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Abstract

We draw attention to a problem that is often overlooked or ignored by com-
panies practicing hypothesis testing (A/B testing) in online environments. We
show that conducting experiments on limited inventory that is shared between
variants in the experiment can lead to high false-positive rates since the core
assumption of independence between the groups is violated. We provide a
detailed analysis of the problem in a simplified setting whose parameters are
informed by realistic scenarios. The setting we consider is a two-dimensional
(2D) random walk in a semiinfinite strip. It is rich enough to take a finite inven-
tory into account, but is at the same time simple enough to allow for a closed

Email:

matthias.meiners@math.uni-giessen.de form of the false-positive probability. We prove that high false-positive rates

can occur, and develop tools that are suitable to help design adequate tests in
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follow-up work. Our results also show that high false-negative rates may occur.
The proofs rely on a functional limit theorem for the 2D random walk in a

semiinfinite strip.
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1 | INTRODUCTION

The golden standard for testing product changes on e-commerce websites is large-scale hypothesis testing also known as
A/B-Testing.

When a given version of a website is modified, it is natural to ask whether or not the modified (new) version of the
website performs better than the old one. It is very common to use the following approach based on classic hypothesis
testing:

During a fixed time period, the so-called testing phase, whenever customers visit the website, they are displayed one
of the two versions of it, where the choice which one they get to see is random. For each version of the website the owner
thus collects a sample containing for each customer visiting that website relevant data such as whether or not they bought
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a good or how much money was spent by the customers, and so on. Then a statistical test (A/B test) is applied to evaluate
which version of the website performed better.

Typically, these tests rely on the assumption of independent samples. In the present article, we point out in a quan-
titative way that in the situation where there is a finite amount of a popular good the independence assumption is not
feasible and can often lead to wrong conclusions. The inventory is shared between variants and if a copy of an item is
sold it cannot be bought by users that enter the experiment later. This implies that users are not independent both inside
as well as between the variants. These dependencies could be avoided by randomly splitting on an item level instead of a
user level, but this would reduce the choice of the customer and is therefore not a realistic setup.

We think it is best to illustrate the dependence problem with a ranking example that we will use throughout the
article. We limit ourselves to only two distinct products (which each should be thought of as a variety of different products
grouped into one). Using realistic parameters we show that two different ranking algorithms which perform identical if
run independently show a significant difference almost 20% of the time when run in an industry standard A/B experiment.
We also show that if there is a difference in performance between the algorithms there are scenarios where the power of
a standard A/B test is close to 0.

Example 1 (Ranking experiment, take 1). We consider a ranking experiment with two types of goods, one rare good,
which is very attractive (good 2), and a second, less attractive good (good 1) available in practically unlimited quantities.
In applications, there may be more than two types of goods, but the less attractive ones are labeled as type-1 goods, while
the most attractive ones are labeled as type-2 goods. Suppose that in total there are 1000 goods of type 2 and 1 000 000
goods of type 1.

A website displays the available goods to each visitor. The goods are displayed in a certain order, which depends on
the ranking algorithm used. The owner of the website wants to compare two different algorithms. The default algorithm,
Algorithm 0, displays the goods such that the type-2 goods have a low ranking and appear late in the list. Thus, only a
fraction of the visitors gets to see them. The new algorithm, Algorithm 1, displays the goods such that the type-2 goods
have the highest ranking and appear first in the list. Every visitor seeing the goods ranked by Algorithm 1 will see both,
type-1 and type-2 goods (as long as they are available). The goal is to find out which of the two algorithms leads to a higher
overall conversion rate, that is, to a higher empirical probability to make a sale.

Suppose that during a test phase, n =4 000 000 customers visit the website. Whenever a customer visits the website, a
fair coin is tossed. If the coin shows heads, the products are displayed ranked according to Algorithm 1, if the coin shows
tails, the products are displayed ranked according to Algorithm 0.

We now make the following model assumptions. We assume that, independent of all other customers, each customer
has a chance of 20% of preferring good 1 over good 2 and an 80% chance of preferring good 2 over good 1. When the goods
are ranked according to Algorithm 0, the customer first sees type-1 goods. There is a 5% chance that the customer scrolls
down and spots a type-2 good (if still available). A customer who sees both goods and has a preference for good 2 will
buy good 2 with 10% chance and will not buy at all with 90% chance. A customer who either sees both goods and has a
preference for good 1 or sees only good 1 will buy good 1 with a 5% chance and will not make a buy at all with 95% chance.
For simplicity, we assume that each customer buys at most one good.

The data collected is a sample (x;,y1,11), ... , (Xu,Vn, i) Where n is the sample size, that is, the number of customers
visiting the website during a certain test period. Here, iy is either O or 1, depending on whether Algorithm O or 1 was used
to display the goods to the kth customer. Furthermore, x; =1 or x; =0 depending on whether good 1 was bought or not
and, analogously, y, =1 or y, =0 depending on whether good 2 was bought or not. Notice that by our assumption that
each customer buys at most one good, we have xi + yi € {0, 1}. Those (x, Yk, ix) With iy = 0 are assigned to sample 0 and
the others to sample 1. We write ng := >,,_,(1 — ix) and ny := Y,;_, ix for the corresponding sample sizes. The numbers
of sales in each group are ¢ = ZZ=1(xk +y)A —iy) and &7 = Zzzl(xk + yx)ix, the total number of sales is £ =7+ ¢.
The empirical probabilities for sales in samples 0 and 1 are

n n
1 7 1 )

poi=— Yty —i)=— and py = — ¥ 0+ =
0 k=1

2
no o 1

n

The website owner wants to find out whether Algorithm 1 performs better than Algorithm 0.

It is a common approach to test for the higher probability of a sale by assuming an independent sample and using
a G-test or the asymptotically equivalent two-sample chi-squared test. The hypothesis is that the conversion rates are
identical in both samples. For simplicity, in the article at hand, we shall always consider the chi-squared test. The test
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statistics for the latter is
e (Ci— 62y (i — ;= €2
ey R &1 (=02

The hypothesis is rejected if y2 > q;_, where @ € (0,1) is the significance level and ¢;_, is the (1 — «)-quantile of the
chi-squared distribution with one degree of freedom, see [ 1, chapter 17].

Throughout the article, we shall return repeatedly to Example 1 and discuss it in the light of our
findings.

We shall discuss a variant of this example later on showing that ignoring the dependencies might also lead to too high
false-negative rates, see Example 5 below.

