STABILITY OF ATTRACTIVITY REGIONS FOR AUTONOMOUS
FUNCTIONAL DIFFERENTIAL EQUATIONS

Hans-0tto Walther

We consider attractivity regions of the zero solutions of
autonomous retarded functional differential equations
(FDEs). It is shown that the attractivity region remains
unchanged if the FDE undergoes a small perturbation in cer-
tain classes of FDEs. Especially we obtain the openness of
the set of parameters o € O,n/y) such that the attractivi-
ty region of the equation x(t) = -ax(t- 1){1 + x(t)] is gi-
v?n)by the set of continuousg functiong ¢s[-1,0] =+ R with
(0

1. Introduction and main results. The differential-delay
equation (DDE)

(1) x(t) = ~ax(t-1)[1 + x(t)]

with o > 0 has several applications, especially it has been
used as a simple growth model in population biology (see
[2] and the literature cited there).

Most of the present knowledge of the stability proper-
ties of the zero solution of eq. (1) is due to E.M.Wright
[10]. He proved that the zero solution is unstable, if
& > n/2, and that it is asymptotically stable, if a < /2,
(For definitions of ({asymptotic) stability, see [2]).
Moreover he obtained information about the size of the at-
tractivity region A(a) of the zero solution of eq. (1),
i.e. the set of all continuocus initial functions
¢:[-1,0] == R such that the unique continuous golution
x(a,9)s[-1,o) = R of the initial value problem (IVP)
x(t) = -ax(t-1)[1 + x(t)] for t > 0, x|[[-1,0] = ¢




tends to zero for t = =, It is easy to show that A(a) is
contained in the set 81 3= {9 € C1]p(0) > -1} for all a in
R*. (For r > 0O, Cr denotes the Banach space of continuous
functions mapping the interval [-r,0] into R, with sup-
norm). Wright proved that A(a) = C; for 0 < a & 37/24 <
/2, and he suggested that this is still true for o £ 1,567

The question arises if A(a) = C; for all a € (0,n/2).
An affirmative answer would exclude the possibility of non-
trivial periodic solutions of eq. (1) for a < n/2, hence
give further ingsight into the bifurcation behaviour of pe-~
riodic solutions near the bifurcation point (¢,a) = (0,n/2)
in C1XR* which has been investigated by R.D.Nussbaum [7].

To obtain a positive answer to the question posed one
could try to show that the non-empty set (o e (0,m/2) |
A(a) = C1} 1s open and closed in the interval (0,m/2). In
the present paper we prove the openness (Corollary 3 in
section 3).

In other words: The attractivity region is stable under
small perturbations of the DDE. Proving the assertion of
Corollary 3 for the special equation (1) we noticed that
the method of proof could be generalized to derive results
of the same type for rather general classes of autonomous
retarded FDEgs. Let us indicate three of them.

First, an analogue of Corollary 3 holds for equation

(2)  &(t) = -a[x(tra)dr(a)[1 + x(t)]

witha > 0, r > 0, As[-r,0] = R increasing, 0 < A(0) -
A(-r) ¢ 1. This generalization of eq. (1) is related to a
population model of G.Dunkel[1] - compare [9].

Secondly, we consider the equations

]

(3) y(t) = -£(y(t-1))
with continuous functions f:R — R having the properties
(H1) (f differentiable in O and £(0) = 0) and

(B2) (yf(y) > O for all y % O and inf f > -w),

These equations were studied by R.D.Nussbaum[6] and by J.L.
Kaplan and J.A.Yorke[4,5]. - Let A(f) denote the attracti-
vity region of the zero solution of eq. (3). For

w:(0,61] = K" with 81 > 0, lim w(8) = O, we define f_ to



be the set of all continuous functions fiR =+ R with (H1),
(H2) end with the property

(#) (yl <8¢ 81 3 [£(y) - £1(0)yl < w(d)}lyl).

Then we have the following result on stability of global
attractivity.

