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Bifurcation from a saddle connection in
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Introduction

Consider a one-parameter famlly of sem1ﬂows on a Banach space with
statlonary point-0. Suppose 0 is a saddle point, and that there is a homoclinic -
trajectory at some critical value a,, i€. a trajectory which is defined on R, not
constant and tends to- 0 as t— +00, —o0. If this connection is broken by
a small change of ‘the parameter then periodic orbits may bifurcate off—
whether this actually happens depends on further conditions.

In terms of return maps, defined by translation along trajectories, this
phenomenon corresponds to a-family of fixed points which at the critical
parameter cross into the domain of the map. The following figure for
trajectories of vector fields in R* may help to clarify this.

~Fig. 1

Loosely speaking, sufficient conditions for fixed points at @ > a, are that

‘contraction in the stable space of the linearization of the flow at 0 is stronger

than expansion in the unstable space, and that for a > a, the unstable manifold
intersects with the transversal “above” the stable manifold: For-details in the
two-dimensional case, see e.g: [3], [6]. -

A similar phenomenon for parameterized vector fields on R? which are

: penodlc in the first component x, of xeR? with eriod, say, ¢, is b1furcat10n
p 1 p Y, €1

from heteroclinic to periodic solutions of the second kind, W1th
Cox(Am) = x+(€1, 0) '

for some © > 0. For an example, see e.g. Ch VIII of [3].



 Fig. 2

The corresponding orbits of the 1nduced vector fields on the cylinder
(Rmod¢,) x R are closed but not contractible to a po1nt in contrast to 1nduced
orbits of periodic solutions in RZ.

- Results about bifurcation from saddle loops of vector ﬁelds on R" are due e

to L. P. Silnikov ([18]). He introduced: the idea of artificially contlnumg the
return map to the transversal beyond the stable manifold, by the intersection of
the unstable manifold with the transversal. For the homoclinic-trajectory, one
has a fixed pomt which can be contlnued for a#dg. :

F1g 3

The difficulty 1nvolved is to show that the extended return map is indeed
- smooth enough for continuation of this fixed point. Silnikov’s proof of
smoothness requires that the vector field- is at least. of class C2

In a recent paper [22] we proved bifurcation from a saddle-to-saddle
connection for retarded funct1onal differential equatlons of the form

(ah) : S () = ah(x(t— 1), ae(,1),
with penodlc nonhneanty h: R>Rof class C1. Let éh >0 denote the minimal

period of h, assume h(0) = 0, h(&,) = 0 for some 50 e(O &), 0<hin (0 50) and

h <0 in (&, &)
Equation (ah) then describes a state Var1able on the circle Rmod¢, which

.tries .to compensate deviations from the statlonary state ‘£, mod{,, after

a reactlon lag a.

~ The dynamics of these equations -are surprisingly rich. In addition to
bifurcation from saddle connections addressed here, periodic solutions emerge
in a serigs of Hopf bifurcations from each equilibrium as the parameter
increases. from 0 to + oo. Secondary bifurcation from branches of periodic

. orbits occurs ([21]), and chaotic invariant sets exist, due to periodic solutions

with. transverse homoclinic orbit ([207]; [2], [12]).
Applications include models of phase-locked loops designed to control
high frequency generators, see [15], [8] and Section 5 in [22]. :
Let h(- +¢&,) also satisfy the remaining hypotheses in Theorem 2 ([22]) on
the shape of its graph. It follows that there exists a critical parameter a, with

"a heteroclinic solution x* which connects the zero solution to ¢— &, and that

for a > ao penod1c solut1ons of the second kmd with
‘ ' x( +7) —x—i-éh for some n >0,

bifurcate off.
- For such solutions the point x(z)mod ¢, on the circle rotates penodlcally
The first result on existence of periodic solutions of the -second kind for

© differential delay equations was proved by T. Furumochi ([87]). Numerical

computations of Y. Ueda ([19]) indicate that equation (ah) may have more
complicated periodic solutions of the second k1nd as’ Well with k = k(n) in

- Z\{0, 1} for the minimal 7 > 0 with

- x(+7n) =x+kE,. .

This means that the point on the c1rcle completes |k| full turns around durlng' /
each minimal period.

‘Recall that on’ the Banach space C. of continuous functions ¢: [ 1, 0]
—R, equat1on (ah) defines a parameterized semiflow

X: RI xCxR3(t; ¢, )—>xeC '

where x,(s) = x(t-}-s) for ‘all. t>0 and se[—1,0], with the solution
x = x(¢, a): [—1, c0)— R of the initial value problem

3(0) = ah(x(t—1)), xo4¢

Let &,, &, denote the functions t —¢,, t— ¢, in C. In [22], each initial Value for
a bifurcating solution was obtamed as fixed point of a map 2,—&,, a > a,,
with :

ga: 9a49a+5h |

a compact translation along trajectories close to the heteroclinic connection.

The advantage of this approach is that the functional on the right hand
side of the parameterized functional differential equation considered is only
required to be C'-smooth. On the other hand, it does not lead to uniqueness
and stability. Both are to be expected from the two essential properties of the



linearizations T(-, -, a) of- the semiflow at the stationary points Z éh The
unstable linear space P, of T'(;, -, a) has dimension one, and contraction in the
stable space Q,, is stronger than expansion in P, More exactly, the spectrum o,
‘of the generator of the semlgroup T(, -, a) contains only one point u(a) in the

right halfplane, u(a) > 0 is a s1mp1e eigenvalue, and there are bounds Ay <, 0 -

K, >0 such that

0.1) Js < —i, and u(@) < py, Rez < A,

- ay.

In the present paper we develop a new method for bifurcation from™
a saddle connection and apply it to the equations (ah) where h(- +¢,) satisfies
the conditions from [22] and is in addition of class C2.

As a result, we obtain a differentiable curve of initial values for b1furcatmg
periodic solutions of the second kind which are unique, stable, and attractive
with asymptotic phase The precise statement is contained in Theorem 13.2.

With a view to the models for phase-locked loops from Section 5 in [22],
- We may say that we obtain bifurcation to attractive periodic solutions of the
second kind in- the presence of attractive phase-locked states.*Asymptotic
stability of the solutions t— &, +j&,, ]eZ follows from an inspection of the
characteristic equation z+ae *=0,0<a < 1.

The proof of Theorem 13.2° employs a map X of translatron along
trajectories, close to the hyperbolic equilibrium 0 e C, and its continuation X,
herein followmg Sllmkovs idea. The crucial part is to ensure smoothness
properties of X';. The proof of these is based on elementary geometrical
considerations and on a sharpened inclinatien lemma. Below we give an
outline. ;

Inc1dent1ally it should be noted that the construction of X, and our proof
of smoothness do not exploit spec1al properties of equat1on (ah) Any family of
retarded functional differential. equat1ons .

Jo(t) = F(a, >et)

“can be treated, provided that the map&

F: (aO g, ay+e)xC([—r, O] R*)—R", r>0 neN,

aoeR and & > 0, is of class C? and there is a saddle point x* eC([—r, 0], R”)
with one-dimensional unstable manifold such that (0. 1) holds for the linearized
semiflow. This immediately implies a more abstract theorem on bifurcation
from, say, a saddle-loop for such functional differential equations, analogous to
Silnikov’s result where existence of a homoclinic solution is assumed, not
asserted. Details are left as an exercise.

To explain our approach, we begin with the construction of a map f

forall ze o, \{u(a)} and for all parameters a in a small neighborhood of - —

which defines a fixed point equation
| f¢,9=¢

for initial values of periodic solutlons of the second kind. f will be called the
Silnikov return map.

Let us assume for simplicity that there is a neighborhood # of 0eC sO
that the local stable and unstable manifolds of this statlonary pomt are glven
by ‘

S—Qm%’ U, = Pm@

(In the body of the paper we have to 1ntroduce local coordinates and ...

a transformed semiflow Y in order to achieve this.)

Let p, and g, denote ‘the projections onto P, and Q,, according to the
decomposition

C=P,+Q,.

Note P, = R®, with ¢, (1) = “@ for all te[—1, 0]. In particular, if 0 # ¢peP,
then either ¢ <0 or c;S > 0.

Embed a point x{°e U, into a family of initial values No@,€V,. We shall
have 7, > 0, from propertles of the heteroclinic solution. Choose transversals

H = 110§D +0,
to U, and open parallelograms

E _E(513 ’71: a) {¢EC Ipa¢|<n1: IQa |<51}

with 5, > 0 0, >0, so that E,nH; = @ for a in some neighborhhod of ay-
le 9 > 0 with

0.2) s+teE +£,, for all s > 6.
There are:-open ne1ghborhoods B of xpo =1,9,, and g of a, such that

X0, -, a)—&, maps Z into E, for all ae.7.

5,, ~transtation




- For #,, 6, and o sufficiently small, every trajectory 0<t—>X(t, ¢, a) which

starts in the open upper half
= {¢peE;: p.¢d > 0}
of E, reaches the transversal H J at a first time
| o =o(p, a)>1
Whﬂe tra;ectorles startmg in
S,nE, *{¢’6E pad) 0}
converge to 0. Set- ) ) -
- 2, a) = X(0(4, ), b, )
and continue X to a map X,, by |

Zy(@, a) =1o®

if peES, aed,

for geENES, aesd.

)

The com‘stition "
(¢, A~ Z,(X(6, $, 9, a)
defines a map

| " fi Bxd-C

with f(.%x{a})c:H+ for ae and f(n,® a0> 30) = Mo Poo-
The last equation holds since (0 2) and ¢&,-periodicity imply

(5 X (0, 10Dy ao) éh’ ao)—xs+0 EhEan

Wthh in turn gives

fors?O

X(@, 110 @a()? aO)_ fh'gstﬂ

hence

f (_’70 Dyor ao)«?‘zz((an\Er;E) x {ao}) = {no @qo}-

Moreover, fixed points ¢ Hf n % of f(-, ) — with the additional property

X0, ¢, a)eE; T, - deﬁne initial values of per1odlc solutlons of the second

kind. /
The definition of Z5 shows that if DZZ(qS a) would ex1st on.all of 1ts
domain, ‘ot only for gi)eE+ or. pad) < 0, then. ‘ n

/ D 22(¢ a) for ¢eE mSa,
and in particular ' Co-
1f(7}o do? ao) ' -

This Would allow to solve the equatlon f(o, a) ¢ with a umque d1fferent1able
curve

a'—)¢:!ka N 2=0=110@a0=x‘tz0’9 -
by means of an 1mphclt function theorem. '

The key to sufficient smoothness properties of the Sllmkov return map is
Theorem 6.1 which asserts that there is 6,€(0, 6,) such that

D, Z(y, a)—>0 ' ‘
umformly for all aesd’ sufﬁc1ently close to aq and all Y in open layers

E*(,m,a)={yeC: 0<pyy <m,lq.¥| < 8,}
of height # above the stable manifolds.

as 11—>0



 defined by

—
)

Fig. 7 o . - - =

The proof requires.a closer look at the hyperbolic behavior of the semiflow— —-
- near the stationary point OeC.

Without too much effort, it can be reduced to an estimate of D, X(-, a) at

points in level sets

+ +
akcEa

o(,a)=kN,

where N is a suitably fixed positive integer. The sets H, conizerge to the stable
space Q, as k— +o0. On Hg, X(-, a) coincides W1th the ‘iterate (ga)" of
a restricted time-N-map §, of the semiflow X(,-, a).

Furthermore, we can restrict the investigation to points zpeH . such that

the trajectory 0 < t— X (¢, ¥, a) admits a tangent vector w = w¥at ¢ = 0, and
where HJ; is a submanifold of codimension 1-in some ne1ghborhood of ¥, with
w not contamed in its tangent space at Y. The decomposition

C= T,H} @ Rw

now perrmts an estimate of |D X, a)| in terms of

— D2, )|Rw;

- Dlz(‘ﬁ a)l_THak = D(ga)k(l//)l Hg; ~

— the angle between the spaces Rw and T, :
Observe D, (Y, a)w = 0, X being constant along traject_ories. We arrive at an

estimate

ID Z(lﬁ a)| < const- ID(ga)k(‘pNTwH <1+:§W:>

where the term |qw|/|pwl expresses the angle between Rw and T, HZ; by means
of projections p onto P, q onto T, Hg, which are ‘given by another
decomposition :

C=T,HL®P,

Fig. 8
The last decomposition follows from an inclination lemma for the preimages
B = @) MH) >
In addition, we get a »bound‘. _
| " -const - [p | ~H/k2

for the second factor on the right hand side in (0.3) which clearly tends to
0 uniformly for Y€ E*(8,, 1, a) as n—0.
With regard to (0.3) and (O 1) it suffices to denve an 1nequahty

Iql

nst .
IPWI

1
oYl

The numerator |qw| is easﬂy seen to be bounded by a constant, so we look for
an estimate

const- [p¥ < [pw|  in case qw # 0.

Straightforward estimates of the semiflow and relations among the projections
involved only give a.constant ¢, such that

lpwl = ¢, lp.¥|— Iq,,WI Agw) .
where
A (qw) = P2%!  [pag]
lgaqwl

is the inclination of the nonzero tangent vector qweT H

Working in a sufﬁ01ent1y small neighborhood of Oe C we can bound g, Wl
by any prescribed constant.



So what we finally need for the completion of the proof is an a-priori
estimate :

04 ' A,00 < coﬁst “Ip, ¥l

for tangent vectors ye T, H5\{0} at points yeHp, for all keN and all
parameters a in some neighborhood of a,.

Such a pomtw1se estimate is considerably sharper than assertions on
uniform convergence in the inclination lemmas contained in [16], [17], [13],

- [12], [14], compare e.g. the remark following Corollary 8.1.

All results on inclinations needed for the proof of Theorem 6.1 have been
combined into Lerhma 2.1 ([23]) on maps g in a Banach space w1th hyperbohc
fixed point 0. These maps g may not be invertible, of course.

The derivation of estimate (¢, x) in Lemma 2.1 ([23]), which corresponds
to (0.4) above, requires that they are of class C2. In addition we have to impose
a condition ((*)) which is trivially-satisfied if the unstable space P of Dg(0) is
one-dimensional as in our apphcatlon but ‘becomes a restriction on the

distribution of .the spectrum of Dg(0) in the complex plane for dimP > 1. .

Another particular featurei; of Lemma 2.1 ([23]) is that the given trans-
versal H to P and its preimages g *(H) do not have to be submanifolds.

(Tangent vectors to arbitrary sets are defined as usual, by means of differen-

tiable curves with trace in the set.) This generalization simplifies the application
to maps g = §, which are taken from a semiflow as X(-, -, a) above: Even if the
initially given set H is a submanifold, one cannot use transversal intersection of
trajectories with H in order to show that the preimages g~ *(H) are sub-
manifolds, too. The reason for this is that not every trajectory 0 < t—(t, ¢, a)
has a tangent vector at ¢ =0.

Organization of the paper. Chapter I contains preliminary material,
including a review of results from [22] on the unstable manifolds of the zero

- solution to equation (ah). Section 3 examines the semigroups T'(:, -, a) and

prepares a set of constants for the application of Lemma 2.1 ([23]). Section

4 specifies some easy consequences of the saddle point property for the
nonlinear semiflows X (-, -, a) close to 0eC.

Section 5 in Chapter II begins with the standard transformation of X to
a parameterized local semiflow Y on a neighborhood of 0€C so that the local
invariant -manifolds become open subsets of the spaces ¢, and P,. We
construct domains on which the time:N-maps g, and §, taken from the
semiflow Y (-, -, a) satisfy the hypotheses of Lemma 2.1 ([23]), and we estimate
the growth of P,-'and Q,-components for trajectories of Y(;, -, @) and their
tangent_vectors. Section 6 contains the definition and basic properties of the
map Z, the statement of Theorem 6.1; and a step-by-step outline of its proof.

"The proof itself follows in the next 4 sections.” The central part usmg an

estimate of type (0.4) is contained in Section 9.

Chapter III starts with the construction of the Srlmkov return map.
Proposition 62 and Theorem 6.1 imply that it is smooth enough for the
application of an implicit function theorem, stated as Theorem 13.1. The main
result of the paper, Theorem 13.2, includes a precise description what
uniqueness, stability and attractivity with asymptotic phase mean for periodic
solutions of the second kind. The detailed proof of Theorem 13.2 in the last
sections is still rather long, but mainly for techmical reasons. The major
difficulty has been overcome with- the proof of smoothness for the Silnikov

_return map.

Throughout all sectrons proofs are given with almost every detail, This
helps to avoid vague descriptions of situations which involve both local and
global behavior of the semiflows. Sometimes properties of functional differen-
tial equations are used without further comment. In these cases the reader /
should consult [10] and [9]. The general reference for calculus and a little
functional analysis is [7]. The elementary facts about transversahty needed in
Section. 7; are found in [1].

Parallel to the work presented here, C. M. Blazquez ([4]) and S. N. Chow
and B. Deng ([5]) used other ideas to prove similar results on bifurcation from
saddle connections in infinite-dimensional spaces (restricted to the case of
one-dimensional unstable manifolds, as in our approach). Blazquez extends
Silnikov’s method to semiflows for parabolic equations. Chow and Deng treat
such semiflows, too, describe a proof for functional differential equations and
give an application to the equations from [22]. The resulting theorem is
slightly weaker than our Theorem 13.2, assuming. that h is of class C? while
differentiability of the bifurcating curve of initial values is not asserted.

I .

1. Preliminaries. All norms are denoted by | |. LC(Z , Z') stands for the
space of continuous linear maps Z — Z' between Banach spaces Z, Z' over the
fields K =R or K =C. Amap F: W—Z', W < Z open, is of class Ck iff it has



“with nonlinearity h: R—R in the set # defined as follows: There exist.

continuous derivatives DF: W——»L (Z,Z),D(DFy: W—LJ(Z,L(Z,Z ))
up to order k. For maps h: R>Ror x: JoR, y: J»C with J = R, we set

F(©:=DRE)(1), x(®):=Dx@®)(1), y):=Dy@O)(1).

" In Section 8, we consider tangents to an arbitrary subset S of a Banach
space Z: A vector yeZ is called tangent to S at the point zeZ iff there is
a differentiable curve y: (—1, 1)>Z with y(( 1, 1)) <S8, y0) =z, Dy(O)(l)

‘= y. T,S denotes the set of all tangents to S at z. As usual, the hypotheses
Sc W, F: W-Z differentiable with F(S).c S’; zeS and yeT,S altogether
imply DF(z)y € T,(z)S". Also, if F;: W—Z"and F,: W—Z' are differentiable

with F{ = F, on S <.W, then DF 1@ = DFz(z)x for all zeS, yeT,S.

For a Cl-submanlfold ScZ (see [1]), T.S as introduced above st

usual closed subspace of Z, with a closed complement in Z. :
Preimages S;, keN,y, ofaset S Z with respect to a map F:. W—Z are
defined by So:=S, Sg4+1:= F1(S)) for keN,. This implies S, =
all keN,, with the iterates F*: W, —»Z given by Wy:= W:=W,, FO(w):=w
for weW,, F*:=F, Wyy,:=F '(W,) and F**':= F*oF for keN.
___C and C, denote the Banach spaces of real- and complex-valued
contmuous functions on the initial 1nterval I: —[ 1, 0], w1th supremum
norm.

We shall successively construct nonempty open balls

 B,®»B,> ..oB;,, D°>D'sD*>..>D°
in C, centered at 0eC, and nonempty open parameter intervals.
Ag> A >4, ... 2 Az

centered at a fixed critical parameter a, >0, such that cl BH1 cB,,cl D"+1
< D¥, cl Ay, < A, for all relevant indices: Let us adopt the convention not to
mention explicitly ' these properties once new B,CJrl < B, D¥*' c D" -or
Ar+1 < A, are chosen. :

For real- or complex- valued functions x on an open interval J < R and for
ted with [t—1, t] = J, the translate Iss—x(t+s) of the restriction of x to
[t—1, t] is denoted by x,, as' usual in functional differential equations.

