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Abstract

Ferroelectrics garner a lot of attention due to their inherent properties which allow

for widespread usage, ranging from memory devices (utilizing ferroelectricity itself),

over actuators and frequency filters (utilizing piezoelectricity), to sensors or poten-

tial energy harvesting applications (utilizing either piezo- or pyroelectricity or photo-

electrical properties). In contemporary society, ferroelectrics are crucial for telecom-

munication technology and within ever-downscaled consumer electronics. Among

ferroelectrics, lithium niobate (LiNbO3) (LN) and its isomorphic counterpart lithium

tantalate (LiTaO3) (LT) feature a prominent role due to their large piezo- and pyro-

electric coefficients, as well as their high photoelasticity and non-linear optical prop-

erties. Crucially, both materials exhibit a Curie temperature amongst the highest for

all known ferroelectrics, motivating their usage at harsh temperature environments.

By combining both materials to lithium niobate tantalate (LiNb1-xTaxO3) (LNT) solid

solutions, their properties can be fine-tuned, allowing for a wider range of applica-

tions of the LN-LT material family.

In this work, LN, LT, and LNT are investigated using an ab initio theoretical framework

based on density functional theory (DFT).

The thermal properties of LN and LT are simulated by first determining the thermal

expansion coefficients within the quasi-harmonic approximation (QHA) for phonons.

The ferro- to paraelectric transition is examined by employing a fully anharmonic

phononic approach within the stochastic self-consistent harmonic approximation

(SSCHA). Further temperature-dependent material properties, such as the elastic-

and piezoelectric constants, are determined by a specifically trainedmachine-learned

force field, which is based on DFT training data.

The LNT solid solutions are modeled using special quasi-random structures (SQS).

Their structural, electronical, optical, and thermal properties are computed within

DFT and compared with respect to their niobium (Nb)/tantalum (Ta) composition.

For most of the extracted properties, deviations from Vegard’s law can be observed.

Raman and IR spectra are simulated and interpretedwith respect to the selection rules

of the end compounds LN and LT.

All results are carefully and extensively compared tomeasurements from experimen-

tal groups within the FOR5044 research unit, and the models used throughout this

work are critically discussed.



Zusammenfassung

Ferroelektrika erregen großes Interesse wegen ihrer physikalischen Eigenschaften,

welche ein breites Anwendungsspektrum finden: Von digitalen Speicher (unter Aus-

nutzung der Ferroelektrizität), über Aktuatoren oder Frequenzfilter (unter Ausnutz-

ungder Piezoelektrizität), bis hin zuSensorenoder EnergyHarvestingAnwendungen

(unter Ausnutzung von Piezo- oder Pyroelektrizität, oder Photoelektrischen Effek-

ten). In der modernen Gesellschaft spielen Ferroelektrika eine entscheidende Rolle

in Telekomunikationstechnologien oder in immer-kleiner werdender Haushaltselek-

tronik. Unter den Ferroelektrika nehmen Lithiumniobat (LN) und sein isomorphes

Gegenstück Lithiumtantalat (LT) einen besondere Platz wegen ihrer großen piezo-

und pyroelektrischen Koeffizienten, sowie ihrer hohen Photoelastizität und nicht-li-

nearen optischen Eigenschaften ein. Vor allem ihre im Vergleich zu anderen Fer-

roelektrika hohe Curie Temperatur motiviert zu Anwendungsgebieten unter erschw-

erten Temperaturbedingungen. Unter Kombination der beiden Materialen zu Lithi-

umniobat-TantalatMischkristallen (LNT) können dieMaterialeigenschaften optimiert

werden, um weitere Anwendungsgebiete zu erschließen.

In dieser Arbeit werden LN, LT und LNT innerhalb der ab initio Dichtefunktionalthe-

orie (DFT) untersucht.

Die thermischen Eigenschaften von LN und LT werden simuliert, indem zuerst die

thermale Ausdehnung innerhalb der quasi-harmonischen Näherung (QHA) für Pho-

nonen bestimmt wird. Der ferroelektrische Phasenübergang wird über die anhar-

monische Näherung für Phononen innerhalb der stochastischen, selbstkonsistenten

harmonischen Näherung (SSCHA) betrachtet. Weitere temperaturabhängige Ma-

terialeigenschaften wie beispielsweise die elastischen- oder piezoelektrischen Koef-

fizienten werden über ein eigens trainiertes, machine-learned Force-Field bestimmt,

welches auf DFT Daten beruht und eine exzellente Leistung zeigt.

Die LNT Mischkristalle werden über zuvor generierte special quasi-random struc-

tures modelliert. Ihre strukturellen-, elektronischen-, optischen-, und thermischen

Eigenschaften werden im Rahmen der DFT berechnet, und im Bezug auf ihre Nb/Ta

Zusammensetzung verglichen. Für die meisten Eigenschaften ergibt sich eine Ab-

weichung vomVegardVerhalten. Raman- und Infrarotspektrenwerden simuliert und

hinsichtlich der Auswahlregeln der Endkomponenten LN und LT diskutiert.

Alle Ergebnisse werden ausführlich und sorgfältig mit experimentellenDaten aus der

FOR5044 Forschungsgruppe verglichen, und die während dieser Arbeit verwenden-

ten Modelle werden kritisch evaluiert.
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1 Introduction

1.1 Objective

Modern technology increasingly relies upon advanced and high-performing materi-

als. Especially the need for small-scale, resilient, and energy efficient devices drives

scientific focus towards the development and improvement of highly functional ma-

terials. The class of ferroelectrics is of particular interest, for they cover a wide range

of peculiar and useful properties. Ferroelectricity is named analogously to ferromag-

netism: Whereas materials exhibiting ferromagnetism feature a permanent magnetic

moment, ferroelectrics instead feature a permanent electric dipolemoment, resulting

in a permanent polarization (the so called spontaneous polarization1). The direction

of this spontaneous polarization may be flipped by applying a counteracting electric

field of sufficient strength. Despite the rather late discovery of this material class in

1920 by Valasek [2], ferroelectrics have been extensively studied and utilized over

the last decades: Ferroelectric capacitors are used as data storage, e.g. in random-

accessmemory, since their spontaneous polarization direction (corresponding to one

binary state) can be switched by application of an external electric field [3,W3]. Pe-

riodically poled transducers could serve as high-frequency filters, as an alternative to

commonly used surface- or bulk acoustic wave resonators [4]. Further usage of fer-

roelectrics is enabled not only by their eponymous property, but instead relies upon

their multitude of different inherent effects:

All ferroelectric materials also show piezoelectric behavior: If a stress is applied to a

piezoelectric material, charges are shifted within the crystal. Thus, a mechanical in-

put can be converted to an electrical output. Similarily, all piezoelectric materials also

exhibit the reverse effect, the so-called inverse piezoelectric effect, which enables

to convert electrical signals to mechanical ones. Indeed, most piezoelectrics used

in applications today are also ferroelectric [5, 6]. Historically, the piezoelectric effect

was first utilized for acoustic applications, such as sonar, or the recording or playback

of sound. Today, the need for nano-scale speakers and microphones is even more

prominent in modern consumer devices, such as smartphones. Other applications

include piezoelectric actuators: Here, the relatively small deformations occuring in a

piezoelectric material due to an applied electrical field (or vice versa) allow for very

accuratemotions. Manyhigh-precision instruments, such as the atomic force or scan-

ning tunneling microscopes, rely on piezoelectric actuators [W5,W6].

All ferroelectric materials are also pyroelectric: This class of materials generates an

electric voltage upon heating or cooling. An obvious use case for such materials are

1Strictly speaking, this non-zero polarization at vanishing electric fields should be called remnant

polarization, in analogon to the hysteresis of magnetic materials. However, the remnant- and spon-

taneous polarization for ferroelectrics are almost identical, and the term spontaneous polarization has

asserted itself in literature.
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thermal sensors. Pyroelectricity will, however, not be focused in this work.

The applications for ferroelectrics mentioned above cover a wide range of different

operating temperatures. Whereas scanning tunneling microscopes are often utilized

in a near-zero Kelvin environment, many sensoring applications are employed at sev-

eral hundred Kelvin higher temperatures. Further, almost all of these applications

require explicit knowledge of the crystal properties at their respective operating tem-

peratures, such as e.g. the strength of the piezoelectric effect. Since almost all ma-

terial properties depend either directly on temperature, or indirectly via e.g. ther-

mally induced stresses, the knowledge of temperature-dependent behavior of ferro-

electrics is of utmost importance.

Even more prominently, all ferroelectrics undergo a phase transition towards a para-

electric phase at elevated temperatures. This paraelectric phase features an inversion

center in its underlying crystal structure, and the material thus loses all pyro- and fer-

roelectric properties2, potentially rendering the underlying device useless. Depend-

ing on thematerial, this ferroelectric phase transition does not occur instantaneously,

but instead the spontaneous polarization continuously vanishes with an increase in

temperature. Hence, a ferroelectric may behave different if operated near its transi-

tion temperature compared to low-temperature environments.

One of the most prominent ferroelectrics in use today is lithium niobate (LiNbO3)

(LN): Featuring unusually large piezoelectric, pyroelectric, photoelastic, and non-

linear optical properties [7] enables the usage of LN for a wide range of applica-

tions: The electro-optic effect of LN is prominently used in electro-optic modula-

tors [W4,W7], which are commonly used to convert electric signals to optical ones.

The piezoelectric properties of LN are for example used in surface acoustic wave de-

vices, such as in high-frequency filters, which are needed for 5G, or even emerging

potential 6G networks [8, 9]. In recent years, thin-film LN has become commercially

available on awafer scale, renewing the interest to use LN as a platform for integrated

photonic circuits, analogously to siliconwafers for electronic circuits [10–12]. A com-

prehensive and more detailed overview of the various applications of LN is given in

Ref. [13]. Notably, the Curie temperature (i.e. the temperature at which the transi-

tion from the ferro- to the paraelectric phase occurs) of LN of about 1400 K [14] is

significantly higher than for most other ferroelectrics [15], motivating its application

in extreme temperature regimes.

Despite theseoutstanding characteristics, LN is impractical to utilize at higher temper-

atures, since it tends to decompose [16]. The to LN isomorphic compound lithium

tantalate (LiTaO3) (LT) features instead a better thermal stability, but still cannot be

utilized in high-temperature environments due to its much lower Curie temperature

of around 874K [17]. Even though LN and LT are chemically similar, some of their

physical properties are not, which is best observed by the negative birefringence of

LN compared to a positive one in LT [W17].

Since the 1970s, the application of lithium niobate tantalate (LiNb1-xTaxO3) (LNT)

mixed crystals has been proposed to merge beneficial properties of the two mate-

rials [18]. These LNT alloys can be synthesized over the whole compositional range

2The material can also lose its piezoelectricity at its paraelectric phase [6].
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between LN and LT [19], as the lattice parameters of both materials, as well as the

atomic radii of (pentavalent) Nb and Ta are almost equivalent [W18]. By fine-tuning

the composition within a mixed crystal, new or enhanced properties may be discov-

ered which might enable usage in a wider range of applications. Despite the promis-

ing concept, research on the LNT mixed crystals remained sparse for decades.

In 2020, the dedicated research unit FOR5044 [W19] was founded to study LN, LT,

and LNT solid solutions. One of its main focuses lies in the determination of high-

temperature properties, including charge transportmechanisms, acoustic losses, and

the ferroelectric to paraelectric phase transition dynamics. Further research includes

the synthetization of high-quality crystals, their spectroscopic signatures, and their

domain (wall) properties. The measurements performed within the research unit are

complementedbynumericalmodels, which aim toprovide validation andexplanation

for the observed phenomena.

This numericalmodeling is carriedout ab initio, i.e. without empirical parameters, and

only fundamental concepts of physics are employed. These concepts cover a wide

range of modern physics, extending from mechanics to (semi-)classical electro- and

thermodynamics, while also utilizingmodern quantummechanics and computational

physics. The baseline for all calculations can be found in the quantum-mechanical de-

scription of the underlying electron ionmany-body problemwithin density functional

theory (DFT) [20, 21]. The parameter-free description in DFT enables an indepen-

dent comparison to the experiments, which is crucial for scientific validation. Fur-

ther, DFT provides accurate ground state properties, such as e.g. lattice constants,

bonding lengths, formation energies, etc., with amoderate numerical cost. Note that

depending on system size and required accuracy, such calculations still need to run

on high-end computers. In addition, the DFT results can be post-processed to ex-

tract e.g. optical properties, or expanded to more sophisticated approximations to

the many-body problem, such as, e.g., the GW approximation.

Temperature-related effects are incorporated on an atomistic scale: Within statisti-

cal physics, temperature itself is defined as the average energy of the ions within the

material. Hence, rather than the electronic states3, the ionic properties of the crys-

tal must be calculated. Through the Hellman-Feynman theorem, DFT also provides

access to the forces acting on the ions, and thus to the temperature-dependent prop-

erties of materials. The ionic motions are separated into their eigenmodes, the quan-

tized quasiparticles called phonons, which are then activated according to the Bose-

Einstein statistics to assess their impact at a fixed temperature. The calculation of ionic

oscillations bears an additional numerical cost on top of the DFT calculations, making

the simulation of temperature-related effects one of the computationally most de-

manding tasks in modern material physics. With the emergence of machine-learned

force fields, these numerical costs could be drastically reduced, while still maintain-

ing the ab initio character and the high accuracy of the forces trained upon DFT data.

Since the underlying training algorithms only recently became publicly available, the

quality and reproducibility of results is virtually unexplored. The numerical speedup

3If the electronic band gap is large compared to kBT , the electronic contributions to thermal ef-

fects can be neglected. For metals, the electronic properties have a larger influence on the thermody-

namics of the system.
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of a factor of around 103 compared to pureDFT calculations enables the investigation

of systems and properties that were previously unfeasible to model.

Another hurdle lies in the modeling of the LNT mixed crystals: The niobium (Nb)

and tantalum (Ta) ions are assumed to be randomly distributed throughout the whole

crystal. However, a truly random structure cannot be simulated, since all underlying

DFT calculations implicitly apply periodic boundary conditions4. Hence, additional

approximations have to bemade in order to accurately describe a randomalloy. Here,

special quasi-random structures (SQS) are employed, which have been proven to

reliably reproduce properties, and especially local site effects, within random alloys

[22–24].

This work aims to tackle two distinct topics, namely the temperature- and composi-

tion dependence of different ground- and excited state material properties. Within

the first topic, the temperature-dependence on the material properties such as the

lattice-, elastic-, and piezoelectric constants of LN and LT is investigated. These data

can be utilized to design, optimize, or enhance devices for usecases under extreme

temperature conditions. Within the second topic, the LNT solid solutions are investi-

gated with respect to their composition-dependent ground-state properties, such as

the lattice constants and electronic band gaps, which provides the basis for all future

research on the mixed crystals. Also, the Raman and infrared (IR) spectra as a func-

tion of the Nb/Ta composition are calculated, which provide a way to determine the

Nb/Ta-ratio within a given LNT sample non-destructively within experiments, which

again provides the ground work for further investigations.

1.2 The Structure of this Work

This work is separated into three chapters, that consecutively build on each other:

First, the methodology is outlined in Sec. 2, providing the basis for the following cal-

culations and results. Second, LN and LT are examined with respect to their different

behaviors under temperature changes, including the thermal expansion (Secs. 3.2

and 3.5.1), Curie temperature (Sec. 3.3), and elastic properties (Sec.3.5.2). The lat-

ter calculations are carried out by training and applying machine-learned force fields.

A closer look at the electronic properties and optical response of congruent LN in

chapter 3.6 yields additional insights concerning the effects of lithium (Li) diffusion at

elevated temperatures. Lastly, the LNT solid solutions are investigated, focussing on

their structural (Sec.4.2), electronic (Sec.4.4), and optical (Sec.4.5) properties over

the whole compositional range between LN and LT. The in Sec. 4.6 provided Raman

and IR spectra are used to fingerprint the underlying composition, while also yielding

phononic properties of the alloy system.

Previously authored or co-authored results that have already been published are in-

dexed with a leading ”P” in the citation labeling. The author’s full publication list is

provided in section C.2.

4The usage of periodic boundary conditions results from the plane wave ansatz applied through-

out this work, and is in principle not inherent to DFT.
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The concept that all matter consists of impartible particles was first proposed in an-

cient Greek [25]. At these times this idea was, however, motivated by philosoph-

ical considerations, and not a scientific concept. The first experimentally motivated

atomistic theorywas developed byDalton at the beginning of the 19th century [W1].

Since the early 20th century it is assumed that these atoms posess an inner struc-

ture, consisting of ions surrounded by electrons. The ions are small compared to the

atomic radius, and carry the same electric charge as all its surrounding electrons com-

bined. This idea was first proposed by Rutherford in 1911 [26], and later refined by

Bohr in 1913 [27]. Within a solid, the atoms bond together as their electronic charge

densities overlap. With the emergence of quantum mechanics, these models were

superseded by fully mathematical, abstract descriptions. Still, Bohr’s model serves as

a first step to formulate and interpret the quantum mechanical results.

2.1 Many-Body Hamiltonian

In order toquantum-mechanically describe theelectron-ion system, the solution (wave-

function) to Schrödinger’s equation needs to be calculated. Its corresponding Hamil-

tonian in Hartree units reads as:

Ĥ

Eh

=

Nk∑
k=1

(
− m

2Mk

∇2
R̃k

)
+

Ne∑
i=1

(
−1

2
∇2

r̃i

)

+

Nk∑
k,l=1
k<l

ZlZk

|R̃k − R̃l|
+

Ne∑
i,j=1
i<j

1

|̃ri − r̃j|
−

Nk∑
k=1

Ne∑
i=1

Zk

|R̃k − r̃i|
. (2.1)

The first and second summand formally denote the kinetic energies of the ions and

electrons, respectively, whereas the other terms describe the Coulomb interaction

between the ions, the electrons, and between the electrons and ions, in order of ap-

pereance. Here, the many-body system includes Nk ions and Ne electrons, at with

the Bohr-radius a0 scaled positions R̃ = R
a0

and r̃ = r
a0
, respectively.Mk denotes the

mass of the k-th ion, andZk its electric charge in units of the electronic charge e. The
mass of an electron is labeled asm. The Hartree energyEh is given as

Eh =
me4

16π2ε20h̄
2 , (2.2)

with the vacuum permittivity ε0 and the reduced Planck constant h̄.
Already for moderate quantities of a given material (e.g. one mole, i.e. ∼ 1023 parti-

cles), the eigenfunctions (wavefunctions) of this Hamilton operator are unattainable,
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due to the large number of particles involved. Thus, a number of approximations are

needed to simplify the description of this many-particle system.

2.1.1 Born-Oppenheimer Approximation

The many-body wavefunction Ψ can be decompositioned into an electronic part φ,
and an ionic part χ:

Ψ(R, r) = χ(R) · φ(R, r). (2.3)

Using this Ansatz, Eq.(2.1) can bewritten as two separate equations for the electrons

and ions:

Ĥeφa(R, r) = εa(R)φa(R, r)(
T̂K + εβ(R)e

)
χβ(R) +

∑
a

Aβa(R)χa(R) = Eχβ(R). (2.4)

The system of equations (2.4) is equivalent to Eq.(2.1): Ĥe describes the electrons

in a static background potential, given by the ions at their respective positions R,

whereas the second equation describes the full electron ion system, where the terms

T̂k and Aβa are the kinetic energy of the ions, and the electron-ion coupling coef-

ficients, respectively. Since the kinetic energy of the ions, i.e. the first summand of

Eq.(2.1), ismuch smaller compared to the kinetic energy of the electrons, i.e. the sec-

ond summand of Eq.(2.1), the electronic and ionic systems can be solved seperately

in good approximation by neglecting the coupling coefficients Aβa. This approach

is called adiabatic-, or Born-Oppenheimer approximation. In practice, only the elec-

tronic system is treated fully quantum-mechanically, and instead, the ionic system is

commonly solved using classical mechanics.

2.1.2 Bloch’s Theorem

Depending on how the ions are spatially aligned within a given solid, one can distin-

guish between three different types of arrangements:

• In crystalline solids, the ions are ordered throughout the whole crystal, i.e.

the solid posesses long-range order and translational symmetry.

• Aperiodic crystals exhibit no periodic ordering of atoms, but still possess

long-range order.

• If the ions are only ordered within a certain spatial region of the solid, i.e. ex-

hibit only short-range order, one refers to a polycrystalline solid.

• Amorphous solids are defined by possesing neither long-, nor short-range

order.
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2.2 Density Functional Theory

Only periodic, crystalline solids will be discussed in this work5. For periodic crystals,

it suffices to limit their mathematical description to the smallest possible unit of repiti-

tion, the primitive unit cell. Surface effects are completely neglected in this approach,

and periodic boundary conditions are assumed instead. This unit cell is spanned by

three lattice vectors. The corresponding unit cell in reciprocal space is called first Bril-

louin zone. Equation (2.4) can then be further simplified by exploiting the periodicity

of the ionic potential, leading to the Bloch-Ansatz for the electronic wave function φ:

φk(r) = eikr
1√
V0

∑
G

c(k+ G)eiGr︸ ︷︷ ︸
=uk(r)

. (2.5)

Here, k denotes a reciprocal vector, V0 the volume of the unit cell in real space, and

uk(r) the periodic part of the Bloch function. The function c(k) holds the periodicity
with respect to a reciprocal lattice vector G, such that

c(k+ G) = ei(k+G)·R = eik·ReiG·R = eik·R ei2πl︸︷︷︸
=1

= c(k), l ∈ N, (2.6)

with a lattice vector R. Hence, the reciprocal vector k is limited to the first Brillouin

zone6. In the thermodynamic limit, i.e. an infinite number of repeated unit cells,

the k-vectors form a continuous spectrum, leading to a band-like behaviour of the

electronic energies.

In practice, the infinite sum in Eq.(2.5) is truncated for large G-vectors by defining a

cutoff energy

1

2
|k+ G|2 < Ecut. (2.7)

2.2 Density Functional Theory

Evenwith these drastic simplifications of Eq. (2.1), handling the electronicwave func-

tion of a single unit cell is numerically challenging. The idea of the DFT is to in-

stead express the electronicHamiltonian as a functional of the electronic density: The

Hohenberg-Kohn theorems state that the mapping between a potential and its cor-

responding electronic ground state density is bijective. The many-body Hamiltonian

of the electrons (2.4) can thus be expressed as a functional of the electronic ground

5This ansatz only holds as a first approximation for solid solutions, whichwill be discussed in detail

in Sec. 4.1
6According to Noether’s Theorem, translational invariance implies momentum conservation.

Here, the ionic potential is invariant under discrete translations. Therefore, only the quasi-momentum

k is conserved (i.e. the momentum modulo a k within the first Brillouin zone)
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state density n(r):

E[n] = E[{φa}] = Ekin + Ek-e + Ee-estat. + EXC

=
Ne∑
a=1

∫
−h̄2

2m
φ∗
ka(r)∇2

rφka(r)dr+

∫
n(r)V (r)dr (2.8)

+
1

2

∫ ∫
e2n(r)n(r′)

4πε0|r− r′|
drdr′ + EXC[n(r)].

Here, the ionic backgroundpotential is labeled asV . The termEXC is calledexchange-

correlation energy, and incorporates all many body effects that are not explicitly cap-

tured by the pure Coulomb interactions, e.g. terms regarding the Pauli exchange and

screened Coulomb interactions. Several approximations of this energy term have

been proposed (e.g. Refs. [20, 28, 29]), since its exact form cannot be given analyti-

cally [28].

