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1 | INTRODUCTION

We consider chambers {P, ¢, 7} of a finite projective 3-space consisting of a point P, a line £ and
a plane 7 that are mutually incident. Two chambers {Py, L, } and {P,, L, 7} are called opposite
if P; does not lie in 7, if P, does not lie in 75 and if & and ¢, are skew. Let I be the graph whose
vertices are the chambers of PG(3, q) where two vertices are adjacent if and only if the
corresponding chambers are opposite. We call this graph the Kneser graph on chambers of
PG(3, q). Independent sets of this graph are sets of chambers that are pairwise non-opposite.
We study maximal independent sets of I'. Similar problems have been studied extensively, see
for example [2-5, 9].

The independence number of T is (¢* + ¢ + 1)(¢ + 1)?, as was shown in Theorem 3.1 in [5]
with algebraic methods. Let x be a point or a plane in PG(3, q). The set of all chambers, whose
line is incident with x, is denoted by C (x). Since the lines of the chambers in this set mutually
meet, C(x) is an independent set and it is easy to see that it is in fact a maximal independent
set. Furthermore, IC (x)| = (¢*> + q + 1)(g + 1)? for all points and planes x.

With a geometric approach, it was shown in [9] that the second largest maximal
independent sets have at most 45¢> + 45¢> + 9q + 9 elements. We also use a purely
geometrical approach. We reprove the bound for the independence number found in [5] and
find a tight bound for the cardinality of the second and third largest maximal independent sets
of I'. Our main result is the following.

Theorem 1.1. Let M be a maximal independent set of the Kneser graph on chambers of
PG(3, q).

(@) If M has at least 3¢> + 49> + 3q + 2 elements, then M contains exactly
q* +3¢> +4¢> + 3¢ + 1, 0r3¢> + 5¢> + 3q + 1, or 3¢® + 4q> + 3q + 2 chambers.

(b) If ¢ >7 and IMI > 3¢> + 4g> + 3q + 2, then M is one of the independent sets
described in Section 3, or dual to one such set.

(c) If g > 4 and IMI = g* + 3¢> + 4¢°® + 3q + 1, then M is one of the sets described in
Example 3.1.

One of the main observations for the proof of Theorem 1.1 is the following. If M is a
maximal independent set, then every line of PG(3,q) occurs in exactly no, one, two,
q +1,2q + 1, or (g + 1)> chambers of M. This is discussed in Section 2. A somewhat similar
observation is used in [3]. For g < 5 we calculate the cardinality of the second and third largest
maximal independent sets using the computer, this is used for parts of (a) and (c) of
Theorem 1.1.

Similar to Theorem 18 in [9], we use the cardinality of the second largest maximal sets and
the structure of the largest maximal independent sets to determine the chromatic number of T',
in [9] this was done only for ¢ > 47.

Theorem 1.2. The chromatic number of the Kneser graph on chambers of PG(3, q) is
> +q.

For q = 2,3 the chromatic number of the Kneser graph on chambers of PG(3,q) is
calculated by the computer. Theorem 1.1 is used in the proof of Theorem 1.2, for g = 4, 5 we
also use parts of Theorem 1.1 that were shown with the help of the computer.
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2 | PRELIMINARY RESULTS

In this section we introduce some notation and prove results that hold for any maximal
independent set of the Kneser graph on chambers of PG(3, q). These properties will play a
prominent role in the characterization of large maximal independent sets in Section 5.

Notation 2.1.

1. Given lines ¢ and h we mean by ¢ meets h that the lines meet nontrivially, that is, they
are equal or share exactly one point.

2. A chamber {P, ¢, 7} with a point P, a line ¢, and a plane 7 is denoted as a triple
(P, ¢, ).

3. Chambers of an independent set M are also called M-chambers.

4. Lines of chambers of an independent set M are also called M-lines. We also write lines
in M, instead of M-lines.

5. If ¢ is a line, then the number of chambers of an independent set M that contain ¢ is
called the M-weight of ¢ or, if there is no risk of confusion, the weight of €.

6. If (¢,7) is an incident line-plane pair, then the number of chambers of an
independent set M that contain ¢ and 7 is called the M-weight or just the weight of
(¢, ). If (P,1) is an incident point-line pair, then the number of chambers of an
independent set M that contain P and ¢ is called the M-weight or weight of (P, I).

Lemma 2.2. Let M be a maximal independent set of chambers of PG(3, q).

(a) Every incident line-plane pair (¢, ) has weight 0, 1, or q + 1. If it has weight q + 1,
every M-chamber (Q, h, T) satisflesh N € # @, or Q € 7.

(b) Every incident point-line pair (P, €) has weight 0, 1, or q + 1. If it has weight q + 1,
every M-chamber (Q, h, T) satisfies h N € # &, or P € 7.

Proof. The statements (a) and (b) are dual, therefore it suffices to prove the first claim.
To see this suppose that (¢, ) is an incident line-plane pair that has weight at least two,
so that M contains chambers (P, ¢, ) and (P,, ¢, ) with distinct points P; and P, of ¢.
Let P be any point of £. We shall show that the chamber (P, ¢, ) is not opposite to any
chamber of M. Then maximality of M implies that (P, ¢, 7) € M and since this applies to
all points P of ¢, it follows that (¢, ) has weight g + 1.

Let (Q, h, 7) be any chamber of M. If h is not skew to ¢, then (Q, h, 7) and (P, ¢, ) are
not opposite. So suppose that & and ¢ are skew. Then 7 does not contain ¢, so w.l.o.g.
P, ¢ 1. Since (P, ¢, w) and (Q, h, T) are not opposite, this implies that Q € 7. Hence
(Q, h,t) and (P, £, ) are not opposite. O

Proposition 2.3. Let M be a maximal independent set of chambers of PG(3, q) and let ¢
be a line. Then ¢ has weight 0,1,2,q + 1,2q + 1 or(q + 1)%. Moreover, the following hold.

(a) The line € has weight (q + 1)? if and only if it meets the line of every M-chamber.
(b) If € has weight 2q + 1, then ¢ is incident with a point P and a plane 7 such that the
M-chambers that contain € are the chambers that contain € and P or . Furthermore,
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every M-chamber (Q, h, T) with h N € # @ satisfies Q € m and 2P. In particular,
every M-line h with h N € = @ has weight 1.

(c) If € has weight q + 1, then one of the following two cases occurs.

(i) There exists a plane 7 on €, such that the M-chambers of € are the q + 1 chambers
that contain 7 and €. In this case every M-chamber (Q, h, ) satisfies h N € # & or
Qem.

(ii) There exists a point P on €, such that the M-chambers of € are the q + 1 chambers
that contain P and €. In this case every M-chamber (Q, h, T) satisfies h N € # @ or
Per.

(d) If ¢ has weight two and (P, ¢, m),i = 1,2 are the two chambers of M containing €,

then P, # P, and m # m. In this case, every chamber (Q, h, ) in M with a line h that is
skew to € satisfies either PP € T and Q € ;m or B, € T and Q € 7.

Proof. 1If all M-lines meet ¢, then each of the (¢ + 1)? chambers on ¢ is non-opposite to
any M-chamber, so that maximality of M implies that these (q + 1)? chambers all belong
to M, so ¢ has weight (¢ + 1)2.

From now on we assume M contains a flag (Qo, ho, 7o) with h skew to €. As h is skew
to ¢, then 75 meets ¢ in a point By, and ¢ and Q, generate a plane m,. If (P, ¢, ) is any
chamber of M containing ¢, then it is non-opposite to (Qy, ho, 7o) and hence P € 1, or
Qo € 7, thatis P = Py or 7 = mp. Lemma 2.2 implies that the number of chambers of M
containing Py and ¢ is either 0, 1 or g + 1, and that the number of chambers of M
containing 7, and ¢ is either 0, 1 or g + 1. If ¢ + 1 occurs in any of the two situations
mentioned above, then (P, €, 7p) lies in M. It follows immediately that the number of
M-chambers on ¢ is 0, 1, 2, g + 1 or 2g + 1. It remains to prove (b)-(d).

(b) We assume that ¢ lies in exactly 2q + 1M-chambers. Then these are all chambers
containing Py and ¢ or containing ¢ and 7y. For the second statement in (b) suppose that
(Q, h,t) is an M-chamber with h skew to €. Since (Q, h, ) is non-opposite to the
chambers containing P, and ¢, we have By € t. Dually we get Q € m,. This proves (b).