R+ stands for the positive reals, Rg := R* U {0}.

o

2. Solutlons of a family of differential delay equatlons with periodic
nonlinearity. We study the equations

(ah) %(t) = ah(x(t—1)), a >0,

a C2%-function h: R—R and a*€(0, 1) with h = h/a*, and
(H.0) there are positive reals &, &, > &, 7y, &4 52 such that
' 2rh<§1<§2<£o—rh<qo+rh<éh s

 (FB~1(S,) for

(H.1) & is periodic with period &,;

(H2) E_> 0 in (0, &) and A <0 in (&, &,);

(H3) {hl <72 in (=ry, 1) U (Eo =T, &—14]5

(H.4) there exists g€(0, 1) with |h(&)] < g|¢| for |€] < 1y;

(H:5) H(0)=a* and loga®™ < —u(@*) for u=u(@*)>0 with u—
a+ —u_O ' :
(H.6) ¢ec and 0< ¢ < & = $(0) imply
§1+§h0¢ 2

et e Y e e e e o S

YyeCand ¢, <Y<

$r = l//(O) imply
&ty <&+[hoy.
I

r, /2

Fig. 10

It follows that h’(O) = 1. We fix a positive real 6, <r,/2 with #' >0 in
[ 5h= 5h] -

Note that the nonlinearities h(: +fo) he #, are 1dent1ca1 Wlth the
functions considered in [22]. For an example ansmg 1n apphcatlons see
Section 5 in [22].

A solution of equatlon (ah) is either a dlfferentlable function x: R—R’
which satisfies - equation (ah) everywhere, or a continuous function x:
[s—1, co)—R, seR, which is differentiable on (s, o) and satisfies equation (ah) _
for all ¢ >s.

Repeated application of the formula

-1

x(t) = x(n)+a j hox

@.1)

on the intervals [n, n+1], ne N,, shows that every initial value ¢eC and
every parameter a > 0 define a unique solution x = x(¢, a) of equation (ah) on
[~1, o0) with x, = ¢.

The zeros Z¢&, U (&,+ZE,) of h yield constant solutions on R.

We have continuous dependence of solutions on (¢, a)e CxR* Wlth_
respect to the supremum-norm on compact 1nterva1s [ 1,£], t = —1 The
relation ‘

X(t, ¢, a) = x,(¢, a) M




deﬁn.es a parameterized continuous semiflow
_ X RO >< CxR*->C
with statlonary pomts Zéh, EO+Z£,,,
E):=¢&, &@:=¢& onl

" Note that all functions x+ Z¢, are solutions whenever x is a solution of
equation (ah), due to the periodicity of h. We have

2.2) X, $H+kE, O = X, 6, 9+KE,

" for all (¢, ¢, a)eRG X CXR™, ke Z. L

The results of Sections 1 and 2 of [22] imply that there are a critical
parameter a, €(0, a™), an open interval 4, € (0, a*) = (0, 1) with center a, and
a family of solutions x*: R— R of equation (ah), a€ 4,, s0 that the map a— x§

is continuous, with

0<x
a : f 1l acA4
x*(t)—0 ‘--as~t—->~—-oo} | for atl a€Lo,

x"°(t)—¥£h as t—> + o0,
lim inf x* >s§h for ao<aeA0
t=>+

In terms of Section 4 below, we have a family of solutions in the unstable
manifolds of the equilibrium solution t 0 such that for a = a,, the solution is
heterochmc and connects t—0 to the equilibrium solutlon t—-»éh, while for
a > a, the solutions overshoot ¢, and-do not return.

We need a few elementary properties of solutlons

PROPOSITION 2.1. Let (¢, a)erAo, X:= x(¢ a)
@) 0 < ¢ <&, implies 0<x on (0, 1]. ’
(i) &, < ¢(0) implies &, —g— (r/2) < x on RO
(i) &y < ¢ < &, implies x < &, on [—1, o).
(iv) [x(0) < |$I(1 +max 7)) for all te[0, 1].
Proof. (i) follows from (H.2) and equation (ah).

(i) Suppose x(t) < &, for ¢ > 0. Let z denote the largest zero of x— fo in
[—-1, ] Then0<z<tIft<z+1 then ‘

x(t) = '€.0+['x €0+m1nﬁ> fo—(rh/Z)

by (H. 3) and periodicity of h. If z4+1 <, then

0<§0—(7h/2)<x<f0 in (z, z+1],

as before. Using (i) we infer 0 < x- on [z, £]. Hence

£0—(/2) < x(0).
(iii) 2 <0 on (&, &,) implies that either & <xand x <0on R, or that

—there exists-a first zero z; of x—¢, in R*, and x <0 in (0, z, +1). By (i),
‘50—(;',‘/2) <x(zy+1). Now, 0 <ah < h <ry/2 on ({,—1y, &) yields — either

0<xand &,—(r/2) < x < &, on (z, +1, c0), or existence of a first zero z, of
x—&, in (z4+1, ) with 0 <x <ry/2 on (z;+1,z,+1). In the last case,

_ 0 <x <o+ (ry/2) < &, on (z,, 2,4 1), and we are almost in the same situation

as at‘the beginning of the argument. Now it is easy to complete the proof.
- (iv) follows from' (2.1) and from the mean value theorem, with
h0)=0. m = . o

COROLLARY 2.1. For 0 < ¢ < &y, either x < &, and 0 < % on R'+, er thefe
exists t=1t(x)>0 with x(t)=¢&,, 0<x on (0 t+1), 50—(;‘,,/2) <Xx on
[t+1, ). :

PROPOSITION' 22. (i) For every ac[a,, supA,) there exists ‘t(a)eR with
x“(t(a').) =¢&, and 0 < %% on (— o0, t(a)+1). TR

(ii) There exists b, e(t(as), t(ao)+1) such that x* <&, on (—o0,by), .
E—Ty < X% < £,+r1, on [b,, ), and every interval [t—1, t] t = b,, contains
at least one simple zero of x*—¢,.

(i) If t > tlay)+1 and %%(s).< 0, se[t—1, t], then 0 <
s'e[t—1, t].

Proof. (i) follows from Corollary 2.1. For (ii), see Section 2 in [22]. Let

t=t(ag)+1>b; and x°(s) < 0. Suppose x* <0 on [t—1,t]. We have .

x®(Rj < (0, &,+r), by (i) and (i) and 0 < x“°, so that equation (al(, h) and (H.2) -
yield ¢, < x® < ¢, on [t—2 t—1]. But this contradicts (1) and (). w

x%(s") for some

We exclude periodic solutions (of the first kind) close to the heterochnlc
solutions x*° +Z¢&,. This proves already a part of assertion (vi) in the final
Theorem 13.2.

PROPOSITION 2.3. (i) The set cl{x;‘: teR} ={.}u {Eh} is compact.

(i) There exist an open neighborhood Vs, of - cl{...} and an open interval A
such that for acA, there is no non-constant periodic solution "x: R—>R oj‘
equation (ah) with orbit {x,: teR} contained in Vo1 +Z§h

Proof. (i) follows from hmt_> OOx“°(t) = O hm,_wroo x%(t) = fh

The proof of (ii) is rather long:

a) By Proposition 2.2, there are reals t_ < t+ w1th x©(t_) =r,, x*(t,)
=¢,—r,. Then t(ag) <t, <b;,0<x%® and 0<%%® on (—o0,t,], and
&—r, < x% on (t,, ). Choose ¢, >0 so small that

(2.3) - 2¢, < min X%,
lt-,24]



4 g,

_ implies x(z) =

—rytey <X <& +7r,— on [by, ),

in partlcular gy < 14

- Using continuous dependence and compactness of [t_, b1, we ﬁnd
g1 €(0, &) and an interval 4, such that |¢ —x/°| < &y; with te[t_, b,;] and
acA, imply x(s) > &, at some s> 0 for the solutlon x: [—=1, oo)—»R of
equation (ah) with x, = ¢. We define

Vor:={¢eC: |¢| <eoy Or |p—&,| <oy Or |¢p—xf < gy, for some teR}.

Suppose y: R—R is a periodic soluti‘on, non-constant, of equation (ah),

a€A,, with {y;: teR} = Vo; +ZE,. All-translates y-+k&,, ke Z, are periodic

solutions of equation (ah) as well. We obtain a non-constant periodic solution”™

X: R—>R of equation (ah) with —r,, < minx < ¢y and with x,€ Vo, + ZE, for all
teR

b) The case x(R) = (—r,, r,). Then every 1nterval' [t—1, ] contains a zero
of x (otherwise, equation (ah) would imply |x(z)] > r, for some t€ R, see the sign

condition (H.2)). Choose t€ R with |x(t)] = max|x| > 0 (x is non-constant). For
the largest ze10 zZ€ [t—l t],

0+jl'x } h{x(s—1))d s—tjlah(x(s))ds=;— { hox

z z + z—1

x(t) =
and (H.4) gives

%) < 1= g-maxfx| < qlx(0)

+
which- contradicts x(t) # 0.

c) It follows that x(R) < ({,=1,, &,+1,) is 1mp0581ble too. .

d) The case r, < x(t) < {,—r, for some teR. (H.2), (H.3) and equation (ah)
give 0 <r/2<xon [t,t+1]. BV (H.2) and equation (ah), there exists a first
zero z >t of x—&;, or 0 < x on [t+1, o) and x < &, on [, o). In the first
case, Proposition 2.1 (ii) ylelds x> &y—r, on [z, ), a contradiction to
periodicity and x(f) < &,—r,. The second case contradicts periodicity, too.

~¢) The case &,—r;, < x(2) < &, —r,-for some teR. We have x,e€ Vy; +ZE,,
and r, < x(t) < &,—r,. Therefore |x,—xi| < &y; with some veR. (2.4) and
x(t) < &,—r, exclude v > b,.-The definition of ¢_
Thteo < &—1, < x(2), give t_ < v. By the choice of &y; and 4, we now obtain
x(s) > &, at some s.> t. Consider ve N with s < t+vp where p is the period of
x. There is a largest’ t*e(s, t+vp) with x(t*) = &,. On (t*, t+vp], x < £,-On
[ 1), x = 8 —(r/2) > x(t+vp), by (H.2), (H.3) and equation (ah). Hence
t*+1<t+vp,and & < x <&, on (t*, t*+1]. It follows that either 0 > x and
o <x <&, on [t*+1, c0), or that there ex_ists a first zero z of x—¢, in
t*+1, ). The first possibility contradicts periodicity. The second possibility
o and ¢y < x(z—1). As above, we infer |x,—x{° <e¢, with

and ¢, < r,, in particular

ve[t_, t.]. Using (2.3) we get

x(z) = x°(v) —gy > x*°(v—1)+2¢5—&, > x(z——l)
a contradiction. :

. f) The case {,—r, < x. By constructlon minx < &,. Part c) above implies
x(t) &, +r, for some teR. Consider %:= x— ¢, This is a periodic solution of
equation (ah) w1th x(t) =r,, and the arguments of part d) lead to a cont-
radiction. m - -

Another-tiny -part of the proof-of-Theorenr132-is- — -

PROPOSITION 2.4. Eguatlon (ah), aeAl, admits no solution x: R—R wzth

(+p)—x()+k£h where p >0 and ke —N. '

Proof. For a solution as above, x(vp)—> — o0 as v— 4+ co. On the other
hand, x(t) = £, +1&, for some teR and [eZ. With the periodicity of h, we
obtain x > &, +1¢, —r, on [t, o), see Proposition 2.1 (ii), a contradiction. =

3. Linearization of the semiflow. The parameterized semiflow X is of class
C! on (1, 0)xCxR™, and of class C* on (2, ©0)x CxR*. The partial
derivative D, X exists and is continuous on all of the domain of X. We have

D,X(t, ¢, a)y =y, -
with the solution y: [ 1, oo)—»R of the linear variational equation along
x =x(9, a),
y(t) = ah’(X(t— D)y(t—1)
with yo =y E
CoroLLARY 3.1 For every (t,¢, a)eRi xCx(0,1], yeC and all
sef0, t] ' . '
ID,X(s, ¢, @)l < (1+max [h[}*?,

X, ¢y @)= X (s, ¥, @) < (TG

Proof Let ¢eC, Yy eC and ae(0, 1] be given. Consider the solution y of
the linear variational equation along x = x(¢, a), w1th Yo =1Vy. For neN,
te[n—1,n] and n—1< s <t, we obtain
=yn)+a f Wox-y,

. . n—1

y(s)

| o ) < (T +sup [H)ly,l-
By induction, o I
’ ly(s)l < (1 +sup |R]f* ]

whenever se[k—1, t] = [k—1, k], keN. With D,X(s, ¢, a)y =y, for all



> 0, we obtain the first estimate. The second inequality follows by the mean
value theorem. =, .

For (t, ¢, a)e(l, ©)x Cx R*,
| | D, X(t, ¢, (1) = %(9, a).

This shows that there is no partial derivative D, X if, say, 0<t<1and ¢ is
not differentiable at'some point in [t—1, 0]. x,(qS a) is called the tangent vector

of the trajectory Ry 3>s—x/(p, a)eC at.s=t.- S

The shifts Co2¢—X(t, ¢, a)eC-with t > 1, acR™, are compact as is

~ easily seen from theé construction of solutions. by means of (2.1). I —

We linearize at ¢ =0 and. define

T(, ¥, a):= D, X(t,0, a)»,r on RE x CxR*.
Then T(t, ¥, @) = y,(¥, a) with the solution y: [—1, 0)5>R of the linear
equation - . . o :
@ f y(t) = ayt—1)—

wrth Yo = V¥. Using complex Valued solutlons we extend Ttoa parameterlzed
semigroup from R§ X Ccx R* into C., with the same smoothness and
- compactness properties as stated for X. For each a > 0, T'(, -, a) is a strongly

continuous semigroup of bounded 'linear operators 'Ccsd)-»T(t,_d), a)

e'Cc, t > 0. The spectrum o, of the infinitesimal generator of T(:, -, a), a > 0, is
given by the characteristic values, ie. by the discrete, infinite, countable set- of
- zeros of the analytic function ;
A -z—z—ae .

ProPOSITION 3.1. F or every a>0 there is preczsely one posztwe zero
u=u(a) of 4,. u(a) is a simple zero. The map a—ufa) is analytic and strictly
increasing wzth lim,~ou(a) = 0. We have Rei <loga for every a > O and for
every zero A # u(a) of 4,. '

Proof See Proposrtlon 2 in [22] n

(H 5) shows that for all a€ 4,, loga < —u(a) Therefore we can choose an
interval 4, and reals A, u such that

(3.1) ‘ S 0<u< u(a) < —A< —Rez

for all aeA,, and all zeros z # u(a) of 4,. In particular, o,niR =@ for

a€4,, 6,0 (R +iR) = {u(a)}, and u(@)isa srmple eigenvalue with ergenvector ‘

@15 I t — @ cR*. We obtain

C=P,®0,

with -
P, =R2,=p,C,  0,=4.C,

' pa¢ <l‘pa’ ¢> Qaa

<lrf,,, = ¥, (0)¢(0)+ajl.rf (t+1)¢(t)dt for all peC,

9= id(;"'—pﬁﬁ

'4 (t) = [1+ae"““’} 1 ‘“(“)t for tef0, 1].

p, and g, are projections of C onto ‘Pa and Q,, respectively, so that
1 <lp,l. ' < |g,|. The spaces P, and Q, are invariant under the maps T(t, -, a).

. On P,

32— 'T(t ®, a)— “(“)‘qb for all ¢ >

so that we have expansions on the “unstable spaces” P for t>0.
There exist 4, < 0, an interval 4, = 4, and a consta_rlt.k > 1 such that

(3.3) - ©ou@<—4; <-4 on 4
(34) T, ¢,.0) < koe*|p]  for all aeAs,qbeQa, >0

or, T(t, , a) defines a - contraction on the “stable space” Q, (if £>0. is
sufficiently large) which is stronger than expansion‘in P,. This property is
crucial for the bifurcation result which we are going to prove. ,

For later use we prepare estimates of shifts T(N, -, a) with constants
which are locally uniform with respect to the. parameter and ‘which satisfy
certain inequalities.

PROPOSITION 3.2. There exist N eN N =3, real numbers Uos Hys Has Ags. l
With O < ptg < fy < fy < —A3 < —Ay < —Aq, 4 constant c> 0 an mterval A4-,
and constants a <1, f>1, y=hB such that ! -

(3. 5) i o by <ula) <y : for all aeA4,
5o  [FU<ITON.,01<7I6l  for all $<P, acd,,
o TN, 6.l <algl - for all $€Q,, acds,
(3.7) - ’ c<oc<oc+20<1<ﬁ -,
(3'.'8) ' (oc+3c) +o) _ <1
: B—c¢
' ((ﬁ ¢)— 1)
(3.9) o 3 .
‘ L
Gan _,j.'c<uo o,
Gy y+c»=.5+zc<"¢_ezzf,_
(3.13)  ate<eMN



Proof. a) Choose g, iy, 43, 4, such that 0 < py <u(ay) < p, < —i,
< —4; < —Z;. Choose NeN, N >3 and k,e*" < ¥ < 1. Set o:= %" 50
that the second estimate in (3.6) holds true, by (3.4). Set f:= ¢“@N_ Choose
¢ >0 so small that c<oc<o¢+c<1<ﬁ G,

(“+35)(l3+5)
(i é) 1 |
v " a+2c<ﬁ+(~/2) ;,.,,,_
5<.u03_°,_ B+28 < e,  a4é< eV, T

b) The map u—e*" is continuous, and there exists y, € (u(ao), uy) w1th

"N < B+(¢/2). By continuity of 0 < a —u(a), we may choose an interval 4, so
small that p, < u(a) < p, and

(3.14) etV < gu@N +(E/2) - for all aed,.

) Setc:=¢/2, r=eN—c,y:=f+c= eV Let aeA,. For (3.5), see b)
The first line in (3.6) follows: from (3.2), with (3.4) and e""’)N < e‘“N = y. The
inequalities (3 3. 13) follow from

B~(e/2) = e —(@2) < eV —(6/2) = /3 <f
and from the inequalities in a). =
Frequently we shall use that P, 1s monotone
(3.15 pu¢>0 if 0#¢ >0 and aeA4,

that the maps 4,3 a—>paeL (C,C)and A,3a—->4q,eL,(C, C)are analytlc and
that p, and g, are bounded on 4,. We set ‘

cpq:=/sup Ipaly_'_lqal < 0.
i As

.

Note ¢, > 1.

4. The saddle point pfopertiy. The properties of X and its linearization
- T imply that there exist open balls-B,.c B, < {¢eC: |¢| < §,}, constants
k,, 2 >0, an interval 4, and maps .
:P.nNB C,
ua am 1_')szC aeAs,
5;: Q,NnB,»P,cC,

such that for every" acA; the following-holds true:

4.1)  u,(0)=0,s,(0)= 0, u, and s, are Lipschitz continuous with constant

1/2; the “graphs” {¢+u,(¢): ¢ P, B,} and {¢+s (¢): $€Q, N B}
are tangent to P, and Q,, respectlvely, at ¢ =0, ie. hm‘?,_,(J lu (D) |P]

=0 and 11m¢.*o lS @)/|¢] =

(42) For every ¢ € P, B, there is a unique solution x* = x*(¢+u,(), a):
R— R of equation (ah) with x3 qb+u (@) and |xf| < k, ¥|x¥| for all
t<0.

@3) Ifx: R—Ris a solution to equation (ak) with x L€B,. for all £ <0, then

o x = x¥(@+u,e), a) for some $¢eP,NB;.

