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spheres: blow up with residual mass
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Abstract. In this paper, we extend the analysis of the subcritical approx-
imation of the Nirenberg problem on spheres recently conducted in Mal-
chiodi and Mayer(J Differ Equ 268(5):2089-2124, 2020; Int Math Res Not
18:14123-14203, 2021). Specifically, we delve into the scenario where the
sequence of blowing up solutions exhibits a non-zero weak limit, which
necessarily constitutes a solution of the Nirenberg problem itself. Our
focus lies in providing a comprehensive description of such blowing up
solutions, including precise determinations of blow-up points and blow-
up rates. Additionally, we compute the topological contribution of these
solutions to the difference in topology between the level sets of the asso-
ciated Euler-Lagrange functional. Such an analysis is intricate due to the
potential degeneracy of the solutions involved. We also provide a partial
converse, wherein we construct blowing up solutions when the weak limit
is non-degenerate.
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1. Introduction and main results

Given a smooth positive function K defined on the standard sphere S™, where
n > 3, equipped with its standard metric go, the Nirenberg problem aims to
determine a Riemannian metric g conformally equivalent to gy such that the
scalar curvature R, = K. This can be formulated as solving the following
nonlinear problem involving the critical Sobolev exponent:

(Nk) Lgu = Ku2/(=2) 4> 0 on §",

where Ly, := —Agy + n(n — 2)/4 denotes the conformal Laplacian.
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This problem has garnered significant attention over the past half-century,
with extensive research contributions. See [3,5,6,10,13-18,21,22,25-27,34] and
the references therein.

Due to Kazdan-Warner topological obstructions [11,22], the Nirenberg
problem is not solvable for every function K. Thus, the central inquiry revolves
around identifying sufficient conditions on K for the problem to be solvable.

Regarding existence results, Euler-Poincaré type criteria have been es-
tablished by Bahri-Coron [6] and by Chang-Gursky-Yang [14] on S3, and by
Ben Ayed et al. [10] and Yanyan Li [26] on S*. Furthermore, these results have
been extended to higher-dimensional spheres under various conditions, includ-
ing flatness conditions near the critical points of K [25], in the perturbative
framework [13], or under pinching conditions [18] and [30].

The Nirenberg problem has a variational structure. Indeed its solutions corre-
spond to the positive critical points of the functional

1 1 n+2

i) = gl = = [ Kt it o= 2

(1)

defined on H'(S™) equipped with the scalar product

(u,wy := /n VuVw + @/w uw

and its associated norm

n(n — 2
||u||2:/S | Vu [ +%/ o,

The functional Ik fails to satisfy the Palais-Smale condition and the reason for
such a lack of compactness is the existence of almost solutions of the equation
(Nk). These almost solutions called bubbles are defined as follows:

\(n=2)/2
(24 (A2 —1)(1—cos dg, (, 0«)))(

dan (@) =co —375>  With a€S" and A>0, (2)

where d, is the geodesic distance on (S”, go) and ¢y = (n(n — 2))("_2)/4.
After performing a stereographic projection II with the point —a as pole, the
function §(4,y) is transformed into
A(n—2)/2
oY) = O A [y B

y € R", (3)

which is a solution of the problem [12]

nt2 .
—Au=wur2,u>0 in R™

One way to overcome the lack of compactness of the functional I, which
goes back to Yamabe [38], is to lower the exponent and first consider the
subcritical approximation

(Nk,r) Lgu = Ku((mt2/(=2)=7" 4, >0 on §",

and its associated Euler-Lagrange functional

1 1 . o n+2
IK,T(U)1=§||U||2—m A KlulPHT, ueHl(S)Wlthp:=n_2-
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Thanks to elliptic estimates, either the solution u. remains uniformly bounded
as 7 — 0 and hence converges strongly to a solution w of the Nirenberg problem
(Nk) or it blows up. In the latter case, following Schoen [33], Yanyan Li
[25,26], Chen-lin [16,17] or Druet-Hebey-Robert [20], one performs a refined
blow up analysis. It follows from such a blow up analysis that on S* only single
blow up can occur, whereas on S* multiple blow up can occur, yet they are
isolated simple, see [6,14,25,26]. However, the scenario shifts notably in higher-
dimensional spheres. While on S°,S% blowing up solutions have finite energy
[17], Chen-Lin [15] constructed a sequence blowing up solutions of infinite
energy. A fact that underscores the profound challenge presented by higher-
dimensional spheres. Recently Malchiodi-Mayer [28,29] have shown, that the
blow up points of finite energy blowing up solutions having zero weak limit are
all isolated simple. Motivated by the intricate question of the multiplicity of
solutions to the Nirenberg problem, we undertake in this paper a systematic
analysis of the scenario where a sequence of energy bounded solution of (N ;)
has a non zero weak limit. We point out that such a weak limit is necessarily
a solution of (Nk) and it is known that such a situation does not occur if
the dimension of the sphere is less than six, see [5,10,25,26]. For spheres of
dimension n > 7 our main result can be stated as follows:

Theorem 1.1. Letn > 7, 0 < K € C3(S™) having only non-degenerate critical
points yi,- - ,yq with AK(y;) # 0 for 1 < i < q. Let (u;) be a sequence of
energy bounded solutions of (N ) converging weakly but not strongly u, —
w # 0. Then w is a solution of (Nk). Furthermore there exists an integer
N < q such that u; has to blow up and takes the following form

Ur = w + Z (n 2)/45am . T,

where § is defined in (2) and v, — 0 in H'(S™).
Furthermore we have that:
i) a;r converges to a critical point y; of K with AK(y;) < 0.
ii) Xiy — 00, TInX; » — 0 and X\; +dgy(a;,y;) — 0 as 7 — 0.
iii) Fori# j, dg(a;r,a5.) > %min{dg0 (Y, ye) : yr # ye € K} where

K*:={yeS": VK(y) =0 and AK(y) < 0}. 4)
iv) There exists a dimensional constant k1(n) > 0 such that
1 K(yi
AT = _Kl(n)M(((y)) T(]. + 07—(1)) (5)

In addition, if w is a non-degenerate critical point of Ik, then u, is a non-
degenerate critical point of I ; and

Morse index(Ix ,u.) = (N + 1) + Morse index(Ix,w)
N
+ Z(n — Morse index(K, y;)),

i=1
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where the morse index of Ik r at the critical point u, is the number of the
negative eigenvalues of the linearized operator

2 4 __ 7
Ly, — (n—|—2 —7')Ku;"”’2 .

Remark 1.1.

a) We point out that Theorem 1.1 remains valid for a sign-changing function
K provided the additional condition that 0 is a regular value of K is
satisfied. This result stems from the non-existence of positive solutions
to the following PDEs:

n+2 nt2
Au = u»—2 and — Au = z,un—2 in R".
For further details, see Lin [27].

b) The existence of blow-up solutions with a non-zero weak limit is ex-
cluded if the function K is sufficiently flat near its critical points, with
the flatness order satisfying g > "7_2 Consequently, under this flatness
condition, the phenomena studied in our paper do not occur.

¢) Abbas Bahri [5] constructed a pseudogradient for the Euler-Lagrange
functional associated to the limit problem (Mg ) and investigated its
non-precompact flow lines. The description of such diverging flow lines
corresponds precisely to the analysis of blow-up solutions in the subcrit-
ical approximation studied in [29] when the weak limit is zero, and to
Theorem 1.1 when the weak limit is non-zero. See [31]. In comparison to
Proposition 2’in [5], our analysis is more refined, as it offers a more pre-
cise description of the blow-up behavior. However, the primary advantage
of our approach is that it allows us to define and compute local degrees
of the solutions, leading to the derivation of the existence of arbitrarily
many solutions when the function K is close to a constant. See Theorems
1.1 and 1.2 in [1] for further details.