(c) We assume that ¢ has weight g + 1. Then these are either the g + 1 chambers
containing By and ¢ or the g + 1 chambers containing 7y, and €. Suppose first that these
are the g + 1 chambers containing By and €. Then Lemma 2.2 proves the second part of
(c)(@). Suppose now that the M-chambers that contain ¢ are the g + 1 chambers
containing ¢ and 7m,. This is dual to the previous situation and therefore we are in
situation (c)(ii).

(d) It is impossible that P, = P,, since otherwise Lemma 2.2 would imply that (P, €)
has weight g + 1 and hence ¢ would have weight at least g + 1. Dually we have m # m,.
For the second statement of (d) suppose that (Q, h, 7) is a chamber of M with h skew to ¢.
Since (B, ¢, m;) and (Q, h, T) are non-opposite, we have Q € m; or B, € 7, fori = 1, 2. Since
h lies in 7 and is skew to ¢, the plane 7 does not contain ¢ and hence 7 contains at most
one of the points P, and P;,. As 7 # 7, then Q lies in at most one of these planes. It
follows that either b et and Q € m,or P, € T and Q € 7. O

Lemma 2.4. Let M be a maximal independent set of chambers of PG(3, q). Then one of
the following cases occurs.

(a) At most one line has M-weight (q + 1)
(b) The number of lines of M-weight (q + 1)? is ¢ + 1 and these lines form a pencil.

WILEY-—
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(¢) The number of lines of M-weight (q + 1)? is g> + q + 1 and there is a point or plane x
that is incident with all lines of weight (q + 1)2.

Proof. We use Proposition 2.3 (a) that states that every line of weight (g + 1)> meets
every M-line. In particular, the lines of weight (g + 1)? mutually meet. We may assume
that there exists at least two lines £ and ¢, of weight (¢ + 1)?. These meet in a point P
and span a plane 7. As every M-line meets ¢ and ¢,, it follows that every M-line is
incident with P or 7. Therefore the g + 1 lines that are incident with P and 7z, meet all
M-lines, therefore they have weight (q + 1)%. Hence there are at least g + 1 lines of
weight (¢ + 1)? with equality only if these lines form a pencil.

Now consider the situation when there are more than g + 1 lines of weight (q + 1)2.
As they mutually meet there exists a point or plane x incident with all of them. Since
there are more than g + 1 such lines, we see that every line that meets all of them, is also
incident with x. As lines of weight (q + 1)? meet all M-lines, it follows that all M-lines
are incident with x. Then all lines incident with x meet all M-lines, so by Proposition 2.3
(a), all lines incident with x have weight (g + 1)2. O

Lemma 2.5. Let n be a positive integer. Then every set of lines of PG(3, q) that does not
contain n + 1 mutually skew lines has cardinality at most n(g> + q + 1).

Proof. Let S be the set of all regular spreads and let L be the set of all lines of PG(3, q).
We define T := {(g, F) € L x Slg € F}. Since every line lies in the same number r of
regular spreads we have ITI =ILlr. On the other hand every spread contains
g?> + 1 lines, hence ITI = 1SI(g?> + 1). Therefore we have ILIr = I1SI(g?> + 1). This yields
ISl = (> + g + Dr.

Let G be a set of lines of PG(3,q) without n + 1 mutually skew lines. Then
IF N Gl <nforall FeS. Hence with T; == {(g, F) € G X Slg € F} we have ITgl < ISIn.
On the other hand we have IT;l = IGlr. This yields IGlr < ISIn and therefore we obtain
IGl < n(g*>+q + 1). O

The following two lemmas will play a crucial role in the classification of large independent
sets.

Lemma 2.6. Let M be a maximal independent set of chambers of PG(3, q). Let m be a
plane and let X be the set of all chambers (P, g, T) of M for which g has M-weight 1 or 2
and for which g¢r and P = g N 7. Then we have.

(a) If the points of the chambers of X are noncollinear, then 1X| < 3¢* + 8q.
(b) If the points of the chambers of X are collinear, then 1X1 < (q + 1)g>.

Proof. 1If a line has weight two, then by Proposition 2.3 the two chambers of M on it
have distinct points and hence at most one of these two chamber lies in X. Therefore
distinct chambers of X have distinct lines. In other words, the number of lines that occur
in a chamber of X is equal to IXI. We call a point, a line or a plane an X-point, X-line, or
X-plane if it occurs in a chamber of X. Recall that all X-points lie in 7 but no X-line lies
in .
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If all X-points are collinear, then we are in situation (b). In this case there are at most
q + 1 distinct X-points and each point is incident with g? lines that are not in 7, which
implies IXI < (q + 1)g?. Now we consider the situation in which the X-points are not
collinear. If there do not exist four mutually skew X-lines, then Lemma 2.5 yields that X
contains at most 3(g> + g + 1) lines and we are done. We may thus assume that X
contains four chambers (B, g 7),i =1,2,3,4, whose lines are mutually skew. Then
Py, ..., P, are four distinct points. We distinguish two cases.

Case 1. The points P, ..., P, are not collinear.

The chambers (B, 8 7), i =1, 2, 3, 4, are mutually not opposite. As g; and g; are skew,
we must thus have P, € 7j or P, € 5 for 1 <i <j < 4. Without loss of generality we
assume that P, P, and P; are not collinear and that P, € . Then P; and P, lie on the line
7, N 7 and hence P; does not. Then P; €  and hence P, € ;. The same argument shows
that €. As P et for all i, it follows that s N7 = PP, Nx=PP, and
BN 7T =PP,. As P, # P, P,, P;, then P, lies on at most one of these three lines, so we
may assume that B, € 5, 3. Hence P,,P;€ 1, and thus ©ynNn 7w =PP; and thus
uNrT=5N7rm As P € 1,nmand P, ¢ 5, this is a contradiction. Consequently, Case
1 does not occur.

Case 2. The points P, ..., P, are collinear and thus span a line ¢, of 7.

We denote by m the number of chambers of X whose point is on ¢, and denote these
chambers by c¢; = (P, 8,%), s m = (Bn, §,» Tw). This implies P =46 ng. Put
n:= Xl — m and let (R, fi, 4y, ..., (Ru> f;,» 4,,) be the remaining chambers of X, that is
those with R; & 4. Since we assumed that the X-points are not collinear, we have n > 1.

We first find an upper bound for m. Put I ={1,..,m}. For i € I, the chambers
(P, g, ) and (Ry, f;, 4,) are not opposite, so we have P, € u, or g; N f; # @ or R € 7. As
the point €, N u, lies in g lines that are not contained in 7, the case B, = u, can happen
for at most ¢? indices i € I. If P, ¢ u, and g N f, # @, then g is one of the g lines
connecting a point #R; of f; with a point not £, N y, of &, therefore this can happen for at
most g2 indices i € I. Finally consider the i € I with R; € 7. For these we have 4,¢7. If
i,j € I with ¢, 7j, we must have that g; and g meet; this is clear when P, = P;, and if
P, # P;, then it follows from the fact that the two chambers are not opposite and that
P, & 1 and P; ¢ 7. Hence the lines of these chambers mutually meet and they all meet &,.
It follows that all these lines contain a point of €, or they are all contained in a plane on
&. Hence m < 3¢* + q.

Now we find an upper bound for n. Since the chambers (B, g;, ) fori = 1, 2, 3, 4, are
mutually not opposite and their lines are mutually skew, then P, € 7; or P; € 7 for all
i,j=1,2,3,4. As P, ..., B, € &, it follows that at least three of the planes 7, ..., 74 contain
4y, and we may thus assume that ¢, lies in 5, » and %. Put J = {1, ..., n}.

First consider j € J, with R; & 74. Then R; € 1, ..., 74. The plane M; meets €y in a point,
so at least three of the points Pj,..,P, are not in K- Since (R, fj ,uj) and
(P,g,m),i=1,2,3,4, are not opposite, it follows that fj meets at least three of the

lines g, ..., g,- There are four ways to choose three of the four lines g, ..., g,. If we have
chosen three lines, they span a regulus. There are g + 1 lines that meet all three lines,

WILEY-—2
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one of those lines is €. This yields that there are at most 4q possible chambers
(Rj,f.,,uj),j € J, with R; & 1.

