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Abstract
In this work, we use functional methods, namely the formalism of Dyson-Schwinger
and Bethe-Salpeter equations (DSEs and BSEs) and the n-particle irreducible
effective action formalism, to describe properties of quarks and mesons as bound
states of quarks and antiquarks. We explore how truncations of these equations
relate to the phenomenon of dynamical chiral symmetry breaking in quantum
chromodynamics (QCD). Within the rainbow-ladder truncation, we explore, how
different effective running couplings give rise to interaction potentials and how they
relate to Regge behaviour in the resulting meson spectra. In particular, we explore
spectra of light mesons, kaons, ss-states, charmonia and bottomonia with total
angular momenta up to J ≤ 5 within this truncation.

Furthermore, we use a universal kernel-first truncation to construct a quark
self-energy from a quark-antiquark scattering kernel, such that the axialvector
Ward-Takahashi identity and thus the effects of dynamical chiral symmetry breaking
are conserved. In this truncation we solve the equations of motion for the quark
propagator and quark-photon vertex to investigate, whether the vector Ward-
Takahashi identity is fulfilled. Starting from a three particle irreducible effective
action, we use this method to extract exploratory spectra of light mesons, kaons
and ss-states with total angular momentum up to J ≤ 4 and sketch a way to
expand this framework to heavier quarkonia and heavy-light mesons.
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Kurzzusammenfassung
In dieser Arbeit nutzen wir funktionale Methoden, genauer den Formalismus der
Dyson-Schwinger und Bethe-Salpeter Gleichungen (DSEs und BSEs), sowie den
Formalismus der n-Teilchen irreduziblen effektiven Wirkung, um Eigenschaften
von Quarks und Mesonen als gebundene Zustände von Quarks und Antiquarks
zu beschreiben. Wir untersuchen, wie Trunkierungen dieser Gleichungen mit dem
Phänomen der spontanen chiralen Symmetriebrechung in der Quantenchromody-
namik (QCD) in Verbindung stehen. Innerhalb der Regenbogen-Leiter Trunk-
ierung extrahieren wir aus verschiedenen effektiven laufenden Kopplungen Wechsel-
wirkungspotentiale und untersuchen, wie diese mit Regge Verhalten der entstehen-
den Mesonenspektren zusammenhängen. Insbesondere betrachten wir innerhalb
dieser Trunkierung die Spektren leichter Mesonen, Kaonen, ss Zuständen, sowie
Charmonia und Bottomonia mit Gesamtdrehimpuls bis zu J ≤ 5.

Des weiteren nutzen wir eine kernel-first Trunkierung, um aus einem Quark-
Antiquark Streukern einen Ausdruck für eine Quarkselbstenergie herzuleiten, sodass
die Axialvektor Ward-Takahashi Identität und somit die Effekte der spontanen
chiralen Symmetriebrechung erhalten bleiben. Innerhalb dieser Trunkierung lösen
wir die Bewegungsgleichungen für den Quarkpropagator und den Quark-Photon
Vertex, um zu untersuchen, ob die Vektor Ward-Takahashi Identität erfüllt ist.
Ausgehend von einer dreiteilchenirreduzieblen effektiven Wirkung nutzen wir diese
Methode, um explorative Spektren von leichten Mesonen, Kaonen und ss Zuständen
mit Gesamtdrehimpuls bis zu J ≤ 4 zu erhalten, und skizzieren einen Weg um die
Methode auf schwere Quarkonia und Heavy-Light Mesonen zu erweitern.
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1. Introduction

1.1. The standard model of particle physics

The search for the smallest structures that make up our universe is a question that
dates back at least to the philosophers of Ancient Greece, possibly even longer.
For the longest time, this search was only of philosophical nature. Only in the
early 19th century evidence of the existence of elementary particles in the form of
atoms arose. Throughout the past two centuries, a plethora of new discoveries has
deepened our understanding of the smallest scales known to mankind significantly.

As of today, the best model for elementary particle physics is the so-called
standard model of particle physics, or standard model for short. It describes the
particles, that make up the visible matter in our universe, as fermions, namely quarks
and leptons, which interact by exchange of vector bosons. These bosons mediate
three of nature’s fundamental forces, the strong interaction, weak interaction and
electromagnetism. The standard model fails to explain certain phenomena, the
most important one being the force of gravitation, which motivates many searches,
both theoretical and experimental, for physics beyond the standard model. Still, it
has proven to be a very reliable tool for explaining many aspects of particle physics
both qualitatively and quantitatively.

The mathematical language, in which the forces of the standard model are
formulated, are quantum field theories (QFTs). The interaction between charged
particles by exchange of photons is described by the QFT of quantum electrody-
namics (QED). Since the coupling constant of QED is sufficiently small for all
practical applications, it can be treated perturbatively to great precision.

The part of the standard model, that describes the strong interaction, is the
QFT of quantum chromodynamics (QCD). A prominent feature of QCD is that
the coupling constant becomes large at small momenta (or large distances respec-
tively). This makes it impossible to extract meaningful results in those regimes
via perturbation theory and necessitates the development of non-perturbative
methods.
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1.2. Quarks, gluons and hadrons

1.2. Quarks, gluons and hadrons

In this work, we focus on the strong interaction, more precisely on the theory
of QCD. The fundamental particles of QCD are quarks and gluons. Quarks are
fermionic particles with spin 1

2
, which come in six different flavours (up, down,

strange, charm, bottom, top) with masses ranging from a few MeV1 for the lightest
quarks up to roughly 172.5GeV for the top quark [4]. Similar to QED, which
describes interactions between particles with an electric charge, the fundamental
particles of QCD possess a so-called colour charge, which is described by an
underlying SU(3) gauge symmetry group. The non-Abelian nature of this group
means that gluons, the exchange bosons of QCD, can directly interact with each
other, which is a crucial difference to the photons in QED.

While the fundamental particles in the standard model are quarks and gluons, to
this day no free quark or gluon has ever been observed [4]. Instead, we can only see
bound states of (anti-)quarks as asymptotic particles in experiments. The reason
behind this is twofold; first, the requirement, that asymptotic states are gauge
invariant, forbids particles with a net-colour charge to propagate freely. Second,
the potential energy between two quarks in a colourless state increases linearly
when the quarks are pulled apart up to a point, where quark-antiquark production
happens and again two colourless states are formed. This phenomenon is generally
known as confinement, and we will talk some more about it in Section 2.1.6.

From the properties of the underlying SU(3) gauge symmetry one can derive,
what possible constituents can make up a colourless state. The two easiest and
most well-understood combinations are (anti-)baryons, which are composed of three
(anti-)quarks (qqq/qqq), and mesons which are bound states of a quark and an
antiquark (qq). These are however not the only colourless combinations one can
form. The self-interacting nature of the gluon allows for states, which are purely
made up of two or more valence gluons (gg, ggg, . . . ) and are commonly called
glueballs. Since gluons also carry a colour charge, one can construct colourless
states from two (anti-)quarks and a valence gluon (qqg). Such states are referred
to as hybrid mesons, or hybrids for short. By combining the conventional qq
and qqq/qqq combinations2, one can construct colourless states with more than
three (anti-)quarks in them, the most prominent ones being tetraquarks (qqqq) and
pentaquarks (qqqqq). These states are commonly called “exotic” hadrons and are
topic of ongoing research, both from the theoretical and experimental side.

1Using natural units, i.e. ~ = c = 1. For more information about the conventions used,
Appendix A can be consulted.

2Note, that only the combined state has to be colourless. This means, one can for example
construct a qq state with net colour charge can combine it with another qq state with opposite
colour charge to construct a colourless tetraquark.
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1. Introduction

1.3. Motivation

Light and strange meson spectroscopy
The discovery of the first light meson, the charged pion, dates back all the way
to 1947 [5] and the field has advanced drastically in the past decades. Yet, there
are still open questions even in light mesons and kaons. While many of the well
known mesons, such as the pion and the ρ meson, can be well understood as bound
states of a quark and an antiquark, other states superficially look like mesons but
at closer inspection defy expectations one might have about qq states.

These include the light scalar mesons with a mass of below 1GeV. The level
ordering of the masses of those particles cannot be explained in a qq picture. A
potential solution to this puzzle has been proposed in the 70s and suggests, that the
light scalar mesons are in fact tetraquarks (qqqq states) [6]. Modern day numerical
calculations support this viewpoint [7], meaning there is good reason to believe,
that these states are in fact tetraquarks.

Also, within the light meson spectrum states with quantum numbers that cannot
be explained in a non-relativistic constituent quark model have been discovered.
The most prominent example is the π1(1600) meson with quantum numbers of
JPC = 1−+ [8]. In a non-relativistic view, a qq state can have quantum numbers
of 1−− or 1+±, but no combination of spin and orbital angular momentum can be
combined to form the quantum numbers 1−+. This makes the appearance of the
π1(1600) very puzzling. A commonly suggested solution to this puzzle is that this
state could in fact be a hybrid meson.

When handling such states in theoretical descriptions, quantum effects lead to
mixing between different constituent contents with identical quantum numbers.
This already happens in conventional mesons, such as the π0, which is a super-
position of uu and dd components, and the η and η′ mesons, which additionally
have sizeable ss components. As a consequence, a full theoretical description of
exotic states also needs to incorporate mixing between qq components and other
constituent components, such as tetraquark or glueball components. Even states
with exotic quantum numbers like the π1(1600) may have qq components, since
in a relativistic picture exotic quantum numbers are not forbidden. It is then an
interesting question to ask which of those components dominate a given physical
state. Experimentally, this is often determined via the preferred decay channels of
a state, while some theoretical frameworks can differentiate between contributions
from different constituents and determine the dominant ones. While some work has
been done to theoretically describe mixing between conventional qq components
and exotic components in some frameworks, there are still many open questions,
and it is still topic of ongoing research. In any case, in order to fully understand
exotic states, a thorough understanding of the meson spectrum is a prerequisite.
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1.3. Motivation

Despite being known experimentally for a long time, light meson spectroscopy is a
challenging task for many theoretical approaches to this day. Lattice QCD becomes
increasingly computationally expensive at low pion masses, making calculations at
physical pion masses difficult to achieve. Non-relativistic treatments of QCD, such
as quark models, also struggle with light mesons, since the effective velocities of
light constituent quarks are at relativistic scales. Functional methods also have their
advantages and disadvantages in this regard, which we will cover more extensively
throughout this work.

Heavy meson spectroscopy
Due to the higher mass of charm and bottom quarks, bound states containing
them are typically produced less abundantly in experiments. Thus, less is known
about charmonium (cc) and bottomonium (bb) states than about light mesons and
kaons. For instance, there are a number of states in the bottomonium spectrum,
which have already been measured in the 1980s but still need confirmation on their
quantum numbers [9].

They are however particularly interesting in modern hadron spectroscopy, since
in the past decade a plethora of exotic states, known as X-, Y - and Z-states, have
been discovered. Some of them have since been identified as tetraquark states [4].
The exact nature of their inner structure may vary from state to state and is topic
of ongoing research. As with light and strange mesons, a thorough understanding
and accurate predictions of pure qq states are essential in order to identify states
as potentially exotic.

In some theoretical frameworks such as lattice QCD, non-relativistic QCD and
quark models, heavy mesons are easier to handle and better predictions can be made
using those methods compared to the light quark sector. This makes them a good
playing field for comparison between different theoretical approaches. Additionally,
the approximately non-relativistic nature of bound bottom quarks (and to a lesser
extent charm quarks) makes it possible to extract effective potentials for those
quarks, which can provide insights in the underlying interactions of QCD.

Large angular momenta
Since the abundance of states with angular momentum J in particle collisions
usually decreases drastically as J increases, very little is known about states with
large angular momentum. There are a number of established states with J = 2, but
there are currently only three established states with J = 3 and J = 4 respectively3

across light unflavoured mesons, kaons, charmonium and bottomonium [4]. A few
other states with up to J = 6 have been seen in individual experiments, but they
still need confirmation [10–12]. New experiments like AMBER at CERN or PANDA
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1. Introduction

at FAIR promise to bring new insights into some of those states and states with
large angular momenta in general, which facilitates the need for reliable predictions
in those parts of the meson spectrum.

The search for exotic states also requires as broad of a spectrum of states as pos-
sible, including states with large angular momentum. Especially the experimental
search for glueballs requires a thorough understanding of mesonic spectra. In order
to unambiguously identify a glueball, one needs both reliable predictions for qq and
glueball spectra over a variety of quantum numbers and for their decays, ideally
including the mixing between both. While such predictions of glueball spectra
exist [13–15], they have been obtained in approximations such as quenched QCD.
Better calculations closer to full QCD are a topic of ongoing research.

Besides concrete predictions for experiment, knowing the mass of states with
different values for J makes it possible to study Regge behaviour in those states.
Knowing whether the Regge trajectories of states predicted by calculations in
a certain framework or model are linear can give insights into the underlying
interactions.

Understanding of QCD interactions
Besides reproducing and predicting hadron spectra and decays, the goal of theoret-
ical hadron physics is also to get a deeper understanding of the underlying QCD
interactions, which cause bound states and resonances to form in the first place. A
unique strength of theoretical calculations is, that one can vary physical parame-
ters, such as bare quark masses and coupling constants and see what impact these
changes have on the results. Within some approaches, one can also systematically
turn individual parts of the interactions on and off at will and define models for
interactions and investigate their behaviour.

A thorough understanding of the underlying interactions is particularly impor-
tant for calculations of states with lots of gluonic interactions in them, such as
glueballs and hybrids. In order to fully understand them and get reliable results for
their spectra and decays including mixing with conventional mesons, a thorough
understanding of the gluonic Yang-Mills sector of QCD is necessary. From there,
it is still a challenging task to “unquench” the theory by including interactions
between quarks and gluons and thus couple the Yang-Mills sector of QCD to the
quark sector.

The insights obtained from hadron physics can in turn give insights to other
aspects of QCD. For instance, the phenomenon of confinement in QCD is believed
to be directly correlated to the interaction potential between two static quarks.

3The PDG also lists the ψ3(3842) with JPC = 3−− as established state, but its quantum
numbers still need confirmation [4].
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1.4. Theoretical and experimental status

1.4. Theoretical and experimental status

The central goal of both experimental and theoretical hadron physics is to gain
knowledge about the structure of hadronic matter and the underlying fundamental
interactions. The task of modern experimental hadron physics and particle physics
in general is to plan and conduct experiments at particle accelerator facilities, while
theoretical physics is concerned with developing models and theories to reproduce
experimental findings and make predictions, which can be verified or falsified
by experiments later on. Theoretical predictions are also useful when designing
new experiments, e.g. by suggesting energy scales at which potential undiscovered
hadronic states may lie. This mutual interplay between experimental discoveries
and theoretical descriptions thereof is vital for developing a full understanding of
hadron physics.

1.4.1. Theoretical frameworks

In the following, a few selected theoretical approaches to deal with hadrons as
bound states and resonances are briefly introduced. We will start with more
phenomenologically based quark models and then move on to approaches derived
from QCD. This section is only meant to serve as a short, non-technical overview
of commonly used methods. More detailed summaries of multiple approaches are
given in [16–18]. Additionally, references to relevant articles and reviews about the
mentioned methods are given in their respective section.

Quark models

Quark model calculations treat hadrons as being composed of constituents quarks
with an effective mass to formulate and solve mostly non-relativistic Schrödinger
equations with effective potentials, including spin-spin interactions. This notable
does not include phenomena like dynamical chiral symmetry breaking (DχSB) or
relativistic effects. Instead, some of the emergent effects such as a dynamically
generated quark mass are encoded in model parameters like the constituent quark
mass. Quark models have been around for a long time by now and have been a good
phenomenological tool to reproduce and predict many hadronic states on the basis
of symmetries and group theory. Especially for heavy quarks, where non-relativistic
approximations are justified, i.e. in the bottomonium sector and to a lesser extent
in the charmonium sector, quark models see widespread use even to this day and
can even be applied to calculations of exotic states by extension of the models by
constituent gluons or (anti-)diquarks as effective degrees of freedom [19–22].
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1. Introduction

Lattice QCD

Lattice QCD is one of the most widespread approaches to a non-perturbative treat-
ment of QCD. For reviews on the technique see [23–25], for a more comprehensive
introductory textbook see [26]. The idea behind lattice QCD is to discretize space-
time to a 3+1 dimensional grid with finite lattice spacing and a finite volume. One
then restricts the quarks to exist only on these discrete spacetime points called sites
and the gluons exist on the links between those sites. This discretization naturally
introduces a cutoff in momentum space acting as a regulator for the ultraviolet
divergences of the theory. One can then explicitly simulate the dynamics of the full
theory using on the lattice using Monte-Carlo methods. Once the configuration
is thermalized, it is possible to directly calculate expectation values of operators
in this configuration. Lattice QCD is as of today the only widely used ab-initio
method for non-perturbative calculations within QCD. It also has the distinct
advantage of being able to provide well-defined statistical error estimates.

However, this framework does not come without its unique challenges. The
discretization to a typically hypercubic lattice explicitly breaks Poincaré invariance,
which makes it difficult to extract properties of hadronic states with well-defined
quantum numbers. Additionally, the computational cost of lattice simulations can
be very high, especially if one is interested in the continuum limit, where the lattice
spacing goes to zero and the number of lattice sites goes to infinity. Simulations
with light quarks pose another great challenge, as the computational cost drastically
increases when going to physical pion masses (and thus physical up and down quark
masses). Recent technical developments such as GPU accelerated computations and
constant improvements in numerical methodology have improved our capabilities
to do such computations [27–30]. Nevertheless, its ab-initio nature and the fact,
that no truncations or approximations to the fundamental interactions of QCD are
needed on the lattice, make it an invaluable tool for comparison between theoretical
frameworks and with experiment.

Dyson-Schwinger equations and functional methods

The Dyson-Schwinger framework, or functional methods in general, are a functional
approach to derive equations of motion for the one-particle irreducible Green’s
functions from the effective action of QCD. The Dyson-Schwinger equations (DSEs)
are a set of coupled integral equations for the Green’s functions and in principle
include the full dynamics of QCD in a fixed gauge. In general, these equations form
an infinite tower of equations and thus require the use of suitable truncations to
render the set of equations finite and solvable. When combined with the formalism
of Bethe-Salpeter equations (BSEs), which are derived from full N -point Green’s
functions, DSEs and BSEs form a framework which has proven to be useful for
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1.4. Theoretical and experimental status

extracting information about bound states and resonances [31–33], electromagnetic
properties of hadrons [34–38] and even exotic hadrons [39–43]. The major challenge
of this framework is the fact, that it is difficult to estimate the systematic error
introduced into the calculations by the truncations and models used and exact
solutions to the full tower of equations can only be obtained in certain limits [44].
For reviews on the methodology, cf. [18, 45–50].

Functional renormalization group

The functional renormalization group (FRG) framework is used in quantum field
theories, especially strongly coupled ones, such as QCD. The main idea behind
it is to use the effective action Γ of the theory and introduce a regulator Rk at
an infrared scale k to obtain a scale-dependent effective action Γk. One then
derives a differential equation for the full quark propagator by taking the partial
derivative of Γk with respect to k and successively integrate out momentum shells
from high to low energies. This equation is known as the Wetterich equation and
its diagrammatic form is given by [51]

∂

∂t
Γk =

1

2

=
∂

∂t
Rk

= full k-dependent propagator.

(1.1)

The equations of motion for the propagators and N -point functions of a theory
obtained in the FRG framework are similar to the ones obtained within the Dyson-
Schwinger framework. In principle, both functional frameworks are exact, but
their resummation schemes differ in the presence of approximations. This makes
studying both frameworks interesting with possible synergies between the two, as
comparing the differences in the equations and their results can provide valuable
insights into the nature of the underlying interactions [44, 52–55].

The FRG framework has been used for a variety of applications over the years,
for reviews on the topic, cf. [56–58]. In recent years it has also been applied to
provide insights into the quark-gluon vertex beyond the rainbow-ladder truncation
and first results in hadron spectroscopy have been produced [59–61]. The current
state-of-the-art tools for conducting hadron research within the FRG framework
include dynamic hadronisation and emergent composites [62] as well as directly
resolving the quark four point functions [63, 64]. For more reference of these
methods being applied to hadron physics, cf. [65, 66].
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1. Introduction

Other approaches

Besides the frameworks outlined above, there are a number of other approaches
to hadron spectroscopy. These include effective chiral Lagrangians, Hamiltonian
approaches, or QCD sum rules. For a broader overview and guide for further
reading on those topics, Reference [67] may be consulted.

1.4.2. Experiments
Over the past decades, many large particle physics experiments have been conducted,
which have provided insights into the meson spectrum. Due to practical constraints,
no single experiment will be perfect for all applications. Instead, each experiment
comes with its advantages and disadvantages and specific areas of research they
excel at. This section will briefly go over several big and relevant experiments
for hadron spectroscopy in chronological order of their first runs and a modern
analysis method for experimental data. For further details on the topics, the given
references may be consulted.

Belle / Belle II

Belle and its successor Belle II are experiments at the SuperKEKB accelerator in
Tsukuba, Japan. They study e+e− collisions at energy ranges suitable for bottom
meson and bottomonium studies, especially at the Υ(4s) energy [68]. The Belle
experiment discovered the first tetraquark candidate in 2003 in the χc1(3872) [69]
(initially known as X(3872)). Belle II utilizes the high luminosity available at the
SuperKEKB accelerator to improve upon the statistics of Belle’s dataset and aims
to eliminate statistical uncertainties, which limited some analyses of Belle [70].

COMPASS

The Common Muon Proton Apparatus for Structure and Spectroscopy experiment
(COMPASS) is a fixed target experiment at the M2 beam-line of the Super Proton
Synchrotron (SPS) at CERN. It has been running from the early 2000s until
2022 and has provided insights into many different parts of the meson spectrum.
These include measurements of the π1(1600) state with exotic quantum numbers of
JPC = 1−+ [8, 71, 72], measurements of high angular momentum states, such as the
a4(1970) [8, 71, 73], or investigations on the effects of dynamical chiral symmetry
breaking and the chiral anomaly [74]. More recent data gathered at COMPASS
promises to give insights into even more states with angular momentum of up to
J = 6 [75] as well as the kaon spectrum [76]. For an overview of recent results,
cf. [72], for a broader review of the experiment, cf. [77].
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1.4. Theoretical and experimental status

BES III

The Beijing Spectrometer III (BESIII) is an experiment at the Beijing Electron-
Positron Collider II (BEPC II), which utilizes an e+e− beam to study charmed
hadrons, charmonium and light hadron decays and to search for physics beyond the
standard model [78, 79]. The electron-positron nature of the beam as well as its
high luminosity make it a good tool for investigating highly exited charmonia with
quantum number JPC = 1−−, such as the ψ(4415) and the ψ(4660) [80, 81]. It also
has made contributions to the discovery of mesons with large angular momenta,
such as the K∗

4(2045) [82] or the ρ3(2250) state4 [83]. Furthermore, the research
conducted at BESIII is of particular interest for the search of exotic hadrons, as it
allows investigation of radiative decays of J/ψ mesons into ηc, which further decays
into hh intermediate states in an energy region, where the lightest glueballs are
predicted and even recently discovered more glueball candidate states [84, 85].

LHCb

The Large Hadron Collider beauty (LHCb) experiment is one of the four main
detectors at the Large Hadron Collider (LHC) at CERN. It focuses mainly on the
investigation of hadrons with heavy quarks (charm and bottom) and their decays
via production of bb pairs, hence the name [86]. Within the past two decades it
has contributed greatly to hadron physics through discoveries of tetraquark [87–90]
and pentaquark states [91], determining the quantum numbers of the χc1(3872)
(formerly X(3872)) for the first time [92], and discovering CP-violations in several
mesonic [93, 94] and even baryonic systems [95]. Notably, it also discovered the
ψ3(3842) [96], a cc state for which quark models predict quantum numbers of
JPC = 3−−, which still need confirmation though.

GlueX

GlueX is a particle physics experiment located at the Thomas Jefferson National
Accelerator Facility (JLab) in Newport News, Virgina, USA. It uses electrons with
an energy of 12GeV to generate a linearly polarized photon beam with the coherent
bremsstrahlung technique. This beam is scattered on nucleons to probe the light
meson spectrum as well as properties of baryons and hadronic electromagnetic
structure [97, 98]. Its primary goal is to search for and study exotic mesons, such
as hybrid mesons like the π1(1600) [99]. For a summary on recent results, cf. [100].

4This state is not yet considered an established state by the PDG [4].
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1. Introduction

AMBER

The Apparatus for Meson and Baryon Experimental Research (AMBER) is a
fixed target experiment at the M2 beam-line of the Super Proton Synchrotron
(SPS) at CERN. It is a newly formed collaboration following the COMPASS
collaboration using the same beam-line. It will implement new state-of-the-art read
out technology to allow for faster taking of data. It uses a wide variety of beams,
such as muon, proton, pion and kaon beams of both charges with energies ranging
from 50GeV up to 280GeV to probe several hadronic properties. These include
production cross-sections for antiprotons off Helium targets using proton beams,
the proton charge radius, pion and kaon parton distribution functions. Additionally,
in AMBER Phase-2, the light and strange meson spectrum is planned to be probed
in detail. For strange meson spectroscopy a high intensity Kaon beam will be used
to include strangeness in the initial state of the collisions. The experiment aims at
creating a world leading data set in this field, aiming to improve the sample size
by a factor of 25 compared to existing data sets [101–103].

PANDA

The Antiproton Annihilation in Darmstadt (PANDA) experiment is a detector
under construction at the Facility for Antiproton and Ion Research (FAIR). PANDA
will be unique in that it will use proton-antiproton collisions to study the strong
interaction, granting the opportunity the strong interaction in collisions with zero
net baryon number [104–106]. Thus, it will be particularly important for studies of
exotic states like tetraquarks, hybrids and glueballs, especially glueballs with large
angular momentum. Some of its proposed goals include precision studies of the
χc1(3872) state to see, whether it is a compact state or a hadronic molecule [107]
and investigations of time-like proton electromagnetic formfactors [108].

Amplitude Analysis

Besides the challenge to design and build experiments for hadron physics, the
analysis of the produced data is an essential part of the process. A common
methodology to extract information about bound states and resonances, especially
for hadrons of energies below 2GeV, from experimental data such as their mass
and quantum numbers is called amplitude analysis [109]. Its goal is to reconstruct
the scattering amplitude in the complex plane and find poles, branch cuts and
other analytic structures and extract hadron properties from them [110]. There
are different formalisms to perform an amplitude analysis such as the helicity
formalism [111] and covariant tensor formalisms [112–115], which have their unique
advantages and disadvantages in different applications [116, 117].
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1.5. Outline of this work

1.5. Outline of this work
This work is structured as follows; in Chapter 2 we will introduce QCD as a
quantum field theory and discuss some of its most important aspects, including
spontaneous chiral symmetry breaking in Section 2.3.

In Chapter 3 we will introduce the framework of Dyson-Schwinger equations. We
will discuss how they produce an infinite tower of coupled equations and talk about
truncation schemes in general in Section 3.1.4. Furthermore, we will talk about
the related framework of n-particle irreducible effective actions in Section 3.2 and
discuss the resulting equations of motion in Sections 3.4 through 3.5.

Chapter 4 is dedicated to the study of bound states. Section 4.1 gives a general
overview of QCD bound states, Section 4.2 is about the Bethe-Salpeter equation,
which is used to describe hadrons in the functional methods framework, and
Section 4.3 goes into detail on two truncation schemes, which we will use to
calculate meson spectra.

Results for QCD correlation functions will be presented in Chapter 5, including
the quark propagator, quark-gluon vertex and quark-photon vertex. Results for
meson properties will be presented in Chapter 6. A concluding summary of this
work is given in Chapter 7. Appendices A through E contain complementary
information and lengthy derivations.
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2. Theoretical background

2.1. Aspects of quantum chromodynamics
In the following, we will investigate the Lagrangian and thus the classical action of
quantum chromodynamics (QCD) and discuss some of its most important features
and non-trivial properties. Note, that not all aspects can be discussed in full detail
here. Instead, one may consult existing literature and textbooks about these topics
for further insights into these topics. The symmetries of the QCD Action are an
essential cornerstone of this work, which is why an entire section is dedicated to
them in Section 2.2 and to how they can be broken in Section 2.3.

2.1.1. The QCD Lagrangian
The central object of a quantum field theory is its Lagrangian density or equivalently
its (classical) action, which is obtained by performing a spacetime integral over the
Lagrangian. For QCD, the Lagrangian is the simplest local SU(3) gauge theory
with fermions one can write down. In 4-dimensional Euclidean spacetime it is given
by [118]

LQCD =

Nf∑
i=1

ψi
(
/D +mi

)
ψi +

1

2
tr (F µνF µν) , SQCD =

∫
d4xLQCD,

Dµ = ∂µ + igAµ, F µν = ∂µAν − ∂νAµ + ig [AµAν ]

(2.1)

where ψi and ψi = ψ†
iγ

0 are the quark and antiquark fields with the sum going
over all Nfquark flavours in the theory, Dµ is the covariant derivative and F µν is
the gluon field strength tensor. The gluon fields Aµ are elements of the Lie-algebra
su(3) and can be expanded in terms of Gell-Mann matrices

Aµ = Aµaλa. (2.2)
The latter part of the Lagrangian, which only depends on the gluon fields and

their derivatives, is the Lagrangian of what is commonly referred to as Yang-Mills
theory. By using eq. (2.2) and the structure constants fabc of the Lie-algebra, the
Yang-Mills Lagrangian can be written explicitly as
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2.1. Aspects of quantum chromodynamics

LYM =− 1

2
Aµa(2η

µν − ∂µ∂ν)Aνa

− g

2
fabc(∂

µAνa − ∂νAµa)A
µ
bA

ν
c

+
g2

4
fabefcdeA

µ
aA

ν
bA

µ
cA

ν
d,

(2.3)

where ηµν is the Euclidean spacetime metric, see Appendix A.1 for details. From
this expression one can read off the three main components of the Yang-Mills
Lagrangian, which combined with the quark sector lead to five main components
of QCD:

• The quark kinetic term (∼ ψ(∂ +m)ψ)

• The gluon kinetic term (∼ A(2η − ∂∂)A)

• The quark-gluon interaction (∼ ψAψ)

• The three-gluon interaction (∼ [∂,A]AA)

• The four-gluon interaction (∼ AAAA)

The existence of the latter two is a consequence of the non-Abelian nature of the
underlying gauge theory, and they are a central difference to Abelian gauge theories,
like QED which has the Abelian gauge group U(1). When writing down Feynman
diagrams for QCD, these five components correspond to tree-level expressions
for the quark- and gluon propagators, as well as quark-gluon-, three-gluon- and
four-gluon vertices.

2.1.2. CP-symmetry
The QCD Lagrangian as defined in (2.1) is symmetric under simultaneous charge-
and parity transformations. In principle, one can also add CP-symmetry violating
terms to the QCD Lagrangian, such as a CP violating mass term or a Theta vacuum
term

LCP = −
Nf∑
i=1

ψimie
iθ′γ5ψi,

Lθ = θ

(
g2

16π2

)
εµνρσF

µν
a F ρσ

b trλaλb.

(2.4)

One can redefine the quark fields via a chiral rotation

21



2. Theoretical background

ψ(x)→ eiθ
′γ5/2ψ(x) (2.5)

and a corresponding transformation to the antiquark fields to eliminate the
CP-violating mass term, which in turn modifies the CP violating theta angle to be
θ → θ+θ′. If one also includes the quark masses in the standard model via Yukawa
matrices Yu and Yd, the CP violating angle is θ = θ − arg det (YuYd), a non-zero
value of which would give rise to an electric dipole moment of the neutron [119].
The current experimental status suggests an upper bound on the dipole moment of
the neutron of 1.8 · 10−26 e cm [4, 120], which requires θ . 10−10.

Since θ is the difference of two seemingly independent parameters of the standard
model, and it is so close to zero, this poses a fine-tuning problem. A multitude of
solutions have been proposed for it in the past, including the existence of axions as
new particles [121, 122]. However, this problem is still not fully resolved yet and is
topic of ongoing research [123, 124].

2.1.3. Gauge fixing and Faddeev-Popov Ghosts
The QCD Lagrangian (2.1) is constructed to be invariant under a local SU(3) gauge
transformation, i.e. a simultaneous transformation of the quark- and gluon fields of
the form

ψ(x)→ U(x)ψ(x)

Aµ(x)→ U(x)Aµ(x)U †(x) +
i

g
U(x)∂µU †(x),

(2.6)

where U(x) is an SU(3) matrix, which generally depends on the spacetime
variable x. When calculating the partition function of QCD via the path integral
formalism, i.e.

Z =

∫
DADψDψ e−SQCD[A,ψ,ψ], (2.7)

the path integral for the gluons
∫

DA integrates over all possible values of Aµ,
including gauge equivalent configurations. This also includes configurations, where
the Fourier transform of the kinetic term for the gluons has zero modes(

k2ηµν − kµkν
)
Aµ(k) = 0. (2.8)

This renders the kinetic term non-invertible and thus makes it impossible to
have a well-defined gluon propagator. One example of such a configuration is
Aµ = kµα(k), where α(k) is an arbitrary smooth function of the gluon momentum.
Notably, this configuration is “pure gauge”, i.e. gauge equivalent to Aµ ≡ 0.
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2.1. Aspects of quantum chromodynamics

This problem necessitates a gauge fixing procedure. One can define a gauge
orbit as an equivalence class of field configurations which are related via a gauge
transformation. This means a gauge orbit for gluons looks like

[Aµ(x)] :=
{
Aµ ′(x) : Aµ ′(x) = U(x)Aµ(x)U †(x) + U(x)∂µU †(x)

}
. (2.9)

With this definition at hand, gauge fixing is the procedure of choosing one
representative Aµ(x) per each gauge orbit.1Gauge fixing of non-Abelian quantum
field theories like QCD is a hugely non-trivial problem, which we can only scratch
the surface of. For more thorough treatments of the problem, cf. [50, 125].