Regarding the proof strategy of Theorem 1.1, it is essential to provide
some insights. While conventional blow-up analysis techniques typically rely
heavily on precise pointwise CY-estimates of the blowing-up solutions u, and
extensively employ Pohozaev identities [16,17,20,23,25,26,29,33], our approach
diverges from this path. Our strategy hinges on deriving balancing conditions
governing the parameters of concentration, utilizing refined asymptotic esti-
mates of the gradient within the so-called “neighborhood at infinity”. These
balancing conditions emerge through testing the equation with vector fields
representing the leading terms of the gradient concerning the concentration
parameters. By analyzing these conditions, we can extract all pertinent in-
formation regarding the blow-up phenomenon. We highlight that the poten-
tial degeneracy of the weak limit introduces an additional challenging dimen-
sion to the problem. Estimating parameters within the nontrivial kernel of
the linearized operator becomes particularly arduous in such scenarios. It is
worth noting that circumventing the reliance on pointwise estimates and Po-
hozaev identities can be advantageous, especially in the exploration of non-
compact variational problems where non-simple blow-ups may arise, such as in
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the singular mean-field equation with quantized singularities [9,19,24,36,37],
and in the Nirenberg problem on half-spheres [2]. The presence of non-simple
blow-up points significantly complicates the task of establishing pointwise C°-
estimates, making our method particularly valuable in such contexts.

In the next theorem we provide, under generic condition, the following converse
of Theorem 1.1.

Theorem 1.2. Let n > 7, 0 < K € C3(S"). Let y1,--- ,yn be distinct non-
degenerate critical points of K with AK(y;) < 0 and w be a non-degenerate
solution of (Nk). Then, as T — 0, there exists a unique solution Ur w1, yn
of Nk,r) satisfying: ur u y, ... yn —w develops exactly one bubble at each point
y; and converges weakly to zero in H'(S™) as T — 0. More precisely there exist
A7, AN,z having the same order as =12 gnd points a; ; — y; for all i
such that

2—n <

N
Ur,w, Y1,y —W—E K(a;)™ % 0a, ;2. || =0 and
=1

N
1 1 2-n
L (urwy,,yn) = ﬁHWHz + ES" <Z K(a;) 2 > ;
i=1
as T — 0, where

— 2n/(n=2) L e — (ot — o) 2 E/2)
Sn =6 /R T+ (7n(n - 2) rwm O

In addition, Ur .y, .. 4y 15 NON-degenerate for I . and

Morse index(Ix +,Urwy,,...yn) = (N + 1) + Morse index(Ix,w)
N
+ Z(n — Morse index(K,y;)).

i=1

We emphasize that the precise characterization of blow-up solutions pre-
sented in this paper, particularly in Theorems 1.1 and 1.2, serves as a crucial
foundation for our subsequent work in [1], which explores the existence of mul-
tiple solutions. These results allow us to establish the compactness of solutions
and facilitate both the definition and computation of the degree of solutions
whose energies lie within specific intervals. In particular, they are pivotal in
demonstrating the existence of infinitely many solutions to Nirenberg’s prob-
lem under perturbative conditions. For further details, see Theorems 1.1 and
1.2 in [1].

The subsequent sections of the paper are structured as follows: In Sect. 2,
we perform a finite-dimensional reduction while Sect. 3 delves into providing a
meticulous expansion of the gradient within the neighborhood at infinity. The
refined blow-up analysis of finite energy approximated solutions to problem
(Nk,r), with a non-zero weak limit, is detailed in Sect. 4 while Sect. 5 is ded-
icated to the proof of Theorem 1.2. Lastly, in the appendix, we gather some
indispensable estimates crucial for substantiating various assertions through-
out this paper.
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2. Finite dimensional reduction

In this section, we perform a Lyapunov-Schmidt-type reduction by demon-
strating that any sequence of blow-up solutions can be decomposed into a
finite-dimensional component, defined on a space spanned by the bubbles and
their derivatives with respect to the parameters of the concentration «a;, A;, a;,
along with a small infinite-dimensional remainder, which can be neglected.
Although this procedure is now classical, it presents a new aspect in our set-
ting because the solutions involved in the description of blow-up behavior may
degenerate. Therefore, the primary objective of this section is to address this
potential degeneracy.

Let w be a solution of (M) and let Ng(w) be the kernel of the associated
quadratic form defined by:

2
Qulh) = | - "2 /S K™D forhe H'(SM).  (7)

Let msy be the dimension of Ny(w) and (eg,- -, €m,,) be an orthonormal basis
of Ny(w). We set
Hy(w) := span(w) @ span(eg, - ,em,).

Following M. Mayer, see Lemma 3.6 and Proposition 3.7 in [32], we parame-
terize a neighborhood of w by

Uap = alw+ Y Biei +h(B))  with h(B) L Ho(w);
i=1
h(B8) = O(||B|I*) and [|A(8)]|c= — 0, (8)
where §:= (01, -+, Bm,) € R™2, « close to 1 and the function u, g satisfies
(VIk(uap),h) := (uap,h) — [ Kub sh=0 for each h € Hy(w)". (9)

Sn

Next for w a solution of (N ) whose Kernel is of dimension my, N € Ny
and p a small positive constant, we define the so called neighborhood at infinity
V(w, N, ) as follows:

V(w,N,p) := {ueHl(S”): IN, - A > p s Jar, - ay €8T, with
gij <p; Jag € (1—p,1+p); IFeR™ with |8 <cp

N
such that ||u — ZK(ai)(Q_")/‘lgai,)\i — Uay 8l < u}, (10)

i=1
where

AioooA 1
Eij = (7 -7 + 5)\1)\3(1 — COS d(ai, G,j)))

(2—n)/2
N A '

(11)
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Following Bahri-Coron [7] we consider, for u € V(w, N, i), the following
minimization problem

N
Min ¢ ||lu — E i0g; n; — Uag,3
i=1

We then have the following proposition whose proof is identical, up to minor
modification, to the one of Proposition 7 in [7].

;ai>oy3eRm%Ai>0¢ueS”}.um

Proposition 2.1. For any N € Ny there exists po > 0 such that if p < pg and
u € V(w, N, p) the minimization problem (12) has, up to permutation of the
indices, a unique solution.