44) ¢€Q,n B, and ¢t >0 imply |x,| < k,e”|x,| for x = x(¢+5,(¢), a).

(45 If x: [~1, co)—R is a solution to ‘equation (ah) with x,eB, for all
20, then x, = ¢+s,,(q5) for some qSEQ,,hB1

‘ _Moreover one can achieve thaf the maps B, ><A a(q,') a)—=u,(p,P),
s.(d.9)€ C are defined and of class C2. This. will be used in Section 5.
We derive some easy consequences.

PROPOSITION 4.1. There is an open ball B, such that for every a eA s we have

(@) u,(P,nB3) = Q,nB,,s,(0,nB;) =P, N B;; ie. the “graphs” U,
={p+u,9): ¢€P,nBs} and S,:={s, (¢)+¢ $eQ,n B} are both con-
tamed in the parallelogram V,3:= (P, mB3)+(QamB3)

(i) ¢l <0, for all peV,s,

@41y U, r\S = {0} U, is tangent to P, at qb 0; S is tangent to Q, at
¢ =0;

(42)) for every ¢eU, there is a umque solution x* = x*(d) a): R->R of
equation (ah) with x§ = ¢ and [xf| < kye|o| for all t<0;

(43} if x: R—>R is a solution of equation (ah) with X, € V,',3 for all t < 0 then
x =x*(¢, a) for some peU,;

{d44) ¢eS, and t>0 imply |x| <k 1€ for x=x(¢,a); .

(45) if x: [—1, ©)>R is a solution of equation (ah) with x eVa3 for all
- t20 then x,= ¢ for. some ¢peS,;

4.6) - if ¢eUa,x—x(¢ a), t >0 and x,€V,3- for all se[0, £] then x,cU,

for all se[0, t].
\rqdius o,




Proof. Choose - o
s ' 1 B, 1"B
. 2k +1) 202
Let acAs. (1) follows from the L1psch1tz condltlon in (4. 1) If ¢e I/;3 then’
¢ =p,0+4q,0€2-B;. Hence V3 = 2-B; < B,, which gives (). U,n S, = {0}
in (4.1') is also a consequence of the Llpschltz condition in (4.1). (4. 2’) and @. 4’)
are obvious from (4.2) and (4 4), and from B; < B,. .
Proof of (4.3). Let x:"R—R be a- solution of' equatlon (ah) with
x,€V,3 B, for all ¢ < 0.(4.3) implies x, = ¢ +u,(¢) for some ¢eP,nB;and
x =x*(.., a). xoeVa3 gives ¢EB;, or xer
' The proof of (4.5) is analogous.
Proof of (4.6). Let ¢ U, < V5. Assume x.€ V3 (c: Bz) on some interval
[0,t], for the solution x = x(¢,a): [-1, oo)—>R (4.2') shows that on
[—1, o), x and x*(¢, a) coincide. For s <0, |x¥| < ki|¢| =k Ipaqb-l-qaqbl see
(4.2). We have k,(p, ¢+qa¢)ek :V,3 < 2k,-By < B,. Therefore X3 ¥eB, for all
s<0.
~ Now let ¢ = x, for some se[O t]. Then ¥ = x§(s+ ), for the solutlon

By c

ﬂx’;‘(s-l— ): R—R of equation (ah)' All segments x*(s+ ), v <0, are contained in

Bz,and (4.3) yields x, = Y = x§(s+ ) = & +u, () for some qbeP ‘N By. x,€ V3
gives ¢eB3 Therefore x,eU,. = ,

PROPOSITION 42. Let ae As. There exist-y, >0 and solutzons x*": R-R,

: R— R of equation (ah), and v = v(a)eR such that - .

(1)0<y<y,, zmplzes 0<y®,+u P,); 0>y> —¥, zmplzes 0>y¢
+u,(yP.); .

. (11) pa ) eaB3a llmt—'foo,xa+(t) 0 X?+EU = Vn3 and ‘
. 2 T s o
xat ‘ . ]
0< pax?+ fonql_l .t<0;1

(i) ¢eU, and (0 <pa¢ or 0 <paq5 -5 (qaqﬁ)) imply ¢ = x{* for some
t<0; :
(iv) pxg~ eaBs, hmt_, o X2 (t) = O xt~eU,c V3 and

a—

X . :
| xe- . c
0> a— Jor all t <0;
s _.paxt .
PSx?_— _Sa(qaxt )
(v) ¢eU, and (paqb <0 or paqb 5,(q,9) <0) lmply ¢ =x;~ for some .
<05
(vi) x** = x*(: +v(a)).

(427

Proof. Let acA;.
a) U, is tangent to P, at ¢ =0, and there exists y, > 0 w1th

1@, +u,(yP)] —yP,| = lu,(y2, )I

for 0 < |yl < ya, yeR. —y®,(t) = ye"®@ > ye““(”) for all tel implies [.:.] >0
for0<y<y,and[..]< 0 for0>y> —y,. ThlS proves existénce of ya such
that (i) holds

“leTHayg,| = 27T

Fig. 12

b) Let ry denote the radius of B,. Choose ye(0,y,) so small that
2y <73, ky-2y <rscygt, ky-2y <y,/Ip.. Then y®,e P, N B,. Consider the so-
lution x* = x*(y®,+u,(y®,), a). (i) shows 0'<x§. For t <0 we have

ky 18] < k, -2y'

We prove xFeU,forall t <0: (4 2”) 1mp11es |p.x¥| <ryon(—o0, 0], and
lg,x¥| < ryon(—o0, O] Hence x¥eV,3 on (—o0, 0]. Now one can use (4.3) in
order to obtain x¥eU, for all ¢t <0. ,

Proof of 0 < p,xf for all t<O0: Recall p,x} = (‘I’a, x,} . Suppose”
(P, X5, < 0 for some t<0. We have 0<x¥ and conseqtiently
0<<¥,, xo> ‘It follows that there. exists 's <0 with 0= (Yfa, x5, O
“p.x¥ = 0. With x*eU,, we find x¥ =0, hence x¥ =0, a contradiction. '

Proof of 0 < x* and 0 < x* for all £ <0: (4.2") gives |p,x¥| < y,. With
0 < p,xF=<(¥,, x¥,®,, we find 0<<(¥,x*>, <y, x:;c—U yields  x¥
=P, +1u,({...>,P,). Now (i) shows 0 < x*. Therefore 0<x* on .
(—o0; 0]. We have x¥eU, = V,3 for t <0, hence |x¥| <94, for all t<0.
0<x* <4, on (—o0, 0] and equation (ah) imply 0 < x* on (—oo, 0].

¢) We consider x* on Ry . There exists s > 0 such that 0 < x* < §, on.
(— o0, s) and x*(s) = §,, as follows from 0 < h on (O,Eb) > (0, 8;). Because of
|¢| < &, for ¢peV,3, there is a smallest se(O s5) with x¥eV,, for t < §,.and
lp,x¥| =r; or lg,x ¥ = r3. (4.6) implies xfeU, for all ¢t <3$. The Llpschltz’
condition for u, gives

I <

19,8 = |lim g,| = lim|....| = lim |u, ()| < 27 im |p, x| < 277

Therefore |p,x¥| =r;.



d) We set x°*:=x*(-+§). Then 0 < x** and 0<x** on'( 0, 0],

*eU, for t<0, |p,x§7|=rs, lim, “+(t)—-0 0<<¥,,x¢*>, and
0 < pax“+ for t <0 are also obvious.

e) Proof of 0 < p,x2* —s,(q,x¢*) for t<0: Let t <0, ¢:=x". Then

0<¢eU, and ¢ =‘pa¢+u (p ¢), or 4,6 = u,(p,$). Hence lg, 4| <27 |p,¢l.

With 0<¢,0<p,¢p. Therefore |q,4| <|p,¢|. Consider the points ¢,
=p,0+5-q,0, s€[0, 1]. None of these points is contained in S, — ¢,€S,
would imply 0 < p,¢ = s,(5 4, 9), 0 < |p,dl <2 slqa¢| < lg,9l, a contradic-

tion to |q,¢] < Ipaqﬁl‘.

We obtain p,¢,— (qagb ) = y, @, with y # 0 for all s in [0, 1]. Contmulty
of so>y, =¥, P.bs —5,(4,9), implies y, > 0 on [0, 1], 0or 0> y,on [0, 1] __
We have ¢,=p,¢ >0, hence qa¢o =0, and y,®P,= p,00—5.(q.%0)

=p,® > 0. From @, > 0, we infer y, > 0, and consequent]y ys>0on [0, 1].
For s=1, ¢, = ¢ =x{", and p,xi" —s,(¢,x{7) = y; &, with y; > 0.

/ :

/

I e

Fig. 13

Let ¢eU, 0<p,¢. lp.x5"| and

" §) Proof of (ii): rs > [padl, s =

lim, -, _ o “+(t) =0 1mply Ipagbl Ip.x +| for some t<0. 0< pa¢ and
0 <p,xi" give p,¢ = p,x{ q)e U,3x¢* now yields ¢ = x#*.
Let ¢eU, p,$— (qa¢) >0. Then q,6=1u,(p,¢), and lSa(qa¢)|

<47 ip,¢l. We have p,¢=0 or p,¢ <0 or p,¢>0. p,¢6=0 would
imply ¢ =0, a contradlctlon to 0<p,0—s,(,9) In case p,¢ < 0, we would
have

P —5.(2.9) < pus +4~Ipul,

) > flpa¢l =minp,$ =p,¢(s) for some sel,

hence

m¢@+4wmw<o —5,(4.91(s) <0,

a contradlctlon _ .
Therefore p,¢ > 0, and consequently ¢ = x{™ with t <0.
g) Existence of x*~ with (iv) and (v) is proved in the same way as we
obtamed x** w1th (i) and (iii). ‘

[p.9

h) Proof of (ﬁ) Consider x** We have x{TeV,; on (—o,0), .
|x** @) < xe*| < Jy, see Proposition 4.1(ii). Recall Corollary 2.1: 0, < &g
—14/2,0 < x** and 0 < x** on (— o0, 0] imply x* *(0) < x** on R™. We infer

@7. .  t,=t,<0 Whenever Xt = x"*.(tz) < x* (0).
lim, . - , x*(t) = 0 implies xf e U, for all ¢ < t*, with some t*€R, see (4.3). Note
p,x¢ > 0. Part (ifi) gives x{ = x2* with v = v(f) < 0, for all ¢ < t*. Set v*: = v(t*)
and v(a):=t*—ov* Then x* = x**( +v*—1t*) on [t*, o0).

CTLet f<t*. As above, x*=Xx""(+v—1) on [f, ). In particular, .
T (0*) =) x*(t*) = x** (t*+v—=1). We have 0 < x** (v¥) < [x4| < §,, since

x&eVz(see (ii), v* <.0, and Proposition 4.2 (ii)). By (4.7), v* = t*+v—t, or

x(t) = x* T (t+v—1) = x*T (t+v*—1¥). _ :

It follows that x** () = x*(t+v(a)) for all teR. =

As another little part of Theorem 13.2, we can now derive

COROLLARY 4.1. For ay < a€ As, there is no heteroclinic solution x: R—R
of equation (ah) with lim,, _ o x(¢) =0, lim,_, , x(t) =¢,.

Proof a) Suppose x: R—>R is a solution of equation (ah), a, < a€ A,
with lim, ., _ , x(f) = 0, lim,, 1+ , x(t) = &,. Using (4.3"), we find x,e U, for some

'seR. We have x, # 0, because of x(t)— &, as t— + 0. By (4.1’), xsésa. Hence

xseUa cV,s=P,nB;+Q,NB;, x,= paxs+qus with p,x,eB;3¢,x, and
X, # 8,(q,x,). It follows that either p,x;—s,(g,x) <0 or p,x,—s,(q,x) >0

(recall pa¢ (¥,, $>,8, and &, > 0). By Proposition 4.2 (i) and (v), elther '

x,=x2" with u <0, orx—x”Wlthu<0 :

b) In the first case, 0 >xp~ =x,> —0,, by Propos1t10n 42 (1v) and'

. Proposition 4.1 (ii). Proposition 2.1 (111) and the periodicity of 4 yield x < 0 on

[s—1, c0), a contradiction to x(t)—»ih as t— + 0.
¢) In the second case, x, = x4* = xZ,,, by Proposition 4.2 (vi). Therefore
x(t) = x*(t+u-+v—s) for all £ >0, a contradiction to &, <lim inf,, o X%(2).

PROPOSITION 4.3. There is an open ball B, such that for all ac A,
(1) B4 < I/:13:

(1) peS,nB,or(g,0€B, andqbeSa) 1mplyx,(q>,a)eS M By forallt 0.

Proof. a) Let r; denote the radluo of B;, as before. Choose a radius:
r,€(0, ry) with

(1+kl)§‘r;<—ri<r

pq

3-

Let aEAS' For l¢{ < rzb ]paqsls [palr:l < 7‘3 a’nd Iqa¢| < 737 or ¢GV;3'
b) Let ¢€S,, 19,0 <1y Set x:=x(¢, a). By (4.4,

lxtl ko101 < ky (a0l +10.0]) < Ky 27 7o +70) = ki (3ra/2)



for all ¢t >0, and. R
' for all t > 0.

<k (3r4/2) <7,

|paxt| < r3, >lq>dxtlw< r3 o

By (4.5’), x,eS, for all t>0. x,eB, is obvious from |x| <

¢) Let B, denote. the open ball in C with radius r,:=7%/(2¢c,) < Thy

centered at ¢ = 0. In case |¢| < r, and ¢ €S, we find Iqaqbl <ry,and b) applies.
In case |g,0| < T4 and ¢ €S,, observe r, <ry and use b).

\\U

1
[
!

Fig 14—~ :

PROPOSITION 4.4. Let acAs,t > 0 and assume x € I/;sl\ S, for all se[0, t],
with a solution x: [—1, c0)—>R of equqgtion (ah).. Then p,x;—s,(q,%5) = ¥;P,
with either y,>0 for all s in [0, 1], or 0>y, for all se[0, t].

" Proof. y,=<¥, x, —(ga%s+54(4.%))), depends
se[0, t], and y, =0 is. equlvalent with x.€S,. =

~ continuously on

I

5. The transformed semiflo\vv We introduce local coordinates at the saddle
" point ¢ = 0 so that the local stable and unstable manifolds S, and U, become
subsets of Q, and P, respectwely This will be convenient for the mvestlgatlon
of trajectories close to ¢ = 0. ‘

~ The application of the inclination lemma from [23] in Section 9 (proof of
Theorem 6.1) requires a local semiflow which is of class- C* for ¢t > 2. The
original semiflow X has this property. In order to obtain from X a sufficiently
smooth transforrfieq semiflow, we make use of the fact that both maps

‘ ng~4§a<¢,a>aua(pa¢), 5.(q.9)€C
are of class Cc2 ‘

PROPOSITION 5.1. There exist open balls Bs, Bg, an open interval A6 and an
open: ball D° with the following properties.

(@) The Cz-map G: Bsx4g—C, ‘
(¢, )= [P.9—5,(0. 9]+ 2.0 — .. D],
satisfies G(0, a) =0, D1 G(0, a) = id. for all aeAs,
- ID1G(¢,ya)—idc] < 1/(2¢p) < 1/2
(i) There exists a C*-map G™: D°x A4—Bs with

| GG~ (,a),a)=y on D°xd,. ‘

({l)) G(BgxA4g) = D° and G~ (G(i]’s_,_'&)_,—'d)‘——-—?f on ByX Ag.
(iv) For every ae Ag, G(U,n Bs)x{a}) = P, and G((S, " Bs) x

“(vyFor all ae‘AG“and Y eP,nD° with y{Z}0, we have

on Bsx Ag.

Xs

U,5G~ (w,b a) {x

._.xt} with some s <0, teR.
s ..

Proof. a) Comsider the C2?map G: B,xA,xC—C, (¢,a,y¥)—
G(¢, @)—y. Note D,G(0; a,, 0) = D, G(0, a,) = id. and G(0, ay, 0) = 0. Ap-
ply the implicit functlon theorem to the restriction of G to Bsx Ag.1 xC, with
an open ball By and an open interval Ag, < A4s; aoeAs_l, .50 small that

©1D,6(9, 4, 0) — id] <1/(2¢,) on Bsx Ay,

-and derive assertions (i)—(iv).

b) Proof of (v): Set ¢:= G(¥, a)e B; = B, < V5 (see Proposition 4.3(1)).
Then G(¢,a)=yYeP,,0=q,¥ =q,0—u,(p,9), ¢ €U,. Furthermore,

o{jw =PV = Pad—5u(4uf)
gives |

‘ xa+ . N E
¢ = {xi“} with some s < 0,
see Proposition 4.2- (iii) and (v). In case 0 < ¥, apply Proposition 4.2 (vi). =

In order to define the transformed parameterized semlﬂow Y, we choose
D' = D° and 4, c A4 with '

5.1) X([0, N+1]x G~ (D* ><A7)><A7) < B,.
In ‘particular, " ' D "
(5.2) G™(D*x4,) < Bs.

We set o

@), a)e Bg for all se[0, tj},'
G(X(t, G~ W, a), a), a) |

—{(t a)eRE X DY x A X(s, Gy,

Y(t, ¢, 0):=

@) <0,



for all (t, ¥, a@)eQ. Q is an open subset of Ry xD¥x A,, with

(5.3) [0, N+1]xD'x4,<Q,
(5.4) RE x {0} x 4, < Q.
~ Note . ‘
(5.5) G~ (Y, ¥, a), a) = X(t, G~ (¥, @), ¢) on Q.

For every aeA7, Y defines a local semiflow
eR§ xD*: (t, ¥, a)eQ}.
We set R = Y—T on £, and obtain

PrOPOSITION 5.2. (i) Y(¢,0,a)=0=R(t, 0, a) on R0 xA
(ii) (, 1}, a)eQ and lﬁe{Q }
imply R |
Y, ¢, a)e{g“}aR(t, ¥, a).

(ili) The maps Y and R are of class C* on (1, co)x D' x A, N, of class C?

on (2, ©)xD'*x A, Q. The partial derivatives D,Y, D,R exist and are'

continuous on all of Q. We have D, Y (t, 0, a) =
on R xA,.

(1v) Let ae A, (s, ¥)€Q,, 1 <t <s. Then (t, v,b)eQa, (t Y (s—t, w))e
(s—t, Y,(t, ¥))eQ, and

D, Y,(s, ¥) =D, Ya(S—t; Y,(t, ¥))o D, Yt lﬁ)
( = Dl Ya__(t9 Ya(s—t: lp)))
(v) Let acA,. The maps |

{

R,: P, =C, (6 V)= ¥, a),
Ry 2,50, C, (6, ¥)~a.R(t, ¥, a)

: satzsfy D,R, (t,0)=0= DzRqa(t, 0) -on - Ry . The assignments (t, Y, a)—
D,R, (¢, xp) and (t, ¥, @) >D, R, (t, ) define continuous maps from Q
into L(C,C). We have D Rpa(t V) =p,D,R(t,¥,a) and D,R,(t, V)
=gq,D,R(t, ¥, a) on Q. : :

(Vi) The assignments (, a)—D,(DR,)(3, ¥) and (/, @)~ D,(D;R,)(3, )
define continuous maps from D*x A, into L(C, LR, C)), with

DZ(DlRpa)(?:,\O)“:_O.: D,(D,R,)(3,0) for all acA,.

For the application of Lemma 2.1 ([23]), we pick the time-N-shifts
ga: D> C, g, ():= Y(N, ¥, a) for l/IED1 and aeA,, and write r, —g‘z
‘T(N ., a), for all acA,. Both maps g,,, are of class C2.

