
Synopsis zur kumulativen Dissertation  

zur Erlangung des Doktorgrades (Dr. rer. nat.) 

am Fachbereich 06 der Justus-Liebig-Universität Gießen 

Mai 2023 

Mechanisms of Approximate Numerosity Processing:  

Approximate Number Tasks in the Haptic and Visual Modality 

Vorgelegt von: 

Marco Carlo Ziegler 



Prüfungsgremium 

Gutachter und Erstbetreuer: Prof. Dr. Martin Kersting, FB 06 Justus-Liebig-Universität Gießen 

Zweitgutachter: Prof. Dr. Jutta Billino (apl.), FB 06 Justus-Liebig-Universität Gießen 

Zweitbetreuer: Prof. Dr. Knut Drewing (apl.), FB 06 Justus-Liebig-Universität Gießen 

Externer Prüfungsbeisitzender: Prof. Dr. Matthias Vogel, FB 04 Justus-Liebig-Universität Gießen 
Drittgutachter: Prof. Dr. Avishai Henik (Ben-Gurion University of Negev)



Danksagung 

Eine Arbeit zu einem Thema schreiben zu dürfen, das man liebt, ist ein Privileg. Wenn diese Arbeit zudem noch von 

vielen Menschen unterstützt wird, ist dies ein zusätzliches Glück.  

Ich danke meinen Doktorvätern Prof. Dr. Martin Kersting und Prof. Dr. Knut Drewing dafür, dass sie mich während 

meiner gesamten Promotionszeit unterstützt und bestärkt haben, zu einem meiner liebsten Themen zu promovieren. 

Martin gebührt mein besonderer Dank dafür, dass er mir in seiner Abteilung, der Psychologischen Diagnostik, die 

Promotion ermöglicht hat. Ich danke ihm für fachliche und überfachliche Beratung, für Vertrauen und dafür, dass er 

immer eine offene Tür und ein offenes Ohr für mich hatte. Knut danke ich, neben der fachlichen und überfachlichen 

Beratung insbesondere dafür, dass er mit mir intensiv fachliche Themen reflektiert hat, mich rund um den 

Publikationsprozess der Studien gestützt und unterstützt und mir dabei viel beigebracht hat. Vielen Dank an euch 

beide, ich hätte mir keine besseren Doktorväter wünschen können. Ich danke weiterhin Prof. Dr. Jutta Billino dafür, 

dass sie diese Arbeit begutachtet hat. Prof. Dr. Matthias Vogel danke ich dafür, dass er sich bereit erklärt hat, als 

externer Beisitzender die Prüfungskommission zu vervollständigen.  

Ein besonders liebevoller Dank geht an Manuela Schirle für das viele Korrekturlesen meiner Artikel und für die 

Vorschläge, die sie dabei eingebracht hat. Ich kann dir kaum genug dafür danken- tausend Dank an dich! Ich danke 

meinen vielen tollen Kolleg*innen aus dem Fachbereich 06, insbesondere allen Kolleg*innen der Psychologischen 

Diagnostik und des HapLab, für die jahrelange tolle gemeinsame Arbeit an vielen unterschiedlichen Themen. 

Außerdem geht ein Dank an meine (ehem.) Doktoranden- und Bandkollegen Dr. Aaron Zöller, Frieder Hartmann und 

Marcel Schepko, die während der Promotionszeit auch für ein aufregendes außeruniversitäres Leben gesorgt haben. 

Ein weiterer Dank geht an alle studentischen Hilfskräfte, die geholfen haben, Daten zu erheben, um die Projekte zu 

realisieren. Ein großes Dankeschön an Luisa Stricker, die kontinuierlich an meinen „ANS“-Projekten beteiligt und 

engagiert war. 

Das nächste große Dankeschön geht an meine gesamte Familie und an meine langjährigen Freunde. Freie Zeit 

war während der Promotion immer eine knappe Ressource. Ich bin froh darüber, dass feste Bande wartungsarm sind 

und die immer zu kurze gemeinsame Zeit intensiv und schön war und ist.  

Ich danke meiner Mutter Sandra Ziegler und meinen Großeltern, Renate und Manfred Jag, für ihre unendliche 

Liebe, Unterstützung und Fürsorglichkeit über alle meine bisherigen Lebensjahre. 

Viele weitere Menschen sollten hier erwähnt werden, weil sie mich unterstützt, gefördert oder inspiriert haben. 

Ich muss mich an dieser Stelle aber auf ein einfaches Dankeschön beschränken, Dankeschön! 

Addendum (22.12.2023 ): I would like to thank Prof. Dr. Avishai Henik for reviewing my dissertation and for joining the examination 
committee.    



Abstract 

The perception and processing of number is an essential ability of humans and animals to interact with their 

environment. The Approximate Number System (ANS) is assumed to be a part of the perception and cognitive 

processing of distinct numerical magnitude without counting. Non-symbolic perception of numerosity in an imprecise 

manner allows advantageous real-life decision making. A modern example from everyday life might be that if you 

want to get to a checkout faster, it makes sense to join a queue with fewer people. This decision, based on the number 

of people in the line, can be made in a fraction of a second without actually counting the number of people. The 

Approximate Number System is thought to allow extracting the approximate number of items in scenes, such as the 

number of people in a queue. One popular assumption about the ANS is that number is an abstract representation and 

not tied to a sensory modality, since stimulus-related features that go along with discrete entity (like the occupied 

area) are removed. Although widely accepted, this assumption of an amodal percept lacks on profound empirical 

evidence. Only very few studies have explored approximate numerosity in other modalities than the visual. 

Furthermore, different factors regarding the methodology for assessing ANS-acuity and recent findings indicate that 

other influences (e.g., spatial attributes of visual stimuli) also affect a numerosity percept, questioning the theoretical 

ANS assumptions. This work contributes in forthcoming and understanding the nature of the ANS by utilizing intra- 

and cross-modal paradigms adapted to the visual and haptic modality.  

In Study 1, we used a dot comparison task in both the visual modality and the haptic modality to measure the non-

symbolic numerical discrimination ability of 67 participants. We found that a) besides number, participants were also 

influenced by spatial factors in their performance, and b) even though the performance was ratio-dependent, 

indicating ANS involvement, the performance between the modalities was not correlated. 

In Study 2, we investigated in 50 participants whether their discrimination performance was affected by spatial 

information of numerical stimuli in an approximate number-matching task. We let participants perceive numerosity 

from haptic source stimuli and then let them match it to one of two visually presented dot patterns. We found that the 

spatial configurations of the (dot) stimuli in the haptic source modality significantly affected the numerosity matching 

performance in the visual modality.  

The findings of both studies are in conflict with the strong assumptions of the so-called “direct” ANS model, which 

is currently state-of-the-art. Due to our results, there is reason to widen the perspective of how the percept of 

numerosity arises and to consider competing ANS perspectives or alternative approaches for empirical testing. 

Furthermore, we emphasize that the measurement of ANS-acuity requires better standardization and sensitivity for 

specific implementations in the future. 
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1 Introduction 

What abilities are so essential and useful to human cognition that nature would not leave it to chance whether or 

not you acquire them? It must be a set of abilities, which enables you to interact with the environment in such a way 

as to ensure survival and thriving throughout your life span. Spelke and Kinzler (2007) propose that human cognition 

roots in flexible but distinct core systems, each having a signature contribution to the functioning of human beings. 

Different domains have been considered candidates for core systems or core knowledge, among them a core 

understanding for physics, actions, food, geometry, language, and number (Barner & Baron, 2016; Feigenson et al., 

2004; Shutts et al., 2009; Spelke & Kinzler, 2007; Strickland, 2017; Vallortigara, 2012). According to Spelke (2022), 

“number” is one of the domains that has been widely studied, and the idea of an innate number sense has probably 

become the most prominent theory in the field of numerical cognition (Dehaene, 2011; Lourenco & Aulet, 2022). The 

“number sense theory” is the foundation of what has developed into a “mainstream” theory (Leibovich, Katzin, Harel, 

et al., 2017) on how humans perceive and process number: The two core systems theory (Dehaene, 2011; Feigenson et 

al., 2004; Hyde, 2011; Leibovich, Katzin, Harel, et al., 2017). 

 

1.1 Two Core Systems of Number 

Feigenson et al. (2004) distinguish two distinct systems of numerical representation in humans. One system 

allows for a fast and precise processing of smaller numerosities (< 4) and another one processes larger numerosities 

in an imprecise and fuzzy manner (Dehaene, 2011; Feigenson et al., 2004; Hyde, 2011; Mou & vanMarle, 2014).  

 

1.1.1 Precise Representations of Distinct Individuals 

The first system is referred to as system for “precise representations of distinct individuals” (Feigenson et al., 

2004) or sometimes as “object tracking system” or “parallel individuation system” (Hyde, 2011; Mou & vanMarle, 2014). 

Despite using different terms, all authors commonly use the behavioral observation as signature that humans can 

extract numerosity, defined as the “[…] the number of countable elements in a given group” (Nieder, 2016, p.366), from 

a small set of items accurately, almost instantaneously, and without counting (Feigenson et al., 2004; Hyde, 2011; Mou 

& vanMarle, 2014). This rapid enumeration process of small sets of elements without counting is also known as 

subitizing (Kaufman et al., 1949).  

 

1.1.2 Approximate Number System and its Hallmarks 

In distinction, the second numerical representation system processes larger numbers imprecisely without 

counting (Feigenson et al., 2004; Hyde, 2011). This system is referred to as the "approximate number system" (ANS; 

Brannon & Merritt, 2011; Dehaene, 2011; Feigenson et al., 2004; Hyde, 2011). The ANS is considered as a phylogenetically 

old cognitive system which different species share (Brannon & Merritt, 2011; Dehaene, 2011). Evidence for the 

processing of (approximate) numerical magnitudes has been found in primates such as chimpanzees [Pan 

troglodytes], gorillas [Gorilla gorilla], bonobos [Pan paniscus], and orangutans [Pongo pygmaeus] (Hanus & Call, 2007; 

Rumbaugh et al., 1987). In addition, various vertebrates such as chicks [Gallus gallus], anglefish [Pterophyllum scalare] 

and mosquitofish [Gambusia holbrooki] and also, invertebrates such as dune snails [Theba pisana] appear to process 

numerical magnitudes (Agrillo et al., 2008; Bisazza & Gatto, 2021; Gómez-Laplaza & Gerlai, 2011; Hanus & Call, 2007; 

Rugani et al., 2020) indicating the involvement of an ANS. 
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According to literature, the “approximate number system” can be characterized by different hallmarks or 

signatures: scalar variability, ratio dependence, approximate calculation and abstract number representation 

(Brannon & Merritt, 2011; Odic & Starr, 2018; Spelke & Kinzler, 2007). 

Scalar variability can be best pictured in the context of an original experiment of Whalen et al. (1999), in which 

they instructed participants to press a key as fast as they could to match a certain presented number ranging between 

7 to 25. They found that participants produced different variances in the number of key presses for the different 

numbers but a constant coefficient of variation, which reflects the relation between the target number and the amount 

of key presses. The participants’ variance for 10 key presses is therefore half of the variance for 20 key presses.  

Closely related is the ratio dependency as hallmark of the ANS. When humans compare numerical magnitudes, 

the difficulty and therefore the accuracy and speed of the comparison is determined by the ratio of the numerical 

magnitudes rather than their absolute cardinality. A comparison of 7:8 dots (ratio of 1.14) on a display is therefore 

more difficult than a comparison of 6:7 dots (ratio of 1.16) despite their absolute difference being equally one. Therefore, 

the ratio dependency follows Weber–Fechner’s law1 which “[…] states that the discriminability of two stimuli is linearly 

related to their ratio, equivalent to their distance on the logarithmic scale” (DeWind et al., 2015, p. 250). To illustrate 

this further, the numerosity of “8” and “16” are, according to this law, equally well distinguishable as “16” and “32”. The 

ratio dependence signature is most commonly explained by the logarithmic number line model, which suggests that 

number is represented on an internal continuum, a mental number line, in which the numbers on the continuum are 

increasingly compressed for larger numerical magnitudes (Brannon & Merritt, 2011; Dehaene, 2011; Feigenson et al., 

2004; Sasanguie et al., 2017). Furthermore, the neural activation of number is associated with an error (represented 

by a Gaussian curve) and therefore higher numbers increasingly overlap in their error margin, whereas more distant 

numerical magnitudes can be distinguished with better acuity (Brannon & Merritt, 2011; Dehaene, 2011; Feigenson et 

al., 2004; Sasanguie et al., 2017). Scalar variability and ratio dependency are closely related, since “Scalar variability 

is an instance of Weber's law” (Piazza, 2010, p. 542).  

Another signature is that approximate numerical magnitudes can be actively manipulated and used for arithmetic 
operations (Brannon & Merritt, 2011; Spelke & Kinzler, 2007). For example, McCrink and colleagues demonstrated 

adding and subtracting approximate numerosities with dot patterns in children (McCrink & Wynn, 2004) and adults 

(McCrink et al., 2007). Furthermore, Qu et al. (2021) showed that children seem to be capable of approximate 

multiplication even before formally learning the concept of multiplication.  

The last ANS signature is amodality of the numerosity representation (Spelke & Kinzler, 2007). The ANS amodality 

assumption is based on the idea that numerosity can be extracted from any kind of stimulus material as an abstract 

feature, regardless of its accompanying features or its source modality (Brannon & Merritt, 2011; Spelke & Kinzler, 

2007). With the term “abstract” in the context of numerosity estimation, I agree with the explication: “a set of visually 

presented items, a number of aurally presented beeps or an Arabic number, all would finally evoke the same neural 

response probably in the IPS [intraparietal sulcus], an area suggested to be dedicated to abstract number processing” 

(Gebuis et al., 2016, p.27). Gebuis et al. (2016) mention that this leans into the definition: “Adults can be said to rely on 

an abstract representation of number if their behaviour depends only on the size of the number involved, not on the 

specific verbal or non-verbal means of denoting them” (Dehaene, Dehaene-Lambertz, & Cohen, 1998, p. 356, as cited 

in Gebuis et al., 2016). Complementarily, I concur with the following explication: 

                                                           
1 In the following called Weber’s law 
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“[…] abstract representation in the present article is that neuronal populations that code numerical quantity are 

insensitive to the form of input in which the numerical information was presented (e.g., digits, verbal numbers, 

auditory, numerosity, etc.). In contrast, we define non-abstract representation as neuronal populations that code 

numerical quantity but are sensitive to the input in which the numbers were presented.” (Kadosh & Walsh, 2009, 

p. 314) 

 

I think all three explications are helpful to describe different aspects of the term “abstract” in our context of non-

symbolic approximate numerosity processing (but see Cantlon et al., 2009). As a consequence of these cited 

definitions, I suggest that an approximate “numerosity percept” (fuzzy by definition) extracted from different source 

modalities should be highly similar and robust across modalities and task implementations, and, following the “strong” 

interpretation of the ANS theory as stated above, should be based exclusively on number. In traditional ANS theories 

(or “number sense” theories), the creation of an abstract numerosity representation is described by a process with 

different stages (Dehaene, 2011; Dehaene & Changeux, 1993; Gebuis et al., 2016). In an initial “sensory” stage, the non-

symbolic source stimulus (e.g., an array of dots) is received by a sensory modality. The non-symbolic numerical 

stimuli can vary in several characteristics that covary with number, such as the individual dot size of the set or the 

occupied area of the pattern (DeWind et al., 2015; Gebuis & Reynvoet, 2011). In the second stage, which is called the 

normalizing phase, these covariant stimulus characteristics are removed and a normalized signal for each dot 

remains. In the consecutive accumulation phase, the standardized “number signals” are summed and shape the final 

numerosity percept, which can also contain a degree of error (Gebuis et al., 2016; cf. Tokita et al., 2013). This process 

is typical for a “direct ANS model” (c.f. Qu et al., 2022) and is usually the default theory to explain how approximate 

numerosity is extracted from the environment and why a numerosity percept is assumed to be abstract (Dehaene, 

2011; Halberda et al., 2008; Hyde, 2011; Spelke & Kinzler, 2007; Brannon & Merritt, 2011). However, in contrast to the 

other ANS hallmarks, such as the well-elaborated ratio dependency, the abstractness of the numerosity 

representation and its proposed mechanism have not been extensively studied. In fact, very little is known about 

approximate number processing in different modalities (Ziegler & Drewing, 2022).  

 

1.1.3 The Approximate Number System and Mathematical Ability  

The precision to discriminate or to represent (non-symbolic) numerical magnitudes (ANS-acuity) exhibits strong 

inter-personal variance (Halberda et al., 2008). In a very influential article, Halberda et al. (2008) reported that the 

inter-personal variance in ANS-acuity correlates with standardized mathematical performance tests in children. 

Halberda et al. (2008) speculated that the association between ANS-acuity and formal math achievement might be 

explained either by formal math education honing the ability to discriminate numerosities, or by the ANS being a 

“building block” for later formal mathematical knowledge. Especially the latter explanation has found a lot of attention 

(c.f. He et al., 2016); also reciprocal enhancement of both approaches are discussed (Elliott et al., 2019; Piazza et al., 

2013). However, the association between ANS-acuity and formal math achievement is considered controversial, with 

some studies finding corresponding associations (Bonny & Lourenco, 2013; Libertus et al., 2011; Wang et al., 2017), while 

others did not (De Smedt et al., 2013; Sasanguie et al., 2014). A recent meta-analyses quantified an average effect for 

the association between non-symbolic number estimation tasks and mathematical competence measures with r = .24 

(Schneider et al., 2017), i.e., pointing into the direction of an association with a small effect. However, this meta-
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analysis integrated results from a broad definition of mathematical competence and assessment methods, e.g., 

results from ANS-acuity assessments of various task paradigms and diverse implementations. Inconsistencies in the 

findings may be partially attributed to methodological diversity in the assessment of ANS-acuity, which is a critical 

factor, since not all assessment techniques have been found to be equally suitable (Dietrich et al., 2015). 

 

2 Research Gap and Motivation for our Studies  

A profound measurement of ANS-acuity might (partially) assess the potential of a high-level ability, i.e., 

mathematical competency, at the perceptual level. Due to the potential practical relevance regarding a relation 

between ANS-acuity and mathematical achievement, an understanding of the underlying mechanisms and 

assessment of the ANS ability proves crucial. The understanding of mechanisms likewise fosters better assessment 

practices and therefore increases validity. However, ANS mechanisms and theoretical assumptions are in need of 

deeper exploration, since important aspects are not empirically tested.  

 

2.1 Assessment of ANS-Acuity 

As previously mentioned, there is a wide range of assessment methods to cover ANS-acuity that vary in modality, 

paradigm or indices (dependent variables). A point of concern here is that studies with emphasis on methodological 

aspects found that different task variants and indices might not measure the same construct (Inglis & Gilmore, 2014; 

Price et al., 2012). If different ANS-tasks partially measure different constructs (even within the same modality), this 

poses a general concern for validity2. In our own studies (Ziegler et al., 2023; Ziegler & Drewing, 2022), we drew on 

empirical methodological work and theoretical considerations that discussed various methodological aspects of ANS-

acuity measurement, which allowed an informed choice for our experiments (Dietrich et al., 2015; Inglis & Gilmore, 

2014; Price et al., 2012).  

Methods to assess a person’s ability to discriminate numerical magnitudes follow different task paradigms and 

use different dependent variables (Dietrich et al., 2015). Tasks could potentially involve either direct numerosity 

estimation, representation(s), manipulation or comparison, since they are functions of the ANS (Odic & Starr, 2018). 

However, ANS-acuity assessment usually focuses on methods that avoid or minimize the involvement of other 

cognitive capacities (besides the numerosity processing) such as memory or the necessity of calculation. Frequently 

used methods to measure an individual’s Approximate Number System acuity are dot comparison tasks (Dietrich et 

al., 2015). In these dot comparison tasks (DCTs), participants compare two sets of dot arrays (distinguishable by a 

feature or presentation mode) within a restricted time period and choose which array contained a higher number of 

dots. In general, DCTs follow one of three different paradigms: a paired presentation (massed presentation of number 

stimuli), a sequential presentation, or an intermixed presentation (Dietrich et al., 2015). In the paired presentation, the 

numerosity stimuli, e.g., dot-patterns, are presented simultaneously in different spatial locations, e.g., left and right 

side of a screen (massed). The sequential presentation uses a stream of number stimuli that are consecutively 

presented with a temporal delay, e.g., an audio sequence of tones. In the intermixed presentation mode, number 

stimuli are presented within the same spatial field, but can be distinguished by a feature that segregates the distinct 

entities. An example of an intermixed paradigm would be the presentation of blue and yellow dots within a shared 

visual field on a computer screen (see Halberda et al., 2008). Another relevant class of task paradigms are variants 

                                                           
2 “Validity” here can be interpreted in a broader sense as compromising the theoretical assumptions of the ANS. 
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of same-different tasks, or match-to-sample variants in which non-symbolic number stimuli, e.g., a dot pattern, are 

visually presented and participants have to find a corresponding target numerosity from different alternatives (e.g., 

Fu et al., 2022; Sella et al., 2013). Likewise relevant are direct numerosity estimations tasks, in which participants 

directly perceive number stimuli and give an exact number of how many objects (e.g., dots) they saw (e.g., Lemaire & 

Lecacheur, 2007). This method already involves the ability to map the approximate representations linguistically onto 

number words (Odic & Starr, 2018).  

