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Zusammenfassung

Ein multi-typer allgemeiner (Crump-Mode-Jagers) Verzweigungsprozess ist ein ma-
thematisches Modell zur Untersuchung dynamischer Systeme, wie etwa der Entwick-
lung von biologischen Populationen. Dieser stochastische Prozess liefert für eine feste
Zahl p ∈ N einen Rahmen, um die Entwicklung von Populationen zu beschreiben,
die p verschiedene Typen von Individuen umfassen und sich durch ihr eigenes Fort-
pflanzungsverhalten auszeichnen. Der Prozess startet zum Zeitpunkt t = 0 mit
einem Individuum, dem Urahn, vom Typen i ∈ {1, ..., p}. Innerhalb seiner zufälli-
gen Lebensspanne ζ i, die Werte in [0,∞] annimmt, generiert er Nachkommen unter-
schiedlicher Typen j ∈ {1, ..., p} (die erste Generation), deren Geburtszeiten durch
einen Punktprozess ξ(i,j) auf [0,∞) vorgegeben sind. Wir fassen alle Punktprozesse
ξ(i,j) in der Reproduktionsmatrix ξ = (ξi,j)i,j=1,...,p zusammen. Der Prozess setzt
sich fort, indem jedes Individuum der ersten Generation ebenfalls Nachkommen ver-
schiedener Typen generiert, die wiederum Nachkommen verschiedener Typen gene-
rieren, und so weiter.

Die vorliegende Arbeit ist motiviert durch die Ergebnisse von Alexander Iksanov,
Konrad Kolesko und Matthias Meiners [Asymptotic fluctuations in supercritical
Crump-Mode-Jagers processes. Ann. Probab. 52.4 (2024), pp. 1538–1606], die
einen zentralen Grenzwertsatz für den allgemeinen Verzweigungsprozess im Fall
p = 1 bewiesen haben. Die Grundlage für diesen Grenzwertsatz bildet eine asymp-
totische Entwicklung für den Erwartungswert des Prozesses sowie die Konstruk-
tion komplexer Martingale, die in Zusammenhang mit Nermans Martingal stehen.
Das Ziel dieser Arbeit ist es, diese Grundlagen auf multi-type allgemeine Verzwei-
gungsprozesse, d. h. auf den Fall p ∈ N, zu erweitern.

Wir beginnen mit der formellen Einführung von multi-typen allgemeinen Verzwei-
gungsprozessen. Aus ihrer rekursiven Zerlegung lässt sich folgern, dass der Er-
wartungswert des Prozesses eine mehrdimensionale Markov-Erneuerungsgleichung
löst. Daher verlagert sich unser Fokus auf die Herleitung der asymptotischen En-
twicklung für allgemeine Lösungen F von multidimensionalen Markov-Erneuerungs-
gleichungen der Form F (t) = f(t) + µ ∗ F (t), wobei f, F : R → Rp vektorwer-
tige Funktionen sind und µ = (µi,j)i,j=1,...,p eine p × p Matrix von lokal endlichen
Maßen auf [0,∞). In diesem Zusammenhang diskutieren wir die Existenz und
Eindeutigkeit von Lösungen F und untersuchen die charakteristische Gleichung
det(Ip − Lµ(λ)) = 0, wobei Ip die p × p Identitätsmatrix bezeichnet und L den
Laplace-Operator, da das asymptotische Verhalten von F durch die komplexen
Lösungen λ und deren Vielfachheiten kλ ∈ N bestimmt wird. Damit leiten wir
zuerst die asymptotische Entwicklung für das Erneuerungsmaß U := ∑∞

n=0µ
∗n

her und anschließend für allgemeine Lösungen F . Schließlich konstruieren wir für
q ∈ (1, 2] komplexe Lq-beschränkte Martingale Wt(λ, kλ) für den multi-typen allge-
meinen Verzweigungsprozess, die mit Nermans Martingal in Zusammenhang stehen
und mit den Lösungen λ der charakteristischen Gleichung sowie deren Vielfachheiten
kλ korrespondieren.





Summary

A multi-type general (Crump-Mode-Jagers) branching process is a mathematical
model for studying various dynamical systems, such as the evolution of biological
populations. For a fixed number p ∈ N, this stochastic process provides a framework
to understand the evolution of populations comprising p different types of individ-
uals, each characterized by its own reproduction law. The process begins at time 0
with a single individual, the ancestor, who is of type i ∈ {1, ..., p}. Within its ran-
dom lifetime ζ i taking values in the interval [0,∞], the ancestor produces offspring
of various types j ∈ {1, ..., p}, forming the first generation, and born at points of
a reproduction point process ξ(i,j) on [0,∞). We collect all point processes in the
reproduction matrix ξ = (ξ(i,j))i,j=1,...,p. The process continues as each individual in
the first generation produces as well offspring of various types, who in turn produce
offspring of various types, and so on.

The present thesis is motivated by the work of Alexander Iksanov, Konrad Kolesko
and Matthias Meiners [Asymptotic fluctuations in supercritical Crump-Mode-Jagers
processes. Ann. Probab. 52.4 (2024), pp. 1538–1606], who established a central
limit theorem for the general branching process in the case p = 1 (the single-type
case). The foundation for this limit theorem lies in an asymptotic expansion for
the mean of the process, along with the construction of complex martingales which
are related to Nerman’s martingale. The objective of this work is to extend this
foundation in the context of multi-type general branching processes, i.e. in the case
p ∈ N. More specifically, we derive an asymptotic expansion for the mean of the
multi-type general branching process in both, the lattice and non-lattice case, that
is, when µ = E[ξ] is concentrated on a lattice hZ, for some h > 0 and when it is
not concentrated on any lattice.

To achieve this, we begin by formally introducing the multi-type general branching
process and its well-known recursive decomposition. From this, we infer that the
mean of the process solves a multidimensional Markov renewal equation. Conse-
quently, our focus shifts to deriving the asymptotic expansion for general solutions
F to multidimensional Markov renewal equations of the form F (t) = f(t) +µ∗F (t)
where f, F : R → Rp are vector-valued functions and µ = (µi,j)i,j=1,...,p is a p × p
matrix of locally finite measures on the positive half-line [0,∞). We discuss the
existence and uniqueness of F and proceed by investigating the characteristic equa-
tion det(Ip − Lµ(λ)) = 0 where Ip denotes the p× p identity matrix and L denotes
the Laplace operator, since the asymptotic behavior of F is determined by its com-
plex solutions λ and their multiplicities kλ ∈ N. We continue by establishing the
asymptotic expansion for the renewal measure U := ∑∞

n=0µ
∗n, one of the prime

examples of a solution to a Markov renewal equation, and subsequently, for general
solutions F . Building on this, we construct complex martingales Wt(λ, kλ) for the
multi-type general branching process, which are related to Nerman’s martingale and
correspond to the solutions λ of the characteristic equation and their multiplicities
kλ. Finally, we establish their convergence in Lq for q ∈ (1, 2].
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1 | Introduction

Branching processes represent fundamental stochastic models used to describe vari-
ous dynamical systems, such as the evolution of biological populations consisting of
individuals like humans, plants or cells. The development of this interesting theory
is based on demographic studies in the late 19th century by Francis Galton, who
was concerned about the decay of the English peerage, and Henry W. Watson. In
their work, they established the well-known Galton-Watson process, which forms
the simplest possible model of a population evolving over time. It is represented as
a discrete-time Markov chain (Zn)n∈N0 where N0 := {0, 1, 2, . . .} denotes the set of
nonnegative integers, illustrating the population-size transitions across generations.
In this framework, each individual of the population lives a unit length of time and
gives independently birth to a random number N ∈ N0 of children according to
the same probability distribution {pk}k∈N0 as the others. The investigation of this
process naturally focuses on understanding the long-term behavior of (Zn)n∈N0 . In
this context, a comprehensive overview can be found in the introduction of [Jag75].

Building upon the Galton-Watson process, several generalizations of this model
have been introduced to investigate more realistic models relevant to natural phe-
nomena, which we generally refer to as branching processes. For instance, a natural
extension is to allow the individuals to live a random lifetime leading to a continuous-
time branching process (Zt)t≥0, called age-dependent branching process. In general,
this process does not have the Markov property, unless the lifetimes are assumed
to be independent and exponentially distributed. As one might expect, most of the
theory and its associated techniques are applicable to the continuous-time case by
embedding a Galton-Watson process, as discussed in [Har63] or [AN72].

During the 1960s, Kenny S. Crump, Charles J. Mode, and Peter Jagers es-
tablished independently an interesting branching framework known as the general
(Crump-Mode-Jagers) branching process (Zt)t≥0. This model encompasses a wide
range of branching frameworks, including the classical Galton-Watson process and
the age-dependent branching process, and is the subject of investigation in the cited
works, namely, [CM68] and [Jag75]. It describes a population, where Zt represents
the population size at time t, in which each individual can produce offspring at any
point within their random lifetime, similar to observations in nature. Additionally,
they introduced a random function ϕ, serving as a kind of measure for the popula-
tion where each individual is assigned a measured value by ϕ. The corresponding
size of these measured values at time t is denoted by Zϕt and the process (Zϕt )t≥0 is
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6 Introduction

referred to as general branching process counted with characteristic ϕ. In particu-
lar, Zϕt indeed generalizes Zt by a special choice of ϕ. Within this framework, Olle
Nerman established the law of large numbers, see [Ner79] and [Ner81], which states
that, under some mild assumptions, e−αtZϕt converges almost surely as t → ∞ to
cW . Here, α > 0 is called Malthusian parameter, c is a constant and W is the limit
of Nerman’s martingale, which is positive on the survival event. Furthermore, under
additional (second moment) assumptions, Alexander Iksanov, Konrad Kolesko and
Matthias Meiners proved a central limit theorem for (Zϕt )t≥0, see [IKM24], which
is based on an asymptotic expansion of the mean of a general branching process
counted with a random characteristic and some complex martingales related to Ner-
man’s martingale.

Besides the implementation of random lifetimes, another natural direction for
generalization is to allow the individuals to belong to different types within the
population. Therefore, we introduce a fixed number p ∈ N := {1, 2, . . .} standing
for a population comprising p different types of individuals, each characterized by
its own reproduction law. Clearly, each of the mentioned examples above can be
generalized by its corresponding multi-type model. In this context, the present thesis
focuses on the multi-type (general) Crump-Mode-Jagers branching process (Zϕt )t≥0.
The process begins at time 0 with a single individual, the ancestor, who is of type
i ∈ {1, ..., p} and possesses a random lifetime ζ i, taking values in the interval [0,∞].
Within its lifetime, the ancestor produces offspring of various types j ∈ {1, ..., p},
forming the first generation, and born at points of a reproduction point process ξ(i,j)

on [0,∞). We collect all point processes in the p × p matrix ξ = (ξ(i,j))i,j=1,...,p,
referred to as reproduction matrix. The process continues now by each individual
of the first generation producing as well offspring of various types, who in turn
produce offspring of various types, and so on. Within this framework, the objective
of the present work is to extend the results presented in [IKM24] to the multi-type
case. More precisely, we aim to derive the asymptotic expansion for the mean of the
multi-type (general) Crump-Mode-Jagers branching process and to construct some
complex martingales related to Nerman’s martingale, as these derivations form the
foundational building blocks for establishing the central limit theorem.

Firstly, we formally introduce in Chapter 2 the model of multi-type (general)
Crump-Mode-Jagers branching processes described above, as well as the notation
and some basic facts relevant to this thesis. In particular, we discuss the concept and
properties of random characteristics ϕ. We also present the well-known recursive
decomposition of the process, which allows us to infer that the mean of the pro-
cess solves a multidimensional Markov renewal equation. Given this connection, we
temporarily step away from the context of multi-type branching processes and focus
on the asymptotic expansion of general solutions F to multidimensional Markov re-
newal equations in Chapter 3. These equations take the form F (t) = f(t) +µ∗F (t)
where f, F : R→ Rp are vector-valued functions and µ = (µi,j)i,j∈[ p ] is a p×pmatrix
of locally finite measures on the positive half-line [0,∞). Although the asymptotic
behavior of such equations has been previously studied, most notably by Mikhail
S. Sgibnev in 2002 using Banach algebra techniques, see [Sgi02], our goal is to of-
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fer a more accessible and probabilistic approach that can be readily understood by
researchers working in the field of probability theory. To this end, we begin by
introducing the multidimensional Markov renewal equation and discussing the ex-
istence and uniqueness of general solutions F . We then focus on the characteristic
equation det(Ip−Lµ(λ)) = 0, where Ip denotes the p× p identity matrix and L the
Laplace operator, since the asymptotic behavior of F is determined by its complex
solutions λ and their multiplicities kλ ∈ N. Notably, one solution of this equation is
discussed in more detail, namely the Malthusian parameter, which determines the
leading order term of the asymptotic expansion. After establishing the assumptions
we are working with and relating them to those found in the literature, particularly
to Sgibnev’s assumptions, we formulate our main results, namely Theorem 3.16
and Theorem 3.20, and apply them to the mean of multi-type (general) Crump-
Mode-Jagers branching processes. Finally, we turn our attention in Chapter 4 to
the construction of some complex martingales Wt(λ, kλ) for the multi-type (general)
Crump-Mode-Jagers branching process, which are closely related to Nerman’s mar-
tingale. These martingales arise naturally from the asymptotic expansion of the
mean and are associated with the solutions λ to the characteristic equation men-
tioned before and their multiplicities kλ. We proceed by formulating Wt(λ, kλ) in
terms of the multi-type (general) Crump-Mode-Jagers branching processes counted
with some special characteristic ψ and verifying their martingale property, and close
our analysis by establishing their Lq-convergence for q ∈ (1, 2].





2 | Preliminaries

2.1 Notation

In the present section, we introduce the notation that will be employed consistently
throughout the thesis. The objective is to establish a consistent framework that
facilitates further reading and possible references. Moreover, we define and discuss
the key objects relevant to this work. For ease of reference, the essential properties
of these objects are detailed in the appendix, where the reader may consult them as
necessary.

2.1.1 Sets and Topology

We denote by N the set of natural numbers {1, 2, 3, . . .}, while the notation N0 refers
to the set N∪{0}. The sets of integers, rational numbers, real numbers, and complex
numbers are represented by Z,Q,R and C, respectively.

If S ⊆ Ω is a set, we write Sc for the complement of S in Ω, relative to the
topology on Ω. The notation So refers to the interior of S, which is defined as the
set of all points in S that have an open neighborhood entirely contained within S.
In other words, the interior is the largest open subset of S in the given topology.
The closure of S, denoted by S, is the smallest closed set that contains S including
all the limit points of S with respect to the topology. The boundary of S, denoted
by ∂S, is given by S \ So.

For simplicity, we define [n ] := {1, . . . , n} for n ∈ N.

2.1.2 Vectors and Matrices

By default, vectors in this paper are row vectors, so x ∈ Rp means that x is of
the form x = (x1, . . . , xp). To emphasize this, we may write x ∈ R1×p. Column
vectors are transposes of row vectors, so we write xT for the associated column
vector. The space of p-dimensional real column vectors is sometimes denoted by
Rp×1. Here, we write e1, . . . , ep for the canonical basis of R1×p. We use the standard
Euclidean norm | · | and the `1-norm | · |1 on both spaces R1×p and Rp×1, given by
|x| = |xT| =

√
x2

1 + . . .+ x2
p and |x|1 = |xT|1 = |x1|+ . . .+ |xp|, respectively.

IfM is a real p×n matrix, we writeM ∈ Rp×n and say thatM = (Mj,k)j∈[ p ],k∈[n ]
is positive if all of its entries are positive, i.e. Mj,k > 0 for all j ∈ [ p ], and k ∈ [n ].
Similarly, M is nonnegative if Mj,k ≥ 0 for all j ∈ [ p ], and k ∈ [n ]. We denote
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10 Preliminaries

this by M > 0 and M ≥ 0. With this definition, we can write for two matrices
M1,M2 ∈ Rp×p, M1 < M2 or M1 ≤ M2 meaning that M2 − M1 is positive or
nonnegative, respectively. Further, if M ∈ Rp×p is nonnegative, then M is called
primitive if Mn > 0 for some nonnegative integer n ≥ 1.

For M ∈ Rp×n we denote by ‖M‖R its matrix norm, i.e.,

‖M‖R = sup
x∈Rn×1,|x|=1

|Mx|.

Similarly, if M is a complex p × n matrix, we write ‖M‖C for its complex matrix
norm, i.e., ‖M‖C = supz∈Cn,|z|=1 |Mz|. In this context, if we consider the matrix
M = (Mj,k)j∈[ p ],k∈[n ] and notice that ifM∗ = (M∗

j,k)j∈[ p ],k∈[n ] is a nonnegative p×n
matrix with |Mj,k| ≤M∗

j,k componentwise for all j ∈ [ p ] and k ∈ [n ], then

‖M‖C = sup
z∈Cn,
|z|=1

|Mz| = sup
z∈Cn,
|z|=1

√√√√√ p∑
j=1

∣∣∣∣∣
n∑
k=1

Mj,kzk

∣∣∣∣∣
2

≤ sup
z∈Cn,
|z|=1

√√√√√ p∑
j=1

(
n∑
k=1
|Mj,k||zk|

)2

≤ sup
z∈Cn,
|z|=1

√√√√√ p∑
j=1

(
n∑
k=1

M∗
j,k|zk|

)2

= sup
x∈Rn,
|x|=1

√√√√√ p∑
j=1

(
n∑
k=1
|M∗

j,k||xk|
)2

= ‖M∗‖R.

2.1.3 Spectrum and Spectral Radius

Let M be a real or complex p × p matrix. An eigenvalue of M is a scalar λ such
that there exists a non-zero vector x, called an eigenvector, satisfying the eigenvalue
equation Mx = λx. Equivalently, one can rearrange the eigenvalue equation into
(M − λIp)x = 0 with Ip denoting the p × p identity matrix containing on its main
diagonal elements value one while the rest of the matrix elements are equal to zero.
We define the spectrum σM as

σM := σ(M) := {λ : λ ∈ C is an eigenvalue of M}

which is a non-empty set containing all eigenvalues λ of M . In particular, the
eigenvalues λ of M are the roots of the characteristic polynomial represented as
pM(λ) := det(M − λIp). The multiplicity of an eigenvalue λ of M is its multi-
plicity as a root of the characteristic polynomial pM(λ) and is denoted by kλ ≤ p.
Consequently, we call λ a simple root of pM(λ) if it is a root of multiplicity one,
i.e. pM(λ) = 0 and p(1)

M (λ) 6= 0 where p(1)
M (λ) denotes the first derivative of pM(λ).

Further, we define the spectral radius as

ρM := ρ(M) := sup{|λ| : λ ∈ σM}

which represents the largest modulus eigenvalue.
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2.1.4 Kronecker Product

Consider a m× n matrix A and a k × l matrix B. Following [Gra18, Chapter 2.2],
the Kronecker product of the matrices A and B, denoted by A ⊗ B, is defined as
the mk × nl matrix

A⊗B :=


a11B · · · a1nB
... . . . ...

am1B · · · amnB

 .
In other words, the Kronecker product expands the dimensions of both matrices by
replicating each element of A with the entirety of B, resulting in a block matrix.

2.1.5 Laplace Transforms

If µ is a locally finite measure on the Borel sets of [0,∞), we write Lµ for the
associated Laplace transform, that is, the function

Lµ : [0,∞)→ [0,∞], θ 7→
∫ ∞

0
e−θx µ(dx)

where the integral is taken over the interval (0,∞). If Lµ(θ) < ∞ for some θ ≥
0, then, by monotonicity, Lµ is finite on [θ,∞). We canonically extend Lµ to
D(Lµ) = {z ∈ C : Lµ(Re(z)) < ∞}, where Re(z) denotes the real part of z
and Im(z) the imaginary part. In particular, if λ ∈ D(Lµ) with Re(λ) = θ, then
‖Lµ(λ)‖C ≤ ‖Lµ(θ)‖R. This notation naturally extends to vectors and matrices of
measures yielding a vector-valued or matrix-valued Laplace transform, respectively.
The domain of the vector- or matrix-valued Laplace transform is then defined as
the intersection of the domains of its components. For instance, for the p × p -
matrix of locally finite measures µ = (µi,j)i,j∈[ p ] on [0,∞) and its Laplace transform
Lµ(θ) = (Lµi,j(θ))i,j∈[ p ],

D(Lµ) =
⋂

i,j∈[ p ]
D(Lµi,j) =

{
z ∈ C :

∫ ∞
0
e−Re(z)x µi,j(dx) <∞ ∀i, j ∈ [ p ]

}
.

If f : [0,∞)→ C is a function, we define the Laplace transform of f at z ∈ C by

Lf(z) :=
∞∫
0

f(x) e−zx dx

whenever the integral converges absolutely. We write

D(Lf) :=
{
z ∈ C :

∫ ∞
0
|f(x)| |e−zx| dx =

∫ ∞
0
|f(x)| e−Re(z)x dx <∞

}

for its domain. Notice that D(Lf) = I + iR = {θ + iη ∈ C : θ ∈ I, η ∈ R} for some
half-line I ⊂ R.
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2.1.6 Convolutions

Let f : [0,∞)→ C be a function and µ a measure on [0,∞). We write

f ∗ µ(t) :=
∫ ∞

0
f(t− x)µ(dx), t ∈ R

for the convolution of f with µ if the integral converges absolutely. If g is another
measurable function, we set

f ∗ g(t) :=
∫ ∞

0
f(t− x)g(x) dx , t ∈ R

whenever the integral converges absolutely.
Similarly, if τ = (τ i,j)i∈[ p ],j∈[m ] is a p×m matrix of measures and A : [0,∞)→

Cm×n, t 7→ (ajk(t))j∈[m ], k∈[n ] is a m × n matrix with functions as entries, then we
set

τ ∗ A(t) :=
(

m∑
j=1

τ i,j ∗ ajk(t)
)
i∈[ p ],k∈[n ]

,

which is a p × n matrix of functions. Analogously, if B = (bkl)k∈[n ],l∈[ p ] is a n × p
matrix of measurable functions bkl : [0,∞)→ C, we set

A ∗B(t) :=
(

n∑
k=1

ajk ∗ bkl(t)
)
j∈[m ],l∈[ p ]

.

2.1.7 Exponential Matrices

Similar to [IKM24, Equation (4.10)], we use a multiplicative family of matrices
exp(γ, s, k), for γ ∈ C, s ∈ R and k ∈ N, namely, we define the following upper
triangular k × k matrix

exp(γ, s, k) = (expij(γ, s, k))i,j∈[ k ] := eγs



1 s s2

2! · · · sk−1

(k−1)!
0 1 s · · · sk−2

(k−2)!

0 0 1 . . . ...
... . . . . . . . . . s
0 · · · 0 1


. (2.1)

The (i, j)-th entry of the matrix is expij(γ, s, k) = eγs 1
(j−i)!s

j−i, 1 ≤ i ≤ j ≤ k and
expij(γ, s, k) = 0 for i > j. Matrices of this form will be very useful since they
simplify the notation and allow us to deal with polynomial terms with relative ease.
In this context, we will write f1, . . . , fk for the canonical basis of R1×k. For any
s, t ∈ R and γ ∈ C, we have

exp(γ, s, k) exp(γ, t, k) = exp(γ, s+ t, k).



The Multi-type General Branching Process 13

To see this, the reader may notice that, since both matrices exp(γ, s, k) and exp(γ, t, k)
are upper triangular matrices with only ones on the diagonal, so is their product.
Now consider 1 ≤ i < j ≤ k and notice that the (i, j)-th entry of the matrix
exp(γ, s, k) exp(γ, t, k) equals

fi exp(γ, s, k) exp(γ, t, k)fT
j =

j∑
l=i

eγs
sl−i

(l − i)! e
γt tj−l

(j − l)!

= eγ(s+t)
j−i∑
l=0

sl

l!
tj−i−l

(j − i− l)!

= eγ(s+t) 1
(j − i)!

j−i∑
l=0

(
j − i
l

)
sltj−i−l

= eγ(s+t) 1
(j − i)!(s+ t)j−i

= expij(γ, s+ t, k).

With ‖ · ‖ denoting the operator norm and ‖ · ‖HS denoting the Hilbert-Schmidt
norm, the following (rough) estimate holds for every δ > 0:

‖ exp(γ, s, k)‖ ≤ ‖ exp(γ, s, k)‖HS ≤ C ′(1 + |s|)k−1eRe(γ)s ≤ CeRe(γ)s+δ|s| (2.2)

for some constant C ′ > 0 depending on k only and another constant C > 0 depending
on k and δ > 0.

