mg2(Si,Sn) shows that
using constant room temperature or temperature averaged values gives similar results
as full temperature dependent calculations. However, when only one of the main
variables, Young’s modulus or coefficient of thermal expansion, is employed with the
correct temperature dependence, the stress values can be off by more than 10%.
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1. Introduction
Space missions have a high demand for power. This holds especially in the lift-off
phase and the way into orbit but as well for the rest of the mission time. The operation
of launchers requires electrical power that is currently provided by heavy batteries.
Thermoelectric generators (TEG) have been successfully utilized to provide energy to
space faring objects, such as probes, since the 1970´s [1]. These generators can
convert heat directly into usable electrical power with virtually no maintenance
requirements [2].
This technology has been proposed further to use on Moon or other planets to provide
electrical energy, working complementary or in tandem with photovoltaic (PV) panels
[3], which utilize solar radiation to generate electricity. These PV modules are prone to
deterioration by dust and solar radiation, as well as being inactive during
planetary/lunar night. In contrast to these shortcomings of PV technology, TEG can
function in the absence of light [4, 5].
Therefore, the Young Investigator Group “Thermoelectric generators for space
applications”, from in the department of “Thermoelectric Materials and Systems” at the
German Aerospace Center aims for the development of thermoelectric (TE) generators
based on light-weight and high-performance silicides. Development of such generators
requires material testing and optimization as well as the development of contacting
solutions, generator module design, and – as final and most prominent step – the
fabrication and evaluation of the thermoelectric generator devices.
The development cycle of such devices must include a reliability test, in order to ensure
that the hardships of space travel and operation under extreme environments is
overcome. Early TEG technology relied on the trial-and-error approach, by building
and then testing generators under challenging situations until they failed and studying
the failure mode [6]. With the advent of technology and computer simulation software,
these trials can be done in the virtual world with reduced time and money expenditure.
Such a simulation can only yield meaningful results if proper material properties are
used.
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The use of finite element modeling (FEM) to mechanically optimize designs in TEG
technology has been explored before [7–9]. The majority of previous studies have only
dealt with room temperature mechanical behavior, mostly because this is the available
information in literature. However, it remains to be tested whether or not the
temperature difference of the mechanical behavior has an influence in the simulated
results.
The focus of this work will be the measurement of different mechanical and thermal
properties, needed for the correct design of a functioning silicide-based TEG. The aim
is to provide a footwork in which to build, to assess the mechanical reliability of a TEG.
Both the effect of temperature and composition on the elastic moduli of Mg 2(Si,Sn)
material will be investigated, as well as the effect of doping species in the composition
selected for technological use.
With the information about temperature and composition dependence of mechanical
properties known, a simulation of a thermoelectric uni-couple will be presented and
analyzed. This analysis will focus on the effect of temperature dependent properties
compared to the usual constant room temperature values used in literature.
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2. Theoretical background
2.1. Thermoelectric effects
2.1.1.

Seebeck and Peltier effect

In 1821, Thomas J. Seebeck observed that whenever a material was heated on one
side and kept at lower temperature on the other, a magnetic needle placed close to the
circuit would move.
This effect is called Seebeck effect in his honor today, it is also now known that the
effect is caused by the thermal diffusion of charge carriers from the hot side to the cold
one [4].
The voltage buildup V and the temperature difference between the ends ∆𝑇 are related
by a proportionality constant
𝑉 = −𝑆∆𝑇

(1)

where S is the Seebeck coefficient and T is temperature. The Seebeck coefficient can
have a positive or a negative value, depending on the type of majority carriers within
the material.
Materials with excess electrons are denominated as n-type, while materials with
excess holes are called p-type. A sketch of electron movement is shown in Figure 2–
1. The voltage will build up between the hot (Th) and cold (Tc) sides of the material.

Figure 2–1 Charge carrier movement under a temperature difference
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On the other hand, in 1834 a related effect was observed by Jean Charles Athanase
Peltier. He observed that whenever current flowed through the junction of two materials
A and B, this junction would heat up or cool down. The heat absorption or release
depends on the material combination and the direction of the current flow [10]. Thus,
the Peltier effect was described. The Peltier coefficient Π is defined as the relationship
between the rate of heat flow 𝑄̇ and current 𝐼 following Equation 2 [11]
𝑄̇ = Π ∙ 𝐼

(2)

The Peltier coefficient can is related to the Seebeck coefficient by the Kelvin relation:
𝛱𝐴 − 𝛱𝐵 = (𝑆𝐴 − 𝑆𝐵 )𝑇

(3)

Single materials are of limited use technologically, they need to be assembled in pairs,
one p- and one n-type. This is the basic unit of functioning for thermoelectric
technology.

2.1.2.

Thermoelectric devices

A thermoelectric couple in its most basic form is the connection of an n-type with a ptype semiconductor (also called legs) through a metallic bridge [5].
This couple can then function as a generator (using the Seebeck effect) or as a heat
pump (using the Peltier effect), this is illustrated in Figure 2–2.

Figure 2–2 Thermoelectric uni-couple in both generation and heat pump modes
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As can be seen from the picture, in the generation mode both materials have the same
temperature difference (thermally connected in parallel) to provide the charge carrier
movement necessary to produce the voltage. As they are electrically connected in
series, the small voltages produced by each leg will add up.
The efficiency (𝜂) of such a device is defined by the ratio of output power and heat flow
𝑃
going in 𝜂 = 𝑄̇ , where 𝑃 is the power and 𝑄̇𝑖𝑛 is the heat going in. Output power is
𝑖𝑛

expressed as 𝑃 = 𝑄̇𝑜𝑢𝑡 − 𝑄̇𝑖𝑛 , where 𝑄̇𝑜𝑢𝑡 is the heat going out of the device [2].
As any heat engine, a thermoelectric device is limited by the Carnot efficiency, defined
as

∆𝑇
𝑇𝐻

where 𝑇𝐻 is the temperature on the hot side. The maximum efficiency of a

thermoelectric generator can be expressed using Equation 4 [2, 12].
∆𝑇

𝜂=𝑇

𝐻

√1+𝑍𝑇−1
𝑇
√1+𝑍𝑇+ 𝐶⁄𝑇

(4)
𝐻

where TC is the temperature on the cold side and ZT is the device figure of merit. This
in turn is similar to the material figure of merit (zT) if the TE properties (see below) of
both TE materials are similar and device effects like contact resistances are small.
This material figure of merit relates all main properties at a given temperature and is
described by Equation 5 [13]
𝑧𝑇 =

𝑆2 𝜍
𝜅

𝑇

(5)

where 𝜍 is the electrical conductivity and 𝜅 the total thermal conductivity. The term 𝑆 2 𝜍
is also called the power factor. From Equation 5 it is clear that increasing the Seebeck
coefficient and the electrical conductivity, while keeping the thermal conductivity low is
the key to increase the performance in TE materials.
Thermal conductivity 𝜅 is the rate at which a solid material can conduct heat when
under a temperature difference between its ends. This heat flow is expressed by
̇ 𝑑𝑇
𝑄̇ = 𝐴𝜅 𝑑𝑥 .
Heat transfer is done mainly by charge carriers (electrons and holes) and by lattice
waves (phonons). These are the main components, the lattice κL and electronic κe
contributions to the total thermal conductivity [14]. The unit in SI for thermal conductivity
is W/m∙K
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The lattice thermal conductivity governs how thermal energy is transported through the
lattice, and thus will be impacted by the type of bonding present in the material and the
atomic weight of the component elements. A good estimation of this value can be
obtained using the equation 𝜅𝐿 =

𝐶𝑣𝑙
3

where 𝐶 is the specific heat, 𝑣 is the speed of

sound and 𝑙 is the mean free path for the phonons [15].
The electronic component of the thermal conductivity can be estimated, following the
Wiedemann-Franz law, using the equation 𝜅𝑒 = 𝐿𝜍𝑇 where 𝐿 is the Lorenz number and
𝜍 the electrical conductivity.
Electrical conductivity is the ease at which the charge carriers move through a material,
producing electrical current. For a single carrier type, it is given by 𝜍 = 𝑛𝑒µ, where 𝑛 is
the charge carrier density, 𝑒 is the electron charge and µ the charge carrier mobility. In
the SI, the units used for electrical conductivity are S⁄m.
Both Seebeck coefficient and electrical conductivity are directly related to charge
carrier concentration, and thermal conductivity is partly influenced (through the
electronic component) by it. The interplay between these variables is shown in Figure
2–3.

Figure 2–3 Dependence on carrier concentration of Seebeck coefficient, thermal and electrical
conductivity, based on original work from [16]

Materials with too high (metals) or too small (insulators) carrier concentration tend to
have poor qualities to be used as thermoelectrics [17], thus the class of
semiconductors tends to be the focus of thermoelectric technology development.
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2.1.3.

Thermoelectric module

A thermoelectric module is composed of several uni-couples connected electrically in
series and thermally in parallel.

Figure 2–4 Thermoelectric module. Adapted from [18]

As can be seen from Figure 2–4, the mechanical support for the generator is given by
insulator ceramic plates on top and bottom.
The TE materials need to be joined to the bridges; these are metallic connections
between legs whose function is to provide electric continuity to the circuit.
Materials commonly used as legs do not join well with some of the most common
bridge materials (Cu, Ni, Al, etc.) [2, 19] and thus an extra layer of metallization needs
to be applied to the material in order to be soldered in the array. Electric connections
to allow the current to flow into and out of the module also need to be provided.
The assembled module shall be placed within a temperature difference, and lower on
the other end. The Seebeck effect will then enable the module to convert heat into
electricity.
This combination of materials used to assemble a module creates an environment in
which high temperatures can lead to several issues, the dominant one amongst them
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being the thermal expansion within the module, although stability issues, oxidation or
evaporation of the material, and various other degradation mechanisms are also
present [20–22]
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2.2. Mechanical properties
As previously described, a thermoelectric module is composed of different materials
assembled together, thus, thermal expansion of said devices will exert thermally
induced mechanical stress which will act upon the whole assembly.
Several properties need to be known to evaluate the performance of such materials
under working conditions. These will be introduced in this section.

2.2.1.

Stress

In order to analyze and understand what stress is, an example can be made using an
arbitrary body. This body is assumed to be in equilibrium and external forces are
assumed to be applied onto its surface. The flat cross-sectional area A can be defined
as shown. Within this area, an arbitrary point Q can be positioned and the resulting
force applied on this area can be defined as F. The 3D orthogonal coordinate system
with the axes directions x, y, z can then be placed with their origin on the point Q and
the components of the force along all three-axis computed, so that Fx, Fy and Fz are
known. A diagram exhibiting the forces and surfaces is shown in Figure 2–5

Figure 2–5 Example of a body under external forces, resultant force on the point 𝑄 and diagram of the
area with the three-dimensional axes system

The resultant force will change if the point Q is moved. However, at the point Q
pictured, the stresses are estimated by dividing the force by the area as follows [23].
𝜎𝑥𝑥 =
𝜎𝑥𝑦 =
𝜎𝑥𝑧 =

𝐹𝑥

,

𝐴
𝐹𝑦
𝐴
𝐹𝑧
𝐴

= 𝜏𝑥𝑦
= 𝜏𝑥𝑧
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Where the suffix denotes first the plane on which the stress acts, and then the direction
in which it is acting. So, for example, the stress 𝜎𝑥𝑥 acts on the x plane (perpendicular
to the x direction) and in the direction of x, while 𝜏𝑥𝑦 acts on the x plane and in the
direction of y. Whenever the stresses act on the same direction and plane, they are
called normal stresses. If the stresses act parallel to the surface, they are called shear
stresses.
If, instead of taking only a differential surface on the body, a differential volume is taken,
the three-dimensional stress state can be defined as shown in Figure 2–6.

Figure 2–6 Stress distribution for a three-dimensional body

This stress state can be represented by a matrix (denominated Cauchy stress tensor)
in the form [24]
𝜎𝑥𝑥
𝜎
𝜎𝑖𝑗 = [ 𝑦𝑥
𝜎𝑧𝑥

𝜎𝑥𝑦
𝜎𝑦𝑦
𝜎𝑧𝑦

𝜎𝑥𝑧
𝜎𝑥
𝜎𝑦𝑧 ] = [𝜏𝑦𝑥
𝜎𝑧𝑧
𝜏𝑧𝑥

𝜏𝑥𝑦
𝜎𝑦
𝜏𝑧𝑦

𝜏𝑥𝑧
𝜏𝑦𝑧 ]
𝜎𝑧

It can be seen that stress state of an arbitrary body can be defined by these nine
components. The sign convention is as follows, when both the normal and the stress
component point in the positive direction, the stress is positive. If normal and stress
component both point to the negative side of the axis, the stress is positive. Otherwise,
the stress is negative. It can be seen thus, that tensile stresses (pulling apart the body)
are always positive, while compressive stresses are always negative
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In order to check for symmetry, the plane 𝑥𝑦 will be analyzed, as shown in Figure 2–
7. The system will be assumed to be in static equilibrium, so the sum of all torques
must be zero and the distances from the application point to the origin are the same.

Figure 2–7 Side view of the shear stresses acting on the 𝑥𝑦 face

Thus, it can be established that 𝜏𝑥𝑦 = 𝜏𝑦𝑥 and furthermore, doing the same on the 𝑥𝑧
and 𝑦𝑧 planes, it can also be found that 𝜏𝑥𝑧 = 𝜏𝑧𝑥 and 𝜏𝑦𝑧 = 𝜏𝑧𝑦 .

2.2.2.

Stress transformation

Stress is usually expressed in reference to the orthogonal axes 𝑥𝑦𝑧. However, it is
sometimes convenient to use auxiliary axes to refer to stress.
The process to employ auxiliary axes is described next. Taking a differential 2D
element AOB subjected to stress along the 𝑦 and 𝑥 axes and slicing it an angle θ
(inclined at the same angle as the auxiliary axes) yields an element AOB. Area AOB
will be assumed to be the unity [23]. The stress components need to be rewritten in
the new coordinate system and yield a diagram as shown in Figure 2–8,
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Figure 2–8 Stress components acting on a tilted differential area

In order to find the normal and shear stress 𝜎𝑥´ and 𝜏𝑥´𝑦´ respectively, the sum of forces
on 𝑥′ and 𝑦′ needs to be equal to 0, these forces will be calculated as the stress
component multiplied by the area AOB.
The sums are defined as ∑ 𝐹𝑥′ = 0 = 𝜎𝑥′ − 𝜏𝑥𝑦 𝑠𝑖𝑛 (𝜃)𝑐𝑜𝑠 (𝜃) − 𝜏𝑥𝑦 𝑐𝑜𝑠 (𝜃)𝑠𝑖𝑛 (𝜃) −
𝜎𝑦 𝑠𝑖𝑛 (𝜃)𝑠𝑖𝑛 (𝜃) − 𝜎𝑥 𝑐𝑜𝑠 (𝜃)𝑐𝑜𝑠 (𝜃)

and

∑ 𝐹𝑦′ = 0 = 𝜏𝑥′𝑦′ + 𝜏𝑥𝑦 𝑠𝑖𝑛(𝜃) 𝑠𝑖𝑛(𝜃) −

𝜏𝑥𝑦 𝑐𝑜𝑠(𝜃) − 𝜎𝑦 𝑠𝑖𝑛 (𝜃)𝑐𝑜𝑠 (𝜃) + 𝜎𝑥 𝑐𝑜𝑠 (𝜃)𝑠𝑖𝑛 (𝜃).
The resulting equations are
𝜎𝑥′ = 𝜎𝑥 𝑐𝑜𝑠 2 (𝜃) + 𝜎𝑦 𝑠𝑖𝑛2 (𝜃) + 𝜏𝑥𝑦 (2 ∙ 𝑠𝑖𝑛 (𝜃) 𝑐𝑜𝑠(𝜃))
𝜏𝑥′𝑦′ = (𝜎𝑦 − 𝜎𝑥 ) ∙ (2 ∙ 𝑠𝑖𝑛(𝜃) 𝑐𝑜𝑠(𝜃)) + 𝜏𝑥𝑦 (𝑐𝑜𝑠 2 (𝜃) − 𝑠𝑖𝑛2 (𝜃))
By employing trigonometric identities, the equations are finally found as
1

1

𝜎𝑥´ = 2 (𝜎𝑥 + 𝜎𝑦 ) + 2 (𝜎𝑥 − 𝜎𝑦 ) ∙ 𝑐𝑜𝑠(2𝜃) + 𝜏𝑥𝑦 ∙ 𝑠𝑖𝑛 (2𝜃)

(6)
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1

𝜏𝑥´𝑦´ = − 2 (𝜎𝑥 − 𝜎𝑦 ) ∙ 𝑠𝑖𝑛(2𝜃) + 𝜏𝑥𝑦 ∙ 𝑐𝑜𝑠 (2𝜃)

(7)

By plotting shear and normal stress as a function of the varied angle, a graph can be
constructed to find the maximum values for these stresses. Such a graph is exemplified
in Figure 2–9.