The typical procedure to do gauge fixing is the Faddeev-Popov procedure [127].
The idea behind it is to introduce a one into the path integral by using the
relation [128]

1 =

∫
Dα δ (F (Aα))

∣∣∣∣det(δF (Aα)

δα

)∣∣∣∣ , (2.10)

where the rightmost expression is called the Faddeev-Popov determinant. By
inserting this expression into the path integral for the partition function (2.7),
using a clever choice for F (Aα) and rewriting the Faddeev-Popov determinant as a
path integral over two scalar Grassmann fields c and c, one obtains

Z =

∫
D
{
A,ψ, ψ, c, c

}
exp

(
−SQCD −

∫
d4x

[
(∂µA

µ)2

2ξ
+ ca

(
−∂µDab

µ

)
cb

])
,

(2.11)
where the path integral measure is a shorthand for DADψ . . . , and we suppressed

the field dependence of the QCD action. The two new terms appearing in the
argument of the exponential are a gauge fixing term with gauge parameter ξ and
the Faddeev-Popov operator. The two newly introduced fields c and c are called
Faddeev-Popov (anti-)ghosts, or just (anti-)ghosts for short. In Abelian gauge
theories, they decouple from the other fields and thus do not appear in practical
calculations. Due to the non-Abelian nature of QCD, they couple to the gluon
field via a ghost-gluon vertex and thus need to be handled explicitly when working
in a gauge-fixed setting.

By making a choice for the gauge parameter ξ, one can fix the gauge of the
theory. Common choices are the Feynman gauge, where ξ = 1, the Yennie gauge
with ξ = 3 and the Landau gauge, which we will use throughout this work, in
which on performs the limit ξ → 0 after the theory has been quantized, which
entails ∂µAµ = 0.

1In more mathematical terms, gauge fixing means choosing a section of a fibre bundle [126].
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The Gribov problem

When using the Faddeev-Popov procedure to go to Landau gauge, one has to make
two assumptions:

• The Faddeev-Popov determinant is positive definite, i.e. det (−∂µDµ) > 0.

• There exists only one solution to the equation ∂µAµ = 0.

It turns out, that the second condition is not true. The multiple solutions to
∂µAµ = 0 are referred to as Gribov copies. One can restrict the path integral
measure to the first Gribov region i.e. the subset of all field configurations Aµ, such
that ∂µAµ = 0 holds and det (−∂µDµ) ≥ 0, which is intersected by each gauge
orbit at least once and contains Aµ = 0. However, it turns out that even within
the first Gribov region there are still Gribov copies.

To mitigate this problem, one needs to restrict the path integral to the Fun-
damental Modular Region, which is a subset of the Gribov region that contains
exactly one intersection with each gauge orbit, contains Aµ ≡ 0 and has a common
boundary with the Gribov region. This endeavour is very difficult to implement in
practice. There are some approaches, which try to solve this problem, such as the
Gribov-Zwanziger framework [129, 130] or the Kugo-Ojima scenario [131], but it
still poses an open problem.

However, lattice studies of gluon and ghost propagators indicate, that the
impact of Gribov copies are negligible in energy regions relevant for hadron spec-
troscopy [132, 133]. Thus, they are usually ignored in practical calculations. Like-
wise, we will also ignore their appearance and work in Landau gauge throughout
this work.

2.1.4. Renormalization

As is common in quantum field theories, loop diagrams in QCD introduce divergent
integrals which have to be dealt with via regularization and renormalization. Here
we will only take a brief look at the most important aspects of renormalization
of QCD. More exhaustive treatments of renormalization can be found in most
textbooks on quantum field theory, cf. [134].

When writing down the QCD Lagrangian in eq. (2.1), we have stated it in
terms of bare fields, masses and couplings. They are related to their renormalized
counterparts through multiplicative renormalization constants, i.e.
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2.1. Aspects of quantum chromodynamics

ψ(Λ2) = Z
1/2
2 (µ2,Λ2)ψR(µ

2),

Aµ(Λ2) = Z
1/2
3 (µ2,Λ2)AµR(µ

2),

m(Λ2) = Zm(µ
2,Λ2)mR(µ

2),

g(Λ2) = Zg(µ
2,Λ2) gR(µ

2).

(2.12)

The renormalized quantities no longer depend on the regularization cutoff Λ, but
on the renormalization scale µ, while the cutoff dependence has been absorbed into
the renormalization constants. One can also introduce renormalization constants on
the level of propagators and vertices. The quark propagator S(p), ghost propagator
G(p), gluon propagator D(p), quark-gluon vertex Γµqg, ghost-gluon vertex Γµghg,
three-gluon vertex Γµνρ and four-gluon vertex Γµνρσ are renormalized via [135]

S(p,Λ2) = Z2(µ
2,Λ2)SR(p, µ

2),

G(p,Λ2) = Z̃3(µ
2,Λ2)GR(p, µ

2),

Dµν(p,Λ2) = Z3(µ
2,Λ2)Dµν

R (p, µ2),

Γµqg(pi,Λ
2) = Z−1

1f (µ
2,Λ2) Γµqg,R(pi, µ

2),

Γµghg(pi,Λ
2) = Z̃−1

1 (µ2,Λ2) Γµghg,R(pi, µ
2),

Γµνρ3g (pi,Λ
2) = Z−1

1 (µ2,Λ2) Γµνρ3g,R(pi, µ
2),

Γµνρσ4g (pi,Λ
2) = Z−1

4 (µ2,Λ2) Γµνρσ4g,R (pi, µ
2).

(2.13)

Throughout the rest of this work, we will always work with the renormalized quan-
tities and thus supress the “R” subscript as well as the cutoff and renormalization
point dependencies.

Note, that the renormalization constants introduced in eqs. (2.12) and (2.13)
are not all independent, but instead are related to each other via Slavnov-Taylor
identities (STIs) [136]

Z1 = ZgZ
3/2
3 , Z̃1 = ZgZ̃3Z

1/2
3 , Z1f = ZgZ

1/2
3 Z2, Z4 = Z2

gZ
2
3 . (2.14)

While in principle the renormalization constants are divergent in the limit Λ→∞
and the STIs are exact relations, in numerical calculations the renormalization
constants are finite. The STIs also need not be exact in numerical calculations and
can serve as a way to gauge the quality of the numerical methods used [137, 138].

2.1.5. Running Coupling and asymptotic freedom
As with any quantum field theory, one can employ the renormalization group
formalism and evaluate the Feynman diagrams of the theory to obtain an expression
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2. Theoretical background

Figure 2.1.: Summary of αs determinations from the year 2021 compared to the
QCD prediction of the running coupling. The figure is taken from [139].

for the coupling strength as a function of the renormalization point. This behaviour
is encoded in the renormalization group equation [118]

µ
∂g

∂µ
= β(g), (2.15)

where g is the coupling and β(g) is the beta function of the theory. It is customary
to rephrase the beta function in terms of the squared coupling αs = g2/4π. To
one-loop order, the beta function of QCD is given by

β(αs) = −
(
11− 2

3
Nf

)
α2
s

2π
. (2.16)

Thus, αs obeys the differential equation

µ
∂αs
∂µ

= −
(
11− 2

3
Nf

)
α2
s

2π
, (2.17)
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2.1. Aspects of quantum chromodynamics

which in turn has the solution

αs(µ
2) =

4π

β0 ln
(
µ2/Λ2

QCD
) (2.18)

with β0 =
(
11− 2

3
Nf

)
and the parameter ΛQCD ≈ 230MeV being a characteristic

scale of the theory. From the sign of the beta function one can read off, that for
Nf ≤ 16 the coupling constant must get weaker at high energies and stronger at
low energies, which is a concept known as asymptotic freedom. This implies, that
at low energies, in particular energies below ΛQCD, perturbation theory is no longer
a useful tool for extracting meaningful results from QCD, which necessitates the
use of non-perturbative methods.

This behaviour can even be investigated experimentally [139, 140], the results of
which match up very well with theoretical predictions, as can be seen in Fig. 2.1.

2.1.6. Confinement
One phenomenon of QCD, respectively quark and hadron physics in general, is the
concept of confinement. While most people working in the field have somewhat
of an understanding of what confinement is, it can be hard to define it rigorously
and there are many open questions surrounding the topic [141]. Confinement is a
notoriously difficult problem and a lot of research about it has been conducted in
the past so we can only scratch the surface of it here. For a general overview of
the topic, references [23, 142] can be consulted.

Over the years, several attempts at defining confinement have been made. One
of the first properties historically labelled as confinement is the fact, that no free
quarks and gluons can be observed in experiment. More generally, only colourless
states can be seen as asymptotic states in experiment. While this conception of
“colour confinement” may be an intuitive way to define confinement, it is less a
consequence of confinement than it is of gauge invariance. Quarks and gluons, as
well as all other states with net colour charge, are not gauge-invariant objects and
thus are not physical in the sense that they cannot appear as asymptotic particles.
In a similar vein, electrons cannot appear as “bare” particles, as a single electron
is not a gauge invariant state, but it has to be surrounded by a photon cloud.
Moreover, the asymptotic states of a gauge-Higgs theory, where the forces are all
Yukawa-like and the dynamics similar to the weak interaction are also colour singlet
states, meaning such theories are also confining by that definition [142].

Other attempts at defining confinement include the Kugo-Ojima confinement
criterion, which is derived from the notion, that the expectation value of a colour
charge operator in any physical state has to vanish. As a consequence, the propa-
gator of the Faddeev-Popov ghosts is more singular than a simple pole at p2 = 0,

27



2. Theoretical background

while the gluon propagator is less singular [143]. There have been a number of
works investigating whether the Kugo-Ojima scenario is a necessary and sufficient
condition for confinement or whether it needs refinements in its description. For
details see [144–146] and references therein.

Another property commonly associated with confinement is the emergence of
a linearly rising potential between two static quarks. This is closely related to
the Wilson loop of the theory falling of with an area-law behaviour rather than a
circumference-law [23]. Motivated by the picture of the colourelectric field between
two quarks, generated by gluons, being shaped into a fluxtube, one expects the
static quark potential to be linearly rising at large distances while being Coloumb-
like at small distances due to asymptotic freedom. This ideal potential is known as
Cornell potential [147]

V (~r ) = −4

3

αs
r

+ σ(r) r + V0, (2.19)

with strong coupling constant parameter αs and string tension σ. Such a potential
implies, that the energy needed to separate two quarks is unbounded. In QCD,
where quarks are dynamic and have finite mass, this means that eventually a new
quark-antiquark pair can be created from the vacuum, causing the quarks to form
bound states yet again. This effect is known as string breaking, and it has the
consequence that a potential obtained from full QCD will not be linearly rising
indefinitely, but become constant above a certain string breaking scale [148]. This
in turn means, that by this definition QCD is not strictly a confining theory but
Yang-Mills theory is.

Some consequences of the linearly rising static quark potential can be seen in
the spectrum of hadrons [149]. In particular, we will later see, that linearly rising
potentials give rise to Regge trajectories, which are a certain relation between meson
mass and angular momentum. We will discuss them in more detail in Section 4.1.3.

It is also worth noting, that Yang-Mills theories and QCD are not the only
theories which exhibit some form of confinement. Other confining theories in-
clude the Schwinger model [23] and quantum electrodynamics in 2+1 dimensions
(QED2+1) [46, 47, 150]. Confinement is not only interesting to be studied for its
own sake, but there are also hints, that it may be related to other aspects of
QCD, such as gauge fixing and the Gribov problem [151] as well as dynamical
chiral symmetry breaking [152]. The latter is of utmost importance for hadron
spectroscopy, especially for the light meson spectrum, which is why we will talk
about it in more detail in Section 2.3.
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Deconfinement

On a final note about confinement, it is believed that confinement only emerges in
some parts of the QCD phase diagram. At high temperatures and high baryochem-
ical potential, models and lattice QCD suggest that there may be a transition from
a confined to a deconfined phase, in which a quark-gluon plasma dominates the
dynamics instead of hadronic matter [153]. It is also commonly believed, that this
transition is related to the transition between a phase with DχSB and a phase in
which chiral symmetry is restored [154, 155]. Whether these transitions coincide
and in which way they are related is still topic of ongoing research.

2.2. Continuous symmetries of QCD
Other than the local SU(3) gauge symmetry, the QCD Lagrangian has a number of
other continuous and discrete symmetries related to the (anti-)quark fields. In this
section, we will talk about the most important continuous ones and discuss their
implications on hadron phenomenology and meson spectroscopy in particular.

2.2.1. Vector U(1) symmetry
First of all, the QCD Lagrangian is invariant under a global U(1)V transformation
of the quark fields

ψi(x)→ eiθψi(x), (2.20)

where θ is a real parameter. One can use Noether’s theorem to find that the
corresponding conserved current and charge are

jµU(1)V
(x) =

Nf∑
i=1

ψi(x)γ
µψi(x), Q̂U(1)V =

Nf∑
i=1

∫
d3xψ†

i (x)ψi(x), (2.21)

which implies Baryon number conservation. This symmetry is the most robust of
the ones we will talk about, as it is unbroken even in the full quantum field theory
and independent of the quark masses. It is even conserved in the full standard
model and while there is ongoing research to find violations in Baryon number
conservation as signs of physics beyond the standard model, e.g. by the means of
proton decay [156, 157], no significant evidence of Baryon number violation has
been found yet [4].
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2.2.2. Axial U(1) symmetry
Consider the transformation

ψi(x)→ eiθγ5ψi(x). (2.22)
It differs from (2.20) by the insertion of an additional γ5 matrix in the argument

of the exponential function. It is not a symmetry of the full QCD Lagrangian,
as the mass term explicitly breaks it, but it is a symmetry of the Lagrangian for
massless quarks, i.e. when mi = 0. One can again consult Noether’s theorem to
construct a corresponding current and charge

jµU(1)A
(x) =

Nf∑
i=1

ψi(x)γ
µγ5ψi(x), Q̂U(1)A =

Nf∑
i=1

∫
d3xψ†

i (x)γ5ψi(x). (2.23)

Noether’s theorem leads us to expect this current to be conserved, i.e. ∂µ jµU(1)A
= 0.

However, if one calculates the divergence of this current in the full quantum field
theory, one obtains [158]

∂µ j
µ
U(1)A

(x) = 2imψγ5ψ +

(
g2

16π2

)
εµνρσF

µν
a F ρσ

b tr (λaλb) . (2.24)

Here, we also included the mass-dependent term from the explicitly broken
symmetry. The second term is independent of the mass and also present in the
massless theory. One can think of it as a remnant of the theory’s quantization. This
is because ultraviolet divergences in loop diagrams demand the introduction of a
UV-regulator, such as a Pauli-Villars regulator, which breaks the U(1)A symmetry.
The symmetry is not restored, even if the theory is properly renormalized and the
regulator is removed. This phenomenon is known as anomalous symmetry breaking
and is independent of the choice of regulator. This also cannot be circumvented by
utilizing dimensional regularization, since the γ5 matrix (or its equivalent in higher
dimensions) is only well-defined, if the spacetime dimension is an even integer.

This phenomenon is known as chiral anomaly and is not just of purely theoretical
interest, but has measurable consequences on the meson spectrum. A SU(3)
symmetric quark model with up, down and strange quarks predicts the states [159]

η1 =
1√
3

(
uu+ dd+ ss

)
, η8 =

1√
6

(
uu+ dd− 2ss

)
. (2.25)

The electroweak interaction causes them to mix into the physical states known
as η and η′ with a mixing angle of θP ≈ −17° [4, 160], with the η being close to
the η8 and the η′ being close to the η1. Since their quark content is very similar,
the quark model predicts them to have almost the same mass. Experiments have
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2.2. Continuous symmetries of QCD

shown though, that the mass gap is indeed sizeable, with the η′ being roughly 75%
more massive [4]. By now, more sophisticated theoretical analysis has shown, that
the η − η′ gap is indeed a consequence of the chiral U(1)A anomaly [161–167].

2.2.3. Vector SU(Nf) symmetry
For many practical applications, the difference between the masses of up and down
quarks is so small, that it is often a justified approximation to assume that they
are equal. Under this assumption, the QCD Lagrangian has another continuous
symmetry. To phrase it more generally, if there are Nf flavours with equal masses,
the Lagrangian is symmetric under the transformation

ψ(x)→ UV ψ(x) (2.26)
with UV = exp

(
iθa

τa
2

)
being a vector SU(Nf) matrix, τa being the generators

of the su(Nf ) Lie algebra and θa the corresponding parameters. The conserved
current and charge of this symmetry are

jµSU(Nf )V , a
(x) = ψ(x)γµ

τa
2
ψ(x), Q̂SU(Nf )V , a =

∫
d3xψ†(x)

τa
2
ψ(x). (2.27)

In the most prominent case, where one assumes that the masses of up and down
quarks are the same and thus Nf = 2, the generators τa/2 are the Pauli matrices
and the symmetry is called isospin symmetry. In the case of Nf = 3 equal quark
masses, the generators are the Gell-Mann matrices. Due to the same underlying
symmetry group, isospin shares many properties with “regular” spin. Up and down
quarks can be said to have total isospin of I = 1/2 and a third component of the
isospin of I3 = ±1/2 with the plus sign corresponding to up and the minus sign to
down quarks. Isospins can also be added analogously to angular momenta, which
makes it possible to define an isospin for hadrons as well.

Unequal masses in the QCD Lagrangian explicitly break this symmetry, leading
to a non-zero divergence of the current defined in (2.27)

∂µ j
µ
SU(Nf )V , a

= iψ
[
m,

τa
2

]
−
ψ (2.28)

where m is the quark mass matrix. For diagonal generator matrices τa, i.e. σ3 in
the case of Nf = 2 or λ3 and λ8 in the case of Nf = 3, the commutator with the
diagonal mass matrix still vanishes, indicating that baryon number, third isospin
component and hypercharge are still good quantum numbers even for explicitly
broken isospin symmetry [45].

This again has consequences for hadron spectroscopy. For instance, qq states,
where q ∈ {u, d}, can combine either to a total isospin of 0 or 1. Isoscalar states,
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i.e. states with total isospin 0, can mix with ss states, which is the case for the η
meson among others, while states with total isospin 1 are prohibited to mix with
ss states due to the difference in quantum numbers.

An instance where isospin has an impact on baryon physics is the difference in
mass and lifetime between the isospin-1 Σ0 state and the isospin-0 Λ0 state, which
otherwise have the same quark content and quantum numbers [4, 168]. Another
case, which highlights the importance of isospin symmetry, is the decay of the
ρ(770) and ω(782) mesons. While both mesons consist of up and down quarks
and have the same quantum numbers of angular momentum, parity and charge
conjugation (JPC = 1−−), they differ in their isospin quantum numbers, with the
ρ having IG = 1+ and the ω having IG = 0−. This allows the ρ meson to decay
into two π mesons (pions), while the ω meson decays predominantly into a final
state of three pions [4].

2.2.4. Axial SU(Nf) symmetry
Lastly, we will talk about the symmetry, which is most important to the methods
used in this work and also has a big impact on the light meson spectrum. If
we assume the up and down quarks, or more generally speaking Nf flavours, to
not only have the same mass, but also assume that mass to be zero, the QCD
Lagrangian is symmetric under the transformation

ψ(x)→ UAψ(x) (2.29)

with UA = exp
(
iγ5θa

τa
2

)
being an axial SU(Nf ) matrix and τa and θa again being

the su(Nf ) generators and corresponding parameters. The conserved current and
charge of this symmetry are

jµSU(Nf )A, a
(x) = ψ(x)γµγ5

τa
2
ψ(x), Q̂SU(Nf )A, a =

∫
d3xψ†(x)γ5

τa
2
ψ(x). (2.30)

This symmetry is often referred to as chiral symmetry. To see why, let us define
the projectors

P± =
1

2
(1± γ5) . (2.31)

They form a complete set of projectors, as they obey the relations P 2
± = P±

and P+ + P− = 1. When acting on the quark fields, they project onto parts with
positive or negative chirality respectively2 [128]

2We omit the flavour index in the following equations for better readability.
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P+ψ(x) = ψR(x), P−ψ(x) = ψL(x). (2.32)

With this decomposition of the quark fields, one can rephrase the vector and
axial SU(Nf ) symmetries as independent symmetries of the left- and right-handed
quark fields

ψL(x)→ ei
τa
2
θL,aψL(x), ψR(x)→ ei

τa
2
θR,aψR(x). (2.33)

These have the conserved currents

jµL/R,a(x) = ψL/R(x) γ
µ τa
2
ψL/R(x), (2.34)

which are related to the vector and axial currents via the relation

jµSU(Nf )V , a
= jµR,a + jµL,a

jµSU(Nf )A, a
= jµR,a − j

µ
L,a.

(2.35)

While chiral symmetry is a fine symmetry of the (massless) QCD Lagrangian and
free of anomalies [161], it is spontaneously broken by the QCD vacuum. Since this
has important implications on both the phenomenology of light meson spectroscopy
and the theoretical tools we use within this work, an entire section is dedicated to
this phenomenon.

2.3. Spontaneous chiral symmetry breaking
In this section, we discuss the concept of spontaneous (aka. dynamical) chiral
symmetry breaking (DχSB) in the context of QCD and its most important conse-
quences for the spectrum of light mesons. For a treatment of DχSB in the context
of QED2+1 see [169], and for a thorough treatment of DχSB in a general context,
Ref. [170] may be consulted.

In Section 2.2.4 we have seen, that the QCD Lagrangian is invariant under
an axial SU(Nf) transformation, where Nf is the number of massless quarks in
the theory. This symmetry has an associated conserved current QSU(Nf )A, a as
defined in (2.30), meaning that if one were to repackage the QCD Lagrangian into
a Hamiltonian Ĥ, these two operators would commute[

Ĥ, Q̂SU(Nf )A, a

]
−
= 0. (2.36)

However, it turns out, that the expectation value of this charge is non-zero in
the QCD vacuum, i.e.
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2. Theoretical background

Ĥ |0〉 = E0 |0〉 , Q̂SU(Nf )A, a |0〉 = |Ω〉a 6= 0. (2.37)

In other words, while the Lagrangian3 of the theory is invariant under an axial
transformation, the ground state of the theory is not. This is what is known as
spontaneous chiral symmetry breaking.

Classical analogon: Ferromagnet

An often cited example for spontaneous symmetry breaking in a different context
is a ferromagnetic system in three dimensions. While the Hamiltonian of such a
system is usually invariant under SO(3) transformations, the ground state of the
system, i.e. the system at zero temperature, lies below the critical temperature Tc.
As a consequence, the system will have a non-zero magnetization ~M along some
axis. Therefore, the SO(3) symmetry of the Hamiltonian is broken and the system
is only invariant under SO(2) transformations around the axis of magnetization.
Notably, the magnetization has a non-zero expectation value in the vacuum, just
like the axial charge in QCD, i.e.

〈0| ~M |0〉 6= 0. (2.38)

2.3.1. Goldstone’s theorem
A very important consequence of DχSB is Goldstone’s theorem. It states that for
every spontaneously broken continuous symmetry of a theory, massless bosons will
emerge in the spectrum of that theory [171]. To see how this happens, consider the
energy of the quantum state obtained by acting onto the vacuum with the charge
operator

Ĥ |Ω〉a = ĤQ̂SU(Nf )A, a |0〉 = EΩa |Ω〉a . (2.39)

Due to the commutator (2.36) of the Hamiltonian and the conserved charge
vanishing, the above expression is equal to

Ĥ |Ω〉a = Q̂SU(N)A, aĤ |0〉 = Q̂SU(N)A, aE0 |0〉 = E0 |Ω〉a . (2.40)

By comparing equations (2.39) and (2.40) one finds EΩa = E0. In other words,
acting upon the vacuum with the conserved charge modifies the state, but this state
has the same energy as the vacuum, i.e. the state of lowest energy. This degeneracy
of the vacuum state implies, that the theory must contain massless particles, as
the existence of a mass gap would imply that every eigenstate of the Hamiltonian

3Or equivalently the Hamiltonian or the classical action
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2.3. Spontaneous chiral symmetry breaking

besides the vacuum would have a higher energy. In the case of the spontaneously
broken axial SU(Nf) symmetry of QCD, the conserved charge operator has the
quantum numbers JP = 0−, indicating that the massless Goldstone particles of that
symmetry are pseudoscalar bosons. In particular, in the case of Nf = 2 massless
quarks (up and down quarks), one would expect N2

f − 1 = 3 massless pseudoscalar
bosons, in the case of Nf = 3 (including massless strange quarks), one expects
N2
f − 1 = 8 of them. In other words, in the Nf = 2 chiral limit the pions should

become massless while in the Nf = 3 chiral limit additionally the kaons and η8
meson should be massless.4

In fact, this is an important cross-check for theoretical calculations of meson
spectra. By setting the current quark masses to zero and computing the masses
of pions, kaons and η8 meson, one can check whether a framework implements
DχSB properly. Thus, if these particles stay massive in the chiral limit, it is a clear
indication, that the calculations do not respect DχSB.

2.3.2. The chiral quark condensate
As a consequence of the action of the conserved SU(Nf )A charge on the QCD
vacuum being non-zero in a theory of massless quarks and the ground state being
degenerate, the energy required to create a new quark-antiquark pair is zero.
Because of this, we expect the QCD vacuum to contain a condensate of quark-
antiquark pairs. These pairs have zero net momentum and angular momentum,
so they must have a non-zero net chiral charge, pairing left-handed quarks and
right-handed antiquarks and vice versa. This condensate is characterized by a finite
vacuum expectation value of the operator [128]〈

ψψ
〉
:=
〈
0
∣∣ψψ ∣∣0〉 = 〈0∣∣ψLψR + ψRψL

∣∣0〉 6= 0. (2.41)
This expectation value is known as the chiral quark condensate. A non-zero

quark condensate is a clear indicator of a spontaneously broken chiral symmetry.
In a Green’s function description, it can be calculated as an integral over the trace
of the chiral quark propagator [45]

〈
ψψ
〉
= −Z2ZmNc

∫
d̄4q tr (S(q)) = −4Z2ZmNc

∫
d̄4q

Zf (q
2)M(q2)

q2 +M2(q2)
. (2.42)

In the last step, we expressed the quark propagator in terms of its effective mass
function M(p2) and wave function Zf (p2), for details see Appendix A.5. From this
relation one can read off, that a non-zero chiral quark condensate requires the
effective mass function to not be equal to zero, i.e. M 6≡ 0. This means, that DχSB

4The η1 meson would still carry a topological mass from the U(1)A anomaly.
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necessarily leads to the quark having a finite effective mass, even in the chiral limit,
where the current quark mass is zero. We will further investigate this behaviour
later in Chapter 5, when calculating the quark propagator numerically.

2.3.3. Gell-Mann-Oakes-Renner relation
In the real world, the masses of the lightest quarks are not exactly zero, but are
on the order of a few MeV [4]. The existence of this quark mass explicitly breaks
chiral symmetry, since a mass term in the QCD Lagrangian is not invariant under
the transformation (2.29). Since chiral symmetry is broken dynamically due to
interactions between quarks and gluons, if the masses are relatively small compared
to the characteristic scale of those interactions ΛQCD, some effects of DχSB are
still noticeable. In particular, the masses of up and down quarks and, to a lesser
extent, the strange quark mass are small compared to ΛQCD. This means, that
they should have an effective mass function, that is enhanced from their current
quark masses. Additionally, in the presence of a small current quark mass mc, the
mass of the lightest pseudoscalar mesons, i.e. the pions in the case of up and down
quarks, follows the Gell-Mann-Oakes-Renner (GMOR) relation [172]

f 2
πm

2
π = −2mc

〈
ψψ
〉
/Nf +O(m2

c). (2.43)

In practical calculations, one can vary the value of mc and observe how the
calculated pion mass responds to see, if the GMOR relation is fulfilled. We will do
so explicitly in Section 6.2.

2.3.4. Partially conserved axial current relation
If we take another look at the divergence of the conserved current (2.30) of the
axial SU(Nf ) symmetry of QCD, we see that in the presence of non-zero but equal
quark masses mc it equates to

∂µj
µ
SU(Nf )A, a

(x) = mcψγ5τaψ(x). (2.44)

To get to this equation, we made use of the Dirac equation of the fermion
field (/∂ +m)ψ = 0. The right-hand side of this equation is proportional to the
pseudoscalar density, while the current on the left-hand side is the axialvector
density. One can thus also express this relation in shorthand notation as

∂µ j
µ
5,a = 2mc j5,a, (2.45)

where the index 5 denotes the γ5 matrices appearing in both currents. This
relation is known as the Partially-Conserved-Axial-Current (PCAC) relation. In
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2.3. Spontaneous chiral symmetry breaking

a full quantum field theory, the conservation of the vector current (2.21) and the
PCAC relation are realized through Ward-Takahashi identities [173, 174]. In the
context of functional methods, they lead to consistency relations between the quark
self-energy and the quark-antiquark scattering kernel. Any practical calculation of
light meson properties has to fulfill these identities in order to correctly produce
the pion’s properties. Due to this importance, we will take a more detailed look at
those identities when discussing truncation schemes in sections 4.3.1 and 4.3.2.
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3. Dyson-Schwinger equations and
functional methods

In this chapter we will take a look at two different methods of deriving equations
of motion for Green’s functions of QCD.1 The former is the formalism of Dyson-
Schwinger equations (DSEs), the latter is the formalism of n-particle irreducible
effective actions. The resulting equations of motion obtained from both methods
tend to have subtle differences between them. The solution techniques however are
mostly the same, thus we will call the equations derived by the latter formalism
DSEs as well.

In Section 3.1 we will cover the Dyson-Schwinger formalism and in Section 3.2
we go over the formalism of n-particle irreducible effective actions. In sections 3.3
through 3.5, we go into more detail on the specific equations derived with the latter
approach and sketch solution strategies, which we will use to obtain numerical
results for these quantities.

3.1. Dyson-Schwinger equations
3.1.1. Generating functional end effective action
In Section 2.1.1 we have introduced the QCD Lagrangian and the corresponding
classical action in equation (2.1). In order to quantize the theory, we introduced the
partition function via the path integral formalism in equation (2.7) and derived its
gauge-fixed version in eq. (2.11). We can Generalize this expression by introducing
source terms for each of the fields to the QCD Lagrangian

Z [j, η, η, σ, σ] =

∫
D
{
A,ψ, ψ, c, c

}
exp

(
− SQCD[A,ψ, ψ]− SGF[A, c, c]

+

∫
d4x

(
Aµaja,µ + ηiψi + ψiηi + σc+ cσ

))
,

(3.1)

1These methods can also be generalized to other quantum field theories, but since our goal is to
apply them to hadron spectroscopy, we will solely focus on QCD.
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where SGF[A, c, c] is the gauge fixing part of the action. By setting the sources
η, η, σ, σ, j to zero, this expression becomes equivalent to eq. (2.11) again. This
source-dependent version of the partition function is called the generating functional
of correlation functions. Since the path integral in equation (3.1) integrates over all
possible configurations of the fields, the generating functional contains information
about the full quantum field theory, including all kinds of Feynman-diagrams and
correlation functions of the theory. It is thus convenient to work with the generating
functional of connected correlation functions via the relation

eW [J ] := Z [J ] ⇔ W [J ] = lnZ [J ] , (3.2)
where J is a shorthand for the set of all sources introduced in eq. (3.1). Ad-

ditionally, we perform a Legendre transformation of W [J ] to remove the explicit
dependence on the sources J and go to a dependence on functional derivatives of
W [J ]. For that, we introduce the notation

Φi ≡ 〈φi〉J :=
δW [J ]

δJi
=

1

Z[J ]

∫
D {φ}φi e−S+

∑∫
j φjJj , (3.3)

where φi can be any field of the theory, i.e. gluon, (anti-)quark or (anti-)ghost,
Ji is the corresponding source term, D {φ} is a shorthand for the full path integral
measure appearing in eq. (3.1) and 〈φi〉J is the expectation value of the field in
the presence of non-zero source terms. The combined summation and integration
symbol appearing in the argument of the exponential is to be understood as the
sum over all fields and all appearing indices, as well as an integration over all
position arguments. This explicitly reads for a quark field ψi

Ψi ≡ 〈ψi〉J :=
δW [J ]

δηi
=

1

Z[J ]

∫
D {φ}ψi e−S+

∑∫
j φjJj (3.4)

with similar expressions for the other fields. With this notation at hand, we can
perform a Legendre transformation, which leads us to the effective action

Γ[Φ] := sup
J

(
−W [J ] +

∑
i

JiΦi

)
, (3.5)

where the explicit dependence on the source terms has been transformed to a
dependence on Φ, which is again to be understood as the set of Φi for all fields in
the theory. Note, that setting the source terms to zero in eq. (3.3) leads to the
physical expectation value of the field, i.e. Φphys := 〈φ〉J=0. This means, that in
the following derivations evaluating Φ at the physical point Φ = Φphys is equivalent
to setting the source terms to zero.

