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Abstract

We consider in this thesis S-arithmetic subgroups of certain algebraic ma-
trix groups defined over Q. The simplest example of such a group is I' =
SL,(Z[1/p]). Each of these groups is of type Fu, by a well-known result of
Borel and Serre. On a formal level, this means that there is a K (I', 1) com-
plex with finite m-skeleton for every m € N. A nice consequence is that I is
finitely presented. While the method of Borel and Serre is more algebraic,
we give here a new, purely geometric, proof that uses Morse theory.

Doing so, we first develop the terminology of a Morse function without crit-
ical values greater than a constant r > 0, which is defined on the product
of a Riemannian manifold and a metric space. After that, we deduce some
properties from the reduction theory of S-arithmetic groups, which we trans-
late into geometric terms to a space X, on which our group acts canonically.
Finally, we construct a real-valued function on that space. We show that this
is a Morse function in the sense above. From that we deduce the statement
concerning the finiteness properties of the group.

Zusammenfassung

Wir betrachten in dieser Dissertation S-arithmetische Untergruppen von be-
stimmten algebraischen Matrixgruppen iiber Q. Das einfachste Beispiel einer
solchen ist I" = SL,,(Z[1/p]). Nach einem bekannten Resultat von Borel und
Serre ist jede dieser Gruppen vom Typ F,,. Rein formal bedeutet das, dass es
einen K (T',1)-Komplex gibt, der endliches m-Skelett hat fiir jede natiirliche
Zahl m € N. Eine schone Folgerung daraus ist, dass I' endlich présentiert
ist. Wahrend die Methode von Borel und Serre algebraisch ist, geben wir
hier einen neuen, rein geometrischen Beweis, der Morse-Theorie benutzt.

Dazu entwickeln wir zunéchst den Begriff einer Morse-Funktion ohne kri-
tische Werte oberhalb einer Konstante » > 0, die auf dem Produkt einer
Riemannschen Mannigfaltigkeit und eines metrischen Raumes definiert ist.
Danach folgern wir einige Eigenschaften aus der Reduktionstheorie S-arith-
metischer Gruppen und {ibersetzen diese in geometrische Form auf einen
Raum X, auf dem unsere Gruppe kanonisch wirkt. Schlieklich konstruieren
wir eine reellwertige Funktion auf diesem Raum und zeigen, dass sie die Kri-
terien einer Morse-Funktion wie oben erfiillt. Daraus leiten wir die Aussage
iiber die Endlichkeitseigenschaften der Gruppe ab.



Contents

[(I__Introduction|

Fundamentals and background material|

Proper maps and actions|

Metric spaces of non-positive curvature|

[3.1 CAT(0) spaces and Busemann functions| . . . . . . .

3.2 Products of metric spaces| . . . . ... ... ... ..

Finiteness properties|

Real and complex manifolds|

0.1 Smooth manifolds, vector fields and flows| . . . . . .

9.2  Complex manifolds| . . . . ... ... ... .. ....

6

Lie algebras|

Lie groups|

[7.1 Real Liegroups| . . . . .. ... ... ... .. ....

7.2 Complex Lie groups| . .. ... ... ... .. ....

B & . Tolds]

8.1  Riemannian geometry| . . . . ... ... ... .. ..

9

Root systems|

[LO Afline algebraic varieties|

[11 Algebraic matrix groups|

[11.1 Algebraic matrix groups as complex linear groups|

[11.2 Algebraic matrix groups as functors|. . . . . . . . ..

[11.3 The Iwasawa decomposition of a real algebraic matrix group) .

10
10
15

17

20
20
27

31

32
32
34

36
36
39

43

46

49

58
60



(12 Adeles, adelic groups and S-arithmetic groups|

[12.3 Adelic groups| . . . . . . . . .

[12.4 S-arithmetic groups| . . . . . . . . . . ... ... ...

(13 Euclidean buildings|

[13.1 Buildings as chamber complexes|. . . . . . . . ... ... ...

[13.2 Euclidean buildings as geometric objects| . . . . . . .. .. ..

[13.3 Algebraic groups and Euclidean buildings| . . . . . ... . ..

(II  Geometric proof of the Borel-Serre theorem

(14 Morse theory on two factors|

I5C . ] onl

[15.1 Conventions for the algebraic matrix group| . . . .. ... ..

[15.2 Notation about the groups|. . . . . . . . ... ... ... ...

|15.3 Notation about the geometric space|. . . . . . .. . ... ...

[16 Reduction theory|

[16.1 Reduction theory ot S-arithmetic groups| . . . . . . . . . . ..

[16.2 Geometric reduction theoryl . . . . . . . ... ... ... ...

(17 Raghunathan’s function on the space X]|

[18 Finiteness properties of the S-arithmetic group|

61
61
62
63
64

66
66
67
69

70

70
71
73
83

87
87
90
93

95
95
100

109
109
113

136



1 Introduction

In geometric group theory the structure of groups is examined via geometrical
methods. The approach is often to construct a geometric space on which they
act with good properties. The groups we will deal with in this thesis are .S-
arithmetic subgroups of algebraic matrix groups defined over Q. A typical
example for this is

I = SL.(Z[1/p)

for some prime p. Via the diagonal embedding one can view this as a discrete
subgroup of SLy,(R) x SL,,(Q,). The latter acts with compact stabilizers on
a contractible space X = X x X, where Xo, = SL,(R)/SO(n) is the
symmetric space associated to SLy(R) and X, is the Bruhat-Tits building
associated to SLy,(Qp), an example of a Euclidean building.

Now consider a group as the fundamental group of some connected CW com-
plex C: It is an easy consequence of algebraic topology that 71 (C) is finitely
generated if C has finite 1-skeleton, and finitely presented if C' has finite 2-
skeleton. This can be generalized to higher dimensions in the following way:
The group 71 (C) is of type F, if C has finite n-skeleton and the universal
cover C is contractible. Here we want to show that the group under consid-
eration is of type F, that means of type F, for all n. One way to do so is
to construct a contractible CW complex on which our group acts with finite
stabilizers and with compact quotient. But in the setup described above the
induced action of T fails to be cocompact, so one needs to modify the space
X.

Raghunathan |[Rag68| considered arithmetic subgroups of semisimple alge-
braic groups defined over Q. Here one can think of SL,(Z), which is a
discrete subgroup of SL,(R). His method was to cut out some part of the
symmetric space making the induced action of the arithmetic group cocom-
pact. In fact, he constructed a smooth real valued function defined on the
quotient and showed that it has no critical value greater than some constant
r > (0. That the homotopy type does not change then follows from Morse
theory as developed in |[Mil63].

The way of Borel and Serre [BS73| to handle the problem of cocompactness
was to attach a boundary to the space X, that is in some sense compatible
with the action and does not change the homotopy type, but which makes
the quotient compact. In [BS76] they extended their result to S-arithmetic
groups:

Theorem (Borel-Serre). Let G be a simply connected, Q-simple Chevalley
group over Q. Then the S-arithmetic subgroup T' = G(Z[p%, e pis}) is of
type Foo.

The procedure is sketched in the book of Brown |[Bro89, VII 1D and 2C|.



The aim of this thesis is to give a new proof of the Borel-Serre theorem
about S-arithmetic groups but following the method of Raghunathan. To
do so we will construct a Morse function with no critical values outside some
compact interval, not only on the smooth factor X, but on the whole space
X = X x X,,. Note that Morse theory in the classical sense like in [Mil63]
only applies to smooth structure. So we need to extend it to a function
defined on the product of a smooth and a non-smooth factor.

Theorem. Let f: M x Z — R be a continuous function defined on the
product of a smooth Riemannian manifold M and a first countable Hausdorff
space Z. We assume that it fulfills the following properties for some r > 0:

a) The induced map f*: M — R defined by f*(p) := f(p, z) is smooth for
every z € Z.

b) The norm of the gradient V f* is uniformly bounded from below on the
set {p € M | f*(p) > r}. This bound is independent of z € Z.

¢) The map Z — C1(M,R) defined by z — f is continuous with respect
to the weak C' topology.

Then f~1(] — oo, R]) is homotopy equivalent to M x Z for all R > r.

Such a map f we will call a Morse function with no critical values greater
than r.

The proof of the Borel-Serre theorem we will give here will be entirely ge-
ometric. As an outlook, one possible application of the methods developed
in this work could be to show a conjecture stated in the article of Hartnick
and Witzel [HW22]: There the authors examine finiteness properties of so
called approximate subgroups. These are defined as a symmetric subset A of
a group G that contains the identity of the group, but is only closed under
multiplication up to finiteness: This means AA C FA for a finite set F' C G.
Examples of such approximate subgroups can be constructed in a similar
way from algebraic groups like S-arithmetic subgroups. The authors inves-
tigate finiteness properties for the case where S contains only finite places.
They conjecture that if S also has Archimedean places, the corresponding
approximate subgroup is also of type Fi. It should be possible to extend
our geometric proof to this, while the construction of Borel and Serre is too
algebraic to apply here.

The attentive reader will have noticed that the theorem Borel and Serre
originally proved is much more general. This is due to technical assumptions
that we will use in our argumentation. By making some adjustments, it
should also be possible to prove the result in the full generality of [BS76].



Let me outline the structure of this thesis, it is divided into two parts. Part
consgists of Sections [2] to and serves as an introductory part. It collects
terminology and basic results that are needed later on. These include proper
actions, CAT(0) spaces and Busemann functions, finiteness properties, (Rie-
mannian) manifolds, Lie groups, root systems, algebraic matrix groups and
Euclidean buildings. Those topics with which the reader is already familiar
can be skipped. Specific notation or special results that are required will be
clearly referenced to at the appropriate points.

In Part [IT) we will prove the theorems stated above. Section [I4] begins with
the theorem about Morse functions on two factors. In Section [13l we fix an
algebraic matrix group G defined over Q. To work with it we will give a
list of conventions that should apply to that group and introduce notation.
We also define the space X the S-arithmetic group acts on. Raghunathan
lists several properties about arithmetic groups that are necessary for his
proof, see [Rag68, (i)-(iv) on p.326]. In Section (16| we will deduce analogous
statements from reduction theory of S-arithmetic groups using the classical
results stated in [PR94] and [Bor63|. These we will translate to geometric
properties of the action from I" on the space X, and describe them in terms
of Busemann functions. Here we use some constructions from [HW22]. Then
in Section we will define a real valued function on the space X = X x X,
in a similar way Raghunathan does: It will be invariant under the action of
the group I'. Using the geometric results already mentioned we will show
that it is a Morse function as described above. From this we will deduce the
finiteness properties of S-arithmetic subgroups of G in Section



Part I

Fundamentals and background
material

In this part we give definitions for the terms needed later and collect some
background material. Most of the time we give references for the statements
needed. In some cases we need more specific results or easy consequences
from the general theory, then we give short proofs.

2 Proper maps and actions

Here we collect some basic facts about proper maps and group actions. A
good source is the overview article by Kramer [Kra22].

Definition 2.1. Let X, Y be Hausdorff spaces, where we additionally assume
Y to be locally compact. A map f: X — Y is called proper if f~1(K) C X
is compact for all compact subsets K C Y .

Remark 2.2. There are various definitions for a map to be proper. But our
definition is equivalent to the one given in [Kra22| since we assumed Y to be
locally compact.

We give a criterion for a map to be proper.

Lemma 2.3. Let f: X — Y be a continuous map between topological Haus-
dorff spaces, where we assume X to be a countable union of open, relatively
compact subsets. Let further f fulfill the following property:

For every sequence (zy)nen tn X with the property that the set {n € N | x,, €
C} is finite for any compact subset C C X, the set {n € N| f(zy,) € K} is
also finite for all compact subsets K C Y.

Then f~1(K) is a compact subset of X for all compact K CY.

Proof. Let K C Y be compact, then the preimage f~!(K) C X is closed.
Suppose it were not compact. By assumption X = J,,c Un for some rela-
tively compact open subsets U,, of X. For every n € N the preimage f~1(K)
is not contained in |J_; U;, so we can pick some z, € 1K)\ (Uly Us).
On the other hand, for all compact subsets C' of X there is an m € N such
that C' is a subset of the finite union |J;, U;, which implies z,, ¢ C for all
n > m. But this means that the set {n € N | z,, € C} is finite for any
compact subset C of X, so {n € N| f(z,,) € K} must be finite, too. This is
a contradiction, since every f(z,) is an element of K by definition. O



Definition 2.4. The continuous action of a topological Hausdorff group G
on a locally compact space X is called proper if the map

[iGxX = XxX, (g,) = (g.x,2)
is proper.

The following is a useful characterization of proper group actions.

Lemma 2.5. Let G be a topological Hausdorff group acting continuously on
a locally compact space X. The following are equivalent:

a) The action is proper.

b) The set {g € G| gBNC # @} is compact for all compact subsets
B,CcCX.

c) The set {g € G| g.CNC # @} is compact for all compact subsets
CcCX.

Proof. By [Kra22, Proposition 1.5] statements a) and b) are equivalent, and
obviously b) implies ¢). So take B,C' C X compact, then c¢) implies that
{9€G|g.(BUC)N(BUC) # @} is also compact. Using the fact that

H:={geG|gBNC#2}C{geG|g.(BUC)N(BUCQC) # @}

we only have to show that H is closed in G. Take any net (gi)aea in H
converging to some g € (G, we have to show that g € H. We can choose
nets (by)aca C B and (ca)rea € C such that gy.by = ¢y for all A € A by
definition of H. Since C'is compact we get a subnet (¢,,), converging to some
c € C. If we now consider the corresponding net (b,),, then we can choose
another subnet (b,), converging to some b € B again by compactness. This
leads to nets (gy)y, (by), and (¢,), converging to g, b and c¢. By continuity
of the action we get

g.b=1limg,.b, =limc, =c¢
so in fact ¢ € H holds. O

Corollary 2.6. If G is a topological Hausdorff group acting properly on a
locally compact space X, then any closed subgroup H C G acts also properly
on X. FEspecially this holds for all discrete subgroups.

Proof. Follows directly from the lemma above. O

Properness of group actions also passes over to products.



Lemma 2.7. Let (G;)ier be a family of topological Hausdorff groups, each
of them acting on a locally compact space X;. Then the induced action of
[Lic; Gi on [1;c; Xi, is proper if and only if each of the actions G; on X; is
proper.

Proof. Follows from [Eng89, Theorem 3.7.9]. Just note that what we have
called proper here is called perfect there. ]

Finally we prove a criterion for a group action to be proper that we want
to apply later. Since properness passes to closed subgroups by Corollary
this will also give a criterion for a discrete subgroup to act properly.

Lemma 2.8. Let G be a locally compact group acting continuously and tran-
sitively on a Hausdorff space X. Suppose there is a point xg € X such that:

a) The stabilizer Stabg(xg) is compact in G,

b) the continuous map p: G — X, g+ g.xqo is open.

Then for any compact subset C C X the set {g € G | gCNC # o}
is compact. Consequently, if X is assumed to be locally compact, then the
action 15 proper.

Proof. Tt suffices to find a compact subset A C G to a given C C X compact
with A.zg = C, because this implies that

{geG|gCNC+#2}=AKA™

is compact for K := Stabg(zg). Under the given assumptions both sets
indeed coincide: If ga.xg = a’.xg for a,a’ € A and g € G, then z¢ = a~'gd,
so g €aKa ™' ¢ AKA™'. On the other hand, if g = d’ka™' € AKA™! then
g-(a.zg) = d’.x.
So let

A:={geGlgaocC}=p(0)
then A.zq = C by transitivity. Thus we have to show that A is compact. For
any a € A choose a relatively compact open neighborhood U, C G by local
compactness of G. Since ¢ is open, the set J,c 4 ¢(Us) is an open cover of
the compact set C, so we can find Uy, ..., U, € {U, | a € A} such that

CcC U e(Ui) = (U Ui) = (U Ui) Tg.
i=1 i=1 i=1
But this implies

i) ) (0)

since K = Stab(xg). Thus, A is a subset of a compact subset of G. Further-
more, A is closed by definition, so it is indeed compact. O



3 Metric spaces of non-positive curvature

We give a short introduction into CAT(0) spaces. The goal of the first
subsection is to define the boundary at infinity and Busemann functions and
state some basic results about their interplay. In the second part we consider

products of metric spaces. Main source for both parts is the book of Bridson
and Haefliger [BH99].

3.1 CAT(0) spaces and Busemann functions

Throughout this whole subsection let X be a metric space with metric d.

Definition 3.1. Let A > 0. Amap c: [a,b] — X with d(c(t),c(s)) = A |t — 3]
for all s,t € [a,b] C R is a linearly reparametrized geodesic. We call it a
geodesic if A = 1. Tts image [c(a), ¢(b)] := im(c([a, b])) is a geodesic segment
from c(a) to c(b).

If for any two points z,y € X there is a (unique) geodesic segment from
x to y, then we call X a (unique) geodesic space. A geodesic ray is a map
[0,00[— X such that the restriction to [a,b] is a geodesic for any [a,b] C
[0, 00[. Similarly, we define a geodesic line as a map R — X with the same
property for all [a,b] C R. Equivalently, one could define geodesics, geodesic
rays and geodesic lines as isometric embeddings.

Two geodesic rays ¢, ¢’ : [0, 00[— X are called asymptotic if there is a constant
k > 0 with d(c(t),c (t)) < k for all t > 0. This clearly defines an equivalence
relation on the set of geodesic rays into X. Write ¢(oo) for the equivalence
class of the ray c: [0,00[— X, and define the boundary at infinity of X as
the set

0X = {c(o0) | ¢: [0,00[— X is a geodesic ray}.

In the following text we denote an element £ € X as point at infinity. The
isometry group Isom(X) of a metric space X has a canonical action on 90X
since d(v.c(t),~.c'(t)) = d(c(t),d(t)) for v € Isom(X). Thus, every group
that acts via isometries on X also acts on its boundary.

A geodesic triangle in X with vertices z,y, 2z € X is the union
Az,y,2) = ([z,y] Uy, 2] U[z,2]) € X

of three geodesic segments. We call a triangle A(Z,7,%) C R? with d(z,y) =
d(z,y), d(y,z) = d(y,z) and d(z,z) = d(Z,z) a comparison triangle for
A(x,y,2). A comparison point for p € [x,y] C X is a point p € [T, 7] C R?
with d(p,x) = d(p,T). A geodesic triangle A(z,y, z) satisfies the CAT(0)-
inequality, if for all p,q € A(z,y,2) and comparison points p,q € A(z,y, 2)
the inequality d(p,q) < d(p,q) holds.

10



Definition 3.2. A geodesic metric space X is a CAT(0) space, if for every
triangle A(x,y,z) C X the CAT(0) inequality holds.

Furthermore, we say a metric space X is locally CAT(0) or of non-positive
curvature if for every x € X there is an € > such that B.(z) = {y € X |
d(z,y) < e} is a CAT(0) space when endowed with the canonical subspace
metric.

Every CAT(0) space X is in fact uniquely geodesic. Further it has the prop-
erty that its geodesics vary continuously with their endpoints: If ¢, ¢y, : [0,1] —
X are linearly reparametrized geodesics with the properties lim,_,o ¢, (0) =
¢(0) and limy, o0 ¢ (1) = ¢(1), then ¢, converges to ¢ uniformly on the whole
interval [0,1]. For both statements see [BH99), Proposition II1.1.4]. One can
easily deduce:

Lemma 3.3. Every CAT(0) space is contractible.

Proof. See [BH99. Corollary II.1.5]. O

For any two geodesics ¢,c’: [a,b] — X the function f: [a,b] — R; t —
d(c(t),d(t)) is convex by [BH99, Proposition 11.2.2].

Example 3.4. We give some examples of CAT(0) spaces here.

a) Obviously, the Euclidean space R™ is a CAT(0) space.

b) Every tree endowed with the canonical metric is a CAT(0) space, com-
pare [BH99, Example 11.1.15 (4)].

c) We construct the hyperboloid model H™ for the hyperbolic n-space: For
z,y €ER"™ let xoy: =31 | 2;9; — Tnt1Yn+1. Then we define

H"={z e R"™ |zox=—1and z,.; > 0}

and set
dyn (z,y) = arcosh(—x o y).

The induced map dyn defines a metric on H", see [Rat94, Theorem
3.2.2]. One can show that the corresponding metric space is uniquely
geodesic, compare [BH99|, Corollary 1.2.8 (1)]. We define a CAT(—1)
space analogously to a CAT(0) space, but taking comparison triangles
A in H? instead of R2. The space H? canonically embeds as a subspace
into H"™ for all n > 2. For all z,y,z € H" there is an isometry v €
Isom(H") sending all the three points x,y, z into H?2, this is proven
in [Rat94, §3.2|. Thus, H" is CAT(—1) so [BH99, Theorem II.1.12]
implies that it is CAT(0).

11



d) A non-example is the sphere S* := {z € R""! | |z| = 1} endowed
with the angular metric d(u,v) := arccos((u,v)) which is constructed
in [BH99, Proposition 1.2.1]. This fails to be CAT(0), because it is not
contractible.

More examples will be constructed later.

Assume now the CAT(0) space X to be complete. For every £ € 0X and
every z € X there exists a unique geodesic ray c¢;: [0, 0o[— X with ¢;(0) =z
and c;(00) = €. See [BH99, Proposition 11.8.2]. We can endow the set X :=
X UJX with the inverse limit topology of the system pr,: Bs(zo) — By (7o)
for s > r. Here pr, is defined in the following way: Take for any y € Bs(zo)
the unique geodesic c: [0,b] — Bg(zo) with ¢(0) = z¢ and ¢(b) = y. Then
we set pr,.(y) = c(max{r,b}). A basis of this topology is given by the open
sets of X together with the sets of the form

U(e,rye) = {z € X | d(z,¢(0)) > r, d(pr,(z),c(r)) < e}

where c: [0,00[— X is a geodesic ray and e,7 > 0. The inclusion X < X
then becomes a homeomorphism onto its image. See [BH99, 11.8.5 and 8.6]
for details. Furthermore, any isometry v € Isom(X) extends naturally to a
homeomorphism X — X by [BH99, Corollary I1.8.9].

Definition 3.5. Let c: [0,00[— X be a geodesic ray.

a) Themap fB.: X — R; x +— limy_,oo t—d(x, c(t)) is called the Busemann
function associated to c.

This is well defined as the limit always exists by [BH99, Lemma I1.8.18].

b) Let 7 € R be any real number, the preimage 3. 1(]r,00[) C X is called
a horoball and B '(r) is a horosphere.

Remark 3.6. In some sources, for example [BH99|, Busemann functions are
defined as = +— lim; oo d(x, ¢(t)) — ¢ which is just —f in our definition. So
we can apply their results by changing the sign if necessary.

Further, a reparametrized Busemann function is a map of the form z —
aB(x) for some a > 0 and a Busemann function 5 .

Example 3.7. We describe easy examples of Busemann functions and the
corresponding horoballs.

a) First we consider a rather trivial example: Let ¢: R — R be the iden-
tity, then the restriction to [0,00[ will be a geodesic ray. The corre-
sponding Busemann function is just the identity which can be seen
by

= lim ¢t —d(c(t = limt—t =
Pe() = lim ¢ —d(c(t), ) = lim ¢ —t +x =2z

so the horoballs are 8, !(]r, 0o[) =]r, oal.

12



b) More generally, we consider the Euclidean space X = R", then any
geodesic ray is of the form ¢(t) = b+ tu for some u € S*~ ! and b € R".
The corresponding Busemann function is

Be(x) = tliglot — [|b+ tu — ||

:tl_iglot—\/<b—x,b—x>+2t<b—x,u>+t2<u,u)
- t2— ((b—2,b—x) + 2t (b — 2, u) + 2 (u,u))
t=00 t 4 \/(b—2,b— ) +2(b— z,u) + 12 (u, u)
. (b—x,b—x)+2t(b—x,u)
t=o0 ¢+ \/(b—z,b—x)+2(b—z,u) + 12
2(b—xz,u)
1+1
= (zr —b,u)

So the horoballs are the affine half-spaces
Bt (Jroool) = {z € R™ | (z —b,u) > r}.

This is from [BH99, Example 11.8.24 (1)].

More examples can be found in [BH99|. The next lemmas state useful prop-
erties of Busemann functions.

Lemma 3.8. Fvery Busemann function is distance decreasing and therefore
continuous.

Proof. Let X be a metric space, let c: [0,00[— X be a geodesic ray and
let B = B. be the corresponding Busemann function. For any two points
xz,y € X we have

1B(y) — Bx)| = | lim ¢ — d(y, c(t)) — t + d(x, c(t))
= Jim |d(z, c(t)) — d(y, c(t))|
<d(z,y).

Thus, limy, 00 B(zy) = B(x) if limy, 00 T, = . O

Consider now a complete CAT(0) space X and let ¢,c: [0,00[— X be
geodesic rays with ¢(oco) = ¢/(c0). Let further 3., B+ : X — R be the associ-
ated Busemann functions. Then 3. — (. is constant as a function X — R
by [BH99, Corollary I1.8.20]. Therefore the following definition makes sense:
We call a Busemann function 5: X — R centered at £ € 0X if §— . = const
for any geodesic ray c: [0,00[— X with ¢(c0) = £ We also call a horoball
or a horosphere centered at ¢ if the corresponding Busemann function is.

13



Lemma 3.9. Let X be a complete CAT(0) space and let 5: X — R be
a Busemann function centered at a point at infinity &€ € 0X. For every
geodesic ray c: [0,00[— X with ¢(c0) = & we have B(c(t)) = B(c(0)) +t for
all t € [0,00[. If ¢ extends to a geodesic line R — X this equation holds for
all t € R. The Busemann function associated to c fulfills B.(c(0)) = 0.

Proof. For t > s we have d(c(t), c(s)) =t — s as ¢ is an isometric embedding,
S0
Be(c(s)) = tlgiolot —d(c(s),c(t)) = tlgglot —t+s=s

holds for all s € R, on which ¢ is defined. Now choose a constant £ € R with
8 — B. = k, then the above implies

Ble(t)) — t = Blelt)) - Bele(t)) = k.

Therefore, 5(c(0)) = k and thus S(c(t)) = B(c(0)) + ¢ hold for all ¢ € R on
which c is defined. O

Lemma 3.10. Let G be a group acting via isometries on X and let : X —
R be a Busemann function centered at a point £ € 0X. For every g € G the
map x — [(g.7) is a Busemann function centered at g—'.€.

Proof. Let ¢ be a geodesic ray with 8 = .. Then

Be(g.x) = tli)rglot —d(c(t), g.x) = tlim t—d(g te(t),z) = By-1.c(x)

— 00

is a Busemann function associated to the geodesic ray g~'.c defined by t
-1
g .c(t). O

At this point we also define the terminology of a proper metric space, that
we will need later.

Definition 3.11. A metric space X is called proper if for all x € X the
closed balls B,.(z) = {y € X | d(z,y) < r} are compact for any r > 0.

It follows directly from the definition that a metric space X is proper if and
only if any bounded and closed subset A C X is compact.

Remark 3.12. The terminology of a proper metric space comes from the
following easy fact: A metric space is proper if and only if for every xg € X
the real valued function dg,(z) := d(zo, ) is a proper map in the sense of
Definition

Properness gives a useful criterion to check if a metric space X is CAT(0).

Proposition 3.13. Let X be a proper, uniquely geodesic metric space of
non-positive curvature. Then X is a CAT(0) space.

Proof. See [BH99. Corollary 1.3.13 and Proposition 11.4.9]. O
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3.2 Products of metric spaces

In this subsection we will state some basic facts about products of CAT(0)
spaces. Recall that for metric spaces (Xj,d;)i=1,..n the product metric d
on Xi X ... x X, is defined by d(z,y) = (31, di(:vi,yi)z)% for two points
x = (z1,...,2n),y = (Y1,...,Yn). In the following we will state the facts
only for X = X x X» for the sake of brevity in the notation. They all extend
eagily via induction to the case with n factors.

Lemma 3.14. For a product X = X1 x Xo of metric spaces the following
statements hold:

a) X is complete if and only if X1 and Xo are complete.
b) X is a proper metric space if and only if X1 and Xy are proper.
c) X is a geodesic space if and only if X1 and Xa are geodesic spaces.

d) A map c:[0,a] = X, c(t) = (c1(t), ca(t)) is a linearly reparametrized
geodesic if and only if c1 and co are linear reparametrized geodesics.

e) Amapc: [a,b] — X is a geodesic, if and only if c(t) = (c1(A\1t), ca(Aat))
for some geodesics c;: [Nja, \ib] — X; and \; > 0 with \3 + \3 = 1.

f) X is a CAT(0) space if and only if X1 and Xy are CAT(0).

g) If G; are groups acting via isometries on X; for i = 1,2 then G x Gy
acts via isometries on X.

Proof. For a), c¢), d and g) see [BH99, Proposition 1.5.3].

To b): The product By X By of two closed bounded subsets B; C X; is
bounded and closed in X . Hence, if X is proper, then B; and B are compact.
On the other hand, if X; and X5 are proper, then we can cover any bounded
and closed subset B of X by two compact balls By and Bs, so B is compact,
too.

To e): By ¢) the map c is a linearly reparametrized geodesic if and only if it
has the form stated above for some A; > 0. From

d(c(s), c(t)? = di(cr(A1s, Mit)? + da(c1(Ags, Aat))2 = (A2 + X\3) |s — ¢

follows the statement.

To f): If X; and X5 are CAT(0), then X is by [BH99, Example 1.1.15 (3)],
too. If on the other hand X is a CAT(0) space, then both factors are geodesic
by b). Furthermore the CAT(0) inequality must hold, because they embed
as isometric subspaces. O

Note that @ extends to geodesic rays and lines by definition.
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Corollary 3.15. Let X = X; x Xy be a complete CAT(0) space. Assume
c: [0,00[— X is a geodesic ray given by c(t) = (c1(A1t), ca(Aat)) like above
and let © = (z1,22) € X be any point. The unique ray starting at © asymp-
totic to c is given by cx(t) = (cay (A1t), Czy(A2t)), where g, : [0, 00[— X; are
geodesic rays with c;;(0) = x; and cg,(00) = ¢;(00).

Proof. Follows directly from
d(c(t), ex(1)? = di(er1(Mit), ezy (M1))? + da(c2(Aat), cuy (Aat))? < kT + k)

for constants k; bounding d;(c;(t), ¢z, (t)). O

If X = X; x Xy is a complete CAT(0) space, then the boundary at infinity
is the spherical join 0X = 0X;1 * 0Xo: This is the set of equivalence classes
of 0X1 x 0X3 x [0, 5] where two elements ({1, &2, 6) and (7, &5,6') define the
same class if and only if (0 = 0 and & = &) or (f = § and & = &) holds.
The ray c(t) = (c1(cos(0)t), ca(sin(f))) represents

¢(00) = [e1(00), ca(0), 8] =: cos(#)c1(00) 4 sin(f)ca (o).

Compare [BH99, Example I1.8.11 (6)]. The notation fits to the following
observation about Busemann functions.

Lemma 3.16. Let c: [0,00[— X = X; x X2 be a geodesic ray given by
c(t) = (c1(cos(0)t), ca(sin(0)t)). The corresponding Busemann function is

Be((w1,22)) = cos(0)Be, (x1) + sin(0) Be, (w2).

Proof. See [BH99, Example 11.8.24 (3)]. O
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4 Finiteness properties

We begin this section by reminding the reader that a covering space projec-
tion is a continuous map p: X — X such that any point € X has an open
neighborhood U C X so that p~!(U) = [[,; U; is a disjoint union of open
subsets U; C X and p induces homeomorphisms U; — U. We call such a
X a covering space of X. If f: Y — X is a continuous map, then another
map f: Y — X with the property p o f = f is a lift of f. Recall further
that a topological space X is locally path connected if for any open subset
U C X and any point € U there is a path connected neighborhood V C U
of x. It is not hard to see that a covering space of a locally simply connected
space is also locally simply connected and vice versa. Furthermore, we call
X semilocally simply-connected if every point x € X has a neighborhood
U C X such that the canonical homomorphism 71 (U, z) — 71 (X, ) induced
by the inclusion is trivial. These properties are not really harsh restrictions,
for example manifolds and CW complexes are locally path connected and
semilocally simply-connected: In fact both are locally contractible (for every
U C X open and every = € U there is a contractible neighborhood V' C U of
x), since manifolds are locally Euclidean, and for CW complexes see [Hat02),
Proposition A.4]).

