
Quark Numbers and Percolation in QCD

Milad Ghanbarpour

Dezember 2024

Dissertation zur Erlangung

des akademischen Grades

Dr. rer. nat.

am Fachbereich 07 der





Dissertation zur Erlangung des akademischen Grades, Dr. rer. nat., am Fach-
bereich 07 der Justus-Liebig-Universität Gießen.

Titel: Quark Numbers and Percolation in QCD
Verfasser: Milad Ghanbarpour

1. Gutachter: Prof. Dr. Lorenz von Smekal
(Justus-Liebig-Universität Gießen, Deutschland)

2. Gutachter: Prof. Dr. Urs Wenger
(Universität Bern, Schweiz)

eingereicht am 18.12.2024
Fassung vom 02.07.2025
Disputation: 02.07.2025

Anmerkung:
Die hier präsentierten Forschungsarbeiten sind zu Teilen vor der Fertigstel-
lung dieser Dissertation veröffentlicht worden. Hierbei sind die in der Veröf-
fentlichung enthaltenden Arbeiten in Zusammenarbeit mit Dritten entstanden.
Eine genaue Trennung und Zuordnung der wissenschaftlichen Beiträge erfolgt
an den entsprechenden Stellen dieser Dissertation. Die dazugehörige Veröf-
fentlichung ist unter M. Ghanbarpour und L. von Smekal, Phys. Rev. D 106, 054513
zu finden.

https://doi.org/10.1103/PhysRevD.106.054513




Kurzzusammenfassung

Die vorliegende Dissertation beschäftigt sich mit der gittereichtheoretischen
Formulierung der Quantenchromodynamik. Die Forschungsarbeit gliedert
sich in zwei Hauptresultate. Das erste Resultat ist die explizite Konstruktion
eines thermodynamischen Ensembles, für welches die Baryonenzahl in einem
räumlichen Untervolumen V auf nicht ganzzahlige Werte fixiert wird. Betra-
chten wir uns nämlich das gesamte periodische Raumvolumen, so können
aufgrund der Eichinvarianz und dem daraus resultierenden Gaußschen Gesetz
nur Zustände beobachten werden, deren Gesamtquarkteilchenzahl, welche
Quarks positiv und Antiquarks negativ zählt, ein Vielfaches von Drei ist, d.h.
es werden nur Zustände mit ganzzahligen Baryonenzahlen beobachtet. Dies
liegt daran, dass jedes weitere Quark oder Antiquark ein farbelektrischen Fluss
erzeugt, der nicht eichinvariant mit den schon vorhandenen Ladungen ter-
minieren kann. Diese Beschränkung gilt jedoch nicht für ein Untervolumen
V. Das Untervolumen V kann insgesamt eine nicht ganzzahlige Baryonen-
zahl haben, sodass der elektrische Fluss durch die Volumenoberfläche nicht
verschwindet und mit passenden Ladungen außerhalb von V eichinvariant
terminiert. Die Konstruktion des Ensembles bedarf jedoch der Modifikation
der Wechselwirkung an der Volumenoberfläche, da die Wechselwirkung an-
sonsten ignorant gegenüber der arbiträren Wahl des Volumens V wäre. Wir
benutzen zwei unterschiedliche Ansätze für die Konstruktion des Ensembles:
eine quantenmechanische Formulierung der Gitter-QCD und eine duale For-
mulierung des Pfadintegrals. Das zweite Hauptresultat dieser Dissertation
beschäftigt sich mit der Untersuchung, inwiefern das Phänomen der Perko-
lation als Mechanismus für Confinement herangezogen werden kann. Wir
basieren unsere Untersuchungen auf einer Idee von Satz, welche vorschlägt,
dass der Übergang von einer Confinened-Phase zu einer Deconfined-Phase
sich in QCD als Perkolationsübergang beschreiben lassen könnte. Hierbei
motiviert Satz seine Idee mit der von Spinsystemen bekannten Kertész-Linie.
In dieser Vorstellung stimmt der Perkolationsübergang mit dem Übergang
der spontanen Z3-Symmetrieberechung in der reinen Eichtheorie überein und
bleibt bei leichten Quarkmassen bestehen. Dies würde eine eindeutige Un-
terscheidung der Confined-Phase und Deconfined-Phase ermöglichen. Wir
schlagen in dieser Arbeit vor, dass die Definition von Perkolation auf Basis von
zentrumselektrischen Flüssen den gewünschten Mechanismus liefert. Hierzu
definieren wir die Wahrscheinlichkeit, dass perkolierende Strukturen auftreten,
leiten das dazugehörige Pfadintegral her und zeigen, dass der Mechanismus
den Confinement-Übergang bei unendlichen Quarkmassen erklären kann. Die
hier präsentierten theoretischen Resultat werden anschließend in einem ein-
fachen Flux-Tube-Modell, welches die grundlegenden zentrumselektrischen
Flussstrukturen mit QCD gemeinsam hat, numerisch demonstriert.





Abstract

In this thesis, we are concerned with Lattice QCD and present two results.
First, we construct an ensemble where the baryon number is fixed to fractional
values in a spatial subvolume V. Due to gauge invariance and the implied
Gauss law, the baryon number cannot be fixed to a fractional value on the
whole periodic volume because any state with a net-quark number which is
not a multiple of three has additional quarks or antiquarks whose color-electric
fluxes cannot terminate in a gauge-invariant manner. For a subvolume V, this
restriction does not apply. The fluxes can terminate at corresponding charges
outside of V. However, the interaction has to be modified at the surface of V to
make the system aware of the arbitrarily chosen subvolume. This is done with
two independent approaches: a quantum-mechanical description of Lattice
QCD and a dual formulation of the path integral. Second, we investigate the
phenomenon of percolation as a mechanism for confinement. To this end,
we base our considerations on a suggestion by Satz to describe the transition
between confinement and deconfinement by a percolation transition. Similar
to the Kertész line of spin systems, the percolation transition then coincides
with the notion of confinement based on the spontaneous breaking of the Z3
symmetry at infinite quark masses but persists at light masses. This allows for
an unambiguous distinction between a confined and deconfined phase at all
parameters of the theory. We propose the correct mechanism to be given by
the percolation of center-electric fluxes, define the spanning probability, derive
the path integral and show that the confinement transition at infinite quark
masses can be seen as a consequence of our notion of percolation. As a proof of
concept, we demonstrate both main results numerically in a simple flux-tube
model which shares the necessary center-electric flux structures with QCD.
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Chapter 1

Introduction

The emergence of hadronic matter through the strong interaction of quarks and
gluons is described by the theoretical framework of Quantum Chromodynam-
ics (QCD). In general, Quantum Field Theory, as which QCD is also formulated,
describes the embedding of relativistic physics into quantum mechanics lead-
ing to the description of most fundamental forces on microscopic scales. In
the 1960s, quarks were introduced by Gell-Mann and Zweig as a mean of
understanding the hadron spectrum via SU(3) symmetries [1, 2]. However,
only after deep-inelastic scattering experiments at SLAC demonstrating an
approximate Bjorken scaling and Feynman’s parton model, the certainty arose
that hadrons are made of point-like constituents identified as quarks [3–5].
Being driven by further experimental results and theoretical works, Fritzsch
and Gell-Mann introduced the concept of color as an additional SU(3) sym-
metry into their quark model, and finally Fritzsch, Gell-Mann and Leutwyler
extended the quark model to QCD as a non-Abelian gauge theory paving the
way to our current understanding of the strong force [6–9]. At the same time,
Gross, Politzer and Wilczek showed that non-Abelian gauge theories, such as
QCD, are asymptotically free in the sense that the running coupling αs(µ)→ 0
of the interaction vanishes for large energy scales µ→ ∞ [10, 11]. This justifies
the consideration of quarks and antiquarks as approximately non-interacting
at large energies as it is done in the parton model.

Albeit, quarks, antiquarks and gluons being the elementary particles of the
strong force, they have never been observed as asymptotically free states in any
experiment [12]. They appear to only occur as part of colorless states which are
singlet states of the SU(3)-color symmetry. Color confinement is however only
one aspect of confinement in QCD. At small baryon-chemical potentials, QCD
seems to undergo a phase transition from a confined phase at low temperatures,
where the degrees of freedom are hadrons, to a deconfined phase at large
temperatures, where a quark-gluon plasma (QGP) forms in which the degrees
of freedom are given by quarks and gluons [13]. Experimental findings indicate
that the QGP is a strongly-coupled liquid which behaves almost like a perfect
fluid [13, 14]. In the infinite temperature limit, when αs tends to zero, the
system approaches the ideal-gas limit of non-interacting particles [13–15]. It is
believed that the early universe was in a state of a QGP before cooling down
and hadronizing to the confined phase. However, the distinction between the
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Chapter 1. Introduction

confined and deconfined phase is not sharp. The thermodynamic quantities
are non-singular and the transition is a crossover transition at around Tc ≈
150 − 160 MeV [16–21]. This leaves us with the task of understanding the
confinement and deconfinement transition and the mechanism of how the
system evolves from hadronic degrees of freedom only to a thermodynamical
description based on quarks and gluons. How does the system transform from
hadrons to a nearly perfect liquid?

Because the analytic behavior of the thermodynamic quantities does not
allow for an unambiguous notion of confinement or deconfinement, the phe-
nomenon of confinement is often studied in pure gauge theories where dy-
namical fermions are absent [22]. A purely gluonic theory possesses a global
symmetry with respect to the center Z3 of the gauge group SU(3). This sym-
metry breaks spontaneously at a critical temperature Tc marking a confined
(T < Tc) and deconfined (T > Tc) phase. The confined phase is characterized
by a linear rising potential between a static quark-antiquark pair, a narrowing
of the color-electric fluxes into tubes and an infinite amount of energy required
to insert a single static color charge into the system. The theory is confining
in the sense that open color charges are suppressed and an infinite energy is
required to separate them arbitrary far away from each other. In the deconfined
phase, when the symmetry is spontaneously broken, the potential ultimately
flattens at large distances such that color charges can be separated with a fi-
nite amount of energy. The system is understood to be deconfined because
it allows the insertion of open color charges with a finite amount of energy.
However, once dynamical quarks are introduced, the symmetry is explicitly
broken. Quarks and antiquarks screen color charges yielding a flattening of the
potential at all temperatures. The observables which measure the spontaneous
symmetry breaking lose their diagnostic value of identifying the confined and
deconfined phase, i.e. the notion of confinement based on the Z3-symmetry is
restricted to the heavy quark regime.

Furthermore, a natural extension of the investigation of QCD matter is
to consider non-vanishing baryon-chemical potentials µB > 0 and therefore
exploring the phase diagram on the (µB, T)-plane. Experiments at LHC and
RHIC make observations of QCD at large temperatures and small baryonic
densities. However, future heavy-ion experiments at, for example, FAIR, NICA,
and J-PARC aim to explore QCD at high baryon densities [13, 14, 23]. There are
many conjectures and estimates for the QCD phase diagram ([24]), and current
and future experiments will hopefully shed some light into wide regions of
the phase diagram. QCD with zero quark masses exhibits a spontaneously
broken chiral symmetry which refers to the axial SUA(Nf) symmetry of the
massless Lagrangian [14, 24, 25]. The order parameter for this phase transition
is the chiral condensate. However, QCD is not described by a Lagrangian
with massless quarks. The chiral symmetry gets explicitly broken and the
transition becomes a crossover at vanishing chemical potentials. It is however
conjectured that QCD exhibits a first-order transition line in the (µB, T)-plane
which ends in a second-order critical endpoint [24]. Unfortunately, regions of
large µB are not directly accessible to Lattice QCD because of the sign problem
[23]. Some notable efforts in the investigation of the crossover region up to
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µB = 400 MeV have been made in [26, 27], nevertheless.
We are concerned with the phenomena of confinement in this thesis. The

presented research results address both aspects of confinement: color confine-
ment and the transition of QCD matter from hadronic degrees of freedom to a
QGP. There are two main results in this thesis, and we work in the framework
of Lattice QCD with Wilson fermions exclusively.

First, for color confinement, we have seen that QCD only allows colorless
states. This property is also given on the lattice, where the total net-quark
number can only be a multiple of three. However, this restriction does not
apply to a spatial subvolume V where a hadronic structure partly lies in the
volume V and its complement V. We demonstrate the construction of an
ensemble which fixes the net-baryon number to fractional values in V. The
construction requires the modification of the interaction at the surface of V
because the dynamics are otherwise not aware of the arbitrarily chosen volume,
and quarks and antiquarks can in principle be created, destroyed or moved
between V and V. The construction is presented in Chapter 4.

Second, we propose a confinement-deconfinement mechanism based on
percolation. This goes back to a suggestion made by Satz [28]. He put forward
the idea to understand the transition from a confined to a deconfined phase as a
percolation transition. Percolation is a geometric phase transition in which the
non-percolating phase is described by finite clusters and the percolating phase
is given by the formation of an infinitely large cluster. Importantly, percolation
does not rely on a singular behavior of the free-energy density. Similar to the
Kertész line of spin systems, Satz suggested that confinement in QCD could
be described by a percolation transition which coincides with the notion of
confinement based on the spontaneous breaking of the Z3 symmetry at infinite
quark masses but persists at light masses. This allows for an unambiguous
distinction between a confined and deconfined phase at all parameters of the
theory. In Chapter 5, we propose the correct mechanism to be given by the
percolation of center-electric fluxes, define the spanning probability, derive the
path integral and show that the confinement transition at infinite quark masses
can be seen as a consequence of our notion of percolation. Essentially, the
notion is based on decomposing the Hilbert space of the theory into flux-tube
configurations where the quarks are sources of center charge and the gauge
fields are sources of center-electric fluxes. Gauge invariance then implies a local
Z3-Gauss law which the flux-tube configurations must fulfill. The percolation
of flux-tube configuration gives an intuitive understanding for confinement
which goes back to early ideas by Patel [29]. In the confined phase, only local
and finite structures of non-trivial center charges and fluxes exist. Once the
percolation transition is reached, an infinite network of non-trivial center-fluxes
forms which is identified with the deconfined phase.

We use the transfer-matrix formulation of Lattice QCD which is a quantum-
mechanical formulation of QCD on the spatial lattice to formulate the construc-
tion of the fixed net-quark number ensembles and the notion of percolation.
The transfer-matrix formulation is presented in Chapter 3.

In Chapter 6, we use a simple flux-tube model, sharing the center-electric
flux structures with QCD, to demonstrate the presented concepts.
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Chapter 1. Introduction

Before diving into the transfer-matrix formulation, we give a brief introduc-
tion to Quantum Field Theory and Lattice QCD in the next chapter.
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Chapter 2

Quantum Field Theory

The current foundation of all theories describing the realm of microscopic
physics and its interactions is the framework of Quantum Field Theory (QFT) –
a framework which combines the principles of relativistic physics and quantum
physics. It is the framework which gives rise to the notion of particles in flat
spacetime and the richness of all the interactions observed between them. In
this thesis, the sole focus is Quantum Chromodynamics (QCD) describing the
strong interaction which is responsible for all the hadronic structure: protons,
neutrons, pions, etc. The first part of this chapter summarizes briefly the
general framework of QFT with its most important concepts. This summary is
based on [25, 30–33] and the notations used therein. In the last section of this
chapter, we will introduce Lattice QCD as the main framework used in this
thesis.

2.1 The general framework

The bases for all theoretical descriptions of microscopic physics, especially
particle physics, are the principles of quantum mechanics. A system is char-
acterized by a normalized vector |ψ⟩ ∈ H of a separable Hilbert space H.
The measurement of a quantity is then described by a self-adjoint operator Â
whose spectrum σ of eigenvalues represent all possible outcomes E ⊆ σ of the
experiment. The theory does not predict which outcome E will be observed.
It merely assigns a probability measure µ(E) to the possible outcomes and
predicts that this measure characterizes the results of repeated measurements.
For the experimentalist, there seems to be no reason why a certain outcome
has occurred. The measurement procedure appears to be a purely random
process. Once the measurement is done and a certain outcome E has been
reported, the wave-function of the system has collapsed into a new normalized
vector |ψE⟩ ∝ P̂E |ψ⟩, where P̂E is the projection operator onto the subspace
HE spanned by the eigenvectors with eigenvalues λ ∈ E. The probability to
observe the outcome E is µ(E) = ⟨ψ| P̂E |ψ⟩. Hence, only the absolute squares
| ⟨ϕ|ψ⟩ |2 of scalar products between vectors |ψ⟩ , |ϕ⟩ ∈ H are physically sig-
nificant. As a consequence, all vectors eiα |ψ⟩ , α ∈ R which differ only by
a complex phase from the vector |ψ⟩ describe the same physical state of the
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Chapter 2. Quantum Field Theory

system. A system is, therefore, not characterized by a single normalized vector
|ψ⟩ ∈ H but by a ray Ψ = {eiα |ψ⟩ | α ∈ R} of normalized vectors. At first
glance, this property does not seem to be of great importance because, for exam-
ple, it plays no significant role in ordinary non-relativistic quantum mechanics.
We can compute and discuss all sorts of phenomena without ever considering
the global phase of a vector: the hydrogen atom, the harmonic oscillator, a
potential well, molecule structures, etc. Nevertheless, as it is described below,
the ignorance of the formulation towards a global phase factor plays a crucial
role in the existence of particles with half-integer spin.

Poincaré group

In flat spacetime, an observer in an inertial frame describes an event, like
the position of a particle, by a vector x = (x0, x1, x2, x3) ∈ R4. The zeroth
component is identified as the time x0 = t and the other coordinates describe
the position in space. The same event will be described by different coordinates
in general if we transform to the reference frame of another observer. The
transformation between two inertial systems O1 and O2 is affine and has the
general form

x′µ = Λµ
νxν + aµ ,

where xµ are the coordinates in O1 and x′µ are the coordinates in O2. The
matrix Λ is a Lorentz transformation and a ∈ R4 is a spacetime shift. The set
of all Lorentz transformations L forms a group and is defined by all (4× 4)-
matrices Λ which fulfill the equation ΛgΛT = g, where

gµν =




1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1




is the Minkowski metric. This property ensures lightlike distances between
events (x− y)µ(x− y)µ = 0 in an inertial system to stay lightlike in all inertial
frames; the four-momentum p of a particle, which lies on the light cone (pµ pµ =
0) for one observer, lies on the light cone for all observers. The speed of light is
constant in all inertial frames. The Lorentz group together with all spacetime
shifts a forms the Poincaré group P = L×R4 with the multiplication rule

(Λ2, a2) · (Λ1, a1) = (Λ2Λ1, Λ2a1 + a2)

representing successive transformations of a vector xµ with (Λ1, a1) and then
(Λ2, a2). For a Lorentz transformation Λ ∈ L, we have the general property
det Λ = ±1 and if two Lorentz transformations Λ1 and Λ2 fulfill sign (Λ1)

0
0 =

sign (Λ2)
0
0, their product Λ1Λ2 has the same sign for its component (Λ1Λ2)

0
0.

Consequently, the Lorentz group decomposes into four connected subgroups
depending on the signs of the determinant det Λ and the matrix element Λ0

0.
The four components are related to each other via the parity transformation
ΛP ∈ L, the time-reversal ΛT ∈ L and the combination ΛPΛT . By considering
the identity component L1 ⊆ L, the other components can be represented by

6



2.1. The general framework

an element of L1 and a suitable transformation with either ΛP, ΛT or ΛPΛT .
Parity and time-reversal are transformations which are typically implemented
separately in a quantum theory. For the construction of a relativistic theory in
general, we only need L1. The corresponding subgroup of the Poincaré group
is denoted P1 = L1 ×R4 ⊆ P. The identity component L1 is typically referred
to as the proper (det Λ = 1) orthochronous (sign Λ0

0 = 1) Lorentz group.

Projective representations

Special relativity gives us the concept of observers in inertial frames and the
transformation between them. However, these transformations only describe
mappings on R4. We do not have any concept of coordinates in our general
formulation of a quantum theory. The connection is made in the following way.
An observer O1 describes the quantum system with a certain vector |ψ1⟩ ∈ H.
Another observer O2 related with the Poincaré transformation (Λ, a) describes
the same system with another vector |ψ2⟩ ∈ H via a transformation D(Λ, a):

|ψ2⟩ = D(Λ, a) |ψ1⟩ .

What is the structure of D(Λ, a)? Certainly, all observers should perceive the
same probabilities when a measurement is done on the system. Hence, the
transformation must preserve the values | ⟨ϕ, ψ⟩ |2 = | ⟨D(Λ, a)ϕ, D(Λ, a)ψ⟩ |2.
And, because the absolute value is blind towards global phase factors of a state,
it is enough to define a transformation T(Λ, a) between the rays Ψ1 and Ψ2:
Ψ2 = T(Λ, a)Ψ1. When the frame of reference is changed, we only state which
new ray is to be used. We define a symmetry to be a ray transformation T
which is bijective with T and T−1 keeping | ⟨ϕ, ψ⟩ |2 invariant. These are the
properties which we intuitively expect from a symmetry transformation. Now,
Poincaré transformations are implemented by assigning to each (Λ, a) ∈ P1 a
symmetry T(Λ, a) with the additional property that T(Λ, a) should constitute
a representation of P1:

T((Λ1, a1) · (Λ2, a2)) = T(Λ1, a1)T(Λ2, a2) .

This property just states that, on the Hilbert space, the combined transformation
should be the same as the successive transformations. Nevertheless, for all
practical uses, we like to work with a linear transformation D applied to vectors
on the Hilbert space. A theorem by Wigner [34] states that for any symmetry
transformation T there exists either a unitary or antiunitary transformation D
such that for all |ψ1⟩ ∈ Ψ1 we have D |ψ1⟩ ∈ Ψ2 with Ψ2 = TΨ1. The map D
is unique up to a phase factor. Now, we can assign the map D(Λ, a) to each
Poincaré transformation T(Λ, a). We assume D(Λ, a) to be unitary. Because T
constitutes a representation, this property is inherited by D(Λ, a) in form of a
projective representation:

D(Λ1, a1)D(Λ2, a2) = eiωD((Λ1, a1)(Λ2, a2)) ,

where ω ∈ R is a function of (Λ1, a1) and (Λ2, a2). The phase factor is
just a result of T(Λ, a) being a transformation between rays only. Because
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Chapter 2. Quantum Field Theory

D(Λ, a) is only unique up to a phase factor, one might try to transform
out the factor ω by choosing eiα(Λ,a) for each D(Λ, a) suitably and setting
D(Λ, a) → eiα(Λ,a)D(Λ, a). In this way, D(Λ, a) would be an ordinary repre-
sentation. However, this is not possible for the Lorentz group L1 in general. But
it is still possible to define an ordinary representation with the help of the cov-
ering group of L1. The covering group (see for example [35, Definition 5.12]) of
L1 is the group SL(2, C) of all complex (2× 2)-matrices with determinant one.
The covering map is a surjective Lie group homomorphism Λ : SL(2, C)→ L1
with Λ(A) = Λ(−A) , A ∈ SL(2, C). By replacing L1 in the Poincaré group
with SL(2, C), we get the inhomogeneous SL(2, C) [32]. This group has the
multiplication law

(A2, a2) · (A1, a1) = (A2 A1, Λ(A2)a1 + a2) .

Now, the projective representation of P1 can be replaced with an ordinary
representation D(A, a) of the inhomogeneous SL(2, C) such that

D(A, a) = eiα(A,a)D(Λ(A), a), α(A, a) ∈ R .

In conclusion, Poincaré transformations are implemented by ordinary represen-
tations of the inhomogeneous SL(2, C). Of course, the specific representation
D(A, a) depends on the theory in question and is part of the theory’s formula-
tion.

Schrödinger equation

Now, spacetime shifts D(1, a) form an Abelian subgroup and are generated by
the four-momentum operators P̂µ:

D(1, a) = exp
(
iP̂µaµ

)
.

The Hamilton operator of the theory is Ĥ = P̂0. Analogously we define the
three-momentum operator as P⃗ = (P̂1, P̂2, P̂3). The Schrödinger equation is
now just a simple consequence of shifts in time. Consider the observersO1 and
O2 related by the spacetime shift a = (−t, 0, 0, 0): x′0 = x0 − t. The observer
O2 lies either in the future (t > 0) or past (t < 0) of O1. Hence, if O1 perceives
the system to be in the state |ψ0⟩, then O2 will perceive the same system in the
state

|ψ(t)⟩ = e−iĤt |ψ0⟩ .

Taking the derivative with respect to time t, we arrive at the Schrödinger
equation:

i∂t |ψ(t)⟩ = Ĥ |ψ(t)⟩ .

One-particle states

Once the Poincaré symmetry is implemented, we are able to define the concept
of a particle. A stable one-particle system (e.g. proton, electron, photon,
hydrogen atom, etc.) of the theory is an irreducible representationH′ ⊆ H of
D(A, a). If the physical system is described by |ψ⟩ ∈ H′ for one observer, all

8
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observers will describe the same system with a state ofH′ because irreducible
representations are invariant under all transformations D(A, a). Nonetheless,
irreducibility also means that there are no other non-trivial subspaces of H′
which are invariant under D(A, a). As a consequence, we understand a particle
to be an invariant subspace which cannot be chosen smaller without breaking
invariance. This definition of a particle has two important consequences: mass
and spin/helicity. Both classify the irreducible representation H′. Consider
some eigenvector |ψp⟩ of the four-momentum operators: P̂µ |ψp⟩ = pµ |ψp⟩.
We have

D(1, a) |ψp⟩ = eipµaµ |ψp⟩
under spacetime shifts. For a pure Lorentz transformation (A, 0), we have

P̂µD(A, 0) |ψp⟩ = −igµν ∂

∂aν |a=0
D(1, a)D(A, 0) |ψp⟩

= D(A, 0)
(
− igµν ∂

∂aν |a=0

)
D(1, Λ−1(A)a) |ψp⟩

= (Λµ
ν(A)pν)D(A, 0) |ψp⟩ .

The transformed state D(A, 0) |ψp⟩ is again an eigenvector of the momentum
operators P̂µ but with the transformed four-momentum Λ(A)p. Hence, H′
is only spanned by eigenspaces with four-momenta which can pairwise be
mapped onto each other with a Lorentz transformation Λ. Otherwise, we
would have subspaces spanned by eigenspaces with four-momenta which can-
not be mapped onto each other by Poincaré transformations. Both subspaces
would be invariant and, therefore,H′ would not be irreducible.

There are six possible kinds of four-momentum shells, where every momen-
tum can be reached from any other four-momentum by some suitable Lorentz
transformation. They are classified by the Lorentz invariants pµ pµ and sign p0.
If pµ pµ = m2 > 0, we describe a massive particle with mass m. Here, we either
have the possibility of positive energies p0 > 0 or negative energies p0 < 0.
Massless particles are described by pµ pµ = 0. We again have the possibilities
of positive or negative energies. We can also have pµ = 0 which describes
the vacuum of the theory. Finally, the case pµ pµ < 0 gives particles, so-called
tachyons, traveling faster than light. In all our current theories, only three of
these possibilities are realized: massive and massless particles with positive
energies and the vacuum |ψ0⟩ with pµ = 0.

The momentum shell does not describe the irreducible representation fully
because eigenvectors |ψp,r⟩ of the four-momentum operators can have addi-
tional degeneracies r ∈ {1, . . . , n}. These degeneracies are the origin of spin for
massive particles or helicity for massless particles. Spin and helicity describe
how the degeneracies transform under Poincaré transformations. For example,
the degeneracy of massive particles is transformed with a representation of
rotations in three dimensions. The irreducible representations of SO(3) only
allow for integer-spin representations. However, because we consider repre-
sentations of the covering group SL(2, C), rotations are actually described by
the covering group SU(2) of SO(3) which also includes half-integer spins. This
shows that the measurement outcomes being ignorant towards a global phase
factor allows for massive particles with half-integer spin.

9



Chapter 2. Quantum Field Theory

2.2 Canonical quantization

After setting the framework, we need to state how the theory is actually formu-
lated, i.e. we need to define the representation D(A, a). The general approach
is the canonical quantization of a Lagrangian. Assume a set of quantum fields
Ψ̂1(x), . . . , Ψ̂n(x) which we take to be operator-valued functions at spacetime
points x ∈ R4. The Lagrangian density L(Ψ̂i, ∂µΨ̂i) is a function of the fields
and their derivatives. The density is used to infer the structure of the theory.
The action S is defined by

S =
∫

d4xL(Ψ̂i(x), ∂µΨ̂i(x)) .

For each field, we define a conjugate field

Π̂i(x) =
∂L

∂(∂0Ψ̂i(x))
.

The equations of motion, which the operators shall obey, are the Euler-Lagrange
equations

∂µ
∂L

∂(∂µΨ̂i(x))
− ∂L

∂Ψ̂i(x)
= 0 .

The solutions of the Euler-Lagrange equations are exactly those for which the
action S is stationary: δS = 0. The Legendre transformation then gives the
Hamiltonian Ĥ of the theory

Ĥ = ∑
i

∫
d3 x⃗ Π̂i(t, x⃗)∂0Ψ̂i(t, x⃗)−

∫
d3 x⃗L(Ψ̂i(t, x⃗), ∂µΨ̂i(t, x⃗)) .

However, this is not enough to properly quantize a theory. The Hamiltonian Ĥ
has to consistently be guaranteed to be time-independent and the fields should
actually transform according to Ĥ:

Π̂i(t, x⃗) = eiĤtΠ̂i(0, x⃗)e−iĤt and Ψ̂i(t, x⃗) = eiĤtΨ̂i(0, x⃗)e−iĤt .

Additionally, there are various constraints

fk(Ψ̂i, Π̂i) = 0

put upon the system. Constraints, which typically occur, are vanishing conju-
gate fields Π̂i = 0 and the corresponding constraints due to the Euler-Lagrange
equations of those fields. This is just because the Lagrangian density might not
depend on the time derivatives ∂0Ψ̂i. Furthermore, as it is the case for QCD,
gauge-fixing conditions are applied. We assume that all equations by which
the system is governed allow to rewrite the Hamiltonian Ĥ and the constraints
fk(Ψ̂i, Π̂i) in terms of Ψ̂i, Π̂i and their spatial derivatives.

Canonical variables Q̂k(x) and P̂k(x) are introduced to fully quantize the
theory. The variables are canonical in the sense that they are taken to fulfill the
equal-time (anti-)commutation relations:

[Q̂k(t, x⃗), P̂l(t, y⃗)]± = iδk,lδ(x⃗− y⃗) ,

[Q̂k(t, x⃗), Q̂l(t, y⃗)]± = [P̂k(t, x⃗), P̂l(t, y⃗)]± = 0 .
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2.3. Quantum Chromodynamics

Whether the commutator (−) or anticommutator (+) is used, depends on
whether bosonic or fermionic fields/particles are considered. The original
fields Ψ̂i(Q̂k, P̂k) and their conjugates Π̂i(Q̂k, P̂k) are now functions of the
canonical variables such that all constraints are fulfilled, i.e. the canonical
variables are independent variables on which we are free to impose the (anti-
)commutation relations without creating inconsistency with the constraints of
the theory. Once the fields Q̂k and their conjugates P̂k are identified, the Hamil-
tonian Ĥ is expressed in terms of the canonical variables and the equations of
motion are (by construction) equivalent to

i[Ĥ, Q̂k] = ∂0Q̂k and i[Ĥ, P̂k] = ∂0P̂k .

In gauge theories, like QCD, the Lagrangian possesses a local gauge sym-
metry which creates additional complications when quantizing the theory. This
is because the local nature of the gauge symmetry does not allow anymore
for unique solutions of the equations of motion derived from the Lagrangian.
Therefore, we cannot find canonical variables which fulfill the Heisenberg
equations of motion because these equations actually are uniquely solvable.
This problem is circumvented in gauge theories by introducing additional
constrains. Gauge-fixing conditions g(Âµ

a ) = 0 are imposed on the gauge fields
Âµ

a which can always be fulfilled by a suitable gauge transformation of the
fields, i.e. we restrict the Lagrange formulation to a subset of gauge fields and
only then consider the canonical formalism.

Once the system is quantized, Lorentz invariance can be used to establish
the other generators of D(A, a).

2.3 Quantum Chromodynamics

The Lagrangian density of Quantum Chromodynamics (QCD) is defined by

L =

N f

∑
f=1

Ψ̂ f (i /D−m f )Ψ̂ f −
1
4

8

∑
a=1

Fa,µνFµν
a .

for N f flavors of quarks. Let us give a detailed explanation of the different
parts. Without loss of generality, we restrict the considerations to the case
N f = 1 and write

L = Ψ̂(i /D−m)Ψ̂− 1
4

8

∑
a=1

Fa,µνFµν
a .

The quarks and antiquarks of the theory are described by the Dirac spinor
fields Ψ̂α

a with the Dirac indices α = 0, 1, 2, 3 and the color indices a = 1, 2, 3.
Therefore, the operator ( /D−m) is thought of being embedded in the Dirac and
color space and we just suppress the corresponding indices in L. The operator
/D is defined as

/D = γµ∂µ − ig0γµ
8

∑
a=1

Ta Âa,µ(x)

11



Chapter 2. Quantum Field Theory

with the gamma matrices γµ fulfilling the Clifford algebra [γµ, γν]+ = 2gµν and
the generators Ta of the su(3)-Lie algebra in the fundamental representation
which fulfill the commutator relations

[Ta, Tb] = i ∑
c

fabcTc

with the structure constants fabc. We have the definition Ψ̂ = Ψ̂†γ0 and we
have one massless vector field Âµ

a (x) for each generator Ta of the algebra.
These are the eight massless gluons of the theory. The tensor Fa,µν is given by

Fa,µν = ∂µ Âa,ν − ∂ν Âa,µ + g0 ∑
b,c

fabc Âb,µ Âc,ν .

The Lagrangian density is invariant under the gauge transformations

Ψ̂(x) −→ Ω(x)Ψ̂(x)

∑
a

Ta Âµ
a (x) −→ Ω(x)

(
∑
a

Ta Âµ
a (x)

)
Ω†(x)− i

g0
(∂µΩ(x))Ω†(x)

of SU(3) with

Ω(x) = exp
(

i ∑
a

ωa(x)Ta
)

.

This is a local symmetry transformation because we have the function ωa(x)
which gives us a different transformation for each spacetime point x in general.
Furthermore, the transformation is non-Abelian because the symmetry group
SU(3) is not Abelian.

Path integral formulation

An equivalent way of formulating the field theory is by writing amplitudes as
integrals over the classical Grassmann ψ

α
a (x), ψα

a (x) and c-fields Aµ
a (x). These

kinds of integrals are referred to as path integrals. For QCD, the path integral
representation of the vacuum expectation value relative to the theory’s vacuum
|0⟩ has the general form

⟨0| T{. . . Ψ̂α
a (xi) . . . Âµ

b (xj) . . .} |0⟩

=

∫
DψDψDAD[. . .] eiS+iS′ . . . ψα

a (xi) . . . Aµ
a (xj) . . .∫

DψDψDAD[...] eiS+iS′
, (2.1)

where T is the time-ordering operator putting the operators in decreasing
time order from left to right. The exponential is the sum of the QCD action
S(ψ, ψ, A) and additional terms summarized in S′. These terms include aux-
iliary fields, denoted ghost fields, which are a consequence of gauge fixing.
This is because the path integral can formally be derived starting with the
canonically quantized theory which has a gauge-fixed Hamiltonian Ĥ. The
operator Ĥ then gives rise to the action S but also due to its gauge-fixed form
it introduces the ghost fields in S′. The ghost fields are not physical and do
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2.3. Quantum Chromodynamics

not correspond to any additional particles in the theory. They are only a conse-
quence of writing the gauge-fixing conditions as an exponential of a function.
Gauge fixing can directly be imposed on the level of the path integral by the
method of Faddeev and Popov [36]. Because we consider lattice-field theories,
the occurrence of ghost fields will not be important and consequently we skip
a detailed description of them.

Renormalization

In general, Quantum Field Theories, suffer from UV-divergences, i.e. the Feyn-
man amplitudes of the theory are divergent. This divergences occur because
we consider arbitrarily large energies and momenta at which presumably the
theory is not defined. If a field theory is renormalizable, the UV-divergences
can be removed systematically such that finite and physical results are retained.
This is done in two steps. First, the theory is regularized which means that
some cutoff Λ is introduced rendering all computations finite. For example,
in perturbation theory, we could choose dimensional regularization where all
integrals over momenta in d = 4 dimensions are replaced with integrals of
dimension d = 4− ε with ε > 0. Then, all results are finite as long as ε > 0. In
the next section, when we discuss Lattice QCD, we regularize the theory by
introducing a finite lattice spacing a defining the smallest distance between
spacetime points. This gives effectively a momentum cutoff Λ = a−1 inversely
related to the lattice spacing a.

However, to obtain physical results, the cutoff must ultimately be removed
(Λ → ∞, ε → 0 or a → 0) which reintroduces the divergences. Hence, the
second step is to renormalize amplitudes before removing the cutoff and
consequently to define a specific limit for Λ→ ∞, ε→ 0 or a→ 0 such that the
renormalized quantities remain finite and yield physical results. To this end,
the bare parameters g0(Λ) and m(Λ) are taken to be functions of the cutoff Λ
(now representing a general cutoff) and the fields are scaled accordingly:

Ψ̂α
R,a(x) =

1√
Z2(Λ)

Ψ̂α
a (x) and Âµ

R,a(x) =
1√

Z3(Λ)
Âµ

a (x)

which defines the renormalized Feynman amplitudes

⟨0| T{. . . Ψ̂α
R,a(xi) . . . Âµ

R,b(xj) . . .} |0⟩ .

The rescaled fields are the renormalized fields whereas the original fields of
the Lagrangian are the bare fields. The factors Zi(Λ) are referred to as field-
strength renormalizations. They also depend on the cutoff Λ and diverge
Zi(Λ) → ∞ in general when Λ → ∞. However, they diverge in the way
necessary to render the renormalized amplitudes finite in the limit Λ → ∞.
Importantly, this shows that the UV-divergences are compensated by simply
dividing the amplitudes with an infinite constant. The physics of the theory is
then encoded in the functional dependence of the renormalized amplitudes, e.g.
the positions of poles in momentum space give the masses of the one-particle
states of the theory.
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Chapter 2. Quantum Field Theory

The cutoff dependences g0(Λ), m(Λ) and Zi(Λ) are set by a specific renor-
malization scheme. In general, once the theory is regularized, a set of renor-
malization conditions is imposed which fixes g0(Λ), m(Λ) and Zi(Λ). These
conditions define what we expect from a physical theory. In setting the con-
ditions, an arbitrary scale µ is chosen at which the renormalized parameters
gR(µ) and mR(µ) are defined and set as part of the conditions. Then, the field-
strength renormalizations Zi(Λ, µ) also become µ-dependent. However, the
physics of the theory cannot depend on the arbitrary choice of µ. Therefore,
the renormalized parameters are proportional to the bare parameters which
are independent of µ:

g0(Λ) = cg(µ, Λ)gR(µ) and m(Λ) = cm(µ, Λ)mR(µ)

This implies the differential equations

µ
d

dµ
gR =

(
− µ

cg

dcg

dµ

)
gR and µ

d
dµ

mR =

(
− µ

cm

dcm

dµ

)
mR .

As a consequence, the integration constants ΛQCD and M of both equations set
the theory in a specific renormalization scheme. After setting up the differential
equations at some finite Λ, we can infer the differential equation for Λ→ ∞.

For QCD, the first equation can be written as

µ
d

dµ
gR = β(gR)

with the β-function β(gR) which depends on the chosen renormalization
scheme. The β-function of QCD is negative such that gR(µ) → 0 for µ → ∞,
i.e. QCD is an asymptotically free theory [10, 11].

Thermal field theory

The path integral can also be used to derive the thermodynamic description of
QCD by computing the grand-canonical partition function

Z = tr
(

e−βĤ+βµN̂
)

(2.2)

with the inverse temperature β = 1/T, the net-quark number operator N̂ and
the chemical potential µ. The net-quark number operator counts quarks posi-
tively whereas antiquarks are counted negatively. Note that the field theory is
defined on the whole space and not on a finite volume. Therefore, the partition
function Z, as it stands, is only of formal nature because it is actually infinite
and not well-defined. The proper way to define thermodynamic observables is
to first define some finite volume V on which we consider the thermodynamic
description and then to compute densities of observables, like the energy den-
sity, before we take the thermodynamic limit V → ∞. Ignoring that Equation
(2.2) is ill-defined, we compute the path integral representation of Z [37, 38]:

Z =
∫
DψDψDAD[...] exp

(
−
∫ β

0
dτ
∫

d3x (LE − µψγ4ψ + L′E)
)

,
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where again the gauge-fixing terms are summarized in the Lagrangian density
L′E. There are, however, striking differences compared to the path integral of
Equation (2.1) because we consider the Boltzmann factor e−βĤ instead of the
time-evolution operator e−itĤ . First, the Lagrangian density L is replaced with
the Euclidean Lagrangian density

LE = ψ( /D + m)ψ +
1
4

8

∑
a=1

Fa,µνFµν
a ,

where all gamma matrices γµ are now replaced with Euclidean gamma matrices
fulfilling [γµ, γν]+ = 2δµν, the Minkowski metric gµν is replaced with the
Euclidean metric δµν and the signs in front of the couplings are flipped. Second,
the direction of time is replaced with the Euclidean direction of time and,
consequently, we also change the counting of spacetime indices to µ = 1, 2, 3, 4,
where µ = 4 is the direction of Euclidean time. In deriving the path integral,
the inverse temperature β leads to a compactification of the time direction, i.e.
the direction of time is now integrated from 0 to β and bosonic (fermionic)
fields are taken to be (anti-)periodic:

Aµ
a (0, x⃗) = Aµ

a (β, x⃗) , ψ
α
a (0, x⃗) = −ψ

α
a (β, x⃗) and ψα

a (0, x⃗) = −ψα
a (β, x⃗) .

Finally, the net-quark number operator yields an additional term µψγ4ψ.

2.4 Lattice QCD

We have seen that QFTs suffer from UV-divergences and must be regular-
ized and renormalized appropriately. One particular renormalization scheme,
which we consider in this thesis exclusively, is given by lattice-gauge theories.
A small-distance cutoff for the spacetime is introduced, i.e. the smallest dis-
tance of spacetime points is set to be given by the spacing a. Formally, we
define the theory on a four-dimensional hyper-cubical periodic lattice of extent
Nµ in the µ-th direction. Each site x = (x1, x2, x3, x4) = (x⃗, x4) of the lattice
is given by coordinates xµ ∈ {0, . . . , Nµ − 1}. On a periodic lattice, two sites
x and y are called neighboring (in the µ-th direction) if and only if it exists
exactly one direction µ with

|xµ − yµ| = 1 or |xµ − yµ| = Nµ − 1

and yν = xν in all other directions ν ̸= µ. For neighboring sites x and y, we
define the directed link ⟨x, y⟩ which starts at x and ends at y. We put the lattice
on a four-dimensional torus by associating the distance aµ between sites which
are neighboring in the µ-th direction. Here, we consider the special case of
the spatial directions to have the same lattice spacing a = a1 = a2 = a3 and
extent N = N1 = N2 = N3 whereas the lattice spacing a4 and extent N4 in the
Euclidean direction of time might be different.

Now, the regularization is done by discretizing the Euclidean action

SE = −
∫ β

0
dτ
∫

d3x
(
LE − µψγ4ψ

)
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Chapter 2. Quantum Field Theory

on the finite torus. There is some arbitrariness to the discretization and some
subtleties which must be considered. Let us first state the discretized path
integral formulation in its full form before we explain its different parts. Here,
we choose to discretize the gauge action by the Wilson plaquette action ([39–
41])

SG(U) =
a
a4

2
g2

0
∑
x,k

ReTr U∂px,k4
+

a4

a
2
g2

0
∑

x,k<m
ReTr U∂px,km

(2.3)

and the fermionic action with the Hasenfratz-Karsch action of Wilson fermions
([41–43])

SF(U, ψ, ψ) = s(a4, a)∑
x

[
ψxΛ+

x,4ψx+4̂ + ψx+4̂Λ−x,4ψx
]

+
a4

a
s(a4, a)∑

x,k

[
ψxΛ+

x,kψx+k̂ + ψx+k̂Λ−x,kψx
]
−∑

x
ψxψx

(2.4)

with

Λ+
x,µ = ((1− δµ,4) + e+a4µδµ,4)(1− γµ)U⟨x,x+µ̂⟩ ,

Λ−x,µ = ((1− δµ,4) + e−a4µδµ,4)(1 + γµ)U†
⟨x,x+µ̂⟩ ,

and

s(a4, a) =
1

2a4(m + 3a−1) + 2
.

The partition function now reads

Z =
∫
DUDψDψ eSG(U)+SF(U,ψ,ψ) ,

and expectation values of observables are given by

⟨O(U, ψ, ψ)⟩ = 1
Z

∫
DUDψDψO(U, ψ, ψ)eSG(U)+SF(U,ψ,ψ) .

The inverse temperature β, which enters over the integral bounds of the Eu-
clidean time direction in the continuum, now enters via the lattice extent in
direction of Euclidean time: β = N4a4.

First, we consider the discretization of the fields. The fermion fields are
simply defined on the lattice sites x, i.e. we associate Grassmann generators
ψ

a,α
x and ψa,α

x with each value of the color index a, Dirac index α and site x.
Then, the integral measure over the fermionic fields is given by successively
conducting Berezin integrals in the order

DψDψ = ∏
x

∏
a,α

dψ
a,α
x dψa,α

x .

The gauge fields are defined by associating elements U⟨x,y⟩ ∈ SU(3) of the
gauge group SU(3) with links ⟨x, y⟩ of the lattice such that U⟨x,y⟩ = U†

⟨y,x⟩
by definition. Hence, associating an element U⟨x,x+µ̂⟩ with every positively
orientated link ⟨x, x+ µ̂⟩ defines a gauge configuration U = {. . . , U⟨x,x+µ̂⟩, . . .}.
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The integration over all gauge configurations U is defined by integrating every
link variable U⟨x,x+µ̂⟩ separately:

DU = ∏
⟨x,x+µ̂⟩

dU⟨x,x+µ̂⟩ ,

where dU⟨x,x+µ̂⟩ is the left-invariant Haar measure of SU(3) normalized to one:
∫

dU⟨x,x+µ̂⟩ = 1 .

Furthermore, we use a vector and matrix notation in the discretized action
such that all color and Dirac indices are suppressed. The action also implicitly
contains the antiperiodicity of the fermionic fields in direction of Euclidean
time by defining

ψ(x⃗,N4)
= −ψ(x⃗,0) and ψ(x⃗,N4)

= −ψ(x⃗,0) .

On the lattice, we define plaquettes px,µν which are orientated minimal
rectangles starting at x, following along the direction µ and then ν such that
∂px,µν is the orientated boundary of the rectangle. For each plaquette px,µν, we
associate the value

U∂px,µν
= U⟨x,x+µ̂⟩U⟨x+µ̂,x+µ̂+ν̂⟩U⟨x+µ̂+ν̂,x+ν̂⟩U⟨x+ν̂,x⟩

which is just the product of gauge variables along the plaquette’s boundary.
There are many ways to discretize the action and not all choices are physi-

cally sensible. For example, discretizing the fermionic action yields additional
poles in the fermion propagator which manifest as additional fermionic par-
ticles entering the theory and interacting via the gauge fields [38, 44]. These
particles are lattice artifacts influencing computations done within the theory.
This problem is referred to as the fermion doubling problem. Wilson’s formu-
lation of fermions avoids this problem by making the additional fermionic
degrees of freedom infinitely heavy for vanishing lattice spacings a4, a → 0
[45]. The influence of the additional particles vanishes in the continuum limit.
Another well-established approach are staggered fermions ([46]) which we are
not using in this thesis. Removing fermion doublers from the theory, however,
breaks chiral symmetry on the lattice and actually the removal of fermion dou-
blers and chiral symmetry on the lattice are shown to be incompatible by the
famous Nielsen-Ninomiya theorem [47]. Furthermore, the naive discretization
of the term µψγ4ψ as µψxγ4ψx creates additional divergences when taking the
continuum limit a4, a→ 0 [42]. The chemical potential is properly formulated
on the lattice via the Hasenfratz-Karsch action (2.4) which, as we are going to
see in the next chapter, is a natural consequence of considering the lattice action
as the path-integral formulation of a quantum-mechanical system defined on
the spatial lattice.

The actions SG and SF are invariant under gauge transformations

ψx −→ ψxΩx ,

ψx −→ Ω†
xψx ,

U⟨x,y⟩ −→ Ω†
xU⟨x,y⟩Ωy ,
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Chapter 2. Quantum Field Theory

where a gauge transformation Ω is the association of a group element Ωx ∈
SU(3) for every site x of the lattice. This invariance allows to choose a certain
gauge without influencing any expectation values as long as the observables
in question are also gauge-invariant. We are particularly interested in the
maximal-temporal gauge, where all timelike links are set to one except between
the zeroth and first layer of Euclidean time. The explicit construction of the
maximal-temporal gauge is given as follows. Consider the expectation value
of a gauge-invariant observable O(U, ψ, ψ). Then, gauge invariance implies

⟨O⟩ = 1
Z

∫
DUDψDψO(U′, ψ

′, ψ′)eSG(U′)+SF(U′ ,ψ
′ ,ψ′) ,

where the fields U′ = Ω†(U)UΩ(U), ψ
′
= ψΩ(U) and ψ′ = Ω†(U)ψ are

gauge-transformed fields and the gauge transformation Ω(U) depends on the
gauge configuration U. Consider now the gauge transformation

Ω(x⃗,τ+1) = U†
⟨(x⃗,τ),(x⃗,τ+1)⟩Ω(x⃗,τ)

for all τ ∈ {1, . . . , N4 − 1}, Ω(x⃗,1) = 1 and Ω(x⃗,N4)
= Ω(x⃗,0) due to periodic

boundary conditions. The recursion relation implies

Ω(x⃗,0) = U†
⟨(x⃗,N4−1),(x⃗,0)⟩U

†
⟨(x⃗,N4−2),(x⃗,N4−1)⟩ . . . U†

⟨(x⃗,1),(x⃗,2)⟩ .

A timelike gauge link is now transformed as

U⟨(x⃗,τ),(x⃗,τ+1)⟩ −→ Ω†
(x⃗,τ)U⟨(x⃗,τ),(x⃗,τ+1)⟩Ω(x⃗,τ+1) .

The definition of Ωx gives

Ω†
(x⃗,τ)U⟨(x⃗,τ),(x⃗,τ+1)⟩Ω(x⃗,τ+1) = Ω†

(x⃗,τ)U⟨(x⃗,τ),(x⃗,τ+1)⟩U
†
⟨(x⃗,τ),(x⃗,τ+1)⟩Ω(x⃗,τ)

= 1

for τ ∈ {1, . . . , N4 − 1}. However, we have

Ω†
(x⃗,0)U⟨(x⃗,0),(x⃗,1)⟩Ω(x⃗,1) = Ω†

(x⃗,0)U⟨(x⃗,0),(x⃗,1)⟩

= U⟨(x⃗,1),(x⃗,2)⟩ . . . U⟨(x⃗,N4−1),(x⃗,0)⟩U⟨(x⃗,0),(x⃗,1)⟩

if τ = 0. With this transformation, all timelike links except the ones between the
time layers τ = 0 and τ = 1 are set to unity. The initial gauge transformation
still leaves us with transformed fermionic and spatial gauge variables:

ψx −→ ψxΩx(U) ,

ψx −→ Ω†
x(U)ψx ,

U⟨x,x+k̂⟩ −→ Ω†
x(U)U⟨x,x+k̂⟩Ωx+k̂(U) .

We first conduct the Berezin integrals and transform the fields according to

ψx −→ ψxΩ†
x(U) and ψx −→ Ωx(U)ψx .
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2.4. Lattice QCD

This removes the gauge transformations from the fermionic fields. Next, we
integrate over the spatial gauge variables U⟨x,x+k̂⟩. The gauge transformations
Ωx(U) only depend on timelike gauge variables and consequently we can use

∫
dU⟨x,x+k̂⟩ f (Ω†

x(U)U⟨x,x+k̂⟩Ωx+k̂(U)) =
∫

dU⟨x,x+k̂⟩ f (U⟨x,x+k̂⟩)

which is a consequence of ([48])
∫

dU f (U) =
∫

dU f (GU) and
∫

dU f (U) =
∫

dU f (U−1)

with G ∈ SU(3). Finally, we have to conduct the integration over the timlike
variables. In this case, we first integrate over U⟨(x⃗,0),(x⃗,1)⟩ and use the fact that
the Haar measure is left-invariant. Then, actually, all timelike integrations
except for U⟨(x⃗,0),(x⃗,1)⟩ drop out. We end with the lattice formulation gauge-
fixed in maximal-temporal gauge.

Continuum limit

To get physical results, we have to state a proper renormalization scheme in
which the cutoffs a4 and a are taken to zero. We consider the isotropic case
a4 = a and postpone the consideration of anisotropic lattices to the next chapter,
where it becomes relevant. In the case a4 = a, the action reduces to

SG(U) =
2
g2

0
∑

x,µ<ν

ReTr U∂px,µν

and
SF(U, ψ, ψ) = κ ∑

x,µ

[
ψxΛ+

x,µψx+µ̂ + ψx+µ̂Λ−x,µψx
]
−∑

x
ψxψx ,

where
κ =

1
2ma + 8

is the hopping parameter.
In this form, it is evident that the cutoff a does not enter explicitly into the

lattice formulation and expectation values ⟨O(U, ψ, ψ)⟩ are formulated in units
of the lattice spacing a and are dimensionless. The theory is renormalized by
considering the bare parameters g0(a) and κ(a) to depend on the lattice cutoff a
such that the continuum limit of a renormalized quantity OR(U, ψ, ψ) is given
by

Ophys(T, L) = lim
a→0

N,N4→∞

⟨OR(U, ψ, ψ)⟩ ,

where the limit is taken such that the physical extent L = Na, the temperature
T = 1/(N4a) and µ/T = N4(aµ) are kept fixed [38]. This then defines QCD
on a finite volume V = L3 for which we can consider the thermodynamic limit
V → ∞. In general, the UV-divergences and therefore the renormalization
scheme do not depend on the temperature T [37]. The renormalization condi-
tions are set in the vacuum of QCD, i.e. we consider the zero-temperature limit
in the infinite-volume limit.
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Chapter 2. Quantum Field Theory

We consider (renormalized) observables

H(r, a, g0(a), κ(a))

which are defined at some scale r [49]. Then, the continuum limit of this
observable is given by

lim
a→0

N,N4→∞

H(r, a, g0(a), κ(a)) = Hphys(r, L, T) .

The renormalization is taken at sufficiently large L and small temperatures T
such that we approximate the vacuum of the theory. Near the continuum limit,
all observables lose their a-dependence, and therefore

H(r, a, g0(a), κ(a)) ≈ Hphys(r) +O(a) .

A typical renormalization scheme to fix g0(a) and κ(a) is to consider a line of
constant physics, where the renormalization conditions are given by fixing
multiple observables H(r, a, g0(a), κ(a)) at any cutoff a to their continuum
values

H(r, a, g0(a), κ(a)) = Hphys(r)

at the scale r [49, 50]. One might also consider the long-range behavior r → ∞.
Inverting the renormalization conditions then gives the dependence g0(a) and
κ(a) [49, 51]. Consider the case where we use (ma)(a) instead of κ(a). Then,
we have the renormalization-group equations

a
∂H
∂a

+ a
dg0

da
∂H
∂g0

+ a
d(ma)

da
∂H

∂(ma)
= a

dH
da

= 0 .

Similar to continuum physics, we now have the lattice β-function βlat(g0) with

a
dg0

da
= βlat(g0) .

At small couplings, the first two non-vanishing orders of the weak-coupling
expansion of βlat(g0) are identical to the expansion coefficients of β(g0) from
the continuum [49, 50]. Furthermore, these two coefficients are independent
of the renormalization scheme. Renormalizing the theory at g0 ≈ 0 becomes
universal such that continuum physics does not depend on the choice of
the renormalization scheme. We refer the reader to [49] for a more detailed
consideration on this topic. For the bare quark mass, the continuum limit is
reached at (ma)(a)→ 0 if a→ 0 because the bare quark mass m(g0) vanishes
towards g0 → 0 [15, 50]. This implies κ(a) → 1/8 if a → 0. That κ becomes
smaller than 1/6 becomes important in the next chapter when we consider the
transfer-matrix formulation.

An example of how renormalization is done in practice can be found in
[52–54]. They consider (2 + 1)-flavor QCD with the light quark mass mud and
the strange quark mass ms. The renormalization conditions are given by setting
the dimensionless ratios mK/ fK, mK/mπ between the kaon mass mK, the kaon
decay constant fK and the pion mass mπ to their experimental values in the
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2.4. Lattice QCD

zero-temperature limit. This then defines the dependence of (muda)(g0) and
(msa)(g0). Setting the scale with the physical value of an observable, which is
the third renormalization condition, then defines a(g0). Near the continuum,
inverting a(g0) gives the full renormalization scheme for g0(a), (muda)(a) and
(msa)(a).

Spontaneous symmetry breaking

Spontaneous symmetry breaking describes the phenomenon in which a system
prefers maintaining certain states against the symmetries of the underlying
dynamics. This phenomenon is an effect of the infinite-volume and most
famously known from spin systems. We base the following line of argument
partly on [22, 38].

Let us formalize the concept of spontaneous symmetry breaking by the
example of the two-dimensional Ising model. The action is just given by the
nearest-neighbor interactions between spins σi ∈ {−1, 1} placed at sites i of
the lattice: S({σi}) = J ∑⟨i,j⟩ σiσj, J > 0. Here, the action is invariant under a
collective change of the sign {σi} → {−σi} for a spin configuration {σi}. This
is an invariance under Z2-transformations. The magnetization is defined as

m({σi}) =
1

Ns
∑

i
σi .

Contrary to the action, the magnetization is not invariant under symmetry
transformations: m({−σi}) = −m({σi}). Because m is not invariant but the
action is invariant under a symmetry transformation, the expectation value
⟨m⟩ = 0 vanishes for all parameters and finite volumes Ns. The probability
to observe m or −m is identical due to the symmetry. Spontaneous symmetry
breaking is the phenomena that an observable which vanishes due to its missing
invariance towards the symmetry can gain a non-vanishing expectation value
in the infinite volume limit. The infinite volume limit is capable of maintaining
a symmetry-broken state, i.e. the probability distribution of the observable m
becomes skewed towards preferred values in the infinite volume limit despite
the fact that the dynamics do not possess such a preference. To be more precise,
we first introduce an explicit symmetry breaking parameter h, which for the
Ising model is just an external field. The invariance of the action under Z2 is
assumed to vanish if h > 0, and, for h = 0, the original action is restored. Then,
we explicitly break the symmetry with h > 0, take the infinite volume limit
and, afterwards, restore the symmetry of the action by taking the limit h→ 0:

⟨m⟩∞ = lim
h→0

lim
Ns→∞

⟨m⟩h .

Spontaneous symmetry breaking is given if ⟨m⟩∞ ̸= 0 at a certain parameter
of the theory. In the case of the two-dimensional Ising model, there is a well-
known second-order phase transition at the inverse temperature βc = 1/Tc =
sinh−1(1)/(2J) [55]. For temperatures T > Tc above the critical point, the
magnetization ⟨m⟩∞ = 0 vanishes. This is the non-broken, symmetric phase.
For temperatures T < Tc below the critical point, we have ⟨m⟩∞ > 0 which
marks the broken phase.
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Chapter 2. Quantum Field Theory

Naturally, we can ask ourselves to which extent it is possible to adapt this
concept to QCD? We have seen that the action of the theory is invariant under
local gauge transformations Ω(x). Hence, we might think of spontaneous
symmetry breaking in terms of the local gauge transformations. However,
Elitzur’s theorem states that local symmetries cannot break spontaneously [22,
56]. Any observable O which is not gauge-invariant has to vanish ⟨O⟩ = 0 for
all parameters, and this especially persists if we introduce a symmetry breaking
parameter first and take the limit as in the case of the Ising model: ⟨O⟩∞ =
0. The only possibility of having a non-vanishing expectation value is to
consider gauge-invariant observables. Elitzur’s theorem prevents spontaneous
symmetry breaking for local gauge symmetries, but symmetry breaking is still
possible for a global symmetry and gauge-invariant observables which are not
invariant under the global symmetry.

In the absence of fermions, the action of the theory reduces to the Wilson
plaquette part

SG(U) =
2
g2

0
∑

x,µ<ν

ReTr U∂px,µν
.

This action is not only gauge-invariant but it possesses a global symmetry
under transformations with the center Z3 = {1, e

2π
3 i1, e

4π
3 i1} of SU(3) [22, 38,

57–60]. The transformation is defined as follows. Consider an element z ∈ Z3.
We choose a time layer τ and multiply all timelike links between the τ-th and
(τ + 1)-th layer of time with the center element z:

U⟨(x⃗,τ),(x⃗,τ+1)⟩ −→ z ·U⟨(x⃗,τ),(x⃗,τ+1)⟩ .

