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Abstract

To understand whether a pseudo-differential operator with unit area spreading
support is identifiable on a single input signal, we combined and improved existing

approaches, and based on that, considered what we call the ”pass to limit” method.

We enhanced the rectification method, and by using the adjoint relations, we
decomposed the identification map on rectifiable spreading support into the com-
position of an identification procedure on rectangle spreading support plus the

action of a Gabor matrix.

We analyzed the group structure behind discrete time-frequency shifts, and also
classified unitary Gabor matrices on prime dimensions, that is, we showed there
exist choices of window vectors for a Gabor matrix to be unitary, if and only if
its support set is isomorphic to the quotient of proper non-trivial subgroups in

Zy X Zy (N is a prime number).

We explored properties of periodically weighted delta trains in Wiener-Amalgam
spaces, and studied how these properties carry on to the identification map when
using these delta trains as identifiers, in particular, we constructed a discretely
supported delta train which is a universal identifier that identifies all pseudo-
differential operators with rectifiable spreading support (i.e., it identifies all cur-

rently known identifiable pseudo-differential operators).

We looked at weak™ convergence of periodically weighted delta trains as identi-
fiers, and demonstrated that such convergence itself, even combined with inner
approximation of the spreading support, can pass onto the weak™ convergence of
the identification map. However, it is not conclusive whether the limit remains as

an identifier, since bounds do not pass along the weak™® convergence.

We also gave geometric insights in aforementioned parts, and briefly discussed
identifiability of overspread pseudo-differential operators with liner correlation con-

straints on the values of their spreading functions.
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1 Introduction

This thesis is written on a level that it does not assume the reader to have prior
experiences, the main prerequisite to comprehend related concepts is some under-
standing of time-frequency analysis and a little knowledge of the sampling theory,
[19] and the first few chapters of [50] are good references for these two areas respec-
tively. Alternatively Section 2 also briefly repeats relevant concepts and results.
For this particular topic, most important known methods and results can be found
in [30], [43], [42], Section 3 also organizes them, and present simplified proofs or

improved expositions.

Pseudo-differential operators, when viewed as weighted superposition of time fre-
quency shifts, are natural choices for modelling communication channels. Each
communication channel uniquely corresponds to a pseudo-differential operator,

which is further determined by its spreading function.

An interesting problem thus arises, that is, whether an unknown channel can be
identified and reconstructed by its response from a delicately designed input sig-
nal. Previous studies have shown that this is possible when the spreading support
area of the operator is strictly smaller than 1, and not possible when the spreading
support area of the operator is larger than 1. If the spreading support area is pre-
cisely 1, it is only known that identifications are possible when the support area
is rectifiable (see Subsection 3.2 for deifnition), and the answer remains largely

unknown if it not.

A core problem of researches on this topic is, thus, to understand the critical case,
i.e., the identifiability of pseudo-differential operators with unit spreading support.
A seemingly promising idea for attacking this critical case , which is also the main
theme of this thesis project, is what we call the "pass to limit” method, that is,
given a pseudo-differential operator whose spreading support area is precisely 1,
we approximate the spreading support from inside, then each inner approximation
gives an identifiable pseudo-differential operator, thus we take an identifier for each

of them respectively, and try to produce a limit from this sequence under proper
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topology, then seek to show that such an limit is an identifier for the original

pseudo-differential operator whose spreading support area is 1.

Considerable amount of work behind this thesis has been invested in consolidating
this method from the above primitive idea, namely to develop functional analytic
tools in the Wiener-Amalgam space setting for applying this method (see Section
5), and to obtain estimates at each intermediate step by using the Gabor matrices
(see Section 4). Unfortunately, the answer to the critical question above remains
unclear, we are able to show that it is possible to extract a limit from the identifier
sequence, it is also possible to estimate the identification, it is even true that one
can construct a limit that identifies all the intermediate inner approximation, i.e.,
a universal identifier. However, there are obstacles (inspected in detail at the end
of this thesis in Section 7) that prevent the limit from being an identifier for the

critical case of unit area spreading support.

Nevertheless, like many other cases in mathematical research, by attacking a valu-
able problem, we obtain meaningful results along the way, these results are pre-

sented in Section 6.

An overview of the subsequent sections, especially on their originality and pur-

poses, is listed below:

As mentioned, Section 2 collects preparatory knowledge from different literature,

while Section 3 contains improvements of existing results, which include

e Subsection 3.1 uses exponential basis to provide simplified proof for the unit

square spreading support case and also provides geometric insight into it.

e Subsection 3.2 streamlines the derivation of the Gabor matrix form by using

the weighted Zak transform.

e Subsection 3.3 emphasizes the adjoint relation between short time Fourier
transform and pseudo-differential operators under certain conditions, and

extended this relation from Sy to L2
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e Subsection 3.4 repeats some results from the literature for this thesis to be

self-contained.

Most important intermediate results in Section 3 are the explicit formulas in Corol-
lary 3.2.1 and 3.3.1, which decompose the action of the identification map into the

composition of a few much simpler operators that are rather easier to analyze.

Section 4 and Section 5 develop theories for applying the ”pass to limit” method,

the following original work has been done:

e Subsections 4.1, 4.2, 4.3 analyzes the group structure behind the discrete
time frequency shifts, which is fundamental for the major result in the later
Subsection 6.1.

e Subsections 4.4 provides a simple formula for the projection onto discrete
time-frequency shifts supported on cyclic subgroups, they are not used in

other parts of the thesis.

e Subsection 4.5 studies the mathematical model behind correlated MIMO

channels, which leads to a minor result in the later Subsection 6.3.

e Subsections 5.1 and 5.2 establishes the possibility to extract a limit for the

identification map through inner approximation of the spreading support.

e Subsection 5.3 shows one can view any S| identifier as a weak* limit, which
explains why the ”pass to limit” method is worth studying, as it reduces an
arbitrary identifier to a sequence of identifiers that we already know how to

work with.

Most important intermediate results in these parts are the classification of uni-
tary Gabor matrices in Theorem 4.2.2, which characterized the support of such
matrices, and the diagonal convergence Lemma 5.2.3, which shows weak™ conver-
gence of the identifiers and inner approximation of the spreading support indeed

pass onto the convergence of the identification map in the weak™ operator topology.

Section 6 elaborates on our results regarding operator identification, which include



e Subsection 6.1 gives a major result that classifies unitarily identifiable pseudo-
differential operators, and points out an explicit class of the spreading sup-

port of such operators.

e Subsection 6.2 provides a major result that constructs a universal identifier

that identifies all currently known identifiable pseudo-differential operators.

e Subsections 6.3 and 6.4 contain minor results concerning identifiability after
imposing correlations on the spreading support of otherwise unidentifiable

pseudo-differential operators.

Most important results in this part are in Subsections 6.1 and 6.2.
Finally, Section 7 covers supplement contents that are not fully discussed elsewhere
in this thesis, for example, related problems, motivation and heuristics behind the

"pass to limit” method. More importantly, it inspects current obstacles and for-

mulate a conjecture to propose alternative future strategies.

In the appendix, we include some complementary results that, for readability, we

had chosen not to put into the body of this thesis.
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2 Preliminaries

In this section we collect fundamental background knowledge that is needed con-
cerning the operator identification problem. We include a list of definitions and
notations, as well as some well known results and facts. These materials provide
us with proper languages that we can use to precisely pose our main problems and

further develop our analysis tools to obtain results.

2.1 Frames and Tight Frames

The concept of frames was first used by Duffin and Schiéffer [7] to solve the irregular
sampling problem. Given a Hilbert space H, a set {f,}, is called a frame on H

if for any ¢g € H we have

Kuinllgllt < g, fa) I < Kaxll gl

for some positive constants K i, Knax. A frame is said to be tight if K ;, = K.

In this thesis the bracket notation (-,-) can be used for inner products
on Hilbert spaces or sesquilinear dual pairings between dual spaces, in
the later case the linear functional can appear in either left or right side,
it does not impact our analysis, the reader will see that as the theory

evolves both cases can be natural.

Given a frame {f,}, on H, its frame operator is defined as
S=> " fa) fn

It is easy to see that S is self-adjoint and positive definite, thus any g € H can be

reconstructed as

9=> (g, fa) S fu.

n

Moreover, {S™! f, }, is also a frame, called the canonical dual of { f,},, obviously
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one also has

9=> (95" fn) fu,

n

therefore, {f,}, spans H.

In particular, If {f,}, is a tight frame, then S is a scalar multiple of the identity
map, and its canonical dual is (up to a scalar multiple) itself. (see [50] for more

on the frame theory)

2.2 Classical Sampling Theory of Band-limited Functions

Denote F as the Fourier transform for tempered distributions on RY. Since there
are different ways of scaling in different literature, to avoid confusion, in this thesis

we take the following explicit form for L! functions:

(FONQ = [ f@yetar, | L@,

where the integrals is with respect to the Lebesgue measure. For convenience we
also use f for Ff and f for F~1f.

A function f is called band-limited to some U C R¥ if the support of f isin U,

ie.,

supp(f) C U.

The Paley- Wiener space on U consists of all square integrable functions that

are band-limited to U, and is defined as
PW(U) ={f :supp(f) C U, f € L*}.

This definition guarantees that if U has finite measure, then all members in PW (U)

are continuous since L*(U) C L'(U) in such cases.
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Define sinc z as
1 rx=0

sin(7x) T ?é 0 )

T

sincx =

It is a classical theorem of Shannon (see [2, Chapter 1.1]) that

Theorem 2.2.1 (Shannon Sampling Theorem). {sinc(x — k) }rez is an orthonor-
mal basis for PW([—1/2,1/2)), and every function f € PW([—1/2,1/2)) can be
expanded as

f(z) = Z f(k)sinc(z — k).

keZ

This theorem easily follows from the fact that {e*"**}, .z is an orthonormal basis
for L*([-1/2,1/2)) and F!(sincx) is the characteristic function on [—1/2,1/2).

From the relation
L*([-1/2,1/2)) ® L*([-1/2,1/2)) = L*([-1/2,1/2)*),
where the isomorphism is given by (see [28, Vol I, p.143, Example 2.6.11])
(rofgea)—f.9(f.9).

one derives the sampling theorem for the Paley-Wiener space of the unit square in

R2:

Proposition 2.2.1. {sinc(z — j)sinc(y — k)},kez is an orthonormal basis for
PW([-1/2,1/2)?), and every function f € PW([—1/2,1/2)?)) can be expanded as

f('r7y) = Z f(]a k) SiIlC(J,’ _]> SiIlC(y - k)

7,k€EZ

PW([—1/2,1/2)) can also be sampled at irregular nodes other than on Z. Founda-
tion of the irregular sampling theory was developed in a series of work by Beurling
[3]), Landau ([33]), Duffin and Schéffer ([7]). Their main results are outlined be-

low, detailed surveys can be found in [50, 1, 11].
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Given a sequence of number {A; }rez in R, one defines the lower Beurling den-

sity and upper Beurling density respectively as

: sup -, n(1)
ng({Me}rez) = limsup %7
T—00

. inf N I
np({Aktrez) = h{gg}lf %()

where p is the Lebesgue measure and n([) is the cardinality of the intersection

between { A }rez and the interval 1.

One further defines its uniform density ny as the proper constant such that

k

IL>0, Py —
e ny ({ Ak trez)

| <L, VkelZ.

Theorem 2.2.2. For {*™*¢}, c, to be a frame on L*([—1/2,1/2)):
1. Necessary condition [Landauf: ng > 1,
2. Sufficient condition [Duffin and Schiffer]: ny({\gtrez) > 1,

For convenience of writing, below if I C R (typically we consider intervals), then

2miAx

we use €27 to denote the exponential e restricted to I, i.e.,

G%WMI — X]€2M)\x.

2.3 Continuous and Discrete Gabor Systems

The continuous modulation operator M, is defined as
(Mof)(@) = ™™ f(2),
and the continuous translation operator 7T, is defined as
(Tef)(z) := flz —1).
It is easy to verify that they commute up to a phase factor

7;-/\/11) — efZWiv-tMUf];,
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and connected via the Fourier transform
FMo =T F, Flo=M_,F.
Given ¢(r) with x € RN, and fix a,b € RY, the following set

(¢7 a, b) = {Mja77cb ¢(x)}j,kEZN7

is called a continuous Gabor system. The density of a continuous Gabor

system is defined via the density of its support lattice aZ x bZ, i.e., 1/(ab).

If (¢, a,b) forms a frame for L2(RY), then it is called a Gabor frame. The triv-
ial example would be (x[o,1),1,1), which, as an immediate consequence from the

sampling theorem in the last subsection, is an orthonormal basis for L?(R).

Gabor initially conjectured that if ¢ is the standard Gaussian, then (¢, 1,1)
would span L?(R) [17], it turns out that the actual condition for (¢, a,b) to be a

frame is:
Theorem 2.3.1. [/5, 36] (¢g,a,b) is a frame for L*(R) if and only if ab < 1.

Let N be a fixed natural number, and denote

2me

Wny =€eN |

as the first primitive N-th root of unity.

Take j, k € Z, then on the vector space CV, the discrete modulation operator

is defined as ,
j

WN
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and the discrete translation operator is defined as

k
0 1
1
T =
1 0
i.e., T represents the cyclic permutation (1 2 ... N) that maps (z1,x2,...,2xN) to

($N,$1>$27 e ,$N—1)‘

Lemma 2.3.1 (Commutativity). MJ]V and TY commute up to a phase factor, i.e.,

Consequently, if
kj' = jK' mod N, (1)

then M]JVT]’\“, and M]J\';T]’f,/ commute.
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Proof. 1t is easy to verify that

1
wy
2
w
MLTY = N
w%‘Q
w%‘l
wN—l
1
wy
= WN
w]J\\;_3
w%’Q
= wyTN My,
Therefore
M Ty = M (MATY) = wy ML Ty MY, = o M3 2 (MyTH My = ... = W\ Th M,
and thus
MILTE = (MLTITE Y = I TL ML TR = WL TH (ML TITE? = . = Wik Tk M,

Using this formula we get

ik Apd k! prd ok api\ k! kS it pkerk!
MUTNMLTN = M(Ty M) Ty =wy” M7 T,

while
MTEMTS = M (TE AT = i M TS,
Therefore if (1) is satisfied, then M%TE and M, ]{;T k' commute. O
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Let

1 1 1
. 1wy (wy !
Wy = — | : :
VN
1 (UJN)N_2 (w%—l)N—Q
1 (wy)V 1 L. (w]]\\,[_l)N*1

be the unitary DFT matrix, i.e.,

(Wi = 000D

\/NN

then these discrete time-frequency shifts are connected via the discrete Fourier
transform as

Th = Wy My*Wy = Wi MWy, (2)

where * denotes the adjoint operation.
If ¥ = Wy, then we may write i as 7 and 7 as J.

Consider the group Zy x Zy. If T' is a subset of Zy X Zy, and d € CV is an
arbitrary vector, then we use the notion (cf, ') to denote the set of vectors consists

of discrete time frequency shifts supported on I'; and applied to d_; ie.,
(d,T) = {M{TRd: (j,k) € T}.

The set (cf, ') is referred to as a discrete Gabor system with support I' and
window d, it is called a discrete Gabor basis (resp. frame) when it forms a

basis (resp. frame) for the underlying vector space C.

One advantage of using discrete Gabor systems is that for any non-zero window
vector d € CV, (d_: Zn x Zy) is always a tight frame for CV:

Lemma 2.3.2 (Frame Properties). The following holds:

1) {\/LNMZ{,T]@}]-J.C:O,LQMN_l is an orthonormal basis for the matriz space CV*V .

18



2) If {An}n=10...N2 is an orthonormal basis for CN*V | then {Ancf}n:1,2’...’N2 18

a tight a tight frame for CN with frame constant ||d||? for any d € CV.

3) {M]]'VT]’@J}M:OJ,Q’_NNA is a tight frame on CN with frame constant NHafH2
for any deCV,

Proof. Orthonormality in 1) can be verified trivially through direct computations.