Figure 2–9 Stress as a function of rotation angle for the auxiliary axes

As can be seen from the figure, and deduced from the Equations 6 and 7, the
maximum shear and maximum normal stress are separated by 45°. It is also important
to note that when the maximum normal is achieved, shear stress vanishes and when
the maximum shear is achieved, the normal stress will be at the median value.
It is also convenient to know the values for these stresses. In order to achieve this, the
first derivative of Equations 6 and 7 needs to be equaled to 0. The resulting equations
are
𝜎1,2 =

𝜎𝑥 +𝜎𝑦
2

𝜎𝑥 −𝜎𝑦 2

± √(

2

𝜎𝑥 −𝜎𝑦 2

𝜏max = √(

2

) + 𝜏𝑥𝑦 2

) + 𝜏𝑥𝑦 2

(9)

(8)
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where 𝜎1,2 are the maximum and minimum stresses, also called principal stresses and
sometimes referred to as 𝜎p1,p2 [23, 25]
the angle at which the principal stresses are located can be estimated using the
2∙𝜏𝑥𝑦

expression 𝑡𝑎𝑛(2𝜃𝑝 ) = 𝜎

𝑥 −𝜎𝑦

, while the angle at which the maximum shear stress is

located will be calculated using the equation 𝑡𝑎𝑛(2𝜃𝑠 ) =

2.2.3.

𝜎𝑥 −𝜎𝑦
2∙𝜏𝑥𝑦

.

Strain

A body can be considered to be strained when the relative positions of two arbitrary
points are altered after being subjected to an external force.
As in the case of stresses, strain can be normal (due to forces perpendicular to the
plane) and shear (due to forces parallel to the plane). Normal strain will be introduced
first. Following Figure 2–10, let there be a body with length 𝑑𝑥, width 𝑑𝑦 and a
thickness equal to one unit, in which the points A, B, C and D are defined at the corners,
point A will be assumed to be fixed.
After being subjected to external normal forces, the new points B´, C´ and D´ can be
found as shown.

Figure 2–10 Planar normal strain
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It can be seen that the point B´ was moved from its 𝑥 position by 𝑑𝑢 due to Fx and point
D´ has moved 𝑑𝑣 in the 𝑦 axis due to Fy.
Normal strain can be defined as the change of length divided by the original length as
𝜀=

𝐿−𝐿0
𝐿0

𝑑𝑢

, thus the strain along the 𝑥 axis would be defined by 𝜀𝑥𝑥 = 𝑑𝑥 while the strain
𝑑𝑣

along the 𝑦 axis is described by 𝜀𝑦𝑦 = 𝑑𝑦 [23, 26].
Shear strain is typically represented as a change in angle of the original shape. This is
better represented in Figure 2–11.

Figure 2–11 Planar shear strain

Point D’ will move along the 𝑥 axis due to the action of force Fx, and point B’ will move
on the 𝑦 axis due to Fy. Assuming that the longitudinal deformation is small (𝐴𝐵 ≈ 𝐴𝐵´),
and that the angles 𝛼𝑥 (BAB’) and 𝛼𝑦 (DAD’) are small enough so that tan 𝛼 = 𝛼, then
𝑑𝑣

𝑑𝑢

both angles can be expressed as 𝛼𝑥 = 𝑑𝑥 and 𝛼𝑦 = 𝑑𝑦.The resulting strain can be
𝑑𝑢

𝑑𝑣

calculated using 𝛾𝑥𝑦 = 𝛼𝑥 + 𝛼𝑦 = 𝑑𝑦 + 𝑑𝑥. Just as in the case of shear stresses, the
shear strain is symmetrical and thus 𝛾𝑥𝑦 = 𝛾𝑦𝑥 .
In the case of 3D, the introduction of 𝑤 as the displacement and 𝑑𝑧 as the original
length in the z axis is necessary. The equations, however, remain the same and the
final three-dimensional strain can be expressed using the following equations
𝑑𝑢

𝜀𝑥𝑥 = 𝑑𝑥

𝑑𝑣

𝜀𝑦𝑦 = 𝑑𝑦

𝜀𝑧𝑧 =

𝑑𝑤
𝑑𝑧

for normal strain
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𝑑𝑢

𝑑𝑣

𝛾𝑥𝑦 = 𝑑𝑦 + 𝑑𝑥

𝛾𝑥𝑧 =

𝑑𝑢
𝑑𝑧

+

𝑑𝑤

𝑑𝑣

𝑑𝑤

𝛾𝑦𝑧 = 𝑑𝑧 + 𝑑𝑦

𝑑𝑥

for

engineering

shear

strain
In a more general form, strains can be estimated using Equation 10 [23]
1 𝑑𝑢

𝑑𝑢

𝜀𝑘𝑙 = 2 ( 𝑑𝑥𝑘 + 𝑑𝑥 𝑙 )
𝑙

(10)

𝑘

Where 𝑘, 𝑙 can take the values 𝑥, 𝑦, 𝑧, and thus 𝑑𝑢𝑦 = 𝑑𝑣 and 𝑑𝑥𝑧 = 𝑑𝑧, for example.
Following this equation means that the real shear strain is half the engineering shear
1

strain following 𝜀𝑥𝑦 = 2 𝛾𝑥𝑦 . The measurement of engineering strains predates the
development of the mathematical tool to analyze tensors, thus the real shear strain
was defined and a factor of 0.5 included to keep the equality [23].
Once all the strains have been defined, the matrixial form can be obtained in the form

𝜀𝑘𝑙

2.2.4.

𝜀𝑥𝑥
𝜀
= [ 𝑦𝑥
𝜀𝑧𝑥

𝜀𝑥𝑦
𝜀𝑦𝑦
𝜀𝑧𝑦

𝜀𝑥

𝜀𝑥𝑧
𝜀𝑦𝑧 ] = 1 𝛾
2 𝑦𝑥
𝜀𝑧𝑧
1
[ 2 𝛾𝑧𝑥

1
𝛾
2 𝑥𝑦
𝜀𝑦
1
𝛾
2 𝑧𝑦

1
𝛾
2 𝑥𝑧
1
𝛾
2 𝑦𝑧
𝜀𝑧 ]

Elasticity

In 1660, Robert Hooke discovered that the elongation (x) of a spring fixed on one side
and with a set of weighs on the other end would be proportional to the amount of weight
(F) tied to it [27].
𝐹∝𝑥
The proportionality was held through the use of a constant that he denominated k, this
is the stiffness constant.
A similar relationship can be established for the analysis of materials under loads as
well, as long as the strains are small enough (typically below 2% for most materials),
the proportionality is given by the matrix Equation 11 [28]

𝜎 = 𝐶𝜀
Or in the alternative form in Equation 12

(11)
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𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙 𝜀𝑘𝑙

(12)

Where 𝑖, 𝑗, 𝑘, 𝑙 can take the values x, y, z and 𝐶 is the elastic tensor that relates stress
and strain. It can be seen then that this tensor will have 4 dimensions (3 x 3 x 3 x 3)
and a size of 81 elements [27].
Since the elastic tensor is also affected by the symmetries mentioned for both stress
and strain (𝑖𝑗 = 𝑗𝑖, 𝑘𝑙 = 𝑙𝑘), the original 81 elements can be reduced to 36. Further
simplification can be done by using the Voigt notation, this is done by using the
following substitutions [28]
𝑥𝑥 = 1 𝑦𝑦 = 2

𝑧𝑧 = 3 𝑦𝑧, 𝑧𝑦 = 4

𝑧𝑥, 𝑥𝑧 = 5

𝑥𝑦, 𝑦𝑥 = 6

The elastic tensor can then be written as
𝐶11
𝐶21
𝐶
𝐶 = 31
𝐶41
𝐶51
[𝐶61

𝐶12
𝐶22
𝐶32
𝐶42
𝐶52
𝐶62

𝐶13
𝐶23
𝐶33
𝐶43
𝐶53
𝐶63

𝐶14
𝐶24
𝐶34
𝐶44
𝐶54
𝐶64

𝐶15
𝐶25
𝐶35
𝐶45
𝐶55
𝐶65

𝐶16
𝐶26
𝐶36
𝐶46
𝐶56
𝐶66 ]

(13)

If the generalized Hooke´s equation in matrix form is written, the following form will be
obtained
𝜎1
𝐶11
𝜎2
𝐶21
𝜎3
𝐶31
𝜎4 = 𝐶41
𝜎5
𝐶51
[𝜎6 ] [𝐶61

𝐶12
𝐶22
𝐶32
𝐶42
𝐶52
𝐶62

𝐶13
𝐶23
𝐶33
𝐶43
𝐶53
𝐶63

𝐶14
𝐶24
𝐶34
𝐶44
𝐶54
𝐶64

𝐶15
𝐶25
𝐶35
𝐶45
𝐶55
𝐶65

𝐶16 𝜀1
𝐶26 𝜀2
𝐶36 𝜀3
𝐶46 𝜀4
𝐶56 𝜀5
𝐶66 ] [𝜀6 ]

(14)

However, the simplified nomenclature 𝜎𝑥 instead of 𝜎𝑥𝑥 or 𝜎1 will be used for the rest
of this work to avoid confusion with principal stresses.
It is possible to subdivide the matrix into 4 areas, following the dotted lines, the upper
left area responds to normal stresses, the lower right area responds to shear stresses
and the other two to mixed stresses.
Following Figure 2–10 and Figure 2–11, as well as experimental evidence shows that
mixed stress state does not exist (as normal stresses do not produce shear strain and
vice versa), these regions are considered to be 0, off-diagonal shear stresses are also
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non-existent and thus 𝐶45 = 𝐶46 = 𝐶54 = 𝐶56 = 𝐶64 = 𝐶65 = 0 [23]. Further conditions
may be applied, according to the specific crystal structure for example.
Cubic crystals have identical properties along axes 𝑥, 𝑦 and 𝑧, thus 𝐶11 = 𝐶22 = 𝐶33 ,
𝐶44 = 𝐶55 = 𝐶66 and 𝐶12 = 𝐶13 = 𝐶21 = 𝐶23 = 𝐶31 = 𝐶32
The Hooke´s law for a cubic crystal is then expressed by the following equation
𝜎𝑥
𝐶11
𝜎𝑦
𝐶12
𝜎𝑧
𝐶12
𝜏𝑦𝑧 = 0
𝜏𝑥𝑧
0
𝜏
[ 𝑥𝑦 ] [ 0

𝐶12
𝐶11
𝐶12
0
0
0

𝐶12
𝐶12
𝐶11
0
0
0

0
0
0
𝐶44
0
0

0
0
0
0
𝐶44
0

0
0
0
0
0
𝐶44 ]

𝜀𝑥
𝜀𝑦
𝜀𝑧
1

𝛾
2 𝑦𝑧
1
𝛾
2 𝑥𝑧
1
[2 𝛾𝑥𝑦 ]

(15)

In this case 𝐶11 relates the stress along an axis when a strain is applied in that same
axis, 𝐶44 relates the shear stress in the material when a shear strain is applied to it,
and finally, 𝐶12 relates the transverse deformation caused by a stress along the
perpendicular axis as shown in Figure 2–12.

Figure 2–12 Stress and related strain for different directions

In an isotropic material, a directional behavior of the material under stress is not found.
This is because the properties are the same in all directions. The material will however,
still deform similar to what is shown in Figure 2–12. When in longitudinal deformation,
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the Young’s modulus 𝐸 will act as analogous of 𝐶11 , while during shear deformation,
the shear modulus 𝐺 will act as analogous of 𝐶44 . The constriction perpendicular to the
stress direction is not described by any individual variable, however the relationship to
the longitudinal deformation is described by the Poisson’s ratio.
To better understand this, a 2D element can be examined. Stress on the 𝑥 and 𝑦 axes
are present and both will cause expansion on their respective directions and
constriction on the perpendicular axis as shown in Figure 2–13. The total strain along
the 𝑥 axis is the sum of the strains 𝜀𝑥 =

𝜎𝑥
𝐸

−𝜈

𝜎𝑦
𝐸

Figure 2–13 Plane stress and related expansion and constriction

Similar equations can be derived for the 𝑦 axis. Moreover, this is valid for 3D as well,
thus the total strain in 3D can be estimated using
1

𝜀𝑥 = 𝐸 [𝜎𝑥 − 𝜈(𝜎𝑦 + 𝜎𝑧 )]
1

𝜀𝑦 = 𝐸 [𝜎𝑦 − 𝜈(𝜎𝑥 + 𝜎𝑧 )]
1

𝜀𝑧 = 𝐸 [𝜎𝑧 − 𝜈(𝜎𝑦 + 𝜎𝑥 )]

1

𝜀𝑥𝑦 = 2 𝛾𝑥𝑦 =
1

𝜀𝑦𝑧 = 2 𝛾𝑦𝑧 =
1

𝜀𝑥𝑧 = 2 𝛾𝑥𝑧 =

𝜏𝑥𝑦
𝐺
𝜏𝑦𝑧
𝐺
𝜏𝑥𝑧
𝐺
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The maximum shear stress is located at 45° with respect to the horizontal axis 𝑥 [23]
as shown by Equation 7 and plane stress transformation can be used to estimate the
normal strain along an auxiliary axis 𝑥’ inclined 45° as shown in Figure 2–14.

