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Abstract. Image compression and manipulation by weighted finite automata ex-
ploit similarities in the images in order to obtain notable compression ratios and
manipulation tools. The investigations are often based on two-dimensional images.
A natural extension is to consider three- or even n-dimensional images which are
decomposed in two-dimensional slices, e.g. data produced by tomography. By ap-
plying the two-dimensional methods to the slices the volume similarities may be
disregarded. Building three-dimensional patterns by merging sequenced images of
movie scenes may result in increased similarities. Here we consider transforma-
tions of the input strings for weighted finite automata in order to obtain dimension
transformations which preserve multidimensional similarities. We focus our investi-
gations on the state complexity and show that a noticeable reduction of the number
of states can be achieved.
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1 Introduction

In computing systems images are usually described by a sequence of color val-
ues. With the advance of the information age the need for mass information
storage and retrieval grows. Although the capacity of commercial storage de-
vices increases every day, it has not kept pace with the proliferation of image
data. Image compression plays an important role in reducing the amount of
memory to the essential. But besides the space reduction it is also useful to
reduce the time needed to transmit images. Most images contain some amount
of redundancy which can be removed by compression algorithms. But this
does not lead to high compression ratios in general. Some information are not
visible for the human eye and can likewise be removed. Popular compression
methods [3] perform a Fourier or a cosines transformation and eliminate high
frequency components.

Culik and Kari [7] used a theoretical approach to image compression. Since
points of images in 2-dimensional space are specified by two coordinates, they
can be expressed by strings over an arbitrary alphabet [1, 2, 4, 9]. Images or
patterns can be interpreted as sets of points. Using an n-letter alphabet patterns
are sets of strings i.e. patterns can been seen as formal languages. Choosing a
reasonable coding of points it is possible to construct finite state machines to
generate (or accept) such patterns. According to the computational result, i.e.
either a final or non-final state after successfully reading the input string, the
corresponding point will be set black resp. white. For gray-scale images it is
useful to consider weighted finite state machines [6] which do not accept input
coordinates but compute a real value specifying the gray-scale value.

Other approaches use Levenstein dissimilarity to represent noisy patterns as
strings of regular languages and it is also possible to use context-free grammars
to represent 2D images [8].

A lot of graphical data consist of three-dimensional information. In some cases
it is not sufficient to regard the surface of objects. Take a look at computer
tomography. Computer tomography is an imaging process permitting insights
into to interior of a spatial body. The resulting images are a sequence of the lay-
ers of the object. Although they represent a three-dimensional object they are
treated as two-dimensional and will be compressed as is by ordinary compres-
sion algorithms. Since these three-dimensional objects obviously contain three-
dimensional similarities the redundancy will be destroyed by splitting them into
layered images. Even movie sequences can be seen as three-dimensional images
when they are put together. Since the distance between two pictures of such a
sequence is normally low there exists some kind of three-dimensional similari-
ties. The next step is to extend the well-known finite state machine methods to
three or more dimensions. This can be done by choosing other representations
of points.

In the present paper we show transformations of n-dimensional data to two
dimensional patterns in order to preserve multidimensional similarities. The



resulting patterns can be compressed by the ordinary two-dimensional meth-
ods. We will show applications where the size of the corresponding automaton
noticeable shrinks. Further work has to be done to find a characterization of
multidimensional images for which the presented approach works efficiently.

The relationship between patterns and automata are recalled in Section 2.
Section 3 introduces the string transformation methods and gives information
about the evolution of the number of states of the corresponding automaton.
In order to perform a transformation it is required that the strings resp. the
underlying alphabet are compatible. Section 4 shows how we are always able
to satisfy this condition by enlarging the pattern if the original alphabets are
not compatible.

2 Patterns and their automata

We denote the integers by Z, the positive integers {1,2,...} by N, the set
N U {0} by Ng and the real numbers by R. The set of strings of length n built
from symbols from a set A is denoted by A", the set of all such finite strings
by A*. ¢ is the empty string. A* is defined to be A*\ {e}. In the sequel we call
a finite set alphabet. We use C for inclusion and C if the inclusion is strict.

Patterns consist of sets of n coordinates in n-dimensional space. In order to
apply formal language and automata theory methods we assign each point a
string over an alphabet A as follows. The whole pattern is addressed by e.