One can show that for any path connected, locally path connected and
semilocally simply-connected space X there is a covering space X that is
simply connected, see the construction in [Hat02 p.63-65]. To be semilo-
cally simply-connected in fact is also a necessary condition for a space to
have a simply connected covering space. We call such an X the universal
cover of X, because it fulfills the following universal property:

Proposition 4.1. Let X be path connected, locally path connected space
and let p: X = X bea covering projection, mapping a point xg € X to
Ty € X, where X is assumed to be simply connected. Then for any other
covering projection q: Z — X mapping zo to xo with Z path connected and
locally path connected, there is a unique map p: X — Z with the properties

gop=p and p(o) = 2.

Proof. This follows directly from the [lifting criterion and the unique lifting
property, see [Hat02), Propositions 1.33 and 1.34]. ]

This implies that the universal cover (if it exists) is unique up to homeomor-
phism, see [Hat02, Proposition 1.37].

Further recall that a deck transformation of a covering space projection
p: X — X is a homeomorphism f: X — X such that p=po f. Obviously,
the set of all deck transformations form a group with o as group multipli-
cation. The covering space projection is called normal if for every x € X
and every pair Z,%’ € p~!(z) there is a deck transformation mapping & to
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Z’. This terminology comes from the fact that the covering space projection
p is normal if and only if p, (71 (X, %)) C m1(X, z0) is a normal subgroup,
where p, is the induced homomorphism between fundamental groups. See
[Hat02l, Proposition 1.39 a)].

Definition 4.2. A K(I',1) space is a path connected, locally path connected
and semilocally simply-connected space X such that

a) m(X) =T,
b) the universal cover of X is contractible.

If X is a CW complex, then we call it a K(I',1) complez.

Definition 4.3. A path connected space X is called n-aspherical if any
continuous map S¥ — X has an extension D! — X for all 2 < k < n. It
is called n-connected if the same holds for all 0 < k < n. Further we call it
aspherical if it is n-aspherical for any n € N.

Remark 4.4. In |Geo08, p.162] a K(I',1) complex is defined to be an as-
pherical path connected CW complex X with 71(X,z9) = I'. But since a
path connected CW complex is aspherical if and only if its universal cover
is contractible by [Geo08| Proposition 7.1.3] these two definitions coincide.

Definition 4.5. Let I" be a group.

a) We say I is of type F, if there is a K(T', 1) complex X which has finite
n-skeleton.

b) We call T" of type Fi if there is a K(I',1) complex X which has finite
n-skeleton for every n € N.

Remark 4.6.  a) One can show that I' is of type Fj if and only if it is
finitely generated, and is of type F5 if and only if it is finitely presented,
see [Geo08l Proposition 7.2.1]. So being of type F,, is a topological
generalization of of these two algebraic properties.

b) The group I is of type Fi, if and only if it is of type F), for all n € N,
see [Geo08|, Proposition 7.2.2].

Example 4.7. Any finite group is of type Fi.
Proof. See [Geo08l, Corollary 7.2.5].

This comes from the fact that a group is of type F, if and only if some (and
therefore any) of its finite index subgroups is, see [Geo08, Corollary 7.2.4].
Thus, finiteness properties are in fact invariant under commensurability.

Next we give a criterion for a group to be of type F,,. Recall that a pair
(A, <) is a directed set if < is a preorder on the set A, such that for all
A, N € A there is g with A\, N < p.
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Definition 4.8. Let X be a topological space.

a) A filtration of X is a collection of subspaces X indexed by a directed
set (A, <) such that X is a subset of X, whenever A < p and such
that (Jyep Xa = X.

b) We call a filtration (X))xea essentially n-connected if for every 0 <
i < n the following holds: For all A € A there is a u € A, such that
the group homomorphism m;(X) — m;(X,) induced by the inclusion
X\ C Xy, is trivial.

c) Two filtrations (X))aea and (Y,)uem of X are equivalent, if for all
A € A there is € M such that X is a subset of Y),, and if for all
i€ M there is A € A with the converse subset relation.

Lemma 4.9. Let (X)\)aea and (Yy)uem be two equivalent filtrations of the
same space X. One of them is essentially n-connected if and only if the other
one 1s.

Proof. See [HW22, Lemma 2.3]. O

Lemma 4.10. Let (X,d) be a CAT(0) space with a point o € X and let G
be a locally compact, second countable group acting on it properly and con-
tinuously via isometries. A closed subgroup T of G is of type F, if and only
if the filtration (N, (T.0)),~¢ is essentially (n—1)-connected. Here (N,(I'.0))
is defined to be the set of all x € X such that d(~y.0,z) < r for some vy € T.

Proof. See [HW22), Proposition 2.23]. O

This will be our strategy to check the finiteness properties of a group I':
Viewing it as a discrete subgroup of a locally compact, second countable
group G, which acts naturally as described in the lemma above on a space X.
We will construct a map f: X — R and show that for X; := f~1(]—o0, t]) the
filtration (X;)ier is essentially n-connected and equivalent to (N, (I.0));>o.
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5 Real and complex manifolds

Here we give an introduction into the topic of manifolds. This section is
divided into two subsections: In the first we deal with smooth manifolds,
the second is about the holomorphic counterpart.

5.1 Smooth manifolds, vector fields and flows

Main source here is the book of Tu [Tull]. We also use some aspects of
[Con0O1].

Recall that a topological manifold of dimension m € N is a second countable
topological Hausdorff space M, such that for any point p € M there exists
an open neighborhood U C M of p and a continuous map ¢: U — R™
such that ¢(U) C R™ is open and ¢: U — ¢(U) is a homeomorphism.
We will refer to the pair (U,¢) as a chart around p and we will always
assume that ¢(p) = 0. Setting 27/ = prjo¢ for j = 1,...,m we get ¢(q) =
(x1(q),...,2™(q)) € R™ for ¢ € U. We call (z,...,2™) the coordinates of
¢ and refer to (U, x!,...,2™) as a local coordinate system around p.

Define the chart map from a chart (U, ¢) to another one (V,1) of M as
Pop~t: p(UNV) — p(UNV). We call it smooth or C™ if it is smooth as a
map of open subsets of R™. An atlas of M is a set of charts U = {(U;, ¢;) |
i € I} such that M = J;c; Us. It is called smooth if all of its chart maps
are. It is called mazimal if for any other atlas V = {(V},¢;) | j € J} with
U C VYV we already have Y = V.

Definition 5.1. A topological manifold M is called smooth if it has a max-
imal smooth atlas U.

The existence of a maximal smooth atlas is equivalent to the existence of
some smooth atlas (not necessary maximal) since any smooth atlas is con-
tained in a unique maximal one, see [Tulll, Proposition 5.10].

We make the following convention: If we talk of a manifold, we will always
mean a smooth manifold.

Example 5.2. Here are some examples of smooth manifolds.

a) Obviously, R™ is a smooth manifold with one chart (R™,id), compare
[Tulll Example 5.11].

b) Let M be a smooth manifold, then any open subset V' C M is also a
smooth manifold of the same dimension. An atlas on V is given by
{(U; NV, ;) | i € T} where 1b; = ¢; |u,nv for an atlas {(U;, ¢;) | ¢ € I}
for M. See [Tulll Example 5.12].

20



c) Let U C R™beopen and f: U — R™ be a smooth map, then ¢: T'(f) —
U, (z, f(x)) — = is a chart of the graph I'(f) = {(z,y) € U x R™ |
f(z) = y}. So I'(f) is also a smooth manifold, see [Tulll Example
5.14).

This example shows that the hyperboloid

n
H'={r e R"" | -2, + Zajf = —1and 41 > 0}
i=1

is a smooth manifold of dimension n, because H"™ = T'(f) for the

smooth map f: R” - R, x> m

d) Using |E[) we see that GL,(R) = det™'(R ~ {0}) is a smooth manifold
of dimension n, see [Tulll Example 5.15]. In fact this is also the
prototype example of a Lie group, as multiplication and inversion are
easily seen to be smooth. We will deal with that in the section about
Lie groups.

e) If M and N are smooth manifolds of dimensions m and n, then the
product M x N is also a smooth manifold of dimension m+n: An atlas
is given by {U; x V}, (¢4, ;) | (4,5) € I x J} for atlases {(U;, ¢;) | i € I}
for M and {(Vy,v;) | j € J} for N. See [Tulll, Example 5.17 and
Proposition 5.18].

Let M, N be smooth manifolds of dimension m and n. A continuous map
fi+ M — N is called smooth in a point p € M if for some charts (U, ¢) around
p and (V,%) around f(p) the map (o foo™1): ¢(UN f~1(V)) — R is
smooth as a real function. Further f is called smooth if it is smooth in any
point p € M.

A smooth map f: M — N is called a diffeomorphism if there is another
smooth map g: N — M such that go f = id and fo g = id. Tt is called
a local diffeomorphism if for every point p € M there is a neighborhood
U C M of p such that the restriction f |y: U — f(U) is a diffeomorphism.

The definition of smoothness does not depend on the choice of the charts,
see [Tulll, Proposition 6.7 and 6.8]. In the special case N = R™ with the
atlas {(R",id)} from Example one directly deduces: A continuous map
f: M — R™ is smooth (in p) if and only if the map f o ¢! is smooth (in
p) for any chart (U,¢) of M (around p). This shows that chart maps are
smooth. Furthermore, one can show that the composition of two smooth
maps is smooth again, see [Tulll Proposition 6.9].

We denote by C*°(M) the set of smooth maps M — R. Taking a coordinate
system (U, z',...,2™) = (U, ¢) around a point p € M we define for f € C*®
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the partial derivative with respect to x* as

o b1
Dotf = gy = 220D g,

where the latter is the usual derivative at the point ¢(p) € R™ of the smooth
function f o ¢! defined on the open subset ¢(U) of R™.

In analogy to the above we write C*°(U) for the set of all smooth real valued
functions defined on an open subset U C M. For a function f € C*(U)
defined on an open neighborhood U of p we define the germ of f as the
equivalence class [f], given by the following relation: A function g € C*(V)
defined on the neighborhood V' C M of p is equivalent to f if they coincide
on an open set W C UNV containing the point p. We write C5°(M) for the
set of all germs at p.

One easily verifies that addition [f], + [g], = [f + ¢]p, multiplication [f], -
l9]p = [f - g]p and scalar multiplication r-[f,] = [r- f], are well defined, such
that Cp°(M) becomes an R-algebra. A derivation at p or a point-derivation
of Cp°(M) is an R-linear map X,: Cp°(M) — R such that X,([fg]p) =
Xp([flp)a(p) + f(p)X,([g]p) holds. Since this definition does not depend on
the choice of the representatives, we will write X,(f) instead of X,([f],).
The set T, M of all derivations at p is a real vector subspace of the dual
space Cp°(M)*, as one can verify easily.

Definition 5.3. The real vector space T, M is the tangent space of M at p.
We will call an element X, € T,M a tangent vector at p.

Remark 5.4. For an open neighborhood U C M of a point p € M there is a
canonical identification T,U = T, M by definition, see [Tulll Remark 8.2].

A direct calculation shows that the map

o B
9P Cp (M) =R, [flp = 5pi P

is a derivation at p. In fact, the set {%b,, ce axim\p} is a basis for the
tangent space T, M by [Tulll Proposition 8.9].

Lemma 5.5. Let M be a smooth manifold of dimension m. Consider the

local coordinate systems (U, ', ... , ™) and (V, yt, ..., y™) around a point
p € M. Then we have % = ZT:1 g%% onUNV.
Proof. See [Tulll, Proposition 8.10]. O

For a smooth map f: M — N we define the differential of f at p € M as the
map fup: TpyM — T,y N, Xp — fep(Xp) where f, ,(Xp)(9) = Xp(go f)
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for any smooth map g: N — R. This is a linear map between the two vector
spaces T, M and T'(,) N because of

Fep(Xp +7Yp)(9) = Xp(go f) +1Yp(g0 f) = fap(Xp)(9) + 7 fip(Yp)(9)-

As in the case of real maps R™ — R" we have the chain rule (go f)., =
Gx,f(p) © fxp at every point p € M for smooth maps f: M — N and g: N —
P, see [Tulll, Theorem 8.5].

We get a more geometric intuition of the tangent space if we describe its
vectors via curves: A curve into a smooth manifold M is a continuous map
c: I — M where I C R is any interval. We call the curve smooth if there is
an open interval J C R with containing I and a smooth map ¢: J — M with
¢ |r=c. We call ¢ a piecewise smooth curve if I = [a,b] for some a < bin R
and if there are a = tg < t1 < ... < t; = b such that c\[ is a smooth
curve for all . =0,...,k — 1.

For tg € I we define the wvelocity vector at c¢(tg) € M of a smooth curve as
the tangent vector ¢/ (tg) == cs(%|s,) € T,1)M. A direct calculation shows

tistiy1]

) = (o) ()= GlaFo0) = (o0 t)

for all f € CZF, (M). Note that the latter becomes the usual derivative at
to of the real valued function f o ¢ defined on the interval I. If we pick a
local coordinate system (U, z!,...,2™) around c(t) € M, then describing
the velocity vector via the induced basis we get ¢/(t) = Y ", éi(t)% lo(t) for
é(t) := (2' o ¢)/(t). See [Tulll, Proposition 8.15,].

On the other hand, let p € M be a point. For any tangent vector X, € T),M
there is € > 0 and a smooth curve c¢: | —e,e[— M with ¢(0) = p and ¢/(0) =
X,. For this we have X,(f) = (f o¢)'(0) € R for all f € C;°(M). More
generally, if g: M — N is a smooth map, then g.(X,) = (goc)'(0) € Ty, N.
See [Tulll Propositions 8.16,8.17 and 8.18].

Definition 5.6. The tangent bundle of a smooth manifold M is defined as
the set TM := U cprip} x TpM.

Define a topology on T'M in the following way: For any chart (U,¢) =
(U,z',...,2™) on M consider TU = U,cp{p} x T,U = U,ep{p} x T,M,

see Remark . For all p € U the set {%\p, ..., g2 |p} is a basis on T, M.
Thus, picking any vector v € T, M there are unique scalars a!(v), ..., a™(v) €

R such that v =>"", ai(v)% |p. We define a map
5: TU = 6(U) X R™, (p,0) = (@1(p), .., 5™ (p), @l (v), ..., a™(0)).

One can show that ¢ is a bijection and therefore we get a topology on TU
defining A C TU to be open if and only if ¢(A) C ¢(U) x R™ is open. A
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basis for this topology on T'M is given by

B= U {A| ACTU open }.
(U,9) chart of M

Using this topology TM becomes a smooth manifold with an atlas {(TU;, ¢;)}
for any atlas {(U;, ¢;)} for M.
See [Tulll §12.1-12.2, p.129-133] for details.

Definition 5.7. A vector field on a smooth manifold M is a map X: M —
TM, p+— (p,Xp). It is called smooth if it is a smooth map with respect to
the manifold structure on T'M defined above. We write X(M) for the set of
smooth vector fields on M.

For any tangent vector X, € T, M there are scalars at(p),...,a™(p) € Rsuch
that X, = > /%, ai(p)% lp, where (U,z!,... 2™) is a coordinate system
around p € M. Thus, an arbitrary vector field X : M — TM induces maps
a': U — R and locally we can write X = >1"  a’ a‘; via the identification
X(p) = X,. In fact, X defines a smooth vector field on U if and only if all
the maps a’: U — R are smooth. See [Tull, Lemma 14.1].

Lemma 5.8. Let X be any vector field on a smooth manifold M. The
following are equivalent:

a) X is a smooth vector field.

b) X defines a smooth vector field on any chart (U, zt,... ™).

c) For any f € C®(M) the induced map Xf: M — R, p — X,(f) is
smooth.

Proof. See [Tulll, Propositions 14.2 and 14.3|. O

Remark 5.9. Point |c) of the above lemma shows that we can see a smooth
vector field X € X(M) also as a derivation of the R-algebra C'*°(M) since
the identities

X(f+rg)(p) = Xp(f +rg) = Xpf +rXpg = (X[)(p) +r(Xg)(p)
and

X(fg)(p) = Xp(fg) = Xp(fgp)+ f(p)Xp(g) = (X(f)-9)(p)+ (f-X(9))(p)

hold for any p € M, f,g € C>*°(M), r € R.
Consider a vector field X € X(U) that is defined on a neighborhood U C M
of a point p. Then there is a smooth vector field X € X(M) that coincides

with Y on a possibly smaller neighborhood V' of p, see [Tulll Proposition
14.4].
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Lemma 5.10. Let M be a smooth manifold and let p € M be a point. For
any tangent vector v € TyM there is a smooth vector field X € X(M) such
that X, = v.

Proof. Choose a coordinate chart (U, x!,...,2™) around p and let a1, ..., an

be real numbers with v = Y7, a’ 8% lp- We define X, = >, ai% |q for

any g € U. Obviously, the induced vector field X is smooth on U, so we can
extend it smoothly to the whole manifold M. O

An integral curve or a trajectory of X € X(M) is a smooth curve c: [ — X
for some open interval I C R containing 0, such that ¢/(t) = X, holds for
all t € I. We say the curve starts at the initial point ¢(0) € M. The integral
curve is called mazimal if for any other integral curve v: J — M with I C J
and v |;= ¢ we already have [ = J.

Observe that in a chart (U, ¢) a smooth curve ¢: I — U is an integral curve
of X =31, aiaii € X(U) if and only if ¢i(t) = a’(c(t)) forall i = 1,...,m,
compare [Tulll p.154]. Thus, the curve c¢ is an integral curve for X with
initial point p € U if and only if the smooth curve (¢poc): I — ¢(U) C R™

is a solution of the initial value problem

V() = (a0~ )(v(#), 7(0) = ¢(p) € H(U)

in R™. Here a: U — R™ denotes the smooth function defined by ¢ —
(a'(q),...,a™(q)). Locally, such a curve always exists uniquely in the sense
that any two of them agree on their common domain. See for example
[Con01, Theorem 2.8.4 and Corollary 2.8.6.]. This extends globally to the
whole manifold in the following way.

Proposition 5.11. Let X € X(M) be a vector field of a smooth manifold
M. For any p € M there is a unique mazimal integral curve cp: I, — M
starting at p. Furthermore, the map

F:Q:= U I, x {p} = M, (t,p) — cp(t)
peEM

1s smooth and Q is an open subset of Rx M. For any given p € M the interval
I, either contains [0, 00[ or c,(t) leaves any compact set as t — sup(I,). The
same holds for | —00,0] and t — inf I,.

Proof. See [Petl, Theorem 2.2.4.]. O

We call the map F' in the proposition above the flow that is generated by
the vector field X. In the case Q = R x M we speak of a global flow.

Definition 5.12. A vector field X € X(M) is called complete if it generates
a global flow. We denote by X.(M) the set of complete vector fields on M.
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The global flow has the following useful property:

Lemma 5.13. Let X € X.(M) be a complete vector field. Its global flow
F:Rx M — M fulfills F; o Fs = Fiys for the induced maps p — Fy(p) =
F(t,p) for allt,s € R. Furthermore, Fy(p) = p holds for everyp € M. Each
map Fy: M — M is invertible with Ft_1 =F 4.

Proof. Fix any s € R. By definition

Ft(Fs(p)) = Ft(cp(s)) = Ccp(s)(t)

sot — Fy(Fy(p)) is the integral curve of X with starting point ¢,(s). Consider
the curve t — c(t) := ¢p(t + s) = Fi+s(p). For every f € C°°(M) we have

(Foe) = Slusslf o) = dhlt +5)(f).

/(¢ _ ") = 2
L) = (o) (1) = .

So ¢(t) = c,(t + s) holds for all ¢ € R. Thus, ¢(0) = ¢,(0 + 5) = cp(s)

implies that c is also an integral curve of X with starting point ¢,(s). From

uniqueness follows Fiys = F} o Fj.

By definition, Fy(p) = ¢,(0) = p holds for all p € M. Consequently,

(F_t o Fy)(p) = F_t++(p) = Fo(p) = p

implies F_y = F; ' for all t, —t € R. O

Recall that a smooth vector field X and a function f € C*°(M) define a
smooth map X f: M — R via p — X,(f). Thus, if Y € X(M) is another
vector field, the term Y, (X f) makes sense for p € M. Define the Lie bracket
[X,Y] as follows: For any point p € M and any smooth map f € C*(M)
we set [X,Y],(f) = (XY — Y, X)(f). This defines again a smooth vector
field on M, that means [X,Y] € X(M). See [Tulll, Proposition 14.10].

Definition 5.14. Let M be a smooth manifold of dimension m. A sub-
set S C M is called a regular submanifold of dimension k < m, if for all
p € S there is a coordinate system (U,x!,...,2™) around p, such that
Hz c{1,....m} | 2lyns # 0}’ = k. We also say that S has codimension
m—k

By permuting the coordinates if necessary, we can assume that ¢ |pns=
(z',...,2%,0,...,0). We call such a chart (U, ¢) an adapted chart relative
to S and set

¢s = (prge 0¢ |uns): UNS — R,

The pair (U N S, ¢s) becomes a chart of S in the subspace topology. If
{(Ui,¢;) | i € I} is a family of adapted charts on M such that all the
chart maps are smooth and S C (J;c; U; is a subset, then the family {(U; N
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S,¢is) | i € I} is a smooth atlas on S. Thus, S itself becomes a smooth
manifold of dimension k using the notation of the definition above. See
[Tulll Proposition 9.4].

Consider now a smooth map f: M — N between smooth manifolds M, N
of dimension dim(M) = m and dim(N) = n. We call f an immersion at
p € M if the differential fip,: Tp,M — Ty, N is injective, and a submersion
at p if it is surjective. Linearity of fi. implies that m < n (m > n) if f is
an immersion (a submersion) at p. Further f is an immersion (submersion)
if it is an immersion (a submersion) at every point. A point p € M is
called a regular point and f(p) € N is a regular value of the function if
Jep: TpM — Ty N is a submersion at p. Otherwise p is a crilical poinl
and f(p) is a critical value. We call the preimage f~!(c) of a point c € N a
level set of f. It is a regular if ¢ € N is a regular value of f.

Example 5.15. Let M be a smooth manifold.

a) If U C M is an open subset, then the inclusion U < M is a submersion
and an immersion, see [Tulll example on p.96]. This shows that a
submersion does not need to be surjective in general.

b) If S C M is a regular submanifold, then the inclusion S < M is an
immersion by [Tulll Theorem 11.14].

¢) A point p € M is a critical point of a smooth function f: M — R, if

and only if gg{l(p) =0foralli=,1...,m for a chart (U,z',...,2™)
around p. See [Tulll Proposition 8.23| for details. Using the fact that
{%Lm e (%%LD} is a basis for T),M this is equivalent to ggi (p) = 0 for
every chart (U, x!,... 2™).

The following is called regular level set theorem or implicit function theorem.

Lemma 5.16. Let f: M — N be a smooth map between smooth manifolds
M, N of dimensions m and n. If ¢ € N is a regular value of f and the
preimage f~1(c) is not empty, then the level set f~1(c) C M is a regular
submanifold of dimension m — n.

In the case N = R the level set f~1(c) C M is a reqular submanifold of
dimension m — 1.

Proof. See [Tulll, Theorems 9.8 and 9.9]. O

5.2 Complex manifolds

The definition and much of the terminology can be developed analogous to
the real case replacing “R™” by “C™” and “smooth” by “holomorphic”. We
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will give a short introduction and some basic terminology. A good reference
is [FG02l Section IV.1]. We also use [Lee02) Section 1.1].

Let M be a topological Hausdorff space. A complex chart or complex coor-
dinate system is a pair (U, ¢) consisting of an open subset U C M and a
homeomorphism ¢: U — ¢(U) for some open set ¢(U) C C™. We refer to m
as the dimension of the complex chart. Two charts (U, ¢) and (V,4) of the
same dimension are complex compatible, if either U NV = & or the induced
map ¢oyp~L: Y(UNV) = ¢(UNV) is holomorphic and has holomorphic in-
verse (this is a map between open subsets of C™.) A complex atlas U is a set
of complex charts (U, ¢) all of the same dimension such that the union of all
U covers M and such that any two complex charts are complex compatible.
An m-dimensional complex structure is the equivalence class of a complex
atlas, where two atlases U and V are equivalent if all two coordinate systems
(U,¢) € U and (V, 1)) € V are complex compatible.

Definition 5.17. A complex manifold of dimension m is a first countable
topological Hausdorff space M endowed with an m-dimensional complex
structure.

To avoid confusion we make the following convention: If we talk of a (smooth)
manifold, then we will always mean a smooth real manifold as defined in
Definition Otherwise we will always use the phrase complex as above.

Example 5.18. We give three easy examples.

a) As a trivial example, the space C™ is a complex manifold of dimension
m, its complex structure is given by (C™,id).

b) If M is a complex manifold with complex structure U, then every open
subset B C M is again a complex manifold of the same dimension.
Its complex structure is given by the set of all (U N B, ¢|ynp) for
(U,¢) € U.

See [FG02, Examples 1. and 2. on p.155].

¢) Let M and N be two complex manifolds of dimension m and n, then
the product M x N carries the structure of a complex manifold of
dimension n + m: If (U,¢) is a complex chart of M and (V,¢) is
a complex chart of N then (¢ x ¢, U x V) is a complex coordinate
system of M x N, and the image ¢(U) x (V) is an open subset of
C™ x C™.

See the paragraph to product manifolds in [Lee02) Section 1.1].
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A continuous map f: M — N between two complex manifolds is holomorphic
if for some (and therefore any [FG02|, Proposition IV.1.5]) charts (U, ¢) of M
and (V,v) of N containing f(U) the induced map ()0 fo¢~!) is holomorphic
as a function between open subsets ¢(U) C C™ and (V) C C". The
holomorphic map f: M — N is biholomorphic or an isomorphism of complex
manifolds if it has a holomorphic inverse f~': N — M.

Definition 5.19. A subset S of an m-dimensional complex manifold M is
a compler submanifold of codimension k, if every point p € S has an open
neighborhood U C M and holomorphic functions fi,..., fx: U — C such

that SNU ={qe U | fi(q) = ... = fr(q) =0} and rky(f1,..., fx) = k.

Here tk(f1,..., fk)p := 1k (mﬂaoi;f_l)(i/}(p)))izl _, is the rank of the Jacobi

=1,...,
matrix, which is independent of the choice o]f the chart (V,v) [FG02l p.161].
The submanifold S C M canonically becomes itself a complex manifold of
dimension m — k: In fact there are charts (U, ¢) of M covering S with ¢ =
(4. ., 2™) such that UNS ={q €U |2 (q) =0for j=m—k+1,...,m}
and the coordinate systems are then given by ((prem—« 0d|uns), UNS). See
[FG02, Proposition IV.1.7].

Next we define the tangent space at a point p of a complex manifold M. A
germ of holomorphic functions at p is an equivalence class of complex valued
holomorphic functions defined on an open subset containing p, where two of
them are equivalent if they coincide on a neighborhood of p that contains
the intersection of their domains. The set of germs at p canonically has the
structure of a C-algebra. A complex derivation at p is a complex valued
C-linear map ¢ defined on the set of germs at p, that fulfills the identity
(fg) = 0(f)g(p)f(p)d(g) (here we write shortly f and g for their corre-
sponding equivalence classes). Analogously to the real case, they form a
complex vector space, the tangent space T,,M, and the derivations are there-
fore also called tangent vectors. Choosing a complex chart (U, ¢) and setting
) := pr; o¢ we obtain a basis for T, M by {8%]1), ce %]p} where %]p(f)

is defined to be the usual complex derivative of gigp ) The map C™ — T,M

given by (c1,...,em) = 370, cj%\ p is therefore an isomorphism of complex
vector spaces. See [FG02|, Proposition IV.1.14].

Via the natural identification R? = C every complex manifold M of dimen-
sion m can be also viewed as a smooth real manifold of dimension 2m, since
under this identification every holomorphic function defined on open subsets
of C™ induces canonically a smooth map on the corresponding open subset
of R?™. We denote this smooth real manifold by Mg. Rewriting the map
¢ of a chart (U,¢) of M as p — (2'(p),...,2™(p)), every 27 induces two
real coordinate maps 2/ and 4/, so the corresponding real chart is given by
p = (zt(p), v (p),..., 2™ (p),y™(p)). We therefore get an isomorphism of
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real vector spaces
2m I — - i
R — Ty Mg, (a1,b1,...,0m,bn) — ;a oI +b]]z=:1 oyl

But on the other hand, (a1,b1,...,am,bmn) — (a1 +ib1, ..., am + iby,) is a
canonical isomorphism R*™ — C™. As a complex vector space T, M is also
one over R.

Lemma 5.20. Let (U, ¢) be a complex chart of M containing a point p. Let
z) = prjo¢ be the coordinates of the complex chart, and let 27,y’: M — R
be the corresponding smooth maps with 20 = 7 + iy/. Then

I,Mg — T)M, ;ajaacj'p—i_;bj@yj’p H;% +ibj) |p

18 an isomorphism of real vector spaces.

Proof. See [Lee02, Proposition 1.1]. O

Thus we can calculate the underlying real tangent space of a complex man-
ifold to determine complex tangent vectors T, M.

Remark 5.21. In the sources we have given, the proof is done the other
way around: There the basis for the corresponding real vector space T, Mg
is calculated first and from this the complex variant is deduced using the
Cauchy-Riemann equations. See in [FG02| Section IV.1] or in [Lee02, Section
1.1] the corresponding paragraphs.

You can also see directly: If S C M is a complex submanifold, then the
isomorphism T,M — T,Mp restricts to an isomorphism 7,5 — T,Sgr for
peSs.

Let now f: M — N be a holomorphic map between two complex manifolds
and let p € M be a point. The differential of f at p is the C-linear map
fop: TpyM — Tf(p)M defined like in the real case: For a tangent vector
X, € TyM we define (f,,(X;))(g) :== X,(g o f) for holomorphic functions
g: V — C defined on an open set V' C N containing f(p).
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6 Lie algebras

We collect a few facts and terminology about Lie algebras. A good source is
[HN12, Section 5.

Definition 6.1. A Lie algebra over a field k is a finite dimensional k-vector
space g together with a bilinear map [.,.]: gx g — g, (X,Y) — [X,Y] that
has the following properties:

1) [X,X]=0forall X €g,

2) [X,[Y,Z]| +[Z,[X, Y]] + [V, [Z,X]] =0 for all X,Y,Z € g.

This map [.,.] is called the Lie bracket of the Lie algebra and |2)) is the Jacobi
identity.

Example 6.2. For every field k the vector space k™™™ of n X n matrices
together with [X,Y] = XY — Y X for all X,Y € k"*" is a Lie algebra.
More general, for a k vector space V' the set of endomorphisms End(V) is a
Lie algebra with Lie bracket [f,g] = (fog) — (go f).

This is [HN12, Example 5.1.3].

See [HN12, Example 5.1.6] for more examples.

A Lie subalgebra is a k-linear subspace h C g which is closed under the
Lie bracket, that means [h,h] C h. A k-linear map ¢: g — g’ is called a
homomorphism of Lie algebras, if p([X,Y]) = [¢(X),p(Y)]" holds for all
X,Y € g. An ideal of g is a subalgebra b such that [g, b] lies in h. The Lie
algebra is called solvable, if D™g = 0 holds for some n € N, where we define
D°g := g and D*+lg := [DFg, D¥g] for all k € N. By [ANI2, Proposition
5.4.3] every Lie algebra has a maximal solvable ideal tad(g), the radical of g.

Definition 6.3. A Lie algebra g is called semisimple, if vad(g) = {0}. It is
simple, if g and {0} are the only ideals.

Every simple Lie algebra is semisimple [HN12, Lemma 5.5.2].
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7 Lie groups

We give the definition of a Lie group (real and complex) and collect some
basic properties.

7.1 Real Lie groups

A good reference for Lie groups is the book of Hilgert and Neeb [HN12].

Definition 7.1. A Lie group is a group GG which also carries the structure
of a smooth manifold such that the multiplication G x G — G, (g,h) — gh
and inversion G — G, g — ¢! are smooth maps.

The tangent space at the identity is the Lie algebra of the Lie group G,
we denote it by g = T1G. This terminology comes from the fact that it
carries in a canonical way the structure of a real Lie algebra as defined in
the previous section, see [HN12, Definition 9.1.7]. A homomorphism of Lie
groups is a smooth map G — H that is also a group homomorphism. The
exponential map of the Lie group is defined by exps: g = G, X — vx(1),
where vx: R — G is the unique homomorphism of Lie groups that fulfills
vx(0) = 1 and 74 (0) = X. Note that [HNI12, Definition 9.2.2] coincides
with ours by [HN12, Lemma 9.2.4].