2 | MODEL ASSUMPTIONS

We return to the general situation, in which a website offers two types of goods, good 1 and good 2. During a test phase,
in which a new website design is used in parallel, the website has n visitors. Suppose that the website has a practically
unlimited supply of items of good 1, while there are only ¢, € {1,2,3, ... } =: N items of good 2. Typically, n will be
very large and c, will also be large, but significantly smaller than n. Whenever a user visits the website, a coin with suc-
cess probability p is tossed. If the coin shows heads, the new website design is displayed, whereas if the coin shows tails,
the old design is displayed. We thus observe a sample ((x1,¥1,11), --- » Xn,Vn,in)) € (NS X {0,1})" where Ny :=NuU {0}.
Here, x; and y, are the numbers of goods of type 1 and 2, respectively, that have been bought by the kth visitor of
the website during the test phase, while iy =1 if the new design has been displayed to the kth visitor, and i, =0, oth-
erwise. We consider ((x1,y1,i1), ... , (X1, Vn,in)) as the realization of a random vector (X1, Y1,11), ... ,(X,, Yy, I,)). We
define Z := 1 x +v,>0) to be the indicator of the event that the kth customer bought something. Furthermore, we set
T = (S, tr): = (1, y1) + - - - + (xk, Yi) and Ry: =(Sg, Tx): = (X1, Y1)+ - - + (X, Yi) for k=0, ... ,n where the empty sum is
defined to be the zero vector.

2.1 | The classical model assuming independence

Many website owners in e-commerce use the G-test or the chi-squared test in the given situation. This test
only uses the information whether or not a good was purchased, that is, the only information from the sam-
ple (X1,Y1,5), ... ,(Xn, Yy, ) used by the test is (Z1,11), ... ,(Zy,I,). This amounts to the following model
assumptions.

(1) There is a sequence (I1, 15, ... ) of i.i.d. copies of a Bernoulli variable I with P(I = 1) = p=1-P({ = 0) € (0,1).
(x2) There are a random variable ¢ and py, p; € (0, 1) such that

P(Zx € -\l =) =P(¢ € -|I = i) = Ber(pi)(-) = pi61(-) + (1 — pi)do(-)

forallk e Nandi=0,1,
(x3) The family ((Ix, Zi))eN is independent.

Here, and throughout the article, for x € R4, we write &, for the Dirac measure with a point at x. Assumptions (y1) to
(x3) possess the following interpretations.

(x1): The random variable I models the coin toss that is used to decide whether the new or the old website design is
displayed to the kth visitor of the website during the test phase.

(x2): The random variable Zj is the indicator of the event that the kth visitor bought something.

(x3): The independence assumption in the context of the low inventory problem is made for simplicity. We question
the feasibility of this assumption in the present article.
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2.2 | A model incorporating low inventory of a popular good

We propose a simple model in which we keep track of the inventory of a rare good. Throughout the article, we shall refer
to this model as the “model incorporating low inventory.” By ¢, € N we denote the quantity at which the rare good is
available. The most important case we consider is where c, is asymptotically equivalent to a constant times \/ﬁ However,
as we need this assumption only occasionally, throughout the article, we only assume that (c,),cn is @ nondecreasing
unbounded sequence of integers which is regularly varying with index p € (0, 1] at infinity!, that is,

C
lim - =

n—oo Cn

t*, t>0 €))

and further ¢, = O(n) as n — oo, which is relevant only if p = 1. Notice that the case ¢, ~ const - 1/n is covered. Indeed, in
this case, we have p = %

In the next step, we informally describe the evolution of the process (Riken,- Let Cp 1= No % ([0, c,] N Np), C;, :=
No % ([0, ¢c,) N Np) and 9C,, := Cy, ~ C; = N X {c,}. At each step, a coin with success probability p is tossed. Depending on
whether the coin shows heads or tails, the walk attempts to make one step according to a probability distribution u; or
Ho, respectively, on N(Z). The step is actually performed if the walk stays in the strip C,,. Otherwise, another independent
coin with success probability q is tossed. If the second coin shows heads, the walk moves in each coordinate direction
according to the attempted step as far as possible but stops at the boundary of C,,. If the second coin shows tails, the walk
stays put. Once the walk is on the boundary of C,, it moves there according to a one-dimensional (1D) random walk in
horizontal direction.

The underlying model assumptions are the following.

(A1) There are two sequences (I, 15, ... ) and (J1,J,, ...) of i.i.d. copies of Bernoulli variables I and J, respectively, with
Pl=1)=p=1-PI=0)e(0,1)andPU=1)=q=1-PJ =0) €[0,1].

(A2) There are a sequence (&1, 71), (&2, 12), ... of i.i.d. copies of a random variable (&, ) and two probability measures gy,
w1 on NZ satisfying u;({(a, b)}) > 0 for all (a,b) €{0,1}* and i =0, 1 such that

P&k mo) € -l =1 =P(&,n) € I =) = (")

forallk € Nand i=0,1. We set up(-) :=pu1(-) + (1 = p)uo(-) = P((&,n) € -).
(A3) There are a probability measure v on Ny and i.i.d. copies 6, 65, ... of a random variable 8 with P(0 € -) = v(-).
(A4) The sequences (Iy)ieN> Ti)reNs (€ i)ken and (Ox)ieN are independent; all random variables have finite second
moments.
(A5) Letk € N.If Ry = (Sk-1, Tk-1) € Cy, then

Ri—1 + (&, i) if Tioq +me < cp,
Ri = Sk, (Tie—1 + m) Acp) if Ty_y+mc>c, and Ji =1,
Ri: if Ty +ne > ¢, and J = 0.

On the other hand, if R, _; € 9C,,, then Ty _1 =c,. In this case,
Ry = Ry—1 + (0k, 0).
Finally, define (X, Yi): =Ry — Rg_1.
The interpretations of these assumptions are the following.
(Al): The random variable I} models the coin toss that is used to decide whether the new or the old website design is
displayed to the kth visitor of the website during the test phase. The random variable J; models the preference of the kth

visitor. If Jy = 1, then the user must buy. Users with J; = 0 only buy when they get exactly what they want in the first place.

1See Reference 2 for a standard textbook reference
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(A2): The random variable (&, nx) can be interpreted as the vector of goods that the kth visitor would buy when visiting
the (displayed version of the) website if there was enough supply of these goods.

(A3): The random variable 6, can be interpreted as the amount of type-1 goods that the kth visitor would buy when
visiting the website and finding only goods of type 1 left.

(A4): This is an independence assumption which is made to keep the model as simple as possible.

(A5): The random variable (X, Yx) models what is actually bought by the kth user. This depends on the needs of the
user, &, ni and 6Oy, the remaining amount of the rare good 2 given by ¢, — Tk _1, and the user’s preference Ji. If there are
enough goods available to meet the needs of the kth user, then the user will buy exactly the needed amounts, namely, & of
good 1 and #; of good 2. If good 2 is not available at a sufficient quantity, then the user will either buy as much as possible
of each of the goods if J, = 1 or nothing at all if J, = 0. If there is nothing left of good 2, the user will buy 6y of good 1.2

Notice that in both models, P depends on p, which is not explicit in the notation. While in large parts of the article, p
is fixed, in some places, however, it is important to make the dependence of [P on p explicit. In these places, we write P,.
Often, this will be Py or IP;, which correspond to the situations where only one version of the website is used.