Hence it follows from Proposition 2.1 that every u € V(w, N, u) can be
written in a unique way as

N
u = Zaigai,&- + Uy 8 + v, where (13)

=1
a; €S", i< N, o" VK@)=1+01)Vi>1, ao=1+o0(1), (14)
and v € H!(S") satisfying
[oll <, <w,9p>=0, for 9 € E, 4 where (15)

5 00 06 Ouayp
“8)\1"&11-’ g, aﬁk

Ew’a,,\::span{ ;1§i§N;;k§m2}, (16)

where gl = ga ;- Furthermore a refined Struwe energy type decomposition
([35]) has been proved in [29]. Namely the following result holds:

Proposition 2.2. ([29], Proposition 3.1) Let u, be an energy bounded solution
of (Nk,r) which blows up. We assume that there exists a positive solution w of
(Nk) such that u, — w (but u; - w). Then there exists N such that u. can
be written as

N
Ur 1= Ua,B + Zaiéai,ki +vr € V(OJ, N’ /j/)
i=1

with vy € Eia)\ and Tln \; = 0.(1) Vi. (17)

In what follows, we assume that w, is decomposed as in (17). Now, we
are going to estimate the remainder term v, in Proposition 2.2. To this aim,
we need to give some information about the second variation of the Euler-
Lagrange functional with respect to the infinite dimensional variable v. First,
for a solution w of (M) (not necessary a non-degenerate one), we decompose
HY(S") as follows:

HY(S") := N_(w) ® Hy(w) ® Ny (w) where Hy(w) := span{w} & No(w)
(18)

where N_(w), No(w) and N (w) are respectively the space of negativity, of nul-
lity and of positivity of the quadratic form Q,, (defined by (7)) in span{w}*.
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Note that these spaces are orthogonal spaces with respect to (.,.) and the bi-
linear form By (.,.) (:= [y, KwP~'..). Furthermore, the sequence of the eigen-
values (denoted by (o;)) corresponding to @Q,, satisfies o; / 1. Therefore, there
exists a constant ¢ > 0 such that

Qu(h) < —c||h||* for each h € N_(w);
Qu(h) > c||h||* for each h € Ny (w). (19)

Lemma 2.3. Assume that the ;;’s are small. Let v € E , \ (defined in (16)).
Written v as

vi=v- +vo+vy with v- € No(w); vo € Ho(w); vy € Np(w) (see (18)).

Let us define
Quan() = o> =pY" / N —p | Kwr?, (20)
Nig sn

Then, Qu.q,x s a non-degenerate quadratic form on Ej,a,k‘ More precisely,
there exists a positive constant ¢ such that

[[voll = o([|v]), (21)
Qu.an(v-) = Quv-) +o(flo-|*) < —cllo-|%, (22)
Qu.an(v) = clloi|* + o([lv]*), (23)

where Q. is defined in (7).

Proof. First, we remark that, (21)-(23) imply that Q. 4 is non-degenerate

1
onEwa)\

Second, note that the spaces Hyp(w), N_(w) and Ny (w) are orthogo-
nal spaces with respect to (.,.) and the associated bilinear form B,(.,.) (:=

fsn KwP™1.).
We start by proving (21). Since vy € Hy(w), it follows that vy = yow +
> 7ie; where (e1,--- ,em,) is an orthonormal basis of Ny(w). Using the fact

that v € E , , (which implies that v L uq g and v L dug /df; for each i),
it follows that

= (vo,w) = (v,w)

= (1/a) (v, ua) = (1/a) Y Bilv,e) = (v, h(B)) = of||v])),
=

= (v,

U, € ) (v, e;)

v, & + (0h(B)/00:)) — (v, Oh(B)/9Bi) = o([|v]]) V1 <i < mg

(by using the smallness of 3 and h(f3) in the C! sense with respect to 3). This
ends the proof of (21).
Concerning (22), we have

Qw7a7A('U—): H’U_H2*pz‘/gf71v%*p/ KwP™ 1 2 pz/(;p 1 2



NoDEA Nirenberg problem on high dimensional spheres... Page 9 of 34 2

Observe that, since v_ belongs to a fixed finite dimensional space, we derive
that |Jv_||eo < ¢|jv—|| and therefore

/Sf—lv% < ||u,\|go/5p = oo |?) for cach i.

Hence the proof of (22) follows by using (19).
It remains to prove (23). Note that, using Proposition 3.1 of [4], there exists a
constant ¢; > 0 such that

a;, i

2
In)? = 2 Z/ 572 p2 > e |[h|]>  for each h € EZ,. (24)

where E; ) is introduced in (16) (with w = 0).

In addition, the sequence of the eigenvalues (denoted by (o;)) corresponding
to Q. (defined by (7)) satisfies o; ' 1. Let Ni(w) be the eigenspace associated
to the eigenvalue 0. These spaces are orthogonal with respect to (.,.) and the
bilinear form B,,. Let oy, := min{o; : 0; > 0}. Hence it is easy to see that
Ni(w) = Bp>ko Nk (w). Furthermore, for k € N, it holds

Q. (h) > o h|? for each h € @;>1N;(w). (25)
Let k1 be such that oy, > 1 — ¢, /4. We decompose N, (w) as follows:
N4 (©) = (Bro<hzi Ne(@)) @ (Brsky Ni(w)) 1= Ny (w) © Ni(w).

Note that Nﬂ’l(w) is a fixed finite dimensional space. Now, since vy € N, (w),
it holds that

vy = vg + ol where v € N0 (W) and v € Ni(w). (26)

Hence, using the orthogonality of the spaces N_?r’l(w) and N (w), it follows
that

Qo (v2) =0 I+ [ —pz - SR 0 2oty

[ KeT{F) + )7,

Observe that
n—+2
llog I —

~_4 4
/S @;:if,.(vo) < 1% / 572 = ol )

~4 o~ 4
| R < el | STR T = ol NI 1) = ol 12 + i 1)

/ Ko (uf)? = Qu(vd) > onolud |2 (by using (25))

_4
—p [ Kwi=2(0)? = Quv) = o1 I > (or, = Do) |I* = —(cr /9|0 |
STL
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where for the last formula, we have used (25) and the choose of k1. Combining
these estimates, we get

Qu,a.x(v+)
C
> {|lvf |2 *PZ/ o2 Y+ onollvd 11 — 1\|v1+|| +o(ll I + [lvg 1)

(27)
Note that the function vf is not necessarily in E(f - For this reason we write

+ = >t + ff with 171" € EJ-)\ where the 1;’s are the functions 5~j’s and
thelr derivatives with respect to A; and a . Then t; satisfies that

bt o (3 Itel) = (o i) = (o, ) — (w0, 1) — (-, i) — (o 1)
= 0( f 3(twol + o1+ It ) = ofleoll + llo=I| + 13 ) = ool

by using the fact that these functions are in fixed finite dimensional spaces.
Thus we derive that [|v;]|? = ||o||? + o(|[v]|?) and therefore, using (24), we
get

ot |12 —pz/ 572 wi)? = ot |12 —pZ/ 572 @) + ol |12 + o))

>§c1|\v 12+ o(llel). (28)

Combining (26), (27) and (28), we get

1
Qu,an(vy) > 161\\01 12+ owo lvg 17 + o(llvr [12 + llog I17) + o([lv]|*)
> cllog|? + o(flv]?).
Thus the result follows. O

Next, we prove the following proposition which gives the estimate of the
infinite dimensional part of u.

Proposition 2.4. Let v, be the remainder term defined in Proposition 2.2. Then
there holds:

lv-|| < eR(T,a,)\)  with

K(a; n
R(7,a,\) —T—&—Z‘V (2:) |+/\2+ Z 2(" & (Ine;; 1) crl
i=1 Ai i 1<i#j<N

Proof. Using (18), v, can be decomposed as follows
vy = vy +0d +uf where 00 € Hy(w) ; v2 € N_(w) and v € Ny (w).
(29)

using Lemma 2.3, we get that v¥ = o(||v,||). For the other
parts, note that v and v are not necessarily in Ej:/\ but they are in Ho(w)*

Since v, € E+

w,a,\’
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Now we will focus on estimating v-. Since u, is a solution of (N ), we get

<VIK +(ur),v7) =0.
Notice that

(VIg . (u),h) = (u,h) — Klu|P~ " "uh for each h € H'(S™). (30)
S’n

Now, taking @, := u, — v, and using (81), we obtain

Y i (85,00) + (s, 07 ) + Jlor |

/KupTT_

= [ K@ sp [ Ke e wolludles ) G
Using (80), we see that
N
T = Z(aigi)pﬂ” + u{:ﬁl”
=1 N
w0 Y GEHOVR 4 Y G ).