The different ANS-acuity task paradigms can be implemented with dependent measures that are either based on 

reaction times or the number of correct trials (accuracy). Reaction times (rt) and accuracy can be used as a dependent 

measure, assuming that shorter rts, and more correct trials, reflect higher ANS-acuity, since more precise 

representations allow faster responses, or an overall higher number of correct trials reflect more precise 

representations (across different ratios) (De Smedt et al., 2013; Dietrich et al., 2015). However, reaction time based 

measures have been found to be less favorable than accuracy-based measures for measuring ANS-acuity (Dietrich 

et al., 2015; Inglis & Gilmore, 2014). There are also some (derivate) measures of reaction times and accuracy that are 

less recommended; among these are certain indices derived from regression analysis, e.g., “numerical ratio effects” 

(NRE) or “numerical distance effects (NDE) (c.f. Dietrich et al., 2015). Inglis and Gilmore (2014) suggested to completely 

abandon NRE indices as a measure for ANS-acuity, since they show poor reliability and convergent validity. Accuracy 

and weber fractions, however, have displayed reasonable convergent construct validity and acceptable reliability 

over different task paradigm implementations (Dietrich et al., 2015; Inglis & Gilmore, 2014; Lindskog et al., 2013; Price 

et al., 2012). Therefore, both measures are reasonable candidates to measure ANS-acuity. Guillaume and Van Rinsveld 

(2018) discussed that weber fractions require intricate calculations, but for most use cases do not provide additional 

information over simple accuracy measures. This is a strong argument for using accuracy measures, which is in line 

with the suggestion of Inglis and Gilmore (2014), who argued from a reliability perspective. However, Guillaume and 

Van Rinsveld (2018) pointed out that only specific weber-fractions allow modelling specific contributions of numerical 

and non-numerical dimensions in an approximate numerosity task. 

Reviewing evidence from literature, we concluded that a paired DCT and match-to-sample tasks with accuracy 

measures or weber fractions (e.g., according to the method proposed by DeWind et al. (2015)) would be a reasonable 

methodology to investigate approximate numerosity estimation and test what mechanisms might underlie numerosity 

perception. To my knowledge, this method has not been applied or adapted to data of ANS-tasks in the haptic modality 

before. In our first study (Ziegler & Drewing, 2022), we went for a weber fraction algorithm similar to that proposed 

in DeWind et al. (2015), since we were interested in modeling potential contributing factors to the numerosity percept.  

In our second study (Ziegler et al., 2023), we used an adapted variant of a match-to-sample task and accuracy 

(number of correct trials) as index to assess a person’s ANS-acuity. Match-to-sample tasks formerly displayed 

validity (Dietrich et al., 2015) and with our adaptations we could additionally investigate spatial influences onto the 

numerosity percept in our experimental setup. To my knowledge, our approach of testing potential effects of spatial 

influences in a cross-modal (haptic to visual) setup with a paradigm using massed numerical stimuli has not been 

adapted before. 
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2.2 What Factors Shape a “Numerosity Percept”? 

A second point that motivated this work stems from recent publications, which found that participants’ response 

behavior in approximate numerosity tasks is influenced by other factors than just number, such as the convex hull, 

area, spatial or density related factors of a dot array (Bertamini et al., 2016; Clayton et al., 2015; Tomlinson et al., 2020). 

Area as a factor, e.g., the cumulative surface area of a dot array, was more likely to be relevant in younger children 

(Lourenco & Bonny, 2017; Tomlinson et al., 2020). Spatial related contributions, however, such as the convex hull, have 

repeatedly been found to be a significant factor in approximate numerosity tasks, also in adult samples (Clayton et 

al., 2015; Clayton & Gilmore, 2015; Gebuis & Reynvoet, 2011; Pekár & Kinder, 2020).  

Non-numerical information, e.g., the spatial area covered by non-symbolic stimuli or their spatial arrangement, 

seems to affect the numerosity percept in unimodal approximate numerosity tasks (Clayton et al., 2015; DeWind et al., 

2015; Gilmore et al., 2016; Hendryckx et al., 2021; Szucs et al., 2013; Tomlinson et al., 2020). DeWind et al. (2015) 

formalized that influence onto approximate numerosity perception into a taxonomy of number, size and spacing. Their 

method allows to statistically quantify these factors and calculate a weber fraction that controls for these influences 

(DeWind et al., 2015; DeWind & Brannon, 2016). However, this quantification has not yet been adapted to other 

modalities, which would clarify whether or not number solely accounts for the response behavior of participants in a 

DCT in another modality. 

 

2.3 Modality x Method in ANS Assessment 

A third major point that motivated our studies was that research on larger numerosities has mainly focused on 

the visual modality. Only few studies have utilized auditory stimulus material, e.g., tone sequences (e.g., Izard et al., 

2009) or sequential dot and tone sequences in same–different or arithmetic tasks (Barth et al., 2003, 2005). Hence, 

the assumption of a system that extracts numerosity independently of the sensory input is rarely addressed in 

different sensory modalities. Furthermore, studies that have examined the numerosity perception with approximate 

numerosities in different modalities have often crossed the task paradigm with the modality, e.g., comparing auditory 

tone sequences (sequential paradigm) with visually presented dot arrays (massed presentation paradigm). Several 

studies reported performance differences between modalities when presentation format is crossed with modality 

(e.g., Anobile et al., 2018; Barth et al., 2003). In these cases, it is no longer possible to clearly attribute differences in 

performance (ANS-acuity) either to methodological variance or to actual differences based on the numerosity 

perception. To take this even further, studies that reasonably addressed methodological pitfalls in the ANS-acuity 

assessment and kept modality and presentation format constant show heterogeneous results in the performance 

between modalities, sometimes showing associations between modalities and sometimes not (Tokita et al., 2013; 

Tokita & Ishiguchi, 2016). 

 

2.4 Summary Research Gap and State-of-the-Art 

Even though the assumption of an amodal abstract numerosity percept is sound in theory, there are 

inconsistencies, ambiguities and straightforward unknowns regarding this part of the ANS theory. Unknowns remain 

because only a small proportion of studies actually probed approximate numerosity estimation in any other modality 

than the visual. A claim for amodality of numerosity by the ANS, however, should include empirical evidence from any 
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modality in which approximate numerosity perception can be probed. I argue that this important aspect of the theory 

is volatile, since evidence in the auditory modality is rare and evidence from the haptic modality even scarcer. 

Ambiguity stems from methodological issues in some studies, for example, when paradigms are crossed with 

modality, which makes the results difficult to interpret. Variance of the method is confounded with variance of the 

numerosity estimate. In addition, there is a plethora of methods in how to assess a person’s ability to discriminate 

numerical magnitudes (ANS-acuity), but not all have been found to be reliable or valid measures. Further ambiguities 

come from studies that show heterogeneous results regarding the question whether the ANS enables a shared, 

perhaps abstract numerosity representation. Inconsistencies with the theoretical ANS assumptions come from recent 

studies in the visual modality that demonstrated that other factors than just “number” seem to be relevant 

contributors for a numerosity percept. 

 

3 The Rationale of the Experiments 

The overarching aim of this work was to test and clarify theoretical assumptions of the Approximate Number 

System. We critically investigated the amodality claim using symmetric methodology in behavioral experiments for 

the haptic and the visual modality. The haptic modality is suitable for experiments with approximate number, since 

task paradigms with massed presentation of numerical stimuli, like in the paired DCT or in a match-to-sample task, 

can be implemented. By including this modality and pairing it with state-of-the-art adapted methods, we enrich the 

current debate around approximate numerosity processing with new evidence from an underrepresented modality. 

Our chosen set of methods also allowed exploring whether spatial information in particular, e.g., certain dot pattern 

configurations, influence the response behavior of participants. 

In the first study (Ziegler & Drewing, 2022), we focused on the association between performance in a DCT in the 

haptic and the visual modality with the idea of “convergent construct validity” in mind. If a numerosity percept is 

abstract and the source modality is irrelevant to the numerosity percept, as it is according to strongly formulated 

ANS assumptions, we expect a strong correlation across modalities between the performances of individuals in a 

DCT. In this work, we emphasized on using what we have elaborated as best practice in the assessment of ANS-acuity 

and use this knowledge to design a DCT with reasonably matched methodology in both modalities. As a novelty, we 

implemented a test-retest design for the haptic (as well as the visual) DCT, which allowed to evaluate the reliability 

of this implementation. Furthermore, our methods allowed for a differentiated analysis of the data, which revealed 

that indeed, and as expected, number was the primary factor affecting the response behavior of our participants. 

However, in both modalities, we also found that besides number another factor significantly influenced participants’ 

performance: the spacing of the stimuli.  

In our second study (Ziegler et al., 2023), we addressed more thoroughly the idea that humans extract numerosity 

from a certain source stimulus by “filtering out” covariant factors, such as spatial information, which was found to be 

significant in our first study (Ziegler & Drewing, 2022). According to the strong theoretical ANS assumptions, these 

spatial factors would not influence a participant’s performance in another target modality. In this study, we used a 

novel form of numerosity matching task (an adapted match-to-sample task) in a cross-modal (haptic / visual) 

paradigm. We presented dot patterns haptically that conveyed spatial information allowing us to test whether spatial 

information does influence response behavior, contrary to the assumed mechanism in the strong assumptions of the 

ANS theory. 
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3.1 Summary of Study 1: Get in touch with numbers – an approximate number comparison task in the haptic modality3 

 
Ziegler, M. C., & Drewing, K. (2022). Get in touch with numbers – an approximate number comparison task in the haptic 
modality. Attention, Perception, & Psychophysics. https://doi.org/10.3758/s13414-021-02427-6 

 

In this study, we investigated the ANS amodality claim by means of a paired dot comparison task. We tested 

whether ANS-acuity measured with a paired DCT would yield similar results in the haptic and the visual modality; 

additionally, we tested the reliability of our task implementation. Furthermore, we were interested in potential factors 

that contribute to a numerosity percept other than number. Our screening of relevant literature identified two issues 

with the current state-of-the-art ANS assumption of amodality. First, studies that have investigated the perception 

of approximate numerosity using reasonable methodology found that responses of participants are influenced by 

other factors, such as spacing-related factors, and second, there is a lack of studies that tested the amodality 

assumption in another modality than the visual. 

Especially the haptic modality has been underrepresented so far. Only a single study by Gimbert et al. (2016) used 

an adaption of a paired DCT with accuracy as performance index, which is well suited to investigate ANS-acuity. 

Gimbert et al. (2016) presented ratio-dependent performance as evidence for a shared cognitive system (ANS) that 

processed numerosity in both modalities, but they omitted an essential part of what we considered a conclusive 

empirical evidence for a shared (amodal) approximate number system: a strong correlation of their performance 

indices between modalities. We found that this and several other methodological aspects of the DCTs, especially their 

haptic DCT, could be improved. In brief, 1) we ensured sufficient spacing between dot stimuli to allow participants to 

reliably individuate the numerical stimuli with the palm of their hands. Second, we implemented a higher stimulus 

variety, i.e., different patterns, to reduce potential risk of biases. Third, we emphasized differentiated assessment and 

reporting of the tested ratios in the DCT that consecutively allowed a check for psychometric features (e.g., a reliability 

estimation). Lastly, we additionally calculated weber fractions adapted from DeWind et al. (2015) as ANS-acuity 

indicators as this index is a statistically adjusted weber fraction based on numerosity. It also allowed us to examine 

and model additional factors (e.g., the spatial information of a pattern) that might influence participants’ responses. 

In summary, with our implementation of a visual and a haptic DCT, we addressed the following questions in Ziegler 

and Drewing (2022):  

a) Do adult participants express typical ratio-dependent performance in both versions (haptic, visual) of the 

DCTs? 

b) What is the relative weight of factors that lead to the percept of numerosity? 

c) How stable is the test–retest reliability of the haptic DCT and the visual DCT? 

d) Do participants’ individual and group-wise performances correlate between the haptic and the visual DCT 

(construct validity)? 

                                                           
3 Transparency disclosure: Figures and Tables and their respective captions in this section are either directly taken from Ziegler 
and Drewing (2022) or slightly altered in their layout. License: CC BY 4.0. See references for source. 
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Methods 

In the experiment, 67 participants performed two variations of a DCT, a visual and a haptic DCT, in each of two 

sessions. They had to determine which of the two dot arrays contained a higher number of dots. We tested different 

ratios in the DCT, 2.00, 1.33, 1.20, 1.14, and 1.11. The dot patterns contained 5 to 20 dots per stimulus. We referenced 

the task parameters on the implementation of Halberda et al. (2008).  

A custom-made C++ program realized the visual DCT. We presented two dot patterns, one on the left side and 

one on the right side on a computer screen. The haptic DCT version was realized with styrofoam hemispheres and 

industrial map pins as numerical stimuli (see Figure 1). Participants sat at a table behind an opaque curtain, which 

prevented the participant from seeing the two hemispheres. Participants were instructed to examine the 

hemispheres with the palm of their hands. 

 

Figure 1 

Model of a Haptic Stimulus in the Experiment 

 

Note. Left Side: Styrofoam hemisphere with exemplary dots (pins) on three radial orbits. Right side: Quadrant with all possible 
slots for a pin. Position of the slots in degrees from the origin for one quadrant. Slots in the first orbit are perpendicular to the 
origin.  
 
 
Results 

Ratio dependency. We demonstrated that in both modalities, participants expressed a typical ratio-dependent 

response pattern. Smaller ratios became increasingly more difficult to distinguish for the participants. Furthermore, 

we found a significant main effect for modality (sensory modality), which reflected that participants showed better 

performance on average in the haptic modality (rmANOVA with the variables number ratio (2.00, 1.30, 1.20, 1.14, and 

1.11) and sensory modality (haptic, visual), F(4, 264) = 1367.56, p < .001, η𝑝𝑝2  = .954, all contrasts significant after 

Bonferroni adjustment, see Figure 2). The ratio dependence in both modalities can be seen as indicator for the 

involvement of the ANS. 
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Figure 2 

Ratio-to-Correct Responses Plot for Visual and Haptic DCTs Aggregated Over Sessions 

  
Note. Semilog plot. Errorbars represent the standard error of the mean.  

 

Relative weight that contribute to the numerosity percept. We modeled our data for the visual and the haptic 

dataset according to adapted equations from DeWind et al. (2015) method. This allowed us to model the response 

behavior of all participants as a group model for the factors number, spacing and the tendency to choose a particular 

side. Table 1 shows the statistics of the underlying logistic regression model for the modalities (visual in two separate 

versions according to a control variable: DSC = dot size controlled / SAC = surface area controlled). The results show 

that besides number as strongest contributor the factor spacing became significant in each model, which indicates 

that spatial features (here mainly driven by the convex hull) are relevant for the numerosity percept. 

 
Table 1 

Estimated Model Coefficients and Statistics for Coefficient Tests Against 0 for Each Modality  

Coefficient β Z SE p 

Haptic     

 

𝛽𝛽𝑛𝑛𝑛𝑛𝑛𝑛  2.534 48.39 0.052 <.001*** 

𝛽𝛽𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  0.264 10.38 0.025 <.001*** 

𝛽𝛽𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  -0.101 -6.82 0.015 <.001*** 

Visual DSC     

 

𝛽𝛽𝑛𝑛𝑛𝑛𝑛𝑛 2.349 103.462 0.023 <.001*** 

𝛽𝛽𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 0.267 41.917 0.006 <.001*** 

𝛽𝛽𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  -0.010 -1.457 0.007 .145 

Visual SAC     

 

𝛽𝛽𝑛𝑛𝑛𝑛𝑛𝑛 2.045 101.537 0.020 <.001*** 

𝛽𝛽𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 0.270 43.620 0.006 <.001*** 

𝛽𝛽𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  -0.017 -2.568 0.007 .010a 

Note. 𝛽𝛽𝑛𝑛𝑛𝑛𝑛𝑛 and 𝛽𝛽𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 are regression weights for the log2 number and spacing ratios, respectively, and 𝛽𝛽𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠reflects a 
response bias towards one side; z is the test statistics of a significance test against zero, SE is the standard error of the 
regression weights. Visual condition 48,240 trials; haptic condition 10,720 trials. a not significant after Bonferroni adjustment. 
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Reliability and (Construct) Validity. Our check for the reliability of the DCTs revealed that the visual DCT showed 

acceptable reliability, while the haptic version suffered from relatively poor reliability (see Table 2), but was also 

measured with a smaller number of trials. We could not find correlations between the individual performance of the 

haptic and the visual DCTs of participants. Statistical corrections indicated that a correlational effect remained 

unlikely even under the assumption of higher reliability of the haptic DCT, based on the correction formulas. Hence, 

we found no indication for a construct validity that is in line with the classical assumptions of a strong ANS theory 

that would allow shared number processing between sensory modalities. 

 
Table 2 

Correlations of ANS Acuity (w) Across Individuals, Test Statistics and Adjusted Task Reliability (ATR) 

Modality r N t df CI 95% [lower] CI 95% [upper] P ATR 

haptic – haptic .251 67 2.088 65 0.011 0.463 .041* .401 

visual – visual .736 64 8.549 62 0.598 0.831 <.001** .848 

haptic – visual -.133 65 -1.067 63 -0.365 0.114 .290 - 

Note. Intra-modal correlations are calculated between first and second session; cross-modal correlations are calculated 
between modalities (trials aggregated over both sessions, respectively). Spearman-Brown corrected reliability (for the number 
of trials in the cross-modal correlation) is reported. Statistics calculated for 80 trials.  
 

Figure 3 

Scatterplots of Individual w’s (ANS-Acuity) for the Visual and the Haptic DCTs 

 
Note. a visual-haptic, b haptic t1-t2, and c visual t1-t2. Intra-modal correlations are calculated between first and second session; 
cross-modal correlations are calculated between modalities (aggregated over both sessions; t1 = session 1, t2 = session 2, 
respectively).  
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Discussion 

In this work, we demonstrated that regardless of the source modality (haptic or vision), participants mainly based 

their responses on number in the DCTs, which is indicated by the ratio-dependent performance, as well as the 

regression weights in our logistic regression model. However, the influence of number slightly but significantly 

differed between the sensory modalities and, additionally, we found for both modalities a similarly sized smaller 

influence of spacing-related factors (driven by convex hull). The reliability of our DCTs turned out to be reasonable in 

the visual modality but relatively poor in haptic modality. Our analysis did not reveal a correlational link between the 

performances of the two modalities even though number was a strong influence in all conditions. This absence of an 

effect remained after accounting for poor haptic task reliability. In a strong interpretation of the ANS theory, number 

is an independent feature and the ANS would filter out any non-numerical stimulus features from the source material. 

Therefore, the performance of participants should have been highly similar between modalities, especially since we 

used the same numerical content in the same assessment paradigm. However, our results did not indicate an 

association of ANS-acuity between the modalities. With the methodological improvements we made in design, haptic 

stimulus material, and particularly in data analysis, we conclude that the assumption of a common cognitive system 

for numerosity encoding between the visual and haptic modality might have been made precipitously. Our results 

might be explained in a theoretical framework that allows other features than just number to shape a numerosity 

percept and include modality-specific mechanisms.  