Let us introduce some notation for various characteristics of the above variables which we shall use throughout the
article.

« Wesetmy := (m5, m!) :=E[& |l =0],m, :=(m,m!) :=E[&n|I =1]andm := (mf,m") := E[(&,n)] = pm; +
(1 — pymy. Notice that m¢ and m” depend on p even though this is not explicit in the notation.

« The covariance matrices of the probability measures y;, i=0, 1 are denoted by C;, i =0, 1, respectively. The covariance
matrix of the probability measure y, is then

o2 p
C=pcl+(1—p)co=<§ §§>~

Pen Oy

« We denote by m’ = E[#] and a; = Var[60], the mean and the variance of the probability measure v.
« Finally, we set p; := 1;({(0,0)°}) =P(é +#5 > 0| =i) for i=0,1 and py :=P(@ > 0). The p;, i=0,1 and py are the
theoretical conversion rates.

Example 2 (Ranking experiment, take 2). We return to Example 1 and briefly explain how this example fits into the
framework of the above model. The number of visitors during the test phase is n=4-10°. The quantity of the attractive
good 2 is ¢, = 1000 = % . \/ﬁ Website visitors view each version of the website with equal probability, so Iy, I,, ... have

success probability p = %
Furthermore, as can be readily seen from Figure 1,

9% 1 19 9 948 4 48

Sa0) + — + + = 80.0) + o) +
#o = 75p 59000 + 55000) 100(10 o+ 75000) = 7555900 + 555000 + 7505

5(1’0) .

Analogously, from Figure 2, we deduce

9 91

1
— 610
10%09) = 155 (1,0)

+
5o Sa.0 100

= + =(=b01) + —
=30 6(0,0) 5( 0.1)

5(0 0) + 5(0,1) +

20 100

Moreover, the law of 6 is given by ;—36(0,0) + %5(1‘0). The variables Jy are irrelevant in the given situation as step sizes here
are at most one, hence there will never be the situation where a visitor attempts to buy more of the popular good than
what is left. We conclude that the theoretical conversion rates are given by

oy 9 -5
Do = po({(0,0)}°) = m p1 = u1({(0,0)}°) = 100" and py = 100°

2Notice that according to our model, the two versions of the website have an identical effect on the user once the popular good is sold out. This is a
simplifying assumption which excludes situations where, for instance, the effect of a new banner on the website is investigated. These situations can
sometimes be analyzed via classical tests. In any case, we point out that our proofs could be easily modified to deal with the situation where the law of
0, depends on the value of I}, but then the results become even more cumbersome.
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FIGURE 1 Ranking
experiment: Algorithm 0O

Algorithm 0

sees only
type 1

prefers
type 1

FIGURE 2 Ranking experiment: Algorithm 1 Algorithm 1

sees
types 1&2

prefers prefers
type 1 type 2

We shall see thatifc, = c\/ﬁ, then the chi-squared test will reject the hypothesis with probability tending to 1 as ¢ becomes
large. On the other hand, we shall demonstrate that Algorithm 2 does not perform better given the model assumptions
(A1) to (A5).

3 | TESTING FOR THE HIGHER CONVERSION RATE

We address the question which algorithm, when used alone, leads to the higher conversion rate, where the con-
version rate is the total number of sales divided by the total number of visitors. More formally, for i=0,1, we
define

n n
N9 := Z]luk=i} and LY := Z]l{zk>o, I=i}» @)
k=1 k=1

which model the number of visitors of website version i and the number of those visitors who make a purchase. We set
L, := L;O) + LS), which is the total number of purchases, and notice that N,(f)) + Nfll) = n, see also Table 1. Then

— 3)

is the empirical conversion rate in group i. We stipulate that Cﬁf) :=0o0n {N,(f) =0}.
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TABLE 1 Conti tabl
Purchase No purchase Y ontingency table
Group 0 Lglo) Nfl0> _ L(nO) Nle)
Group 1 Lgll) Nr(11> _ LE,D Nle)
Z Ln n-— Ln n

If one chooses p € {0, 1}, then C,(qp ) under IP, is the empirical conversion rate when only website i = p is used. In view of
this, version 1 of the website is better than version 0 if C{" under PP, is “larger” than C'’ under P,. Here, the term “larger”
is not specified a priori, so we need to clarify what we mean by this.

3.1 | The chi-squared test statistics in the classical model

In the classical model, that is, ifassumptions (y 1), (¥2), and (y3) are in force, Z,, Z,, ... arei.i.d. with expectation E[Z;] =
P(Z, = 1) = pp1 + (1 — p)po. Hence, by the strong law of large numbers, for p €{0, 1},

. .1
¢® :=1imC? = lim =LY =P +7>0)=pp1 + 1 —p)po a.s.

n—oo n—-oon

(1)
n

Consequently, testing whether C,” under P; is “different” from CEZO) under PP can be formulated as follows:

H() . P1=DPo VS H1 D1 ;ép()

More interest, in fact, would be in the corresponding one-sided test problem. Hence, in this case, it is a classical test
problem and widely used tests for this problem are the chi-squared test, the G-test, and Fisher’s exact test. To keep the
article short, we shall always restrict attention to the chi-squared test. For the reader’s convenience, we recall some facts
about this test. The test statistics for the chi-squared test is

. 0\ 2 . . 0\ 2
LY -, N NP — LY — (n— Ly
2 . n n
A=) ———+ > — : (4)
i=0,1 L= i=0,1 (n—Lp)=

If (¥1) to (3) are in force, as n — oo, the distribution of y2 approaches a chi-squared distribution with 1 degree of
freedom [ 1, chapter 17]. Write q;—, for the 1 — a quantile of the chi-squared distribution with 1 degree of freedom. Then,
with significance level of @, the hypothesis is rejected if 2 > q;_,.

3.2 | Thelimiting law of the chi-squared test statistics in the model incorporating low
inventory

Now suppose that there is a rare but popular good, that is, suppose that the model assumptions (A1) to (A5) hold. One
goal of this article is to point out in a quantitative way that when (A1) to (A5) instead of (y1) to (x3) are in force, then the
chi-squared test may produce too many false positives. In other words, it may fail to hold the specified significance level.
This is because the distribution of y? under the null hypothesis is different when (A1) to (A5) rather than (1) to (y3)
are in force. The detailed statement is given in the following theorem.