2.2 The Multi-type General Branching Process

In this section, we formally introduce the multi-type general (Crump-Mode-Jagers)
branching process. The process starts with a single individual, the ancestor, born at
time 0. The ancestor gets the label ∅, the empty tuple, and, like every individual in
the process, has one of finitely many types τ(∅) ∈ [ p ] where p ∈ N is the number of
different types. The ancestor has a random lifetime ζτ(∅) which may depend on its
type and takes values in [0,∞]. Within its lifetime, it generates offspring of various
types j ∈ [ p ]. If τ(∅) = i, i.e., if the type of the ancestor is i, then its children of
type j are born at the times of the point process ξi,j, j ∈ [ p ]. Here, a point process
is a random locally finite point measure, see [Res92, Chapter 3]. We write

ξi,j =
N i,j∑
k=1

δXi,j
k

where here and in what follows, δx denotes the Dirac measure at the point x ∈ R.
We assume that ξi,j is concentrated on [0,∞) and thus N i,j = ξi,j([0,∞)) is its
total mass. If the ancestor’s type is i, the random variables N i,j represent the
total number of children of type j and take values in N0 ∪ {∞}. In particular, we
allow that P(N i,j = ∞) > 0 meaning that ∅ could generate an infinite number of
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descendants of a given type. Without loss of generality, we assume that 0 ≤ X i,j
1 ≤

X i,j
2 ≤ . . . holds. We write ξ = (ξi,j)i,j∈[ p ] for the p × p matrix of point processes

ξi,j, i, j ∈ [ p ] that determine the ancestor’s reproduction. The ξi,j are also called
offspring processes and ξ offspring process matrix. Further, we write

ξi =
p∑
j=1

ξi,jej = (ξi,1, . . . , ξi,p)

for the vector containing all offspring processes of the ancestor if the latter has type
i. Similarly, we define N i := ∑p

j=1N
i,jej. With this notation, we define

ξ := |ξτ(∅)|1 =
p∑
j=1

ξτ(∅),j =
N∑
k=1

δXk

where N := |N τ(∅)|1 = ξ([0,∞)) is the total number of offspring of the ancestor.
Accordingly, the process ξ gives the birth times of all children of the ancestor.
Without loss of generality, we assume that 0 ≤ X1 ≤ X2 ≤ . . . holds, in which case
we can define all birth times as Xk = inf{t ≥ 0 : ξ([0, t]) ≥ k}, k ∈ N. Notice
that all birth times are random variables taking values in [0,∞] satisfying Xk →∞
as k → ∞. The event {Xk = ∞} means that the k-th child is never born, so the
ancestor has strictly less than k children. The multi-type general branching process
is now obtained in that each child of the ancestor produce children according to
independent copies of the point process ξ who in turn reproduce children according
to further independent copies of ξ, and so on.

To formalize this, we introduce the usual Ulam-Harris notation. Let N0 := {∅}
be the set that contains only the empty tuple and N the set of natural numbers.
Then we write I := ⋃

n∈N0 Nn for the infinite Ulam-Harris tree comprising all finite
tuples of natural numbers.

∅

1

11

111 112

12

121 122

13

131 132

2

21

211 212

22

221 222

23

231 232

3

31

311 312

32

321 322

33

331 332

Figure 2.1: A part of the Ulam-Harris tree.

Now the individuals of the process can be embedded in the Ulam-Harris tree
as follows: The ancestor corresponds to the element N0 := {∅}, its children are
elements in N1, its grandchildren are elements in N2, and so on. In this context, the
Ulam-Harris tree can be seen as the set of all potential individuals. Each individual
u ∈ I may be labelled by strings in the Ulam-Harris tree. This strings correspond
to the ancestral line which is represented as

∅→ u1 → u1u2 → ...→ u1...un = u,
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where u1 is the u1-th child of the ancestor, u1u2 is the u2-th child of u1, and so on.
In this situation, we write |u| = n, interpreting n as the generation of the individual
u ∈ I. If, additionally, v = v1 . . . vm ∈ I, then we write uv for u1 . . . unv1 . . . vm.
For any u ∈ I and i ∈ N, ui is the i-th child of u and we refer to u as the mother
of ui. More generally, we write u � v if uw = v holds for some w ∈ I, and call u
an ancestor of v. Conversely, in this case, v is a descendant of u. Furthermore, we
write u ≺ v if u � v, but u 6= v. We use u|k to denote, for u = u1...un and k ≤ n,
the ancestor of u in generation k. Formally, u|k arises by restricting u to its first k
components, i.e.:

u|k =


∅ if k = 0,
u1...uk if 1 ≤ k ≤ |u|,
u if k > |u|.

Furthermore, it is possible to make shifts in the infinite Ulam-Harris tree and
consider the trees rooted at a specific individual u ∈ I. For instance, let ξu =
(ξi,ju )i,j∈[ p ] and ζu = (ζ iu)i∈[ p ], u ∈ I \ {∅} be families of i. i. d. copies of ξ =: ξ∅ and
ζ =: ζ∅ . If individual u is of type i, then the offspring process

ξi,ju =
N i,j
u∑

k=1
δXi,j

u,k
,

i, j ∈ [ p ] determines the birth times of children of type j of u and, correspondingly,
N i,j
u denotes the total number of children of type j of u. Therefore, the vector

ξiu =
p∑
j=1

ξi,ju ej

contains all offspring processes of individual u. With this notation we formally set

X i,j
u,k := inf{t ≥ 0 : ξi,ju ([0, t]) ≥ k}

where inf ∅ := ∞ is stipulated. Thus, X i,j
u,k = ∞ means that if individual u has

type i, then it has strictly less than k children of type j, respectively.
We suppose that (Ω,A,P) is a probability space on which all ξu, u ∈ I are

defined and i. i. d. and independent of τ(∅), the random variable that gives the
ancestor’s type. We write Pi if the ancestor’s type is i ∈ [ p ] and denote the
associated expected value operators by E and Ei, respectively.

In this process, the generation 0 is given by G0 := {∅}. Further, the children of
the ancestor form the first generation G1 of the process, which is given by

G1 := {k ∈ N : Xk <∞} ⊆ N.

Each individual k ∈ G1 has a unique type from the type space [ p ] that we denote by
τ(k). Now, recursively, suppose that we have constructed Gn, the n-th generation
of the process and that u ∈ Gn. Then u has a unique type τ(u) ∈ [ p ] and we set

ξu := |ξτ(u)
u |1 =

Nu∑
k=1

δXu,k
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where Xu,k = inf{t ≥ 0 : ξu([0, t]) ≥ k}, k ∈ N and Nu = ξu([0,∞)). We then define

Gn+1 := {uk ∈ I : u ∈ Gn and Xu,k <∞}.

The set of all individuals that are ever born is the family tree T := ⋃
n∈N0 Gn. Each

individual u ∈ T has a clearly defined type τ(u) ∈ [ p ] and a time of birth S(u),
namely,

S(u) =
|u|∑
k=1

Xu|k−1,uk

where u = u1 . . . u|u|. Notice that S(u) = ∞ means u /∈ T . If we define ζu := ζτ(u)
u

as the lifetime of u, then u is alive at time t if S(u) ≤ t < S(u) + ζu is fulfilled,
i.e. if u is born, but not yet dead at time t. Provided that S(u) ≤ t, the age
of u at time t is t − S(u). In particular, the children of u are born at the times
S(u1) = S(u) + Xu,1, S(u2) = S(u) + Xu,2, . . . S(uNu) = S(u) + Xu,Nu . For t ≥ 0
and j ∈ [ p ], define

Zjt :=
∑
u∈T

1{j}(τ(u))1[0,ζu)(t− S(u)) (2.3)

where 1(·) denotes the indicator function, i.e., Zjt is the number of individuals of
type j alive at time t. Now write

Zt := (Z1
t . . .Z

p
t )

for the associated row vector. Then (Zt)t≥0 is the multi-type general branching
process.

It should be noted that the process (Zt)t≥0 is merely a series of counts that takes
into account only one particular property of the individuals, namely whether they
are alive or not at time t. In this context, we can generalize the process by replacing
the indicator functions in Equation (2.3) to perform counts that are based on other
aspects of the individuals. Therefore, we focus on multi-type general branching pro-
cesses counted with a random characteristic. This natural generalization is defined
by the following construction. We assume a product-measurable, separable random
characteristic ϕu = (ϕ1

u, . . . , ϕ
p
u)T : Ω × R → Rp×1 (taking values in the space of

p-dimensional real column vectors) such that (ξu, ζu) are i. i. d. for u ∈ I and the
ϕu are identically distributed. Further, we assume that for every n ∈ N, the ϕu,
|u| = n are independent and independent of the (ξu, ζu), |u| < n. These assump-
tions are satisfied, for instance, when the (ξu, ζu, ϕu), u ∈ I are i. i. d. However,
our assumption is weaker and allows ϕu to be a function of the (ξuv, ζuv), v ∈ I.
The multi-type general branching process counted with a random characteristic ϕ
is defined via

Zϕt :=
∑
u∈T

eτ(u)ϕu(t− S(u)), t ∈ R. (2.4)

Clearly, any individual u is weighted at its age by the characteristic ϕu.
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Example 2.2.1 (Some special characteristics)k1 Set f := 1[0,∞). An important characteristic that will appear frequently through-
out this work is the characteristic fj := feT

j . In this case, Zfjt gives the number
of all individuals of type j born up to and including time t. This quantity
we denote by N j

t and set Nt := (N1
t , . . . , N

p
t ) for its corresponding row vector.

Notice that we can write

Nt = (N1
t , . . . , N

p
t )

=
(∑
u∈I

eτ(u)1[0,∞)(t− S(u))eT
1 , . . . ,

∑
u∈I

eτ(u)1[0,∞)(t− S(u))eT
p

)
=
∑
u∈I

1[0,∞)(t− S(u))(eτ(u)eT
1 , . . . , eτ(u)eT

p )

=
∑
u∈I

1[0,∞)(t− S(u))eτ(u),

and, the function t→ Nt is non-decreasing, for t ∈ R.k2 For ϕu = 1[0,ζiu)eT
j we get Zϕt = Zjt , i.e. the number of all individuals of type j

alive at time t. This example also illustrates that introducing a general score ϕ
indeed generalizes the multi-type general branching process.

k3 Fix a number a > 0. If we choose ϕu = 1[0,a∧ζju)eT
j , then Z

ϕ
t gives the number

of all individuals of type j alive and younger than a at time t.

As one may see, the setup covers a wide range of possible applications, as different
choices of ϕ result in different counts.

In the subsequent stages of this work, specifically when deriving the martingales,
it will be necessary to define characteristics of higher dimensions. Therefore, we will
introduce an appropriate definition for such higher dimensional characteristics in
order to ensure a clear and rigorous framework for their application. To this end,
consider a product-measurable, separable random characteristic ϕu : Ω×R→ Rdp×p
(taking values in the space of dp×p dimensional real matrices) such that the (ξu, ζu),
u ∈ I are i. i. d. and the ϕu are identically distributed. As before, we assume
throughout that for every n ∈ N, the ϕu, |u| = n are independent and independent
of the (ξu, ζu), |u| < n. Then, the multi-type general branching process counted
with a random characteristic ϕ is defined via

Zϕt :=
∑
u∈T

(Id ⊗ eτ(u))ϕu(t− S(u)), t ∈ R, (2.5)

where ⊗ denotes the Kronecker product as introduced in Section 2.1.4. Notably, Zϕt
forms a d× p matrix.
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2.2.1 Intensity Measures and Their Laplace Transforms

For all types i, j ∈ [ p ] in the multi-type general branching process, we define

µi,j(B) := E[ξi,j(B)], B ⊆ [0,∞) Borel set

and µi := ∑p
j=1 µ

i,jej = E[ξi] as the intensity measures of ξi,j and ξi, respectively.
In this context, we apply the expectations E[·] and Ei[·] componentwise to vectors
and matrices such that the matrix of intensity measures is constructed by

µ := E[ξ] =


E[ξ1]
...

E[ξp]

 =


µ1

...
µp

 =


µ1,1 µ1,2 · · · µ1,p

µ2,1 µ2,2 · · · µ2,p

... . . . . . . ...
µp,1 µp,2 · · · µp,p

 .

By applying the Laplace operator L componentwise to vectors and matrices of
intensity measures, i.e.

Lµi,j(θ) :=
∫
e−θx µi,j(dx) = Ei

[
N∑
k=1

1{τ(k)=j}e
−θXk

]
,

we obtain the p × p -matrix Lµ(θ) = (Lµi,j(θ))i,j∈[ p ]. For i, j ∈ [ p ], Lµi,j(θ) gives
the expected number of children born at exponentially distributed times. Notice
that Lµi,j, for i, j ∈ [ p ], is logarithmic convex, since µi,j is a nonnegative measure,
cf. Section A.4. With this notation,

Lµ(0) = (Lµi,j(0))i,j∈[ p ] =
(

Ei

[
N∑
k=1

1{τ(k)=j}

])
i,j∈[ p ]

= (Ei[N i,j])i,j∈[ p ])

is the matrix of total masses, which may have infinite entries as well.

2.2.2 Recursive Decomposition

In the present section, we derive the basic recursive decomposition of the multi-type
(general) Crump-Mode-Jagers branching process. This fundamental representation
is an rearrangement of the summands in (2.4) by decomposing the process in the first
generation. Since the decomposition will only be required for Nt within this study,
we will derive it only for this particular case. Therefore, recall that N j

t is the number
of individuals of type j born up to and including time t and that Nt = (N1

t , . . . , N
p
t )
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is its corresponding row vector. If the ancestor has type i ∈ [ p ], then

Nt =
∑
u∈I

1[0,∞)(t− S(u))eτ(u)

= 1[0,∞)(t)ei +
N∑
k=1

∑
u∈I

1[0,∞)(t− S(ku))eτ(ku)

= 1[0,∞)(t)ei +
N∑
k=1

∑
u∈I

1[0,∞)(t− S(k)− Sk(u))eτ(ku)

= 1[0,∞)(t)ei +
N∑
k=1

Nk,t−S(k). (2.6)

Here, Sk(u) = Xk,u1 + Xku1,u2 + . . . + Xku1...un−1,un for u = u1 . . . un ∈ I, i.e., Sk(u)
represents the birth time of individual u but with k as its ancestor. Moreover, the
random variables (Nk,t)t≥0 are independent copies of (Nt)t≥0 obtained when k is the
ancestor. This implies that Nt, the vector of individuals at time t, can be expressed
as a sum of independent random variables, as shown in (2.6). In analogy to [IKM24,
Equation (6.7)], taking expectations in (2.6) yields

mi
t := Ei[Nt] = Ei

[
1[0,∞)(t) ei +

N∑
k=1

Nk,t−S(k)

]

= 1[0,∞)(t) ei + Ei

[
N∑
k=1

Nk,t−S(k)

]

= 1[0,∞)(t) ei +
p∑
j=1

∫
mj
t−x µ

i,j(dx)

= 1[0,∞)(t) ei +
p∑
j=1

mj ∗ µi,j(t) (2.7)

for t ∈ R. It should be noted that (2.7) represents the Markov renewal equation as
described in [Jag75, Equation (5.2.1)]. In particular, with M(t) = (mi,j

t )i,j∈[ p ] :=
(Ei[N j

t ])i,j∈[ p ], we can express (2.7) in matrix notation as

M(t) = 1[0,∞)(t)Ip + µ ∗M(t), t ∈ R. (2.8)

Here, our objective is to determine the asymptotic expansion of M(t), i.e. the
expected number of individuals born up to and including time t, as t→∞.

Since M(t) solves the multidimensional Markov renewal equation, it is advanta-
geous to temporarily step away from the context of multi-type branching processes
and focus on solutions to multidimensional Markov renewal equations in general.
Consequently, we will proceed by investigating the asymptotic expansion of solu-
tions to multidimensional Markov renewal equations in a general framework, which
will yield the desired result to our application.





3 | Asymptotic Expansion of
Solutions to Markov Renewal
Equations

This chapter focuses on deriving the asymptotic expansion for the solution F to
the Markov renewal equation F (t) = f(t) + µ ∗ F (t) for vector-valued functions
f, F : R → Rp and a p × p matrix µ = (µi,j)i,j∈[ p ] of locally finite measures on the
positive half-line [0,∞).

In 2002, M. S. Sgibnev established an asymptotic expansion for the solution F to
this equation, as detailed in [Sgi02]. His proof relies on a representation theorem for
homomorphisms on a specific Banach algebra, which may go beyond the usual prior
knowledge of readers from the probability community. Therefore, the aim of this
chapter is to offer a more accessible framework for researchers in probability and to
provide a more elementary proof of Sgibnev’s result, primarily based on fundamental
results about Laplace transforms and complex analysis.

We commence our analysis by introducing the multidimensional Markov renewal
equation and formulating conditions in order to ensure the existence and uniqueness
of solutions F . In this context, the spectral radius of µ plays a crucial role, and
thus we will first investigate its properties to build a foundation for the subsequent
discussion. Following this, we turn our attention to the characteristic equation
det(Ip − Lµ(z)) = 0 for z ∈ C, and more precisely, to its solutions, denoted by λ.
These solutions are intimately connected to the asymptotic expansion of solutions
to Markov renewal equations. In many applications, a maximal real solution α
exists, which is of particular interest as it determines the leading order term in the
asymptotic expansion.

Subsequently, we proceed by a discussion of the (technical) assumptions we use
in our work and a comparison to those presented in the literature, particularly
with Sgibnev’s assumptions, see [Sgi02, Theorem 3]. With this, we derive our first
main result, Theorem 3.12, which provides the asymptotic expansion for the renewal
measureU := ∑∞

n=0µ
∗n, one of the prime examples of a solution to a Markov renewal

equation. Here, we treat the lattice and non-lattice case separately, depending on
whether µ is concentrated on a grid hZ, for h > 0, or not, as different mathematical
tools are required for each. Building on this, we derive our second main result,
Theorem 3.16, an expansion for solutions F to Markov renewal equations in general.

21
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Finally, we apply the asymptotic expansion to multi-type general branching pro-
cesses, which, due to the classical recursive decomposition of the process in the first
generation, satisfy a Markov renewal equation.

3.1 Markov Renewal Equations

The investigation of Markov renewal equations of the form

F (t) = f(t) + µ ∗ F (t) = f(t) +
∫ ∞

0
µ(dx)F (t− x) (3.1)

for vector-valued functions f, F : R→ Rp×1 and a p× p matrix

µ =


µ1,1 µ1,2 · · · µ1,p

µ2,1 µ2,2 · · · µ2,p

... . . . . . . ...
µp,1 µp,2 · · · µp,p


of locally finite measures µi,j on [0,∞), i, j ∈ [ p ], was originally motivated by their
natural occurrence in the theory of multi-type branching processes, as discussed in
[BC63] or [Cru70a]. In this context, the function f is given while F is the solution
to the Equation (3.1). Here, the convolution of the vector-valued function F and
the p× p matrix of measures µ is the column vector whose i-th entry is given by

(µ ∗ F )i(t) =
p∑
j=1

∫ ∞
0

Fj(t− x)µi,j(dx), i ∈ [ p ].

If we define µ∗0(t) = 1[0,∞)(t)Ip, where Ip denotes the p × p identity matrix,
µ∗1(t) = µ(t) and recursively, µ∗n(t) = µ∗n−1 ∗ µ(t), then the Markov renewal
function is given by U(t) = ∑∞

n=0µ
∗n(t). In fact, the Markov renewal function is a

key example for a solution to a Markov renewal equation, namely,

U(t) =
∞∑
n=0
µ∗n(t) = µ∗0(t) + µ ∗

∞∑
n=1
µ∗n−1(t) = 1[0,∞)(t)Ip + µ ∗U(t) (3.2)

for any t ≥ 0.

3.1.1 The Lattice Type

In renewal theory, a fundamental distinction is made based on whether the measures
µi,j, i, j ∈ [ p ] are concentrated on a grid, i.e., on integer multiples of a fixed number,
or not. This classification gives rise to separate limit theorems for the so-called
lattice and non-lattice case. Similarly, in this work, we consistently distinguish
between these two cases and determine the asymptotic expansions in both.k1 We say that the process is lattice if, for some h > 0, the measure µi,j is concen-

trated on a set of points hZ for every i, j ∈ [ p ].
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k2 Otherwise, we refer to the process as non-lattice if for all h > 0 and h1, ..., hp ∈
[0, h), µi,j((hj − hi + hZ)c) > 0 is satisfied for some i, j ∈ [ p ].

In the lattice case, we assume without loss of generality that h = 1 is maximal with
the property that all the µi,j, i, j ∈ [ p ] are concentrated on hZ. The general lattice
case can be reduced to this one by scaling. In both cases, we write G for the minimal
closed additive subgroup of R on which all the µi,j are concentrated. Hence, G = Z
in the lattice case and G = R in the non-lattice case.

3.2 Existence and Uniqueness of Solutions

A classical result ensuring the existence and uniqueness of solutions F to the Equa-
tion (3.1) in the single-type case, i.e. in the case p = 1, is well-established in the
literature, as detailed in [Res92, Theorem 3.5.1]. This result relies on the assump-
tions that µ(0) < 1, f vanishes on the negative half-line, and is locally bounded,
meaning it is bounded on compact intervals. For the multi-type case, existence
and uniqueness are addressed in [Cru70a] for the irreducible case and are implicitly
covered in [Cru70b] for the reducible case. For the sake of completeness and the
reader’s convenience, we will derive the basic existence and uniqueness result in the
multi-type case and outline the proof below.

Here, similar conditions apply, but rather than considering µ(0), which would
be the first natural conjecture, we instead focus on its spectral radius ρµ(0). Since
µ and its Laplace transform Lµ are connected due to the identities

Lµ(0) = µ(∞),

Lµ(∞) = µ(0) +
∫

lim
θ→∞

e−θxµ(dx) = µ(0), (3.3)

it is reasonable to begin by analyzing the spectral radius of Lµ(z), for z ∈ C. Recall
that Lµ = (Lµi,j)i,j∈[ p ] meaning that the Laplace transform is applied component-
wise. Whenever Lµi,j(θ) <∞ for some θ ∈ R, we can define the Laplace transform
Lµi,j in the half-space {z ∈ C : Re(z) ≥ θ} since for any z from this space, the
integral Lµi,j(z) =

∫
e−zx µi,j(dx) converges absolutely. Hence, we define

D(Lµ) :=
{
z ∈ C :

∫
e−Re(z)x µi,j(dx) <∞ ∀i, j ∈ [ p ]

}

as the domain of Lµ. In general, D(Lµ) is either empty, a half-space, or C. Further,
we denote by ϑ0 ∈ R the first point on the real line where the matrix Lµ is finite,
i.e.,

ϑ0 := inf
{
θ ∈ R :

∫
e−θx µi,j(dx) <∞ ∀i, j ∈ [ p ]

}
∈ R ∪ {−∞,∞}.

Here, the infimum of the empty set is defined to be∞ and inf R = −∞ is stipulated.
We write D(Lµ)◦ for the interior of D(Lµ) and infer that D(Lµ)◦ = (ϑ0,∞) + iR.
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Throughout the thesis, we make the basic assumption that the domain of the finite-
ness of the Laplace transform Lµ is non-empty.

Assumption (A1)

There exists a ϑ ∈ D(Lµ)◦ ∩ R, i.e.

Lµi,j(ϑ) =
∫
e−ϑx µi,j(dx) = E

[
N i,j∑
k=1

e−ϑX
i,j
k

]
<∞ (3.4)

for all i, j ∈ [ p ]. In other words, ϑ0 = inf{D(Lµ) ∩ R} <∞ and ϑ0 < ϑ.

Returning to the spectral radius of Lµ(z), for z ∈ C, we may define the function

% : D(Lµ)→ [0,∞), z 7→ %(z) := ρLµ(z).

To some extent, the function % plays the role that the Laplace transform of the in-
tensity measure Lµ plays in the single-type case. We continue with a brief summary
of properties of %.

Proposition 3.1 [Properties of the spectral radius of Lµ]
Suppose that (A1) holds.
k1 The function %|D(Lµ)∩R : D(Lµ) ∩ R → [0,∞) is logarithmic convex and

continuous.k2 limθ→∞ %(θ) = ρµ(0).k3 The function %|D(Lµ)∩R : D(Lµ)∩R→ [0,∞) is strictly decreasing on the
set {θ ∈ D(Lµ) ∩ R : %(θ) > ρµ(0)}.k4 For every z ∈ D(Lµ), we have %(z) ≤ %(Re(z)).

Proof of Proposition 3.1.k1 Recall that each entry of Lµ(θ), θ ∈ D(Lµ)∩R is logarithmic convex since µi,j is
a nonnegative measure for every i, j ∈ [ p ]. Consequently, the logarithmic convexity
of %|D(Lµ)∩R follows from the main theorem of [Kingman1961], which states that the
spectral radius ρM of a square matrix M is logarithmic convex if each entry of M
is logarithmic convex. In particular, %|D(Lµ)∩R is convex since logarithmic convexity
implies convexity. The continuity on the interior of the domain of %|D(Lµ)∩R follows
by convexity, but we claim continuity one the entire domain, which may contain
the left boundary point. However, the continuity on the entire domain follows from
Lemma A.7.
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k2 As mentioned before, Lµi,j(θ) → µi,j(0) as θ → ∞ for every i, j ∈ [ p ]. Hence,
Lµ(θ) → µ(0) as θ → ∞. We may thus extend the function % to ∞ by setting
%(∞) := ρµ(0). Lemma A.7 still applies and yields that the extended % is continuous
on D(Lµ) ∩ R. We conclude

%(θ) = ρLµ(θ) → ρµ(0) as θ →∞.

k3 That % is decreasing again follows from Lemma A.7. Consequently, if % is not
strictly decreasing on an interval, it is constant there. Let I = [i1, i2] ⊆ R be an
interval on which % is constant. Since %(θ) → ρµ(0) as θ → ∞, %(θ), there must
exist an interval [i3, i4] with i2 < i3 on which %(θ) is strictly decreasing. However,
we can exclude this case, because otherwise the function is no longer convex in the
area [i1, i4]. Hence, by the first part of this proposition and convexity, % must be
strictly decreasing on the set {θ ∈ D(Lµ) ∩ R : %(θ) > ρµ(0)}.k4 follows from Lemma A.3.