Figure 2–14 Plane stress transformation using an auxiliary axis 𝑥’

The equation found is 𝜀𝑥´ =
𝜀𝑥´ = 𝜀𝑥𝑦 =

𝜏𝑥𝑦
2𝐺

𝜏𝑥𝑦
𝐸

(1 + 𝜈) [23]. On the other hand, when under pure shear

, so by combining these two equations, the relationship between 𝐸, 𝐺

and 𝜈 is found.
𝐸

𝐺 = 2(1+𝜈)

(16)

Combining the 3D strain equations with Equation 16 and rearranging to get the stress,
the generalized Hooke´s law for isotropic materials is found
𝜎𝑥 = 2𝐺𝜀𝑥 + 𝛬(𝜀𝑥 + 𝜀𝑦 + 𝜀𝑧 )

𝜏𝑥𝑦 = 𝐺𝛾𝑥𝑦 = 2𝐺𝜀𝑥𝑦

𝜎𝑦 = 2𝐺𝜀𝑦 + 𝛬(𝜀𝑥 + 𝜀𝑦 + 𝜀𝑧 )

𝜏𝑥𝑧 = 𝐺𝛾𝑥𝑧 = 2𝐺𝜀𝑥𝑧

𝜎𝑧 = 2𝐺𝜀𝑧 + 𝛬(𝜀𝑥 + 𝜀𝑦 + 𝜀𝑧 )

𝜏𝑧𝑦 = 𝐺𝛾𝑧𝑦 = 2𝐺𝜀𝑧𝑦

𝐸𝜈

𝛬 is the Lamé constant [23] and is defined as 𝛬 = (1+𝜈)(1−2𝜈). The generalized Hooke
law can also be written as
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𝜎𝑥
2𝐺 + 𝛬
𝜎𝑦
𝛬
𝜎𝑧
𝛬
𝜏𝑦𝑧 =
0
𝜏𝑥𝑧
0
[𝜏𝑥𝑦 ] [ 0

𝛬
2𝐺 + 𝛬
𝛬
0
0
0

𝛬
𝛬
2𝐺 + 𝛬
0
0
0

0
0
0
2𝐺
0
0

0
0
0
0
2𝐺
0

0 𝜀𝑥
0 𝜀𝑦
0 𝜀𝑧
0 𝜀𝑦𝑧
0 𝜀𝑥𝑧
2𝐺 ] [𝜀𝑥𝑦 ]

(17)

Stress-strain diagrams and fracture
Stress and strain can be related in a graph, which is usually obtained through a traction
test, in which a sample material is fixed on one end and pulled on the other uniaxially.
This test will then display normal stress and strain.
These kinds of diagrams show different areas, as shown in Figure 2–15. The region
before the yield point is denominated as the elastic part. Deformation undergone in this
area will disappear after the load is removed and the material will return to the original
shape [29].
In other words, the energy applied to the system is low enough so that it can return to
the original state.
The region after the yield point is called the plastic zone. Deformation in this region will
not completely disappear after the load is removed and thus, the material will not return
to the original shape. In this case, atomic movement can be seen as slipping or
cracking.

Figure 2–15 Stress-strain diagram
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Materials can generally be classified according to the curve shape in these diagrams.
Those that break after a relatively large plastic region are denominated ductile
materials. Metals and polymers are an example of these. Materials that break with little
to no plastic deformation are denominated brittle. Ceramics are the best known
materials with brittle nature [30]. As can be seen in Figure 2–16, ductile materials after
fracture have increased in length more extensively, while brittle materials have barely
changed.

Figure 2–16 a) original sample before deformation, b) ductile sample after extensive plastic
deformation and fracture and c) brittle sample exhibiting almost no plastic deformation

In engineering and materials testing, Young’s modulus is measured using a traction
test in which the sample is pulled on one side and kept stiff on the other. This test does
not produce shear stress and thus 𝐺 can be disregarded. Before the proportional limit,
constriction due to normal stress (and thus Poisson effects) are very small and can
also be disregarded. Therefore, Young’s modulus can also be referred as the slope of
the stress-strain diagrams before the proportional limit [29]. Thus, Equation 11 can be
rewritten as
𝜎 = 𝐸𝜀

2.2.5.

(18)

Failure theories

According to Ugural and Fenster, failure of an element comes when said element
cannot perform the task for which it was designed [23]. This can mean different failure
modes, like deformation beyond a certain limit or fracture.
Several theories have been proposed, many of which are specialized in specific
materials, like the Coulomb-Mohr theory for rocks and concrete.
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The maximum principal stress concept was developed by William John Macquorn
Rankine, Gabriel Lamé, and Claude-Louis Navier. According to this theory, the
material is characterized by its tensile and compressive strengths. Failure will then
come whenever one of the principal stresses goes over the value of one of these limits.
As this theory was developed to describe ceramic materials, and these typically have
compressive strengths 5-10 times larger than tensile strengths, the usual failure criteria
used is the first principal stress described by Equation 8 [26]. This principal stress
must be lower than the maximum tensile stress 𝜎𝑢𝑡 of a material.
𝜎1 < 𝜎𝑢𝑡
Behavior of ductile materials is described by the von Mises theory. This theory was
formulated by Richard von Mises in 1913.
According to the von Mises theory, failure by yielding will occur whenever the combined
stress state has the amount of energy equal to that of yielding of the material under
pure tensile testing [23]. In order to make the comparison, an equivalent stress called
the von Mises stress needs to be estimated.
1

2

2

𝜎𝑒𝑞 = √2 ([𝜎𝑥 − 𝜎𝑦 ] + [𝜎𝑦 − 𝜎𝑧 ] + [𝜎𝑧 − 𝜎𝑥 ]2 + 6[𝜏𝑥𝑦 2 + 𝜏𝑦𝑧 2 + 𝜏𝑧𝑥 2 ])
1

𝜎𝑒𝑞 = √2 [𝜎1 − 𝜎2 ]2 + [𝜎2 − 𝜎3 ]2 + [𝜎3 − 𝜎1 ]2

(19)

(20)

Thus, the criterion rests on the equivalent von Mises stress being smaller than the yield
stress 𝜎𝑌 of a particular element to avoid failure.
𝜎𝑒𝑞 < 𝜎𝑌

2.2.6.

Fracture toughness

A fracture occurs when the material separates into two or more parts. This in principle
means that the bonds between the constituent atoms are broken. Fracture occurs
when a crack propagates through the material. Stress is usually the driving factor
behind crack appearance and growth; however, it is aided by defects in the lattice.
Crack nucleation can happen within the grain or at the grain boundaries. In the first
type, transcrystalline cracks happen when dislocations pile up at any obstacle. This
pile-up leads to bonding separation and cracks. The cracking occurs most of the time
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along preferred directions within a grain and can change direction as it jumps from
grain to grain, following preferred directions in each subsequential grain [26].
Intracrystalline crack nucleation happens when the boundaries are weaker than the
grains, in this case pile-up and grain sliding are the main factors driving the nucleation.
Both processes are brittle in nature, which means that little plastic deformation is
involved around the new surfaces
Crack opening can happen in three forms, as shown in Figure 2–17, mode I is related
to tensile stress, modes II and III are related to shear stresses [31].

Figure 2–17 Crack aperture modes, adapted from [31]

This work will focus on mode I, as it is the most relevant in general and particularly for
thermoelectric generator applications as previous research has shown that the tensile
stresses tend to be the most prominent in the module assembly [7] due to the fact that
most materials have compressive strengths 2-10 times higher than the tensile strength.
The appearance of a crack in a material means that less area is available to spread
the force acting on the element. It can be seen then, that the stress distribution will
change. A stress concentration will occur, following the example shown in Figure 2–
18 [31].
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Figure 2–18 Representation of an infinite long plate under tensile stress without and with a crack
inside, the lines represent the stress distribution within the material

The reduction in area will increase the amount of stress on the material. This
concentration of stress is represented by KI and is expressed in Equation 21 [26, 31]
𝐾𝐼 = 𝜓𝜎√𝜋𝑎

(21)

where 𝜓 is a geometry factor dependent on the ratio of the width of the plate to the
size of the crack. Higher values (longer cracks or shorter plates) will produce higher
geometric factors to account for the increased area loss in a relatively smaller plate. KI
will then have the unit MPa m1/2 and is a representation of how much area is lost due
to the appearance of a discontinuity in the material.
Cracks do not necessarily grow when under stress. For this to happen a specific critical
load needs to be applied to the material. When this happens the stress concentration
factor reaches a value called fracture toughness, also represented as K Ic [32].
Determination of such a property is usually done through standardized tests called
single edge notched beam (SENB) [33]. This test includes a tensile or bending test of
a sample manufactured in a specific size and with a notch that serves as crack initiator.
KIc is then estimated from the stress, crack length and load.
On ceramic materials with low plasticity, estimating fracture toughness is possible by
the use of the cracks produced after indentation with a Vickers diamond punch [34].
When the indenter penetrates an isotropic material, it will create two opposing effects.
The first one will be a compressive force that will leave an imprint on the material, the
second effect will act upon release of the force and is a tensile component that will tear
open cracks on the areas that have the highest stress concentrations (edges) of the
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imprint [35]. The crack produced will have a semicircular shape, centered around the
imprint and can be then expressed by Equation 22
𝐾𝑟 = 𝜒𝑟

𝐹
3
𝑐 ⁄2

(22)

where 𝐾𝑟 is the stress intensity factor driving the crack opening, 𝐹 is the applied load,
𝑐 is the median half-length of the crack and 𝜒𝑟 depends on the relationship between
hardness (H) and Young´s modulus as shown in Equation 23
𝐸

𝜒𝑟 = 𝜁 (𝐻)

1⁄
2

(23)

where 𝜁 is a geometrical correction factor whose value is 0.016 [35] when using a
Vickers indenter. Substituting 𝜒𝑟 from Equation 21 into Equation 22, the expression
to estimate fracture toughness from Vickers indentation can be found as 𝐾𝑟 =

1
𝐸 ⁄2
𝐻
3
𝑐 ⁄2

𝑃𝜁( )

.

Further descriptions of hardness, and more specifically Vickers indentations will be
discussed in the following section.

2.2.7.

Hardness

Hardness can be defined as the resistance to localized and permanent deformation.
This deformation can be applied through scratching, wear, bending or indentation,
however it is the last one that has received the most attention as it is also the easiest
to perform in a reproducible manner [36].
Indentation can be done on a macro scale, as well as micro and nano, depending on
the amount of the load. Forces from 2 N and up to 30 kN are used in macro testing,
micro testing on the other hand uses loads below 2 N and indentation depths larger
than 0.2 µm. Nanoindentation on the other hand, uses anywhere between a few µN to
about 200 mN [37].
Different scales exist, however the one used in this work is Vickers Hardness.

Vickers Hardness (HV)
Developed by the British corporation Vickers ltd. in 1920, it relies on the use of a
pyramidal indenter with a specific geometry.
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The indenter has an angle of 136° between opposing edges of the pyramid, as shown
in Figure 2–19.

Figure 2–19 Geometry of a Vickers indenter

The hardness estimation is then calculated with the force divided by the real imprint
area, this area in turn is estimated by measuring the diagonals d using an optical
microscope [38]. This process is summed up in Equation 24
𝐿

2𝐿

𝐻 = 𝐴 = 𝑑2 𝑠𝑖𝑛
𝑟

136°
2

𝐿

= 1.854 𝑑2

(24)

Loads used in this technique range from 1 to 120 kgf (9.8 N-1.2 kN) when macrohardness is being measured, while microhardness testing allows for loads as low as
100 gf. If the force is measured in gf, the hardness is reported as hardness Vickers
units (HV), if the force is measured in newtons, the hardness is reported in Pascals.
The load application is done in 2-8 s, and then held for 10-15 s.
The American ASTM E92-16 and the international ISO 6507 are the standards used
for this kind of testing [39, 40].

2.2.8.

Temperature dependence of Young’s modulus

As thermoelectrics have to work in an environment where the temperature is high, their
properties will change in comparison to room temperature behavior. Mechanical
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properties are not an exception and thus, it is convenient to know what the state of the
art is in models for temperature dependence of mechanical properties.
Wachtman et al. [41] published a paper where they found that on many ceramic
materials, the temperature dependence of Young’s modulus obeyed the equation
𝐸(𝑇) = 𝐸0 − 𝐵𝑇𝑒

−𝑇0
𝑇

, where 𝐸0 , 𝐵 and 𝑇0 where experimentally determined values.

Moreover as 𝑇0 is reported to be 0.3-0.5 of the Debye temperature, for 𝑇 values 𝑇 >>
𝑇0 , 𝑒

−𝑇0
𝑇

tends to 1 and thus, the temperature dependence of 𝐸 becomes linear.

Temperatures close to the melting point are not covered by this equation, however, as
every material has a particular behavior at such high temperatures.
More recently, Rahemi and Li [42] developed an equation from the Lennard-Jones
potential to describe the bonds between atoms in the lattice and thus, explain the
temperature dependence of 𝐸. They found an equation in the form 𝐸(𝑇) =
𝛽 [𝜑0 − 𝜗

(𝑘𝐵 𝑇)2 6
𝜑0

] where 𝛽, 𝜑0 and 𝜗 are constants determined experimentally. This

model takes into account not only the interaction with the closest neighboring atom,
but the 2nd and 3rd closest neighbors as well. This equation has been only tested on
pure metal samples.
This work performed high temperature measurements of Young´s modulus. Further
analysis for this data was performed using the Wachtman equation since it was
developed for ceramic materials and it is proven to be accurate for such material
systems.

2.2.9.

Effective properties of multi-phase materials

Many materials, thermoelectric amongst them, can have several phases present in
their structure. This happens as a consequence of processing or intentionally, e.g. to
improve the TE properties by increased phonon scattering or to strengthen a material
by adding strain fields in the lattice.
Room temperature Mg2(Si,Sn) solid solutions are no exception to this, given the known
solubility gap between both ends of the spectrum. This will be discussed more in
detailed in chapter 2.4.1. however, it is important to state that a material composed of
phases with different properties will behave differently in comparison with the pure
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materials. A composite-material approach will be used in this work and therefore,
information about composites is needed beforehand.
A composite material is defined by Taya and Arsenault as a man-made material that
is composed of at least two materials chemically different from each other, assembled
in a 3D manner with properties that would not be achieved by their individual
components [43].
Mechanical properties in these kinds of materials are, thus, different from the matrix
(main component) and the inclusions. These inclusions will be addressed as “fibers”
however they can be any material that has different enough properties compared to
the matrix. This work will focus on the Young’s modulus of such materials.
The first model used to describe the effective properties in a composite is the law of
mixtures, first proposed by Waldemar Voigt and sometimes called after him.
The law of mixtures works in an iso-strain environment, in which all the particles in the
material are deformed by the same amount under stress. A simple 3 element model
can be used to envision strain in Voigt’s approximation, this is shown in Figure 2–20.

Figure 2–20 Sketch of a multi-phase material being stretched with the inclusion aligned parallel to the
force

In this case since the strain is the same in the complete material, and since the total
volume 𝑉 on which the stress is acting is the sum of the matrix 𝑉𝑚 and the inclusion 𝑉𝑓
following 𝑉 = 𝑉𝑓 + 𝑉𝑚 and since the total energy that can be absorbed by the material
is defined as 𝜎𝑉 [43] the equation for this energy in the composite becomes 𝜎̅𝑉 =
𝜎𝑓 𝑉𝑓 + 𝜎𝑚 𝑉𝑚 . Following Equation 13 this can be rewritten as 𝐸̅ 𝜀̅𝑉 = 𝐸𝑓 𝜀𝑓 𝑉𝑓 + 𝐸𝑚 𝜀𝑚 𝑉𝑚 .
But 𝜀̅ = 𝜀𝑚 = 𝜀𝑓 , so the equation is reduced to 𝐸̅ 𝑉 = 𝐸𝑓 𝑉𝑓 + 𝐸𝑚 𝑉𝑚 in the case of a twomaterial system. This can be generalized to an 𝑛 element material as shown in
𝐸̅ = ∑ 𝐸𝑖 𝑉𝑖

(25)
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where 𝑉𝑖 is the volume percentage fraction of a given phase and 𝐸𝑖 is the Young’s
modulus exhibited by that specific phase.
The second approximation was proposed by Andras Reuss to complement Voigt’s
work, this model in comparison works with the iso-stress condition. Figure 2–21 shows
a diagram of a three-element material under these conditions.

