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Zusammenfassung

Die nichtnegativen Martingale stellen einen bedeutsamen Teil in der
Prozesstheorie dar. Der wichtigste Beitrag dieser Arbeit besteht darin,
Moglichkeiten anzubieten, um einen allgemeinen Punktprozess N der
durch seine bedingte Intensitat \ charakterisiert wird, in genau solch ein
Objekt zu transformieren. Die dadurch erhaltenen Systeme ermoglichen
die Entwicklung von Tests zur Untersuchung von statistischen Fragestel-
lungen.

Historisch gesehen sind Martingaltransformationen zum ersten Mal fiir
[to-Prozesse untersucht worden. Mit einer Brownschen Bewegung als
triggernden Prozess hat man in diesem Fall eine riickwartsgerichtete
Warmeleitungsgleichung zu losen. Diese Theorie hat sich iiber Jahrzehnte
hinweg erfolgreich weiterentwickelt und lasst sich heute in verallgemein-
erter Form fiir Semimartingale formulieren.

In der vorliegenden Arbeit werden diese Resultate unter anderem genutzt,
um Martingale zu verallgemeinern, die bereits im Zusammenhang mit
der empirischen Verteilungsfunktion bekannt sind. Im Rahmen dieses
Ansatzes ergeben sich verschiedene Klassen von Losungen, deren zugehorige
Prozesse verschiedene Charakteristiken aufweisen. Somit ermdéglichen wir
es, einen natiirlichen Zugang zur Klasse der Poisson-Charlier Funktionen
als Losung der Differentialgleichung fiir den Fall eines Poisson-Prozesses
anzugeben. Die Poisson-Charlier Funktionen werden in einem weiteren
Schritt fiir allgemeinere Punkprozesse generalisiert. Fiir die Generierung
der nicht-negativen Martingale bedienen wir uns zudem der Integral-
darstellung fiir Martingale, indem wir charakteristische Eigenschaften an
die erzeugenden vorhersehbaren Prozesse stellen.



Abstract

Non-negative martingales represent an important aspect of process the-
ory. The main contribution of this thesis is to present methods to trans-
form a general point process N, characterized by its conditional intensity
A, into a process that satisfies the properties of a non-negative martin-
gale. The resulting systems allow the development of techniques for the
investigation of statistical problems.

Historically, martingale transformations have been studied for the first
time with respect to It0 processes. In this case, where the triggering
process is a Brownian motion, a backward heat equation must be solved.
This theory has evolved successfully over several decades and can now
be formulated in a generalized form for semimartingales.

In the present work, these results are used, among other things, to gen-
eralize martingales that are already known in connection with the empir-
ical distribution function. Within this approach, various solutions arise,
whose associated processes exhibit different characteristics. This allows
us to have a natural access to the class of Poisson-Charlier functions as a
solution to the differential equation for the case of a Poisson process. The
Poisson-Charlier functions are further generalized in a subsequent step
for more general point processes. To generate non-negative martingales,
we also make use of the integral representation for martingales by im-
posing characteristic properties on the generating predictable processes.
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Chapter 1

Introduction

Point processes on the real line form an important class of stochastic pro-
cesses that allow far-reaching applications in fields as diverse as market
research, service systems, and actuarial mathematics. Within this in-
troductory chapter the basic techniques and concepts will be explained.
Since it is a summary of already known results, we will refrain from pro-
viding any proof in this part. Rather, it is a list of valuable tools that
will be used in later investigations and thus form the foundation of this
work.

The first question that arises when writing a treatise on point processes is
the choice of the mathematical characterization. If one takes a look at the
common literature, there are a few possibilities. In a nutshell, it involves
constructing a discrete random set of points taking values on the real line.

One particular case of point process theory can be found in the renewal
theory. Here, one has given a monotone sequence of random variables
Ty, T, ..., whose intermediate times X; = T; 1 —T; represent independent
and identically distributed random variables. However, the iid assump-
tion regarding the intermediate times turns out to be a limitation when
describing real world phenomena.

Another method that has influenced a large part of the literature is the
measure theoretical approach. A wealth of valuable resources can be
found in references like [21], [27] and [29].

In a first step we want to define the class of time-continuous point pro-
cesses we refer to in all investigations and implement the definition of a
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point process used in this work. For the upcoming definition, we assume
throughout that so = 0,s; € R with sy < s;.

Definition 1.0.1 (Simple, locally finite counting processes on I = [sq, $1))
Let 71(I) be the space of all right-continuous step functions with jump
size 1 starting in 0. This means that an arbitrary f € T;(I) satisfies the
following properties:

1. f(So) =0.
2. For all t € I, lim,; f(s) and f(t) € No.
3. Forall t € I, f(t) — limgsy f(s) € {0, 1}.

A stochastic process N = (Ny)er with values in 77(7) is called a simple
locally finite counting process on the set I = [sg, s1).

In this thesis a simple locally finite counting process N is just called a
counting process. The collection of points given by

{a: €l: f(x)—limf(s) = 1}
st

constitutes the corresponding point process. Since the point process,
defined as a collection of points, and the counting process contain the
same information, and given that we will work with martingale trans-
formations applied to the counting process, we will refer to the counting
process N simply as a point process. Referring to the counting process as
a point process follows the notation used in the classical work of Brémaud
(see Chapter 2, page 19 in [5]). Note that we consider point processes
characterized by unit jump sizes, with their sample paths represented
as cadlag step functions supported on the real line, starting at so = 0.
Consequently, we can define an order on each realization of the point
process, where the random variable T; denotes the i-th smallest point in
the set. For notational convenience we set T = 0.

Before considering an explicit example of a point process, we proceed
with the popular Doob-Meyer-decomposition, which serves as another
cornerstone of our analysis. Throughout this work we assume a given fil-
tered, complete probability space (2, H, (H¢)ier, P), where the filtration
(Ht)ter is assumed to be right continuous.




Definition 1.0.2 (#H-Martingale) (see Protter [31] p. 7)
Let (M,)ser be a real-valued stochastic process adapted to the filtration
(Hs)ser- M is called a H-martingale if the conditions

E[|X/|] < oo, forall t € I
and
]E[Mt | HS] = MS7

are satisfied for all s < ¢.

Roughly said, a martingale is a collection of random variables for which,
at a particular time, the conditional expectation of a future value is equal
to the present value, regardless of all prior values.

An important result in martingale theory, established by Doob [9], states
that any integrable discrete-time process Z can be uniquely decomposed
into the sum of a martingale M and a predictable process A, with Aq = 0.
A continuous-time analogue of this decomposition, for processes in the
so-called class D, was later established by Meyer [28]. A concise proof of
the theorem can be found in Beiglboeck et al [3].

Theorem 1.0.3 (Doob-Meyer)

An adapted process X = (X;)es is of class D if the family of random
variables X, where 7 ranges through all stopping times is uniformly in-
tegrable. Let X = (X;)ies be a cadlag submartingale of class D. Then,
X can be written in a unique way in the form

Xt - Mt+At,

where M = (M;)es is a martingale and A = (A;)es is a predictable
increasing process starting at 0.

Now, since we have given a rigorous definition of a point process, we want
to construct a trivial example and derive some additional properties.

Construction 1.0.4 (Single-Event Process)
Let X be a real random variable with distribution F. We define the
stochastic process N = (N;)ier, by

Ny = lix<n,
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where 1,4 denotes the characteristic function of a set A. Clearly, the pro-
cess N is a point process. Next we introduce the time-discrete filtration
H = (th)nEN by

Ht :U({Ntlllglgn}),

n

whereby %1, to, ... is an increasing sequence of real numbers. For all [ € N
we can rewrite the random variable Ny, as

Ny, = Lix<ay
= Loy lix<y oy + Lx<olixso 1)

= 1{X§t171} + 1{tl71<X§tl}'

Note that the first indicator is H;, ,-measurable. Hence the conditional
expectation E[Ny, | Hy,_,] can be expressed by

E[Ntz | th&] = 1{X§tz—1} + E[l{tz—1<X§t1} | Htl—l]
1{t171<X} f{tl,1<X} 1{t171<XStz}dP

= lix<ny 1y Plti1 < X]
Ft) = Ftia)
= lix<n oy + L <xy 1— F(t;1)

The conditional expectation derived above is interesting since it yields
the Doob-Meyer-decomposition

l
F(t;) = F(t;1)
Mtl = 1{XStz} - Z 1{X>tj71} 1]_ F(t ]1)
j—

J=1

If one chooses a suitable grid sequence, the time-continuous version is
obtained as

Liy<xy
M, = 1x< —/ S U S M) T
R (—oo] 1= F(v—)

and

1 v<X}
A :/ =X gR),
' (—ooi] L — F(v—)



with respect to the filtration ‘H given by
Ht = U(l{ng} ) S t)

The previous investigations motivate the definition of the cumulative
Hazard-function

At = /( . %@_)dﬂv).

Furthermore, if F' admits a Lebesgue-density f, the Hazard function is
defined as

sy f)
Av) = = F(o)

The cumulative Hazard-function is interesting since the underlying dis-
tribution function may be obtained as

1—F(t) =exp (—]\(t) + Z A]\(U)) H[l — AA(v)].

v<t v<t

Thus, instead of characterizing the single event process via the distribu-
tion function F', one is able to characterize it using the hazard function.
It will turn out, that this kind of characterization is closely related to
the description of point processes via the so-called conditional intensity.
Roughly speaking, the unconditional distribution F' of any point X is no
longer of central importance, but more its behavior conditioned by the
past before t.

Construction 1.0.5 (The empirical distribution function)

One way to generalize the Single-Event process is to increase the sample
size. Let X1, X, ..., X,, be a collection of iid random variables with a
distribution function F. Furthermore, assume that F' admits a Lebesgue
density f. The renormalized empirical distribution function N = n - F,
is given by

Ne=> lix<ny.
=1

Clearly N is a point process, characterized by the iid structure and the
distribution function F. For instance, the process N is adapted to the
filtration H° defined by

Hf:cr(l{xigv}:vgs,lgign).
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Some straightforward calculations yield the H°-innovation martingale M
of the Doob-Meyer decomposition

M, = N, - /ms]l U)(dv)

Clearly, H° is not the only considerable filtration. The process N is for
example also adapted to the natural generated filtration H defined by

Hs:=0(N,:v<5s).

It turns out (see Hess [19], p. 26, Theorem 3.3) that in this particular
case the Doob-Meyer decomposition is equal to that in the case of the
filtration H°. Note that this may seem surprising at first glance, since
the two respective filtrations contain different information.

Lastly, we want to give a brief motivation of conditional intensities which
are of fundamental importance in the field of point process theory. To
guarantee the existence of a conditional H-intensity as it is described
in the common literature we throughout make the assumption that F
admits a Lebesgue-density f. In this context the conditional H-intensity
is given by

1—<3

Consequently, the conditional H-intensity is the integrator of the com-
pensator with respect to the Lebsegue measure

M, = N, - /M_ ()
N [ TR

=N, — / Apduv.
(_0075}

An important technique, which has its origin in stochastic analysis with
a Brownian motion B as triggering process, consists in applying a deter-
ministic function ¢ : I x R — R to the underlying process (B;);e; such
that the predictable process A disappears.

Ap = (v)-




Martingale theory is a well-known field in stochastics and offers a wide
range of applications. In summary, the following steps are necessary to
transform a stochastic process into a martingale with respect to a given
filtration:

1. Determine for a general smooth function ¢ in two variables, the
Doob-Meyer decomposition of the process (¢(Z,t))ier-

2. Determine the set of functions ), for which the predictable pro-
cess in the Doob-Meyer decomposition disappears. For this purpose
a differential equation has to be solved. In general, the differential
equation has a stochastic character.

Let F' be a distribution function that admits a Lebesgue density f. As
demonstrated at the conclusion of this chapter, and in accordance with
[t0’s formula for semimartingales, it will be shown that the Doob-Meyer-
decomposition of the process (¢(n-F,(t),t))wcr with respect to its natural
generated filtration H is given by

o(n- Fu(s),s) = M+ / a—('O(Fn(v),v)

(—o0,s] 81’2

+ (0 + 3.0 = o)) ) EE D popan

Therefore, the process (¢(F,(t),t))ier turns out to be a martingale if ¢
is a solution of the differential equation

g—;’;(x,s) + (cp(m - %, s) — p(z, s)) ?j—;é;f(s) =0.

As it is shown in the following result, the basis of solutions corresponding
to this equation depends in the case of the empirical distribution function
on the underlying sample size n.

Theorem 1.0.6 (Polynomial martingales with respect to the empirical
distribution function) [19]

Let m € {0,1,...,n} be fixed but arbitrary. The stochastic process X =
(X1)ter given by

(n —m)In™

n I _ F,(s)
X=—- | | L=
n! , 1—F(s)
j=n—(m—1)

is a martingale with respect to the natural filtration of (F,(t))er-



8 CHAPTER 1. INTRODUCTION

In a further step one can show that each martingale generated via a
transformation in time and space p(F,(s),s), can be represented as a
linear combination of these polynomial martingales.

Without entering into an in-depth discussion of the properties and pos-
sible applications of these processes, one matter should be emphasized.
The stochastic process (X;);er is not only a martingale, it is also nonneg-
ative. This circumstance proves to be an advantage for the application
of stopping techniques. For example, set m = 1 in Theorem 1.0.6. to
obtain the process

1— F,(s)

_— 1.1
1—F(s) (1.1)
This special case is a well known process in the literature [36] (P. 269
Proposition 2). Since we assumed F' to be continuous, one can show the

identity
1- Fn(s)> ] 1
Pisup| ———~ ) >c| =—. 1.2
LEE(I—F(S) c (12)
The objective of this work is to obtain a variety of martingales with the
character of (1.2) in the context of point process theory.

Xs =

We now present a concise overview of the key results concerning con-
ditional intensities. Our definition of a point process as locally finite
ensures that it is non-explosive, meaning for all ¢ > 0 we have N; < oo
P-almost surely.

Definition 1.0.7 (Stochastic Intensity) (see Brémaud [5], p. 27)
Let N = (IV;)ier be a point process adapted to some filtration H, and
let A = (A)ier be a nonnegative H-progressive process such that for all

t>0
t
/)\8ds<c>o7
0

P-almost sure. If for all nonnegative H-predictable processes H = (Hy),

the equality
S1 S1
E {/ HSdNS] =E [/ Hs)\sds}
S0 S0

is satisfied, then we say: N admits the H-intensity A.



Theorem 1.0.8 (Martingale Characterization of Intensity) (see Brémaud

[5], p. 28)
Let N = (N;)er be a non-explosive point process adapted to (H;)ser, and
suppose that for some nonnegative H;-progressive process A = (\;);e; and

for all n > 0,
tAT,
Nowr, — / Ads,
0

is a martingale. Then A is the H-intensity of N.

As been highlighted in [5] the martingale characterization of the condi-
tional intensity implies

t
EIN, - N, | H,] =E [/ Aodv | ”] ’

for 0 < s < t. Furthermore, if X\ is right continuous and bounded, it
P-almost sure follows that

E[N; — N, | H] = s

lim
tls t — s

An Introduction to Semimartingales

Lastly, we would like to provide an excursus on the theory of semi-
martingales to enhance our understanding of the presented results and
establish a foundation for the upcoming investigations. Throughout this
section we assume I = R,. The results presented here are oriented on
the textbook by Protter [31].

The class of semimartingales encompasses a broad range of stochastic
processes for which a stochastic integral can be defined. In this sec-
tion, we will reference It6’s formula for these integrals, which will aid in
enhancing our understanding of the results presented in this work. To
establish the theory of semimartingales we start with some basic defini-
tions.

Note that a stopping time 7' is a random variable satisfying the condi-
tion that, for any t € I, the set {T" < t} is measurable with respect to H.
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Definition 1.0.9 (Simple predictable processes) (see Protter [31], p. 51)
A process (Hy)ier is said to be simple predictable if the process has the
representation

H, = Holy(t) + > Hilir, 7, (1),

i=1

where 0 =T, < T, < ... <T,11 < oo is a finite sequence of stopping
times, H; € Fr, with |H;| < oo a.s., 0 < i < n. The collection of simple
predictable processes is denoted S.

We can give S a topology by considering uniform convergence in (¢, w),
and we denote the topological space obtained by this procedure as S,.
Additionally, we use L° to refer to the space of finite-valued random vari-
ables, which is topologized by convergence in probability. These topolo-
gies provide the framework necessary to analyze the convergence of a
sequence of stochastic processes to a limiting process.

Let X = (X})ier be a stochastic process. To define an integral operator
for the process X, two fundamental properties must naturally be satisfied
to justify its classification as an integral. The operator should be linear
and must satisfy a version of the Bounded Convergence Theorem. A
particularly weak form of this theorem is that the uniform convergence
of processes H, to H implies at least the convergence in probability of
the integral

n—o0

lim [ HMdX, = / H,dX,.

Building on this discussion, it is natural to define the integral for H € S
as a linear mapping from S to L°:

/ HdX = HoXo+ Y _ Hi(Xz,, — Xr,).
=1

Definition 1.0.10 (Total semimartingale) (see Protter [31], p. 52)
A stochastic process X = (X;);es is said to be a total semimartingale if
X is right-continuous with left limits, adapted and the mapping S — L°

H— /HdX,

1S continuous.
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For a given stochastic process X = (X;);e; we construct the stopped
process (X[ )ier through X7 = X, .r.

Definition 1.0.11 (Semimartingale) (see Protter [31], p. 52)
A stochastic process X = (X;)ser is said to be a semimartingale if, for
each t € I the process X' = (X!)¢s is a total semimartingale.

The class of semimartingales constitutes a broad and fundamental cat-
egory of stochastic processes. Notable examples, such as the Brownian
motion and the Poisson process, are encompassed within this framework.
The definition of semimartingales is motivated by their role as suitable
integrators for simple predictable processes. This class can be enlarged
to the class of processes that are adapted with left continuous paths and
right limits. (see Protter [31], p. 56)

The class of processes with finite variation plays a particularly impor-
tant role in this study.

Proposition 1.0.12 (Finite variation processes) (see Protter [31], p
55)

Each adapted process with right-continuous left limits paths of finite
variation on compacts is a semimartingale.

Theorem 1.0.13 (It6’s formula) (see Protter [31], p. 81)

Let X = (X3, ..., X,,) be an n-tuple of semimartingales and let ¢ : R" —
R have continuous second order partial derivatives. Then ¢(X) is a
semimartingale and

1w 5 [ G

= X' X7
+ Z / axzaxj )d[ ) ]s

1<z ,J<n

+ Z (W(Xs) - @(Xsf) - Z gz (XS)AXS)>

0<s<t

_)dX:
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Within the scope of this work, we consider processes of finite variation.
Consequently, the corresponding term in [to’s general formula for semi-
martingales vanishes, requiring only that the function ¢ possesses contin-
uous first-order derivatives. The following Lemma provides a formulation
of Itd’s Lemma that aligns with the requirements of this study as a di-
rect consequence. The simplified formula can also be found in Protter,
Theorem 31 on page 78, given the assumption that the point process has
only jumps of size 1.

Lemma 1.0.14 (Ito’s formula)
Let N = (Ny)er be a point process and let ¢ : R? — R have continuous
first order partial derivatives. Then (¢(Vy,t))ier is a semimartingale and

tasp

t
o t) = [ SEN9)ds+ [ (oMo + 15) = plNee, ) N,
0 9r2 0

Proof.

Using the formula from Theorem 1.0.11 under the consideration that
N is a process of finite variation with AN € {0,1} we obtain

"oy Dy
o3 = o0+ [ DB N+ [ TN s
dp
+ Z ( (Ns,8) — @(Ns_, s) — &Ul(N s))
0<s<t
(N, 0 +/a No,s)AN:+ 37 (p(Nyy5) — 9(No )
0<s<t
8g0 ¢
NO> + a_ dS + (@(Nsa S) - 90(st75)) st
0

O

Example 1.0.15 We continue our discussion on the empirical distribu-
tion function F,, in order to derive the Doob-Meyer decomposition of
the process ¢(F,(t),t). Let F' be a distribution function with support on
the positive real axis and define the point process N = n - F,,. Further-
more assume that F admits a density f. Define the stochastic process
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A= ()‘t)tel by

TL—Nt_

At = 1——F(t)f<t>.

Let M° = (M) be the martingale
t
Mto = Nt —/ )\sds.
0

Using [t0’s formula it follows that

t a t
PN ) =p(No,0)+ [ SE (N 9)ds+ [ (olNee 4 15) = (Mo, ) N,
0 2 0
t 890
= (N0, 0)+ [ 5L (N s)ds = (PN +1,5) = p(Ners5)) A
0 2

n / (o(Nuvs) — p(Nu_, ) dMC.

Note that the integrator of the first integral is predictable. If we add some
integrability assumptions to the function ¢ the integral process becomes
a martingale. We will investigate this equation in a more general context
in chapter 3 and provide the necessary additional assumptions for the
process to become a martingale.
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INTRODUCTION



Chapter 2

Point processes in
discrete-time

In this chapter we want to investigate point processes in discrete time.
We start our discussion by recalling some basic properties of the Single-
Event Process which we introduced in the past chapter. In one further
step we provide a definition of a general point process in discrete time
and figure out how we can uniquely determine the law in distribution
of such a stochastic process. Lastly, we will give an overview of some
popular martingales and also highlight out a preview on the techniques
we figured out in this work. These techniques will be further discussed
for the continuous-time case in the upcoming chapter and some beneficial
properties will be derived.

Single-Event Process: Let X ~ F be an arbitrary random variable. As
mentioned before, we want to deal with discrete lattices within this chap-
ter. Fix d € N and choose an arbitrary sequence t; < to < .. < tg of
length d € N. The associated time-discrete Single-Event process N =
(Nt )i=1,2,....a defined by

Ntl = 1{X§tl}7
was already discussed in the first chapter yielding the H-innovation mar-

tingale M,

!
F(tj) = F(tj-1)
7=1
We make the convention 0-co = 0. Let ¢ € I be arbitrary with F(t) = 1.
Note that N = {w € Q| 1{x>4 = 1} is a null set. Hence the martingale

15
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M is well defined. Recall that H is the natural filtration of the underlying
process N. To define the associated point process in discrete time we can
introduce the process Z = (Zy,)i=12.....4,

Ztl = 1{X€[tlvtl+1)} = Ntl — Ntl,1 = AN[

Note that each realization of Z is a standard unit vector on R?. The aim
of this chapter is to generalize the results in the sense that we admit the
process Z to take values in the set {0,1}¢. Hence Z is a collection of not
necessarily independent Bernoulli variables. One obvious but perhaps
not always useful way to determine the distribution of Z uniquely is via
the common distribution function G : R? — [0, 1],

G(21,22, .. 20) = PlZy < 21, 25 < 29, ..., Za < 24).