For 2), take any ¥ € C, we have

N2

N2
SOI(E Ad) [ =3 |8 Ay
n=1 13\721
=) [ tr(F A
n=1

N2
- Z|<fcf‘,An> 2
n=1

= Hfd*H%IS

= [ldl*IZ1%,
where tr denotes the trace of a matrix and || - || g is the Hilbert-Schmidt norm of
a matrix.
3) follows from 1) and 2). O

If we write the vectors in (cj; ') into matrix form, then we get the Gabor matriz,
which we denote as Gr (cf) The ordering of the columns in Gt (cf) will not influence
our analysis, but to eliminate ambiguity, in this thesis we adopt the convention
that columns in Gr(d) are arranged by the lexicographical ordering (i.e., (j,k)
precedes (j', k') if either j < j" or j = 5/ with & < k') on I'. See [40] for other

properties of Gabor frames.
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2.4 The Feichtinger Algebra and its Dual

Denote V4 as the Short Time Fourier Transform with respect to a window

o, i.e.,

(V¢f) (t, U) = n f($)¢<x — t)e_%”'w'vdx — e—Zm‘t.v f(x+t)Me_2mz'”dx. (3)

RN

This form is well defined for f, ¢ being L? functions. We may rewrite it as

Ve £)(t,v) = (f, My Ti9) (4)

where the inner product is with respect to the x variable. More importantly, in
this way whenever such a dual pairing is well defined we can further extend it to
other spaces on which shifts modulations are also automorphisms. For example,
one may take ¢ to be a Schwartz class function and f to be a tempered distribu-

tion, or the other way around. (see [19, p.41]).

The Feichtinger Algebra, denoted as Sy, is a core object in time-frequency

analysis, and is defined as ([9])

So(RY) ={f € L(R) : Vip, f € L'(R*™M)},

— |||

where ¢g = e is the Gaussian function. Sj is a Banach space equipped with

|Viso f1] 1 norm (see [19, p.246]).

The usefulness of So(RY) stems from the fact that it is the smallest Banach space
allowing a meaningful time-frequency analysis, indeed, the Fourier transform F,
the modulation operator M, and the translation operator, 7 are all isometric au-
tomorphisms on Sy(RY) (consequently such properties also extend to its dual) and
it is continuously embedded in LP(RY) for all 1 < p < co. In fact, So(RY) con-
tains the whole Schwartz class S(RY), and can be continuously embedded in any
Banach space that has these properties and contains at least one, and therefore

all, non-trivial Schwartz functions [13]. Moreover, all Sy functions are continuous.
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The dual of Sy(RY), denoted as Sj(RY), turns out to be
So(RY) = {g € S'(RY) : Vg € L*(R™)},

where S'(RY) is the class of tempered distributions on RY. S{ is also a Banach

space equipped with the norm induced from the dual pairing.

For convience of writing, we introduce the notation < so that ||-||x < |||y means
there exist constants K, and K., independent of varaibles in the context such
that

Konin| - [[x < 1+ Iy < Koaxl - [l

holds for any elements in corresponding spaces with X, Y topologies.

Similarly we use || - [|x < || - ||y to mean there is a constant C', independent of

variables in the context such that

I lx < Cl -y,
and also || - ||x 2 || - ||y means there is a constant C' such that
I 1lx = Cl - [ly-

Gabor expansion provides a useful characterization of Sp(RY) and Sj(R"Y):

Theorem 2.4.1. [19, Thm 12.1.8] Let ¢ € So(RY) and a,b be proper constants
such that (¢,a,b) is a Gabor frame for L*(RY), then for any f € So(RY) and
g € SH(RY)

£ lso = (s MGaTeo®) b jrezn ller

gllsy =< 1{{g, M;aTio®) }j ez |l o=

Another property we will be using is the Gelfand triple
SoC L* C S}
where each embedding is continuous. This embedding also directly follows from

21



the above theorem.

It follows that for any f € L? we have

1fllsy < 11l zz,

and for any g € Sy we have

lgllsy < llgllee < llgllso-

Since Sy also contains all Schwartz class functions, the embedding Sy, C L? is not

just continuous but also dense.

2.5 Wiener-Amalgam Spaces

Let A(RY) be the space of functions that are the Fourier transform of L'(RY)
functions, and A’(RY) be the space of distributions that are the Fourier transform

of L>(RY) functions. These are Banach spaces with norms

I la = 1 flless DAL = 1 fllae

Let v € C°°(RY) be compactly support in [—ey — 1/2, ¢ + 1/2]" for some small
fixed € (in this thesis it suffices to assume ¢, < 1/9 for various techinical steps)

with properties

=1 T E —l—l—e,l—eN
o) el ,

€0,1] zel[-3—e,—3+e/NU[3—€,3+e)

and
1.

S T

nezZN
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| «——unit interval —
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| |

Figure 1: The Window Function ¥ on R

For N =1, {Mp;Tew0}; kez, with = 1/(1 4 2¢) is a Gabor frame, see [22, Thm
4.1.2]. Also, since 9 is compactly supported in [—ey — 1/2,¢o + 1/2]" | for each
fixed n, there are only finitely many m such that supp(7,%) N supp(7,¥) is not
empty.

Aside from L?, the topologies we will be using are the Wiener-Amalgam spaces

WAL= {f I fllwas = I{ITaw - fla}lle < oo},

WA = {f || flwas = [{[[Tas - flla}lle= < oo},
WA = {f | fllware = I{[Tat - FlaHlee < 00}

There spaces are among a bigger class of spaces which are sometimes referred to as
mixed norm spaces, in the sense that they have different local and global topologi-
cal properties. For example W41 consists of functions that are locally the Fourier

transform of L! functions and, roughly speaking, globally of ¢! decay.

These norms depend on the choice of the window 1, but different choices of
induce equivalent norms, therefore the space does not change. These spaces are
also connected to modulation spaces through the Fourier transform (see [6, Prop
2.4]). And in particular, we have (see [9, 10, 14] and references there for more

details and history over this equivalence)

Theorem 2.5.1. [/2, Prop 2.2] WA coincides with the Feichtinger algebra Sy

with equivalent norms, and W4 coincides with the dual of the Feichtinger alge-
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bra, S{, with equivalent norms, i.e.,

[ llwar =1 fllso; - [ fllwaree = W fllsy

Due to this equivalence, in the rest part of this thesis, although sometimes we
write || - ||s, and || - [| s, we actually work with W4! and WA norms, for ease of
writing this knowledge could be silently assumed without particularly referring to

the above theorem.

We introduce notations W4 (U) to denote the subspace of distributions in W4 (RY)

that vanish outside U. The norm on W4 (U) inherits from the norm on W4 (RY),
ie.,

”nHWA/vOO(U) = ||77||WA'1°°(RN)'

2.6 Periodically Weighted Delta and Exponential Trains

Denote 9, as the Dirac distribution at \, let H,J € CV be some vectors, two
particular distributions that we will be using frequently in the sequel are the so
called N-periodically weighted delta trains and N -periodically weighted

exponential trains denoted respectively as

-y Y

L
e
JENZ k=0
N—
2 : z : 27rzj+k
JENZ k=0

It is clearly that gz is a well defined tempered distribution and so is u; since an

exponential train is just the Fourier transform of a delta train.

In particular, a periodically weighted delta train is also a periodically weighted

exponential train with their weights connected via the discrete Fourier transform:

Lemma 2.6.1.



Proof. Write the vector ¢ as

c= (Co,Cl,CQ, Ce ,CNfl).

Apply the distributional definition of the Poisson summation formula (see, e.g.,

the wikipedia page or [24, Theorem 7.2.1]) we get

N-—1
D IPILT
JENZ k=0 N
N-1
JN
=> O b )+ =)
JEZ k=0 N \/_
N-—1
=Y O ads)(xz+jVN)
k=0 jez
1 N-1 . '
_ Z(Z ck€2wzﬁﬁ)€2ﬂzﬁ£
\/N k=0 meZ

]_ smk Qg M
= (— g ck€2m N )e m\/ﬁ57

If we denote d,, as the coefficient in front of each exponential term in the above

equation, i.e.,

| Nl
-mk
dpy = —= cpe’™N
VNS
then clearly {d,, }mez is N-periodic, i.e.
dm = dm+N~

Set

-

d= (d07 d17 d27 s adN—l)a
then it is straight forward to verify that
d=Wyc.
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Combining the above we get

2

-1
n+m£

dne =uyz

I
c

3
Il
o
ap

meNZ

O

It is easy to see by definition that gz € W4 >°(R") since there are always finitely
many deltas in supp(7,1) for any n € ZV. Thus we also have u; € W4A"(RY),

and they are both in Sj(RY).

Take the number 1 € C, viewed as a one dimensional vector I, we get a very

special delta train:

*:Z(Sk’a

i.e., the unweighted delta train supported on Z. We will use it frequently in the

remaining part of this thesis.

A similarly constructed exponential train is

2mikx
uy = E e s

keZ

the Poisson summation formula indicates

2.7 Zak Transform and Weighted Zak Transform

The Zak transform Z, of a function f is formally defined as

(Zof)(z,w) Zf (x + ka)e —2mikaw

keZ

where a > 0 is a parameter. If a = 1 then sometimes one simply writes Z f, as is

the convention in most literature.
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By this formal definition (Z,f)(z,w) is the Fourier series of the sequence {f(x +
ka)}y, hence it is well defined in different senses depending on the topology on f
(see relevant chapters in [19] for details), most commonly used is f € L*(R), and

then the right hand side is almost everywhere defined in such cases.

A straightforward way to understand the Zak transform is through its geometry, if
we restrict ourselves to a box (depending on a) , then as depicted in the following
graph, it creates an isomorphism between L?*(R) and L? over a box (depending on
a) by cutting the function f off each interval [ka, (k + 1)a), and then composing

them with the corresponding exponential basis.

(0,1)

fn(z) = f(w))([n,n+1)

Zf Zf(z,w) =

E—— 3 fnl@)ed™imY
nez

fo(=z)

+
™
L
O
° 4 +
e i

fi(=z) +
%
2

z (0,0)

Figure 2: Zak transform with a =1

The isomorphism property of the Zak transform is represented by the following
two theorems (see [19, Chapter 8.2]):

Theorem 2.7.1 (Plancherel theorem of the Zak transform). \/aZ, is unitary from
L*(R) onto L*([0,a) x [0, %)).

Theorem 2.7.2 (Quasi-periodicity). Z, is quasi-periodic with respect to the box
[0,a) x [O,%), i.€.,

(Zaf)($ + CL,U]) = e_Qmaw(Zaf)(wi)v (Zaf)(x>w + é) = (Zaf)($’ w)'

And underlying variables swap positions if the Zak transform is applied to the

Fourier transform of a function ([19, Prop 8.2.2]):
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Theorem 2.7.3. For f € Sy(R), we have

~

(Z1f) (@, w) = (21 f)(—w, ).

This property is sometimes used to illustrate the fact that the Fourier transform
rotates the time-frequency plane by /2. A direct consequence of this theorem is

the following

Proposition 2.7.1. For f € Sy(R), we have

(Zlf)('r’ w) = e2m‘$.w(Zlf)(wv —CL’).

Proof. Apply the above theorem three times we get

(Z0f) (,w) = (Z1F° f) (2, w)
= L)
= imisw -2““<zlf>< 5, —w)
— (7, ),

\_/

]

Take gy, i.e., the unweighted delta train supported on Z, then the Zak transform
Z; can also be viewed as the short time Fourier transform with respect to gj.

Indeed, direct computation gives

(V f)(t U)—@ 27rztv/f JZ—I—t Zék szxvdw

kEZ

_ e—27rz't~v Zf(t + k‘ e—27rzkv

keZ

= e (7 )t v).

Let &= (co,c1,¢o,...,cn-1) € CV, we may extend the definition of the Zak trans-

form to periodically weighted Zak transform Z; by setting

2mikw

(Zef) (2, w) = Zék mod N f (2 + \/LN)e_W.

keZ
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For convenience of writing, in the rest part of the thesis we will just write ¢ in-

stead of ¢k mod N-

Similar to the standard Zak transform, the weighted Zak transform can also be

viewed as the short time Fourier transform with respect to a weighted delta train:

Lemma 2.7.1.
‘/gg — 6—27rit-vZ€‘

Proof. Straightforward computation shows

(Vgaf) (t,v) = o /]R [z +1) (Z Ekéﬁ)ef%ix'”dx
keZ

. k _ 2mikv
__—2mitw -
=e E Gf(t+ —=)e v
keZ

= e 2™ (Z:f)(t,v).

]

Lemma 2.7.2. Z; is quasi-periodic with respect to the (bigger) boz [0,v/N) x

[0,V N), i.e.
(ng)(l‘ + \/Nv w) - e_QWi\/Nw(ZEf)(‘T? w)? (ng)(l‘, w + \/N) = (Zé'fxx’w)‘

Proof. Using the periodicity, we may rewrite Zz as the sum of N number of un-

weighted Zak transforms Z :

=

-1

Nj+k
VN

_o9;Nitk
)6 2mi \/ﬁw

(Zef)(x,w) = o f(x +

1

.
2w
LN

— 2T ——=w k . —2mii
e (o 4 g /R

VN

=
Il

o
N

JE

2
L

((Eke—Qﬂ'i\/%w

T_\/%Vo)z\/ﬁ)fxxv w)'

i
o
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With Theorem 2.7.2 we get

N-1
(Zef)(z + VN, w) = S (e >V~ CT & 02y (@ + VN, w)
k=0
—27rz\ﬁw Z —27rz wﬁ_%p)z\/ﬁ)f) (.T, U})
= e”’”“( af><:c,w>,
and
N—-1 .
(Zef) w4+ VN) = Y (@ WO 075 (@, w + V)
N y
= Z((Eke_zmﬁw’]zf% )Z\ﬁ)f)(w,w),
k=0
- (Z_’f) (Iv w)

2.8 Pseudo-Differential Operators with Band-limited Sym-

bols

The earliest form of pseudo-differential operators arised in 1930s, and was formu-

lated by Weyl. In quantum mechanics, states in the phase space are taken as

unit vectors. Since observables can only be described in a probabilistic way, they

are represented by self-adjoint operators through projection valued measures (a

consequence of the spectral theorem) on the phase space. The canonical position

and momentum operators are the multiplication operator

(Xf)(x) = f(x),

and the differential operator

(Df)(x) = 5=Daf.
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Weyl considered the correspondence between a given function o(z,w) and the

operator o(X, D) via the Fourier transform
o(X,D) = /6(25, )™ D) dt (5)

where the exponential map e (*¥+vP) is to be quantized by the Schrodinger rep-
resentation. Detailed derivations of the above can be found in either [15] or [19].

(5) is often referred to as the Weyl correspondence.

The theory of pseudo-differential operators started to flourish in 1960s (|46, Chap-
ter 6]) as an attempt to understand partial differential equations. A partial differ-

ential operator has form

P(z,D)= Y oa(x)D*, N€N.

<N

Since the Fourier transform takes differentiation to polynomial multiplication, us-

ing the Fourier inversion formula one gets

P(z,D)f :/ Z 0o () (2miw)® f(w)e*™ ™ dw,

|| <N

on appropriate spaces, for example, on the Schwartz class.

Setting >, <n 0a(2)(27miw)* as the function o(z, w), the above rewrites as

P(z,D)f = /a(a:,w)f(w)e%m'wdw.

Thus today most often in the literature, a pseudo-differential operator takes the

form

(Ko f)(2) = / o, w) ()T d, (6)

This definition is also referred to as the Kohn-Nirenberg correspondence and o is
called the Kohn-Nirenberg symbol. Which symbol class one can take certainly

depends what function class one wants to apply IC,, for the purpose of symbolic
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calculus (see [49]), in the literature o is often required to be a function of at most
polynomial growth. In this thesis we work with ¢ from different spaces that will

be specified in a few pages, but they will all have compact support.

Pseudo-differential operators can also be rewritten as an integral operators of form
Hyf(t) = [ h(t,t — s)f(s)ds which can be used to represent time-varying systems
in engineering. We will not be using such forms in this thesis, interested readers

can see, for example, [47] to get more details.

We will instead focus on the following form: a pseudo-differential operator can be
viewed as weighted superposition of time frequency shifts on appropriate classes

(e.g., on Sp):

(Ka)a) = [ o) )™ du
= / ( / / & (v, 1)e”™ @D dudt) f (w)e*™** dw
— / / / & (v, t)e2mi@vtwttew) £ dydtdw
_ / / & (0, )X F (2 + ) dvdt
_ / / 5 (0, ) (M T o f dvdt.