COROLIARY 2, For every f € fw with £1(0) € (0,x/2) and
A(f) = Ci1, there ig an € > O such that A(g) = C1 for all
g € £ with |g'(0) - £'(0)] + sgplg(y) - £(y)l < e

Both results follow from our Theorem 3 (section 3)
about the stability of global attractivity for the equa-~
tions

) §(8) = - [ 2(y(tra))r(a)

with r, A as before and f € fw. For every fi€ fw there is
a " neighborhood " U in f, and a compact set X in G, such
that for every continuous function y:[-r,=) — R solving eq.
(4) for t+ > O with £ € U there is a t > 0 with v.€ K (with
yt(a) s= y(t+a) for t 3 0, -r £ a £ 0). - This property of
the eqs. (4) permits one to reduce the proof of Theorem 3
to an application of Theorem 1 concerning only compact sub-
gsets of attractivity regions.
Theorem 1 is our most general result. Its statement re-
quires additional definitions. - For r > 0, n € N, consider
an open set D in the Banach space C of contlnuous functions
mapping the interval [-r,0] into R® (with sup-norm). Assu-
me O € D and let w be given as above. We define Ew to be
the set of all continuous mappings F:D =+ R* with (H1) and
(H3') (@ €D~ o] <8< 82 & [F(o) - F1(0)(9)] € wid)lyl)
and
(#4%) (For all ¢ € D there is a unique continuous solu-
tion x:[-r,») =+ R* of the IVP x,= ¢,

(5) x(t) = F(xt) for t > 0),

The solution x of the IVP is also designated by x(F,e).
Setting A(F) := {¢ € Dl}}g xt(F,(p) = 0}, we have

THEOREM 1., Let F € EW be given such that the zero solution
of the linear equation x(t) = F'(O)(xt) is asymptotically

stable, Let K © A(F). Suppose there is an open set D' with




K < D'c D and with xt(F,¢) € D' for all 9 ¢ Kand t » O.
Then there is an & > O guch that K © A(G) for all G € F,
with JJgr(0) - Fr(0)| + sglplGUP) - F(e)l < =,

| | denotes the usual norm in the Banach space C' of linear
continuous mappings from C into R™,

2, Proof of Theorem 1. We need some lemmas and Theorem 2
below.

LEMMA 1. Let L € C', let b > max{Re z|z € C solution of
the characteristic equation of the FDE ¥(t) = L(yt)}. Then
there are constants k > 0, n > O with |x (L',9)| < |olke
for all t » 0, ¢ € C and L'e C' with L - Lt|| € n.

t

For a definition of the characteristic equation, see [2].
Lemme 1 is a special case of Lemma 3 in [3].

THEOREM 2., Let F € FW be given such that every solution of
the characteristic equation of the FDE y(t) = F'(O)(yt)
has negative real part. Then there are positive constants
M, R, k, b with

(¢ e, ~lagr(0) ~F ()l <n~lol<RAt YO o

|x, (e,9)] < kePt,

Remark: In [7], R.D.Nussbaum states a weaker version of
Thecrem 2 for a one-parameter-family of DDEs in his Lemma
2.7.

Proof of Theorem 2: One has to observe the constants
in the estimates needed to prove a version of Theorem 18.3
[2]. Since J.K.Hale gives only an outline of the proof of
that theorem, and since hils hypotheses on the FDEs are dif-
ferent from ours, we shall indicate the essential steps of
our proof. First, we need the following

LEMMA 2 (Variation of constants). Let L € C' and let a con-~
tinuous function hsB;—*RP be given. Then there exists a
mepping U, defined on the set {((t,s)[s > 0 ~t » s-r)
with values in the vector space M, of real nxn-matrices,
such that UL has the properties

i) UL(t,s) = 0 for t € [s-r,s), UL(s,s) =1 for s » O,

ii) U, continuous on {(t,8)|t > s » 0},




iii) t > > O =?
UL(t,s) = ['j’[dX(a)]UL(u+a,s)du + I
(where L(w) /'[dX(a)]¢(a) for all @ € C, with
At[-r,0] =M of bounded variation),

iv) x(t) = x(L,9)(t) + J’UL(t s)h(s)ds on K, for the con-

tinuous solutions x:[-r,=) = R of the IVPs
(6) #(t) = L(x,) + h(t) for t > 0, x, = ¢ € C.