Figure 2–21 Sketch of a multi-phase material being stretched with the inclusion aligned perpendicular
to the force

Similar to the previous case, the volume is subjected to the same stress, the strain
however will be different as e.g. the matrix is softer than the inclusion and will deform
further. In this case the total volumetric strain is ̅̅̅
𝜀𝑉 = 𝜀𝑓 𝑉𝑓 + 𝜀𝑚 𝑉𝑚 [43], and just as the
previous case, using Equation 18, the total strain expression can be rewritten as
𝑉𝑓 𝜎𝑓
𝐸𝑓

+

𝑉𝑚 𝜎𝑚
𝐸𝑓

, but since 𝜎̅ = 𝜎𝑓 = 𝜎𝑚 , the expression reduces to

𝑉
𝐸̅

𝑉

̅𝑉
𝜎
𝐸̅

=

𝑉

= 𝐸𝑓 + 𝐸𝑚 . This
𝑓

𝑚

equation can be expanded to a material with 𝑛 elements using
−1

𝑉
𝐸̅ = (∑ 𝐸𝑖 )

(26)

𝑖

Both the Voigt and Reuss approximations work on the premise that the inclusions are
perfectly aligned with the stress. However, in most cases the inclusions are aligned in
a random pattern and the material will not behave exactly as these previous models
predict. Instead, they will be the limits of the mechanical behavior exhibited by the
composite as shown in Figure 2–22.
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Figure 2–22 Effective Young´s modulus of a material as a function of volume fraction of the inclusion
𝑉𝑓 if the inclusion has a Young´s modulus 100 times higher than the matrix. Adapted from [43]

As Naslain describes [44], several authors have introduced correction factors to better
approximate the real behavior or a composite with randomly oriented reinforcing fibers.

2.2.10.

Thermal expansion

The materials within the module assembly will inevitably expand under the high module
operation temperature.
Whenever a material is heated, the atomic distances will increase because of the rising
repulsive forces between atoms due to a higher overlap between electron distributions.
A more detailed description of this overlap is given next.
Within the bond, two competing forces act upon the atoms, the dispersing force and
the repulsive force. The dispersing force (also called London dispersing force) acts to
bring atoms together through the attraction exerted by the creation of instantaneous
dipoles, these in turn, caused by the rearrangement of electrons in an atom because
of the fluctuation in the position of the electrons in its closest neighborhood.
However, as they become closer together their electron charge distributions start to
overlap. Based on Pauli’s exclusion principle, atoms repulse each other to prevent
electrons from occupying prohibited energetic states [28].
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This interplay between forces is expressed in the Lennard-Jones potential, denoted as
𝜉 12

𝑈(𝑟) = 4𝜖 [(𝑟 )

𝜉 6

− (𝑟 ) ], where U is the energy of the system, r the distance between

atoms, 𝜖 and 𝜉 are experimental values representing the dispersion energy and
distance at which the interatomic potential energy is 0. The exponent 6 for the attractive
term was described by London and later proved to be correct by quantum chemical
1 6

calculations [45], since the attractive forces decay with the relationship (𝑟 ) . The
repulsion force has an exponent 12, which does not have a real physical meaning but
approximates the Pauli repulsion well and is easily expressed as the square of the
attractive forces.
The form of the Lennard-Jones potential curve is shown in Figure 2–23

Figure 2–23 Lennard-Jones potential
1⁄
6 𝜉,

The minimum value is found at 2

which corresponds to the energy minimum −𝜖.

The Lennard-Jones potential is a simplified model that does not take into account
interactions with the 2nd or third closest neighbors, however it is the best simple model
that describes an interaction between atoms in a realistic way.
It can be seen that providing thermal energy to the bond increases the distance
between atoms to prevent further overlap between electron charge distributions.
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Thermal volumetric expansion relates how much a material changes in volume by
exposing it to a different temperature than its original state. This change in volume can
be expressed by
𝑉𝑓 −𝑉𝑖
𝑉𝑖

= 𝛽(𝑇𝑓 − 𝑇𝑖 ) (27)

where the subscripts 𝑖 and 𝑓 refer to initial and final states respectively, 𝑉 refers to
volume and 𝛽 is the volumetric coefficient of thermal expansion.
Linear expansion on the other hand, is a similar concept that relates how much a
material changes in length upon being heated or cooled. The rate at which this
happens is called the coefficient of thermal expansion (CTE or 𝛼) [46]. In this case, the
elongation due to temperature change can be expressed as
𝑙𝑓 −𝑙𝑖
𝑙𝑖

= α(𝑇𝑓 − 𝑇𝑖 )

(28)

where 𝑙 refers to length. Note also that 𝛽 = 3𝛼.
Whenever this change in size is restricted, a pressure or tension will build up in the
material. These stresses bring about the possibility of failure to an assembly. It is
therefore imperative to keep them at the lowest possible level [7].
Materials need to be paired with contacts and bridges in a way that the CTE is as
similar as possible. Failing to do so will lead to bigger stresses and more possibilities
to fail [21].
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2.3. Mg2X
2.3.1.

Mg2X system

The material system Mg2X (X = Si, Ge, Sn) is a good thermoelectric material, known
since the 1960´s. It has been in recent years, however, that the attention of the
scientific community has returned to these materials.
All the materials having an Mg2X formula exhibit a Fm3̅m antifluorite crystal structure,
with an FCC arrangement. Mg atoms sit on the eight tetrahedral positions (Wyckoff
positions 8c), while the X atoms fill the corners and face centers (Wyckoff positions
4a). This identical crystal structure favors the alloying between materials as the X
position can be filled by either element, or a combination of them [47].
Special attention has been given to the solid solution Mg2(Si,Sn), which in comparison
to Ge-containing material has a better cost/performance ratio. All elements present in
the material are highly abundant in the earth´s crust and pose little to no danger to life
or environment. The added benefit of a very low density also makes it a very good
candidate for TE technology.

Mg2Si
The best studied member of the family of Mg2X materials has a lattice parameter of
6.354 Å and a density of 2 g/cm3. It has a natural n-type conduction, however adding
elements belonging to the IA group in the Mg position can lead to p-type materials [48–
55].
It has a melting temperature above 1373 K, however material degradation due to Mg
oxidation can be seen from 1073 K [56].

Mg2Sn
This material has a lattice parameter of 6.764 Å and a density of 3.6g/cm3. Its melting
temperature is 1050 K, however oxidation has been observed from 773 K [47, 52, 57,
58].
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Mg2(Si,Sn)
The solid solution benefits from having two different types of atoms in the X position,
as such, the thermal conductivity will drop [59] as phonon scattering is increased
through alloying.
The lattice parameter and density also obey Vegard´s law and they can be estimated
using a linear interpolation between the binaries [60]. One very common way to define
the stoichiometry in the solid solution is Mg2Si1-xSnx.
The solid solution has a solubility gap. The extend depends on temperature but the
reported results differ between different publications, as shown in Figure 2–24,
however most agree that the compositions around x = 0.5 are outside the solubility
range for the material system at room temperature and up to 700 °C. This creates a
potential issue for material stability as the material will tend to remain in a metastable
state [61–64]. Whether or not the compositions with different x Sn content than the
nominal composition can be considered as secondary phases has been challenged
during the course of this work. A more detailed description will be done in the
discussion part.

Figure 2–24 Miscibility gap for the Mg2Si-Mg2Sn material system, taken from [63]. Gradient color
indicates a full miscibility while striped color indicates the miscibility gap

Another interesting feature in the solid solution is the convergence of the two lowest
lying conduction bands, which according to most authors happens around the
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composition Mg2Si0.4Sn0.6. This effect produces favorable electric properties for the ntype material and, according to some recent research, good thermal properties through
the lowered speed of sound [65–67].
Synthesis of these materials is not a trivial process. The difference in melting points for
the precursors (923 K for Mg, 505 K for Sn and 1683 K for Si) as well as the high Mg
vapor pressure make the synthesis through traditional melting challenging. In this
regard, several process routes have been tried, e.g. induction melting [68, 69], melt
spinning [70–72]. Other methods like ball milling have been developed and yield
material with good properties (zT = 1.2–1.4), albeit with material quantity limited to
some 10´s of grams as published by [73–76].
Mixed synthesis methods, e.g. melting + milling, have also been developed to produce
larger (>50 g) amounts of precursor material with consistent zT values of 1.3 [77].

2.3.2.

TE properties of Mg2(Si,Sn)

In contrast to most work performed on thermoelectric materials this work will not be
focusing on the thermoelectric properties exhibited by them. A small introduction to
highlight the good performance achieved by Mg2(Si,Sn) is given in the following
paragraphs nonetheless.
Mechanical properties exhibited by thermoelectrics in general, and more specifically
Mg2(Si,Sn) will be introduced in chapter 2.5.

n-type
n-type Mg2(Si,Sn) is typically doped with elements belonging to the VA group like Sb
and Bi. It is known, in the case of Bi, that the solubility limit in the binary Mg2Si is around
2 at% [49]. The solid solution does not have a reported limit on the solubility for Bi,
however Seebeck coefficient values reported previously in material with x = 0.7 place
this value between 3.5 and 4 at% [78].
Optimized

thermoelectric

properties

have

been

found

for

the

material

Mg2Si0.3Sn0.665Bi0.035. This composition exploits the band convergence effect and the
high solubility limit of Bi in the material. The maximum zT achieved by this material was
1.25 at 700 K [77].
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p-type
The doping is usually done by substituting Li in the Mg sites [60, 79, 80], however work
with Na, Ag and Ga has also been published [70, 81].
Experimental values, as well as calculations to find the optimum p-type composition is
the focus of some recent work by Kamila et al. [82]
This work will focus on the material Mg1.97Li0.03Si0.3Sn0.7. Such a composition is known
to have relatively good thermoelectric properties.
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2.4. Mechanical properties of TE materials
2.4.1.

Non-silicide systems

Mechanical properties of TE materials are a subject that has been recently re-visited
by researchers. It is still far behind in comparison with the material optimization for TE
performance.
One of the material systems that has been studied is Half Heusler compounds (HH).
These kinds of materials have the general formula XYZ, where X and Y are transition
metals and Z is an element whose valence electrons come from the p orbital.
Half Heusler materials are most commonly used in the middle to high temperature
ranges (700-1000 K) [12].
As a family of very diverse materials, it is also expected to find a wide range of
mechanical properties amongst them. So, for example materials like ZrNiSn with a
hardness of 14 GPa can be found. In contrast, some softer materials like
Zr0.5Hf0.5Co0.1Rh0.9Sn0.01Sb0.99 with merely 3.8 GPa also exist. The median values for
hardness as reported by Rogl et al. is 10 GPa [83].
The elastic modulus values of such materials are as diverse as their hardness and
therefore it is found that VCoSn has a Young´s modulus of 243 GPa and
ZrNiSn0.95Sb0.05 has 71.8 GPa. The median values reported are 200 GPa [83].
A more direct comparison of Mg2X can be made to Skutterudites. These materials have
an application in the mid-temperature range (between 400 and 800 K), just as the
aforementioned material.
Skutterudites are based on the general formula XY 3, where X can be Co, Fe and Ni,
while Y corresponds to As or Sb. Their crystal structure is Im-3, composed normally of
8 Co cubes, 6 of which are filled by Sb square shaped rings [12].
Extra elements can be added to fill these empty cube cells, whenever the Skutterudite
material has these fillers, they are denominated “filled Skutterudites”. Such elements
contribute to a lower thermal conductivity by scattering phonons by rattling inside the
icosahedral voids in the lattice as a point defect [17, 84].
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Just as with the HH, Skutterudites form a very wide family of materials and their
mechanical properties are varying, although not as much as with the previous case.
Hardness values are found in literature ranging from 2 GPa for the hand milled
DD0.25Fe2.5Ni1.5Sb12 (DD, or Didymium is an alloy from Praseodymium and
Neodymium), while Ba0.075Sr0.025Yb0.1Co4Sb12 shows a hardness of 5.6 GPa. The
median values reported are around 5 GPa [85, 86].
The Young´s modulus exhibited by skutterudites ranges from 100 to 148 GPa, with the
aforementioned Didymium filled material being the softest and CoSb3 being the stiffest.

2.4.2.

Mg2(Si,Sn)

Magnesium silicide, magnesium stannide and the solid solutions have also received
some attention in regard to their mechanical properties.
Magnesium silicide, the most studied of them, has a reported hardness value of 5 GPa
[87], while the reports for Young´s modulus vary between 85 and 145 GPa [50, 55, 87–
91]. The wide range of values for the Young´s modulus depends on the type of
measurement done on it. While ultrasound methods yield a value more consistent with
the median, other methods like nanoindentation and compressive testing yield values
off the median.
Magnesium stannide has been, on the other hand, the main point only for very few
publications. One paper reports the hardness of the material to be 1.7 GPa [92], further
publications address the elastic constants and the Young´s modulus, this last value
was reported to be 82 GPa [57, 58].
A solid solution has also been researched, Mg2Si0.4Sn0.6 was studied by Gao et al. [92]
and Gelbstein et al. [93] finding a hardness value of 3.06 GPa and a Young´s modulus
of 88 GPa for the former, the latter study found a hardness of 3.57 GPa and elastic
modulus of 83 GPa.
Other compositions within the solid solutions whose mechanical properties are known
are Mg2Si0.6Sn0.4, in a very recent paper that was published during the course of this
work, Mejri et al. [94] report a hardness value of 4.5 GPa and a Young´s modulus of
90 GPa. They also performed temperature dependent measurements on the elastic
properties and found a linear influence of temperature in the Young´s modulus.
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Lattice dynamics were studied to understand the effect of the Si/Sn ratio for some
compositions along the solid solution [67]. Results were published during the
experimental work on this study. Klobes et al. found that the Si-Mg bond has a more
covalent nature compared to Mg-Sn, and thus increasing the Si content in the material
the strength of the bonding becomes larger. This substitution has the consequence of
stronger mechanical properties and higher thermal stability.
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2.5. Thermoelectric module evaluation
Mechanical evaluation of the performance achieved by a thermoelectric module is not
usually done, with the electric power output being the most important parameter to
study.
However it has been proved before that mechanical degradation can lead to a
reduction in TE performance as the electrical resistance increases [22].
In practice, mechanical stability of a thermoelectric module is evaluated qualitatively
by producing the module, submitting it to thermal annealing or cycling and observing
the damage on the module [19, 22, 95, 96] Figure 2–25 shows published pictures of
damage on TE modules. Both images are from modules built with HMS p-type and
Mg2(Si,Sn) n-type legs.

Figure 2–25 Damage seen in several modules. Taken from [19, 95]

The use of computational methods to predict areas susceptible to damage by means
of a finite element model (FEM) simulation has spread to the field of thermoelectricity
as well.
The role of a FEM simulation is to provide insight into the mechanical and/or also TE
performance of a module without the need to actually build it. It can be used to test
different parameters such as leg geometry, metallization material, bridge material and
size, etc. [7, 97–99].
The effectiveness of such a simulation will be influenced mainly by two factors, how
precise the properties of the materials involved are characterized and how realistic/
adequate the boundary conditions are selected [8].
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One of the main goals of this work is to produce a precise database of mechanical
properties to be used in FEM simulation. This will increase the usefulness of software
usage in the development of a Mg2X based thermoelectric module.
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3. Summary of research
3.1. Research motivation
The development cycle of TE modules involves the optimization of material for the legs,
the metallization of said legs to facilitate assembly and the soldering of the
functionalized legs to the bridges.
These processes require the material to undergo loads, both mechanical and thermal.
As previously described in chapter 2, loading of the material will produce stress, which
depending on the magnitude might be enough to damage the leg.
Stresses caused by mechanical and thermal loads will continue to be present in the
module even when it is placed in working conditions, due to the principle under which
TE technology works. It is therefore important to add a step in the development cycle
to assess the mechanical stability of any design intended for a TE module.
First principles calculations and measurements of mechanical properties have been
reported for the Mg2(Si,Sn) solid solution, however in most cases the information
provided is very specific to a composition and only at room temperature.
Furthermore, mechanical stability of TE modules is still in the process of migrating from
the trial-and-error used in previous decades to the fully digital FEM simulation. This
step can decrease costs and time to a large extent, however appropriate data needs
to be provided in order to produce a meaningful result.