Because the Haar measure is invariant under left multiplications with elements
of the group, the partition function does not change under this transformation.
Importantly, the action SG(U) also stays invariant. Every link which is multi-
plied with z effects the plaquette variables of timelike plaquettes between both
layers of time. However, all these effects cancel each other. To see this, consider
a timelike plaquette px,k4 with k ∈ {1, 2, 3} and x = (x⃗, τ). The plaquette
variable is

U∂px,k4
= U⟨x,x+k̂⟩U⟨x+k̂,x+k̂+4̂⟩U⟨x+k̂+4̂,x+4̂⟩U⟨x+4̂,x⟩ .

which contains two timelike links. One link points in positive time direction
and one link points in negative time direction. Therefore, the positively (nega-
tively) orientated link is multiplied with z (z†) under a center transformation
with z ∈ Z3:

U∂px,k4
−→ . . . · zU⟨x+k̂,x+k̂+4̂⟩ · . . . · z†U⟨x+4̂,x⟩ .

Because all center elements commute with all elements of SU(3), we can
permute z and z† to the front of the expression such that zz† = 1, and the
plaquette variable U∂px,k4

remains unchanged under the center transformation.
Hence, the action SG(U) is indeed invariant under center transformations.
Note, however, that the inclusion of fermions breaks the center symmetry
explicitly because of the occurrence of gauge variables in the bilinear forms of
the fermion action.
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2.4. Lattice QCD

For the phenomena of spontaneous symmetry breaking, we still need an
observable which is not invariant under the center symmetry. As we have seen,
the observable has additionally to be gauge-invariant due to Elitzur’s theorem.
An observable which has all these properties is the Polyakov loop

Lx⃗ = tr
( N4−1

∏
τ=0

U⟨(x⃗,τ),(x⃗,τ+1)⟩

)
,

where the product is ordered from left to right for increasing times τ [22, 38,
58, 59]. The product of gauge variables describes a straight path winding
around the positive Euclidean time direction. Therefore, the Polyakov loop is
characterized by the spatial site x⃗. The Polyakov loop Lx⃗ transforms as

Lx⃗ −→ zLx⃗

under a center transformation because exactly one timelike link of the loop is
multiplied with the center element z. As for the magnetization ⟨m⟩ of the Ising
model, the expectation value of the Polyakov loop vanishes due to the center
symmetry:

⟨Lx⃗⟩ =
1
Z

∫
DU (zLx⃗)e

SG(U) = z⟨Lx⃗⟩

which implies ⟨Lx⃗⟩ = 0. Introducing a symmetry breaking part into the action
allows to investigate the phenomena of spontaneous symmetry breaking for
pure SU(3)-gauge theories. Such a symmetry breaking term could just be
the fermionic part of the action at finite quark masses. The symmetry is then
restored by taking the infinite mass limit.

The above argument defines spontaneous symmetry breaking for global
Z3-transformations on the lattice. Nevertheless, we are interested in possible
phase transitions in the continuum limit a→ 0+. Using the Polyakov loop as
an order parameter of phase transitions comes with a major obstacle in the
continuum limit. The expectation value ⟨Lx⃗⟩ of the Polyakov loop vanishes in
continuum limit due to an UV-divergent free energy F = −T ln⟨Lx⃗⟩ ≈ O(a−1)
for a→ 0 [61]. Therefore, for the Polyakov loop to retain any meaning in the
continuum limit, it has to be renormalized properly [62–68].

Confinement and deconfinement in the absence of fermions

Spontaneous symmetry breaking has been studied intensively for pure SU(N)-
gauge theories. First analyses of a phase transition for pure gauge theories
were made in [57, 58, 60, 69, 70] . It was conjectured early on that the critical
behavior of the symmetry breaking transition of a (d + 1)-dimensional pure
SU(N)-gauge theory is identical to the corresponding d-dimensional ZN-spin
theory [58]. Therefore, the argument implies a first-order transition for SU(3)
because the corresponding spin system is a three states Potts model in three
dimensions which is known to possess a first-order transition [71]. Indeed pure
SU(3) gauge theory exhibits a first-order transition as it has been demonstrated
in [62, 65, 68, 72–74] and references therein.
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Chapter 2. Quantum Field Theory

The global center symmetry is explicitly broken once dynamical fermions
are included into the theory. At sufficiently low quark masses, the correspond-
ing non-analytic behavior vanishes, and the expectation value ⟨Lx⃗⟩ of the
Polyakov loop Lx⃗ becomes a smooth function of temperature [16, 18, 21, 53, 67,
75, 76].

The spontaneous symmetry breaking of pure gauge theory is interpreted
as a confinement-deconfinement transition. Below the critical temperature
T < Tc, the system is in the confined and symmetric phase. Above T > Tc, the
system goes into a deconfined and symmetry-broken phase. This terminology
of confinement and deconfinement stems from interpreting the expectation
value of the Polyakov loop ⟨Lx⃗⟩ as the insertion of an infinitely heavy charge at
the spatial site x⃗ [22, 38, 57, 69, 77]. A very intriguing interpretation is given by
[77]. They consider the transfer-matrix formulation of Lattice QCD in which the
path integral of Lattice QCD is a consequence of a quantum-mechanical system
defined on the spatial lattice. A detailed description of the transfer-matrix
formalism is given in Chapter 3.

Intuitively, the confined phase of a non-Abelian gauge theory is understood
to be driven by squeezing color-electric fields into narrow, cylindrical flux
tubes between a static quark and antiquark [22]. Therefore, the energy E = σd
of the field increases linearly and proportional to the string tension σ with
increasing distance d between the charges. This is the physical intuition for the
linear behavior of the quark-antiquark potential in the confined phase. The
squeezing of chromo-electric fields into tubes has been confirmed in various
lattice studies. Here, we refer to [78–81] and the references therein.

The interpretation of the confinement-deconfinement transition explicitly
relies on the behavior of static charges and the existence of a spontaneous
Z3-symmetry breaking. Consequently, this notion of confinement and decon-
finement breaks down once dynamical fermions are included. The expectation
value ⟨Lx⃗⟩ of the Polyakov loop smoothens out and the static quark-antiquark
potential flattens out at all temperatures due to string breaking. The charges
get screened by dynamical fermions. One of the main goals of this thesis is to
suggest an observable which coincides with the symmetry breaking transition
but does not rely on it and extends to all quark masses, see Section 5.3. Such
an observable would allow the unambiguous definition of confinement and
deconfinement at all parameters of the theory.
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Transfer-matrix formulation

In this chapter, we discuss the transfer-matrix formulation for Lattice QCD
with one flavor of Wilson fermions. The formulation describes the path integral
of Lattice QCD (2.4) as the consequence of some quantum-mechanical system
defined on the three-dimensional spatial lattice. This quantum-mechanical
view allows to define important key concepts used in the later chapters. Pri-
marily, we can define a notion of creation and annihilation operators of quarks
and antiquarks at spatial sites and the concept of center-electric fluxes and
charges together with a local Z3-Gauss law. Both concepts are essential when
we construct the ensembles of fixed quark numbers in a subvolume and in-
vestigate the concept of percolation of fluxes in QCD. The construction itself
is based on [41, 77, 82–86]. The dynamics of the quantum-mechanical system
are driven by a Hamiltonian Ĥ. The path integral of Lattice QCD is derived
by discretizing the Boltzmann factor e−βĤ in Euclidean time and replacing it
with (T̂a4)

N4 , where N4 is the number of time layers, a4 = β/N4 is the spacing
in Euclidean time, β is the inverse temperature, and T̂a4 is the transfer operator.
We discuss two different choices for T̂a4 . The first choice is the one made by
Lüscher [83] which is a strictly positive operator T̂a4 . Nevertheless, as we are
going to see in the subsequent chapters, this choice is inconvenient for our
considerations. Hence, we construct a very specific transfer operator which
serves our purposes. The price that we pay for our choice of T̂a4 is the loss of
hermiticity at a4 > 0. However, the operator still yields a Hamiltonian Ĥ in the
Euclidean time continuum and gives the path integral of Lattice QCD for a4 > 0.
For reasons which become clear later on, the operator of Lüscher is named
the symmetric transfer operator, and our operator is named the asymmetric
transfer operator. Such a quantum-mechanical approach of Lattice QCD via
some Hamiltonian Ĥ was first described by [46] and is typically also referred
to as the Hamiltonian approach. A mathematically rigorous description of
the Hamiltonian approach based on operator algebras has been formulated by
[87–89]. Hence, the transfer-matrix approach describes the transition between
the path integral formulation and the Hamiltonian approach via the Euclidean
time continuum [77].

The structure of the chapter is as follows. In Section 3.1, we describe the
fundamental concepts of the quantum-mechanical view. We define the Hilbert
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space, the physical Hilbert space and spatial gauge transformations. We also
state the partition function which implies the path integral of Lattice QCD
upon discretization of Euclidean time and explain the crucial role of gauge
invariance in deriving the path integral. Additionally, we also demonstrate
how gauge invariance yields a local Gauss law. This is then taken as the basis
for formulating the local, Abelian Z3-Gauss law and the concept of center
charges and center-electric fluxes. We base the treatise of Gauss’s law, the
Z3-law, center charges and center-electric fluxes on [77, 87–89].

In Section 3.2, Lüscher’s transfer operator is presented. We introduce all
necessary notations, define the transfer operator, demonstrate the derivation
of the path integral of Lattice QCD and establish the Hamiltonian Ĥ in the
Euclidean time continuum. The main purpose of Section 3.2 is, however, to set
the mathematical stage for the transfer-matrix formulation and to summarize
the key steps of deriving the path integral.

The final section, Section 3.3, presents the asymmetric transfer operator.
The necessity of the choice is discussed and it is shown that the asymmetric
operator also gives the path integral of Lattice QCD. Furthermore, we derive
the Hamiltonian Ĥ in the Euclidean time continuum and show its physical
equivalence to the Hamiltonian derived in the symmetric case.

The construction of the asymmetric transfer operator has been published in
[90]. The author of this thesis is responsible for the formulation and contribu-
tion of the asymmetric transfer operator. Note that the idea of an asymmetric
operator is inspired by [91]. They consider the transfer-matrix formulation of a
(1 + 1)-dimensional SU(N)-gauge theory with scalar fields. Here and in [90],
however, the asymmetric transfer operator is constructed for full Lattice QCD
with Wilson fermions in (3 + 1)-dimensions. We will consequently use the
notations of [90] in parts.

3.1 Quantum-mechanical description

The idea of the transfer-matrix formulation is to associate an Hilbert spaceH
with a spatial, periodic, cubic lattice of extent N > 0 in all directions. Sites are
classified by their coordinates i ∈ {0, . . . , N − 1}3. There are Ns = N3 sites in
total. The physical subspaceHphys is given by all gauge-invariant states which
are defined further below. The grand-canonical partition function of such a
system is then written as

Z = tr
(

eβµN̂e−βĤ P̂0

)
, (3.1)

where β is the inverse temperature, µ is the chemical potential, N̂ is the net-
quark number operator, Ĥ is the Hamiltonian, and P̂0 is the projection operator
ontoHphys [41, 84–86]. The Hamiltonian Ĥ and the net-quark number operator
N̂ are assumed to be gauge-invariant:

[Ĥ, P̂0] = [N̂, P̂0] = 0 .

This quantum-mechanical description of QCD on the lattice is referred to as
the Hamilton approach of Lattice QCD [46, 77, 87–89, 92]. The quantum-
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Z = tr
(

eβµN̂(T̂a4)
N4 P̂0

)
Z = tr

(
eβµN̂(T̂a4)

N4

)
τ

layer of Euclidean time

timelike gauge variable

quantum mechanical︷ ︸︸ ︷path integral︷ ︸︸ ︷ path integral︷ ︸︸ ︷

0
1

Figure 3.1: Illustration of deriving the path integral with (right) and without
(left) gauge invariance. The drawing in the middle represents the spatial lattice
with which the Hilbert spaceH is associated. The discretization in Euclidean
time τ introduces the N4 layers of time in the resulting path integral. Left, the
trace is taken over the full space H; all timelike gauge variables are one and
therefore not drawn. Right, the ensemble over the physical Hilbert spaceHphys
is shown. The resulting path integral includes the non-trivial timelike gauge
variables (red links) between the zeroth and first layer of time.

mechanical system is constructed in such a way that we can derive the Eu-
clidean path integral of Lattice QCD by deriving the path integral of the en-
semble (3.1) with some suitable gauge-invariant transfer operator T̂a4 [41, 49,
77, 92, 93]. In doing so, the transfer operator T̂a4 represents the discretization

lim
N4→∞

(
T̂a4=β/N4

)N4
= e−βĤ

in direction of Euclidean time, i.e. the evaluation of

Z = tr
(

eβµN̂(T̂a4=β/N4)
N4 P̂0

)
(3.2)

gives the path integral with N4 layers of time.
Gauge invariance of Ĥ, N̂ and T̂a4 is an important assumption because

the projection operator P̂0 in Equation (3.1) reduces the full trace to a trace
over Hphys, and, then, the thermodynamic ensemble is actually a system of
physical states only. The main effect of the projection operator P̂0 is, however,
to introduce the timelike gauge variables into the path integral [41, 77, 85, 86].
To be more precise, it introduces the timelike gauge variables between two
subsequent layers of time only, see Figure 3.1. All other timelike variables are
just one. This is the path integral of Lattice QCD with the temporal direction
gauge-fixed maximally to unity, see Section 2.4. Ignoring P̂0 would give a path
integral, where all timelike links are one, and the path integral of Lattice QCD
cannot be gauge-fixed to such configurations because, then, the expectation
value ⟨Lx⃗⟩ of the Polyakov loop Lx⃗ at a site i would be one for all parameters,
which is certainly not true.

Continuum limit

The quantum-mechanical formulation and the path integral are related by the
continuum limit in direction of Euclidean time. Consider an observable Ô in the
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quantum-mechanical system and its corresponding path integral formulation
O(U, ψ, ψ) on the lattice such that both are related by the temporal continuum
a4 → 0 on the spatial lattice with finite spacing a > 0:

⟨Ô⟩ = lim
a4→0

N4→∞

⟨O(U, ψ, ψ)⟩ ,

where T = 1/(N4a4) stays constant and the expectation values are taken in
the respective formulations. In general, for a4 > 0, both observables will not
yield the same result due to the discretization introduced in deriving the path
integral: ⟨Ô⟩ ̸= ⟨O(U, ψ, ψ)⟩. Furthermore, the relation between the quantum-
mechanical formulation and the path integral is based on introducing the lattice
spacings a and a4 in the gauge and fermion action in the way necessary that the
naive continuum limits give the classical Euclidean action of QCD. Recall that
then the action S = SG + SF of Lattice QCD depending on the lattice spacing
reads

SG =
a
a4

2
g2

0
∑
x,k

ReTr U∂px,k4
+

a4

a
2
g2

0
∑

x,k<m
ReTr U∂px,km

,

SF = s(a4, a)∑
x

[
ψxΛ+

x,4ψx+4̂ + ψx+4̂Λ−x,4ψx
]

+
a4

a
s(a4, a)∑

x,k

[
ψxΛ+

x,kψx+k̂ + ψx+k̂Λ−x,kψx
]
−∑

x
ψxψx

(3.3)

with

s(a4, a) =
1

2a4(m + 3a−1) + 2
,

cf. Equation (2.3) and (2.4). However, physical values are not obtained by
directly setting a and a4 in the action but rather the bare parameters g0(a) and
(ma)(a) are adjusted depending on the physical cutoff a for isotropic lattices
with a = a4. In this way the theory is renormalized to the correct physical
continuum and the renormalized observable OR has the continuum limit

Ophys(T, L) = lim
a→0

N,N4→∞

⟨OR(U, ψ, ψ)⟩ ,

where the limit is taken in the sense of Section 2.4 keeping the physical lattice
extent L, the temperature T and µ/T = N4(aµ) fixed. Naturally, we might
question to which extent the quantum-mechanical formulation then yields the
same physical result Ophys(T, L) or whether the quantum-mechanical system
can be renormalized at all. This is because, at this point, both formulations are
just connected by the naive Euclidean time continuum.

To answer this question, we have to consider Lattice QCD defined on
anisotropic lattices with ξ = a/a4 > 1 [40, 43, 49, 94–97]. The lattice spacings a
and a4 are now physical and do not directly occur in the action. We take the
continuum limit relative to a fixed ξ ≥ 1. Because we introduce an anisotropy
in the lattice, the asymmetry which it creates between spatial and temporal
direction must show up in the action. Rewriting Equation (3.3), we introduce
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3.1. Quantum-mechanical description

additional bare parameters such that

SG = ξ
2
g2

4
∑
x,k

ReTr U∂px,µ4 +
1
ξ

2
g2

s
∑

x,k<m
ReTr U∂px,km

,

SF = s(γF, ma)∑
x

[
ψxΛ+

x,4ψx+4̂ + ψx+4̂Λ−x,4ψx
]

+
s(γF, ma)

γF
∑
x,k

[
ψxΛ+

x,kψx+k̂ + ψx+k̂Λ−x,kψx
]
−∑

x
ψxψx .

with
s(γF, ma) =

1
2γ−1

F (ma + 3) + 2
.

The pure gauge action now includes the anisotropic parameter ξ but the cou-
plings in temporal and spatial directions are chosen differently. Because, we
do not consider the naive discretization of the classical action but set up a
renormalization scheme for the QFT at physical anisotropy ξ, the choice of
the different couplings is a necessity to guarantee the same physical contin-
uum limit [96, 97]. The fermionic action is expressed in the bare parameters
ma, which is the quark mass in units of the spatial lattice spacing, and an
anisotropy factor γF which represents the ratio a/a4 of Equation (3.3). To keep
the physics constant, the renormalization scheme gives γF ̸= ξ in general.
Based on the chosen renormalization scheme, the bare parameters g4(a, ξ),
gs(a, ξ), (ma)(a, ξ) and γF(a, ξ) now depend on the cutoff a and the anisotropy
parameter ξ. Expanding the bare parameters relative to g0(a) of the isotropic
case gives ([40, 43, 48, 95–97])

2
g2

4
=

2
g2

0
+ c4(ξ) +O(g2

0) ,

2
g2

s
=

2
g2

0
+ cs(ξ) +O(g2

0) ,

γF = ξ ·
(
1 + cF(ξ)g2

0 +O(g4
0)
)

.

We are free to choose ξ and obtain the same physical continuum limit:

Ophys(T, L) = lim
a→0

N,N4→∞

⟨OR(U, ψ, ψ)⟩ξ .

The Euclidean time continuum is restored in the limit ξ → ∞. Consider
the expectation value ⟨OR(U, ψ, ψ)⟩ξ at fixed physical spacing a and assume
OR(U, ψ, ψ) to be a gauge-invariant observable. We gauge-fix the ensemble
to maximal temporal gauge such that all timelike links are one, except for
the links between the zeroth and first layer of time. Furthermore, we shift all
factors ea4µ and e−a4µ into the timelike links between the zeroth and first layer
of time such that the corresponding links are multiplied with eµ/T or e−µ/T .
Then the expectation value

⟨OR(U, ψ, ψ)⟩ξ −→ lim
ξ→∞

N4→∞

⟨OR(U, ψ, ψ)⟩ξ
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Chapter 3. Transfer-matrix formulation

is also pushed towards the Euclidean time continuum N4 → ∞ for ξ → ∞
if a and T are kept fixed. If we introduce the quark mass m = (ma)/a and
γF = a/τ at fixed spatial cutoff a, we see from the g0-expansion that τ → 0
as ξ → ∞. Therefore, the limit ξ → ∞ at fixed a and temperature T creates a
transition to the quantum-mechanical description as long as OR(U, ψ, ψ) has a
corresponding gauge-invariant quantum-mechanical operator ÔR connected
by the naive Euclidean time continuum a4 → 0. Note that this prescription also
defines the renormalization g4(a), gs(a) and m(a) in the quantum-mechanical
system and the Hamiltonian Ĥ depends also directly on the physical cutoff
a in general. To be more precise, we replace ξ as a function of γF in the pure
gauge part via γF/ξ = η(a, ξ). This ensures that the action depends on the
Euclidean time τ. Then the transfer operator is a function of τ such that

T̂N4
τ −→

(
1 + τĤ′ +O(τ2)

)N4 .

for large anisotropies ξ → ∞. However, the inverse temperature β = N4a4 is
given by the physical lattice spacing a4. Hence, we write τ = a4/η(a, ξ) and
get

T̂N4
τ −→ e−βĤ (ξ → ∞)

with

Ĥ =
1

limξ→∞ η(a, ξ)
Ĥ′ .

This, of course, requires the factor η(a, ξ) to converge to a strictly positive value
in the limit ξ → ∞, even beyond the perturbative result for small g0. Whether
this is the case beyond the perturbative regime, is not further investigated in
this thesis and must be kept in mind as a future consideration.

In summary, if we define a quantum-mechanical operator Ô and its path
integral formulation O(U, ψ, ψ) by connecting both formulations via the naive
limit a4 → 0, we get two formulations which are physically identical in the
continuum limit by keeping in mind that the gauge action requires to choose
the couplings g4 and gs unequal for the temporal and spatial directions.

Hilbert space

We now formulate the Hilbert spaceH, the physical Hilbert spaceHphys, spa-
tial gauge transformations and the concept of center charges and center-electric
fluxes. The Hilbert spaceH is constructed as the tensor productH = HG⊗HF
between the gauge part HG and the fermionic part HF. To define HG, we as-
sociate gauge variables U⟨i,i+k̂⟩ ∈ SU(3) with every link ⟨i, i + k̂⟩, k ∈ {1, 2, 3}.
And, as always, we define U⟨i+k̂,i⟩ = U†

⟨i,i+k̂⟩. A spatial gauge configuration

U = {U⟨i,i+k̂⟩} is a set of gauge variables U⟨i,i+k̂⟩ for every link ⟨i, i + k̂⟩. The
spaceHG is just the space of all complex-valued, square-integrable functions
f (U) with respect to the measure

DU = ∏
i,k

dU⟨i,i+k̂⟩ ,
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3.1. Quantum-mechanical description

where dU⟨i,i+k̂⟩ denotes the Haar measure for the link variable U⟨i,i+k̂⟩ [77, 83].
The fermionic Fock spaceHF is spanned by creation and annihilation operators
of quarks and antiquarks associated with the spatial sites i [83]: (ξ̂σ

q)
†
i,a and

(ξ̂σ
q)i,a for quarks and (ξ̂σ

q)
†
i,a and (ξ̂σ

q)i,a for antiquarks. The indices indicate
further quantum numbers of the quarks and antiquarks. The index σ =↑, ↓ is
the spin state of the fermion, the index a ∈ {1, 2, 3} is the color state, and i is
the site at which the fermion resides. Therefore, there are six possible kinds of
quarks (antiquarks) at a site i. The creation and annihilation operators fulfill
the standard anti-commutation relations

[
(ξ̂σ

q)
†
i,a, (ξ̂γ

q )j,b

]
+
=
[
(ξ̂σ

q)
†
i,a, (ξ̂γ

q )j,b

]
+
= δijδσγδab ,

[
(ξ̂σ

q)i,a, (ξ̂γ
q )j,b

]
+
=
[
(ξ̂σ

q)i,a, (ξ̂γ
q )j,b

]
+
=
[
(ξ̂σ

q)i,a, (ξ̂γ
q )j,b

]
+
= 0 ,

[
(ξ̂σ

q)
†
i,a, (ξ̂γ

q )j,b

]
+
= 0

Now, a general state |ψ⟩ ∈ H is given by

|ψ⟩ = ∑
n

∑
α1,...,αn

fα1,...,αn(U)⊗ ξ̂†
α1

. . . ξ̂†
αn |0⟩ ,

where fα1,...,αn(U) ∈ HG, |0⟩ is the fermionic vacuum state of HF, and αi
summarizes all indices of a creation operator. Furthermore, the net-quark
number operator N̂ is defined as

N̂ = ∑
i

∑
a,σ

[
(ξ̂σ

q)
†
i,a(ξ̂

σ
q)i,a − (ξ̂σ

q)
†
i,a(ξ̂

σ
q)i,a

]
.

Quarks are counted positively, and antiquarks are counted negatively.

Spatial gauge transformations

A gauge transformation Ω associates an element Ωi ∈ SU(3) with every site i.
The transformation is implemented onH by the unitary operator ϱ̂(Ω):

(ϱ̂(Ω) f )(U) = f ({. . . , Ω†
i U⟨i,i+k̂⟩Ωi+k̂, . . .}) , (3.4)

ϱ̂(Ω)(ξ̂σ
q)i,aϱ̂†(Ω) = ∑

b
(Ω†

i )ab(ξ̂
σ
q)i,b , (3.5)

ϱ̂(Ω)(ξ̂σ
q)i,aϱ̂†(Ω) = ∑

b
(ξ̂σ

q)i,b(Ωi)ba . (3.6)

Obviously ϱ̂(Ω) constitutes a representation of the group (SU(3))Ns with Ns =
N3. The subspace of physical states is defined by

Hphys = span {|ψ⟩ ∈ H | ϱ̂(Ω) |ψ⟩ = |ψ⟩ for all Ω} .

BecauseHphys is a closed subspace, it is a Hilbert space. For |ψ⟩ ∈ span{. . .},
we have ϱ̂(Ω) |ψ⟩ = |ψ⟩ because ϱ̂(Ω) is linear. Now, if |ψ⟩ ∈ Hphys, then there
exists a converging sequence |ψn⟩ ∈ span{. . .} with |ψn⟩ → |ψ⟩ (n→ ∞). The
operator ϱ̂(Ω) is continuous and, therefore, we have

ϱ̂(Ω) |ψ⟩ = lim
n→∞

ϱ̂(Ω) |ψn⟩ = lim
n→∞

|ψn⟩ = |ψ⟩
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Chapter 3. Transfer-matrix formulation

which implies

Hphys = {|ψ⟩ ∈ H | ϱ̂(Ω) |ψ⟩ = |ψ⟩ for all Ω} .

The physical states indeed form a Hilbert space, and the space only consists
of states which are invariant under gauge transformations. The projection
operator ontoHphys is ([41, 77, 86, 98])

P̂0 |ψ⟩ =
∫
DΩ ϱ̂(Ω) |ψ⟩ =

∫ (
∏

i
dΩi

)
ϱ̂(Ω) |ψ⟩ (3.7)

because the left invariance of the Haar measure implies

ϱ̂(G)P̂0 |ψ⟩ =
∫ (

∏
i

dΩi

)
ϱ̂({. . . , GiΩi, . . .}) |ψ⟩ = P̂0 |ψ⟩ ,

and

P̂2
0 |ψ⟩ =

∫
DΩ1

∫
DΩ2 ϱ̂(Ω1Ω2) |ψ⟩ =

∫
DΩ1

︸ ︷︷ ︸
=1

∫
DΩ2 ϱ̂(Ω2) |ψ⟩ = P̂0 |ψ⟩ ,

where G is some gauge transformation. More rigorously, the projection opera-
tor P̂0 is a consequence of the Peter-Weyl Theorem [98, Theorem 1.12].

Equations (3.5) and (3.6) imply the gauge invariance of the net-quark num-
ber operator N̂ because

ϱ̂(Ω)N̂ϱ̂†(Ω) = ∑
i

∑
a,b,c,σ

[
(ξ̂σ

q)
†
i,b(Ωi)ba(Ω

†
i )ac(ξ̂

σ
q)i,c

− (Ω†
i )ab(ξ̂

σ
q)

†
i,b(ξ̂

σ
q)i,c(Ωi)ca

]
= N̂

.

What are intuitive examples of gauge-invariant states? A simple example
is a meson where a quark and an antiquark are connected in a gauge-invariant
manner by a line of gauge variables [46]:

|ψ⟩ = ∑
a,b
(ξ̂σ

q)
†
i,a

[
U⟨i,i1⟩ . . . U⟨in ,j⟩

]
ab
(ξ̂γ

q )
†
j,b |0⟩ (3.8)

with i ̸= j. The quarks and antiquarks are sources of color-charge and, therefore,
they transform non-trivially under a local gauge transformation:

(ξ̂σ
q)

†
i −→ (ξ̂σ

q)
†
i Ωi , (ξ̂γ

q )
†
j −→ Ω†

j (ξ̂
γ
q )

†
j .

Furthermore, the line of gauge variables carries a color-electric flux between
the sites and therefore transforms non-trivially at its endpoints:

[
U⟨i,i1⟩ . . . U⟨in ,j⟩

]
−→ Ω†

i

[
U⟨i,i1⟩ . . . U⟨in ,j⟩

]
Ωj .

Hence, we immediately observe the gauge invariance of |ψ⟩ because the SU(3)-
matrices compensate each other. In this sense, a color charge at a site equals
the color-electric fluxes flowing out of the site.
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3.1. Quantum-mechanical description

More generally, the concept of gauge invariance implies a local Gauss law
onHphys [77, 87–89]. Consider the representations Π̂i(ω) and Π̂⟨i,j⟩(ω) defined
as

Π̂i(ω)(ξ̂σ
q)j,aΠ̂†

i (ω) =

{
∑b(ω

†)ab(ξ̂
σ
q)i,b , i = j

(ξ̂σ
q)j,a , i ̸= j

Π̂i(ω)(ξ̂σ
q)j,aΠ̂†

i (ω) =

{
∑b(ξ̂

σ
q)i,bωba , i = j

(ξ̂σ
q)j,a , i ̸= j

and

(Π̂⟨i,j⟩(ω) f )(U) =

{
f ({. . . , ω†U⟨i,i+k̂⟩, . . .}) , ⟨i, j⟩ = ⟨i, i + k̂⟩
f ({. . . , U⟨i,i+k̂⟩ω, . . .}) , ⟨j, i⟩ = ⟨i, i + k̂⟩

for ω ∈ SU(3). These representations can be combined to establish the gauge
transformation

Ωj =

{
ω, j = i
1, j ̸= i

at the site i such that

ϱ̂(Ω) = Π̂i(ω)∏
j∼i

Π̂⟨i,j⟩(ω) , (3.9)

where the notation j ∼ i means that j is a nearest neighbor of i. Each repre-
sentation Π̂i(ω) and Π̂⟨i,j⟩(ω) constitutes a part of the gauge transformation
ϱ̂(Ω). If we write ω = exp (i ∑k αkTk) with the generators Tk, k ∈ {1, . . . , 8} of
SU(3), we can define the color-charge operators Q̂k

i and the color-electric flux
operators Êk

⟨i,j⟩ as infinitesimal transformations of the representations Π̂i(ω)

and Π̂⟨i,j⟩(ω):

Q̂k
i = −i

d
dα |α=0

Π̂i

(
eiαTk

)
,

Êk
⟨i,j⟩ = −i

d
dα |α=0

Π̂⟨i,j⟩
(

eiαTk
)

.

Now, we write

−i
d

dα |α=0

[
Π̂i

(
eiαTk

)
∏
j∼i

Π̂⟨i,j⟩
(

eiαTk
)]
|ψ⟩ = 0

for |ψ⟩ ∈ Hphys which implies the local Gauss law

Q̂k
i = −∑

j∼i
Êk
⟨i,j⟩ (3.10)

onHphys.
The operators Q̂k

i and Êk
⟨i,j⟩ are not gauge-invariant. This can be seen easily

by considering the mesonic state (3.8). We have

Q̂k
i |ψ⟩ = ∑

a,b,c
(ξ̂σ

q)
†
i,c(Tk)ca

[
U⟨i,i1⟩ . . . U⟨in ,j⟩

]
ab
(ξ̂γ

q )
†
j,b |0⟩
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and, therefore,

ϱ̂(Ω)Q̂k
i |ψ⟩ = ∑

a,b,c
(ξ̂σ

q)
†
i,c

(
ΩiTkΩ†

i

)
ca

[
U⟨i,i1⟩ . . . U⟨in ,j⟩

]
ab
(ξ̂γ

q )
†
j,b |0⟩ .

In general, (ΩiTkΩ†
i ) is an element of the Lie algebra su(3) with (ΩiTkΩ†

i ) ̸=
Tk. Hence, we get Q̂k

i |ψ⟩ ̸= ϱ̂(Ω)Q̂k
i |ψ⟩, but gauge invariance would require

Q̂k
i |ψ⟩ = ϱ̂(Ω)Q̂k

i |ψ⟩. An analogous argument can be made for Êk
⟨i,j⟩.

Center charge and center-electric flux

Normally, a Gauss law is formulated such that it relates a concept of Abelian
charges qi and Abelian fluxes e⟨i,j⟩ to each other. The charges at a site i should
be the consequence of the flux flowing out of the site:

qi = −∑
j∼i

e⟨i,j⟩ . (3.11)

The Abelian character ensures a global Gauss law in which the total charge
Q in a volume V equals the flux −ϕ through the surface S of the volume. To
see this, we replace every qi in Q = ∑i∈V qi with the local Gauss law, note that
e⟨i,j⟩ and e⟨j,i⟩ = −e⟨i,j⟩ appear in the sum for every ⟨i, j⟩ with endpoints in V
and reorder the terms such that flux variables lying within the volume cancel
each other. Only the links piercing through S remain which give ϕ = ∑l∈S∗ el
with the set S∗ of links piercing through the surface S. To be more precise,
the physical space Hphys should decompose into sectors H{q,e} for which all
|ψ⟩ ∈ H{q,e} have some well-defined Abelian charges qi ∈ {q, e} and fluxes
e⟨i,i+k̂⟩ ∈ {q, e} at every site i and link ⟨i, i + k̂⟩, and the local Gauss law (3.11)
holds for these variables.

However, we cannot use the operators Q̂k
i and Êk

⟨i,j⟩ and Gauss’s law (3.10)
directly to define the notion of Abelian charges and fluxes ([87–89]) because the
operators Q̂k

i and Êk
⟨i,j⟩ are not gauge-invariant nor can they be diagonalized

simultaneously. For example, one might use the Peter-Weyl Theorem ([98,
Theorem 1.12]) and decompose the Hilbert spaceH into the direct sum of irre-
ducible unitary representations of Π̂i(ω) for some site i. Each representation
can be labeled by the eigenvalues of the operators

∑
k
(Q̂k

i )
2 and ∑

klm
dklmQ̂k

i Q̂l
i Q̂

m
i ,

where the coefficients dklm are chosen suitably [99]. Of course, the eigenvalues
are Abelian objects, but they cannot serve as the concept of Abelian charges.
Due to the fact that Q̂k

i is not gauge-invariant, we are unable to restrict the
operator to a map fromHphys toHphys only, i.e. we are unable to decompose
Hphys into the direct sum of irreducible unitary representations of Π̂i(ω). Even
if this was possible, the Gauss law (3.10) is linear with respect to Q̂k

i and Êk
⟨i,j⟩,

but the two operators are non-linear powers of the charge and field operators,
and Equation (3.10) would not hold for the eigenvalues.
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3.1. Quantum-mechanical description

An Abelian Gauss law can still be derived if we only consider representa-
tions of the center Z3 = {1, e

2π
3 i, e

4π
3 i} ∼ Z3 of SU(3) [77, 87–89]. To this end,

we define center-charge operators Q̂z
i and center-electric flux operators Êz

⟨i,j⟩ as

Q̂z
i (ξ̂

σ
q)

†
i,a(Q̂

z
i )

† = z · (ξ̂σ
q)

†
i,a , (3.12)

Q̂z
i (ξ̂

σ
q)

†
i,a(Q̂

z
i )

† = z† · (ξ̂σ
q)

†
i,a (3.13)

and ([77])

(Êz
⟨i,j⟩ f )(U) =

{
f ({. . . , z†U⟨i,i+k̂⟩, . . .}), ⟨i, j⟩ = ⟨i, i + k̂⟩
f ({. . . , zU⟨i,i+k̂⟩, . . .}), ⟨j, i⟩ = ⟨i, i + k̂⟩

(3.14)

for all z ∈ Z3. Obviously Q̂z
i and Êz

⟨i,j⟩ form unitary representations of Z3

because
Q̂z1z2

i = Q̂z1
i Q̂z2

i and Êz1z2
⟨i,j⟩ = Êz1

⟨i,j⟩Ê
z2
⟨i,j⟩ .

These operators are essentially the representations Π̂i(ω) and Π̂⟨i,j⟩(ω) but
restricted to the center of SU(3):

Q̂z
i = Π̂i(z) and Êz

⟨i,j⟩ = Π̂⟨i,j⟩(z) .

Therefore, Equation (3.9) implies

ϱ̂(Ω) = Q̂z
i ∏

j∼i
Êz
⟨i,j⟩

with

Ωj =

{
z, j = i
1, j ̸= i

.

Hence, we have the local Z3-Gauss law

Q̂z
i ∏

j∼i
Êz
⟨i,j⟩ |ψ⟩ = |ψ⟩ (3.15)

for |ψ⟩ ∈ Hphys. This form of the Z3-Gauss law is the same as in [77] but gen-
eralized to the case where quarks and antiquarks are included. The operators
Q̂z

i and Êz
⟨i,j⟩ are gauge-invariant because the center elements z ∈ Z3 commute

with all elements of SU(3). Gauge invariance implies that we can restrict Q̂z
i

and Êz
⟨i,j⟩ toHphys only, and we can utilize the Peter-Weyl Theorem to decom-

pose the physical-state space into the direct sum of irreducible representations
of Q̂z

i and Êz
⟨i,j⟩. Hence, we can do the very thing which we found out to be not

possible for Π̂i(ω) and Π̂⟨i,j⟩(ω).
What are the irreducible representations of Q̂z

i and Êz
⟨i,j⟩? Consider some

general unitary representations Π̂(z) of Z3 and an irreducible representation
H′ ⊆ Hphys of Π̂(z). Because Z3 is Abelian and on the basis of Schur’s Lemma
(see for example [35, Theorem 4.29],[98, Proposition 1.5]), the irreducible rep-
resentation must be one-dimensional with Π̂(z) |ψ⟩ = λz |ψ⟩ and λz ∈ C\{0}
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for all z ∈ Z3 and |ψ⟩ ∈ H′. Therefore, the eigenvalues λz constitute an unitary
representation of Z3. All these representations are of the form λz = ze with
some e ∈ Z3. This can be shown easily. Because Π̂(z) is unitary, we have
|λz| = 1 which implies λz = eiϕz with ϕz ∈ R. Furthermore, we write

1 = λz3 = λ3
z = e3iϕz

for all z ∈ Z3. This implies 3ϕz = 2π ·mz with mz ∈ Z and, equivalently,

ϕz =
2π

3
·mz .

Therefore, we conclude λz ∈ Z3. Obviously any element z ∈ Z3 can be written
as z = ue with some e ∈ Z3 and u = exp( 2π

3 i). Hence, λu = z = ue. Now, for
any element w ∈ Z3, we have w = ukw , kw ∈ Z3 and, consequently,

λw = λukw = λkw
u = (ue)kw = (ukw)e = we .

Every irreducible representationH′ of Π̂(z) is classified by some e ∈ Z3. This
implies the notion of center charges and center-electric fluxes because the
irreducible representations of Q̂z

i and Êz
⟨i,j⟩ are classified by values qi ∈ Z3

and e⟨i,j⟩ ∈ Z3. For example, if we consider an irreducible representation
H′ ⊆ Hphys of Q̂z

i with center charge qi, we have

Q̂z
i |ψ⟩ = zqi |ψ⟩

for all |ψ⟩ ∈ H′ and z ∈ Z3. In this sense, we say that the state |ψ⟩ has a
well-defined center charge qi or analogously a well-defined center-electric flux
e⟨i,j⟩ for irreducible representations of Êz

⟨i,j⟩.
Sectors of well-defined center charge qi and center flux e⟨i,j⟩ are defined as

Hq
i = span

{
|ψ⟩ ∈ Hphys | Q̂z

i |ψ⟩ = zq |ψ⟩ for all z ∈ Z3

}
,

He
⟨i,j⟩ = span

{
|ψ⟩ ∈ Hphys | Êz

⟨i,j⟩ |ψ⟩ = ze |ψ⟩ for all z ∈ Z3

}
.

Because Q̂z
i and Êz

⟨i,j⟩ are continuous, we can apply the same argument as for
Hphys which gives

Hq
i =

{
|ψ⟩ ∈ Hphys | Q̂z

i |ψ⟩ = zq |ψ⟩ for all z ∈ Z3

}
,

He
⟨i,j⟩ =

{
|ψ⟩ ∈ Hphys | Êz

⟨i,j⟩ |ψ⟩ = ze |ψ⟩ for all z ∈ Z3

}
.

The precise formulation of the Peter-Weyl Theorem describes the decompo-
sition into sectors each of which is the closure of a direct sum of equivalent
irreducible unitary representations. Therefore, we can always decompose
Hphys into

Hphys =
2⊕

q=0
Hq

i and Hphys =
2⊕

e=0
He
⟨i,j⟩
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3.1. Quantum-mechanical description

for every site i and link ⟨i, j⟩. By virtue of the same theorem, we can project
onto a sector Hq

i or He
⟨i,j⟩ by taking the discrete Fourier transform over the

center Z3:

P̂i(q) =
1
3 ∑

z∈Z3

z−qQ̂z
i and P̂⟨i,j⟩(e) =

1
3 ∑

z∈Z3

z−eÊz
⟨i,j⟩ (3.16)

defined on Hphys. We can also check explicitly that these operators give the
desired projection operators. Consider |ψ⟩ ∈ Hphys. We have

Q̂u
i P̂i(q) |ψ⟩ =

1
3 ∑

z∈Z3

z−qQ̂uz
i |ψ⟩ =

1
3 ∑

z∈Z3

(u−1z)−qQ̂z
i |ψ⟩ = uq P̂i(q) |ψ⟩

and

P̂2
i (q) =

1
9 ∑

z∈Z3

∑
w∈Z3

(zw)−qQ̂wz
i =

1
9

[
∑

z∈Z3

1

]
∑

w∈Z3

w−qQ̂w
i = P̂i(q) .

Obviously, the same argument applies to P̂⟨i,j⟩(e).
For the purpose of the Z3-Gauss law, we like to decompose the physical-

state space into sectors H{q,e}, where every |ψ⟩ ∈ H{q,e} has a well-defined
center charge and center-electric flux for all sites and links. This is possible
because all operators Q̂z

i and Êz
⟨i,j⟩ commute pairwise with each other and

can be diagonalized simultaneously. We can define the unitary representation
Π̂({z}) of (Z3)

4Ns with {z} = (. . . , zi, . . . , z⟨i,i+k̂⟩, . . .):

Π̂ : (Z3)
4Ns −→ GL(Hphys)

(. . . , zi, . . . , z⟨i,i+k̂⟩, . . .) 7−→ . . . · Q̂zi
i · . . . · Êz⟨i,i+k̂⟩

⟨i,i+k̂⟩ · . . .
.

The group (Z3)
4Ns is Abelian, therefore, the irreducible representationsH′ ⊆

Hphys are again one-dimensional, and the eigenvalues λ({z}) constitute a
unitary representation of (Z3)

4Ns . Now, we notice that

Q̂zi
i = Π̂(1, . . . , 1, zi, 1, . . . , 1) ,

Ê
z⟨i,i+k̂⟩
⟨i,j⟩ = Π̂(1, . . . , 1, z⟨i,i+k̂⟩, 1, . . . , 1) .

Consequently, the vector |ψ⟩ ∈ H′ is also an irreducible representation of all
operators Q̂z

i and Êz
⟨i,j⟩. We have

Π̂({z}) |ψ⟩ = λ({z}) |ψ⟩ = . . . · Q̂zi
i · . . . · Êz⟨i,i+k̂⟩

⟨i,i+k̂⟩ · . . . |ψ⟩

= . . . zqi
i . . . z

e⟨i,i+k̂⟩
⟨i,i+k̂⟩ . . . |ψ⟩

which implies

λ({z}) = . . . zqi
i . . . z

e⟨i,i+k̂⟩
⟨i,i+k̂⟩ . . . .

Therefore, irreducible unitary representations of Π̂({z}) are classified by a set
{q, e} of center charges qi ∈ {q, e} and center-electric fluxes e⟨i,i+k̂⟩ ∈ {q, e}.
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Chapter 3. Transfer-matrix formulation

x y U⟨x,y⟩

(ξ̂σ
q)

†
i

(ξ̂γ
q )

†
j

x y e⟨x,y⟩ = 1

qi = 1

qj = 2

self-intersecting path

Figure 3.2: Illustration of a mesonic state (3.8). On the left, the creation opera-
tors and the path of gauge variables are shown. The product of gauge variables
from left to right is taken in direction of the arrows. The path is self-intersecting.
The state has well-defined center charge and center-electric fluxes at every site
and link. The figure on the right shows the flux-tube configuration {q, e} of the
state.

This means that the Peter-Weyl Theorem yields the decomposition of Hphys

into sectorsH{q,e} of irreducible representations of Π̂({z}):

Hphys =
⊕

{q,e}
H{q,e} ,

where the sum is taken over all possible irreducible unitary representations
{q, e}.

Consider |ψ⟩ ∈ H{q,e} ⊆ Hphys. Equation (3.15) implies

zqi ∏
j∼i

ze⟨i,j⟩ |ψ⟩ = zqi+∑j∼i e⟨i,j⟩ |ψ⟩ = |ψ⟩ .

This equation can only be fulfilled if |ψ⟩ = 0 or

qi + ∑
j∼i

e⟨i,j⟩ = 0 mod 3 . (3.17)

Hence, either H{q,e} = {0} or {q, e} must fulfill Equation (3.17). The decom-
position ofHphys can be restricted to the physical configurations {q, e} which
obey the local Z3-Gauss law (3.17):

Hphys =
⊕

{q,e}phys

H{q,e} . (3.18)

The physical configurations {q, e} are named flux-tube configurations.
In summary, we have derived a decomposition of the physical-state space

Hphys into sectors H{q,e} of flux-tube configurations {q, e} with an Abelian
concept of center charges and center-electric fluxes fulfilling a local Z3-Gauss
law. Quarks and antiquarks are sources of center charge and the gauge vari-
ables are sources of center-electric flux. The mesonic state (3.8) can be used as
an illustrative example. In Figure 3.2, we show an illustration of a mesonic
state |ψ⟩ with a self-intersecting path of gauge variables. The quark at the
site i gives Q̂z

i |ψ⟩ = z |ψ⟩ which corresponds to a center charge qi = 1. The
antiquark gives Q̂z

j |ψ⟩ = z† |ψ⟩ which corresponds to a center charge qj = 2.
Each of the gauge variables U⟨x,y⟩ along the product U⟨i,i1⟩ . . . U⟨in ,j⟩ defines
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3.2. Symmetric transfer operator

a center-electric flux e⟨x,y⟩ = 2 because Êz
⟨x,y⟩ |ψ⟩ = z† |ψ⟩. However, the link

⟨x, y⟩ at which the path self-intersects yields the occurrence of the gauge vari-
ables U⟨x,y⟩ and U⟨y,x⟩ in the product. At this link, the center-electric flux must
vanish because the link U⟨x,y⟩ gives the factor z† and U⟨y,x⟩ gives the factor z
upon application of Êz

⟨x,y⟩. All other sites and links do not occur in |ψ⟩ and,
consequently, their center charges and center-electric fluxes are zero. The vector
|ψ⟩ has well-defined center values at all sites and links and is part of a sector
H{q,e}. The second figure of 3.2 shows the non-trivial values of the flux-tube
configuration {q, e} for |ψ⟩, and the reader might verify easily the validity of
the Z3-Gauss law.

3.2 Symmetric transfer operator

With the quantum-mechanical framework at hand, we can now define the
transfer operators. Lüscher’s transfer operator ([83]) is presented first. It
serves to set up all neccessary notations and definitions and to show the
principal procedure of deriving the path integral. Afterwards, we consider
the asymmetric transfer operator in the next section. For now, we assume the
spatial lattice spacing a and the spacing a4 in Euclidean time to be one. In
general, the transfer operator T̂ is written as the integral over some integral
kernel K(U, U′):

T̂( f (U)⊗ |ψF⟩) =
∫
DU′ K(U, U′)( f (U′)⊗ |ψF⟩)

with f (U) ∈ HG and |ψF⟩ ∈ HF. The integral kernel can be interpreted to act
as

K(U, U′)( f (U′)⊗ |ψF⟩)

= ∑
m,n

∑
α1,...,αm
β1,...,βn

(
Kβ1,...,βn

α1,...,αm(U, U′) f (U′)
)
⊗
(

ξ̂†
α1

. . . ξ̂†
αm ξ̂β1 . . . ξ̂βn |ψF⟩

)
.

(3.19)

In the derivation of the path integral, the kernel K(U, U′) connects a Euclidean
time layer U = Uτ with a subsequent layer U′ = Uτ+1.

Notations and Definitions

Now, for the construction of the transfer operator, certain preliminary remarks
and definitions are in order. We use Euclidean gamma matrices with the
convention of [83]:

γk =

(
0 iσk
−iσk 0

)
and γ4 =

(
12 0
0 −12

)
,
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Chapter 3. Transfer-matrix formulation

where σk are the Pauli-spin matrices. Furthermore, we define the matrices B(U)
and c(U) as

Biaγ,jbγ′ =
1

2κ
δijδabδγγ′ −

1
2

δγγ′ ∑
k

[
(U⟨i,i+k̂⟩)abδi+k̂,j + (U⟨j+k̂,j⟩)abδj+k̂,i

]
,

ciaγ,jbγ′ =
1
2 ∑

k

[
(U⟨i,i+k̂⟩)ab(iσk)γγ′δi+k̂,j − (U⟨j+k̂,j⟩)ab(iσk)γγ′δj+k̂,i

]

and

C(U) =

(
0 c(U)

−c(U) 0

)
.

Note that the matrix c(U) and B(U) are defined as in [83], but B(U) differs by
a factor with respect to the matrix stated in [83]. This rescaling is convenient
for the construction of the asymmetric transfer operator later on.

The indices i and j denote sites, a, b ∈ {1, 2, 3} are color indices, and γ, γ′ ∈
{↑, ↓} are spin indices. The hopping parameter is restricted to κ ∈

(
0, 1

6
)

which
guarantees B(U) to be strictly positive for all gauge configurations U [83].
Strict positivity is important because it ensures the existence of ln B(U) and
B

1
2 (U); both of which are used in the formulation of the transfer operator. To

show that B(U) is indeed Hermitian, we write

(B†)iaγ,jbγ′ = B∗jbγ′ ,iaγ

=
1

2κ
δijδabδγγ′ −

1
2

δγγ′ ∑
k

[(
(U⟨j,j+k̂⟩)ba

)∗
δj+k̂,i +

(
(U⟨i+k̂,i⟩)ba

)∗
δi+k̂,j

]

=
1

2κ
δijδabδγγ′ −

1
2

δγγ′ ∑
k

[
(U†
⟨j,j+k̂⟩)abδj+k̂,i + (U†

⟨i+k̂,i⟩)abδi+k̂,j

]

= Biaγ,jbγ′ ,

where we used U⟨i,j⟩ = U†
⟨j,i⟩ in the last step. Note that c(U) is also Hermitian

via the same line of argument because the Pauli-spin matrices σk are Hermitian.
Strict positivity of B(U) is shown with a modification of the proof for the

Geršgorin-Circle Theorem [100, 101]. Because B(U) is Hermitian, it can be
diagonalized with real eigenvalues. We can think of B(U) as a matrix with site
and spin indices whose components Biγ,jγ′(U) are (3× 3)-matrices. Consider
an eigenvalue λ and a corresponding eigenvector u = (. . . , ujγ′ , . . .) with
ujγ′ ∈ R3. There exists a site i and spin index γ such that ||uiγ||2 is maximal
among all sub-vectors ujγ′ of u. We define the rescaled vector v = ||uiγ||−1

2 u
such that ||viγ||2 = 1, and ||vjγ′ ||2 ≤ 1. We have

(Bv)iγ =
1

2κ
viγ −

1
2 ∑

j,k

[
δi+k̂,jU⟨i,i+k̂⟩vjγ + δj+k̂,iU⟨j+k̂,j⟩vjγ

]
= λviγ .

Therefore, we get

2
(

λ− 1
2κ

)
viγ = −∑

j,k

[
δi+k̂,jU⟨i,i+k̂⟩vjγ + δj+k̂,iU⟨j+k̂,j⟩vjγ

]
.
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3.2. Symmetric transfer operator

Taking the norm on both sides yields

2
∣∣∣∣λ−

1
2κ

∣∣∣∣ =
∣∣∣∣∣

∣∣∣∣∣∑j,k

[
δi+k̂,jU⟨i,i+k̂⟩vjγ + δj+k̂,iU⟨j+k̂,j⟩vjγ

]∣∣∣∣∣

∣∣∣∣∣
2

≤∑
j,k

[
δi+k̂,j ||U⟨i,i+k̂⟩vjγ||2

︸ ︷︷ ︸
=||vjγ ||2≤1

+δj+k̂,i||U⟨j+k̂,j⟩vjγ||2
]

≤∑
j,k

[
δi+k̂,j + δj+k̂,i

]
= 6 .

As a consequence, the eigenvalues must obey |λ− (2κ)−1| ≤ 3. The eigenval-
ues lie in the interval λ ∈ [(2κ)−1 − 3, (2κ)−1 + 3]. For κ > 0 and κ < 1/6, we
notice that the interval only contains strictly positive numbers.

To make the coming calculations more comprehensible, we introduce a
matrix notation. We suppress the indices of creation and annihilation operators
and think of them being ordered in a vector, e.g. we write

ξ̂q =




...
(ξ̂σ

q)i,a
...


 .

Matrices M will have indices Miaγ,jbγ′ as it is the case for B(U) and c(U). Hence,
we can write matrix-vector products like Mξ̂q. For vector-matrix products as
ξ̂qM, we implicitly assume that the vector on the left is written as a row vector
ξ̂q = (. . . , (ξ̂σ

q)i,a, . . .). Gauge transformations Ω assign to each site i an element
Ωi ∈ SU(3). We can also think of them as matrices

Ωiaγ,jbγ′ = δijδγγ′(Ωi)ab .

Furthermore, we use the short-hand notation Ω†UΩ to denote the gauge
transformation of a gauge configuration:

Ω†UΩ = {. . . , Ω†
i U⟨i,i+k̂⟩Ωi+k̂, . . .} .

The matrices B and c have the following obvious transformation properties:

c(Ω†UΩ) = Ω†c(U)Ω , (3.20)

B(Ω†UΩ) = Ω†B(U)Ω . (3.21)

Because a gauge transformation Ω is a unitary matrix, we can write

ln
(
eΩ†(ln B(U))Ω) = ln

(
Ω†eln B(U)Ω

)
= ln

(
Ω†B(U)Ω

)

which implies
ln B(Ω†UΩ) = Ω†(ln B(U))Ω . (3.22)

The same property holds for B
1
2 (U) because B

1
2 (U) = exp

(
1
2 ln B(U)

)
.
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Chapter 3. Transfer-matrix formulation

The derivation of the path integral requires the use of fermionic coherent
states. We define the Grassmann generators

(ξσ
q)i,a, (ξσ

q)i,a and (ξ
σ
q)i,a, (ξ

σ
q)i,a .

The Grassmann generators are assumed to commute with all creation and
annihilation operators. As usual, the fermionic coherent states are defined as

|ξq, ξq⟩ = exp

(
∑
i,a,σ

[
(ξσ

q)i,a(ξ̂
σ
q)

†
i,a + (ξσ

q)i,a(ξ̂
σ
q)

†
i,a

])
|0⟩ , (3.23)

⟨ξq, ξq| = ⟨0| exp

(
∑
i,a,σ

[
(ξ

σ
q)i,a(ξ̂

σ
q)i,a + (ξ

σ
q)i,a(ξ̂

σ
q)i,a

])
(3.24)

onHF. This implies

(ξ̂σ
q)i,a |ξq, ξq⟩ = (ξσ

q)i,a |ξq, ξq⟩ , (ξ̂σ
q)i,a |ξq, ξq⟩ = (ξσ

q)i,a |ξq, ξq⟩

and

⟨ξq, ξq| (ξ̂σ
q)

†
i,a = ⟨ξq, ξq| (ξσ

q)i,a, ⟨ξq, ξq| (ξ̂σ
q)

†
i,a = ⟨ξq, ξq| (ξσ

q)i,a .

An important relation, which we are going to use later, is

⟨ξq, ξq| eβµN̂ = ⟨eβµξq, e−βµξq| . (3.25)

To prove this identity, the coherent state is expanded:

⟨ξq, ξq| = ⟨0|
∞

∑
k=0

1
k! ∑

α1,...,αk

ξ̂α1 . . . ξ̂αk ξα1
. . . ξαk

,

where we summarize all indices of the annihilation operators into a common
index αi. Therefore, we have

⟨ξq, ξq| eβµN̂ = ⟨0|
∞

∑
k=0

1
k! ∑

α1,...,αk

ξ̂α1 . . . ξ̂αk ξα1
. . . ξαk

eβµ(nq−nq) .

The particle operator N̂ just counts the total number of annihilation operators of
quarks (nq) and antiquarks (nq). Hence, we can factorize eβµnq and e−βµnq into
factors eβµ and e−βµ and reorder them in front of the corresponding Grassmann
generators:

(ξ
σ
q)i,a −→ eβµ(ξ

σ
q)i,a and (ξ

σ
q)i,a −→ e−βµ(ξ

σ
q)i,a .

Undoing the expansion then gives Equation (3.25). Also, we require the trans-
formation law of coherent fermionic states under spatial gauge transformations:

ϱ̂(Ω) |ξq, ξq⟩ = |Ωξq, ξqΩ†⟩ . (3.26)

This identity can be proven by expanding Equation (3.23) and following the
proof of Equation (3.25).
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3.2. Symmetric transfer operator

The Grassmann generators fulfill the usual identities

1 =
∫
DξDξ e−ξqξq−ξqξq |ξq, ξq⟩ ⟨ξq, ξq| , (3.27)

tr(Â) =
∫
DξDξ e−ξqξq−ξqξq ⟨ξq, ξq| Â |−ξq,−ξq⟩ (3.28)

and

⟨ξq, ξq| e∑αβ ξ̂†
α Aαβ ξ̂β |ηq, ηq⟩ = exp

(
∑
αβ

ξα

(
eA)

αβ
ηβ

)
, (3.29)

⟨ξq, ξq| e∑αβ ξ̂†
α Aαβ ξ̂β e∑αβ ξ̂†

αBαβ ξ̂β |ηq, ηq⟩ = exp
(

∑
αβ

ξα

(
eAeB)

αβ
ηβ

)
. (3.30)

onHF; the indices α and β summarize again all indices of creation and annihi-
lation operators, ηq and ηq are different sets of Grassmann generators, and the
matrix A and B are complex-valued.

Transfer operator

The integral kernel of Lüscher’s transfer operator is defined as ([83])

K(U, U′) = T†
F (U)T

1
2

G (U)S(U, U′)T
1
2

G(U′)TF(U′)

with

TF(U) = (2κ)6Ns
√

det B(U)

× exp
(
− ξ̂†

q

[
1
2

ln B(U)

]
ξ̂q + ξ̂q

[
1
2

ln B(U)

]
ξ̂†

q

)

× exp
(

ξ̂qB−
1
2 (U)c(U)B−

1
2 (U)ξ̂q

)
,

TG(U) = exp

(
2
g2

0
∑

i,k<m
ReTr

(
U∂pi,km

))
,

S(U, U′) = exp

(
2
g2

0
∑
i,k

ReTr
(

U⟨i,i+k̂⟩U
′
⟨i+k̂,i⟩

))
.

The operators TG(U) and S(U, U′) describe the pure gauge part and yield the
Wilson plaquette action later on. In particular, TG(U) describes plaquettes on
spatial planes, and S(U, U′) describes timelike plaquettes but with the timelike
gauge variables set to one. The form of the integral kernel is the apparent reason
why the transfer operator of Lüscher is named the symmetric transfer operator.
The operators TG(U) and TF(U) appear for the gauge configurations U and
U′. The factors are symmetrically arranged around the timelike plaquette part
S(U, U′). This arrangement guarantees T̂ to be a Hermitian operator. The
transfer operator can be written as

T̂ = T̂†
F · T̂†

G · Ŝ · T̂G · T̂F ,
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Chapter 3. Transfer-matrix formulation

where T̂F and T̂G act by simply applying TF(U) and T
1
2

G(U), whereas the opera-
tor Ŝ acts as

(Ŝ f )(U) =
∫
DU′S(U, U′) f (U′) .

The operator Ŝ is Hermitian because

〈
Ŝg, f

〉
=
∫
DUDU′

=S(U′ ,U)︷ ︸︸ ︷
S∗(U, U′) g∗(U′) f (U)

=
∫
DU′DU g∗(U′)S(U′, U) f (U)

=
〈

g, Ŝ f
〉

onHG. Therefore, T̂ remains invariant under Hermitian conjugation. Bound-
ness and positivity are shown in [83]; there is no need for us to recap the proofs
here.