 

3.2 Summary of Study 2: The Role of Spatial Information in an Approximate Cross-Modal Number Matching Task4 

 
Ziegler, M. C., Stricker, L.K., & Drewing, K. (2023). The role of spatial information in an approximate cross-modal 
number matching task. Attention, Perception, & Psychophysics. https://doi.org/10.3758/s13414-023-02658-9 

 

In our first study, we found rather contradictory evidence to the widely assumed axiom of amodality that goes 

along with “strong” interpretations of the ANS theory. We confirmed that numerosity processing in the haptic modality 

is possible and, furthermore, that spatial information (factor spacing) was a significant predictor as well. In this study, 

we elaborated on that finding in using a cross-modal paradigm to clarify whether spatial information is extracted 

from non-symbolic numerical stimuli and influences the discrimination performance of participants. Previous cross-

modal studies often times relied on sequential presentation of numerical magnitudes, e.g., via vibro-tactile stimuli 

that present numerosity with sequences of vibrations (Tokita & Ishiguchi, 2016), which, unlike massed presentation, 

e.g., in a dot-array, does not convey topological, spatial information. Here, we adapted a number match-to-sample 

task that allowed to include spatial information and consequently test whether it is relevant. Our idea was that if 

spatial information is extracted and affects individual’s responses, it contradicts the widely assumed ANS mechanism. 

Specifically, we tested whether numerical and spatial information was extracted from the haptic modality and 

whether the information is available to participants when making a numerosity comparison in the visual modality. 

                                                           
4 Transparency disclosure:  
This paper partially incorporates data that also has been used for L.K. Stricker's bachelor's thesis (Stricker, 2021), which was 
supervised by MCZ.  
Figures and Tables and their respective captions in this section are either directly taken from Ziegler et al. (2023) or slightly 
altered in their layout. License: CC BY 4.0. See references for source. 
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Methods 

50 undergraduates participated in our cross-modal number matching task. Participants extracted numerosity 

from a dowel array that was explored with the palm of the hand for a total of 4.5 seconds. Afterwards, they compared 

the numerosity to two visually presented dot arrays (see Figure 4). Participants were instructed to decide which of 

the two visually presented patterns matched the numerosity that was prior presented in the haptic modality. We 

varied whether the visual target stimulus was a random dot array (spatially random [SR]) or the exact spatial layout 

of the haptic dowels (spatially identical [SI]). In the spatially random condition, we furthermore manipulated the 

convex hull of the dot patterns and evaluated whether convex hull (more specific, an index based convex hull and 

sparsity of the array) influences the participants responses. Additionally, we varied the difficulty of the pattern match 

by varying the ratio between the target stimulus and the distractor stimulus (1.11, 1.14, 1.20, 1.33. 2.00).  
 

Figure 4 

Illustration of the Procedure in the Cross-Modal Matching Task. 

 
 

Results 

Ratio and Pattern. We ran a rmANOVA that revealed a significant main effect for the factor ratio (2.00, 1.30, 1.20, 

1.14, and 1.11) with F(4,196)= 59.246, p < .001, η𝑝𝑝2  = .547 and a significant main effect for the factor pattern (spatially 

identical, spatially randomized) with F(1,49)= 59.571, p < .001, η𝑝𝑝2  = .549. In general, participants scored with higher 

accuracy with higher ratios, which is typical for numerosity processing. However, the performance was significantly 

elevated for spatially identical patterns (see Figure 5). Furthermore, there is a significant interaction effect between 

ratio and pattern, F(1,196)= 2.791, p < .001, with a smaller effect, η𝑝𝑝2  = .054. 

 

Logistic Regression Analyses. Within the subset of trials in the SR pattern condition, we distinguished trials where 

the haptic stimulus was spatially congruent vs. spatially incongruent to the visual target stimulus. We calculated two 

logistic regression models, each for trials in which the target number was higher (model A) than the distractor and 

complementarily for the lower target number (B). We found that for model A, spatial congruency (based on convex 

hull) facilitated correct responses whereas in model B, spatial congruency was not a significant predictor. Only high 
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numerical magnitude, paired with high congruent spatial magnitude, resulted in facilitating the performance of 

participants. 

 

Figure 5 

Mean Percentage Correct per Ratio and Pattern in the Complete Sample. 

 
Note. “SI” refers to the spatially identical pattern condition when the haptic dowel array and the correct visual dot array match in 
numerosity and also in spatial arrangement. “SR” refers to the spatially randomized pattern condition, when the haptic dowel 
array and the correct visual dot array solely match in numerosity but not in spatial arrangement. N = 50. 

 

Discussion 

In this study, we again confirmed that individuals are able to use numerical information extracted from haptically 

presented source material. In addition, we demonstrated that participants are able to match the haptically extracted 

numerosity to a visually presented target with typical ratio-dependent accuracy that is related to the difficulty of the 

numerosity comparison in a cross-modal paradigm. Since we used a paradigm with massed numerical stimuli, we 

were able to investigate and manipulate spatial properties of the patterns. As an improvement to our previous study, 

we varied the haptic (and also the visual) patterns in every trial, which has been discussed in Ziegler and Drewing 

(2022). In a “strong” interpretation of abstract numerosity estimation within the classical ANS theory assumption, 

spatial information would not affect performance under manipulation of the spatial layout of the arrays. However, 

contrary to this assumption, our analyses revealed a significant main effect of the factor “pattern”, which implies that 

spatial information is a) extracted b) maintained throughout cognitive processing and c) impacts a participant’s 

response behavior. This result again encouraged us to think and discuss alternative proposals that would account 

better for additional non-numerical information to influence participants’ responses. We also discussed whether 

attentional factors might contribute to our results and whether there is a more general framework in which 

approximate number processing can be located: ensemble statistics (c.f. Alvarez, 2011). 
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4 General Discussion 

The Approximate Number System is thought to be part of the cognitive system which allows to perceive and 

represent number (Brannon & Merritt, 2011; Dehaene, 2011; Feigenson et al., 2004; Odic & Starr, 2018; Spelke, 2022; 

Spelke & Kinzler, 2007). One assumption of the ANS is that humans can form abstract representations of number 

regardless of the source modality, e.g., extract the (approximate) number of coins in the palm of a hand, both visually 

or haptically (Brannon & Merritt, 2011). According to the most prevalent theory, the ANS extracts numerosity directly 

from the environment by a mechanism that filters out covariant features (Dehaene, 2011; Gebuis et al., 2016; Leibovich, 

Katzin, Harel, et al., 2017; Lourenco & Aulet, 2022; Tokita & Ishiguchi, 2016). This aspect of numerosity extraction of the 

ANS theory can be classified as “direct model” of numerosity estimation, in which “number” is a primary feature of a 

stimulus, rather than a feature derived from auxiliary cues, e.g., density or area, which in turn can be categorized as 

“indirect models” of numerosity perception (Qu et al., 2021). Currently, the yet unclear underlying mechanisms of 

numerosity perception are “hotly” debated (Testolin et al., 2020).  

In our studies, Ziegler and Drewing (2022) and Ziegler et al. (2023), we tested and clarified theoretical 

assumptions of the ANS with an emphasis on using different modalities (haptic / visual) and elaborated methods for 

ANS assessment. In particular, we investigated the amodality claim of the ANS and the assumed underlying 

mechanism that extracts numerosity directly from the stimuli regardless of the source modality into an abstract 

number percept. We adapted methodology, which has already displayed validity in capturing individual differences in 

numerosity processing (Dietrich et al., 2015; Inglis & Gilmore, 2014; Price et al., 2012). In addition, we kept the 

presentation format for the number stimuli constant instead of crossing the presentation format with modality, which 

confounds potential method and modality effects. 

Since studies that investigated numerosity perception in the haptic modality are very sparse, one important result 

of our studies is that approximate numerosity processing is possible with means of paired or massed presentation of 

approximate numerical stimuli in the haptic modality. In both of our methodologically adapted paradigms, intra-modal 

and cross-modal with massed presentation of numerical stimuli, we found typical ratio-dependent performances of 

participants, which is typical for processing of number (Brannon & Merritt, 2011; Dehaene, 2011; Feigenson et al., 2004; 

Gimbert et al., 2016; Odic & Starr, 2018). Ratio-dependent performance in a numerosity comparison task is a strong 

indicator of ANS involvement and has been shown intra-modally before in the combination of the visual and haptic 

modality with massed presentation of numerical stimuli (Gimbert et al., 2016). 

Yet, our results in Ziegler and Drewing (2022) and Ziegler et al. (2023) indicate that participants mainly, but not 

exclusively, used numerosity to accomplish the respective task. We demonstrated additional influence of spatial 

factors with a logistic regression model adapted from DeWind et al. (2015) in Study 1, and with an experimental 

paradigm that systematically varied spatial information in the number-matching task in Study 2. 

Assuming that number is the primary feature and the ANS filters out all confounding features from the stimulus 

material, an individual’s ANS-acuity should have been highly similar across modalities. We investigated this in Study 1 

as an instance of (construct) validity for a shared amodal system. Our results in Ziegler and Drewing (2022), however, 

did not reveal a correlation of performance (weber fractions) between modalities, which would have been plausible 

if participants discriminated abstract representations of approximate numerical magnitude within the task. The 

individual’s weber fractions rather differed, not only in the haptic condition compared to the visual condition but also 

intra-modally within the visual control conditions. Some differences may be partially attributed to modality specific 
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DCT implementations we made, but since we have reasonably adapted the tasks in our experiment, we think 

performance differences rather reflect actual differences in numerosity processing. However, there is a caveat when 

interpreting the association of weber fractions between the haptic and visual modality in our first study. We 

investigated the test-retest reliability of both paired DCTs (visual / haptic), which revealed sufficient visual DCT 

reliability but a rather low haptic DCT reliability (c.f. Evers, 2001). This is a methodological shortcoming, which may be 

attributed to the number of experimental trials in the experiment, which was lower for the haptic DCT. Therefore, we 

could not unequivocally draw a conclusion about an association of ANS-acuity between the modalities. However, even 

after a correction for attenuation we did not find a medium-sized or larger (positive) correlation between the weber 

fractions (Ziegler & Drewing, 2022). Differences in the numerosity perception between modalities and between visual 

conditions furthermore became visible (and tangible) when we modeled the responses with the prediction model of 

DeWind et al. (2015). The probability to choose a certain side as a function of numerosity (number ratio) differed in the 

haptic and the visual modality modeled over all participants. This evidence also questions the independence of the 

numerosity percept from the source material and rather points towards modality specific mechanisms (Ziegler & 

Drewing, 2022). At last, in Study 1, we found evidence that factors beyond “number ratio” (i.e., numerosity) contributed 

to the participants’ responses. In particular, we found that the compound factor of “spacing”, which reflects spatial 

information of a pattern, was a significant predictor in our DCTs. In our second study, we further explored the effect 

of spatial information onto the participants’ performance, when we directly manipulated the spatial configuration of 

dot patterns (or dowel patterns). The results showed a striking facilitating effect for patterns that were identical in 

their layout between the haptic and the visual modality. Furthermore, we found a (partial) facilitating effect when 

non-identical patterns were spatially congruent (Ziegler et al., 2023). These facilitation effects are remarkable, since 

they indicate that spatial information was transferred via the haptic source modality and affected the response 

behavior of participants even across modalities. Spatial information of the numerical source stimuli was apparently 

extracted along with number, which is another dissonance to the classical understanding of ANS mechanisms as 

described in e.g., Brannon and Merritt (2011); Dehaene (2011); Dehaene and Changeux (1993). 

Taking evidence of both of our studies in account, we consider the assumption of a mechanism that enables 

abstract perception of numerosity by filtering out covariant stimulus features to be unlikely. Our studies demonstrated 

empirical evidence that allows the interpretation that a “numerosity percept” is sensitive to stimulus features that 

can be modality-specific but also occur within the same modality depending on the controlled stimulus feature (e.g., 

average dot size vs. cumulative surface area). I speculate that these subtle differences in the numerical stimuli shape 

numerosity percepts, which diverge to the extent that we could not find an association of numerosity discrimination 

performance between the haptic and visual modalities (Ziegler & Drewing, 2022). However, they do not discount that 

number is the strongest influencing factor, but necessarily question the “cardinality” of the mechanism of approximate 

numerosity perception proposed by the “strong” assumption of the ANS theory. 

The assessment of ANS-acuity, or in more general, the ability to discriminate approximate numerical magnitudes, 

with reasonable methodology has been a focus in our studies. Our methodological adaptation of paradigms that have 

been found valid in the visual modality (Dietrich et al., 2015) allowed to test an assumed axiom of the ANS theory. Vice 

versa, our experiments revealed mechanisms that contribute to a numerosity percept in both the visual and the haptic 

modality and across both modalities. Our findings suggest paying even more attention to the implementations of the 

numerosity tasks, since performance appears to be affected by various stimuli features. This is in line with recent 
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meta-analytical findings of Guillaume and Van Rinsveld (2018), who expressed concerns that different control 

conditions significantly affected performance in numerosity tasks, weber fractions in particular. Results of both our 

studies showed that the non-numerical dimensions affected performance, most likely in both of our examined 

modalities.  

However, the modality-specific adaptations of massed presentation of “dot” arrays also have their own 

methodological limitations5, which I want to point out here, since our haptic implementations are a novelty. In our 

haptic numerosity tasks, we focused on important details, e.g., assuring that the spacing of stimuli (pins or dowels) 

allows participants to enumerate every single entity with the palm of their hands. We ensured this via pre-tests and 

screening the scarce suitable literature (c.f. Craig & Lyle, 2001; Ginsburg & Pringle, 1988). However, we did not 

implement a control condition equivalent to the cumulative surface area control (SAC-control) implemented in some 

visual numerosity estimation tasks (c.f. Halberda et al., 2008) and also in a haptic numerosity discrimination task of 

Gimbert et al. (2016). The main issue we saw here, which ultimately led to the decision not to implement a direct 

equivalent as in the visual domain, is that the haptic skin deformation evokes the “intensity” in active touch (c.f. 

Hayward, 2011). Consequently, smaller pins would rather cause more intense stimulation than larger ones, following 

an inverse logic of the surface-area control in the visual modality (Ziegler & Drewing, 2022). For future research, 

however, this is an interesting and important topic to cover, i.e., does intensity of skin deformation of different 

numerical stimuli systematically modify a numerosity percept? Overall, I think that the haptic modality is an 

adventurous testing ground for numerous approximate numerosity related paradigms, e.g., paired paradigms like in 

our studies. I think it is exciting to endeavor the modality further as it can also be utilized to test whether numerical 

illusions or adaptation effects that have been found in the visual modality also occur haptically or cross-modally (c.f. 

Adriano et al., 2021). 

Another general criticism of both of our studies is that participants may have used “strategies” to some extent in 

the respective task which “bypassed” the mechanisms of numerosity estimation. Such strategies would be rather 

domain unspecific and might have contributed to the task performance. Evidence from literature indicates that there 

is indeed inter-individual use of strategies in numerosity estimation tasks by participants (Dietrich et al., 2019). In our 

second study (Ziegler et al., 2023), for example, the facilitating effect found in the “spatially identical” condition could 

partially stem from a strategy use of “shape recognition”, which can be seen as a factor that bypassed approximate 

numerosity estimation. In other words, participants would have achieved better discrimination performance because 

they simply identified salient points of the dowel pattern and matched the “shape” of the pattern to the visual target, 

rather than estimating the numerosity. However, considering the bigger picture of evidence (ratio dependency, logistic 

regression analyses in both studies; Ziegler et al., 2023; Ziegler & Drewing, 2022), I think that participants mainly 

processed numerical and spatial attributes of the dot stimuli to meet task demands, and that this information 

influenced internal representation of numerosity rather than extensive strategy use. Since “shape recognition” is also 

rarely reported as a strategy in numerosity estimation tasks (Roquet & Lemaire, 2019), I think of strategy use as 

possible but rather minor factor in our experiments. Further studies, however, should investigate whether the 

frequency of the described strategies found in the visual modality applies similarly to the haptic modality, and 

qualitatively examine whether certain strategies are used to estimate numerosity (see Dietrich et al., 2019; Roquet & 

Lemaire, 2019). 

                                                           
5 Specific limitations can be found in the respective papers. I focus here on aspects that can apply for both studies. 
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As already mentioned, the underlying mechanisms of (approximate) number perception and processing are 

currently “hotly” debated (Testolin et al., 2020) and different proposals have been made, which are likewise 

controversially debated. These proposals add perspectives on numerosity perception but differ in their views whether 

number is a distinct, primary feature, abstract, a magnitude among others or a feature that is composed from non-

numerical magnitudes of stimuli or whether there is an innate “number sense” (Allïk & Tuulmets, 1991; Clarke & Beck, 

2021; Dehaene, 2011; Gebuis et al., 2016; Gevers et al., 2016; Kadosh & Walsh, 2009; Leibovich, Katzin, Harel, et al., 2017; 

Lourenco & Aulet, 2022; Walsh, 2003; Zorzi & Testolin, 2018). Our research contributes to the forthcoming in the field 

since we revealed mechanisms that shape a numerosity percept in the haptic and the visual modality with coherent 

and plausible methodology. Furthermore, we showed numerosity percepts can deviate from modality to modality and 

within control conditions. Our results are in line with recent findings that revealed additional influences in primarily 

visual numerosity tasks (c.f. Clayton et al., 2015; Clayton & Gilmore, 2015; Gilmore et al., 2016; Tomlinson et al., 2020). 

In both our studies, we accumulated evidence that shows in particular that spatial and potentially other factors, e.g., 

area, influence a percept. As mentioned, we think that our results are partly in conflict with the classical ANS view 

and that other theoretical proposals could generally explain our data quite well. For example, the “sensory 

integration” proposal given by Gebuis et al. (2016) would in principle be in line with our data. Their proposal can be 

framed as an “indirect model” of numerosity estimation and suggest that numerosity estimation is a process of 

integrating different sensory cues, e.g., density of a dot pattern or its surface area. According to their view, different 

sensory cues contribute to a final percept with a specific weight. Therefore, features that are more salient would gain 

more significance in deciding which dot array is more numerous. This proposal is widely congruent with our 

observations and the results of our regression models, since Gebuis et al. (2016) also emphasize that sensory cues 

are not removed in the process of shaping a numerosity percept (opposed to the classical ANS view). Another 

important factor in sensory integration theory is that Gebuis et al. (2016) do not argue for “abstract” numerosity, in a 

sense of it being abstract when a mental representation is solely influenced by the numerical value. This could 

possibly explain the absence of a correlation between modalities we found in Ziegler and Drewing (2022). My 

speculation here is that the numerosity percept was weighted differently in both modalities due to “sensory cues”, 

which resulted in rather modality-specific weights and representations of numerosity. If any “confounding” variable 

had influence on the percept and numerosity was estimated with an integration of the stimulus features, it would not 

be likely that our adapted DCTs would result in converging percepts (c.f. Ziegler & Drewing, 2022). Considering number 

itself can be perceived differently between modalities, a lack of performance correspondence between the DCTs in 

our first study would be comprehensible. To investigate the weighting of sensory cues, especially for the haptic 

modality, will be a challenge for further research. Modifications of our experimental setup in Study 2 could provide a 

first approach here. For example, one could use the method of adjustment to systematically vary a sensory feature 

along a single dimension, e.g., the convex hull of a pattern conveyed by a haptically presented dowel pattern to match 

a given numerosity, e.g., visually presented. These experiments would be intricate because each step of variation in 

the sensory feature would also need to be accompanied by another combination of the numerical stimuli that retains 

the same numerosity but varies in the sensory feature.  

As formerly mentioned, the sensory integration theory is only one framework that could explain our data. Other 

authors also argue against the classical ANS assumptions and discourage the classical “number sense” theory, but 

still argue for number as feature that can “holistically” shape a “magnitude” percept along with other magnitudes 
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(Leibovich, Katzin, Harel, et al., 2017; Leibovich, Katzin, Salti, et al., 2017). This can be seen as an extension of the 

classical ANS perspective. Our data might also partially comply with this perspective, since the mechanisms of how 

a numerosity percept is derived are open to number, which contributed strongly to the percept in our experiments, 

as well as other magnitudes. Lourenco and Aulet (2022) have recently introduced an interesting perspective, which 

might also cover a plausible explanation for some of our findings. They argued that number and accompanying 

features of the non-symbolic numerical stimuli, such as spacing or area, are not filtered out in a “sensory stage” (see 

1.1.2 Approximate Number System and its Hallmarks) but rather maintained as “magnitude” information encoded along 

with number. All information would therefore be conveyed and available to an individual. According to their proposal, 

the “experience” of number can be evoked by attention to an internal integral representation. This could, for example, 

explain the strong advantage for identical patterns we found in Ziegler et al. (2023), since all numerical and non-

numerical information was available in a compound percept and covariant congruent information (spatial features of 

a pattern) facilitated the response. However, with this argument, the theory is already taken further than proposed 

by the authors, since Lourenco and Aulet (2022) explicitly limited their ideas to visual number processing.  