1<jAISN i=1
Notice that, estimate (14) implies that
U3 =w +o(1).

Thus, using the fact that v is in a finite dimensional space (which implies
that ||.||co < ¢||.]]), we derive that

—p—1—71 _
/KuT VU,

- Z [ty [T ol )

—ZO(\vT |oo/<sp Yool + [ K 102 07 oo+ ol 1)

/ Ku? w72 + of| o |05 ) (32)

where we have used the orthogonality of v=, v¥ and v} with respect to the
bilinear form (hy,ha) — [ KwP~'hihs. Thus (31) and (32) imply that

- Qw(v?)+0(|\vr|l|lvﬂ|)zzOéj<5~j»U?>+<ua,ﬁ,’vi>—/Kﬂf*TU? = L(v: ).
(33)
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Observe that, using ||v; ||e < c||vy ||, it holds that

v ||
(i, v7)] < c/5”|vr | < cllor Hoo/5p sc (n 2)/2 /‘” vrl<e (n ek

(34)
/Kﬂf - /Kuaﬁv; —l—ZO(/uijﬂléi\uﬂ+/6f77\1};|>
- /Kuzﬂv: +O<\|v:|\<7+2ﬁ)>. (35)

Therefore, combining (19), (33)—(35) and (9), we get
cllor P < —Qulv;) < cloy H(T+Z g Folle ) (36)

It remains to estimate the v;-part. Recall that v} € Ny(w) and it is not
necessarily in Eal ) Note that Eq. (31) holds with v} instead of vy . Observe
that, using (80) and (14), it holds

—p—1—7 +
/KuT (O

_z/mm rogod [ Ku T Tof o+ of o o7 )
-y J R B e [
i=1

N
:Z/ o (v / Kw? ™ w)2 + of|Jo- [0 ), (37)

by using the fact that ||v; [|ee < cljvy || < cfjvr]], [[02]]oo < ¢][v2] < ¢f|v-|| and

the fact that [ KwP~'vrvf = [ KwP~'vluf = 0. Hence we obtain
Qwa)\( >+0(||UTH”U+||)
== as(Fet) — (vt + [ KuTob =), (39)

Using Lemma 2.3, we derive that Q. x(v}) > c||vf||* + o(||v-||?), hence it
remains to estimate the linear part £(v;}). In fact, using (80), we have

/Kuf”j K(WSPT++/K

Sn

+0 3 /55 P2t | + Z/aw/%ﬂ) (39)

1<z7ﬁg<N
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Concerning the remainder terms, it follows that

e 55 0oz (D @) e
JG@EYt1 < et [ Gy ) < el ' ),
(10)
~p/2 ~n/ (2 (n+2)/(2n) n(n+2)/(2n) i
|t <t [ 5/0) <A I (4D

where we have used the following estimate (see (E2) of [4])

[ @& = [ @y

<eced " P me ) VE#]. (42)

For the other integralb in (39), we recall that v € N4 (w) and therefore it
follows that v € Ho(w)t. Hence using (9), we derive that

~ o 5o?)+ [ KUG0E = ool + [ Kl ot +0( o7)
= O(r [lvf ). (43)
Furthermore, using Lemma 6.1, it holds that

= \p—r P ey K (a; ~
K (0id;)? Uj:W/ 5p”++0( : |K () — K (a:)|67 |[vF |

S’ﬂ.
+ 7/5f In[2 + (A% — 1)(1 — cos d(as, z))]|o |)

o Teg TK (as)

= 2 TR Gty + ot (r+ B 1 ).

(=272 "
(44)
Therefore we get
(67 <(5~“ ’Uj) — K(Ocigi)piTUj
S’Vl
_ o} K (as) N VE(a)| 1
=ai(1- W)@,U, )+ O(Id (7 + =5+ F)) (45)

Finally, using the fact that v, € E A
derive that

(G vt) = B vr) = (0102 = @Givr) = Ol /A7) vi<i< N

1y YT

as in the computations of (34), we

Thus, using (19), (38) becomes

Aot I? < Quan () < ollos|?) + O(llos Il (R(roa, V). (46)
Thus using (29), (36) and (46), we derive that

o2 = o 12 4 o 12 + ol 12) < ello-||(R(ra.3))
which completes the proof. O

Next we are going to give some expansions of the gradient of Ik . in
V(w, N, ).



2 Page 14 of 34 M. Ahmedou et al. NoDEA

3. Expansion of the gradient in the neighborhood at infinity

In this section we perform refined asymptotic expansions of the gradient of
the Euler-Lagrange functional I - in the neighborhood at infinity V(w, N, ).
These asymptotic expansions of the gradient with respect to the variables
a;, A\i, a;, which can be viewed as localised Pohozaev identities, lead to balanc-
ing conditions for these parameters. The key novelty of these expansions lies
in the inclusion of terms that involve the solution w and its interaction with
the bubbles.

We first provide the expansions with respect to the gluing parameter «;’s.
Namely we prove:

Proposition 3.1. Let u := uq g + Zfil b+ v € V(w, N, p) with v satisfies
(15) and Tln A; is small for each j. For 1 <i < N, it holds:

1 —2

~ _yn=2 4
<VIK,T(u),(5i> = q; S, (1 - 7 K(ai)> +0 (Rai + ||U||2>
where Sy, is defined in Theorem 1.2 and Ry, == T + % + Zj# Eij-

Proof. We take h = &; in (30). Observe that, since v € Ey o We get (v,6;) =
0. Furthermore, using the fact that u, g is L* bounded, easy computations
imply that

< o ~ - 1
(05,0:) = /n 070i = O(eij) Vj#i, (uap,0i)= [ 07 (uap)= O(w),

S'n.
(47)
~ ~ dx
61’ 2 :/ 5P+1 :/ 6P+1 — P+1/ . Sn 48
” || n 7 & 7 Co n (1 + |{E‘2)n ( )
For the second part, let @ := v — v then it holds
/ Kl mus = [ ka4 —1) [ Kar==ud; +0([o]?).
sn sn sn
(I1) (12)
(49)

Concerning the integral (I1), it holds

K@ ~"6, =P~ | K& 4 O(Z/ ((Sf + uzﬁ)& + 0P (8; + ua,;a))>.
S‘VL S‘VL J¢7‘ gn

Note that

s 070; 4 0;6; = Oleig) / Ua,p07 < NG
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Now, since we assumed that 7In \; is small then expanding K around a;, we
get

~ n—2 ~ ~ n—2 -~
pHl—T _ —7\ T 3 p+1 -7 —Ty\ Tz 5P+l
KT =T | K5, +0(/S 5T =TT )

N [ ke 1 0(7)
R?’L

K(a)x, " 2/2g, +O(7’+ A2)

by using (48), Lemma 6.1 and the fact that ¢, 7 = 14+ O(7). Hence the estimate
of the first integral is complete.
For the integral (12), using (84), it follows that

Kﬂp_l_TU(Si
Sn

Zaf_l_T K5p T’U+O Z/ [v|( 65 p/2 | / [v|( 6u 8 p/2)

s ]?’51
VK (ai) nt2
o+ T 45 )
by using (40), (41) and (44) with v instead of v¥. Thus the proof follows. [

Next we provide a balancing condition involving the rate of the concen-
tration A\; and the mutual interaction of bubbles €;;.