Iemma 2 is proved in section 4. Now, by the hypotheses of
Theorem 2 and by Lemma 1, there are constants b, k, 1 such
that Ix (L,o)]| < kebtlml for allt >0, 9 € Cand L € ¢!
with HL - P (0){ € n. Proceeding as in the proof of Lemma
18.1[2] we infer the existence of a constant ki} k with
nIU ( »8)] € kiexp(-b(t-s))|e| for all t » s > 0, ¢ € C,
L € C' with L - P'(0)] € n. (The matrix norm is defined in
section 4). By assertion iv) of Lemma 2, we obtain

+

(1) Ixg(Ga0)] € ae™Clol + L1ae™ ) ja(x (0,0)) -

6" (0)(x,(6,9)) las
for all t » O, ¢ € D and G € F_ with lar(0) - Fr(O) € 7
By the definition of F _, there is a 6 > O with
l6(e) - G'(0)(@)| € lolki/2b for all G e F, |o| < &
Now we can use Gronwall's lemma (compare e.g. Theorem VII,
p. 215[8]) to derive the following estimate from (7):
Ix (G,9)| € Sexp(-bt/2) for all t » O, all @ € D with
|¢| 8/2ky and for all G € F_ with lar (0) - 71 (0)ll € n
This proves Theorem 2.

LEMMA 3. For t = =, x,(F,¢) tends to zero uniformly on K.

Proof': By the preceding theorem, there are constants
R, k, b with
(8) lol < R~t 0= |z, (Fo)l < ke™F,
By an easy consequence of Theorem 5.1[2] on continuous de-
pendence (see Lemma 4 below) and by K © A(F), we infer:
VoekRKIT erd U, © D opent@ € U, ~ (v € Up =
le(P(F,r/f)l <R

We consider autonomous FDEs, so (8) yields



t2 T, ~v el = Ix (F9)] < k exp(- -b(t-Ty)).
K is covered by a finlte number of such neighborhoods, say

noU . = .o
U¢l, Uy Setting T max{Twl, s T¢m

v eXK =9y € U¢ with b € {1,..,m}, hence

lxt(F,w)l k ezp(-b(t T )) £ k exp(bT)exp(-bt) for

t2T2 T¢u and ¥ € U&u. This proves the lemma.

LEMMA 4. Let D be an open subset of C, consider subsets K

end D' of D with K © D' and D' open. Let M be a set of con-

tinuous mappings G:D = R” guch that for all @ € D there is

exactly one continuous solution x:[-r,») = R? of the IVP

Xo = @, x(t) = G(xt) for t > 0. Let F € M. Suppose

x, (F,¢) e D' for all ¢ € K, t > O. Then we have:

Y e>0OVYT>0vVeeKId> 0

(@ e M~ supla(y) - F)l < 8~y e K ~ Izl/—tpl 8) =
[_ﬁ}}‘%lx((}:ﬂ’)(t) - X(F,(P)('t)l $

Proof: Suppose the lemma is felse. We obtain sequences
(G ) -meN - in M end (1[1)ianith Iw - ¢| = 0, with
supIG (¥) - P(¥)} =0 a.nd with

meN S suplx(Gy,,)(t) - x(Fe)t)] > e

for certain fixed ¢ € K, T > 0, € > 0. These sequences and
F and ¢ have the following properties:

1) 6,(¥) =~ F(@) for y =T, y €D', §e D' and m =,
Proof: We have the estimate

I6a0) = 2@ < suple,@) - F@) + I7(0) - 2@

11) ¥y, 9.