Now consider j € J, with R; € 74. In this case R; is one of the g points #P, of the line
74 N 7. The point u; N ¢, can be equal to at most one of the points P, ..., P; and therefore
fj has to meet at least two of the lines g, g,, g;. There are three ways to choose two of the
lines g, g, and g;. If we have chosen two lines and a point R; # B, on 74 N 7, the line f; is
determined. Hence at most 3q chambers (R;, f» K;),Jj € J, satisfy R; € 7.

Hence n < 4q + 3¢ = 7q and IX| = m + n < 3¢* + 8q. ]

Corollary 2.7. Let M be a maximal independent set of chambers of PG(3, q). Let m and
X be as in Lemma 2.6. If all the points of the chambers in X are incident with the line
& C 7, then at most g> + q chambers in X contain planes that do not contain &,.

Proof. In the proof of Lemma 2.6 we showed that distinct chambers of X, contain
distinct lines. Let (P, g, ) and (P, g,, ) be distinct chambers in X and assume that
6¢7, . This implies 7; N €, = B, fori = 1, 2. Since X is a subset of M, the two chambers
(P, g, 1) and (P, g,, ) are not opposite. If P; # P,, this implies that g meets g,. Hence
any chambers in X, whose planes do not contain €, contain lines that are mutually not
skew. Since ¢, is not an X-line, the statement follows from Lemma 2.5. O

Notation 2.8. Let M be a maximal independent set of chambers of PG(3, q).

A line ¢ will be called a 7-line of M, if it does not have weight (¢ + 1)? and if there
exists a plane 7 on ¢ such that the pair (¢, ) has weight q + 1.

A line ¢ will be called a P-line of M, if it does not have weight (¢ + 1)? and if there
exists a point P on ¢ such that the pair (P, ) has weight g + 1.

Proposition 2.3 shows that every line of weight g + 1 is a P-line or a 7-line, and that the
lines of weight 2q + 1 are the lines that are both P-lines and 7-lines. Conversely, every 7-line,
as well as every P-line, has weight ¢ + 1 or 2q + 1. A 7-line of the projective space is a P-line in
the dual space.

Lemma 2.9. Let M be a maximal independent set of chambers of PG(3, q). Let X be the
set consisting of the m-lines of M (this includes the lines of weight 2q + 1) and the lines of
weight (q + 1)2. Then the lines of X mutually meet. In particular, there exists a point or a
plane that is incident with all lines of X. In particular, IX| < ¢> + q + 1.

Proof. In view of Proposition 2.3 (a), it suffices to show that any two 7-lines meet.
Suppose therefore that h; and h, are 7-lines, so that they occur in line-plane flags (h;, §)
and (h,, ) of weight g + 1. If by is contained in 7, or if h, is contained in 5, then h and h,
meet, since they are contained in a common plane. Suppose now that this is not the case.
Then h; has a point P; that is not contained in 5, and h, has a point P, that is not
contained in . Since the chambers (P, h;, ) and (P, hy, ) are in M and thus not
opposite, it follows that h; meets h,. O

Lemma 2.10. Let M be a maximal independent set of chambers of PG(3, q). Suppose
that there exists at least 3q + 2m-lines hy, ..., h,, and let (hy, ), ..., (h,, T,) with n > 3q + 2,
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be all incident line-plane pairs of weight q + 1. Then exactly one of the following three cases
OCCUFS.

(1)
(a) There exists a point Q that lies on all -lines.
(b) The subspace € := (=, 7 is a line on Q of weight (q + 1)2.
(c) For every line h # ¢ on Q, the line-plane pair (h, {h, €)) has weight q + 1.
(d) Every chamber (P, h, t) of M satisfies Q € h or P € €.
(2)
(a) There exists a plane 7 incident with all 7-lines.
(b) Fori=1,..,n, we have 7; = 7.
(c) For every line h of m, the line-plane pair (h, ) has weight q + 1.
(d) Every chamber (P, h, T) of M satisfies P € .
(3)
(a) There exists a plane 7 incident with all 7-lines.
(b) The subspace Q := (=, 7 is a point Q with Q & 7.
(c) For every line h of 7, the line-plane pair (h, (h, Q)) has weight q + 1.
(d) Every chamber (P, h, T) of M satisfiesh C  or P = Q.

Proof. Recall that the 7-lines mutually meet, so they are either contained in a plane or
they contain a common point. As there are more than g + 1z-lines, only one of these
cases occurs.

Part (1). In this part we consider the case in which the 7-lines are all incident with a
point Q.

First we claim for any two chambers (P, 4, ) and (P, 65, ) of M with Q & 4, &,
that the lines QP; and QP; coincide. To see this, notice that Q lies on g + 1 lines that meet
4, on as many that meet ¢, and on at least one that meets ¢; and &,. So Q lies on at most
2q + 1 lines that meet ¢, or ¢,. Hence, if I is the set consisting of the indices i with
1 < i < n, for which h; is skew to 4 and #4,, then Il >n — (2q + 1) > q + 1. Fori € I,
the line h; is skew to €, and #,, so Proposition 2.3 implies that 7; contains P; and P,.
Assume that Q, P; and P, are not collinear. This implies for i € I that 7; is the span of
these three points Q, Py, P,. This implies that the lines h;, withi € I are lines in 7; that are
incident with Q. Since lIl > q + 1, every line in 7; that is incident with Q, is a line h; with
i € I.In this case the line QP, is one of the lines h;, but this cannot be since all lines h; are
skew to ¢, contradiction.

This proves the claim P, € P, Q. Furthermore, we see that();c;7 is a line, namely P, Q.

For any i with 1 < i < n, the line h; does not have weight (q + 1)?, so there exists a
chamber (P, 4, m) in M with ¢, n h; = @. Proposition 2.3 shows that P, € 7; and hence
the line QP, lies in 7. The above claim shows that all lines QP, are the same line €. Hence ¢
is a line of all planes 7, 1 < i < n. Sincen > q + 1, we get ¢ = (L, .

Since ¢ = QP, for all i =1, .., n, we get (1)(d). Hence ¢ meets every M-line, so
maximality of M or Proposition 2.3 implies that ¢ has weight (g + 1)?. If h is any line on
Q other than ¢, then part (d) implies that every chamber in M is non-opposite to every
chamber that contains (h, (h, £)). Maximality of M implies that (h, (h, £)) has weight
q+1

Part(2). In this part we consider the case in which there exists a plane 77 containing all
m-lines and ; = 7 for alli = 1, ..., n.

WILEY-—*
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Then 2(a) and 2(b) holds. Consider any M-chamber (P, ¢, 7). If ¢ is a line of 7, then
P € n. If ¢ is not a line of 77, then € N 7 is a point, so there are indices i for which ¢ and
h; are skew; in this case Proposition 2.3 implies that P € 7;, and hence we have also
P € m. This proves 2(d).

From 2(d) we see that every chamber with plane 7z is non-opposite to every chamber
of M, so maximality of M implies that these chambers lie in M, this proves 2(c).

Part (3). In this part we consider the case in which there exists a plane 7 containing all
7-lines and an integer j with1 <j < n and 7; # 7.

Since h; does not have weight (g + 1)?, there exists an M-chamber (Q, ¢, 7) whose line
¢ is skew to h;. Then Proposition 2.3 implies that Q € 7; and hence Q ¢ 7.

We now prove 3(d). For this consider an M-chamber (Q’, ¢’, t’). We have to show that
¢’ is a line of 7 or Q' = Q. Assume that this is not true. Then €, £’ and QQ’ are three (not
necessarily distinct) lines that are not contained in 7z, so at most 3q + 1 lines of 7 meet
one of these lines. Asn > 3q + 2, we can thus find an index i with h; skew to these three
lines. Since h; is skew to € and ¢’, then Proposition 2.3 implies that Q, Q" € 7. But then h;
and QQ' are lines of 7;, which is a contradiction as we assumed these lines to be skew.
This completes the proof of 3(d).

As in the previous cases, 3(c) follows from 3(d) and the maximality of M. It remains to
show 3(b). For this let 1 <i < n. As h; does not have weight (q + 1)2, Proposition 2.3
shows that there exists an M-chamber whose line is skew to h;. By 3(d), the point of this
chamber is Q, and Proposition 2.3 shows that Q € 1. O

For the convenience, we also state the dual result.