Using Lagrange multipliers to determine the minimum (ground state) energy ofE[n]
one arrives at the Kohn-Sham equations:− h̄2

2m
∇2

r + V (r) +

∫
n(r′)e2

4πε0|r− r′|
dr′ +

∂EXC[n]

∂n︸ ︷︷ ︸
:=Veff

−εa

φa(r) = 0. (2.9)

Formally, the particles described by φa are not electrons, since they do not interact

with each other, but instead move within the effective potential Veff. For most de-

scriptions, however, the Kohn-Sham particles are interpreted as electrons. Still, the

electronic charge density is a superposition of all Kohn-Sham wavefunctions:

n(r) =
Ne∑
a=1

|φa(r)|2. (2.10)

Consequently, theKohn-Shamequations (2.9) can be solved iteratively: Startingwith

an arbitrary charge distribution n(r), the Kohn-Sham equations can be set up and

solved toobtain the correspondingKohn-Shamwavefunctionsφa. Using thesewave-

functions, a new charge density can be constructed using Eq. (2.10) which is then

used to compile and solve the Kohn-Sham equations again. This cycle is stopped

when the chargedensity (or, inmost cases, theground state energy) convergeswithin

a given threshold.

Even though the DFT is mathematically only valid for the electronic ground state,

excited state properties can technically still be extracted. More sophisticated formu-

lations that explicitly describe excited electronic states are numerically much more

demanding, and thus, DFT is often the preferred choice.

2.2.1 Generalized-Gradient Approximation

Since the exchange-correlation energy EXC appearing in eq. (2.9) is not known an-

alytically, approximate desciptions need to be formulated. Within the generalized-

gradient approximation (GGA), EXC is not only a functional of the electronic ground
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2.2 Density Functional Theory

state density n(r), but also of its spatial changes∇n(r). In the formulation proposed

by Perdew, Burke, and Ernzerhof [28], the exchange-correlation energy is explicitly

evaluated as a separate exchange termEX, and a correlation termEC :

EXC = EX + EC, (2.11)

EX =

∫
n(r)εX[n(r)]FX(s)dr, FX(s) = 1 + k − k

1 + µs2

k

, (2.12)

EC =

∫
n(r) (εC[n(r)] +HC(rs, η, t, β)) dr, µ = β

π2

3
, rs =

(
3

4πn

) 1
3

.

(2.13)

Here, s and t denote the density gradients. The parameters µ and β are determined

fromboundary conditions. This formulation is namedafter their authors as PBE (Perdew-

Burke-Ernzerhof). Later, the same authors refined these parameters in order to obtain

more reliable lattice constants for solids and surfaces7 [29]. Accordingly, this formu-

lation is known as PBEsol.

2.2.2 DFT+U

Because the correlation energy EC cannot be known analytically8, uncertainties in

the electronic energies are to be expected. In particular, it has been observed that

the DFT tends to delocalize electrons. Hence, the DFT yields especially large errors

for strongly correlated systems with localized electrons, which typically have strong

d- or f-like characterstics. As a first approximation, the DFT energy can be corrected

by adding a Hubbard energy term EHub that explicitly takes local interactions into

account:

EDFT+U = EDFT + EHub − Edc, (2.14)

where the term Edc denotes the energy contribution of local effects, which are al-

ready present inEDFT and therefore must not be accounted for twice. Using the for-

mulations outlined in Ref. [30], this corrected energy reads as

EDFT+U = EDFT +
U

2

∑
Iσ

[
tr(nIσ

mm′)− tr([nIσ
mm′ ]2)

]
, (2.15)

nIσ
mm′ =

Ne∑
a

f Iσ
a 〈φI

a|Y σ
lm〉 〈Y σ

lm′|φI
a〉 , (2.16)

where nIσ
mm′ denotes the density matrix of site σ with spin I and magnetic quantum

number indices m, f Iσ
a the occupation function, and Y σ

lm spherical harmonics cen-

tered at site σ. The parameterU sets the overall magnitude of the correction term. In

7The functional parameters where optimized in order to reproduce lattice constants near room

temperature, but completely neglect phononic effects.
8In contrast, the exact exchange energyEX can formally be calculated using Hartree-Fock theory.
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general, different values for U are chosen for different orbital momentum quantum

numbers l, which are determined either by linear response theory [31], or simply by

fitting the resulting electronic band gap to experimental results.

2.3 Hedin Equations

Another method to calculate the electronic many-body wavefunction of a material

fully ab initio is given by the Hedin equations. One may start by expressing the

(strongly) interacting particles by weakly-interacting quasi-particles. The connection

between these quasi-particles and the real particles is given by the self-energyΣ, and
its Schrödinger’s equation reads as:

[
−1

2
∇2 + Vext(r) + VH(r)

]
φa(r, ω) +

∫
Σ(r, r′, ω)φa(r

′, ω)dr′ = Ea(ω)φa(r, ω).

(2.17)

The self-energy contains all many-body effects, mapping the single particle states

φa onto the many-body wavefunction. Formally, the exchange-correlation functional

serves a similar purpose within DFT, and by setting

Σ(r, r′, ω) = VXC[n(r)]δ(r− r′), (2.18)

one obtains the already established Kohn-Sham equations (2.9), i.e. the local, static

exchange correlation energy is replaced by the non-local self-energy. Moreover, in

contrast to DFT, equation (2.17) is not limited to the ground state. Thus, Eq. (2.17)

can be utilized to more accurately describe excited state properties.

The abovementionedSchrödinger’s equation can alsobeexpressedvia a single-particle

Green’s functionG:[
i
∂

∂t1
+

1

2
∇2

r1
− Vext(1)− VH(1)

]
G(1,2) + i

∫
Σ(1,3)G(3,2)d3 = δ(1,2).

(2.19)

The shorthand notation of i = (ri, ti) enables to write different space-time coordi-

nates as a single integer. The propagatorG describes the propagation probability of

an electron from2 to1 (if t1 > t2), or of a hole (i.e an unoccupied valence band state,
if t1 < t2). Note, that here the full time-dependent Schrödinger equation is assumed,

in contrast to (2.17). The single-particle propagator is given as

G(1,2) = −i 〈N | T
[
Φ(1)Φ†(2)

]
|N〉 , (2.20)

where T denotes the time-ordered product of the two field operatorsΦ.

10



2.3 Hedin Equations

The self-energyΣ can be calculated self consistently via the Hedin equations:

G(1,2) = G0(1,2) +

∫
G0(1,3)Σ(3,4)G(4,2)d(34),

W (1,2) = ν(1,2) +

∫
ν(1,3)P (3,4)W (4,2)d(34),

(2.21)

Σ(1,2) = i

∫
G(1,3+)W (1,4)Λ(3,2,4)d(34),

P (1,2) = −i
∫
G(1,3)Λ(3,4,2)G(4,1+)d(34),

Λ(1,2,3) = δ(1,2)δ(1,3)+

∫
∂Σ(1,2)

∂G(4,5)
G(4,6)G(7,5)Λ(6,7,3)d(4567).

Here,W , ν,P , andΛdenote the screenedColoumbpotential, the bare (unscreened)

Coulomb potential, the polarizability, and the vertex function, respectively. The free

propagator G0 can be extracted by setting Σ = 0 in Eq. (2.19). The superscripted

plus-sign indicates an infinitesimal temporal shift, which is needed to assure the con-

vergence of the integrals. These equations are easy to interpretwith the help of Feyn-

man diagrams, which are depicted in Fig. 1.

G G0= + Σ
1 2 1 2 1 3 4 2

W v
= + P

1 2 1 2 1 3 4 2

Σ = Λ
1 2 1

3

4

2

P = Λ
1 2 1

3

4

2

Λ = Λ+ ∂Σ
∂G3

2

1

δ(1,2)δ(1,3)

2

1

5

4 6

7

3

Σ

AG

ΛP

AW

Figure 1: Schematic representation of the Hedin’s equation using Feynman diagrams

(left), and the self-consistent cycle (right).

The equations can in principle be solved iteratively, however, this would require a

huge computational effort. Instead, one assumes the so called GW approximation

11
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(GWA), where the integral in Λ is set to zero. Additionally, one may also include

only a single iteration (typically starting with Σ = 0). This commonly used, non-self

consistent ansatz is calledG0W0. The latter typically benefits by from a cancellation

of errors, compared to the fully self-consistent GWA.

2.4 Machine-learned Force Fields

For many practical simulations, the electronic wavefunction or charge density need

not be explicitly known. Instead, if only certain physical properties are of importance

(i.e. the resulting forces on the ions), one may bypass the numerically challenging

many-body calculations by using an analytical, empirical formulation to directly com-

pute the sought-after quantity. These formulations are, in contrast to the previously

discussed DFT and GW approximations, not ab initio. Hence, their application to a

wide variety of materials is not immediately obvious. Consequently, analytical force

fields typically provide less accuracy than the previously described ab initio methods.

These weaknesses can be overcome by fitting (training) the analytical model with ex-

plicitly calculated data (provided e.g. from DFT calculations).

Thewithin theVASPpackage [32–34,W11] availabledescriptionof amachine learned

force field will be outlined in this chapter. Here, one assumes that all atoms in a given

system (or rather their respective valence electrons) contribute additively to the total

electronic ground state energy U , such that

U =
∑
k

Uk(Xk), (2.22)

whereXk ismulti-dimensional vector describing the local atomic environment of atom

k. From a quantum-mechanical point of view, this approximation cannot be justified,

since the total electronic energy cannot be separated into local contributions. How-

ever, the ansatz provides an easily expandable mathematical description. The local

environment of atom k is characterized by the pair correlation function ρ(2)(r) (i.e.
how many atoms are within a given distance r of atom k), and the angular correla-

tion function ρ(3)(r, s,Θ) (i.e howmany atoms are within the distances r and s, if the
angle between these directions isΘ).

The quantities can be expressed via spherical Bessel functions χ and Legendre-poly-

nomials P :

ρ
(2)
k (r) =

1√
4π

n0
max∑
n

cknχn0(r), (2.23)

ρ
(3)
k (r, s,Θ) =

lmax∑
l

nmax∑
n

vmax∑
v

√
2l + 1

2
pknvlχnl(r)χvl(s)Pl(cos(Θ)). (2.24)

The values for ·max serve as numerical cutoffs, determining the accuracy of the correla-

tion functions. Additionally, the atom typesmust bedifferentiated inmulticomponent

systems. The descriptor vector Xk is then given via the expansion coefficients c
k and

12
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k
k

r

k

r sΘ

Figure 2: Construction of the atomic environment, The cutoff radius (left) determines

up to which distance to reference atom k the correlation functions are determined.

Thepair correlation function (middle)measures howmanyneighboring atoms are at a

given distance r. The angular correlation function (right) measures howmany neigh-

boring atoms lie at a distance s and angle Θ, if another atom is found at a distance

r.

pk:

Xk = ({ckn, pknvl}). (2.25)

Since the correlation functions are invariant under rotations and translations, a given

atomic structure maps uniquely to a descriptor vector.

Finally, a descriptor needs to be mapped onto its corresponding total electronic en-

ergy. Since the relation between these quantities is not explicitly known, a linear re-

gression procedure is used by employing the kernel method: The kernel functionK
measures the similarity between the input descriptor Xk, and some predetermined

reference descriptors Xi whose contributions to the electronic energy are known

from the training dataset:

Uk(Xk) =
∑
i

K(Xk,Xi)ωi. (2.26)

The regression coefficients ωi can thus be determined without explicit knowledge of

the relationship between Xk and Uk(Xk). With a sufficiently large training set (i.e. a

large number of reference descriptors Xi), an accurate description of the electronic

energy can be expected, as long as the investigatory system exhibits an atomic en-

vironment similar to the structures in the training dataset (i.e. as long as the kernel

function is not close to zero for all reference configurations).

2.5 Thermodynamics

So far, only an atomistic, microscopic description of crystallinematerials has beenpro-

vided. A connection tomacroscopic propertieswill be given in the next few chapters,

starting with the description of thermodynamic properties. Most material proper-

ties depend on temperature. Indeed, all materials will liquify at some temperature,

and even vaporize at higher temperatures. Additionally to these phase transitions,

some materials exhibit different crystal phases (different ionic configurations) at dif-

ferent temperatures. These transitions typically correspond to changes in themateri-

als characteristics, such as lattice constants, elastic constants, and optical properties.
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These properties even vary within the same phase with respect to temperature. In

order to simulate temperature effects, knowledge of the ionic motion is needed.

2.5.1 Hellman-Feynman Theorem

The ions move within the electrostatic potential given by the electrons and the ions

themselves. The forces Fj acting on ion j at position Rj can be formally calculated as

Fj = −∇Rj
E = − ∂

∂Rj

E, (2.27)

where E is the total energy of the electron-ion system. According to Hellman-Feyn-

man’s theorem, the derivative only acts on the Hamiltonian9:

Fj = − ∂

∂Rj

〈φ| Ĥ |φ〉 = −〈φ| ∂

∂Rj

Ĥ |φ〉 . (2.28)

This derivative of the solid-state Hamiltonian (2.1) evaluates to electron-ion and ion-

ion contributions, whereas all other summands vanish:

∂

∂Rj

Ĥ = e2
Ne∑
i

Zj
ri − Rj

|ri − Rj|3
+ e2

NK−1∑
l

l 6=j

ZjZl
Rl − Rj

|Rl − Rj|3
. (2.29)

After inserting equation (2.29) into (2.28), and expressing the wave functions in real

space, one finally obtains:

Fj =

∫
φ∗(r)φ(r)e2

Ne∑
i

Zj
ri − Rj

|ri − Rj|3
dr

+

∫
φ∗(r)φ(r)e2

NK−1∑
l

l 6=j

ZjZl
Rl − Rj

|Rl − Rj|3
dr (2.30)

=

∫
n(r)e2

Ne∑
i

Zj
ri − Rj

|ri − Rj|3
dr+ e2

NK−1∑
l

l 6=j

ZjZl
Rl − Rj

|Rl − Rj|3
.

The forces in formula (2.30) are known as Hellman-Feynman forces. All the quan-

tities needed for their computation are readily available from DFT calculations, thus

providing an easy access to the ionic forces.

9The Hellman-Feynman theorem more generally states, that if the wave functions are time-

independent, the spatial derivative only acts on the corresponding Hamiltonian.
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2.5 Thermodynamics

2.5.2 Born Effective Charges

When ions within the crystal lattice are displaced, they also displace part of the elec-

tronic charges with them. This change of the electronic charges can be calculated

within e.g. DFT. Its effect has to be considered for an accurate description of the

polarization of the crystal: The ionic nominal charges are thus replaced by effec-

tive charge tensors10 containing the nominal charges and the displaced electronic

charges. However, changes in the polarization P induced by a displacement of an ion

cannot simply be given by the change of the dipole moment of (effectively) charged

ions, because the unit cell is not uniquely defined. According to the modern theory

of polarization, it holds that [35]

P[φ] = − 2ie

(2π)3

∑
n

∫
BZ

〈unk|∇k |unk〉 dk, (2.31)

where unk is the cell periodic part of the electronic wave function φnk of band n at k-
point k. If a vanishingly small electric field E is applied to thematerial, the Kohn-Sham

Hamiltonian Ĥ0 is modified to

Ĥ |φnk〉 = Ĥ0 |φnk〉 − V0E
δP[φ]

δ 〈φnk|
. (2.32)

The variation of the polarization with respect to an electronic wave function is written

as [36,W11]

δP[φ]

δ 〈φnk|
= − ie

2∆k

Nk∑
j

Nocc.∑
m

(
|umkj+1

〉 〈umkj |unkj+1
〉−1 − |umkj−1

〉 〈umkj |unkj−1
〉−1) ,
(2.33)

with kj being the k-points used to sample the first Brillouin zone, and∆k = |kj+1 −
kj|. Only occupied bands have to be considered.

The so called Born effective charge tensor Z∗
j of atom j can finally be calculated as

Z∗
jab =

V0
e

∂Pa

∂db
=

1

e

∂Fj,a

∂Eb

, a, b = x, y, z, (2.34)

whered is a small displacement of ion j. This description re-enables to regard the ions
as charged point-like particles within the crystal lattice in order to calculate changes

of the polarization.

10These effective charges are tensors, since a displacement of an ion in xa direction can change

the electronic charge with respect to another direction xb.
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2.5.3 Phonons

In solids, the ions cannot move unrestrained, and instead vibrate around their equi-

librium positions. The magnitude of these vibrations yields the temperature of the

material. The collective vibrations of the ions are called phonons, which are com-

monly described as quasi-particles: The vibrations exhibit specific frequencies, and

can propagate within the solid. Hence, phonons can be attributed with an eigenfre-

quency ω and a wave vector q. In order to calculate the phonon eigenfrequency at a

given q-point, the force constants between all ions need to be calculated. The tensor

containing the force constants is referred to as the dynamical matrix.

Harmonic Theory

The dynamical matrix can be computed by using the finite differences method: The

force acting on atom j if atom j′ is displaced from its equilibrium structure can be

written as a 3×3 matrix φ(2) with

(2)

φab(j, j
′) =

∂Fa(j)

∂Rb(j′)
=

∂2U(R)

∂Ra(j)∂Rb(j′)
, (2.35)

where a, b denote cartesian coordinates, F(j) the force on atom j and R(j) its posi-
tion. These terms are readily available by manually displacing each atom j′ in each

cartesian direction and calculating the forces onto atom j (e.g. with the previously

discussed Hellman-Feynman theorem in chapter 2.5.1), yielding the force constants

between two atoms. Alternatively, the force constant matrix can be seen as the sec-

ond derivative of the Born-Oppenheimer energy surface U(R) with respect to the

ionic positions. The dynamical matrix can be constructed as:

Djj′(q) =
∞∑

N=1

(2)

φ(j, j′N)√
mjmj′

eiq[R(j)−R(j
′
N )]. (2.36)

The indexN labels the unit cell and is introduced, because the interaction between

all atoms (i.e. not only within the primitive unit cell) has to be included for solids. In

practice, this sum is truncated, as the forces decay with increasing distance between

atoms11.

After diagonalizingD and inserting it into Hook’s Law12 one arrives at

D(q)e(q, ν) = ω2(q, ν)e(q, ν). (2.37)

The vectors e describe eigenvectors of D and are collective displacements of ions,

i.e. phonon modes. For n atoms in a unit cell, there are ν = 3n eigenmodes for

11If only phonons at q = 0 are of interest, the description can again be limited to the unit cell, since

these phonons can not propagate.
12Even though Hook’s Law is itself a harmonic approximation, this is not the harmonic approx-

imation referred to in this chapter. Indeed, Hook’s Law is also being used to describe anharmonic

phonons.
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2.5 Thermodynamics

each q-point. The eigenmodes therefore contain three cartesian coordinates for all

n atoms in the unit cell. Their corresponding eigenvalues are the frequencies of the

mode squared.

For non-metallic systems, an additional electronic interaction has to be taken into ac-

count for phonons at q → 0: As the ions oscillate, a dipole moment can be induced

due to a displacement of the effective charges of the ions. Thus, the acting Coulomb

force yields an additional contribution to the force constant matrixD. This correction

term reads as [37, 38]

Djj′(q → 0) = Djj′(q = 0) +
1

√
mjmj′

4π

V0

(∑
c Z

∗
jcaqc

) (∑
c Z

∗
jcbqc

)∑
cc′ qcε∞,cc′qc′

, (2.38)

where a, b, c denote cartesian indices, V0 the unit cell volume, and Z∗
j the effective

charge tensor of ion j. ε∞ is the clamped ion dielectric tensor. This correction only

applies for displacements parallel to q, and as such, the transversal and longitudinal

phonon branches split up near q → 0 with respect to their frequency. This split is

referred to as longitudinal-optical (LO)-transversal-optical (TO) splitting.

Anharmonic Theory

In principle, equation (2.35) can be expanded to include higher order corrections.

φ =
(2)

φ +
(3)

φ +
(4)

φ..., (2.39)

(3)

φabc(j, j
′, j′′) =

∂3U(R)

∂Ra(j)∂Rb(j′)∂Rc(j′′)
, (2.40)

(4)

φabcd(j, j
′, j′′, j′′′) =

∂4U(R)

∂Ra(j)∂Rb(j′)∂Rc(j′′)∂Rd(j′′′)
. (2.41)

These terms include interactions between phonons, and are thus essential for many

material properties, e.g. the lattice thermal conductivity. However, already the first of

these terms (i.e. the force constantmatrix of third order) formally requires (3n)3 sepa-
rate calculations. The fourth order force constants need (3n)6 calculations. Although
these numbers can be heavily truncated by exploiting symmetries and considering

only the largest terms, a numerically more efficient ansatz can be utilized:

The stochastic self-consistent harmonic approximation (SSCHA) implements anhar-

monic effects via a simple idea: The force constant matrix φ can be calculated as [39]

φ =
(2)

φ +
(3)

φΛ(
(2)

φ )[1−
(4)

φΛ(
(2)

φ )]−1
(3)

φ. (2.42)

φ describes the forces constants of n-th order, where the approximation φ =
(2)

φ is

equivalent to the harmonic approximation (2.35). ThematrixΛ includes eigenvectors

and eigenvalues calculatedwithin the harmonic approximation of the energy surface.

Similarly to section 2.5.3, this force constant can be used to construct a dynamicalma-

trixwhich can be inserted intoHook’s law to calculate phonon frequencies. However,
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here the forces include higher-order contributions compared to Sec. 2.5.3 and can,

therefore, be considered as anharmonic corrections.

The required 3n-dimensional energy surface U(R) is computationally challenging to

calculate. The SSCHA approximates this hypersurface by calculating U(R) for ran-
domly chosen ionic positions in the vicinity of its (estimated) global minimum. With

sufficiently dense sampling, one can thus calculate the derivatives, and the phonon

frequencies which include contributions beyond the harmonic approximation.

2.5.4 State Functions from Phonons

In order to extract thermodynamic properties (i.e. state functions), first the (grand)

partition function of all phononsZ is needed. Assuming again that phonons are har-

monic oscillators, the energy of one phonon with eigenfrequency ω is given by:

En = h̄ω(q, ν)

(
n+

1

2

)
, (2.43)

with n enumerating the microstate (excitation). As previously noted, the frequency

of the phonon is dependent on its mode ν (displacement pattern) and its wavevector

q. InsertingEn into the definition of the partition function one arrives at a converging

geometric series13:

Z(q, ν) =
∞∑
n=0

e−β(En−µ) =
∞∑
n=0

e−βh̄ω(q,ν)
(
n+ 1

2

)
=

e−
β
2
h̄ω(q,ν)

1− e−βh̄ω(q,ν)
, (2.44)

with β = 1/kBT . This Z(q, ν) only corresponds to the partition function of a single
mode at a single q-point. In order to calculate the total partition function for Bosons,

one has to multiply over all particles, i.e. all modes and q-points:

Z =
∏
q,ν

e−
β
2
h̄ω(q,ν)

1− e−βh̄ω(q,ν)
. (2.45)

One can calculate all state variables from Z , for example the phononic free energy

F :

F = −kBT lnZ =
∑
q,ν

[
1

2
h̄ω(q, ν) + kBT ln

(
1− e

−h̄ω(q,ν)
kBT

)]
. (2.46)

The derivation for other state variables relevant for this work can be found in the

Appendix A.1.

13The introduced chemical potential µ equals zero for phonons. A closer look reveals, that

h̄ω(q, ν) ≥ 0 and β > 0, such that |e−βh̄ω(q,ν)/2| ≮ 1. However, modes with zero frequency

are translations of the whole crystal, and these modes therefore can not contribute to the thermal

properties of the system.
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2.5.5 Thermal Conductivity

The previous ideas regarding the thermodynamic properties can be expanded to

study the time evolution of a statistical ensemble with probabillity distribution

f(r,p, t), i.e. the phononic occupation number. For this case, the Boltzmann Trans-

port Equation

df

dt
=
∂f

∂t
+ v∇rf + F∇pf = C[f ] (2.47)

is taken into consideration. Here, v = dr
dt
and F = dp

dt
denote the velocity and forces,

respectively. C[f ] denotes the scattering of phonons, which will lead to a transfer

of heat within the system. In order to solve this equation, a common assumption for

C[f ] is the so called Relaxation Time Approximation:

C[f ] = −δf
τ
. (2.48)

Here, δf denotes a small perturbation to f , and τ the relaxation time of the system.

The Boltzmann Transport Equation Eq. 2.47 thus simplifies to

δf =

(
∂f

∂t
+ v∇rf + F∇pf

)
τ. (2.49)

Near equilibrium, the probability distribution can be approximated by

f = f0 + δf, (2.50)

where f0 is the equilibrium state density given by the Bose-Einstein statistics.