To circumvent the potentially intricate structure of G, we will utilize
conditional intensities. In this section, we shall dedicate significant focus
to this critical aspect and explore the various ways in which it impacts
our analysis.

2.1 Basics

Definition 2.1.1 (Point processes in finite time)
Let (€2, F,P) be a probability space, d € N and Ay, Ay, ..., Ag € F be
arbitrary. A random vector Z defined by

Z = (Z17 Z2a ey Zd) = (1,41, 1A2, . 1Ad)
is called a point process on {1,2,...,d}. The random vector N defined
by

d
N = (1A1a1A1 + 1A27'--721Ai)
=1

is called the counting process associated with the point process Z. Fur-
thermore, we define H = H? as the filtration generated by the point
process Z.

Basically, a point process is a random vector Z = (74, ..., Z;) whose com-
ponents Z; are Bernoulli-variables. Each component N, of the associated
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counting process is nothing but the cumulative sum of the process Z up
to time [. If we know the realization of Z, we also know the realization
of N and vice versa. This implies that the filtration H?Z is tantamount
to the filtration generated by the associated counting process N.

From time to time we will admit the time-space to be countably infi-
nite. This results in the following definition of a point process, which is
nothing more than a slight modification of the space in which the point
process takes its values.

Definition 2.1.2 (Point processes on a countable time-space)

Let (Q, F,P) be a probability space and (A;);en be an arbitrary sequence
in F, that is for all 7+ € N we have A; € F. A random sequence Z =
(Z))1en defined by

Zl = 1Al
is called a point process on N. The stochastic process N = (N)en

defined by

l

Nl = ZlAL

i=1
is called the counting process associated with the point process Z. Fur-

thermore, we define H = HZ as the filtration generated by the point
process Z.

Example 2.1.3 (Renewal process)

Renewal processes are a widely studied class of point processes in con-
tinuous time. They are also a subject of interest in the literature in the
discrete-time case, as can be verified in reference [2]. In the context of
this example, our goal is to construct renewal point processes in discrete
time and establish the concept of conditional intensity through calcula-
tions. The formalization of conditional intensities will be explained in
the upcoming definition.

Let (Y))1en be a sequence of independent and identically distributed ran-
dom variables with

PlY; =1] =p, for l € N and Zplzl.

=1
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Define the process (S5))en, by

The point process Z = (Z;);en defined by

Z1 = lzp<is, =1y

is called a renewal process. Since the sequence S is strictly increasing it
follows that the associated counting process N = (N;);en equals

!
Ni=> licis,—i
=1

=[{k eN| S € {1,2,...,1}}]
=max{k <[] S, <1} (4)

Representation (A) is common in the time-continuous case. We define
the filtration H® by setting

Hy = o({Skls,<iy | k € N}).

Note that for all k,l € N it follows that

Silgsy<ny =min({i <1| Y Z = k}u{0}) € H.
j=1
On the other hand for all 1 <+ <[ it follows that

s
Zi = lzj<iss;=iy = 1{3jéi15j1{sj§1}:i} € H

Consequently, the two filtrations #° and H consist of the same informa-
tion for all timepoints [ € N. One benefical application of this fact arises
if one wants to calculate the probability for the event {Z; = 1} given the
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first (I — 1) random variables Z;, Zs, ..., Z;_1. It follows that

P[Z = 1| M) =E[Z | Hi_i]
=E [1{SNZ=1} | 7{1—1}

-1
— Zl ].{Z]_Vl—l Y;:]}]E |:1{YNZ_1+1ZI*J'} | Hl_1i|
j=

i=1

-1 1-1

= 2D lviamm st vim) B [Lon=sy [ i)

j=1 k=0
-1 1-1

= Z Z Vv = Lgsi=i) B L=ty | Hio] -

j=1 k=0

Let (S;)men be an arbitrary sequence with s, = 0 for all m > k + 1,
sp = j and s, < Sy for all m < k+ 1. It follows that

P[Nl—l =k, Sk =73, Yer1 =1 —J | Silgsi<i—1y = 51,92 1s,<1-13 = 52, ]

P[Nit =k, S = i Yipr = = St = 51,0 Skt = 81

P[Sl = 81y, Oh—1 = Sk—1,5% = J, Sky1 > [ — 1]

P[Sk = j, Yk+1 = —j, Sl = 51, ...,S]g,1 = Skfl]

]P)|:Sl = 51,0y Sk‘—l = Sk-1, Sk = ja Sk:+1 > 1 — 1:|

P[Yk =7 SkflaYk+1 =l-73Y1=51,.., Y1 =581 — 8#2}

PYi =51, Y1 = Sp—1 — Sp—2, Yo = J — Sp—1, Vi1 > 1 —1 —]}
P[Viii =1 j]

Py, >z—1—]}
_pl—j

ZZO:;_]- pn.
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Combining the above computations yields

-1 -1
p _
PZy=1|Hi1] = Z Len =k {s,=51 ZOOI ’
j=1 k=0 n=l—j P
B Di-sy,
ZZO:Z—SWI Pn’

In chapter one we introduced the compensator A of the Doob-Meyer de-
composition which uniquely determines the distribution of an underlying
point process. This circumstance will now be investigated in detail for
time discrete point processes. The advantage to deal with A instead of
the distribution function G' : R? — [0,1] from a point process Z on a
finite lattice, might be that A has a more suitable structure in certain
applications. Remember in this context G was given by

G(21, 22, .., 20) =P[Z1 < 21,75 < 29, ..., Zag < 24).

Definition 2.1.4 (Conditional H-intensity)
Let d € N U {oo} be arbitrary and set I := {1,2,...,d}. For a point
process (Z;)ier define the predictable process A = (A(1 | H;—1))ier by
)\(1 ‘ Hlfl) = ]P[Zl =1 ‘ Hlfl]
=E[Z, | Hi-1].

The process is called the H-conditional intensity of the point process Z.

Let [ € I be arbitrary. Note that, since the filtration H is generated
naturally by the point process N the random variable A(1 | H;_;) is the
conditinal expectation of the Bernoulli variable Z;, given the first (I — 1)
random variables 71, Zs, ..., Z;_1. Sometimes we will consider A(1 | H;_1)
as a regression function )\; : {0,1}~' — [0,1], mapping an arbitrary
element * = (71,79,...,71_1) € {0,1}7! to the respective conditional
probability of the event {Z; = 1}, that is

)\1(1 ‘ .I') = ]P)[Zl =1 ‘ Zl = .Tl,ZQ = T2, -~-7Zl71 = :lel]-

The usefulness of conditional intensities in regard to point processes is
expressed in the following theorem, which states that A uniquely deter-
mines the distribution of a point process.
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Theorem 2.1.5 (Uniqueness)

Let (211)56{1727.__@} and (Z})ieq12,..ap be two point processes on a finite
time-space and let the filtration H* be generated naturally by Z* respec-
tively. If the conditional H!-intensity A\?' and conditional H2-intensity
M\? satisfy the condition

M=, 2\
It follows that

7t =, 7%

Proof.

Let i1, 19, ...,1q € {0,1} be arbitrary but fixed. It follows that

P[Z] =iy, Zy = i, ..., 23 = i4]

=P Zl =i)| P|Zy =iy | Z{ =i1] - - P[Z) =iq | Z| =i1,..., Z} | = iq_1]
=P[Z =0 -PlZs =iy | Z2 =ih] - - P23 =ing | Z2 = i1, 0, Za1 = Gg1]
=P[Z? = i1, 23 =iy, ..., Z5 = ig).

O

As a result, there is an opportunity to characterize point processes through
their respective conditional intensities. A highly straightforward scenario
arises when the conditional intensity assumes the form of a determinis-
tic function that is entirely independent of the underlying process history.

Definition 2.1.6 (Bernoulli process)

Let d € NU {oo} be arbitrary and define I := {1,2,...,d}. A point
process Z = (Z;)ier is called a Bernoulli process with parameter p, if the
conditional intensity A = (A(1 | H;))en of Z satisfies

/\<]' | Hl—l) =P

for some parameter p € [0, 1].

Due to the deterministic character of the conditional intensity, the Bernoulli
process represents the discrete-time analogue of the Poisson process. If
Z is a Bernoulli process it follows that

P[Zl =1 | Hl—l] == P[Nl — Nl—l =1 | ,Hl_ﬂ = pP.
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Furthermore, it follows that the process N has independent and binomial
distributed increments

1

PN =] = (Z)p’(l -

It is straightforward to compute the most common quantities of a Bernoulli
process as it is shown in the following calculations:

2ill—i—1
-1
[—1
— 7 (I-1)—1
lp;( i )p(l )
=lp(p+(1—p)™
= Ip.

Let m,n € I be arbitrary with m < n. It follows that

Cov(Npy, Ny) = E[N,,N,,] — E[N,,]E[N,,]
= E[N,,(Ny, — Ny + Ny)| — mpnp
= E[Nu(Nyy = Nip) + Ny | — mnp?
= E[Nn]E [(Nn Nin)l + E[N;,] — mnp®

mp(n —m)p +m*p? —mp? +mp — mnp®

— mnp? — m2p? + m2p*

— mp2 +mp — mnp2
= —mp® +mp
=mp(l —p).



2.1. BASICS 23

Polynomial martingales with respect to Bernoulli processes have already
been treated in the literature [34] (P.59-60). In the following investiga-
tions we will derive these martingales with our own techniques by finding
a generalized result taking into account an arbitrary point process in dis-
crete time. As discussed in earlier chapters, we are looking for functions
that satisfy the equation

EH@(ALUTO |7{WJ:: @(ﬁﬁn,nw,Vang n.
One fundamental case arises by using the transformation

olx, k) =ax—p-k, (2.1)
as it is shown by the following computations

E[p(Nn,n) | Him] = E[N,, | H] — pn
= N,, + E[N,, — N, | H,] — pn
= Ny, + E[N, — N,,] — pn
= N, + E[N,_] — pn
= Now+ p(n—m) — pn
= N, — pm.

It is important to note that in the aforementioned statement we utilized
the property that the Bernoulli process can be expressed as a sum of
independent Bernoulli variables with independent increments.

Proposition 2.1.7 (Doob-Meyer decomposition of the Bernoulli-process)
Let Z be a Bernoulli process with parameter p and ¢ a function in two
variables such that the process ¢(N;, 1) is integrable. Then the Doob-
Meyer decomposition p(N;,1) = M; + A, with respect to the internal
history H is given by

l l
My = o(No, 0) + > o(Ni, k) = o(Nig-1, k) = p > p(1+ N1, k) — p(Ni—1, k)

k=1 k=1

and

l l
A=Y (N1, k) = p(Neea, k= 1) 4 p Y (14 N1, k) — o(Nia, k).

k=1 k=1



24 CHAPTER 2. POINT PROCESSES IN DISCRETE-TIME

Proof.

Let j,m,i,k € I be arbitrary with j < m, m < k and j < . It fol-
lows that

P[N, =m | N; = j] = P[N, — N; = m — j].
Since Ny — N; ~ Binom(p, k — 1) it follows that
k—1

m—j

PN, — Ny =m —j] = ( >pmj(1 —p)tTm,

Hence,

Elp(Ni, k) | Hi] = Y 1y Elp(Ni, k) | N; = 5]

=0
=Y. > lwepem k()" (1=p)
i=0  m=j J
= k_(ZZ_Ni) olm k) P T ) preta(n = gy
s ’ m — Nz .

The innovation martingale M of ¢(IV,,n) is given by

My, = My + o(Np, ) — E[p(Np, n) | Fi]
= Mn—l + @(Nm n)
n—(n—1—Np_1)

_ Z o(m. ) (n —(n— 1)) GrNat (1 pyr—(nm D)=

m— Nn—l
Nn—1+1
= Mu_1+o(Noyn) = D @lm,n)p™ Nt (1 — p)l -
m=Np_1

=M, 1+ @(Np,n) — p(Ny_1,n)(1 —p) — (1 + N,_1,n)p
= n—1 + SO<N”7 TL) - SO(anb n) - IO(Q0<1 + anlv n) - 90(an17 n))

Per induction it thus follows

n

Mn = @(NO,O) + Z(P(Nlal) - @(lelﬁl) - /)ZSO(l + Nl*bl) - @(lelﬁl)'

=1 =1



2.1. BASICS 25

The compensator A is given by

An = An—l - SO(anl, n — 1) —+ E[Nn | J—'.nfl]
Nn—1+1
= An—l — gO(Nn_l, n— 1) + Z SO(m,n)pm_NT”l(l _ p)l—m—&-Nn,l

m=Np_1

=A,1— QO(Nn—la n— 1) + @(Nn—lv n)(l - p) + @(1 + Nn—h”)ﬂ
= A1+ 9(Np-1,n) — (Np—1,n— 1) + p(gO(l + Ny—1,n) — @(Nn—bn))'

By induction it thus follows that

An =Y @(Nizt, 1) = @(Nizi, L= 1) +p Y o(1+ Nizg, 1) — @(Niy, D).
=1

=1
0

The Doob-Meyer decomposition yields the martingale difference equation

o(x,l) —p(z, 1l —1) + p(g@(l +x,1) — o(z, l)) =0.

To familiarize ourselves with the techniques used, we start with the sim-
ple case where the transformation is a second order polynomial. In the
next step we want to generalize this result to a general time discrete point
process N with conditional intensity A, by determining the martingales
based on an arbitrary n-th order polynomial.

Proposition 2.1.8 (Polynomial martingales of second order)
Let N be a Bernoulli Process with parameter p and H be the filtration
generated by N. Then the process M defined by

M, = c(p*I* + p°l — pl — 2pIN, + N7)

is a martingal with respect to H.

Proof.
Let ¢ be a polynomial function of second order, that is

ez, 1) = o(l) + p1(1) -z + (1) - 2.
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According to Proposition 2.1.7, the function ¢ needs to satisfy the dif-
ference equation

o, 1) — (a1 — 1) + p(go(l +al) — ol z)) —0.

The left hand side equals

o(x, ) —(x, 1l —1)+ p(go(l +x,l)—¢ x,l))
1(1

(
= o(l) = @o(l = 1) + pp1(1) + p2(l) + (1(1) — 1 (I = 1)
+ 2pp(1))z + (@2(l) — (1 — 1)),

The equation is fulfilled for all € N if and only if all coefficients are
equal to zero. We first consider the second order term. It follows that

@a(l) — ol = 1) =0,

if and only if p5(1) = ¢ for some ¢ € R. Substituting ¢5 into the first-order
term results in

e1(l) — (1 = 1) = —2pc.

Consequently, ¢1(l) = —2pcl + ¢; for some ¢; € R. To avoid duplicate
calculations, we take ¢; = 0. Plugging ¢, and ¢4 into the 0-th order term
yields

wo(l) — ol — 1) = 2p*cl — pc.

Consequently, ¢o(l) = p*cl(l + 1) — plc + ¢y. To avoid duplicate calcu-
lations, we take ¢y = 0. By substituting ¢y, ¢1 and @9 into the initial
representation of ¢ , we obtain

o(x,1) = p*l(I + 1)c — ple — 2pclx + ca?.

Note that
M; = p*I? + p*l — pl — 2pIN; + N2 = (N; — pl)* — p(1 — p)L.
Since M is a martingale starting in My = 0 it follows

E [(N; = pl)?] = p(1 = p)l.
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2.2 Polynomial Martingales in discrete time

The aim of this section is to explore polynomial martingale transforma-
tions in discrete time for point processes of a general nature. Within this
section, we unveil the expansion of Krawtchouk martingales [34], initially
associated with Bernoulli processes, to encompass a wider array of dis-
crete time point processes. In particular, the second order martingales
prove to be useful for determining the covariance kernels for the compen-
sated processes.

In contrast to the Bernoulli process, we require a function ¢ in three
variables. We define the set of all possible A realizations by

L := [0, 1)".

The general martingale transformation is expected to be path dependent,
requiring the history of the conditional intensity to be incorporated as
the third component of the transformation.

Proposition 2.2.1 (Doob-Meyer decomposition for point processes)
Let N be a point process with conditional H-intensity A and ¢ : N x N x
L — R a function in three variables such that the process X defined by

Xl = @(vala >\)7

is adapted to ‘H and integrable. Then the Doob-Meyer decomposition
Xy = M; + Ay, is given by

M, = o(No, 0,X) + > o(Ni, 1, A) = @(Ni-y, 1, A)

=1

- Z )\(1 ‘ Z{71> (Sp(l + lela l> )‘) - 90<le17 l? )\))
=1

and

n

Ay =" o(Niet L A) = p(Nimy 1= 1,0

=1

+ ZA(l | Z{_1)<90<1 + Nl—blv)‘) - @(Nl—lala)‘)>‘
=1
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Proof.

The innovation martingale M of ¢(N,,n) is given by

M, Mn 1+ @(Np,n, A) = E[p(Np, n, A) | Frei]
1 @(Noy 1, A) = (N1, m, M0 | Z77)
+ Nao1,n, AL 2771
Npon, A) — o(Np_y,n, A)(1 = M1 | Z071)

p(1
= np— 1"’@(

©(1+ Npy_1,n, A1 | 277
o

— A

= n—1+1 Nnan )\) (anlana)\)

120 (9004 Nt A) = 9(Na1,m, ) )

By induction it follows that
Mn = QO(NOa 07 /\) + Z SO(Nla l) /\) - @(Nl—h la )‘)
=1
=Y AL ZN (L + Nz, L A) = @(Nizi, 1A,

The compensator A of (N, n) is given by

An = An,1 - go(Nn,l,n - 1, )\) + E[Nn | ./T"nfl]
= An—l + QO(Nn_l,n, /\) - (;D(Nn—la n— ]-)

S| 2 (¢(1 4 Ny, A) — o(No1, s /\)>.

Per induction it follows that

Ay =Y @(Niz1, 1 A) — @(Nizy, L= 1, A)
=1

+ i AT | X{_l) (30(1 + Ni—1, [, A) — o(Ni-y, L, )‘))

O

To proceed with the objective of this section, it is necessary to first define
a sequence of numbers denoted by (al).
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Definition 2.2.2 (Coefficient sequence of polynomial martingales)

We define the (deterministic) sequence (ago))ieNo by

(IEO) = 1{2':1}.

Further, we denote by (agl))ieNo the sequence given by

oV = 1,
! 7!

Furthermore we recursively define for j > 1 the sequence (al(-j ))ieNo by

(-1 1
Z“ Gt 1-k)

Theorem 2.2.3 (n-th order martingales)
Define ¥ : N x N x L. = R, by

ij,1

(l,j,\) ZA1|Z”12A1\Z”11 YA 27T

i1=1 io=1 i;=1

Let N be a point process with conditional H-intensity A and a the coef-
ficient sequence of polynomial martingales (Definition 5.3.2). Then the
process X defined by

n

X, = i U(l, 5, Na, NP

is a martingal with respect to H.

Proof.

Let ¢ be a polynomial function of n-th order, that is

oz, 1,\) = Z%M

According to Proposition 2.2.1 the function ¢ needs to satisfy the differ-
ence equation

o1 0) = (e, L = 1) + A1 XE) (14 2,1 8) = ple,1,2)) = 0.
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The left hand side equals
(1 0) = (L= 1,00 + M1 X (91 4+ 2,10) = (a1 A)

=Y AN -2 AL XY il N (1 +a) - o)

k=0 1=0

i—1 .
_ZA%M oz +ZA1|X“%@~AZ<)
= k=0
_ZA%M x +ZZ)\1|XZ Yy, A)(k)
k=0 i=k+1
—Za: (Agpkl)\

S AL XY ) (k)> Al N) 0"
Assertion: For all 1 <7 < n it follows that

i=k+1

Spn—i(ta)‘ = TL—Z ' Z J\Il l j? H-)l —j° (22>

1. Base case: Show that the statement holds for ¢ = 0.

Since agl) =1and p,(l) =c= c(n%!l)!ago) it follows that

Apn 1 (L,A) = —A(1 | s ngA( i1>

= =M | s ea(lA)

1

n
(n—1)!

])\1|81 )Z-‘rlj

:0
The solution to this difference equation is

1

nl l
Sonfl(lv )‘) (nT Z J Z )‘ 1 ’ 8 z+1—g
7=0 k=1
1
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2. Induction step: Show that if v, @, 1, ..., pn_;+1 have the represen-
tation from (2.2), then the representation also holds for ¢, ;.

It holds true that

Ag@n_z‘(l, )\)
_ = j

A eun(,”)

j=n—(i—1)

1—1 n _]
=M1 (LN (n B Z)

j=0

n it ( 1
= —\1 st Cn ULk, A
( | 1 )(n_w'jo p ( ) ( ) ]+1 k( ])'
Since

AU(LE41,0) = M1 | s5HW(1 kM),

it follows that

1
( | — ) ]+1 k( ])'
_ o5 DM (L k4 1,0) !
= o TR Z“ﬂ“ i )]
j=0
__n H( DF0( k +1,0) Za !
- ; +1—k :
(n—i)! = =TT (i — )
n' i—1 i—1 ® 1
— : _1\k+1 k
e (=DM, k + 1,A)Zaj+1_k—(i_j)!
k=0 j=k
TL' i—1 i—k 1
= —— ) (=D k+1,A (k)
(n—i)!k_o( e );aﬂ Gi—k+1—j)
n! :

:—| ( )\D(lk)‘)zk-i-l
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By substituting the representation into the equation for ¢, we obtain

Remark 2.2.4 (Krawtchouk polynomials)
Let N be a Bernoulli process with parameter p. Define the function ) :
N x N — R by

¥(l,7) =¥(l, ], p)

Zipip---pr

=1 ix=1 ij=1

2]1

SV 2) 30 o

i1=110=1 i;=1

Theorem 2.2.3 yields the n-th order martingale

n

(k) n—i
Xl ' z ]+1N
1=0

This case has already been discussed in the literature (see [34], p.59-60).
The polynomials

i

S ) )l

— (n—1)! g

n

K(z,l) =

are called Krawtchouk polynomials. In the context of this example, we
have shown that Theorem 2.2.3 produces the Krawtchouk martingales
when applied to a Bernoulli process.
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Set n = 2 to obtain the martingale

2
XZ(Q) Z 2 —Z | ]\Ij l ja 1 )]+1N2 '
1=0
= N? — \If(l, 1, )\)Nl — 20, 1, Nas? 4 29(1,2, M)al?
= N? 22)\ | ZIFYH)N, — Z)\ | Zi71)

42 Z A | Zi7h Z Ak | ZE7)

(Nl Z)\ | Zi71) ) —Z)\(HZ{‘l)(l—A(MZ{‘l)).