Lemma 2.11. Let M be a maximal independent set of chambers of PG(3, q). Suppose
that there exists at least 3q + 2P-lines hy, ..., hy,, and let (P, ), ..., (B, h,) with n > 3q + 2,
be all incident point-line pairs of weight q + 1. Then exactly one of the following three cases
occurs.

®
(a) There exists a plane 7’ that contains all P-lines.
(b) The points P, ..., B, span a line ¢’ of ©’ of weight (g + 1)2.
(c) For every line h # ¢' of m, the point-line pair (h N €', h) has weight q + 1.
(d) Every chamber (P, h, t) of M satisfies h C ' or €' C 7.
2
(a) There exists a point Q" incident with all P-lines.
(b) Fori=1,..,n,wehave P, = Q'.
(c) For every line h on Q’, the point-line pair (Q', h) has weight q + 1.
(d) Every chamber (P, h, 7) of M satisfies Q' € .
©)
(a) There exists a point Q' incident with all P-lines.
(b) The points Py, ..., B, span a plane 7’ with Q" & 7',
(c) For every line h on Q' the point-line pair (h N 7', h) has weight q + 1.
(d) Every chamber (P, h, 1) of M satisfies Q" € h or t = 7’.
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3 | EXAMPLES

In this section we give examples for maximal independent sets of I'. We leave it to the reader to
verify that all independent sets described in this section are indeed maximal independent sets.

Example 3.1 Maximal independent sets with g* + 3¢ + 49> + 3q + 1 chambers. Let x
be a plane or a point, and let C (x) be the set of all chambers of PG(3, q) whose lines are
incident with x. Then the lines of any two chambers of C(x) meet, and hence C(x) is
independent. It has (¢ + g + 1)(g + 1)? elements.

Example 3.2 Maximal independent sets with 3¢ + 5¢* + 3q + 1 chambers. For each
example we also give its weight distribution (a, b, ¢, d), which means that the example
has a lines of weight (q + 1)2, b lines of weight 2q + 1, ¢ lines of weight ¢ + 1, no line of
weight 2, and d lines of weight 1.

1 Distribution (¢ + 1, ¢2, 0, g%). Let (Q, ¢, ) be a chamber, and let M; be the set of all
chambers (P, h, 7) that satisfy at least one of the following conditions.
() Qe hCm,

(b) Q € hgx and (7 = (h, €) or P = Q),
) Q¢hCn,P=hn¢andt=nm.

2 Distribution (q + 1, 0, 2¢?, 0). Let (Q, ) be an incident point-plane pair and let M, be
the set of all chambers (P, h, 7) that satisfy at least one of the following conditions.
(@ QehcCmr,

b)) QghCrmandt=m,
(c) Qe hgm and P = Q.

3 Distribution (g + 1, 0, 2g%, 0). Let (Q, ¢, ) be n chamber and let M; be the set of all
chambers (P, h, T) that satisfy at least one of the following conditions.
(@) Qe hcm,

(b) Q € h¢gxr and t = (h, £),
c)Q¢hCmrand P=hn¢.

4 Distribution (1, g> + ¢, 0, ¢> + ¢?). Let (Q, #) be an incident point-line pair, and let M,
be the set of all chambers (P, h, 7) that satisfy at least one of the following conditions.
(@) h=2¢,

(b) Qe h# ¢ and (tr=<¢h,€) or P=Q),
(c) P=hne€¢+#Qandt=<h,?E).

5 Distribution (1, q, 2¢>, ¢3). Let (Q, ¢, ) be a chamber and let Ms be the set of all
chambers (P, h, 7) that satisfy at least one of the following conditions.
(@) h=2¢,

(b) ,#hCmandt=m,
(c) Qeh+#¢and P =Q,
(d) Q & hgrm, h meets €,P =hn ¢ and 7 = (h, £).

6 Distribution (1, q, 2¢%, ¢°). Let (Q, ¢, ) be a chamber and let Ms be the set of all
chambers (P, h, 7) that satisfy at least one of the following conditions.
(@ h=¢,
by ##hCmandP=hné,

(c) Qe h# ¢ and 7 = (h, &),
(d) Q & hgm, h meets €,P =h N ¢ and 7 = (h, £).
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7 Distribution (1, 0, 2(g> + q), (g — 1)(¢*> + q)). Let (Q, ¢, m) be a chamber and let Q' be
a point #Q on ¢. Let M; be the set of all chambers (P, h, 7) that satisfy at least one of
the following conditions.

(@) h=¢,

(b) Qe h # ¢ and 7 = (h, &),

(c) Qeh+#¢and P =Q,

(d Q,Q & h,hmeets ¢,P=hn ¢ and 7= (h, £).

Remark 3.3. The sets M,, Mz, Ms and Mg are selfdual. The other sets are not, their dual
associates are omitted for comprehensibility.

Remark 3.4. Two point-plane flags (P}, ) and (P, ;) are called opposite, if B & t;, for
i,j=1,2andi #j. Let F := (Q, ¢, ) be a chamber. Let Cr be the set of point-plane flags
(P, 7) that satisfy one of the following conditions

(@ P=Q,
(b) t=m,
(c) pee¢cCrt

It was shown in Theorem 1 of [4] that the largest maximal sets of pairwise non-opposite
point-plane flags are of the form Cp.

Let F be a fixed chamber. Let M be the set of all chambers, whose point-plane pair
occurs in Cg. Then M is Ms.

Example 3.5 Maximal independent set with 3¢> + 4g% + 3q + 2 chambers. Let (Q, ¢, 7)
be a chamber and let Q" be a point that is not on 7. Let M be the set of all chambers
(P, h, ) that satisfy at least one of the following conditions.

(@ Qehcm,
M Qe¢hCrmand (t=(h,QYor P=hn #),
(c) Qe hgm and P = Q' and 7 = (h, &).

The q + 1 lines incident with Q and 7 have weight (q + 1)?, the remaining g lines in 7
have weight 2q + 1 (the pairs (h N €, h) and (h, (h, Q")) each have weight q + 1), and the
line QQ' has weight 1. Hence M| = (q + 1)(q¢ + 1)> + ¢*>(2q + 1) + 1.

4 | THE CARDINALITY OF MAXIMAL INDEPENDENT
SETS FOR g <5

If the order q is small enough, we can compute the size of the second and third largest maximal
independent sets. Our code is implemented in GAP4, we used [1], [6] and [10]. The code is
available at [7].

Since the independence number of the Kneser graph on chambers of PG(3, q) was already
determined in [5], we compute the size b, of the second largest maximal independent sets and
the size b; of the third largest maximal independent sets. The results for g < 5 are listed below
in Table 1. For g > 2 the runtime is substantial.
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TABLE 1 Cardinality of maximal independent sets.

q b, b;
2 51 48
3 136 128
4 285 270
5 516 492

In particular, Table 1 shows b, =3¢>+ 5¢*>+3q+1 and b; = 3q®+ 4¢*> + 3q + 2
forqg < 5.

5 | PROOF OF THEOREM 1.1 FOR q =4

In this section we prove the remaining parts of Theorem 1.1 for ¢ > 4 in several propositions,
namely 5.5, 5.8, 5.10, and 5.12-5.15. Throughout this section M denotes a maximal
independent set of the Kneser graph on chambers of PG(3, q). We also assume throughout
that g > 4.

For g > 7 this section is self-contained, for ¢ = 4, 5 we need the computations from the
previous section in the following sense. If a maximal independent set M forg =4 or g =5
contains less than g* + 3¢> + 4g% + 3q + 1 elements we automatically know that it contains at
most 3¢® + 5¢ + 3¢q + 1 elements.

Our first goal is to show that IM| is small enough, in regard to Theorem 1.1, if all M-lines
have weight one or two.

Lemma 5.1. Consider any plane 7w and one of its lines € and let X be the set consisting of
all chambers (P, h, t) of M for which h has M-weight one or two, for which h is skew to ¢,
and for which P = h n 7. Then IX| < ¢ + 16.