The lattice thermal conductivity tensor κ can then be calculated via

κ =
1

V0N

∑
q,ν

cV (q, ν)v(q, ν)⊗ v(q, ν)τ(q, ν), (2.51)

where cV is the specific heat capacity at constant volume (which can be calculated us-

ing the formulations from Secs. 2.5.4 and A.1), v(q, ν) is the group velocity of mode

ν at q-point q, andN is the total number of modes. The relaxation time of a phonon

is commonly assumed to be given by the lifetime of the phonon itself, which is calcu-

lated using

τ(q, ν) =
1

2Γ(q, ν)
,

Γ(q, ν) =
18π

h̄2

∑
q,ν′,ν′′

|φ−νν′ν′′ |2 {(n′ + n′′ + 1) [δ(ω − ω′ − ω′′) + δ(ω + ω′ + ω′′)]

(n′ − n′′) [δ(ω + ω′ − ω′′)− δ(ω − ω′ + ω′′)]} ,
(2.52)
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whereφ−νν′ν′′ denotes the third order force constant tensor describing the scattering

ofmode ν atq-point−q andmodes ν ′ and ν ′′ atq-pointq. n = n(q, ν) is the phonon
occupation number of mode ν at q-point q.
The group velocity of a specific phonon mode can be extracted from Eq. 2.37:

v(q, ν) =
∑
a

∂ω(q, ν)

∂qa
êa =

1

2ω(q, ν)

∑
jj′,abc

eb(j,q, ν)
∂Dab(jj

′,q)

∂qa
ec(j

′,q, ν)êa

(2.53)

2.6 Mechanical Properties

With knowledgeof the full electron-ion systemone can studymacroscopic properties

of the crystal lattice. It is assumed that all crystals are in mechanical equilibirum with

the vacuum, i.e. the internal pressure of the crystal (and hence of all unit cells) has to

equal zero.

2.6.1 Murnaghan Equation of State

The bulk modulusK is defined as the change in internal pressure p with respect to

a change in volume V . Expanding K in a Taylor series up to first order yields the

differential equation:

K = −V dp

dV
= K0 + pK

′

0 +O(p2). (2.54)

Assuming p(V0) = 0 (i.e. no internal pressure at the equilibrium volume V0), the
solution to 2.54 is given by:

p(V ) =
K0

K
′
0

[(
V0
V

)K
′
0

− 1

]
. (2.55)

Inserting equation 2.55 into the first law of thermodynamics

dF = −pdV − SdT = −pdV, (2.56)

yields an expression for the free energy F of the system:

F (V ) = −
∫ V

V0

p(V )dV =
K0V

K
′
0

[(
V0
V

)K
′
0 1

K
′
0 − 1

+ 1

]
. (2.57)

Here, a constant temperature T is assumed, such that dT = 0.
For a system in equilibrium, the free energy has to beminimal. Therefore, with knowl-

edge of F (V ), one can extract the equilibrium volume V0. Note that according to

Eq. (2.46) the free energy also depends on temperature. The volumetric thermal

expansion can be obtained by solving the Murnaghan equation of state (2.57) for

different, fixed temperatures. Since harmonic phonon frequencies calculated at a
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fixed volume enter Eq. (2.57), the resulting thermal expansion V (T ) will in turn ef-

fect the phonon frequencies at each temperature. Therefore, the phonon frequen-

cies can be revised beyond the harmonic approximation, by including the thermal

expansion of the lattice. This approximation is referred to as quasi-harmonic approx-

imation (QHA).

2.6.2 Elasticity

In general, materials are anisotropic, i.e. their properties depend on the materials

orientation within a given experimental setup. For example, the bulk modulusK de-

fines how a material reacts under hydrostatic bulk compression, but cannot describe

its behaviour under uniaxial strain. In order to generalize such properties, a tensor

is needed that describes the effect of directional strain applied to the material. A

strained lattice vector R′ can be described as R′ = (1+ η)R, with R denoting the

unstrained lattice vector, and η being the strain tensor. Exemplary strain tensors and

their effect on a 2D lattice are showcased in Figure 3.

a) b) c) d)

Figure 3: Different strains on a 2D crystal: (a) defines the unstrained cell, (b) de-

scribes a normal strain in x-direction, (c) a normal strain in y-direction, and (d) a

shear strain in xy-direction. The corresponding strain tensors are: η(a) = 0, η(b) =(
η 0
0 0

)
, η(c) =

(
0 0
0 η

)
, and η(d) = 1

2

(
0 η
η 0

)
.

Expanding the free energy F in a Taylor series around the equilibrium structure at

η = 0, i.e. the structure with no strain yields:

F (η, V, T ) =

F (0, V0, T ) +

(
∂F (η, V, T )

∂η

)
η +

1

2

(
∂2F (η, V, T )

∂η2

)
η2 +O(η3), (2.58)

whereV0 describes the volumeat the equilibrium. Asη is a symmetric 3×3matrix, the

above equation is meant figuratively, i.e. the change of F with respect to an applied

strain η is being tracked. According to the thermodynamic equilibrium condition,

the free energy has to be minimal for a system in equilibrium, and hence first order

derivatives will vanish. One defines the (second order) isothermal elastic constants

C as:

Cijkl =
1

V0

(
∂F (η, V, T )

∂ηij

)(
∂F (η, V, T )

∂ηkl

)
. (2.59)
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It is convenient to divide equation (2.58) by the equilibrium volumeV0, and only track
the changes in energy, which are induced by the applied strain. Then (2.58) reads in

tensor component form:

1

V0
[F (η, V, T )− F (0, V0, T )] =

1

2

∑
ijkl

Cijklηijηkl +O(η3). (2.60)

Note, that the strain tensor η is a symmetric 3×3 matrix and, therefore, has only six

independent entries. Consequently, the elasticity tensorC only has 21 independent

entries14. Typically, physicists use the so called Voigt contracted notation to simplify

the labeling:

ij 11 22 33 23/32 13/31 12/21

a 1 2 3 4 5 6

The elasticity tensor C has complete Voigt symmetry such that Cijkl = Cklij =
Cjikl = ..., or in Voigt notation simply Cab = Cba.

An upper bound for the bulkmodulusK (introduced in equation (2.54)) can be read-

ily calculated in the Voigt average of the elastic constants:

9K = (C11 + C22 + C33) + 2 (C12 + C13 + C23) . (2.61)

Similar to the bulk modulus, a directionless shear modulusG describing thematerials

behaviour under shear stresses can be calculated as:

15G = (C11 + C22 + C33)− (C12 + C23 + C13) + 3 (C44 + C55 + C66) . (2.62)

2.6.3 Piezoelectricity

Piezoelectricity refers to a change of a crystal’s polarization with respect to an applied

strain, which can be formulated as

eia =

(
∂Di

∂ηa

)
E

, (2.63)

where D denotes the electric displacement field, E the (constant) electric field, and

e the direct piezoelectric tensor. The tensor components are given in Voigt notation,

if applicable. Similarly, the inverse piezoelectric effect describes the accumulation

of internal stress under an applied electric field. All crystal classes without inversion

symmetry show this effect15. Analogously, the converse piezoelectric tensor can be

defined as

dia =

(
∂Di

∂σa

)
E

, (2.64)

14The maximum number of independent entries of the elasticity tensor is 21, but this case only

occurs for triclinic unit cells. Additional symmetries of the unit cell will further reduce the number of

independent entries.
15The cubic point group 432 (international notation) is the only exception to this rule.
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2.7 Optical Properties

where σ denotes the stress tensor, which is linked to the strain tensor via Hook’s Law:

σa =
∑
b

Cabηb. (2.65)

Consequently, the direct and converse piezoelectric tensors can be converted into

each other, e.g. [40]

dia =
∑
b

C−1
ba eib. (2.66)

UsingMaxwell’s relations and the formulation outlined in Sec. 2.5.2, the direct piezo-

electric tensor can be calculated by [W11]

eia =

(
∂Di

∂ηa

)
E

= −
(
∂σa
∂Ei

)
η

. (2.67)

Since the piezoelectric tensors link between mechanical deformations and subse-

quent creation of a dipolemoment (or vice versa), no isotropic piezoelectric materials

can exist. Hence, piezoelectricity is an exclusive property of non-centrosymmetric

crystals.

2.7 Optical Properties

The optical properties of a material are governed by its response to an external elec-

trical field (i.e. photons). This includes for example the absorption, reflection, and

transmittance of light. On a macroscopic scale, these interactions are given by ma-

terial constants. But in order to calculate these constants, a microscopic description

is needed that takes into account the interaction between photons and electrons or

phonons. The excitations of these (quasi-) particles can then be used to determine

the macroscopic material constants.

The interaction between photons and a material mainly depends on the mobility of

charge carriers within the material itself. In this work, only crystalline semiconduc-

tors are considered, where the charges cannot move freely within the crystal. Thus,

electric fields cannot be screened, and the crystal will become polarized. Depending

on the frequency of the electric field, the charges are too sluggish to react, such that

no polarization can be built up. Hence, the frequency of an external electrical field

massively influences the response of a material.

2.7.1 Classical Description

The polarization P of a material is defined as

P(ω) = χ(ω)E(ω) + χ2(ω)E(ω)E(ω) + ...,

where E is an external electric field and χn is called dielectric susceptibility of order

n. Typically, χ and P are dependent on the frequency ω of the external electric field.
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Here, only the linear component χwill be discussed. Also, instead of χ the dielectric

function ε will be used:

ε(ω) = 1 + χ(ω). (2.68)

ε is a complex quantity that obeys the Kramers Kronig relation:

εr(ω) = 1 +
2

π
℘

∫ ∞

0

ω′εi(ω
′)

ω′2 − ω2
dω′,

εi(ω) = 1− 2ω

π
℘

∫ ∞

0

εr(ω
′)

ω′2 − ω2
dω′, (2.69)

where ℘ denotes the Cauchy principal value of the integral.

More common optical quantities can be extracted by a further evaluation: According

to Maxwell’s equations, light can be expressed as an electromagnetic wave:

∇2E =
µε

c2
∂2E

∂t2
(2.70)

where µ is the magnetic susceptibility. In the following, only non-magnetic materials

are discussed, such that µ = 1. The solution to this wave equation is then given as

E = E0e
i(qr−ωt), |q|2 = ω2

c2
ε, (2.71)

with E0 and q the amplitude and wave vector, respectively. The wave vector q is a

complex quantity: Its real part describes the propagation of the wave, while its imag-

inary part describes the attenuation of the wave in matter16. In experiments, one

typically does not measure ε, but the related quantities

N =
√
ε = n+ iκ, R =

∣∣∣∣N − 1

N + 1

∣∣∣∣2 , T = 1−R. (2.72)

N is called complex refractive index, n is the refractive index and κ the optical extinc-
tion coefficient. R and T are the reflectance and transmittance, respectively. These

three quantities can be directly calculated from the dielectric function:

κ =
1√
2

√√
ε2r + ε2i − εr, n =

1√
2

√√
ε2r + ε2i + εr. (2.73)

The general characteristics of the dielectric response ε of a para-or ferroelectric crys-
tal as a function of the frequency of the external electric field ω is given in Fig. 4: For

small frequencies, the internal dipole moments (resulting from electrons and ions)

16In vacuum it holds that ε = 1 and no decaying of the wave is observed
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are realigned (orientation polarization). As the frequency increases, these perma-

nent dipoles cannot follow, and thus yield no contribution to the dielectric response

for higher frequencies. Their frequency-dependent behaviour is governed by the

Debye formula [41] (blue section). This effect will not be discussed in further chap-

ters (see e.g. Ref. [41] for a detailed overview). The frequencies where orientation

polarization plays a major role for the dielectric response are typically much smaller

compared to phonon frequencies (≈ 1013 − 1014 Hz, red section), which in turn are

much smaller than frequencies needed for electronic excitations (≈ 1016 Hz, green

section). Within the infrared region, the dielectric function will exhibit a peak cor-

responding to each active TO phonon frequency. For higher excitation energies, no

phonons can be activated, and the dielectric spectrum is instead governed by elec-

tronic resonances. For even higher frequencies, the material cannot react to the ex-

ternal field, and the dielectric function remains at the constant value of one, i.e. no

polarization is built up. All these effects add up to the total dielectric function at each

excitation frequency: The static contributions are labelled in accordance with preva-

lent literature as εorient., εst., and ε∞, corresponding to the low-frequency limit of the

orientation, ionic, and electronic dielectric function, respectively. Both, the electronic

and phononic couplings to an external electric field will be discussed in the next sec-

tions.
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1Figure 4: Schematic progresssion of the dielectric function of a paraelectric crystal for

different electric field frequencies.
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2.7.2 Quantum Mechanical Description

Generally, a quantummechanical treatment will be necessary to describe the differ-

ences in the optical response of different materials. Therefore, a practical way to cal-

culate εmicroscopically within quantum mechanics is needed.

In this chapter, only the electrons may interact with the electric field (the phononic

interactions will be covered in chapter 2.8). If the energy of the electric field is suf-

ficiently large, it may excite an electron from its initial state. According to Fermi’s

golden rule, the corresponding absorption rateR is given by

R =
2π

h̄

∣∣∣〈i| Ĥ |f〉
∣∣∣2 , (2.74)

where i and f label the electrons initial and final state, respectively. The frequency

of the external electric field is ω, and Ĥ is the Hamilton operator of the electron in-

teracting with this field. This absorption rate corresponds to a loss of energy of the

electric field, given by ∆E = Rh̄ω. This energy loss can be directly related to the

imaginary part of the dielectric function:

I(t) =
n2

8π
|E(ω)|2 = n2

8π

∣∣E0e
iω(xN/c−t)

∣∣2 = N2

8π
E0e

−2ωκx/c,

−∂I
∂t

= −∂I
∂x

∂x

∂t
=

2ωκ

c
I
c

n
=
εiω

n2
I = Rh̄ω,

⇒ εi =
h̄n2

I
R =

16π2

|E(ω)|2
∣∣∣〈i| Ĥ |f〉

∣∣∣2 , (2.75)

where I is the intensity of the incoming wave. With knowlegde of the imaginary part

of the dielectric function over the whole frequency range, one can calculate its real

part via Kramers Kronig relations. Hence, in order to yield all macroscopic optical

quantities, the Hamiltonian in (2.74) and its effect on the electronic states have to be

determined.

2.7.3 Independent Particle Approximation

Assuming the Coulomb gauge17 one may write the electric field in terms of its vector

potential A:

E(r, t) = −∂A(r, t)
∂t

. (2.76)

The Hamilton operator for one electron now reads as:

Ĥ =
1

2m
[p̂+ eA(r, t)]2 + V (r). (2.77)

In the Coulomb gauge, the operators p̂ and A commute, such that:

Ĥ =
p̂2

2m
+ V (r) +

e

m
Ap̂+O(A2)

= Ĥ0 + ĤES. (2.78)

17The electric scalar potential φ(r, t) = 0 (i.e. no external charges), and∇A(r, t) = 0
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2.8 Vibrational Spectroscopy

The first two terms yield the motion of the electron in a potential V , whereas only the

last two terms describe its interaction with an external electric field.

In a first approximation, one can treat ĤES as a small perturbation to Ĥ0. For simplicity,

V (r) shall be constant with respect to time. For a crystalline system, the eigenstates

of Ĥ0 may be given by Bloch functions. The task is then to calculate the transition

elements18

〈v| ĤES |c〉 =
e

m
〈v|Ap̂ |c〉 , (2.79)

with v and c labelling valence and conduction band states, respectively.

Transitions from all valence bands to all conduction bands at all k-points have to be

considered. In total, the imaginary part of the dielectric function reads as:

εi(ω) =
∑
c,v,k

16π2

|E(ω)|2
∣∣∣〈v| ĤES |c〉

∣∣∣2
= lim

q→0

4e2h̄4

q2m2

∑
c,v,k

δ(Ec − Ev − h̄ω)

∣∣∣∣∣
∫

u∗v(k)e
ikr′∇uc(k)dk

∣∣∣∣∣
2

. (2.80)

Essentially, thenumber of possible transitionsbetweenvalence andconductionbands

are counted for each energy, and weighted according to their orbital overlap. The

eigenfunctions and energies are typically obtained within DFT or GWA. The interac-

tions between an excited electron and its corresponding hole in the valence band are

neglected in this approach. Furthermore, the DFT is only valid for ground states,

i.e. the conduction band states cannot be assumed to be correct. In most cases

however, the independent particle approximation (IPA) is qualitatively still in good

agreement to experimental measurements, while keeping the computational effort

relatively small [42,P2].

2.8 Vibrational Spectroscopy

Photons cannot only couple to electrons, but also to phonons. Vibrational spec-

troscopy can be used to determine phonon frequencies, and serves to ”fingerprint” a

given material or functional group. The spectra are sensitive to the crystal’s orienta-

tion and stoichiometry, making vibrational spectroscopy an integral part for assessing

the quality of a given sample. Not all phonons can interact with photons: Only those

whose ionic displacement pattern changes either the ionic dipole moment, or the

crystal’s electric susceptibility, may be probed by vibrational spectroscopy. The for-

mer case corresponds to IR spectroscopy, and the latter to Raman spectroscopy. The

optically inactive modes are referred to as ”silent” modes.

18 Equation (2.79) describes the only possible transitions in semiconductors and insulators. For

metals, transitions within the same state (called intraband transitions) are possible, and the initial and

final states do not need to be valence- and conduction-band states. The term 〈v| Ĥ0 |c〉 equals zero,
since v and c label orthogonal eigenstates of Ĥ0.

27



2 Methods

2.8.1 Infrared Spectroscopy

A photon can be absorbed if its frequency matches an IR-active phonon mode, by

activating (creating) that specific mode. The frequencies at which such absorptions

take place can be measured via e.g. transmission spectroscopy. The correpsonding

oscillator strength (the rate of absorption) is given by the change of the ionic dipole

moment induced by the phononic eigenvector. The dipole moment p of the crystal

can formally be defined as

p =
∑
b

pbêb =
∑
b

(∑
i,a

Z∗
iabriêa

)
êb, (2.81)

where ri is the position of ion i and Z
∗
iab is its effective charge tensor (e.g., the Born

charge). The vectors êa,b label the cartesian unit vectors and the indices a, b the carte-
sian coordinates. The change of p with respect to a phonon with eigenmode Q can

be approximated with a symmetric difference quotient:

∂p

∂Q
∼ p(R+)− p(R−) =

∑
b

(∑
i,a

Z∗
iabQiêa

)
êb, (2.82)

where p(R±) denotes the dipole moment for the ionic positions at displacementsQ
in either direction,Qi denotes the movement of ion i. The derivative with respect to
the vector Q is meant figuratively, as the change of p with respect to the collective

displacementQ. The imaginary part of the ionic contribution to the dielectric function

can then be calculated as [38]:

=
(
εionab (ωm)

)
∼
(
∂pa
∂Q

)(
∂pb
∂Q

)∗

=

(∑
i,a′

Z∗
ia′aQiêa′

)(∑
i,a′

Z∗
ia′bQiêa′

)∗

, (2.83)

with ωm being the frequency of mode m with displacement pattern Q. The contri-
bution of all phonon modes to the IR spectra is obtained by calculating the sum over

all modes m. In the harmonic approximation for phonons, these contributions will

only contain delta peaks at the phonon frequencies ωm. The real part of the ionic

contribution to the dielectric function can be obtained via Kramers Kronig relations

as shown in Ref. [38]:

<
(
εionab (ω)

)
=

4π

V0

∑
m

=
(
εionab (ω)

)
ω2
m − ω2

. (2.84)

2.8.2 Raman Spectroscopy

In Raman spectroscopy, photons interact via the electric susceptibility with phonons

by exciting an electron to a virtual state, which is typically at much higher energies
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than the phononic vibrations. A large portion of the absorbed light is elastically scat-

tered as the electron relaxes back to its ground state (Rayleigh scattering), but part of

it can inelastically scatter by creating or annihilating phonons. The scattered light thus

has a different energy than the incident light used for the electronic excitation, called

Raman shift. The latter processes are referred to as Stokes- and anti-Stokes Raman

scattering, respectively. All three effects are schematically summarized in Fig. 5.

energy

virtual
state

vibrational
state

ground state

Rayleigh Stokes Anti-Stokes

photon

Figure 5: Energetic diagram of the Raman effect.

The scattering intensities are given by the Raman tensor α, which is defined as the

change of the polarizability with respect to a phononic eigenmodeQ. Similarly to the

previous section, a symmetric difference quotient can be used to calculate α:

αm,ab(ω) =
∂χel

ab(ω)

∂Q
=
∂εelab(ω)

∂Q
∼ εelR+,ab(ω)− εelR−,ab(ω), (2.85)

with εel(ω)being the electronic contribution to the dielectric function (e.g. Eq.(2.80))
and ω the frequency of the incident laser light. The electronic contribution to the

dielectric function is typically calculated within the IPA. The Stokes Raman intensity

of a transversal phonon can finally be calculated as:

Im(ω)[s(ab)i] ∼ |êsαm,ab(ω)êi|2
(ω − ωm)

4

ωm

(n+ 1), (2.86)

where êi and ês denote the polarization of the incident and scattered light respec-

tively, and n is the Bose-Einstein distribution. Instead, for the anti-Stokes case, the

phonon and photon frequencies are added up and the thermal population correc-

tion is only given by the Bose-Einstein distribution. Equation (2.86) is only valid for

transversal phonons. For longitudinal phonons, an additional term including the sec-

ond order polarizability χ2 has to be considered, since LO modes couple with the

electric field that they themself induce [43].
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2.9 Landau Theory

Of particular interest in ferroelectrics is the phase transition towards the paraelectric

configuration. Since the stable stateminimizes the free energy of the system, a critical

temperature TC called the Curie temperature19 exists that determines which phase

below or above this temperature is stable.

Accoring to Landau theory, the free energy of the high-temperature phase can be

expanded in vincinity of the transition temperaturewith respect to anorder parameter

in a Taylor series. In ferroelectrics, this order parameter is given by the spontaneous

polarizationPS. Since the free energy should be symmetric under a flip of the sign of

PS , i.e. F (PS) = F (−PS), only even powers contribute to the expansion, such that

F (T, PS) = F0(T ) + a(T )P 2
S + bP 4

S + cP 6
S +O(P 8

S), (2.87)

where F0 is the energy of the high-symmetry phase with vanishing polarization. The

corresponding free energy landscapes are schematically shown in Fig. 6.
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1Figure 6: Schematic free energy surface above the critical temperature (left), at the

critical temperature (middle), and below the critical temperature (right). The minima

denote the respective equilibrium positions of the system.

Depending on the sign of the expansion coefficient b, twodistinct types of phase tran-
sitions can be identified: If b < 0 ∀T , then both a and cmust be positive, ensuring

that F remains positive for high values of the order parameter PS. The parameter a
is expressed via a(T ) = a0(T − T0), since a needs to change its sign near the tran-
sition temperature. To enforce a local minimum of the free energy at the transition

19In general, there are several intensive state variables that can control phase transitions. For ex-

ample, the application of high temperature and pressure can induce a phase transition from graphite

to diamond.
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temperature T∗, the conditions

0 = a(T∗)P
2
S + bP 4

S + cP 6
S ,

0 = 2a(T∗)PS + 4bP 3
S + 6cP 5

S , (2.88)

have to be fulfilled. It follows that P 2
S(T∗) = b/2c 6= 0, and a(T ) = a0(T − T0) =

b2/2c. In total, the order parameter then reads as

PS =

 b
2c

(
1 +

√
1− 4a(T )c

b2

)
, T < TC

0 , T ≥ TC

, (2.89)

For a phase transition of second order, it is assumed that b(T ) > 0 ∀T . All terms of

higher order in PS can be ignored. Again, a has to switch sign at the critical temper-

ature and is rewritten as a(T ) = a0(T − TC). After minimizing the free energy, one

obtains

F (T ) =

{
F0 − a20

2b0
(T − TC)

2 , T < TC

F0 , T ≥ TC
. (2.90)

Near the critical temperature, the order parameter then behaves like

PS =

{√
−a0

2b
(T − TC) , T < TC

0 , T ≥ TC
, (2.91)

and the so called critical exponent of the system is ν = 1/2.
Thus, the different types of transition can be distinguished by the behavior of the or-

der parameter near the critical temperature: If the order parameter has a discontinuity

at the transition temperature, the corresponding phase transition is of first order. If

it instead continuously vanishes at the Curie temperature, the transition is of second

order. The discontinuity in the order parameter in first order transitions also implies

a discontinuity of the entropy, which in turn implies a latent heat during the phase

transition. The behavior of the order paramter for both first- and second order phase

transitions is schematically shown in Fig. 7.