T(t, , Q) and D R(t 0,a)=

Y, with domain Q,:= {(z, ¥)

|

The symbol Dy, in the next proposmon denotes the partial denvatwe in
the direction -of the subspace Q,.

PROPOSITION 5.3. (i) Let acA,. We have g,(0)=0=r,0).and Dg,(0)
=T(N,", a), Dr,(0) = Oga(DlmP)CPa,ga(DlmQ)cQ :

(i) The map D*x A,—R, (, a)—|D(Dg,(p, or))

The proof is left to the reader.

We need assertion (ii) of the preceding proposition in order to satisfy the.
hypotheses of Lemma 2.1 ([237) for restrictions of the maps g, uniformly with
respect to parameters a (close to a,); compare (5.9) below.

We begin with an interval Ag; recall cl dg-< A, and the constant ¢ from
Proposition 3.2. Proposition 5.2 (v) and compactness of [0, N] X clA8 allow to
find an open ball D?! = D!, centered at 0eC, w1th

(5.6) | ID2 R, (&, W) +1D, Ry, (2, V) <c
for all (¢, ¥, a@)e[0, N]xD** x 4. In particular
5.7y {D(p, Or)('ﬁ)IHD(qaor)(lﬁ)l <c

on D*!x Ag. By Proposition 5.2 (vi) and Ag € A7, there ex1sts an open ball
D?? < D*! with center 0e C such that '

(5.8) ID,(DR,,) 3, WI+ID,(D,R,) (3, ¥)l < c

on D*2 x Ag. By Proposition 5.3 (ii) — and A8 € 4, — there are D? < D*2 and
a constant m > 0 with ;

5.9 | |D(Dg.(p, or,) (tﬁ)l <m
Wlth o, ﬁ y from Proposmon 3.2, we set

is continuous.

on D2><A8; K

L, ~a+c Bi=PB—c, 7. =y+e,
B. :=(B.+1)2¢e(L, B,
T ~—m1n{ g ;i gcli[ﬁ /76]} >0'.
Finally, we choose-D3 < D? w1th ‘
(5.10) lp,Wl <¢/m ~on D3x A,
and such that _
(511)  yeD, aedy, se[0, 1] imply p, ¥ +s- g, D>

and s-p,¥+q,¥ eD?,

ie. the straight lines from ¥ to pax[/ and to q,¥ are contalned in D2 (5 11)
follows if D = (1/c,,) D v



Let ¢, denote the radius of D.
Lemma 2.1 ([23]) will be applied to the restrictions of g, to D? and D3, for
a sufficiently close to ag.

CoroLLary 5.1. For all (¥, a)e D> x 4,
(N Belpa¥! < Ipo0 9.() < vclpa¥l,
, 9,0 9.l < elg, 91,
()  IDg ) <IT(N, -, @) +c < cple™ +koeh N +¢) =1co.

Proof Let (f, a)eD3x Aq. , o o

(i) We have p,0g,() = T(N, p,¥, a)+p,0r,(¥), and p,0r,(q,¥) =0
Ip, 07, (W) —p,07.(a.¥) < clp,¥l, by (5.11), (5.7) and the mean value theorem.
Recall (3.6). The second estimate in assertion (i) follows in the same way.

(ii) Use Dg,(y)= TN, ", a)+Dra(lﬂ), (3'-2);'u(a) < iy, (34), Patdo = id¢
and (5.7), 1<cy. = ’

In the second part of this section, we obtain estlmates for the semlﬂow Y,

andi in particular an estimate which relates the P,-component of Y (3, ¥, a) to
the P, -component of the tangent vector to the trajectory ¢t — Y(, 1,0 a)att=3.

COROLLARY 5.2. Set ¢:=(log Bc)/N > 0. There are constants ¢, and
¢, = 1+k, such that for every (t, ¥, a)eQ withae Ag and Y (s, ¥, a)e D? for all
sef0, 1], ; : :

c,e®p ¥l < lp, o Y (t, ¥) < c, e p Y,
g0 Y, (t, ¥)l < ¢z lg ¥l

Proof. a) Let (t, ¥, a)e[0, N} x D®x 45 = Q be given. Then p,0 Y,(t,, ¥)
= ¢“p Y +R, (¢, ¥). The straight line from ¥ to g,¥ has length |p, ¥/} and is
contained in D?. (5.6) and R, (t, q,%) = 0 and the mean value theorem yield
IR, (&, ¥)| < clp,¥l|. Therefore |

cse®p Yl < (1—6)|pa¢|
< (e +0)p Yl <

- where ¢;:=(1—c)/e®". Set c,:=

(e““‘”—c)!pawl < Ipo Y2, Y
(1+ e |p, ¥, |
= (L+c+kye N

'b) For (t, i, a)e Q with ae A4 and Y(s, ¥, a)e D> on [0, t] there ex1sts*

jeN, with teDN;\g+1)N]. Then
| Y(t, ¥, 0) = Y(e—iN, Y(N, ¥, @), @) =
By the estimate in a),

¢y e~ M p,0lg Y (W) < IPaOY(t Y < cpet=t” b, 0 (@YW

| Repeate}l application of Corollary 5.1(i) ylelds

(—JN (9 (1//) a).

+ with the solution x: [—1, c0)— R of the linear equation (a) and xov=

e p, Yl = (BYIp¥l < IPQO(éaj(lﬁ)l <GPl < e"‘ZN Ipalﬂl

with y, =7y+c¢c= ﬁ +2¢ < etV by (3:12). This proves the first estimate.
c) The second estimate follows similarly, with (3.4), 4, < 4, < /A; <0 and
(3.13), and with the deﬁmtlon of ¢, above. =

COROLLARY 5.3. There exist positive constants C3, C4 Such that for all )
(3, ¥, a)eQ ‘with weD"’ acAg, ‘

Cﬂ?qwl [P,a_g D1Y;1(31,¢)|1 e
Calpa0 Y3, ¥)I < Ip,0 D1 Y., ¥l
Proof Let (f, a)eD? x Ag. Then (3, ¥, a)e[0, N]x D?x A, < Q.
a) As in part a) of the proof of Corollary 5.2, we find Ipao Y,(3, %)l
<(c+1)e*?|p,Yl. We have g,y € D2, (3, q,¥)€Q, n (RS x Q,) and Ry, (t, 4, )
= p,R(t, ,¥, @) =0 on [0, N+1], see Proposition 5.2(v). Therefore
DyRp,(3, 4:¥) =0, 1Dy Ry, (3, ¥) = ID1 Ry, (3, ¥) — D1 Ry, (3, 4.9

The straight line from ¥ to g, is contained in the ball D? so that (5.8) and the

mean value theorem glve
ID,R,.(3, ¥ < clpal.

From
p,oD. Y, (3, ¥)(s) =s- “(a) ‘33"(“)Pa¢’+D R,,(3,¥)(s)

for all seR we infer

Ip,0D, Y,(3, ¥)| =
see Proposmon 3.2. By 3. 11) C3:= f1p€>

(u(a)es"(“’—c)lpalﬁl (o™ —0)lpayl,
#o_c>0. Set ¢, 1= c3/((c+1) 342)

COROLLARY 5.4. Let (lﬁ a)e D3 xA8 be given with Y(t, ¥, a)e D® for all
t€[0, 3]. Then ‘ o

2D, Y3, ¥, ) (D]
P.D: Y, ¥, (1)
Proof. a) We have :
4.D:Y(, ¥, (1) = 4.0, TG, ¥, d()+4,D, RG, ¥, a)(1),
D;TG, ¢, o)1) =,

<(alT@, -, a)l +o)la.yl,
| <(alT@,", &a“|‘+c)|pad/|.

. Y. Hence
X3 =ax,=aT (2, ¥, a). It follows that '

4.0, TG, v, (1) = a ¢, T2, ¥, &) = a* T2, g, a).

b) By Proposition 5.2(v), Ry, (t, p,¥) = ¢,R(t, p,¥, a) = 0 on [0, N+1].
Hence D, R,,(3, p,¥) = 0,and D, R, (3, ¥) = D, R,,(3, ¥)—D; R, (3, p,¥). The



straight line from ¥ to palp is contained in D? so that (5.8) and the mean value

- theorem imply |D, R, (3, ¥)| < clg,¥l. Now the first estimate in Corollary 54

becomes obvious, with qaoD R@3, ¢, a)=D; R, (3, ¥).
c¢) The second ‘estimate is proved in the same way i "

COROLLARY 5.5. For each t >0 there exist c(t) >0 such that B
ID, ¥ (s, ¥, a)l < c(z)

for all se[0,t+N+3] and all (Y, a
Y(s, ¥, aeD?® on [0,t+N+3].

Proof Let (¥, a)e D3> x Ag and ¢ > 0 be g1ven with (t+N+3, ¥, a)e,

Y(s, ¥, a)eD?® on [0, t+N+3]. Let se[0, 't+N+3]. There exists je N, with -

JN <s<(j+1)N. We have Y(s, ¥, a) = Y(s—jN, Y(GN, ¥, a); a), hence
D,Y(s, ¥, @ = D, Y(s—jN, Y(N, ¥, a), a)o D, Y(iN, ¥, a).

Corollary 5.1(ii) and the chain -rule, together with Y (v, {, Yc'z)eD‘3 on
[0 t+N +3] and Y(jN, ¢, a) = (9 ), give '

L — 1D, YGN; ¥, a)}-<-{eg)-
Note jN <t+N+3, or j<(¢t+3)/N+1. Consider
D,Y(s—jN, Y(N, ¥, @), a) = T(s—jN, -, &+ D,R(s—jN, Y(N, ¥, @), a).
For every yxeC, o -
IT(s—jN, %, @)l <|T(s—jN, p.x> A +IT(s—jN, g, a)l
< (e p, | kot TN g, ]
: S Cpa("*N -+ ko) 1.
Patq, =1dc yields . l . _ l
- D,R(s=jN, Y(...), @) = D, R, (s—jN, Y(...))+ D, Ry, (s—jN, Y(...)).

With s—jNe[0, N1, Y.(...)iep3 and (5.6), we. obtain |D,R(s—jN,
Y(N, ¥, a), a) <c. Set ‘

C(l’) — (c )((t+3)/N)‘+1 [(e’”N—]-k )cpq+c]

6. A shift along' the transformed semiflow.-

PROPOSITION 61 Let acAg, t 2 0. Suppose Y (s, ¥,
pY{2}0. Then p,Y a){Z}0 on [0, 1.

Proof. Recall p, Y(s, Y,a)=<K¥,, Y(s, ¥, a)»,®,.and &, > 0. The map
[0, t]35s—<¥,, Y(s, ¥, a),»>€R is continuous and has no zero since

v < |pa .Y(S> lp: d)! = l<--->a|7 .
by Corollary 5.2 and |®,|=1. = ‘ '

a)eD* on v[O, t]l and

0<c,e”p, ¥l

a)eD*x Ag with (t+N+3, xﬁ a)eQ ‘

|

For ae 45 we shall follow ﬂow lines 0 <
boxes

<t- Y(t ¥) which start in open

EF '—E+(5 1, a)‘={l/f€C‘ 0<Palﬁ<11 la, ¥ < 6},
E;:=E (3,1, a):={yeC: —n < p¥ <0, lg.¥l <5},

with 0 <nand 0< 9, above and below the stable space Q, until they reach
parallels Hf,H; of Q We ﬁx 7o >0 and 6, > 0 so small that

T (6.1). cze"2 no+c25 <93

In parrizular B 4 I
(6.2) Mo+05 < Q3>
63) No®aeD?s —5o®,  for all acds.

COROLLARY 6.1. ae A, pal < 4 zmply Y(t np a)eD? for

all te[0, N1.

Proof. (6.2) gives Yy eD? so that'Y‘(t,‘lﬁ a) is deﬁned on [0, N] By
Corollary 5.2,

1Yt ¥, @) < [Py |+ | < 5

<
provided that Y (s, ¥, a)e D® on [0, t] and 0 <
order to complete the proof. m

We define H; :=#,9,+0, and H; := —11045;+Q;,, for all ae4,.

PROPOSITION " 6.2.. Let a€dg, 0<n <17, 0<8<d, Then E}:=
E*(n, 6, a) < D3, and for every z//eE+ there are t=1(Y,a)>0,0 =0, a)
€(0, ) with . )
0) (v e
() Y, ¥, @eD® on [0, 7) and Y(z,y, d)edD?; '
(iii) 0 <pY(t,¥,a)<n,®, for 0<t<o and p,Y(o,¥,a) =n,D,
ie. Y{o,/¥, a)e H; : :

No and-|q, Y| <

eV 4,8,

¢t < N. Now one can use (6.1)in -

. 1 1 ‘11
(iv) ~log10. < = Jog—10
Ha Cz”i .uz ¢21p. Y]

<0'

Asfuz
o™ -2
( > n 3/uz
¢z

=E~(n,0, a), with
—Ho dsa =D, Y(O-a l//: a)a

(V) lan(G kb A =¥(o, ¥, a) no@l
Remark An analogous result holds for all yeE}
(iii) —no®, <p,Y(t, ¥,a)<0 for 0<t<o,

le. Y(o, ¥, a)e H, , instead of (iii) above. .

Proof. Let ae4q, n€(0, n4l, 6€(0, 6,]. By Corollary 6.1, Ef = D3. Let
YeE;. We have y¢H, since 0 <p,¥ <7 <1 = Ip ¥ for all YeH;.

‘Case 1: R§ x{y} x{a} & Q. Then there exists §> 0 with (S v, a)¢Q,
[0, 5)x {y/} x {a} = Q. Suppose ¢:= Y (¢, ¥, a)e D* for t:=5—2"'min {5, 1}.



Then [0, N+1]x{¢}x{a} =@, and consequently [0, N+1+t]Ix{¥} - -Proqf7 The idea is, of course, to solve the‘ eqUatioh
x {a} = Q, a contradiction to (5, ¥, a)¢ Q. It follows that there exists 7€ (0, 5) ' '

with [0, 7]x{¢} x {a} < @, Y(t, ¥, a)eD® on [0,7), Y(z,V¥,a)edD’. We IR Mo = <Y’gs Y(o', ¥, @),
apply Corollary 5.2 to eacl% se€[0,7) and find |g,Y(z, ‘k’ a)J < &lg. Y] which is equivalent to Y(.)eH;, in a neighborhood of (U(lﬁ, a), ¥, aj,
<¢0<¢,0, The inequality 17 >1p,Y(z,¥,a) would imply g5- "~ p;y > 0, by means of the implicit function theorem in the form ¢’ = 6y, a)
=Y(z, ¥, a)l < 770+0250 < 02’70‘*'0259» a contrgdwtmn to (6.1). Hence with a Cl-map é, and to show that ¢ and ¢ coincide close to (¥, a).
P Y (t, ¥, a)| < ’70 on [0, o). , . _ I In this part we consider a = a,. We choose ne(0, no), 60, 50) and
Case 2: R x {} x {a} Q. Suppose Y, Y, a)e D’ on Ry . Then Corol-. . ye(0,4) so—small that y:= y®,cE*(5;7;a)-and -1 <-o:= oy, a). This is-
lary 52 would" imply |p,¥(z, ¥, a)—>+co which is a contradiction to . possible because of the preceding proposition. Recall Y(r, §, a)e dD3, for
P Y(t ¥, a)l <eslpd on Rg. Tt follows that there exists ¢>0 with _ 7.— (), d)>0>1, and Y(t, ¢, @eD® on [0, 7). We have Y(, ¥, a)eP,
Y(t, ¥, a)eD* on [0, 7), Y(z, ¥, )€ D> We can now continue as in case whenever (¢, ¥, aje Q, see Proposition 5.2. Proposition 6.1 gives Y(z, np a)e
1 and find o as above. : R™- qsa, hence Y(z, ¥, a) = 059,. ,
Y(t, ¥, a)§D3 on [0, o], Proposition 6.1 and 0 < p,y give 0 < p, Y (¢, ¥, a) a) We show Y(, ¥, a)éch3 for some t>1: Recall 1 <§,. Choose,
on [0, ¢]. Using (64) and p,Y(t, ¥, a) =<¥,, Y(t, ¥, 0, 9,,0 < P, and t'€(0, 7) so large that o5 < B.|Y (¢, ¥, a)| and v < ¢ +N. Corollary 5.1 and
|®,| = 1, we infer p,Y (o, ¥, @) =n,P, and 0 <p,Y(t, ¥, a) <7,®P, on [0, 0). | Y(¢, ¥, a)e P, D?® imply that :
With Corollary 5.2, we obtain o ;
o : < BIY(¢ (YO =1Y@E+N,
T B 1o =10, Y (0, 5 a)l <e e pyl, 03 <BIY(E, ¥, @) <Jgu(Y ()l = ( v, a)l
or o | ' o : Con b) For 1 <s <t, the derivative D Y(s ¥, A)eL(R, C) exists. Y(s, ¥, a)e
1. 5 1 Mo ) o (Gsfu2) P, on [0, t] implies y,:=D,Y(s, ¥, a)(l)eP on (1, t].
_10 - < _“"10 ) < g, IQa Y(Gz l//: a)l C € 365 < C 6 M =
0 gczﬂ P g TR _ | o s (l\?‘\’;e prove y; # 0 on (1 r] Let se(1, 7]. Suppose y, = 0. By Proposition
f R : . | D, Y(s, ¥, a)=D,(s'—s, Y(s, ¥, a), a)oD, Y(s, y,a) =0 for all s'e[s, ¢]. 2
— _ ! . |
: Hence ' '

D3 ? Y(t','l/ﬁ, ay=Y(s, ¥, a)+_t[D1"Y(v,»v,b;>a)‘(1‘) dv=Y(s, ¥, a)

, o e which contradicts ¥ (v, np a)eclD? on [0, 7].
\ ‘ c) Let ev denote the evaluation C3¢— qﬁ(O)eR Set

S P | b(s):= ev(p, Y (5, ¥, @)) = (¥, Y(v, Y1, )dgeR +for se[0, 1.
Fig. 15 - , ‘

. : ‘ The restriction of b to the interval (1, t) is of class C*, with

- PROPOSITION 6.3. There exist an interval Aq = Ag and positive reals |

8, < 84, 1, <ty Such that the map o: E* >R on the open subset E*:={({/, a) : b'(s) = Db(s)(1) = (evop,0 D, Y (s, ¥, a))(1) = x( 0) for all se(l, 1).

- €CxAy: YeE* (63,11, @)} of CxR is of class C*, with We show 0 < y, on (1, ]: We know already that x, # 0 on (1, ]. With
' - o(,a)>1 on E*, ' ] xseR D, and 0 < @,, we obtain x,(0) # 0 on (1, 7]. It follows that gither b < 0
7,8, <‘paY(r, v, 0 on (oY, a), @ a), {» n (1, r], or b">0 on (1, 7]. By Proposition 6.1, >0 on [0, 7). Recall

) . Y(r lﬁ a)=0;9 o OF b(t) = g;. The relations G< 1<t and Y(1, ¥, a)e
2D, Y, ¥, a)(1)eR™ -2, on [o(Y, a), (Y, a)) o o P,AD? give ‘ '

' for each (, a)eE". SR - 0<b()=Y(L ¥, @)(0) = [¥(L, ¥, a)| <.

oo e



" Therefore b’ > 0 on (1, 7. Next, ,(0) > 0 on (1, 7]. With y, = <(¥,, 1>, P, and
®,(0) =1, we arrive at {¥,, x>, >0 on (1, 7] and 0 <y, on (1, 7].

d) There exists e >0 with 1 <o—e<o+e<t<7+e<tand 0 <y, on
[6+¢, t+¢], since the map (1, 7]as—y, is continuous, and 0 < Ler The
definition of ¢ implies Y (6 —¢, ¥, a) < 1, P,.

We prove 1,%,< Y(o+e, ¥, a) and 03 < [Y(‘L'+8 1// a)I The first in-
equahty is a consequence of .

gte ’ Lote.