11 | 13 | 31 | 33

10 | 12 | 30 | 32

0103|2123

00 | 02 | 20 | 22

Figure 1: Addressing points by {0,1,2,3}, the marked point is addressed
by 3021

For each letter a € A we address a (connected) sub-pattern such that each sub-
pattern has same size. Every sub-pattern itself will be divided in additional |A|
sub-pattern and so on. It is common practice [2, 7, 9] to use 2-dimensional
patterns of size 2™ x 2™ to divide them into 4 sub-squares at a time and to
use the alphabet {0,1,2,3} for coding the coordinates of points. (This is also
knwon as quadtree representation). Note that it is possible to use any arbitrary
alphabet at any size. Although in some cases the visual interpretation may be
hard for human eyes, it can be a suitable choice for machines.

Using this method we can formalize patterns as functions.



Definition 1 A gray-scale pattern is a mapping p, : A" — R, a multi-resolu-
tion gray-scale pattern is a mappingp : A* — R. If p(w) € {0,1} for allw € A*,
resp. pp(w) € {0,1} for all w € A™ the pattern is called binary.

Binary patterns can be described using finite state machines. We require the
machine to accept an input string (which is actually a representation of a point
over an alphabet) if and only if the corresponding point is black. Since there
exist minimization algorithms we can construct the smallest finite state machine
needed to accept the pattern.

The decoding of a given finite state machine is done by generating all input
strings resp. coordinates of a length n and checking if the machine accepts or
rejects. According to the result the point can be set black or white.

Multi-resolution patterns contain patterns of different resolutions. We usually
require the resolution levels to be conform which means that the patterns should
be average preserving. These patterns can be described by average preserving
weighted finite state machines [6].

A multi-resolution gray-scale pattern p is called average preserving if p(w) =
1Y e aplwa).

We recall briefly the notion of weighted finite state machines. Pioneering work
and theoretical studies have been done, e.g. in [5, 6].

In contrast to the well-known standard finite state machine the weighted finite
state machine is equipped with additional weights which are assigned both the
states and the transitions. During a computation these weights are multiplied
for each path and summed for all possible paths according to the current input
string. The sum is built using a linear combination according to the initial
weights of the states. Thus the machine outputs a value instead of entering a
final or non-final state.

Definition 2 A weighted finite state machine is a 5-tuple A = (S,%, f,1,1),
where

1. S is a finite set of states,

2. ¥ is a finite alphabet,

3. f: 8 x 3 x8— R is the weight function,

4. 1:S — R is the initial distribution,

5. t:5 — R is the final distribution.

The distribution function ¢ : S x X* — R is defined as follows:
1. d(s,e) =t(s) for all s € S.
2. 0(s,aw) = qus f(s,a,q)-d(q,w) for all s € S,a € ¥, w € ¥*.

The weighted finite state machines defines the function ¢4 : 3* — R specified
by ¢a(w) =3 csi(s)d(s, w).



2.1 Coding

For a given pattern p : A* — R it is possible to construct the corresponding
automaton (provided such an automaton exists) as follows: Create a state 0
— this represents the whole pattern. For each sub-pattern which is addressed
by a € A check whether there already exists a state representing such pattern.
For gray-scale pattern also check whether there exists a linear combination of
existing sub-patterns that can be used to create the current sub-pattern. If yes
create an edge labeled a to the existing state (for gray-scale add edges that are
weighted corresponding to the scalars of the linear combination). If no create
a new state.

2.2 Decoding

For each input string of a given length check whether the automaton reaches
a final state. For gray-scale pattern compute the function ¢4 for all input
strings and assign the value to the corresponding point. In order to completely
decode an image one obviously needs additional information about the size and
dimension.

3 Transformation

In this section we will discuss transformation of patterns with regard to their
underlying alphabet. Practical interests can be transforming patterns from
three dimensions to two dimensions and vice versa in order to reduce the amount
of states of the corresponding automaton or to allow us to reuse the well-
known two-dimensional algorithms. E.g. a representation of points of a three-
dimensional pattern of size 2™ x 2™ x 2™ can be given by strings over the
alphabet {0,1,2,3,4,5,6,7}. Divisions in sub-quadrants can now be regarded
as divisions in sub-cubes.

Figure 2: Addressing points in three dimensional space

Given a string of length n over an alphabet which expresses a point we can
choose another representation of the same point. A transformation is a one to
one mapping of strings over one alphabet to another.



