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Chapter 1

Introduction And Main Results

1.1 Introduction

Survival analysis is the part of statistics, in which theiafale of interest may often be interpreted as
the time elapsed between two events. Such "lifetimes” Blpi@ppear in a medical or an engineering
context. E.g., a quantity/ may denote the time between infection and the onset of a sisekm
engineering{/ may be the time a technical unit was on test until failure o Since in each case
U is a random variable one may be interested in distributipngperties ofU. A typical feature of
such lifetime data analysis is that due to time limitatibheay not always be observable. Hence the
available data only provide partial information and, as mseguence, standard statistical procedures
are not applicable. Maybe the most famous example is randigim) censorship where instead of
U one observesin(U,C) andd = 1y<cy, in which C is a censoring variable and the indicator
reveals the information which d and C was actually observed. Another important example is
random truncation, in whicly is observed only iU < D, whereD is the associated truncating
variable. In each case standard empirical estimatorshatigé@qual weights to the observations are
not recommendable and need to be replaced by others takmgdnount the actual structure of the
data. Typically, this results is a complicated reweightihthe observations leading to estimators with
distributions which are not easy to handle.

In many situations, when one observes patients over timreenay be interested in consecutive times
X1 < X, < X3 < ... denoting the beginning of different phases in the develogroka disease. E.g.,
in HIV studies,X; could be the time of infectionY, the time when antibodies occur (seroconversion)
and X3 the time when AIDS is diagnosed. Let

U =X,—X; and Uy = X3 — X9
denote the length of each period. Typically, we may expeattessdependence betwe&hnandl;. Let
F denote the unknown bivariate distribution function (ddt) U, U,):

F(zy,22) = P(Uy < 21,Us <), 1,75 €R.
More generally, we may be interested in integrals

I:/ade

w.r.t. F, whereyp is a given score function. E.g., if we takez,, xo) = z,25, we obtain an integral
which is part of the covariance éf, andU,. Given a sampléU,;, Us;), 1 < i < N, of independent
replicates of Uy, Us), the standard empirical estimator bbecomes
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N
1
Iy = N ; ©(Uri, Us;).

In a practical situation, th&’s may not be all observable. For exampleEifdenotes the end of the
study, and if we se¥ = E — X, then the patient becomes part of the study only,if< Z. In
other words[/; may be truncated from the right % and hence gets lostif; > Z. If no truncation
occurs, botl/; andZ will be observed. As td/,, this variable will be available only 7, + U; < Z.
Otherwise we observg — U;. Hence given thal/; is not truncated(/; is at risk of being censored.
SinceU; andU, may be dependent we obtain some kind of dependent censorship

To summarize the data situation, for each person, we haee sequentially observed datg <

X, < X3 giving rise toU; andU,. As before, let denote the end of the study. The following figure
then displays the possible data structures depending dodagon of £:

Xl U1 XQ U2 X3

I 1 1 | no truncation and censoring
X1 Xo X; E

| | no truncation but censoring
X1 X2 E X3

I | 1 1 truncation and censoring
X1 E Xo X3

Figure 1.1: Possible Data Structures

Let N be the number of people at risk. Since, under possible ttiomzaV is unknown, we also have
to introducen, the number of actually observed cases. Denoting withP(U; < Z) the probability
of non-truncationpn is a binomial random variable with parametarand N. Typically, for truncated
data, the statistical analysis will be conditionally on &egin. In terms ofn, we are given a sample
(Uy;, UQZ-), Z;ands;, 1 < i < n, wherels; equalsl/,; when no censoring occurs. Otherwise,

U2i = Zz - Uli-

Finally, 6; = 1v,,<z,—uv.,}-

It is the goal of our work to derive an estimatBy of F' given the above data. As a second step we
shall study estimators
I, = /goan

of I. For the computation of confidence intervals folone needs to compute or at least approximate
the distribution off,,. For this, we shall derive a representation,phs a sum of i.i.d. summands plus
remainder. After that we may apply the Central Limit Theor@hT) to the leading term to obtain
asymptotic normality of'/2(I,, — I).



1.2 Main Theorem

In this section we develop an estimaifgrof I through identifiability off’. This means, that we are to
find a representation df in terms of estimable quantities.

For this, recall thaf{;, < X, < X3 are three consecutive times such that we are interested in

U=Xo— X4 and U; = X5 — Xo.
As before denote witli’ the distribution function (d.f.) ofU;, Us):

F(x1,20) =P(Uy < 21,Uy < 29).
Let

Fl(flj'l) = ]P)(Ul S 1'1)
and

Fg(l’g) = P(UQ S 1’2)
be the associated marginal d.f.'s. Liedenote, as before, the end of the study so that

ZI:E—XlNG

denotes the time elapsed betweénand £. It is assumed throughout thdt, Us) is independent of

Z andZ is observed always whdh, is observed, whethédr, is censored or not. Note, however, that
sincel; is observed only whet; < 7, truncation may cause some dependence between the actually
observed/; andZ. As before, write

a=PU, < 2)

for the probability, thatU;, Z) can be observed. In addition to truncation, wiign< Z, the random
variableU; is at risk of being censored from the right By— U; = F — X,. In other words, we only
have access to

Uy = min (Uy, Z — Uy) (1.1)

Since in general/; andU, will be dependent and, at the same time, the obsefyealso depends on
Z, equation (1.1) incorporates a kind of dependent cengarghiong with (U;, Z) andU, we also
observe

1, if Uy is uncensored

0 = Lutu,<zy = { 0, otherwise

It is the purpose of this work to reconstructfrom a sample of independent replicateg©f, Z), U,
andé. Actually, our target will be
I = /ade,

wherey is a given score function. In particular, wheris the indicator of the rectangle-oo, z1] x
(—o00, 2], We are back af = F'(xy, z3).



For identifiability of 7', we also need some sub-distributions connected WigndG. Set

Hy(z,y) = P(Uy <20y <y,6 =104 < Z)
= ]P(U1<.T U2<y,U1+U2<Z\U1<Z)
= 1IP’U1<xU2<y,U1—|—U2<Z)

_ —1/ / 1 — Gy + 22) | F(day, ds),

where the last equality follows from the independence ofttiginal (U, Us) and Z.
Hence, provided thatupp(p) C {(z1,x2) : G(x; + z2)~ < 1}, we obtain

o

Iz/ade:/cp(xl,xg)l_G(x1+x2)_H21(dx1,dx2).

Furthermore,
. . P(Zza) PZEaU<Z)+P(Z>a,U > 7)
=GO = B <) T P(U; < Z)
— BZzali22) a7 [ 1= RWIG).
[z,00)
Set
A(r) = B(Z > 2|0, < 7)

and

B(z) = o™t 1— Fi(y)|G(dy).

(x) /[ I
Hence
I = /gdez /ap(xl,@)A(xl +x2)%1—B(x1 _l_xz)Hzl(dxl,dxg). (1.2)

The function A can be easily estimated through the empirical d.f. of an mkseZ-sample. In
contrast, the functio® contains the unknownr and the unconditional d.f'8} andG of U; and Z.
To eliminate these terms we introduce

G y) =B(Z < y|Uh < Z) = o~ /( ARG

so that
_ 1= B(y)

The functionG* is a conditional d.f. which again is easily estimable, whilecan by estimated
through the well known Lynden-Bell estimator for truncatkda.



Our statistical analysis is based on a sample oéplicates of Uy, Z), U, andd. More precisely, we
assume that we are givéviindependentU;, Us;) random observations from the df.and a sample
Z; of N independent random variables from the d:fsuch that thé/-sample is also independent of
the Z-sample. We only observé/;, Z;) if Uy; < Z;. Hence the actually observed number of data is

N
n= Z Lv<zy-
=1
Note thatn is a binomial random variable with parameté¥sand o. Throughout this work our

statistical analysis will be based on a given value.ofThe distribution function of the observef]
equalsG* and can be estimated through

1 n
== Z Liz,<y}-
=1
The d.f. of an actually observdd; becomes

Ff(lj) == ]P(Ul S 1’1|U1 S Z)

which may be estimated through

1 n
xl) = E Z 1{U1i§1‘1}'
i=1

The empirical analogue of(z) becomes

1 n
T Z—1 1{Zza}, (1.3)
while B(z) is estimated through
Fln(y)
B,(z) = / e

1 1 — F1,.(Z;)
= — ligsmy———, 1.4
n ; {Zi >z} F1n<Zi) ( )

wheref?,, is the Lynden-Bell estimator af; for right-truncated data. More precisely, since

Fl*(ﬂfl) == ]P(Ul S .I'l‘Ul S Z)
= a_1/ (1 —G(u™))Fi(du)
(—o0,z1]
we have

adF; = (1 — G™)dF,

and therefore



dF;

dF, = —a—l(l et
Set
Clx)=PU, <z < Z|U; < Z).
Since
Clz)=a 'P(U, <2< Z)=a 'Fi(2)(1 - G(x)),

we obtain

dF _ dFy

F, O

The cumulative hazard function associated véﬁlh is defined as

Az) = /[ R

The product-integration formula then yields

Fi(t)=e O]+ Ay}

y>t

Since by (1.6)

and, if there are no ties,

Futt) =TT+ M) =TT 1 ]

y>t Uri>t

where

1 n
Cn(x) = E Z 1{U1kS$SZk}'
k=1

Finally, the estimator ofi} (z, y) becomes

(1.5)

(1.6)

(1.7)



n

1
H%"(x’ y) - g Z l{UliS%UziSyﬁi:l}’

i=1

where

(721' = min (UQZ', ZZ — UM'), 1 S ) S n.

We are now in the position to define our estimatof ef [ odF. In view of (1.2), we set

1
I, = ,
/4,0(331 x2)An($1 + 1’2) + Bn(l’l + .TQ)
- 52
= - ZSO(UM, U2i) = EEAN
n-.= A, (U + Us) + By (Uy; + Uy)

Hzln(dl’l, dl’g)

As Theorem 1.1 will show, under mild integrability condit® /,, admits a representation as a sum of
I.i.d. random variables (plus remainder).

Theorem 1.1. Under continuity ofF;, assume that

Al [ < oo

A2: [ lelerel (g, day) < oo

F2(x +x2)

A3fM1—ZW‘F(dx1,d$2)<OO

+B)?(z14x2)

for k = 1,2. Then we have

_ <,0(:L’1,x2) 1
In = /(A—l—B)(J}l +x2)H2n(dl’1,dl’2)

o(x1, 22) > 1 1 . . AV H (e do
| G ), T,y G 0~ PG 0
1

oy, 22) - Caly) = CY) 1. .
+/ (A+B)2(931+$2)/x Fl(:)s)/ )CQ—(y) Fy(dy)G*(dx)Hy (dy, dxa)
1

1+x2

p(1,22) °° . . ) 1
* / (A + B)Z(:L'l + 5172) /961+:r:2 Fl(:L') (G (dl’) Gn(dx))Hz (dl’l, dl’z) + OP(%).

Remark 1.1. Assumptions A1-A3 yield

|90(x175172)| 00 G(dy)
/ (A4 B)(x1 + z2) Fi (1 + x2) /m1+x2 0 F(dxy,dzy) < 00

and

|<P(517171'2)|k
/ (A+ B)(xy + 20) Fy (21 + x2)F(dx1,dx2) < 00

fork =1,2.



Setl, = I, + R,, wherel, is the sum of i.i.d. random variables art} is the remainder from
Theorem 1.1. In the following Lemma we compute the variarfcg, 0

Lemma 1.1. We have

Var(l,) = % ///{ P, y2) >+¢(y1,y3) 2H3(dy1,dy2,dy3)+//¢2(y1,y3)ﬁl§(dy1,dy3)>

A+ B)(y1 + 2
_ E’
where
Hs(y1,y2,y3) = P(Uy < y1, Us < 4o, Z < 3,0 = 1|Uy £ 2)
HZ(yr,ys) = P(Uy <y, Z < 3,6 = 0|Uy < 2)
and

xl, T2 > 1 1{y1<y<ys} * 1{y1>1‘} } *
== BX(d G*(d
s = [ [ ol wm {/@m) Coy) 1) Ty g O

l{ys>r1+$2}} 1
——=—""" | H,(dzy,dxs).
Fi(ys) (1, d.)

Since we can writd,, as a sum of i.i.d. r.v.'s and a remainder of the or@lﬂr =), we may apply the
CLT. Actually,

Vil — 1) = N(0,0%). (1.8)
If ¢ is the indicator of the rectangle-co, ] x (—o0, y], we have, in particular,

. - Z 1{U1'L<$ U2'L<y}5i
n(Uni + U2z) + B,,(Uy; + Uy)

and

Vi(Fa(z,y) = F(z,y)) — N(0,0%(z,y)).

This can be used to compute confidence intervalgfar, ). For this we have to replace the unknown
o?(x,y) through its estimator.

To obtain an estimator of the variance Bf we use the Plug-In Method. This means we have to
replace the unknown terms érf with their estimators. This leads us to the following lemma.

Lemma 1.2. The Plug-In estimator of* equals

2 2
1 E: ©(Uvs, Uz) 1 <&
O'TQL:_ ’ _ + nUmZz 5,—}—— iU“ZZ 1_51',

n &= | (A, + B,)(Uy; + Us) Un(Ui, Zi) n;w 0 Z)(1— )



where

1 { _ 1{U1i>Zj}

1 (U, Uy) 1 —
n(Uni, Zi) = — : —0, [— 1, ~
¥ ( ! ) ni— A, + Bn)Q(Uu + Ugl) : n ; {ZJZUlH-UzL}FM(Zj) Cn(Ulz)
4 l - L.~z 1{U1i<U1k<Zi}} . 1{Z¢>U1l+[~]2l}}
n k=1 =) C%(Ulk) Fln(Zi>
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Chapter 2

Simulations

2.1 The Marshall and Olkin Model

In this chapter we study examples for the estimdtoof 7 for different sample sizes and truncation
ratesl — «. In the next two sections we will deal with the estimator offa, d,, estimate variances of
F,, and compute confidence intervals. In the last section weysgtydmples off,, for different score
functiony, like estimated correlation coefficients or expectations.

The variabled/;, U, and Z are taken from an exponential distribution with parameters Ay, and

Az, respectively. Recall that, in general, andU, are dependent. Because of that, we will produce
dependent replicates 6f andU; using a method proposed by Marshall and Olkin. See Johnsbn an
Kotz (1972). For this we first produc¥ copies of three independent vectess e, ande; from an
exponential distribution with parametexs, A\, and\3, respectively. While\;, A\, and the correlation
between/; andU, can be chosen, thi is given by

. CO’I“T’(Ul, Ug)()\l + )\2)
1 =Corr(U,Uy)

Az
Setting

Uy = min(ey, e3)

and

Us = min(eq, e3)

we obtain vectors of replicates from an exponential distrdn with parameters; + A3 and\; + A3,
respectively. To keep the truncation rate equal te «, vector of Z’s is to be produced from an
exponential distribution with parameter:

1_
Ay =2

- (A1 + A3).

This equation is a consequence of
P(Z <ylU; < Z)= oz_I/ Fi(2)G(dz),

(—oo,y]
whereF; andG are the distribution functions éf; andZ, respectively. Setting = oo, we obtain
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1=P(Z< 0|l <Z) = oz_l/ Fi(2)G(dz)
(—O0,00)
SinceF(z) =1 — e M)z andG(z) = 1 — e #* for > 0 and Fy(z) = G(z) = 0 for z < 0 we
obtain

Az

a= 1—e Wthaln )\ edzzg, =1 22
/(0700)( JAz M+ A+ Ay

and therefore

LY S 1— o
M+ X+ Az ’
Hence, finally, we have
11—«
Ay = ()\1 + )\3)

To use the estimator from Chapter 1, we take onlyrtled N replicates of/;, U; andZ for which the
U;’s are less than or equal 0.
The joint distribution function of the dependdiit;, U,) is given as

F(l’,y) —1— e—()\l—l—)\g)x i e—()\2+)\3)y + e—)\lm—)\gy—)\gmam(gp,y).

2.2 Simulations for the estimator of a d.f. for differenta and N

For our simulation study we first take = 1, A\, = 1 andCorr(U;,U,;) = 0.5. Then we obtain
exponentiall/; and U, both with parameter equal to 3. The first figure shows the tistiloution
function:

Figure 2.1: Distribution function

12



Figure 2.2 displays the estimatét, for N = 20 data and 10% truncation. We can see that there
are big differences between our estimator and the trudllision functionF'. This is not surprising
since, after truncation, our estimator on average is basdd@aata. For the available sample the first
variable can be observed, but soméd/gfs are additionally censored.

I//I S

= N AN

Wy
=% ",.l““‘\:‘ 0

>

8

Figure 2.2: Estimator of a d.f. fa¥ = 20 anda = 0.9

The small sample size also has an influence on the estimatbe ofariance. We will see, that the
variance is large compared to variances for 50 or 100 datawBican observe that the estimator of
the variance falls for large andy similarly as the variance for a standard estimator of aifigtion
function (based on complete data). This happens becaud@®9%6itruncation the loss of information
is much smaller compared with larger truncation rates, fangple 40%.

13



Figure 2.3: Estimator of variance fof = 20 anda = 0.9

But already forN = 50 and 10% truncation the estimator of the distribution fumcis very good. As
we can see, the estimator based on 45 data is not only cloke taue distribution function for small
(z,y) but we also haven’t any overestimation for lafgey).

Figure 2.4: Estimator of a d.f. fa¥ = 50 anda = 0.9

For a larger data setM = 100), even with a large percentage of truncation (40%) we cartreeahe
estimator of a distribution function, for smailt, y), looks good. The truncation rate has a noticeable
influence, if at all, for largéx, y). This is the effect of loss of information for large data.
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Figure 2.5: Estimator of a d.f. fa¥ = 100 anda = 0.6

As we can see on the next figure, the heavy truncation has alsoflaence on the estimator of
variance. It increases whenandy become larger, but decreases for snally).

Figure 2.6: Estimator of variance fof = 100 anda = 0.6

In all of our simulations we did until now, the expectatioridi andU, were both equal té/3. The
expectation of the truncation variabtewas equal to 3 fore = 90% and 0.5 fore = 60%.

Next we study a more asymmetric d.f., where on avaftage much smaller thal/,. This is similar to

a situation in AIDS, where the period between infection agrdsonversion is much smaller than the
period between seroconversion and AIDS. In such a situgt@nlonger second variablé is more
likely to be censored as in the first example.

15



More precisely, in this case we choose a small correlatiawdsn U; and U, namely 0.1, while
A1 = 1.5, Ay = 0.3. Then we get exponential variabl&s andU; with parameters 1.7 and 0.5. This
gives uskU; = 0.59 andEU, = 2. In this case, the true d.f. looks as follows:

<>
SSooSo
SSoaSooSo

SO SSTS SO
S S e

Figure 2.7: Distribution function

For heavy truncationo = 0.7) the expectation of equals 1.37. As a consequence we obtain a big
censoring rate as well. Nevertheless for a large data\set 200) the estimator is pretty close to the
true d.f.

Figure 2.8: Estimator of a d.f. fa¥ = 200 anda = 0.7
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Some problems occurs if we taRé =

‘
“‘ ‘ “‘ “‘

‘ ‘
0.0 I Ill ’ ““ “““‘ “‘
| \\\\

Figure 2.9: Estimator of a d.f. fa¥ = 50 anda = 0.7

This was expected, since for= 0.7 about 15 data are truncated, and of the remaining 35 datat abo
one half were additionally censored.
But if we take a more realistic case, 10% truncation, whiaidg an expectation of being equal

to 5.3, we get a much better approximation of our distribufionction already for a small data set
(N = 50).

Figure 2.10: Estimator of a d.f. fa¥ = 50 anda = 0.9
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Finally we make some simulations for strongly correlatethdilore precisely , we choose a correla-
tion equal 0.8, whild/; andU; have parameters equal to 4.5 and 5.4, respectively. Flign= 0.22
andEU, =~ 0.18. The true distribution function is as follows:

Figure 2.11: Distribution function

For a = 0.7, the expectation of the truncation varialifeequals 0.52. FoN = 50 we have the
following estimator:

=
Vi =
LT NN
S S o=s TR
Zaee s
,"'"‘,;.::'.'!A.“!!:: =150

Figure 2.12: Estimator of a d.f. fo¥ = 50 anda = 0.7
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If o« = 0.9, theZ expectation equals 2 and the results are much better.

1.0
0.8
0.6
0.4

0.2

0.0 “\“k‘
RSS!

< “\\““\:\:‘:‘::::‘

““‘ 0.4

Figure 2.13: Estimator of a d.f. fa¥ = 50 anda = 0.9

Figure 2.14: Estimator of a d.f. fa¥ = 200 anda = 0.9

In the simulations, we see that for different parametestrilmcation rate has a large influence on the
estimator. This is obvious if we recall that the truncati@niable” is, at the same time, a censoring
variable.
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The large influence of the truncation rdte- « we can see better when we construct confidence inter-
vals. We take, as in the beginning of this chapier, = \y, = 3. The correlation equals 0.5. The next
three figures show 95% confidence interval§lat ). This point was chosen, because, as we could see
in Figures 2.2, 2.5 and 2.6, first for large, y) with x, y > 0.5 occur some problems with estimation.
Figure 2.15 is an example of confidence intervalsifer 70% and 50 data.

95 % confidence intervals at (1,1)

2.0
1

15

0.5
1

0.0

0 10 20 30 40

N=50,a=0.7

Figure 2.15: Confidence Intervals fof = 50 anda = 0.7

In Figure 2.16 the intervals are smaller than in 2.15, sine¢ake twice as many datd/(= 100) data
with « still being equal 70%.

95 % confidence intervals at (1,1)

2.0

15

0.5

0.0

0 10 20 30 40

N=100,a=0.7

Figure 2.16: Confidence Intervals fof = 100 anda = 0.7
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If we take N = 50 and a largex equal to 90% ( only 10% truncation ) the confidence interveds a
much smaller than in Figure 2.15. This confirms the big infageof the truncation rate.

95 % confidence intervals at (1,1)

2.0

15

1.0

0.5

0.0

N=50,a=0.9

Figure 2.17: Confidence Intervals fof = 50 anda = 0.9

These confidence intervals are made for only 40 replicahodsdecause of that we can use them only
to say something about differences for differergt, and not about the quality of estimation.

2.3 Comparison betweer¥, (x,y) and the standard empirical es-
timator

In this section we compare our estimat@y(z, y) with the standard empirical estimatéf, (z,y),
defined as

1 n
- E :1{U i<x,Up; <y}
n 1:52,U2i Y
i=1

At first we compare the two empirical estimators in one p¢inty) with help of an estimated mean
squared error, defined as

MSE(F,(z,y)) = (Fo(z, )" = F(z,y))*

Ms

1
m
i=1

and estimated bias defined as

M(F,(z,y), F lz F(z,y),

3

wherem is the number of replications arfg,(z, y)*) estimated d.f. based on tith sample. Then we
will compare this two dimensional functions with help of {#o
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For the first comparison, we take, as in the beginning of thégpter\; = Ay = 1 andCorr(U;, Us) =
0.5. This yieldsU,, Uy ~ exp(3).

In the following table we provide the estimated MSE for= 1000, for differenta and sample size
N in point(z,y) = (0.5,0.5).

a | N=20| N=50| N=100| N =200
MSE(F,(0.5,0.5)) | 0.7| 0.0327 | 0.0080| 0.0050 | 0.0043
MSE(H,(0.5,0.5)) | 0.7| 0.0459 | 0.0170| 0.0210 | 0.0274
MSE(F,(0.5,0.5)) | 0.9| 0.0058 | 0.0044 | 0.0016 | 0.0007
MSE(H,(0.5,0.5)) | 0.9| 0.0030| 0.0089| 0.0058 | 0.0041
Table 2.1: estimated MSE
a | N=20| N=50| N =100 | N =200
M(F,(0.5,0.5), F(0.5,0.5)) | 0.7 | 0.1148 | 0.0518 | 0.0446 | 0.0127
M(H,(0.5,0.5), F(0.5,0.5)) | 0.7 | 0.2056 | 0.1797 | 0.1569 | 0.1527
M(F,(0.5,0.5), F(0.5,0.5)) | 0.9| -0.0381| 0.0522 | 0.0309 | 0.0157
M(H,(0.5,0.5), F(0.5,0.5)) | 0.9| 0.0126 | 0.0903| 0.0742 | 0.0623

Table 2.2: estimated bias

As we can see, both estimators are better for bigger sangalérsin 20, buf,, (x, y) gives much better
results (for MSE) thatt/,,(x, y), when the truncation is heavy. This was expected shiger, y) uses
the data as if they were complete ahid x, y) takes into consideration that we have lost information.
The differences can be seen even better in Figures 2.19a8®02.21.

Recall that the true d.f. is as follows:

0.0 oo

Figure 2.18: Distribution function
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Fora = 0.99 (almost no lost of information) antf = 50 the estimators looks similar.

Fa(x.y) Ha(x,y)

L5
se=aXOITN
SIS
B =N

=5

I;';‘: T
=0\
ARIIINEISSS
TSSO
—::.'/0“:.‘!:‘:322"(‘\

0.8

0.6
0.4
0.2

0.0

N=50,a=0.99 N=50,a=0.99

Figure 2.19: Two estimators fa¥ = 50 anda = 0.99

Fora = 0.7 and N = 100 we can already see some differences.

Fa(x.y) Ha(x.y)

N=100,a=0.7 N=100,a=0.7

Figure 2.20: Two estimators fg¥ = 100 anda = 0.7

But for very heavy truncatiom(= 0.6) and strong censorship, whéh= 200, the standard empirical
estimatorH,,(z, y) strongly overestimates the true di(z, y), while F,,(x, y) is almost perfect.
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Ha(x.y)

Fa(x.y)

0.0 0.0

N=200,a=0.6 N=200,a=0.6

Figure 2.21: Two estimators fa¥ = 200 anda = 0.6

For the more asymmetric case, when the correlation betweemd U, equals 0.1[/; ~ exp(1.7)
andU, ~ exp(0.5) , we chooséx, y) = (0.5,2) = (EU;, EU,) and get the following results:

a | N=20| N=50| N=100| N =200
MSE(F,(0.5,2)) | 0.6| 0.0656 | 0.0413| 0.0105 | 0.0061
MSE(H,(0.5,2)) | 0.6| 0.1987 | 0.1606 | 0.1427 | 0.1312
MSE(F,(0.5,2)) | 0.9| 0.0101| 0.0015| 0.0007 | 0.0006
MSE(H,(0.5,2)) | 0.9| 0.0177| 0.0102 | 0.0087 | 0.0048
Table 2.3: estimated MSE
a | N=20| N=50| N =100 | N =200
M(F,(0.5,2), F(0.5,2)) | 0.6| 0.0698 | -0.0647| 0.0623 | 0.0018
M(H,(0.5,2), F(0.5,2)) | 0.6 | 0.3524| 0.3349| 0.3967 | 0.3609
M(F,(0.5,2), F(0.5,2)) | 0.9| 0.2229 | -0.0371| -0.0273 | -0.0183
M(H,(0.5,2), F(0.5,2)) | 0.9| 0.2893| 0.0759| 0.0685 | 0.0675

Table 2.4: estimated bias

As before, for heavy truncatioi,, (x, y) is much better thai/, (z, y) already for small sample sizes.
This is a consequence not only of 40% truncation, but alsew$acring, so that, in the end, we observe
less than half of the complete data. On the other hand, whie 0.9, F),(z,y) is truly better than
H,(z,y) only for bigger sample size.

Finally, when we look at the tables , we can see that the ekult7, (z, y) are not changing too much
for N = 50,100, 200, while for our estimatorf;,(z,y), we get each time much better results. This
confirms the asymptotic results for this estimator.
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2.4 Estimation of correlation coefficients and expectatios

Since in this work we deal with estimators bf= [ odF for Borel functionsy, we are able not only
to compute estimators of a d.f. but also of the correlatiawbenU; andU,, EU; or EU,. As in the
last section, we will compare our estimator with a standangigcal estimator.

Recall

0;
A, (Uy; + 022') + B,,(Uy; + Uzi)’

1 — -
I - / odF, — EZ;w(UM,Um)

and set

1 — .
S, = / pdH, = ;SO(UM, ).

Let Corr, (L) be the estimated correlation coefficient abd/;) describe the estimated expectation
of U, by using the estimatak, whereL is I,, or S,,. For example

1 n
Sn(Uh) = - Zl Ui
and

) = % > i1 (Ui — Sn(Ul))(02i — Sn(ﬁg)) .
VES (U — Su(U))2E Y (T — S,(0))?

As in the last section/ SE is the estimator of the mean squared error, defined as

Corrp (S,

m

m(Corrn(L)) _ 1 Z(Corrn(L)(i) — Corr(Uy, U))?,
M
and

m

MSE(LU) = 72 3 (L0 — BU)*
As before we take; = A\, = 1, Corr(Uy, Us) = 0.5, whencd/y, U, ~ exp(3). Results forn = 1000
are in following tables:

a [N=20|N=50] N=100] N =200
MSE(Corr,(I,,)) | 0.7| 0.3054| 0.0996 | 0.0809 | 0.0298
MSE(Corr,(S,)) | 0.7] 0.2071] 0.0645| 0.0511 | 0.0189
MSE(Corr,(I,)) | 0.9] 0.0498| 0.0390| 0.0313 | 0.0040
MSE(Corra(S,)) | 0.9] 0.0376 | 0.0260| 0.0306 | 0.0044

Table 2.5: estimated MSE for correlations
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a |[N=20 N=50 | N=100] N =200
MSE(I,(U1)) | 0.7| 0.0281| 0.0155| 0.0081 | 0.0051
MSE(S,(Uy)) | 0.7 0.0172 | 0.0130| 0.0105 | 0.0089
MSE(I,(Us)) | 0.7] 0.0520| 0.0257 | 0.0098 | 0.0045
MSE(S,(U,)) | 0.7 ] 0.0219 | 0.0129| 0.0135 | 0.0156
MSE(I,(U4)) | 0.9] 0.0042| 0.0039| 0.0013 | 0.0008
MSE(S,(Uy)) | 0.9 0.0032| 0.0048| 0.0021 | 0.0023
MSE(I,(Us)) | 0.9] 0.0058| 0.0064| 0.0012 | 0.0014
MSE(S,(U,)) | 0.9 0.0090 | 0.0010| 0.0023 | 0.0049

Table 2.6: estimated MSE for expectations

Unfortunatelyl,, seems to give better results only foy(U;). Because of that we compare the two
estimators with the estimated bias as well. Recall

N
M(B,,B):=—)Y BY_B
(B B)i= 23 BY B
wherem is a number of replicationﬂiﬁf) is the value of estimator computed for tlte sample, and
B is the true value.
Form = 1000 we have the following results for the correlation coeffitiand expectations:

o [ N=20[N=50N=100] N =200
M(Corr,(I,),Corr(Uy,Uy)) | 0.7] -0.3540] -0.1525] -0.0911 [ 0.0071
M(Corr,(S,), Corr(Uy,Us)) | 0.7] -0.3387] -0.2025| -0.1858 | -0.1070
M(Corr,(I,),Corr(Uy,Us)) | 0.9 0.1983 -0.0898] -0.0963 | -0.0076
M(Corr,(S,), Corr(Uy,Us)) | 0.9] 0.1583 | -0.1012| -0.1415 | -0.0431
Table 2.7: estimated bias for correlations
o [ N=20[N=50N=100] N =200
M(I,(Uy), EUy) | 0.7] -0.0507| -0.0241| -0.0092 | -0.0068
M(S,(U), EUy) | 0.7] -0.1249] -0.1113| -0.1010 | -0.0872
M(I,,(U,), EU) | 0.7] -0.0705| 0.0174| 0.0061 | -0.0033
M(S,,(U,), EUy) | 0.7 -0.1437| -0.1100| -0.1146 | -0.1262
M(I,(Uy), EUy) | 0.9] -0.0171| -0.0463| -0.0094 | -0.0037
M(S,(Uy),EU,) | 0.9] -0.0477| -0.0675| -0.0437 | -0.0296
M(I,(U,), EU,) | 0.9 -0.0572| 0.0398| -0.0002 | 0.0006
M(S,,(Uy), EU) | 0.9 -0.0914| -0.0150| -0.0452 | -0.0384

Table 2.8: estimated bias for expectations

The last two tables show that our estimator is better, andeedise positive effect for heavy truncation
as well. Besides, we can see that by estimation of expenta#b results for standard estimator are
negative. This is the result of, already mentioned, ovanedion of a d.f..
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Chapter 3

Proofs

The objective of this Chapter is to prove Theorem 1.1.

First recall that

o= [ :
R x1,T
A Ap(z1 + 22) + Bp(1 + 72)
N 5;
= —ZSO(UmUzi) = 7N
n= An (Ui + Uy) + By (U + Usy)

Hzln(dl’l, dl’g)

where
_1 zn: Lz}, (3.1)
n =1
Ba() = [ N Gy
= —Zl{m}l ) (3.2)
and

5 — | 1, if Uy isuncensored
i = Yotz = 0, otherwise

To analyzel, it will be important to find a proper decomposition into leaglterms and remainders.
For this, write

1 1 1
I, = — dH} —— _dH!
" /SO[AHHBH A+B} 2”/ PAL B
1 1 1
= — _dH! — dH) — dH}
/¢A+Bd 2"+/¢{An+Bn A+B}( 2n 2)

1 1 .
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say. The ternTy,, is already a sum of i.i.d. random variables. AdipandIs,, note that

IO | N A+ B-— A, - B,
A,+B, A+B (A+B)(A,+B,)
whence
B (A+ B— A, — B,)? . )
b, = /‘P (A+ B)2(A, + B,) (dHy, — dH,)
A+B—- A, - B,
+/<p (A7 D) (dH,, — dH}) = Ji, + Jon (3.4)
and
B (A+ B—A,—B,)?* .,
R R v e A
A+B—-A, - B,
+ [ ) = T+ i (3.5)
Clearly,

Jin + J3n dH,, .

(A+ B — A, — B,)?
/@ (A+ B)2(A, + By)

This term will turn out to be negligible, as will also be theseawith J,,,. The termJ,, in addition to
I, is the only quantity which will contribute to the leading paf ,,.

Before we come to details, we represéhtin a way which is more convenient for the analysis of
A+ B — A, — B,. For this, write

B(z) — By() :/ 1_F1dG*—/ 1_F1"dG;:
[z.,00) [,00)

Fl z,00 Fln
1—-F Fi, — Fy
= dG™ — dG;, +/ ——dG.
/[5‘3700) I [ ] [x,00) Fi Py,
Since
1 F - Fi,
Fln B Fl FlFln ’
we obtain

Fln_Fl (Fln_F1)2
B(z) — Bo(z) — / Fin = 1 g / Gin = B0 o
[z,00) F12 [x,00) F12Fln

1
+ — 1) G —da
/[;,00) (Fl ) [ ]
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A(z) + B(z) — A, (z) — By(z) = /[ | 1{dG* — dG7] + B(z) — B, ()

1 Fln_Fl (Fln_F1)2
— —[dG* — dG* — _ dG* — 2 dG*. 3.6
/[x - Fl[ G* —dG7) + /[ T G /[ PR, G (3.6)

In the following we discuss and derive some fundamentalgntogs of the Lynden-Bell estimatai,,.

A basic role in the analysis df;,, will be played by the process

1 n
Hy(t) = - ; Lg<vi<zy-
This process is adapted to the decreasing filtration

G(t) =0c({Un <s<Z;},{s<U; <Z}:t<s,1<i<n)

and has left-continuous sample paths. In the following lemve derive the Doob-Meyer decompo-
sition of H! in reverse time. For this we have to assume thand ; have no jumps in common.
Otherwise, separate discontinuities are allowed.

Lemma 3.1. The procesg/! has (in reverse time) the innovation martingale

M, (1) = H\(t) - /[ o

where as in section 1.2

1 n
Cnlu) = —~ ; Ly <uszy-
Remark 3.1. The functionC,,(u) is an unbiased estimator of the function

Clu)=PU, <u<Z|U < Z)=a "Fi(u)(1—-Gu)), (3.7)

which plays a key role in the analysis Bf. Note that”', is neither right nor left-continuous. Because
of that, in the compensator df}, we will obtainC,,(u") which is the right-continuous and hence
predictable version of’,.