Lemma 7.2 (One-parameter Group Theorem). For every X € g the map
R — G defined by t — expg(tX) is a smooth group homomorphism. Con-
versely, any continuous homomorphism R — G is of the form t —
expc(tX) for some X € g.

Proof. See [HN12, Theorem 9.2.15]. O

We call a homomorphism of Lie groups R — G a one-parameter group. The
exponential map has the following useful property.

Lemma 7.3. If p: G — H is a homomorphism of Lie groups, then we have
eXpy 0«1 = P 0 expg, where @, 1: g — b is the differential at 1 € G.

Proof. See [HN12l Proposition 9.2.10]. O

For g € G let ¢g: G — G be the conjugation map defined by cq4(x) =
gxg~!, this is a smooth group homomorphism. We define Ady = (cg)s,1 as
the induced linear map of tangent spaces g — g. This implies Ady(X) =
41,0 gexpg(tX)g~t. The map Ad: g — Ad, is a homomorphism of groups
G — GL(g) because of ¢4 o cj, = cgp, we call it the adjoint representation.

Lemma 7.4. Let Gy be the connected component of 1 € G. Then ker(Ad)
is the center of G.
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Proof. See [HN12, Lemma 9.2.21]. O

We give an example.

Example 7.5. The group G = GL,(R) of invertible real n x n matrices is
a Lie group by [HN12, Example 9.1.4]. Its Lie algebra is g = R™*" with
the Lie bracket [X,Y] = XY — Y X, and the exponential map is the usual
matrix exponential exp(X) = > 77, Xk—,k [HN12| Example 9.2.3]. The adjoint
representation is given by conjugation, this follows from

d _ d _ _
Ady(X) = %’t:[) gexp(tX)g 1= g(£|t:0 exp(tX))g 1 — gXg L

Proposition 7.6 (Closed Subgroup Theorem). Let G be a Lie group with
Lie algebra g and let H be a closed subgroup of G. Then H is a submanifold
of G and the restriction of the multiplication and inversion maps to H are
smooth. Its tangent space at 1 is a Lie subalgebra b C g and its exponential
map is expy = expg |y. Conversely, if a subgroup H of a Lie group G is
again a Lie group with the induced topology, then it is closed.

Proof. See [HN12, Theorem 9.3.7 and Proposition 9.3.9]. O

In view of this proposition we call a closed subgroup of a Lie group a Lie
subgroup.

Corollary 7.7. Let G be a closed subgroup of GL,(R). Then il is a Lie
group, its Lie algebra g is a Lie subalgebra of R™*™ with Lie bracket given by
[X,Y] = XY —YX. The exponential map is the usual matriz exponential
restricted to g and the adjoint representation of G is given by conjugation.

Proof. Follows directly from the above proposition, see also [HN12, Propo-
sition 4.1.4]. O
We state some more facts that we will need later.

Lemma 7.8. Let G be a Lie group with Lie algebra g. Then the subgroup
generated by expg(g) is the connected component of G that contains the
identity element.

Proof. See [HN12, Lemma 9.2.9]. O

Let M be a smooth manifold. We call the action of a Lie group G on M
smooth, if the induced map G x M — M is smooth.

Lemma 7.9. Let G be a Lie group and H C G be o Lie subgroup. The
quotient G/H of topological groups carries a canonical manifold structure
such that the quotient map is a submersion of manifolds. Moreover, the
action of G on G/H wia left multiplication is smooth.

Proof. See [HN12, Theorem 10.1.10]. O
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Lemma 7.10. Let G be a Lie group acting smoothly on a manifold M and
let K C G be the stabilizier of a point p € M. Then K is a closed subgroup of
G. If additionally the action is transitive, then the canonical map G/K — M
s a diffeomorphism.

Proof. See [HN12l Lemma 10.1.5 and Corollary 10.1.17]. O

An easy consequence of this is the following: If G — G’ is an isomorphism
of Lie groups mapping a Lie subgroup K of G to a subgroup K’ of G’, then
the induced map G/K — G'/K’ is a dieffeomorphism.

7.2 Complex Lie groups

Like in the case of smooth manifolds there is also a complex counterpart for
Lie groups. We collect some facts about them. A good reference is [Lee02),
Section 1.2].

Definition 7.11. A complex Lie group is a group G which is also a complex
manifold, such that the map G x G — G, (g, h) — g~ 'h is holomorphic.

To avoid confusion we will always write complex Lie group when we mean
such a structure as above. We will use the terminology Lie group only for
the smooth real ones from Definition [[.1]

A homomorphism of complex Lie groups is a holomorphic map G — H
between two complex Lie groups, that is also a group homomorphism. The
Lie algebra g of a complex Lie group G is the tangent space T1G. This
also has the canonical structure as a complex Lie algebra [Lee02, Theorem
1.7] and the differential of a homomorphism G — H is a homomorphism
of the corresponding Lie algebras g — b [Lee02, Theorem 1.8|. The adjoint
representation is the group homomorphism G — GL(g) given by g — Ad,,
the latter is the differential of the conjugation automorphism c4(h) = ghg™'.

Since every complex manifold is also a real manifold and holomorphic maps
are smooth under the canonical identification R? = C every complex Lie
group G is also a (real) Lie group which we denote by Ggr. If g denotes the
complex Lie algebra of GG, then it also has the structure of a real vector space,
and consequently can be viewed as a real Lie algebra. This is canonically
isomorphic to the real Lie algebra gr that comes from the Lie group Ggr
under the map from Lemma see [Lee02, Proposition 1.9]. Further we
define the exponential map of G by expg(X) := expg, (X) for every X € g
using the identification g = gr. Viewing this as a map exp: g — G the
exponential is holomorphic, see [Lee02, Theorem 1.15] (the complex vector
space g has a canonical structure as a complex manifold).
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Example 7.12. The group G = GL,,(C) is a complex manifold as it is an
open subset of C"*" given by det ™1 (C>{0}). Multiplication and inversion are
holomorphic and its Lie algebra is g = C™*™, the corresponding Lie bracket
is [X,Y] = XY —Y X. The exponential map is the usual matrix exponential
exp(X) =12, Xk—f and the adjoint action is given by conjugation Ady(X) =
gXg~! like in the real case.

See the corresponding example in [Lee02, Section 1.3].

A complex Lie subgroup of a complex Lie group G is a subgroup H which is
also a complex submanifold of G, and that is again a complex Lie group with
this structure. Then Hp is also a (real) Lie subgroup of Gg and therefore is
closed by the Closed Subgroup Theorem. Furthermore, the exponential map
of H is expy = expg |p where b is the Lie algebra of H and Proposition
also implies that hr is a real Lie subalgebra of gr. Consequently, h must be
a complex Lie subalgebra of g (the isomorphism gr — g of real vector spaces
restricts to an isomorphism hg — b).

Remark 7.13. In the real case to be a closed subgroup was already sufficient
to be a submanifold which is again a Lie group with this structure. In
the complex case, however, this is not true as the following simple example
shows: The subgroup (R, +) of (C,+) is a closed and a real Lie subgroup,
but surely R C C is not a complex submanifold.

From Example now directly follows:

Corollary 7.14. Let G be a complex Lie subgroup of GLy,(C). Then its Lie
algebra g is a Lie subalgebra of C"*™ with the Lie bracket [X,Y] = XY -Y X,
the exponential map is given by the matriz exponential exp, and the adjoint
action Ady is via conjugation. ]

Example 7.15. Here are some examples of complex Lie subgroups of GL,,(C),
they are taken from |Lee02), Section 1.3].

a) The group G = SL,,(C) is a complex Lie subgroup of GL, (C) with Lie
algebra g = {X € C™" | tr(X) = 0}. Note that it is connected.

b) The subgroup B, (C) < GL,(C) of upper triangular invertible matrices
is a complex Lie subgroup. Its Lie algebra is the set of all upper
triangular matrices in C"*"™.

c¢) Furthermore, the group U, (C) of upper triangular matrices with 1 on
the diagonal is also a complex Lie subgroup of GL,(C), which has
the set of all upper triangular matrices with 0 on the diagonal as Lie
algebra. Note that it is also a complex subgroup of B, (C).
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8 Riemannian manifolds

Here we introduce some additional structure on a manifold, a so called Rie-
mannian metric. This can be used to study manifolds under lots of geometric
aspects. But it also allows us to define more smooth structure like the gra-
dient of a function.

8.1 Riemannian geometry

A good introduction to this topic is the book of do Carmo [dC92|, another
one is [Pet16]. We will only introduce some very basic terminology that we
need in this thesis, because we want to view a Riemannian manifold as a
metric space and work with the metric directly. To learn about all the other
important aspects like the exponential function, curvature and so on, see the
references already mentioned. The interplay between the curvature in the
sense of the Riemannian manifold and in the sense of the induced metric
space is analyzed in [BH99, Appendix to Chapter II.1].

Throughout the whole subsection let M be a smooth manifold of dimension
m.

Definition 8.1. A Riemannian meiric or a Riemannian structure on M is
a map
() M= J{TM x T, M R}, p>(_, )
peEM

p

such that (| _>p is a scalar product on the real vector space T, M and such
that for all X,Y € X(M) the induced map (X,Y): M - R, p+— <Xp,Y}7)p
is smooth. We call a such a pair (M, (.,.)) a Riemannian manifold.

Every smooth manifold can be endowed with a Riemannian structure, see
[dC92, Proposition 1.2.10|. Using the Riemannian structure we can define
a lot of geometric terminology on the manifold M: For a point p € M and

a tangent vector v € T, M define the norm or length as [[v[|, = /(v,v),.
Let c: [a,b] — M be a smooth curve, then the arc length of c is defined
as £(c) = f: ||c’(t)|]c(t)dt. Using this we can also define the arc length of
a piecewise smooth curve 7: [a,b] — M by {(y) = Zf:o Vit ti407) 1y I8
smooth on all intervals [t;,t;41] for @ = 0,...,k — 1. Define the arc length
function of v by s(t) = £(7|[a,q)) for t € [a,b]. Furthermore, we define the set

Qpg = {c: [0,1] = M | ¢(0) = p,c(1) = ¢, c is piecewise smooth}

and set d(p,q) = inf{l(c) | ¢ € Qpq} for any p,q € M. This gives us a map
d: M x M — R. One can show that (M,d) is a metric space and that the
topology on M induced by the metric d coincides with the original manifold
topology. See [dC92, Propositions 7.2.5 and 7.2.6] for details.
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Example 8.2. At this point we give some examples of Riemannian mani-
folds.

a) Let M = R™ together with the trivial chart (R™,id). A Riemannian
structure is given by <% Ip, 8%]- \p> = 0;; for all p € R™. So for any
¢ P

piecewise smooth curve c: [a,b] — R™ we have

HC/(t)HC(t) = <;C (t)% le(t)> ]ch(t)amj |c(t)>
m 0 9
= 3 00 (5 lon 5o o)
i,7=1
= (&)
=1

Thus, the metric on R coming from the Riemannian structure coin-
cides with the Euclidean metric. Compare [dC92, Example 1.2.4].

b) Let f: M — N be an immersion between smooth manifolds, where

N is additionally assumed to be a Riemmannian manifold. Then
(u,v), = (fi(w), f«(v)) () also defines a Riemannian structure on M,
compare [dC92, Example 1.2.5].
An application of this is the following: Consider the smooth map
h: R™ — R, z — (X7, 2?) — 1, then S™! = h71(0) is a regular
submanifold by the implicit function theorem (Lemma [5.16]). The in-
clusion S™~! < R™ is an immersion by Example So we can
pull back the Riemannian structure on R™ via f like indicated above.
The induced metric is the usual angular metric on ™1, see [BH99,
Proposition 1.6.17].

¢) In Example we have seen that H" = I'(f) C R™ x R is a smooth
manifold for f: R" = R, z+— /> " ; 22 + 1 with an atlas consisting
of one chart ¢: I'(f) — R", (z, f(z)) — =. Thus, the graph I'(f) C
R™ x R is a regular submanifold of codimension 1 and the inclusion
I'(f) < R™ x R is an immersion by Example We define for
p € R" x R = R"*! the symmetric bilinear form

< 0 0 |>_ 1 ifi=n+l=j

Ox; V7 0x; V) 16y else.

This surely is not positive-definite on 7,(R™*1) but the restriction to
Ty H™ is for any p € H", see [BHI9, p. 93] for details.

The metric induced by this Riemannian structure on H"™ coincides

with the hyperbolic metric as defined in|c)) of Example see [BH99L
Proposition 1.6.17].
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d) We also have seen that the product M x N of two smooth manifolds
M, N is again a smooth manifold and one can show that the projection
on each of the factors is a smooth map, see [Tulll Example 6.12]|. If
both factors also have a Riemannian structure, then a Riemannian
metric on the product is defined by

(1, 0) gy 7= (Prarc(W); Prass(v)), + (Pryvs(u), pryv.(v)),

for (p,q) € M x N and u,v € Ty, (M x N). See [dC92, Example
1.2.7).

A diffeomorphism f: M — N between two Riemannian manifolds is called a
Riemannian isometry if (fi(u), f«(v)) () = (u,v) holds for all u,v € T,M.
Further, f is a local Riemannian isometry if every point p € M has a neigh-
borhood U C M such that the restriction f |y is a Riemannian isometry.
It is not hard to see that any Riemannian isometry is also an isometry in
the sense of metric spaces. But the converse is also true by a theorem of
Myers-Steenrod:

Proposition 8.3. Let M, N be Riemannian manifolds and let f: M — N
be a bijection with d(f(p), f(q)) = d(p,q) for all p,q € M. Then f is also a

Riemannian isometry.

Proof. See [Pet16l Theorem 5.6.15]. O

We call a Riemannian manifold complete if the induced metric space is com-
plete. By the theorem of Hopf-Rinow a Riemannian manifold is complete
if and only if the corresponding metric space is proper, see [dC92, Theorem
7.2.8].

The following provides a construction of a complete Riemannian manifold
that we will work with later.

Example 8.4. a) The set S,(R) of symmetric n x n matrices with en-
tries in R is a real vector space of dimension ”(HTH), and therefore the
open subset P, (R) of all positive-definite matrices is a manifold of the
same dimension. For every p € P,(R) the tangent space T),P,(R) is
canonically given by S,(R) and (X,Y), = tr(p~ 1 Xp~lY) for X,Y €
Sp(R) defines a Riemannian metric structure on P, (R). The action of
GL,(R) on P,(R) given by ¢g.p = gpg' extends canonically to S, (R)
via g.X = gXg'. It is smooth and via Riemannian isometries. Fur-
ther, it is transitive and the stabilizer of the unit matrix 1,, is exactly
O(n), the orthogonal group. Therefore, we have a natural identification
GL,(R)/O(n) = P,(R) via gO(n) > gg'. See [BH99, 11.10.31-34] for
all of these statements. The subgroup O(n) of GL,,(R) is maximal com-
pact [BH99, Corollary 11.10.41|, and the Riemannian manifold P, (R) is
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a symmetric space by [BH99, Proposition I1.10.34]. As a metric space
it is proper and CAT(0) [BH99, Theorem I1.10.39]. The geodesic lines
c: R — P,(R) with ¢(0) = p are exactly the maps t — gexp(tX)g'
for g € GL,,(R) fulfilling gg" = p and X € S, (R) with tr(X?) = 1. If
¢ = ¢(00) is the corresponding point in the boundary, then its stabilizer
is

Stab(§) = {g € GL,(R) | tllglo exp(—tX)gexp(tX) exists}.

Consider the special case of the above X being a diagonal matrix, and
let A1 > ... > A\ be the different entries on the diagonal, such that
every \; shows up exactly r; times. Then g € GL,(R) is an element of
Stab(¢) if and only if

ailr -.. ... Q1

0 a2 ... Q9
g - . . . .

0 ... 0 oagk

where a;; is an 7; x r; matrix. See [BH99, Proposition 11.10.64|. The
corresponding Busemman functions are all smooth by [BH99, Propo-
sition 11.10.69].

More generally, let G C GL,(R) be a closed subgroup that is also
closed under matrix transposition, that means ¢g' € G holds for all
g € G. Then G is a Lie subgroup of GL,(R). Further we assume that
the group to have the following property:

VX € Sp(R): exp(X) € G = exp(RX) C G. (8.1)

The space M := G N P,(R) is a totally geodesic Riemannian subman-
ifold of P,(R), which is therefore itself a complete CAT(0) symmetric
space. The subgroup K := G N O(n) is maximal compact and the
maps G/K — M defined by gK + gg' and M x K — G defined
by (m, k) — mk are diffeomorphisms. Especially, M is the G orbit of
1,. See [BH99, Theorem I1.10.58] for all of this. We further see that
the action of G on M is proper by Lemma [2.§] as the quotient map
G — G/K is open.

A criterion for the property in (8.1)) is provided by [BH99, Lemma I1.10.59]:

8.2

If G ={g € GL,(R) |Vf € F: f(g) = 0} for a finite set of polynomials F
with real coefficients in n x n variables, then the desired property is fulfilled.

Vector fields defined on Riemannian manifolds

So far we only cared about metric aspects. But the Riemannian structure
also has effects on smooth vector fields and enables us to construct the gra-
dient of a function. We deal with that in the following.
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Lemma 8.5. Let M be a complete Riemannian manifold and let X € X(M)
be a smooth vector field. If the norm on X is uniformly bounded, then X is
a complete vector field.

Proof. Let C > 0 be a constant such that || X || < C. Let further c¢: I — M
be any integral curve of X starting at the point ¢(0) € M. For every ¢ €
I'N [0, 00 we have

/<C cs)SCQt

where d is the metric on M induced by the Riemannian structure. Thus,
if T = sup([) were a real number, the image ¢([0,7[) would be a subset of
B2 (¢(0)), which is compact by completeness. This contradicts Proposi-
tion The same argument shows | — oo, 0] C 1. O

For every smooth function f € C°°(M) on the Riemannian manifold M
there is a unique vector field Vf € X(M) such that

(X, Vf) = X(f)
for every X € X(M), see [Con01, Lemma 4.2.1.].
Definition 8.6. This vector field V f is called the gradient or gradient vector

field of f with respect to the Riemannian metric.

Let us have a further look at the gradient vector field. When we write

Vf = Zm djaij in a chart (U, ¢), then for any other vector field X =

Yo a 8901 € X(U) we see

(X, Vf) = Z a'd’gij = ZG Zgijdj
j=1

1,j=1

for gij = <82“ 8m]> On the other hand,

8x’

X(f) =
=1

Since X € X(M) was arbitrary, this leads to the system of linear equations

ax% ng i=1,...,m

so the coefficients of the gradlent are given by

1 of
d Bat
: = G_l . :

of
dm amﬂl

where G' = (gij)ij=1,..m
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Remark 8.7. This shows especially that the above definition of the gradient
is a generalization of the standard definition of the gradient on R, because
in this case G is the unit matrix.

One can further deduce that the gradient of constant functions is equal to
0. This and the following observation will be useful later.

Proposition 8.8. Let M be a Riemannian manifold and let f; € C*°(M)
and \j €R for j=1,...,m.

a) If f = Z?:l )‘jsz then Vf = Z?:l )\JVf]

b) If f=11-fo, then Vf=Vfi-fot f1-Vfa

¢) If f: M — R and g: R — R are smooth functions, then V(go f) =
(9o f)-Vf.

Proof. 1t suffices to prove these statements in an arbitrary chart (U, ¢). Let

Vf=>>m"d aii and Vf; = >, d; 8‘22- in this chart. Furthermore, let

2 9
G = (9ij)ij=1,..m for gij = <W7 3?>

If f= Z?:l Aj fj, then the fact 88;; = Z?:l Aj g£§ shows
0 of;
-1 - -1 :
: =G - : =G - Z Aj : = Z Aj :
m af i=1 af; i=1
d T ! o J i

which proves a).
But in a similar way assuming f = f; - fo the fact g; = % - fo+ f1- giﬁ
shows

1 of
d P2l

: a.f
™ dx™
of1 of2
ozl ozl
Sl ferfie] o
0f1 Of2
ox™m ox™
of1 9f2
Ozl Ozl
: ot fio|GTH|
of1 Of2

oxm ox™

= .f2_|_f1.
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and this proves b).
For c) we calculate

e o) gk &
Gt : =Gt : =(gof)-G-|
aé?;r{) (9" f) g Bam

which proves that the coefficient vectors of V(go f) and (¢'o f)-V f coincide.
]

Remark 8.9. It is possible to prove the proposition without choosing a
coordinate system, but using the defining property of the gradient. Let
f=>"1 Aifi be alinear combination of smooth functions as in E[) then

(X, Vf) =X(f) =X (Z&fﬁ) =Y NX(fi) =D N (X, Vi)
=1 =1 =1

= <X7 Zn: )\ivfi>
i=1

holds for all X € X(M). We obtain Vf = >"" , \;V f; from uniqueness. The
proof of part [b] is similar: Again, let X be any smooth vector field then

(X,V(fif2)) = X(fif2) = X(f1)fo + /1X(f2)
=(X,Vf1) - fo+ f1-(X,Vfa)
=(X,Vfi- fa) +(X, f1-Vf2)
=(X,Vfi-fa+ f1-Vf2)

implies V(f1f2) =V fi1- fo+ f1-Vfa. Injc) we get the assertion from

(X,V(gof))=X(gof)= (g0 f)(X)=(g"0f) fu(X)
=g of)- X(f)=(dof)-(X,Vf)
:<X,(g/of)-Vf>.

Here we write f,(X) for the induced map p — fi ,(Xp).
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9 Root systems

This paragraph collects some facts about root systems. We fix a real vector
space V. An automorphism r, € Aut(V) with r4(a) = —a that fixes a
hyperplane H in V pointwise is called a reflection with respect to a vector
a # Oy. This property makes it unique.

Definition 9.1. An abstract root system is a finite subset ¢ of V' such that
the following hold:

a) The set ¢ generates V as a real vector space and does not contain Oy .
b) For every a € ¢ there is a reflection r,, that stabilizes ¢ as a set.

c) For all o, 8 € ¢ there is an integer ng o € Z with 74(8) = 8 — ngqc.

The elements of ¢ are called roots. We call the root system ¢ reduced if for
all roots o and every a € [—1,1] from aa € ¢ follows a € {£1}. We make
the convention every root system that we consider is reduced. The group
W =W(¢) = (rq | @ € ¢) is the Weyl group of ¢. By b of the definition
above holds w.¢p = ¢ for all w € W.

Lemma 9.2. We can endow V' with a scalar product (.,.), such that the Weyl
group acts via orthogonal transformations, that is (w.x,w.y) = (x,y) holds
forallweW and x,y e V.

Proof. See [Millll, Proposition III.1.9]. O

We refer to such a (.,.) as Weyl-invariant scalar product, and this makes
(V,(.,.)) a Euclidean space. A subset 1 of ¢ is closed if o, f € ) = a+F € ¢
holds. A basis of ¢ is a subset A C ¢ such that

a) A is a basis of V (in the sense of vector spaces),

b) every B € ¢ is a Z-linear combination 3 = ) A Mq,sa such that all
Mg, are either non-negative or non-positive.

One can show that a basis always exists [Millll Proposition 111.1.10]. Once
it has been chosen we refer to the elements of A as simple roots. If a root
8= ZaeA Mmeq, g has all my g > 0 then we call it a positive root. We write
¢ for the set of positive roots. Obviously we have A C ¢+ C ¢.

Lemma 9.3. With the above notation the following are equivalent for a
subset 1 C ¢:

a) ¥ is a closed subset and v U — is a partition of ¢.
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b) There is a vector x € V such that ¥ = {a € ¢ | (o, z) > 0}.

¢) There is an order on V making it an ordered vector space such that
each o € ¢ is either positive or negative and v = VT N ¢ for the set
VT of positive elements.

Proof. See [Bou05, Corollaries 1 and 2 in VI.1.7]. O

Such a subset ¥ we the call system of positive roots in ¢. This is also a set
of positive roots in the previous sense, because the set of all @ € 1 with
a # B+ for all 5,7+ € 1 is then a basis of the root system ¢ making v its
set of positive roots. Consequently, systems of positive roots and bases of
the root system are in one to one relation.

For all roots a, 8 € ¢ we have

<O‘a6> = <TQ(O‘)7TQ(B)> = <_ a, 3 — nﬁ,aa> = - <a75> +Nga <OJ,O¢>

and from this follows
2 <O[, /8>

(@, )

=Ngq € 7.

Thus ro(8) = — 2<§laf>>a. Furthermore, if @ and 3 are different simple roots,

then

(o, B) <0,

because otherwise the root r,(8) = 3—2 ggi

of two simple roots with coefficients of different signs. Thus we have:

o would be a linear combination

Lemma 9.4. For all simple roots o, 5 € A the following hold:

a) (a,B8) <0 if a # p,

(@,f)
b) 2 (o)

is an integer. ]

One could also start with a Euclidean vector space, and then define a root
system via reflections with respect to the corresponding scalar product. See
for example [ABO8, Appendix B|.

We give one more definition and state two consequences about root systems
from [Rag68].

Definition 9.5. For every simple root o we define the corresponding fun-
damental weight as the unique vector A\, € V such that (A, ) = 04, holds
for all g € A.

To simplify the notation, we write A = {aq,...,a,} for the set of simple
roots. The fundamental weights are denoted by A; for j = 1,...,r with the
property (o, Aj) = d;;.
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Lemma 9.6. Let I be any subset of {1,...,r}. Writing \j = 3, ajo; +
Zi¢[ b;\; then all the a; and b; are greater than or equal to 0.

Proof. See |[Rag68], Lemma 1.1]. O

Lemma 9.7. Let A = Z§:1 m;A\; be any linear combination of the funda-
mental weights with all mj; > 0. For every subset I of {1,...,r} we have
A= Zje[ m[j)\j -+ Zigﬁ] nr;o; with all mr; > m; > 0 and all ny; > 0.
Setting A1 = Zje] mprjA; we get that Aoy — Ap = > req CrikQy s always
a non-negative linear combination of the simple roots. For i ¢ I we obtain
crii > 0.

Proof. See |[Rag68l Lemma 3.1 and the text preceding it]. O
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10 Affine algebraic varieties

We give a very short and naive introduction to the topic, as we will only
need few basic results. Here we are guided by the description in [CSM95
Section III.1]. A standard reference is [Spr98|, Sections 1.1-1.3]. We will only
consider affine varieties over the field of complex numbers C.

Let A,, = C[T1,...,T,] be the ring of complex polynomials in m variables
T1,...,Ty. For a subset F' C A, we define

V(F)={xeC"|VfeF: f(x)=0}

and call this an algebraic subset of C™. One easily deduces V(&) = C™
and V(A,,) = @. Furthermore, for a family (F;);c; of subsets of A,, we
have (;c; V(F;) = V(U;er Fi). For two subsets F,G C A, also holds
V(F)UV(G) =V (F-G), see [CSM95], I1I.(1.1)]. Thus, the algebraic subsets
of C™ fulfill the axioms of a family of closed subsets of a topology on C™.

Definition 10.1. We call the topology on C™ whose closed sets are exactly
the algebraic subsets the Zariski topology. A Zariski closed subset V of C™
endowed with the corresponding relative topology is called an affine algebraic
variety.

It is immediate from the definition that the Zariski topology is coarser than
the usual Euclidean topology on C™, as every Zariski closed subset of C™
must also be closed in the standard topology. For any subset S C C™ we set

I(S)={fe A, |Vres: f(x)=0}.

This is clearly an ideal in A,,, which is finitely generated by Hilbert’s basis
theorem.

Lemma 10.2. The Zariski closure of a subset S C C™ is V(I(.9)).

Proof. We first prove that a set S is Zariski closed if and only if V(I(S)) = S.
If V(I(S)) = S holds, then S clearly is closed in the Zariski topology. So
let S = V(F') be Zariski closed, we show that this implies S = V(I(5)). On
the one hand, if x is an element of S, then f(x) = 0 for all f € I(S) by
definition, and therefore we have x € V(I(S)). On the other hand, if y lies
in V(I(S)), we obtain f(y) =0 for all f € F from F C I(S). So in this case
we have y € V(F) = S.

Obviously, if S is a subset of 7" we have I(T) C I(.5), and therefore V(1(S)) C
V(I(T)) holds by [CSM95, (1.1)]. Thus, if T is the Zariski closure of S, then
we get T C V(I(S)) Cc V(I(T)) =T, which implies T = V(I(5)). O

If X € C™ is an algebraic variety, then C[X]| = A,,/I(X) is the coordinate
ring of X.
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Remark 10.3. The usual definition of an affine algebraic variety goes as fol-
lows, see [CSM95, p.142]: A map ¢: X — C is called a regular function if
there is a polynomial f € A, with ¢p(x) = f(x) for all x € X. Via pointwise
addition and multiplication the set C[X] of regular functions on X forms a
C-algebra. Every polynomial f € A,, canonically induces a regular function
o on X via pf(xz) = f(x) and one can show that the map f — ¢ is a
homomorphism of C-algebras A,, — C[X]. Its kernel is exactly I(X) so we
get an isomorphism A,,/I(X) = C[X]. Under this identification, evaluation
at © € X defined by ev,: C[X] — C, evy(f) = f(z) defines a map from
X to Home(C[X], C) the set of all C-algebra morphisms, which in fact is a
bijection. The closed subsets of X are then exactly

Vx(F)={z e X |VfeFe: f(z) =0}

for F C C[X]. More generally than before one calls the pair (X, C[X]) an
affine algebraic variety. But for our purposes, the previous naive definition
is sufficient.

We give some more terminology. A morphism between two affine varieties
X CcC"andY Cc C"isamap X — Y given by z — (fi(x),..., fn(z))
for polynomials fi,..., fn € An. The morphism is an isomorphism if it is
bijective and its inverse map is also a morphism of varieties. The product
X x Y is again an affine variety and its coordinate ring is C[X x Y] =
C[X] ®@c¢ C[Y], see [CSM935] TIT.(1.9)].

Recall now that a topological space is irreducible if it is not the union of two
proper non-empty closed subsets.

Convention. For the rest of this section let X C C™ be an affine algebraic
variety that is irreducible in the Zariski topology.

Lemma 10.4. In the corresponding Euclidean topology (the relative topology
coming from C™ endowed with the standard topology) X is connected.

Proof. See [PR94], Theorem 3.5, p.118]. O

By [Spr98, Proposition 1.2.5] the ring C[X] is an integral domain. The
dimension of X is the transcendence degree of the quotient field of C[X]
over C. We write dim(X) for its dimension.

Lemma 10.5. Let X, Y C C™ be irreducible varieties, such that Y is a
proper subset of X. Then dim(Y) < dim(X).

Proof. See [Spr98, Proposition 1.8.2]. O
From this also follows that dim(X) < m holds, because of dim(C™) = m.

Furthermore, if Xg € X; € ... € X,, = X is an ascending chain of closed
irreducible varieties, then n < dim(X).
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A vector v € C™ is a tangent vector at x € X if for all f € I(X) the
polynomial A(T) := f(x + Tv) is contained in the ideal of C[T] generated
by T2. The set of all such v is the tangent space at x, written as T, X. By
[Sha69l §I1.1.2] a vector v € C™ is a tangent vector at x if and only if

VfeI(X): dof(v) = Zvi%u =0
i=1 '

where %‘x is the formal derivative of the polynomial f € C[Ty,...,T,,]
evaluated at z. Since the map v — d,f(v) is linear, this shows that the
tangent space is indeed a complex vector space. In fact, by Hilbert’s basis
theorem we can write T, X = (;_, ker(d, f;) for some polynomials fi,..., f,
generating C[X].

A point x of X is called simple if dim(X) = dim(7,X). We give a criterion
for that.

Lemma 10.6. A point x € X is simple if and only if there are polynomials
fiyeoos fr € C[T,...,Ty], where r = m — dim(X), and a Zariski open
subset U C C™ withx € {y e U |Vi=1,...,7: fi(y) = 0} and such that the

complex matriz a with entries a;; = (%]I) fori=1,....,randj=1,...,m
has rank r.
Proof. See [PR94], Proposition 2.22, p.97]. O

The irreducible variety X is called smooth if every point x € X is simple.
In fact, as every Zariski open subset U of C™ is also open in the Euclidean
topology, the above lemma shows that a smooth complex variety X is a
complex submanifold of C™ of codimension r.
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11 Algebraic matrix groups

In this section we define algebraic matrix groups, which are a special case of
so-called linear algebraic groups. In the first subsection we define them as
a Zariski closed subgroup of some GL,(C). As such we can also view them
as subvarieties of some C™. Later we will see that this canonically induces
a functor into the category of groups.