Having discussed some of the key properties of the function %, we shall now
return to our previous question, namely, under which conditions the existence and
uniqueness of solutions F to the multidimensional Markov renewal equation (3.1)
holds. To this end, it is essential to make the following crucial assumption:

Assumption (A2)

The spectral radius ρµ(0) of the matrix µ(0) = (µi,j(0))i,j∈[ p ] satisfies ρµ(0) < 1.

Notice that (A2) implies %(θ) = ρLµ(θ) < 1 for all sufficiently large θ by Proposition
3.1.

1

θ

%|D(Lµ)∩R

∞

ϑ0

1

θ

%|D(Lµ)∩R

∞

ϑ0

Figure 3.1: Possible behavior of the function %|D(Lµ)∩R under assumptions (A1) and
(A2).
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Proposition 3.2 [Existence and uniqueness of solutions F]
Let µ = (µi,j)i,j∈[ p ] be a p × p matrix of locally finite measures on [0,∞)
satisfying (A2). Further, let U = ∑∞

n=0µ
∗n be the associated Markov renewal

measure. Then the following assertions hold true:
k1 The Markov renewal function U(t) is finite at every t ≥ 0.k2 If, additionally, (A1) holds, then, for any sufficiently large θ ∈ D(Lµ),

we have ρ(Lµ(θ)) < 1 and for any such θ, it holds that U i,j(t) = o(eθt) as
t→∞ for all i, j ∈ [ p ].k3 Let f = (f1, . . . , fp)T be such that each fi is a locally bounded and vanishes
on the negative half-line, for i ∈ [ p ]. Then there is a unique locally finite
solution F : R→ Rp to the Markov renewal equation (3.1), namely,

F (t) = U ∗ f(t), t ∈ R. (3.5)

Proof of Proposition 3.2.k1 The case where (A2) holds but (A1) is violated can be reduced to the case where
(A1) and (A2) hold. Indeed, fix t > 0 and replace µ(·) by µt(·) := µ(· ∩ [0, t]). The
Laplace transform of µt(·) is finite everywhere and the associated Markov renewal
measure coincides with U on [0, t]. In particular, U(t) is finite by assertion k2 .

k2 By assumption (A1), Lµ(ϑ) has finite entries only, for some ϑ ∈ R. Recall from
Proposition 3.1 that ρLµ(θ) → ρµ(0) < 1 as θ → ∞, where the last inequality is
guaranteed by (A2). Fix some θ ∈ R with ρLµ(θ) < 1. Then

LU(θ) =
∞∑
n=0

(Lµ)∗n(θ) =
∞∑
n=0
Lµ(θ)n = (Ip − Lµ(θ))−1, (3.6)

which is a finite matrix by Lemma A.2. Consequently, Lemma B.1 gives U(t) =
o(eθt) as t→∞ (coordinatewise).

k3 The assertion that F , as defined in (3.5), is a solution to (3.1) can be derived
from the proof of [Res92, Theorem 3.5.1]. This follows from the associativity of
matrix convolution and the Markov renewal equation for the Markov renewal mea-
sure U . The local finiteness of F follows from the first part of Proposition 3.2 since
the convolution of a locally finite function supported on [0,∞) with a locally finite
measure is locally finite. The uniqueness can be obtained directly from the proof
of [Cru70a, Theorem 2.1]. Although the cited theorem covers only the irreducible
case, the proof also works without this assumption.
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3.3 Roots of the Characteristic Equation

As previously mentioned, it is a reasonable approach to use Laplace transforms in
order to investigate Equation (3.1) since the convolution term µ∗F can be replaced
by a product using the convolution theorem for Laplace transforms, see [Mil71,
Section 2.4]. In fact, applying the Laplace transform to both sides in (3.1), we
obtain

LF (z) = Lf(z) + Lµ(z)LF (z) = (Ip − Lµ(z))−1Lf(z), (3.7)

provided that (Ip − Lµ(z)) is invertible, i.e. det(Ip − Lµ(z)) 6= 0. As discussed
in the work of R. Bellman and K. L. Cooke [BC63], this observation leads to the
conclusion that the asymptotic behavior of Fi(t) is determined by the solutions of
the characteristic equation

det(Ip − Lµ(λ)) = 0, λ ∈ D(Lµ) (3.8)

and their multiplicities kλ ∈ N. Under certain regularity conditions, K. S. Crump
established in [Cru70a] that Fi(t) ∼ Cie

αt when µ(∞) is irreducible. Here, Ci is
a constant, and α is the Perron-Frobenius eigenvalue such that ρ(Lµ(α)) = 1. In
[Cru70b] the irreducibility condition is dropped, resulting in Fi(t) ∼ Cit

rieαit, where
Ci, ri and αi are constants.

Building on this, we extend the analysis of the solutions to the characteristic
equation (3.8) since they are closely related to the asymptotic expansion of solutions
Fi(t) to (3.1) as t → ∞. Notably, if λ satisfies (3.8), then the matrix Lµ(λ) has
eigenvalue 1, which implies %(λ) ≥ 1. Here and throughout our work, we denote by
Λ the set of all solutions of (3.8), i.e.,

Λ := {λ ∈ D(Lµ) : det(Ip − Lµ(λ)) = 0}

in the non-lattice case, and

Λ := {λ = θ + iη ∈ D(Lµ) : −π < η ≤ π and det(Ip − Lµ(λ)) = 0}

in the lattice case. It should be noted that Λ is a closed subset of D(Lµ) since the
determinant is a continuous functional on Cp×p equipped with the matrix norm.

Whenever det(Ip −Lµ(z)) 6= 0, we can invert the p× p matrix Ip −Lµ(z) using
the formula

(Ip − Lµ(z))−1 = 1
det(Ip − Lµ(z)) adj(Ip − Lµ(z)), (3.9)

where adj(A) denotes the adjoint of the matrixA. This matrix is defined as transpose
of the cofactor matrix of A, where each entry of the cofactor matrix is computed as
the determinant of the submatrix obtained by deleting the corresponding row and
column from A. Returning to (3.9), each entry of (Ip − Lµ(z))−1 has a pole with
multiplicity at most the multiplicity of the zero of det(Ip − Lµ(z)) at z = λ. Write
kλ ∈ N for the maximal multiplicity of the poles of the entries of (Ip − Lµ(z))−1 at
λ ∈ Λ. For completeness, we set kz = 0 for z 6∈ Λ.
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3.3.1 The Malthusian Parameter

In many applications, the set Λ will contain a real root and in fact even a maximal
such root. More precisely, we call a root α ∈ Λ∩RMalthusian parameter if %(α) = 1.

If we work in the positive or irreducible case, i.e., if µ is a positive or irreducible
matrix, then Perron-Frobenius theory guarantees the existence, uniqueness and sim-
plicity of the Malthusian parameter α, which corresponds to the Perron-Frobenius
eigenvalue. In the general case, the Malthusian parameter may not necessarily ex-
ist. However, if it does, it represents the largest root in Λ ∩ R and determines the
leading-order term in the asymptotic expansion of Fi(t) as t → ∞. In the con-
text of branching processes, this corresponds to the maximum exponential growth
rate of the expected population size. Moreover, in the general case, the Malthusian
parameter does not necessarily have to be a simple solution of (3.8).

In this subsection, we will discuss the relevant properties, beginning with an
examination of the existence of the Malthusian parameter in the general case. Pro-
vided that the assumptions (A1) and (A2) are satisfied, the existence of a Malthusian
parameter will be ensured by the following condition:

Assumption (A3)

There exists ϑ ∈ D(Lµ)◦ ∩ R with 1 ≤ %(ϑ) <∞.

Consequently, reviewing Figure 3.1, it becomes evident that assumption (A3) ex-
cludes the second plot of %|D(Lµ)∩R, leading to the existence of some α ∈ R with
%(α) = 1.

1

θ

%|D(Lµ)∩R

∞

ϑ0 α

Figure 3.2: Behavior of the function %|D(Lµ)∩R under assumption (A3).

In particular, the same symbol ϑ is used in (A1) and (A3) since if both assump-
tions hold, then we can and do assume without loss of generality that the parameters
ϑ in (A1) and (A3) are identical.

Next, we formulate sufficient conditions for the existence, uniqueness and sim-
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plicity of the Malthusian parameter in the general case.

Proposition 3.3 [Existence and uniqueness of the Malthusian parameter]
Suppose that (A1) and (A2) hold.
k1 There exists at most one α ∈ R with %(α) = 1.k2 If (A3) holds, then there exists a Malthusian parameter α and Re(λ) ≤ α

for every λ ∈ Λ.k3 Condition (A3) is necessary for Λ to be non-empty.k4 In the primitive case, if α ∈ D(Lµ)o, then α is a simple root of det(Ip −
Lµ(z)) = 0 and Re(λ) < α for every λ ∈ Λ \ {α}.

Proof of Proposition 3.3.
Assume that (A1) and (A2) hold, i.e., Lµ(ϑ) has finite entries only for some ϑ ∈ R
and ρµ(0) < 1.k1 Suppose there is some α ∈ Λ ∩ R with %(α) = 1. By (A2) and Proposition 3.1,
we have α ∈ {θ ∈ D(Lµ)∩R : %(θ) > ρµ(0)} and, therefore, that %|D(Lµ)∩R is strictly
decreasing in a neighborhood of α. In particular, α is unique with the property
%(α) = 1.k2 Now suppose that additionally (A3) holds, i.e., there is ϑ ∈ R with 1 ≤
%(ϑ) < ∞. Again, by Proposition 3.1, %|D(Lµ)∩R is continuous and decreasing with
limθ→∞ %(θ) = ρµ(0) < 1, so by the intermediate value theorem there exists an
α ≥ ϑ with %(α) = 1. Thus, the matrix Lµ(α) has eigenvalue 1 and, therefore,
det(Ip − Lµ(α)) = 0, i.e., α ∈ Λ ∩ R.

Furthermore, for every λ ∈ Λ \ {α}, it holds

%(α) = 1 ≤ %(λ) ≤ %(Re(λ))

by Proposition 3.1. It follows that Re(λ) ∈ {θ ∈ D(Lµ) ∩ R : %(θ) > ρµ(0)} and,
that %|D(Lµ)∩R is strictly decreasing in a neighborhood of Re(λ) by Proposition 3.1.
Consequently, we conclude Re(λ) < α.k3 If the set Λ is non-empty, then there exists λ ∈ D(Lµ) with det(Ip−Lµ(λ)) = 0.
Thus, the matrix Lµ(λ) has eigenvalue 1 and, consequently, %(λ) ≥ 1. Since %(λ) ≤
%(Re(λ)) holds by Proposition 3.1, we can set ϑ = %(Re(λ)) to find that %(ϑ) ≥ 1
and assumption (A3) holds.k4 Suppose that µ is primitive. Let θ > α. Then %(θ) < 1 and is the Perron-
Frobenius eigenvalue of Lµ(θ). By Lemma A.1, there exists a unique eigenvector vθ
associated with the eigenvalue %(θ) of Lµ(θ) with positive entries only and |vθ| = 1.
Moreover, Lemma A.1 yields that θ 7→ vθ is continuous. In particular, all entries
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of vθ are bounded away from 0 in a right neighborhood [α, α + ε] of α and for any
given vector y ∈ Rd≥, we can find a finite constant c > 0 such that y ≤ cvθ for every
θ ∈ [α, α + ε]. For α < θ ≤ α + ε, using Lemma A.2, we infer

(θ − α)(Ip − Lµ(θ))−1y = (θ − α)
∞∑
n=0
Lµ(θ)ny ≤ c(θ − α)

∞∑
n=0
Lµ(θ)nvθ

= c(θ − α)
∞∑
n=0

%(θ)nvθ = c
θ − α

1− %(θ)vθ ≤
cε

1− %(α + ε)vθ

by the convexity of %, which remains bounded θ ↓ α. Therefore, (Ip − Lµ(θ))−1y ∼
C 1
θ−αvθ and, consequently, α is a pole of order one of (Ip − Lµ(z))−1.

In particular, if we set

Λθ := {λ ∈ Λ : Re(λ) > θ},

then Proposition 3.3 states that the Malthusian parameter, provided that it exists,
represents the maximal real root in Λ, which implies that Λα is empty.

3.3.2 Examples

In order to enhance our comprehension of the solutions λ ∈ Λ and, in particular,
the Malthusian parameter α, we will discuss some relevant examples. First, we
present an example demonstrating that we have not excluded the possibility that the
solutions λ ∈ Λ can be located on the negative half-spaceH0 := {z ∈ C : Re(z) < 0}.

Example 3.4 Let p = 2 and suppose that ξ1,1 is a Poisson point process on [0,∞)
with intensity measure g(x)dx where

g(x) = 1(0,∞)(x)b
axa−1

Γ(a) e−bx, x ∈ R, (3.10)

is the density of the Gamma distribution with parameters a, b > 0 with Γ(a) =∫∞
0 xa−1e−xdx denoting the gamma function for any a > 0. In this situation, we
choose a = b = 1. Further, ξ1,2, ξ2,1 and ξ2,2 are homogeneous Poisson point
processes on [0,∞) with rate 1

2 . We infer

µ(dx) =
1(0,∞)(x)e−x 1

2x

1
2x

1
2x

 .
Since

Lµ1,1(z) =
∫ ∞

0
e−zxµ1,1(dx) =

∫ ∞
0

1(0,∞)(x)e−xe−zxdx =
∫ ∞

0
e−x(1+z)dx = 1

1 + z
,
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and,

Lµ1,2(z) = Lµ2,1(z) = Lµ2,2(z) =
∫ ∞

0

1
2e
−zxdx = 1

2z ,

we conclude

Lµ(z) =
 1

1+z
1
2z

1
2z

1
2z

 .
Thus, we derive the characteristic equation

det(I2 − Lµ(z)) = det
1− 1

1+z − 1
2z

− 1
2z 1− 1

2z

 =
(

1− 1
1 + z

)(
1− 1

2z

)
− 1

4z2 .

The solutions of det(I2 − Lµ(z)) = 0 are given by Λ = {−1
4 −

√
3

4 i,−1
4 +

√
3

4 i, 1}.

Re(z)

Im(z)

1
−1

4 −
√

3
4 i

−1
4 +

√
3

4 i

Figure 3.3: The solutions Λ = {1,−1
4 −

√
3

4 i,−1
4 +

√
3

4 i}.

Here, the Malthusian parameter α corresponds to the root 1 as it is the only solution
in Λ ∩ R. In order to determine %|D(Lµ)∩R, we need to consider the spectral radius
ρLµ(θ), θ ∈ R, which corresponds to the largest solution of

det(λI2 − Lµ(θ)) = det
λ− 1

1+θ − 1
2θ

− 1
2θ λ− 1

2θ

 =
(
λ− 1

1 + θ

)(
λ− 1

2θ

)
− 1

4θ2 = 0.

We conclude

λ1,2 = 1
4

(
1
θ

+ 2
1 + θ

±
√

5 + 6θ + 5θ2

θ(1 + θ)

)
.

If θ > 0, then %(θ) = 1
4

(
1
θ

+ 2
1+θ +

√
5+6θ+5θ2

θ(1+θ)

)
. In particular, %(1) = 1 leading to

α = 1 as Malthusian parameter.
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1

1

θ

%|D(Lµ)∩R

Figure 3.4: Graph of the function %|D(Lµ)∩R with Malthusian parameter α = 1.

�

In part 2.1.3 we recalled the Perron-Frobenius theorem, which provides a de-
tailed description of the spectral radius ρM for a nonnegative primitive matrix M .
In this case, the spectral radius ρM is a simple eigenvalue with |λ| < ρM for all
eigenvalues λ ∈ σM \ {ρM} as shown in figure A.1. However, in the general case,
where the matrix of intensity measures µ is not a nonnegative primitive matrix, the
Malthusian parameter α, if it exists, is not comparable with the properties of the
Perron-Frobenius eigenvalue. Although we have shown in Proposition 3.3 that all
solutions λ ∈ Λ \ {α} satisfy Re(λ) < α, the Malthusian parameter does not repre-
sent the eigenvalue with the largest absolute value, i.e. |λ| 6< α for all λ ∈ Λ \ {α}.
Moreover, the Malthusian parameter may have multiplicity > 1. To demonstrate
this, consider the following both examples.

Example 3.5 Let p = 2 and suppose that ξ1,1 is a Poisson point process on [0,∞)
with intensity measure g(x)dx and g(x) as in (3.10), i.e., the density of the Gamma
distribution with parameters a, b > 0. Here, we choose a = 4 and b = 1. Further,
ξ1,2, ξ2,1 and ξ2,2 are homogeneous Poisson point processes on [0,∞) with rate 1

2 .
Therefore,

µ(dx) =

1(0,∞)(x)x3

3! e
−x 1

2x

1
2x

1
2x

 .
Since

Lµ1,1(z) =
∫ ∞

0
e−zxµ1,1(dx) =

∫ ∞
0

1(0,∞)(x)x
3

3! e
−xe−zxdx

= 1
3!

∫ ∞
0

x3e−x(1+z) = 1
(1 + z)4 ,

and,

Lµ1,2(z) = Lµ2,1(z) = Lµ2,2(z) =
∫ ∞

0

1
2e
−zxdx = 1

2z ,
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we infer

Lµ(z) =
 1

(1+z)4
1
2z

1
2z

1
2z

 .
Then, we derive the characteristic equation

det(I2 − Lµ(z)) = det
1− 1

(1+z)4 − 1
2z

− 1
2z 1− 1

2z

 =
(

1− 1
(1 + z)4

)(
1− 1

2z

)
− 1

4z2 .

The solutions of det(I2 − Lµ(z)) = 0 are given approximatively by

Λ ≈ {−2.01,−1.02− 1.00i,−1.024 + 1.00i,−0.135− 0.23i,−0.135 + 0.23i, 0.83}.

In this situation, the Malthusian parameter corresponds to α ≈ 0.83 and each
solution λ ∈ Λ \ {α} fulfills Re(λ) < α, but not |λ| < α as shown in the following
figure.

Re(z)

Im(z)

α

λ1

λ2

λ2

λ3

λ3

Figure 3.5: Illustration of the approximative solutions Λ with Malthusian parameter
α ≈ 0.83.

�

Example 3.6 Let p = 2 and suppose that ξ1,1 and ξ2,2 are homogeneous Poisson
point processes on [0,∞) with rate a > 0 and that ξ1,2 is a homogeneous Poisson
point process with rate b > 0. Finally, let ξ2,1 = 0. We conclude

ξ =
ξ1,1 ξ1,2

0 ξ1,1

 and, µ(dx) =
(
ax bx
0 ax

)
.

Thus, µ is not a primitive matrix since

µk(dx) =
akxk kak−1bxk

0 akxk

 � 0
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for all k ∈ N0. Furthermore,

Lµ(z) =
(
a b
0 a

)
1
z
, Re(z) > 0.

Then, we derive the characteristic equation

det(I2 − Lµ(z)) = det
1− a

z
− b
z

0 1− a
z

 =
(
1− a

z

)2
.

Notice that the only solution of det(I2 − Lµ(z)) =
(
1− a

z

)2
= 0 is a leading to

Λ = {a}. Since the spectral radius ρLµ(θ), θ ∈ R corresponds to the largest solution
of

det(λI2 − Lµ(θ)) = det
λ− a

θ
− b
θ

0 λ− a
θ

 =
(
λ− a

θ

)2
,

we conclude %(θ) = ρLµ(θ) =
∣∣∣a
θ

∣∣∣. In this case, %(a) = 1, such that a is the Malthusian
parameter, but with multiplicity 2.

�

The next example illustrates that the order of the pole λ in (Ip − Lµ(z))−1 can
be strictly smaller than the order of the zero λ of the determinant of Ip − Lµ(z).

Example 3.7 Let m : [0,∞)→ (0,∞) be the Laplace transform of a locally finite
measure on [0,∞) with 1 < m(ϑ) < ∞ for some ϑ ∈ R and limθ→∞m(θ) <
1. Consequently, this ensures the existence of some α ∈ R such that m(α) = 1.
Consider

Lµ(z) =
(
m(z) 0

0 m(z)

)
, Re(z) ≥ ϑ.

Then

det(I2 − Lµ(z)) = det
(

1−m(z) 0
0 1−m(z)

)
= (1−m(z))2.

Any root of the determinant is, therefore, a root of even multiplicity. In particular,
since m′(α) ∈ (−∞, 0), the Malthusian parameter α is a zero of the determinant
with multiplicity 2. On the other hand,

(I2 − Lµ(z))−1 =
( 1

1−m(z) 0
0 1

1−m(z)

)
=
( 1
−m′(α) 0

0 1
−m′(α)

)
(z − α)−1 +

(
h(z) 0

0 h(z)

)

where h(z) is holomorphic at z = α. In other words, (I2 − Lµ(z))−1 has a pole of
order 1 at z = α.

�
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3.4 Sgibnev’s Result

In this section, we will introduce briefly the result of M. S. Sgibnev, who, under
suitable assumptions, derived an asymptotic expansion for the solution F to (3.1)
in the non-lattice case, see [Sgi02, Theorem 3].

Let ϕ(x), x ∈ R, be a semimultiplicative function, that is a finite, positive
and Borel measurable function satisfying the conditions ϕ(x) = 1 for x ≤ 0 and
ϕ(x+ y) ≤ ϕ(x) +ϕ(y), for x, y ∈ R. Based on this, Sgibnev assumes the finiteness
of a ϕ-moment of the p×pmatrix of measures µ for some semimultiplicative function
ϕ such that ϕ(x)e−r+x is nondecreasing on [0,∞) for some r+ ≥ 0.

In addition, Sgibnev requires, in our notation, that the matrix Lµ(0) is irre-
ducible and the spectral radius of the matrix L(µ∗m)s(r+) is strictly smaller than 1
for some convolution power m ∈ N. Here and throughout this section, we denote by
νs the singular part of a measure ν on the Borel sets of [0,∞) and extend this canon-
ically to matrices of measures by applying the singular part entrywise. Similarly, we
use νa to refer the absolutely continuous part of a measure ν, so that ν = νa + νs.

Finally, assuming the finiteness of the set Λ ⊆ C, i.e. the set of solutions to the
characteristic equation (3.8), and a ϕ-moment of the function |f | for some semi-
multiplicative function ϕ, Sgibnev establishes an asymptotic expansion for F of the
form

F (t) =
∑
λ∈Λ

kλ−1∑
k=0

Cλ,k t
keλt + ∆f (t) as t→∞. (3.11)

Here, kλ ∈ N is the multiplicity of the solution λ ∈ Λ, Cλ,k is a suitable real p × p
matrix, and ∆f (t) is a lower-order remainder term.

3.5 Assumptions for the Main Results

We now focus on the assumptions that are essential for establishing our main results,
the asymptotic expansion for the Markov renewal measure U and for general solu-
tions F to (3.1) as t→∞, in both, the lattice and the non-lattice case. In addition
to assumptions (A1) and (A2), which we have previously discussed, there is another
(technical) assumption that is crucial for our analysis. In this section, we examine
this assumption in detail and discuss its significance for our results. Furthermore,
we will relate our assumptions with those presented in the literature, particularly
Sgibnev’s assumptions.

We commence our discussion by considering Equation (3.7), which is given by
LF (z) = Lf(z)(Ip − Lµ(z))−1, for z ∈ C. This identity suggests the application of
the Laplace inversion formula, see e.g. [Wid41, Theorem 10.1], to derive a represen-
tation for F , namely,

F (t) = 1
2πi

σ+i∞∫
σ−i∞

etzLF (z) dz .
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However, to apply the Laplace inversion formula, it is necessary that the right-hand
side of (3.7) satisfies certain integrability properties, for instance, that each entry
of the matrix (Ip − Lµ(z))−1 is integrable along vertical lines. Therefore, we work
using the following assumption.

Assumption (A4)

For some ϑ ∈ D(Lµ)o ∩ R it holds

sup
|η|≥η0

‖(Ip − Lµ(ϑ+ iη))−1‖ <∞ (3.12)

for some η0 ≥ 0.

Here, we assume without loss of generality that ϑ in (3.12) and assumption (A1)
coincide.

Besides this assumption, the literature presents several other conditions that can
be associated with (A4). For instance, in the recent work by A. Iksanov, K. Kolesko,
and M. Meiners [IKM24], as well as in the work by S. Janson and R. Neininger
[JN08], both addressing the single-type case, the condition lim supη→∞ |Lµ(ϑ+iη)| <
1 is used to ensure integrability along vertical lines. A slightly weaker (multi-type)
version appears in Lemma 3.8 as Condition (C). Furthermore, we recall Sgibnev’s
assumption, mentioned in the previous section, which states ρL(µ∗m)s(ϑ) < 1 for some
m ∈ N. In the following lemma, we will relate these assumptions to one another
and identify equivalent conditions.