Proof of Lemma 3.1.Because of independence it suffices to consider the case n=1.
Fix t < oo and consider a finite grid

t=tma1 <Tpm <Tpmo1 < ... <t <00 =1y

We then have

1{tkSU1SZ} = 1{tk71§U1SZ} + l{tkSUl<tk—1§Z} + 1{tk§U1SZ<tk71}'

The first indicator is measurable w.i¢t (¢, _1). As to the second, we have
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]P)(tk <Up <tp1 < Z)
]P(Ul <tp1 < Z)

E(ly,<vi<ty<zy1G1(te-1)) = L <t <23

The last equality follows from the fact that the process ¢éiiest is Markovian and at timg_, the
o-field is generated by the partition

{Uh <tp 1 <Z} Atk <UL < Z} U, < Z < ty1},{U1 > Z}.

For the third summand we obtain

P(t, <Uy < Z < tg_1)
]P)(Ul <Z< tk—l)

Bl <tn<z<n13191(t-1)) = Lin<z<i,_y)

Altogether we obtain

P(tk <U; <t < Z)
]P)(Ul <tp1 < Z)
P(ty, <Uy < Z < ty_q)
P(U, < Z < ty_q)

E(lg<v<23|G1(tk-1)) = L <<z + Ln<y_,<2)

+ 1{U1§Z<tk—1}

In the Doob-Meyer decomposition in discrete time the mggila part\/, (¢,) satisfies the recursion

Mi(ty) = Mi(ti-1) + L<on<zy — E(lg<ui< 23|91 (t-1)) = Mi(te—1) + Lp<vn<zy — Lo, <oi<zy
Pty < Uy <txy1 < Z) P(t, <Uy < Z < tg_1)
— i<z« 1y
]P)(Ul <tp1 < Z) ]P(Ul <Z< tk—l)

— Lvi<t)_1<2y

By induction we obtain

k—1 k—1
P(t 1§U1<t§Z)
Mi(te) =) (Mi(tjsn) = Mi(t) = lpp<vicsy — Y i, <2) g(Ul <1 <]Z)
7=0 7=0 )=

_%1 P(t; 1 <UL < Z < t})
=2<t} TTp(U, < Z < 1)
j:O

Settingk = m + 1 we gett, = t. Since

' Pltjn < <t; <2) _ M(ty) — Fi(t;,)
U<=ATRU, <1, < 2) W= R )

the first sum converges, as the partitions get finer and fimer, t

Uh<u<Z) o -
[t,00) {hsus }Fl(u)
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The second sum converges to zero, at least vthand F; have no jumps in common.

Conclude that in continuous time and for= 1

Fi(du)
M t :1 1 _/ 1 1<u TN 0
1(t) = Lg<ri<zy ooy D R ()

as desired.

Next, recall

and, see (1.7),

Pro(t) =11+ Aufw}] = ] [1 - m} .

y>t Uypi>t

It is easy to see thdf),, satisfies the integral equation

_ /(t Funly)Auldy) =1~ o),

Our next goal will be to find proper upper and lower boundsHgy/ F;.
For this define\, through

~

Ao(dt) - ]-{C'n(t+)>0}A(dt)a

and let

Fo(t) o= [T [1+ Aofs}] e 0,

s>t
the pertaining d.f. We are going to show that the process
{1 Fi.(t7)
Fo(t)
is a martingale in reverse time. For this the following lemmithbe helpful.

Lemma 3.2(Gill). Let A and B be two nonincreasing, left-continuous functions satigfyi

A{z} > —1 and B{z} > —1 forall z € R.
The function
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Hszt(l + A{s})exp(—A°(t))

Z(t)=1- [1,5:(1 4 B{s})eaxp(—Be(t))

satisfies the integral equation

1—Z(sT) B .
/[t’oo) TB{S}(B(CZS) A(ds)) = Z(t).

In our applicationA(¢) and B(t) are the left-continuous cumulative hazard functiong f and 4,
respectively.

Lemma 3.3. We have that the process

Fi.(t7)
Fo(t)
is a martingale in reverse time w.r@,, (¢).
Proof.
Since
1— Fln(t_) 1 _ HsEt(l + An{S})
Fy(t) [T, (14 Ap{s})e 260"
according to Lemma 3.2, the process
(1) = 1 Lol
Fy(t)
satisfies the integral equation
_ + -
Z(t) = — / L= 2G0Ty tds) — Ao(ds)] . (3.9)
[t,00) 1+ AQ{S}

Next we will write Z(t) as a stochastic integral w.r.t. the martingslg. From Lemma 3.1 we obtain
that the differential of\/,, satisfies the equation

C+
dM, = dH} + —2dF.
Fy
Onthe sefs: C,(s*) > 0} we have

dM, dH}! N dFy
cr  CoF R
since the functiorH! has jumps of size-1/n at theUy; and, becausé’ and G have no jumps in

common, the functiorC,, satisfiesC,,(U}%) = C,(Uy;). Since on the support off! the function
C,(sT) is positive, we obtain

= dA, — dA,

1 -
{%’?0} AM, = dAn = 1ot gydD = dA, — dhy.
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Therefore, by (3.9), we get

Fln(t_) . Fln(S) I{Cn(s+)>0} )
Fo(t™) —1+/[too) T ho(s)E(s) Cls) dM,(s).

Furthermore,M,, is a martingale in reverse time and the function under thegnal is predictable.
Hence the procesg,,, (t~)/L,(t~) is a reverse martingale.

X
To proceed with the properties of the above process, we mewdrk with a stopped martingale. For
this, in the next Lemmas, we will study a special tii@nd prove that it is a stopping time.

Lemma 3.4. Set

T =sup{t <maxZ; : C,(t7) = 0}.

Then we have

1
T = max {UM . Cn<Uf;) = E}

Proof.

Lett < max Z; be chosen so that,(t*) = 0. Thenlyy,,<;<zy = 0fori = 1,...,n. Sincet <
max Z;, there existd/;; such that/;; > t. For the smallest among such;’s we haveCn(Uf;) = %
and thereford’ < max{Uy; : C,,(U};) = 1.

On the other hand, léf;; be the maximum of thé’s such thatC,,(U};) = 1. ThenC,(t7) = 0 for
everyt € [a, Uy;), wherea is the largest oZ;’s, which are smaller thafy;;, if such exist or—oo if
not. The supremum of sucts equalsl/;;. This meand’ = U;; and the proof is complete.

X

Lemma 3.5. For all t we have

(T >t} = J{Uu > t. 1w, cvn2zy = 0. = L .on} =t | Ai(t)

i=1 =1

Proof.
According to Lemma 3.4 we ha€ = max {Uy; : C,,(U;;) = £ }. Since by assumption thé's and
the Z’s have no jumps in common, we get

1 < 11 11
Cn(Ur) = n Z L <tni<zyy = n + n Z L <tni<z;y = n + n Z Loy <vni<z;y-
j=1 j#i j=1

Hence

T = max {Uy; : 1{v,;<0,,<z,) = 0foreveryj =1,....,n}.

To prove the lemma we take € {T" > t}. Then there exists at least obg; > t (e.g. Uy; = T)
so thatlyy,,<u,,<z,; = 0 foreveryj = 1,....,n. Hencew € A;(t) and thereforev € |J;_; A;(¢). To
complete the proof we take € | J;_, A;(¢). This means there existso thatv € A;(t). Hence there
existsUy; > ¢ such thatl(y,, <p,,<z,; = 0 for everyj = 1,...,n. SinceT is the maximum of such
Uy's, T'(w) > t.

X

33



Lemma 3.6. The r.v.T is a stopping time w.r.t.

Gn(t) =o({U; <s < Zj} {s < Uy < Zj}:t<s,1<j<n)

Proof.
Assume w.l.0.g. that all r.v.’s are non-negative and set

m) _ N~k
Uli _ Z om 1{27n <U1L< om }

k>0

and

T = max{Ul(Zm) .1 = 0 for everyj = 1, ,n} :

(U <U{M <25}

As before,

(T > ¢} = U{Uh > 1y o J}:0,j:1,...,n} =A™ )
i=1

Fort € (&, £t we have

k+1 k+1
U 2 1) = (U > 2} € Gu(or)

and
m E+1 m l
{Ul(i ) Zt}:{Ul(i > }= U {Ul(z ):_}

Furthermore, for € (£, £t1], we have

m l m l
{Uy; <UY < 230 {uf” =13 = <{U1j<2_m§Zj}m{Ul(i):2_m}>'
I>h41

Since, according to the definition 6f,(¢),

[ l
{Uy; < om < Z;} e Qn(Q—m)

we get

m kE+1
{Uy <O < Z3 (U 2 1} € Gul5).

Altogether, forevery = 1,...,n,k > 0 andt € (2m, ';21] we have

k+1
A (1) :{U( ' >¢1 =0,j=1,---7n} G J:n )

P UL <UM <75}

Hence, sincg,(¢) is decreasing, we have

(0 > 1y = J A" () € 65500 € 6ulh)
i=1
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Conclude thai’™™ is a stopping time. Furthermore, we have

{Uﬁ”) Ly cptm g,y = O foreveryj =1, ,n} = {Uﬁ”) Uy, > U™ oru™ > Z; for everyj = 1, ,n}
SinceU"™ < Uy, < UM + 5 U™ > Z, yields thatl;; > Z;. Furthermore, since we assumed
Uyj # Uy fori # j, there exists\/ = M (n,w) such that for everyn > M, |U,; — Uy;| > 5. Hence

277L
from Uy; > Ul(;”) we obtainl;; > Uy, for everyj # i. SinceUl(;”) < Uy;, we get

T (w) = max {Uﬁ”) Uy, > U™ oru™ > Z; for everyj = 1, ,n}

1<i<n

< max {Uﬂ”) :Uyy > Uy orUy, > Z; foreveryj =1, ,n}

— 1<i<n

< max {Uy; : Uy; > Uy 0rUy; > Z; foreveryj =1, ...,n} =T (w), form > M.

On the other hand, sind_él(?"b) < Uy, fromUy; > Uy; we obtainUy; > Ulzn). Furthermore, since we
assumed’; # Uy, fori # j, there exists/; = M, (n,w) such thatforeveryn > M, | Z;—Uy| > .

Hence fromly; > Z; it follows thatU[” > Z;. So,

max {Ul(;”) :Uy; > Uy orUy; > Z; foreveryj =1, ,n}

1<i<n

< max {Ul(;”) Uy > U™ or U > Z; foreveryj = 1, ,n} =T"\(w), form > M.

T 1<i<n

SinceUy; < U™ + e

T(w)—=— = max {Uy;:Uy; > Uy orUy; > Z; foreveryj =1,...,n}

2m 1<i<n

< max {Uﬁ”) Uy, > U™ oru™ > Z; for everyj = 1, ,n} =T (w), form > M;.
For eache setM, = logy(1/¢), so that for everyn > M, we havezim <e.

Finally Vv € Q andVe > 0 3M (= maz(M, M;, Ms)) so that¥m > M we obtain|7(™ — T| < ¢,
HenceT™ — T andT is, as a limit of stopping times, a stopping time as well.

X
Now, set
ap, = inf {t: Fy(t) > 0}
and recall
_ . +) —
T =sup{t < max Z;: Cp(t™) =0}
Since

A Fl(ds) > _Fl(dS)

Ao(ds) = 1{Cn(s+)>0}A(dS) = —1{Cn(5+)>()} Fl(s) = Fl(s) = A(ds)
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we have

Fo(t) — ef[t,oo)j\o(ds) > Jit00) AMds) _ Fi(1).

Hencea; < ap, andbg < br,. Together withar, < min(Uy;) < T we obtainfy (¢t vV T) > 0 for
everyt > ag,.
Furthermore, according to Lemmas 3.4 and 3.6 a stopping time w.r.tg, (¢). Set

Z@y:1—ZQVTy:%§£%§%

Then the procesg(t) is, according to Lemma 3.3, a martingale in reverse time fora, .
Therefore an application of Doob’s maximal inequality gefor everyar, < sand anyc > 0:

. EZ EZ(b 1
P (supZ(t) > c) < (s) = () < -.
s<t C C C
Lettings | ar, Wwe get
F; T 1
P sup FnltVIT) < - (3.10)
ap <t<oo Fy(tVT7) c

In the next lemma we show that we may repldgeby the originalF .

Lemma 3.7. Asn — oo, we have

Proof. We shall bound the ratio separately in three different negjio
o Forap <t < 12113 Ui, we haveC,(t7) = 0 = Fy,,(t7) so that the ratio vanishes there.
e For lrg,i<n U, <t < max Z; = Ty, we have that, ifC,(t7) = 0 for at least one €

[min U, max 7,), there exists at least one pdir’;;, Z;) such thatt < Uy; < Z;. Since

by continuity we may assume théi; # U,; for i # j, then for the smallest amorig;’s with
t < Uy < Z;, we havenC,,(Uy;) = 1 and therefore

Pot) =] {1 - m] =0.

Ui >t

By monotonicity,F,,(s~) = 0 for all s < ¢t. Hence, recalling
— . +) —
T =sup{t < max Z;i: Cp(tT) = 0},
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we havefy,(s~) = 0 for all s < T'. Hence the ratio vanishes there.
Since

. [ A(dt), forte[T,T))
A“ﬁ)_{o, fort > T ’

we have fors € [T',T7)

Fo(S) _ 6—A0(8) _ 6f[s,oo) Ao (dt) _ 6f[S,T1)A(dt) _ 6A(T1)6—A(s) _ 6A(T1)Fvl(8)

and therefore

Fln(s_) _ eA(Tl)Fln(S_) _ eA(Tl)Fln(S \/T_) _ 1 Z(S)
Fi(s™) Fy(s™) Fy(svT-)  Fi((max Z;)") .

1<i<n

SjnceZ(g) is, according to (3.10), bounded in probability o0 ar, andT’ > ar,, we get that
Z(s) is bounded in probability om > T. Furthermoreirga%x Z; T bg- and F (b, ) > 0. Con-

clude thatFl‘l((lrg;ix Z;)”) is bounded in probability. In conclusion the rafig,(s~)/Fi(s™)
it bounded in probability os € (T, 73].

e For max Z; < twe haveC, (t") = 0 andFy,(t7) = 1. Hence

As beforelrg,a<x Z; 1 b= and Fy(bg.) > 0. This completes the proof of the lemma.

X
To prove the main result of our work (Theorem 1.1) we also rteestudy the ratiaF; / Fy,,. For this
it will turn out that the process

o P = Gu(t7))
a(t) == X0

(3.11)

plays a crucial role. Due to

A - G({))

="

a,

it is likely that alsoa(t) is the same for all. This problem has been studied in detail in He and Yang
(1998). Below we give a quick and straightforward proof adithmain result.
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Lemma 3.8. On the set

T <t < max Z;,
1<i<n

we have that

a(t) = & is a strictly positive constant.
Proof. SincefF},,, G,, andC,, are constant between two successive détg, C',, are right-continuous
atU,; andG,, C,, are left-continuous af;, it remains to show that

A . YW 2T
CA[(Ul_J) :1:Of( /) forall 1< j <n.
a(Ulj) a(Z;)
As to the first equation, we have
I co
@(Ulj) . U1i>Usj nCn(UM) Cn<U1_j) o Cn<Ulj) B % 1 =1
@(Ug) Cn(U1j> H [1 _ 1 :| Cn<U13) 1 - TLCn:(LUlj)
U1i>Uy; ncn(Ulz)
Similarly, we obtain
|5
d(Z;r) 757 nCn(Zi) Cn(Z;) — (- 1 ) Cn(Z; —1
a(Z)) Cu(Z) 11 { 1 } nCn(Z;)" Co(Z;) — 1
Az, nCy(Z;)

Finally Fy,,(t) andG,, are positive fort € [T, max(Z;)]. This completes the proof of the lemma.
X

Lemma 3.9. Set

1
Qé”) ={weQ:C,(Uy;) = — foratleast onel;; > 1r<11i£1 Ui} (3.12)
n SJsn
Then
P(QM) — 0, asn — oo. (3.13)
. Z[nm} be the

Proof.
Let Ui, < Urain < ... < Upn:n b€ the order statistics of thé;’s and letZ),.,,), Zj.),

concomitants paired with the;;.,,’'s. Since

—_

1{U1i:n§Z[k:n]} + 1

n
nCn(Ulln) = : :l{Ulk:nSUli:nSZ[k:n]} =
1

k=1

B
Il
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we have that

i—1

{nCpo(Urin) = 1} = [ {Zjten) < Utizn}- (3.14)

k=1
Furthermore,

Mey) = PO <oz <yt <2)=a”" | (Gl) — G gen Fi(d2)

/Ox G(f__) (_;g_(;_) lysaa (1= G(27))F(dz) = /0 ) G%’ __) 5 g_(; ) Ly Fr(d2).

Then, according to Lemma 2.1 in Stute and Wang (1993),

P(Ziin) < Y|Uthin = 2) = P(Z1 < y|Un1 = 2) = K(2,9),
where
Gly) — G,
1—G(z) {y>2}-
Furthermore, theZ|;,.,; are conditionally independent, givéR.,,, ..., Uip.n.
Hence, by (3.14),

K(z,y) =

i—1 i—1 _ _
GWU;,.)—G(U;,.
]P)(ncn(Ulzn) - 1|U11:n7 ceey Uln:n) - H]P)(Z[kn} < Uli:n|U11:n7 sy Uln:n) - H ( lll_n)G(U_( )lkn)
k=1 k=1 1kn
k=1 1—- G(Ul_kn)
Conclude that
i—1 _
|- QU
P(nC,(Uyn) =1) = E {1 — —1_“] . (3.15)
1 H 1 - G(Uy.,)

Moreover, note that/;.,,, ..., Uy;—1., givenUy,.,, = z are, in distribution, equal to73,., 1, ..., Us;_1.,_1»
where
I (z)
P(U; <z|U) £ Z) = =—ZLlreay.
Therefore

£(I0[1- =g =) - 2 (T - g

(-5 ) (-2
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where

R(z)(1 - G(T))

1) = T = G Rl

By (3.15),

P(ncn(Ulzn) = 1) = E(l - Q(Uli:n))i_l' (316)

SinceP(nC,(Ur1.,) = 1) = 1, we get

PHnC(Urin) = 11) < 3 PCu(Uin) = 1) = 3 P(Co(Usin) = 1) — 1

i=2 =1

= ZH:E(l - Q(Uli;n))i_l —1= ZE(l _ q(Uli))Ri_l 1

i=1

= nE(l — q(Ull))Rl_l — ]_,

whereR; — 1 = Z?:l 1{U1jSU11} —-1= Z;'L:2 1{U1jSU11}'
Finally, since

E((1-qUu)n YUy =2) = E <(1 — (U)Zi= M=o |y = z) _E <(1 _ q(z))Z}Lzl{UusZ})
= E[(1—q(x)wesa])" = [(1 - q(2)Ff(z) + 1 — F(2)]"
= [1—q(2)Fy ()",

we obtain

’I?,E(l - q(Ull))Rl_l —1 = nkE (E ((1 - q(Ull))R1_1|U11>) -1
= TLE [1 - q(Un)Fl*(UH)]n_l - 1

= / 1 — (o) Fy ()" F(dz) — 1.

To complete the proof we need to show that the right side goeerp, as. — oc.
For this we split the integral into three pieces. Sigp¢te) — 1 for z | ap,, we may find for a given
e €(0,1),azy > ap, suchthay(z) > 1 — e forall z < z,. Conclude that

n / U g E ) —1 < n / U (- F () F(d) - 1
e —1 €
1—-¢ 1—c¢

Y

< n/I[l—(l—E)u]"_ldu—lz —

which can be made arbitrarily small. The integma}[;1 [1 — q(2)Fr(2)]""" Fr(dz) converges to zero
geometrically fast for each < be. Just note that o(xy, z;) the product(z) (=) is bounded away
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from zero. Finally, onz,, bx,] we have, sincer(1 — u)"! < u=2 for each0 < u < 1 and every
n>1:

b s N R
”L “”@ﬂ@]f“wgllw@m@PSA FI1 - G )

SinceF; is bounded away from zero dmy, bp, | it follows from Al that the last integral can be made
arbitrarily small whenevet, is close enough tox, . This completes the proof.

X
We are now in a position to prove the following lemma.
Lemma 3.10. We have, as — oo,
Fi(t)
= Op(1
M B~ P
wherea,, = min Uy;.
1<i<n
Proof.
First of all we have the following equality:
Fi(t) (n) Fi(t) (n) Fi(t)
IP’(wEQ:su 2)\>:P(w€(l :su ZA>+P(wEQQ :su 2)\).
0, Fanlt) 0 B N L

According to Lemma 3.9

Hence

n Fi(t
P(wng):sup 50

> \) < POQ™) = 0.
anStFln(t) o )_ ( 0 )

It remains to show that

Fi(?)
P 0\ Q" . o>
(vearal S () — V)

goes to zero, a8 — co. Since on the seb \ Q(()") there are "no holes”, i.eq,, = T', from Lemma 3.8
we have

Fi(t)  a(t) Ct) 1—Gu(t7)
Fio(t)  a(t)Cu(t) 1 —G(t™)

(3.17)

foralla, <t < max Z;. SinceFy,(t) = 1 for all max Uy; < t, it suffices to study the ratio over
Sisn Stsn
a, <t < max U,;. Moreover, sincer,, is constant between two successive order statistics of the
<i<n
U’s and F; is nondecreasing and continuous, we get
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Fi(t) Fi(Uiin)
sup < max ————~—
an<t<maxji<i<n Ui Fln(t) 2<isn Fln(Ulz':n)

SetX; = —Uy; andY; = —Z; so that for the observedy;, Y;) we haveX; > Y;. From equation (3.1)
in Stute and Wang (2007) we have

Su C(XZ)
22 ()

SinceC'(X;) = C(Uy;) andC,(X;) = C,(Uy;) we get

= Op(1), asn — oc.

C(Uy)
= 1 . 3.18
183121% Cn(Uvs) Op(1), asn = co (3.18)

On the seﬂ\Q(()"), sincely;., # Usj., fOr i # j, we also have, (Uy;.,) > % fori =2,3,...,n. Then,
according to the definition of’,, C,,(Uy;.,,) > % with jumps atU;;’s being of size%. On the other
hand,C,(Uy;.,) = £ fori = 2,3, ..., n would mean that/., < T'= max {Uy; : C,,(U;;) = 1}. This
is a contradiction td@" = a,, = U;1., onQ\ Q(()").

This yields
_ 1 1
and therefore
C(Ulzn)
————— = 0p(1), as ) 3.19
From Lemma 3.7 we obtain that the ratio
i"(t_) is uniformly bounded in probability oh< max Uy; (3.20)
1-G(t) y P yon< max Us. .

Finally, for any\ > 0,

(n) . Fy(Uim) _ (n) . a C(Urin) 1 = Gn(Uy;,)
P(we\al s o g 2 0) =P (wem\ o BE S G 2 ),

The last probability is, however, less than or equal to
(n) . « C(Uli:n) . 11— Gn(Ul_i:n)
P(wEQ\QO .ngia;;dicn((]l_m)>\/x +P weg'gﬁgﬁ—l—G(Uﬂm) >V

(). O _ 1/ (n) | CUrin) _ 174
<P (wen\f S50 >+P<w€Q\QO e ey >
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By He and Yang (1998) we have — « asn — oo and therefore the first probability converges to
zero for\ > 1, asn — oo. From (3.19) and (3.20) conclude that the second and the: pinabability
can be made as small as possible by letiing oc. This completes the proof.

X

Lemma 3.11. We have

sup A(z) + B(x)

— 0s(1),
ap <x<cn An(x) + Bn(x) P( )

where

¢p = max (Uy; + UQZ)

1<i<n

Proof. We have

)+ Blo) ﬁm F&y G@y)  Juno %G*W

By Lemma 3.7, we have for an appropridte< oc:

Fln(y) %
< K forall ap, <
Fiy) ~ ned

with large probability for allz > 1. Conclude that

Next, fixap, < z. < bg. Forz < z. we have

f[m,oo) Fll(y) G <dy> f[aF1 Fl(y <dy>
1 * . .
Jwoo) Ry Oy f[xsoo o Gnldy)

The numerator equals ™' (1 — G(ar,)) < oo, while the denominator converges to

L 1t
/[1’5700)F1(y)G(dy)_1 G(z.) >0

Forx > x., we obtain

Jiooo F@ &Y _ F () (1= G*(a7))

f[x,oo) Fll(y) Gr(dy) 1—Gp(a7)
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This ratio, however, for: < max;<;<,(Uy; + Ugi), is again uniformly bounded in probability. See, for
example, Shorack and Wellner (1986), Chapter 10.3.

X
Our next goal will be to show that

B (A+B - A B)

is asymptotically negligible. To bound the numerator thikofeing expansion offy,, — Fi, which
corresponds to the expansion of the Lynden-Bell estimatdeft-truncated data, will be helpful.

Lemma 3.12.We have

Fiala) - =2 - rtp) - [ S r ) + Rue)
where
Ba0) = Lemalon ) - [ 2T
and

v(z) = exp {— /(Z’OO) Fé((ij) }

Furthermore,R,, () is a remainder of the orders(n~'/2). See Section A.3 of Appendix A for details.

Proof. According to Lemma A.22 in Appendix Af,(z) — Fi(z) is a sum of i.i.d. rv’s and a
remainder. Furthermore the leading term is a sum of fourficefts L,,;, L., L,3 andL,,, defined
in Section A.3. In particular,

_ () : B (z) Loy e (s
batlo = [ ZBE@) R - [ TS G i) - Fa)Fe)

_ CL 00— ““T()”” “(d2) ) (Fr.(dy) — Fi(dy))

y>z

*6

n(dy) — Fi(dy))

and

Lot L= = [ 200w, ).

The proof is complete.
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Remark 3.2. Since by (1.65’% dﬁl, v(z) = Fi(z) and ¥, (y) = —1gysa Fi ().

Lemma 3.13.We have

Proof.
Similar to Lemma 3.10, we split the probability of interastwo parts:

Cn(Urs) (n) Cn(Uy;) (n) n
P Q- A Qv A +P O\
(ven: s Gt > A) =Poe o sup it > A)+P(w € O\ sup

According to Lemma 3.9, for the first probability we have

P(QYY) — 0, asn — .

Hence

P Q(n) : n
(we ot R ST

By (3.11), for the second probability we have

P Q\ Q- :
(w €\ Q" : sup 12@15” a Fi(Uu) 1-G(Uy)

1<i<n C(Uli)

Fn(b z) 1-G, (U_-)
< 1/4 1 1 1/4 1i )
P<MGQ\Q &> ) IP)<W€S218<121<n Fl(Ulz) = ) P<WEQIS<1:£)7L 1 G((/l_z) g \/X)

>>\) :IP(weQ\Q(()")

Since the right side goes to zero, the proof is complete.

X
According to Lemma A.6, for givea > 0, there existK’ > 1 and sequences, andb,,, so that the
event

A C(U ) } (n)
00 — < K, Upin > ny Zon < by & Q™)
" {ls<lzl£)n C (Ulz) H ¢ !

whereQ(" =Q\ Qg" , has probability larger than or equalte- 4¢. Furthermore, by Lemmas 3.11,
3.7 and 3.10, for given > 0, there exist., > 1, K > 1 andK; > 1 so that the event

~ A(x) + B(x) Fi.(t7) _ - Fi(t) ~
Q3 = su <L, su < K, su <K
" {p A@0) +Bal) = e i) T 0w Pt~

has probability larger than or equalte-3¢. Altogether the everfe? := Q2 NQ{™ NQ3 has probability
exceeding — 7e.

Now we are in the position to prove that, + .J3,, is a remainder. In the next lemma we consider part
of this term, and show that it is of the ordemn—'/2).
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Lemma 3.14. Under A1-A3, on the sét’,

(U, Uz) 0 [ /°° Fi,— F r
— -~ dG* 3.22
\/_ Z { A + B (Ulz + U2z) Usi+Us; Fl2 o ( )

goes to zero in probability.

Proof. W.l.o.g. we may assume that> 0. On the seleL we may restrict integration w.r.iG>, to
(=00, b,). Therefore

_ U i U 2)51 (Fln(Z) - F1<Z))2
22 < 5/2 1i, V2 1 3 j j P
as Z; At BY(Us+ O) 22200 F(Z) 829

Ulz U2z)5z |F1n(Z) - Fl(Z)|
+ n —5/2 5 Ji Ji 1 ‘ %
; ; k;” A+ B)3(Uy + U2i) F(Z)) {bn 222U Ui}

|F1n(Z) — F1(Zy))] )
Flz(Zk) {bn>Zp>2U1i+U2;}

(3.24)

As to (3.23), by Lemma 3.7 there exists some conskasb that on the s&@”

(Fin — F1)2(Z) 1 F2.(Z,) 2K? +2
FiZ) ) (2 2z 2) =Fz)

Hence

Ulz U2z)5z 2[~{2 + 2
(3.23) <n5/2 ’ 1 U AT

where the expectation of the right side is less than or egual t

“1/20( (72 o(71,72) o G(dx)
N2 +1)/(A+B)3(x1+x2) /+ Py M ds) (3.25)

Finally, sincedH) = (A + B)dF, dG* = a™'F;dG and1 — G~ = a(A + B), we get

As to (3.24), according to Lemma A.12, 6 c Q7

(Finy — PV (Zy) < kB2 o(Z) + M (U, Zi, Zy,),

where E,,_, is defined asF,, in Lemma A.6 but doesn’t contaifi’s and Z’s with index: and k.
Furthermorekg; is a constant. Hence
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- le (/22)62 1{b >, 2, >Ui+U }
3. 24 < 5/2 ! Rtk LT k E? Z + M, (Uy;, Z;, Z
( ! ;;Jf;j A+ B3 (Uy + Uy) FP(Z5)FE(Z) \/‘ 1Ena(Z1) (Ui, Zi, Z)|

\/Vﬁ n_o(Z;) + My (Uvi, Zi, Z5)|. (3.26)

Next we compute the expectation of the right side. SincdtseandZ’s are i.i.d., we get

SO(UH, (721)51 1{bn>Zg Z3>Ur1+Ua21}
(A + B)g(Ull + U21) F2(ZZ)F2 Z3

X\/|]{?1ETZL_2(23) + Mn(Ulla Zl, Zg)|) = E(E(|U11, 021, Zl))

E(326) < n1/2E< IR (Z2) + M, (Uns, 21, Z2)

IN

Ui, U )01 l{b >7Z9,23>U11+Ua1} -
n1/2E< (U, Un)or n=Z2 252 N (ke B2 (Z) + My (Un, Z1, Zo)|Uni, Ust, Z
LB 1T Ry (BB () + MU, 23 Z2)|Un Uar, 20)

. 1/2
E(klErzz—Z(Z?)) +MN(U117Z17Z3)|U117U21721)) ) (327)

According to A.15in Lemma A.6 and Lemma A.13

- V2 KoM () 1 MPK* , n
( (k\ 2<Zz>+M(Ull,zl,zz>|Un,U21,Zl>) s(kkl aa) Ly MOKT
ccio n (16
2 2 1/2 5/2 175/2
M°*K
><<1+7 (Un) 4 gUll) )) < yn- V2 <1+ 7(Un1) 7(Un1) )
C(Ull) nC (Un) C1Co2x w/ U11 \/_C U11
whereks is a constant. Hence
5 7 1 - 2
E(3.27) < —1/2k§]\24 K2E< SO(U11,U21)51~ {ImiZz,Zgzgn-i-Ugl} <1+ ~v(U11) N 1 ) )
cicsa (A+ B)3(Uyy + Uxn) Iy (Z2)FY(Z3) C(Uny) VnC(Uyy)

- MK p(21, 22) bn G*(dr) ?
<n PR 2/ : / YY) HY(dwy,d
ok Cﬁcgaz[ (A+ B)3(z1 + x2) ( ortay F2(2) 2(dz, do)

1t+a2

o[ an ([ )

o e sy U C;(<d>)) s )| 829

To show that the right side goes to zero we need to considethtee integrals separately. Since
dHy = (A+ B)dF,dG* = a”'FidG and1 — G~ = a(A + B), for the first integral we obtain

[ i ([ ) s, ae

o(21,79) a (1 -Gy +23))? / o(r1,72)
< _ .
B 2/ (A+ B)?*(z1 + x2) FP (1 4 22) Flda, dwy) =2 Fi(xy + atg)F(dxl’ daz)
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For the second integral we have

4/ (A +S0f§:>8§£§12 )+ ) 10:%%3) ( /:n sz((cf))y Hy (day, da»)

1+x2

= / (A +¢z§g)3§£12 )+ ) ffé?;ffg) < / b+ 22((0:;))2 H(day, das)

o(x1,T2)
- / Fi(z1 + 22)(A + B) (21 + xz)F(dxl’ day)

To bound the third integral in (3.28) we use assumption Afhc&i

1
(z,00)

1-G(z7) ~ -Gy) ~
we get
I 1= F(x) M1 —-G(x)) _ Ma(A+ B)
e R@ ST me . YT TR@ b
Therefore

4/ (A +¢£§§géfl za) (1 —gz:cl‘))2 (/:" %)QHg(dxhdxz)

1t+x2

o(xq, 19) a?(1 — Gz + x5))? _ (11, 29) F(dzy,dxs)
<uf AT B a0 Fotas) L dendr) - (AT B (as + a2) F(mr + 2)

o(x1, ) M?*c*(A+ B)*(z1 + )
<1 | e (e ) Pl

— ]2 2/ p(21, 2) F d / p(1, T9) Flde. d
M ] Bl v ) Y A B, £y )

Altogether, since by assumptions the integrals are boyndedet

MTK?® (1, T2) (1, 72)
3.28) < n % </7’Fd .d +/ ’ F(dzy,d
(328) < n" kg Flor o)) ) | e @ B ) )

+/( pla1, 25) F(dml,dxg)) 0.

Lemma 3.15. Under A1-A3, on the sét’,

n?[Jyn + Jsn] — 0, in probability.

. A - .
Proof. W.l.o.g. we may assume > 0. Since, by Lemma 3.1% < L, it suffices to show that

nl/2/(p[A+B_An_Bn]

2
1
TES (3.29)

48



Recall

(A, + B))(x) = /[ )%?ZZ;.

Then the integral in (3.29) can be bounded from above by

nl/zl Z @(Uli, U2Z>52 _ [A ‘l— B o An _ Bn]2(Ulz _I_ 027,)
n 1 (A—I—B)3(U1Z+U2Z)

2 — o(Uy; 02;‘)51' ~
<n1/2_§: ’ _— [A+B—A,_1 — By_11*(Uy; + Uy, 3.30
< - (A+B)3(U1i+U2,-)[ 1 17Uy %) ( )

- Usi Ly s om.
_'_n1/2g Z @ (Ui, Uy) _ % {ZZZ2U1'L+U22} ’ (3.31)
1 (A+ B)3(Uy; + Uy) 1 F1.(Z:)

where

~ 1 1 n—1 G:_(dz)
A1+ By U +U0) ==Y 1., o0 i = / L S
( 1 1)(Ur 2i) " %; {ZJ2U11+U21}F1H(Z].) n (Ui D 00) Fin(2)

As to (3.31), by definition of},, and sincd/;; < Z;, we have the following bound

_ (U, Uy;) Liz,<viy
(3.31) < n~°/2 S VN e st (3.32)
Z A+B (Ui + Us;) {Z,L>U12+Uzz}; an(Ufj)
By Lemma 3.10, there exisfs; so that
_ Uy, U -) 1{z <Ui}
3.32) < K¥p %2 ( 10 22 Z “ 3.33

Sincel;; is independent of th&; andU;’s for j # i, we have

SO(UM, 021)

E(3.33) =n"Y?K’E .
(A+ B)*(Uiy + Ua)

Lizi<v12) ~
1{Z12U11+l721}E [%N]lh U217 Zl

_ V22 e(Un, 021) 9 B [1{y<U12}}
! (A+ B)3(Uyy + Uy) e ™ | F2(Up)
- Uy, Usy) Fy(dz)
W2 R2E ¢(Ut1, Uy ] ~ / FY(
' (A+ B)3(Uyy + Uyn) =t (z1,00) FT(2 )
= 11 - G(z7))Fi(dz)
:n_l/sz/ pla1, 2) Liy>a1+4a / o Hs(dxy, dxg, d
YA+ BY (a4 w) T F2 (=) a(das, das, dy)

: 1
< —1/2K2/ o(w1,72) ~1(1 _ —yy Ly} g (334
<n V] G B )" (1—G(x + 2 ))7]?1( ) 3(dxy, dxs, dy). (3.34)
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Finally, sinceHs(zy, z2,y) = o™ [*! [72 (G Gy + y2))F(dyr, dya) if 1>z, 44,1 @and
a1 —-G(xy +x3)) = (A + B)(x1 + z2), we Obtaln

- -1 1
3.34) = n—1/2K2/ Pz, z)a W2nite) G dy) F(day, de
(3.34) V) (A4 B2(zy +22) Fi(y) (dy)F(dzy, dz2)

_ o —1/272 o1, 29) ! /OO G(dy)
R [ G L Ty )
1+x2

4 1
< —1/2K2/ SO(I’l,ZL'Q) - |
- 1 (A+B)(x1+l'2) F1(1’1+;L'2) (dl'l,de)

By assumption, the integral goes to zeronas> oc.