More importantly, T̂ is spatially gauge-invariant which, as we remember
from above, ensures the thermodynamic ensemble to describe a system of
physical states only. The operators TG(U) and TF(U) transform as

ϱ̂(Ω)TG(U)ϱ̂†(Ω) = TG(Ω†UΩ) = TG(U)

and

ϱ̂(Ω)TF(U)ϱ̂†(Ω) = (2κ)6Ns

√
det B(Ω†UΩ)

× exp
(
− ξ̂†

qΩ
[

1
2

ln B(Ω†UΩ)

]
Ω† ξ̂q + ξ̂qΩ

[
1
2

ln B(Ω†UΩ)

]
Ω† ξ̂†

q

)

× exp
(

ξ̂qΩB−
1
2 (Ω†UΩ)c(Ω†UΩ)B−

1
2 (Ω†UΩ)Ω† ξ̂q

)
.

(3.31)

Because of Equation (3.20), (3.21) and (3.22), all gauge transformations of U
can be extracted from the arguments such that they are then compensated by
the gauge transformations of the quarks and antiquarks, and, also,

det B(Ω†UΩ) = det(Ω)det(B(U))det(Ω†) = det B(U) .

Therefore, TF(U) is gauge-invariant. To see the gauge invariance of Ŝ, we note

(ϱ̂(Ω)Ŝϱ̂†(Ω) f )(U) = (ϱ̂(Ω)Ŝ f )(ΩUΩ†)

=
∫
DU′ S(Ω†UΩ, U′) f (ΩU′Ω†)

=
∫
DU′ S(Ω†UΩ, Ω†U′Ω)︸ ︷︷ ︸

=S(U,U′)

f (U′)

= (Ŝ f )(U) .
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3.2. Symmetric transfer operator

Partition function and path integral

The partition function discretized in Euclidean time with all lattice spacings
set to one is given by the trace

Z = tr
(

eβµN̂ T̂N4 P̂0

)
, (3.32)

where N4 is the number of Euclidean time slices. The derivation of the path
integral follows the usual line of argument [48, 83–86]. We insert Equation (3.27)
between each product of transfer operators T̂ and take the trace appropriately.
In general, the trace can be computed by considering the trace over HF and
HG separately. For an operator

K̂( f (U)⊗ |ψF⟩) =
∫
DU′ K(U, U′)( f (U′)⊗ |ψF⟩) ,

we can use Equation (3.19) and write

tr K̂ = ∑
m,n

∑
α1,...,αm
β1,...,βn

( ∫
DU Kβ1,...,βn

α1,...,αm(U, U)

)

×
∫
DξDξ e−ξqξq−ξqξq ⟨ξq, ξq| ξ̂†

α1
. . . ξ̂βn |−ξq,−ξq⟩

.

We have used the fact that the trace of an operator

(Ĝ f )(U) =
∫
DU′ G(U, U′) f (U′)

on HG can be written as
∫
DU G(U, U) under certain prerequisites, see for

example [102] and the references therein. The trace over the fermionic part was
replaced with Equation (3.28). If we undo the expansion, we get

tr K̂ =
∫
DU

∫
DξDξ e−ξqξq−ξqξq ⟨ξq, ξq|K(U, U) |−ξq,−ξq⟩ . (3.33)

As usual, the traces introduce the anti-periodic boundary conditions for the
fermionic fields and the periodic boundary conditions for the gauge variables.

Now, we just need to insert Equation (3.27) between the product of transfer
operators T̂:

Z = tr
(

eβµN̂ P̂0T̂
N4−1

∏
τ=1

[(
1G ⊗

∫
DξDξ e−ξξ |ξq, ξq⟩ ⟨ξq, ξq|

)

τ

T̂
])

, (3.34)

where the product is written from left to right with increasing τ and the
subscript τ defines all Grassmann generators to possess this time index. Before
we can continue with the derivation, we need to find an expression for P̂0T̂:

P̂0T̂( f (U)⊗ |ψF⟩) =
∫
DΩ

∫
DU′ K(U, U′, Ω)( f (U′)⊗ ϱ̂(Ω) |ψF⟩) (3.35)
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Chapter 3. Transfer-matrix formulation

Here, Equation (3.7) is used to replace P̂0, and the integral kernel K(U, U′, Ω)
is given by K(U, U′) of T̂, but the gauge configuration U and all creation and
annihilation operators are gauge-transformed:

K(U, U′, Ω) = T†
F (U)T

1
2

G (U)S(Ω†UΩ, U′)T
1
2

G(U′)TF(U′, Ω)

and

TF(U′, Ω) = (2κ)6Ns
√

det B(U′)

× exp
(
− ξ̂†

qΩ
[

1
2

ln B(U′)
]

Ω† ξ̂q + ξ̂qΩ
[

1
2

ln B(U′)
]

Ω† ξ̂†
q

)

× exp
(

ξ̂qΩB−
1
2 (U′)c(U′)B−

1
2 (U′)Ω† ξ̂q

)
.

Equation (3.25), (3.26), (3.33), (3.34) and (3.35) yield

Z =
∫
DUDΩDξDξ e−ξξ ⟨eβµξ

(0)
q , e−βµξ

(0)
q |K(U0, U1, Ω) |Ωξ

(1)
q , ξ

(1)
q Ω†⟩

×
N4−1

∏
τ=1
⟨ξ(τ)q , ξ

(τ)
q |K(Uτ , Uτ+1) |ξ(τ+1)

q , ξ
(τ+1)
q ⟩

(3.36)

with the Euclidean time τ ∈ {0, . . . , N4 − 1}, the gauge configuration Uτ of
the τ-th layer of time, UN4 = U0 and ξ(N4) = −ξ(0). Equation (3.36) applies
not only to the symmetric transfer operator but to all operators which can be
written with a suitable integral kernel. Hence, we are going to use this equation
again for the asymmetric transfer operator.

The next step of the derivation is the evaluation of the matrix elements in
Equation (3.36). The computation makes use of Equation (3.29) and (3.30). This
requires the exponents to be normal-ordered in TF(U). To this end, we use the
anti-commutation relations such that

exp
(

ξ̂q

[
1
2

ln B(U)

]
ξ̂†

q

)
= exp

(
1
2

tr ln B(U)− ξ̂†
q

[
1
2

ln B(U)

]T

ξ̂q

)
(3.37)

=
√

det B(U) exp
(
− ξ̂†

q

[
1
2

ln B(U)

]T

ξ̂q

)
(3.38)

and, therefore,

TF(U) = (2κ)6Ns det B(U)

× exp
(
− ξ̂†

q

[
1
2

ln B(U)

]
ξ̂q − ξ̂†

q

[
1
2

ln B(U)

]T

ξ̂q

)

× exp
(

ξ̂qB−
1
2 (U)c(U)B−

1
2 (U)ξ̂q

)
.
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3.2. Symmetric transfer operator

Now, we can just make use of the properties of coherent states and employ
Equation (3.29) and (3.30). The matrix elements, then, read

⟨ξ(τ)q , ξ
(τ)
q |K(Uτ , Uτ+1) |ξ(τ+1)

q , ξ
(τ+1)
q ⟩

= (2κ)12Ns det(B(Uτ))det(B(Uτ+1))T
1
2

G (Uτ)S(Uτ , Uτ+1)T
1
2

G(Uτ+1)

× exp
(

ξ
(τ)
q B−

1
2 (Uτ)c(Uτ)B−

1
2 (Uτ)ξ

(τ)
q

)

× exp
(

ξ
(τ+1)
q B−

1
2 (Uτ+1)c(Uτ+1)B−

1
2 (Uτ+1)ξ

(τ+1)
q

)

× exp
(

ξ
(τ)
q B−

1
2 (Uτ)B−

1
2 (Uτ+1)ξ

(τ+1)
q − ξ

(τ+1)
q B−

1
2 (Uτ+1)B−

1
2 (Uτ)ξ

(τ)
q

)

.

Analogously, the matrix element between the zeroth and first layer of time is

⟨eβµξ
(0)
q , e−βµξ

(0)
q |K(U0, U1, Ω) |Ωξ

(1)
q , ξ

(1)
q Ω†⟩

= (12κ)12Ns det(B(U0))det(B(U1))T
1
2

G (U0)S(Ω†U0Ω, U1)T
1
2

G (U1)

× exp
(

ξ
(0)
q B−

1
2 (U0)c(U0)B−

1
2 (U0)ξ

(0)
q

)

× exp
(

ξ
(1)
q B−

1
2 (U1)c(U1)B−

1
2 (U1)ξ

(1)
q

)

× exp
(

ξ
(0)
q B−

1
2 (U0)eβµΩB−

1
2 (U1)ξ

(1)
q

− ξ
(1)
q B−

1
2 (U1)e−βµΩ†B−

1
2 (U0)ξ

(0)
q

)

.

Consequently, Equation (3.36) reduces to

Z = (2κ)12Ns N4

∫
DUDΩDξDξ

[
N4−1

∏
τ=0

(det B(Uτ))
2

]
eSF(U,Ω,ξ,ξ)

× TG(U0)S(Ω†U0Ω, U1)

[
N4−1

∏
τ=1

TG(Uτ)S(Uτ , Uτ+1)

]
.

The fermionic action

SF(U,Ω, ξ, ξ) = −
N4−1

∑
τ=0

(
ξ
(τ)
q ξ

(τ)
q − ξ

(τ)
q ξ

(τ)
q

)

+
N4−1

∑
τ=0

(
ξ
(τ)
q B−

1
2 (Uτ)

[
δτ,0eβµΩ + (1− δτ,0)

]
B−

1
2 (Uτ+1)ξ

(τ+1)
q

− ξ
(τ+1)
q B−

1
2 (Uτ+1)

[
δτ,0e−βµΩ† + (1− δτ,0)

]
B−

1
2 (Uτ)ξ

(τ)
q

)

+
N4−1

∑
τ=0

ξ
(τ)
q B−

1
2 (Uτ)c(Uτ)B−

1
2 (Uτ)ξ

(τ)
q

+
N4−1

∑
τ=0

ξ
(τ+1)
q B−

1
2 (Uτ+1)c(Uτ+1)B−

1
2 (Uτ+1)ξ

(τ+1)
q
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Chapter 3. Transfer-matrix formulation

is just the summary of all bilinear Grassmann forms of the matrix elements.
However, this fermionic action is of preliminary nature and we still need to
switch to different variables such that we end with the standard Hasenfratz-
Karsch action of Equation (2.4). This is done with two subsequent transforma-
tions of the variables [83]. The first substitution is given by

ξ
(τ)
q → ξ

(τ)
q B

1
2 (Uτ), ξ

(τ)
q → B

1
2 (Uτ)ξ

(τ)
q ,

ξ
(τ)
q → B

1
2 (Uτ)ξ

(τ)
q , ξ

(τ)
q → ξ

(τ)
q B

1
2 (Uτ) .

This transformation removes the matrices B−
1
2 (Uτ) from the action and inserts

B(Uτ) into the equal-time part of the action:

SF(U,Ω, ξ, ξ) = +
N4−1

∑
τ=0

(
ξ
(τ)
q

[
δτ,0eβµΩ + (1− δτ,0)

]
ξ
(τ+1)
q

− ξ
(τ+1)
q

[
δτ,0e−βµΩ† + (1− δτ,0)

]
ξ
(τ)
q

)

−
N4−1

∑
τ=0

(
ξ
(τ)
q B(Uτ)ξ

(τ)
q − ξ

(τ)
q B(Uτ)ξ

(τ)
q

)

+
N4−1

∑
τ=0

ξ
(τ)
q c(Uτ)ξ

(τ)
q +

N4−1

∑
τ=0

ξ
(τ)
q c(Uτ)ξ

(τ)
q

.

Of course, we have to consider the determinant of the Jacobian matrix. Here,
we get the factor (det B(Uτ))−2 for every layer of Euclidean time; they are fully
compensated by the factors (det B(Uτ))2 in the partition function Z. To arrive
at the desired form of the action, we introduce the Dirac spinors

(ξ
↑
q)

(τ)
i,a −→ ψ

a1
(i,τ) , (ξ↑q)

(τ)
i,a −→ ψa1

(i,τ) ,

(ξ
↓
q)

(τ)
i,a −→ ψ

a2
(i,τ) , (ξ↓q)

(τ)
i,a −→ ψa2

(i,τ) ,

(ξ
↑
q)

(τ)
i,a −→ ψa3

(i,τ) , (ξ↑q)
(τ)
i,a −→ ψ

a3
(i,τ) ,

(ξ
↓
q)

(τ)
i,a −→ ψa4

(i,τ) , (ξ↓q)
(τ)
i,a −→ ψ

a4
(i,τ) .

This gives us

SF(U, Ω, ψ, ψ) = −
N4−1

∑
τ=0

(
ψ
(τ) 1

2
(1 + γ4)

[
δτ,0eβµΩ + (1− δτ,0)

]
ψ(τ+1)

− ψ
(τ+1) 1

2
(1− γ4)

[
δτ,0e−βµΩ† + (1− δτ,0)

]
ψ(τ)

)

−
N4−1

∑
τ=0

(
ψ
(τ) 1

2
(1 + γ4)B(Uτ)ψ

(τ) − ψ
(τ) 1

2
(1− γ4)B(Uτ)ψ

(τ)

)

+
N4−1

∑
τ=0

ψ
(τ) 1

2
(1 + γ4)C(Uτ)ψ

(τ) −
N4−1

∑
τ=0

ψ
(τ) 1

2
(1− γ4)C(Uτ)ψ

(τ)

.
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3.2. Symmetric transfer operator

We have just renamed the integration variables. Therefore, we have the replace-
ment rule

d(ξ
σ
q)

(τ)
i,a d(ξσ

q)
(τ)
i,a −→ dψaα

(i,τ)dψ
aα
(i,τ)

for the integration measure of antiquarks. However, we need to permute the
variables in order to bring the measure of the path integral into the canonical
form DψDψ. Transposing each pair gives a minus sign:

dψaα
(i,τ)dψ

aα
(i,τ) = −dψ

aα
(i,τ)dψaα

(i,τ)

But there are 6NsN4 pairs which have to be rearranged. Consequently, the
global sign is just one. The fermionic action can be condensed further:

SF(U,Ω, ψ, ψ) =
N4−1

∑
τ=0

ψ
(τ)

γ4
[
C(Uτ)− B(Uτ)

]
ψ(τ)

−
N4−1

∑
τ=0

(
ψ
(τ) 1

2
(1 + γ4)

[
δτ,0eβµΩ + (1− δτ,0)

]
ψ(τ+1)

− ψ
(τ+1) 1

2
(1− γ4)

[
δτ,0e−βµΩ† + (1− δτ,0)

]
ψ(τ)

)

. (3.39)

The difference between the matrices C(Uτ) and B(Uτ) is
[
C(Uτ)− B(Uτ)

]
iaα,jbβ

= − 1
2κ

δijδabδαβ +
1
2 ∑

k

[
(U⟨i,i+k̂⟩)ab(1 + γk)αβδi+k̂,j

+ (U⟨j+k̂,j⟩)ab(1− γk)αβδj+k̂,j

]
.

Inserting this into the action, applying the second substitution

ψ
(τ) −→ ψ

(τ)
(2κγ4)

and reordering the terms appropriately gives

SF(U, Ω, ψ, ψ) = −
N4−1

∑
τ=0

ψ
(τ)

ψ(τ)

+ κ
N4−1

∑
τ=0

(
ψ
(τ)

(1 + γ4)

[
δτ,0eβµΩ + (1− δτ,0)

]
ψ(τ+1)

+ ψ
(τ+1)

(1− γ4)

[
δτ,0e−βµΩ† + (1− δτ,0)

]
ψ(τ)

)

+ κ
N4−1

∑
τ=0

∑
i,k

(
ψ(i,τ)

(
U(τ)

⟨i,i+k̂⟩

)
(1 + γk)ψ(i+k̂,τ)

+ ψ(i+k̂,τ)

(
U(τ)

⟨i+k̂,i⟩

)
(1− γk)ψ(i,τ)

)

.

This is the Hasenfratz-Karsch action with the temporal direction gauge-fixed
maximally to unity if we identify U⟨(i,τ),(j,τ)⟩ = U(τ)

⟨i,j⟩ and U⟨(i,0),(i,1)⟩ = Ωi. The

49



Chapter 3. Transfer-matrix formulation

determinant of this substitution is (2κ)−12Ns N4 which is again fully compen-
sated by the prefactor in Z. Certainly, this form of the action still differs from
Equation (2.4) because the gamma matrices have a different sign convention.
However, the signs in front of the gamma matrices can always be flipped by
the unitary transformation

−γµ = Mγµ M† with M =

(
0 12
12 0

)
. (3.40)

Finally, we compute the pure gauge part by summarizing the exponents of
the transfer operators S and TF:

eSG(U,Ω) = TG(U0)S(Ω†U0Ω, U1)

[
N4−1

∏
τ=1

TG(Uτ)S(Uτ , Uτ+1)

]

with

SG(U, Ω) =
2
g2

0

N4−1

∑
τ=0

∑
i,k<m

ReTr
(

U(τ)
∂pi,km

)

+
2
g2

0

N4−1

∑
τ=0

∑
i,k

ReTr
([

δτ,0Ω†
i + (1− δτ,0)

]
U(τ)

⟨i,i+k̂⟩

×
[
δτ,0Ωi+k̂ + (1− δτ,0)

]
U(τ+1)
⟨i+k̂,i⟩

)

.

(3.41)

Obviously, this is the Wilson plaquette action with all temporal links gauge-
fixed maximally to unity if we again identify U⟨(i,0),(i,1)⟩ = Ωi.

In summary, we have shown that the partition function (3.32) of the transfer
operator T̂ gives the path integral of Lattice QCD.

Euclidean time continuum

Because we want to think of the path integral as the discretization of some
quantum-mechanical system, we have to show that there exists a gauge-
invariant Hamiltonian Ĥ such that

lim
N4→∞

(
T̂a4=β/N4

)N4
= e−βĤ .

To this end, we have to introduce the lattice spacings into the path integral and
the transfer operator T̂a4 : a4 is the spacing in the direction of time and a is the
spacing in a direction of space. The transfer operator T̂ is then just the special
case a4 = a = 1.

From the previous chapter, we know that the path integral with asymmetric
lattice spacings is given by Equation (2.3) and (2.4). The timelike plaquette part
is multiplied with the factor a/a4, the spatial plaquette part is multiplied with
the factor a4/a, the hopping parameter κ is replaced with s(a4, a) for timelike
hops in SF, and the hopping parameter κ is replaced with a4

a s(a4, a) for spatial
hops in SF. Remember that

s(a4, a) =
1

2a4(m + 3a−1) + 2
.
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3.2. Symmetric transfer operator

The transfer operator T̂a4 is defined by modifying T̂ in a suitable way. First, we
need to modify the matrix B(U):

Biaγ,jbγ′ =
a

2a4s(a4, a)
δijδabδγγ′

− 1
2

δγγ′ ∑
k

[
(U⟨i,i+k̂⟩)abδi+k̂,j + (U⟨j+k̂,j⟩)abδj+k̂,i

] . (3.42)

The prefactor of the diagonal part diverges for a4 → 0:

a
2a4s(a4, a)

= (m + 3a−1) +
1
a4
−→ ∞ .

Therefore, if a4 is sufficiently small, we can guarantee strict positivity of B(U)
because strict positivity is guaranteed for sufficiently large (2κ)−1 in the origi-
nal form of B(U). Furthermore, we have to modify the different components
of the transfer operator. TG(U) and S(U, U′) are modified in the obvious way
by inserting the factor a/a4 into the exponent of S(U, U′) and the factor a4/a
into the exponent of TG(U). In the fermionic operator TF(U), we replace all
matrices B(U) and c(U) with a4

a B(U) and a4
a c(U), and we replace the factor

(2κ)6Ns with (2s(a4, a))6Ns .
The modified transfer operator T̂a4 inserted into Equation (3.32) gives the

path integral of Lattice QCD with asymmetric lattice spacings a4 and a. This
can be verified easily by repeating the same derivation as above and using the
modified substitutions

ξ
(τ)
q → ξ

(τ)
q

[
a4

a
B(Uτ)

] 1
2

, ξ
(τ)
q →

[
a4

a
B(Uτ)

] 1
2

ξ
(τ)
q ,

ξ
(τ)
q →

[
a4

a
B(Uτ)

] 1
2

ξ
(τ)
q , ξ

(τ)
q → ξ

(τ)
q

[
a4

a
B(Uτ)

] 1
2

and
ψ
(τ) −→ ψ

(τ)
(2s(a4, a)γ4) .

To find the Hamiltonian Ĥ, we expand the transfer operator to linear order:

N (a4)T̂a4 = 1− a4Ĥ +O(a2
4) ,

whereN (a4) is an additional normalization constant discussed below. We then
hope Ĥ to be Hermitian, gauge-invariant and independent of a4 such that

lim
N4→∞

(
N (a4)T̂a4=β/N4

)N4
= lim

N4→∞

(
1− β

N4
Ĥ +O(a2

4)

)N4

= e−βĤ .

We decompose the transfer operator T̂a4 into the operators T̂F,a4 , T̂G,a4 and Ŝa4

and expand each operator separately:

N (a4)T̂a4 = T̂†
F,a4
· T̂†

G,a4
· (N (a4)Ŝa4) · T̂G,a4 · T̂F,a4

= . . . ·
(
1− a4ĥS +O(a2

4)
)(

1− a4ĥG +O(a2
4)
)(

1− a4ĥF +O(a2
4)
)

= 1− a4

(
ĥS + ĥG + ĥ†

G + ĥF + ĥ†
F

)
+O(a2

4) .
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Chapter 3. Transfer-matrix formulation

We start the derivation of Ĥ with the fermionic part ĥF. To this end, we first
define the matrix R(U) as the non-diagonal elements of B(U):

B(U) =
a

2a4s(a4, a)
1+ R(U) .

Furthermore, we have

s(a4, a) =
1
2
− m + 3a−1

2
a4 +O(a2

4) .

Now, we can compute various expansions which then are just inserted into
T̂F,a4 :

a4

a
B(U) =

1
2s(a4, a)

(
1+

2a4

a
s(a4, a)R(U)

)
, (3.43)

ln
(

a4

a
B(U)

)
= a4(m + 3a−1) +

a4

a
R(U) +O(a2

4) , (3.44)

(
a4

a
B(U)

)± 1
2

= exp
(
± 1

2
ln
(

a4

a
B(U)

))

= 1± a4(m + 3a−1)

2
± a4

2a
R(U) +O(a2

4)

(3.45)

and, with det(1 + εM) = 1 + ε tr M +O(ε2), we get
√

det
(

a4

a
B(U)

)
= (2s(a4, a))−3Ns det

([
1+

2a4

a
s(a4, a)R(U)

] 1
2
)

= (2s(a4, a))−3Ns det
[

exp
(

1
2

ln
(
1+

2a4

a
s(a4, a)R(U)

))]

= (2s(a4, a))−3Ns det
(
1+

a4

2a
R(U) +O(a2

4)

)

= (2s(a4, a))−3Ns

(
1 +

a4

2a
tr R(U) +O(a2

4)

)

= (2s(a4, a))−3Ns
(

1 +O(a2
4)
)

.

Next, we have
(

a4

a
B(U)

)− 1
2
(

a4

a
c(U)

)(
a4

a
B(U)

)− 1
2

=
a4

a
c(U) +O(a2

4) .

With these expansions, the different parts of the operator TF,a4(U) are linearized
as

exp
(
− ξ̂†

q

[
1
2

ln
(

a4

a
B(U)

)]
ξ̂q + ξ̂q

[
1
2

ln
(

a4

a
B(U)

)]
ξ̂†

q

)

= 1− a4

(
ξ̂†

q

[
(m + 3a−1)

2
+

1
2a

R(U)

]
ξ̂q

− ξ̂q

[
(m + 3a−1)

2
+

1
2a

R(U)

]
ξ̂†

q

)
+O(a2

4)
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and

exp
(

ξ̂q

( a4

a
B(U)

)− 1
2
( a4

a
c(U)

)( a4

a
B(U)

)− 1
2
ξ̂q

)

= ξ̂q

[
a4

a
c(U)

]
ξ̂q +O(a2

4) .

We also have to consider the prefactor of TF,a4(U):

(2s(a4, a))6Ns

√
det

(
a4

a
B(U)

)
= 1− a4(m + 3a−1) +O(a2

4) .

If we summarize all linear terms, we get

ĥF + ĥ†
F =2(m + 3a−1) + ξ̂†

q

[
(m + 3a−1) +

1
a

R(U)

]
ξ̂q

− ξ̂q

[
(m + 3a−1) +

1
a

R(U)

]
ξ̂†

q − ξ̂q

[
1
a

c(U)

]
ξ̂q − ξ̂†

q

[
1
a

c(U)

]
ξ̂†

q

.

We introduce the creation and annihilation operators

(χ̂i)1,a = (ξ̂↑q)i,a , (χ̂i)3,a = (ξ̂↑q)
†
i,a ,

(χ̂i)2,a = (ξ̂↓q)i,a , (χ̂i)4,a = (ξ̂↓q)
†
i,a ,

and the fermionic part of the Hamiltonian becomes

ĥF + ĥ†
F = χ̂†γ4

[
(m + 3a−1) +

1
a

R(U)

]
χ̂− χ̂†γ4

[
1
a

C(U)

]
χ̂ + 2(m + 3a−1)

= χ̂†γ4(m + 3a−1)χ̂ +
1
a

χ̂†γ4

[
R(U)− C(U)

]
χ̂ + 2(m + 3a−1) ,

where the matrix R(U) is embedded diagonally into the Dirac-spinor space.
The difference between the matrices is

(R(U)− C(U))iaα,jbβ =

− 1
2 ∑

k

[
(U⟨i,i+k̂⟩)ab(1 + γk)αβδi+k̂,j + (U⟨j+k̂,i⟩)ab(1− γk)αβδj+k̂,i

]

Therefore, the fermionic part finally reads

ĥF + ĥ†
F = 2(m + 3a−1) + χ̂†γ4(m + 3a−1)χ̂

− 1
2a ∑

i,k

[
χ̂†

i γ4(1 + γk)U⟨i,i+k̂⟩χ̂i+k̂ + χ̂†
i+k̂γ4(1− γk)U⟨i+k̂,i⟩χ̂i

]
.

(3.46)

But this is the Hamiltonian for Wilson fermions on the lattice up to an irrelevant
constant shift in energy [48]. The fermionic operator is obviously Hermitian
and gauge-invariant.
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Chapter 3. Transfer-matrix formulation

For the gauge part, we can just use the results of [77]. The operator T̂G,a4 of
spatial plaquettes yields

T
1
2

G,a4
(U) = exp

(
a4

a
1
g2

0
∑

i,k<m
ReTr

(
U∂pi,km

))

= 1− a4

(
− 1

ag2
0

∑
i,k<m

ReTr
(

U∂pi,km

))
+O(a2

4) .

Consequently, the part of the Hamiltonian which originates form the spatial
plaquettes is

ĥG + ĥ†
G = − 2

ag2
0

∑
i,k<m

ReTr
(

U∂pi,km

)
. (3.47)

Obviously, this part is again Hermitian and gauge-invariant. The time con-
tinuum of Ŝa4 is more involved compared to the other parts because it is a
convolution over gauge configurations:

Ŝa4 f = f (U) ∗ exp
(

2a
a4g2

0
∑
i,k

ReTr U⟨i,i+k̂⟩

)
.

To take the Euclidean time continuum, we have to multiply Ŝa4 with a suitable
normalization N (a4) such that the transfer operator now reads

N (a4)T̂a4 = T̂†
F,a4
· T̂†

G,a4
· (N (a4)Ŝa4) · T̂G,a4 · T̂F,a4 .

This normalization factor then appears in the partition function of the path inte-
gral when deriving it from Equation (3.2). We have neglected this factor in our
derivation of the path integral because it is inconsequential for any expectation
value. However, in the limit a4 → 0, it ensures that the convolution operator is
actually one in the zeroth order, compensating an otherwise divergent overall
constant [41, 77, 103]:

N (a4)Ŝa4 −→ 1− a4ĥS +O(a2
4) .

The limit is proven in [77] and is given by the Laplace-Beltrami operator:

ĥS = − g2
0

2a ∑
⟨i,i+k̂⟩

∑
k

(
Êk
⟨i,i+k̂⟩

)2
. (3.48)

The operators Êk
⟨i,j⟩ are defined as in Section 3.1.

In summary, we have seen that the symmetric transfer operator can indeed
be understood as the discretization of a Hamiltonian Ĥ in Euclidean time.

3.3 Asymmetric transfer operator

So far, we have used the well-known symmetric transfer operator to set
the mathematical stage for describing Lattice QCD as the consequence of a
quantum-mechanical system on the spatial lattice. Lüscher’s choice of T̂ is not
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3.3. Asymmetric transfer operator

only gauge-invariant, but it also has two additional properties; it is Hermitian
and strictly positive [83]. These properties allow to define a Hamiltonian Ĥa4

not only in the Euclidean time continuum a4 → 0 but at all spacings a4 > 0:

T̂a4 ∝ e−a4 Ĥa4 .

But this property is not a necessity. The only relevant properties are gauge
invariance, the existence of Ĥ in the Euclidean time continuum, and that T̂a4 is a
suitable discretization of the Boltzmann factor in the sense that Equation (3.32)
gives the path integral of Lattice QCD. These properties suffices to interpret
the Lattice QCD partition function as the result of some quantum-mechanical
system.

Why are we interested in an alternative formulation of T̂? Later on, we
would like to consider products of the form Êz

⟨i,j⟩T̂. Using Equation (3.14) and
(3.19), we get

Êz
⟨i,j⟩T̂( f (U)⊗ |ψF⟩) =

∫
DU′ K(Uz, U′)( f (U′)⊗ |ψF⟩)

with

Uz =

{
{. . . , z†U⟨i,i+k̂⟩, . . .}, ⟨i, j⟩ = ⟨i, i + k̂⟩
{. . . , zU⟨i,i+k̂⟩, . . .}, ⟨j, i⟩ = ⟨i, i + k̂⟩

. (3.49)

The center-electric flux operator twists the gauge variable U⟨i,j⟩ at the link ⟨i, j⟩
with the center value z†. If we choose the symmetric transfer operator, the
twist will influence the fermionic part because

K(Uz, U′) = TF(Uz)T
1
2

G (Uz)S(Uz, U′)T
1
2

G(U′)TF(U′) . (3.50)

The multiplication of gauge variables with center elements results in twists of
the plaquettes, i.e. we multiply certain plaquette variables with center values:
U∂pi,km

→ zU∂pi,km
. The form of the gauge action remains the same, however.

This cannot be expected from the fermionic part. Consider the expectation
value ⟨Êz

⟨i,j⟩⟩ as an example:

⟨Êz
⟨i,j⟩⟩ =

1
Z

tr
(

eβµN̂ Êz
⟨i,j⟩T̂

N4 P̂0

)
.

The path integral of the trace can be computed analogously to the path integral
of Z. The difference lies in the use of K(Uz

0 , U1) instead of K(U0, U1) between
the zeroth and first layer of Euclidean time. As described above, the gauge
action is simply modified by some suitable twists of plaquettes. The fermionic
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Chapter 3. Transfer-matrix formulation

action, however, now reads

SF(U, Ω, ξ, ξ) = −
N4−1

∑
τ=0

(
ξ
(τ)
q ξ

(τ)
q − ξ

(τ)
q ξ

(τ)
q

)

+
N4−1

∑
τ=0

(
ξ
(τ)
q

[
B−

1
2 (Uz

0)δτ,0eβµΩ + B−
1
2 (Uτ)(1− δτ,0)

]
B−

1
2 (Uτ+1)ξ

(τ+1)
q

− ξ
(τ+1)
q B−

1
2 (Uτ+1)

[
δτ,0e−βµΩ†B−

1
2 (Uz

0) + (1− δτ,0)B−
1
2 (Uτ)

]
ξ
(τ)
q

)

+
N4−1

∑
τ=0

ξ
(τ)
q

[
δτ,0B−

1
2 (Uz

0)c(U
z
0)B−

1
2 (Uz

0)

+ (1− δτ,0)B−
1
2 (Uτ)c(Uτ)B−

1
2 (Uτ)

]
ξ
(τ)
q

+
N4−1

∑
τ=0

ξ
(τ)
q B−

1
2 (Uτ)c(Uτ)B−

1
2 (Uτ)ξ

(τ)
q

.

Normally, the next step is to transform all Grassmann generators such that the
matrices B−

1
2 (Uτ) are removed from the action, and we only have the matrices

B(Uτ) in the equal-time layers. But we cannot achieve this here because both
matrices B−

1
2 (Uz

0) and B−
1
2 (U0) occur in the action. Trying to remove both

matrices with suitable substitutions will create products like B
1
2 (Uz

0)B
1
2 (U0).

The square roots of both matrices have different arguments and, therefore,
cannot be simplified to a matrix equal or similar to B(U), where some suitable
gauge configuration U has been chosen. Alternatively, one might try to extract
the center value z by means of Equation (3.21). This is not possible because
the non-trivial twist of one gauge variable does not represent a full gauge
transformation. Therefore, we are essentially stuck with the square root of the
matrix B. Of course, one can just accept this result and work with a fermionic
action where the matrices B

1
2 (U) occur. Though, the purpose of this section

is to show that there exists a transfer operator T̂ where the fermionic action
remains unchanged for expectation values like ⟨Êz

⟨i,j⟩⟩; we only have to twist
the timelike plaquettes of the gauge action.

Transfer operator

How do we construct such a transfer operator? A closer inspection of Equation
(3.50) reveals that we can reach our goal easily if we define a transfer operator
with an asymmetric integral kernel

K(U, U′) = S(U, U′)TG(U′)TF(U′) ,

where S(U, U′), TG(U′) and TF(U′) are chosen suitably. In this case, the center-
electric field operator Êz

⟨i,j⟩ only influences the timelike plaquettes in S(U, U′):

K(Uz, U′) = S(Uz, U′)TG(U′)TF(U′) . (3.51)
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3.3. Asymmetric transfer operator

We choose S(U, U′) and TG(U′) as in the case of Lüscher’s transfer operator.
The fermionic part is defined by

TF(U′) = (2κ)12Ns det(B(U′)) exp
(

ξ̂†
qc(U′)ξ̂†

q

)

× exp
(

ξ̂†
q ln(B(U′))ξ̂q − ξ̂q ln(B(U′))ξ̂†

q

)
exp

(
ξ̂qc(U′)ξ̂q

) .

This transfer operator is stated in [90]. Again, the transfer operator decomposes
into products of operators

T̂ = Ŝ · T̂G · T̂F ,

where Ŝ acts as in the case of the symmetric transfer operator, T̂G acts by
multiplying a wave function f (U) with TG(U), and T̂F acts by multiplying a
state f (U)⊗ |ψF⟩ with TF(U).

We already know from the previous section that Ŝ and T̂G are gauge-
invariant. The fermionic part T̂F is also gauge-invariant as it can be shown
analogously to Equation (3.31). Nonetheless, the asymmetric transfer operator
is not Hermitian because T̂† = T̂†

F · T̂G · Ŝ. The operators are not anymore
symmetrically arranged around Ŝ which was crucial in guaranteeing T̂ to
be Hermitian. Consequently, removing the influence of center-electric flux
operators from the fermionic part comes with the price of loosing hermitic-
ity. Non-Hermitian transfer operators have been considered for example in
[104]. Additionally, for lattice-gauge theories and in a different context, such
an asymmetric choice of a transfer operator is also discussed in [91].

We still need to establish the quantum-mechanical interpretation for the
asymmetric transfer operator, i.e. we need to show the equivalence between
Equation (3.32) and the path integral of Lattice QCD, and we have to establish
the existence of an Hermitian, gauge-invariant Hamiltonian Ĥ in the Euclidean
time continuum.

Partition function and path integral

We derive the path integral along the same line of arguments as in the previous
section. First, we bring the exponents of the fermionic part into normal order,
cf. Equation (3.38):

TF(U′) = (2κ)12Ns exp
(

ξ̂†
qc(U′)ξ̂†

q

)

× exp
(

ξ̂†
q

[
ln B(U′)

]
ξ̂q + ξ̂†

q

[
ln B(U′)

]T
ξ̂q

)
exp

(
ξ̂qc(U′)ξ̂q

) .

The next step is to establish

K(U, U′, Ω) = S(Ω†UΩ)TG(U′)TF(U′, Ω)

with

TF(U′, Ω) = (2κ)12Ns det(B(U′)) exp
(

ξ̂†
qΩc(U′)Ω† ξ̂†

q

)

× exp
(

ξ̂†
qΩ ln(B(U′))Ω† ξ̂q − ξ̂qΩ ln(B(U′))Ω† ξ̂†

q

)
exp

(
ξ̂qΩc(U′)Ω† ξ̂q

) .
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Remember that K(U, U′, Ω) is the integral kernel where the gauge configu-
ration U and the creation and annihilation operators are gauge-transformed
with Ω. We insert K(U, U′) and K(U, U′, Ω) into Equation (3.36) and use the
normal-ordered form of TF(U′) to get the path integral:

Z = (2κ)12Ns N4

∫
DUDΩDξDξ eSF(U,Ω,ξ,ξ)eSG(U,Ω) . (3.52)

The gauge action SG(U, Ω) is the same as in Equation (3.41). The fermionic
action is

SF(U,Ω, ξ, ξ) = −
N4−1

∑
τ=0

(
ξ
(τ)
q ξ

(τ)
q − ξ

(τ)
q ξ

(τ)
q

)
+

N4−1

∑
τ=0

ξ
(τ)
q c(Uτ)ξ

(τ)
q

+
N4−1

∑
i=0

ξ
(τ)
q

[
δτ,0Ω + (1− δτ,0)

]
c(Uτ+1)

[
δi,0Ω† + (1− δτ,0)

]
ξ
(τ)
q

+
N4−1

∑
τ=0

(
ξ
(τ)
q

[
δτ,0eβµΩ + (1− δτ,0)

]
B(Uτ+1)ξ

(τ+1)
q

− ξ
(τ+1)
q B(Uτ+1)

[
δτ,0e−βµΩ† + (1− δτ,0)

]
ξ
(τ)
q

)

.

Now, we apply the transformations

ξ
(τ)
q −→ ξ

(τ)
q

[
δτ,0e−βµΩ† + (1− δτ,0)

]
,

ξ
(τ)
q −→

[
δτ,0eβµΩ + (1− δτ,0)

]
ξ
(τ)
q

to the Grassmann generators. This gives

SF(U,Ω, ξ, ξ) = +
N4−1

∑
τ=0

ξ
(τ)
q c(Uτ+1)ξ

(τ)
q +

N4−1

∑
τ=0

ξ
(τ)
q c(Uτ)ξ

(τ)
q

+
N4−1

∑
τ=0

(
ξ
(τ)
q B(Uτ+1)ξ

(τ+1)
q − ξ

(τ+1)
q B(Uτ+1)ξ

(τ)
q

)

−
N4−1

∑
τ=0

(
ξ
(τ)
q

[
δτ,0e−βµΩ† + (1− δτ,0)

]
ξ
(τ)
q

− ξ
(τ)
q

[
δτ,0eβµΩ + (1− δτ,0)

]
ξ
(τ)
q

)

.

In the previous section, we have seen that the the matrices B(Uτ) and c(Uτ)
are combined to give the spatial hops of the τ-th time layer. However, the
fermionic action in its current form does not allow the same derivation because
the matrices B(Uτ+1) connect variables between the layers τ and τ + 1 and do
not lie on one layer of time only. Also, the bilinear forms eβµΩ and e−βµΩ† lie
on the zeroth layer of time, but they should actually form the timelike hops.
The equal-time (timelike) hops are what we want to be the (equal-time) timelike
hops; the roles are reversed. We can fix this rather easily by just shifting all
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3.3. Asymmetric transfer operator

Grassmann generators ξ
(τ)
q and ξ

(τ)
q one step into the positive time direction:

ξ
(τ)
q −→ ξ

(τ+1)
q , ξ

(N4−1)
q −→ −ξ

(0)
q ,

ξ
(τ)
q −→ ξ

(τ+1)
q , ξ

(N4−1)
q −→ −ξ

(0)
q

for τ < N4 − 1. This gives the action

SF(U,Ω, ξ, ξ) = +
N4−1

∑
τ=0

ξ
(τ)
q c(Uτ)ξ

(τ)
q +

N4−1

∑
τ=0

ξ
(τ)
q c(Uτ)ξ

(τ)
q

+
N4−1

∑
τ=0

(
ξ
(τ)
q B(Uτ)ξ

(τ)
q − ξ

(τ)
q B(Uτ)ξ

(τ)
q

)

−
N4−1

∑
τ=0

(
ξ
(τ+1)
q

[
δτ,0e−βµΩ† + (1− δτ,0)

]
ξ
(τ)
q

− ξ
(τ)
q

[
δτ,0eβµΩ + (1− δτ,0)

]
ξ
(τ+1)
q

)

.

The sign in the transition from N4 − 1 to 0 takes the anti-periodicity of the

Grassmann generators into account such that ξ
(N4) = −ξ

(0)
and ξ(N4) = −ξ(0)

still hold for the resulting action. The overall determinant of the transformation
is just one. To see this, we decompose the substitution into a permutation of
time layers and a change of sign for the generators of the zeroth layer. A per-
mutation of the Grassmann numbers can be written as a linear transformation
with a permutation matrix P. The determinant of P is either 1 or −1 depend-
ing on whether the permutation decomposes into an even or odd number of
transpositions. Here, the permutation decomposes into transpositions of time
layers, but each time layer involves an even number of generators. Therefore,
we have an even number of transpositions overall; the determinant of P is
one. The multiplication of the generators with minus one gives a Jacobian
whose determinant is one because we again have an even number of generators
involved.

By introducing the Dirac spinors as in the case of the symmetric transfer
operator, the action becomes

SF(U,Ω, ψ, ψ) = +
N4−1

∑
τ=0

ψ
(τ)

γ4

[
B(Uτ) + C(Uτ)

]
ψ(τ)

+
N4−1

∑
τ=0

(
ψ
(τ) 1

2
(1− γ4)

[
δτ,0eβµΩ + (1− δτ,0)

]
ψ(τ+1)

− ψ
(τ+1) 1

2
(1 + γ4)

[
δτ,0e−βµΩ† + (1− δτ,0)

]
ψ(τ)

)

.

Again, the matrices B(Uτ) and C(Uτ) are added to form the spatial hops in the
resulting action. However, contrary to the symmetric case, we do not take the
difference C(Uτ)− B(Uτ), but we take the sum C(Uτ) + B(Uτ). This results
mainly in a different sign for the gamma matrices. Summarizing everything
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and conducting the final substitution

ψ
(τ) −→ ψ

(τ)
(−2κγ4) ,

we end with the Hasenfratz-Karsch action (2.4) with all timelike links maxi-
mally gauge-fixed to unity if we identify U⟨(i,0),(i,1)⟩ = Ωi:

SF(U,Ω, ψ, ψ) = −
N4−1

∑
τ=0

ψ
(τ)

ψ(τ)

+ κ
N4−1

∑
τ=0

(
ψ
(τ)

(1− γ4)
[
δτ,0eβµΩ + (1− δτ,0)

]
ψ(τ+1)

+ ψ
(τ+1)

(1 + γ4)
[
δτ,0e−βµΩ† + (1− δτ,0)

]
ψ(τ)

)

+ κ
N4−1

∑
τ=0

∑
i,k

(
ψ
(τ)
i

(
U(τ)

⟨i,i+k̂⟩

)
(1− γk)ψ

(τ)

i+k̂

+ ψ
(τ)

i+k̂

(
U(τ)

⟨i+k̂,i⟩

)
(1 + γk)ψ

(τ)
i

)

.

Note that the prefactor (2κ)12Ns N4 in Equation (3.52) is compensated by the
determinant of the substitution.

Euclidean time continuum

Finally, it remains to show the existence of a Hamiltonian Ĥ in the Euclidean
time continuum. Again, we have to introduce the lattice spacings first. For
N (a4)Sa4(U, U′) and TG,a4(U

′), this is done completely analogous to the sym-
metric case. The spacings are introduced to the fermionic part in the following
way. The matrix B(U) is taken as in Equation (3.42), and we write

TF,a4(U
′) = (2s(a4, a))12Ns det

(
a4

a
B(U′)

)
exp

(
ξ̂†

q

[
a4

a
c(U′)

]
ξ̂†

q

)

× exp
(

ξ̂†
q ln

(
a4

a
B(U′)

)
ξ̂q − ξ̂q ln

(
a4

a
B(U′)

)
ξ̂†

q

)
exp

(
ξ̂q

[
a4

a
c(U′)

]
ξ̂q

) .

Obviously, the special case a4 = a = 1 gives the asymmetric transfer operator
T̂ from above, and deriving the path integral with lattice spacings introduced
gives the action (2.4) if we use the substitution

ψ
(τ) −→ ψ

(τ)
(−2s(a4, a)γ4) .

The Euclidean time continuum is taken again by decomposing the transfer
operator T̂a4 :

N (a4)T̂a4 = (N (a4)Ŝa4) · T̂G,a4 · T̂F,a4

=
(
1− a4ĥS +O(a2

4)
)(

1− a4ĥG +O(a2
4)
)(

1− a4ĥF +O(a2
4)
)

= 1− a4

(
ĥS + ĥG + ĥF

)
+O(a2

4) .
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Because the gauge part is, except for some reordering, the same as in the
symmetric case, the operator ĥS is equivalent to Equation (3.48) from the
previous section, and the operator ĥG equals the right-hand side of Equation
(3.47). The different parts of TF,a4(U) are expanded to linear order of a4 where
we use Equation (3.43), (3.44) and det(1 + εM) = 1 + ε tr M +O(ε2):

(2s(a4, a))12Ns det
(

a4

a
B(U)

)
= 1− a4(m + 3a−1) +O(a2

4) ,

exp
(

ξ̂†
q

[
a4

a
c(U)

]
ξ̂†

q

)
= 1+ a4ξ̂†

q

[
1
a

c(U)

]
ξ̂†

q +O(a2
4) ,

exp
(

ξ̂q

[
1
a

c(U)

]
ξ̂q

)
= 1+ a4ξ̂q

[
1
a

c(U)

]
ξ̂q +O(a2

4) ,

and

exp
(

ξ̂†
q ln

(
a4

a
B(U)

)
ξ̂q − ξ̂q ln

(
a4

a
B(U)

)
ξ̂†

q

)

= 1+ a4ξ̂†
q

[
(m + 3a−1) +

1
a

R(U)

]
ξ̂q

− a4ξ̂q

[
(m + 3a−1) +

1
a

R(U)

]
ξ̂†

q +O(a2
4)

Collecting all terms yields the fermionic part

ĥF =(m + 3a−1)− ξ̂†
q

[
(m + 3a−1) +

1
a

R(U)

]
ξ̂q

+ ξ̂q

[
(m + 3a−1) +

1
a

R(U)

]
ξ̂†

q − ξ̂q

[
1
a

c(U)

]
ξ̂q − ξ̂†

q

[
1
a

c(U)

]
ξ̂†

q

.

We again introduce the creation and annihilation operators χ̂† and χ̂:

ĥF = (m + 3a−1)− χ̂†γ4

[
(m + 3a−1) +

1
a

R(U)

]
χ̂− χ̂†γ4

[
1
a

C(U)

]
χ̂

= −χ̂†γ4(m + 3a−1)χ̂− 1
a

χ̂†γ4

[
R(U) + C(U)

]
χ̂ + (m + 3a−1) ,

where R(U) is embedded diagonally into the Dirac-spinor space. We have

(R(U) + C(U))iaα,jbβ =

− 1
2 ∑

k

[
(U⟨i,i+k̂⟩)ab(1− γk)αβδi+k̂,j + (U⟨j+k̂,j⟩)ab(1 + γk)αβδj+k̂,j

]
.

The final form of the fermionic part ĥF therefore reads

ĥF = (m + 3a−1)− χ̂†γ4(m + 3a−1)χ̂

+
1
2a ∑

i,k

[
χ̂†

i γ4(1− γk)U⟨i,i+k̂⟩χ̂i+k̂ + χ̂†
i+k̂γ4(1 + γk)U⟨i,i+k̂⟩χ̂i

]

The Hamiltonian ĥF is physically equivalent to the Hamiltonian of the symmet-
ric case stated in Equation (3.46) because they only differ by a constant shift of
energy and by a different sign convention of the gamma matrices γµ; the signs
can always be changed by the unitary transformation in Equation (3.40).
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Chapter 4

Quark numbers in QCD

This chapter presents the first of two main results of this thesis: the construction
of an ensemble with fixed net-quark number NV = e mod 3 in a spatial sub-
volume V of the lattice. What is the importance of such a construction? In QCD
and on the spatial torus, we can only have states with a total net-quark number
N = 0 mod 3, i.e. we only observe integer baryon numbers: mesons, baryons
or more complicated hadronic structures. States with additional quarks or anti-
quarks yielding fractional baryon numbers are prohibited. This is because the
physical states of the system are gauge-invariant by definition which implies a
local Gauss law where quarks and antiquarks are sources of color-electric flux.
Fractional baryon numbers imply the presence of quarks and antiquarks cre-
ating color-electric fluxes relative to a hadronic background of N = 0 mod 3.
These fluxes are, however, unable to terminate in a gauge-invariant manner
with any parts of the background rendering states with N ̸= 0 mod 3 un-
physical. More precisely, in the previous chapter, we have seen that gauge
invariance implies a local Z3-law on Hphys and the decomposition (3.18) of
Hphys into sectors H{q,e} of flux-tube configurations {q, e}. Due to the local
Z3-law (3.17), each flux-tube configuration has a total center charge

q = ∑
i

qi = 0 mod 3

on the torus. Hence, physical states have a vanishing total center charge,
and because a (anti-)quark is a source of a (negative) positive center charge
(qi = −1) qi = 1, physical states can only have a total net-quark number N = 0
mod 3. This restriction to N = 0 mod 3 is also the reason of the well-known
Roberge-Weiss symmetry of QCD [105] which states that the partition function
at imaginary chemical potential βµ = iΘ has a 2π/3-periodicity:

Z(T, V, Θ) = Z
(

T, V, Θ +
2π

3

)
.

Despite the above argument excluding states with fractional baryon number
as a result of Gauss’s law and the periodic boundary conditions, the restriction
does not apply to a subvolume V of the spatial lattice. Hadronic structures
extending in space can lie partially in the volume V yielding a fractional baryon
number for V, i.e. NV = e mod 3. A simple example is a quark-antiquark pair
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with the quark residing in V and the antiquark residing in the complement V.
In the language of center charges and fluxes, the total center charge qV of the
subvolume V can be non-vanishing and creates a corresponding center flux
through the volume’s surface. The surplus quarks or antiquarks of V create
a color-electric flux through the surface of V which terminates in a gauge-
invariant manner with charges outside of V. Of course, this is an intuitive
result and the relation between the net-quark number in V, the center charge
of V and the center flux through its boundary has been pointed out early on
by [106], and further refined rigorously by [87–89] which have established the
decomposition ofHphys into sectors of center charge qV .

However, the construction of an ensemble Z(NV = e mod 3) with fixed
net-quark number is more subtle than just taking the trace over a sector of fixed
center charge qV = e mod 3. The dynamics of the system are blind towards
our arbitrary choice of V. Quarks and antiquarks can move in and out of the
volume or be created between V and V. Therefore, an observer restricting its
measurement to the subvolume V is expected to observe all possible values
NV = e mod 3, while the naive trace taken over a sector qV = e mod 3
merely reflects the probability of observing a state of total center charge e in V.

It is the very point of this chapter to properly construct the ensemble
Z(NV = e mod 3) by modifying the dynamics at the interface between the
volume V and V. This modification can be interpreted as the insertion of a
membrane enclosing the volume V. Once the system is initialized in a state of
fixed center charge qV = e mod 3, the modified dynamics only allow changes
of the center flux through the interface by multiples of three preventing the
system to leave the sector of fixed center charge. Therefore, taking the trace
over such a sector and using the modified dynamics actually describes the
ensemble Z(NV = e mod 3). Then, an observer, restricting its considerations
to the volume V only, will indeed perceive a subsystem with QCD dynamics
and fractional baryon number.

The structure of this chapter is as follows. In Section 4.1, we first consider
the construction of ’t Hooft’s center-electric flux ensembles because, as it turns
out, the construction of Z(NV = e mod 3) is of similar structure as ’t Hooft’s
ensembles and can be seen as a form of generalization to them if dynamical
fermions are present. Moreover, the first section also introduces notations and
definitions which are used throughout this chapter. Additionally, the section is
meant to create a bridge between the previous chapter and the construction of
the fixed net-quark number ensembles.

The main result of this chapter is then presented in Section 4.2. The en-
semble Z(NV = e mod 3) is constructed in the transfer-matrix formulation.
We establish the necessary local modifications of the Hamiltonian Ĥ at the
interface between V and V, construct the modified transfer-matrix operator
based on the asymmetric operator of Section 3.3 and derive the path integral
by discretizing Euclidean time. At the end of the chapter, we derive the path
integral again but use the dualization scheme by [107, 108] which does not rely
on the Hamiltonian approach. The different approaches are demonstrated to
give the same result.

Both approaches to construct Z(NV = e mod 3) have been published in
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[90], and, consequently, we will base Section 4.2 on the notations and argu-
ments of [90]. The author of this thesis is responsible for the construction
within the transfer-matrix formulation. This includes, identifying the failure
of naively constructing the ensemble by a simple trace over the charged sec-
tors, defining and using the asymmetric transfer operator to get equivalent
results for both approaches, establishing the proper modified Hamiltonian and
transfer operator and deriving the path integral. The initial idea of using the
dualization scheme of [107, 108] to construct the ensemble and its derivation
within this approach are also due to the author of this thesis. However, for the
dualization approach, the second author of [90] is responsible for putting for-
ward the ansatz of a continuity equation (4.29) and the need of independently
twisting Dirac sheets in all layers of Euclidean time.

4.1 ’t Hooft’s center-electric flux ensembles

We commence with the well-known construction of ’t Hooft’s center-electric
flux ensembles [109, 110].

We use the transfer-matrix formulation of Chapter 3, and, for now, we
consider the full formulation with dynamical fermions. In Chapter 3, we
already discussed the expectation value

⟨Êz
⟨i,j⟩⟩ =

1
Z

tr
(

Êz
⟨i,j⟩e

βµN̂e−βĤ P̂0

)

of the center-electric flux operator Êz
⟨i,j⟩ with z ∈ Z3. The gauge invariance of

Êz
⟨i,j⟩, manifesting itself in [Êz

⟨i,j⟩, P̂0] = 0, is crucial because it gives a physical
interpretation of the expectation value: it is the expectation value of an observ-
able over a thermodynamic ensemble of physical states only. The path integral
of the expectation value is derived by discretizing the Boltzmann factor e−βĤ

in Euclidean time τ with the asymmetric transfer operator T̂a4 from Section
3.3. Recall that we have exploited the arbitrariness in the choice of T̂a4 and
constructed the asymmetric transfer operator exactly for the purpose of taking
expectation values of center-electric flux operators such that only the plaquette
action is modified in the resulting path integral. Consequently, by following
the computations of Chapter 3, especially Section 3.3, Equation (3.36) gives the
path integral

⟨Êz
⟨i,j⟩⟩ =
1
Z

∫
DUDΩDξDξ e−ξξ ⟨eβµξ

(0)
q , e−βµξ

(0)
q |K(Uz

0 , U1, Ω) |Ωξ
(1)
q , ξ

(1)
q Ω†⟩

×
N4−1

∏
τ=1
⟨ξ(τ)q , ξ

(τ)
q |K(Uτ , Uτ+1) |ξ(τ+1)

q , ξ
(τ+1)
q ⟩

=
1
Z

∫
DUDψDψ eSG(z,U)eSF(U,ψ,ψ)

of the expectation value for the lattice spacings set to a4 = a = 1. The integral
kernel K(Uz

0 , U1) from Equation (3.51) is used, and Uz is defined as in Equation
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⟨i, j⟩ ⟨i, j⟩τ = 0

z z−1

τ

Figure 4.1: Illustration of a single twist which occurs in the action SG(z, U).
The link ⟨i, j⟩ is embedded in the zeroth Euclidean time layer. The timelike
plaquette between the zeroth and first layer of time which contains the link
⟨i, j⟩ or ⟨j, i⟩ is twisted with the center element z−1 or z.

(3.49). The fermionic action SF(U, ψ, ψ) turns out to be the Hasenfratz-Karsch
action (2.4), and the gauge action SG(z, U) is given by

SG(z, U) =
2
g2

0
∑

x,µ<ν

ReTr
(
z⟨i,j⟩(px,µν)U∂px,µν

)
. (4.1)

The function z⟨i,j⟩(px,µν) is defined as

z⟨i,j⟩(p(i,τ),µν) =





z−1, τ = 0, ν = 4, µ = k, ⟨i, j⟩ = ⟨i, i + k̂⟩
z, τ = 0, ν = 4, µ = k, ⟨j, i⟩ = ⟨i, i + k̂⟩
1, else

.

What does z⟨i,j⟩(p(i,τ),µν) cause? It multiplies exactly one timelike plaquette,
which lies between the zeroth and first layer of Euclidean time, with either
the center element z or z−1 depending on the orientation of ⟨i, j⟩. If the link
⟨i, j⟩ (⟨j, i⟩) embedded in the zeroth layer of time is part of the boundary ∂px,µν

of the plaquette px,µν, then the plaquette variable U∂px,νµ
is multiplied with

z−1 (z): U∂px,µν
→ z−1U∂px,νµ

(U∂px,µν
→ zU∂px,µν

). Multiplying plaquettes with
center elements in this way is exactly what is meant by twisting a plaquette.
The procedure is illustrated in Figure 4.1 for (2 + 1)-dimensions.

Of course, similar to [77], we can also think of more general expectation
values 〈

∏
⟨i,j⟩∈Γ

Êz
⟨i,j⟩

〉
=

1
Z

tr
([

∏
⟨i,j⟩∈Γ

Êz
⟨i,j⟩

]
eβµN̂e−βĤ P̂0

)
, (4.2)

where Γ is some set of links on the spatial lattice, and z ∈ Z3. The reason to
consider these kind of expectation values is that we can define topological
objects called vortices (monopoles) in two spatial dimensions and vortex lines
(’t Hooft loops) in three spatial dimensions [22, 51, 109, 111–125]. These objects
are boundaries ∂Γ∗ of lines and surfaces Γ∗ dual to Γ [51, 111, 112]. The
physical significance of vortices is only given in the absence of dynamical
fermions because then the expectation value does not depend anymore on the
exact choice of Γ, but it only depends on the boundary ∂Γ∗ [109, 111–113, 116]:

Φ(∂Γ∗, k) =

〈
∏
⟨i,j⟩∈Γ

Êuk

⟨i,j⟩

〉
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with u = e
2π
3 i and k ∈ Z3. This is similar to Classical Electrodynamics, where

the magnetic flux through a surface S does not depend on the shape of S but
only on its boundary C = ∂S, i.e. magnetic fluxes of surfaces with the same
boundary C are identical. In this sense, we say that Φ(∂Γ∗, k) creates the center-
magnetic flux k along the loop ∂Γ∗, and ∆F(∂Γ∗, k) = −β−1 ln Φ(∂Γ∗, k) is the
free energy difference when creating a loop ∂Γ∗ of center-magnetic flux k [22,
51, 109, 111]. There is however one case which we have skipped in the above
argument: ∂Γ∗ = 0. There are two ways in which ∂Γ∗ = 0 can be achieved. The
first one is just the case in which Γ∗ is a closed surface of a volume. In this case
Φ(∂Γ∗, k) = 1 due to Gauss’s law. The topology of the torus allows however for
a different possibility which does not exist in an infinite volume. The surface
Γ∗ does not enclose a volume but still has no boundary because it closes by
winding around two directions of the torus. The latter case is equivalent to
imposing twisted boundary conditions [22, 109–111, 124, 126–132].

Let us give a more detailed account of the above argument. To define the
concept of a surface Γ∗ and its boundary ∂Γ∗, we need to state how structures
like paths and surfaces are constructed on the spatial lattice. We use the
terminology of r-cells which, for our case, are just the elementary objects of the
three-dimensional spatial lattice: sites, links, plaquettes and cubes. In doing
so, we base the definitions and arguments on [111, 112, 133, 134]. r-cells are
abstract objects sr with the assigned dimension dim sr = r. They define two
important concepts: orientations and boundaries. Sites are 0-cells, links are 1-
cells, plaquettes are 2-cells, and cubes are 3-cells. Hence, on the lattice, we have
four sets of cells: C0, C1, C2 and C3. The set C0 of all 0-cells is given by all sites
i of the spatial lattice. The set C1 of all 1-cells are all links ⟨i, i + k̂⟩, k ∈ {1, 2, 3}
which point in a positive lattice direction. The set C2 of 2-cells are all plaquettes
pi,km with k < m and k, m ∈ {1, 2, 3}. Geometrically, we identify a plaquette
with a rectangle which is drawn by starting a line from i, first going one lattice
spacing into the direction k, then continuing with one lattice spacing in the
direction m and finally closing the path into a rectangle:

i
k

m

The set C3 of all 3-cells is the set of all cubes ci attached to a corner site i and
drawn with all faces in positive coordinate directions:

1

3
2

i

Now, we can introduce a formal linear combination

dr = ∑
sr∈Cr

αsr sr, αsr ∈ Z
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of r-cells with integer coefficients which is called a r-chain. To be more precise,
we consider the set Cr to form a basis of a left Z-module Kr which is the concept
of a vector space defined over the ring Z instead of the fields R or C, see for
example [135]. For all practical purposes, this means that we have a concept of
adding r-chains and r-cells, and we have a scalar multiplication with factors in
Z. Because Cr is a basis, the r-cells are linearly independent:

∑
sr∈Cr

αsr sr = 0

if and only if αsr = 0 for all sr ∈ Cr.
Later on, we will frequently encounter the notation ±sr ∈ dr which is

defined if and only if αsr ∈ {0, 1,−1} for all r-cells sr. Then,

±sr ∈ dr ⇐⇒ αsr = ±1 .