The field of numerical cognition is not short on alternative proposals that try to explain aspects and phenomena 

of numerical processing and perception. We suggest there is accumulating evidence to shift the perspective from a 

system that purely and abstractly represents approximate numerical magnitudes into an updated version that 

acknowledges recent findings, e.g., DeWind et al. (2015); Gevers et al. (2016); Gilmore et al. (2016); Hendryckx et al. 

(2021); Leibovich, Katzin, Harel, et al. (2017); Smets et al. (2015). The debate about the cognitive and neural 

representations of number and the search for mechanisms in approximate numerosity perception will be an ongoing 

topic, with new perspectives emerging frequently (e.g., Clarke & Beck, 2021; Lourenco & Aulet, 2022; Pickering et al., 

2023; Sixtus et al., 2023). I think the sheer number of published proposals and the intensity of the debate about one of 

the core mechanisms of numerical cognition are proof that the classical ANS theory (e.g., classical number sense) 

has served the field well, but that it must engage with new ideas and findings. From the data we gathered in Ziegler 

& Drewing (2022) and Ziegler et al. (2023), we will not argue for a specific proposal, since this is beyond the scope of 

our experiments. Our scope in both studies was on approximate numerosity processing in the visual and haptic 

modality, with methods of massed presentation of dot stimuli and the “strong” assumptions of the ANS theory. This 

covers and contributes to a small but substantial part in the overall discussion. Since our data could be better 

explained by other theories, we argue for a broader interpretation of the ANS that allows for additional factors other 

than number to be involved in shaping a numerosity percept or for a shift to alternative proposals (Ziegler et al., 2023). 

I think we have obtained results that advance the field and provide arguments for stimulus and modality-specific 

numerosity perception and against classical “strong” ANS theory assumptions, but further research is needed. We 

also encourage the idea proposed by Marinova et al. (2021), who argue for a specific theoretical framework that 

explains all diverse phenomena in numerical cognition, and consider that humans are rather competent of using 

multiple ways to estimate or process numerosity, depending on the individual and the context of the experiment (e.g., 

specifics of the modality). In addition to that outlook, as we discussed in Ziegler et al. (2023), I think that insights from 

approximate number perception could be reflected in the context of ensemble perception or ensemble statistics and 

attention research (c.f. Alvarez, 2011). Findings from this field suggest that the cognitive system pools local features 

from (visual) scenes into a statistical summary (which can be numerical and spatial) to handle attentional capacity 

limits (Alvarez & Oliva, 2009). In this context, it would be an interesting future topic to examine whether there are 
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common mechanisms underlying numerosity representation and summary statistics (Alvarez, 2011), whether they 

may be concurrent mechanisms, and whether spatial and location-based attentional resources need to be better 

taken into account when designing approximate numerosity tasks, which indeed seems relevant (c.f. Pomè et al., 

2021). 

Taken together, even though the current state of knowledge on approximate numerosity processing has not yet 

revealed what factors underlie the (approximate) numerosity percept and what is therefore known as “ANS-acuity”, 

the potential usefulness of measuring this ability remains. We strongly argue for common standards when assessing 

ANS-acuity, which include paradigms, indices, and implementation details (accurate stimulus protocol, e.g., control 

for convex hull or spacing) and, furthermore, considerations of a) modality specific effects and b) possible “carry-

over” effects of stimulus features in cross-modal ANS tasks.  
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mental representations of larger numbers and is consistent 
with Weber´s Law (Brannon & Merritt, 2011; Feigenson 
et al., 2004; Szkudlarek & Brannon, 2017). Another core 
assumption of the ANS is that numerosity is represented in 
an abstract format that is shared across sensory modalities 
(Barth et al., 2005; Feigenson et al., 2004).

Whereas ratio dependence of approximate numerosity has 
been demonstrated repeatedly (Feigenson et al., 2004; Mou 
& vanMarle, 2014), the assumption of a truly abstract repre-
sentation of number is topic of an ongoing debate (Anobile 
et al., 2018; Anobile et al., 2016; Barth et al., 2003; Barth 
et al., 2005; Gebuis et al., 2016). In the present study, we 
examined the ability to compare approximate numerosities 
in the visual and the haptic modality and investigated their 
commonalities and differences.

The ANS theory suggests that of any given stimulus 
material (e.g., a dot pattern) numerosity gets extracted by 
filtering out the irrelevant confounding features of the stim-
uli (like varying diameter of the dots) and then accumu-
lating the numerosity (Brannon & Merritt, 2011; Dehaene, 
2011; Dehaene & Changeux, 1993; Gebuis et al., 2016), 
implying abstract representations that are independent of 
the used sensory modality. Barth et al. (2003) stated that a 
truly abstract number sense should be robust against varia-
tion of stimulus presentation formats and actual presented 
stimulus material. Comparing performances of number esti-
mation tasks between different modalities as well as cross-
modal paradigms are a straightforward way to examine these 
assumptions.

Research on larger numerosities has mainly been dedi-
cated to the visual modality whereas other modalities have 
not (yet) received similar attention. At least a few studies 
have utilized auditory stimulus material, e.g., tone sequences 
in audiovisual habituation paradigms with newborns (Izard 
et  al., 2009), or sequential dot and tone sequences in 
same–different or arithmetic tasks (Barth et al., 2003; Barth 
et al., 2005). The assumption of a system that is capable of 
extracting numerosity independently of the sensory input has 
been addressed by Barth et al. (2003). They distinguished 
between “not modality specific” representation of number 
and a modality specific “perceptual representation” that also 
might include stimulus specific influences. They argued 
that if a numerosity representation is specific to a modal-
ity, cross-modal numerosity comparisons must fail because 
modality specific percepts will not be compatible. In a series 
of experiments, Barth et al. (2003) tested participants in con-
ditions varying numerosity task formats (temporal/spatial) 
along with sensory modality (within-modality/cross-modal): 
Discrimination of numerosity did not differ significantly 
between within-modality conditions and cross-modal con-
ditions when both stimuli in a trial were following the same 
task format (within-modality: two auditory or two visual 
sequences; cross-modal: comparing an auditory to a visual 

sequence). Also, discrimination performance within a single 
modality did not differ when using different task formats 
(comparing visual sequences to spatial visual dot arrays) as 
compared with using one task format (two visual sequences 
or two visual arrays). The authors concluded that there must 
be a truly amodal representation of number, which is neither 
specific to a modality nor a task format, because in cross-
modal and cross-task conditions participants’ performance 
did not fall behind the performance of their weaker within-
modal and within-task condition, respectively.

However, in the same study by Barth et al. (2003), par-
ticipants performed significantly worse in a combined cross-
modal cross-task condition (comparing a visual dot array to 
tones in a sequence) than in either of the two corresponding 
within-modal same-task conditions (two visual dot arrays 
or two auditory sequences). This seems to indicate that the 
representation of number is at least not completely amodal, 
and that to some extent perceptual cues (conveyed by task 
formats) influence the percept of number. Similarly, Anobile 
et al. (2018) found that individual approximate numeros-
ity performance hardly correlated between a spatial visual 
and a temporal auditory task (at least in adults), whereas 
individual performance within the temporal visual and audi-
tory tasks showed substantial correlations in children and 
adults (Anobile et al., 2018). That is, differences in sensory 
modality and task format resulted in a lack of correlation in 
task performance within adult participants, which is strong 
evidence against an amodal numerosity representation that 
is completely shared between the two tasks. However, in the 
study by Anobile et al. (2018), it is not entirely clear how far 
the lack of correlation leads back to differences in the task 
format or in the sensory modalities.

Tokita et al. (2013) tried to isolate modality-specific fac-
tors influencing numerosity estimation by defining a stricter 
standardization for numerosity tasks in different sensory 
modalities. The authors used strictly parallel sequential 
visual and auditory task formats. Participants compared 
dots or tone sequences within a modality as well as in a 
cross-modal condition. Participants’ performances (Weber 
fractions) showed substantial differences between the visual 
and auditory modality (Tokita et al., 2013). The authors con-
cluded this to be a contradictory result to the assumption of 
a modality-independent numerical representation system, 
since a truly abstract system processing numerosity inde-
pendently would not allow for performance differences. In a 
subsequent study, Tokita and Ishiguchi (2016) extended this 
line of research by evaluating participants’ performance in 
comparing tone sequences and sequences of vibrations (via 
vibro-tactile devices). Here, on the other hand, they found no 
significant differences in participants’ performance between 
the two modalities, which they considered to be expected 
as the auditory and the haptic modality are more alike than 
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are the visual and the auditory domain (Tokita & Ishiguchi, 
2016).

Overall, results are mixed regarding the question of a 
modality-independent representation of numerosity. There 
are also differences in the interpretation of results (Gebuis 
et al., 2016), which partly relate to different understandings 
of the ANS concept following either a strong interpretation 
that the ANS solely extracts number, or a broader interpreta-
tion allowing that additionally other factors play some role. 
A direct comparison of results between studies is further 
complicated by a wide variety of measurement approaches 
for approximate numerosity (different instructions, stimulus 
ranges, presentation formats, etc.).

In the present study, we aim for a straightforward test to 
investigate the question if number representation is abstract 
and grounded in a shared modality-independent system, 
as well as for transparent data interpretation in terms of 
stronger and broader ANS concepts. The present study uses 
parallel tasks formats in the haptic and the visual modality 
(simultaneous presentation of two spatial dot arrays; cf. Tok-
ita et al., 2013) and includes correlations of individual per-
formances as a strong measure of shared representations (cf. 
Anobile et al., 2018). Surprisingly, the haptic modality has 
been left almost untouched for investigating these questions. 
However, spatially separated dot comparison tasks (a.k.a. 
“paired”-paradigm; Dietrich et al., 2015; Inglis & Gilmore, 
2014), can be designed for the haptic modality—as it is the 
case for the visual but not the auditory modality. Therefore, 
a dot comparison task (DCT) format in the haptic modality 
can be implemented fairly similarly to the format that is typi-
cally used in the visual modality. From a theoretical perspec-
tive, this method, where participants have to decide which 
one of two spatially separated dot arrays contains more ele-
ments (Dietrich et al., 2015), is preferred when assessing a 
person’s ANS’s acuity, because this paradigm requires the 
least additional cognitive processes when perceiving numer-
osity (Dietrich et al., 2015). Pioneer work in approximate 
numerosity estimation tasks in the haptic modality was done 
by Ginsburg and Pringle (1988), who, however, used a direct 
numerosity estimation task and not a paradigm with simul-
taneously presented separated dot arrays. To our knowledge, 
the only adaptation of a haptic DCT with simultaneously 
presented and spatially separated arrays has been reported 
by Gimbert et al. (2016). They presented two stimulus sets 
(rectangular pads with raised dots) to 147 children and asked 
them to explore the pads simultaneously via active touch and 
to compare dot numerosity. Pairs of pads represented ratios 
from 1.1 (hardest) to 3.0 (easiest). The children additionally 
performed a visual DCT. The children were able to com-
pare approximate quantities in the haptic DCT and showed 
typical and similar ratio dependent effects in the visual as 
well as in the haptic DCT. Gimbert et al. (2016) concluded 

that a shared mechanism (approximate number processing) 
accounted for their results.

However, this conclusion needs additional testing, 
because it is mainly based on the observation that the aver-
age haptic and visual performance both increase with higher 
ratios. As a number of different mechanisms would predict 
better performance with higher ratios, the shared average 
performance in visual and haptic tasks is not sufficient evi-
dence for a common mechanism. A whole line of recent 
research has identified mechanisms that contribute to par-
ticipants’ numerosity estimates, such as the convex hull or 
area density of a dot array (Bertamini et al., 2016; Clayton 
et al., 2015; Tomlinson et al., 2020). Our approach here is 
to estimate such factors that might additionally contribute 
to the number percept, and to find their relative weight in 
the haptic and visual response process. Thus, we investi-
gate whether number is indeed the strongest influence to 
account for the results. We use an approach suggested by 
DeWind et al. (2015). DeWind et al. (2015) describe dif-
ferent orthogonal factors (number, spacing, and size) that 
contribute to the percept and the participant’s final response 
in a DCT (details in data analysis). Further, we aim to assess 
individual visual and haptic performance in DCTs rather 
than average group performance alone. The individual then 
serves as an additional factor besides ratio that influences 
performance and can be used to test for a shared mechanism: 
If the ANS is cross-modally shared, differences in individual 
performance should covary between the two sensory modali-
ties. Moreover, we also want to advance some stimuli and 
design choices in the study of Gimbert et al. (2016), which 
may have been problematic.

First, we implemented sufficient spacing between dots 
in the haptic DCT (>11 mm based on Craig & Lyle, 2001) 
to allow participants to segregate dots as singular entities 
rather than perceiving them as an essentially not-countable 
texture. Second, Gimbert et al. (2016) seem to have used the 
same limited number of dot stimuli for every child in their 
study, which risks creating confounds and biases related to 
the specifically used dot configurations. In the present study, 
we hence varied the dot patterns used between sessions and 
participants. Third, we collect sufficient data to be able to 
report every tested ratio separately rather than an aggrega-
tion of different ratios into categories (“ratio bins”), and to 
allow for a basic check for psychometric features (e.g., a 
reliability estimation) in our novel implementation of a hap-
tic DCT. Finally, we also calculated mean percentage cor-
rect and Weber fractions as ANS acuity indicators (omitted 
in Gimbert et al., 2016), which can be compared between 
modalities (see Anobile et al., 2018), to investigate if there is 
a shared underlying system that processes the same feature.

In the present study, we presented a visual and a haptic 
DCT to 71 individuals. Our haptic and visual DCT share 
all essential features, which makes them comparable to the 

945Attention, Perception, & Psychophysics (2022) 84:943–959



1 3

extent that if number is the primary source for the percept, 
ANS acuity in both tasks should be highly correlated. These 
include the general paired paradigm (simultaneous spatial 
dot arrays) and identical dot ratios. Obviously, as was the 
case in the previous studies, also some modality-specific 
adaptations were necessary, which we report in detail below. 
We evaluated

a)	 whether adult participants express typical ratio depend-
ent performance in both tasks,

b)	 the relative weight of factors that lead to the percept of 
numerosity by means of a regression model of numeros-
ity perception for each modality,

c)	 the test–retest reliability of the haptic DCT and the vis-
ual DCT, and

d)	 whether participants’ individual and group-wise perfor-
mances correlate between the haptic and the visual DCT.

Methods

Participants

Using G-Power (Version 3.1; Faul et al., 2009), we estimated 
a required sample size of 64 participants to achieve a power 
of .80 (α = .05) for a single-sided medium sized effect (ρ = 
.3) in the correlation of performance indices between sen-
sory modalities. We recruited 71 participants (49 females, 
22 males, mean age 24 years), 67 met the inclusion criteria 
and remained for the data analysis. All participants were 
healthy and had normal or corrected to normal vision. None 
of the participants had any injuries, unusual keratinization 
or scar tissue in the palm of their hands. Participants got 
course credit or eight euro per hour as compensation for their 
efforts. Participants gave written informed consent before 
enrolling in the study. All procedures and methods were 
consistent with the World Medical Association Declaration 
of Helsinki (2013) and were approved by the local ethics 
committee of Fachbereich 06 of the Justus-Liebig-University 
Gießen (LEK-FB 06).

Design, setups, and procedure

In the experiment, each participant performed two vari-
ants of dot comparison tasks (DCTs), a visual and a haptic 
DCT. They had to decide which of two dot arrays contained 
a higher number of dots. We varied the number ratio of the 
presented dot arrays in the following steps: 2.00, 1.33, 1.20, 
1.14, and 1.11 with a number of dots ranging from 5 to 20 
per stimulus (cf. Halberda et al., 2008). We conducted each 
dot comparison in a “single” and a “double” variant (“ver-
sion”). The double variant contained twice as many dots 
per stimulus compared with the single variant (Table 1). 

Furthermore, the more numerous dot patterns were equally 
frequent on the left and the right side of the screen. Our pri-
mary measure for individual ANS acuity was the individual 
Weber fraction (w) per modality condition (DeWind et al., 
2015).

Data collection consisted of two separate sessions. Each 
session took place in a quiet laboratory room in the faculty 
of psychology at the Justus-Liebig-University Gießen. We 
conducted the haptic and the visual DCT once per session, 
respectively. Haptic and visual DCTs were performed con-
secutively within each session. In the second session, we 
reversed the order of the DCTs for the participant. Whether 
the haptic or the visual task was first within a session was 
balanced between participants. We scheduled the sessions 
one week apart from each other (7 days test–retest interval). 
The visual DCT took about 30 minutes. The haptic DCT 
took about 50 minutes. In each DCT, the experimenter moni-
tored the participant over the course of the experiment. The 
participants could pause the experiments any time to regain 
focus on the task.

Visual DCT setting

Participants sat at a table with 90 cm distance to a Dell 
P2213LED Display (22 inches display diagonal) that we 

Table 1   Complete list of all dot comparisons and resulting num-
ber ratios for both visual and haptic DCTs including the additional 
applied control conditions for the visual DCT

Note. DSC = average dot size control; SAC = surface area control.

Comparison Number ratio Visual condition

10 vs. 5 (single) 2.00 DSC / SAC
5 vs. 10 (single) 2.00 DSC / SAC
20 vs. 10 (double) 2.00 DSC / SAC
10 vs. 20 (double) 2.00 DSC / SAC
6 vs. 8 (single) 1.33 DSC / SAC
8 vs. 6 (single) 1.33 DSC / SAC
12 vs. 16 (double) 1.33 DSC / SAC
16 vs. 12 (double) 1.33 DSC / SAC
6 vs. 5 (single) 1.20 DSC / SAC
5 vs. 6 (single) 1.20 DSC / SAC
12 vs. 10 (double) 1.20 DSC / SAC
10 vs. 12 (double) 1.20 DSC / SAC
8 vs. 7 (single) 1.14 DSC / SAC
7 vs. 8 (single) 1.14 DSC / SAC
16 vs. 14 (double) 1.14 DSC / SAC
14 vs. 16 (double) 1.14 DSC / SAC
10 vs. 9 (single) 1.11 DSC / SAC
9 vs. 10 (single) 1.11 DSC / SAC
20 vs. 18 (double) 1.11 DSC / SAC
18 vs. 20 (double) 1.11 DSC / SAC
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used as an output device. The display ran on a resolution of 
1680 × 1050 px (refresh rate 60 Hz). An ordinary QWERTZ 
keyboard was located in front of the participant as an input 
device. In each trial, a custom-made C++ program presented 
two dot patterns on the screen, one on the left side and one 
on the right side. The dots of the left pattern were placed 
randomly in a range of 1/8 to 3/8 in width and 1/4 to 3/4 in 
height of the screen size. The dots of the right pattern were 
placed randomly in a range of 5/8 to 7/8 in width of the 
screen size with the same range of height as the left pattern. 
Dots varied randomly in 40% of diameter around the base 
diameter size of 10 pixel per dot, which is between ~0.33° 
and 0.65° diameters in visual angle (participants visual 
angle: ~17°).

We presented dot patterns in two different ways that 
allowed us to control for different possible confounding 
variables (see Halberda et al., 2008). In the average dot size 
control condition (DSC, 50% of trials), the dots in both pat-
terns had on average the same diameter. The disadvantage 
of this otherwise favorable feature is that the displayed dot 
patterns differ in their cumulative surface area on the screen 
(more pixels for the more numerous set). Therefore, the 
other 50% of all trials were surface area controlled (SAC), 
which ensures that the total pixel count of the two dot pat-
terns on the screen were equal.

Visual DCT procedure

Each trial in the visual DCT started with a white fixation 
cross on black background. When the participant manu-
ally initiated the trial by a button press, the fixation cross 
vanished and two white dot patterns appeared upon black 
background. After 200 ms, the dot patterns disappeared and 
the whole screen got flushed with a white mask (300 cd/m2) 
to inhibit possible visual aftereffects. Participants responded 
with the correspondent arrow keys (left or right) which dot 

pattern contained a higher number of dots. Then the next 
trial started. Participants completed 40 practice trials in each 
of the sessions and 720 experimental trials subsequently (18 
repetitions of blocks of 40 trials = 5 ratios × 2 versions × 2 
visual control × 2 side of higher number). In each repetition, 
we shuffled the order of trials randomly.