The phase transition is further classified by the atomic movements involved: In a dis-

placive phase transition, the atomic positions shift only slightly (smaller than the in-

teratomic bond lengths). This type of transition might also involve distortions of the

underlying lattice. If a transition is instead of order-disorder type, the atomic config-

uration changes from an ordered state to a disordered one after the phase transition.

The most prominent example of such transitions is the Ising model [44].

2.10 Computational Details

Throughout this work, the quantum-mechanical computations are performed within

DFT as implemented in the Vienna Ab Initio Simulation Package (VASP) code. In-

stead of plane waves as described in Eq. (2.5), projector augmented waves (PAWs)
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1Figure 7: Evolution of the order parameter as a function of temperature, for phase

transitions of first order (left), and second order (right).

are used for the expansion series of the electronic wave function: Since all electronic

wave functions have to be orthorgonal to each other, the valence electrons feature

rapid oscillations near the ionic cores, where the strongly bound core electrons are

localized. Hence, a large number of planewave coefficientswould need to be consid-

ered in the expansion series. The PAWansatz projects the Kohn-Shamwave function

to a pseudo wave function via a projection operator T :

|Φa〉 = T |Φ̃a〉 = |Φ̃a〉+
∑
i

(
|φi〉 − |φ̃i〉

)
〈pi|Φ̃a〉 , (2.92)

where Φa denotes a one-electron Kohn-Sham wavefunction, and Φ̃a the projected,

fictious wave function. Both these functions are expanded in a series of partial waves

φi and φ̃i, respectively. φ̃i is only definedwithin a pre-defined radius around the ionic

core. The corresponding expansion coefficients in this core region are expressed via

a projector function pi, i.e. 〈φ̃i|pj〉 = δij. Consequently, the operator T only affects

the electronic wave function within the core region. The electronic wave function

is thus decomposed into two regions: The plane wave ansatz is used far away from

the ionic cores, whereas the wave function continously transitions to a projected part

within a cutoff radius. This leads to a significantly reduced number of expansion co-

efficients for an accurate description of the electronic wave function, compared to a

purely plane wave based ansatz.

The potentials used for the exchange-correlation part of the Kohn-Sham equations

are provided within VASP in the PBEsol formulation, and electronic configurations

1s22s1, 4p64d35s2, 5s25p65d36s2 and 2s22p4 are employed for Li, Nb, Ta, and oxygen

(O), respectively. All other electrons are presumed to be physically inert due to their

large binding energies, and are thus frozen within the ionic cores.

The cutoff energy and k-point meshes used are 450 eV and 6×6×6 per rhombohe-

dral unit cell, respectively. A Gaussian smearing with width 0.02 eV is applied to the
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occupancies of the electronic states for numerical stability. A convergence within

1meV of the electronic energy per atom is thus achieved. For all calculations, the

ionic positions are optimized such that the acting Hellmann-Feynman forces in each

direction are lower than 0.005 eVÅ−1 per ion. Additional numerical parameters or

changes thereof are discussed at the beginning of each chapter.

All calculations are performed on the justHPCCluster of the Justus-Liebig-Universität

Gießen, the Lichtenberg II Cluster of theTechnischeUniversitätDarmstadt, and at the

Höchstleistungsrechenzentrum Stuttgart (HLRS).
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3 Lithium Niobate and Lithium Tantalate

3.1 Crystal Structure & Symmetries

Both, ferroelectric LN and LT crystallize within the space group R3c and thus belong

to the trigonal crystal family. The crystals are isomorphic, and undergo a phase tran-

sition towards a paraelectric phase (space group R3c) at higher temperatures. The

primitive unit cell is given by a rhombohedral lattice, containing two formula units.

The conventions established in Ref. [7] are used throughout this work, such that the

polar crystal axis lies parallel to the cartesian z-axis (extraordinary axis), and the basal
plane is defined parallel to the xy-plane (parallel to the ordinary axes). Commonly,

instead of referring to the primitive rhombohedral unit cell, a hexagonal unit cell is

used for defining e.g. the lattice constants. Alternatively, an orthorhombic unit cell

can be constructed. All these three unit cells are shown in Fig. 8. The respective lat-

tice constants can be converted using simple geometrical considerations, which are

summarized in the appendix B.1.

aH

c

aR

x y

z

bO

Figure 8: Schematic representation of the different portrayals of the trigonal unit cell:

primitive rhombohedral (black), hexagonal (blue), and orthorhombic (red). The lat-

tice constants aH, aR, bO, and c are labeled in green, yellow, blue, and purple, respec-
tively.

Within the crystal, the oxygen ions form octahedral cages around the lithium and nio-

bium/tantalum ions. These oxygen cages are stacked on top of each other along the

z-axis. Within the cages, a chain of periodically aligned lithium- and niobium/tan-

talum ions is formed, such that each octahedron holds either a lithium ion, a nio-

bium/tantalum ion, or no ion. This chain is centered with respect to the xy plane

of the octahedra. Within the paraelectric configuration, each lithium ion lies directly

within an oxygen plane and each niobium/tantalum ion is centered between two oxy-
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3 Lithium Niobate and Lithium Tantalate

gen planes20. This high symmetry arrangement is broken in the ferroelectric phase,

whereboth the lithiumandniobium/tantalum ions aredisplaced along the z-direction,
leading to a spontaneous polarization along the same direction. The ionic structure

for both phases is schematically shown in Fig. 9.

ferroelectric paraelectric

oxygen plane

PS
lithium

niobium/tantalum

oxygen

Figure 9: Schematic representation of the ferroelectric (lhs) and paraelectric (rhs)

phase of LN and LT

In total, the structure exhibits three mirror planes, which are all parallel to the z-
direction. Additionally, the paraelectric phase features an inversion center. All sym-

metries need to be considered in order to correctly interpret results. Further, each

symmetry corresponds to a significant numerical simplification.

3.2 Thermal Expansion

Adevices functionality highly depends on accuratemaintenance of the physical prop-

erties of the underlying constituent materials. This is especially crucial when consid-

ering the operation temperature of the device: Most materials expand in size when

heated up, which affects almost all of its properties. A change of the lattice con-

stants implies changes in atomic bonding length and strength, which has a direct

impact on the elastic properties of the material. The implied structural changes also

influence the electronic properties by modifying the ionic background potential. Dif-

ferent materials show different magnitudes of thermal expansion, possibly inducing

strain within a composite device, and consequently limiting its application. Thus, ac-

curate knowledge of the thermal expansion is a crucial first step in order to determine

temperature-dependent properties of a material.

In DFT simulations, it is important to fix the geometry of the unit cell in order to mini-

mize numerical noise. Else, an additional error called Pulay stress is introduced, since

the plane-wave basis set changes with respect to the lattice vectors, resulting not

only in erroneous stresses, but also leading to errors in the calculated energies [45].

20The high-symmetry arrangement might only describe a temporal average over the whole crystal,

as implicated by molecular dynamics calculations [P6].
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3.2 Thermal Expansion

For accurate simulations of temperature effects it is thus necessary to determine the

lattice expansion of the crystal as a function of temperature. For consecutive cal-

culations, every temperature corresponds to a different set of fixed lattice vectors.

In practice, not all lattice vectors are determined independently, since the resulting

computational demand is quite large21. Instead, the unit cell volume is kept fixed as a

first approximation which reduces the degrees of freedom to a manageable amount.

Further, the Pulay stress behaves almost uniformly in all directions [W11], justifying

this isotropic approach.

To obtain the unit cell volume as a function of temperature, the QHA as implemented

in phonopy [46,47] is employed and the procedure outlined in Ref. [48] is followed:

Harmonic phonon frequencies are calculated using the finite differencesmethodwith

3×3×3 supercells at different volumina. Using the Parlinski-Li-Kawazoe method to

interpolate the phonon frequencies to arbitrary q-points [49], the harmonic phonon

frequencies are obtained on a 20×20×20mesh. From this phononic density of states

(DOS), the phononic free energy can be extracted using Eq. (2.46). This yields pho-

nonic free energies converged within 1meVwith respect to a twice as dense q-point

mesh. These frequencies and volumina are then used to calculate the Gibbs energy

at different temperatures (assuming no internal pressure):

G(T ) = min
V

[Uel(V ) + Fphon(T ;V )] . (3.1)

Fitting the Gibbs energy via the Murnaghan equation of state, the equilibrium vo-

lumina as a function of temperature can be extracted. This is shown for exemplary

temperatures in figure 10.

The outlined procedure is utilized up to rather high temperatures. It is therefore not

reasonable to assume the validity of the harmonic approximation. Furthermore, the

harmonic phonon frequency spectrum of the paraelectric phases contain imaginary

modes [50, 51]. For LT, these imaginary frequencies are ignored in the calculations

of the phononic DOS. For LN, the same procedure does not yield reliable data, since

the phase transition to the ferroelectric phase occurs at a far higher temperature than

for LT (TC ≈ 880K for LT and TC ≈ 1400K for LT), such that anharmonic effects play

a dominant role in the paraelectric phase of LN. However, an approach beyond the

harmonic estimate of the phonon frequencies is computationally not feasible here,

and thus the paraelectric phase of LN is not considered within this section.

The calculated volumetric data (red lines in Fig. 10) are in good agreement with the

measured thermal expansion of LN and LT [14, 18]. The calculated volumes slightly

overestimate the measured values in both materials by around 2%, as known from

GGA based exchange-correlation functionals. The deviations might also be related

to the stoichiometry of the measured samples or by anharmonic contributions dis-

regarded in the QHA. A closer look at the individual lattice constants is given in

Sec. 3.5.1.

From the calculated phononic DOS at different volumina, the specific heat capacity

at constant pressure can be calculated using the formulation given in the Appendix

A.1. The resulting curves are shown in Fig. 11.

21The full thermal lattice expansion is performed using force fields in Sec. 3.5.1.
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1Figure 10: Gibbs free energy vs. unit cell volume. For each temperature, the data

points are fitted via the murnaghan equation of state (grey). The minima (red line)

denote the equilibrium volumina. The fits are performed for the ferroelectric phases

of LN (left) and LT (middle), and for the paraelectric phase of LT (right).

An overall good agreement to experimental measurements can be found for the fer-

roelectric phases for both, LN and LT, with an error of only about 5 % [52–56, P9].

These deviations might be a consequence of the overestimation of the lattice vol-

ume, but could again be attributed to further anharmonic phonon corrections or the

stoichiometry of the measured samples. For the paraelectric phase of LT, the exper-

imental values are not well reproduced, and cannot describe the measured increase

of cp at high temperatures. Here, it is obvious that the harmonic phonon approxi-

mation fails, since the paraelectric configuration does not describe a ground state of

the system. Still, the observed drop of the cp value after the phase transition is well

reproduced [P9], even though the Curie temperature itself cannot be extracted from

the calculations here. Its determination will be discussed in the following section.

3.3 Ferroelectric Phase Transition

The Curie temperature can be calculated by comparing the free energies (or rather,

Gibbs energies, but the internal pressure is assumed to be vanishingly small) of both,

the ferro- and paraelectric phases. The contributing terms are the electronic and

38
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1Figure 11: Specific heat capacity at constant pressure calculated for LN (left) and LT

(right). The grey line indicates the experimentally determined Curie temperature at

880 K [P9]. The colored dashed lines denote unstable regions for the ferro-and para-

electric phases.

phononic energies. The latter are typically calculatedwithin the harmonic approxima-

tion. However, the presence of imaginary modes in the paraelectric structures does

not allow for accurate energies, resulting in imprecise values for the Curie tempera-

ture [50]. As a first correction, the volumetric expansion with increasing temperature

can be taken into account, which has been calculated in the previous section. Not

only does this assumption lead to more precise electronic energies (since they de-

pend on the ionic background and therefore on the cell volume), but it also includes

corrections for the phononic energies. Yet, the extracted Curie temperatures do not

well describe experimental findings (1413-1475K for LN [57,58], and 874-958 K for

LT [14, 17]). Thus, an approach beyond the quasi-harmonic approximation is neces-

sary.

Within the SSCHA, the crystal geometry relaxation is perfomed on the free energy

landscape, by optimizing the free energy with respect to all degrees of freedom of

the crystal structure [59]. Thus, the full Born-Oppenheimer energy surface, as well

as its derivativeswith respect to the ionic positions (accounting for interatomic forces)

and cell parameters (yielding the stress tensor) need to be calculated on a quantum-

mechanical level. To minimize the computational effort needed, a stochastic algo-

rithm as implented in python-sscha [39,59–62] is utilized. The underlying formalism

is described in detail in Ref. [59], and the nomenclature established therein is used

here.

First, the free energy landscape is sampled by creating a set of random ionic displace-

ments in a within the QHA optimized supercell, using a Gaussian probability distribu-
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3 Lithium Niobate and Lithium Tantalate

tion22. For each of these structures, the electronic energies, forces, and stresses need

to be calculated with high accuracy. Hence, the chosen supercell size is downscaled

to 2×2×2 to save computational costs. All considered temperatures are treated sep-

arately, using the volumina provided by the QHA calculations from the previous sec-

tion. For the paraelectric phase of LN, the same lattice volume as for its ferroelectric

phase is assumed.

In total, up to 400 structures per ensemble need to be created to accurately sample

the free energy surface for the paraelectric phases. For the ferroelectric phases, the

reduced number of symmetries requires a larger sample size. Up to 2000 structures

are considered for these phases. For each such created ensemble, the free energy

minimum of the currently sampled part of the whole free energy surface is deter-

mined, and, if the gradients at this determined minimum are not vanishingly small,

another ensemble based on the currently minimal energy position is created. For

each step of the minimization algorithm, the current effective sample size (i.e. how

many sampled datapoints are in vincinity to the current minimum) is calculated. If

this effective sample size, given by the so called Kong-Liu ratio, is below 80% of the

total sample size, the minimization is stopped and the next ensemble is created. An

exemplary plot of the most important parameters during the runtime of the algorithm

is shown in Fig. 12. On average, four ensembles are needed in order to find the free

energy minimum. Lastly, another ensemble is created to calculate the anhamornic

phonon frequencies. Since the derivatives of the free energy surface are needed for

this calculation, this last ensemble includes up to 10000 structures, which enables to

calculate the phonon frequencies with a precision of around 5 cm−1, compared to a

twice as large ensemble size. The so called bubble-approximation (i.e. neglecting
(4)

φ
in Eq. (2.42) see Ref. [59]) is assumed, since its first order correction (referred to as

v4, the full equation (2.42)) does not effect the phonon frequencies within the deter-

mined accuracy. The phonon frequencies are again interpolated onto a 20×20×20

mesh. Exemplarily, the harmonic and anharmonic phonon dispersions of paraelec-

tric LT at 1000 K are shown in Fig. 13. Clearly, the within the harmonic approximation

present imaginary frequencies are now correctly described, and the phase is stable

(or at least metastable) at this temperature.

From these calculations, the total energy of the structure can be determined: The

electronic energy is taken as the stochastic averageover the last ensemble, byweight-

ing the electronic energy of each structure according to the set temperature and the

dynamicalmatrix. The resulting stochastic uncertainty is below1meV. The phononic

free energies are again calculated from the (anharmonic) phononic DOS using

Eq. (2.46), i.e. the phonons are assumed to behave harmonically in this final calcula-

tion.

All the above steps are carried out for the ferro-and paraelectric phases of LN and

LT for selected temperatures near their respective experimentally observed transi-

tion temperature. The results are shown in Fig. 14. The Curie temperature can be

extracted as the intersection between the total free energies of the ferro- and para-

22This is different from an atomisitic data set collected during a molecular dynamics run, since en-

ergetically unfavorable configurations are equally included here.
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1Figure 12: Parameters of the SSCHA run during theminimization algorithm: For each

step taken along the free energy surface, the effective sample size (Kong-Liu ratio,

lower right panel) decreases. If this value falls below a threshold of 20% of the initial

number of configurations, a new ensemble is created (dashed vertical lines), and the

effective sample size increases to the number of configurations used. The minimiza-

tion is stopped if the gradients of the free energy, i.e. the forces (upper right panel)

and stresses (lower left panel), reach zero, while the effective sample size is larger

than 50%. The total free energy per unit cell (upper left panel) converges to its mini-

mal value. The stochastic error at each step is denoted in turquoise.

electric phases. These intersections occur at 1408 K for LN and 808K for LT. Con-

trary to previous calculations, these values are in good agreement to the experimental

findings of around 1413K and 874K for LN and LT, respectively [14, 17, 57], which

demonstrates the importance of anharmonic effects.

Since the SSCHA also provides the ionic equilibirum positions at each temperature,

the nature of the phase transition can be observed. Here, both the Li- and Nb/Ta

ions continuously move towards their high-symmetry, paraelectric positions with in-

creasing temperature, implying a displacive type transition for both ion types. This

is seemingly in contrast to findings from molecular dynamics runs, where the Li ions

are stochastically distributed both parallel and anti-parallel with respect to the spon-

taneous polarization direction at each time step [P6]. However, a similar effect would

result from the ionic oscillations around their equilibirum positions, such that no clear

answer regarding the nature of the phase transition can be given here. The Nb and

Ta ions are much heavier compared to the Li ions, and therefore show smaller oscil-
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lations in the molecular dynamics calculations. Thus, they are localized around their

paraelectric equilibirum position within the center of the O cages, which is confirmed

by the SSCHA calculations.

3.4 Thermal Transport

Knowledge of the thermal conductivity is crucial for a number of applications. For

example, a low thermal conductivity enables to efficiently transfer heat to electricity

in energy conversion materials [63]. On the other hand, a high thermal conductiv-

ity is desired for high-power laser applications, to transfer excess heat and supress

overheating of the device [64].

Simulating thermal transport fully quantum-mechanically is numerically challenging,

since the interaction between phonons needs to be considered (e.g. by calculat-

ing the third-order force constants). Since the SSCHA routine provides all necessary

quantities needed to calculate the lattice thermal conductivity using the Boltzmann

Transport Equation in the Relaxation Time Approximation Eq. (2.51), it is compara-

tively straightforward to compute at each temperature considered in the SSCHA cal-

culations. Consequently, volumetric expansion is implicitly taken into account here

(since it is present within the SSCHA simulations). A scattering grid of 20×20×20 q-

points is needed in order to achieve a convergence of the lattice thermal conductivity
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within 7mWm−1 K−1. The datapoints are fitted analogously to Refs. [65, 66] using

κ(T ) = a+
b

T
+

c

T 2
. (3.2)

The results are presented in Fig. 15. For both, LN and LT, the lattice thermal conduc-

tivity is anisotropic, and larger along the polar crystal axis. With an increase in tem-

perature, the lattice thermal conductivity decreases. The paraelectric phases feature

a larger lattice thermal conductivity, which is thus expected to rise when heating up

to the Curie temperature. Lithium tantalate has an overall larger lattice thermal con-

ductivity than lithium niobate. The origins of the latter behavior has been discussed

in detail by Fu et al. [64], and is traced back to the different Grüneisen parameters of

the two materials.

In experimental studies, the here predicted increase at the Curie temperature could

be observed in LT, alas, only as a single peak and not as a step-like increase [65].

Compared to previous simulation of the lattice thermal conductivity where thermal

expansion effects were not considered, the calculated values for LT are much larger

within the simulated temperature region [64]. These values were underestimated

compared to experimental studies [65,W17]. Hence it can be concluded that the in-

clusion of thermal expansion effects overcorrects the results. This emphasizes the im-

portance of physical effects not considered in the calculations, e.g. electron-phonon
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LT (right). The ferro- and paraelectric phases are denoted in blue and red, respec-

tively. The crosses (dots) denote datapoints for the conductivity perpendicular (par-

allel) to the polarization axis. The fits are obtained using equation (3.2).

coupling. Again, the stoichiometry of themeasured samples might significantly influ-

ence the results as well. For LN, no high temperature values are available to compare

within literature, but an overall overestimation of the thermal conductivity is again

expected from extrapolating the simulated values from Fu et al. [64], and comparing

with available experimental values [65,W17].

This discrepancy compared to previous simulations can be further analyzed by look-

ing at the phonon lifetimes: Only those phonons with long lifetimes (i.e. τ > 5 ps)

and a large group velocity can contribute significantly to the lattice thermal conduc-

tivity (see Eq. (2.51)). The lifetimes of the phonons are shown in Fig. 16 for different

temperatures.

Clearly, low frequency phonons exhibit long lifetimes, for both LN and LT. As ex-

pected, the lifetime decreases with an increase in temperature. However, some no-

table exceptions can clearly bedistinguished, showinghigh-frequencyphononmodes

with rather long lifetimes (e.g. at around 10 THz for ferroelectric LN). Since these

modes cannot be observed in Ref. [64], it can be assumed that they yield a huge con-

tribution to the overall larger thermal conductivity compared to this reference. How-

ever, it can not be determined whether these modes have such a long lifetime be-

cause of physical effects (such as thermal expansion), or if the simulation constraints

yield numerical noise (e.g. regarding the approximated hydrostatic expansion con-

sidered in the SSCHA).

Some notable differences in phonon lifetimes can be observed between the ferro-
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1Figure 16: Phonon lifetimes as a function of frequency for LT (upper panel) and LN

(lower panel). Both the ferroelectric (left) and paraelectric (right) phases are consid-

ered. The temperature is overlayed as a color code.

and paraelectric phases: Despite the increased temperature, the paraelectric phases

feature overall similar phonon lifetimes as the ferroelectric phases. For LT, the life-

times even increase, especially for the low- and some high-frequency modes. This

increase in phonon lifetimes contributes the most to the increase in heat conductivity

of the paraelectric phase, since both the specific heat capacity at constant volume, as

well as the group velocities (shwon in Fig. 17) only show minor deviations between

the two phases23.

Regarding the group velocities, the phonon branches with the largest group velocity

(i.e. dispersion, compare e.g. with Fig. 13) can clearly be identified as the low fre-

quency acoustic branches, as well as the two highest frequency branches (along the

ordinary and extraordinary axes each). The increase in temperature (which is only

included as the increase in cell volume) yields an overall shift of the phonon frequen-

cies to lower values. A more detailed analysis of these frequency shifts can be found

in Ref. [67], as well as in chapter 3.5.1.

3.5 Application of Machine-Learned Force Fields

Even though the previous sections feature an impressive agreement to experimental

data by using the DFT as a base formalism, they also highlight the substantial numeri-

cal costs needed inorder to obtain results. Hence, theusageofDFT significantly limits

the range ofwithin a reasonable timeframe feasable simulations. Instead, the applica-

tion of force fields provides a computationallymuchmore efficient scheme. However,

23The specific heat capacity at constant pressure features a clear decrease at the phase transition,

as has been shown in Fig. 11
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1Figure 17: Phonon group velocities (absolute values) as a function of frequency for

LT (upper panel) and LN (lower panel). Both the ferroelectric (left) and paraelectric

(right) phases are considered. The temperature is overlayed as a color code.

most common force fields are only valid within certain chemical environments (i.e. a

force fields that well describes lithium oxide Li2O and niobium oxide Nb2O5 might

not be reliable for lithium niobate), limiting the accuracy of the results. The idea of

using machine-learned force fields circumvents both constraints: First, the chemical

environments of interest can explicitly be used as part of the training dataset. The

machine-learned force fields are thus not limited to specific atomistic configurations,

but can ideally cover all structures providedduring the training. Second, the accuracy

of such a machine-learned force field is mainly given by the accuracy of the training

data themselves, as well as of the overall coverage of the production calculations by

the training dataset. An accuracy of almost DFT level can (in principle) be achieved

by providing a within DFT calculated training dataset spanning the entire range of

configurations used during the production run.