For each r-cell sr ∈ Cr, we can consider also the cell −sr. We define all
r-cells to be positively orientated, and, therefore,−sr is said to be the negatively
orientated r-cell of sr. For links and plaquettes, we have a straightforward
geometrical interpretation of the orientation. We identify ⟨i + k̂, i⟩ = −⟨i, i + k̂⟩
for all 1-cells ⟨i, i + k̂⟩ ∈ C1. This means that negatively orientated 1-cells
−⟨i, i + k̂⟩ are just the links ⟨i, i + k̂⟩ pointing in the opposite direction. In the
case of plaquettes pi,km ∈ C2, we define pi,mk = −pi,km which we interpret to
be pi,km where the rectangle is drawn in the opposite direction:

k

m

i i

pi,km pi,mk

For sites and cubes, we do not have an immediate geometrical interpretation
of the orientation. At least, for sites i ∈ C0, we distinguish i and −i by drawing
different dots:

i −i

The next step is the concept of a boundary for r-chains. The boundary
operator

∂ : Kr → Kr−1

is a linear operator which is defined for every r ∈ {1, 2, 3}, and ∂ = 0 on
K0. As the name suggests, ∂dr gives the boundary of a r-chain dr which is a
(r− 1)-chain. How do we define the boundary of a general r-chain? Because
the operator ∂ is considered linear by definition, we just need to define ∂ for
every r-cell sr ∈ Cr because Cr is a basis of Kr. An important constraint of the
definition is the property that the boundary of the boundary vanishes: ∂2 = 0.
The boundaries of the r-cells are defined by

∂⟨i, j⟩ = i− j ,

∂pi,km = ⟨i, i + k̂⟩+ ⟨i + k̂, i + k̂ + m̂⟩+ ⟨i + k̂ + m̂, i + m̂⟩+ ⟨i + m̂, i⟩ ,

∂ci = pi,13 + pi+2̂,31 + pi,21 + pi+3̂,12 + pi,32 + pi+1̂,23 .
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C

∂C
(a) path C and its boundary ∂C

∂S

S

(b) surface S and its boundary ∂S

Figure 4.2: Illustration of a path C, a surface S and their respective boundaries.

Now, we can define paths and surfaces. A path C is a 1-chain such that the
boundary ∂C are the endpoints of the path:

C = ⟨i, a1⟩+ ⟨a1, a2⟩+ . . . + ⟨an, j⟩

and

∂C = i− j .

A surface S is simply a 2-chain, i.e. a formal sum of plaquettes. In the usual
sense, we may consider a surface S to be a 2-chain with an additional constraint.
If an edge between sites i and j of the lattice is shared by an even number of
plaquettes then the plaquettes are orientated in a way such that ⟨i, j⟩ and ⟨j, i⟩
do not occur in ∂S. An example of paths, surfaces and their boundaries is
shown in Figure 4.2.

We cannot only define a boundary operator ∂, but we can also define a linear
operator D which transforms a r-chain dr into an (d− r)-chain d∗d−r = Ddr on
the dual lattice for the dimensions d = 2 or d = 3. The dual lattice is the spatial
lattice shifted half a spacing in all directions. We analogously have r-cells on
the dual lattice: sites, links, plaquettes and cubes. We define them as on the
spatial lattice but indicate them with an asterisk: i∗, ⟨i, i + k̂⟩∗, p∗i,km and c∗i .
Thus, we also have the spaces K∗r . For d = 3, the dual Dci = i∗ of a cube ci is
the site i∗ placed in the middle of the cube ci, the dual Dpi,km = ⟨i− n̂, i⟩∗ of a
plaquette pi,km is the link ⟨i− n̂, i⟩∗, n ̸= k, m which penetrates the plaquette
orthogonally in its center, the dual D⟨i, i + n̂⟩ = p∗

i−k̂−m̂,km
of a link ⟨i, i + n̂⟩

is the plaquette p∗
i−k̂−m̂,km

which is again penetrated by the link through its
center, and finally the dual Di = c∗

i−1̂−2̂−3̂
of a site i is the cube c∗

i−1̂−2̂−3̂
. For

d = 2, there are no cubes. The dual Dpi,12 = i∗ of a plaquette pi,12 is the site i∗,
the dual

D⟨i, i + k̂⟩ =
{
⟨i− 2̂, i⟩∗, k = 1
⟨i, i− 1̂⟩∗, k = 2

of a link ⟨i, i + k̂⟩ is again a link, and the dual Di = p∗
i−1̂−2̂,12

of a site i is
the plaquette p∗

i−1̂−2̂,12
. This self-duality of links can be used for example in

showing self-duality for various spin systems in two-dimensions [132, 136,
137].
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i

(a) d = 2

i

(b) d = 3

Figure 4.3: Illustration of Gauss’s law manifesting itself on the lattice (black)
and the dual lattice (blue) for two (d = 2) and three (d = 3) dimensions.

We are ready to redefine Equation (4.2) to the more general case of an
arbitrary 1-chain d1 = ∑s1∈C1

αs1 s1 of the spatial lattice:

I(d1, z) =

〈
∏
⟨i,i+k̂⟩

(
Êz
⟨i,i+k̂⟩

)α⟨i,i+k̂⟩
〉

(4.3)

with z ∈ Z3. Crucially, we, now, restrict ourselves to the pure gauge case, i.e.
we consider the theory without any dynamical fermions. As an immediate
consequence, Gauss’s law in Equation (3.15) reduces to

∏
j∼i

Êz
⟨i,j⟩ |ψ⟩ = |ψ⟩ (4.4)

for all |ψ⟩ ∈ Hphys and z ∈ Z3. Hence, this restriction enables us to insert
the left-hand side of Equation (4.4) into the expectation value I(d1, z) as often
as we please because it acts as the unit operator. Inserting and rearranging
the center-electric flux operators changes the exponents α⟨i,i+k̂⟩ in general.
The expectation value I(d1, z) is, therefore, equivalent to I(d′1, z) with some
different 1-chain d′1 after the insertion of the Z3-law. The chain d′1 is obviously
determined by

d′1 = d1 + ∑
j∼i
⟨i, j⟩

(
d′1 = d1 −∑

j∼i
⟨i, j⟩

)

if we insert ∏j∼i Êz
⟨i,j⟩

(
∏j∼i Êz−1

⟨i,j⟩
)

at the site i. The Z3-law manifest itself

as the 1-chain ±∑j∼i⟨i, j⟩. On the dual lattice, Gauss’s law is a boundless
rectangle for d = 2 or a boundless cube surface for d = 3. This is illustrated in
Figure 4.3. Now, consider d1 and d′1 only differing by Gauss’s law ±∑j∼i⟨i, j⟩.
Then the boundary of the dual chain

∂Dd′1 = ∂Dd1 ± ∂D ∑
j∼i
⟨i, j⟩ = ∂Dd1 .

is identical for both 1-chains. We can reverse the argument. Assume we define
some surface S∗ on the dual lattice with d = 3. The boundary of the surface is
∂S∗ and the dual of the surface is the 1-chain d1 = DS∗ on the spatial lattice.
The boundary ∂S∗ is the vortex line. This is illustrated in Figure 4.4 for the
surface shown in Figure 4.2. Any deformation of the surface S∗ by one of the
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∂C∗

d1

vortex

anti-vortex

(a) d = 2

∂S∗ (vortex line)

d1

(b) d = 3

Figure 4.4: Illustration of the 1-chain d1 which is dual to the path C∗ or surface
S∗ of Figure 4.2. In two-dimensions, ∂C∗ is interpreted as a vortex-antivortex
pair. In three dimensions, ∂S∗ is interpreted as a vortex line.

τ = 0

τ

z z−1

C∗

Figure 4.5: Illustration of twists in the path integral of Equation (4.3) of the
path C∗ from Figure 4.2. The path C∗ is placed on the dual spatial lattice of the
zeroth layer of Euclidean time.

cubes of Figure 4.3 changes the surface S∗ and the 1-chain d1 in general but
not the vortex line ∂S∗. Because such changes of the 1-chain d1 do not change
the expectation value I(d1, z), we conclude that the expectation value I(d1, z)
for a surface S∗ is only determined by its boundary ∂S∗ in the sense that all
deformations due to Gauss’s law yield the same expectation value. For two-
dimensions, Gauss’s law yields deformations of paths C∗ on the dual lattice,
and, therefore, the expectation value I(d1, z) only depends on the boundary
∂C∗ = i− j which is given by its two endpoints i and −j. We interpret i as a
vortex and −j as an antivortex, see Figure 4.4. A path C∗ is denoted a Dirac
string, and a surface S∗ is denoted a Dirac sheet.

The path integral of a 1-chain d1 is computed similar to the case of ⟨Êz
⟨i,j⟩⟩.

The only difference is that we introduce multiple twists depending on the
coefficients α⟨i,i+k̂⟩ of d1. Each operator

(
Êz
⟨i,i+k̂⟩

)α⟨i,i+k̂⟩ twists the timelike pla-

quette p(i,0),k4 with the center element z−α⟨i,i+k̂⟩ . The timelike plaquette lies
between the zeroth and first layer of Euclidean time. In (2 + 1)-dimensions,
we analogously twist the plaquettes for a 1-chain d1 which is the dual of a path
C∗ on the dual lattice. The rules are the same as for three spatial directions. An
illustration of the twists imposed by the path C∗ from Figure 4.2 is shown in
Figure 4.5.

On the dual lattice of the spatial torus, a surface S∗ can be boundless
∂S∗ = 0 either by being the surface S∗ = ∂V∗ of a volume V∗, or it can span
in two directions of the lattice and close periodically in both directions. In
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the former case, the 1-chain d1 of the surface S∗ gives I(d1, z) = 1 because
we can deform the surface S∗ with Gauss’s law till it vanishes, i.e. we can
remove all center-electric flux operators from the expectation value. We can
therefore write Φ(∂V∗, k) = I(d1, uk) = 1 with u = e

2π
3 i. Now, consider a

surface S∗mn which winds around the directions m and n with m < n. The
surface is assumed to be a (mn)-plane of the dual lattice with all plaquettes
orientated positively. Equivalently, the surface S∗mn = Dd1 is the dual of the
1-chain

d1 =
N−1

∑
a,b=0
⟨am̂ + bn̂, am̂ + bn̂ + r̂⟩ ,

where we have attached the surface S∗mn to the origin, and r ̸= m, n. The path
integral of Φ(S∗mn, k) = I(d1, uk), k ∈ Z3 is given by twisting with u−k all
plaquettes between the zeroth and first layer of time which have a link in d1 if
we think of d1 to be embedded in the zeroth layer of time. In principle, we are
free to impose twists in all three spatial planes S∗23, S∗13 and S∗12 simultaneously.
The corresponding twists are denoted k⃗ = (k1, k2, k3) ∈ Z3

3: k1 for S∗23, k2 for

S∗13 and k3 for S∗12. The 1-chains of the surfaces are given by d(1)1 , d(2)1 and d(3)1 .
The expectation value generalizes to

Φ
(⃗
k
)
=

〈 3

∏
s=1

∏
⟨i,i+â⟩

(
Êuks

⟨i,i+â⟩
)α

(s)
⟨i,i+â⟩

〉

where α
(s)
⟨i,i+â⟩ ∈ Z are the coefficients of d(s)1 . We define the ensembles

Z(⃗k) = Z ·Φ(⃗k) = tr
([ 3

∏
s=1

∏
⟨i,i+â⟩

(
Êuks

⟨i,i+â⟩
)α

(s)
⟨i,i+â⟩

]
e−βĤ P̂0

)
.

In the terminology of [127–132], the path integral of Z(⃗k) is an ensemble with
temporally twisted boundary conditions.

For every surface S∗mn, the operator

Êz(S∗mn) = ∏
⟨i,i+â⟩

(
Êz
⟨i,i+â⟩

)α
(s)
⟨i,i+â⟩

constitutes a representation of Z3. Furthermore, comparing with Equation
(3.16), the operator

P̂(S∗mn, e) =
1
3 ∑

z∈Z3

z−eÊz(S∗mn), e ∈ Z3 (4.5)

is a projection operator. Consider |ψ⟩ ∈ Hphys. We obviously have

Êz(S∗mn)P̂(S∗mn, e) |ψ⟩ = ze P̂(S∗mn, e) |ψ⟩

if we follow the line of argument which comes after Equation (3.16). Therefore,
a state P̂(S∗mn, e) |ψ⟩ has a well-defined center value e ∈ Z3 and constitutes an
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irreducible representation of Z3. We denote e the center-electric flux through
the surface S∗mn. This is not merely a definition but motivated by the sectors
H{q,e} of flux-tube configurations {q, e}. The physical Hilbert space Hphys
decomposes into the sectors of flux-tube configurations as we have already
seen in Equation (3.18). The projection operator P̂(S∗mn, e) acts as

P̂(S∗mn, e) |ψ⟩ = 1
3 ∑

z∈Z3

z−eÊz(S∗mn) |ψ⟩ =
1
3 ∑

z∈Z3

zϕ(S∗mn)−e |ψ⟩ (4.6)

= δ(ϕ(S∗mn) = e mod 3) |ψ⟩ (4.7)

on a state |ψ⟩ ∈ H{q,e}, where

ϕ(S∗mn) = ∑
⟨i,i+k̂⟩

α
(s)
⟨i,i+k̂⟩e⟨i,i+k̂⟩

with e⟨i,i+k̂⟩ ∈ {q, e}. The value ϕ(S∗mn) measures the total center-electric flux

through the surface S∗mn. The projection operator P̂(S∗mn, e) |ψ⟩ either gives |ψ⟩
or zero depending on whether the total center-electric flux ϕ(S∗mn) through S∗mn
equals e up to a multiple of three. Note that ϕ(S∗mn) measures the total center-
electric flux in the sense that it just adds all center-electric flux variables e⟨i,i+k̂⟩
of S∗mn. However, if we want a true total center-electric flux ϕ(3)(S∗mn) ∈ Z3,
we have to take the total sum with the group operation +3 of Z3. Equations
(3.18) and (4.7) give

H(S∗mn, e) = P̂(S∗mn, e)Hphys =
⊕

{q,e}phys
ϕ(S∗mn)=e mod 3

H{q,e} .

The subspace H(S∗mn, e) is, therefore, the subspace of all states with fixed
center-electric flux e through the surface S∗mn. This decomposition is valid
with and without fermions included. However, for now, we are concerned
with pure gauge theory, where fermions are absent. Therefore, the flux tube
configurations are only made of center-electric fluxes e⟨i,i+k̂⟩ ∈ {e}.

What is the physical significance of the subspaceH(S∗mn, e)? The operator
P̂(S∗mn, e) commutes with the transfer-operator T̂ [77]: [P̂(S∗mn, e), T̂] = 0. To
see this, we write

T̂Êz(S∗mn) f (U) =
∫
DU′ S(U, U′)TG(U′) f ((z(S∗mn)U

′) .

The factor z(S∗mn) multiplies certain gauge variables U′ with the center element
z. The factor z(S∗mn) is due to the application of Êz(S∗mn) to the state f (U):
Êz(S∗mn) f (U) = f (z(S∗mn)U). Each center operator Êz

⟨i,j⟩ of Êz(S∗mn) creates a

factor z−1 for the gauge variable U⟨i,j⟩ as it is stated in Equation (3.14). Because
the Haar measure is left-invariant under multiplications of a group element,
we can shift the center-dependence into the integral kernel by multiplying all
gauge variables affected by z(S∗mn) with z:

T̂Êz(S∗mn) f (U) =
∫
DU′ S(U, z−1(S∗mn)U

′)TG(z−1(S∗mn)U
′) f (U′) .
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The function TG(U′) only includes spatial plaquettes. A link ⟨i, i + r̂⟩ of the
1-chain d(s)1 of S∗mn is part of two spatial plaquettes attached to the site i. For
each of these plaquettes, the border includes a link ⟨j + r̂, j⟩ whose inverse
⟨j, j + r̂⟩ is also part of d(s)1 . Hence, in TG(U′), the plaquette variable includes
the factor U⟨i,i+r̂⟩ and U⟨j+r̂,j⟩. The operator z−1(S∗mn) multiplies U⟨i,i+r̂⟩ with
z and U⟨j+r̂,j⟩ with z−1. Therefore, the overall twist of the plaquette vanishes,
and we have TG(z−1(S∗mn)U′) = TG(U′). It is straightforward to see that

S(U, z−1(S∗mn)U
′) = S(z(S∗mn)U, U′) ,

and, therefore,

T̂Êz(S∗mn) f (U) =
∫
DU′ S(z(S∗mn)U, U′)TG(U′) f (U′) = Êz(S∗mn)T̂ f (U) .

The center operator Êz(S∗mn) commutes with T̂. This means the projection
operator P̂(S∗mn, e) also commutes with T̂. If we take the continuum limit in
Euclidean time, we get

[P̂(S∗mn, e), e−βĤ ] = lim
N4→∞

[
P̂(S∗mn, e),

(
N (a4)T̂a4=β/N4

)N4
]
= 0 ,

and, by taking the derivative on the left-hand side at β = 0, [P̂(S∗mn, e), Ĥ] = 0.
The sectors H(S∗mn, e) are actually invariant under the dynamics: once the
center-electric flux e is fixed through the surface S∗mn, it stays fixed for all times.
Therefore, we can restrict our quantum theory to a sectorH(S∗mn, e) and define
the thermodynamic ensemble Zel.(es) of fixed center-electric flux es through
the surface S∗mn:

Zel.(es) = tr
(

P̂(S∗mn, es)e−βĤ P̂0

)
.

This way of constructing ensembles of fixed center-electric flux in the transfer-
matrix formulation was formulated first in [77]. We just followed their line of
argument.

Evidently, the center-electric flux can be fixed through all surfaces S∗23, S∗13
and S∗12 separately with the center-electric flux e⃗ = (e1, e2, e3) ∈ Z3

3 and the
sectorH(⃗e) because the corresponding projection operators commute pairwise:

Zel. (⃗e) = tr
(

P̂(S∗23, e1)P̂(S∗13, e2)P̂(S∗12, e3)e−βĤ P̂0

)
.

Inserting Equation (4.5) then yields

Zel. (⃗e) =
1

N3
c

∑
k⃗∈Z3

3

exp
(
− 2πi

N
e⃗ · k⃗

)
Z(⃗k) (4.8)

with Nc = 3. This is the well-known duality relation between center-electric
flux ensembles Zel. (⃗e) and temporally twisted ensembles Z(⃗k) [22, 109, 111,
127, 131, 132].
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S∗
2

S∗
1

1

2

e⟨i,j⟩ = 1

Figure 4.6: Example of a minimally thin string creating the center-electric flux
e⃗ = (1, 0) in two spatial dimensions.

Confinement-deconfinement transition

In Section 2.4, we have discussed the confinement-deconfinement transition
of QCD in the absence of fermions. The system possesses a phase transition
because of the spontaneous breaking of the global Z3-symmetry. The order
parameter of the transition is the expectation value ⟨Li⟩ of the Polyakov loop
Li. The phase of unbroken symmetry is identified with the confined phase, and
the symmetry-broken phase is identified with the deconfined phase.

An alternative observable for this phase transition can be constructed with
the center-electric flux ensembles Zel. (⃗e). We consider the ratio

R(⃗e) =
Zel. (⃗e)
Zel.(0)

.

The free-energy difference to impose the center-electric flux e⃗ along the spatial
volume is then given by

∆F = −T ln R(⃗e) .

What is the physical interpretation of ∆F? The confined phase is characterized
by the formation of chromo-electric flux tubes, see Section 2.4. We might
suspect that this characteristic manifests itself in the free-energy difference ∆F
via an analog mechanism. Due to Gauss’s law, the non-trivial flux variables
e⟨i,j⟩ ∈ {e} of a flux-tube configuration {e} must form closed loops. As a
consequence, the only possibility for a configuration {e} to create a non-trivial
flux through a plane S∗mn is to include a path C of non-trivial flux variables
e⟨i,j⟩ ̸= 0 which winds around the lattice in the direction orthogonal to S∗mn.
Assume e⃗ = (1, 0, 0). The physical picture of the confined phase is now as
follows [109]. In the confined phase, the center-electric fluxes condensate to
thin strings, and part of them are forced to wind around the full length N1
of the first direction because otherwise the center-electric flux e⃗ = (1, 0, 0)
would not be enforced. The thinning happens due to the fact that larger non-
trivial flux structures require larger energies in the confined phase. In the
zero-temperature limit the thinning of strings becomes maximal in the sense
that only the flux-tube configurations with one minimal string of length N1
winding around the first direction contribute to the partition function Zel. (⃗e).
An example of such a minimal string is shown in Figure 4.6. The ground
state of the system becomes degenerate in the zero-temperature limit. There
is one ground state |ψ0⟩ ∈ H{e} for every flux-tube configuration {e} with a
minimally thin string creating the flux e⃗ = (1, 0, 0). Analog to the chromo-
electric fields, the flux-tube configurations with a minimal string are expected
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to have an energy proportional to the string tension σ and the length N1 of the
string if N1, N2 and N3 are sufficiently large. The ensemble Zel.(0) enforces
zero center-electric flux through all directions. Here, the energy is minimized
by a ground state |ψ0⟩ ∈ H{e=0} of the sector with no non-trivial electric flux
variables. We conclude

R(⃗e) ≈ αN2N3 exp
(
− σa

T
N1

)

near the zero-temperature limit [109]. The factor N2N3 is the number of config-
urations with a minimal string winding around the first direction, i.e. N2N3 is
the number of positions through which the string can penetrate the surface S∗23.
The factor α is just an overall proportionality factor. The free-energy difference
∆F is

∆F
T

=
σa
T

N1 − ln(αN2N3) ,

and therefore ([77])
σa
T

= lim
N2,N3→∞

lim
N1→∞

1
N1

∆F
T

. (4.9)

Away from the zero-temperature limit but still in the confined phase, we
expect the excitation of additional strings winding around the lattice. All these
strings, which might not be minimally thin, have an energy proportional to the
extent N1. Consequently, expanding the volume in the first direction creates a
divergent behavior of ∆F such that ∆F/(N1T) stays finite for N1 → ∞. Hence,
the definition of σ(T) is expected to stay well-defined away from the zero-
temperature limit but it becomes temperature-dependent. In the deconfined
phase, thin strings spread and become thick objects. The energy does not
increase anymore proportional to the length N1 such that σ(T) = 0. The
free-energy difference stays finite in the infinite-volume limit because the
energy required to impose flux-generating structures becomes negligible. We
expect the string tension σ(T) to indicate the transition between a confined
and deconfined phase:

σa
T

{
> 0, T < Tc

= 0, T > Tc
. (4.10)

Importantly, the free-energy difference ∆F diverges in the confined phase,
whereas it tends to zero in the deconfined phase. For the ratio R(⃗e), we there-
fore expect

lim
N1,N2,N3→∞

R(⃗e) =

{
0, T < Tc

1, T > Tc
(4.11)

in the infinite-volume limit. For the path-integral formulation of R(⃗e), this
behavior has been demonstrated numerically in [127, 128] for the (3 + 1)-
dimensional SU(2) theory and in [131] for the (2+ 1)-dimensional SU(3) theory.
Unfortunately, there seems to be no numerical results of R(⃗e) for the (3 + 1)-
dimensional SU(3) theory. However, intuitively, we expect Equation (4.11) to
hold. The path integral formulation of R(⃗e) is identical whether the symmetric
or asymmetric transfer operator is used. The symmetric transfer operator,

76
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however, is Hermitian, and, therefore, we can define the Hamiltonian T̂ ∝ e−Ĥ

(a4 = 1). The argument of a degenerate ground state becomes applicable to
the path integral of R(⃗e). For fixed temporal extent N4, we have T̂N4 ∝ e−N4 Ĥ ,
and the observed phase transition with respect to R(⃗e) ([127, 128, 131]) is a
function of the bare coupling g0 related to the temperature T = (a(g0)N4)

−1 by
the lattice spacing a(g0) which is determined via the chosen renormalization
scheme. In this case, the condensation to thin strings happens at sufficiently
large couplings g0 when g0 > gc is larger than the critical coupling gc. It is
important to state that there are no direct results which determine the sectors
H{e} to which the ground states belong. The above mechanism is merely
a physical description whose consequences are verified numerically to the
degree discussed. Of course, when we take the continuum limit of R(⃗e), be it
the quantum-mechanical or the path integral formulation, we would fix the
physical extents of the system when renormalizing the theory. Then, in the
confined phase, the string condensation is given by

R(⃗e) ∝ A23 exp
(
− σL1

T

)

A23 the physical surface of S∗23. The string tension is then defined as

σ = lim
A23→∞

lim
L1→∞

1
L1

∆F

in the continuum limit.
Another approach of classifying the confinement-deconfinement transition

is the insertion of center-magnetic fluxes. Consider a ’t Hooft loop C∗ with
its minimal surface S∗ such that C∗ = ∂S∗. The loop C∗ and the surface S∗

are defined on the dual spatial lattice. The 1-chain d1 = DS∗ which is dual
to S∗ gives the expectation value M(C∗, k) = I(d1, e

2π
3 ik) depending only on

the ’t Hooft loop C∗ and the imposed twist k ∈ Z3. The expectation value
M(C∗, 1) is interpreted to describe the insertion of a line C∗ of center-magnetic
flux. The free-energy difference of imposing such a line of center-magnetic flux
is then ∆F = −T ln M(C∗, 1). The confined phase and deconfined phase are
now classified by the behavior of the ’t Hooft loop [22, 111, 113, 118, 122]:

∆F
T

∝

{
P(C∗), T < Tc

A(C∗), T > Tc

in the infinite-volume limit if the loops are chosen large enough. Here, P(C∗)
describes the perimeter of the loop C∗ and A(C∗) the surface of S∗, i.e. the
number of plaquettes enclosed by C∗. Similar, one can define an ensemble
with a maximal ’t Hooft loop. Consider the spatial lattice with equal extents
N = Ni , i ∈ {1, 2, 3}. The ’t Hooft loop C∗ = R∗0,23 is set to be a rectangle
R∗0,23 attached to the origin 0 of the dual lattice on the 23-plane. The rectangle
extends l links into each direction. It becomes a maximal ’t Hooft loop if we set
l = N. The expectation value M(R∗0,23, 1) is equivalent to the ratio

Z(⃗k)
Z(0)

= M(R∗0,23, 1) , k⃗ = (1, 0, 0)
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for the maximal ’t Hooft loop [122, 124, 127, 128]. Interpreted as a 1-chain, the
maximal ’t Hooft loop C∗ = 0 is zero because for every link ⟨i, j⟩ the link ⟨j, i⟩
is also part of the 1-chain C∗. Therefore, the maximal ’t Hooft loop encloses
the surface S∗23 which consistently does not possess a boundary: ∂S∗23 = 0. The
free-energy difference ∆F of a maximal ’t Hooft loop R∗0,23 measures therefore
the free energy of introducing temporal twists with k⃗ = (1, 0, 0). The string
tension σ∗(T) of the temporal interface k⃗ = (1, 0, 0), denoted the dual string
tension, is defined as ([124])

σ∗a2 = − lim
N→∞

1
N2 ln M(R∗0,23, 1) .

Analogously to Equation (4.10), the confined and deconfined phase is expected
to be indicated by the dual string tension σ∗(T):

σ∗a2

{
> 0, T > Tc

= 0, T < Tc
. (4.12)

A consequence of Equation (4.12) is the singular behavior of the free-energy
difference ∆F/T → ∞, N → ∞ in the deconfined phase. In the confined
phase, the free-energy difference is assumed to stay finite. We define the ratio
R∗ (⃗k) = Z(⃗k)/Z(0) which indicates the confinement-deconfinement transition
dual to the ratio R(⃗e):

R∗ (⃗k) =

{
0, T > Tc

1, T < Tc

in the infinite volume limit N → ∞. The path integral formulation of σ∗(T) and
R∗ (⃗k) have been investigated in [121, 122, 124, 126–128] for (3+ 1)-dimensional
SU(2) theory, in [131, 138, 139] for (2 + 1)-dimensional SU(3) theory and in
[140, 141] for (3 + 1)-dimensional SU(3) theory.

4.2 Fixed quark number ensembles

We are now ready to present the first main result of this thesis. We construct an
ensemble in which the net-quark number NV in a spatial subvolume V of the
lattice is fixed to a value NV ̸= 0 mod 3. To define such an ensemble, we first
need a notion of local quark and antiquark numbers associated with sites of
the spatial lattice. The transfer-matrix formulation naturally provides such a
notion. We can define quark- and antiquark-number operators associated with
a site i:

(N̂σ
q )i,a = (ξ̂σ

q)
†
i,a(ξ̂

σ
q)i,a and (N̂σ

q )i,a = (ξ̂σ
q)

†
i,a(ξ̂

σ
q)i,a .

Hence, the total quark- and antiquark number at a site i are

N̂q,i = ∑
a,σ

(N̂σ
q )i,a and N̂q,i = ∑

a,σ
(N̂σ

q )i,a .

Consider now a simultaneous eigenstate |ψ⟩ ∈ Hphys of all operators N̂q,i and
N̂q,i: N̂q,i |ψ⟩ = Nq,i |ψ⟩ and N̂q,i |ψ⟩ = Nq,i |ψ⟩ with Nq,i, Nq,i ∈ {0, . . . , 6}. For
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the eigenstate |ψ⟩, it is well-defined to say that the site i is occupied with Nq,i
quarks and Nq,i antiquarks.

The net-quark number operator N̂V for the subvolume V is now given by

N̂V = ∑
i∈V

[
N̂q,i − N̂q,i

]
.

Consequently, the sectors of fixed net-quark number NV = e mod 3 with
e ∈ Z3 are defined as

HV(e) = span
{
|ψ⟩ ∈ Hphys | N̂V |ψ⟩ = NV |ψ⟩ , NV = e mod 3

}
.

A state |ψ⟩ ∈ HV(e) is said to have a net-quark number NV = e mod 3 in the
subvolume V in the sense that it can be approximated

lim
n→∞

|ψn⟩ = |ψ⟩ (4.13)

by a sequence (|ψn⟩)n∈N0 ⊆ span{. . .} of states which are finite linear com-
binations of eigenstates of N̂V with the constraint NV = e mod 3. Because
HV(e) ⊆ Hphys is a Hilbert space, we can define the projection operator P̂V(e)
which projects ontoHV(e).

Naively, we might be tempted to define the ensemble with fixed net-quark
number NV = e mod 3 by just taking the trace overHV(e):

Z(NV =3 e) = tr
(

eβµN̂e−βĤ P̂V(e)P̂0

)
,

where a =3 b is a short-hand notation for a = b mod 3. However, this partition
function does not describe the ensemble of a quantum-mechanical system with
states having a net-quark number NV =3 e because actually the Hamiltonian Ĥ
cannot be restricted toHV(e). A quantum-mechanical system only described
by states fromHV(e) under the dynamics of Ĥ is not possible. The Hamiltonian
Ĥ does not commute with the projection operator P̂V(e), [P̂V(e), Ĥ] ̸= 0, and
in general we have to expect an initial state |ψ0⟩ ∈ HV(e) to be driven out of
the sectorHV(e) after some time t > 0:

|ψ(t)⟩ = e−itĤ |ψ0⟩ /∈ HV(e) . (4.14)

Intuitively, this corresponds to the fact that the dynamics are blind towards our
arbitrary choice of the subvolume V. For example ([90]), assume a state |ψ⟩ ∈
HV(e) which also happens to be a simultaneous eigenstate of all operators N̂q,i

and N̂q,i. In general, the dynamics governed by Ĥ will create additional non-
vanishing contributions |φ⟩ ∈ HV(e′) from the other sectorsHV(e′) with e′ ̸= e.
Decomposing the sectorHV(e′) into sectors of all possible eigenvalues of N̂q,i

and N̂q,i, |φ⟩ can necessarily only be made of contributions from sectors with

particle-number configurations (N′q,i, N′q,i) which differ from the configuration

(Nq,i, Nq,i) of |ψ⟩ because HV(e′) is orthogonal to HV(e). Therefore, |φ⟩ is

a superposition of states with particle configurations (N′q,i, N′q,i) where the
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S∗

quark quark hole

VV

(a) quark-quark-hole pair

S∗

quark antiquark

VV

(b) quark-antiquark pair

S∗

quark antiquark

VV

(c) hadronic structure

Figure 4.7: Illustration of relative changes of the particle-number configuration
of some state |ψ⟩ which happens to be an simultaneous eigenstate of all opera-
tors N̂q,i and N̂q,i. The dynamics (4.14) create contributions from sectors with
different net-quark number NV modulo three in general. Exemplary scenarios:
(a): a quark moves from V into the complement V leaving behind a particle
hole in V, (b): a quark-antiquark pair is created between the volume V and
V and (c): a more complicated hadronic structure is created between both
volumes.

net-quark number modulo three is reshuffled between the volume V and
its complement V relative to the initial configurations (Nq,i, Nq,i). Different
mechanisms are possible. Quarks and antiquarks can be moved between the
volume V and its complement V, or a quark-antiquark pair or other hadronic
structures can be created (destroyed) between both volumes. A schematic
illustration is given in Figure 4.7. The only constraint is the conservation of the
total net-quark number N = 0 mod 3 up to a multiple of three due to gauge
invariance. Because the richness of the QCD dynamics includes the movement,
creation and destruction of fermions between different spatial sites, the sector
HV(e) cannot be left invariant for an arbitrary subvolume V. The interaction
has no way of knowing which volume V has been chosen.

Recall that the construction of ’t Hooft’s center-electric flux ensembles Zel. (⃗e)
does not possess such a problem because the projection operator P̂(S∗mn, e)
projecting onto the sectorH(S∗mn, e) of fixed center-electric flux e ∈ Z3 through
the surface S∗mn commutes with the Hamiltonian Ĥ: [P̂(S∗mn, e), Ĥ] = 0. The
center-electric fluxes winding around a direction can be deformed by the
dynamics but are overall stable in their total flux which they generate through
the surface S∗mn. However, also the pure gauge theory is not aware of the exact
form of the chosen interface. We are free to deform S∗mn into any other shape
by means of Gauss’s law.

To be able to define Z(NV =3 e) correctly, we must make the dynamics
aware of the interface d1 between the volume V and its complement V, i.e.
the 1-chain of links connecting both volumes. On the dual lattice, the volume
V∗ = DV is the 3-chain of all cubes containing sites of V, which formally is
a 0-chain, and the surface of V∗ is S∗ = ∂V∗ such that d1 = DS∗. To make
the dynamics aware of the interface d1, we have to modify the dynamics such
that we replace the Hamiltonian Ĥ with a new Hamiltonian Ĥ′. The modified
Hamiltonian Ĥ′ must be gauge-invariant, and the modification should only
be made locally at the interface d1. Such a modification is interpreted as the
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insertion of a membrane forbidding changes of net-quark numbers between V
and V which are not a multiple of three. Then, the correct partition function
Z(NV =3 e) reads

Z(NV =3 e) = tr
(

eβµN̂e−βĤ′ P̂V(e)P̂0

)
. (4.15)

The total net-quark number operator N̂ is not modified however because
[N̂, P̂V(e)] = 0. To see this, we first note that [N̂, N̂V ] = 0. There exists a
sequence (|ψn⟩)n∈N0 as in Equation (4.13) for a state |ψ⟩ ∈ HV(e). Because
|ψn⟩ is a linear combination of eigenstates of N̂V and [N̂, N̂V ] = 0, we have
N̂ |ψn⟩ ∈ span{. . .}. N̂ |ψn⟩ is a sequence that if it converges its limit value lies
in the closure of span{. . .}: HV(e) = span{. . .}. By continuity of N̂, N̂ |ψn⟩
indeed converges to N̂ |ψ⟩. Consequently, N̂ |ψ⟩ ∈ HV(e).

How do we construct Ĥ′ correctly and derive the corresponding path in-
tegral? To this end, we need to make the connection with center charges and
center-electric fields. Remember that Equation (3.18) implies the decomposition
of the physical Hilbert spaceHphys into sectorsH{q,e} of flux-tube configura-
tions {q, e}. We can measure the total center-electric charge qV of a flux-tube
configuration {q, e} in the subvolume V:

qV = ∑
i∈V

qi . (4.16)

Classifying the flux-tube configurations based on their value qV =3 e, we can
write

Hphys = HqV=30 ⊕HqV=31 ⊕HqV=32

with
HqV=3e =

⊕

{q,e}phys
qV=3e

H{q,e} .

A state |ψ⟩ ∈ HqV=3e has a well-defined center charge for the subvolume V
because

Q̂z
V |ψ⟩ = ze |ψ⟩

with the total center-charge operator

Q̂z
V = ∏

i∈V
Q̂z

i

of V. This classification of the Hibert spaceHphys into the total center charge
of the subvolume V is essentially based on the same ideas as in [87–89, 106].
Here, we have adapted the concept to our specific transfer-matrix construction
via the sectors of flux-tube configurations {q, e}. Now, we can establish the fact
that a state with total center charge qV =3 e of the subvolume V is also a state
with net-quark number NV =3 e because quarks and antiquarks are sources of
center charge as implied by Equation (3.12) and (3.13). In our formalism, this
means

HqV=3e = HV(e) . (4.17)
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The proof of this statement is straightforward. Consider |ψ⟩ ∈ HV(e). Then,
we have a sequence (|ψ⟩n)n∈N0 as in Equation (4.13). For each |ψn⟩, we have

|ψn⟩ =
mn

∑
k=1
|ψnk⟩

with eigenstates |ψnk⟩ of N̂V and NV =3 e: N̂V |ψnk⟩ = NV |ψnk⟩. Now, such an
eigenstate |ψnk⟩ can be written as

|ψnk⟩ = ∑
m

∑
α1,...,αm

fα1,...,αm(U)⊗ ξ̂†
α1

. . . ξ̂†
αm |0⟩ .

Because |ψnk⟩ is an eigenstate of N̂V with eigenvalue NV =3 e, only fermionic
particle states with net-quark number NV =3 e occur in the expansion of |ψnk⟩,
i.e. the net number of creation operators of quarks and antiquarks associated
with sites of the volume V must be e up to a multiple of three. Hence, we have

Q̂z
V |ψnk⟩ =

(
∑
i∈V

Q̂i

)
|ψnk⟩ = zNV |ψnk⟩ = ze |ψnk⟩

if we employ Equation (3.12) and (3.13). Therefore,

Q̂z
V |ψn⟩ = ze |ψn⟩

by linearity of Q̂z
V , and

Q̂z
V |ψ⟩ = ze |ψ⟩

by continuity of Q̂z
V . This showsHV(e) ⊆ HqV=3e. Now, assume |ψ⟩ ∈ HqV=3e.

If we diagonalize Hphys into an orthonormal basis {|ψk⟩} of N̂V eigenstates,
we have

|ψ⟩ =
∞

∑
k=1

αk |ψk⟩

with N̂V |ψk⟩ = NV,k |ψk⟩. Now,

Q̂z
V |ψk⟩ = zNV,k |ψk⟩

because |ψk⟩ is from the Fock-space sector with a net number NV,k of creation
operators, and Equation (3.12) and (3.13) imply a factor z and z† for each quark-
or antiquark-creation operator. Consequently,

Q̂z
V |ψ⟩ =

∞

∑
k=1

zNV,k αk |ψk⟩ = ze |ψ⟩ .

However, the basis vectors |ψk⟩ are pairwise orthogonal, and the last equiva-
lence can only be given if

zNV,k = ze

for all k. This is only the case if NV,k =3 e for all k which readily implies that
|ψ⟩ ∈ HV(e). This shows thatHV(e) ⊆ HqV=3e concluding the proof.

This connection between the net-quark number operator N̂V and the center-
electric charge operator Q̂z

V allows to reformulate our problem of constructing
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an ensemble of fixed net-quark number to the equivalent problem of con-
structing an ensemble of fixed center charge qV =3 e of the subvolume V. We
denote the projection operator ontoHqV=3e as P̂qV (e) which obviously fulfills
P̂qV (e) = P̂V(e). Because Q̂z

V is a representation of the center Z3, the projection
operator P̂qV (e) can explicitly be written as

P̂qV (e) =
1
3 ∑

z∈Z3

z−eQ̂z
V .

For a flux-tube configuration {q, e}, the total center-electric flux ϕS∗ which
flows through the surface S∗ of the dual volume V∗ is

ϕS∗ = ∑
⟨i,j⟩∈d1

e⟨i,j⟩ . (4.18)

Due to the Z3-Gauss law (3.17), we have

qV = −ϕS∗ mod 3 , (4.19)

and, therefore, we actually have

HqV=3e = HϕS∗=3−e =
⊕

{q,e}phys
ϕS∗=3−e

H{q,e} .

A formal proof can be made by showing P̂qV (e) = P̂ϕS∗ (−e) where P̂ϕS∗ (e) is
the projection operator ontoHϕS∗=3e:

P̂qV (e) =
1
3 ∑

z∈Z3

z−eQ̂z
V =

1
3 ∑

z∈Z3

z−e ∏
i∈V

Q̂z
i

=
1
3 ∑

z∈Z3

z−e ∏
i∈V

∏
j∼i

Êz−1

⟨i,j⟩ =
1
3 ∑

z∈Z3

z−e ∏
⟨i,j⟩∈d1

Êz−1

⟨i,j⟩

=
1
3 ∑

z∈Z3

ze ∏
⟨i,j⟩∈d1

Êz
⟨i,j⟩ =

1
3 ∑

z∈Z3

zeϕ̂z
S∗

= P̂S∗(−e) ,

Here, the Z3-Gauss law (3.15) is used in the second line, and we have defined
the center-electric flux operator ϕ̂z

S∗ = ∏⟨i,j⟩∈d1
Êz
⟨i,j⟩ of the surface S∗. Hence,

we have shown further that the problem of constructing the ensemble of fixed
net-quark number is equivalent to constructing an ensemble of fixed center-flux
through the surface S∗ of the volume V∗. This connection between net-quark
number and center-electric flux through S∗ has been first described by [106].

To explicitly see that the dynamics do not leave the sectorHV(e) invariant,
we consider the asymmetric transfer operator T̂ and some state f (U)⊗ |ψF⟩ ∈
H. The asymmetric transfer operator acts as

T̂( f (U)⊗ |ψF⟩) =
∫
DŨ S(U, Ũ)TG(Ũ)TF(Ũ)( f (Ũ)⊗ |ψF⟩) .
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Therefore, we can write

ϕ̂z
S∗ T̂( f (U)⊗ |ψF⟩) =

∫
DŨ S(Uz, Ũ)TG(Ũ)TF(Ũ)( f (Ũ)⊗ |ψF⟩) ,

Here Uz denotes the gauge configuration U with all links ⟨i, j⟩ ∈ d1 of the
interface d1 twisted appropriately:

Uz
⟨i,i+k̂⟩ =

{
z†U⟨i,i+k̂⟩, ⟨i, i + k̂⟩ ∈ d1

zU⟨i,i+k̂⟩, ⟨i + k̂, i⟩ ∈ d1
. (4.20)

Interchanging the order of ϕ̂z
S∗ and T̂ and using the left-invariance of the Haar

measure, we have

T̂ϕ̂z
S∗( f (U)⊗ |ψF⟩) =

∫
DŨ S(U, Ũz−1

)TG(Ũz−1
)TF(Ũz−1

)( f (Ũ)⊗ |ψF⟩)

The interface d1 is the dual of the surface S∗ which implies that TG(Ũz−1
) =

TG(Ũ) because every plaquette which contains a link l ∈ d1 also contains some
other link l′ = ⟨i, j⟩ with ⟨j, i⟩ ∈ d1. The link l imposes the twist z† whereas l′

imposes the twist z. Both twists cancel each other. In summary, ϕ̂z
S∗ T̂ acts via

the integral kernel
S(Uz, Ũ)TG(Ũ)TF(Ũ) ,

and T̂ϕ̂z
S∗ acts via the integral kernel

S(Uz, Ũ)TG(Ũ)TF(Ũz−1
) .

Therefore, the presence of the fermionic part TF(Ũ) prevents the commutator
[ϕ̂z

S∗ , T̂] ̸= 0 and also [P̂S∗(e), T̂] ̸= 0 to vanish because both fermionic parts
are not identical: TF(Ũz−1

) ̸= TF(Ũ). Consistently to the construction of ’t
Hooft’s center-electric flux ensembles, however, [ϕ̂z

S∗ , T̂] = 0 in the absence of
the fermionic part.

We construct the Hamiltonian Ĥ′ by first modifying the asymmetric transfer-
matrix operator T̂. By virtue of the Euclidean time continuum a4 → 0, we
then get the corresponding modified Hamiltonian Ĥ′. As it is also desired
for Ĥ′, the modified transfer operator T̂′ is constructed under the following
constraints. First, T̂′ should be gauge-invariant, second, T̂′ emerges from
T̂ by local modifications at the interface d1 and, third, T̂′ should leave the
sector HϕS∗=3−e = HV(e) invariant independently of the choice e. The latter
importantly means that T̂′ is aware of the interface d1 but not of which flux
ϕS∗ =3 −e flows through the surface S∗. For example, this excludes the naive
ansatz

T̂′ |ψ⟩ = P̂S∗(−e)T̂ |ψ⟩ ∈ HϕS∗=−e

which only leaves the sector HϕS∗=−e invariant. As described above, the
membrane at d1 should forbid changes of net-quark numbers between V and
V which are not a multiple of three. The membrane is in this sense some
kind of topological property imprinted into the interaction and changing the
way in which fermions interact between V and V. Choosing a sector HV(e),
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however, merely reflects the choice in which initial state the system is prepared.
Therefore, Z(NV =3 e) describes an ensemble of fixed net-quark number
NV =3 e because an observer will only observe states from the sectorHV(e).

The construction of an ensemble with fixed net-quark number NV =3 e can
be reformulated to the equivalent problem of constructing an ensemble of fixed
center flux ϕS∗ =3 −e as we have seen above. As part of this reformulation
the center-flux operator ϕ̂z

S∗ emerges naturally. The operator ϕ̂z
S∗ consists of

center-electric flux operators Êz
⟨i,j⟩ with links ⟨i, j⟩ ∈ d1 which are only part of

the interface d1. The operator ϕ̂z
S∗ only affects gauge variables at the interface

d1. In this sense, ϕ̂z
S∗ only affects the interface d1 locally. Hence, ϕ̂z

S∗ is a natural
candidate to modify the dynamics at the surface S∗. We guess the following
modified operator T̂′:

T̂′ =
1
3 ∑

z∈Z3

ϕ̂z
S∗ T̂ϕ̂z−1

S∗ .

To confirm that T̂′ emerges from T̂ by only including modifications of the
interaction at the interface d1, we compute the integral kernel K′(U, Ũ) of T̂′

explicitly:

K′(U, Ũ) =
1
3 ∑

z∈Z3

S(Uz−1
, Ũ)TG(Ũ)TF(Ũz−1

) .

It is obvious that only gauge variables which are part of the interface d1 are
affected by the modification. In this sense, the modifications are locally re-
stricted to the interface d1. Also, T̂′ is gauge-invariant because ϕ̂z

S∗ and T̂ are
gauge-invariant. The sector HV(e) is invariant under the application of the
operator T̂′: [P̂V(e), T̂′] = 0. To this end, consider |ψ⟩ ∈ HϕS∗=3−e. We have

T̂′ |ψ⟩ = 1
3 ∑

z∈Z3

ϕ̂z
S∗ T̂ϕ̂z−1

S∗ |ψ⟩ =
1
3 ∑

z∈Z3

zeϕ̂z
S∗ T̂ |ψ⟩ = P̂S∗(−e)T̂ |ψ⟩ . (4.21)

Therefore, T̂′ |ψ⟩ ∈ HϕS∗=3−e = HV(e).
Finally, it remains to show that T̂′ has a well-defined Euclidean time contin-

uum with a Hamiltonian Ĥ′. Introducing the lattice spacings into the transfer
operator T̂a4 gives the modified transfer operator T̂′a4

which depends on the
lattice spacing a4. Hence, we write

(N (a4)T̂′a4
)N4 =

(
1
3 ∑

z∈Z3

ϕ̂z
S∗(N (a4)T̂a4)ϕ̂

z−1

S∗

)N4

.

For sufficiently small a4, we have

(N (a4)T̂′a4
)N4 =

(
1− a4

[
1
3 ∑

z∈Z3

ϕ̂z
S∗ Ĥϕ̂z−1

S∗

]
+O(a2

4)

)N4

(4.22)

which defines the Euclidean time continuum as

lim
N4→∞

(N (a4)T̂′a4=β/N4
)N4 = e−βĤ′
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with
Ĥ′ =

1
3 ∑

z∈Z3

ϕ̂z
S∗ Ĥϕ̂z−1

S∗ . (4.23)

Importantly, Ĥ′ is Hermitian because (ϕ̂z
S∗)

† = ϕ̂z−1

S∗ , and Ĥ is Hermitian.
The interpretation of Ĥ′ as a Hamiltonian is well-defined. Furthermore, the
derivation of Equation (4.22) uses the simple, but crucial, property

1 =
1
3 ∑

z∈Z3

ϕ̂z
S∗1ϕ̂z−1

S∗

which guarantees the manifestation of the identity in the zeroth order term.
Otherwise, the Euclidean time continuum would not give a well-defined expo-
nential of the Hamiltonian Ĥ′.

The Hamiltonian Ĥ′ is obviously gauge-invariant, the interaction is only
modified at the interface d1, and the sectorHV(e) is left invariant by Ĥ′ for all
e ∈ Z3 because [P̂V(e), T̂′] = 0 which persists in the Euclidean time continuum.
Therefore, Ĥ′ restricted toHV(e) defines a proper quantum-mechanical system
of gauge-invariant states with fixed net-quark number NV =3 e, and the
transfer operator T̂′a4

is the corresponding discretization of Ĥ′ in Euclidean
time.

The path integral is computed as it is done for the symmetric and asymmet-
ric transfer operator, see Section 3.2 and 3.3. Comparing with Equation (3.32),
we replace the Boltzmann factor e−βĤ′ in Equation (4.15) with T̂′N4 introducing
the discretization in Euclidean time:

Z(NV =3 e) = tr
(

eβµN̂(T̂′)N4 P̂S∗(−e)P̂0

)
,

where we also have replaced P̂V(e) with P̂S∗(−e). For any state |ψ⟩ ∈ H,

P̂S∗(−e)P̂0 |ψ⟩ ∈ HϕS∗=3−e .

Equation (4.21) implies

(T̂′)N4 P̂S∗(−e)P̂0 |ψ⟩ = (P̂S∗(−e)T̂)N4 P̂S∗(−e)P̂0 |ψ⟩ .

Inserting this result into the partition function yields

Z(NV =3 e) = tr
(

eβµN̂(P̂S∗(−e)T̂)N4 P̂S∗(−e)P̂0

)
.

Cyclically shifting the rightmost P̂S∗(−e) to the front and using P̂2
S∗(−e) =

P̂S∗(−e), we arrive at

Z(NV =3 e) = tr
(

eβµN̂ P̂0(P̂S∗(−e)T̂)N4

)
.

We replace every projection operator P̂S∗(−e) with its representation

P̂S∗(−e) =
1
3 ∑

z∈Z3

zeϕ̂z
S∗
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and get

Z(NV =3 e) =
1

3N4 ∑
{zτ∈Z3}

[ N4−1

∏
τ=0

z−e
τ

]
tr
(

eβµN̂ P̂0

N4−1

∏
τ=0

[
ϕ̂

z−1
τ

S∗ T̂
])

,

where we implicitly made the transformation zτ → z−1
τ , and the product of the

operators ϕ̂
z−1

τ
S∗ T̂ is defined to be ordered from left to right for increasing τ:

N4−1

∏
τ=0

[
ϕ̂

z−1
τ

S∗ T̂
]
=
[
ϕ̂

z−1
0

S∗ T̂
]
·
[
ϕ̂

z−1
1

S∗ T̂
]
· . . . ·

[
ϕ̂

z−1
N4−1

S∗ T̂
]

.

The integral kernel K(Uz−1
τ , Ũ) of the operator ϕ̂

z−1
τ

S∗ T̂ is given by the integral ker-
nel K(U, Ũ) of the asymmetric transfer operator, but the gauge configuration
U in the first argument is twisted according to Equation (4.20):

K(Uz−1
τ , Ũ) = S(Uz−1

τ , Ũ)TG(Ũ)TF(Ũ) .

The choice of the asymmetric transfer operator T̂ unfolds its full purpose
here. The influence of the center operators ϕ̂z

S∗ is restricted to the timelike
plaquettes only. Especially, the fermionic parts remain unchanged. The total
action of the path integral derived further below retains the form of the Wilson
plaquette action (2.3) and the Hasenfratz-Karsch action (2.4). Only certain
timelike plaquettes of the gauge action are twisted.

By following the steps in Section 3.3, the derivation of the path integral
results in Equation (3.36) with the integral kernels K(Uτ , Uτ+1) replaced by

the twisted kernels K(Uz−1
τ

τ , Uτ+1) and the sum taken over all possible twist
configurations {zτ ∈ Z3}:

Z(NV =3 e) =
1

3N4 ∑
{zτ∈Z3}

[ N4−1

∏
τ=0

z−e
τ

] ∫
DUDΩDξDξ e−ξξ

⟨eβµξ
(0)
q , e−βµξ

(0)
q |K

(
U

z−1
0

0 , U1, Ω
)
|Ωξ

(1)
q , ξ

(1)
q Ω†⟩

×
N4−1

∏
τ=1
⟨ξ(τ)q , ξ

(τ)
q |K

(
Uz−1

τ
τ , Uτ+1

)
|ξ(τ+1)

q , ξ
(τ+1)
q ⟩

=
1

3N4 ∑
{zτ}

[ N4−1

∏
τ=0

z−e
τ

] ∫
DUDψDψ eSG({zτ},U)eSF(U,ψ,ψ) .

The fermionic part remains unchanged, i.e. SF(U, ψ, ψ) is just the Hasenfratz-
Karsch action (2.4). Analogously to the path integral of ⟨Ê⟨i,j⟩⟩ and Equation
(4.1), the gauge action SG({zτ}, U) is the standard plaquette action SG(U) with
certain timelike plaquettes twisted according to the twist configuration {zτ}:

SG({zτ}, U) =
2
g2

0
∑

x,µ<ν

ReTr
(

z(px,µν)U∂px,µν

)
.
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τ

V

V

τ

τ + 1

zτ

z−1
τ

(a) (2 + 1)-dimensions

1

2

3

zτ

z−1
τ

V

(b) (3 + 1)-dimensions

Figure 4.8: Illustration of the twisted timelike plaquettes of the ensemble
Z(NV =3 e) in (2 + 1)- and (3 + 1)-dimensions. Figure (a) shows the imple-
mentation of twisted timelike plaquettes between the τ-th and (τ + 1)-th layer
of Euclidean time in (2 + 1)-dimensions. Figure (b) shows the τ-th layer of
Euclidean time in (3 + 1)-dimensions. The colored links are the intersections
of the twisted timelike plaquettes, which lie between the τ-th and (τ + 1)-th
layer of time, with the τ-th layer of Euclidean time. The colors represent the
twists zτ and z−1

τ .†

The function z(px,µν) determines the center element with which a plaquette
px,µν is multiplied:

z(p(i,τ),µν) =





zτ , ν = 4, µ = k, ⟨i, i + k̂⟩ ∈ d1

z−1
τ , ν = 4, µ = k, ⟨i + k̂, i⟩ ∈ d1

1, else

.

The timelike plaquettes are twisted independently between all subsequent
planes of Euclidean time. Consider all timelike plaquettes between the τ-th and
(τ + 1)-th layer of time and the spatial volume V embedded on the time slice τ.
Each timelike plaquette px,µν intersecting the τ-th layer of time in the sense that
a spatial link ⟨i, j⟩ (ignoring the temporal component τ) of the boundary ∂px,µν

lies on the time layer τ. The function z(px,µν) twists all timelike plaquettes
px,µν which border the spatial volume V, i.e. the intersection ⟨i, j⟩ of px,µν with
the time slice τ penetrates the surface S∗:

⟨i, j⟩

τ

τ

S∗

exemplary for (2 + 1)-dimensions. In doing so, the twist configuration {zτ}
dictates the center element zτ ∈ Z3 with which the plaquettes are twisted. A
plaquette is twisted with either zτ or z−1

τ depending on its intersection link
⟨i, j⟩: if ⟨i, j⟩ ∈ d1 (⟨j, i⟩ ∈ d1) is part of the interface d1, the plaquette is twisted
with zτ (z−1

τ ). The twists are illustrated for (2 + 1)- and (3 + 1)-dimensions in
Figure 4.8. The (2 + 1)-dimensional case is shown in Figure 4.8a. The time axis
is represented by the upwardly directed spatial axis. The plaquettes bordering

†Figure (a) is adapted from “FIG. 10” by [90] and used under CC BY 4.0 [142].
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C∗
1

C∗
2

DC∗
2

DC∗
1

(a) (2 + 1)-dimensions

V∗

S∗1

S∗2

DS∗2

DS∗1
(b) (3 + 1)-dimensions

Figure 4.9: Twists of Figure 4.8 as a result of inserting Dirac strings and Dirac
sheets enclosing the spatial subvolume V∗ in the τ-th layer of Euclidean time.

and enclosing the volume V are twisted with either the center element zτ or
z−1

τ . The (3+ 1)-dimensional case is shown in Figure 4.8b. Here, only one layer
of time is illustrated, and the intersection links ⟨i, j⟩ are shown. The colors
indicate the twists of the timelike plaquettes.

To make the connection with ’t Hooft’s center-electric flux ensembles and
the topological objects of Section 4.1, we use the twisted ensembles

Z({zτ}) =
∫
DUDψDψ eSG({zτ},U)eSF(U,ψ,ψ) = tr

(
eβµN̂ P̂0

N4−1

∏
τ=0

[
ϕ̂

z−1
τ

S∗ T̂
])

.

(4.24)
The path integral of Z({zτ}) is computed by inserting the center-flux operator

ϕ̂
z−1

τ
S∗ for each time layer τ. The operator ϕ̂z

S∗ is just the product of center-electric
flux operators Êz

⟨i,j⟩:

ϕ̂z
S∗ = ∏

⟨i,j⟩∈d1

Êz
⟨i,j⟩ = ∏

⟨i,i+k̂⟩

(
Êz
⟨i,i+k̂⟩

)α⟨i,i+k̂⟩ (4.25)

with the coefficients α⟨i,i+k̂⟩ ∈ {0,−1, 1} of the 1-chain d1. Because d1 is the dual

of the surface S∗, the insertion of ϕ̂
z−1

τ
S∗ into the trace (4.24) is equivalent to the

insertion of a Dirac sheet with the twist z−1
τ enclosing the spatial subvolume V∗

in the τ-th layer of time. However, we can also absorb all negative coefficients
α⟨i,i+k̂⟩ by appropriate replacements z→ z−1 in Equation (4.25). Then, ϕ̂z

S∗ =

ϕ̂z−1

S∗1
ϕ̂z

S∗2
actually decomposes into the product of two separate Dirac sheets

S∗1 and S∗2 of opposing twists z−1 and z enclosing the volume V∗. The dual
DS∗i of each of theses Dirac sheets is solely made of positively orientated links
of the lattice. Contrary to the pure gauge theory, the exact form of a Dirac
sheet matters in the presence of dynamical fermions because Gauss’s law does
not manifest itself in the identity (4.4) and subsequently in the equivalence
of surfaces which are deformed relative to each other by adding boundless
cubes on the dual lattice (Figure 4.3). Physically, it makes a difference which
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Chapter 4. Quark numbers in QCD

subvolume V is chosen. The two Dirac sheets are illustrated in Figure 4.9 for
(2 + 1)- and (3 + 1)-dimensions. In the former case, the sheets are actually
strings.

Now, we can describe the construction of the ensemble Z(NV =3 e) in the
terminology of Section 4.1. For every twist configuration {zτ}, we define the
twisted ensemble Z({zτ}) by enclosing the dual subvolume V∗ with two Dirac
sheets S∗1 and S∗2 in each layer of Euclidean time, as it is depicted in Figure 4.9.
In every layer τ, the twists are chosen as zτ for S∗1 and z−1

τ for S∗2 . This gives
the twisted ensemble Z({zτ}). To get Z(NV =3 e), we just have to take the
discrete Fourier transform over all twisted ensembles Z({zτ}). Hence, there
are two steps involved. First, the stack of twisted Dirac sheets in Euclidean
time is inserted, and then the sum over all possible twists is taken.