As to (3.30) recall (3.6). By repeated use(of+ b)? < 2(a? + b?), it remains to show that on the set
Qr,

n

1 < TS, 00 1 2
IR . LN [ / —(dG" — dG;:_l)} —0 (3.35)
n i=1 (A + B)g(Uli + U2z) U1Z+U2L Fl
n i 0o . 2
pelyn ) A Cld { / fn =1 dG:_l] 0 (3.36)
n i=1 (A + B)3(U1i + U2Z) Ui+ Us; Fl
and
n1/2l i SO(Uu‘, (7205@' _ {/OO (Fln - Fl)sz* r -0 (3.37)
n i=1 <A + B)3(Ull + U2Z) Ui+U02; F12F1n ol

For the proof of (3.36) see Lemma 3.14. Expression (3.353lequ

2
_ U17U1)52 1 (/OO {Z'>U1i+02i})
12 Li, U - L ggr - 1220l (3.38)

Note that

2
1 & {ZZU i+U2i}) S o G*(dy)
EL | = (/ —dG* — =T |Ui, Ugi p <
{ n ; Ui+ O F1 F(Z;) Uit O FE(Y)

UsingdG* = o' F1dG andA + B = o~ !(1 — G—) the expectation of (3.38) is bounded from above
by

S [* Gldy)
. < p-1/2 p(r1, T9)x / Y) 1
E(3 38) =" / (A + B)?’(xl + x2) r14x2 Fl(y> H2 <d$17 dm2)

< n—1/2/ p(1,22)
- (A4 B)?(x1 + xo) Fy (71 + x2)

—n_l/z/ Pl o) F(dzy,dzs).
(A4 B)(x1 + z2) Fi (1 + x2) (dz1, dz2)
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Since the integral is finite the last term goes to zero, as oo.

As to (3.37), we can restrict the integral w.t; to (—oo, b,). Then we can bound the term (3.37) in
probability from above by

n'? o(Uni, Uy )6 (Fin — F1)2(Z;) }
) 7 7 n 1 ‘ ‘ .
n? ZZ; ; ; A+ B)(Uy + Us) l F(Z;)) {on22y 2t Oae)

(Fln - Fl) (Zk) —5/2 Ulz> U2z)6z
X [ F13(Z ) 1{b7L>Zk>U1L+U2L =n ZZZ A + B Uli + UZ'L)

=1 j#i k;éz
l\Fln(Zj) — 1(Z))] [F1a(Z)) — F1(Z3)] }
Ff(zj) F12(Zk) {bn>2;,2,,>U1;+U2; }
[F1n(Z5) — Fi(Z)] [Fin(Zk) — F1(Zk)]
A7) F(Z0) (3.39)

By Lemma 3.7 there exists some constahtso that
Fi,(Z;5) <K
Fi(Z;)
whence
| F1n(Z;) — F1(Z5)] | Fin(Zk) — F1(Z0)]
Fi(Z;) F1(Z)

Hence the proof that (3.39) goes to zero is the same as thaiad)(if £ = j. In casek # j we refer
to (3.24) in Lemma 3.14. This completes the proof of the Lemma

< (K +1)2

X
In the next lemma we show that

A+B-A,—-B
= ——"(dH,, — dH,
J2n /()0 (A+B)2 ( 2n d 2)

is negligible.
Lemma 3.16. Under A1-A3, on the sét’,
n'/?Jy, — 0, in probability.

Proof. Similarly to Lemma 3.15 we writds,, as follows:

B A+B—A,_1— B,_1 1 1

- - Z>52 — / @('Tlulé)l Z;>x1+x
’ 2: 72 {Zi>x1+w2} 1
A+ B U H, (dxq, dx
( ( 1+ Uzi)Fln(Zi) (A + B)2(x1 + $2)F1n(Zi) 2( T 2)

= J2n + J2n

and assume, w.l.0.g., that> 0.
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As to J%,, we bound its absolute value from above by the sum of two terwsording to Lemma
3.10, there exist&; so that

- g Uy Uz)5z ‘P(x17$2)1{2~>x +a2}
nl/2| Jb < 32 eV, 2i +/ i >m1ta2 HYM(da,, dv
Pl 22:1: (A+ B)2(Uy; + Us) Fin(Z;) (A+ B)*(z1 + 22) F1n(Zs) 2 (da, do)

Cam e Usi Uz)5z ‘P(x17$2)1{2->x +z2}
< n32FK (Ui, Uni) +/ =AY (e da
= 1; ((A+B)2(U1z’ + U2i)F1(Zz') (A-l—B)?(J;l +SL’2)F1(Zi) 2( 1 2)

The expectation of the right hand side is bounded from abgve b

] 1
n V2R / P ) zeiasl g g da
L A B + By () W )

_1/2K QO(I’l, x2)1{?/21‘1+x2} % d d
o 1/ (A+ B)?(z1 + 22)Fi(y )G (dy)Hy(dxy, dxs)

_ > G(dy)
< n- V29K, / pl1, 29) / F(dz,,d
" A + B) ('rl + 1’2) xr1+x2 Fl(y) ( . $2)

< nV29F / p(1,72)
=N ! (A4 B)(x1 4 z2) Fi(x1 + x9)

and this, according to the finiteness of the integral, goeeto, as: — oo.

F(dl’l, dl’g)

As to Jg,, by (3.6), it suffices to show that on the $&f,

) > 1 * *
nl/? / @ jéj;éfl ~ / P —(dG* — dG_)(HL (dwy, dws) — HY(dzy, dvs)) — 0
Tr1+x2
(3.40)

T, R ST S
i / (A fé)zl @:f )+ 72) / %dGH(H;n(dxl, dzy) — Hy(dxy, dxa)) — 0
T1+x2

(3.41)

and

00 Foo—
n1/2/ ( e / MdG* 1(Hy,(dy, dvy) — Hy(dy, das)) — 0

A+B)2(l’1+1’2) 1429 FFln
(3.42)
As to (3.40), we will prove that
1
W/2E (1, 22) {y>z14x2} / s e Hl — H!
[ [ it e G (i) - G ) (o de) ~ (0 o)

goes to zero, as — oo.
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Set

@(l’ T y): @($1=x2>1{y2x1+x2}
b (A+ B)?(2v1 +22) Fi(y)

By Cauchy-Schwarz it is sufficient to prove

nkE {//@(xl,@,y)(G;_l(dy) — G*(dy))(H,,,(dxy, dzs) — H21<d$1,d1’2)):|2 — 0, (3.43)

asn — o0.
Now set

(w1, 20,8%y) 0 = Sa(xlvx%y)él_/@($17$27U)51G*(du)_/¢(Ul7v2ay)H2l(dU17dvz)
+//@(ULU%U)G*(dU)Hzl(dvl,dUQ).

Then to show (3.43), we have to prove that

n_3 Z Z Z Z E(QO*(UM’ UZ% 51'7 ZJ)¢*<U1/€7 02]67 5/67 Zl)) - 07
R

asn — o0.

Since thelU’s, ¢’s and Z’s are independent for different indicést j # k # [ and since the mean of
©* equals zero, the following term vanish.

n(n—1)(n —2)(n —3)

n A E(o* (U, 021,517Zz)SO*(U13>(~]23,53,Z4))
The terms
nn—1)(n—2 ~ -
n ( 71)4( )E(<P*(U11,U217517Z2)90*(U117U21,51723))-
and
nn—1)(n—2 ~ N
n ( 734( )E(SO*(UM,U21,51,Z2)<P*(U13>U23>53,Z2))

can be written as expectations of conditional expectatigingn (U, (721,61, Zy) and Z,, respec-
tively. It can be proved that these conditional expectatiequal zero.
To complete the proof of (3.40) it remains to show that

n T E[(¢*(Un, Ui, 61, Z2))?)

goes to zero. Since, by A {:g(lif)) < f[m 00) 1@2}_ < M < oo and hence%l = 1}?1 +1 <

M152= + 1, then, together witdG* = o' F1dG anddH, = (A + B)dF, we obtain
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~ 2 00 *
n ' El(¢* (U1, Un, 61, Z5))?] < 16n_1/ p (21, 25) / ﬁﬂgl(dm,dxz)

(A+ B) (x1 +x2) Sy 40, F?
2 -1
<16 —1/ 14 («Tl,l’g)a Fd ’d
= (A4 B)?(x1 + xo) Fy (71 + x2) (dzy, dzs)
2 2
< 16Mn~* > (21, 22)a F(dr.. d 1 —1/ ©*(x1, x2) Fldo. d
= 1oin (A4 B)(z1 + x9) Fi (1 + 22) (dz1, dwo) + 16n (A+ B)2(z1 + 29) (dxy, dxs),

which goes to zero, because the integrals are finite by aggsama@®\2 and A3.

Now we will deal with (3.41). Set

p(T1, T2)
(A+ B)2(z1 + 22)

(21, 2) =

Then the term in (3.41) equals

1 ¢ (Z')
n1/2g2< Ul“U2Z i Z 1 : 1{U1i+UziSZJ‘}
i=1 i
Fi,
_/ap(xl,:cg)n ]Z# n(Z; FI)Z(Z) 1(Z; )1{x1+x2<Z yH, (dml,d$2)) (3.44)

By Lemma 3.12,

Fiy(z) — Fi(z) = Lo(z) + Ry(2),

where

) Fitdy) - | Glo) = CW g () F(ay).

C(y) C2(y)

Since, according to definition df;,,, we have

rui) = T |- o] =, I |- ] = 7@

Uu>2; Un>Zj,l#j

we obtain

Fi(Z;) — Fi(Z;) = FL,(Z;) — Fu(Z;) = L ((Z)) + R \(Z)).

Hence
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+R 1(Z))
(344) = ( U127U22 5 Z ) 1{U1i+02i§Zj}
i=1 ]752
L}’ \(Z;) + R} (Z')
—/80(931,932)71; }2(2,) — 1{x1+x2<zj}H21(d931>d932)>
VED
L#J
— Z( UM,UQZ 5 Z {U1i+02iSZj}
=1

) 1 L7 (z.)
_/S0($1,ZL'2)E§ 7FEEZ-; 1{x1+x2<zj}H%(dx1,dx2))
i J

1< - 1R (7))
/22 T Y Yt 1Ny .
+n " 2_ ‘P(UIMU%)&n § ' FIZ(Z) 1{U1¢+U2¢§Zj}
R# (Z))
1/2 E / (1, x9)— n 2 FQ(Z) Lz 4an<z; }H (dxy, dzo)

Furthermore, sincé’ is continuous, we have thdt,(y) = —1,<,yFi(z). HenceVy (Uy;) = 0,
L, <y<z,3 ¥z, (y) = 0 and therefore

- ) -1 [ ra + 1 [Ty - L),

Hence we obtain

J

1/2 Z( UlZ’UZZ 6 Z ) {U1i+ff2i<ZJ‘}_/ 1’1,113'2 Z ;11; 1{x1+:c2<Z }H (dl’l,dl’g))

=1 j#i
n N o0 Ln x *
2 / H(z1,22) / () o () (L (i davy) — H (dy, i),

n—1 tay FE(2)

So, to prove (3.41), we have to show that the following term$ogzero in probability:

nl/2 S 1 > 1 VoY), o * " U (dor das) — HYdos . do
/90( 1, T2) /mﬂ2 2($)/ Cly) (F1.(dy) — FY(dy)) Gy _1(dx)(Hy, (dzy, dog) — Hy(dzy, ds))
(3.45)

22 | ol 2 = 1 Culy) — Cly) * D (HL (das . ds) — HY (des . do
ot [ s [ O N ) )G ) (s ) — Y )
(3.46)
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/2 >(Uy:. U n—1\“] ~

and

1~ R (%)) 1
> = e antan< 2,y Ha (divy, ). 3.48
/@(%Jz)n po Flz(Zj> {z1+z2<Z;} 2( T fz) ( )
At first we deal with (3.47). According to Lemma A.2B77 (Z;)| < |R??,(Z;)|. Since, on the set
Qr,
1 90<Ulz U2z ) |

3.47 1/2 7— E 1 a

( )< — F1(Uy + U22 tans2y=tnd
and

o(21,72)
/ (A+ B)(xy + x0) Fy (27 + x2)F(dx1, dzy) < 00

L Mﬁ/m@(mw:
n i=1 Fl(Ulz' + UQ,) Fl(l’l —+ ;1;'2)

it remains to show that

1 < |R77,(2)))
nt/2= ki St VAR an<Z:<bn :OP(1),
n; Fl(ZJ) {an<Zj<bn}

By Lemma A.22
. LE3M? 5 n . 2vVaM 1 n 2 BMa 1
ER,(t kio— —5——In*(— In(—)+1
Bat) < Yn 32 " (cloz)Jr n 1-G(t) (n(01a)+ ) n3? 1—G(t)
L 2M e
Vea/n
SinceR””, (.) doesn’t contairl’s and Z’s with index j, we get
~ E(R,(2)]1 7))
1/2 | 1 = E(E 7\ = E 1/21 n—1\%) J 1 ‘
< Z {an<Z]<bn}) ( (| J)) n n ]2 Fl(Z]) {anSZJSbn}
1 K3M3 * 2/aM 1/2 *
< k= hﬂ(i) Cldr) | 2o (zn(£>+1) / ¢ (dr)
Vvn cic @ Jia, b, F1(7) vn crov (anbn) Fi(z)y/1—G(z7)
8Ma G*(dx) N 2M G*(dx)

7 Sy F@T=GE) " Vea S F@)
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SincedG* = o' F1dG and by Remark A.2-In(1 — G(b,)) < In(Z), for everye > 0, the right side
is bounded from above by

2— JEE— RS [
F1o e T ca) n nca+\/@'

N o vn
Since the first three coefficients go to zeronas> oo and the last can be made as small as possible,
the proof of (3.47) is completed. As to (3.48), this is bouthftem above by

33 1/2
1 KMZ n 2\/0zM( n )+1) ln(n N SMa n 2M

/ R (7))
3.48) < W/MHl do- . d _E |71 .
( )<n Fo(or 1 29) (dxy, dxg) X R(Z) {an<Z;<bn}

which, like (3.47), goes to zero.
As to (3.45) we will show that

02 | Gl x = 1 VoY) o o () (HE (ds . das) — HA(des. do
Jetena) | s [ G ) — Fi )G ) (i o) — H e, )
(3.49)

wl [lotwnen [* g [ Fi )G ) = 6 )3, )
o (3.50)

and

' [|eten.a) / OO lex) / ‘w (Fy, (dy) = F (dy)(Giy(d2) — G (d) | F (d, )
(3.51)

go to zero in probability.
The term (3.49) equals

e / / S (w1, 22, y) (FY, (dy) = F (dy)) (3, (i, di) — Hj (day, )

where

S(x17$27y> @('Tlul?) /OO ! \Dx(y)G*(dl’)

Set

S*(x1,x9,0,y) = S(x1,22,y /S x1, Lo, V)0 FT (dv) /S Up, U, Y dul,du2)

n / / S(ur, s, v) Fi (dv) H (dus, dus).
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Then, by Cauchy-Schwarz, it remains to show that

_3 ZZ Z Z ES Ulza U227627 Ulj)S*(Ulk, ng,ék, Ull) — 0.

i=1 k=1 j=1
J#ijsﬁlk

Using similar arguments as for (3.40) we only have to proae th

n_lES*(U117ﬁ217517U12)2 (3.52)

goes to zero.
Since, by continuity of"}, v = F; and thereforel,(y) = —1;,~.3 Fi(x), we have

(3.52) Zn_lES*(U11,(~]21,51,U12)2:”_1E(E(S(U117021,U12)51—/S(Ull,ﬁm, v)01 FY (dv)
2 ~
—/S(Ul,UQ,Ulg)Hzl(dul,dUQ)+//S(ul,Ug,U)Ff(dU)H%(dul,dUQ)> |U11,U21,51>

) ~ o 1 Lysa Fi(2) 2 N
< 871_1E(@<U117 U21)51E< (/ F2(z) {UC'>(U}'12;( )G (dﬁ)) (w1 =Un, 20 = Um)))
1+ © 1

+24n71 / / <¢>(u1,u2) /u o:u Ffl(:):) 1{”35)1(3’)0*(@))2Ff(dv)H;(dul,dUQ)

z 2
<32n7* /@2(%,@)% (/ oz_ldG) Fi(dz)Hy (dxy, doy)

1+x2

: ‘2 > Fy(dz)
<ot [ plnmlaT 2 2/ W92) g d
>~ 3 n /(A_I_B)4(l.1 +x2)( G(.Il +.’172 )) — Flz(z) 2( X1, sz)
2
< 32 —1/ ©* (21, 2) Fday. d
< 32n (A + B)(z1 + x2) Fi (1 + x2) (dzy, dxs)

which goes to zero by finiteness of the integral.

As to (3.50), by Cauchy-Schwarz, we have to prove that

nl/2 / (21, 22) < [ / / Rl 1{”“*“}[? (dy)—Ff(dy)](G;;1(dx)—G*(dx))r>l/2H;(dxl,dx2)

goes to zero.

Set

‘le(y) 1{m2x1+x2}
F(x)C(y)

©1 (.CL’, y) =
and

58



o) =eilen) - [aoFid - [aene)+ [ [eeaoc @)

Then we have to prove

/2
n1/2/ oz, x0) ( <// (x,y)FT, dy)G*(dm)) ) Hy(dxy,dzy) — 0, asn — oo.

Similarly to the proof of (3.40) and by usin, (y) = —1,~.) F1 () the expectation equals

1 1 1 < dG [ dFy
< - _— .
ZZ Z Z E(o*(Zi,Uw)p (Z Un)) = n2 E (Zl’U12) - n F2($1 + ) /x Fy /:c 1-G-

i=1 j=1 k=1 1=1 1+T2 1t+x2
k#i,j k#1,j

Finally, since by Al,ﬁﬁx h_ < M < oo, we obtain

; < 4G (> dF, \'?
E(3.50)| Sn_l/z/w(/ da 71_) HM(dwy, ds)

Fl(xl + ‘T2) 142 Fy z1+T2 1-G
00 00 1/2
— -1/2 @(1'1,1'2) / @ dFl Fld d
n / (A4 B)(x1 4 z2) Fi (1 + x2) ( eives B Jorin, 1—G— (dxy, dzs)
- 1 -Gz +x3)
=Vl 1/2/ P o) v 2) P(day, das).  (3.53
<+vMn (A+ B) (w1 + 22)Fi(21 + 22) /B (@1 £ 20) (dzy,dzs).  (3.53)

Furthermore, by Al] — Fy(z) < M(1 — G(z7)), we have

1 _ 1 — Fi(z + 22) 1 Sj\/fl—G(xlexQ_) +1:Moz(A+B)(x1+m2) ey
Fl(l’l + 1’2) Fl(l’l + JJQ) Fl(l’l + JJQ) Fl(l’l + LL’Q)
Therefore
1/2
(3.53) < n_l/z/wﬂlf(dxl,dxg)%—n_l/z/ Pl T)a 73 F(dzy,dzs)
Fl (1’1 + ZL’Q) (A + B)1/2(l’1 + ZL’Q)Fl (1’1 + ZL’Q)
3 Ma _ (21, 22)
< 1/2/90($1,$2) F(da,. dzo) + 1/2/ P(T1, To Flde d
=" P2 + gy L (01 ) £ AT D)0 + 00 Fo(my + o) (012 d22),

which again goes to zero.

As to (3.51), we can bound it from above by

350 < 0 [lotmnen) [~ s [ ) - Frd) G (d) = 67 (o) |} o )

1+z2

-1/2 [ | 1 WUn) . \ .
o / 72 /+ () C(O) () = O (d0)| iz (i, dz)
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The first coefficient is dealt with in the same way as (3.50e @kpectation of the second is bounded
from above by

() oo 1/2
~1 (21, 22) / dG dFy
e F(dxy,d
" / (A + B)(xl + l‘z)Fl(ZL'l + 1‘2) ( T14+22 Fl 1422 1-G- ( o xZ)’

which goes to zero.

(3.46) is dealt with similarly to (3.45). We bound its abdelualue as follows:

o C(y) — C(y) . ) ) 1
/WQ F2(x) / ) W, (y) Fy(dy)(G_y(dx) — G (dm))‘Hzn(d:cl,d@) (3.54)

n1/2/¢($1,x2)
[ gt [ OO 0/ Cnugiy?(y)‘Ifx<y>Ff<dy><G;<dx>—G*(dw))\H&(dm,dm (3.55)

R > 1 Caly) — Cly) * * 1 1
[t [ s [ v a6 ) 01, e den)| (359

+nl/?

As to (3.55), its expectation equals

22 | e 2 1 Culy) —Cy) * *(de) — G*(da U do - da
[ o8| [ [t P 2w ) ) G a) - 6 )| s )
(3.57)

Sincey = Iy andW¥,(y) = —1,~.1 F1(x) the expectation is, by Fubini, less than or equal to

1
/2 / L g
C%(y)

SinceC,,(y) andC(y) are independent af, by use of Cauchy-Schwarz, we come up with an upper
bound for the expectation, namely:

/ °° %@(y)_c<y>>1{y>x}ﬂ<x><a;<dx> —G*(dw))‘Ff(dy) (3.58)

VE(Caly) - c<y>>2\/ E ( | e - G*<dx>1)

1+x2

The first square root equals

Jewin - cw)

and the second

V(o[ o))
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Finally, by dG* = a~'F1dG, (3.58) is bounded from above by

—1/2 v dG 1/2 00 a~1/2 © JG 1/2
n—1/2/ /ST P (/ —) Fr(d <n—1/2/ ———F¥(d (/ —)
02(y) (y) {yz " } r1+x2 Fl 1( y) o T1+T2 03/2( ) ( ) r1+x2 Fl
_ 12 /OO Fi(dy) (/OO E)W
T1+T2 F13/2(y)(1 — G(y—))l/2 T1+x2 Fl
<o ([ Fl(dy)>1/2 ([ )”2 (] %)” 2
B r1+x2 Flg(y) r1+x2 1- G(y_) r1+x2 Fl
< 12 1 (/OO Fi(dy) )1/2 (/OO §>1/2
- Fi(x 4+ 22) \Jgy4ay 1 — G(y—) ertan 11
From this it follows that (3.57) is bounded from above by
R o 1/2 0 1/2
-1/2 QO([L’l,ZIZ'Q) / Fl(dy) ) </ @) Hl d d
" / Fl(xl + .’,172) ( xr1+x2 1 - G(y_) Tr1+T2 Fl 2< ajl, $2>

= n_1/2/ p(z1, ) (/ I (dy) ) (/ §> F(dwy,dxs).
(A+ B)(w1 + 22) Fi(21 + 72) \Jpygan 1 — G(y—) ertaes F1

Under our assumptions, (3.57) goes to zeroy as oo. The proof of (3.54) is almost the same.
As to (3.56), byW,(y) = —1y~. F1(x) and Fubini we need to prove that

/ / Fi(z 02 '/ (21, 22) Ly>aza: 402} (Cn <y>—0<y>><H5n—Hé)(dasl,dm))\Ff(dy)G*(d@

goes to zero. Furthermore, by Cauchy Schwarz,

B| [ #0100t o) = CONHh (1 ) — H i de)

1/2
< \/ (/ xlax2)1{y>m>x1+m2}H2<d$17daj2)) .

Hence, sincdG* = a ' F1dG, dF} = a™'(1-G™)dF,1-G~ = a(A+ B) anddH; = (A+ B)dF,
we get

1/2
BI350] < 0 [ [ s ([P Bl i) ) Fr(anGe (@
_1/2// (/ ($1,$2)1{y>x>x1+x2}F(d J )) 1/2F(d )G(d )
- = x1,dx g:
Gy 1/2F3/2(y) (A+B>3(x1+x2) b e
1 1/2
< —1/2 1’171’2 >x2m1+x2}G deVF(d d i (d
- /(1—G(y 1/21?3/2 < A+B )3 (21 + 2) (dz)F(duy, dry) 1(dy)
1/2
— -1/2 a(p 1'1,112'2 1{y>x1+x2}F d d F(d
! /(1-@( VW22 (y ( (A+ B)2(z1 + 22) (dr, drz) 1(dy).



By Cauchy-Schwarz we get that the right side is bounded froove by

() ([ | e o )

1/2
< VMn (/ A5 (w1, @) F(dxl,dx2)) (3.59)

2(1’1 + $2)F12(Z’1 + .TQ)

By Al we have that — F; < M(1 — G™). Then by repeated use gf < M1 + 1 we get

~1/2 (1, 2) ap?(xy, 1)
(359 = O™ )</ mF(dﬁ’ dra) + / (A+ B)(z1 + 22) Fi (21 + :cz)F(dxl’ dr2)

+/ O{S02(x171’2) F(dﬂf dl’) 1/2 _)0
(A + B)2(x + ) b '

To show (3.42) we prove

n'/? / @1, 22) / (F%;)dcz*ffl(dxl,dxz) — 0 in probability (3.60)
r1+T2 FFln
and
nt? | ¢ h Md@* HL (dxy,d 0 i babilit 3.61
@(x1, o) FIF H} (dz,dzs) — 0 in probability. (3.61)
r1+T2 1n

As to (3.60), on the séb’, F, /Fy,, is bounded from above bi(;. Hence

- 1 (Fin — F1)?(Z;
(360) = n1/2K1/(p(ZL’1,1’2)E Z ( ! F3(Zl))( )1{Zi2x1+x2}H21(dl'1,dl'2)
i=1 LA

Furthermore, sinc&,; < Z;, (Fi, — F1)*(Z;) = (Fi,_1 — F1)*(Z;) and F},,_, does not includé/,;

andZ,. By Lemma A.6,(Fy,,_; — Fy)? is bounded from above bi? . Hence
X 1 < E? (Z;
(3.60) < nl/z/%@(ﬂflalé)gz F3(<Z))1{Z >y taa) Hy (A1, dvs).
i=1

Finally, the expectation of the last part, according to &,1s bounded from above by

. I E?_(Z)
nl/z/(p(xl’@)ﬁ;E( F3(IZ) 1{Z>w1+w2}) Hy (dy, dxy)

1 1422
S ECRSE 3 (Fztp (52 (2012) ) i o)

=1
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1 o Ligomians [ K5M2IN?
§n1/2/ (21, 09)— ZE( iz 1* 2} (k: <Cla)>> Hl(dzy, das)
ccio n

b
1’1,113'2 " 1
— G(dt dxq,d
f/ A+B x1+x2>/m+m2F2<> (A0)Hy (dos, drs)

(xl,l'g)Oé /bn 1
———G(dt)F(dz,d
_f/ A+ B) (a1 +x9) Fa (21 + 22) Sy 4ay F1(2) (d0)F (duy, dr2),

whereT' = k£ M2l n’(;%). Since by assumption the integral is bounded, the rightgies to zero.
Asto (3.61), the arguments are similar to (3.60). On théX§etind by Lemma A.12, we have

3

8 1o - 1~ (Fi(Z;) — F\(Z)))?
(361) < Klnl/zgzw(UliuU%)EZ ;71111,(2) ’ 1{U1i+02i§Zj}

5 k1 E2_o(Zk) + Mo(Zk, Uiy Zi) {2, 2 <bn Uri>an}
< Kln Z ¥ Ul“ UZ’ Z : F13(Zj) - 1{U1i+ff2i§2j}'
J#i

The proof that

K VR U i U i #1 B 0
ln n ; ( 1% 21 )n ; Flg(Z]) {U1i+U27;SZj} —

follows from (3.60). Therefore it remains to show that

RN ~ 1 My (Zi, Uiy Zi) 1124, 2i<bu,U1i
1/2_ ~ U ) U N n ) iy &4 ) Y72y, Z;<bp, 17.>0«n}1 ) O
n ; (U, 2z)n ; F3(Z,) (Uri+Oni<2,}

According to Lemma A.13,

- 1, MPKY , n 2(Uy, 2(1y;
B(Mo(Zk, Ui )1z 2z thisa)| 2 Une, Uiy Z) <~y ln2(cl—a) <1+ 7 1,> A 1) )
1

Hence

- 1< | M, (Zy, Uy; Zi)l{Z Zi<bp,Uri>an}
1 2 A Y Y 34y >Un, (3 n
E<K1n / E Z SO(Ulia U2Z)E Z Flg(ZjI; : 1{U1i+02i§Zj}

i=1 i
~  M°K* n o(x1, x9) v (1) v (1) bn G*(dx)
< nV2F 2 ’ 1 + / Hy(dxy,d
=" ik A2 I (cloz> (A+ B)?(z1 + ) ( ) ety F(2) 2 (1, ds)

Oé2

C(y) nC2($1)
)

- 54 F
B L ST / %fﬂ) (1+ abi (o 2) F(dzy, dzs)

cAe? cra’ | FEr + 9 1—G(z7) * n(l—G(x7))
<n V2K ky Agfflﬁ(q%) %F(dml, dzs)
Kk A/C[;C[2(4 i Clia Fi(z + Df)ffx_l’éz(ll + xz_))F(dxh 2]
R G ) [ g g e
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By assumption, the first and the second term go to zero. A%tthitd term, since by A1 — F (z) <
M(1—-G(z7)), we get

(Fll(w))2 : (1;172()@ + 1>2 < 2M2%+2.

Hence, since ' (1 — G—) = A + B, we obtain

B 5 74 3
n—3/2K1k2M K 2, 1 / « QO(ZE'l,ZIZ'Q)

l F(das,d
% n F12(1'1+I2)(1—G(3;1_|_l,2—))2 (1'1 1'2)

cic? co

- M°K* n 2M2aB (11, 2s)
< n 2Kk zz—/ D2 P(day, d
=N M2 " (cloz) FE (1 + x9) (day, dry)
_ MOK?
F 2Kk In?(— AP g day) — 0.

c2c? cia’ ] (A+ B)2(z + 22)

X
To write I,, as a sum of i.i.d. random variables and a remainder, we hguete that/,,, has a proper
representation.

Since

/[m)iF12 dc:n:/[m)ip12 (dGn—dG)+/[M)7F12 flea

Ju, Ccan be written as

< Fi,—F
J4n = /@(1‘1,1‘2)/ ¥dG*H21(dl'1,dl'2)

2
1+x2 Fl

. * (P, —F)? .
—/ap(xl,@)/ (ﬁiFl)dGnHZI(dxl,dxg)
r1+x2 14 1n

© .- F
+ / @(x1, 12) / (G — dG) HY(dxy, dis)

1t+x2 Fl

< 1
-+ /@(Jfl, 1’2) / F(dG* — dG:;)Hzl(dﬂfl, dﬂ?g) = Kln -+ KQn -+ Kgn —+ K4n,
z1tae 41

where
o(x1, T2)

A+ B)*(x1 + xq)

The termK,, is already a sum of i.i.d. random variables. Next we will gdkhat K5, and K3, are
negligible.

@(mh x2) = (

Lemma 3.17.Under A1-A3, on the sét’,

n'/?2K,, — 0, in probability.
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Proof.
The proof is identical to the proof of (3.60) in Lemma 3.16.

Next we prove thak(s, is a remainder.

Lemma 3.18. Under A1-A3, on the sél’,

n'/2Ks, — 0, in probability.

Proof. It is sufficient to show that, on the s@f,,

n1/2 / @(mh x2)

By Lemma 3.12 and use ¢f + b| < |a| + |b| it remains to show that the following expectations

< Fi,—F
xr1+x2 1

"1/2/85($1,$2) Hy(dxy,dzy)  (3.62)

/WQ / Cly — Fy (dy))(G,(dz) — G*(dx))

nl/? /@(ml,xg)E

. Culy) = Cly) ) “(de) — G (daN | B (de . da
/xl+x2 Ff(x)/ C2(y) Vo (y) F1 (dy)(Gr(dr) — G7(d ))‘Hg(d 1, drs) (3.63)

go to zero and the integral

n1/2 / @(mh x2)

goes to zero in probability, as — oo.

/ §Q(da* dG*)| HY(dzs, dzs) (3.64)

1+x2

The proof of (3.64) is similar to the proof of (3.47).

As to (3.62), by Cauchy-Schwarz, it suffices to prove that

nl/2 / (21, 22) < [ / / ol 1{”“*“}[? (dy)—Fl*(dy)](G;(da:)—G*(da:))r)l/zH%(dxl,dxg)

(3.65)
goes to zero, as — co.
Set
\le<y>1{x>x1+x2}
xZ, = —
20 = "))
and
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o) =eilew) - [eoFid - [eene)+ [ [eeac @)

Then the expectation in (3.65) equals

(// @) dy)G*df”):%ii: 3" B (2,U3)¢" (2, Un)

We have that thé’s andZ’s are independent for different indices. Similarly to threqf of (3.40) we
can show that the expectation and conditional expectafigri givenU;; or Z; equals zero.
Since, for continuou$’, V. (y) = —1g,~.yFi(x) then, similarly to the proof of (3.52), we get

S S S S B (2 V) (2 Un) < S B (20 U + 5B (21, U)?

i=1 j=1 k=1 I=1

4 4 4
< SE(Z U0 + F [ Gz uFi @ + 5F [ G UG @)

+E//¢%(“vU>G*(dv)Ff(du) + %E(%(Zl,Un))z+%E/¢%(Zl,u)pf(du)
+%E/30?(v,Uu)G*(du)+%//¢?(U,U)G*(dv)Ff<du)
< §//¢1($,y)2Ff(dy)G*(dm) + ig//@l($,y)2dP(U1 <y 7 <alUy < Z)

1 X F 1 TZ2T1TI2 * *
/ / LA 4 bt )6 () + o [ [ e P nGas)

< / dG/ dF
- n2 F12(1’1+.T2) 14T F1 :(:1+:(:21_G—.

Therefore (3.65) is bounded from above by

1 1 dG dry \'?
12, /9 5 - - -~ o Hi(de d
n \/_8/ @(x17.’1§'2> <n2 FZ(xl + 1’2) /xl+x2 Fl /x1+x2 1— G_) 2( X1, sz)

dG dF 1/2
- —1/2¢—/ T (/ 7 1 ) H}(dzy,d
n A+ B 113'1 + I’Q)Fl(llj'l + 1‘2) 214w Fl S 1 -G 2( il 113'2)
dG dF, \“?
_ —1/2\/—/ o(z1, 12) (/ G ) ) e
=n A+ B)(x1 +22) Fi (71 + 22) \ Uz oy F1 Joiwy 1 — G- (dy, dx)
dG\'?
o ey (], ) o
" A + B .Tl + Z’Q)Fl(l’l —+ ,7;2) o142 Fl ( Xy 1'2)

By assumption, the integral is bounded and hence the rigbtgies to zero, as — oc. This com-
pletes the proof of (3.62).