The previously utilized SSCHA calculations provide such a training dataset for calcu-

lating phononic properties at different temperatures (i.e. different bonding lengths)

for both, LN and LT: Only the force constants and electronic energies at different

bonding lengths (which not only provide the thermal expansion effect at different

temperatures, but can also be used to simulate strain) need to be computable by the

force field. The random displacements of the ions from their respective equilibrium

positions within the SSCHA provide an excellent environment for fitting the force

constants for different atomic distances.

The training dataset for both, LN and LT, consist of 8.000 structures each. These

structures are extracted from the last SSCHAensemble at four different temperatures

each, such that 2.000 structures for each temperature (i.e. lattice volume) are being

considered. Since these last ensembles consist of in total 10.000 structures each,
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3.5 Application of Machine-Learned Force Fields

the 2.000 training set structures are randomly chosen, while the remaining structures

form a validation dataset. Only the ferroelectric phases are considered. The training,

and all subsequent calculations, are performed using the algorithms provided within

VASP. The numerical values of the cutoff radii needed for the correlation functions

are determined to be rmax = 9Å and smax = 6Å (see Sec. B.2.3 in the Appendix).

The accuracy of the extracted force fields are finally examined by providing three dif-

ferent errors: The training set error yields the average error of quantities calculated

from the force field compared to the ”exact” values provided by the respective train-

ing set structure. The validation set error is similarily defined, but the average errors

are calculated from the structures within the validation dataset. Since these struc-

tures were not explicitly used during the training, the validation set error provides an

extrapolation of the training data, and is thus typically slightly larger compared to the

training set error. Finally, a test set needs to be created in order to determine the to

be expected production run error. Here, this test set is chosen to be a relatively small

set of 600 structures that are explicitly needed for subsequent simulations. In de-

tail, the test set consists of 30 phonon calculations using the finite difference method

in 3×3×3 supercells at different lattice vector lengths24. Hence, the test set error

provides the best estimate on how well the trained force fields perform for the sub-

sequent tasks, compared to DFT calculations. All errors are shown for both, LN and

LT in Tab. 1.

elec. energy [eV/atom] forces [eV/Å]

LN

Training 7.37e-4 6.71e-2

Validation 7.40e-4 6.78e-2

Test 7.08e-3 2.12e-1

LT

Training 5.71e-7 5.18e-2

Validation 5.53e-06 5.24e-2

Test 1.24e-2 1.16e-1

Table 1: Predicted accuracy of the machine learned force fields.

The average error of the electronic energy is well within the numerical accuracy of

the DFT calculations, which has been determined to be at around 1meV per atom.

The error of the averaged forces (root mean square error) is also reasonably small,

considering that different potentials yield differences of up to 0.1 eVÅ−1. Overall,

the predicted errors compared to DFT calculations are sufficiently small to allow for

an application of these force fields.

3.5.1 Anisotropic Thermal Expansion

Utilizing the machine-learned force fields instead of DFT, the same procedure as in

Sec. 3.2 is used to calculate the thermal expansion within the QHA. However, due

to the numerical simplification, both lattice constants can now be varied separately,

24The QHA calculations in sec. 3.2 are perfomed by varying the volume, and not explicitly both

lattice constants separately. Hence, the previous results do not form an adequate test set.

47



3 Lithium Niobate and Lithium Tantalate

0 500 1000

T [K]

5.175

5.200

5.225

5.250

5.275

5.300

a
H

[Å
]

LiNbO3

LiTaO3

0 500 1000

T [K]

13.76

13.78

13.80

13.82

13.84

13.86

c
[Å

]

1Figure 18: Lattice constants as a function of temperature as calculatedwithin theQHA

using machine-learned force fields. The error bars denote the maximal deviations

when using different force fields. The average values are plotted as a solid line.

instead of a volumetric, hydrostatic approximation. The free energy is thus not cal-

culated as a function of volume (and temperature), but explicitly as a function of both

lattice constants, aH and c. In place of the Murnaghan equation of state, which only

holds for hydrostatic variation of the lattice, a polynomial of third order is used for

the fit. Thus, the lattice constants as well as their corresponding thermal expansion

coefficients can be extracted as a function of temperature.

Since the previously estimated errors of the force fields do not contain explicit errors

of the resulting lattice constants, two additional force fields are trained for LT, and one

additional for LN: Instead of generating an entirely new training set, the previously

used training and validation set data are shuffled, and randomly assigned as the new

training structures. All other fitting parameters remain unchanged. As a result, the

estimated average errors of the ionic forces and electronic energies remain almost

unchanged. Still, these additional steps provide a further verification of the following

results by partially taking stochastic errors into account.

The simulation grid is chosen to be in the range of 5.1-5.35 Å (5.1-5.4 Å) for the in-

plane, hexagonal lattice constant, and 13.75-13.95Å (13.6-13.85 Å) for the height

of the hexagonal unit cell for LN (LT). The temperature is sampled in steps of 10 K,

starting from 0K up to 1000K and 800K for LN and LT, respectively. The obtained

equilibrium lattice constants (at the free energy minima) are then fitted using a high

order polynomial. The resulting lattice constants as a function of temperature are

shown in Fig. 18.

The in-plane lattice constants of LN and LT, and their thermal behavior, are very sim-

ilar, and a slight deviation from linearity can be observed. These similarities can be

tracedback to the almost identical atomic radii ofNbandTa,with almost identical onto
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3.5 Application of Machine-Learned Force Fields

the basal plane projected bonding lengths. Compared to experimental data [18], the

lattice constants are slightly larger, which is to be expected for the force field, since it

has been trainedonDFTdata that used thePBEsol functional. The (linear) thermal ex-

pansion coefficient itself is, however, in good agreement, with an average simulated

value of 0.107mÅK−1 compared to the measured value of 0.11mÅK−1 [18].

The lattice constant c shows a distinctly different behavior: For one, the lattice con-
stant for LN is larger compared to LT over the whole temperature range. Looking

at the bonding lengths projected onto the z-axis, a shorter Ta-O bond compared to

Nb-O can explain this difference (see Sec. 4.2 for a closer look). Qualitatively, the

different lengths of the lattice constants in LN and LT have been observed in experi-

ments [18], however, with a largermagnitude than in the simulations. The lattice con-

stant first increases with an increase in temperature, with amuch larger expansion for

LN compared to LT. But at 830 K (600 K), the lattice constant suddenly shows a sharp

decrease for LN (LT). Again, this compliments the measured trend from Ref. [18],

where the lattice constant for LT finally increases again after passing the Curie tem-

perature.

This unusual behavior can be qualitatively explained by looking at the phononic fre-

quencies with respect to the lattice constants: In most cases, the phonon frequen-

cies will decrease with an increase in lattice constants, since bonds are elongated and

therefore weakened. This can be nicely observed by plotting the derivative of the

phonon frequencies at the Γ point with respect to a change in the lattice constant aH,
which is exemplarily shown for LNon the right-hand side of figure 19. Contrary, some

exceptions can be observed if instead the variation of the lattice constant c is cho-
sen, which is demonstrated on the left-hand side of figure 19: Here, some phononic

modes increase in frequency with respect to an increasing lattice constant c. This in-
crease is especially large for the A1-TO4 symmetrymode, whereas the low-frequency

A1-TO1 and E-TO2 modes (refer to Sec. 4.6 for the naming convention) show amuch

weaker dependence of the hexagonal height c. Hence, these three modes energeti-

cally favor a thermal contraction, rather than an expansion. The same considerations

also hold for LT. This behavior is confirmed in Ref. [67], where the phonon frequen-

cies were tracked as a function of applied strains, within both, experiment and DFT

simulations. The contribution of these modes to the thermal expansion can be esti-

mated by their respective Grüneisen parameters [68, 69]:

γmij = − 1

ωm

∂ωm

ηij
, (3.3)

where ηij denotes a component of the strain tensor acting on the unit cell, and ωm

the frequency ofmodem. Since the E-TO2modes frequency features amuch smaller

derivative with respect to the lattice constant c (i.e. a strain in z-direction) compared

to the two A1-TO modes (by an order of magnitude), it will be omitted in the follow-

ing discussion. Both these A1-TOmodes yield similar Grüneisen parameters, as their

difference in absolute frequency values almost cancels their different dependence on

the lattice constant. Since the A1-TO4 mode represents one of the highest frequency

modes within LN and LT, its thermal activation can only take place at elevated tem-

peratures. Hence, its contracting effect on the lattice along the z-direction can only
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1Figure 19: Change of the phonon frequencies of LN at Γ with respect to the lattice

constants: The derivative with respect to the basal lattice constant aH (right), and

c (left), are shown as a function of the same lattice constant. All 30 phonons are

considered,within a grid spannedbyboth lattice constants. Only theprojection along

the derived lattice constant is shown. Blue points denote phonons that energetically

favor a contraction along the respective lattice constant (i.e. the derivative is larger

than zero at some value of the investigated lattice constant), whereas grey points

favor an expansion.

occur at such higher temperatures, whereas in the lower temperature regime where

theA1-TO4mode is not yet activated, the lattice expands instead. Since the phononic

frequencies of all of the modes leading to this contraction is higher in LN than in LT

(see e.g. Figs. 51 and 52 in the appendix), their thermal activation takes place for

higher temperatures in LN. Consequently, the bowing of the lattice constant c can
already be observed at lower tempratures in LT, and only at higher temperatures in

LN.

Qualitatively, the phonon frequencies change more drastically with respect to an ex-

pansion along the basal plane, which aligns with the overall much larger thermal ex-

pansion along this direction compared to the height of the hexagonal cell.

Finally, comparing the simulations here to the hydrostatic approximation made in

chapter 3.2 reveals some distinct shortcomings of the latter: First, the anisotropy of

the material can obviously not be taken into account by the hydrostatic approach.

This is especially striking for highly anisotropic materials, as LN and LT, with very

distinct thermal behaviors of the different lattice constants. Further, the Murnaghan

equation of state overestimates the unit cell volume by as much as 4%, compared

to the anisotropic approximation, which in turn still overestimates the volume com-

pared to experimental measurements. The latter can be traced back to the inherent

overestimation of lattice volumina by the PBEsol functional. The former, however, is

a distinct result of the assumption of isotropy.

50



3.5 Application of Machine-Learned Force Fields

3.5.2 Elastic Moduli

The elastic moduli of a material define its mechanical stiffness with respect to defor-

mations. For anisotropic materials such as LN and LT, the elasticity is given via a ten-

sor. Knowledge of this elastic tensor is especially crucial for piezoelectric materials,

because the interplay between the elastic- and piezoelectric tensors determines the

magnitude of the piezoelectric effect. Since the lattice constants change non-linearily

with temperature, a complex temperature behavior of the elastic tensor is to be ex-

pected, as mainly the atomic bond lengths determine a material’s stiffness. Thus, the

elastic tensor as a function of temperature will yield valuable insights, specifically for

high-temperature applications. The machine-learned force fields provide a unique

opportunity here: Since they were explicitly trained for different interatomic bond

lengths, the elastic constants are readily available within a high accuracy. Indeed, the

following simulations would not have been numerically feasible using purely DFT. In

this section, all independent components of the elastic tensor are calculated, includ-

ing thermal expansion and harmonic phonon effects.

Unfortunately, theunit cell orientation conventionoutlined inRef. [7] doesnot unique-

ly define the elastic tensor: A rotation of 180° around the polarization axis switches

the signof the componentsC14 andC24 (andC41 andC42, accordingly) [67,70], while

still satisfying the established convention. Here, the unit cell is rotated such that one

rhombohedral lattice vector a′R lies perpendicular to the x-axis, and 〈y|a′R〉 > 0. The
elasticity tensor of LN and LT is written as

Cab =


C11 C12 C13 C14 0 0
C12 C11 C13 −C14 0 0
C13 C13 C33 0 0 0
C14 −C14 0 C44 0 0
0 0 0 0 C44 C14

0 0 0 0 C14
1
2
(C11 − C12)

 .

In total, six independent entries need to be calculated. By applying different strains

on the optimized unit cell at a given temperature, all components can be calculated.

The applied strain tensors in Voigt notation read explicitly as

η1 =


η
η
0
0
0
0

 , η2 =


0
0
η
0
0
0

 , η3 =


η
η
η
0
0
0

 , η4 =


0
η
0
0
0
0

 , η5 =


η
η
0
0
−η
η

 , η6 =


η
η
0
−η
−η
0

 .

According to the energy-strain relation given in Eq. 2.60, the free energy calculated

for the strained structures relates to the elastic components as:
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F1

V0
=

1

2
(2C11 + 2C12) η

2, C11 =
2

V0η2
F4

F2

V0
=

1

2
C33η

2, C12 =
1

V0η2
(F1 − 2F4)

F3

V0
=

1

2
(2C11 + 2C12 + C33 + 4C13) η

2, C33 =
2

V0η2
F2

F4

V0
=

1

2
C11η

2, C13 =
1

2V0η2
(F3 − F1 − F2)

F5

V0
=

1

2

(
5

2
C11 +

3

2
C12 + C44 − 2C14

)
η2, C44 =

1

V0η2
(F6 − F1)

F6

V0
=

1

2
(2C11 + 2C12 + 2C44) η

2, C14 =
1

V0η2

(
1

4
F1 + F4 +

1

2
F6 − F5

)
The energies F1, F2, and F3 can be extracted from the calculations of the previous

section: At each constant temperature, the energy surface as a function of the lattice

constants c and aH has been explicitly calculated. Following specific paths intersect-

ing the minimum (i.e. the equilibrium cell) is equivalent to applying a specific strain

tensor on the equilibirum cell. For example, the path parallel to the c-axis intersect-
ing the minimum is equivalent to straining the unit cell in cartesian z-direction. The
three paths corresponding to the strain tensors η1, η2, and η3 are exemplarily shown

in Fig. 47 in the Appendix. The strain tensor η4, and the (partial) shear strains η5 and
η6 need to be explicitly calculated: For each temperature (i.e. lattice constants), the

strain tensor is applied using different strains η, ranging from −1% to 1%. The free

energies are again calculated using the electronic and phononic energies, in the same

manner as in the previous section, and finally fitted with a polynomial of the form

F (T, η) = aη2 + bη3, (3.4)

such that the coefficient a relates to the components of the elasticity tensor. Exem-

plarily, the energy strain curve for η5 at 300K for LT is shown in Fig. 20.

From these temperature-dependent energies, the elastic tensor components can be

extracted by solving the system of equations. The results are plotted in Figs. 21 and

22.

As expected, the elastic constants generally decrease with an increase in tempera-

ture, since the thermal expansion leads to longer, weaker bonds between the ions.

This decrease is exceptionally large for theC11 component of LN, whose value drops

by around 50% in the range up to 1000 K. This relates to the large thermal expan-

sion within the basal plane. The in-plane elastic constants (i.e. C11 and C12) of LN

and LT behave comparibly, with similar values and slopes (note the different temper-

ature scales of the plots): At 0 K, the values for C11 and C12 are 201GPa and 70GPa

(225GPa and 63GPa), respectively, for LN (LT), which drop to 135GPa and 30GPa

(189GPa and 6GPa) at 800 K. These similarities can be traced back to the almost

identical lattice constantaH andcorresponding thermal expansion coefficient. At high
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1Figure 20: Change of the free energy of LT with respect to an applied strain η accord-
ing to the strain tensor η5 at 300K. The datapoints are fitted using the polynomial

(3.4).
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1Figure 21: Elastic constants as a function of temperature of LN.

temperatures over 900 K, an upwards slope can be observed for theC12 component

of LN. However, since the in-plane lattice constants steadily increase with tempera-

ture, this behavior might relate to the known failure of the harmonic approximation

for phonons at high temperatures. More drastic differences between the twomateri-
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1Figure 22: Elastic constants as a function of temperature of LT.

als can be observed for the other elastic constants: All of these involve a component

parallel to the polarization axis, either through axial or shear strain. For these compo-

nents, LT features overall larger values, and is thus more robust against deformations

parallel to the polarization axis than LN. This effect might be explained by the differ-

ent bonding lengths of Ta-O and Nb-O: The shorter Ta-O bonding length implies a

stronger chemical bond, and thus a more rigid system compared to LN. Curiously,

the elastic constant C14 has a different sign in both systems, meaning that LN can be

more easily sheared along the xy-plane while simultaneously stretched along the y-
axis, as compared to a simultaneous stretch along the x-axis. For LT, the opposite

statement holds true.

The results are in good agreement to experimental measurements, especially for the

diagonal components of the elastic tensor: In a comprehensive study by Bouchy et

al. [71], the elastic constants of LN over a wide temperature range have been deter-

mined and compared to available literature values. Even though the here calculated

values dowell agreewith themeasurements, some caution is requiredwhen compar-

ing the results: First, the experimental values assume a linear thermal expansion of

both lattice constants, in order to extract material parameters. Clearly, this assump-

tion does not hold for the extraordinary crystal axis, as has been shown in Ref. [18]

and was confirmed by the simulations in chapter 3.5.1. Further, the measured sam-

ples and the experimental setup itself have a significant influence on the extracted

properties, resulting in differences of the elastic constants of up to 50%, and even

contrary behavior with increasing temperature (compare e.g. Refs. [71] and [72]).

Lastly, the simulations do not consider additional thermal effects, e.g. diffussion or

phonon-phonon interactions, which could significantly alter the extracted values for

the elastic constants. For LT, similar considerations have to be made: Here, the er-

ror for the diagonal components is again significantly smaller compared to the off-
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diagonal components [73–75]. However, both are within the to be expected exper-

imental uncertainty. Since the ambiguity in the conventional definition of the elastic

tensor leads to a change of the sign of the elastic constantC14, it is not clear to which

entry of the elastic tenor (i.e. which sign) the experimental measurements refer to.

The here attributed entries and signs are, however, in agreement to all available mea-

surements [71–75].

3.5.3 Piezoelectric Coefficients

The piezoelectric tensors linkmechanical deformations to changes in the polarization

within a crystal. Only non-centrosymmetric crystals may show this property.

Using the same convention as established for the elastic tensors regarding the unit

cell orientation, the direct piezoelectric tensor e of LN and LT reads as

eijk =

 0 0 0 0 e15 −2e22
−e22 e22 0 e15 0 0
e31 e31 e33 0 0 0

 ,

such that four independent entries appear. Analogously, the converse piezoelectric

tensor d shows the same symmetries as the direct piezoelectric tensor e. All entries
canbe readily extractedusingEqs. (2.67) and (2.66), since the elastic tensor (and thus

its inverse) are known from the previous section. Only the lattice’s thermal expansion

is considered for taking temperature effects into account. All four direct piezoelectric

coefficients are shown in Fig. 23 for LN, and Fig. 24 for LT.
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1Figure 23: Direct piezoelectric coefficients for ferroelectric LN as a function of tem-

perature.

All components show an increase with respect to temperature for both, LN and LT.

The component e31 is smallest, since it links strains in the unpolar basal plane to
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1Figure 24: Direct piezoelectric coefficients for ferroelectric LT as a function of tem-

perature.

changes of the polarization parallel to the spontaneous polarization direction. Curi-

ously, its sign changes from negative to positive in LT, whereas all other components

are strictly positive.

The results for temperatures near the Curie temperature have to be interpreted with

caution: No phase transition effects (such as the change of equilibrium positions of

the ions) are included. Indeed, the piezoelectric coefficients should continously van-

ish at the transition temperature, as the crystal becomes centrosymmetric. Still, the

here presented data should give reasonable results for temperatures far below the

respective Curie temperature.

A better comparison to experimental data can be obtained by calculating the con-

vserse dielectric tensors, which are shown in Figs. 25 and 26. Here, a more com-

plex temperature-dependent behavior can be observed, since the converse piezo-

electric tensor is coupled to the elastic tensor. Whereas d33 and d31 monotonously

increase with increasing temperature, d15 and d22 show a plateau or even slight de-

creases around room temperature. The observed values around this temperature are

all in good agreement to observations [72,76], even though the calculations system-

atically overestimate the experimental values. This overestimation can easily be ex-

plained, since the calculations presented here are not incorporating the temperature-

dependent ionic positions, which are known to continuously shift towards the para-

electric phase for increasing temperatures [P6]. This leads to a decrease in the spon-

taneous polarization at higher temperatures, which in turn lowers the piezoelectric

coefficients. Thus, analogously to the direct piezoelectric tensors, the calculated re-

sults for the converse piezoelectric tensors are not expected to hold at elevated tem-

peratures near the transition temperature.
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1Figure 25: Converse piezoelectric coefficients for ferroelectric LN as a function of

temperature.
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1Figure 26: Converse piezoelectric coefficients for ferroelectric LT as a function of tem-

perature.

3.5.4 Acoustic Properties

Sound can be described as an elastic wave that propagates through amedium. Thus,

with knowledge of the elastic tensor, the anisotropic sound velocities within a ma-

terial can be determined. Indeed, the elastic constants are commonly extracted by

measuring the sound velocities (e.g. Ref. [76]). The Christoffel equation connects
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these two quantities: ∑
ij

(
Mij − ρω2δij

)
sj = 0, (3.5)

where ŝ denotes the polarization of a monochromatic wave with frequency ω and

wave vector q. The material’s mass density is given by ρ. The Christoffel matrixM is

directly related to the elastic tensor C by

Mij =
∑
mn

qmCimnjqn. (3.6)

Clearly, the phase velocity of mode i vpi = ωi(q)/q depends on the direction of its

wavevector q, but not on its magnitude. The eigenvalue problem Eq. (3.5) is solved

using the Christoffel python module [77], whereby three phase velocities (one lon-

gitudinal and two transverse which are referred to as primary and secondary, respec-

tively) can be extracted for each combination of q-directions. The polarization direc-

tions of the waves are given by their respective eigenvectors.

Typically, sound waves are not purely monochromatic. Hence, instead of the phase

velocity, the group velocity is considered, which can be calculated from the phase

velocity by taking its gradient in reciprocal space, i.e. vgi = ∇qwi(q). The onto a

sphere projected group velocities are shown in Fig. 27. Note, that the group velocity

is generally not parallel to the phase velocity.
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1Figure 27: Group velocities of LN (top row) and LT (bottom row) at 0Kprojected onto

a sphere. The primary (longitudinal, a) and d)), and the secondary (transversal, fast

[b) and e)] and slow [c) and f)]) velocities are shown. The schematic orientation of

the rhombohedral unit cell within the projected sphere is shown on the far left side.

The velocities are color coded in units of km/s.

For LN, the longitudinal waves are fastest perpendicular along the rhombohedral face

intersection, and slowest at the face centers. The only exceptions are the two corners

along the z-axis, where the sound velocity is only slightly lower compared to the face

intersections. Compared to LN, the behavioral pattern for the primary branches of LT

is rotated by 30° around the z-axis, i.e. the acoustic waves are fastest at the rhombo-

hedral plane centers. This, and all other equivalent rotations of the velocity patterns,
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can be traced back to the different signs of the elastic component C14 between LN

and LT.

The faster transversal waves (b) and e)) in Fig. 27) show a similar pattern as the longi-

tudinal branches (a) and d)), but with an additional rotation of 30° around the z-axis.
The pattern is again rotated by 30° around the z-axis between LN and LT. The rhom-

bohedral face intersection along the z-axis now shows a clear local minimum for LN.

The slower transversal branch patterns of LN and LT are reversed with respect to the

fastest and slowest regions, compared to their corresponding longitudinal pattern.

Here, a clear maximum can be observed along the z-axis.
Compared to experimental data for LN, the velocities of the longitudinal branches are

slightly underestimated, whereas the transversal branches are in good agreement to

the measured values [78]. For LT, the reverse statement holds [76]. Still, the depen-

dence on propagation and polarization directions is well reproduced for both mate-

rials. The group velocities for specific high-symmetry combinations of propagation

and polarization directions are given in Tabs. 4 and 5 in the Appendix.

As the temperature increases (see Sec. B.2.4 in theAppendix), the acoustic velocities

are lowered. The general spatial trends do, however, not change.