We may agsume Gi = F, Then:

1i1) Every compact set W in D' has an open neighborhood V

in D' with Gm(w) bounded on NxV. Proof: F(W) is compact and

has a bounded neighborhood. Hence there 1s an open set V

with W € V € D' such that F|V is bounded. Form e N, ¥ €V,

we have |G (¢)| < sup suplG (¥) - F@)| + sup|F(F)] < =, -
N D \

Hence we can use the following version of Theorem 5.1[2] on
continuous dependence to derive a contradiction:

"oonsider an open set D in C and continuous mappings
G D= K" for m € N, Assume that for all ¢ € D the IVP

}, we infer:




x, = ¢, x(t) = Gm(xt) for t > 0, has a unigue continuous
golution defined on the interval [-r,=). Let sets K and D¢
be given with D' open and K © D'¢ D, Assume xt(G1,¢) € D!
for all ¢ € K, t » O. Suppose that Gm(¢) -+ G (), if m = o
end ¢ € D', o € D', ¥ = ¢, Suppose further that every com-
pact set W © D' has a neighborhood V with sup suplG ()1

finite. Then we have suplx(G 2Py t) - x(Gl,¢)(t)| -0

et
for every T > O and for every sequence (mm) in D' tending
to ¢ € K."

This theorem can be proved exactly as Theorem 5.1[2].

Now we can prove Theorem 13 The hypotheses of Theorem
2 are fulfilled. If R is the constant guaranteed in Theo-
rem 2, then Lemma 3 implies the existence of T 2 O with
1) ¢ e k= |xp(F,0)| € R/2.
By Lemma 4, we have
i) Ve erI s, > 0'(G € F, ~swle(y) - F(y)| < &
veRaly-ol<s) > 7
IxT(G‘:'(l’)l $ IxT(F:cP” + R/2.
K is covered by a finite number of balls {¢ ¢ K| |y - o] <
£ 5@}, given by ¢1,.., ¢ . Define & = min({&cp fu=t,..,m}

W
U {n}), where n is given by Theorem 2. Now consider ¥ € K
and G € F_ with lla'(0) - Fr(0)] + sgplG(w) - F(y)l < e

We infer IxT(G,w)I < le(F,w )| + R/2 for a certain p €
{1,..,m}, by 11). By 1), [x,(F,9 )| < R/2. Hence

|xp(@,9)] < R. With [[6'(0) - F1(0)] € & < m, Theorem 2 im-
plies xT(G,w) € A(G), hence ¢ € A(G), by the autonomy of
the equation.

3. Applications of Theorem 1. We start with the equations
(4). First, we have

LEMMA 5. For all ¢ € C p» lthere is a continuous solution

x:[ r,®) = R of the IVP Xo = @,

x(t) = -_£;f(x(t+a))dX(a) for t > 0,

Proof: The existence of a solution on an interval

[-r,b), b > 0, follows from Theorem 3.1[2] by the continui-
ty of the mapping



o
F(£)sC,2 9 = - [ £(p(a))dr(a) € R.

F(f) maps bounded subsets of C,. into bounded subsets of R.
Therefore the assertion of Lemma 5 1s a consequence of
Theorem 4,2 [2], if we can show that every solution x, de-
fined on any interval [-r,b) with b > 0, is bounded, Let
t € (0,b). Then

+ + 0
x(t) = x(0) + [*(u)au = x(0) + [ (- [ £(x(u+a))ar(a))au
lol - pd, , with d, = inf f, hence
~f(x(u+a)) » min{~|fep|, inf(-f|[0, o] - bdf])] for u+a in
[-r,b), therefore x(t) > x(0) + b min{...} on (0,b).
LEMMA 6. A solution x3[-r,o) = R of eq. (4) with the set
of its zeros bounded tends to zero for t = «,

Proof: If x > O on [t,»), then x < 0 on [t+r,=).
Eim x(t) exists and is > O, Eq. (4) implies the existence

of_&gm x(t) £ O. lim x(t) < 0 leads to a contradiction. By

3im x(t) = 0, we obtain 0 = f‘f(lim x(t))dr(a), hence the
>0

assertion.

Solutions with an unbounded set of zeros are called
oscillating. - The assumptions on the functions f € fw do
not guarantee uniqueness for the IVP of eq. (4). We set
£ 3= {f e fWIThe continuous solution of the IVP of eq.(4)
is uniquel}l. If f € f,1» the solution of the IVP of eq. (4)
is denoted by x(f,9). A(f) is the attractivity region of
the zero solution of eq. (4).