Definition 3 Let A, B be two alphabets. A one to one mapping 7 : A¥ — Bl is
called string transformation. As usual we extend T to a mapping (A*)* — (B!)*
which maps strings to strings as follows:
T(e) = ¢
7(uw) = 7(u)T(w) for all u € A* w € (A*)*

Such mapping is only possible if the sizes of the underlying alphabets are com-
patible, i.e. for two alphabets A, B there must exist integers k,l such that
|A|¥ = |BJ'. Otherwise it is not possible to find a pattern transformation. In
Section 4 we will demonstrate how to enlarge the alphabet if such integers do
not exist.

A pattern transformation defined in Definition 3 transforms coordinates of a
given length k to length | and therefore it is only possible to define the gray-
scale values for input strings of length r - [, € N directly. Since it should be
possible to compute the grayness values of any size we have to define reasonable
values, i.e. we choose the average value which is recursively defined.

Definition 4 Let A, B be two alphabets and p : A* — R be a multi-resolution
pattern. If there exist k,l € N such that |A|’c |B|!, then let T : (AF)* — (BY)*
be a string transformation. The pattern p' : B* — R where

() = { p(r~} (v)) ifv =71(w),w € (4*)*
p ﬁ Y pep P'(vb)  otherwise

is the transformed multi-resolution pattern.
We show that this transformation preserves the average preserving property.

Theorem 5 Let p : A* — R be an average preserving multi-resolution gray-
scale pattern. The transformed multi-resolution pattern p' : B* — R is also
average preserving.

Proof. Let k,l be the constants of Definition 4 and 7 be the pattern transfor-
mation. For all w € (B!)* it holds

|B|zzp |B|zZ |A|kz

beB! beB! zeAk
= p(r7H(w)) = p'(w)
The pattern p is average preserving for all levels in between transformed lev-
els by Definition 4. It remains to show that the average preserving levels fit

together
ZP (wb1) = |B| Z ZP (wb1bo) = |B|2 > p(wbo)

bleB b1 eB b €B b1,2€ B?
1
=...= Bl Z p'(wbi o, 1) = p'(w)

,,,,,,



3.1 Application

Consider the following three dimensional object. The left figure shows a wedge
in its three dimensional representation. For a better visualisation it has been
rotated 90 degrees clockwise. If we choose the alphabet A = {0,1,2,3,4,5,6,7}
we can express it by the set L = {w | w € {1,3,4,6}*{0,2}A*}. Thus, using
finite state machine method it can be expressed by a finite state machine with
3 states.

cutting aimm

Figure 3: (a) Wedge (b) Layers (¢) Transformation

The middle figure is a layer-wise (front to back) representation of the wedge in
its original orientation. The sequence of single patterns is put together from
left to right such that it fits a squared overall pattern. An additional grid has
been inserted for a better understanding. This allows us to compress the two
dimensional pattern (without grid) as before. It results in a finite state machine
with 85 states(!). Remember that this is a usual procedure in tomography.

The last pattern has been generated using the following transformation from the
alphabet A to the alphabet B = {0,1,2,3}. We use the binary representation
for the numbers of each alphabet, i.e.

1 3 2
AN
36 = 011 110 & 01 11 10 =132
3 6

In this case the two dimensional pattern can be expressed by a finite state
machine over the alphabet B with only 6 states. The transformation preserves
self-similarities and redundancy. If we consider multi-resolution pattern, i.e.
wedges at any size the finite state machine for the three dimensional case and
for the transformed pattern would keep their sizes. The layered image instead
will always increase the number of states of the finite state machine and grow
to infinity.

3.2 Increment and decrement of the state complexity

We will examine the evolution of the number of states of the automaton during
such a transformation. At first we count the maximal number of states needed
to generate a given pattern of fixed size by finite automata.



Let A be an alphabet and n € N. We denote the smallest integer v € N such
that

|A]Y > 2041"7)
by vA .
Note that for any alphabet A with at least two elements there exists such an
integer v since the equation holds trivially for v = n.

Theorem 6 Let p, : A" — {0,1} be a binary pattern and F be a finite state
machine that accepts p,. If F' is minimized then its number s of states is

bounded by

'UA,nfl n )
s< YA+ Y @A -1+
i=0 i=van

Proof. Consider the worst-case for the generation algorithms of a finite state
machine. Each state has |A| different successor states, i.e. after reading k input
symbols the machine could possibly reach |A[* different states.

On the other hand there are at most 2™ different binary patterns of size m
points. Tn our case there are at most 204/") different patterns of size |AJx.