As to (3.63), the proof is the same as that of (3.55).
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Lemma 3.19. Under A1-A3, on the sé1’, we have

_ (21, 22) o 1 R . o -
Kin = /(A+B)2(a:1+x2) /xl+x2 Fy(z) /(mo) W) (F},(dy) — i (dy))G* (da) Hy (da:, dzy)

p(x1,2) > 1 Cn(y) = CWY) 1o x
+/ (A+ B)2(z1 + x2) /xlﬂ2 Fi(z) /(mo) C2(y) £ (dy) G (da) H (da, )

1
Vi

Proof. We assume that > 0. By Lemma 3.12K,, can be written as follow:

‘l‘O]p(

_ (w1, 72) > U, (y), ) T
Ky, = /(A+B)2(x1+x2) /xl_ch Flz(:l?)/ C(y) (Fm(d ) Fi (dy))G (d ) (d 1, d 2)

_ p(x1, 72) * 1 Coly) — Cly) ) e
/( / / Vo (y) F1 (dy) G (dw) Hy (dz, ds)

A+ B)2 (1 + 22) Jay ey FT(2) C*(y)
* R,
+Q5(l’1,l’2)/ F—dG* (dl’l,dl'g) Ka —I—K —I—Kfn
1+ * 1

Sincey(z) = Fi(x), ¥.(y) = =1y Fi(z). Hence

a _ o(r1, 72) OO 1 L* o “(de)HM(dx . da
K= = [ o e L 1w, ot )~ Fr)G i, i)

and

b (21, 22) > 1 Cnly) = C(y) ... *(do o dr
i, = <A+B>2<x1+x2>/m F1<x>/<m> gy TG (dn)H (Ao, daa).

To show thatK¢, = op(—=), by Lemma A.22, it is sufficient to prove that
1n vn

w2 [ o) [ Bl i 13 . o)

1t+a2

goes to zero, wherg = . The expectation of this term is, by Lemma A.22 afiel = F1dG,

(A+B
for everye > 0,

bn, D
1/2 80(371,372) / E|Rn‘dG*Hl d d
" / (A_'_B)z(xl —|—.§L’2) r1+x2 F12 2( o xZ)

o K3MP n 1/2
< ‘1/2/ ol 2) / (k: In 2\/—— (z T 1)
=" (A+ B)*(z1 + x2) Sy, 40, FE() 2 (cloz) * —G(t) n(cloz) *
SMa 1 2M (11, 75) /bn G*(dt)
* Hl Hl
nt/2 1 - G(t‘))G (6) Haldm, doa) + vea ) (A+ B (w1 +22) Jorsy F2(D) 2 (o)
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3ns3
K°M an(i) (p(xlvlé)

cie? o / (A+ B)(x1 + 22)Fi (1 + x2)

1/2 b
=129/ (- o(w1, 9) " G(dt) U de . da
+ %/AIO(EE%+Q /(A+BP@1+@)LﬁmPMﬂ I_G@ﬁHﬂdbd2)

J__ plz1, 22) " G(dt) X
/ A—I—B 1’1+:L'2) /m1+m2 ()( (t ))H2(d1'1,d5172)
2M (21, 9) b G(dt)
+%ﬂ€ M+Bﬁmﬁwﬁl a 0

Since, by A1, we have

< n Y2k, Hy(dxy, dxs)

Hl(dxy, dxs). (3.66)

1+x2

bn G(dt) b G(dt) [ Guw a(A+ B)(2) + 1)
<M + < M +1,
/m1+m2 Fl(t) (1 - G(t_)) B T1t+x2 F1 T1+x2 \/ 1 - Fl(xl + .T2>
bn G(dt) b G(dt) bn G(dt) a(A+ B)(x1 + x2) n
<M +/ <M +in(—
L..mweccen "), 7ot o Flota) e
and
p(21, 22) /b" L1 Gd) / p(x1,22)
dxy,dx ———=_F(dxy,d .
| m e Lo R e < [ S e ) <
Therefore (3.66) goes to zerarif— oo. The proof is complete.
X

Altogether we have

Lemma 3.20.Under A1-A3

1’1733‘2 = 1 1 * * * 1
Jin /(A+B (21 +x2 viies F1(1) /z o) C(y)( In(dy) — F{(dy))G*(dx) Hy (w1, dws)
——————=F](dy)G"(dxz)H, (d
+/ (A+B 1 —l—xg /gclﬂ2 Fi(x) (2,00) C2(y) 1 (dy)G" (dw) Hy (dwy, dxa)

xlyxZ % « 1 1
H —_
- / (A4 B)?(x1 + x2) /1+m2 (f (G (dw) = Grlde)) Hy (da, da) + OP(\/ﬁ)

Proof. To prove the Lemma we only need to use Lemma 3.17, 3.18 and 3.19
Now we are ready to complete the proof of our main theorem.

Proof of Theorem 1.1.The proof is an immediate consequence of Lemmas 3.15, 3d.8.30.
X
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Chapter 4

A Functional Central Limit Theorem

In the last Chapter we dealt with the convergence in distiiobwof 7,, for onep. Now we deal with a
class ofyp to obtain a limit process for this class.
Recall the linearization of,, from Theorem 1.1:

_ o(r1, T2) 1
L(p) = /(A—i—B)(xl—i—xg)Hz”(dxl’d@)

p(x1, 2) o1 VoY) /s . (A H M don . d
T B e L 70 | G )~ B G ) )

_ (11, 29) o 1 Coly) = CY) . 4V H (. da
/(A+B)2(x1+x2) /mlm () /\Ifx(y) ) Fi(dy)G* (dx) H (dxy, das)

p(z1, 2) o1, ; |
" / (A4 B)?(x1 + x2) /m1+m2 Fi(x) (G*(dw) = Gy (dr)) Hy (d, dz) + op(

= I.(p) + Rulp).

whereR, (¢) is the remainder. See Lemmas 3.15, 3.16, 3.17, 3.18 and & ti@fails.
Let

1
)

¢ €K,

whereK is a Vapnikf:ervonenkis class (VC-class) with envelope functign(that is|p| < ¢, for
eachy € K).

More precisely, the goal of this Chapter is to prove that tteeess{\/n(1,(¢) — I(v)) : ¢ € K}
converges in distribution to some Gaussian process. Inrdtesfep of the proof we deal with a class
of functionsg, such that,,(¢) = 1 S°"  g(Uy,, Uy, Z;, 8;) for someg € G.

For a classj we prove the uniform entropy condition (2.5.1) from van daaM and Wellner (1996).
To be more precisely, for a clagswith envelope functioriz we need to prove that the integral

1
/0 sup v/ Tog N(E[[G[. 9. Lo(@))de

is finite, whereQ is a probability measure dR?® x {0, 1},

GIP = |G|l = [ G*dQ, and
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N(e||G|], G, L2(Q))

is the minimal number of ball§g : ||g — f|| < ¢||G||} with radiuse||G|| needed to cover the sét
called covering number. The above-mentioned uniform @ytr®the logarithm of a covering number.
Note, that it is sufficient to prove the entropy condition fo€ (0, 1), because for > 1 one ball is
enough to cover the sétand thenogN (¢||G||, G, L2(Q)) = 0.

Additionally, the assumption that for i.i.d. Rademachevakdes(e, ..., e,) independent of
(U11,Ua1, Z1,01), -y (Ui, U, Zn, 6,,) We have that

((Un, 021, Z, 51), ceey (U1m Uzm s 5n)) — sup | Z €:g Um U227 Zi, 0; )|

9€9 =1

is @ measurable function, yield the Donsker property forclhesfn(@.
The second step is to prove thgh R, (¢) converges to zero in probability uniformly in This is to
find in Lemma 4.6.

We assume thak’ and F; are continuous and that the assumptions A2 and A3 from Chaaee
valid for . This means, we have

Al [ < oo

A2 [ leoeradl Py day) < oo

F2(z1+x2)

T1,T k
A3’ f%]’(dzl,dxg) < 00

fork =1,2.

Theorem 4.1. Under assumption that is VC-class of functions with envelope functigy) assump-
tions A1,A2’ and A3’ and for continuous and I, we have

{Villa(p) = I(9)) 9 € K} % Loay in I°(K)
where[>(K) is a space of uniformly bounded functions ahd «; a mean-zero Gaussian process
with covariance

<P1(y17 yz) @2(2/1, yz)
(‘“@1’%) AT B +yz>) (¢2<y1’y3> AT B +yz>)

Hs(dyy, dys, dys) + /2 U1 (Y1, y3)a (y1, ys) H (dys, dys),
R

Cov(Loay(ar), Lo ay(sy)) — /

R3

where

Hs(y1,y2,y3) = P(Uy < y1, Us < 40, Z < 3,0 = 1|Uy £ 2)
H2(y1,y3) = P(Uy <1, Z < 93,0 = 0|Uy < 2)
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and

@i(flfl, 1'2) /OO 1 { / 1{yl<y<93} * } *
wnw) = [ o, vl g erte)
1{y3>r1+w2} 1
——=—— | H, (dx;,dz
Fi(ys) ] (d, dz)
fori=1,2.

Before we prove this theorem, we formulate a useful corgllar

Corollary 4.1. For continuousF; and F», under assumptions A1,A2’ and A3’, we have

(VA(Fy(t1,t2) — Ft1, 1))« (H1,12) € R2Y % Loy in I°(K),
whereL o oy is a mean-zero Gaussian process with covariance

Cov(L o ay(ty,ts), Loay(sy, s2)) = /

RS

1{y1<t1 y2<t2} 1{y1<81 y2<s2}
<?/)1(yl>y3) A+ B)(yr + 92) Yoy, y3) + A+ B)(yr + 92)

Hs(dyq, dys, dys) + /2 W1 (y1, y3) W (y1, ys) Hz (dyy, dys),
R

where

— b 1 > 1 _1{y1>r} Lyi<y<ys) s *
winw = [ [ el mw e L e e

l{y‘3>1‘1+x2}:| 1
_ lwszeced ) g e
Fl(y3) 2< ' 2>

and

_ R 1 = 1 o Lyi>a) / Liyi<y<ys) %
s = [ eempera L met et L e oe

1{y3>r1+w2}} 1
——=—— | H,(dxy1,dzs).
Fi(ys) (d1, drz)

Proof.
The class of indicator functions is a VC-class. Takinggual to the indicator of a rectangdle oo, t,] x
(—o0, t] completes the proof.

X
Proof of Theorem 4.1.At first we deal withl,, (). SinceF, is continuousY, (y) = —F} (7)1 {y>a)-
We set
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)
A+ B)(wy + ws)

—/(A +90§f21£;512)+ 72) /xim 1( ) {1{?;;3} /(mo) Ff(dy)} G*(dx) Hy(dxy, ds)

+/ (A +S0f(;)621£;12 >+ ) /oi Fll(x) /(m) {1{1’852’; o ng)} Fy (dy)G*(dz)Hy (dzy, ds)

SO('TDSCQ) /OO G*<dﬂj) _ 1{“’321'14‘502} 1 )
+/ <A+B)2(«T1 —|—CC2) |i S Fl(x) Fl(w3) HQ(dﬂjl,dl’g) W|th @ S K}

To deal withG we write it as follows:

g = {g : g(w1,w2,w375) = Sﬁ(wlaw2)(

o

G = {g 2 g(wy, we, w3, §) = ‘P(wl’wz)(A+ B)(w; + ws)
]_ ]- w1>T *
{wi> }G ( ) (d.]}l’de)

o(x1, o) o
- / (A+ B)*(1 + 3) /:c1+:c2 z) C(w)

(1, 2) > Lpwn <y<uws} g o
+/ (A+ B)%(z1 + 22) /:c1+m2 Fi(z) /(zoo) C2(y) FY (dy)G*(dx) Hy (dz, dz)

Sp(x1>f2) l/oo G*(dx) 1{WS>I1+ZB2}} 1 ;
+ H, (dxy,dzy) with p € K.
[y L Ry | i, de) witn o < K}

To prove the theorem, we need to show that the class of fursifiags a Donsker class and, according
to van der Vaart and Wellner (1996), it is sufficient to prawe tiniform entropy condition (2.5.1).

For this we must bound the covering numbers for the dfagsor this we writeG as a subset of four
classes for which the covering numbers are easier to bouctdahy

G C G+ G+ Gs+ Gy,
where

)
A + B)(w1 + U)Q)

gl = {9 : g(w17w275) = @(wlva)( with ¥ € K}

(‘O(xbx?) /OO 1{w1>:c} * 1 .
1> / (A+B)2($1+x2) . F1( ) ( x) 2( L1, $2) with ¢ € }

1
(
= D g(wr,w3) = pla1, T2) > 1 Lw <y<ws} *(da 1 dr
G = (ool /(A+B)2(x1+xz)/x Fi () /(x,o@ Co(y) )G (dr)Ha (da, daz)

1+x2

G = {gig(wl):—c

with ¢ € K}
and

Gi = {g:g9ws) = / @ fggéfl o [/O: Cj;l(é:;) - 1{‘]”;;25”}] 1Y (dry, ) With o € K }.

In Lemmas 4.1, 4.2, 4.5 and 4.3 we prove thgtfor i = 1,2, 3,4, are VC-classes with envelope
functionsgy, g2, g3 andgy, respectively and
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1 2—2/v;
logN (ellgil], Gr, L2(Q)) < ki (—)

e
with constants; > 0 andv; > 2, fori =1,2,3,4.

Then for a probability measur@ onR? x {0, 1} and everye € (0,1) we have

logN(e]|G], G, L2(Q))

IA

logN (ellg1 + g2 + g3 + 9], G, L2(Q))
< logN(5lgs + g2l Gu + Ga. Lo(Q)) + logN (5 lgs + gall. Gs + G, La(Q))

LogN(Slgsll, Gr. La(@)) + logN (S Izl 6o, Lo(Q))

+10gN (5 lgal|. Ga, L2(Q)) + LogN (< |gall. Ga, La(Q))

2-2/v 2—-2/v 2—2/v:
/{3142_2/U1 <1) o + k242—2/v2 (1) e + /{3342_2/U3 <1) e
€ 3 3

2-2/v
+ kg4 (l) "
£

1 2—2/v1 1 2—2/v2 1 2—2/v3 1 2—2/v4
o) 0 0 0)

£ g g £

1 v
1K <_) |

£

v=mar{2 —2/v1,2 —2/v9,2 — 2/v3,2 — 2/v4} € [1,2)

IN

IA

IN

IN

where

and

K = max{k 470, kyd® 7202 fegd? 7200 fyd? 20y
Hence

sup /1ogN (e]|G], G, L2(Q)) < VAKe"/?
Q

and, sincer/2 € [1/2,1), we get that

1
1
| st VI NG L @))de < VAR —5—

is finite. This proves condition (2.5.1) from van der Vaard &kellner (1996).

In Lemma 4.6 we prove thagn Rz, () goes to zero uniformly irp.

The central limit theorem and (1.8) yield, that the limit pess is a mean-zero Gaussian process,
which completes the proof.

X
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Lemma 4.1. For the class of functions

4
A+ B)(wy + wa)

G :{g cg(wy, we, ) = gp(wl,wg)( with ¢ € K}

with envelope function

)
A+ B)(wy + ws)

we have for every discrete probability meas@renR? x {0,1} ande € (0, 1)

gl(w17 Wa, 5) = SO(](wla w2) (

1 2—2/v1
logN (Ellgal, Gr, La(Q)) < Iy ()

£

with constantg:;; andv; > 2.

Proof.
SinceK is a VC-class, then according to Lemma 2.6.18 vi (van dert\éaadt Wellner (1996)Y, =

{K - f} with f(wy,ws,0) = m, is also a VC-class. For each function in this class we have

) )
<
A+ B)(wn +wa) = P ) B (o + )
Hencey; is the envelope function for this class. Furthermore

|<p(w1,w2)|( =: g1(wy, wa, J).

||gl||2:/g2(w1 W 5)H(dw1 dUJQ dé):/ Sog<w1,w2) Hl(dwl dwz)
1 ) ; 9 ) (A+B)2(w1 _'_w2> 2 9

Is, according to our assumption, finite.
Then Corollary 2.6.12 in van der Vaart and Wellner (1996)dge

1 2—2/v1
logN (ellgul1, Gr, La(Q)) < ki () ,

£

wherek;, is a constant and; is a VC-Index of clasgj, greater than or equal to 2.

X
Lemma 4.2. For the class of functions
Gy z{g : g(wy) = —— / ACIE) /Oo Loi>a} o 1oy HY ey, dis) with o € K}
C(w1) ) (A+ B)* (1 +22) Joy4an F1(2)

with envelope function

_ 2 wo(z1,T9) /OO Lwi>a) 1
ga(wy) = Clwr) / A+ BR@1 +23) Jovn, Fr(2) G*(dx)Hy(dxy, dxs)

we have for every discrete probability meas@renR ande € (0, 1)

1 2—2/v2
logN (ellgall, Ga, La(Q)) < ks ()

3

with constantg, andvy, > 2.
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Proof.
To deal withG, we split the functionp into its positive and negative part. Then we have

. _ 1 @ (71, 72) © Lwrsa} . .
Ga C{g tg(wr) = C(wy) / (A+ B)2(z + 2) /xl+x2 Fi(z) G*(dx)Hy (dxy, dzs) With ¢ € K}

1 - *° 1 w1>T :
o glun) = /( P (11, 75) / () G (dw) HY (day, di) Wit € K } =2 Fy + F
T1+T2

C(wl) A‘l‘B)Z(ZL'l —l—l’z) Fl(l‘)

As to F;, we set

r _ . _ (,0+(.T1,.CL’2) /OO 1{w1>x} % 1 .
7 —{g.g(wl) - /(A+B)2(x1 o ) Ry € A e des) with ¢ € K}

and

Fr=-Fi.

The classF; is a class of monotone increasing functions, and becausmbitVC-major class with
the following bound for every function in this class:

¢ (21, 22) /OO Lwy >z} 1
i) G (da) H (daey, d
/(A+B)2(:c1+:c2) orims F1(7) (dw) Hy (dzy, d)

wo(x1, 22) /OO Liw >0y G*(dz) 4
< H,(dxy, d 4.1
_/(A+B)2(x1+x2) 1ty Fl(x) 2( X1, $2) ( )

From Lemma 2.6.18 iv (van der Vaart and Wellner (1996)) ildiek thatF; = —JF; is also a VC-
major class.
Furthermore,

1 -
fl_{ic('wl) ffEfl}
Then, according to Lemma 2.6.18 vi (van der Vaart and Wel[h®96)),F; is also a VC-major class.

Finally, since the integral in (4.1) is bounded, we have thatind then alsoF;, as a bounded VC-
major classes, are VC-hulls with envelope function for tas€F;

1 wo(71, T2) R P
W = ooy | G BT o B 0 e

1 ooy, T2)a /OO
B Liw, >0y G(dz) F(dxy, dxs).
C(wy) / (A+ B)(z1 4 22) Joy 100 (w12} G (dz) F(dzy, dvy)

By assumption A1 we have

CI@SSAMFIQSSM<w

Hence
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1 1= Fy(r1 + x9) +1<M1—G(x1+x2) +1:MQ(A+B)(331+$2)

_ < +1.
Fi(z + x2) Fi(z1 + x9) Fi(z1 + x9) Fi(z + x2)

Therefore for| f1|| we have the following bound

F*dw
2(wy) F} (d </ %xl’” / / U 6 (da) F(day, d
[ rnrim) < [ 0 el (da) F(da, d»)

SOO x17$2 F1 dwl)
- G(dx)F(dzy,d
/ (A —+ B .’,Ul —+ .CCQ Ll—i—:tg /I OO 1 _ ))Fl (wl) ( :L') ( X1, xZ)

QOO(.CL’l,IQ) o G(dﬂ?) Fl(dwl)
= / (A+ B)* (21 + x2) Fi (21 + 72) /m+m Fi(x) /(m1+m2,oo) 1—G(wy)

IA

2 -2 00
o1, 2) / G(dx) / Fi(dwy)
" T 2 F(dx,,d
/ (A T B)2(x1 + $2) T1+x2 Fl(x> (x1+x2,00) 1-— G(wl_) ( o $2)

2 2 —1
< Mz/ @5 (w1, T2) Fday. d +M/ @5 (w1, T2) v
= (o 4 ) (0 2) (A+ B) (w1 + 22) Fy (21 + 22)

According to our assumptions the integrals are finite. Heji&|| < co. Corollary 2.6.12 (van der
Vaart and Wellner (1996)) yields a bound for the uniform epyr.

£ 1 2 2/81
1ogN (S|l Fi, La(Q)) < 1222/ (2) |

wheres; > 2 is a VC-Index ofF; andc; = const.

Next we deal withF,. Set

Fo: {g g(wy) = / ( Af;)iz;ﬁm) / Oi 1]{;:1(>§}G*( ) H} (da, ds) with <pef<}

and

fgz{@-f:fez}.

The classF, is a class of monotone increasing functions, and becaudeabftVC-major class of
functions. For every function from this class we have

0~ (w1, T2) /OO Liwi>a} 1
————G"(dx)H, (dxy, dz
/(A+B)2(x1+:)32) e F1(T) (de) Hy (day, dry)

(pO(x17 'r2) /OO ]-{w1>x} * 1
< G*(da) HY (dxy, diry) < oo.
_/(A+B)2(CL’1—|—JZ2) T1+x2 Fl('r) (x) 2( o x2) >

76

F(dl’l, dl’g)

2 -1 00
w(x1, x2) / G(dm)/ Fy (dw,)
M ————F(dxy,d
/(A+B)($1 —|—$2)F1(.T1 -l—xz) T14T0 Fl(x) (21+2,00) 1 —G(wl_) ( T $2)

F(dﬂ?l, dl’g)



As before, according to Lemma 2.6.18 vi (van der Vaart andiwel1996)), classe$, and F, are
VC-hulls. Since, as in the case Bt, the envelope function faF; equalsf;, where

1 ¢o(21, T2) 0 Hunza)
500 = Gy | B 129 o, R G O )

the L,-norm 1 || f1|| is finite. Then we have the following bound for the uniformrepi:

6 1 2—2/82
ogN S IIfill, 2, L2(Q) < 22272/ (g) |

wheres, > 2 is a VC-Index ofF, andcy = const.

According to Proposition 5.1.13 iv in de la Peiia and Girg®@) the clas§, is, as a subset of; + 7>,
a VC-hull with envelope functiop, := 2f,. Therefore,

LogN (ellgall. Go, La(@Q)) < 1ogN (S| ill, Fi, La(@)) + ogN (S Ifil], Fa. Lo(@Q)

1 2—2/s1 1 2—2/s2 1 2—2/vg
< 227U (—) + cg2¥ (‘) < ko (_) 5
€ € €

vy = maz{sy, so} > 2

where

and

ko = 2max{c, 2%/ ¢,227%/52,

Lemma 4.3. For the class of functions

G ={g: gluw;) = / @ fgg&fl ~ { / O: ijl((i:;) - 1{‘};%*)}} HY(d, de) with o € K }

with envelope function

po(z1, 22) ! / @o(T1, ¥2) Luwg>a1 102} 11
_ HY (day. dy) + 2 HY(dzy, d
galws) /(A+B)($1 + 1) > (d, doz) + (A+ B)2(z1 + x2) F1(ws) 2 (. )

we have for every discrete probability meas@®nR with ande € (0, 1)

1 2—2/vy
logN(ellgall, Gr, La(Q)) < by ()

£

with constants:, andv, > 2.
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Proof.
As before, we writej, as a subset of two classes of functions

Do (a1, 72) 1 i
G4 C{g tg = / A+ B)(n, +x2)H2(dx1,dx2) with ¢ € K}

1 /@(xlyxZ)l{w3>x1+x2}
Fi(ws) J (A+ B)2(z1 + 22)

+{g s g(ws) = — Hy (dxy, dxs) with ¢ € K} = F3+Fs

SinceFs; is a class of constants aridis a VC-classF; is also VC-class bounded from above by

%00(1171,1’2) .
/ (A+ B)(x1 + g;z)H%(d“Tl» dzs) =: f3.

The functionf; is then the envelope function for the claBg. Since||f;||* is, by the assumptions,
finite we have

1\ 2-2/0
ng@ﬂﬁMPFbeQDdel(—) |

3

whered, = const andl; > 2.
To deal withF, we need to writer as a sum ofp™ and—¢~, wherep™ andyp ™~ are the positive and
negative part ofp, respectively.

Similarly to the proof of Lemma 4.2, the sets of functions

+
1 2 (xlv xZ)]-{w3>m1+x2} 1 .
f {g g(w3) / (A n B) (Jj‘l I 1’2) H (dl’l, dl’g) with (oS K}

and

2 . o ' (x17x2)1{w3>x1+x2} 1 .
Fi —{g.g(wg) —/ (A+ BY2(x, + 22) H,(dxy,dzy) with ¢ € K}

are VC-major classes with the same envelope function

900(3517 x2)1{w3>r1+$2} 1
H;(dz,dxs).
/ (A+ B)?(x1 + 22) (day, dr2)

Since the integral is finite then

1 . . 1 1 . . 2
f4C{F1(w3) f.fef4}+{F1(w3) f.fe]—“4}

is a VC-hull with envelope function

2 @0($1,$2>1{w3>x1+x2} 1
wa) = H, (dxy,dx
falws) mm@/ (At BP(ay +ay) 2000 02)

2 ¢0(x17x2>1{w3>x1+x2}
20t} podr diy).
mmo/ A+ B)(or +ag) L (o d2)
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SinceG* (dws) = o~ Fy(w3)G (dws),

/ff(ws)G*(dws) < 4/ (ij(gl);f;ia;xz) /::;2 C;f?;j;; F(dxy,dzs)

is bounded. Corollary 2.6.12 in van der Vaart and Wellne®@)9ields the following bound for the
entropy:

1\ 22/t
g Nl @) < (1)

whered, = const andl, > 2.
Finally, according to Proposition 5.1.13 iv (de la Peia @ivte (1999) ) the classg, is a VC-hull with
envelope function

ga = f3+ fa
and
g E
logN (€]]g4l|, Ga, L2(Q)) < lOQN(§Hf3||77:37L2(Q)) + lOQN(§Hf4||af4aL2(Q))
1\ 2-2/h 1\ 22/ 1\ 272/vs
< d, 2272 <—) + dy 2%/ <—) < ky (—) ;
19 19 19
where
]{74 = 2max{d122_2/ll s d222_2/l2}
and

vy = max{ly,lr} > 2.

X
Before we may proceed with the proof for the clggswe need the following Lemma.

Lemma 4.4. Let F be a given d.f. on the unit square, let R* — R be a given function and a VC
class. Then the class of functions

1l
g :{9 ' R? = R g(wi,ws) = / / P21, x2) (w1, T2, w1, w3) F(dxy, dx2) Where 4 € K}
o Jo

is a VC-hull.

Proof.
According to Section 2.6.3 in van der Vaart and Wellner (1986 need to show that every function
g € G is a pointwise limit ofg,,, = > | o f;, wheref; € M, MisaVCclass and_" | |a;| < 1.

First we will prove that the following class of functions

H = {f . ]R4 — R | f(l’l,l'g,wl,wg) = (ﬁ(l‘l,l'g)h(l‘l,l'g,wl,’w?,) Wlth @ c K}
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is a VC class. For this we define the class of sets

A = {{(t,l’l,l'g,wl,’LU3) : @(l’l,l‘g) > t} | Qb € K} = {{(t,l’l,l'g) : @(1‘1,1'2) > t} | (,5 € K} X ]R2
= BxR%

SinceB is a VC class of sets, the#is, according to Proposition 5.1.13 in de la Pefia and Gif69),
as well a VC class of sets. Hence the class of functions

K = {;5 : R4 - R | ;5(371,1'2,'&]1,“13) = @(xlylé) with 95 € K}

is a VC class. Finally, since

H = K ~h= {f : R4 —R | f(xlvx%wl)w?)) - Sp(xlvx27w17w3)h(x17x27w17w3) with é € K}v

the class of function{ is, according to Lemma 2.6.18 (vi) in van der Vaart and Wel(t896), a VC
class. Hence

D= {{(t,l’l,l'g,’wl,wg) : f(!lfl,l'g,’wl,wg) > t} | f € H}

is a VC class of sets.
Now, for everyz?, 25 € R and f € H set

Dfo 0o = {(t7$?7$37w17w3) . f(x(l)7'r(2)7w17w3) > t}

T1,Tg
= {(t, 1, 9, w1, w3) 1 f(T1, 29, w1, w3) >t} N{R x {27} x {29} x R?}
Df ﬁEx?,xS-

Since

(D' feHY=D

and
.0 .0

are VC classes of sets, then, according to Proposition®if.de la Pefia and Giné (1999), the class
of sets

C:= {Dic(l)@g : f S H,I?,l’g < R}
is a VC class. Hence the class of functions
M = {f(af,23,-,-)| f € H and 2}, 25 € R}
= {f(x?ax& ) ) | f(x?>a7g>w1’w3) = 95( ?,l’8)h($?,$g,w1,w3),@ € K and x(l)axg € R}

is a VC class.
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NextletO = z19 < 11 < ... < Ty, = 1 ANA0 = x99 < 91 < ... < Topy, = 1 be finite grids of the
interval[0, 1],

fi,j(wbwi%) = @(%u@j)h(l'li,fzj, Wy, ws)

and

oy = F(ﬁli, Tg;) — F(ﬁli, Toj_1) — F(ﬂfli—bfzj) + F(xli—1>$2j—l)-

According to the definition of\1, we have that for every, j
fi,j(wla ws) = @(fu, 932j)h(5171z', Toj, Wi, w3) = f(flz', L2j, wl,wg) e M.

As toa;, sinceF is a two dimentional d.f., we have that; > 0. Furthermore, sincé(xw, xaj) = 0,
we obtain

mi
Z Q5 = F(xlmmx?j) - F($1m1,$2j—1)'
=1

Hence
ms mi my ~ ~
Z Zaij = Z(F($1m17$2j) — F(21my, T2j-1)) = F(T1my, Tam,) < 1.
=1 i=1 =1

Finally if partitions(z;); and(x,;); get finer and finer

m2 mi

Z Z fij(wr, w3)(F(x1i7 Toj) — F(xlz', Toj-1) — F(21i-1,T25) + F(xli—b Tj-1))

j=1 i=1

goes to

/ P(x1, x2)h(xy, T2, w1, w3)ﬁ’(dx1, dzy) = g(ws, ws)
[0,1]2

and this completes the proof.

Lemma 4.5. For the class of functions

bforsn ~ [t

1+x2

L <y<ws) 1 :
—————=F(dy)G"(dx)H, (dxy, d with K
8 /(x,oo) C2(y) ' ( y) ( I) 2< o $2) e }

with envelope function

o ‘Po(xlax2) /OO 1 / 1{w1§y§w3}F1*(dy) * 1
0100 = | G BB 1 5  F61 Sy I

81



we have for every discrete probability meas@renR? ande € (0, 1)

1 2—2/v3
logN (<lgsll, G, L2(Q) < ks ()

3

with constantg; andvs > 2.

Proof.
SincedH; = (A + B)dF, we have

R

]-{w1<y<w3} -
—————=F[(dy)G*(dx) F(dxy, d th K.
<[ TR ) ) F (i o) with o € K

Set

1 * 1 1{w <y<ws}
h — #F* d *(dr).
($17x2’w1’w3) (A + B)(']:l + 372) L1+m2 Fl(‘r) [x 00) C2( ) ( y)G ( x)

Then

Gs :{g s g(wr,w3) = /go(xl,xg)h(xl,x2,wl,wg)F(dxl,dxg) with ¢ € K}.
Moreover, since the distribution functions bf andU,, I} and I, are continuousf (xq, z2) =
F(Fy(z1), Fa(z2)), whereF' is a d.f. on the unit square. Finally, by Lemma 4.4, we havedhas a
VC-hull.

The envelope function for this class equals

wo(w1,22) OO 1 / 1{w1<y§w3}F1*(dy) * 1
= H.
i) = [ o (o4 ) / @y Oty C (Rl dn)

®o .’,1717.’,172 1{w1<y<w3}F1(dy)
G(dz)F(dzy,dzs).
/(A+B )1 + 22) /z1+w2/(mo 1—G(y ) F2(y) (dx)F(dxy, dzs)

SinceH3(dwy, dws) = o' Fy (dw,)G(dws), we get

sl ? = / G H2(dwr, dws) = o~ / G2 (dun)G(dws)
)

and , since by assumption AL— Fi(y) < M(1 — G(y~)), we obtain

Fi(dy)
2 o5 ( $1,$2 / / / ]
HggH o / (A -+ B .fCl + .I'Q w1+a2 J (2,00) S {wr <y<ws} dUﬁ)G(dU}g) (1 o G( ))2F4< )G(dx)F<dﬂf17 dl’2)
i1, x2)x F1 (dy)
<
N /(A—i—B (x1 + 22) /U,L,IJFSL,2 /(mo _ )Fls(y)G(dx)F(d%,d@)
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- e e (e *_1) clin e v
< [l g,x;w / fooo Fl o (A ) e

IN

©p (1, 12)0 I dy
M F
/(A+B (21 +:)32 /mm /m G o) E(den, des)
140 $1,$2 F1 d )
* G(dz)F(dy, dz
/(A+B 2(x1 + x2) /x1+m2/(mo 1— Gy ))F2(y) (dz)F'(dxy, ds)
b (z1, 22)0 /°° G(dm)
M F(dxy,dx
/(A+B)2($1 + x2) Fi (21 + 22) Jy, 10y Fi(2) (dz1, dzs)

05 (w1, x2)a < Fi(dy) *  G(dz)
+/(A+B)2(x1—|—x2)F1(x1+x2)/x 1— (y‘)/x Fl(x)F<d$1’dx2)

1+z2 1+x2

G
2 -3 *  G(dx)
MZ/ on(xl,l’g)a / F d..')ﬁ' ,dl’
(A+ B) (21 + 22) Fi (21 + 22) oy 1 (dz1, dzs)

-3 [e’e)
o&( xl,xg G(dx)
+M F(dxy,d

/ A"—B .Tl —|—JI2) LH—M Fl(l’) ( o 1'2)

Po(@1, za)a” *  Fi(dy) [* G(d)
-|—M/ (A+ B)(x1 + z2) F1(z1 + x2) /xl+x2 W /1‘1—1-902 Fi(2) F(dxy,dxs)

02 (z1, T9)™? o0 Fi(dy) *  G(dr)
v/ (A + B ey + 7o) / G / P | (o)

2(xy,9)a™2 02(1, 75)a 2
< 2M2+M/%1’—Fd d +M/ o1, F(den.d -
= ) F{ (21 + 22) (de, dez) (A+ B)(z1 + x2) Fi (21 + x2) (1, d.)

IN

IN

It follows that the entropy fogs is bounded from above by

£

1 2—2/v3
togN(ellgsll, G, La(Q)) < ks () |

where

ks = 4max{ds4>~%"  dg4>=2/16}
and

V3 = max{l5, l6} > 2.

Lemma 4.6. Under assumptions Al, A2’ and A3’:

sup | R ()] = op(n12)

peK
Proof.
To prove that the remainder is(n~'/2) uniformly in ¢ we consider the functions in Lemmas 3.15,
3.16, 3.17, 3.18 and a remainder in 3.19, separately.
We begin with the remainders from Lemmas 3.15, 3.17 and 3t8use each of them can be bounded
from above by functions containing,, which are, in the same way as in this Lemmagp—'/2).
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The proof that the function in Lemma 3.160g(n~'/2) uniformly in ¢ is more complicated. For some

of the terms in these function we need the theory of U-stesisHoeffding projection and Theorem
5.3.7 from de la Pena and Giné (1999).

Remainder from Lemma 3.15

[A+ B — A, — B,|*(z1 + 22) )
= H. dzs).
R L e o e i e LS

Since

sup
peK

/ (z1, x2) [A+ B~ A, = B,J* (21 + 9)
P 1, T2 (A4 B)?(x1 + 22) (A, + By) (71 + x2)

</Sup|¢(x )| [A+ B — A, — B> (z1 + 22)
=) ek T AT B2 (21 + 42) (A + By (1 + 2)

[A+ B — A, — B,J* (1 + x5)
= /on(xl? 72) (A+ B)*(21 + 22)(An + Bp) (71 + 22)

H%n(dl'l, dl’g)

H%n(dl'l, dl’g)

H%n(dl'l, dl’g)

and the assumptions in Lemma 3.15 hold ¢gfx1, 25), then the proof thatly,, + Js, = op(n~/?)
uniformly in ¢ is the same as the proof of Lemma 3.15.

