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Abstract

In this work, I use the Korringa�Kohn�Rostoker (KKR) method to analyze the possibility

of using magnetic tunnel junctions (MTJ) to detect magnetic skyrmions. Usually, these

junctions require a magnetic reference layer and then show the well-known tunneling

magnetoresistance e�ect (TMR). However, under the right conditions, the non-collinear

magnetic structure of skyrmions can lead to a signi�cant increase in conductance through

a tunnel junction even without a magnetic reference layer. While a large part of the overall

change in conductance can be attributed to the disturbance of quantum well states (QWS)

in the iron monolayer hosting the skyrmion, the majority of the e�ect, including the

increase, is due to the scattering of electronic states from the lead at the skyrmion. This

is an interesting situation which demonstrates that scattering does not necessarily reduce

conductance, but can also increase conductance drastically if coherent transport is blocked

by the symmetry of the electronic states in the ferromagnetic case. The combination of

vanadium as lead material with a MgO barrier was identi�ed as a material combination

where coherent transport in the collinear ferromagnetic base structure is suppressed, but

can be enhanced by scattering of electronic states.

Beyond that, I show that the presence of a skyrmion in a tunnel barrier not only alters the

conductance but also changes the Seebeck coe�cient. It turns out that the absolute value

of the Seebeck coe�cient tends to be reduced by the skyrmion. Since antiferromagnetic

skyrmions o�er several advantages over ferromagnetic skyrmions but are much harder

to handle and detect than their ferromagnetic counterparts, I investigate how useful the

proposed e�ect might be for the detection of antiferromagnetic skyrmions. The results

indicate that the electronic transport is, in principle, also sensitive to antiferromagnetic

non-collinear structures. Finally, I take a brief excursion into the topic of the TMR

e�ect, which requires a magnetic reference layer but can potentially be used to distinguish

between di�erent types of non-collinear structures by doing multiple measurements with

low spatial resolution.
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Zusammenfassung

In dieser Arbeit untersuche ich mithilfe der Korringa�Kohn�Rostoker (KKR) Methode,

inwiefern sich magnetische Tunnelbarrieren zur Detektion von magnetischen Skyrmio-

nen eignen. Normalerweise benötigen solche Tunnelbarrieren eine zweite magnetische

Referenzschicht und weisen dann den wohlbekannten magnetischen Tunnelwiderstand

(TMR) auf. Allerdings kann unter geeigneten Bedingungen die nicht-kollineare magnetis-

che Struktur von Skyrmionen, auch ohne magnetische Referenzschicht, zu einer signi�kan-

ten Vergröÿerung der Leitfähigkeit durch die Tunnelbarriere führen. Ein groÿer Teil des

Gesamte�ekts lässt sich auf die Störung von Quantentopfzuständen in der Eisen-Monolage

zurückführen, in der sich das Skyrmion be�ndet. Der Hauptteil des E�ekts, einschlieÿlich

des überraschenden Anstiegs der Leitfähigkeit, wird jedoch durch die Streuung von Elek-

tronen an der Skyrmionstruktur verursacht. Dies ist eine sehr interessante Situation, die

aufzeigt, dass Streuung nicht notwendigerweise die Leitfähigkeit verringert, sondern sie

auch drastisch erhöhen kann, sofern kohärenter elektrischer Transport im ferromagnetis-

chen Fall durch die Symmetrie der elektronischen Zustände blockiert wird. Insbesondere

kann die Kombination von Vanadium als Material für die elektrische Zuleitung zusam-

men mit einer MgO-Barriere als Materialkombination identi�ziert werden, bei der ko-

härenter elektrischer Transport in der kollinearen ferromagnetischen Struktur unterdrückt

ist, aber durch Streuung der elektronischen Zustände erhöht werden kann. Darüber hin-

aus zeige ich, dass das Vorhandensein eines Skyrmions in einer Tunnelbarriere nicht nur

den elektrischen Widerstand, sondern auch den Seebeck-Koe�zienten verändern kann.

Es zeigt sich, dass der absolute Wert des Seebeck-Koe�zienten dazu tendiert, kleiner zu

werden, wenn ein Skyrmion anwesend ist. Weil antiferromagnetische Skyrmionen eine

Reihe von wichtigen Vorteilen gegenüber ferromagnetischen Skyrmionen aufweisen, aber

wesentlich schwieriger zu handhaben und zu detektieren sind, untersuche ich ebenfalls,

inwiefern sich der vorhergesagte E�ekt zur Detektion von antiferomagnetischen Skyrmio-

nen eignen könnte. Das Ergebnis der Analyse lässt darauf schlieÿen, dass der elektrische

Transport durch Tunnelbarrieren grundsätzlich auch sensitiv auf antiferromagnetische

nicht-kollineare Strukturen reagieren kann. Schlieÿlich zeige ich, dass der magnetische

Tunnelwiderstand mit magnetischer Referenzschicht grundsätzlich nutzbar sein könnte,

um verschiedene Typen von nicht-kollinearen Strukturen zu unterscheiden, wobei zwar

mehrere Messungen nötig sind, aber dafür keine hohe räumliche Au�ösung erforderlich

ist.
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Chapter 1

Introduction

Since the development of magnetoresistance based read heads [1] for hard drives, it has

become clear that spin based electronics or spintronics [2] provides many opportunities

for new technologies. Spintronics is not only about the additional degree of freedom, but

also introduces entirely new concepts and possibilities.

One large research �eld within spintronics is skyrmionics [3], which focuses on using mag-

netic skyrmions [4, 5, 6, 7] as information carriers. Skyrmions are topologically stabilized

magnetic swirls that can be created, moved, destroyed, and detected electrically. They

can be rather small and stable at the same time, but the combination of all of these prop-

erties in one system remains challenging. A simple proposed concept from the �eld of

skyrmionics is the racetrack memory [8], which consists of a long tape where information

bits are physically represented and stored as skyrmions. A similar concept already existed

earlier for domain walls [9] and magnetic bubbles [10], but skyrmions can be manipulated

with much greater e�ciency [11, 12].

Other proposed concepts suggest an even wider range of possible skyrmion applica-

tions [13]. For example, it has been shown [14] that it could be possible to construct logic

gates, including AND and OR gates, that directly process skyrmions, potentially enabling

energy e�cient spin logic devices. Further possibilities for skyrmion based computing

include neuromorphic computing devices [15, 16] and quantum bits for quantum com-

puting [17, 18]. Beyond that, there are concepts where skyrmions are not just used as

data bits. For example, it was shown [19] that skyrmions might be used in very sensitive

microwave detectors.

Almost all proposed applications for Skyrmions require a detection method. While several

solutions already exist, each has its drawbacks. Tunnel magnetoresistance (TMR) [20, 21,

22] is well explored and has been experimentally demonstrated as suitable for skyrmion

detection [23, 24], but the required magnetic reference layer might disturb the dynamics

of the skyrmion in a device. Tunneling anisotropic magnetoresistance (TAMR) [25], on
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Chapter 1. Introduction

the other hand, does not require a reference electrode, but the e�ect is typically rather

small which makes it harder to apply. Another approach exploits the topological hall

e�ect (THE) [26, 27], caused by emergent magnetic �elds of skyrmions, leading to a

measurable Hall voltage in the skyrmion plane that allows to detect single skyrmions.

While it seems favorable to use this 'topological' e�ect which can unambiguously identify

topological skyrmions, Kimbell et al. [28] explained that detecting THE does not verify

a topologically non-trivial spin texture1. Besides that the achieved THE signals are still

weak [30, 31, 32, 33].

This work focuses on the detection of skyrmions using the tunneling non-collinear mag-

netoresistance e�ect (TNCMR), which arises in tunnel junctions similarly to the TAMR

but is caused by the continuous change of the magnetization direction. A practical ad-

vantage of this approach is that the tunnel junction setup required for this technique can

be manufactured with industrial standard methods [34].

Based on the calculations in this work, a very large TNCMR e�ect can be predicted for a

V/Fe/MgO/Cu system, which can largely be explained by the scattering of electrons due

to the translational symmetry-breaking magnetic structure of the skyrmion (explained in

section 3.3). The subsequent chapters aim to deepen the understanding of the nature

of the scattering e�ect by analyzing its dependence on the barrier width, skyrmion size,

and whether other types of symmetry-breaking disturbances, such a phonons or chemical

impurities (section 3.5), can lead to a scattering-enhanced conductance increase. Follow-

ing this, the nature of the quantum well states (QWS) in the iron layer is investigated

(section 3.6), as they provide another signi�cant contribution to the overall TNCMR ef-

fect. Interestingly, it turns out that one of the two QWS peaks in the density of states

only provides a contribution to the transmission due to its disturbance through spin-orbit

coupling. This transmission peak is, therefore, very sensitive to the magnetization di-

rection and contributes signi�cantly to the TAMR e�ect in this material system as well.

Similarly, Hanneken et al. [35] and Crum et al. [36] predicted a non-collinear magnetore-

sistance (NCMR) or tunnelling spin-mixing magnetoresistance (TXMR) e�ect, which is

caused by electron density changes due to spin mixing and measurable with scanning

tunneling microscope (STM) tips. However, requiring an STM makes this method im-

practical for industrially manufactured devices. Additionally, the e�ect described in this

work cannot be explained based on electron density changes, but instead makes use of

the symmetry-�ltering property of the MgO tunnel layer. Thus, we chose the name tun-

neling non-collinear magnetoresistance e�ect (TNCMR) over NCMR to emphasize the

signi�cance of the tunneling aspect. We avoided the term spin-mixing because it refers to

changes of the local density of states due to spin-mixing, which is not the primary origin

of the e�ect we describe.

1The bimeron [29] is an exception from this restriction.
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Chapter 1. Introduction

The tunneling non-collinear magneto Seebeck e�ect (TNCMS) describes the change of a

voltage drop through a magnetic tunnel junction generated by a temperature gradient in

the presence of non-collinear magnetic structures. It is another way to measure changes

of the energy dependent transmission and is mostly dependent on the derivative by en-

ergy of the transmission [37], in contrast to the TNCMR e�ect, which depends on its

absolute value. This possibility is analyzed in chapter 4, where I show that the presence

of a skyrmion indeed in�uences the Seebeck coe�cient. Essentially, I can show that the

absolute value of the Seebeck coe�cient is decreased by the skyrmion for most energies

because the skyrmion tends to blur peaks in the energy dependent transmission.

Besides the above considerations on conventional skyrmions, it is worth noting that

skyrmions have some drawbacks which make applications di�cult. For example, mag-

netic impurities can lead to the pinning of skyrmions [38], meaning that if a skyrmion

is meant to be moved along a racetrack, it can get stuck at any one of these impurities.

Another issue is that when a skyrmion is moved along a racetrack using currents, it ex-

periences a Magnus force perpendicular to the movement direction. It can lead to the

destruction of skyrmions when they are pushed against the side of the racetrack. This

e�ect is called the skyrmion Hall e�ect (SkHE) [39], and it is the counterpart of THE.

Antiferromagnetic skyrmions do not experience the skyrmion Hall e�ect, have faster and

more e�cient dynamics [40], lack unwanted long range interactions via stray �elds [41],

and are less prone to pinning by impurities [42], making them promising candidates for

applications [43]. However, just like antiferromagnetic skyrmions are not a�ected by the

SkHE, they also cannot be detected using the THE. Since they usually have no net mag-

netization, they also cannot be detected through TMR. This brings the focus back to

other detection mechanisms beyond TMR and THE, where TNCMR o�ers a promising

alternative for detecting antiferromagnetic non-collinear structures. The suitability of

TNCMR for detecting antiferromagnetic skyrmions is explored in chapter 5. To provide

an appropriate antiferromagnetic [44] model system for a hypothetical antiferromagnetic

skyrmion for the calculation, I replaced the Fe layer with a manganese layer grown on

top of a silver monolayer. My calculations on this model system show that both TNCMR

and TNCMS can, in principle, lead to signi�cant signals for antiferromagnetic skyrmion

detection.

While TNCMR and TNCMS might detect non-collinear spin structures, it is di�cult to

use them to recognize the topological nature of the detected structure. Recently, it was

demonstrated [45] that a spin-orbit coupling enabled chiral spin-mixing magnetoresistance

e�ect (C-XMR) can distinguish between topological structures that di�er only in their

helicity by the resulting resistance through a tunnel junction. However, this approach

is not feasible if the sensor does not provide a good spatial resolution, i.e. if STM tips

are not used, and if the considered magnetic structures are not well known. To address

3



Chapter 1. Introduction

this issue, I propose a setup in chapter 6 that aims to probe the topological nature

of unknown spin structures by utilizing the TMR signal from multiple magnetic tunnel

junctions (MTJs) with di�erent magnetization directions of their reference electrodes.

When a topologically non-trivial spin textures passes through the proposed arrangement

of MTJs, the same signal is expected from all MTJs. All other spin textures, however, are

expected to lead to di�erent signals from the MTJs, allowing for di�erentiating between

the two cases.

Finally, I conclude in chapter 7 with a discussion of the practical applicability of the

results and possible pathways for further research.

4



Chapter 2

Theory

In this chapter, I introduce the theoretical foundations and the tools based on them

that I used in this work to gain deeper insight into the physical nature of electronic

transport in tunnel junctions, including complex spin textures. Beyond that, I provide

more physical background information necessary for a qualitative understanding of the

nature of electronic transport in tunnel junctions and the formation of complex spin

textures like skyrmions.

2.1 Density functional theory

In order to accurately describe the quantum mechanical behaviour of the considered ma-

terials, density functional theory (DFT) [46, 47] has proven to be a valuable tool. In

principle, if we want to understand the physics of any material, we have to solve the

Schrödinger equation for the many-body system of Ne electrons and Nk nuclei. While the

exact wavefunction of the full many-body system is practically impossible to solve, within

DFT, the ground state of any given Hamiltonian is uniquely described by its electron

density. The many-body wave function is no longer required. Instead, similarly to the

Hartree-Fock method, the interacting many-body system can be reduced to an e�ective

single-particle system, which tremendously reduces the computational complexity. The

ground-state orbitals ϕj of this e�ective system satisfy the Kohn-Sham [48] equation

(−1

2
∇2 + Ve�(r⃗)− ϵj)ϕj(r⃗) = 0 (2.1)

⇔ Ĥ |ϕj⟩ = ϵj |ϕj⟩ , (2.2)

they minimize the total energy, and they reproduce the electron density of the real many-

body system. The electron density

5



Chapter 2. Theory

n(r⃗) =
Ne∑
j=1

|ϕj(r⃗)|2 (2.3)

is used to calculate the e�ective potential Ve� :

Ve�(r⃗) = Vek(r⃗) + Vee(r⃗) + Vxc(r⃗). (2.4)

It is composed of three terms. First the electrostatic potential due to the positive electric

point charges of the atomic nuclei

Vek(r⃗) = −
Nk∑
n

2Zk

|r⃗ − R⃗k|
(2.5)

which are described as point charges sitting at static positions. This assumption is called

the Born-Oppenheimer approximation [49] and is justi�ed by the fact that the lighter elec-

trons move much faster than the heavy nuclei. The second term describes the electrostatic

potential due to the negative distributed electric charge of the electrons

Vee(r⃗) =

∫
n(r⃗′)

|r⃗ − r⃗′|
dr⃗′. (2.6)

In total the �rst two parts of the potential form the Hartree potential [50]

VHartree(r⃗) = Vek(r⃗) + Vee(r⃗). (2.7)

All other many-body contributions that go beyond the Hartree method are summarized

in the exchange-correlation potential Vxc. Contributions to Vxc which originate from the

exchange symmetry of the electrons being identical particles, which are covered within the

Hartree-Fock method [51, 52, 53], are called exchange energy. The very complex rest that

the Hartree-Fock model misses from the exact solution is summarized under the name

correlation energy [48]. The main drawback of DFT is the fact that while the exchange-

correlation potential Vxc, as a functional of the electron density, is proven to exist, its exact

form is unknown. This is why approximative functionals like local density approximation

(LDA) [54, 55, 56, 57] or generalized gradient approximation (GGA) [58, 59, 60] have to

be used for calculations.

6
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2.2 The KKR method

Most DFT based methods directly calculate the Kohn-Sham orbitals ϕ from the potential

and use these to further compute the electron density. In contrast, the KKR [61, 62, 63,

64, 65, 66] method makes use of the Green function of the Kohn-Sham equation. The

Green function [67, 68] for the Kohn-Sham system is de�ned as:

Ĝ(z) = (zÎ − Ĥ)−1. (2.8)

Where z = E ± iη is the complex energy. The Green function operator can be projected

onto real space:

G(r⃗, r⃗′; z) = ⟨r⃗|Ĝ(z)|r⃗′⟩ (2.9)

Two limits are de�ned:

lim
|η|→0

Ĝ(E ± iη) =

{
G+(E) ; retarded Green function (outgoing waves)

G−(E) ; advanced Green function (incoming waves)
(2.10)

Using the Green function, the expectation value of any hermitian operator Â is accessible:

⟨Â⟩ = − 1

π

∫ EF

−∞
dE ImTr[ÂĜ(E)] (2.11)

2.2.1 Dyson equation

Following [69], let us assume we have a system with the Hamiltonian Ĥ = Ĥ0 + V̂ , and

the Green function of Ĥ0 shall already be known. Then we can write down both Green

functions

Ĝ±
0 (E) = lim

η→0+

Î

E ± iη − Ĥ0

(2.12)

and

Ĝ±(E) = lim
η→0+

Î

E ± iη − Ĥ
⇒ (Ĝ±(E))−1 = (Ĝ±

0 (E))
−1 − V̂ (2.13)

.

By inverting both equations, we can easily prove

⇒ (Ĝ±(E))−1 = (Ĝ±
0 (E))

−1 − V̂ , (2.14)

7



Chapter 2. Theory

which again can then be rewritten as

⇒ Ĝ±(E) = Ĝ±
0 (E) + Ĝ±(E)V̂ Ĝ±

0 (E). (2.15)

The equation (2.15) is usually referred to as the Dyson equation. For the next steps, it is

helpful to expand this expression for Ĝ into an in�nite chain by repeatedly substituting

the expression for Ĝ in itself, which leads to

⇒ Ĝ(E) = Ĝ0(E) + Ĝ0(E)V̂ Ĝ0(E) + Ĝ0(E)V̂ Ĝ0(E)V̂ Ĝ0(E) + . . . (2.16)

In the next step, we de�ne the transfer operator T̂ as

T̂ (E) = V̂ + V̂ Ĝ0(E)V̂ + V̂ Ĝ0(E)V̂ Ĝ0(E)V̂ + . . . (2.17)

This allows us to write down a few equivalent and commonly used expressions:

Ĝ(E) = Ĝ0(E) + Ĝ0(E)T̂ (E)Ĝ0(E) (2.18)

⇔ T̂ (E) = V̂ + V̂ Ĝ0(E)T̂ (E) (2.19)

⇔ T̂ (E) = V̂ + T̂ (E)Ĝ0(E)V̂ (2.20)

⇔ T̂ (E)Ĝ0(E) = V̂ Ĝ(E) (2.21)

⇔ Ĝ0(E)T̂ (E) = Ĝ(E)V̂ (2.22)

2.2.2 Lippmann-Schwinger equation

Now, we want to take a look at the eigenfunctions of both systems

(zÎ − Ĥ)ψ(E) = 0 and (zÎ − Ĥ0)ψ0(E) = 0. (2.23)

By de�ning the di�erence between both eigenfunctions

ψ(E) = ψ0(E) + δψ(E), (2.24)

we can prove

(zÎ − Ĥ)ψ(E) = 0 (2.25)

⇒ (zÎ − Ĥ0 − V̂ )(ψ0(E) + δψ(E)) = 0 (2.26)

⇒ (zÎ − Ĥ0)ψ0(E)︸ ︷︷ ︸
=0

+(zÎ − Ĥ0)δψ(E) = V̂ ψ0(E) + V̂ δψ(E) (2.27)

⇒ δψ(E) = Ĝ0V̂ ψ(E), (2.28)

8



Chapter 2. Theory

leading to the Lippmann-Schwinger equation [70]

⇒ ψ(E) = ψ0(E) + Ĝ0V̂ ψ(E). (2.29)

When we expand this equation by repeatedly substituting it in itself, we �nd that

ψ(E) = ψ0(E) + Ĝ0V̂ (ψ0(E) + Ĝ0V̂ ψ(E))

= ψ0(E) + Ĝ0V̂ ψ0(E) + Ĝ0V̂ Ĝ0V̂ (ψ0(E) + Ĝ0V̂ ψ(E))

= ψ0(E) + Ĝ0V̂ ψ0(E) + Ĝ0V̂ Ĝ0V̂ ψ0(E) + Ĝ0V̂ Ĝ0V̂ Ĝ0V̂ ψ(E)

= ψ0(E) + Ĝ0 (V̂ + V̂ Ĝ0V̂ + V̂ Ĝ0V̂ Ĝ0V̂ + . . . )︸ ︷︷ ︸
=T̂

ψ0(E)

⇒ ψ(E) = ψ0(E) + Ĝ0T̂ψ0(E). (2.30)

So we can prove

δψ(E) = Ĝ0T̂ψ0(E). (2.31)

Now we have two expressions 2.31 and 2.28 for δψ(E). By setting both equations equal,

we can derive

δψ(E) = δψ(E) (2.32)

⇔ Ĝ0T̂ψ0(E) = Ĝ0V̂ ψ(E) (2.33)

⇔ T̂ψ0(E) = V̂ ψ(E) (2.34)

2.2.3 Decomposition of space into atomic regions

One important idea behind the KKR method is the decomposition of the crystal potential

into many single atom-centered potentials. A common approximation is the mu�n-tin

approximation (MT) [71], where all these atom-centered potentials are assumed to be

spherically symmetric and non-overlapping, with the potential in the gaps is set to a

constant value. In contrast, the similar atomic-sphere approximation (ASA) [72] allows

the spherical potentials to overlap but ensures that the total volume of the spheres matches

the total crystal volume. The following derivation is based on the MT approximation.