Theorem 1. Suppose that (A1) to (A5) and (1) are in force. Assume additionally that

dy 1= lim <= € [0, o). (5)

n—oo
n
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Product 1

(A) Simulation of sales for Algorithms 0 and 1
run on separate inventories. Both algorithms sell
all 1000 attractive goods. Algorithm 0 addition-
ally sells 199528 goods of type 1, Algorithm 1
sells 199325. The differences between the two
algorithms are within the fluctuations one ex-
pects. Surely, this simulation does not give rise
to the conclusion that Algorithm 1 outperforms
Algorithm 0. However, Algorithm 1 sells the at-
tractive goods earlier.

Product 1

(B) Simulation of sales for Algorithms 0 and 1
run on shared inventory. Algorithm 0 sells 99 224
items of good 1 and 43 items of good 2, while
Algorithm 1 sells 99 229 items of product 1 and
the remaining 957 items of product 2. The huge
difference in sales of the attractive good leads
to a rejection of the null hypothesis (of both
algorithms performing equally well) by the chi-
squared test, the p-value in this simulation is
0.0369... < 0.05.
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FIGURE 3 Simulation of sales in Example 1 on separate and shared inventory [Colour figure can be viewed at wileyonlinelibrary.com]

DENNIS BOHLE, ALEXANDER MARYNYCH, AND MATTHIAS MEINERS

Cn

FIGURE 4 The two-dimensional random walk in a semiinfinite strip. The kth step is drawn in red if I =1 and it is drawn in blue,
otherwise. The walk moves in the strip until it hits the upper boundary and continues on the boundary as a one-dimensional random walk.
Here, we use the particular model from Example 1. Notice that the majority of steps have length zero and are not displayed [Colour figure can
be viewed at wileyonlinelibrary.com]

Then the chi-squared statistics defined by (4) satisfies

2
R (N_ deo(Po — pVP( —p)) S n o

(6)
m4/pe(1 — po)

where N is a standard normal random variable.
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FIGURE 5 False-positive probability as a function of d,, with all other parameters

0.8 fixed as in (7)

0.6
0.4

0.2

0.25 0.5 0.75 1 1.25 1.5 1.75 2

Hence, if one applies the chi-squared test with significance level a« € (0, 1) in the given situation, the test rejects the
hypothesis with (asymptotic) probability

. ( - GesPo —POYVPA - p)
m’4/pe(1 — po)

In fact, the probability on the left-hand side tends to 1 as d,, — o0. We specialize to the situation of Example 1.

2
) >qi-a | > P(NZ > (1q) = .

Example 3 (Ranking experiment, take 3). Recall the situation of Example 1. Then, see also Example 2, we have

_1 _ 1 _ 52 _9 i = 2 and  d. =1
P=3  Pi=355  P=15000 P17 1000 ~ 1000 ©
Consequently,
1 —38 1
de(po — p1)\/p(1 — S V19-5
Po—POVPA—P) _ 3 0 2 _ = —1.037833 ... (7)

m\/pe(1 — pg) 42 19 21

1000 'V 400

Hence, in the given situation, the chi-squared test rejects the hypothesis with (asymptotic) probability
P((N +1.037833)% > gos¢,) = 0.1795898 ... > 0.05.

This becomes worse as d,, becomes larger, see Figure 5 below.

At first glance, this may occur to be no problem as p; > py, so one is tempted to guess that algorithm 1 performs better
than algorithm 0 and what we see above is just the power of the test, which becomes better as d., becomes large. However,
we shall argue in Example 4 below that the two algorithms perform equally well when used separately.

Next, we show that in the general situation, assuming that (A1) to (A5) hold and that % — 0, we show that on the
linear scale, the asymptotic empirical conversion rates of the two versions of the website, when used separately, are
identical.

Theorem 2. Suppose that (A1) to (A5) hold and that ¢, :=1im,_, %” = 0. Then, for p €{0, 1},

imCY =py Ppras. (8)
Proof. The result is a consequence of Theorem 3 below. n

Hence, in the relevant regime (%” — 0) the first-order of growth of Cif’) depends only on what happens after the popular
good is sold out. According to our model assumptions, the two versions of the website have identical performance once
the popular good is sold out. This implies that on the linear scale, there is no difference between the two versions of the
website. Hence, we need to make a comparison on a finer scale.
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3.3 | Ajointlimit theorem for the group sizes and numbers of purchases in each group

As y*isa function of (N, N, L', L"), a limit theorem for 2 follows from one for the above vector via the continuous
mapping theorem [ 3, theorem 2.7]. We begin with a strong law of large numbers for the variables L(nm and L;D (the
corresponding result for N'” and N'" is classical).

Theorem 3. Suppose that (A1) to (A5) are in force and that the limit

e 1= 1im < € [0, )

n—oo N

. 3 1
exists’. If ¢, € [0, %), then

1 1 1 1
ZLEO) = (1=P)Po + Coo(1 = P)—(po —py)  and ZLS) = PPo+ oD (1 = Py) a5,

In particular, in the most relevant case c,, =0,

1

1
ELLO) - (1-ppy and ZL;D — pps a.S.

1
If o > = then

lL;O) - (1-ppo and lLS) — pp1 as.
n n

We continue with the asymptotic law of the vector (N,(lo), N,(ll), L;O), Lﬁll)), suitably shifted and scaled in the most relevant
scenario where ¢, is of the order \/ﬁ

Theorem 4. Suppose that (A1) to (A5) are in force and suppose in addition to (1) that the limit

do, = 1lim = € [0, o)

n— oo
n

exists, we have, as n — oo,

N,” —(-pn N,” —pn L —n(l—p)ps L, —nppo
Y
d 1 1
g doo <09 09 (1 _p)%(po _p9)sp%(pl _p9)> + (Gls _Gls G29 G3) (9)

where (G1, G, G3) is a centered Gaussian vector with covariance matrix

p(1—p) p(1 —p)pe —p(1 = p)pe
Vi=|p(l-pps pe(1-p)X1-pel—=p)) -p(-pp; |- (10)
—p(1 = p)ps -p(1 - p)p; ppo(1 — ppy)

Notice that the theorem contains a limit theorem for the pure conversion rates C\’ and C' by choosing p=0 and
projecting on the third coordinate or by choosing p =1 and projecting on the fourth component, respectively. This gives,

3In the applications we have in mind, c,, =0 because the quantity of good 2 should be much smaller than the total number of observations. But from a
theoretical perspective positive values of c,, are also interesting because of the occurrence of different asymptotic regimes. Let us also stress that c,, >0
necessitates p = 1, where the definition of p may be recalled from (1).
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with M (u, 6?) denoting a normal random variable with mean y and variance o2,

L - a -
o T S NG ,,pg,pe(l —pe)) under Py (11)
n mo
and
L, —npy 4 P1 =D
———— = N(do———,ps(1 —pg)) under P, (12)
n m1

where m" = pm] + (1 — pymg with p=0 and p=1, respectively, has been used. Hence, if the two expectations in
(11) and (12) coincide, then the performances of the two websites coincide asymptotically both on the linear
scale as well as on the level of fluctuations. The subsequent example demonstrates that this can be the case even
if po # p1.