Comparing with Section 4.1, ’t Hooft’s center-electric flux ensembles are
defined by inserting the Dirac sheets S∗23, S∗13 and S∗12 in one layer of time only.
Though, we can analogously to Z(NV =3 e) insert the Dirac sheets S∗mn in each
layer of Euclidean time such that

Zel. (⃗e) =
1

33N4 ∑
{⃗kτ∈Z3

3}

N4−1

∏
τ=0

[
exp

(
− 2πi

3
e⃗ · k⃗τ

)]
Z({⃗kτ})

and
Z({⃗kτ}) =

∫
DUDψDψ eSG({⃗kτ},U) ,

where SG({⃗kτ}, U) imposes the Dirac sheets with twist k⃗τ in each layer of time
τ. The equivalence is guaranteed because we can just repeat the construction
of Z(NV =3 e) with the modified transfer operator

T̂′ =
1
33 ∑

z1,z2,z3∈Z3

Êz1(S∗23)Êz2(S∗13)Êz3(S∗12) T̂ Êz−1
3 (S∗12)Êz−1

2 (S∗13)Êz−1
1 (S∗23)

in the absence of dynamical fermions. However, because [Êz(S∗mn), T̂] = 0,
actually T̂′ = T̂. Therefore, we can just replace T̂ with T̂′ in the derivation of
Zel. (⃗e) which gives the path integral

Zel. (⃗e) =
1

33N4 ∑
{⃗kτ∈Z3

3}

N4−1

∏
τ=0

[
exp

(
− 2πi

3
e⃗ · k⃗τ

)]

× tr
(

P̂0

N4−1

∏
τ=0

[
Êz1 (⃗kτ)(S∗23)Êz2 (⃗kτ)(S∗13)Êz3 (⃗kτ)(S∗12)T̂

])
(4.26)

with zi (⃗k) = exp( 2πi
3 ki). We clearly notice the insertion of the Dirac sheets into

each layer of time. Because the operators Êz(S∗mn) commute with T̂, we can
shift all Dirac sheets to the front of the product. This amounts to collapsing the
stack of sheets in direction of time to exactly one layer of time. Then, we have
the temporally twisted ensembles with the total twist

exp
(
− 2πi

3
ki

)
=

N4−1

∏
τ=0

zi (⃗kτ)
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4.2. Fixed quark number ensembles

defining the overall twist vector k⃗ such that

Zel. (⃗e) =
1

33N4 ∑
k⃗∈Z3

3

N(⃗k) exp
(
− 2πi

3
e⃗ · k⃗

)
Z(⃗k) ,

where Z(⃗k) are the temporally twisted ensembles and N(⃗k) counts the number
of twist configurations {⃗kτ} with k⃗0 +3 . . . +3 k⃗N4−1 = k⃗. For a fixed vector
k⃗, we have N(⃗k) = 33N4−3. This is because N(⃗k) = N(⃗k +3 a⃗) is actually
translation invariant under a shift a⃗ ∈ Z3

3. Therefore all 33N4 combinations
of twist configurations {⃗kτ} are evenly distributed among the 33 possible
vectors k⃗: N(⃗k) = 33N4−3. Equation (4.8) and (4.26) are equivalent because we
can collapse the Dirac sheets from all layers to only one layer of time. This
is an alternative interpretation of the difference between the construction of
Z(NV =3 e) and Zel. (⃗e): [ϕ̂z

S∗ , T̂] ̸= 0 prohibits the collapse of Dirac sheets to
one layer of time only, whereas [Êz(S∗mn), T̂] = 0 allows it.

Continuum limit

Finally, some remarks for the continuum limit are in order. To formulate the
continuum limit of fixed net-quark number ensembles, we would not fix the
lattice subvolume V to a specific extent, but rather we fix a physical subvolume
Vphys = a3V with fixed physical extents in the spatial directions. Otherwise,
by only fixing V, the physical subvolume Vphys would actually shrink to zero
when approaching the continuum a → 0. This also applies to the quantum-
mechanical formulation because, as we have discussed in Chapter 3, the path
integral at maximal anisotropy ξ → ∞ and fixed a becomes equivalent to the
quantum-mechanical formulation.

Path-integral dualization

As a cross check, we like to emphasize another possibility to construct the
ensemble Z(NV =3 e). Instead of using the transfer-matrix formulation, we
use the dualization scheme described in [107, 108] which reformulates the path
integral in terms of Abelian dual variables and provides, like the transfer-matrix
formulation, a concept of local net-quark numbers allowing the definition of
Z(NV =3 e).

However, we do not engage in the full dualization scheme as depicted
by [107, 108]. We only consider the dualization of the fermionic part, i.e. we
introduce dual variables replacing the Grassmann generators and formally
integrate out all gauge variables such that the partition function becomes a sum
over fermionic dual variables only. The derivation is completely analogous to
[107, 108]. Here, we use Wilson fermions instead of staggered fermions.

Recall the Hasenfratz-Karsch action (2.4):

SF(U, ψ, ψ) = κ ∑
x,µ

[
ψxΛ+

x,µψx+µ̂ + ψx+µ̂Λ−x,µψx
]
−∑

x
ψxψx .

91



Chapter 4. Quark numbers in QCD

The matrices are defined as

Λ+
x,µ = ((1− δµ,4) + e+a4µδµ,4)(1− γµ)U⟨x,x+µ̂⟩ ,

Λ−x,µ = ((1− δµ,4) + e−a4µδµ,4)(1 + γµ)U†
⟨x,x+µ̂⟩ ,

and we naturally understand them to be embedded in a color and Dirac space.
The path integral is

Z =
∫
DUDψDψ eSG(U)eSF(U,ψ,ψ) .

The dualization of the fermionic part is simply an expansion of the Boltzmann
factor eSF(U,ψ,ψ) in orders of the Grassmann bilinears ψ

ω
x ψω′

y , where ω = (a, α)

summarizes the color and Dirac indices. Bilinears ψ
ω
x ψω′

y commute pairwise,

and therefore we can decompose the exponential eSF(U,ψ,ψ) into the product of
exponentials:

eSF(U,ψ,ψ) =

[
∏
x,ω

exp
(
− ψ

ω
x ψω

x

)][
∏

x,µ,ω,ω′
exp

(
κψ

ω
x (Λ

+
x,µ)ωω′ψ

ω′
x+µ̂

)]

×
[

∏
x,µ,ω,ω′

exp
(

κψ
ω
x+µ̂(Λ

−
x,µ)ωω′ψ

ω′
x

)] .

Every exponential is expanded in orders of the Grassmann bilinears, and such
an expansion always ends with the first order because the second and higher
orders include squares or higher powers of a Grassmann number which vanish
due to the anti-commuting nature of the numbers:

∏
x,ω

exp
(
− ψ

ω
x ψω

x

)
= ∏

x,ω

1

∑
kωω

xx =0

(
− ψ

ω
x ψω

x

)kωω
xx

∏
x,µ,ω,ω′

exp
(

κψ
ω
x (Λ

+
x,µ)ωω′ψ

ω′
x+µ̂

)

= ∏
x,µ,ω,ω′

1

∑
kωω′

x,x+µ̂=0

(
κ · (Λ+

x,µ)ωω′ψ
ω
x ψω′

x+µ̂

)kωω′
x,x+µ̂

∏
x,µ,ω,ω′

exp
(

κψ
ω
x+µ̂(Λ

−
x,µ)ωω′ψ

ω′
x

)

= ∏
x,µ,ω,ω′

1

∑
kωω′

x+µ̂,x=0

(
κ · (Λ−x,µ)ωω′ψ

ω
x+µ̂ψω′

x

)kωω′
x+µ̂,x

The exponents kωω′
xy ∈ {0, 1} are the fermionic dual variables. Only three kinds

of dual variables exist: kωω′
xx , kωω′

x,x+µ̂ and kωω′
x+µ̂,x. Inserting the expansions into

the Boltzmann factor eSF(U,ψ,ψ) and shifting the sums in front of the products,
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4.2. Fixed quark number ensembles

we arrive at the representation

eSF(U,ψ,ψ) = ∑
{k}

[
∏
x,ω

(
− ψ

ω
x ψω

x

)kωω
xx
][

∏
x,µ,ω,ω′

(
κ · (Λ+

x,µ)ωω′ψ
ω
x ψω′

x+µ̂

)kωω′
x,x+µ̂

]

×
[

∏
x,µ,ω,ω′

(
κ · (Λ−x,µ)ωω′ψ

ω
x+µ̂ψω′

x

)kωω′
x+µ̂,x

] ,

where the sum is taken over all possible configurations {k} of dual variables.
Now, we can insert this result into the path integral Z, combine the factors e±a4µ

into a common exponential and integrate formally over all gauge variables:

Z = ∑
{k}

W({k}) exp
(

a4µ ∑
x
(nx − nx)

) ∫
DψDψ

×
[

∏
x,ω

(
− ψ

ω
x ψω

x

)kωω
xx
][

∏
x,µ,ω,ω′

(
ψ

ω
x ψω′

x+µ̂

)kωω′
x,x+µ̂

(
ψ

ω
x+µ̂ψω′

x

)kωω′
x+µ̂,x

] .

(4.27)

The function W({k}) includes the integration over all gauge variables and the
plaquette action SG(U),

nx = ∑
ω,ω′

kωω′
x,x+4̂ and nx = ∑

ω,ω′
kωω′

x+4̂,x .

In this form it is evident that a configuration {k} determines which Grassmann
generators occur. Also, the integral over the Grassmann numbers is non-zero if
and only if every generator occurs exactly once. Therefore, certain {k} have
zero contribution to the partition function and are unphysical in this sense.
The integral over the generators manifests itself in a constrain on the sets
of configurations {k}. This implies rules for diagrammatically representing
physical configurations {k} [107, 108]. In our case, the rules are as follows.
A product ψ

ω
x ψω′

y between the nearest-neighbor sites x and y is represented
by an arrow. The arrow starts at x and terminates at y. The starting point,
therefore, represents always a Grassmann generator ψ

ω
x , whereas the end point

represents a generator ψω′
y . If an arrow is pointed in a positive direction then

the corresponding dual variable kωω′
x,x+µ̂ = 1 is set to one. Similar, an arrow

pointing in a negative lattice direction indicates kωω′
x+µ̂,x = 1. We represent a pair

(ψ
ω
x , ψω

x ) by an open circle placed at the site x. Arrows start and end at these
open circles. An on-site variable kωω

xx = 1 is indicated by filling the open circle
of the pair (ψω

x , ψω
x ). Because a configuration {k} is physical if and only if every

generator occurs exactly once, there are only two diagrammatical possibilities:
either one arrow starts and one arrows ends in an open circle or the circle is
filled:

ω ω
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Chapter 4. Quark numbers in QCD

Therefore, a physical configuration {k} decomposes into a set of closed loops
which consist of distinct arrows or one filled circle. The latter is considered a
loop of zero length.

Using the dualization scheme, we can construct the ensemble Z(NV =3 e).
First, we observe that the number of arrows entering and leaving a site must
be identical due to the diagrammatic rules:

∑
µ,ω,ω′

(
kωω′

x−µ̂,x − kωω′
x,x−µ̂ + kωω′

x+µ̂,x − kωω′
x,x+µ̂

)
= 0 . (4.28)

for every site x. Second, the variables nx and nx are interpreted as the quark
number and antiquark number at the spacetime point x, and the local net-quark
number is defined as Nx = nx − nx. This interpretation is due to the occurrence
of the variables in the exponential

exp
(

a4µ ∑
x
(nx − nx)

)

in Equation (4.27). In the usual sense, the total net-quark number N of the
grand-canonical ensemble is identified via the factor eβµN , where β is the
inverse temperature. Therefore, if we write

eβµN = exp
(

a4µ ∑
x
(nx − nx)

)
= exp

(
βµ

a4

β ∑
x
(nx − nx)

)
,

we identify

N =
1

N4
∑
x
(nx − nx) .

As it is pointed out in [108], only closed fermion loops winding around the
time direction contribute to N. Assuming the interpretation of nx and nx
as local particle numbers at a certain place and time, the timelike parts of
closed loops describe the propagation of quarks and antiquarks in direction
of Euclidean time. Therefore, if a quark or antiquark propagates through all
layers of time and persists at all times, it contributes to the total net-quark
number N. Otherwise it just fluctuates into existence, is destroyed at a later
point of time and does not contribute to N. An example of a fermion loop
winding around the time direction is given in Figure 4.10. The loop describes
the propagation of a quark starting at τ = 0 till τ0. At τ0, a quark-antiquark
pair is created such that one quark and the antiquark annihilate one time step
later. The remaining quark propagates further closing the loop. In total, one
quark persists at all times.

Next, Equation (4.28) and the definition of the local net-quark number Nx
allow to establish a local continuity equation, i.e. the change of net-quark
number at a spatial site i between two layers of time τ − 1 and τ must equal
the outgoing quark-number current on the τ-th layer of time. To derive the
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τ = 0

τ = L4 − 1

τ0

quark
antiquark

τ

Figure 4.10: Illustration of a closed fermion loop which contributes one quark
to the total net-quark number N. With the interpretation of nx and nx as
local quark and antiquark numbers, the shown fermion loop describes the
propagation of one quark from τ = 0 till τ0. At τ0, a quark-antiquark pair is
created. One time step later, one quark and the antiquark annihilate such that
only one quark persists closing the loop.

continuity equation, we split Equation (4.28) into temporal and spatial parts:

∑
µ,ω,ω′

(
kωω′

x−µ̂,x − kωω′
x,x−µ̂ + kωω′

x+µ̂,x − kωω′
x,x+µ̂

)

= Nx−4̂ − Nx +
3

∑
k=1

∑
ω,ω′

(
kωω′

x−k̂,x − kωω′
x,x−k̂ + kωω′

x+k̂,x − kωω′
x,x+k̂

)
.

Therefore, Equation (4.28) implies

∆4Nx =
3

∑
k=1

∑
ω,ω′

(
kωω′

x−k̂,x − kωω′
x,x−k̂ + kωω′

x+k̂,x − kωω′
x,x+k̂

)

with ∆4Nx = Nx − Nx−4̂. We define the quark-number current by

jx,x+k̂ = ∑
ωω′

(
kωω′

x,x+k̂ − kωω′
x+k̂,x

)

which measures the net-number of arrows pointing from x to x + k̂ in the
spatial direction k ∈ {1, 2, 3}. Hence, the continuity equation reads

∆4Nx = −
3

∑
k=1

(
jx,x+k̂ − jx−k̂,x

)
. (4.29)

Defining the total net-quark number Nτ = ∑i N(i,τ) in the τ-th layer of time,
the continuity equation implies

∆4Nτ = ∑
i

∆4N(i,τ) = −∑
i

3

∑
k=1

(
j(i,τ),(i+k̂,τ) − j(i−k̂,τ),(i,τ)

)
= 0

on the spatial torus. Therefore, the total net-quark number N is actually
N = Nτ for all τ ∈ {0, . . . , N4 − 1}. It is therefore not necessary to consider all
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V V V V
τ

quark

antiquark

Figure 4.11: Examples of changes of the net-quark number qV,τ at different
times due to fermion loops. Left, a quark propagates in time and hops out of
and back into the volume V. Right, a quark-antiquark pair is created at the
interface between V and V and destroyed at a later point of time.†

layers of time, but it is enough to consider Nτ of some arbitrary and fixed layer
τ of time:

eβµN = eβµNτ .

Being able to consider only one layer τ of time, we further verify the notion of
N(i,τ) as the local net-quark number at site i because the sum over all spatial
sites i gives the total net-quark number.

Now consider some fixed layer τ of time. We define the net-quark number
of the spatial subvolume V as

NV,τ = ∑
i∈V

N(i,τ) .

The continuity equation implies

∆4NV,τ = ∑
i

∆4N(i,τ) = − ∑
⟨x,y⟩∈(d1,τ)

jx,y = −ΦS∗ ,τ .

with the interface d1 of the volume V, i.e. d1 = DS∗ and S∗ = ∂V∗. The
notation (d1, τ) indicates the interface d1 embedded on the τ-th layer of time.
In general, the value ΦS∗ ,τ ̸= 0, therefore, NV,τ can be different for different
times τ. This is just the manifestation of the fact which we have already worked
out in the transfer-matrix formulation. The interaction is blind towards our
choice of the subvolume V. If we fix the quark number NV,τ0 =3 e at some time
τ0, it might change at a later or earlier point of time. Changes of the net-quark
number between V and V due to fermion loops are illustrated in Figure 4.11.

Consequently, it is not enough to fix the net-quark number NV,τ0 =3 e at
one point τ0 in time, but we again have to fix it at all times: NV,τ =3 e for all
τ ∈ {0, . . . , N4 − 1}. In this sense, a dual configuration {k} describes a state of
fixed net-quark number NV =3 e. The ensemble Z(NV =3 e) is constructed by
inserting the constrain

N4−1

∏
τ=0

δ(NV,τ =3 e)

†The figure is adapted from “FIG. 11” by [90] and used under CC BY 4.0 [142].
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into Equation (4.27):

Z(NV =3 e) = ∑
{k}

W({k})
∫
DψDψ

[
∏

τ

ea4µNτ

][
∏

τ

δ(NV,τ =3 e)
]

×
[

∏
x,ω

(
− ψ

ω
x ψω′

x

)kωω
xx
][

∏
x,µ,ω,ω′

(
ψ

ω
x ψω′

x+µ̂

)kωω′
x,x+µ̂

(
ψ

ω
x+µ̂ψω′

x

)kωω′
x+µ̂,x

] .

Next, we reformulate the constraints such that we can undo the dualization and
derive the path integral as an integral over the fermionic and gauge variables.
To this end, we use the identity

δ(NV,τ =3 e) =
1
3 ∑

zτ∈Z3

zNV,τ−e
τ

which implies
[

∏
τ

ea4µNτ

][
∏

τ

δ(NV,τ =3 e)
]

=
1

3N4 ∑
{zτ}

[
∏

τ

z−e
τ

][
∏

τ

(
ea4µ

)NV,τ
(
ea4µzτ

)NV,τ

] .

Therefore, the ensemble Z(NV =3 e) is

Z(NV =3 e) =
1

3N4 ∑
{zτ}

[
∏

τ

z−e
τ

]
Z({zτ})

with the twisted ensembles

Z({zτ})

= ∑
{k}

W({k})
∫
DψDψ

[
∏

τ

(
ea4µ

)NV,τ
(
ea4µzτ

)NV,τ

][
∏
x,ω

. . .
][

∏
x,µ,ω,ω′

. . .
]

.

The twisted ensemble Z({zτ}) has a similar form as Equation (4.27). The
difference lies in the multiplication of the factors ea4µN(i,τ) with the center
elements if i lies in the volume V. Undoing the dualization steps, which yield
Equation (4.27), for Z({zτ}) gives the path integral

Z({zτ}) =
∫
DUDψDψ eSG(U)eSF({zτ},U,ψ,ψ) .

The fermion action SF({zτ}, U, ψ, ψ) is the Hasenfratz-Karsch action (2.4) but
with modified hopping terms in direction of time

SF({zτ}, U, ψ, ψ) = κ ∑
x,µ

[
ψxΓ+

x,µψx+µ̂ + ψx+µ̂Γ−x,µψx
]
−∑

x
ψxψx ,

where

Γ±x,µ =

{
z±1

τ Λ±
(i,τ),4, i ∈ V and µ = 4

Λ±x,µ, else
.
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All timelike hops with spatial components in the volume V are multiplied by
the center elements zτ or z−1

τ depending on whether timelike hops are forward
or backward directed.

In this form, the only modifications are done in the fermion action but recall
that only the gauge part SG({zτ}, U) has been modified in the transfer-matrix
construction. However, we actually derived the same twisted ensemble here
because we can shift all center dependence from SF({zτ}, U, ψ, ψ) into SG(U).
To this end, we use the left-invariance of the Haar measure. We substitute all
timelike gauge variables with

U⟨x,x+4̂⟩ −→
{

z−1
τ U⟨x,x+4̂⟩, x = (i, τ) and i ∈ V

U⟨x,x+4̂⟩, else
.

This removes the center elements from the fermion action and moves the
center dependence into the plaquette action. Between two layers of time τ
and τ + 1, only the timelike plaquettes are twisted with zτ such that we get
SG({zτ}, U) as in the case of the transfer-matrix formulation. This is because
the twists can only influence plaquettes with timelike gauge variables having
spatial components in V. These are either plaquettes which have two or one
temporal links with components in V. In the former case, the overall twist
of the plaquette is one because one timelike link points in positive and one
in negative direction. The positively orientated gauge variable is multiplied
with z−1

τ , whereas the negatively orientated variable is multiplied with zτ . In
the latter case, one gauge variable of the plaquette is twisted with z±1

τ which
implies an overall twist with z±1

τ . These kind of plaquettes px,µν are exactly
those which border the spatial volume V.
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Chapter 5

Percolation in QCD

In the last chapter, we have used the decomposition of the physical Hilbert
spaceHphys into sectorsH{q,e} of flux-tube configurations {q, e} to construct
the ensembles Z(NV =3 e) of fixed net-quark numbers. In this chapter, we use
the transfer-matrix formalism to construct a notion of confinement and decon-
finement based on the percolation of flux-tube configurations. Our notion is
gauge-invariant and can be defined as an observable on the lattice. Similar
to the fixed net-quark number ensembles and ’t Hooft’s center-electric flux
ensemble, the observable is formulated as a sum over ensembles of twisted
plaquettes, where we again leverage the properties of the asymmetric transfer-
matrix formulation to shift all twists into the purge gauge part only. The
percolating phase of flux-tube configurations, i.e. the phase of infinitely large
center-electric structures, is then identified with the deconfined phase whereas
we identify the non-percolating phase of only local center-electric structures as
the confined phase. Because a percolation transition is of geometric nature only
and does not rely on a non-analytic behavior of the free energy density, our
notion also applies to all parameters of the theory which especially includes
the presence of dynamical quarks. The idea of interpreting confinement and
deconfinement in QCD as a consequence of percolation was put forward by
Satz [28]. We complete the idea of Satz by explicitly stating a gauge-invariant
notion of percolation based on flux-tube configurations in full QCD. The in-
centive of understanding the confinement-deconfinement transition by means
of percolating flux-tube configurations goes back to works of Patel [29]. At
the end, in this chapter, we suggest the correct combination of both ideas to
fully define a notion of confinement and deconfinement in QCD. In Section
5.1, we discuss the basic properties of percolation. Afterwards, in Section 5.2,
we discuss Satz’s ([28]) and Patel’s ([29]) ideas as a preparation for the actual
formulation of percolation in full QCD which is then discussed in Section
5.3. We also demonstrate that a percolation transition based on our notion
consistently implies the Z3-transition in the case of infinitely heavy quarks and
make a conjecture about the phase diagram of QCD based on what we expect
from our notion of confinement.
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Chapter 5. Percolation in QCD

5.1 The phenomena of percolation

Percolation is the phenomena of a system undergoing a geometric phase tran-
sition between a phase of locally finite spatial structures to a phase of infinitely
large ones. This is admittedly a very broad and vague definition, because
what is meant by spatial structures depends on the system in question. Let us
start with an intuitive example before we turn our focus onto a more rigorous
consideration which provides the basis for this chapter. We refer to [143] for a
more detailed account of percolation theory in general.

Consider some non-conducting and sufficiently large plate, for example
made of wood or stone, and some very fine metal flakes which are shaped like
disks of the same radius r and evenly spread over the surface of the plate. Two
opposite edges of the plate are assumed to be coated with a thin layer of metal.
The density of the metal disks is then σ = N/A, where N is the total number
of flakes and A is the plate’s surface. We now ask the question whether the
two opposite edges of the plate are electrically connected if a voltage is applied
between them. If the density σ is very low, the disks do not overlap and there
are large gaps between them. Therefore, there is no path of overlapping metal
flakes which acts as a conductor between both sides. No current is going to
flow from one side of the plate to the other side. However, increasing the
density σ, chunks of overlapping flakes will form because we just throw more
metal disks onto the plate. The size of these chunks increases with increasing
density σ. The probability of having one large chunk connecting both sides
of the plate is near one above a critical point σ > σc. The system undergoes a
phase transition between a phase in which all chunks of overlapping flakes
are finite (σ < σc) to a phase in which an infinitely large chunk exists (σ > σc).
This is an example of continuum percolation and the threshold σc is known to
be

σc =
ηc

πr2

with the critical filling factor ηc = 1.12808737(6) for the above disk model
[144].

Bond percolation

To demonstrate the key concepts of percolation and percolation transitions in a
more rigorous way, we consider a simple non-trivial example: bond percolation
in two spatial dimensions.

Consider a two-dimensional lattice of extent N in all directions and free
boundary conditions. We define the bond variables b⟨i,j⟩ ∈ {0, 1} which,
contrary to links, are undirected: b⟨i,j⟩ = b⟨j,i⟩. We interpret a bond variable as
a line drawn between the sites i and j if b⟨i,j⟩ = 1. A configuration {b} of bond
variables is therefore a configuration of lines. Two sites i and j are said to be
connected if and only if there exists a path

C = ⟨i, a1⟩+ ⟨a1, a2⟩+ . . . + ⟨an, j⟩

along which all bond variables bl = 1, l ∈ C are set, i.e. i and j are connected
by at least one path of lines. Trivially, each site i is connected with itself by
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5.1. The phenomena of percolation

definition. A bond configuration decomposes into regions called clusters. A
cluster is a maximal set of sites which are pairwise connected, and all bonds
which are set and incident to the sites are defined to be part of the cluster.

We now consider an ensemble of bond configurations, i.e. a probability
measure P({b}) determining the frequency with which a configuration is
perceived by an observer. In standard bond percolation, each bond variable
b⟨i,j⟩ is set independently with the probability p:

P({b}) = pn1(1− p)n0 ,

where n1 (n0) is the number of links with b⟨i,j⟩ = 1 (b⟨i,j⟩ = 0).
Making the connection with the example of continuum percolation, con-

sider the spanning probability R1(p, N) to observe a path which connects one
edge of the lattice with an opposite edge in a fixed direction. How large is
R1(p, N)? For any finite lattice N < ∞, this probability is always larger than
zero as long p > 0 because every bond configuration {b} has a non-zero prob-
ability P({b}). However, the system undergoes a percolation transition at
p = pc = 0.5 [145]. The spanning probability R1(p, N) tends to zero for any
p < pc and to one for any p > pc if N → ∞. Below the percolation threshold, it
becomes unlikely, and above, it becomes almost certain to observe a spanning
cluster which connects both edges of the lattice. Spanning clusters are also
referred to as percolating clusters [143].

In Figure 5.1, the spanning probability R1(p, N) is shown for different ex-
tents N. The results are obtained by Monte-Carlo computations where random
bond configurations {b} are generated and tested to whether a configuration
has a path connecting both sides of the lattice in the first direction. Clearly,
the formation of the step function can be observed at pc = 0.5 for the infi-
nite volume limit N → ∞. The different curves cross at the common value
R1(pc, N → ∞) for sufficiently large N. In general, R1(p, N) has a scaling
behavior near the critical point pc if N is sufficiently large:

R1(p, N) = Φ
(

A · (p− pc)N
1
ν

)

with the critical exponent ν = 4/3 [143], the non-universal metric factor A
and the scaling function Φ [143, 146, 147]. This behavior is universal in the
sense that the scaling function Φ only depends on the dimension, the boundary
condition and the aspect ratio [146, 147]. The scaling behavior is insensitive
to whether bond or site percolation or a different lattice geometry is chosen.
All non-universal behavior is incorporated into the metric factor A [148–150].
Therefore the crossing probability

R1(pc, N → ∞) = Φ(0)

is universal in the same sense.
As an example, spanning clusters are illustrated in Figure 5.2 for N = 64.

For p = 0.4, it is unlikely to observe a spanning cluster, for p = pc = 0.5,
spanning clusters are observed, but they are typically not filling the whole
space, and, for p = 0.6 it is almost certain to observe a spanning cluster which
also contains most points of the lattice.
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Figure 5.1: Spanning probability R1(p, N) for bond percolation in two di-
mensions on a N × N square lattice. The black line indicates the percolation
threshold pc = 0.5 which is analytically known [145].

(a) p = 0.4 (b) p = pc = 0.5 (c) p = 0.6

Figure 5.2: Illustration of bond configurations {b} randomly generated with
different probabilities p on a N = 64 lattice. The blue lines indicate a spanning
cluster connecting the left and right side of the lattice.

A percolation transition also exists in three dimensions – the case that we
are most interested in. However, the percolation threshold pc = 0.24881182(10)
and the critical exponent ν−1 = 1.1410(15) are different [151].

Other kinds of spanning probabilities can be defined in general. For exam-
ple, we could consider the probability R0(p, N) of observing a spanning cluster
which percolates in only one direction, or we could also define the probability
R2(p, N) of observing a spanning cluster which spans in all directions [147,
152]. Later on, we will also consider the probability R(p, N) of observing a
spanning cluster which percolates in at least one direction. Different notions
of the spanning probability influence the universal scaling function Φ but the
general behavior of the spanning probability remains the same – the formation
of a step function at the percolation transition pc.
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5.2. Percolation in QCD

5.2 Percolation in QCD

Satz ([28]) put forward the idea to understand the phase of confinement and
deconfinement by the phenomena of percolation. He based his argument on
the following analogy. Spin systems typically undergo a phase transition due
to a spontaneous symmetry breaking of the underlying discrete symmetry
group G (e.g. Zn). The breaking of the symmetry is defined in the limit of
vanishing external field h → 0+, where the symmetry under G is restored.
Because the symmetry is explicitly broken for h > 0, there exists a critical value
hc ≥ 0 such that the phase transition vanishes once h > hc. Satz compared
this situation to QCD where we have a spontaneous symmetry breaking of
the center symmetry Z3 in the limit of infinite quark masses mq → ∞. As
we discussed in Section 2.4, however, the phase transition vanishes towards
finite quark masses mq because the center symmetry is explicitly broken by the
presence of dynamical fermions. Hence, the quark mass in QCD acts inversely
compared to the external field in spin systems. The notion of confinement and
deconfinement based on the Polyakov loop breaks down for sufficiently small
masses mq.

He furthered the analogy by comparing to the phenomena of the Kertész
line ([153]) in the two-dimensional Ising model. Percolation and spontaneous
symmetry breaking both describe a phase transition in a thermodynamic sys-
tem. However, percolation is a geometric phase transition, where the distri-
bution of geometric objects is considered. Spontaneous symmetry breaking
yields a phase transition in the usual sense. The transition is a non-analytic
behavior of the free energy density. In the two-dimensional Ising model both
notions coincide if clusters are defined by randomly setting bond variables with
the probability p = 1− e−2J/T between neighboring sites of equally aligned
spins (site-bond clusters) [154]. Here, J is the usual coupling between nearest-
neighbor sites in the Ising model. Then the onset of percolation is identical
to the critical temperature Tc of the symmetry breaking transition, and the
percolation transition lies in the universality class of the two-dimensional Ising
model [154–156]. The Ising model loses its criticality for h > 0. However, the
percolation transition persists for all external fields h but with different thresh-
old temperatures Tc(h), and the universality class is given by bond percolation
in two dimensions [157]. The function Tc(h) is the Kertész line. If h→ ∞, all
spins are aligned in the same direction and the bonds are set randomly with
the probability p. The transition reduces to standard bond percolation with the
critical value

Tc =
2J

ln((1− pc)−1)
,

where pc is the percolation threshold of two-dimensional percolation. Satz
concluded his analogy by suggesting that a Kertész line might also be given
in the case of QCD if the correct notion of clusters is defined. The percolation
transition along the Kertész line would allow to sharply distinguish between a
confined and deconfined phase at all quark masses mq of the theory.

Fortunato and Satz tried to formulate a suitable site-bond picture in QCD
by considering effective Polyakov-loop theories where the Polyakov loop Lx⃗
takes the role of the spin in the site-bond picture [156, 158–160]. Other existing
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approaches of describing confinement by the phenomena of percolation are
percolation of center vortices [114, 161–170] and center clusters [171–180]. The
percolation of center vortices indeed coincide with the transition of the pure
gauge theory but is not gauge-invariant because it includes a certain gauge
and center projection. Center clusters are gauge-invariant because they are
defined by local Polyakov loops Lx⃗. However, similar to the site-bond picture,
a choice of a parameter δ is involved which only chooses sites where the
phase value of Lx⃗ clearly favors a specific center element [171, 177]. Taking
the continuum limit then requires to make the parameter δ(a) depend on the
lattice spacing a and relate the cluster sizes to a fixed physical scale dphys at
low temperatures [174, 177]. For SU(3), the onset of percolation then coincide
with the spontaneous symmetry breaking transition in the continuum limit
[173, 174, 177]. Nevertheless, this is not the case for pure SU(4)-gauge theory
[176]. The symmetry transition does not coincide with an onset of percolation
in the continuum limit.

It is one of the main results of this thesis to suggest an inherently gauge-
invariant notion of percolation filling the missing puzzle piece in Satz’s under-
standing of confinement. As it turns out, our notion is not only gauge-invariant
but also does not rely on any additional parameter or arbitrary scale setting.
Consistent with the understanding of a Kertész line, we show that the percola-
tion transition and the symmetry breaking transition coincide in the limit of
infinite quark masses. We essentially use Patel’s original idea ([29]) to under-
stand the confinement-deconfinement transition by percolation of flux-tube
configurations and show that it can be implemented gauge-invariantly in full
Lattice QCD. Patel interpreted deconfinement and confinement by whether
electric-flux tubes and charges subject to Gauss’s law are forming infinite (per-
colating) networks or not. He proposed a classical flux-tube model on the
lattice which phenomenologically reflects this understanding. Chapter 6 is
devoted to the discussion of the flux-tube model. The essential part of the flux-
tube model is, however, the state space being given by flux-tube configurations
similar to the flux-tube configurations {q, e} of Chapter 3. Because the physical
Hilbert spaceHphys decomposes into sectors of flux-tube configurations {q, e},
we straightforwardly can define a notion of percolation based on the configu-
rations {q, e}. This is done in detail in the next section. The non-percolating
phase reflects a phase in which only local objects like hadrons exist marking
the confined phase whereas the percolating phase is a phase of infinitely large
gauge-invariant structures of charges and fluxes which we interpret as the
deconfined phase.

During the authoring of this thesis, it was noted that a similar definition of
confinement has been put forward in [181, 182] for a Z2-lattice gauge theory
with a local Z2-Gauss law. However, it is worthwhile to stress again that the
understanding of confinement and deconfinement as a percolation of electric
fluxes has essentially been put forward firstly by Patel [29] and that we have
already suggested a possible connection between the center-electric fluxes in
full QCD, Patel’s ([29]) and Satz’s ([28]) ideas in the conclusion of our work
in [90]. Additionally, in this thesis, we present a construction for full QCD,
derive the path integral for the spanning probability and show the connection
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Figure 5.3: Conjecture of the confinement-deconfinement transition.

between the percolation transition and the Z3-transition in pure gauge theory.
Before we dive into the formal construction, we end this section with a

somewhat bold conjecture for the QCD-phase diagram with respect to con-
finement. The concept of the Kertész line might translate to the Columbia
plot shown in Figure 5.3a. At the upper right corner, where confinement is
given by the spontaneous symmetry breaking transition of the center group
Z3, the percolation transition coincide with the first-order transition. For fi-
nite but sufficiently large quark masses, the first-order transition persists till
it ends in a second-order line. We expect the percolation transition also to
persist and to coincide with the first- and second-order transitions such that
the percolation transition lies in the same universality class as the Z3 transi-
tion. Once the quark masses are small enough, the non-analytic behavior of
the free energy density vanishes and the system is described by a crossover
behavior. However, the percolation transition persists still marking a confined
and deconfined phase, but, because is not related anymore to any other thermo-
dynamic transition, we expect the universality class to be just given by three
dimensional bond percolation. The three dimensions reflect the three spatial
dimensions because flux-tube configurations {q, e} are spatial objects. What
does the conjecture imply? Confinement is generally defined by percolation
and the understanding of it in the infinite-quark mass limit is just a special
case where we can replace the notion of percolation by a Z3 transition. Further-
more, we note that the concept of color confinement is still given because the
sectors of flux-tube configurations {q, e} are inherently defined on the physical
Hilbert space Hphys which is made of colorless states. Color confinement is
therefore given at all parameters independent of whether the system is con-
fined or deconfined. The chiral-phase transition is not included in this picture
of confinement because we suspect the Kertész line not to coincide with the
behavior of the chiral condensate. This is because we do not have any evidence
of a mechanism which relates the chiral condensate, which is the expectation
value of local fields, with the non-local concept of flux-tube percolation. In
contrast, we explicitly demonstrate the connection between percolation and
the Z3 transition in the next section. Furthermore, in the infinite-coupling limit
of Lattice QCD, the condensate exhibits a transition despite the system being
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x y e⟨x,y⟩ = 1

qi = 1
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x y b⟨x,y⟩ = 1

Figure 5.4: Bond configuration B({q, e}) (right) derived from the flux-tube
configuration {q, e} (left) of Figure 3.2.

described only by on-site hadronic contributions [183]. As we discuss in the
next section, only having on-site hadronic contributions translates to a vanish-
ing spanning probability for all system sizes. There is no spatial extent of the
quark-gluon matter. The system is permanently confined despite the presence
of a chiral transition. If our notion of confinement and chiral phase transitions
are not associated with each other, we also cannot expect any relation in the
µ-T plane of the QCD-phase diagram. Hence, a suspected first-order transition
of the chiral condensate terminating at a critical end point does not necessarily
indicate a transition between a confined (hadronic matter) and deconfined
phase (quark-gluon plasma). We expect a percolation line dividing the plane
in a confined low-temperature and deconfined high-temperature region. This
might be given by a curve as shown in Figure 5.3b. Of course, we have no
knowledge about the form of the transition line and whether it ends at some
finite µc at T = 0.

5.3 Percolation of flux-tube configurations

We are now ready to describe the percolation of flux-tube configurations in
Lattice QCD with Wilson fermions. Remember from Equation (3.18) that the
physical Hilbert spaceHphys of the transfer-matrix formulation decomposes
into sectors of flux-tube configurations {q, e}:

Hphys =
⊕

{q,e}phys

H{q,e} .

When is a flux-tube configuration {q, e} percolating? To this end, we are
interested in the spatial distribution of the center-electric fluxes because they
describe the connectivity between spatial sites. We define the function B({q, e})
which derives a bond configuration {b} from the flux-tube configuration {q, e}:

b⟨i,j⟩ =

{
1, e⟨i,j⟩ ̸= 0
0, e⟨i,j⟩ = 0

A bond b⟨i,j⟩ is set if and only if the center-electric flux e⟨i,j⟩ ̸= 0 is non-vanishing.
In this sense, the function B({q, e}) reduces a flux-tube configurations {q, e} to
its spatial information. The mapping is illustrated in Figure 5.4. We say that
the flux-tube configuration {q, e} is percolating if and only if its corresponding
bond configuration B({q, e}) is percolating. However, some care must be taken
because, contrary to Section 5.1, the spatial lattice has periodic boundary condi-
tions, and it is not obvious what is meant by a percolating bond configuration
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{b}. Here, we define a bond configuration {b} to percolate in a specific lattice
direction k⃗ if it spans along the whole direction, i.e. it connects all pairs of
subsequent planes which are orthogonal to k̂ along a path of set bonds. This
definition is similar to the ones used by [177, 184, 185] for example.

Now, we can classify all flux-tube configurations depending on whether
they percolate. We denote withR1 (R1) the set of all flux-tube configurations
which are (not) percolating in the first direction. Therefore, the physical Hilbert
space decomposes into sectors of percolating and non-percolating configura-
tions:

Hphys = HR1 ⊕HR1

with
HR1 =

⊕

{q,e}∈R1

H{q,e} and HR1
=

⊕

{q,e}∈R1

H{q,e}

Naturally, we define the spanning probability R1 as the probability of observing
a percolating flux-tube configuration {q, e}:

R1(T, µ) =
1
Z

tr
(

eβµN̂e−βĤ P̂R1 P̂0

)
,

where P̂R1 projects onto the sectorHR1 .
In the terminology of bond percolation, the grand-canonical ensemble

yields a probability measure of flux-tube configurations P({q, e}) from which
a probability measure P({b}) of bond configurations is inferred. However, we
are not faced with standard bond percolation, where P({b}) decomposes into
independent probability measures of bonds, but with the more general case of
correlated percolation. The infinite-volume limit of R1 is

R1,∞(T, µ) = lim
N→∞

R1(T, µ) ,

where we assume a finite lattice spacing a > 0 and equal extents N in all spatial
directions. Consider some fixed chemical potential µ. The system undergoes a
percolation transition if there exists a critical temperature Tc such that

R1,∞(T, µ) =

{
1, T > Tc

0, T < Tc

Following the understanding of Satz ([28]) and Patel ([29]) , we identify the
confined phase with the non-percolating phase and the deconfined phase with
the percolating phase. This is in accordance with the intuitive idea of confine-
ment as a manifestation of local hadronic objects only and deconfinement as a
phase of delocalized quark-gluon matter.

Pure gauge theory

Indeed it is possible to show that the spontaneous Z3-symmetry breaking of
the pure gauge theory can be seen as a consequence of a percolation transition.
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To be more precise, if a percolation transition at temperature Tc exists, it implies
under mild assumptions Equation (4.11) for the ratio

R(⃗e) =
Zel. (⃗e)
Zel.(0)

of center-electric flux ensembles, which has been discussed in Chapter 4. The
spontaneous symmetry breaking is probed by R(⃗e) due to the thinning mecha-
nism of color-electric fluxes in the confined phase.

We show that a percolation transition at Tc implies the behavior of R(⃗e) in
the pure gauge case under mild assumptions. To this end, we make one key
observation: only percolating clusters can create a non-vanishing center-electric
flux through some surface S∗mn which winds around the directions m and n
of the spatial torus. This property is a consequence of the local Z3-Gauss law
which enforces non-trivial center-electric fluxes e⟨i,j⟩ ̸= 0 to form closed loops.
For a configuration {e} to create a non-trivial center flux through a surface S∗mn,
it necessarily needs to include a path C of non-trivial flux variables e⟨i,j⟩ ̸= 0
which winds around the lattice in the direction orthogonal to the m-n-plane.
Clusters which do not wind in said direction either do not penetrate the surface
S∗mn or penetrate it multiple times such that the net-center flux created through
S∗mn is zero. Note that there are configurations {e} which percolate but do not
wind around the torus. A configuration {e} winds around the torus if its bond
configuration {b} = B({e}) includes a path C which is not null-homotopic,
i.e. C cannot be deformed continuously into a point, see for example [186]
concerning the notion of winding clusters. Requiring for the existence of a
cluster connecting all pairs of subsequent planes orthogonal to a direction k⃗ is
therefore a less strict definition of percolation.

Assume e⃗ = (1, 0, 0) for simplicity. Consider the finite system with extent
N. We define the probabilities

rw⃗ =
Zel.(w⃗)

Z
=

1
Z

tr
(

P̂(S∗23, w1)P̂(S∗13, w2)P̂(S∗12, w3)e−βĤ P̂0

)

of observing flux-tube configurations creating the center-electric fluxes w⃗ =
(w1, w2, w3) through the surfaces S∗23, S∗13 and S∗12 respectively. Due to our key
observation, all flux-tube configurations {e} which generate a flux w1 ̸= 0
through S∗23 must belong toR1: {e} ∈ R1. Therefore, we get

P̂R1 = ∑
w1=1,2

∑
w2,w3

P̂(S∗23, w1)P̂(S∗13, w2)P̂(S∗12, w3) + P̂M1 ,

where M1 ⊆ R1 contains all flux-tube configurations of R1 which do not
belong to sectors with w1 = 1, 2. This implies a sum rule for the spanning
probability R1(T):

R1(T) = ∑
w1=1,2

∑
w2,w3

rw⃗ + r1 (5.1)

with the probability r1 = ⟨P̂M1⟩. A configuration which is part ofM1 perco-
lates in the first direction but does not create any flux through S∗23 (w1 = 0). We
further classify the configurations inM1 by their fluxes w2 and w3 through the

108



5.3. Percolation of flux-tube configurations

surfaces S∗13 and S∗12. This gives us the decomposition of r1 into the probabilities
r1,(w2,w3)

of having a flux-tube configuration {e} which percolates in the first
direction and generates the fluxes w2 and w3 in the other directions:

r1 = ∑
w2,w3

r1,(w2,w3)
.

The probability R1(T) = 1 − R1(T) of observing no percolating cluster in
the first direction can be decomposed analogously. We classify the flux-tube
configurations {e} ∈ R1 by their fluxes w2 and w3 which they generate through
the surfaces S∗13 and S∗12. There are no configurations inR1 which create a non-
trivial flux w1 ̸= 0 because all these configurations are included in R1. We
have the probabilities r0,(w2,w3)

of observing a non-percolating configuration
which generates the fluxes w2 and w3:

R1(T) = ∑
w2,w3

r0,(w2,w3)
. (5.2)

These definitions imply

Zel. (⃗e)
Z

= rw⃗=(1,0,0) ,

Zel.(0)
Z

= r1,(0,0) + r0,(0,0) .

The ratio R(⃗e) is written as

R(⃗e) =
rw⃗=(1,0,0)

r1,(0,0) + r0,(0,0)
.

We now assume the existence of a percolation transition at Tc and make the
assumptions

lim
N→∞

r0,(0,0) > 0

in the confined phase and

lim
N→∞

rw⃗=(1,0,0) = lim
N→∞

r1,(0,0)

in the deconfined phase.
In the confined phase, limN→∞ R1(T) = 0 implies rw⃗=(1,0,0) → 0 and

r1,(0,0) → 0 for N → ∞ due to Equation (5.1):

R1(T) = ∑
w1=1,2

∑
w2,w3

rw⃗ + r1 −→ 0, N → ∞

and therefore rw⃗ → 0 and r1 → 0 because rw⃗, r1 ≥ 0. Because r0,(0,0) is assumed
to stay non-zero in the infinite-volume limit, we have

lim
N→∞

R(⃗e) = lim
N→∞

→0︷ ︸︸ ︷
rw⃗=(1,0,0)

r1,(0,0)︸ ︷︷ ︸
→0

+ r0,(0,0)︸ ︷︷ ︸
→c>0

= 0 .
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In the deconfined phase, R1(T) → 1 and R1(T) → 0 for N → ∞. Now, the
sum rule (5.2) implies r0,(0,0) → 0 and

lim
N→∞

R(⃗e) = lim
N→∞

→d︷ ︸︸ ︷
rw⃗=(1,0,0)

r1,(0,0)︸ ︷︷ ︸
→d

+ r0,(0,0)︸ ︷︷ ︸
→0

=
d
d
= 1 ,

where the second assumption is used.
What is the physical motivation for the above assumptions? In the confined

phase, the assumption
lim

N→∞
r0,(0,0) > 0

just tells us that the probability of observing a non-percolating configuration
{e} which happens to create also no flux along the other directions is non-
zero in the infinite-volume limit. We expect this because otherwise we would
only observe configurations which are non-percolating in the first direction
but percolating in at least one other direction. However, there is no special
distinction between the directions, and therefore the spanning probabilities for
the second and third direction should also vanish. We actually have w⃗ = 0 in
the confined phase. This implies

lim
N→∞

r0,(0,0) = 1

because limN→∞ r0,(w2,w3)
= 0 if w2 ̸= 0 or w3 ̸= 0, and limN→∞ R1(T) = 1 in

Equation (5.2).
The sum rule (5.1) gives us

R1(T) = ∑
w1=1,2

∑
w2,w2

rw⃗ + r1 −→ 1

in the infinite-volume limit and the deconfined phase because we only observe
percolating configurations. Furthermore, we have

rw⃗=(0,w2,w3)
= r1,(w2,w3)

+ r0,(w2,w3)︸ ︷︷ ︸
→0

−→ lim
N→∞

r1,(w2,w3)
. (5.3)

The observed zero-flux w1 = 0 configurations are always percolating which
allows us to write Equation (5.1) as

∑
w⃗

lim
N→∞

rw⃗ = 1 .

Then the second assumption is implied by the assumption that all probabilities
limN→∞ rw⃗ are identical because

lim
N→∞

rw⃗ =
1
33 .

gives
lim

N→∞
rw⃗=(1,0,0) = lim

N→∞
rw⃗=(0,0,0) = lim

N→∞
r1,(0,0) ,
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where we used Equation (5.3) for the last equal sign. The probability rw⃗ is
invariant under changing the sign of the components in w⃗:

r(w1,w2,w3)
= r(w′1,w′2,w′3)

with w′k = (−1)nk wk and nk ∈ N0. Only the vanishing or non-vanishing of a
center flux wk is relevant. This is shown in Appendix A.1. Hence, the question
of whether limN→∞ rw⃗ are equally distributed is a question of whether the
probabilities of observing flux-tube configurations which generate zero or a
non-zero flux in a specific direction k through the surface S∗mn are identical. In
the confined case, the answer is no. The probability of observing a non-zero
flux wk ̸= 0 goes to zero in the infinite-volume limit because flux-tube con-
figurations {e} with wk ̸= 0 are necessarily percolating in the k-th direction.
These configurations are suppressed. In the deconfined phase, we only observe
percolating configurations and therefore configurations with non-zero wk ̸= 0
are not suppressed anymore. Comparing to standard bond percolation (see for
example Figure 5.2), we expect the percolating phase to be dominated by con-
figurations with one large bond configuration {b} = B({e}) nearly occupying
the whole space. We expect all kind of space-filling flux-tube configurations
{e}, some creating a net flux wk ̸= 0 in a direction k and some creating no net
flux wk = 0. There is no reason to believe in a favoring towards configurations
with a particular net flux wk in the k-th direction. A favoring of some wk would
require some non-local mechanism which ensures the space-filling configu-
rations to wind around the directions of the spatial volume in a particular
way.

Note that the above arguments are also valid under a renormalization
scheme when we replace the infinite-volume limits with the continuum limit
followed by a infinite-volume limit as long as all probabilities in question
possess a continuum limit. The main arguments of the proof are namely based
on the sum rules which are valid at any intermediate step of the continuum
and infinite-volume limit.

Path-integral formulation

As we have done in Chapter 3, especially Section 3.3, the path integral of
R1(T, µ) is obtained by discretizing Euclidean time with the replacement

e−βĤ −→
(
N (a4)T̂a4=β/N4

)N4
,

where T̂a4 is again chosen to be the asymmetric transfer operator and β = 1/T
is the inverse temperature. Therefore, the discretized version of R1(T, µ) reads

R1(T, µ) =
1
Z

tr
(

eβµN̂ T̂N4
a4 P̂R1 P̂0

)
. (5.4)

The path integral is then computed along the same steps as presented in Section
3.2 and 3.3.

However, similar to the ensemble Z(NV = e mod 3) in Section 4.2, we
have to incorporate the projection operator P̂R1 appropriately. To this end,
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we formulate P̂R1 as a sum over center-electric flux operators Êz
⟨i,j⟩ on Hphys.

Together with the choice of the asymmetric transfer operator, the influence of
P̂R1 is again restricted to twisting only plaquettes in the pure gauge action.
The fermionic part remains unchanged. The sector HR1 of percolating flux-
tube configurations is just the direct sum over all sectors H{q,e} with flux-
tube configurations {q, e} ∈ R1 which percolate as defined for the spanning
probability in question. Therefore, the projection operator P̂R1 can also be
written as a sum over the projection operator P̂{q,e} which maps onto the sector
H{q,e}:

P̂R1 = ∑
{q,e}∈R1

P̂{q,e} .

Because all center operators Êz
⟨i,j⟩ and Q̂z

i commute pairwise, we can actually

project on a sectorH{q,e} by projecting subsequently onto the sectorsHqi
i and

He⟨i,i+k̂⟩
⟨i,i+k̂⟩ for all sites i and links ⟨i, i + k̂⟩:

P̂{q,e} =
[

∏
i

P̂i(qi)

][
∏
⟨i,i+k̂⟩

P̂⟨i,i+k̂⟩(e⟨i,i+k̂⟩)
]

.

Replacing the operators on the right-hand side by their Fourier transforms
(3.16) over the center Z3 gives

P̂{q,e} =
1

34Ns ∑
{z}

z−{q,e}
[

∏
i

Q̂zi
i

][
∏
⟨i,i+k̂⟩

Ê
z⟨i,i+k̂⟩
⟨i,i+k̂⟩

]
(5.5)

with the short-hand notation

z−{q,e} =
[

∏
i

z−qi
i

][
∏
⟨i,i+k̂⟩

z
−e⟨i,i+k̂⟩
⟨i,i+k̂⟩

]

and the Z3-spin configuration {z} assigning a spin zi ∈ Z3 and z⟨i,j⟩ = z−1
⟨j,i⟩ ∈

Z3 at every site i and link ⟨i, j⟩. This result allows us to replace the projection
operator P̂R1 with a sum over center operators Q̂z

i and Êz
⟨i,j⟩. Nevertheless,

this is not the desired final form because we like to formulate P̂R1 as a sum of
center-electric flux operators only. Because Equation (5.4) takes the trace over
the physical Hilbert space Hphys, the projection operator P̂R1 acts solely on
gauge-invariant states. In this case, a center-charge operator Q̂z

i can be replaced
with the flux operators Êz

⟨i,j⟩ (j ∼ i) due to the Z3-Gauss law (3.15):

P̂R1 =
1

34Ns ∑
{q,e}∈R1

∑
{z}

z−{q,e}
[

∏
i

∏
j∼i

Ê
z−1

i
⟨i,j⟩

][
∏
⟨i,i+k̂⟩

Ê
z⟨i,i+k̂⟩
⟨i,i+k̂⟩

]
(5.6)

onHphys. The spanning probability R1(T, µ) is therefore just a linear combina-
tion

R1 =
1

34Ns ∑
{q,e}∈R1

∑
{z}

z−{q,e}
〈[

∏
i

∏
j∼i

Ê
z−1

i
⟨i,j⟩

][
∏
⟨i,i+k̂⟩

Ê
z⟨i,i+k̂⟩
⟨i,i+k̂⟩

]〉
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of expectation values over center-electric flux operators. The path integrals
of these expectation values are similar to the path integral of I(d1, z) with a
1-chain d1 and twist z ∈ Z3 from Section 4.1. However, here, the expectation
values are even more general because the result is not determined by only
one center element z ∈ Z3 but by the spin configuration {z}. Despite this
difference, the derivation of the path integral follows the same line of argument
and is basically not different to the path-integral formulation of the simple
expectation value ⟨Êz

⟨i,j⟩⟩ discussed in Section 3.3 and 4.1. The crucial part of the
derivation is that we can just repeat the computations of Chapter 3, especially
Section 3.2 and 3.3, in obtaining the Lattice QCD path integral of the partition
function Z, but we have to incorporate the influence of the center-electric flux
operators onto the first integral kernel K(U0, U1) between the zeroth and first
layer of Euclidean time. This means, as we have done for ⟨Êz

⟨i,j⟩⟩, to replace

the integral kernel K(U0, U1) with the twisted kernel K(U{z}0 , U1), where the
gauge variables U0 in the zeroth layer of time are twisted according to the spin
configuration {z}. Therefore, the path integral results in Equation (3.36), where
the center-flux operators are absorbed into the first integral kernel:
〈[

∏
i

∏
j∼i

Ê
z−1

i
⟨i,j⟩

][
∏
⟨i,i+k̂⟩

Ê
z⟨i,i+k̂⟩
⟨i,i+k̂⟩

]〉
=

1
Z

∫
DUDΩDξDξ e−ξξ ⟨eβµξ

(0)
q , e−βµξ

(0)
q |K(U

{z}
0 , U1, Ω) |Ωξ

(1)
q , ξ

(1)
q Ω†⟩

×
N4−1

∏
τ=1
⟨ξ(τ)q , ξ

(τ)
q |K(Uτ , Uτ+1) |ξ(τ+1)

q , ξ
(τ+1)
q ⟩

,

with the lattice spacing set to a = a4 = 1. Calculating the matrix elements,
transforming and condensing everything as in Chapter 3, we arrive at

Z({z}) =
〈[

∏
i

∏
j∼i

Ê
z−1

i
⟨i,j⟩

][
∏
⟨i,i+k̂⟩

Ê
z⟨i,i+k̂⟩
⟨i,i+k̂⟩

]〉

=
1
Z

∫
DUDψDψ eSG({z},U)eSF(U,ψ,ψ)

.

The fermionic action SF(U, ψ, ψ) is the Hasenfratz-Karsch action (2.4) and the
gauge action SG({z}, U) is the Wilson plaquette action in which the timelike
plaquettes between the zeroth and first layer of Euclidean time are twisted
depending on the spin configuration {z}. Before we state the specific rules
of twisting the plaquettes, we should stress the reoccurring theme in this
thesis. Whatever we have discussed up until this point, be it the simple
expectation value ⟨Êz

⟨i,j⟩⟩, ’t Hooft’s center-electric flux ensembles, the values
I(d1, z), the ensembles Z(NV = e mod 3) of fixed net-quark number NV in a
subvolume V or the spanning probability R1(T, µ), we always have established
the corresponding path integral by inserting center-electric flux operators Êz

⟨i,j⟩
into the computation of the trace. Wherever we have considered dynamical
fermions, we have made the tactical choice to use the asymmetric transfer
operator. All this has repeatedly gave us a path-integral formulation, where
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τ

z z−1

(i) (ii) (iii)

Figure 5.5: Illustration of the three rules for imposing a spin configuration
{z} in the ensemble Z({z}) for (2 + 1)-dimensions. The configuration {z} is
embedded on the zeroth layer of time. A dot represents the center element
zi = z and an arrow from i to j represents z⟨i,j⟩ = z.

the fermionic action remains unchanged, and we only modify the gauge action
by twisting timelike plaquettes.

There are three rules for imposing the twists {z} in the twisted ensemble
Z({z}) and, for this purpose, we think of {z} to be embedded on the zeroth
layer of time: (i) An on-site spin zi twists any timelike plaquette px,k4 between
the zeroth and first layer of time for which the intersection link ⟨j, j + k̂⟩ on the
zeroth layer of time (ignoring the temporal component τ) is incident to the site
i. If such an intersection link ⟨j, j + k̂⟩ points away from (into) the site i, the
corresponding timelike plaquette px,k4 is twisted with the spin zi (z−1

i ); (ii) A
timelike plaquette px,k4 between the zeroth and first layer of time intersecting
the zeroth layer of time at the link ⟨i, i + k̂⟩ is twisted with z−1

⟨i,i+k̂⟩; (iii) If a

plaquette is to be twisted by multiple applications of the rules (i) and (ii), the
total twist is the product of the separate twists. The rules are illustrated in
Figure 5.5 for (2 + 1)-dimensions.

The total path integral of R1 reads

R1 =
1

34Ns ∑
{q,e}∈R1

∑
{z}

z−{q,e}Z({z}) .

Of course, formally, we can write the path integral of the spanning probability
R1 as an ordinary observable of the Lattice QCD path integral such that

R1 = ⟨O(U)⟩ = 1
Z

∫
DUDψDψO(U)eSG(U)eSF(U,ψ,ψ)

with
O(U) =

1
34Ns ∑

{q,e}∈R1

∑
{z}

z−{q,e}eSG({z},U)−SG(U) . (5.7)

In this form, the gauge-invariance of the path integral is evident because the
center elements commute with all elements of the gauge group.

Infinite-coupling limit

A naive consideration for testing further the notion of confinement based on
percolation is to consider the infinite-coupling limit g0 → ∞. We take the limit
on a finite lattice such that the Lattice QCD path integral reduces to

lim
g0→∞

Z =
∫
DUDψDψ eSF(U,ψ,ψ) (5.8)
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because
lim

g0→∞
eSG(U) = 1 .

This limit is somewhat unphysical; QCD does not possess a proper continuum
limit for g0 → ∞, i.e. we are unable to construct a renormalization scheme in
the limit g0 → ∞ because the continuum limit is taken towards g0 → 0 due to
asymptotic freedom. However, we are free to explore the naive limit g0 → ∞.

The intuitive understanding is to be in the confined phase if the gauge
coupling becomes infinitely large because we expect the quarks to be bounded
maximally tightly to each other. There are no spatial distributions of hadronic
matter and, therefore, surely also no infinitely large clusters of quark-gluon
matter. This intuitive understanding is confirmed further by considering the
fact that the partition function (5.8) can be written as a sum over hadronic
degrees of freedom [183, 187–189] (and references therein); the mentioned
results are for staggered fermions but the reduction to hadronic degrees can
also be shown for Wilson fermions as demonstrated in Appendix A.2, where
the dualized path integral from Section 4.2 is reduced to configurations of
hadronic occupations only at all spacetime points in the infinite-coupling limit.
If our notion of confinement based on percolation coincides with the expected
behavior in the infinite-coupling limit, we anticipate

lim
g0→∞

R1 = 0 (5.9)

to vanish for all spatial lattice extents N > 1. The system is in a permanent
state of confinement for all temperatures, chemical potentials and sizes.