For MT potentials we have:

Veff (r⃗) =
∑
n

Vn(r⃗n) with: r⃗n = r⃗ − R⃗n (2.35)

9
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Vn(r⃗n) =

{
VAtom(|r⃗n|) if |r⃗n| ≤ RMT

0 if |r⃗n| > RMT

(2.36)

Inserting this potential into equation 2.8 leads to

[E +
1

2
∇2 − Vn(r⃗)]G(R⃗

n + r⃗, R⃗n′
+ r⃗′;E) = δn,n′δ(r⃗ − r⃗′). (2.37)

The Green function to a constant zero potential is analytically known:

G0(r⃗, r⃗
′;E) = − 1

4π

ei|r⃗−r⃗′|
√
E

|r⃗ − r⃗′| (2.38)

Then the Dyson equation allows us to calculate G from G0.

2.2.4 Single-scatterer

Instead of directly solving the Dyson equation for the entire system at once, in the KKR

method we �rst solve the Dyson equation for each isolated atom individually. For this

step, we need to express the Green function of the free electron system in terms of spherical

harmonics as

G0(r⃗, r⃗
′;E) =

∑
L

YL(r⃗)g
0
l (r, r

′;E)YL(r⃗
′)∗ (2.39)

with g0l (r, r
′;E) = −i

√
Ejl(

√
Er<)hl(

√
Er>). (2.40)

Here, hl = jl + inl, with hl being the Hankel function, nl the Neumann function, and

jl the Bessel function, while YL are the spherical harmonics. L is a combined index of l

and m. We distinguish between the larger and smaller norm of the two vectors r⃗′ and

r⃗ by de�ning r< = min(r, r′) and r> = max(r, r′). Note that jl and hl are the solutions

of the Schrödinger equation in empty space. For any spherical potential the solution of

the Kohn-Sham equation can be decomposed into a spherical YL(r⃗) and a radial Rl(r;E)

part. For the radial part

[
− ∂2

∂r2
+
l(l + 1)

r2
+ V (r)− E

]
Rl(r;E) = 0 (2.41)

holds. This equation is easy to solve numerically. Applying the Lippmann-Schwinger

equation 2.29 to the radial solution, by associating ψ0 → jl(
√
Er) and ψ → Rl(r

′;E),

leads to:

Rl(r;E) = jl(
√
Er) +

∫ RMT

0

g0l (r, r
′;E)V (r′)Rl(r

′;E)r′
2dr′ (2.42)

10
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If r > RMT we can write

Rl(r;E) = jl(
√
Er)− ihl(

√
Er)

√
E

∫ RMT

0

jl(
√
Er′)V (r′)Rl(r

′;E)r′2dr′. (2.43)

Following [69, 73], by projecting the transfer operator t̂ onto the basis of jl, we can write

tl := ⟨jl|t̂|jl⟩ (2.44)

= ⟨jl|V̂ |Rl⟩ (2.45)

=

∫ RMT

0

jl(
√
Er′)V (r′)Rl(r

′;E)r′2dr′, (2.46)

where we use relation 2.34 to get from step 2.44 to step 2.45. This allows us to simplify

equation 2.43 to

⇒ Rl(r;E) = jl(
√
Er)− i

√
Etl(E)hl(

√
Er) for r ≥ RMT . (2.47)

Besides the regular scattering solution Rl(r;E) with limr→0Rl(r;E) = 0 we also get an

irregular solution Hl(r;E) with limr→0Hl(r;E) = ∞. The Green function of the single

scatterer gS has the form

gS(r
′, r;E) =

√
E
∑
L

Hl(r>;E)Rl(r<;E)YL(r⃗)YL(r⃗
′)∗. (2.48)

It thus has a similar structure as the Green function of the free electron system 2.39.

We just need to replace h → H, and j → R. In the full-potential KKR [74, 75] even

non-spherical contributions can be included in a similar fashion.

2.2.5 Multi-scatterer

At this step, we have only obtained the Green function for a single isolated atom in empty

space, but we can also see that gS(r⃗′n, r⃗n;E) is an inhomogeneous solution of the linear

di�erential equation (2.37) for n = n′. The remaining part of the Green function of the

crystal has to describe the scattering between the individual atoms and only needs to

solve the homogeneous part of equation (2.37), i.e., with the right-hand side being 0. The

complete solution to equation (2.37) is then the sum of both solutions. This separation

of the atomic potentials and the crystal structure is one of the key features of the KKR

method.

To describe the full Green function, we can use the solutions of the single scatterer as a

11
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basis set

G(r⃗n, r⃗n′ ;E) = δnn′gS(r⃗n, r⃗n′ ;E) +
∑
LL′

Rn
L(r⃗n;E)G

nn′

LL′(E)Rn′

L′(r⃗n′ ;E)×. (2.49)

Where we simpli�ed the notation by combining the spherical harmonics and the radial

functions to

fL(r⃗;E) = fl(r;E)YL(r⃗) (2.50)

and

fL(r⃗;E)
× = fl(r;E)YL(r⃗)

∗. (2.51)

The Dyson equation for this ansatz leads to the algebraic Dyson equation

Gnn′

LL′(E) = g0,nn
′

LL′ (E) +
∑
L′′,n′′

g0,nn
′′

LL′′ (E)tn
′′

l′′ (E)G
n′′n′

L′′L′(E) (2.52)

for the relationship between the structure constants of the full Green function Gnn′

LL′(E)

and the structure constants g0,nn
′

LL′ of the reference system, which are also called structural

Green functions. For details of this part of the derivation and the expressions for g0,nn
′

LL′ ,

I want to refer to [73].

Now, we want to rewrite it to see how it is actually solved in practice and to prepare

for the treatment of two-dimensional systems. To make it more compact we can rewrite

equation 2.52 for the structural Green function by hiding the indices as

G = G0 +G0tG. (2.53)

By reinserting this expression for G on the right side of itself, we can expand the equation

to

G = G0 +G0tG0 +G0tG0tG0t+ . . . (2.54)

and by de�ning the scattering path operator τ analogously to the transfer operator in

equation 2.18 as

τ = t+ tG0t+ tG0tG0t+ . . . (2.55)

we can write

G = G0 +G0τG0. (2.56)

And just as we expanded equation 2.52 to equation 2.54, we can take equation 2.55 and
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extract

τ = t+ tG0τ. (2.57)

When we solve this equation for τ we get

τ = (t−1 −G0)−1. (2.58)

And we can prove that the expression

G = −t−1 + (t−1τt−1), (2.59)

is correct, because inserting the expanded expression for τ from equation 2.55 into equa-

tion 2.59 leads to

G = −t−1 + (t−1(t+ tG0t+ tG0tG0t+ . . . )t−1) = G0 +G0tG0 +G0tG0tG0t+ . . . , (2.60)

which we already know as equation 2.54.

2.2.6 In the periodic lattice

Up to now, the index n runs over all atoms in the entire system. Since we want to treat

in�nite lattices, we need to exploit the periodicity of the crystal lattice and switch to

reciprocal space. We rede�ne the indices, so that n stands for a position on the lattice

and the new atomic index µ refers to individual atoms within one unit cell. When we

apply the Fourier transform to the structure constants we get

G
µµ′

nn′

LL′(E) =
Ω

(2π)3

∫
ΩBZ

d3k e−ik⃗R⃗nn′Gµµ′

LL′(k⃗;E) (2.61)

and

Gµµ′

LL′(k⃗;E) =
∑
n

e+ik⃗R⃗nn′G
µµ′

nn′

LL′(E). (2.62)

This leads to

Gµµ′

LL′(k⃗;E) = g0,µµ
′

LL′ (k⃗;E) +
∑
µ′′L′′

g0,µµ
′′

LL′′ (k⃗;E)tµ
′′

L′′(E)G
µ′′µ′

L′′L′(k⃗;E). (2.63)

Equation 2.62 is independent of n′, because the sum is in�nite, and due to the transla-

tional invariance of the lattice, the dependence of G
µµ′

nn′

LL′(E) on n and n′ comes down to a
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dependence on the di�erence between the lattice vectors R⃗nn′ = R⃗n − R⃗n′ .

2.2.7 Screened KKR

A major shortcoming of the previously explained KKR method, as derived using free elec-

trons as reference system, is that the Green function of the free electron system g0,nn
′

LL′ (E)

has a long range and decays very slowly with increasing distance between atoms n and n′.

This means practically solving the Dyson equation 2.52 in this case requires a computa-

tionally demanding Ewald summation. However, it was shown [76, 77, 78] that this issue

can be circumvented by introducing an arti�cial repulsive reference potential VR with the

corresponding Green function GR. Following [79], we start with equation 2.53 and solve

for G leading to

G = (I −G0t)
−1G0 (2.64)

and the equivalent equation for any reference potential VR

GR = (I −G0tR)
−1G0. (2.65)

By inverting both sides of the equation, we can write

G−1 = G−1
0 (I −G0t) = G−1

0 − t (2.66)

and

G−1
R = G−1

0 − tR ⇒ G−1
0 = G−1

R + tR. (2.67)

By inserting the expression for G−1
0 from equation 2.67 into equation 2.66, we get

G−1 = G−1
R + tR − t = G−1

R −∆t, (2.68)

with

∆t = t− tR. (2.69)

So like equation 2.64, we can write

G = (I −GR∆t)
−1GR. (2.70)

We can also rewrite equations 2.58 and 2.59 using the scattering path operator and de�ning

the KKR matrix M , resulting in

τ−1
∆ =M = ((∆t)−1 −GR) (2.71)
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and

G = −(∆t)−1 + ((∆t)−1τ∆(∆t)
−1). (2.72)

Note that the derivation involves no assumptions regarding the reference potential. In

the screened KKR the reference potential V R is typically zero in the regions between the

mu�n-tin spheres and a very high constant value inside of the mu�n-tin spheres. Given

that the arrangement of mu�n-tin spheres is su�ciently dense, the reference system has

no electronic states in the relevant energy range, and the Green function GR has a short

range. To obtain the structural Green function of the physical system Gnn′

LL′(E), we �rst

calculate the structural reference Green function GR,nn′
(E) by solving the Dyson equation

for the reference system in real space

GR,nn′

LL′ (E) = g0,nn
′

LL′ (E) +
∑
L′′,n′′

g0,nn
′′

LL′′ (E)tR,n′′

l′′ (E)GR,n′′n′

L′′L′ (E). (2.73)

Then in a second step, we fourier transform the structure constants of the reference

system GR,nn′

LL′ (E) to GR,µµ′

LL′ (k⃗;E) and calculate tn
′′

l′′ (E) of the physical system. Then we

can calculate the fourier transformed scattering path operator of the physical system

τµµ
′

LL′(k⃗;E) by inverting

Mµµ′

LL′(k⃗;E) = (∆tµ
′

l′ (E))
−1δLL′δµµ′ −GR,µµ′

LL′ (k⃗;E), (2.74)

which is sparse for large systems because of the screening reference system. The di�erence

of t-matrices

∆tµ
′

l′ (E) = tµ
′

l′ (E)− tR,µ′

l′ (E) (2.75)

follows from 2.69. In actual calculations, for large physical systems, the overwhelming

majority of the computational e�ort is spent on inverting the KKR matrix M , which can

be done much more e�ciently whenM is sparse. As the last step we just need to evaluate

equation 2.72 to obtain Gµµ′

LL′(k⃗;E). By solving equation 2.73 in real space and 2.74 in

reciprocal space, they are both much easier to solve than the direct step using only the free

electrons as reference system. Since the reference potential leads to a screening between

the atoms and tightly coupled equations regarding range, this method is typically referred

to as screened KKR or tight-binding KKR. Besides leading to less computational e�ort,

the screening potential V R also allows embedding [80] two-dimensional, one-dimensional,

or even point-like structures (impurities) into the three-dimensional base structure without

the need for supercells. Later in this work, we will use this technique for layered i.e. two-

dimensional systems.

15



Chapter 2. Theory

2.2.8 Calculating the electron density

An important intermediate step in DFT calculations is calculating the electron density

n(r⃗). From equation 2.11, we already know how to calculate the expectation value of

any hermitian operator once the Green function G(E) is known. By setting Â → Î, the

density of states can be calculated in this way as well:

n(r⃗) = − 1

π

∫ EF

−∞
dE ImG+(r⃗, r⃗;E) (2.76)

However, we need to acknowledge that at �nite energies not all states are occupied. To

obtain the actual electron density, we need to multiply the integrand with the Fermi-Dirac

distribution

f(E,EF, T ) =
1

e
E−EF
kBT + 1

, (2.77)

which has its so-called Matsubara poles [81] at

zn = EF + iπ(2n− 1)kBT, (2.78)

for all n ∈ Z. While density functional theory is originally formulated for zero tempera-

ture, the above approach, known as �nite-temperature DFT, is justi�ed by [82, 83]. The

naive straightforward approach to calculate the electron density would be to numerically

evaluate the integral in expression 2.76 exactly as it is written along the Im(z) = 0

real axis. However, since the valence electronic states are directly linked to poles of the

Green function at Im(z) = 0, the Green function, and therefore the integrand n(E), has

a very rough structure close to the real axis. As described by Wildberger et al. [83], it

is numerically much easier to utilize the residue theorem, which allows us to integrate

along a di�erent energy path further away from the poles on the real axis. The integral

path starts at a bottom energy EB between the core states, which are easier to treat

separately, and the valence states. From this point, the �rst part of the integrating path

moves perpendicular away from the real axis up to z = NkBT , if we want to encircle N

Matsubara poles. From there, the second part of the integrating path follows parallel to

the real axis up to the Fermi energy. Instead of turning back to the real axis, the third

part of the integrating path continues to higher E, where the integrand vanishes due to

the suppressing in�uence of the Fermi-Dirac distribution. This eventually leads to the

same result as if we had taken an integration path back to the real axis. By following

the described paths with relatively few energy sampling points and after evaluating cir-

cled residues corresponding to the Matsubara poles, we achieve an accurate result for the

electron density n(r⃗).
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Figure 2.1: The integration path used to calculate the electron density. The exact
locations of the Matsubara poles and typical locations of poles and branch cuts of the
Green function due to electronic states are sketched as well. The numbers of energy mesh
sampling points are denoted for later reference.

2.2.9 Self-consistent cycle

It is, in general, not possible to directly compute a Green function for a system where the

corresponding charge density leads to a Kohn-Sham potential that agrees with the Green

function through the Kohn-Sham equation. However, what we can do is to start with an

initial potential guess and then repeat the following cycle [66]:

1. Start with an initial potential guess V in.

2. Calculate the single-scatterer properties RLL′ and tLL′ for the current V in .

3. Solve the Dyson equation and integrate over the Brillouin zone to get GLL′(E) .

4. Compute the Green function in real space G(r⃗, r⃗′;E) with r⃗′ = r⃗ .

5. Integrate G(r⃗, r⃗;E) over the energy to obtain the valence electron density.

6. Compute the core states with their corresponding charge densities.

7. Add both densities to the total electron density, solve the Poisson equation, and

add the exchange-correlation potential to get the new potential V out .

8. We are done if the di�erence between V out and V in is small enough. Otherwise, use

V out as V in and repeat starting from step 2. In practice, a composition of previous

potentials is used to compute the new V in potential.

This means that by starting with a potential guess, we repeat the cycle until self-consistency

is eventually achieved. The �nal result is a potential, electron density, and Green function

G that satisfy the Kohn-Sham equations for that particular atomic arrangement.
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2.2.10 2D Systems

The previously explained method is very useful for describing 3D crystals with potentially

large unit cells, but it cannot accurately describe 2D systems like graphene or magnetic

tunnel junctions, as in this work, without using larger arti�cial supercells. However,

following reference [79], the screened KKR method allows us to split a considered 2D

system into a center region connected to a left and a right semi-in�nite region on either

side. Then along the axis perpendicular to the interface planes between the three regions,

the system is treated in real space, while in the in�nite planes, we can work in reciprocal

space with a wave vector k⃗∥. Treating the Dyson equation in real space in one dimension

and in reciprocal space in the two other dimensions leads to the following equation, where

the index µ runs now over all atoms in an in�nitely long cell:

Gµµ′

LL′(k⃗∥;E) = GR,µµ′

LL′ (k⃗∥;E) +
∑
L′′,µ′′

GR,µµ′′

LL′′ (k⃗∥;E)∆t
µ′′

l′′ (E)G
µ′′µ′

L′′L′(k⃗∥;E). (2.79)

The indices of the atoms are chosen such that they increase continuously as one moves

from atoms in the left lead through the central region to the right lead. GR,µµ′

LL′ (k⃗∥;E)

decays exponentially with increasing distance between the atoms µ and µ′, leading to a

banded matrix structure of G. We can then group the atoms into so-called principal layers

with index α, and within a layer, a second index β, such that the matrix GR,αα′ββ′

LL′ (k⃗∥;E)

is essentially tridiagonal with respect to the index α. The index β then only runs up to

a rather small number, while α runs over in�nitely many layers.

In the next step, we divide the system into three regions: A �nite center region (C), which

can have a rather complex structure, a left semi-in�nite region (L), and a right semi-in�nite

region (R). Here, 'semi-in�nite' means that they are limited by their interface with the

center region C on one side but extend in�nitely in the other direction. The atomic

structure in both semi-in�nite regions is periodic in all directions except for the border

to region C. Region C shall have a length of N principal layers:

1 ≤ α ≤ N (2.80)

When the region C is su�ciently long, the band shape of GR,αα′ββ′

LL′ (k⃗∥;E) allows us to

write the matrix M from equation 2.74 as

M =

 MLL MLC 0

MCL MCC MCR

0 MRC MRR

 , (2.81)

where MLL and MRR are both semi-in�nite matrices. The coupling sub-matrices MLC ,
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L C R

CL CR
*
*
*
*
*

disturbance

Vdc

Figure 2.2: The three regions (L,C,R) into which the system is divided. The scattering
due to skyrmions, which is investigated in this work, occurs only in the middle of the
center region. Below: The decoupling potential Vdc is non-zero in the outer parts of the
center region.