Example 4 (Ranking experiment, take 4). Recall the situation of Example 1 and the calculations of Example 3:

T L T S H S e
Pe=25 P 10000 P17 1000 °~ 7000’ 17 700° © =9
Consequently,
2 A
DPo—Po 1000 _ 1 _ 100 _ P1—Ps
m!l 420 8y
0 1000 100 1

This means that the two limits in (11) and (12) coincide in the given example even though p; > po.
From Theorem 4, we may immediately deduce a limit theorem for y?2, which is a preliminary version of Theorem 1.

Corollary 1. Suppose that (A1) to (A5) and (1) are in force and that the limit

do, = 1lim = € [0, o)

n— oo
n

exists, we have the following limit theorem for the chi-squared statistics defined by (4)

e i (dy + G2 — poG1 — (1 — p)(d> + d3 + G2 + G3))*
(1 = pe)pe(1 — p)
+ (d3 + G3 + poGy1 — p(ds + d3 + G, + G3))?

(1 — pe)pop

as n — oo

where (0,0,d,,ds) denotes the expectation of the right-hand side in (9) and (G1, Gy, G3) is the Gaussian vector from
Theorem 4.

We close this section with another example (see Figure 6) showing that ignoring the dependencies might also lead to
a high false-negative rate.

Example 5 (Ranking experiment with picky customers). We consider a variant of Example 1 in which there are picky
customers that will only buy the rare good. This time, we use the former Algorithm 1 from above as the default algorithm
displaying the rare goods first. The former Algorithm O strategically keeps the rare inventory for later arrival of picky
customers by ranking the rare good low. In an experiment with shared inventory, Algorithm 1 sells off the rare good
greedily, and the value of Algorithm 0’s strategy will not be properly assessed in the model ignoring dependencies. We
make this precise in the following.

Again suppose that during a test phase, n =4 000 000 customers visit the website. Again, there are c,, = 1000 rare goods
while good 1 is available at sufficient quantities. The algorithms work as in Example 1, but there is a difference in the
behavior of the customers. We assume that, independent of all other customers, each customer has a 1% chance of being
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FIGURE 6 Ranking experiment: Picky customer behavior when good 2 is [Picky — tomer]

still available

sees
types 1&2

buys
type 2

picky. If not picky, the customer behaves like the customers of Example 1. A picky customer, however, will search as long
as required to check whether there is something of the rare good left. If the rare good is still available, the picky customer
buys one unit with 50% chance. Otherwise, the customer leaves the website. The overviews given in Figure 2 still apply
to regular customers, for picky customers and when good 2 is still available, there is a simplified decision tree:

A calculation of the relevant model parameters in this example based on the corresponding parameter values from
Example 3 gives p = % andd, = % as before and

9 1 9 52 1

99 9 1
=TT pO =T + ' 100
100 20 100 1000 100

1 " 99 42 1
5, P1= — + = —

Do = . . 1’ m-=-—_—.— 4
100 100 100 2 100 1000 100

A
5
‘We shall now show that Algorithm 0 performs actually better than Algorithm 1. We have

.99 4

1 1 n 99 8 1 1
= and mj=— —+— -,
100 2 100 100 100 2

m! = —.
% 100 1000
Consequently,

Do — Do 349 223 D1 — Do
. == > = = doo .
my 896 = 842 m/

doo

In view of (11) and (12), Algorithm 0 does perform better than Algorithm 1. Now let us calculate the probability that
the chi-squared test rejects the hypothesis that Algorithm 0 and Algorithm 1 perform equally well. To this end, we first
calculate

de(P1 — po)\/P(1 = p)
mi\/pe(1 — py)

According to Theorem 1, the chi-squared test (with significance level 5%) rejects the hypothesis with probability
0.1536348 ... . However, it is a standard practice to say that Algorithm O is significantly better than Algorithm 1 only
when y? > q;_, and C;O) > Cﬁll) (with @ € (0,1) being the significance level). So, asymptotically, the power of the test is
limnqw]P’(C;O) > Cfll), 22 > q1-«). We shall now calculate this probability in the given situation with d,, =1/2 but also as a
function of d, to point out that the probability becomes arbitrarily small as d, becomes large. We begin by reformulating
the condition C” > C\V. Recall that C?” = LY /N® for i=0, 1. Hence,

=0.930852 ... .

c¥>cy iff LYNY -LPNY >0
n
2
g 2 Lo =npo/2 Ni'-n/2
Vnoo yn Voo Wno n Vn
Nflo) -n/2 N,(f) —-n/2 L;O) —npg/2 qul) —npy/2
—Peo + Do -

Vi Vi Vi Vi

. n n n n n
it (L - 2O - - @ - ZONY - 2+ T - Ny + 2@ - L) > 0

2 Lf}) —npg/2 . N,(lo) -n/2

> 0.
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2.5.102 FIGURE 7 Monte Carlo simulation of the power of the test as a
function of d,, with all other parameters fixed as above

0.2 0.4 0.6 0.8 1

By Theorem 4 and Slutsky’s theorem, the two terms in the penultimate line tend to O in probability as n — co. By
Theorem 4, the other summands converge in distribution so that in the limit, the above inequality becomes

Po — De P1— Do
—2pgG1+de——— + G, — d -G3>0,
Potn 2m" 2 2mn }
which can be simplified to
P1— Do
- ngGl + G, —Gs>dy CI

By Theorem 1, y? converges also in distribution. According to Corollary 1, we can express the condition y? > ¢q;_, in the
limit as n — oo in the form

(ds + G — pyGi — %(dz +ds + Gy + G3) + (ds + Gs + Gy — %(dz +ds + Gy + Gy))?

1
> 5(1 — Do)Poq1-« (13)

where (0,0, d,, d3) is the expectation vector in (9), that is, (0,0, d>, d3) = de (0, 0, ‘%, ‘%). Since the convergence

in Theorem 4 is jointly and since the law of (G1, G,, G3) on R is absolutely continuous with respect to Lebesgue measure,
the Portmanteau theorem implies that

HmP(y2 > q1_a. C¥ > V) = P ((3.12) holdsand — 2pyG + G, — Gs > dJ%) .
n—oco

In the given situation (with dy, = %), we have used a Monte Carlo simulation (with 2-10° iterations) to estimate the
power of the test resulting in an estimate of 0.001933 ... Furthermore, it is already immediate that the power tends to 0
as d,, tends to oo since p; > po. To get a better quantitative picture, we have performed Monte Carlo simulations for 200
equidistant values of d,, between 0 and 1, each with 2-10° iterations. The results of the Monte Carlo simulations are
displayed in Figure 7.