The effective action Γ[Φ] is the generating functional for one-particle irreducible
(1PI) correlation functions and is thus also known as 1PI effective action. By
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repackaging the initial generating functional into the 1PI effective action we have
lost no information about the full quantum field theory, since every disconnected
and one-particle reducible Feynman diagram can be reconstructed by combining
connected 1PI diagrams together [128].

3.1.2. N-point functions and propagators
By taking functional derivatives with respect to the fields of the gauge-fixed
Lagrangian, one can obtain Green’s functions of QCD. This however only yields
tree level Green’s functions. This is to be expected, since the Lagrangian and the
classical action do not contain information about the quantization of the theory
and thus cannot produce fully dressed Green’s functions containing quantum effects.
Instead, one has to resort to quantities derived from the path integral of QCD to
obtain fully dressed correlation functions. From the 1PI effective action one can
compute 1PI correlation functions, also known as N -point functions, by taking the
N -th functional derivative with respect to the fields. Doing so, one ends up with
source dependent N -point functions

ΓJi1...iN = (−1)κ δNΓ[Φ]

δΦi1 . . . δΦiN

(3.6)

with κ = 0 for N = 2 and κ = 1 for N > 2 being chosen to cancel minus signs
appearing in further derivations. The sources can again be set to zero by evaluating
the fields at the physical point

Γi1...iN = ΓJ=0
i1...iN

= (−1)κ δNΓ[Φ]

δΦi1 . . . δΦiN

∣∣∣∣∣
Φ=Φphys

. (3.7)

Propagators are then the inverse of two-point functions

Dij :=
(
Γ−1
ij

) ∣∣∣∣∣
Φ=Φphys

. (3.8)

Similarly, one can also define field-dependent propagators as the inverse of
field-dependent two-point functions DJ

ij = (ΓJij)
−1.

Thus far, we have kept the derivation rather general and worked with shorthand
notations for fields. If we reintroduce explicit terms for quark and gluon fields, the
quark and gluon propagators and the quark-gluon vertex, a three-point function
with two (anti-)quark legs and one gluon leg, can be computed in position space
as2

2We explicitly write out the flavour indices for all quark fields here. When computing these
quantities, they will be diagonal in flavour-space, i.e. Sij(x, y) = δijS(x, y). More complicated
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S−1
ij (x, y) =

δ2 Γ
[
A,ψ, ψ, c, c

]
δψi(x)δψj(y)

∣∣∣∣∣
ψ=ψ=0

D−1
µν (x, y) =

δ2 Γ
[
A,ψ, ψ, c, c

]
δAµ(x)δAν(y)

∣∣∣∣∣
Aµ=0

Γµqg,ij(x, y, z) =
δ3 Γ

[
A,ψ, ψ, c, c

]
δψi(x)δAµ(y)δψj(z)

∣∣∣∣∣
Aµ=ψ=ψ=0

.

(3.9)

Further N -point functions, such as ghost propagators or interaction vertices
between only gluons, can be obtained analogously. Even functions with no cor-
responding tree-level term in the classical action, such as a two-ghost-two-gluon
vertex, can be calculated and have a non-zero value in the full quantum field
theory [137].

3.1.3. Equations of motion
In the previous section we derived a method to obtained propagators and other
N -point functions from the 1PI effective action of QCD by means of functional
derivatives. In practice, one does not know the exact expression for the effective
action, which makes evaluating the right-hand side of equations (3.7) or specifi-
cally (3.9) directly not feasible. Instead, we will in this section take a look at the
Dyson-Schwinger framework. It can be used to derive equations for the N -point
functions of a theory, in which the explicit functional derivatives of the effective
action are replaced with expressions only dependent on other N -point functions.
This leads to a set of coupled integral equations for the N -point functions of the
theory.

As a first step, it is helpful to realize, that first order functional derivatives of
the 1PI effective action with respect to the fields yield the corresponding sources,
while derivatives of the generating functional of connected correlation functions
with respect to the sources yield the fields [175]

δW

δjµ
= Aµ,

δW

δηi
= ψi,

δW

δηi
= ψi,

δW

δσ
= c,

δW

δσ
= c

δΓ

δAµ
= jµ,

δΓ

δψi
= ηi,

δΓ

δψi
= ηi,

δΓ

δc
= σ,

δΓ

δc
= σ.

(3.10)

To derive the Dyson-Schwinger equations, we have to assume, that the path
integral formulation of the generating functional (3.1) is well-defined and the

N -point functions may have less trivial flavour structure though, so it can be useful to explicitly
take it into consideration.
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integral measure is invariant under field transformations φ(x)→ φ(x) + Λ(x). The
DSEs then follow from the observation that the integral of any total derivative
vanishes [47]

0 =

∫
D {φ} δ

δφk
e−S+

∑∫
j φjJj

=

∫
D {φ}

(
δ

δφk
S [φ]− Jk

)
e−S+

∑∫
j φjJj

=

〈(
δ

δφk
S [φ]− Jk

)〉
J

.

(3.11)

The last line in this equation is the expectation value of the term in brackets in
the presence of the source terms. We can further rewrite this with this term pulled
in front of the integral and then evaluated at φk = δ/δJk(

δ

δφk
S [φ]

∣∣∣
φk=δ/δJk

− Jk
)
Z[J ] = 0. (3.12)

By inserting the relations between S, Z, W and Γ and rewriting the source
terms as functional derivatives of Γ as in eq. (3.10), one can further derive the
relations [47]

δ

δφk
S [φ]

∣∣∣
φk=

δW
δjk

+ δ
δjk

− Jk = 0 (3.13)

δ

δφ′
k

S [φ′]
∣∣∣
φ′k=φk+D

J
kj

δ
δφj

− Γ[φ]

δφk
= 0. (3.14)

To get from (3.13) to (3.14), one uses that the second derivatives of W and Γ
are reciprocal as well as relation (3.8). Equation (3.14) is the so-called “Master
DSE”, which relates functional derivatives of the 1PI effective action to functional
derivatives of the classical action and propagators of the theory. We can use this
to obtain explicit expressions for the right-hand side of equation (3.7).

To see how this works out in practice, we apply this to the equation for the quark
propagator in Appendix B.2, as this is the most important DSE for this work. In
position space3 the quark DSE explicitly reads

S−1
ik (x, y) = S−1

0,ik(x, y) + g2CF

∫
d4x′

∫
d4y′γνSil(x, y

′)Dµν(x, x′)Γµqg,lk(x
′, y′, y).

(3.15)
3In practice, we will later work in momentum space. The DSE in momentum space can be

obtained by performing a Fourier transformation of equation (3.15) to obtain (3.29).
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Since explicitly working out the functional derivatives can quickly become very
tedious, one can resort to diagrammatic descriptions of the DSE formalism, see
e.g. [176] for an explanation. The diagrammatic procedure can also be done
algorithmically with the help of computer software, cf. [177, 178].

3.1.4. Truncation schemes
By using the Master DSE, we successfully constructed an equation for the fully
dressed quark propagator of Landau gauge QCD in equation (3.15). It relates
the quark propagator S to the gluon propagator D and the quark-gluon vertex
Γqg. When applying the DSE formalism to derive equations of motion for the
gluon propagator and quark-gluon vertex, they will in turn depend on higher order
N -point functions and contributions from Faddeev-Popov ghosts. In fact, this is
a general theme of Dyson-Schwinger equations; equations of motion for higher
order N -point functions will in turn introduce even higher order N -point functions
leading to an infinite tower of coupled integral equations [47].

As a consequence, the full set of DSEs in general cannot be solved in closed
form. In practical calculations, one thus has to truncate the tower of equations at
some point. Those N -point functions, which appear in the equations but have their
own equations of motion truncated, have to be approximated, either by modelling
them from phenomenological arguments or via systematic schemes, such as nPI
effective actions or skeleton expansions4. The choice of where and how to truncate
the tower is highly non-trivial and depends very much on the concrete problem one
wants to apply the DSE formalism to. For example, in hadron spectroscopy, it is of
utmost importance to preserve the effects of DχSB discussed in Section 2.3. The
truncation of the DSE has therefore be chosen in accordance with the equation
used to describe bound states, which we will discuss in detail in Section 4.3.1. For
applications related to electromagnetic properties of hadrons, such as form factors,
the truncation additionally has to preserve gauge symmetry. The corresponding
constraint on the truncation scheme is discussed in Section 4.3.2. Applications to
the phase diagram of QCD require their own set of truncations as well, see e.g. [136,
179].

While each truncation scheme has its own set of advantages and disadvantages,
a common pitfall all truncation schemes have in common is the fact, that it is
nearly impossible to correctly estimate the systematic error introduced through the
omission of higher order equations. Recent studies suggest that there is apparent
convergence in the Yang-Mills sector at a certain point [180], but there is neither a
rigorous proof, that contributions from higher order N -point functions eventually

4A skeleton expansion is similar to a perturbative expansion, but uses fully dressed propagators
and vertices to implement non-perturbative effects as well.
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3. Dyson-Schwinger equations and functional methods

become negligible, nor is there a way to properly quantify the truncation error.
There are ways to infer leading versus subleading contributions to some equations,
a few of which we will even apply later in this work, but the lack of a concrete
error estimate remains as the biggest drawback of the DSE framework.

We will now give a brief overview over some truncation schemes, which have been
applied to several problems in the past. The truncations, which will be applied
throughout this work, namely the three-loop 3PI truncation, the rainbow-ladder
truncation and the kernel-first truncation will have their own dedicated sections
in 3.2.4, 4.3.3 and 4.3.4.

NJL-type models

In the past, many hadron physics studies have been conducted using truncations
based on simple models, such as the ones proposed by Nambu and Jona-Lasinio [181,
182] (NJL model) or a similar model by Munczek and Nemirovsky [183, 184]. The
NJL model is a simplified low-energy effective theory constructed to describe
interactions between nucleons and mesons and exhibits chiral symmetry. It is based
on a tree-level four-fermion interaction and thus cannot be renormalized. However,
it is useful for exploratory studies, since in the framework of functional methods, it
leads to much simpler equations than full QCD. At the level of propagators and
vertices, it amounts to replacing the quark-gluon vertex in the quark DSE by a bare
vertex Γµqg ∼ γµ as well as contracting the gluon-propagator to a contact interaction
Dµν ∼ δµν . This can be regarded as a more severe simplification of the interaction
than the rainbow-ladder truncation (see Section 4.3.3), leading to simpler equations
at the cost of loosing information about the momentum dependence of quark and
meson properties. The simplicity of the resulting equations has made it a popular
and well-explored model for many years now. For reviews, cf. [45, 185]

Beyond the rainbow-ladder truncation

Over the years, many approaches to go beyond the rainbow-ladder truncation have
been employed. One drawback of simple truncations of the DSE tower, especially in
applications to hadron physics, is that they can obscure information about decays.
For instance, within the rainbow-ladder truncation all mesons are stable bound
states with real mass poles. Decay thresholds and dynamically generated decay
widths are absent in such types of truncations. Nevertheless, for states with a
decay width (imaginary part of the pole position) much smaller than the real part
of the pole position, the real part can be extracted and decay constants can be
calculated reliably via triangle diagrams, see, e.g., [186] for corresponding results
for the ρ-meson. More advanced kernels including ππ intermediate states have
been employed in Refs. [33, 187, 188] and have been shown to produce the two-pion
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3.1. Dyson-Schwinger equations

right-hand cut in the iso-vector and iso-scalar channels.
Other approaches to go beyond rainbow-ladder have been to unquench the quark

loops in the Yang-Mills sector [135]. Also, different efforts have been made to
include effects of the quark-gluon vertex dressing, including [189–194]. Lately,
progress has also been made in explicitly solving quark-gluon vertex equations of
motion in different frameworks, such as the 3PI framework [195] and the functional
renormalization group framework [61] and applying the results to hadron physics.

Scaling and decoupling solutions

While the infinite set of coupled DSEs cannot be solved in general, there are
methods to obtain asymptotic solutions to the full tower of equations in the deep
infrared limit. The first discovered solution associates the asymptotic behaviour
for p2 � Λ2

QCD of each N -point function of Yang-Mills theory with a power law [44,
196–198]

Γ(n,m)
(
p2
)
∼
(
p2
)(n−m)κ+(1−n)(d/2−2)

, (3.16)

where d is the space-time dimension, m is the number of external gluon legs and
2n is the number of external ghost legs. These solutions are fittingly called scaling
solutions. Obtaining a scaling solution for Green’s functions involving quarks is
much more complicated due to the quark masses introducing another scale into
the theory, leading to much more complicated expressions [146].

There exists however another set of solutions known as decoupling solutions,
which associates different asymptotic behaviour to the N -point functions of Yang-
Mills theory [199–202]. In fact, there is an entire one-parameter family of asymptotic
solutions, which link scaling and decoupling solutions together [137, 203]. The
appearance of this one-parameter family has been discussed to be a consequence of
the Gribov problem discussed in Section 2.1.3 [44, 204]. Consequentially, physical
observables should be the same for all solutions of this family.

However, previous research suggests, that the differences between these solutions
have no noticeable impact on hadron physics.5 For hadron physics involving quarks,
the dynamically generated effective quark mass caused by DχSB is much larger
than the region of momenta in which scaling and decoupling solutions come into
play [205]. Recent Bethe-Salpeter studies of glueballs also suggest, that the glueball
spectrum is also approximately invariant for the whole one-parameter family [39].
This is particularly interesting, since the glueball spectrum is dominated by Yang-
Mills contributions and has no mass scale in its classical action that could shield it
from the infrared behaviour of the Yang-Mills N -point functions.

5Note, that the mass gap between the η and η′ mesons due to the U(1)A anomaly has been
explained in the framework of functional methods before using the scaling solution [167], but
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3. Dyson-Schwinger equations and functional methods

There has been a lot of work on scaling and decoupling solutions of Yang-Mills
theories in the past decades, which we can only cover superficially in the scope of
this work. For more information on this topic, see e.g. [50, 53, 54, 196–198, 206,
207] and references therein.

3.2. n-particle irreducible effective action

In this section we will introduce the formalism of n-particle irreducible (nPI)
effective actions. It is not only a generalization of the 1PI effective action (3.5), but
it also serves as a means to truncate the tower of DSEs by doing a loop expansion
on the level of the effective action.

We will start by constructing the nPI effective action as a generalization of the
1PI case in Section 3.2.1. Next we will take a look at a method to derive equations
of motion for N -point functions from nPI actions in an analytic way in Section 3.2.2.
Then, we will talk about loop expansions of the nPI effective action as truncation
scheme in Section 3.2.3. Lastly, in Section 3.2.4 we will focus on the specific case of
the 3PI effective action of QCD to three-loop order and highlight a diagrammatic
way of deriving the equations of motion.

3.2.1. Definition of the nPI effective action

The idea behind the nPI formalism is to introduce higher order source terms into the
generating functional (3.1) and then perform additional Legendre transformations of
the generating functional of connected correlation functions to shift the dependence
on higher order source terms to a dependence on n-point functions. For the sake of
readability, we will again resort to a compact notation for now, in which (3.1) reads

Z[J ] =

∫
D {φ} exp

−SQCD[φ]− SGF[φ] +
∑∫
j

φjJj

 , (3.17)

We can now introduce source terms for products of n fields, which we call J (n),
and define a version of the generating functional dependent on those sources as

no corresponding study has been published yet using decoupling solutions. This is still a topic
of ongoing research.
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3.2. n-particle irreducible effective action

Z[J, J (2), . . . , J (n)] :=

∫
D {φ} exp

−SQCD[φ]− SGF[φ] +
∑∫
j

φjJj +
1

2!

∑∫
ij

φiφjJ
(2)
ij

+
1

3!

∑∫
ijk

φiφjφkJ
(3)
ijk + . . .


=

∫
D {φ} exp

−SQCD[φ]− SGF[φ] +
n∑∫
a=1

1

a!

(
a∏
b=1

φib

)
J
(a)
i1i2...ia

 .

(3.18)
In the last line, a sum over repeating indices ib together with the corresponding

spacetime integral is implied. We can again obtain the nPI generating functional
of connected Green’s functions W [J, J (2), . . . , J (n)] analogously to eq. (3.2). The
first order functional derivative of that quantity with respect to the source J again
produces the expectation value of the corresponding field for non-zero sources, akin
to eq. (3.3). But now we can also take functional derivatives with respect to higher
order sources to obtain N -point functions [176]

δW

δJi
= 〈φi〉J = Φi,

δW

δJ
(2)
ij

=
1

2!

(
DJ
ij + ΦiΦj

)
,

δW

δJ
(3)
ijk

=
1

3!

(
D

(3),J
ijk +DJ

ijΦk +DJ
kiΦj +DJ

jkΦi + ΦiΦjΦk

)
, . . . ,

(3.19)

where D(3),J
ijk is the third derivative of W with respect to J . Now we can perform

a Legendre transformation analogous to eq. 3.5 to obtain the n-particle irreducible
effective action

Γn ≡ Γ[Φ, D,Γ(3), . . . ,Γ(n)] = −W +
δW

δJi
Ji +

δW

δJ
(2)
ij

J
(2)
ij + · · ·+ δW

δJ
(n)
i1i2...in

J
(n)
i1i2...in

.

(3.20)
In the context of Feynman diagrams, the term n-particle irreducible usually

means, that a diagram cannot be separated into disconnected loop diagrams by
cutting at most n propagator lines. In the context of nPI effective actions this
is only the case for n ≤ 4 [208]. Instead, n can be interpreted as the highest
dynamically included n-point function [209]. In the case of the 3PI effective action
of QCD this implies, that the quark-gluon, three-gluon and ghost-gluon vertices
are dynamically included and appear fully dressed in a loop expansion, while the
four-gluon vertex only appears in its tree-level form.
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3. Dyson-Schwinger equations and functional methods

3.2.2. Equations of motion
To see how equations of motion are obtained from the nPI effective action, note,
that functional derivatives of eq. (3.20) with respect to fields and N -point functions
yield expressions linear in the source terms

δΓn
δΦi

= Ji,
δΓn

δD
(2)
ij

=
1

2!
J
(2)
ij ,

δΓn

δΓ
(3)
ijk

=
1

3!
DaiDbjDckJ

(3)
abc, . . . . (3.21)

As a consequence, setting the sources to zero to obtain physical values leads to
the stationarity conditions

δΓn
δΦi

∣∣∣∣
J=J(2)=···=J(n)=0

=
δΓn

δD
(2)
ij

∣∣∣∣
J=J(2)=···=J(n)=0

=
δΓn

δΓ
(3)
ijk

∣∣∣∣
J=J(2)=···=J(n)=0

= 0, . . . .

(3.22)
Using the stationarity condition for the derivative with respect to the propagator,

i.e. the inverse two-point function, one obtains for the equation of motion for the
fermion propagator [210]

−S−1
ik (x, y) + S−1

0,ik(x, y) + i

(
δΓn
δS

)
ik

∣∣∣∣
J=J(2)=···=J(n)=0

= 0. (3.23)

This equation has the same structure as the equation of motion obtained from
the Dyson-Schwinger mechanism (3.15) with the derivative of Γn with respect
to the propagator being the self-energy. In practice, one usually works with a
diagrammatic representation of the effective action, in which functional derivatives
can conveniently be performed by “cutting out” propagator lines or vertices from
the diagrams. An exemplary demonstration of that for the quark propagator’s
equation of motion will be given in Section 3.2.4.

3.2.3. Loop expansions
Thus far, by performing Legendre transformations to get from the 1PI effective
action to the nPI effective action, we only performed a change in variables. The
nPI effective action still formally contains an infinite amount of terms, which
necessitates the need for truncation.

A common way of truncating the nPI effective action equations of motion is by
performing a loop expansion. The idea behind an l-loop truncation is to only include
vacuum diagrams in the nPI effective action, which have no more than l loops in
them. For l ≥ n, the equations of motion for m-point functions derived from the
nPI effective action with m ≤ n − 2 agree with their corresponding DSEs [176,
211]. The results of the coupled system of equations will differ though, since higher
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3.2. n-particle irreducible effective action

order correlation functions differ in their equations of motion. These similarities
and differences in the equations of motion obtained via different formalisms can
lead to synergies when investigating certain N -point functions. For instance, the
quark-gluon vertex satisfies a one-loop equation when calculated in a three-loop
truncated 3PI effective action framework, while in the DSE framework it satisfies a
two-loop equation. Still, the results of both equations agree very well [138]. We
will go into more detail on the 3PI equation of motion of the quark-gluon vertex in
Section 3.5.

3.2.4. 3PI effective action of QCD to three-loop order
In the following, we will work with a three-loop expansion of the 3-particle irre-
ducible effective action of QCD. The reason for choosing this particular truncation
are twofold.

Firstly, going to three loops and 3PI means that all three point vertices of QCD,
namely the quark-gluon vertex, three-gluon vertex and ghost-gluon vertex are
dynamically included in the system. This is of particular importance, since the
quark-gluon vertex is the key quantity that links the quark sector of QCD to the
Yang-Mills sector, and the three-gluon vertex is the leading vertex in the dynamics
of the Yang-Mills sector [176]. Similarly, from the argumentation given above, the
equations for propagators will be identical to their DSEs, which makes comparison
with DSE results possible.

Secondly, previous research has shown, that going beyond this truncation has
negligible effects in certain applications [180]. This phenomenon, that the effect on
observable hadron spectra gets smaller for higher order truncations, is known as
apparent convergence. In Ref. [180], apparent convergence was shown to happen in
glueball spectra obtained from the 3PI effective action in three-loop truncation.
Since the only vertex which appears in tree-level QCD, that is not dynamically
included in the 3PI effective action is the four-gluon vertex, one would expect
effects beyond the 3PI three-loop setup to become noticeable in the Yang-Mills
sector first. The glueball spectrum apparently converging is thus a good indication,
that this setup is also a good truncation for pure quark hadron spectroscopy, such
as meson spectroscopy.6

The 3PI effective action of QCD in three-loop truncation is diagrammatically
depicted in Fig. 3.1. To see, how equations of motion can be obtained from these
diagrams, we will explicitly work through the derivation of the quark self-energy
and the equation for the quark-gluon vertex. All other equations of motion can be

6There are still benefits to going to 4PI effective actions and possibly beyond, since it allows
for investigation of resonances and decays by computing the time-like properties of N -point
functions. Since the 4PI effective action is a much more complicated object than the 3PI one,
this is still topic of ongoing research.
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3. Dyson-Schwinger equations and functional methods

Figure 3.1.: Top two rows: Non-interacting part of the 3PI effective action. Bottom
two rows: Interacting part of the 3PI effective action. Solid lines
with arrows correspond to quark propagators, dashed lines are ghost
propagators and springy lines are gluon propagators. All internal
propagators are fully dressed. Small circles stand for tree level vertices,
large circles are fully dressed vertices. Taken from [195].
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obtained analogously, so we will only show the results of those derivations later in
this chapter.

Recall from eq. (3.23), that the quark self-energy is obtained from the effective
action by taking the functional derivative with respect to the quark propagator.
On the level of Feynman diagrams, taking the functional derivative with respect
to a propagator is equivalent to cutting through a corresponding propagator line
in the diagram. There are only four diagrams containing quark propagators in
the effective action in Fig. 3.1, the diagrams containing only gluon and ghost
propagators do not contribute. The derivative is thus equal to

δΓ3l
3PI
δS

=
δ

δS

− +
1

2
− 1

3
− 1

4

 . (3.24)

By cutting a propagator line for each derivative and using the product rule, this
equates to

δΓ3l
3PI
δS

= − − + − − .

(3.25)
This expression does not yet resemble the quark self-energy in the quark

DSE (3.15). To see how the two are equal, we use the stationarity condition (3.22)
to get an equation for the quark-gluon vertex. Taking functional derivatives of
the effective action with respect to the quark-gluon vertex is again equivalent to
cutting out dressed vertices from the diagrams. Doing so leads to the equation

. (3.26)
Inserting this for the left dressed quark-gluon vertices in the third diagram in

equation (3.25) leads to

δΓ3l
3PI
δS

= − − + +

+ − − .

(3.27)
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Now one sees, that all but the first diagram cancel, leading to the same self-
energy as from the Dyson-Schwinger mechanism. Similar cancellations happen in
the derivations for other propagator- and vertex equations. We will present the
resulting equations and their most important features in the following sections.

3.3. Dyson-Schwinger equations of the Yang-Mills
sector

Applying the methodology outlined in the previous section to the gluon propagator,
ghost propagator, three-gluon vertex and ghost-gluon vertex leads to the equations
of motion diagrammatically shown in Fig. 3.2. These equations have not been
solved by the author of this work, but by Markus Q. Huber. Still, they will be
briefly discussed, since they serve as important input for calculations beyond the
rainbow-ladder truncation later on in this work. For details on the calculations,
cf. [137, 138, 180, 212] and references therein.

The Yang-Mills N -point function most important for our work is the gluon
propagator. It is important for this work, because it directly enters not only the
equation of motion for the quark-gluon vertex, but also the bound state equations
discussed in Chapter 4. In Landau gauge, it consists of a single tensor structure,
namely a transverse projector to the gluon’s momentum, with a single dressing
function

Dµν(k) =

(
ηµν − kµkν

k2

)
Z(k2)

k2
. (3.28)

In the form the Yang-Mills equations of motion are depicted in Fig. 3.2, they
do not quite form a closed set of coupled equations yet. Instead, they still contain
loops of quark propagators in the equations for the gluon propagator and the
three-gluon vertex. For the sake of simplicity, a further simplification has been
done to them by neglecting all diagrams containing closed quark loops. This is
analogous to setting the fermion determinant in lattice QCD calculations to one,
which is an approximation known as quenched QCD. Without the quark loops, the
Yang-Mills sector can be solved fully self-contained and the results for the gluon
propagator and three-gluon vertex are further used as input for the equation of
motion of the quark-gluon vertex, see Sec. 3.5.

In principle our framework allows for inclusion of the quark loops, which is
equivalent to unquenching the fermion determinant. This would then lead to the
Yang-Mills sector N -point functions being directly coupled to the quark sector. In
practice, this amounts to numerically solving a coupled set of integral equations
with six different N -point functions containing a total of 17 one-loop and two-
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Figure 3.2.: Equations of motion for the Yang-Mills sector N -point functions. Top
to bottom: Gluon propagator, ghost propagator, three-gluon vertex,
ghost-gluon vertex. In the 3PI three loop truncation the four-gluon
vertex does not become dressed.
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Figure 3.3.: Dyson-Schwinger equation of the quark propagator. Lines with arrows
correspond to bare propagators, lines with a white circle represent
dressed propagators.

loop diagrams7 to be solved. This is both technically and computationally very
demanding and has thus been delegated to future work.

3.4. Dyson-Schwinger equation of the quark
propagator

In this section, we will discuss the equation of motion of the quark propagator.
In practice, the quark self-energy Σ(p) appearing in this equation or quantities
appearing inside Σ(p) need to be truncated in some way in order to render the set
of equations of motion finite. We will go into detail on two truncation schemes
used within this work in Section 4.3. In this section, we will focus on the general
solution strategy of the quark DSE.

Using the Dyson-Schwinger formalism as well as the 3PI effective action procedure
produces the exact same equation of motion for the quark two point function, i.e.
the inverse quark propagator. Diagrammatically, it can be seen in Fig. 3.3. Using
the Feynman rules of QCD, one can translate this into a symbolic equation, which
reads

S−1(p) = S−1
0 (p)− Σ(p) = S−1

0 (p)− Z1fg
2CF

∫
d̄4q iγµS(q)Γµqg(k;−p, q)Dµν(k).

(3.29)
S−1
0 (p) = Z2(i/p+ Zmmc) is the bare inverse quark propagator, CF is a Casimir

factor from the colour trace and is equal to 4/3 for Nc = 3, Z2 and Z1f are
renormalization constants introduced in Section 2.1.4, g2 is the coupling constant
of QCD, Dµν(k) is the gluon propagator discussed in Section 3.3 and Γµqg(k; p, q)
is the quark-gluon vertex, which will also be discussed in detail in Section 3.5.
Alternatively, one can perform a Fourier transform on the position space DSE (3.15)
to obtain the same equation.

7Assuming no further approximations are made and no diagrams left out
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3.4. Dyson-Schwinger equation of the quark propagator

The common way to solve the quark DSE is by decomposing the inverse propa-
gator’s tensor structure into a vector and a scalar part

S−1(p) = i/pA(p
2) +B(p2). (3.30)

There are also other possible ways to write the quark propagator in terms
of tensor structures and dressing functions. Some common ones are listed and
explained in Appendix A.5. With this decomposition in place, one can project onto
the dressing functions A(p2) and B(p2) to obtain coupled integral equations for the
two functions. In particular, we use the projection properties

A(p2) =
−i
4p2

tr
(
/p S

−1(p)
)
, B(p2) =

1

4
tr
(
S−1(p)

)
. (3.31)

Inserting the right-hand side of equation (3.29) into the traces leads to coupled
equations for both dressing functions, which read

A(p2) = Z2 +
i

4p2
tr
(
/pΣ(p)

)
≡ Z2 + ΣA(p

2)

B(p2) = Z2Zmmc −
1

4
tr (Σ(p)) ≡ Z2Zmmc + ΣB(p

2).

(3.32)

To solve these equations, one typically follows these four steps:

• Perform the traces tr
(
/pΣ(p)

)
and tr (Σ(p)) to obtain expressions for ΣA(p

2)
and ΣB(p

2).

• Initialize A0(P
2) and B0(p

2) on a logarithmic grid in p2 with an initial guess.
A common choice is A0(p

2) ≡ 1 and B0(p
2) ≡ mc + εm, where εm is a small

shift to prevent running into the B(p2) ≡ 0 fix-point in the chiral limit.

• Recursively calculate An(p2) and Bn(p
2) by inserting An−1(p

2) and Bn−1(p
2)

into the right-hand side of equations (3.32) and evaluating the integrals.

• Check for convergence by testing, whether the change in An(p
2) and Bn(p

2)
during the step (n− 1)→ n was smaller than a predefined small threshold.

Once the results have converged, they may be used as input for bound state
calculations or continued into the complex plane. Details on how to do the latter
can be found in Appendix C.2.

Note, that these instructions are specific to truncations, where other than the
quark propagator all inputs for Σ(p) are fixed. In the calculations we will perform
later in this work this is the case, since all quantities appearing in Σ(p), such as
the quark propagator and the quark-gluon vertex, are either modelled or taken
as input from previous calculations. In a full-fledged calculation of the coupled
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system between quark- and Yang-Mills sectors, iteration steps of different Green’s
functions need to be intertwined to propagate changes in one function to the others.
The numerical details of these iterations can become quite involved and are highly
non-trivial. For details on how this can be done in the Yang-Mills sector, cf. [138]
and references therein.

Renormalization

In addition to updating the dressing functions A(p2) and B(p2) in each iteration
step, one also needs to calculate the renormalization constants Z2 and Zm. To do
this, one needs to specify a renormalization scale µ and renormalization conditions
for A(p2) and B(p2). A canonical choice is

A(µ2)
!
= 1, B(µ2)

!
= mc. (3.33)

Using these relations, one can calculate Z2 and Zm in each iteration step via8

Z2 = 1− ΣA(µ
2), Zm =

1

Z2

(
1− ΣB(p

2)

mc

)
. (3.34)

It is important to note, that in the chiral limit the above formula for Zm breaks
down. Since Z2Zmmc is zero in the chiral limit anyways, one can just extrapolate
a value for Zm obtained at finite mc to the chiral limit.

Within the chiral limit, one can also calculate the chiral quark condensate〈
ψψ
〉

using equation (2.42). A non-zero value of it hints at chiral symmetry
being broken spontaneously. Away from the chiral limit, when the current quark
masses are still small, we still expect an enhancement in the effective quark mass
M(p2) = B(p2)/A(p2) to appear, which also signals DχSB. We will investigate in
how far this is the case in Chapter 5, when we discuss numerical results of the
quark DSE in different truncations.

3.5. Dyson-Schwinger equation of the
quark-gluon-vertex

Lastly, we will take a look at the equation of motion for the quark-gluon vertex. It is
not only a central ingredient in the quark DSE, but it also serves as the central piece
that links the quark sector of QCD and the Yang-Mills sector together. Its equation

8Within some truncations schemes, including the rainbow-ladder truncation with the Maris-
Tandy effective running coupling, there is another way to calculate Z2 via Z2,n = 1/(1 +
Z2,n−1ΣA(µ

2)). This is, however, very much truncation dependent, while equation (3.34) is
more universal.
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Figure 3.4.: Equation of motion for the quark-gluon vertex. The non-Abelian
diagram has been omitted in calculations relevant to this work.

of motion derived from the 3PI effective action is depicted diagrammatically in
Fig. 3.4. Note, that the appearance of only fully dressed vertices in the loop
diagrams is an effect of the 3PI formalism, since in the DSE formalism each loop
diagram will always contain one bare vertex [137]. The equation has the general
structure

Γµqg = Γµbare + Γµnon-Abelian + ΓµAbelian. (3.35)

The bare term is simply proportional to γµ. The non-Abelian term is used for
the diagram containing two quark-gluon vertices and one three-gluon vertex, while
the Abelian term corresponds to the diagram containing three quark-gluon vertices
and no three-gluon vertex. The reason for this nomenclature is that the Abelian
diagram also appears in calculations of fermion-gauge-boson vertices in Abelian
gauge theories, such as the electron-photon vertex in quantum electrodynamics,
while the non-Abelian diagram is only present in non-Abelian gauge theories where
the gauge bosons interact with each other.