Define the process X by

=N, — ZA | Zi71.

Since X® is a martingale starting in X, = 0 the variance of X at some
arbitrary point in time equals

Var(X) = YN | Z57)(1 - A | ZE)). (2.3)

If additionally the process C defined by
Co=AZ7H(A =AW 27Y),

is a martingale starting in Cy = p(1 — p) for some constant p € [0, 1],
equation (2.3) becomes

Var(X;) = p(1 - p)l.
Since X is a martingale this implies
Cov(Xym, Xy) = p(1 — p) min(m, n). (2.4)

A kernel of minimum type, such as the one presented in equation (2.4),
can prove to be highly beneficial in the context of Principal Component
Analysis (PCA), as expounded in the forthcoming Chapter 5.
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2.3 Non-negative martingales

In the first chapter of this work we introduced the martingales discovered
by Hess and Stute (paper in work). These martingales have in common
that the path of each realization can take only non-negative values. This
additional property helps in calculating certain exceedance probabilities.

Proposition 2.3.1 (Exceedance probabilities)
Let H = (Hnp)nen be a filtration, M = (M,)nen & non-negative H-
martingale starting in My = 1, ¢ > 1 be fixed and define

min({n e N| M, >c}) if{neN| M, >c}#0,
T =
00 else.
Additionally assume that the following conditions are satisfied:
1. lim, o, M, = 0.

2. The random variable M., is integrable.

Then it follows that

ol

neN

P [maan > c} <

Proof.

We defined the H-Stopping time 7 by

00 else.

:{min({nENanZC}) if {n e N| M, >c}#0,

Note that by assumption it follows that M, > ¢ on {7 < oco}. Conse-
quently,

{maXMn > c} = {7 < o0}.
neN

Stopped H-martingales are again H-martingales. Hence, the process
M, ,+ is again a H-martingale satisfying

E[MTL/\T] = ]E[MO/\T] = E[MO] =1
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By Lebesgues dominated convergence Theorem,

cPlr < o0] = / cdP
{T<0}
< / M., dP
{r<o0}

= / lim M, dP
{T<OO} n—o0

= lim My prdP

=00 {r<o0}

= lim <1 —/ Mn/\.rd]P’>
n—oo {T:OO}

—1— lim ( / MnATd]P’>
n—o0 {T:OO}

=1- </ lim Mn/\TdIF’>
{T:OO} n—oo

=1- </ lim MndP>

{T:OO} n—o0

=1.

Hence,

[

>Plr<oo]=P {ma}g}cMn zc] .
ne

Proposition 2.3.2 (Integral martingales in discrete time)
Let N be a point process with conditional H-intensity A and g a H-
predictable, integrable process. Define the process M through

Mn = Zgl(ANl - )\l) + 1.

=1

In this situation it follows that M is a H-martingale.

Proof.
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The assertion follows from
E[M, | Hoo1] = > Elgi(AN, = X)) | Hoa] +1
=1

- n—1+t gn(E[ANn | Hn—l] - >\n)

- n—1-

O

Theorem 2.3.3 (Criteria for the martingales)

Let N be a point process with conditional H-intensity A\, g be a H-
predictable process and ¢ > 1,0 < € < 0.5 be two constants. Addition-
ally assume that \ satisfies

PVkeN: e (0+€1—¢)] =1

Define the martingale M by

k

=1
In particular, we assume that the following conditions are satisfied:

(a) There exists an n € N such that forall [ > T, : ¢, = —]le—:\ll.

(b) ForalllGN:—]l\{l——AjgngM)l\_l—{

Then it follows that

Q|

P {max M, > c] <
keN

Proof.

We need to prove that M satisfies the conditions formulated in Proposi-
tion 2.3.1.

e M is a non-negative H-martingale starting in M, = 1.

Due to Proposition 2.3.2, M is a martingale. It follows that

0
MQ = Zgl<ANl _)\l) +1=1.

=1
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It remains to prove that M is a non-negative process which will be
shown by induction.

Case k = 0: This is satisfied by definition since My =1 > 0.
Induction step: Show, if M} > 0 holds, then M1 > 0 also holds.
We distinguish four cases:

1. ANy =1and g1 <0

M1 = My + gir1 — gr_ M1
= My, + grr1 (1 = Xit1)

M,

> My — 1—)%1(1 — Nit1)
— Akt

= 0.
2. ANgyp =1and ggyq >0
M1 = My, + get1 — Grp1 M1
= M + ger1(1 — Nit1)
> 0.
3. ANpy1=0and gry1 <0
M1 = My, — Grs1 A
> My,
> 0.

4. ANk =0 and gy >0

M1 = My — grp1 A

M,
> M, — 3 L Y
k1
=0.
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By assumption (a) it follows that g, = —]1”1;; on [ > T,_,. Hence,

Mr, = Mz, 1 + 91, — 91, M\13,

M, 4
N 1—X
1_)\Tn( )

= Mg, —
=0.

Assumption (b) now recursively implies that for all [ > T,,, M, = 0.
Thus, the claim is established.

e The random variable M. is integrable.

We show that M. is a bounded random variable.

|M;| = |M-—1 4+ g-(AN: — \.)|
< e[ + |g-|

M‘rfl MT*l
< ¢+ max \1_)\|,\ 3 ]

c c
< ¢+ max ,— -
(1—6 e)

In the next Lemma we want to specify the subclass of test-strategies g
such that the resulting inequality is sharp in the sense that M, = c on
{m. < T,,-1}. To do this, we only need to restrict the upper and lower
bound values with respect to the test strategy g.

O

Theorem 2.3.4 (Test martingales)

Let N be a point process with conditional H-intensity A\, g be a H-
predictable process and ¢ > 1,0 < € < 0.5 be two constants. Addition-
ally, assume that \ satisfies

PVEeN: A\ e{0+¢l—¢€}]=1.

Define the martingale M by

k
Mk = Zgl(ANl - )\l> + 1.

=1

In particular, we assume that the following conditions are satisfied:
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(a)
(b)
()

There exists an n € N such that for all { > T, 1 : ¢, = —]1\45\2.

My My
Forall le N: =715 < g < =

lelfc

Forall l < 7: 5 S

A
2
IN

Then it follows that

Proof.

This is a special case of Theorem 2.3.3.

O

Remark 2.3.5 In this remark we want to briefly discuss the conditions
of Theorem 2.3.5.

(a)

There exists an n € N such that for all [ > T,,_1 : g = —]l\/lj—:\ll.
This condition is necessary to guarantee that the martingale will
end in the state 0 in the limit and remain there. This property of

the martingale is important to derive exceedance probabilities.

For all ] € N : —]1”_1—:\; < g < M/{l‘l This condition guarantees

that the martingale is a non-negative process. This property of the
martingale is important to derive exceedance probabilities.

Foralll < 7: Ml:\—ll_c <g < c_ljl/‘[f\l‘l If this additional condition is
satisfied, the martingale has the property that if the critical value
c is exceeded before T},_4, it follows that M, = c. This guarantees
the martingale to be more efficient with respect to tests on the

critical value c.

Example 2.3.6
Let N be a point process with conditional intensity A and n € N be fixed.
Define the predictable process g by

My
ll{sz1=”—1}'

g = 1%
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The strategy g satisfies the conditions from Lemma 2.3.3. Consequently,
the process M defined by

k
Mk = ZQI(ANZ - )\l) + 1

=1

is a martingale and

P [maan > c} <

neN

(‘:I»—t

Note that we can rewrite M to become

k
Mk = Zgl(ANl - )\l) + 1

k
AN, — A\
= Zlel ( LN, =n— 1}11_—)\11) +1

AN, — N\
_H(l_l{Nl 1=n—1}" 7y 11—\ )

= Linp<n—13 + Ling=n-1 H T
l:Tnfl

We aim to outline a decision-making scenario that resembles the one dis-
cussed in reference [11] but within the context of point processes in our
work. Let N!' and N? be two different point processes admitting respec-
tively the conditional H-intensities A and A?. The statistician observes,
beginning at time-period n = 0 a process N which is either N' or N?
and wishes to decide whether N is N! or N?. This leads to the (simple)
test problem Hy : N = N! against the alternative H, : N = N2.

Definition 2.3.7 (Sequential test martingales)
The set of sequential test strategies to the critical value ¢ with respect
to the alternative A\? is defined by

S°(AL, %)

{g e T\ (Z g(AN; — A7) + 1) is a submartingale} )
keN

=1
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Lemma 2.3.8 (Criteria for sequential test martingales)
In the situation of this section, assume

VI>T, 1: M\ >\
Then for all T¢(A\!)-test strategies g satisfying
(a) VIeEN: A >\ =g, >0,
(b) VIEN: N <\ =g <0,
follows g € S¢(A', \?).

Proof.

Let n € N be arbitrary but fixed. It holds that

= Ap-1+ gn()‘?z - )‘711)
Z Xn—l-

Hence, X is a submartingale.



42 CHAPTER 2. POINT PROCESSES IN DISCRETE-TIME



Chapter 3

Point processes in continuous
time

Simple, local finite point processes offer a versatile framework for model-
ing stochastic phenomena over time and have achieved remarkable suc-
cess in various applications. This ranges from less complicated dynamics,
such as the Poisson process for the description of radioactive decay, up
to the explanation of highly complex microeconomic data sets in market
research. For instance, the work of Kopperschmidt and Stute [24] focuses
on this class of point processes in the analysis of customer behavior and
proposes an estimator for any parametric model subject to mild condi-
tions.

In this chapter, we confine our examination to the (integrated) condi-
tional intensity in relation to the internal history of the underlying point
process. However, in theory it is plausible to extend the results to other
cases provided that appropriate conditions are met.

3.1 Finding a suitable differential equation

In this chapter the aim is to find interesting martingale transformations
from a general point process N characterized by its internal integrated
conditional intensity A. As discussed in the initial chapter, the procedure
entails the identification of a specific differential equation, followed by its
resolution. We commence with a preliminary and informal discussion to
attain a comprehensive understanding of the significant results.

When considering a conditional intensity A in a time-discrete framework,

43
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it becomes evident that the process A at any given time period m repre-
sents the probability of an event occurring at the subsequent time period
m + 1, taking into account all available information up to that point in
time m. Similarly to the discrete-time case, the conditional intensity of
a point process in continuous time is defined as the integrand with re-
spect to the Lebesgue measure in the compensator of the Doob-Meyer

decomposition
t
Nt — / )\vd'U.
50

However, in continuous time the conditional intensity at some time point
s € I is heuristically given by

Ao = lim Tera = No = 1| 7]
A—0 A

and can be interpreted as the rate at which events take place given the
information of the internal history. Note that for an arbitrary s € I, the
o-algebra H, has the form

Hs =0({N, :v < s}).

Assuming that the underlying point process N admits a conditional in-
tensity A, it is well known that A uniquely determines the distribution
of N. Earlier in this work, this concept was discussed in the context of a
discrete time framework, and its roots can be traced back to the Doob-
Meyer decomposition.

The cumulative conditional intensity, commonly referred to as the com-
pensator, is described by the process A = (A;)se; that is defined by

Ay ::/ Apduv.
s0

The process A shows continuous paths due to its definition as a Lebesgue
integral. It is important to note that the compensator A may not always
be representable as an integral with respect to the Lebesgue measure.
Consequently, we will make an effort to work with A whenever feasible
in order to circumvent discussions regarding the existence of A. In the
context of Poisson point processes, the compensator A is determined to
be a deterministic function, and in the specific instance of a homogeneous
process with parameter p, it takes the form of a linear function, A; =
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pt. Stepping outside of the Poisson point process framework results in
compensators with a stochastic nature. As an illustration, examine the
renormalized empirical distribution function, which incorporates not only
a temporal aspect but also the current, inherently random state of the
system. In this context, dA is represented by the equation

n—nky,(s)

A:
W= TT50

f(s)ds.

For a point process that admits this type of a compensator the martingale
differential equation with respect to the naturally generated filtration
results in

dp

92, @D+ (1 +2,0) = (@, 1)

n —nk,(t)
1——F(t)f(t> = 0. (3.1)
One contribution of Stute and Hess (paper in work) was to uncover a gen-
eral solution to this equation. To accomplish this goal, they discovered
polynomial martingales and demonstrated that every adapted martingale
derived from a transformation of time and state of the system, denoted
by ¢(z,t), can be expressed as a linear combination of these polynomial
martingales.

An equivalent differential equation as in (3.1) is also known for the ho-
mogeneous Poisson process with parameter p [32] and is given by

99 (.t) 4+ (p(1 + 2,8) — plz, 1)) p = 0. (32)

(9362
Known solutions of this equation are for instance the geometric Poisson
process and the Poisson process subtracted by its compensator A; = pt.
A detailed analysis of (3.2) is covered in chapter five.

The field in question is characterized by the presence of two fundamental

statements. On the one hand, we have a theorem which states that for
every predictable process (h¢)ier, the process (X¢)ier defined by

t
X, = / ho(dN, — dA,), (3.3)
0

is a martingale. For instance, setting h = 1 results in the martingale
X; = N; — A;. Conversely, there exists a theorem of existence related
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to the representation in equation (3.3). Namely, for each adapted mar-
tingale X with respect to the filtration H exists a predictable process h
so that X can be represented by the integral form given in (3.3). The
question on how to generate interesting martingales from this integral
representation remains unanswered with the existence statement and is
about to be answered in a certain sense in the upcoming investigations.

Heuristically, considering equation (3.2) and (3.3) it can already be pre-
sumed that the general equation has the form

g—;’;(l},t) + (e(1+z,t) — p(z,t)) N\, = 0. (3.4)

In the subsequent steps, the derivation of equation (3.4) will be per-
formed. Throughout this analysis, we make the following assumptions:
1. It P-almost sure holds that
. P[Nt > N’U ‘ HU]
lim

:/\v
tlv t—wv

uniformly.

2. For all x € R,7 € N it holds P-almost sure that

Tit1
/ lo(z,v)|dv < oo.

T;

3. For all s € I it P-almost sure holds that

/ |o(No— + 1,0) — p(Ny—, )| Apdv < 0.
0

For ease of notation we will refer the above assumptions as the usual
assumptions. Our examination is focused on finite point processes on an
interval I C R, and thus, we set sq = inf I for clarity.

Proposition 3.1.1 (Innovation martingale)
Let N = (Ny)ier be a point process with compensator dA = Adt. We
define the adapted process (X;);c; by setting

X5 = p(Ns, s),Vs € 1.
If ¢ meets the usual conditions, the innovation martingale of X with

respect to H is given by the process M = (M;)ier defined by

M, = ¢(0,s0) + /S (cp(l + Ny_,v) — p(N,_, v))(de — A\dv).

S0
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Proof.

The proof is oriented towards the limiting procedure used in Beiglboeck
[3]. N is a process on the intervall [0, s1). To make use of our results
from Chapter two, we first define a sequence of discrete point processes
(N®)en on the dyadic numbers DF. Let s € I be fixed but arbitrary. For
k € N the set D¥ is given by

ms
For [ € {1,...,2"} we define the I-th element in D* by

ls

the ) is defined by

and for 0 < n € DF by
Nj. = N@H 1V >Ny

Note that, the random variable N}; is not equal to Ny for w € {Nf —
NE

° | > 1}. But since N is a simple locally finite point process on the

interval [0, s;), there exists a k for each fixed but arbitrary w € Q such
that Ny = Ny for all k > k,t% € DY N* is a point process in discrete

time with conditional intensity (AF),. {th..4¢_ 1 given by
th

Ny =P NE>NE | Hy .

by

,,,,,,

.....

discrete Doob-Meyer decomposition of the process X* is given by

2k 1

Mt]% = Z 2 <N£€,té€) - (Ntl%_l,t5€>

=1

=3 (Vg ) — (N ).
=1
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First we show for the first integral

2k

Z (90 (Nt’“’ > —gp(Ntk 1>tl>> ]H—OO>/OSSO(NSa3) _SO(Ns—aS)sta

P-almost sure. Let M € N be arbitrary and fix w € {N; = M} for the
following operations. Define k& € N as the minimum such that N,(w) =
N¥w). For all k > k we define TF, ..., T as the ordered points of the
point process N*¥ and Ty = 0, Tys41 = s. It follows that

k

S (o (Vi) - o (N8 1)) = ﬁw(m) Y

=1

By construction of N* we have N¥ — N P-almost sure. Hence T%, .., Tk,
converge to T7,.., Ty, respectively P-almost sure. By the continuous
mapping theorem it follows that

Zw(z‘,Tf) —o(i—= LT =) (i, T) —e(i—1,T)

=1

_ / o (No,w) — @ (No, 0) dN,.
0

Since the union (J3,_,{Ns = M} forms a countable partition of €2, this
yields almost sure convergence of the first integral.

For the second integral we show that

Z N (9N |+ 180 = (Vg #)) 25 [ (N +1,0) = (N,
0

We have that Ny = Ny or Ny = Ny — 1. Since k > k, it follows that

Nt;c = N . Consequently, per definition of the Riemann integral the

limit equals

/ O(Ny— + 1,v) — p(Ny_, v) Aydv
0
2k—1
= lim YAt — 1) (N + 1,8 — e 1))

k—o0
=0

V) Aydv.
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Subtracting the second integral from the discrete version reveals that it
is necessary to demonstrate the following:

hm Z)‘t’f < tk +1,4) — @(Ntf_latf)>
— M <<p(Nt’§il +1t) — (N )) —0.

Fix w € {N; = M} and let k € N again be the minimum such that
N,(w) = N¥(w). The equation simplifies to

2k 1
Jim Lgiy 3 (At = 1) = X ) (Vg + Lt) = p(Nyg | th)) =0
Per assumption we have that

. P[N,—N,>0|H,
lim

t—v t—wv

= Ay

uniformly on [0,s). For i € {1,..., M} it follows that

2k 1

Zl{T <tk<TZ+1} — 1) (SO(Ntﬁl + 17tf)>

2k 1

= Z Ligy<pr ey (8 — 7 (i + 1,8))

Qk—l
< Z 1{Ti§1tf<Ti+1}(t;C - tfﬂ)‘@(i + 17t5€)|
=0

7Ti+1
—>/ lo(i + 1,v)|dv.
T;

Analogously, it follows that

2k_1 2k_1

Z 1{Ti§tf<T¢+1}(tl tl el 1, Z Ler, <tk<Tl+1} tl Dl tl)’
1=0

i+1
—>/ w(i,v)|dv.
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Overall, it follows that

2k_1
St =t (o + 18) = oV )
1=0
M 2k
= Z Z Leg, <th<Ti1} (7 =) (@(Nt;{l +1,4) - @(Nt{{l,tf»
i=0 1=0
M 2F-1
<Y D Lpaen, (8 = 10) (Ip(i+ L)) + [, 1))
i=0 1=0

i+1
—>Z/ ot + 1,0)| + |p(i,v)|dv < oo.
Here we used the fact that the sum of M finite summands is again finite.

Consequently,

2k—1

S (At =t = M) (V| +18) — (V)

Note that

S1 S1
/ O(Ns_ 4+ 1,5) — p(Ns_, s)\gds = / ©(Ns, s) — (N, s)A\ds.
0

0

For all s € I we have shown that

P [hm MF — / ©(Ny,v) — p(Ny_, v)(dN, — A\pydv) = 0| = 1.
0

k—o0

The integrator ¢(N,,v) — ¢(N,_,v) has left continuous paths and hence

is a predictable process. Consequently, it follows that M = (M;)es is a
(local) martingale.

O
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As an example, consider N = (N;);er to be a renormalized empirical
distribution function of a sample with distribution F. Then, N can be
viewed as a point process with compensator given by

(n — Ny)

ANy = —FFF7=
dAs 1—F(s)

dF(s).

As per Proposition 3.1.1, the innovation martingale M is established to
be equal to

S

M; = lim ¢(0,x) +/ (o1 + Ny—yv) — p(Ny—,v))dN,
Tr——00

[ N — e ) iR ). (39)
Equation (3.6) can be found in Theorem 3.4 of [19].
Let N = (Nt)teR+ be a point process with compensator
Ay = ps,

for some arbitrary p > 0. By invoking Proposition 3.1.1, we can express
the innovation martingale M as follows

M, =¢(0,0) + /05 (p(1+ Ny, v) — @(N,_,v))dN,

_A7¢y+m,w—mMHmmw. (3.6)

Proposition 3.1.2 (Compensator)

Let N = (Ny)ier be a point process with compensator dA = A\dt and
let h = (h¢)ier be a predictable process. We define the adapted process
(Xi¢)ier by

X = p(Ns, 5), for all s € I.

If ¢ meets the usual conditions, the compensator of X with respect to
H is given by the process A = (A;)ie; with

I e
As = / a—xQ(Nv,v) + (so(1 + Ny_,v) — go(Nv,,v)>)\vdv‘
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Proof.

The proof is oriented towards the limiting procedure used in Beiglboeck
[3]. N is a process on the intervall [0,s1). To make use of our results
from Chapter two, we first define a sequence of discrete point processes
(N*)ren on the dyadic numbers DF. Let s € I be fixed but arbitrary. For
k € N the set DF is given by

ms
For [ € {1, ...,2*} we define the I-th element in D* by

_ls

k

NF =N,
and for 0 < n € D¥ by
N =Nji + LiNg >Ny 1

Note that, the random variable Nt’z is not equal to Ny for w € {Nt’fl —
NE )
interval [0, s;), there exists a k for each fixed but arbitrary w € Q such
that Ny = Ny for all k > k,t% € DY N* is a point process in discrete

time with conditional intensity (AF),. (th..4_ 1 given by
th

_, > 1}. But since N is a simple locally finite point process on the

A =P [Nti > NE | %tﬁil] .
k_ (yk
Define X* = (X )te{t‘f 77777 e ) by
discrete Doob-Meyer decomposition of the process X is given by

2k_1

Afﬁ = Z ¥ (Nt];_l,tf> - ¥ (Nt]zﬂ_latf—l)

=N (PN + L) — (N th)).
=1
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We show for the first sum

k

Z@(N N tl> —go(N » - 1) /Osg—;’;(]\fv,v)dv.