Lemma 3.8 [Comparison of conditions]
Suppose that (A1) and (A2) hold. Consider the conditions,

(A) There is an m ∈ N such that ρL(µ∗m)s(ϑ) < 1.
(B) There is an m ∈ N such that ‖L(µ∗m)s(ϑ)‖ < 1.
(C) There is an m ∈ N such that lim supη→∞ ‖Lµ(ϑ+ iη)m‖ < 1.
(D) There is an m ∈ N such that lim supη→∞ supθ≥ϑ ‖Lµ(θ + iη)m‖ < 1.
(E) There is an η0 ≥ 0 such that supη≥η0 ‖(Ip − Lµ(ϑ+ iη))−1‖ <∞.
(F) There is η0 ≥ 0 such that supη≥η0,θ≥ϑ ‖(Ip − Lµ(θ + iη))−1‖ <∞.

Then (A) is equivalent to (B), (B) implies (C), (C) is equivalent to (D) and,
each of the conditions (C), (D) and (F) implies (E).
If, additionally, Λϑ is finite, then (E) and (F) are equivalent. Finally, (D)
implies that Λϑ is finite.
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(A)

(B) (C) (D)

(E)

(F)

|Λϑ| <∞

Figure 3.6: Illustration of the relationships between the conditions in Lemma 3.8.

Proof of Lemma 3.8.k1 Since ρL(µ∗m)s(ϑ) ≤ ‖L(µ∗m)s(ϑ)‖, as noted in Lemma A.2, we conclude that
(B) implies (A). To see that the converse implication also holds true, first observe
that (ν∗n)s ≤ (νs)∗n for any matrix ν of measures on the Borel sets of [0,∞)
and n ∈ N. Indeed, denoting by νa the absolutely continuous part of ν, we have
ν∗n = (νa +νs)∗n = (νs)∗n +ν ′, where ν ′ is a sum of convolution products of length
n of measures νa and νs with at least one convolution factor νa. In particular, ν ′ is
absolutely continuous. This implies

(ν∗n)s = ((νs)∗n + ν ′)s = ((νs)∗n)s ≤ (νs)∗n. (3.13)

Let m ∈ N be such that the condition (A) holds. From Gelfand’s formula, see
Lemma A.1, we infer the existence of some n ∈ N with ‖(Lµ∗ms (ϑ))n‖ < 1. Set
ν = µ∗m in (3.13) to infer

((µ∗m)s)∗n ≥ ((µ∗m)∗n)s = (µ∗mn)s.

In particular, ‖L(µ∗mn)s(ϑ)‖ ≤ ‖(Lµ∗ms (ϑ))n‖ < 1 proving that (B) is satisfied for
mn ∈ N.k2 Now assume that (B) holds, i.e., ‖L(µ∗m)s(ϑ)‖ < 1 for some m ∈ N. We write

‖Lµ(ϑ+ iη)m‖ = ‖Lµ∗m(ϑ+ iη)‖ ≤ ‖L(µ∗m)s(ϑ+ iη)‖+ ‖L(µ∗m)a(ϑ+ iη)‖.

The Riemann-Lebesgue lemma yields L(µ∗m)a(ϑ + iη) → 0 as |η| → ∞. Conse-
quently, we infer

lim sup
η→±∞

‖Lµ(ϑ+ iη)m‖ ≤ lim sup
η→±∞

‖L(µ∗m)s(ϑ+ iη)‖ ≤ ‖L(µ∗m)s(ϑ)‖ < 1

which gives condition (C).k3 To prove the equivalence of (C) and (D), it is sufficient to prove the implication
from (C) to (D) since (D) is formally stronger than (C). Since the argument is
somewhat more involved, it is moved to Lemma 3.10 below.k4 We continue with the proof that (C) implies (E). Notice that validity of (C)
ensures the existence of η0 ≥ 0 and 0 < δ < 1 such that, for |η| ≥ η0, ‖Lµ(ϑ +
iη)m‖ ≤ 1− δ.
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For any such η, the von Neumann formula, see Remark A.9, provides

‖(Ip − Lµ(ϑ+ iη))−1‖ =
∥∥∥∥∥
∞∑
n=0
Lµ(ϑ+ iη)n

∥∥∥∥∥.
Notice that the Neumann series ∑∞n=0 Lµ(ϑ+ iη)n converges, as we have

(ρ(Lµ(ϑ+ iη)))m = ρ(Lµ(ϑ+ iη)m) ≤ ‖Lµ(ϑ+ iη)m‖ ≤ 1− δ

which implies ρ(Lµ(ϑ + iη)) < 1. Further, we write the exponent in the form
n = mk + l, where k ∈ N0 and 0 ≤ l < m. This allows us to separate the powers of
the matrix Lµ(ϑ + iη) into blocks of size m, i.e. Lµ(ϑ + iη)n = Lµ(ϑ + iη)mk+l =
(Lµ(ϑ+ iη)m)kLµ(ϑ+ iη)l. Using this block structure, we obtain∥∥∥∥∥

∞∑
n=0
Lµ(ϑ+ iη)n

∥∥∥∥∥ =
∥∥∥∥∥
∞∑
k=0

m−1∑
l=0

(Lµ(ϑ+ iη)m)kLµ(ϑ+ iη)l
∥∥∥∥∥

≤
∞∑
k=0

m−1∑
l=0
‖Lµ(ϑ+ iη)m‖k‖Lµ(ϑ+ iη)‖l.

Given that ‖Lµ(ϑ+ iη)m‖ < 1 for any such η, we conclude
∞∑
k=0
‖Lµ(ϑ+ iη)m‖k = 1

1− ‖Lµ(ϑ+ iη)m‖ ≤
1

1− (1− δ) = 1
δ
,

Consequently, this yields

∞∑
k=0

m−1∑
l=0
‖Lµ(ϑ+ iη)m‖k‖Lµ(ϑ+ iη)‖l ≤

m−1∑
l=0

1
δ
‖Lµ(ϑ)‖l <∞,

proving that also condition (E) holds.k5 Since (F) is formally stronger than (E), we continue with the proof that (E)
implies (F) under the additional assumption that the set Λϑ is finite. To this end,
observe that if Λϑ is finite, then we can find η0 ≥ 0 such that the function z 7→
(Ip − Lµ(z))−1 is holomorphic on a neighborhood of {Re(z) ≥ ϑ, Im(z) ≥ η0}.
Since Lµ(θ + iη0) → µ(0) as θ → ∞ by the dominated convergence theorem and
ρµ(0) < 1, we conclude that

sup
θ≥ϑ

∥∥∥(Ip − Lµ(θ + iη0))−1
∥∥∥ <∞.

Condition (E) ensures that the holomorphic function z 7→ (Ip−Lµ(z))−1 is bounded
on the boundary of the quadrant {Re(z) ≥ θ, Im(z) ≥ η0}. The function is therefore
bounded on this set.k6 Finally, suppose that (D) holds true. We prove that the set Λϑ is then finite.
It suffices to prove that Λϑ is contained in a compact rectangle, which in turn
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is contained in Hϑ := {z ∈ C : Re(z) ≥ ϑ}. Indeed, the entries of Lµ(z) are
holomorphic on Hϑ, and hence so is det(Ip − Lµ(z)). Further, det(Ip − Lµ(z)) is
not identically zero by Proposition 3.1 since the continuity of %|D(Lµ)∩R and %(θ)→
ρµ(0) < 1 as θ → ∞ ensures the existence of some sufficiently large θ ∈ R with
%(θ) < 1 and leads to det(Ip−Lµ(θ))>0 by Lemma A.8. Hence the set of its zeroes
has no accumulation point within Hϑ and in particular not within the rectangle.
To prove the existence of such a compact rectangle, first recall that det(Ip−Lµ(λ)) =
0 implies that Lµ(λ) has eigenvalue 1 and, as a consequence, %(λ) ≥ 1. On the
other hand, %(θ)→ ρµ(0) < 1 as θ →∞ by Proposition 3.1 and (A2). Consequently,
%(z) ≤ %(Re(z)) < 1 for all z ∈ C with Re(z) > θ and some sufficiently large θ.
Further, from (D) we conclude that for some ε > 0 and m ∈ N, we find η0 > 0
such that ρLµ(z)m ≤ ‖Lµ(z)m‖ ≤ 1− ε whenever Re(z) ≥ ϑ and | Im(z)| ≥ η0. For
such z, Lµ(z) can not have eigenvalue 1 proving that Λϑ ⊆ {z ∈ C : ϑ ≤ Re(z) ≤
θ, | Im(z)| ≤ η0}.

Re(z)

Im(z)

ϑ θ

η0

−η0

%(z) < 1

Figure 3.7: Λϑ is contained in a compact rectangle in the right half-plane.

We now turn to the task of proving that condition (C) implies condition (D). As
mentioned before, in [IKM24] and [JN08], where the single-type case is treated, the
assumption lim sup|η|→∞ |Lµ(ϑ+ iη)| < 1 is used. S. Janson and R. Neininger show
in [JN08, Lemma 2.1] that this condition implies lim sup|η|→∞ supθ≥ϑ |Lµ(θ+iη)| < 1
and, in particular, the finiteness of the set Λϑ. Our result is an adapted version of
this implication, and the corresponding proof extends to our setting without major
obstacles. Nevertheless, we present a version of the proof adapted to the situation
here for the readers’ convencience.
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Lemma 3.9 [Condition (C) implies (D)]
Suppose that (A1) and (A2) hold. If the property

lim sup
η→±∞

‖Lµ(ϑ+ iη)m‖ < 1 (3.14)

holds for some m ∈ N, then

lim sup
η→±∞

sup
θ≥ϑ
‖Lµ(θ + iη)m‖ < 1. (3.15)

Proof of Lemma 3.10.
From (A1), we have Hϑ = {z ∈ C : Re(z) ≥ ϑ} ⊆ D(Lµ(ϑ))o. Now suppose that,
for some m ∈ N, (3.14) holds. Choose ε > 0 with

lim supη→∞ ‖Lµ(ϑ+ iη)m‖ < 1− 3ε

and ζ ≥ 0 with ‖Lµ(ϑ + iη)m‖ ≤ 1 − 2ε when η ≥ ζ and thus also when η ≤ −ζ.
Define C := supη∈R ‖Lµ(ϑ + iη)m‖ and notice that C < ∞. The entries of (Lµ)m
are Laplace transforms of locally finite measures on [0,∞) and all bounded and
continuous on Hϑ, and holomorphic, thus harmonic, on a neighborhood of Hϑ. We
may thus apply the Poisson transformation on the closed half-space and infer that
(Lµ)m is the integral of its boundary values with respect to the Poisson kernel
Px(y) := 1

π
x

x2+y2 for x, y ∈ R. More precisely,

Lµ(θ + iη)m =
∞∫
−∞

Lµ(ϑ+ iy)m Pθ−ϑ(η − y) dy, θ > ϑ, η ∈ R, (3.16)

see e.g. [Gar81, Lemma 3.4]. We conclude

‖Lµ(θ + iη)m‖ =
∥∥∥∥∥
∞∫
−∞

Lµ(ϑ+ iy)m Pθ−ϑ(η − y) dy
∥∥∥∥∥

≤
∞∫
−∞

∥∥∥Lµ(ϑ+ iy)m‖Pθ−ϑ(η − y) dy

=
∫

{|y|>ζ}

∥∥∥Lµ(ϑ+ iy)m‖Pθ−ϑ(η − y) dy +
ζ∫
−ζ

∥∥∥Lµ(ϑ+ iy)m‖Pθ−ϑ(η − y) dy

< 1− 2ε+ C
∫ ζ

−ζ
Pθ−ϑ(η − y) dy. (3.17)

Define ω(θ + iη) :=
∫ ζ
−ζ Pθ−ϑ(η − y) dy = P(Y ∈ [ η−ζ

θ−ϑ ,
η+ζ
θ−ϑ ]) ≥ 0 where Y is a real-

valued random variable with Lebesgue density 1
π

1
1+y2 , y ∈ R. The set H := {z ∈
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Hϑ : ω(z) > ε
C
} is an intersection of the right half-plane Hϑ and a circular disk,

meaning it is a bounded set. Thus, H ′ := sup{Im(z) : z ∈ H} < ∞. Now, if
Re(z) ≥ θ and | Im(z)| > H ′, then ω(z) ≤ ε

C
. Hence,

‖Lµ(θ + iη)m‖ ≤ 1− ε

proving that (3.15) holds.

After discussing related conditions from the literature, we now return to assump-
tion (3.12) and proceed to investigate it. First, notice that (3.12) implies Re(λ) 6= ϑ
for every λ ∈ Λ. Additionally, the following observation holds.

Lemma 3.10
Suppose that (A1), (A2) and (A4) hold for some ϑ ∈ R and that Λϑ is finite.
Then there exists some η0 ≥ 0 such that

sup
θ≥ϑ,η≥η0

‖(Ip − Lµ(θ + iη))−1‖ <∞.

Proof of Lemma 3.10.
Fix η0 ≥ 0 so large that Im(λ) < η0 for every λ ∈ Λϑ. Then the function z 7→
(Ip−Lµ(z))−1 is holomorphic on a neighborhood of {z ∈ C : Re(z) ≥ ϑ, Im(z) ≥ η0}.
Since

lim
θ→∞
Lµ(θ + iη) = µ(0)

and ρµ(0) < 1 by Proposition 3.1 and (A2), we conclude that

lim
θ→∞

det(Ip − Lµ(θ + iη0)) = det(Ip − µ(0)) > 0,

where the strict inequality follows from Lemma A.8. In view of the classical formula
(3.9), this implies

sup
θ≥ϑ
‖(Ip − Lµ(θ + iη0))−1‖ <∞

since the entries of the adjoint matrix are bounded on the half-line {θ+iη0 : θ ≥ ϑ}.
The claim now follows from the maximum principle for holomorphic functions.
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Remark 3.11 [Sgibnev’s assumption implies (A4)]
Suppose that (A1) and (A2) hold. Then condition (A) in Lemma 3.8, i.e.
ρ(L(µ∗ms )(ϑ)) < 1 for some m ∈ N, implies

sup
η∈R
‖(Ip − Lµ(ϑ+ iη))−1‖ <∞

if there is no λ ∈ Λ with Re(λ) = ϑ.

Proof of Remark 3.11.
Fix m ∈ N with ρ(L(µ∗ms )(ϑ)) < 1, where µ∗ms is the singular part of µ∗m. Write
µ∗ma for the absolutely continuous part of µ∗m so that µ∗m = µ∗ma + µ∗ms . Clearly,

‖(Ip − Lµ(ϑ+ iη))−1‖ =
∥∥∥∥∥
∞∑
n=0
Lµ(ϑ+ iη)n

∥∥∥∥∥ ≤
∞∑
n=0
‖Lµ(ϑ+ iη)n‖

if the series ∑∞n=0 Lµ(ϑ + iη)n converges, i.e. if %(ϑ + iη) < 1. By writing the
exponent in the form n = mk + l, where k ∈ N0 and 0 ≤ l < m, we separate the
powers of the matrix Lµ(ϑ + iη) into blocks of size m. Using this block structure
and the submultiplicativity of the (operator) matrix norm, we infer

∞∑
n=0
‖Lµ(ϑ+ iη)n‖ ≤

∞∑
k=0

m−1∑
j=0
‖Lµ(ϑ+ iη)mk+l‖

≤
∞∑
k=0
‖Lµ(ϑ+ iη)mk‖

m−1∑
l=0
‖Lµ(ϑ+ iη)l‖

≤
∞∑
k=0
‖Lµ∗m(ϑ+ iη)k‖

m−1∑
l=0
‖Lµ(ϑ+ iη)‖l.

Since ‖Lµ(ϑ+iη)‖ ≤ ‖Lµ(ϑ)‖ <∞ by (A1), the last sum is bounded by a constant
that does not depend on η. According to the distributive law, Lµ∗m(ϑ + iη)k =
(Lµ∗ma (ϑ+ iη) +Lµ∗ms (ϑ+ iη))k can be decomposed into Lµ∗ms (ϑ+ iη)k plus a sum
S(k, ϑ+ iη) of products consisting of k factors all of which are either Lµ∗ma (ϑ+ iη)
or Lµ∗ms (ϑ+ iη) and at least one of which is Lµ∗ma (ϑ+ iη), i.e.

‖Lµ∗m(ϑ+ iη)k‖ = ‖Lµ∗ms (ϑ+ iη)k‖+ ‖S(k, ϑ+ iη)‖.

We first deal with the term ‖Lµ∗ms (ϑ+iη)k‖. Pick ε > 0 so small that ρ(Lµ∗ms (ϑ)) <
1− 3ε and k ∈ N so large that

‖Lµ∗ms (ϑ+ iη)k‖ ≤ ‖Lµ∗ms (ϑ)k‖ ≤ (ρ(Lµ∗ms (ϑ)) + ε)k.

This is possible by Gelfand’s formula for the spectral radius, see Lemma A.1. By
the Riemann-Lebesgue lemma, for sufficiently large |η| ≥ η0, we can make sure
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that ‖Lµ∗ma (ϑ + iη)‖ < δ for δ > 0 to be specified later. We can thus estimate
the matrix norm of S(k, ϑ + iη) by first using the triangular inequality and then
the submultiplicativity of the matrix norm by a sum of k-fold products of the two
factors ‖Lµ∗ma (ϑ + iη)‖ ≤ ‖Lµ∗ma (ϑ)‖ < δ and ‖Lµ∗ms (ϑ + iη)‖ ≤ ‖Lµ∗ms (ϑ)‖. In
each summand, at least one factor is bounded by δ, so we can factor it out and infer

‖S(k, ϑ+ iη)‖ ≤ δC

where C = C(ϑ, k) is a finite constant depending only on ϑ and k. By choosing δ > 0
small enough, we can guarantee δC < ε. Overall, we infer ‖Lµ∗m(ϑ+ iη)k‖ < 1− ε.
Consequently,
∞∑
n=0
‖Lµ∗m(ϑ+ iη)n‖ ≤

∞∑
j=0

k−1∑
l=0
‖Lµ∗m(ϑ+ iη)kj+l‖ ≤

∞∑
k=0

(1− ε)k
k−1∑
l=0
‖Lµ∗m(ϑ)‖l <∞.

We conclude that sup|η|≥η0 ‖(Ip − Lµ(ϑ + iη))−1‖ < ∞. On the other hand, by
continuity and since there is no λ ∈ Λ with Re(λ) = ϑ, we also have sup|η|≤η0 ‖(Ip−
Lµ(ϑ+ iη))−1‖ <∞.

3.6 Main Results

Having presented the fundamental concepts necessary for our main results, we now
proceed to formulate and prove the asymptotic expansion for general solutions F to
the Markov renewal equation (3.1). The starting point for this investigation is the
asymptotic expansion of the Markov renewal measure U = ∑∞

n=0µ
∗n, from which

the result for general solutions can be derived directly, using essentially integration
by parts. As usual, we will distinguish between the lattice and non-lattice case,
beginning with the latter.

3.6.1 The Non-Lattice Case

First, we assume that the p× p -matrix of measures µ is non-lattice. As previously
mentioned, we begin by studying the asymptotic behavior of the Markov renewal
measure U . This was already done in the context of single-type general branching
processes by A. Iksanov, K. Kolesko and M. Meiners in [IKM24, Lemma 6.3], under
the condition lim supη→∞ |Lµ(ϑ + iη)| < 1. However, the proof given in the cited
source can be adapted to suit the more general setting considered here, with slightly
different assumptions.

In our analysis, we work under the assumptions (A1), i.e. ϑ0 = inf{D(Lµ)∩R} <
∞, and (A2), which ensures that ρµ(0) < 1. Additionally, we require for some
ϑ0 < ϑ < Re(λ), λ ∈ Λ that the set Λϑ is finite and condition (A4) is satisfied,
namely,

sup
|η|≥η0

‖(Ip − Lµ(ϑ+ iη))−1‖ <∞ for some η0 ≥ 0.
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Figure 3.8: Illustration of the regions where the assumptions (A1), (A2) and (A4)
hold and their impact on the structure.

With these assumptions, we are able to state our first main result.

Theorem 3.12 [Asymptotic expansion for U (t) in the non-lattice case]
Let µ = (µi,j)i,j∈[ p ] be a p × p matrix of locally finite measures on [0,∞)
satisfying (A1), (A2) and (A4). Further, we assume that Λϑ is finite. Then
there exist deterministic matrices C0,k0, Cλ,k ∈ Rp×p with k = 0, . . . , kλ − 1,
λ ∈ Λϑ, and kλ ∈ N such that

U(t) =
∑
λ∈Λϑ

eλt
kλ−1∑
k=0

Cλ,k t
k + 1ϑ<0C0,k0t

k0 +O(eϑt) as t→∞, (3.18)

where the error bound O(teϑt) as t→∞ applies entrywise.

Remark 3.13 The asymptotic expansion (3.18) can also be rewritten in terms of
the exponential matrices introduced in Subsection 2.1.7, namely

U (t) =
∑
λ∈Λϑ

(f1 exp(λ, t, kλ)⊗ Ip) ~Cλ + 1ϑ<0C0,k0t
k0 +O(eϑt) (3.19)

as t→∞ with ~Cλ := ∑kλ
k=1 fT

k ⊗ Cλ,k.

�

Proof of Theorem 3.12.
We first suppose that ϑ > 0. Recall that the matrix-valued Markov renewal measure
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U satisfies the Markov renewal equation

(U i,j(t))i,j∈[ p ] = U(t) = 1[0,∞)(t)Ip + µ ∗U(t), t ∈ R. (3.2)

As in [IKM24, Lemma 6.3], the strategy is to take Laplace transforms in (3.2),
to analyze these and to use the Laplace inversion formula to infer the asymptotic
expansion for the Markov renewal measure U . However, the Laplace inversion
theorem requires certain integrability properties which are satisfied only when using
a smoothed version of the indicator 1[0,∞)(t), t ∈ R. Therefore, for every ε > 0, we
define gε(t) := (1

ε
1[0,ε]) ∗ 1[0,∞)(t), t ∈ R. More explicitly,

gε(t) =
(

1
ε
1[0,ε]

)
∗ 1[0,∞)(t) = 1

ε

∫ ∞
−∞

1[0,ε](t− τ)1[0,∞)(τ) dτ

= 1
ε

∫ ∞
−∞

1[max(0,t−ε),t](τ) dτ =
(
t

ε
1[0,ε)(t) + 1[ε,∞)(t)

)
, t ∈ R.

t
ε

1

Figure 3.9: Graphs of 1[0,∞) (dashed) and gε (solid).

Clearly,

gε(t) ≤ 1[0,∞)(t) ≤ gε(t+ ε), t ∈ R.

This immediately implies

Uε(t) := gεIp ∗U(t) ≤ U(t) ≤ Uε(t+ ε), t ∈ R, (3.20)

where as usual the inequality has to be understood entrywise. According to Lemma
A.8, the Laplace transform

LU(z) :=
(∫ ∞

0
e−zxU(dx)

)
i,j∈[ p ]

=
∞∑
n=0
Lµ(z)n = (Ip − Lµ(z))−1

is finite for every z with %(Re(z)) < 1. For any such z, we infer

LUε(z) = L((1
ε
1[0,ε]) ∗U)(z) = L((1

ε
1[0,ε]) ∗ (1[0,∞)Ip + µ ∗U ))(z)

= L((1
ε
1[0,ε]) ∗ 1[0,∞)Ip)(z) + L((1

ε
1[0,ε]) ∗ µ ∗U)(z)

= Lgε(z)Ip + L(µ ∗Uε)(z)
= Lgε(z)Ip + Lµ(z)LUε(z) (3.21)
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where we have used

(1
ε
1[0,ε]) ∗ µ ∗U = µ ∗ (1

ε
1[0,ε]) ∗U = µ ∗Uε(z)

and the convolution theorem for Laplace transforms. Solving (3.21) for LUε(z) gives

LUε(z) = (Ip − Lµ(z))−1Lgε(z) (3.22)

provided that (Ip − Lµ(z)) is invertible, i.e. det(Ip − Lµ(z)) 6= 0. Now use that

Lgε(z) = L(1
ε
1[0,ε] ∗ 1[0,∞))(z) = L(1

ε
1[0,ε])(z) · L1[0,∞)(z)

= 1
ε

∫ ε

0
e−tzdt

∫ ∞
0

e−tzdt = 1− e−εz
εz

1
z

= 1− e−εz
εz2

to infer

LUε(z) = 1− e−εz
εz2 (Ip − Lµ(z))−1 (3.23)

for z ∈ D(Lµ) with det(Ip − Lµ(z)) 6= 0. The right-hand side of (3.23) defines a
meromorphic extension of LUε(z) on the half-plane Re(z) > ϑ. If any of the entries
of the matrix on the right-hand side of (3.23) has a pole in λ ∈ C with Re(λ) > ϑ,
then λ ∈ Λϑ. Recall from Lemma 3.10 that condition (A4) implies

sup
θ≥ϑ,|η|≥η0

‖(Ip − Lµ(θ + iη))−1‖ <∞ (3.24)

for some suitably large η0 > 0. In particular, the entries of (Ip − Lµ(z))−1 are
bounded on {z ∈ C : Re(z) ≥ ϑ, | Im(z)| ≥ η0}. Therefore, the entries of the matrix
on the right-hand side of (3.23) are bounded in absolute value by a constant times
|z|−2 on {z ∈ C : Re(z) ≥ ϑ, | Im(z)| ≥ η0}, making them integrable along vertical
lines that do not contain a root. Pick σ > ϑ with ρLµ(σ) < 1 (such a σ exists
by Proposition 3.1 and (A2)). Then, in particular, σ > Re(λ) for all λ ∈ Λϑ by
Proposition 3.1. For any such σ, the Laplace inversion formula, see e.g. [Wid41,
Theorem 10.1], gives

Uε(z) = 1
2πi

σ+i∞∫
σ−i∞

etzLUε(z) dz . (3.25)

Cauchy’s residue theorem, see e.g. [Ahl79, Theorem 5.17], then implies

2πi
∑
λ∈Λϑ

Resz=λ(etzLUε(z)) =
∫ σ+iR

σ−iR
etzLUε(z) dz +

∫ ϑ+iR

σ+iR
etzLUε(z) dz

+
∫ ϑ−iR

ϑ+iR
etzLUε(z) dz +

∫ σ−iR

ϑ−iR
etzLUε(z) dz (3.26)

for all sufficiently large R > 0.
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Re(z)

Im(z)

ϑ0 α

σ + iRϑ+ iR

σ − iRϑ− iR

Figure 3.10: A piecewise continuously differentiable path that encloses all solutions
λ ∈ Λϑ.