Proof. We may assume X # @. Let (P, h, 7) be a chamber of X. Since h is skew to ¢, the
line h is not incident with 7. Therefore h N7 is a uniquely determined point.
Proposition 2.3 (d) implies that & lies in only one chamber of X. This implies that the
number of distinct lines of chambers in X is equal to the number of chambers in X. If the
points of all chambers of X are collinear, and hence points of a line g of 7, then the point
of each chamber of X is one of the g points of g that does not lie on €. As each such point
lies on g2 lines skew to ¢, we have IX| < ¢3 in this case. Otherwise the points of the
chambers of X are noncollinear and Lemma 2.6 shows X < 3¢ + 8q and thus
IXI<g*+16asq>4. W

Lemma 5.2. Ifall M-lines have weight one or two, then the number of M-lines is at most
3¢3 + 2¢* + q + 33.

Proof. Let (Q, ¢, ) be a chamber in M and consider another chamber (P, h, 7) of M.
For each such chamber we have h N € # @, or P € «, or Q € 7. The number of lines
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h # ¢ withh n € # @ is at most (¢ + 1)(¢? + q) as each of the g + 1 points of ¢ lies only
on g? + q further lines.

According to Lemma 5.2 the situation h N ¢ = @ and P € 7 (and hence P = h N )
occurs at most g3 + 16 times. The dual statements shows that the situation h N € = &
and Q € T occurs at most g3 + 16 times. Hence the number of M-lines is at most

1+ (g + 1@+ q) + 2(g> + 16). n

Next we will analyze the situation in which all M-lines have weight one or two and there is
at least one line of weight two.

Lemma 5.3. Suppose that ¢,,, and &3/, are two skew M-lines of weight two. Then every
M-line intersects ¢/, OF €3/4.

Proof. Let (Py, 6y/2, m), (Ps, €12, T), (P3, €374, m3) and (B, ¢3/4, m4) be the chambers of
417> and ¢5 4. From Proposition 2.3(d) we know that P; # P,, m # m, P; # B, and 713 # 74
and it shows also fori = 1, 2 and j = 3, 4 that either P, € 7; or P; € ;. As P; can not lie in
m; and 74, we may assume that P, € m;. Then P; € . Hence P, € m and thus P, € my.
Then P, ¢ m, and hence P, € ;. Then P; ¢ m and hence P, € 3. It follows that
mNm=PP and m, N 4 = P B,.

Let (Q, h, 7) be a chamber in M and assume that h is skew to £, /, and ¢; 4. As we still
have symmetry in 1 and 2, Lemma 2.3(d) shows that we may assume that P, € 7 and
Q € m. Applying the same lemma to ¢/, and h shows that either P;, P, € 7 and
Q € m, my or otherwise P, P, € T and Q € m, .

In the first case we have Q € m N my = PP, and since Q # P, we get Q & P, P;. Thus
T = (P, B, Q) = my; then h and &34 are lines of 774, = 7, a contradiction, since these two
lines are skew.

In the second case we have Q € ;, N i3 = P, P, and hence 7 = (P, B, Q) = 7, which
now implies that h and &/, meet, again a contradiction. O

Corollary 5.4. The number of lines of M-weight two is at most 2(q*> + q + 1).

Proof. Lemma 5.3 yields that M does not contain three pairwise skew lines of weight 2.
Using Lemma 2.5, we get the statement. O

Proposition 5.5. If all M-lines have weight one or two, then IM| < 3¢ + 3¢* + 2q + 34,
or IMI < 15¢° + 40q + 9.

Proof. Let x be the number of M-lines and y those of weight two. Then IMI = x + y.
Lemma 5.2 shows that x < 3¢® + 2¢g% + g + 33. If the lines of weight two mutually meet,
then Lemma 2.5 shows that y < g?> + ¢ + 1 and we obtain IM| < 3¢ + 3¢® + 2q + 34.
We may therefore assume that there exist two skew lines ¢, /, and ¢34 of weight two. Let
(P1, €12, ), (P, €172, ), (P3, €374, 73) and (B, ¢34, m4) be the chambers of ¢/, and &5 4.
Lemma 2.3 shows that P, # P; and 7; # 7; for 1 < i < j < 4. Lemma 5.3 shows that every
M-line meets ¢, /, or #3/4. There are (g + 1)? lines meeting 4, /2 and #3,. Now we estimate
the number of chambers in M, whose lines do not meet both 4, , and &34 and therefore
meet exactly one of these lines. From Proposition 2.3 (d) we know that such a chamber
(Q, h, 7) satisfies one of the following conditions.
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+ The line h meets ¢/, and the point Q is in 7.
« The line h meets ¢/, and the point Q is in 7.
+ The line h meets ¢;,4 and the point Q is in 7.
+ The line h meets ¢34 and the point Q is in 7.

We find an upper bound n for the number of M-lines that belong to chambers of M
whose lines meet ¢/, and whose points are incident with 7;. Then clearly 4n is an upper
bound for the number of M-lines that do not meet £/, and &;/,.

The lines 4, /, and ¢34 are skew. Therefore £/, and 73 intersect in exactly one point.
This implies that g + 1 lines of 73 meet £ ,,. Lemma 2.6 yields that the number of
chambers whose point is in 773 and whose line is not, is at most 3g> + 8¢, or the points of
the chambers (who satisfy this condition) are collinear. In the first case we have
n < 3¢% + 8q + q + 1. Let us now assume that all points are incident with a line €, C 7
and that the lines meet £, /,. The number of lines who meet &, and ¢, , # £ is at most
2g%* + q + 1; hence n < 2¢® + 2q + 2 in this case.

Therefore n <3¢g>?+9g+1 in any case and thus x<2+(q+ 1)*+
4n < 13¢ + 38q + 7. Lemma 5.4 shows that y < 2(g? + q + 1), therefore we obtain
IMI < 15¢% + 40q + 9. O

Lemma 5.6. An M-line of weight two meets every M-line of weight larger than two.

Proof. Consider a line h of weight two and a line ¢ of weight larger than two. Let ¢; and
¢, be the two chambers containing h. If ¢ has weight (¢ + 1)?, then Proposition 2.3 (a)
shows that h and ¢ intersect. We may thus assume that ¢ has weight ¢ + 1 or 2q + 1.
Assume that h and ¢ are skew. Then Proposition 2.3 (b,c) implies that there exists either a
point P on ¢ that lies in the planes of ¢; and c,, or there exists a plane 7 on ¢ that contains
the points of ¢; and c,. Since h and ¢ are skew, it follows that ¢; and ¢, have the same
point or the same plane. This contradicts Proposition 2.3 (d). O

Lemma 5.7. If M has the property that there exist at least 3q + 2P-lines or at least
3q + 2n-lines, then there does not exist an M-line of weight 2.

Proof. By duality we assume that there exist at least 3q + 2z-lines. Then one of the
cases in Lemma 2.10 occurs. In case (1), we see that every line that meets all 77-lines must
pass through Q and then (1)(c) shows that such a line has weight at least ¢ + 1. In cases
(2) and (3), we see that every line that meets all 7-lines is contained in 77 and part (c) in
these cases shows that such a line has weight at least ¢ + 1. Therefore Lemma 5.6 shows
that there does not exist a line of weight 2. O

Proposition 5.8. Suppose that M contains at least 3q + 27c-lines and at least 3q + 2P-lines.
Then M| < 2¢® + 7¢g% + 11q + 1 or M is as one of the examples constructed in Example 3.2 or
Example 3.5.

Proof. From Proposition 2.3 we know that every M-line has weight 1, ¢ + 1,2q + 1 or
(g + 1)2. From Lemma 2.10 we know that there is a point or plane x, called Q or 7 in
Lemma 2.10, such that all z-lines are incident with x. Since there are more than g + 17-lines
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and since every line of weight (q + 1)? meets every M-line, then X is also incident with all
lines of weight (g + 1)?. Notice that a line of weight 2g + 1 is a 7-line and a P-line and hence
also incident with x. It follows therefore from the different parts (c) of Lemma 2.10 that the
lines that are incident with x are precisely the lines of weight (¢ + 1)? and the 7-lines. Dually,
there is a point or plane x’, called Q' or 7" in Lemma 2.11, such the lines that are incident with
x" are precisely the lines of weight (g + 1)? and the P-lines. An M-line has thus weight one if
and only if it is not incident with x and x’. And a line has weight 2¢ + 1 or (g + 1)? if and
only if it is incident with x and x’. We will use these facts throughout the proof.

For distinct point-line pairs of weight g + 1, the corresponding lines h are distinct,
since otherwise h would have weight at least 2(q + 1), hence (q + 1)? and thus would not
be a P-line. Dually, for distinct line-plane pairs of weight q + 1, the corresponding lines &
are distinct.