=1

We assumed that the function ¢ has continuous first-order partial deriva-
tives. Hence for all 0 < a < b < s it follows that

2k_1

b
3 Oy
1{a§t§“<b}§0 (Ng%il ) tf) - <Ntk 17t171> — 8_@(]\[”_’ U)dU.
=1 a

Let M € N be arbitrary and fix w € {N, = M}. For all k& > k we
define TF(w), ..., T¥ (w) as the ordered points of the point process N*
and Ty = 0,Ty41 = s. It follows that

2k _1
Do (V1) =0 (Vi i)
=1
M 2k—1
- Z Z 1{T <t; <T1+1}§0 (Nt?;l,tf> — ¥ (le 1 tf—l)
=1 I=1
" op Oy
— dv = ——p(N,_)dwv.
Z/ SeeN o= [ Lo, o

The set |J3;_o{Ns = M} is a countable partition of 2. Hence, we have
shown P-almost sure convergence for the first integral. For the second
term we have shown in Proposition 3.1.1. the following;:

Z/\ (o +1,tf)—g0(Nt§cl,tf)>—>/ o(Ny_,0) — o(Ny_, v)Aydlo.
0

The first integral is a continuous function P-almost sure. Furthermore,
the second integral is left-continuous P-almost sure. Consequently, the
process (A;); is a predictable process.

O

The following Lemma provides a sufficient criterion for the function ¢ to
become a martingale transformation.
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Lemma 3.1.3 (Martingale differential equation)

Let ¢ be a function that meets the usual conditions. Let N = (Ny)es
be a point process with compensator dA; = \,ds. Furthermore, assume
that \ admits the representation

As = A(Ng, ),

for a deterministic function A : R, x R — R,. The adapted process
X = (Xi)ier given by X = ¢(Nj, s) is a martingale with respect to H if
@ satisfies the differential equation

9e

(e t) + (¢(1 Y t) — o, t)))\(x, £) =0,

for all x,t € R,.

Proof.

This follows directly from Proposition 3.1.2.

O
To handle a point process with conditional intensity
(n—N)f(?)
At =
we need to solve the equation
dp (n— N,)
2N, ( 14+ N, . v) —o(N,_, >— —0. (37
T () (P14 o) = (N ) ) s (37)

Clearly, equation (3.7) is equivalent to the statement that for all v € R
and x € {1,2,...,n} the function ¢ satisfies

g—?(x,v) + (g&(l +xz,v) — (p(x7v)>% — 0,

which can be found in Theorem 3.7 of [19].
In this section, we derived sufficient conditions under which a trans-

formation ¢ yields a martingale of the form X; = ¢(NV;,t). Within the
field of point process theory, martingales play a fundamental role and
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have been the subject of research for several decades. A early result con-
cerning point processes and martingales can be found by Watanabe and
Kunita [25] stating that a Poisson process can be characterized by the
martingale property of the process

t
Nt—/ A(s)ds,
0

where A is a deterministic function. A important work by Davis was
given in 1976 [8] showing that every martingale M with respect to the
natural generated filtration can be represented as

M, = /hs(st — dA,).

Therefore, we can conclude that the martingales considered in this work
can be represented in the integral form given above, which we will also
provide explicitly in later investigations. A variant of Ito’s formula tai-
lored to our special case of point processes with jumpsize 1 was also
given in chapter 1 with the help of Protter [31]. Originally formulated
for Brownian motion as the driving process, the concept has since evolved
into numerous variants, including those involving functional transforma-
tions of semimartingales (see Dupire [10]). A survey of the different
generalizations of this formula can be found in [26]. Consequently, the
framework adopted in this section is not the most general possible. How-
ever, as demonstrated in the following sections, it sufficiently meets the
requirements of the results presented in this work. We will see that it
is sufficient to work with transformations in two variables, while still
achieving path-dependent martingale transformations through the fol-
lowing technique. Starting from a point process N, new point processes
N can be constructed by removing specific points from the original pro-
cess. For example, consider the point process N, = 1{n,>n} for some
arbitrary n € N. Processes of the form X = (N, t) will be shown to be
path-dependent martingale transformations of the original point process

N.

3.2 Resolving the Equation

To establish the usefulness of the methods, we will initiate the discus-
sion by examining two widely recognized solutions. This section will
commence by explicitly utilizing the conditional intensity, a common ap-
proach in the literature of point processes. Subsequent examinations will
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rely on the integrated conditional intensity, also known as the compen-
sator, as cumulative quantities’ existence is established within a broader
context.

Example 3.2.1 (Trivial martingale)
Deducting the integrated conditional intensity from a point process leads
to the most popular martingale. By defining

ol hly) =a = [ hwdu,
0

we have

0
SE (N, 0, Alw) = =A(0 | Ha) + A0 | Ho)

ov
= A | H,)
and
(1 + N0, 2) = (Vo 0, M) )M | o) = Ao | ),

Hence, it can be inferred that ¢ satisfies the aforementioned differential
equation.

Example 3.2.2 (Survival Analysis)
Let Z be a random variable with density f and n = 1. Define the point
process N = (N¢)ier by

NS = 1{Z§s}-
Then the internal conditional intensity A = (A(¢ | H;))ier is given by

(n = N)f(s)

/\(8|HS): ]_—F(S)

The martingale (X;)icr given by

X, = (1= Ny)el = st

is known from the field of survival analysis. We define the function ¢ as
follows:

v f(w
effoo 1_%(q>u)d“"

o(z,0) = (1—2)
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We can conclude that

890 _ o f(U) fioc ljvg)()v)dv
5 (Ny_,v) = (1 Nv,)l — F(v)e

= A | Hy)el=Tre®
and
(1 + Ny ) = p(No 0) ) A0 | Ho)
f(v) dv

— ((1 _ 1 + Nv_)efioo 110;}4()”)'611} o (1 . Nv_>efi°° T—F(v) ) A(U | Hq})

= AU | Hy)el = TR

Hence, it can be inferred that ¢ satisfies the aforementioned differential
equation.

In the subsequent Proposition, we will provide a slight generalization of
Example 3.2.2. Note that each martingale X derived from the differen-
tial equation will be confirmed through the Martingale Representation
Theorem at the end of this section by defining a predictable process h
that yields

¢
X = / hy(dN, — dA,).
S0

By defining a predictable process h that generates the martingales ob-
tained in the subsequent calculations, the procedures applied are vali-
dated, and at the same time a connection is established with the well-
known martingale representation theorem. In summary, we will offer two
distinct proofs to verify the validity of the resulting martingales. The first
proof will rely on solving differential equations, while the second will in-
volve defining a predictable process h, such that the generated integral
martingale yields the martingale in question.

Proposition 3.2.3 (Non-negative martingale)
Let N = (Ny)ier be a point process with internal conditional H-intensity
A = (A(t | Hy))ier- Then the stochastic process X = (X;)ier defined by

XS = ]‘{NSZO} . ef:() A(U‘Hv)dv’

is a non-negative martingale with respect to H.
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Proof.

Let N = (Ny)ier be a point process defined by

N, = 1gn,>1)-
Clearly, the conditional intensity of N with respect to H is given by

A = Mlin,=0}-
It follows that

X;=(1- Nt)eAt.
Define ¢(z,y) : Ry x Ry — R by
plr,y) = (1 —x)e’.

Consequently, it follows that X; = ¢(V;, Ay). To complete the proof, we
derive a slight generalization of the results presented in Proposition 3.1.1
and 3.1.2.

By It6’s formula it follows that

-~ ¢ 0 ~ ~ ~ t ~ - ~ ~
SO(NM At) - §0<07 O) + / a_SD(NS—v As)dAS + / (90(1 + NS—7 AS) - QD(NS—7AS))dNS
0 0

X2

= 0.0+ [ (2 R+ o1+ N ) = gl B ) M

i /t(go(l + No_, Ay) — o(N—, Ay)) (AN, — dAy)

Since ¢ satisfies the usual conditions, it follows that the second integral
process is a martingale. Consequently, it remains to proof that the first
integral vanishes. For the first factor in the integrator it follows that

0
L (wr,2) + (p(1+ @0,3) = pla1,22)) = —a1e™
T2

For t € [0,T}) it follows that

t _ t -
/ _NseAsAst - / 0 . eAsAst - 0
0 0

and for ¢t > T it follows that

t - -
/ —N,eMs \ds = / —N,eMs - 0ds = 0.
0

t
0
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O

The following theorem presents a minor extension of Proposition 3.2.3,
specifically concerning the placement of the non-trivial portion of the
transformation.

Proposition 3.2.4 (General non-negative martingale)

Let k € Ny be arbitrarily but fixed. Let N = (N;);e; be a point process
with internal conditional H-intensity A = (A(t | H¢))ter. The stochastic
process X* = (XF),c; defined by

k * 1N, = AMv|Ho)dv
Xk .= 1{N5§k}'€f50 {Ny=k}AV[Ho) 7

is a non-negative martingale with respect to H.

Proof.
Define the stochastic process N = (N, )ie; by setting
Nt = 1{Nt>k}-

Clearly, N is a point process. The point process N is adapted to the
filtration H. Hence, N has the conditional H-intensity A = (A(t | H¢))ier
with

At | Hy) = L=y AL | Hy).
The rest of the proof is the same as in the previous statement.
O

For any value of k, the martingale X* begins at X% = 1. If it is P-almost
sure that there exists a value v € [ such that N, = k£ + 1, then there
must be a value t € I such that for all values of w > t, X,, = 0. Thus,
under mild conditions, the martingales obtained always initiate at state
1 and ultimately reach state 0.

The subsequent statement will also prove to be useful.




60 CHAPTER 3. POINT PROCESSES IN CONTINUOUS TIME

Lemma 3.2.5 (Combining property)
Let B C N be arbitrary but fixed with |B|] = n < oo. The process
XPB = (XP)ier defined by

XP ==Yk,

n
keB

is a non-negative martingale with respect to H.

Proof.

For all k € N the process X* is a martingale with respect to the filtration
‘H. Therefore the proof is complete, since the sum of H-martingales is
again a H-martingale.

O

Theorem 3.2.6 (General non-negative martingale of higher order)
Let k1 < ko € Ny be arbitrarily but fixed. Let N = (N;);e; be a point
process with compensator A. The stochastic process X* = (XF);c; de-

fined by

s Lk <Ny} NoAka—k1)+1
Xk1,k2 - efS() (1_ - kg —k1 Ly <Ny<hg}dho
s T

Lok <ngy (NsAk2—k1)

1 =i/t k).

i=1

is a non-negative martingale with respect to H.

Proof.

Let N = (Nt)te] be a point process defined by

Nt - 1{k1§Nt}(Nt /\ kQ - l{fl)

Clearly, N is a point process. The point process is adapted to the filtra-
tion H. Hence, N has the conditional H-intensity A = (\;)c; with

A = Lk <Ny <k} At-
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The process X can now be represented as

Ny

X, = B (w5 2 T (1 = i/ (ke — ).

i=1
We define the stochastic process X' = (X})ies by

and X2 = (X?2)c; by
Ny
X7 =] =i/ (ks = k).
i=1
Define p(z1,22) : R x R — R by
p(x1,2) = "y

Consequently, it follows that X; = ¢(X}, X?). To complete the proof,
we derive a slight generalization of the results presented in Proposition
3.1.1. and 3.1.2.

Since X! has continuous paths and X? is a pure jump process, it fol-
lows from It6’s formula that

p(X), X7)

/ 9% (x1 x2) JaxX! + I (p(X2 X2) — (XL, X2))

((9131
s<t
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For the integrator of the first integral it follows that

N,—i—l N,—i—l

X152 s 1 2 s 1 2

s X 1— + @ X.. X 1-— —ch X

¢ S( kQ_kl) ( 87 s_( kQ_k1>> ( s’ 8_)

N, +1
X1 -2 s
X2 (1—

L [ TT0—ifh— k) (1 - "]i_;l) B (R

i=1 i=1

=0.

The integrator of the first integral is equal to 0. The integrator of the
second integral is a predictable process. Hence ¢ is a martingale trans-
formation.

O

Example 3.2.7
Let 0 < k£ < n be arbitrary. Putting k; = k and ky = k + 1 it follows
that

k,k+1
XS
Liky <y (NsAk2—k1)
1 s
— eFa—F1 Joo 1y < vy (NoAR2=R1)) Ly <Ny < g} Ao H (1 . Z/(k2 . kl))
i=1
1{k§NS}(Ns/\(k+1)—k)
_ 6% Joo O enyy (No AR+ 1) =R) 1< vy <k 13 A0 H (1 . 2/1)
i=1
® 1N, —grdAy
— oo Hivu=h) in,<ky

_ vk
_)(57

where X* is from Theorem 3.2.4. This example shows that Theorem
3.2.6 is a natural generalization of Theorem 3.2.4.

The following theorem presents an additional method for constructing
non-negative martingales.
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Theorem 3.2.8 (General non-negative martingale of higher order II)
Let ki,m, ks € Ny be arbitrary but fixed with 0 < m < ky — k; and
k1 < ko. Let N = (IV;)ier be a point process with compensator A. The
stochastic process X* = (XF);cr defined by

t 1
(k2 — k1 — m)! mJsq k27k1—1{k1§Nt}(Nt/\k27kl)1{k1§N5<k2}dA5
(ks — k)

ko—k1

IT U= lmeny (Ve = k)

j=ko—k1—(m—-1)

Xkok2(m) =

is a non-negative martingale with respect to H.

Proof.
Let N = (Ny)ier be a point process defined by

Nt - 1{k1§Nt}(Nt /\ k2 - kl)

Clearly, N is a point process. The point process is adapted to the filtra-
tion H. Hence, N has the conditional H-intensity A = (A\;);e; with

A= Lk, <Ny <ko} At
Define p(z,y) : Ry x R, — R by

o(,y) = ““2(;2 - ,;)T”ey I G-

j:kg—kl—(m—l)

Define the process Y = (Y;)ies by

Ligy <<k

t
Y,=m Asds
! /0 ko — k1 — Loy <ny (Ns Ay — k)

Consequently, it follows that X; = @(Nt, Y;). To complete the proof, we
derive a slight generalization of the results presented in Proposition 3.1.1.
and 3.1.2.
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By It6’s formula it follows that

QO(Nt’Y;f)
t a(p 5 t N N N
= ¢(0,0) + 87(1\75—, Ys)dYs + / (p(1+ Ny, Yy) — o(Ny_, Ys))dN;
0 2 0
M1k <N.<ko} o

t 8g0 _
— (0,0 +/ % (5., R
#(0.0) 0 a352( )kz — k1 — 1 <ny (N — k1)
+ (80(1 + NS*) }/S) - 90<st7 K))S\sds

. / (14 Moy V5) — (N, V2))(d, — dA,).

We have
0
_SD(xth) = 80(171,$2)-

81‘2
Furthermore, it holds that

o(1 4 x1,29) — p(21,22)

(ko — k1 —m)! e T
1IN QIEETE | IS
2 1)- j:kg—kl—(m—l) j:kz—kl—(m—l)

ko—ki1—1 ko—k1
(kg - k‘l - m)' . ;
W e
2 1) j:kz—kl—(m—l)_l j:kz—kl—(m—l)
ko—k1—1
(kZ - kl - m)' Y —m 1
_ e —x
Sl —— I G-=
(k’g kl) kQ kl xl j:kz—kl—(m_l)
m
= Tk )

Note that Ay = 0 for s € [0,Ty,) U [T,,00). For s € [Tk,,Tk,) we have
the following

ml{k].SNSSkQ} _ m
ko — k1 — Liky<ng(Ns — k1) ky— ki — Ny

Overall, it follows that the integrator of the first integral is equal to 0.
The integrator of the second integral is a predictable process. Hence ¢
is a martingale transformation.

O
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Example 3.2.9 (Obtain Hess’ martingales) (paper in work)
Let N be a renormalized empirical distribution function. If we choose
k1 = 0 and ks = n we obtain the martingale

t 1
XO,n(m) _ (TL B m)!emf—oo nT{o<n,} Ve 0) Lio<Ny<n}dAs
S

n!
n

[T G- Locny (i —0))

j=n—(m—1)
— ' t (n—Ny) n
_ (TL n‘m) 6mf_oo ant 1—F(§) dF(s) H (] — Nt)

j=n—(m-1)
(n—m)! m [t dF(s) - .
= e T=F(5) H (j— N,
’ j=n—(m-1)

n

_n" (n —.m)! 1 H (G- N)

j=n—(m-1)
_ n™(n—m)! ﬁ L Fo(t)
B n! 1—F(t)

j=n—(m-1)

The following Propositions aim at verifying the martingales obtained so
far through the martingale representation theorem. It is well known that
for each predictable process g the process X given by

t
Xt = / gv(de — dAU>,

S0

defines a martingale. Thus, if we succeed in finding a predictable process
g that generates the martingales obtained in this section, we will have
verified our results again. We start our journey with the special case of
Hess” martingales (paper in work).

Proposition 3.2.10
Let N be a renormalized empirical distribution function. Define the
predictable process g by

m
= =Xyl | ———— .
g (n_Nv—>
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Then it follows that the process

(n—m)n % — F,(t)
Xo=——i— I =%

solves the equation

Proof.

We need to show that the process X defined by

_ (n—m)ln" a L — F,(t)
Xii= n! , H 1
j=n—(m-1)

solves the equation

t m
X = — Xy | ——— ) (dN, — dA, 1.
t /80 (n_N’U—) ( )+

The method to demonstrate this is by using induction across the inter-
vals [Ty, Tjy1)-

Base case k = 0.
Note that for t € [sg,T}), it follows that

1 " (n—m)n" - L Fu(t)
<1 — F(t)) B n! j:ngn_l) 1—F(t)

Hence, it remains to prove

‘/ (1—;<v>)m () g +1 = (1—;1%))”@

for all ¢ € [sg,T1). But since t € [sg, T}), the equation simplifies to

%/ (@) —rae = ()
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for all t € [so,T1).

But this is satisfied since for t < 77 it follows that

0 / (1 - ;%v))m ) = F (()ﬁ): T
:m/o (11137)m da:—i;l )
%((SS@) “(i29) )
()

IS: Assume the claim is true for £k = 1,2, ...,7. We proof that the state-
ment is also true for k =i+ 1.

We start with the jumping time ¢t = 7T;. Since the claim is true for all
points in time before ¢ it follows that

/SO — X\ (m) (de - dAU) +1

m m
= —Xpo | ——— ) (dN, —dA,) — X7 | ——— 1
/[So,Ti) (n_Nv> ( ) g (n_NTi> -

m
=X —Xpr_ | ———
T T <n—NT>

n—1
(n —m)! —m
= Xp_ — 1
Tt A= R ngﬂ_l)(j U
(n . m)' n—1 n
=Xr_ + : (j—i+1)— (j—i+1)
(1 = F(T)" J=n—(13—1)—1 J=HH@—1)
(n —m)n™ - L_ i - L=l
- X n n . n n
L n! H 1-F(T;) H 1 - F(T;—)
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It remains to prove the statement for t € (7;,T;41). It follows that

t m
Xy | ——— ) (dN, —dA,) + 1
/So (TL—NU) ( )+
t m
=X — X | ———— ) dA,
T, + /T (n — Nv>

o ()

t
1
o [ x b
8 T; 1—F(v)

dF(v).

Hence, the statement follows if we show the equality

1

1_—F<U)dF(U).

t
Xt:XTi—l—m/ X,
T;
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This is true since

t
1
X7 X, ——dF
“m/n )
_ (n—m)n" ﬁ L — Fo(Ty)
ol Sy L F(T

j=n

"(n—m)n™ ° % — FL(T7) 1
+m/ n! . H 1—F(v) ) 1—F(U)dF(U>

=

j=n—(m-1)
ST S
B n! 1 - F(Ty)
j=n—(m-1)

Proposition 3.2.11
Let N be a point process and A the conditional intensity of N with respect
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to the natural filtration H. Define the predictable process g by

m
Go = =X (W> Lty <, <ko}-

Then it follows that the process

t 1
(k2 B kl B m)! m S0 k27k171{k1§Ns}(N5/\k:27k1)1{k1§NS<k2}dAS
(s — Fr))!

ko—k1

I G- temgNi Ak — k)

j=ka—ki—(m-1)

Xt:

solves the equation

t
Xt:/ Go(dN, — dA,) + 1.

S0

Proof.

We need to show that the process X defined by

_ _ ' t 1
X = (kQ k1 m) MJsg kz*krl{kﬁNs}(Ns/\krkl)1{’€1§Ns<k2}dAs

(ko — kq)!
ko—k1

I U-1lweny = k)

j=ka—ki—(m—1)

solves the equation

t m
Xt = / _Xv— (W) 1{k1§Nv,}(dNU - dAv) ‘|— ]. (A)
S0 2 v—

We show this by induction through the intervals [T}, Tj41) for all & > k.
Notice, it is easy to check that (A) is satisfied for all ¢ € [sg, T}, ).

Base case k = k;.

We start with the jumping time ¢t = Ty, . It follows that

m

X -
h ko — (b — 1)

ky XTkl_ B XTkl_ < ) 1{k1§k1—1} =14+0=1
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For t € (T,, Tk,+1) it follows that

t m
X X | ——— )1 dN, — dA,
Tkl + Tkl (kQ _ Nv) {klng—}( )

t

mn X,_dA,.

by — ki Jr,

=1+

Therefore, we only need to show that the process satisfies the following
equation

t

by~ Jr,,

Xt — 1 + XU_dAU,

for all ¢ € (T, , Tk, +1). But this is true since

ko—k1

m (k?2—/€1—m)!/t sl -
1 ko—kq JT}, dAU
Tk k) S © 1 I
1 ]:kgfklf(mfl)

. . | ko—k1
ko — ki (ke —ky)!

]—

ko =k (eﬁ I, dhs 0
m

j=ko—k1—(m—1)
ko—k1

_ (]{72 — ki — m)'eﬁ f%k1 dAs 21—[
(ko — ky)!

ko — ki —m)! m/[!

(kp — k1 —m)!

1
50 ka—k1—lrg, <N, } (NeAka—k1)
(ko — kq)!

J
j=ka—ki—(m-1)

Liky <No<hy}dhAs

ko—k1

I G- lgeny N — k)

j=ka—ki1—(m—1)
- Xt'

IS: Assume the claim is true for k£ = 1,2, ...,7. We proof that the state-
ment is also true for k£ =i+ 1.
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We start with the jumping time ¢ = 7T;. Since the claim is true for all
points in time before t it follows that

m
Xp=Xp_. — X —7—
neon Tk — (i —1)
_xp oy Bk o ) e e k< A
: (ks — k).
ko—k1—1 ko—k1
I G-G-1-kn- [ G-G-1-k)
j=ka—k1—(m—-1)-1 Jj=ka—k1—(m—1)
= X7 + (k’g il m)' " S? k2*k1*1{k1§1\1!s}(Ns/\k2*k1)1{k1§NS<k2}dAS
' (ko — kq)!
ko—k1

II G- teal—k))

j=ka—k1—(m—1)

T 1
N (kZ — k- m>! mfso kz—k1—1{k1SNs}(Ns/\k2—kl)1{k1SNs<k2}dAS
(ks — )
ko—k1

II G-t —1)—k))

j=ka—ki—(m—1)
= Xp_ + Xp, — X1,_
= Xr._.