Proposition 3.2. Let u := uq g + Zil b+ v € V(w, N, 1) with v satisfies
(15) and Tln Aj is small for each j. For 1 <i < N, it holds:
o,
o\;
o

aeu of 'K(a;) b 'K(a)
_CQZO‘J ( /\T(n—z)/z - /\Tm—z)p)

<VIK,7— (u), )\Z‘

J#i
af AK(a;)
i 265K (a:) 7)
+A[<”*2>/2 (C‘* ot 2ek(a)
In A\ VK(a; 1 1
+O(Z€ka Iney,) +7 +Z n/2 l ( L BT \(n=2)/2 + ”sz)
7k A

where

1
=cp+1/ TR Eavow Yot LR
2T fo A )22
e P2 / leP(je* 1),
R?L

2n 0 (1 |2t

_ (n—-2)? +1/ (l2P* = 1) In(1 + [z[*)
cs = 1 ~— i AT P dz.
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Proof. We take h = X;00;/9); in (30) and we will estimate each term. Observe
that, since v € E- it holds: (7, \;06;/0A;) = 0. Furthermore,

w,a,\?

I N
o) = L g, =0

<uaﬁ,Ai%> :p/n Sffui%uaﬁzo(/nég’) :o(ﬁ). (52)

In addition, we have (see Estimate (F1) of [4])

(8 \i

o, e
= N

To proceed further, notice that

(57, A

+0 (gfﬂ"‘?) In E;jl) VA (53)

)

[t+ s (t+8)z = T2+t Lsz + O s + |57
for v>0,t>0, seRand |z| <ct

for some constant c.
Thus, letting @ := u — v, we get

99, 99,
KlulP~ 1= Ty\, —% = KaP~ ™\ —
SR vl SRy
—_— —m——
(13)
aS
_ KuP~ 1— )
+(p—1) K m (vl?). (54)

(14)

For the integral (I4), let Q; := {x: Zj# ajgj +uqp < ai5~i/2}, it holds

5 K@P*Pmigﬁz = . K (oi0)P =1~ Sg’*llij|v|)
(15)
+o(/ S;‘?*%v\+/Sg”*1ua,ﬁ\v\+/6~iugjg|u|).
s\

(55)
For the last remainder terms, using the Holder’s inequalities, we obtain
O Mg glo| + [ 6P fv] < c||vHi (56)
[ a,f3 a,B - )\2.

Observe that, since n > 7, it follows that p — 1 < 1. Thus, using the Holder’s
inequalities and (42), we obtain

/ 3715, |v|+/ 5p 15| <CZ/ (8:5,)"% 0] < l[v]|e?/* In(e;;") =
J#i "\

J#i
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Concerning the integral (I5), following the same computations in (44) and
using the fact that (90;/9\;,v) = 0, we obtain

09;

—1— ) - |VK((J”L)| 1
[ KO oAyt = oIkl + S5 5) (57)
which completes the estimate of (55).
It remains to estimate the integral (I3). Using (82), it holds
9 93, 93,
\p—T ) 201 S0Py, 20 p—7y Y%
L TG | (b )T h g L B el T
k=1
S\p—7—1 N agl
+ (pr) K(aldz)p Za]ﬁj +’U4a75 )\17
Sn oy O\
+Zo(/ (6k0;) 72 +/(ua,55;€)ﬁ). (58)

k#j

The estimate of the first one of the remainder terms is given in (42). Further-

more, it holds
~ In A
/5 = z<c/n§aA <eqn (59)

In addition, using (42), (53) and Lemma 6.1, we get, for k # i,

~ 95,
KoP— ), 2
» 5k AZ@)\i
o ~, . 80
- Xr(n—Q)/ZK(ak)/n k i(’))\i
k
~ o~ ~ ciT
+ O / d(x7ak)5p5i+/ |57T—7|(5 0;
( n k .k )\T(n 2)/2 )
1 Oeik
= WK(&]C)CQ)\ 8)\
k

n/n 2) —1 - (n—2)/n
+0( Ine;, (AkH) en(lnesl) )

In the same way, it holds

1~ . 06 1 Dein
KP ™ 5 ot = —— K (a;)eo\, —
p n 61 6]4))\18)\2 )\Tngz (az)c2)\z a)\z

%

1 n—
+O( 577 Ine;, 1—1—(; +7)eix(Ine;,t) nz).
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Concerning the first term of (58) for k = ¢, using Lemma 6.1, we get

90;
o YoM
- d6;
- S ( K3P )\t
/\: 2 sn 8)\
—2 ~ 0
+rl Ko7\ 24+ (A2 —1)(1 — cosd(z, al))]) +O(r2).
n )y
(60)
In addition, for r a fixed positive radius, it holds
9%; _ d6;
K&P\;
sn oni Jan YN
- 30 <~ OK d;
(a:) e VA, kZ:l 8xk( ) B(aim)( D7 A

1 K N ~\ opy 00
I HIC) B CET2%
+o(/ |z — @8 +/ 51”1)

B(a;,r) R™\B(a;,r)

Notice that, by oddness, we have

99;
— @;)k00 N\ =0Vk d
/}3(%7)(9: a;)i0; e =0 an

/ (x —a;)k(z —a;) ;0P Ni—— 65i =0 fork #j.

Thus, using (52), it holds

~ , . 09;
KoPA— = —K(a /
Sn a)\l ( ) ]R"\B(ai,r) 8)\

1 PK 2 py 06 1
T3 2 ax;z;@”/n(l’“” Mgy +0(53)

K2

2n/(n—2) 2 2
L = =26 L[yl —1yl®) 1
= -AK(@)—=20 A= gy +0(=),
@)% / dxpaO()

3
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In the same way, we have

K0P\ 00 In[2 + (A2 — 1)(1 — cos d(z, a;))]

sn O\
” oo s - (24 2X2y|?)
— P . ] ()
e oA oN; ol 1+ [yf? ]
- 9oz,
=/, K&f \ A a(;jl 1n(2+2A$|y|2)+0(/R“ 5g;jln(1+\y|2))
_ 2mn—=2 [ (1—|y?)In(1+[y?) 1
-k | S e o () o

which achieve the estimate of (60). Note that, for the estimate of the remainder
term in (61) we used the fact that In(1 + [¢|?) < c|t|? for each t € R.

It remains to estimate the integrals which appear in (58) and contain u, g.
Using (51), there hold

[ Ko G =0( [ 7)=0(ites)

i

) Kgqulua,,a)\i% — O(/n gg) = O(ﬁ)

i

Combining the previous estimates, the proof follows. O

Finally, we provide the following balancing condition involving the point
of concentration a;.

Proposition 3.3. Let u := uq g + Zfil i +v € V(w, N, 1) with v satisfies
(15) and 7ln Aj is small for each j. For 1 <i < N, il holds:

"% Ba,) = (et o(l)) AE )+o(ﬁ+w+;aij+nv|2>.
7 VE

(VI (u)

Proof. The proof follows as the previous one. Hence we will omit it here. [

In the next section, we are going to prove Theorem 1.1.

4. Asymptotic behavior of blowing up solutions

The focus in this section is a refined blow up analysis of finite energy solutions
of the subcritical approximated problem (N ). Namely, our aim is to prove
Theorem 1.1. To do this, we need to fix some important facts.