11.1 Algebraic matrix groups as complex linear groups

Here we mainly follow the presentation in [PR94. Section 2.1], another good
introduction is given by [CSM95, Chapter III]. Standard references for linear
algebraic groups (although by far too general for our goals) are [Bor91] and
[Sprag].

Definition 11.1. We call a subgroup G < GL,(C) an algebraic matriz group
if there is a subset F' of C[(T} ;)i j=1,..n], the ring of polynomials in n x n
variables, such that G = {g = (9ij)i j=1,..n € GL,(C) | Vf € F: f(g) = 0}.

Equivalent to this definition is to say that G is (relatively) closed in the
Zariski topology induced on GL,(C) C C™*™. A trivial example is GL,, =
GL,,(C) (here the set F' can be chosen to be empty).

We want to view G not only as a closed subgroup of GL,(C), but also as an
affine variety. Therefore, we use the inclusion

. g 0n><1
t: GLy(C) — GL,41(C), g —~ <01m det(gl))

whose inverse is clearly
p: L(GLn(C)) — GLn(C), T +— (xij)ijzl,...,n-

Under this identification GL,,(C) is the intersection of the two Zariski closed
subsets

{l‘ € C(n+1)><(n+1) | Vlv] =1...,n: Lin+1 = 0= xn+1:j}

and
{w e COTXOHD | det((24)i=1,..m) - Tns1 — 1 = 0}

and so ¢(G) C GLy+1(C) must be Zariski closed, too. It follows directly that
we can write «(G) as the subset

V(Fu{xi,n-l—l ‘ 1= 1,...,n}
U{znt1ili=1,...,n}
U {det((i)ij=1,..n)Tnt1,0+1 — 1})
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of C(+1X(n+1) (here we view F as a set of polynomials in (n+1)x (n+1) vari-
ables using the canonical inclusion C[Th 1, ...,Tnn] C C[T11, ..., Tnt1n+1])-
Thus, ¢: G — ¢(G) is a homeomorphism with respect to the induced Zariski
topologies, which is inverse to p: ((G) — G.

Remark 11.2. As closed subgroups of GL,(C) and GL,,+1(C) the groups G
and ((G) are in fact Lie groups, and the identification maps ¢ and p provide
isomorphisms of Lie groups. The identification therefore transfers not only
algebraic but also topological structures. We shall see later that G is even
a complex Lie group holomorphic to p(G).

The coordinate ring of an algebraic matrix group G is
1G] = C[(Tij)i j=1,.nt1]/1(G)

where

I(G) = {f € Cl(T3j)i,j=1,..n41] | f(L(G)) = O}

A morphism (of algebraic groups) between two algebraic matrix groups G C
GL,(C) and H C GL,,(C) is a group homomorphism that is defined by
polynomials, that is g — (f; j(9))i j=1,....m for some complex polynomials f; ;
in n x n variables. A morphism is an isomorphism (of algebraic groups) if it
is an isomorphism of groups and its inverse is also given by polynomials.

Remark 11.3. This also means that any (iso-)morphism between algebraic
matrix groups induces an (iso-)morphism of the corresponding affine vari-
eties. As already mentioned before, our terminology of an algebraic matrix
group is a special case of a so-called linear algebraic group. The most naive
definition of that would be like above, but considering isomorphism classes of
algebraic matrix groups. However, we do not want to do that here, because
we will later work with a concrete subgroup of some GL,(C).

Another way to define linear algebraic groups is to start with a group whose
underlying set is an affine variety and whose multiplication and inversion are
morphisms of varieties. But all such groups embed into a closed subgroup
of some GL,, see for example [Bor91l Proposition 1.10].

Let now k be a subfield of C (for example £ = Q.) The algebraic matrix
group G is defined over k or a k-group if the ideal I(G) is generated by
elements in k[(T; ;)i j=1,..n+1]. A morphism G — H between two k-groups
is said to be defined over k or a k-morphism if it is given by polynomials
with coefficients in k.

Example 11.4. We give some examples of algebraic matrix groups. All the
examples are defined over any subfield k¥ C C. Compare [Bor91, Example
1.6] and [Spr98, Example 2.1.4 (4)].

a) As already mentioned, the general linear group GL,, = GL,(C) is an
algebraic matrix group. It is clearly defined over k.
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b)

i)

The special linear group
SL,, = {g € GL,(C) | det(g) — 1 = 0}

is also an algebraic matrix group defined over k. As an abstract group
it is (canonically isomorphic to) SL,(C).

Let F={T;; |1<j<i<n}U{T; —1|1<i<n} then
U, = {9 € GLa(C) | V[ € F: f(g9) = 0}
is the group U, (C) of upper triangular matrices with 1 on the diagonal.

The set F' = {T;; | i,7 = 1,...,n, ¢ # j} defines the group of all
diagonal matrices D,, = D, (C).

For F = {T;; | 1 < j < i < n} we obtain the group B,, = B,,(C) of
upper triangular matrices.

Considering a special case of ELI) we define the multiplication group
G,, = GL1(C). As an abstract group it is isomorphic to (C*,-), the
group of units.

Setting n = 2 in ) we obtain G, = Uy(C), which is isomorphic to the
additive group (C,+).

Let
S
then the symplectic group
Spa, = {9 € GL2n(C) | gJg" = J}
is an algebraic matrix group defined over k.
Let S € GL,,(k) be any symmetric matrix, then the orthogonal group
O(S) = {g € GL,(C) | gSg " = 5}

is also an algebraic matrix group defined over k.

Definition 11.5. A subgroup H of an algebraic matrix group G < GL,(C)
is an algebraic matriz subgroup if it is closed under the induced Zariski topo-
logy. Therefore it is also called a closed subgroup. We call a closed subgroup
normal if it is normal as an abstract subgroup.
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Example 11.6. If G is an algebraic matrix group containing a closed sub-
group H, then its centralizer

Ceng(H) :={g € G |Vh € H: gh = hg}
and its normalizer
Norg(H) :={g € G | gHg™' = H}
are again closed subgroups of G. See [Bor91l 1.7].

We also make the following construction: The cartesian product of two alge-
braic matrix groups G C GL,(C) and H C GL,,(C) embeds as an abstract
group into GLy4m,(C) via (g,h) — (g 2) Therefore, we define the product
G x H as the resulting algebraic matrix group in GLj,4,(C).

Example 11.7. The product G,,, X G,, equals Dsy. Consequently, the n-fold
product (G,)" := Gy X ... X Gy, is Dy,

This leads to the following important definition.

Definition 11.8. An algebraic torus is an algebraic matrix group T that is
isomorphic to (Gy,)? for some d € N. We call this the dimension of T and
write d = dim(T).

The torus is k-split or a k-split torus if T is a k-group and if there is an
isomorphism T 2 (G,,,)? defined over k.

Thus, the group D, is a k-split torus of dimension n and any (k-split) torus
of the same dimension is (k-)isomorphic to it. Closely connected to tori are
the characters.

Definition 11.9. A character of an algebraic matrix group G is a morphism
x: G = Gn. If Gisa k-group and y is defined over k, then we call it a
k-character. We write X (G) for the set of characters and Xy (G) for the set
of k-characters.

Lemma 11.10. A k-torus T is k-split if and only if X (T) = X;(T).

Proof. See [Spr98| Proposition 3.2.12]. O

An algebraic matrix group is diagonalizable if it is isomorphic to a closed
subgroup of some D,,. Its characters then form an abelian group via (y +
¥)(g) == x(g)-¢¥(g), see [Spr98|, Theorem 3.2.3]. We call an algebraic matrix
group connected if it is connected in the Zariski topology.

Lemma 11.11. Let T be a diagonalizable group. The following are equiva-
lent:
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(i) T is a torus,
(i) T is connected,

(i) X (T) is isomorphic to some Z2.

Proof. [Spr98|, Corollary 3.2.7]. O

Consequently, if T is a torus with X (T) =2 Z¢, there are characters x1, ..., Xd
such that any x € X(T) can be written uniquely as a Z-linear combination
Zgzl niXk. This also makes the dimension of the torus well-defined since
every homomorphism T — (G,,)" can be written as t — (¢Y1(t),...,¥n(t))
for characters ;.

Let us take a deeper look into what the property of being connected means.
In fact, every algebraic matrix group G has a unique irreducible component
Gy containing the identity element, which is a finite index closed normal
subgroup. This is also the connected component with 1 € Gg. See [Spr98|,
Proposition 2.2.1|. Thus we get the following:

Corollary 11.12. An algebraic matriz group G is connected if and only if
it 1s irreducible as an algebraic variety.

Consequently, if it is connected as an algebraic matriz group, then the fol-
lowing two statements hold:

a) It is also connected in the Euclidean topology.

b) There is a uniform bound on the length of chains Hy C Hy C ... C
H,, = G of proper connected closed subgroups.

Proof. Follows directly from Lemma and O

We can now define the dimension of a connected algebraic matrix group as
the dimension of the corresponding variety. By [Bor91, Proposition 8.5] the
dimension of a torus as defined above is the same as its dimension as an
algebraic matrix group.

Convention: For the rest of this subsection G denotes a connected algebraic
matrix group.

Lemma 11.13. Let (G;)ier be a family of closed connected subgroups of G.
Then the subgroup H generated by all of them is again closed and connected.
If G and all the G; are defined over k, then the same holds for H.

Proof. See [Spr98| Corollary 2.2.7]. O
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We say that an algebraic matrix group G is the semidirect product of two
closed connected subgroups N and H, if N is normal in G, the intersection
N NH is trivial and G = N - H.

We introduce further terminology. An algebraic matrix group is unipotent
if all of its elements are unipotent in the usual sense of linear algebra. It
is solvable if it is solvable as an abstract group. By [Spr98| 6.4.14] there
is a maximal connected solvable normal closed subgroup R(G), the radical.
There is also a maximal connected unipotent normal closed subgroup R, (G),
the unipotent radical.

Definition 11.14. A connected algebraic matrix group G is semisimple if
R(G) is trivial. It is reductive if R, (G) = {1}.

Since any unipotent group is solvable by [Spr98, Corollary 2.4.13], every
semisimple group is reductive.

Definition 11.15. A maximal closed connected solvable subgroup B of G
is called Borel subgroup. A mazximal torus in G is a closed subgroup T, that
is a torus and maximal with that property.

Borel subgroups and maximal tori always exist by Corollary [11.12] If B is
a Borel subgroup of G, then there is a 2 € GL,(C) such that zBz~! is a
subgroup of B,, as defined in Example see [Spr98, Theorem 6.3.1].

Lemma 11.16. Every connected solvable group is semidirect product of its
unipotent radical and a mazimal torus.

Proof. See [Bor91, Theorem 10.6]. O

Thus we can write any Borel subgroup B of G as R, (B)-T. In fact, as every
torus of G is connected and abelian, it must lie in some Borel subgroup, and
therefore the maximal torus of B is also a maximal torus of G. The canonical
inclusion ¢: T < B provides a natural homomorphism X (B) — X(T) via
X — x ot By [Spr98, Theorem 2.4.8 (ii)| every character x of B maps any
u € Ry(B) to 1, so x is uniquely determined by its values on T. On the
other hand, using the structure of the semidirect product, we can extend
every character from T to B. This makes the homomorphism bijective and
we will identify X (B) with X (T) under this isomorphism.

Definition 11.17. A closed subgroup P of G containing a Borel subgroup
is called parabolic. If G and P are defined over k, then we call the latter a
parabolic k-subgroup.

It is clear from definition that every Borel subgroup is also parabolic. In
fact, all parabolic subgroups are connected by [Bor91l, Theorem 11.16].
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However, even if G is a k-group, it is not always the case that it has a Borel
subgroup that is also defined over k. If G is a reductive k-group and contains
a Borel subgroup B defined over k, then we call it k-quasisplit. In this case,
the unipotent radical of B = R,(B) - T is also defined over k by [Spr98|
12.1.7 (d)].

Definition 11.18. We say that a reductive k-group G is k-split or a k-split
group if it contains a maximal k-torus, which is k-split.

To say more about the structure of Borel groups and parabolic groups, we
need terminology of the Lie algebra of an algebraic matrix group. Therefore
we show that it has the structure of a complex Lie group: The tangent
space at g € G is the tangent space T;G viewing the algebraic matrix group
as an algebraic variety. We can describe this as T,G = (),_; ker(d, f;) for
some polynomials f1,..., f, generating I(G) (see the previous section). By
[Spr98, Theorem 4.3.7| the algebraic variety G is smooth, so Lemma [10.6]
shows that it is a complex manifold. Therefore it is a complex Lie subgroup
of GL,(C). TIts tangent space as a complex Lie group coincides with the
one as an algebraic variety by [PR94l Lemma 3.1, p.113]. Thus, invoking

Corollary we get:

Lemma 11.19. The algebraic matriz group G is a complex Lie subgroup of
GL,(C). Its tangent space at the identity g is a complex Lie subalgebra of
C™ "™ with Lie bracket [X,Y] = XY —YX. The map G — GL(g) defined
by g — Ady for Ady(X) = gXg~! is well defined and a homomorphism of
(abstract) groups. O

Definition 11.20. We call g the Lie algebra of the algebraic matrix group
G, and g — [Ad,: X — gXg1] is the adjoint representation.

If G is a k-group we can choose the polynomials f defining the tangent space
T1G = g so that they have coefficients in k. In that case, d;f also induces
a k-linear map A" — k via v — Y31 Um‘%h, so the k-points of the
Lie algebra g := g N k™ "™ canonically form a k-vector space of the same
dimension as the C-vector space g. In fact, it is a Lie subalgebra of k™*"
because [X,Y] = XY — Y X is again an element of k<" for X, Y € gi.

Lemma 11.21. The connected algebraic matriz group G is semisimple if
and only if its Lie algebra is semisimple.

Proof. See |[Millll, Theorem I1.5.23]. O

Convention: From now on, in addition to the previous assumption of G
being connected, we will also assume that it is semisimple. Fix a maximal
torus T in G.

It is useful to keep this fact in mind for the following: The maximal torus T
equals its own centralizer in G, see [Spr98, Corollary 7.6.4].
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Definition 11.22. A root is a character o € X(T) with a # 0 such that
the weight space

go ={X e€g|VteT: Adi(X) =a(t) - X}
is not equal to {Og}. We call
6= ¢(T,G) = {a € X(T) | a #0 and g, # 0}
the corresponding root system.

This terminology makes sense because of the following:

Lemma 11.23. The set ¢ = ¢(T, G) is an abstract root system in the vector
space V. =R ®z X(T). The root system is reduced.

Proof. The connected component of the center of G is the radical R(G) by
[Spr98| Proposition 7.3.1]. As we assumed G to be semisimple, the statement
follows from [Bor91, Theorem 14.8]. O

Let t be the Lie algebra of the torus T. The Lie algebra of G splits as a
direct sum g = t & P, 9a, see [Bordll Theorem 13.18 (1)].

We consider now a Borel group B = U-T with U its unipotent radical. There
is an ordering on the abelian group X (T), such that for the corresponding
subset ¢T C ¢ of positive elements the Lie algebra of B is given by b =
Docyr 9o ®t. See [Bor9ll Theorem 13.18 (5), d)+e)]. In fact, for every a €
¢ there is a unique closed connected subgroup U, normalized by T, which
has g, as its Lie algebra [Bor91l Theorem 13.18 4) (d)]. These U, generate
the unipotent radical U of B [Spr98|, Proposition 8.2.1]. Furthermore, there
is a subset A of ¢, which is a basis of the root system ¢ and which makes
¢t be the set of positive roots (in the sense of root systems). See [Bor91l
Corollary 1 to Theorem 14.8|.

Definition 11.24. We refer to A as the set of simple roots and ¢ is the
set of positive roots of the root system ¢ corresponding to the Borel group
B.

On the other hand, having any system of positive roots ¥ C ¢ we get a Borel
subgroup generated by T and the U, with a € 9, see [Spr98, Proposition
8.2.4].

Convention: Assume now additionally that G is defined over k and T is a
maximal k-torus, which is k-split. Fix any system of positive roots ¢ C ¢.

Because of X;(T) = X (T) all we said so far also applies to the k-split case.
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Lemma 11.25. For every root o € ¢ there is a unique closed connected
unipotent subgroup U, of G defined over k, which has g, as Lie algebra. It
1s normalized by T.

More generally, if 1 is a closed subset of ¢, then there is a unique closed con-
nected unipotent k-subgroup Uy < G, such that its Lie algebra is @ae¢ o
It 15 the subgroup generated by all the U, with o € 9.

Proof. See [Bor91l, Proposition 21.9]. O

Obviously, 1 = ¢T is a closed subset of ¢ (in the sense of root systems). The
corresponding group Ug+ is then the unipotent radical U of a Borel group
B = U - T, which is defined over k. Consequently, if an algebraic matrix
group G is k-split, then it is also k-quasisplit.

We now use the construction in [Bor91l 21.11]: For a subset I C A we define
the standard parabolic k-subgroup P as the semidirect product Ty - Uy
Here T; < G is the subgroup generated by T and the U, for which «
is a linear combination of the 5 € I (including negative coefficients), and
Y(I) = ¢F N ¢p for ¢ = {3-gcampB € 67 | VB ¢ I: mg = 0}. As all the
U, and T are connected and defined over k, the same holds for Pj.

The Lie algebra of the group Py is given by

pr = @95@%9@9—57

Begt Bedr
compare [Rag72| 12.4].

Definition 11.26. In the case I = & we get back the Borel subgroup Py =
B, we call it a minimal parabolic k-subgroup. In the future we will refer to
such a group as P instead of B.

For every simple root a € A we call PA fo) the corresponding mazimal
parabolic k-subgroup of G. To simplify notation, we will denote it by P, :=

PA\{a}-

The Lie algebra of P, is

pa=EPwpote P 9

pept BEPA{a}

In fact, the construction above provides us with a complete list of parabolic
groups containing P by [Bor91, Proposition 21.12]. These are sometimes
called standard parabolic k-subgroups. But as no other parabolic subgroups
are considered in this thesis, we will not use that terminology.

Lemma 11.27. Let G be o connected semisimple k-split group. Then the
following hold:
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a) All its k-split tori are conjugate under an element of G N GLy, (k).

b) All its minimal parabolic k-subgroups are conjugate under G NGLy, (k).

Proof. See [Bor91, Theorem 20.9]. O

We will say something more about the structure of our semisimple group
G. It has only finitely many non-trivial closed connected normal subgroups
G1,..., G, and is an almost direct product of those: The product map G X
... X G, — G is surjective and has finite kernel. See [PR94), Proposition 2.4,
p.62|.

Definition 11.28. A semisimple algebraic matrix group G is simply con-
nected if it has the following property: Every surjective homomorphism of
algebraic groups from a connected algebraic matrix group H to G whose
kernel is finite is already an isomorphism.

There is always a simply connected group G and a homomorphism of alge-
braic groups 7: G — G having finite kernel F. This 7 is the uniersal cov-
ering and F is the fundamental group of G. A simply connected group is the
direct product of its minimal closed connected normal subgroups Gy, ..., G,.
For both statements see [PR94, Theorem 2.6, p.62].

Example 11.29. As an example, SL,, is simply connected by [PR94, Ex-
ample on p.63]. Just note that it is not true in the sense of abstract groups:
SL,(C) has its center as a proper normal subgroup. One can show that this
is not connected as an algebraic matrix group.

Since our group G is semisimple and defined over k, it is the almost direct
product of its minimal closed connected normal subgroups defined over k by
[Bor91l, Theorem 22.10]. Their number is finite by the above. We refer to
them as the k-simple factors of G.

Definition 11.30. A semisimple group defined over k is called k-simple if
it has no non-trivial closed connected normal subgroups over k.

11.2 Algebraic matrix groups as functors

A good introduction into this is provided by the book of Waterhouse [Wat79].

To avoid confusion with the notation in the last subsection, we let H <
GL,,(C) denote a connected algebraic matrix group defined over a field k C
C. For any subring B C C we define the B-points of our group as H(B) :=
H N GL,(B), where GL,,(B) denotes as usual the set of regular matrices g,
such that ¢ and ¢! lie in B™*™. Thus, we can define the Z-points, Q-points
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and R-points of H, and we directly see H = H(C). To generalize this, we
also define H(R) for a k-algebra R using the following construction:

Let Jj, be the ideal of all polynomials f € k[(Ti;)i,j=1,..n] vanishing on H(k),
that means f(g) = 0 holds for all g € H(k). We define

H;(R) :={g € R"" |Vf € Ji: f(g) = 0}.

If H(C) = Hy(C) holds, then we call H to be determined by its k-points.
By Lemma [10.2) this is equivalent to H(k) being Zariski dense in H(C) = H
But that is already the case because of [Bor91l, Corollary 18.3], compare also
[Bro89, VII Appendix L|. Consequently, any connected group defined over k
is determined by its k-points.

Example 11.31. As an example, SL,, is determined by its k-points.

A non-example is given by the following: Consider the group H = {z €
C | 22 — 1 = 0} of third roots of unity. For its rational points we get
H(Q) = {z € Q| 23 — 1 = 0} the trivial group, so (z — 1) generates Jg.
From this follows Hg(C) = {1} # H(C), so this group is not determined by
its Q-points.

See [Bro89, Appendix §D] for both examples.

Definition 11.32. For any k-algebra R we define the set of R-points of H
as H(R) := Hi(R).

As H is determined by its k-points, this definition is compatible with the
former one in the case R C C.

Lemma 11.33. The mapping R — H(R) defines canonically a functor from
the category of k-algebras to the category of groups. It can be represented
by the element k[Hy| := k[(T3j)ij=1,....n]/Jr via the canonical identification
R — Homy,_qy(k[Hy], R) given by x — ev,.

A k-morphism f: H — K between two k-groups canonically extends to a
natural transformation between the induced functors, such that the maps
fr: H(R) — K(R) are homomorphisms of groups.

Proof. The Zariski topology on k™*" is induced by that on C"*" see [Wat.79,
§4.1]. The assertion now follows directly from [Wat79, §4.4]. O

We will therefore identify every connected algebraic matrix group H with its
corresponding functor.

Remark 11.34. 1t is also possible to define algebraic groups directly as a
functor from k-algebras to groups, where homomorphisms are then given by
natural transformations between those functors. See [Wat79) chapter 1].
However, like in the case of varieties, this does not lead new objects, as every
such group functor embeds into some GL,, by[Wat79l §3.4].
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11.3 The Iwasawa decomposition of a real algebraic matrix
group

Here we collect some facts about algebraic matrix groups that we will need
later.

First we recall the Iwasawa decomposition of G = GL,(R): Let K = O(n),
let A C G be the diagonal subgroup with all entries greater than 0, and let
N C G be the set of all upper triangular matrices with 1 on the diagonal.
Then the multiplication map N x A x K — G is a homeomorphism, see for
example [PR94) Proposition 3.12, p.129].

Lemma 11.35. Let G be a reductive algebraic maitriz group defined over R.
Then there is a matriz x € GL,(R) such that for the R-group G’ := xGax~!
the following hold:

a) G' is self adjoint, that means g' € G’ holds for every g € G'.

b) The group G’ contains a mazimal R-split torus S, which lies in the
group D, of diagonal matrices.

¢) Let ¢/ = ¢(S, G') be the corresponding set of roots. It contains a system
of positive roots 1 = ¢'T, whose elements are exactly those (g; — ¢;)
for 1 < i < j < n, which appear as roots. Here e; is the character
diag(dy ...,d,) — d;. Furthermore, the corresponding unipotent R-
subgroup N’ = Uy, lies in the group of upper triangular matrices Uy,.

d) The components of the Iwasawa decomposition of GL,(R) of each ele-
ment g € G'(R) lie again in G'(R).

Proof. See [PR94], Proposition 3.13, p.133]. O

Our point [c) slightly differs from the one in the source cited above. Compare
the proof of [PR94, Lemma 3.7, p.131] and recall the fact that choosing an
ordering on the vector space corresponds to a choice of positive roots [Bou05),
Section VI.1.7].

Lemma 11.36. With the notation from above, let G' = G'(R), N' = G'NN,
A =G NAand K' =G NK. Then the product map N' x A’ x K' — G’ is
a homeomorphism.

Proof. See [PR94, Theorem 3.9, p.131]. O
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12 Adeles, adelic groups and S-arithmetic groups

Fix an algebraic number field k, that means & = Q or a finite extension
of the rational numbers. We closed the last section by explaining how to
define the R-points of an algebraic matrix group for a k-algebra R. Here we
construct a specific ring, the ring of adeles, which leads to the definition of
adelic groups and S-arithmetic subgroups of G(k).

12.1 Absolute values

Following [PR94) Sections 1.1 and 1.2] we give a short introduction to abso-
lute values and recall some foundations about that topic.

An absolute value on k is a map |.| : k — R that has the following prop-
erties:

a) The restriction to the group of units is a group homomorphism from
(k.><’ ) to (R>07 ')7

b) [0[ =0,

c) the triangle inequality |z 4 y| < |z| + |y| holds for all ,y € k.

It induces a metric on k& and thus makes it a topological field such that
the induced map = +— |z| is continuous and extends continuously to the
completion k. An absolute value is called non-Archimedean or finite if we
can replace |c)) by the stronger property

c) |z +y| < max{|z|, |y|} for all z,y € k.

Otherwise, it is called Archimedean or infinite. Two absolute values |.|; and
.|y are equivalent, if |.|; = |.|3 for some @ > 0. Such an equivalence class
is called place and we denote with V' the set of all places of k. Obviously,
equivalence preserves the property of being (non-)Archimedean, so we can
say that a place is or not. We denote by V*° the set of infinite places and
by V7 the set of finite places of k. For every place v € V we pick one
representative |.|, such that the product formula [],c |z|, = 1 holds for
every x € k*. We can do so by [HW22, Proposition 3.1], see also [PR94],
p.12]. The corresponding completion of k is denoted by k,. Viewing this
as a topological space it becomes locally compact. Furthermore, we write
O for the ring of integers of k and we write O, for its completion with
respect to v € VF. The stronger form of the triangle inequality makes it
a ring; in fact we have O, = {x € k, | |z| < 1} and its group of units is
OF = {w € hy| |z = 1}.
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Example 12.1. On the field Q of rational numbers we have the standard

absolute value
gl =4 ifg=>0
fo =\ _y ifg<o0
which is Archimedean and the corresponding completion is the field of real

numbers R.
Furthermore, for every prime p we can define the p-adic absolute value by

‘pk% :=p *for a,b,k € Z with b > 0 and pta,b.
p

The corresponding completion is the field Q, of p-adic numbers.

It is a well known fact that these are the only places of Q, see [PR94], Theorem
1.1]. With the notation above we have O = Z and O, = Z, for every prime
p. From |p| , = 1 for all primes g # p one easily deduces the product formula

for Q.

12.2 Adeles

Here we are guided by [PR94, Section 1.2.1] and [HW22| Section 3.1].

If S is a finite subset of V with V°° C S we define the ring of S-adeles as
product of topological rings

As:=]]kex ] O

vES veEVIS

Just note that the notation in [PR94] is slightly different. In the special case
S = V> we write Ay, instead of Ayo. If S is a subset of T' C V, then Ag
is a subspace of Ay and we define the ring of adeles as the colimit

A :=colimAg.
co%n S

Thus, an element of A is of the form = = (x,),cy with z, € O, for all but
finitely many v € V/. One could also see A as a subset of [Iev ko (only
as a set, not as a topological subspace!). Since every z € k lies in all but
finitely many of the O, we can embed k diagonally into A via a — (a)yey.
Identifying k with its image we can view it as a subset of A that is discrete by
[PR94), Proposition 1.5, p.11]. Furthermore, A becomes a k algebra via left
multiplication a.z = (ax,)yev. We define the idele norm ||.| := [,cv |],
on A*. This is well defined, since for any x = (x,)yecy € A* all but finitely
many of the z, lie in O, and therefore in O;f = {a € k, | |a|, = 1}. The
product formula then tells us: For every a € k we have [la|| = [],cy |al, = 1.

Finally, fixing a finite set S C V containing V*>° we define the ring of S-
integers

Og:={zck|YweVS:z2ecO,}=knN ﬂ O,.
veEVNS
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If S = V™ the Og is just the ring of integers O.

Example 12.2. Extending Example we see that the ring of Q-adeles
is the set of all # = (2oo, (zp)per) € R X [[,cp Qp with all but finitely
many zp in Z,. Consider the set S = {|.[,[.[, ,..-:[.[,,} of places of
Q for some primes pq,...,ps € Z. The corresponding ring of S-adeles is
R xQp x...xQp, X Hp%{pl,‘.qps} Zy, the corresponding ring of S-integers

is Zs = Zlp-y s 5],

12.3 Adelic groups

Sources are [HW22 Section 3.2] and [PR94} Section 5.1].

Let G < GL,(C) be a connected algebraic matrix group defined over k,
which we identify with its corresponding group functor on the category of k-
algebras. We have seen above that the ring of adeles is a k algebra so we can
consider the group of adelic points G(A). By definition, an element g € G(A)
is a matrix in GL,,(A) that fulfills the polynomial equations defining G. The
entries of g are tuples in the product [] . k, (with all but finitely many of
them in O,). Consequently, using G([[,cy kv) = [[,ery G(kv) we can view
G(A) as a subset of [, .y G(k,). Just note that this is not a topological
embedding. Setting

G(O,) := G(k,) N GL,(O,)

regularity of an element g € G(A) C GL,,(A) means det(g) = det((gy)vev) €
A* . that is det(g,) € OX for almost all v € V/. Thus, there is a finite subset
S of V' containing V> and such that g is an element of

G(Ag) =[Gk x ][] G(O.).

veES veEVIS

We endow this with the product topology induced by the topological fields
ky. As in the case of A, we can describe the group of adelic points as the
colimit of topological groups

G(A) =co ligl G(Ag)

and the corresponding topology on G(A) coincides with the one induced by
A. We also write

G(Ax) = ] G(k)x [] G(Ow).

vEV>® veVf

Via the diagonal embedding ¢ — (¢q),cy we can view G(k) as a subgroup of
G(A), which is discrete like in the case of k C A.
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Lemma 12.3. For every k-character x holds ||x(q)|| = 1 for all ¢ € G(k).

Proof. The character is a k-morphism G — G, and induces a homomor-
phism of groups G(k) — Gy, (k) = k*. Thus, ||x(¢)| = 1 follows from the
product formula. O

Furthermore, for any subset S C V we define
Gs = prg(G(A))

where prg: G(A) — [],cg G(ky) denotes the canonical projection. We en-
dow Gg with the corresponding quotient topology. If S is finite, this coin-
cides with the product topology and we have Gg =[] cg G(ky).

Definition 12.4. The class number cl(G) is the number of double coset
classes G(k)\G(A)/G(Ax).

It is always finite by [PR94) Theorem 5.1, p.251]. We want to work with
groups having class number equal to one, an example is G = SL,, by [Bor63),
Proposition 2.2]. We give a criterion for this to check: An algebraic matrix
group G has the absolute strong approzimation property if G(k) is dense in
Gy .y~. Every group with this property has cl(G) = 1 by [PR94] Proposi-
tion 5.4, p.251].

Lemma 12.5. Let G be a simply connected and semi-simple algebraic matrix
group defined over k. If [[,cy0o Gi(ky) is non-compact for every of the k-
simple components G; of G, then it has class number cl(G) = 1.

Proof. By [PR94, Theorem 7.12, p.427] such a group has the absolute strong
approximation property.

12.4 S-arithmetic groups

Fix a finite subset .S containing V°°. We give three different descriptions of
a subgroup G(Og) of G(k), all leading to the same object:

1. G(Os) := G(k) NNyey g G(Oy) as a subgroup of G(k),
2. G(Og) := G(k) N G(Ag) as a subgroup of G(Ag),
3. G(Og) :=prg(G(k)NG(Ag)) as a subgroup of Gg.

We identify G(Og) in the sense of |1] with the group in [2| via the diago-
nal embedding G(k) — G(A) and then also with the set in description
applying the projection prg which is injective on G(k). We will not distin-
guish between these three objects in the following, but will always use the
appropriate description tacitly.
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Definition 12.6. The group G(Og) defined above is called the S-arithmetic
subgroup of G(k). If S = V> we refer to this as the arithmetic subgroup.

Note that in the special case S = V' the above construction just gives us
back the group G(O). Since G(k) C G(A) is discrete, the S-arithmetic
subgroup G(Og) = G(k) N G(Ag) becomes a discrete subset of G(Ag).
Furthermore, since G(Ag) is the product Gg x [[, ¢y g G(Oy) and all the
G(0O,) are compact, G(Og) is also a discrete subgroup of Gg.