By rearranging (3.26) and changing the orientation of the integrals
∫ σ+iR
ϑ+iR etzLUε(z)dz

and
∫ ϑ+iR
ϑ−iR e

tzLUε(z) dz , we obtain
∫ σ+iR

σ−iR
etzLUε(z) dz = 2πi

∑
λ∈Λϑ

Resz=λ(etzLUε(z)) +
∫ σ+iR

ϑ+iR
etzLUε(z) dz

+
∫ ϑ+iR

ϑ−iR
etzLUε(z) dz −

∫ σ−iR

ϑ−iR
etzLUε(z) dz . (3.27)

The first integral on the right-hand side of (3.27) can be estimated as follows∥∥∥∥∫ σ+iR

ϑ+iR
etzLUε(z) dz

∥∥∥∥ ≤ ∫ σ+iR

ϑ+iR
|etz|‖LUε(z)‖ dz

=
∫ σ+iR

ϑ+iR
|etz|‖1−e−εz

εz2 (Ip − Lµ(z))−1‖ dz

≤
∫ σ+iR

ϑ+iR
|etz||1−e−εz

εz2 |‖(Ip − Lµ(z))−1‖dz

=
∫ σ

ϑ
|et(x+iR)||1−e−ε(x+iR)

ε(x+iR)2 |‖(Ip − Lµ(x+ iR))−1‖ dx

≤ Cetσ
∫ σ

ϑ

∣∣∣ 1
ε(x+iR)2

∣∣∣ dx → 0 as R→∞ (3.28)

where we used representation (3.23) of LUε(z), condition (A4) to bound ‖(Ip −
Lµ(z))−1‖ and a substitution of x = z − iR. The last integral on the right-hand
side of (3.27) can be estimated analogously. Taking R→∞, we thus infer

Uε(t) = 1
2πi

∫ σ+i∞

σ−i∞
etzLUε(z) dz

= 1
2πi

(
2πi

∑
λ∈Λϑ

Resz=λ(etzLUε(z)) +
∫ ϑ+i∞

ϑ−i∞
etzLUε(z) dz

)

=
∑
λ∈Λϑ

Resz=λ(etzLUε(z)) + 1
2πi

∫ ϑ+i∞

ϑ−i∞
etzLUε(z) dz . (3.29)
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We now focus on the sum on the right-hand side of (3.29). Here, we expand each
entry of the matrix (Ip−Lµ(z))−1 into a Laurent series around the point z = λ ∈ Λϑ.
Note that λ is a root of det(Ip − Lµ(z)) = 0. Recall that kλ denotes the maximal
multiplicity of the root λ. Because

(Ip − Lµ(z))−1 = 1
det(Ip − Lµ(z))adj(Ip − Lµ(z)), (3.9)

each entry of (Ip−Lµ(z))−1 has a pole with multiplicity at most the multiplicity of
the zero of det(Ip −Lµ(z)) at z = λ. Let us define ai,jλ,k as the coefficient in front of
(z − λ)−k in the Laurent series of the (i, j)-th entry in (Ip − Lµ(z))−1 around the
point λ ∈ Λϑ. In particular, ai,jλ,k = 0 for k > kλ. Summarizing, let us consider

Aλ,k := (ai,jλ,k)i,j∈[ p ]

as the matrix of all coefficients in front of (z − λ)−k for k ≤ kλ, i.e.

(Ip − Lµ(z))−1 = Aλ,kλ(z − λ)−kλ + . . .+ Aλ,1(z − λ)−1 +Hλ(z) (3.30)

for all z 6= λ in a small disc D(λ) centered at λ, where Hλ(z) is holomorphic in
D(λ). Then, for λ ∈ Λϑ with Re(λ) > 0,

Resz=λ(etzLUε(z)) = Resz=λ(etzLgε(z)(Ip − Lµ(z))−1)

= eλt
∑
n,l≥0,
n+l<kλ

tl

l!
1
n! Lg

(n)
ε (λ)Aλ,n+l+1 (3.31)

where Lg(n)
ε denotes the n-th derivative of Lgε. Here, in order to arrive at (3.31),

one has to determine the residue of etzLgε(z)(Ip − Lµ(z))−1 at the point z = λ.
To this end, one can compute the corresponding Laurent series around z = λ, as
the residue corresponds to the coefficient with index −1. This Laurent series can be
obtained by multiplying the Laurent series of etz, Lgε(z), and (Ip−Lµ(z))−1 around
z = λ. On one hand, we have the Taylor series

etz =
∞∑
l=0

al(z − λ)l, with coefficients al = tletλ

l! , l ∈ N0.

On the other hand, (Ip − Lµ(z))−1 = ∑∞
k=−kλ Aλ,k(z − λ)−k. However, when deter-

mining the Laurent series of Lgε(z), one must be cautious and distinguish between
two different cases: ϑ > 0, and ϑ ≤ 0. If ϑ > 0, then Re(λ) > 0 for all λ ∈ Λϑ, and
we can determine the Taylor series of Lgε(z) by

Lgε(z) =
∞∑
n=0

bn(z − λ)n, with coefficients bn = 1
n!Lg

(n)
ε (λ), l ∈ N0.

The case ϑ ≤ 0 will be handled separately and thus be excluded for the time being.
The series of etz, Lgε(z), and (Ip − Lµ(z))−1 around z = λ are multiplied, and for
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the residue, we need the coefficient of (z − λ)−1. In particular, for l + n ≥ kλ, the
coefficient matrix Aλ,l+n+1 is the zero matrix, which means that only summands
with indices with l + n < kλ contribute. Write gε = 1[0,∞) + gε − 1[0,∞) and use the
linearity of the Laplace transform to infer Lgε = L1[0,∞) + L(gε − 1[0,∞)). We can
split the right-hand side of (3.31) as follows

eλt
∑
n,l≥0,
n+l<kλ

tl

l!
1
n!Lg

(n)
ε (λ)Aλ,n+l+1 = eλt

∑
n,l≥0,
n+l<kλ

tl

l!
1
n! (L1[0,∞))(n)(λ)Aλ,n+l+1

+ eλt
∑
n,l≥0,
n+l<kλ

tl

l!
1
n! (L(gε − 1[0,∞)))(n)(λ)Aλ,n+l+1.

(3.32)

We continue by estimating the coefficients 1
n! (L(gε − 1[0,∞)))(n)(λ), n ∈ N0 of the

Laurent series of L(gε − 1[0,∞)) around z = λ. We have

L(1[0,∞) − gε)(z) = 1
z
− 1− e−εz

εz2 = 1
εz2

∞∑
k=2

(−εz)k
k! =

∞∑
k=0

(−1)k
(k + 2)!ε

k+1zk

=
∞∑
k=0

(−1)k
(k + 2)!ε

k+1(z − λ+ λ)k

=
∞∑
k=0

(−1)k
(k + 2)!ε

k+1
k∑

n=0

(
k

n

)
λk−n(z − λ)n

=
∞∑
n=0

( ∞∑
k=n

(−1)k
(k + 2)!ε

k+1
(
k

n

)
λk−n

)
(z − λ)n

=
∞∑
n=0

( ∞∑
k=0

1
(k + n+ 1)(k + n+ 2)

(−ελ)k
k!

)
(−1)nεn+1

n! (z − λ)n.

(3.33)

In particular, the coefficient of (z − λ)n of L(1[0,∞) − gε)(z) is bounded in absolute
value by∣∣∣∣∣ 1

n! (L(gε − 1[0,∞)))(n)(λ)
∣∣∣∣∣ ≤

∣∣∣∣∣
∞∑
k=0

1
(k + n+ 1)(k + n+ 2)

(−ελ)k
k!

(−1)nεn+1

n!

∣∣∣∣∣
≤ eε|λ|

εn+1

(n+ 2)! .

We conclude that∣∣∣∣∣eλt ∑
l,n≥0,
l+n<kλ

tl

l!
1
n! (L(gε − 1[0,∞)))(n)(λ)ai,jλ,l+n+1

∣∣∣∣∣ ≤ eRe(λ)t ∑
l,n≥0,
l+n<kλ

tl

l!e
ε|λ| εn+1

(n+ 2)! |a
i,j
λ,l+n+1|

= εO(eRe(λ)ttkλ−1) as t→∞,



50 Asymptotic Expansion of Solutions to Markov Renewal Equations

where O(eRe(λ)ttkλ−1) is an error term independent of ε ∈ (0, 1]. Summarizing,

Resz=λ(etzLUε(z)) = eλt
∑
n,l≥0,
n+l<kλ

tl

l!
1
n! (L1[0,∞))(n)(λ)Aλ,n+l+1

+ eλt
∑
n,l≥0,
n+l<kλ

tl

l!
1
n!L(gε − 1[0,∞))(n)(λ)Aλ,n+l+1

= eλt
kλ−1∑
l=0

Cλ,l t
l + εO(eRe(λ)ttkλ−1), (3.34)

where Cλ,l is a p × p matrix (depending only on the parameters λ and l) and
O(eRe(λ)ttkλ−1) is, in slight abuse of notation, shorthand for a p × p matrix every
entry of which is O(eRe(λ)ttkλ−1) as t→∞.

Next, let us focus on the integral on the right-hand side of (3.29), namely

1
2πi

∫ ϑ+i∞

ϑ−i∞
etzLUε(z) dz .

Write C <∞ for the supremum in condition (A4). Then
∥∥∥∥∥
∫ ϑ+i∞

ϑ−i∞
etzLUε(z) dz

∥∥∥∥∥ ≤
∫ ϑ+i∞

ϑ−i∞
|etz|‖LUε(z)‖ dz

≤
∫ ϑ+i∞

ϑ−i∞
|etz||1−e−εz

εz2 |‖(Ip − Lµ(z))−1‖ dz

≤ Cetϑ
∫ ϑ+i∞

ϑ−i∞

|1−e−εz |
|εz2| dz ≤ Cetϑ

∫ ϑ+i∞

ϑ−i∞

|εz|∧2
|εz2| dz

≤ 2Cetϑ
∫ εϑ+i∞

εϑ−i∞
|u|−1 ∧ |u|−2 du

≤ 2Cetϑ
∫ ∞
−∞

x−1 ∧ x−2 ∧ (ε|ϑ|)−1 dx

= 2Cetϑ
(∫ εϑ

0
(ε|ϑ|)−1 +

∫ 1

εϑ
|x|−1dx +

∫ ∞
1
|x|−2dx

)
= 2Cetϑ(2 + | log(ε)|+ | log(ϑ)|) ≤ Cϑe

tϑ (| log(ε)|+ 1),
(3.35)

where we used again representation (3.23) of LUε(z), the inequality

|1− e−εz|
|εz2|

≤ |εz| ∧ 2
|εz2|

≤ |εz| ∧ 2
|εz| |z|

= 2 ∧ |εz|−1

|z|

and, a substitution of u = εz. The constant Cϑ in the last step does not depend on
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either t or ε. Returning to (3.29), we conclude with (3.34) and (3.35)

Uε(t) =
∑
λ∈Λϑ

Resz=λ(etzLUε(z)) + 1
2πi

∫ ϑ+i∞

ϑ−i∞
etzLUε(z) dz

≤
∑
λ∈Λϑ

eλt
kλ−1∑
l=0

Cλ,l t
l + εO(eRe(λ)ttkλ) +O(eϑt(| log(ε)|+ 1)). (3.36)

By using (3.20), we infer

U(t) = Uε(t) +U (t)−Uε(t) ≤ Uε(t) +Uε(t+ ε)−Uε(t).

In order to estimate Uε(t+ ε)−Uε(t), we replace t by t+ ε in (3.34), and get∥∥∥∥Resz=λ(e(t+ε)zLUε(z))− Resz=λ(etzLUε(z))
∥∥∥∥

= eRe(λ)t
∥∥∥∥∥eλε

kλ−1∑
l=0

(t+ ε)l Cλ,l −
kλ−1∑
l=0

tlCλ,l

∥∥∥∥∥+ εO(eRe(λ)ttkλ−1)

= εO(eRe(λ)ttkλ−1). (3.37)

Combining (3.35) and (3.37), we infer

0 ≤ Uε(t+ ε)−Uε(t) ≤
∑
λ∈Λϑ

O(εeRe(λ)ttkλ + | log(ε)| etϑ).

From this, (3.20), (3.29) and with ε := e−σt, we finally deduce

U(t) =
∑
λ∈Λϑ

eλt
kλ−1∑
k=0

Cλ,k t
k +O(teϑt).

It remains to remove the additional assumption that ϑ > 0. We do this using
an exponential tilting technique. Therefore, suppose that ϑ ≤ 0. Then choose an
auxiliary parameter γ < ϑ and define the exponentially tilted measures µγ(dx) :=
e−γxµ(dx) as well as U γ(dx) := e−γxU(dx), representing the shifted versions of
µ(dx) and U(dx), respectively. With this, we infer

U γ(dx) = e−γxU(dx) = e−γx
∞∑
n=0
µ∗n(dx) =

∞∑
n=0

(e−γxµ)∗n(dx) =
∞∑
n=0

(µγ)∗n(dx).

Further,

Lµγ(z) =
∫ ∞

0
e−ztµγ(dt) =

∫ ∞
0

e−zte−γtµ(dt) =
∫ ∞

0
e−(z+γ)tµ(dt) = Lµ(z + γ)

for all z ∈ C with z+γ ∈ D(Lµ). In particular, D(Lµγ) = D(Lµ)−γ and, similarly,
Λγ := {λ ∈ D(Lµγ) : det(Ip − Lµγ(λ)) = 0} = Λ − γ as well as Λγ

ϑ−γ = Λϑ − γ.
Consequently, if ϑ is a parameter for which Lµ(ϑ) has finite entries only, it follows
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that Lµγ(ϑ − γ) has finite entries as well. Moreover, ϑ − γ > 0 and therefore, we
have an asymptotic expansion for U γ, namely,

U γ(t) =
∑

λ∈Λϑ−γ
e(λ−γ)t

kλ−1∑
k=0

Cγ
λ,k t

k +O(te(ϑ−γ)t)

where kλ = kγλ−γ in obvious notation should be noticed and Cγ
λ,k is the coefficient

matrix for the term e(λ−γ)ttk in the asymptotic expansion of U γ. Hence, by writing

U(t) =
∫

[0,t]
eγxU γ(dx),

we infer with
∫ x

0 γe
γy dy = eγx − 1,

∫ t

0
eγxU γ(dx) =

∫ t

0

(∫ x

0
γeγy dy + 1

)
U γ(dx) =

∫ t

0

∫ x

0
γeγy dyU γ(dx) +U γ(t).

Hence, using integration by parts with u(x) =
∫ x

0 γe
γy dy and v′(x) = U γ(dx),

∫ t

0

∫ x

0
γeγy dyU γ(dx) +U γ(t) =

[
(eγx − 1)U γ(x)

]t
0
−
∫ t

0
γeγyU γ(y) dy +U γ(t)

= eγtU γ(t)−
∫ t

0
γeγyU γ(y) dy.

Since we have an asymptotic expansion for U γ(y), we obtain

U(t) = eγtU γ(t)−
∫ t

0
γeγyU γ(y) dy

=
∑
λ∈Λϑ

eλt
kλ−1∑
k=0

Cγ
λ,kt

k +O(teϑ)− γ
∑
λ∈Λϑ

kλ−1∑
k=0

Cγ
λ,k

∫ t

0
eλyyk dy −

∫ t

0
O(yeϑy) dy

=
∑
λ∈Λϑ

kλ−1∑
k=0

Cγ
λ,k

(
eλttk − γ

∫ t

0
eλyyk dy

)
+O(teϑt)

=
∑
λ∈Λϑ

kλ−1∑
k=0

Cγ
λ,k

(
eλttk − γ (−1)k+1k!

λk+1

(
1− eλt

k∑
j=0

(−1)j λ
jtj

j!

))
+O(teϑt)

in the case λ 6= 0 with Lemma A.12. Similarly, for λ = 0, we get

U(t) =
∑
λ∈Λϑ

kλ−1∑
k=0

Cγ
λ,k

(
eλttk − γ

(
1

1 + k
tk+1

))
+O(teϑt)

where we used the elementary fact that
∫ t

0 y
k dy = 1

1+k t
k+1. However, in both cases,

we can rearrange terms to infer an expansion of the form (3.18).



Main Results 53

Remark 3.14 The p× p matrices of coefficients Cλ,k, introduced in Theorem 3.12,
can be explicitly formulated. For a given λ ∈ Λ with Re(λ) > 0, we denote kλ ∈ N
as the maximal multiplicity of the poles of the entries of (Ip−Lµ(z))−1 at the point
λ ∈ Λ. As in (3.46), we may write

(Ip − Lµ(z))−1 = Aλ,kλ(z − λ)−kλ + . . .+ Aλ,1(z − λ)−1 +Hλ(z) (3.38)

for all z 6= λ in a small disc D(λ) centered at λ. Here, Hλ(z) is holomorphic in
D(λ), while Aλ,kλ , . . . , Aλ,1 are complex p × p matrices with Aλ,kλ having at least
one non-zero entry. Then, the coefficient matrix Cλ,k takes the form

Cλ,k = 1
k!

kλ−1−k∑
n=0

(−1)n
n!λn+1Aλ,n+k+1.

�

Remark 3.15 The asymptotic expansion (3.18) in Theorem 3.12 can also be for-
mulated in a compact form, for the case where Re(λ) > 0. Since this representation
will be of use in the subsequent chapter, we proceed with its derivation. Building
upon Equation (3.34) in the previous proof, we first write

U(t) =
∑
λ∈Λϑ

eλt
kλ−1∑
k=0

Cλ,k t
k +O(teϑt) =

∑
λ∈Λϑ

eλt
∑
l,n≥0,
l+n<kλ

tl

l!cnAλ,l+n+1 +O(teϑt)

=
∑
λ∈Λϑ

eλt
kλ−1∑
n=0

kλ−1−n∑
l=0

tl

l!cnAλ,l+n+1 +O(teϑt), t ∈ R

where cn = 1
n!(L1[0,∞))(n)(λ). Recall that for γ ∈ C, s ∈ R and k ∈ N, the (i, j)-th

entry of the k × k matrix exp(γ, s, k) corresponds to expij(γ, s, k) = eγs 1
(j−i)!s

j−i,
1 ≤ i ≤ j ≤ k and expij(γ, s, k) = 0 for i > j. Hence, denoting by fl the l-th base
vector in R1×k, we have fi exp(λ, t, kλ) fT

j = expij(λ, t, kλ). Consequently,

∑
λ∈Λϑ

eλt
kλ−1∑
n=0

kλ−1−n∑
l=0

tl

l!cnAλ,l+n+1 =
∑
λ∈Λϑ

c0

kλ∑
l=1

(f1 exp(λ, t, kλ) fT
l )Aλ,l

+ c1

kλ∑
l=1

(f2 exp(λ, t, kλ) fT
l )Aλ,l

+ . . .+ ckλ−1

kλ∑
l=1

(fkλexp(λ, t, kλ) fT
l )Aλ,l.

Further, for each λ ∈ Λϑ, we summarize the matrices Aλ,l = (ai,jλ,l)i,j∈[ p ], l =
0, . . . , kλ − 1, which appeared in the previous proof as coefficients of the Laurent
series expansion of (Ip − Lµ(z))−1, by writing

~Aλ :=
kλ∑
l=1

fT
l ⊗ Aλ,l (3.39)
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where ⊗ denotes the Kronecker product, as defined in Subsection 2.1.4. Notice that
~Aλ represents a pkλ × p matrix. Thus, we can rewrite the sum as

∑
λ∈Λϑ

c0

kλ∑
l=1

(f1 exp(λ, t, kλ) fT
l )Aλ,l + c1

kλ∑
l=1

(f2 exp(λ, t, kλ) fT
l )Aλ,l

+ . . .+ ckλ−1

kλ∑
l=1

(fkλexp(λ, t, kλ) fT
l )Aλ,l =

∑
λ∈Λϑ

kλ∑
l=1

cl−1(fl exp(λ, t, kλ)⊗ Ip) ~Aλ.

Writing the coefficients cn in the explicit form 1
n!(L1[0,∞))(n)(λ) yields

∑
λ∈Λϑ

∫ ∞
0

1[0,∞)(x)
kλ∑
l=1

1
(l − 1)!e

−λx(−x)l(fl exp(λ, t, kλ)⊗ Ip) ~Aλ dx

=
∑
λ∈Λϑ

∫ ∞
0

(f1 exp(λ, t− x, kλ)⊗ Ip) ~Aλ dx ,

and finally,

U (t) =
∑
λ∈Λϑ

∫ ∞
0

(f1 exp(λ, t− x, kλ)⊗ Ip) ~Aλ dx +O(teϑt). (3.40)

�

Building upon Theorem 3.12, using essentially integration by parts, we can derive
an asymptotic expansion for the solutions F (t) to general Markov renewal equations
of the form (3.1) as t → ∞. Before presenting this formulation, we must first
introduce some appropriate assumption on the function f in (3.1). Therefore, we
define for a function f : R→ R the total variation function Vf by

Vf(x) := sup
{

n∑
j=1
|f(xj)− f(xj−1)| : −∞ < x0 < . . . < xn ≤ x, n ∈ N

}

for x ∈ R. In particular, if f = (f1, . . . , fp)T is vector-valued, we write Vf for the
vector (Vf1, . . . ,Vfp)T.

Assumption (A5) non-lattice

Suppose that (A1) holds. Let f : R → Rp×1 be a column vector-valued
function vanishing on the negative half-line. Then, f satisfies the property∫ ∞

0
e−ϑx Vf(x) dx <∞

for some ϑ0 < ϑ < Re(λ), λ ∈ Λ.
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Theorem 3.16 [Asymptotic expansion for F (t) in the non-lattice case]
Let µ = (µi,j)i,j∈[ p ] be a p × p matrix of locally finite measures on [0,∞)
satisfying (A1), (A2) and (A4). Further, we assume that f : R → Rp×1 is
a column vector-valued function satisfying (A5) for some ϑ0 < ϑ < Re(λ),
λ ∈ Λ and that the set Λϑ is finite. Then there exist deterministic matrices
D0,k0, Dλ,k ∈ Rp×p with λ ∈ Λϑ, k = 0, . . . , kλ − 1 and kλ ∈ N such that

F (t) =
∑
λ∈Λϑ

∫ t

0
(f1 exp(λ, t− x, kλ)⊗ Ip) ~Dλ f(x) dx

+ 1ϑ<0D0,k0

∫ t

0
f(x)(t− x)k0−1 dx +O(eϑt) as t→∞ (3.41)

where ~Dλ := ∑kλ
k=1 fT

k ⊗ Dλ,k and the error bound O(eϑt) as t → ∞ applies
entrywise.

Remark 3.17 By expanding the matrix (f1 exp(λ, t− x, kλ)⊗ Ip) ~Dλ, we can refor-
mulate the asymptotic expansion (3.41) in the form

F (t) =
∑
λ∈Λθ

eλt
kλ−1∑
k=0

Dλ,k

t∫
0

f(x)(t− x)ke−λx dx

+ 1ϑ<0D0,k0

∫ t

0
f(x)(t− x)k0−1 dx +O(eϑt)

=
∑
λ∈Λθ

eλt
kλ−1∑
k=0

dλ,k t
k +O(e(θ+ε)t) (3.42)

as t→∞, where dλ,k ∈ Rp are deterministic vectors and the error bound O(e(θ+ε)t)
applies componentwise. Further, ε > 0 can be chosen arbitrarily small, in particular,
θ + ε < Re(λ) for every λ ∈ Λθ.

�

Remark 3.18 The coefficientsDλ,k in the asymptotic expansion (3.41) can be given
explicitly in terms of the coefficients Cλ,k from the asymptotic expansion of U(t)
given in Theorem 3.12 and Remark 3.14. We refrain from stating the exact expres-
sions as they become quite involved.