MCL,MCR,MRC each contain only one non-zero block regarding the principal layer index

α. Then it holds for the scattering path operator:

τ =M−1 ⇒

 τLL τLC 0

τCL τCC τCR

0 τRC τRR


 MLL MLC 0

MCL MCC MCR

0 MRC MRR

 = I (2.82)

By solving the linear equation system we get the following expression for the center region

of τ :

τCC = (MCC −MCLM
−1
LLMLC −MCRM

−1
RRMRC)

−1 (2.83)

Note that all terms in τ−1
CC except forMCC are independent of any structures in the middle

of the center region, which will become important later on. Because of the band shape of

M , we only need the two principal layer blocks

[
(MLL)

−1
]0,0 (2.84)

and [
(MRR)

−1
]N+1,N+1 (2.85)

of the inverted semi-in�nite matrices. These two blocks are calculated using the so-

called decimation technique, which is explained in detail by Wildberger [79], and they

are known as the surface Green functions. Then, to obtain the full Green function in the

center region, only equation 2.72 needs to be evaluated.
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2.3 Non-equilibrium Green function (NEGF)

To calculate the resistance of coherent electronic transport through a barrier, the non-

equilibrium Green function (NEGF) [68] can be used. The NEGF method works directly

with the Green function, which is the main subject of the KKR method, and has already

been implemented [84] in the KKR code used in this work. Following [85, 86], we consider

a given physical system that is divided into the previously explained three regions: left,

center, and right, as displayed in �gure 2.2. The decoupled (dc) Hamiltonian

Hdc =

 hL 0 0

0 hC 0

0 0 hR

 , (2.86)

shall then describe the three regions separately without any interaction, with the corre-

sponding decoupled Green function

G̃dc =

 G̃L 0 0

0 G̃C 0

0 0 G̃R

 . (2.87)

Then interaction between the three regions is introduced via

τ =

 0 τLC 0

τCL 0 τCR

0 τRC 0

 , (2.88)

leading to the full coupled Hamiltonian Hc = Hdc+τ and the fully coupled Green function

Gc = [z −Hdc − τ ]−1 =

 GLL GLC GLR

GCL GCC GCR

GRL GRC GRR

 . (2.89)

By solving the linear equation system we can write:

GCC = [z − hC − τCLG̃LτLC − τCRG̃RτRC ]
−1. (2.90)

Or alternatively by de�ning the self-energies

Σ = ΣL + ΣR (2.91)

ΣL = τCLG̃LτLC (2.92)

20



Chapter 2. Theory

ΣR = τCRG̃RτRC , (2.93)

we can summarize to

GCC = [z − hC − Σ]−1, (2.94)

and write down the Dyson equation

GCC = G̃C + G̃CΣLGCC + G̃CΣRGCC . (2.95)

Another related quantity is the broadening function

Γ = ΓL + ΓR (2.96)

ΓL = i(ΣL − Σ†
L) (2.97)

ΓR = i(ΣR − Σ†
R), (2.98)

which describes the coupling of the device to the leads. When these quantities are known,

it is possibly [68] to calculate the transmission probability of an electron T (E) at the

energy E using

T (E) = Tr
[
GCC(E)ΓL(E)G

†
CC(E)ΓR(E)

]
. (2.99)

As further explained in reference [86] this description cannot be directly applied to the

KKR method, since we have no way to decouple the system in such a way that the

decoupled Green function G̃dc has absolute zero coupling between the center region and

the left and right regions. However as we saw in the previous section 2.2.10 regarding the

decimation approach, the introduction of the repulsive reference potential VR leads to a

Green function GR, where at least the two lead regions are not directly coupled anymore.

In a similar way we can now introduce a general repulsive potential V dc and add it on

top of the physical potential V . When G is the fully coupled physical Green function,

and G̃dc now the Green function for the arti�cial potential V dc + V , we can write in good

approximation

G = G̃dc + G̃dcV
dc
L G̃dcV

dc
L G+ G̃dcV

dc
R G̃dcV

dc
R G. (2.100)

This equation has the same structure as 2.95, which allows us to identify the self energies,

ΣL = V dc
L G̃dcV

dc
L (2.101)

ΣR = V dc
R G̃dcV

dc
R , (2.102)
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so we can as well write

G = G̃dc + G̃dcΣLG+ G̃dcΣRG. (2.103)

Now we take the expressions of the Green function in terms of the structural Green

function from equation 2.49 for the fully coupled physical system and for the decoupled

system,

G(r⃗n, r⃗n′ ;E) = δnn′gS(r⃗n, r⃗n′ ;E) +
∑
LL′

Rn
L(r⃗n;E)G

nn′

LL′(E)Rn′

L′(r⃗n′ ;E) (2.104)

G(r⃗n, r⃗n′ ;E)dc = δnn′gdc,S(r⃗n, r⃗n′ ;E) +
∑
LL′

Rn
dc,L(r⃗n;E)G

nn′

dc,LL′(E)Rn′

dc,L′(r⃗n′ ;E) (2.105)

and their respective 2D fourier transformed structural Green functions Gµµ′

LL′(k⃗∥, E) and

Gµµ′

dc,LL′(k⃗∥, E). By inserting these into equation 2.99, the expression for the transmission

can be written as

T (k⃗∥, E) = lim
z→E

Tr
[
Gν′µ(k⃗∥, z)γ

µµ′

L (k⃗∥, z, z
∗)Gµ′ν(k⃗∥, z

∗)γνν
′

R (k⃗∥, z
∗, z)

]
, (2.106)

where the angular momentum indices L are hidden for clarity. Note that the indices

µ, µ′ ∈ L and ν, ν ′ ∈ R only run over the atoms in their respective outer part of the center

region, which are sketched as CL and CR in �gure 2.2. As explained in [86], it is possible

to show that we can write the γ matrices using the regular t-matrix of the decoupling

potential

∆tν(z) =

∫
Rnu

dc (r⃗, z)
×V nu

dc (r⃗)Rnu(r⃗, z) (2.107)

and a modi�ed t-matrix

∆t̃ν(z, z∗) =

∫
Rnu

dc (r⃗, z)
×V nu

dc (r⃗)Rnu(r⃗, z∗) (2.108)

as

−iγνν′R (k⃗∥, z
∗, z) =δνν′(−∆t̃ν(z, z∗)∗ +∆t̃ν(z, z∗)T )

+ ∆t̃ν(z, z∗)∗Gνν′

dc (k⃗∥, z)∆t
ν(z)T

−∆tν(z)∗Gνν′

dc (k⃗∥, z
∗)∆t̃ν(z, z∗)T ),

(2.109)

again with ν, ν ′ ∈ R. The other gamma matrix −iγµµ′

L (k⃗∥, z, z
∗) can be calculated anal-

ogously with µ, µ′ ∈ L. It turns out [86] that the required structural Green function

Gνν′

dc (k⃗∥, z) of the decoupled system is identical to the surface Green function, which drops

out as an intermediate step from the decimation technique explained in subsection 2.2.10,
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and it must not be confused with the Green function of the reference system GR. Note

that the γ matrices are independent from any structures in the center region, which are

su�ciently far away from the regions R and L. By using G(z∗) = G†(z) we can as well

write

T (k⃗∥, E) = lim
z→E

Tr
[
Gν′µ(k⃗∥, z)γ

µµ′

L (k⃗∥, z, z
∗)Gµ′ν,†(k⃗∥, z)γ

νν′

R (k⃗∥, z
∗, z)

]
. (2.110)

Now we �nally have all tools at hand to calculate transmissions through 2D structures in

the KKR method.

2.4 Specular and di�usive transport in supercells

When investigating electronic transport phenomena, it is possible to gain a better un-

derstanding by analyzing the k⃗∥-resolved transmission [22, 87]. This information is lost

in systems where translational invariance is broken by local structures such as defects,

since in these cases, the Brillouin zone of the underlying lattice can no longer be used.

Nevertheless, in most cases of interest, the structure that breaks translational invariance

is limited to a small region of the center or device part of the transport cell. This situation

is sketched in �gure 2.2, where the structure that breaks translational invariance is indi-

cated as a general disturbance. For example, in this work, we will take a look at magnetic

skyrmions that exist only in a very thin layer embedded within a large, otherwise not even

magnetized center region. This limitation of disturbance to the center region means that

the electronic states in the leads are still bulk-like, and the transmission can be projected

onto the Brillouin zones of both leads. The idea is that instead of a bulk transmission

T (k⃗∥), we can still de�ne a transmission T (k⃗∥, k⃗′∥), which allows k⃗∥ scattering between the

leads. This transmission can be further decomposed into a k⃗∥-conserving (specular) and a

k⃗∥-scattering (di�usive) contribution, where the latter is de�ned for each lead separately.

A similar method was already proposed in [88] for the Landauer-Büttiker formalism within

KKR, where the in�uence of a small oxygen concentration at the Fe/MgO interface was

investigated using supercells. Another related work was published by Drchal et al. [89]

for the tight-binding linear mu�n-tin orbital (TB-LMTO) method, but it is not directly

applicable to the KKR method. While chemical disorder can be treated more accurately

using CPA with vertex corrections [86], which also allows to obtain a k⃗∥-transmission map,

the supercell method is necessary for handling ordered structures like phonons, domain

walls, or skyrmions. This is why the approach presented here was developed.

In the �rst part of this section, I explain the original derivation by Drchal et al. [89],

which Czerner [90] adapted to the KKR method and implemented in the KKR code that

I used. In the second part of this section, I demonstrate the method by applying it to
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iron bulk and iron supercells containing either some small atomic displacements or some

non-collinear structure.

2.4.1 Supercell basis states

Guided by [89], we consider a 2D lattice with lattice vectors a⃗1 and a⃗2 and the correspond-

ing reciprocal lattice vectors b⃗1 and b⃗2. Now, assume we want to calculate the transmission

through a structure embedded in a supercell with lattice vectors

A⃗1 =M1a⃗1

A⃗2 =M2a⃗2·
(2.111)

with natural numbers M1 and M2. Then the supercell contains M = M1M2 atoms in

total, which are located at

t⃗n = n1a⃗1 + n2a⃗2 (2.112)

with the compound index

n = (n1, n2), 0 ≤ ni ≤Mi − 1. (2.113)

The reciprocal lattice vectors of the supercell are B⃗1 = b⃗1/M1 and B⃗2 = b⃗2/M2. As

sketched in �gure 2.3, we can then map any reciprocal vector k⃗ from the large Brillouin

zone of the parent lattice (BZ) to a unique reciprocal vector k⃗ in the small supercell

Brillouin zone (SCBZ) by adding a linear combination of the supercell's reciprocal lattice

vectors:

k⃗∥ = q⃗∥ + Q⃗j, (2.114)

with

Q⃗j = j1B⃗1 + j2B⃗2, (2.115)

where we use another compound index

j = (j1, j2), 0 ≤ ji ≤Mi − 1. (2.116)

For simplicity, the angular momentum indices and the indices regarding the atoms within

the parent unit cell are omitted. According to the Bloch theorem, we can write the basis
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BZ of parent lattice BZ of super lattice reconstruction

Q⃗j

q⃗∥
k⃗∥

Figure 2.3: Reciprocal lattice vectors Q⃗ of the supercell connect points k⃗∥ in the Brillouin
zone of the parent lattice with points q⃗∥ in the Brillouin zone of the supercell.

states of the parent lattice as

|k⃗∥⟩ =
1√
N∥

∑
R⃗

exp(i⃗k∥ · R⃗) |R⃗⟩ (2.117)

Analogously, we can write the basis states of the supercell as

|q⃗∥⟩ =
1√
NSC

∥

∑
R⃗SC

exp(iq⃗∥ · R⃗SC) |R⃗SC⟩ (2.118)

with

R⃗ = m1A⃗1 +m2A⃗2 + t⃗n (2.119)

and

R⃗SC = m1A⃗1 +m2A⃗2. (2.120)

where m1,m2 ∈ Z, N∥ is the number of atoms in the plane and NSC
∥ =

N∥
M
. The vector

t⃗n leads to the site R⃗ within the larger supercell. We can then convert between the two

bases using the relations

|k⃗∥⟩ =
1√
M

M∑
n=1

exp(iQ⃗j · t⃗n) |nq⃗∥⟩

|nq⃗∥⟩ =
1√
M

M∑
j=1

exp(−iQ⃗j · t⃗n) |k⃗∥⟩ ·
(2.121)

2.4.2 Unfolding the transmission map

When calculating the transmission through the supercell, we evaluate equation 2.110,

which then reads

T (q⃗∥) = Tr
[
G(q⃗∥)γL(q⃗∥)G

†(q⃗∥)γR(q⃗∥)
]
. (2.122)
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When considering a supercell where the translational symmetry-breaking structure is

limited to the middle of the center region, we can directly see from the expression 2.109 for

the γ matrices that the γ-matrices are una�ected by this translational symmetry-breaking

structure and can therefore still be written as γL(k⃗∥) and γR(k⃗′∥). It is only G(q⃗∥) which

cannot be written as G(k⃗∥) anymore. To unfold γL(q⃗∥) to γL(k⃗∥), we basically just convert

between the two basis sets using the relations 2.121:

γL(k⃗∥) = ⟨k⃗∥|γ̂L|⃗k∥⟩
= ⟨k⃗∥|

∑
n′q⃗′∥n

′′q⃗′′∥

|n′q⃗′∥⟩ ⟨n′q⃗′∥|γ̂L|n′′q⃗′′∥⟩︸ ︷︷ ︸
=γL(q⃗′∥)n′n′′δ(q⃗′∥−q⃗′′∥)

⟨n′′q⃗′′∥|⃗k∥⟩

=
∑

n′′n′q⃗′∥

⟨k⃗∥|n′q⃗′∥⟩ γL(q⃗∥)n′n′′ ⟨n′′q⃗′∥ |⃗k∥⟩

=
∑

n′n′′q⃗′∥

1

M

M∑
n1=1

⟨n1q⃗∥|n′q⃗′∥⟩ e−iQ⃗j t⃗n1γL(q⃗∥)n′n′′

M∑
n2=1

⟨n′′q⃗′∥|n2q⃗∥⟩ e+iQj t⃗n2

=
∑
n′n′′

1

M
eiQ⃗j (⃗tn′′−t⃗n′ )γL(q⃗∥)n′n′′

(2.123)

Regarding G, we know that it now describes scattering by entire reciprocal lattice vectors

Q⃗j of the supercell. Therefore, we can write G(k⃗∥, k⃗′∥) with k⃗∥ = q⃗∥+Q⃗j and k⃗′∥ = q⃗∥+Q⃗j′ .

Similarly to how we unfolded γL(q⃗∥) to γL(k⃗∥), we can unfold G(q⃗∥) to G(k⃗∥, k⃗′∥) by using

the relations 2.121 between the two basis sets:

G(k⃗′∥, k⃗∥) = ⟨k⃗′∥|Ĝ|⃗k∥⟩
= ⟨k⃗′∥|

∑
n′q⃗′∥n

′′q⃗′′∥

|n′q⃗′∥⟩ ⟨n′q⃗′∥|Ĝ|n′′q⃗′′∥⟩︸ ︷︷ ︸
=G(q⃗′∥)n′n′′δ(q⃗′∥−q⃗′′∥)

⟨n′′q⃗′′∥ |⃗k∥⟩

=
∑

n′′n′q⃗′∥

⟨k⃗′∥|n′q⃗′∥⟩G(q⃗∥)n′n′′ ⟨n′′q⃗′∥|⃗k∥⟩

=
∑

n′n′′q⃗′∥

1

M

M∑
n1=1

⟨n1q⃗∥|n′q⃗′∥⟩ e−iQ⃗j′ t⃗n1G(q⃗∥)n′n′′

M∑
n2=1

⟨n′′q⃗′∥|n2q⃗∥⟩ e+iQj t⃗n2

=
∑
n′n′′

1

M
ei(Q⃗j t⃗n′′−Q⃗j′ t⃗n′ )G(q⃗∥)n′n′′

(2.124)

Analogously, we can write

γR(k⃗′∥) =
∑
n′n′′

1

M
eiQ⃗j′ (⃗tn′′−t⃗n′ )γR(q⃗∥)n′n′′ , (2.125)
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and

G†(k⃗∥, k⃗′∥) =
∑
n′n′′

1

M
ei(Q⃗j′ t⃗n′′−Q⃗j t⃗n′ )G†(q⃗∥)n′n′′ . (2.126)

To transform the products G(k⃗′∥, k⃗∥)γL(k⃗∥) and G†(k⃗∥, k⃗′∥)γR(k⃗′∥), a naive approach might

be to multiply the previously obtained expressions. However, this would eventually lead

to an unnecessary complicated expression for the transmission. We can achieve a simpler

expression by writing:

G(k⃗′∥, k⃗∥)γL(k⃗∥) = ⟨k⃗′∥|Ĝγ̂L|⃗k∥⟩
= ⟨k⃗′∥|ĜÎγ̂L|⃗k∥⟩
=
∑
n′′q⃗′′∥

⟨k⃗′∥|Ĝ|n′′q⃗′′∥⟩ ⟨n′′q⃗′′∥|γ̂L|⃗k∥⟩︸ ︷︷ ︸
∝δ(q⃗′′∥−q⃗∥)

=
∑
n′′

⟨k⃗′∥|Ĝ|n′′q⃗∥⟩ ⟨n′′q⃗∥|γ̂L|⃗k∥⟩

=
∑
n′′

1

M

∑
nn′

e−iQ⃗j′ t⃗n′ ⟨n′q⃗∥|Ĝ|n′′q⃗∥⟩ ⟨n′′q⃗∥|γ̂L|nq⃗∥⟩ e+iQ⃗j t⃗n

=
1

M

∑
nn′

ei(Q⃗j t⃗n−Q⃗j′ t⃗n′ )
∑
n′′

G(q⃗∥)n′n′′γL(q⃗∥)n′′n

=
1

M

∑
nn′

ei(Q⃗j t⃗n−Q⃗j′ t⃗n′ ){G(q⃗∥)γL(q⃗∥)}n′n

(2.127)

Analogously, we can write for the other product:

G†(k⃗∥, k⃗′∥)γR(k⃗′∥) =
∑
nn′

1

M
ei(Q⃗j′ t⃗n′−Q⃗j t⃗n){G†(q⃗∥)γR(q⃗∥)}nn′ (2.128)

Finally, by multiplying these two expressions, we can write down an expression for the

unfolded transmission:

T (k⃗∥, k⃗′∥) = Tr
[
G(k⃗′∥, k⃗∥)γL(k⃗∥)G

†(k⃗∥, k⃗′∥)γR(k⃗′∥)
]

=
1

M2

∑
n1n2n3n4

eiQ⃗j (⃗tn2−t⃗n3 )eiQ⃗j′ (⃗tn4−t⃗n1 )

· Tr
[
{G(q⃗∥)γL(q⃗∥)}n1n2{G†(q⃗∥)γR(q⃗∥)}n3n4

] (2.129)

2.4.3 Application to Iron

To demonstrate the method, we apply it to iron bulk. Iron has a ferromagnetic ground

state, which can be separated into a majority (here up ↑) and a minority (here down ↓)
spin channel. The following results are plotted for both spin channels. All calculations

are carried out using our screened Korringa-Kohn-Rostoker (KKR) code [64, 65] within
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Figure 2.4: Transmittance maps through pure iron bulk for three di�erent cell sizes.

the atomic sphere approximation (ASA). The potential of pure iron was calculated in

a self-consistent manner using an LDA exchange-correlation potential and an angular

momentum cut-o� of lmax = 3. The potential for the perturbed cells was obtained by

shifting or rotating the pure iron potential without applying further self-consistent itera-

tions. Electronic transport was then calculated using the non-equilibrium Green function

method (NEGF), as explained in section 2.3. In this step, we used an angular momentum

cut-o� of lmax = 2. For Brillouin zone sampling for di�erent supercell sizes of 1× 1, 2× 2,

5 × 5, k-point meshes of 180 × 180, 90 × 90, and 36 × 36 were used, respectively. When

unfolding the transmission maps, we used equation 2.129 to calculate T (k⃗∥, k⃗′∥), which is

then used to compute the specular and di�usive transmission:

Tspec(k∥) = T (k∥, k∥)

Tdi�(k∥) =
∑
k′∥ ̸=k∥

T (k∥, k
′
∥)

(2.130)

In this case, the di�usive part is de�ned for the left lead. This distinction becomes impor-

tant when the structure is asymmetric with respect to the transport direction, especially

when the leads are made of di�erent materials. In such a case, the di�usive contributions

on both sides may be viewed separately.

When calculating the transmission for pristine iron bulk for di�erent in-plane supercells,

the overall transmission is always the same. The k⃗∥ dependent transmission, shown in

�gure 2.4, gets folded into the corresponding smaller Brillouin-zone as the supercell size is

increased. When applying the decomposition in this situation, the di�usive part is always
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zero, while the specular contribution is identical to the transmission map of the 1×1 cell.

Figure 2.5: Transmittance maps through a 2× 2 iron bulk supercell with random atomic
displacements of about 1% of the lattice constant in one layer.
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Figure 2.6: Transmittance maps through a 5× 5 iron bulk supercell with random atomic
displacements of about 1% of the lattice constant in one layer.

Figure 2.7: Transmittance maps through a 2× 2 iron bulk supercell with a random non-
collinear structure in one layer.
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Figure 2.8: Transmittance maps through a 5× 5 iron bulk supercell with a random non-
collinear structure in one layer.

When the in-plane translational invariance is broken in the device region, the situation

changes. This is tested by applying two kinds of perturbation. First, we randomly displace

one layer of iron atoms in the center of the device region. This type of perturbation may

be used to study the impact of phonons on transport. It could serve as a complementary

approach to the work in reference [91]. The results for this situation in the 2×2 and 5×5

in-plane supercell are shown in �gures 2.5 and 2.6, respectively. The impact of the atomic

displacement is rather small in this case, which means that the specular contribution

and the transmission through the unperturbed bulk material can hardly be distinguished.