Y(0'+8, Y, a)= Y(a

. o+e

= 770 (pa + j Xs(o) Qads > YIC;Qa

(here we used y, = p,xs = {¥u %s>aPa» P.(0)=1, x,>00n (1, t]}. The second
one follows in the same way. We have S c ‘

T+e

Y(‘L‘+8 v, a) Y(r a)+ _f xsds

% = %:(0)@, with x,(0) >0 on [, 7:+8], and Y(z, ¥, a) =

I1. Choice of 44, ¢,, ;. From now on, we write »,00, 60, 10, to for v,
=0, a), =10y, a), t from part L

- a) There exist an open ball D' = D? with radius ¢’ < g5, centered at0eC,
~and an open 1nterval Aoy < Ag, age 4oy, With the following propertles

Yo+ D c{YyeC: 0<p, ¥y < nodJ } for all acd,,,
W, a)e(,+D)x Ay, implies [0, TO+8] x{lﬂ} {a} cQ,
o Y(o’0+8 W, a) > 1,8,
paY(t s a)<f10¢ on [0,0,—él,
Q3<IY(To+8 ¥,-a)l,
r.D. Y(t, Yv,a)(1)>0-. on[o,—e, 1o+¢]. -

The last inequality is. obtained from p,,D;Y(t, ¥, ap)(1) =y, >0 on |

[6o—¢, To+e]and 1 < o,—e by continuity and compactness arguments for D’
and A4y, sufﬁc1ently small.

b) Choose Ay = Ay; with yP,e¥o+271D’ for all ae Ay and positive
constants J; < min {5'0, Q /(2c2)} 1y < y/(2c,) < 1y. We show that for every
(), d)€E* := {(‘ﬁ a)eCx Ay: l//EE (61, 1y, @)} there exists G = a(lﬁ a) >0
with

65 . {pa Y(s, llf a) =y®,,
' ' p.Y(t, ¥, a) < y®, on [0, d),

a)+ j D Y(s W, a)(l)ds—nodi + j reds

and with Y@, ¥, Qego+D, T
G+oo—e<o(y,a)<G+oy+e:
Let (¥, a)e E*. Take t = 1({¥, a) and o = o(y, a) from Proposition 6.2. The

~ inequalities 0 < p,¥ <n,9P, < (y/(2c,))P, < y®, <1,P,=p,Y(0, ¥, a) and

0<p, Y, ¥,a) on [0,c] imply the existence of 6e€(0,0) with (6.5) —

| | , )L/ | - y :+aa A‘

S

R
Fig. 16

recall paq’) KY,, qb) P, for all ¢eC. By Corollary 5.2, |an(a l// a)l <
< Claay¥l < €30y < ¢'/2. Hence N

Y@, ¥, @)=yl <1Y(3, ¥, a)- y@|+l.v¢ ‘/’o|—an(0' W a)l+Q/2<e,

or
Y@, ¥, a)eyo+D'.

By a), ' : |
' ”Io@a < pa Y(Go+3, Y(6: l//, [l,), a);= pa Y(6+00+83 lk: a)

so that ‘a(¥, a) < G+0,+¢ compare Proposition 6.2. For 0<t<g,
p.Y(, ¥, a) < yP, < 11045 For 6 <t<é+o,—¢, wehave 0 <t—-6 < ao—s
and p, Y(t, ¥, a) = (t—a Y@, ¥, a), a) <noP,, as follows from Proposi-
tion 6.2 with Y(o, w a)e¢0+D’ and with a). The rmmmahty property of
o gives 6+0y,—e <o, a)

¢ (,a)eET implies 1 < 0'(1# a) and paD Y, l// a)(l)eR+ , on
[o(y, a), T(f, @)]. Proof: ~ Recall ‘1 <ocy—e<G+o,—e<o(y,a) for
W, A)eE*. Y(G, ¥, @)ey,+D' and acd, yield (ty+¢e+6, ¥, aeQ  and
03 <|Y(zo+&+37, ¥, a)l, see a). By Proposition 6.2, t(y/, a) < 1o+¢+0. Let
telo(y, a), T, a)]. Then 6,+6—e <t <1y+G+¢, 1l <op—e<t—0 < T5+&
We have p,D,Y(t, ¥, a)(1) =p,D,Y(t—6, Y(&, ¥, a), a)(1), and Y(G, V¥, a)
eYo,+D yields Y(G, ¥, a)eR™ b, see a).

III. Application of the implicit function theorem. Let W, a)eE +

a) We have p,Y(o(, a), ¥, a)—n,®, =0 and 0 # p,D, Y(o(¥, a), v, a).
The map Q3(t, ¥, 4) = p:Y (¢, ¥, d)—n,P,€ C is of class C* in a neighborhood
of (6, a), ¥, a). It follows that there are open neighborhoods V. < Q of



(6(, a), ¥, a) and W= E* of (, a), and a C'-map ¢ W—R such that -

-(6.6) (6(F, @), ¥; 8V on W,
(67) S ) p&Y(é(lﬁ, d): lp: d)—’?o 9,=0 on W,
©8) W9 =Y, ),

(69) t=6,a for all (¢, ), eV with p,Y(t, ¥, §)—no®, = 0.

- b) Identification of é: (6.8) yields ¢ < ¢ on W< E* , see the minimality

property of ¢ in Proposition 6.2. Choosé ¢ > 0 and a ne1ghborhood WeoWw i

of (¥, a) with

(e, a)—¢, oy, a)+e')><W'c V. o
We have 0 <p,Y(¢, ¥, a) < 170@ on [0, o(f, a)—&]. A compactness argument
shows that there is a neighborhood W” = W’ of (, a) with 0 < Pa Y( ¥, d)
<no®, on [0, a(tp a)—¢Ix W”. This implies oy, a)—¢ <ao(f, d on
- W" < E*. Recall (i, d) < 6(, ). By continuity of 6 and by (6.8), there exists
a third neighborhood W"' <= W" of (i, a) such that G, 4) < oy, a)+¢ on
- W"'.-Altogether, o(f; a)—¢ <0'(l// A< 6(Wydy<oW, a a)+¢& on W' Now
@, &ew"” implies (o(f, a), ¥, d)e(c(V, A)—¢, o, ) +&)x W < ¥, and
(6.9) If{)fr }t) = af(tpf d) yields ¢ =6 on W' so that o is of class C* on W
roof of n,®, < p,Y(t, ¥, a) on (¢(¥, a), (¥, a)), , *
For o(¥, a) <t < t(Y, a), &4 e on »(lﬁ b, Al fordl a)E'E'

Y(oW. &) ¥, 4+ [ p.D,Y(s, ¥, a)(1)ds

o(¥,a)

=P, + f PDL Y (s, ¥, a)(l)ds.
a(x//a)

Consider the integrand for 'a(zﬁ‘P a) <

p. Y, ¥, a)=p,

< t. We have
0<pDyY(5, ¥, A1) = (¥, Dy Y5, ¥, ) (1)), 2,
see part c)in IL With 0 < &@,, ,We obtam that the contmuous function -
[o(, @), £]35 (¥, D, Y(s, ¥, a) (1)),€R .

is positiVe. Now oY, a) <t gives
\ . ) -
wl )PED Y, ¥ a)(l)dS— l (¥p, D1 Y(s; ¢, )(1)),ds &, >0. " m
o(y.a . a(lﬁa)
COROLLARY 6.2. The map 5 E*s(y, 0)- Y(O'(lﬁ, a), ¥, a)e Hf < C is of
class C*. ‘ |
\

~We shall study the behavior of trajectones close to the saddle pomts
¢eZE, in terms of the map 2. The central result is

THEOREM 6.1. There exist positive constants d; < 8y, M2 < 111“ and cq such
that
|D 2, ol < cg(lpazp["ls/#2+|paw (23/u2) =1y

for all acAy, ne(0, 1,), WeE*(5,,n, ). In particular,
lim (sup {ID, 2(4, @)l: ac4s, Y €E7 (3, 1, a)}) = 0.
n- )

The basic property for Theorem 6.1 to hold is that contraction in the
stable direction is stronger than expansron 1n the unstable direction, as

expressed by
Ay < —ly

for the ~ bounds A3 > sup{Red: A—ae™* =0, 1 # u(a), aeA4} and u, >
sup{u(a): acA,}, see Proposition 3.2.

The proof proceeds as follows. The first aim is to estimate D, Z({, a) at
points Y€ E* (64, 7, a) in the level sets Hy given by o(, a) = kN On these
sets, Z(*, a) coincides with iterates (4,)* of restrictions. g, = g,|D?, cf. Corollary
7.1. The strategy of proof sketched in the introduction requires a decom-
position
(6.10) C=Rw@® T HS
with w tangent to the trajectory t— Y (¢, ¥, a) at t = 0. It is not guaranteed that
the whole set H; is a submanifold of C (with codimension 1), and not every
trajectory admits a tangent vector at t = 0. But it is possible to specify suitable
points Y€ Hy, such that Hg is locally a submanifold with (6.10) — see
Propositions 7. 1 and 7.3. The fact that 2 (-, a) is constant along trajectory g1ves
D, 2, )w=0. . (

Sectlon 8 contams the application of Lemma 2.1 ([23]) to prelmages

> HE. of HY ~ D3 under the iterates (§,)*. The sets H; converge to Q, as
k—> 0, and inclinations tend to zero. Here we do not have to care whether the
sets Hj, are submanifolds or not. Estimate (8.2) — which is the analogue of an
estimate in the proof of Palis’ A-lemma ([16]) — yields an inequality

[ACARUIVES

for all ye HY, yeT, Hak, see Corollary 8.2. The better p01ntw15e estimate (8.4)
of inclinations, correspondlng to (0.4) in the introduction, is not yet needed.

Section 9 is the core of the proof. We begin with the choice of 6, €(0, 9,),
in view of the application of (8.4) at the end of the section, and restrict the
investigation to points ¥ € Hj, in a certain subset of those cons1dered in Section
7, depending on &, for k sufﬁaently large.

The decomposition (6.10), D, (Y, a)w = 0, equality of = (, a) and (ga)" on
H} and results from Section 8 lead to an estimate

const - e*¥*N|y]|

1
D, Z(, @) < const- e“‘”(“m)



where p is the prOJectlon of C onto P , parallel to T, Hy; compare Figure 8'in
the introduction.
The definition of Z, o(y¥, @)

e**N < const - |p, | =3/

= kN and Corollary 5.2 give

(part IIId) in Section 9). e
- Now the pointwise estimate (8. 4) becomes cruc1a1 We use it, together with
the choice of 45, for an inequality

1/lpwl <
(part IV of Section 9) — so that we get an estimate of |D,Z(y, a)| by
| L Iy e

The step in Section 10 from this to the inequality in Theorem 61 for
-arbitrary points Y€ E*(d,, 1, a), 7 > 0 sufficiently ‘small, is somewhat tech-
nical :but not hard. Fmally, ‘ :

A< —Hs

glves the des1red result on uniform convergence

7. The level sets Hak, We - define ‘
ai= {¢GE+'(51; N1, @): o(Y, a)=kN}

for (a, k)beAng ‘Considér the iterates of the restriction g,:= g,|D?, for
acAgy. Bach (4,)F, keN, is defined on an open nelghborhood D3k D3 of
Yy =0. We have

o G- Y(kN, -, 9 on D3
(but note that Yy, a)¢ D* for ; some te(0, kN), zpeD3 ak aeA9 is poss1ble)
CorOLLARY 7.1.. For all (a kye Agx N, Hakc((ga)k) YH D% and

2(,a) = @) on Hy
~_ Proof. On Hak,a(lﬂ a) kN Hence Z(z//, a)=Y(kN,y,a) and
Y(t, ¥, )eD? on [0, kN]. Therefore zﬁeD"’“? and (ga)k(),b) Y(kN v, a)

=2\, a)eHy nD> =

Next we single-out po1nts V(e H;) so that t— Y(t lp a) has'a tangent at
t=0,and Hj, becomes a submanifold close to y. We say that (, a)e D* x 4,
has the backward contmuatlon property. if. and only if ST

(BC) there exists lﬁeD3 with Y (¢, ¥, a)eD? on [0, 3] and ¢ = Y(3 v, a).
For (v, a)eD3 x Ag with (BC) we define the right tangent vector at ¢ = 0 by
‘ Cwhei=D Y(3 ¥, a)(1).

const'(l/lpa‘l’D - o o ‘“

Note that the right hand side is independent of the choice of -y — it is
determined- by values. of t— Y (t, ¢, a) ‘with ¢ > 0. small.

PROPOSITION 7.1. Let a€ Ay, keN and Y e H, be given with property (BC)
for (Y, a). Then there exists a nonempty open ball D¥ = C, centered at 0eC,
such that (W+DY)NHy, is a C'-submanifold of codimension 1. Moreover,
Doy, ayw* = —1. ' : _

Proof We show that the Cl-map o(, a): E*(6,, %, a)>R and the
submanifold {kN} < R are transversal at y. (Then one can use the standard-

argument on p. 45 ([1]) in order to construct a chart of C-'at y with the

“submanifold property.) The tangent space of {kN} is {0} = R, and the preimage

under D, (), a), i.e. the kernel of a linear continuous functional, is either C or
a hyperplane of codimension 1. In both cases, the preimage splits.

We have D,o(¥, @)w= —1, for w:= w’*: Consider Y eD? from (BC).
Then w=D,Y(3,¥,a)(l), and D,o(y, dw = D(t—o(Y(t, ¥, a), a)) 3)(1),
with te R in a small neighborhood of 3 so that Y(¢, §, a)e E* (J,, 1y, a). We
have o(Y(t, ¥, a), a) = (Y (3, ¥, a), a)—(¢t—3) for such t, see Propositions 6.2
and 6.3. ' : ' S ‘

It follows that :
T (&N} © Do, 0)C = {0} ® R = TR, |
and with the splitting property above we obtain transversality. m

PROPOSITION 7.2. Let aeAQ, keN weHak, and assume (BC) for (¥, a).
Then . .

G) D, X, a)w"“z = O
(i) w‘” ¢ T, Hg

Proof. (i We have D, Z(J, a)w"”“ D(t>2(Y(, ¥, a), )) (3)(1), with
tin a stoall nelghborhood of 3, and 2 accordlng to (BC). The properties of ¢ in.
Proposition 62 imply

(Y, ¥, a), a) = o(Y3, §, @), ) —(—3) = o, 9)—(t—3),

for t—k3 >0 snfﬁciently small. Hence . . A
(Y, ¥, a), a) = Y(o*(Y(t,- v;a), a), Y&, ¥, a); a)

’ =Y(o(y, a)—(t—3), Y(t—3, ¥, a), a)

= Y(eW, @), ¥, @)= 2, a)

(ii). Suppose w:= w¥*“e T,I, % Y(kN,*, a) maps Hj}, into H; . It follows
that D Y(kN U,b ‘G)WG TY(kNlIla)H = Qa On the other hand, e

D,Y(kN, ¥, a)w = D, Y(kN, ¢, a)[D, Y(3, ¥, a)(1)]
| | =D, Y(kN+3,¥, a)(1) = D, YKN, ¥, a)(1),
see Proposition 5.2 (iv), and p,D, Y(kN, ¥, a)(1) # 0, by Proposition 6.3. m"

for t=3 >0 small.



8. Inclinations of tangent vectors. We apply Lemma 2.1 (|;23]) on domi-
nated convergence for inclinations tc the preimages of the sets H := H] n D3
with respect to the iterates of the maps §,, forae 4,. Set §,:= g,,[D2 forae A,.

- The inclination of a vector yeC = P, ® Q, with g,y # 0, aeA9, is defined
as
| An):= Ipaxl/ lg2x.

.Set pyi=pyi=1n,>0 and b:=(a, f,7, ¢, m,p,, p,), with the constants

a, B, v, ¢ from Proposition 32 and m from (5.9). (3.7). implies that the - L
parameter vector b is contained in the set B defined at the beginning of Section

2 in [231. .
COROLLARY 8.1. There exzsts a constant c,, >0 with
(8.1) o) < < [pa¥l < 7mo(B)7F,
(8.2) 4ux#0 and A (x) cb(ﬂc)'
e in particular
_83) P!/ 1% < €4Cpq(B) ™"
(8.4) (9.x #0 and)  A,(0) < Cblpalﬂl

for all aeAg,keNo,'lﬂeI;T,;;'—((ga)") 1(HJ') xe T, HZ\{0}.

Proof. Take the constant ¢, given by Lemma 2.1 ([23]). Let acd, We

must show that §:= G U:=D? U:=D® and H:= H} have the properties
stated in the hypotheses of Lemma 2.1 ([23]), with respect to the vector b.
Note first that 0eD?, D3 = C open, §,(0) =
D§,0) = T(N, -, a), we have C=P,® Q, with T(N, -, a) -invariant closed
subspaces P, and Q,, and (3.6), so that properties (1) and (x8y) of [23] are
satisfied. Property (2) ([23]) follows from Proposition 5.3 (i). (5.11) yields (U).
(5.7) gives (c). (5.9) implies (m). (5.10) shows (¢, m)..Property (p) is a consequence
of |p,yl =mn, on H7. From T,(H,S n D% = Q, for all yeH n D>, we infer
Ax) =

0. This is property- (0). For

0 whenever 0 # ye T, (H;] + nD?. This gives property (¢). Finally,

0 < no = p; and (3.8) guarantee property (*): We obtain (p k), (¢, B.) and (z, x);

corresponding to (8.1), (8.2) and (8.4) respectively. -

Note that the pointwise estimate (8.4), together with (8.1) on convergence
of the sets H, to_Q,, implies (8.2) and, in particular, uniform convergence of
inclinations, ie. the.typical assertion of inclination lemmas.

_ The sharper estimate (8.4) will not be used until part IV of Sectlon
9 — where it. becomes 1mportant : :

COROLLARY 8.2. There exists a constant cs >0 such that
D@ )< es
for all a'e\'Ag, keNy, weH}, ye TV,I:T,:;.

;l.skNr

xl

Proof. a) Choose ]GN so large that for all integers k> j, we have
an 7& 0 # an a‘nd :

+4.(0)

(06+C+C/1 (X))'lT()

for all .aéAg,l//E AakaxET\[/H \{0}, 1//€H;k 1,X6Tw e 1\{0}

This is possible because of «+c¢ < 1 and (8.2). Now let ae 4,, ke N with
k>j, ye H} and €T, H,,k be given. We show |Dga(¢)x| ’13le| Suppose
X =

x # 0. We obtain qax;éO;éqa and’

. L=
T PaX T =44
12,7 2.7

lq,7]
19,1

ng‘a(w)xl _ Ipa% +4.7] _
I paxt+qax

Pa

% Iml 1gur %%
With (3.6) and (5.7), A |
= 19,04, 2l = [a(TN, %, @)+ Dr(V)7)|

Salgxl+elxl < (oc+0)lqaxl+(:lpaxl

g, %]

- Using this and k >j, we ﬁnd

(J?)
1- /1()

> 1 with ]Dga(¢)| ¢s on D*x A9 This follows

'Dga('ﬁ)xl
M

b) There is a constant ¢é5 >
from

Dg, () =

< (a+c+ed,(y ))

TV, )+ Dr ) -
. =TW,~ 0, +4)+DE.0r) §)+D(@.0r) W),

and from (3.6) and (5.7). :

Let ac Ay, ke Ny with 0 < k' <j be given and cons1der YyeHj and yeC:
We get ID(@) ()1l < (¥l since ¥, §,), ..., (§)¥) e H are all contained
in D3.