There are various ways of justifying the interchange of dw and dt in the above
computation, for example, for each fixed x and f € Sy(R),0 € Sp(R?), we may
view [ o(z, w) f(w)e2™ ¥ dw as an L? inner product with respect to the w variable,

and apply the inverse Fourier transform ¥, to both sides in the inner product.

Regarding our topic, it is customary and actually more convenient to replace &

with Fs(o) where F; is the symplectic Fourier transform defined as

Fs(o(z,w))(t,v) = //U(QJ,w)eQ’Fi(”'xt'“’)dwdx,
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so that we get the following slight different form
(Ko f)(z) = / / Fs(0)(t, v) (M, Tif )dvdt.

And we extend this integral formula and define a pseudo-differential operator
H,, to be

(Hy0)(x) = (0, M Tg) (: /] n(t,v)(Mvﬁg(I))dvdt>- )

whenever the dual pairing is well defined, and the integral formula applies whenever
the integration is well defined and consistent with the bracket definition. Possible
choices can be n € Sy(R?), g € S{(R).

In spite of the above technical subtlety, from time to time we will still
use the integration notation in (7) for g € S|(R) instead of the bracket
notation in (7), especially considering that most of time in this thesis
the distribution ¢ is a delta train, it is customary to write the integral
instead of the bracket when a delta distribution is involved. Similarly
for short time Fourier transforms we will sometimes also use (3) for
distributions despite that it is actually (4) that is in play. The reader

should keep this difference in mind.

In this thesis also 7 is always assumed to be the symplectic Fourier transform
of the Kohn-Nirenberg symbol o. The reason for using F, instead of F is fairly
subtle, those results in the subsequent sections do not depend on which form we
use, but using F; is less misleading in writing. Indeed, we have the spreading
function n(¢,v) and the Kohn-Nirenberg symbol o(z,w). If one inspects the above

derivation carefully, one would see that

through the transform. Usually in time-frequency analysis, people would put the

time axis as the horizontal axis (i.e., put the ¢ variable in the front). There-
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fore, defining the spreading function to be the Euclidean Fourier transform of
the Kohn-Nirenberg symbol would create a confusion on how these variables align,
while using the symplectic Fourier transform puts the variables in the correct order

(i.e., to make the ¢ variable, the one that represents time shifts as the horizontal

axis.) since the symplectic structure < ) also swaps variables.

This definition of pseudo-differential operators naturally relates them to commu-
nication channels, since a communication channel acts on an input signal by time
shifts (due to distance) and frequency shifts (i.e., the Doppler effect due to motion),
both superposed with proper weights (due to various factors such as reflection, ab-

sorption etc.) represented by 7.

Conventionally, 1 is called the spreading function, we will continue to use such a
name in this thesis, although in many places n can actually be a distribution. The
support of a spreading function is called the spreading support. We will call a
pseudo-differential operator overspread if the Lebesgue measure of its spreading

support is larger than 1 and underspread if it is smaller than 1.

The terms overspread and underspread stem from communication theory, there
they usually mean that the spreading support is inside a rectangle centered at the
origin and with area > 1 and < 1 respectively. Underspread essentially means
the channel is highly concentrated, and is also the case for most channels. Here
we chose to use a slightly different definition since it is more precise, and af-
ter our discretization (i.e., what we call rectification) in the later Subsection 3.2,
our definition of underspread would mean the degree of freedom of the channel
does not exceed the dimension of the input, which coincides with the definition
of underspread for discretized channels in communication theory. (See [38] for a
comprehensive survey on how communication theory concepts are linked to time
frequency analysis tools and the corresponding history on the development of this

theory)
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For a fixed g, we define a map ®, to be
Dy 21 = Hyg. (8)

This definition allow us to extend spreading functions to bigger classes. In this

thesis we will come across the following two types of extension:

The first one, we fix g € S{(R) and U C R?, if for all € Sp(R?) with support in

U we have

Pgnllzew S lInlle2wy, 9)

then @, is a densely defined bounded operator from L*(U) to L*(R), thus we can
extend its domain to the entire L?(U), this is the most frequent case in this thesis
where ¢ is a periodically weighted delta train and U is a compact set with zero

boundary measure, we will discuss it in detail in the next section.

The second one, we fix a compact U C R? and g € S)(R), and let f € Sy(R) be

arbitrary, then set
Dy = (0, Vof), (10)

this definition is consistent with the previous extension when n € L?(U). But
V, [ is actually in W4>°(R?) and thus can be tested on S} distributions compactly
supported on U, consequently we can further extend the domain of ®, (and thus
the class of spreading functions) to S{(U), this case is discussed in detail in [42]

and we will come across it in Subsection 3.3 and Section 5.
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Figure 3: An Example of a Spreading Function Supported on Some Domain U

Let U be a compact or pre-compact (i.e., its closure is compact) set in R? with zero
boundary (Lebesgue) measure. In this thesis, we will consider following spaces of

pseudo-differential operators, which we call operator Paley- Wiener spaces:
OPW(U,L*) = {H,:n€ L*(U), supp(n) C U}.
OPW (U, S})) = OPW (U,W4®) = {H, :n € WA<(U), supp(n) C U}.
Norms on these spaces are defined as
[HallorPwwx) = [Inllx-

This makes OPW (U, L?) a Hilbert space and the rest Banach spaces. The exten-
sion in (9) and (10) allows us to work with such spaces, and in particular to test

pseudo-differential operators from such spaces on S distributions.

Our aim is to study when can we find a proper input g € S{ such that the map
®, defined in (8) and extended by (9) and (10) is injective from OPW (U, X) to
Y (R) for proper domain U and norm topologies X, Y, and find a corresponding

algorithm to reconstruct n from ®,n.
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3 Methodology in Operator Identification

In the late 1950s, Kailath started to analyze the problem of identifying operators
with restricted time and frequency spread (see [29]). Using engineering terms,
Kailath proclaimed that a collection of communication channels having common
maximum delay a and common maximum Doppler shift b would be identifiable by
a single input signal if and only if ab < 1, i.e., if and only if the spreading func-
tion ¢ is supported on a rectangle of area at most 1. Using a heuristic argument
that the degrees of freedom of identifiable operator must subject to the degree of
freedom of the input signal, Kailath asserted without proof that an identifiable

operator is necessarily underspread.

Kailath’s original conjecture was not accurate but has insight. In this section we
will review all known major results on this topic, we also give simplified proof for
some of the results. The most important purpose of this section is to introduce
those fundamental tools for dealing with this topic, we will develop these existing

tools in the next two sections, and then present our main contributions in Section 6.
First let us define some terminology.

Let U C R? and g € S{(R), and X,Y proper topologies such that for every
n € X(U) with supp(n) C U (ie., H, € OPW(U, X)), H,g is in Y(R), then
we refer to the induced map @, defined in (8) and extended by (9) and (10) as
the identification map, g is then called the identifier, and ®,n is called the

response.

We say OPW (U, X) is identifiable if ®, is injective on X (U), and we say it
is stably identifiable if @, is bounded above and below from X(U) into some
Y (R). In particular, we say it is unitarily identifiable if ®, is an isometry from
L*(U) to L*(R). Moreover, if ®, is injective, then its left inverse, denoted as @,

is called the reconstruction map.
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3.1 A Motivating Example: Operator Identification on the
Unit Square

In this part we are going to demonstrate the essence of operator identification by
working with a simple space, namely OPW ([—1/2,1/2)?, L?).

In the literature [30], this was shown using gy, i.e., the unweighted delta train
supported on integers. Here we give a different computation using uy, and provide

a geometric interpretation of the identification process.

By the Poisson summation formula we easily see that

thus these two methods are intrinsically same, but working with u; here signifi-

cantly simplifies computation steps and gives a better geometric perspective.

Theorem 3.1.1. ®,_ is an isometry from L*([—1/2,1/2)*) onto L*(R). In partic-
ular, it maps the orthonormal exponential basis {62”?/”;1/2) [2”;7“2’ 1/2)} tmnez to the

orthonormal Gabor basis (sincx,1,1).

Proof. Using the relation

F(sinc(z +m)) = F ' (sinc(z —m)) = 6[2272{,1/2)’

2mimt 27rin

we get that the Kohn-Nirenberg symbol for the spreading function e 21 /2)€101/2.1/2)

is

T l(e[%% 1/2)6[ 15.1/2)) = sinc(z + n) sin(w — m).
Apply the correspondence in (6) we obtain
(Koup)(x) = / o(z,w)() o)™ dw =Y o(w, k)e*™ .

The integral is well defined for each single J; since o(x,w) is continuous, to see

that the sum also makes sense, we recall the interpolation property of the sinc
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function, i.e., for k,m € Z, sinc(k — m) is non-zero if and only k£ = m, we then

have
2mwimt 27r7,m)
(‘buu (6[ 1/2,1/2)€[-1/2, y)(@) = (%[ e 1 ) up)(x)
= sinc(x +n Z sinc(k — m)e*™ e
keZ

= sinc(z + n)e*™me
= M., T_, sincz,

which shows the exponential basis is mapped to the Gabor basis. O

From the computations above, it is clear that a reconstruction formula can be

obtained by extracting the basis coefficients and then synthesizing back, i.e.,

n(t Z <(I)u1777 M Tnsmca:> 1/2 1/2)€ [ 1/2 1/2) (11)

m,ne”

To geometrically illustrate how ®,_ acts on 7(t,v) € L*([-1/2,1/2)) we write

n(t,v) = Z am ne[ﬂ?;glﬂ 1/2 1/2) = Z fm @[%?7;1/2)7

m,nez meZ
where a,, ,, is the basis coefficient and
2minv
§ Am,n€-1/21/2)
neE”L

The summation is well defined as in L? sense.

Repeating the computations as in the above theorem we get

_ Z fm(l,)ewrima:‘
meEZ
Applying the Fourier transform to it leads to
=Y ful&=m).

meZ
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Notice that each f,, is supported on [—1/2,1/2), thus

~

supp(fm (€ —m)) = [m —

which means, the Fourier transform of the response, i.e., F(®,.7)(§), is tiling up

the real line by the coefficient functions f,,, as depicted by the following figure.

n(t,v) =

F(@ugpm)
5 fm(w)e3Tim —_— ) ) )
meL +  fo(&) +  f1®) + f208) +
% % % %
) G.-5» ! 1 1 3 5
2 2 2 2
Figure 4: Identification Map on OPW ([—3, 3)?, L?)

Remark: This geometric interpretation shows that the identification procedure

is very sensitive to perturbation. Indeed, if for example, we replace >

627T’i(k+6

in uy by
)% then aliasing happens regardless of how small € is. The situation will
not improve if uy is viewed as gy and we perturbate the deltas, relevant discussion

can be found in [23].

3.2 Rectifications

For a general domain U, we would like to carry the idea behind the above proof
over to OPW (U, L?), the basic approach was developed in [43]. Here we provide

a different and simpler derivation.

The method consists of two steps, the first step is rectification, i.e., to cover the
domain U by squares of side length 1/ VN with N € N, as illustrated by the figure

below.
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Figure 5: An Example of Rectification

To avoid pathological behavior, we shall always assume that the following holds

for the underlying domain U:

1. The closure of U is compact, so that it can be covered by a single N x N

square for some big enough N € N.

2. OU has Lebesgue measure 0.

Let us call such a domain U admissible.

If U is admissible, then we say it is N-th rectifiable if it can be covered by
squares of size 1/v/N x 1/v/N so that the total area of the squares needed to cover
U is less than or equal to 1. We say U is rectifiable if U is N-th rectifiable for
some N € N. And we refer to the union of those squares that covers U as the

rectification of U.

It is easy to see that any admissible U with measure strictly less than 1 would be
rectifiable.

The second step is to use a N-periodically weighted delta train gz for some properly

chosen @€ CV as the identifier. In the sequel we will refer to the 1/v/N x 1/v/N

shaped squares used in the first step as a box.

41



To see the mechanism behind it, let us first take a ¢ € CV, in the proof of Lemma

2.7.2 we have computed for the periodically weighted Zak transform Zz that

=

(Zef)ww) = Y ((@ne VT o Zyw) )z w),

N
0

=

let us denote
—omi—k_q
hy(z,w) = e VN (T = 0 Zyw) f(z,w),

VN’

and define a vector

-

h = (hOahlv s 7hN—1)7

so that
(Zaf)(z,w)

|
l
Ed
>
-
—
s
g
~
|
S
=
O
~_

observe that

hk(I +

and also by Theorem 2.7.2 we have

1
,O)Z\/N)f<x> w + \/_N)

1 —2mi—= (w+—=
hio(z, 0 + —=) = ¢~ 2TVR +jﬁ>(fr(7

VN

=X

N

—omi—k_

w2k
= VNYe? N(ﬁ—ﬁ,o)zﬁ)f(maw)

= e_Qﬂi% hk($7 w)7

Consequently we get

(Zef)(x + —=,w) = ™™ N hyp (2, w) = VA <T§1h, 5> ,

E‘H
i



and

=2

-1

1 . .
(Zef )(w,w + \/_N) - Eke_%z%hk(%w) = <M1\_/1h» 5> ,
0

i.e., if we move horizontally by one box (whose side length is 1/v/N), then the

weights ¢, are cyclically shifted in the sum up to an extra scaling factor; and if we

B
Il

move vertically by one box, then each summand is multiplied by a phase factor

6—27r7ﬁk/N.

Fix a box in the rectification and mark it as U, and set
Uik = Uy + (4, k).

i.e., Uy is the set obtained by shifting every point in Uy by (J, k).

The figure below is an example for this setting:

Uos Uags Ues Uss)

Uz U

Uay Uen

Uao U

t

Figure 6: An Example of Rectified and Indexed Domain

Now as in the above, we set

—2mi—Ew
hk(x,w) =e YR (7E_L O)Z\/]V>f<xaw>XU(o,O)’

VN’
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and write the functions into vectors, i.e.,

-

h = <h07 hla h27 B thl)a
then the above derivation shows we can write the value of Zzf in any U as an

inner product, i.e.,

Jw.

XU(j,k)(ng)(wi) = 627ri\/ﬁ <E7 MJ@T]]V5> :
If we define the set
I'={(j,k) : U covers U},

and write Zzf also into a vector 2"

Z= (XU(jl,kl)ZEf’ XU(jQYkQ)Z(_:‘fa .- ')a

where (ji1, k1), (j2, k2) . .. € I and are ordered by the lexicographical ordering, then

Z,h are connected via the adjoint of the Gabor matrix Gp(@), ie.,
7= DrGi(d)h,

where
. —27rij—1w —27ri‘j—2w —27rij—Nw
Dr =diag(e ™"'VN " e VN e VN,

)

Moreover, we notice that e?7#*w/ VN, is simply Z /x f restricted to the box [k/ VN, (k+
1)/v/N) x [0,1/+/N), as depicted by the following figure:

v

Zyxf

ho 2riw dmiw 6riw

Figure 7: hy and Z /5 f

Combing the above derivations we can rewrite xyZz on as a linear transformation
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(induced by the Gabor matrix G1.(¢)) applied to Z, /:

Theorem 3.2.1.

where Dr is as defined above,

XA VN)x[0, k)"

is the analysis operator that vectorizes functions or distributions supported on R?,

the k-th entry in A zm is just the restriction of n onto the square [\/iﬁ, k—\/%l) X

0, %),

—omik=Lly
D\/N = e VN ,

N—-1

—271 w

and

St (fgm)Grer = n such that xu,,.n = fur

is the synthesis operator that puts the vectorized functions or distributions back to
the function or distribution supported on the rectification represented by I'. And
entries in (f(jk))ryer are arranged by the lexicographic ordering on (j, k), same

as the ordering of columns in the Gabor matriz Gr(¢).

The following two figures depict the action of A ;7 and Sr (Remember that we

always take the lexicographic order in I').
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Figure 9: The Synthesis Operator Sp

This formula plays a core role in our analysis, and it immediately leads to several

import consequence

Corollary 3.2.1. Let ¢ € CV, UT,D xS/~ Ayx be defined as in the above
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theorem, denote 1y = (1,0,...,0) € CN so that

15 the unweighted delta train supported on v/ NZ, then we have

XvVee = St DrGr(@)D v AynVe; s

Proof. Apply Lemma 2.7.1, we get

Vaolt, v) = €277 _(t,0).