3.2. Thesis overview
The aim of this work is to provide temperature and composition dependent mechanical
properties for the solid solution series Mg2(Si,Sn).
Chapter 5 describes the experimental determination of hardness and fracture
toughness of Mg2Si1-xSnx solid solutions with x = 0, 0.4, 0.5, 0.6, 0.7, 1. The hardness
values follow a linear trend between the binaries, with the Si-rich Mg2Si0.6Sn0.4
composition deviating from the expected values.
This trend continued in the fracture toughness, as the Mg 2Si0.6Sn0.4 sample exhibited
fracture toughness values above the binary Mg2Si material. This was attributed to the
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strengthening factor of the Si-rich inhomogeneities that dotted the sample due to an
incomplete reaction from the elemental precursors.
Chapter 6 describes the temperature- and composition-dependent behavior of
Young´s and shear moduli for the same compositions as studied in chapter 5. For this
part of the study, the synthesis method had to be expanded since the samples for
mechanical characterization were required to be larger.
The samples showed a linear behavior both with composition and temperature, thus a
bi-linear equation was proposed to predict the elastic properties (both Young´s and
shear modulus) of any composition within the solid solution and at any temperature up
to 623 K.
Chapter 7 moves to samples with different doping concentration and species, all in the
Mg2Si0.3Sn0.7 composition. This material is close to the electronic band convergence
and has good thermoelectric properties.
Room and high temperature Young´s moduli are determined and temperature
dependent coefficient of thermal expansion values are measured. Using these results,
the potential thermally induced stress and an analytical estimation of stress under
homogeneous heating are estimated.
This last chapter gives evidence of a very good compatibility of mechanical properties
and thermal expansion values between n- and p-type Mg2(Si,Sn) and provides proof
that a module entirely made of this material is mechanically feasible.
Chapter 8 includes a description of structural and mechanical properties exhibited by
samples obtained using powder synthetized by different methods.
The last section of this work is reserved to present mechanical modelling using the
data obtained in the course of this work, showing the positions on the pn couple
assembly (n-type, p-type and Cu interconnections) where the highest stresses will be
found and providing a hint at the possible zones where a failure can be expected.
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4. Materials and Methods
4.1. Synthesis methods
4.1.1.

Direct melting in the DSP

The synthesis method employed throughout this work is based on the work previously
done by Farahi et al. [77] on the Mg2Si0.3Sn0.7 thermoelectric material.
The method was expanded to cover the whole solid solution series of Mg2Si–Mg2Sn.
The melting points of both binary compounds were used for a linear interpolation
(following Vegard’s law) to find the numerical estimates of melting points of several
interesting points within the solid solution as shown in Figure 4–1. Literature results
previously published show a good agreement with a linear behavior [100].

Figure 4–1 Binary literature values and interpolated solid solution melting temperature for the Mg2Si–
Mg2Sn material system

The original method was divided in three melting cycles, each one divided in three
temperature steps. This is displayed in Table 4-1.
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Table 4-1 Details of the melting route used to synthetize Mg2Si0.3Sn0.7

Temperature step Temperature step Temperature step
1

2

3

Melting step 1

300 °C for 10 min

600 °C for 20 min

800 °C for 20 min

Melting step 2

300 °C for 10 min

600 °C for 20 min

850 °C for 20 min

Melting step 3

300 °C for 10 min

600 °C for 20 min

900 °C for 20 min

The temperature of the first step in each melting cycle is set above the melting point of
Sn (232 °C), the second one slightly below the melting temperature of Mg (650 °C) and
the last target temperature changes slightly on each sequential step.
The first step ends ~25 °C above the melting temperature of Mg2Sn (778 °C), while the
3rd step ends ~25 °C above the melting temperature of the intended final composition
Mg2Si0.3Sn0.7 (875.2 °C). The middle step is set halfway through both of these.
In order to expand this method for the other compositions, the first melting step was
always left at 800 °C, while the last step was set using the melting temperatures
presented in Figure 4–1 and adding 25 °C. The middle melting step was set to the
average between 800 °C and the maximum temperature previously established.
Binaries were treated as an exception. Mg2Sn had three steps of melting at 800 °C,
while Mg2Si had three reaction steps at 1100 °C (maximum temperature achievable
with the used setup).
Once the material was obtained in an ingot form after all three cycles, it was removed
from the crucible, cleaned using ethanol to remove BN contamination and transferred
inside an Ar filled glovebox for further processing.
The ingot was broken into smaller pieces using hammer and chisel, then put inside a
milling jar with balls in a ratio of 0.81 (one 8.1-gram ball to 10 g of material). The jar
was then sealed and transferred outside to mill in a SPEX D8000 ball mill for 30
minutes.
The resulting powder was then transferred to a container inside the glovebox.
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Pressing conditions, as well as structural and mechanical properties are discussed in
chapter 5.
Direct melting has some advantages compared to ball milling as a synthesis method
for the material system studied in this work, namely, a larger batch of material
available, shorter synthesis times and comparable quality. Chapter 6 includes
microstructural characterization to prove good material quality.
Several publications have been based on material synthesized with this method [101–
103].

48

4.2. Characterization methods
4.2.1.

Structural characterization

XRD
The X-Ray Diffractometer is a device that shines high energy photons (20-50 keV) onto
a material in a specific angle and then collects the diffracted ones. In its most basic
form, it is composed of an X-ray source, a working table and a detector, a scheme
shown in Figure 4–2

Source
θ
2θ

Sample holder
Figure 4–2 Basic X-ray diffractometer with the source, detector and sample holder.

The basics of X-ray diffraction will be presented in the following paragraphs.
Crystals, as discussed in section 2.1, are a set of atoms arranged in a periodical array.
As such, they can diffract light incident on them. Since atoms are closely packed
together in the lattice, a source with a very small wavelength is needed in order to be
useful. The light whose photons have the wavelength in the desired range are X-rays
produced with 20-50 kV.
Whenever light impacts an atom and it coherently scatters the incident energy, this
energy will be redistributed in all directions with the same wavelength as the original,
also called an elastic scattering [104]. When this happens in an array of atoms, like a
crystalline lattice, the waves from the scattered photons from each individual atom will
undergo interference. This interference can be positive or negative. If the interference
is negative, it is called destructive and its intensity is reduced to a minimum. On the
other hand, if the interference is positive, its intensity will increase.
At this point it is convenient to underline certain aspects from the irradiated material
which will diffract light. A crystallographic plane is an imaginary construct that can be
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used to explain the phenomenon of diffraction. They need to intersect all lattice points,
be parallel to each other and equally spaced. Their distance is called the interplanar
distance and is represented as 𝑑. Each of the planes is defined by a set of integers
called the Miller indices (ℎ𝑘𝑙). These will divide each lattice vector a, b and c into a
specific number of parts. Such representation is better visualized in Figure 4–3

Figure 4–3 Different crystallographic planes and their representation. Taken from [104].

It can be seen from the pictures that a Miller index of 2 divides the axis in 2, while
higher order miller indices will further divide the unit.
Interplanar distance is related to the angle at which the positive interference appears.
This relationship is called the Bragg equation and is expressed as
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𝑛𝜆 = 2 𝑑 sin𝜃

(29)

The interplanar distance is also related to the lattice parameter 𝑎, in the case of a cubic
crystal the relationship is described by
𝑑 = √ℎ2

𝑎
+𝑘 2 +𝑙2

(30)

where ℎ, 𝑘, 𝑙 are the Miller indices.
This work will use XRD to identify the phases present in the material obtained.
Equation 30 will be further employed to estimate the lattice parameter to corroborate
that the nominal phase is obtained.

SEM
The Scanning Electron Microscope (SEM) uses a magnetically directed fine electron
beam to characterize materials. This beam is pointed at a particular spot similar to the
cathode televisions, illuminating an area. The interactions of the electrons with the
material will produce several effects: secondary electrons, backscatter electrons,
Auger electrons, as well as continuous X-rays and characteristic X-rays [105].
Secondary electrons have usually a very low energy (3-5 eV) and are collected in a
detector that is charged typically with +200 V. This kind of electrons are produced when
the highly accelerated electron beam hits the surface of the specimen and an inelastic
collision occurs with the nucleus of the atoms present near the surface. They are
usually employed to observe the topography of the sample. this is done through
counting the number of secondary electrons that arrive to the detector. Surfaces
inclined in the direction of the detector will reflect more than a surface inclined away
from the detector, and thus will appear brighter on the image. Materials with heavier
elements will also reflect more electrons, as the probability of collision with larger nuclei
is greater.
Backscatter electrons are produced similarly to the secondary electrons, in this case
the collision is elastic and the electrons retain most of their energy. Thus, energy values
of 16-18 keV are not uncommon. They are collected by a detector charged with -50 V,
this is enough to divert any secondary electrons. Backscattered electrons travel only
in straight lines, so only those that travel directly from the point of contact between the
beam and the specimen, and the detector are effectively counted.
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The ratio of electrons that are backscattered to the incident electrons is called the
backscatter coefficient 𝜂. This coefficient varies with the atomic number Z
approximately as 𝜂 =

ln (𝑍)
6

1

− 4 [106].

The backscatter coefficient is thus sensitive to composition, as materials with different
atomic numbers (and homogeneous mixtures of materials with different atomic
percentages) will have different backscatter coefficients.
Continuous x-rays are produced when a specimen is bombarded by an electron beam
with low acceleration voltage (~20kV), the specimen will then emit a constant and
continuous (within the wavelength limit) x-ray radiation. Increasing the voltage above
the short wavelength limit will make the characteristic Kα and Kβ lines.

EDX
Energy dispersive X-ray spectroscopy or EDX uses the characteristic Kα and Kβ
emission lines to identify elemental species present in the sample.
When an electron with high energy interacts with the inner K shell of electrons, some
of these will be ejected, then one electron from the outer L shell will fill in this gap and
in the process emit an X-ray photon of a particular energy [105]. This is called a Kα
interaction, while an electron from the K shell being ejected and another electron from
the M level filling in is called a Kβ interaction. The energy emitted is particular to every
element in the periodic table, however elements lighter than boron (Z = 5) cannot be
identified by this method for most setups. Likewise, elements lighter than sodium (Z =
11) and heavier than Boron can usually only be qualitatively identified.

Fast quantification method
Since EDX mapping usually takes a long time (>20 min) Yasseri et al. developed a
technique to use backscatter electron images as a quantification tool to estimate the x
value in Mg2Si1-xSnx [106].
The method is based on the dependency of the backscatter coefficient on the
composition being studied. This coefficient can be expressed as
𝜂̅ = ∑𝑖 𝜂𝑖 𝐶𝑖

(31)
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Where 𝜂𝑖 is the backscatter coefficient of the 𝑖th element present in the material, while
𝐶𝑖 is the weight fraction of said element. This fraction, can be expressed by the atomic
fractions 𝑛𝑖 with
𝑀𝑖 𝑛𝑖

𝐶𝑖 = ∑

𝑖 𝑀𝑖 𝑛𝑖

(32)

Where 𝑀𝑖 is the atomic mass of the 𝑖th element.
Yasseri et al. noticed that for the case of Mg2Si1-xSnx, the Mg atomic percentage would
remain 66.66%, leaving the rest to be divided between Si and Sn, thus creating a
system with only one degree of freedom, the Sn content value x. This was mentioned
as a prerequisite for the method to work properly.
They proceeded to rewrite Equation 31 using this condition and arrived to the following
expression
𝜂̅ =

𝑛𝑀𝑔 𝑀𝑀𝑔 𝜂𝑀𝑔 +𝑛𝑆𝑖 𝑀𝑆𝑖 𝜂𝑆𝑖 +(1−𝑛𝑀𝑔 −𝑛𝑆𝑖 )𝑀𝑆𝑛 𝜂𝑆𝑛
𝑛𝑀𝑔 𝑀𝑀𝑔 +𝑛𝑆𝑖 𝑀𝑆𝑖 +(1−𝑛𝑀𝑔 −𝑛𝑆𝑖 )𝑀𝑆𝑛

(33)

Since 𝑛𝑀𝑔 is known, and 𝑀 values are known for all samples, and 𝜂𝑖 =

ln (𝑍)
6

1

− 4 [107],

the only variables left unknown are 𝑛𝑆𝑖 and 𝜂̅ .
The mean backscatter coefficient 𝜂̅ can be estimated by taking advantage of another
observation done by Yasseri et al. The gray value (0-255) as read in the image from
SEM is assumed to be related linearly with the aforementioned mean backscatter
coefficient. This is approximately valid if contrast and brightness settings of the picture
remain constant and a couple of other conditions are fulfilled [106]. Thus, only a couple
of EDX points are needed as calibration to relate them to each other as shown in
Figure 4–4.
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Figure 4–4 Backscatter coefficient as a function of gray value

In the end the gray value, known for each point in the image obtained through SEM,
can be related to a specific 𝑛𝑆𝑖 and from there to the x Sn content value in the material
Mg2Si1-xSnx.

4.2.2.

Mechanical characterization

Hardness
Samples subjected to hardness measurements were tested in a Clemex hardness
testing machine shown in Figure 4–5. The sample holder for this machine has a
standard 45 mm allocation for an embedded sample.
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Figure 4–5 Clemex hardness testing machine

The embedding was done on a Struers hot press using the sensitive mode, by heating
at 180 °C and pressing with 25 bar for 2 minutes and then increasing to 100 bar, then
holding for 5 minutes. Then a cooling process of 2 minutes was performed on the
samples.
For Vickers indentation [39], samples were polished. The first step was grinding with
SiC paper in an ATM Saphir grinding machine with a designation of 1200, 2500 and
4000. This grinding was done under water and at a constant speed of 150 rpm, turning
the sample 90° each time the SiC paper was changed.
After the last grinding step, the samples were thoroughly dried to avoid oxidation due
to the remaining water.
Four polishing steps were introduced, all of them under ethanol and for 6 minutes in
an ATM Saphir sample moving machine. The first step used a diamond suspension
with a particle size of 3 µm, the consecutive steps used particle sizes of 1, 0.25 and
0.05 µm.
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In between the polishing steps, samples were rinsed with ethanol to remove diamonds
still sticking to the surface. At the end of the last polishing step, a 10 min ultrasound
bath in ethanol was performed to remove as many diamonds as possible, then a 10minute cleaning run in the machine under pure ethanol.
Polished and clean samples were installed in the hardness testing machine, then using
the included software an array of 6 x 6 indentations was made, keeping the distance
between the center of each indentation at 100 µm. The standard requires a distance
between centers of at least 4𝑑 [39]. This distance is smaller than the one programmed
into the array.
Indentations done on the sample were carried out at 100 gf (0.981 N) for 10 s, the
diagonals were measured with the in-built microscope and software. Crack length was
also measured using this procedure, albeit with the manual correction to re-position
the length markers.
Using Equation 24, hardness values were estimated, while fracture toughness was
estimated using Equation 22. Both properties were estimated for each individual
indentation, then the mean value and variation were estimated.

IET
The impulse excitation technique (IET) relies on the free vibration of a beam after it
has been hit with a small projectile. This free vibration can be expressed by [108]
𝜕4𝑦

𝜕2𝑦

𝐸𝐼 𝜕𝑥 4 + 𝜌𝐴 𝜕𝑡 2 = 0

(34)

Where 𝐸 is the Young’s modulus, 𝐴 the transversal area and 𝐼 is the second moment
of area. The second moment of area is a property of said area that reflects how points
are distributed around an axis. In the case of a rectangle with base 𝑏 and height ℎ, this
value is 𝐼 =

𝑏3ℎ
12

.