It remains to prove the statement for t € (T;,T;,1). It follows that

t m
Xt = XTi +/ —Xv_ (k}—) 1{k1§Nv,}<de — dAv)
T; P Nv—

t
= Xy + —" / X,_dA,.
ky —1 T;

Hence, the statement follows if we show the equality

t
mn / X,_dA,.
k’Q—Z T,

Xy = Xr, +
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This is true since

t

X,_dA,
T;
t v 1
= / (k’z b - m)! "o k2—k1_1{k1§Ns}(N5/\k’2—k1)1{k1§N5<k2}dAS
7, (k2= k)

ko—k1

II G- tmen (Voo = ka))dn,

j=ka—ki—(m—1)

i—1
m Tl+1 — — | t m v
et hom) g
T;

(ko — ky)!

ko—k1

I[I  G-G-k)an,

j:kQ—kl—(m—l)

=k

i—1
= H e% f;;l+1 Asds (k2 - kl - m)‘

L (ks — k1))
k2 m_ [t ko —1
[T GGk [ems it g 220
j=ka—k1—(m—1) m
ky — i
- (Xt - XTi—) 2 :
m

O

To conclude this section, we aim to further integrate the presented trans-
formations into the general theory of semimartingales. We have proven
the martingale property in certain variants of the Doob-Meyer decompo-
sition. Key examples emerged from the dynamics

m
dX, = —X,_
(kfz — (k2 A Ns— — ki) 1(n, >k1)

) Liky <N, <ko} (ANg — Ads)

and Xy = 0. If we define Z = (Z;);es by

t
m
7, = — 1 dN, — \ds),

t /0 ko — (ks A No— — k1) 1N, >k} {kr <N <ha) ( s)

the equation turns into dX; = X;_dZ,. This stochastic differential equa-
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tion represent the stochastic exponential and has the solution
Xp=e” J] (1+AX,)e 2%
0<s<t

=% [ 1+ AX,)

0<s<t

- (ky — ki —m)! m ., kZ—kl_l{klﬁlift}(Nt/\]Q_kl)1{k13N5<k2}dAs
(ko — ky)!
ko—Fk1
I G- lgeny (N — k).

j=ko—ki—(m—1)

3.3 Exceedance probabilities

In this section, the aim is to rigorously derive the probabilities of ex-
ceedance for the martingales that were obtained in the previous investiga-
tions. To accomplish this, we will utilize the well-known Doob martingale
inequality. Doob’s martingale inequality states that for a non-negative
supermartingale (X;):cp,r), and any positive constant ¢ > 0, we have
E[X7]

< .
C

P|sup X;>c¢

s€[0,7

The objective of our findings is to place the widely used inequality into
the context of point process martingales. Moreover, we strive to establish
additional conditions that would render the inequality as an equality.
This will be outlined further in the upcoming section, where we will offer
a characterization of the point process martingales through the use of
the integral representation. For this we throughout assume that H is the
internal filtration of the point process N on a set I = [sg, s1) admitting
the H-intensity A. Let

sp =min(/) € RU {—o0},
and
s1 =sup(f) € RU{o0},

denote the initial time and endpoint of the process, respectively. The
following proposition represents a special case of Doob’s martingale in-
equality. We demonstrate its proof employing stopping techniques similar
to those referenced in [19].
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Proposition 3.3.1 (Exceedance probabilities)

Let H = (Hi)ies be a filtration and X = (X;);e; be a non-negative H-
martingale with right-continuous paths and left limits, starting in X, =
1 and satisfying the following conditions:

1. lim,,, X, = 0.
2. Forallt € I:X, —limy X, <0.

Then for all ¢ > 1 we obtain the identity

P [SupXS > C:| =

1
sel c

Proof.

Let ¢ € [1,00) be arbitrary but fixed. We define the H-Stopping time 7
by
B {inf({seﬂXsZc}) if {s:sel X,>c} #0,

$1 else.

First, we show that the set M := {s € I | X5 > ¢} has a minimum for
all w € Q and X, = con {7 < s1}. To do this we distinguish between
two cases:

o we {r<s}N{X is continuous at 7}.

To show the existence of a minimum, one must show 7 € M. Let
(tn)nen be a sequence in M with lim, . t, = 7(w). Since (¢,)nen
is a sequence in M, we have X;, (w) > ¢ for all n € N. Furthermore
the path X.(w) is continuous at the point 7(w). Thus, it follows in
total X, (w) > ¢, which is equivalent to 7(w) € M.

To prove X, (w) = c it remains to show X, (w) < c. Let (vp,)nen
be a sequence with v, < 7(w), for all n € N and lim,, ,, v, = 7(w).
Since 7 is the minimum of M, it follows X, < c for all n € N.
Since X.(w) is continuous at 7(w) it follows

X:(w) = lim X, (w) <ec.

n—o0

o we {7 < s} N{X is discontinuous at 7}.
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We prove {7 < s1} N {X is discontinuous at 7} = () by contradic-
tion. If we assume that w € {7 < s1} N {X is discontinuous at 7}
exists. Per assumption X.(w) has right-continuous paths. Since
X.(w) is discontinuous at 7(w), it follows that this is a left-sided
discontinuity:

lim X; # X (w).
ity 7 )

Together with the assumption that the process has only negative
jumps (2.) it follows

lim X; > X, (w).
17 (w)

But this is a contradiction to the assumption that 7 is the infimum
of the set M. Hence,

{7 < s1} N{X is discontinuous at 7} = ().

We are now able to conclude

{Sup X > c} = {71 <s1}.

sel

Stopped H-martingales are again H-martingales. Hence, the process
Xinr 18 again a H-martingale satisfying

E[Xin] = E[X ] = E[X,] = 1.
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By Lebesgues dominated convergence Theorem it follows that

PlT < 1] = / cdP
{T<S1}
= / X, dP
{r<s1}

= lim Xr.dP
{’7’<51} t—s1

= hm Xt/\’r d]P)

t%81 {T<81}

= lim (1 —/ Xt/\.rd]P’)
t—s1 {T281}

=1-— lim </ XtATd]P’)
t—s1 {7_:51}

=1- (/ lim Xt/\Td]P))
{7_:51} t—s1

=1- </ lim Xtd]P’)

{7_:51} t—s1

=1.

Hence, we conclude

1
—:]P’[7'<31]:]P’{sust>c :
& sel

O

Lemma 3.3.2 (Point process martingale transformations)
Let N be a point process with compensator A. Let B = {k; < ky < ... <
k.} C N be an arbitrary, finite subset. If

PEseR:Ny=k,+1] =1,

then for all ¢ > 1 we obtain the identity

1 Zn I Any—kydA 1
— 1 ] —oo “{Ny=k;}*v > = —.
ek (n j=1 (i€ ] ¢ c

P

teR

Proof.

This is a direct consequence from Proposition 3.3.1.
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O

Example 3.3.3 (Single-Event-Process)
Let Z be a random variable with continuous distribution F. Define the
point process N = (N;)ier by

Nt = 1{Z§t}
Clearly, the compensator A with respect to the natural filtration is given
by

dF(v)

= (1= N7

According to Theorem 2.2.4 the process X = (X;)ier given by

X = 1{Nt<0}€fi°° Ly =0y dho
= lyz>ey - efi” ﬁdnv),
is a martingale. Lemma 2.3.2 yields
1 [ 1
— =P |sup (1{Z>t} el 1fblﬂ<v>dF(”)) > c
c | teR

— P [/ @) c]

:P:1—%<F(Z)].

So, for this particular case, the calculations yield the distribution of the
random variable F'(Z), which is of course uniform on the unit intervall.

Example 3.3.4 (Survival Analysis)
Let Z be a random variable with Hazard-function h. Define the point
process N = (N;);er by

N, = 1{Z§t}-

Clearly, the conditional intensity of N with respect to the natural gen-
erated filtration is given by

)\(U | HU) = h(v)l{z@}.
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According to Theorem 3.2.4, the process X = (X;)ier given by
X = 1{Z>t} -efioo h(”)l{Z<v}d”7

holds true for the following equation

=P |sup (1{Z>t} Y h(v)lz@dv) N c}
LteR

— P -€f*Z°° h(v)dv > Ci|

L o0

=P [Z > A" (In(c))] . (3.8)

=P -/_Z h(v)dv > ln(c)}

Rewrite equation (3.11) to obtain the popular limes-formula

P(Z > z] = e 2@,

Example 3.3.5 (Geometric Brownian motion)
Let B = (By)ier, be a Brownian motion and (H/)ier, be the Filtration
generated by B. Since the function ¢ : R x R, — R,

z—1t

o(x,t) = e 2",

is a solution of the (backward) heat-equation, it is well known that the
process X = (X;)ier, defined by

. Bs—1s
Xy i=e75 2%

is a HB-martingale. According to Theorem 3.2.4, we found for ¢ > 1 the
equation

1
P {sup (eB‘_%t> > c} =—.
teR4 C

In the following Proposition we will offer a mild generalization of Propo-
sition 3.3.1. The generalization leads to the observation that the jump
sizes of the resulting martingale may take on positive values.
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Proposition 3.3.6 (Exceedance probabilities IT)

Let H = (Hi)ies be a filtration and X = (X;);e;r be a non-negative H-
martingale with right-continuous paths and left limits, starting in X, =
1 and satisfying the condition:

1. limg s X5 =0.
2. There exists a ¢ > 1 such that all realizations of X satisfy

Vte[:Xt—lings>0=>Xt§6.

Then for all ¢ > ¢ we have the identity

C

P {supXS > c

sel

Proof.

Let ¢ > ¢ be arbitrary but fixed. We define the H-Stopping time 7
by

~Jinf({s e | X, >c}) if {s:sel,X,>c} #0,

B $1 else.
First, we show that the set M := {s € I | X5 > ¢} has a minimum for

all w € Q and X, = con {7 < s1}. To do this we distinguish between
three cases:

o we {r <s}N{X is continuous at 7}.

This case was already treated in Proposition 3.3.1.

o we {T < s} N{X is discontinuous at 7} N {X,; — lim, X, <0}.

This case was already treated in Proposition 3.3.1.

o we {17 <s}N{X is discontinuous at 7} N {X, — limy, X, > 0}.

To show the existence of a minimum, one must show 7 € M. Let
(tn)nen be a sequence in M with lim,, o t,, = 7(w). Since (¢, )nen 18
a sequence in M, we get X, (w) > cfor all n € N. Furthermore, the
path X (w) is right-continuous at the point 7(w). Thus, it follows
in total X, (w) > ¢, which is equivalent to 7(w) € M.
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To prove X,(w) = c it remains to show X, (w) < c¢. But this is
a direct consequence of assumption 2. since we have assumed that
X is discontinuous in 7.

The rest of the proof is one to one with Proposition 3.3.1.

3.4 Criteria for the martingales

In the previous investigations we found several possibilities to transform
N into a martingale X satisfying

1
P [Sust > c] = —.

sel c

In this section, we aim at providing a criteria for the predictable process
g such that the resulting martingale X satisfies

1
P [sust > c] =-—.
c

sel

Theorem 3.4.1 (Criteria for the martingales)
Let N be a point process with compensator A and g be a predictable
process. Define the martingale X by

X, ::/ Go(dN, — dA,) + 1.

S0

If there exists n € N and ¢ > 1 such that
PHsel: Ny=n]=1
and
(a) For allv € [T,,_1,51) : g» = =X,

(b) foralve I:-X,  <g, <max(c— X,_, O)1{Xv_>0}-
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Then, it follows that

P [sust > c

sel

c

A predictable process g that satisfies these properties is referred to as a
test strategy. Define the set of all test-strategies to the critical value ¢
by

TN :={g | g is a test-strategy to the critical value c} .

Proof.

Clearly X is a martingale with right-continuous paths and lefthands lim-
its. According to Proposition 3.3.6, it remains to proof

1. Vsel: X,2>0,
2. limg,, X5 =0,
3. there exists ¢ < ¢, such that all realizations of X satisfy

1. To proof the non-negativity of the paths one must show M~ :=
{weQ|3tel: X, <0} =0. Assume M~ is not empty and let
W € M~ be arbitrary. Let M ={t € I | X;(®) < 0} be the set of
negative values to the realization X (@) and define t,;, := inf M.
Since X has right-continuous paths it follows X, , < 0. Consider-
ing assumption b.) yields that X (&) must be discontinuous in ¢_

The discontinuity implies N; . — N, =1land X; . _ > 0. Hence

min min — min

Xtmin - Xtmin_ = Xtmin_ + gt Xtmin_ - Xtmin_ = 0

=
min
)

=

Now, we can conclude X; . = 0. But this implies for all v > ¢,
X3 = 0 (assumption b.) and is a contradiction to the assumption
that there exists a t € I with X; < 0.
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2. Assume M° := {w € Q| X, (w) > 0} is not empty and let & € M°
be arbitrary. Since X, > 0 it follows for all s € I that X, > 0.
But this is a contradiction to

Tn
XTn = / gv(de - dAv)

S0

Tn

=Xr, , — Xy (dN, — dA,)
Th-1
= Xp_ — Xp._

=0.

3. Assume the set M¢:={w € Q| Is e :limy; X, < X; A X; > ¢}
is not empty and let w € M€ be arbitrary. Define T¢ := inf M*€. It
follows

XTc = XTC— + gre S XTc_ +c— XTc_ = C.
However, this is a contradiction to Xp. > c.

O

Note, if g is a stragegy with non-positive paths satisfying (a)-(b), it fol-
lows that g is a test strategy for all critical values ¢ > 1. In the subsequent
part of this chapter we will explore a sequential decision problem.

Example 3.4.2
Let N be a point process with conditional intensity A and n € N be fixed.
Define the predictable process g by

Gv ‘= — Xy 1{N1,_:n71} .

We want to prove that g is a test-strategy for all ¢ > 1, that is the process
X defined by

X, = / go(dN, — dA,) + 1

S0

is a martingale satisfying

P {supXS > c
c

sel

Clearly, X is a stochastic process with non-negative paths. Taking into
account Theorem 3.4.1 one needs to proof
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(a) Forall v € [T,—1,51) : g» = =X,
(b) forallvel:—-X,_ <g, <max(c— X,—,0)1lix, >0}

Clearly, claim (a) is satisfied. Define M := [-X,_, max(c—X,_,0)1{x,_>0}]-
For claim (b) we distinguish between three cases:

v € [so, Tn1] = g, =0€ M,
CAS (Tnben) = go = — Xy € M,
ve T, s1]=g, =0 M.

Hence, we can conclude that g is indeed a test-strategy for all ¢ > 1. The
subsequent step is to provide a specific expression for the process X. It
follows that

XS = ]_,S c [SOyTn—l]

X, =1 +/ X, dA,, s € (Tp_1,T,)
Th-1
Ty
Xs =1+ XU,dA,U - XTH, = O,S € [T'nfl’ Sl)~
Th-1
Given that

dedo 1u=n-1de [y tv=neado g

= 1NS:TL—1/\s6

We call express Xs as

° 1 nymn_1Aod
Xs = 1{Ns<n}€f50 Ny=n=120@0

O

In the subsequent considerations for the development of tests from the
martingales we previously derived, we drew inspiration from Wald’s se-
quential test and the terminologies of test martingales from the work
[35]. In the paper, the authors explore the concept of ”test martingales”
within a broader context that may not necessarily be related to point
processes. The martingales used therein also possess the property of
non-negativity. Since we have focused on the integrand in the integral
representation in this section, we have introduced the concept of a test
strategy, which pertains to the integrand.
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Let N' and N? be two different point processes with respective compen-
sators A' and A?. Furthermore, assume that both of the compensators
admit conditional intensities. The statistician diligently monitors a pro-
cess, denoted as N, starting at time sq, which could be either N or N2,
and aims to discern which of the two processes N corresponds to. This
leads to the (simple) test problem Hy : N = N' against the alternative
H,: N = N2

Definition 3.4.3 (Test strategies)
Let g be a test strategy to the critical value ¢, that is

s 1
P {sup (/ go(dN} — dAL) + 1> > c} =—.
SEI S0 C

Define the set of test strategies to the critical value ¢ with respect to the
alternative A? by
1 }
> -,
c

S\, A2) = {g e T(\) | P [Sup (

sel

/ go(dNZ — dAL) + 1) > c

S0

Lemma 3.4.4 (Criteria for the test martingales)
In the situation of this section, assume

Yo > T, 1A > A2
Then for all g € T¢(A\!) satisfying
(a) VoeT: A >N =g, >0,
(b) Yo e I: A <\ =g, <0,

it follows that g € S¢(A\!, \?).

Proof.



86 CHAPTER 3. POINT PROCESSES IN CONTINUOUS TIME

First, we prove that the process X is a submartingale under the al-
ternative. It holds that

E[X; | H,]
=X, +E /gv (dN? — Aldu)ms]
t
=X;+E /gv (dN? — /\de)|Hs}—|—E[/ gAML — \2)dv | H,
=X, +E /gv )\de|7-[]
> Xs.

We define the H-Stopping time 7 by

inf{sel|X,>c}) if{s:sel,X,>c} #0,
T =
S1 else.

X is a submartingale starting in Xy = 1. Hence
E[Xt/\T] Z I[:;:[AXVSO/\T] = E[XSO] =1

Taking into account the argumentation for Proposition 3.3.6 it follows
that the set M := {s € I | X; > ¢} has a minimum for all w € © and
X, =con {1 < s}

According to the Lebesgue Dominated Convergence Theorem, it can be
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inferred that

cPlT < s1] = / cdP
{r<s1}
= / X, dP
{T<81}

= lim X;n,dP
{T<51} t—s1

= lim XiprdP

t—rs1 {r<s1}

> lim (1 _ / XtATdIP’>
t—s1 {’T:Sl}
=1— lim (/ XtATdIP’>
t—s1 _
{r=s1}
=1- (/ lim XtATdIP’>
{7'281} t—s1
{T251} t—s1

=1.

Hence, it follows that
1

- <Plr<s)|=P {sust > c} .
c

sel
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Chapter 4

The empirical distribution
function

In the previous chapter we have found several ways to transform a general
point process N, characterized by its internal conditional intensity A, into
a non-negative martingale. These processes are particularly attractive for
a variety of applications due to their ability to specify exceedance prob-
abilities. The obtained results will now be applied to the renormalized
empirical distribution function. This chapter aims to deepen our under-
standing of the stochastic behavior of the resulting transformations by
presenting the findings in a more approachable format, as compared to
the previous chapter. Additionally, we will explore several other note-
worthy properties through a comprehensive simulation study.

4.1 Martingales with respect to F,,

Let X1, X, ..., X, be a fixed size sequence of independent and identically
distributed random variables with X; ~ F. The point process (NV¢):e(o,1)
defined by

N = Z Lixi<sys
i=1

is called the renormalized empirical distribution function N" = n - F,,.
In this section, we will consistently use the notation N instead of N" to
represent the sample size, as it remains constant throughout the discus-
sion. If we assume that F' admits a Lebesgue density f, the conditional

89
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intensity of N, which is represented by A = (A(v | Hy))vejo,1), is equal to

Ao |10 = T,

Lemma 4.1.1 (k-th non-negative single martingale)
Let 1 < k < n be arbitrary and T} be the k-th order statistic of F,. In
the situation of this chapter, the process X* = (X[);ep0,1) defined by

1— F(T)\" ™
1—F(s) )

1— F(T,)\ "™

;)

= Lipa(9)<h/ny + Lipa(o)=h/n} ( 1—F(s

XE = 1voany + Linoeny <

is a ‘H-martingale.

Proof.

Define
Ty = inf{s €e R| N, = k}.
Taking into account proposition 3.2.4, the process X = (X}):cp,1) defined
by
XE = L el vt
is a martingale. The proof is concluded by the fact that

k S Ayny—ydAe
Xk = 1{N3§k}€ffoo {Ny=k}

Trp1/ns (n=Ny_)f(v)
= Lw,cppe ezt In IRy

T, As v
zk}(’nfk) fT:+1 1;)‘5;‘()1}) dv

— 1{N_9§k}61{NS
= Iyw, <k}€1{Ns2k}("*k)(*ZOQ(lfF(TkJrl/\S))Jrlog(lfF(Tk)))

1—F(Ty)
1{stk}(n—k‘)(log(wk+§/\s)))

1— F(T})
1-— F<Tk+1 VAN 8)
1— F(Tk) L ng>k) (n—k)
- (T

1— F(T)\ ™"
= Iyn,<ky + L{no=r} (1——}7(3))

= ln.<kre

Yng>ry(n—k)

= T, <ky(
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O

The process X* takes on the value 1 before the k-th jump time, increases
exponentially between T* and T**!, and transitions to the state of 0 after
Tk In essence, X* acts as an expert for the stochastic time interval
from T* to T**'. However, this approach leads to a significant loss of
information, which means that the entire realization of the point process
cannot be reconstructed solely by only observing the path of this mar-
tingale.

Lemma 4.1.2 (Non-negative martingale) The process M = (M).c(0,1)
given by

Y

n—1 1 (1—F(Ty)\"* )
M, = —Fy(s) 4+ = [ ——
n (S)+n(1—F(s))

is a H-martingale.

Proof.

Based on Lemma 3.2.5, we define
B=1{1,2,..,n},

which subsequently leads to the conclusion that

XsB - = ZXS(k)
1 o 1— F(T)\" "
= > (1{Ns<k} + Liv,=r (1_—}7(8))
k=0

! <n v (5 1—_%5)5))(”—%))

n—1 Fo(s) 1 (1—F(Ty)\"*
= —_ n S —_ . T —————
n n\ 1—F(s)
-1 1 /1 =Ty \"1Fn)
L O W (_N) '
n n 1—s5
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A notable distinction between the martingales derived by Hess [19] and
our approach becomes evident at this step. The key dissimilarity lies in
the fact that our transformation explicitly incorporates the past, utilizing
the most recent jump time 7T, as the basis for the transformation. Such
a transformation, which is dependent not only on time and location but
also on past history, cannot be obtained as a solution to their derived
martingale differential equation.