Example 12.7. Consider G = SL,, and k = Q. The corresponding arith-
metic subgroup is

SL,,(Z) = SLy,(Q) N () SLa(Zy).
peP

For S ={|| } we obtain

oo ! |‘p

SL,(Z[1/p]) = SLn(Q) [ SLn(Zy).
q#p
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13 Euclidean buildings

We give a short introduction to Euclidean buildings as chamber complexes
and as geometric objects, and state a few facts we need about them. Our
approach here will be a little unusual, as we will not introduce Coxeter
complexes to define them. We do it this way because we do not need the
theory of Euclidean buildings in detail in this work, but only some of their
properties as proper CAT(0) spaces. So we only introduce the necessary
terms. A standard reference for buildings is the book of Abramenko and
Brown [ABOS].

13.1 Buildings as chamber complexes

An (abstract) simplicial complex is a non empty, partially ordered set (A, <)
such that < fulfills the following conditions:

a) For all A, B € A there is a maximal lower bound in A.

b) For every A € A the set A<q:={B € A| B < A} is order-isomorphic
to (P({1,...,r}),C) for an integer r > 0.

An element A € A is called simplez and we call the number r of [b the
dimension of A. A subset B of A is a face and a simplex of dimension 0 is
a vertex. We will denote by V(A) the set of vertices of A.

A subset A’ of A is called a subcomplez if it fulfills A € A" = A<y C A
Any subcomplex is again a simplicial complex. Two simplicial complexes
(A1,<1) and (A, <3) are isomorphic if they are isomorphic as partially
ordered sets.

A chamber complez is a simplicial complex whose maximal simplices (these
are called chambers) all have the same dimension ¢ € N, and such that
any two chambers ¢, ¢ are connected by a gallery: This means that there
is a finite sequence of chambers ¢ = ¢y, ..., ¢, = ¢ where two consecutive
ones have a common face of dimension £ — 1. We call a chamber complex
thin /thick, if every simplex of dimension £ —1 is a face of exactly two/at least
three chambers. The chamber complex is locally finite if any simplex of such
dimension is the face of only finitely many chambers. We call it colorable
if there is a set I with |I| = ¢+ 1 and a map ¢: V(A) — I such that the
restriction to V(c) is bijective for all chambers c.

Definition 13.1. A thick building is a thick chamber complex A together
with a family A of thin subcomplexes > C A such that:

a) For all simplices a,b € A there is a ¥ € A containing both.
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b) If ¥ and ¥’ are both elements of A containing two simplices a,b € A,
then there is an isomorphism ¥ — Y/ fixing a and b.

The elements ¥ € A are called apartments.

By [ABO8 Theorem 4.131] this definition of a thick building coincides with
the usual one, as given for example in [ABOS|, Definition 4.1]. A thick building
is always colorable and the isomorphism 3 — ¥ above can always be chosen
type-preserving [ABOS8| Proposition 4.6].

We make the following convention: When we talk about an action of a
group on a thick building, then the group acts via type-preserving simplicial
automorphisms.

Definition 13.2. Let G be a group.

a) We call the action of G on a thick building A strongly transitive if
the induced action on pairs (¢,X) of chambers ¢ and apartments X
containing it, is transitive.

b) Let now B and N be subgroups of G such that G is generated by BUN
and such that 7':= BN N is normal in N. We call (B, N) a BN-pair
of G if there is a generating set S of W := N/T fulfilling the following:

(i) For all s € S and w € W we have sBw C BswB U BwB,

(ii) for all s € S holds sBs~! ¢ B.
Proposition 13.3. A group G has o BN-pair if and only if it acts strongly
transitive on a thick building A. In this case B is the stabilizer of a chamber

c and N fizes an apartment X containing c. This building is unique up to
isomorphism.

Proof. See [AB0O8, Theorem 6.56]. O

In the light of the above proposition we denote by A(G, B) the building
associated to a group G with a BN-pair (B, N).

13.2 Euclidean buildings as geometric objects

So far we have defined buildings as abstract chamber complexes, but in fact
we want to view them as geometric objects. We use a construction from
[BH99].

A geodesic n-simplex or geodesic simplex of dimension n is the convex hull
of n + 1 linearly independent points in the Fuclidean space R™ for some
m > n + 1. This means an n-simplex is the set

n+1 n+1
CZ{ZAM Z)\kzlandall)\k>0}
k=1

k=1
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for v1,...,vp4+1 € R™ linearly independent vectors. Let I be an index set,

we define
X = HC ~
el

where ~ is an equivalence relation, that fulfills the following two properties:

a) If (p,i) ~ (q,7) for some i,j € I, then p = ¢ holds for the two points
D, q € c.

Note that this implies: For every i € I the map ¢;: ¢ — X given by ¢;(p) =
[(p,7)] is injective.

b) If i(c) N¢j(c) # @ for some i # j, then there is a proper, non-empty
subset F' C {1,...,n + 1} such that this intersection is given by the
set Li({p € ¢ | p =D kep Avr})-

In a canonical way, this provides us the geometric realization X = |A| (as a
set, not as a topological space in the usual sense) of a simplicial complex A
whose set of vertices is

V(A) =A{[v,i] | k=1,....,n+1, i € IT}.

This construction is a special case of a piecewise Euclidean simplicial complex
as defined in [BH99, Definition 1.7.2]. In [BH99, 1.7.4|, a metric d on X is
constructed such that the canonical inclusions ¢;: ¢ <— X given by ¢;i(p) =
(p,1) are isometric embeddings.

Definition 13.4. Assume that the simplicial complex A constructed above
carries the structure of a thick building. If |¥] is isometric to the Euclidean
space R™ for every ¥ € A, then A is called a Fuclidean building. Further we
call a BN-pair of a group G Fuclidean if the corresponding building is.

Our definition of a Euclidean building coincides with the usual one, compare
[BH99, I1.10A.1 + 10A.4]. We will also refer to the corresponding metric
space X = |A| as a Buclidean building.

Proposition 13.5. As a metric space, (X,d) is a complete CAT(0) space,
which is proper if A is locally finite (in this case X also carries the canonical
topology of the geometric realization,).

Proof. See [BH99, Theorem II.10A.4] and [Kra22l Theorem 3.7]. O

Further one can show that every type-preserving automorphism of A induces
an isometry of X (see for example [ABOS, Section 11.2]).
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Lemma 13.6. If a group G acts chamber-transitive on a Fuclidean building
X, then there are a point o € X and a real number d > 0 such that G.By(o) =
X.

Proof. By construction, every chamber is compact, so the action of G on X
is cocompact. ]

Lemma 13.7. Let G be a topological group with a Fuclidean BN-pair and
let H < G be a mazimal compact subgroup. Let X = |A(G,B)| be the
corresponding Euclidean building. Then H is the stabilizer of a verteg.

Proof. Follows directly from [ABO8, Theorem 11.34], see also the remark
below it. O

13.3 Algebraic groups and Euclidean buildings

The standard reference for this are the articles by Bruhat and Tits [BT72]
and [BT84]. But as they are written in French (and in much more generality
than we need here), we refer to the survey article of Tits [Tit79].

Proposition 13.8. Let G be a semisimple, simply connected algebraic ma-
triz group defined over k = Q. Let v € VI be a finite place and let G =
G(ky). Then the following hold:

a) G contains a Euclidean BN-pair.
Let X be the corresponding Euclidean building viewed as a metric space.

b) The action of G on X is proper.

c) X is locally compact.

Proof. For a) see [Tit79, 3.1.1], for b) and c) see [Tit79, §2.2]. O

Remark 13.9. In fact, Tits first gives the construction of the Euclidean build-
ing X on which G acts in [Tit79, §2|, and then he shows that in the case we
described above the stabilizer of a chamber and that of an apartment form
a BN-pair. The terminology of Euclidean buildings that he uses is much
more general (it is not a simplicial but a polysimplicial complex), but the
existence of a BN-pair ensures us that it is a Euclidean building in the way
we described above.
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Part 11

Geometric proof of the Borel-Serre
theorem

In this part we will prove a version of the theorem of Borel and Serre men-
tioned in the introduction: An S-arithmetic subgroup of a simply connected,
Q-simple Chevalley group over Q is of type Fi. First, we define the notion
of a Morse function without critical values above a fixed constant, which is
defined on the product of a Riemannian manifold and a non-smooth factor.
Then we fix an algebraic matrix group that we want to work with and intro-
duce some notation for it. We will show in an example that this includes the
Chevalley groups mentioned above. For an S-arithmetic subgroup of this
group, we deduce some properties from reduction theory, and extend them
to a geometric space on which the group acts. Furthermore, we define a func-
tion similar to that of Raghunathan and show that it is a Morse function in
the above sense. Finally, we will use the results to determine the finiteness
properties of the S-arithmetic subgroup.

14 Morse theory on two factors

Let f: M — R be a smooth function defined on a Riemannian manifold M.
A classical result of Morse theory is the following [Mil63, Theorem I1.3.1]: If
f~([a,b]) is compact and f has no critical value in the interval [a,b] C R,
then f~1(]—o0,a]) is a strong deformation retract of f~1(]—oc,b]). One can
easily deduce that if f is proper and has no critical value greater or equal to
some r € R, then M is homotopy equivalent to f~1(] — oo, 7]).

The goal of this chapter is to extend this result to a function f defined on
a product of a Riemannian manifold M and a non smooth factor Z, for
example a (locally finite) CW complex. This is how we want to proceed:
The map f induces functions f# on M via p — f(p, z) and we want to think
of these as smooth Morse functions on M parametrized by z € Z. Under
suitable conditions on f they will induce deformation retractions h* on M
and the idea is to uniformly glue these together, to get a well-defined map
hon M x Z via h(p,z) = (h*(p), 2).

Therefore we need a kind of uniformity in the behavior of the f? for z € Z.
We will deal with that in the second section. Another problem is that for
the applications that we have in mind, the functions f?* will not be proper,
so we have to replace properness by a different condition. This is what the
first section is about. In the last section we will specify the conditions that
a Morse function should fulfill and construct the deformation retraction.
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14.1 Morse theory in the non compact case

Let f be a real-valued smooth function defined on a Riemannian manifold
M. The plan is to use the arguments from the proof of [Mil63, Theorem
1.3.1] to obtain a deformation retraction onto a sublevel set f~1(] — oo, 7]),
but without the assumption of properness. Here Milnor uses the assumption
of [a,b] containing no critical value to define a vector field as W -Vf
on f~!([a,b]) and which vanishes outside of a compact neighborhood of this
preimage (here properness comes into play). To use his further arguments

we construct a vector field X by rescaling the gradient in a similar way.

Lemma 14.1. Let f: M — R be a smooth function on a complete Rieman-
nian manifold M such that ||V fpll, = ¢ >0 for all p € fH([r,o0[). Pick
some R > r and choose € > 0 with R > r+¢ and let 7: R — [0, 1] be smooth
With T [[Roo(= 1 and T ||_oo y4¢j= 0. Then the vector field

x - J e VS on i 0 ee])
0 on f71(] — oo, r +¢])

is well-defined, smooth and complete, where p=T7o f.

Proof. First note that such a 7 always exists, compare the construction in
[Tulll §13.1]. For all p € M with f(p) > r we see that (Vf,,Vfp) = 2, so

the quotient m is defined in R. Further we have
p(p) p(p) p(p) _ p(p)
P V| = o VA, = <2
‘ o Vi, | T v, Ve =g, =

because of m < Land p(p) > 0. In fact, p =0 on f~1(] — oo, r + ¢[),
P

C
which makes (VTPVf) -V f = 0 on the overlap f~1(Jr,r +¢[). Thus, X is well-
defined. But this directly implies that it is smooth, because X is defined as
smooth vector fields on the open subsets f~!(]r,00[) and f~1(] — oo, + )
of M. Furthermore, since p < 1, the above inequality leads to

X1 <

ol

on the whole manifold M, so X is complete by Lemma [8.5 O

Now we can extend Morse theory to the case where f is not proper, by
assuming f to have uniformly bounded gradient. As already noted before,
this follows the proof of [Mil63, Theorem 1.3.1].
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Theorem 14.2. Let f: M — R be a smooth function on a complete Rie-
mannian manifold M, such that there exists r € R with |[Vf| > ¢ > 0 on
fY([r,o0[). Then for every R > r the map

p f(p) <R,

he[0,1] x M = M, (t,
041> M= (p“{ﬂ(wp))(p) ) > R

is a strong deformation retraction M ~ f=1(]—oo, R]), where F: RxM — M
1s the global flow generated by the complete vector field X from the previous
lemma.

Proof. First note that h is well-defined since Fy(g_ y()) = Fo = idps holds for
f(p) = R and that h is continuous as it is defined as a piecewise continuous
map on two closed subsets of [0, 1] x M. It is immediate from the definition
that we have h(t,q) = q for all ¢ € f~1(] — oo, R]) and t € [0,1]. Pick now
ap e M with f(p) > R. Then we have h(0,p) = Fy(p) = p. Using p(p) =1
and setting c(t) = F;(p) we get

SR = 5 Fe(0)

= ()(f)
= X (f)
= <Xc(t)7 vfc(t)>c(t)

1
= Ve, Vfc(t)>
< <vfc(t)7 vfc(t)>c(t) ¢

B (Ve Vfc(t)>c(t)
(Vfets vfc(t)>c(t)
=1

e(t)

as long as f(F,(p)) > R. Using f(Fo(p)) = f(p) > R this implies
f(E(p)) = f(p) +1
for all t € [R — f(p), oo Thus,
f(h(1,p)) = f(Fr-tp)(p)) = f(p) + R— f(p) = R
holds for every p € f~1([R, oc]). O

The crucial point in the application of Theorem is that the gradient of
the function f: M — R is bounded from below. We give a criterion for this
that we want to use later.
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Lemma 14.3. Let f: M — R be a smooth function where M is a Rieman-
nian manifold. Let further two constants C, D > 0 be given. If there is a
curve c(t) through a point p € M with (foc) (0) > C and || (0)|| < D, then
IVhll, > 5

Proof. Setting X,, = /(0) we get
C < Xp(f) = (Vs Xp) < IVl -1 Xpl IV fll - D

by the Cauchy-Schwarz inequality. O

14.2 Vector fields and flows

The goal of this paragraph is to show that the map
p: Xe(M) X R x M — M, (X,t,p) — F*(p)

is continuous for some suitable topology on X (M), the set of complete vector
fields on the smooth manifold M, where F'X denotes the global flow of X €
X.(M). We start with a typical local-to-global argument.

Proposition 14.4. Assume there is any topology on X.(M) such that the
following holds:

For every pair (X,x) € X.(M) x M there are a neighborhood B C X.(M)
of X and a neighborhood W C M of x and an interval I = [—-S,S] C R for
some S > 0 such that the map

BxIxW — M, (Y,q,t)— FY(q)

1S continuous.
Then the global map ¢ as defined above is also continuous.

Proof. We adapt the typical proof that global flows are smooth. In concrete
terms we follow the lecture notes from [Wan21l proof of Theorem 1.3].
Pick some p € M, X € X.(M) and T € R, we show that the map

B Xo(M) xR x M — Xo(M) x M, (X,p,t) = (X, FX(p))

is continuous in a neighborhood of (X, T, p). The reason why we work with
® instead of ¢ is the following technical one: The maps

Dy: X (M) x M — Xe(M) x M, (Y,q) — (Y,F} (q))

are bijective with inverse ®; ' = ®_; because ®o(Y,q) = (Y, Fy (¢)) = (Y, q)
and

(@ro®,)(Y, q) = Du(Y, FTY(Q)) = (v, FtY(FX(Q))) = (v, Ftir(‘])) =@ (Y,q)
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hold for every t,r € R. If we would define ¢; in a similar way this would not
be true.
Without loss of generality, we assume 1" > 0. The case T' < 0 is analogous.
The set

K = FX([0,T] x {p}) c M

is compact since F'X is continuous. Now we use the assumption: For every
x € K there are neighborhoods B, C X.(M) of X, W, C M of x and S, > 0
such that

@p: By x I x Wy — M, (Y,t,q) — FY (q)

is continuous, where I, = [—S,, S;|. By compactness we can find x1,...,x, €
K such that W := [J;"_; Wy, covers K, so setting

B:mei and [ =[-5,5]

for S = min{S,, | i =1,...,n} we see that the map
BxIxW — M, (Y,q,t) — FY(q)

is continuous. Therefore the restriction of ® to Bx I x W given by (Y, q,t) —
(Y, F}Y (q)) must be continuous, too.
Choose now N > 0 such that N -5 > T and let s := % < S. Define further

Ui=BxW and Ugspq = (P |B><W)71(Uk)

for all £k = 1,...,N. The continuity of ® on B x I x W implies that ®4
is continuous on B x W, so inductively Uy C B x W is open for every
k=1,...,N + 1. Furthermore, as ®5(Ugy1) = ®5(®;H({U) N B x W) is a
subset of Uy, we obtain continuous maps

P, Uk+1 — Uy,
for every k =1,..., N. Concatenating ®5 N times (in a row) we get a map

CI)SO...OcI)S:UN+1—>U1:BXW

which is also continuous.
Next we show ®(X,0,p) € Uny41. To do so we prove

(b(X7T - k$7p) € Uk+l
inductively for all k =0,..., N. Starting with £ = 0 we have

®(X,T,p) = (X,Fx(p)) e Bx K
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which is a subset of B x W = U;. We assume now that the statement is true
for 0 < k < N —1 and deduce that it also holds for k+ 1. On the one hand,
we have T'>T — (k+1)s > T — Ns = 0, which implies

O(X,T — (k+1)s,p) = (X, F£_11)5(p) € BX K

so ®(X, T — (k + 1)s,p) is an element of B x W. On the other hand, this
also lies in @ (Uy41) because of the following: The identity sz(_(k+1)s(p) =

FX(F# .. (p)) implies

s(X7 sz(—ks(p))
s(®(X,T — ks,p)).

(I)(X7T - (k =+ 1)57p) = (X7 Fiz(f(k+1)s<p)) =o_
d_

By induction hypothesis ®(X,T — ks, p) is an element of Uy; which implies
O(X,T — (k+1)s,p) € &, (Up41)
using ®_ = ®_!. Putting both things together we obtain
(X, T — (k+1)s,p) € (25 (Ups1) N (B x W)) = Upyo.

In particular, we now see ®(X,0,p) € Un41 because of Ns = T. By con-
tinuity of ® |pxrxw we get neighborhoods Iy C I of 0, By C B of X and
Wo C W of p with

By x I x Wo C (@ |pxrxw) ™ (Un+1)-
Thus, ® induces a continuous map
B() X Io X WO — UN+1.

But this implies that & is continuous on the neighborhood By x (T'+ 1) x Wy
of (X,T,p), because

(I) ‘BoX(T—l—]Q)XWO: és 0...0 (PS o (b |Bo><]0><W0

is a concatenation of continuous maps. ]

Therefore, we want to define a topology on X(M), which makes the above
map ¢ continuous in a neighborhood of (X,0,p) € X, x R x M. It turns
out that the right choice is the weak topology. We will deal with this in the
following and give some results that we will need later.

Definition 14.5. Let M, N be smooth manifolds. We define the weak topol-
ogy on C"(M, N), the set of r-times differentiable functions M — N as fol-
lows: Pick f € C"(M,N). Then for a chart (U, ¢) on M, a compact subset
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K C U, and a chart (V%) on N such that f(K) C V, and for ¢ > 0, we
define

B'(f,(U,9), K, (V,¢),¢€)
to be the set of all g € C"(M, N) such that g(K) C V and

HDk(wofOer)(;c) _Dk<wogo¢fl)<x)H -,

hold for all z € ¢(K) and k = 0,...,r, where ||.|| is the standard Euclidean
norm. The weak topology on C"(M, N) then is the topology generated by
the B"(f, (U, ¢), K, (V,4),¢), which means that these sets form a subbase of
the weak topology.

For a deeper analysis of the weak topology in general see [Hir76l chapter 2.
We need the following result:

Proposition 14.6. The weak topology on C" (M, N) is first countable.

Proof. This follows directly from [Hix76, Theorem 2.4.4], where in fact the
author proves the much stronger statement that it is metrizable. O

Therefore, when analyzing convergence in the weak topology, we only have to
consider sequences instead of nets, which avoids some technical difficulties.

In the case r = 0 we see that the condition
(o fod ) ()= (Wogod ") (z)| <& forall z € p(K)
is equivalent to

(¥ o f)(p) = (W og)(p)| <eforallpe K

and in fact does not depend on the chart (U, ¢) of M. Since M is locally
compact we can write any compact subset K as a finite union of some
compact sets K; all lying in charts (U;, ¢;). Thus, the weak topology on
C(M,N) = C° M, N) is also generated by sets of the form

B(f7 K7 <V7 'l/}>7 8)
which we define to be the set of all g € C(M, N) such that g(K) C V and

(@ e f)(p) = (Y og)(p)ll <eforallpe K.

Proposition 14.7. The weak topology on C(M,N) is generated by the sets
B(f7K7 (V71)D)7€) D

When N = R convergence in the weak C” topology just becomes uniform
convergence on compact subsets of M. We only need this for » = 0, 1.
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Proposition 14.8. Pick f € C°(M,R) and a sequence (fn)nen of smooth
functions M — R. Then the following hold:

a) fn — f in the weak C° topology if and only if f,, — f uniformly on
compact subsets.

b) The sequence (fn)nen converges to f in the weak C’1 topology if and

only if it converges in the weak C° f” — gi
for all i = 1,....,m uniformly on compact subsets K of M lymg mn a

chart (U, ¢).

Proof. Assume first f,, — f in the weak C° topology. Then f,, is an element
of B(f,K,e) := B(f, K, (R,id), ) for all but finitely many n € N. But this
exactly means that f,, converges to f uniformly on all compact sets K.

If on the other hand, f, converges to f uniformly on compact subsets of M,
then any B(f, K,¢) contains all but finitely many f, by definition, so the
same must be true for finite intersections ﬂle B(f,Ki,e;). Thus, f, — f
in the weak topology.

Now we prove b): If f,, converges to f in the weak C! topology, then by
definition it converges in C°, and additionally f, is an element of

BY(f,(U,¢), K,e) := B'(f,(U, ), K, (R, id),¢)
for all but finitely many n. This implies

ID(f o7 ")(@) = D(fao ¢ )(@)|| <&,

which means
| of O fn
;aJ—l(o By [071@)| <€

for all z € ¢(K) and almost all n € N. Thus,

Ofn  Of
ozt ox
uniformly on K for alli=1,...,m.

fn

At least we assume f,, — f in the weak CY topology and that

to 8;;:1' uniformly on compact subsets K of M lying in a chart (U, ¢). The
latter means that for any € > 0 we have

‘ of Ofn

9
S0P |5t Ip 5 v

for almost all n. But this implies

ID(f o ¢ ") (@)= D(faod ")(@)| <&

for all z € ¢(K) and therefore f, € B(f,(U,¢), K, ¢) for all but finitely
many n € N. Again, this must also hold for finite intersections, so we obtain
fn — f in the weak C* topology. O
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Remark 14.9. For a compact subset K in M the following are equivalent:

a) gﬁ 2 — 88 I uniformly on K for some chart (U, ¢) containing K,

b) gi o g - uniformly on K for any chart (U, ¢) containing K.

This comes from the fact that chart maps are smooth and therefore Lipschitz
on the compact set K.

Let us return to vector fields. Recall that we can view the tangent bundle
TM as a manifold endowed with charts of the form (T'U, ¢), where

m

¢: TU — ¢(U) x R™, ( ,Zai(p)g Ip> — (6(p),a'(p),---,a™(p))

=1

for a chart (U, ¢). Since a vector field X: M — TM can be viewed as a
smooth map between manifolds, we can endow the set X(M) with the weak
C(M,TM) topology. Picking a chart (TU, $) on TM and a compact subset
K C M, we see

X(K)=A{(p,Xp)|pe K and X, € T,M}.

So X(K) is a subset of TU = |J,c;y{p} x TpM if and only if K lies in U. By
definition now

(¢o X)(p) = o(p, Xp) = (¢(p),a' (p),....a™(p))

where X =3, mob e
X(U) we have
[@0X)0) = Gov))]| = @) a'w).....a" ) = (6(0). '), .. " ()|

=|(a (p),m, a™(p)) — (' (p),-... 0" ()] -
Writing now a(p) = (a*(p),...,a™(p)) we deduce that
B(X,K,(TU,¢),¢)

is theset of all Y = 377 bjazz € X(U) such that K C U and ||a(p) — b(p)|| <
¢ for all p € K. Finally, since the chart (TU, gz;) on T'M is completely deter-

mined by the chart (U, ¢) on M, we define

B(X, K, (U,¢),¢) = B(X, K, (TU, ¢), ).
Thus we obtain:
Proposition 14.10. The weak topology on X(M) is generated by the sets
B(X,K, (U, ¢),¢). O
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To understand convergence in the weak topology on X(M) we state the
following lemma and proposition.

Lemma 14.11. Let (U,z',....2™) and (V,y',...,y™) be two coordinate
systems on the manifold M both containing a compact subset K and let X
and X, for n € N be smooth vector fields. We write X (respectively Xn) as
>, al 8961 (respectively Y ", naxl) on U and as ). 8yJ (respectively
> i %811]) onV.

Then an — a uniformly on K if and only if b, — b uniformly on K as
n — oo.

Proof. By Lemma [5.5| we know Biyj =y gz] 5y on UNYV so

on UNV. From the fact that (% lps -« - s % |p) is a basis on T, M for all

p € U, we obtain
i N, O Ox
=2 Yo = (3y> !

for every ¢ = 1,...,m, where (%) is the matrix with entries m;; =

dzL

oy
Therefore, assuming b,, converges to b uniformly on K we see that a}, con-
verges to a’ uniformly on K for every i = 1,...,m, since the matrix entries
of (%) are bounded on the compact set K. Thus, a, — a uniformly on K

and with the same argumentation we get the reverse implication. O

Proposition 14.12. Let X € X(M) be a vector field and (Xy,)neny C X(M)
be a sequence. The following are equivalent:

(i) X,, — X in the weak topology,

(ir) for any chart (U,¢) on M we have that ay, —> a uniformly on every
compact subset K C U, where X =", a’ 1- and X, = >, aibaii
on U,

(iii) for every point p € M there is a chart (U, ¢) and a compact neigh-
borhood C’ C U of p such that an — a uniformly on C, where X =

Zyila — and X, =Y ", HW on U.
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Proof. Assume first that X,, converges to X in the weak topology and take
an arbitrary chart (U, ¢) and a compact subset K C U. For every ¢ > 0
the neighborhood B(X, K(U, ¢), ) contains all but finitely many X,,, which
means that ||a(p) — an(p)|| < € for all p € K and for almost all n € N. This
shows (i) = (ii).

To prove the reverse implication, we have to show that every finite intersec-
tion B = (\;_; B; for Bj = B(X, Kj, (U}, $;),¢;) contains all but finitely
many X,. By (ii) we know that a;, converges to uniformly to a; on K;
where a; and a; are the coefficient vectors of X;, and X on (Uj, ¢;). Thus
we know that every Bj; contains almost all X,, and this implies X,, € B for
all but finitely many n.

That (ii) implies (iii) is trivial, since M is locally compact. So it remains
to show that statement (ii) is true under the assumption of (iii). Take an
arbitrary chart (U,¢) of M and any compact subset K C U. For every
p € K there is a chart (V},,1,) containing a compact neighborhood C), of p,
such that the coefficient vector of X,, with respect to this chart converges
uniformly to that of X on (). By taking a finite subcover C1,...,C} and
replacing every C; by C; N K we obtain that K is a finite union of compact
subsets C; lying in charts (V;,1;). Thus, C; C U NV; and by the above
lemma we get a, — a uniformly on K. O

The proposition reduces convergence of vector fields in the weak topology to
uniform convergence on compact subsets of charts.

We will now return to prove the continuity of ¢. To find a suitable neighbor-
hood W of p € M, an obvious attempt is to choose a subset of a chart (U, ¢).
In the following, we therefore focus on vector fields defined on open subsets
of the Euclidean space R and recall some results. However, we must ensure
that integral curves of fixed length always exist and do not leave the chart
when we vary the starting point. We will work with the following version of
the Picard-Lindelof theorem:

Proposition 14.13. Let X € C®(U,R™) be a vector field defined on an
open set U C R™ containing a point x € U. If we choose r > 0 such that
the closed r-ball B, (x) lies inside U, then for M = sup{|| X (y)| | y € Br(z)}
and T = {7 the unique integral curve c: [=T,T] — R™ for X starting at x

eists for all t € [=T,T| and the image c([-T,T)) is a subset of B,(x).

Proof. This follows from [Tes12, Theorem 2.2] since any smooth function

defined on an open subset of R™ is locally Lipschitz. O
Corollary 14.14. Let X € C*(U,R™), r > 0 and M be like in the above
proposition. Let further € > 0 be given and define S = m For every

vector field Y € C(U,R™) with sup{||Y(z) — X (2)|| | z € Br(z)} < e and

every point y € Bg(m): the unique integral curve cy for Y starting at y is

defined at least on [=S, S] and cy([=5,5]) is a subset of Bz (y) C By(x).
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Proof. The assumption d(z,y) < § ensures that Br(, is a subset of U. By

the previous proposition ¢, is defined at least on [—STy, T, and ¢, ([T, T}])

is a subset of Bz (y) where
r —
= 31, and My = sup{[[Y (2)] | z € Bz(y)}-

The inequality ||Y(z) — X (2)|| < e implies that [|[Y(2)|| < || X (2)]| + € holds
for every z € B,(x) so we get

Ty

My§M+5

from the inequality M, < sup{||Y(2)|| | z € Br(x)}. Therefore
- 3M, T 3(M+¢e)

Ty

and thus ¢ ([=5,5]) C ¢y([-Ty, T}]) is a subset of Bz (y). O

By choosing a chart (U, ¢), we can therefore restrict ourselves to the case
when W = B%(p) is a compact neighborhood of a point p in the Euclidean
space R™: The corollary guarantees that for a suitable number S > 0, the
integral curve for each ¢ € W always exists on [ = [—S5,S] and stays inside
this chart U. It still remains to find a suitable B C X(M). containing
X. We will see in the following that we can assume B to be the set of all
functions Y that have uniformly bounded distance to X on V = T(m, this
is a neighborhood of X by definition. The weak topology on this set B is
exactly the topology of uniform convergence on the compact set V.

The last crucial ingredient is the next proposition, which is an application
of Gronwall’s lemma:

Proposition 14.15. Let c¢X, ¢ : [T, T] — U be integral curves for vector
fields X,Y € C®(U,R™) with starting points ¢*(0) = x and c¥ (0) = y,
where U C R™ is an open subset containing x and y. If there is a compact
neighborhood V. C U containing the images cX([~T,T]) and c¥ ([-T,T)),
then the inequality

M
X () = " O] < llx =yl M+ = (1~ 1)
holds for every t € [T, T where

X —X(Z
L:sup{H ﬁi_zlﬁz)‘ 2,2 €V, Z#Z’}

and

M = sup{|X(2) - Y(2)|| | z € V}.

Proof. Note that M and L both exist since V' is compact and X is smooth.
For a proof see [Tes12, Theorem 2.8|. O
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Now we can prove continuity of ¢ on B x I x W.

Proposition 14.16. Let X: U — R™ be a smooth map defined on an open
subset U C R™, and let x € U and r > 0 be given such that B,(z) C U. For
e >0 we set

B(X,By(x),e) ={Y € C®(U,R™) | |Y(2) — X(2)|| < € for all z € B,(x)}

and S = gz where M = sup{|| X (y)|| | y € Br(z)}. The map

B(X, B, (x),e)x[~8, 5] x Bz (z) - B,(2)
(Yt,y) = cy (t)

well-defined and continuous, where c?j denotes the integral curve of Y starting
at y.

Proof. The map is well-defined because ¢} ([—S, S]) is a subset of V = B,.(x)
for all Y € B(X, B,(x),¢) and every y € Bé(ac) by Corollary 14.14l To

prove continuity take an arbitrary sequence (Y, )nen in B(X, By(z),€) con-
verging to some Y uniformly on B, (x). Further, we take sequences (yn)nen
converging to y in Bg(x) and (t,)ne, converging to t in [—=S,S]. Then we
have l

ley @) = egr )] < fley ) = ey ()| + [ley (8a) = ¢ ()]

where the left summand converges to 0, since ¢ — cz,/(t) is a continuous map.
Considering the right summand, the previous proposition tells us

n

M,
€} 1) = (]| < lly = gall P 4+ 20 ebal )

where

- { [¥(2) - Y ()

Iz = 2/l

2,2 € By(x), 2 # z'}

and

My, = sup{[|Y (2) — Yo (2)[| | = € By (x)}.
We see limy, 00 M,, = 0, since Y,, — Y uniformly on B,(x). The assertion

now follows from ||y — y,| — 0 and elltnl — Ll as n — oo O

Corollary 14.17. Let M be a smooth manifold, (U,¢) a chart of M con-
taining a point p and let X € X(U) be a vector field. Then for every compact
neighborhood V- C U of p there are a (possibly) smaller compact neighborhood
W CcV ofp, ane >0 and an S > 0 such that the map

B(X,V,(U,¢),e) x [-S,58] x W =V, (Y,t,q) — EY (q)

is well defined and continuous.