We have the following result on stability of global at-

tractivity:
THEOREM 3. If f € £,,, A(f) = C_ and if
)
sup{Re z|z + [ £1(0)e?8arn(a) = 0} is negative, then there
I

are a compact interval I. and a positive number € such that
A(g) = €, for all g € f 4 with la_ - de I < 1 and
g (0) - £ (0)| + suplelx) - £(x)] ¢
Proof: We may a;sume r=1,
i) If Idg - dfl £ 1 and |g(x) - £(x)] € 1 on [0,1-d.1,




then every oscillating solution (xt(g,¢)) 50 reaches the
set B 5= {9 € C1|9(0) = 0 ~ ¢(a) € I, for all a € [-1,0]},
where T1 3= [-1 - sup(fl[0,1-df]), - df]. - Proofs If

1; then x(z) =

Z’ﬁ(t)dt =

m 0
= [(- [ e(x(t+a))ar(a))at < -d, < 1 - d., hence x ¢ 1 - d
z 4 g f £

on [my,»), if mx is the first maximum point in (1,=).
For every minimum point # € [mi+ 2,w), we obtain with a

certain z € [ - 1,d ]: x(d) = //(- ]’g(x(t+a))dk(a))dt

> - sup(gl[0,1-df]) > -1 - sup(f|[0,1- -dp1), therefore

x> ~1 - sup(f|[0,1—df]) on [fiy,»), if M1 is the first
minimum point in (mi+ 2,%).

11) Define U s= {g € £f4] ld, - d.l € 1 ~ lg(x) - £(x)] <
€1 for x € I1}. The set K 3= closure[x1(g,¢)lg € U, € B}
is compact. - Proofs Let 9 € B, g € U, t € [0,1]. Set

x 3= x(g,9). We proceed as in the proof of i) and obtain
x(t) € I for t € [0,1], since @ € B and ¢(0) = 0. Estima-

N4

x t= x(g,9) has a local maximum in m

for a certain z € [m - 1,m] and x(m)

te of x on [0,1]¢ x(t) = ~ Zj;(x(t+a))dX(a) €

€ [inf(-glI1),sup(-g|I1)] < [1 - sup(f|I1),1 - inf(f|I1)].
Ascoli's theorem implies assertion ii}.

111) Lemma 6 and the fact that every oscillasting solution
xtégyw)tzo‘with g € U reaches the compact set K yleld the
implication (g € U~ K< A(g) = A(g) = Ca).

iv) Define Iz = [-1 - 2sup(£|[0,1-2d,]),1 - 2d.]. Obvious-
1y, In< I». We have x(f,9)(t) € Io for all 9 € K, t > -1.
Proof: By the proof of ii), x(£,e)(t) € I,€ I for t in
[-1,0]. Consider t e [0,1], 9 € K and x t= x(f,9). We have

x(t) = ww)+fmwm=¢m)+f@ffummn&wnm
<1 de- df. x <1 ~2d, on [-1,0] VU [0,1] implies

x(t) = 9(0) + [ (- [ £(x(ura))ar(a))du >
Y -1 - sup(f][0,1-d J) - sup(f|[0,1-24 1) >
2 -1 - 2sup(f][0,1 -2d j) for all t € [0,1] Therefore

x(t) € Iz for t € [0,1]
Local maxima of X on (1,*) are § -dp < 1 - 2d,, see i1).



Hence x £ 1 - Edf for t 2 -1, if x oscillates. Then the lo-
cal minima of an oscillating solution x for t > 1 are grea-
ter than -sup(f|[0,1—2df]) > -1 - 25up(fl[0,1—2df]), com-
pare proof of i). Therefore x ) -1 - 2sup(fl[0,1—2df]) for
t » -1, hence x(t) € I for t » -1.