Ve (t,0) = €770 Z (8, 0).

Substituting corresponding entries in Theorem 3.2.1 and then dividing both sides

by €2™¥ (since this is never 0) leads to the result. [

From its derivation one can see this proposition holds when xy V. is applied to
both L?(R) and Sp(R) cases.

In the remaining part of this thesis, given a rectification I' C Zy x Zy, and a
function or distribution 7, let S & as the synthesis operator defined above, we

refer to the vector S\_/len as the vectorization of 7, and denote it as 7.
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3.3 The Adjoint Relation

One easily notices the similarity between Figure 2 and Figure 4. Indeed, from the
geometric point of view, the reconstruction formula (11) can also be given via the

Zak transform

77<Zf, U) = X[-1/2,1/2)2 Z F((Dui‘n) (fU + m>€2ﬂ'imt

meZ

= X[-1/2,1/2)2Z1(F (D7) (v, —t)
= X[-1/21/22€ " (Z1(Pun)) (8, 0)
= Xi-1/2,1/2)2 (Vg (Pu-)) (2, v),

where the last step follows from Lemma 2.7.1.
Since @y (i.e., @y ) is unitary from L*([-1/2,1/2)*) to L*(R), its inverse is also
its adjoint, thus the following would holds for any n € L*([—1/2,1/2)?) and f €

L*(R):
(Po;ns ) = (1 X1-1/2,1/22 Ve f) = (0, Vor f) -
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In general, let a > 0, and replace the unit square in Subsection 3.1 with the rect-
angle [0,a) x [0,1/a) and replace the corresponding exponential basis accordingly,

then repeating the computations there and above will lead us to

Lemma 3.3.1. Let n € L*([0,a) x [0,1/a)) and supp(n) C [0,a) x [0,1/a), and
Ja = Z(skav

be the unweighted delta train supported on aZ, then we have

(g1, f) = (0. Xp.0)x0,1/0) Ve L) = (0, Vgu f) -

Consequently

Corollary 3.3.1. Letce CV, U, T, D 5, Syw: Ayws 81, be defined as in Corollary
3.2.1, then we have

Py.1 = q)ElIN At/NDf/NGF(g)DIiSIfna

holds for any n € L*(U) with supp(n) C U.

Proof. This follows by using a similar computation as in Theorem 3.2.1, we write
gz as the sum of N unweighted delta trains and then apply Lemma 3.3.1 and
Corollary 3.2.1. m

It follows that
Corollary 3.3.2. If U is N-th rectifiable and ¢ € CV, then

1
1P| 20y L2m) = ﬁ|lGr(®\|e2He2-
Proof. 1t follows from the adjoint relation that
[Pyl 2wy r2@) = IS0 DrGr() D v Ayn Ve, 2@y 2y

Apparently, D 4, Dr are unitary. If we denote the k-th element in the vector
A zn as m, ie., if
A\/ﬁn = (7717772; <o 777N)7
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then
10172 = llmllzz + mell2 + -+ w7,

and similarly if

?7:(771,7727---,771\/),

then
Iz + In2llZ2 + -+ nxllZze = [1Se7ll,

And also by Lemma 2.7.1 and Theorem 2.7.1, WVQTN, which up to a phase fac-
tor is equivalent to vV NZ 5 and thus, is unitary from L2(R) to L*([0,VN) x
[0,1/VN)).

Combining all these together leads to the result. O]

The decomposition in Corollary 3.3.1 essentially reduces the action of the identi-
fication map to Gr(¢)7, which also corresponds to communication theorey where
one can define a discrete channel also as superposition of discrete time-frequency
shifts (for example, see [41, 21, 48, 39]), i.e.,

H, = i MO T iy M2T™ 4 4 iy MINTHY
then such a channel acts on a discrete input ¢ as
H,¢ = i MP TR G+ i, MPT*E ..+ iy MINT™E = Gr ()7,
which coincides with the spirit of our decomposition if we set I' = {(j1, k1), (jo, k2), -

Corollary 3.2.1 and 3.3.1 show V, and ®, have symmetric forms for periodically

weighted delta trains g, which means

Theorem 3.3.1. If g is an N-periodically weighted delta train, then for any n €
L*(U) with supp(n) C U and f € L*(R) we have

(Bgn, [) = (0, Vo f) -
In fact, by switching the topology, one can even extend g to be more than delta
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trains:

Theorem 3.3.2. [42] If U is admissible, then for any n € Sy(U), f € So(R), g €
S,(R) we have

An immediate consequence of Theorem 3.3.2 is the following

Corollary 3.3.3. If U is admissible, g € S{(R) induces bounded operators ®, and
V, between L*(U) and L*(R), then for any fized n € L*(U) with supp(n) C U and
f € L*(R), then we have

<CI)9777f> = <777 V;f>

Proof. To see they are equal, first we consider f € Sy(R), and view n € L*(U) as

an S, (U) distribution, then by the previous theorem we have

(Pgn, f) = (0, Vyf) .

Now for any f € L*(R), since Sy is dense in L?, for any small € > 0, we may choose
f € Sy so that

If = fllr2 < e
then we apply our assumption that ®, and V, are bounded operators between
L*(U) and L*(R) to get
[(@gn, ) = Vo) = 1@, Ty + (@, f = Ty = (0. Vol ) = (n.VolF = )]
= (g, f = F)y = (n.VolF = D)
<1 @gnll 2|l f = Fllzz + Inll Ve (f = P2
S Inllzzllf = Flle

S ellnll e,

which shows the left hand side must be 0 since € can be arbitrarily small. O]

One should be aware that V; here is the adjoint of the identification map ®,, it
is not the adjoint of the pseudo differential operator. The adjoint of a pseudo

differential operator, takes a diffent form, see [12, Chapter 1.6] for a formula for
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the corresponding spreading function, or [25] for formulas for other properties such

as composition, transpose.

Properly applying this relation provides better insights, for example the proof
for Theorem 3.1.1 can apparently be significantly simplified to one line using
the adjoint relation. Indeed, since the Zak transform Z; (which is, up to an
exponential factor, equivalent to the adjoint V4. is an isometry from L?*(R) onto
L*([-1/2,1/2)?), we immediately get that ®y_ is an isometry from L*([—1/2,1/2)?)
onto L*(R).

In fact, it is not surprising to have this relation if one compares the bracket def-
inition in (4) and (7), it actullay has a more profound root: Take n to be a
distribution, and proper f,g so that V,f is a test function, then the Schwartz

kernel theorem (see [24]) says

(n, Vo) =(@yn, f),

one can then apply similar arguments as in Corollary 3.3.3 to extend it to other
topologies and thus establishing adjoint relations. For example, see [18, Corollary

2.6] for a version on Sj.

Remark: If U is admissible, then even if u(U) > 1, one can still embed it into
a N x N square for sufficiently large N, and apply the rectification technique,
thus the decomposition results in Corollary 3.2.1, 3.3.1 and 3.3.2 also holds for
overspread cases, except that in such cases it is obvious that the identification
map induced by periodically weighted delta trains will not be injective, since the

Gabor matrix would have more columns than its rows and thus have a kernel.

3.4 Sufficient and Necessary Conditions

Corollary 3.3.1 shows the Gabor matrix Gr(¢) plays a critical role in the identifi-
cation of rectifiable domains, for example ®_ is injective if and only if Gr(¢) has
full rank, now the question becomes whether such matrices exist. It turns out that

not only do they exist, but also there are rich choices of them.
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A matrix is said to have spark L if any of its L — 1 columns are linearly inde-
pendent. It is said to have full spark if it is full rank and its spark equals its

rank+1. The following theorem shows choices for good window vectors are rich:

Theorem 3.4.1. [34, 37] For any I' C Zy X Zy, the set of ¢ that makes Gr(¢)

full spark is open dense in CV.
It immediately follows that

Theorem 3.4.2 (Sufficient Condition). [43] If U is N-th rectifiable, then there
exists ¢ € CN such that gz stably identifies OPW (U, L?).

It is easy to see from this condition that OPW (U, L?) is identifiable if U is admis-
sible and has area strictly less than 1, since such domains are N-th rectifiable for
big enough N. On the other hand, as Kailath original conjectured, identification
is not possible if the area of the rectangle spreading support is larger than 1, this

was proved in [30].

Theorem 3.4.3. [30] If U is a rectangle of area larger than 1, then OPW (U, L?)
is not identifiable by any g € S{(R).

The essence of the proof relies on the following fact, if U is a rectangle of area
s > 1, then L?(U) can be expanded by some exponential basis with density s,
but L*(R) can be expanded by a Gaussian windowed Gabor frame whose density
is larger than 1 but smaller than s, then with some computation one shows that

®, can not map a high density basis to a low density frame without having a kernel.

The assertion in Theorem 3.4.3 extends also to non-rectangle spreading support
cases using rectifications, as proved in [43], the principles behind the proof is same
as in the proof of the above theorem, one simply replace the exponential basis with

a Gabor basis induced from the rectification.

Theorem 3.4.4 (Necessary Condition). [43] If U is a domain whose interior has
Lebesgue measure larger than 1, then OPW (U, L?) is not identifiable.
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At this point, a typical question that would come to a reader’s mind is whether
we can replace our identifiers, i.e., delta trains, with something more intuitive. In
reality we can only work with finite objects, therefore it would be more favorable
to have a better localized identifier so that one can truncate without losing too
much. Unfortunately this is not possible, the following is from [31, 3.1], which
shows identifiers are not weak™ localized, in other words, they can not decay in

weak™.

Theorem 3.4.5 (Identifiers Can Not Decay). If g € S{(R) is an identifier for
some OPW space, and 0 # f € So(R) is arbitrary, then as x — +00, we have

(Tof,9) # 0, (Taf,9) # 0.

The proof is not difficult, one simply notices that if n separates, i.e.,

n(t,v) = f(t)h(v),

for some f,h, then it is straightforward from the definition that H,, reduces to a

product convolution operator
H9)@) = [ [ FO) M Tg(a))dvdt = i) (T.F.g)

where f(t) = f(—t). If <T‘,r 1, g> — 0 as x approaches infinity, then the right hand
side can be made arbitrarily small by properly choosing h (e.g., take a sequence
By, with h, = Thy,_y, then hy,(z) <Tzf,g> — 0 as n,x — o0), which contradicts
the fact that ¢ is an identifier.

Remark:

The following results first discussed in [30] does not improve the sufficient and
necessary conditions above, but by including operations like shifting, rotating and
flipping the coordinate system, it allows us to, in the identification procedure, re-

duce complicated situations to simpler ones.

For every dimension 2n, the Symplectic Group over the reals, denoted as
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SP(2n,R), is the group of all 2n x 2n real matrices A equipped with matrix

multiplication as the group operation, and satisfies
A*JA = J,

where (1 is the n x n identity matrix)

I
g= (" ,
I 0

stands for the symplectic form. In other words, the symplectic group consists of
all transforms that keeps the symplectic form invariant. It directly follows from
this definition that SP(2,R) consists of all 2 x 2 matrices with determinant 1.

Since the spreading function 7 is the symplectic Fourier transform of the the Kohn-

Nirenberg symbol, it is not surprising that the following two results holds:

Theorem 3.4.6. [30] If A € Sp(2,R), then there exists a unitary operator O 4
such that

Dy = o, g(noA).

Here (and only here in this thesis) o means composition, In other parts of this

thesis o are frequently used to denote the Hadamard product.

Proposition 3.4.1. [30] Let A € Sp(2,R), and X be some topology, if OPW (U, X)
is identifiable, then OPW (A(U), X) is also identifiable.

Hence any coordinate transform that keeps the area invariant also keeps identifia-
bility, in particular, OPW (U, L?) is identifiable if it is a rotated rectangle of area
not larger than 1 or a parallelogramm with area not larger than 1 (see [30] for

detailed algorithms for identifying parallelograms).

One of the main purpose of this research is to study the critical case where the area
of U is precisely 1, we have already seen in Subsections 3.1 and 3.3 that this is pos-
sible for admissible domains. The above proposition shows identifiability extends

to symplectic transform of admissible domains, which, in particular, includes any
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fundamental domain (of some lattice) with determinant 1. However, identifiability
is largely unknown if U is not among these cases. Our basic strategy to attack
this problem is to approximate the domain from inside where each approximation

is N-rectifiable, and then pass to limit by letting N — oo.
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4 Discrete Gabor Analysis

This section contains technical results that are necessary to present some of our
main results in Section 6. As shown in Corollary 3.3.1 and 3.3.2, identifiability on
OPW (U, L?) using a periodically weighted delta as the identifier critically depends
on the spectral property of the Gabor matrix, which motivates us to throughly
inspect it in this section. Results in Subsections 4.1, 4.2, 4.3 are repeated from the
author’s paper [44], while results in Subsection 4.5 are repeated from the author’s

paper [35].

4.1 Group Structures of Discrete Time-Frequency Shifts

The finite Heisenberg group of order N consists of tuples (h, j, k) with h, j, k € Zy

and the group law
(h,j, k) (W, j k)= (h+h —kj', j+7 k+K),
hence it can be viewed as the semiproduct of the additive group Zy
(Zy X Zn) X~ Zy,

where
v ZN — Aut(ZN X ZN),

is given as
(YN, 5') = (B = kj',5").

A concise list of properties of the finite Heisenberg group can be found in [32].

It is easy to see using Lemma 2.3.1 that
p: (hg k) = Wy MATY,
is a representation of this finite group. Denote H as the above group represented
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by {w]’bMJJ\‘,T]f,}h,j7k:071727_“7]\;_1. Then by Lemma 2.3.1, the center of H is
ZH) = {wh[}h=0,1,2,...,N71 ={p(h,0,0)}h=01.2,..N-1-

and

H/Z(H) = Zy x Zy.

From now on we use the notation (MT,I") with
(MT.T) = {M{ Ty, (j,k) €T C Zy x Ly},

to denote the discrete time frequency shifts supported on I' and similarly
(TM,T) = {T{ My, (j,k) € T C Zy X Z}.

The following is a straightforward consequence of the Sylow theorems (for example,
see exercises in [27]), for the convenience of the reader we include a simple proof

here

Lemma 4.1.1. If N is a prime number, then the only subgroups in Zy X Zy are

V. — {(ks, k)}k:071,2,...N—1, s=0,1,2,... N —1

{(j7 0)}j=0,1,2,...N717 § =00
and they pairwise intersect trivially.

Proof. Clearly each V; is a subgroup of order N. Since N is prime, the only divisors
of |Zy xZy| = N? are 1, N, N, therefore any two proper subgroups must intersect
trivially, and thus counting the distinct elements from each V; shows that there

can be no more subgroups other than listed ones. O]

The subscript s has a geometric meaning that will be clear in Subsection 4.3.

One may also verify using Lemma 2.3.1 that for each fixed s, members in (MT, Vj)
mutually commute. If V' is a subgroup of Zy X Z, with order N, and members in

(MT,V) commute, then we call V' an isotropic subgroup (since they jointly fix
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their shared eigenvector). They will play a special role in the next subsection. If
N is prime, the above listed V; are only such groups, while if N is not prime, then
there might exist other isotropic subgroups. The following lemma shows having

mutually commuting members is indeed sufficient for being a subgroup:

Lemma 4.1.2. If (MT,V) is a mazimal abelian subgroup in H, then V is a
subgroup of Ziny X L.

Proof. 1dentity is contained in (MT, V') since it commutes with any other member.

If (5,k), (j', k'), (m,n) € V, by the commuting relation and Lemma 2.3.1 we have
km = jn mod N,

and

E'm = j'n mod N,

consequently
(k+K)m = (5 +5')n,

which means MZJ\',H/T]]{/’,M, commutes with My TR. Since (j,k), (j', k'), (m,n) are

arbitrary, this implies V' is closed under the group operation.

Finally
km=jin = —km=—jn,

which implies V' is closed under taking the inverse in Zy X Zy.