We show Equation (5.9) by taking the infinite-coupling limit for R1 such
that

lim
g0→∞

R1 =
1

34Ns ∑
{q,e}∈R1

∑
{z}

z−{q,e} 1
limg0→∞ Z

∫
DUDψDψ eSF(U,ψ,ψ)

=
1

34Ns ∑
{q,e}∈R1

∑
{z}

z−{q,e}

=
1

34Ns ∑
{q,e}∈R1

[
∏

i
∑

z∈Z3

z−qi

][
∏
⟨i,i+k̂⟩

∑
z∈Z3

z−e⟨i,i+k̂⟩
]

,

where we have factorized the sum over spin-configurations in the last step.
For all {q, e} ∈ R1, there must be at least one e⟨j,j+k̂⟩ ̸= 0 because N > 1.
Consequently,

∑
z∈Z3

z−e⟨j,j+k̂⟩ = 0

rendering the whole product zero in the above equation. This proves Equation
(5.9). The spanning probability of not observing a spanning cluster must
consistently be given by

lim
g0→∞

R1 = 1− lim
g0→∞

R1 = 1
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in the infinite coupling limit. Analogous to R1, we have

lim
g0→∞

R1 =
1

34Ns ∑
{q,e}∈R1

∑
{z}

z−{q,e} .

All configurations {q, e} ∈ R1 with at least one e⟨i,j⟩ ̸= 0 again do not con-
tribute because the respective sum over all spin configurations vanishes. The
configuration {q = 0, e = 0} is the only flux-tube configuration where all
center-electric fluxes are zero and this configuration does not lie inR1 which is
the reason for Equation (5.9). We have

lim
g0→∞

R1(T, µ) =
1

34Ns ∑
{z}

z−{q=0,e=0} =
1

34Ns ∑
{z}

1 = 1

because there are 34Ns spin configurations {z} in total.

Zero-coupling limit

The opposite limit is the zero-coupling limit g0 → 0. In this limit we expect the
system to be deconfined which should give us R1 → 1 in the infinite-volume
limit. To describe this limit, we use Equation (5.7) to write R1 = ⟨O(U)⟩ as an
expectation value. We integrate out the fermionic degrees first such that

R1 =
⟨O(U)det M(U)⟩
⟨det M(U)⟩ ,

where the expectation value is taken relative to the pure gauge theory. In the
zero-coupling limit g0 → 0, the plaquettes U∂px,µν

≈ 1 get centered around the
identity [41, 49]. Now, because O(U) actually only depends on the plaquettes,
we can consider its zeroth-order expansion such that

R1 −→ O(U∂pµν
= 1)

for g0 → 0. We have

eSG({z},U)−SG(U) −→ ∏
⟨i,i+k̂⟩

exp
(

6
g2

0

[
Re
(

ziz−1
⟨i,i+k̂⟩z

−1
i+k̂

)
− 1
])

.

Therefore, in the limit g0 → 0, the spanning probability is

R1 →
1

34Ns ∑
{q,e}∈R1

∑
{z}

z−{q,e} ∏
⟨i,i+k̂⟩

exp
(

6
g2

0

[
Re
(

ziz−1
⟨i,i+k̂⟩z

−1
i+k̂

)
− 1
])

.

Now, we write z−{q,e} = z−{q,0}z−{0,e} and sum over the spins z⟨i,i+k̂⟩ first such
that

R1 →
1

34Ns ∑
{q,e}∈R1

∑
{zi}

z−{q,0} ∏
⟨i,i+k̂⟩

∑
z

ze⟨i,i+k̂⟩ exp
(

6
g2

0

[
Re(zziz−1

i+k̂
)− 1

])
.
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And, therefore, the substitution z→ zz−1
i zi+k̂ gives

R1 →
1

34Ns ∑
{q,e}∈R1

∑
{zi}

z−{q,0} ∏
⟨i,i+k̂⟩

z
−e⟨i,i+k̂⟩
i z

e⟨i,i+k̂⟩
i+k̂ ∑

z
ze⟨i,i+k̂⟩e6g−2

0 (Rez−1) .

All the on-site spin factors can actually be combined to unity because
[

∏
⟨i,i+k̂⟩

z
−e⟨i,i+k̂⟩
i

][
∏
⟨i,i+k̂⟩

z
e⟨i,i+k̂⟩
i+k̂

]
= ∏

i
z
−∑j∼i e⟨i,j⟩
i = ∏

i
zqi

i

which compensates the factor z−{q,0}. In doing so, we used the Z3-Gauss law
(3.17). Finally the zero-coupling limit reads

lim
g0→0

R1 =
1

34Ns ∑
{q,e}∈R1

∑
{zi}

1 =
1

33Ns ∑
{q,e}∈R1

1

because the exponential e6g−2
0 (Rez−1) → 0 vanishes for any non-trivial twist

z in the limit g0 → 0. For any configuration {e} of center-electric fluxes not
necessarily fulfilling Gauss’s law, there is exactly one configuration of center
charges qi such that {q, e} fulfills the Z3 law:

lim
g0→0

R1 =
1

33Ns ∑
{e}∈R1

1 .

This is identical to the spanning probability as obtained by a system where
center-electric fluxes e⟨i,j⟩ are set independently with the probability p(e⟨i,j⟩) =
1/3. Therefore, the spanning probability R1 in the zero-coupling limit is de-
scribed by standard bond percolation in three dimensions with the bond prob-
ability pb = 2/3 which lies over the percolation threshold pc = 0.24881182(10)
[151]:

lim
Ns→∞

lim
g0→0

R1 = 1 .

Continuum limit

Because our notion of percolation is characterized by the spanning probability
R1(T, µ) which has its value between zero and one in the quantum-mechanical
formulation of the lattice theory and is not a function of the quantum fields,
actually R1(T, µ) already is the renormalized quantity which can be taken to
its continuum value. Any physical renormalization scheme should deliver
a real and finite value for R1(T, µ) because it is a real and finite value at all
parameters. Note that it is not immediately obvious whether R1(T, µ) lies in
the interval [0, 1] in the path-integral formulation. This is because we derived
the path integral via the asymmetric and non-hermitian transfer operator.
Therefore, the path-integral formulation might very well give us complex
values for R1(T, µ). However, this is no obstacle because, as we have seen in
Chapter 3, renormalizing the path integral at maximal anisotropy ξ → ∞ and
fixed spatial lattice spacing a translates the spanning probability expressed as a
path integral into the expectation value in the respective quantum-mechanical
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system. Because the physical results in the continuum do not depend on the
choice of ξ, the path integral renormalized at ξ = 1 and ξ → ∞ deliver the
same result for a→ 0. Therefore, R1(T, µ) gives also a number between [0, 1]
in or near the continuum if computed with the path integral.
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Chapter 6

Flux-tube model

The constructions of fixed-quark number ensembles in Chapter 4 and the notion
of confinement based on percolation in Chapter 5 yield path integrals which
are practically impossible to compute numerically. An especially hopeless
pursuit is the numerical evaluation of the spanning probability in the form of
Equation (5.7) because we do not only have to sum over all possible Z3-spin
configurations {z}, defined on sites and links, but we also have to sum over all
possible flux-tube configurations {q, e} which percolate in the first direction.
Additionally, the evaluation of Equation (5.7) requires the computation of
expectation values

exp
(
− ∆F

T

)
=

〈
eSG({z},U)−SG(U)

〉

relative to the untwisted ensemble Z. These expectation values measure the
free energy cost ∆F of inserting twists {z} into the ensemble. In principle, we
can compute these expectation values with standard Monte-Carlo techniques.
However, from the pure gauge theory, it is well-known that the insertion of
many non-trivial twists is accompanied with an overlap problem rendering
the direct evaluation of the expectation value unfeasible [121, 122, 124, 127].
The fixed-quark number ensembles Z(NV =3 e) do not require the summation
over flux-tube configurations and only require the insertion of independent
twists zτ for each time layer τ. Therefore, the number of terms in the sum over
the twisted ensembles scales like 3N4 and can be kept moderate if we consider
small N4 only. Then, in principle, the algorithm described in [121, 122] might
become feasible which circumvents the overlap problem by computing the
ratio of ensembles where the ensembles only differ in the twist of one plaquette.

The stated numerical obstacles prevent us from illustrating the analytic con-
cepts of Chapter 4 and 5 with actual numerical result. Therefore, the purpose
of this chapter is to divert to a simple model system which shares all necessary
features of full QCD such as flux-tube configurations, the Z3-Gauss law and
twisted ensembles. This model is the flux-tube model which was first intro-
duced by Patel ([29]) and investigated further in [190–192]. Originally, Patel
introduced the model to give a qualitative mechanism for confinement and
deconfinement in QCD. Remember from Chapter 5 that we used Patel’s and
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Satz’s ([28]) ideas to formalize the notion of confinement based on percolation
in full QCD.

A flux-tube model is a static system where the state space is a set of flux-
tube configurations, and no interaction takes place between the degrees of
freedom. As it is the case for the flux-tube configurations {q, e} of Chapter
3, the configurations fulfill a local Z3-Gauss law. In a flux-tube model the
(anti-)quark occupation numbers are placed at the sites such that each quark
or antiquark contributes its mass mq to the total energy of the Hamiltonian
H. The center-electric fluxes l⟨i,j⟩ are placed at the links ⟨i, j⟩ and contribute
with their string energy σa to H if l⟨i,j⟩ ̸= 0. Flux-tube models come in different
realizations but here we are especially concerned with the flux-tube model
constructed in [90]. Our flux-tube model is motivated by the simultaneous
strong-coupling and heavy-quark limit of QCD which is derived in [193–195].

An important feature of flux-tube models is their duality to Z3-spin systems
with nearest-neighbor interaction [191, 192]. It is this very duality which creates
the analogy to the concepts of Chapter 4 and Chapter 5. When we define the
ensembles of fixed-quark numbers and notion of percolation in the flux-tube
model, we can express the same observables in the dual Z3-spin system, and,
as it turns out, the observables in the spin system are of similar structure as
the observables in full QCD. The plaquette action is replaced by the nearest-
neighbor interaction of spins, the fermionic action is replaced with on-site
spin factors ∏i Q(zi), we twist the couplings between nearest-neighbor spins
instead of twisting timelike plaquettes, and we sum over the twisted ensembles
in the same manner.

The flux-tube model presented in Section 6.1 has been published in [90].
The author of this thesis is responsible for its derivation based on the strong-
coupling and heavy-quark limit. In Section 6.2, the concepts of Chapter 4
are applied to the flux-tube model, where the numerical results from [90] are
presented for which also the author of this thesis is responsible. Finally, in
Section 6.3, we numerically investigate the percolation properties of the flux-
tube model and demonstrate that the spanning probability of the flux-tube
model maps to a twisted Z3-Potts model similarly to the case of full QCD as
presented in Chapter 5.

6.1 Flux-tube model for heavy quarks and strong couplings

Strong-coupling and heavy-quark limit

We consider the strong-coupling and heavy-quark limit of QCD as derived by
[193–195]. The limit expands the gauge action around zero inverse coupling
g−1

0 = 0 and zero hopping parameter κ = 0. This is the simultaneous limit
of strong coupling g0 → ∞ and heavy quarks am → ∞ because the hopping
parameter is

κ =
1

2am + 8
.
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6.1. Flux-tube model for heavy quarks and strong couplings

The expansion is based on writing the Lattice QCD partition function as an
integral over the timelike gauge variables:

Z =
∫ [

∏
⟨i,i+4̂⟩

dU⟨i,i+4̂⟩

]
eSeff ,

where the effective action

Seff = ln
∫ [

∏
⟨i,i+k̂⟩

dU⟨i,i+k̂⟩

] ∫
DψDψ eSG(U)+SF(U,ψ,ψ)

is derived by integrating out all spatial degrees of freedom (k ∈ {1, 2, 3}). The
effective action is expanded by considering the simultaneous strong-coupling
expansion of the gauge part and the hopping expansion of the fermionic part.
The action is then written as ([194])

Seff =
∞

∑
i=1

λi(g−1
0 , κ, N4)Ss

i − 2
∞

∑
i=1

[
hi(g−1

0 , κ, µ, N4)Sa
i + hi(g−1

0 , κ, µ, N4)(Sa
i )
∗
]

,

where the terms Ss
i are Z3-symmetric and the terms Sa

i explicitly break the
Z3 symmetry. In the expansion, the terms Ss

i and Sa
i occur multiple times in

general but with different pre-factors depending on g−1
0 , κ and N4. Sorting

all expansion terms based on equivalence up to a constant gives then the
above expansion with the factors λi, hi and hi. The decomposition of Seff into
the terms Ss

i and Sa
i is just an appropriate rearrangement of the underlying

expansion such that higher orders i become negligible for small g−1
0 and κ.

Here, we are not interested in the technicalities of deriving the expansion
but we just use the leading order result of [194] and [195] which reads

Zeff =
∫ [

∏
⟨i,i+4̂⟩

dU⟨i,i+4̂⟩

] [
∏
⟨i,i+k̂⟩

(
1 + 2λRe

(
LiL∗i+k̂

))][
∏

i
Q(Li)

]

with
Q(Li) = (1 + hLi + h2L∗i + h3)2(1 + hL∗i + h

2
Li + h

3
)2

at sufficiently small g−1
0 and κ. The coefficients h and h are given by

h(κ, µ, N4) = (2κeaµ)N4 = h(κ,−µ, N4) .

Apparently, the effective action Zeff is defined on the spatial lattice with the
Polyakov loops Li as the degrees of freedom. We integrate over all timelike
links, but because the Polyakov loops Li are gauge-invariant, we actually can
gauge-fix all timelike gauge variables to maximal temporal gauge such that
only one gauge variable Ui remains per spatial site which gives

Zeff =
∫ [

∏
i

dUi

] [
∏
⟨i,i+k̂⟩

(
1 + 2λRe

(
LiL∗i+k̂

))][
∏

i
Q(Li)

]

with Li = tr(Ui). The temporal extent fully vanishes from the effective theory
and only its length N4 remains as a parameter of the coefficients λ, h and h.
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Chapter 6. Flux-tube model

We write the hopping parameter κ = 1
2 e−amq as the exponential of the

constituent quark mass mq because the pion mass mπ is given by amπ =
−2 ln(2κ) +O(κ2) in leading order of κ [194, 195]. Therefore, the coefficients h
and h can be written as

h = exp
(

µ−mq

T

)
and h = exp

(
− µ + mq

T

)
. (6.1)

In this form, the effective theory still requires integrations over the gauge
group SU(3). To simplify and reduce the effective theory to a spin system over
the center Z3 of SU(3) and preserve as many properties as possible, we replace
the integrations over SU(3) with a sum over the center Z3:

∫
dUi f (Li) −→

1
3 ∑

zi∈Z3

f (zi) .

This yields the spin system

Zspin =
1

3Ns ∑
{z}

[
∏
⟨i,i+k̂⟩

(
1 + 2λRe

(
ziz∗i+k̂

))][
∏

i
Q(zi)

]
. (6.2)

How is this replacement motivated? In the infinite-coupling limit g0 → ∞,
the parameter λ→ 0 goes to zero such that

Zeff −→∏
i

[ ∫
dUi Q(Li)

]
.

The partition function factorizes, and we are left with integrations over the
on-site factors Q(Li):

∫
dUi Q(Li) =

∫
dUi

(
α0,0 +

4

∑
k=1

αk,0Lk
i +

4

∑
k=1

α0,k(L∗i )
k

+α1,1Li(L∗i ) + α2,2L2
i (L∗i )

2 +
3

∑
k=2

αk,1(Li)
kL∗i +

3

∑
k=2

α1,kLi(L∗i )
k
) ,

where Q(Li) is expanded as a polynomial of orders Lm
i (L∗i )

n, m, n ∈ N0; the
full expansion is listed in Appendix B.1. The coefficients αi,j are polynomials of
orders hnq h

nq , nq, nq ∈N0. The integral

Tm,n =
∫

dU Lm(L∗)n

over Polyakov loops can be computed analytically [196]. Especially, we have
Tm,n = 0 if m− n ̸= 0 mod 3. Therefore,

Zi =
∫

dUi Q(Li) = α0,0 + α3,0 · 1 + α0,3 · 1 + α1,1 · 1 + α2,2 · 2 ,

with the integrals over powers Lm
i (L∗i )

n replaced by the values listed in [196].
The remaining coefficients αi,j are exactly those for which the terms hnq h

nq
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6.1. Flux-tube model for heavy quarks and strong couplings

fulfill nq − nq = 0 mod 3. We interpret nq (nq) as a (anti-)quark number. The
on-site partition function Zi is therefore made of various terms of hadronic con-
tributions (nq, nq), nq − nq = 0 mod 3. Remember from Section 5.3 that any
spatial distribution of hadronic matter seizes to exists in the infinite-coupling
limit and that we only have on-site hadronic occupations. We now conduct the
replacement (6.1) of the group integration. In this case, we have

Tm,n =
∫

dU Lm(L∗)n

−→ T′m,n =
1
3 ∑

z∈Z3

zm−n =

{
0, m− n ̸= 0 mod 3
1, m− n = 0 mod 3

.
.

The sum T′m,n correctly reproduces the property of Tm,n for m− n ̸= 0 mod 3
but is one for all m− n = 0 mod 3. Tm,n, however, is not always one because it
actually counts the numbers of SU(3) singlets in the decomposition of 3m ⊗ 3n

into its irreducible representations. This is already the case for the on-site factor
Zi where the group integration gives the factor 2 for α2,2. However, Equation
6.1 gives

Zi = α0,0 + α3,0 · 1 + α0,3 · 1 + α1,1 · 1 + α2,2 · 1 ,

which is wrong about the term α2,2 = h2h
2
+ 4h3h

3
+ h4h

4
. In summary, the

replacement of the group integration by the sum over the center does not
reproduce the infinite-coupling limit fully but preserves the property of only
having on-site hadronic occupations.

Flux-tube model

As we have seen in Chapter 3, especially Equation (3.17) and (3.18), Lattice
QCD can be formulated as a quantum-mechanical system in the transfer-matrix
approach with gauge invariance implying the decomposition of the physical
Hilbert spaceHphys into sectorsH{q,e} of flux-tube configurations {q, e} which
fulfill a local Z3-Gauss law. Now, we show that the effective spin system
Zspin also preserves the appearance of the Z3-Gauss law because Zspin can
be written as a sum over flux-tube configurations, i.e. Zspin is equivalent to
a flux-tube model Zflux. The flux-tube model was originally introduced by
Patel ([29]) as a simple model for describing confinement and deconfinement
in QCD. Remember from Chapter 5 that we combined Patel’s ([29]) and Satz’s
([28]) idea to construct the notion of confinement in QCD via the percolation of
flux-tube configurations.

In [90], we have described the effective spin system Zspin and defined a
flux-tube model Zflux which is equivalent to Zspin. The flux-tube model Zflux
is defined on the spatial lattice. The relation between flux-tube models and
Z3-spin systems has been investigated in [191, 192], where similar spin systems
as in Equation (6.2) have been considered. The difference between these spin
systems and the spin system (6.2) is the choice of the on-site fermionic part
Q(zi). Therefore, they also consider different flux-tube models. However, the
basic steps of mapping the flux-tube model to the respective spin system are
the same, and we base our calculations on [191, 192]. As discussed further
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Chapter 6. Flux-tube model

below, spin systems of the form (6.2) can also be mapped onto a Z3-Potts model
with complex external field. When all these flux-tube models are essentially
just a Potts model with an external field, why are we not using the flux-tube
models described in [191] and [192]? As it turns out, the (anti-)quark masses,
the temperature and the chemical potential of the flux-tube model constructed
in [90] are identical to the constituent quark mass mq, the temperature T and
chemical potential µ of the effective spin system (6.2), i.e. we have a direct
interpretation of the parameters of h(mq, µ, T) and h(mq, µ, T) in the flux-tube
model. If we were to use one of the flux-tube models in [191, 192], we could
not interpret mq, T and µ of Equation (6.2) as the corresponding parameters in
the respective flux-tube model.

We describe the flux-tube model of [90]. As already mentioned, the model is
defined on the spatial lattice. At every site i, we have the occupation numbers

ni,s ∈ {0, . . . , 3} and ni,s ∈ {0, . . . , 3}

for quarks and antiquarks with spin s ∈ {↑, ↓}, and, at every link ⟨i, j⟩, a center-
electric flux l⟨i,j⟩ ∈ {−1, 0, 1} is defined such that l⟨i,j⟩ = −l⟨j,i⟩. If l⟨i,j⟩ = 1,
we say that the sites i and j are connected by a flux tube from i to j. The
Hamiltonian of the system is given by

H({n, l}) = σa ∑
⟨i,i+k̂⟩

|l⟨i,i+k̂⟩|+ mq ∑
i,s

(
ni,s + ni,s

)

with the string tension σ, the lattice spacing a and (anti-)quark mass mq. The
flux-tube model is a static system in the sense that there is no interaction be-
tween different degrees of freedom. Every occupation number just contributes
to the total energy proportionally to its value. A non-trivial center-electric
flux l⟨i,i+k̂⟩ ̸= 0 contributes its string energy σa to the total energy whereas
every quark (ni,s) or antiquark (ni,s) adds its mass mq to the Hamiltonian H. To
introduce the local Z3-Gauss law, we restrict the possible configurations {n, l}
to those which fulfill

∑
s

(
ni,s − ni,s

)
−∑

j∼i
l⟨i,j⟩ = 0 mod 3 (6.3)

at every site i. As it is the case for the flux-tube configurations {q, e} of Chapter
3, a configuration {n, l} is physical and denoted a flux-tube configuration if
and only if it fulfills the local Z3-Gauss law (6.3) at every site i. Note that
antiquarks are negatively counted in Equation (6.3). This is analogous to QCD
and the transfer-matrix formulation, where antiquarks contribute negatively
to the net-quark number N̂ and have a negative center charge (cf. Equation
(3.13)). The local net-quark number is given by

qi = ∑
s

(
ni,s − ni,s

)

such that the total net-quark number is q = ∑i qi. The total center flux flowing
out of a site i, is ϕi = ∑j∼i l⟨i,j⟩. Therefore, Gauss’s law reads qi − ϕi =3 0,
where we again use the short-hand notation a =3 b for a = b mod 3.
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6.1. Flux-tube model for heavy quarks and strong couplings

The grand-canonical partition function of the flux-tube model is

Zflux = ∑
{n,l}phys

exp
(
− βH({n, l}) + βµq

)

with the inverse temperature β = T−1, and the sum is restricted to flux-tube
configurations only, i.e. configurations {n, l} which are physical and fulfill
the local Z3-Gauss law (6.3). To show that Zflux is equivalent to Zspin, we
commence by writing the partition function Zflux as an unrestricted sum over
all possible configurations {n, l}:

Zflux = ∑
{n,l}

exp
(
− βH({n, l}) + βµq

)
∏

i
δqi−ϕi=30 .

The product over δqi−ϕi=30 implements Gauss’s law, and the transition to Z3-
spins is done by using the identity

δqi−ϕi=30 =
1
3 ∑

z∈Z3

zqi−ϕi . (6.4)

Inserting this equation into the partition function yields

Zflux =
1

3Ns ∑
{z}

∑
{n,l}

exp
(
− βH({n, l}) + βµq

)
∏

i
zqi−ϕi

i ,

where {z} is a Z3-spin configuration. To end with a spin system only, we
need to explicitly compute the sum over the configurations {n, l}. This can
be achieved by rearranging the terms such that the sum over {n, l} factorizes
into the product of independent sums over the on-site occupations {n} and
the center-electric fluxes {l}:

Zflux =
1

3Ns ∑
{z}


∑
{l}

exp


−β ∑

⟨i,i+k̂⟩
σa|l⟨i,i+k̂⟩|


∏

i
z−ϕi

i




×

∑
{n}

exp

(
∑
i,s

β(µ−mq)ni,s −∑
i,s

β(mq + µ)ni,s

)
∏

i
zqi

i




.

After some simple algebraic manipulations of separating the positively and
negatively orientated links (i.e. whether we have a link ⟨i + k̂, i⟩ or ⟨i, i + k̂⟩) in
each ϕi and rearranging the factors zi, we get

∑
{l}

exp


−β ∑

⟨i,i+k̂⟩
σa|l⟨i,i+k̂⟩|


∏

i
z−ϕi

i

= ∑
{l}

exp


−β ∑

⟨i,i+k̂⟩
σa|l⟨i,i+k̂⟩|




 ∏
⟨i,i+k̂⟩

z
−l⟨i,i+k̂⟩
i




 ∏
⟨i,i+k̂⟩

z
l⟨i,i+k̂⟩
i+k̂




.
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Evidently, the sum over all center fluxes {l} factorizes into the sum over the
individual variables l⟨i,i+k̂⟩:

∑
{l}

exp


−β ∑

⟨i,i+k̂⟩
σa|l⟨i,i+k̂⟩|


∏

i
z−ϕi

i = ∏
⟨i,i+k̂⟩

1

∑
l=−1

e−βσa|l|(z∗i zi+k̂)
l

= ∏
⟨i,i+k̂⟩

(
1 + 2e−βσaRe(ziz∗i+k̂)

) .

The nearest-neighbor interaction of Zspin originates from the sum over the
center fluxes {l}, and we identify λ of Equation (6.2) with λ = e−βσa. We arrive
with a similar computation, where we separate the quark ni,s and antiquark
numbers ni,s of qi and rearrange the factors zi, at

∑
{n}

exp

(
∑
i,s

β(µ−mq)ni,s −∑
i,s

β(mq + µ)ni,s

)
∏

i
zqi

i

= ∑
{n}

(
∏
i,s

eβ(µ−mq)ni,s zni,s
i

)(
∏
i,s

e−β(mq+µ)ni,s z−ni,s
i

) .

The sum over the occupation numbers {n} factorizes into independent sums
over the quark ni,s and antiquark numbers ni,s:

∑
{n}

exp

(
∑
i,s

β(µ−mq)ni,s −∑
i,s

β(mq + µ)ni,s

)
∏

i
zqi

i

=

(
∏
i,s

3

∑
n=0

eβ(µ−m)nzn
i

)(
∏
i,s

3

∑
n=0

e−β(m+µ)nz−n
i

)

= ∏
i

(
1 + hzi + h2z∗i + h3

)2 (
1 + hz∗i + h

2
zi + h

3
)2

which is the on-site fermionic part of Equation (6.2) with h and h as in Equation
(6.1). This demonstrates that the flux-tube model Zflux is equivalent to the spin
system (6.2) with a one-to-one identification of the parameters mq, µ and T.

Potts model

Because the nearest-neighbor spin interaction Re(ziz∗i+k̂
) occurs in Equation

(6.2), we might suspect that the spin system (6.2) can actually be mapped onto
a Z3-Potts model, and, indeed, this is possible. Such a mapping for a spin
system similar to (6.2) can be found in [192]. Adapting the steps in [192], the
spin system (6.2) is mapped to a nearest-neighbor Potts model

Zspin =
1

3Ns ∑
{z}

exp
(

2γ ∑
⟨i,i+k̂⟩

Re
(
ziz∗i+k̂

)
+ η ∑

i
Re zi + iη′∑

i
Im zi + χ

)

with a complex external field η + iη′. In our case, the nearest-neighbor coupling
γ is written as

γ =
1
3

ln
(

1 + 2λ

1− λ

)
(6.5)
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and the external field η + iη′ and the constant shift χ are given by

η =
2
3

ln(a + b + c)− 1
3

ln
[(

a− 1
2
(b + c)

)2

+
3
4
(b− c)2

]
,

η′ =
2√
3

arctan
( √

3(b− c)
2a− (b + c)

)
,

χ =
1
3

ln(a + b + c) +
1
3

ln
[(

a− 1
2
(b + c)

)2

+
3
4
(b− c)2

]
,

where

a = 1 + 4h
3
+ h

6
+ 4hh + 6h

4
h + 9h

2
h2 + 6h

5
h2 + 4h3 + 16h

3
h3 + 4h

6
h3

+ 6hh4 + 9h
4
h4 + 6h

2
h5 + 4h

5
h5 + h6 + 4h

3
h6 + h

6
h6

b = 3h
2
+ 2h

5
+ 2h + 8h

3
h + 2h

6
h + 6hh2 + 9h

4
h2 + 12h

2
h3 + 8h

5
h3

+ 3h4 + 12h
3
h4 + 3h

6
h4 + 4hh5 + 6h

4
h5 + 3h

2
h6 + 2h

5
h6

and

c = 2h + 3h
4
+ 6h

2
h + 4h

5
h + 3h2 + 12h

3
h2 + 3h

6
h2 + 8hh3 + 12h

4
h3 + 9h

2
h4

+ 6h
5
h4 + 2h5 + 8h

3
h5 + 2h

6
h5 + 2hh6 + 3h

4
h6

.

The full derivation is stated in Appendix B.2. The external complex field is a
consequence of the on-site fermionic part Q(z) because Q(z) is formulated as

Q(z) = exp
(
χ + ηRez + iη′Imz

)
.

6.2 Quark numbers in the flux-tube model

The state space of the flux-tube model are flux-tube configurations {n, l}. This
immediately allows us to carry over the construction of fixed-quark number
ensembles Z(NV =3 e) to the flux-tube model. Consider some subvolume V
of the spatial lattice, i.e. a collection of sites. The surface S∗ of the volume
V is S∗ = ∂V∗ in the terminology of Section 4.2. The interface between the
volume V and its complement V is d1 = DS∗. Comparing with Section 4.2 and
Equation (4.16), (4.18) and (4.19), we define the total net-quark number

qV = ∑
i∈V

qi = ∑
i∈V

∑
s
(ni,s − ni,s)

of the subvolume V, the total flux

ϕS∗ = ∑
⟨i,j⟩∈d1

l⟨i,j⟩

through the surface S∗ and relate both definitions via the Z3-Gauss law (6.3):

qV = ϕS∗ mod 3 .
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Constructing Z(NV =3 e) in QCD, as it is done in Section 4.2, requires
two essential ideas. First, the equivalenceHqV=3e = HV(e) between the sector
HqV=3e of fixed center charge qV =3 e and the sectorHV(e) of fixed net-quark
number NV =3 e. This identification together with the Z3-Gauss law allows
to establish the equivalence of the ensemble Z(NV =3 e) with the ensemble
of fixed center-electric flux ϕS∗ =3 −e through the surface S∗. Second, the
dynamics have to be modified at the surface S∗ which is expressed in the
replacement of the Hamiltonian Ĥ with a modified Hamiltonian Ĥ′. The
modification is important because the dynamics of QCD allow the hopping of
single quarks and antiquarks between the volumes V and V or the creation or
annihilation of hadronic structures intersecting the surface S∗ and lying partly
in both volumes. Such kind of changes have to be suppressed by the dynamics
because otherwise states with NV ̸= e mod 3 mix into the ensemble. The
necessity of modifying the dynamics is however not present in the flux-tube
model because the system is static and the above mechanisms do not exist.
It is enough to restrict the partition function to the subset of fixed net-quark
numbers qV =3 e. Furthermore, the identification of the net-quark number NV
and the center charge qV is trivial in the flux-tube model because the quark and
antiquark-occupation numbers are inherently part of the Z3-Gauss law. The
net-quark number qV of the flux-tube model assumes the same role in Gauss’s
law as the center charge qV of Equation (4.19) does in full QCD.

The ensemble of fixed net-quark number qV =3 e reads

Zflux(qV =3 e) = ∑
{n,l}phys

qV=3e

exp
(
− βH({n, l}) + βµq

)
,

where the sum is restricted to only those flux-tube configurations which fulfill
qV =3 e. We replace the net-quark number qV with the center-electric flux
ϕS∗ by virtue of the Z3-Gauss law and replace the sum over the flux-tube
configurations with the sum over all possible configurations {n, l} by explicitly
inserting Gauss’s law and the constraint qV =3 e into the sum:

Zflux(qV =3 e) = ∑
{n,l}

exp
(
− βH({n, l}) + βµq

)
δϕS∗−e=30 ∏

i
δqi−ϕi=30 .

The ensemble Zflux(qV =3 e) is mapped onto a Z3-spin system by using again
Equation (6.4). However, we apply now the equation also to the constraint
δϕS∗−e=30. To this end, we introduce

s⟨i,j⟩ =





+1, ⟨i, j⟩ ∈ d1

−1, ⟨j, i⟩ ∈ d1

0, otherwise

which allows us to write ϕS∗ as an unrestricted sum over all links ⟨i, i + k̂⟩ [90]:

ϕS∗ = ∑
⟨i,i+k̂⟩

s⟨i,i+k̂⟩l⟨i,i+k̂⟩ .
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This implies

δϕS∗−e=30 =
1
3 ∑

z
zϕS∗−e =

1
3 ∑

z
z−e ∏

⟨i,i+k̂⟩
zs⟨i,i+k̂⟩ l⟨i,i+k̂⟩ .

We follow the steps of deriving Zspin from Zflux to map Zflux(qV =3 e) onto a
Z3-spin system:

Zflux(qV =3 e) =
1
3 ∑
{z}

z−eZS∗(z)

with

ZS∗(z) =
1

3Ns ∑
{z}


∑
{l}

e−β ∑⟨i,i+k̂⟩ σa|l⟨i,i+k̂⟩ |

 ∏
⟨i,i+k̂⟩

zs⟨i,i+k̂⟩ l⟨i,i+k̂⟩


∏

i
z−ϕi

i




×

∑
{n}

exp

(
∑
i,s

β(µ−mq)ni,s −∑
i,s

β(mq + µ)ni,s

)
∏

i
zqi

i




.

Again, the sums over the fluxes {l} and the quark-occupation numbers {n}
factorize and can be computed separately. In doing so, the fermionic part is the
same as in the flux-tube model Zflux. The sum over the fluxes {l} is however
different due to the constraint ϕS∗ − e =3 0 but the computation of the sum
is completely analogous to Zflux. We end with a nearest-neighbor interaction
where the spin couplings ziz∗j along links ⟨i, j⟩ ∈ d1 are twisted by z−1:

ZS∗(z) =
1

3Ns ∑
{z}

[
∏
⟨i,i+k̂⟩

(
1 + 2e−βσaRe

(
z−s⟨i,i+k̂⟩ziz∗i+k̂

))][
∏

i
Q(zi)

]
. (6.6)

Comparing with full QCD in Section 4.2, we observe the similarity between
Zflux(qV =3 e) and Z(NV =3 e). We identify ZS∗(z) as the twisted ensemble
Z({zτ}), and notice that both fixed-quark number ensembles are the result
of taking the discrete Fourier transform over Z3. However, because the flux-
tube model is static, there are no layers of Euclidean time. The ensemble
Zflux(qV =3 e) is conceptually simpler because only one twist z occurs instead
of one twist zτ for each layer of Euclidean time τ.

The advantage of considering the ensemble Zflux(qV =3 e) is evident. We
just need to evaluate a Z3-Potts system which makes all standard Monte-Carlo
techniques (e.g. Metropolis algorithm) applicable with the methods being nu-
merically less expensive compared to Monte-Carlo techniques used in Lattice
QCD. Additionally, we do not have an exponential increase of independent
twists {zτ} with the number of time layers. The sum over all possible twists
is independent of the model parameters and consists of only three terms. Un-
fortunately, as we are going to see further below, the overlap problem due
to the insertion of twists at the interface d1 and which we have explained in
the introduction of this chapter still persists. It is however mild enough, and
we can to a certain and limited degree compute the ensemble relative to the
untwisted spin system without relying on the algorithm of [121, 122].

We present the numerical results of [90] in the following.
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One-dimensional chain

The flux-tube model can be defined in any number of spatial dimensions
d ≥ 1. We consider the case d = 1 as a simple example. The one-dimensional
lattice with periodic boundary conditions is a one-dimensional chain of length
N ∈N0\{0}. To study the ensemble Zflux(qV =3 e), we have to make a choice
of how V is defined. We take V to divide the chain into the two halves

V =

{
0, . . . ,

N
2
− 1
}

and V =

{
N
2

, . . . , N − 1
}

:

N
2

V
V

S∗ 0

N − 1

1̂

d1

This of course requires N to be even. The one-dimensional chain allows to
either evaluate the partition function Zflux(qV =3 e) analytically for sufficiently
small N or to use the well-known transfer-matrix approach of one-dimensional
spin systems which reformulates the partition function as a chain of matrix
multiplications, see for example [197] and [198]. The latter then allows in
principle to compute arbitrary large chains in polynomial time because the
number of matrix multiplications scales proportional to N. However, some
care must be taken because of numerical inaccuracy occurring for large chains
of matrix multiplications. To use the transfer-matrix approach, we use the
results of the previous section and express the on-site fermionic part as

Q(z) = exp
(
χ + ηRez + iη′Imz

)

via the parameters η, η′ and χ. The full transfer-matrix formulation is stated in
Appendix B.3.

We first discuss the total-net quark number ⟨q⟩ as a function of the chemical
potential µ/mq for the unrestricted ensemble Zflux and the fixed-quark number
ensemble Zflux(qV =3 1). To this end, the parameters σa/mq = 0.3, T/mq = 0.1
and N = 6 are chosen. The results are shown in Figure 6.1.

Because the temperature is a tenth of the quark mass mq, we are in the
low-temperature regime and can observe the formation of step-like functions.
In the zero-temperature limit, only those states persist for which the energy
∆ = H − µq is minimal (∆ = ∆min) because the states of the system are
weighted by the Boltzmann factor e−∆/T and any state with ∆ > ∆min is
suppressed relative to a state with ∆min. Why do we observe plateaus of
finite size? This is because the state space is discrete and, therefore, we only
have a finite number of possible energies ∆i. The parameter space µ/mq ∈ R

decomposes,
n⋃

i=1

(µi/mq, µi+1/mq) = R ,
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Figure 6.1: Results from [90] for the total net-quark number ⟨q⟩ of the ensembles
Zflux and Zflux(qV =3 1) with σa/mq = 0.3, T/mq = 0.1 and N = 6 as a
function of µ/mq.†

into n intervals (µi/mq, µi+1/mq), µi ∈ [−∞, ∞]. On each such interval, one
function ∆i is minimal among all possible energies and therefore only states
with ∆i are observed. Changing the net-quark number q yields a different
slope and energies which are consequently larger than the minimal value in
the interval. Hence, the net-quark number q is constant within each of the
intervals. These are the observed plateaus of Figure 6.1.

The flux-tube model Zflux has three plateaus in the zero-temperature limit.
The net-quark number ⟨q⟩ vanishes between µ = −mq and µ = mq because
the energy ∆ = H − µq is minimized by the empty lattice and by the empty
lattice only. Any non-trivial flux-tube configuration gives larger energies. To
see this, note that

∆ = (mq − µ)nq + (mq + µ)nq + σau ,

where nq (nq) is the total (anti-)quark number and u is the number of non-zero
flux variables l⟨i,j⟩ ̸= 0. The empty lattice has ∆ = 0. For µ ≥ 0, ∆ can only
reach zero if µ ≥ mq because only then (mq − µ)nq becomes negative whereas
all other terms remain positive, no matter how large µ is chosen. Once µ > mq,
the state with maximally saturated quark numbers nq = 6N, no antiquarks
nq = 0 and no non-zero fluxes u = 0 minimizes ∆ because then the slope
of ∆ is maximal and the ordinate minimal. This is exactly what is shown in
Figure 6.1. Once µ/mq > 1, ⟨q⟩ jumps to the maximal saturated state with
q = 36. The same argument holds for µ ≤ 0 but with the roles of nq and nq
exchanged. The situation now changes when the net-quark number qV =3 1
is fixed. Additional plateaus occur for the intervals µ/mq ∈ (1/3, 1) and
µ/mq ∈ (−1,−1/3). We again have a vanishing net-quark number ⟨q⟩ = 0 in

†The figure is adapted from “FIG. 4” by [90] and used under CC BY 4.0 [142].
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the interval µ/mq ∈ (−1/3, 1/3). However, compared to Zflux, the system is
not described by the empty lattice because the constraint qV =3 1 necessarily
requires a non-vanishing flux through the surface S∗. The system is described
by a quark-antiquark pair condensing at the surface S∗ with the (anti-)quark
residing in V (V). Gauss’s law is then maintained by a non-vanishing flux-tube
variable l⟨x,y⟩ = 1 where ⟨x, y⟩ is one of the interface links. All other occupation
numbers and flux variables are zero.

Assume µ > 0 without loss of generality. If µ/mq > 1/3, a new plateau
occurs because now the energy ∆ is minimized not by a mesonic state (qq) but
by a baryonic state (qqq), i.e. it is energetically more preferable if the antiquark
is replaced by two quarks. This is because the energy difference between both
states is given by

∆(qqq)− ∆(qq) = mq − 3µ

such that ∆(qqq) becomes smaller than ∆(qq) once µ > mq/3. If the chemical
potential is increased even further, the plateau of maximal saturation occurs
again for µ > mq. However, remember that the flux through S∗ cannot vanish
due to the constraints put on the system. Therefore, the maximal saturation
in this case means q = nq = 33 such that two quark holes in V and one quark
hole in V are connected by one non-vanishing flux variable l⟨x,y⟩ = 1 of the
interface, i.e. a baryonic hole condenses at the surface S∗.

Depending on the chemical potential, we can enforce the condensation of
either mesonic or baryonic states at the inferface S∗ in the zero-temperature
limit. In principle, we might expect this intuitive mechanism also in the full
theory and d = 3. Note, however, that the meson or baryon can condense
along the whole surface S∗ in higher-spatial dimensions.

The condensation mechanism can also be illustrated by considering a longer
chain and computing the local net-quark numbers ⟨qi⟩. This is shown in
Figure 6.2 for N = 20 and σa/mq = 0.3. We can observe the condensation
of a meson at the surface S∗ in Figure 6.2a when the zero-temperature limit
is approached. There are two choices for the meson determined by which
interface link ⟨x, y⟩ ∈ d1 = DS∗ the quark-antiquark pair is connected. This is
the reason for the local net-quark number approaching ⟨qi⟩ = 0.5 (⟨qi⟩ = −0.5)
at i = 0 and i = 9 (i = 10 and i = 19). When the temperature is increased,
higher energetic excitations become possible and the mesonic state dissolves.
Analogously, we observe the formation of a baryon in Figure 6.2b. Here the
local net-quark number converges to ⟨qi⟩ = 0.5 (⟨qi⟩ = 1) at i = 0 and i = 9
(i = 10 and i = 19). Finally, Figure 6.2c shows the condensation of a baryonic
hole at the surface S∗.

Free-energy difference

We, now, consider the three dimensional case d = 3. We define the volumes V
and V by halving the first direction with planes orthogonal to the direction as
we have done for the one-dimensional chain. Hence, a site i = (i1, i2, i3) ∈ V
lies in V if and only if i1 ∈ {0, . . . N1/2− 1}.
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Figure 6.2: Results from [90] for the local net-quark number ⟨qi⟩ in the ensemble
Zflux(qV =3 1). The parameters are chosen as N = 20 and σa/mq = 0.3.†

Similar to the string tension σ defined in Equation (4.9), we consider the
free-energy difference

∆F∞ = lim
N1→∞

[
− 1

β
ln
(

Zflux(qV =3 1)
Zflux(qV =3 0)

)]

between the ensembles Zflux(qV =3 1) and Zflux(qV =3 0). With the first
direction taken to its infinite-volume limit, ∆F∞ becomes a function of N2 and
N3 which are identically chosen for both ensembles and, for our purposes, are
assumed equal.

Because the analytic approach of the one-dimensional chain is not feasi-
ble in higher dimensions, we use ∆F∞ to gain some insights about the three
dimensional case. We consider the high- and low-temperature expansion of
∆F∞ [90]. If β > 0 is sufficiently small (high-temperature limit), the free-energy
difference ∆F at finite N1 can be expanded as

∆F = − 1
β

ln
(

M1

M0

)
+

α1

M1
− α0

M0
+O(β) ,

where
αe = ∑

{n,l}phys

(H − µq)δϕS∗−e=30

and
Me = Zflux(qV =3 e, β = 0) .

†The figure is adapted from “FIG. 5” by [90] and used under CC BY 4.0 [142].
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The ratio M1/M0 is known analytically and reads

M1

M0
=

1 + 4−4Ns − 2 · 4−2Ns

1 + 4 · 4−4Ns + 4 · 4−2Ns

which converges to one if N1 → ∞ because then Ns → ∞. The other ratios can
also be computed explicitly such that

αe

Me
= 2σaNs +

6mqNs +O(Ns · 4−2Ns)

1 +O(4−2Ns)
.

This means that the difference between both fractions

α1

M1
− α0

M0
−→ 0

approaches zero for Ns → ∞. Therefore, the free-energy difference ∆F∞ has the
high-temperature expansion ∆F∞ = O(β) because the orders smaller than one
vanish for N1 → ∞. The free-energy difference ∆F∞ vanishes for very large
temperatures. Both ensembles become identical for high temperatures. Why
are we not considering the free-energy difference relative to the unrestricted
ensemble Zflux? As it turns out, the free-energy difference ∆F∞ would then
diverge in the infinite-temperature limit because the fraction M1/M→ 3 with
M = Zflux(β = 0) tends to a value different to one in the limit N1 → ∞
which means that the β−1 term would not vanish. The derivation of the high-
temperature expansion is not difficult but somehow cumbersome and therefore
not mentioned in [90]. Nevertheless, we include it in Appendix B.4 for the sake
of completeness.

The low-temperature expansion, i.e. β → ∞, is given by reordering the
terms of the partition functions based on their energies ∆ = H − µq. We write
∆(0)

e < ∆(1)
e < . . . for the energies of Zflux(qV =3 e) [90]. Then the free-energy

difference ∆F can be written relative to the states with energies ∆(0)
e :

∆F = (∆(0)
1 − ∆(0)

0 )− 1
β

ln

(
N(0)

1 + N(1)
1 e−β(∆(1)

1 −∆(0)
1 ) + . . .

N(0)
0 + N(1)

0 e−β(∆(1)
0 −∆(0)

0 ) + . . .

)
.

The factor N(i)
e is the multiplicity of the energy ∆(i)

e , i.e. the number of states
with said energy. Assuming the convergence of both terms in the limit N1 → ∞,
we have

∆F∞ = lim
N1→∞

(
∆(0)

1 − ∆(0)
0
)
+O

(
1
β

)
.

We can again state the expansion explicitly up to a certain point by computing
the multiplicities N(i)

e and energies ∆(i)
e . However, this a laborious combina-

torical task, and was done in [90] for the one-dimensional chain up to the
orders N(1)

e and for d = 3 only up to the orders N(0)
e . Because the derivations

of the multiplicities for the the one-dimensional chain are somewhat cumber-
some, they are not directly mentioned in [90]. They are nevertheless listed in
Appendix B.5.
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Figure 6.3: Results from [90] for the free-energy difference ∆F of a one-
dimensional chain with σa/mq = 0.3 for various chemical potentials µ/mq.
The size of the chain is N = 64 which approximates the infinite-volume limit
N → ∞. The long-dashed line shows the low-temperature expansion including
only the ground states. The short-dashed lines shows the expansion including
the first excitations.†

We compute the free-energy difference ∆F∞ for the one-dimensional chain
by approximating N → ∞ with N = 64. The results from [90] are shown
in Figure 6.3 depending on various chemical potentials. The solid lines are
the numerical results obtained via the transfer-matrix approach, whereas the
dashed lines represent the low-temperature expansions. The long-dashed lines
represent the expansion to the lowest order ∆(0)

e and N(0)
e which only includes

the ground states. The short-dashed lines represent the expansion up to the
order ∆(1)

e and N(1)
e . The ground state expansions asymptotically approach

the numerical results and continue them for βmq → ∞. When adding the first
excitations, this behavior is obviously improved in the sense that the expansion
approximates the numerical results more precisely at lower inverse tempera-
tures βmq and approaches the same asymptotic values in the zero-temperature
limit. The numerical results suggest that the low-temperature expansion are a
valid continuation of the curves for ∆F∞ and that we can henceforth determine
the asymptotic values ∆F∞ by means of the low-temperature expansion. We
have

lim
β→∞

∆F∞ = ∆(0)
1 − ∆(0)

0 =

{
2mq + σa, µ ≤ mq

3

3|mq − µ|+ σa, µ >
mq
3

for the one-dimensional chain [90]. The free-energy difference just reflects
the condensation of a hadronic state at the surface S∗ relative to an ensemble
with no flux through S∗. For µ ≤ mq/3, the empty chain constitutes ∆(0)

0 = 0.

†The figure is adapted from “FIG. 6” by [90] and used under CC BY 4.0 [142].
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Then, we actually just have ∆F∞ = ∆(0)
1 which is given by the energy of the

mesonic state condensing at S∗ if µ < mq/3 and the mesonic or baryonic state
condensing at S∗ if µ = mq/3. In the plateau region µ/mq ∈ (1/3, 1) we

still have ∆(0)
0 = 0 and the free-energy difference is just the energy of one

condensed baryonic state at S∗. Finally, ∆F∞ is the energy to create an baryonic
hole in the fully occupied chain for µ/mq > 1.

Three-dimensional lattice

To numerical compute the three-dimensional lattice, we rely on a simple
Metropolis algorithm for the equivalent Potts model. The twisted action of the
Potts model is given by

Sk({z}) = 2γ ∑
⟨i,i+k̂⟩

Re
(
u−ks⟨i,i+k̂⟩ziz∗i+k̂

)
+ η ∑

i
Re zi + iη′∑

i
Im zi

with u = e
2π
3 i. We consider vanishing chemical potential µ = 0. In this case,

the action is real and η′ = 0. The free energy is formulated relative to the
untwisted ensembles ⟨•⟩0 (k = 0) such that ([90])

∆F =
1
β

ln

(
1− 1

2
(
⟨eS1−S0⟩0 + ⟨eS2−S0⟩0

)

1 + ⟨eS1−S0⟩0 + ⟨eS2−S0⟩0

)
.

The computation of the expectation value ⟨eSk−S0⟩0 becomes numerically dif-
ficult in the low temperature region because of the overlap problem when
inserting many non-trivial twist. Nevertheless, it is still possible to reasonably
compute the free energy ∆F for certain parameters. The numerical results of
[90] are shown in Figures 6.4a, 6.4b and 6.4c with the free energy computed for
various values of σa/mq.

The difference to the one-dimensional chain is mainly that ∆F depends
on the area A = N2N3. The low-temperature expansion is computed to the
order N(0)

1 and N(0)
0 and shown as dashed lines in Figure 6.4a and 6.4b. The

coefficients are given by

N(0)
1 = 4 · 2A = 8A ,

N(0)
0 = 1 .

The factor N(0)
1 = 8A is the ground state multiplicity of Zflux(qV =3 1) which

is given by a quark-antiquark pair condensating at the surface S∗ where the
quark and the antiquark are connected by one flux tube only and the quark
lies in V whereas the antiquark lies in V. There are four different quark-
occupation numbers for a quark-antiquark pair connected by the same flux
tube. Furthermore each pair can be placed with its flux tube at any of the
2A links of the interface d1 = DS∗. The free-energy difference is therefore
expanded as

∆F = (∆(0)
1 − ∆(0)

0 )− 1
β

ln(8A) .
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Figure 6.4: Numerical results of the free-energy difference ∆F and the energy
∆EA for the three-dimensional flux-tube model. Results are taken from [90].
The dashed lines represent the low temperature expansion of ∆F including
only N(0)

1 and N(0)
0 .†

The numerical results and the expansion suggest that the free-energy dif-
ference actually vanishes for A → ∞. To understand the reason behind
this, recall that ∆F measure the free-energy difference between the ensembles
Zflux(qV =3 1) and Zflux(qV =3 0). Both ensembles become thermodynam-
ically equivalent. At large temperatures, this is due to the occurrence of all
kinds of thermal excitations forming large spatial structures such that whether
additional center charges are placed in V and V becomes insignificant relative
to the background of flux-tube configurations with qV =3 0. At low tem-
peratures, when the expansion is valid, the free-energy difference decreases
because the multiplicity 8A of the quark-antiquark pair creates an increase in
the entropic difference ∆S if we identify ∆F = ∆E− β−1∆S. Only when we
increase A sufficiently large, the combinatorical factors N(i)

e of higher order
terms become significant guaranteeing ∆F → 0 for A→ ∞ with ∆F remaining
strictly positive. This can be seen best if we remove the entropic contribution

†Figures are adapted from “FIG. 7”, “FIG. 8” and “FIG. 9” by [90] and used under CC BY 4.0
[142].
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of the quark-antiquark pairs from ∆F and define

∆EA = ∆F +
1
β

ln(8A)

which is shown in Figure 6.4c.
The phenomena of condensating hadronic structures at low temperatures

can also be noticed in the N1-dependence of ∆F. Comparing Figure 6.4a with
Figure 6.4b, we notice that ∆F does not visibly depend on N1 for the larger
string tension σa/mq. However, a slight dependence can be observed for the
smaller string tensions. Larger string tensions make large hadronic structures
energetically more expensive. Therefore the typical diameter d of a hadronic
structure forming at the surface S∗ and enforcing the flux through S∗ becomes
smaller for increasing string tension. If N1 ≫ d exceeds this typical size, the
interfaces separate and become decorrelated.

6.3 Percolation in the flux-tube model

The state space of the flux-tube model is given by flux-tube configurations
{n, l} which fulfill the Z3-Gauss law (6.3) at every site i. Hence, completely
analogous to full QCD, we can define the notion of percolation by considering
whether the non-vanishing flux tubes l⟨i,j⟩ ̸= 0 form percolating structures.
Adapting therefore the definition of Section 5.3, we divide the state space of
the flux-tube model into the setR1 of flux-tube configurations which percolate
in the first direction and the setR1 of configurations which do not percolate in
the first direction. The spanning probability R1 reads

R1 =
1

Zflux
∑

{n,l}∈R1

exp
(
− βH({n, l}) + βµq

)
.

We show that evaluating R1 and mapping it onto its dual Z3-spin system gives
an observable analogous to Equation (5.7) of full QCD. However, we twist the
Potts couplings of the spin system instead of timelike plaquettes. But the rules
of inserting the twists are similar.

The setR1 is determined by the spatial structure of the non-vanishing flux
tubes l⟨i,j⟩ ̸= 0 and the induced bond configurations B({n, l}). The center
charge qi at a site can be written as

qi =3 ∑
s

(
ni,s − ni,s

)

with qi ∈ Z3. Therefore, we can identify a flux-tube configuration {n, l} with a
flux-tube configuration {q, e} by setting e⟨i,j⟩ = l⟨i,j⟩. A flux-tube configuration
{q, e} describes an equivalence class [{q, e}] of all flux-tube configurations
{n, l} with the same center fluxes e⟨i,j⟩ and the same on-site center charges
qi. We use the notion of percolation as in Section 5.3 for {q, e} and denote the
set of percolating flux-tube configurations {q, e} as [R1]. Hence, the set R1
decomposes into sectors of flux-tube configurations {q, e}:

R1 =
⋃

{q,e}∈[R1]

[{q, e}] .
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The spanning probability R1 reads

R1 =
1

Zflux
∑

{q,e}∈[R1]
∑

{n,l}∈[{q,e}]
exp

(
− βH({n, l}) + βµq

)

=
1

Zflux
∑

{q,e}∈[R1]
∑
{n,l}

δ{n,l}∈[{q,e}] exp
(
− βH({n, l}) + βµq

)
.

We can project onto an equivalence class [{q, e}] via

δ{n,l}∈[{q,e}] =
1

34Ns ∑
{z}

z−{q,e}
[

∏
i

z∑s(ni,s−ni,s)
i

][
∏
⟨i,i+k̂⟩

z
l⟨i,i+k̂⟩
⟨i,i+k̂⟩

]
.

Using Gauss’s law, we replace the sum over the on-site net-quark number by
the sum over incident center fluxes:

δ{n,l}∈[{q,e}] =
1

34Ns ∑
{z}

z−{q,e}
[

∏
i

z
∑j∼i l⟨i,j⟩
i

][
∏
⟨i,i+k̂⟩

z
l⟨i,i+k̂⟩
⟨i,i+k̂⟩

]
.

The function δ{n,l}∈[{q,e}] fulfills the same purpose as the projection operator
P̂{q,e} from Section 5.3 and is of similar structure as P̂{q,e} in Equation (5.5).
Replacing δ{n,l}∈[{q,e}] with the above identity gives

R1 =
1

34Ns ∑
{q,e}∈[R1]

∑
{z}

z−{q,e}Zflux({z}) ,

where

Zflux({z}) =
〈[

∏
i

z
∑j∼i l⟨i,j⟩
i

][
∏
⟨i,i+k̂⟩

z
l⟨i,i+k̂⟩
⟨i,i+k̂⟩

]〉
.

Computing the expectation value and mapping it onto the Z3-Potts system
follows the same steps as in deriving Zflux(qV =3 e) in Section 6.2. However,
we do not twist the Potts couplings at an interface d1 but at every link ⟨i, j⟩
based on the twist configuration {z}:

Zflux({z}) =
Z−1

flux
3Ns ∑

{u}

[
∏
⟨i,i+k̂⟩

(
1 + 2e−βσaRe

(
z({z}) · uiu∗i+k̂

))][
∏

i
Q(ui)

]
.

Here z({z}) ∈ Z3 imposes the twists based on the twist configuration {z}.
There are three rules: (i) An on-site spin zi twists all couplings uju∗j+k̂

with links

⟨j, j + k̂⟩ incident to the site i. If such an link points away from (into) the site i,
the coupling is twisted with z−1

i (zi). (ii) A coupling uiu∗i+k̂
is twisted with the

spin z−1
⟨i,i+k̂⟩. (iii) If a coupling uiu∗i+k̂

is to be twisted by multiple applications of

the rules (i) and (ii), the total twist is the product of the separate twists. Clearly,
these are the same rules that we derived in Section 5.2 for QCD but adapted to
the Z3-Potts model. We arrive at the same result as in QCD. To determine the
spanning probability R1, we can just sum over all possible twisted ensembles
Zflux({z}) and percolating flux-tube configurations {q, e}.
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Chapter 6. Flux-tube model

Unfortunately, the direct evaluation of Zflux({z}) is still not practical. The
simplicity of the flux-tube model, however, opens the possibility to determine
the spanning probability by directly probing the flux-tube configurations. To
this end, we just need to generate flux-tube configurations {n, l} with the
Boltzmann weight e−βH({n,l})+βµq.

Worm algorithm

Fortunately, there is already an algorithm which allows to sample the state
space of the flux-tube model according to the Boltzman weight. The worm
algorithm generates configurations by updating the degrees of freedom with a
simple Metropolis step but does so along paths of flux tubes which are either
closed or terminate at sites where the quark-occupation numbers have been
changed [199–203]. This is because updating a quark occupation or a flux
tube by a Metropolis step will break Gauss’s law in general. The algorithm
updates variables till the initial violation of Gauss’s law is fixed. Here, we
base our implementation on the algorithm described in [200–203]. We adapt
the algorithm accordingly and use a modification of the proof shown in [204]
to guarantee detailed balance and ergodicity. Our implementation of the
worm algorithm is stated in Appendix B.6. The spanning probability R1 is
then determined by counting the numbers N1 of flux-tube configurations {n, l}
percolating in the first direction and divide N1 by the total number of generated
configurations:

R1 ≈
N1

N
.

In the following, we do not consider the spanning probability R1. We use the
probability R of observing a flux-tube configuration which percolates in at least
one direction.

Fully-dynamic connectivity problem

We face the problem to test whether a flux-tube configuration {n, l} percolates.
In its core this reduces to the problem of determining the connection of two
sites via a path of set bonds in the induced bond configuration B({n, l}). The
bond configuration is just a graph of edges and vertices. The edges are the set
bonds and the vertices are the sites. To test whether a configuration percolates
in a direction k̂, we have to determine whether there exists a path of set bonds
along which all planes orthogonal to the direction k̂ are connected. However,
the situation is complicated by the fact that the induced bond configuration
changes in general when the flux-tube configuration is updated. This means
that the connectivity information of the graph potentially changes with every
update step. We need to maintain the connectivity information between ver-
tices every time an edge is added or removed from the graph. This problem is
known as the fully-dynamic connectivity problem. Efficient solutions to this
problem exist and we choose to adapt the algorithm described in [205]. We
denote a solution to the problem as a FDC-algorithm. The idea of the algo-
rithm is described in Appendix B.7. Notably, in a another setting of identifying

140



6.3. Percolation in the flux-tube model

clusters in a Potts model, the algorithm was employed by [206] which is our
initial incentive to also use it for the flux-tube model.