The di�usive part is rather small, but it is not completely zero. The largest contributions

occur at the edges of the bands. The physical interpretation of this result is that the Fermi

velocity in the transport direction vanishes at the edges, which means that the electrons

spend more time in the vicinity of the scatterer, leading to stronger scattering e�ects. The

in�uence of the supercell size is clearly visible when comparing the di�usive contribution

between �gures 2.5 and 2.6. In the di�usive part of the transmission through the 2 × 2

cell, several peculiar features are observable, particularly the asymmetry of the lines in the

down part (minority) is very prominent. When the supercell size is increased from 2×2 to

5× 5, these asymmetric features diminish, and the overall di�usive transmission becomes

smoother. As a second type of perturbation, we impose a random non-collinear structure

onto one layer of iron atoms. This perturbation has a more signi�cant impact on the
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transmission maps than the atomic displacement, as can be seen in �gures 2.7 and 2.8.

The specular contribution to transport is much smaller than the transmission through

pristine iron. The distribution of the di�usive transport also di�ers from that caused

by atomic displacement. While the di�usive transmission in case of the displacement is

mainly located at certain band edges, it is smoothly distributed across the entire bands by

the non-collinear structure. The in�uence of the supercell size is similar for both types of

perturbation. While the transmission in the small 2×2 supercell contains obvious arti�cial

features, these features are less pronounced in case of the larger supercell. This is not the

only aspect that the two examples share, which can be generalized. Most importantly,

areas of the Brillouin zone with zero transmission through the bulk material also have zero

transmission in the specular and di�usive case. This is because the transmission maps refer

to the electronic structure of the pristine bulk materials of the leads in all cases. When

the transmission through the bulk material is zero, this means that there are no states

available in the leads, resulting in both di�usive and specular transmission remaining

zero. If the structure consists of several di�erent layers, the situation is slightly di�erent,

and the di�usive transmission of one lead may contain transmission contributions in parts

of the Brillouin zone where the other lead provides no electronic states. This possibility

becomes important later in this work.

2.5 Tunneling magnetoresistance

While the tunneling magnetoresistance e�ect (TMR) [20, 21] is not the main subject of

this work, its underlying mechanism is crucial for understanding the e�ects described here.

The tunneling magnetoresistance e�ect refers to the change in resistance through a thin

insulating layer, sandwiched between two magnetic conducting leads, which occurs when

the magnetization direction of one of the magnetic leads is altered. Such a structure is

called a magnetic tunnel junction (MTJ), since the electric current needs to tunnel through

the insulating barrier to pass the junction. A simple approach to explain the e�ect is

the Julliere model [92], which assumes that the total conductance is proportional to the

product of the available number of charge carriers in both leads. As explained in [93],

there are two independent spin channels in a parallel or antiparallel magnetic alignment,

whose carriers do not intermix and have to be treated separately. The conductance at

parallel alignment can be described as

IP = I↑↑ + I↓↓ ∝ n↑
Ln

↑
R + n↓

Ln
↓
R (2.131)

and at anti-parallel alignment as

32



Chapter 2. Theory

IAP = I↑↓ + I↓↑ ∝ n↑
Ln

↓
R + n↓

Ln
↑
R. (2.132)

This means that a large di�erence between n↑ and n↓ leads to a large TMR e�ect. Ex-

periments with amourphous Al2O3 are supporting this model [94, 95]. Later experiments

with crystalline MgO barriers, however, showed much larger e�ects, that can not be ex-

plained within the Julliere model. These can only be explained by the symmetry �ltering

e�ect of MgO [22]. Speci�cally, the tunneling probability through MgO of electrons with

∆1 symmetry is much higher than that of electrons with ∆5, ∆2, or ∆2′ symmetry. As

sketched in �gure 2.9, iron at EF provides ∆1 symmetry electrons only in the majority

spin channel. In a parallel aligned MTJ, e�ectively tunneling ∆1 electrons can enter the

junction from one iron lead and exit into the other iron lead coherently. In contrast, in

an anti-parallel aligned con�guration, as sketched in �gure 2.10, no e�ectively tunneling

states are available. While this explanation, is of course, only exactly valid at the Γ-point

in a purely crystalline structure, it has been shown [96, 97] that it remains qualitatively

correct for electrons with small transverse crystal momentum k∥. Thus, for simplicity,

following Gradhand et al. [97], I will refer to electronic states which are su�ciently close

to ∆1 symmetry as ∆1-like throughout this work.

↑↑

Up Channel: Fe ↑ MgO Fe ↑

∆1 ✓Γ Γ

Down Channel: Fe ↓ MgO Fe ↓

∆1 ×Γ ΓSTOP STOP

Figure 2.9: When both iron leads are parallel magnetized, the∆1-electrons in the majority
channel can easily tunnel through the MgO into the other lead. The minority channel,
on the other hand, does not provide any signi�cant current. The sum of both, the total
tunnel current, remains signi�cant.

2.6 Tunneling anisotropic magnetoresistance

While the TMR e�ect relies on the relative angle of the magnetization directions of two

di�erent layers, even a change in the magnetization direction of a single magnetic layer

next to an insulating barrier (see �gure 2.11) can change the tunneling current through

that barrier. This e�ect is known as the tunneling anisotropic magnetoresistance e�ect

(TAMR) [25], because it describes an anisotropy regarding the magnetization direction.

It cannot be explained non-relativistically, since in non-relativistic quantum mechanics,
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↓↑

Up Channel: Fe ↑ MgO Fe ↓

∆1 ×Γ ΓSTOP

Down Channel: Fe ↓ MgO Fe ↑

∆1 ×Γ ΓSTOP

Figure 2.10: When both iron leads are antiparallel magnetized, the ∆1-electrons from the
majority channel on each side cannot enter the other respective lead on the other side of
the MgO barrier. All other states are e�ectively �ltered by the MgO barrier. The total
current through the junction is very small.

spin space and real space are not coupled. It requires spin-orbit coupling (SOC), which is

a term included in the relativistic Dirac equation. Typically, TAMR occurs in structures

containing heavy elements which provide large SOC [98], but it turns out that a large

TAMR can even be obtained without using any heavy elements [99].

In-plane: Fe MgO Cu

↑

Out-of-plane: Fe MgO Cu

→

Figure 2.11: The tunneling current from the ferromagnetic Fe lead, through the MgO
into the Cu lead depends on the magnetization direction of the Fe. The sketched e�ect
is called out-of-plane TAMR. An in-plane rotation of the magnetization can lead to an
in-plane TAMR e�ect.

2.7 Magnetic interactions

In order to accurately describe the formation of complex magnetic structures, such as

skyrmions, it is important to understand the dominant terms of magnetic interaction

between atoms [100, 101, 102]. A commonly used model to study magnetic interactions is

the atomistic Heisenberg model, which assumes that all magnetic moments are a countable

set of individual localized vectors n⃗i with a �xed length. The most familiar term of this

model is the Heisenberg exchange interaction. The Heisenberg exchange interaction [103]

Hamiltonian for atoms with magnetization direction, i.e. unit vector of the magnetic
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moment n⃗, is described as

HEXI = −
∑
ij

Jijn⃗i · n⃗j. (2.133)

Depending on the sign of Jij, the interaction HEXI will favor either ferromagnetism or

antiferromagnetism, hence parallel or antiparallel alignment of the magnetic moments. In

case of skyrmions, the Dzyaloshinskii�Moriya Interaction (DMI) [104, 105, 106] plays an

important role. The DMI has its origin in spin-orbit coupling and is represented by

HDMI = −
∑
ij

D⃗ij(n⃗i × n⃗j). (2.134)

The DMI favors an orthogonal arrangement of neighboring spins, and thus competes with

the Heisenberg exchange interaction, leading to a large variety of magnetic phenomena.

The vector D⃗ij is called Dzyaloshinskii�Moriya vector. The Moriya symmetry rules [104]

restrict the possible direction of the Dzyaloshinskii�Moriya vector in real systems. These

rules are explained and applied to the system considered in this work in section 2.10.

Another dominant term in materials with strong spin-orbit coupling is magnetocrystalline

anisotropy [107], given by

HA = −
∑
i

K(n⃗i), (2.135)

where K depends on the symmetry of the crystal structure. We can always state that

magnetocrystalline anisotropy favors speci�c magnetization directions in a material. In

crystals with a high symmetry axis, the uniaxial anisotropy term HA,u dominates, which

depends on the angle θ between n⃗i and the high symmetry axis. Assuming the high

symmetry axis to be ∝ e⃗z and omitting a constant, we can write [108, 109]

HA,u = −
∑
i

(Ku,1n
2
i,z +Ku,2n

4
i,z + . . . ), (2.136)

which, depending on the sign of the factors, favors either an out-of-plane or in-plane

magnetization direction. In cubic crystals, magnetocrystalline anisotropy can most easily

be described in terms of the cosines of the angles between n⃗ and the crystal axes, which we

shall call α1, α2, α3. The cubic anisotropy HA,c can then, omitting a constant, be written

as [108, 109]

HA,c = −
∑
i

(Kc,1(α
2
i,1α

2
i,2 + α2

i,2α
2
i,3 + α2

i,3α
2
i,1) +Kc,2(α

2
i,1α

2
i,2α

2
i,3) + . . . ), (2.137)

which, depending on the sign of the factors, either favors a magnetization direction di-
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agonal in the cube lattice or along the cube edge axes. Interestingly, it is possible to

tune anisotropy via an applied voltage, known as voltage-controlled magnetic anisotropy

(VCMA) [110, 111], which can be useful when working with skyrmions [112]. Besides

these three terms, we also have to consider more classic terms, such as the dipole-dipole

interaction (DDI) between the atoms:

HDDI = −µ
2
Sµ0

4πa3

∑
i<j

3(ˆ⃗rij · n⃗i)(ˆ⃗rij · n⃗j)− n⃗i · n⃗j

|r⃗ij|3
(2.138)

Here, ˆ⃗r are the unit vectors between the atoms with the lattice constant a, and µS is the

magnetic moment of the atoms. While DDI is relatively weak on a small scale, it decays

very slowly with increasing distance between the atoms, which makes it important on

larger scales. When DDI from many magnetic moments is combined, it can add up to

so-called stray �elds, which complicate skyrmion formation and interaction [42, 113]. Due

to the longe range of DDI, the shape of any macroscopic magnetized object also in�uences

the preferred magnetization axes of the object. This e�ect is called shape anisotropy [114],

and it adds up with the magnetocrystalline anisotropy to the total or e�ective magnetic

anisotropy. For example, Denker et al. [115] utilized the control of shape anisotropy to

create skyrmions in a thin ferromagnetic layer. When the ferromagnetic layer was too

thin, uniaxial magnetocrystalline anisotropy, which preferred an out-of-plane magneti-

zation, dominated and suppressed the formation of skyrmions. However, increasing the

ferromagnetic layer thickness enhanced shape anisotropy, which preferred in-plane mag-

netization. This e�ect added up with uniaxial magnetocrystalline anisotropy, resulting in

zero e�ective magnetic anisotropy at a speci�c thickness, thereby allowing the formation

of skyrmions. In other cases [116], a non-zero e�ective magnetic anisotropy is important

for the formation of skyrmions, because it suppresses helical states that would appear

otherwise.

Lastly, the in�uence of an external magnetic �eld B⃗ext on atoms in a material is described

by the Zeeman Hamiltonian

HZ = −µS
∑
i

B⃗ext · n⃗i, (2.139)

which is often [27], but not always [117], required for the formation of skyrmions. This list

is not comprehensive, and there are many others terms, like biquadratic exchange [118],

which might be considered in a more accurate analysis. Theoretically, an exact description

of the magnetic interactions requires an in�nite expansion of multispin interactions. For

example, Singer et al. [119] used an expansion of up two 20 terms to achieve a very

accurate description of bulk iron.
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2.8 Topological charge

While the above atomistic formulas describe magnetic interactions between single atoms,

the micromagnetic approximation [120, 121, 122], based on the Landau�Lifshitz�Gilbert

equation, describes the same interactions in a continuous way. It neglects the atomic

structure of the material, which reduces the computational cost for simulating larger sys-

tems. When this model is used to describe a system with DMI, and the magnetization

in a small spot of the material is inverted with respect to the rest of the material, it

can be shown that the energy required to continuously evolve the magnetization such

that this spot of inverted magnetization is eliminated and the entire system becomes

homogeneously magnetized is in�nite. Since this in�nite barrier cannot be bypassed for

topological reasons, such a structure is said to be topologically protected. This topologi-

cally protected quasi-particle can be associated with a topological charge Q [123], which

is an integer number and cannot be altered with a �nite amount of energy within the

micromagnetic model. The topological charge can be calculated for a two dimensional

system using

Q =
1

4π

∫
m⃗ ·
(
∂m⃗

∂x
× ∂m⃗

∂y

)
d2x. (2.140)

The in�nite energy barrier, however, is a result of the micromagnetic model, and in a

real physical system, this energy is, of course not in�nite. Since this topological concept

was �rst developed by Tony Skyrme [4] in the context of nuclear physics, objects with a

topological charge of Q = ±1 are called skyrmions [27]. In general, all kinds of magnetic

structures can be characterized by their topological charge, where topologically unstable

objects with Q = 0 are often referred to as trivial bubbles.

2.9 Magnetic structures

Due to the various competing interactions, a variety of magnetic structures may occur.

The magnetization in skyrmion-like structures [124, 125, 126] can be described as

m⃗(r⃗) =

 cosΦ(r⃗) sinΘ(r⃗)

sinΦ(r⃗) sinΘ(r⃗)

cosΘ(r⃗)

 , (2.141)

with Φ(ϕ) = νϕ + η. When the skyrmion-like structure is centered around the origin

and cylindrical coordinates r⃗ = (r cosϕ, r sinϕ) are used. ν is called the vorticity, and

η is the helicity. When the magnetization in the center of the structure (let's assume

+e⃗z) and in the surrounding region is �xed (let's assume -e⃗z) [124], within the bounds of
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equation 2.141, the vorticity determines the topological charge, and the helicity is linked

to the spin texture. The structure with (Q, ν, η) = (1, 1,±π/2) is called a Bloch skyrmion,
and the structure with (Q, ν, η) = (1, 1, 0 or π) is called a Néel skyrmion (see �gure 2.12).

Both structures could also exist in an antiferromagnetic host material, where they are

referred to as antiferromagnetic skyrmions [127] (see �gure 2.13). Any structure with

(−1,−1, η) is called antiskyrmion. The antiskyrmion [128], along with an example of a

trivial bubble are sketched in 2.14. In general, any object with a positive vorticity is called

vortex, and any object with a negative vorticity is called anti-vortex. However, these terms

are usually only used when the more speci�c topological terms do not apply [129].

In materials with easy-plane anisotropy, there are no skyrmions with radial symmetry.

Instead, in such materials, a topological object with Q = 1 splits into two smaller ob-

jects [130], each with a vorticity, forming a vortex and an anti-vortex with a topological

charge of Q = ±1/2. Deriving from the Greek word 'Μέρος', meaning part or fraction,

such objects with a topological charge of Q = ±1/2 are called merons [131]. The combined

object is displayed in �gure 2.15 and is called a bimeron.

Since the term 'meron' is fundamentally associated with a topological charge of Q = ±1/2

and only loosely connected to in-plane skyrmions, it is also used in the literature to

describe other objects with a similar half topological charge, which requires caution [29].

Besides the ferromagnetic state, another typical magnetic ground state of thin magnetic

�lms is the helical state, which consists of stripe domains. The ends of such stripes [132],

which have a topological charge of Q = ±1/2, are also merons. Consequently, short

stripes could be called bimerons.

For further reading, reference [133] provides a comprehensive overview over the di�erent

magnetic objects described in the literature.

Figure 2.12: The two common types of skyrmions. The symmetry of the DMI vectors,
and consequently the symmetry of the material itself, determines whether the skyrmions
in a material are of Néel [6] or Bloch [7] type.
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Figure 2.13: The displayed antiferromagnetic skyrmions [127] are a Néel skyrmion and a
Bloch skyrmion in an antiferromagnetic material, where the magnetization in one of the
sublattices is inverted.

Figure 2.14: Left: An antiskyrmion [134, 128] as it could possibly exist in Fe double layers
grown on a W(110) surface. Right: Any structure with Q = 0 is a topologically trivial
bubble [135].

Figure 2.15: A bimeron, composed of two merons, in the sense of an in-plane skyrmion
according to Göbel et al. [29].
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2.10 Moriya symmetry rules

The formation of skyrmions requires a well balanced interplay of competing magnetic

interactions. Of these interactions, the most important ingredient is the Dzyaloshin-

skii�Moriya interaction (DMI), which causes a canting of neighboring magnetic moments.

The DMI requires broken inversion symmetry and is based on SOC. While DMI is present

in non-centrosymmetric bulk materials [136], interfaces also break inversion symmetry and

allow more �exibility in their design [137]. Besides the necessary absence of inversion sym-

metry, remaining symmetries, like the C4v symmetry in the V/Fe/MgO/Cu system, which

will be used in this work (see section 3), also restrict the possible DMI vectors. These

constraints are also known as Moriya rules [104], which we can use to show that only Néel-

type skyrmions may appear in our V/Fe/MgO/Cu system, while Bloch-type skyrmions

are suppressed.

Consider two spins located at the positions R⃗1 and R⃗2. The following rules apply for the

DMI vector D⃗1,2:

1. If a center of inversion is located in the middle between both spins at (R⃗1 + R⃗2)/2,

then: D⃗1,2 = 0⃗

2. If a mirror plane perpendicular to (R⃗1− R⃗2) passes through the middle (R⃗1+ R⃗2)/2,

then D⃗1,2 is perpendicular to (R⃗1 − R⃗2).

3. If a mirror plane includes both R⃗1 and R⃗2, then D⃗1,2 is perpendicular to the mirror

plane.

4. If a 2-fold rotation axis perpendicular to (R⃗1 − R⃗2) passes through the middle

(R⃗1 + R⃗2)/2, then D⃗1,2 is perpendicular to the rotation axis.

5. If an n-fold rotation axis with n > 1 includes R⃗1 and R⃗2, then D⃗1,2 is parallel to

(R⃗1 − R⃗2).

Now, we want to apply these rules on the spins of neighboring Fe atoms in the system

V/Fe/MgO/Cu system. For better illustration, all mentioned planes and axes are sketched

in �gure 2.16. We get the following results:

1. Since this is a layered system, there is no center of inversion, so a non-zero DMI is

possible.

2. There is a mirror plane M2 (2 for the rule number) between R⃗1 and R⃗2, so D⃗1,2 is

perpendicular to (R⃗1 − R⃗2).

3. There is also a mirror plane M3 through R⃗1 and R⃗2, so D⃗1,2 must be perpendicular

to M3.
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4. A 2-fold rotation axis A⃗4 (4 for the rule number) is perpendicular to (R⃗1 − R⃗2) and

the entire Fe layer, passing through the middle (R⃗1 + R⃗2)/2, so D⃗1,2 must lie in the

plane formed by the Fe layer.

5. There is no n-fold rotation axis with n > 1 that includes R⃗1 and R⃗2, so this rule

doesn't apply in this case.

In combination, this means that the DMI vector D⃗1,2 must lie within the plane formed

by the Fe layer and must be perpendicular to (R⃗1− R⃗2). Only its sign and length are not

determined by the Moriya rules.

Figure 2.16: Left: Projections of the mirror planes M2, M3, along with the projection of
the 2-fold rotation axis A⃗4, onto the Fe plane, as used in the applied Moriya rules with
respect to the two considered spins at R⃗1 and R⃗2. Right: The resulting DMI vector as it
lies within the Fe plane. Its sign and length are not determined by the Moriya rules.

Due to the fact that the DMI vector D⃗1,2 lies within the plane of the Fe layer and is

perpendicular to (R⃗1−R⃗2), combined with the rotational C4v symmetry of the system, only

Néel skyrmions, and not Bloch skyrmions, are stabilized by the DMI in this system [138].

This can be understood when we look at the energy di�erence due to the DMI, described

by HDMI = −∑ij D⃗ij(n⃗i× n⃗j). The energy is minimized when the cross product (n⃗i× n⃗j)

aligns with the direction of the DMI vector. When we look at the spin at the center of a

supposed skyrmion, which is perpendicular to the Fe layer, a neighboring spin will then

be tilted directly within plane M3, either towards or away from the spin at the center,

as it is the case of a Néel skyrmion (see �gure 2.12). On the other hand, a D⃗ parallel to

(R⃗1 − R⃗2) would lead to a tilt of spin 2 within plane M2, leading to the formation of a

Bloch skyrmion.
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Tunneling non-collinear

magnetoresistance

In order to test the e�ect of skyrmions on transport, we will take a look at three di�erent

systems composed of established materials. But �rst, I outline the key components and

conditions of the calculations. Here, MgO is used as the tunnel barrier for several reasons.