Combining the above, one may conclude that V' is a subgroup. O]

Moreover, isotropic subgroups cover the whole group:

Lemma 4.1.3. 1) IfV C Zn X Zy is a cyclic subgroup of order N, then (MT,V)

18 1sotropic.
2) Any element of Zn X Zy 1is contained in at least one of its isotropic subgroups.
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Proof. For 1), let (j, k) be the generator of the subgroup, then Lemma 2.3.1 shows

M, T% commutes with My T,

For 2), first we notice that if a,b coprime, then (a,b) has order N. Indeed, the
order must divide N, thus we can write it as N/p for some divisor p of N, then
(a,b) having order N/p implies both aN/p and bN/p are multiples of N, i.e., p
divides both a, b, but a,b coprime, thus p = 1.

Therefore given any (7, k), the element (j/ged(7, k), k/ ged(7, k)) has order N and
generates a cyclic subgroup of order N, this subgroup is isotropic by 1), and it

contains (j, k). O

Here we compute explicitly the diagonalization formulas for (MT, V):

Lemma 4.1.4 (Eigenstructure - Odd Dimension). Let D be the diagonal matriz

in which the €-th entry on the main diagonal is

04+142+...4(¢—1)
Da = Wy .

Then for N odd, we have:

1) The eigenvectors of My, M3, . .. ,]\4]]\\,[_1 are precisely the Fuclidean column

basis.

2) Fors=0,1,2,...,N—1and k =1,2,...,N — 1, each MT% € V, can be

diagonalized as

_ k(k=1)s

METYE =wy 2 DWWy My W5 (D®)*.

Proof. 1) is trivial. For 2), for a vector x = (z1, s, ...,xy), if we denote

D, = diag(z1,xs,...,zN),
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then for any odd N,

T
WA T2
W3
MLD,TL = N
wx_QmN,l
w]]\\,f_lxN
1
Z2
h(h—1) _ h(h=1)
— wN 2 S . wN 2
IN-1
TN
= D(D,Ty)D*.
Inductively apply this formula, we get that
M3Ty = My(M5'Ty) = D(My T )D* = ... = DTy (D®)* = DSWxMy' Wy (D®)*.
Then we may apply Lemma 2.3.1 to get
_ k(k—1)s
M]If[sT]Iff _ w;{(s+25+...+(k71)8) (M]%T]{[)(MJ%T]{[) o (M]%T]{I)J = wy 2 DSWNM];]{:W;\}(DS)*
k t?:nes

Lemma 4.1.5 (Eigenstructure - Even Dimension). Let D be the diagonal matriz

in which the £-th entry on the main diagonal is

0+142+...4(¢—1)
Dy = wy ;

denote

I
I
&
=l
Il
Q
z[3




and let D' be the diagonal matriz in which the £-th entry on the main diagonal is

Dy = ¢V,

Then for N even, we have:

1) The eigenvectors of M, M%, ... ,M]]\\[_l are precisely the FEuclidean column

basis.

2) If s is even, then each MKT% € V, can be diagonalized as

_ k(k—1)s

METE =wy 2 D*

3) If s is odd, then each MY¥T% €V, can

k(k—1)s

W MW (D*)*.

be diagonalized as

METE = Cfwy 7 DDWyMy*WiD™*D*.

Proof. 1) is trivial. For 2), we first verify that if NV is even and s is also even, then

similar to the previous lemma we have

M3TY = e
NiN = Wy

= D*T\ D%,
Then we apply Lemma 2.3.1 to get

MRTy = wy 20000 (MR TR (MR T)

k(k—1)s

A METR) =wy °

J/

k times
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For 3), denote

T =

T’ is skew circulant, hence

consequently

T' = ¢(DTyD* = CDWyMy'WiD*.

= CTN7

Next we verify that if N is even but s is odd, then slightly different from 2) we

would have

METL = o
NiN = Wy

— Ds (T/)D—s

= (D*DWNMy' W3 D5 D"
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Finally we again, apply Lemma 2.3.1 to get

MRTY = wy 20000 QR THMTY) - (MRTY)
k arrnes

k(k—1)s

=Cfwy 7 D*DWyMN*WED*D*.

]

Lemma 4.1.6 (Orbit). If z is an eigenvector of MTY, then M%T}f{x is also an
eigenvector of M]jVT]’\“, In particular, if N is odd then for eigenvectors of (MT, V)
we have
M, D¥iiy = Dy,
k(k—1)s+2k¢
TeD%iy = wy 2 Dy,

where D is as defined in Lemma 4.1.4, and Uy, is the k-th column of Wy.

Proof. The first statement immediately follows from Lemma 2.3.1. Suppose A is

the eigenvalue, then
METE(MZTE ) = F = METE (M2, TEE) = A = M TE 7.
For explicit orbits, since diagonal matrices commute, we have
M}, D%y, = D* Miiy, = Dyiipy;,
and we apply Lemma 4.1.4 to get

Ty D*uy, = D*(D™*T% D*)ii,
7k(k71)s _ -
=w~ 2 D(My*Ty)i,
_k(k=1)s —ks —
= w 5 thsMNksuh

_ k(k—1)s+2hk .
=w 2 Dty .
[

Remark: The shared eigenvectors of isotropic subgroups are examples of bi-
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unimodular sequences (or CAZAC sequences, CAZAC stands for Constant Ampli-
tude Zero Auto Correlation), i.e., sequences that is unimodular before and after
applying the discrete Fourier transform. Such sequences are of special interests in
engineering and are also connected to the so called cyclic N -roots. See, for exam-
ple, [20] and [4], for related concepts. Moreover, when the dimension is a prime
number, these sets of eigenvectors form the full class of the so called mutually
unbiased basis, while if the dimension is a composite number, then they can be
used to construct mutually unbiased basis, but not necessarily maximal, see for

example [8] for a good survey on this topic.

4.2 Characterizing Unitary Gabor Matrices

In this subsection we will study for which subsets I' can we have a window vector
¢, such that Gr(€) is unitary. We will completely characterize the cases when N
is a prime number, give a sufficient condition when N is composite, and make a

conjecture on the necessary condition when N is composite.
First we need a few technical results:

Let @ be a vector of unit length. We introduce the notation

to denote the orthogonal projection onto the span of the vector & € CV.

We use o for the matrix Hadamard product. Also we write the j-th column in

W as 4.
Lemma 4.2.1. The following holds:

1)
(M{Tk, Pz = (M{Thi, 7).

2) For any A € CN*V | one has
M AM})* = NAo Py,
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Proof. For 1), we have
(M{TY, Ps) = tr(MLTR Pr) = te( MY TRET") = tr(Z* MLTRT) = (ML TRE, T) .
For 2), we first write the projection Py, into

1. -
Pr, = CMLEOE)",

where FE is the all ones matrix, i.e., the identity element with respect to Hadamard
products. Then we use the fact that Hadamard products commute with diagonal

scalings to get

NAo Py, = Ao (MYE(M})") = M{(Ao E) (M) = M{A(MR)".

Lemma 4.2.2. Let N be prime. If R € N and R < N, then for

{jlaj27~--,jR} - {1727~'-7N}7

and ai,as, . ..,ar € N, we have

1)

awh + awl + ... + agwif # 0.

2) Each entry on the main diagonal of a1 Pg;, + a2FPyg;, + ...+ arby; is (ay +
CL2—|—...—|—CLR)/N.

3) FEach off diagonal entry of alpgjl + aZngZ +...+ aRPﬁm 18 non-zero.

Proof. For 1), N being prime implies that the minimal polynomial of wy over Q
is the N-th cyclotomic polynomial 1+ z + 22+ ...+ 2V~!, which would give us a
contradiction if ayw) ™" + asw’2 + ... + agwlf = 0 since R < N.

For 2) and 3), it suffice to notice that each projector Py, is a circulant matrix
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with its first column being

Jn . 2Jn (N=1)jn
N(LWN’WN e, Wy ),

thus 2) can be easily verified through direct computation and 3) follows from
1). O

Lemma 4.2.3. If V s an isotropic subgroup in Zy X Zy, and & is a shared

eigenvector of members in (MT,V') with unit length, then
Py L MLTE  for any (j,k) ¢ V.

Proof. Suppose elements in (MT, V') are diagonalized as BD,, B*, BD,,B*, ..., BD,, B*
where x is the first column of B, and we further denote 7, 05, ..., Uy as the vector

formed by the main diagonals of Dy, , Dy,, ..., Dy, respectively.

By Lemma 2.3.2, all members in (MT, V) are linearly independent in C¥*¥ | con-
sequently ¥, @, . .., Ux are linearly independent in C, hence there exists a linear

combination such that
01271—|—C2172—|—...+CN17N = (1,0,...,0),

i.e.,

ClBDng* -+ CQBDg2B* + ...+ CNBDgNB* = Pz,

which means

Pz € span((MT,V)),

Again by Lemma 2.3.2, if (j, k) ¢ V then
MUTY L (MT,V),

which implies the desired result. O

Define the first order difference set AI" of I" to be

AL =A{( —j" k= K): (G, k), (7, k) e T}
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Lemma 4.2.4. Let @ be a unit vector, then Gr(¢) is unitary if and only if
P-1 (MT,ATl).

Proof. Each main diagonal entry of G.(¢)Gr(¢) is 1 by the assumption that ¢'is a

unit vector.

Each off diagonal entry of G}.(¢)Gr(¢) is of form
wiy (MTRE, ) = wh (M{TR, Pr),
with (7, k) € AT and £ € Z.

Now Gr(€) is unitary if and only if G3(¢)Gr(€) is the identity matrix, i.e., all the

above mentioned off diagonal entries are 0, which is equivalent to
P: 1 (MT,ATl).

]

[sotropic subgroups are important for Gabor matrices in the sense that taking

their quotient group as the support set leads to unitary Gabor matrices.

Theorem 4.2.1. If I' consists of precisely one element from each coset of an

1sotropic subgroup V' of Zn X Zn, i.e.,
In XZy =T xV ={G+5k+k): (k) el (j,K)eV},

and € is a shared eigenvector of all members in V with unit length, then (¢,T)

forms an orthonormal basis for CV.

Proof. We want to show that the Gabor matrix G (¢) is a unitary matrix.

First we notice that the following must hold by our assumption:

VNAT =0.
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Indeed, if (j,k), (j',k') € T and (j — j/,k — k') € V, then this would imply that
(7, k) and (5, k") belongs to the same coset of V', which contradicts the assumption.

Thus by Lemma 4.2.3, we have
P-1 (MT,ATl),

which implies Gr(€) is unitary by Lemma 4.2.4. O

If N is a prime number, then the above condition is also necessary:

Theorem 4.2.2. Let N be a prime number, then there exists a window vector ¢
such that (¢,T') forms an orthonormal basis for CN if and only if T consists of

precisely one element from each coset of an isotropic subgroup V' of Zy X Zy, i.e.,
InXZy=TxV={(G+5k+k):(,k)el,(§,K)eV}
Proof. Sufficiency is already proved in the last theorem. Let us prove its necessity.

Assume the contrary there exists some ¢ such that (¢,I") is an orthonormal basis
for CV (i.e., Gp(¢) is unitary) but I" does not consist of precisely one element from

each coset of any isotropic subgroup V.

For convenience, denote the elements listed in lexicographical order in I" as

[ = {(jo, ko), (ji, k1) -+ -5 (v—1, kn-1) }-

Since N is prime, all non-trivial proper subgroups are isotropic, and they are listed

in Lemma 4.1.1.

Let us first fix an s € Zy, and consider the subgroup V, as defined in Lemma
4.1.1, i.e.,
Vs ={(0,0),(s,1),(2s5,2),...,((N —1)s,9)},

it is easy to verify that
LN X Ly = Voo X Vs,
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where

Voo = {(0,0),(1,0),(2,0),..., (N —1,0)},

is also as defined in Lemma 4.1.1.

This means V, consists of precisely one element from each coset of V;. Since cosets

are unique, there exists ¢,, such

forallmn =0,1,2,..., N—1. Moreover, since by our assumption I" does not consist

of precisely one element from each coset of V, the set {,}, is a proper subset Zy.

Now we consider the matrix

Grav.(® = (Guos i@ | Guoyva@ | o | Glinikn (@)

Since Gr(€) is unitary by our assumption, columns in Gryy, (¢) form a tight frame
for CV since they consists of N copies of orthonormal basis of form s (¢, (ks, k) +T)
for k=0,1,2,...,N — 1.

By (12), we can rewrite Gryy,(C) as

er\/s(5)2<G(eo,0)+vs(5) | Guo4vi(@) | o | G(eN,1,0)+vs(5)>-
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Thus using the tight frame property of Gryy,(¢) and applying Lemma 4.2.1 we get

N-1

NI = Gryv, (6)Gry, (€ G t,.0)+v. ()G, 0)1v, (€)

Zﬂ
D!

MY Gy, (G, () My

M

3
|

20

-1

g
(]

(Gv.(O)Gy, (@) o P

[e=]

n—=

N-1

= N(Gv,(6)Gy,(@) o (D Pa,)

n=0

Now recall as shown above our construction of {¢,},, and our assumption on I' im-
plies we may apply Lemma 4.2.2 to conclude that the main diagonal of ij;ol P,

. : : . N-1
is I while all off diagonal entries in ) "~ Pj, are non-zero.

Thus comparing both sides of the equation we can conclude that
G, (O)G7,(@) = 1.

By Lemma 4.2.4, this implies
P: 1 (MT,AVy).
As V; is a subgroup, we simply have
AV, =V \{(0,0)},

thus
Pz L (MT,V,\ {(0,0)}).

Let s run through 0,1,2,..., N — 1 we thus get

P: L JMT, Vi {(0,0)}) = {M{T} : k #0,j € Zn}. (13)
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Now let us consider the subgroup V., as stated earlier,
ZN X ZN = % X Voo;

hence similar as in the previous derivation we can find h,, forn =0,1,2,... , N —1
such that

and the set {h,}, is a proper subset of Zy.

And again we consider

Gruve (E) - (G(j07k0)+Voo (a | G(jl,kl)-i-Voo (5) ‘ ‘ G(ijl’kal)‘i‘Voo (5)> )

whose columns form a tight frame for C for similar reason as above, and also we

can rewrite it as

ervoo@Z(G(o,ho)wm@ | Gom+va(@ | - | G(o,hN_1>+voo(5)>a

which by Lemma 2.3.1, differs from the following matrix

Goo = (TGra(@ | TuGra@ | - | iy Gral@).

by only unitary column scaling.

Indeed, the (mN + n)-th column in Gry, () is METh"E, while the (mN 4 n)-th

column in G, is simply

h n=__ . —nh n mhm =2
TN"MyE=wy"" MyTN™C.

Therefore columns in G, also form a tight frame with the same frame constant
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as Grxy,, (€), and consequently

N—
NI =WiNIWy = WiGo G Wy = Z W3 TGy (DG (TN Wy
n=0

N-1

My" Gy, (W) Gy (W) My,

ﬁ
o

where the last equality follows upon applying (2).

Now as before we may rewrite the right hand side of the above as a Hadamard prod-
uct, apply Lemma 4.2.2 and following the same steps to conclude that G, (Wy )Gy, (Wi <)
is the identity and thus Gy, (W3 ¢) is unitary which by Lemma 4.2.4 implies

Pyge L (MT,Vo\ {(0,0)}),
i.e. foreach k=1,2,..., N — 1 we have
0= (T", Pyse) = (T"W3e&, Wie) = (MyE, @) = (My, é)
which implies
Pz L (MT, Vi \ {(0,0)}) = {My, M3, ..., My} (14)
Combining (13) and (14) leads to
P L{M}Ty : (4, k) # O},

By Lemma 2.3.2, this means Pz must be in the span of MJTY = I, i.e., it must
be a scalar multiple of the identity matrix, which is impossible since P- has rank

1 while the identity matrix has rank /N, thus we obtained a contradiction. O]

The essence of the above proof can be summarized as having the following 3 steps

1) If Gr(€) is unitary and I" does not repersent the full coset of some isotropic

group V', then Gy (@) is also unitary.
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2) If Gy/(€) is unitary, then ¢ L (MT,V \ {(0,0)}).

3) Isotropic subgroups covers the whole group, hence Gy (¢) can not be unitary
for all V.