Remainder from Lemma 3.17

o(z1,72) /OO (Fin—F)?
Koy = — Win = 20" g6 1) (daey, d
2 / (A+ B)2(z1 +2) Jur 10, FPFin 2 (1, do)

We have

o, 2) /OO (Fin =10 i
s S U 4G HY (day, dx
saelg /(A+B)2(x1+x2) oiiey PP, nHo (dzy, dxs)
1 00 (Fln _ F1)2 )
< [ su xT1,X ————dG, H,(dz,dx
S /SDEEW( 1 2)‘(A+B)2($1+x2) /x1+x2 2Py, 5 (dy, dy)

o(1,22) /OO (Fin—F0)? 1
< M = 2V 46 HY (dy . das).
_/(A+B)2(x1+x2) i 2P, G Ha (v, di)

1+x2

The proof of Lemma 3.17 with the assumptions¢gfx;, z2) yields the proof for this part.

Remainder from Lemma 3.18

~ * F n F * *
K, = /¢($17$2)/ %(dGn —dG )Hzl(dfclad@)
T 1

1+x2

and
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- o(x1, 72) / Sn TLdGE — dGF)HL (day, das)

oek |(A+ B (@1 +x2) Sy, 00y,  FP
1 * Fln - Fl
’ — —(dG, — dG” dry,d
/ZEE“P(SM $2>|(A—|—B)2(:171 +x2) /xl+x2 F12 ( ) ( T JJQ)

Hzl(dﬂfl, dﬂ?g)

/ Fin— 1 (G — dG™)

2
1+x2 Fl

/ ¢o(21, T2)
(A+ B)*(z1 + x2)
The proof for Lemma 3.18 yields that/2 K, goes to zero in probability uniformly ip.

Remainder from Lemma 3.16

- (A+B_An—Bn)(ZL'1+x2)
Jon = /80(3717932) (A4 B)?(x1 + )

A+B_An—1_Bn—l 1 1

(H%n(dl'l,dl'g) (dl’l,dl'g))

e Usi 02)52 80(3717372)1{Z,>:c +z2}
—n?2 (U, 2 —/ =N g (dw, do
; ((A+B)2(U1i+U2i)F1n(Zi) (A+ B)2(x1 + 22) Fin(Z)) > (dn, do)
= J5.(0) + J5. ().
Asto J3, ()
- Uz Uz)(;z ¢O(xlax2)1{Z'>x +x }
sup |2 (¢)] < n7? (Ui, U +/ Zavtee) gl
@EE‘ (9 = a— ( A+ B)2(Uy; + Us)Fin(Z:) (A+ B)2(21 + x2) Fin(Z:) 2 (421, dra)
o wo(Uni, Ugi)6; / 0o(1, 22) 112,51 +20} 1
< n’K = + = H,(dzq,dx
- 1; ((A+B>2(Uh- + Uni) F1(Z) (A+ B)(z1 + x2) F1(Z;) > (41, drz)

and, in the same way as fof_ in Lemma 3.16, the expectation of the right side is boundethfr
above by

_12['“{/ 800(']‘1173:2)
TR AT BY (0 + a0) Fu (21 + a0

To deal withJg, (¢) recall (3.6)

F(dl’l, dl’g)

[e%] o) _ o) _ 2
(A+B—Ay—By)(z1425) = / - [dG* dG*)+ / udG;— / Md@;.
T 1 T

2 2
1+x2 T1+T2 Fl 14z2 Fl Fln

We will prove that

sup
peK

/ <A+¢§f§2§f)ﬂ2> / N ;1<dG* —dG*><H%n<d:c1,d:c2)—H%(dxl,d:cg))‘ (4.2)
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sup

/( P21, 22) / Lfdgz_l(Hgn(dxl,d@)—H%(dxl,d@))‘ (4.3)

weK A+ B)*(x1 4+ 22) Jor4ay  Fi
and
<P($17$2) /OO (Fln - F1)2 * 1 1 )
~—  dd H, (dxq,d — H,(dxq,d 4.4
22113 / (A + B)2(LL’1 + 1’2) Tr1+x2 F12F1n n—l( 2n( o xZ) 2( “ xZ)) ( )

areop(n=1/?).

We begin with (4.4). Since

p(21,25) /OO (Fin—F)? ., 1 1
B S iG,(01, (dr, ds) — HY (s, d
Elellg /(A+B)2(x1 +29) Jorres F2Fin n1(Hy,(dzy, do) 5 (dxy, dxs))
P21, 22) /OO (Fin—F)* .
= su Wi = 2" g6 HY (daey, dae
> WGE / (A + B)2<J;1 + 213'2) . F12F1n n—1++2 ( 1 2)
p(z1,22) /°° (Fin— F)? .
+su Win = 4G HY(dxy, do
4,0618 / (A + B)2(x1 + 552) 14 Fme 1 2( 1 2)

@0(33‘1,372) / (Fln — F1)2 % 1
< ———>dG:_H, (drq,d
/ (A+ B)?(z1 +22) Joy4wy, FiFin n1 oy (dy, ds)

wo(T1, T2) /OO (Fin —F)* . 1
2 d H,(dxy,d
i / (A+ B)2(21 +22) Jorgay, I Cnorfly (do, dos)

then the proofs of (3.60) and (3.61) in Lemma 3.16 yields that) isop(n~"/?).

To deal with (4.2), set

. gO(Zlfl,Zlfg) > i * - * 1 - 1
(o) = [ e [ F G — A6 e de) - B )

1 n n

_ Z Z( SO(Ulia U2i)5i1{Zj2U1i+l~]2i} _ / Qp(Ulia UZi)éil{uzUli.g.fjm} G*(du)
(A+B)2(U12 +U22)F1(Z]) (A+B)2(UM+UQZ)F1(U)

i=1 j=1

JFi

@($17$2)1{Z,.>x1+x2} 1 / Qo(xlax2>1{u>m1+x2} 1
. J= H d ,d = G* d H d ,d .
/(A+B)2(I1+932)F1(Zj) 2 (b, dva) + (A+ B)2(zq + x2) F1 (u) (du) Hy (s 9:2))

Define
Hy(x,y,2,0) = P(U, <a,Uy <y, Z < 2,6 =0|U; < Z)

a measure of®® x {0,1} and

(21, 22)0" Liy>a, a0}
A+ B)%(z1 + x2) Fi(y)

@((xh X2, X3, 51)7 (y17 Y2,Y, 52)) = (
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a H; x H; integrable function.

Since

) . 1, 22) Liu>aq 40
/SO((xlavax?nél)? (ylvy27u762))dH3(x17x27x3751) = / (Agjf Bi)z(zll)fl{—}—zlljé—)"_Fl}(U)H%(dxl’dx2)

and

/95((1'17 Tg, T3, 61)7 (yla Y2, U, 62))df{3(y17 Y2, U, 52) =

thenM;,, can be written as a function gf as follows:

(1, 29)0" /OO G*(du)
(A+ B)*(z1 + 22) J, Fi(u)

1+a2

) 1 n n . ~ ~
Min(p) = —ZZ(SO((Uu,Uzz,ZMz),(U1j7U2j72j75j))
i=1 j=1
—/@((Uu,ﬁzi,Zi,@)’(y17y2>u>52))dﬁf3(y17y2,u>52)
—/¢(<x1,$2,$3,51),(Ulj,ﬁgj,Zj,éj))dﬁg(ﬂfl,l’g,ﬂj'g,él)

+/S5(($17932,$3>51)>(yby27U,52))dg3($1,$2,$3,51)dﬁ3(y17y2>u>52)>

1 n n 3 ~ ~
2 Z Z TP ((Unis Uzi, Zi, 0;), (U, Uy, Z5, 65)).

=1 =1
Furthermorer,¢ is, according to de la Peila and Giné (1999) page 137, th#éditogprojection with
k=2,m=2andS =R3 x {0,1}. Therefore

n . .
M () = U ()

n—1
is a U-statistic of Hoeffding’s projection.
For this we want to use Theorem 5.3.7 in de la Pefia and G88jwith the functionf = ¢, which,
according to Remark 5.3.9 (de la Pefia and Giné (1999)) dbax@ to be symmetric since we use a
symmetrized version of U-statistic (the sum is taken ovier & ; and not only ovei < j). To prove
the assumptions we define a class of functions

H={p:p€ K},
which can be proved to be a VC-subgraph with envelope functio

©0(71, 22) Liyza, +a2}0"
A+ B)?(x1 + x2) Fi(y)

()50((1‘1, T2, X3, 51)7 (yb Y2,Y, 52)) = (

and
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||%50||2 = /@(Z)(($17$2,$3>51)>(yl,y2>y,52))dﬁ13(931,$2,$3751)dﬁ3(y1,y2,y,52)

2 [e'e)
©o(1, 9) / 1 * 1
G*(dy)H, (dx1,d
/ (A_l_ B)4(ZL'1 ‘|'172) T1+T2 F12(y) ( y) 2( o $2)

@31, T3)
/ (A4 B)?(x1 + xo) Fi (11 +$2)F(dx1,dx2), (4.5)

Assumption Al yields that — Fi(z) < M(1 — G(z™)). Together withl — G(z~) = a(A + B)(x)
we get

B @51, T3) 1 — Fy(7) + 29) @51, T3)
45) = / (A+ B)*(z1 +x2) Fi(z1 + 22) Fldm, dz) +/ (A+ B)*(z1 + $2)F(dx17 dz2)

: 2
< M F(dxy,d F(dxy, dzy) < 0.
/(A+B)(x1+x2)Fl(xl+x2) (dxy, das) + (AT B)a, 1 1) (dzy, dry) < 00

Theorem 5.3.7 in de la Pefia and Giné (1999) yields

{(nUP(m2@) - ¢ € H} 5 {V2Kp(map) : ¢ € H} inl*(H),
whereK p is a chaos process with = Hs.

Finally, by Cramér-Slutsky,

n

1 . —1
UR (ma)| = Vi

sup ‘ \/ﬁMln (()5) =
pEH

Now we will deal with (4.3). We set

sup [nU® (my3)| 5 0.
pEH

_ o(x1, 22) * Fu(r) - Fi(r) 1 — HYdes dx
MZTL(QO) - /(A+B)2(Z’1+$2) /xl+m2 Fz( ) Gn—l(dl')(HQn(dl'l,dl'g) HQ(d 1,d 2))

Fin(Z;) — Fi(Z))
= —Z( UlzaU225 Z 1 Fz(Z)l 1{U1+U22<Z}

. 1 fln(Zj) — (%) !
— — E Lz van<zyHy(dxy, d .
/90(5617@)” < F2(Z;) (o122, 15 (dy, o)

Using properties ofy,, as for (3.41) in Lemma 3.16, it is sufficient to prove that
sup

Sk / A fé?égff )+ / . / ol — F{(dy))G;y_y (d)
(Hy, (dzy, dxs) — Hy(dxy, das))

p(@1, ) > o1 Caly) = Cy) ... ;
/(A+B)2($1+x2)/x Ff(m) /‘I’m(y)02—(y)F1 (dy) G _(dz)

1+T2

(Hy,(dxy, dxy) — Hy (day, das))

(4.6)

sup
peK

4.7)
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- - LN BL(Z)
(Ui, Uzi)oi— > )

1 ~
{U1i4+U2<Z;

(4.8)

3|'—‘
>

and

sup /85(5517932)l z": m%ﬂl{x1+x2<zj}[{%(dxladx2)‘ (4.9)
pEK n =1 Fl (Z]) a

areop(n~'/2), whereR, () is the remainder in the linearization 6f,,.

At first we bound (4.6) by the sum of
sup

o(w1,72) §
peK / (A+ B)?(x1 + z2) /x1+x2 / Cly — F{(dy))
(G*_,(dx) — G*(dz))(H} (dwy, das) — H) (day, dxz))‘ (4.10)

and

sup
peK

p(21,22) =1 L € — “(d
/(A+B)2(931+$2)/x Flz(:)s)/ C(y) (Fin(dy) — F (dy))G" (dx)

1+z2

(H%n(dl'l, dl’g) — H21(d1'1, dl’g))

(4.11)

The first term is bounded by

(21, 22) > () ) ) ) 1
/( /x (x)/ Cly )( In(dy) = Fy (dy)) (G, (dw) — G¥(dx)) Hy, (i, dizy)

2161113 A_'_B)z('rl —0—1’2) 1+x2
o(xy, & 1 U, ( . . .
+81€1[13 / (A+ é);(xfl $2 / F m / C’ Fln - F (dy))(Gn—l<dx) -G (d$))H21(d$lad$2)‘
© r1+w2

o] () * * * e - 1 . .
/xlm Fz( / (y) (FT, -1 (dy) — FY (dy)) (G, (dw) — G*(d ))‘H%(d 1, das)

/x1+x2 F?(x / Cy ) (FT(dy) — Fy(dy)) (G, (do) — G*(dx))‘H%(dxlud$2>

< / @o(w1,72)
~J (A4 B)*(w1 + 22)
+/ wo(x1, 2)
(A+ B)?*(x1 + x2)
and, in exactly the same way as for (3.50) and (3.51), it caprbeed that the expectations of these
terms areo(n=1/2).

For (4.11) we need to use Theorem 5.3.7 in de la Pefia and(©888). Set

_ p(x1, 2) = 1 Yaly) , o o “(di
Nld) = [ B o T | ) )~ Fi0)G ()

(Ha, (dy, dzo) — Hy(dxy, das)),
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Since£ is continuousl, (y) = —1y,~.F1(z). Hence

L elem) [ U [l e e e
Nanli) = /kA+B>@y+m»AﬁmFuw/Pmw<ﬂ“@)‘ﬂw@x;“)

2n dxlade) Hl(dxladl'Z))

. x17$2> > _1{y>x} * * o
- // A+ BR + 5)C( )/mlm Rz O @0WE(dy) = Fildy)
2n(dl’1,dl’2) Hl(dl'l,dl'g))

n n

1 @(Uni, Usi)d; /OO o<ty
= = - L 3} G (de
n? Z:: Z:: |: (A + B)2(U1i + UZZ)C(Ulj) Ui+U02; Fl( ) ( )

(p(Ul’MUZ’L) 3 © 1{:E<y} . .
" / (A + B)2(Uy; 4+ Uy)C(y) /UM+U2Z Fy(z) G (dx) F{ (dy)

90($1,$2) /OO 1{sﬂ<U1'} * 1
+ ————2G*(dx)Hy (dxy, dx
/kA+BV@uﬂm0®m>wﬁ% Fia) O (0 (dn, dry

(11, 29) 0 la<y) (o) H L
G*(dx)F*(dy) H) (dzy, dzy))|.
//A+Bxﬁ@wmlwgm>(x)(”“xlw

Furthermore, sincé,, () is a double sum, we split it into a pakt,’ (o) for i # j andNi.” () for
i = 7. Since

sup | Noy ()] < sup [ N3/ ()] + sup [ N3, ()]
peK peK peK

we can deal with each part separately.

To deal withsup,,. . |N3.” (10)| we set

ot > 1
"((21, 22, 23,68"), (Y1, Y2, ¥3,6°)) = — (21, 2) / “toe=ut g g
P s 03 00) = = R )06 oy ) ©
a H; x H, integrable function, where
ﬁ3($,y,z,(§> =PU) <z,Uy<y,Z <z0= S\Ul < 7).
The class of functions
H' ={¢':pc K}
is VC with envelope function
ot < 1
V(1 w0, 23,0 Y, Y3, 07 Po(z1, 23) / <y} o (g
Ao 00, e 00 = Bt 4 O] o, Fal) & 4

SinceC(yy) = a ' Fy(y1)(1 — G(yy)), dG* = a ' FdG, dF} = a™1(1 — G7)dF; andl — Fy(z) <
M1 —G(z7)), we get

|waP==t/w®%ﬁsxw%
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903(3517 .’,172)

< [t ([ oot ) Rammn.e
— /(A f%(;tl(’;zi = </$1+£E2 Fl(yl)l({lwf“é?(yf))G(dx)) Fy (dyy) Hy (dzy, ds)
< ot ot (L, Aw) frommen e

@5 (1, 72) * G(dr) [~ G(dx) [* o 'Fi(dy) o dp
| aee e L R L R / Gy )
@5 (1, 12) > G(dr) Fl(dyl)
= / (A + B>2('T1 + xQ)Fl('Tl + 1’2) L1+$2 Fl(x> r1+T2 1 - G(yl_)

05 (1, 22) *  G(dx) [*  Fi(dy) o da
< Mo [ g L R L T e e

1+z2 1+22

arm) % Gldr) (¥ Fi(dy)
+/kA+BWm+wﬁLﬁmﬁﬁﬁéﬁmTiagﬁFW%@@>

z 2
< Mz/jﬂﬂﬁiFdjd +M/ (1, ) 4

F(dﬂ?l, dﬂ?g)

The last two integrals are, according to the assumptiorig fifhen

LN () = UD (map")

n—1 2n
is a U-statistic of Hoeffding’s projection. Therefore, ashe proof of (4.2), Theorem 5.3.7 in de la
Pefa and Giné (1999) and Cramér-Slutsky yield

i£q n — ]_ P
sup [Ny, (¢)| = Va—— sup |[nUP (ma")| — 0.
peK n pleH!

To complete the proof of (4.6) we have to deal wi¥l},” (¢). The supremum oves € K is bounded
from above by

n

1

Y S
n2 |:4P€K

o(Uy;, (722')52‘ /OO Ha<v1i}
(A+ B)2(Uy; + Us)C(Uri) Jun+0 Fi(z)

.5, o,
+ sup / (p(Ulza U2z)§z / {z<y} “fe<y} (dl’)F*(dy)
peK (A + B)Z(Uli + U2Z)C(y) U1 +U02; Fl( )

/ p(z1, 22) / <t
+ sup
%EK A ‘l— B) (:El + xZ)C(Ull) U1i+022 Fl( )

(11, 19) * lacy) o . 1
G*(dx)F* (dy) H (dy. d
e // e x1+x2>0<>/xl+m Fufw) O (PP (dy) (. dr)

Sincely; < Uy; + Uy, the first term is zero and

G (d )‘

G*(d ) 21(dl'1, dl’g)

|

sup |/nNgZ 7 3 o(21, 22) R G P L dz,, dx
B VAN < 7o [ G aito O o, Bl & @
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wol $1,IE2 > 1 Fr(dy) .. 1
= G*(dx)H, (dzy,d
\/_ / A + B Il + 1’2 Ll+x2 /(; 00) C(y) ( x) 2( o xZ)

wo(r1, T2)x Fi( dy
= F(dxy,d
\/_/ A_I_B 113'1 +$2 /:;+m2 [xoo ) ( = xZ)

<Po T1, T2

< \/_/ A+ B) x1+$2)/mirz Fl(x))

goes to zero as — oo. Hence

(dl’l, dl’g)

sup | Ny’ ()] = op(n™"/?).
peK

As to (4.7), by continuity off, for the inner integral we have the following equation

[ e Sy - —pe) [ S k)

Then, in a similar way as for (4.6), we have
(4.7) = sup

el (1 C) = O e (4
ol | B 5 L B Ly G G0

(H;n(dﬂfl, dﬂ?g) — H21 (d.ﬁ(}l, dIQ))
sup

plerey) 7 Culy) = CW) ..
! G B 5 e T O

(G*_,(dz) — G*(de)) H). (day, dxz)) (4.12)
+ sup

4V N R W e 1) ()%
ol G B 5 L i o

(G _(dx) — G*(dz))Hy (dxy, dy)

(1, 22) * 1 Cn(y) — Cy) . .
/ (A BY(a + 7o) / A /@,oo) oy LT )E )
(4.14)

IN

(4.13)

+ sup
peK

(Hzln(dl'l, dl’g) — H21 (dl’l, dl’g))

The term (4.12) is bounded from above by

po(@1, 72) o1 Culy) — Cy) ... © ) — O (d
/ A+ B2(n + ) / Fi() /(x,oo) copyy L1 @)(Ghalde) = GF(de))

and (4.13) by
po(1, ) =1 Cn(y) = Cy) © ) — O (d
/ (A+ B (e + 1) /+ Fi() /(mo) oy L1@)(Ga(de) = G(dr))

As for (3.63) in Lemma 3.18 we can show that the terms abovedre '/2).

H21n(d£(31, dﬂ?g)

H21 (dl’l, dl’g),
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The integral in (4.14) we write as a U-statistic and use, dkémproof for (4.6), Theorem 5.3.7 in de
la Pefla and Giné (1999). We set

Ulu U22>52 /OO 1 / 1{U1'Sy<Z'} - C(y)
= — s 2 i (dy)G*(dx
Z Z |: A + B Uli + U2z) J (z,00) C2(y> ! ( y> ( )

i=1 j=1 U1i+U2; Fl(x>

_ o(x1, o) /00 L/ Ly <y<zy —Cly) . . )
/ (A+ B)2(21 + 72) Joy4as F1(7) (200 C2(y) F! (dy)G*(dx)Hy (dxy, dxs)

and write it s/ + T,/=7, whereT /77 is a sum over different anfl’=/ is a sum over equal indices,
respectively. We define H; x Hj integrable function

o(xq, 15)0" e 1 Liy<y<ysr — Cy) _, .
e 2, 3,8") no v ) = Pt [t [ S SEW )6 ()

ThenT!#7 can be written as follows:

. 1 Ca - -
Trliﬁj - EZZ[SOt(<UM7UQZ7ZZ7(SZ>7(U1j7U2j7Z]753))
=i
—/sﬁt(($1,$2,$3751)7(U1j,023'7Zj75j))d1{[3($1,$27$3751) .

SinceE(1y,,<y<z;3) = C(y), we have

—/%((Uuaﬁziazia@)a(y17y27y3,52))dﬁ3(y17y27y3752)
+/<Pt((931,932,$3,51)7(yl,yz,ys,52))dg3(171,$2,$3,51)dﬁ3(y1,y2,y3,52)
:/[@t(($1,$2,$3>51)>(yl,y2,y3,52))dﬁ3($1,$2,$3,51)

— @i(Uri, Usis Zi, 83), (1, Y2, Y3, 52))] dHs(y1, v, y3, 6°)

_ / / Liy>a} 1{U1]<yg§(})—0(y) /

dﬁ3<x1,x2,x3,61>Ff<dy>G*<dx>)

_ //1{y>x}E<1{U1j<y5§(}) C(y)) /E

dHy (w1, 22,35, 8') F (dy) G (dx) ) = 0.

(p(l’l, Jj2>1{962901-‘:-9E2} . (‘O(Uli’ ﬁ2i)1{IZU1i+l72i}5i
(A + B)?(z1 + x2) (A + B)2(Uy; 4+ Uy)

gO(CCl, x2>1{x2x1+x2} . @(Ulia UZi)l{xZUli-‘rUgi}éi
(A+ B)* (21 + 2) (A+ B)*(Uy; + Uy)

Hence
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L 1 <& - -
Trzié] - ﬁZZ[@t((UliaUZiaziaéi)a(U1j7U2j7Zj76j))
=
—/%( Ui, Usi, Z5,6:), (Y1, Y2, Y3, 02))dHs (y1, Yo, y3, 6°)
+/S0t( 51),(yl,ymy3,52))dg3(171,932>$3>51)dﬁ3(yl,y2,y3,52)
—/<Pt( 4

(
(xla X2, T3,
($17 X2, T3, 1)7 (U1j, (729'7 Zj7 5)’))(”:[3(3517 X2, X3, 51) )

is a U-statistic.

Set

Ho ={p1:p € K}
which is a VC with envelope function

5! >~ 1 Ly <y<us} — CY)]
0 51 52 = QDQ(ZIZ'l, 1'2) / / {y1<y<ys} F* d G* dx).
(pt(<$171’27$37 )7 (y17y27y37 )) (A+ B)2(LL’1 —|—JI2) oy F1<JI) (2,00) CQ(y) 1 ( y) ( 33)

SincedFy = oY1 — G7)dFy, dG* = o 'F1dG, A+ B = a™*(1 —G7) and, by AL,1 — F; <
M(1—G7), we have

x1,T9)0 1
cp?((xl,xg,xg,él), (y1’y2’y3’52)) < 900( 1 2) /( {y1<y<ys} (dy)

A+ B) 11+ 12) Jiosreany @1 -Gl )

300($1>I2)51 / 1{y1<y<y3} <P0($1,932)51a / 1{y1<y<y3}
+ — == i (d M ————=F(d
A1 B) @ 472 S Bi0) Y S A Bt 1) Sy F2ly) W)

<P0($1= x2)5104 1{y1§y§y3} <P0($17 $2)51 M(l - G(xl + x;))
At B + 1) /< DRDO-Co N T A B rm) Bt

<P0($17$2)51

<3 Ml 4o .
= (At B)(ay + aa)Fy (g +ag) TR
Hence
192 < / / (0 dHy (2, 3, 8 YAy, v, s )
1 xT T
= // Al 931>5172 o) G(dys)Hj (dzy, dzs)

A"—B LL’1 —|—SL’2)F (l’l +LL’2)

Spo(l'l,zz)a 1 2/ (,0(2)(1'1,1'2)@
= oM H,(dxy,d =9M FOTD 2 F(day, dasy).
/(A+B)(:E1+x2)F 2o ) 2 (0 ) T2 gy (01 d2)

This is, by assumption A2’, finite. Then
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-1 ..
DT () = U (magy)

and, with Theorem 5.3.7 in de la Pefia and Giné (1999) anch&r&lutsky, we have that
L. n
sup | /AT ()] =

peK
goes to zero in probability.

(U (mag0)

Now we deal with,/nT=7(yp). For the expectation of its absolute value we have:

=i 1 SOO(U117 021)51 > 1 ‘1{U11<y<Z1} - C(y)\
VnE(sup [T/ (¢ < —F = / / =
( | ( )|) [(A + 3)2((]11 + U21) U114Ua1 Fl(x) (z,00) 02(y)

F (dy)G*(da) |

+ i / 900(1'17 x2) /OO 1 / E[‘l{Ullfyle} - C(y)‘
\/H (A + B)Z(xl + zZ) T14T9 Fl (ZIZ’) (z,00) 02(y)
Fi(dy)G*(dx) Hy (dxy, day)

Since|lyy,, <y<z,} — C(W)| < Liv,,<y<z} + C(y) the right side is bounded from above by

> 1
[ ¥0 U117 UQI)(SI / ) 1 / {U112§y<Z1} Fl* (dy)G*(dg;)]
A + B Ull + U21) U11+U21 Fl('r) (z,00) C (y>

@o(w1,22) > 1 / | S . 1
—_— ——F (dy)G*(dx)H, (dx, dx
A+ B)?(21 + x2) /mlm Fi(2) Jiz,00) Cy) 1 (dy) G} H (dn 2))

—(/ ( e /:O L/@m) Y03} ) G (dr)a G d2) F(dy diy)

i
=/

Vn A+ B2 (x1 4+ x2) Joyta, Fi(2) C2(y)
wo(T1,22) > 1 1 . .
—— F}(dy)G*(dz)Hy (dz1, d
/ A+ B)? x1+x2) /mlﬂ02 (2,00) C(y) (dy)G*(dx)Hy (dx, xz))

+3/ (A ff(;?()xl(;ji 72) /+ / (e.00) F1( )Fl(dy)G(dx)H (dxl’d@))
o

F(dl’l, dl’g)

/ 800@1,372
- \/_ A+ B)(x1 + x2) Fi (21 + 22)

Since the integral is finite, we get

VnE(sup [T, (¢)]) — 0,

peK
asn — oQ.

Finally, to prove (4.8) and (4.9) we bound them from above.hake
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" |\R¥

20U Un) 5 1§ 1Fia (Z)]
n D ey An IR
Z A + B Uli + U2z) n ; F12<ZJ> {U1i+U2<Z;}

and

o{T1, T2 R}
(4.9) < / A _'_('03()2(3:1 _)'_x2> - ; %1@14&%2 }H2 (dzy, dxs).

In the same way as in the proofs for (3.47) and (3.48), we caw shat (4.8) and (4.9) are:(n~/2).

Remainder from Lemma 3.19

Since

(1, x2) /OO R,(z) ., .
G*(dx)H, (dxy, d
2161113 /(A+B)2(x1 +22) Jo, 4y FE(T) (dx) Hy (dy, doy)

Po(z1, 2) = [Ra(@)] . 1
< | G B 59 o, T O

the proof for Lemma 3.19 yields that the term aboveyig:~'/2).
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Appendix A

Basic Properties ofF,,(t)

In this chapter we study,,(¢). We start with a linearization af},,(¢) and then provide some proper-
ties of the remainder and its second moment. These are dsethk linearization of ,, in Chapter 3.
Recall thatF (t) = P(U; < t) and its estimator is the Lynden-Bell estimator for rightricated data
(for details see (1.7)):

SincenC,,(U;1.,) = 1 and

n

11 [1 - ncnfwjmﬂ T II [1 - %} -1 [1 - %} |

J=i+1 j=i+2 j=i+2

onQ{™ := Q\ QY (under "no holes”, for details see (3.12J},.(¢) can be written as

n n

o 1{U1i:nSt} 1
Fia(t) = ZW 11 [“WUM)}

i=1 j=i+1

. /(_W] e {n /(m)m (1= iy )P P

_ /( t] —C;(x)%@)m(dx)

() = exp {n/(x,o@ In (1 - @)an(dy)}-

“eol= [ )

Note that, since by (1.6 = 44, we havey(z) = Fi(2).

where

Set

~—

~—

v(z

97



With Taylor’s formula we get

Tolz) = y() + ) {n /( . In (1 - #(y)) Fr (dy) + /( . Fé%)} ;

wheree? @) € (v, (z),v(z)). HenceA, (z) < 0.

Before we may proceed with |, for givene > 0 we may choose a smalland sequences, — bg-
so thatl — G*(b,) = £ and P(Uip:n, < b,) > P(Zpyn < b,) > 1 —¢c. Hence on an everit’: of
probability greater than or equal to- ¢ we may restrict integration w.r.£}", to (—oo, b,,).

Furthermore, for givea > 0 we may choose a smal| and sequences, — ag+ SO thatf (a,,) = <
andP(Zy., > a,) > P(Uy1., > a,) > 1 —e. Hence on an everft®~ of probability greater than or
equal tol — ¢ we may restrict integration w.r.E}. to (a,, o). Hence, orf2* = Q% N Q% an event
of probability greater than or equal to- 2¢, F}, is supported bya,, b,).

Now, onQ{™ N,

] = | [ (1- o

) * * *
Lo [ 5] s

- ol 1 ; FY, (dy)
Bule) = (m,bn)l <1 ”Cn(y))Fln(dy)+/(m,bn) Cn(y)
[ Fildy) = F(dy)
_ Caly) = C) ps
Dn2($)—/(x,bn) Cu(y)C(y) Finldy).

Then

_ @) A e (s @)
Ful) = [ GmsFuan s [ GEB@ER )+ [ GrDa @, )

(_Oo7t]

An(z)
(=00, Cr(z)

The termS,,; (t) can be written as follows:

_ V(@) pef g V@) (e (g0 — B
Sa) = [ ZegE@+ [ T EL ) - Fi)

Y® o) O N () — )
+/(_oo’t] C(x)Cn(x)(C( ) — Co(@)) FT,(dx) = F1(t) + Lo (t) + Spy(2).
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Finally

Fin(t) — Fy(t) = Lpi(t) + S5 (t) + Sna(t) + Sps(t) + Spa(t),

where

Lat) = [ Z ) - Filan)
) = [ (O - Gl as)
eA (z)
Sunlt) = / G Pl )
A (m)
Sat) = [ GryPu@F )
An(z)
Spa(?) » Cn & oy Dol Fi ).

In the later parts of this chapter we will need the followiegyark.

Remark A.1. SinceFi(a,) > aFy(a,) = ** and1l — G(b,) > a(l — G*(b,)) = <¢, we have that
In((Fi(a,))™") < In(2) andin((1 = G(b,)) ™) < In(Z).

A.1 Bounds for (Fy, — Fy)*(t)

According to the last section, by repeated uséof b)? < 242 + 22, we have, on an evefit; N Q"
of probability greater than or equal to- 3¢,

(Fin — F1)?(8) < 8(Lpy (1) + (S51)2(1) + Spa(t) + Sia(t) + S2a(t))-
Next, we will bound each of the terms separately and comhetie ¢xpectations.

According to equation (3.1) in Stute and Wang (2007) we hhaefor every= > 0, there exist large
K andny, so that fom > n,

C(Uy)
P <K 1—e.
(3w & SHzt-e

Set(), = {w € Q: sup; <, CC;((Ul 5(w) < K}andQ) = QN Q" N Q,. ThenP(Q0) > 1 — 4e.

99



Lemma A.1. On the sef2?, we have

) K{ R Fy (dy) — Fi(dy)
Sha(t) < o Z Lan<Uy;<t) C(Uy) (/(Uu,oo) C(y) )
(

_|_£2 zn:z V(Uli) i Ulj) 1 I / an(dy) — Fl*(dy)’ / Fl*n(dy) _ Fl*(dy)
n* 3 ji C(Un) C(Uy) fon<thefu=t (U14,00) C(y) (U1;,00) C(y)
= 5313(t)
Furthermore,
- 2K Mo n 2K K2aM \/_K .
S2.(t) < - In (Cla) +— (cla) + 18— In (Cla) +4 = n(qa)

Proof.
SinceC,,(Uy;) > 1/n, C/C, < K onQ? andexp {A,(z)} < v(z), we have

2 7(37) * ?
S < ( /( ) Cn(x)wm(xmn(dz))
il (U Y(Usy) Py (dy) — Fy(dy)
= 1;1{““‘”0 G <598, T / v ) ‘
Fi(dy) = Fi(dy)| 1 ¢ 7 (Us) Fy (dy) — Fi(dy)
. /(Ulj o) C(y) - n? Zl{anwugt} C%(Uy) </(Uu,oo) C(y) )

/ F(dy) — F (dy) ‘
(Ulz )

(UM) (Ul )
‘l’ ZZ l{an<U12<t}C (U )]-{an<U1J<t}C (ij) C(y)

=1 j#i

y / Fiu(dy) = Fi(dy)| _ 1 Z NG L0 ( / an(dy)—Ff(dy))2
an<U1;<
(Ur,00) C(y) n = C(U1i) \J w00 C(y)
K2 & Y(Uwi) 7(Uyy) / £, (dy) —Ff(dy)‘ / Fy,(dy) — FY (dy)
+— La, 15,U1;5 = -
n? ;; C(Uyi) C(Uyy) =0 o Cly) (U100 Cly)
2323@)
Since
/ Fi,(dy) — Fy(dy) _n—1 / FL2 (dy) — Fy(dy) 1 / Fy (dy)
(Ur4,00) Cy) n S, Cy) n Jweo) CW)
and
B (/ Fy._(dz) — F, (dz)) < 1 / Fy(dz)
(z,00) C(Z> “n—1 (z,00) CZ(Z)
we have
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(S e P ([ ) )

= KE (1{an<vu<t}% ( /(UU o) an(dyé(_y)Ff(dy))2>

L - Y SUELT)y

+2K = LB <1{an<Uu<t} C((gllll)) (/ Un100) %)j = % o) g((;c)) /<z,oo> Fék;é%hﬁf(d@
T (

+2n—l2< (ant] g((i)) (/(x,oo) C(Cylg)/)) Fi(de).

To bound the right side we ugd; = o~ 1(1 — G—)dF;, C = a~(1 — G—)F, andy = F}. Since by
Al [ Lld) ; < M and using Remark A.1, we get

-Gy~
2K 72(56)/ F(dy) .. “(dr) = 2Ka/ Fl(x)/ Fy(dy) Fy(d)
o J(an, C(x) (z,00) C2(y) ! o Jant) (=,

2K« / Fi(dz) / Fi(dy) 2K« / Fi(dz) / Fi(dy
< — < —
n (an,t] F (.CL’) —00,00) 1- G(y_) n (an,00) F (LU) (—00,00) 1- G(y_)
2K |
n (—o00,00

—

—
|
2
@I
S
AR
Q

and

2K [ () @)\ pogoy < 2,0 1
2 Jiany C(2) (/(W c<y>) Fi(d) < —In*(—).