In this work, we will neglect the Abelian diagram in the quark-gluon vertex
equation. The reason for this is twofold; firstly, the contribution of the Abelian
diagram is suppressed compared to the non-Abelian one. When computing the
colour trace of both diagrams, one finds that the Abelian one has a prefactor of
g2/Nc, while the non-Abelian diagram has a prefactor of g2Nc [195]. Thus, from
the colour structure alone, the Abelian diagram is suppressed by a factor of N2

c = 9.
Additionally, direct calculations in the past have shown, that the contribution of
the Abelian diagram is in fact small, on the level of few percent [195]. Secondly, if
we were to include the Abelian diagram in the equation for the quark-gluon vertex,
a consistent derivation of the scattering kernel used in the meson Bethe-Salpeter
equation would introduce a two loop diagram with a crossed gluon exchange. We
will see how this would arise in Section 4.3.4. Since such a diagram would result in
considerable additional computational cost, it is also practical to omit it.
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3. Dyson-Schwinger equations and functional methods

3.5.1. Kinematics of the quark-gluon vertex
In general, the quark-gluon vertex depends on three momenta. Taking the mo-
mentum of each of the legs as incoming, these are the quark momentum q, the
anti-quark momentum p and the gluon momentum k. From these, one can con-
struct a total of six Lorentz invariants by taking all combinations of scalar products.
Conservation of four-momentum reduces the momentum dependence down to two
independent momenta, which we take to be the gluon momentum k = q + p and
the relative quark momentum l = (q − p)/2. This means only three independent
Lorentz invariants remain, which can be chosen to be k2, l2 and (l · k), or other
linear combinations of them, such as q2, p2 and k2.

In numerical calculations, the choice of parametrization by choosing a set of
independent Lorentz invariants plays an important role, because discretization of
the momentum variables can cause different kinematic regions to be probed in
more or less detail. The question, which parametrization of the quark-gluon vertex
is optimal for which application, still poses an open problem, as not a lot is know
about the full momentum dependence of the quark-gluon vertex, especially in the
complex plane. Studies done in the past by different groups have opted to choose
different parametrizations [195, 213, 214].

In this work, we opt for a parametrization via S3 variables. These have successfully
been used in studies of the three-gluon vertex, where the symmetry between the
gluon legs makes them the natural choice [138]. They have also been applied to
quark-gluon vertex studies before [195]. The S3 variables are defined via a singlet
variable S0 and two doublet variables a and s

S0 =
p2 + q2 + k2

6
p2 = S0

(
1 +
√
3 a+ s

)
a =

√
3 (p2 − k2)

p2 + q2 + k2
⇔ q2 = 2S0 (1− s)

s =
p2 + k2 − 2q2

p2 + q2 + k2
k2 = S0

(
1−
√
3 a+ s

)
.

(3.36)

Additionally, we employ polar coordinates in the (a, s)-plane

ρ =
√
a2 + s2

η = atan2(s, a),
(3.37)

such that a = ρ cos η and s = ρ sin η. The choice of (S0, ρ, η) as parametrization
of the momentum dependence of the quark-gluon vertex brings some practical
advantages. In numerical treatments of the quark DSE and the meson BSE involving
the quark-gluon vertex, one has to interpolate the dressing functions of the vertex
as a function of the momentum parametrization. In the (S0, ρ, η) parametrization,
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3.5. Dyson-Schwinger equation of the quark-gluon-vertex

the S0 dependence dominates the dynamics of the vertex. Thus, a larger number
of abscissas can be used in the (logarithmic) S0-grid together with a cubic spline
interpolation for improved accuracy. The ρ dependence is comparatively small,
which makes a linear interpolation on a relatively small ρ-grid sufficient. Lastly, by
definition, the variable η is periodic with a period of 2π, such that a trigonometric
interpolation can be used, which removes the need of extrapolation ambiguities for
values beyond the grid. This three-dimensional interpolation scheme, while being
conceptually more complex, is computationally more efficient than employing a
tri-cubic interpolation on relatively large grids for q2, p2 and k2.

3.5.2. Tensor basis of the quark-gluon vertex
In general, the Dirac structure of the quark-gluon vertex can be decomposed into
twelve basis elements, which are all possible combinations of

Γµqg(k; p, q) ∼
{
1, /p
}
⊗
{
1, /q
}
⊗ {γµ, pµ, qµ} . (3.38)

In practice, the basis elements can also be chosen to be linear combinations of
those quantities and the base can be constructed to suit the needs of the application
at hand. Since the quark-gluon vertex in the quark DSE and the meson BSE always
appears alongside a gluon propagator, which in Landau gauge equates to a dressed
transverse propagator, it is sufficient to consider the vertex that is transverse to
the gluon momentum. Throughout this work, we use a re-ordered version of the
used in Ref. [213], which in compact form reads

T µν(k)Γνqg(k; p, q) =
8∑
i=1

hi(k; p, q)λ
µ
i (k; p, q)

= h1γ
µ
⊥ + h2

1

6

[
γµ⊥, /l , /k

]
+ h3l

µ
⊥/l + h4t

µν
(kl)γ

ν

+ h5il⊥µ + h6
i

2
[γµ⊥, /k] + h7

i

2

[
γµ⊥, /l

]
+ h8t

µν
(kl)

i

2

[
γν , /l

]
,

(3.39)

with gluon momentum k = p+q, relative quark momentum l = (q−p)/2, dressing
functions hi = hi(k; p, q) ≡ hi(k, l), transverse projectors tµν(kl) = (l · k) ηµν − lµkν

and T µν = tµν(kk)/k
2. We also use the shorthand notation [A,B,C] = [A,B]C +

[B,C]A+ [C,A]B for a cyclic sum of commutators. This basis is the same as the
one used in refs. [37, 195, 215] except for a factor of (l · k) for i = 4, 7, which leads
to kinematic problems at the symmetric point, where (p2 − q2) = 2 (l · k) = 0.
As a consequence, all dressings are symmetric under charge conjugation with the
exception of h4 and h7, which are antisymmetric. In this basis, the first four tensor
structures contain an odd number of gamma matrices and are thus odd under
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3. Dyson-Schwinger equations and functional methods

chiral transformations, while the last four contain an even number of gammas and
are thus chirally even. Additionally, the structures are roughly in order of how
big their dressing functions are in the infrared momentum region as we will see in
section 5.1.

Rescaling of the coupling and fixing of parameters

Whenever vertices appear in the equations of motion of N -point functions which
have a tree level equivalent in the classical QCD action, the QCD coupling g, or
equivalently α = g2/4π appears as well. If one were to rescale the coupling consis-
tently across all equations, this would be equivalent to a shift in renormalization
point according to the running coupling of QCD discussed in Section 2.1.5.

In the calculations done for this work, a slightly different rescaling has been
performed. The equations of motion of the quenched Yang-Mills sector have been
solved self-consistently with a fixed coupling constant αYM. The resulting gluon
propagator and three-gluon vertex have been used as input for the quark-gluon
vertex DSE. However, in the calculations of the quark-gluon vertex and quark
propagator, the coupling αQG has been rescaled. This is done in order to correctly
produce the pion’s electroweak decay constant, which is calculated in Section 6.3.
The current quark mass mc of the light up and down quarks are fixed by fitting
the pion mass, and the strange quark mass is fixed via the pseudoscalar kaon mass.
All other hadronic properties calculated with the resulting quark-gluon vertex as
input are predictions of our framework.

3.5.3. Going to time-like quark momenta
As explained in detail in Appendix C.2, evaluating a meson bound state equation
on-shell requires an evaluation of the quark propagator and quark-gluon vertex
for time-like momenta, i.e. in the complex momentum plane. While there are
methods to circumvent this for light enough mesons, see Appendix C.1, studies of
mesons containing heavy quarks cannot be performed without knowledge about
the quark propagator in the complex plane. Continuing all momentum arguments
of the quark-gluon vertex into the complex plane would require knowing the gluon
propagator and three-gluon vertex for complex momenta as well, which in turn
would necessitate computations of the entire coupled Yang-Mills system in the
complex plane. With many different momenta appearing in this system, which
will be probed in different regions of the complex momentum plane and the tensor
bases of the Green’s functions having kinematic singularities for certain momenta,
this would complicate the calculations significantly.

Fortunately, by carefully choosing a momentum routing, a subset of momenta can
be evaluated in the time-like region while all other momenta stay space-like [195].
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In particular, one can choose the (anti-)quark momenta appearing in the vertex to
be complex valued, while the gluon momentum stays real. By routing the complex
momentum through the quark propagator appearing in the non-Abelian diagram
in Eq. (3.35) and also routing the complex momentum through only the quark
propagator and (anti-)quark legs of the vertex in the quark DSE (3.29), one gets
a closed set of equations for the quark propagator and quark-gluon vertex in the
time-like region. All appearing Yang-Mills N -point functions stay space-like in this
choice of routing. Additionally, one can choose a routing in the meson bound-state
equation, such that again only the (anti-)quark legs of the vertex become complex
while the gluon momentum stays real, see eq. (4.67).

In this work, we will focus on space-like momenta though and use the method
explained in Appendix C.1 to access on-shell properties of mesons.
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4. QCD bound states and the
Bethe-Salpeter equation

In this section, we will first talk about bound states and resonances of quantum
field theories in general, then we will go into some more detail on bound states
and resonance in QCD. Next, in Section 4.2, we will focus our attention on the
Bethe-Salpeter equation, which describes bound states in the functional approach
used throughout this thesis. Numerical solutions to the Bethe-Salpeter equation
of various mesons will be presented in chapter 6. Lastly, we will go into detail on
truncations of functional equations in Section 4.3.

4.1. Bound states and resonances
The spectrum of any quantum field theory with a set of particles described by
quantized fields φi naturally contains discrete states with one particle of any kind
and a fixed energy of E2 = m2, as well as a continuous spectrum of multi-particle
scattering states with energy E2 =

∑
im

2
i + ~p

2
i . If the dynamics of the theory allow

for it, the spectrum can also exhibit additional states, known as bound states and
resonances. In the following sections we will talk about what defines bound states
and resonances and go over bound states and resonances of QCD in particular.

4.1.1. Bound states
The appearance of bound states in the spectrum of a theory is not an exclusive
feature of relativistic quantum field theories. In fact, bound states can also appear in
non-relativistic quantum mechanics with many of the observations being analogous
to relativistic theories. We will thus start by taking a look at the non-relativistic
picture.

In the lingo of scattering theory, the wave function of a particle with mass m
and energy E scattering off a potential V (~r) is described by a wavefunction1

ψ(~r) =
1

r

(
A(E) e−ikr +B(E) eikr

)
(4.1)

1The considerations below are for S-wave scattering, i.e. states with angular momentum l = 0.
The observations made in this chapter can also be generalized to l > 0.
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Figure 4.1.: Example spectrum for a theory with one particle type and bound
states.

with wavenumber k =
√
2mE. A(E) and B(E) are generally complex valued

functions for E ∈ C which can be obtained by solving the Schrödinger equation
together with a normalization condition. Depending on the form of the potential
V (~r), there might be solutions to the Schrödinger equation with energy eigenvalue
0 > E0 ∈ R, such that B(E0) = 0. The wavefunction of such solutions vanishes as
r →∞, since the second term in eq. (4.1) is zero. The energy levels of these states
are discrete, and they are unique zeroes in B(E) if the potential V (~r) vanishes fast
enough for r →∞ [216]. Furthermore, the S-wave scattering amplitude

f0(E) =
1

2ik

(
e2iδ0 − 1

)
=

1

2
√
−2mE

(
A(E)

B(E)
+ 1

)
(4.2)

has a pole for those energies. These poles also manifest themselves in other
quantities, such as the S-matrix and Green’s functions of the theory [217]. The
latter of those will be the starting point for deriving the Bethe-Salpeter equation
in Section 4.2.1.

Example: Positronium

It is instructive to take a look at a simpler example of a system with bound
states before going over to bound states in QCD. Consider a theory of electrons
with charge −e and positrons with charge +e interacting via a Coulomb potential
V (~r) = q1q2/r with ~r = ~r1 − ~r2 being the separation between two particles with
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4. QCD bound states and the Bethe-Salpeter equation

charges q1 and q2. A single particle in this theory would have the (relativistic)
energy E = me in its restframe. For an electron-positron pair in such a theory,
there are two possibilities.

Either, the particles have sufficiently large restframe momenta ~p1 = −~p2 ≡ ~p,
such that their total kinetic energy T = p2/me + O(p4/m3) is larger than the
binding energy from the potential. In this case, the total energy is larger than 2me

and the particles can be separated indefinitely. Such states are called scattering
states and the allowed momenta of the particles are a continuum.

In the other case, the kinetic energy is smaller than the binding energy from the
potential. As a consequence, the total energy is less than 2me and it can only take
on discrete values. In the case of a non-relativistic Coulomb potential, the binding
energies for l = 0 can easily be calculated and are proportional to −1/n2 with a
quantum number n ∈ N [218]. A graphical depiction of such a theory can be seen
in Fig. 4.1.

4.1.2. Resonances
If the dynamics of a theory permit, there can also be unstable states, which behave
similar to bound states but have some key differences. They also express themselves
through poles in Green’s functions, but these poles do not lie on the negative real
axis of the complex energy plane, but instead lie on the second Riemann sheet
in the complex plane. This can be seen by observing the partial-wave scattering
amplitude of a non-relativistic metastable state with energy E0 [118]

fl(E) ∝
1

E − E0 + iΓ/2
. (4.3)

This scattering amplitude has a pole at E = E0 − iΓ/2, where Γ is the so-called
Breit-Wigner width of the state. By calculating the convolution of this amplitude
with a wave packet, we can compute the time dependence of such a state

ψ(t) ∼
∫

dE
1

E − E0 + iΓ/2
ψ̃(E) eiEt ∼ e−iE0t−Γt/2. (4.4)

Thus, the absolute value squared of the state behaves as |ψ(t)|2 ∼ exp(−Γt).
This means that the state decays with Γ being its inverse lifetime.

In relativistic case, similar behaviour can arise, if the theory contains particles,
that can decay into each other. For example, consider a theory with two massive,
scalar fields φ1 and φ2 with masses m1 and m2, where m2 > 2m1 and a tree level
vertex of the form φ2

1φ2. The kinematics of this theory allow for a decay of one φ2

particle into two φ1 particles. One can then show, that for center of mass energies√
s close to m2, the scattering process of φ1φ1 → φ1φ1, described by a four-point

function, is dominated by a single s-channel φ2-exchange [118]. The corresponding
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Figure 4.2.: The leading diagram for the φ1φ1 → φ1φ1 process near the φ2 pole.

Feynman-diagram is depicted in Fig. 4.2. Such unstable states with poles in the
complex plane on the second Riemann sheet are known as resonances In practice,
they are much more common than truly stable states. While there are a number
of stable bound states within pure QCD, in the full standard model many more
particles can decay via the weak force.

Additionally, there is a third option for where the pole of a bound state can lie.
If the pole lies on the negative real axis below the two-particle threshold, but on
the second Riemann sheet, it is called a virtual bound state.

4.1.3. Bound states in QCD
As discussed in Section 2.1.6, the quarks and gluons, which are the fundamental
degrees of freedom of QCD, cannot be observed as asymptotic final states due
to gauge symmetry and confinement. Thus, bound states and resonances play
a hugely important role in the study of QCD, especially at low energies. Since
gauge-invariance demands an observable state to be colourless, the options for how
quarks and gluons can combine to form observable bound states are quite limited.
As listed in Section 1.2, the valid options are mesons (qq), (anti-)baryons (qqq/qqq),
glueballs (gg, ggg, . . . ), hybrids (qqg) and combinations of those.

Hadron multiplets

The discovery of many new particles in the first half of the 20th century led to the
question, whether these particles are elementary or not [217] and how to classify
them. The solution proposed by Gell-Mann [219], that the fundamental particles
are quarks and gluons and hadrons are composite states, is what gave rise to the
theory of QCD. An important piece of this eightfold way proposed by Gell-Mann is,
that hadrons are sorted into multiplets of the theory’s underlying symmetry groups.
For baryons, this lead to the grouping of ground state baryons with light and
strange quarks into the baryon octet. Similarly, baryons with angular momentum
of 3/2 are grouped into a baryon decouplet.
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Figure 4.3.: Pseudoscalar meson nonet, baryon octet and baryon decouplet for
three light quarks. Illustration taken from [45].

Ground state mesons made up of light and strange quarks that share quantum
numbers can also be grouped into an octet and a singlet state. The reason behind
this is the underlying SU(3) vector symmetry discussed in section 2.2.3. The quarks
of the theory lie in the fundamental representation, called 3 or triplet, of SU(3),
while the antiquarks are in the complex conjugate representation 3. Using the
group theoretical decomposition [220]

3⊗ 3 = 8⊕ 1, (4.5)
one sees that a quark-antiquark bound state can lie either in the singlet trivial

representation 1 or the octet adjoint representation 8. The resulting multiplets for
mesons and baryons are illustrated in Fig. 4.3.

The effective potential of QCD

In a holistic picture of QCD, bound states and resonances are formed by the full
complex dynamics between quarks and gluons encoded in the QCD Lagrangian (2.1).
Heavy quarkonia and other states consisting of heavy quarks can approximately be
described as bound states of non-relativistic particles held together by an effective
potential V (~r). In the meson sector, this is a good approximation for bottomonium
states, i.e. states containing two bottom (anti-)quarks. To a lesser extent this
approximation can also be used for charmonium (cc) states, but for states involving
strange or light (up/down) quarks, this approximation breaks down. The reason
for this is that the mass of even the lightest mesons is very large compared to the
bare mass of light and strange quarks, which entails that the kinetic energy of the
constituent quarks must be very large. As a consequence, the effective velocity of
the quarks is very close to the speed of light, demanding a relativistic treatment.

As an example, consider the back-of-the-envelope calculation for a ρ meson,
which is the lightest qq state that is not a pseudo Goldstone boson. It has a mass
of roughly 775MeV, while a down quark, the heavier of the two light quarks, has a
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mass of roughly 4.7MeV. If we assume, that the mass of the ρ meson is evenly split
as kinetic energy between two (anti-)down quarks, they each have a total energy of

E = γ md ≈ 387.5MeV ≈ 82.4md, (4.6)
corresponding to a Lorentz factor of γ = 82.4 or equivalently a velocity of

v ∼ 0.9999 c, which definitely demands a relativistic treatment.
As mentioned in section 2.1.6, we expect a confining static quark potential to

exhibit a linearly rising part akin to the Cornell potential 2.19. More complex
modelled potentials including spin and angular momentum dependent terms have
been applied to heavy meson studies in the past, see e.g. [221] for a review. Such
potentials are routinely used in non-relativistic QCD (NRQCD) [222, 223] and
have also been investigated in lattice QCD [223–225].

Regge behaviour

If we approximate a meson to be a pair of quarks connected by a flux tube rotating
with angular momentum J around the z-axis with the quarks lying in the xy-plane,
we can derive a relation between angular momentum and rotational energy. For a
classical, non-relativistic spinning stick with homogeneous mass distribution, the
rotational energy is given by

Erot =
J2

2L
, (4.7)

where L is the moment of inertia with respect to the rotational axis. For a flux
tube between two quarks bound by a linearly rising Cornell-potential, the relation
between E and J shifts though. We can express the angular momentum via the
moment of inertia and rotational frequency ω as J = Lω. For an object of mass
M and length scale l, we can further write the moment of inertia as L ∼ Ml2,
leading to J ∼ Ml2ω. Furthermore, we can write mass, length and frequency of
the rotating flux tube as powers of E [226]

M ∼ E, l ∼ E, w ∼ 1/E. (4.8)
Combining these relations, we obtain that for a spinning flux tube the angular

momentum scales with the energy squared, i.e. J ∼ E2. By doing a more involved
string theoretical derivation for quantized angular momenta, one obtains [226]

J = α′E2 + β′ ⇔ M2 =M2
0 + βJ. (4.9)

Note that in the above derivation we used the fact that l ∼ E, or in other
words that the potential between two quarks is linearly rising, akin to a confining
potential like the Cornell potential (2.19).
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While the picture of gluon fields between static quarks forming a fluxtube and
linearly rising potentials makes intuitive sense in the heavy quark sector, a surprising
result of meson spectroscopy is the emergence of linear Regge trajectories also in
the light meson sector [4, 227]. With the interactions between quarks bound inside
light mesons being much more dynamic, this is a highly non-trivial result worth
investigating in a sophisticated theoretical framework.

In particular, we expect the mass of mesons with increasing total angular
momentum and alternating parity [228] to behave according to eq. (4.9). We
will use the nomenclature, that states with JP = 1−, 2+, 3− . . . have “natural”
parity, while states with JP = 1+, 2−, 3+ . . . have “unnatural” parity. We will
explicitly observe, whether this behaviour is present in our results in Chapter 6
and try to find a justification for it.

4.2. The Bethe-Salpeter equation
Within the framework of functional methods, bound states and resonances are
described by Bethe-Salpeter amplitudes (BSAs), which satisfy the Bethe-Salpeter
equation (BSE), a homogeneous eigenvalue equation. In this section we will sketch
a derivation of the BSE and talk about its solutions in general as well as strategies
to solve it.

4.2.1. Derivation
Since bound states and resonances manifest themselves as poles in N -point functions
of a theory, we derive the meson BSE from equations for those N -point functions.
For even values of N , the full N -point function G satisfies a Dyson equation [45]

G = G0 +G0KG. (4.10)

Here we used a compact notation with suppressed Dirac indices, momentum
arguments and integrations.2 G0 is the disconnected product of dressed propagators
with the same number of external legs as G, e.g. one quark propagator and one
antiquark propagators in the case of a 4-point function with two external quark-
and antiquark-legs. K denotes the scattering kernel, which encodes all possible two-
particle irreducible interactions. Using G and G0 we can construct the scattering
matrix T, which contains only amputated and connected diagrams via

G = G0 +G0TG0. (4.11)
2We use bold-face letters to indicate such a notation and will use non bold-face letters with

explicit indices and arguments later on when going into detail on the equations.
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Combining equations (4.10) and (4.11) yields a Dyson equation for the scattering
matrix

T = K+KG0T. (4.12)
If the theory exhibits a bound state or resonance in the channel corresponding

to the N -point function G, both the N -point function and the scattering matrix T
have a pole when the complex total momentum has an on-shell pole at P 2 = −m2.
Around those poles, one can express G and T in terms of their residue and a
divergent denominator as

G
P 2→−m2

−−−−−→ ΨΨ

P 2 +m2
, T

P 2→−m2

−−−−−→ ΓΓ

P 2 +m2
. (4.13)

The quantity Ψ is the amputated wave function of the bound state/resonance
and Γ is its Bethe-Salpeter amplitude (BSA). They are related via Ψ = G0Γ. Since
they can easily be converted into each other, knowledge of one quantity plus the
position of the mass pole is sufficient to fully describe the bound state/resonance.
Throughout this work will we thus focus on obtaining knowledge about the BSA Γ.
By inserting equation (4.13) into the Dyson equation (4.12) and multiplying both
sides by (P 2 +m2) one obtains

ΓΓ =
(
P 2 +m2

)
K+KG0ΓΓ. (4.14)

At the on-shell mass pole, where P 2 = −m2, the first term on the right-hand
side vanishes. One can then multiply the equation with the inverse of Γ from the
right side to arrive at the homogeneous Bethe-Salpeter equation3 for Γ

Γ = KG0Γ. (4.15)
This is the central equation used in the functional approach to extract properties

of bound states and resonances. It can be seen in diagrammatic form in Fig. 4.4.
Due to its significance, we will now go over several important properties of this
equation and talk about solution strategies.

4.2.2. Structure of the Bethe-Salpeter equation
Thus far, we used a shorthand notation for the quantities that appear in the BSE,
suppressing indices, sums, integrals etc. In full gory, the Bethe-Salpeter equation
for a meson with total angular momentum J reads [186]

3Depending on the specific N -point function in question, this equation describes states with
different constituents. While in most cases it is known as Bethe-Salpeter equation, in the case
of Baryons as bound states in quark 6-point functions, the resulting equation is known as
Faddeev equation [45].
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Γ ΓK

Figure 4.4.: The meson Bethe-Salpeter equation in diagrammatic form. Lines with
a white circle represent fully dressed quark propagators.

[Γµ1µ2...µJ (p, P )]ad =

∫
d̄4q Kab,cd (q, p, P ) [S (q+) Γ

µ1µ2...µJ (q, P )S (q−)]bc . (4.16)

The momenta p, q and P are the relative quark momentum, loop momentum
and total meson momentum. Indices with Greek letters are Lorentz indices and
ones with Latin letters are Dirac indices. We use the notation q+ = q + ξP and
q− = q + (ξ − 1)P with a momentum routing parameter ξ ∈ [0, 1]. For equal mass
quark constituents and also for kaons, where the constituents have similar, small
mass, a sensible choice for this parameter is η = 1

2
, i.e. q± = q ± 1

2
P . The Dirac

and Lorentz structure of the Bethe-Salpeter amplitude has to be constructed to
fit the quantum numbers of the state under investigation. We will discuss this
construction in detail in Section 4.2.4. For the tree level 4-point function G0 two
dressed quark propagators S(q±) have been plugged in.

The general form of the Bethe-Salpeter equation is that of a homogeneous
eigenvalue equation with the eigenvalue being equal to one

(KG0) · Γ = λ · Γ, λ = 1. (4.17)

In practice, this eigenvalue is a function of total momentum P 2 and to find the
mass pole of the state of interest one varies P 2 to find λ(P 2 = −m2) = 1. We will
go into more detail on the solution strategy of the BSE in Section 4.2.5.

4.2.3. Normalization
Since the BSE is a homogeneous equation, its solutions are only determined up
to a constant factor. Thus, another condition is needed in order to fix this factor.
The canonical normalization condition can be obtained by taking the derivative of
G at the mass pole and comparing the most singular terms, which leads to [45]
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Γ

(
dG0

dP 2
+G0

dK

dP 2
G0

)
Γ

∣∣∣∣∣
P 2=−m2

!
= 1. (4.18)

In practice, this condition is not handy to work with in truncation schemes,
where the derivative of the kernel is non-zero. Instead, the normalization condition
proposed by Nakanishi yields equivalent results and is easier to implement in
practice [229, 230](

d lnλ(P 2)

dP 2

)−1

= 2Nc tr

∫
d̄4q Γ(q,−P )S(q+)Γ(q, P )S(q−). (4.19)

The left-hand side contains the derivative of the logarithm of the momentum
dependent eigenvalue appearing in the BSE (4.17) and can be rewritten as(

d lnλ(P 2)

dP 2

)−1

=

(
1

λ(P 2)

dλ(P 2)

dP 2

)−1

(4.20)

such that one only needs to compute the derivative of the eigenvalue itself. One
may be tempted to drop the factor of 1/λ appearing on the right-hand side, since
on-shell it is equal to one. However, it can be useful to normalize an amplitude
that has been calculated off-shell, as we will later see. In those cases, this factor is
crucial to keep, since omitting it would lead to wrong results.

4.2.4. Constructing the Bethe-Salpeter amplitude
When solving the Bethe-Salpeter equation for mesons, their quantum numbers
are reflected by their Bethe-Salpeter amplitudes. Thus, if one wants to solve the
BSE for arbitrary quantum numbers, one needs a way to construct a tensor basis
with the corresponding quantum numbers. While for states with J = 0 and J = 1
these bases can be constructed rather easily, see for example [186, 230, 231], higher
angular momenta are best handled with a systematic approach, which is outlined
in [45, 232–236] and will be explained in detail here. The explicit bases obtained
with this procedure are given in Appendix C.7.

Constraints on the Bethe-Salpeter amplitude

In order to represent a unique physical state, a Bethe-Salpeter amplitude Γµ1µ2...µJ (p, P )
has to satisfy a number of constraints [236]:

1. The amplitude has to be transverse with respect to the meson’s momentum,
i.e. Pµ1Γµ1µ2...µJ (p, P ) = 0.
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4. QCD bound states and the Bethe-Salpeter equation

2. The number of Lorentz indices of the amplitude has to equal the total angular
momentum J of the state.

3. The amplitude has to be symmetric in its Lorentz indices, i.e. Γµ1µ2...µJ (p, P ) =
ΓΠ(µ1µ2...µJ )(p, P ) where Π ∈ SJ is an arbitrary permutation of the Lorentz
indices.

4. The Lorentz trace Γµ1 ...µJ
µ1

of the amplitude has to be zero.

5. It has to have the correct behaviour under a parity transformation.

Note, that due to the third requirement the amplitude is in fact transverse and
traceless in all of its Lorentz indices. Our goal is now to find a set of linearly
independent tensors {τµ1µ2...µJi } which form a basis of the vector space of the
amplitude such that we can express the amplitude as

Γµ1µ2...µJ (p, P ) =
n∑
i=1

fi(p
2, P 2, p · P ) τµ1µ2...µJi (p, P ), (4.21)

where the dressing functions fi only depend on Lorentz invariant combinations of
p and P . It is then sufficient to construct the τi in a way to fulfill the aforementioned
constraints for the entire amplitude to fulfill them as well. Additionally, in practice,
it is extremely beneficial if the chosen basis is orthonormal, as this makes projection
onto the dressing functions trivial and speeds up numerical computations. We
will now go over each criterion and outline a procedure to construct a basis for
arbitrary values of J .

Transversality

The canonical choice of building blocks for the tensor basis are the unit matrix 1,
the relative and absolute four-momenta pµ and P µ as well as their contractions
with the gamma matrix four vector, i.e. /p = γµpµ and /P = γµP µ, and the gamma
matrix four vector γµ itself. These are, however, neither normalized nor transverse
to the total momentum P µ. It is thus more convenient to work with the normalized
and transverse versions of these quantities, i.e.

P̂ µ =
P µ

‖P‖
,

pµ⊥ = pµ − (p · P̂ ) P̂ µ,

nµ = p̂⊥
µ =

p̂µ − z P̂ µ

√
1− z2

,

(4.22)
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where z = p̂ · P̂ . Note, that this allows for a choice of coordinates in which
P̂ µ = (0, 0, 0, 1) and nµ = (0, 0, 1, 0). These quantities have the convenient proper-
ties that n2 = P̂ 2 = 1 and n · P̂ = 0. Alongside these definitions, one can define
gamma matrices which are transverse with respect to both n and P̂ via

γµ⊥ = T µνP γν = γµ − P̂ µ /̂P

γµ⊥⊥ = T µνn γν⊥ = γµ − nµ/n− P̂ µ /̂P ,
(4.23)

where T µνP = δµν − P̂ µP̂ ν is the transverse projector with respect to P µ and T µνn
is the transverse projector with respect to n. By construction, these transverse
gamma matrices anticommute with both /n and /̂P .

Angular momentum

With these building blocks at hand, one can construct the basis of a state with
total angular momentum J as

J = 0 : {1, /̂P } ⊗ {1, /n } ,

J > 0 : {1, /̂P } ⊗ {1, /n } ⊗ {Nµ1µ2...µJ , Mµ1µ2...µJ} .
(4.24)

The tensor Nµ1µ2...µJ can contain all possible combinations of nµ and T µνP while
being transverse to the total momentum P µ:

nµ1nµ2 · · ·nµJ , T µ1µ2P nµ3 · · ·nµJ , . . . , T µ1µ2P T µ3µ4P · · ·T µJ−1µJ
P . (4.25)

Note that for odd values of J there is one more term containing (J − 1)/2 copies
of TP and a single n. The tensor Mµ1µ2...µJ , on the other hand, contains in addition
a single factor of γµ⊥⊥ in every term:

γµ1⊥⊥n
µ2 · · ·nµJ , γµ1⊥⊥T

µ2µ3
P nµ4 · · ·nµJ , . . . , γµ1⊥⊥T

µ2µ3
P T µ4µ5P . . . T

µJ−2µJ−1

P nµJ . (4.26)

The last term is only present for even values of J .

Symmetry

To make the tensor basis symmetric in all its Lorentz indices, we sum up all
permutations of indices for each term. This leaves us with the following general
form of Nµ1µ2...µJ and Mµ1µ2...µJ for even J
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Nµ1µ2...µJ =NJ,0

(
nµ1nµ2 · · ·nµJ

+NJ,1 T
[µ1µ2
P nµ3 · · ·nµJ ]

+ . . .

+ NJ,J/2 T
[µ1µ2
P T µ3µ4P · · ·T µJ−1µJ ]

P

)
Mµ1µ2...µJ =MJ,0

(
γ
[µ1
⊥⊥n

µ2 · · ·nµJ ]

+MJ,1 γ
[µ1
⊥⊥T

µ2µ3
P nµ4 · · ·nµJ ]

+ . . .

+MJ,(J−2)/2 γ
[µ1
⊥⊥T

µ2µ3
P T µ4µ5P . . . T

µJ−2µJ−1

P nµJ ]
)
.

(4.27)

The brackets around the Lorentz indices indicate a sum over all unique per-
mutations of the indices. The coefficients NJ,i and MJ,i have to be chosen such
that the final basis is traceless and normalized. In practice, the symmetrization is
a bottleneck for going to arbitrarily large angular momenta since the number of
terms needed for symmetrization grows very rapidly for increasing J . To see this,
we can find a lower bound for the number of terms needed by just considering even
J and only the term

T
[µ1µ2
P T µ3µ4P · · ·T µJ−1µJ ]

P . (4.28)
There is a total of J ! possible permutations of indices in that term alone, but due

to the symmetry of T µνP , the number of unique permutations of this term is J !/2J ,
which still grows faster than exponentially for sufficiently large J . In this work,
we go up to J = 5, since there are experimental candidate states for a light meson
and a kaon with J = 5 [10, 11]. With proper computational methods, one could
most likely also construct a base for J = 6 and potentially J = 7, but the lack
of experimental candidates in those channels at present, especially in the heavy
quark sector, makes predictions for such quantum numbers not interesting enough
to justify the required effort.