In particular, for every value d,, > 0, the estimate of the power of the test is strictly smaller than 0.025 = %

3.4 | Functional limit theorem for the model incorporating low inventory

We deduce Theorem 4 from a more general result, namely, a joint functional central limit theorem. To formulate it, we
need additional notation.

Henceforth, convergence in distribution of random elements in the Skorohod spaces D([0, o), R%) and D((0, o), R%)
of Ré-valued, right-continuous functions with existing left limits is with respect to the standard J;-topology and will be
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denoted by =. To distinguish between convergence in the above two spaces we adopt the following convention. The
convergence is in D([0, o), RY) if the processes are written with subscript (-);» o, whilst if the subscript is (-);> 0, the
convergence is in D((0, c0), RY).

Let (B(8))r>0 = (By(t), ... ,B7(1))>0 be a centered seven-dimensional (7D) Brownian motion with covariance
matrix
Po(1 =p)(1 =po(1=p)) —pop1p(1—p) —po(1—p)p (1 — p)(mg — m°po)
—pop1p(1 - p) ppiA—pp1)  ppi1—p)  p(m; —pime)
—po(1 - p)p ppi(1—p) p(1-p) p(m’ — m?)
V=| (A-pmy—mip)  p(m;—pme) pm;—m) o2
(1-p)mg—m'py)  p(m]—pim") p(m]—m") Pen
Ppo(1 = p)ppe —p1ip(1 —p)ps  —p(—p)pe (1 — p)pe(m;, — mF)
—pop(1 — p)py ppi(1—=p)pg  p(1 —p)po ppo(m; — mf)
(1 - p)(mg — m"py) Po(1 = p)ppe —pop(1 = p)py
p(m| — pym") —p1p(1 — p)pe pp1(1 = p)py
p(m] —m") —p(1 —p)py p(1—p)pe
Pen (1= p)pe(ms —mé)  ppy(mi —mé) |, 14
oy (1 = p)pe(my —m")  ppe(m] —m")
(1= p)pe(mg —m")  py(1 —p)(1 —pe(1 —p)) —p(1—p)p;
ppe(m]] — m") -p(1 - p)p; ppo(1 — ppo)

that is, B(t) = V2B (), t>0 where B'(¢) is a 7D Brownian motion with independent components each being a 1D
standard Brownian motion, and V¥/2 is the square root of the positive semidefinite matrix V.

Theorem 5. Suppose that (A1) to (A5) and (1) are in force and that the limit

e = lim & € [0, 0) (15)

n—-oo N
exists. If ¢ € [0, %), then, as n — o,
0 1 0
N[n)tj —(1-pnt N[n)tj — pnt L([n)tJ -1 —p)#(po — po)ein) — nt(1 — p)py
Vi 7
L([ln)tj _pﬁ(Pl — Po)Clnt| — NIPPo
Vn

= <_B3(t),33(t),c§° (B (=) + @ = p)po = po)om"):Bs(t) = Bs (- ) ) + Be(0),

s bl

>0
t
m
3 t _ 2 _ (L))
ci (B2 () + ppo = pon B0 = B1 (L5) ) + B10)) (16)
On the other hand, if c,, > % then, as n — oo,

N(L(:” -1 -p)nt N&)tj — pnt L(SZIJ — (1 = p)pont L([ln)tJ — ppint
n n n n
\/— \/_ \/_ \/— .

= (=Bs(1), B5(1), B(t), B2(1))>0- an

) s
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4 | PROOFS

In the model, there are two natural breaks, namely, first the process evolves in the positive quadrant like an unrestricted
two-dimensional random walk until the second coordinate of the walk for the first time attempts to step to or beyond the
level c,. This time we call 7;(n). Then there is a number of attempts to reach that border until this is eventually achieved
at a time we call 7,(n). From that time on, the walk keeps the second coordinate fixed at c, and evolves horizontally as a
1D walk. Crucial both for the proof of the strong law of large numbers, Theorem 3, and the joint functional limit theorem,
Theorem 5, is a sufficient understanding of these times, 7;(n) and z,(n).

4.1 | Stopping time analysis and the strong law of large numbers

Formally, the two natural stopping times associated with the stochastic process (Ry)ien, are defined as follows:

o 71(n) :=inf {k € N : Ty_1 + nx > c,}, the first attempt to reach the half-plane Ny X [c,, ), and

o« 1p(n) :=inf{k € N : Ty = c,}, the first entrance to the horizontal line Ny X {c,}.

We stipulate that 7;(0) = 7,(0) = 0. To simplify notation later on, we set 7;j(t) := 7;(|¢]) for t >0 and j=1, 2. The above
quantities are stopping times with respect to the natural filtration of (Ry)yen, - By the strong law of large numbers, we have

Tl(n)_,i=i as n— oo a.s. (18)
Cn E[”I] mn

Note that 7;(n) < 7,(n) and
{r1(n) = (M)} = {Tr, ;-1 + Mr,;) = Cn} U { T, -1 + e, > Cno I,y = 1.

We start by proving that 7;(n) and 7,(n) are uniformly close on the \/a-scale.

Lemma 1. For arbitrary T >0 we have

|2(nt) — i (ny)| P
sup ———————=— >0 as n— .
tel0, T \/cn

Proof. By the regular variation of (c,),cN it is enough to prove the claim for T = 1. We have the following bound

k
7(n) — 11(n) = inf {k >0: T‘rl(n) + ZYH(")‘*‘] = Cn}

J=1

k
< inf {k >0: Trl(n) + Z”f1(”)+j]l{]q(n)+j=1} > Cn} s (19)

j=1
and therefore

sup |z (nt) — i (nt)|
te[0,1]

k
<inf { k>0: inf | -1 > -T . 20
<1in { 2 zé‘[%,u;”ﬁ“"”“f Woyupe=1) = tes[:ll_lil](c[mj fl(m))} (20)
Furthermore, ¢y, — T, (m) < #:,(m) and thus

su c -T < max < max R
ze[rrl?,l]( |nt| rl(nt)) AS te[n*l,l]nTl(m) AS m=1,m,11(n)’1m
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WILEY——*
which in view of (20) yields
k
sup |rx(nt) —y(nt)] <inf < k>0: min an+j]l{] 1} > max 7y - (21)
t€[0,1] m=0,...,7; (l’l)j:1 m m=1,...,7,(n)

From (18) we conclude that for any a > % there exists a random ny € N such that for all n > n,, we have

sup (C[ntJ - Trl(nt)) <  max 7.