. For acd, and j<keN;yeH} and yeT,H;, consider the finite -
sequences Y =:V; Yyp_1;-.., ¥; and  y =iy, Xe-1,---» x;  defined by
Yi-1t _ga(wk 1+1) Ye=1:= DG, (- z+1)Xk ~1+1 for I=1,...,k—j. Then
‘k—Ilzjfor I=0,...,k—j, and ¥, € Bty Yi-1€ Ty ,Hak ;- Part a) im-

 plies (D@ ()1l < e*~P*V|y|. Hence

ID@G )1l = {DEY (W) o DG W)} 1l < ID(G)( w){D(ga" J(t// x}l

< (cs)J e(k JAsN m .

Set cg:=(é5)e N and note (sY < cse*N for k=10,...,j. w

ng(‘p)x?éo NOte '// _ga(‘p)eHak 1 and_ XET;[/Hak -1+ X#O lmpheS L



- 9. Estimating D, X (Y,
0,€(0, 6,) with '

©.1 (@l T @, -, a)+c) 8, < cy/2cy)

a) at BC-points' y in level sets H,. We choose

for all acA,.

This is possible because of (3.2) and (3.4) and boundedness of the pI'OJeCtIOIlS -

P> 4, OR A9 Fix ae(O 1) such that

(92) | mlqal < E on A9. B
By (8.3), there exists je N with | k
93) paxl/il <

forallae 4y, ke N Wlth k>j, l//EH s X E @H;}\{O}. Let ae 4y and ke N with
k > j be given. Con51der a point ¥ eH, = H}, (see Corollary 7.1) with (BC) for
(¥, a), and assume in addition that :

(9.4) there exists YeE*(5,, 1, a) with Y = Y(3, ¥, a)
and Y(t, ¥, a)e E* (85, ny;a)y for alt+eT0;3].

Th1s is stronger than (BC) since E+(52, N1, @) < D3, see Corollary 6.1.

. g

Fig. 17

We are going to estimate ID 2, a)l as 1ndlcated at the end of Section 6.
This requires some preparation.

1. We have & e}éTHa,c since THakc THak,Osé@a, Ipatﬁ /@t =1>¢".

> |px/lx| for 0 # ye T, Hak, by (9 3) It follows that there is a decomposition
(0.5). C=TH; (—BR(D =T, HL®P,

(recall that T,,, - is a closed subspace of codimension 1, by Proposition-"/.ll).‘
Let g and p denote the projections of C onto T,H; and P, which are defined
by (9.5). Recall Flgure 8 from the Introductlon '

We obtam ;

op = {pax

‘ if yeP,,
PaX—(19.21/192(220) " Palax)

if x¢P,..

Proof. Let .xeC\P,. Then 0 # gy¢P,. Hence g¢,(qx) #0. Note p,y .

‘ Z S :Z:/,Ha_::)—and (p - pa)x =

= Pa(q2) +P.(07) =
Therefore

pu(a7)+py and 4aX = 44(91)+ 2.(P2) = 4,(a1) +0 # 0.

DX = PaX = Palq1) = Pax —(19.21/192(a2))) Palq%)-
II. We define a new norm on L(C, C) by
|Bl,:=sup{|B(y®,+1)l: —1<y<1,xeT HE |xl=1}.
Set cg:= (1/2)+ch We show lp pal < 1/2, ]q qal < 1/2 and |B| <
all BeL/(C, C):
a) Let yeC be given \mth lxl = 1. Then x=y¢a+x with yeR and

Y, =0, (P, +70) = —pauk- Il =1 gives |q,| > lq,x
= 1q,(y@,+7)| = 19,7]- Recall ,

cg|Bl, for

Ipaxl elyl  (see (9.3)
< e(lpal+19.21) < e(p il +1g.)-
Hence .
=22l = oAl < T—"la <3,

by (9.2). It follows that |p—p,| < 1/2, and lg—q, = lidc—p—({d.—p,) =
Ip—pal < 1/2

b) Because of a), |p| < |p,|+1/2 and |q| < g,/ +1/2. This means that the
ball with center 0eC and radius 1/cg is contained in the set

1, lgxl < 1}

{xeC lpxl <
‘ {xeC x—ydi —I—x with —1<y<

Lia <1, 7eT Hg}. h
For Bel [(C, €), we arrive at
|B| = sup {|Bx: x| <1} = c,"sup {IB/CI x| < 1/es} < cg|Bl,.
III. Consider the right tangent vector w:= w“’“ at (¥, a), defined in
Section 7. By Proposition 7.2 (1), w¢ T,H,. Hence pw # 0. We prove

(0.6) 1D, 2, )] < ¢ Ipalﬁl"“/“2<1+-1—>

- lpw,

© where

¢y = cgCs(fofc) ™2 {1+ [2+¢pa] [Sl}f(alT(Z, s @)+ 0)]" Cpgr 03} < 00:

‘a) Recall H}, < A% and 2(, a) =
= D(,)() for all xe T,Hj < T, H;
Corollary 8.2, we obtain

D2, a)l, <

(ga)" on Hg. This implies D, Z(/, a)x .
W1th the definition of | [ and w1th

sup {ID 2, a)yd,l: y‘<v1}+cselakN_



b) Recall D, Z(y; a)w = 0, from Proposition 7.2(i). Hence D, Z(y, a)pw
= —~D,; 2, a)gw. With pw %0 (see above)' we get P,e{(1/pwl) pw,
—(1/|pw])- pw}, and

sup{ID; 2(¥, a)yP: — <1} <D Z(Y, a)qwl/lpwl.
Using Corollary 8.2 as in part a), we infer
| cse™|gw)|
sup{...} £ ————.
p{..} o | )

c¢) Estimate of |qW|: By part II, |gw| < G+1q,])lw|. Property (BC) says that

Y = Y3, ¥, a) with y e D>"and Y (t; ¥, a)in D* on [0, 3]. This allows to apply -

Corollary 5.4. We get v
(@T@,-, a)l+c)(p.Pl+1g.9)
<(@TQ, ", a)l+)(pal+1a) 55

with the radius g5 of D>.
~d) Estimate of e***V: o(f,.a)= kN and Corollary 5.2 give

0< o = I”OQA =_ Ipaz(lp )l = |pa Y(kN W a)l czeHZkNlpawla

Wl < lp,wl+lg,w| <

hence

1 No
—log =kN.
Hy o Gy Ipa¥l

With 4; <0, »
| MM < (o /cz)/la/ui p |~ %2,
¢) The results from a)—d) a/nd the estimate |D 120, a)
from part II imply (9.6). ]

IV.a) Consider the term 1/|pw|. In the trivial case wePa, pw = p,w, see L
Corollary 5.3, applied to l//€D3 with Y3, ¥, a) =y and Y(t, ¥, @)eD?® on
[0, 3], y1e1ds ‘ B { ’

- (97) * calpal < Ipawl = [pwl.

In the nontrmal case wé P,, we fully exploit the pointwise estimate (8.4) from
Corollary 8.1. We have qw # 0 so that A,(qw) is defined, and

< ¢D1 2, a)l,

IPWI/IpaWI Iqawvl (gw)  (see part I)
> Ipatﬁl—lanIA (qw),
by Corollary 5. 3 applled asin the trivial case. Corollary 5.4 g1ves
9.l =1g,D, Y3, ¥, )l < (aITQ2, -, a)| +¢)lg, ¥

‘where l]/_\GE-}-(az:‘n]_: a)a Y(39 lp’ a) =

¥, and in particular |g, /| < &,, see (9.4).

With (9.1), we obtain lg,wl < ¢4/(2c,,),-and (8.4) gives -

©8) oWl > calpa¥l—(caf2)" ¢, Ip Y1 = (c0/2)"Ip,Y.
b) By (9.6), (9.7) qnd 9.9),
9.9) D12, @)l < e (lpap1™ 2+ Gfelpapl~#H71),

for aeAg, keN with k>], l//er with (9.4).

10 'End of the proof of Theorem 6 1 In order to apply (9 9) we con51der
"YyeE*(b,,n,a) and

look = for an estimate of the form

D, Z (Y, a)| < const D, Z(f, a) w1th a point ¥ on the trajectory t— Y(t, , a)

so that e H}, k = k(y, a) > j, satisfies (9.4) and is not too far away from .
a) Fix : , _

' 1 1

t:=—Ilog

7,087 >0

so that c,e* < 1. By Corollary 5.5, there exists a constant cg = ¢(t) with
ID,Y(s, ¥, a)l <cg for all (Y, a)eD3x Ag such that (t+N+3, ¥, a)eQ and
Y(s, ¥, a)eD® on [0, t+N+3]. :

b) Choose 7,€(0, n,) so small that

(10.1) t+N+3 <ilog
_ ‘ Ha My
(10.2) ¢ e"2<‘+N+3’n <1,
o o 1T1 '
(10.3) e l:—lo — t+N+3J
: "Ny, gczﬂz ( ‘ )

o) Let acd,, ne(0,1,), YE*(3,, 1, a. We show t+N+3 < o(f, a)
and Y(s, ¥, a)e E¥(d,, 7, a) on [, t+ N +3]: Proposition 6.2 and (10.1) yield

; 1 1
q(l[/,a)>~—log_—i>—log >t+N+3

By - "Cofl -y CoTy
In particular, t+N+3 < o(y, a) < 7(, a). By Proposmon 6.2, Y(s v, )eD3
on [0,t(,a), and Corollary 5.2 gives |q,Y(s; ¥, a)| < c,e**|g,¥| on
[z, ©) N [0, t(f, a)). With a) and A < 0, we obtain |q,Y (s, ¥, a)| < g, ¥| < 6,
on [t, )N [0, t(y, a)). Moreover,

~(10.4) . Y(s, ¥, a)| < c,¢*|pyYl <y on [0, t+N+3],

because of Corollary 5.2 and (10.2). Again by Proposition 6.2, 0 < p, Y (s, ¥, a)
<%,9P, on [0, ¢(¥, a)). Altogether,

Y(s, ¥, )€ E*(3,, ny, @)  on [, t+N+3].



d) There exists a uniquely determined k = k({/, a)e N with oY, a)—kNe
[t+3,t+N+3] and o, a)—(k+1)N <t+3. It follows that

k> (o0, -G +N+3) > l{—log (t+N+3)} >J,

see Proposition‘6.2 and (10.3) and 0 <# < 7,.

") Set f:= (¥, )—kN and ¥:= Y(f, ¥, a). We show (9.4) for : Set
y:=Y(E, ¢, a) with i:= o(f, ) —kN—3€e[t, t+N]. Then y = Y(3, ¥, a). For —

SE[O, 3]; Y(S: {Ea a) =

Y(s+t, ¥, a) and s+te [t, t+N+3]. Hence Y(s, ¥, a)
EE+(52’ fM1s a)a sce C)' "

f) Proof of e Hy: We have yeE*(3,, n,; a) = E*(8,, 1, a) and

p.Y (s, ¥, a) = Y(a(¢,a)_—kN+s,lﬁ,a){<n°(p“} on [0, kN),

>0

p.YkN, ¥, a)=p,Y(o(¥, a) ¥, a) =19,

~ The minimality of ¢ in Proposition 6.2 implies ¢(/, a) = kN. ‘

g) There exists an open neighborhood V¥ < E*(5,, 1,, a) of ¥ such.that
on VY, 2(),a) =Z(Y( ¥, a),a): Choose an open neighborhood D <
E*(5,, 1y, a) of §, and on open neighborhood V¥ of ¥ in E*(5,, 7, a) such
that Y(, -, a) maps V¥ into D, with 0 < p,Y(s, ¥/, a) < 7,®, on [0, £] for all
Y e V¥ (or equivalently, 0 < (¥, Y(s, ¥/, >, <7, on [0, {1x V¥). D and V¥
depend on ¥ and on a, of course. It follows that ¢(/, a) > £ on V¥. We have to
show that o(f, a) = o(Y(f, ¥, a), a)+f on VY. Let Ye VY. The inequality
0 < o(f, a)—t and the properties of 6(\f, a) from Proposition 6.2 give 0 <

Y(s, Y(4, ¥, a), a) < 1oP,
= 11043 for s= a(zﬁ a)—t.- Therefore Proposmon 6.2, now applied to
Y&, ¥, a)eE+(51, 11, @), yields o—(Y(t ¥, a),a) =c@f, a)—7.

h) From c), we have t(y, a)> oy, a)>t+N+3 and (t+N+3, ¥, a)
e, Y(s, ¥, aye D® on [0, t+ N +37. The result of part a) gives, together with
0<{<t+N+3,|D,Y(f ¥, a) < cg. Using part g), we infer .

(10.5) ID, 2@, Q) <D 2, a)l- cs. _

We have yeHg, k >j, ac Ay, and (94) is satisfied, too. Now (9.9) yields
Ile(}ﬁa a)l < Q7(1+—> [lpallll"13"‘2+|pa¢|'(’13”,‘-2),—1]-

With (10 4) in ¢), apphed to s =1, and w1th (10 5) ‘we arrive at

ID 2@, a)l < (|palﬁ|—lz/uz+|pa”l//l (halu2) = 1)

on, [0,0(),a)—%) and p,Y(s, Y ¥, a),a)

where -

Coi= csc7<1 +c_> {[czeuz(t'l'N,*' 3)] —Asluz 4 [cz et TN+ 3)] —(A3/u2)— 1} ,
4

1.
t =—1log

T '1+02>0'

Here we have also used 43 < —pu, <0 which finally implies the assertion on
uniform convergence since |p,¥| < for ¥ in E*(5,, 7, a).

III
11. Silnikov continuation and return map. Consider the open subset-
| Eyi= {, @eCx Ay Il <1y, la¥1 < 8}
of CxR. We have
E,=E; v{{Yf, e Cx Ay: Pa‘p 0, [‘1a‘/’| <52}UE2 )

w1th the open upper and lower halves ;- _

E3 —{(w a)eCx Ay: ¢EE+(52, M2s @)}

E2’ 5?{(‘#: a)eCX_A9- YeE” (28 7’12: a)}

Similarly to the approach in Silnikov’s paper [18], we continue the:
restriction Z|E5 to all of E, by Z,(¥, a):=1,P,if (¥, a)e E, and p, < 0. Itis
ol:;yious that the restrictions of X, to the sets E5, E; are of class C*..

>COROLLARY 11.1. (3) le is contiﬁuous.
Gi) Z,(E)< D%

Proof. (i) The assertion follows by elementary arguments if we can show
2,0, a)—1,®, for every sequence of points (,, a,) in E; with (¢,, a,)
-, a)eE,, p,y =0. Let such a sequence be given. Then 0 < p, ¥,—0,
M0 Pa, 10 ®P,, and by Proposition 6.2 (v), -

|22(l/’na an) noéaul |qan ( wn: an) wni an)l
' < €y o(’lo/cz)hmz(zlpanlp |y~ 4s/ka

if nis so large that 2|panxp | < ’70 By uz
n— 00.
(i) Use Proposmon 6.2 and note that n,®,eD* for ae 4g, by (6.3). =

< —2.3, we obtain Z,(,, a,) =7, P, as

We want to define a parameterized return. rnap as follows. For a close to
a, and Y close to 7,P,,, we transform to the corresponding point in the
original state space which is close to a point on the trajectory of the



‘heteroclinic solution x%. Then we follow the semiflow X(:, -, a) until we arrive
in a suitably small neighborhood of the equilibrium ¢,, come back to
a neighborhood of 0€C by the translation modulo &,, take local coordinates
by means of G(-, a), and apply 2, — so that 5,9,, becomes a fixed point for
a=a,. :

This requires some technical preparation. We set z{:= X(t, G~ (1,9,, a), a)
for t> 0 and aeA4,, and z,:= z{° for t > 0. These trajectories continue the .
branches of the local unstable.manifolds at 0e C “above the stable mamfolds”

ProrosiTION 11.1. (i) For every ae Ay, we have z4eU,, 0 < paz‘é—sa(qaz‘{)),

and there e);ists’ teR with. zi = x5 for all s = 0.
[(il) There exists 0>1 with z,
PayG(2g— &, a0) = 0, 0 # ¢4, G (24— &, ao).-

EhEBG’ (G(Ze_av ao)s ao)EEza

(i) There exists an interval A;, with '(G(’zg—-fh, a), a)eE and
0 <p,G(z—&,, a) for all acA;, with ay <a. '
" Proof. a) Let ac Ay. Proposition 5.1(v) gives z§ = G~ (,9,, a)e U, and

z6 = x¢ for some teR. Note p,z§—:5,(4,28) =p,G(z8, a) = p,1, P, > 0.
b) Proof of (ii). The properties of x* and (i) show z,—&, —0.as s— + .
- Choose 8 > 1 so large that z,— &, e B for all s > 6, and (G(z,— &, a,), a)€E,.
(2.2) implies that z,—&, = X(s—0, z,—¢,, ap) on [0, o). It follows that
X(s, zg—&,, ap)€Bg = V,,3 on- [0, ), see Proposition 4.3. (4.5) gives
o— i€ S, Therefore p§ G(z,—&,, a,) = 0, by Proposition 5.1 (1) and Proposi-
tion 22(i) imply O#z,~%,. By injectivity, G(z,—&, ao) #0. Hence

anG(Zs_é_hﬁ.aO) # 0. . . = )
c) Choose an open interval A;5; = Ay, centered at a,, with
§—Z,€B\{0} and (G(z6—&,, a), a )eE for “all aed;o.. We have

paG(ze & a) #0 for ac Ao, /with a > ay: Otherwise, the definition of
G implies z§—E,€S,, hence 4 {" ‘

lim Zs+0 Eh

$— 0

0 = lim X(s z(,

s -

5;;, a) =

» Wthh isa contradlctlon to (1) and to the fact that x* does not converge to f,, as
§— + 0.

d) In order to complete the proof of (111) observe ﬁrst &<
G (10D, Go) = x2°~ < 0 with some s < 0. This follows from Proposition -
5.1(v) and from G~ (—10Pay> A0)€Bs = {@eC: || < 8}, 6, < &,— &y Sup-
pose now that there is a sequence of parameters a(n)e A;o.; N (ay, ) With
a(n)—a, as n—»co, and Wlth 0> Py G(z6™ = &,, a(n)) for all neN. Then

(L) PugmG(z5® ih, (n))*PaoG(Za“fh,‘%) =
‘We have G( 80 =&, a(n))eE (2, 1125 a‘(n)). By the remark following Proposi-

as n—o0.

=9 Pyqs (11 1) and u,_ < —A,—43, we infer that Y(
~ converges to '

-tion- 6.2, we obtain a sequence (0 Juew in R with

pa(,,)Y(O',,, (Za(") - a(")) a(n)) '_’70 a(n)

and with
qa(")Y(an’ ( 50— £h> a(n)) a(n))|
cZéO(ﬂO/CZ)h/ﬂzzlpa(n)G (26" =&y a(,"))l_'lamz.

for all neN so large that 2]pa(,,)G(z§(") g, am)| <7o. With —1,P.q~
(“<"> % aln), an)

(15 . Therefore
e EE, <G (Y( G(5" -, a(n)) a(n)) a(n)) <0

for n sufficiently large For such n, Ejo—éh < z§%, — &, <0. Now (1) and»
Proposition 2.1 (iii) imply x*™ < &, on some unbounded interval in R™ which is
a contradiction to a, < a(n)e Ao, and to. the properties of x*™ stated in
Section 2. =

We are ready for the definition of the SilnikoV return map. Smoothness of
the maps X(¢, -, ) for t > 1, of G~ and of G, and Proposition 11.1(ii) allow to
find an open neighborhood dom’ of (’76%; a,) in CxR with

(112) X0, G, a), a)—&,eB; -on dom’

and such that ‘the assignment (l/l a)—>G( 0, G~ (W, a), a,).——, s a) defines
a C'-map fel dom’ —>C with ) ’ o ‘ -

(fﬂl(llla a): (Z)E Ez:
AT

(11.3)

(1.4) on dom’.