Tracelessness

Since the expressions for Nµ1µ2...µJ and Mµ1µ2...µJ are constructed to be symmetric
under permutation of Lorentz indices, one can rather easily derive expressions for
the coefficients NJ,i and MJ,i with i ≥ 1 such that the Lorentz trace of N and M
vanishes. A straightforward way of determining them is to evaluate their traces
with respect to µ1 and µ2 or any other pair of indices and tune NJ,i and MJ,i via
comparison of coefficients to set the traces to zero. Some helpful relations for this
derivation are
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nµnµ =1, T µνP nν = nµ, T ν
P ν = 3,

γµ⊥⊥nµ =0, T µνP T ρ
Pν = T µρP , T µνP γ⊥⊥ ν = γµ⊥⊥.

For example, in the case of J = 3 one can construct the coefficients NJ,i by first
writing down all relevant terms

1

N3,0

Nµνρ = nµnνnρ +N3,1 (T
µν
P nρ + T νρP nµ + T ρµP nν) . (4.29)

Taking the Lorentz trace with respect to µ and ν yields

1

N3,0

Nµ ρ
µ = nµnµn

ρ +N3,1

(
T µ
P µn

ρ + 2T ρµP nµ

)
= nρ +N3,1 (3n

ρ + 2nρ) = (1 + 5N3,1)n
ρ !
= 0,

which entails that N3,1 = −1
5
.

Parity

With the construction outlined above, the parity of the tensor basis will be deter-
mined by the total angular momentum via the relation P = (−1)J . If one wants to
construct a basis with the opposite parity, one simply needs to multiply the basis
elements by a factor of γ5 from the left.

Orthonormality

It is practical to work with a basis that is orthonormalized, i.e. that each pair of
basis vectors τµ1µ2...µJi , τµ1µ2...µJj obeys the orthonormality relation

tr(τµ1µ2...µJi τµ1µ2...µJj ) = δij, (4.30)

with projectors τµ1µ2...µJi = ±τµ1µ2...µJi ; see Tables C.1 to C.6 for the specific signs
in front of the projectors. Orthogonality is already achieved by construction since
we only used orthogonal building blocks in our basis. Normalization is obtained by
tuning NJ,0 and MJ,0 accordingly. Finally, by adding factors of i at appropriate
places one can make all dressing functions fi(p2, P 2, p · P ) real valued.

Applying this construction to mesons with J = 0 . . . 5 and P = ± gives the
orthonormal bases shown in Tables C.1 to C.6 in Appendix C.7.
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Other basis conventions

While this approach to constructing a tensor basis for the meson BSA can sys-
tematically be applied to arbitrary values of J , some previous studies of mesons
with J = 0, 1 have opted to use different bases, cf. [186, 230, 231]. A particular
historically important convention is the basis for the pion BSA directly constructed
in terms of the momentum vectors

Γπ(p, P ) = γ5
(
E(p, P )− i /PF (p, P )− i/p(p · P )G(p, P ) +

[
/p, /P

]
H(p, P )

)
. (4.31)

Thus, we will resort to using this choice of base as well when investigating
properties of the pion specifically.

4.2.5. Solution strategy
As stated in Section 4.2.2, the Bethe-Salpeter equation in general form is an
eigenvalue equation of an operator. When formulated numerically, the BSE turns
into an eigenvalue equation of a finite dimensional matrix. To see this, we plug the
tensor structure decomposition from equation (4.21) into the BSE (4.16) to obtain

n∑
i=1

fi(p
2, P 2, p · P ) τµ1µ2...µJi (p, P ) =

n∑
i=1

∫
d̄4q Kab,cd (q, p, P )

[
S (q+) fi(q

2, P 2, q · P ) τµ1µ2...µJi (q, P )S (q−)
]
bc
.

(4.32)

By further using the orthonormality relation of the tensor basis (4.30), we can
project onto the dressing functions of the BSA by multiplying with the projectors
of the base and taking the trace over Dirac indices

tr

(
τµ1µ2...µJj (p, P )

n∑
i=1

fi(p
2, P 2, p · P )τµ1µ2...µJi (p, P )

)
= fj(p

2, P 2, p · P ) =

tr

(
τµ1µ2...µJj, da (p, P )

n∑
i=1

∫
d̄4q Kab,cd (q, p, P )

[S (q+) τ
µ1µ2...µJ
i (q, P )S (q−)]bc

)
fi(q

2, P 2, q · P ).

(4.33)
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Of the four integrals appearing on the right-hand side, one trivially equates to
2π, while the other three generally have to be solved numerically.4 The numerical
treatment of the integrals requires the values of p2, q2 and the angles between pairs
of momenta to be discretized onto finite grids

p2 → p2i , q2 → q2i
z → zi, β → βi.

(4.34)

Using this discretization, we can express the dressing function appearing in
eq. (4.33) as components of a vector with radial index k, angular index l and Dirac
index i

fi(p
2, P 2, p · P )→ fi,k,l(P

2). (4.35)

The integrals appearing on the right-hand side of the projected BSE (4.33) turn
into sums upon discretization, as discussed in detail in Appendix D.1. By combining
the result of the dirac trace together with the Jacobians and integration weights of
all the integrals, the BSE turns into

fi,k,l(P
2) =

n∑
j=1

Np∑
k̃=1

Nz∑
l̃=1

Mi,k,l,j,k̃,l̃(P
2)fj,k̃,l̃(P

2), (4.36)

where Np and Nz are the number of points in the radial and angular grids
respectively. Furthermore, we can introduce a superindex s, which combines Dirac,
radial and angular indices with a one-to-one correspondence5

s := k +Npz +NzNpi ⇔


k = s mod Np

z =
⌊

s
Np

⌋
mod Nz

i =
⌊

s
NpNz

⌋ (4.37)

with which the projected BSE becomes

fs(P
2) =

nNzNp∑
s̃=1

Mss̃(P
2)fs̃(P

2). (4.38)

This now obviously resembles the form of a finite dimensional eigenvalue equation
of a matrix M. We will call this matrix the Mother-matrix. It is a matrix of

4For more information on the hyperspherical coordinates used, Appendix A.4 can be consulted.
5The mapping between indices and superindex is not unique though, as the order of indices in

the definition can be permuted. In practice, choosing a consistent mapping that fits the order
of operations in the numerical implementation can improve cache locality on modern CPUs
and thus have a significant impact on runtime performance of the computations.
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Figure 4.5.: Sketch of a BSE eigenvalue spectrum and mass pole positions.

dimension (n ·Nz ·Np)× (n ·Nz ·Np), where n ·Nz ·Np is typically of the order
103 ∼ 104. Thus, efficient numerical eigensolvers are necessary to tackle a numerical
treatment of the BSE. We will talk about the eigensolvers used in this work in
Appendix E.2.1.

In general, the eigenvalues ofM(P 2) need not be equal to one for a given P 2. At
the physical point, where P 2 = −m2, the BSE (4.17) demands that the eigenvalue
of M is equal to one. Thus, it is practical to calculate the eigenvalues of M as a
function of squared meson momentum λ(P 2), known as the eigenvalue curve, and
find the point, where it intersects λ(P 2 = m2) = 1. In practice, this can be done by
finding the zeroes of the function λ(P 2)−1 or the poles of the function 1/ ln(λ(P 2)).
Since calculating the components and eigenvalues of M can be computationally
costly, using efficient root finding algorithms is recommended, see Appendix D.2
for details.

Additionally, one will find not only one, but multiple solutions to the equation
λ(P 2 = −m2

i ) = 1, where the index i labels those solutions, where the subleading
eigenvalues of M are equal to one. These extra solutions correspond to radial
excitations of the meson with given quantum numbers. For example, for the pion
the first solution is the ground state and corresponds to the π(139), while the next
solution with correct charge-parity corresponds to the π(1300) and so on. This is
sketched graphically in Fig. 4.5.

When computing the eigenvalue spectrum of the Mother-matrix, sometimes
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unphysical eigenvalues can appear, such as complex conjugate eigenvalue pairs.
These typically arise from negative eigenvalue modes in the propagator matrix
G, which is part of the Mother-matrix. By removing those modes from the
propagator matrix, one can construct a modified Mother-matrix without complex
eigenvalues [237]. Additionally, the eigenvalue curves can sometimes intersect,
making extrapolation problematic. A numerical method to remove these crossings
is explained in Appendix C.3.

The eigenvectors obtained from numerically solving this eigenvalue equation do
contain results for each of the dressing functions of the meson at each point in the
momentum and angular grids with the ordering depending on the choice of index
ordering made in equation (4.37). They still have to be normalized according to
one of the schemes outlined in section 4.2.3 before they can be used for calculating
further mesonic properties, such as decay constants or form factors.

4.2.6. C-parity and symmetry
If the constituent quarks of a meson have the same flavour, a charge conjugation
leaves the quark content invariant. As a consequence, the Bethe-Salpeter amplitude
is an eigenstate of the charge-conjugation operation

Γ µ1µ2...µJ (p, P ) =
[
C Γµ1µ2...µJ (−p, P )C−1

]T
= ηC Γµ1µ2...µJ (p, P ) (4.39)

with C = γ2γ4 being the charge-conjugation matrix and ηC being the eigenvalue
of the charge-conjugation operation. Since applying charge conjugation twice in a
row leaves the initial amplitude invariant, the only possible values for the eigenvalue
are ηC = ±1, which gives rise to another quantum number for mesons with equal
constituent flavours.

If the tensor base of the Bethe-Salpeter amplitude is constructed in a way, such
that the basis elements τi have a definite C-parity, the C-parity manifests itself in
the symmetry of the dressing functions with respect to the scalar product between
the relative quark momentum and the total meson momentum, i.e. p · P [238].
Equivalently, if one computes the BSA of a meson on-shell as a function of p and
the cosine of that angle z = cosψ, the dressing functions are either odd or even in
the z argument.

When computing the dressing functions of the BSA as eigenvectors of the Mother-
matrix, solutions that are both even and odd in z will appear, indicating that states
with both charge-parities are eigenvectors of the same matrix. There are multiple
ways to deal with this issue in order to separate between states with positive and
negative C-parity.
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One way is by expanding the angular dependence of the dressing functions into
a series of Chebyshev polynomials when calculating the elements of the Mother-
matrix [186, 231]. This has the advantage, that only states with a certain C-parity
appear as solutions in the first place. Additionally, the Chebyshev series tends to
converge quite quickly, which means that one only has to compute the leading few
terms in the series instead of having to calculate the full angular dependence. In
order for this to work, the basis elements of the Bethe-Salpeter amplitude all have
to have the same definite C-parity, which can be achieved by multiplying basis
elements with diverging C-parity by a factor of p · P .

Another method, which is used throughout this work, is to calculate the BSA
with its full angular dependence6 and later differentiate the obtained solutions
by their symmetry in the z argument. The advantage of this method is, that
by only calculating the Mother-matrix once, one obtains results for states with
both C-parities at once. Since calculating the elements of the Mother-matrix is
computationally much more expensive than calculating the leading eigenpairs, this
can save a lot of computational work. Also, the obtained solutions are not expanded
in a series but instead contain the full angular dependence.

A reliable way to perform the latter method has been to calculate the overlap
between the obtained solution and Chebyshev polynomials of the second kind Un(x)

Oi,n(p
2) :=

∫ 1

−1

dz
√
1− z2 Un(z)fi(p2, z) ≡

Nz∑
k=1

wk Un(zk)fi(p
2, zk), (4.40)

where we transformed the p · P dependence of the dressing function fi to a
z dependence and wk are Chebyshev integration weights, see Appendix D.1 for
details. If the dressing function fi is even (odd) in the z argument, the overlap
with Chebyshev polynomials of even (odd) order n is non-zero, while the overlap
with odd (even) order polynomials is zero. Since the values of fi and thus the value
of Oi,n(p

2) can become quite small and deceptively close to zero, it is helpful to
also integrate over p2 to improve sensitivity to zero/non-zero results

Õi,n =

∫
dp2

Nz∑
k=1

wkUn(zk)fi(p
2, zk). (4.41)

An example of this being applied to the pion can be seen in Fig. 4.6. One can
see, that the eigenvector corresponding to the leading eigenvalue only has non-zero
contributions of even order Chebyshev polynomials, while only polynomials of
odd order contribute to the second eigenstate. This indicates, that the quantum

6Albeit on a finite grid of points in z.
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Figure 4.6.: Chebyshev expansion of the leading tensor structure’s dressing function
in the JP = 0− channel akin to eq. (4.41). The results have been
scaled, such that the leading order term has a contribution of 1. This
calculation has been performed using the rainbow-ladder truncation.

numbers of the lowest lying state are JPC = 0−+, while the second-lowest state has
quantum numbers 0−−, which are typically classified as exotic.

In Fig. 4.6 one can also see, that the third non-zero contribution in both states is
already on the order of 10−4 in comparison to the leading contribution, indicating
that an expansion of the full solution in Chebyshev polynomials converges quite
rapidly.

4.3. Truncation schemes
As mentioned in Chapter 3, the equations of motion of QCD obtained from
functional methods generally form an infinite tower of coupled equations and thus
cannot be solved exactly. Instead, one has to truncate the coupled system of
equations at some point. In practice, such a truncation cannot be done arbitrarily,
but certain constraints have to be fulfilled. In this section we will talk about these
constraints in detail and what they imply in sections 4.3.1 and 4.3.2. Then, we will
go into detail on two truncation schemes important for this work in sections 4.3.3
and 4.3.4. Explicit results obtained in these two truncation schemes will be
presented in Chapters 5 and 6.
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Figure 4.7.: Consistency relations between the quark self-energy and the Bethe-
Salpeter kernel imposed by the axialvector Ward-Takahashi identity
(top) and the vector Ward-Takahashi identity (bottom). The crossed
boxes represent an insertion of an external on-shell momentum P µ and
a corresponding Dirac matrix [45].

4.3.1. The axialvector Ward-Takahashi identity
As mentioned in Section 2.3, it is of utmost importance for any practical calculation
done in hadron physics to preserve the effects of DχSB, such as a non-vanishing
chiral quark condensate (2.41) and the Gell-Mann-Oakes-Renner relation (2.43).
In terms of currents, DχSB is characterized by the PCAC relation (2.45). At the
quantum level, this leads to the axialvector Ward-Takahashi identity (axWTI),
which relates axialvector and pseudoscalar vertices to the fully dressed quark
propagator [45]

PµΓ
µ
5(p, P ) + 2mcΓ5(p, P ) = S−1(p+)iγ5 + iγ5S

−1(p−). (4.42)

The momenta p± follow the same notation as the momenta q± introduced earlier.
At the level of the quark self-energy Σ and the Bethe-Salpeter kernel K, the axWTI
reads [190]

Σ(p+)γ5 + γ5Σ(p−) = −
∫

d̄4q K(q, p, P ) (γ5S(q−) + S(q+)γ5) . (4.43)

In diagrammatical form this can be seen in the top half of Fig. 4.7. The fact,
that the axWTI relates the quark self-energy and the quark-antiquark scattering
kernel to each other makes truncating the set of DSEs and the meson BSE a highly
non-trivial task. While equation (4.43) looks deceptively simple, it implies, that
the DSE tower and the meson BSE cannot be truncated independently of each
other, but each truncation scheme has to consistently truncate both equations.
In practice, this limits the choices of truncation schemes drastically as it can be
difficult to find consistent truncation schemes. The two truncation schemes we will
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focus on in our meson studies do in fact both satisfy the axWTI though, making
them well-suited for applications to light meson spectroscopy.

4.3.2. The vector Ward-Takahashi identity
Just like the axWTI encodes the PCAC relation and thus the effects of DχSB on
the quantum level, the conservation of the vector U(1) current (2.21) is encoded in
the vector Ward-Takahashi identity (vecWTI). It relates the (vector) quark-photon
vertex Γµqγ to the fully dressed quark propagator [45]

PµΓ
µ
qγ(p, P ) = S−1(p+)− S−1(p−). (4.44)

The vecWTI states, that the longitudinal part of the quark-photon vertex is
completely determined by the quark propagator. Fig. 4.7 shows the vecWTI
in diagrammatical form. If we decompose the tensor structure of the quark-
photon vertex into a longitudinal and a transverse part with respect to the photon
momentum P , we can write it as

Γµqγ(p, P ) =
4∑
j=1

gj(p
2, P 2, p · P ) iGµ

j (p, P ) +
8∑
j=1

fj(p
2, P 2, p · P ) iT µj (p, P ), (4.45)

with dressing functions gj and fj which depend on all possible Lorentz invariant
combinations of p and P . A canonical choice for the basis of the longitudinal part
is

Gµ
1 = γµ, Gµ

2 = pµ/p, Gµ
3 = ipµ, Gµ

4 = (p · P ) i
2
[γµ, /k] . (4.46)

The vecWTI now implies, that the dressing functions gj formally have the
Ball-Chiu solution [239, 240]

g1 = ΣA, g2 = 2∆A, g3 = −2∆B, g4 = 0, (4.47)
where

ΣA =
A(p2+) + A(p2−)

2
, ∆A =

A(p2+)− A(p2−)
p2+ − p2−

(4.48)

and an analogous expression for ∆B, where A(p2) and B(p2) are again the
dressing functions of the inverse quark propagator. The identities (4.47) give
the possibility to test the vecWTI numerically by independently calculating the
dressing functions of the longitudinal part of the quark-photon vertex and the linear
combinations of quark propagator dressing functions appearing on the right-hand
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4. QCD bound states and the Bethe-Salpeter equation

side of equation (4.47) and comparing them against each other. For more details
on how the quark-photon vertex is obtained numerically, Appendix C.4 can be
consulted.

Since the vector Ward-Takahashi identity is not only related to the conservation
of the U(1) vector current, but also to gauge symmetry and the interaction be-
tween quarks and photons, any truncation used for calculations of electromagnetic
properties of quarks and hadrons, such as hadronic formfactors, has to fulfill the
vecWTI to ensure the results are physically meaningful.

4.3.3. The rainbow-ladder truncation
One truncation scheme, which is known to preserve both the vector and axialvector
Ward-Takahashi identities, is the so-called rainbow-ladder truncation. It has been
applied to a wide range of problems in hadron physics over the past decades. For
reviews, cf. [45–47, 49] and references therein.

The idea behind the rainbow-ladder truncation is to replace the quark-gluon
vertex appearing in the quark DSE by its leading, tree-level tensor structure and
to combine its dressing function with the gluon propagator’s dressing function into
an effective one-gluon exchange. Simultaneously, the quark-antiquark scattering
kernel appearing in the BSE is replaced with a single effective gluon exchange using
the exact same effective gluon as in the quark DSE. In particular, the combination
of quark-gluon vertex and gluon propagator is replaced by

Dµν(k)Γµqg(k; p, q) =
Z(k2)

k2

8∑
i=1

hi(k; p, q)λ
µ
i (k; p, q)→ Z1F

Z(k2)

k2
γµ⊥h1(k; p, q).

(4.49)
One further simplifies the momentum dependence of h1(k; p, q) to only depend

on the squared gluon momentum, i.e. h1(k2), such that one can combine Z(k2)
and h1(k

2) into an effective running coupling

α(k2) =

(
Z̃1

Z̃3

)2
g2

4π
Z(k2)h1(k

2). (4.50)

Finally, one can combine the appearing renormalization constants using the
Slavnov-Taylor identities (2.14)

Z2
1F = Z2

2

(
Z̃1

Z̃3

)2

. (4.51)

Thus, the truncated quark self energy becomes
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Σ(p) = −CfZ2
24π

∫
d̄4q γµS(q)γµ⊥

α(k2)

k2
. (4.52)

In order to fulfill the axialvector and vector WTIs, one has to choose the quark-
antiquark scattering kernel to be

Kab,cd(q, p, P ) = −CfZ2
24πγ

µ
abTµν(k)γ

ν
cd

α(k2)

k2
, (4.53)

where α(k2) is the exact same effective running coupling as in the truncated
quark DSE. One can show, that even a light deviation between the effective
running couplings used in the quark DSE and pion BSE leads to the pion obtaining
a significant mass in the chiral limit [241]. A short analytic proof, that this choice
of truncation indeed satisfies the axWTI, can be found in Appendix C.5.

As for the choice of effective running coupling, one typically composes an explicit
form by combining an ultraviolet part, which is motivated by perturbation theory,
with an infrared part, which is modelled using phenomenological arguments. This
leads to the effective running coupling having the general form

αeff(k
2) = αIR(k

2) +
πγm

(
1− e−k

2/Λ2
0

)
ln
√
e2 − 1 +

(
1 + k2/Λ2

QCD
)2 , (4.54)

with scales Λ0 = 1GeV and ΛQCD = 0.234GeV, and the anomalous mass
dimension being γm = 12/(11Nc − 2Nf ) = 12/25 for Nc = 3 and Nf = 4. For the
infrared part, several models have been used in the past with different arguments
for their usefulness. During this work, we will investigate some properties of the
models proposed by Maris and Tandy [186] and by Qin, Chang et al. [242]7

αIR,MT(k
2) = πη7

k4

Λ4
e−η

2k2/Λ2 (4.55)

αIR,QC(k
2) = πη7QC

k2

Λ2
QC

e−η
2
QCk

2/Λ2
QC . (4.56)

We will refer to the former effective running coupling as Maris-Tandy model
and the latter as Qin-Chang model. We will investigate and compare some of the
properties and results of both models throughout this work, but we will put a
stronger emphasis on the Maris-Tandy model.

7The original works, in which these models have been proposed use a different parametrization in
terms of parameters D and ω. Here, we opt for a different parametrization, which is used in [1,
45] and other works. We will later give explicit values for the parameters used in Section 6.4.
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4. QCD bound states and the Bethe-Salpeter equation

4.3.4. The kernel-first truncation
In this section, we will investigate another truncation scheme, which preserves
the axWTI, called kernel-first truncation. It has first been developed by Richard
Williams, Christian Fischer and Walter Heupel in an unpublished paper [3] and the
derivation is reproduced here with permission by the authors. It has been applied
to the light meson spectrum in another paper by these authors within a similar 3PI
setup to the one used in this work [195]. Some exploratory work with simple model
interactions based on the construction laid out in this section has been done in my
master’s thesis [241]. In this work, we will apply it to the more general framework
introduced in sections 3.2 through 3.5.

Motivation - Problems of the rainbow-ladder truncation

While the rainbow-ladder truncation has been applied to a wide range of problems
in the past, it has been done so with varying success. For instance, we will later see
in Section 6.4, that rainbow-ladder is a good tool for describing ground state masses
of mesons with quantum numbers on the natural Regge trajectory, while failing
at reproducing and predicting ground state masses of other quantum numbers.
Similar results have been observed in baryon spectra as well [45]. As a consequence,
only some possible configurations of tetraquarks become reasonably accessible in
rainbow-ladder [42]. Furthermore, the rainbow-ladder truncation generally does
not do a good job at producing excited meson masses, which we will also see in
practice later. Lastly, the drastic simplifications done to the quark-gluon vertex and
gluon propagator make it impossible to access the analytic structure of Yang-Mills
Green’s functions or access exotic states beyond the quark sector, such as glueballs
and hybrid mesons, in a consistent way.

Introducing the kernel-first truncation

In section 3.2.2 we have seen, how taking the first order functional derivative of
an nPI effective action with respect to the quark propagator produces a term
for the quark self-energy. Similarly, taking the second order functional derivative
with respect to the quark propagator gives rise to the quark-antiquark scattering
kernel [210]. One can use this approach to derive consistent equations of motion
for the propagators and vertices of the truncated theory as well as a corresponding
scattering kernel.

However, it is not always clear, whether the kernel and quark self-energy satisfy
the Ward-Takahashi identities (4.43) and (4.44). This is especially the case, if
further approximations are done in the process, such as kinematic simplifications,
leaving out entire diagrams in equations or quenching the quark loops in the
Yang-Mills sector. It is also not straight-forward to only consider certain tensor
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4.3. Truncation schemes

structures of objects appearing in the kernel, especially the quark-gluon vertex, to
investigate their impact on computed quantities while still preserving the axWTI.

Note, that going from a truncated quark self-energy to a scattering kernel is not
trivial either. Obtaining the quark self-energy entails evaluation at the physical
point, i.e. setting the source terms to zero. One can thus not just take the functional
derivative of the self-energy to get a scattering kernel, since setting the sources to
zero would happen at the wrong step, leading to a wrong order of operations

Σ ∼ δΓ3l
3PI
δS

∣∣∣∣∣
J=0

K ∼ δ2Γ3l
3PI

δSδS

∣∣∣∣∣
J=0

6= δΣ

δS
.

(4.57)

If one were to calculate the functional derivative of the quark self-energy, the
chain rule would have to be respected, leading to derivatives of the quark-gluon
vertex appearing, which in turn introduces a four-quark-one-gluon vertex with its
own coupled integral equation [3].

Thus, we will introduce the kernel-first truncation, which works the other way
around compared to the usual procedure. The idea is to start with an expression for
the quark-antiquark scattering kernel and derive an expression for the quark self-
energy from there. The benefit of the kernel-first truncation is, that it automatically
satisfies the axWTI by construction. This implies, that the effects of DχSB are
automatically included in the calculations, especially the (pseudo) Goldstone nature
of the pion. We will numerically verify this in section 6.2.

Constructing the quark self-energy

To construct a quark self-energy from a given scattering kernel K, we start with
Goldstone’s theorem in the form [3, 210]

δ2Γ

δSδS
{γ5, S} = 0. (4.58)

The first term is the Bethe-Salpeter operator S−1
ab ⊗S

−1
cd −Kab,cd, while the second

term is the analog of the Bethe-Salpeter wave function in the chiral limit. Using
this expression for the Bethe-Salpeter operator we find

[
S−1(p)

]
ab
{γ5, S(p)}bc

[
S−1(p)

]
cd
=

∫
d̄4q Kab,cd(p, q, P ) {γ5, S(q)}bc . (4.59)
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4. QCD bound states and the Bethe-Salpeter equation

We can now again decompose the inverse quark propagator into a vector and a
scalar part according to (3.30). Using the fact that the vector part anticommutes
with all occurrences of γ5 we get

2γ5,adB(p2) =

∫
d̄4q Kab,cd(p, q, P ) {γ5, S(q)}bc . (4.60)

If we further multiply this expression by γ5 from the left and take the trace over
the uncontracted dirac indices, we can insolate B(p2) on the left-hand side of this
equation. Doing so yields an equation for B(p2)

B(p2) =
1

8
tr

(
γ5,ab

∫
d̄4q Kbc,de(p, q, P ) {γ5, S(q)}cd

)
, (4.61)

which replaces, as the consequence of introducing a constraint equation, the usual
result for the scalar dressing function from the equations of motion. Technically,
this derivation is only exact in the chiral limit, where the pion is massless and
thus P 2 = −m2

π = 0. The kernel we will use for our practical calculations does
not explicitly depend on the total meson momentum P though, which makes it
possible to extend equation (4.61) to finite current quark masses mc. Doing so
does not change the fact that the equation remains in satisfaction of the axWTI.
Therefore, the scalar part of the quark DSE becomes

B(p2) = Z2Zmmc −
1

4
tr

[∫
d̄4q γ5,abKbc,de(q, p, P )γ5,cd

B(q2)

q2A(q2) +B(q2)

]
. (4.62)

This construction bears some similarities to the Dirac-Brueckner scheme used
in transport theory of nuclear reactions [243, 244]. In this scheme, the self energy
term in the Dyson-Schwinger equation for the nucleon Green’s function is also
constructed from a four-nucleon vertex function, but without the insertions of γ5
matrices to account for chirality and without the insertion of the anticommutator
{γ5, S}.

Equation for A(p2)

It is important to note, that this construction, which uses the axWTI as basis, only
constrains the equation for B(p2). It does not pose any constrains on the equation
for the vector dressing function A(p2). Naively, this leaves us with a choice of
equation for A(p2). However, the axWTI is not the only symmetry constraint we
have to fulfill. Ideally, one would construct the equation for A(p2), such that the
vector WTI is also fulfilled alongside the axialvector WTI.

Throughout this work, three different constructions for an A-equation have
been investigated. The first is to derive the A-equation using the unmodified
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3PI formalism outlined in Chapter 3. This means, that the equation for A(p2) is
obtained by projecting the quark self-energy derived from the effective action onto
the vector part and taking the trace, i.e.

A(p2) = Z2 − Z1fg
2CF tr

(−i/p
4p2

∫
d̄4q iγµS(q)Γµ(k;−p, q)Dµν(k)

)
. (4.63)

This has the advantage of having a clear motivation for the choice of A-equation,
as it is the “natural” equation derived from QCD.8 On the other hand, its disadvan-
tage is, that this makes it impossible to write down one self-energy in closed form
from which the equations for both A(p2) and B(p2) can be derived via projection
and tracing. This makes it impossible to reason about whether this setup fulfills
the vecWTI using transformation properties of the self-energy, as is done in [210].

Thus, another construction for the A-equation investigated in this work is one
first proposed by von Smekal in [245]. It uses an equation with a structure similar
to eq. (4.62)

A(p2) = Z2 −
1

4
tr

[−i/p
p2

∫
d̄4q γ5,abKbc,de(q, p, P )γ5,cd

/qA(q2)

q2A(q2) +B(q2)

]
. (4.64)

Lastly, since the right-hand side of equation (4.62) has clear similarities to the
diagrams appearing on the right-hand side of the axWTI in Fig. 4.7, one can also
try to construct an equation for A(p2) in analogy to the right-hand side of the
vecWTI in Fig. 4.7. This leads to an A-equation of the form

A(p2) = Z2 −
1

4
tr

[−i/p
p2

∫
d̄4q 1abKbc,de(q, p, P )1cd

/qA(q2)

q2A(q2) +B(q2)

]
. (4.65)

We will investigate the impact of different A-equations on the vecWTI in Sec-
tion 5.3. Unfortunately, none of the approaches presented here satisfy the axWTI
and the vecWTI simultaneously. This might be a general problem of the truncated
nPI approach [246, 247]. For the kernel-first truncation, this still poses an open
problem.

Choosing a kernel

As a first consistency check, it is instructive to use the rainbow-ladder scattering
kernel (4.53) in the kernel-first construction (4.62). One can easily verify, that

8The word “natural” is put in quotation marks, since the equations for the scalar and vector
dressing functions are coupled and thus any modification done to one dressing function’s
equation will always affect both functions.
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Figure 4.8.: Meson BSE derived from the three loop 3PI effective action. The
crossed gluon exchange is being neglected, as it corresponds to the
Abelian diagram in the quark-gluon vertex equation (3.35).

doing so results in the same equation for B(p2) as one obtains by using the quark
self-energy (4.52) in the quark DSE [241].

For our calculations beyond the rainbow-ladder truncation, we will use a more
sophisticated kernel. In fact, we will use the kernel, that is derived from the three
particle irreducible effective action of QCD at three loop level. As mentioned at
the beginning of this section, the kernel is obtained by performing the second order
functional derivative with respect to the quark propagator and evaluating at the
physical point [210]

Kab,cd = 2
δ2Γ3l

3PI
δSabδScd

∣∣∣∣∣
J=J(2)=J(3)=0

. (4.66)

For the 3PI effective action at three-loop order this results in two terms, one
being a dressed single gluon exchange between two dressed quark-gluon vertices,
the other being a crossed two gluon exchange [195]. The meson BSE with the
resulting scattering kernel is depicted diagrammatically in Fig. 4.8.

In our calculations we will neglect the crossed gluon exchange diagram. The
reasoning behind it is twofold. Firstly, it introduces a two loop diagram into the
meson BSE, which leads to significantly more computational effort when solving
the BSE numerically. Secondly, when deriving this kernel from the 3PI effective
action, this diagram corresponds to the Abelian diagram in the quark-gluon vertex
equation (3.35). In other words, if one neglects the Abelian diagram in the quark-
gluon vertex equation, the derivation of the kernel automatically only contains the
single dressed gluon exchange [195]. The 3PI kernel we use thus has the explicit
form

Kab,cd(q, p, P ) = −g2CFDµν(k)
[
Γµqg(k,−q+, p+)

]
ab

[
Γνqg(k,−p−, q−)

]
cd

(4.67)

One might assume, that inserting a kernel with two dressed quark-gluon vertices
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into the quark DSE might result in double counting of some diagrams. However, due
to the kernel-first construction introducing γ5 matrices into the quark self-energy,
this problem is automatically mitigated. When one inserts the kernel (4.67) into
equation (4.62), it will contain a term of the form

Γ̃µqg := γ5Γ
µ
qgγ5 (4.68)

which is a chiral transformation of the quark-gluon vertex. While the chirally even
tensor structures of the quark-gluon vertex do not change under this transformation,
the chirally odd ones obtain a relative minus sign compared to the even ones. Thus,
the two vertices appearing in the final equation are not equal after all.
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5.1. Quark-gluon vertex
The results shown in this section have been calculated by Markus Q. Huber and
are still preliminary. Once they are finalized, they will be published in a separate
paper [2]. They are shown here, since they serve as input for quark and meson
calculations within the kernel-first truncation later in this work.