�

Proof of Theorem 3.16.
By Theorem 3.12, there exist deterministic matrices C0,k0 , Cλ,k ∈ Rp×p with λ ∈ Λϑ,
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k = 0, . . . , kλ − 1 and kλ ∈ N such that

U(t) =
∑
λ∈Λϑ

(f1 exp(λ, t, kλ)⊗ Ip) ~Cλ + 1ϑ<0C0,k0 t
k0 +O(eϑt) (3.19)

as t→∞ with ~Cλ := ∑kλ
k=1 fT

k ⊗ Cλ,k. Now let f : [0,∞)→ Rp×1 be a nonnegative,
right-continuous function with non-decreasing components satisfying∫ ∞

0
e−ϑxf(x) dx <∞

where this inequality has to be understood componentwise. Then we may view f as
the measure-generating function of a column vector ν of locally finite measures on
[0,∞) by letting

f(t) =: ν([0, t]) =
∫
1[x,∞)(t) ν(dx), t ≥ 0. (3.43)

By Proposition 3.2, the corresponding solution F to the Markov renewal equation
(3.1) takes the form

F (t) = U ∗ f(t) = U ∗
(∫

1[x,∞) ν(dx)
)

(t) =
∫
U ∗ 1[x,∞)(t) ν(dx)

=
∫ (
U ∗ 1[0,∞)

)
(t− x) ν(dx) =

∫
U(t− x) ν(dx).

Since the asymptotic expansion of U(t) is already known, we replace U(t − x) by
(3.18) to obtain∫ t

0
U (t− x) ν(dx)

=
∫ t

0

( ∑
λ∈Λϑ

(f1 exp(λ, t− x, kλ)⊗ Ip) ~Cλ + 1ϑ<0C0,k0(t− x)k0 +O(eϑ(t−x))
)
ν(dx)

=
∑
λ∈Λϑ

∫ t

0
(f1 exp(λ, t− x, kλ)⊗ Ip) ~Cλ ν(dx) + 1ϑ<0C0,k0

∫ t

0
(t− x)k0 ν(dx)

+
∫ t

0
O(eϑ(t−x)) ν(dx). (3.44)

We focus on the first integral on the right-hand side in (3.44). By applying the
functional equation of the exponential matrix exp(λ, x, kλ), one can verify that

d
dx exp(λ, x, kλ) = exp(λ, x, kλ)Jλ

where the kλ × kλ matrix Jλ is defined as

Jλ :=



λ 1 0 . . . 0
0 λ

. . . . . . ...
... . . . . . . . . . 0
... . . . . . . λ 1
0 . . . . . . 0 λ


.
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Hence, we infer∫ t

0
(f1 exp(λ, t− x, kλ)⊗ Ip) ~Cλ ν(dx) =

∫ t

0

∫
(f1 exp(λ, t− x, kλ)Jλ ⊗ Ip) ~Cλ dx ν(dx)

=
∫ t

0
(f1 exp(λ, t− x, kλ)Jλ ⊗ Ip) ~Cλ f(x) dx .

With (f1 exp(λ, t− x, kλ)Jλ ⊗ Ip) = (f1 exp(λ, t− x, kλ)⊗ Ip)(Jλ ⊗ Ip), we write

(f1 exp(λ, t− x, kλ)Jλ ⊗ Ip)
kλ∑
k=1

(fT
k ⊗ Cλ,k) = (f1 exp(λ, t− x, kλ)⊗ Ip)

kλ∑
k=1

(JλfT
k ⊗ Cλ,k).

Here, we define ~Dλ := ∑kλ
k=1(JλfT

j ⊗ Cλ,k) as the new pkλ × p matrix of coefficients
such that we conclude∫ t

0
(f1 exp(λ, t− x, kλ)⊗ Ip) ~Cλ ν(dx) =

∫ t

0
(f1 exp(λ, t− x, kλ)⊗ Ip) ~Dλ f(x) dx .

Furthermore, the second integral in (3.44) corresponds to

1ϑ<0C0,k0

∫ t

0
(t− x)k0 ν(dx) = 1ϑ<0C0,k0

∫ t

0

∫
k0(t− x)k0−1 dx ν(dx)

= 1ϑ<0B0,k0

∫ t

0
(t− x)k0−1f(x) dx ,

and the remainder term to O(eϑt) as t→∞ since∫
eϑ(t−y) ν(dy) = eϑt

∫
e−ϑy ν(dy) = eϑt

∫
f(y)ϑe−ϑy dy

where we have used integration by parts. Summarizing,

F (t) =
∫ t

0
(f1 exp(λ, t− x, kλ)⊗ Ip) ~Dλ f(x) dx

+ 1ϑ<0B0,k0

∫ t

0
(t− x)k0−1f(x) dx +O(eϑt) as t→∞.

Finally, let f : R→ Rp×1 be a function that satisfies condition (A5), i.e.∫ ∞
0
e−ϑx Vf(x) dx <∞.

We define the positive and negative part of f by f+(t) := max(f(t), 0) and f−(t) :=
max(−f(t), 0), respectively, for t ∈ R. Thus, f(t) = f+(t) + f−(t). Both f+ and
f− are nonnegative, right-continuous functions from R to Rp×1 with non-decreasing
components. Furthermore, we have Vf(t) = f+(t) + f−(t), for t ∈ R. Therefore, f+

and f− also satisfy condition (A5) and the preceding structure of the proof extends
to f+, f−, and f as well.
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3.6.2 The Lattice Case

In the present subsection, we assume that the p×p -matrix of measures µ is concen-
trated on N0. In this case, we examine the discrete solution F ({n}) = U ∗ f({n})
to the Markov renewal equation (3.1). To determine its asymptotic behavior, it is
convenient to use generating functions rather than Laplace transforms. Accordingly,
we define the generating function of the p× p -matrix µ as

Gµ(z) :=
∞∑
n=0
µ({n})zl (3.45)

for all z ∈ C for which the series is absolutely convergent. With this, observe that

Gµ(e−z) = Lµ(z)

and Gµ(e−z) < ∞ due to assumption (A1). As a result, the entries of the series
(3.45) define holomorphic functions on an open disc that contains {|z| ≤ e−ϑ}.

We begin our analysis by establishing the relationship between the poles of (Ip−
Gµ(z))−1 and (Ip − Lµ(z))−1.

Lemma 3.19 [Connection between the poles in both cases]
Suppose that (A1) and (A2) hold. If z = λ is a pole of (Ip − Lµ(z))−1 with
multiplicity kλ ∈ N, then z = e−λ is a pole of (Ip − Gµ(z))−1 again with
multiplicity kλ.

Proof of Theorem 3.12.
Let λ ∈ Λ with multiplicity kλ ∈ N and Aλ,kλ be as introduced in the proof of
Theorem 3.12 or in Remark 3.14. By definition, Aλ,kλ is finite and has a non-zero
entry. We show that (Ip−Gµ(z))−1 also has a pole at z = e−λ with multiplicity kλ.
Indeed,

lim
z→e−λ

(Ip − Gµ(z))−1(z − e−λ)kλ = lim
e−z→e−λ

(Ip − Gµ(z))−1(e−z − e−λ)kλ

= lim
z→λ

(Ip − Lµ(z))−1(z − λ)kλ (e−z − e−λ)kλ
(z − λ)kλ

= Aλ,kλ(−e−λ)kλ .

Let us define bi,jλ,k as the coefficient in front of (z − e−λ)−k in the Laurent series
of the (i, j)-th entry in (Ip − Gµ(z))−1 around the point z = e−λ. In particular,
bi,jλ,k = 0 for k > kλ. Summarizing, let us consider

Bλ,k := (bi,jλ,k)i,j∈[ p ]
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as the matrix of all coefficients in front of (z − e−λ)−k for k ≤ kλ, i.e.

(Ip − Gµ(z))−1 = Bλ,kλ(z − e−λ)−kλ + . . .+Bλ,1(z − e−λ)−1 +Hλ(z) (3.46)

where Hλ(z) is holomorphic in a neighborhood of e−λ. We proceed by determining
the asymptotic expansion of F (n). To facilitate this, we first introduce a lattice
version of assumption (A5).

Assumption (A6) lattice

Suppose that (A1) holds. Let f : N0 → Rp×1 be a column vector-valued
function vanishing on the negative half-line. Then, f satisfies the property

∞∑
n=0

e−ϑxf(n) dx <∞

for some ϑ0 < ϑ < Re(λ), λ ∈ Λ.

Theorem 3.20 [Asymptotic expansion for F (n) in the lattice case]
Let µ = (µi,j)i,j∈[ p ] be a p × p matrix of locally finite measures concentrated
on N0 satisfying (A1) and (A2). Further, we assume that f : N0 → Rp×1 is
a column vector-valued function satisfying (A5) for some ϑ0 < ϑ < Re(λ),
λ ∈ Λ and that the set Λϑ is finite. Then there exist deterministic vectors
cλ,k ∈ Rp×1 with λ ∈ Λϑ, k = 0, . . . , kλ − 1 and kλ ∈ N such that

F (n) =
∑
λ∈Λϑ

eλn
kλ−1∑
k=0

cλ,k n
k +O(eϑn) as n→∞, (3.47)

where the error bound O(eϑn) as n→∞ applies entrywise.

Proof of Theorem 3.20.
For r > 0, let Br := {|z| < r} be the open disc with radius r in C centered at the
origin and ∂Br := {|z| = r} be its boundary. We first suppose that ϑ > 0. Now, fix
r < e−α where α is the maximal real root in Λϑ. Since Gµ and Gf have holomorphic
entries on Be−ϑ by (A1) and (A5), we infer from Cauchy’s integral formula and the
convolution theorem for generating functions that

µ∗l ∗ f(n) = 1
2πi

∫
∂Br

G(µ∗l ∗ f)(z)
zn+1 dz = 1

2πi

∫
∂Br

(Gµ)l(z)Gf(z)
zn+1 dz . (3.48)
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In particular,

F (n) = U ∗ f(n) =
∞∑
l=0
µ∗l ∗ f(n) =

∞∑
l=0

1
2πi

∫
∂Br

(Gµ)l(z)Gf(z)
zn+1 dz

= 1
2πi

∫
∂Br

(Ip − Gµ(z))−1Gf(z)
zn+1 dz (3.49)

where the last step follows from Lemma A.8 since ρGµ(z) < 1 for |z| = r < e−α.
For λ ∈ Λϑ, recall that bi,jλ,n is the coefficient of (z − e−λ)−n in the Laurent series

of the (i, j)-th entry of (Ip − Gµ(z))−1 at z = e−λ and Bλ,k = (bi,jλ,k)i,j∈[ p ]. We write

Gf(z) =
∞∑
l=0

fl(e−λ)(z − e−λ)l, with coefficients fl(e−λ) = 1
l! (Gf)(l)(e−λ), l ∈ N0.

Then, we define the p× p matrices G(z) and H(z) by

G(z) :=
∑
λ∈Λϑ

kλ∑
k=1

Bλ,k

k−1∑
l=0

fl(e−λ)(z − e−λ)−k+l,

H(z) := (Ip − G(z))−1Gf(z)−G(z).

Here, G is meromorphic in C with poles located in Λϑ and H is holomorphic in a
neighborhood of Be−ϑ . Further, it holds that (Ip − G(z))−1Gf(z) = G(z) + H(z),
z ∈ Be−ϑ \ Λϑ. Hence, with (3.49), we infer

F (n) = 1
2πi

∫
∂Br

G(z) +H(z)
zn+1 dz = 1

2πi

∫
∂Br

G(z)
zn+1 dz + 1

2πi

∫
∂Br

H(z)
zn+1 dz . (3.50)

We focus on the first integral on the right-hand side in (3.50). By the residue
theorem, for any d ∈ N0, we derive

1
2πi

∫
∂Br

(z − e−λ)−d
zn+1 dz = (−1)deλ(d+n)

(
n+ d− 1
d− 1

)
.

Consequently,

1
2πi

∫
∂Br

G(z)
zn+1 dz =

∑
λ∈Λϑ

kλ∑
k=1

Bλ,k

k−1∑
l=0

fl(e−λ)(−eλ)−k+leλn
(
n+ k − l − 1
k − l − 1

)

=
∑
λ∈Λϑ

eλn
kλ−1∑
k=0

cλ,k n
k.

Here, the p× 1 vectors cλ,k depend only on the parameters λ, k and fk.
Now, consider the second integral on the right-hand side in (3.50). Observe that

the matrix H(z) has holomorphic entries on the disc Be−ϑ . Thus, with ϑn := ϑ+ 1
n
,

we infer∥∥∥∥∥
∫
∂Be−r

H(z)
zn+1 dz

∥∥∥∥∥=
∥∥∥∥∥
∫
∂B

e−ϑn

H(z)
zn+1 dz

∥∥∥∥∥≤ sup
z∈B

e−ϑ

‖H(z)‖ 1
(e−ϑn)n = O(eϑn) as n→∞

(3.51)
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and with (3.50),

F (n) =
∑
λ∈Λϑ

eλn
kλ−1∑
k=0

cλ,k n
k +O(eϑn). (3.52)

The proof can be extended to the case ϑ < 0 using a similar strategy as in
the non-lattice case. Indeed, as in the non-lattice case, we may choose γ < ϑ and
define µγ({n}) := e−γnµ({n}), Uγ({n}) := e−γnU ({n}), fγ(n) := e−γnf(n) and
Fγ(n) := e−γnF (n), n ∈ N0. Then,

Fγ(n) = e−γnF (n) = e−γn(U ∗ f)(n) = Uγ ∗ fγ(n).

In particular, we have
∞∑
n=0

e−(ϑ−γ)nfγ(n) =
∞∑
n=0

e−ϑn+γne−γnf(n) =
∞∑
n=0

e−ϑnf(n) <∞

which holds due to assumption (A5). Additionally,

Lµγ(ϑ− γ) =
∞∑
n=0

e−(ϑ−γ)nµγ({n}) =
∞∑
n=0

e−ϑn+γne−γnµ({n}) = Lµ(ϑ) <∞

by assumption (A1). As in the non-lattice case, Λγ = {λ ∈ D(Lµγ) : det(Ip −
Lµγ(z)) = 0} = Λ−γ as well as Λγ

ϑ−γ = Λϑ−γ. Moreover, ϑ−γ > 0 and therefore,
we have an asymptotic expansion for Fγ(n), namely,

Fγ(n) =
∑

λ∈Λγ
ϑ−γ

eλn
kλ−1∑
k=0

cγλ,k n
k +O(e(ϑ−γ)n).

Consequently, we infer

F (n) = eγnFγ(n) = eγn
( ∑
λ∈Λγ

ϑ−γ

eλn
kλ−1∑
k=0

cγλ,k n
k +O(e(ϑ−γ)n)

)

=
∑
λ∈Λϑ

eλn
kλ−1∑
k=0

cγλ,k n
k +O(eϑn).

3.7 Application to Multi-Type Branching Processes

As outlined in Section 2.2.2, the multi-type (general) Crump-Mode-Jagers branching
process satisfies a Markov renewal equation. In this context, let ξ represent the
offspring process matrix and µ = E[ξ] its intensity measure. Recall that N j

t denotes
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the number of individuals of type j born up to and including time t, while Nt =
(N1

t , . . . , N
p
t ) is its corresponding row vector. Then, with M(t) = (mi,j

t )i,j∈[ p ] :=
(Ei[N j

t ])i,j∈[ p ] we have established

M(t) = 1[0,∞)(t)Ip +M ∗ µ(t), t ∈ R. (2.8)

Building on the previous sections of this thesis, where we have thoroughly exam-
ined the asymptotic behavior of general solutions F to Markov renewal equations
(3.1), we are now prepared to apply our main results, namely Theorem 3.12 and The-
orem 3.16, to this particular framework. We begin by discussing the implications
of our assumptions (A1) and (A2) on M(t) as t → ∞. Notably, these assumptions
serve as the multi-type analogues to those presented in Jagers’ classical textbook
[Jag75], where the finiteness of the process in the single-type case in ensured.

3.7.1 No Explosion in Finite Time

A multi-type general branching process with the property that there exists i, j ∈ [ p ]
and t > 0 such that Pi(Zjt = ∞) > 0 is called explosive. A classical result that
guarantees that the single-type general branching process is not explosive can be
found in [Jag75, Theorem 6.2.2] and states that explosion does not occur if the
expected number of children of the ancestor born at time 0 is strictly less than 1
and the expected number of children born up to and including time ε is finite for
some ε > 0 , i.e. µ(0) < 1 and µ(ε) < ∞. The following proposition forms the
multi-type analogue of [Jag75, Theorem 6.2.2].

Proposition 3.21 [Non-explosive multi-type general branching processes]k1 Suppose that (A2) holds and that ‖µ(ε)‖ <∞ for some ε > 0. Then, for
any i, j ∈ [ p ], we have

Pi(N j
t <∞ for all t ≥ 0) = 1. (3.53)

k2 Suppose that (A1) and (A2) hold. Then there exists some ε > 0 with
‖µ(ε)‖ < ∞. In particular, (3.53) holds. Further, there exists some
θ ∈ R with %(θ) < 1 and for any such θ ∈ R and for all i, j ∈ [ p ], we
have

mi,j
t = Ei[N j

t ] = O(eθt) as t→∞. (3.54)

Proof of Proposition 3.21.k1 Following [Jag75, Theorem 6.2.2], the proof is structured into two steps. Initially,
the claim up to a specific time s is established by embedding a multi-type Galton-
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Watson process. Then, the proof continues after time t by applying the recursive
decomposition introduced in Section 3.7.1.

Therefore, we may assume without loss of generality that µ(t) has positive entries
only for every t > 0 and, in particular, is primitive. Indeed, if this is not the case,
then µi,j(t) = 0 for some i, j ∈ [ p ] and all sufficiently small t ≥ 0. For each such
pair (i, j), add an independent Poisson point process with intensity c > 0 to ξi,j
leading to an augmented general branching process. Then the intensity measure of
the augmented process is as desired and still satisfies the assumptions. Moreover,
the augmented process dominates the original, so if it satisfies the conclusion, then
so does the original process. By the continuity of the map θ → ρµ(θ) on [0, ε], see
Lemma A.1, there exists some s > 0 with ρµ(s) < 1. For u ∈ I, define ηu := ξu(s).
Then the ηu are i. i. d. random matrices with entries in N0 and thus define a multi-
type Galton-Watson process (Zn)n∈N0 where Zn = (Z1

n, . . . , Z
p
n) and Zi

n denotes the
number of individuals of type i ∈ [ p ] in generation n. By standard theory, see e.g.
[Har63, Equation (2.4.1)], we have Ei[Zn] = eiE[η]n. Therefore, if one understands
inequalities between vectors as componentwise,

mi
s := Ei[Ns] ≤ Ei

[ ∞∑
n=0

Zn

]
= ei

∞∑
n=0

E[η]n

and the last expression is finite in each component by Lemma A.2. In particular,
Pi(N j

t < ∞ for all 0 ≤ t ≤ s) = Pi(|Ns|1 < ∞) = 1 where the penultimate step
follows from the monotonicity of θ → N j

θ , j ∈ [ p ] and θ ∈ R. This means that
qit := Pi(|Nt|1 = ∞) is non-decreasing, i ∈ [ p ], and for qt := (q1

t , . . . , q
p
t ), we have

that |qs|1 = 0.
Now let t ≤ s be such that |qt|1 = 0. The recursive decomposition (2.6) can be
rewritten as

Ns+u = ei +
ξ(s+u)∑
k=1

Nk,s+u−S(k).

Consequently, if |Ns+u|1 =∞, then |Nk,s+u−S(k)|1 =∞ for some k = 1, . . . , ξ(s+ u)
since ξ(s+ u) <∞ by the local finiteness of ξ. In particular, if |Nk,s+u−S(k)|1 =∞,
then it follows that S(k) ≤ u as otherwise |qs|1 = 0. Therefore,

qis+u = Pi(|Ns+u|1 =∞) = Ei

[
Pi

( ξ(s+u)⋃
k=1
{|Nk,s+u−S(k)|1 =∞}

∣∣∣∣ ξ
)]

≤ Ei

[ ξ(u)∑
k=1

Pτ(k)(|Nk,s+u−S(k)|1 =∞| ξ)
]
≤ Ei

[ ξ(u)∑
k=1

q
τ(k)
s+u−S(k)

]

≤ Ei

[ ξ(u)∑
k=1

q
τ(k)
s+u

]
= eiµ(u)qs+u,

i.e., qs+u ≤ µ(u)qs+u, which implies qs+u = 0 by Lemma A.2.k2 Now suppose that (A1) and (A2) hold, i.e., Lµ(ϑ) has finite entries only for some
ϑ ∈ R and ρµ(0) < 1. Recall from Proposition 3.1 that %(θ) = ρLµ(θ) → ρµ(0) < 1
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as θ → ∞. Consequently, we may choose θ ≥ ϑ with %(θ) < 1. Recall that
Mt = (mi,j

t )i,j∈[ p ] = (Ei[N j
t ])i,j∈[ p ]. Then, using integration by parts,

LM(θ) :=
∞∫
0

e−θtMt dt =
∞∫
0

e−θt
∞∑
n=0
µ∗n(t) dt =

∞∑
n=0

∞∫
0

e−θtµ∗n(t) dt

=
∞∑
n=0

∞∫
0

e−θt
∫

[0,t]

µ∗n(dx) dt =
∞∑
n=0

∞∫
0

∫
[0,t]

e−θ(t−x)e−θxµ∗n(dx) dt

=
∞∑
n=0

∫
[0,∞)

∞∫
t

e−θ(t−x) dt e−θxµ∗n(dx)

= 1
θ

∞∑
n=0

∫
[0,∞)

e−θxµ∗n(dx) = 1
θ

∞∑
n=0
Lµ(θ)n,

which is a finite matrix since %(θ) < 1, see Lemma A.2. The assertion now follows
from Lemma B.1 applied to the functions t 7→ mi,j

t , i, j ∈ [ p ].

3.7.2 Asymptotic Expansion for the Mean

The asymptotic expansion of the mean matrix M(t) = (mi,j
t )i,j∈[ p ] := (Ei[N j

t ])i,j∈[ p ]
can now be derived directly from Theorem 3.12.

Theorem 3.22 [Asymptotic expansion for M(t) in the non-lattice case]
Consider a multi-type general branching process with matrix of intensity mea-
sures µ = (µi,j)i,j∈[ p ] satisfying (A1), (A2) and (A4). Further, suppose that
Λϑ is finite. Write M(t) = (mij(t))i,j∈[ p ] = (Ei[N j

t ])i,j∈[ p ] where Ei[N j
t ] is

the expected number of individuals of type j born up to and including time
t given that the ancestor’s type is i. Then there exist deterministic matrices
Cλ,k ∈ Rp×p, k = 0, . . . , kλ − 1, λ ∈ Λϑ, C0,k0 such that

M(t) =
∑
λ∈Λϑ

eλt
kλ−1∑
k=0

Cλ,k t
k + 1ϑ<0C0,k0 t

k0 +O(teϑt) as t→∞, (3.55)

where the error bound O(teϑt) as t→∞ applies entrywise.

Proof of Theorem 3.22.
The result follows immediately from Theorem 3.12 sinceM(t) = U(t) = ∑∞

n=0µ
∗n(t)

for all t ≥ 0.
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Remark 3.23 The asymptotic expansion (3.55) in Theorem 3.22 can also be for-
mulated in a compact form, as shown in Remark 3.15, for the case where Re(λ) > 0,
namely,

M(t) =
∑
λ∈Λϑ

∫ ∞
0

(f1 exp(λ, t− x, kλ)⊗ Ip) ~Aλ dx +O(teϑt). (3.56)

�

Example 3.24 Consider a 2-type process, in which particles of type 1 give birth
to particles of type 1 according to a Poisson point process ξ11 with intensity α > 0
and particles of type 2 give birth to particles of type 2 also according to a Poisson
point process ξ22 with intensity α > 0 where ξ11 and ξ22 are independent. Further,
let ξ12 = δ0 and ξ21 = 0, i.e., at the time of birth, every type-1-particle immediately
produces a type-2-particle. Then

Lµ(z) =
(
α
z

1
0 α

z

)
, Re(z) > 0.

Further, det(I2 − Lµ(z)) = (1 − α
z
)2, i.e., Λ = {α} and α is a zero of order two of

the determinant det(I2 − Lµ(z)). Moreover,

(I2 − Lµ(z))−1 = 1
(1− α

z
)2

(
1− α

z
1

0 1− α
z

)

=
(

0 α2

0 0

)
1

(z − α)2 +
(
α 2α
0 α

)
1

z − α
+
(

1 1
0 1

)
, Re(z) > 0, z 6= α.

This means that (I2 − Lµ(z))−1 has a pole of order 2 at z = α. Consequently, we
infer

M(t) = eαt
(

1 1 + tα
0 1

)
with Theorem 3.22 and the coefficients from Remark 3.14.