Equation 34 relates the sum of total energy in the beam, both potential (deformation
based) and kinetic (movement based). The wave produced by the impact will travel
longitudinally through the sample causing deflection in the perpendicular direction.
The 4th order partial differential equation has a solution in the form 𝑦(𝑥, 𝑡) = 𝑢(𝑥)𝑣(𝑡).
This is the characteristic equation of a standing wave.
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A standing wave is a phenomenon that occurs when interference happens between a
wave traveling from the origin of the vibration and the wave being reflected off the end
of the vibrating material. This generates a wave whose nodes (maximum amplitude)
and anti-nodes (minimum amplitude) are fixed at certain positions along the length of
the element. The function that governs the oscillation pattern for this kind of waves is
[109]
𝑦(𝑥, 𝑡) = 2𝑦max sin(𝑘𝑥) cos (𝜔𝑡)

(35)

where 𝑦max is the maximum amplitude of the wave, 𝜔 the angular frequency, equal to
2𝜋𝑓, and 𝑘 is the wavenumber, which denotes the number of radians traveled per unit
distance and is defined as

2𝜋
𝜆

. Note also that from Equation 34 the relationship

between them is
𝐸𝐼

𝜔2 = 𝜌𝐴 𝑘 4

(36)

The characteristic equation 𝑦(𝑥, 𝑡) = 𝑢(𝑥)𝑣(𝑡) can be separated into the time and
displacement components as follows
𝑢(𝑥) = 𝐶1 sin(𝑘𝑥) + 𝐶2 cos(𝑘𝑥) + 𝐶3 sinh(𝑘𝑥) + 𝐶4 cosh (𝑘𝑥) (37)
𝑣(𝑡) = 𝑑1 𝑠𝑖𝑛(𝜔𝑡) + 𝑑2 𝑐𝑜𝑠(𝜔𝑡) .

(38)

Only the displacement-based equation can be subjected to boundary conditions. In
order to do this, it is convenient to know what the derivatives of this equation mean.
The first derivative of Equation 37 in relation to the length 𝑥 will be the slope of the
deformation, the second derivative the bending moment and the third will be the shear
stress. With this information and the free vibration constraints (no bending or shear
stress at both ends), it follows that 𝑢´´(0) = 𝑢´´´(0) = 𝑢´´(𝐿) = 𝑢´´´(𝐿) = 0 [109]
Substituting in Equation 37, it follows that
𝑢´´(𝐿) = −𝐶1 sin(𝑘𝐿) − 𝐶2 cos(𝑘𝐿) + 𝐶3 sinh(𝑘𝐿) + 𝐶4 cosh(𝑘𝐿) = 0 (39)
𝑢´´´(𝐿) = −𝐶1 cos(𝑘𝐿) + 𝐶2 sin(𝑘𝐿) + 𝐶3 cosh(𝑘𝐿) + 𝐶4 sinh(𝑘𝐿) = 0 (40)
𝑢´´(0) = −𝐶2 + 𝐶4 = 0

(41)

𝑢´´´(0) = −𝐶1 + 𝐶3 = 0

(42)
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Substituting Equation 41 and Equation 42 in Equation 39 and Equation 40, then
rearranging in a matrix form, the expression turns to
[

sinh(𝑘𝐿) − sin (𝑘𝐿) cosh(𝑘𝐿) − cos (𝑘𝐿) 𝐶1
0
][ ] = [ ]
𝐶
cosh(𝑘𝐿) − cos (𝑘𝐿) sinh(𝑘𝐿) + sin (𝑘𝐿)
0
2

(43)

Now in order to get a solution, the term cosh(𝑘𝐿) cos(𝑘𝐿) = 1 needs to be found. There
is not an analytical solution, so a few numerical solutions are presented in Table 4-3
Table 4-3 First three numerical solutions to the vibration of a free beam

Order of solution 𝑛

𝑘𝑛 𝐿

1

4.73

2

7.853

3

10.995

With the help of Equation 36, the resonant frequency can be found.
The standard ASTM E1876 includes the most important parameters and equations,
based on numerical solutions to the previously presented equations, to measure both
Young´s modulus and shear modulus in different geometries [110]. Since this work
focuses on flat pellets cut into bars, the methodology for rectangular bars of material
will be presented.
The samples can be characterized at either room temperature or high temperature.
The equipment used to perform the measurements for this work is an Integrated
Material and Control Engineering HT1600 device. The room temperature set is
composed of a sample holder with elastic supports, projectile and microphone as
shown in Figure 4–6
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Figure 4–6 Room temperature setup for the IET

The high temperature setup consists of a ceramic sample holder with titanium
supports, ceramic projectile and infrared position sensor shown in Figure 4–7. These
elements are inside an oven that reaches 1600 °C, however without the possibility to
connect a vacuum pump or perform measurements under inert atmosphere.
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Figure 4–7 High temperature setup for the IET

The samples intended for IET measurements all had a length of 40-43 mm, a width of
12 mm and a thickness of 2.5-3 mm. It is paramount for a successful measurement to
have parallel faces with a precision of 0.01 mm thus, after cutting the samples, they
were grinded with a special sample holder to size.
The prepared samples were placed on the room temperature setup as shown in Figure
4–8. The distance between the supports depends on the sample size and is given by
the control software when typing in the required data.
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Figure 4–8 Sketch of the positioning of the supports (gray), the impact place (red) and the position of
the microphone (blue) to perform a simultaneous Young’s and shear modulus measurement

From this setup two sets of frequencies are registered by the microphone, a
longitudinal and a transversal component. These are related to the elastic properties
using the following set of equations.
Young´s modulus estimation is done using
𝐸 = 0.9465 (

𝑚𝑓 2
𝑏

𝐿3

) (𝑡 3 ) 𝑇1

(44)

Where 𝑚 is the mass of the sample, 𝑓 the fundamental (lowest) frequency; 𝑏, 𝑡 and 𝐿
the width, thickness and length of the sample and 𝑇1 is a correction factor for the finite
thickness of the sample and the Poisson ratio expressed by .
𝑡 2

𝑡 4

𝑇1 = 1 + 6.585(1 + 0.0752𝜈 + 0.8109𝜈 2 ) (𝐿) − 0.969 (𝐿) −
𝑡 4
𝐿
𝑡 2
1+6.338(1+0.1408𝜈+1.536𝜈2 )( )
𝐿

[

8.34(1+0.2023𝜈+2.173𝜈2 )( )

].

The shear modulus, on the other hand is estimated by
𝐺=

4𝐿𝑚𝑓𝑡 2
𝑏𝑡

𝐵

(46)

(45)
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where 𝑓𝑡 is the transversal resonant frequency, 𝐵 is a geometrical correction factor
defined by
𝐵=

𝑡
𝑏

𝑏 𝑡
+
𝑡 𝑏
𝑡 2

𝑡 6
𝑏

(47)

4( )−2.52( ) +0.21( )
𝑏

For testing at high temperatures, the equations remain the same, however the
positioning of the sample and the area of impact change due to the sample holder
being different.
Measurements at room temperature were made using 48% of the maximum energy of
the projectile to avoid sample damage and to prevent the sample from moving away
from the supports. This excitation was done for 0.2 s. The lower end sensitivity
excitation voltage for the microphone was set at 0.05 V to pick up second harmonics
for both longitudinal and transversal frequencies.
Samples measured at high temperature had the same parameters. However, the
distance between nodes is fixed, as the supports cannot be moved. The only
frequencies picked up are longitudinal as the transversal frequencies are dampened
out. The high temperature program was set to have a maximum temperature of 623 K
with a heating and cooling ramp of 1 K/min. Measurements were taken every 30 s.
Upon reaching the maximum temperature, a 60 min holding time was programmed.

RUS
Resonant Ultrasound Spectroscopy is based on the forced vibration of a small sample
clamped between a pair of transducers. While one of these transducers is excited to
vibrate with changing frequencies, the other one is used to detect any vibration
transmitted through the sample. As such mechanical vibrations are usually strongly
damped, only resonance frequencies of the sample are transmitted.
Resonant frequencies of solid materials depend on sample geometry and size, as well
as on the elastic moduli exhibited by the material [108]. Thus, known resonance
frequencies can be used to determine elastic constants, the principle of which will be
described in the following paragraphs.
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Following Equation 12, the elastic tensor relates the stress and strain present in a
three-dimensional sample. The equation that describes motion generated by the
vibration is [111]
𝜕𝜎𝑖𝑗
𝜕𝑥𝑗

=𝜌

𝜕2 𝑢𝑖
𝜕𝑡 2

(48)

where 𝑢𝑖 are the displacement vectors.
So, by substituting Equation 12 into Equation 48, the new form is
𝐶𝑖𝑗𝑘𝑙 𝜕2 𝑢𝑘
𝜕𝑥𝑗 𝑥𝑙

=𝜌

𝜕2 𝑢𝑖
𝜕𝑡 2

(49)

The solutions to Equation 49 are complicated to find, however Migliori et al. [112] have
proposed an approximation.
By taking advantage of the fact that the displacements 𝑢𝑖 (𝑥𝑘 ) with free boundaries are
both a solution to Equation 49 and points where the derivative of the elastic
Lagrangian is at a minimum, the possible solution starts to take form in
1

𝐿 = 2 ∫(𝜌𝜔2 𝑢𝑖 2 (𝑟) − 𝐶𝑖𝑗𝑘𝑙 𝑢𝑖𝑗 (𝑟)𝑢𝑘𝑙 (𝑟))𝑑𝑉

(50)

where the first half of the equation denotes the kinetic energy and the second half the
strain energy.
The displacement vectors in Equation 50 can be expanded to a different base by using
appropriate expansion coefficients 𝑎𝑖 and base functions 𝜙(𝑟)
𝑢𝑖 = 𝑎𝑖 𝜙(𝑟) . (51)
The base functions are chosen depending on the geometry of the sample, thus for
parallelepipeds, a good choice are the Legendre polynomials due to their orthogonality.
In a more general case, the expansion can be done using basis power functions in the
form ∑𝑅0 𝜙𝛼 = 𝑥 𝑙 𝑦 𝑚 𝑧 𝑛 . Where 𝑙 + 𝑛 + 𝑚 = 𝛼 and 𝑅 is the limiting factor of the series.
Substituting Equation 51 in Equation 50 yields
1

𝐿 = 2 (𝜌𝜔2 𝑎𝑖 𝑎𝑗 ∫ (𝛿𝑖𝑗 ϕ(𝑟)) 𝑑𝑉 − 𝑎𝑖 𝑎𝑗 ∫ 𝐶𝑖𝑗𝑘𝑙 ϕ𝑗 (𝑟)ϕ𝑙 (𝑟) 𝑑𝑉)

(52)

Which can be re-written in matrix form by grouping the elements in the integrals into
matrices.
1

𝐿 = 2 (𝜌𝜔2 𝒂𝑻 𝑬𝒂 − 𝒂𝑻 𝜞𝒂)

(53)
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Now the minimum values of the derivative of Equation 53 with respect to the
displacement vectors can be found, which are the extreme values of the Lagrangian
(where the value is 0) and the result is
𝜞𝒂 = 𝜌𝜔2 𝑬𝒂 .

(54)

Equation 54 is a generalized eigenvalue problem that can be solved to find the
eigenvalues (𝜌𝜔2 ). The eigenvector 𝒂 of displacements can also be estimated,
however this is not normally done as the technique is mostly interesting to estimate
elastic constants.
The values of the matrices 𝜞 and 𝑬 will be estimated with Equation 52, with the left
side of the integral constituting the kinetic energy part assigned to matrix 𝑬 and the
right side constituting the potential energy and assigned to matrix 𝜞.
As can be seen from Equation 52, the kinetic energy matrix is estimated using also
the Kronecker symbol, and will thus be a diagonal matrix. If the displacements are
expanded using the Legendre polynomials, the orthogonality of said expressions will
make it a unity matrix.
Since the expansion series has an infinite number of elements, the matrices can also
have an infinite number of elements. This is the reason behind the limiting factor 𝑅, for
𝑅 = 10, the matrices have an element number of 858.
Using Equation 54 and given the dimensions and density of a sample, it is possible to
estimate the resonant frequencies assuming an initial value for the elastic constants
by finding the eigenvalue and using 𝑓 = 𝜔⁄2𝜋.
The estimation method per se is based on the comparison and fitting of the predicted
resonant frequencies estimated by the process earlier described, and the measured
values obtained from the transducers, shown in Figure 4–9.
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Figure 4–9 RUS spectrum showing the frequencies at which the material has a resonance against the
root of the relative amplitude of displacement.

For this work, a Python script developed in the University of Applied Sciences
Bremerhaven was used. The first 20-25 resonances were fit using a least squares
method.
Spectra were taken using an in-house build RUS in a range of 300 kHz to 1.2 MHz.
The range of frequencies was adjusted after a trial-and-error search depending on the
sample geometry.
All samples presented in this work had a size of 3 x 4 x 5 mm3, were cut using a
diamond saw and ground to a parallel face, with a maximum deviation of 0.01 mm.

CTE
The coefficient of thermal expansion was measured in an analog dilatometer from Bähr
Analytics.
The dilatometer is composed of a ceramic sample holder where the slabs can rest. On
one side of the sample holder, two ceramic rods can be found. These are connected
to the displacement sensor and are used to measure thermal expansion as shown in
Figure 4–10. The whole assembly fits into an oven that can reach 1200 °C. This oven
is also connected to a vacuum pump, so measurements in the absence of air can be
done.
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Figure 4–10 Dilatometer used and close-up of the sample holder

Samples to be measured in this equipment had a size of 3 x 5 x 40 mm 3. They were
measured from room temperature up to 440 °C (713 K) under vacuum (<1 × 10-4 bar)
using a heating ramp of 1 K/min.
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5. Hardness and Fracture Toughness of
Solid Solutions of Mg2Si and Mg2Sn
One of the most studied mechanical properties is hardness, due to the relative ease at
which it can be measured in comparison with other destructive and non-destructive
characterization [36].
Several other works have reported on the hardness of thermoelectric materials
Mg2(Si,Sn). However, most works focus on a single composition [74, 85, 87, 89, 91,
92, 113].
In this first paper, the relationship between Sn content in the solid solution and the
hardness of said material is investigated. Additional characterization was made to
measure the crack length in order to estimate fracture toughness.
The effect of Si-rich phases in the deflection and shortening of cracks in investigated
through SEM and discussed. The relationship between hardness and composition is
also discussed and the first ever proposedly-made Mg2Sn hardness value is
presented.
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6. Room and high temperature mechanical
properties of Mg2Si, Mg2Sn and their solid
solutions
Following the characterization of composition dependent hardness, the next step was
to continue the measurement of mechanical properties in the Mg2(Si,Sn) material.
A relatively new method called Impulse Excitation Technique was used to estimate the
room and high temperature Young’s modulus in the solid solution. These
measurements were compared to the more established Resonant Ultrasound
Spectroscopy similar to previous studies comparing both techniques [114].
Following the composition and temperature dependent results, a new equation to
predict both Young’s and shear modulus was proposed. With the help of said equation
and a quick phase determination process proposed earlier by Yasseri et al. [106] the
effective Young’s modulus of a composite Mg2(Si,Sn) material with different Si-content
was estimated. These values were in turn, very similar to the measured values in all
samples.
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7. Impact of the dopant species on the
thermomechanical material properties of
thermoelectric Mg2Si0.3Sn0.7
With the composition and temperature dependent elastic properties known, the next step
into the module simulation was the study of whether or not the doping influenced the
mechanical properties.
This chapter is focused on the composition Mg2Si0.3Sn0.7, as this is reported to have
excellent TE properties [60, 73, 77]. The effect of doping with Bi (for the n-type) and Li
(for the p-type) was studied against the undoped sample from the previous chapter.
For this chapter, also the coefficient of thermal expansion was studied, which is essential
for module simulation.
Using both the Young’s modulus and the CTE, the potential to develop thermal stresses
(𝐸 ∙ 𝑎) was estimated and compared to other material systems like Skutterudites and Half
Heusler.
Finally, a small comparison between thermally induced stress is presented. This stress
was estimated using a combination of temperature dependent and constant properties.
The difference observed in these comparisons serves as base for the modelling
presented later in the discussion part of this thesis
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8. Discussion
This chapter will aim at joining the information presented in chapters 5, 6 and 7 with
additional original non-published information on the topic to get a better overview of
the goals achieved by this work.
As detailed in chapter 3, our general objective with this work is to provide information
that facilitates module design from a mechanical performance point of view.
This work aims at bridging the gap between the existing scarce knowledge on
mechanical properties and the progress in TE performance research by providing not
only detailed information about mechanical properties of Mg2(Si,Sn), but also
describing a methodology that can be followed to obtain temperature dependent data
for other material systems.
A mechanically sound TE module is described in literature as one composed of legs
having similar CTE values [21]. However, expansion of the bridge, and the bending
stress it imposes on the TE legs, is rarely taken into account in these kinds of studies.
It is thus important, as detailed in chapter 6 and 7, to also characterize the elasticity
shown by the TE material.