By Lemma 2.4 the number of M-lines of weight (g + 1)?is 0,1, + 1org?> + q + 1.
However, g + q + 1 is not possible, since then all lines incident with x have weight
(g + 1)?, contradicting the fact that there are 7-lines. Hence, if b; is the number of lines of
weight i, then bgy1 = 2(¢* + ¢ + 1 — bagy1 — bg41y?) and

M| = Z bii = by +2(¢* + ¢ + 1)(q + 1) — bags1 + bigi12(q* — 1). 1)

1

There are nine possibilities (i, j) with 1 < i,j < 3, where (i, j ) means that the 7-lines
satisfy (i) of Lemma 2.10 and the P-lines satisfy (j) of Lemma 2.11. Since the cases (i, j )
and (j, i) are dual, we may restrict ourselves to the six cases where i < j. We handle each
case separately, where we use the notation given in Lemma 2.10 and Lemma 2.11 in the
respective cases, that is the planes 7z, 7' and the points Q, Q" and the lines ¢, ¢’ have the
meanings described in these lemmas.

(1, 1) In this case the 7-lines are incident with a point Q and Lemma 2.10 (1b) states that
the corresponding special planes meet in a line ¢ of weight (¢ + 1)? on Q. Also the
P-lines are incident with a plane 7" and their special points span a line ¢’ of 7z’ of
weight (g + 1)2. Also for every chamber (P, h, 7) € M with a line h of weight one
we have P € ¢ and ¢’ € 7. Since there are at least 3q + 2P-lines, at least 2q + 1 of
these will not contain Q. For such a line h, there is a point P on h such that (P, h)
has weight ¢ + 1 and by Lemma 2.10(1d) the point P lies on #. In view of
Lemma 2.11(1a) every point lies on at most g + 1P-lines, so Lemma 2.11(1b) shows
that ¢ = ¢’. Therefore we have Q € ¢ = ¢’ C 7’. The lines of weight 2¢ + 1 and
(g + 1)? are the lines that are incident with Q and 7’, and so there are g + 1 of
these. If there is more than one line of weight (¢ + 1)?, then all lines incident with
Q and 7’ have weight (q + 1)? and since these lines meet every M-line, then every
M-line is incident with Q or z’. In this case, there is no line of weight 2q + 1 or 1,
hence (1) gives IMI = 3¢® + 5¢> + 3¢ + 1 and M is as in Example 3.2.3. Now
consider the situation when ¢ is the only line of weight (¢ + 1)2. Then the other g
lines incident with Q and 7’ have weight 2g + 1, so b1 = . Lemma 2.10 (1c)
yields that the g2 lines incident with Q, but not 7', have weight ¢ + 1. Dually the
lines incident with 7', but not Q, also have weight g + 1, hence bg41 = 2q°.
Therefore an M-line of weight 1, is not incident with Q or . Lemma 2.10 (1d) and
Lemma 2.11 (1c) imply that a chamber (P, h, 7), with a line that is not incident with
Q or 7', satisfies P € ¢ and ¢ C 7. Every one of the g points #Q on ¢ is incident with g>
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(1,2)

(1,3)

(2.2)

lines that are not in 7', hence b, = ¢3 and (1) gives IM| = 3¢® + 5¢ + 3¢ + 1. We get
that M is as in Example 3.2.6

In this case the 7r-lines are incident with a point Q and Lemma 2.10 (1b) states that
the corresponding special planes meet in a line ¢ of weight (¢ + 1)> on Q. The
P-lines are incident with a point Q' and Q' is their special point. Also for every
chamber (P, h, t) € M with a line h of weight one we have P € ¢ and Q' € 7. We
distinguish two cases. First we consider the situation when Q # Q’. As Q' is the
special point of every P-line, then Lemma 2.10 (1d) shows that Q" € €. Then ¢ is
the only line of weight (g + 1)?, so b1 =1 and moreover by 1 =0 and
bg+1 = 2(q* + q). If (P, h, 7) € M with a line h of weight one, then P is a point of ¢
other than Q and Q' and the plane 7 contains Q" and hence ¢ C 7. Maximality of M
implies that (h N 1, h, (h, €)) € M for every line h that meets € in a point other than
Q and Q. Hence b; = (q — 1)(¢*> + q) and (1) gives IM| = 3¢® + 5¢> + 3¢q + 1 and
M is as in Example 3.2.7. Now we consider the situation when Q = Q’. Then every
line on Q has weight2q + 1 or (¢ + 1)>. If (P, h, T) € M with a line h of weight one,
then P is a point of € other than Q and the plane 7 contains Q" and hence ¢ C 7. If ¢
is the only line of weight (¢ + 1)?, it follows that M is as in Example 3.2.4. If there
are ¢ + 1lines of weight (g + 1)?, they span a plane 7, on € and every line of weight
one must lie in 7y. In this case byg11 = g% b1y = ¢ + 1 and b; = ¢, hence (1)
gives IMI = 3¢® + 5¢> + 3¢ + 1 and M is as in Example 3.2.1.

In this case the 7r-lines are incident with a point Q and Lemma 2.10 (1b) states that
the corresponding special planes meet in a line ¢ of weight (¢ + 1)> on Q. The
P-lines are incident with a point Q" and their special points span a plane 7’ with
Q' ¢ 7'. Also for every chamber (P, h, 7) € M with a line h of weight one we have
P € ¢ and T = 7r’. We first show that Q = Q’. Assume on the contrary that Q # Q'.
By Lemma 2.10(1d), the point Q' lies on £. Consider a chamber (P, h, T) of M with a
P-line h. Then h # ¢ and thus Q ¢ h. Then Lemma 2.10(1d) shows that P € €, so
P=Q'. But Lemma 2.11 shows that P& 7' and since Q' ¢ n’ this is a
contradiction. Therefore Q = Q'. Then every line on Q has weight 2q + 1 or
(g + 1) Then Py:= 7' N ¢ is a point and for all (P, h,7) € M with a line h of
weight one we have P = By and 7 = 7', which implies that By € h C 7’. Hence
b, < g + 1. If € is not the only line of weight (¢ + 1)? and ¢’ is a second one, then
every M-line meets ¢ and ¢’, so every line of weight one meets ¢’ and is thus the
line joining By and ¢’ N 7". In this case byg11 = ¢, bg+1 = q + land b, = 1,s0 (1)
gives IM| = 3¢ + 4¢° + 3q + 2 and M is as in Example 3.5. If € is the only line of
weight (g + 1)?, then byg4y = q* + q and b1y =1 and by < g + 1, so (1) gives
IMI < 2¢3 + 4¢% + 4q + 2.

In this case there exists a plane 7 incident with all 7r-lines and a point Q' incident
with P-lines. Also for every z-line the corresponding plane is 7, and for every
P-line, the corresponding point is Q. Finally, if (P, h,7) € M, then P € = and
Q er. Let (B, hi, ),i =1, ..., by be the elements of M for which h; is a 1-line.
Lemma 2.10 (2d) shows that every point of every M-chamber has to be in 7.
Therefore Q" € 7. Then the g + 1 lines incident with Q' and 7 have weight 2q + 1
or (g + 1)?, and the 2¢ lines that are incident with exactly one of the subspaces Q’
and 7, have weight g + 1, that is byy; = 2¢* If there is more than one line of
weight (¢ + 1)?, then all lines incident with Q" and 7 have weight (¢ + 1)2. Since a
line of weight (¢ + 1)? meets every M-line, it follows in this case that every M-line

WILEY-—*
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HEERING and METSCH

is incident with Q" or 7, so that by = byg41 = 0, bg+1y = q + 1and bgyy = 2¢%. In
this case, (1) gives IM| = 3¢ + 5¢ + 3q + 1 and hence M is as in Example 3.2.2. If
there is exactly one line ¢ of weight (q + 1)%, then by =q. Hence, if
(P,h,7) € M with a line h of weight one, then Lemma 2.10(2d) shows
P=hnne¢ and Q' €t and thus ¢ Ct. It follows for every line h that
meets ¢ but is not incident with Q' or 7 that the chamber (h n &, h,(h, £))
is non-opposite to any chamber of M. Hence by =¢> so (1) gives
IMI = 3¢3 + 5¢> + 3¢ + 1 and M is as in Example 3.2.5. Finally we assume that
there is no line of weight (¢ + 1)%. Then by;11 = ¢ + 1 and bg+1y = 0, so (1) gives
IMI < 2¢%(q + 1) + (g + 1)(2q + 1) + b;. We use Lemma 2.6, if the lines of weight
one meet 7 in noncollinear points, then we have b; < 3¢*> + 8¢q and hence
IMI < 2¢3 + 7¢* + 11g + 1 and we are done. So assume that all lines h of weight
one meet 77 in a point of a line £ C 7. Then Q is not a point of £, since otherwise ¢
would meet every M-line and thus have weight (¢ + 1)?, a contradiction since there
are no lines of weight (¢ + 1)? in the present situation. Since Q & ¢, it follows as
before that the lines h; mutually meet and since they all meet ¢, they are all
incident with a point on ¢ or lie all in a plane on ¢. In any case
by < ¢*> + g < 3¢* + 8q and we are done.