Haptic DCT setting

Participants sat at a table behind an opaque curtain, which 
prevented the participant from seeing the stimuli during the 
whole experiment. The experimenter sat opposite to the 
participant on the other side of the curtain and exchanged 
the stimuli according to a predefined random trial list. We 
presented dot patterns in form of pins on Styrofoam hemi-
spheres (industrial map pins of 5 mm in diameter each; see 
Fig. 1). The hemispheres were 150 mm in diameter and 75 
mm in height. We coated them with jersey fabric to ensure 
a plain and pleasant surface. We marked three radial orbits 
(radii 15, 30, and 45 mm) onto the fabric in order to sys-
tematically organize the pins and capture their position. We 
centered the orbits on the “pinnacle” of the hemispheres. 
The inner orbit contained four slots, the intermediate eight 
slots, and the outer 12 slots for pins. The slot arrangement 
asserted that pins never formed a straight line, and that the 
distance between pins was always bigger than 11 mm. We 
conducted pilot tests (N = 5) to find the correct spacing, 
which allows to accurately individuate every single pin and 
minimizing the occupied area for convenient exploration. 
We found that a spacing of 11 mm between dots allowed a 
participant to reliably individuate a single pin in the palm 
of the hand (i.e., no errors without time limit). This result is 
consistent with that of Craig and Lyle (2001) who showed 
that different grating spaces are reliably discriminated when 
the spacing is set to 11 mm.

Fig. 1   Left side: Styrofoam hemisphere with exemplary dots (pins) on three radial orbits. Right side: Quadrant with all possible slots for a pin. 
Position of the slots in degrees from the origin for one quadrant. Slots in the first orbit are perpendicular to the origin
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We preconfigured the stimuli for each participant and 
each session (i.e., we filled the slots on the hemispheres with 
pins according to a custom written C++ program that ran-
domly chose positions on the hemisphere; two per 5 ratios 
× 2 versions = 20 hemispheres). In all single version hemi-
spheres, we placed pins to slots of the inner and the inter-
mediate orbit. In the double version hemispheres, we used 
all three orbits to enhance stimulus variety. We presented 
the hemispheres of each of the 10 pairs in two different ori-
entations (0° and 120°) in order to increase the diversity 
of perceived pin configurations. In the haptic task, all pins 
were of the same size, so the haptic task can be considered 
an analogue to the visual dot-size control (DSC) condition.

Haptic DCT procedure

A haptic DCT trial started when the experimenter had placed 
the two Styrofoam hemispheres for exposure and the partici-
pant had stated to be ready. Five seconds of exploration time 
started when the palms of their hands touched the two stim-
uli. We chose the 5 seconds exploration time to ensure that 
participants can only approximate numerosity, as previously 
demonstrated in Ginsburg and Pringle (1988). We addition-
ally validated that a participant’s counting performance for 
10 pins in 5 seconds is at chance level in our own pilot data. 
The participants examined two hemispheres simultaneously 
with the palms of their hands. The experimenter rigorously 
observed the haptic exploration process, monitored the time 
limit with a stopwatch and announced when the time limit 
elapsed. After the exploration time expired, the experimenter 
asked the participant to raise hands and stop exploring the 
stimuli. The participant responded verbally with “left” or 
“right” which side contained more dots. If the experimenter 
had noticed that a participant did not touch all pins on the 
hemisphere or exceeded the time limit, the trial was repeated 
later in the experiment. In each session, participants initially 
examined a sample hemisphere with equipped pins, and then 
practiced the task in two trials. Afterwards, participants 
completed 80 experimental trials (5 ratios × 2 versions × 
2 orientations × 2 side of higher number × 2 repetitions), 
which were ordered randomly.

Modality specific DCT adaptations

Our haptic and visual DCT share essential features of the 
general paired task paradigm, number ratios and the DSC. 
We, however, also made adaptations to account for particu-
larities of modalities. First, the presentation time of stimuli 
differs between haptic and visual DCT (cf. Gimbert et al., 
2016): Pilot investigations had shown that participants 
require a substantially longer time to extract the (“numeros-
ity”) information with the palms of their hands as compared 
with the visual DCT, and we hence set haptic exploration 
time to 5 s. In contrast, extending the presentation time for 
the visual DCT toward the haptic time in the visual condition 
would result in participants being able to serially count dots. 
Thus, to tap similar processes in both tasks, we needed to 
use different presentation times.

Second, we used different visual dot sizes, but we did not 
use pins of different size in the haptic condition, nor did we 
implement a haptic analogue to the visual surface-area con-
trol condition. This is because the relation between pin size 
and haptic stimulation is different than that between dot size 
and visual stimulation: Haptic stimulation intensity relates 
to the extent of local skin deformation (Hayward, 2011), 
meaning that smaller pins will cause more intense stimula-
tion than larger ones, and intensity further depends on pin 
shape and skin site. Thus, a straightforward transfer of the 
SAC was not possible, and the effects of different pin sizes 
would not have been well controlled. Still, the haptic task 
can be considered analogue to the visual DSC condition.

Third, due to different requirements of the DCTs (e.g., 
different interdot distances; visual discrimination of dots 
only requires an interdot distance as low as 0.28 mm), the 
overall necessary area, which a dot pattern occupies, as 
well as the overall possible density of the dot patterns, pro-
duces different variances in the convex hull ratio between 
the modalities. The relative convex hull of two dot patterns 
within a trial could vary from a minimum ratio of 1 to a 
maximum factor of .012 in the visual DCT and from a mini-
mum ratio of 1 to a maximum factor of .183 in the haptic 
DCT. Our protocol generated “truly” random dot patterns 
for both modalities within their area boundaries and protocol 
restrictions (like interdot distance) resulting in different yet 
comparable and, due to a large number of trials, balanced 
range across the convex hull ratio scale (see Table 2).

Table 2   Descriptive statistics of the convex hull ratio for each DCT (visual condition 48,240 trials; haptic condition 10,720 trials)

Convex hull
ratio

Min 1st Quantile Md M 3rd Quantile Max SD

Visual DCT 0.01 0.60 0.76 0.72 0.88 1.00 0.17
Haptic DCT 0.18 0.68 0.83 0.78 0.91 1.00 0.20

948 Attention, Perception, & Psychophysics (2022) 84:943–959



1 3

Last but not least, the number of trials was much higher in 
the visual as compared with the haptic task, because haptic 
trials take longer than visual trials. Reducing the number 
of visual trials to that of haptic trials might have increased 
parallelism between the tasks, but in our view, a better visual 
measurement was preferred.

Overall, despite and partly by means of these modality-
specific adaptations, our design is well-suited to answer the 
question of whether the main source of a participant’s per-
cept is indeed a number. In addition, our approach utilizes 
statistical methods proposed by DeWind et al. (2015), which 
allow us to determine a statistically controlled performance 
index that mainly reflects the ANS acuity (see Data Analysis 
section).

Data analysis

For each participant, sensory modality, version, and session, 
we calculated the mean percentage correct per ratio. We 
used the mean percentage of correct answers to investigate 
the ratio dependency and to scrutinize the data for deviance 
in control conditions and then calculated Weber fractions. 
We excluded participants’ data if their overall mean percent-
age correct deviated more than three standard deviations 
from the sample mean in any of the sessions in any modal-
ity. Four of the 71 participants met this exclusion criterion. 
We then aggregated participants’ mean percentage correct 
over sessions, and submitted arcsine transformed (cf. Cohen 
et al., 2015, pp. 240–241) values into a repeated-measures 
analysis of variance (ANOVA), with the within-subjects 
variables ratio, version, and modality. We applied Green-
house–Geisser correction (Geisser & Greenhouse, 1958) in 
case of sphericity violations.

To investigate the association between sensory modalities 
and task reliability, we used Weber fractions (w) as ANS 
acuity measure (see Equation 3). We calculated group ws 
for each sensory modality (visual/haptic) collapsing trials 
over all sessions, separate group ws for trials of the visual 
control condition DSC and SAC, and individual ws for each 
participant using trials of the two sessions (in the respec-
tive modality) separately to estimate task reliability, and for 
both sessions combined in order to study cross-modality 
correlations. Here, we additionally excluded individuals if 
their w deviated more than three standard deviations from 
the sample mean of the respective condition. This led to a 
partial exclusion of participants (up to three) in some visual 
conditions.

Further, we used the method proposed by DeWind et al. 
(2015) to quantify the contribution of different stimulus 
features in a DCT to the responses of participants. The 
method models the probability of choosing the stimulus that 
is placed on one particular side (here, the right side), as a 
function of influence factors that contribute to the percept 

of number. We pooled the response data over all participants 
for each modality (separate for the visual controls DSC and 
SAC). For the response model, influence factors on the num-
ber percept are estimated via a regression model in form of 
regression weights. We adapted Equation 7 in DeWind et al. 
(2015). The probability to choose the right side is then given 
by the equation:

where μ is given by:

In Equations 1 and 2, erf is the Gaussian error func-
tion, βnum and βspacing are the regression weights for the num-
ber ratio and spacing ratio, respectively, and βside reflects a 
bias towards a side. The number ratio rnum is calculated by 
dividing the number of dots on the right side by the num-
ber of dots on the left side (log-values then range from −1, 
which means that on the left side dots are twice as numerous, 
to 1, which means dots are twice as numerous on the right 
side). The spacing ratio predictor rspacing is a ratio of sparsity 
(convex hull divided by number of dots on the respective 
side) times the convex hull area for the respective sides. 
Regression parameters βnum, βspacing, βside in Equations 1 and 
2 are obtained by fitting a generalized linear model (itera-
tively reweighted least squares) via a probit link function of 
the response variable (0 = left side, 1 = right side) with log2 
transformed predictors of number ratio and spacing ratio.

The regression weights themselves indicate a relative 
contribution of the factor to the number percept and there-
fore should be identical for each modality, if the exact same 
processes determined the number percept. To test relevant 
regression coefficients between the models for significant 
differences we utilized a z-test procedure proposed by Clogg 
et al. (1995).

We applied the methods used to estimate the overall 
model’s regression weights also to each individual data set 
in order to estimate the individual regression coefficient 
βnum,  i. From this coefficient, we determined each partici-
pant’s Weber fraction wi as a measure of ANS acuity using 
the following equation:

For a detailed description of how to prepare the predic-
tors and an in-depth explanation of the model, we refer 
to DeWind et al. (2015). As a brief summary, we use the 
regression model to quantify the influence of spacing and 
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number to the numerosity percept in both modalities and 
use resulting individual w’s for a correlation of performance 
across modalities; for reliability estimates and group ws for 
an overall evaluation of performance between modalities.

We used R (Version 3.6.1; R Core Team, 2019) for all 
data analyses and utilized the ggplot2 library (Wickham, 
2016) for data visualization.

Results

Ratio dependency

Table 3 lists the aggregated mean percent correct of all 67 
participants sorted by number ratio and session. Figure 2 
shows the average percentage correct responses for each 
modality and number ratio, aggregated over both sessions.

The repeated-measures ANOVA (rmANOVA) with the 
variables number ratio (2.00, 1.30, 1.20, 1.14, and 1.11) and 
sensory modality (haptic, visual) revealed a significant main 
effect of ratio, F(4, 264) = 1367.56, p < .001, η2

p
 = .954. All 

repeated contrasts of adjacent levels of the variable ratio 
were significant, all ps < .001 (2.00 vs. 1.33, 1.33 vs. 1.20, 
1.20 vs. 1.14, 1.14 vs. 1.11) after Bonferroni adjustment. 
Participants showed in general more correct responses for 
higher ratios (see Fig. 2). Also, the main effect of modal-
ity was significant, F(1, 66) = 17.81, p < .001, η2

p
 = .212. 

Participants performed overall better in the haptic DCT 
compared with the visual DCT, Mhap = 79.5% (SD = 4.10) 
to Mvis = 77.7% (SD = 3.71). The Ratio × Modality interac-
tion was significant, F(4, 264) = 7.39, p < .001, η2

p
 = .101. 

Interaction contrasts between pairs of successive levels of 
factor ratio show that the interaction is driven by comparison 
1.33 versus 1.20, F(1, 66) = 9.32, p = .003, other interaction 
contrasts turned out not to be significant.

We also compared the “single” and the “double” ver-
sion for each modality. The rmANOVAs with the variables 
number ratio (2.00, 1.33, 1.20, 1.14, and 1.11) and version 

(single, double) revealed a significant main effect of ratio, 
F(4, 264) = 404.77, p < .001, η2

p
 = .860 (haptic) and F(4, 

264) = 1751.29, p < .001, η2
p
 = .964 (visual), but not of 

version neither in the visual, F(1, 66) = 0.24, p = .629, η2
p
 

= .004 (Msingle = 77.6%, Mdouble = 77.8%), nor in the haptic 
modality, F(1, 66) = 1.79, p = .186, η2

p
 = .026 (Msingle = 

80.1%, Mdouble = 78.9%). The Ratio × Version interaction 
was not significant neither in the visual, F(4, 264) = 0.96, 
p = .424, η2

p
 = .014, nor in the haptic modality, F(4, 264) = 

1.76, p = .153, η2
p
 = .026. This indicates ratio dependency 

because the total amount of dots is not a significant factor.
Furthermore, we conducted three Bonferroni adjusted 

(corrected for three comparisons) rmANOVAs with one 
variable always being number ratio and the other variable 
being the control condition in the visual modality (DSC/
SAC), session in the haptic modality or session in the visual 
modality. Any of these three analyses showed a significant 
factor number ratio exclusively, p < .001, but no signifi-
cant differences in the respective control condition or ses-
sion variable, nor interaction effects, except of a significant 
main effect in the visual control condition DSC versus SAC 
with F(1, 66) = 40.35, p < .001, η2

p
 = .379 (MDSC = 78.7%, 

SD = 3.57; MSAC = 76.6%, SD = 4.29). Even though differ-
ences in the visual controls turned out to be significant, we 
aggregated the trials of the respective conditions for the cor-
relational analysis because individual ANS acuity indicators 
(w) for SAC and DSC correlated strongly with each other, 
r(66) = .871, p < .001. For the response modeling however, 
we treated the visual conditions separately to contrast them 
against the haptic responses and investigate their differences.

Correlational analysis and reliability

The histogram in Fig. 3 shows the distribution of the indi-
vidual Weber fractions (w) per sensory modality fitted over 
both sessions.

Table 3   Relative frequencies of correct trials (M) and standard deviations (SD) of 67 participants sorted by number ratio, session (t), and visual 
and haptic DCT

Ratio

2.00 1.33 1.20 1.14 1.11

M SD M SD M SD M SD M SD

t1
Visual .977 .032 .831 .056 .741 .053 .678 .050 .642 .046
Haptic .991 .027 .876 .095 .756 .116 .680 .139 .665 .101

t2
Visual .979 .042 .846 .067 .742 .056 .684 .058 .647 .050
Haptic .997 .013 .880 .096 .736 .129 .704 .134 .666 .129
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Table 4 shows the correlations for individual w’s between 
sessions per sensory modality as well as the correlations 
between the two modalities (trials aggregated over sessions). 
From intramodal correlations between sessions we calcu-
late the Spearman–Brown adjusted reliability (Brown, 1910) 
coefficients, because these take into account that the com-
plete haptic and visual tasks (from which we calculate cross-
modal correlations) are based on trials from both sessions. 
Other statistics in Table 4 belong to the nonadjusted values.

Figure 4 shows the scatterplots for each of the three cor-
relations shown in Table 4.

The visual DCT shows with an intersession-correlation 
of r(62) = .736, p < .001 an acceptable adjusted task reli-
ability of .848. The correlation coefficient within the haptic 
DCT shows a smaller but significant association, r(65) = 
.251, p = .041, implying a task reliability of .401. The cross-
modal performance coefficient does not indicate statistically 
significant correspondence, r(63) = −.133, p = .290. It is 
noteworthy that the confidence interval of the cross-modal 
correlation does not cover the case of a medium-sized posi-
tive correlation effect of ρ = .3, rejecting the hypothesis 

that there is a medium-sized or larger correlation between 
haptic and visual individual performance. One may argue 
that the suboptimal haptic reliability may have obscured the 
true association between modalities. However, when apply-
ing a correction for attenuation (Spearman, 1904) in order 
to estimate correlations

without measurement error, the values still reject the 
hypothesis of a medium-sized or larger true positive cor-
relation (95% CI after applying attenuation correction to its 
upper and lower borders: −0.449 to 0.018).

Modality specific models of numerosity comparison

We modeled the response behavior of participants (data col-
lapsed over participants) for the visual and the haptic data-
set according to Eqs. 1 and 2. This allowed us to calculate 
the probability to choose the right side for both modalities 

(4)
rv,h

√

Relv ∗
√

Relh

Fig. 2   Ratio-to-correct responses plot for visual and haptic DCTs aggregated over sessions (semi log plot). Error bars represent the standard 
error of the mean
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as a function of number, spacing-related features and side 
bias. We investigated DSC and SAC controlled trials from 
the visual DCT separately. Table  5 shows statistics of 
log2-transformed predictors.

The results of the visual models (each nvisual = 48,240 tri-
als) and haptic model (nhaptic = 10,720 trials) to predict (on 
group level) the response probabilities to choose the right 
side dependent on numerosity are depicted in Fig. 5. The 
model statistics are given in Table 6.The corresponding esti-
mated regression weights are given in Table 7. The statistics 
show similar and reasonably good pseudo R2 indices (cf. 
McFadden, 1977) across all three models. The AICs differ 
between models, which can be attributed to differences in 
the total amount of sample trials between modalities.

We compared the regression weights βnum and βspacing of 
number ratio (rnum) and spacing ratio (rspacing), respectively, 

between the three models (DSC, SAC, haptic) in multiple 
Bonferroni-adjusted z tests (Clogg et al., 1995) There are 
no significant differences between the coefficients βspacing: 
zhaptic/DSC = −0.116, p = .452; zhaptic/SAC = −0.232, p = .492; 
and zDSC/SAC = −0.341, p = .488. However, the coefficient 
βnum was significantly higher for the haptic as compared 
with the visual models, zhaptic/DSC = 3.244, p < .001, and 
zhaptic/SAC = 8.716, p < .001, and it was higher for visual 
DSC as compared with the visual SAC model, zDSC/SAC = 
10.011, p < .001. Correspondingly (cf. Equation 3), the 
group Weber fraction w (i.e., the estimate for the average 
ANS acuity) indicates the best ANS acuity for the haptic 
modality, whaptic = .28, and the worst for the visual SAC con-
dition, wDSC = .30, wSAC = .35.

Fig. 3   Distribution of individual ws (ANS acuity) in the visual and haptic DCTs. Outlier values are not depicted

Table 4   Correlations of ANS acuity (w) across individuals, test statistics, and adjusted task reliability (ATR)

Note. Intramodal correlations are calculated between first and second session; cross-modal correlations are calculated between modalities (trials 
aggregated over both sessions, respectively). Spearman–Brown corrected reliability (for the number of trials in the cross-modal correlation) is 
reported. Statistics calculated for 80 trials.

Modality r N t df CI 95% [lower] CI 95% [upper] P ATR​

haptic–haptic .251 67 2.088 65 0.011 0.463 .041* .401
visual–visual .736 64 8.549 62 0.598 0.831 <.001** .848
haptic–visual −.133 65 −1.067 63 −0.365 0.114 .290 –
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Discussion

This study investigated nonsymbolic number processing in 
the haptic and visual modality by means of a dot comparison 
task. We evaluated if there is evidence for a shared cognitive 
system (ANS), which processes number independent of the 
sensory modality. We modeled the performance in the DCT 
in both modalities on an individual and a group level and 

evaluated if the measurement is (a) reliable and (b) if per-
formance in both modalities is associated with one another. 
Our results show that regardless of whether stimuli were 
examined by touch or by vision, the responses depended 
on the number ratio of dots between the presented dot pat-
terns, but not on the absolute number of dots. This is a clear 
indicator of ratio dependency in both modalities. Our group 
regression model revealed that in the haptic as well as in 
the visual modality, the ratio of the compared numbers had 

Fig. 4   Scatterplots of individual w’s (ANS acuity) for the visual and 
the haptic DCTs. a visual–haptic, b haptic t1–t2, and c visual t1–
t2. Intramodal correlations are calculated between first and second 

session; cross-modal correlations are calculated between modali-
ties (aggregated over both sessions; t1 = Session 1, t2 = Session 2, 
respectively)
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the primary, major influence on the participants’ responses. 
However, the influence of this predictor slightly but signifi-
cantly differed between the sensory modalities. Addition-
ally, we found for both modalities a similarly sized smaller 
influence for less abstract, spacing-related factors (driven 
by convex hull), which is consistent with previous findings 
in the visual domain (Clayton et al., 2015). Only in the hap-
tic modality, an additional tendency to choose a side (the 
left) regardless of the presented stimuli turned out to be a 
significant predictor but with a rather small effect. These 
results convincingly show that number ratio is the major 
influencing factor in both modalities when comparing 
numerosities of dot arrays in a DCT. However, they do not 

Table 5   Descriptive statistics of the log2-transformed predictors we used for the logistic regression for each modality (visual condition 48,240 
trials, haptic condition 10,720 trials)

Note. rnum refers to number ratio, rspacing to spacing ratio. DSC = average dot sized controlled visual condition; SAC = surface area controlled 
visual condition.