If x does not oscillate there are two cases. to be consi-
dered:

&) x without zeros on {0,»). Then |x| decreases for t > 1,
and we obtain x(t) € Iz for t > -1,

b) There is a greatest zero z € R+ of x. Then |x| decrea~
ses on [z + 1,»), and we have to show that x(t) € I> on
[-1,z + 1]. This can be done as above by estimating the lo-
cal extrema on (1,2 + 1]. They are all in I». Since x hasg

a greatest local extremum point m in [z,z + 1] (given by
inf{t > z|%(t) < 0} in case x|(z,») > 0) and since |x| de-
cays on [m,»), the assertion follows.

v) Define I, s= (inf I» - 1,sup Io + 1). We eapply Theorem
1¢ Setting D := C1, we have F(g) € F, for all g € f_, and
K < A(f) = A(F(£)). The set D' := {p € C1|p(t) € I, for all
t € [-1,0]} is open, and we have xt(F(f),w) = xt(f,¢) € D!
for all ¢ € K and t 2 O. Now Theorem 1 implies the existen-
ce of an € > O with K € A(G) for all G € F with

ler(0) - r(£)r (O)I + sypla(y) - F(£)(W)] <&

Consider the functions g € f , with Id - dfl £ 1 and
lg'(0) - £1(0)| + supfg(X) - fx)] < 1.

We obtain [[F(g)! (0) - F(£)r (o)l + suplF(g)(fl/) - M)l =
supl f y(a)ar(a)|lg'(0) - £+ (0)| + sup{If(gow(a) -
fozp(a))dx(a)llzp(t) € I, for t € [-1,0]]

lg' (0) - £1(0)] + sgfplg(x) - £(x)| € €, hence K < A(F(g))
= A(g). Since g € U, we conclude C1< A(g) (see 1ii)) for
these functions g, and Theorem 3 is proved.

We apply Theorem 3 to the equations (2), (3) and (1).

LEMMA 7. For every 9 € C, with ¢(0) > -1 there is a unique
continuous function x(o,9)s[-r,=) = R satisfying eq. (2)
for t+ > 0 and x, = ¢. We have




1) (e(0) > -1 = x(a,9)][0,®) > 1) and
11) (¢(0) € -1 2 x(a,9)(t) € -1 for all t » 0 in its ma-
ximal interval of definition).

[+
Proofs The map Cr>¢ -*—a]'¢(a)dx(a) € R is Lipschitz-
-

continuous on bounded sets, and it maps bounded sets into
bounded sets. Theorem 5.2[2] implies that for every ¢ € C.
there is a unique continuous function x(a,9):[-r,b) =R,
with 0 < b § =, satisfying eq. (2) on (0,b) and % {c,9) =
¢. Furthermore, if D > O is given and if ¥:[-r,D) = R is a
solution of eq. (2) on (0,b) with initial value %, = ¢,
then it is unique.

1) 9(0) = -1 = x(a,p) = -1 for all t » O (obvious from
uniqueness and from eq. (2)).

ii) Suppose 9(0) > -1 and x(a,9):[-r,b) = R noncontinuable
with b > 0, Then ¢(0) > -1 implies x := x(a,9) > -1 for
some maximal interval [0,8) < [0,b) and

x(t)/[1 + x(t)] = -a]gk(t+a)dX(a) on (0,8).

[

log(1 + x) ()
8 < b gives
(9) =x(t) +1

for all t € [0,8] (by a continuity argument), hence

x(6) + 1 > 0, contradicting the maximality of [0,8). We in-
fer that (9) holds for all t € [0,b). Therefore x is boun-
ded on [-r,b). We can use Theorem 4.2[2] to reach a contra-
diction to b € o,

111) If x(a,9) = -1 for some t > O in its maximal interval
of definition, then there is a first t' 2 O with this pro-
perty. We infer x(a,0)|[t',»=) = -1, by i) and by the auto-
nomy of eq. (2).

iv) The assertions i) and ii) of Lemma 7 are now obvious
from parts i), ii) and iii) of our proof.

i

* 0
(p(0) + 1)exp(-a‘L frx(u+a)dx(a)du)

Lemma 7 implies that the attractivity region A(a) of
the zero solution of eq. (2) is contained in the set

E} = {¢ € ¢ |e(0) > -1} for all positive a.

COROLIARY 1. For every ;> O with &(ay) = E; and max{Re z]|
z + afoezadl(a) = 0} < 0, there is an & > O with
r




(6> 0aa-~-a]l e D A(a) = 6;).