Let (u;) be a sequence of energy bounded solutions of (N ) converging
weakly but not strongly u, — w # 0. It follows from Propositions 3.1, 3.2 and
3.3 (by taking u, instead of u) that the following system holds:
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1-XN7"7 o/ 2 K(a;)| = O(Rai + R(r,a, A)2) Vi< N,

8& AK(a )
(Ei)  —c Zag = ( A2K(( )) + 2057') = O(Ry)) Vi<N,
J#i
VK(a; In A .
(Fy) | )\(‘ )l <c ()\3+Z€U+R(Ta)\) Z T/;) Vi<N,
v G 1<k<N "k

where R(7,a, \) is defined in Proposition 2.4 and

VK (ax)[?
Ropi= > 5kj21n(5,w)+7 + > 5/2+ > BESTEN

1<j#k<N 1<k<N Mk 1<k<N
(62)

Now, we order the \;’s as: \; < Ay < --- < Ay and we start by the
following estimate.

Lemma 4.1. For each solution w, in V(w, N, T), it holds
|VE (ak)| 1
Z €ik + Z T‘f‘TSC)?-
1<k#£i<N 1<k<N
Furthermore, Ro y, defined in (62), satisfies: Ra x = 0(1/)\2(n 2 /(nfz)).

Proof. We first notice that

86” N 851-]-
ox ToN

85”-

— A O

>0 foreachi#j and — )\ > ey if N >N
(63)
Hence, summing 2'a;(E;), we obtain
Zglk +7< C(Rg)\ + )\12)
ki
The result follows by using (F;) and the definition of Rs » given in (62). O

Lemma 4.2. Fori e {1,---,N}, we define
VK(O,%)V)\Z
Ti=A) en+ |— (64)
g&; Dopi Cki T /A7

Let Dy :={i:limT; = oo} and Dy :={1,--- ,N}\Dj.

(i) For eachi € Dy, there exists a critical point y; of K such that \;|a;—y;| <
C.
(i) If there exists an index i € D}, then it holds that

Z (WKTEGM—FZ&M—FT) :O(W)'
j>i ki '

(iii) There exists a critical point y of K such that a; converges to y.
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Proof. Let i € Dy, it follows that I'; is bounded and therefore it holds that
VK (a;)| < C/\; which implies the first assertion. Concerning the second one,
let ¢ € D, summing 2/a;(E;) + (F})/m for j > i where m is a small constant,

it holds that
VK (a; 1

Z(i‘ /\( J)‘+Z€kj+T>:O<F+R2’>‘)'

J>i J k] ¢
Since i € D}, it follows that 1/A? is small with respect to the left hand side.
Thus the proof follows from the estimate of Rs » (see Lemma 4.1).
Concerning the proof of Claim (4ii), observe that, if 1 € Dy, the result follows
from Claim (7), however, if 1 € D}, from Claim (i), we deduce that |VK (a1)| =
o(A;n/ (n72)) which implies the result in this case. Thus the proof of the lemma
is complete. O

Lemma 4.3. For each i # j, it holds that: £;; = o(1/)}).

Proof. Observe that, if ¢ or j belongs to Dj, then the result follows from
Lemma 4.2. In the other case, that is i, j € Dy, using again Lemma 4.2, there
exist critical points y; and y; such that Apd(ak,yr) < c for k =1, j. Two cases
may occur:

(a) Either y; # y;, and in this case we get d(a;,a;) > ¢ and therefore the
result follows easily,

(b) or y; = y;. Since we have Ayd(ag,yr) < c and g;; is small, it follows that
Ai/Aj — 0 or co. Taking A\; < A; and using the fact that I'; is bounded,

it holds
e < E A2 1 < 1 ) < 1 >
>3 =62 0% 2) 7% 32 )
Aj A5 A A; Af
Hence the proof is completed. O

Next we are going to complete the proof of Theorem 1.1. Using the above
lemmas, Equations (F;) can be improved and we get

El): 2 —— Y =0 .
e e = () o
Now, we claim that

(a) %V <C and (b) D} =0. (66)

Arguing by contradiction, assume that Ay/A1 — oo. It follows from (E%)
that 7 = o(1/A\}). Putting this information in (E) and using Claim (iii) of
Lemma 4.2, we derive a contradiction. Hence all the \;’s are of the same order.
Concerning assertion (b), it follows from assertion (a) and Lemma 4.1. This
completes the proof of the claim.

Combining (66) and assertion (¢) of Lemma 4.2, we derive that, for each
i, there exists y;, such that A;d(a;,y;,) < c. Assume that, for ¢ # k, we
have y;, = y;,. Thus we obtain that \;A\rd(a;,a;)?> < c. This information
and the fact that the \;’s are of the same order contradict the smallness of
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gik. Therefore we derive that d(a;,ar) > ¢ for each i # k which implies that
Eik = O(l/)\?_Q) for each k # i. Now, putting the previous informations in
the right hand side of (F;) we derive that A\;d(a;,y;,) — 0 as 7 — 0.

Regarding (5), it follows from (E!) and the fact that the \;’s are of the
same order.

Finally, concerning the morse index of the solution u., the result is done
for w = 0 in [28]. However, for w # 0 and non-degenerate, it follows that
Uq,3 = aw. In this case, we need to add the contribution of o and w in the
morse index formula. Note that, by easy computations, we see that

Our Ou v
D2I \Ur 4» t) = D2I T\tUr 0 Hi‘r '
werlun) (G252 ) = Dot o) + 0 (|| 52
Note that D?Ik ,(u,)(w,w) < —c < 0 and H%’g’ = 0(1) (see Lemma 6.3).
This implies that the variable o belongs to the negative space. For the contri-
bution of w, using Lemma 2.3, we see that it is equal to

dim (N_(w)) = morse index (Ix,w).

This completes the proof of the theorem.

5. Construction of blowing up solutions for the approximate
problem

This section is devoted to the proof of Theorem 1.2. Namely, we are going
to construct blowing up solutions of Problem (N ;). Let n > 7,0 < K €
C3(S™) and let y1,- - - ,yn be distinct non-degenerate critical points of K with
AK(y;) <0 and w be a solution of (Ng). In Theorem 1.2 we assume that w
is non-degenerate and therefore the variable 8 introduced in the function v g
has to be equal to zero, that is, us, g = aw.

As in [8], the strategy of the proof is the following: we will define a set
M, whose elements are some points M := (a, A, z,v) € (R3)V T x (RN x
(SM)N x H'(S™) where v satisfies (15), the other variables satisfy some condi-
tions and N is the number of the bubbles in the desired constructed solution.
Precisely, let

M, :={M := (ag,a, \,2,v) € Ry x (RL)N x (RN x (SM)N x H(S") :
v satisfies (15); |a?/("72)K(a:i) —1<7In*7Vi>1;

\aé/(nd) —1<7In®7; C7'r <\ 2 < C7sd(xi,y) < OT Vi > 1},
(67)

where C' is a large positive constant.
We remark that, for M := (ag,a, A\,x,v) € M,, it holds that u :=
aow + Ziil @0z, ;, +v € V(w, N, u) for some p small.
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In addition, we define a function

N
U, : M, - R, M= (g, \xz,v)— Ik, (aow + ngxi,xi + v)
i=1

(68)

and we need to find a critical point of V.

Recall that the variable v satisfies some orthogonality conditions. Thus
using the Lagrange multiplier theorem, it is easy to get the following proposi-
tion.