Predictor (log2) Min 1st Quantile Md M 3rd Quantile Max

Haptic
rnum −1.00 −0.26 0.00 0.00 0.26 1.00
rspacing −3.90 −0.39 0.00 0.00 0.39 3.90

VisualDSC

rnum −1.00 −0.26 0.00 0.00 0.26 1.00
rspacing −11.74 −0.68 0.00 0.00 0.67 9.94

VisualSAC

rnum −1.00 −0.26 0.00 0.00 0.26 1.00
rspacing −9.67 −0.68 0.00 0.00 0.67 9.33

Fig. 5   Probabilities of choosing the right side differentiated by the log2 ratio of the two compared numerosities (number ratio). Log number ratio 
of zero indicates that the two dot patterns are equal in number

Table 6   Model statistics of the logistic regression for each modality 
(visual condition 48,240 trials, haptic condition 10,720 trials)

Note. AIC = Akaike´s Information Criterion. McFadden Pseudo 
R-squared. DSC = average dot sized controlled visual condition; SAC 
= surface area controlled visual condition.

Model AIC Null deviance pseudo
R-squared

Haptic 9411.6 14832.8 0.365
VisualDSC 42914 66872 0.358
VisualSAC 45531 66869 0.319
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necessarily show that number processing is shared between 
the sensory modalities. The influence of number slightly 
differed between modalities, giving room for speculation 
that modality-specific mechanisms might better account for 
these results. We cannot give a definite answer as to what 
the exact mechanism is. Nonetheless, there definitely is 
additional significant influence on the “numerosity” per-
cept, which consequently compromises the strong interpre-
tation of the ANS theory. Even more importantly, we were 
not able to find a direct correlation between the individual 
Weber fractions of the haptic and the visual DCT, which 
would have indicated strong evidence for a modality-shared 
underlying system processing numerical information. We 
expected a medium-sized effect between the modalities, 
which, according to our analysis, is out of the confidence 
interval boundary. Given that number is the predominant 
feature involved in the processing of numerosity, the finding 
that we can reject a medium or stronger relation between 
haptic and visual DCT performance suggests that number is 
processed at least partly differently in the visual as compared 
with the haptic modality.

The ANS theory suggests that numerosity can be 
extracted from any given stimulus material and is not bound 
to a modality (Brannon & Merritt, 2011; Dehaene, 2011; 
Dehaene & Changeux, 1993; Izard et al., 2009; Tokita & 
Ishiguchi, 2016). In a strong interpretation of this theory, 
number is an independent feature, and the cognitive system 
(ANS) is able to filter out all confounding features accompa-
nied with the stimulus material. In conclusion, ANS acuity 
of participants should be similar across modalities, at least 

to a high extent. Our results are certainly not consistent with 
a strong claim of ANS theory. Indeed, we found converging 
evidence for both the haptic and the visual modality that 
performance is ratio dependent and that number is the pri-
mary source when comparing dot arrays of DCTs. A closer 
look, however, shows that performance scores were slightly 
elevated in the haptic condition. This may reflect subtle dif-
ferences in the DCT implementation of the visual and haptic 
tasks, or it may indicate factual differences in processing. In 
addition, the effect of number ratio differed between modali-
ties and even within a modality (i.e., comparing regression 
coefficients of the visual controls DSC and SAC), and factors 
beyond number ratio contribute to the responses. Differences 
between modalities and between visual conditions became 
visible when we predict the probability of choosing a side 
(see Fig. 5). For a mutually shared system only extracting 
numerosity, predictions should have been highly similar (cf. 
Tokita et al., 2013). A broader interpretation of the ANS 
would allow for additional factors other than number ratio to 
play a role. Smaller modality differences in ratio-dependent 
performance are in principle in line with a broader inter-
pretation of a shared ANS system. However, we can further 
reject a medium or stronger association between individual 
ANS acuity in the two modalities, which also contrasts a 
broader interpretation of the assumption of a single underly-
ing system encoding numerosity in a modality-independent 
manner.

Our conclusions contradict the interpretations of the con-
ceptual and methodological closest study by Gimbert et al. 
(2016). The major difference is that we did not accept ratio-
dependency as the sole indicator for the involvement of a 
shared ANS when comparing two different modalities. We 
think that our enhancements in the haptic stimulus material, 
and particularly in data analysis, offer supporting evidence 
for the assumption of a common cognitive system for numer-
osity encoding between the visual and haptic modality were 
made precipitously. We think that before numerosity judg-
ments in both modalities can be put into a common frame-
work, substantial differences we found here (i.e., different 
numerosity weights accompanied by nearly identical spac-
ing weights and lack of cross-sensory associations of indi-
vidual performance) have to be integrated into a coherent 
or adapted theory first. In line with results of Clayton et al. 
(2015), DeWind et al. (2015), and DeWind and Brannon 
(2016), we suggest that spacing-related factors like convex 
hull, in addition to number, influence the percept as well. 
In addition to the already mentioned factors that contribute 
to the numerosity percept, general cognitive mechanisms, 
e.g., attention or inhibitory control, may also affect or even 
explain an association between performances of DCTs (cf. 
Anobile et al., 2020; Malone et al., 2019). This implies that 
if an association of performance indices between a visual 
and a haptic DCT can be found, it will be challenging and 

Table 7   Estimated model coefficients and statistics for coefficient 
tests against 0 for each modality (visual condition: 48,240 trials; hap-
tic condition: 10,720 trials)

Note. βnum and βspacing are regression weights for the log2 number and 
spacing ratios, respectively, and βsidereflects a response bias towards 
one side; z is the test statistics of a significance test against zero, SE is 
the standard error of the regression weights.
a  not significant after Bonferroni adjustment.

Coefficient β Z SE p

Haptic
βnum 2.534 48.39 0.052 <.001***
βspacing 0.264 10.38 0.025 <.001***
βside −0.101 −6.82 0.015 <.001***

Visual DSC
βnum 2.349 103.462 0.023 <.001***
βspacing 0.267 41.917 0.006 <.001***
βside −0.010 −1.457 0.007 .145

Visual SAC
βnum 2.045 101.537 0.020 <.001***
βspacing 0.270 43.620 0.006 <.001***
βside −0.017 −2.568 0.007 .010a
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important to exactly identify what enabled the comparison 
between modalities and rule out potential broader mecha-
nisms. Regarding this, we want to emphasize two more 
aspects, which we think are important to cover in future 
experiments similar to ours. The first is that participants 
might (unintentionally) use certain strategies during a task 
(e.g., use the shape of a pattern as proxy for the numeros-
ity), which can be applied for both modalities and bypass the 
actual mechanism of interest (i.e., numerosity processing), 
and therefore compromising results. A way to address this 
would be to systematically assess participants strategies in 
the haptic DCT (cf. Dietrich et al., 2019) and generate bal-
anced stimulus patterns (pin patterns), which are less prone 
to the (effective) use of the most frequent strategies. Another 
aspect is that participants might respond to a nonnumerical, 
quantity related dimension of the pins (e.g., surface area). In 
this case, associations across modalities can be even reliable 
but reflect quantity comparison rather than numerosity com-
parison. To examine this further, it could help to clarify the 
specificity of numerosity estimation in the haptic modality in 
contrast to a quantity estimation task. This could be achieved 
with a haptic control task, conceptually similar to a quantity 
estimation task from Leibovich and Henik (2014), in which 
participants compare shapes of varying area in a two alter-
native forced choice task. A resulting performance index 
in such a task could be used to clarify whether a shared 
variance to the performance of the numerosity comparison 
task exists. These, amongst other possible aspects, have to 
be systematically explored further to improve experiments 
using visual and especially haptic DCTs.

Overall, we think there is much evidence to shift the 
perspective from a concept of a shared numerical system 
that is solely accountable for number estimation to a more 
integrative system that acknowledges recent findings (Barth 
et al., 2003; DeWind et al., 2015; DeWind & Brannon, 
2016; Gebuis et al., 2016; Leibovich et al., 2017; Smets 
et al., 2014), rather than to dwell on not having measured 
the “pure ANS” construct by focusing on methodological 
details, which occurred in the past. We think that if the ANS 
is not robust enough to encode numerosities across reason-
ably similar settings, as, is the case in our study, it is feasible 
to change the theoretical perspective accordingly.

Different authors were arguing that the ANS theory in its 
core is not sufficient anymore and needs either revision, for 
instance a more differentiated approach of quantity process-
ing (Leibovich et al., 2017), or a complete shift in perspec-
tive on quantity estimation (Gebuis et al., 2016). For exam-
ple, Gebuis et al. (2016) argue that ANS theory struggles to 
explain behavioral as well as neurophysiological data in sev-
eral instances and a more general system they call “sensory 
integration system” would better account for reoccurring 
phenomena regarding confounds. The sensory integration 
theory differs in two essential points from the ANS theory: 

(a) sensory cues are integrated into the percept rather than 
filtered out and (b) the resulting estimation is not an abstract 
(i.e., directly comparable) number (Gebuis et al., 2016). Fol-
lowing that idea, any “confounding” variable would have 
weight in the percept and number is estimated by an overall 
integration of the stimulus features. Taking this theoretical 
perspective, it would be almost implausible that a “number 
comparison task” like our DCTs in different modalities and 
with stimulus features, where only number is kept constant 
and other potentially equally important features determine 
the estimate, would result in converging percepts. Tak-
ing this into consideration and the fact that number itself 
seems to be perceived differently between modalities, the 
lack of correspondence between DCTs in our experiment is 
comprehensible.

The field of ANS-research generally focuses on group-
level comparisons (Halberda et al., 2008; Park & Brannon, 
2013; Price et al., 2012), just as we did here. However, this 
may neglect that individuals differ in their perceptual pro-
cesses (e.g., perceptual speed), which may be orthogonal to 
the numerosity comparison acuity. An adjustment for indi-
vidual processing differences will allow for a better decision 
whether or not a “truly amodal” ANS exists. In this work, 
we focused mainly on matching the DCTs between modali-
ties. Although, a part of matching the affordances of the 
DCTs in both modalities required some specific adjustments 
which led to task differences (e.g., presentation times, spac-
ing ranges), one may wonder whether this itself can provide 
an alternative explanation for the absence of performance 
associations between modalities. Even slight task-variations 
within a modality can result in significant performance dif-
ferences as exposed by our visualSAC and visualDSC condi-
tions. Our approach of calculating Weber fractions with 
the DeWind formula seems favorable to us, as it accounts 
statistically for implementation differences. Nevertheless, it 
is important to notice that Weber fractions as performance 
indices themselves are not a guarantee to have an abstract 
comparable index for numerosity comparison acuity devoid 
of context (Guillaume & van Rinsveld, 2018). However, it 
allowed us to estimate influence of different features to the 
percept and deviations within a paradigm can at least partly 
be compensated if sufficient performance indices are used 
(DeWind & Brannon, 2016), like we did.

Another point is that even though we increased the num-
ber of trials in our study to a reasonable degree, it has not 
been enough to get a good reliability for the individual per-
formance in the haptic DCT. DeWind and Brannon (2016) 
pointed out that poor correlations are possible because of a 
lack of reliability in only one dot comparison task (DeWind 
& Brannon, 2016). This gives room to speculate whether a 
correlation between modalities might have become visible 
if the haptic DCT had been more reliable. We acknowledge 
this possibility to a certain degree. However, the haptic 
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DCT showed some consistency between sessions and an 
attenuation projection to account for minor reliability in the 
cross-modal correlation reveals that a medium sized positive 
correlation effect can be statistically rejected. We take the 
liberty of noting that our study did check reliability issues 
and only hence allows taking lower reliability into consid-
eration, which elsewhere has been ignored at all. Neverthe-
less, we acknowledge the rather low reliability of the haptic 
DCT as a shortcoming, which impedes a fully drawn con-
clusion that a shared numerosity system between vision and 
haptics is unlikely. A higher reliability of the haptic DCT 
would have been desirable to dispel doubts from this side. In 
future work, to overcome shortcomings with reliability, we 
would recommend an increase in trials. Reliability generally 
increases with an increase of experimental trials and high 
trial numbers in DCTs are highly recommended (Dietrich 
et al., 2015; Lindskog et al., 2013). Further studies should 
investigate if it is possible to update a haptic DCT to achieve 
similar reliability as visual DCTs. Another recommendation 
is to further converge and consolidate task specifications 
between the DCTs of the visual and the haptic modality. 
This concerns, for example, overall variety of dot patterns in 
the haptic modality, which a participant examines within an 
experiment. Fully randomized dot patterns in every trial (a 
quite laborious approach) would allow confirmation of per-
formance differences we found between modalities. Another 
important refinement would be to include and systematically 
vary the variable area in the haptic DCT to which we were 
agnostic here. We think that a clean implementation of such 
a control condition requires further investigation and is even 
topic for several separate studies because it is possible that a 
direct transfer from the visual DCT to the haptic DCT setting 
is not consequently appropriate or applicable in active touch. 
An additional implementation of these factors in a model 
like the one in the current study could give deeper insights 
into the mechanisms that contribute to the numerosity per-
cept in the haptic modality.

Conclusion and outlook

The current study contributes two major findings to the field: 
Firstly, strong claims of the ANS theory (i.e., number is 
strictly independent from other features) are not supported 
by our data. We doubt that neither with preceding reported 
haptic DCTs nor with our haptic or visual DCT, participants 
would respond only to number during the task. Secondly, 
the claim of an amodal shared ANS is also not supported 
by our data, given that visual and haptic number estimation 
performances were not related, at least not moderately or 
more. Following the idea of a sensory integration system, 
it will be a challenging but important task to disentangle 
the relevant factors that are integrated into the numerosity 

percept in the haptic modality. Further research is needed to 
clarify what the actual similarities are in the visual, haptic, 
or the auditory modality integration. For now, we think it 
is feasible to assume that humans can encode numerosity 
from haptic stimulus material with additional influence of 
number-related features, which seem to be similar but not 
equivalent in both the haptic and the visual modality.
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difference is 1. Nonsymbolic arithmetic operating is a form of
calculation with abstract distinct quantity (e.g., the addition of
two sets of dot patterns), which can be performed by children even
before formalmathematical education (Barth et al., 2006; Gilmore
et al., 2010). The third signature, amodality, is a widely assumed
axiom based on the idea that the ANS extracts numerosity as an
abstract feature from any suitable stimulus material, thereby as-
suming that the representation of number is amodal (Brannon &
Merritt, 2011; Dehaene, 2011; Dehaene & Changeux, 1993;
Gebuis et al., 2016; Tokita & Ishiguchi, 2016).

The ANS theory describes a process in different stages of
how the percept of numerosity is shaped (Dehaene, 2011;
Dehaene & Changeux, 1993; Gebuis et al., 2016). In the first
“sensory” stage, the source stimulus is processed by the re-
ceiving modality. In vision, this can be a set of dot arrays in
varying sizes and positions. In the second stage, the normal-
izing phase, all stimulus properties are removed and only a
standardized signal for each dot remains. In stage three, the
accumulation phase, the standardized signals, as well as some
degree of error, are summed up into the final percept of
numerosity (Gebuis et al., 2016; cf. Tokita et al., 2013). This
understanding of the ANS is sometimes referred to as a “direct
ANS model” (Qu et al., 2022). The direct ANS model of
numerosity estimation often seems to serve as a default theory
in the field of numerical cognition (Dehaene, 2011; Halberda
et al., 2008; Hyde, 2011; Spelke & Kinzler, 2007).
Competing, but to our experience less prevalent in literature,
are “indirect models,”which assume that a numerosity percept
arises from perceiving indirect surrogate cues (e.g., the spatial
distribution of stimulus pattern; Qu et al., 2022). Only recent-
ly, alternative perspectives or extensions of the direct model
have been proposed (Allïk & Tuulmets, 1991; Clarke & Beck,
2021; Gebuis et al., 2016; Gevers et al., 2016; Leibovich,
Katzin, Harel, & Henik, 2017a; Lourenco & Aulet, 2022;
Walsh, 2003; Zorzi & Testolin, 2018). These perspectives
differ in their general view of whether number is a distinct
feature and privileged entity in perception or a construct of
surrogate perceptional cues (Lourenco & Aulet, 2022; Qu
et al., 2022). Furthermore, they distinguish themselves in the
question whether the “number sense” is innate (Spelke &
Kinzler, 2007), emerges from general, not domain specific
abilities, based on exposition and interaction with the environ-
ment (Zorzi & Testolin, 2018) or is nonexistent at all (Gebuis
et al., 2016). Gebuis et al. (2016), for example, propose that
numerosity estimation is the result of integrating different sen-
sory cues, such as distance between stimuli or their convex
hull, which only shape a numerosity estimate as required.
Other authors argue for a model that considers both number
and other magnitudes “holistically” to shape a magnitude per-
cept (Leibovich, Katzin, Harel, & Henik, 2017a). Recently,
Lourenco and Aulet (2022) summarized that nonnumerical
features such as space and area are sustained throughout pro-
cessing as magnitude information encoded along with

number; the experience of number is an attention-based “read-
ing out” of an integral representation. However, the scope of
this proposal is explicitly limited to the visual number process-
ing (Lourenco & Aulet, 2022). This raises the question of
whether and how the stream of numerical and nonnumerical
information functions throughout sensory and cognitive pro-
cessing when the source modality is any other than the visual.
In summary, some of the proposals and theories have sparked
some controversial discourse (Clarke & Beck, 2021;
Leibovich, Katzin, Salti, & Henik, 2017b).

Both model types, the direct model and indirect models,
can explain phenomena of approximate number processing
(e.g., ratio dependency). However, the traditional direct
ANS framework conflicts with accumulating evidence,
which demonstrates that nonnumerical information (e.g.,
the spatial area covered by nonsymbolic stimuli or their
spatial arrangement) systematically affects the numerosity
percept as well (Clayton et al., 2015; DeWind et al., 2015;
Gilmore et al., 2016; Hendryckx et al., 2021; Szucs et al.,
2013; Tomlinson et al., 2020). DeWind et al. (2015) found
that factors that influence the approximate numerosity per-
ception can be formalized into a taxonomy of number, area,
and space. They presented a method to statistically quantify
these factors and empirically demonstrated that besides num-
ber the features space and area additionally contribute to a
numerosity percept in a visual dot comparison task (DeWind
et al., 2015; DeWind & Brannon, 2016). A consistent find-
ing is that participants use spatial cues (factor space), such
as field area, convex hull, or sparsity of a dot array, when
comparing two dot arrays (Clayton et al., 2015; Gilmore
et al., 2016; Hendryckx et al., 2021). Bertamini et al.
(2016) ran an experiment to explicitly identify effects of
the spatial arrangement of dot patterns, such as local clus-
tering and occupancy area, on the numerosity and related
percepts. They presented participants visual dot arrays in
different spatial configurations while keeping the number
of dots constant. Indeed, spatial configuration, including lo-
cal clustering, influenced participants’ perception of
numerosity. In summary, accumulating evidence suggests
that factors other than number alone play a significant role
in numerosity estimation tasks, particularly spatial features.
As explained above, these findings are in conflict with the
prevalent direct ANS theory account, since nonnumerical
information should have been removed in the process of
creating a numerosity percept. Note that the lack of remov-
ing nonnumerical information also questions the claim that
number representations are abstract (Brannon & Merritt,
2011), and that an abstract “pure amodal” numerosity repre-
sentation by the ANS exists. In addition, the amodality as-
sumption is empirically not deeply founded or even
contradicted: Only very few studies have investigated
numerosity perception in modalities other than the visual
or in cross-modal setups (e.g., via tone sequences; Izard
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et al., 2009), tactile or vibro-tactile stimuli (Tokita &
Ishiguchi, 2016; Uluç et al., 2020). Therefore, little is known
about similarities or differences of numerosity percepts that
are derived from different modalities. More recently, Ziegler
and Drewing (2022) used a paradigm of paired presentation
of nonsymbolic number stimuli in the haptic and the visual
modality comparing participants’ performance in the two
modalities. They did not find any associations of the indi-
vidual participant’s performance between both intramodal
numerosity comparison tasks, which they interpreted as a con-
tradictory result to the amodality assumption. Within the mo-
dalities, they found effects of spatial configuration, such as the
sparsity of a dot array, affecting participants’ numerosity esti-
mate, which additionally questions the abstractness of
numerosity representations (Ziegler & Drewing, 2022).