Proof. This follows directly from the above proposition, since ¢ +— FY (q) is
the integral curve of Y starting at q. O
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Theorem 14.18. Let M be a smooth manifold, then the map
p: Xe(M) xR x M = M, (X,t,p) = F{*(p)
18 continuous.

Proof. This follows from Corollary [14.17] and Proposition [14.4] O

14.3 Morse theory on products

We now want to extend the results of Section to the case of a product
of a Riemannian manifold M and a topological space Z. The following
definition imposes suitable conditions on f, so that for each z € Z we obtain
a strong deformation retraction h* to a sublevel set of f#, and these together
form a homotopy equivalence f~!(—o0,t]) ~ M x Z. In the remainder of
the section we will prove that statement.

Definition 14.19. Let M be a complete Riemannian manifold and let Z be
a first countable topological Hausdorff space and let » € R. A continuous
function f: M x Z — R is called a Morse function without critical values in
|r, ool if it fulfills the following properties:

a) The induced map f*: M — R, p+— f(p,z) is smooth for all z € Z,

b) for every z € Z there is a constant ¢® > 0 with [|[Vf?|| > ¢* on

(f*) 7 ([, 00D,

c¢) the map Z — C'(M,R) given by z — f7 is continuous with respect to
the weak C! topology.

Remark 14.20. Point ¢) of the above definition is equivalent to the following
property:

¢') zp — z in Z implies f*» — f and V f*» — V f# in the weak topology.

This comes from the fact that the coefficient vector of Vf in a chart (U, ¢)
is given by

of

ozl
G|

o

oxr™

for G be the matrix with entries g; ; = <Q“ %> We have that
K xr X
afn afz
ox! ozl
Gl | | =Gt

aon 8f2
ox™ oxr™
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if and only if
afzn afz

Ox1 ozl
: - :
8fzn afz
oxr™ ox™

uniformly on compact subsets K C U.

Lemma 14.21. Let f: M x Z — R be a Morse function without critical
values > r. Pick anye >0 and R >r+¢ >r. The map

Z 5 X(M), 2 X7 = {(Vfo> Vf2on (f%)7H(]r,o0])
| 0 on (f*)7H(] = oo, +€[)

is continuous, where p* = 7 o f* for a smooth function 7: R — [0, 1] with
T |[R,oo[: 1and T h_oom_;'_g}: 0.

Proof. Let (zn)nen be a sequence in Z converging to z and consider the
vector fields

X = {uv” V5 on (7))
0 on (f*)7H(] = oo, r +¢l)

and

0 on (f*)71(] = oo,r +£[)

on M, which are smooth and well-defined by Lemma [I4.1] We have to show
X, — X in the weak topology. Pick some p € M.

If f#(p) > r, then choose 6 > 0 with f*(p) > r+¢. By local compactness we
can find a compact neighborhood C of p lying inside U N (f*)~(]Jr + 6, oo|)
where (U, ¢) is a chart around p. Since f*» — f? uniformly on C, we have

X _{wzﬁfnwm‘sz" on (f#)~(Jr, 00[)

0
Sl A A A

for all but finitely many n € N, which implies

. ) 5
o> f 2>r+2>r

on C. So, without loss of generality, we can assume

Zn

p

X0 = e v

v

for all n € N. Furthermore, when we write

vf —;dawi and Vf —;dnaxi
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in the chart (U, ¢), then on C we get

z

p — .
(V5 sz>

= 0
S
2 k= 1djd gﬂk) =1

1=

> k=1 didkgjy, | Oz

z:l

X = v/

and analogously also

= : 1 d
XﬁZ(mf%)'d"( ' )

i=1 ! Sy dhdliggr ) O
where gj, = <amJ ) a:pk> By Remark@we know that (7o f**) — (70 f?)
and d,, = (d,...,d"™) = d = (d*,...,d™) converge uniformly on C, so the
coefficients of X,, converge to that of X uniformly on C.
But we can cover the second case f*(p) < r + ¢ by finding a compact neigh-
borhood D C (f#)71(] — oo,r + €[) of p in the same way as we did above.
Thus, Proposition [14.12] tells us that X,, — X in the weak topology. O

Corollary 14.22. If f: M x Z — R is a Morse function without critical
values greater than r, then the map

©0:RxMxZ— M, (t,p,z)— FZ(p)
is continuous, where F* is the flow of the vector field X* of Lemma [14.21]

Proof. First notice that ¢ is well-defined, since X?* is complete for every
z € Z by Lemma Now, the map

RxMxZ—RxMxZX.(M), (t,p,z) — (t,p, X?)
is continuous by Lemma and the map
R x M x X.(M) = M, (t,p,X)— EX(p)
is also continuous by Theorem [I4.18§] O

Theorem 14.23. Let f: M x Z — R be a Morse function without critical
values in |r,00[. For every R > r, there is a strong deformation retraction
M x Z ~ f~1(] — oo, R]).

Proof. From Theorem we obtain strong deformation retractions M =~
(f)71(] — o0, R]) for z € Z via

if f#(p)
FZ

D <R
hZ:[0,1] x M — M, (t,
[0, 1] x M = (p“{ @ )R
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We define
h:[0,1] x (M x Z) - M x Z, (t,p,z) — (h*(t,p), 2).

By definition we have

() if f(p,=2)
h(t,p, ) - {(th(sz(p)) (p)7 z) if f(p, Z)

R,
R.

AVARVA

The map (¢,p,z) — FtZ(R_fz(p))(p) is continuous by the above corollary, so
h too must be continuous, as 1t is defined as piecewise continuous maps on
the two closed subsets [0,1] x f~1(] — oo, R]) and [0,1] x f~}([R,o0[) of
[0,1] x M x Z. Furthermore, because F{§ = idas, we get h(0,p, z) = (p, z) for
all (p,z) € M x Z. We also see that h(t,p,z) = (p, z) holds for all t € [0, 1]
if f(p,z) < R. Finally, we have

f(h(1,p,2)) = f(h*(L,p), z) = f*(h*(L,p)) < R

for all (p,z) €e M x Z. O

86



15 Conventions and notation

For the rest of this thesis we fix an algebraic matrix group G C GL,(C).
We list some axioms that this group should fulfill and introduce notation
that we want to work with from now on. Everything we assert here without
proofs or references is either trivial or just repitition from Part [, mainly
Sections [11] and

This section is divided into three subsections. The first one deals with prop-
erties of the algebraic matrix group itself. In the second one we use G to
define some groups that we will work with later. The third one introduces
geometric objects on which these groups naturally act.

15.1 Conventions for the algebraic matrix group

The following is a list of five conventions that should apply to G. In parallel,
we introduce some notation. At the end of this subsection, we use an exam-
ple to show that simply connected, k-simple Chevalley groups fulfill these
conventions.

Convention 1. The algebraic matrix group G is semisimple, connected, and
defined over the field £ = Q. Furthermore, we assume simple connectedness.

This also implies that G is determined by its k-points. We identify G with
the corresponding functor from the category of k-algebras to the category of
groups, that maps some R to a subgroup G(R) of GL,(R). We do the same
for every closed connected k-subgroup H C G.

Convention 2. G is k-split, that means it contains a maximal torus T
defined over k, which is k-split. We fix such a T C G.

Further we denote by X (T) the set of characters of the torus, which equals
the set of k-characters X3 (T). Let g be the Lie algebra of G, which is
semisimple. The set

6= 6(T,G) = {a € X(T) | a # 0 and g, # 0}
is a root system in the real vector space V =R ®z X (T), where
go={X€g|VteT: Ady(X) = a(t)X}.

Fixing a Weyl-invariant scalar product (.,.) the real vector space V becomes
Euclidean. To choose a set of positive roots and a basis of the root system
we do the following: From the inclusion £ C R follows that T is also a
maximal R-split torus, that is X(T) = Xgr(T). Using the fact that G is
reductive, by Lemma there is a matrix z € GL,(R) such that the
following statements are fulfilled for the R-group G’ := zGz ™1
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a) G’ is self adjoint, that means g' € G’ holds for every g € G'.

b) The group G’ contains a maximal R-split torus S, which lies in the
group D, of diagonal matrices.

¢) Let ¢/ = ¢(S,G’) be the corresponding set of roots. It contains a
system of positive roots 1) = ¢/, whose elements are exactly those (g;—
gj) for 1 <14 < j < n, which appear as roots. Here ¢; is the character
diag(d; ...,d,) — d;. Furthermore, the corresponding unipotent R-
subgroup N’ = Uy, lies in the group of upper triangular matrices U,,.

d) The components of the Iwasawa decomposition of GL,(R) of each el-
ement g € G'(R) lie again in G'(R).

Define further TV := 2T2z~!. The canonical R-isomorphism ¢,: G — G’
induces isomorphisms of groups Xg(T') = Xg(T) and X(T') — X(T) via
X'+ X 0@, Thus, T' also must be an R-split torus of G’. By Lemma[11.27]
T/ is conjugate to S by an element of G'(R). Replacing x by a suitable
element of GL, (R) we can therefore assume without loss of generality T/ = S
in |} above.

The R-isomorphism ¢, further induces an isomorphism between the Lie al-
gebras (¢z)«: g = g’ of G and G’ (the corresponding tangent map). This is
also compatible with the adjoint action by

(92)«(Adg(X)) = 29X g™ 27! = Adyge-1 (X2 ™) = Ady, () (92)+(X)).

So the induced isomorphism of groups X(T') & X (T) maps ¢(G’, T') bi-
jectively to ¢(G,T). Thus we can endow V' = X(T') ®z R with a Weyl
invariant scalar product, such that the isomorphism of groups extends to an
isomorphism of Euclidean vector spaces V' — V = X(T) ®z R. Let ¢'"
be the set of positive roots from |c) above and choose ¢t C ¢ as its cor-
responding image under the induced isomorphism. If N’ is the unipotent
R-subgroup from , then
N :=z Nz

is the unique connected unipotent k-subgroup of G from Lemma|l11.25] which
corresponds to ¢*. We set
P=N-T

as the semidirect product. This is a Borel subgroup in G which is defined
over k, because N and T are k-groups. We identify X (P) = X(T) under
the isomorphism induced by the inclusion T C P. Pick the unique basis of
the root system A C ¢+ corresponding to P. This also corresponds to the
choice of a basis A’. For later use, we set A = {1,...,]A|}, and a typical
simple root is denoted by «; with i € A. For every j € A denote by Aj the
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fundamental weight in V, that is defined by (\;, ;) = d;; for all i € A. We
define

Pi = PA\{O&Z'}
for i € A to be the maximal parabolic k-subgroups of G containing P. Their
Lie algebras are given by

pi = @ga@@gfa@t

acpt acPp;

where t is the Lie algebra of T and ¢; = {3,z mja; € ¢7 | m; = 0}. Just
note that we can define parabolic R-subgroups P’ and P’ of G’ in the same
way. These are then exactly given by P’ = ¢, (P) and P, = ¢, (P;).

Let O = Z be the ring of integers in k = Q. Let further V = V> UV’ be the
set of places of k, where V> is the set of infinite and V/ is the set of finite
places. By k, we denote the completion of k with respect to the absolute
value |.|, for v € V. If v is a finite place we also write O, for the completion
of O in k,. As usual, we set

G(0) == G(k)NGL,(0) and G(O,) = G(k,) N GL,(O,).

Convention 3. We assume that the number v(G, P) := |P(k)\G(k)/G(O)|
is equal to 1, which means that G(k) = P(k)G(O).

Convention 4. For all finite places v € V7 the subgroup G(O,) of G(k,)
is maximal compact. In addition, let G(k,) = P(k,)G(O,).

Let A be the set of adeles of k. For a finite subset S C V containing V'
we set Ag = [[,eq ko X [[eyogOv. We write Ay = Ay for the special
case S = V. Via the diagonal embedding k C A, the latter becomes a k-
algebra. Viewing G as the corresponding group functor, we obtain the group
of adelic points G(A). For x = (z,)yev € A, we write [|z|| =[], ¢y |7v],, for
the idele norm. Recall that ||¢|| = 1 for all ¢ € k. In the same way as in the
case k C A, we can see G(k) as a discrete subgroup of G(A). As before, we
write

G(Ag) = [[G) x J[ G(O.) and Gg=prg(G(As))
vES veV IS

for every finite subset S C V containing V°°. Define further

G(Ax) = G(Ay=) = [ Gk)x [] G(O.).

veEV>® veV s

Convention 5. Furthermore, we assume that the class number cl(G) is
equal to 1. That is G(k)G(Ax) = G(A).
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Example 15.1. Conventions [1] to [5] all hold in the case of a simply con-
nected Chevalley group G if we assume that it is k-simple: It is an algebraic
matrix group fulfilling (1| and [2| because of [Stel6, Theorem 6 and Corollary
4]. Properties 3| and [ are [Stel6l, Theorem 18 and Corollary 2 on p. 72].
The class number is equal to 1 by Lemma[12.5 because G(R) is not compact
by [Stel6, Lemma 34 a)|] and G is k-simple. For the precise definition of a
Chevalley group see [Stel6, Chapter 3]. In this source the terminology of
being simply connected is stated as universal, but this coincides with the
definition of simple connectedness of an algebraic matrix group. See also
[PR94) Section 2.1.13].

More explicitly, consider the case G = SL,. This is a simply connected
Chevalley group, see [Stel6, examples on p.22 and p.30]. It is obviously
stable under matrix transposition, so that we can assume G = G’ in this
case. Its diagonal subgroup T = SL,ND,, is a maximal k-split torus and the
characters (ozi = (& — €i+1))i:1,‘..,n—1 form a base of the corresponding root
system ¢(T,G). This and simple connectedness are also stated in [PR94]
Example to Theorem 2.6 on p. 63|. The assertion about the class number is
[Bor63].

15.2 Notation about the groups

Fix a finite subset S of V containing V*°. In the following, we define several
subgroups of Gg = [[,cg G(kv). To do so we use the partition S = (V>N
SYu(Vins).

The field £k = Q has only one Archimedean place and the corresponding

absolute value is the standard absolute value which we denote by |.| . The
completion ks is given by the field of real numbers R. We write

G=G(R) and P*=P(R) and N> =N(R).

Furthermore, let A C T(R) be the identity component with respect to the
topology induced by R. We observe that x(a) > 0 holds for every x €
Xik(T) and a € A, as the characters induce continuous maps T(R) — R~
mapping the identity to 1. Now we use the group G’: The induced map
T(R) — T'(R) is a homeomorphism, therefore A’ = xAx~! is the identity
component in G’ := G/(R). Note that every a = diag(ay,...,a,) € A’
only has positive entries on the diagonal, because the maps a +— a; define
R-characters. Further, let
K> = ¢, ' (K')

for K := G'NO(n). We also see N’ := N'(R) = ¢, (N°°). The following is
the Twasawa decomposition:
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Lemma 15.2. The multiplication map
N*® x Ax K* = G, (u,a,k) — uak
is a homeomorphism.

Proof. By Lemma [11.36| the multiplication map N’ x A’ x K/ — G’ is a
homeomorphism. The homeomorphism ¢,: G — G’ maps N> to N’, A to
A’ and K* to K'. From this follows the assertion. O

The Iwasawa decomposition directly implies
G=NCAK>® = P*K*.

The groups G, N*°, A and K are all Lie groups, as they are closed sub-
groups of GL,(R), and their exponential map at 1 is given by the matrix
exponential by Corollary From this follows that the map (u, a, k) — uak
from the Iwasawa decomposition is in fact smooth. The same properties hold
for G’ and its corresponding subgroups.

We write
Ni={ueN'| forall 1 <i<j<n: |uy| <c}

and define
N = g (V).

xT

Further we set
A, ={a€ A|aj(a) >rforallicA}
and for later use we also note
Al ={d e A|Vd € A:d(d) >r} = p.(A,).

Using the terminology above we call the subset

Ser = NZFA K™
of G a Siegel set.
Lemma 15.3. There are constants c,r > 0 with G(O)S., = G.

Proof. Using v(G,P) = 1 the statement follows directly from [PR94, Theo-
rem 4.15 b), p.224]. O

In addition, we set

Ar,R,i = {a (S Ar ’ ai(a) > R} and Sc,r,R,i = NCOOAnRﬂ'KOO
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for R>r>0and i€ A.
Now, we also use the finite places and set

H= [ Gk

veVIinS

Forv e VInNS, let
K= ] G0

vevVIins

Further, we write
P=][Pk) and P=]]Pi(k)
vesS veES
as well as
T=][T(k) and N=][N(k,) and K=FK>xK’.
vES vES

We notice
Gs=G x H=PK

because of ) and the Twasawa decomposition of G. Set |a| := [],¢g laul, for
a = (ay)ves € [[yeg Fo-

Lemma 15.4. Whenever pk = p'k’ holds for p,p’ € P and k, k' € K we
have |a(p)| = |a(p’)| for all a € A.

Proof. The group PN K is compact with respect to the topology induced by
the fields k,. So the image of the continuous homomorphism P N K — R+
which maps p to |a(p)| is bounded, and therefore trivial. O

Furthermore, we define the subsets
P°={peP||aip)|=1foralliecA}

and
P.={peP||aip)| >rforallic A}

of P.
Finally, we denote by

I'=G(0g)=G)N [ G(O,)
veEV S

the S-arithmetic subgroup of G(k). Under the diagonal embedding into
G(A) we also can see it as the subgroup

I = G(k) N G(Ag).
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Using the projection prg,
I' = prg(G(k) N G(As))

becomes a discrete subgroup of G x H. In the following, we will refer to
all three versions of it as the group I' and use the suitable description of it
depending on the context.

Lemma 15.5. We have (I' N P) C P°. In particular, this means I' N P =
Inpe.

Proof. An element v € (I'N P) may be written as (v)ves € [[,cg G(ky) and
by definition |a(y)| = [],cg la(7)],- But for all v € V' \..S the element ~ lies
in G(O,), which means |a(v)|, = 1. Thus, by the product formula we get

e =TTl - I le@)l, = laM)ll=1. O

vES vEVNS

15.3 Notation about the geometric space

Here we construct a space X = X, x Xy on which G x H naturally acts.

We begin with the smooth part X.,. As the isomorphism of Lie groups
¢r: G — G’ maps K® to K’ we can identify the manifolds G/K*> =
G'/K' under the induced diffeomorphism. The group G' = G/(R) ful-
fills the assumptions of the group in Example by construction: The
space P,(R) NG =2 G'/K’ is a Riemannian manifold with scalar product
(X,Y), = tr(p~ ' Xp~'Y) for X,Y € T,(G' N P,(R)) < Sp(R). The group
G’ acts smoothly by Riemannian isometries on this space via g.p = gpg'.
The action is transitive and the subgroup K’ = O(n) NG’ of G’ is maximal
compact and the stabilizer of the unit matrix 1, € P,(R) N G’. Thus, the
action is proper. The geodesic lines R — P, (R) NG’ are exactly the maps
t — exp(tX) with X € T,,(P,(R) N G’) and with tr(X) = 1. We identify

X =G NP,(R)XG /K 2 G/K™

as Riemannian manifolds and call it the symmetric space associated to the
group G (the Riemannian structure on the right side is the one induced by
the identification as smooth manifolds, compare Lemma [7.10). As a metric
space, X is then a proper CAT(0) space. In particulay, it is locally compact
and complete. We denote by 0y := 1,, € X the basepoint. The canonical
action of G on X is then also smooth and by Riemannian isometries, and
we have
G.000 = Xoo and  Stabg(os) = K.

Furthermore, it is also proper, as G acts with compact stabilizers.
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Lemma 15.6. The map N*° x A — X defined by (u,a) — (ua).o is a
smooth homeomorphism.

Proof. Using the identification Xo, = G/K®°, it suffices to show that the
smooth map from N x A to G/K* defined by (u,a) — uaK is a homeo-
morphism. This follows directly from the [wasawa decomposition. O

Remark 15.7. Note that we defined the group G’ only as an auxiliary con-
struction so that we could construct the space Xo. In fact, most of the
times we will only care about the abstract action of G on the Riemannian
manifold with the properties stated above. In those few cases where we need
the concrete Riemannian structure of X, we will pass from G to G’ in the
following sense: For every p € Xoo = G'N P, (R) an element g € G acts on it
via g.p = (zgx~').p, where on the left side we consider the action of G and
on the right side that of G'.

For v € V7 let X, be the Euclidean building associated to the group G (ky).
Its existence we deduce from Convention [I]and Proposition This is also
a locally compact, complete CAT(0) space on which G(k,) acts properly via
isometries. As we demanded in Convention [d] the subgroup G(O,) of G(k,)
is maximal compact and therefore the stabilizer of a vertex o, € X,. We

Xp= J] X

veEVINS

now set

and endow it with the product metric. Then X also becomes a complete
locally compact CAT(0) space on which H = [[, cgny s G(ky) acts properly,
cocompactly and via isometries. We also refer here to oy := (0y)yegrys € X7
as the basepoint.

Finally, we define the space
X=X X Xy

and here we take the product metric, too. Then X is also a locally compact,
complete CAT(0) space on which G x H acts properly and continuously via
isometries. By the diagonal embedding into G x H we also get an action
of the discrete subgroup I' on X with the same properties. Again we call
0 := (0s0,07) the basepoint of X.
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16 Reduction theory

After we fixed the notation in the last section, let me briefly explain what
this one is about. We want to extend Raghunathan’s proof in [Rag6§| to the
case of the S-arithmetic group I', but using the action on X instead of that
on the group G x H. To prove his statements, he lists some results from
reduction theory of arithmetic groups, see [Rag68| (i) - (iv) on p.326]. The
goal now is to give analogous statements that fit our case.

This section is divided into two parts: The first part serves to deduce some
statements from the reduction theory of S-arithmetic groups that hold in
our setting. In the second part we will give geometric versions of these
statements about the space X.

16.1 Reduction theory of S-arithmetic groups

The theorems from the classical reduction theory of S-arithmentic groups like
in [PR94, Chapter 5| or [Bor63|are too general for our later argumentation.
To work with them we adjust some of the proofs. We also extend some
results from reduction theory of arithmetic groups to the S-arithmetic case.
These include [PR94, Lemma 4.7 (1), p. 189] and |[Rag68, Lemma 2.1.]

In the following we will occasionally use these two easy facts, so it is useful
to keep them in mind:

a) If X is an abstract group containing a subgroup Y and two subsets
A, B, such that X = A- B and B CY hold, then Y = (ANY) - B.

b) Let X and Y be two abstract groups such that A is a subgroup of both.
Assume further Y contains a subgroup C with A C C' and X contains a
subset B. Then (AB) x C = A.(B x C) holds where a.(b, ¢) := (ab, ac).

Proposition 16.1. Let B C G be any subset with G(O)B = G. Then
[.(BxK') = GxH holds. This implies in particular T.(Se, x K/) = Gx H
for a suitable Siegel set S., C G.

Proof. A more general statement is proven in [PR94), Proposition 5.11, p.267],
see also [Bor63l Theorem 8.5]. We will go through the proof of the first source
in detail, as it will give us the desired statement in the case that we consider.
From G(A) = G(k)G(Ax) and [a)) follows

G(As) = (G(k) N G(Ag)) - G(Ax)
by G(Aw) C G(Ag). Applying prg to both sides, this implies

Gg=T- II ck)x [] G0

vE(SNV ) ve(Snv /)
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as prg(G(k)NG(Ag)) =T'. Because of V> C S, we know that G = G(O)B
is equal to [],c(gnye) G(ky). Furthermore, using Gg = G x H and KT =
[Toe(snvr G(Oy), the above reduces to

GxH:r.((G(O)-B)fo).

Now G(O) embeds diagonally into the product K/ = [, cgnyr G(Oy) and
can thus be seen as a subgroup of this. We deduce with @

(G(0)B) x Kf = G(0).(B x KY),

which implies that G x H = I'.(B x Kf), using the fact G(O) c T. That
we can find such a Siegel set now follows from Lemma [15.3 O

Next, we want to show that (I'NP°)- (S, x K/) = P, K holds for a suitable
Siegel set S., C G. To do this, we first prove two lemmas.

Lemma 16.2. We have G x H = (I'N P).(G x K/).

Proof. In the case at hand we have cl(G) = 1 by Convention [f|and G(k,) =
P(k,)G(0O,) for all v € VI by Convention . Thus, [PR94, Proposition
5.10, p.259| implies that cl(P) = v(G,P). The groups P(A) and P(Ay)
are defined in the same way as G(A) and G(A). Using v(G,P) =1 (see
Convention [3) we get

P(A) =P(k)P(Ay).

Again, G(k,) = P(k,)G(0O,) holds for all v € V/ and we know G = P® K.
So we obtain

G(A) =P(A)- | K~ x [] G(0O.)
veV s

These two equations lead to

G(A) =P(k) (P(Aoo>- (K” < T1 G(m))

veV Y

Furthermore, P(Aw) - (K X [[ ey r G(Oy)) is a subset of G(Ay), so we
see G(A) C P(k)G(As). From this follows

compare [PR94, Equation (5.10) on p. 258|. Since G(A) is a subset of
G(Ag) we obtain

G(As) = (P(k) N G(As)) - G(Ax)
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using @ Applying the projection prg to both sides, we get

Gs =prs(P(h)NG(As) - [ [ Gk)x [] G(O)
veV>®NS vevVing

The assertion follows from the identities G x H = Gg, I' N P = prg(P(k) N
G(As)), G = [Lueyens G(ky), and K7 =], cyrn5 G(O)). 0

Lemma 16.3. The identity
(TN P°) - (N®A4,K* x K'Y =P.K
holds for oll v > 0.

Proof. Take some v € (N P°), u € N*°, a € A,, and k € K. Then
v.(ua, 1g) lies in P,, and thus (v.(ua, 1g)) - k is an element of P, K.

Now, choose pk € P,K. This means |a(p)] > r for all @ € A. Recall
I'NP =TInNP° from Lemma So by the previous lemma we can find
v € (I'N P°) such that 7.(pk) € (G x K7). Using the Iwasawa decomposition
G = N®AK®, there are u € N*°, a € A and k' € K such that

v.(pk) = (ua, 1g) -k € (G x K¥) = (N®A x {1y}) - K.

But v € P° C P implies (vy.p) € P and thus (v.p)k € PK. So both, (v.p) -k
and (ua,lp) - k' are decompositions of the same element into P - K. Thus,

|a(v.p)| = |a(ua, 15)| holds by Lemma So
la(y-p)l = la(p)l =7 and  |a(ua, 1x)| = afa)

imply that a(a) > r so that (y.p)k € (N®A, x {1g})- K. This leads to
pk € L (N®AK*® x K1), O

Proposition 16.4. There is ¢ > 0 with N(O).N>° = N*°. For every such
c, the identity
(TNP°)-(Ser x K') = P.K

holds for all r > 0.

Proof. The existence of such a ¢ > 0 follows directly from [PR94, Lemma
4.7 (1), p.189]. From the fact that we can see N(O) as a subgroup of K/
via the diagonal embedding G(0) C K/, using @) we obtain

N(O).(N>® x KT) = (N(0).N®) x K/ = N* x K.

Furthermore, |a(u)| = 1 holds for all w € N and all a € A, so N(O) is a
subset of I' N P°. Therefore, using

Ser x KT = (N x KT) - (A, K> x {1x}))
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we get

(T'NP°).(Se,r x KTy = (TN P°) - N(O)).((N® x KF) - (A, K> x {1g}))
= (DN P°).((N* x KT) - (A, K> x {1n}))
= (I'NP°).(N®A,K* x K7)

so that the statement follows from the previous lemma. O

Next, we need a lemma of reduction theory of arithmetic groups stated
and proven by Raghunathan. Choose a Chevalley basis eq,...,en for the
semisimple Lie algebra g, see [Stel6, Theorem 1].

Remark 16.5. In fact what we need is a basis fulfilling properties a) to c)
from |[Rag68|, p.321]. But with our restrictions, considering a Chevalley basis
is sufficient, see also [PR94] p.64-64].

Example 16.6. The Lie algebra g of G = SL,, is given by the matrices with
trace 0. The matrices of the form F;; and D; form a Chevalley basis for g.
Here E;j; is the n x n matrix with (7, j)-entry is 1 and all the other entries
are 0, and D; = diag(0,...,0,1,—1,,0,...,0) where the 1 on the diagonal
is on the i-th coordinate. See [Stel6, Remark c) to Theorem 1].

In the next lemma, we use the following terminology: For ¢ € G(k) we refer
to the entries of Ad, as the entries of the matrix of the linear map Ad, with
respect to the basis e1,...,exn.

Lemma 16.7 (Raghunathan). Fiz a Siegel set S., C G and an integer
p € N. Then there is R > r such that, for every i € A, the following
holds: If ¢ € G(k) is an element such that the denominators of all entries
of Ady and Ad,—1 when reduced to the simplest form divide p, and such that
q-SerRri N Ser # D, then q lies in P°.

Furthermore, for each r' > 0 we can choose R > r in a way that additionally
the following statement is true: If q.g = ¢’ for some g € Sc,pri and ¢ =
wad'k' € S = NPA K™, then a(a’) > r'.

Proof. This is exactly [Rag68, Lemma 2.1.] stated in terms of left instead of
right action. O

Using this we can prove a similar result for the action of I' on the product
G x H.

Proposition 16.8. For every Siegel set S., there is R > r such that for
every i € A the following holds: Each v € T fulfills

Y. (Serri X KN (Ser x KT) # @ = v € P
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Furthermore, for every v > 0 we can choose R > r so that it also fulfills
the following statement: If v.(g,h) = (¢',h') € Ser x K' for some (g,h) €
Serri x K then a;(a’) > v writing ¢ = w'a’'k' € N®AK>.

Proof. Let v.(g,h) = (¢',) with g € S.,Rri, ¢ € Se, and h,h' € K/.
Since v.h = A’ implies v = K'h~' € K7, we have v € (I' N Kf) = G(0).
The adjoint action of G(k) on g is given by conjugation, so if we consider
the matrices corresponding to the linear maps Ad,: g — g with respect
to the basis ej,...,eyx they will have uniformly bounded denominators for
v € G(O). Now v.Sc . riNSer # @ implies v € P by the lemma above.

Writing ¢’ as v'd’k’ € N*°AK®, part two of the lemma also implies that
a;(a") > 7. O

Corollary 16.9. Let S, C G be a Siegel set fulfilling (TNP°)-(Se, x KI) =
P.K. The constant R > r from the proposition is such that, for all v € T,
we have

Y.(Serpi x KNNP.K #@ =y ¢c P
Proof. As (N P°) - (S., x K¥) = P.K, the above condition implies that
V-(Serri X KT) N/ (Ser x KT) # &
for some 7/ € (P°NT). We obtain
(TN (Seirri x KN 0 (Sep x KT) # 2

so from the previous proposition follows the fact that (7/~1v) € P®°. We get
v € P® from v € (I'NP°) C Pe. O

Corollary 16.10. Let S, C G be a Siegel set with (I'NP°) - (Se, x Kf) =
P.K and let v > 0. The constant R > r from the proposition is such
that for all v € T the following hold: If v.(g,h) = pk € P,K for some
(g,h) € Serri x K7 then |a;(p)| > r'.

Proof. By assumption there is v/ € (I' N P°) such that (v.(y.(g,h)) €
S., x K/. Writing the G part of this element (7/7).(g,h)) as 7/vg =
ua'k! € NXAK® we get a;(a’) > ' by the previous proposition. Be-
cause of (y/yh) € K/ we have a decomposition (v'a’,1g) - (k',7'vh) € PK.
But as 4" € ([N P°) C P we also have (v'p) - k € PK. This leads to

(v, 1) - (K',7'vh) = (+'7).(9:h) = (v'p) -k € P- K.
So Lemma [15.4] implies
/

i (v p)| = |ai(W'a’, 11)| = ai(a’) > 7.