Fig. 5.1 shows numerical results for the quark-gluon vertex dressing functions
in the setup explained throughout Chapter 3. The top panel shows results for
the light quark-gluon vertex. One immediately sees, that the leading, tree-level
structure of the vertex is the dominant one. Its dressing function h1 becomes
constant in the infrared and exhibits logarithmic behaviour for large momenta
as one would expect from perturbation theory. All other dressing functions go
to zero in the ultraviolet, which is also in agreement with perturbation theory
and asymptotic freedom. Besides the tree-level tensor structure, the structures
with dressing functions h2, h5, h6 and to a lesser extent h3 also have a sizeable
contribution, while the dressing functions h4, h7 and h8 are close to zero. This
general ordering is in accordance with Ref. [195], where a similar setup and tensor
basis have been used. The fact, that the subleading tensor structures do contribute
significantly to the results and their dressing functions are comparable in size
to the tree level structure, indicates, that a more sophisticated treatment of the
quark-gluon vertex beyond the simple rainbow-ladder truncation is necessary to
fully grasp the dynamics of QCD.

The width of the bands in Fig. 5.1 shows the angular dependence of the dressing
functions. In particular, the solid lines mark the largest and smallest values the
dressing function takes on for fixed singlet variable S0 when varying the doublet
variables a and s, see Section 3.5.1 for details. From this one can see, that the
quark-gluon vertex does have a sizeable angular dependence. For instance, around
S0 = 1GeV2 the largest and smallest value of the leading dressing function h1
differ by a factor of roughly 1.65. The quark gluon vertex having a sizeable angular
dependence is also in accordance with previous studies, cf. [215, 248].

Lastly, Fig. 5.1 also shows results for the strange quark-gluon vertex in the lower
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Figure 5.1.: Preliminary results for the quark-gluon vertex dressing functions. The
width of the plots indicate the angular dependence of the dressing
functions. Top panel: Light quarks (mc = 2.2MeV), bottom panel:
Strange quarks (mc = 58MeV)
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Figure 5.2.: Results for the dressing functions of the inverse quark propagator
calculated in the rainbow-ladder truncation. The equations have been
renormalized at µ = 19GeV.

panel. The qualitative behaviour of the dressing functions stays the same, but the
concrete values of them change noticeably. One feature visible here is that the
leading dressing function h1 becomes less dominant for strange quarks than it is for
light quarks. Previous work done in [215] investigating the flavour dependence of
the quark-gluon vertex for charm and bottom quarks has shown similar behaviour.

5.2. Quark propagator
The Landau gauge quark propagator has been thoroughly studied in the past using
functional methods in several truncations. For reviews, see [45, 47–50, 249] and
references therein. Since this quantity has already been studied extensively, we will
only briefly sketch its most important features here, especially in regard to DχSB.

5.2.1. Rainbow-ladder truncation
Fig. 5.2 shows results for the dressing functions of the inverse quark propagator
calculated in the rainbow-ladder truncation for several quark masses. The left plot
shows the vector dressing function A(p2), the right plot shows the scalar dressing
function B(p2) on a logarithmic plot. For the former, one can see, that it tends
towards 1 in the ultraviolet1 while it is enhanced in the infrared. Consequently,
the wave function dressing Zf (p2) = 1/A(p2) tends towards 1 in the ultraviolet as
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5.2. Quark propagator

well, while being suppressed in the infrared. Superficially, this can be seen as a
representation of asymptotic freedom, with the quarks being tightly bound at small
energies, while being asymptotically free at high energies.

For the scalar dressing function B(p2) we can see a qualitatively similar behaviour.
In the ultraviolet, the dressing function tends towards the bare quark mass mc,
while also being enhanced in the infrared. For massless quarks, B(p2) does not decay
logarithmically, but falls off with a power law. This happens, because in general
B(p2) has two asymptotic terms in the ultraviolet, one decaying logarithmically
and one decaying as a power law. The logarithmic term however is proportional to
the bare quark mass, which leads to it being dominant for large values of p2 for
finite mc while being absent in the chiral limit [175].

Similarly, the quark’s effective mass function M(p2) = B(p2)/A(p2) is also
enhanced in the infrared. This indicates, that even the truncated dynamics of
the rainbow-ladder truncation lead to an effective quark mass being generated
dynamically. Even in the chiral limit the effective quark mass becomes finite in the
infrared. The larger the value of the bare quark mass, the less strong the effects
of dynamical mass generation become in relation to the bare mass. In concrete
numbers, the effective mass generated in the chiral limit is M(0) = 476MeV. For
light quarks it is M(0) = 488MeV, which is larger than expected in a constituent
quark picture. The chiral quark condensate has a value of

〈
ψψ
〉
= −(272.8MeV)3.

5.2.2. Kernel-first truncation
Fig. 5.3 shows results for the dressing functions of the inverse quark propagator
calculated in the kernel-first truncation for chiral, light and strange quarks.2 For
these calculations, we used the unmodified equation for A(p2) with a single dressed
quark-gluon vertex. Generally speaking, these results share many similarities with
the rainbow-ladder results. Both dressing functions are enhanced in the infrared
and fall off in the ultraviolet, an effective mass is generated dynamically and the
ordering of the results is generally also compatible with the rainbow-ladder case. It
is noteworthy though, that the dynamically generated mass is smaller compared to
the rainbow-ladder case. The chiral quark has an effective mass of M(0) = 162MeV
and the light quark with mc = 2.2MeV has an effective mass of M(0) = 199MeV,
which is smaller than one would expect in a constituent quark picture. Interestingly,
the value of the chiral quark condensate barely changes compared to the rainbow-
ladder truncation and comes out to be

〈
ψψ
〉
= −(264.8MeV)3.

1In fact, A(p2) = 1 at the renormalization point due to the renormalization condition (3.33). If
we were to renormalize at ultraviolet cutoff, A would go to 1 at the cutoff.

2Charm and bottom quarks are not included in this study, since charmonium and bottomonium
meson mass poles lie too far inside the complex plane to be accessible in our current setup,
see Appendices C.2 and C.1 for details. While we technically could still calculate the quark
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Figure 5.3.: Results for the dressing functions of the inverse quark propagator
calculated in the kernel-first truncation. The equations have been
renormalized at µ ≈ 17.234GeV.

5.3. Quark-photon vertex
In this section, we will investigate numerical results for the longitudinal part of
the quark-photon vertex and compare them to the Ball-Chiu solution (4.47). The
purpose of that is to numerically investigate, whether the vecWTI is satisfied by
the rainbow-ladder and kernel-first truncation schemes. Details on the numerical
treatment of the quark-photon vertex BSE and results for the transverse part of
the vertex can be found in Appendix C.4.

5.3.1. Rainbow-ladder truncation
The results obtained in the rainbow-ladder truncation are depicted in Fig. 5.4.
They are compared to the Ball-Chiu vertex, which is the solution obtained from
the vecWTI. For g1 through g3, the rainbow-ladder and Ball-Chiu solutions are
nearly indistinguishable with only slight deviations at the edges of the z grid in g1,
where z = (p̂ · P̂ ) ≈ ±1. At a first glance it looks like g4 deviates significantly from
the Ball-Chiu solution, but these deviations are only on the order of 10−6 at most.

We can thus conclude, that the rainbow-ladder truncation does respect not only
the axWTI, but also the vecWTI. It therefore respects gauge symmetry and is a
suitable truncation for calculations of electromagnetic properties of hadrons.

propagator for spacelike momenta, we cannot reliably fix the current quark masses to the
charmonium and bottomonium sector, making such calculations not very meaningful.
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Figure 5.4.: Dressing functions of the longitudinal part of the quark-photon vertex
calculated in the rainbow-ladder truncation with the Maris-Tandy
model (purple) compared to the Ball-Chiu solution (green). The
photon momentum has been fixed to P 2 = 1GeV2.
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Figure 5.5.: Dressing functions of the longitudinal part of the quark-photon vertex
calculated in the kernel-first truncation with a single dressed quark-
gluon vertex (purple) compared to the Ball-Chiu solution (green). The
photon momentum has been fixed to P 2 = 0.822 751GeV2.

5.3.2. Kernel-first truncation

Fig. 5.5 shows results for the longitudinal part of the quark-photon vertex compared
to the Ball-Chiu solution in the kernel-first truncation with a single dressed quark-
gluon vertex in the equation for A(p2), see Eq. 4.63. In contrast to the rainbow-
ladder results, we now see a clear discrepancy between the two solutions. While the
ultraviolet behaviour of the numerical results does match up with the Ball-Chiu
vertex, in the infrared all four dressing functions deviate substantially from the
solution predicted by the vecWTI.

Unfortunately, none of the other approaches for the A-equation proposed in
section 4.3.4 mitigate this problem. Results obtained with equation 4.64 used to
determine A(p2) are shown in Figure 5.6.

Thus, we conclude, that the kernel-first truncation in its current form violates the
vecWTI and is thus not well suited for calculations of electromagnetic properties
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Figure 5.6.: Dressing functions of the longitudinal part of the quark-photon vertex
calculated in the kernel-first truncation with the construction (4.64)
used (purple) compared to the Ball-Chiu solution (green). The photon
momentum has been fixed to P 2 = 0.822 751GeV2.
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of hadrons. For the sake of completeness, the results for the transverse part of the
vertex are still given in Appendix C.4. Whether this problem can be solved by
choice of a different equation for A(p2) still poses an open problem.

However, since the kernel-first truncation does satisfy the axWTI, which we will
also explicitly verify in section 6.2, we will still apply it to calculations of light and
strange meson spectra in Chapter 6. For these calculations, we will keep using the
unmodified equation for A(p2) with a single dressed quark-gluon vertex.
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6. Results - Meson properties
The results presented in sections 6.1 and 6.4 have partially been published in [1]
and have been worked out in collaboration with the co-authors of that paper.

6.1. Interaction potentials
In section 2.1.6 we introduced the concept of an effective potential between a
static quark-antiquark pair. In its simplest form, i.e. without spin and angular
momentum dependent parts, such a potential can be parametrized by the Cornell
ansatz (2.19). By choosing a constant string tension σ(r) ≈ σ0 for small values
of r, while σ(r) → 1/r in the limit r → ∞, one can implement a smoothed out
version of the effects of string breaking [148].

As explained in Section 4.1.3, a striking feature of the QCD spectrum is the
appearance of approximately linear Regge trajectories in Chew-Frautschi plots of
squared mass vs. total angular momentum. While such a behaviour is very easily
explained in simple models like a spinning stick or string picture, it has to emerge
from the underlying complex dynamics of QCD [142]. Of course, the rainbow-ladder
truncation with a modelled effective running coupling introduced in section 4.3.3
will hardly contribute fundamental insights into this issue. Nevertheless, as we will
see, it is interesting to compare its corresponding heavy-quark interaction potential
and the resulting meson spectra with these general expectations.

In order to obtain a potential from a running coupling, one has to perform a
Fourier transformation with respect to the three-dimensional momentum of the
truncated scattering kernel used in the BSE, see, e.g. [250]. Performing such a
transformation on a bare (massive) single boson exchange kernel, one obtains a
Yukawa potential

V (~r ) =

∫
d̄3k e−i

~k·~r −4πg2
~k2 +m2

= −g2 e
−mr

r
(6.1)

which in the limit m → 0 becomes a Coulomb potential. Applying the same
procedure to the rainbow-ladder kernel (4.53) with any effective running coupling
which only depends on the squared exchange momentum corresponds to evaluating
the integral
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Figure 6.1.: Left panel: Interaction potentials obtained via Fourier transformation
of effective running couplings. The MT potential has a (positive)
maximum around r = 1.6 fm and approaches zero from the positive
side while the QC potential approaches zero monotonously. Right
panel: The contributions of the infrared and ultraviolet parts of the
effective running coupling to the MT potential.

V (~r ) = −Cf4π
∫

d̄3k e−i
~k·~r α(

~k2)

~k2
. (6.2)

In spherical coordinates, two of the integrals can be done analytically, the
remaining one is performed numerically.

The resulting interaction potentials for the effective running couplings in Eq. (4.54)
are displayed in the left diagram of Fig. 6.1 for the Maris-Tandy (MT) (4.55) and
Qin-Chang (QC) (4.56) models. It is interesting to note, that the qualitative
behaviour of both potentials follows the generic QCD form of a Coulomb term
plus a linearly rising potential and includes a transition region to a constant long
distance behaviour. Furthermore, in the right diagram of Fig. 6.1 we show that
the ultraviolet logarithmic part of the effective running coupling is responsible for
the short distance Coulomb type behaviour of the potentials, whereas the infrared
exponential parts of the effective running couplings generate the non-trivial parts
at intermediate distances.

In order to discuss the physics of these potentials, it is instructive to compare
our results to the ones of Ref. [250], where a corresponding potential has been
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6.1. Interaction potentials

extracted from a quenched lattice gluon propagator (see their Fig. 2). The short
distance behaviour in both approaches is generated by the perturbative one-gluon
exchange modified with logarithmic corrections of the gluon (Ref. [250]) or the gluon
combined with logarithmic corrections of the quark-gluon vertex (our potential).
Both types of corrections do not modify the Coulomb part substantially, as expected.
The large distance behaviour of both approaches, in particular when compared to
our potential from the MT interaction, is also very similar. The underlying reason
in both cases is that the dressing function of the gluon (Ref. [250]) as well as the
effective running coupling (in our case) vanish at zero momentum. Consequently,
the long range potential in both cases goes to zero. It has been noted in Ref. [250]
that the physics of a long distance linear behaviour of the potential associated with
confinement in pure Yang-Mills theory and the phenomenon of string breaking
in QCD are not included in the simple one-gluon exchange picture. This is also
true for our approach; the simple models for the effective running coupling as well
as the severe truncations applied to the quark-gluon vertex in the rainbow-ladder
truncation do not include this type of physics. Note, however, that in principle
the combination of non-perturbative dressings of gluon and quark-gluon vertices
in a fully non-perturbative calculation of the quark-antiquark potential may show
these effects, as argued in Refs. [146, 152]. The dressing functions may conspire
to generate an overall 1/k4-term, which suffices to create an asymptotic linearly
rising part in the potential [251].

A significant difference between our potential and the one of Ref. [250] is the
appearance of an approximately linearly rising part at intermediate distances for the
potential from the Maris-Tandy model. Using the Cornell parametrization (2.19)
with constant string tension, we obtain a good fit of our numerical data with
αS = 0.162 for the strong coupling parameter, a string tension of σ = 0.890GeV2

and a constant offset of V0 = −4.84GeV. This is shown as “Cornell-type fit” in
Fig. 6.1. The appearance of an almost linear region at intermediate distances
has interesting implications for meson spectroscopy, since it could be a possible
explanation for the appearance of (approximate) Regge trajectories in the calculated
spectra. We will come back to this point in section 6.4. Also note, that the potential
obtained from the Qin-Chang model shows a slight bend in the nearly linear region.
Changing the linear term in our fit to be of the form σ0r

n and using n as an
additional fitting parameter, the fit prefers a clear deviation from linear behaviour
with n = 1.32. For the MT potential, the best fit for n only deviates from 1 on
the order of roughly 2%. It is thus not clear whether the QC model is similarly
supportive of Regge behaviour as the MT model. This will also be discussed below.

We wish to emphasize that the potentials calculated in this section are for
illustrational purposes only, and we do not use them to calculate mesonic properties.
Instead, as described in chapters 3 and 4, we solve the fully relativistic Dyson-
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Figure 6.2.: Pion mass as a function of current quark mass calculated in rainbow-
ladder and kernel-first truncations compared to the Gell-Mann-Oakes-
Renner relation (2.43).

Schwinger and Bethe-Salpeter equations in momentum space and without recurse
to any non-relativistic approximations.

6.2. Gell-Mann-Oakes-Renner relation
A critical test for any truncation, which is supposed to reproduce the effects of
DχSB, is to numerically verify, whether the pion is indeed a Goldstone boson in the
chiral limit and if the Gell-Mann-Oakes-Renner relation (2.43) can be reproduced.
In order to test this, one simply needs to solve the BSE of the pion for varying
current quark masses. The resulting pion masses can be fitted to a function of the
form

mπ(mc) = mπ,0 + α
√
mc. (6.3)

The resulting fits for the rainbow-ladder truncation with the Maris-Tandy effec-
tive interaction (4.55) and the kernel-first truncation are shown in Fig. 6.2, the
corresponding fitting parameters are listed in Tab. 6.1. Note, that we used a rather
narrow fitting window for mc, since at larger values the curve is naturally going to
deviate from a square-root like behaviour.

From the fits we can read of a few key features. Firstly, we see that the pion
mass does in fact become vanishingly small at small current quark masses. Directly
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6.3. Pion decay constant

Table 6.1.: Best fit parameters for fitting eq. (6.3) to the data presented in Fig. 6.2.
All dimensional quantities are given in units of GeV and the given errors
stem from fitting.

Rainbow-ladder Kernel-first
mπ,0 0.0094± 0.0018 0.0026± 0.0006
α 2.113± 0.040 2.878± 0.016

accessing the pion mass in the chiral limit is numerically very demanding, which
is why we see a slight deviation from the expected result in the form of a finite
fitted pion mass mπ,0. The numerical error is thus usually on the order of roughly
0.01GeV, meaning the fitting error is negligible and the results are in agreement
with a massless pion in the chiral limit. Secondly, we see that both truncations
produce to a good approximation a square-root like behaviour of mπ as function of
mc. The concrete values of mπ are even similar between the two truncations. In
particular, the physical pion mass of mπ = 139MeV is obtained at mc = 3.7MeV in
the rainbow-ladder truncation and at mc = 2.43MeV in the kernel-first truncation.
These values will be used henceforth to calculate physical meson properties. In a
similar fashion, the value for the strange mass is obtained by fitting the pseudoscalar
kaon ground state mass to its physical value of mK ≈ 493.7MeV.

6.3. Pion decay constant
With the meson BSE solved and the BSA obtained and normalized, one can
calculate the pion decay constant fπ by coupling its amplitude to an axialvector
current of the form γ5 /P [31, 230]

fπ =
3Z2

P 2
tr

∫
d̄4q iγ5 /PS(q+)Γπ(q, P )s(q−). (6.4)

Alternatively, one can use the fact, that in the chiral limit the dressing function
of the scalar part of the inverse quark propagator B(p2) is proportional to the
dressing function of the leading term of the pion BSA (4.31) with the proportionality
constant being fπ [31]1

E(p2) = B(p2)/fπ. (6.5)
From this, one can derive an approximation for the pion decay constant, which

only uses the quark propagator as input, known as the Pagels-Stokar relation [252]
1Since this relation is a very important consequence of DχSB, it is also derived analytically in

Appendix B.1.
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Figure 6.3.: Pion decay constant calculated off-shell and extrapolated linearly to
the on-shell momentum in rainbow-ladder and kernel-first truncations.
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Table 6.2.: Pion decay constant calculated directly, from extrapolation and via the
Pagels-Stokar relation (6.6) in rainbow-ladder and kernel-first trunca-
tions.

Pagels-Stokar Direct calculation Extrapolation
Rainbow-Ladder 0.0856 0.0923 0.0921± 0.0003

Kernel-First 0.0671 — 0.0919± 0.0003

f 2
π =

Nc

(2π)2

∞∫
0

dp2 p2
M2(p2)− p2

2
M(p2)M ′(p2)

(p2 +M2(p2))2
, (6.6)

with Nc = 3. M(p2) = B(p2)/A(p2) is the effective mass function of the quark
and M ′(p2) is its derivative with respect to p2.

The results for the pion decay constant obtained from direct calculation and
the Pagels-Stokar formula within the rainbow-ladder truncation can be found in
Tab. 6.2. One can see, that the direct calculation produces a value which matches
the expected value of fπ = 0.093GeV very well, while the Pagels-Stokar formula
deviates from the direct calculation by roughly 8%.

Since we currently cannot access on-shell momenta in the BSE within the 3PI
setup directly, we have to find another way to indirectly access the decay constant.
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6.4. Meson spectra

To do so, one can solve the BSE for off-shell momenta and use the normalized
off-shell BSA to calculate fπ via eq. (6.4) and try to find a relation for fπ(P 2).
Doing so suggests, that a linear relation between fπ and P 2 is a good approximation,
as can be seen in Fig. 6.3. By extrapolating a linear fit of the off-shell values for
the decay constants to the pions mass pole, one can get an estimate of fπ.

Within the rainbow-ladder truncation, the extrapolated result matches the direct
calculation near perfectly, while the kernel-first result lies only slightly below that,
cf. Tab. 6.2. The Pagels-Stokar relation applied to the kernel-first truncation does
not reproduce the decay constant well, predicting a value which is more than 27%
lower than the extrapolated result.

To understand, why this is the case, one can use the fact, that eq. (6.4) is linear
in Γπ and thus can be decomposed into a sum of contributions from each tensor
structure in Γπ

fπ =
4∑

a=1

fπ,a ≡
∑

a∈{E,F,G,H}

fπ,a. (6.7)

The results for the contributions of the dressing functions to fπ can be found in
Fig. 6.4. The results within both the rainbow-ladder and kernel-first truncations
follow a similar pattern; the leading contribution to fπ stems from the leading tensor
structure in Γπ, the second tensor structure has the second-largest contribution,
the third tensor structure contributes with an opposite sign and the fourth tensor
structure contributes only a small amount.

A key difference between the truncation schemes lies in the relative size of the
contributions. Within the kernel-first truncation, the contribution of the second
tensor structure F (p2) is much more prominent than within the rainbow-ladder
truncation. The third and fourth tensor structures also contribute more within
kernel-first, though not quite as much as the second. This difference in relative
contribution to the total decay constant suggests, that employing eq. (6.5) outside
the chiral limit is not a good approximation, which explains the discrepancy
between the extrapolated result for fπ and the result obtained from the Pagels-
Stokar formula (6.6).

6.4. Meson spectra

Numerical values for all results discussed throughout this section can be found
explicitly in Tables C.7 through C.10 in Appendix C.8.
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6.4.1. Light mesons

The results for the spectrum of mesons composed of light quarks is shown in Fig. 6.5.
The light meson rainbow-ladder spectrum has already been calculated up to J = 3
in previous work, see Refs. [253, 254] for details. Here, we reproduced those results
and extended them up to J = 5 and focus our discussion on general aspects and in
particular sequences including the new states with larger total angular momentum
quantum numbers. Additionally, we will discuss some exploratory results obtained
in the kernel-first truncation. Note, that these will be less complete and come with
greater numerical uncertainty than the rainbow-ladder results due to the lack of
access to the quark propagator and quark-gluon vertex for time-like momenta.

As described at the end of Section 6.2, the pion mass has been used as input to
determine the light quark masses. The first non-trivial result is then the hyperfine
splitting of pseudo-scalar and vector meson ground states, which comes out about
right in rainbow-ladder [186]. In the kernel-first truncation, the calculated light
vector meson ground state mass comes out too light compared to the ρ(770). One
potential explanation for this could be the comparatively low effective quark mass
generated in our setup, see Section 5.2. While the effective quark mass can be
increased by further rescaling the coupling in the quark-gluon vertex DSE, this
would shift the scale of the theory too much and lead to an unphysical pion
decay constant. In order to fully understand this discrepancy in the vector meson
mass, a more complete treatment of the coupled Yang-Mills and quark sectors
by unquenching the quark loops in the Yang-Mills sector is likely necessary [195].
Another possible reason might be the violation of the vecWTI seen in the kernel-first
truncation, see Section 5.3 for details. Since the vector meson shares quantum
numbers with the quark-photon vertex, a violation of the vecWTI might point at
systematic issues of the truncation scheme in this particular channel.

The light scalar and axialvector channels are known to be not well represented
in rainbow-ladder type kernels for different reasons. In the scalar channel, the
ground state is not a conventional quark-antiquark state, but a four-quark state
with a strong coupling to isoscalar ππ intermediate channels and only very small
quark-antiquark contributions. This has been demonstrated by many approaches,
see e.g. [7] for a review, but also in the DSE/BSE framework in a series of works [40,
187, 255–257]. Consequently, both the rainbow-ladder and kernel-first truncations
predict a qq state around 400 ∼600MeV. While initially this mass seems to match
up well with the f0(500) state, a holistic treatment of the mesonic and tetraquark
components of this state is required to produce meaningful results. In a similar vein,
the mass region of 1 to 2GeV in the scalar channel is where several calculations
predict the lightest glueballs to appear [13, 14, 39, 258]. Thus, also the first excited
state calculated in a qq picture in both rainbow-ladder and kernel-first truncations
has to be taken with a grain of salt, since mixing effects between conventional
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mesons and glueballs might play a role for those states as well. The details behind
this are still topic of ongoing research.

In the axialvector channel the rainbow-ladder masses for the ground state are
too small, mainly due to the omission of the other tensor structures of the quark-
gluon vertex. Previous research has shown, that their inclusion, improves the
predictions of their masses [195, 259]. We observe the same behaviour in the
kernel-first truncation, where the mass of the 1+− ground state comes out about
right. Unfortunately, no numerically stable result could be obtained in the 1++

channel.
For the other mesons with J > 1, no beyond rainbow-ladder calculations were

available prior to this work. Comparing our results using the Maris-Tandy in-
teraction with the available experimental data in these channels, it appears as if
the sequence of ground states lying on the Regge trajectory with quantum num-
bers JPC = 1−−, 2++, 3−−, 4++, 5−− is in good agreement with experiment (with
slight tensions in the 2++-channel). This result has already been anticipated in
Ref. [253] on the basis of states with J ≤ 3. Our new result for the JPC = 4++

confirms this notion, and we predict a JPC = 5−− state in the mass region around
2325(52)MeV. This is in agreement with the ρ5(2350) state seen by [11], which
still needs experimental confirmation though.

In contrast, states on the Regge trajectory with quantum numbers JPC =
1+±, 2−±, 3+±, 4−±, 5+± are not well described within the rainbow-ladder truncation.
We were able to compute two states with J = 2 within the kernel-first truncation,
namely the 2++ and 2−+ ground states. The former matches the experimentally
seen state even better than the rainbow-ladder result, being slightly more massive.
The latter is a significant improvement from the rainbow-ladder result. While the
rainbow-ladder result is about 400MeV too light, the kernel-first result matches
the experimentally seen π2(1670) state very well. This indicates further, that
tensor structures beyond the rainbow-ladder truncation in the interaction kernel
are mandatory to describe states with unnatural parity.

Another general aspect clearly visible in the spectrum is the poor description
of radially excited states within the rainbow-ladder truncation. Previous work
suggests, that going beyond the rainbow improves the situation drastically [259].
The limited amount of excited states in the light meson spectrum calculated in the
kernel-first truncation makes it impossible to draw any conclusion on whether it is
an improvement in that regard as well.

Finally, comparing results from the Maris-Tandy model with those obtained with
the Qin-Chang interaction, see Tab. C.7, we find that both versions of the effective
running coupling deliver qualitatively similar results with only slight advantages of
MT in the 2++ tensor channel. Overall, the ground states in QC for larger quantum
numbers are somewhat smaller in mass than the corresponding ones from the MT
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Figure 6.6.: Spectrum of states with one light and one strange (anti-)quark ob-
tained from a rainbow-ladder truncation with the Maris-Tandy model
and in the kernel-first truncation compared to the experimental kaon
spectrum [4].

interaction. This effect may be understood by comparing the Fourier transforms of
the effective running couplings, i.e. the interaction potentials depicted in Fig. 6.1.
Higher mass states feel the (approximately) linearly rising parts of the potential.
The QC potential is much broader which results in states that have a higher binding
energy and thus lower masses compared to the MT potential. This interpretation
has to be treated with care though, since the relativistic nature of light quarks in
bound states makes interaction potential descriptions less applicable.

In our computations, we find that the MT coupling is numerically easier to
handle. In fact, numerical problems with QC did prevent us from extracting a
spectrum beyond J = 2. For rainbow-ladder, we therefore restrict ourselves to the
MT interaction in the following.

6.4.2. Kaons
A qualitatively similar result to the one for the light mesons can be seen for the
kaon spectrum in Fig. 6.6. Again, rainbow-ladder results for the ground states of
the Regge trajectory2 JP = 0+, 1−, 2+, 3−, 4+, 5− and the pseudoscalar ground state
are in agreement with experiment (where experimental data are available), while
other quantum numbers and excited states are not. Our new result 2082(57)MeV
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for the JPC = 4++ state agrees with the K∗
4(2045) and we predict a JPC = 5−−

state in the mass region around 2377(57)MeV. This is again in agreement with a
not confirmed state seen in [10]. Notably, the kaonic state with quantum numbers
JP = 0+ is described much better than the light quark state. This agreement
may very well be accidental, since a corresponding four-quark state has already
been identified as the ground state in this channel [187, 255, 256] with a mass
corresponding to the experimental K∗

0(700) shown in the plot. It is also possible
that in the strange quark sector the mixing between two- and four-quark states is
much stronger than in the light quark sector. This needs to be explored in future
work.

The results for the kernel-first truncation in this channel mimic those in the light
isovector channel. The vector kaon ground state comes out slightly too light, which
we know is a problem of our current setup. However, the gap between the vector
ground state and its first radial excitation is slightly larger than in rainbow-ladder,
indicating, that in an improved setup the first excitation might come out right as
well. In the scalar channel, we observe one less state in the mass region below 2GeV
than in rainbow-ladder, which brings the results to a 1-to-1 correspondence with
experimentally seen states, albeit with the masses being slightly off. Additionally,
we calculated two tensor kaons, one in the 2+ and one in the 2− channels, both in
agreement with the experimental ground states of their respective channels.

6.4.3. ss spectrum
Numerical results for the ss spectrum are shown in Fig. 6.7. They look qualitatively
similar to the light quark results. Here we do not compare to the experimental result
for the η and η′ mesons due to strong mixing in the pseudoscalar channel and the
topological mass effect of the UA(1) anomaly which is not captured in the rainbow-
ladder truncation.3 In the other channels, mixing is much smaller and experimental
states which are dominated by their ss component, such as the φ states, may
be cleanly identified. Again, in the sequence JPC = 1−−, 2++, 3−−, 4++, 5−− the
experimentally observed ground states are well reproduced within the rainbow-
ladder truncation. Notably, the ground state in the 2++ channel is in better
agreement with the experimentally seen but not confirmed f2(1430), see [260]
among others, than with the confirmed f ′

2(1525) state. Since the f2(1430) has been
observed in the D-wave of kaonic systems, it is reasonable to expect it to have a
sizeable ss component. We further predict a state with JPC = 4++ at 2084(53)MeV
and a state with JPC = 5−− in the mass region around 2418(64)MeV.

2Since sq states are not charge-conjugation eigenstates, the C-quantum number is not well-
defined.

3For a way to include the anomaly in the DSE/BSE framework, [167] may be consulted.

112



6.4. Meson spectra

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

0-+ 1-- 0++ 1+- 1++ 2++ 2-- 2-+ 3-- 3+- 3++ 4++ 4-- 4-+ 5-- 5+- 5++

PDG (I=0, ss- ,         established)
PDG (I=0, ss- , non-established)
Rainbow-ladder (Maris-Tandy)

Kernel-First

M
as

s 
[G

eV
]

JPC

Figure 6.7.: Spectrum of ss states obtained from a rainbow-ladder truncation with
the Maris-Tandy model and in the kernel-first truncation compared
to the experimental spectrum of isoscalar states, which predominantly
decay into strange mesons [4].

For the kernel-frist results in this spectrum, similar observations can be made
as before. The pseudoscalar and vector ground states are in good agreement with
rainbow-ladder and experiment. The gap between vector meson ground state
and first radial excitation is again slightly larger than in rainbow-ladder, but still
considerably smaller than in experiment. In the axialvector channel, the ground
state masses are again enhanced compared to rainbow-ladder, with the 1++ state
being in agreement with experiment and the 1+− state coming out too heavy. The
2++ ground state is in agreement with the rainbow-ladder result, as well as both
the f2(1430) and f ′

2(1525) states within our numerical uncertainty.
We also present results for ground states with quantum numbers 2−±, 3+−

and 4−+. The 2−+ result is slightly heavier than the experimental ground state,
similar to the axialvector channels. Overall, results in the light and strange meson
spectrum have shown, that the kernel-first truncation produces better results for
ground states with unnatural parity. Thus, we can treat our results for the 2−−,
3+− and 4−+ channels as predictions with two caveats. The first is, that for ss
states kernel-first produces slightly too massive states in other channels on that
Regge trajectory. The second is, that we have no further results for J ≥ 3 in the
kernel-first truncation and can thus neither confirm nor refute whether our setup
is well suited for treating states of such large angular momentum. The concrete
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Figure 6.8.: Charmonium spectrum obtained from a rainbow-ladder truncation
with the Maris-Tandy model and η = 1.157 compared to experimen-
tal data [4]. Note that potential tetraquark candidates such as the
ηc1(3872) are not included.

results for those channels are 1985(36)MeV for 2−−, 2611(110)MeV for 3+− and
3122(160)MeV for the 4−+ channel.

6.4.4. Charmonium
Fig. 6.8 shows our results for the charmonium spectrum with the model parameter
η fixed in Ref. [254]. For heavy quarks, i.e. charm and bottom, we need to evaluate
the corresponding quark propagators deep in the time-like region which introduces
additional numerical uncertainties. This also prevents us from calculating results
in the heavy quark sector in the kernel-first truncation, since we currently do not
have data for the quark-gluon vertex in the time-like region, see Section 3.5.3 for
details. In turn, the momentum region where we can evaluate the Bethe-Salpeter
equation safely does not exceed the lightest ground states and in general we have
to extrapolate the eigenvalue of the Bethe-Salpeter matrix further towards larger
masses. This leads to higher statistical uncertainties and larger error bars, see
Appendices C.2 and C.1 for technical details. Nevertheless, we can again identify
the same pattern as for the light and strange quark sector. In the Regge sequence
JPC = 1−−, 2++, 3−−, 4++, 5−− the mass of the J/Ψ is used as input to fix our
charm quark mass and the experimental mass of the χc2(1P ) is well reproduced.
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Figure 6.9.: Bottomonium spectrum obtained from a rainbow-ladder truncation
with the Maris-Tandy model and η = 1.357 compared to experimental
data [4].