By Lemma 4.2.4 and Lemma 4.1.3, 2) and 3) always holds regardless of the dimen-
sion, hence we conjecture that Theorem 4.2.2 also holds when N is a composite
number. 1) can not be repeated in such cases since Lemma 4.2.2 would not hold.
The difficulty certainly lies in that we can say very little about either isotropic

subgroups in Zy X Zy nor sum of wk; over Q.

In practice, to check whether I' satisfies the conditions in Theorem 4.2.1 and Theo-

rem 4.2.2, one computes its difference set to see if AI' missed an isotropic subgroup.

Remark: A few months after the author presented Theorem 4.2.2 in a conference
in Tallinn, Alihan Kaplan (TU Miinchen), a student of Dr. Volker Pohl (TU
Miinchen) who is a collaborator of the Co-Betreuer, pointed to the Author about
Theorem 2 in [26], which covers the sufficiency part in Theorem 4.2.2 for N being
prime numbers. The difficult part in Theorem 4.2.2 lies in the necessity, the
sufficient part one easily obtains by mere observation. Theorem 2 in [26] even
takes a stronger assumption, unnecessary but stems from their settings, that it
starts with a unit vector, and assumes there exists an isotropic subgroup that
jointly stabilizes it. Nevertheless, we borrowed the term ”isotropic” from it as it
might better describe the property of those subgoups needed when N is a composite

number.

4.3 Visualization of the Support Set for Unitary Gabor

Matrices

In this part we give a geometric interpretation of the conditions specified in The-

orem 4.2.2. For simplicity, we plot the example for N = 3.

As similar to Subsection 3.2, we map Zy X Zy to a N x N grid with (j, k) maps to
the box that is the j + 1-th counting from left to right and the k£ + 1-th counting
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from bottom to top. Below is an example for Zs x Zsz. We should also keep in
mind that because of the group structure, the top is identifiable with the bottom

edge, and so are the left and right edges, hence we actually have a torus.

(0,1) | (1,1) | (2,1)

(0,0) | (1,0) | (2,0)

(4: )

J

Figure 11: The Support Set Z3 x Z3

Then each isotropic subgroup V; as described in Lemma 4.1.1 occupies a straight

line passing the origin box (0,0) with s being its slope. Below is again an example

for Zg X Zg.
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Vo = {(0,0),(1,0),(2,0)} Voo = {(0,0),(0,1),(0,2)}

V1 ={(0,0),(1,1),(2,2)} Va = {(0,0),(1,2),(2,1)}

Figure 12: Subgroups in Z3 x Zs

Some subgroups may not appear to form a straight line in the above figure, but
they indeed are since we are on a torus. For example, below is how to view V5 in
Z3 x Z3, the gray box is moved to the dashed box so that it now forms a straight

line of slope 2.
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Figure 13: A Closer Inspection of V, in Zg x Zs

Moreover, cosets of a subgroup are simply shifted copies of the corresponding
subgroup. Below is an example for Z3 x Zs, cosets are distinguished with different

colors.
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2272272777777

Vo = {(0,0),(1,0),(2,0)} Voo = {(0,0),(0,1),(0,2)}

77777777777777]

7077777777777 7777777777777
Yy

TIIII I

{(0,0),(1,1),(2,2)}

{(0,0),(1,2), (2, D)}

Figure 14: Cosets of Subgroups in Z3 X Zs

Each T' is also represented by union of some boxes in the grid, and the formula
I' x Vi can now be visualized as shifting I' along the line of slope s, and this should,
on the torus, tile up the whole grid. Below is an example of a domain I' € Z3 X Zs,
and it is shifted along the subgroup V; (the direction marked by the gray dashed

arrow ).
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r T T T

Figure 15: Tiling Zy X Zy with I' along V;

In this spirit, Theorem 4.2.2 can be restated as:

For N prime, there exists a window vector ¢ such that (¢, ") forms an orthonormal
basis for CV if and only if I" tiles up Zy X Zy along a line represented by some

isotropic subgroup Vj (i.e., having slope s).

We remind reader the similarity between the above statement and the Fuglede
conjecture (or spectral set conjecture in some literature), which says a set in R¢
admits orthogonal exponential basis if and only if it tiles R?. In this sense, Theo-
rem 4.2.2 is version of the Fuglede conjecture under the setting of discrete Gabor

analysis.

4.4 Projection onto Subgroups

Lemma 4.4.1 (Projection Formula). Let N be a prime number, and V; be as
defined in Lemma 4.1.1, then on CN*N | the orthogonal projection P, onto the

span of (MT,Vy) can be written as

Pu(A) = LS METEATY M s €{0,1,2,...,N — 1}
N o MyAM 5= oo

for any A € CN*V,

Proof. With Lemma 2.3.1 one may check that for any fixed s € {0,1,2,..., N—1}
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we have

N-1 N—-1

1 1 ) .

P2(A) = v > M}jT}V(—N > METEATG MGH) T My
j*O k=0

N—

1 (J+k)s(j+k) (j+k) (+k)
—E MY TN ™ ATy MY
N2 52

it is easy to see that for each fixed j and ¢ € Zy, there is precisely one k such that

J + k = £, hence the above becomes

2

-1 N—
N 1
P2(A) = 2 METHATY My = v > : METHATY My"™ = Py(A),
L =0

I
o

which shows P; is indeed a projection. Similarly for s = oo we have

=

-1

M}

=

-1
M{EAMGM MY
0

1

P (A) = N

2|~
o
e
Il

j=
1 N A A
_ Z M]]V-i-kAM];(]-i-k)

-1
2
i, k=0

=

<

2
—

MGAM*

=l =
T

2||| -
(]

M AMY'

Il
o

[
i
=

which shows P, is also a projection.

To show orthogonality, it suffice to show A — Ps(A) is orthogonal to each element
n (MT, V).

Again we start with a fixed s € {0,1,2,..., N — 1}. Since elements in (MT,Vj)
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commute, for any A € CM*¥ and j € {0,1,2,..., N — 1} we have

N—
o 1 L
(A= PA)MPT! = (A= + S M AT M T
k=0
N-1
N 1 < — _ ks
= (AMJJV szv N Z Mf-f T]@(‘qMJJV TZ]V>TNkMNk )
k=0

= AME T}, — PJ(AM§TY,),

where the second line holds since MZTY commuting with METE implies it also

commutes with the inverse, M A’,’“T];k.

Setting
A= AMETY,

we get

tr((A = P(A)MTY) = tr(A' = Py(A) = te((A' = Py(A)MRTR),
Therefore it suffice to just show A — Py(A) L MYTY holds for any A.

It follows from the cyclic invariance property of the trace that

=

1

tr(MyTNAT MY™) = 5 > (AT M METY) = tr(A),

0

MZ

(Py(4)) = %

>
Il

0

e
i

thus
tr((A — Py(A))MYTY) = tr(A — Py(A)) = tr(A) — tr(P,(A)) = 0.

Therefore indeed A — P,(A) L MyTp, and consequently A — P,(A) L (MT,Vy).

The case of V, is similar, one verifies that
(A — Pouo(A)) M}y = AM; — Poo(AMY),
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and

N-1 N—-1

tr(A— Pro(A)) = tr(A)— % er(>" MEAMZ") = tr(4)— % (3" AMGEME) =0,
k=0 k=0

to conclude that A — Py (A) L (MT, V). O

Lemma 4.4.2. Let P; be defined as in Lemma 4.4.1, Gr(¢) a Gabor matriz as
defined before with |I'| = N (i.e., Gr(©) is a square matriz) and |||,z = 1. If N is

a prime number, then

Y P(GH@GH) = Gr(@)GH(@) + NI

s€{0,1,2,....N—1,00}

Proof. 1t is easy to see from the definition that
tr(Gr(6)Gr(0)) = N.

Thus from Lemma 4.4.1, we have

PGHOGHE) = Y (Gr(AGHE), B) B

Be(MT,Vy)

= S G@GO DT+ Y (GG, B) B.

Be(MT,Vs)\{I}

= LHCG@GHE + Y (Gr@GHd, B) B

Be(MT,\V5)\{I}

“rvy Y (GrOGHE.B) B,

Be(MT,Vi)\{I}
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Therefore, summing over all s and use Lemma 2.3.2 and Lemma 4.1.1 we get

> P,(Gr(&)Gi(E)) = (N + 1)1+% > > (Gr(dGH@),B)B

5€{0,1,2,.... N—1,00} s€{0,1,2,....N—1,00} BE(MT,V5)\{I})

= (N+1)I+ +% > (Gr(6)Gr(0), B) B

BE(MT,ZN XZN)\{I}

1 *
= NI+ N Z (Gr(0)Gr(0), B) B
BE(MT,ZNXZN)

= NI+ Gr(&)Gy(2).

We remind the reader that the second line in the above equation only holds for

prime /N. O

If # € CV, we denote

X

€2

ITN-1

TN

and

D‘le —

[zn_1]?

|$N|2

It is easy to see that

Dys2 = DzD%.

The following Lemma shows if a Gabor matrix is supported on one of the subgroups

as listed in Lemma 4.1.1, then its spectrum is explicitly computable:

Lemma 4.4.3. Let D be as defined in Lemma 4.1.4, and N be an odd prime
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number, then

. ND*WxD g WD s=0,1,2,...,N —1
G, (DG, (2) = N ,
ND|5|2 S = 00

where
&) =WyD™*¢

Proof. First we consider s = 0o, by definition we have

Gy (&) = (5 MLE M2E, ... M}VV—la) — VNDWy,
therefore
Gy, (6)Gy,_(€) = NDWNWR D% = ND)ze.
For s =0,1,2,..., N — 1, we have a similar computation using Lemma 4.1.4:
(@) = (7 MyThe MFTRE ... MYTUTYE)
= DWy (80 M), W MPE), ., W SN
= D'WyDgo (I ML w™ ML, .., w0

where the last matrix after dividing by N differs from Fourier matrices by a

unitary scaling, therefore
Gv,(€)Gy.(€) = ND*WnDgo Dy WD ™ = ND*WnD\as oWy D™
]

Using the above, we can compute the spectrum of the projection onto the span of
(MT,Vy):

Lemma 4.4.4. Following all notations and assumptions used in previous lemmas

in this subsection, and assume

I'= {(jl, k1>7 (j2, k2)7 ceey (.jN7 kN)}a

84



where all elements are arranged in the lexicographic ordering. Then we have

P(Gr(0)Gr(2)) = D(Ge(BCH@) _

where D is the diagonal projection, i.e., D(Gr(¢)Gy(€)) is the diagonal matriz
whose main diagonal entries are same as Gr(¢)GE (7).

Proof. The case of s = oo is trivial as V,, consists of N linearly independent diag-
onal matrices. Hence, by Lemma 4.4.1, P, is actually the orthogonal projection

on to the space of diagonal matrices.

For other values of s, we apply the previous lemma to compute

N
* 1 S * - —ns
P(Gr(OGH(@) = + Y METRGr(@GH@ TR My"

>
=

N
MYTR(Y MYTN P My )Ty My
(=1

==

M= 214

N
MY (3 MU PTG M T My
1 h=1

=l

L

METY (G, (O)G, (@) Ty My

I
=]~
WE

~
I

1

METN (DWW Do p Wi D) T M

WE

o~
Il

1

N
DSWN(Z T]f[ke—jeDlé(snzT];(S’W*je))W;D—s?

(=1

where the last line follows by applying Lemma 4.1.6 when computing M ]J\f T]’ff D*Wy,

i.e., we apply Lemma 4.1.6 each time we multiply MﬁT]@Z with a column in D*Wy.

The above computation can be summarized as following, we first notice that
Gr(0)G1(@) is the sum of projectors MJT*¢ with (j,k) in ', then Lemma 4.4.1
shows P,(Gr(¢)Gy(€)) can be written as the sum of projectors MT*¢ with (3, k)
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in I' + V;, we regroup these summands to write the result as several shifted copies
of Gy, (¢)Gy,, (€) added together, and apply the previous lemma to diagonalize each
shifted copy. O

4.5 Gabor Matrices Stacked on Top of Arbitrary Matrices

Let K € N, in this part we consider matrices of form

GF(A7€) = (GF(E>> )

A

where Gr(C) is of size NX(N+K) (hence |I'| = N+K), and A is of size K x (N+K).

The main problem of interest in this subsection is that given I' and A, how do we
choose & € C¥ such that Gr(A, ¢) becomes invertible. This is of particular interest
later in Subsection 6.3 where A will encode the linear constraints and I' represents

overspread domains.

Theorem 4.5.1. If K = 1, then for any given I' and A # 0, one can find some
¢ € CY such that Gr(A,¢) is invertible.

Proof. To emphasize that K = 1, let us use Gr(a*, ¢) instead of G (A, ¢) where

a

GF(6*7E> = (Giig)) )

and @ € CN*1,

First we notice that Gr(a*, ¢) having full rank is same as G}.(a@*, ¢) having full rank,

which is equivalent to
a ¢ range(G1.(¢)) and rank(Gp(¢) = N.

Denote the set
E = {¢: rank(Gy (7)) = N},
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By Theorem 3.4.1, E is open dense in CV. Suppose there exists some @ such that

no ¢ makes Gr(a*, €) full rank, then we must have

aec ﬂ range(GL.(0)).

cek

Therefore, to prove this theorem, it suffices for us to show

() range(GF(8)) = {0}

cek

For ease of writing let us denote the left hand side of the above as F, i.e.,

F = ﬂ range(GL(0)).

ceE

Recall that
ker(Gr(€)) L range(G1(2)),

thus for any ¢ € F
ker(Gr(c)) L F,

since F' is a subset of range(G1(¢)).
Consequently if
CN*! = span({ker(Gr(c)) : ¢ € E}),

then
CNtL ] F

which implies F' must be {0}.

Since K = 1, each ker(Gr(¢)) is spanned by a single (N 4 1) x 1 vector. Therefore

it suffices for us to produce a set of {¢} so that it forms a basis for CV*1.

Let ¢ € E such that Gy, «z, (€) is also full spark, existence of such ¢is also guaran-
teed by Theorem 3.4.1. Denote the unit kernel vector of Gr(¢) as @, full sparkness

of Gr(¢) also implies that no entries in Z is 0.
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Denote the lexicographically ordered elements in I' as
(jl? kl)? (j27 k2)7 sy (jN-l-lJ kN-l—l)?
Using Lemma 2.3.1 we get

Gr(MyTye) = My Ty Gr(€) Dy,

Ym,n

where
— nj1—mki nja—mks njN+1—mkny1
Ymm = (Wi , Wt yee e W ).
and accordingly
D d ( n]l mkl njzfmkz an+1—kaN+1)
G = diag(w , W NTS: i

The above also shows the unit kernel vector of Gr(MFTyc) is Dy &

m,n

Consider the matrix ¥ € CN"*(V+1 formed by stacking the row vectors g7, ..

Denote the columns in Y as Y7, Y5, ..., Yy 1, then
in—j ko—k
Yh,n § w”]h mkp—njo+mky E § w?v(]h ge)+mlke—kn) _ 0.
m,neELn MELN NELN

Thus columns in Y are mutually orthogonal, thus Y is of full rank N + 1 (In fact
it is not difficult to see that Y consists of columns from the Kronecker product of
the Fourier matrix Wy with itself, which is a matrix for discrete bivariate Fourier

transform).

The above shows one can pick a subset A € Zy x Zy such that {¢mn}mn)ea is a
basis for CV*!. Thus any linear combination of {Ym.n }(mm)ea is non-zero, which

further implies that any linear combination of {D;m }mmyea is non-zero.

Then we observe by linearity that any linear combination of the kernel vectors

{D;.  T}Hmmen is the same linear combination of {(Dy,  }ummea applied to
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since the former, which is a diagonal matrix is non zero and no entries in ¥ is 0,

the result vector can not be 0.

Thus {D;mnf}(m,n)a\ is a set of basis for CN*1. O

So far very little is understood when K > 1, but the situation deteriorates quickly
as K grows. In fact, at K = 2 there already exists certain [' and A such that no ¢
leads to invertible Gr(A, é), and even to make things even worse, at K = N, there
exists A such Gr(A4, ) is always rank deficient regardless of the choice of I' and ¢.