Assume some flux-tube configuration {n, l} and its induced bond configu-
ration {b} = B({n, l}). The FDC-algorithm is used to also maintain the cluster
decomposition of {b}. We test whether a cluster of {b} percolates in a given
direction k̂. We start with a plane orthogonal to k̂ and sweep over all sites of
the plane. For each site, we check whether it is part of the cluster and if so
whether it is incident with a bond in positive k-direction connecting the plane
with its nearest-neighbor plane. If we do not find a site which is part of the
cluster and incident with a bond in positive k-direction, we must conclude
that the cluster is not percolating in that direction. If we find a site with these
properties, we jump to the next plane in the positive k-direction and conduct
the same test again. If and only if bonds of the cluster exist between every
pair of subsequent planes, the cluster is percolating in the k-direction. A bond
configuration is therefore percolating in the direction k̂ if there exists at least
one cluster which percolates. To determine the spanning probability R, we test
whether a flux-tube configuration {n, l} is percolating in at least one direction.

Spanning probability

We consider the flux-tube model parametrized by the parameters βσa and
σa/mq at vanishing chemical potential µ = 0. For fixed βσa, this accounts to
changing the quark mass mq. We vary the inverse temperature βσa at fixed
σa/mq. The infinite-mass case is then reached at σa/mq = 0. This set up allows
us to explore the phase diagram of the flux-tube model and compare it to the
conjectured behavior of the Columbia plot from Section 5.2, however, only
with one quark mass. We are going to see that the flux-tube model seems to
be a simple model which exhibits exactly the behavior conjectured for QCD.
The quark mass acts inversely to the external field of the dual Z3-Potts model.
The percolation transition coincides with the thermal first-order transition
at infinite quark masses persisting till the second-order critical endpoint of
the three dimensional Z3-Potts model is reached. For even lighter masses,
when the free-energy density of the Z3-Potts model becomes analytical and the
transition is smoothed to a crossover, the percolation transition of the flux-tube
model still persists marking a confined and deconfined phase.

Here, we consider four cases: σa/mq = 0, σa/mq = 3/4, σa/mq = 6 and
σa/mq → ∞. Before we dive into the numerical results, we shortly discuss the
phase diagram of the Z3-Potts model with real external field η ≥ 0. We are
concerned with this case because the mapping between the flux-tube model
parameters and the parameters of the Potts model gives a vanishing imaginary
field η′ = 0 if µ = 0.

When η = 0, the Z3-Potts model undergoes a first-order transition breaking
the Z3-symmetry spontaneously at the critical point 2γc = 0.36708(2) [71]. The
inverse of Equation (6.5) then gives the parameter (βσa)Potts in the flux-tube
model. The first-order transition persists for non-vanishing external fields η <
ηc with the critical line (2γc(η), η) ending in the critical endpoint (2γc, ηc)Ising
[207]. The endpoint lies in three-dimensional Ising universality class and is
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Figure 6.5: Top, the spanning probability R(βσa, N) for σa/mq = 0 as a func-
tion of βσa. Bottom, the same results but scaled according to the critical point
(βσa)Potts and the critical exponent ν−1 = 3.

given by (2γc, ηc)Ising = (0.366253(13), 0.0005167(67)) [207]. For any η > ηc
the transition vanishes, and the Potts model only exhibits a crossover behavior.

In general, if we assume the first-order behavior to be the consequence of a
renormalization fix point in the sense of Nienhuis and Nauenberg [208], we
expect a volume dependence of the finite-size scaling law for the singular part
fs of the free-energy density near the critical point:

fs(T, N) = N−dΦ
(

A · (T − Tc)N
1
ν

)

with the spatial dimension d = 3, the critical temperature Tc, a universal
function Φ, the non-universal metric factor A and the critical exponent ν−1 = 3.
Such a volume dependence is numerically observed for the Z3-Potts model

142



6.3. Percolation in the flux-tube model

0

0.5

1

1.5

2

0.26 0.3 0.34 0.38

η
[1
0
−
3
]

2γ

σa
mq

Figure 6.6: Map between the flux-tube parameters (βσa, σa/mq) and the Potts
parameters (2γ, η). Curves of constant σa/mq depending on βσa are shown.
The curves are traversed from the right to left for increasing βσa. The square
dot is the critical point ([71]) of the first-order transition at η = 0. The red point
is the Ising critical end point [207]. The linear curve is the approximation to
the first-order line with the slope as reported in [207].

[71, 209–211]. We do not further the discussion about the reason of the volume
dependence because only its existence is relevant for us.

Let us start with the numerical results for σa/mq = 0. The spanning
probability R(βσa, N) is shown in Figure 6.5 for various lattice extents N of
the three dimensional system. Numerically, σa/mq = 0 is reached by just
setting the quark mass to a very large value and starting the simulation with all
occupation numbers set to zero. It practically becomes nearly impossible that a
quark or antiquark is added to the system. In Figure 6.5 (top), we observe the
formation of a step-like function if the lattice sizes are increased. The formation
of a step function in the limit N → ∞ is what we expect in the presence of
a percolation transition. In the same figure, the black vertical line indicates
the critical point 2γc of the Potts model at zero external field mapped to the
corresponding parameter (βσa)Potts in the flux-tube model. The step function
seems to form at the vertical line which indicates that a percolation transition
takes place at (βσa)Potts. Additionally, we also expect the universality class of
the percolation transition not to be given anymore by bond percolation but by
the volume dependence characteristical for the first-order transition. This is
confirmed in Figure 6.5 (bottom) where the spanning probability R is shown as
a function of (βσa− (βσa)Potts) · N3. The curves approximately collapse on a
common curve which is expected if the spanning probability is to be described
by a scaling behavior

R(βσa, N) = Φ
(

A · (βσa− (βσa)Potts)N
1
ν

)
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with ν = 1/3, the universal function Φ, which differs from the function Φ
further above, and a non-universal metric factor A if N is sufficiently large. The
numerical results therefore suggest that the flux-tube model indeed exhibits a
percolation transition at infinite quark masses which coincides with the critical
point and universal behavior of the first-order transition of the Z3-Potts model.

For our further considerations, we map horizontal lines in the (βσa, σa/mq)-
parameter plane of the flux-tube model onto the corresponding curves on the
parameter plane (2γ, η) of the Potts model. The mapping is shown in Figure
6.6. The blue curves are the mapped horizontal lines. They are traversed from
right to left for increasing βσa. Additionally, we include an approximation of
the first-order line of the Potts model based on the results of [71] and [207]. An
important implication of this mapping is that the curves do not intersect the
first-order line of the Potts model once σa/mq is sufficiently large. In other
words, we are guaranteed not to hit any singular behavior of the Potts model.
In this case, our conjecture implies the percolation transition to still persists
along the horizontal lines in the (βσa, σa/mq) plane but, because there is no
other non-analytic behavior due to the free-energy density, the transition lies
in the universality class of bond percolation.

The first-order line is not intersected for σa/mq = 3/4, and we show
the results for σa/mq = 3/4 in Figure 6.7. The top figure again shows the
formation of a step function for increasing lattice extents N. However, the
formation is not as prominent as for σa/mq = 0. To confirm the existence of
the percolation transition further and its universality class, we scale the results
according the critical exponent ν−1 = 1.1410(15) ([151]) of bond percolation
in three dimensions. The only problem we face is fixing the critical transition
point (βσa)c. We just tune (βσa)c without any specific systematics such that the
scaled functions tend to lie on one curve for large N. We found (βσa)c ≈ 1.776
with the scaled functions as shown in the bottom figure. Indeed, the curves
tend to collapse onto one common curve for increasing lattice extents N. The
results are consistent with the existence of a percolation transition lying in the
universality class of standard bond percolation in three dimensions.

Next, we consider the limit σa/mq → ∞. This case is reached by setting the
quark mass to zero when running the worm algorithm. The results are shown
in Figure 6.8. Additionally, the left figure includes interpolated numerical
results for standard bond percolation in three dimensions shown as solid lines.
The probability p of setting a bond is mapped to βσa via Equation (6.7). We see
that the flux-tube results match the standard bond percolation results within
the stated errors. It is important to keep in mind that our flux-tube model does
not exactly reduce to standard bond percolation at zero quark masses. The
Boltzmann weights for the quarks and antiquarks drop out of the partition
function when mq = 0. However, the quarks and antiquarks are still relevant
for the Z3-Gauss law. The partition function is then given by

Zflux = ∑
{l}
N ({l})(1 + 2e−βσa)3Ns ,

where N ({l}) is the number of all flux-tube configurations {n, l} with the
same configuration {l} of flux variables. Only if N ({l}) = N ({l′}) for all
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Figure 6.7: Top, the spanning probability R(βσa, N) for σa/mq = 3/4 as a
function of βσa. Bottom, the same results but scaled according to the critical
exponent ν−1 = 1.1410(15) ([151]) and the estimated critical point (βσa)c ≈
1.776.
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function of βσa. Right, the same results but scaled according to the critical
exponent ν−1 = 1.1410(15) ([151]) and the critical point (βσa)c ≈ 1.7981
determined by mapping the critical probability pc = 0.24881182(10) ([151]) for
bond percolation onto (βσa)c via the inverse of Equation (6.7). The solid lines
are interpolated results of standard bond percolation in three dimensions.
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Figure 6.9: Left, the spanning probability R(βσa, N) for σa/mq = 6 as a func-
tion of βσa. Right, the same results but scaled according to the critical exponent
ν−1 = 1.1410(15) ([151]) and the critical point (βσa)c ≈ 1.7981 determined by
mapping the critical probability pc = 0.24881182(10) ([151]) for bond percola-
tion onto (βσa)c via the inverse of Equation (6.7).

{l} and {l′}, the partition function reduces to the case of bond variables set
independently with the probability

p(b⟨i,j⟩ = 1) =
2e−βσa

1 + 2e−βσa . (6.7)

Gauss’s law dictates the required net-quark number modulo three at a specific
site i for a fixed configuration {l}. If qi has to equal 0 mod 3, there are 86
possibilities to do so by choosing the on-site occupation numbers. There are
85 possibilities for the cases qi = 1, 2 mod 3 respectively. This difference in
the number of combinations prevents the partition function to decompose into
the case of standard bond percolation because N ({l}) ̸= N ({l′}) in general.
Nevertheless, the numerical results of the flux-tube model match within the
stated errors with the numerical results of standard bond percolation. This
does not allow us to distinguish whether the flux-tube model reproduces
exactly the standard bond percolation case in the infinite-volume limit or
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Figure 6.10: R(βσa, N) as a function of A · (βσa− (βσa)c)N1/ν. The data points
are taken from the N = 64 curves of Fig. 6.7, 6.8 and 6.9. The factor is A = 1
for the zero-mass case and σa/m = 6 and A = 1.4 for σa/m = 3/4.

the results only match approximately with the deviations not recognizable
within the given uncertainties. Figure 6.8 (right) shows the scaled results
according to the critical exponent ν−1 of bond percolation in three dimensions
and (βσa)c ≈ 1.7981 determined by the inverse of Equation (6.7) applied to
the percolation threshold pc = 0.24881182(10) ([151]). As expected, the curves
visibly collapse on a common curve for large N.

The case σa/mq = 6 is shown in Figure 6.9. It still approximate the zero-
mass case because the curves coincide with the curves of Figure 6.8 within the
stated errors. Hence, the right plot represents the scaling with the same critical
values as for the zero-mass case. The curves collapse on each other for large N.

The concept of the non-universal metric factors gives another possibility
to test whether above cases σa/mq = 3/4, σa/mq = 6 and σa/mq → ∞ are
described by the same universality class [184]. If we consider the spanning
probabilities as a function of A · (βσa− (βσa)c)N1/ν with the respective critical
values (βσa)c and some constant A ∈ R, and we set A = 1 for σa/m → ∞
then we should be able to collapse the functions for the different σa/m onto
one function by choosing the values of A appropriately. This is demonstrated
in Fig. 6.10. We exclusively use the N = 64 results from Fig. 6.7, 6.9 and 6.8.
We have chosen A = 1 for σa/m = 6 and A = 1.4 for σa/m = 3/4. All curves
seem to collapse onto each other. The important result is the non-trivial factor
A = 1.4 for σa/m = 3/4 which demonstrates further that this case belongs
into the same universality class as the other cases despite σa/m = 3/4 not
approximating the zero-mass case at all.

We have to make a final remark. Certain data points were created with a
version of the worm algorithm which was not implemented entirely as it was
intended. This has essentially implemented a worm algorithm for which the
adapted proof of [204] is not directly applicable. To be more precise we are
specifically talking about the results for N = 80 of Figure 6.7, N = 52, N = 64
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and N = 80 of Figure 6.9. All other results were computed with the correct
implementation for which the proof holds. By comparing, the results of the
correct implementation with the incorrect implementation for smaller lattices,
we were not able to observe any deviations outside the stated errors. Therefore,
a possible breaking of the Markov chain properties does not seem to be severe
and therefore we accept the results of the incorrect implementation. The reader
might verify this by himself. We have included the comparisons in the figures.
For Fig. 6.7, we have included the data points by the incorrect implementation
for N = 32 and N = 64. For Fig. 6.9, we included the data points by the
incorrect implementation for N = 16, 20, 24, 32, 40.

The Ising critical point has also been investigated but unfortunately the
results were not conclusive and plagued with the occurrence of random data
points lying significantly away from the curves. It is unclear why these dif-
ficulties occur and we suspect some ergodicity problem at the Ising critical
endpoint. This has to be investigated further.

In summary, the flux-tube model is shown to undergo a percolation transi-
tion in the universality class of the first-order Potts transition at infinite quark
masses. Furthermore, the percolation transition persist in the crossover re-
gion where the free-energy density is analytical. The universality class then
reduces to standard bond percolation. This complements the picture drawn
by Patel [29, 190, 212] and can be seen as a proof of concept that flux-tube
configurations can give rise to sharp transitions even at light quark masses.
This allows an unambiguous definition of confinement and deconfinement at
all parameters. We are unaware of any direct investigation of the percolation
properties for Z3 flux-tube models at low quark masses, i.e. the crossover
region of the equivalent Potts model, in existing literature. For example [213]
mention the possibility of a percolation transition at light quark masses but
does not show any further investigation or evidence of it. Contrary, even Patel
only describes the smoothing of the percolation transition towards light quark
masses despite the fact that he noticed that his flux-tube model reduces to pure
bond percolation at zero quark masses [190]. In [191] it is argued against a
percolation transition at low quark masses.
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Conclusion

As we have described in the introduction, we have presented two main results
in this thesis: the construction of a fixed quark-number ensemble Z(NV = e
mod 3) which fixes the net-quark number to values NV = e mod 3 in a spa-
tial subvolume V and the notion of confinement based on the percolation of
center-electric fluxes. We have utilized the transfer-matrix formulation describ-
ing Lattice QCD with Wilson fermions as a quantum-mechanical system on
the spatial lattice. The quantum-mechanical description has the advantage of
giving an intuitive understanding of what is meant with the net-quark number
in a subvolume V and naturally gives rise to the decomposition of the physical
state space into sectors of flux-tube configurations. We have leveraged the
properties of the asymmetric transfer operator and the local Z3-Gauss law
to restrict the path integrals to only twisting timelike plaquettes with cen-
ter elements z ∈ Z3, analogous to the case of ’t Hooft’s center-electric flux
ensembles. The fermionic action remains unchanged. Furthermore, our for-
mulations are inherently gauge-invariant. Especially, the spanning probability
which distinguishes the percolating and non-percolating phase, can be formu-
lated as a gauge-invariant observable on the lattice. We have shown, under
rather mild assumptions, that a percolation transition indeed gives rise to the
confinement-deconfinement transition at infinite quark masses. This transition
can in principle survive at physical quark masses because percolation does not
rely on a singular behavior of the free-energy density. Our main conjecture is
then that QCD at the physical point and vanishing chemical potential exhibits
a genuine transition which is not based on the non-analytic behavior of the
free-energy density but rather on the percolation of center-electric fluxes. The
percolation transition is in the same universality class as bond percolation in
three spatial dimensions. Such a transition would allow the unambiguous
distinction between a confined phase below and a deconfined phase above the
critical temperature Tc. If such a transition exists, it would of course be also
interesting to know where Tc lies relative to the crossover transition of QCD.

The picture drawn above remains, except for the pure gauge case, specu-
lative because, unfortunately, as we have discussed in Chapter 6, both of our
main results, as they stand, are highly impractical to compute on the lattice.
We had to resort to the simple flux-tube model which is motivated by the
strong-coupling and heavy-quark limit of QCD. The flux-tube model is dual
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to a Z3-Potts model and shares with QCD the decomposition of its state space
into flux-tube configurations which fulfill a local Z3-Gauss law. The spanning
probability can also be formulated in the spin system and gives an observable
of similar form as in Lattice QCD. Instead of twisting timelike plaquettes, we
have to twist the couplings between Potts spins. Therefore, the flux-tube model
serves as a very simple system reduced to the bare features necessary for dis-
cussing our notion of confinement numerically. Indeed we have seen, that the
percolation transition coincides with the first-order transition of the equivalent
Z3-Potts model and seems to also share its volume scaling ν−1 = 3. At low
quark masses, we have seen that the percolation transition persists and lies in
the universality class of bond percolation. The results indicate a Kertész line
in the sense of Satz ([28]) for the flux-tube model and demonstrate that the
percolation of center-electric flux structures can indeed give rise to the notion
of confinement as conjectured for QCD.

Further, in favor of our conjecture, we like to point to a recent study of
the percolation of center vortices presented in [170] published right before the
finishing of this thesis. Their numerical studies indicate a loss of percolation for
the center vortices at roughly two times (T ≈ 2Tc) the crossover temperature
Tc of the chiral transition, i.e. the finding suggest that full QCD has a second
transition at larger temperatures representing a deconfinement transition. Of
course, it would be interesting to know, if the center-electric fluxes exhibit a
phase transition in full QCD, whether the percolation transition then coincides
with the percolation of center vortices.
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Supplementary considerations for
Chapter 5

A.1 Reflection invariance of center-electric fluxes

We show that the probability

rw⃗ =
Zel.(w⃗)

Z
=

1
Z

tr
(

P̂(S∗23, w1)P̂(S∗13, w2)P̂(S∗12, w3)e−βĤ P̂0

)

is invariant under changes of signs in the components of w⃗:

r(w1,w2,w3)
= r(w′1,w′2,w′3)

(A.1)

with w′k = (−1)nk wk and nk ∈ N0. Only the vanishing or non-vanishing
of a center flux wk is relevant. Physically, a change of the sign in front of a
component wk is the result of mirroring the system at the coordinate plane
orthogonal to the direction k⃗. Changing the sign of a component in w⃗ yields
a change of the flux direction but not its length. The number of different
directions due to changes in signs depends on how many components of w⃗
are non-zero. If k components are non-zero, then there are 2k directions. The
three possible cases with non-zero flux w⃗ are shown in Figure A.1. The arrows
indicate the possible directions if one of the arrows is the actual w⃗. We see that
any two directions can be mapped onto each other by consecutive reflections
at coordinate planes. To prove Equation (A.1) and without loss of generality, it

L1

L2

L3

(a) all wi are non-zero (b) two wi are non-zero (c) only one wi is non-zero

Figure A.1: Illustration of all possible directions which are a result of changing
the signs of the components of a center flux w⃗.
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is enough to show
r(w1,w2,w3)

= r(−w1,w2,w3)
(A.2)

because the proof is the same for the other components.
We first consider the path integral formulation of r(w1,w2,w3)

and discretize
Euclidean time such that

r(w1,w2,w3)
= lim

N4→∞

1
Z

tr
(

P̂(S∗23, w1)P̂(S∗13, w2)P̂(S∗12, w3)
(

T̂a4=β/N4

)N4
P̂0

)
,

where the asymmetric or symmetric transfer operator from Chapter 3 is used.
Remember that we are concerned with the pure gauge theory, where dynamical
fermions are absent. Therefore, the choice of the transfer operator does not
matter. The path integral formulation of r(w1,w2,w3)

is given by the path integral
of Z and Zel.(w⃗). The former has been derived in Chapter 3 and the latter has
been derived in Section 4.1. The ensemble Z is just the usual path integral with
the Wilson plaquette action, and the ensemble Zel.(w⃗) is given by the discrete
Fourier transform over the temporally twisted ensembles Z(⃗k) as stated in
Equation (4.8):

Zel.(w⃗) =
1
33 ∑

k⃗∈Z3
3

exp
(
− 2πi

3
w⃗ · k⃗

)
Z(⃗k) .

We show Equation A.1 for the path integral formulation. Equation (A.1) is then
obtained by taking the continuum limit in the direction of Euclidean time.

We define the reflection operator

Θx = Θ(x1, x2, x3, x4) = (−x1, x2, x3, x4)

which is similar to the usual time reflection operator (see for example [48])
but applied to the spatial direction. Taking a negative coordinate is to be
interpreted on the spatial torus. We count the sites relative to the origin in
negative direction with respect to the periodic boundary conditions, e.g.

Θ(1, x2, x3, x4) = (−1, x2, x3, x4) = (N1 − 1, x2, x3, x4) .

We apply the transformation to the path integral such that the gauge variables
are transformed according to

U⟨x,y⟩ −→ U⟨Θx,Θy⟩ ,

and we write ΘU = {. . . , U⟨Θx,Θ(x+k̂)⟩, . . .}. For all links which do not point
in the first direction, this accounts to permuting them along the first direction
with each other. Therefore, plaquettes which do not have any links pointing in
the first direction are mapped onto other plaquettes of the same kind. Gauge
variables in the first direction are mapped to gauge variables pointing into
the opposite direction. Hence, plaquettes containing links pointing in the
first direction are mapped onto plaquettes of the same kind but with opposite
orientation. This is illustrated in Figure A.2 for spatial plaquettes.

The total transformation is just a permutation of gauge variables, where
we take the adjoint for some of the gauge variables. Permuting the variables
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Θ

2

1

3

Figure A.2: Spatial plaquettes under the reflection operator Θ. Plaquettes with
links in the first direction change their orientation.

is essentially just a renaming of the integration variables, and the Haar mea-
sure is invariant under the substitution U⟨x,y⟩ → U†

⟨x,y⟩. Substituting a gauge
configuration U with ΘU does not change the partition function:

Z(⃗k) =
∫
DU eSG (⃗k,ΘU) ,

where SG (⃗k, U) is the action twisting the timelike plaquettes between the zeroth
and first layer according to the Dirac sheets S∗mn, i.e. the plaquettes are twisted
by zs = e

2π
3 iks if they intersect the zeroth layer at the interface links d(s)1 = DS∗nm

of the sheet. The reflection operator Θ maps in a one-to-one fashion a plaquette
∂px,µν onto a plaquette ∂px′ ,µν and changes the orientation of all plaquettes
which have spatial links pointing in the first direction. Therefore, all terms of
the form ReTr(U∂px,µν

) in SG (⃗k, U) are replaced with ReTr(U∂px′ ,µν
):

ReTr(U∂px,µν
) −→ ReTr(U∂px′ ,µν

)

because the orientation of the plaquette does not matter when the trace is taken.
However, if a twist is involved and the orientation is changed, we have the
replacement

ReTr(zU∂px,µν
) −→ ReTr(z†U∂px′ ,µν

)

This replacement only applies to the timelike links involved in the twists of the
Dirac sheet S∗23 because only d(1)1 consists of links pointing in the first direction.
Therefore, our substitution gives us the replacement

SG((k1, k2, k3), ΘU) −→ SG((−k1, k2, k3), U)

and
Z(k1, k2, k3) = Z(−k1, k2, k3) .

We remark that the operator Θ shifts the twist to different positions. However,
the exact positions of the twists are insignificant for the path integral which
justifies the above replacement of the action.

Inserting this result into the computation of Zel.(w⃗), we get

Zel.(w⃗) =
1
33 ∑

k⃗∈Z3
3

exp
(
− 2πi

3
w⃗ · (k1, k2, k3)

)
Z(−k1, k2, k3)
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and

Zel.(w⃗) =
1
33 ∑

k⃗∈Z3
3

exp
(
− 2πi

3
w⃗ · (−k1, k2, k3)

)
Z(k1, k2, k3)

after the substitution k1 → −k1. We end with the desired result:

Zel.(w1, w2, w3) = Zel.(−w1, w2, w3) .

A.2 Infinite-coupling limit for Wilson fermions

In Section 5.3 of Chapter 5, we based the intuitive understanding of quarks
and antiquarks being maximally tightly bound on writing the infinite-coupling
path integral (5.8) as a sum over hadronic degrees of freedom only. To this end,
we cited multiple references [183, 187–189] (and references therein) in which the
infinite-coupling limit is explicitly computed as a sum over hadronic degrees of
freedom. However, the results are based on staggered fermions. We use Wilson
fermions, and, therefore, the purpose of this appendix is to show that the same
interpretation holds in the case of Wilson fermions. We cannot duplicate the
computations of [188] for the case of Wilson fermions due to the complication
of having Dirac indices additional to the color indices. Nevertheless, we adapt
the considerations in [108] and use the dualized path integral from Section 4.2
to write the infinite-coupling limit as sums over products of integrals of the
form ([214])

I =
∫

dU Ua1b1 . . . Uanbn U†
a1b1

. . . U†
anbn

Then, similar to [188] but more general, the computation of the integral I
is done based on the considerations of [214] which gives us the constraint
n− n = 0 mod 3 for non-vanishing I ̸= 0. This immediately implies that the
local quark and antiquark numbers nx and nx from Section 4.2 indeed fulfill
nx − nx = 0 mod 3. The net-quark number at all spacetime points must be a
multiple of three. All spacetime points have hadronic occupations only.

Dualized path integral at infinite-coupling

Consider the dualization of the Lattice QCD partition function from Section
4.2 which is given by Equation (4.27):

Z = ∑
{k}

W({k}) exp
(

a4µ ∑
x
(nx − nx)

) ∫
DψDψ

[
. . .
]
{k}

with the configuration {k} of fermionic dual variables. The integration over
gauge variables is included in the weight

W({k}) =
∫
DU eSG(U) ∏

x,µ,a,b,α,β

(
κ · (1− γµ)αβ(U⟨x,x+µ̂⟩)ab

)k(a,α)(b,β)
x,x+µ̂

×
(

κ · (1 + γµ)αβ(U†
⟨x,x+µ̂⟩)ab

)k(a,α),(b,β)
x+µ̂,x

.
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The gauge action vanishes in the infinite-coupling limit, and we have

lim
g0→∞

W({k}) =∏
x,µ

[
∏

a,b,α,β

(
κ · (1− γµ)αβ

)k(a,α)(b,β)
x,x+µ̂

(
κ · (1 + γµ)αβ

)k(a,α),(b,β)
x+µ̂,x

]

×
[ ∫

dU⟨x,x+µ̂⟩ ∏
a,b,α,β

(U⟨x,x+µ̂⟩)
k(a,α)(b,β)

x,x+µ̂

ab (U†
⟨x,x+µ̂⟩)

k(a,α),(b,β)
x+µ̂,x

ab

]

Therefore, the weight W({k}) is a product of integrals of the form I in the
infinite-coupling limit. An integral of the kind I has the property n− n = 0
mod 3 if I is non-vanishing. This is explicitly shown further below. The weight
limg0→∞ W({k}) can only be non-vanishing if

∑
ω,ω′

[
kωω′

x,x+µ̂ − kωω′
x+µ̂,x

]
= 0 mod 3

for all links ⟨x, x + µ̂⟩. This especially applies to timelike links such that

nx − nx = ∑
ω,ω′

[
kωω′

x,x+4̂ − kωω′
x+4̂,x

]
= 0 mod 3

because
nx = ∑

ω,ω′
kωω′

x,x+4̂ and nx = ∑
ω,ω′

kωω′
x+4̂,x .

by definition. This is the desired result. We only have hadronic occupations at
all spacetime points.

To explicitly see that n− n = 0 mod 3 is a necessity for I ̸= 0, we consider
the general rules of computing I as worked out in [214], where the condition
n− n = 0 mod 3 is essentially also mentioned. The integral I can be written
as a sum over derivatives at J = 0 of the functional ([214])

F(J) =
∫
DU exp

(
tr(J ·U)

)
=

∞

∑
k=0

ak(det J)k (A.3)

where J ∈ Cn×n and ak ∈ R. To be more specific, we have the derivative

Uai ,bi
−→ ∂

∂Jaibi

for each Uai ,bi
and the derivative

U†
ai ,bi
−→ 1

2 ∑
p,p′ ,q,q′

εai ,p,p′ εbi ,q,q′
∂

∂Jpq

∂

∂Jp′q′

for each U†
ai ,bi

such that

I =
([ n

∏
i=1

∂

∂Jaibi

][ n

∏
i=1

(
1
2 ∑

p,p′ ,q,q′
εai ,p,p′ εbi ,q,q′

∂

∂Jpq

∂

∂Jp′q′

)]
F(J)

)

J=0
.
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The determinant det J is

det J =
1
3! ∑

i1,i2,i3
∑

j1,j2,j3

εi1,i2,i3 ε j1,j2,j3 Ji1 j1 Ji2 j2 Ji3 j3 .

The integral I can only be non-vanishing if the derivatives applied to the right-
hand side of Equation (A.3) yield a non-zero expression which does not depend
on J. This can only be achieved if the number of derivatives involved in the
computation of I is a multiple of three because otherwise there are always
one or two derivatives which are applied to some det J such that two or one
matrix element Jij remains. We need three derivatives for each det J to fully
transform every Jik jk to a Kronecker delta such that det J becomes a function
independent of J. Every factor U†

aibi
contributes two derivatives whereas every

Uai ,bi
contributes one derivative to the computation of I. Hence, the total

number of derivatives involved is n + 2n, and I can only be non-vanishing
if n + 2n = 0 mod 3. This condition is, however, equivalent to n − n = 0
mod 3.
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Appendix B

Supplementary considerations for
Chapter 6

B.1 Power expansion of Q(L)

The expansion of Q(L) in powers of LmLn is given by

Q(L) =
(

1 + 2h3 + h6 + 2h
3
+ 4h3h

3
+ 2h6h

3
+ h6 + 2h3h

6
+ h6h

6
)

+
(

2h + 2h4 + 2h
2
+ 4h3h

2
+ 2h6h

2

+ 4hh
3
+ 4h4h

3
+ 2h

5
+ 4h3h

5
+ 2h6h

5
+ 2hh

6
+ 2h4h

6
)

L

+
(

h2 + 4hh
2
+ 4h4h

2
+ 2h2h

3
+ h

4
+ 2h3h

4
+ h6h

4
+ 4hh

5
+ 4h4h

5
+ h2h

6
)

L2

+
(

2h2h
2
+ 2hh

4
+ 2h4h

4
+ 2h2h

5
)

L3 + h2h
4
L4

+
(

2h2 + 2h5 + 2h + 4h3h + 2h6h

+ 4h2h
3
+ 4h5h

3
+ 2h

4
+ 4h3h

4
+ 2h6h

4
+ 2h2h

6
+ 2h5h

6
)

L∗

+
(

h4 + 4h2h + 4h5h + h
2
+ 2h3h

2
+ h6h

2
+ 2h4h

3
+ 4h2h

4
+ 4h5h

4
+ h4h

6
)
(L∗)2

+
(

2h4h + 2h2h
2
+ 2h5h

2
+ 2h4h

4
)
(L∗)3 + h4h

2
(L∗)4

+
(

2h3 + 4hh + 4h4h + 4h2h
2
+ 4h5h

2

+ 2h
3
+ 8h3h

3
+ 2h6h

3
+ 4hh

4
+ 4h4h

4
+ 4h2h

5
+ 4h5h

5
+ 2h3h

6
)

LL∗

+
(

2h2h + 4h3h
2
+ 4hh

3
+ 4h4h

3
+ 4h2h

4
+ 2h5h

4
+ 4h3h

5
)

L2L∗

+
(

2h2h
3
+ 2h3h

4
)

L3L∗

+
(

4h3h + 2hh
2
+ 4h4h

2
+ 4h2h

3
+ 4h5h

3
+ 4h3h

4
+ 2h4h

5
)

L(L∗)2

+
(

h2h
2
+ 4h3h

3
+ h4h

4
)

L2(L∗)2

+
(

2h3 + 2h4h
3
)

L(L∗)3
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B.2 Equivalence between Equation (6.2) and the Z3-Potts
model

We derive the mapping from Equation (6.2) to a Z3-Potts model based on the
mapping described in [192]. First, we determine the coupling parameter γ
such that

1 + 2λRe(ziz∗i+k̂) = e2γRe(ziz∗i+k̂
)

Because ziz∗i+k̂
∈ Z3, we actually have the equations

1 + 2λRe z = e2γRe z

for all z ∈ Z3. The real part Re z of z can only assume the values Re z ∈ {− 1
2 , 1}.

Therefore, we have two equations

1 + 2λ = e2γ ,

1− λ = e−γ .

Dividing the first equation with the second equation, we get

1 + 2λ

1− λ
= e3γ

which implies

γ =
1
3

ln
(

1 + 2λ

1− λ

)
.

The on-site fermionic part Q(z) is mapped to the complex external field
η + iη′ and χ by solving the equations

Q(z) =
(
1+ hz+ h2z∗+ h3)2(1+ hz∗+ h

2
z+ h

3)2
= exp

(
χ + ηRez + iη′Imz

)
.

for all z ∈ Z3. First, we expand Q(z) and sort the terms such that

Q(z) = a + bz + cz∗ ,

where

a = 1 + 4h
3
+ h

6
+ 4hh + 6h

4
h + 9h

2
h2 + 6h

5
h2 + 4h3 + 16h

3
h3 + 4h

6
h3

+ 6hh4 + 9h
4
h4 + 6h

2
h5 + 4h

5
h5 + h6 + 4h

3
h6 + h

6
h6

,

b = 3h
2
+ 2h

5
+ 2h + 8h

3
h + 2h

6
h + 6hh2 + 9h

4
h2 + 12h

2
h3 + 8h

5
h3

+ 3h4 + 12h
3
h4 + 3h

6
h4 + 4hh5 + 6h

4
h5 + 3h

2
h6 + 2h

5
h6

and

c = 2h + 3h
4
+ 6h

2
h + 4h

5
h + 3h2 + 12h

3
h2 + 3h

6
h2 + 8hh3 + 12h

4
h3 + 9h

2
h4

+ 6h
5
h4 + 2h5 + 8h

3
h5 + 2h

6
h5 + 2hh6 + 3h

4
h6

.

Hence, we have to solve the equations

a + bz + cz∗ = exp
(
χ + ηRez + iη′Imz

)
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for all z ∈ Z3. Because z ∈
{

1,− 1
2 + i

√
3

2 ,− 1
2 − i

√
3

2

}
, we have

a + b + c = eχ+η

a− 1
2
(b + c) + i

√
3

2
(b− c) = eχ− 1

2 η+i
√

3
2 η′

a− 1
2
(b + c)− i

√
3

2
(b− c) = eχ− 1

2 η−i
√

3
2 η′

The first equation implies χ + η = ln(a + b + c). Multiplying the second and
third equation, we get

(
a− 1

2
(b + c)

)2
+

3
4
(b− c)2 = e2χ−η

which implies

ln

[(
a− 1

2
(b + c)

)2
+

3
4
(b− c)2

]
= 2χ− η .

Therefore, we have

χ =
1
3

ln [a + b + c] +
1
3

ln

[(
a− 1

2
(b + c)

)2
+

3
4
(b− c)2

]

η =
2
3

ln [a + b + c]− 1
3

ln

[(
a− 1

2
(b + c)

)2
+

3
4
(b− c)2

]

Finally, dividing the second equation by the third equation gives

a− 1
2 (b + c) + i

√
3

2 (b− c)

a− 1
2 (b + c)− i

√
3

2 (b− c)
= ei

√
3η′ .

This implies

η′ =
2√
3

arctan

( √
3(b− c)

2a− (b + c)

)
.

B.3 Transfer-matrix formulation for one-dimensional chains

We describe the transfer-matrix formulation of ZS∗(z) for the one-dimensional
chain. The twisted ensemble of Equation (6.6) is written as

ZS∗(z) =
1

3Ns ∑
{z}

[
∏
⟨i,i+1⟩

(
1 + 2e−βσaRe

(
z−s⟨i,i+1⟩ziz∗i+1

))]

×
[

∏
i

eηRe zi+iη′Im zi+χ

] .

On the one-dimensional chain of length N, the fermionic part is equivalent to

∏
i

eηRe zi+iη′Im zi+χ

= eNχ ∏
i

exp
(

η

2
[Re zi + Re zi+1] + i

η′

2
[Im zi + Im zi+1]

) .
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Therefore, because the system is one-dimensional, we can write

ZS∗(z) =
eNχ

3Ns ∑
{z}

N−1

∏
i=0

(
1 + 2e−βσaRe

(
z−s⟨i,i+1⟩ziz∗i+1

))

× exp
(

η

2
[Re zi + Re zi+1] + i

η′

2
[Im zi + Im zi+1]

)

This gives

ZS∗(z) =
eNχ

3Ns ∑
{z}

N−1

∏
i=0

F(zi, zi+1)

with

F(zi, zi+1) =
(

1 + 2e−βσaRe
(
z−s⟨i,i+1⟩ziz∗i+1

))

× exp
(

η

2
[Re zi + Re zi+1] + i

η′

2
[Im zi + Im zi+1]

) .

A specific variable zi+1 only occurs in the i-th factor F(zi, zi+1) and in the
(i + 1)-th factor F(zi+1, zi+2). Therefore, we have

ZS∗(z) =
eNχ

3Ns ∑
{z′}1

(
∑
z1

F(z0, z1)F(z1, z2)

) N−1

∏
i=2

F(zi, zi+1) ,

where {z′}1 excludes the spin z1. If we have

ZS∗(z) =
eNχ

3Ns ∑
{z′}n

In(z0, zn+1)
N−1

∏
i=n+1

F(zi, zi+1)

where {z′}n now excludes all spins z1, . . . , zn and

In(z0, zn+1) = ∑
zn

In−1(z0, zn)F(zn, zn+1)

with
I1(z0, z2) = ∑

z1

F(z0, z1)F(z1, z2) ,

we get the next step

ZS∗(z) =
eNχ

3Ns ∑
{z′}n+1

(
∑

zn+1

In(z0, zn+1)F(zn+1, zn+2)

)

︸ ︷︷ ︸
=In+1(z0,zn+2)

N−1

∏
i=n+2

F(zi, zi+1)

=
eNχ

3Ns ∑
{z′}n+1

In+1(z0, zn+2)
N−1

∏
i=n+2

F(zi, zi+1) .

Therefore, the partition function can be formulated over the recursively defined
function IN−1(z0, z0):

ZS∗(z) =
eNχ

3Ns ∑
z0

IN−1(z0, z0) .
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Defining the matrices

Mkl(z, i) =
(

1 + 2e−βσaRe
(
z−s⟨i,i+1⟩uku−l))

× exp
(

η

2
[Re uk + Re ul ] + i

η′

2
[Im uk + Im ul ]

)

with k, l ∈ {0, 1, 2} and u = e
2π
3 i gives

I1(z0, z2) = ∑
r

Mkr(z, 0)Mrl(z, 1) = (M(z, 0)M(z, 1))kl ,

where z0 = uk and z2 = ul . Furthermore,

In(z0, zn+1) = ∑
r

In−1(z0, ur)Mrl(z, n) and zn+1 = ul

This implies that IN−1(z0, z0) is just a chain of matrix multiplications:

IN−1(z0, z0) =

[
M(z, 0) . . . M(z, N − 1)

]

ll
.

Hence, the partition function reads

ZS∗(z) =
eNχ

3Ns ∑
l

[
M(z, 0) . . . M(z, N − 1)

]

ll

=
eNχ

3Ns
tr
[

M(z, 0) . . . M(z, N − 1)
]

which is the desired form of the partition function formulated as a chain of
matrix multiplications. Due to our choice of V, twists only occur at the two
links

⟨0, N − 1⟩ and
〈

N
2
− 1,

N
2

〉
.

Therefore, z = 1 for most matrices M(z, i) which also implies that these matri-
ces are independent of i. We write M = M(1, i) and have

ZS∗(z) =
eNχ

3Ns
tr
[

M
N
2 −1M

(
z,

N
2
− 1
)

M
N
2 −1M

(
z, N − 1

)]

B.4 High-temperature expansion of ∆F

We state the detailed computation of the high-temperature expansion in [90].
To derive the high-temperature expansion of ∆F, we note that the partition
functions Zflux(qV =3 e) and Zflux only differ based on which set M of flux-tube
configurations {n, l} is used for the sum of the respective partition function.
Therefore, we have

ZM = ∑
{n,l}∈M

e−β∆({n,l})
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with ∆({n, l}) = H − µq. Expanding the partition function ZM with respect to
the parameter β gives

ZM = ∑
{n,l}∈M

e−β∆({n,l}) =
∞

∑
n=0

(−1)n

n!
βn


 ∑
{n,l}∈M

∆n({n, l})



= M− N1β +
N2

2
β2 − N3

6
β3 +O(β4) ,

where

Nk = ∑
{n,l}∈M

∆k({n, l})

and

M = ∑
{n,l}∈M

1 .

This implies

− 1
β

ln(ZM) = − 1
β

ln
(

M− N1β +
N2

2
β2 − N3

6
β3 +O(β4)

)

= − 1
β

ln
(

M
(

1− N1

M
β +

N2

2M
β2 − N3

6M
β3 +O(β4)

))

= − 1
β

ln M− 1
β

ln
(

1−N1

M
β +

N2

2M
β2 − N3

6M
β3 +O(β4)

︸ ︷︷ ︸
=x

)
.

= − 1
β

ln M− 1
β

(
x− x2

2
+

x3

3
+O(x4)

)

= − 1
β

ln M− 1
β

(
− N1

M
β +

(
N2

2M
− N2

1
2M2

)
β2

+

(
N1N2

2M2 −
N3

6M
− N3

1
3M3

)
β3 +O(β4)

)

= − 1
β

ln M +
N1

M
−
(

N2

2M
− N2

1
2M2

)
β−

(
N1N2

2M2 −
N3

6M
− N3

1
3M3

)
β2 +O(β3)

Therefore, we have

∆F = − 1
β

ln Zflux(qV =3 1)− 1
β

ln Zflux(qV =3 0)

= − 1
β

ln
(

M1

M0

)
+

α1

M1
− α0

M0
+O(β)

with αe = ∑{n,l}∈Me ∆({n, l}). We compute Me and αe by mapping both sums
onto their respective Potts formulation as it is done for the flux-tube model in
Chapter 6.
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The value of Me is given by

Me = Zflux(qV =3 e, β = 0) = ∑
{n,l}

δϕS∗−e=30 ∏
i

δqi−ϕi=30

=
1

3Ns

1
3 ∑

z
z−e ∑

{z}
∑
{n,l}

zϕS∗ ∏
i

zqi−ϕi
i

=
16Ns

3Ns

1
3 ∑

z
z−e ∑

{z}

(
∏

i
(1 + Re zi)

4

)
∏
⟨i,i+k̂⟩

(
1 + 2Re(z−s⟨i,i+k̂⟩ziz∗i+k̂)

)
,

where s⟨i,j⟩ is defined as in Section 6.2. Using the identity

1 + 2Re
(

u−numuk
)
=

{
3, m + k =3 n
0, otherwise

with u = e
2π
3 i, the product over all links is non-vanishing only if all spins within

the volume V and V are respectively identical denoting them with zV and zV .
Because both volumes are connected by the interface d1 of links, the spins zV
and zV cannot be independent and must fulfill the relation z−1zV = zV . Hence,
we get

Me =
16Ns · 33Ns

3Ns

1
3 ∑

z
z−e ∑

zV

(1 + Re(zV))
4NV (1 + Re(z−1zV))

4NV

=
16Ns · 33Ns

3Ns

1
3

2

∑
m=0

2

∑
k=0

u−me(1 + Re(uk))4NV (1 + Re(u−muk))4NV

with NV (NV) the number of sites in the volume V (V). Hence, the ratio reduces
to

Me =
16Ns · 33Ns

3Ns

1
3

(
24NV 24NV +

(
1
2

)4NV
(

1
2

)4NV
+

(
1
2

)4NV
(

1
2

)4NV

+ u−e24NV

(
1
2

)4NV
+ u−e

(
1
2

)4NV
(

1
2

)4NV
+ u−e

(
1
2

)4NV

24NV

+ u−2e24NV

(
1
2

)4NV
+ u−2e

(
1
2

)4NV
(

1
2

)4NV
+ u−2e

(
1
2

)4NV

24NV

)

which implies

Me =
16Ns · 33Ns

3Ns

24Ns

3

(
1 + 2 · 4−4Ns

+ u−e(4−4Ns + 4−4NV + 4−4NV )

+ u−2e(4−4Ns + 4−4NV + 4−4NV )

)
.

This gives the ratio

Me

M0
=

1 + 2 · 4−4Ns + u−e(4−4Ns + 2 · 4−2Ns) + u−2e(4−4Ns + 2 · 4−2Ns)

1 + 4 · 4−4Ns + 4 · 4−2Ns
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if we set NV = NV = Ns/2. For e = 1, we have

M1

M0
=

1 + 4−4Ns − 2 · 4−2Ns

1 + 4 · 4−4Ns + 4 · 4−2Ns

because u−1 + u−2 = 2Re(u−1) = −1.
We proceed with the mapping of αe to its corresponding Potts formulation:

αe = ∑
{n,l}

∆({n, l})δϕS∗−e=30 ∏
i

δqi−ϕi=0 mod 3

= ∑
{n,l}

(
∑
i,s

[
(mq − µ)ni,s + (mq + µ)ni,s

]

+ σa ∑
⟨i,i+k̂⟩

|l⟨i,i+k̂⟩|
)

δϕS∗−e=30 ∏
i

δqi−ϕi=30

=
1
3

1
3Ns ∑

z
z−e ∑

{z}

[
∑
{n,l}

∑
i,s
(mq − µ)ni,szϕS∗ ∏

j
z

qj−ϕj
j

︸ ︷︷ ︸
(i)

+ ∑
{n,l}

∑
i,s
(mq + µ)ni,szϕS∗ ∏

j
z

qj−ϕj
j

︸ ︷︷ ︸
(ii)

+ σa ∑
{n,l}

∑
⟨i,i+k̂⟩

|l⟨i,i+k̂⟩|zϕS∗ ∏
j

z
qj−ϕj
j

︸ ︷︷ ︸
(iii)

]

We evaluate expression (i) and (ii) by using the identity

∑
{l}

zϕS∗ ∏
j

z
−ϕj
j = ∏

⟨i,i+k̂⟩

(
1 + 2Re(z−s⟨i,i+k̂⟩ziz∗i+k̂)

)
.

Expression (i) is

(i) =


∑
{n}

∑
i,s
(mq − µ)ni,s ∏

j
z

qj
j




∑
{l}

zϕS∗ ∏
j

z
−ϕj
j




=


∑
{n}

∑
i,s
(mq − µ)ni,s ∏

j
z

qj
j


 ∏
⟨i,i+k̂⟩

(
1 + 2Re(z−s⟨i,i+k̂⟩ziz∗i+k̂)

)

=


(mq − µ)∑

i,s

(
3

∑
ni,s=0

ni,szni,s
i

)(
∏
(j,s′)
̸=(i,s)

3

∑
nj,s′=0

z
nj,s′
j

)(
∏
j,s′

3

∑
nj,s′=0

z
−nj,s′
j

)



× ∏
⟨i,i+k̂⟩

(
1 + 2Re(z−s⟨i,i+k̂⟩ziz∗i+k̂)

)

=


(mq − µ)∑

i,s

(
3 + zi + 2z−1

i

)
(2 + 2Rezi) ∏

(j,s′) ̸=(i,s)

(
2 + 2Rezj

)2


 ∏
⟨i,i+k̂⟩

. . .

=

[
2(mq − µ)∑

i

(
3 + zi + 2z−1

i

)
(2 + 2Rezi)

3 ∏
j ̸=i

(
2 + 2Rezj

)4
]

∏
⟨i,i+k̂⟩

. . . .
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Analogously, expression (ii) reads

(ii) =

[
2(m + µ)∑

i

(
3 + 2zi + z−1

i

)
(2 + 2Rezi)

3 ∏
j ̸=i

(
2 + 2Rezj

)4
]

∏
⟨i,i+k̂⟩

. . . .

The next step is to sum expression (i) and (ii) over all twists and spin configu-
rations, where we again us the fact that the sum over all spin configurations
reduces to a sum over all spins zV for the volume V. Expression (i) gives

∑
z

z−e ∑
{z}

(i) = 2 · 33Ns(mq − µ)NV · (a) + 2 · 33Ns(mq − µ)NV · (b)

with

(a) =
2

∑
m,k=0

u−me(3 + uk + 2u−k)(2 + 2Re(uk))4NV−1(2 + 2Re(u−muk))4NV

= 44Ns

(
3
2
+ 3 · 4−4Ns + 3 · 4−4NV Re(u−e)

+ 2 · 4−4Ns Re(u−e(3 + u∗ + 2u)) + 2 · 4−4NV Re(u−e(3 + 2u∗ + u))

)

and

(b) =
2

∑
m,k=0

u−me(3 + u−muk + 2umu−k)(2 + 2Re(u−muk))4NV−1(2 + 2Re(uk))4NV

= 44Ns

(
3
2
+ 3 · 4−4Ns + 3 · 4−4NV Re(u−e)

+ 2 · 4−4Ns Re(u−e(3 + 2u∗ + u)) + 2 · 4−4NV Re(u−e(3 + u∗ + 2u))

)

Expression (ii) gives

∑
z

z−e ∑
{z}

(ii) = 2 · 33Ns(mq + µ)NV · (c) + 2 · 33Ns(mq + µ)NV · (d)

with

(c) =
2

∑
m,k=0

u−me(3 + 2uk + u−k)(2 + 2Re(uk))4NV−1(2 + 2Re(u−muk))4NV

= 44Ns

(
3
2
+ 3 · 4−4Ns + 3 · 4−4NV Re(u−e)

+ 2 · 4−4NsRe(u−e(3 + 2u∗ + u)) + 2 · 4−4NV Re(u−e(3 + u∗ + 2u))
)
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and

(d) =
2

∑
m,k=0

u−me(3 + 2u−muk + umu−k)(2 + 2Re(u−muk))4NV−1(2 + 2Re(uk))4NV

= 44Ns

(
3
2
+ 3 · 4−4Ns + 3 · 4−4NV Re(u−e)

+ 2 · 4−4Ns Re(u−e(3 + u∗ + 2u)) + 2 · 4−4NV Re(u−e(3 + 2u∗ + u))
)

We put everything together, choose NV = NV = Ns/2 and order everything
appropriately:

∑
z

z−e ∑
{z}

(i) + ∑
z

z−e ∑
{z}

(ii)

= 4 · 33Ns ·mq · Ns · 44Ns

(
3
2
+ 3 · 4−4Ns + 3 · 4−2Ns Re(u−e)

+

[
4−4Ns + 4−2Ns

][
Re(u−e(3 + u∗ + 2u)) + Re(u−e(3 + 2u∗ + u))

])

= 4 · 33Ns ·mq · Ns · 44Ns

(
3
2
+O(4−2Ns)

)
.

Therefore, the fermionic part of αe is

βe =
1
3

1
3Ns

(
∑
z

z−e ∑
{z}

(i) + ∑
z

z−e ∑
{z}

(ii)
)

= 2 ·mq · 32Ns · 44Ns

(
Ns +O(Ns · 4−2Ns)

)

and, consequently,

βe

Me
=

2 ·mq · 32Ns · 44Ns · 3Ns · 3
16Ns · 33Ns · 24Ns

Ns +O(Ns · 4−2Ns)

1 +O(4−2Ns)

= 6mq ·
Ns +O(Ns · 4−2Ns)

1 +O(4−2Ns)
.

It remains to evaluate expression (iii):

(iii) =


∑
{l}

∑
⟨i,i+k̂⟩

|l⟨i,i+k̂⟩|zϕS∗ ∏
j

z
−ϕj
j




∑
{n}

∏
j

z
qj
j




=

[
∑
⟨i,i+k̂⟩

2Re
(

zs⟨i,i+k̂⟩z∗i zi+k̂

)
∏
⟨j,j+m̂⟩
̸=⟨i,i+k̂⟩

(
1 + 2Re

(
zs⟨j,j+m̂⟩z∗j zj+m̂

)) ]

×∏
i
(2 + 2Re zi)

4
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This implies

∑
z

z−e ∑
{z}

(iii)

= 6Ns · 33Ns−116Ns 24Ns
(

1 + 2 · 4−4Ns + 2Re(u−e)(4−4Ns + 4−4NV + 4−4NV )
) .

The flux-tube part of αe is then given by

γe =
1
3

1
3Ns ∑

z
z−e ∑

{z}
(iii) = 2NsMe · σa

which yields
γe

Me
= 2Ns · σa

Finally, we have

αe

Me
=

βe + γe

Me
= 2σaNs +

6mqNs +O(Ns · 4−2Ns)

1 +O(4−2Ns)
.

B.5 Low-temperature expansion of ∆F

We supplement the results of [90] by explicitly stating the derivation of the
low-temperature expansion for the one-dimensional chain. We derive the
energies ∆(0)

e and ∆(1)
e and the multiplicities N(0)

e and N(1)
e for e = 0, 1. We do

so by assuming without loss of generality µ ≥ 0 and considering the intervals
µ/mq ∈ [0, 1/3), µ/mq = 1/3, µ/mq ∈ (1/3, 1), µ/mq = 1 and µ/mq > 1
separately. Any energy ∆ = H − µq can be expressed in the form

∆ = (nq + nq)mq − µq + u · σa

where u ∈ N0 and q = 3k, k ∈ Z. q is the net-quark number of the whole
chain. Furthermore, we use the notation (ni,↑, ni,↓) ([ni,↑, ni,↓]) for a pair of
(anti-)quark occupation numbers.

µ
mq
∈
[
0, 1

3

)

∆(0)
1 : We distinguish the case q = 0 and q ̸= 0. If q = 0, the energy is minimized

by a mesonic state made of one quark in V, one antiquark in V and exactly
one flux-tube variable l⟨i,j⟩ = 1 of the interface d1 is set and generates the
required flux e = 1 through S∗. The mesonic state is therefore given by
nq + nq = 2, u = 1. Diagrammatically,

+1 −1

with the charges represented at the end points. The interface link is
represented by an arrow between two horizontal lines. Obviously all
other states with q = 0 have larger energies. If q = 3k > 0, we have

2mq + σa ≤
(

1− 1
3

)
qmq + uσa < (nq + nq)mq − µq + uσa
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showing that any state with q = 3k > 0 has energies ∆ which are larger
than the mesonic state. If q = −3k < 0, the inequality reads

2mq + σa < (nq + nq)︸ ︷︷ ︸
≥3

mq + σa ≤ (nq + nq)mq − µq + uσa

because −µq ≥ 0. All negative charge states have an energy strictly
larger than the mesonic state.

We conclude
∆(0)

1 = 2mq + σa .

The diagram has a multiplicity of D = 2 · 2 = 4 because we have two pos-
sibilities for the quark and antiquark occupation respectively: (1, 0), (0, 1)
and [1, 0], [0, 1]. Furthermore, there are two interface links at which we
can place the mesonic state:

N(0)
1 = 2 · D = 8

∆(1)
1 : The next larger energy level relative to ∆(0)

1 depends on the relations
between the string tension σa, the quark mass mq and the chemical

potential µ. If q = 0, the next larger energy relative to ∆(0)
1 is given by

∆(1)
1 =

{
2mq + 2σa, σa/mq ≤ 2
4mq + σa, σa/mq > 2

.

The first case is a mesonic state with two flux tubes and the second case
is a state with one meson at the interface and one on-site meson placed at
any site of the lattice. Diagrammatically, the first case corresponds to

+1 −1 +1 −1

Each diagram has a multiplicity of D = 4 and can be placed at either link
of S∗. This gives the total multiplicity γ1 = 4 · 2 · 2 = 16. In the second
case, there are 4 possibilities to place a meson at an empty site. If the site
is already occupied by one quark, we have 6 possibilities:

(2, 0)[1, 0] (0, 2)[1, 0] (1, 1)[1, 0]
(2, 0)[0, 1] (0, 2)[0, 1] (1, 1)[0, 1]

We analogously have 6 possibilities if the site is occupied with an anti-
quark. The total multiplicity of the second case, consequently, reads

γ2 = 2 · ((N − 2) · 4 · 4 + 6 · 2 + 6 · 2) = 32(N − 2) + 48 .

If q = 3k with k > 0, the minimal energy is given by a baryonic state at
the interface S∗ because

3
(

1− µ

mq

)
mq + σa ≤

(
1− µ

mq

)

︸ ︷︷ ︸
>0

qmq + σa

≤ (nq + nq)mq − µq + uσa

.
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The energy of a baryonic state is larger than the minimal energy ∆(0)
1 and

is therefore also a suitable candidate for ∆(1)
1 . If q = −3k with k > 0,

the minimal energy is given by an anti-baryonic state at the interface S∗

because

3
(

1 +
µ

mq

)
mq + σa ≤

(
1 +

µ

mq

)
|q|mq + σa

≤ (nq + nq)mq − µq + uσa
.

For µ ≥ 0, the energy of an antibaryonic state is always larger than ∆(0)
1

and, therefore, the antibaryonic state is also a suitable candidate for the
energy ∆(1)

1 . Diagrammatically, the (anti-)baryonic state corresponds to

+1 +2 −2 −1

The (anti-)quark can be arranged in two ways. The two (anti-)quarks
can be arranged with three possibilities: (2, 0), (0, 2), (1, 1). Hence, a
(anti-)baryonic diagram has the multiplicity of D = 6. S∗ has two links.
Therefore, we have

γ3 = 2 · 6 = 12

for (anti-)baryonic states. We need to distinguish between multiple cases
in which either the mesonic, baryonic or anti-baryonic states realize ∆(1)

1 .
Firstly, let us decide between baryonic and mesonic states. Assume
σa/mq ≤ 2. The conditions read

2m + 2σa ⪋ 3
(

1− µ

m

)
m + σa

which are given if and only if

σa
mq

⪋ 1− 3
µ

mq

Assume σa/mq > 2. The conditions are

4mq + σa ⪋ 3
(

1− µ

mq

)
mq + σa

which is given if and only if

4 ⪋ 3
(

1− µ

mq

)
.

This is however only true for >. Hence, only the baryonic state con-
tributes for σa/mq > 2. If µ > 0, then the energy of an anti-baryonic sate
is evidently always larger than the corresponding baryonic state. Only in
the case µ = 0, the baryonic and antibaryonic state have the same energy
and we have to include the multiplicities of the anti-baryonic states.
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We can summarize the above results:

∆(1)
1 =





2mq + 2σa , σa/mq ≤ 2 , σa/mq ≤ 1− 3 µ
mq

3mq − 3µ + σa , σa/mq ≤ 2 , σa/mq > 1− 3 µ
mq

3mq − 3µ + σa , σa/mq > 2

N(1)
1 =





γ1 , σa/mq < 2 , σa/mq < 1− 3 µ
mq

γ1 + γ3 + γ3δµ,0 , σa/mq < 2 , σa/mq = 1− 3 µ
mq

γ3 + γ3δµ,0 , σa/mq < 2 , σa/mq > 1− 3 µ
mq

γ3 + γ3δµ,0 , σa/mq = 2
γ3 + γ3δµ,0 , σa/mq > 2

=





16 , σa/mq < 2 , σa/mq < 1− 3 µ
mq

28 + 12δµ,0 , σa/mq < 2 , σa/mq = 1− 3 µ
mq

12 + 12δµ,0 , σa/mq < 2 , σa/mq > 1− 3 µ
mq

12 + 12δµ,0 , σa/mq = 2
12 + 12δµ,0 , σa/mq > 2

=





16 , σa/mq < 2 , σa/mq < 1− 3 µ
mq

28 + 12δµ,0 , σa/mq < 2 , σa/mq = 1− 3 µ
mq

12 + 12δµ,0 , σa/mq < 2 , σa/mq > 1− 3 µ
mq

12 + 12δµ,0 , σa/mq ≥ 2

∆(0)
0 : The flux through S∗ has to be zero. Obviously, the empty chain fulfills

this constrain. It remains to show that any other configuration has an
energy strictly larger than the empty chain. If q = 0, then a non-empty
chain (nq + nq > 0 or u > 0) has a strictly positive energy. If q ̸= 0,

0 <

(
1∓ µ

mq

)
|q|mq + uσa ≤ (nq + nq)mq − µq + uσa .

Hence, the empty chain is indeed the only chain minimizing the energy:
∆(0)

0 = 0 and N(0)
0 = 1.

∆(1)
0 : Because we have the constrain of no flux through S∗, a configuration with

a single on-site meson is admissible. This configuration has the energy

∆(1)
0 = 2mq .

For q = 0, any other state is either the empty chain or a state with strictly
more energy:

2mq < (nq + nq)mq + uσa

because either (nq + nq) = 2 and u > 0 or (nq + nq) > 2. For q > 0, we
have

2mq ≤ 3 ·
(

1− 1
3

)
m + uσa ≤

(
1− 1

3

)
qmq + uσa

< (nq + nq)mq − µq + uσa
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which implies that all positive charge configurations have a energy strictly
larger than ∆(1)

0 . For q < 0,

2mq < (nq + nq)︸ ︷︷ ︸
≥3

mq + uσa ≤ (nq + nq)mq − µq + uσa .