�

Suppose that (Zϕt )t≥0 is a multi-type Crump-Mode-Jagers process counted with
random characteristic ϕ. Define Fi(t) := Ei[Zϕt (t)] for i ∈ [ p ] and F (t) :=
(F1(t), . . . , Fp(t))T, t ∈ R. If ϕ satisfies appropriate integrability conditions to
be specified later, then F : R → Rp vanishes on the negative halfline and satisfies
a Markov renewal equation, namely, with Sk(u) = S(ku) − Xk on {Xk < ∞}, by
conditioning with respect to the first generation,

Fi(t) = Ei[Zϕt (t)] = Ei

[ ∑
u∈T

ϕu(t− S(u))
]

= Ei

[
ϕi(t) +

N∑
k=1

∑
u∈T

ϕku(t−Xk − Sk(u))
]

= Ei[ϕi(t)] +
p∑
j=1

∫
Fj(t− x)µi,j(dx) = fi(t) + (µ ∗ F (t))i
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where (µ ∗ F (t))i is the i-th entry of the vector µ ∗ F (t) and fi(t) := Ei[ϕi(t)]. In
other words, F = f + µ ∗ F , that is, F satisfies the Markov renewal equation (3.1)
provided that F (t) and f(t) exist and are finite. Hence, this allows us to apply
Theorem 3.16 on F (t) = (E1[Zϕt ], . . . ,Ep[Zϕt ])T.

Theorem 3.25 [Asymptotic expansion for F (t) in the non-lattice case]
Consider a multi-type general branching process (Zϕt )t≥0 counted with random
characteristic ϕ. Suppose that the matrix µ = (µi,j)i,j∈[ p ] of intensity measures
satisfies (A1), (A2) and (A4). Further, suppose that Λϑ is finite. Assume that
f(t) := (E1[ϕ1](t), . . . ,Ep[ϕp](t))T is finite for every t ≥ 0, right-continuous
with existing left limits as a function of t and satisfying (A5) for some ϑ0 < ϑ <
Re(λ). Then there exist deterministic matrices D0,k0, Dλ,k ∈ Rp×p with λ ∈
Λϑ, k = 0, . . . , kλ− 1 and kλ ∈ N such that for F (t) = (E1[Zϕt ], . . . ,Ep[Zϕt ])T,
it holds that

F (t) =
∑
λ∈Λϑ

∫ t

0
(f1 exp(λ, t− x, kλ)⊗ Ip) ~Dλ f(x) dx

+ 1ϑ<0D0,k0

∫ t

0
(t− x)k0−1f(x) dx +O(eϑt) as t→∞, (3.57)

where the error bound O(eϑt) applies componentwise.

The lattice case is analogous.



4 | Martingales for Multi-Type
Branching Processes

The objective of the present chapter is to establish specific complex martingales,
denoted by Wt(λ, kλ), for t ∈ R that are associated with the solutions λ to the
characteristic equation (3.8), where Re(λ) > 0, and their corresponding multiplic-
ities kλ ∈ N. These martingales are crucial for determining the principal terms in
the asymptotic expansion of the multi-type general branching process counted with
some random characteristic Zϕt as t→∞, and form the foundational building block
for establishing the central limit theorem. More specifically, the derivation of the
principal terms in the asymptotic expansion of the multi-type general branching
process Zϕt as t→∞ is based on the asymptotic expansion mϕ

t discussed in Section
3.7, together with the complex martingales Wt(λ, kλ), for t ∈ R constructed in this
chapter. In this context, recall that, under suitable assumptions, we have obtained

mϕ
t =

∑
λ∈Λϑ

∫ ∞
0

(f1 exp(λ, t− x, kλ)⊗ Ip)~Aλdx +O(teϑt) as t→∞, (3.56)

for some ϑ > 0 and p× p matrices of coefficients Cλ,k. Then, the principal terms in
the asymptotic expansion of Zϕt are of the form

∑
λ∈Λϑ

eλt
kλ−1∑
k=0

Wt(λ, kλ) tk +O(teϑt).

We commence our analysis with the construction of the martingales Wt(λ, kλ),
for t ∈ R. Following this foundational step, we will illustrate how these martingales
can be represented in terms of the multi-type general branching process Zφt , where
φ is a specific random characteristic. Finally, we will turn our attention to the
convergence properties of these martingales and demonstrate that Wt(λ, kλ) is an
Lq-bounded martingale, for q ∈ (1, 2].

4.1 Preliminary Construction

The starting point of our construction is given by Equation (3.9), namely,

(Ip − Lµ(z))−1 = 1
det(Ip − Lµ(z))Adj(Ip − Lµ(z)), z ∈ D(Lµ) \ Λ.

67
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Here, recall that each entry in (Ip −Lµ(z))−1 may have a pole at λ ∈ Λϑ, where kλ
denotes the maximal multiplicity of the singularity in (Ip−Lµ(z))−1. As previously
mentioned, we denote by ai,jλ,k the coefficient of (z−λ)−k in the Laurent series of the
(i, j)-th entry in (Ip − Lµ(z))−1 around λ ∈ Λϑ, for k = 1, . . . , kλ, where ai,jλ,k = 0
for k > kλ, indicating that only finitely many coefficients ai,jλ,k 6= 0 exist. Summa-
rizing this, we denote by Aλ,k := (ai,jλ,k)i,j∈[ p ] the matrix comprising all coefficients
corresponding to (z − λ)−k.

Consequently, as in (3.38), we write

(Ip − Lµ(z))−1 = Aλ,kλ(z − λ)−kλ + . . .+ Aλ,1(z − λ)−1 +Hλ,1(z)

for all z 6= λ in a small disc D(λ) centered at λ. Here, Hλ,1(z) is holomorphic
in D(λ), while Aλ,kλ , . . . , Aλ,1 are complex p × p matrices. Similarly, expanding
(Ip − Lµ(z)) around λ ∈ Λϑ, we obtain the Taylor series

(Ip − Lµ(z)) =
kλ−1∑
m=0

(Ip − Lµ(λ))(m)

m! (z − λ)m +Hλ,2(z)(z − λ)kλ

with Hλ,2(z) denoting another holomorphic function in D(λ). With both series, we
have the representation

Ip=
(
kλ−1∑
m=0

(Ip − Lµ(λ))(m)

m! (z − λ)m+Hλ,2(z)(z − λ)kλ
)(

kλ∑
n=1

Aλ,n(z − λ)−n+Hλ,1(z)
)
.

By expanding both series on the right-hand side and subsequently comparing the
coefficients on the left- and right-hand sides, we conclude

j∑
l=0

(Ip − Lµ(λ))(l)

l! Aλ,kλ−j+l = 0 for j = 0, . . . , kλ − 1.

Rearranging this leads to the identities

Aλ,kλ−j =
j∑
l=0

Lµ(l)(λ)
l! Aλ,kλ−j+l for j = 0, . . . , kλ − 1. (4.1)

In order to obtain a more compact form of (4.1), we represent the identities in the
matrix form


Aλ,1
...

Aλ,kλ

 =



Lµ(λ) Lµ(1)(λ) Lµ(2)(λ)
2! · · · Lµ(kλ−1)(λ)

(kλ−1)!

0 Lµ(λ) Lµ(1)(λ) · · · ...

0 0 Lµ(λ) . . . Lµ(2)(λ)
2!

... . . . . . . . . . Lµ(1)(λ)
0 · · · 0 0 Lµ(λ)




Aλ,1
...

Aλ,kλ

 . (4.2)
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In (4.2), the matrix on the left-hand side denotes a pkλ × p matrix, whereas the
matrix on the right-hand side which involves the derivates of Lµ, is of dimension
pkλ × pkλ. Furthermore, notice that for every λ ∈ Λϑ with multiplicity kλ ∈ N and
s ∈ R, we have

Lµ(k)(λ) =
∫ ∞

0
(−s)ke−λsµ(ds),

for k ≤ kλ − 1. This indicates the application of the exponential kλ × kλ matrices
exp(λ, s, kλ), introduced in Subsection 2.1.7, to simplify the pkλ × pkλ matrix in
(4.2). In fact, we infer

Lµ(λ) Lµ(1)(λ) Lµ(2)(λ)
2! · · · Lµ(kλ−1)(λ)

(kλ−1)!

0 Lµ(λ) Lµ(1)(λ) · · · ...

0 0 Lµ(λ) . . . Lµ(2)(λ)
2!

... . . . . . . . . . Lµ(1)(λ)
0 · · · 0 0 Lµ(λ)



=



∫ ∞
0
e−λsµ(ds)

∫ ∞
0
−se−λsµ(ds)

∫ ∞
0

s2

2! e
−λsµ(ds) · · ·

∫ ∞
0

(−s)kλ−1

(kλ − 1)!e
−λsµ(ds)

0
∫ ∞

0
e−λsµ(ds)

∫ ∞
0
−se−λsµ(ds) · · · ...

0 0
∫ ∞

0
e−λsµ(ds) . . .

∫ ∞
0

s2

2! e
−λsµ(ds)

... . . . . . . . . .
∫ ∞

0
−se−λsµ(ds)

0 0 0 0
∫ ∞

0
e−λsµ(ds)


=
∫ ∞

0
exp(λ,−s, kλ)⊗ µ(ds) (4.3)

where ⊗ denotes the Kronecker product, as discussed in Subsection 2.1.4. Conse-
quently, given the pkλ × p matrix ~Aλ as defined in (4.1), i.e.

~Aλ =
kλ∑
l=1

fT
l ⊗ Aλ,l =


Aλ,1
...

Aλ,kλ

 ,
we can express the matrix equation (4.2) by using (4.3) in the form

~Aλ =
(∫ ∞

0
exp(λ,−s, kλ)⊗ µ(ds)

)
~Aλ = E

[∫ ∞
0

exp(λ,−s, kλ)⊗ ξ(ds)
]
~Aλ. (4.4)
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Remark 4.1 To familiarize the reader with the computation involving Kronecker
products, we will present here a detailed calculation of Equation (4.4). Hence, notice
that(∫ ∞

0
exp(λ,−s, kλ)⊗ µ(ds)

)
~Aλ =

(∫ ∞
0

exp(λ,−s, kλ)⊗ µ(ds)
)(

kλ∑
l=1

fT
l ⊗ Aλ,l

)

=
kλ∑
l=1

∫ ∞
0

(exp(λ,−s, kλ) fT
l )⊗ (µ(ds)Aλ,l).

Since the l-th column of the kλ × kλ matrix exp(λ,−s, kλ) is given by

exp(λ,−s, kλ)fT
l =

l∑
i=1

e−λs
(−s)l−i
(l − i)! fT

i ,

we obtain
kλ∑
l=1

∫ ∞
0

(exp(λ,−s, kλ) fT
l )⊗ (µ(ds)Aλ,l) =

kλ∑
l=1

∫ ∞
0

(
l∑

i=1

e−λs(−s)l−i
(l − i)! fT

i

)
⊗(µ(ds)Aλ,l)

=
kλ∑
l=1

l∑
i=1

fT
i ⊗

(∫ ∞
0

e−λs(−s)l−i
(l − i)! µ(ds)Aλ,l

)

=
kλ∑
l=1

l∑
i=1

fT
i ⊗

(
Lµ(l−i)(λ)

(l − i)! Aλ,l

)
.

By rearranging both sums on the right-hand side and using (4.1), we finally deduce

kλ∑
l=1

l∑
i=1

fT
i ⊗

(
Lµ(l−i)(λ)

(l − i)! Aλ,l

)
=

kλ∑
i=1

fT
i ⊗

(
kλ∑
l=i

Lµ(l−i)(λ)
(l − i)! Aλ,l

)
=

kλ∑
i=1

fT
i ⊗ Aλ,i = ~Aλ.

�

Returning to (4.1), we can specifically state that for any u ∈ I,

(Ikλ⊗ eτ(u))~Aλ = (Ikλ⊗ eτ(u))E
[∫

exp(λ,−s, kλ)⊗ ξ(ds)
]
~Aλ

= E
[∫

exp(λ,−s, kλ)⊗ ξτ(u)
u (ds)

]
~Aλ.

In order to establish a more compact formulation of (4.4), we define for every
λ ∈ Λϑ with multiplicity kλ ∈ N, the random pkλ × p matrix

Z(λ, kλ) :=
(∫ ∞

0
exp(λ,−s, kλ)⊗ ξ(ds)

)
~Aλ.

With this, we can write (4.4) in the form E[Z(λ, kλ)] = ~Aλ. In this context, by
defining the random pkλ × p matrix Y := Z(λ, kλ) − ~Aλ and its shifted version
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Yu := Y ◦ θu where θu denotes the shift operator to vertex u ∈ I, we observe
E[Yu] = 0. Further, we set Zu(λ, kλ) := Z(λ, kλ) ◦ θu, i.e.

Zu(λ, kλ) =
(∫ ∞

0
exp(λ,−s, kλ)⊗ ξu(ds)

)
~Aλ.

Here, notice that Zu(λ, kλ) is ξu-measurable. Additionally, we set

Zτ(u)
u (λ, kλ) := (Ikλ⊗ eτ(u))Zu(λ, kλ) =

∫
(exp(λ,−s, kλ)⊗ ξτ(u)

u (ds))~Aλ

such that E[Zτ(u)
u (λ, kλ)] = (Ikλ⊗ eτ(u))~Aλ holds.

4.2 Formulation and Verification of the Martingale Property

After introducing the fundamental construction and some necessary definitions, we
turn our attention to deriving the martingales of interest, namely, Wt(λ, kλ) for
t ∈ R, and verifying their martingale property. To facilitate this, we define the
pkλ × p matrix-valued characteristic φλ which plays a central role in the analysis
presented in this thesis. This characteristic enables us to represent the martingales in
terms of the multi-type branching process counted with φλ, i.e. (Zφλt )t∈R. Therefore,
we define

φλ(t) := 1[0,∞)(t)
(∫ ∞

t
exp(λ, t− s, kλ)⊗ ξ(ds)

)
~Aλ, t ∈ R.

Theorem 4.2 [Martingales]
Suppose that (A1) and (A2) hold. We define Gu := σ(ξv : v � u) and FWt :=
σ({A∩{S(u) ≤ t} : u ∈ I and A ∈ Gu}), t ∈ R. Further, assume λ ∈ Λϑ with
multiplicity kλ ∈ N. Then,

Wt(λ, kλ) := exp(λ,−t, kλ)Zφλt , t ∈ R, (4.5)

is a martingale with respect to the filtration (FWt )t≥0 and

Eτ(∅)[Wt(λ, kλ)] = W0(λ, kλ) = (Ikλ⊗ eτ(∅))~Aλ.

In particular, we can formulate (4.5) as

Wt(λ, kλ) =
∑
u∈Ct

(exp(λ,−S(u), kλ)⊗ eτ(u))~Aλ (4.6)

where Ct := {uj ∈ T : S(u) ≤ t < S(uj)} is the coming generation at time t.
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Proof of Theorem 4.2.
Let λ ∈ Λϑ with multiplicity kλ ∈ N. First, we consider Zφλt for t ∈ R, i.e.

Zφλt =
∑
u∈I

(Ikλ⊗ eτ(u))φλ(t− S(u))

=
∑
u∈I

1{S(u)≤t}

(∫ ∞
t−S(u)

exp(λ, t− S(u)− s, kλ)⊗ ξτ(u)
u (ds)

)
~Aλ.

By using the identity exp(λ,−t, kλ) = (exp(λ,−t, kλ)⊗ 1), we obtain

exp(λ,−t, kλ)Zφλt =
∑
u∈I

1{S(u)≤t}

(∫ ∞
t−S(u)

exp(λ,−S(u)− s, kλ)⊗ ξτ(u)
u (ds)

)
~Aλ

=
∑
u∈I

Nu∑
l=1

1{S(u)≤t<S(ul)}(exp(λ,−S(ul), kλ)⊗ eτ(ul))~Aλ. (4.7)

In fact, substituting 1{S(u)≤t<S(ul)} = 1Ct(ul) in (4.7) directly implies (4.6). To
deduce the martingale property of exp(λ,−t, kλ)Zφλt , we continue by rewriting the
indicator function appearing on the right-hand side of (4.7) as

1{S(u)≤t<S(ul)} = 1{S(u)≤t}1{S(ul)>t} = 1{S(u)≤t} (1− 1{S(ul)≤t}) = 1{S(u)≤t} − 1{S(ul)≤t}.

This holds since for any individual u ∈ I, {S(ul) ≤ t} ⊆ {S(u) ≤ t} leads to
{S(ul) ≤ t} ∩ {S(u) ≤ t} = {S(ul) ≤ t}, i.e., 1{S(u)≤t}1{S(ul)≤t} = 1{S(ul)≤t} in the
last step. Hence, we deduce

∑
u∈I

Nu∑
l=1

1{S(u)≤t<S(ul)}(exp(λ,−S(ul), kλ)⊗ eτ(ul))~Aλ

=
∑
u∈I

Nu∑
l=1

(1{S(u)≤t} − 1{S(ul)≤t})(exp(λ,−S(ul), kλ)⊗ eτ(ul))~Aλ.

With Fubini’s theorem, we can decompose the series in the last line and obtain

∑
u∈I

Nu∑
l=1

(1{S(u)≤t} − 1{S(ul)≤t})(exp(λ,−S(ul), kλ)⊗ eτ(ul))~Aλ

=
∑
u∈I

1{S(u)≤t}(exp(λ,−S(u), kλ)⊗ 1)
(
Nu∑
l=1

exp(λ,−Xu,l, kλ)⊗ eτ(ul)

)
~Aλ

−
∑
|u|≥1

1{S(u)≤t}(exp(λ,−S(u), kλ)⊗ eτ(u))~Aλ (4.8)

where we substituted ul by u in the latter sum. In fact, sinceWt(λ, kλ) is integrable,
i.e. E[‖Wt(λ, kλ)‖] < ∞, we can use Fubini’s theorem and rearrange the infinite
series as seen before.
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In order to convince the reader of correctness, we proceed with an estimation
of E[‖Wt(λ, kλ)‖]. Using the multiplicity of matrix norms and subsequently, the
estimation provided in (2.2) for the kλ × kλ matrix exp(λ,−S(ul), kλ), we infer

E
[∑
u∈I

Nu∑
l=1

∥∥∥1{S(u)≤t<S(ul)}(exp(λ,−S(ul), kλ)⊗ eτ(u))~Aλ

∥∥∥]

≤ C
∑
u∈I

Nu∑
l=1

E
[
1{S(u)≤t<S(ul)} e

−ϑ(S(u)+Xu,l)
]
.

Here, C > 0 is a constant that depends only on kλ and the matrices Aλ,k, for all
k ≤ kλ. Further,

C
∑
u∈I

Nu∑
l=1

E
[
1{S(u)≤t<S(ul)} e

−ϑ(S(u)+Xu,l)
]
≤ C

∑
u∈I

E
[
1{S(u)≤t}e

−ϑS(u)
] Nu∑
l=1

E
[
e−ϑXu,l

]
= C

∑
u∈I

E
[
1{S(u)≤t}e

−ϑS(u)
](

eτ(u′ )Lµ(ϑ)1T
)

where u′ is the ancestor of u in the (n − 1)-th generation, i.e. the mother of u,
and 1 ∈ R1×p denotes a row vector with all entries equal to one. Notice that the
last term on the right-hand side is finite due to assumption (A1). Therefore, we
continue by investigating the first series on the right-hand side. By decomposing
−ϑ = (α + δ − ϑ)− (α + δ), we obtain

C
∑
u∈I

E
[
1{S(u)≤t}e

−(α+δ)S(u)e(α+δ−θ)S(u)
]
≤ C

∑
u∈I

E
[
1{S(u)≤t}e

−(α+δ)S(u)
]
e(α+δ−ϑ)t

≤ C
∑
n∈N0

E
[ ∑
|u|=n

e−(α+δ)S(u)
]

= C
∑
n∈N0

eτ(u′)Lµ(α + δ)n1T.

Moreover, ∑
n∈N0

‖eτ(u′)Lµ(α + δ)n1T‖ ≤ √p
∑
n∈N0

‖Lµ(α + δ)n‖.

In this context, notice that for any matrix A ∈ Cn×n, Gelfand’s formula implies
‖An‖ 1

n ≤ ρ(A) + ε for sufficiently large n and any ε > 0. Consequently, we deduce
‖An‖ ≤ (ρ(A) + ε)n for large n. Recall that %(z) := ρLµ(z), z ∈ D(Lµ(z)). With
this observation, we have∑

n∈N0

‖Lµ(α + δ)n‖ ≤
∑
n∈N0

(%(α + δ) + ε)n,

This series converges absolutely since %(α + δ) < 1 and we can choose ε such that
%(α + δ) + ε < 1.
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Returning to decomposition (4.8), we proceed by simplifying

∑
u∈I

1{S(u)≤t}(exp(λ,−S(u), kλ)⊗ 1)
(
Nu∑
l=1

exp(λ,−Xu,l, kλ)⊗ eτ(ul)

)
~Aλ

−
∑
|u|≥1

1{S(u)≤t}(exp(λ,−S(u), kλ)⊗ eτ(u))~Aλ

= 1[0,∞)(t)(Ikλ⊗ eτ(∅))~Aλ +
∑
u∈I

1{S(u)≤t}(exp(λ,−S(u), kλ)⊗ eτ(u))Yu. (4.9)

Thus far, we have established that the right-hand side in (4.9) corresponds precisely
to Wt(λ, kλ). This representation enables us to verify both the martingale property
and the FWt -measurability, starting with the latter.

Therefore, it suffices to show that each summand on the right-hand side in (4.9)
is FWt -measurable. Notice that each summand is of the form Fu := 1{S(u)≤t}Hu, for
u ∈ I where Hu is Gu-measurable. Consequently, it suffices to show that for any
Borel set B that does not contain 0, it holds Fu(B) ∈ FWt . But for such Borel set
B, we have F−1

u (B) = {S(u) ≤ t} ∩H−1
u (B) ∈ FWt .

The last property that requires verification is the martingale property. To estab-
lish this, let us consider 0 ≤ s < t. Then,

Wt(λ, kλ)−Ws(λ, kλ) =
∑
u∈I

1{s<S(u)≤t}(exp(λ,−S(u), kλ)⊗ eτ(u))Yu.

Here, it suffices to show that

E
[
1{s<S(u)≤t}(exp(λ,−S(u), k)⊗ eτ(u))Yu

∣∣∣FWs
]
= 0 a.s. (4.10)

Notice that u, v ∈ I with s < S(u) and s ≥ S(v) leads to u ⊀ v. For such u and v,
Gv independent of ξu. Hence, for any A ∈ Gv,

E[1A∩{S(v)≤s}1{s<S(u)≤t}(exp(λ,−S(u), k)⊗ eτ(u))Yu] = 0 a.s.

since E[Yu] = 0, for any u ∈ I. Further, we set

D := {D ⊆ Ω : E[1D(ω)1{s<S(u)≤t}(exp(λ,−S(u), k)⊗ eτ(u))Yu] = 0}

and observe that D is a Dynkinsystem. In fact,

E[1{s<S(u)≤t}(exp(λ,−S(u), k)⊗ eτ(u))Yu] = 0

since 1Ω(ω) = 1, the independence of 1{s<S(u)≤t}(exp(λ,−S(u), k) ⊗ eτ(u)) and Yu,
and E[Yu] = 0. Hence, Ω ∈ D. If A,B ∈ D with A ⊂ B , then 1B\A(ω) =
1B(ω)−1A(ω). In this case, the linearity of the expectation yields B\A ∈ D. Finally,
consider a disjoint sequence (An)n∈N0 ∈ D . Using the fact that 1∪n∈N0An

(ω) =∑
n∈N0 1An(ω) and the linearity of the expectation, we infer ∪n∈N0An ∈ D.
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Since the set Π := {A ∩ {S(u) ≤ t} : u ∈ I and A ∈ Gu} forms a π-system with
Π ⊆ D, the π-λ-theorem implies FWt = σ(Π) ⊆ D, therefore (4.10). In particular,
we deduce with (4.9),

Eτ(∅)[Wt(λ, kλ)] = 1[0,∞)(t)(Ikλ ⊗ eτ(∅))~Aλ,

completing the proof.

Remark 4.3 The martingale (Wt(λ, kλ))t∈R is a kλ× p matrix and takes the form

Wt(λ, kλ) =
∑
u∈Ct

(exp(λ,−S(u), kλ)⊗ eτ(u))~Aλ

=



W
(0)
t (λ, kλ) W

(1)
t (λ, kλ) W

(2)
t (λ,kλ)

2! · · · W
(kλ−1)
t (λ,kλ)

(kλ−1)!

0 W
(0)
t (λ, kλ) W

(1)
t (λ, kλ) · · ·

...
0 0 W

(0)
t (λ, kλ) · · · W

(2)
t (λ,kλ)

2!... ... ... . . . W
(1)
t (λ, kλ)

0 0 0 · · · W
(0)
t (λ, kλ)




Aλ,1
...

Aλ,kλ



=


∑kλ−1
l=0 W

(l)
t (λ, kλ)Aλ,l+1∑kλ−1

l=1 W
(l−1)
t (λ, kλ)Aλ,l+1
· · ·

W
(0)
t (λ, kλ)Aλ,kλ

 (4.11)

where W (j)
t (λ, kλ) = ∑

u∈Ct(−S(u))je−λS(u)eτ(u), j = 1, . . . , kλ − 1 and t ∈ R.
�

4.3 Lq-convergence for 1 < q ≤ 2

In this section, we briefly discuss the convergence properties of the martingale
(Wt(λ, kλ))t∈R. More precisely, we derive results that establish Lq-convergence, for
1 < q ≤ 2. To this end, we consider the martingale in the form

Wt(λ, kλ) = 1[0,∞)(t)(Ikλ ⊗ eτ(∅))~Aλ +
∑
u∈I

1{S(u)≤t}(exp(λ,−S(u), kλ)⊗ eτ(u))Yu.