See the author’s paper [35] for examples and details.
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5 Analysis on Wiener-Amalgam Spaces

In this part we further develop some tools for applying our ”passing to limit” argu-
ments, Subsection 5.1 and 5.2 provides basic tools for working with OPW (U, Sp)
and OPW (U, S{), Subsection 5.3 shows studying arbitrary S) identifiers can be
reduced to studying periodically weighted delta trains. Even though as in men-
tioned in the last section, this method is not as successful as we had expected, we
include these tools here, as this method still provides us insights. Obstacles for

applying this approach are inspected in the last section.

In this whole section, 1 is the window function for Wiener-Amalgam Space, and
€ is the fixed small number related to the support of ¢, both are as defined in
Subsection 2.5.

5.1 Boundedness and Localization

This part gives boundedness criterion for various scenarios.

Lemma 5.1.1. /5, Lemma 4.1], [42, Prop 4.2] If g € Sy(R), f € So(R) and
n € Sy(R?) with supp(n) compact, then

Vol llwase < llgllwaree L flwar,

1Ry llyyarce S N1gllwarce [19llya.oe -

First we need an almost trivial observation:

Lemma 5.1.2. If both f,g are in A space, then
1Fglla < [[fllallglla,

alternatively if f is in A space and g is in A’ space, then

1 gllar < [[fllallglla
Proof. These inequalities directly follows from the convolution theorem and the
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Young inequality. For the first inequality we have

1fgla = 1F" ()l = I1f * gl < IFllzellgllze = 1 Nallglla,

and for the second inequality we have

1fglar = 1F 7 (f Pz = If * gllze < Fllzllgllze = [1F]lallglla-

It follows that we can boundedly restrict Sy function and Sj distribution to a local

area with the help of the window :

Lemma 5.1.3. Let f € So(R), g € S{(R), then for any firzed A C Z we have,

1> Tt gllsy S llglsy.

keA

and for any given small number r > 0, there exists large enough number M € N
such that

1= 3 T flls S 7

|k|<M
kEZ

Proof. For the first inequality, we may apply Lemma 5.1.2 to see that for any
J, k € Z we have

175 Tw-gllar < 1T llall Tev-glla = 014l Tst-gllar S sup [ Te-gllar = llgllwa < llglls;;
S

where we absorbed the constant ||1||4 into < since ¥ is fixed.
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It follows that

Y Tt gllsy =< 11D Tt - gllwaree

keA keA

=sup||Tje- > Tet - gl
JEZ

keA

=sup T Y Tyl

Jer kEAN{i—1,j,j+1}
S 3llallsy

S ||9||sg,

where we absorbed the constant 3 in the last step.

For the second inequality, we apply Lemma 5.1.2 again to see that for any j, k € Z

we have

T3¢ - Titp - flla < AT llall Tt - Flla = Nollall T - flla S I Tetd - flla,

where we again absorbed the constant ||1]|4 into < since 9 is fixed.

1f =D Tt fllso < UIF = Y Tato- fllwan

|k|<M |k|l<M

keZ keZ
= > T fllwan
|k|>M
keZ
=T Y T flla
jEZ |k|>M
kEZ
= > A7 > T flla
|7|>M—1 |k|>M
JEL k€Z

ke{j,j—Lj+1}

<$3 > T flla,

|k|>M 1
keZ
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f € So(R) implies the sequence {||7x% - f|la}rez is an £ sequence, hence there
exists large enough M for the right hand side above to be less than r. O

The following lemma is technical for the next subsection:

Lemma 5.1.4. Let g € S)(R), f € So(R) and U C R? a compact set, then for
I<p<
Vo fllr @) S Cullgllsyll flso:

where C,, > 0 is a constant depending only on U. In particular C, =1 for p = cc.

Proof. First we look at p = co. By the definition of ¢ we have

Vof = Tath- Vg f. (15)

kez?

By Lemma 5.1.1, Tz -V, f is in A space for all k£ and thus continuous, in particular

1Tt Vol < NFH Tt Vo)l = 1Tt Vaflla < IVofllwace < Nlgllware | fllwas,

holds for any k.

It is easy to see by the definition of 1 that for each fixed point (¢,v) € R?, there
are at most 4 different & such that (¢,v) € supp(7x), therefore if we restrict (15)
in a small neighborhood of (¢,v), the right hand would have at most 4 summands,
and thus also continuous with its uniform norm upper bounded by 4[|V, f|| 4.

(follows from the inequality above).

Since this holds for any (¢,v), we can conclude that

VoS llzewy < AllVofllwace S Ngllwars [ Fllwar = llglls; £l

where we absorbed the constant 4.

Since U is compact, the case of 1 < p < oo follows with the constant (', taken as

the Lebesgue measure of U. O]
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The following lemma can be summarized as, if a delta train has locally summable

weights, then it is bounded in Sj.

Lemma 5.1.5. Let A C R be a countable set, and g be a weighted delta train
supported on A with complex weights {d,}aen, if there exists some C' > 0 such that

Z |da| < C < o0,

a€AN[z,z+1]
holds for any v € R, then g € Sj with ||g||s;, < C.

Proof. Let k € Z, set
Ay = AN supp(Tieh),

then

IF T (Tep gl = 1F O datp(a—k)0a)lle = || Y datp(a—k)e>™ | <Y |datp(a—Fk)],

a€Ag a€Ag a€Ng

since [¢] is upper bounded 1 everywhere by its definition, we get

Z |daw(a_ k)| < Z |da| < 30,

aEAk aEAk

the last inequality holds since by definition
Ay C (k——,k’—i-—),

which is an interval of length 3, and by assumption the absolute sum of weights

are bounded by C' on each unit length interval.
It follows that
lgllsy = lgllwv~ = sup I Teth - gllae = 17 (Tats - )llz < 3C.
€

O
Consequently all periodically weighted delta trains are in S}, (even though we have
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been assuming and using it so far) since there are only finitely many deltas in any
interval (z,z + 1) and periodicity ensures local sum of these weights has a global
upper bound. We also point out that this lemma allows a delta train to have
infinite support in any unit interval, as long as their weights in these intervals are

¢! sequences, for example we can take a delta train supported on Q.

5.2 Convergences

The main purpose of this part is to show if a sequence of identifiers g, weak™
converge in Sj, and a sequence of spreading function 7, also converges in L*(U),
then the identification map ®,, and the response ®, 7, also converges in some
sense. Unfortunately the mode of convergence here is fairly weak for us to make

useful conclusions.

Lemma 5.2.1. If g, v, g in SH(R), then for any f € So(R), we have for the

short time Fourier transform

pointwise

V£ = Vaf] 0.

Proof. Since translation and modulations are automorphisms on Sp(R) and S (R),
for each fixed ¢t and w, T_;M_,, f is still in Sy(R), therefore using the weak* con-

vergence we get

(Vi Pt ) = / F(@)gn@ =B 2wy

= (f, My Tign)

= (T-M_of, gn)
= (T-M_yf, 9)
= (f, M, Tig)

= (Vo f)(t,v),

which shows V,, f converges pointwise. O]
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Lemma 5.2.2. Given a compact U, if K > 0 is a constant and
gnllsy < X,

for alln and g, > g in Sy(R), and n € L*(U) C Sy(U) with supp(n) C U, then
for any f € Sy(R) we have

[ (Dg,1 = gn, ) | = 0.

Here the bracket is not L* inner product but the dual pairing between S and Sy.

Proof. First, we can verify using Lemma 5.1.1 that both &, n, ®,n are in S)(R),
thus the bracket is well defined.

By assumption, both ||g,||s; and ||g||s; are bounded by K, and by Lemma 5.1.4,

Ve, = Vo) Fllzee S 1 flsos

where the constant K is absorbed since it is fixed.

By the previous lemma, (V,, — V) f pointwise converges to 0, while by our assump-
tion U is compact, thus by the Egorov theorem ([16]), for any small ¢, there exists
a subset U, C U whose measure is bounded by € and V, f converges uniformly on
U\ U, ie.,

(Ve = Vo) flle=@nu.) — 0,

which also implies

(Ve = Vo) fll2nwey — 0,

since U is compact.

Now for any given small » > 0, we choose € so small (i.e., € < /|| f]|s,) such that

(Vo = Vo) Fllzwe < el (Vo = Vo) Flleee S ell fllso S 7
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and choose N so big such that for all n > N we have

| (Vg = Vo) fllzanwy <.

Then we can compute for all n > N that

[ (@g, = @), ) [ = [ (0 (Ve = Vo) ) |

<10 (Vo = Vo) ) ooy | 100 (Vo = Vo) ) 20y |

< Inllezanvall(Va, — Vo) Fllzzanwe + Il 2ol (Ve — Vo) fllz2we
S rlnllzanvy + il e,

S rlinllrzwy

<r

where we absorbed ||9||.2() into the constant since it is fixed. It follows that the
right hand side of the above can be arbitrarily small, which implies the left hand
side goes to 0. O

Combining what we have together, we can shows that weak™ convergence of the
identifiers and inner approximation of the spreading support indeed pass onto the

convergence of the identification map in the weak™® operator topology:

Lemma 5.2.3. If U C R? is compact, and K > 0 is a constant and
HgnHS{) < K, supp(n,) €U,

for alln and g, v g in SH(R), and n, — n in L*(U), then for any f € So(R) we
have
| { Dy, 10 — Pgn, [) | = 0.

Similar as in the previuos lemma, here the bracket should be viewed as the dual

pairing between S| and Sy.

Proof. By the previous lemma and the convergence assumption on 7,, for any

given small r > 0, we can choose N big enough so that for n > N we have

10 = nllz2 <7
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and
| (g, — Pgn, f) | <7

Consequently using similar approach as in the previous lemma, we have for all
n > N that

| (g, — g1 + g, — g7, £) |

| { Py, 1 — Py, f) | + [ (Pg,m — Py, [ |
| i =1, Ve, ) [ 4+ [ (P, — Py, f) |
170 = nll2@n Vo fll 22y + 7

17 = nll2en K\ fllso + 7

r+r

‘ <(Dgn77n — Dy, =

IA

IN

AR ANRIA

=

where the fifth line follows from Lemma 5.1.4 and we absorbed K and |f|s, + 1

into constant since they are fixed. O]

5.3 Density of Periodically Weighted Delta Trains

The purpose of this part is to show any S)(R) can be weak* approximated by
periodically weighted delta trains, consequently if one wants to take an arbitrary
g € S)(R) as an identifier, it suffices to study the periodically weighted delta trains

that weak™ approximates it, for which we already have methods to analyze.

Let n € N, and in this part we will denote

:{chék : Ck. GC},

kEZ

i.e., D, consists of all weighted delta trains supported on %Z. For any member in
D,,, since there are only finitely many deltas on any unit length interval, it is easy
to see by Lemma 5.1.5 that D,, C S{(R), thus it is well defined.

First we show non-periodically weighted delta trains are weak* dense.
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Lemma 5.3.1. Set

D={]JD,

neN

then D is weak™ dense on Sj(R).

Proof. By the Hahn-Banach theorem, it suffices to show that if f € Sy(R) and
(f,g) =0 for all g € D, then f is 0.

To prove this, we readily notice that for all k € Z, the single delta dy,, is in D,

and it is easy to see that

{ keZ,neN}=Q.

Now f € Syp(R) means it is continuous, and if

(£-85) =0,

for all k € Z,n € N, then f vanishes on QQ, which is a dense subset of R, thus by
continuity of f this implies f = 0. m

Next we show non-periodically weighted delta trains can be weak™ approximated

by periodically weighted delta trains.

Lemma 5.3.2. Let n € N be fized, and

g:ch%, ¢, € C,

kEZ

a non-periodically weighted delta train in D,,. For any m € N, define

Gm=>_ T-g,
|k|<m
kEZ
and
Im = Z 7-2mj§ma
jez
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€., gm 1S a periodically weighted delta train with period 2m, then

lgmllsy < llgllsy,

and for any f € So(R), as m — oo we have

1 (f,9) = (f,9m) | = 0.

Proof. First, it follows immediately from Lemma 5.1.3 that

1Gmlls5 < Nlgllsy-

Next, for any fixed j, k € Z, it is clear that exactly one of the following four cases
can hold )

supp(7Txtp) N supp(Tam;gm) = 0
supp(Txt)) C supp(Tamjgm)
(

)
)
supp(Tt)) C supp(Tam;gm) U Supp(Tom(j+1)Jm)
[ supP(Tt?) C SUPP(T2m;m) U SUPP(T2m(j—1)Gim),

thus apply Lemma 5.1.2 combined with the above inequality we obtain

gmllsy = lgmllyaroe

= sup || Tt - (Z TomjGm)| 4

keZ ez

S 2 sup Hﬂ#ﬂ : Emjgm”A’
7,keZ

=2 sup | Tr—2m;¥ - G| ar
j ez

< 2/|Gm a7 e
= Hgn1“56

S llgllsg

where we absorbed the constant 2 into .
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Now we may verify that

g—ngZ'ﬁﬂ/Jg‘i‘ Z Emjgma
|k[>m JEZ\{0}
kEZ

in particular, this implies that

1 1
www—%wgCﬂm—m—§+%MWﬂ+§—m+w)

For any m € N, we set

!

then it is easy to see that

1 1
Supp(fm) - [—m+1—§—€0,m_1+§+60]7

which is disjoint from the support of g — g,,, i.e.,

<fmag - gm> = 0.

By Lemma 5.1.3, for any given r > 0, we can also choose m large enough such
that

1f = fallso <7,

then combining the above together we get

1f,9) = fs9m) | = | {f = fons 9 = Gm) + {fins 9 — Gm) |

:|<f_fmag_gm>|

< Hf - meS()”g _gmHS(’)
Srllgllsg

S

where we absorbed ||g||s; into the constant in the last line since g is fixed. And

this implies convergence since r is arbitrary. O]
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Theorem 5.3.1. The space of locally bounded and periodically weighted delta

trains is weak™ dense in Sj(R).

Proof. Given f € Sp(R) smooth, and g € S{(R) and a precision r > 0, we will
construct a periodically weighted delta train gy € S{(R) with N depending on r
such that

|<fagN>_<fag>| 57’.

First, we apply Lemma 5.3.1 to find a g, € D,, such that

‘<fvgn>_<fvg>‘gra

Next, we apply Lemma 5.3.2 to find a gy which has period 2N such that

[ (frgn) = (Frgn) | <1,

Combining all these above we get

[ {fog9) = (fogm) [ < TF9) = {Fognd |1 gn) — (frgn) | < 2r
which completes the proof. O
In the following part we illustrate how to construct the non-periodically weighted

delta trains in Lemma 5.3.1 to approximate (f, g) for compactly supported and
smooth f.

Set
Un = ¢(nx),
ie.,
! re(-h+ad-w
Un(x) == {0 7 € (—00, — 5 — @YU (L + D o0)
between 0 and 1 2 € [—5- — L, —5L + DU [= — L L 4 D]



and

STt =1

keZ

We will use linear combinations of their shifts for our approximation, the same way
one would follow when using linear combinations of step functions to approximate

L' functions.

Figure 16: Approximation by Simple Smooth Functions

Lemma 5.3.3. Let f be a Schwartz class function on R, and set

Ful) = 3 FCNM_ (o),

kEZ

then
[ fn = flla — 0.

Proof. Tt is clear by definition that both f and f,, are continuous, thus by the mean
value theorem for integrals, for any fixed k, there exists an zy € [k/n, (k + 1)/n]
such that

k+1

/kn |fu(@) = f(z)|dz = %‘fn(xk) — flaw):

By definition of f, and t,, f,(x}) is a convex combination of f (%) and f (%),

thus
max(| 7)) 2 ) = ming 75 7

))-

Now, f (and thus f ) is in the Schwartz class means that the derivative of f exists

n

and is bounded. Consequently we can apply the mean value theorem to further
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assert that there exists a point y; € [k/n, (k + 1)/n] such that

5y o O

n n

|f/<yk)|'

S|

| o) — f )] < [max(| f( ) = flan)])] <
Fix a large N € N, denote
Iy =[-N,N], Iy =R\[-N,N].

while on I§;, f is in the Schwartz class implies there exists a constant C' such that

< < C
Czswplef(@)] = |f(@) <=, Vial =N
z€R

therefore

(P B
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while on I, by the previous argument we simply have

< . 1. -
1fr = fllzee < — Iz,
n

thus

li
1o Pl < 280,

consequently, if we choose

INF ;0 2C 1
|l 20 1

>
nZmax(—=—, St ),

1 fo = Flloe = 1o = Fllran + I1fn — fHLl(IfV)

£
o0 2
oyl 20
n nN —1
< 2r.
holds for any given small r, which implies the convergence. O]
Lemma 5.3.4. Denote
U=l +65—c
- 9 €0, 92 €ol,

i.e., where the window function ¢ takes value 1. Let g € S{(R) with

for any n € N define

as n — 00, we have
| {fogn) = (f9) | = 0.