Proposition 5.1. Let M = (ag,a, A\, z,v) € M,. M is a critical point of VU, if

and only if apw + Zivzl 00z, n; + v 8 a critical point of Ik ,, i.e. if and only

if there exists (AO,A,B,C’) e R xRN x RV x (R")N such that the following
holds:

oV .
(Eai) 60[1‘ (OZO»aa)‘ax?v):Ov VZ:O,].,"' ’N’
0w, 0%,
(E)\l) TAi(aO,avAaxa’U) :Bl <A18A12’v>
" 1 92,
S (LN i,
; ! <)\i Azl N >

oV, 0%,
(Ez,) Oz, (a0, 0, Az, v) |1, 5= Bi <)\iM>U>

a 1 8%,
+ CZ 3 : , U 7Vi:1a"'7N7
jz::l j<>\i8x§8xi >

ov .,

(Ev) ov

N = n 5.
_ 95 1 996
(ao,a,/\,x,v) ow + ;( 161 + 1)\18)\7; +j:1 Cl] )\2 axz)

where 6; 1= Oy, », -

The results of Theorem 1.2 will be obtained through a careful analysis of
the previous equations on M. Note that

oV,

ov
ov,

80&0

(v, o, A\, z,v) = VIg - (u);

(o, a, Ay, v) = (Vg - (u),w)
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and for each ¢ > 1, we have
oV, -
aai (a070[,)\,$7’l)) = <VIK,T(U)7 ’L>7

o, Gl
axi (a07a,>\,$7U)LTﬁ(sn) = <VII{,‘I'(’U/)7a’LaJ;z>L 5
Tz; (8™)

ov,
oA\

96
(a0, @, A, 2,0) = <VIK,T(u), aia>\i>

where u := aqpw + Zivzl aigm_)\i + v.
We remark that the last three equations are estimated in Propositions
3.1, 3.2 and 3.3.

Proposition 5.2. Let u := agw + vazl aig%)\i € V(w, N, ). Then there exists
a unique v € Ej,x,x satisfying

(VIg (u+70),h)=0 VheE,,,. (69)
This function v satisfies
IIo|| < cR(7,a,))
where R(T,a,\) is defined in Proposition 2.4.

Proof. To prove (69), we need to expand I (u+v) with respect to v € Ej;a/\
Recall that

1 1
I (u+v):= §||u—i—v||2 — m/g Klu + v|Pt7,

Note that, for each z,y € R and v € (2, 3), we have
_ 1 -
o+ g7 = |27 + 912 ey + 50y = DIz 77y + O(y]).
For n > 7 and 7 small, it holds that p+ 1 — 7 € (2, 3) and therefore we get

Klu+v|PT7 :/ Kluf™ T+ (p+1-7) [ Ku"™" Tuw
S’”

sn sn

+%(p+1—7’)(p—7')/ K|u\p_1_7v2+0< K|U|p+1_7>.
Sn

sn

Since u € V(w, N, i) with 71n A; is small for each i, it follows that

N
/ KlulP~~7 2:2/ gf*va—i—/ KwP~ 2 + o(||Jv]|?).
sn — Jsn sn

Hence we get

T 0+ 0) = T () = F(0) + 5 Quan(v) + ol o) (70)
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where
f):= [ K~ " Tuw and
S’n
N ~
Quean(®) = [0l =pY [ 872 —p [ Kt
i=175" sn

Thus (69) follows from Proposition 2.3 (which tells us that Q4 is non-
degenerate on the space Eja \)-

Now it remains to estimate ||7]|. Note that, using the Lagrange multiplier
theorem, (69) implies the existence of some constants (Ag, 4, B,C) € R x
RN x RN x (R™)Y such that

090; 1 351-) (71)

N
Vig:(u+7) = Agw+ Y (Aidi + Bidim +Ci - —

where §; := 0z, »,. Since w is assumed to be non-degenerate, we derive that

HY(S") = N_ () & spanfw} & N, (w), (72)
that is Ho(w) (defined in (18)) becomes Hy(w) = span{w}.
As in the proof of Proposition 2.4, we divide 7 into
T=T_ 4Ty +704

and we have ||[Tg]| = o(||7]]) (by using Proposition 2.3).
Multiplying (71) by 7_ and using the fact that (7_,w) = 0, we get

(VIg (u+7),0 ZO(/SngﬂUO ZO< |Lv 2)|/2>

(since v_ belongs to a fixed finite dimensional space which implies that
[o-lloe < cffT-])-

The left hand side is computed in (31) with v, instead of ©. Following
the computations done in (31)-(36), we derive that

1

— 2 _ _

o1 < elfo (v + 3 <maym + o)
Now multiplying (71) by 74 and using the fact that (vy,w) = 0, we get

- - 95; _ 190 _
(VIg(u+70),74) = Z (Ai<6iav+> + Bi<)\iai)\iav+> +(C; - x%’v+>)'

The left hand side is computed in (31) with v, instead of T. Recall that 7
does not belong to EX | but v € E+ Thus

w,a,A w,a,\"

672 = 5. = () = Guomn) = O [+ ) = 0z

The same holds for the other scalar products.
Following the computations done in the proof of Proposition 2.4, we get

7412 < o(|[B]*) + cllTll R(r, a, A),



2 Page 26 of 34 M. Ahmedou et al. NoDEA

where R(7,a,\) is introduced in Proposition 2.4.
Finally, since ||7]|? = |[v4||? + [[v_||* 4 |[To||* we derive the desired estimate.
The proof of Proposition 5.2 is thereby completed. O

Proposition 5.3. Let u := agw + Z -1 ozz e, + U Foreach 1 <i <N, It
holds:

1
(VI (u),w) = aollw|® (1 —af ™) + O(T +7)* + Z W + 7;1)
Proof. Since v satisfies (15), using (30) and (47), it holds
(Vg (u),w) = (u,w) — /K|u\p7771uw

= Ck()||w||2 =+ 20(7)\(”}2)/2> — /K|u|p_T—luw

Furthermore, let @ := agw + E -1 aléw A We have
KluP™ " "uw = Kw? "w+(p—71) | Ka*~'""ow+ O(|[7]?).
sn sn sn
Using (56) and the fact that (w,v) = 0, it follows that

KuP™ " "pw =o' T/ KwP~ TerZO(/ wpflgj|@|+/ w5~§’71|@|>
n S§n

sn = s

= ol T+ZA2)

7>1

In addition, using (51), it holds

Kul~Tw = K (agw)? erZO(/ wpgj+/ w5~§-’)
SW,

Sn Sn ]>1
1
j=>1 )\j
Hence the proof follows. O

Proof of Theorem 1.2. Let (ag, a, A, x,0) € M, . The proof goes along the ideas
introduced in [8]. We need to solve the system ((Eq, ), (Ea), (Ex), (Ez), (Ey))
introduced in Proposition 5.1.

Proposition 5.2 implies that v is a critical point of Ik , in the space Ej,x,x
Thus we get

N

Vi (00 + 3 aides, +7) =0
i=1

w, T, A
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and therefore (by the Lagrange multiplier theorem) there exist some constants
(Ag, A, B,C) € R x RN x RN x (R™)Y such that

N
Vik - (aow + Z Oéz‘gx,-,,)\,; + @)
i=1
N~ B0y 1, 1 85y, 1,
:Aw+ Aléx“ 1+B2)\2 ot +C¢'*7“ :
0 zz—:l( A (9)\1 /\i 8931 )

which implies that the equation (E,) in Proposition 5.1 is satisfied.