8.1. The role of secondary phases
With respect to the areas where the contrast is different in the SEM pictures presented
in previous chapters when compared to the matrix, chapter 5 refers to them as
“secondary phases” where the composition is different from the matrix. However, this
is as of yet challenged, as the composition in the material is still Mg 2X, the desired
material, and fluctuations within the Sn:Si ratio are expected in this system when
process times are low. More accurate examples of a secondary phase would be MgO
or elemental Si or Sn, as they do not belong to the solid solution.
The role of these areas is detailed in chapter 5 as strengthening of the matrix against
crack propagation, by introducing an interphase between the mean composition of the
material and a Si-rich region. These regions exhibit a different lattice parameter and
general Si:Sn ratio compared to the matrix. The increased Si content in the material
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creates a stiffer bond between Mg and Si and thus, these regions exhibit higher
hardness than Sn-richer zones.
However, in the case of macro-properties, such as the Young´s modulus, the effect of
local compositional fluctuations within the material seems to be less pronounced. This
is evident in chapter 6, where the relationship between composition and Young´s
moduli values for all samples fit very well into a linear model. In this case, although the
Si-rich areas are present, they correspond to a very small percentage of the volume
within the sample.
This behavior can be explained using a composite material approach, by employing
the Reuss and Voigt models for estimation of the effective Young´s modulus. Using an
estimation of the percentage of material belonging to a specific composition and using
the equation 𝐴(𝑇) = 𝐴𝑟 + 𝑏𝑇 + 𝑐𝑥, derived from chapter 6, the Young´s modulus
expected for that specific mixture of material was estimated. Both approximations
yielded good agreement with the measured values.
This situation was not altered when the doping species and amount was varied.
Chapter 7 shows that even though the Young´s modulus slightly varies with doping,
the effective properties can still be predicted with reasonable precision (~4%).
Secondary phases out of the Mg2X system, in the case of the unidentified
contamination in the p-type sample shown in Figure 1 Chapter 7 has a negligible effect
on the Young´s modulus, however it might be due to the fact that this phase was only
found in traces amount and cannot be generalized.

8.2. Relationship of Young’s modulus with
hardness and CTE
It has been established in literature that a higher stiffness (high Young´s modulus) is
generally accompanied by a higher hardness [115]. However as described in [116], no
definite rule can be established to generally encompass all materials. Instead, the
relationship between the indenter mechanical properties and those of the sample can
be employed by using the reduced modulus 𝐸𝑟 , defined as
the subscripts 𝑖 denote the indenter.

1
𝐸𝑟

=

(1−𝜈 2 )
𝐸

+

(1−𝜈𝑖 2 )
𝐸𝑖

where
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Most indenters for microhardness testing are made of diamond, whose 𝐸𝑖 and 𝜈𝑖 values
are known to be 1141 GPa and 0.07 respectively.
That same work details that through the use of Oliver and Pharr method [117], there
are only two independent variables involved in the amount of energy dissipated or
recovered during an indentation process. These being the hardness and the reduced
modulus mentioned before. They are related to each other through the recovery
resistance 𝑅𝑠 defined as 𝑅𝑠 = 2.263

𝐸𝑟 2
𝐻

[116]. This resistance parameter is related to

the energy that can be dissipated during an indentation, either through a larger imprint
or through cracking.
These values, as well as the hardness and Young´s modulus are presented in Table
8-1
Table 8-1 Hardness, moduli and recovery resistance for Mg2Si1-xSnx

X Sn content Hardness
in Mg2Si1-xSnx (GPa)

Young´s
Modulus (GPa)

Reduced
Modulus
(GPa)

Recovery
resistance
(GPa)

1

2.45

78.70

91.51

7746.33

0.7

3.69

86.30

99.21

6029.46

0.6

4.02

89.88

101.81

5832.91

0.5

4.67

91.33

101.90

5028.26

0.4

5.02

102.88

114.47

5903.47

0

5.56

109.30

119.42

5801.92

Using the data gathered in chapters 5 through 7, the recovery resistance was
compared to imprint size (2𝑑) and total crack length (2𝑐) as shown in Figure 8–1
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Figure 8–1 Composition dependent recovery resistance, total crack length (2𝑐) and imprint size (2𝑑)
for Mg2Si1-xSnx

It can be seen that the samples with greater amounts of inhomogeneity XRD wise (x =
0.4-0.5) have a disproportionally small total crack length in comparison with the imprint
size. This was attributed to the role of Si-rich areas deflecting cracks and strengthening
the material. This confirms that a desired unmixing of the Mg2X over the miscibility gap
would not only improve the material by reducing thermal conductivity but also by
improving its mechanical properties.
The recovery resistance also remains roughly constant for all solid solution samples
and the binary Mg2Si. Binary Mg2Sn has a disproportionately large recovery energy,
that comes in agreement to the observations made in chapter 5 about the fracture
toughness of the materials studied.
When comparing the recovery resistance to the Young´s modulus shown in Figure 8–
2, both values at x = 0.4 are high. This is probably due to the phase separation present
in this sample. Si-rich phases would then make the material stiffer (elevating the
Young´s modulus value) as well as shorten and deflect cracks and prevent plastic
deformation through indentation.
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Figure 8–2 Comparison of the recovery resistance to the Young´s modulus over the solid solution
series Mg2Si1-xSnx

Lower values of the recovery resistance are characteristic to materials whose ability to
recover from localized deformation is high. Binary Mg2Si and the solid solution get this
characteristic through intrinsic or extrinsic strengthening of their lattice.

8.3. Influence of material synthesis method on
microstructure and hardness
Sample preparation originally started with ball milled powder obtained through the
same preparation as in [63, 73]. However, geometrical constraints for measurement of
mechanical properties require larger samples. This in turn means larger batches of
material synthesis and compaction. Two options were tried to fabricate this material,
gas atomization and a hybrid melting-milling method, the latter being described in
chapter 4.1 and employed heavily for the sample fabrication of this thesis.
Samples from gas atomization did not have optimized TE properties, but powder was
readily available from a previous batch. 30 mm and 50 mm pellets were pressed and
cut to long rods for testing in the IET. 30 mm samples proved to be unreliable as the
frequencies produced were too high (due to the sample length being too short and
thus, too stiff) that yielded unrealistically high values for Young’s modulus because of
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equipment limitations on sample size. However, from a 50 mm pellet a 43 x 12 x 3 mm3
sample was produced fitting for testing at both room and high temperature.
Using this information, it was clear that large samples were needed and thus, large
amounts of powder would be needed. The melting route was selected due to the faster
processing time and the better control of Mg loss during synthesis compared to gas
atomization, albeit with a smaller batch size.
XRD characterization was performed on all samples. Diffractograms are presented in
Figure 8–3. Samples pressed from gas atomized powder showed impurities of
elemental Bi. This is probably the reason behind the poor TE performance achieved
by the material. All other samples showed good purity without secondary phases not
belonging to the Mg2(Si,Sn) system.

Figure 8–3 X-ray diffractograms from samples obtained by pressing powder synthetized by different
methods

Grain size was also similar in all samples, since all samples were pressed for the same
time (20 min) under a relatively high temperature (973 K). It is possible that smaller
grains were coarsening into bigger ones. This would leave only grains in the ranges
mentioned in Table 8-2 present in the material.
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Table 8-2 Summary of structural and mechanical data for material Mg2Si0.3Sn0.665Bi0.035 synthesized
through different methods: ball milled samples following [60, 73] and melting samples following [118].

size Lattice
Young´s
parameter (Å) modulus (GPa)

Density (g/cm3)

Synthesis
methods

Grain
(µm)

Gas atomization

6±3

6.60

78 ± 3

3.07

Ball milling

5±2

6.61

-

3.10

Melting + Ball 7 ± 3
milling

6.61

84 ± 1

3.09

As mentioned earlier, mechanical characterization was possible on the samples
obtained from gas atomization and melting, but the samples obtained through ball
milling could not be measured due to their smaller size. It can be seen that the gas
atomization sample has a lower Young´s modulus. Segregated Bi and lower density of
the sample are probably the reasons behind this lower value.
Another point of comparison between the different synthesis methods was the Vickers
Hardness of the material as shown in Figure 8–4

Figure 8–4 Vickers hardness of samples pressed from powder synthetized by different processes.

It can be seen that all materials, independent of the preparation method, have a similar
hardness value. This is most likely due to the similar microstructure. It is particularly
interesting to note that the gas atomization material did not exhibit different hardness
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values compared to the other samples, in contrast to what the Young´s modulus
measurement showed.
Characterization through SEM imaging also provides information about the similarity
between all samples. Si-rich areas are present in a similar pattern as shown in Figure
8–5

Figure 8–5 SEM backscatter images for Mg2Si0.3Sn0.665Bi0.035 samples synthetized by a) melting +
milling, b) ball milling and c) gas atomization. All samples were compacted at 66 MPa and 700 °C for
20 min.

As can be seen from the pictures, the gas atomized powder was not completely
densified as particle boundaries can still be seen with gaps between them. The Si-rich
phases have a roughly similar size and distribution in a) and b), gas atomization sample
shows larger, albeit fewer Si-rich regions.
Secondary phases outside the Mg2(Si,Sn) system are only present in material from the
gas atomization process. This process also produces a sample with lower density
compared to the other methods. However, hardness values do not seem to be affected
by either the lower density or the secondary phases.
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The dependence of mechanical properties on the synthesis parameters was not
investigated in full depth. However, it was exemplarily shown here that quite different
synthesis routes can yield similar microstructural properties and thus, similar Young’s
modulus and hardness. Such findings extend the conclusion from chapter 7 where it
was shown that a change of carrier type results also only in a minor change of the
mechanical response.

8.4. Mechanical modelling of a Mg2(Si,Sn) pncouple

considering

the

temperature

dependence of the material properties
To identify the effect of the temperature dependence of mechanical material properties
(E, G, CTE) on the mechanical response of a module, a simple model of a uni-couple
was developed in SolidWorks.
The uni-couple consists of a pair of legs, joined together by a copper bridge. Additional
copper contacts were added at the bottom side of the legs. The geometry of the model
is kept similar to literature reports [7, 8, 119–121] and can be observed in Figure 8–6.
The model is studied under the assumption that electrical current is not flowing through
the assembly, thus Peltier and Joule heating effects are disregarded.
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Figure 8–6 Dimensions in mm and 3D geometry of the model employed for FEM analysis, with the ntype on the left and p-type on the right.

In order to keep the model simple, both legs had exactly the same geometry. This is
also common in real TE modules, even though having legs with the same geometry
does not lead to an optimum in energy conversion if the thermoelectric properties
(specifically 𝑧𝑇) are different for the n and p-type material, as is the case for Mg2X [7,
8, 119].
The mechanical data for the copper was taken from the SolidWorks library. These
values correspond to a DIN copper alloy Cu-DHP. The mechanical data for the
thermoelectric materials were taken from the results detailed in chapter 7. The
thermoelectric legs were composed of Mg2Si0.3Sn0.665Bi0.035 for the n-type and
Mg1.97Li0.03Si0.3Sn0.7 for the p-type. These compositions were chosen for their reported
good thermoelectric properties [60, 77, 101, 102]. Table 8-3 summarizes the data used
for room temperature calculations.
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Table 8-3 Mechanical data used in the model.
Young’s

Poisson

CTE (10-6

Thermal conductivity

Density

modulus (GPa)

ratio

1/K)

(W/mK)

(g/cm3)

N-type

83,3

0,209

16,5

2,96

3,11

P-type

84,1

0,193

17,6

2,43

3,09

Bridge (Cu-

120

0,37

17

384

8,9

Property

DHP)

The raw data, fitting procedure and temperature dependent data for the thermoelectric
materials is available in the Appendix 2.
The zero-stress condition for the model was set at 22 °C. The residual stress within
the module after soldering is not taken into account here, these stresses were ignored
in order to keep the model simple. However, in a real case, cooling down from the
processing temperature, as well as solidification of the solder material will produce
residual stress in the module.
The thermal boundary conditions were as follows: a temperature of 300 °C was set to
the hot side of the assembly, while the cold side was kept at 22 °C. Temperature
dependent thermal conductivity values for the TE material were used in all cases. The
temperature profile obtained is shown in Figure 8–7.
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Figure 8–7 Temperature distribution used for the simulation

Five main cases were studied that were chosen to identify the effect of using
temperature dependent data in comparison with constant room temperature and
averaged properties.
𝑇ℎ

∑ 𝐴(𝑇 )
The average property is estimated using the equation 𝐴̅ = 𝑇𝑐∑ 𝑛 𝑖
𝑖

where 𝐴 is any temperature dependent property and 𝑛𝑖 the number of temperature
points taken. The average was taken using 100 datapoints obtained using the
equations for temperature dependent properties (see Appendix).
These conditions are summarized in Table 8-4
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Table 8-4 Material properties employed for each of the 5 different cases studied, here E is the Young´s
modulus, CTE the coefficient of thermal expansion

Case

A

C

D

N-type E

Constant RT

T-dependent

N-type CTE

T-dependent

Constant RT

P-type E

Constant RT

T-dependent

P-type CTE

T-dependent

Constant RT

Constant RT

Bridge

B

E

T-dependent

Constant avg

Constant

Although case E is the closest to the real situation, adding cases A-D helps isolate the
individual effects of certain properties, as well as a comparative tool to correlate with
the literature process of constant property simulation.
While the TE module assembly with mechanical fixation by ceramic plates (e.g. Direct
Bonded Copper (DBC)) on top and bottom side is practically quite common, several
examples of assemblies with a DBC only on the cold side are found [121]. The model
presented here corresponds to having no DBC on the hot side and the mechanical
constraints will be chosen accordingly. The lower nodes in the model (cold side) were
fixed in all 6 degrees of freedom, no translation or rotation was allowed. This is chosen
to represent the copper contact being firmly bonded to an Al2O3 plate that does not
expand. The upper nodes are left free, analogous to a plate-less thermoelectric
module. A simple diagram showing these restraints is shown in Figure 8–8
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Figure 8–8 Diagram showing the model and the mechanical constraints

Meshing was done using the standard mesh type and an element size of 0.6 mm,
comparable to previous studies where a size of 1 mm was chosen [120]. The mesh is
shown in Figure 8–9.