te[n=1,1] k=1, ...,lac,]
This further implies
k
sup |zp(nf) —ry(nt)] <inf ¢ k>0: min anﬂ-]l” > max g 22)
tefo.1] m=0, ... ’LaCan=1 " m=0, ...,|ac,]

if n > ny. Using the assumption E[5?] < oo it is not difficult to check that

P
c,” max m—0 as n-— . (23)
k=1, ...,lac,]

Define

n
So :=0 and S‘n=277k]l{Jk=1}’ neN
k=1

and note that by (22) and (23) it is enough to prove that for arbitrary £ > 0 there exist § > 0 such

P( min (SmHSﬁJ —Sw)26y/c)) > 1 as n— co. (24)

m=1,...,|ac,]

Fix £ > 0 and let us show that (24) holds for any & € (0, eES;) = (0, eqgm”). To this end, fix arbitrary such § and write

Lac,

P(mzlx’x}i_r}[am(smﬂe Vel — Sm) < 8v/ea) < W;P(Smﬂg Jal = Sm < 8v/en)
= laca P\, gy < 84/cn)-
For every A > 0 we have by Markov’s inequality
PG ) < 5v/en) = Ple™ v > ¢40vEn) < #Ven(Re b Lo,
It remains to note that e#%™’ (E[e"l”ﬂffﬂ)]) < 1for 6 € (0,eqm") and sufficiently small A > 0. The proof is complete. [
For the proof of Theorem 3 we also need a counterpart of the above lemma for convergence in the almost sure
sense.

Lemma 2. It holds that

lim o) —nm) _

n—oo Cl’l

0 a.s.

Proof. In view of (19) for every € > 0 it holds

J=1

Lec, ]
{r2(n) — 71(n) > |ecn]} C { 2 e, L7, =1} < Cn — Tq(n)}

= {Srl(n)+[gcnj - Srl(n) <Cp— T-rl(n)}- (25)
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By the classical strong law of large numbers for (Sk)keNo and in view of (18)

Se,(m+lec,] = Srm)

lim =eqm" >0 and lim 1 as
n— oo Cn n—oo  Cp
Therefore, with probability one, the event in (25) occurs only for finitely many n. .
Proof of Theorem 3. Note that for i =0, 1 we can write
n (r;(n)—1)An
LY = Zﬂ{xk+yk>o,1k=i} = 2 Lign>00=1)
k=1 k=1
7, (N)AR n
+ Z Tix+v>01=i) + Z 1g>0.1,=i)- (26)
k=7,(n) k=7,(n)+1

From this representation all the claims follow immediately from the classical strong law of large numbers and the fact

. 11(n . T(n 1
lim i )= lim 2 )= — as.,
n-o  Cp n—oo Cp mh

which is a consequence of (18) and Lemma 2.

4.2 | Proof of Theorem 5

Define X,, € D([0, ), R®) and Y,, € D([0, o), R?) via

[nt]
Xn(t) = Z(]l{fk+r/k>0,lk=0}, g +n>0.0,=1)> Iis Sk 1K)
l=1
[nt]
and Y,(0) = Z(]l{ak>0,1k:0}, 1io>01,=1))
k=1

for t > 0. The following proposition is the key ingredient in the proof of Theorem 5.

Proposition 1. If the assumptions of Theorem 5 hold, then, as n — o,

(Xna) — nt((1 = p)po, pp1, p, mE, M) Yu(t) — nt((1 = p)pg, pPo)

Vi I

where (B(t));> o is a centered Brownian motion with covariance matrix V as in (14).

> = (B(0)ez0,
£20

Proof. The convergence follows from Donsker’s invariance principle since (X,(t), Y,(¢)) is the sum of independent
identically distributed random vectors in R” with finite second moments. The increment vectors have expectation

E[(1g44>01,=0)> Lig4n>00=1}> ks Eks ks L9, >0.1,=0}> L {9,>0.5,=1})]
= (po(1 = p), p1p.p.m*, m", pg(1 — p), pop).

The explicit form of the covariance matrix now results from elementary, yet cumbersome calculations. For example, the
entry at the first row and fourth column of V can be calculated as follows:

CoV[L (¢ 4y, 500,20} &l = E[&L (¢, 1n, 501,20y ] — M*P(& + mi > 0, I = 0)
= E[&cL(g,50,,=0)] — m*(1 — p)po
= El&cL 1,201 = m*(1 = p)po
= (1 - p)(my — m°py).
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u
In what follows, we shall frequently use the following two facts (see the lemma on pl51 in 3 and [ 4,
theorem 3.1]):

Fact 1: the addition mapping + : D([0, o), R) X D([0, ), R) — D([0, o0)) defined by (f + g)(x) =f(x) + g(x), is continu-
ous with respect to the J;-topology at all points (f, g) such that both f and g are continuous;

Fact 2: the composition mapping o : D([0, o), R) X D([0, ), R) — D([0, c0)) defined by (f o g)(x) =f(g(x)) is continuous
with respect to the J;-topology at all points (f, g) such that both f and g are continuous and g is nondecreasing.

Proof of Theorem 5. From [ 5, corollary 7.3.1], (1) and Fact 2, we infer

1
71(nt) = —Cn|
(32 e

and, in view of Lemma 1, the same relation for z,(nt). By applying corollary 13.8.1 in 5 and again Lemma 1, we can further
extend the convergence in Proposition 1 to a joint convergence:

) = (=B5(t"))i>0, (27)
=0

s

<Xn<r> — nt(po(1 — p), ppu, p, mE,m") Yo(8) — nt((1 — p)pa, ppe)

v | Vi

T1(nt) = =l (L) = =Cl)
=, = = (B(1), —Bs(t"), =Bs(t*)):z0- (28)
(mn)>32\fe,  (m)325[en J
As in (26), for i=0, 1, we can write
|nt| (r;(nt)-1)A|nt]
o _ —
LleJ - Zﬂ{xk+yk>0vlk=i] - Z ]l{fk+’lk>0s1k=i}
k=1 k=1

T,(nt)A|nt] |nt]

+ Z Tix+v,>05=i) + Z 165010
k=7, (nt)A(|nt]+1) k=t,(nt)Ant]+1

The second summand above is bounded by z,(nt) — 7;(nt) + 1 and thus the supremum over ¢ in a compact interval
divided by \/a = O( \/ﬁ) converges to zero in probability by Lemma 1 as n — oo0. The behavior of the second and the third
summand strongly depends on whether lim,,_, % is smaller, larger or equal to #

Given0<a<bandi=1,2we put

AP = {zy(nt) < [nt] forall t € [a,b]} and BY™ :={n(nt) > |nt] +1 forall t € [a,b]}.