We predict states with JPC = 3−−, 4++, 5−− at 4001(33)MeV, 4407(64)MeV and
4749(115)MeV, respectively. Note that the PDG lists a ψ3(3842) state as poten-
tial 3−− candidate, with as yet unmeasured JP , but reference to quark model
predictions [4, 96]. Since our predicted mass for this state is much higher, this
identification might be called into question.

6.4.5. Bottomonium
The same situation can be seen in the bottomonium spectrum, Fig. 6.9. In the
Regge sequence JPC = 1−−, 2++, 3−−, 4++, 5−− the mass of the Υ(1S) is used as
input to fix the bottom quark mass and the experimental mass of the χb2(1P ) is
well reproduced with our choice of model parameter η. Based on this identification,
we predict states with JPC = 3−−, 4++, 5−− at 10 229(48)MeV, 10 563(133)MeV
and 10 889(75)MeV, respectively.

In general, when comparing results for the light, hidden strange, hidden charm
and hidden bottom meson spectra, see Figs. 6.5, 6.7, 6.8, 6.9, it is notable that
the rainbow-ladder results for channels not on this trajectory become better with
heavier quark masses: As noted above, there are substantial discrepancies between
our results and the experimental masses in the scalar and axialvector channels
in the light and strange meson sector. In the charmonium energy region, this
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light strange charm bottom
mc 0.0037 0.085 0.83 3.79
η 1.8 1.8 1.157 1.357
Λ 0.72 0.72 0.72 0.72

Table 6.3.: Parameters used for rainbow-ladder calculations. All masses and the
parameter Λ are given in units of GeV.

qq sq ss cc bb
M2

0 −0.59± 0.06 −0.29± 0.03 −0.16± 0.18 6.35± 0.02 82.466± 9.8 · 10−7

β 1.13± 0.06 1.15± 0.03 1.14± 0.07 3.20± 0.02 7.501± 6.3 · 10−7

Table 6.4.: Parameters of Regge trajectories for qq, sq, ss and cc mesons with
natural parity. All dimensional quantities are given in units of GeV, the
errors stem from fitting only.

situation improves drastically and in the bottomonium region it improves further.
The underlying reason is the suppression of dynamical effects in the quark-gluon
vertex with quark mass, which becomes exact in the limit of infinite quark mass
and entails dominance of the leading tensor structure Γµ ∼ γµ of the vertex. Since
this is the (only) structure that is included in rainbow-ladder, truncations of this
type improve in the heavy quark limit. In Coulomb gauge, this can even be shown
analytically [261].

6.4.6. Regge trajectories
Compared to experiment, we obtain reasonable results in the rainbow-ladder
truncation in channels on the natural Regge trajectories with quantum numbers
JPC = 1−−, 2++, 3−−, 4++, 5−−. Here, we collect these results and make a quan-
titative check for Regge behaviour. This is of particular interest in the light of
the discussion in Section 6.1 on the linear part of the Maris-Tandy potential. The
corresponding Chew-Frautschi plots are displayed in Fig. 6.10. For all of these
plots, a linear fit of the form M2(J) =M2

0 +βJ has been performed. The resulting
best fit parameters can be found in Tab. 6.4. The calculated masses are mostly in
agreement with the linear fits within the numerical uncertainty.

While in the past similar results have been produced within the same frame-
work [253], there was no obvious reason as to why Regge behaviour should arise
from the truncation and the used effective running coupling. The emergence of a
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Figure 6.10.: Chew-Frautschi plots for different quark contents calculated in the
rainbow-ladder truncation.
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linearly rising term in the potential extracted from the running coupling provides
some explanation of why Regge behaviour can be observed independent of quark
flavour content. Notably, the heavy quark results are best described by a linear
fit. This is in agreement with the notion that a non-relativistic description and an
explanation in terms of an interaction potential should become valid only in the
heavy quark sector.

Within the kernel-first truncation, we only have numerically reliable results for
J ≤ 2 except two states in the ss spectrum. Thus, it does not make much sense
to talk about Regge behaviour for those states, since we lack the data to do a
meaningful linear fit.

6.4.7. Exotic quantum numbers
Finally, we briefly want to touch on mesonic states with exotic quantum numbers.
As mentioned in the motivation to this work in section 1.3, there are combinations
of quantum numbers, which a non-relativistic constituent quark picture cannot
produce, such as JPC = 1−+. In our fully relativistic functional framework, qq
states with such quantum numbers can in principle exist, since the non-relativistic
arguments are based on the notion of spin and orbital angular momentum, which
are not good quantum numbers in a relativistic picture.

In section 4.2.6 we explained, how the symmetry properties of the mesonic Bethe-
Salpeter amplitude relate to the charge-parity quantum number. Since we compute
the full angular dependence of the amplitude in our calculations, we can also
extract masses for qq states with exotic quantum numbers. Their eigenvalues and
eigenfunctions naturally appear in our spectrum, and we can find them by searching
for states with odd Chebyshev polynomial contributions to their wavefunctions.

Since there is only one experimentally confirmed state, with exotic quantum
numbers, being the π1(1600) with quantum numbers JPC = 1−+, this state is the
best way to gauge the usefulness of our qq approach to these quantum numbers.

In the rainbow-ladder truncation, the lowest lying state with quantum numbers
1−+ has a mass of 999MeV, which is far too light compared to the π1(1600). For
the lightest state with JPC = 0−−, the rainbow-ladder truncation predicts a mass
of 857MeV and for 0+− a mass of 1033(3)MeV. Since the result for the 1−+ state
is far away from any experimental state, the qq picture in the rainbow-ladder
truncation does not seem like a promising tool to predict exotic meson masses.

Our calculations for mesons with exotic quantum numbers within the kernel-
first truncation did not produce any results with acceptable numerical precision.
However, no eigenvalue curves could be found, which correspond to the quantum
numbers 1−+ and that could be reasonably extrapolated to a mass of below 1GeV,
indicating that if such solutions exist, their mass is most likely bigger than the
rainbow-ladder solutions. This is in agreement with a previous studies beyond the
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rainbow-ladder truncation, which found states with JPC = 1−+ to lie well above
1GeV [45, 195].
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7. Concluding remarks
In this work, we talked about meson spectroscopy and the structure of the strong
interaction described by the theory of quantum chromodynamics (QCD) in the
framework of functional methods. We introduced the main tools used throughout
this work, namely the Dyson-Schwinger and Bethe-Salpeter equations and the nPI
effective action formalism. We discussed the infinite nature of the resulting coupled
equations of motion for Green’s functions of the theory and discussed two truncation
schemes in detail, namely the rainbow-ladder and kernel-first truncations. We
explicitly verified numerically, that both satisfy the axialvector Ward-Takahashi
identity and thus correctly produce the consequences of spontaneous chiral symme-
try breaking. We have also seen, that the rainbow-ladder truncation does satisfy
the vector Ward-Takahashi identity, while the kernel-first truncation, in the form
we used it, violates it. We presented preliminary results for the quark propagator
and quark-gluon vertex obtained from the 3PI effective action of QCD to three
loop order with a kernel-first truncation. We used these as input for calculations of
meson spectra in the light, open and hidden strange flavour sectors of QCD.

Furthermore, we calculated spectra in the hidden charm and hidden bottom
sectors of QCD within the rainbow-ladder truncation. The rainbow-ladder trunca-
tion was suggested to work well for a sequence of states on the Regge trajectory
with quantum numbers JPC = 1−−, 2++, 3−−, 4++, 5−− in previous works [253, 254].
We confirm this notion in all cases where experimental results for the JPC = 4++

channel are available and generate predictions for the ground state masses of states
with JPC = 4++, 5−− in all flavour sectors. In general, we also observe that the
rainbow-ladder truncation gets better and better with increasing quark masses,
confirming the notion of Ref. [261], although it uses a different gauge (Coulomb
gauge) than the Landau gauge used in this work. We also verified, that we obtain
straight lines in Chew-Frautschi plots on the “good” Regge trajectory. This be-
haviour may be tied to the specific momentum dependence of our interaction model
which results in a linearly rising heavy-quark potential at intermediate distances.
Let us emphasize again that this behaviour is accidental in the sense that the
interaction model has not been chosen with this property in mind [31, 186, 231].
Nor does it in any intentional way reflect the underlying physics of an asymptotic
string tension associated, e.g., with the physics of topologically non-trivial field
configurations [142]. But it is, to our mind, a highly amusing property of an
interaction model that has been successfully applied to many aspects of hadron

120



physics in the past decades.
Finally, we have shown, that the kernel-first truncation leads to better agreement

with experiment than the rainbow-ladder truncation for states with unnatural
parity. In doing so we presented the - to our knowledge - first results for mesons
with J ≥ 2 beyond the rainbow-ladder truncation, including predictions for states
with JPC = 2−−, 3+−, 4−+ in the hidden strange sector. But, we have also shown,
that the kernel-first truncation does still have problems producing certain results,
such as the effective quark mass, the vector Ward-Takahashi identity and the light
vector meson mass.

Nevertheless, we have shown where the strengths and limitations of the rainbow-
ladder truncation within the meson sector of QCD lie. And we have shown that
the kernel-first truncation is a promising tool to go beyond rainbow-ladder with
potential improvements in many regards. Finally, it may be used to get a deeper
understanding of the coupling between the Yang-Mills and quark sectors and of
QCD interactions in hadrons in general.
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A. Conventions
Throughout this thesis we mostly follow the conventions used in [241]. For com-
pleteness’ sake we are going to quote some important ones here.

A.1. Euclidean conventions
In all the calculations in this thesis Euclidean conventions are applied, which means
that the used metric is given by

ηµν = η ν
µ = ηµν =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 . (A.1)

With that, scalar products of four vectors can be written as

a · b =
3∑

µ=0

aµbµ ≡ aµb
µ = aµbµ. (A.2)

Associated with the use of a Euclidean instead of a Minkowski metric the four
momentum vector has been Wick rotated, such that

pµ :=

(
iE
~p

)
, (A.3)

where E =
√
m2 + |~p|2 is the Energy and ~p is the three momentum vector. In

this convention, a four vector p ∈ C×R3 is spacelike, if p2 > 0. A free fermion
propagator in this convention takes the form [262]

S0(p) = (i/p+m)−1. (A.4)
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A.2. Gamma matrices
The gamma matrices γµ (µ ∈ {0, 1, 2, 3, 5}), also sometimes called Dirac matrices,
are a set of matrices, that obey a certain (anti-)commutator algebra. One possible
representation of the matrices in Euclidean convention is via the Pauli matrices ~σ:

γ0 =

(
1 0
0 −1

)
, γj =

(
0 −iσj
iσj 0

)
, γ5 =

(
0 1

1 0

)
, (A.5)

where 1 = 12×2 and j ∈ {1, 2, 3}. In Euclidean metric the gamma matrices are
hermitian

γµ = (γµ)
† (A.6)

and obey the anticommutator rules of a Clifford algebra

{γµ, γν} = 2δµν . (A.7)

Helpful relations
In some derivations in this thesis traces of products of gamma matrices are evaluated.
Therefore, the following relations for products and traces of gamma matrices are
used frequently.

Products:

• (γ5)
2 = 1

• {γµ, γν} = 2δµν

• γjγ
j = 4 · 1

• γµγνγ
µ = −2γν

• γµγνγργ
µ = 4δνρ · 1

• γµγνγργσγ
µ = −2γσγργν

Here again j and µ can take the value {1, 2, 3} and {0, 1, 2, 3} respectively.
Additionally, the anticommutator of γ5 and every other gamma matrix vanishes.
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Traces:

• tr(γµ) = 0

• tr(γµγ
µ) = 16

• tr(γµγν) = 4δµν

• tr(γµγνγργσ) = 4(δµνδρσ + δµσδνρ − δµρδνσ)

• tr(γαγβ . . . γω︸ ︷︷ ︸
odd#

) = 0

A.2.1. Feynman slash notation
Another practical abbreviation is the so-called Feynman slash notation. It stands
for a scalar product between a four vector and a four vector containing the gamma
matrices γ1 to γ3,

/A := γµA
µ. (A.8)

Due to the fact, that the gamma matrices’ trace is zero, the trace of every slashed
vector is zero as well,

tr( /A) = 0. (A.9)
Since the gamma matrices form a Clifford algebra, see eq. (A.7), the product of

two slashed vectors is the same as the scalar product of the vectors times a unity
matrix

/A · /B = (A ·B) · 14×4. (A.10)
Throughout this work, whenever objects with a Dirac structure, such as gamma

matrices or slashed four vectors, appear next to each other in equations, a matrix
product between them is implicitly performed. Whenever a matrix product between
Dirac tensors which are not next to each other in an equation is to be performed,
the Dirac indices are explicit written out in lower case Latin letters with repeated
letters being summed over. For example in the expression

γ5,abKbc,deγ5,cd (A.11)
the quantity K has four Dirac indices, the first of which is contracted with the

latter Dirac index of the leftmost γ5 matrix, while the second and third indices of
K are contracted with the rightmost γ5 matrix. The indices a and e only appear
once and thus are not summed over.
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A.3. Natural units
All equations and results in this thesis are calculated in a natural unit system. In
this system we use the fact, that the speed of light c and the Planck constant ~ are
finite value greater than zero, but the physics don’t change qualitatively if they are
exchanged for another value. So for convenience we set them to ~ = c = 1. This
also leads to the convenient situation that only powers of one unit, the unit of
energy, are required to describe physical quantities. Some important examples for
that are given in Tab. A.1. When converting back to SI units it is sufficient to
multiply the value in natural units by a conversion factor, which is a power of ~
and c in SI units. For example to convert a distance r given in natural units to SI
units, it needs to be multiplied by a factor of ~c = 197.327MeVfm to be given in
units of femtometers.

Quantity SI N.u. Conversion factor
Energy J eV1 1
Momentum kg m s−1 eV1 c−1

Mass kg eV1 c−2

Time s eV−1 ~
Length m eV−1 ~c
Energy density J m−3 eV4 (~c)−3

Table A.1.: Natural and SI units for some important quantities and the correspond-
ing conversion factor f , such that ASI = fAn.u.

A.4. Hyperspherical coordinates
Throughout this thesis, there are several four-dimensional integrals to calculate.
For convenience, they have been evaluated in hyperspherical coordinates, which
are a generalization of three-dimensional spherical coordinates. A general, four-
dimensional vector x = (x0, x1, x2, x3) can be expressed as

x0 =r cosψ (A.12)
x1 =r sinψ cosϑ (A.13)
x2 =r sinψ sinϑ cosϕ (A.14)
x3 =r sinψ sinϑ sinϕ (A.15)

Using this convention the Jacobi-determinant becomes
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d4x = dϕ dϑ sinϑ dψ sin2 ψ dr r3, (A.16)

so that the integral of a function of x can be rewritten as

∫
R4

d4xf(x) =

2π∫
0

dϕ

π∫
0

dϑ sinϑ

π∫
0

dψ sin2 ψ

∞∫
0

drr3f(r, ψ, ϑ, ϕ). (A.17)

Introducing the abbreviations, y = cosϑ and z = cosψ we can express eq. (A.17)
in terms of z and y

∫
R4

f(x)d4x =

2π∫
0

dϕ

1∫
−1

dy

1∫
−1

dz
√
1− z2

∞∫
0

drr3f(r, z, y, ϕ). (A.18)

Furthermore, most of the dressing functions appearing throughout this thesis
typically depend only on a squared momentum p2. It is thus convenient to further
transform the integration variable from r to r2. For a UV-regulated integral this
means

Λ∫
0

drr3f(r) =
1

2

Λ2∫
0

d(r2)r2f(r2). (A.19)

Additionally, most structure of the dressing functions lies in the infrared, i.e.
momenta at or below 1GeV. So, in order to improve the accuracy of our numer-
ical integration, we can transform the integration variable to a logarithmic grid,
enhancing the accuracy in the infrared. This results in an integral of the form

1

2

Λ2∫
0

d(r2)r2f(r2) =
1

2

2 lnΛ∫
0

d(ln r) r4f(ln r). (A.20)

Lastly, when performing intergrals in momentum space we commonly use the
shorthand notation ∫

d̄nq f(q) ≡
∫

dnq

(2π)n
f(q). (A.21)
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A.4.1. Scalar products
In the integrals appearing in the quark DSE and meson BSE a number of scalar
products between different momenta appear. In practice, it is most convenient to
choose the mesons restframe as frame of reference in the meson BSE. One can then
rotate the frame in a way, that the relative momentum in the BSE only has two
non-trivial components as well. This leads to the following explicit expressions for
the momenta

P ∝ (0, 0, 0, 1) (A.22)
p ∝ (0, 0, sin β, cos β) (A.23)
q ∝ (

√
1− y2

√
1− z2 cosϕ,

√
1− y2

√
1− z2 sinϕ, y

√
1− z2, z), (A.24)

where P is used to denote the total and p is the relative momentum of the meson.
The variable q is the integration variable appearing in the integrals. z and y are
the cosines of the angles ψ and ϑ respectively, defined analogously to eq. (A.18).

A.5. Quark propagator dressing functions
Throughout literature, several different notations are used for the dressing functions
of the quark propagator. In this section we will not only restate the convention
used within this work, but also show how it relates to other common notations.

In this work, we mostly use the convention where the two tensor structures of
the inverse quark propagator are dressed independently with dressing functions
labelled A(p2) and B(p2), i.e.

S−1(p) = A(p2) · i/p+B(p2) · 1. (A.25)
Some older literature uses a similar convention, but with the letters A and B

swapped [245]. Another common convention is to dress the inverse propagator with
an effective mass function M(p2) and a wave function Zf (p

2)1

S−1(p) = Z−1(p2)
(
i/p+M(p2)

)
. (A.26)

One can convert between these two conventions via

Zf (p
2) =

1

A(p2)
, A(p2) =

1

Zf (p2)
,

M(p2) =
B(p2)

A(p2)
, B(p2) =

M(p2)

Zf (p2)
.

(A.27)

1Ommitting the explicit 1.
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Another approach is to dress the quark propagator itself instead of its inverse.
The quark propagator also has a scalar and a vector tensor structure, which again
can be dressed with their respective dressing functions

S(p) = σv(p
2) ·
(
−i/p

)
+ σs(p

2) · 1. (A.28)
In the previously mentioned conventions the quark propagator is dressed as

S(p) =
A(p2) · (−i/p) +B(p2) · 1

A2(p2)p2 +B2(p2)
= Zf (p

2)
−i/p+M(p2)

p2 +M2(p2)
, (A.29)

which leads to the relations

σv(p
2) =

A(p2)

A2(p2)p2 +B2(p2)
=

Zf (p
2)

p2 +M2(p2)

σs(p
2) =

B(p2)

A2(p2)p2 +B2(p2)
=
Zf (p

2)M(p2)

p2 +M2(p2)
.

(A.30)
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B.1. Chiral limit relations between dressing functions
In Section 6.3 we have used the fact, that in the chiral limit the scalar dressing
function of the inverse quark propagator and the dressing function of the leading
structure of the pion BSA are proportional to one another. We now want to derive
that fact following the procedure outlined in [31, 241]. To begin with, recall the
axWTI

P µΓµ5(p, P ) + 2mcΓ5(p, P ) = S−1(p+)iγ5 + iγ5S
−1(k−). (B.1)

We can again decompose the quark propagators appearing on the right-hand
side into a scalar and a vector part. This leads to

P µΓµ5(p, P ) + 2mcΓ5(p, P ) = iγ5(B+ +B−)− (/p+A+γ5 + γ5/p−A−). (B.2)

Here we introduced the abbreviations A± = A(p2±) and B± = B(p2±). Further-
more, we can again use the anticommutator relation between gamma matrices and
expand the shorthand notation p± = p± P/2 to get

P µΓµ5(p, P )+ 2mcΓ5(p, P ) = iγ5(B++B−)+ i/p(A−−A+)−
1

2
/P (A++A−). (B.3)

We can evaluate this equation on-shell, where we can relate the axialvector
amplitude to the pseudoscalar amplitude1 via [45]

Γµ5(p, P ) = P µ 2ifπ
P 2 +m2

π

Γπ(p, P ). (B.4)

We can contract this equation with the total momentum P µ to get

PµΓ
µ
5(p, P ) = P 2 2ifπ

P 2 +m2
π

Γπ(p, P ). (B.5)

1Since the lightest pseudoscalar meson in nature is the pion, the subscript π is used to label
pseudoscalar quantities.
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Since the pion is a Goldstone boson in the chiral limit, evaluating this equation
in the chiral limit yields

PµΓ
µ
5(p, 0) = 2ifπΓπ(p, 0). (B.6)

Since equation (B.3) still holds, we see that the pseudoscalar amplitude are
related to the quark dressing functions via

2ifπΓπ(p, 0) = 2iγ5B(p2). (B.7)
Here we have already used to fact, that in the chiral limit mc = 0 and p+ = p− = p.

Furthermore, using the tensor basis (4.31), the only term in Γπ(p, 0) that is not
zero in the chiral limit is the leading tensor structure. Thus, the relation between
E(p2) and B(p2) becomes

fπΓπ(p, 0) = fπγ
5E(p, 0) = γ5B(p2). (B.8)

By multiplying both sides with another γ5 matrix, one obtains the wanted relation

E(p, 0) =
B(p2)

fπ
. (B.9)

B.2. Derivation of the quark DSE
In this section, we sketch a derivation of the Dyson-Schwinger equation for the
quark propagator using the method outlined in Section 3.1.3. Our goal is to
obtain an expression for the functional derivative of the 1PI effective action as
functional of N -point functions of QCD. As a starting point, we evaluate the
functional derivative of the gauge-fixed classical action S, as it appears in the
Master DSE (3.14)

δ

δψi(x)
S[A,ψ, ψ, c, c] =

(
−/∂ +mi

)
ψi(x) + igγµAµ(x)ψi(x). (B.10)

We can insert this expression into equation (3.13) and evaluate the fields at the
corresponding values to obtain

ηi(x) =
(
−/∂ +mi

)( δW

δηi(x)
+

δ

δηi(x)

)
· 1

+ igγµ
(

δW

δjµ(x)
+

δ

δjµ(x)

)(
δW

δηi(x)
+

δ

δηi(x)

)
· 1

=
(
−/∂ +mi

) δW

δηi(x)
+ igγµ

(
δW

δjµ(x)

δW

δηi(x)
+

δ

δjµ(x)

δW

δηi(x)

)
.

(B.11)
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B.2. Derivation of the quark DSE

We can furthermore apply a derivative with respect to ηk(y) from the right2 to
this expression and set the sources to zero to get

δ(x− y)δik =
(
−/∂ +mi

) δ

δηi(x)
W

←−
δ

δηk(y)
+ igγµ

δ

δjµ(x)

δ

δηi(x)
W

←−
δ

δηk(y)
. (B.12)

Here, we already used the fact, that the term proportional to ((δW/δjµ)(δW/δηi))
←−
δ /δηk

vanishes for J → 0 due to appearing one-point functions equating to zero [179].
Using the relation for the derivative of an inverse operator

δM−1
ik (x, y) = −

∫
d4x′

∫
d4y′M−1

il (x, x′) (δMlr(x
′, y′))M−1

rk (y
′, y), (B.13)

where summation over repeated neighbouring indices is implied, we can express
the third functional derivative of W in terms of QCD N -point functions

δ

δjµ(x)

δ

δηi(x)
W

←−
δ

δηk(y)
=

∫
d4z

δAν(z)

δjµ(x)

δ

δAν(z)

(
δ

δψi(x)
Γ

←−
δ

δψk(y)

)−1

= −
∫∫∫

δ2W

δjµδjν

(
δ

δψi
Γ

←−
δ

δψl

)−1(
δ

δAν
δ

δψl
Γ

←−
δ

δψr

)(
δ

δψr
Γ

←−
δ

δψk

)−1

= −
∫

d4z

∫
d4x′

∫
d4y′Dµν(x, z)Sil(x, x

′)Γνqg,lr(z, x
′, y′)Srk(y

′, y).

(B.14)

Some position arguments have been suppressed for better readability. Lastly,
we multiply both sides of equation (B.12) by the inverse quark propagator S−1,
perform an integration over one of the position arguments and a summation over
one flavour index and rename some indices and position arguments to obtain the
quark DSE in position space

S−1
ik (x, y) = S−1

0,ik(x, y) + g2CF

∫
d4x′

∫
d4y′γνSil(x, y

′)Dµν(x, x′)Γµqg,lk(x
′, y′, y),

(B.15)
with S−1

0,ik(x, y) = (−/∂ +mi)δ(x − y)δik being the bare quark propagator. By
performing a Fourier transformation and inserting renormalization constants, we
end up with the quark DSE in momentum space (3.29).

2Since the quark fields are Grassmann-valued, their sources and the corresponding functional
derivatives have to be as well. As a consequence, one has to take care about the order of
operations to not make any sign errors.

131



C. Technical details

C.1. Extrapolation of eigenvalue curves
When solving the meson BSE, one needs to evaluate the quark propagator’s dressing
functions at momenta, see Fig. C.1

q2± = q2 +
1

4
P 2 ± q · P = |q|2 − 1

4
m2 ± i|q|m cosψ, (C.1)

where ψ is the angle between q and P . This expression is valid in the centre
of mass frame of the meson, where one can write the total on-shell momentum
of the meson as P = (~0, im) with m ∈ R. This necessitates an evaluation of the
quark propagator within a parabolic region in the complex plane. However, the
rainbow-ladder truncation is known to produce complex conjugate poles and other
non-analytic structures in the complex quark propagator [249]. This gives rise to
a limit P 2

0 on how small P 2 can get for a direct evaluation of the Bethe-Salpeter
matrix. For P 2 < P 2

0 we have to fit the eigenvalue curve of the Mother-matrix as a
function λ = λ(P 2) and extrapolate to the value of P 2 where the fitted function is
equal to one.

An approach, which has proven to work quite well for this purpose, is to calculate
a number of eigenvalues on a grid of different values of P 2 and fit a rational function
to them via the Schlessinger method [263]. The idea behind this method is to write
the rational function as a continued fraction

=

P

p

q + P
2

K
(P

,p
,q
)

q − P
2

q ΓΓ

Figure C.1.: Momentum routing in the meson BSE. The total momentum P is
split between the two internal quark legs.
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C.1. Extrapolation of eigenvalue curves
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Figure C.2.: Extrapolation and resampling of an eigenvalue curve. The band of the
fit represents a set of different fits.

CN(x) =
f1

1 + a1(x−x1)
1+

a2(x−x2)...aN−1(x−xN−1)

, (C.2)

where x1 . . . xN ≡ P 2
1 . . . P

2
N are the points in the P 2 grid and fi = f(xi) ≡ λ(P 2

i )
are the explicitly calculated eigenvalues. The coefficients ai can be calculated by
initializing a1 = f1/f2−1

x2−x1 and then using the iterative formula

ai =
1

xi − xi+1

1 +
ai−1(xi+1 − xi−1)

1 + ai−2(xi+1−xi−2)

...a1(xi+1−x1)

1−f1/fi+1

 . (C.3)

We estimate the numerical error introduced with this method via a resampling of
the data points (xi, fi). This is done by taking a random subset of size n < N of the
original data and performing a Schlessinger fit on that subset to get an estimate of
P 2
j = −m2

j where Cn,j(xj ≡ P 2
j ) = 1. This sampling is repeated NR times and the

mean and standard deviation of the resulting set of values for P 2 = −m2 are taken
as the final result for the meson mass and its numerical error. This is sketched for
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C. Technical details

a light meson with JPC = 5−− in Fig. C.2. This method is equivalent to a “delete
d jackknife” procedure, where d = N − n. Using a bootstrapping method or even a
n-out-of-N bootstrap is not possible here, since the grid points have to be distinct,
as otherwise zeroes would appear in the denominators in the continued fractions.

C.2. Evaluating the quark propagator in the complex
plane

As mentioned in the previous section, calculating on-shell properties of massive
mesons requires the quark propagator to be evaluated at complex momenta inside
a parabolic region of the form (C.1). While even in the rainbow-ladder truncation
poles, branch cuts and other analytic structure of the quark propagator set a limit
on how far one can venture into the complex plane, it is still possible to evaluate
the quark propagator in the complex plane to a certain degree. The canonical way
to parametrize the complex sampling region is in terms of two parameters q and z
motivated by Eq. (C.1)

q2c = q2 − 1

4
M2 + iqMz, (C.4)

where q2c is a complex squared momentum and M is a parameter, which deter-
mines how much of the complex plane gets sampled. The value of q is bounded
above and below by the infrared and ultraviolet cutoffs and z is in the interval
(−1, 1). One then can choose how to route the complex momentum in the quark
DSE. The easiest to implement way is to route it through the effective running
coupling α(k2)

S(pc) = S−1
0 (pc) + CfZ

2
24π

∫
d̄4q γµS(q)γµ⊥

α((pc − q)2)
(pc − q)2

. (C.5)

The model running couplings used in this thesis, namely the Maris-Tandy and
Qin-Chang models, Eqs. (4.55) and (4.56), do have lots of complex structure of
their own and were not designed with complex momenta in mind. Thus, this
way only allows evaluation in the complex plane for small values of M , such as
M . 1GeV for Maris-Tandy and even lower for Qin-Chang.

A better way to route the complex momentum, which we used for our Charmo-
nium and Bottomonium calculations, is to route the complex momentum through
the quark propagator appearing in the quark self-energy (4.52) and only evaluating
the effective running coupling for real momenta

S(pc) = S−1
0 (pc) + CfZ

2
24π

∫
d̄4q γµS(pc + q)γµ⊥

α(q2)

q2
. (C.6)
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C.3. Level-crossing in eigenvalue curves

This removes the issues arising from the complex structure of the interaction
models used. One can thus iterate the quark propagator using equation (C.6)
inside the required region of the complex plane. The complex structure of the
quark propagator remains problematic and still sets an upper limit, but this limit
becomes larger for heavier quarks, allowing evaluation of the quark propagator
much further into the complex plane for charm and bottom quarks.

Lastly, there is another way to parametrize the complex momenta other than
Eq. (C.4). Instead, one can parametrize a complex squared momentum q2c via two
parameters k and ∆ [40]

q2c = k2 −∆2 + 2ik∆. (C.7)
The parameter ∆ labels parabolic momentum shells in the complex plane while k

labels the points on those parabolas. One can then use the fact, that any point on
a given momentum shell can be obtained using only information about momenta
inside that shell [40]. This method is known as the shell-method and has successfully
been used in the heavy quark sector before [40, 42, 264].

C.3. Level-crossing in eigenvalue curves
When evaluating the leading few eigenvalues of the Mother-matrix in the BSE as a
function of total momentum squared, it can happen, that these eigenvalue curves
have apparent intersections. In Hermitian matrices depending on k parameters,
the von Neumann-Wigner theorem states, that level crossings can only appear
on a manifold of dimension k − 2 [216, 265]. As a result, if the Mother-matrix
was Hermitian, no such intersections could appear, as it only depends on one
parameter P 2.

An example of this can be seen in Fig. C.3. The left panel shows the largest
three eigenvalues of the Mother-matrix in the JP = 2+ channel as a function of
P 2 calculated within the rainbow-ladder truncation with the Maris-Tandy model
with light constituent quarks. While the largest eigenvalue, which corresponds to
the ground state of the system, as it crosses λ(P 2) = 1 for the smallest value of
m =

√
−P 2, is smooth in the region of interest, the next two eigenvalue curves seem

to be non-analytic at a critical momentum P 2 = P 2
c ≈ −0.2GeV2. Non-analytic

points not only cause many numerical methods, like Newton’s method for root
finding or fits via the Schlessinger method, to fail or produce dubious results, but
in some cases it can also lead to physically incorrect results. For instance, in the
example shown in Fig. C.3, the eigenvectors corresponding to λ1 and λ2 swao their
symmetry properties of their angular dependence and thus their charge-parity at
the non-analytic point. Thus, it is evident, that a simple sorting of eigenvalues by
size can lead to a wrong labelling of eigenvalue curves. Instead, a proper assignment
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Figure C.3.: Left panel: Level crossing in the eigenvalue spectrum of the JP = 2+

channel in the rainbow-ladder truncation. Right panel: The corrected
eigenvalue spectrum.

of eigenvalues to physical states would be according to the right panel in Fig. C.3
with the physical eigenvalue curves intersecting at P 2

c .
While in the aforementioned case one could identify such critical momenta P 2

c

by investigating the C-parity of the eigenvectors as a function of P 2, this method
is not viable when searching for intersections between eigenvalue curves with equal
C-parity. In order to derive a different method for finding and eliminating level
crossings, consider the difference between λ1 and λ2. Since the eigenvalues are
sorted by size in descending order by default, λ1(P 2) ≥ λ2(P

2) for all values of P 2.
An intersection between them, i.e. a critical momentum with λ1(P

2
c ) = λ2(P

2
c ), is

therefore a zero of the function ∆λ(P 2) = λ1(P
2)−λ2(P 2). Due to the non-analytic

nature of the eigenvalues, such a point would also be a minimum of ∆λ(P 2), with
∆λ(P 2) being not differentiable at P 2

c , which makes this almost impossible to find
for most root finding algorithms.1 We can use this property for our advantage
though. To see how, consider the derivative of the function ∆λ(P 2)

∆λ′(P 2) =
d

dP 2
∆λ(P 2) = lim

h→0

∆λ(P 2 + h)−∆λ(P 2)

h
. (C.8)

At the critical momentum P 2
c , this function has a discontinuity, jumping from a

1In fact, the finite grid in P 2 used in the calculation and the precision of the plotting software
used even make it difficult to properly visualize this behaviour.
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Figure C.4.: Left panel: Difference between two eigenvalues as a function of P 2.
Right panel: Derivative of the difference shown in the left panel.

negative to a positive value, as can be seen in Fig. C.4. If we assume the spacing
∆P 2 of the momentum grid used to calculate the eigenvalue curves to be sufficiently
small, we can approximate the derivative appearing in equation (C.8) as

lim
h→0

∆λ(P 2 + h)−∆λ(P 2)

h
≈ ∆λ(P 2 +∆P 2)−∆λ(P 2)

∆P 2
. (C.9)

Using the notation P 2
i for the i-th discretized value of P 2, this further becomes.