Electronic transport through MgO tunnel barriers is well understood on the theoretical

level and has been investigated experimentally in many works [22, 96, 97, 139, 140, 141,

142] . Also, the interface between iron and MgO locally provides large electric �elds [143],

leading to signi�cant spin-orbit coupling (SOC). This interfacial SOC is essential for the

DMI interaction, and thus necessary for the stabilization of skyrmions. As computational

method, the full-relativistic KKR [144] is used to incorporate SOC and other relativistic

e�ects. Only in a few calculations, where explicitly stated, the scalar relativistic KKR

method is used, which excludes SOC but still includes relativistic mass enhancement and

the Darwin term. For the leads, we use copper and vanadium, which can be reasonably

treated in the KKR method with an angular momentum cut-o� of lmax = 2. All other

applied numerical parameters are explained in appendix A. For the exchange-correlation

potential, we use a LSDA potential [54]. The unit cell of the ferromagnetic system is

shown in �gure 3.1, with the positions provided by M. Czerner [145]. The most important

aspect of the unit cell is the structure of the interface, particularly the fact that the Fe

atoms in the �rst layer adjacent to the MgO are directly sitting next to the oxygen

atoms [139, 146, 147], as displayed in �gure 3.2.

In this work, the iron layer is only one atom thick and hosts the skyrmion. Apart from

the iron monolayer, all other atoms in the system are either paramagnetic or diamagnetic.

For the self-consistent calculation of the system in equilibrium, the system is described

using a long supercell. In the transport calculations, the leads are semi-in�nite and are

treated using the decimation technique. This approach means that, in the self-consistent

calculation, the long supercell is treated as if the two end regions are in direct contact
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with each other, which di�ers from the actual system where the leads are semi-in�nite.

To avoid introducing artifacts from this arti�cial contact, I extract the potentials from

the atoms located in the central region of the two lead material blocks, which are far away

from the ends. These potentials, which accurately represent the bulk properties of the

leads, are then used as the e�ective potential for the semi-in�nite leads in the transport

calculation using the decimation technique.

In this part of my work, only three systems are treated: V/Fe/MgO/Cu, Cu/Fe/MgO/V,

and Cu/Fe/MgO/Cu. These systems are su�cient to demonstrate the potentially large

tunnel non-collinear magnetoresistance (TNCMR) e�ect in MgO barriers and to explain

the underlying mechanism. Throughout this thesis, the optimistic de�nition of TNCMR

is used, which is given by

TNCMR / % =
TNC − TFM

min(TNC, TFM)
· 100% (3.1)

where TFM is the transmission through the ferromagnetic cell, and TNC is the transmission

through the non-collinear (in this case, skyrmion) cell.

Figure 3.1: In-plane unit cell of the ferromagnetic system with non-magnetized leads. The
MgO barrier consists of only 7 monolayers. In the discussion, electrons are interpreted
as coming from the left, passing �rst through the iron layer and then through the MgO
barrier into the right lead. In the calculations, empty-spheres are placed in the MgO
structure, which are represented by white circles. The lengths and distances are listed in
table 3.1.

aLead = 5.4159551 aB ≈ 0.287 nm

dLead-Fe = 0.59 aLead ≈ 0.169 nm

dFe-MgO = 0.82 aLead ≈ 0.235 nm

aMgO = 1.5 aLead ≈ 0.430 nm

dMgO-1st = dFe-MgO ≈ 0.235 nm

d1st-Lead = dLead-Fe ≈ 0.169 nm

Table 3.1: The distances and lattice constants used in the model system. The abbreviation
1st refers to the �rst layer of the lead material.

While iron is the only material in the structure which is magnetized in its bulk form, it

also induces signi�cant magnetization in the neighboring layers, as shown in �gure 3.3.

Especially, the atoms in the interface vanadium layer have approximately one quarter of
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Figure 3.2: In-plane view of the interface structure, showing the iron (green) and �rst MgO
layer (Mg in brown, O in red). The oxygen atoms in the �rst MgO layer are positioned
directly above the iron atoms.

the magnetic moment of the iron layer, but with opposite sign due to the antiferromagnetic

coupling between the two layers [148].

Figure 3.3: Magnetic moments of the atoms in the layer structure. While the �rst vana-
dium layer is signi�cantly magnetized, the magnetization rapidly decreases into the vana-
dium bulk on one side and into the magnesium oxide on the other.

As skyrmion structure, I used two slightly di�erent magnetic structures. The �rst struc-

ture was obtained from an atomistic spin dynamics simulation, which included only the

Heisenberg exchange interaction, Dzyaloshinskii�Moriya Interaction (DMI), and an ex-

ternal magnetic �eld. The parameters were then arbitrarily tuned with the single goal

of producing a very small skyrmion that reasonably �ts into a 5x5 cell. This structure

was used in the earlier calculations with the intention to use a skyrmion structure which

re�ects the actual underlying magnetic interactions. The second structure was obtained

by assuming perfect radial symmetry of the skyrmion, which fully determines the angles Φ
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of the magnetic moments. The angle Θ(r) is described using the analytical formula from

[149], which actually describes domain wall pro�les but also gives a rough approximation

for skyrmions:

θ(ρ, w) = 2 arcsin

(
tanh

−ρ
w/2

)
+ π (3.2)

This analytically described skyrmion was used in the later calculations because it is a

more �exible description. It allows a clean scaling of the skyrmion size and can also be

used for other structures, such as antiferromagnetic skyrmions. I �tted the formula to the

simulated skyrmion, resulting in a parameter of w ≈ 1.665 in units of the lattice constant.

The skyrmions produced by both methods are very similar and di�cult to distinguish in

their graphical representations in �gure 3.4. The di�erences between the two skyrmions

in their in�uence on the calculated transport e�ect are negligible and are discussed in

appendix B. Additionally, in appendix B, I explain why the self-consistent potential was

calculated only for the ferromagnetic cell without including the skyrmion, and how the

transmission is a�ected when the magnetic moments in all layers, not just the iron layer,

are tilted according to the skyrmion shape.

Figure 3.4: The two di�erent yet very similar model skyrmions used for calculations in
this section. Adapted from [O1]. Copyright (2019) by the American Physical Society.

Actual skyrmions in similar structures have also been observed experimentally. However,

these studies involved heavier metals directly below the ferromagnetic layer, and they

all observed much larger skyrmions than those used in this work. For example, Chen

et al. [150] reported sub-100 nm magnetic skyrmions even at room temperature in Ir/-

CoFeB/MgO structures, but they consider the large DMI to be mainly caused by the

heavy metal to CoFeB interface. Denker et al. [115] reported 85 nm skyrmions in Ta/-

CoFeB/MgO trilayers, which only exist in the material for a very speci�c range of CoFeB

thickness, tCoFeB = 1.20 nm to 1.44 nm . This is due to the transition from perpendicular

magnetic anisotropy (PMA) to in-plane magnetic anisotropy (IMA) around tCoFeB = 1.384

nm, where the e�ective magnetic anisotropy vanishes. Experimentalists typically use a

mixture of iron, cobalt, and boron, hence CoFeB [151, 152], because it leads to a more

pristine barrier structure. Usually, the boron is absorbed by the mostly used underlying
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tantalum [153] during the annealing step, but the magnetic layer still remains a mixture

of Fe and Co. In contrast, I consider a pure Fe monolayer in most calculations in this

work. To better understand how this mixture might a�ect the overall TNCMR, I explore

this di�erence in subsection 3.5, where I consider the e�ect of chemical impurities due to

mixing of Co and Fe.

3.1 Energy dependent transmission

Technically, for electronic transport, only the transmission at the Fermi energy is relevant.

However, it is still helpful to have information about the transmission over a broader

energy range. When a bias voltage is applied, the transmission within the corresponding

energy window contributes to the overall transport. Additionally, the position of the

Fermi energy itself can also be shifted by some extent, a process known as Fermi level

engineering. The transmission and the resulting TNCMR e�ect, calculated using the

NEGF method within KKR for the three systems, are shown in �gure 3.5.

Figure 3.5: The top row displays the energy dependent transmission curves for all three
systems: the ferromagnetic case (red) and the case with a skyrmion present in the iron
layer (black). The resulting TNCMR e�ect is given by the di�erence of both values,
divided by the smaller one. The vertical lines indicate the sample energies selected for
the later analysis of the e�ect's dependence on skyrmion size. The �gure is taken from
[O1]. Copyright (2019) by the American Physical Society.

We immediately see that the TNCMR is very di�erent for each material stack. While it

is quite small in case of Cu/Fe/MgO/Cu, it is very large in case of V/Fe/MgO/Cu. We

want to follow this trail in the following sections to gain a better understanding of the

large e�ect calculated for the V/Fe/MgO/Cu structure.
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3.2 Dependence on barrier thickness

To better understand the role of the MgO barrier, I calculated the energy dependent trans-

mission for all �ve barrier thicknesses, ranging from 3 to 7 MgO monolayers, through the

V/Fe/MgO/Cu structure. The results for the ferromagnetic and skyrmion cells are pre-

sented in �gure 3.6. At �rst glance, we see that all curves have a very similar shape for

all barrier widths, but the size of the transmission decreases by about one order of magni-

tude with each additional MgO monolayer. However, this is not true for the peaks of the

transmission in the ferromagnetic cells, where the maximum peak height decreases much

more slowly than the rest of the transmission curve as the barrier width is increasing. An-

other interesting observation can be made regarding the large transmission peak at about

0.13 eV above EF. It turns out that the peak shifts to lower energies for odd numbers of

MgO monolayers and towards higher energies for even numbers. This oscillation in peak

position converges with increasing barrier width. The lower transmission peak does not

exhibit this even-odd variation. The presence of a skyrmion a�ects the transmission sim-

ilarly across all barrier thicknesses, which can be summarized by two main observations.

First, the peaks of the transmission are smoothed down by the skyrmion, which can be

attributed to the disturbance of quantum well states (QWS), which will be explained in

more detail in section 3.6. Second, the skyrmion leads to a large increase in transmission

over a wide energy range. This increase grows with increasing barrier thickness, which is

explained in section 3.3 based on k∥-scattering and the symmetry �ltering e�ect in MgO.

Figure 3.6: The energy dependent transmission curves for di�erent MgO barrier thick-
nesses. The color represents the barrier thickness. For each thickness, the transmission
through the ferromagnetic (FM) cell is plotted in a pale color, while the transmission
through the skyrmion cell is plotted in the corresponding stronger color.
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The resulting optimistic TNCMR e�ect is displayed in �gure 3.7. In case of the 3-

monolayer MgO barrier, the increase of the transmission fully compensates for the smear-

ing of the sharp peaks. For thicker barriers the smearing of the peaks dominates, leading

to an overall negative TNCMR e�ect at the peak energies. At the Fermi energy and most

other energies within the considered range, the TNCMR e�ect is positive and increases

with a greater barrier thickness.

Figure 3.7: The energy dependent TNCMR e�ect for di�erent MgO barrier thicknesses is
shown. The color indicates the barrier thickness. In general, the TNCMR e�ect increases
with barrier width and is positive for most energies. Only in two small energy ranges,
corresponding to peaks of the transmission curve, does the TNCMR e�ect show negative
spikes.

3.3 Scattering enhanced transmission mechanism

In order to gain deeper insight into the underlying mechanism, it is helpful to examine a

k∥ resolved map of the transmission. Since the skyrmion breaks the in-plane translational

invariance, the transmission can no longer be plotted in the large Brillouin zone of the unit

cell. But since the leads remain bulk like, the total transmission can be decomposed into a

specular (k∥-conserving) and a di�usive (k∥-scattering) contribution. The decomposition

formalism itself is explained in detail in section 2.4. The di�usive contribution T (k∥, k′∥)

can be projected onto the two leads separately:
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Tdi�,in(k∥) =
∑
k′∥ ̸=k∥

T (k∥, k
′
∥)

Tdi�,out(k∥) =
∑
k′∥ ̸=k∥

T (k′∥, k∥)

A di�usive contribution can only arise when in-plane translational invariance is broken.

To gain deeper insight into the underlying physics, we compare the transmittance maps of

V/Fe/MgO(3)/Cu and Cu/Fe/MgO(3)/V at the Fermi energy. The di�usive contribution

projected onto both leads, the specular contribution, and the transmittance map for the

ferromagnetic case are plotted in �gure 3.8. As we see in �gure 3.5, a skyrmion increases

the transmission at EF in case of V/Fe/MgO(3)/Cu by about 60%. In Cu/Fe/MgO(3)/V,

transmission is increased only slightly. The details behind this di�erence are clari�ed in

the following explanation, based on the results in �gure 3.8, with the mechanism driving

this behavior sketched in �gure 3.9. When looking at the transmittance maps in �g-

ure 3.8, we see that the total transmission in case of V/Fe/MgO(3)/Cu is dominated by

a large di�usive contribution. This di�usive contribution arises from electrons entering

the system in areas (ksc) away from the Γ-point in vanadium, scattering in the skyrmion

layer, and then leaving the system at and near the Γ-point in copper. The transmit-

tance map in the ferromagnetic case shows that the transmission at the Γ-point vanishes.

This means that vanadium does not provide any states at the Γ-point, which would be

suitable for crossing the MgO barrier without scattering. The presence of the skyrmion,

however, breaks translational invariance, allowing electrons from vanadium to scatter to

the Γ-point, become ∆1 like, and cross the MgO barrier with a much higher transmission

probability than without a skyrmion. This underlying mechanism may therefore be re-

ferred to as the scattering-enhanced transmission mechanism. We can thus say that the

entire system acts as a spin valve, which can be opened with a skyrmion as a movable

switch. This mechanism also explains why the skyrmion does not enhance transmission in

Cu/Fe/MgO(3)/V as e�ectively as in V/Fe/MgO(3)/Cu. In case of Cu/Fe/MgO(3)/V,

the electrons can still not tunnel very well from the vanadium through the barrier, since

the skyrmion, which would allow transmission-enhancing scattering, is located at the

other side of the barrier.

The responsible material properties can already be seen from the Bloch spectral density

of the bulk systems. Being at the Γ-point is not a su�cient criterion for ∆1 states. The

states also need to have m = 0. This can be seen in Bloch density of states of vanadium

bulk, plotted in �gure 3.10, where we see that only the m = ±2 components of vanadium

are not vanishing at the Γ-point. As explained in [154], in a material with C4v symmetry,

electronic states at the Γ-point with l = 2 and m = ±2 can either have ∆2 or ∆′
2
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Figure 3.8: The rows show the k∥-resolved transmission at the Fermi energy for the two
systems, obtained when using V and Cu as leads in Lead 1/Fe/MgO(3)/Lead 2 . The
�rst three columns show the di�usive contribution of the in- and out-scattering electrons,
and the specular contribution of the transmission in the presence of a skyrmion. The
right column shows the transmission (TFM) in the ferromagnetic case. The color scale, in
arbitrary units, is used in all following k-resolved Bloch density of states and transmission
plots. We see a large di�usive contribution in the case of V/Fe/MgO(3)/Cu, including
electrons far from the Γ-point in vanadium, being scattered to the Γ-point in copper. The
applied colormap with arbitrary units is used in all subsequent density plots. Adapted
from [O1]. Copyright (2019) by the American Physical Society.

symmetry, both of which lead to a very low tunneling probability through MgO. Hence,

the states in vanadium at the Γ-point are not ∆1-like and cannot tunnel well through the

MgO barrier. This can further be veri�ed by a band structure calculation resolved by

the irreducible representations (IRR). The IRR resolved band structures for vanadium,

copper, and iron are displayed in �gure 3.11. It turns out that vanadium at the Fermi

level indeed only provides ∆2-states at the Γ-point. This is in perfect agreement with the

results in references [155] and [140].
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Figure 3.9: At the Fermi energy electrons from vanadium can not tunnel well through
the MgO barrier. The skyrmion layer (Sk) enables k∥-scattering, which allows electrons
from vanadium in V/Fe/MgO(3)/Fe to become ∆1-like and tunnel through the MgO with
a high probability. On the other hand, in case of Cu/Fe/MgO(3)/V the skyrmion does
only enable scattering on the copper side, where ∆1-like electrons are already present in
the ferromagnetic case. The �gure is taken from [O1]. Copyright (2019) by the American
Physical Society.

Figure 3.10: The Bloch spectral density of bulk vanadium and copper at the Fermi energy
of the composed V/Fe/MgO/Cu system. The potentials are identical to the lead potentials
of the V/Fe/MgO/Cu cell. Vanadium provides states at the Γ-point, but they are not ∆1-
like, since they are of m = ±2 character. Copper, on the other hand, provides electrons
at the Γ-point with m = 0, which are therefore ∆1-states.
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Figure 3.11: Band structures of copper, vanadium, and iron. The di�erent IRRs are
indicated by the color. At the Fermi level, along the plotted path, vanadium only provides
poorly transmitting ∆2-states, copper only provides well-transmitting ∆1-states, and iron
provides well transmitting ∆1-states only in the majority (here up ↑) spin channel.
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3.4 Dependence on the skyrmion size

Since the e�ect is caused by local changes of the magnetization direction, a smaller change

of the direction from atom to atom can be expected to lead to a smaller e�ect. In

order to understand how the e�ect scales with the size of the skyrmions, I calculated

the e�ect for 4 di�erent skyrmion sizes (see �gure 3.12) at three di�erent energies in the

V/Fe/MgO(3)/Cu system. Larger skyrmions are very challenging because the size of the

matrix in the computer's memory increases with N4, whereN is the width of the supercell.

To achieve a clean scaling of the skyrmion to di�erent sizes, perfect cylindrical symmetry

is assumed, and the radial dependence of θ is described by the approximate equation 3.2

given by Romming et al. [156]. Continuing from [156], the skyrmion diameter is de�ned

by the circle where mz = 0. This formula can not precisely represent the shape of the 5x5

skyrmion obtained from atomistic spin-dynamics simulations, but it provides a reasonable

�t. The sample energies are denoted alongside the energy dependent transmission curves

in �gure 3.5. The resulting e�ect sizes, with increasing skyrmion size, are displayed in

�gure 3.13. As expected, the e�ect shrinks with increased skyrmion size. This suggests

that for realistic skyrmions, which are typically much larger, a smaller e�ect than for the

5x5 skyrmion should be expected.

Figure 3.12: The four skyrmions which were used for the analysis of the size dependence
of the e�ect. Due to the very small size of the model skyrmions, the structure around the
center varies signi�cantly between even and odd sizes.

3.5 In�uence of defects

The previous explanation of the underlying mechanism relies on scattering due to the

skyrmion in the iron layer, along with a blocking of transport between vanadium and MgO

in the ferromagnetic case. This suggests that other types of defects, like chemical disorder

or phonons, could potentially undermine the TNCMR e�ect by increasing the conductance

through the ferromagnetic sample. A �rst hint that the crucial blocking of transport

between vanadium and the MgO is experimentally obtainable is provided by Martínez

et al. [155]. They state that, while the measured conductance through their Fe/MgO/V

sample does not completely vanish, it is about 100 times smaller than through samples of

Fe/MgO(2nm)/CoFe and Fe/MgO(2nm)/Au of comparable geometry and quality. So we
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Figure 3.13: The size of the TNCMR e�ect in V/Fe/MgO(3)/Cu at EF and two other
selected energies, as denoted in �gure 3.5, for di�erent skyrmion sizes. The resulting e�ect
continuously decreases with increasing skyrmion size. This is expected, since the relative
change of the magnetization direction from one atom to its neighbor, which is the main
driver of the TNCMR e�ect, becomes smaller as the skyrmion size is increasing.

know that it is possible to create actual samples that demonstrate a blocking of transport

between vanadium and MgO, despite their unavoidable interface roughness and other

defects. Now I take a di�erent approach by evaluating this from a theoretical perspective.

To assess how disturbances might weaken the blocking of states from vanadium through

the barrier, and thereby weaken the overall e�ect, I use transport calculations based on

the coherent potential approximation (CPA) [86] and vertex correction to simulate the

in�uence of chemical disorder on the conductance through the V/Fe/MgO/Cu system. I

also use the rather newly [91] implemented method for electron-phonon induced resistivity

within the NEGF formalism.

The results in �gures 3.14 and 3.15 indicate that scattering due to chemical impurities

can indeed lead to an increase of transmission through the ferromagnetic V/Fe/MgO/Cu

cell, which may diminish the experimentally observable TNCMR e�ect. The simulated

phonon interaction did not lead to an increase in the transmission.
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Figure 3.14: The energy dependent conductance through the ferromagnetic
V/Fe/MgO(7)/Cu cell with a pure Fe layer and a mixed Co/Fe layer, simulated using
the CPA method in comparison. Similar to the increase in transmission due to scattering
on a skyrmion, the disturbance caused by a mixed Co/Fe layer leads to an increase in
transmission. However, the increase in transmission is smaller and has a di�erent energy
dependency compared to the increase caused by the 5x5 skyrmion shown in �gure 3.6.