3.6 Li-deficient Lithium Niobate

Even though LN is being used in a vast range of applications, knowledge of its elec-

tronic band gap is limited: As has been pointed out in previous works, experimental-

ists typically measure the optical absorption edge that is later interpreted as the elec-

tronic band gap [79, 80]. Comparing the mesured optical band gap with the within

DFT calculated electronic band gap yields generally a good agreement [81], which

can only be achieved by a fortunate cancellation of errors: The measured absorption

edge values contain excitonic effects that are not considered within DFT, which lead

to an absorption edge at lower energies compared to the electronic band gap. On the

computational side, quasi-particle effects, such as e.g. electron-phonon couplings,

are ignored. The within DFT assumed delocalization of the 4d electrons present in

Nb introduces another error, which can be corrected by a Hubbard parameter as in-

troduced in Sec. 2.2.2. Further, the absorption edge is affected by the stoichiometry

of the crystal, and often congruent LN samples are being used in experiments. In

fact, the stoichiometry of a sample can be determined by measuring its absorption

edge [1, 82].

In order to explain this behavior, a closer look at the electronic structure is necessary.

Different formation defects within LN have been proposed [83–86], of which the so-

called Li-vacancy model is widely accepted as being energetically favored [87–89],

whereas oxygen vacancies can only play a minor role [89, 90]. Here, a congruent

LN crystal is simulated by successively removing Li+ ions from the stoichiometric lat-

tice. Different supercell sizes are used, up to a 4×4×4 supercell. The vacancies are

positioned such that their distance is maximized, in order to minimize the Coulomb

interaction between the sites. Within this model, the charges are, as a first approxi-

mation, not compensated. The Li-vacancymodel is created by removing five Li+ from

a 4×4×4 supercell of stoichiometric LN, and setting a Nb4+ ion at a randomly chosen
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vacant lithium site that compensates the electronic charges of the Li+ vacancies 25.

Again, the Li+ vacancies are placed to have a maximal distance. Since it is assumed

that oxygen vacancies donot occurwithin congruent lithiumniobate, and insteadnio-

bium ions compensate for Li-deficiencies, its composition is generally given in units

of the lithium oxide content within the crystal [1, 92], i.e.:

LiNbO3 = 0.5 · Li2O+ 0.5 · Nb2O5. (3.7)

For better comparability to existing works, the oxygen contents in the above formu-

lation are ignored in order to characterize the within this work simulated congruent

crystals. If not explicitly written out, the niobium pentoxide content is assumed to be

50mol% if no additional niobium ions are added or removed compared to a stoichio-

metric cell. The Li-vacancy model used in this work is written as

Li124Nb129O384 = 0.480 · Li2O+ 0.504 · Nb2O5. (3.8)

Finally, an energy correction according to Eq. (2.15) with a Hubbard parameter of

U = 4 eV is set for the niobium 4d shell, which has been determined in previous

works [93, 94].

The electronic band structures are calculated for the different models which are ex-

emplarily shown in Fig. 28. For a better visual comparison, the bands are all unfolded

onto the first Brillouin zone of the primitive unit cell, and weighted according to their

spectral weight P via

PmK(k) =
∑
n

∣∣〈ψSC
mK|ψPC

nk〉
∣∣2 =∑

g

|umK(g+ k− K)|2 , (3.9)

whereK and k denote k-vectors in the supercell (SC) and primitive cell (PC), respec-

tively. It holds thatK =Mk, withM being the matrix used to transform the primitve

cell to the super cell. Band indizes are labelled with m and n, g denotes a recipro-

cal lattice vector. Only information about the Bloch factors umK of the super cell are

needed to calculate the weights. The unfolding algorithm is used as implemented in

the VASPKIT package [95].

Adding Li+ vacancies does not drastically change the electronic band structure near

the Fermi level compared to the stoichiometric unit cell, since mainly two core elec-

trons (corresponding to the 1s electrons of the removed Li ion) are removed. The ab-

sence of some Li ions forces the ions surrounding these vacancies to slightly change

their relative positions, thus breaking symmetries of the crystal and degeneracies of

the electronic bands.

This effect becomes more pronounced as more Li+ vacancies are added. Overall, the

change of the ionic background potential, which is induced by these slight structural

changes, leads to a minor reduction of the electronic band gap. The same reason-

ing can be applied to discuss the band structure of the Li-vacancy model. However,

25In Ref. [91] it has been proposed that this niobium ion may be able to move to a neighboring,

empty oxygen octahedron.
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Figure 28: Effective electronic band structure of LN: (a) stoichiometric,

(b) 49.1mol% Li2O, (c) 48.4mol% Li2O and 50.4mol% Nb2O5. The bands are un-

folded to the first Brillouin zone of the primitive unit cell.

a pronounced localized defect state just below the conduction band minimum can

additionally be observed here, which has been reported previously [96]. This de-

fect state has a strong d-like characteristic and is centered around the NbLi position.

Thus, the electronic band gap is closed further compared to the structureswhich only

include Li+ vacancies.

In order to determine the experimentally accessible optical absorption edge, the di-

electric function is calculated from the electronic structure within the IPA: The num-

ber of considered conduction bands per formula unit is increased to 23, such that the

dielectric function is converged up to excitation energies of 10 eV. The results are

presented in figure 29.

Similar to the electronic band structure, onlyminor changes compared to the stoichio-

metric cell can be observed, for both the ordinary and extraordinary component of

the dielectric function. The main absorption bands at around 5 eV and 8.5 eV in stoi-

chiometric LN (black curve) have been previously reported, e.g. in Ref. [97]. Similar-

ily, their relative difference in intensity in the ordinary and extraordinary optical direc-

tion is in good agreement to previous investigations. For decreasing lithium content,

the spectra shift to slightly lower energies, seemingly in agreement to the closing of

the electronic band gap. Still, according to Eq. (2.80), the overlap of the conduc-

tion and valence states plays a major role in the absorption rate, and a one-to-one

correspondence between the optical absorption and the electronic band structure is

generally not applicable. With addition of the charge-compensating niobium ion, the

absorption bands experience an additional red-shift.

To further analyze these absorption shifts, the absorption edge is plotted as a func-

tion of the congruent lithium niobate composition. Unfortunately, the concept of an

absorption edge is not uniquely defined: Experimentalists typically measure the ab-
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1Figure 29: Real (upper row) and imaginary part (lower row) of the dielectric function

of congruent LNcalculatedwithinDFT in the IPA. Thepanels at the left and at the right

hand side show the ordinary and extraordinary component of the dielectric function,

respectively. The red line denotes a concentration of 48.4mol% Li2O and 50.4mol%

Nb2O5.

sorption coefficient, and perform a Tauc fit near the onset of the absorption (see e.g.

Ref. [P5]). This method dependes largely on the chosen fitting region, and can thus

not unambiguously define a physical quantity. In other cases, an arbitrarily chosen

threshold value is set, and the absorption edge is then chosen as the energy where

the absorption coefficient increases beyond this set value (see e.g. Ref. [1]). Within

this spirit, the here calculated absorption edge is defined as the energy where the

imaginary part of the dielectric function first passes a value of two. Of course, this

does not allow for a quantitative comparison of results (which is not only limited by

the chosen definition of the absorption edge, but further hindered by the exclusion

of excitonic and quasi particle effects), but allows for an in itself consistent analysis.

The results are presented in Fig. 30. A clear dependence between the absorption

edge and the composition of the congruent crystal can be observed.

Qualitatively, the data points can be fitted by a square root function via

E = k
√

50− cLi2O + E0, (3.10)

where cLi2O is the lithium oxide content of the crystal in units of mol%. The same func-

tion has been used in Ref. [1], showing that the relatively simple model of the con-
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1Figure 30: Absorption edge of congruent LiNbO3 calculated within DFT in the IPA

as a function of the Li2O content. The data points are fitted to a square root function

according to Ref. [1]. The dashed lines correspond to the Li-vacancy model, and the

solid lines to the non charge compensated model.

gruent crystals that are employed here behave similarly to the real congruent crys-

tals. Note, that the quantitative good agreement compared to Ref. [1] can only be

interpreted as a coincidence. Further, the measured values exhibit a slightly stronger

dependence on the Li2O content than the simulations. The latter issue might be ad-

dressed by compensating the charges of the Li+ vacancies by using the Li-vacancy

model, as tentatively addressd in the present work and shown by the red curves in

Fig. 30. However, this fit does not provide a definitive conclusion, since only two

datapoints per polarization direction have been calculated.
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4 Lithium Niobate-Tantalate Solid Solutions

A solid solution is defined, according to the IUPAC definition, as ”a crystal containing

a second constituent which fits into and is distributed in the lattice of the host crys-

tal” [W2]. These include interstitial (i.e. the second constituents are accomodated

between lattice sites of the host), and substitutional (i.e. the second constituents are

replacing atoms within the host lattice) solid solutions. Generally, a solid solution of

arbitrary constituent concentration can only be synthesized for the latter case. The

physical properties of the parent compounds are interpolated over the compositional

range of the solid solution, allowing for their enhancement or fine-tuning for applica-

tions. Since both LN and LT crystallize in the same space group R3c, and both Nb

and Ta are pentavelant (within this configuration) with similar electronegativity (1.6

and 1.5 in Pauling units for Nb and Ta, respectively [W18]) and ionic radii (0.78 Å for

their pentavalent, octahedral coordination [W18]), they can be substitutedwith each

other, allowing for the synthetization of LNT solid solutions over the whole composi-

tional range [18, 19, 98]. To maximize the entropic contributions to the free energy,

it is assumed that the Nb and Ta ions are randomly distributed throughout the solid

solution [99].

Simulating non-ordered random alloys is a challenging task, since the Bloch theo-

rem does not hold in a strict mathematical sense. However, Bloch’s theorem scales

the many-body problem of the solid down by many orders of magnitude, and its

neglience would be numerically unfeasable. Hence, additional assumptions have to

be made in order to model a random ionic distribution, which still have to hold af-

ter employing periodic boundary conditions. Many different approaches have been

proposed: In the virtual crystal approximation [100], thepseudopotentials of atoms at

the sites of substituents areweighted according to the concentrationwithin themixed

crystal. This offers the possibility of using primitive unit cells of the end compounds

to model an alloy with arbitrary mixing ratio. Its main drawback is the unphysical

assumption that the pseudopotentials superimpose at the substituent sites. A simi-

lar idea is proposed in the coherent potential approximation [101]: Here, instead of

the pseudopotentials, the electronic Green’s function ismodified to include contribu-

tions fromdifferent atomic species, yielding an effective electronic density in k-space.

Thus, this method is only available if the Green’s function can be calculated (e.g. in

the Green’s function Koringa-Kohn-Rostoker formalism [102, 103]). Further, local-

ized effects cannot be taken into account. Another way for simulating a random alloy

is given by the coupled cluster expansion [104, 105]: Assuming that the material’s

properties (e.g. the electronic energy) can be expanded as a function of structural

motifs (referred to as clusters), an effective Hamiltonian is constructed by the sum

of interactions of these clusters. Its clear advantage compared to the previous meth-

ods is its explicit inclusion of local effects. However, the computational demand is far

higher, and in the frame of the work presented here, this approach is not feasible. A
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4 Lithium Niobate-Tantalate Solid Solutions

simplification of the cluster expansion method is given by the employment of special

quasi-random structures, which are used throughout this section. Their construction,

advantages, and drawbacks compared to the previously mentioned approximations

will be discussed in detail in the next chapter.

4.1 Special Quasi-Random Structures

In the SQS approach, no averaging of the electronic properties takes place. Instead,

a cell that mimics the localized disorder present in the mixed crystals is utilized. For

each composition, only one26 structure needs to be considered, namely the one that

resembles a truly randomalloy themost. This resemblance ismeasuredby calculating

the correlation function of a given (super)cell with fixed positions for the substituent

ions, and comparing it with the analytically known correlation function of the true

randomalloy. The structure that has themost similar correlation function compared to

the true randomalloy is referred to as a SQS, and is subsequently used to approximate

the true random alloy. Thus, the usage of SQS provides a good trade-off between

the accuracy of extracted properties, and the numerical cost put in. However, certain

aspects need to be considered to determine whether a in such a way constructed

SQS well describes true disorder:

First, the size of the to be determined SQS has to be taken into account: For one, this

size depends explicitly on the composition that one wants to analyze. For example,

a LNT crystal of 25% Ta content needs to be modeled using at least two rhombohe-

dral unit cells, since one unit cell only contains two Nb or Ta ions. But more impor-

tantly, larger unit cells allow for a better match of the correlation function compared

to the true random alloy, resulting in SQS that more closely resemble true random-

ness compared to SQS of smaller cell sizes. This behavior is especially obvious for

concentrations of 2−n% tantalum, with n being a small positive integer: For example,

only the primitive unit cell would need to be considered to construct a LNT mixed

crystal with 50% tantalum. However, since periodicity of the solid is assumed, such

a structure would still display short-range order, and would not be characterized by a

random distribution of the substituent ions. Instead, larger unit cells allow for intrin-

sically breaking such short-range order. On the other hand, the SQS should be small

enough to enable calculations within a reasonable computational cost.

Further, the optimal SQS has to be defined and determined in the first place: There-

fore, a set of test structures is set up, consisting of supercells where the substituent

sites are occupied by a randomly chosen substituent, but within a fixed composition.

Each test structure (configuration) is subdivided into clusters which hold k vertices

(here, the niobium and tantalum ions at approximately the centers of the oxygen

cages). The correlation function of a cluster f within a configuration σ can thus be

26In practice, more than one SQS for each composition should be used to yield a better statistical

significance.
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4.2 Structural Properties

calculated as

Πf (σ) =
1

NDf

∑
l

(
k∏

i=1

Si

)
, (4.1)

whereN is the number of clusters at substituent sites lwithin the configuration σ,Df

is the multiplicity of cluster f within σ, and Si = ±1, depending on the atom type at

vertex i. The correlation function of the true random alloyR is given by

Πf (R) = (2x− 1)k , (4.2)

where x ∈ [0, 1] denotes the substituent concentration. The similarity between

configuration σ and the true disordered alloy R is measured by the error function

ε via [106]

ε(σ) =
∑
f

Df

(kdf )
n |Πf (σ)− Πf (R)| , (4.3)

where n assigns the weight contribution of clusters of different sizes k, and df de-

notes the mean distance between substituent sites within cluster f . Here, n = 2 is
chosen, since the resulting SQS do not depend on n for 1 < n < 5 [22]. Using

this formalism, larger clusters contribute less to the error function than smaller ones,

channeling the focus on local site effects. Finally, the best matching configurations

can be extracted as the ones with the lowest error, which denotes them as SQS.

In most cases, it is not numerically feasible to simply examine all possible ionic con-

figurations by computing their correlation function and comparing them to the true

randomalloy, since the configuration space can easily span≈ 109 different structures.

Instead, the configuration space is randomly sampled for up to 105 candidates, and

only the best matches from this subset are extracted.

In this work, two sets of SQS are employed: Rhombohedral 2×2×2, and orthorhom-

bic 2×1×1, 1×2×1 and 1×1×2 supercells [22,P5]. The rhombohedral SQS contain

80 atoms, of which up to 16 are either niobium or tantalum. Thus, a total of 16 differ-

ent concentrations can be examined, resulting in a sampling of the Ta concentration

of∆x=0.0625. The orthorhmobic SQS include 120 atoms, and thus allow for a finer

sampling of the concentration of ∆x=0.0416. In practice, the SQS are only deter-

mined up to x=0.5, since the correlation function is invariant under an exchange of

atomic types (x→1-x and S→ -S). Hence, all niobium ions are replaced by tantalum

ions and vice verse when comparing SQS with concentrations of x<0.5 and x>0.5.
Since the structures with only one substituent compared to the end compounds are

all equivalent by translations, only one structure is being used for these concentra-

tions (i.e. for x=0.0416; 0.0625; 0.9375; 0.9583). Only the ferroelectric phase is

studied throughout this section.

4.2 Structural Properties

Even though LN and LT feature similar lattice constants in the basal plane, they show

a difference of about 0.04Å along the low symmetry axis (see e.g. Sec. 3.5.1). Such
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4 Lithium Niobate-Tantalate Solid Solutions

differences have been shown to be especially important in devices consisting of lay-

ers of differentmaterials: In the semiconducter industry for example, combinations of

silicon and germanium layers help in constructing integrated circuit transistors [107].

Their respective lattice mismatch induces a strain on the lattice that defines the phys-

ical characteristics of the device [108–111]. For ferroelectrics, the potential of similar

applications for integrated optics is virtually unexplored. Thus, knowledge of the lat-

tice parameters as a function of the alloy composition is a crucial first step for design-

ing and optimizing similar devices, using lithium niobate, lithium tantalate, and their

solid solutions as a possible foundation.

To extract the structural properties of LNT, the SQS unit cells have to be optimized:

Here, DFT calculations are used to relax the ionic positions and lattice vectors for dif-

ferent, fixed unit cell volumes. The optimization is stopped if the Hellmann-Feynman

forces acting on all ions are smaller than 0.005 eVÅ−1. The volume is then plotted as

a function of the electronic energy and fitted with the Murnaghan equation of state

(2.57), which yields the equilibirum volume and the bulk modulus. An exemplary

plot for LiNb0.75Ta0.25O3 is shown is Fig. 31. Note, that in contrast to Secs. 3.2 and

3.5.1 no phononic contributions are taken into account here, such that no assump-

tion regarding the thermal behaviour of the lattice volume can be made. A final DFT

optimization is performed using the extracted equilibrium volume, which additionally

yields the lattice constants and ionic positions for each composition. All the available

SQS are considered in the calculations, including the rhombohedral 2×2×2 and or-

thorhombic 2×1×1, 1×2×1, and 1×1×2 supercells.
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1Figure 31: Total electronic energy as a function of the unit cell volume of one SQS for

LiNb0.75Ta0.25O3. The data points are fitted using the Murnaghan equation of state.

The predicted equilibrium volume is indicated asV0 with an energy ofF0 (normalized

to a primitive unit cell of the end compounds).
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4.2 Structural Properties

The lattice constants as a function of the tantalum content of the solid solution are

plotted in Fig. 32, and summarized in Tab. 6 in the appendix. Since slight variations

in the calculated values occur, especially due to the usage of different SQS modeling

the same composition based on supercells of different symmetry, the average lattice

constants are shown. An error bar denotes the maximal deviations from the average.
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1Figure 32: The lattice constants aH (right panel) and c (left panel) as a function of the
tantalum concentration in LNT. Both lattice constants are normalized to a primitive

cell of the end compounds.

With an increase in Ta content, an almost linear increase can be extracted for the

lattice constant aH (the basal plane of the hexagonal structure), which emphasizes

the empirically derived and often employed Vegard Law:

aLiNb1-xTaxO3
H = (1− x) · aLiNbO3

H + x · aLiTaO3

H . (4.4)

Overall, the dependency of aH on the tantalum concentration is rather small, with a

variation of around 0.2 %. The composition can thus only be exploited to a certain

extent in order to tweak the in-plane matching of LNT films on different substrates.

The rhombohedral SQS feature a systematically larger lattice constant aH than the

orthorhombic SQS (around 0.004%), which is, however, still within the numerical

accuracy of the calculations. In contrast, the height of the hexagonal unit cell c de-
creases with an increase in the Ta content of LNT, with a variation of around 0.4 %,

which is twice as large as the variation for the in-plane lattice constant aH. This de-
crease features a slight sublinear behaviour, which can be indicated as an additional

bowing parameter b in Vegard’s Law:

cLiNb1-xTaxO3 = (1− x) · cLiNbO3 + x · cLiTaO3 − b · x(1− x). (4.5)

Both lattice constants are remarkably well reproduced throughout the whole compo-

sitional range compared to experimental results [19, 112]
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1Figure 33: The lattice volume (left panel) and the bulk modulus (right panel) as a

function of the tantalum concentration in LNT.

The unit cell volume, given in Fig. 33, shows a strong sublinear behaviour, with a

minimal volume at around 40% Ta-content.

The from the Murnaghan equation of state extracted bulk modulus shows a linear

behaviour, as can be seen in Fig. 33. The extracted values for the end compounds

(KLT=130.8GPa, andKLN=112.6GPa) are in good agreement with available experi-

mental values [113] as well as with other theoretical results (K theo
LT =124GPa and

K theo
LN =102GPa [114]).

The spontanueos polarization in the LNT crystal family is dependent on the displace-

ment of the Li ions from the O planes, as well as of the off-centering of the Nb or

Ta ions from the O cages (see e.g. Fig. 9). The spontaneous polarization decreases

from 71 µC cm−2 for LN [57] to 60 µC cm−2 for LT [17], even though the Nb and Ta

ions are formally isovalent. This discrepancy can be partially explained by analyzing

the displacement distance of the respective ions from their high-symmetry position:

The tantalum ions are located almost 0.08 Å closer to the oxygen cage centers than

the niobium ions, which significantly weakens their contribution to the spontaneous

polarization. Similarly, the Li ions in LT are located around 0.7 Å nearer to their high-

symmetry positions than in LN. This, however, contributes only marginally to the

spontaneous polarization, since the Li ions carry a much smaller (effective) charge

than the Nb or Ta ions. The usage of SQS to model the LNT solid solutions provides

a unique look into that behaviour for the whole compositional range, as local site ef-

fects are explicitly present in the cells. In Fig. 34, the magnitude of the displacement

of the Li, Nb, and Ta ions from the high-symmetry positions are shown. An almost

linear increase in the distance between the Nb and Ta ions from the oxygen planes

can be observed for an increasing Ta content. This corresponds to an overall move-

ment towards the oxygen cage centers of both ions with an increase in the tantalum
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4.2 Structural Properties

concentration. The distance between the Li ions and the oxygen planes linearly de-

creases with an increase in the Ta content, again corresponding to a movement to-

wards the high-symmetry positions. All of these effects result in a decrease of the

spontaneous polarization with an increase in tantalum within the mixed crystals. A

quantitative analysis using effective charges will be presented in Sec. 4.6. Finally, the

distance between different oxygen layers (i.e. the height of the oxygen octahedra) as

a function of the LNT composition shows a slight, sublinear decrease of the octahedra

height with an increase in the tantalum content.
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1Figure 34: Average distance of all atomic types in the LNT crystal family to the next

neighboring oxygen plane in z-direction. The error bars denote themaximal average

deviation between different SQS.
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4 Lithium Niobate-Tantalate Solid Solutions

4.3 Thermal Properties

Compared to Sec.3.2, the numerical costs for thermal calculations within the SQS

approximation is far greater: For one, no symmetry reductions can be used (e.g. re-

garding atomic displacements in the x- or y-direction). Secondly, the SQS unit cells
include more atoms (at least by a factor of eight), which means that altogether more

phonon modes (at least 24 times more) need to be explicitly calculated. Further, the

whole compositional range of themixed crystals need to be studied, multiplying all of

the aforementioned difficulties. The following discussion is thus limited to harmonic

phonons, and no thermal expansion or other anharmonic effects can be presented.

Similar to Sec.3.2, the harmonic phonon DOS is calculated using the finite displace-

mentmethod. Here, supercells basedon theorthorhombic SQSare employed,where

the cells are multiplied such that the resulting supercells have similar lattice constants

in each direction. This ensures that long-range effects are taken into account up

to a comparable accuracy in each direction. The resulting phonon frequencies are

then interpolated onto a 20×20×20 k-point grid by using the Parlinski-Li-Kawazoe

method, resulting in an error of around 3% compared to a 50% denser mesh. Some

imaginary frequencies are present near the Γ-point: These arise, because the su-

percells used are not large enough to capture the full long-range interaction in the

material, and are thus not an indicator of instability of the crystal phase as in chapter

3.3 [115]. For the following calculations, these imaginary frequencies are taken as

real, positive values.

Using Eq.(A.4), the specific heat capacity at constant volume can be calculated. The

results are presented in Fig. 35 (upper panel). For LN, a value of 0.64 J g−1 K−1 is ex-

tracted at room temperature, whereas a 38% lower value of 0.40 J g−1 K−1 is identified

for LT. Both results are in very good agreement to experimental data (0.70 J g−1 K−1

for nearly stoichiometrc LN [53], and 0.42 J g−1 K−1 for LT [W17]), and theoretical re-

sults for cp [51]. By selecting a fixed temperature, it becomes more apparent that cV
behaves sublinearly as a function of the Ta content. In the lower panel of Fig. 35, an

exemplary temperature of 300 K has been chosen.