In this case there exists a plane 7 incident with all 7-lines and a point Q" incident
with P-lines. Also 7 is the special plane of each 7-line. Furthermore, the special
points of the P-lines span a plane 7’ and the point Q' does not lie on 7'. Finally, if
(P, h,7) € M, then P € 7 and moreover we have Q' € h or 7 = 7’. Lemma 2.10
(2d) states that every point of every M-chamber in 7. The plane 7’ is the span
of points of M-chambers, hence 7 = 7’. Since Q' € 7', no line is incident with Q’
and 7, which implies that by, = 2(q* + ¢ + 1) and bygy1 = bg41y = 0. There
can be no chamber (P, h,7) in M with a line of weight one, since otherwise
7=7'"=m, but the lines of 7 have weight g + 1. Hence IMI = by11(q + 1) =
2(¢> + g + 1)(g + 1) and we are done. Lemma 2.10

(3) shows that there exists a point Q and a plane 7 such that every chamber (P, h, 7)
of M satisfies h C 7z or P = Q. Lemma 2.11 (3) shows that there exists a point Q’
incident with all P-lines. Furthermore, there is a plane 7’ that is not on Q’, so that
every chamber (P, h, T) of M satisfies Q' € h, or 7 = 7'. First let us assume that
Q' € 7. In this case at most g + 1P-lines are in 7. Therefore at least 2q + 1 distinct
P-lines are not in 7. The special point of these lines has to be Q, therefore they are
all equal to QQ’, a contradiction. Now let us assume that Q" ¢ 7. In this case the
special point of every P-line has to be Q, but these points span a plane 7',
contradiction. It follows that (3, 3) does not occur at all.

This completes the proof. O

Now we look at maximal independent sets that do not contain 3q + 27-lines and

3q + 2P-lines.

Lemma 5.9. If n is the number of 7-lines and m is the number of P-lines, then the
number of chambers in M that have a line of weightq + 1or2q + lis(n + m)(q + 1) — s
where s is the number of lines that are 7-lines and P-lines at the same time.
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Proof. Ifaline is a 7r-line or a P-line, but not both, then it has weight g + 1. Ifaline is a
7-line and a P-line, then it has weight 2q + 1. Hence, if s lines are 7-lines and P-lines at
the same time, then the number in question is (m —s)(gq + 1)+ (n —s)(g + 1) +
s(2q + 1). O

Proposition 5.10. Let M contain at least 3q + 27n-lines, or at least 3q + 2P-lines, but no
line of weight (q + 1)2. Then IMI < 2¢3 + 7¢*> + 11q + 1.

Proof. By duality we may assume that there exist at least 3q + 27-lines in M.
Lemma 5.7 implies that lines of weight 2 do not exist. Since there does not exist a line of
weight (¢ + 1)2, we have that every line has weight 0, 1, ¢ + 1 or 2q + 1, that is every
M-line is a 7z-line or a P-line or has weight 1. Hence, if m is the number of 7-lines and n
is the number of P-lines and x is the number of lines of weight one, then the previous
lemma implies that

M <(m+n)(g+1)+x-—s, 2)

where s is the number of lines that are P-lines and m-lines at the same time. If
n > 3q + 2, then Proposition 5.8 along with the observation that all examples in 3.2
or 3.5 posses lines of weight (¢ + 1)?, shows that IM| < 2¢g3 + 7¢® + 11q + 1. From now
on we assume n < 3q + 1.

Since no line has weight (¢ + 1)? and since there are at least 3¢ + 27-lines, we see
that Case (2) or Case (3) of Lemma 2.10 must occur. This implies that there exists a plane
7 such that the lines of 7 are exactly the 7-lines. In particular, there are exactly
q*> + q + 1z-lines, that ism = ¢> + q + 1.

First consider the situation when Case (3) of Lemma 2.10 occurs. Then there exists a
point Q that does not lie in 77, such that every chamber of M has its line in 7 or its point is
Q. Since the lines of 7 have weight at least g + 1, it follows that every line of weight one
contains Q. Hence x < g*>+ g+ 1. Since n <3¢+ 1 and m = ¢®> + ¢ + 1, then (2)
proves the claim.

Now we consider the situation, in which Case (2) of Lemma 2.10 occurs, that is (h, )
has weight g + 1 for all lines  of 7z, and every chamber of M has its point in 7z. Therefore
every chamber (P, ¢, ) with a line of weight 1 satisfies ¢¢z and P = ¢ N 7. Lemma 2.6
shows x < (q + 1)¢? or x < 3¢® + 8q. Since g > 4 (2) proves the claim in both cases. []

Now we consider the case in which there are at most 3q + 1z-lines and at most 3q + 1P-
lines in M and also at least one 7- or P-line. In the next Lemma we study the case in which M
contains a 7z-line. The case in which M contains a P-line is dual. We want to find an upper
bound on the number of M-lines with weight 1 in this case.

Lemma 5.11. Suppose that M contains a w-line. Then there are at most
4q% + 16 + q(q + 1)? lines with M-weight 1.

Proof. Let h be a m-line and let 7 be the plane for which the pair (h, 7) has weight g + 1.
Denote by X the set consisting of chambers of M whose lines have weight one and are
skew to h, and denote by Y the set of chambers of M whose lines have weight one and
meet h. We have to show that
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IXI + 1Yl < 4q¢* + 16 + q(q + 1) (3)

Clearly the number of chambers in X is equal to the number of distinct lines in
chambers of X. The line h meets at most g(q + 1)? lines and hence 1Yl < q(q + 1)%. We
may therefore assume that 1X| > 4¢g% + 16. As g > 4, this implies IX| > 3¢ + 8q. If
(P,g, m) € X, then Proposition 2.3 (c)(i) implies that P € ¢ and hence P=gn .
Lemma 2.6 shows that there exists a line ¢ in 7 such that P € ¢ for all (P, g, 7) € X. As
X # @, this implies that € # h, so h and € meet in a point L. Since € meets g lines that
do not meet h, then IX| < g3 Since we have to verify (3), it suffices to show that
Yl < 6¢ + q + 16. Assume that this is not correct. We shall derive a contradiction.

Since 1Yl > 6¢% + q + 16 > 2¢* + g, there exists a chamber (Q, f, 1) in Y for which
the point f N h is distinct from ¢ and for which f is not contained in 7. Lemma 2.6 shows
that Q € 7, since Q & ¢.

We define subsets X, ..., X; of X as follows. A chamber (P, g, 7) € X belongs to X iff
¢, it belongs to X, iff ¢ C 7w and u N € € g, it belongs to X, iff e Cranduné ¢ g
and Q € 7, and it belongs to X, iff £ C 7w and un ¢ ¢ g and Q ¢ =. Clearly X is the
union of these four sets.

Consider two chambers (B, g, ) € X;,i = 1,2. If P, = P,, then g, and g, share the
point P. If P, # P,, then P, ¢ m and P, ¢ 7 (since Py, P, € ¢¢m;) and hence g, N g, # &,
as the two chambers belong to M and are therefore not opposite. We have shown that the
lines of the chambers of X; mutually meet. Since all these lines meet also ¢, it follows that
the chambers of X; contains at most g> + g distinct lines. Hence 1X;| < ¢ + q.