3.6 Quantum well states

The previously explained scattering-enhanced transmission mechanism is based on bulk

states and explains the overall increase of conductance through the barrier. However,

it can not explain the sharp conductance peaks in the ferromagnetic cell and why they

are broadened and reduced in the presence of the skyrmion. This is because it does not

consider the in�uence of the interface structure and possible quantum well states (QWS)

in the thin iron layer. The conductance peaks can either be caused by interface resonance

states (IRS) [96, 157] or by possible quantum well states (QWS), which are known to be

important for this system [140, 158]. An IRS is a two-dimensional state localized at an

interface and it can couple to a band of the lead. QWS are not located directly at the

interface between two materials but exist within the thin layer itself. Both types of states

can lead to a large increase in conductance around a speci�c energy in a small region

of reciprocal space. To understand whether and how the conductance peaks plotted in

�gure 3.6 originate from IRS or QWS, I take a look at several di�erent properties of these

peaks.

First, I take a look at the dependence of these states on the thickness d of the iron mono-

layer without recalculating the potentials. IRS only exist at the interface between two

materials, which means that their energy levels are not very sensitive to the thicknesses of

these material layers. The energies of QWS, on the other hand, are in theory proportional
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Figure 3.15: The scalar-relativistic, energy dependent conductance through the ferromag-
netic V/Fe/MgO(7)/Cu cell with an undisturbed pure Fe layer and a Fe layer disturbed
by phonons, shown for comparison. Phonon scattering, as described by [91], does not lead
to an increase in transmission.

to ∝ 1/d2, which means that for very small changes in d, we would expect to see a nearly

linear shift in the energy of the conductance peaks. In �gure 3.16, we see the results of

calculations for three steps of a linear change in the iron layer thickness d. As expected

for QWS, the energetic positions of both conductance peaks shift almost linearly.

The other property that allows to distinguish between a QWS and a IRS is the transmis-

sion and their density in reciprocal space. IRS can be very complex and often provide

sharp peaks [96] in reciprocal space. Perfect QWS are much simpler and have a parabolic

energy dependency on k2∥, with k⃗∥ being a wave vector parallel to the plane de�ned by

the iron layer. And at a �xed energy, the k⃗∥ dependent transmission is expected to form

a circle with a very thin border.

In �gure 3.17, the k⃗∥ dependent transmission at both peaks is displayed. The energetically

lower peak QWS 1, at about 0.06 eV below EF, indeed forms a circle with a very thin

border in reciprocal state, as expected for a QWS. The other peak, at about 0.13 eV

above EF, is not really circular, but a perfect circle cannot be expected since the potential

in the well is neither even nor isotropic.

Another approach for distinguishing between IRS and QWS could be to analyze their

spatial dependence orthogonally to the plane de�ned by the well. The KKR method

allows us to see the density resolved by atom layers in reciprocal space, which is called

the bloch spectral function (BSF) of each atomic layer, which is displayed in �gures 3.18

and 3.19 for both states. However, since the well is only one atomic monolayer thick, we

cannot determine if the states decay from the interface into the well, as expected for an
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Figure 3.16: The energy dependent conductance through V/Fe/MgO(7)/Cu is shown for
three di�erent widths of the Fe layer. In the normal relaxed geometry (green), which was
used in all other calculations, the distance between the last V layer and the �rst MgO
layer is 1.0895a, with a being the lattice constant of Fe. The gap containing the Fe layer
is widened by +0.01a steps to 1.0995a (orange) and 1.1095a (blue). For all calculations,
the same self-consistent potentials of the individual atoms in the relaxed structure are
used. The almost linear shift of the conductance peaks with varying layer width suggests
that these are caused by quantum well states.

IRS, or if they have a nearly constant density throughout the entire well width. But we

can con�rm that both states are indeed located in the iron layer and observe how they

leak into the MgO barrier and V lead.

While a high density of states is generally good for large transmission (within the Julliere

model explained in 2.5), large transmission also requires matching states in the other

lead and good transmission of the states through the barrier. To understand how much

both QWS actually have a parabolic structure and how much the density of states can be

converted into transmission, I display both the energy dependent BSF, also called BSFE,

alongside the k⃗∥ resolved energy dependent transmission and the total energy dependent

transmission in a single image 3.20. At �rst glance, we see that both conductance peaks

correspond to van-Hove singularities of the QWS states. The energetically higher QWS

2 shows a signi�cant deviation from the parabolic shape, but except for a small region

around the Γ-point, all states contribute to the transmission.

When looking at the l- and m-resolved BSF at the energy of QWS 2, around 0.13 eV

above EF in the Fe layer, as displayed in �gure 3.21, we can verify how well this observa-

tion matches the known symmetry �ltering mechanism of MgO. We see that QWS 2 is

dominated by the spin up-channel (majority) by m = 0 states for l = 1, 2, 3 around the

Γ-point, which are thus actually ∆1-like states, as required for e�cient tunneling through
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Figure 3.17: The energy dependent conductance through V/Fe/MgO(7)/Cu. The insets
show the k-resolved transmission at the two peaks. They correspond to the quantum well
states (QWS 1 and QWS 2) discussed in this chapter.

MgO. However, the states in the very small spot around the Γ-point still do not contribute

to the transport, because the QWS cannot couple to any suitable states in vanadium at

the Γ-point.

The energetically lower QWS 1, around 0.06 eV below EF, exhibits a much more interesting

behaviour. In the BSFE, we see that it consists of two bands dominated by the down-spin

channel (minority), with the lower band being a relativistic split-o� band, which also has a

small up-spin portion. Comparing the BSFE to the transmission, we see that the split-o�

band almost exclusively contributes to the transmission of QWS 1, while the other band

has a vanishingly small contribution to the transmission. The role of the relativistic split-

o� band becomes even more evident when we do the calculations without including spin

Figure 3.18: The atomically resolved BSF of QWS 1 at about 0.06 eV below EF. The
vanadium layers are numbered, followed by the iron layer, and then only the �rst adjacent
empty sphere of the MgO barrier is included. We see that QWS 1 is located in the iron
layer, is dominant in the down (minority) spin channel, and quickly decays into the bulk
vanadium and MgO barrier.
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Figure 3.19: The atomically resolved BSF of QWS 2 at approximately 0.13 eV above EF.
It is dominant in the up (majority) spin channel and remains visible in the neighboring
vanadium layers, though it decays slowly as it extends further into the lead material.

Figure 3.20: Comparison of the energy dependent conductance, the k resolved transmis-
sion, and the energy resolved BSF. As expected, the conductance peaks correspond to the
van-Hove singularities of the QWS bands. Interestingly, the energetically lower QWS 1,
around 0.06 eV below EF, has a split-o� band that almost exclusively contributes to the
transmission of QWS 1.

orbit coupling (SOC). The way this is done is explained in reference [144]. The results of

that are displayed in �gure 3.22. Now we see that, without SOC, the two bands of the

lower QWS 1, around 0.06 eV below EF, merge into one degenerate band and no longer

provide a transmission peak.

This becomes more clear when we take a look at the l- and m-resolved BSF of that

state without SOC, shown in �gure 3.23. Here, we see that the energetically lower non-

relativistic QWS 1 is dominated by l = 2, m = ±1 components, making it ∆5-like and

thus not well-suited for tunneling through the MgO barrier. But when SOC is taken into

account, as we see in �gure 3.24, the structure in the l = 2, m = ±1 components near the

Γ-point splits into two separate rings. Additionally, a small ring appears in the up spin

channel at l = 2, m = 0 making it ∆1-like, which allows e�cient tunneling, leading to the
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Figure 3.21: The l- and m-resolved BSF in the iron layer of QWS 2, around 0.13 eV above
EF. QWS 2 is dominated by the m = 0 components of the up-spin (majority) channel, so
we shall call it ∆1-like.

Figure 3.22: Comparison of the energy dependent conductance with the energy resolved
BSF without SOC. The lower QWS 1, around 0.06 eV below EF, is degenerate and does
not lead to any transmission peak.

corresponding transmission peak. This result is quite remarkable because is shows that a

density peak of a van-Hove singularity can contribute almost zero transmission, but can

then lead to a huge transmission peak when the relatively weak SOC e�ect is taken into

account.
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Figure 3.23: The l- and m-resolved scalar-relativistic BSF in the iron layer of the down-
spin contribution of QWS 1, 0.06 eV below EF. Without SOC, the l = 2, m = ±1
components are identical. The up (majority) contribution is vanishingly small.

Figure 3.24: The l- and m-resolved BSF in the iron layer of QWS 1, 0.06 eV below EF.
QWS 1 is dominated by the l = 2, m = ±1 components of the down-spin (minority)
channel, making it ∆5-like. The di�erent behaviour of m = +1 and m = −1 is solely due
to SOC. The smaller l = 2, m = 0 component in the up-spin (majority) channel contains
a small ∆1-like ring. Only the small ring of the l = 2, m = +1 and m = 0 parts around
the Γ-point is responsible for the increased transmission.

3.6.1 Relativistic transmission peak

The origin of the small QWS 1 ∆1-like ring, which is crucial for the transmission peak,

can be explained by applying SOC with perturbation theory to the non-relativistic wave

function. The angular momentum resolved BSF of the contributing states in �gure 3.23

provides the right ansatz for the non-relativistic wave function:

|Ψ⟩ ∝ |Ψ1⟩+ |Ψ2⟩

|Ψ1⟩ = |l = 2,ms = −1

2
,m = +1⟩

|Ψ2⟩ = |l = 2,ms = −1

2
,m = −1⟩

Now we treat the in�uence of the spin-orbit coupling Hamiltonian ĤSO in �rst order

perturbation theory. Using

ĤSO = L̂ · Ŝ = L̂zŜz +
1

2
(L̂+Ŝ− + L̂−Ŝ+)
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we see that |Ψ1⟩ and |Ψ2⟩ diagonalize ĤSO and thus provide a good basis set to treat the

problem:

(
⟨Ψ1|ĤSO|Ψ1⟩ ⟨Ψ1|ĤSO|Ψ2⟩
⟨Ψ2|ĤSO|Ψ1⟩ ⟨Ψ2|ĤSO|Ψ2⟩

)
=

ℏ2

2

(
−1 0

0 1

)

Spin-orbit coupling lifts the degeneracy of the two states:

E
(1)
1/2 = ±ℏ2

2

In the next step, we derive the change of the wave function in �rst order perturbation

theory to understand the magni�cent change in the transmission. When working with a

basis |n⟩, the perturbation of �rst order on |Ψ1/2⟩ is given by

|Ψ(1)
1/2⟩ =

∑
|n(0)⟩̸=|Ψ1/2⟩

|n(0)⟩ ⟨n
(0)|ĤSO|Ψ1/2⟩
E

(0)
1/2 − E

(0)
n

.

When we use angular momentum eigenstates as basis |n⟩, we can exploit the orthogonality
relations and �nd that most matrix elements ⟨n(0)|ĤSO|Ψ1/2⟩ vanish. The only remaining

matrix element for each wave function represents its respective �rst order change:

|Ψ(1)
1 ⟩ ∝ |l = 2,ms = +

1

2
,m = 0⟩ (3.3)

|Ψ(1)
2 ⟩ ∝ |l = 2,ms = +

1

2
,m = −2⟩ (3.4)

This means that |Ψ(1)
1 ⟩ is ∆1-like! While we do not know much else about the exact

wavefunctions and eigenenergies, this result is su�cient to understand the conductance

increase due to SOC. As explained in chapter 2.5, the transmission probability at the

Γ-point through the MgO barrier highly depends on the symmetry character of the wave

function and is strongly enhanced in case of ∆1-symmetry, i.e. m = 0. This means that

a small perturbation from SOC can be responsible for a large increase of the tunneling

probability. A similar behaviour was described in [159], where a small ∆1-contribution

due to SOC was predicted to have a signi�cant in�uence on the overall TMR in an

IrMn/FeCo/MgO/FeCo/IrMn structure.

3.6.2 In�uence of spin-orbit coupling

After describing the nature of the QWS in the ferromagnetic system, I will continue to

investigate how they can be a�ected by a skyrmion and therefore contribute to the overall
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TNCMR e�ect.

From the non-relativistic point of view, the absolute direction of the magnetization di-

rection is unrelated to the crystal orientation in real space. Within the Dirac equation,

however, this is not the case. The leading term, which connects the orbital angular mo-

mentum L⃗ and the spin S⃗ of an electron, is then called spin-orbit coupling (SOC). It is

responsible for e�ects linking real space and the absolute magnetization direction, like

tunneling anisotropy resistance (TAMR) and magnetic anisotropy. From the previous

analysis, we know that the transmission from the energetically lower QWS 1 is highly

dependent on the in�uence of SOC on the state. This implies that a rotation of the mag-

netization direction of the iron layer, which is directly connected to the QWS via SOC,

can have very signi�cant e�ect on the transmission, which is the TAMR e�ect.

TAMR is typically measured in systems where a tunnel barrier is sandwiched between

a ferromagnetic and a non-magnetized layer, as in the V/Fe/MgO/Cu structure used in

this work. Even though there are no heavy elements involved in this system, the interface

between Fe and MgO provides signi�cantly large SOC [142, 160, 161, 143]. Since the

magnetization direction changes locally within a skyrmion, part of the total change in

conductance due to the skyrmion can be attributed to TAMR. But a clear decomposition

is a not a trivial task, however, it is important to understand how much the overall e�ect

is driven by TAMR.

As a �rst step in analyzing the role of SOC in this system, I determined the out-of-plane

TAMR by calculating the energy dependent transmission through the V/Fe/MgO(7)/Cu

structure when the magnetization of the iron layer is lying in-plane, and compared it to

the same structure with out-of-plane magnetization. The results, which are displayed in

�gure 3.25, show a signi�cant shift in the conductance peak of the energetically lower

QWS 1. This shift directly corresponds to a substantial TAMR e�ect, which is plotted in

�gure 3.26. The previous explanation of the scattering mechanism behind the calculated

TNCMR e�ect in section 3.3 does not involve SOC, and only the conductance at the

energetically lower QWS 1 appears to be strongly dependent on SOC. This suggests that

the total TNCMR e�ect should not change much when SOC is scaled to zero [144]. To

disentangle the di�erent e�ects, I calculated the TNCMR e�ect in the V/Fe/MgO/Cu

structure without SOC, thereby removing the TAMR contribution, and compared it to

the originally calculated TNCMR with SOC. Both energy dependent TNCMR e�ects are

plotted in �gure 3.27.

The di�erence between these two TNCMR values is referred to as ∆TNCMR. The

∆TNCMR and the pure out-of-plane TAMR are plotted in �gure 3.28. We can see

that ∆TNCMR and pure TAMR are close to zero for most energies. However, for some

energies, TNCMR changes drastically when SOC is scaled down, particularly at energies

where TAMR is large as well and exactly where the energetically lower QWS 1 is located.
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Figure 3.25: Energy dependent conductance through V/Fe/MgO(7)/Cu with in-plane
magnetization, compared to the previously plotted conductance with out-of-plane mag-
netization. The inset shows the k resolved transmission at the SOC induced peak, which
is shifted by the tilt of the magnetization.

Despite this, ∆TNCMR and TAMR are not directly correlated, and ∆TNCMR is much

smaller than the total TNCMR e�ect for most energies.

In summary, while SOC does in�uence the overall e�ect through TAMR and also slightly

beyond TAMR, it is only of minor importance for the TNCMR e�ect. The key role of

SOC in the Dzyaloshinskii�Moriya interaction (DMI), and consequently in the formation

of skyrmions, which is essential for the actual occurrence of the TNCMR e�ect from

skyrmions in a real system, remains, of course, una�ected by this result.

3.6.3 Smearing of peaks by QWS disturbance

While TAMR can partially explain the TNCMR due to the energetically lower QWS 1

around 0.06 eV below EF, it does not explain the sharp negative peak in TNCMR caused

by the energetically higher QWS 2, which is clearly visible in �gure 3.7. In �gure 3.6,

we see that the skyrmion not only increases the conductance over a wide energy range,

but also broadens the peaks. This smearing of conductance peaks is also visible in the

CPA chemical disorder calculation for the system in �gure 3.14. As explained in [162],

perturbation from phonons and defects decreases the quasiparticle lifetime of QWS in

quantum wells, leading to an energetic broadening of the corresponding peaks. From this

point of view, the skyrmion is a defect as well, which broadens the peaks. This smearing

mechanism explains the small negative TNCMR peak in the Cu/Fe/MgO/Cu system in

�gure 3.5, and partially the two negative TNCMR peaks (�g. 3.7) in the V/Fe/MgO/Cu

system, which are related to the two QWS discussed in this chapter.
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Figure 3.26: The resulting energy dependent TAMR between in-plane and out-of-plane
magnetization for V/Fe/MgO(7)/Cu. The e�ect is dominated by the SOC sensitive QWS
1, around 0.06 eV below EF.

Figure 3.27: The TNCMR e�ect due to a skyrmion with SOC and a calculation of the
TNCMR without SOC in the V/Fe/MgO(7)/Cu cell.
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Figure 3.28: The di�erence between a calculation of TNCMR with SOC and a calculation
without SOC (left axis) in the V/Fe/MgO(7)/Fe cell. The ferromagnetic out-of-plane
TAMR e�ect (right axis).
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3.6.4 Discussion of increase and decrease of transmission

While an increase in the transmission through the scattering mechanism by 10% in �g-

ure 3.5 seems about as valuable as a reduction due to peak smearing by 10%, an increase

is actually more desirable in practice. This is because a skyrmion might only in�uence

the conductance in a small area of the total detection area. In such a case, the total

conductance through the tunnel barrier is more sensitive to an increase of conductance

in a small area than to a decrease of similar size. This can be seen by approximating

the detection tunnel barrier as an array of resistors connected in parallel. The TNCMR

e�ect due to a small skyrmion can be seen as a variation of the resistance of only one

of the resistors. Let's assume the tunnel junction covers an area N times the size of the

skyrmion, and the resistance through the skyrmion's area in the ferromagnetic state is

R, with the appearance of the skyrmion changing the local resistance in its area by a

factor x. Then, we can calculate total resistance Rtot through the tunnel junction with

and without skyrmion via

1

Rtot

=
1

R
+ ...+

1

R︸ ︷︷ ︸
N−1

+
1

x ·R. (3.5)

Then the change of the total resistance is:

⇒ Rtot, skyr

Rtot, fm

=
N

N − 1 + 1
x

(3.6)

As an example, we now assume 10 resistors in total, and the resistance of one resistor

is doubled. In this case, the total resistance increases by about 5%. But if the resis-

tance of that one resistors drops by 50%, the total resistance drops by about 9%. This

e�ect becomes even more evident in the limit. If the skyrmion could completely block

any transmission in its vicinity (i.e. x → ∞), we would end up with a total resistance

increase of only about 11% for N = 10. On the other hand, if the skyrmion would lead

to a complete drop of resistance in its vicinity, the total resistance would drop by 100%

to complete zero for any N . Thus, we can demonstrate with simple physical arguments

that an increase of transmission tends to produce a stronger signal, because of the ef-

fective parallel connection of many resistors in a tunnel junction, making an increase in

transmission more desirable for actual detection devices.
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Tunneling non-collinear

magneto-Seebeck e�ect

When two stripes of di�erent electric conducting materials are connected at two contacts

to form an electric circuit, and both contacts have di�erent temperatures, an electric

current begins to �ow through the circuit. This generation of voltage due to temperature

di�erences is called the Seebeck e�ect [163, 164]. This e�ect can also be observed in

magnetic tunnel barriers [37]. When one side of the barrier structure is suddenly heated

with a laser, a temperature gradient forms across the barrier structure, and a voltage

between between both leads of the junction can be measured.