Next, we estimate the numbers Ag, A, B, C by taking the scalar product of
(E,) with w, ,(‘;;‘7 X\;00; /O\; and )\;18&' /Ox; respectively. Thus we derive a quasi-
diagonal system in the variables Ay, A, B and C;’s. The right hand side is given
by (using Propositions 3.1, 3.2, 3.3 and 5.3, the fact that («g,, A\, z,0) € M,
and 0¥, /0v = VI (u) with u == aow + Ziil ;0; +T)

ov, N\ 2y . Yy =\ _ 2 .
<8v’w> =O(tln"1) ; < 5 ,(5l> = O(71In” 7);

v, 95\ _ 0T, 194\ )
<3v7>\18)\i> =0(r) ; <av >y 6xi> =O(rIn" 7).

Hence we deduce that

Ag=0(rIn*71); A;=0(rIn*7); B;=0(7);
C;=0(rln®7) fori=1,---,N. (73)

Furthermore, since (o, o, \,z,0) € M, then Proposition 5.2 implies that
||l = O(7) and therefore the system ((Fa,), (Fa,), (Ex,), (Ez,)) (introduced
in Proposition 5.1) is equivalent to

,w)=0
,(52) =0 fori=1,---,N;
Ai00;/ON) = O(r%In®7) fori=1,---,N;

(
(S) : 2
( A T100;/0x;) = O(r2In® 1) fori=1,--- ,N.

J
k =

3
—~ o~~~
\_/\_/S/\_/

Now we introduce the following change of variables:

Bo=1-ag/ "7, (74)

ﬁi =1 aj/(niz)K(l‘l) 5 1= la e 7N7 (75)
1 C4K(y1) .

o= ARV L 4p, =1, ,N;

¥ T T aaK() T T i
= S kg €Ty, (8Y), i=1,--- N, (77)

Ty + &l
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Using this change of variables and Propositions 3.1, 3.2, 3.3 and 5.3, the pre-
vious system (S) becomes

Bi=0O(rlnr), fori=0,1,---,N,
(SY Ay =0(r'/%), fori=1,--- N, (78)
DK (y;)(&,.) = O(I€*| + r¥/"In* 7 4 71/%)  for i =1,--- , N.

Since the critical points y;’s are assumed to be non-degenerate, then, using
the fixed point theorem, we derive the existence of (57,087,£7, A7) such that
the system (S”) is satisfied. Hence the existence of a critical point of I , (by
Proposition 5.1).

Note that, for w = 0, the unicity of such a solution is proved in [28]. The same
argument holds for w # 0 non-degenerate.

Lastly, for the Morse index, the same argument used in the proof of Theorem
1.1 holds which completes the proof of Theorem 1.2. O
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6. Appendix

In this appendix we collect various estimates needed through the paper.

Lemma 6.1. [2] Let a € S™ and A > 0 be large.
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(i) Assume that T71In X is small enough, then it holds

n—2

5,5 (x) =g AT/ (1 + 7In(2 + (A2 — 1)(1 — cos d(a,x))))
+ 0(7'2 In(2 + (A — 1)(1 — cos d(a,x)))) for each y € S™. (79)
(4i) For each v >0 and each 8 € [0,n/(n — 2)), it holds

1
p+1-p v 2 _ _ _
0< . ooy (z)In (2 + (A —=1)(1 — cos d(a@)))dm = O(Aﬁ(nfz)/z)'

Next, we state some elementary estimates needed in the paper. Their
proofs follow from Taylor’s expansion.

Lemma 6.2.
i) Lett; >0 forie {l,--- ¢} and a,b € R, there hold

‘( Z ti)’y — Z t;y‘ <ec {Zlﬁi;ﬁjgé(titjl)vﬂ ifO <y<2 . (80)

y— .
1<i<t 1<i<t Di<izj<eti tj if vy > 2

bl Y—2p2 ] > 2
la+ b7 — laf” —Ala]*ab| < 4 L Tl i’ .
|b]” ifl<y<2

it) For 1 <~y <3 andty, - ,tg >0, it holds
(6= 2 -7 (X e Y @) (82)
1<i<t 1<i<t 2<5<e 1<k#£j<t

i) For~ > 1, and x,y > 0, it holds

(@ +y) =27+ 0@y +y7). (83)
iv) For v <1, and z,y > 0, it holds
(x4 y) 'z =27 + O((xy) T/, (84)

Finally, we prove a crucial estimate of the derivative of the infinite di-
mensional variable with respect to the parameter a.

Lemma 6.3. The function v, defined in Proposition 2.2, satisfies

HaUT = o(1).

Oa

Proof. Recall that we are in the case where u, = Zfil aidq, x;, + 0w + V7.
First, we claim that dv,/0a € Ej7a7/\.

Indeed, since v, € Eia’)\, it follows that (gaw\i,vT) = 0 for each «. Therefore,
taking the derivative with respect to a, we deduce that (gai_)i,@vf/GOz) = 0.

The other orthogonality constraints can be proved in the same way. Hence our
claim follows.
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Second, note that w, satisfies the problem (N ;) and therefore the function
v, satisfies the following PDE

N
_9 -
Lg,vr = (— A+ %)UT =Kul™" — Zaiéfiim — aKwP

which implies that

(7A+n(n*2)>%:(pfr)Ku£7771<w+%>wap. (85)

4 Ja e

Following the proof of Lemma 5.2 and using (72), we write
ov, v, ovr ov,
57_(8@)_+(37>0+<8a)+' (86)

Since Ov, /0o € Eiw\, from (21), we deduce that

()=o) ®7)

Concerning the other components, for example (Jv,/da), multiplying (85)
by (Ov,/da) and integrating over S™, we get

[(5), I = w=m [ w2 (o GE)(50), - e (),
(83)

Note that, since (Ov,/0a)+ € Ni(w), it follows that the last integral in (88)
is equal to zero. For the other integral, we have

o ()

sn
N

oo [ e (5), B0l [ B,

=1

(H(a”f> ) (&)

and

_ Kpfl
(p T)SW Do

1 (%T ov, v, [ Ov;
—pZ/ @i Gy 8a)++p SnK W 18a (87)+

+o{ |5 15 1) (%)

Since Hy(w), N_(w) and N, (w) are orthogonal spaces for (.,) and the bilinear
form [ KwP~!., we derive that

[ G () = e (G0 o)

3 (32)
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Now, since Hp(w) and N_(w) are finite dimensional spaces, we get
/ 51 Ovr <8’U7—>
w4 Qo \ o
= Lo (G ol (G + 1) L) Lol (5s).)
= [EAGE) U5 NG, (02)

However, since w is bounded and (Ov,/da,w) = 0, the first integral in
(88) satisfies

ov
Kuﬁf‘g*lw -7
sn 80(

N er Z/ peléai)\_’_(spa 1 }‘6117
n ’ O

~o(l5e])

Thus, using (89)-(92), the equation (88) becomes

|G, =0 [ o (), 3 [ 28 (),
+o(| 5 GE) I+ 1), H)

Wthh 1 ll[)lleS by USIIlg LeIIlIIla 2.3 tllat
30[ +

(F). I < o ((52).) =5 (G

and therefore
2 =t o(12]) o

In the same way, multiplying (85) by (Qv,/d«)_ and integrating over S™, we

get
[(Gar) [ =otw o5

Combining (87), (93) and (94), we get that
|5

)

). (94)

which completes the proof of the lemma. O
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