We first deal with the case ¢, € (0, #). In this case, we necessarily have p = 1. By Equation (27), Lemma 1 and the
uniform convergence theorem for regularly varying functions we obtain for i=1, 2 and arbitrary 0 <a <b

i(nt
M—L’P—)O as n — oo, (29)
t€la,b] Cn m'
and therefore
lim PA%* 0 A%02) = 1. (30)
Fori=1,2, put
o 7,(nH)—1 |nt]
all
Ly = Z g 4n>00,=1) + Z 1yg,>0.1,=i)- (31)
k=1 k=1,(nt)
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From what have proved above it is clear that it suffices to check (16) with L(Ll) nt] replaced by I:(Li,),t |»i=1,2. For typographical
reasons we shall write convergences of various components in separate formulas keeping in mind that they actually

converge jointly in view of (28). First,

Lt]-1 -1
,&C:IJ Lig+n>0.0,=0) — cntpo(1 — p) ZLC I g +n>00,=1) — Cnlpp1)
VEn VEn >0

= (B1(),B2(t))»0 as n — oo,

and therefore using Fact 2 (continuity of the composition mapping), the continuous mapping theorem and (29)

(-1 (-1 ¢
< ,?zil 1 n>00,=0) — T1(nDPo(1 — P) ZTI T g ns0.,21) —Tl(nt)Ppl))

<B1<rri'7) B2<n2”>>[>o as n — oo.

Second, using Fact 1 (continuity of addition) and convergence of the last components in (28) we deduce

>0

(nt)—1 (nt)—1
;1:1 1ig 1n>01,=0) — Po(1 — p) ~Clnt| ;1:1 Lign>00,=1) —PP1; CLntJ)

t>0
= (B () —poC1 = p0m 2850, B2 () — ppaon)Bs(0) a5 n = oo, (32)
>0
In the same vein,
;ift)_l Lio,>05,=0y — Po(1 —P)ﬁclntj Zﬁ”)_l To,>01,=1) —DPPo CLmJ)
c ’ C
\/_" \/_n t>0
t n)3/2 m\3/2
= (B (7 ) ~Po(L = PY')yEBs(D), By \ - ) = ppo(m)™"Bs() ) -~ as n— oo (33)
Replacing 4/c, in the denominators by 1/c,,n and summing everything up we get
L0 — (1= p)L (o~ po)ei) —nt@ = pps LY, = pL (1 = po)eyu —
|nt] b Po —Po)Clnt) — N DP)Po Lnt] pm'7 D1 — Po)Clnt| — NEPPp
\/E \/Z t>0

= (Vew (Bi (=) = ol = pXm")/2Bs(0) = Be (= ) + pa(1 = pYm")/*Bs(0)) + Bo(0),
Ve (B2 (=) = ppr(m2Bs(t) = By () + ppo(m)**Bs(1) ) + Ba(0)) (34)

as n — oo. It remains to note that (34) holds jointly with

t(:l)” —(1—-p)nt N(l) — pnt
, = (=Bs(1), B3(1))r20,

v v

t>0

and together this is (16).

CASE ¢, =0. In this case (30) still holds but there are significant simplifications. First of all note that in this case we
can have p <1 and thus in (29) #t must be replaced by #tﬂ. Furthermore, in (32) and (33) upon replacing +/c, in the
denominator by \/ﬁ the limit becomes identical zero and, thus we have the same convergence (34) but with ¢, =0 on the
right-hand side.
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WILEY
Finally, we deal with the case ¢y, > # In this case (29) implies
limP(By™' n By"") = 1.
n—-oo
Similar to (31), for i =1, 2, we now put
@ -
~ (i
L[mJ = Z]l{gk+nk>o,1k=i},
k=1
and note that now L(L?l | can be replaced by I:(Li,)l, | in (17). After this replacement (17) is just a part of (28). n

We now turn to the proof of Theorem 1. As a first step, we notice that Corollary 1 follows from Theorem 4 and the con-
tinuous mapping theorem. Theorem 4, in turn, follows immediately from Theorem 5. It thus remains to deduce Theorem 1
from Theorem 4.

Proof of Theorem 1. Our aim is to show how to calculate the distribution of the variable

2. (d2+ G2 — peGy — (1 = p)(d; + d3 + G> + G3))? 4 (d3 + G3 + peG1 — p(dz + d3 + G, + G3))?

00 *

(1 = ps)po(1 — p) (1 — pe)pop
_ (pdy — (1 = p)d; — peG1 + pG, — (1 — p)G3)? + (1 = p)ds — pdy + peG1 — pG, + (1 — p)G3)?
(1 - po)pe(1 —p) (1 — po)pop '

where G: =(Gj, G,, G;) is a centered Gaussian vector with covariance matrix V;. A simple calculation shows that

2 = P01 PG+ (1= p)Gs — (pdo — (4 - p)d3))*
” (1= po)pe(1 — p)p '

Note that pgG; — pG; + (1 — p)G; has a centered normal distribution with the variance

Var[pyGi — pG, + (1 — p)Gs] = p,Var[G] + p*Var[G,] + (1 — p)*Var[Gs] — 2ppsCov[G, G, ]
+ 2pp(1 — p)Cov[G1, G3] — 2p(1 — p)Cov[G,, G3]
= po(1 — pp)p(1 — p).

Thus, for N having the standard normal distribution, we see that

) <N __pd—(1-p)dy > _ <N _ de(Po—p)Vp( —p>>2
) N m1\/pa(L = po)

The proof is complete. m

5 | CONCLUSIONS

Starting from the observation that the standard for testing product changes on e-commerce websites is large-scale hypoth-
esis testing with statistical tests based on the assumption of independent samples such as the chi-squared test, we have
suggested a new model for the samples which incorporates shared inventories. This model introduces new dependencies.
Our main result is the calculation of the asymptotic law of the chi-squared test statistics under the new model assump-
tions in the critical regime where the number of items of a popular good is of the order of the square root of the sample
size. Website versions that greedily sell the popular good have an initial advantage in the number of sales of the order of
the square root of the sample size, which is the order of the overall random fluctuations, see also Figures 3 and 4. Thus,
the initial advantage has an impact on the probability of rejecting the hypothesis. We have demonstrated in examples
that this may lead to both, arbitrarily high false-positive as well as arbitrarily high false-negative rates. This questions the
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assumption implicit in the industry standard that dependencies are small enough to be ignored. Moreover, it suggests
that the present standard of A/B testing favors algorithms that are designed to be good in competition against others, but
not necessarily good when used on separate inventory.

Our work may be extended in the future in several directions. On the one hand, our results may be used to construct
tests for the model that keep the significance level. On the other hand, the model may be extended to incorporate more
features of real samples such as a priori information about website visitors, and so on.
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