1.6
1.4 A
1.2
1.04 ©

0.8 A '/D

0.6
0.4 /)
0.2

0.0 *—

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.1: Typical path of the martingale M, = ”T_l — F.(s) +
) <1*TN n(1=Fn(s))

n 1-s

random variables.

with sample size n = 7 and uniformly distributed

n

As previously discussed, the process commences with the value My = 1
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almost surely under probability measure P. At the time T}, it holds that

n—1 1 /1—=F(Tny,) (1= Fa ()
My, = STy 4 -
Tk n (k)+n<1—F(Tk)>
-1k 1(1-F(T) n(1=%)
on n  n\1—F(Ty)
k
—1-Z
n

According to this, the process takes on the value 0 at the last jump
time T, and remains in this state from then on. Thus, M; = 0 fiir all
t > T),. During the intervals between jumps, the process has the potential
to be explosive. We can see this from the fact that the paths grow
monotonously in each intermediate interval [Ty, Tj1). This is explained
by the special form of the quotient

- F<TNTk)
1-F@)

The denominator becomes smaller and smaller between the jumps, be-
cause of the monotonous growth of the distribution F. On the other hand,
the numerator is constant between the jumps. Simultaneously, the en-
tire quotient is raised to the power of n — k > 1. The "redemption” is
brought by the next event, when the process falls to the value 1 — k—:l In
applications we do not know the underlying distribution F. If we make
a wrong assumption on the true distribution function F, the process M,
can become explosive. The wrongly chosen distribution function F' is
implemented in the process and we get the process

11— By
My=1— Fy(s) 4 — [ — ) |
n\ 1-—F(s)

At the jumping times the process continues to behave in a non-hazardous
way. The situation is different between the jumps when F grows fast com-
pared to the real F. If F' would be the true distribution, due to the steep
growth relative to F' the realization of a date, i.e. redemption, would be
expected. However, the true F' tends to grow more slowly and thus the
probability of such an event is less than assumed by the false F.

The effect described here becomes clear even for relatively small n. In
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the following plot we have assumed that the data is uniformly distributed
on [0, 1], despite being uniformly distributed on the interval [0.3,1]. The
wrongly assumed F thus grows slower on the interval [0,0.3], relative to
the true F. At this point another peculiarity of the process (M;) becomes
clear. It locally gets the tendency to jump. In this case, this is the first
date after the time ¢ = 0,3. A clear outlier can be seen in the realization
of M.
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25 1

20 A1

15 A

10 +

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.2: Transformation of the empirical distribution function, assum-
ing that the data are uniform on [0, 1], when they are actually uniform
on [0.3, 1].
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Figure 4.3: Transformation of the empirical distribution function, assum-
ing that the data are uniform on [0, 1], when they are actually uniform
on [0,0.3].
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The process is able to detect locally faster growth of an incorrectly as-
sumed distribution function and indicates this through a deflection. The
opposite is true if the wrongly assumed distribution function grows lo-
cally slower. In this case, the process demonstrates a milder behavior
than under the actual F'. This is shown in the simulation where the
random variables assumed to be uniform distributed on [0, 1], when in
reality the data is uniformly distributed on [0, 0.3]. The assumed growth
is therefore locally much slower at the beginning.

However, there exists a related process that exhibits precisely the oppo-
site behavior to the previously discovered martingale, generating outliers
in the opposite direction at the local level. For the derivation we need
the term reverse conditional intensity, which will be discussed in the next
section.

We will now proceed to investigate the higher-order transformations as
presented in Theorem 3.2.6.

Lemma 4.1.3 (0-k non-negative martingale)
Set Ty = —oo. Let 1 < k < n be arbitrary. In the situation of this
chapter, the process X% = (X,?’k)te[o,l) defined by

n-F,(s)A(k—1) W n-Fn(s)Ak

! 1 - F(T, .
w1 (Srma ) =i

j=0 i=1

is a ‘H-martingale.

Proof.

Consider N as a renormalized empirical distribution function and k; = 0,
k := ko < n as arbitrary but fixed. Utilizing Theorem 3.2.6, we can con-
struct a martingale X with

) NsAk
XE = ek LoDl ivuciydhe TT () — /).
i=1
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First, we calculate the integral in the exponent. It holds that

/ (1 + N, A k)l{Nv<k}dAv

S0

’ (n — N,) f(v)
= 1+ N, 1 —_
/SO( + Ny A R) LN, <k} 1~ F(v) dv
~[f n— N,)f(v
- Z/ Lin,=j3 (14 Ny A kﬂ{Nmk}%dv
j=0 %0
N
- : L[ fw)
= Z(l + 7 ANk Lgjany(n — J)/s 1{Nv=j}1_—F(U)dU
Jj=0 0
NsA(k—1) Tjt1As f(U)
S e [ A9
2, Wxin=d) [ TR
NoA(k—1)
= Z (1+j)(n—j)(—log(l — F(Tj41 N s)) + log(1 — F(T})))
7=0
NeA(k=1) F(Tj ) )<1+j)(nj)
= log
j=0 .7+1 A S)
Hence,
NoAk
Xk — e%f (14+ Ny Ak L ny < k3 A(v[Ho )dv H (1 . z/k)
i=1

(T (1+j)l§n*j)
NsA(k—1) — j

log (Hj(l (17F(Tj+J1/\s)) ) NNk
e

[[a-i/k

i=1
_ ( J)(n 7)
= —1
=0 1-— F(z}+1 A S) 7,:1

This completes the proof.
O

Note that if we choose n = k the martingale X%" again turns out to be
a martingale without lose of information.
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Figure 4.4: Comparison of X" (black) and M (blue) from Lemma 3.1.2.

One distinction between the martingales M and X%" is rooted in their
respective representations. On the one hand M has the form

Mt = QO(NtatuTNt%

so it is a process depending on the current time t, current state N, and
the most recent jumping time Tw,. On the other hand the process X"
has the more general form

X' =@(Ny, t, Ty Nt, Ty Nt,....T,, At).

Lemma 4.1.4 (k;-ke non-negative martingale)
Let 1 < ky < ko < n be arbitrary. In the situation of this chapter, the
process X k2 — (Xfl’]”)te[o’l) defined by

n- S — a+5— n—j)
Xk’l,kQ o Fn(l)i\[(l€2 Y ( 1— F(E) ) 1+Jk2kill)€(l :
o i—h 1= F(Tja N s)

Liky <n-Fn(s)} (n-Fn(s)Akz—k1)

I1 (1 —i/(k2 = k1)),

i=1

is a H-martingale.
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Proof.

Let N be a renormalized empirical distribution function and 0 < k; <
ko < n be arbitrary but fixed. We utilize Theorem 3.2.6 to derive the
martingale

Sokike — iy Jay (L <) (NoAkz—R1) gk <y <hgy Ao
S

Lty <vg) (NeAka k1)

11 (1—i/(ky — Ky)).

i=1

The equation

/ (14 Ly <n, y (Ny A by — k1)) g <ny <kn) AV | Hoy)dv

S0

Ns/\(k2_1) 1 . F(T) (1+j_k1)(n_j)
=1 !
ol 1 (i)
=K1

holds true. Therefore, it follows that

Ns/\(k2—1) (A+j5—k1)(n—3) 1{k1§N5}(NS/\k2_k1)

Xk — H (1 _1];(1}?5_71}/)\ S)) e H (1 —i/(ka — k1))

j=k1 J i=1

O

The martingales derived from Lemma 4.1.4 exhibit a property whereby
the number of factors increases with time. Due to the shape H?i’;(t) (...),
it is a product with a random number of factors depending on the current
state of the point process. Looking at the martingales from Hess [19],

the processes have the shape

n i

Thus, we can deduce that regardless of the process state, the number of
factors always equals n — m. The next lemma provides a generalization
of these martingales.




100 CHAPTER 4. THE EMPIRICAL DISTRIBUTION FUNCTION

Lemma 4.1.5 (Generalization)
Let 0 < k1, m, ky < n be arbitrary with 0 < m < ko —k;. In the situation
of this chapter the process X*1#2(m) = (thl’h(m))te[o,l) defined by

m(n—j)

by — ki —m) " (1= F(Ty A L)\ R
i = ST ()
Jj=k1

(ks — ky)! 1— F(Tj A1)

ko—k1
I  U-lwmengWNiAky— k)

j=ka—ki—(m—1)

is a non-negative martingale with respect to H.

Proof.

According to Theorem 3.2.8, the process

t 1
XEk2(m) = (ko — k1 = m)! m [ e oy o= L e g s
S

(ko — ky)!
ka—k1

IT G- lwmenyNiAk— k)

j:kg—kl—(m—l)

is a non-negative H-martingale. First we calculate the integral in the
exponent. It holds true that

/t 1 . fs)n = Ny)
o ko — ki — L eng (Ny — ky) - =<kl ()

(s
:/t o Ly <Ny <k fle)
kQ — ]{31 — 1{k1<N5}(N — k?l) {kn < 2}]_ (S)

ko—1 .

= j) f(s)
‘E:/kerqum—mf%#}—ﬂw“
B ko—1 (n . ]) Tjp1Nt f(S)
—j:zkle_kl_(j_kl)/Tj/\t 1_F(5>d8

ko—1 .
=Y s o1 = P Ad) +log(1 = F(Zy A1)

ko—1 (n=j)
o (T (Ao E@ A0 )5
- s 1= F(Tj1 A t) '
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Therefore, it follows that

X o) <k2—k1—m>!kﬁ< 1 - F(T; A1) >)
kg —
’ (k’g B k1)| j=k1 - F(j—‘j-‘rl A t)

ko—k1

H (J = Lgy<ny (Nt A kg — k).

j=ko—ki—(m-1)

O

Although all these processes are the result of completely different trans-
formations, they all have one thing in common. In all cases they are mar-
tingales with right-continuous paths and left limits, starting in X, =1
and satisfying the following conditions:

1. lim, s X5 =0,
2. foralltel: X, —limgy X, <0.

Proposition 3.3.1 establishes that each process mentioned therein fulfills
the equation

P {supXS > c
c

sel

4.2 The reverse martingale principle

This brief section will focus solely on the potential application of the
results in the context of reverse martingales, where the underlying process
follows a renormalized empirical distribution function. We define

Fii=0({Ns:s>1t}).
Heuristically, the reverse conditional intensity can be expressed by

P[Nt_A - Nt - —1 ’ .E]
A

At | F) = lim .

We define the function v : [0, 1] — [0, 1] by

v(s):=1-s.
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We define the process N = (N;)sepo,1] as

NS =n— N,,(s)_.

It is a well-established fact, that the reverse conditional intensity A=
(A(t | F¢))tepo,1) has the form

MNv| F) =

with respect to the filtration F = (F;).ep,1) defined by
Fs:=c({N, |v>p(s)}).

Lemma 4.2.1 (Reverse k-th non-negative single martingale)

Let 1 < k < n be arbitrary and T}, be the k-th Jump time of F}, and define
T,+1 = 1. In the situation of this chapter, the process Xk = (th>te(0,1]
defined by

o F(Ty)\"
k._1 . -
X = Laeany + L=y ( F(s) )

F(Tyi1) kling <k}
= ln-Fo(t—)>k) F(t) :

is a F-martingale.

The point process N is adapted to the filtration F, and its conditional
intensity is denoted by A. Taking into account Theorem 3.2.4, the process
X = (Xy)teo,) defined by

k __. 2 LR e A Hy ) dy
XE = Ly gl om0,

is a F-martingale. Hence,

5 10 A Ho)dv
]'{Nssk}efioo {Ny=k} ( | ) = 1{Ns<k} + 1{Ng:k} ( F(s)

is a F-martingale.
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O

The subsequent figures serve to compare the reverse martingale X* with
the martingale X* obtained from Lemma 4.1.1, providing a visual repre-
sentation of their respective behaviors over time.

2.0

1.5 1

1.0 1

0.5 1

0.0 + x XX x [

0.0 0.2 0.4 0.6 0.8 1.0

2.0

1.5 1

1.0 1

0.5 1

0.0 + e XX

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.5: Using a uniform sample of size n=7 to transform forward X 4
(upper figure) and backward X* (lower figure).
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Lemma 4.2.2 (Non-negative reverse martingale)
The process M = (My);ejo,1) defined by

- 1 1 (F(Ty,_.1)\""®
M, = Fp(s—) — — + — [ — Nt
(s=) n * n ( F(s)

is a F-martingale.

Proof.

For all 1 <k < n the process XFis a F-martingale. Hence, the process
M defined by

is a F-martingale.

1 k\. \2\.\3\

Figure 4.6: Typical path of the reverse martingale M, = F,(s—) — 4
nFp(s)
()

= ; with sample size n = 7 and uniformly distributed ran-

dom variables.
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Remark 4.2.3 (The sibling-principle)

As demonstrated in Figure 4.3, the martingale M did not exhibit any
outliers despite the fact that the underlying assumptions were not satis-
fied. However, upon applying the corresponding reverse transformation
to the same data, a distinct deflection can now be observed, as depicted
in the subsequent figure.

60000

50000 ~1

40000 -

30000 1

20000

10000 A

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.7: Transformation of the empirical distribution function under
the assumption that the data are uniform on [0, 1], but indeed are uniform
on [0, 0.3].

Remark 4.2.4 (Measure-preserving transformations)

In this remark we want to explain why we refrain from an in-depth anal-
ysis of reverse martingales and limit ourselves from now on exclusively
to forward-facing martingales again.

Let f:[0,1] — [0, 1] be a function such that

1—2 if 2z <0.5,
J) = {|x—1| if £>0.5.
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So the point z is reflected around the value 0.5. Such a function f is
special in the sense that it is a measure-preserving transformation with
respect to the uniform distribution, if X ~ #([0,1]) follows f(X) ~
U([0,1]). More generaly if X;, Xs, ..., X,, are i.i.d. with X; ~ U([0,1])
then the random sequence f(X7), f(Xa2), ..., f(X,) is also a uniform sam-
ple. The empirical distribution function (F,{ (t))tcpo,1) for the transformed
sample is given by

1
—Nf = Fl(s Zl{f(X )<s}-

It is evident that the two dependent stochastic processes N and N*¢ =
n - I, have identical distributions. It follows that a deterministic mar-
tingale transformation ¢ in time and space for N is also a martingale
transformation for N/. It should be emphasized that while the deter-
ministic transformation ¢ yields a martingale transformation for both
processes, it is crucial to note that the internal filtrations of these pro-
cesses are entirely distinct.

Applying Lemma 3.1.5 with k&, = 0, ky = n, and m = 1, yields the
martingale

1— 1IN,  1—Fy(s)

Ny, t) = = : 4.1
PN = TR T T F(s) (41)
The associated reverse martingale is given by
AN, E,(s—)
"(Ng,s) =L = — . 4.2
O (N s) = 2 = S0 (42)

In the following plot we compare the H-martingale X = (N, .) with
the reverse F-martingale X = @f(N/,.). The reflection principle pre-
sented here, can be applied in the case of the empirical distribution func-
tion for all related transformations.
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Figure 4.8: Apply a transformation to a uniform sample using " (N, )
(3.1) and p(N7-,-) (3.2).
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4.3 Simulations and applications

This subsection focuses on the martingale M obtained from Lemma 4.1.2,
which is defined by

n—1 1 (1— F(Ty,)\"* )
M, = —F, e .
n (S)+n(1—F(s)>

The martingale can be expressed as a transformation of the form ¢(¢, Ny, Ty, ).

n=10 n=100
n
o = 7]
2
o | o
— — |
at a
= o ] =
-
n
L
[Te)
L
o _]
T T T T T T i T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t t
n=1000 n=100.000
— ee]
N
N
© -
© _]
e o<
= | =
<
o ~ -
— P
o
T o 4 i
° M T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.9: The martingale M for different sample sizes n (simplified
illustration).
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Remark 4.3.1 (Location of the supremum and the K-S statistic)
From previous investigations we know that the process M satisfies the
equation

9

1
P[sup Mt>c] =

tel0,1) E
for all ¢ > 1. Define the process D" by
Dif = [Fy(t) = F(t)].

The corresponding Kolmogorov—Smirnov statistic is well known in the
literature (for example Noether [30]) and given by

sup |D}| > c.
te(0,1)

Inspired by the limit behavior, the mathematicians Dvoretzky, Kiefer
and Wolfowitz gave a ”good” approximation in 1956 [12]. We have the
inequality

P [sup |DY| > c] < 2e7 %

te[0,1)

A possible point of criticism when testing hypotheses with this test statis-
tic is that the location where the supremum is observed is close to the
median. Informally speaking, what happens at the edges is less impor-
tant for the value of the supremum, since the deflections are smaller in
these areas.

So we are interested in comparing the random variables

Z7 = arg max(M; + t)
tel0,1)

and

Zy = argmax Dy
tel0,1)

Based on the previous discussion, a desirable property for a statistic
is that it exhibits uniformity, i.e., we expect Z' to be approximately
uniformly distributed over the interval [0, 1].
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Figure 4.10: Comparison of the distributions Z7 (green) and Z7 (blue)
against the uniform distribution (orange) with n=2000.
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Figure 4.11: Comparison of the distributions Z] (green) and Z} (blue)
against the uniform distribution (orange) with sample size n=20.
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Overall, the simulation suggests that the distribution of Z7' adapts to the
uniform distribution with increasing sample size n.

Remark 4.3.2 (Goodness of fit with censored data)
For an arbitrary but fixed 0 < m < n, one can determine the complete
path of the martingale X™ with

n

n™(n —m)! L _ Fo(t
e M mmt Bl (4.3)
n! , 1—F(t)

j=n—(m-1)
by simply observing the first n — (m — 1) order statistics. This is one
reason why Hess found an application of their work in situations involv-
ing right-censored data. The martingales presented in this thesis offer
a significant extension of (4.3) and provide test statistics in a variety of
scenarios involving censored data.

For instance, let k; < ko be arbitrary but fixed. In the context of statisti-
cal inference, suppose we are presented with a scenario wherein solely the
order statistics, specifically Xg, ., X, +1:n5 s Xk, can be observed from
a sample of uniformly and independently distributed random variables,
denoted by X1, ..., X,,. Lemma 4.1.5 yields the martingale X**2(1) given
by

(kg —k1)(n—j)

ko—1
1 1— F(Tj At) k2=
Xk (1) = :
() ko — ki H <1—F(Tj+1/\t)>

Jj=k1

. (kg — kl — 1{k1§n.Fn(t)}(n . Fn(t) A ]{52 — /{1))

A sufficient condition for determining the full trajectory of the martingale
X*kuk2(1) is to observe the random variables Xy, ., Xg, t1m) - Xkpen AS
a result, the extended martingales presented in this dissertation provide
a significantly broader range of potential applications in the context of
censored data.
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Figure 4.12: Typical path of the martingale X35(1).

Remark 4.3.3 (Power analysis)

This minor section aims to investigate the power of a test in a situation
that represents an edge case of the application area. It is important to
note that this test is just for illustration purposes, and tests closer to
reality are usually more extensive to analyze.

Let N be a point process on the set [0,1) with conditional intensity
A. For any k and ¢ > 1 we have the equation

P

1
sup <1{Ns<k}€f0t 1{Nv:’“}dA”.> >cl =-. (4.4)
t€[0,1) B c

This test statistic represents a highly specialized test for the time between
the k-th and (k + 1)-th event. When considering the renormalized em-
pirical distribution function with uniformly distributed random variables
and k = 0, the expression (4.4) reduces to

1 \" 1
sup | lyg, )= <—) )>c = -. 4.5
te[0,1) ( 0=\ 11 c (45)

P
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Let x € (0,1) be fixed but arbitrary. We formulate the null hypothesis
Hy and the alternative H; :

1. Hy: Xi,..., X, is ii.d with X; ~ ¢([0, 1)).

2. Hy: Xy, X, s Lid with X, ~ U([z, 1)).

If we consider the process X given by

1 n
X = 1{p,(s)=0} (1 — S) :

then the distribution of the supremum under the null hypothesis Hj is
given by equation (4.5). Given 0 < a < 1, we reject Hy if the path of X
exceeds the threshold value of 1/a.

Under H;, we aim to determine the minimal sample size n at which
Hy is rejected with probability 1:

1
P [sup X > —] =1 (4.6)

telo,1) «

Clearly, the minimum sample size will depend on the given values o and
x.

Under H; we have X1, ..., X,, > x. Hence,

1 " 1 "
te[0,1) ( tm0=0r\ 1 —1 l—x

So H; will be rejected with probability 1 if
1 n
1
(1=5) =1/

log(1 — )
n > “logla) (4.7)

which is equivalent to

All in all, we have now proven that if n satisfies condition (4.7), equation
(4.6) holds true.

A variety of possibilities to transform a point process into a martingale,
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whose exceedance probabilities are known, have been presented in this
work. This observation suggests that by selecting an appropriate mar-
tingale transformation for a given problem, tests with reasonable perfor-
mance can be constructed. Our investigation shows that the search for
good test statistics is equivalent to the search for martingale transforma-
tions that produce deviations under the alternative hypothesis.



Chapter 5

Principal Component
Analysis

In the paper by Hackmann [17] ”Karhunen-Loeve expansions (KLE) of
Levy processes”, it is noted that the KLE is explicitly available for only
a few processes. In the context of his work, Hackmann demonstrates the
dependency of the coefficients of the Karhunen-Loeve Expansion (KLE)
for Levy Processes with jumps through the application of measure the-
oretical arguments. Within the context of this chapter, our objective
is to introduce a class of point processes characterized by a minimum
type kernel. More specifically, this chapter is focused on the principal
component analysis of centralized point processes that have a minimum
type Covariance kernel equal to that of a Brownian motion. To do so, we
strive for giving a generalization of the known Poisson-Charlier martin-
gales which are based on the Poisson process. The generalization makes
the polynomials applicable to more general point processes. By calculat-
ing the higher order moments, especially the second order moments, we
can derive a class of point processes with minimum type variance kernel.

It should be noted that in order to extend the applicability of the Poisson-
Charlier martingales to more general point processes, we will first derive
them using our own techniques. This will enable us to develop a gener-
alization of these martingales. Hence, the focus of the initial part of this
chapter is on the Poisson process. In order to obtain the Poisson-Charlier
polynomials, we will employ the martingale differential equation:

a@—f(:ﬂ,t) + (p(1+a,t) — p(z,t) p =0,

115
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which is not commonly used in the literature for this purpose. Typically,
the Poisson-Charlier polynomials are defined through their generating
function, as demonstrated in [34]. To the best of our knowledge, the
approach we have employed for the derivation of the Poisson-Charlier
martingales has not been previously utilized in the literature. The calcu-
lations carried out with this methodology demonstrate an inherent link
between the polynomials and the Poisson process.

5.1 Basics

The Poisson process is typically constructed by defining a sequence of
independent and identically distributed intervals between events. Since
the internal conditional intensity plays a crucial role in this work we will
characterize the Poisson process via its internal conditional intensity.

Definition 5.1.1 (Poisson process with parameter p)

A point process N = (N;)e; with natural generated filtration H =
(Hy)seq is considered a Poisson process with parameter p if it has a con-
ditional intensity A = (A(t | Ht))ier such that A(s | Hs) = p for some
constant p > 0.