Figure 8–9 Meshed model
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Only figures for cases A (all properties RT constant) and E (all T-dependent) are
shown, the summary at the end displays also data for the other cases. Along with the
von Mises equivalent stress, the maximum principal and shear stress in the 𝑥𝑧 plane
are presented. This approach was initially proposed by Karri [7], where additional
parameters besides von Mises stress were used to study TE module stability.
All the results presented next have the same exaggeration factor for deformation, 60.
The von Mises stress distribution for both presented cases is shown in Figure 8–10
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Figure 8–10 von Mises stress distribution for material properties a) all RT constant and b) all
temperature dependent 25 – 300°C.
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The stress distribution is similar in both cases, with the highest stress concentration
happening around the area where the leg is in contact with the lower electrode. In this
region, compressive stresses are caused by the expansion of the bridge on top of the
legs.
The maximum first principal stress (which is the most positive of the three main stress
values) is shown in Figure 8–11.
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Figure 8–11 Distribution of the first principal stress for material properties a) all RT constant and b) all
temperature dependent

The effect of the expanding bridge that pushes both legs apart from each other
generates a high compressive stress on the outer lower edge (light blue circle) as well
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as tensile stress on the inside part of the assembly near the alumina plate (red circle).
The upper part of the bridge has also a higher tensile stress in comparison with the
lower part of this same component. This is due to the bending caused by the thermal
expansion.
The expansion of the bridge does not only happen in one direction only, transversal
expansion is also happening and this will cause edge effects on the interface between
the bridge and the thermoelectric leg. These effects are shown with the shear stress
𝜏𝑦𝑧 along the 𝑥𝑧 plane in Figure 8–12.
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Figure 8–12 Cut view from the shear stress 𝜏𝑦𝑧 for material properties a) all RT constant and b) all
temperature dependent at 300°C

A cut version showing the shear stresses with an absolute value above 7.9 × 107 Pa
along the 𝑥𝑧 plane shows a clear maximum towards the edge.
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The shear stresses are lower when using constant mechanical properties compared to
using temperature dependent values. This is partially caused by the increase of CTE
in the thermoelectric legs while the copper bridges remain constant as shown in Figure
8–13.

Figure 8–13 Comparison between the CTE for the thermoelectric legs and the copper bridge

The magnitude of these stresses is affected by the lateral size of the contact. Wider
interfaces between TE leg and bridges, produced by larger cross section of the legs,
will generate greater maximum shear stresses. This is because an element that has a
greater initial length will expand more at the same temperature than a shorter one,
bringing the difference in total displacement between bridge and leg further apart.
A mismatch between the CTE values between bridge and TE material will also
influence this stress, as previously described, and could cause delamination or
cracking, reducing TE performance and eventually destroy the device.
A final comparison between the maximum values for the von Mises stress, principal
stress 1 and shear 𝜏𝑦𝑧 between all the cases studied is shown in Table 8-5
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Table 8-5 Maximum values for the von Mises equivalent stress, principal 1 stress and shear stress 𝜏𝑦𝑧
for all cases

Case

von Mises (MPa)

Principal 1 (MPa)

Shear 𝜏𝑦𝑧 (MPa)

a

310.0

160.0

48.0

b

301.9

160.3

37.4

c

306.8

164.0

37.8

d

301.7

158.0

41.7

e

304.7

162.0

37.5

The lowest stresses values can be found in case D, where the Young’s modulus is
allowed to vary with temperature and the CTE is left constant. In contrast, the maximum
tensile stress is found in case C, where the CTE is allowed to vary with temperature
and Young’s modulus is left constant. This behavior answers to the temperature
dependence of both properties, while the thermal expansion slightly increases with
temperature, the Young’s modulus decreases as shown in Figure 8–14.

Figure 8–14 Temperature dependent Young’s modulus and CTE for the n-type material showing the
compensating mechanical effects at higher temperatures

This behavior corresponds to the analytical stress estimation done in chapter 7 (figure
7). The effect of the sinking Young’s modulus is partially compensated by the rising
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CTE in case E, which gives a similar value to room temperature and average constant
values of cases A and B. However, when one of them is left constant, the
compensation does not happen and smaller or bigger stresses (case C and D) can be
seen.
Using average values (case B) compared to only room temperature values (case A) or
temperature dependent values (case E) does not affect greatly the maximum stress
values. Given the linear behavior of both properties, and the overall maximum
difference between room and high temperature values (~10%), the average value
differs 5% from constant room temperature values and has minimal influence on the
result.
It is therefore a recommendation from this work that either temperature dependent data
for both properties should be used, or constant values. Both these approaches give
very similar values. However, using only one of them as temperature dependent can
give variations of up to 10% in the computed stress and could lead to a faulty design.
It is a general trend in solid materials to increase in CTE and reduce in Young’s
modulus with increasing temperature [122], which makes this recommendation
applicable to most materials, thermoelectric and metallic, for module assembly. The
extent of the compensation between CTE and Young’s modulus depends on every
material, however.
Further work needs to be done in order to find accurate boundary conditions regarding
mechanical coupling and residual stresses for the device under which to run the model,
as well as to provide strength values of the materials used in the assembly to be able
to assess whether or not these stresses/deformations can cause component failure.
However, the ground work and initial database for such work was laid down with the
information provided in this thesis.
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9. Conclusions and outlook
The focus of this work is to provide a first insight into the mechanical properties of the
Mg2Si-Mg2Sn solid solutions, to fill the gap in the information needed for the design of
a long-lasting module.
The samples chosen for this study were all prepared using parameters that provide the
best TE properties with the best cost/effort ratio, in preparation for an upscaling to an
industrial mass production process-. These samples are known to have regions with
different Si/Sn ratio. Chapter 5 was dedicated to study the effect of Si/Sn ratio on the
hardness and fracture toughness in the material, as well as to describe the effect of
the local compositional variation in these properties.
It was found that local spots of Si-rich material act as toughening factors by introducing
interfaces to the material, as well as providing strain fields to increase the hardness of
the particular area in which they are present.
Chapter 6 was dedicated to the study of Young´s and shear modulus in the solid
solution. Values for the moduli were provided at both room and high temperature.
These values were accurately described by a linear model and thus an interpolation
formula to estimate the effective moduli for any material within the compositional range
and temperature was provided.
Using this formula and the rapid determination of composition through SEM imaging,
chapter 7 was dedicated to estimate Young´s modulus for samples with different
doping species and amount. A very good agreement between the predicted and
observed elastic properties in the samples was found, despite the variation factors
described in chapter 8.
Chapter 7 also presented the temperature dependent CTE for Mg1.97Li0.03Si0.3Sn0.7,
Mg2.06Si0.3Sn0.7, Mg2.06Si0.3Sn0.6925Bi0.0075, Mg2.06Si0.3Sn0.665Bi0.035. These values were
in good agreement with literature and more importantly, were very similar. The material
sensitivity to thermally induced stresses was presented as the product of the Young’s
modulus and the coefficient of thermal expansion 𝐸 ∙ 𝑎, finding similar values between
the optimized n-type and the optimized p-type. These comparisons were expanded to
other material systems like skutterudites. In this regard, Mg2(Si,Sn) materials showed
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a similar potential to develop thermally induced stress compared to skutterudites and
Bi2Te3, with the added advantage of a low toxicity and cost.
The similarity of mechanical properties exhibited by the main candidates for an
Mg2(Si,Sn)-only module suggests that such a device is mechanically feasible.
A gap in the information needed to better design thermoelectric modules was filled with
the information provided in this work. However, further work is still needed in the
characterization of mechanical properties of thermoelectric materials. Some
suggestions to complement and enhance the information presented in this work will
now be discussed.

9.1. Outlook
• Suggestion on determination of critical stress values
The information collected by this work can be used for modelling and design
optimization using a mechanical simulation software. However, once the stresses are
identified in the assembly, it is important to know if such a stress will damage the
material.
Destructive testing is needed to provide information on the maximum tensile and
compressive stresses to evaluate if the maximum stresses identified through FEM can
damage the assembly.
Due to the brittle nature of the material, tensile testing is not recommended. Bending
tests are better suited for such a material and indeed, literature results already
published support this approach [93]. Such a test requires elongated samples,
however the procedure detailed in this work for IET samples should fulfill the
requirements of any bending test.
Compressive testing is also recommended, as restricted expansion in a material will
cause compressive stress. In this case small diameter samples are better suited for
such a test, as the force needed to collapse it will be smaller. The Direct Sinter Press
method can produce 8 mm diameter samples, which are the best suited for
compressive tests.
Note that in the case of testing done in DLR premises, a way to prevent powder spread
in the laboratory needs to be provided in the means of a protective pouch or screen.
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• Suggestion on improving the boundary conditions for
the FEM
The boundary conditions in the simulation presented in this work do not represent the
working conditions of many modules. Further work needs to be done on this to enhance
the model and its usefulness.
Constant properties were used for copper. Being a metal, these properties will be
strongly affected by temperature and this needs to be accounted for. Accurate data is
needed for the correct alloy used in module assembly.
The zero-stress condition needs to be set to a realistic temperature. The module is
assembled at 450 °C, however if the module operation is limited to 300 °C (due to
thermal, mechanical or chemical stability), this should be the starting point. Cooling
from this temperature to 25 °C will cause internal strain and residual stresses that need
to be taken into account to accurately describe the real module with the model.
Although there exist modules without a cover plate on the hot side, most of them have
such a component. The model presented in this work did not include a cover plate to
keep simulations simple. A further developed model should include such a plate and a
means to replicate the holding pressure on the hot side. This is particularly important
if the model is a module with more than one uni-couple.

• Suggestion on determination of thermal stability of
mechanical properties
Just as it has been previously reported for thermoelectric properties, mechanical
properties can be expected to change after long time annealing. It is thus imperative
to perform experiments to assess the thermal stability of mechanical properties after
the samples have been thermally treated.
The effect of time, as well as of atmosphere and protective coating should be studied,
since it is known that Mg loss within the material leads to degradation and eventually
corrosion of the sample.
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Several coatings have been tested in order to suppress degradation, however,
experience within the research group has proven that BN slurry can be sufficient to
keep the Mg loss at bay for the duration of the experimental trials. It is highly
recommended to follow this approach.
Since one of the main objectives of our research is to provide a thermoelectric
generator prototype to be used in space technology, it would be advantageous to know
how the material behaves under vacuum.
A design of experiments using the 2k full factorial approach is recommended as shown
in Table 9-1.
Table 9-1 Proposed factors and levels for the annealing experiment

Factor

Option 1

Option 2

Atmosphere

Vacuum

Argon

Coating

BN coating

No coating

Time (days)

5

10

Temperature (°C)

300

600

Mechanical characterization, in the form of hardness tests and Young´s modulus
estimation through RUS is recommended as they can be done using small samples.
Microstructural characterization through XRD and SEM imaging is also beneficial to
identify any possible change in microstructure and pinpoint the origin of any possible
change to mechanical properties.

• Suggestion on determining the thermal cycling resistance
Additional to long term annealing, thermal cycling is an important factor in TE modules
life expectancy.
Previous reports show a decrease up to 90% in thermoelectric properties after ~104
cycles. Mechanical performance after such testing has, however, not been reported.
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If the materials undergo any sort of change during cycling, such as Mg loss or
oxidation, this could impact the resistance of said material to the thermally and
statically induced stresses related to expansion within the assembly.
It is recommended to perform thermal cycling using similar parameters to the annealing
experiments. However, the time factor could be replaced by number of cycles.
An initial run to identify a possible number of cycles to failure can be implemented.
As

with

the

annealing

experiments,

both

mechanical

and

microstructural

characterization are recommended to identify changes within the material.
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11. Appendix
11.1.

Limitations on the use of the rapid

compositional analysis in Mg2X
In order to apply the rapid determination method developed by Yasseri et al. [106] EDX
composition points for calibration of the grey-tone scale are needed. The original work
details the process needed to estimate the spatial resolution for each EDX point. It is
related to a specific gray value in the SEM picture. The process is done by hand and
is of course subjected to human error. Additionally, there exists also the grey tone
variation within a sample. As shown in Figure 11–1, even areas with a homogeneous
color to the naked eye have a great variation within a small area. In this case a mean
gray value of 230 is used, however values 210-251 are contained in the apparently
uniform region.

Figure 11–1 Exemplary image of a Mg2(Si,Sn) sample with a variety of gray values for a small area
(red circle).

The fitting of said gray values to the backscatter coefficient is done in a tool developed
in excel. Values within the variation shown in Figure 11–1 are manually fed into the
fitting to produce the best R2 possible, equations with a goodness of fit below 0.95 are
not used due to a low reliability for further analysis.
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Furthermore, the equation found in the previous step is fed into a MATLAB script that
estimates the local composition for each individual pixel in the picture.
The variation imposed by all these factors is however mitigated by the use of some
good practices; namely adding EDX points close or within very identifiable spots on
the SEM image, to avoid confusion when estimating the gray values, as well as avoid
using low R2 fitting. The accuracy of this quantification method is not 100% reliable but
has a very good degree of agreement with EDX mapping, XRD phase quantification
and Raman mapping [63, 106, 123].

11.2.

Material properties used for simulation

n-type Mg2Si0.3Sn0.665Bi0.035
A linear fit was used for the Young’s modulus measured, this is shown in Figure 11–2

Figure 11–2 Raw data and fitting for the Young’s modulus of n-type Mg2Si0.3Sn0.7

The measurement of the coefficient of thermal expansion shows two distinctive areas
as discussed in chapter 7. A linear fit was added to the linear part and extrapolation
used for values at room temperature as shown in Figure 11–3. Spikes in the raw data
stem from the calibration, most likely a movement of the sapphire standard.
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As described in chapter 7, the CTE is usually reported as mean values. The mean
value for the n-type Mg2(Si,Sn) is 16.810−6 1/K. On the other hand, using the linear fit
and extrapolation yields a value of CTE(22 °C) = 16.44 × 10−6 1/K.

Figure 11–3 Raw data and fitting for the coefficient of thermal expansion of the n-type Mg2Si0.3Sn0.7

Thermal conductivity was not measured on the same samples studied in this work,
however the material for those samples came from the same batch of powder and
pressed under the same conditions. It is therefore assumed that the properties are the
same.
The fitting of thermal conductivity was done using a polynomial function of order 3.
Figure 11–4 shows the fit.
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Figure 11–4 Raw data and fitting for the total thermal conductivity of the n-type Mg2Si0.3Sn0.7

p-type Mg1.97Li0.03Si0.3Sn0.7
Similar to the n-type, the Young’s modulus of the p-type thermoelectric material was
fitted with a linear function shown in Figure 11–5.

Figure 11–5 Raw data and fitting for the Young’s modulus of the p-type Mg2Si0.3Sn0.7
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A linear fit and extrapolation were used for the p-type material as well. In this case the
mean value for the p-type Mg2(Si,Sn) is 17.372 × 10−6 1/K, while 𝐶𝑇𝐸(22°𝐶) =
17.588 × 10−6 1/K is found using the extrapolation. These results are shown in Figure
11–6.

Figure 11–6 Raw data and fitting for the coefficient of thermal expansion of the p-type Mg2Si0.3Sn0.7

The total thermal conductivity was fitted to a 3rd degree polynomial function as well.
This process is illustrated by Figure 11–7
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Figure 11–7 Raw data and fitting for the total thermal conductivity of the p-type Mg2Si0.3Sn0.7

The functions used to fit the data in the temperature range 22 - 300 °C (295 - 573 K)
are summarized in Table 11-1
Table 11-1 Equations used to fit data for the simulation, temperature values are given in Kelvin
Property

Equation for n-type

Equation for p-type

Young’s
modulus (GPa)

E(T) = 87.80 − 0.015T

E(T) = 90.27 − 0.020T

Coefficient of
thermal
expansion
(𝟏𝟎−𝟔 𝟏/𝑲)

CTE(T) = 15.037 + 0.0048 T

CTE(T) = 16.85 + 0.0025 T

Thermal
conductivity
(W/mK)

κ(T) = 3.31 − 2.66x10−4 T − 4.34 × 10−6 T 2

κ(T) = 3.44 − 1.58x10−3 T − 1.01 × 10−5 T 2

+ 4.25 × 10−9 T 3

+ 1.35 × 10−8 T 3