4.1 Theory

The energy dependent transmission, which is calculated using the NEGF formalism, can-

not be directly measured. But some information about the transmission function can

still be gained experimentally by measuring the conductance and the Seebeck coe�-

cient [165, 166]. At zero temperature, the conductance is identical to the transmission at

the Fermi energy, multiplied by the conductance quantum. And as explained in [167, 37],

at �nite temperature and vanishing bias voltage, the conductance is given by

g =
e2

h

∫
T (E)

(
− ∂

∂E
f(E,EF, T )

)
dE. (4.1)

With the Fermi-Dirac distribution

f(E,EF, T ) =
1

e
E−EF
kBT + 1

, (4.2)
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the Seebeck coe�cient is calculated by

S = −
∫
T (E)(E − EF)

(
− ∂

∂E
f(E,EF, T )

)
dE

e
∫
T (E)

(
− ∂

∂E
f(E,EF, T )

)
dE

, (4.3)

which is essentially the geometric center of T (E)
(
− ∂

∂E
f(E,EF, T )

)
. Thus, a large conduc-

tance of the material is associated with a large transmission function, and a large absolute

Seebeck coe�cient is related to a steep slope of the transmission function. Since both

properties of the transmission function are independent of each other, a change in the mag-

netic con�guration of the system might have a signi�cant e�ect on one of the properties,

while the other property may remain mostly una�ected. For the collinear case, the corre-

sponding Seebeck e�ect is called tunnel magneto-Seebeck e�ect (TMS) [165, 37, 168, 169].

4.2 Results

Since the discovery of the tunnel magneto-Seebeck e�ect (TMS) [37], we know that the

magnetic con�guration of a tunnel barrier can alter not only the conductance but also

the Seebeck coe�cient. Further research [166] on the TMS e�ect in tunnel barriers with

Co-Fe alloy leads showed that the Seebeck coe�cient can be signi�cantly more sensitive

to disorder than the conductance. In this chapter, I verify whether this trend also ap-

plies to disorder caused by non-collinear magnetic structures. To understand the general

behaviour of the Seebeck coe�cient, both the energy dependence and the temperature

dependence are investigated. All calculations are carried out in the V/Fe/MgO/Cu sys-

tem with 3 to 7 monolayers of MgO. Figure 4.1 displays the energy dependent Seebeck

coe�cient for T=100 K, and T=300 K separately. Please note the di�erent scaling of the

Seebeck coe�cient axis.

In �gure 4.1, it can be seen that the Seebeck coe�cients for larger barrier thicknesses

have similar energy dependence. Because of that, we will focus on wider MgO barriers

of 5 to 7 MgO monolayers in the following �gures, as they are more representative, while

keeping the plots less complex.

Figure 4.2 displays the Seebeck coe�cients at 300 K for both the ferromagnetic and the

skyrmion system at once. This allows for a better comparison between the two cases.

First, we see that the Seebeck coe�cient in the skyrmion cell is usually smaller than

in the ferromagnetic cell. While the general energy dependent behaviour is similar, the

Seebeck e�ect is reduced when the skyrmion is present.

The change in the Seebeck coe�cient due to changes of magnetic structure is also known
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Figure 4.1: Seebeck coe�cient for two di�erent temperatures, for both the ferromagnetic
and 5×5 skyrmion system. The calculations were carried out for 3 to 7 monolayers of
MgO in the V/Fe/MgO/Cu system.

as magneto-thermoelectric power (MTEP) [165, 170], and is de�ned by

MTEP =
Sskyr − Sfm

min(|Sskyr|, |Sfm|)
· 100%. (4.4)

The change in MTEP with respect to energy at 300 K is displayed in �gure 4.3. Since S

in the denominator can become zero, the MTEP ratio can theoretically become in�nite.

The parallel connection of Seebeck coe�cients is more complicated than that of resistors,

which is explained in references [171, 172, 173]. However, they also show that if we can

neglect in-plane currents, we can calculate the total Seebeck coe�cient by

Stotal =
(1− x)σfmSfm + xσskyrSskyr

(1− x)σfm + xσskyr
, (4.5)

where x is the fraction of the area, which is covered by the skyrmion, σfm is the conductance

through the ferromagnetic system, and σskyr is the conductance through the skyrmion. If
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Figure 4.2: The Seebeck coe�cient at 300 K for both the ferromagnetic and 5×5 skyrmion
system.

we assume for simplicity σfm = σskyr, then this breaks down to Stotal = (1−x)Sfm+xSskyr,

which is fully analogous to the formula for the conductance σtotal = (1 − x)σfm + xσskyr.

In cases where σfm is larger than σskyr, the in�uence of σskyr is even more signi�cant onto

the total Seebeck coe�cient. This analogy means that we may use the same argument

as discussed in subsection 3.6.4, where we saw that in a MTJ device, an increase in

transmission due to a skyrmion should generally be easier to measure than a decrease in

transmission. Assuming that the skyrmion covers only a smaller area of the total heated

area in a Seebeck measurement, it becomes clear that we prefer a small absolute value

of the Seebeck coe�cient of the ferromagnetic background and a larger absolute value

of the Seebeck coe�cient including the skyrmion. To account for this in the discussion,

it is more reasonable in this case to de�ne the non-collinear MTEP with respect to the

ferromagnetic background by dividing only by the absolute value of Sfm, instead of the

minimum of both coe�cients. The result is displayed in �gure 4.4, and it shows that the

most promising region for MTEP measurements is likely the negative peak around 0.05

eV below EF .

The temperature dependence of the Seebeck e�ect is plotted in �gure 4.5. Here we see

a clear trend for the skyrmion system, where the Seebeck coe�cient drops continuously

with rising temperature. This can be explained directly using the energy dependent

transmission curve in �gure 3.6. The derivative of the energy dependent transmission

through the skyrmion cell is always positive at EF and has a positive curvature. A positive

slope of the transmission curve means that the system is called a n-conductor, and directly
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Figure 4.3: The energy dependent MTEP ratio at 300 K . Between 0.1 and 0.2 eV above
EF, as energy increases, the Seebeck coe�cients for all three thicknesses �rst reach zero
in the ferromagnetic case, and at a bit higher energy for the skyrmion case, which causes
two consecutive negative poles for each thickness in this region.

leads to a negative Seebeck coe�cient [174]. The increased temperature means that not

only the slope of the transmission at one particular energy is taken into account, but the

average slope of the transmission, weighted by the derivative of the distribution function.

This means that at larger temperatures, the transmission over a wider energy window

becomes relevant, where the positive curvature leads in a larger e�ective slope of the

transmission.

The energy dependent transmission curves in the ferromagnetic case are more complex,

leading to a slightly more complex temperature behaviour of the Seebeck coe�cient.

Particularly at larger barrier widths, we see a small dip in the transmission curves at EF.

This dip directly leads to a low Seebeck coe�cient at low temperatures. Only above 150K

the Seebeck coe�cient for 6 and 7 MgO monolayers overcomes the vicinity of the dip.

When the temperature is increased further, the Seebeck coe�cients drop drastically due

to the positive slope above the dip. Around 400 K, the transmission peak below EF starts

to in�uence the Seebeck coe�cient, which stops the decline.

The results for the Seebeck coe�cient and the discussion show that detection of skyrmions

using the Seebeck coe�cient is, in principle, possible. But for the Seebeck e�ect, the same

arguments regarding the increase and decrease of the e�ect size apply as for the TNCMR

e�ect, which is explained in section 3.6.4. This means that a change of the Seebeck

coe�cient should be much easier to observe when the absolute value in the ferromagnetic
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Figure 4.4: The energy dependent MTEP ratio with respect to the ferromagnetic back-
ground at 300 K . By dividing only by Sfm, one of the two poles between 0.1 and 0.2 eV
above EF is lost.

cell is very small and is increased by a skyrmion. According to our results and the

general reasoning on the Seebeck e�ect and its dependence on the transmission curve,

this situation is di�cult to achieve for the Seebeck e�ect, since the smoothing of the

transmission curves due to the skyrmion generally leads to smaller absolute values of the

Seebeck e�ect. But this general rule does not apply to all energies, and there is room for

exceptions.

74



Chapter 4. Tunneling non-collinear magneto-Seebeck e�ect

Figure 4.5: The temperature dependent Seebeck coe�cient at EF for both the ferromag-
netic and the 5×5 skyrmion system.
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Chapter 5

Detection of antiferromagnetic

skyrmions

5.1 Motivation to use antiferromagnetic skyrmions

While magnetic skyrmions have already been created, manipulated, and observed in many

di�erent materials, they have some drawbacks that make their technological use challeng-

ing. For example, when a skyrmion is moved on a racetrack using an electric current,

the skyrmion Hall e�ect will push the skyrmion perpendicular to the current direction

against the racetrack boundary [39]. This results in signi�cant drag or even destruction

of the skyrmion when it is pushed against the boundary, which is not desirable. Since

the skyrmion Hall e�ect is proportional to the topological charge Q, one possible solu-

tion to this issue is to replace the ferromagnetic host material with a fully compensated

antiferromagnetic material [175]. In this case, the antiferromagnetic skyrmion, like in

�gure 2.14, can be described by a ferromagnetic skyrmion on each of the two sublat-

tices, whose topological charges, and thus skyrmion Hall angles, e�ectively sum up to

zero [176]. Additionally, antiferromagnetic skyrmions can be moved with much smaller

current densities [176] and at faster speeds [177] than ferromagnetic skyrmions, making

their application more energy e�cient. While antiferromagnetic skyrmions have not yet

been observed experimentally, Amin et al. [178] demonstrated the generation and con-

trol of antiferromagnetic merons and antimerons, which are similar to antiferromagnetic

skyrmions from the perspective of detection in my work.

An alternative approach are synthetic antiferromagnetic materials [113, 179], where two

separate ferromagnetic layers with opposite magnetization directions are combined. In this

case, the forces due to the skyrmion hall e�ect on the two connected skyrmions in the two

layers have opposite sign and cancel each other. Yet another alternative are ferrimagnetic

skyrmions, which, similarly to antiferromagnetic skyrmions, can be described by two fer-
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Figure 5.1: Left: Orientation of the magnetization vectors for the antiferromagnetic
skyrmion of size 6 × 6 used in this section. Right: The corresponding ferromagnetic
skyrmion of the same size for comparison.

Figure 5.2: The geometric structure of the V/Ag/Mn/MgO/Cu barrier used as the host
system for antiferromagnetic skyrmions in this calculation. The atomic positions are the
same as those used in chapter 3.

romagnetic skyrmions on two sublattices. However, unlike antiferromagnetic skyrmions,

the two sublattices are chemically di�erent and typically not fully compensated. Fully

compensated ferrimagnetic skyrmions are possible and are expected to provide AFM-like

dynamics [180]. Ferrimagnetic skyrmions have already been experimentally observed in

GdFeCo �lms grown on Pt [181], and a few of the advantages expected for antiferromag-

netic skyrmions over ferromagnetic skyrmions have been experimentally con�rmed for fer-

rimagnetic skyrmions as an intermediate step. For example, it was demonstrated in [181]

that the skyrmion Hall angle for the experimentally observed ferrimagnetic skyrmions

is signi�cantly smaller, and the skyrmion velocity is faster than that of ferromagnetic

skyrmions.

While there are many possible ways to detect magnetic skyrmions in ferromagnetic ma-

terials, detecting antiferromagnetic skyrmions is much more challenging [113, 42]. Three

approaches were discussed, including the topological spin Hall e�ect (THSE) [182], mag-

netic force microscopy [113], and X-ray magnetic linear dichroism photoemission electron

microscopy (XMLD-PEEM) [178]. However, none of these approaches are well suited for

solid state devices [183], for the same reasons as their ferromagnetic counterparts are not

ideal for the detection of ferromagnetic skyrmions. In [183], the possibility to use MTJs

to detect antiferromagnetic skyrmions is discussed, where the antiferromagnetic layer is

placed between one of the ferromagnetic contacts and the insulating layer. In this chapter,

I present a new approach by applying the concept of the TNCMR e�ect to antiferromag-
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Figure 5.3: The energy dependent transmission through the V/Ag/Mn/MgO(7)/Cu bar-
rier with either a ferromagnetic or antiferromagnetic structure, or an antiferromagnetic
skyrmion in the Mn layer. For most energies, the appearance of the skyrmion slightly
increases the transmission. The transmission peak just above the Fermi energy is smeared
out by the antiferromagnetic skyrmion, similar to the transmission peaks in the ferromag-
netic system in the presence of a ferromagnetic skyrmion. The transmission in the case
of a ferromagnetic manganese layer is completely di�erent and much smaller around the
Fermi energy.

netic skyrmions, demonstrating that the ferromagnetic contacts are not necessary for the

detection of antiferromagnetic skyrmions with a tunneling barrier.

5.2 Results

In order to model an antiferromagnetic skyrmion within a layer structure suitable for

TNCMR calculations, I replace the ferromagnetic Fe layer in the V/Fe(1)/MgO(7)/Cu

skyrmion structure with a manganese monolayer combined with a silver monolayer. This is

because a manganese monolayer grown on silver is expected to have a c2×2 antiferromag-
netic ground state [44], making it a more realistic host for the antiferromagnetic skyrmion

than the ferromagnetic iron monolayer. As a result, the exchange of the skyrmion host

layer leads to a V/Ag(1)/Mn(1)/MgO(7)/Cu structure, displayed in �gure 5.2, which I

use in this chapter. For simplicity, the positions of atoms are the same as those used in

the V/Fe/MgO/Cu system calculations, only with the �rst monolayer of the vanadium

lead adjacent to the magnetic layer being replaced by silver atoms, and the iron replaced

by manganese atoms.

The numerical parameters used for the calculation are explained in appendix A. The

antiferromagnetic structure used for this calculation is displayed on the left of �gure 5.1.
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Figure 5.4: The resulting TNCMR e�ect is caused by the appearance of the antiferromag-
netic skyrmion in the antiferromagnetic host material. Due to the described change of the
transmission function, the TNCMR e�ect is positive for most energies but shows a sharp
negative dip at the position of the transmission peak in the antiferromagnetic system.

The resulting energy dependent TNCMR e�ect in �gure 5.4 shows a similar behavior to the

collinear TNCMR in �gure 3.7. At most energies, the non-collinear structure increases the

conductance. But, as in the collinear case, the appearance of the non-collinear structure

depresses sharp peaks in the conductance, leading again to negative TNCMR e�ect peaks.

Another interesting change in the energy dependent conductance due to the antiferro-

magnetic skyrmion, which is displayed in �gure 5.3, is the shift of the conductance peak.

The Seebeck e�ect at the top of a wide conductance peak is very small [184], but its

absolute value gets large in the proximity of the top. This means that a shift in the

conductance peak can lead to a signi�cant change in the Seebeck e�ect. This change is

shown in �gure 5.5, where the most drastic change occurs about 0.05eV above the Fermi

energy. Here, the Seebeck e�ect switches from its largest negative value to zero when the

antiferromagnetic skyrmion shifts the conductance peak to that position. At the Fermi

energy, the change is smaller but still signi�cant. Besides this, the non-collinear structure

generally smooths energy dependent conductance, leading to an overall weaker Seebeck

e�ect. This holds even more at higher temperatures, as can be seen in �gure 5.6.

The temperature dependence of the Seebeck e�ect at the Fermi energy is shown in �g-

ure 5.7. This curve is relevant if we assume that the calculated Fermi energy is accurate.

In this case, we see that the Seebeck coe�cient is reduced by the presence of the an-

tiferromagnetic skyrmion across the entire considered temperature range, which makes

detection via the TNCMS di�cult for the same reasons explained in section 3.6.4.

Although the assumed antiferromagnetic system and the antiferromagnetic skyrmion con-
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Figure 5.5: The resulting energy dependent Seebeck e�ect at 100K through the V/Ag/M-
n/MgO(7)/Cu barrier. The energy dependent Seebeck coe�cient has a very similar shape
for the antiferromagnetic system with and without the antiferromagnetic skyrmion. In the
presence of the antiferromagnetic skyrmion, the Seebeck coe�cient curve is slightly �at-
tened and shifted to lower energies, similar to the transmission peak in 5.3. The Seebeck
coe�cient in the hypothetical ferromagnetic case is much smaller for energies close to the
Fermi energy, and has a sharp peak at the lower end of the calculated energy spectrum.

sidered here are admittedly arti�cial and unlikely to be experimentally reproduced in this

speci�c material, the calculated results still demonstrate that the occurrence of antifer-

romagnetic skyrmions could, in principle, lead to transmission changes large enough for

detection. Patience is required in this matter, since the observable e�ect is highly de-

pendent on the Fermi energy, and Fermi level engineering may be necessary to make a

su�ciently large signal accessible.
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Figure 5.6: The resulting energy dependent Seebeck e�ect at 300K through the V/Ag/M-
n/MgO(7)/Cu barrier. When the temperature is increased, both energy dependent See-
beck coe�cient curves still have the same qualitative behavior, only with the peaks be-
coming larger in both height and width.

Figure 5.7: The resulting temperature dependent Seebeck e�ect at the Fermi energy
through the V/Ag/Mn/MgO(7)/Cu barrier.
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TMR for characterization of magnetic

structures

Magnetic skyrmions are not the only magnetic structures (see section 2.9) occurring in

thin magnetic �lms, and it is important to be able to experimentally distinguish between

these structures. For SP-STM and STM, the characterisation of magnetic structures

is already thoroughly investigated [185, 36, 45]. But when no imaging tool like STM is

available, and only the signal from an MTJ can be used, distinguishing between structures

like skyrmions and magnetic bubbles [186, 187, 188, 126, 189] becomes very di�cult. But

as I will demonstrate, even without any spatial resolution, it is possible to use MTJs to

test the symmetry properties of magnetic structures, which then allows one to distinguish

skyrmions from trivial magnetic bubbles. The approach in this work is based on a tunnel

magnetoresistance (TMR) [190] setup, as sketched in �gure 6.1. It basically consists of

an insulating layer sandwiched between two magnetic layers. The bottom magnetic layer

is out-of-plane magnetized and may contain movable non-collinear structures. The top

magnetic layer, on the other hand, is magnetized in-plane, and its magnetization direction

can be rotated. While the spatial resolution compared to STM is lost, it is possible to

show that several measurements with di�erent reference magnetization directions can be

used to gain information about the symmetry properties of magnetic structures.

The idea is that the symmetry properties of magnetic structures are re�ected by the change

of the total transmission when the in-plane angle ϕref of the reference magnetization is

rotated. Ideal skyrmions exhibit rotational symmetry [191, 192], which means that, just

like in the out-of-plane ferromagnetic case, the TMR contribution of the transmission

through the structure is independent of ϕref. Higher order skyrmions and antiskyrmions

lack rotational symmetry, but it can still be shown that TMR for the ideal structures

remains isotropic with respect to ϕref. For general non-collinear structures, this is not

the case. After a brief theoretical discussion, this principle is demonstrated through DFT

calculations, showing that a skyrmion, the ferromagnetic background, and a bubble (as
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topologically trivial non-collinear structure) can be distinguished by TMR measurements

in MTJs.

Figure 6.1: The geometrical structure of the system. The skyrmions are located in the xy-
plane in the thin iron monolayer. The presence of a non-collinear magnetic structure in the
MTJ alters the conductance and can therefore be detected. In general, the conductance
depends on the direction of the reference magnetization. This work focuses on an in-plane
rotation. Adapted from [O1]. Copyright (2019) by the American Physical Society.

6.1 Theoretical expectation

Let's assume the magnetization in the reference layer lies in the plane

e⃗ref ∝

 cosϕref

sinϕref

0

 , (6.1)

and the magnetization in the iron monolayer points along

S⃗skyr ∝

 cosΦ sinΘ

sinΦ sinΘ

cosΘ

 . (6.2)

Then, in case of pure TMR, the relationship between the tunneling current through the

junction and the direction of the reference magnetization is described by [193]

∆I ∝ S⃗skyr · e⃗ref ∝ sinΘ cos(Φ− ϕref). (6.3)

As in [188, 126, 189], it is assumed that the skyrmionic structures can be described by

Θ(r) and Φ(ϕ) = νϕ + η, given that the skyrmion center is located at the origin of the

polar coordinate system. The order of the skyrmion is determined by the vorticity ν,
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which is an integer number. The parameter η is the helicity. Integration over the entire

plane leads to the total current through the barrier:

∆Itotal = ITMR

∫ ∞

0

dr
∫ 2π

0

dϕ r sinΘ cos(Φ− ϕref)

= ITMR

∫ ∞

0

dr r sin(Θ(r))

∫ 2π

0

dϕ cos(νϕ+ η − ϕref)

= ITMRC

∫ 2π

0

dϕ cos(νϕ+ η − ϕref)

∝
{

2π cos(η − ϕref) , if ν = 0

0 , if ν ∈ {. . . ,−2,−1, 1, 2, . . .}

The possibly complicated behaviour of Θ(r) only results in a number C, which is indepen-

dent of ϕref. This short analysis shows that the current perpendicular through skyrmionic

structures can indeed be expected to be independent of the in-plane magnetization direc-

tion of the reference layer. For a topologically trivial structure with ν = 0, this is not the

case.