Using the empirical Vegard Law

cLiNb1-xTaxO3

V = (1− x) · cLiNbO3

V + x · cLiTaO3

V − b · x(1− x). (4.6)

the bowing parameter responsible for this sublinearity can be extracted for each tem-

perature. Following a similar trend as the specific heat capacities themselfes, thebow-

ing parameter increases with temperature.

4.4 Electronic Properties

In previous investigations, profound deviations from Vegard’s law have been ob-

served for the electronic band gap within the LNT crystal family [116]. Analogously

to Eq. (4.5), a bowing parameter b is introduced in order to describe the deviation

from a linear behaviour:

ELiNb1-xTaxO3
g = (1− x) · ELiNbO3

g + x · ELiTaO3
g − b · x(1− x). (4.7)
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1Figure 35: Right panel: specific heat capacity at constant volume as a function of

temperature and composition of LNT. Left panel: specific heat capacity at constant

volume at 300 K as a function of the Ta concentration.

These bowing parameters have been determined from a few, ordered compositions

to 0.6 eV and 0.3 eV for the direct band gap calculated within the IPA and Indepen-

dent Quasiparticle Approximation, respectively [116]. Again, the application of SQS

promises to identify this behaviour more precisely.

Compared to the end compounds LN and LT, the LNT solid solutions feature the same

flat dispersion. The direct electronic band gap always occurs at theΓ-point, indepen-
dent on the mixing ratio. Exemplarily, the within DFT calculated band structure for

a concentration of x=50% is shown in Fig. 36. The band structure is unfolded using

the formulation of Eq. (3.9) that has been used in chapter 3.6.

The extracted direct and indirect electronic band gaps are shown in Fig. 37: Here,

bowing parameters of 0.38 eV and 0.34 eV are determined for the direct and indi-

rect band gaps, respectively, which are in qualitative agreement to Ref. [116]. The

minimal indirect bandgapoccurs at around32%. A closer examination of theDOS re-

veals that the conduction band minimum shifts linearly with the composition, but the

valence band maximum remains constant at high tantalum contents, thus expanding

the electronic band gap for higher tantalum contents [P5].

Typically, the within DFT calculated band gaps underestimate experimentally deter-

mined values. A quasiparticle correction of the energies can be calculated within

the GWA. These calculations are performed as implemented in BerkeleyGW [117,

118], using the generalized plasmon-pole model. The electronic ground state is re-

computed within QuantumEspresso [119]. Norm-conserving Vanderbilt potentials

[120] (given in the PBEsol formulation with the same electronic configurations as de-

scribed inSec. 2.10)with a cutoffenergyof 100 Ry areusedhere,whereas thek-point

meshes have not been changed compared to the previous calculations within VASP.
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Figure 36: Effective electronic band structure of the LNT crystal family: (a) LN, (b)

LiNb0.5Ta0.5O3, and (c) LT. The bands are unfolded to the first Brillouin zone of the

primitive unit cell of the end compounds.
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1Figure 37: Direct and indirect electronic band gap of the LNT crystal family.

The resulting electronic energies are, within the numerical accuracy of around 5meV,

identical between the two DFT codes. Finally, the quasiparticle corrections are ob-

tained for only 130 bands, which are chosen to be energetically centered around the

valence band maximum. The same k-point meshes as for the DFT calculations are

utilized within the GWA.

The direct band gap in the Independent Quasiparticle Approximation as a function of

the composition is shown in Fig. 38. Compared to theDFT calculations, the band gap
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4.5 Optical Properties

broadens, which is the expected behaviour. This broadening is in turn dependent on

the tantalumcontent of the solid solution,which is shown in the lower panel of Fig. 38:

Cells containing a higher concentrations of Ta are more affected by the inclusion of

quasi-particle effects. The bowing parameter for the direct electronic band gap is,

however, only marginally modified to 0.56 eV. The smallest direct band gap is now

achieved by a mixed crystal with 21.2 % tantalum content.
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1Figure 38: Left panel: Direct electronic bandgap of the LiNb1-xTaxO3 solid solutions

calculated in the independent quasiparticle approximation (G0W0) as a function of

the composition. Right panel: Difference of the IPA and IQA bandgap as a function

of the composition. Many-body effects affect Ta rich compositionsmore than Nb rich

compositions.

The sublinear behaviour of the electronic band gap is experimentally confirmed by

reflectance spectroscopy measurements at low temperatures [P5]. However, since

excitonic effects are not taken into account in the simulations, a quantitative compar-

ison is not possible.

4.5 Optical Properties

The optical response of the LNTmixed crystals is calculated using the IPA, as given in

Eq. (2.80) and implemented in theQuantumEspresso package [119]. Again, only the

fully optimized orthorhombic SQS are considered in this chapter. To ensure a con-

vergence of the sum over empty bands in equation (2.80), a total of 800 bands are in-

cluded in the calculations. The k-pointmeshes are increased to twice their previously

given density for each cell, respectively. The dielectric function is thus converged up

to excitation energies of 10 eV, and shown in Fig. 39: Here, the upper row displays

the real part (calculated using the Kramers-Kronig relation (2.69)), and the lower row

shows the imaginary part. Since the space group R3c has two distinct polarization
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4 Lithium Niobate-Tantalate Solid Solutions

axes, each row is further split into the ordinary optical direction (εxx, or εo) on the left
side, and the extraordinary direction (εzz, or εe) on the right side.
Again, the main spectral features of LN with two main absorption bands are repro-

duced (see also for example in Sec. 3.6). LT features a qualitatively similar spectrum

compared to LN, however, the spectral signatures are in general shifted to slightly

higher energies. This shift corresponds to the larger electronic band gap of LT com-

pared to LN. The spectra of the LNT solid solutions interpolate the spectra of the

end compounds, but the overall lowest absorption edge is given by the solid solution

of about 40% tantalum content, in agreement to the previously observed sublinear

behavior of the electronic band gap as a function of the composition. Compared to

experimental data, the absorption edge is slightly underestimated for the whole LNT

crystal family, in line with the underestimation of the electronic band gap within DFT.
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1Figure 39: Real (upper row) and imaginary part (lower row) of the dielectric function

of ferroelectric LiNb1-xTaxO3 solid solutions calculated within DFT in the IPA. The

panels at the left and at the right hand side show the ordinary and extraordinary com-

ponent of the dielectric function, respectively.

To remedy this shortcoming of the DFT, self energy effects can be included e.g.

within the GWA. The calculation of the optical spectra for all concentrations is, how-

ever, computationally not feasible within the scope of this work. As a first approxi-

mation, only the quasiparticle shifts of the electronic energies are calculated in order

to estimate the magnitude of the many-body effects, which have already been dis-
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4.5 Optical Properties

cussed in Sec. 4.4. Note, that electron-hole interactions are not considered here. Ex-

emplarily, only the LiNb0.42Ta0.58O3 crystal is discussed, since all other compositions

behave very similarly. The quasiparticle energy shifts for each k-point with respect to

the electronic energy as calculated within DFT is shown in Fig. 40: The energetically

higher states are more affected by quasiparticle effects, following a roughly linear

trend. Since the upper valence bands show almost no dispersion, their quasiparticle

shifts are independent from the k-points, resulting in a rigid shift of the valence band

edge. On the other hand, the conduction band states showmore dispersion, and the

quasiparticle shifts thus amplify this dispersion. Moreover, their quasiparticle shifts

are stronger compared to the valence band shifts. Still, the conduction bands are

quite flat, and, at least in a first approximation, the quasiparticle shift can be consid-

ered as almost k-point independent. The shift of ca. 2.55 eV of the conduction band

edge is in agreement with available literature values [97].

The conduction and valence bands have the same orbital characteristics over the en-

tire Brillouin zone (within a given composition) [P5], providing an explanation for this

rigid shift. Thus, instead of explicitly calculating the dielectric function within GWA,

a numerically much more convenient scissors shift might prove sufficient to correctly

capture many-body effects.
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1Figure 40: Quasiparticle shifts calculated with respect to the DFT band energies for

a ferroelectric LiNb0.42Ta0.58O3 solid solution. The conduction bands (left panel) are

more affected by many-body effects than the valence bands (right panel).

4.5.1 Birefringence

Of special interest is the optical birefringence of the LNT solid solutions, defined as

the difference between the extraordinary and ordinary refractive indices:

∆n = (ne − no). (4.8)
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4 Lithium Niobate-Tantalate Solid Solutions

The birefringence can be exploited in nonlinear optical spectroscopy: Depending on

the experimental geometry setup, high signal strengths can be observed formaterials

with a large birefringence [121]. This allows for a local examination of a crystal sample

with high contrasts, concerning for example the imaging of domain walls [P1]. Addi-

tionally, if the birefringence of a mixed crystal is known over the whole compositional

range, the local composition can be determined [P1]. LN shows a negative birefrin-

gence, whereas LThas a positive birefringence. Hence, the birefringence should van-

ish at a certain tantalum concentration of the solid solution. Since the mixed crystals

retain their ferroelectricity for all compositions, the synthetization of a highly unusual

ferroelectric that is optically isotropic could be possible [122]. The refractive indizes

for the ordinary and extraordinary optical axes can be calculated from the dielectric

function using equation (2.73). The birefringence at 633 nm (thewavelength of com-

monly used helium-neon lasers) as a function of the composition is shown in Fig. 41:

A slightly super linear behavior can be observed, which is consistent with experimen-

tal [122] and theoretical [97] results. The accidentally-isotropic point is extracted to

be x=0.89, which is slightly smaller compared to the value of x=0.94 found byWood

et al. [122]. A similar result of x=0.93 has been obtained by measurements on LNT

thin films [123].
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1Figure 41: Birefringence of ferroelectric LiNb1-xTaxO3 solid solutions as a function of

the composition calculated within DFT in the IPA for a laser wavelength of 633 nm.

4.6 Raman & IR spectra

In order to characterize the effects of the tantalum concentration of a LNT solid solu-

tion, the knowledge of the dynamical properties of the crystal lattice of the end com-
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4.6 Raman & IR spectra

pounds LN and LT is crucial. Both Raman and IR spectroscopy both yield information

regarding the lattice dynamics and thus provide knowledge of many fundamental

material properties.

The phonon modes of LN and LT have been extensively studied in the past [50, 51,

93, 124–131], providing a map of spectroscopic signatures to atomic displacement

patterns. Despite decades of research, some ambiguities in the assignment of spec-

tral features remain, e.g. regarding the E-TO5,6, E-TO9, or E-LO mode frequencies in

LN [93, 112, 126, 132]. Additionally, only limited knowledge of the dynamical prop-

erties of the LNT solid solutions is available [93, 112, 133]. The usage of SQS for the

simulation provides a significant improvement over previous works, since local site

deformations are especially important for an accurate simulation of the systems’s lat-

tice dynamics.

Since Raman and IR spectroscopy rely on different physical processes, and in turn

generally give access to phononmodes of different symmetry, they are often referred

to as complementary techniques. In LN and LT, all Raman active modes are also IR

active and vise versa, but their scattering efficiencies can be drastically different be-

tween the two techniques. Thus, by providing both spectra, a much improved as-

signment of phonon modes can be achieved.

Both LN and LT crystallize in the point group C3v(3m). According to group theory,

their phonon decomposition at Γ can be described by [W15]

Γ = 4A1 + 5A2 + 18E,

where the E-modes are doubly degenerate. Only the A1- and E-modes are optically

active, whereas the A2modes are silent. All A1- and E-modes further split into LO and

TO branches. Overall, 26 spectroscopic signatures27 are in principle identifiable via

Raman and IR spectroscopy. Themodes are labeled with respect to their frequencies

in ascending order, e.g. E-LO6 refers to the sixth highest frequency E-type symmetry

LO phonon.

With knowledge of the Raman tensors, the selection rules (i.e. which modes are ob-

servable under a given experimental setup) can be constructed. The Raman tensors

of point group C3v(3m) read as [19, 112,126,133,W15]

A1(z) =

a a
b

 , E(x) =

 c d
c
d

 , E(y) =

c −c d
d

 .

Consequently, the observable phonons under backscattering geometry can be ex-

tracted, which are summarized in Tab. 2.

The scattering configuration is given in Porto’s notation: ki(ei, es)ks. The vectors ki
and ks denote the direction of the incident and scattered light in crystal coordinates,

respectively, and ei and es label its electric field orientation, i.e. the polarization, also

in crystal coordinates. In backscattering geometry, it holds that ki = −ks = ki.

27These include four A1-TO and four A1-LO frequencies, as well as nine E-TO and nine E-LO fre-

quencies
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Table 2: Observable phonon modes and Raman tensor elements recorded in back-

scattering configuration for point group C3v(3m).
Scattering Symmetry Tensor element

configuration species TO LO

x(y, y)x A1-TO, E-TO a2 + c2

x(y, z)x E-TO d2

x(z, y)x E-TO d2

x(z, z)x A1-TO b2

y(x, x)y A1-TO, E-LO a2 c2

y(x, z)y E-TO d2

y(z, x)y E-TO d2

y(z, z)y A1-TO b2

z(x, x)z A1-LO, E-TO c2 a2

z(x, y)z E-TO c2

z(y, x)z E-TO c2

z(y, y)z A1-LO, E-TO c2 a2

For IR spectrocopy, the selection rules are simpler: The dielectric tensor of LN and LT

has only two independent components. Thus, only the A1-type symmetry phonons

are excited if the incident and scattered light is polarized parallel to the extraordinary

crystal axis (z-axis), i.e. E ‖ z. In contrast, only the E-type symmetry phonons are

observable if E ‖ x or E ‖ y. The selection rules for IR spectroscopy are summarized

in Tab. 3.

Table 3: Observable phonon modes for light polarization (electric field) with respect

to the crystal axes of LN or LT.
Light polarization (E-field) Symmetry species

E ‖ z A1

E ‖ y E
E ‖ x E

Strictly speaking, these selection rules only apply to stoichiometric LN and LT. For the

mixed crystals (or indeed for congruent crystals) all symmetries are lifted and all opti-

cal modes are formally Raman and IR active in all scattering configurations. Further, a

larger unit cell is needed in order to describe these solids. In turn, a larger number of

phonons will be present at the Γ-point which naturally leads to a broadening of the

spectrum. Nevertheless, the spectral features are assigned in the same manner as

for LN and LT, labeling the peaks as single modes according to their closest phononic

analogue in the end compound. To distinguish this different behaviour, the modes

are denotedwith a prime, e.g. A′
1-TO1 denotes the peak that behaves similar in terms

of selection rule to the A1-TO1 mode in either end compound.

Phonon eigenmodes, eigenfrequencies and effective charges are calculated within

density functional perturbation theory (DFPT). The dielectric function is calculated

within the IPA using Eq. (2.80). The rhombohedral SQS as introduced in chapter 4.1

80



4.6 Raman & IR spectra

are used for the calculations. 54 conduction bands per unit cell are considered to ob-

tain a dielectric function converged up to 10 eV. The Raman and IR-spectra (or rather

the ionic contribution to the dielectric function) are finally calculated using Eqs. (2.86)

and (2.83), respectively. As SQS unit cells of the same Nb/Ta ratio are not unique,

their de facto equivalence regarding the resulting spectra needs to be verified first.

Three different orthorhombic SQSwith an arbitrarily chosen Ta-content of 70.8 % are

selected for this test calculation, and their Raman spectra are compared in Fig. 42.

Only minimal disparities between the different cells are observed, confirming that all

SQS well describe the same material. Therefore, only one SQS of a given Ta-content

is used as a reference. Each mode only contributes as a delta peak to the spectrum in

the methodology described in chapter 2.8. The experimental data, however, feature

a finite linewidth, due to thermal effects, resolution limits, and crystal defects. For a

better visual comparison, an artificial gaussian smearing of 5 cm−1 width (matching a

typically measured line width) is applied to the simulated spectra for both, IR- and

Raman.
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1Figure 42: Calculated Raman spectra for three distinct SQS with 70.8 % Ta-content in

x(zz)x, x(yz)x, and x(yy)x configuration (from left to right, using Porto’s notation).

Each color represents the spectra of a distinct SQS.

The imaginary part of the ionic contribution to the dielectric function can easily be

analyzed: Each peak corresponds to a TO-phonon mode that is observable under

the given selection rules. This is particularly useful to separate the A1-TO and E-TO

frequencies, by computing (or measuring) both, E ‖ z and E ‖ y. For themixed crys-

tals, each peak corresponds to a multitude of modes that are superimposed by the

applied smearing. The real part, however, is more difficult to interpret: According to

the Kramers-Kronig relations given in Eq. (2.84), each peak in the imaginary part cor-

responds to a zero-crossing from positive to negative (downward slope) in the real

part. In experiments, the zero-crossing from negative to positive (upward slope) is

described by the high frequency end of a phonons Reststrahlenband, which deter-

mines a modes LO frequency [P3]. In the simulations, no information regarding the

LO frequencies enter for the calculations of the real part of the ionic contribution to

the dielectric function, and thus a quantitative comparison to experiment is hindered.

Nevertheless, a qualitative visual comparison to experimental data is still possible (see
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4 Lithium Niobate-Tantalate Solid Solutions

e.g. Ref. [P3]). The IR spectra for backscattering geometry are given in Fig. 43 for

different Ta concentrations.

In E ‖ z polarization, all A1-TO modes are in principle observable. However, two

peaks at around 202-242 cm−1 and 582-609 cm−1 dominate the spectra for the whole

crystal family. These peaks are assigned to the A1-TO1- and A1-TO4-like modes, re-

spectively. Additionally, a weak peak at around 334-360 cm−1 can be assigned as the

A1-TO3-likemode. The A1-TO2 mode is almost IR silent and not visible in the spectra.

In contrast, only E-TO modes are observable under E ‖ y polarization. Here, the

E-TO1-, E-TO3-, E-TO4-, E-TO5-, and E-TO8-like modes dominate the spectra at fre-

quencies in the ranges of 140-149 cm−1, 245-258 cm−1, 313-317 cm−1, 353-363 cm−1,

and 569-579 cm−1, respectively. For small tantalum concentrations, the E-TO2-,

E-TO7-, and E-TO9-like modes are also visible, however, their intensities decrease

with decreasing niobium content of the crystal. The E-TO6-like modes cannot be ob-

served and are quasi IR-silent.

For both polarization directions, some shoulders can be seen in the spectra of the

mixed crystals (e.g. at the left side of the A1-TO4-like peaks, highlighted with an as-

terisk for a concentration of 50% Ta content): Such shoulders are not visible in the

measured spectra [P3], and might be an artifact of the SQS. This effect could be

remedied by employing larger unit cells, which is computationally very challenging.

On the other hand, the spectra for the mixed crystals are significantly broader in ex-

periments, such that these shoulders might not be resolved.

The computed Raman spectra can be found in Fig. 44. The simulation is limited to the

x(·, ·)x configurations, since the Raman intensities of LO-modes are not calculated.

Similar to the imaginary part of the ionic contribution of the dielectric function, each

peak corresponds to a TO phonon mode in the end compounds LN and LT, and to a

superposition of modes in the mixed crystals.

In x(zz)x configuration, the Raman spectrum looks almost identical to the IR spec-

trum for E ‖ z polarization: The two main peaks can be assigned as A1-TO1- and

A1-TO4-like modes. Similarily, the peaks corresponding to the A1-TO3-like modes

are barely visible. But additionally, the peaks at 256-272 cm−1 can be assigned as

A1-TO2-like. This is especially useful for experiments, where a combination of IR- and

Raman spectroscopic measurements for these two polarization combinations yields

all A1-TO-likemodes, with redundancies in the A1-TO1, A1-TO3, and A1-TO4-like fre-

quencies.

Analogously to the E ‖ x polarization direction in IR spectroscopy, only E-TO-like

modes are observable for x(yz)x configuration. Again, most peaks can be similarly

assigned, but with some notable differences: The E-TO5-like modes are almost com-

pletely Raman silent. Instead, the E-TO6-like modes are observable. This is opposite

to the behaviour observed for the IR-spectra, where the E-TO6-like modes are quasi-

silent. Also, the E-TO9-like modes are only observable for high tantalum concentra-

tions in the crystal. Again, this is opposite to the IR-spectra, where these modes are

only observable for low tantalum content.

Formally, the x(yy)x configuration does not yield any new information: All A1-TO-

and E-TO-like modes have already been assigned. Nevertheless, showing this con-

figuration allows for a more complete comparison to experiments, where each addi-
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1Figure 43: The ionic contribution of the dielectric function for E ‖ x (left), and E ‖ z
(right) in the LNT crystal family. In both cases, the imaginary part (lhs) and real part

(rhs) are plotted.

tional measurement yields more redundancies to the data. Curiously, an additional

feature arises for themixed crystals at around864-872 cm−1: Thesepeaks correspond

to an A2-TO5-like mode, which becomes Raman active due to the lifting of symme-

tries in the SQS. The existence of this peak is confirmed by experiments [P3], how-

ever, its interpretation is more complex: The A2-like modes are only Raman-silent for

stoichiometric crystals, i.e. they also appear for congruent LN and LT, and for the

mixed crystals, where the symmetries are broken, which has been observed e.g. in

Refs. [134, P3]. On the other hand, this peaks position is in close proximity of the

A1-LO4- and E-LO9-like frequencies of the LNT crystal family, which might indicate

that these modes were not completely suppressed in the measurements. Further-

more, this mode might only be activated by certain SQS, and therefore could be an

artifact of the pseudo-random ionic distributions of the simulated cells.

Even though the Raman and IR intensities of the LO modes can not be determined

here, their frequencies can be extracted by applying Eq. (2.38). All eigenvectors of

the TO and LO modes are then compared in the limit q → 0:

W = 〈eq=0
TO |eq→0

LO 〉 . (4.9)

The weights W are calculated for all possible combinations, and a LO mode is as-

signed to a corresponding TOmode for the maximal value ofW (typicallyW >0.8).
Thus, a LO frequency can be related to its TO analogon with high certainty. If no
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1Figure 44: Calculated Raman spectra for the LNT crystal family in x(zz)x, x(yz)x,
and x(yy)x configuration (from left to right, using Porto’s notation).

reasonable match is found, the LO frequency is estimated by fitting a low-order poly-

nomial with respect to similar phonon modes for cells of a different tantalum concen-

tration.

Generally, the phonon frequencies in LT are slightly smaller compared to LN, which

can be explained by the difference of the atomic masses of Nb (92.906 a.u.) and Ta

(180.948 a.u.). For some modes the reverse statement is true: These modes feature

an overall movement of the oxygen cage (deformations and rotations, e.g. A1-TO3

and high frequency E-modes). Here, the shorter Ta-O bond length compared to

Nb-O implies a stronger bond, resulting in higher mode frequencies for such dis-

placements. The phonon frequencies are plotted in Figs. 51, 52, 53 and 54, and

summarized in Tabs. 7, 8 and 9 in the Appendix.

Overall, the calculated phonon frequencies are in good agreement with previous

available computational and experimental results [93, 126, 132, 135]. Typically, with

the PBEsol functional optimized lattice constants tend to slightly overestimate the ex-

perimental values, which in general leads to an underestimation of the phononic fre-

quencies. Therefore, the calculations shown here display a slightly worse agreement

to experiments than previous simulations that used lattice constants extracted from

experimental data [P3].
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4.6.1 Lyddane-Sachs-Teller Relation

Throughout this work, the dielectric function has been calculated for incoming pho-

tons of different wavelengths. Both, the ionic and electronic contributions have been

considered. However, its static limit εst is muchmore difficult to compute [136,W11].

Using the generalized Lyddane-Sachs-Teller relation (LST), an estimate of εst is given
by the ratio of the LO- and TO phonon frequencies multiplied by the high frequency

dielectric function ε∞:

εst = ε∞

n∏
j=1

ω2
LOj

ω2
TOj

. (4.10)

Again, harmonic phonons are assumed, such that phononicdissipations areneglected

in the above formulation. Also, only the A1- and E-like modes are considered, even

though formally all phonon frequencies feature LO-TO splitting in themixed crystals.