The assertion follows from |a;(7'p)| = |ai(p)]. O
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16.2 Geometric reduction theory

Now consider the action of G'x H on the space X = X, x Xy via (g,h).x =
(9-%oo, h.xy) where © = (oo, xf). Recall that the basepoint 0 = (0o, 0¢) is
the unique point in X with Stab(o) = K.

We use the results of [HW22, §5]: For every i € A, there is a rescaled
Busemann function §8;: X — R with the property

Bi(p-x) = log(|xi(p)]) + Bi(x)

for all x € X and p € P;, and such that ,81-(0) = 0, see [HW22, Proposition
5.7). So these equations especially hold for every p € P and all i € A. The
xi are characters with the property (x;, ;) = 0 for i # j and (x;, ;) > 0
for all i € A, see [HAW22, Lemma 4.1]. Thus, there are constants s; > 0 with

i = x5 for all i € A. We modify §; in a similar way as in [HW22] §8.2],
but with the above choice of s;, and set

Bi = sif;
for all i € A. Equation [HHW22] (8.5) in §8.2] then leads to

Bi(p-x) = silog(|xi(p)]) + Bi(x) = log(|xi(p)*[) + Bi(z) = log(|Ai(p)]) + Bi(x)

for all p € P and z € X. Since fBi(0) = 0 we also have SBij(0) = 0 and
therefore

Bi(p-o) =log(|Ai(p)|) + Bi(o) = log(|Xi(p)])
for all p € P.
Further, the authors construct in [HW22] §5] functions p;: X — R by setting

i = Z Cijgja
jEA
where ¢;; € R are the unique coefficients fulfilling the equations o; =
Zjeﬁ Ciji Xy~ Now
pi(p-x) = log(leu(p)) + pi(x)
holds for all p € P and = € X by equation (8.6) in [HW22] §8.2]. Since
pi(0) =Y cijBi(0) =0
jJEA
we also get
pi(p-0) = log(lai(p)])

for all p € P and i € A. To express p; as a linear combination of the Bj, we
use equations (8.7) and (8.8) from [HW22| §8.2] given by

Wi = Z %5;‘ and f; = Z 85N jifbi

jeA 7 ieA
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where nj; € R are the unique coefficients with x; = ZieA njiqy. Setting
Y e e .
bij = o and  my; = s;ny;
J

we get

pi=Y byB; and By =) mjim
JjeA i€A

as desired. Furthermore, we obtain

)\j = Sij = Sj E njz-ozi = E mjiozi

ieA i€eA
and o
i
ai = X =Y A=) b
JEA jeA JjEA

We summarize our results.

Proposition 16.11. There are (unique) rescaled Bysemann functions B;
defined on X and functions p;: X — R for all i,j € A such that

Bj(p.x) = log(|A;(p)]) + Bj(z)
Bj(p-0) = log(|A;(p)])
pi(p-x) = log(le; (p)]) + pi(z)
11i(p-0) = log(|evi(p)])

hold for every p € P and x € X. These functions fulfill
Bi=> myipi and p;=» bip,
ieA jEA
for the unique coefficients mj;, b;; € R with
)\j = ijiai and o; = Z bij)\j.
icA jEA

Remark 16.12. In [HW22| the Busemann functions are rescaled to get a
linear combination of them with “nice” geometric properties. In our case, we
rescale them in the way above, to extend Raghunathan’s proof in [Rag68] to
the case X = X x Xy.

The above rescaling now allows us to use statements about the interplay
between the simple roots o; and the fundamental weights A;.

101



Lemma 16.13. For every subset I C A and any j € A, we can write
Bi= ciipi+ Y. diwb
iel keANT

as a linear combination such that all the cj; and dji are non-negative.

Proof. Follows directly from Lemma and Proposition [16.11 O

Corollary 16.14. For every j € A, the rescaled Busemann function B =
Zz‘eA mjilt; 15 @ non-negative linear combination with mj; > 0.

Proof. Considering the case I = A in the previous lemma we only need to
check mj; > 0. But the equality (\;, ;) = 6;; implies

0< <)\j, )\j> = iji <Ozi, )\j> = Mmjj. O
i€A
For later use, we also state the following lemma.

Lemma 16.15. There is b > 0 such that |u;(x) — pi(y)| < b-d(z,y) holds
forallz,y € X and i € A.

Proof. From p; = 3, x bijB; we obtain

i) — i) = Y bii (B(x) = B;(y))

jEA

<D lbiil 185(2) = B;(y)]

jEA

< Z |bij| ajd(z,y)

JEA

for some a; > 0, since (3; is a rescaled Busemann function. But at least one
of the b;; must be # 0, as a; # 0. This implies that

b, .= Z |bU| a; > 0.

jEA
Therefore b = min{b; | i € A} fulfills the statement. O

Next, we define subsets of the space X that will play an important role in
our further argumentation.

Definition 16.16. For s > 0 we define the set

Uy = {z € X | exp(ui(r)) > s for all i € A}
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and additionally
Us50 = {z € Uy | exp(u;(z)) > S}
for S > s and i € A. Let further
Q= (Se0m) x Balog)

for some ¢,d,r > 0, where S., C G is a Siegel set and By(of) C X is the
closed d-ball.

Since H acts cocompactly on X, we can find some d > 0 with H.By(of) =
X . We will need the following finiteness result.

Proposition 16.17. For any choice of c,d > 0 and r > 0 the set
{veT | (v9) 08, Nd 0L, +# 2}
is finite for all q,q¢' € G(k).
Proof. Let v be in the above set. Then we have
Y4Ser Nq'Ser # @ and  ygBa(oy) Nq'Ba(of) # @.

The subset o .
C" = {h € H | hgBy(of) Nq'By(oy) # 2}

is compact by properness of the action of H on Xy, so the same holds for
C:=Cc'uc

We now follow the argumentation in the proof of [Bor63, Lemma 8.4.]: For
every finite place v € S N V7, the elements v and 4! lie in the compact
subspace pr,(C) of G(k,), where pr,: H — G(k,) denotes the canonical
projection. Since G(k,) is a subset of k)™ we can also view pr,(C) as a
compact subset of k'*". Thus, denoting by 7, a uniformizing parameter in
O., there is £, € Z with pr,(C) C (75 O,)"*™: This follows from the fact
that (7% O, ) is the open and closed ball of radius |7rv|5” in k,. By multiplying
with some uw € Oj if necessary, we can assume that 7, is an element of O.
Setting
- {w;fv if £, <0,
1 it £, > 0,

we have 5, € O and s,7,5,7" ! € (O,)™™. Since 7,77 ! € G(O,) C
(Oy)™" for all w € (VI S), we get sy,s7~! € O™ for

§:= H sy € O.

vevIins
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Thus we have shown: For every v € I" with
vqBa(of) N ¢'Baloy) # @
we have sv,sy" 1 € O"*". By [Bor63, Lemma 3.1.] the set
{yeTl|sy,sy " € 0" and ¢Sy N ¢'Ser # @}
is finite, since the Siegel set S, C G fulfills the following property: The set
(A€ G(O) | AgSer N 'Ser £ 2

is finite by [Rag68, Theorem on p.321], see also [Borl9, Theorem 15.4]. [

The main goal of this section is to prove the following theorem.

Theorem 16.18. Let b > 0 fulfill Lemma and pick ¢ > 0 with
N(O).N&° = N°°. Choose further d > 0 with H.Bq(of) = X.
We can find s > 0 such that for all € > 0 with ' := s —¢ > 0, and for

r = s'e™" there is Sy > s such that the following statements hold for all
S >8:

a) D.(Q%, NV,) = X.
b) Uy C (P°NT).0L.
c) If 'y.(QiT NWy 5i) Ny # S for some y €T, then v € P,

d) Ify.x € Uy for somey €T and v € QL Ny g;, then exp(pi(y.z)) >
s.

Proof. Let us first sketch what will happen in the proof to get a geometric
idea of what is going on. We pick some ¢ > 0 such that translates of the set
Qit cover X (we do not care about this constant later), then choose some s
making Qit lying inside W,. If we take r < t small enough, then it makes
every © € Wy with dy(zy,0r) < d an element of Qf . After that, we select
R > r so that Corollaries [16.9] and [16.10] are fulfilled. Finally we choose
So > 0 big enough such that p;(g.000,x¢) > So for (g.000, ) in Qg{r implies
that «; of the A part in the Iwasawa decomposition of g is bigger than R.

We now prove @) in a sequence of three lemmas:

Lemma A. There ist > 0 with F.Qét =X.

Proof of Lemma A. Pick an element * = (o, zf) € X. We show that
there is a v € I' with v.z € QZ,, where t > 0 is chosen to be small enough

c,t»

to fulfill T.(S.; x K¥) = G x H, see Proposition . Choose g € G with
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§.00c = Zoo and choose h € H with d(h.of,z¢) < d. Pick further a y € T
with 7.(g,h) € (Set x KY). Then vg € S.; and vh € K/. The former
implies that 7.2oc = (79).000 € S¢ .00 and the latter implies that

d(v.ws,0r) = d(v.xg, (yh).0f) = d(zs, h.of) < d,

since I' acts via isometries on X¢. Thus, v.2 = ((79).000,7.7¢) € Qit. [ |

Lemma B. Ift > 0, then for every s > 0 with s < e~ we have Qg{t C W,.

Proof of Lemma B. Since U5 C Wy for s < s, we only need to show the
statement for the choice of s = e™*¢. Pick an & = (oo, y) € O, and
choose g € S.; with g.00c = Too. Because of the inequality

d((9.000,0¢), %) = d((Too, 0f), (Too, xf)) = d(xf,0f) < d,
Lemma [16.15]implies that
1i(x) = pi(g-000,0f) — bd
for all i € A. Writing g as uak € N A, K> C P®K>, we have

1i(g-0005 0f) = pi((ua, 1r).0) = log(|ovi(ua, 1))

~ log(ai(e))
> log(t).
Thus,
exp(pi(x)) > exp(i(g.000,0f) — bd) > exp(log(t)) - et >,
which implies the statement. |

Lemma C. Ift >0 fulfills T.Q, = X, then we have T.(Q%, N V,) = X for
every r,s € R with 0 < r < s < e,

Proof of Lemma C. Because r < t, we have Qg’t C QiT. We also have
Qg’t C V. Thus,
Qg,t = (Qg,t N \I’S) - (Qg,r N \Ils)7

which implies the assertion. |

So pick any ¢t > 0 with I.Q2.; = X and choose s > 0 with s < e bt Let
e > 0 such that s = s —& > 0. Then part @) follows for the choice of
ro=se b <g,
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To prove b)), pick an 2 = (2o, zy) € ¥y and choose g € G with g.060 = Zoo
and h € H with d(h.of,x¢) < d. Using d((g,h).0,x) = d(h.of,xf) < d, we
get

11i((g: h)-0) > pi(x) — bd
by Lemmafor all i € A. Rewriting the group element as (g, h) = pk €
PK and using Proposition [16.11] this implies

i (p)| = exp(pi(p-0)) = exp(pi((g, h).0)) > exp(ui(x)) - e > '™ = r.

Thus, (g,h) € P,K and we can find v € (I'N P°) with 7.(g, h) € (S., x K7)
by Proposition From (yh).of = oy follows
d(v.ws, o) = d(v.xg, (vh).0f) = d(zs, h.of) < d.

Hence we have y.z € Q¢ ., and thus = € (P°NT).Q%,.

c,r
Next we show a technical lemma which applies to both remaining parts,

and @)

Lemma D. Let R > r and S > Sy := Reb be given and pick x = (Too,xf) €
(Qir Ny g;) for some i € A. Then, for g € G with g.000 = Too we have
g e SC,T,R,’L"

If additionally .o € Wy holds for some v € T, then v.(g9,1p) € P K.

Proof of Lemma D. We can rewrite g as uak € N°A, K by assumption,
then

log(ai(a)) = log(|ai(ua, 1i)|) = pi((ua, 157).0) = 1i(9-000, 0f) = pi(To0, 0f)
applying Proposition [16.11]in the second equation. On the other hand,
1i(Zoo, 05) > piz) — bd

holds by Lemma [16.15 because d((2s,0f),2) = d(of,x¢) < d. Thus,
exp(pi(z)) = S implies
ai(a) > Se7* > R,

S0 g € Scr R, Furthermore, using d(v.(%oo,0f),7v.7) = d((20,05), ) < d,
Lemma [16.15] also implies

1 (7-(To0, 0f)) = pj(v-x) — bd
for every j € A. Assume additionally 7.z € ¥,. Then we obtain
15 ((7-(g, Lar))-0) = log(s") — bd
remember §.000 = Too. Rewriting v.(g, 1) = pk € PK, then
[ (p)| = exp(p;(p-0) = exp(j((v-(g: 1r))-0)) = 8- e =7
for all j € A, and thus ~.(g,1y) = pk € P, K. |
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Recall that our choice of ¢ > 0 is such that (I'N P°) - (S, x K/) by Propo-
sition [16.4] Let now R > r fulfill Corollary that means for v € I' and
i € A holds

v.(Sesrix KNYNP.K # @ =~ € P>

Let further S > Sy := e?*R as above and assume that there is v € I" such that
v.x € Uy for some z = (Too, 7f) € (UL, NWy ;). The lemma above implies
that for ¢ € G with g.00c = 2, we have g € S., r,; and v.(g,1g) € P K.
Thus, v € P> and part [c) is proven.

To show @), define

7= se.

This is clearly bigger than 0. We additionally assume R > r to fulfill the
following statement for all v € T

['y.(g, h) = pk € P, K for some (g,h) € (ScrRr,i X Kf) = |a;(p)| > 7/,

we can do so by Corollary[16.10|and increasing R if necessary (of course Sy =
Reb possibly changes, too). As before, we consider the situation v.z € ¥y
for some = = (Zoo,2f) € (UL, N Wy 5;). Again for g € G with g.006 = To
we have g € S¢ ;. g and v.(¢g, 1g) € P.K by the lemma. Rewriting the latter
as v.(g,1g) = pk € P.K we get |a;(p)| > r’. Since
d(7-(Toos 0f), v-2) = d((Too, 0f), ) = d(of, ) < d
Lemma [16.15]implies
pi(v-2) = pi(y-(Toos 0f)) — bd.
Using v.(z0, 0¢) = (7-(9, 11)).0 = p.0 we get
1i(Y-(Too, 05)) = pi(p-0) = log(levi(p)])

and from this follows

exp(pi(v.x)) > |ai(p)] - e > r'e™™.
By the choice of r' = se®® we finally get
exp(pi(v.z)) > s.
Thus, the theorem is proven. ]
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17 Raghunathan’s function on the space X

In the following we construct a real-valued function f on the space X =
Xoo x Xy and show that it is a Morse function in the sense of Definition [I4.19]
This function will be I'-invariant and we will see that the corresponding
action on a sublevel set (] — 0o, 7]) is cocompact for all r € R. From this,
we will deduce later that I is of type Foo. We will deal with that in the next
section.

Most ideas of this section are taken from |[Rag68| and extended to the space
X. Doing so, we have to face several difficulties: Firstly, Raghunathan
works with the Lie group G itself instead of the geometric space it acts on.
Secondly, he defines his function on the quotient G/T" so that the application
of Morse theory is much easier than in our case due to compactness. And
thirdly of course, we work with a product of a manifold and a simplicial
complex instead of just one smooth factor.

17.1 Construction of the function

For this section, we use the following notation: Let b > 0 fulfill the inequality
|pi(x) — i (y)| < bd(z,y) for all z,y € X and i € A and choose ¢ > 0 with
N(O).N = N*°. Fix any d > 0 such that H.B4(of) = X;.

Now select s > 0 and € > 0 such that for & = s —e > 0 and r = e we
can find Sy > s to fulfill Theorem [I6.18] Pick any S > Sp.

With these choices let ¢: R — [0, 1] be a smooth function with ¢'(¢) > 0 for

all ¢t € R and with
() = 1 ift>5,
YN0 it<S—e

The existence of such a function one can deduce easily from the construction
in [Tulll §13.1]. Additionally we define ¢: R — [0,1] by

)1 =e(t) ift > s,
¢<t)_{ap(t—s—|—5) ift <s.

For any subset I C A we define ®;: X — R by
®(z) = [[elexp(ui(@) - [T vlexp(ui(@))).
i€l i€ANT

We observe ®;(z) = 0 for all I C A unless x € ¥/, because p(t) = 0 = 1)(t)
except when t > s —¢ = s'. Now, let B = EjeA m;f; be any linear
combination with m; > 0 for all j. Remember the fact that the 3; are
linear combinations of the j; in exactly the same way as the A; are linear
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0.5 T

Figure 4: Sketches of ¢ and v

combinations of the a; by Proposition[16.11} Thus, we can use the statements
about the interaction of the fundamental weights and the simple roots as in
Lemmal[9.7 and apply them to our B playing the role of the A there: We get

B=Y mpBi+ > nrip
jerl i€EANT
with my; > m; > 0 for all subsets I C A. Let
Br = Z my;B;
jeEA

using the notation above. We state this (and more) in a lemma for later
reference.

Lemma 17.1. For any subset I C A we have

Br = Z mr; B

jel

with my; >0 for all j € I. Furthermore, (Brugy — Br) = Y _pei Crikik 18 a
non-negative linear combination of the uy for which cry; > 0 holds if i ¢ I.

Proof. Follows directly from Lemma and the fact that §; and p; are
linear combinations of each other in the same way as A; and ;. O

One easily deduces another statement about the interplay of By and the u;
that we will also need later on.

Corollary 17.2. For all subsets I of A the function By = D icA Qifli 15 @
non-negative linear combination with a; > 0 for every i € I.
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Proof. By Corollary [16.14] 3; = >, mjij; is a non-negative linear combi-
nation with m;; > 0, so the previous lemma implies that

Br = Zmuﬂj = Z Zmljmji M

jel ieA \jeI
with all myjmj; > 0. In the case ¢ € I, we have mp; > 0 and my; > 0. O

Now we can define the function.

Definition 17.3. Let f: X — R be defined by

f@)y=>"" > ®i(y.z)B(y.a)

ICAFE(TNPR\T)

We need to show that this is well-defined, which will follow from the next
two lemmas. The sum formally makes sense by

Lemma 17.4. If two elements v and v of I’ define the same right coset
modulo TN P°, then ®;(v.z) = ®;(v".z) and Br(vy.x) = By(v'.z) hold for all
z e X.

Proof. Choose p € I' N P° with p-~ =+'. Then, for all z € X, we get

/

pi(vx) = pi(p-(v-z)) = log(lai(p)]) + pi(v.x) = pi(y.2).

Thus, ®;(y.2) = ®;(7'.z). But the statement with By follows easily, since
every (3; is a linear combination of the ;. O

The sum is locally finite by

Lemma 17.5. For every x € X, there is a neighborhood 2 C X containing
Qgr and a finite subset I C (I' N P°\I") (depending on Q) such that the
restriction of the function f to Q is uniformly given by the finite sum

fla=>_Y" ®i(y._)Bi(y._).

ICA~ET

Proof. Choose any ¢ = (Too,2f) € X = Xoo X Xy. By transitivity of the
action of G on X, we can find g € G with g.00c = zo. Choose any Siegel
set S» 1 C G such that g lies in the interior of that set. Then x, lies in the
interior of Sy ;.00. See Lemma . We also choose d' with df(zf,0f) < d
so that x lies in the interior of the set

O, = (Sw1.000) X Bar(oy).
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Without loss of generality, we can assume Qir C Qg,/ , by decreasing t > 0
and increasing ¢’ and d’ if necessary. We show that f is uniformly given by
the sum above on the whole neighborhood Q = Qg,/t of x.

Let T” be the image under the projection T' — (T’ n P°\T') of the set

{yveT |rQnN (T NP°).Q#£o}.
For every coset in I, there is a representing element v € I with
72N Q2 #o.

But there are only finitely many v € I' with that property by Proposi-
tion [16.17}, so the set I” must be finite, too.

Now let y € Q be arbitrary and pick any v € I'. We have ®;(vy.y) = 0 for
every subset I of A unless 7.y € Uy. According to @ of Theorem [16.18]
the set Wy lies inside (P° N F).Qir7 which implies ¥y C (P°NT).Q. So we
obtain

®;(y.y) # 0 for some I C A= ~+.QN(P°NT).Q # 2.

Thus, for every y €  holds ®;(y.y) = 0 for all I C A unless 5 € I so

f)=>_> @i(yy)Bi(v.y)

ICA7€ET
is a finite sum. O

Corollary 17.6. The function f is continuous on the whole space X and
smooth in the factor Xo. Furthermore, it is invariant under the left action

of T.

Proof. Invariance under the action of I is clear by definition. For continuity,
recall first that every p; is continuous as a linear combination of Busemann
functions and that ¢ and 1 were chosen to be continuous. This implies that
the maps x — ®;(x) and x — Bj(z) are all continuous. Thus, f is locally a
finite sum of continuous functions, since the action of I' on X is continuous,
too.

But with a similar argument, f is smooth in the first factor: Every Busemann
function on the symmetric space X4, is smooth by Example and every
Busemann function 3 on X = X, x X is of the form

B() = cos(8) Bc () + sin(8) By ()

by Lemma [3.16] for Busemann functions S on X and By on Xj. Since the
functions ¢ and v in fact were chosen to be smooth, and the map z — 9.2
is also smooth for every g € G, we deduce that f in the X factor is locally
a finite sum of smooth functions. O
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17.2 The function is Morse

The goal of this section is to prove the following

Theorem. The function f: X — R is a Morse function in the sense of
Definition [1{.19 for some ro € R. It is invariant under the left action of T
and the induced action on f~1(] — 0o, t]) is cocompact for every t € R.

That f is [-invariant, continuous on X, and smooth in the first factor follows
directly from the construction of the function as we saw in the previous sec-
tion. Convergence in the weak C' topology will also be an easy consequence
of the fact that f is locally “nearly” a linear combination of Busemann func-
tions. The hardest part is to prove that the gradient is bounded, and we will
show cocompactness of the induced I'-action as a byproduct.

Proposition 17.7. The restriction of the function f to Qgﬂ. is given by a
finite sum, and every summand is uniformly bounded from below. Further-
more, the function f is uniformly bounded from below on the whole space

X.

Proof. Recall first that T.Q¢, = X by ) of Theorem and that f
is invariant under the left action of I' on X. Thus, in order to prove the
second statement we only need to show that the restriction f|qa is uniformly
bounded from below. This is given by the finite sum ’

F)=>_> @/(vy)Bi(v.y)
ICAFeT’

for all y € Qg{r using Lemma m

Fix a subset I of A and choose some 7 € I and x € Qgr. Assume @ (v.x) #
0, which implies that exp(u;(vy.z)) > s’ for every i € A. By Corollary
we can write By = Zz‘eA arift; as a non-negative linear combination, so

Bi(v.x) = Zauui('y.a:) > Zah log(s).
ieA i€

Now, because of ®;(v.x) € [0, 1]:

®;(y.x) - Br(y.z) > min< 0, Za” log(s') p =: 1
i€eA

d

c,r

flog, 2> e

ICA~veET’

independently from the choice of x € Q% and 4 € I'. Thus, every single

summand, and also

is uniformly bounded from below. O
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Next, we will show that the restriction of f to the subset Qir NW, is a proper
function. First, we need two lemmas.

Lemma 17.8. The subset
C =9 0 () u (s TN
ieA
of Qgr N W, is compact for all T € R.

Proof. We can write every x € C as @ = (Too,s) with 2y € By(oy) and

Too = .00 for some g = uak € S, = NPA, K. Then for all i € A we
have

pi(z) = pi((g-000, 7)) = pi((na, 1) (000, z5))
= log(|evi(na, 1x)]) + pi(0s0, 1)
applying Proposition [16.11}in the last equation. This leads to
pi(x) = log(ai(a)) + pi(0co, 7 5)
as |a;(na, 1g)| = a;(a). Because d(z¢,0r) < d and (o) = 0, Lemma [16.15
implies
14i (00, xf) = Mi(OOvaf) — pi(0) > —bd.

Using T' > p;(x) this gives us

T + bd > log(a(a)).
So from a € A,, it follows that a is an element of
A:={acA|r<aya)<elt for every i € A}.
Thus every x € C' must lie in the set
C' = (N2 x A).0x) x Ba(oy).

The set A as defined above is relatively compact: Choose k-characters X; that
define the isomorphism T — [[; GL1 of algebraic groups by ¢ — (x;(1));-
This induces a homeomorphism T(R) — (R* x ... x R*). As the simple
roots span the real vector space V = X;,(T) ®z R, we can write every x; as
a linear combination Zie& mj;o; with mj; € R. But this implies that A is
homeomorphic to a bounded subset of R* x...xR* and is therefore relatively
compact. Now C’ must also be relatively compact, as A and NZ° C N*° are
and the map N*° x A — X, (u,a) — (ua).ox is continuous.

Finally, we show that C is a closed subset of X, which then gives us the
statement by C' C C’. On the one hand, By(of) C Xy is compact. On the
other hand, S.,.0o is a closed subset of Xo,. The latter is true because
N®x A — Xo, (u,a) — (ua).on is a homeomorphism by Lemma [15.6]and
NZ° C N*° is compact and A, is a closed subset of A. Thus, Qgﬂ, is a closed
subset of X, so C must be closed, too. O
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Lemma 17.9. Let (xn)nen be a sequence in QgT N W with the following
property:

For any compact subset C' of Q4 NV, the set {n € N |z, € C} is finite.
Then there is a finite number of subsequences of (Ty)nen such that:

(i) for every n € N the element x, is contained in at least one of the
subsequences,

(11) all of these subsequences (fin, )ken fulfill imy_ o pi(zn,) = oo for at
least one i € A.

Proof. For every i € A, we define sets N} C N indexed by k € Z as follows:
If k < s then we set N, ,z = @, and for all £ € Z we define inductively

Nj :==N.ul{neN|z, € m ,uj_l([s,k +1]) and pi(zy) €]k, k + 1]
jeA

These sets N; are all finite: The set C = QiT NNjea u;l([s,T]) is com-
pact for all T' € R, so there are only finitely many n € N such that
Zn € (\jea ,uj_l([s,k + 1]). We now set

N =] N
keZ

For those i € A for which the set N' is infinite, the subsequence (; (7)) e ni
converges to oo, since the sets {n € N* | u;(x,) < k} = Uy N} are all finite;
remember Ng = @ for ¢ < s. Furthermore, every n € N lies in at least one
of the N%: Pick i € A with pu;(z,) to be maximal and choose k € Z with
k> pi(xy) >k — 1. Then k > pj(z,) for all j € A and therefore n € NJ.

Thus, we have constructed finitely many subsets (N*),cx of N such that

(i) UieA N'= N,

(i) if | N?| = oo, then the subsequence (11;(zn))nen: converges to infinity.

From this follows the statement. O

Proposition 17.10. The restriction of f to the subset Qir NYg is a proper
function.

Proof. Recall first that Qir is a closed subset of X, as By(oy) is compact and
Se,r.0c0 is the image of a closed set under the homeomorphism N*° x A —
Xoos (u,a) + (ua).00s. Furthermore, the set WU, = (;,cx p; *([s,00]) is
closed as the u; are continuous, so the intersection Qir N ¥, must also be
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closed. Since the metric space X is proper we can write it as a countable
union of open, relatively compact subsets. The same must be true for the
closed subset Qir N W, Thus, using Lemma it is enough to show the
following statement for the properness of f restricted to Qir NW,:

If (zp)nen is a sequence in Qg’r N W, such that, for all compact subsets C,
the set {n € N | z,, € C} is finite, then the set {n € N| f(z,) € [-T,T]} is
also finite for all 7" > 0.

As f is bounded from below, this is equivalent to: lim,_,~ f(z,) = oo holds
for every sequence (zy)nen in Qg’T N ¥y leaving any compact set. Therefore,
thanks to Lemma we only have to show the following:

If (2n)nen is a sequence in QF N W, with pg,(2,) — oo for some iy € A,
then also f(x,) — 0o as n — oo.

So we pick such a sequence (z,)nen and fix a suitable i € A. Again,

Lemma implies
fx) =" ®i(ya)Bi(y.2)

ICA~ET

uniformly for all z € Qgr N U, for some finite set IV. Since any of these
summands is uniformly bounded from below by Proposition [I7.7] it suffices
to show that for v = 1 and a fixed subset Iy C A we have

&1, (zy)Br, () — 00

as n — o0o. To prove this, we set
_ 1
In={i e A| p(exp(pi(xy))) > 5 for alln > N}

where N € N is chosen to fulfill exp(u;,(zy)) > S for all n > N; remember
Wiy (xn) — o0o. By definition iy € Iy, so this set is not empty. Furthermore,
we have

>

p(exp(pi(zn))) {<

if ¢ € Iy,
ifiEA\I@

N N

assuming n > N. But every x, was chosen to be an element of ¥4 and we
have 9(t) =1 — ¢(t) for all t > s by definition, so the latter implies

N | =

Y(exp(pi(zn))) = 1 — p(exp(pi(rn))) >
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for all ¢ ¢ Iy and n > N. Thus,

r(zn) = [ elexp(uilzn)) - T wlexp(ui(za)))

i€l ieANIg

=105 11 5

i€lp i€eANIy

0

is uniformly bounded from below for n € N large enough, so it suffices to
show

nh_)rglo Bi,(x,) = 0.

But we know By, = aigtig + D2je A {ip} @ili With ai, > 0 and every a; = 0
by Corollary [17.2] and therefore

By (xn) > aigprio(Tn) + Z a; log(s)
i€eA{io}
holds because of z,, € ¥ for every n € N. Thus, u;,(x,) — oo implies that
By, (zy,) — 00 as n — oo. =

Corollary 17.11. For every t € R the induced action of T on f~1(] — oo, t])
is well-defined and cocompact.

Proof. The function f is invariant under the action of I' from the left, so the
action on sublevel sets is well-defined. Let x € X be any point with f(x) <,
then by EI) of Theorem @I there is v € I such that v.x € QiT NY,. Using
the invariance of f under the I'-action, this implies that

F'((Qg,r N \I/s) N fﬁl(] - OO?ﬂ)) = f71<] - Oo7t])‘

So, for the cocompactness, it suffices to show that the intersection (Qf’r N
W) N f1(] — oo,t]) is compact. Since f is bounded from below, there is
u € R with f71(] — o0,#]) = f~1([u,#]). Thus,

(ngrﬂlﬂs)ﬁffl(]—oo,t]) = (Qirﬂl]:ls)ﬂffl([u’t]) = <f’(Q§’Tﬁ\I/S)> ([u7t])

and this is compact by properness. ]

Next we want to show that the gradient of the function 2o — f(2o0, ) is
uniformly bounded from below if z = (2, 7¢) is an element of f~1(]ry, o)
for some fixed 9 > 0. The idea is to construct a smooth curve ¢(t) in Xoo
through 2, with the properties %|,_of(c(t),zy) > C and ||¢(0)|| < D, so
that we can invoke Lemma We will deal with each boundary condition
in a separate proposition, but first we need to construct the curve.
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Proposition 17.12. Picki € A and t € R. There is a unique element
ai(t) € A with the property o;(a;(t)) = €% for all j € A. This element
commutes with every k € K° N P>. Furthermore, the induced map from R
to A defined by t — a;(t) is a smooth curve through a;(0) = 14.

Proof. Let x; € X(T) be characters that define an isomorphism T = [[, GL;
via t — (x;(¢));- This induces a homeomorphism T(R) — R* x ... x R*
which we denote by &. Fvery character can be written uniquely as a Z-linear
combination of the x; by Lemma . On the other hand, (aj);ca is a
basis for V' =R ®z Xj,(T). Thus, there are real valued matrices N = (nj;)j
and M = (my;); with o = > njx; and x; = >, my0q and such that
N = M~!. For every t € R define a;(t) € A as the unique element with
E(a;(t)) = (ef™s),, that is a;(t) = £~ 1((e!™);). As €71 is a homeomorphism
that is defined by polynomials it is also smooth, and therefore the map
t +— a;(t) must be smooth, too. Using the fact that x; induces the projection
of € to the I-th factor in R* ... x R* we get x;(ai(t)) = e!™:. This implies

that
a(ai(t)) = [ [alas(t))™ = [ (etmeysr = et S
l

!
and from ), njymy; = (N - M);j = d;5, we obtain

aj(ai(t)) = €',

Uniqueness of a;(t) follows from the fact that on A the values of the x; are
uniquely determined by those of the «;.

Lemma A. Let a be the Lie algebra of A. There is an element h; € a with
a;(t) = exp(th;) for all t € R, where exp denotes the exponential map.