The few cross-modal studies tend to provide counterargu-
ments against abstract amodal representations. Barth et al.
(2003) explicitly conducted cross-modal experiments to deter-
mine whether the numerosity representation is perceptual or
rather abstract. Their assumption was that if a truly abstract
representation of (numerical) magnitude exists, there might be
little to no cost for cross-modal comparisons relative to
unimodal (within-modality, e.g., visual–visual) comparisons
in a same–different task. They focused on visual and auditory
modalities and different task formats (cf. Dietrich et al., 2015):
Participants were exposed to temporally (sequential; visual:
flashes, auditory: beeps) or spatially (paired; visual: arrays)
presented numerosity stimuli. They determined for each par-
ticipant which of the two within-modality comparison tasks
was more difficult for them (called the “worse unimodal con-
dition”) and compared participants’ discrimination perfor-
mance in this condition to their performance in the cross-
modal condition. Barth et al. (2003) reported that participants’
performance did not significantly differ between the worse
unimodal condition and the cross-modal conditions as long
as the task format was kept constant. However, participants
did perform worse when both modality and task format were
crossed (cross-modal and cross-task conditions), which does
not seem plausible if true amodal number representation is
achieved by filtering out nonnumerical information (cf.
Gebuis et al., 2016). Differences in performance between mo-
dalities, especially when crossed with presentation format,
appear to be a reoccurring pattern across literature (e.g.,
Anobile et al., 2018). We think, results like those do not fit
the theory of an amodal ANS in its “strong” interpretation
(i.e., shaping a numerosity percept solely based on number).
Tokita et al. (2013) carried out a study investigating the
numerosity percepts of individuals with an emphasis on
matched task format. They highly standardized a visual and
an auditory approximate numerosity comparison task in a se-
quential paradigm. Participants compared dots or tone se-
quences in within-modality conditions as well as in a cross-
modality condition, all under the same sequential task

paradigm. Tokita et al. (2013) found substantial differences
in the variability of participants’ performance in the visual and
auditory modality. Following these results, they argued
against the assumption of a modality-independent numerical
representation system.

The above evidence against abstract amodal representa-
tions from cross-modal studies relies mainly on sequential
presentation of numerosity neglecting influences of spatial
information. In this work, we investigate cross-modal approx-
imate numerosity perception using spatial dot arrays in the
haptic and the visual modality. Spatial (topological) factors
(e.g., sparsity, field area, convex hull, density of dot arrays;
cf. Clayton et al., 2015; DeWind et al., 2015) have not been
extensively evaluated in cross-modal studies. However, spa-
tial factors have been repeatedly found to be a significant
factor that affects participants’ performance within unimodal
tasks (Clayton et al., 2015; DeWind et al., 2015; Gebuis &
Reynvoet, 2011; Ziegler & Drewing, 2022). In comparison to
surface-area-related factors, that sometimes have been found
to be influential (especially in children; cf. Anobile et al.,
2018; Tomlinson et al., 2020), spatial factors demonstrate
their impact even more consistently. Studies in the visual do-
main repeatedly have demonstrated that particularly the con-
vex hull of a dot pattern as a spatial factor seems to be infor-
mative and a highly relevant contributor for a numerosity es-
timate (Clayton et al., 2015; DeWind et al., 2015). At the same
time, spatial factors such as the convex hull can be well pre-
sented and perceived both to the haptic and the visual modal-
ity and hence could provide a potent cross-modal influence on
numerosity.

The haptic modality allows the construction of stimuli that
preserve the spatial information in the task, e.g., in form of
massed arrays of stimuli similar to visual arrays. In a cross-
modal number matching task, we tested whether spatial infor-
mation from one modality (haptic) is transferred into another
modality (visual) along with the information about numerosity
and used in a numerosity task. With conducting a cross-modal
study and focusing explicitly on spatial information influ-
ences, we try to take the amodality assumption of the ANS
to a strong test. We argue that if the classical ANS assump-
tions would apply—that is, numerosity is (directly) processed
by the ANS and the amodal numerosity percept arises due to a
removal of nonnumerical cues, spatial information would not
affect the performance of participants when comparing
numerosity across modalities.

We designed a cross-modal number matching task, in
which participants perceive a numerosity haptically via an
array of dowels and then ask them to match the extracted
numerosity to one of two visually presented dot arrays.
Here, we vary if the matching (correct) visually presented
dot array is spatially identical to the haptic pattern or a random
arrangement of the correct number of dots varying in spatial
attributes of the stimulus pattern. The distractor dot array is
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varied in number, resulting in different ratios, which deter-
mine the difficulty of the trial. This allows us to address the
following questions:

a) Are individuals able to use numerical information extract-
ed from haptically presented source material and match
this information to visually presented target stimuli
(cross-modal transfer)?

and

b) is spatial information extracted along with number, used
in the cross-modal numerosity matching task, and thus
affects the responses in the cross-modal numerosity
matching task?

Addressing the first question is a confirmation that cross-
modal magnitude comparison is possible (as in, e.g., Anobile
et al., 2018; Barth et al., 2003; Gallace et al., 2007), but with
the advancement that rarely investigated modalities are tested
in a cross-modal setup with simultaneously presented source
numerosity (dot arrays). This provides the necessary funda-
ment for the second question, that additional information be-
sides numerosity is extracted and used by participants. This
would contrast the direct ANS model and widens perspective
for alternative proposals.

Methods

Participants

We used G*Power (Version 3.1; Faul et al., 2009) to estimate
the required sample size of 44 participants to achieve a power
of .95 for a medium sized effect (f = .25) in a 2 × 5 repeated-
measures analysis of variance (ANOVA). We recruited 50
undergraduates (37 females, mean age M = 23.22 years,
SD = 4.48). All participants were healthy and without any
impairments or injuries that influenced their touch sensitivi-
ty. Participants had normal or corrected-to-normal vision.
Forty-three participants were right-handed, and seven were
left-handed.

Every participant gave informed written consent to the
study prior to the experiment. Consent followed the
Declaration of Helsinki (World Medical Association, 2013)
and was approved by the local ethics committee of
Fachbereich 06 of the Justus-Liebig-University Gießen
(LEK-FB 06). Due to the COVID-19 pandemic, protective
measures for participants and the experimenter were imple-
mented that complied with the local university guidelines.
None of the protective measures compromised the experimen-
tal implementation.

Cross-modal number matching task

In the cross-modal number-matching task, participants com-
pared a haptically presented numerosity (dowel array) to two
visually presented numerosities (dot arrays). The participant
was instructed to decide which of the two visually presented
numerosities contained the same number of dots as in the
(immediately) prior presented haptic dowel array. We varied
whether the visual target stimulus either is a random arrange-
ment of dots (spatially random [SR]) or matches the exact
spatial pattern of the haptic stimulus (i.e., being spatially iden-
tical [SI]). Furthermore, we varied the numerosity ratio be-
tween the target stimulus and the distractor stimulus so that
five different levels of difficulty (1.11, 1.14, 1.20, 1.33. 2.00)
were implemented.

While the visual target stimulus in the SI condition takes on
its spatial features from the haptic stimulus, we utilized the
degrees of freedom in stimulus placement in the SR condition
to additionally manipulate spatial attributes of the pattern to
generate spatially congruent and incongruent trials. As a key
metric for spatial influence, we used a compound index,
”spacing,” defined by DeWind et al. (2015) as the product
of convex hull and sparsity of a stimulus array. The convex
hull can be illustrated as a polygon defined by a subset of
elements (dots) containing all elements of the set. Sparsity is
defined by the area of convex hull divided by the number of
elements in the stimulus array (DeWind & Brannon, 2016).
The spatial metric of the haptic stimulus array can be either
congruent to the visual target stimulus or to the distractor
stimulus (see Experimental Procedure and Data Analysis sec-
tions). In a congruent trial, the difference in the variable “spac-
ing” of the haptic stimulus pattern and the target visual stimulus
pattern is smaller than the difference in “spacing” of the haptic
stimulus pattern and the distractor stimulus pattern. A trial is
incongruent if there is a smaller difference in the spacemetric (=
“spacing” compound index) between the distractor visual stim-
ulus pattern and the haptic stimulus pattern than between target
visual stimulus and haptic pattern. With this definition, the spa-
tial influence of the pattern can be seen as a facilitating or
conflicting factor to the correct response.

Experimental setup

The experiment took place in a quiet, darkened room in the
Faculty of Psychology at Justus-Liebig-University Gießen.
Participants sat in front of a 22-inch monitor (visible screen:
47.4 cm × 29.6 cm, brightness: 250 cd/m2, resolution: 1,680 ×
1,050, refresh rate: 60 Hz) at 60-cm viewing distance in front
of a table. The monitor was placed on a height-adjustable
construction that was put on top of the table (see Fig. 1),
allowing participants to see the visually presented stimuli at
eye level and giving enough space below to comfortably ex-
plore the haptic stimuli. We adjusted the screen height
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individually, so that participants looked directly into the center
of the screen with upright head posture. The experimenter sat
to the left of the participant and could monitor and track the
hand during the participant’s haptic exploration process. An
adjustable opaque piece of fabric (120 × 50 cm) prevented the
participant from seeing the haptic stimuli during the experi-
mental trials. Participants could rest their hands under the
construction during the experiment. The haptic stimuli were
presented 6 cm to the left or 6 cm to the right of the body
midline, depending on the participants preferred handedness.
The stimulus was locked in place during the trial by a fixture
mounted to the table.

Haptic stimuli

The haptic stimuli were wooden panels (length: 119 mm,
width: 99 mm, height: 21 mm) made from sanded down ve-
neer plywood (“multiplex”), which could be equipped with
varying numbers of wooden dowels. The dowels functioned
as single enumerable entity. We prepared 20 slots (diameter: 6
mm, depth: 10 mm) for a panel, which were organized in a 5 ×
4 rectangular scheme. The center-to-center distances between
the slots were 10 mm, resulting in a 70 mm × 55 mm rectan-
gular area (see Fig. 2). The distance of 10 mm was chosen to
enable distinct discrimination of individual dowels in the palm
of the hand (Craig& Lyle, 2001). As a reference for the size of
the panel and the distances of the slots, we used a glove size S
(17.5 cm of hand circumference) to ensure that also individ-
uals with small hand sizes could quickly palpate the stimulus.
Any slot could contain an industrial wooden dowel (diameter:
6 mm, length: 30 mm). Each dowel thus protruded 20 mm
from the panel. The haptic stimulus could be prepared rapidly
during the experiment for the subsequent trial, due to a

custom-written software that assisted the experimenter by vi-
sualizing the current and next trial. The panels were clipped to
the table to ensure stable hold during the exploration phase. In
each trial, a panel contained a dowel (dot) array ranging from

Fig. 1 Illustration of the experimental setup. Note. Left image shows a
top down view of the setup. Right image shows a cross section view of
the setup and how the participants engaged in the task. a Participant’s

screen for visual stimuli; b curtain that prevents the participant from
visually inspecting the haptic stimulus; c haptic stimulus

Fig. 2 Examples of haptic and visual stimuli used in the experiment.
Note. (a) Haptic stimulus. (b) Visual stimulus. Haptic pattern matches
the visual stimulus on the right side, which displays the identical pattern
of dots (SI condition). (Color figure online)
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5 up to 10 entities that were randomly (pseudorandomly in the
“spatially randomized” condition) selected by the custom-
written C++ program. Any position had an equal probability
of being selected for the current trial. If a trial did not meet the
criteria for the “spatially identical” (SI) condition (i.e., the
random pattern was not congruent or incongruent in the spatial
attributes), the program recalculated the trial until it matched
the criteria (exhaustive search method).

Visual stimuli

Visual stimuli were two simultaneously presented dot arrays
on each side of the screen. The arrays were presented 105 mm
apart from each other and were clearly distinguishable as sep-
arate arrays. A single dot had a diameter of 6 mm on the
screen. The minimum center-to-center distance between the
dots corresponded with the haptic stimuli and was at least
10 mm on the display. Each array displayed 5 up to 10
magenta-colored dots on black background (see Fig. 2).
Possible positions of the dots were arranged in direct corre-
spondence to the possible position of dowels in the wooden
panels (5 rows × 4 columns).

Experimental procedure

Each trial started with the participant placing the preferred
hand onto the haptic stimulus through the curtain underneath
the construction. The experimenter started the trial when the
participant touched the stimulus material. A beep tone (dura-
tion: 500 ms, pitch: 523 Hz) signaled the participant to start
the exploration phase. The participant explored the dowels
with the palm of the dominant hand for a total of 4.5 seconds.
Participants were prompted to place their hand onto the stim-
ulus several times within the time limit to ensure that they
touched all dowels with the palm of their hands, which was
monitored by the experimenter. After 3.5 s during the haptic
exploration phase, a white fixation cross appeared on the
screen. At 4.5 s, a second beep (duration: 100 ms, pitch: 523
Hz) signaled the participant to lift the hand from the haptic
stimulus (transition phase). 500 ms later, the fixation cross
vanished and two dot arrays were presented for a total of
300 ms, sufficient to give an approximate estimate of the
numerical quantity presented. Participants were instructed to
choose the side that matched the number of dowels as felt on
the panel by verbal announcement “left” or “right,” respec-
tively. The response was documented by the experimenter and
the next trial began. The full procedure is illustrated in Fig 3.

The experimenter prepared (i.e., equipped the panel with
dowels) and exchanged the haptic stimulus in each trial ac-
cording to a custom-written C++ script. The haptic dowel
array was presented to the experimenter by a second screen,
which was not visible to the participant. A total of 80 trials
were presented. The trial list was shuffled randomly for each

participant. Participants were instructed that there is always
one visual dot array with the exact same number of dots as
dowels and that the other one contained either fewer or more
dots.

The brief presentation time of the stimuli (signal to uncover
at 4.5 seconds haptic; 300 ms visual) served to prevent the
participant from counting the dowels/dots. Pretests were used
to determine the appropriate presentation times. Participants
were instructed explicitly to base their decision on number.
Some participants asked whether the arrangement of the
dowels and the arrangement of dots in the dot array might play
a role. If this question was posed, the experimenter gave the
following answer: “The correct answer is the dot array with
the same amount of dots as dowels felt previously. I am not
allowed to give any further information about the stimuli.”
Participants were not given any feedback on whether their
answer was correct or not.

In half of the trials, the visual target dot array of correct
numerosity was identical (i.e., in numerosity and spatial ar-
rangement) to the dowel array of the haptic stimulus (“spatial-
ly identical” [SI]). In the other half of the trials, the correct
answer matched only the number of the dowel array, but not
the spatial pattern (“spatially randomized” [SR]), which was a
spatially random arrangement of dots. Still, the stimuli gener-
ating formula allowed balancing the convex hull of the visual
stimuli in the “spatially randomized” condition, so that in half
of these trials the matching stimulus had a convex hull larger
than the distractor stimulus and in the other half a convex hull
smaller than the distractor stimulus.

The distractor stimulus in the visual modality was varied in
different ratios relative to the haptic stimulus. We applied five
different comparison ratios within the experiment, 10:9 (1.11),
8:7 (1.14), 6:5 (1.20), 8:6 (1.33), and 10:5 (2.00). These ratios
determine the difficulty if the comparison process is solely
based on number. There are easy to distinguish alternatives,
for example, haptic stimulus contains 5 dowels, Visual
Stimulus 1 shows 5 dots (target), Visual Stimulus 2 shows
10 dots (distractor), and difficult to distinguish alternatives
(haptic stimulus contains 9 dowels, Visual Stimulus 1 shows
9 dots (target), Visual Stimulus 2 shows 10 dots (distractor).
Each ratio was tested 16 times (8 times in each pattern condi-
tion). In 50 % of the trials, the target visual stimulus displayed
a lower number of dots than the visual distractor stimulus, and
in the other 50% of trials a higher number of dots. The side on
which the “correct” dot array was presented was balanced
across trials as well. Two pattern conditions (spatially identi-
cal, spatially randomized), 5 ratio conditions, 2 possibilities of
whether choosing the higher or lower number as correct target
stimulus, 2 convex hull conditions (smaller/larger), and 2 pos-
sible sides for the correct answer, resulted in 80 possible com-
binations (2 × 5 × 2 × 2 × 2 = 80), all of which were tested in a
randomized order. The experiment took about 45 minutes to
complete.
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Data analysis

For each participant, we calculated the mean of correct an-
swers for each ratio and the two levels of three variables—
that is, pattern (SI, SR), magnitude (larger number, smaller
number), and bias towards a side (left, right). The factor “mag-
nitude” (larger number, smaller number) allows to check for
potential effects on answers in dependence on the relative
target magnitude (i.e., whether the target stimulus has the
smaller or larger number than the distractor). The bias analysis
served as a control condition to detect whether participants
had unforeseen tendencies towards a side, regardless of which
dot pattern was shown (left side, right side).

We applied arcsine transformation (Cohen et al., 2014) for
the aggregated correct answers as preparation for a repeated-
measures ANOVA (rmANOVA) with the within-subject var-
iables ratio (2.00, 1.33, 1.20, 1.14, and 1.11) and pattern (spa-
tially identical, spatially randomized). Two additional
rmANOVAs with the within-subject variables “ratio” (2.00,
1.33, 1.20, 1.14, and 1.11) and the factors “magnitude” (larg-
er, smaller number) and “bias side” were conducted, respec-
tively. For each rmANOVA, we applied Greenhouse–Geisser
correction (Geisser & Greenhouse, 1958) in case of any sphe-
ricity violations.

To investigate spatial influence, represented by the product
of sparsity and convex hull of a stimulus pattern, on partici-
pants’ answers, we analyzed the trials of the “spatially ran-
domized” pattern condition with a generalized linear model

(probit link function with iteratively reweighted least squares).
The correct answers served as response variable and the var-
iables “ratio,” “spatial congruency” (incongruent/congruent),
“magnitude,” and the bias variable (“bias side”) as well as a
variable accounting for interindividual differences in perfor-
mance (“individuals”) as predictors. We use the compound of
sparsity and convex hull as an index for spatial influence as it
is a relative measure that includes the key spatial features of a
stimulus array (DeWind et al., 2015). A trial is spatially con-
gruent if the following condition is met:

(Hapticspace − VisualTargetspace) < (Hapticspace −
VisualDistractorspace) (1)Spatial congruency is therefore a di-
chotomous variable (congruent, incongruent) reflecting con-
gruency of spatial attributes between the haptic pattern and the
visual target pattern.

The data preparation, computation, and visualization of the
data were performed using R (Version 4.1.0; R Core Team,
2019).

Results

Table 1 shows the relative frequency of correct trials from all
50 participants sorted by ratio and pattern condition (spatially
identical/spatially randomized).

Figure 4 shows the mean percent correct responses of the
variable pattern across all applied ratios (2.00, 1.30, 1.20,
1.14, and 1.11).

Fig. 3 Illustration of the procedure in the cross modal matching task
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Ratio and pattern

The main results of the repeated-measures ANOVA revealed a
significant main effect for the factor ratio (2.00, 1.30, 1.20, 1.14,
and 1.11) with F(4, 196)= 59.246, p < .001, η2p = .547 as well as

a significant main effect for the factor pattern (spatially identical,
spatially randomized) with F(1, 49) = 59.571, p < .001, η2p =

.549. Participants showed a higher accuracy rate with higher
ratios. The accuracy rate is higher for spatially identical patterns
(see Fig. 4). This trends across all ratios. There is also a signif-
icant interaction between ratio and pattern F(1, 196)= 2.791, p <
.001, but with a smaller effect, η2p = .054.

Magnitude and bias analysis

We ran repeated-measures ANOVAs to check for effects of
number magnitude (larger number, smaller number) and of a
potential response bias—that is, a bias towards a side (“bias
side,” left/right) among the visual stimuli. The bias analysis
indicates there was no tendency in responses towards a side,
F(1, 49) = 0.014, p = .906, η2p = .000. Furthermore, there is no

interaction effect between the factor “bias side” and “ratio”
F(1, 196) = 1.098, p = .359, η2p = .022. The descriptive statis-

tics are given in Table 2.
The analysis for the factor “magnitude” revealed no signif-

icant result, F(1, 49) = 3.731, p = .059, η2p = .071; as well as no

significant interaction between the factor ”magnitude” and
“ratio” F(1, 196)= 1.602, p = .175, η2p = .032.

The corresponding descriptive statistics are given in
Table 3.