To show that (Wt(λ, kλ))t∈R is an Lq-bounded martingale for 1 < q ≤ 2, it suffices
to demonstrate that sum on the right-hand side is an Lq-bounded martingale for
1 < q ≤ 2. To obtain this result, we require a q-th moment assumption on Yu
ensuring that E[‖Yu‖q] < ∞. We begin by deriving a sufficient condition for this.
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Using the multiplicity of matrix norms and subsequently, the boundedness of the
coefficient matrix ~Aλ, we obtain

E[‖Yu‖qHS] = E
[∥∥∥∥∥
(∫

exp(λ,−s, kλ)⊗ ξu(ds)− (Ikλ⊗ Ip)
)
~Aλ

∥∥∥∥∥
q

HS

]

≤ E
[∥∥∥∥∥
(∫

exp(λ,−s, kλ)⊗ ξu(ds)− (Ikλ⊗ Ip)
)∥∥∥∥∥

q

HS
‖~Aλ‖qHS

]

≤ CE
[∥∥∥∥∥
(∫

exp(λ,−s, kλ)⊗ ξu(ds)− (Ikλ⊗ Ip)
)∥∥∥∥∥

q

HS

]
.

Since for any p×pmatrix A, it holds ‖A−Ip‖qHS ≤ (‖A‖HS+‖Ip‖HS)q ≤ Cp(‖A‖qHS+1),
we conclude

CE
[∥∥∥∥∥
(∫

exp(λ,−s, kλ)⊗ ξu(ds)− (Ikλ⊗ Ip)
)∥∥∥∥∥

q

HS

]

≤ C

(
1 + E

[∥∥∥∥∥
(∫

exp(λ,−s, kλ)⊗ ξu(ds)
)∥∥∥∥∥

q

HS

])

≤ C

(
1 +

kλ−1∑
l=0

p∑
i,j=1

E
[(∫

e−Re(λ)ssl ξi,j(ds)
)q])

.

In order to bound the final term, we note that Re(λ) > ϑ and therefore, assume
E[(

∫
e−ϑs ξi,j(ds))q] < ∞ for each i, j ∈ [ p ]. This requirement is formally stated in

the following assumption:

Assumption (A6)

Suppose that (A1) holds. Then, the offspring process matrix ξ satisfies the
condition

E
[∥∥∥∥∥
∫
e−ϑs ξ(ds)

∥∥∥∥∥
q]
<∞

for some ϑ > 0 and q ∈ (1, 2].

With this condition, we can now establish the Lq-convergence for q ∈ (1, 2].

Lemma 4.4 [Lq-convergence for q ∈ (1, 2]]
Suppose that (A1), (A2) and (A6) hold. Assume 1 < q ≤ 2 and λ ∈ Λϑ with
multiplicity kλ ∈ N and Re(λ) > α

q
. Then (Wt(λ, kλ))t∈R is an Lq-bounded

martingale.
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Proof of Lemma 4.4.
As mentioned before, it suffices to show that ∑u∈I 1{S(u)≤t}(exp(λ,−S(u), kλ) ⊗
eτ(u))Yu is an Lq-bounded martingale, for 1 < q ≤ 2. Let x ∈ R1×k and y ∈ Rp×1

be fixed vectors. Then, (x ⊗ 1) and (1 ⊗ y) are vectors in the space R1×k ⊗ R and
R ⊗ Rp×1, respectively. Without loss of generality, we may assume ‖x‖, ‖y‖ ≤ 1.
With this, we focus on showing that

(x⊗ 1)
∑
n∈N0

∑
|u|=n

1{S(u)≤t}(exp(λ,−S(u), kλ)⊗ eτ(u))Yu(1⊗ y)

=
∑
n∈N0

∑
|u|=n

1{S(u)≤t}(x exp(λ,−S(u), kλ)⊗ eτ(u))Yuy

is an Lq-bounded martingale, for 1 < q ≤ 2. Therefore, we define

Mn(λ, kλ) :=
∑
|u|≤n

1{S(u)≤t}(x exp(λ,−S(u), kλ)⊗ eτ(u))Yuy

and notice that its increments, namely,

Mn(λ, kλ)−Mn−1(λ, kλ) =
∑
|u|=n

1{S(u)≤t}(x exp(λ,−S(u), kλ)⊗ eτ(u))Yuy

form a martingale with respect to the filtration (Gn)n∈N0 . To this end, we can use
the Bahr-Esseen inequality, see [BE65, Theorem 1], to obtain

E
[∣∣∣∣∣ ∑
n∈N0

∑
|u|=n

1{S(u)≤t}(x exp(λ,−S(u), kλ)⊗ eτ(u))Yuy
∣∣∣∣∣
q]

≤ Cn,q
∑
n∈N0

E
[∣∣∣∣∣ ∑
|u|=n

1{S(u)≤t}(x exp(λ,−S(u), kλ)⊗ eτ(u))Yuy
∣∣∣∣∣
q]
.

Further, by applying the conditional version of the Bahr-Esseen inequality with
respect to Gn−1, we get

E
[∣∣∣∣∣ ∑
|u|=n

1{S(u)≤t}(x exp(λ,−S(u), kλ)⊗ eτ(u))Yuy
∣∣∣∣∣
q∣∣∣∣∣ Gn−1

]

≤ Cn,q E
[ ∑
|u|=n

1{S(u)≤t}|(x exp(λ,−S(u), kλ)⊗ eτ(u))Yuy|q| Gn−1

]
.

Hence, we infer

E
[∣∣∣∣∣∑
u∈I

1{S(u)≤t}(x exp(λ,−S(u), kλ)⊗ eτ(u))Yuy
∣∣∣∣∣
q]

≤ Cn,q
∑
u∈I

E[|1{S(u)≤t}(x exp(λ,−S(u), kλ)⊗ eτ(u))Yuy|q].
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Then, using ‖x‖, ‖y‖ ≤ 1 and the independence of 1{S(u)≤t}(exp(λ,−S(u), kλ)⊗eτ(u))
and Yu yields ∑

u∈I
E[|1{S(u)≤t}(x exp(λ,−S(u), kλ)⊗ eτ(u))Yuy|q]

≤ C
∑
n∈N0

E
[ ∑
|u|=n
‖exp(λ,−S(u), kλ)‖q

]
E[‖Yu‖q].

By employing assumption (A6), the condition α
q
< Re(λ) and a similar argument

used in the proof of Theorem 4.2 regarding the integrability of the martingale
Wt(λ, kλ), we deduce

∑
n∈N0

E
[ ∑
|u|=n
‖exp(λ,−S(u), kλ)‖q

]
E[‖Yu‖q] ≤ C

∑
n∈N0

E
[ ∑
|u|=n

e−qRe(λ)S(u)
]

≤ C
∑
n∈N0

E
[ ∑
|u|=n

e−qϑS(u)
]

≤ C
∑
n∈N0

E
[ ∑
|u|=n

e−(α+qδ)S(u)
]

= C
∑
n∈N0

eτ(u′)Lµ(α + qδ)n1T

where u′ is the ancestor of u in the (n− 1)-th generation, i.e. the mother of u, and
1 ∈ R1×p denotes a row vector with all entries equal to one. The series converges
absolutely since %(α + qδ) < 1.







A | Appendix

In this chapter, we gather fundamental facts about mathematical concepts that are
required at various stages throughout this work. These results are well-established
within the field and do not constitute original contributions. For the convenience of
the reader, we provide either a reference or a sketch of a proof for each fact.

A.1 Spectral Radius

Let A be a p× p matrix. Then, we define the spectrum σA as

σA := σ(A) := {λ : λ ∈ C is an eigenvalue of A},

and the spectral radius as

ρA := ρ(A) := sup{|λ| : λ ∈ σA}

which represents the largest modulus eigenvalue. Alternatively, the spectral radius
ρA can be expressed by using the matrix norm of A, i.e.,

‖A‖ = sup
x∈Cp,|x|=1

|Ax|,

known as Gelfand’s formula.

Lemma A.1 [Gelfand formula]
Let ‖ · ‖ be a matrix norm on Cp×p and A ∈ Cp×p. Then

ρA = lim
n→∞
‖An‖

1
n .

Proof of Lemma A.1.
This is [HJ13, Corollary 5.6.14].

In particular, the matrix norm of A provides an upper bound for the spectral
radius ρA, as stated in the following result.

81



82 Appendix

Lemma A.2
Let ‖ · ‖ be a matrix norm on Cp×p, A ∈ Cp×p, and λ ∈ σA. Then it holds:
k1 |λ| ≤ ρA ≤ ‖A‖.k2 If A is invertible, we have ρA ≥ |λ| ≥ 1

‖A−1‖ .

Proof of Lemma A.2.
This is [HJ13, Theorem 5.6.9].

In order to simplify the notation, we write for each complex matrixA = (aij)i,j∈[ p ]
and vector x = (x1, . . . , xp)T ∈ Cp, A+ := (|aij|)i,j∈[ p ] and x+ := (|x1|, . . . , |xp|)T.
Using this notation, an inequality for the spectral radius can be derived.

Lemma A.3
Let A,B ∈ Cp×p and suppose that B is nonnegative. Then, A+ ≤ B implies
ρA ≤ ρB.

Proof of Lemma A.3.
This is [HJ13, Theorem 8.1.18].

Next, we consider the relationship between the spectral radius of a nonnega-
tive matrix A and that of its principal submatrices, which are square submatrices
obtained by removing certain rows and columns of A.

Lemma A.4
Let A be a nonnegative p× p matrix. If Ã is a principal submatrix of A, then
ρ(Ã) < ρ(A).

Proof of Lemma A.4.
This is [HJ13, Corollary 8.1.20].

Example A.5 Let A,B ∈ Cp×p. In general, the spectral radius is not subadditive,
i.e. ρA+B 6≤ ρA + ρB, as one can see in [HJ13, Example 2.4.8.3]. In fact, when
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considering the matrices

A =
(

0 1
0 0

)
and B =

(
0 0
1 0

)
,

one can observe ρA+B = 1, while ρA = ρB = 0.

�

If A is a nonnegative matrix, the Perron-Frobenius theory, see [HJ13, Theorem
8.3.1], tells us that ρA is not only the absolute value of an eigenvalue λ, but an
eigenvalue of A itself. Moreover, there is a nonnegative eigenvector x such that
Ax = ρAx and every eigenvalue λ of A lies in the closed bounded disk {z ∈ C :
|z| ≤ ρA}. Additionally, if A is primitive, i.e. a nonnegative matrix with An has
positive entries only for some nonnegative integer n, the Perron-Frobenius theory
provides even more detailed information about the spectral radius, as discussed in
[HJ13, Chapter 8.5].

Theorem A.6 [Perron-Frobenius Theorem]
Let M ≥ 0 be a primitive matrix.k1 0 < ρA ∈ σA is simple.k2 |λ| < ρA for all other eigenvalues λ ∈ σA \ {ρA}.k3 There exist unique left and right eigenvectors x and yTof A, both positive,

such that xyT = 1.

Here, the spectral radius ρA is called Perron-Frobenius eigenvalue.

Re(z)

Im(z)

ρMλ2

λ1

λ1

Figure A.1: Illustration of the Perron-Frobenius eigenvalue ρA on the complex plane.
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Lemma A.7
Let (As)s∈I be a family of nonnegative p × p matrices with decreasing and
continuous entries aijs : I → [0,∞), i, j ∈ [ p ], where I ⊆ R is a non-empty
interval. Write ρs := ρ(As) for the modulus of the spectral radius of As.k1 The function s 7→ ρs is decreasing and continuous on I.k2 If the As, s ∈ I are primitive, then for every s ∈ I, there exists a unique

normalized eigenvector vs associated with the Perron-Frobenius eigenvalue
ρs of As with positive entries only. The function s 7→ vs is continuous on
I.k3 If the As, s ∈ I are primitive and ∑p

i,j=1 a
ij
s is strictly decreasing, then

s 7→ ρs is strictly decreasing.

Proof of Lemma A.7.
In this proof, we will repeatedly use the fact that if pε(z) is a polynomial of degree
≤ p − 1 for ε ≥ 0 and the coefficients of pε(z) converge to those of p0(z) as ε ↓ 0,
then the zeros of zp + pε(z) converge to those of zp + p0(z) as ε ↓ 0, see e.g. [Mar49,
Theorem 1.4] (a corollary of Rouché’s theorem).

k1 We start by showing that s 7→ ρs is continuous. To this end, notice that ρs is the
largest root (in absolute value) of the characteristic polynomial χs(z) = det(zIp−As).
The characteristic polynomial is of the form χs(z) = zp + ps(z) where ps(z) is a
polynomial of degree ≤ p−1 with coefficients that are continuous in s. We conclude
that s 7→ ρs is continuous. In the next step, we prove the claimed monotonicity
statements. To this end, first suppose that the As, s ∈ I are primitive. Then ρs is
the Perron-Frobenius eigenvalue of As and s 7→ ρs is non-increasing by the Perron-
Frobenius theorem [HJ13, Theorem 1.1]. The latter also gives that ρs is strictly
decreasing if the sum of all entries of As is strictly decreasing. The next item of
business is to remove the additional assumption that the As, s ∈ I are primitive.
In the general case, we may write Aεs for the matrix As after adding ε to every
single entry of the matrix As where ε ≥ 0 is a parameter. Then As = A0

s. Write
ρεs := ρ(Aεs). Since Aεs is primitive, ρεs is (strictly) decreasing in s by what we have
already shown. On the other hand, again by [Mar49, Theorem 1.4], we infer ρεs → ρs
as ε ↓ 0. Consequently, s 7→ ρs is decreasing as the pointwise limit of a sequence of
decreasing functions.

k2 Suppose the As, s ∈ I are primitive. The existence of a unique normalized eigen-
vector vs with positive entries only associated with the Perron-Frobenius eigenvalue
ρs of As then directly follows from the Perron-Frobenius theorem [HJ13, Theorem
1.1]. It remains to show the continuity of s 7→ vs on I. First, again by the Perron-
Frobenius theorem, there exists a unique vector ws = (w1

s , . . . , w
p
s)T ∈ Rp with
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Asws = ρsws and w1
s = 1. Then vs = ws/|ws|. This means that

a21
s
...
ap1s

+


a22
s . . . a1p

s
... . . . ...
ap2s . . . apps



w2
s
...
wps

 = ρs


w2
s
...
wps

 .
We write this identity as a′s +A′sw

′
s = ρsw

′
s. Notice that ρs can not be an eigenvalue

of A′s due to Lemma A.4. Hence, the matrix (ρsIp−1 − A′s) is invertible. We infer

w′s = (ρsIp−1 − A′s)−1a′s.

The right-hand side is a continuous function of s ∈ I since ρs, A′s and a′s are contin-
uous. Therefore, w′s and thus also ws and vs = ws/|ws| are continuous functions of
s.k3 Follows from part k1 .

In order to proceed with the next result, it is necessary to define a specific form
of matrices, namely the Jordan normal form. These matrices are diagonal matrices
augmented with blocks representing the eigenvalues and their corresponding gener-
alized eigenvectors. In this context, let A be a complex p×p matrix with eigenvalues
λj, j ∈ [ p ], whose multiplicities are given by kj. For each eigenvalue λj, define the
kj × kj matrix

Jj :=



λj 1 0 . . . 0
0 λj

. . . . . . ...
... . . . . . . . . . 0
... . . . . . . λj 1
0 . . . . . . 0 λj


.

Thus, the Jordan normal form J of the matrix A is given by

J :=


J1 0 . . . 0
0 J2

. . . ...
... . . . . . . 0
0 . . . 0 Jd

 .

We further define the complex p× p matrix P = (vT
1 , . . . , v

T
p ) where vT

j , j ∈ [ p ] are
eigenvectors corresponding to λj such that P is an invertible matrix. This allows the
matrix A to be decomposed as A = P−1JP , known as the Jordan decomposition.



86 Appendix

Lemma A.8
Let A be a nonnegative p × p matrix with ρ(A) < 1. Then the following
assertions hold true:k1 The determinant det(Ip − A) is positive.k2 If x ∈ Rp≥ is such that x ≤ Ax, then x = 0.k3 The series ∑∞n=0 A

n converges and equals (Ip − A)−1.

Remark A.9 The series ∑∞n=0A
n in Lemma A.8 is a matrix analogue of the ge-

ometric series, referred to as Neumann series, and is discussed, for instance, in
[Mey00, Chapter 3]. Moreover, the series converges when ‖A‖ < 1 due to Lemma
A.2, namely ρ(A) < ‖A‖ for all matrix norms. It is important to note that the
existence of (Ip − A)−1 does not directly ensure the convergence of the Neumann
series. For the existence of (Ip − A)−1 it is only required that 1 /∈ σ(A), while for
the convergence, the stricter condition ρ(A) < 1 is needed.

Proof of Lemma A.8.k1 Let χ(z) = det(zIp − A) denote the characteristic polynomial of A. We have
to show that χ(1) > 0. First, we can observe that χ(1) 6= 0. If λ ∈ C is such
that χ(λ) = 0, then λ is an eigenvalue of A, and, according to our assumption
|λ| ≤ ρA < 1. In this case, 1 is not an eigenvalue of A such that we conclude
χ(1) 6= 0. On the other hand, χ is of the form

χ(z) =
p∏

k=1
(z − akk) + p(z), z ∈ C

where p is a polynomial of degree ≤ p− 1 and A = (aij)i,j∈[ p ]. Thus,

lim
x→+∞

χ(x) =∞.

This excludes the possibility that χ(1) < 0 since this in combination with the
intermediate value theorem implies the existence of an x > 1 with χ(x) = 0, but
each eigenvalue satisfies |λ| ≤ ρA < 1.k2 If x ≤ Ax, then x ≤ Anx for every n ∈ N0. Write A = P−1JP where P is
a complex invertible p × p matrix and J is the Jordan normal form of A. Since
ρ(A) < 1, every diagonal entry λ of the Jordan matrix J satisfies |λ| < 1. We thus
conclude that x ≤ Anx = P−1JnPx→ 0 as n→∞.k3 This is the proof of [Mey00, (7.10.11)].
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Let A be an m × n matrix and B a k × l matrix. Recall that the Kronecker
product of the matrices A and B is defined as the mk × nl matrix A ⊗ B. The
fundamental properties and rules of the Kronecker product are discussed in [Gra18,
Chapter 2.3]. Notably, the Kronecker product is not commutative, as one can see
in the following example:

(
1 1
0 0

)
⊗
(

1 1
1 0

)
=


1 1 1 1
1 0 1 0
0 0 0 0
0 0 0 0

 6=


1 1 1 1
0 0 0 0
1 1 0 0
0 0 0 0

 =
(

1 1
1 0

)
⊗
(

1 1
0 0

)
.

However, the Kronecker product is distributive with respect to addition, associa-
tive, and preserves the identity matrix. These properties, along with others, are
summarized in the Lemma A.10 below.

Lemma A.10 [Properties of the Kronecker product]
If a ∈ R is a scalar and A,B,C and D are p× p matrices, then the following
properties hold:
(A+B)⊗ C = A⊗ C +B ⊗ C
A⊗ (B + C) = A⊗B + A⊗ C
(aA)⊗B = a(A⊗B) = A⊗ (aB)
(A⊗B)(C ⊗D) = AC ⊗BD (‘Mixed Product Rule’)
‖A⊗B‖ = ‖A‖‖B‖.

Proof of Lemma A.10.
The details are presented in [Gra18, Chapter 2.3].

A.2 Laurent Series, Singularities and Residue

Let 0 ≤ r1 < r2 and z0 ∈ C. If f(z) is an analytic function in the annulus {z ∈ C :
r1 < |z − z0| < r2}, then f(z) can be represented as a series of the form

f(z) =
∞∑
k=1

ak
(z − z0)k +

∞∑
k=0

bk(z − z0)k

where the coefficients ak and bk are complex numbers. This series is known as the
Laurent series of f around z0. For a comprehensive discussion of its properties and
applications, see [Ahl79, Chapter 5.1.3]. The former sum,

∞∑
k=1

ak
(z − z0)k ,
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is referred to as principal part of the Laurent series, and the coefficient a−1 is termed
the residue of f at z0.

A function f(z) is said to have an isolated singularity at z0 if f(z) is analytic on
{z ∈ C : 0 < |z − z0| < r2} but is not analytic at z0. Furthermore, each isolated
singularity z0 can be classified as removable, pole, or essential depending on the
coefficients ak of the principal part of the Laurent series at z0. In this context, we
call z0 removable if ak = 0 for all k. In this case, f(z) can be analytically continued
to z0. The singularity z0 is a pole of order n if an 6= 0 and ak = 0 for all k > n. In
particular, we call z0 simple pole if z0 is a pole of order 1. In this situation, f(z)
behaves asymptotically like C 1

z−z0
, where C 6= 0 is a constant. Conversely, if ak 6= 0

for infinitely many k, then we classify z0 as an essential singularity.

A.3 Laplace Transforms

Recall that for a function f : [0,∞) → C, the Laplace transform of f at z ∈ C is
defined as

Lf(z) :=
∞∫
0

f(x) e−zx dx

whenever the integral converges absolutely, and its domain by

D(Lf) :=
{
z ∈ C :

∫ ∞
0
|f(x)| |e−zx| dx =

∫ ∞
0
|f(x)| e−Re(z)x dx <∞

}
.

The following lemma is probably well known but we could not provide a suitable
source in the literature. For the reader’s convenience, we include a short proof.

Lemma A.11
Let f : [0,∞)→ [0,∞) be a nondecreasing function with finite Laplace trans-
form Lf for every θ > 0, i.e.,

Lf(θ) =
∞∫
0

e−θxf(x) dx <∞.

Then f(t) = o(eθt) as t→∞.
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Proof of Lemma A.11.
For any t > 0, we have

f(t) = θ

∞∫
0

e−θxf(t) dx = θeθt
t∫

0

e−θ(x+t)f(t) dx + θ

∞∫
t

e−θxf(t) dx

≤ θeθt
2t∫
t

e−θxf(x) dx + θ

∞∫
t

e−θxf(x) dx = o(eθt) as t→∞.

A.4 (Logarithmic) Convex Functions

A function f : Rp → R is convex, if for every x, y ∈ Rp and λ ∈ [0, 1] the inequality
f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)y

holds, i.e. the straight line joining any two different points on its graph lies entirely
above the function’s curve.

f

x

Figure A.2: A graphical representation of a convex function.
A function f ≥ 0 is called logarithmic convex if log(f) is convex. Indeed, every

logarithmic convex function is also convex. This is easily seen by defining g :=
log(f). If g is convex, then exp(g) := f is convex by composition rules. Further, an
interesting class of logarithmic convex functions is formed by the Laplace transform
of positive functions. Let f ≥ 0, then with Hölder inequality

logLf(λx+ (1− λ)y) = log
(∫ ∞

0
eλx+(1−λ)yf(t)dt

)

= log
(∫ ∞

0
(e−xtf(t))λ(e−ytf(t))1−λdt

)
= λ logL(x) + (1− λ) logL(y),

i.e. Lf(t) is logarithmic convex, t ∈ R. Similarly, if µ is a nonnegative measure,
then Lµ(t) is logarithmic convex on D(Lµ) .
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A.5 Integrals

In this section, we present auxiliary results related to integrals, focusing in particular
on the computation of specific integrals that are required in the course of our proofs.

Lemma A.12
For λ ∈ C \ {0}, k ∈ N0 and t ≥ 0, we have

∫ t

0
xkeλx dx = (−1)k+1k!

λk+1

(
1− eλt

k∑
j=0

(−1)j λ
jtj

j!

)
.

Proof of Lemma A.12.
First consider λ = −θ for some θ > 0 and write Sk+1 for a random variable with
distribution Γ(k+1, θ), which is the (k+1)-fold convolution power of Exp(θ). Since
the increments in a homogeneous Poisson process (Nt)t≥0 with intensity θ > 0 are
independent exponentials, we have P(Nt ≥ k + 1) = P(Sk+1 ≤ t). Hence,
∫ t

0
xke−θx dx = k!

θk+1

∫ t

0

θk+1xk

k! e−θx dx = k!
θk+1 P(Sk+1 ≤ t) = k!

θk+1 (1−P(Nt ≤ k))

= k!
θk+1

(
1− e−θt

k∑
j=0

(θt)j
j!

)
.

This is (A.12) in the special case λ = −θ < 0. Since both sides of (A.12) are
holomorphic functions in λ ∈ C \ {0}, the assertion follows from the uniqueness
theorem for holomorphic functions.

Remark A.13 Classically, the integral in Lemma A.12 can also be determined
through repeated integration by parts, yielding the alternative form

∫ t

0
xkeλx dx = eλt

k∑
n=0

tk−n
(−1)nk!

λn+1(k − n)! −
(−1)k+1k!
λk+1 .
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