6.2 The TMR system

In the next step, we want to explore this idea more thoroughly by supporting it with

DFT calculations. The basic TMR setup used is a Cu/Fe/MgO/Fe/Cu structure, which

thus contains two magnetic layers separated by an insulating layer. In this case, the

insulating layer is crystalline MgO. The �rst magnetic layer is an atomic monolayer of

iron, containing the magnetic structure with an out-of-plane magnetized background, and

it is connected to a copper lead. The second magnetic layer is in-plane magnetized and

serves as a reference layer, which is also connected to a copper lead. The insulating MgO

and the magnetic reference layer are 3 and 5 monolayers thick, respectively. The atomic

positions are the same as in section 3, with the distances documented in table 3.1. As

in [194], the copper leads are described by a bcc structure.

6.3 Magnetic structure model

While realistic skyrmions are too large for an ab-initio treatment, we use arti�cial struc-

tures with the correct topological charge to demonstrate the principle. Besides a ferro-

magnetic structure with out-of-plane magnetization, we consider a Néel skyrmion and

a bubble as trivial non-collinear magnetic structure. Both structures are displayed in

�gure 6.2. The Θ(r) dependence is the same for both non-collinear structures and is

described by the analytical formula 3.2 for a domain wall pro�le, as in [149].

85



Chapter 6. TMR for characterization of magnetic structures

In the case of the bubble, the angle Φ is set to 0◦ for all atoms, meaning that the in-plane

component of the magnetization always points along ∝ e⃗x, which corresponds to the [100]

direction of the lead material. For the skyrmion, the angle Φ for each atom is chosen so

that the in-plane component of the magnetization points directly away from the skyrmion

center.

Figure 6.2: The arti�cial non-collinear structures used in our calculations. On the left is
the Néel skyrmion, and on the right is the topologically trivial bubble. Adapted from [O1].
Copyright (2019) by the American Physical Society.

6.4 Results

We calculated the total transmission at the Fermi energy for all three non-collinear struc-

tures for di�erent angles ϕref with a step size of ∆ϕref = 1◦. The results in �gure 6.3

clearly show a large directional dependence in case of the bubble. In case of the skyrmion

and the ferromagnetic structure there is still an anisotropy due to tunneling anisotropic

magnetoresistance (TAMR) [25, 195, 142] observable, but it is much smaller in compar-

ison to the bubble. The transmission in case of the skyrmion is slightly larger than the

transmission through the ferromagnetic cell, which can be explained by tunneling non-

collinear magnetoresistance (TNCMR) [196, 36, 35][O1]. This means that contributions

from TMR, TAMR, and TNCMR are observable in this chart.

We thus conclude that non-collinear magnetic structures can indeed be categorized as

either trivial or skyrmionic, as long as the skyrmion shape can be described as in [188,

126, 189], by measuring the out-of-plane conductance change in a MTJ when the reference

magnetization direction is rotated. Based on these results, we propose a device consisting

of a row of several MTJs on a racetrack. As sketched in �gure 6.4, the magnetization

direction of the reference layer within each MTJ is �xed using shape anisotropy. The

magnetic structure could then be moved on the racetrack, passing the TMR junctions. If

the conductance through all MTJs is essentially the same, it strongly indicates that the

structure is skyrmionic. If the conductance through the MTJs deviates signi�cantly, the

structure cannot be skyrmionic.
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Figure 6.3: The transmission through the MTJ as a function of the magnetization direc-
tion of the reference layer for three di�erent magnetic con�gurations. The magnetization
direction is rotated in-plane, with ϕ = 0◦ representing the [100] direction of the lead ma-
terial.

6.5 Extension to bimerons

Bimerons, which also have topological charge of 1, have some advantages compared to

skyrmions, which makes them an interesting research subject. Göbel et al. [29] explained

that while bimerons allow the measurement of the pure THE e�ect, which is not possible

for regular out-of-plane skyrmions, their in-plane magnetized racetrack background also

produces a smaller stray �eld, which is helpful for practical applications.

The theoretical argument from subsection 6.1 can be extended to the in-plane version

of skyrmions, known as bimerons. As explained in [29], a bimeron can be modeled by

rotating all angles of the skyrmion by 90° around an in-plane axis using the rotation

matrix Rx(90
◦):

Rx(90
◦) =

 1 0 0

0 0 −1

0 1 0

 (6.4)
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Figure 6.4: The geometrical structure of the proposed device. The skyrmions are located
in the xy-plane within the thin iron monolayer. The presence of a skyrmion in the MTJ
alters the conductance and can therefore be detected. Adapted from [O1]. Copyright
(2019) by the American Physical Society.

This means that the bimeron structure is described by

S⃗bimeron = Rx(90
◦) · S⃗skyr ∝

 cosΦ sinΘ

− cosΘ

sinΦ sinΘ

 . (6.5)

If we now also rotate the reference magnetization direction in the same way to

e⃗ref ∝ Rx(90
◦) ·

 cosϕref

sinϕref

0

 =

 cosϕref

0

sinϕref

 , (6.6)

then the scalar product of both magnetization directions will be

e⃗ref · S⃗bimeron ∝ cosϕref cosΦ sinΘ + sinϕref sinΦ sinΘ = sinΘcos(Φ− ϕref), (6.7)

which is the same result as for the skyrmion in equation 6.3. This implies that within

this simpli�ed model, we can roughly expect the same possibility of detecting bimerons

as for standard out-of-plane skyrmions. This arrangement is sketched in �gure 6.5.
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Figure 6.5: The geometrical structure of the proposed device adapted to the detection
of bimerons. A rotation of the reference magnetization direction (shown as rotating
blue arrow in the iron bulk above the MgO layer) in the plane perpendicular to the
magnetization of the ferromagnetic background of the bimeron layer (shown as blue arrows
to the right) is not expected to change the conductance if the bimeron is fully located
inside the sensor area. A larger image of the bimeron is provided in �gure 2.15. Adapted
from [O1]. Copyright (2019) by the American Physical Society.
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Chapter 7

Summary and outlook

With this work I provide a deeper insight into how MgO-based tunnel junctions can be

used to detect non-collinear magnetic structures such as skyrmions or antiferromagnetic

skyrmions. Although several approaches already exist, including the topological Hall e�ect

(THE) and spin-polarized scanning tunneling microscopy (SP-STM), ongoing discussions

and research [12, 45, 197, 198, 30] indicate that the optimal method for e�cient skyrmion

detection method is still not clear. This means that there is still a great need for further

research in this area.

The calculated results show that when the skyrmion hosting layer is sandwiched between

a vanadium lead and an MgO barrier (here V/Fe/MgO/Cu), the presence of a skyrmion

can drastically change the transmission function through the insulating MgO barrier. Sur-

prisingly, it turns out that for wide energy ranges, the skyrmion increases the transmission

through the V/Fe/MgO/Cu system by a large amount. This intriguing result can be ex-

plained by a novel scattering mechanism, which allows coherent electronic states from the

vanadium, which are not able to tunnel through the MgO barrier e�ectively, to scatter at

the skyrmion. The scattering overlaps them with ∆1-like states, enabling a much more

e�cient tunneling through the MgO barrier.

However, the calculated transmission through V/Fe/MgO/Cu is not increased for all en-

ergies by the skyrmion. A deeper analysis of the involved electronic states shows that

quantum well states (QWS) in the thin iron layer have a signi�cant in�uence on the

overall transmission through the barrier and are sensitive to magnetic distortions in the

barrier. This sensitivity is partially caused by the energy broadening [162] and thereby

�attening of the QWS peaks due to perturbation from skyrmions, which are nothing else

than a defect in this context. Another contribution from the QWS comes from tunneling

anisotropic magnetoresistance (TAMR), which is important in the V/Fe/MgO/Cu sys-

tem for a speci�c quantum well state, whose contribution to the transmission is shown

to be crucially depending on spin-orbit coupling and, consequently, the magnetization

direction. This �nding underlines that under the right conditions, a small contribution
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in the Hamiltonian of a system can lead to large di�erences in observable e�ects. From

a methodological perspective, this result again proves the value of ab initio calculations,

which include subtle e�ects like this, which might otherwise be overlooked when using

only simpli�ed model systems.

In summary, depending on the position of the Fermi level in the material and the temper-

ature, it is possible to either increase or decrease the conductance through the barrier with

a skyrmion. Either way, the change in conductance can, in principle, be used to detect a

skyrmion. We call the overall e�ect the tunneling non-collinear magnetoresistance e�ect

(TNCMR), as it goes beyond the previously described NCMR [35] or TXMR [36] e�ect.

It is important not to overlook more exotic topological structures like merons and non-

ferromagnetic base materials, as they have some key advantages that prove crucial [199,

29, 200]. While for some time synthetic antiferromagnetic skyrmions [113, 179] were en-

visioned as the way to go, non-synthetic antiferromagnetic skyrmions and merons have

gained more attention due to their intriguing properties [201, 178, 202]. In this work, I

showed that the V/X/MgO/Cu type structure not only works for ferromagnetic materials

X to detect regular skyrmions, but can also, in principle, be extended to antiferromag-

netic materials to detect antiferromagnetic skyrmions, which are even more challenging to

detect using other methods. While the calculated TNCMR e�ect in the assumed model

system was not as large as for the comparable V/Fe/MgO/Cu skyrmion system, it still

reached a magnitude of about 300% at the Fermi level.

The pure change of conductance, summarized as the TNCMR e�ect, is not the only way

to measure transmission changes. The slope of the transmission can also be measured, as

it is the underlying physical quantity behind the Seebeck e�ect. The change in this due

to non-collinear magnetic structures is called tunneling non-collinear magneto Seebeck

e�ect (TNCMS) in this work. However, the analysis in this work demonstrates that

the appearance of skyrmions tends to smooth the transmission function by the energy

broadening of the peaks, which consequently tends to reduce the absolute magnitude of

the Seebeck e�ect. This is harder to measure than an increase, when the a�ected area of

the sensor is small. The same general behavior of TNCMS is also demonstrated in the

analyzed antiferromagnetic system.

Finally, I also explore the topology of skyrmionic structures and how the topological

nature can be determined using the tools of magnetic tunnel junctions, irrespective of

high spatial resolution. It turns out that a setup of a small number of magnetic tunnel

junctions, which are sequentially passed by a magnetic structure on a racetrack, can in

combination recognize skyrmionic structures from their measured TMR signals.

To provide an outlook, I want to highlight that the proposed novel scattering mecha-

nism, responsible for the drastic conduction increase due to a skyrmion for most energies

through the V/Fe/MgO/Cu system, not only provides a deeper understanding of the
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underlying physics, but also provides a possible approach for an experimentalist to �nd

suitable materials where a large TNCMR ratio may actually be observed. The mecha-

nism allows us to deduce the following rule of thumb: a material, which will lead to a

large positive TNCMR ratio also leads to a large contact resistance in the ferromagnetic

case. For example, for the ferromagnetic V/MgO/Fe system the large contact resistance

is mentioned in [155]. This could allow for the screening of promising TNCMR materials

without needing to create and control skyrmions. However, it may be hard to �nd a

material X that leads to both a large TNCMR e�ect and the occurrence of skyrmions in

a X/Fe/MgO/Cu structure simultaneously.

To simplify the search for suitable materials, it can be helpful to consider the fact

that the lead material XTNCMR, which is primarily responsible for TNCMR, is not re-

quired to directly contact the skyrmion host layer. Whereas the material XDMI, re-

sponsible for the appearance of skyrmions via DMI, must directly touch the magnetic

skyrmion layer, but it can potentially be very thin. A combination of both materials

in an XTNCMR/XDMI/Fe/MgO/Cu structure could lead to the desired result, although

growing clean interfaces in such a system is probably even more di�cult than in X/Fe/M-

gO/Cu. For example, V/Au/Fe/MgO/Cu is a candidate for this type of system. But

even though it is di�cult to handle, this type of structural complexity should not be seen

as a show stopper, as other similarly complex structures have already been realized. The

concept of synthetic antiferromagnetic skyrmions [113, 179, 203] also relies on a complex

arrangement of several layers, where two separate ferromagnetic layers are antiferromag-

netically exchange-coupled, forming a bilayer system. Another example is the actually

fabricated Pt/Co/Fe/Ir multilayer stack [204], where the DMI vectors from the interfaces

e�ectively sum up to generate a larger DMI vector.

Perhaps the ideal tunnel barrier does not even have to be made of MgO. Li et al. [205]

proposed a very large non-collinear magnetoresistance e�ect in a Fe3GeTe2-based van der

Waals tunnel junction, which, like the e�ect described in this work, goes beyond changes

of the local density of states and utilizes the symmetry of the involved electronic states.

In summary, we can say that the search for materials suitable for actual skyrmionic devices

is far from over. It is, in fact, comparable to �nding a needle in a haystack of options.

Theory based screening guidelines are of great value for gaining an overview. Ab initio

methods help to discover these guidelines and can evaluate potential material candidates

without needing to actually manufacture all of them.
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Appendix A

Numerical parameters

The quality of computational results in DFT is highly dependent on su�ciently �ne nu-

merical parameters. But high numerical parameters lead to higher computational demand

and, therefore, increased energy cost. This means that the parameters have to be care-

fully balanced, which is especially di�cult in this work since the unit cells, including

the skyrmions are almost prohibitively large. The most critical numerical parameter is

the angular momentum cut-o�, which I set to lmax = 2 for transport calculations. This

corresponds to d orbitals and is su�cient for the elements considered in this work. For

the self-consistent convergence calculations, I used a cut-o� of lmax = 3, which leads to a

more accurate electron density description used for the potentials.

A.1 Convergence parameters

The self-consistent convergence of the potential was done only for the cells without any

non-collinear structure, which is justi�ed by the examination in section B. In all three

directions, including the out-of-plane direction, the long unit-cell is repeated in�nitely.

This means that within the self-consistent calculation, the materials of the two leads

directly touch each other at the ends of the long unit cell. To ensure that this inaccuracy

has no e�ect on the transport calculation, I later selected the potential from an atom

deeper within each lead of the unit cell as the edge potential used in the decimation step

for the transport calculation.

For the reference system, I considered all atoms in a sphere of radius 2.8 aLead. The

energy contour integration path, sketched in �gure 2.1, was chosen to start at EB = −1

Ry, encircling NP = 10 Matsubara poles at a temperature of T = 300 K . Along the 3

parts of the integration path, I used N1 = 10, N2 = 42, and N3 = 10 sampling points.

For the integration in reciprocal space, to evaluate expression 2.61, I divided the Brillouin

zone into Nkx = Nky = 64 and Nkz = 3 sampling points. The 3 sampling points in the z
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direction, which is the out-of-plane direction, only resemble di�erences occurring from the

small supercell e�ect. In the antiferromagnetic cell of section 5.2, I used a Nkx = Nky = 45

and Nkz = 3 sampling.

A.2 Parameters for transport calculations

The majority of the computational e�ort in this work is not due to the self-consistent

convergence of the potentials but rather to the transport calculations. In non-equilibrium

transport calculations, the physical quantity must be calculated as close as possible to the

real energy axis. This means that zero Matsubara poles are circled, and the arti�cial tem-

perature was set to only T = 0.2 K. Close to the real energy axis, the Green function has

a much more rugged structure, requiring a much �ner sampling of energy and reciprocal

space points. Physically, these rugged features of the Green function typically resemble

exactly those peaks we are mostly interested in. To meet the required mesh density in

the critical areas of the Brillouin zone of the cells without non-collinear structures, I used

adaptive meshes in reciprocal space. In the case of non-collinear structures, the peaks

were broadened due to the scattering at those structures. Additionally, the Brillouin zones

of the supercells (sc) used to describe the non-collinear structures are already signi�cantly

smaller. Here, I used only Nkx,sc = Nky,sc = 18 for the mostly used 5× 5 supercell, which

is equivalent to Nkx = Nky = 90 sampling points of the base Brillouin zone. For other

supercell sizes, I scaled the mesh density linearly, based on the Nkx = Nky = 90 sampling

for the 1×1 unit cell. Like the adaptive reciprocal space meshes, the energy mesh densities

depend on the local roughness of the energy dependent transmittance.

In typical KKR calculations, the tunable size of the real space cluster, which is crucial

for screened KKR, is used in two di�erent steps of the calculation. First, it is used when

calculating the reference system Green function, which heavily in�uences the accuracy of

the outcome of the decimation technique. Second, it is used to determine the bandwidth

of the now banded KKR matrix in equation 2.74 for the band matrix inversion function

used in the KKR code. When experimenting with di�erent cluster sizes, it turns out that

the accuracy of the overall result is much more sensitive to the cluster size in the �rst

step, compared to the outer parts of the banded KKR matrix that are cut o� later in the

calculation process. For this reason, I chose a cluster radius of 3.8 aLead but used only

2.8 aLead for the considered band width in the computationally expensive inversion step

without losing much accuracy.
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Model validation and assumption

analysis

When preparing the calculations, some assumptions and choices had to be made regarding

the skyrmion structure and the underlying potential. First of all, I used two di�erent

skyrmion structures. One skyrmion structure is obtained from atomistic spin dynamics

simulations and the other from an approximate analytical formula. To verify if they are

essentially interchangeable for the calculations in this work, I compare the in�uence of

the two di�erent considered skyrmion structures on the energy dependent transmission

through the V/Fe/MgO(3)/Cu structure. The result is displayed in �gure B.1, and we

can clearly see that their e�ect on the conductance is very similar.

Figure B.1: The energy dependent transmission through the V/Fe/MgO(3)/Cu struc-
ture with an analytical skyrmion structure versus the skyrmion from the atomistic spin
dynamics simulation. Both are based on the same potential, calculated with very high
numerical precision. As expected, both lines are almost indistinguishable.
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For simplicity, in most calculations in this work, the skyrmion structure was applied only

to the ferromagnetic iron layer. I will indicate this by explicitly stating that the skyrmion

is located in a speci�c layer in the caption of the corresponding graphic. But to explore

the in�uence of this choice, I compared the energy dependent transmission through the

V/Fe/MgO(3)/Cu structure in �gure B.2 for two situations. In the �rst situation, the

analytical skyrmion is located only in the iron layer. In �gure 3.3, we already saw that

at least the �rst underlying vanadium layer is signi�cantly magnetized, so I applied the

analytical skyrmion structure to this layer as well. The results clearly show that this

change indeed makes some di�erence, but it is not strong enough to change the overall

qualitative result.

Figure B.2: The energy dependent transmission through the V/Fe/MgO(3)/Cu struc-
ture with an analytical skyrmion structure only in the iron layer (orange), and with the
same skyrmion structure extended to the �rst underlying vanadium layer (blue). Tilting
of magnetic moments in the �rst underlying vanadium layer according to the skyrmion
structure has some, but not a large in�uence on the energy dependent transmission.

Another decision which had to be made concerned the self consistent potential. One

option was to use a potential that is self-consistently calculated, including the skyrmion

structure, but with weaker numerical parameters in terms of angular momentum cut-o�,

sampling along the energy contour, sampling in reciprocal space, and size of the real space

clusters for the repulsive reference system, to make the calculation practically feasible. Al-

ternatively, one could assume that the skyrmion has little in�uence on the self-consistent

potential and instead calculate the potential only for the ferromagnetic state, allowing for

much higher accuracy regarding the aforementioned numerical parameters. To validate

this choice, I calculated the energy dependent transmission through the V/Fe/MgO(3)/Cu

structure with an analytical skyrmion structure twice, using both a potential with very

high numerical precision and one with weaker numerical parameters. In both cases, the

potential is calculated for the ferromagnetic structure with out-of-plane magnetization.
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Third, I calculated the self-consistent potential of the 5x5 cell, including the simulated

skyrmion structure, where the magnetization direction was applied to all layers, and used

it to calculate the energy dependent transmission through the same V/Fe/MgO(3)/Cu

structure. The results, displayed in �gure B.3, clearly indicate that the weak numerical

parameters, for which a self-consistent potential calculation including the skyrmion struc-

ture were practically achievable at that time, led to very di�erent results. The combined

e�ect due to the self-consistent skyrmion potential, the application of the magnetization

direction to all layers, and the use of the di�erent skyrmion type, which is summarized

in the di�erence between the orange and blue line, is negligible compared to the e�ect of

the weak numerical parameters. While it might be possible to �nd a way to tune the pa-

rameters to improve the accuracy of the self-consistent potential, including the skyrmion

without becoming computationally unfeasible, I decided to go with the more accurate

potential of the ferromagnetic structure. This approach was used in all other calculations

in this work.

Figure B.3: The energy dependent transmission through the V/Fe/MgO(3)/Cu struc-
ture with an analytical skyrmion structure with a potential, calculated with very high
numerical precision (green). The same calculation again with an analytical skyrmion,
but based on a potential, which was calculated with weak numerical parameters (or-
ange). With a potential, where the simulated skyrmion structure was included in the
self-consistency calculation, and where the magnetization direction was applied to all lay-
ers in the V/Fe/MgO(3)/Cu structure (blue).
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