A chamber (P, g, 7) € X, satisfies and P = u n ¢, and hence g is one of the g? lines on
w1 N ¢ that does not lie in 7. Therefore X! < g2

A chamber (P, g, 7) € X; satisfies 7 = (¢, Q), and hence g is one of the (g — 1)q lines
of this plane that contain neither 2 N € nor u N €. Therefore IX;31 < (g — 1)q.

A chamber (P, g, 7) € X, satisfiesQ ¢ 7w and P ¢ . Since (P, g, 7) and (Q, f, 1) are in
M and hence not opposite, it follows that g and f meet. Hence g is one of the lines that
joins one of the ¢ — 1 points #h N €, u N € of € with one of the g — 1 points #Q, f N 7 of
f. Hence IX,1 < (q — 1) If follows that

IXI<IX + 1%+ X1+ 1Xul=¢*>+q+q*+ (@ —1Dg+(qg—1)7
=4q> —2q + 1.
But IX| > 4¢g* + 16, a contradiction. O

Proposition 5.12. Suppose that M contains at most 3q + ln-lines and at most
3q + 1P-lines, but at least one 7 or P-line. Furthermore, suppose that M contains no
line of weight (q + 1)2. Then IMI < @3 + 16¢> + 13q + 22.

Proof. Without loss of generality we assume that M contains a 7-line. There are at
most 2(3q + 1) lines in M that are 7-lines or P-lines. Lemma 5.9 yields that the
number of chambers in M that contain a line of weight g + 1, or 2q + 1, is at most
2(3q + 1)(g + 1). Corollary 5.4 yields that at most 2(q> + ¢ + 1) lines in M have weight
2. Finally Lemma 5.11 yields that at most (4¢g® + 16) + q(g + 1) lines in M have
weight 1. Therefore we obtain IM| < 2(3q + 1)(g + 1) + 2(¢®> + ¢ + 1)2 + (4¢*> + 16) +
q(q + 1)> = ¢* + 16¢> + 13q + 22. O
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Now we treat the case in which at least one M-line has weight (¢ + 1)* and in which M
does not contain 3q + 27- and P-lines. The case in which M does contain 3q + 27- and P-lines
is dealt with in Proposition 5.8. Lemma 2.4 states that M contains 0, 1, ¢ + 1, or g> + g + 1
lines of weigh (g + 1)?. This allows us to split up the case into the following propositions.

Proposition 5.13. If there is exactly one M-line ¢ of weight (q + 1)> and at most
3q + 1z-lines or at most 3q + 1P-lines then IM| < 2¢> + 9% + 6q + 3.

Proof. Letw be the number of lines that have weight (¢ + 1), thatis w = 1. Let x be the
number P-lines plus the number of 7-lines, let y be the number of lines of weight 2 and
let z be the number of lines of weight 1. Lemma 5.9 shows that at most x(q + 1)
chambers of M contain a P-line or a 7-line. Therefore

IMI<w(@+1)?+x(@+1D)+y-2+z-1. 4)

Proposition 2.3 shows that ¢ meets all M-lines. Hence there can be at most
1+ (q + 1)(¢*> + g)M-lines that is x + y + 2 < (q + 1)(¢*> + q). Lemma 2.9 implies that
there exist at most g2 + gz-lines and at most g> + gP-lines. However, our condition implies
that not both cases can occur and we have x < (¢ +q) + 3q+ 1) =¢*> + 49 + 1.
Corollary 5.4 shows y < 2(q?> + ¢ + 1). Finally, we have z<(g+ 1)(¢* +¢) —x —y
Therefore (4) proves the claim. O

Proposition 5.14. If there exist exactly q + 1M-lines with weight (¢ + 1)* and at most
3q + 1z-lines or at most 3q + 1P-lines, we have IM| < 2¢° + 10¢g? + 6q + 3.

Proof. Lemma 2.4 (b) implies that all lines of weight (¢ + 1)? are incident with a point P
and a plane 7. In this case the remaining g2 lines incident with 77 (but not with P) and the
remaining g? lines incident with P (but not with 7) are the only lines that can be in M,
since these are the only lines that meet all lines of weight (¢ + 1)2.

Let w be the number of lines that have weight (g + 1)?, that is w = q + 1. Let X be the
number P-lines plus the number of 7-lines, let y be the number of lines of weight 2 and let z
be the number of lines of weight 1. Lemma 5.9 shows that at most x(q + 1) chambers of M
contain a P-line or a 7r-line and we get that (4) holds also in this case. We have already seen
that x + y + z < 2¢%. Lemma 2.9 implies that there exist at most ¢?z-lines and at most
q?P-lines. However, our condition implies that not both cases can occur and we have
x<qg*>+ (3q + 1) = ¢> + 3q + 1. Corollary 5.4 shows y < 2(g?> + g + 1). Finally, we have
Z < 2g* — x — y. Therefore (4) proves the claim. O

Proposition 5.15. If there are q>+ q + 1M-lines with weight (q + 1)?, we have
Ml =¢*+3¢>+ 49> +3¢g+1 and M is one of the independent sets described in
Example 3.1.

Proof. If there are g + g + 1M-lines with weight (¢ + 1), all these lines are incident
with a point P or a plane 7, since they are mutually not skew. Let x be the point or plane
that is incident with all lines of weight (¢ + 1). Since the lines of weight (g + 1)?
meet all M-lines, all M-lines have to be incident with x. This implies that all M-lines
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have weight (g + 1)> and are incident with x. Hence Ml =(¢>+q+ 1)
(g+1)¥=qg*+3¢°+4¢> +3q + 1. O

This completes the proof of Theorem 1.1 for g > 4.

6 | THE CHROMATIC NUMBER

Let T be the Kneser graph on chambers of PG(3, q) and let V be the vertex set of T'. It was
shown in Example 17 in [9] that the chromatic number of T is at most g> + ¢q. Now we will find
a lower bound and therefore determine the chromatic number of I'. We need the structure of
the largest maximal independent sets for our proof.

Proposition 6.1. For q > 4, the chromatic number of the Kneser graph on chambers of
PG(3,q) is ¢* + q.

The following proof is adopted from Theorem 18 in [9]. We replace the bound
45¢% + 459 + 9q + 9 by our bound 3¢> + 5¢* + 3q + 1.

Proof. Let y be the chromatic number of I'. Then there exist independent sets Gy, ..., G,
that partition the vertex set V. We know that y < g% + g holds. For1 <i < y let F; be a
maximal independent set of T with G; C F,.. We define b, := ¢* + 3¢® + 4¢> + 3q + 1 and
b, :== 3¢® + 5¢% + 3q + 1. Theorem 1.1 implies thatIFl = b, or IFl < b, forall1 <i < y.

Let I be the set of indices i with IFj| = b;. Theorem 1.1 implies that for i € I the set F; is
as in Example 3.1. For i € I this means that there is a point or a plane x; and F, = C (x;)
holds, that is, F, is the set of all chambers whose lines are incident with x;. We define
A = {xjli € I, x;is apoint} and B := {x;li € I, x;is a plane}. In Theorem 2.2 of [8] it is
shown that the number of lines of PG(3,q) that contain a point of A, is at most
(¢*> + g + 1) + |Alg% Dually the number of lines of PG(3, q) that are contained in a plane
of B, is at most (q> + g + 1) + IBlg?. Since the line of every chamber of C(x) with x € A
contains X, it follows that at most ((g> + ¢ + 1) + |Alg®)(q + 1)? chambers are contained
in C(x) for some x € A and dually at most ((g*> + g + 1) + IBlg?>)(q + 1)?> chambers are
contained in C (x) for some x € B. We define 6 := (¢q> + g + 1). Since the total number of
chambers in PG(3, q) is (g*> + 1)6(q + 1)? and since every chamber lies in at least one set
E, we obtain

X
(@ +1)0(q+ 12 < |UE| <(26 + 141¢2 + IBIg®)(q + 1)? + (¥ — |Al — IBI)b,.
i=1

Considering that g >4, we have b, = 3¢> + 5¢> + 3¢ + 1 < ¢*(q + 1)*>. Since
IAl + IBl = IIl < y, we receive the estimate

(@* + 1)6(q + 1)*> < (26 + xg*)(q + 1)~

This implies y > g*> + ¢ — 1 and hence y = ¢*> + q. O
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For q = 2, 3, we can calculate the chromatic number y using the code from [7]. In this case
we also find y = ¢?+ g. Combining these computations with Proposition 6.1 yields
Theorem 1.2.
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