The Poisson process exhibits a variety of advantageous characteristics,
which are summarized in the upcoming proposition. It is important to
note that throughout this chapter, we consider the index set to be equiv-
alent to the set of non-negative real numbers [ = R,.

Proposition 5.1.2 (Properties of the Poisson process)
Let N be a Poisson Process with parameter p. The subsequent properties
are satisfied:

1. N has independent increments, that means for all t; <ty < ... < t,
the random variables N;,, Ny, — Ny, , ..., Ny, — N, _, are stochastically
independent.

2. For all t € Ry the random variable /V; is poisson-distributed with
parameter p - t.

3. The process X = (X;)icr, defined by

Xs:=Ns—p-s.



5.1. BASICS 117

is a martingale with respect to H. We call X the compensated
process of N.

4. The compensated process X of N has the covariance kernel K with

K(s,t) = min(s,1t).

The compensated process, also known as the trivial martingale, has a
widely recognized covariance structure, particularly in the context of
Brownian motion. Applications arise in the theory of principal com-
ponent analysis.

Remark 5.1.3 (Trivial martingale)

Let N be a point process with internal conditional H-intensity A. As
previously established in earlier chapters, the stochastic process denoted
as X given by

X, = N, —/ A | Hy)do, (5.1)
0

is a H-martingale. In case of a Poisson Process with parameter p the
process X turn out to be

Xs=Ng—p-s.

Define the function ¢ : Ny x Ry — R, (z,s) — x — ps. Clearly, for a
(PPP) we have

Xs = (N, s). (5.2)

Therefore, it follows that X is a martingale due to a transformation that
only considers the current state and time, as expressed in equation (5.2).
Of course, the compensated martingale does not typically exhibit this
property. For example, let N be the renormalized empirical distribution
function with a uniform sample on [0,1], i.e. N admits the internal
conditional H-intensity

(?7, — Nv)l[o,l] (’U)
1—v ‘

Mo | Hy) =



118 CHAPTER 5. PRINCIPAL COMPONENT ANALYSIS

For this case, the integral in (5.1) turn out to be

/S (n — ]\N]v)l[oﬂ (U) dU

1—w
Ty, =\ g, _ .
“(n — 1) /S (n — Ng)
= ~—dv + ~— 2 dv
; /7;7, 1—w TNS 1—w
T

N (n—i) n—1,
1-1T; . 1- Ty
=Y Sl ~ NI :
i=0 Og<(1_Ti+1> >+(n >Og<< L=s ) )

= p(Ns, s, i N5, Ty N s, ..., Ty A s).

Remark 5.1.4 (Apply the Hess’ transformation [19] to a Poisson pro-
cess)

Let m,n € N be arbitrary but fixed with m < n and N be a point process
with compensator A. According to Theorem 3.2.8, the process X defined
by

(n — m)‘ emfjoo nfl{og;t}(Ntfo)I{OSNt<n}dAt

X, =
n!

(5.3)

II G- Loswy(@—0))

j=n—(m-1)

is a ‘H-martingale. In case of a renormalized empirical distribution func-
tion with uniform sample on [0, 1] and samplesize n, the process in (5.3)
turn out to be

= ¢(Ng, s).

On the other hand if NV is a Poisson process with parameter p the process
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can be rewritten to the expression

n

_ | s
X, = %emﬂfo Ny o< vy <nydv I G-~
' j=n—(m—1)
(=)l s e gy Y
— Te 1=0 0 n—i H (] — NS)
) j=n—(m-—1)

—m)! Nsa(n=1) oTiga At 1 -
= 0ol B e T (- V)

N n!
j=n—(m-1)

— ' sA(n—1)
(n n'm> o xite Y s T Tias) T (j - N)

= QO(NMSaTl A SvTZ A S, 7Tn A S)-

Remarks 5.1.3 and 5.1.4 provide valuable insights into the nature of the
martingales discussed in this chapter. Specifically, the martingale trans-
formation given in equation (5.3) is an instance of a transformation that
becomes simpler when dealing with an empirical distribution function,
taking the form of a function ¢ that depends only on time and state. On
the other hand, the trivial martingale outlined in equation (5.1) follows
the opposite trend.

The objective of the next section is to specify the martingales X for
a Poisson process N with parameter p, where the transformation is a
function solely in state and time, denoted as X, = ¢(Nj, ).

5.2 Martingales representable through ¢(N., )

In this section, we make the assumption that N is a Poisson process with
parameter p and we denote its internal history as 4. In this section we
will characterize the set of H-martingales X, which can be represented by
a transformation of the process N and a time component X = (N, s).

The initial step is to derive the appropriate differential equation for this
problem.

Lemma 5.2.1 (Doob-Meyer decomposition for X = ¢(N.,-))
Let N be a Poisson process with parameter p and H be the filtration
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generated by N. Let X be a H-adapted process admitting the represen-
tation X = p(Ny,t). The innovation martingale M and the compensator
A associated with process X are given by

My := ¢(N,y,0) +/ O(Ny,v) — @(N,—,v)dN,
(0,s]

o [ e+ 1) = (N o)
(03]

and

0
A= a_f(Nv,v) + pp(No +1,0) = pp(Ny, v)dv.
(0.5]

Proof.

This follows directly from Propositions 3.1.1 and 3.1.2.

Lemma 5.2.2 (The differential equation)
Let N be a Poisson process with parameter p and H be the filtration
generated by N. A process X with X; = ¢(Ny, s) is a martingale with
respect to H, if the function ¢ : N x R, — R satisfies the equation

Oy

5 (@t) +pp(z +1,8) — pp(z, t) = 0,

for all (z,t) € N x R, Lebesgue-almost everywhere.

This statement is a direct consequence of Proposition 5.2.1.

O

As discussed in earlier chapters, the equation presented in 5.2.2 is well-
known in the literature. To develop an understanding of this equation,
we explore two commonly used solutions through the following examples.

Example 5.2.3 (Trivial martingale)
Define the function ¢(z,t) := x — p - t. Observe that

dp
E(‘r’ t) = =P,
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and that

po(r+1,t) —pp(x,t) =plz+1—p-t—x+p-t)=p.

Thus, the differential equation is satisfied, and we can conclude that the
process X defined by

Xs=Ng—p-s
is a martingale with respect to H.

Example 5.2.4 (Geometric Poisson process)
Let ¢; € R be arbitrary but fixed. Define the function ¢(x,t) := ec#= (e =)t
Observe that

8 c
a_f(m7t> — _p(661 _ 1)601{[7(pe 17p)t

and that

po(x 4+ 1,t) — pp(x,t) = per TTI= et =)t _ peerz=(pett=p)t

= pet — 1)ecre=(pe =)t

Thus, the differential equation is satisfied, and we can conclude that the
process X defined by

X, = eerNe—(pesi—p)s

is a martingale with respect to H.
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5.3 Poisson-Charlier Martingales

In this section, we aim at determining the set of martingales that can
be obtained by transforming a Poisson process N; via a function of the
form X; = ¢(Ny,t). To develop an understanding of the techniques in-
volved, we begin by considering the case where the transformation is a
second-order polynomial. Once we have gained insight into this case,
we will extend our analysis to more general n-th order polynomials and
determine the corresponding martingales.

Proposition 5.3.1 (Polynomial martingales of second order)
Let N be a Poisson process with paramter p and H be the filtration
generated by N. Then the process X defined by

Xsi=c (st —2psN, + p*s* — ps)

is a martingal with respect to H.

Proof.

Let ¢ be a polynomial function of second order, that is

o(x,t) = po(t) + ¢1(t) - & + @a(t) - 27,

where ;(t) is a differentiable function for all 0 < i < 2. It follows that

9

o 01 o 2
5 (x,t) = — () + =—(t) -z + —==(t) - 2.

ot ot ot

According to Lemma 5.2.2, the function ¢ needs to satisfy the equation

%—f(m, t) + po(l+z,t) — pp(x,t) = 0. (5.4)

. . . 9 . .
By substituting the representations of ¢ and 37, we arrive at the following
equation

0
2 (2,1) + pp(1+ 2, 1) — pla, t)

ot
= 920y 4 2000107 1 p(a(0) + alt) + a(1)22).

ot
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Consequently, we can conclude that (5.4) is equivalent to

T200) 4 ppr 1) + pialt) + (1(0) + 2p00(1) )+ T22(1)a? =0

(5.5)

The equation is fulfilled for all € N if and only if all coefficients are
equal to zero. We first consider the second order term in equation (5.5).
The equation

8@2 o

holds true if and only if p5(t) = ¢ for some constant ¢ € R.

Substituting s into the first order term results in

01

g ——(t) + 2pc = 0.

Consequently, it follows that
©1(t) = —2cpt + co,

for some constant ¢, € R. In order to eliminate any duplicate calculations,
we specify that ¢y is equal to 0. Substituting ¢, and @5 into the 0-th
order term results in

o

o ——(t) + p2cpt + pc = 0.

Thus, we can conclude that
©o(t) = p*ct® — pet + cs.

To avoid duplicate calculations, we set c3 = 0. Plugging ¢o, 1 and ¢
into the representation of ¢ from the beginning yields

p(x,t) = po(t) + ¢1(t) -z + a(t) - @
=c (p2t2 — pt —2ptx + x2) .
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Figure 5.1: Realization of a Poisson Process with parameter p = 4 (red
crosses) and the associated polynomial martingale of second order.

To proceed with the objective of this section, it is necessary to first define
a sequence of numbers denoted by (a ) The sequence possesses specific
properties that are essential in relation to Poisson-Charlier martingales.

Definition 5.3.2 (Coefficient sequence of polynomial martingales)

We define the (deterministic) sequence (az(-o) )ien, by

ago) = 1{1':1}.

Further we define the sequence (agl))ieNo by

V=L
! 7!
Furthermore, we recursively define for j > 1 the sequence (agj ) )

(G-1)
Za z—l—l—k)

1€Ng by
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Remark 5.3.3
By defining the sequence of coefficients as above the following results
hold true:

m_1 1 1 (o
Zaz —1!—1-2!—1—3'—1— =(e—1)
=1
@ 1 1ottt 11 1l (o 1)2
> =gntGatan T Gy tan tam T = ey

Theorem 5.3.4 (Poisson-Charlier polynomials)
Let N be a Poisson process with paramter p and H be the filtration
generated by N. Then the process X defined by

n

X, = Zn—@'z —sﬂ ), NI

is a martingale with respect to H.

Proof.

Let ¢ be a polynomial function of n-th order, that is

k=0
Consequently, it follows that
Dy - Iy, k
—(x,t) = —(t
o (@)= 3 2o

According to Lemma 5.2.2, the function ¢ needs to satisfy the equation

e

5 (@:0) + po(l+2.8) = po(z,t) = 0. (5.6)
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Through manipulation, we can transform the left-hand side of (5.6) to

0
8—?(& t) + pp(l +2,t) — pp(z,t)

Z&Ok x+p<2s0k )(1+ 2)F Zsok(t)x’“>

Zagpk t)x +p<igok JZ()xj—kz:;gpk(t)xk>
:;% x+p<290k 3 ()x]>

Jj=

S Ry (z > wofl)-)

k=0 j=k+1

_"j (‘M 40 S el ()) + %y

j=k+1

HO

From this, we can infer that (5.6) is tantamount to

> (89‘3’“ J+p Y gl ()) %m0 6

k=0 j=k+1

The equation is fulfilled for all z € N if and only if all coefficients are
equal to zero.

Assertion: The equation is fulfilled if for all 1 < ¢ < n the function
Yn—; has the representation

Spnz = n—z'z l+1j (58)
1. Base case: Show that the statement holds for ¢ = 0.

We are setting ¢ to be equal to 1. On the one hand (5.7) implies
that

Qpn—O(t) =
On the other hand, we have

n_,,Z agh; = 1.



5.3. POISSON-CHARLIER MARTINGALES 127

2. Induction step: Show that for any k, if ¢,,, ©,_1, ..., Yn_i+1 have the
representation from (5.8), then the representation also holds true
for ¢, ;.

It follows that

j=n—(i-1)
i—1 n—j
B ‘”Z%ﬂ‘“) <n z)
7=0
S ’ (n — j)!
=—p ( —t’“ ) o
2 Z o) G =)
i—1 J 1
:—PZ< le ! J+1 i — j)!>
§=0 k=0
n| i—1 J (k) 1
k41 L 4k
_ - . )
(n . Z)‘ p <ZO( p) k! j+1-k (Z j)‘
Consequently, it holds true that
nl o kel L k1, (k) 1
n—ill) = ( - t ) A )
2 ( ) (n Z)' Z:;J ;( /)) (/{5 + 1) j+1 k(l j)'
nl o ki1 L k1, (k) 1
_ " )
e 2 (o e e
__nl — (_p)k+1 1 et i a® 1
(n— i)l & (k+1)! = (i —7)!
—1—(k—1) o ]
p)kt k+1
—t a; " 7
i)l < k—l—l) ; T i—j+1—k)
—k
1 k+1
= t
n—z‘z k—l—l ; z—k+1—j)
_ k (k)
- 7’L . Z | t A kg1

Assertion (5.8) thus follows.
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Plugging representation (5.8) into ¢ yields

n

- n—i n! LG n—i
p(r,t) =D pnoi(t)a" =) = Z(—P)]ﬁtjaz(i)pj-f :
i=0 i= ’ ’

25 1

20 1

15

10

—10 4

—15

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.2: Realization of a Poisson Process with parameter p = 4 (red
croesses) and the associated polynomial martingale of first (blue), second
(orange), third (green) and fourth (red) order.



5.3. POISSON-CHARLIER MARTINGALES 129

Remark 5.3.5 (Illustration of the functions ¢,,)

In this remark, we aim to provide explicit expressions for the functions
Yn—; with e =0,1,2,...,5, to facilitate a better comprehension of their
properties. These are explicitly given by:

Spn<t) =cC
n! 1
n— t) = <— t — )
ona(B) =gy (7P 5
(1)
=a,
n! 1 1
na(t) = (—t— 2t2—>
enat) = e =55 (Pt 5 TP g
=alV —a{®
nl 1 ,1,,1 1 1., 1
n-3(t) = <— t 2—#(—- )—-?—ﬁ — )
enslt) = e =g\ =Pt 5 st (g T o) =gt
o) —® )
ol 1 ,1,(1 1 1\ L,1./,1 1. 1
s =ei. (oot g 5 (g ) o (@ )+
=a{V :;?32) azg)
1, 1
4 4
ot 1)
RE
1

n! 1 o,/ 11 11 1
Pns(t) = o (wﬂ—+p%(—+——+——+ )

Y] ] ] BY 1ol a1
(n—5) 5! 27 M4l 2131 " 3121 " 41
Ne o
5 4
1 1 1 1 1 1.1 1
3 3
5t (Gt am T30+ & T a0a 3
3
1 1 1 1 1 1 1
4 4 5 5
gt (@*Wa”i)—f) 5 1)
N . ~~

A (5)
agl) a)
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Remark 5.3.6 (Generalization of trivial martingales)
In this remark we want to show that Theorem 5.3.4 is a generalization
of the trivial martingale (M;)c; given by

Mg := Ny —p-s.

Consider the martingale (X;);es given in Theorem 5.3.4 and set n to be
equal to 1. It follows that

)

i=0

.

1 _ _ 1
= (_P>OO,SOG§)221 oN, 0+ (—p)o—soaﬁ)l_oNi " (=) 0° ag+1 N
= ago)Ns + aé ) psag )
= M.

Remark 5.3.7 (Generalization of the second order martingale)
In this remark we want to state that Theorem 5.3.4 is a generalization
of the martingale (M;);er given by

M, := N? — 2psN, + p®s® — ps. (Proposition 5.3.1)

Consider the martingale (X;);e; given in Theorem 5.3.4 and set n to be
equal to 2. It follows that

2 %
o) 1 Z
Xs = E . (_p)]ﬁsj EJr)l sz

1 0 _ 1 ;1
= (_P)O_SoaéﬁlfoNz 0+22( p)’ j,5]a1+1 JNQ 1+2Z j a2+1 jN2 ?

7=0 7=0

1
= ago)Nf + 2ag0)N5 — 2psa§1)]\751 + 2a§0)N80 — 2psa§1) + 2p2532a§2)
= N? —2psN, — ps + p°s*

= M;.
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A first application from Theorem 5.3.4 arises if we want to express higher
moments of the Poisson distribution in a recursive form.

Lemma 5.3.8 (Moments of the Poisson-distribution)
Let N be a Poisson-distributed random variable with parameter p. Then
the sequence of numbers (m,,),en defined recursively by

and

satisfies for all n € Ny the equation

E[N"] = m,,. (5.9)

Proof.

1. Base case: Show that the statement holds for n = 1.

This is true, since

7

1
1! LG
e ; T 2 e

J=0

1! L o L«
= ——)! ((_P)O_agll—oml—l + (—p)l—agll_1m1_1)

(1-1 0! 1
=—(0-p)
= E[N'].

2. Induction step: Show that for any n, if the first n — 1 moments
satisfy equation (4.9), then the equation also holds for the n-th
moment.

Define the process (X;)ier by

3
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Due to Theorem 5.3.4, the process X is a martingale with Xy = 0.
Hence, by the martingale property, for t = 1 it follows

n

E Z = ‘Z ) NTH = 0. (5.10)

Define N = Nj. Clearly N is Poisson-distributed with parameter
p. Rewrite equation (5.10) to

n

E[N"] = - ZR_Z'Z J| ais- B [N

Since equation (5.9) holds true for the first n — 1-th moments, the
right hand side equals

_Z n—zlz ]v A

O

Next, we aim to express the centered moments of the Poisson distribu-
tion recursively in terms of its moments.

Lemma 5.3.9 (Centered moments of the Poisson-distribution)
Let N be a Poisson-distributed random variable with parameter p. Define
the sequence of numbers (m,,),en by

m, = E[N"].

Then the n-th centered moment of N satisfies

Proof.

Define the process (X;)ier by
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Due to Theorem 5.3.4, the process X is a martingale with Xy, = 0. Hence
by the martingale property, for ¢ = 1 it follows that

E[ P al)_ NP~ ] = 0. (5.12)
Define N = Nj. Clearly N is Poisson-distributed with parameter p.

It follows that

Il
3
/\3
~~_
—~
)
~
<
iy
+
INGE
S
T
o
—~
|
S
S~—
<
2| =
)
s
AN
d
<
d

In Example 5.2.4 we introduced the geometric Poisson process. The next
theorem states that this process can be represented by Poisson-Charlier
martingales.

Theorem 5.3.10 (Representation of the geometric Poisson process)
Let I be a closed subset of R,. Define the sequence (b;);en, by

ck

bk = E
Define the sequence X (1), X(2), ... of stochastic processes by

n

Xs(n) := Z n—z'z —sJ H—l N ‘
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It follows that

lim sup |eNs (e =p)s _ b Xs(k)| = 0.
n—oo SEI kz%
Proof.
It holds true that
. e cN (e¢ — 1)/ (—pt)I
oNa—(e=1)p ZZ t) )‘( pt)
== ! 7!
and that
n s - - —p —
| o | z+1 -7

It suffices to show that the coefficients related to —N/(pt)? match for
all A and B. Specifically,

A A 6 _1 n! jl (J) n—i
_N (p) . Zzzlj =B,n—i= A ( >‘< p) ﬁ a; 3y JN .

n=0 =0 5=0

Once this is shown, the proof is complete. It follows that

|
ZZZLU =Bn—i= A} ( i )( p) jltl Ei)l an i

= no 1 1 ) n—i
- Zzl{n—i=fl}c m(—pt) B‘ Ay BN

n=B i=B
_ S 1 A+i+B 1 1 (B)NA
= Z {i=n—A}C A( Pt) gazﬂ
n=A i=0
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Figure 5.3: Realization of a Poisson process with parameter p = 2 (red
crosses), the associated geometric Poisson process (blue) and the approx-
imation with the martingales X (1), X(2), ..., X(20).

5.4 Generalized Poisson-Charlier Martin-
gales

The aim of this section is to extend the Poisson-Charlier martingales to
a more general form. In addition to the potential application in terms
of PCA, another motivation could be as follows. Let N = (N;);er be a
Poisson process with parameter p and H be the filtration generated by
N. Define for some arbitrary ¢ € N the point process N (i) = (Ni(7))eer
by

NS(Z) = 1{N5>i}‘

Clearly N (i) is a transformation of the process N resulting again in a
point process and the conditional intensity A'(¢ | H;) of N (i) is deter-
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mined as
)\i(S ’ HS> = 1{Ns:i} - p.

It is important to observe that H remains the filtration generated by the
original Poisson process N. Clearly, the process X = (X;)ie; defined by

X, = N,(i) — / N(v | Hy)dv

S0

is a martingale with respect to H. Also X is a martingale transformation
of the underlying Poisson process N. Simultaneously, X is also a martin-
gale transformation of N(1), a point process with dependent increments
and a stochastic conditional intensity with respect to H.

Examination of the compensator shows that

/ N(v | Hy)dv = P/ Lyn,=kpdv

S0 S0

SATy
= p/ 1{Tk,1<s}dv

Tp_1
= Pl{Tk,1<s}(8 NTy, — qu)-

Thus, X is not a transformation of N with a representation X, =
(N, s), but is instead given by

X =0(Ng,5,T;1,T;) = Lin,siy — pPlin_ <y (S AT — Tiq).

Therefore, the process N(i) resulting from the plug-in mechanism de-
scribed above generates a path-dependent martingale transformation of
the original point process N. The introduction of a potential generalized
Charlier martingale transformation for the point process N (i) has the
potential to lead to further path-dependent martingale transformations
of the Poisson process N.
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Let C be the space where A\ takes its values. For notational purposes we
define for all j € N the function I" : C x I — R by

S vj v3 v2
() s) = / Av; / . / )\vz/ Ay dvidvg - - - dv;
S0 S0 S0 50

Note that for all s € I the random variable I"(J, s) is measurable with
respect to the o-Algebra Hy, I°()\,s) = 1 and A\ 7 (A, s)ds = dIPTH(N, s).

Theorem 5.4.1 (Polynomial martingales)
Let N be a point process with conditional intensity A = (A(¢ | H¢))ter-
Then the process X defined by

n

X, = Zn_l'z 11 (A, s)ag) NI

is a martingale with respect to H.

Proof.