Inserting thephonon frequencies fromTabs. 7, 8 and9 into Eq. (4.10) leads to the val-

ues reported in Fig. 45: For LN, values of 40.48 and 28.77 are extracted for the static

contribution to the dielectric function for z- and x-cut, respectively. Both values are

in good agreement to literature [81, 112, 126, 137, 138]. Similarly, the extracted val-

ues for LT are in agreement to experimental data [139], as well as simulations [112].

Note, that DFT tends to overestimate ε∞, such that the calculated values for εst are
expected to be slightly larger compared to measurements (since the LO-TO splitting

ratios are well reproduced).
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Figure 45: ε∞ (top) and εst (bottom) as a function of tantalum content of the LNT crys-

tal family. The values for εst are obtained using the LST relation [Eq. (4.10)], whereas
ε∞ is obtained by DFPT calculations. Only polarizations E ‖ x (green) and E ‖ z
(red) are considered.

85



4 Lithium Niobate-Tantalate Solid Solutions

4.6.2 Spontaneous Polarization

Another physical property that can be derived from the quantities calculated in this

chapter is the spontaneous polarization: The polarization axes of the LNT crystal fam-

ily lies parallel to z, such that only the dipolemoment in that particular direction needs

to be taken care of. Analogously to Eq. (2.81) the effective charges are summed up,

however, in this case the phononic displacements are replaced by the distance ui
of the ions with respect to their paraelectric, high-symmetry positions (compare e.g.

with figure 34):

PS =
1

V

∑
i

Z∗
i33ui. (4.11)

Since the oxygen ions have the same equilibrium positions in the ferro- and paraelec-

tric phases, only the displacements of the Li, Nb, and Ta ions are considered. Note,

that the displacement distance of these ions is dependent on the tantalum content of

the crystal, which has already been shown in Sec.4.2. Furthermore, the local environ-

ment of the ions impacts the resulting effective charge. Thus, the magnitude of the

effective charges varies by as much as 5% over the compositional range. The results

presented in figure 46 show a linear dependence of the spontaneous polarization as a

function of the tantalum content of the crystal. Similarly calculated results, which are

only available for the end compounds LNandLT, are in excellent agreement [140,P6].

It is important to mention that the results presented here are only valid for defect

free crystals: Considering experimental data, a wide spread of almost 20% in the

measured spontaneous polarization of LN can be observed for stoichiometric crystals

(P sLN
S =0.62-0.78Cm−2 [57, 141]). These differences are further expanded to over

35% if congruent crystals are taken into account as well (P cLN
S =0.5-0.8 Cm−2 [142,

143]). Still, the here calculated value of 0.755Cm−2 lieswell within those boundaries.

A similar behaviour can be observed for lithium tantalate, where the measurements

range fromP cLT
S =0.5-0.6 Cm−2 [17,142,144,145]. Again, the in this work predicted

value of 0.606Cm−2 lies towards the higher end of this spectrum.
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1Figure 46: Spontaneous polarization of the LNT crystal family.
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5 Conclusions

In this work, the structural, electronic, optical, and thermal properties of lithium nio-

bate (LiNbO3), lithium tantalate (LiTaO3), and lithium niobate tantalate (LiNb1-xTaxO3)

crystals were investigated using ab initio density functional theory calculations within

the PBESol formulation as a baseline. Methodologic extension of the DFT were ap-

plied tomodel the temperature and composition dependence of manymaterial prop-

erties. This thesis thus represents a thorough theoretical characterization of the

ground and excited state of LNT solid solutions. All results were extensively com-

pared to available experimental and theoretical data.

The main focus of the first chapter was to resolve the role of temperature effects for

various material properties of LN and LT. The volumetric thermal expansion was de-

termined by the quasi-harmonic approximation, going beyond the inclusion of only

harmonic phonon effects. Even though these results represent an isotropic approx-

imation of the crystal lattice, they served as a crucial step for the following calcula-

tions to model the ferroelectric phase transition within the stochastic self-consistent

harmonic approximation, where anharmonic phonon corrections are fully included.

Here, an exceptionally good agreement between the calculated and measured Curie

temperatures of LN and LT was achieved. This agreement could clearly be traced

back to the inclusion of anharmonic phonon effects, demonstrating the shortcomings

of the harmonic phonon approximation at elevated temperatures, or indeed for at 0K
metastable phases such as the paraelectric structures of LN and LT. The simulated

specific heat capacities at constant volume or pressure yielded further information

regarding the phase transition: Here, the specific heat capacity at constant pressure

shows a sharp decrease at the transition temperature, which is clearly visible in ex-

periment. A closer look at the temperature dependent thermal transport too shows

a distinct jump at the phase transition. This effect was traced back to the different

phonon lifetimes between the ferro- and paraelectric phases, whereas the phonon

group velocities, as well as the specific heat capacity at constant volume show almost

no distinction between the two phases. Unfortunately, this step like increase is not

confirmed in the experiment, which only show a delta-like peak at the Curie temper-

ature.

The anisotropic thermal expansion, elastic coefficients, piezoelectric coefficients, and

sound velocities as a function of temperature were extracted using machine-learned

force fields. These force fields were trained on the structures created during the run-

time of the SSCHA calculations, i.e. on DFT level calculations. By fine-tuning the

training parameters, a numerical error similarly small as the numerical DFT errors was

achieved for the force fields. This enabled to calculate the abovementioned physi-

cal properties at almost DFT-level accuracy, but with only a fraction of the numerical

costs. By falling back to the harmonic approximation for phonons, only the lower-
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temperature regimes of the ferroelectric phases could be correctly reproduced. Still,

a remarkable agreement to experiments for the simulated lattice constants as a func-

tion of temperature was achieved, clearly depicting the different and non-trivial be-

havior of the different lattice constants: Whereas the lattice constant aH (perpendic-
ular to the spontaneous polarization) is steadily increasing with an increase in tem-

perature, the lattice constant c (parallel to the spontaneous polarization) features a

more complex behavior by increasing at lower temperatures and decreasing there-

after. This latter decrease could bepartially tracedback to the high-frequencyA1-TO4

mode, which only activates at higher temperatures and favors a contraction along the

polarization axis. The elastic and piezoelectricmoduli comparewell tomeasurements

at room temperature, but fail to predict the correct behavior near the phase transition,

due to the afformentioned neglect of anharmonic phonon effects.

Lastly, the effect of Li deficiencies on the optical absorption edge in LNwas discussed:

LN is typically grown in a congruent, Li deficient composition, and further Li out-

diffusion at elevated temperatures occurs. To correctly capture the electronic d-states

of Nb, a Hubbard correction was applied, and the dielectric function was extracted

from the resulting Kohn-Sham wavefunctions. Here, it could be shown that a sim-

plified Li-vacancy model already correctly captures the trend of the absorption edge

shift as a function of the composition, compared to the more realistic, more complex

Li-vacancy model. This trend is traced back to the closing of the electronic band gap

with an increase in Li vacancies. The additional localized conduction band present

in the more realistic Li-vacancy model is, however, not present in this simplified, non

charge compensated model.

In the second chapter, the LNT solid solutions were investigated. Previously cre-

ated special quasi-random structures were utilized to approximate the random alloys

within periodic boundary conditions. These SQS were fully optimized within DFT,

yielding the structural dependence of the lattice constants and ionic positions as a

function of the composition. The dependence of an alloys properties on its composi-

tion can often be described using the empirical Vegard law, which here only holds for

the in-plane lattice constant aH and the bulkmodulus for LNT. Further, a clear distinc-

tion between the ionic positions with respect to the composition could be observed,

underlying the importance of local-site effects present within the SQS approach.

The electronic band gap similarly shows a clear deviation from Vegard’s law, denot-

ing a minimal band gap for a composition of 32% tantalum. This value is shifted to

21% if instead of DFT the GW approximation is used. This shift is almost uniform

for all energies and k-points, allowing for the bypass of the numerically challenging

GWAcalculations by a simple scissors-shift. The sub-linear behavior of the electronic

band gap expands to the optical band gap as well, as has been determined from the

dielectric function. The latter was used to determine the birefringence, which shows

a highly unusual possibility for a ferroelectric, optical isotropic crystal at around 90%

tantalum content.

Lastly, the composition dependent Raman and IR spectra were calculated and exten-

sively discussed with respect to selection rules and observed phonon modes. Here,

a linear dependence of almost all phonon modes as a function of the composition
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could be observed. Additionally, the Raman spectra for the x(yy)x show an ad-

ditional peak for the solid solutions, which is not visible for the end compounds:

This peak’s appearance was traced back to the activation of modes due to symmetry

breakingwithin the solid solutions, which does not occur for LN and LT. Using the ex-

tracted phonon frequencies, the static limit of the dielectric function was determined

using the Lyddane-Sachs-Teller relation. Finally, with knowledge of the ionic effec-

tive charges and their displacement from the high-symmetry paraelectric phase, the

spontaneous polarization was determined as a function of the composition. Here, a

roughly linear dependence on the composition is predicted.

This work thus provides a broad overview on the material properties of LN and LT,

with particular emphasize on their temperature-dependent behavior. The LNT crys-

tals were extensively analyzed to characterize their composition-dependent ground-

state properties, focusing on deviations and similarities compared to the parent com-

pounds.

5.1 Outlook

Theherepresented results offer a lot of possibilities for follow-up investigations: With

regards to the research on different physical phenomena, the modeling aspects cov-

ered in this work serve as a foundation formore complex systems. Further, the theory

level on which such modeling is based upon needs to match a certain precision in or-

der to correctly capture real phenomena. In some cases, models can be significantly

simplified by neglecting higher-order interactions, while in other cases a low-order

approach does not provide sufficient accuracy. Both such possibilities can be refer-

enced from the results presented here. Lastly, the verification by experimental mea-

surements is essential for scientific knowledge gain.

Modeling

Here, only stoichiometric or defect free systems have been investigated. Particularly

for the LNT crystal family however, intrinsic defects are always present in real crystals.

Further, LN and LT are commonly doped to enhance favorable material properties.

Thus, the results presented in this work represent the most simplistic structures, and

can only serve as a starting point for further analysis.

An important step to simulating the behavior of defect structures in LNT lies in the

determination of formation energies within the mixed crystals, to identify possible

atomistic defect configurations.

Of particular interest at elevated temperatures are lithium and hydrogen diffusion ef-

fects, and significant strides have already beenmade for LN [146,147,P7], but similar

simulations for the LNT solid solutions have not been performed yet.

Ferroelectric domain walls attract attention, since they are especially suited for novel

applications due to their electronic conductivity and optical properties. Within the

FOR5044, only domain walls of end compounds LN and LT have been studied by nu-

merical simulations so far [148,149].
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Manymore fascinating possibilities to exploit the properties of LNT for novel devices

exist, ranging from thin film heterojunctions [150], to acoustic devices [P8], or in-

tegrated wave guides [151], just to name a few. Further prospects include strain-

tunable devices which combine and expand the afformentioned concepts [152,153].

Again, mostly the end compounds have been studied as of yet, and investigations on

the LNT mixed crystals, especially with regards to numerical modeling, are virtually

non-existent.

Methodology

Most numerical simulations suffer from oversimplifications in the underlying mod-

els in order for results to be computable at all. Keeping the computational limits in

mind, significant strides could be achieved by exploring the machine-learned force

field ansatz further, for example by expanding their applicability to the LNT solid so-

lutions. The machine learned force field ansatz is particularly promising for tackling

such large systems, but could even enable to compute more refined SQS (i.e. larger

supercells), but also defect structures, domain walls, surfaces, etc., since their accu-

racy is (almost) on par with state of the art DFT calculations.

The here presented approachmostly relies on harmonic phonons in order to calculate

thermal properties or spectroscopic signatures, while also showcasing the shortcom-

ings of this simplification. The inclusion of anharmonic phononic effects is currently

not feasible within DFT, especially for extended systems. Here, the abovementioned

force fields could bridge the gap between numerical and theoretical accuracy versus

computational cost.

With regards to the electronic system, in particular the optical calculations could be

significantly improved bymore sophisticatedmethods, such as time-dependentDFT,

full GWA, or the Bethe-Salpeter ansatz, where only the latter explicitly inlcudes im-

portant electron-hole interactions. Moreover, the non-linear optical properties of the

LNT mixed crystals remain unexplored, whereas especially LN has been focused by

many recent investigations [154,155].

Comparison to Experiment

The growth of high-quality LNT crystals remains a challenge due to the vastly differ-

entmelting points of LN (1500K) and LT (1900K) [156], and sufficiently large crystals

have only been reported by a few scientific groups [122, 157–159]. Further, high-

temperature measurements are notoriously difficult to perform, due to the limited

thermal operating ranges of required instruments, and chemical degradation of the

samples. Accurate measurements on high-quality LNT crystals at elevated tempera-

tures are therefore a top priority within the FOR5044 research unit.
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A Appendix A: Methodology

A.1 State Variables from Harmonic Phonons

Using the partition function for harmonic phonons as introduced in Sec. 2.5.4, one

can derive a multitude of state variables:

F = −kBT lnZ

=
∑
q,ν

[
1

2
h̄ω(q, ν) + kBT ln

(
1− e

−h̄ω(q,ν)
kBT

)]
(A.1)

S = −∂F
∂T

= −
∑
q,ν

kB ln(1− e−h̄ω(q,ν)/kBT )− 1

T

h̄ω(q, ν)

eh̄ω(q,ν)/kBT − 1
(A.2)

U = −∂ lnZ
∂ lnT

=
∑
q,ν

1

2
h̄ω(q, ν) +

h̄ω(q, ν)

eh̄ω(q,ν)/kBT − 1
(A.3)

cV =
∂U

∂T

∣∣∣∣
V

=
∑
q,ν

kB

(
h̄ω(q, ν)

kBT

)2
eh̄ω(q,ν)/kBT

(eh̄ω(q,ν)/kBT − 1)2
(A.4)

p = −∂F
∂V

= T
∂S

∂V
(A.5)

cp =
∂H

∂T

∣∣∣∣
p

= p
∂V

∂T
+
∂U

∂T

= T
∂S

∂V

∂V

∂T
+ cV (A.6)

f0 = kBT
1

Z
∂Z
∂µ

∣∣∣∣
µ=0,V,T

=
1

eh̄ω(q,ν)/kBT − 1
(A.7)
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B Appendix B: LN & LT

B.1 Unit Cell Conversion

The lattice parameters of the primitive rhombohedral unit cell can be transformed to

the conventional hexagonal unit cell, as well to the orthorhombic unit cell, by simple

geometric considerations:

aH = 2aR sin(α/2),

bO = 2
√
3aR sin(α/2) =

√
3aH,

c = aR

√√√√4

√
cos(2α) + 1

cos(α) + 1
cos(α/2) + 2 cos(α) + 3,

α = 4 arctan

√(c/aR)2 − 4
√
3
√

(c/aR)2 + 3 + 15

9− (c/aR)2

 ,

aR =
1

3

√
3a2H + c2,

α = 2 arcsin

3

2

√
3 +

(
c

aH

)2
 ,

VH =

√
3

2
a2Hc,

VR = a3R
√

1− 3 cos2(α) + 2 cos3(α),

where V denotes the unit cell volume of either the rhombohedral (R), hexagonal (H),

or orthorhmobic (O) unit cells, and α denotes the angle between the rhombohedral

lattice constants aR. All variables given follow the convention outlined in Fig. 8
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B.2 Application of Machine-Learned Force Fields

B.2 Application of Machine-Learned Force Fields

B.2.1 Free Energy Surface
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Figure 47: Free energy surface at 300 K of

LT. The white point denotes the energetic

minimum and defines the equilibrium lat-

tice constants at this temperature. The col-

ored lines denote a straining of the cell ac-

cording to the strain tensors η1 (yellow), η2
(green) and η3 (red), using the definition

from Sec. 3.5.2.

B.2.2 Strain Tensors in Cartesian Coordinates

The in Voigt notation given strain tensors used in Sec. 3.5.2 are represented in carte-

sian coordinates:

η1 =

η 0 0
0 η 0
0 0 0

 =


η
η
0
0
0
0

 , η4 =

0 0 0
0 η 0
0 0 0

 =


0
η
0
0
0
0

 ,

η2 =

0 0 0
0 0 0
0 0 η

 =


0
0
η
0
0
0

 , η5 =

 η 1/2η −1/2η
1/2η η 0
−1/2η 0 0

 =


η
η
0
0
−η
η

 ,

η3 =

η 0 0
0 η 0
0 0 η

 =


η
η
η
0
0
0

 , η6 =

 η 0 −1/2η
0 η −1/2η

−1/2η −1/2η 0

 =


η
η
0
−η
−η
0

 .
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B Appendix B: LN & LT

B.2.3 Convergency Tests
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1Figure 48: Predicted training set errors as a function of the cutoff radii: The cutoff

radius for the pair correlation function and angular correlation function are plotted in

units of Å on the y- and x-axis, respectively. The errors for the electronic energy (left),

and the rootmean square error of the forces (right) are shown for both LN (upper row)

and LT (lower row). The chosen cutoff values are 9 Å for the pair correlation function

and 6Å for the angular correlation function for both systems.
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B.2 Application of Machine-Learned Force Fields

B.2.4 Acoustic Group Velocities

propagation polarization group velocity

direction direction 0K 300K 500K 700K Exp. [78] [300K]

100 100 6.597 6.139 6.001 5.745 6.560

001 001 6.718 6.626 6.506 6.356 7.351

010 010 6.528 6.136 5.979 5.721 6.832

011 011 6.534 6.186 6.111 6.050 7.366

001 010 3.724 3.299 3.394 3.464 3.598

010 100 3.852 3.387 3.542 3.608 3.951

011 100 3.982 3.490 3.621 3.690 3.998

Table 4: Acoustic sound velocities for different polarization- and propagation direc-

tions and temperatures for LN. The group velocities are given in km/s.

propagation polarization group velocity

direction direction 0K 300K 500K 700K Exp. [76] [300K]

100 100 5.524 5.323 5.272 5.206 5.552

001 001 6.015 5.845 5.780 5.812 6.161

010 010 5.698 5.495 5.462 5.407 5.692

011 011 6.168 5.949 6.012 6.106 6.239

001 010 3.706 3.566 3.709 3.871 3.604

010 100 3.246 3.145 3.317 3.475 3.530

011 100 3.199 3.138 3.284 3.424 3.409

Table 5: Acoustic sound velocities for different polarization- and propagation direc-

tions and temperatures for LT. The group velocities are given in km/s.
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1Figure 49: Group velocities of LN at different temperatures projected onto a sphere.

The primary (longitudinal, left), and the secondary (transversal, fast and slow) veloc-

ities are shown. The corresponding temperature is denoted at the beginning of each

line.
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1Figure 50: Group velocities of LT at different temperatures projected onto a

sphere. The primary (longitudinal, left), and the secondary (transversal, fast and

slow) velocities are shown. The corresponding temperature is denoted at the be-

ginning of each line.
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C Appendix C: LNT Solid Solutions

C.1 Strucutral Properties of LNT

Ta [%] aH [Å] c [Å] V [Å3] K [GPa]

0.0 5.139 13.826±0.001 105.425±0.005 111.843±2.241

4.2 5.14 13.824±0.001 105.419±0.005 113.099±1.684

6.25 5.141 13.822 105.452 110.783

8.3 5.14 13.821±0.001 105.422 115.615±0.156

12.5 5.141±0.001 13.819±0.002 105.43±0.023 113.148±3.42

16.7 5.141 13.816 105.409±0.005 115.312±1.427

20.8 5.141 13.813 105.408±0.006 116.106±1.792

25.0 5.142±0.001 13.811±0.002 105.423±0.017 114.725±1.499

29.2 5.142 13.809±0.001 105.404 116.869±0.207

31.25 5.143 13.809 105.44±0.006 114.453±0.012

33.3 5.142 13.807±0.001 105.406±0.001 117.664±0.501

37.5 5.143±0.001 13.806±0.003 105.419±0.026 117.233±1.885

41.7 5.143 13.802 105.402±0.002 120.626±1.603

43.75 5.145 13.804±0.001 105.445±0.003 116.348±0.016

45.8 5.143 13.801 105.409±0.002 120.185±0.36

50.0 5.145±0.002 13.8±0.002 105.424±0.028 119.776±2.525

54.2 5.144 13.797±0.001 105.414±0.002 121.886±0.245

56.25 5.146 13.799±0.001 105.453±0.002 118.205±0.019

58.3 5.145 13.795±0.001 105.412±0.004 123.468±1.066

62.5 5.146±0.001 13.795±0.003 105.436±0.026 121.355±2.276

66.7 5.146 13.792 105.428±0.003 123.36±0.472

68.75 5.147 13.793 105.465±0.006 120.074±0.024

70.8 5.146 13.79 105.43 124.311±0.181

75.0 5.147 13.789±0.001 105.456±0.018 123.057±2.1

79.2 5.147 13.788±0.001 105.444±0.001 125.817±0.056

81.25 5.148 13.788±0.001 105.486±0.005 121.98±0.013

83.3 5.148 13.785 105.449±0.001 126.614±0.158

87.5 5.148±0.001 13.785±0.002 105.477±0.02 125.786±3.797

91.7 5.149 13.782 105.467±0.001 129.65±0.195

93.75 5.149 13.783 105.509 123.924

95.8 5.149 13.782±0.001 105.483±0.001 130.143±0.985

100.0 5.149 13.782±0.001 105.494±0.001 128.816±5.857

Table 6: Hexagonal lattice constants aH and c, rhombohedral unit cell volume V , and

bulk modulusK of the LNT solid solutions, averaged over all SQS.
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C Appendix C: LNT Solid Solutions

C.2 Phonon Frequencies of LNT
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1Figure 51: A1-TO- (top) and A1-LO-like (bottom) frequencies of the

LiNb1-xTaxO3 solid solutions as a function of the composition.
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Ta [%] A′
1-TO [cm−1] A′

1-LO [cm−1]

0.0 242 272 334 609 274 332 405 838

12.5 235 264 339 608 267 340 404 840

25.0 230 263 343 604 265 344 403 840

37.5 225 260 346 601 262 347 401 840

50.0 221 259 350 598 261 350 399 841

62.5 215 257 354 593 258 358 397 841

75.0 210 255 358 588 257 360 396 841

87.5 206 253 362 586 255 356∗ 394 842

100.0 202 256 360 582 257 353 391 843∗

Table 7: A1-TO- and A1-LO-like frequencies of the LiNb1-xTaxO3 solid solutions as a

function of the composition. Values determined by fitting are denoted with an aster-

isk.

Ta [%] E′-TO [cm−1]

0.0 149 219 258 317 353 364 419 569 660

12.5 146 216 255 315 348 362 422 572 660

25.0 146 213 253 316 350 365 428 574 659

37.5 144 210 251 315 351 366 433 572 660

50.0 141 207 249 316 353 368 438 573 660

62.5 140 203 248 316 354 370 441 575 661

75.0 142 199 246 317 356 371 444 577 660

87.5 140 194 244 316 358 371 448 579 661

100.0 140 191 245 313 363 376 448 579 662

Table 8: E-TO-like frequencies of the LiNb1-xTaxO3 solid solutions as a function of the

composition.

Ta [%] E′-LO [cm−1]

0.0 190 221 292 318 366 420 441 658 846

12.5 189∗ 219 291 315 363 423 444 660 846

25.0 189∗ 219 291 316 366 428 447∗ 659 848

37.5 189∗ 209 287 316 368 429 449∗ 658 842

50.0 189∗ 206 287 316 370 431 452 658 842

62.5 190∗ 205 284 316 371 432 454∗ 660 841

75.0 188 204∗ 282 317 372 444 456∗ 661 840

87.5 196 202∗ 276 316 373 448 457 663 840

100.0 192 202 272 313 378 448 460 663 833

Table 9: E-LO-like frequencies of the LiNb1-xTaxO3 solid solutions as a function of the

composition. Values determined by fitting are denoted with an asterisk.
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