As to the second sum ifi2,(#), first consider

(‘/Uh . ) Fi(dz) /(Uljvoo) an(d%(_z)Ff(dz)

It follows that

o (|, e

LS~ [ f Fitd:) ]
—El|= k>l
( > l 0w Jww CG

|Us, U1j> . (A.1)

/ Fy (dz) — Fy(dz)
(Uzj,00) C(z)

1{U1l>U1J} / Fl*(dz)
(Uly

Uy = 2, Uy = y)

\Uyi = 2, Uy = y)

k=1 ni | ¢ o) C2)
1{U1k>U12 / Fl*(dz)] 1{U1'>U1i} 2 / Fl*(dz)
g E — — _|_ J -
( Z { C(Umk) (Uhi00) C(2) nC(Uy) 1 Juue C2)




5%

1{U1l>U1J} / Fy(dz)
(U1] )

1{U1i>U1j} 2 / Fl*(dz)
(Ulj )

2| ") e | T o) )
S s [ F@] L Len 2 [ F(2)
‘E< n%[ﬂ% /@,w) ) ]+n0<y> n/@m) ()
1 Lvy>yy Frldz)] | Lasy 2 Fy(dz)
n%[C(Ull) /(ym) () ]_l_nC(x) n /(ym) @) )

By Cauchy-Schwarz, the right side to the power 2 is smalken tbr equal to

p(33 [ea- [ @) e [ Y

k#1,j

1 Ly >y) Fi(dz)] | lasy 2 Fr(d2)\”
XE<% Z[cwu) ‘/@,w) o) }+n0<x>‘ﬁ/@m> 5<z>) (A.2)

I#i,]

Furthermore, by usingz + b + ¢)? < 2a? + 4b* + 4¢* and Bienaymé,

1 = [Lvesa) / Ff(dz)} Liy>a) 2/ Iy (dz ))
E - 1k _ ‘l’ _ =
(n k; [C(Um) (@o0) C(2) nCly)  nJue C(2)
L, >0} / Fy(d2)]? 1{y>x} + 18 / Fi(d2)\*
- n2 Z |: Ulk (z,00) C(Z) 4 2C2 n (z,00) C
_ 2(n— 2)/ Fy(dz) PO I g <18 Fy(dz) | 4 Loy
n? (z,00) C%(2) n?C?(y) n? (mo @oo) C2(2) 02 C%*(y)

Hence, sincé (112543 = 0,

(A7) < 182/ Fl*(dz)/ Ff(dz)+4*181{y>x}/ Ff(dz)+4*181{x>y}/ Fr(dz)
12 Jwoo) C2(2) Jyooy C2(2) nd C2(y) Jiye) C*(2) nd C%(x) Jze) C*(2)

Finally,

18 / Fl*(dz) Fi(dz) N \/71{U1]>U1} /

n U1‘ OO 02 Z U1 OO 02( ) n3/2 Ul] Ulj OO
\/7 1{U1 >U1]} / F* dZ
n3/2 C(Uy) (Urs.00)

Hence the expectation of the second surd3g(t) equals
’ 7(Un) 7(Ur2)

gl FY(dy) — Ff(dy)‘ ‘/ F7.(dy) — FY (dy) D
Y - 1)E 1 an<Ui1,U12
n2 n(n ) (C(Ull) C(U12) { <t St} [U11,m) C(y> (U12,00) C(y>
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T L 5 (L, ) s

As to the first sum, since

</<x,oo> Z(Z%)) = Fﬁ) </< ol fﬁ?—))m : ﬂ

we get

([ 2 () By F;u@)z caglCaM ([ BN el n

The second term equals

2@/ L ma e (0, e ey) Panni

3 2 Fl d
o r/ Y A3
Since by A1
1 — Fi(z) Fi(dy)
I~ Gl ) - /@,w) -G =
we have
1 1-F2) M(1 - G(27))
Fi(z)  Fi(x) s Fi(x) 1
Hence
\/_K 03/ Fl Fi(dy)
A= 2 f{ /< 4 /< 0 /H /<> Ry - Gy
GV ), 1 Fi(dy)
< n3/2 VM Mln(cloz) +/(amt] Fi() /(x’t) TGl G(y_)Fl(dI)}
\/_K 032 n Fi(dy) Fy(dx)
< n3/2 VM _Mln(cla)+/(—oooo) 71—G(y‘) /(an . P (2) }
< \/;/[2( oM Mln(qa) —I—Mln(cm)] < \/117/[5 3/2M3/25n(61la)

It follows that
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zKMal n 2K no L K2aM 4 \/_K

n o n? o n ca

ESZ(t) <

The proof is complete.

Lemma A.2. On the sef2’ we have

- L, >u 1{U >0} K3 & v*(U1;) v, >
52 t < 1 a { 1k 1’L 11 17 - 1 " ) 1k 17
wl) < Z ten<u=th 27, Cz Z Z C(Uw) C(Uy) n3 ; fon<thi=t C2(Uvi) Z C(U)

Usi) ki ik Y ki
K® U ) Ul] 1{U >U1s} 1{U11>U1 }

—l—— Lo, <tni<t an<Up,; <t 1k 27 J
EZ o<t g o< 1 2 2 Gt o)
4K4 - v(Uy) (Ul) L, >u -

Z Z 1{an<U1z<t} ]'{lln<U1]<t}]-{U1'L>U1]} . glk il = Sn2(t)
=1 j#i C U ) C(U )k;é C (Ulk)
Furthermore,
~ K*M K3M K°M 4K*
B3, (1) < Y2y Yy 4 P Wi Y G
n o n o n o n o

Proof. To find the bound fo5%,(¢), recall

Bale) = n/(x,bn) " <1 - m) Finldy) + /(x,bn) ng((allg)

On the seﬂﬁ"), where there are "no holesiC,, (U;) > 2 for Uy; > Uy, Since forx € [0,1/2] we
have—z — 2? < In(1 — z) < —z, we obtain

1 I (dy)
0> B,(z) > ——/ Ln )
(=) T J(z,bn) Ca(y)

Hence

wo (] 2, ) <3 o (]S
L

= Ulz) V(Ulj) / FY, (dy)/ F, (dy)
1 M) 4 Z1n\®J) Zin\RJ) A4
tn <=t G (Uy) 1= G (U4) 0 (U15,00) A

+
n

Ci(y) Ci(y)

1=1 j#i

SincenC,(Uy;) > 1 and, on the se®,,, we haveC'/C,, < K, we obtain

/ an(dy)/ Py, (d Zzl{UlpUu y Loysui)
(U14,00) 02(y) (Ur,00) 02 77,2 02 Ulk C%(Ull)

n
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Z Z 1{U1k>Ulz 1{U11>U1]} Z 1{U1k>U12}1{U1k>U1J} 1 ]‘{U1]>Uli} ]‘{U1l>U1j}
n2 C2(Uy) C2(Uy) n2 CH(Uy) n2 - C2(Uy;) C2(Uy)

k1,5 l#£1,5,k l#1,5
b 1 Luy>u0) 1{U12>U1,} Z Z 1{U1k>Ulz} 1{U11>U1]} 3 Lty >max(U,U1)}
n? ng CZ(Ulk) 02 Ulz k#]l# & 02 Ulk (Ull) g 02(U1k)
Ly >,y Lvy>u1) Livy>unay Loy >
+ Z Yooy —megry (T HUn>U) < Z Z 2
I#ij Calln) 57y CaUi) k;ézgl;éuk C*(Uw) - C(Un)
max( liw >Ui;} {U >Uis}
K2 {U1k> Ulz UlJ) K2 1 . . { 11 1j K2 1k 14 1 . .
+ lg:” 2 Ulk + l;:j {U1;>U1:} CZ(Ull) + kz: 02(U1k) {U1i>Uy;}

and therefore, by, (Uy) > 1/n,

% 2 n 2
(/ Fln(dy)) _ 1 Ly, >0} < 1{U1k>U12 Z Z Lwesvay 1{U1l>U12}
(U14,00) Cﬁ(y) ne Cz(Ulk) N C Ulk ki 14,k Ulk (U1l>
{U1k>Ulz 1{U1k>Ulz 1{U11>U1z} 1{U1k>U11
+ +n
Z C2(Uy) ;l; 2(Uik) Cn(Un) Z w(Utk)
L >U}1{U>U Livy >}
< KZ {Us, 14 11 1} ‘l‘K 1k 14 )
N ;l; C(Uw) C(Uy) Z C(Ug)

Hence, for (A.4) using’/C,, < K, we get

K* & Livysvny Yoysvy
A4 < o 1 “ 1k 1i 11 1
( ) = 4 a {an<Uni<t} ~o 777 N\ Cz z ;l#zk Ulk (Ull)

P(03) < Lot
1¢q Z
Z {n<U12<t} C2(U12) Z C(Ulki)

’V(Ulj) Z Z 1{U1k>Uli} 1{U1Z>U1j}
C2(Uy) C(Uy)

2(U) )
C) )
K4 Ulz Ulj 1 1x>maz(U1i,Uxj
+Fzzl{an<U1l<t} ((UM)) 1{an<U1j§t} g'((U1])> Z = CZ([}EC)U .
Y(Un) )
C(Uy)
(U)
C(Un)

1 1{U1l>Ulj}
{U1;>U1} " ~o 77 CQ(U”)

)
1
7(U13)> {U1k>U12} 1{U1i>U1j} (A5)

o O (Uw)

Now, Since]'{Ulk>max(U1ivU1j)} = 1{U1k>U1i}1{U1i>U1j} + ]‘{Ulk>U1j}1{U1j>U1i} and using symmetry in
i, j for the last three sums, we get

" 1{U >U }1{U >U 72(U1i) Liv,>u)
A5 < 1@ 1k 1% 11 12 1[1 1k 1%
19 < BT S il 5, 210 b

Z ki I#£ik ki
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- U ) 1{U1k>U12 1{U1l>U1j}
ZZ {CLn<U1»L<t}C U ) {CLn<U1J<t}C Z Z 02 Ulk (Ull)

i=1 j#i k#zgl;ﬁzyk
AK* v(Uws) v(Uy ) Liv,svny &
1 a 1 “ 1 J 1k iy 52 t
+ A ;; {an<Uni<t} ~777 C(U ) {an<Uy; <t} {U12>U1J}C(U1j) ot 02(U1k) n2( )

Furthermore, for anyn, m,, we get

Z Z Lvystay Losvy,)
Ccm Ulk Cm2(U1)

k#i,5 1#£i,5,k

Fy(dy) Fy(dy)
Ui, U | <n? / ! / 1 .
' 1j> (Wrn00) C™(Y) J(0;,00) €™ (Y)

< K' [ ) PN g o K2 [ %@ [ Fdy) L
ESTL?(t) = n /(an,t] 02@7) </(m,oo) C(y) ) Fl (d )_I_ n /(an,t] C’Z(x) [x,oo) C(y) Fl (d )

(LA L 3 (L ) )

4K* 7(x) 1(y) Fi(dz) ., "
' n S C@) /m ) C(y) /(ym) C2(2) FY (dy) Fy (dz).

Next, we consider each summand separately. Recall

dFy =a '(1-G-)dF,,C =a (1 -G-)F, andvy = F}.
By Al and using Remark A.1, we get

(an,t
K3 2 Fr K3M
o J(an Y C?(x) (z,00)

C(y) Toon Go
(L O ) (] ) ) <

L @) [ AW [ R 4K
n /u co ] <y>/ gz F ) < = =0,

The proof is complete.

Lemma A.3. We have
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Proof. We have

()

2,(t) = ( /( s

Hence, usinglF; = a'(1 — G-)dF,,C = a™'(1 — G-)Fy,v = F, and Al, we obtain

(FL.(d2) —Ff(dx))) .

Q=

Lemma A.4. On the sef2?, we have

UZ 1 a U 1 an 1 ]_
(Sh)*(t) < 2K2 ZZV 18) Haw <ty Y(U1) 1 an<tn; <ty

> (C(Un) = Ywy<vn<zy)

=1 i 02 U1 02(U1]) n2 ot
2
2K v¥( U, 1 an<Urs 1
Z (C(Ulj) - 1{U1L§U1j§Zz} ’ Z 1 { <U = (n Z (C(Ull> - 1{U1k<U1i<Z;€})>
I#5 k#i
v(Uw;) 1{an<U <t} V(Ulg)l{an<U1 <t} ’Y Uh 1{an<U <th &b 2
2K2 17 J 14 S )
+ n3 ZZ C3/2 U1 03/2((]1 Z Uu) ( ) ( )

Furthermore,

- KM« n 4/8K? 1 4/8K? n 2(K+1)M«

b \2(4) < 2, 2 3/2 1 r3/2 n
E(S))(t) < - In (Cla)—l— - aM \/C,l—i- i a M ln(01a)+ -
Proof.
We have

2
(Sh () = ( e S —(Ca) ~ e iy a))
ant

Ulz 1{an<U <ty 1
( Ull (}11) n kz:; (C(UIZ) o 1{U1k§U1i§Zk})

>2

2
Z (C(Un) = Ywye<vni<zi}) )

ki
ZZ UM 1{U1kSU1iSZk}) X

k#i 1#£5

< Z 1 (Ui)Ha<vri<yy 1
B Ulz (U12> n

2
1 (Uh)l{a <Uy;i<t} 1

2| = mE L C(Uy) —1
(n — C(Uy)Co(Uy;) n o €)= 1]

ZZ Y(Uhi) Y, <vn,<ty Y(U1j) L an <o <ty 1
UM UM) C(Ulj Ulj n2

=1 j#i
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2
2 — 72(U1i)1{a <Up; <t} 1
C(Uy;) —1 v — | — C(Uy) —1 .
( ( 1]) {UllSUljSZl})‘ + 2 £ Cz(UM)CEL(Ulz) n kZ#( ( 1 ) {U1kSU1zSZk})

2
1 (Uli)l{an<U1i§t}
- <n2 C(Un)Cn(Uni) | -

=1

Furthermore, sinceC,,(Uy;) > 1, for the last sum we have

n? - C(Ulz)cn(Ulz C Ulz Ulz) C<U13)Cn<Uly)

=1

1 Y(Uri)a, <vr,<t} Y(Us) Lan<tn<ty Y(U1j) Yan <0y, <)
z( Iy f

Ull 1{a7l<UlL<t} V(U1]>1{an<Ulj<t} 7 Ull 1{a7l<UlL<t}
<5 ZZ + Z

i=1 j#i Ull \/ Ulz C Ul] \/ U1] UM

Since on the s&t,, we haveC/C,, < K and using thatC,,(Uy;) > 1 for the second sum, we get

Y(Uri)1¢q Uij)lga, 1
(A6) S 2K2 Z Z 1 {an<Uy; <t} 7( 1]) {an<Uy; <t} Z (C(Ulz) . ]-{UlkSUliSZk})

i=1 j#i C2(Un) C2(Uy) n? ki
n 2
; (C(Uyy) — 1{UHSUU§ZI})‘ + % ; 72(Uh331({&7;i<)U1i<t} (% kzﬂ (C(Un) — 1{U1k§U1igzk})>
+2K2 . ;; g U23}2{anU<th<t} V(UZZ}Z{Z;UMQ} 2@ Z V2 (Uy;) 1{(CZZ<UM<t} (80 )2(0).
Before we compute the expectation(éf, )2 (t), for fixeds, j we bound:

Z (C(Ulz) - 1{U1kSU1iSZk}) Z (C(Ulj) - 1{U11SU1jSZl}) '|U1i> Ulj? Zi’ Zj) :
ki 14

“

Taking w.l.o.g.i = 1,5 = 2, we have:
Z (C(Un) - 1{U1k§U11§Zk}) Z (C(Um) - 1{U11<U12<Zl})’|U11 =z1,Uip =20, 21 = 41,22 = yz)

E (
k#1 1£2

:E(

Z (C(Ull) - 1{U1kSU11SZk}) + (C(Ull) - 1{U12§U11§Z2})‘
k#£1,2

Z (C(Ulz) - 1{U11§U12§Zl}) + (C<U12) - 1{U11§U12§Zl}) '\Un =a1,Uip = 29, Z1 = 41, Lo = yz)
1#1,2

Z (C(l'l) - 1{U1k§m1§Zk}) + (C(xl) - 1{$2S$1Sy2}>‘
E#1,2

Z (C<x2> - 1{U11S$2SZZ}) + (C<‘T2) - 1{$1S$2Sy1}) D

1#1,2
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Hence, by Cauchy-Schwarz, the right side to the power 2 ssthen or equal to

E( Z (C<x1> - 1{U1k§x1§2k}) + (C(xl) o 1{x2<x1<92})>

k£1,2

2
XE( > (Cla) = Lpycanczy) + (Clan) — 1{r1Sw2§y1})) :

1#1,2

Furthermore, sinc€? < C, we have

2
E( Z (C(xl) - 1{U1kSI1SZk}) + (C(xl) - 1{$2§Z1Sy2})) < 2(” - 2)0(371) + 402(1’1) + 41{w2§m1§y2}
k+#1,2

< 2nC(x1) + 4l (py<ar<yo)-

Finally, sincel/;; # Uss,,
Z (C(Ull) - 1{U1k§U11§Zk}) Z (C<U12) - 1{U1l§U12§ZL}) ‘ |U11’ Uta, 21, Z2>

E (
k#1 1#£2

< 214/ C(UH)C(Um) + \/B_n\/ C(U12)1{U12§U11§Zz} + \/8_72,\, C<U11>1{U11§U12§21}
< 2n4/C(Uy1)C(Uys) + \/8_n\/ C(UIZ)I{UQSUu} + \/8_n\/ C(Ull)l{UuSUlz}‘

For the expectation of the first sum(82,)2(t) we have:

2 7 Ul’l ]-{an<U11<t} 7(U1]>1{Q7L<U1 <t} 1
<2K ) ;; 2 Ul Cz(Ul ) ’ n2 ; (C(Uli) - 1{U1k§Uli§Zk}) X

n(n—1) (V(Un)l{a <tni<ty Y(U12)1{a, <t12<t)
> (C(Uyy) -1 , = 2K* E pEoiis Rl x
I#] (O {UUSUUSZZ})D nt C?(Un) C?(Ur2)

> (CUn) = Lpy<vnzzy) D (CUR) = Ly <vn<z)) D = E(E(...\Un, Ura, Z1, Z5))

k#£1 12
*(n = 1) (v(Un)Ya,<vn <y V(Ur2) o, <vin< n(n—1)
< oM (TL E {an<U11<t} {an<U12<t} 4K2 /8
< 4K A C32(Uyy) C32(U,) + A nx
I V(Un)l{anwngt}W(Ulz)l{anwmgt}l
03/2((]11) CQ(U12) {U11<U12}
AK? ( / 7(x) )2 4V/8K? 7(x) / 7(x)
< — I _prdr)) + F? (dy)F; (da).
7 \Jana @@ ) DT S OP@) Sy Oy W

As to the second sum if62,)2(t) we have

2
2K ’7 Uz 1 an<Ui; 1
( Z 1i) {U:)U =t} (52 (C(Un) — 1{U1kSU1iSZk})> )

ki
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1 2(Up)1 an<Up1<t 2 1
= 2K$E'<7 ( C)3(§Jn> st} (kz;ﬂ (C(Ull) _1{U1kSU11SZk})> ) :2K$E(E(|U11))
2K (VP (Un) Yau<onzyy | _ 2K V@) g
= n E( C?(Un) ) o Sy 02(17)F1 ()
Hence
S 12 AK* ) .o\, 4VEK? (x) Yz) .
E((Sﬁl) (t) < T( (n ] Cs/z(x)Fl (dx)) + nv/n (o] C32(z )/[LOO) Cz(y)Fl (dy)
2K 72( ) 2K? () . - ? 2 V(2) . N
o S @ T, (/(] ) + L
6K () 4v/8K? () 7(x)

- ([ i) S [ e [, gy

AK+1) [ 2%
+ - /(amﬂ 02(:17)F1 (dz).

Now we need to bound each of the terms separately. As to thevrebtain

- (], oy it ))2 < </u RS G(w-»ﬂ(dx))

2 Fi(dz) K?Ma n

2 -1 1 < 2, M
SR [ Ry <),
As to 'E[he second, since by AﬂlFlc;zlm, < Mandl — F(z) < M(1 - G(z7)) < M\/1—G(x),
we ge

<

4v/8K? v(z) () . .
T Sy O g o)
4f K B2 1 / Fi(dy)
Ty (ant] V1 (@) (1= G(27)) Jizoo) F1(y)(1 = G(y7))

_ 4VBK? Y 1 1 Fi(dy) .
ny/n (and] VEL(7)(1 = G(z7)) Fi(z) /[;p ) L — G(y_)Fl(d )

4/8K? B2 1 1— Fi(z) .
= ny/n M (@] V/F1(z)(1 = G(z7)) ( Fi(r) +1) Fi(de)

< AVBEE g / 1 py(de) + AVBK® 3o / Fl(dx)
~ nyn (an,1] Fl?’/2(x) ny/n (an,t] \/Fl —G(z7))

- 4\/§K2a3/2M2 . 4\/§K2a3/2M / Fy(dx) / Fl d:z:
— n/n VFi(a,) n/n (ant] T1( (ani]

According to Remark A.1[" (a,,) > <. Conclude that the right side is less than or equal to

Fl (d!)ﬁ')
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2
L AVBK? e [

M? )
@ NG ny/n cio

4+/8K?2
n

As to the third one:

2(K +1) / gz((z))Ff(dx) < 2(K + 1)Ma.
n (any) O2 (T n

The proof is complete.

X
Lemma A.5. On the set2? we have
52 ( ) Us. 2
n4(t) = Z {an<U1'L<t} 2 ( ( 1Z))
C2(Uni)
v(Uy; Uy
PR 3 5 ot e o<t o DU DU = S
n? i i) (Uy)
where
|Co(Usi) = C(Uw)] |Cn(Un) = C(Uw))|
D,(Uy) = Zzl{x<U1k Uy <bn} C32(Usy) C32(Uy)
k=1 1k
and
- K |Cn(Usk) = C(Uw)] |Cn(Un) = C(Un)|
Dna(Uy;) = — Lz 1kn1r 1USbn ’
o(U) = 77 2 2 Vet ectiust) = o C2(0)
Furthermore,

. 14K OK*M  2K? 2K M
ES2,(t) < aMin() + 3 2B () £ 2R (e (— + /Mazn(i)>
n 1 ncy n C1x n 1 v/ C1 1

2 2 2 /B2
LIBET (ﬁﬂ/Mazn(ﬁ)) L ARy \F VAVBRT Min(-
n 1/ C1 1 n 1 1
A K?
1o VAVCE? () (WL) ; 1) |
n Iare’

1

where

MK M1
A= 28K Ma+ 22 o g2 v in () + 32K (« [— + \/jln(i)> 1 128K % 4M2a
C 1 C1 C 1

K [M 128K?
B = 18K + i +2K2%2, [ Min(—— +16K2< \[zn ) S oM
cCcix Gl c G 1
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and

32K2M o2

C =2K’Ma? +
Vel

Proof.
Before we consider the teri$f’, (), we derive two bounds fob,,,(x). SinceC,(Uy;) > 1/n and
C/C, < KonQ,, we get

2 _ Culr) = Cy) . 1 (Ca(Unx) = C(Uni))?
Dral) ‘([zbn) ) ) 2;1{““““} GO Th)

Cr(Uix) — C(Ur) Co(Uy) — C(Un)
2;;1{I<Ulk<bn}l{x<ml<bn} Co(Ui)C(Uik)  Co(Un)C(Un)

(Co(Uk) — C(Uwr))?
< 1
Z {z<U1x<bn} n2C2(Uy)C?(Urk)

1 Cn(Us) — C(Uw)| |Cn(Un) — C(U)
+n ; l#zk 1{m<U1k,U1l§bn} \/ncn(Ulk)\/Cn(Ulk)C(Ulk) \/nCn(Ull)\/Cn(Ull)C(U”)

(Cn(Uwx) — C(Uw))?
- ;1{““““ C*(Un)

Ky S ColUs) = CW| [CalU) = CWUW| _ oo
n (o<1 U1u<bn} C32(Uyy,) C3/2(Uy) s

k=1 £k

and

2 Ch - C . 2 ] — C,(U) — C(Up))?
Dnz(I) = (/(‘m . MF y)) — ﬁ Z 1{m<U1k§bn}( ( ) ( ))

Ca(U)C?*(U)

. . Ch (Um) C(Uwg) Co(Un) — C(Un)
x 1S50n x 1l< n
o le<Uisbn} He<Uusbnd 7 () C(U) Co(Un)C(Un)

" (Cu(Ur) = C(U))?
Z 1{x<U1kan} 03(U1k)

|Ca(Ui) = C(U)| |Cn(Un) = C(Un)| .~

2
+n— 2 l;k Lactin<tn) Ha<ty,<bn} C2(Ur) C2(T) =: Dya(x).

Furthermore, for fixed, j, k, 1, by (a + b + ¢)? < 2a* + 4b* + 4¢2, we get

E((Co(Urx) = C(U))*|Usi, Uris Ziy Zi) < E<2 (% > M<tin<zn) — C(U@])

m#i,k

4 4
+t3 (Lp<vi<zy — C(Uw))? + > — (Lin<tng<zir — C(U))? Ui, Un, Zi, Zk)
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8 8 8 8
Ui) + 5 Lwisvszy + ﬁcz(Ulk) +oat ECQ(UM)

14 16
—C(Uy) +
n

and therefore

E(|Co(Uig) — C(UW)||Ch(Un) — CUWUri, Uy, Uri, Ui, Ziy Zis Ziy Z1)

1 IS . ISy ) 1 1
_ E(‘_ Z [1{U1m§U1kSZm} . C(Ulk)] + {U1:<U1,<Z;} + {U1;<U1<Z;} 4o {Uu<U1x <71}
n Sy n n n n

Loy, <vn<2:) N Ly <om<z;} N Ly <vn<z)
n n n

4 1
—~CUw)||5 3 Bnsvuszy = COW)] +
s#£1,5,k,l

1

4 1
+— — ~C(Un)
n n

|U1i7UljuUlkaUIhZthazlel)) < E({ —

3|
—

> Mui<tn<zny — CUW)| + =

m#i, gkl

1
= > [n<vuszy — COW)| +

>< {
n
s#i.4k,l

2 2 % 064 2 2 % 64
< \/ (n— )C(Ulk)—k%\/ﬁ(n—ll)C(Uu)—f‘%

} ‘U1i7 U1j7 U1k7 U1l7 Zi7 Zj? Zk7 Zl))

71,2
2 16 16 128
< — . .
< ~VOUWCU) + —= i C(Upp) + —— i C(Ou) + (A.7)

Coming back to our goal, we obtain

2 V(z) * 2_ IS 7 (Uw) 2
s < ( P IR ) = S ez d g (Dl

v(U1i) v(Uy )
) ;;Hanwmt}o 0, )1{an<U1J<t}C (U;)|Dn2(U1i)||Dn2(U1j)|

Z it T (D)

(Ui Y(Uj) | 1 - &
LSS Lt A oty A D) | Dua )] = S0
i=1 j#i !

To compute the expectation, for the first suni (1) we have

2 (Ulz) AL 72(U11) " 2
E (K 3 Zl{an<U1’<t}Cz(U )(Dnz(Uu)) ) =K EE (l{an<U11§t}m(Dn2(Uﬂ)) )

2(Uyy) (Cr(U) — C(Ung))?
< K2_E 1 u ’}/(711 1 - L
< " ( {an<U11<t} C2(Uny) kz;ﬂ {U11<U1<bn} C2(Uyy)

2(Un) K Ch(U) — C(Uw)| |Cn(Un) — C(U
PO K51 g 9o O CaUh) <u>|>

1
+K*~FE |1 an<Uni<t} ~o/77
" ( {an<U11<t} C2<U11> perfiort 03/2(U1k) 03/2(U1l)
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v*(Un1) (Cn(Urz) — C(Ur2))?
S K2E <1{an<U11<t} 02(U 1) ]-{U11<U12§bn} CZ(Ulz)
(1 7*(Un) ] |Cp(Ur2) — C(Us2)] |Cr(Urs) — C(Uns))|
* o0 G e <isusind ) Co/2(Uns)

Un) Lo <via<b
= K2E (14, 7 (Un) Lwn<vns B (L (Uy) — C(U))2| Uy, U
({n<U11<t}CQ(U1) 02(U12) ( ( 12) ( 12))| 11 12)

Un ) Ya,<vn, Lia<t12,U13<b,
—|—K3E' <’Y ( 1&()2({(]1?; <t} 03/2{(;[1]2)53;22(]13) (|C (Ulz) (U12)||CH(U13) — C(U13)||U11,U12,U13)>

The first expectation is bounded from above by

Un) L <tim<y [14 16 14 +*(z) Fy(dy)
KZE 1 u ( 11 {Un 12 - - < _KZ/ / 1 F*
< tan<tu= CZ(Ull) 02(U12) n C(Ulz) - n’ B (an (x,bn) C(y) ! (da:)

16 2 72(1’) Fl(dy) *
Tk /(] (@) /( Toy) L)

The second expectation is bounded from above by

2 v (Urr) Lia<U12,U15<bn} 2 16
K E<1{an<U11<t} C2(Uyy) C3/2(U15)C3/2(Uys) | n C(Ur2)C(Uns) + —\/ﬁ C(Ur2)

v/ 2) =5 e (L, ) e

32K 72() / F(dy) / F(dy) 128K () ( / Ff(dy))2
+ Fr(dzx) + Fr(dx).
it o C@) Sy CW) Sy @) T | By U, TR ) T

Now we will deal with the second sum ¢, (¢). Its expectation equals

7(Uyy)
ety D0 1Dl )

1 v (Ui
2 7
KB (S e g

i=1 j#i

< K2E<1{an<Uu Ura<t} C((U111>) |Dn2(U11)||Dn2(U12)\)
v(Un)
(

Un)

- K2E<1{an<U11 Va5 E || Do (Un) 1Dz Un2)l|Un1, Usz, 21, 2] )

By Cauchy-Schwarz, the right side is less than or equal to

Ui1) 7(Us2) \/ ; -
K?E|( 14, il E \D?,(U))|Ui, Uha, Zy, Zo| E | D2,(Uv2)|Uvi, Ura, Z1, Zo| ). (A8
( {an<U11,U12<t} C(U ) C(UlQ) |: n2( 11)| 11, V12, 41, 2:| [ n2( 12)| 11, V12, 41, 2:| ( )

Next, we will deal with one of the conditional expectatiodég have
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(Co(Usi) = C(Us))*
C3(Uyy)

N K &
E [DiQ(U11)|U11,U12,Z1,Z2] = E{gzlwuwmgbn} \U1, Ure, Z1, Zo

[ Zn: Z 1 U11<U1<b 1 Uy <Us:1<b |Cn(U1k) — C(Ulk)| |Cn(Ull) - C(Ull)|
k=2 |2k, 1 {0 <tu=ho HE <Outn) C%*(Urr) C2(Uy)

|U117U127ZI7Z2:|’ (Ag)

Furthermore,

K < (Co(Uny) — C(Uyy))?
E|— E 1 = = Z1 =1, Do =
{n — {U11<U1£<bn} C3(Uyy) Ui = 21, Usa = 9, Z1 = Y1, Zo = ¥

K = Lon<vieseat (1 1 1
= E {E kZ:3 Cg(U1k> E ;[1{U1iSU1kSZi} - C(Ulk)] + gl{UuSUmSZl} + El{U12SU1kSZ2}
2 Kl <v <oy (1 — 1 1
—;C(Ulk)) - ;% ” ;[hUligUlggZi} — C(Un2)] + SLuusvezzy +

9 2
—gC(Ulz)) ‘Un =x1,Uip =29, 2, = Y1, Zy = y2}

IA

K = Loy <vy,<b, 1O g
E [g > 7{01:?([1]:) : {2 (g > Nwisonezy = C(Um)]) + Lz <vpsn) + Heasviesiny)”
k=3 1=3

4 o Kooy [, (1% Co L
PSSO |+ 5 oL 1 ey — Caall) + s (pncasc) + 1)

1=3

K Loy <t13<bn) 1< > 8 16
+4— 02@2)” < ( —2)E [TUZ?)) {2 (5 ;[HUligUlggzi} — C(U13)]) +tt ECQ(UL%)}}
8 16 }

le z 7L 2
s ( nemezy ~ Clan)] ) + 5 + 20 a)

IN

Lizy<tn3<bn} (1 11 1 8K Fy(dzx)
QKE | ==l [ 20N ] —C(U ——( — !
[ C3(Urs) <nZ[ {U1:<U13<Z;} (U13)] + . ( 13)) + 2 S )

16K Fy(d ) 2K 1{x1<x2<bn} %1{x1<x2§bn} 16K 11z <ao<b,}
n2 @by C() n2 C?(z2) nd  C3(x9) nd  C(z2)
4K Fi(dx) 8K Fi(dz) 8K F(dx)
= PS50 o @ T Sy O@ T Sy C@
—l-% Fi(dx) 16K Fy(dx) %1{x1<x2§bn} %l{megbn} 16K 1) <zo<tn}
n2 S by C3() n2 Sy C@) n?  C?(xq) nd  C3(xq) nd  C(z2)
28K Fi(dr) | 16K Fi(de) 18K L cocny . 8K Loycocnyy
n S C*H2) n?% S C3(2) n?  C?%(x,) nd  C3(zy)

<

Hence, the first sum in (A.9) equals
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K< (Cp(Uy) — C(Upp))? 28K F¥(d)

E|— 1 Uy, Uip, 21, 29| < ——
|:n Z {U11<U1k§bn} Cg(Ulk.) | 117 127 17 2 n (Ull’bn) 02(1')
16K Fi(dx) 18K 1y, <vin<bn) N 8K (v, <Uia<bn}

’ n? (Ui1,bn) C3(x) n’ C%*(Uyz) nd C3(Urz)

(A.10)

The second sum in (A.9) equals

2. —
= F [K kZ; 17;2 Ly, <014, 01, <bn} |Cn(ng)(UlkC;(Ulk)| |CN(U53(UU)(UU)| |U11, Ura, 21, 22}
+E [Qn—[f l;; Ly, <U12<b) L{U1, <01 <bn) |Cn(ng)(&12C;(U12)| |Cn(Ug;(Ull)(U1z)| |U11, Uz, 271, Z2:|
< K?F {1{U11<U13,U14Sbn} |Cn(Ug2)<&§)'(U13)\ \Cn(ng)(UM)(UMﬂ |Uy1, Uz, 24, Z2}
2 sy OO o) Ul 1, 7, 7]
— K[ (1) — C{U)Ca(U) = OOV 2ot = 1,2.3.4))

‘Ulb U127 Zl7 ZQ:|

n C2(U12)02(U13)
|U11a U127 Zl) ZZ:| .