Assume that ¢ is a polynomial function of n-th order, given by

o(x,t, \) Zcpkt)\

Consequently, it follows that

02 0t = 5 22 1 n)at
ot Pt t

According to Lemma 5.1.3, the function ¢ needs to satisfy the equation

e

B — (Ni, t, ) + ( (1+ Ny, t, A) — (N, t, A)))\t = 0. (5.13)
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Through manipulation, we can transform the left-hand side of (5.13) to

0
s0(*]\[15775 )\) (@(1+Nt7t7 >\) _SO(Nhta )‘>>)‘t

o
DIEIIREE (Z BT mt)x’f) z
> a(;otk (Z@k (£, ) Jio ( )x] k; n()7") A
_ kzzo 889? ()" (kzzo or(t ) j:: (’;) )
-y %(t,/\)xk + (nz_l i o5(6 ) (2) xk> A
= parfarat
_ k:: : <‘9§’f (£, ) + At;:;l 25t N) (‘;)) + aai” (t,\)

From this, we can infer that (5.13) is tantamount to

n—1 .
k _
on ( (£, A) + N E ©i(t, \) <k>>+ 5 (t,A\)=0. (5.14)

j=k+1

The equation is fulfilled for all x € N if and only if all coefficients are
equal to zero.

Assertion: The equation is fulfilled if for all 1 < ¢ < n the function
¥n—; has the representation

Proilt) = T S (1P (A s)all .

1. Base case: Show that the statement holds true for i = 0.

We are setting ¢ to be equal to 1. On the one hand (5.14) im-
plies that

Ono(t) =c=1.
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On the other hand we have

0

=) Z(—l)j[j()\,s)a((ﬁl_j = 1.
s

n!

2. Induction step: Show that for any k, if the represenation holds true
for wn, Yn_1,...; pn_ixr1 then it follows that the representation also
holds true for ¢,,_;.

It follows that

Pty =, > o (nj—@)

j=n—(i-1)

— 2_; Pn—j(t) (Z :Z>
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Consequently, it holds true that

i-1
n! k+1 pk+1 (k) 1
Pni(t) = mz (Z( DM (A Dagy, kG j)!>
j=0 k=1
ool - (i( DL pa®), )
_ L‘ i_l( 1>k+1[k+1 )\ t Za #
= Y j+1—Fk 2\ |
i—1—(k—1) 1
— iDL LAt OW" al) ——
n—z'z ) ‘= T (i—j+1—k)
ik 1
_ k+1]k+1 At (k)
n_Z‘Z >j:1a/-7 (Z_k_'_l_j)'

_ k‘k
_n_z‘z [)\tzk—i-l

The assertion thus follows.

Substitution of the representation into ¢ yields

= Zcpn_i(t)x"_i = Z (=) Z 17 (), s) H—l ]x"_i.
i=0

Remark 5.4.2 (Generalization of the trivial martingale)
In this remark we want to state that Theorem 5.3.4 is a generalization
of the trivial martingal (M;);c; given by

M, := N, —/ Apduv.
50

Consider the martingale (X;);c; as presented in Theorem 5.3.4, and set
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n = 1. It follows that
1 i

1! .
S =2 o) D (P s)afy N
=0 j=0
L 0 ip 1=0 4 El ] j ©) 1-1
= (1 —O)' Z( ) [ <>\ S)a'0+1 ]N 1 _1 ' I )\ S CL1+1 ]N
s ~

= (—1)°1°(\, 8)al N0+ (=1)°10(\, 8)al?, _oNIH 4 (1), s)all),_ NE
= ago)Ns + aéo) —I'(), s)agl)

=N, —/ Apdv
S0
= M,

Remark 5.4.3 (Generalization of the second order martingale)
In this remark we want to state that Theorem 5.4.1 is a generalization
of the martingal (M;)c; given by

s 2 s
M, = <N5 —/ /\Udv) —/ Apdu.
S0 S0

Consider the martingale (X;);c; as presented in Theorem 5.4.1, and set
n = 2. It follows that

' 1 (J) 2—1
X = Z 2_112_1) jsj i1 Vs
7=0

= a§ )Nj +2aVN, — 21" (A, 5)alV N} + 2V N? — 2[1(>\ s)al? + 2I%(A, s)al?

S S 1 S
=N?2_2 ApdvNg — 2 ApdU— + 2 Ay /\Udvdvl.
’ S0 S0 2! S0 ' S0

By applying Fubini’s Theorem and substituting, we obtain the result
that

2/ )\vl/ )\vdvdvlz/ / )\vl)\vdvdvl—l—/ / Apy Apdvpdv
S0 S0
//)\)\dvdvz+//)\)\dvdz
://\(/)\dv+/)\dv>dz
S0 S0 z

([
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Consequently, it follows that

M, = Nf — 2/ My duN, — / Apydv + 2/ Avy / Aydvduy
S0 S0 S0 S0
S S S 2
= Nf - 2/ ApdUNg — / Apdv + (/ )\Udv)
S0 S0 50

= X;.

Moving forward, we will prove the generalized identity
N )\ d n! — 1 (J) N 7
’U (n—l)' Z(_p) J' Aiy1—j
=0

_Z n_zlz VI (A s)a z+1JNm:XS'
0

1=

This was examined for the case n = 1,2 in Remark 5.4.2 and 5.4.3.

Lemma 5.4.4 (Represent the n-th moment process)
Consider a point process N with conditional intensity A. For any n € N
and s € I, we have the identity

(N, — /Adv i ], ), N

n

_Z n—zlz ]I])‘S z+1Jan_X5‘

Proof.

Define the process (X;)ier by

.

Z(nnf‘@' > (PO, s)agh N

TL' i Tl n—i n—i
<n_m(<-1“<“ s Sy ).
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The assertion thus follows if

™ Cyip (i) ppn—i : "
Z (n—z’)!(_l) I'(A;s)ay’ N™™" = <Ns —/S )\vdv> :
=0 0
Assume that

(iNT'(N, ) = (/0 /\,Udv)i. (5.15)

Then the left hand side equals

Z<”—'< 1)1\, s)al) N

_ i (") NI\, s) LN
=2 (0 (- [ mar)
<N / /\vdv) .

Thus it remains to prove assertion (5.15): For all i € N it holds true that

(VT s) = (/ Avdv)i.

1. Base case: For 4 = 1 it holds true that

(INI'(\, s) = 1!/5: Aodv = (/ )\Udv)l.

Induction step: Assume that the assertion holds true for all £ =
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1,2,...,7i — 1. It follows that

(iNI'(\, s) =il - / AT v)dv

S0

:i/ (i — DTN, v)do

S0

s v i—1
:i/ v (/ )\wdw) dv

ov 0 ) s
:z[/ /\wdw~(/ )\wdw> ]

S0

S0
s pu v i—2
— z/ / Awdw - (i — 1) (/ )\wdw> Apdv
so Y So S0
s i s v i—1
= / Apdw | —i(i — 1)/ </ )\wdw) Apdv
S0 S0 S0

/Awdw —i(¢—1)(¢—1)!/ I' YO\ v) \do

S0

O
By invoking Lemma 5.4.4, we can establish that
n n i—1
s n! . , .
E KN —/ )\Udv> } =Y O S (=1 (N s)al), BN,
50 i=1 T §=0

Lemmas 5.3.8 and 5.3.9 were instrumental in enabling the representation
of moments in the Poisson case. The equation

s 2 s
(Ns —/ )\vdv) =E {/ )\vdv]

will be of significant importance in analyzing the principal components
of a specific class of point processes.

E
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5.5 PCA of externally excited point pro-
cesses

Let I be the interval [0,1). The Hilbert-space L? defined by
L? = {f T /fszds < oo, fis Lebesgue—measurable} :
I
admits an inner product,

(f,9) = /Ifsgsds

and a naturally induced norm associated with the inner product,

12 = VA{f5 f)-

A vector f belongs to the span of a sequence of vectors (f(7));en if
lim || f — E;aif(l)IIQ =0,

for some constants a;. In this aforementioned situation, we simply write

f= Za1f<l>

If a vector f is in the span of a sequence (u(1));en of orthonormal vectors,
that is

(u(@), u(7)) = L=y,

then it holds true that
f=> (fu@)fi).
i=1

Let X = (X})ier be a stochastic process such that for all w € Q, the path
X (w) belongs to L?, which means that

/Xs(w)st < 0.
I
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Assuming that for all w € ) the process X is in the span of an orthonor-
mal (deterministic) basis (u(7));es, yields

=1

Thus, the stochastic process X can be represented by the sequence of ran-
dom variables ((X, u(i)));en. Let K be the covariance-kernel of the under-
lying process X. If the system (u;);en are eigenvectors of the Fredholm-
Integraloperator, that is

/IK(s,t)ut(i)dt = cjus(i), (5.16)

for some constant ¢; and all s € I, then the random variables ((X, u(i)));en
are called the principal components of X. The normed eigenvectors are
always arranged in descending order with respect to their associated
eigenvalues. It can be shown that a system defined by the equation (5.16)
forms an orthonormal system. The principal components associated with
a process have a number of interesting properties. They are centered and
the variance of the i-th principal component is given by the eigenvalue
¢;. Moreover, the components are uncorrelated. If X is a Brownian mo-
tion, the components are even stochastically independent, whereas the
components of the centered Poisson process show dependencies.

Remark 5.5.1 (Principal Components of the Brownian motion)
Let X be a Brownian motion on /. Per definition the Covariance-kernel
K of X is given by

K(s,t) = min(s, t).

It is well known that the system (u(7));en defined by

(i) == V/2sin (W) (5.17)

and the sequence
= —— (5.18)
solve the equation

/Imin(s, tug(i)dt = cius(i). (5.19)
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Figure 5.4: The first four eigenfunctions u; (5.17) with respect to the
operator associated with Brownian motion.

Hence with our previous discussions it follows that

X = (X, u;)u;.
i=1
Since the random variable

"1
(X, u;) = /IXsui(s)ds = lim ZﬁXk/”ui(k/n)
k=1

n—oo

is the limit of normally distributed random variables, it follows that
(X, u;) is again normal with

p=E[(X,u;)] =0 and 0* = ¢;.
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Principal components theory also ensures that the random variables
((X, u(i)))sen are uncorrelated. It should be noted that if normally dis-
tributed random variables are uncorrelated, this implies that they are
independent.

W V‘\/—

”\J\

. A
T ¥

Figure 5.5: Cut the series representing a Brownian motion.

Remark 5.5.2 (Principal Components of the Poisson process)
Given a Poisson process N on the set I = [0, 1] with parameter p, we
define the process X as X, := % for all s € I. For s < t, Remark

5.4.3 implies that the identity

1 1
Cov(Xs, Xy) = Var(X;) = ;]E[(NS —ps)?] = ;ps =S
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holds true. Consequently we need to solve the eigenvalue problem with
respect to the kernel

K(s,t) = min(s, t).

At this point, one recognizes an important commonality with Brownian
motion. They have the same covariance kernel and therefore they also
have the same eigenfunctions (5.17) and eigenvalues (5.18) with respect
to the corresponding Fredholm operator. Some calculations yield the
explicit representation

V2 2 O (2i — DnT; i 2
(X, u(i)) = 75 [m ;COS (T) +(=1) (21 — 1)7rp] :

Like in the case of the Brownian motion, the components are centered,
uncorrelated and have variance equal to the corresponding eigenvalue.
A distinction becomes apparent upon analyzing the marginal distribu-
tions and dependency structures. The Fourier transformation of the i-th
component equals

Y

o qyie1
E [eiz<X,u(i)>] _ 6iz(—1)i[ﬁ]2m6p|:‘]o(z(21—21/)gr\/ﬁ>_l+z( 211')—1 HO( 2i— 1)7r\f)i|

where Jy is the Bessel function of 0-th order

> Qkk'

k=0

and Hj is the Struve function

2 i L 2k+1
T k:o (2k —l—

Someone can rigorously prove that the Fourier transformation of the
components are not integrable over R. The lack of integrability should
not come as a surprise, given that each component has an atom in its
distribution. Specifically, we have that

P (X,u(i))zﬁ%(—l)i e
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Taking advantage of this knowledge, one can further prove that the com-
ponents are dependent

PA", A7] # P[AT|P[A7],
by defining

XXX X
10

BROoR

[oNe]
o

St
3
|

0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.6: Cut the series representing a Poisson process.

Let nF, be a renormalized empirical distribution function. That is nF,
is a point process with internal conditional intensity
(n— nFn(s_))1{0§s<1}

1—s ‘

As | Hs) =
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We consider the process X defined by

X, = %(NS —ns).

It holds true that
K(s,t) = min(s,t) — st.

Of course, X in distribution converges to a Brownian bridge with Donsker’s
theorem. This case has also been treated in detail in terms of principal
component analysis.

The approach to transform a process in such a way that a kernel like in the
case of a Brownian bridge arises is not aimed at here. Within this section
we set the goal to transform certain point processes in such a way that the
transformed process has a covariance kernel K with K (s,t) = min(s,t).
The following proposition utilizes the general Poisson-Charlier martin-
gale of second order that was derived earlier.

Proposition 5.5.3 (Covarince kernel of centered point processes)
Let N be a point process with conditional intensity A. Define the process

X by
X, := N —/ A d.
S0

Then, X is a martingale starting in Xy = 0 and it follows that

Cov((x., X;) = min (| ["ne] 5 | [ t e ). )

Proof.

The process X is a martingale by definition. Let s,¢ be arbitrary with
s < t. It follows that
COV(XS, Xt) = Xth]
XE[X, | Hsl]
2

X

(v [ 2a) ] |

[
[

E
E
E

—

=
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Setting n = 2 in Theorem 5.4.1 yields the martingale M given by

2

7 1 .
s 'Z _1)]_153 z+1 JN2
.j « 4!

=

Remark 5.4.3 states that M is equal to

s 2 s
M, = (NS —/ )\Udv> —/ A du.
0 0

Since M is a martingale with My = 0, we have that

(Ns—/os/\vdv)z _E {/O/\d] .

Thus, it follows that
t 2
<NS / )\vdv> (Nt —/ )\Udv)
0 0
= min <E {/ /\vdv} ,]E[ )\ dv]) :
0

As a direct consequence we get the following Theorem, specifying under
which conditions the compensated point process X = N — A, can be
represented with the same eigenfunctions as the Brownian motion in the
Karhunen-Loeve decomposition.

E

Cov(Xs, X¢) = min (E

O

Proposition 5.5.4 (Point processes with minimum type kernel)
Let N be a point process with conditional intensity A. Define the process

X by
X, := Ny —/ Apd.
0

If the stochastic process A satisfies the equation

E [/ )\Udv} = s,
0
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it follows that
K(s,t) = Cov(Xs, X;) = min(s, t).

Consequently, the Karhunen Loeve decomposition of X is given by
X = i(X U YUy
i=1
with eigenvectors
u,(i) = V2sin <(2Z_T1)7Tt) : (5.21)

The respective eigenvalues to the associated Fredholm operator are given
by
1

T (5.22)

C; =

The i-th principal component is given by

Proof.

Considering the previous discussions, it suffices to show that the pro-
cess X has the covariance kernel K (s,t) = min(s,t). This condition is
satisfied by Proposition 5.5.3 since we assumed that

E|:/OS)\UdU:| =s.

It remains to prove the representation of the principal components. It
follows that

(X, u;) = /01 (NS - /0 )\vdv) V2sin <M> ds

= /01 N,V/2sin ((2@' —21)7r_5) ds — /01 /0 Apdvy/2sin <—(2i _21)”5

) is
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Standard calculations yield that for the first integral,

/01 N,v/2sin (W) o= %ém (M) |

Integration by parts yields for the second integral

//Adm/ésm((QZ b )ds
[ o () e (25

(222{1 = ) cos (@) ds.

Consequently, it follows that

(X, i) = (212_% (i cos (—(% }””Ti) + /0 "\ cos (—(% _21)”‘9) ds> |

It is noteworthy that if N is a Poisson process with parameter p, then
the i-th component of the compensated process X can be expressed as

(X, u(i)) = % (i Ccos (—(22 _21>7TTi> + /01 As COS (—(22 _21)7T8) ds>

Our next step involves applying Proposition 5.5.4 to the well-established
case of an empirical distribution function. The investigation will focus
on the trivial martingale (Remark 5.1.3)

(N, — A\y) = v/n _ 2; ((%)m))

%\H
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Lemma 5.5.5 (Transform F,, into a minimum type martingale)
Let nF,, be a renormalized empirical distribution function associated with
a uniform distributed sample. Define the process X by

X, == /nF,(s) \FZZ ((%yn_)) (5.23)

Then X is a martingale with respect to the filtration generated by nF;,
and it follows that

Cov(Xs, X¢) = min (s,t) .

Proof.

The conditional intensity A of the point process N = nF), is given by

(n — st)l[o,l)

Ag 1=
1—s

It follows that

o[

N,
EU " o1 4,
0 1—s5

:/S (n E[Nv 101)dv
0 1—wv

:/ n—no) dv

1—wv

=ns

Consider the process X defined as
X = N. — (n — NS_)l[OJ)
g0 1—s '

According to Proposition 5.5.3, we have

Cov(Xs, Xt) = n - min(s,t).
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By rewriting the compensator, we can conclude that

/S (n - Nv)]‘[o’l} <U> d'U
Tyn,—1

= i /Ti+1 (n_i)dv—i—/s —(n_NS>dv

— Jr, 1—w Ty, 1—v

Tng—1 (n—1) n—Ng
= _— —N id

; log((l_j,iH) >+(n S)log(< s ) )

_ ?i—fzog ((%y)) |

O

One can show that the minimum type martingale (5.23) converges in
distribution to a Brownian motion for n — oo as outlined in [36] on page
268.

Lemma 5.5.5 already indicates the usefulness of Proposition 5.5.4 for
the empirical distribution function. We now want to construct a class of
point processes to which the previous discussion is applicable.

Lemma 5.5.6 (Point processes triggered by non-negative martingales)
Let N be a point process with conditional H-intensity A, such that A is
a non-negative H-martingale with right-continuous paths and left limits,
starting in Ay = 1 and satisfying the following conditions:

1. lim,_y Ay = 0.
2. Forallt € I: )\ — limg Ay < 0.

Then the martingale X defined by
X, := Ny —/ Apdv,
0

satisfies

Cov(Xs, X¢) = min(s, t).
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Proof.

The process A is a martingale starting in Ay = 1. Thus it follows that

E [/0 Avdv] :/OSIE[)\U]dv
- /0 dodv

= s.
The proof is concluded in accordance with Proposition 5.5.4.
O

Using our previous results, we are able to specify the distribution of the
maximum value reached by the process A on the observation interval:

1
P {sup)\s > c] = —.

sel c

Example 5.5.7 (Martingales as triggering processes)

Consider the renormalized empirical distribution function nF,. Our prior
investigations in chapter three revealed that the process A can be ex-
pressed as

n—1 1

WS R

1— F(T,r,) n(1—Fn(s))
)

A is an adapted process with respect to the filtration generated by nF,,
and it meets the requirements stated in Lemma 5.5.6.

(5.24)

Let N be a point process with conditional intensity given by A (5.24)
with respect to the filtration generated by N and nF,,. We can conclude
from Lemma 5.5.6 that the compensated process X, given by X, = N, —
fos Aydv, is characterized by a minimum type kernel min(s,t). Utilizing
Proposition 5.5.4, it follows that the Karhunen Loéve decomposition of
the compensated process X is represented as

=1

with eigenfunctions

uy(i) = V2sin <m) :
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Chapter 6

Conclusion

The initial question of this work revolved around the extent to which
martingale transformations of particular nature can be realized within
the framework of point process theory. More specifically, we aimed to
achieve two goals here.

On one hand, we were familiar with examples of non-negative martin-
gales that converge to zero in the limit. In this regard, we already had
well-known examples at our disposal, such as the geometric Poisson pro-
cess (5.2.4) or the martingale based on Daniels’ work (1.1) in the con-
text of the empirical distribution function. Furthermore, we were aware
of the work by Hess, which can be considered a significant extension of
Daniels” martingale in the area of the empirical distribution function. We
knew that these martingales share the commonality that their structure
allows for the determination of exceedance probabilities. The founda-
tion for calculating these exceedance probabilities represents a special
case of Doob’s martingale inequality, where this inequality becomes an
equation (Proposition 3.3.1). What remained uncertain to us was the
degree to which a class of martingales could be delineated to also exhibit
these properties within the broader context of point processes. To ef-
fectively address this question, we pursued two approaches. In the first
approach, we utilized the Doob-Meyer decomposition to establish a dif-
ferential equation, culminating in the two results, Theorem 3.2.6 and
3.2.8. These two theorems allowed us to consider all previously known
martingales within a more general context and recognize them henceforth
as special cases. The second approach relied on the well-known repre-
sentation theorem for martingales. In this context, we delve into criteria
for the predictable process, ensuring that the resulting martingale pre-

159
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cisely meets our requirements. This approach ultimately resulted in the
successful establishment of Theorem 3.4.1. Possible applications of our
martingales in the realm of goodness-of-fit testing are found in Lemma
3.4.4. As a final comment, we would like to note that all martingales
that inspired us for this part of the work exhibited exclusively negative
jump heights and were consistently monotonically increasing between the
jumps. For the calculation of exceedance probabilities in this case, the
simpler formula from Proposition 3.3.1 is appropriate. However, for the
development of tests, we believe that we cannot do without allowing posi-
tive jump heights, leading to a second formulation in 3.3.6. A compelling
question that follows from our results is how to construct efficient test
martingales from the pool of possible test strategies outlined in Defini-
tion 3.4.3. In general, it is likely that approximation methods will need
to be employed for this purpose.

On the other hand, we were interested in a more or less general class
of point processes for which we could provide an orthogonal decompo-
sition a la Karhunen-Loeve. This proved to be extremely challenging,
as an explicit representation of the eigenfunctions is only available for a
handful of stochastic processes. The derivation of the Karhunen-Loeve
expansion (KLE) relies on the covariance structure of the underlying
process, which is of crucial importance. In the context of the (KLE), we
were already aware of the Poisson process, which exhibits the same co-
variance structure as the Brownian motion. Furthermore, we already had
an explicit representation of the coefficients for the Poisson process and
were also aware that these coefficients are stochastically dependent on
each other in the case of the Poisson process (paper in work). Given our
prior experience, we therefore set out to define a class of point processes
whose covariance structure resembles that of the Poisson process, thus
being of minimum type. A meaningful answer to this question ultimately
resulted in Lemma 5.5.6, where the compensator of the underlying point
process itself represents a martingale starting in 1. In deriving our result,
we made use of the Poisson-Charlier polynomial of the second order at
one point. For this, refer to the proof of Proposition 5.5.3. The Poisson-
Charlier martingales represent a well-known class of transformations. We
derived them through careful effort in Theorem 5.3.4 using the Doob-
Meyer decomposition and extended them to general point processes in
Theorem 5.4.1.
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