\Wdom—sl‘ice at parameteria

NG lea) o SR £l RN T E (ea)
‘\\ . . . \ R 2 .

,(bq-‘.‘cxis perpehdiculdr i
to figure) ’

7
/
/

Fig. 18



We restrict fy; to a convex open neighborhood dom < dom’ of (10 P> ag) SO
that fp;:= f5;|dom and its derivatives D, fp;, D, f5; are bounded on dom.
Then we set fy(¥, @):=(f51(/, @), @) on dom, and f:= X, 0 f,. This is the
desired return map. f is continuous, see Corollary 11.1. We have

(11.5) : f(770 a0s ao) ="y @aoa '
because of fo1 (o Pao> ao) = Gzg—F,. ag), PayG(z5— &, ag) = O (by Proposmon
1L1GH), Z,(0, a) = 1o Pa, for all: (f; )eE with paow 0. _

12 Smoothness propertles of f We use Proposmon 6 2 and Theorem 6 1i in
order to derive

PROPOSITION 121 f has partzal derwatzves D1 f dom->L (C, C) and
D2 f: dom— LR, C). D,f is continuous. We have

- (12.1) : Dif(¥,a) =0,

(12.2) . Dyf(Y, a) = 110 hm

— (2~ 2))

for all (Y, a)edom with p, fel('ﬁ ) 0 In partzcular

D, f(n,® Pao» ao) = 0.
Proof. a) The restriction of f = Zzo fp to. the open set {(¥, a)edom:
Pufor (W, a) # 0} is of class C* since %, is of class C! on Ef UE;. We have

FO, &) = Z,(fu @, @), a) =1, @, for all W, gedom with p,fo (¥, @) <0
which implies (12.1) and (12.2) for such points (w,b, Q).
Let (, ayedom be given with p,fo, (¥, a) =

b) Existence of D, f(y, a) and D1 f W, a= 0 follow by elementary
arguments if we can show

L =10 0)
" W,y

- for sequences of points (¥, a)edom\{(w,b a)} with lm,. ¥, =y and

P.for(¥,, @) > 0 for all neN, and also for such sequences with lim,. ¥, =¥

and with p, f5,(¥,, @) <O for all neN. The second case is trivial since all
numerators are zero, by definition of Z, on E,\EJ:

F W )~ Q) = Z,(fos W, @), 8)=Z,(for (¥, ), @) = 1,8,— 1, D,

Consider the ﬁrst case. Note fo,(¥,, a)— fo1 (Y, a) # 0 for all ne N since
otherwise p, 01(%’ a) = pafol(lp a) = 0. With a bound ¢, for f, Dfy:, D, fo1,

D,fs1 on the convex open sét- dom, ‘we obtain
22 (for (Vs @), ) =108, -
for (Ws> @) — for (¥ )

-0 asn—o0

d, < cqp for all neN.

Observe - ' - S 4
0 < 1pofor Wms @) = IPafor(Wns a)?‘:Pafm(lﬁa a)l < 1pdllforWns @) — for (¥ a)l.
Therefore [ . )| )
‘ qa 2 fbl (l//m a
S 0T e )

(recall pa (f@l(d/m a) ) - 770@ ) Wlth pa.fél\wns a)—’Pafel(W ) 0 a'nd
Propos1t10n 6.2 (v), applied to n so large that 2|p, fa1 (¥, @)l < 7,, We arrive-at

4, < cpyl106, o(no/cz)hfmz Wﬂpafel(w a)|~ Vsl =1

and- u2< — A3 shows d,—0 as n—oo.

c) D, f (110 40> Go) = 0 is a consequence of b) and (11.5). :

d) Proof of continuity of JD1 f at (¥, a). We have (12.1), by the results of
parts a) and b). Continuity follows if in addition D, f(¥,, a,)—0 as n— oo for
every sequence of points (/,, a,) in dom which converges to (, a) as n— o
and satisfies p,, fo1 (¥, a,) >0 for all neN. Because of a), we can compute
D, f(,, a,) for such points.from the chain rule. This gives

D1 £ ) < [Py Z{fos W 4, @) €20 for all ne.

With 0 < p, fo1 (s a D= Pafor(, @ =0 and with Theorem 6.1, we obtain

D, fY,, a)—0 as n—co.
e) Existence 'and computation of D2 £, a) Consider a sequence of
parameters a, with a,pa as n—oo,({,a )edom for all neN IT
Pa, fo1 (W, a)<0 for all neN, then : :

71
d,: (f W, a,.) JW, a)) ° @an—@a)
—>110 11m ((D di) as n— o0.
@Zall — :
It p,,nﬁ,l(lp a,) >O for all neN, we write
1 1
dn'.=' a _a(ZZ(fﬂl(w:‘an)’ an)'-ﬂo éa) = Mo _a(@ﬂn_Qa)—l-d'T
with o )
drim (z (for¥, a,), a,)—1o®,) for all neN,
a,—

n

and we proceed to show d*—>0 as n—o0. First, we want to replace the
denominator: Observe

0 < Ipa, for (4> @) = IPanSor(¥> @)+ pafos W, a,)— pafOl(l//’a) Pafor (¥, d)l

< |Pan—PdC10+ Pl C10la, —al < c1ila,—al,



where ¢11:= ¢19(C11 +¢pg) With a bound &, for the derivative of the map 4— pa
on A, (see the end of Section 3). It follows that :

lqan (-fel(w: an): an)l
Do, Jor (¥, a,)]
< ¢34 0250(110/02)13/#22 2lealp £ (W, a,)| " Gam 1

for n so large that 2|p,, fo, (¥, a,)| < 75, because of Proposition 62(v) and
0 <o, for (4, 4, )—>pafal(¢ a)=0. Now p, < =1, ywlds dy 0 as n—wo,0r.

b
dn\ 11

(12.3) d,l -1, l;g 1 ((b - )

By elementary arguments, we finally obtain (12 3) for all sequences of points
(lﬁ, a,)edom such that a, aasn—-ow. m

13. Bifurcation. We want to solve the equation’ f W, a) Y =0 "in
a neighborhood of (1,9,,, a,) in terms of a function a—y*. An 1mphc1t

function theorem which is sultable for our purpose (we did not show that f is -

~~of class C') is the following -

THEOREM 13.1. Let a continuous map F: W—Z, on an open set We Z,x2Z,
be given, with Banach spaces Zy,Z,, Zy. Suppose D, F: W—L,(Z,, Z,) is
continuous and D, F (w) exists for all we W. If F(z,, z,) = 0 and if D, F (2, 25) is
an isomorphism then there exist a dyj’erentzable map Y. Wy—Z, on an open
neighborhood W, of 'z, and an open neighborhood W, of z; wzth the followzng
properties: Wy x W, < W, y(W,) =« Wy, F(Y(), ) = 0 on W, and w, = y(w,) if
(wl,wz)erxW and F(wl,wz)—- :

Proof. One can modify the proof of the implicit function theorem (10.2.1)
in [7] appropriately.

THEOREM 13.2. Let a functidn he #, h h/a+ be‘ given. Then there are
a parameter a,€(0, a*), an open interval. A = A249a0, a differentiable map
¢*: Asa—¢FeC and a famzly\ of solutions y*: R—+R a0<a<supA of
equation -

(ah) x(t) = ah(x(t—— 1)) -

with the following properties.

(i) o = y§ for ay<a<supA. ‘

(i) y*(®)—>0ast— —oco and y°(t)>&, as t— + 0, i.e. yPisa heteroclmzc
solution which comnects’ the equilibrium 0eC to the equilibrium Z,eC.

(iii) For a, <a< supA there is no heteroclzmc solution connectzng the
equilibrium 0eC to &, :

(iv) For ay < a < sup A, there exzsts 7, > 0 with y*(t+n,) =y (t)+fh for
all teR, ie. y* is a periodic solution of the second kind.

* nonconstant solutzon x: R—>R of equation (ah) which satisfi es

. 1ims—> - yao(s) =

(v)-Let ay <a <supA. : ' : :
(v.1) For every open set V > {yt <t <7y} there exists an open set
Wo {yf: 0<t<m,} such that ¢eW+l€,,, leZ implies X(t q’) a)e V+IE,+
No&, on [0, ); .
(v.2) there is an open set W, {yf: 0<t< m} such that for each
deW,+ZE, there exists weR with X(t, ¢, a)—y?+,—0 as t— +o0.
(vi) There is an open set V, > cl{y{°: teR} so that
(vi.1) {y¢: teR}eVy+ZE, for ay<a<supA;
(vi.2) x = y*(- +1t) with some teR for every ac A n(ao,

- {x;: teR} < V, +Z§h,

(n, k) x( +n)——x+k§h with some n>0,keZ,

(vi.3) there is no nonconstant solution x: R—»R of equatzon (aoh) wzth (VO)
and (r, k). - :

Proof of Theorem 13.2(@)}v), for a in an interval As.

a) Consider "the map F: doma(y, a)— f(f,a)—yeC. We have
F(no®Pa, a) =0, see (11.5), and D, F(noPy,, o) = 0—id., by Proposition 12.1.
Theorem 13.1 guarantees the existence of an open neighborhood D* of 4 P,,,

~ of an open interval A, and of a differentiable map y*: A4, aa—upa e C such

that _ L
(13.1) Uk =10y, w,b*(Au) < D*, D*x A4y, < dom,
(132 fWs =y om Ay,
(13.3) 1// yi for all (1// a)eD*xA11 with f(tﬁ a) w
Note ‘that (13 2) 1mphes A o

(13.4) O YE =2, (fu W, @), )eH N D3,

see Corollary 11. 1 (ii). Set an := G~ (Yf, a),for allae Ay, . The map ¢* Aji3a
—¢FeC is dlfferentlable We have

(by the - deﬁmtlon of z,t>0, in ‘Section 11)

¢;ko =-Zy
= xf° for some teR (see Proposmon 11. 1(1))

solution : of equation (agh);, - with
¢,, see the properties of x“ stated in

y®:=x%(t++) is a -heteroclinic
0, hms_)+°0 yaD(S) =
Section 2. Note ¢F = y§°.

b) Assume L2 < aeAy;. Proof of

(13 5) paﬂ@l(‘l’a H a) > O

Suppose p,fo1(WE, a) < 0 Then (13. 2) and - the deﬁmtlons of f and Zz in
Section 11 yield y¥ = f(Y¥, a) = (fal(npa,a) a) =1,P,, and therefore

) and for every



0= p,fo1(noP,, a) = paG(ze &,» @) which is a contradiction to Proposition
11.1 (ii). .

Recall (13.2) and write y¥ = f (t/f;“, a) 2,(, a), with' := fo, (Y%, a). By
the definitions of f;; and X,, we have ' o

Y =G(X(6, G~ W 9, 9§, o) = G(X(0, ¢%, a)~F,, a),
2,00, a) = Y(o(@, @), ¥, ) (with I, =3 on Ef, yeE} by (13.5)
| = G(X(o(y, @), G~ (Y, a), @), a). | .
Set o:=o(y, a). Because of (11.2) and Proposmon 5. 1(111)
G~ (¥, a) = G~ (G(X (0, ¥, a)— &ira), a) = X(0, ¢¥, a)—F,.

Therefore
Ve =2, a) G(X (0 X(9 o¥, =, a), a).
With the definitions of 2 and Y in Section 5 and with Proposmon 5.1 (iii), we

~obtain .
$%'= G~ U2, 9 = G~(G(X(0, X(0, 7, @5, a), a), )
= X(0, X0, ¢4, d-F,0)
= X(0, X6, 9%, 0, =, (by 22)
=X(o+0, ¢F, a)—¢&,

It is now easy to see that there is a solutlon % R— R of equation (ah) such that
y6 = ¢5 and y*(- +n,) = y*+¢&, where n, = ¢ +0.

¢) We proved (i), (ii) and (iv), with 4 replaced by A4,;. Assertion (iii) (with
A;, instead of A) is contained in Corollary 4.1. The assertions of (v) (for an
interval 4,5 instead of 4) will follow from D, f(5j,®,,, a,) = 0 which implies
that ¥ is an attractive fixed pomt of f(-, a) for a close to a,.

d) LetaeA,,. Recall ¢p* = G- (W¥, a) and y¥ € D3 (see (13.4)). By Proposi-
tion 5.1, ¥¥ = G(¢¥, a). Hence | : i : B «

9% = G~W¥, 9 = 6~ (fUk, @), @) = G~ (f(G(4¢, @), a), a).

e) By continuity, we find an open ball B < C, centered at ¢k, and an
interval 4;, such that the assignment (¢, a) ~(f(G(¢, a), a), a) defines a map
on B x A4, which sends Bx 4,, into a neighborhood of (¥}, a,) eD x-Ai;-0n
which D,G™ is bounded by a constant c¢,,.

Next choose A13 so small that for ac 4,3, ¢*¥eB and C1zID1f(Wa, )l
x(3/2) < 1/4 < 1. This is p0551b1e since the maps y*, ¢* and D,f are
continuous, with D,f (Y%, ay)= D,f (1, P,,, a) = 0 (see Proposition 12.1). The
factor 3/2 is a bound for D,G~, compare Proposition 5.1. ~

f) Let acAj; with a, < a be g1ven Consider the map f,: B— C where
f(d):= ( f (G(gﬁ a), a), ) for ¢ € B. Part d) says that ¢F is a fixed point of

f,» and e) implies that there is: a nonempty open ball B' = B, centered at
oF (and depending on a), with

(13.6) | IDf,(#) <1/2 on B.

- We look for a smaller open neighborhood of ¢* on which fa is given by the

semiflow X (-, -, a). Observe first that ¢F = G~ (Y7, a)e G~ (D*x A1) = Bg (see
Section 5) and X (0, ¢%, a)—&, = X(6, G~ (¥, a), a)— &, € B, by (11.2). There-
fore we obtain a nonempty open ball B* c B', centered at ¢F, with

wn B*<By, -

(38 ' X0,¢,9—FeBs on B*.

Recall ¥ = G(¢F, a), (for (¥¥, a), a)€E, and 0 < p, fo, (¥F, @) (see b)). In other

terms, Yy e E*(8,, 1,5, a) for-y:= fo (Y%, a), and f(J, a) is given by the maps

o and X from Section 6. ’

Choose a convex open neighborhood D of Y, D < E* (85, 1, a), such that

the C*-map o(:, a): E(8,, 5, a)—[1, 00) and its derivative are bounded on

D by a constant ¢;3. Fmally, choose a nonempty open ball B — B*, centered at
* so that :

(13.9) fel(G(qS, a),a)eD on B,

and with the derivative of the map ¢i—+ £o1(G(¢, a), a) bounded on B. We show
(13.10) f(¢)=X(c+6, ¢,a)—&, on B,

where o:=o(for(G(9, ), a), a)e[1, ¢13]:

Let ¢ B. B = B, implies gb G~ (x, a) for y:= G(¢, a), see. Proposition 5‘:1.
Heénce

(31 Joultr ) = G(X(0, 6 (1, . 0)~Eu ) = GUX, 6, 0=y ).

With (13.9) and D < E*(3,, 11, a) and with the definition of X,, we obtain
Zz(ﬁ)l(X: a): a) = Z(fen(X: a): a) = Y(é:a ‘p, a) .

where ‘ ' ;

(13.12) , U= for(y, €D, G:=cf,a)=0.

Hence . B ‘

f(G(¢, a), a)=22(f91(X= a), a) =Y (G, ¥, ),
£(9) = G™(f(G(¢. @), a), ) = G~ (Y(0, ¥, @), a)  (see (53))

=X(o, X(0, ¢, 0)—&,, a) (with (13.12), (13.11); with (13.8)
applied to ¢, and with Proposition
5.1) )

=X(c+0, ¢,a)—&, (with (2.2)).

g) Let an open meighborhood V of {yf: 0 <t < m,} be given, for the



parameter a from part f). We construct an open nelghborhood W of

- {y: 0<t<=,} such that for every peW+IE, leZ, we have X(t, ¢, a)e

V+IE+NE, on [0, ), and X(t, ¢, 9)—)%.,—0 as t— +oo with some

® = w(@)eR. This will prove (v.1) and (v.2), with 4 replaced by A3 from, e)
- Choose 6 >0 such that

(13.13) dist(¢, o<t ' n})<5

Recall Corollary 3.1: There exists a nonempty open ball. B, = B, centered at
¢a = yO: W]-th . -

(13.14) |X(t, ¢, a)—yfl <6 on [0, O+cy3] for all peB,.

For each se[0, z,] there is a nonempty open ball B, centered at ¥4, with

implies ¢ ev.

(13.15)  |X(t, ¢, a)—y&d <6 for all te[0, ,—s], pe B,
and with o
(13.16) X(m,—s, ¢, a)eB, for all peBs.

Let q§e W+ZE, where W:={ ), ,,a]B Then

C(1317) ¢ =+, w1th leZ, $eB* for some se[0, n]
Hence ‘
(13.18) X(t, 3, aeV on [0, n,—s],
by (13.15) and (13.13), and
(13.19)" bo:= X(m,—s, B, a)eB cB‘

by (13 16). For ¢,€ By, the iterates ¢,:= (f, )"(qSO) keN,, are defined since
Sfo(@F) = ¢F and |Df,(-)] < 1/2 on B see (13.6). In particular,

(1320)  |¢p— 0% <27F|po— qbal‘ ¢y€By, for all keN,.

Set 0,:= o el(G(qSk 1, @), a), ) for all keN, and t,: _Zn 10,+6,t,:=0.
The choice of B and D in part f) implies that there is a Lipschitz constant
Ci4 with

and

lo,— (fel(G(qba,a) a), a)| <

c14l¢,, 1—¢F  for all neN.
Therefore \
0,40 —| = |0,+0—(0 /51 (G (8%, a), a), a) +6)
N
<1427 Y Go— %  for all neN,
(13.21)  the sequence (‘k kna)keN converges to t Z (0,+6— n)

In particular, #,— + o0 as.k— +o0. Note also”

(1322) O<tk+1_tk<ak+1+0<0+él3 for all kENO.

~X(t, ¢, a)

X, ¢, A==V prend = 1 X (T, Doy DV —tethmd

Using (13.10) and (2.2), we find
(1322) X (b, G0, @) = ¢y +kE,

Proof of X(t, ¢, a)e V+IE,+ N, &, for all ¢ > 0: By (13.17) and (13.18),
=X(t, §, @ +1&,eV+IE, on[0, n,—s]. Fort > n,—s, X(t, ¢, a) =
X, ¢, )+, =X(t', ¢g, a)+1E, with :=1¢t— (n —s)=>0. Choose keN,
with 1, <t/ < tg+1- Then : .

for all keN,. e .

= [X(t' ~tp, Xt $o» @) @) — (Voo + kG|
= X —t by TKE, @) —[VE - KE]]
= X (¢ —ty Gy )+ KE,—[VE s+ kG|

= |X (" —t, b A—yr :kl<5

because of qbkeBV, (13 21) and (13.14). We have y%_,, 11, = yi-+mE, for some
ve[0, n,], meN,. With (13.13), we obtain X(z, ¢, a)—I&,—m&,eV.
Proof that there exists w &R with X{(t, ¢, a)— )+, —0 as t— oo: We have

.ytak_too _yzﬂ:a = y‘t’k-tw;kﬂ.‘a-{—ké—h— [¢:< +ké_h]
= Vi —tna-ta— P2 =0 as k=400,

because of (13.21). Using (13.23), we infer
1X (b Bos D)= Viamral < 1X (s o0 @)= Vil + Vi, —
. = |y + k&, — [8F + kS ]I+ Vira = Vo=t =0 a8 k> + 00
For all keN and t e[tk, tk+1] < [t t+0+c13], »
X, ¢o, &) J’tk—rool = |x( —les X, ¢o=‘a), a)— X (' —ty, Yo1o» 9)
| < (+sup WP X (6, oy )= Vimils
see Corollary 3.1. It follows that - .
X(t, ¢o> @)~ yi-e,—0

y;zk_twl

(13.24) as t—+o00. ;-
With w:= —(n,—8)—t,+In,, we finally obtain, for ¢t = n,—s > 0:
X(t, ¢, =Viro = X(t, ¢, )+ 1~ [Vimrem9-ta 18]
= X(t—(m,—5), o> @)= Yi-(mas)=ts

and the last term tends to zero as t— + oo, by (13.24).