2K2 1 11 12,V1: n .
+ 25 | et tgi (6, (V) ~ CWIICHUin) ~ O U Zi = 1,2.3))

According to (A.7), for the first term we have

1
K2 p | Wu<bsbushd p (oo 7,.) — O(U) 1O (Uns) — CUWI U, Zini = 1,2,3,4Y)|Uyy, Ure, Z4, Z
|iCz(U13>C2(U14> (| ( 13) ( 13)|| ( 14) ( 14)|){ 175 y 0 ) “yJy })| 11, Y12y &1y &2
1 2 16«/ U13 16 C(U14) 128
< K2 | A0uslo st C(U13)C(Un) + Ui, Usa, 21, Z
>~ |iC2(U13>C2(U14) ( 13) ( 14 n\/— n | 11 12 1 2

2 x 2 * * 2 3 2
. 2K < / Fé (Zdy)) | 32K F; (Qdy) / F12(dy) n 1282{( ( / F 12(dy))(A.11)
n \J b, CPY) Vi S O Jwnsn CW) 0 W) C*0)

and for the second term

2K? [ (v, <Ua,015<b0} '
B 11 12,U1 L8y Cn U — C(U Cn U — (U Uiyzia :1,2,3 U ,U aZaZ
n {02(U12)C2(U13) <| (th:) (U12)[|Ca(Us) ( 13)|‘{ ! ! }>| e 2}
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1 2 16+/C U 16\/ (U 128
< KQE[ {U11<U12,U13<bn } ( C(U12)C(U13 12 13 — ) |U11’U12,Z1,Z2}

C?(U12)C?(Uss) \/ﬁ

2K 1{U11<U12§bn}/ F*(dy) 16K 1{U11<U12Sbn}/ Fl*(dy)
—on C(Ui) Jwen CPy)  nyn C32(Ui)  Jw,p C*y)

6K Lvy, <via<ba} / Fr(dy) | 128K° L, <vin<hn) / Fr(dy) (A.12)
Wi CW) i O T CO) sy O)

Altogether, E [1522(U11)\U11, Uia, Z1, 22} is bounded from above by the sum of (A.10), (A.11) and
(A.12). Hence we get

. 28K Fi(dx) 16K Fr(dz) 18K 1, <vm<hy
E[Di (U )|U ,U ,Z,Z:|§— 1 + 1 11 1250n,
? H H = ' ? n (U11,bn) Cz(aj) n2 (U11,bn) 03(.’17) n2 Cz(UIQ)
Sl | 2 ( /[ Fy (dy) )2 LBRET L Fr(dy) / Fy (dy)
nd  C3(Ur) n Ui1,bn) 03/2( ) ny/n (U11,bn) 03/2(31) Ui1,bn) C2(y)

L1280 < / F*(dy>)2 2K 10y, <issin) [ E 16K 1<tz [ B
n? Wrnm) C2(Y) no C32(Uw) Jone, Cy)  nvn C32(Uw)  Jwb

+16K2 1{U11<U12§bn} / Fl*(dy) + 128K2 1{U11<U12§bn} / Fl*(dy) (A 13)
nyn - C*HUi)  Jan,p) C¥2(y) n? C*(U12)  Jawn by C*(y)

Before we may deal with the second sunti (¢), we will bound

Vg <oy &/ [DZQ(U11)|U117U127Z1722]

by a simpler function than the one in the above inequality.tiis we consider each term of (A.23),, <t}
separately. SincéF; = a~'(1 — G—)dF; andC = o~ (1 — G—)F}, we have for the first term

28K1 / Fy(dx) < 28K Ma 1g,<vi1}
n {an<U11} Vi) 02(:(:) = n F12(U11).

By Remark A.1,1 — G(b,,) > 2 and by All — Fi(z) < M(1 — G(z™)). Hence the second term is
bounded from above by

16K1 / Fy(dx) 16K0421 / Fy(dx)
{an<Ui1} TR Cg( ) - n2 {an<Ui1} (Ur1.b0) F ( )(1 —G( _>>2

16K a? Fi(dx) / Fi(dx) )
< 1an U (M/ -+
n2 eSO ) FR@) A= Ga)) T S FR@) (1 — G(z7))?
< 16Ka21 2M < 16 K a2 1 2M no_ 32MKa1 1
= o URU)0-60,) T n2 R (U ne R (UL

The third summand in (A.13) is bounded from above by

18K 1{an<U11<U12§bn} < 18K 1{an<U11<U12§bn}
n? C?%(Uyz) - on C%*(Uyz)
By Remark A.11 — G(b,) > 2% andFi(a,) > 7. For the 4th term in (A.13), we therefore get
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8K 1{an<U11<U12§bn} < 8K 1{an<U11<U12§bn} « 8K 1{an<U11<U12§bn} 1

W OUn) = OUn) R0 —G0)) = n . CUn)  caal

n

Cauchy-Schwarz yields for the 5th term in (A.13)

2
2K ( / Ff(dy))2 _ 2K, / Fl(dy)
—, lan<tu} Ursbw) C3/2(y) o, tan<Un} Whnbm) Fi(y \/Fl y7))

2K « 1{a7L<U11}Ml )

- n (Un) (&%

For the 6th term we have

8K / Fr(dy) / Fi(dy) _ 32K2\/& Fl(dy) aM
i S CRW) Jwnay C0) TV sy Rm)VRE) - Gyo) F00)
2K%/a aM M(1—G(y)) 1
= nvn  F2(Uy) /(Uu,bn) (\/ Fi(y) +1> Fi(y) 1—G(y‘)F1(dy)
32K%/a oM 1 1 o
- nyn  FE(Un) <\/M\/F1(U11) i V1 _G(bﬁ)ln(cla)>

32K /a aM n n, n 32K? aM \[
< — [/ —In(— = .
- n\/ﬁ F12(U11> (m c1 + COéln(ClOé)) - n Fl U11 ( ln ClOé

For the 7th term we get

128K2

F1 (dy) )2 _ 128K? 4M*a

1{CLn<Ull} ( n F12<U11) ]-{(ln<U11}

(U11,bn)

By Remark A.1,1 — Fi(y) < M(1 — G(y~). Therefore, by Cauchy-Schwarz, for the 8th term we
obtain

2K*? 1{an<U11<U12§bn} / F1*<dy) _ 2I(2\/a 1{an<U11<U12§bn} / Fl(dy)
n C3/2(U12) (U11,bn) C3/2<y) n C3/2(U12) (U11,bn) F13/2<y) 1— G(y_)

2K? 3214, 1 M1 -Gy
< \/a 3(/); {n<U11<U12§_bn} (/ 7 < ( (y )) _'_1) Fl(dy)>
o FY(Ure)(1 = G(UR))P2 N Wb FY(y)v/1 = Gy) Fi(y)

2K2\/a 3/ 1{an<U11<U12<bn}

< ( ) Min(— ))
—_— n —_
n BP0 (1 - GUR)Y? W (Un) cra
2K2MO[2 1{an<U11<U12Sbn} 2K2 2 MZTL( n )1{an<U11<U12<bn}
n Flz(Ull)(l — G(Ul_z))z n 1 02((]12)

For the 9th summand in the (A.13) we have
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16K2 1 (0, <01 <Urp<bn) / Fi(dy) _ 16K*0*? 1o, cvn<vi<n / Fi (dy)
v C(Ue)  Jwasy CW) v B (UR)(1 = G(UR))Y? Jwism

_ 16K2a? [ a,<ti<tinstn) / Fr(dy)

— nvn N aaFi(Un)l-GUn))? Jons., C°W)

) 16K 20 \/I 1{an<Uni <Ura<bn) / Fi(dy) < 16 K2 \/I Van<tn1<U12<bn} 2aM
= " o Fl(U11)<1 _ G(Ul_z))2 (U11,bn) (y) n c1 Fl(UH)(l — G(Uﬁ))2 F1<U11>
_ BR2K*Ma® g, <Uh)<Ura<bn)

- onya FRUL)(1-GUp))*

Using the bound fo[f g;/(fy in 6th term, we get for the 10th term in (A.13)

16K2 1{a <U11<U12<bn} F*(dy) 16K2 1{a <Up1<U12<bn} — n n n
n C2(Uys) / C32(y) — nyn C?(U;s va Lo * caln(cla)
Vv (U11,bn)
16K2 \/7ln 1{an<U11<U12§bn}
V e C2(Uys) '

For the 11th term we obtain

128K2 1{a7L<U11<U12<bn}/ Fl*(dy> < 128K22M1{an<U11<U12§bn}
n? C?(Usz) Wb C2Y) — ne C%(Usa)

Hence

. 1 1 Lia, <Uy1<Usa<b,
L [Diz(Ull)‘U11,U12,Zl,Z2} < — (A B {an<U11<U12<bn}
n\ Fi(

1{(17 <Un1<U 2<b }
C 1 n

F(Un)(1 = G(Uy))?

where

oMK M1
A= 28K Ma+ 22O o g2 vin (<) + 32K <, [=— + \ﬁzml)> F128K2 % 4M2a
C 1 C1 C 1

8K M1 128K
B=18K + 1 2K%a? [ Min(—-) + 16 K> (, [— + \ﬁm(i)> + oM
Zere’ cra 1 c o 1

32K2?Ma?

Finally the second sum ifi2,(t) is less than or equal to

and

C =2K’Ma?® +
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U (Ur2) R
(A8) = K%(MMQMM%G<1”” ”/¢E[n2mlwmumzh%} P%Qhﬂmh%mﬁiﬂ)

K? Y(U11) 7(Ur2) ( vy, <U12<b0} (U, <U12<bn} )
~FEl1 “ \/Z + \/7 11<U12< + \/6 11<U12<0n
n ( { n<U11’U12<t}C Un) C(Us2) U11 C(Ur2) Fi(Un)(1 - G(U))

1 L{t12<U11 <bn} Lo <t11<bn} )
« \/Z _I_\/E 12 11 _I_\/E 12 11 _
< Fi(Usz) C(Un) Fi(U2)(1 - G(Uy,))

K2 (Un) (U12) |i 1 1{U <U11<bn}
2 gl . Ui + \/Z\/E 12 1150n
n<WU“%Mw@gﬂ@MMg C(Un)Fy(Un)

1 LU, <t,<bn} {U11<U12<by} 1
+VAVC acUnshl __ | /g Ul
Fl(Ull) Fl(Ulg)( G(Ull)) C(U12) Fl(U12)

+\/6\/ZF1(;1{32;U—12§E(2‘2)) Fl(élg)]) B K2§ </(a ] Fé((d:;))Q

,VAB () Fi(dy) .. V— 1Y) . \
+2K / o /(x’bn) c2(y) FY(dx) + , Ol /(x . F'(dy) Fy(dx)

IA

IA

Hence

c2 14, 72(56) F(dy) ... 16, 7 () F(dy) g
Esull) <S8 | C@) /<> ) T RN e /<> Coy) 1)

(] s

32[(2 ~2(z) Fy (dy) FY(dY) g g
n\/_ (an 1] C?(x )/(xbl C(y) /(:cbn 03/2(y)F1<d )

128K2 () Fr(dy) AK? Fr(dz)\?
Fy(d
+ 2 (an . C2(x) (/(w b) C3/2( )) T(dx) + - (/(amﬂ Cx)

VABK? () Frdy) . VACK? ) ) o
+2T (an,t) C(T) /:c bn) Fr(de) +2 /(amt] C(z) /(x be) Cz(y)FI (dy)Fy (dx)

C2(y) 1 n

Finally, similarly to the lemmas before we get

. 14K OKM  2K? 32K M
ES2,(t) < aMin(-") 42 I aMiIn () + aMin(-2) (— + | Maln(—= ))
n 1 ncy n C1Qx n 1 \/C 1

2 2 2 /ABK?
JIBET v (£+,/Maln(i)) AR 2y 4 o YABR ) M in (L
n v/ C1 1 n [65)e n 1

/ 2
Lo VACKT (- <ln( ) + 1)
n 1 1
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Finally, by Lemmas A.1-A.5, we get the following result.

Lemma A.6. For givene > 0, there existk’ > 1 and sequences, andb,,, so that the event

~ C(Uwn) } (n)
00 =< su < K, Uirn > Gy Zyer, < by p N
" {1gz’£n Cn(Uni) — H ' !

has probability bigger than or equal tb— 4¢. On the sef2’ we have
(Fin = F2(t) < 8(Liy (1) + (Sp1) (1) + Sia(t) + Sis(t) + Sna(1)) =: 8EL (1), (A.14)

where E(E2(t)) is the sum of expectations in Lemmas A.1-A.5. Furthermoveesv.l.o.g.M > 1,
¢ <land¢ < min(L, 1), we have

E(EX(t)) < k aa’, (A.15)

wherek is a constant.

A.2 Bounds for (Fy, — F})*(Z3)

In this section, for fixed indicesandk andUy; < Z, we bound F},, — F)*(Z;) by functions which
don’t containU’s and Z’s with indicesi andk. Let L2, (S% ,,)% S2_,,, S? ;3 andS?_|, be the
functions as defined in Chapter A.1, which don’t contain inkleTo find a bound fof £, — F})?(Zy,),
we need the following lemmas.

Lemma A.7.
L2 (Z4) A2y (Z0) + —— F2(7) + 2— )
n—11 — n—21 (n _ 1)2 1 (n — 1)202([]12)
Proof.
We have

> _ (@) o . P (n—2 (@) o .
oaz) = ([ ZSwan - ) <2227 [ 28w, ) - Fr)

- /(—oo,zk} MFl*(df’f))zj%( 7*(Us)

n—1 C(x) n —1)2C%*(Uy;)
< (n - /(_W’Zk] T (Pl - Fila >>) T ( /(_OO’ZH i >)
v*(Uy;) 9 4 5 v*(Uy;)
"‘2 (n 1 2CZ<U12‘) S 4Ln—21(Zk) + (n _ 1)2F1 (Zk) + 2(7L . 1)202(U1i)
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Lemma A.8. On the sef2?, we have

b2 SN2 1K (@) . 2 UG (CU) — Cos(Ui))?
(Sn-11)(Zk) < A(Sp_21)™(Zk) + n_1 (/ 2 mF1n—2(dx)) +4 C2(Uy)
4 72(U1i)
T2y
Proof.
We have

<$4fwm:=(A%mgg%gmgmuw4wmwwmamo

2(%Eﬁlmﬁzﬂﬁ%gaﬂaw—c»awﬁnﬂww)

PUNCWL) — Co(T)? (=22 [ A)(Ca) — Cua() .
T PO (Uh) O, (T) §2<m—1wf;@] C(2)Cr <@ Fin-

2

IN

(dx)
n—2 V(z) 2 . g
+(n — 1)2 /( Zi] C(I)Cn (:17) (C( ) I{UlinSZz‘})Fln—Z(d ))

(n —2)* ¥*(U1;)(C(Un) = Cpa(Uyy))? 4 7V (Ur)(C(Uy) — 1)
2 (n—=1)2C*Un)C5_1(Uni) (n—1)2 (n —1)2C2(Uy)Cr_, (Us)

1C2, (U
2 [ y@)(C) - Coal@) :
2A%m C@)Cis (@) ﬂ“”“O

)
n—2)° v(7) 2) — i ?
+4 (n— 1) (/(an,Zk] C(2)Cp_y(z) (C(z) ]‘{UliSiESZi})Fln—Z(d ))
) (U1)(C(Uri) = Ca(Uni))* 4 7V (Ur)(C(Uy) — 1)
)2 (n—1)2C*Un)Ch_, (Us) (n—1)%(n —1)2C?(Uy)C;_y(Uni)

Since(n—1)C,_1(z) > (n—2)C,_2(z), and according to Lemma A.4, the first sum is bounded from
above by

—~
N
I
—_
~— ~——

[\
o
VR
3|3
[
[ )

1(@)[C(2) = Coa(@)] w0 2 Y
4</(an,zk} C(x)Cy_o(x) Fr,(d )) < 4(S5_01)"(Z)-

Furthermore, since on the €&} we haveC' (Uy,)/C7* (Uy;) < K for j # kand by(n—1)C,_1(Uy;) >
1, we obtain

and

4(n— )? 72 (Un)(C(Uri) — Ca(Uni))? N 4 7 (Uu)(C(Uy) — 1)
(n—12 (n— 1)202((]1 )Cr 1 (Uni) (n—=1)2 (n - 1)2C?(Uw)Ch_, (Uni)

< 472(U1 )(C(Un) — (Uh))Z 4 VQ(UM).

- 02(U1Z) (n —1)2C?*(Uy)
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The proof is complete.

Lemma A.9. On the sef2?, we have

2
S2 (2 < 82 ,(Z) + USATCRSINETSS (/ 7(7) —F 2(d93))
(n —1)CU1) \Jianv C@)

+(”2—Kf)fc(g(lgli) </(U1i,bn) Fﬁg(l?i;ly)) .

Proof.
We have

(.

7(56) n—2 an (dy) . 2 Y (Uri) Lo <2}
w22 Coa (@) (n 12 / Ty L2l )) T2 DI (0

([ *H/ e [ W )
v(x)

n—2 lg,svu>a) )2 v (Uy;)
4 / " o (da)) +2
< o Cor (@) (0 = 1P 2y (U 20 ) T2 yice

(z)
. ( / B () )
(U14,br 1(y)
Since(n — 1)C,,_1(z) > (n — 2)C,_2(x), the first sum on the right side is bounded from above by

y(z) 1 / Fro_o(dy) )2 .
4 / — 5 Fa(dr) | <A4SS 00(Z
( (an.z4] Cn—2()n =2 Jiupy C2_y(y) Tn—2(d) 22(Z)

As to the second and third term, since on the¥etve haveC (Uy;)/C7* (U;) < K for j # k and
(n—1)C,_1(Uy;) > 1, we obtain

N

| /\

(x

7($) n-— 2 1{bn>U1 >-’E} * )2 K3 1{bn>U1i>an} </ ($) * )2
4 F dr) ) < ——F}, 5 (dz
</<] G (@) (n = 1P €2 (0 L2 ST s, Oy i)

and

2= 17;4(55_)1((]”) (fwu,bn) %71%)) o o _712)(2(]52)((]”) (Z — /(Uu,bn) L&ﬁy))z

X
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Lemma A.10. On the sef)?, we have

(n—1)2 1 C(x) (n—1)2

(
o Lbn>Uii>an} ~v(x) . 2
+8K<n-1vo%0p><ﬁmmd0@»F"zw)> 47 00 D)

2 &2 8K2ln(clia) (z) ’ n(ga) s ,
(B < Sali)+ o ([ FFan) g i)

Proof.
We have

S (7)< ( /( ") 1D, >|an_1<dx>)2§2(”‘2 /(] (@) |Dn_11<x>|an_2<dx>)2

w2Z) Cn-1(2) n—1 Ch1(z)
v (Uri) D} 1, (Usy)
+2 (n — 1)202 ( )1{U1i>an} (A16)
Furthermore
o (dy) — Fi(dy) _n—2 1 ( Fr(dy) Ly
Dn_ - _ In—1 Dn_ _I_ - / 1 _ 17
u(@) /( NGt e s 1) eI R eI i
and
n-2 1 Fr(dy)
Dy 11(Uy;) = — an—21(U11) + n 1 /(Ulz - )
Hence

(1) < 4 (222 /(] ijf()x)|Dn_21<x>|an_2<dx>)2

T U(] o /< . ) Pl >)2

1 (1') 1{U1 >x} " ? (n— ) v (Ulz)DrQL 21(U)
IACREE </< Crr(2) Uy 2 )) T TR (- )20, (U

1 (Uu) Frdy)\®
IR T (/Mo) () ) | (A.17)

Furthermore, sincén — 1)C,,_1(x) > (n — 2)C,,_o(x),

n—1

(222 psim ) <o ([ b s ) <)

LZk] Cn 2( )

Recall that% = 45 and, by Remark A.1, on the sef we have
1
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Fy(dy) n
Loy < In(—2).
/(x,oo) C(y) frzan} <Cla)

Hence, sinc&'(Uy;)/C,-1(Uy;) < K, for the second term in (A.17) we obtain

ﬁ (/(an,Zk} Cngx) /(x,oo) F;((Z))Fln ol >)2 = 8[(;221(1%) (/ Z] C((Z)) Finalda >)2.

From(n —1)C,_(U;;) > 1 for the last term we get

1 72 (Ui) Friy)\? _ () 5
4(n —1)2(n—1)2C%_,(Un) </(U1i700) C(y) ) = 4(n — 1)27 (Vi)

Finally, for the third and fourth term, we have on the @&t

1 / Y(@) Luusa) o )2 o LibsUn>an} (/ Y(x) . )2
8— —— F dzx < 8K — L (dx
<n—1>2(<an,zk] Crr() () 2 ) <8R E sty \ S, Oy ()

and, by(n — 1)C7_,(Ur;) > 1

2 (Vi) D351 (Uni)
(n—1)% (n = 1)°C7_,(Un)

£
I
[\

e

)

< 4’7 (Ulz)Dn 01 (U1s).

Lemma A.11. On the sef2?, we have

2 o2 8K* (SL’) |1{U1i§y§Zi}_C(y)| * * T ?
sy < St ([ 2o [ Bees S0 ), )

SK2(K? 4 2K +2 v(z) 2
‘l’ ( )1{an<U1i<bn} </( } ( ) Fln—Z(dx)>
an,Ur

(n—1)2C%(Uy) Uss C(x)
4K2(K2 +1) 72(U1i) Fy,_o(dy) ? 72(U1i) Fr,_o(dy)
</(U1 bn) (n —1)2C*(Uy) /Uh by CY)

(12 CXU) C(y) )*M

Proof.
We have

sz < ([ 2 i) <2 (20 [ 2 in wiF )
7*(Un)

2 .
(n _ 1)20721—1((]12‘) Dn—lz(Ulz)

+2

Furthermore,
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B Co1(y) —C(y) . n—2 Co1(y) = Cy) ..
LI W oS W e
Cr-(

1 1 (Uy;) — C(Uli)l o = (n—2)? / Cna(y) — C(y)
n—1 Coa(Un)C(Uy) "= = (=102 Jihy Cami(0)C(y)
n—2 / Luy<y<z) — Cly) .. n—2 Ch_o(Uy)— C(Uy)
F o (dy) +
1P Juny om0l 2
1 1-C)
(n — 1)2 Cn_l(UM)C(UM) {<lhi<ba}-

Fl*n—2(dy>

+

_l_

Since(n — 1)C,,—1 > (n — 2)C,,_5, We obtain

—2 Lvu<y<zy = CW)l ..
|Dn—12(x)| S |Dn—22( )| + ( _ 1) /(m ba) Cn_l(y)C(y) Fln—Z(dy)

|C—2(Uy;) — C(Uy;)| ) N 1 1—-C(Uy) ) )
(n—1)2 Cpr(Up)C(Uy) sl T (0 )2 G (Un) O (U)o histnd

and

n—2 Ly, <y<zy — C(y)]
Dpo12(Us)| < |Dpso(Ui)] + / <y<Z Fr(dy).
Dozl = WPl 620 f ) Gt ™)

Therefore

stz < 8([ U woir )
(g0 Lo, S i Pt

v(z) n—2 |Chs(Uy)— C(Uy)] 2
Lipctn<bnt Fin_o(d
+8 </(van Z Cn 1(:[ (n - 1)2 Cﬂ—l(Ulz)C(Ull) {z<U1:<bn} 4 1n 2( x)

+8 Y N o
(/(an Zy) 1(,’17 (n - 1)2 Cn—1<Ulz)C(UM) {w<Uni<bn} 1 2( Zlf)

(U12>
+4(n_ 1)202 (U )Di 22(U11)

(Ull) n—2 |1{U1iSySZi} B C(y>| *
IR T 1 ey OO ) (19

Furthermore, by Lemma A.5, we have

([ Dol aan) < ST,
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Since on the s&t? we haveC'(U,;)/C,,_1(Uy;) < K and(n—1)C,,_,(Uy;) > 1, for the first summand
in (A.18) we obtain

f}/(x) n—2 |1{U1iSySZi} _ C( )‘ * . 2
([, ot Lo, o et Pl

8K4 (/ ’y([lj’) / |1{U1~<y<Z-} — C(y)| )
< S iSy<Zi Fr o (dy)Fr, _y(dz) ) .
T (=12 \Jwnz C@) Jwpn C%*(y) in—2(89) Fin2(d)

For the second we have

(z) n-2 |Cn 2(Uri) — C(Uw)]
° </(amZk] Cn—l(x) (n - 1)2 Cn- 1(Ulz)C(Ulz
)

)
9 y(w)n—2 Cr2(Uni) 1 x ’
=8k </(an,2k} Clz)n—1 ((n = 1)C 1 (U1s)C (Uni) " (n— 1)Cn—1(U1z')) 1{x<Uli<bn}Fm—2(dm))
(

8K2(K + 1)2 v(z) 2
< _ *
B (n B 1)202((]11') 1{an<U11<bn} <[an,U1i} C(“T) Fln—2<d‘r)>

For the third summand in (A.18) we obtain

2
1{1‘<U1i<bn}F1*TL—2 (dl’))

() 1 1—C(Uy) ) 2
: </(an,zk} Cn-1(z) (n —1)2C1(U1;)C(Uny) 1{x<Uli<bn}Fm_2(dx))
SK? v(z) . 2
< (n — 1)2C2(U,, )1{an<U12<bn} </(an o Ol )Fln o(dx ))

* 2
SinceD;. o, (z) < (f(m ba) Fl’&f”) (K2 + 1), for the 4th term we get

v (Uy) ) | 2 12 v*(Un) Fr o(dy)?
o iecE oy DU S A U e </> Cly) )

For the 5th summand in (A.18) we obtain

Fl*n—2(dy>

4 72(U1i) n—2 / |1{U1i§y§Zi} B C(y)|
(n—=12C; 1 (Ui) (n = 1) Jpy  Caa(y)C(y)

> 7(Un) Fia(dy)
=K (n —1)2C?(Un) /Uh bn) C(y)

This completes the proof of the lemma.

Now we are in the position to formulate the main Lemma.
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Lemma A.12. On the seflg, for fixed: and k with U;; < Z,,, we have

(Fin — F1)*(Zk) < kiEr_y(Zk) + Mn(Zi, Uris Zi) 12, 2 <o 05 >an}

where E,,_, is defined asty,, in Lemma A.6 but doesn’t contaiii’'s and Z’s with index: and k.
Furthermore,

P R 7*(Un) AK 12) e Y
MU ) = A ) + 0 Tt ([, oyt
V2 (U)(C(Ur;) — Croa(Un))? - KLy, s015an} v() ?
i C2(Uy;) T - 1)C) (/ aniny) C(@ )Fl" ol >)

HOKTE —712;%3)(%) (/() FTSM) y % (/(] %Ff"-z(d”)z

2
n 1i~>0an ry X *

8K4 ’Y('T) |1{U1i§y§Zi}_C(y)| * * X ?
T-1p </ w2 O(@) /( R Bt
w0 Fia(dy)
T T DT G

Proof. SincelU;;, < Z, andl{Ulngljgzk} = 01if Uy; > Z, we get

ruz= I [1-emg] =, 1 1= o] = i@

U1j>Zk U1j>Zk7j7£k

According to the last section:

(Fln—l - Fl) (Zk) < 8(Ln 11(Zk) (Sn 11) (Zk) + S 12(Zk) + Si—ls(Zk) + 5721—14(Zk))>
where the functions don’t include the variables with index
By Lemmas A.7-A.11, the right side is bounded from above by
(Fln—l_Fl) (Zk) < kl(Li 21(Zk) (Sn 21) (Zk)+g3—22(Zk)+gi—23(zk)+gi—24(zk))+Mn(Zk7 Ulu Zi)a

where the functions froni? () until S2_,,(.) on the right side don't include indéxand:.
Furthermore

Li—m(zk) + (Sn 21) (Zk) 52—22(216) Sn 23(Zk) + 52 24(Zk) = E2—2(Zk)

and
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i 2 72(U1i) 4K fy(g,’) . . 2
) 2 a1 (L, e )
2(Un)(C(Us) = Cua(Uni))? L4 2 (Uy)

C2(Un) (n—1)2C*(Un)

K315 0n,5an) v(x) ., 2 2K (Uy) Fr_o(dy)\’
= Do) (/anmc*(x)Fl" oA )) DUy (/<> C(y) )
SK2In(%) () ., 2 In(%) |
RO (/ 2y Oy el >) VA

L0 @ :
2 Hbn>Uri>an} g ¥
s s (L Gy i) + 00D

8K* (/ v(fﬂ)/ Lv<y<zy — CY)] )2
v 1) 1Sy<Z; Fr, o (dy)F, o(dx
017 o C@) Sy C2y) in—2(9) ()

8K*(K?+ 2K +2) () 2
ROy et (/ vy Oy 2<d~”ﬂ>)

AK?*(K? 4+ 1) v*(Uy) (/ an_z(dy)) N 4K (Uyy) / Fr._y(dy)
Uts,bn) ( Uti,bn)

M, (Zy, Uy, Z;) =

47

(n—=1)* C*(Un) C(y) n—1)2C*(Uy) C(y)
Sincey = Iy, K > 1andin(%) > 1, we get

] s, n V(Uy) 4K V(@) i
Mn(Zlm Uii, Zz’) < mFl (Zk)ln(cl—oz) + 6(n _ 1)202(U1i) + n—1 (/(an 2] C@T@)Fln—2(dx))

2UNCU) — CoaU)) | Koo (@) .. :
(0 T - DO (/( 1) CC Ty el >)

2
w>Uri>an TL) s
KT f’BZJCZ(Ui) </ ol %Fl””(d‘r)) F D )

8K () Lny<zy = CW)| .. )
G 20 [y 5 s i)

4K272(U1z‘) / F} 2(dy)
+ —= = M, (Z,,Uvi, Z;).
(n —1)2C*(Uwi) Jwyipy Cly) (%, Ui 2)

+4

Finally, on the se%, M,,(Zy, Uwi, Zi) = My (Zx, Uvi, Zi)1 (2, zi<tm 01> an}

X
Next, we compute the conditional expectatioméf (7, Uy;, Z;) given Z, Uy, Us;, Z;. We have the
following result.

Lemma A.13. For fixed index andk we have
1. M°K*

~ 2(Uy) . »*(Un)
E(M(Z,.. Uy, Z) iy 2 | 2 Ui Usg, 73) < =k In? 1 7 (Ui !
( ( k’ Ul ? ) {Zk7ZZSbTL7U1'L> n}‘ k’ Ul 7U2 Y ) — n 2 C%Cz (0104) ( + C(U12> + an(U12> )

129



wherek;s is a constant.

Proof.
According to Lemma A.12

My(Zo Ui Z) = —>  P2(Z)In(-2) + 6 (W) 4K (/ Vw)FﬁZM@)Z

(n—1)2"1 ca (n—1)2C%*Uy) n-—1 | C3/2(x)

Y (Uri)(C(Ur) — Coa(U1i))? | KL, 50050, v(x) ?
C2(Uy;) MRCESVeI (/ ang) O Oy T2 >)

0 O—Ii;c((fU)) (/<> FT.;;@)) y % (/ o Sy el ))2

1 bn 1:>0n T\ * ?
vaskt il ([ 2P ) + 4000 DU

8K* (/ 7(@/ | Lv<y<z — C(y)| )2
N iSysZi Fro o (dy) o (de
002 St C@ Josy  C2) in-2 () Fi2(kr)

4K (Un)/ (7))
(n—=1)2C*Uw) Ju,py Cly)

To compute the conditional expectationf,(Z, Uy;, Z;), given Zy, Uy;, Us;, Z;, we will deal with
the terms separately. Recall that Fy, C = o~ '(1 — G—)F, anddF} = a~'(1 — G—)dF;. By Al
we havel — Fi(z) < M(1 — G(x™)), so that

+4

+

1 < M1 —-G(x))
Fi(z) — Fi(z)
Therefore, by Remark A.1, we have

+ 1.

2

7( ) * & ]‘{ZImZiSbn} / 72(1') *

(( {Zy,2i<bn} /an Z] 03/2(1,) In— 2( SL’)) | ky Y14, U2 > n—2 (an 2] Cg(:l:') 1( *T)
~v(x) 2 1 n n n

Lz, 2 2 _FHdr) ) < —— (M —In(— M — Min(—
+ {ZImZszn}(/an 7 C3/2( ) ( )) —n—=2 (Oé n( ) +a c ) +a n( )

1 n ln
< 3-aM (ln( )+ 1) +aMin(—) < 7TM—=%

c cla
Next, sinceE(C,, — C)? = LC(1 - C), we get

E ((Co—2(Uy;) — C(U1))?| Z, Ui, Z;) < ﬁC(Uu)-

By Al, we have

V(x) * )2 7
E / Fn— dx Z,Ui,UZ',ZZ’
<( B Falan)) 12,0, T
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Q

1 Y(Uy;) v(Uy) 3
- (m 22 C(Uj) (O o<V tustia| i U U Z

ik 1k

: () g x V() . . > aM )
S n—= 2 [an,U1i} Cz(flj) Fl (d )+ <[an,U1i} C(SL‘) Fl (d )) S n — 2 + F (Ulz)

Similarly as above and by Remark A.1, we obtain

Iy, d ’ 7 1 i>a F*(d
E Lpnizany (/ M) | 2k Uiy Uz, Zi | < M/ 12< )
@) C0) n=2 Jub C0W)

Frdy)\®  lpysan 2Ma n., 2M n n. M
1 o 1 < 15>0n l 20 " < 7= l 20 " < 7] 20 7 .
+{Uh>n}(/w) L) < Moo 2Ry < 200y < Dl )

SinceD, (Un) = = [0 %andy Fy, we get

1 Fy(d
B (10007 (U) D (V)| 20, Vs U 22) < FE(U)— [ )
(U1i,00)

n—2
a / Fi(dy) < aM
n =2 )00 FT )1 =G(y™)) — n—2

= F{(Uy)

Finally, we need to consider

E (/ 7(1') / |1{U1iSySZi} _C( )|F1* 2(dy)F1 2(dl’)>2|Zk Ul' [72. 7.
(2] C(@) J@bn) C2(y) " " R

<K / 72@) (/ 1 ——F} ,(d ))QF* (dx)|Zg, Uni Us:. 7 (A.19)
= Uz C2@) Sy, C2y)~ 2] Fne 280120 B 2 23 .
By repeated use df — F(x) < M(1 — G(z7)) we have

1 < 3a2M? N 3a2M
Cy) — Fiy)  (1-G))*
Hence (A.19) is bounded from above by

2 1 9 ~
2% 90 MAE / v () </ — dy) Fr (00 2. Uss, D 7
(wu @) s, B2 2\ ) Finca(d0)1 23, Ui, U

2 2
7\x 1 * * 7
+2 % 9 M*E (/( " C’Q((x)) </( . )WFln—2(dy)) FY,_o(dx)| 2y, Uy, U%Zz‘)
an, k Z,0n

18a* M* / 7 (x) / F1 dy 7 (x) Fy(dy)\”
< *(dx) + 18a* M* / ( / ! ) F*(dx
n=2 Sz C*@) Jizpn) ) (an.z] C2(@) \Jwpny FEW) r(d)

*1??242/ 2 88 /< T )
wsale [ 3 ) (/ )>>2) ().
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Furthermore, sincér; = a='(1 - G—)dF;,1—G(y~) <1—G(z™) fory > z, by Remark A.1 and
since-"; < 3forn > 3, we get

18a' MY 1 1 18a'M? M2
A.20 18t M* 1807 M°
A0 = S Rl T M R T am2 e T
18a*M* n? 18a*M* n? 14405
o pagatmt 2 get vt <
n—2 cja? ca n—2 cta? cic?

Therefore, for the conditional expectation/df,(Z., Uwi, Z;) 1z, z,<b,U1,>a.}, WE ObDtain

- 2(U )
E(My(Zk, Usis Z) V(24 s tnimant| 20y Usiy Uniy Z2) < ————F2(Z3)In(— Ty
( ( %> Uti, ) {2y, Z:i<bn,Uri> n}‘ k> Ui, Us, ) = (n — 1)2 1( k) n<ClOé) + 6(n — 1)202((]1@)
In(2 2(Uy K31 ~a
+28KM (cla) /7 (Ull) {b7L>U12> n} O[M + F12(U12)
2Uy)  TM ., n . S8K*In(L) [ aM
* (n—2)2C2%(Uy) " (cla * (n—1)2 \n-—-2 + A (Un)

alM 8K* 144M°n

48K F2(Uy; 4
* + A 1))+ n—2+(n—1)2 cie?