Proof: By assertion i) of Lemma 7, we have only to
show that there is an e > Owith (¢ > 0~ la - a1 | K & =
ﬁh):{mecﬂ¢>-4D.Tm»wwmmmmﬂm1&y*ey-1
is a bijective mapping of the set of solutions of the
equation o
(1) §(6) = -[a(e¥(**2) - 1)ar(a)

onto the set of solutions of eq. (2) which are > -1 for
t > -r, and we have (lim y(t) <= 1lim S(y)(t) = 0).
t—> oo ‘>0

Set fa(x) s= a(e® - 1). We must find a number € > O with

c, = A(fa) for |a - gll < €. We define f_ by

w(d) t= (az + 1)(((e” - 1)/8) - 1). Then £q€ fq0 if Q>0
end |a - a;| ¢ 1. By Theorem 3, there are an € > O and a
compact interval I (depending on a;) with A(g) = ¢, for all

g € £ with ldg - dfall < 1 and

lg*(0) - £, '(0)] + stlg(x) - £, (x)| < €. Now, @ >0
and |a - ax| & & & 1 imply f e £1° Idfa - dfall = |a - a}
§1, Ig,0(0) - £ '(0)] = |la - a1| & e and

Q Q1

x —
sgplfa(x) - fal(x)l < s-sgple - 1|. Hence A(f,) = C,, 1if
la - a1| € €' for some €' > O depending on .

In the case r = 1, A(-1) = 0, A[(-1,0] =1, egs. (%)
and (2) reduce to egs. (3) and (1).

Proof of Corollary 2¢: We can apply Thecrem 3, for the
gsolutions y of the IVPs ya = ¢ € Ci, y(t) = -F(y(t-1)) on
R*}exist and are uniquely determined by ¢ for all f € fw,
see e.g.[6], and 0 < £1(0) < w/2 implies max{Re z| z +

£1(0)e” % = 0} < 0, see [10].

COROLLARY 3. The set {a € (0,n/2)]|A(a) = ) is open.

Proof: Follows from Corollary 1 and from
max{Re z|z + ae % = 0} < O for 0 < a < =/2.

Let us point out that Corollary 3 can not be derived
from Corollary 2 using the transformation 8 since smallness



of |a - di| does not imply smallness of suplfa(x) - faix)L
R

4, Proof of Lemma 2. Let Mh denote the vector space of

real nxn-matrices A = (aij)1$i,j$n with norm |A| = maxlaif.

There is a mapping A = (Xij)1$i,j€n:[-r’o] — M of finite
variation V()) = sup{|r(a') - A(a)]la,a'e [~r,0]} with

L9) = (& [ 03(8)0h 5)yeiqn =t [, [M(a)Jo(a).

i) There is a unique mapping U:[-r,«) — M, which is conti-
nuous for t » O and satisfies the IVP U|[-r,0) = O,

+ .0
(10)  U(t) fof_h[dh(a)]U(u+a)du +Ifort ) o0,

where I is the unit matrix. - Proof: Let ti> O with
nt1V{®) < 1 be given. Consider the Banach space Xy of con-
tinuous mappings from the interval [0,t1] into Mh, with
sup-norm. Set 3|[0,t1] 3= @,‘51[-r,0) 1= 0 for all @ € Xi.
The functions (a,u) —*E&j(u+a) are bounded and semiconti-
nuous on the product [-r,0]x[0,t] for t € [0,t1], hence
integrable relative to the product measures dkij® Pt

(ut the ILebesgue measure on [0,t]), and Fubini's theorem
is applicable. Therefore the equation

+ .0 ~
K (®)(t) = fo[» [dr(a)]@(u+a)du + I for t € [0,t1]

il

defines an operator KitXy = Xi. Ki has an unique fixed
point Uy, for we have

(11) 1K (®) - K (¥)] € ntaV(A)|@ - ¥| for all &,Y € X,
T. solves (10) on [0,%1]. - Now consider the Banach space
Xz of continuous mappings from [ti1,2t1] into Mh, with sup-
norm. Set 3|[- -r,t1) t= Uy, Ql[t1,2t1] ;=& for all & € Xo.
We obtain an unique fixed point Uz of the operator Kz from
X2 into Xo which is defined analogue to Ki. TE is a solu~
tion of eq. (10) on [0,2t1]. - The existence of U now fol-
lows by an induction argument. Uniqueness is a consequence
of the estimate (11).