Since the analysis for the variable “magnitude” turned out
to be at least marginally significant in the overall sample, F(1,
49) = 3.731, p = .059, we checked whether this variable is
relevant for the subset of trials in the SR condition which is
designated for the logistic regression analysis. We found that
whether the correct answer was the smaller or the higher num-
ber is a significant aspect to consider, F(1, 49) = 5.448, p =
.024. We therefore ran two separate models for the logistic
regression, one for trials, in which the higher numerosity was
the correct answer and a complementary one, in which the
smaller numerosity was the correct answer.

Logistic regression analyses

Within the subset of trials of the “spatially randomized” pat-
tern condition, we distinguished trials where the haptic stim-
ulus was spatial congruent versus spatial incongruent to the
visual target stimulus (relative to the relation between haptic
stimulus and visual distractor stimulus).

The results of this analysis is given in Table 4. We ran
separate models for trials in which the correct target was the
higher number (Model A) and trials in which the correct target
was the smaller number (Model B). We added the predictors
ratio (2.00, 1.30, 1.20, 1.14, and 1.11), spatial congruency
(congruent, incongruent) as well as the ID variable (“individ-
uals”) representing interindividual differences in participants.

Table 1 Relative frequencies of correct trials per ratio and pattern in the
complete sample

Ratio Pattern N M SE

1.11 SI 50 .695 .030

1.11 SR 50 .522 .025

1.14 SI 50 .718 .022

1.14 SR 50 .542 .025

1.20 SI 50 .725 .026

1.20 SR 50 .570 .025

1.33 SI 50 .748 .025

1.33 SR 50 .672 .025

2.00 SI 50 .922 .012

2.00 SR 50 .877 .018

Note. “SI” pattern (spatially identical) refers to the condition when the
haptic dowel array and the correct visual dot array match in numerosity
and also in spatial arrangement. “SR” (spatially randomized) pattern re
fers to the condition when the haptic dowel array and the correct visual
dot array solely match in numerosity but not in spatial arrangement

Fig. 4 Mean percentage correct per ratio and pattern in the complete
sample. Note. “SI” refers to the spatially identical pattern condition
when the haptic dowel array and the correct visual dot array match in
numerosity and also in spatial arrangement. “SR” refers to the spatially
randomized pattern condition, when the haptic dowel array and the
correct visual dot array solely match in numerosity but not in spatial
arrangement. N = 50
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Model A

The AIC (Akaike information criterion) of the regression
Model A is 1,269.4 with a null deviance of 1,339.3. The esti-
mated pseudo-R-squared of the model is at 0.102 (Cragg–
Uhler), which is acceptable but gave us reason to ensure the
validity of the model fit with the method proposed by Hosmer
and Lemesbow (1980). The Hosmer and Lemesbow test does
not indicate a poor model fit, χ = 6.930, df = 8, p =.544. The
logistic regression model shows that the number ratios affect
the decision for a correct answer the most. Higher ratios (e.g.,
2.0) are more likely to provoke a correct answer. Additionally,
if a trial showed spatial congruency it facilitated a correct
response (see Table 4). The interindividual difference in per-
formance did not show a significant impact within the logistic
regression model.

Model B

The AIC (Akaike information criterion) of the regressionmodel
B is 1,181.6 with a null deviance of 1,274.0. The estimated
pseudo-R-squared of the model is at 0.133 (Cragg–Uhler),
which is acceptable as well. The Hosmer and Lemesbow test
does not indicate a poor model fit, χ = 9.124, df = 8, p =.332.
The logistic regression model shows that the number ratios
affect the decision for a correct answer the most. Higher ratios
(e.g., 2.0) are more likely to provoke a correct answer. Spatial
congruency did not facilitate a correct response (see Table 4)
and was not a significant predictor in Model B. The interindi-
vidual difference in performance did not show a significant
impact within the logistic regression.

Discussion

In the present study, we examined the ability to compare
haptically and visually perceived numerosity from dot arrays
in a cross-modal number matching task. We focused on possi-
ble effects of spatial information provided by the dot/dowel
patterns within this paradigm. We therefore had participants
decide which of two visually presented numerosities matched
the previously haptically perceived numerosity; we varied
whether the target visual stimulus was spatially identical (SI)
to the haptic stimulus or whether it displayed a random arrange-
ment (SR) of the same number of dots. The visual distractor

Table 2 Relative frequencies of correct trials per ratio and magnitude in
the complete sample

Ratio Magnitude N M SE

1.11 LN 50 .610 .026

1.11 SN 50 .608 .028

1.14 LN 50 .605 .024

1.14 SN 50 .655 .025

1.20 LN 50 .635 .028

1.20 SN 50 .660 .024

1.33 LN 50 .665 .028

1.33 SN 50 .755 .024

2.00 LN 50 .880 .019

2.00 SN 50 .920 .015

Note. LN larger number; SN smaller number

Table 3 Relative frequencies of correct trials per ratio and side in the
complete sample

Ratio Side N M SE

1.11 L 50 .583 .026

1.11 R 50 .635 .029

1.14 L 50 .635 .024

1.14 R 50 .625 .022

1.20 L 50 .650 .024

1.20 R 50 .645 .022

1.33 L 50 .715 .023

1.33 R 50 .705 .023

2.00 L 50 .912 .013

2.00 R 50 .887 .016

Note. “Side” (Left, Right) refers to the response (i.e., left or right side)

Table 4 Model coefficients (Models A and B) and statistics for the
logistic regression of correct answers on ratio and spatial congruency

Predictors β Z SE p

Model A

Ratio 1.107 7.932 0.139 <.001***

Spatial congruency 0.247 2.997 0.083 <.010**

Individuals 0.003 0.876 0.003 .381

Intercept 1.256 6.102 0.206 <.001***

Model B

Ratio 1.455 8.905 0.163 <.001***

Spatial congruency 0.111 1 307 0.085 .191

Individuals 0.000 0.065 0.003 .948

Intercept 1.419 6.185 0.229 <.001***

Note. Model A refers to all trials in the “spatially randomized” pattern
condition in which the correct target was the higher number; Model B
refers to all trials in this condition in which the correct target was the
smaller number. “Ratio” includes all ratios 2.00, 1.33, 1.20, 1.14, and
1.11. “Spatial congruency” is a dichotomous variable reflecting congru
ency in spatial features between the haptic pattern and the visual target
numerosity; the predictor “individuals” accounts for interindividual dif
ferences in the participants’ task performance

**p ≤ .01. ***p ≤ .001
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stimulus was a numerosity that determined the difficulty of the
comparison. The number ratio difficulty ranged from 2.00
(easy) to 1.11 (hard). We furthermore varied whether the visual
target stimuli with a spatially randomized pattern (SR)
displayed a pattern that is congruent or incongruent to the spa-
tial features of the haptic pattern. We expected that if numerical
information is the only processed information in this task,
which is implied by the “strong” assumption of the ANS theory,
spatial information would not affect the accuracy rates under
the variation of the dot patterns (SI/SR). However, our analyses
showed a remarkable and significant main effect of the factor
“pattern” towards a processing advantage for spatially identical
patterns, implying that spatial information is extracted and
maintained throughout cognitive processing and has a signifi-
cant impact on a participant’s response. Furthermore, our logis-
tic regression model indicates, at least conditionally, that spatial
variables also affect response behavior in the SR condition of
our cross-modal approximate number matching task. This dem-
onstrates that participants extracted and used spatial informa-
tion, besides numerosity, from the given stimulus material even
across modalities.

A prerequisite for this study was to confirm that individuals
are able to use numerical information extracted from
haptically presented source material and match this informa-
tion to visually presented target stimuli. The accuracy rates in
both task conditions show ratio dependency, which is indica-
tive for numerosity processing (Feigenson et al., 2004; Spelke
& Kinzler, 2007). Therefore, we can assume that participants
compared the number of stimuli, just as instructed, which is
consistent with results of previous cross-modal studies (Barth
et al., 2003; Gallace et al., 2007; Tokita et al., 2013). What
stands out in this study is that in addition to the numerosity of
the haptic stimulus, spatial information of the stimulus ar-
rangement was apparently extracted along with number.
This result extends previous work by the aspect that spatial
information can influence a person’s numerosity percept in a
cross-modal setup, which has already been shown in intra-
modal numerosity tasks (Clayton et al., 2015; DeWind et al.,
2015; Ziegler & Drewing, 2022). In both conditions, the spa-
tially identical and spatially random pattern, spatial informa-
tion affected the responses in the cross-modal numerosity
matching task. A match in numerosity between the haptic
and the visual modality with an identical stimuli arrangement
showed the strongest effect and facilitated participants’ accu-
racy significantly. We furthermore demonstrated that correct
numerosity discrimination is more likely when the haptic
stimulus is congruent in spatial attributes to the visual target
stimulus, when the target numerosity was the larger number.
The proportions of the effect of ratio and spatial congruency
onto the discrimination performance are similar to the effects
of numerosity and space found in the haptic-visual intramodal
numerosity comparison task by Ziegler and Drewing (2022),
which indicates that the same factors contribute to the

numerosity percept. Furthermore, the finding of spatial con-
gruency is in accordance with studies that demonstrated
intramodal spatial congruency effects (i.e., there is a
facilitating effect when spatial and numerical attributes
match; Gilmore et al., 2016). Contrary to our expectations,
the congruency effect did not show in trials that had the small-
er numerosity as target, so the interpretable effect is restricted
to the subset of trials in which the target numerosity was the
larger one. We assumed that a congruency effect would like-
wise occur when a smaller “space” goes along with “smaller”
numerosity—an assumption we cannot verify in our data.

However, both of these findings, the spatial effect in the SI
and the SR condition, are contrary to the assumption that
numerosity is achieved by a process that filters out nonnumer-
ical information, which has been proposed by some direct
models of approximate numerosity processing (Brannon &
Merritt, 2011; Dehaene & Changeux, 1993). Therefore, ex-
planations of the traditional direct ANS theory in how
numerosity becomes an amodal representation are challenged
as well. The idea of a cognitive system that filters out nonnu-
merical information to create a pure numerosity percept seems
not plausible with our and previous findings.

Nevertheless, it is reasonable to assume that a common
representational basis of stimulus information exists in order
to compare the magnitudes extracted from different modali-
ties. Our results encourage speculation about the unknown
processes and factors involved in numerosity perception and
how the results might be embedded in alternative theories. We
think key aspects to consider in this discussion and in future
work is the extent to which spatial information interacts with
numerosity information, whether an integrated numerosity
percept is constructed or whether number and spatial informa-
tion are maintained independently.

Barth et al. (2003) argued for an abstract common magni-
tude representation that allows comparison between modali-
ties. We partially agree on this, but with the caveat that the
numerosity percept is either influenced by or even dependent
on spatial factors, or that spatial factors are extracted alongside
number and used in the decision stage. The interaction effect
between the factor ratio and the pattern condition in our study
furthermore implies that the difficulty of a trial, which should
be exclusively determined by the ratio, is further modified by
the spatial information given. The ratio dependency points
towards a mechanism in which spatial information directly
shapes the final numerosity percept, which would be in accor-
dance with indirect models of numerosity estimation (cf. Allïk
& Tuulmets, 1991). However, the salient effect of spatial in-
formation and consistently better performance across ratios in
the SI condition also allows for the plausible interpretation
that the numerosity percept and the spatial percept are kept
independently but within a shared metric, and that each factor
contributes to the decision of choosing the matching
“numerosity.” In this perspective, the decision whether a
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numerosity is the same is influenced by these two (and addi-
tional) factors, without an irreversible merge into a single
numerosity percept. This would follow the interpretation by
Lourenco and Aulet (2022) that a shared but distinct represen-
tation throughout cognitive processing exists. What remains
unclear is to what extent the numerosity factor might be de-
pendent on spatial information assuming that numerosity is
derived from topological information, or whether number is
a primary feature (cf. Aulet & Lourenco, 2021; Gebuis et al.,
2016; Lourenco & Aulet, 2022). In principle, there might be
the possibility of an integrated numerosity percept composed
of number, space, and presumably area factors, as well as the
alternative possibility that space and numerosity are extracted
and maintained as distinct multidimensional percepts that can
be read out voluntarily, as suggested by Lourenco and Aulet
(2022).

Marinova et al. (2021) recently suggested that there might be
more than just one way in how numerosity is estimated and that
humans are capable of using direct and indirect estimation
mechanisms depending on the individual and context. In our
context, it would be reasonable to assume that different
stimulus material also evokes different information processing
within the participant. For example, in our SI condition,
participants might have been provoked to emphasize on the
spatial information, whereas in the SR condition, due to the
lesser spatial salience of the stimulus material, decision
making relied more extensively on the numerosity factor of
the percept. Still, spatial information remains relevant in the
SR condition, but only insofar as the mechanism that derives
numerosity from the stimulus pattern is affected by the spatial
properties. Additionally, the different effects of spatial
congruency hint towards different processing mechanisms
within this condition. Ernst and Banks (2002) describe that
information integration from different modalities is weighted
by its reliability. Cues that are more reliable can “capture” a
percept (or decision process). Transferring to our results, spatial
features and number features within a task would compete for
weighting within the final percept (or at least for the terminal
decision, if one assumes that there is no final integration). We
think this idea would be plausible and in consonance with the
data we present here.

The idea that multiple mechanisms for approximate
numerosity estimation exist assumes that there is domain-
specific processing of the stimulus material in participants. A
limitation of our study might be that participants could have
used strategies that bypassed “numerosity” processing and
based their decision on other factors, such as a “pattern match”
or “shape recognition” of dot arrays. In this view, the results
would not directly compromise the traditional direct ANS as-
sumptions, as participants would have just used a strategy to
match the task affordances, but cognitive processing could still
appear to be rather domain general than domain specific. It is
well known that participants supplement their decisions in

numerosity comparison tasks with different strategies
(Dietrich et al., 2019; Roquet & Lemaire, 2019). A strategy that
Roquet and Lemaire (2019) named a “shape”-based strategy
could question the striking effect we found for the pattern con-
dition. In this strategy, participants respond to a recognizable
shape rather than to specific features like numerosity or space
(even though topographic information is still used). Although
we cannot completely rule out the possibility that participants
occasionally used this strategy, it is very unlikely to explain the
effect. Shape recognition was reported as least frequent (0.6 %)
in Roquet and Lemaire (2019) in conditions that allowed this
strategy to be used even better (intramodal numerosity compar-
ison) than in our setup. However, participants may have selec-
tively used more of what Dietrich et al. (2019) classified as a
“numerosity-based strategy” in the “randomized pattern” con-
dition and leaned more toward a “visual strategy” in the “spa-
tially identical pattern” condition. Roquet and Lemaire (2019)
used similar terms of “numerical” and “visual” strategies for
classification. In our case, visual strategies should be referred
to as “topographic” strategies—because the source modality is
perceived haptically.

Besides the domain specific processing, other more general
aspects in human processing are also involved in a partici-
pant’s performance, which also might partially explain the
performance difference in the SI and SR conditions—for ex-
ample, the availability of attentional resources. A convincing
body of evidence indicates that attentional resources are (at
least) partially shared across the visual and haptic modality for
tasks that require spatial attention or object-based attention
(Wahn & König, 2017). A cross-modal facilitation of perfor-
mance from one modality to the other due to spatial informa-
tion could partly be an effect of the shared spatial attention
resources between the two modalities (visual, haptic): When
participants compared the stimuli (i.e., comparing the haptic
percept with the two visual stimuli), a shared spatial pattern of
attentional foci between the modalities might have enhanced
areas in the spatially identical condition in vision that are
already represented from the extraction of the haptic stimulus.
That is, visual focal attention in the spatially identical condi-
tion might be better tuned to capture the visual stimulus than
in the spatially random condition, and thus might have con-
tributed to a better performance in the former condition. Put in
other words, in the spatially random condition, the visual and
haptic stimuli share less spatial structure in attentional foci as
compared to the spatially identical condition and therefore
might not enhance performance to the same extent. Our num-
ber matching task could have involved both, object-based at-
tention, in which number is the object (analogous to a target
letter or a color; cf. Alvarez, 2011), as well as spatial attention,
which links to the spatial information of the dot patterns. Both
types of attention have recently been demonstrated as influen-
tial in visual numerosity estimation tasks (Pomè et al., 2021).
Therefore, both could have contributed to the decision process
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within the cross-modal task, especially in our combination of
modalities (visual–haptic). The control of attentional process-
es could be systematically introduced as factor in experiments
with approximate numerosity to better disentangle domain
general and domain specific factors that contribute to a partic-
ipants performance. The role of different types of attention
and their effect on performance in numerosity estimation has
only recently started to become a greater topic and requires
further research (Pomè et al., 2021).

Overall, given the ratio-dependent performance in our task,
we have good reason to conclude that participants based their
decisions directly or indirectly on numerosity. We furthermore
wonder whether strategy use limits any interpretations of the
results or whether they are indicative of the distinct processing
and if attentional resources partially can explain the perfor-
mance differences as we have previously speculated.

The (approximate) number of multiple objects is just one
feature that can be extracted of a dot pattern nearly instanta-
neously (Zhang et al., 2019). There is evidence that number is
extracted as primary feature (Alvarez, 2011; Feigenson et al.,
2004). Additionally, as demonstrated in the visual modality,
summary statistics (e.g. averages, variances, orientation, or
location of are extracted from objects; Alvarez, 2011).
Because selective attention is limited, humans remain being
capable to representmultiple aspects of stimuli in these abstract-
ed ways, which are also known as ensemble representations
(Alvarez, 2011). These ensemble representations can comple-
ment the perception (Alvarez, 2011). Numerosity, per se, seems
to be processed distinctly from other statistics in the ensemble
representation (Utochkin & Vostrikov, 2017; Yu & Zhao,
2015). However, as mentioned before, a stimulus pattern in
our task conveys a variety of information that can be perceived
and maintained as ensemble representation throughout cogni-
tive processing. Perceiving sensory information from a haptic
stimulus pattern presumably underlies the same principles in
the ensemble feature extraction. We wonder, if the spatial in-
formation we presented in the SI condition of our task could
have been represented and later facilitated the performance of
performance just as in the visual modality, through a compari-
son of the available information in an abstracted summary form
(Alvarez, 2011; Alvarez & Oliva, 2009). This would seem
plausible to us; however, our experiment did not address this
question. Further research will be necessary to clarify the how
ensemble statistics extracted from one modality translate into
performance of other modalities. We think, that there is an
interesting opportunity to find out more about the nature of
abstract ensemble representations and if they translate between
different modalities and ultimately think all these aspects to-
gether in a more general framework of human perception.

In summary, we demonstrate that nonnumerical (i.e., spa-
tial, information is used within our cross-modal number

matching task to compare numerosities between the visual
and the haptic modalities). We argue that spatial influence
affects a person’s perception of the given nonsymbolic num-
ber stimulus material in our cross-modal matching task, as-
suming that the final (numerosity) percept includes a compos-
ite of number and space (DeWind et al., 2015). We further-
more argue that the so-called approximate number system
might be involved in this process, but presumably not accord-
ing to the strong assumption that this system integrates only
numerical information, which has also been questioned in
alternative theories and so-called indirect models (cf. Gebuis
et al., 2016; cf. Leibovich, Katzin, Harel, & Henik, 2017a).
Our data suggests that spatial influence does indeed have a
strong impact on participants’ decisions, and therefore data
interpretation better fits these alternative proposals. We also
found that spatial congruency affects the likelihood of accu-
rate numerosity estimations, but it depends on the context:
Congruent spatial information facilitated responses when the
target number was the larger one, but no congruency effect
was observed when the smaller number was paired with
smaller spatial magnitude, which should also have been facil-
itating according to our reasoning. These different congruency
effects could be an interesting topic for further research, as
congruency effects could help to understand which model of
numerosity estimation might be most appropriate (Lourenco
& Aulet, 2022).

We articulate concerns about direct ANS conceptions that
are narrow in scope and in conflict with recent evidence show-
ing that a numerosity percept is affected by other factors
(Clayton et al., 2015; Tomlinson et al., 2020; Ziegler &
Drewing, 2022) and therefore, in our opinion, challenge the
abstraction claim of the ANS. Albeit speculative, we highlight
a range of possibilities for how numerosity processing can
work to enable approximate cross-modal number comparison
and also allow for flexible adaptation to environmental de-
mands (e.g., via strategy usage). We think that our results also
support the suggestion recently proposed by Marinova et al.
(2021) that openness to the idea that there may be more than
one way in how numerosity is estimated, depending on the
individual and context, would better advance this field of
research.
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