1{bn>Uli>an} O[M

(n—1)2C?(Uy;) \n—2
2 2077

AR (), (A.20)

Thoreon Maa

Sincey = F; <1, M, K > 1, we have

kKM  n 672(Uy) 472 (Uy) K3, ~vy5any [ oM
A20) < e In(— d : no Lo >(Uy
( ) < n—1 ¢ n(cla) + (n—1)2C2%(Uy)  (n—2)C(Uy) (n—1)C(Uy) (n -2 (U )>
2
v (Ui) M, o, on 1 Lpsui>an alM 2
10K* In?(—) + 48K Uy
R e o " ) TR ey \nma T )
4K2 ’}/2(U12) n
In(— A.21
o) ) (A-21)
wherek is a constant.
Furthermore, sincé — Fi(z) < M(1 — G(z~)) we get
Lonsti>an) . 3M? N 3M - 6M2
(n—=1)2C*(Uy) = (n—12\Fi(a,) (1—G(b;))?) ~ cic?
and
Lipp>tri>an} 1 M 1 2M
< <=,
-1 ~ “n=1 <F1(an) + 1—G(bg)) S e
Hence
Lipp>tii>an} aM aM  M? v (Us;)
gt —Abn>Urizan 2U) ) < 48K* 26— 4 48K*? .
N P ETST (0 (n — 7 )> S BRSPS T e )
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and

K31 S M K3aM 2M K3~42(Uy;
{bn>U17,> n} (0% +72(Ull) S « fy ( 1) ]

(n —1)C(Uy) n—2 cc (n—1)CUy)
Therefore, we obtain

5174 2 ' 9 ‘
(a21) < e MR (1+” W) | 7t )

n—2

cie? ca

wherek, is a constant.

A.3 Linearization of I},

In this section we will writeF,,(¢) as a sum of leading term and remainder and proof some preperti
of the remainder. Recall

An(x)

B @) e g e o NF (de e E* (da
Fal) = | GO+ [ G B+ [ G D) )

eA ()
(_Oovt}

where

_ FY(dy) — Fr(dy)
D) = /@,oo) Cly)
_ Culy) — Cly) ..

andsS,,; (t) can be written as follows

@ e, @) e e
Sa) = [ FayEan s [ B )~ Fi)

C®) e o N E () — b
+/<_oo,t] cCo) C@) = Cnl@) Fin(dr) = Fa(8) + Lun (1) + i (#)

Furthermore,

b = (@) — Cy(2))Fy (dz (@) z) — Cp(x o (dr) — Fy(dz
) = | Frhlew ) + [ 00 ~ Culw) () — Fi ()



_ 1) (A i W 1) Doy (o) (e 20 b (@) (d
Salt) = [ Z (0o B 1) Dawr(n + [ 2D
= 11,(0) + A
and

ao = [ Fe [ e [ B D)) - Fian)

soi] C() C(y) oo C(@)
) e B )
+ /(_m] oy D) (C(@) = Cufa)) () = Luslt) + Ru(t) + R (1)
and
A (z)
Sn(t) = / N / )F* - (dy) Fr (dx)
@ (Cn(y)—C(y))2 ) .
+/ (x)/ o C?(y)Cnly) F (dy) FT,(dx) = Agn(t) + Rng(t)
where
-

Ao () = /
(—OOJ}

Summarizing:
The L, (t), Lna(t), Lns(t) and L,4(t) are leading terms.
The Spa(t), I1,,(t), Ruy(t), Rua(t), Rua(t), Rus(t), Rus(t) andR,;(t) are remainders.

(z) Co(y) = CW) oy )\ o -
(2) /( o Oy WD)+ Rar(t) = Loa(t) + Foa(?)

Q

Our goal is to bound from above the absolute value of eacheofémainders by functions, which
expectations are bounded. As in section A.1{xin= Qb N Q% an event of probability greater than
or equal tol — 2¢, we can restrict integration w.t, andG}; to [a,,, b,].

Lemma A.14. On the sef)?, we have

1 v(z) / Iy, (dy) ~
S.o(t)] < K= Fy (dr) =: Ry (t
‘ 2( )| n (@] C(.T) (z.6n) Cg( ) ( ) 1( )
Furthermore,
- K2 Mo n
< _
ER,(t) < p ln(qa)
Proof.

As in Section A.1

1 F.(dy)
Bn T S _/ 1n
[Ba(@)] T J(2,bn) C2(y)

n
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Since, on the se®?, we haveC'/C,, < K , we obtain

[ ) [ FLdy)
‘&“HSKHKQm%wLMwWHf%“)‘&”>

and

) 21 7(x) FEY) gy — Fidy) v
Blim(t) = K mmm@AmCW)F AMAWPH Gy

Since by A1, ;2 < M and thenl — F; < M(1 — G—), we have

Fy(dy) Fi(dy) Fy(dy) 2M
zébﬁWwﬂ—G@W)SM(mmeD+K¥wﬂwaﬁwﬂ)gﬂ@Y

Therefore, by Remark A.1,
- K%M
ERu(t) < A

n 1

Lemma A.15. On the sef2’, we have

Ruoft) < K [ ﬂww@m—QMWR@w:&ﬂ)

—oo] O3 ()

Furthermore,

~ 4K ¢y 1 KMo n
Proof.
We have

V() 3 (i
Ralt) K [ 2O~ Cula) Fi () = Rt

and
7 v(x) 2 2 * v() 2 ok
mwhnK[mmC%ycwwcmmﬂw@+Kwmcwya@—@@»ﬂwm

Therefore, by Remark A.1,
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< — B S < - -
ER(t) < 4K /(—oo,an} C(z) F(d) " J(an ] CZ(ZL')FI (d) 4Kn 1 -G(ay) ) C’Z(x)F 1 (dz).
Since
K v(z) _, Ka/ Fi(dz) Ka( Fi(dx) / Fi(dz) )
— Fidr) = — < M——:+ —
@ = T R@O -6 S 1 g R@ Sy T- GG
< Ba (Mln( )+M)
n 1o
the proof is complete. X
Lemma A.16. On the sef)?, we have
Culy) — Cy))* s
Ryt ng/ V(“””)/ ( F (dy)Fr (do) =: Ryt
6( ) (@] C([L’) (.60) Cg(y) 1 ( y) 1 ( ) 6( )
Furthermore,
~ 2 12
ER,4(t) < 4MK2a1zn(l) + LAAMTRT
n o n  cic
Proof.
Culy) — Cly))? 2
Rnthz/ 7(x)/ ( F (dy) Fr (dar) = Rt
6( ) (and] C(LL’) (60) Cg(y) 1 ( y) 1 ( ) 6( )
and
- 2K? (x)/ 1 4K? () 1
ER4(t) < ——F[(dy) Fy (dx —|—— / F{(dy)Fi (dx
o) eni) C@) Sy 2 T o C@) Sy Gy T
2K2 Fl dy) K2 2/ / Fl d’y)
= Fi( Fi(d
oo Lo T G it Jasy FFA = GG )
Since

/ / Fl (dy) Fi(dx) < 2K2al/ ﬂﬂ(dm) < 4MK2alln(i
(ant] J@pn) FLW) (L= G(y7)) (an,t]

n

ot F1(2)

n

1

F
AK20? L dy) Fi(de) < AK?a?— 6M2 F(d )
(an,t] J (z,bn) G( )) (an (z,bn)
b.
AR / / F dy) @) gy < 6M24 K2 2 5M24K2 21
(@] J@py (L= Gy7))? ' n? Fl(an) n? 1-G(by)
2172
< 6M?4K%a +5M24K2 ! 1M
cin cn n cic
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the proof is complete.

Lemma A.17. We have

2vVaM 1 n fa M?3/? SMa 1
< R
E|R1(t)| < - a0 (ln(01a)+1) (Mln(01a)+M) +n\/a+ B2 TG
Proof.

The expectation ofR,,; (¢))? equals

B0 = B ([ 20w - Cun) ) - Fi(a))

1 n n n n ’Y(U 2)1 et
B EZZZZE< ICQEU;;] St}(l{Ulngligzj} - C(Un))

- | G zeesy ~ ClN )

X( <(Ull)) ]‘{an<U1l<t}(1{U1k<Ull<Zk} C(Uu))
()

(an,t] CZ( )

(T C(x»mdx))

Now, if only two indices are equal ar# j # k # [, it is easy to see that the expectation equals zero.
Soitisremainstodealwith=1+# j=k,k=1#j=1i,k=1i1# j=1andk =i = j = [. Forthe
first one we have

1

The second one, fdr = [ # j = i, equals

agntn = (MO ezt 4 - o) - [ G Nwnzez - CloFi)
V(U12)an<via<t) V() ]
(Fpe=ta - e - [ 2B (scn - CopFian)
1 V(@) ’ 2 (vrin ’

<ip ([ Aran) <o (o))

If £ =i +# j =1, we obtain the same bound as above. Finally,# i = j = [, we get
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aontn = (WO 4y - W) - [ T pacaezy - CDF(D)

1 v (x) . 4o 1 . 4_a 1 L
§n24/<an Gy 1 = /H RO G E = e T ><Ml <c1a>+M)'



anp (MO - o) - [ S ey - Cla) i)

02 U11 (an,t] C2(x)
4 4a3/ 1
S < W)= g P — G ) )
4o M(1 :.17_)) )2 1
< — +1) ——— _F(dx
= ( =G p 1)
2]\42 4o 2
< dz) + / _  _F(dz
< o PG Y s | T e )
4o M3 4o 2M? 4oy 2
< — Fi(dz) + / Fi(dx +—/ ——Fi(dx
B Sy B2 T ) RO —G@ ) ) T aEp )
16M3a 1 | 8Ma 1 _ 16M? | 8Ma 1
= Fian) | nd (1-GE))?~ nlq n (1—G(t))?
and, by Cauchy-Schwarz, we get
o aM 1 n 12\ /Ra n M3/? SMa 1
< L N Min(—=)y+ M
B[R (t)] < - =) (ln(cla)+1) +— ( n(cla)+ )*wa* 7 1= G
X

Lemma A.18. We have

Proof.
We have

B = E( [ [ 35 et Lo s (Fildy) = FE (@) (o) = i (d))
1 n n n n

— ZE (Ui, Urj)R(Usg, Un))
=1

zljlkl

with

h(z,y) = hi(x,y) — /hl(x, v)Fy (dv) — / hy(u,y) Fy(du) + /hl(u,v)Ff(du)Ff(dv)

and

hi(z,y) = % o<ty Liy>ay

FurthermoreE(h(Uy;, Uy;)h(Uyk, Uyy)) = 0 if three or fourth indices are different. Since additiogall
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E(h(Uﬂ, Ull)h(Ulg, UH)) = E(h(UH, Un)E(h(Ulg,l’))(l’ = UH)) = 0,

we get

n C? () C?(y)
Furthermore,
1 16 72 () / Fr(dy)
—E[(MUy2, U1} < = L F*(dx).
n3 [(a{Ure, Un )] n? (an, C?(x) (z,bn) C%(y) 1 (d)
Since, by A1 and Remark A.1,
2 *
wx)/ Fr(dy) ., / o 2aM ) < n )
— L (dx) < Fi(dx) <20°M | Min(—) + M
/(an,ﬂ ) Sy ) T TG R ) (G
we get
9 26, , n
E(R.4(t)* < —2a°M Min(—)+ M | .
n 1
Finally
E|Ru(t)] < @QM< zn(ﬂ)ﬂ)
n 1l

Lemma A.19. On the sef2?, we have

| Ros (1)) gK/( t] 32(2) /( § an(dy)—Ff(dy)‘ (@) — o) P (de) = Fo®)

C(y)
Furthermore,
~ 2KM 2K 2KM
ERt) < MO0 i 1y 1y Y (2 1) 4 2RMVE
n 1 1 n o n \/a
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Proof.

We have
Ro) < i [ 2k [ Sl 0w 6, @)1, ) = Fustr)

and

: V@) (a1 | [ Fald) = F@D)| L[ B o oo o

Rat) < K[ CQ@{ =N w Y o LCRLATLATS
<xf B, e 0w - i e
W[ ) [ EE) g e )
T S ©@ /> Ty el = 0+ Fooll)

The expectation of the second term equals

- B % () Fy(dy) .. " % n n o Fi(dx)
ER,5(t) = n Ja,q C*x) /(m,bn) C(y) Fi(de) < n : (Cla) /(amt} Fi(2)(1 = G(z7))
< )+ 1),

while for the first one we have

N (@) Fiyaldy) — Fr(ay) [ [n=1 [ )
R < & [ ][ Sl H —L10() - Cua(w)] + H10() 1|] ‘ (do)
(@) Fr,(dy) — Fr(dy) . )
= K (an, C?(x) (z,bn) Cly H\C(m) Cua(@)] }Fln(d )

By Cauchy-Schwarz we obtain

E‘/(x y Fii_\(dy) — Fy(dy) '\C ()] < % </ Ff(dy))lﬂ CV2(z)

C(y) (z,bn) C2(y)
and
Fy, o (dy) = Fi(dy)| _ 1 Fy (dy)\ '
EM) W) ‘Sn(/u C2<y>) |
Therefore,
- K v(x) Fr(dy)\"? K v(z) Fr(dy)\'"? .
BRst) < 5 | ) (/<> 02<y>) B+ 07 ) o @) (/> c2<y>) Fildr).



Furthermore, for the integrals on the right side, we have

K 7(x) / Fi(dy)\"? V2K 2y M
— Fi(dr) < M M7Zn(—)+1
NSt C3/2(x) ( @bn) C2(Y) (do) < n o n(61a> *
and
" 1/2
K / ’}/2(1’) (/ F12(dy)) Fr(d) < 2KMa 1 < 2KM \/a.
1 S o CH) \J@py C*(y) nvn \/F(a,) noya
Hence
~ 2KM 2KM
ER,s5(t) < L) (In(—2) + 1) + V2K <M1/2z (—) + 1) + va
n 1 1 n 1 n C1
Lemma A.20. On the sef)?, we have
K3/ V(z) / F1.(dy) V() o
IL,(t)] < — - Dy ()| Fy (dv) + K ——=D:,(z)Fy, (dx
| ()| n (ani] C([L’) (2n) Cg(y) | 1( )| 1 ( ) (anid] C(ZIZ’) 1( ) 1 ( )
+ m(id (z) 4 L8y (2))Fy, (dw) =: I1T(t)
(an ] (ZL’) n3 n3 1n - n )

where

T K - Lo 1i<bn
Lys(x) = EZM(Cn—l(UM)_C(UM)V

C3(Uy;)
. 1{9n<U11<bn} 1{ac<U1J<bn}

; ; C2(Uy)  C2(Uyy) Cn-1(Uy;) — C(U)||Cr=1(Urs) — C(Uyy)|
and

b K Iy, (dy) Fy,(dy) — Fy(dy)

(,bn) C2(y) (,bn) C(y)
Furthermore,
-k 302 In?
EIL(t) < kGK M (Cla>,
n c1C

wherek is a constant.
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Proof.

We have
V() B
01 < [ 2 e 11Dl
with
A Fr(dy)
20(2) = Ble) + /(m) e
By Taylor
}e —1‘ |zn ()€™ Z,(x) € (20(2),0)
and since

sve(nf (=) e[ EH)

(B + Dp1 4 Do) (t) < z,(x) <0.
Furthermore, on the sélﬁ, we haveC'/C,, < K. Hence

|(Bur + Dy + Dug) (4)]| D () | 17, (d)

LM < K /( ﬂ%
7(x) Ft(dy) . &) o e
n Sy Clx) /van) C2(y) | D ()| FY, (dr) + K oy O )D () FY (dx)

(
L[ ) [ G~ C)l e
o a / 5 ( i Fi(dy)| Dan ()| Fr ()

To deal withL,,,, note that

1Dy (Un)] < 2

1
n— Uz +_/ 9
u () T J (Uyi,bn) C(y)

where|D,,_1;(.)| does not includé/;;. Hence

- K v(@) (n—1)? F_1(dy) NE (de

bll) = 5 Jon C@ 2 /<> Gy Pl Fin(dn)
ﬁ’ y(@)n—1 1 (dy) F(dy) pe 0o
) T /(> ) /(xb) Oy) Tl

Furthermore, by Cauchy-Schwarz, we have
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IA

([, B o) e ([ T [
* * 1/2 * * 1/2
% < (,bn) FC;%((dy))> </(x,bn) FéZ((CZy))> i Ln (x,bn) FéZ(ZJy)) [x,bn) FC’IQ((dyy))) (A22)

Hence

K1 y(z) Fy (dy) 2 Fi(dy) ..

T Vi e C@) (/() 2w ) S, Ty
K[ [ Ry [ Fdy) g

+n (an,t] C(x >/(:vbn) C2(y) /(xbn) C(y) Fildr).

Next, we consider the inner integrals separately. By reggkase ofl — Fi(z) < M(1 — G(z~)) and
since w.l.o.g.M > 1, we get

</(:”’bn) 124(5%)) - o </(m,bn) %Fl(dy) + /(m,bn) %Fl(dy)> )

a3/2mM3/2 N Oé3/2 /15M3/2 < 043/2\/%]\43/2 —|—Ozl/2\/ﬁM3/2E
3/2 1-G@b,) — .
FP() b = A% )

IN

and

Fi(dy) = 2Ma
/ ) = R

Therefore, smcgf( . ng) <In(l%)forz > a, andZdFy = dFy, we obtain

- K3 3/2\/20M3/? \/2M K3 V2M
ELi(t) < = / a g C Fy(de) + = o 2V/15M32E  Fi(dz)
" Sy FY(x) Fy(z) 7" J(an 4 ¢\ Fi(z)
K31 (2M )/ K® n 2Ma
71? dr) + —In d
vl B e R <Cla>/( R )
3 2 3 2 3 3/2 3

< ﬁifM L KOV | KO RMPRa | Ky

n 1 n c n NG n? 1o

AS t0 Ly, (t), since

we get
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Ei2n()<K 7(x)/ EV(Y) gy < My

@t C@) Jwpy C*y) 1T n s

As to Ls, (t), the inner integral can be written as

(,bn) n

7 C*(y) (xb (y)
y / an(dy)—F*(dy)' K h_c dy ‘ / F*(dy)
(,br) C(y) (,br) (z,bn)
< / [Crni(y ) ' / 1( y ‘
" Japy  CW)
LB dy \ / i Fi >\ = L2y(x) + L)
T J(2,bn) (z,bn)

Asto L¢,(x), we have

o= ([, o) (], S sy

For the first summand, sin€g/C,, < K onQ° andC,,(Uy,) > 1/n, we obtain

</<xb > S Ol f““‘”))z

n

1{x<U1 <bn} 1{9c<U1»<bn}
- ; Crn—1(Uri) — C(U1)||Cr=1(U1i) — C(Uys
ZZCUM T T e Ot () = CUICana (V) = (T

n

_i 1{1‘<U1i<bn} ) — )2
" 22 ) ay e = )

1{x<U1 <bn} 1{9c<U1»<bn}
. < Cr—1(U1;) — C(Un)||Cr—a(Uyi) — C(Uy;
W;gc% T e G ) = ORI Cama (V) = O

Nacvii<bn}
_Z Cg Ull TL I(Ull) C(UIZ>)2

1{:(:<U1 <bn} {m<U1j<bn} s
+—;; G T 11U = CUWIICh(Uhs) = CU)| = Lis(a).

Furthermore,

1 . 1{gv<U1'<bn} 2 1 /
E — — Cn_ Uz - C Uz - —
(nz C3(Uys) (Coa (W) (U) n Jwp) C*(Y)
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and

Le<tyi<bn} 1{:c<U1]<bn} 1
( 22; C(Uy;)  C*(Uyy) [Co1(Uns) = C(UR)]|Caa(Uyg) = CU)] | <

Hence, forx > a,,

- 1 Fr 1 Fr 2 9aM 1 1 aM? M
ELjs(z) < —/ l(dy)+—(/ (dy)) <= T
(Z‘bn xbn

C%(y) n C3/2(y) n Fi(x) nF(x) n cla
3aM? 1 aM n
ln(—)
n  Fi(x) ore)
Therefore,
v(x) 9, , M aM  n
a * < n(——
E(/(w L L) P ) 3aM In(2) + “Sin( ).
Furthermore, since,
I (2) = K F(dy) ‘/ an(dy)—Ff(dy)‘
" T J(2,bn) C2(y) (,bn) C(y) 7

according to (A.22),

Fy(dy)

wba) C¥2(y)

<o ([, ) (L, &) v L, (L, S

and, similarly as for the first term in,,,, we obtain

K 40M?*« K M?a 2M)3/2¢,
[ 1 1oy ) < KV KV K M)
(ant) C(2) nooa c n Ja
Altogether,
| T T /7(:1’1) Ta b % ~ ok
L (t) < Lan(t) + Lon(t) + o) (Lay(x) + Lhy(2)) Fy, (dx) = TT,,(t)
(anvt]
and
~ K3 /40 M2 K3 M2 K3 (oM 3/2 K3 QKM
E]In(t) < _M+_@+_( ) o —QMOzl 2( n )_'_ aln(L)
€1 n c n /o cro n o
1 M K 40 M? K \/30M? 2N)3/2
+— 3aM2ln( )+0z_l(n) —\/_0 a+—\/_ a+_( )

o n o n 1 n c n L/
Since we may choosE > 1, M > 1, ¢ < 1 ande; < min(-, 1), we have
- K3M2 In?
EIT.(t) < ke (&)

n c1C

)

wherekg is a constant.
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Lemma A.21. On the sef)?, we have

K512 y(z) Fy,(dy) Culy) — CW) 1,
R, < d dx
© < / /() Fr(dy) Fr, (dx)

\/ﬁ (an,t] C(m) bn) 03/2( ) 02@)
v() Fy (dy) — FY (dy) Cnly) — Cly) . ‘(o
K@ /( ) U() ooy Lm()| Finld)
+(2) Caly) — C ()| Culy) — CW)| . "
K C@ (/<> ()0 Fl"“y)) (/<> 20 Fl"“”) Fin(dr)
o[ e —cuw [ SO ) a)
v(z) Cn(y) —C(y) . . .
I /( S ) — ()| )
() Caly) = CW) .. e — FHde))| = F
LS L, S L () - Fiae)| = Rl
Furthermore
- 1 K3M3 ., N /M Fu(dy) 1/2
i) < b g ot G+ 2 [ (L aaute) P
Proof.
We have

- (&) et Culy) — Cly) .
Furlt) = /H Gty & Y /(xbn) ooy Lm( ) Einlclr)

Cu(y) — Cly)

7(2) CCx
" (Cle) = Cul ”/(x,bn) o)

¢ Fy, (dy)FY, (dx)
v(x) Coy) — Cly), . * *
" [an [ —<F1n(dy) - Fl (dy))Fln(dgj)

4 C@) Jasy  C*y)
V() / Ca(y) = CY) .. ) )
+ =l = ) pr(dy)(F (dx) — Fr(dx
(an ] C(Z’) (20 02(3/) 1( )( 1 ( ) 1( ))
= R (t) + Rpq(t) + Rip(t) + Rfﬁ( )
As to %, (t), similarly as in the proof of 1,,(t), [e®) — 1| < |B,(z)| + |Dp1 ()| + | Dna(z)|. Since
on the sef2?, we may replace’, with C andnC > 1, we get
1 Fr(dy) _ K32 I (dy)
OS5 Jam C20) = Vi Sy CR()
KP? v(fﬂ)/ 1 (dy)/ Culy) = Cy)]
R (t < - Fy (dy) Fy (dx
()] Vn (an,t] C(x) (,bn) Cg/z(y) (,bn) C2(y) in(dy) Fin ()
() / Iy (dy) — Ff(dy)‘ / Coly) = CY) . )
+K SASTA =D = 2 pr (dy)| Fr (da
(an,t] C(x) (,bn) C(y) (,bn) C2(y) in(dy)] Fin ()
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(@) Cu(y) = CW)I 1. Coly) — C W) .. )
s TQ) (/() C(y)Caly) Fm(dy)) ( /() %) Fm(dy)) P}, (dx)

= nl + Mng + Mng = R?ﬂ(t)

in probability. 3
Furthermore) s, (t) = La,(t), SO that

EMy () < K

1 V(z) / Ff(dy)F*(dx) < 2EMa,  n
(an,t] C(LIZ') (z

bn) C%(y) ! o n clo
Next, we deal with expectations of,,; and/,,3. As to M,,3, we have

Mylt) < /( 6 s e TG EE b (o) ) )
g Z Z “&z ‘C“Uz;ﬁ@li(“”' S e
= n3 ; ; C Uh)) Nan<vni<ty (Cn(Ulél(;]S)(Ulj))z Liz<ty;<bn}
el 22; > 10, o0~ COMN G Ol

Hence, using conditional Cauchy-Schwarz for the secondrsamd, we obtain

v(Un1) (Cn(Ur2) — C(Up))? )
EM,3(t) < E Lign<tm Liz<tia<bn
3() ( C(Un) {an<U11 <t} CHUpn) {z<U12<bn}
Un) |C(Ura) — C(Usa)] |Cr(Urz) — C(Uss)|
+K2E(’y( 1 a 11 1 x 12 13 n
(U ) {an<U11<t} 02(U12) C2<U13) {z<Ui2,U13<bn}
K? v(z )/ Fi(dy) 9 (7((]11) Na<t12,015<b0}
< - F* d +K E 1 a » 12,U13>0n
= 0 S C@) Sy C(y) T C(Un) <=0 o U71) C2 (U
X\/E U12 C(Um)) |U117217U127227U137Z3)
x\/E((C,(Uys) C(U13))2|U117217U12722,U137Z3))-
Since

—3)2
E((Cn(Urz) — C(Ur2))?|Uv1, Z1, Usg, Za, Uss, Z3) < 2(n ) E((Cp_3(Usa) — C(U12))?|Usz, Zs)

n2

[\]

+t (Lt <vn<zy — C(Ur2) + (1 = C(Ur2)) + (Lpny<tna<zsy — C(Un))?
2 18

CUi) + 5, (A.23)

3|

then
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K[ K (L) Lt )
EM,s(t) < — F*(dx 2—E Lo, <tr, U13<bn
258 g C@) Sy @) T2 P G et G (0 0 (U

5 K? o ’V(Ull)l 1{w<U12,U13§bn}
nyn \C(Uy) =U=1C372(U,)C2(Uss)

7(U11)1 _— 1{m<U12,U13§bn} )
C(Uy) <=1 C2(U,,) 2 (Uny)

_ 5_22 [an,t] g(é)) /@,bn) Fgg(éy)) F(da) +2K72 /(an ﬂ 2*8 ( /(Mn) gg/(;g;)zFf (dz)

K2 [ () [ Fidy) [ Fildy) .
*”wﬁatmmﬁ%cww[m<m>F”’

s [t (L, &) s

As in the Lemmas before, it can be shown, that

+18£E<

20\ 2(M? K2M+\/2(M? + M 20 M2
EMy(t) < 2o <E+é)+2K M7+ M)a, Py 4o W+ M)a 1 ggK ol 1
n c c n 1o n NG n
As to M;,,, we have
KP/2 7(66)/ I (dy)/ |Culy) — C(y)
Ma(t) < n F: (dy)F; (dx
S R St O@ Jon ORG) Sy Oy ()
K5/2 1 Y(Uti) |C(Ury) — C(Uyy)|
- Vn n3 ZZ C(U 1{‘“<U1 <t} C;/Z(U ) - o<ty <bn)
Pl
K5/ 1 ZZ Z ’Y 1{ v <t}|Cn(U1j) —C(Ulj)| 1 Loctn 10 <o
An<Uli x<U15,U1p<bn}-
=1 j#i ksﬁz] C2(U1j) Cg/z(Ulk)
Then, by (A.23)
K5/2 :L’) * K5/2 7(33) F*(d )
EM,(t) < V2 / 1 +18 / F¥(dx
(1) e W W)V 8 T S C@) Sy T2 T )
Pw>2
VK22 / () (/ )F*da:
(an,t] C@) (,bn) 03/2( ) 1( )
1 v(z) / F*(dy)/ Fy(dy) K52 MP n
18K%/2 — L Filde) < kp———In?(—
Y et O Sy T) Sy o) 1140 S M oot (G0
wherek; is a constant.
For R, (t) we have
Cu(y) — C(y)| ~
b)) <K V() —C, | F* (dy)Fe (dx) =: Rb-(t
|Rn7( )‘ = (an ] Cz(l’)‘C(x) C (l’>| (@60) 02(3/) 1n( y) 1n( l’) Rn7( )
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Furthermore,

~ U i 1
RlT)ﬂ(t) < K- Z l{an<U1 <t} ~orr7 C2 1 (’_ Uli l{UljSUliSZj})‘ + E(l - C(Ulz))>
1 ’% > (Loy<vinezy — C(Ulk))‘ + (1= C(Uw))

v(Uy;) 1 1 2
K- Z Lo, <tri<t} er( 1 Z (U <Uu<ba) G,y (’— Y (Muysvszy — C(Ulk))’ + 5)

14,k
X (‘% Z (C(Uli) - 1{U1jSU1iSZj})‘ + %) :

J#ik

IA

Since, for fixedi andk, by Cauchy-Schwarz

E

1 2
<‘g Z (Ly<vinzzy — CUw) ’ ) (’— C(Uw) — 1{U1j§U1igzj})’ + ﬁ) ‘Um Utk
J#ik

I,k

< ( nn—l C(Uy) + ) ( C(Uy) + %) = )V C(Uny)
+% nn— 1\/ C(Uy) + % nn— C(Uw) + %,
we get
~ K v(z) Fi(dy) |, Fi (dy) ..
ER).(t) < g CP(z )/( ) C32(y) ) (an 02 /zbn C32(y )F ()
g v(z) F(dy) .. 4K (z) F(dy) .
Vo S O () /< G [ G ] G e

Therefore, sincdd, M > 1 andc,¢; < 1, by Remark A.1 and since by Af- < 20262 41 we
obtain

K M? n

Hb
< T In(—
ER,.(t) < _— ln(61a)k8,
whereks is a constant.
Next, we deal with?.(¢). By Fubini we get
V() . \
RZ? /02 C(y))/1{an<x<t}1{m<y<bn}c(x)(F (dz) — FY(dx))FY (dy).

Since
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B|(Cu) = €M [ 1o ecyean S B () — F )

< l\/C’(y) 1 <yl b @F*(dﬁ)
= {an<z<t}L{z<y<bn} 02(1,) 1

Furthermore, since = F; and

(@) Fily)a Fi(da)
\// l{an<x<t}1{x<y<bn}02(x) < F1 1{an<y<bn /( q Fl(l')(l —G(l’_))
< VFi(y)alia,<y<s, }\/Mln o + M,

we obtain

1 N Fi(
RE(8)] < —\/Mln(i)ﬂLM 312 Fl* ,/2Mzn_/ 1(dy)
n G (anb) OO 10’ Jian o) Fi(y)/1—G(y)

< X onn <Mm( n >+m) < Iy,
n c1Q 1 n &

R < "2 / (o)

/ Calw) = CW) e () — Ff(dy))‘ Fy, (da)
bn)

n C(x) C*(y)

ol / N 0 a)| P

L /(] gf()) /() L )~ ()| ()

+% » 278 /xbn) mgz—U@F (dy)‘Fl*n(dx). (A.24)

The expectation of the second coefficient is bounded fromeby

2 V(x)/ 1 / / F1 dy) 4 n
— F}'(dy) Fy(dx) Fi(dz) < —Mlin(—).
1 oy ©@) Sy @)+ et oy EEGIL = Gy 1 0) < M)

The expectation of the third term in (A.24) is bounded from\abby

1 V(z) 2 ., o<t
n J (g, C2) /(x o) C2(Y) (dy)Fy (dz) < an <cla)
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As to the first term in (A.24), we need to deal first with

Coly) =CW) v 1\ o
p|[ S ) - Fi ).

We have

B ‘ /( ) Gul) ZCW) ) Ff(dy))‘

C2(y)
1 Zn T Lwy<vn<zy — C(Un) / Ly <y<ziy — C(y) )
= _E 1 T 1:<bn — - — F* dy
— ( {z<U1i<bn} 02((]1,) (=.6n) Cg(y) 1( )

1 C((/lz) / 1- C(y)
—-FE(1 _— — 2 (d )
+7’L < {Z‘<U12<bn} CZ(Ul ) + (=.6) 02(y) 1 ( y)

The second term is bounded from above by

g/ oo cgy <5 </<> Fry @)+ /<> A G(y—»Fl(dy)) :

As to the second term, we compute the second moment

4o 1
n Fi(x

~—

2
1 u 1{U1k<U1-<Zk} - C(Ulz') / 1{U1k<y<Zk} - C(y)
—E Lipets. =Tl — == Fr(d
(ZZ ( {z<U1i<bn} C2(Uy) (z.bn) C2(y) 1 (dy)

i=1 ki

1 = Liv,<vni<zy — C(Uni) Ly <y<zy — Cy)
= — E <1{x<Ui<bn} e _/ e FY (dy)
w2 P e CH(Uh) O]
Ly <vy<zy — C(Ulj) Ly <y<ziy — C(y>
1 _ == - == FY :
X < {z<U1<bn} 02(U1j) /(; o) C? (y) 1 (dy)

If one, three or four indices are different, the above exqtém equals zero. So we need to consider
summandsfoi =j# k=[landi =1 # k =j.
Fori=j7#k=1

1 1{U12<U11<Z2} - C(Ull) / 1{U12<y<Z2} - C(y) )2
—n(n—1D)E | Liz<viy<b, — - — Fi(d
" ( ) ( {z<Ur1<bn} C?(Uy) (22bm) C2(y) 1 (dy)

1 1 1 1 S| 602 4M
< = F*d—/ F*d)g—aQ/ ( + )Fd
7 o T 1(y)n2( o O VW) =5 |\ F T a—anoe ) W)
1 4M2%02 1 10M2%a? 1 / 1
(z

+ﬁ FE(x) a2 F2(x) * n? o) (L= G(y7))?

Fi(dy)

If © =1 # k = 7 we obtain
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1
_n(n - 1)E (1{9E<U11<bn}

Litho<vii<zy — C(Un1) Livio<y<zoy — Cy) ..
- {U12<U11<Z5} _/(xb) {U12<y< 25} Fl (dy)

C?(Un) C2(y)

Ly, <vin<zy — C(Ur2) / Loy <y<zy — Cy)
1o, == - == Fy(d
X ( {z<Ui2<bn} 02((]12) (z.n) 02(y) l( y)
4 / 1 24 4M2a?
<4 1 peay ) <4
2 ( oy O T W) <

Hence

IN

Coly) =CW) e 1\ o
p|[ | S ) - Filan)

Therefore, for the expectation of the first term in (A.24), oiain
/ Ca1(y) — C(y)
(z,bn)

([ 28 O ) Fra)| Ffao))

V() (4a(l+4M) 1 1V/10Ma | 2vVM _ Fi(dy) 2\ )
S/w(f(x)( n R@) 0 B o </<> (1—G(y‘))2) )Fl(d)

1 n . M ( / Fy(dy) )1/2
< Z24Maln(—) + —_— Fy(dx
n (Cla) n Sy \J@sy (1 —Gy7))? 1(de)

da(1+4M)  1VI0Ma  2VM Fidy) \"
W@ n R@) | n </<x,bn> (1—G(y‘))2) |

Hence

Roz(t) = Riq () + Ryz(8) + [Ryq (8)] + | Rytz (1)]
and sinceV, K > 1,¢,¢; <1 andqia >1

- VE3M3 , n . 2VM Fi(dy) \"*
ER,7(t) < kog— In?(—) + (/ —) Fi(dx
) < o (o o) Sy TGl 1)
whereky is a constant.

n e o n
Furthermore, according to assumption 411% < oo. Hence forz > 0, there existg, so that for

everyz > x, we havef 8 < &2, Therefore, forr > z,, according to definition of,,

</<> § s 2?53»2)”2 : ﬁ@) </<xo,oo) %)/ : %

n

Forx < zy, we have

1 Fi(dy) \"? NG
sd+ 1—G(b;) (/@O,w) 11— G(.v‘)) s Ve

n
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whered is a constant.
Finally

1 K3M3

n e ao

ER,7(t) < ko

BN

Summarizing:
Lemma A.22. A
Fin(t) = Fi(t) = Y Lyi + Ra(t)
i=1

where on the se®?, we have

IRu(t)] < Rar(t) + Rua(t) + Rug(t) + [Rut (8)] + [Rua(t)] + Ruus(t) + T, (t) + RE7(2) + R4 (1)
RS (4)] + |RE ()] =t Ra(t).

Furthermore,
8 1 K3M3 n . 2vaM 1 n V2 BMa 1
ER,(t kio— ———In?(— In(—)+1
(t) < ko 2.2 n(cla)+ - 1—G(t—)<n(01a)+ ) n32 1— G(t-)
+2M €
Vean/n’
wherek, is a constant.
Proof.

Lemmas (A.14)-(A.21).
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