Proof of Lemma A. FEvery k-character is given by polynomials. Therefore,
every simple root ¢ induces a smooth group homomorphism A — R*. Pick
any t,s € R. Then for all j € A we have

aj(ai(t)ai(s)) = aj(ai(t)) - aj(ai(s)) = e - e = 20

so we get a;(t)a;(s) = a;(t+s) by uniqueness. Thus, the map R — A defined
by ¢t — a;(t) is in fact a continuous group homomorphism. The statement
follows directly from Lemma [7.2] [ |

From this follows a;(0) = 14. It remains to show that a;(t) commutes with
every k € KN P>.

Recall the isomorphism of Lie groups G — G’, given by g — xzgx~!, that
identifies A = A’. Let a' be the Lie algebra of the Lie group A’. We can view
it as a subspace of T, _ X since by definition A’ lies inside X, = P,(R)NG".
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— 2
Define z; := % € o/. Because tr(z?) = EigZa;

exp(tz;) is a geodesic line in X, with ¢;(0) = 000. Let & 1= ¢j(00) € 0X
be the corresponding point at infinity. We directly see that

= 1, the map ¢;: t —

za;(t)r ™! = exp(tzhir ) = exp(tr(h?)tz;) = c;(tr(hi)t)
holds for every t € R.
Lemma B. The group P fizes the point & at infinity.
Proof of Lemma B. According to Example the stabilizer is
Staber (&) = {9’ € G’ | Jim exp(—tz;)g  exp(tz;) exists}.
Passing from G’ to G = 27 'G'z, we obtain
Stabg (&) = {9 € G| tllglo exp(—tx;)zgr ' exp(tz;) exists}).

Because tr(h?) > 0 and a;(t) = x~texp(t tr(h?)z;)x, the limit displayed in
the set above equals

tlggo za;(—t)ga;(t)z ™! =z <lim ai(—t)gai(t)) L.

t—o00

So, we need to prove the existence of

lim a;(—t)ga;(t)

t—o00

for all g € P®. In fact, we will show that it exists for all g € P;(C). The
algebraic group P; is connected and therefore P;(C) is also connected with
respect to the topology induced by the field C, see Corollary [I1.12] Using
Lemmathe Lie group P;(C) is generated by the image of its Lie algebra p;
under the exponential map. Thus, without loss of generality, we can assume
that there is y € p; with exp(y) = g. Therefore

ai(—t)gai(t) = exp(Adg, s (y))

holds by Lemma because of a;(—t) = exp(—th;) = a;(t)~!. Recall that
the Lie algebra of P; splits as a direct sum

pi=Pod P saot
acpt a€PTNg;

Here g, are the weight spaces, ¢; = {Z]EA mja; € ¢ | m; = 0}, and t is
the Lie algebra of T. By linearity of the adjoint action, we can restrict to
the cases induced by the direct sum decomposition. On t, the adjoint action
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of A is trivial by Lemma ﬂ For a = ZjeA mjaj € ¢ and z € giq, We
have

Ady,(—y(2) = a(ai(=t)* -z = | [ ajlai(=)=™ | -2 = 7™
jeA
as aj(a;(—t)) = e 4. If a is in ¢;, then m; = 0 implies Adg,(—p(2) = =
If, on the other hand, « is not an element of ¢;, then the only case we need
to consider is z € gq, and we get Ad,,(_y(z) = e ™'z — 0 as t — oo by
m; > 0. This means that for every y € p; the limit lim;—, 0 Adg, (g () exists.
Hence we have proven the existence of
lim exp(—txz;)gexp(tx;)

t—o00

for all g € P;(C), so we get that P>° = P;(C)NG is a subset of Stabg(&;). W

Now the statement of the proposition follows directly from the next lemma
by a;(t) = 27 Le;(tr(h2)t)z. O

Lemma 17.13. Let £ € 0Xs be a point at infinity and let ¢: R — X
be the unique geodesic line with ¢(0) = 0 and c(co) = £. For every k €
(K N Stabg(€)) and every t € R, the elements x~'c(t)x and k commute if
we view them as elements of the group G.

Proof. As k stabilizes both o and £, and acts via isometries on the CAT(0)
space X, it must also fix every point on the unique geodesic line through
these two. So we deduce k.c(t) = c¢(t) for all ¢ € R. Passing from K>
to K/ = tK®x~! we obtain (zkz~!).c(t) = c(t). Using the definition of
the action of G’ this implies (vkz~1)c(t)(zkz™!)T = c(t). But (zkz™1)T =
(zkz~1)~! holds by K’ C O(n). This implies (zkz~1)c(t) = c(t)(zkaz™1),
from which the statement is immediate. O

Example 17.14. In the case of G = SL,, and «o; = ¢; — £;41, we have

. n—1 n—1 —1 —1
ai(t):exp<t-d1ag< mat ERE e ’n"”’n>>’

where "% occurs i times and —* occurs (n —i) times on the diagonal. Define

e = ding [ V220, YTV ik
o s \/n-i"”’\/n~i7\/n-(n—i)j'”7 n-(n—i)’
Vit geeurs i times and ——Y2

Vn-i \/n(n—i)

The map ¢;: R — X defined by ¢ — exp(th;) is a geodesic line as tr(h?) =

where

occurs n — ¢ times on the diagonal.
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1. The stabilizer of & := ¢;(c0) is exactly given by

A B w o o

P — { (0 D) e SLn(R)‘ AR, BeR¥D, D ¢ RO-IX( z>} ,

see Example in the case G = SL,(R). So Lemma [17.13| implies that

every k € K N P commutes with ¢;(t) for all ¢ € R. One easily verifies
(1) = ¢ (ViV/n—i

a;(t) = ¢

NG t), from which we deduce that a;(t) and k must commute,

too.

From Proposition |17.12] we get that ¢t — (a;(t).2, xf) is a continuous curve
through the point & = (2, ), which is smooth in the first factor.

Proposition 17.15. There is a constant C > 0 such that, for all i € A and
every & = (Too, Tf) € Qgr NV, s, the derivative %|t:0f(ai(t).xoo,:rf) >C
18 uniformly bounded from below.

Proof. Pick any i € A and choose x = (w00, 25) € Q4 N ¥y 5;. We know
that f reduces to a finite sum

=2 2 ®ulr)Bi(r)

ICA el
uniformly on a neighborhood 2 of x by Lemma [17.5] Thus,
Jlai(t)woo ) = 3 Y @r(v:-(ailt) 2oo, 20)) Br(v-(ai(1)-2oc, 7))
ICANETY

for small values of |t], so by the product rule we get

d
Jplt=0f(ai(t). oo, ) Z%‘t 0®r(7-(ai(t)- oo, xr)) Br(7-2)

+Z‘1’I VT *\t 0B1(7-(ai(t)-xo0, T¢)).

The proof will follow from a sequence of four lemmas, labeled from A to D.
In Lemma B and Lemma C we show that the two sums above are always
> 0. In fact, Lemma C is a little stronger: Here we show that every single
summand of the second sum is non-negative, while Lemma D proves that at
least one summand is greater than or equal to some constant C' > 0 which
is independent of the choice of = € Qir NV, g, Lemma A will apply to the
other three Lemmas.

Lemma A. If a v € ' is also an element of P>, then for some a € A
independent of t and yy := v.xy € Xy, we have

1 (v-(ai(t).-2oo, ) = ti5 + log(aj(a)) + 1 (00c, yy)-
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Proof of Lemma A. Writing v € I' N P as uya,k, € N AK™, we get
ky € P> by N*A C P> C P°. Because of Proposition [17.12} a;(t) and k-
commute. We pick some g = ugagky € N AK® with g.0oc = Zoo. Then

va;i(t)g = uyaykyai(t)ugagky = uya;(t)aykyugagky
remembering that A is abelian. Setting
aykyugagky =: uak € NCAK™

and
uvai(t)uai(t)_l =:u € N*®

(recall that A normalizes N°°), we get
va;i(t)g = uya;(t)uak = ua;(t)ak,
where a € A and k € K* are independent of ¢ € R. From this follows that
V-(ai(t) oo, 2 ) = ((Yai(t)g)-000, 7.2 )

((t)ak).000, v ¢)
a).0s0, Yf)

for yy = ~v.xy. Furthermore, for all j € A we obtain
15 (7-(@i(0) 200, 2)) = 15 ((00ai (£)a).00c, )
= log(|aj(uwea;i(t)a, 1u)|) + pj (00, yr)

(
= log(vj(ai(t))) +log(aj(a)) + (000, yy)
= tdij + log(aj(a)) + pj(0ces ys),

where we applied |oj(ucai(t)a, 1g)| = aj(wai(t)a) = a;j(ai(t)a) in the third
and a;(a;(t)) = "% in the last equation. [ |

As mentioned before, we will use Lemma A to prove the other statements.
So that we can apply it, we use|c) of Theorem [16.18]

Lemma B. For all v €T’ the sum

> %h:o@[(%(ai(t).xoo, xf)) - Br(v.x)
ICA

18 mon-negative.

Proof of Lemma B. Fix a v €T'. We have
d
Sli=o®r( (@b, 7)) =0
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for all I C A, except when 7.(a;(t)%o0, 7f) € ¥y for small values of |t|. This
means, in particular, unless
vz e ¥y,

Without loss of generality, we therefore assume that the latter is true. But
then holds

’y.(Qir N \I/S/“g’i) NV # o,
so v € P> by |c|) of Theorem |16.18| Lemma A then implies that

b (0s(0)000, 1)) = 5 (5 - 01(0) - expli o))

_ )0 if j # 4,
etovi(a) exp(pi(oso, yy)) it j =i,

So using the chain rule we get

@ o (expu (1. (01(1)-, 7))
_ {0 if § £,
¢’ (exp(pj(v.2))) - ci(a) - exp(pi(oos, yy))  if j =i

and

%|t=ow(exp(ui(7-(%(75)-5000’ 1))

o i
Y (exp(p(7.7))) - ai(a) - exp(pi(oso, yy))  if j =i
When we apply the product rule to %h:o@](y.(ai(t).ajoo,xf)) for I C A,
then our above calculations lead to the following:

If i € I, then %|t:0<1>1(7.(ai(t).xoo,:nf)) is a sum in which every summand
is equal to 0 but

¢ (exp(pi(v.2))) - ai(a) - exp(pi(00o, yy))
- JI elexp(ui(va)) - [T vlexplpi(v-2))).
jer~{i} JEANT
If, on the other hand, ¢ ¢ I, then %|t:0@1(7.(ai(t).xoo,xf)) is a sum in
which every summand is equal to 0 but
' (exp(pi(v-2))) - ai(a) - exp(pi(000, Yy))
JTeexplu;(va)) - [ wlexplu(v.2))).

jel JEAN(TU{i})
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We note for later that in the case ¢ € I, we always have

d
ah:o@l(%(ai(t)-%o, ryp)) >0

as ¢, 1, ¢’ and the restriction of a; to A are all non-negative.
Recall now that .z is an element of Wy, but we also have assumed = €
(QiT NV, 5), so from Theorem [16.18 @) we obtain

exp(ii(7.2)) > .

On the interval [s,00[ we have ¢ = —¢’ because of ¢ + 1) = 1, so for any
I C (A~ {i}) the derivative %|,—o®;(y.(a;(t).2o0, Tf)) is equal to

)
ZICEINE

—¢' (exp(pi(y-2))) - aia) - exp(pi(0c0, Yy

Jlelexp(va)) - I wlexp

jel JEAN(TU{i})

)
(
Thus, whenever I is a subset of A with i ¢ I, we have

d d
S imo®r(7.(ai(t) e, 7)) = — 3 hmo®rogey (1-@i(t) 2o, 7). (171)
Now we come back to looking at the whole sum
d
> 5 1t=021(7-(ai(t)-2o0, 4)) Bi (7.2).
ICcA

Setting
E={ICA|i¢l}

we can rewrite it as

Zdt‘t 0®r(v-(ai(t)-woo, x¢)) Br(v.2)
Tee

+Z dt‘t 0P rugiy (7-(ai(t)-2oo, 7)) Brogiy (7-2)-
Ieg

But that implies

2 %’t:()@f(”'(ai(t)-%oy zf))Br(y.x)

ICA
3 o @ay (-0s(t) 30, 20)) - (Brsg () — Brly.)
Ie€
because of Equation ([17.1)). Since i € (I U {i}) is always fulfilled, we have
d
210210y (7-(ai(t)-2oc, 7)) 2 0,
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so we just have to show (Bryg(v.2) — Br(v.z)) > 0forall I € £.

Now, for any subset I C A, the derivative %|t:0<1>1(’y.(ai(t).xoo,a:f)) equals
0, except when ¢’ (exp(ui(v.x))) # 0, so the whole sum becomes 0 unless
exp(u;i(y.xz)) € [S —¢€,S]. Thus we additionally assume

pi(vy.z) > log(S — e).
By Lemma we have
Brogiy — Br = Z Crijhtj
JEA

for some scalars cr;; > 0 and cr;; > 0 and every I € &, so from v.2 € Uy we
deduce

Brogy(v-x) = Br(y.x) =Y enijpg(y-x)

jEA
= C]ii/li('Y'iL') + Z cjij,uj('y.x)
JEAN{i}
> criilog(S —¢) + Z crijlog(s —e€).
JEA{i}

Since Theorem [16.18] holds for all § > Sy, we can additionally assume, by
enlarging it if necessary, that S > 0 fulfills

criilog(S —e) + Z crijlog(s —e) >0,
JEAN{i}

from which we get
By (v-x) — Br(y.z) > 0
for every I € £. Now the sum

> s faslt) e ) - Bz
ICA

is always bigger than or equal to 0. |

This proves that the first sum is non-negative. We now take care of the
second sum.

Lemma C. Forally €T and I C A, we have

By (y.2) %h:OB](fy.(ai(t).xoo,mf)) > 0.
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Proof of Lemma C. Fixing a v € ' again, we see ®;(v.x2) = 0 for all subsets
I of A unless v.¢ € Wy, so as in the proof of Lemma B we will assume that
v.x is an element of Wy . For the same reason we deduce that v € P> by
applying Theorem Therefore we obtain

15 (7-(ai(t)- oo, ) = ti5 + log(aj(a)) + 1 (0s0, yy)

for every j € A by Lemma A. We further know by Corollary that
By = Z]EA arjju; is a non-negative linear combination for all I C A, so we
deduce

Bi(y-(ai(t)- 2o, x5)) = > arjpij(y-(ai(t)-Too, xf))
jEA

= arj(tdij + log(aj(a)) + (00, yr))
JEA
which implies that
d
%’t:OBl('}’(ai(t)wooaxf)) =ar; > 0.
Since @y is always greater than or equal to 0 we obtain

@I(y.x)%]tngI(’y.(ai(t).aroo, xf)) >0

for every subset I of A. |

Hence every single summand in
d
Z Pr(v.2) - %\t:OBI(’Y-(ai(t)-%ov xyf))
17’7

is greater than or equal to 0. Finally, we show that at least one of them with
~ =1 is bounded from below by a constant > 0.

Lemma D. There is a constant C > 0 such that for all v = (v, xf) €
(Qir NV, 5:) there is a subset I of A with

d
P;(z) - %‘t:OB](ai(t).xoo,mf) > (.

Proof of Lemma D. Pick any z € (Qir NV, 5;) and set

r={iealdenien >}
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With this choice we have i € I as exp(pi(z)) > S. Since v = 1 is an element
of P>, we have again

Br((ai(t)@so, m5)) = Y _ ar;(tdi; +log(aj(a)) + 1 (00, y5))
jEA
by Lemma A so that

d
Sl=0Bi((ai(t)-woc, 7)) = ari

for the non-negative linear combination By = ZjeA arjpy. In fact, as i is an
element of I, Corollary means that ay; is strictly positive, which implies

d
%h:oB]((ai(t).xoo,xf)) =ay > 0.

On the other hand, we know that exp(uj(x)) > s holds for all j € A, so we
get Y(exp(p;(x))) =1 — p(exp(p;(2))). By definition

>
<

if j €1,

p(exp(p;(x))) { td1

N[ N[

and we deduce ¢ (exp(pj(z))) > % in the second case. Thus,
®;(z) = [ [ elexp(u(2))) - ] v(expuy)
jel JEANI

15 10 5

Jjel JEANT

so we get
d 1\ 1Al
(I)[(;U) . %h:gB[((ai(t).xo@,:Uf)) > <2> -ap; > 0.
Therefore
1\ Al -
C := min a1i<2> ICAandiel; >0

is the desired constant. |
We have thus proven the proposition. O
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Proposition 17.16. There is a constant D > 0 such that for every xo, €
(Ser-000) C Xoo the norm ||c,(0)|| < D is uniformly bounded from above for
the curve ¢;(t) = a;(t).Too-

Proof. Recall that we defined Xo, = P,(R) NG’ with basepoint 0, = 1,
and that the action of G’ is given by conjugation. The identification G = G’
also identifies the subsets A, = A/ and N° = N/. Thus, we can write an
arbitrary point p = 2o € Scr.000 as

p = (ua).l, = ua’u"

for some u = (uij)ij=1,..n € N/ and a = diag(a1,...,a,) € A}, that is such
that |u;;| < cfor 1 <i < j<nandd(a)>rforall o/ € A'. Further, the
groups A and A’ are identified under G = G’ and we denote by ay(t) € A’
the element to which ay(t) is mapped. Passing from A to A’ we can rewrite
the curve cx(t) = ag(t).p as

ce(t) = ar(t) .p = ar(t) par(t).
For this curve, we have to prove that the norm
140, o) = tr(p~ k()™ "4 (0))

is uniformly bounded (here ¢ (0) denotes the derivative of the curve). Our
plan is to show that the entries of

P~ (0)
are uniformly bounded, from which the assertion follows. First, we compute
the entries of p~'¢/ (0) for an arbitrary regular matrix p € GL,(R), and then

we show that the entries are uniformly bounded when we write p = ua?u’

as above.

If d(t) = diag(dy(t),...,d,(t)) is any curve in A’ through 1,, then ¢(t) :=
d(t).p is a curve through p with entries c(t);; = d;(t)d;(t)p;;. Thus, the
entries of the derivative are ¢/(0);; = (d}(0) + d}(0))pi ;. Applying this to
the curve ci(t) we obtain that the entries are

(0)ij = €rij - iy

for some ¢;; € R.
On the other hand, by Cramer’s rule, the inverse of p has entries

(p_l)i,j: detl(p)' Z SgD(P)HPe,p(e)-

pESym(n) L5
p(4)=1
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Bringing these two things together, we see

n

(P ()i = D0 v - (¢(0))u

v=1

| v

det ( Sgn H De (e *Ek,w,jPv,j

v=1 | peSym(n) £y
p(v)=i
n
=Y ey D, sen(p) det N I reso | -pos-
v=1 pESym(n) [Z3%
p(v)=i

Hence, we only need to show that products of the form

prp *Pvj (172)

det v

are uniformly bounded for all i,j5,v € {1,...,n} and p € Sym(n) with

p(v) = i.
When we compute the entries of p = ua?u’ with u = (u;;);; € N’ and
a = diag(ay,...,a,) € A’ we have

n

bij = (UGQUT)ZQJ‘ = Z(UGQ Zuz kU, kak

k=1

because of (ua?); ; = ui7kai. Using now

n
2
De,p(e) E U, U p( tat and  pyj = E :“v,t“j,tata

we get
n
H Pepe) | "Prvj = H Z U, tUp(e tat Z Uyt Uy, tat
v v t=1
A basic combinatorial argument shows [[;) Y202 @5 = >0 o T[T @i

so we can rewrite the right side above as

n

2 2
Z H Uit Up(0),te Oty |~ Urt, Ujit, At -

t1,etn=1 \L#v
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Now wpy, = 0if £ >ty and u,y, = 0 if v > ¢, so this sum is equal to

n
2
Z H ety Up(e),ty |~ Urty Uity H ag,.
=1

t1,..tn=1,...,n l#v
tp>£ for all £=1,...,n

All of the |u;j| are uniformly bounded by a constant ¢ > 0, and det(p) =
I, ag. So, coming back to the product 1 , we only need to show the
following: Products of the form

n

-1
|
s=1

with n > t; > s for every s = 1,...,n are uniformly bounded for all a =
diag(aq,...,a,) € Al.

Thus, we just need to show that whenever we have a product a; - ai_1 with
j > i, then we can rewrite this as a product of the form [], s o' (a) %
for some k. > 0 since the o’ are all uniformly bounded from below by 7 on

Al We conclude with aja; ! = ?((Z; and the fact that all the ¢; — ¢; are

non-negative linear combinations of the simple roots A’. O

The two previous propositions give us the desired statement about the norm.

Proposition 17.17. There is 7o > 0 such that for every x = (Too, ) €
f~t(ro,o0|) the norm Hfo(foH is uniformly bounded from below.

Proof. In light of Lemma [14.3] it suffices to show that there are ro > 0
and constants C, D > 0 fulfilling the following property: For every z €
f~(Jro, 00]) there is a smooth curve c(t) in Xo through ¢(0) = xo and
with 2o/ (c(t).x7) > C and [¢(0)] ) < D-

Recall some facts:

(i) 0.(Q4, NT,) = X,
(ii) f(y.x) = f(z) for all y € T,
(iii) T" acts on X via Riemannian isometries.

Therefore, the above is reduced to finding rg > 0 and C, D > 0 such that, for
every x € (f\QngI,S)_l(]rg, ool), there is a curve ¢(t) in X with ¢(0) = zoo,

dli=of(c(t),zp) > C and || (0)]| < D.
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Elementary set operations give us

@, nw)~ JOL nt,s,) = ﬂ <(Qd Ny~ (2, N qfs,s,,-))

i€A
ﬂ < (U, \‘I/sSz)>

i€eA
=0 N[ (T\ Ty5,)-
i€eA
Now

U\ Vg, ={zre€ X |pj(x)>sforall je A and p;(x) < S},

SO

V(W Wssi) = (1" ([58
i€A ieA
and this implies that

U= (Qf, nT)~ [ J@Od, nT,s:) | =0F, 0 () 1 ([, S])
i€A i€A
is relatively compact by Lemma as it is a subset of QF N, 15 ([s, S]).
Thus, there is rg > 0 such that f(¥) lies inside | — 0o, r¢], which means that

 C (flagow,) (1 = 00, o).

But in the two previous propositions, we showed that for = € (Qgr NV s5)
the curve ¢;(t) = a;(t).ro fulfills %]tzof(ci(t),xf) > C and ||¢(0)]] < D.
The statement now follows from the fact that

(Flag, o)~ (70,000 = (2, 01 0) N ((Flag,nw,) (1 = 00, 7o)

is a subset of
@, N )\ U= O, nT,g,) O
ieA

To prove the theorem, we are only left with convergence in the weak C*
topology. We need this lemma.

Lemma 17.18. Let M be a complete Riemannian manifold and let Z be a
complete metric space. We assume both to be CAT(0). If a function g: M x
Z — R is given by a linear combination of Busemann functions, then g,, —
g. converges uniformly on the whole manifold M, where g,: M — R is
defined by g.(p) = g(p,z). If we additionally assume that all Busemann
functions on M are smooth, then Vg, = Vg, holds for all z,2' € Z.
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Proof. Every Busemann function 8 on M x Z is of the form

B(p, z) = cos(8)5" (p) + sin(6) 57 (=)

for Busemann functions ™ on M and 3% on Z, see Lemma We write

gas g(p,z) =Y i1 aifi(p,z). If (zn)nen is a sequence in Z converging to
some z, then

‘gzn (]3) - gz(p>| < Z ‘al‘ \&'(p, Z’fl) - 5@’(}77 Z)’
=1
and
|Bi(p7 Zn) - ﬁi(pa Z)‘

= |cos( J@-M (p) + sin(0;) 87 () — (cos(6:) B} (p) + sin(6;) 57 (2))]
=|sin(0:)| - |87 (zn) — BE (2)]

imply that g,, — ¢, uniformly on the whole manifold M.
Assume now that every M is smooth. By Proposition , the gradient is
linear and it vanishes on constant functions. So we see

VBi(_,2) = cos(8;) VM + sin(6;) 87 (2)V1 = cos(8;) VM.

Thus,
V(B,-(_,z/)) - V(BZ(_7Z)) =0

holds for all 2,2’ € Z. Applying linearity of V to the function g, we also
have Vg, = > | a;V3i(_, 2), and therefore

o — Vg, = Z a;Vpi(_,z2")— Z a;VBi(_,2)
i=1

—Zaz vﬁz _Hr vﬁz( ) ))

:O. O

The following is a trivial observation.

Lemma 17.19. For every n € N, let hy, and g, be continuous real-valued
functions defined on a topological space Z such that the sequences (hn)nen
and (gn)nen converge uniformly on compact subsets of Z to functions h,g: Z —
R. Then the following hold:

a) The sequence (hy, - gn)nen converges uniformly on compact subsets of
Z toh-g.
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b) If further ¢: R — R is uniformly continuous, then (¢ o g,) — (¢ o g)
also converges uniformly on compact subsets C C Z.

Proof. For a) it suffices to observe
|hngn - hg’ < |9n| ’ |hn - h| + |h| ’ ’gn _g|

and recall that |g,| and || are uniformly bounded on compact sets. To prove
b), let € > 0. Then there is 6 > 0 such that

[t—t]<d=|o@t)—ot)| <e

holds for all ¢,# € R. Pick any compact subset C of Z. For the above choice
of § we take N € N with |g,(z) — ¢g(2)| < J, which implies that

[(pogn)(z) —(dog)(2)| <e
for all n > N and any z € C. O

In the following proposition we consider the two factors of the product X =
Xoo X Xy separately. To simplify notation, we will denote a point of X, by
p and a point of X by z.

Proposition 17.20. If (z,)nen is a sequence in Xy converging to a point
z, then f*» — f% in the weak C' topology.

Proof. In light of Proposition [14.8] we have to show that f*» — f* converges
uniformly on compact subsets of X, as n — oo, and that in any chart (U, ¢)
of X, the coefficient vector of V f#» converges to that of V f* uniformly on
compact subsets K C U. Recall that f is locally given as a finite sum

F=>> ®i(v._) Bi(y._)

ICA~eT’

by Lemma Since each compact subset is covered by finitely many such
neighborhoods, we can assume without loss of generality that f has the above
form. The maps ¢ o exp and 1) o exp are both uniformly continuous, as they
are smooth and constant outside of a compact interval. Every p; is a linear
combination of Busemann functions, and any map of the form = — 5(vy.z)
is again a Busemann function, as I' acts via isometries on X. Setting

lu’f,'y: Xoo =7 R, p—> MZ(’Y(pv Z))7

neN
converges uniformly on compact subsets to (¢poexp)op; ., for alli € A. The

analogous statement with ¢ holds for the same reason. Defining further

in= ] ((woexp)opi,) - T ((Woexp)ous,),

icl i¢l

we see by Lemmas |17.18| and |17.19| that the sequence ((¢ o exp) o Mf’;)
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we now obtain that <I>7"7 converges to ®7 uniformly on compact subsets of
X for all I € A and v € T'. Since every By is also a linear combination of
Busemann functions, setting

Bi . (p) == Bi(v.(p, 2)),

the sequence (Bf’iy)n e also converges uniformly on compact sets to BT, - As
f7 is locally given by a finite sum of Bi . - ®7 ., we conclude that f*» — f~?
uniformly on compact sets as n — oo.
Let us now have a look at the gradient. Locally, we can write it as the finite
sum

Vi=20 > ((Vei,)- Biy+ @i,y - (VB,))

ICA7ETY

by Proposition . We fix some v € I" and a subset I C A.
We first take a closer look at (VBj . ). Lgmma .17.18 implies that V(B ) =
V(Bfﬁ) for all n € N and from our considerations above, we already know
that <I>§”7 — @fﬁ uniformly on compact sets. Thus, the coefficient vector of
the sequence (CIJT,Y‘(VB;S))%N converges to that of 7 _-(VBj ) uniformly
on compact subsets of any chart in X.
Next,. we consider (V@7 ) - Bf . Again, by Proposition the gradient of
®7 ., is given by

\ (H(s& o exp) o uiy> ' (H(@Z} © exp) o Mfﬁ>

iel il
+ (H(w o exp) o ufﬁ> Y (Hw o exp) o Mfﬁ) :
i€l i¢I

Furthermore, we have

v (H(@ o exp) o ufﬂ) =Y | (V(peexp)opi,)- [ (poexp)oni,

iel iel JjeIN{i}

and

V((poexp)opui,) = ((poexp) opi,) Vi,
once more because of Proposition But the smooth function (p o exp)’ is
uniformly continuous as it has compact support, therefore (((p oexp) o Mf’fy )
converges uniformly on compact sets to ((¢ o exp) o pr,) as n — oo using
Lemma Thus, applying Lemma to p ., we see Vuf; = V5 .,

so that the coeflicient vector of (V((gp o exp) o Mf’fy)) converges to that

neN
of V(((p o exp) o ,ufﬁ) uniformly on all compact subsets in any chart of X.
From the compact convergence

lim ((poexp)opu?) = ((poexp)opui,)

n—oo
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already shown above we get the following uniform convergence of the coeffi-
cient vectors with respect to any chart:

v (H(so o exp) o ufj;) -V (H(so o exp) o ufﬁ>

il el

as n — oo. Exchanging the roles of ¢ and 1 and those of I and A \ I the
analogous statement holds by the same argument.

From all this follows that the coefficient vector of (V@ig)n oy converges to
that of V®7  uniformly on compact subsets in any chart. Thus, from the
compact convergence lim,, o Bf”w = B, by Lemma , we obtain that
the coefficient vector of (V@72 ) - B;" converges to that of (V®7 ) - B,
uniformly on all compact subsets in any chart.

Putting all things together we get that f* — f? in the weak C' topology
as n — 00. O

Thus, we have proven the theorem:

Theorem 17.21. The I'-invariant function f: X — R is a Morse function
without critical values in ]rg,o00[. For every t > rq the sublevel set f=1(] —
00,t]) ~ X is cocompact under the induced action of T

Proof. Continuity on the whole space X and smoothness in the X -factor is
Corollary uniform boundedness of the gradient is Proposition [I7.17 and
convergence in the weak C' topology is the previous proposition. Therefore,
the sublevel sets f~!(] — 0o,t]) are homotopy equivalent to X by Theo-

rem [14.23] Cocompactuness is Corollary [17.11 0
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18 Finiteness properties of the S-arithmetic group

Applying the results from the previous chapter, we deduce the finiteness
properties of the group I'. Our goal is to prove

Theorem 18.1. The group I' is of type F.
Before we come to the proof, recall that
a) X is a CAT(0) space,
b) G x H is locally compact and second-countable,

c¢) the action of G x H on the space X is continuous, proper, and via
isometries.

Thus, using the notation
N, := N,(I'.0) = {x € X | d(.0,x) < r for some v € I'},
we get the following criterion for finiteness properties:

Lemma 18.2. The discrete subgroup I' < (G x H) is of type F), if and only
if the filtration (N, )r>o is essentially (n — 1)-connected.

Proof. This follows directly from Lemma [4.10 O

Let
Xy = fﬁl(] - OO,t])

for every t € R. The next lemma ensures that we can replace the filtration
(Nr)r>0 by (Xt)ier-

Lemma 18.3. The two filtrations (N;),~o and (X;)ier are equivalent. Con-
sequently, T is of type F,, if and only if the filtration (Xy)ier is essentially
(n — 1)-connected.

Proof. Let r > 0 be arbitrary. Since I' acts via isometries on X, we have

N, =T.B,(o) C I'.B,(0)

and by properness, the subset B, (0) of X is compact. But {J,cp £~ (]—00, t)
is an open cover of X, so there must be ¢t € R with B,.(0) C X;. The map f
was constructed to be I'-invariant, so I'.X; is equal to X;. This means that
I".B,(0) lies inside X; and, consequently, NV, is also a subset of Xj.

Let, on the other hand, ¢t € R be given. By cocompactness of the action of I
on X, we know that there is a compact subset K C X; such that I'. K = X;.
But using compactness again, we can find r > 0 such that K lies inside
B, (0), which implies that X; = I".K is a subset of N, =I".B,(0).
Therefore, using Lemma [4.9] we can replace (N;),~0 by (Xt)icr in the above
lemma. O

136



Proof of Theorem[18.1. We show that I is of type F,, for every n € N. By
the preceding lemma, it suffices to prove:

For every t € R, there is s > ¢ such that the group homomorphism m;(X;) —
m;(Xs) induced by inclusion X; < X, is trivial for every 0 < i < n — 1.
Choose s = max{t + 1,79 + 1} for the constant ro > 0 of Theorem [17.21]
Then X, ~ X is contractible and, consequently, all 7;(X;) are trivial. O
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