i1) Setting Ur(t,s) 3= U(t-s8) for s > O and t » s-r, we
obtain the assertions 1), ii) and iii) of Lemma 2.

iii) Every continuous solution x of eq. (6) satisfies

x(t) = x(L,9)(t) + x(0)(t) for t » O, where



+ t
(12) x(0)(8) = [L(x,(0))as + foh(s)ds for t > 0

and x,(0) = 0. The solution of eq. (12) is unique in the
set of continuous functions mapping [~r,«) into R®. Hence
assertion iv) of Lemma 2 is proved if we can show that the

£
function X:[-r,») = R given by X(t) = _LUL(t,s)h(s)ds

for t > 0 and by ¥, = 0 is continuous and solves eq. (12).
The continuity follows from the continuity properties of

U;, and h. Eq. (12) is verified by a calculation as in the
proof of Theorem 16.3[2]: Assertion iii) of Lemma 2 yields

t t 0 t
%(t) = [ [ [ [ar(2)10 (ure,s)an n(s)as + [ n(s)as
for t > 0. The first term on the right equals
t ,t,0
J[J/j[ [dx(a)]UL(s+a,u)h(u)ds du =: I.
0 "w’-r

u € [0,t], 8 € [O,u) and a € [-r,0] imply s+a < u, hence
UL(s+-,u) =0 on [-r,0], and

[f[dl(a)]UL(s+a,u)h(u) = 0 for all s € [0O,u). Therefore
[ot/ot[—c; [dk(a)]TiL(sm,u)h(u)ds du =
= 5 [: [ar(2)1(/] Up(s+a,u)n(u)du))ds. If u > s+a ¥ O,

I

then UL(s+a,u) = 0, and the inner integral can be replaced
S4+a, ~

byj' UL(s+a,u)h(u)du = ¥(s+a). If s+a < O, we have
o]

x
X(s+a) = 0 =_6 U; (s+a,u)h(u)du. Now eq. (12) is obvious.

Notation. The natural, real and complex numbers are denoted
by N, R, € respectively. R+ and R:'stand for the positive
and non-negative real numbers, A dot - as in X - or a prime
- as in F' - indicates (Frechet-) differentiation.

References.

1. DUNKEL,G.:"Single species model for population growth
depending on past history" in: Seminar on differential
equations and dynamical systems (Lecture notes in mathe-
maggcs 60), 92-99, Berlin-Heidelberg-New York: Springer
1963.

2. HALE,J.K.: Functional differential equations, Berlin-
Heidelberg-New York: Springer 1971.



3.

10,

HALE,J.K.: "Local behaviour of autonomous neutral func-
tional differential equations” in: Ordinary differen-
tial equations, 95-107, New York: Academic Press 1972.

KAPLAN,J.L., YORKE,J.A.: On the stability of a periodic
solution of a differential-delay equation. To appear.

KAPIAN,J.L., YORKE,J.A.: Ordinary differential equa-
tions which yield periodic solutions of differential-
delay equations. J. Math. An. Appl. 48, 317-325(1974).

NUSSBAUM, R.D.: Periodic solutions of some nonlinear
autonomous functional differential equations. To appear.

NUSSBAUM,R.D.: A global bifurcation theorem with appli-
cation to functlonal differential equations. To appear.

WALTER,W.: GewShnliche Differentislgleichungen, Berlin-
Heidelberg-New York: Springer 1972.

WALTHER, H.0.: Existence of a non~-constant periodic so-
lution of a nonlinear autonomous functional differen-
tial equation representing the growth of a single spe-
cies Eopulation. Journal of Math. Biology 1,
227-2%1(1975).

WRIGHT,E.M.: A non-linear difference-differential equa-
tion. Jour. Reine Angew. Math. 194, 66-87(1955).

Hans~0tto Walther

Mathematisches Institut
der Universitdt Mlinchen

D-8000 Miinchen 2
Theresienstr. 39