Each state represents a sub-pattern of the original pattern. There are no two
states representing the same sub-pattern since the machine is a minimal one.
So there exists a branching point where the number of states is higher than the
number of distinguishable patterns. This point is reached if

|A]Y > o([A"=")

From this time the number of additional states will shrink (24/° — 21471,

A special case is the empty pattern, i.e. all white points. Since these patterns
have to be rejected by the machine they are equivalent to a failure state and
can be combined to one state. O

Now we are going to explain that the maximal number of states is in fact
necessary in the worst case, i.e. the following pattern pg : {0,1,2,3}® — {0,1}
results in a finite state machine with 5478 states. It has been constructed using
the 16 distinguishable patterns of size 2 x 2. These patterns can be used to
generate 65536 different patterns of size 4 x 4. 4096 arbitrary different patterns
have been chosen to create the pattern. The number of states can be calculated
as

branching
1T4+4+16+ 64+ 256 + 1024 + 4096 + 15+ 1 +1
N——

diff. patt.

The next theorem demonstrates the power of pattern transformation. Given
an arbitrary pattern and an arbitrary alphabet it is always possible to find a
transformation that results in small finite state machines.



il B-n =
a'n il

Figure 4: Building blocks and the worst-case pattern

Theorem 7 Let p, : A — {0,1} be a binary pattern, B be an alphabet which
meets the criteria |A|® = |B|' for an integer [ € N. Then there exists a string
transformation T and an s-state finite state machine, s < 2] + 1, that accepts
the transformed pattern.

Proof. Consider the set L = {w € A" | p,(w) = 1} which is the formal
language of the pattern p,. We assign each string of L a number using a one to

one mapping 1 : L — {0,...,|L| — 1}. Any number n(w),w € L can be written
as

-1

Zci -|B|* where ¢; € {0,...,|B| — 1}

=0
Using a one to one mapping ( : B — {0,...,|B| — 1} each number can be

written as [-tuple of elements of B where ¢; = ((b;),b; € B. The I-tuples can
be used to define strings over the alphabet B and to define L' as the set of all
of these strings.

Let w = wg - - - w;_1 be the string that represents |L|. L’ is accepted by the fol-

lowing finite state machine. The states are {so, ..., s9—1, Sr}, starting state sy,
final state s9;_1 and transition function § : S x A — S where
Si+o  fa=w;:
6(si,a) = . 2 for even 1
(s:,) { sit1 if ((a) < ((wy)

0(si,a) = 842 for odd ¢ <20 —3

In any other case set §(s;,a) = sp. The basic pattern transformation is defined
as 7 : A" — B! where 7(w) = ¢~ (n(w)) O

The following finite state machines accepts all strings w of length 4 that are
lower than 1024.

Gray-scale patterns can cause the automaton to branch up to 7 times for a
pattern of size |A|". From this point the existing sub-patterns can be used
to build linear combinations, since the number of patterns is larger than the
number of points.



Figure 5: Finite state machine, the failure state sp is omitted.

4 Enlarging alphabets

In some cases it is not possible to find the constants k,l of Definition 4 to
perform a transformation on the alphabet. We will show how to enlarge a given
alphabet to preserve the number of states of the corresponding automaton and
to keep the average preserving property.

Definition 8 Let A, B be two alphabets where A C B. The mappingx : B — A
defined by

(a) = a forallae A
X\ = ¢ otherwise

is called characteristic function. The usual extension to strings B* — A* is
defined by

x(e) = ¢
x(wu) = x(w)x(u) for all w € B,w € B*

The embedded pattern is defined such that each additional symbol of the al-
phabet B is not assigned just the average grayness value but the complete
sub-pattern of a lower size. The resulting automaton gets an additional loop
weighted 1 at each state. Thus, the number of states will not change when
using the automaton generating algorithms.

Definition 9 Let A, B be two alphabets where A C B and p : A* — R be a
pattern. The pattern p' : B* — R defined by

p'(w) = p(x(w)) for all w € B*
is called embedded pattern of p.

Theorem 10 Let p: A* — R be an average preserving pattern and p' : B* — R
be the embedded pattern of p. Then p' is also average preserving.

Proof.

oy _ 1 _ 1 (1]B]
P'(w) = plx(w)) = 7 > plx(w)a) = Bl (W Zp(x(w)a)>

acA

10



1 1
= p w)a + B - A I p X wa
|B| ; (x(w)a) (1B| —|A]) |A|a§eA(())
=p(x(wa)) for all acA N - .

= p(x(w)) = p(x(wd))
forallbe B\ A

1 ' ' 1 !
= 5] Zp(wa)+ Z p'(wb) =®Zp(wb)

acA beB\A beB
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