Hence, we conclude that the mesonic states are indeed the states of the
first excitation relative to ∆(0)

0 . Each meson can be arranged with four

possibilities at a site and we have N sites: ∆(1)
0 = 2mq, N(1)

0 = 4N.

µ
mq

= 1
3

∆(0)
1 : We again have at least one flux tube at the interface S∗. For q = 0, the

states with the lowest energy are the mesonic sates

+1 −1

with energy 2mq + σa. For q > 0, we have

2mq + σa = 3mq −
1
3
· 3mq + σa ≤ (nq + nq)mq −

1
3

mqq + uσa .

Hence, the baryonic states

+1 +2

of lowest energy have the same energy as the mesonic states of lowest
energy. For q < 0,

2mq + σa <

(
1 +

1
3

)
|q|mq + σa ≤ (nq + nq)mq +

1
3

mq|q|+ uσa .

Any state with negative net-quark number has a strictly larger energy
than the mesonic states of lowest energy. We conclude

∆(0)
1 = 2mq + σa

N(0)
1 = 2 · ( 4︸︷︷︸

mesonic

+ 6︸︷︷︸
baryonic

) = 20

∆(1)
1 : We consider the first excitations of the mesonic and baryonic states which

results in states with q = 0 or q > 0. There are three possibilities. We can
either add exactly one flux tube, one on-site meson or one on-site baryon:

1. Adding one flux tube to the mesonic states of ∆(0)
1 gives

∆(1)
1 = 2mq + 2σa

with the multiplicity γ1 = 16.
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2. Adding one on-site meson to the mesonic states of ∆(0)
1 gives

∆(1)
1 = 4mq + σa

with the multiplicity γ2 = 32(N − 2) + 48.

3. Adding one on-site baryon to the mesonic states of ∆(0)
1 gives

∆(1)
1 = 4mq + σa .

There are 4 possibilities to add an on-site baryon to an empty site:

(3, 0) (0, 3) (2, 1) (1, 2)

There are 3 possibilities to add an on-site baryon to a site already
occupied by one quark:

(3, 1) (1, 3) (2, 2)

There are 8 possibilities to add an on-site baryon to a site already
occupied by one antiquark:

(3, 0)[1, 0] (0, 3)[1, 0] (2, 1)[1, 0] (1, 2)[1, 0]
(3, 0)[0, 1] (0, 3)[0, 1] (2, 1)[0, 1] (1, 2)[0, 1]

The mesonic diagram

+1 −1

has the multiplicity D = 4. The total multiplicity for adding an
on-site baryon to a mesonic state is consequently

γ3 = 2 · (D · 4 · (N − 2) + 3 · 2 + 2 · 8) = 32(N − 2) + 12 + 32

4. Adding a flux tube to a bayronic state of ∆(0)
1 gives the energy

∆(1)
1 = 2mq + 2σa .

There a three possible diagrams

+1 +2 +1 +2 +1 +1
+1

for adding one flux tube to a baryonic state. The first two diagrams
have both a multiplicity of 6. The third diagram has a multiplicity
of 8. Therefore,

γ4 = 2 · (6 + 6 + 8) = 40

5. Adding an on-site meson to a baryonic state of ∆(0)
1 gives the energy

∆(1)
1 = 4mq + σa .

The baryonic diagram
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+1 +2

has a multiplicity of D = 6. There are 4 possibilities to add a meson
to an empty site, 6 possibilities to add it to a site which is already
occupied by a quark and 8 possibilities to add it to a site which is
already occupied by two quarks. The total multiplicity reads

γ5 = 2 · (6 · 4 · (N − 2) + 6 · 3 + 8 · 2) = 48(N − 2) + 68 .

6. Adding an on-site baryon to a baryonic state of ∆(0)
1 gives the energy

∆(1)
1 = 4mq + σa .

There are 4 possibilities to add an on-site baryon to an empty site, 3
possibilities to add it to a site already occupied by one quark and 2
possibilities to add it to a site already occupied by two quarks ((3, 2)
and (2, 3)). Hence, we have

γ6 = 2 · (6 · 4 · (N − 2) + 3 · 3 + 2 · 2) = 48(N − 2) + 26 .

If q < 0, the states of lowest energy are antibaryonic states

−2 −1

with the energy 3mq +
1
3 · 3mq + σa = 4mq + σa. If the first excitations

for q = 0 and q > 0 are indeed given by ∆(1)
1 = 4mq + σa, we have to

also add the multiplicity of the antibaryonic states which is given by
γ7 = 2 · 6 = 12. In summary, we have

∆(1)
1 =

{
2mq + 2σa, σa/mq ≤ 2
4mq + σa, σa/mq > 2

N(1)
1 =





γ1 + γ4, σa/mq < 2

∑7
i=1 γi, σa/mq = 2

γ2 + γ3 + γ5 + γ6 + γ7, σa/mq > 2

=





56, σa/mq < 2
160(N − 2) + 254, σa/mq = 2
160(N − 2) + 198, σa/mq > 2

∆(0)
0 : Here, we have, again, only one state: the empty chain. Hence, ∆(0)

0 = 0

and N(0)
0 = 1.

∆(1)
0 : For q = 0, we again have all configurations with one meson at an arbitrary

site. For q > 0, the states with one baryon at an arbitrary site have the
same energy as the states with a single on-site meson. All other states in
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both regions have a strictly larger energy. Especially all negative charge
states also have strictly larger energies. Therefore, we conclude:

∆(1)
0 = 2mq ,

N(1)
0 = 4N + 4N = 8N .

µ
mq
∈
( 1

3 , 1
)

∆(0)
1 : The states with lowest energies fulfilling the constraints are the mesonic

states

+1 −1

for q = 0 and the baryonic states

+1 +2

for q > 0. We have

2mq + σa > 3
(

1− µ

mq

)

︸ ︷︷ ︸
<2

+σa = 3mq − 3µ + σa .

Hence, the baryonic states have a strictly smaller energy than the mesonic
states. All states with q < 0 have a strictly larger energy than the lowest
energy states with q > 0. Therefore,

∆(0)
1 = 3mq − 3µ + σa ,

N(0)
1 = 2 · 6 = 12

∆(1)
1 : There are two possibilities for the first excitation of a baryonic state:

1. Adding a flux tube to a baryonic state of ∆(0)
1 gives the energy

∆1 = 3mq − 3µ + 2σa

There are three diagrams

+1 +2 +1 +2 +1 +1
+1

for which the total multiplicity has been computed further above:
γ1 = 40.

2. Adding an on-site baryon to a baryonic state of ∆(0)
1 gives the energy

∆2 = 6mq − 6µ + σa .

The total multiplicity has been computed further above:

γ2 = 48(N − 2) + 26 .
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The mesonic states of lowest energy ∆3 = 2mq + σa have a multiplicity
of γ3 = 8. The anti-baryonic states of lowest energy ∆4 = 3mq + 3µ + σa
have a multiplicity of γ4 = 6. We have to decide which of the four
candidates of ∆(1)

1 are realized at which parameters:

1. Consider

∆1 ⪋ ∆2

which is equivalent to

σa
mq

⪋ 3
(

1− µ

mq

)
.

2. Consider ∆1 ⪋ ∆3 which is equivalent to

3
(

1− µ

mq

)
⪋ 2− σa

mq
.

3. Consider ∆1 ⪋ ∆4 which is equivalent to

σa
mq

⪋ 6
µ

mq

4. Consider ∆2 ⪋ ∆3 which is equivalent to

2
3
⪋

µ

mq

5. Consider ∆2 ⪋ ∆4 which is equivalent to

1
3
⪋

µ

mq
.

This implies ∆2 < ∆4.

6. Consider ∆3 ⪋ ∆4 which is equivalent to

−1
3
⪋

µ

mq
.

This implies ∆3 < ∆4.

Because ∆4 > ∆2 and ∆4 > ∆3, ∆4 cannot constitute ∆(1)
1 . We have to

determine the minimum between the energies ∆1, ∆2 and ∆3. We have
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We get

∆(1)
1 =





2mq + σa, 2− σa
mq
≤ 3(1− µ

mq
), σa/mq ≤ 3(1− µ

mq
)

3mq − 3µ + 2σa, 2− σa
mq

> 3(1− µ
mq

), σa/mq ≤ 3(1− µ
mq

)

2mq + σa, µ
mq
≤ 2

3 , σa/mq > 3(1− µ
mq

)

6mq − 6µ + σa, µ
mq

> 2
3 , σa/mq > 3(1− µ

mq
)

N(1)
1 =





8 2− σa
m < 3

(
1− µ

m
)

, σa/m < 3
(
1− µ

m
)

48 2− σa
m = 3

(
1− µ

m
)

, σa/m < 3
(
1− µ

m
)

40 2− σa
m > 3

(
1− µ

m
)

, σa/m < 3
(
1− µ

m
)

8 2− σa
m < 3

(
1− µ

m
)

, σa/m = 3
(
1− µ

m
)

48(N − 2) + 74 2− σa
m = 3

(
1− µ

m
)

, σa/m = 3
(
1− µ

m
)

48(N − 2) + 66 2− σa
m > 3

(
1− µ

m
)

, σa/m = 3
(
1− µ

m
)

8 µ
m < 2

3 , σa/m > 3
(
1− µ

m
)

48(N − 2) + 34 µ
m = 2

3 , σa/m > 3
(
1− µ

m
)

48(N − 2) + 26 µ
m > 2

3 , σa/m > 3
(
1− µ

m
)

∆(0)
0 : Because 0 < µ < mq, the lowest energy state for the zero-flux ensemble

is still the empty chain: ∆(0)
0 = 0 and N(0)

0 = 1.

∆(1)
0 : The first excitation is given by states with one on-site meson for q = 0, one

on-site baryon for q > 0 and one on-site anti-baryon for q < 0. Inserting
a baryon costs strictly less than a meson or an anti-baryon. Hence, we
have found the first excitation. An on-site baryon can be arranged in four
possible ways at a site:

∆(1)
0 = 3mq − 3µ ,

N(1)
0 = 4N .

µ
mq

= 1

∆(0)
1 : We need at least one flux tube. Obviously, we can minimize the energy

by considering configurations made of exactly one flux tube and no
antiquarks. The number of quarks becomes irrelevant because their
insertion or removal costs zero energy. Hence, the lowest energy states
fulfilling the constrains are given by one flux tube located at a link of S∗

and all other sites occupied by any valid on-site configuration with the
occupation numbers: 0, 3, 6.

We have the diagram

+2,+5
+1,+4
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We can arrange the quark numbers in the following way

(1, 0) (0, 1)
(3, 1) (1, 3) (2, 2)
(2, 0) (0, 2) (1, 1)
(3, 2) (2, 3)

The multiplicity of the diagram is D = 5 · 5 = 25.

An on-site occupation can be arranged in the following ways.

(0, 0)
(3, 0) (0, 3) (2, 1) (1, 2)
(3, 3)

Hence, there are 6 possibilities per site. S∗ has two links. We conclude

∆(0)
1 = σa ,

N(0)
1 = 6N−2 · 25 · 2 .

∆(1)
1 : It is only possible to increase the energy in two ways. We either add one

additional flux tube or we add one antiquark. Adding a flux tube costs
σa. Adding an antiquark costs 2mq. Hence, we distinguish between the
cases σa/mq < 2, σa/mq = 2 and σa/mq > 2.

We compute the multiplicities for the different cases. If we add only one
flux tube, we have following diagrams

+1,+4
+2,+5

The first and second diagram have both a multiplicity of D1 = D2 = 25.
The third and fourth diagram have both a multiplicity of D3 = D4 =
53 = 125. The fifth diagram has the multiplicity

D5 = 25 · 2 · 25(N − 4) = 1250 · (N − 4)

The last diagram has the multiplicity D6 = 25 · 25 = 625. The total
multiplicity for adding a flux tube is, now, just given by

γ1 = 2 · D1 · 6N−2 + 2 · D2 · 6N−2 + 2 · D3 · 6N−3

+ 2 · D4 · 6N−3 + 2 · D5 · 6N−4 + D6 · 6N−4

= (2 · D1 + 2 · D2) · 6N−2

+ (2 · D3 + 2 · D4) · 6N−3 + (2 · D5 + D6) · 6N−4

= (2 · 25 + 2 · 25) · 6N−2

+ (2 · 125 + 2 · 125) · 6N−3 + (2 · 1250(N − 4) + 625) · 6N−4

= 100 · 6N−2 + 500 · 6N−3 + (2500(N − 4) + 625) · 6N−4
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If we add only one antiquark, we can either place it at a site which is not
incident to any flux tube or we can place it at one of the two sites incident
with the flux tube. In the former case, we place the antiquark with two
possibilities. The possible quark occupations are, then, just +1 and +4.
There are again five possibilities to create any valid quark occupation.
Hence, we have 2 · 5 = 10 possibilities and together with the other sites:

γ2 = 2 · (N − 2) · 25 · 10 · 6N−3 = (N − 2) · 500 · 6N−3

In the latter case, we have the diagrams

+2,−1

+5,−1

+2

+5

+1

+4

0,−1
3,−1
6,−1

In the left diagram, there are five ways to arrange the quarks at either
site and two ways to arrange the antiquark. The left diagram has the
multiplicity F1 = 2 · 5 · 5 = 50. There are five ways to create a quark
occupation with +1 or +4. There are six ways to create a quark occu-
pation with +0,+3 or +6. Hence the right diagram has the multiplicity
F2 = 5 · (2 · 6) = 60. In total, we have

γ3 = 2 · F1 · 6N−2 + 2 · F2 · 6N−2 = 2(F1 + F2) · 6N−2 = 220 · 6N−2

for the latter case.

We summarize the above:

∆(1)
1 =

{
σa, 2σa ≤ 2mq

2mq, σa > 2mq

N(1)
1 =





γ1, σa < 2mq

γ1 + γ2, σa = 2mq

γ2, σa > 2mq

=





100 · 6N−2 + 500 · 6N−3 + (2500(N − 4) + 625) · 6N−4, σa < 2m
100 · 6N−2 + 500 · 6N−3

+ (2500(N − 4) + 625) · 6N−4 + (N − 2) · 500 · 6N−3, σa = 2mq

(N − 2) · 500 · 6N−3, σa > 2mq

=





100 · 6N−2 + 500 · 6N−3 + (2500(N − 4) + 625) · 6N−4, σa < 2mq

100 · 6N−2 + (N − 1) · 500 · 6N−3

+ (2500(N − 4) + 625) · 6N−4 , σa = 2mq

(N − 2) · 500 · 6N−3, σa > 2mq

∆(0)
0 : Here, we minimize the energy by the configurations with no flux tube and

no antiquarks. Hence, we only have on-site occupations and, therefore,

∆(0)
0 = 0

N(0)
0 = 6N
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∆(1)
0 : The first excitation can be achieved by either adding one flux tube or one

antiquark. Hence, we distinguish again the cases σa/mq < 2, σa/mq = 2
and σa/mq > 2.

Placing a flux tube means that, we have the following diagram

+1,+4
+2,+5

The diagram has a multiplicity of 25. It can occur at any link except for
the links of S and in both orientations. Hence,

γ1 = 2 · 25 · (N − 2) · 6N−1 = 50(N − 2) · 6N−2

Adding an antiquark at a site is possible as long as we create an on-site net
occupation number of either 0, 3 or 6. We have the possibilities to occupy
the site with 1 or 4 quarks. The antiquark can be occupied with two
possibilities and we have five possibilities for the quarks. This implies 10
possibilities for an antiquark at a site: γ2 = 6N−1 · 10 · N
In total:

∆(1)
0 =

{
σa, σa ≤ 2mq

2mq, σa > 2mq

N(1)
0 =





γ1, σa < 2mq

γ1 + γ2, σa = 2mq

γ2, σa > 2mq

=





50(N − 2) · 6N−2, σa < 2mq

50(N − 2) · 6N−1 + 6N−1 · 10 · N, σa = 2mq

6N−1 · 10 · N, σa > 2mq

µ
mq

> 1

∆(0)
1 : Again, we need one flux tube to ensure the constrains. Now, the insertion

of quarks even decreases the energy. The minimal energy which could
be achieved without any restriction is nothing else than a lattice fully
occupied with quarks and without any flux tubes or antiquarks. This is
the configuration we work relative to. The general form is

∆ = −(6N − r) (µ−mq)︸ ︷︷ ︸
>0

+nq(mq + µ) + uσa

= −6N(µ−mq) + r(µ−mq)

+ nq(µ + mq) + uσa > −6N · (µ−mq) = ∆min

with u ≥ 1, r ≥ 1. Now, to ensure the Z3-Gauss law, we have to re-
move the minimal amount of quarks and add the minimal amount of
antiquarks. We have multiple possibilities:
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+4 +5 +4 +6,−1 +5,−1 +5

The first diagram increases ∆min by 3(µ − mq) + σa = 3µ − 3mq + σa.
The second and third diagram remove two quarks and add one anti-
quark. This increases ∆min by 2(µ−mq)+ (µ+mq)+ σa = 3µ−mq + σa.
Hence, the first diagram is the state of lowest energy compatible with the
constrains. At a site, four quarks can be arranged like

(3, 1) (1, 3) (2, 2)

and five quarks can be arranged like

(3, 2) (2, 3)

The multiplicity of the first diagram is D = 3 · 2 = 6. Hence, N1 =
2 · D = 12:

∆(0)
1 = ∆min + 3(µ−mq) + σa

N(0)
1 = 12

∆(1)
1 : We take ∆min and insert one flux tube at a link of S∗. From there on,

we have to create a valid configuration. The energetically minimal way
would be to remove three quarks. Nevertheless, we search for the first
excitation. Hence, the next minimal possibilities are to remove two quarks
and add one antiquark or to remove three quarks and add one flux tube.
We have

∆(1)
1 =

{
∆min + 3(µ−mq) + 2σa, σa ≤ 2mq

∆min + 2(µ−mq) + (µ + mq) + σa, σa > 2mq

If σa < 2mq, we have the diagrams

+4 +5 +4 +5 +5
+5

+5

The first two diagrams have a multiplicity of D1 = D2 = 6. The third
diagram has a multiplicity of D3 = 23 = 8. This gives

γ1 = 2 · D1 + 2 · D2 + 2 · D3 = 40

If σa > 2,, we have the diagrams

+4 +6,−1 +5,−1 +5

The first diagram has the multiplicity F1 = 3 · 2 = 6 and the second
diagram has the multiplicity F2 = 4 · 2 = 8. Therefore,

γ2 = 2F1 + 2F2 = 12 + 16 = 28 .
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We conclude

∆(1)
1 =

{
∆min + 3(µ−mq) + 2σa, σa ≤ 2mq

∆min + 2(µ−mq) + (µ + mq) + σa, σa > 2mq

N(1)
1 =





γ1, σa < 2mq

γ1 + γ2, σa = 2mq

γ2, σa > 2mq

=





40, σa < 2mq

68, σa = 2mq

28, σa > 2mq

∆(0)
1 : Here, we just have ∆′1 = ∆min and N(0)

0 = 1

∆(1)
0 : Here, we just have all combinations where we remove one baryon from

∆min. At a site where we remove a baryon only three quarks remain with
the multiplicity of four: (3, 0), (0, 3), (2, 1), (1, 2). In total, we have

∆(1)
0 = ∆min + 3(µ−mq)

N(1)
0 = 4N

B.6 Worm algorithm

We describe the worm algorithm for our flux-tube model presented in Section
6.1. We use a modified algorithm which is based on [200–203]. The worm
algorithm updates a flux-tube configuration fulfilling the local Z3-Gauss law
by changing the local quark numbers or the flux-tube variables. The resulting
configuration also fulfills the local Z3-Gauss law. For the purpose of the
algorithm’s formulation, we take the antiquark numbers to be negative ni,s ∈
{−3, . . . , 0} such that the net-quark number at a site reads

qi = ∑
s
(ni,s + ni,s)

instead of
qi = ∑

s
(ni,s − ni,s) .

The update procedure is shown in Figure B.1. For the moment, let us ignore
the initial and final sweeps changing the quark sector and the possibility of
cyclic changes in the first step. The algorithm starts at some random site x0
of the spatial lattice where it decides to either change an occupation number
or a flux-tube variable by a random value w ∈ {−1, 1}. Such a change is
accepted with the standard Metropolis acceptance probability. Changes in
occupation numbers which would exceed the maximal or minimal possible
values are always rejected. Adding w to a flux-tube variable is always treated
as a Z3-addition.
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If the change at the site x0 is accepted, the local Z3-Gauss law becomes
violated at the site because if Gauss’s law was initially given, we either have

qx0 + w ̸= ∑
j∼x0

l⟨j,x0⟩ mod 3

in the case of a modified occupation number or

qx0 ̸= (l⟨x0,j⟩ +3 w) + ∑
j′∼x0
j ̸=j′

l⟨x0,j′⟩ mod 3

in the case of modified flux tube variable l⟨x0,j⟩. Hence, the algorithm has to
continue changing flux-tube variables and occupation numbers till Gauss’s
law is restored. To achieve this, the algorithm moves to another site, imposes
some changes, moves to the next site impose changes there and so on till it
reaches the original site x0 and either changes an occupation number by −w
or a flux-tube variable l⟨j,x0⟩ incident to x0 by w. This final change restores
Gauss’s law at x0. On the way to x0, all violations of Gauss’s law at other sites
x ̸= x0 are immediately compensated in the next step of the algorithm.

Unfortunately this update procedure is not enough because it does not allow
any changes in the total net-quark number. The algorithm is stuck in the quark-
number sector q = 3k, k ∈ Z of the initial configuration because whenever
an occupation number is changed by a value w at a site i, a corresponding
occupation number is changed by −w at some other site j. Therefore, we have
to add additional update steps which can change the quark-number sector. We
allow therefore cyclic changes of occupation numbers, i.e. transitions from
0 → 3, 3 → 0, 0 → −3 and −3 → 0, in the first step of an update procedure.
Such kind of changes are essentially the insertion or removal of a baryon or anti-
baryon at the site x0. Additionally, the algorithm randomly proposes to insert
such baryons or anti-baryons at Ns randomly chosen sites in the beginning and
end of the update procedure if it is possible.

Detailed balance

We, now, prove the detailed balance property for our worm algorithm. The
proof is based on the proof given in [204]. One update step is a sequence of
smaller steps taken by the algorithm to generate the next configuration. Such a
sequence is generally of the form

γ =

(
p≤Ns

∏
i=1

[yi, n±3
yi

]

)
, x0, ⟨x0, x1⟩, (x1, n+

1 ), (x2, n−2 ), ⟨x2, x3⟩, x3, ⟨x3, x4⟩,

. . ., ⟨xn, x0⟩, x0,

(
m≤Ns

∏
i=1

[ỹi, n±3
ỹi

]

)
,

or

γ =

(
p≤Ns

∏
i=1

[yi, n±3
yi

]

)
, (x0, n±3

0 )w,

(
m≤Ns

∏
i=1

[ỹi, n±3
ỹi

]

)
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select random site x0

x ← x0

ν ∈ {nx,↑, nx,↓, nx,↑, nx,↓,±1, . . . ,±d}
randomly chooseif ν ∈ {nx,↑, nx,↓, nx,↑, nx,↓} else

randomly choose

w ∈ {−1, 1}

change quarks at site x

n→ n + w

accepted

randomly choose site x′

change quarks at site x′

n→ n− w

accepted

terminate

rejected

Is x = x0?

move x ← x′

Yes

No

add flux tube
l⟨x,x+ν̂⟩ → l⟨x,x+ν̂⟩ + w

accepted rejected

move x ← x + ν̂

and n ∈ {nσ, nσ}

random sweep over Ns

change quark sector with

random sweep over Ns

change quark sector with

first step: cyclic change allowed

accepted with cyclic change

rejected

Figure B.1: One update step of the worm algorithm.
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where the product is to be interpreted as

(
p≤|Λd |
∏
i=1

[yi, n±3
yi

]

)
= [y1, n±3

y1
], . . . , [yk, n±3

yk
] .

The different parts of a sequence are

1. (x, ⟨x, y⟩, y)w for updating the flux-tube variable l⟨x,y⟩ by adding w,

2. (x, n+)w for updating a (anti-)quark number variable n at a site x by
adding the value w,

3. (x, n−)w for updating a (anti-)quark number variable n at a site x by
adding the value −w,

4. (x, n±3)w for updating a (anti-)quark number variable n at a site x by
adding the value w and inducing a cyclic change of the quark number,
i.e. a transition of the form 0→ 3, 0→ −3, −3→ 0 or 3→ 0 and

5. [x, n±3] for updating a (anti-)quark number variable n at a site x by
adding the value ±3. This step can only happen at the beginning or end
of the update procedure.

We use following rules to concatenate successive steps:

(x, ⟨x, y⟩, y)w, (y, ⟨y, z⟩, z)w −→ (x, ⟨x, y⟩, y, ⟨y, z⟩, z)w ,

(x, ⟨x, y⟩, y)w, (y, n±)w −→ (x, ⟨x, y⟩, (y, n±))w ,

(x, n±)w, (x, ⟨x, y⟩, y)w −→ ((x, n±), ⟨x, y⟩, y)w .

Furthermore, we might drop the subscript w if it is not explicitly needed. An
update sequence γ has a time dependence γ(t) giving the t-th step of the
sequence, e.g. γ(t) = (x, ⟨x, y⟩, y)w. Excluding the initial and final sweeps, we
have the inner part of a sequence denoted by γw(t) , t ∈ {p + 1, . . . , tmax + p}.
The initial and final updates are stated as γB(i) , i ∈ {1, . . . , p} and γE(i) , i ∈
{tmax + 1, . . . , tmax + p+m}. We denote with Θ the set of all possible sequences
γ of the algorithm. There is also an empty sequence λ = {} where no changes
are made. Also, we can have sequences without the inner part γw(t), initial or
final updates.

For each γ ∈ Θ, we define the inverse sequence γ−1 by

γ−1 =

(
1

∏
i=m

[ỹi, n∓3
ỹi

]

)
, x0, ⟨x0, xn⟩,

. . ., ⟨x4, x3⟩, x3, ⟨x3, x2⟩, (x2, n+
2 ), (x1, n−1 ), ⟨x1, x0⟩, x0,

(
1

∏
i=p

[yi, n∓3
yi

]

)

or

γ−1 =

(
1

∏
i=m

[ỹi, n∓3
ỹi

]

)
, (x0, n±3

0 )−w,

(
1

∏
i=p

[yi, n∓3
yi

]

)
.
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+1 +1 +1 +10

1
+1

2

3
−1

jump

+1 +1 +1 +10

1
−1

2

3
+1

jump

forward:

reversed:

Figure B.2: Illustration of a sequence γw(t) and its reverse γ−1
w (t).

The inverse λ−1 of the empty sequence λ is just the empty sequence itself:
λ−1 = λ. Along a sequence γw(t) the algorithm updates a path of flux-tube
variables and jumps from a site i to another site j if the occupation number has
been changed at i. This is the reason why the algorithm is denoted a worm
algorithm. The algorithm inserts worms along which flux-tube variables are
updated. The inverse sequence γ−1

w (t) follows the sequence γw(t) in reverse
direction and adds the same value w to the flux-tube variables as in the forward
direction. The reverse path γ−1

w (t) is illustrated in Figure B.2.
An update step transforms a flux-tube configuration Γ into a configuration

Γ′ with the probability P(Γ→ Γ′). If P(Γ→ Γ′) > 0 then their exists a sequence
γ which can transform Γ into Γ′. The inverse sequence γ−1 transforms Γ′ into
Γ and, therefore, P(Γ′ → Γ) > 0. For P(Γ → Γ′) > 0, the detailed balance
property reads

P(Γ→ Γ′)
P(Γ′ → Γ)

=
P(Γ′)
P(Γ)

.

If this holds for all P(Γ→ Γ′) > 0 then the stationary condition

∑
Γ

P(Γ→ Γ′)P(Γ) = P(Γ′)

is obviously fulfilled. The transition probability P(Γ→ Γ′) can be written as

P(Γ→ Γ′) = ∑
γ∈Θ

Pγ(Γ→ Γ′) ,

where Pγ(Γ → Γ′) is the probability that the algorithm takes the path γ and
yields the transition from Γ to Γ′. Consequently, Pγ(Γ → Γ′) = 0 if γ does
not give the transition Γ → Γ′. To prove the detailed balance property for
P(Γ→ Γ′) > 0 it is sufficient to prove

Pγ(Γ→ Γ′)
Pγ−1(Γ′ → Γ)

=
P(Γ′)
P(Γ)

(B.1)
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for all Pγ(Γ→ Γ′) > 0. This is because if Equation (B.1) holds, we can write

∑
γ

Pγ(Γ→ Γ′)

︸ ︷︷ ︸
=P(Γ→Γ′)

=
P(Γ′)
P(Γ) ∑

γ

Pγ−1(Γ′ → Γ) .

The inverse map •−1 is a bijective map from Θ to Θ, therefore, we have

∑
γ

Pγ−1(Γ′ → Γ) = ∑
γ

Pγ(Γ′ → Γ) = P(Γ′ → Γ)

which yields the detailed balance property

P(Γ→ Γ′) =
P(Γ′)
P(Γ)

P(Γ′ → Γ) .

We, now, prove Equation (B.1). For the empty sequence λ, we have

Pλ(Γ→ Γ)
Pλ(Γ→ Γ)

= 1 =
P(Γ)
P(Γ)

because there is no other possibility. The empty sequence always creates a
transition from Γ to Γ itself. Consider some non-empty sequence γ ̸= λ with
Pγ(Γ→ Γ′) > 0. We have

Pγ(Γ→ Γ′) =

(
p

∏
t=1

p(Γt−1, γB(t))

)(
tmax+p

∏
t=p+1

p(Γt−1, γw(t))

)

×
(

tmax+p+m

∏
t=tmax+p+1

p(Γt−1, γE(t))

)

where the sequence Γt represents the intermediate configuration after the
t-th update step. We define Γ0 = Γ and Γtmax+p+m = Γ′. The probability
p(Γt−1, γ(t)) is the probability that the algorithm takes the step γ(t) on the
configuration Γt−1. For our algorithm, p(Γt−1, γ(t)) has the general form

p(Γt−1, γ(t)) =

(
∞

∑
n=0

pn
rej.(Γt−1, γ(t))

)

︸ ︷︷ ︸
all possible trajectories of rejection

ϱ(Γt−1, γ(t))

=
1

1− prej.(Γt−1, γ(t))
ϱ(Γt−1, γ(t))

with prej.(Γ, γB(t)) = prej.(Γ, γE(t)) = 0, prej.(Γ, γw(p + 1)) = 0 and the prob-
ability ϱ(Γt−1, γ(t)) of accepting the step γ(t). There is one exception to this
form and that is for the first step of the inner sequence if it is not empty:

p(Γt−1, γw(p + 1)) =
1
2

ϱ(Γt−1, γw(p + 1)) .

The factor 1
2 considers the random choice w = ±1 for the inner sequence.

187



Appendix B. Supplementary considerations for Chapter 6

The probability prej.(Γt−1, γ(t)) is the total probability that a change to Γt−1
by any possible step is rejected. Because once the algorithm is at some point
x ̸= x0, it has to try to update local variables of x till it succeeds because
otherwise Gauss’s law will not be restored. Hence before γ(t) was accepted,
the algorithm might had rejected n different proposals before. Let us formulate
p(Γ, γ(t)) for all steps:

γ(t) = (x, ⟨x, x + µ̂⟩, x + µ̂)w , µ ∈ {±1, . . . ,±d}: The acceptance probability
is

ϱ(Γt−1, γ(t)) =
1

2d + 4
min


1,

e−βσ|l(t−1)
⟨x,x+µ̂⟩+3w|

e−βσ|l(t−1)
⟨x,x+µ̂⟩ |


 .

If prej.(Γt−1, γ(t)) > 0, we have

1− prej.(Γt−1, γ(t)) =
1

2d + 4 ∑
ν∈{±1,...,±d}

min


1,

e−βσ|l(t−1)
⟨x,x+ν̂⟩+3w|

e−βσ|l(t−1)
⟨x,x+ν̂⟩ |




+
1

2d + 4 ∑
σ∈{↓,↑}

min


1,

exp
(
−βm|n(t−1)

x,σ + w|+ βµ(n(t−1)
x,σ + w)

)

exp
(
−βm|n(t−1)

x,σ |+ βµn(t−1)
x,σ

)




× δ(0 ≤ nx,σ + w ≤ 3)

+
1

2d + 4 ∑
σ∈{↓,↑}

min


1,

exp
(
−βm|n(t−1)

x,σ + w|+ βµ(n(t−1)
x,σ + w)

)

exp
(
−βm|n(t−1)

x,σ |+ βµn(t−1)
x,σ

)




× δ(−3 ≤ nx,σ + w ≤ 0) .

γ(t) = (x, n+
x,σ)w: The acceptance probability is

ϱ(Γt−1, γ(t)) =

1
2d + 4

min


1,

exp
(
−βm|n(t−1)

x,σ + w|+ βµ(n(t−1)
x,σ + w)

)

exp
(
−βm|n(t−1)

x,σ |+ βµn(t−1)
x,σ

)




× δ(0 ≤ nx,σ + w ≤ 3)

If prej.(Γt−1, γ(t)) > 0, we have

1− prej.(Γt−1, γ(t)) =
1

2d + 4 ∑
ν∈{±1,...,±d}

min


1,

e−βσ|l(t−1)
⟨x,x+ν̂⟩+3w|

e−βσ|l(t−1)
⟨x,x+ν̂⟩ |




+
1

2d + 4 ∑
σ∈{↓,↑}

min


1,

exp
(
−βm|n(t−1)

x,σ + w|+ βµ(n(t−1)
x,σ + w)

)

exp
(
−βm|n(t−1)

x,σ |+ βµn(t−1)
x,σ

)




× δ(0 ≤ nx,σ + w ≤ 3)

+
1

2d + 4 ∑
σ∈{↓,↑}

min


1,

exp
(
−βm|n(t−1)

x,σ + w|+ βµ(n(t−1)
x,σ + w)

)

exp
(
−βm|n(t−1)

x,σ |+ βµn(t−1)
x,σ

)




× δ(−3 ≤ nx,σ + w ≤ 0) .
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The same analysis applies analogously to γ(t) = (x, n+
x,σ)w.

γ(t) = (x, n−x,σ)w: The acceptance probability is

ϱ(Γt−1, γ(t)) =

1
4Ns

min


1,

exp
(
−βm|n(t−1)

x,σ − w|+ βµ(n(t−1)
x,σ − w)

)

exp
(
−βm|n(t−1)

x,σ |+ βµn(t−1)
x,σ

)




× δ(0 ≤ nx,σ − w ≤ 3)

The rejection probability is

1− prej.(Γt−1, γ(t)) =

+
1

4Ns
∑

i
∑

σ∈{↑,↓}
min


1,

exp
(
−βm|n(t−1)

i,σ − w|+ βµ(n(t−1)
i,σ − w)

)

exp
(
−βm|n(t−1)

i,σ |+ βµn(t−1)
i,σ

)




× δ(0 ≤ ni,σ − w ≤ 3)

+
1

4Ns
∑

i
∑

σ∈{↓,↑}
min


1,

exp
(
−βm|n(t−1)

i,σ − w|+ βµ(n(t−1)
i,σ − w)

)

exp
(
−βm|n(t−1)

i,σ |+ βµn(t−1)
i,σ

)




× δ(−3 ≤ ni,σ − w ≤ 0) .

γ(t) = (x, n±3
x,σ)w: In this case the probability prej.(Γt−1, γ(t)) is always zero.

Assume nx,σ + w induces a cyclic change 3→ 0. The acceptance proba-
bility is then

ϱ(Γt−1, γ(t)) =
1

4 · Ns
min

(
1,

exp (−βm|nx,σ − 3|+ βµ(nx,σ − 3))
exp (−βm|nx,σ|+ βµnx,σ)

)
.

All other cases of cyclic changes and γ(t) = (x, n±3
x,σ)w are analogous.

γ(t) = [x, n±3
x,σ]: In this case the probability prej.(Γt−1, γ(t)) is always zero. As-

sume a baryon is removed: nx,σ = 3→ 0. The acceptance probability is
then

ϱ(Γt−1, γ(t)) =
1

2 · 4 · Ns
min

(
1,

exp (−βm|nx,σ − 3|+ βµ(nx,σ − 3))
exp (−βm|nx,σ|+ βµnx,σ)

)
.

The other possible cases are analogous.

As it is illustrated in Figure B.3, the step γ(t) acts on the same configuration
Γt−1 as γ−1(tmax + p + m− t + 2). We use all these properties to finalize the
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proof of detailed balance:

Pγ(Γ→ Γ′)
Pγ−1(Γ′ → Γ)

=
tmax+p+m

∏
t=1

p(Γt−1, γ(t))
p(Γtmax+p+m−t+1, γ−1(t))

=

(
p

∏
t=1

p(Γt−1, γB(t))
p(Γp−t+1, γ−1

E (t + tmax + m))

)

(
tmax+p

∏
t=p+1

p(Γt−1, γw(t))
p(Γtmax+2p+1−t, γ−1

w (t− p + m))

)

(
tmax+p+m

∏
t=tmax+p+1

p(Γt−1, γE(t))
p(Γ2(tmax+p)+m−t, γ−1

B (t− (tmax + p)))

)

Let us evaluate each product separately. First consider

p

∏
t=1

p(Γt−1, γB(t))
p(Γp−t+1, γ−1

E (t + tmax + m))
.

We rearrange the denominator with t→ p− t + 1:

p

∏
t=1

p(Γt−1, γB(t))
p(Γp−t+1, γ−1

E (t + tmax + m))

=
p

∏
t=1

p(Γt−1, γB(t))
p(Γp−(p−t+1)+1, γ−1

E ((p− t + 1) + tmax + m))

=
p

∏
t=1

p(Γt−1, γB(t))
p(Γt, γ−1

E (tmax + p + m + 1− t))

In this form, we see that γB(t) acts on the configuration Γt−1 and γ−1
E (tmax +

p + m + 1− t) acts on Γt and undoes the changes of γB(t). This is nothing else
than one Metropolis step and its reverse step. We, therefore, have

p(Γt−1, γB(t))
p(Γt, γ−1

E (tmax + p + m + 1− t))
=

min
(

1, exp(−βm|n±3|+βµ(n±3))
exp(−βmn+βµn)

)

min
(

1, exp(−βmn+βµn)
exp(−βm|n±3|+βµ(|n|±3))

)

=
exp (−βm|n± 3|+ βµ(n± 3))

exp (−βm|n|+ βµn)
=

e−βH(Γt)

e−βH(Γt−1)

Consequently, the first factor is

p

∏
t=1

p(Γt−1, γB(t))
p(Γp−t+1, γ−1

E (t + tmax + m))
=

p

∏
t=1

e−βH(Γt)

e−βH(Γt−1)
=

e−βH(Γp)

e−βH(Γ0)
.

The third factor can be treated analogous to the first factor and, therefore, we
have

tmax+p+m

∏
t=tmax+p+1

p(Γt−1, γE(t))
p(Γ2(tmax+p)+m−t, γ−1

B (t− (tmax + p)))
=

e−βH(Γtmax+p+m)

e−βH(Γtmax+p)
.
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The second factor is a little bit more complicated. We first consider the denomi-
nator separately:

tmax+p

∏
t=p+1

p(Γt−1, γw(t))
p(Γtmax+2p+1−t, γ−1

w (t− p + m))

=

(
tmax+p

∏
t=p+1

p(Γt−1, γw(t))

)(
tmax+p

∏
t=p+1

1
p(Γtmax+2p+1−t, γ−1

w (t− p + m))

)
.

We use the substitution t = tmax + 2p + 2− t′ with t′ ∈ {p + 2, . . . , tmax + p +
1}:

tmax+p

∏
t=p+1

p(Γt−1, γw(t))
p(Γtmax+2p+1−t, γ−1

w (t− p + m))

=

(
tmax+p

∏
t=p+1

p(Γt−1, γw(t))

)


tmax+p+1

∏
t′=p+2

1
p(Γt′−1, γ−1

w (tmax + p + m + 2− t′))




=
p(Γp, γw(p + 1))

p(Γtmax+p, γ−1
w (m + 1))

tmax+p

∏
t=p+2

p(Γt−1, γw(t))
p(Γt−1, γ−1

w (tmax + p + m + 2− t))
.

The probabilities of the first ratio only contains the first steps of the inner
sequences γ and γ−1. Therefore the rejection probability is not part of these
ratios. Therefore, we have

tmax+p

∏
t=p+1

p(Γt−1, γw(t))
p(Γtmax+2p+1−t, γ−1

w (t− p + m))

=
ϱ(Γp, γw(p + 1))

ϱ(Γtmax+p, γ−1
w (m + 1))

tmax+p

∏
t=p+2

1− prej.(Γt−1, γ−1
w (tmax + p + m + 2− t))

1− prej.(Γt−1, γw(t))

ϱ(Γt−1, γw(t))
ϱ(Γt−1, γ−1

w (tmax + p + m + 2− t))
.

The ratio of rejection probabilities is one because prej.(Γt−1, γ−1
w (tmax + p + m +

2− t)) = prej.(Γt−1, γw(t)). To see this, we just have to take a look at Figure B.4.
For the update step γ(t + 1) acting on Γt there is a corresponding update step
γ−1(tmax + p + m + 1− t) also acting on Γt. From the figure we notice that
the possible steps which could have been rejected before Γt are the same for
γ(t + 1) and γ−1(tmax + p + m + 1− t). Therefore, the rejection probabilities
are identical. We now have

tmax+p

∏
t=p+1

p(Γt−1, γw(t))
p(Γtmax+2p+1−t, γ−1

w (t− p + m))

=
ϱ(Γp, γw(p + 1))

ϱ(Γtmax+p, γ−1
w (m + 1))

tmax+p

∏
t=p+2

ϱ(Γt−1, γw(t))
ϱ(Γt−1, γ−1

w (tmax + p + m + 2− t))

=
tmax+p

∏
t=p+1

ϱ(Γt−1, γw(t))
ϱ(Γt, γ−1

w (tmax + p + m + 1− t))
.
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1 2 3 4 5 6

123456

Γ0 → Γ1 Γ1 → Γ2 Γ2 → Γ3 Γ3 → Γ4 Γ4 → Γ5 Γ5 → Γ6

Γ5 ← Γ6Γ4 ← Γ5Γ3 ← Γ4Γ2 ← Γ3Γ1 ← Γ2Γ0 ← Γ1

γ(t) :

γ−1(t) :

same initial configuration

Figure B.3: The configuration Γt−1 is acted upon by γ(t) and γ−1(tmax + p +
m− t + 2).

The step γw(tmax + p + m + 1) undoes the step γw(t) as can be seen from
Figure B.4. Consequently, we again have ratios of a Metropolis acceptance
probability and the probability of the inverse Metropolis step. This results in

tmax+p

∏
t=p+1

p(Γt−1, γw(t))
p(Γtmax+2p+1−t, γ−1

w (t− p + m))
=

e−βH(Γtmax+p)

e−βH(Γp)
.

Finally, we put everything together such that

Pγ(Γ→ Γ′)
Pγ−1(Γ′ → Γ)

=
tmax+p+m

∏
t=1

p(Γt−1, γ(t))
p(Γtmax+p+m−t+1, γ−1(t))

=
e−βH(Γp)

e−βH(Γ0)

e−βH(Γtmax+p)

e−βH(Γp)

e−βH(Γtmax+p+m)

e−βH(Γtmax+p)

=
e−βH(Γtmax+p+m)

e−βH(Γ0)
.

which concludes the proof. For the sake of completeness, a remark is made
in the case of the inner sequence only consisting of the step γw(p + 1) =
(x0, n±3

0 )w. This case is included in the above proof because we then have
tmax = 1 and

tmax+p

∏
t=p+1

p(Γt−1, γw(t))
p(Γtmax+2p+1−t, γ−1

w (t− p + m))
=

ϱ(Γp, γw(p + 1))

ϱ(Γp+1, γ−1
w (m + 1))

=
e−βH(Γp+1)

e−βH(Γp)

Ergodicity

For the algorithm to be valid, we have to prove ergodicity, i.e. we have to
show that a configuration Γ′ can be reached from any configuration Γ with
a non-vanishing probability in at most M update steps. As described in the
previous section, an update step is just a sequence of smaller steps and P(Γ→
Γ′) > 0 =⇒ P(Γ′ → Γ) > 0. Hence, it is enough to show that we can reach
the empty configuration {0, 0} from any configuration Γ in at most M steps.

Consider some arbitrary site i with net-quark number qi. Assume the site
is connected with non-zero flux-tube variables to the rest of the lattice. The
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Figure B.4: All possible combinations of consecutive update steps in a sequence
γ and its inverse γ−1.

qi

Q

(a) Site i connected to the environment
with non-zero flux-tube variables.

+1−1

i

j

(b) Removing some flux tube variable con-
necting i with its environment.

Figure B.5: Illustration of a site i connected to its environment and the process
of removing the connecting flux-tubes by means of the worm algorithm.
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situation is illustrated in Figure B.5a. The environment will have the total
net-quark number Q = −qi mod 3 because the total net-quark number must
be a multiple of three. We now show that it is possible to remove all flux-tube
variables and isolate the site i with a non-vanishing probability. For now we
ignore the fact that the occupation numbers of (anti-)quarks are bounded from
above and below. In this case, we can easily remove all non-zero flux-tube
variables incident with i in at most 2d = 2 · 3 = 6 update steps. If l⟨i,j⟩ = w ̸= 0,
we can remove the flux-tube variable by adding w to an occupation number
at i, jump to another site j, add the value −w to some occupation number
at j, update all flux-tube variables with w along a path terminating at i and
traversing over ⟨j, i⟩. This is demonstrated illustratively in Figure B.5b. Once,
we have done this for all remaining non-zero flux-tube variables incident with
i, the site i gets isolated. Because there are at most 2d = 6 links incident with
i, we need at most 6 update steps to isolate a site. We repeat the isolation
procedure for all remaining sites such that for each site we ignore all sites
which already have been isolated. They are not anymore traversed. In total
we need at most 6Ns update steps to isolate all sites from each other. The final
configuration does not have any flux-tube variables left. All sites are occupied
by qi = 0 mod 3. In practice the occupation number at a site is bounded from
below and above. Therefore, we might find ourselves in the situation where
we try to add w ∈ {−1, 1} to an occupation number such that we exceed the
bounds of the variable. This problem can be circumvented easily. When we
insert a meson between i and j, we just prepare both sites with suitable update
steps. We choose one occupation number ni for i and one occupation number
nj for j. We use these variables to add w (at i) or −w (at j). If any of these
changes would exceed the corresponding bounds, we just use one update step
to induce a cyclic change (e.g. 0 → 3) such that the variable is changed to
its other bound. Hence, we need at most 3 update steps (preparing i, j and
removing the flux-tube variable) to remove a flux-tube variable. We do not
need more than 18Ns steps to fully remove all flux-tube variables.

After removing all flux tube variables we are left with a configuration of
isolated sites with qi = 0 mod 3. At a site i, the possible occupation numbers
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for quarks and antiquarks are (neglecting the order of spin):

({−3,−3}, {3, 3}) ({−3,−3}, {3, 0}) ({−3,−3}, {2, 1})
({−3,−3}, {0, 0}) ({−3,−2}, {3, 2}) ({−3,−2}, {2, 0})
({−3,−2}, {1, 1}) ({−3,−1}, {3, 1}) ({−3,−1}, {2, 2})
({−3,−1}, {1, 0}) ({−3, 0}, {3, 3}) ({−3, 0}, {3, 0})
({−3, 0}, {2, 1}) ({−3, 0}, {0, 0}) ({−2,−2}, {3, 1})
({−2,−2}, {2, 2}) ({−2,−2}, {1, 0}) ({−2,−1}, {3, 3})
({−2,−1}, {3, 0}) ({−2,−1}, {2, 1}) ({−2,−1}, {0, 0})
({−2, 0}, {3, 2}) ({−2, 0}, {2, 0}) ({−2, 0}, {1, 1})
({−1,−1}, {3, 2}) ({−1,−1}, {2, 0}) ({−1,−1}, {1, 1})
({−1, 0}, {3, 1}) ({−1, 0}, {2, 2}) ({−1, 0}, {1, 0})
({0, 0}, {3, 3}) ({0, 0}, {3, 0}) ({0, 0}, {2, 1})
({0, 0}, {0, 0})

For each quark occupation number with n = 3 and each antiquark occupation
number with n = 3, we first use one update step with a cyclic change to get
n = 0 and n = 0. This will take at most 4 update steps for a site. Afterwards,
we are left with the following possible occupation numbers at a site i:

({0, 0}, {0, 0}) ({0, 0}, {2, 1}) ({0,−2}, {0, 2})
({0,−2}, {1, 1}) ({0,−1}, {0, 1}) ({0,−1}, {2, 2})
({−2,−2}, {2, 2}) ({−2,−2}, {0, 1}) ({−2,−1}, {0, 0})
({−2,−1}, {2, 1}) ({−1,−1}, {0, 2}) ({−1,−1}, {1, 1})

We can remove all quarks and antiquarks by using insertions of mesons at a
site (update with +w and −w at the site) or cyclic changes. The corresponding
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updates are given by

({0, 0}, {0, 0})
({0, 0}, {2+1, 1−1})→ ({0, 0}, {3, 0})→ ({0, 0}, {0, 0})

({0,−2+1}, {0, 2−1})→ ({0,−1+1}, {0, 1−1})→ ({0, 0}, {0, 0})
({0,−2+1}, {1−1, 1})→ ({0,−1+1}, {0, 1−1})→ ({0, 0}, {0, 0})
({0,−1+1}, {0, 1−1})→ ({0, 0}, {0, 0})
({0,−1+1}, {2−1, 2})→ ({0, 0}, {1−1, 2+1})

→ ({0, 0}, {0, 3})→ ({0, 0}, {0, 0})
({−2+1,−2}, {2−1, 2})→ ({−1+1,−2}, {1−1, 2})

→ ({0,−2+1}, {0, 2−1})
→ ({0,−1+1}, {0, 1−1})→ ({0, 0}, {0, 0})

({−2,−2+1}, {0, 1−1})→ ({−2−1,−1+1}, {0, 0})
→ ({−3, 0}, {0, 0})→ ({0, 0}, {0, 0})

({−2−1,−1+1}, {0, 0})→ ({−3, 0}, {0, 0})→ ({0, 0}, {0, 0})
({−2−1,−1+1}, {2, 1})→ ({−3, 0}, {2, 1})→ ({0, 0}, {2, 1})

→ ({0, 0}, {2+1, 1−1})
→ ({0, 0}, {3, 0})→ ({0, 0}, {0, 0})

({−1+1,−1}, {0, 2−1})→ ({0,−1+1}, {0, 1−1})→ ({0, 0}, {0, 0})
({−1+1,−1}, {1−1, 1})→ ({0,−1+1}, {0, 1−1})→ ({0, 0}, {0, 0})

Hence, we need at most 4 + 5 = 9 update steps to remove all quarks and
antiquarks from a site i with qi = 0 mod 3. In total, we need 9Ns update steps
to transform a configuration of isolated sites into the empty lattice.

We therefore can reach the empty flux tube configuration {0, 0} in at most
18Ns + 9Ns = 27Ns update steps. This implies we need at most 44Ns update
steps to reach a configuration Γ′ from any configuration Γ proving ergodicity.

B.7 Fully-dynamic connectivity problem

The FDC-algorithm implements three functions for a graph: Determine whether
two vertices i and j are connected by a path of edges, add an edge to the graph
and remove an edge from the graph. The main problem is to implement an
algorithm which provides these three functions in an efficient way. In our
case, the graph is a bond configurations {b} of the three dimensional spatial
lattice, where the sites are the vertices and the set bonds are the edges. We
implement the FDC-algorithm as described in [205] but specifically adapted to
bond configurations {b}.

A bond configuration {b} decomposes into clusters of pairwise connected
sites i and j and their incident edges. An isolated site is considered to be
a cluster of its own. Within a cluster of {b}, two vertices i and j might be
connected by more than one path of edges. In this case, there are edges that
we can remove without destroying the connectivity of the cluster. Making
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Figure B.6: Illustration of deleting a tree edge of level l(e) where either r1 or r2
is promoted to a tree edge restoring the connectivity between the trees Ti and
Tj.

all paths between vertices of a cluster unique gives a spanning tree T of the
cluster. We use the terminology of [205]. Edges of a spanning tree are called
tree edges. All other bonds are denoted non-tree edges. Defining a spanning
tree for each cluster of the bond configuration {b} gives the spanning forest
which contains the full connectivity information. By storing each tree in an
efficient way (see further below), we can check the connectivity of two vertices
i and j with O(ln Ns) operations. We just need to determine the roots of the
trees which i and j are part of. If the roots match, both trees are identical and i
and j are part of the same cluster.

Every edge e is associated with a level l(e) ∈ {0, 1, . . . , ⌊log2 Ns⌋}. We
define the subgraphs Fk of F with k ∈ {0, 1, . . . , ⌊log2 Ns⌋}. A forest Fk includes
all tree edges of F = F0 which are of level k at least. The FDC-algorithm
starts with a graph containing no edges and maintains the following invariants
whenever an edge is removed or inserted:

1. F is a maximal spanning forest: The endpoints i and j of a non-tree edge
e = {i, j} are not only connected in F but they are also connected in Fl(e).
In other words, the endpoints of the non-tree edges are connected by a
path in F consisting of edges with level l(e) at least.

2. Every tree of a forest Fi contains at most ⌊Ns/2i⌋ vertices.

Inserting an edge e = {i, j} is easy. If the endpoints i and j are already
connected, e is inserted, its level is set to zero and it is declared to be a non-tree
edge. If the endpoints i and j are not already connected, e is inserted, its level
is set to zero, it is declared to be a tree edge and the spanning trees Ti and Tj of
the respective clusters Ci and Cj, i and j are part of, are connected in the forest
F = F0 at the edge e forming a new cluster spanned by the tree T ⊆ F. T is
then made of the spanning trees Ti, Tj and the edge e. This process evidently
does not change the two invariants.
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Deleting an edge e = {i, j} is however more involved. For a non-tree edge,
we face no difficulties because it can be deleted without changing the invariants
or the connectivity of the graph. A tree edge might cause more problems as
illustrated in Figure B.6. When a tree edge e = {i, j} of a tree T spanning a
cluster C is removed, the tree decomposes into two trees Ti and Tj, where Ti
contains the endpoint i and Tj contains the endpoint j. The tree Ti (Tj) spans a
cluster Ci (Cj) made of all tree edges of Ti (Tj) and all non-tree edges which fully
lie in Ci (Cj). There are now two possibilities. Prior to removing the tree edge
e, the cluster C was made of Ci and Cj solely connected by the tree edge e, or
the cluster C was made of Ci and Cj connected by the tree edge e and non-tree
edges between Ci and Cj. The former case just means that we have no loss
about the connectivity information by removing the tree edge. The latter case
means that the simple removal of e does not give correct spanning trees because
Ci and Cj are actually still connected to each other and we have just removed
one edge from the otherwise unchanged cluster C. One of the non-tree edges
has to be promoted to a tree edge reestablishing a valid spanning tree T of C.

The FDC-algorithm removes a tree edge e with level k = l(e) in the follow-
ing way. To keep the first invariant, we must search for a replacement edge
beginning at level k. As an example, consider Figure B.6. Removing the edge e
means that we have to replace it with one of the non-tree edges r1 or r2 and
insert the replacement at the highest possible level. Assume l(r1) < l(r2). Due
to the first invariant, we actually must have l(r2) ≤ k because otherwise the
endpoints of the non-tree edge r2 are not connected by a path of tree edges in
the forest Fl(r2)

. From both possible replacement edges r1 and r2, the algorithm
has to choose r2, because of its larger level, as the replacement edge and pro-
mote it to a tree edge with level l(r2). Afterwards the newly promoted tree
edge is inserted at all levels from 0 to l(r2) maintaining the definition of Fk. If
the algorithm were to choose r1 as the new replacement edge, the first invariant
would become violated because the endpoints of r2 then are not connected in
Fl(r2)

.
The algorithm starts at the level l = k of the tree edge e. The following steps

are conducted:

1. The edge e = {i, j} is part of the tree T in Fl . We remove e from T such
that T decomposes into the trees Ti and Tj.

2. Without loss of generality, we assume that Ti has less vertices than Tj.
Then, Ti does not have more than half the amount of vertices of T. There-
fore Ti can be promoted to a tree of the forest Fl+1 without violating the
second invariant. To this end, all tree edges of Ti with level l are increased
in their level to l + 1 and added to the forest Fl+1.

3. The algorithm sweeps over all vertices of Ti until either a non-tree edge r
of level l is found which connects Ti and Tj or all non-tree edges of level
l have been considered. Every visited non-tree edge of level l which does
not connect both trees is promoted to level l + 1 because its endpoints
lie in Ti. If an edge r has been found, it is a replacement edge and
the algorithm jumps to Step 4. Otherwise, if l > 0, the algorithm sets
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l ← l − 1 and starts at step 1 and repeats the search at the next lower
level.

4. The edge e is removed from the remaining levels 0, . . . l − 1 if l > 0.

5. If a replacement edge r has been found, it is promoted to a tree edge of
level l and inserted into all forests F0, . . . , Fl .

The above steps of the algorithm differ slightly to the algorithm’s description
in [205] which nevertheless should not effect the functionality.

Euler-tour trees

To effectively store a spanning tree such that all basic operations can be done
in logarithmic time, we use Euler tours [215]. An Euler tour visits each vertex
of the tree T along a specific path over the edges and vertices. The sequence of
vertex occurrences is then stored in a balanced tree which is called an ET-tree.
The tour visits a vertex v and add it to the end of the sequence, and then enters
a subtree of v and traverses all vertices in the subtree before it leaves the subtree
to revisit v which means that v is added to the sequence again. Afterwards
the next subtree of v is entered till all subtrees of v are visited. If the tour
visits a leaf, i.e. a vertex without children, it just adds the leaf to the sequence
and goes back to the leaf’s parent vertex. The pseudo code of the function
EulerTour(T, r, S) which generates the Euler tour of a tree T with root r and
initially empty sequence S is given by

1 void EulerTour(Tree& T, Vertex* currentVertex , Sequence& S){
2

3 addToSequence(S, currentVertex );
4

5 for(int i = 0; i < T.numberOfChildren(currentVertex ); i++){
6

7 EulerTour(T, &T.getChild(currentVertex , i), S);
8 addToSequence(S, currentVertex );
9

10 }
11

12 }

As an example consider the tree

a

b c d e f

g h i j

k l

n o p

m

q

r s t
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with root l for which

l m j f j m l p s t s p q p l k o n r n o k h i e d c g c b c d a d e i h k l

is a valid Euler tour.
The tree T is never stored in its original form but as an ET-tree. The main

advantage of using an Euler tour is that deleting an edge from T, joining T
with another tree T′ at an edge e or changing the root of T can be done by
concatenating, joining, removing subsequences of and inserting vertices into
Euler tours which translates to corresponding operations applied to ET-trees
[215]. Because the trees are balanced, all these operations can be done in
logarithmic time. For the balanced tree structure, we implement AVL-trees
[216].

Verification of the implementation

To verify our implementation of the FDC-algorithm, we estimate the universal
crossing probabilities R1(pc, N → ∞) in two-dimensional standard bond per-
colation and compare them to literature values. We consider the case of free
(FBC), cylindrical (CBC), where the lattice is connected periodically along the
second direction, and periodic (PBC) boundary conditions. The crossing proba-
bilities are determined by computing the values R1(pc, N) for various extents
N and extrapolating to N → ∞. The results are shown in Figure B.7. Recall
that the percolation threshold pc = 0.5 is exactly known for bond percolation
[145].

Justified by the data alone, we extrapolate to the limit N → ∞ by fitting the
data with the ansatz

f (N−1) = f (0) + aN−1 + bN−1 ,

where we set b = 0 for FBC and CBC. We have the following estimates: f (0) =
0.50001(13) for FBC, f (0) = 0.63679(13) for CBC and f (0) = 0.93486(16)
for PBC. We compare these estimates to literature. Duality and universality
arguments imply f (0) = 0.5 in the case of FBC [152, 217]. Our estimate agrees
within errors with the analytic result. In the case of PBC, we consider the
numerical results f (0) = 0.93(4) of [184] and again notice an agreement with
our estimates. For CB, we compare with the estimates f (0) = 0.63665(80)
[147], f (0) = 0.6364(4) [218] and f (0) = 0.6(4) [185] and the analytic result
f (0) ≈ 0.63645001 [219]. The estimate based on the FDC-alogrithm agrees
within the errors with the numerical results but deviates by roughly 2.61
standard deviations from the analytical result. However, we rule this deviation
as insignificant and probably caused by an underestimation of the error and a
naive choice of the fit function.
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Figure B.7: Two-dimensional spanning probability R1(pc, N) evaluated at
the critical percolation thresholds pc for different extents N and boundary
conditions. The red curves represent fits of the data. The intersection of a fit
function with the vertical axis estimates the extrapolation to R1(pc, N → ∞).
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