14. Proof of Theorem 132(v1 2) and (vi. 3), for a parameter interval

Ay instead of A.

h) There exist a nonempty open ball Df, = l//ao, and

centered at 5,®



A, with D¥ « D*,

(140 If W, D=1, ) <47 =y

, for all  and ¥ in D¥, and all ac4,,,
Zo < X(o(fun W, @), 9)+6, G~ (¥, @), @) < &, |

(14.2)
| if Y DY, ac Ay and p.fos (¥, ) <0,
(14.3) f(D¥x Ay4) < D% _

h .
I e T

Fig. 19

Proof. Because of D, f (10 Pags o) = 0, there are a nonempty open ball
D¥.1 = D*, centered at 7, d—"ao, and an open mterval Aysq < Ay withage Ay, 4
such that

(14.4) D, f (¥, @) < 1/4

Next, recall G™(—7,D,,, a,) = x2°~ for some t < 0 (see Proposition 5.1 (v)). It
follows that —4§, < x%~ < 0, by, /Proposmon 4.2(iv) and Proposition 4.1 (ii),
and £,—¢&, <x{°” <0 (see Section 2). We obtain an open neighborhood
DY 32X A1s, of (—14®,,, a,) on ‘which "

(14.5) =< G (), a) <

“Proposition 6.2 and the remark following it allow to choose 15 1n (0, 7,) such
that aeAy4,, —73 <p,¥ <0 and |g,¥| < 0, altogether imply

lqa U@: ‘?): v, a )I=IY0' Y, a), ¥, a)_(_’?oqj)l<Q12/2

where ¢% ,/2 is the radius of D¥ ,. Choose an open interval 4,45 = A4, with

ay€Aia3 S0 small that l( ’70 Do) —(—1,P) < of 2/’) on Ai,3. For each
a€Aias, ~

(49 Y(oW,a, v, dedt, i —ny < p¥ <0, ll <,

Recall (fo1 (W, ao), ao)€ E; and pgfor (WX, ao) = 0. By continuity, there
are a nonempty open ball D} = DY ,, centered at y%, and an open interval

on DYy xXAjsq.

14.7)

T (148)

Ai44  Agqs With ag€A14.4 ‘such that on D¥ x Ais.4,
IPafor @ @) = P, for s @)= PaoSfor Wk, ao)l < 15-
: Fmally, choose A4 © Aj44 sO small that

E =y <47 et

where oFf denotes the radius of D¥. ‘
Now (14.1) follows from (14.4). In order to denve (14.2), cons1der

on A14 i

o —(Yra)eD¥x Ayy = D* x Ay; < dom with p,_ fo, (4, a) < 0. Because of (14.7) and .

,,,:.(]_-4“6)’, Y(g(fOI (‘/” a)"a): f91 (W,'a),, a)VED

Pax =¥, 1. P, for yeC and |®,| = 1, we obtain —#; < p,fo1(¥, a) < 0. By
¥ 2, and (14.5) gives
§O_£h<G-(Y(°’(ﬁl(¢, a), a), fa1(¢’ a), a ) )
Therefore. .~ - A D
60“¢h<X(0'(ﬁu(‘//a a), a), G (fel(l,b a) ) ) R
Recall the definition of f;;: We have fo: (¥, a) = G(X(6, G~ (¥, a), a)—&,; a)
and X (0, G~ (¥, a) a)—&,eBg, see (112) By Proposition 5.1 (iii),

G (foth, & 0) = X, 0" 0} =&,

It follows that

£ 6;,<X(0(fel(llf a), a), X (6, G‘(w,- a), a)—&,, a)
= X(o(fo1(¥, @), @), X(0, G~ (¥, @), a), a) -,
= X(o(for (V> @), @) +6, G~ (¥, a), ) g,

or

b < X(oUanlh, @, )40, G-, @) @) < &
Proof of (14 3): Let (¢, a)eD X A4 be given. Then _
£ & =roual =11 s A—VE IV =42, Al +1VE =V

C<iw-yH+ier  (by (14.) and (148)
<%-{hﬁ '/’a01+hpao ¢§|}+4Q1
<Hot +/A} ¥t/ <3et/4, or [, Dt

1) Recall ygo = ¢ao =G~ (l!/:oa aO) - G (rIO ap? aO)EG (D3 X {ao}) < B6=
by (6.3). Therefore G(y&°, a,) = Y%, and there exist a nonempty open ball
BY < By, centered at yo, and .an mterval Ays such that

(14.9) G(Bf x.A;5) <.D¥.

j) The next aim is to. construct an open nelghborhood Voz = C of
cl{y%: teR} and an interval 4, such that for every solution x: R—R of
equation (ah), a€ A1q, with x(- +n) = x+ k¢, for some = > 0, keN, and with"



{x,; teR} < Voo +ZE,, we have _xs+lfh,é B% for some seR, le Z. This will be

ThIS is poss1b1e because of Proposmon 6.2 and the remark followmg it —
done in parts k) and 1). . ,

compare. the construction in part h).
Choose B, and Als with '

8, . : : . ¥ D (14 13) . - G(B7 xAls) - D .
——— Gf-,a) < — o .
TN ‘ v  Choose an interval [t_,t,]J<R with '
C\ of B (14.14) yPeB, on (—0,t.] and y®eB,+, on [t., ).

~- e - Forevery te[t_, t. ], there are-a.nonempty open-ball B, centered at yf°,
~and an open interval A;,, < 4, With a,eA,,, so that

Fe L T4 T X(@.—t, ¢, 9eB,+E,  on Bix A

k) Choose a nonempty open ball D% < D¥, centered at n,®,,, and an !
interval A,¢ with , : |

‘ ~ (14.10) . . . .G_,(D',Z_' 6) cBf o - 1
- 6T .;af)—w—»v—-‘i—r— |
~—— i g |
o |
\/ |
"‘ Fig. 21
L : ; Fig. 23 ‘
Choose a ball D4 and A, with . : o ! B ) L T : o
(14.11) . D4><A17 -. E S : ‘Choose finitely many tl,....,.t,,e[/t'_, t.] with
and such tha’,; | T o . ,. / {ya". t.<t<t,}<|)Bi,
(1412 (W, a)eD4§<A17 izand { > } implies '
. : al//.:f 0 o and define
(U(lﬁa)*ﬁ) o : AR I
{fo f,h<G‘ ( (O'(W a) l,b ) ) 0. ' - L Aroi= mA"wt 5 - Vez —B7 (UB )U(B. +&p)-

Vo, is an open neighborhood of the compact set cl {yt°. teR} = {0} {y :
teR} U {E,}, see Proposition 2.3.

: 1) Let x: R— R be a solution of equat1on (ah), aeAlg, with x,e Voo +ZE,
j for all teR, and suppose x(-+m) = x+k¢, with n >0 and keN. Assume
| x,€B%, +I&, with ve{l,...,n} and leZ. Then x,—I&,€B%, . The solution
l T X Ras—»x(s+t) l¢,eR of equatlon (ah) satisfies X, = x,—1¢, € B%, so that
" (14.15) yields : : :

Xpy 2, 42—y = Xe, eB;+ &,
v v



and ¢:= X, —; +,—(I+1),€B,. By (14.13), ¥:= G(¢, a)e D*..Recall (14. 12).
Suppose p,¥ =0. Then, by definition of G, ¢€S,, and X(s, ¢, a) >0 as
s'—> +0o0 (see (44)) which contradicts x(vr) = x(0)+vké,— + o0 .as N av——>
+ 0. Suppose p,i < 0. Then (14.12) gives &, —¢&, < G~ (Y(o(¥, a), ¥, a), a) <

or §o—&, < X(a (Y, a), G~ (¥, a), a) < 0. Proposition 5.1 (iii), ¢ € B, < B, and

¥ = G(¢, a) altogether give &,— 5,,<X(o'(|ﬁ,a) ¢, a) <0. With (2.2)- and .
Proposition 2.1 (iii), we obtain X (s'+ (¥, a), ¢, a) <0 on [O oo) ThIS 1mp11es

a contradiction to x(vr)— 4+ 00 as N3v— + 0.

It follows that p,y > 0. (14.12) gives Y(e(y, a), ¥, a)e D%, therefore
(o—(np a), G~ (¥, a), a )eG (D2 X A;6) < BY, by (14.10). With qbeB < B,
X(e@, a), ¢, a)e BE. Using (2.2) once more, We arrive at X, g+, - 1+t M"

—(+1&eBf.

In order to complete the proof of the assertion in part j) we still have to
consider the easier case x,€B; +IE, with. leZ We set ¢:=x,—I,eB, and
proceed as above.

m) We define V,:= Vy; 0V, with Vy, from Propos1t10n 2.3 (ii), and
begin the proof of assertions (vi.2) and (vi.3), with Ao instead of 4. Let
x: R—-R be a nonconstant solution of equation (ah), aeAyy, with
x(-+m) = x+k¢, for some n >0, keZ, and with {x: teR} c ¥, -E—ZE,,

By Proposition 2.3 and 24, keN. It follows that
(14 16) x(vn)—>+oo as Zsv— + oo, x(vn)—> o as Zav—> —00.

Part j) gives x +ZE,,GB* for some seR, le Z. Consider the solutlon X: Rat—
-x{t+s)eR of equation (ah). We have xoeB and

(14.17) RC47) = x+kZ,,
(1418) X(t)—> 40 as t-—>+oo“ L X(t)»>—o0 as t— —oo,

because of (14.16) and |x()— x(vr)| = | e X| < m-max |h| on [vr, (v+ l)ﬁ] for all
veZ.

Define ¥,:= G(%,, a)e D¥. Recall (14.9). The map f,,: D1 EYVEN
f@, a)eD¥ is a strict contraction (see (14.1), (14.3)) with fixed point y¥, as
follows from D¥x A, = D* ><A11 and -(13.3). The sequence of points
Y, 1= (fed)' o), veN,, converges to y* as V- +o0.

o) If paﬁ,l(l//v, a) >0, ve Ny, then - :

G~ (wv+1,a) X(av+1+9 G~ (Y, a), a )T
Proof For ¢, as above ) -
Voo = fucld) = fU @) |
= Zz(ﬂn(‘ﬁv: a), ) (fel(lﬁw a) )
=Y(0s+15 for (¥, d): a).

Eh : Where d-v+ 1 ::= a(fél (!&}ﬂ a)’ a)'

i
————— ¢
i

With: the definition of Y, G™(Yy+1, @) = X(0y+1, G (f51(¥,» a), a), a). Recall
forWy, @) = G(X(0, G~ (¥, @), 0)—F;, a) and X(6, G~ (., a), a)—F,e By, by -
(11.2). Proposition 5.1(ii) gives G~ ( fm(wv, a),a)=X(0, G (xpv, a), a)—¢,,
and the assertion follows.

o) For every veN,, p, fo1(¥,, a) > 0.

Proof. Suppose p, fo:(¥,, a) < 0 for some veN,. Let voe N, denote the
smallest nonnegatlve integer Wlth pa Jor(,, a) < 0. In case v, >1 “part n)
1mp11es : : ‘

G (!//W ) =

’ ”vo 1
where tvo = Z (av+1+0)

X (ty,) G~ (l//o, a), a)— voéh 2

With xoeB1 < By and Proposmon 5.1(iii), we get |

(14.19) G (W @) = X(tsg, Koy @)=,

In case vy =0, set t,,;:=0 — then (14.19) is saﬁsﬁed, too. Suppose
0= D, fusWe @) = P.G(X(0, G (Ui, @), ) =& @)

With the definition of G, we obtain X(6, G~ (Y, @), 4)— €S, and

X(t, X0, G~ Wo» @), @)= a)—0 ast—+c0,
see (4 4. Wlth (14.19) and\ (2 2), this results in '
X(t+0+t,, xo,a) (v0+1)Eh—>O as t— + oo

which contradicts (14 18).
I 0>p, fal(lﬁ,,o, a) then (14 2) glves

50<X( (for s @, @ )+0 G~ W @) <&
(14.19) and 2. 2) yleld
Lo < X(0(fos (s @), @)+ 0+ 1y, Fo, @) =05, < &

and Proposition 2.1(iii) (and (2.2)) imply X{(z, Xo» @)=V, &, < &, for -all -

t = o(for (Wo» @), @)+0+1,,. This contradicts (14.18).
p) Proof of ¢ e{x;: teR}+ZE;: N
With n) and o) and %,eBf = B, we obtain

(14 20) - G (l//v’ a) X(tva xO’ a) th
where t,: —O and t =Y 3" (0,41 +6) for all veN By (14. 17)

for all veNo

x,vk —Vk, =%, -y,  for all veN,.

With (14.20),
flvk‘\,’ﬂ = G_(l//v’ a)—)G_-(w;k: a). = ¢:zk

as v— 4+ 0.



Boundedness of the set {%,, —,.: v€Ny} and (14.18) imply that the sequence
(tsc—V7)sen, is bounded, too. We-choose-a convergent subsequence. (tv.k vi)eN
with limit, say, ¢. It follows that. :

oF = im X(t, -y = X, —

1= 0

x1+s+lé_h~

q) Incase a, < aedio, we infer from part p): % = ¢F = x, +1&, for some
t.€R, leZ. Therefore y~ l,,a—yo—lfh— X, and y*(t—In,) = x(t+t,) for all
t>—11In partrcular x,e{y%: teR} for all t >r,. This implies ‘

(14.21) {yt teR} > {x,: teR}
since for t<t, and veN with t4+vr >
yf—VkEh

we have

x:

X, = Xy 4 yn—VKE, = for some teR.

We show
(14.22)

where teR satisfies x, = y?: te R with x, = yf is uniquely determined since
V& = Xy = Jhe with t* < t** ‘would imply y*(-+ (£** —1*)) = y* on [t*~1, )
so that y* would become (t** —t*)-periodic and bounded on [t*—1, o), in
contradiction to y*(vm,) = y*(0)+v&,— + oo for v— +co. Let veR. Choose
neN with v—n < 0. By (1421) Xp—n = y¢ for some teR. It follows that
= y2_,+;. Therefore n— v+t=t;and x, = y2.7= )24, In partlcular, x(v) =
(v+t) j

1) The case a = ao Part p) gives y¥ = ¢% = x, +1E, for some t.€R, leZ
It follows that

xv+tx+lf_h = X(, xtx+l£_h9 ap) = yZ°—> é_h
This contradicts x(vm) = x(O)—i—ka; — 400 as v— + 0.

y‘l’ vkn

x = y*(: +1)

as 0 <v— + .

15. Proof of Theorem 132(v1 1). ‘
s) Proposmon 51() ylelds» G~ (n®,,, ay) e {x°: teR} = {y{°: teR} for
all n€(0, #,]. Clearly G~ (0, ap) = Oecl{y° teR} and (G ) 1(V0) is an open

Fig. 24

(15.1)

(152

neighborhood of the compact set [0 110] @aox{ao} < C><R There ‘exist
g, >0 and 4,0 such that v

“ dlst(lﬁ [0, 7101 <15,,o)<e1 and aeA20 1mp1y G~ (¥, a)eVo

Corollary 5.2 allows to choose D*> and A4,; with D°xA4,; < E, and
g, Y(t, ¥, @) <e&,/2 for all (¢, ¥, a)eQ with Y(s, ¥, a)eD?® on [0, t] and
(W, a)e D’ x Ay;. With Proposition 6.2, we obtdin - '

lg. Y@, ¥, a)l <& /2 - - —
on [0, oy, a)] for all (¥, a)eD® x Ay, with 0 <p,¥.

| &,/2 -neighborhood “of
[ O ’ ﬂO] : éa

{r

Fig.‘ 25
Choose A4,, with

(15.3) (N®,—nPq| < &,/2 for all nel0, 710].: acAs,.,

0.7,10, .
[0.7,19, ‘

&

Fig. 26

Recall lim,-, y%°(f) = &, and choose s> 6§ with

(15.4) GOP—&, ao)eDS' (cf. Fig. 27).
| ' 1) Recall from part b) _ ' v
(15.5) 0 < pon W2, &) = P,GOR— Ty
(15.6) = 9+6(G(y9 g, 0), a),



-in particular for a, < a < sup'd,,. By continuity,
P60 8 9= PeGOR s a)) = Pap 628~ ag) =0
as a—a,, see part a) and Proposition 11.1 ii).

Fig. 27 .
Proposition 6.2 gives ¢(G(y§—E,, @), a)— + 0 as a, <a—a,, and we can
_ choose A4,; with

U57)  s<0+0(GUi~F, a)a) for-all aedsy with a > ap.
Finally, take 4,, so small that "

(15.8) yieV, for all te[0, s] and acd,, with a>a, (cf Fig. 28),

(159) G(?—-E,, a)eD’ for all ac A,y with a>a, (cf Fig..29)."

time s (a>a, . y)

Fig. 28

u) Let aeA24 with a > a, be given. Set
V= G08=&, 9= G(X(s—0, 18, =5, 0) = G(X(s—0, -5 )
I .G\(X(s—e 6 (6055, 2), a); a)) S
(with (11.2)). Hence T . ‘
(15.10) N # Y(S—G, G(i—¢&,, o), a).
We prove' a(G(yg & a), )—:‘S—O-I—'a(l‘//,‘a):-’

Because of a(G(yg &, Q), a)> 5= 0 ‘we have
0<pa (ta G(;Ve—éh, a)a' )<170©a on [0 s—9],

N

Ny

' 'clme s-:9<6(6(y0 -5 c:) a)
F1g 29 .

see Proposmon 6.2. For t =s—0, we get

sy - 0<p¥,

see (15.10). With (15.9), we obtain (¥, a)e D° x 4, c E,. We see that oy, a)is -
defined, and 0 < p, Y (t, ¥, @) < 1,P, on [0, oy, @), p, Y (¢, ¥, @) = 1,9P, for
t = g(y, a), by Proposition 6.2. It follows that ‘ ‘

0 < parY(t9 G(yg fh: a) ) < 110

on [5—0,s—0+0(¥,a), and Y(t, G(ys— Eh, a),a)=n,P, for
t=s—0+0(), a). The minimality property of ¢ in Pr0p0s1t10n 62 gives
o(GO5—&, a), &) = s—0+a(W, a).
v) If te[0, o, a)] then |Y(t, ¥, @) =Pyl < &3 with somej»rnve [0, no]:
This follows from (r, a)e D° x A4, 0 < p ¥, p, Y (t, ¥, a) = n®P, for some
nel0, n,] (see Proposition 6.2, (15.2), (15.3)). : ~
w) Let tels, n] Set t':=t—s€[0, o(¥, a)]. Then

- X(t: ysy a) gh - X(t}\ys éh’ a);

Using:- - -
X(S—e y(ez’ d) éh X(S 0 .Vo éh: a) )
=G (Y(s—0, GO—§, a), a),.a) - (recall (11.2))
=G (Y,a) (see (15.10)),
we obtain

=X,y -&,a=X({,G ¥, a), a) =G~ (Y, ¥, a), a).
Part v) and (15 1) give y?—E&,eV,.
x) Part w) and (15.8) give yfe Vo +ZE, on [0, =], for ae 4,4 with a > ao.

With assertion (iv) of Theorem 13.2, we finally obtain y?e V,+ Z&, for all teR.
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