∆λ(P 2 +∆P 2)−∆λ(P 2)

∆P 2
=

(
λ1(P

2
i+1)− λ2(P 2

i+1)
)
− (λ1(P

2
i )− λ2(P 2

i ))

∆P 2
. (C.10)

Since we only look for a discontinuity and change of sign in ∆λ′, we can further-
more focus on the numerator of this fraction

λ1(P
2
i+1)− λ2(P 2

i+1)− λ1(P 2
i ) + λ2(P

2
i ) ≷ 0. (C.11)

One can thus identify potential critical momenta by iterating over all momenta in
the momentum grid, calculating the left-hand side of (C.11), and checking if the sign
has flipped from the previous momentum. This criterion is not sufficient though.
The derivative of the differences in eigenvalues can also cross zero if this difference is
not monotonous. One thus needs to also check for at least one additional criterion
for each candidate momentum. A possible additional criterion could be to check, if
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the zero crossing is continuous in nature or not. A continuous behaviour indicates a
non-monotonous difference in eigenvalues, while a discontinuity indicates a crossing.
Differentiating between a continuous zero crossing and a discontinuity can be
difficult in practice though depending on how fine the grid in P 2 is. Alternatively,
one can check, if the two eigenvalue curves are sufficiently close together, i.e.

λ1(P
2)− λ2(P 2)

λ1(P 2) + λ2(P 2)
� 1. (C.12)

By implementing at least one secondary check beyond (C.11), one can identify
critical momenta quite reliably without checking every eigenvalue curve by hand.
If a critical momentum has been identified, one can then reassign the eigenvalues
to the corresponding states, resulting in what is depicted in the right panel in
Fig. C.3.

C.4. Numerically solving the quark-photon vertex
BSE

The quark-photon vertex Γqγ satisfies an inhomogeneous Bethe-Salpeter equation

Γµqγ(p, P ) = Z2iγ
µ +

∫
d̄4q Kab,cd (q, p, P )

[
S (q+) Γ

µ
qγ (q, P )S (q−)

]
bc
. (C.13)

The integral in this equation has the exact same structure as the homogeneous
BSE (4.16) for a meson with quantum numbers JPC = 1−−. The appearance of
the inhomogeneity demands a different numerical treatment than the eigenvalue
method explained in Section 4.2.5 though. Instead, the equation has to be solved
via iteration similarly to the quark DSE. The iteration method for the quark DSE
is explained in section 3.4.

For the tensor basis of the quark-photon vertex one could in principle choose the
Ball-Chiu base (4.46) with transverse part

T µ1 = P 2γµ⊥, T µ2 = P 2(p · P ) i
2

[
γµ⊥, /p

]
,

T µ3 =
i

2

[
γµ, /P

]
, T µ4 =

1

6

[
γµ, /p, /P

]
,

T µ5 = iP 2T µνP pν , T µ6 = P 2T µνP pν/p,

T µ7 = (p · P )tµνPpγ
ν , T µ8 = tµνPp

i

2

[
γν , /p

]
.

(C.14)

In practice, it is computationally more efficient to work in an orthonormal
base. For the transverse part, the same base as for the vector meson can be used,
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C.4. Numerically solving the quark-photon vertex BSE

cf. Tab. C.2. For the longitudinal part, one can easily construct a base as well.
Using the notation introduced in Sec. 4.2.4, it reads

τµ9 =
1

2
P̂ µ1, τµ10 =

1

2
P̂ µ /̂P , τµ11 =

1

2
P̂ µ/n, τµ12 =

1

2
P̂ µ /̂P /n. (C.15)

Additionally, computations can be sped up by interweaving iteration steps of the
quark-photon vertex itself with iteration steps of the vertex with external quark
propagators attached

Ψµ(p, P ) = S(p+)Γ
µ
qγ(p, P )S(p−). (C.16)

For this quantity, we can employ the exact same orthonormal basis with another
set of dressing functions bi

Ψµ(p, P ) =
12∑
i=1

bi(p, P )iτ
µ
i (p, P ). (C.17)

In this way, the BSE iteration can be split into a two-step process

Γµqγ(p, P ) = Z2iγ
µ +

∫
d̄4q Kab,cd (q, p, P )Ψ

µ
bc(q, P ),

Ψµ(p, P ) = S(p+)Γ
µ
qγ(p, P )S(p−).

(C.18)

This avoids the need to evaluate the quark propagators inside the momentum
loop and thus saves some CPU time. If we now insert the tensor decomposition
of the quark-photon vertex and project onto the dressing functions, we arrive at
coupled equations for the dressing functions

ai(p
2, z, P 2) = Z2a

0
i +

12∑
j=1

∫
d̄4qKij(q, p, P )bj(q2, z′, P 2),

bi(p
2, z, P 2) =

12∑
j=1

Gij(p2, z, P 2)aj(p
2, z, P 2).

(C.19)

The matrices K and G are the kernel and propagator matrices respectively and
are given by

Kij(q, p, P ) = tr
(
τµi,ab(p, P )Kbc,deτ

µ
j,cd(q, P )

)
,

Gij(p2, z, P 2) = tr
(
τµi S(p+)τ

µ
j (p, P )S(p−)

)
.

(C.20)

The advantage of the choice of orthonormal base is, that in this way the kernel
and propagator matrices become block diagonal with the kernel matrix consisting
of an 8× 8 and a 4× 4 block and the propagator matrix consisting of three 4× 4
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blocks. In the Ball-Chiu base the kernel matrix would be a complicated 12× 12
matrix, requiring around 80% more memory2 and significantly more CPU time as
well.

In Figs. C.5 through C.7 we show results for the transverse part of the quark-
photon vertex in the Ball-Chiu base calculated in the rainbow-ladder and kernel-first
truncations.

C.5. Axialvector WTI in the rainbow-ladder
truncation

To verify, that the rainbow-ladder truncation indeed satisfies the axWTI, we start
by plugging the expression (4.52) for Σ(p) into the left-hand side of the axWTI
of the form given in eq. (4.43). Ignoring factors, which both Σ and K have in
common, such as Cf , Z2

2 and 4π, the left-hand side now reads∫
d̄4q (∆µν(p+ − q)γµS(q)γνγ5 +∆µν(p− − q)γ5γµS(q)γν) . (C.21)

Here we have introduced the abbreviation ∆µν(p) = Tµν(p)α(p)/p
2. If we now

plug the rainbow-ladder kernel (4.53) into the right-hand side of eq. (4.43), it reads

−
∫

d̄q
(
∆(p− q)γµγ5S(q−)γν +∆(p− q)γµS(q+)γ5γν

)
. (C.22)

Assuming, that all divergent integrals are regulated in a Lorentz invariant way,
we can safely shift the integration variable on the right-hand side by a constant. In
the first term of the integral we shift the integration variable by q → q + P/2 and
in the second term we shift it by q → q − P/2. This leaves us with

−
∫

d̄4q
(
∆(p− − q)γµγ5S(q)γν +∆(p+ − q)γµS(q)γ5γν

)
. (C.23)

Since γ5 anticommutes with all occurrences of γµ, we can change the order of each
neighboring γµγ5 pair at the cost of an additional minus sign. After doing this it is
clear, that the left-hand side and the right-hand side of the equation are indeed
equal. Therefore, the Rainbow-Ladder truncation does in fact satisfy the axWTI.

C.6. Transforming between different tensor bases
Throughout this thesis, we have used and referred to several different tensor bases
for certain objects, like the quark-gluon and quark-photon vertices or meson Bethe-

2The exact numbers are of course implementation dependent.
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Figure C.5.: Dressing functions f1 through f8 of the transverse part of the quark-
photon vertex calculated in the rainbow-ladder truncation.
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Figure C.6.: Dressing functions f1 through f8 of the transverse part of the
quark-photon vertex calculated in the kernel-first truncation with
A-equation (4.63).
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Figure C.7.: Dressing functions f1 through f8 of the transverse part of the
quark-photon vertex calculated in the kernel-first truncation with
A-equation (4.64).
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Salpeter amplitudes. In order to compare results obtained in different bases, one
must transform the results from one base to another. Assume we want to evaluate
some quantity Γ, which has n tensor structures and can be expressed in two different
sets of basis vectors {τi} and {σi}

Γ =
n∑
i=1

aiτi, Γ =
n∑
i=1

biσi, (C.24)

where ai and bi are the corresponding dressing functions. Since they span the
same vector space, we can write each vector of one base as linear combination of
the vectors of the other base

τi =
n∑
i=1

Mijσj. (C.25)

The matrix M encodes the transformation between the bases and its elements
can be obtained by multiplying Eq. (C.25) with the dual vector of the right-hand
side base

tr

(
σk

n∑
i=1

Mijσj

)
=

n∑
i=1

Mijδkj =Mik. (C.26)

Here, we used the identity tr(σiσj) = δij, where the trace over Dirac indices is
performed. Since the total value of the quantity Γ in question is independent of
the choice of representation, we can set both representations in Eq. (C.24) as equal
and use relation (C.25) to obtain

Γ =
n∑
i=1

aiτi
!
=

n∑
i=1

biσi = Γ

n∑
i=1

ai

n∑
j=1

Mijσj =
n∑
i=1

biσi

(C.27)

After renaming the summation index on the right, one can easily see by comparison
of coefficients, that the dressing functions follow the relation

bi =
n∑
j=1

ajMji =
n∑
j=1

MT
ijaj.
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C.7. Explicit meson tensor bases

C.7. Explicit meson tensor bases
Using the procedure outlined in Section 4.2.4, one obtains the following explicit
expressions for the tensor basis of mesons with J ≤ 5. These results have already
been published in [1].

i τi τ i
1 1

2
1 τ1

2 1
2
i /̂P −τ2

3 1
2
i/n −τ3

4 1
2
i /̂P /n τ4

i τi τ i
1 1

2
γ5 τ1

2 1
2
γ5 /̂P −τ2

3 1
2
γ5/n −τ3

4 1
2
iγ5 /̂P /n τ4

Table C.1.: Tensor structures for mesons with quantum numbers (from left to right)
JP = 0+, JP = 0−

i τi τ i
1 1

2
i1nµ −τ1

2 1
2
/̂Pnµ τ2

3 1
2 /nn

µ τ3

4 1
2
/̂P /nnµ −τ4

5
√
2
4
γµ⊥⊥ τ5

6
√
2
4
/̂Pγµ⊥⊥ −τ6

7
√
2
4 /nγ

µ
⊥⊥ −τ7

8
√
2
4
i /̂P /nγ

µ
⊥⊥ τ8

i τi τ i
1 1

2
γ5n

µ τ1

2 1
2
γ5 /̂Pn

µ −τ2
3 1

2
γ5/nn

µ −τ3
4 1

2
iγ5 /̂P /nn

µ τ4
5

√
2
4
γ5γ

µ
⊥⊥ −τ5

6
√
2
4
iγ5 /̂Pγ

µ
⊥⊥ τ6

7
√
2
4
iγ5/nγ

µ
⊥⊥ τ7

8
√
2
4
iγ5 /̂P /nγ

µ
⊥⊥ −τ8

Table C.2.: Tensor structures for mesons with quantum numbers (from left to right)
JP = 1−, JP = 1+
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i τi τ i

1
√
6
4
i1
(
nµnν − 1

3
T µνP
)

−τ1
2

√
6
4
/̂P
(
nµnν − 1

3
T µνP
)

τ2
3

√
6
4 /n
(
nµnν − 1

3
T µνP
)

τ3

4
√
6
4
/̂P /n
(
nµnν − 1

3
T µνP
)
−τ4

5 1
4
(γµ⊥⊥n

ν + nµγν⊥⊥) τ5

6 1
4
/̂P (γµ⊥⊥n

ν + nµγν⊥⊥) −τ6
7 1

4 /n (γ
µ
⊥⊥n

ν + nµγν⊥⊥) −τ7
8 1

4
i /̂P /n (γ

µ
⊥⊥n

ν + nµγν⊥⊥) τ8

i τi τ i

1
√
6
4
γ5
(
nµnν − 1

3
T µνP
)

τ1

2
√
6
4
γ5 /̂P

(
nµnν − 1

3
T µνP
)

−τ2
3

√
6
4
γ5/n

(
nµnν − 1

3
T µνP
)

−τ3
4

√
6
4
iγ5 /̂P /n

(
nµnν − 1

3
T µνP
)

τ4
5 1

4
γ5 (γ

µ
⊥⊥n

ν + nµγν⊥⊥) −τ5
6 1

4
iγ5 /̂P (γµ⊥⊥n

ν + nµγν⊥⊥) τ6
7 1

4
iγ5/n (γ

µ
⊥⊥n

ν + nµγν⊥⊥) τ7

8 1
4
iγ5 /̂P /n (γ

µ
⊥⊥n

ν + nµγν⊥⊥) −τ8

Table C.3.: Tensor structures for mesons with quantum numbers (from left to right)
JP = 2+, JP = 2−

i τi τ i

1
√
10
4
i1
(
nµnνnρ − 1

5
T

[µν
P nρ]

)
−τ1

2
√
10
4
/̂P
(
nµnνnρ − 1

5
T

[µν
P nρ]

)
τ2

3
√
10
4 /n

(
nµnνnρ − 1

5
T

[µν
P nρ]

)
τ3

4
√
10
4
/̂P /n
(
nµnνnρ − 1

5
T

[µν
P nρ]

)
−τ4

5
√
30
24

(
γ
[µ
⊥⊥n

νnρ] − 1
5
γ
[µ
⊥⊥T

νρ]
P

)
τ5

6
√
30
24
/̂P
(
γ
[µ
⊥⊥n

νnρ] − 1
5
γ
[µ
⊥⊥T

νρ]
P

)
−τ6

7
√
30
24 /n

(
γ
[µ
⊥⊥n

νnρ] − 1
5
γ
[µ
⊥⊥T

νρ]
P

)
−τ7

8
√
30
24
i /̂P /n

(
γ
[µ
⊥⊥n

νnρ] − 1
5
γ
[µ
⊥⊥T

νρ]
P

)
τ8

i τi τ i

1
√
10
4
γ51

(
nµnνnρ − 1

5
T

[µν
P nρ]

)
τ1

2
√
10
4
γ5 /̂P

(
nµnνnρ − 1

5
T

[µν
P nρ]

)
−τ2

3
√
10
4
γ5/n

(
nµnνnρ − 1

5
T

[µν
P nρ]

)
−τ3

4
√
10
4
iγ5 /̂P /n

(
nµnνnρ − 1

5
T

[µν
P nρ]

)
τ4

5
√
30
24
γ5

(
γ
[µ
⊥⊥n

νnρ] − 1
5
γ
[µ
⊥⊥T

νρ]
P

)
−τ5

6
√
30
24
iγ5 /̂P

(
γ
[µ
⊥⊥n

νnρ] − 1
5
γ
[µ
⊥⊥T

νρ]
P

)
τ6

7
√
30
24
iγ5/n

(
γ
[µ
⊥⊥n

νnρ] − 1
5
γ
[µ
⊥⊥T

νρ]
P

)
τ7

8
√
30
24
iγ5 /̂P /n

(
γ
[µ
⊥⊥n

νnρ] − 1
5
γ
[µ
⊥⊥T

νρ]
P

)
−τ8

Table C.4.: Tensor structures for mesons with quantum numbers (from left to right)
JP = 3−, JP = 3+
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i τi τ i

1
√
70
8
i1
(
nµnνnρnσ − 1

7
T

[µν
P nρnσ] + 1

35
T

[µν
P T

ρσ]
P

)
−τ1

2
√
70
8
/̂P
(
nµnνnρnσ − 1

7
T

[µν
P nρnσ] + 1

35
T

[µν
P T

ρσ]
P

)
τ2

3
√
70
8 /n

(
nµnνnρnσ − 1

7
T

[µν
P nρnσ] + 1

35
T

[µν
P T

ρσ]
P

)
τ3

4
√
70
8
/̂P /n
(
nµnνnρnσ − 1

7
T

[µν
P nρnσ] + 1

35
T

[µν
P T

ρσ]
P

)
−τ4

5
√
56
32

(
γ
[µ
⊥⊥n

νnρnσ] − 1
7
γ
[µ
⊥⊥T

νρ
P nσ]

)
τ5

6
√
56
32
/̂P
(
γ
[µ
⊥⊥n

νnρnσ] − 1
7
γ
[µ
⊥⊥T

νρ
P nσ]

)
−τ6

7
√
56
32 /n

(
γ
[µ
⊥⊥n

νnρnσ] − 1
7
γ
[µ
⊥⊥T

νρ
P nσ]

)
−τ7

8
√
56
32
i /̂P /n

(
γ
[µ
⊥⊥n

νnρnσ] − 1
7
γ
[µ
⊥⊥T

νρ
P nσ]

)
τ8

i τi τ i

1
√
70
8
γ51

(
nµnνnρnσ − 1

7
T

[µν
P nρnσ] + 1

35
T

[µν
P T

ρσ]
P

)
τ1

2
√
70
8
γ5 /̂P

(
nµnνnρnσ − 1

7
T

[µν
P nρnσ] + 1

35
T

[µν
P T

ρσ]
P

)
−τ2

3
√
70
8
γ5/n

(
nµnνnρnσ − 1

7
T

[µν
P nρnσ] + 1

35
T

[µν
P T

ρσ]
P

)
−τ3

4
√
70
8
iγ5 /̂P /n

(
nµnνnρnσ − 1

7
T

[µν
P nρnσ] + 1

35
T

[µν
P T

ρσ]
P

)
τ4

5
√
56
32
γ5

(
γ
[µ
⊥⊥n

νnρnσ] − 1
7
γ
[µ
⊥⊥T

νρ
P nσ]

)
−τ5

6
√
56
32
iγ5 /̂P

(
γ
[µ
⊥⊥n

νnρnσ] − 1
7
γ
[µ
⊥⊥T

νρ
P nσ]

)
τ6

7
√
56
32
iγ5/n

(
γ
[µ
⊥⊥n

νnρnσ] − 1
7
γ
[µ
⊥⊥T

νρ
P nσ]

)
τ7

8
√
56
32
iγ5 /̂P /n

(
γ
[µ
⊥⊥n

νnρnσ] − 1
7
γ
[µ
⊥⊥T

νρ
P nσ]

)
−τ8

Table C.5.: Tensor structures for mesons with quantum numbers (from top to
bottom) JP = 4+, JP = 4−
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i τi τ i

1 3
√
14
8
i1
(
nµnνnρnσnκ − 1

9
T

[µν
P nρnσnκ] + 1

63
T

[µν
P T ρσP nκ]
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−τ1

2 3
√
14
8
/̂P
(
nµnνnρnσnκ − 1

9
T

[µν
P nρnσnκ] + 1

63
T

[µν
P T ρσP nκ]
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τ2

3 3
√
14
8 /n

(
nµnνnρnσnκ − 1

9
T

[µν
P nρnσnκ] + 1

63
T

[µν
P T ρσP nκ]
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τ3

4 3
√
14
8
/̂P /n
(
nµnνnρnσnκ − 1

9
T

[µν
P nρnσnκ] + 1

63
T

[µν
P T ρσP nκ]

)
−τ4

5
√
105
40

(
γ
[µ
⊥⊥n

νnρnσnκ] − 1
9
γ
[µ
⊥⊥T

νρ
P nσnκ] + 1

63
γ
[µ
⊥⊥T

νρ
P T

σκ]
P

)
τ5

6
√
105
40

/̂P
(
γ
[µ
⊥⊥n

νnρnσnκ] − 1
9
γ
[µ
⊥⊥T

νρ
P nσnκ] + 1

63
γ
[µ
⊥⊥T

νρ
P T

σκ]
P

)
−τ6

7
√
105
40 /n

(
γ
[µ
⊥⊥n

νnρnσnκ] − 1
9
γ
[µ
⊥⊥T

νρ
P nσnκ] + 1

63
γ
[µ
⊥⊥T

νρ
P T

σκ]
P

)
−τ7

8
√
105
40

i /̂P /n
(
γ
[µ
⊥⊥n

νnρnσnκ] − 1
9
γ
[µ
⊥⊥T

νρ
P nσnκ] + 1

63
γ
[µ
⊥⊥T

νρ
P T

σκ]
P

)
τ8

i τi τ i

1 3
√
14
8
γ51

(
nµnνnρnσnκ − 1

9
T

[µν
P nρnσnκ] + 1

63
T

[µν
P T ρσP nκ]

)
τ1

2 3
√
14
8
γ5 /̂P

(
nµnνnρnσnκ − 1

9
T

[µν
P nρnσnκ] + 1

63
T

[µν
P T ρσP nκ]

)
−τ2

3 3
√
14
8
γ5/n

(
nµnνnρnσnκ − 1

9
T

[µν
P nρnσnκ] + 1

63
T

[µν
P T ρσP nκ]

)
−τ3

4 3
√
14
8
iγ5 /̂P /n

(
nµnνnρnσnκ − 1

9
T

[µν
P nρnσnκ] + 1
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T

[µν
P T ρσP nκ]

)
τ4

5
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Table C.6.: Tensor structures for mesons with quantum numbers (from top to
bottom) JP = 5−, JP = 5+
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C.8. Tabulated results for meson spectra
Tables C.7 through C.10 explicitly list the calculated meson masses, which are
plotted and discussed in Section 6.4. All masses and uncertainties are given in units
of MeV, all uncertainties are numerical uncertainties introduced by extrapolating
eigenvalue curves and cells without an entry have either not been calculated or no
numerically reliable result could be obtained.

JPC Excitation Mass (RL, MT) Mass (RL, QC) Mass (KF)
0−+ 0 139 136 138

1 1124± 19 1053± 155 —
2 1315± 85 — —

0++ 0 664 697± 23 465± 15
1 1201± 89 — 826± 64

1−− 0 732 774± 37 549± 55
1 986 — 1015± 102

1+− 0 823 767± 30 1275± 65
1 1197± 55 — —

1++ 0 895 — —
1 1209± 42 — —
2 1367± 66 — —

2++ 0 1154± 11 1065± 78 1266± 82
1 1264± 120 — —

2−− 0 1235± 65 1071± 102 —
2−+ 0 1222± 9 — 1657± 28
3−− 0 1579± 47 — —
3+− 0 1571± 33 — —
3++ 0 1537± 222 — —
4++ 0 1953± 45 — —
4−+ 0 1908± 76 — —
5−− 0 2325± 52 — —
5+− 0 2310± 73 — —
5++ 0 2925± 127 — —

Table C.7.: Light meson masses calculated in the rainbow-ladder (RL) truncation
with the Maris-Tandy (MT) and Qin-Chang (QC) effective running
couplings and in the kernel-first (KF) truncation.
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JP Excitation Mass (RL, MT) Mass (RL, QC) Mass (KF)
0− 0 495 532± 9 493± 3

1 1036± 39 — 854± 156
2 1315± 50 — 1376± 36
3 1626± 142 — —

0+ 0 887 921± 83 754± 28
1 1244± 69 — 1556± 43
2 1455± 42 — 2031± 223
3 2171± 336 — —

1− 0 930 965± 66 781± 69
1 1210± 97 — 1211± 118

1+ 0 1012± 18 974± 93 —
1 1103± 19 — —
2 1406± 61 — —

2+ 0 1332± 166 1244± 170 1424± 134
2− 0 1372± 37 1242± 195 1784± 52
3− 0 1744± 49 — —
3+ 0 1733± 25 — —
4+ 0 2082± 57 — —

1 2494± 251 — —
4− 0 2007± 43 — —

1 2504± 158 — —
5− 0 2377± 57 — —
5+ 0 2358± 77 — —

1 2938± 116 — —

Table C.8.: Kaon masses calculated in the rainbow-ladder (RL) truncation with the
Maris-Tandy (MT) and Qin-Chang (QC) effective running couplings
and in the kernel-first (KF) truncation.
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JPC Excitation Mass (RL, MT) Mass (RL, QC) Mass (KF)
0−+ 0 696 769± 46 699± 7

1 1480± 69 — —
2 1611± 109 — —
3 2285± 259 — —

0++ 0 1074± 2 — 982± 36
1 1551± 77 — 1377± 11

1−− 0 1066± 6 — 982± 36
1 1341± 54 — 1377± 11

1+− 0 1161± 7 1122± 222 1586± 97
1++ 0 1258± 36 — 1499± 67
2++ 0 1424± 43 — 1482± 90
2−− 0 1524± 96 — 1985± 36

1 1874± 149 — —
2−+ 0 1522± 35 — 1704± 18
3−− 0 1755± 88 — —
3+− 0 1827± 94 — 2611± 110
4++ 0 2084± 53 — —
4−+ 0 2094± 115 — 3122± 160

1 2607± 268 — —
5−− 0 2418± 64 — —
5+− 0 2405± 63 — —
5++ 0 2945± 115 — —

Table C.9.: ss meson masses calculated in the rainbow-ladder (RL) truncation
with the Maris-Tandy (MT) and Qin-Chang (QC) effective running
couplings and in the kernel-first (KF) truncation.
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JPC Excitation Mass (RL, MT)
0−+ 0 2913

1 3625± 32
2 3942± 28

0++ 0 3304
1 3785± 91
2 4142± 131

1−− 0 3091
1 3684± 27
2 3647± 55
3 3948± 104

1+− 0 3409
1 3704± 27
2 4046± 102
3 4214± 181

1++ 0 3421
1 3705± 24
2 3748± 134

2++ 0 3569± 9
1 4034± 34

2−− 0 3821± 35
1 3935± 104
2 4583± 212

2−+ 0 3823± 35
1 3990± 92
2 4813± 255

3−− 0 4001± 33
1 4350± 60

3+− 0 4203± 37
1 4477± 157

3++ 0 4186± 39
1 4604± 277

4++ 0 4407± 64
1 4608± 120

4−− 0 4524± 86
1 5046± 120

4−+ 0 4554± 97
5−− 0 4749± 115
5+− 0 4798± 126
5++ 0 4776± 281

JPC Excitation Mass (RL, MT)
0−+ 0 9371

1 10012± 39
2 10420± 226

0++ 0 9805
1 10222± 73
2 10686± 216

1−− 0 9451
1 10044± 85
2 10147± 27
3 10429± 188

1+− 0 9852
1 10052± 9
2 10217± 115
3 10634± 115

1++ 0 9855
1 10050± 10
2 10266± 115

2++ 0 9908
1 10266± 115

2−− 0 10186± 34
1 10288± 78

2−+ 0 10182± 36
1 10289± 77

3−− 0 10229± 48
1 10758± 101

3+− 0 10501± 120
3++ 0 10499± 117
4++ 0 10563± 133

1 11011± 57
4−− 0 10817± 94
4−+ 0 10818± 90
5−− 0 10889± 75

1 11251± 147
5+− 0 11075± 48
5++ 0 11072± 42

Table C.10.: Charmonium (left) and bottomonium (right) masses calculated in the
rainbow-ladder (RL) truncation with the Maris-Tandy (MT) effective
running coupling.152



D. Numerical methods
In this chapter, we will briefly go over some of the numerical methods used
throughout this work. More details on most of them can be found in Ref. [266],
which also contains example implementations for those methods.

D.1. Numerical integration
Many of the integrals appearing in the quark DSE and meson BSE have been
evaluated numerically. There are many ways to approach the task of numerical
integration. The simplest is the bar method, which approximates the integral of a
function f over a given interval (a, b) by approximating the area under the function
with rectangles of equal width, and their height being the functions value at the
centre of each rectangle’s base. This can be written as the equation

b∫
a

f(x)dx ≈
N∑
i=1

f(xi) ·∆x, (D.1)

with xi = a+ 2i−1
2N

(b−a) and ∆x = b−a
N

. This method however is not very efficient
as it only converges slowly for increasing N . A faster method is the Gaussian
quadrature, where the function is no longer evaluated at equidistant points, but
instead is only evaluated at a specific set of points xi which all have their own
weight factor wi, so that we get

b∫
a

f(x)dx ≈
N∑
i=1

f(xi) · wi. (D.2)

With the correct choice of the abscissas and weights this method converges much
faster, even for small values of N . The quadrature method can even be generalized
to integrals of the form

b∫
a

f(x)g(x)dx ≈
N∑
i=1

f(xi) · wi, (D.3)
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where the contribution of the function g(x) gets absorbed into the weights.
One particularly useful case of this is the Gauß-Chebyshev integration, where
g(x) =

√
1− x2 and the abscissas and weights are calculated using Chebyshev

polynomials of the second kind. Integrals of that form frequently appear in angular
integrals in both the DSE and BSE and we use this method whenever they appear.

In practice, the radial integrals in the DSE have been evaluated using 640
abscissas, while the angular integrals used 128 abscissas. The integrals appearing
in the BSE required even fewer abscissas, being 32 for the ψ integration and 12
for the ϑ integration, with more or less points being used in some channels when
appropriate. In and close to the chiral limit, twice as many abscissas have been used
for the angular integrals in the BSE, as this region requires some higher precision
in order to converge.

D.2. Root finding
To find the zeros of the function f(P 2) = λ(P 2)− 1, several root finding methods
have been applied. In cases where no extrapolation of eigenvalue curves is required,
cf. Sec. C.1, well-established root finding methods, such as the false position method,
also known as regula falsi, or the Newton method are useful, since they minimize
the number of eigenvalues that need to be calculated.

When the eigenvalue curve is extrapolated, a different method has been used to
find the solutions to λ = 1. Since the rational function obtained by the Schlessinger
method is not an expensive function to call and can be evaluated many times
per second, even on standard desktop hardware, we no longer need to optimize
for a minimum number of function calls. Instead, the problem shifts to different
difficulties, since we no longer know beforehand, in which interval the root lies,
which is a prerequisite for the false position method. The Newton method also
does not work reliably on the kind of function we are solving. Instead, it often goes
off towards infinity without converging.

The method that has proven to be the most reliable in our calculations is a
tiny-step rootfinder. It works by starting at P 2 = P 2

0 and going towards more
negative values of P 2 in tiny steps, evaluating λ(P 2)− 1 at each one and checking,
if the function has switched signs, indicating a root lying between the two previous
steps. These can then be used as upper and lower limits for a further false position
root finding in order to improve accuracy. Additionally, one needs to set a maximum
momentum P 2

max � P 2
0 , at which the algorithm stops without converging.

While this method requires many function calls, easily going into the hundreds,
it is the most reliable method to find roots of Schlessinger functions without prior
input of search intervals, which would introduce a bias into our calculations.
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E.1. Feynman diagrams
Some of the Feynman diagrams used in this work have been taken from prior pub-
lications of our working group with permission by Christian Fischer. In particular,
Figures 3.1, 3.2, 3.3, 3.4 and 4.8 have been taken from [195]. Figures 4.4 and 4.7
have been taken from [45]. Other Feynman diagrams in the same colouring scheme
have been created by me using the JaxoDraw software, version 2.1.0 [267].

E.2. The Rust programming language
The numerical calculations done for this work have been mostly programmed in
the Rust programming language [268], a modern multi-paradigm programming
language with a focus on memory safety, concurrency and performance. The code
has been compiled using version 1.89 of the stable release Rust toolchain, including
the rustc compiler and the cargo build system. Occasionally, compute kernels have
been written in the C programming language [269] and embedded into the codebase
using Rust’s foreign function interface directly or via the cc crate. Most compute
kernels, as well as all other code relevant for computations, have been written in
Rust.

E.2.1. Krylov-Schur eigensolver
Since the Rust standard library is quite small compared to other languages, some
functionality is relegated to third-party libraries, called crates. One of the most
important dependencies of this work’s codebase is the crate faer (version 0.23), which
implements very performant state-of-the-art linear algebra algorithms, including
Krylov-Schur eigensolver methods. It is published under an MIT licence at [270].

E.3. FORM
While some of the Dirac traces performed throughout this work are easy enough
to be done by hand, some expressions become impractically large, demanding
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computational treatment. The tool of choice here was the FORM programming
language [271], which can perform arbitrarily large symbolic manipulations and
optimize the number of floating point operations needed, speeding up some compu-
tations drastically.

E.4. Plotting and Typesetting
Most plots of results shown throughout this work have been generated using gnuplot
6.0 [272], a free and open source data visualization and plotting program. The
document itself has been typest in LATEXand compiled using version 1.17.0 of the
lualatex compiler. The bibliography has been generated using the biblatex package
with the biber backend, version 2.19.
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