Proof. Since f is compactly supported and smooth, it is in the Schwartz class,
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thus let f,, be the smooth approximation defined in Lemma 5.3.3, then we may

compute

() = 3 )Mt g),

keZ

while

= tng

(frg0) = (Muthn, g) (fre70 ) = (Muih,g) f(
The support condition on g implies that we can rewrite
g=1v-g.
Now for any given small r > 0 we choose n large enough such that

If = fulla <

Combining the above together we get

[{fs9=gu) | ={f = fu9)|

=[(f—fut-9)]
<|f = fallall¥ - glla
<|\f = fallallgllwar oo
Sf = falla

S,

where we absorbed ||g||ya7. as a constant into < since ¢ is fixed. Since r is

arbitrary, this implies convergence. O

And ¢ is the non-periodically weighted delta train as asserted in Lemma 5.3.1,
we can further use Lemma 5.3.2 to approximate it with a sequence of periodically
weighted delta train g,, and finally Lemma 2.6.1 shows g,, would also be a peri-
odically weighted delta train. For f, g compactly supported in other sets, we may
simply apply a scaling on both, then apply the above lemma.
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6 Operator Identification Revisited

This part enlists main results of this thesis, Subsection 6.1 and Subsection 6.2 are
the two major results of this thesis, while the rest minor results also find their
applications. Results in Subsection 6.1 stems from the author’s paper [44], while

results in Subsection 6.3 are repeated from the author’s paper [35].

6.1 Unitarily Identifiable Domains

Theorem 4.2.2 and Theorem 4.2.2 gives sufficient conditions for a domain U to be

unitarily identifiable. In this part we give some explicit examples of such domains.

Let us consider Zy x Zy and the associated grid mapping as stated in Sub-
section 4.3. Moreover, we assume each component square box in the grid is of
side length 1/ VN, as used in Subsection 3.2. An L-shaped domain of or-
der N is a simply connected domain which is the union of boxes labeled by
{(0,0),(0,1),...,(0,K)} U {(1,0),(2,0),...,(N — K —1,0)} for some 1 < K <
N —2.

Below are some examples of such domains:

Figure 17: Examples of L-Shaped Domains

Proposition 6.1.1. An L-shaped domain of order N is unitarily identifiable by

the periodically weighted delta train gz where ¢ = (c1,ca, ..., cn) with
0(e—1)
. 4—UJN2 s €:1,2,. ,N
Cy = VN (t—1)2

uy? , (=12..N
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Proof. Given an L-shaped domain of order N, let us call it U, and denote I' €

Zyn X Zy as its corresponding boxes. We will show
I' x ‘/1 = ZN X ZN,

where V] is as defined in Lemma 4.1.1.

If this holds, then by Theorem 4.2.1, we may take a shared eigenvector of members
in (MT,V}), for which we take the first column, denoted as Z, of the eigenmatrices

specified in Lemma 4.1.4 and Lemma 4.1.5, and they are

2(0—1)

L \/LNWNQ , (=0,1,2,...,N
Ty = ) (e—1)2
Wy’ s (=012 N

This makes the Gabor matrix Gr(Z) unitary, and we can then set
¢=VNZ,

and conclude by Corollary 3.3.2 that ®,_ is an isometry from L*(U) to L*(R)

By Lemma 4.2.4, to show I' x V] is the whole group Zy x Zy it suffice to establish
that
AT NV; = 0.

Suppose

I'={(0,0)} U{(1,0),(2,0),...,(J,00} U{(0,1),...,(0,K)},
as plotted below:
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Figure 18: An L-Shaped Domain

Clearly the difference of any elements from the horizontal part {(0,0), (1,0), (2,0),...,(J,0)}
is always in V,, while the difference of any elements from the vertical part {(0,0), (0,1),...,(0, K)}

is always in V4.

Therefore it suffice it suffice to look at the difference between two element of form
(7,0) and (0, k). If
(ja O) - (07 k:) = (]7 _k) € ‘/17

then
j=—k (mod N),

i.e,
j+k=N,

but obviously we have
Jtk<J+K=N -1,

hence their difference can not be in V4, which implies
AT NV = 0.

]

Now consider those N € 2N+1 with N = 2J+2K +1 for some J, K € N. A cross-
shaped domain of order N is a simply connected domain which is the union
of boxes labeled by {(0, —K), (0,—K +1),...,(0, K)}U{(1,0),(2,0),...,(J,0)}U
{(-=1,0),(=2,0),...,(=J,0)}.
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Below are some examples of such domains:

Figure 19: Examples of Cross-Shaped Domains

Proposition 6.1.2. If K = 1, then a cross-shaped domain of order N = 2J +
2K + 1 is unitarily identifiable by the periodically weighted delta train gz where

é=(c1,¢9,...,cn) with

1 (J+1)e(e—1)
p=g 2

Cp = 4—\/NWN s

Proof. Given an cross-shaped domain of order N = 2J + 2K + 1 with K =1, let
us call it U, and denote I' € Zy x Zy as its corresponding boxes. We will just

show
I'x Vyy1 = Zn X Ly,

where V., is as defined in Lemma 4.1.1. Then repeating the same argument from
the last proposition, we simply take the first column of the shared eigenmatrix of
(MT,V;41), and scaled it by v/N to get é.

By Lemma 4.2.4, to show I'x V. is the whole group Zy X Zy it suffice to establish
that
AF N VJ+1 == @
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By definition

I'={(0,-1),(0,0),(0,1)}U{(1,0),(2,0),...,(J,0)}u{(-1,0),(=2,0),...,(=J,0)},

as plotted below:

Figure 20: A Cross-Shaped Domain with K =1

Clearly the difference of any elements from the horizontal part {(—.J,0), (—J +
1,0),...,(J,0)} is always in V., while the difference of any elements from the ver-

tical part {(0,—1),(0,0), (0,1)} is always in Vj.

Therefore it suffice it suffice to look at the difference between two element of form
(7,0) and (0,+1). If

(j7 O) - (07i1) = (]7i1) € VJ+1>

then
j==+(J+1) (mod N).

Now since by definition
il <,

the only possibility would be
j=—(J+1) (mod N),

but then
ljIl=N—-J—-1=2J+3-J—-1=J+2>J,

which is a contradiction, therefore AI' can not intersect V;,; non-trivially. O
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In general, any rectification that satisfies Theorem 4.2.1 would be unitarily iden-

tifiable:

Proposition 6.1.3. IfU is N-th rectifiable and its rectification I' satisfies the con-
dition in Theorem 4.2.1, then it is unitarily identifiable by a periodically weighted

delta train.

Proof. If T satisfies the condition in Theorem 4.2.1, then we simply take ¢ to be a
shared eigenvector of the corresponding isotropic subgroup with unit norm, then

the Gabor matrix Gr(¢) is unitary, and thus gz induces an isometry. O

If N is prime, then Theorem 4.2.2 shows the condition is also necessary for iden-
tifying rectifiable domains using periodically weighted delta trains. In practice,
to check whether the condition holds, we apply Lemma 4.2.4 and compute the

difference set to see if it misses an isotropic subgroup.

6.2 A Universal Identifier for All Rectifications

In this part we will construct an identifier that identifies all rectifiable domain.
Theorem 6.2.1. There exists an identifier that identifies all rectifiable domains.

Proof. The proof is by induction.

First let us consider an arbitrary 4-th rectifiable domains U"), by Theorem 3.4.1,
the set of vectors ¢ that makes the Gabor matrix Gy, 7z, (¢) full spark is open dense

in C*.

By definition, the rectification of U, denoted as I, satisfies |I'| < 4, hence by
full sparkness, columns of Gr(¢) are linearly independent, i.e., Gp(¢) is injective
for all choices of 4-th rectifiable domains. Pick any ¢ with unit ¢* norm from the
above set, denote it as &V, then gy identifies all 4-th rectifiable domain.

By Corollary 3.3.2, for any U € U, CIDQE(I) is upper and lower bounded from
L2(UW) to L*(R), denote the largest upper bound and the smallest lower bound
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among all possible U ag AE&QX, AW respectively. i.e.,

min

1
)\I(ée)u( = {Fnﬁfl‘é} 20maX(GF<5(1)))>

1
)\(1) = = 9min G )
min = M 5 Omin(Gr (@),
where 0,2 and o, are respectively the largest and smallest singular values of a
matrix, and the scaling factor 1/2 is justified by Corollary 3.3.2. Here max and

min are well defined as the rectification I' is at most 4 boxes from the grid Z4 X Zy,

hence there are only finitely many patterns I' can take.

By this definition, we have

Mnllnllze < 1®g ., nllze < Aokdinlze,

for all n supported on 4-th rectifiable domains.

Next, suppose we have already chosen a length 2"*! vector &™ such that g
identifies all 2"'-th rectifiable domains U™ with the largest upper bound and

denoted as )\g@x, AL respectively, i.e.,

the smallest lower bounds of ® min

95‘(n)
A lnllze < 1@g o mllze < ALl 22,

holds for all 7 supported on 2"!-th rectifiable domains.

We embed & e C2""" into C2"** by inserting a 0 after each entry in @™, and

denote the resulting vector as cf, ie.,
d™ =@, 0,&",0,...,2.,,0).

Set
. 1)
T'n = mln(g_n7 §>\min7 _2>\rr7111n yr _n>\m1n)

and consider an ¢! ball of radius 7, around cﬁ”), we pick an element Z from this
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Existence of such an element is

ball such that GZg<n+2>XZ2(n+2) (%) has full spark

guaranteed by Theorem 3.4.1.

We then set this 2™ as @V for the next step

5(()n+1)
{n+1)
Egn) C,
(—j(n+1)
2 5(2"> Eén+l)
~n) T
€1 Egn)
n+1 ;
C‘g + ) (—:-:(57L+l) 5(511+1)
[ I 1
A

Figure 21: Each gx» is a Perturbation of Its Predecessor

Now let us check first that the sequence {gzn) }n is convergent in Sj). Recall Lemma

5.1.5, we have
9z — Bz lywarce = [|Gamin) _gom liwaree S0 < T

thus by induction we get
||gg(n+k) — gan) ||WA/,oo 5 Tntk—1 T Tnyk—2+ ...+ 7Ty
1

1 1
_3n+k—1+3n+k—2+"'+3_n
1 1
__n 1
31— 1
B 1
S 2.3

which shows {gam }» is a Cauchy sequence in W4** and thus has a limit

denote this limit as g.
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I Refined Grid
|| Coarse Grid

t

Figure 22: An Example of Refinement

With this construction, on any n-th rectifiable domain U™ we have for n # 0

1Pyl 2y = [|1Pg 0,1 + (@ — P, 1l 2cey
> Al o) — [1(®q = g, )l 2|
> M =+ rags 4 I ll2my

n 1 n 1 n

> i = (G + g3 hmn -2
n 1 n

= [N = 5 minl 1711228

NG
= Sz > 0.
and similarly
||CI)g||L2(U("))»—>L2(R) = ||(I)gdn> + (Dg - Cbgﬂ) ||L2(U(")»—>L2(IR)

<A+ [P — Dy 2w L2
<A+ (P T+

1 1

< AW A o\

— max + (3 min + 32 min + )
1

< A\ _)\("_) .

—_— max 2 min

Together these mean g induces a bounded injective identificaton map on all U™
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i.e., it identifies all rectifications. O

6.3 Linear Constraints: Identification of Overspread or
MIMO Channels

As Theorem 3.4.3 reveals, it is in general not possible to identify overspread do-
mains. However, in practice, values of the spreading function at different locations
might be correlated due to, say, mutual interference or similar configurations. If
one knows a priori these correlation, then one might be able to leverage these

extra information. For simplicity, we will assume these correlations are linear.

To start, let us look at a very simple motivating example as depicted in the figure

below

t

Figure 23: An Example of Linear Correlations

Suppose our spreading function 7 is supported on the colored boxes (called U) in
the above graph, and both the red box (called U,) and the blue box (called U,)
have area 1. Then Theorem 3.4.3 asserts that OPW (U, L?) is not identifiable.
Now if for some reason, we know that the value of the spreading function on the
red box (denoted as 7,) equals the value of the spreading function on the blue box
(denoted as n,), then the whole space would be identifiable. Indeed, if we denote
®, and &, as the pseudo differential operator ® restricted to the red and blue
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boxes respectively, and values of their corresponding spreading functions 7, and

1 coincide, then for any test identifier g we have

Big = [ mit. M. Tig dtde
= /nr(t — Lo+ 1)M,T;g dtdv
_ / 0o (t, 0) Moy 1 Trarg dido
_ / 0 (1, 0) My M TiTog dido

_ / 2Tt (8, 0) M Ti (M1 Tg) dido,

thus if we choose g to be gz, i.e., the unweighted delta train supported on Z, and

notice that

M—lﬂgf = 97,

then the response ®g; can be written as

Pgy = (D + Do)y

_ / ne(t, 0) M, Tige didv + / e ity (£, D) MyTo(M 1 Trge) didv

— /(1 + 6_27rit)nr(t, V)M, Tegy didv,

Clearly (1 + e 2™)n,(t,v) € L*(U,) since n,(t,v) € L*(U,), thus by the results in
Subsection 3.1, the response ®g; can not be 0 if ¢ is not 0, i.e., g7 identifies the

above space.
In general, linear constraints on the values of spreading functions supported on of
a rectified domains can be characterized by a set of linear equations

A7 =0,

where as in Subsection 3.2, 77 is the vectorization of the spreading function with

respect to the rectification. For instance, the condition in the above example that
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values of the spreading in the red and the blue boxes coincides can be written as

(1 —1) (Zb> — 0.

As derived in Subsection 3.2, the identification procedure on a rectifiable domain
using properly designed periodically weighted delta train essentially reduces to

solving the simple linear system

Gr(g)ﬁ: g

Here, with extra linear constraints we attempt to solve the above two equation

simultaneously, and thus can write them into a compacter form as follows

(0)-()

In the usual case, if U is an overspread domain, then Gr(¢) will have more columns

than rows, thus force it to have a non-trivial kernel, but with sufficiently many

Gr(0)
A

linear constraints, the concatenated matrix could be square, thus making

it possible to be inverted. In particular, if there is only 1 row in A, then Theorem
4.5.1 shows it is always possible to pick some good window vector for this to

happen. See counter examples in [35] for the case of A having more than 1 row.

6.4 Identifying Overspread Channels with Real Valued Sym-
bols

For illustration purpose, we consider a simpler case that n € L?(R?) is supported
on the square (—1,1) x (—=1,1) and 7 is a real valued function. We write the

restriction of 7 to the k-th quadrant as n;_1, as depicted in the figure below.
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T Mo

M2 3

Figure 24: Real Valued Symbol Bandlimited to 2 x 2 Square

We may expand 7y by exponential basis:
2mijv
mo(t,v) =D Sy
JEL
Now since 7 is real valued, we have

m(t,v) =) Fi(-teiy),

JEZ
r 2migv
m(t,v) = Z fj(_t)e(—f,oy
JEZL

ns(t,v) =Y fi(t)et™ i),

JEL
Thus we can combine them and write 1 as
3 2mijv
> jer Jit)e"V)  t € (=1,0]

n(t,’l)) - 2mijv
> jez filt)elZiyy t€(0,1)

where
fi(t) = fi(=t),

ie., f] is f; reflected (with respect to the origin) and then complex conjugated.
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With similar computation as in Subsection 3.1, we see that F(5P,.n)(£), i.e., the
frequency side of the response of such a pseudo-differential operator tested on the

unweighted exponential train supported on Z, is as depicted in the following figure

fs

+
|
[
3 3

o+ +
— 4
pO -

Figure 25: Fourier Transform of the Response

It is easy to see from above that if the response is 0, then

f():_fb flz_an f2:_f37 R

which means
...:f0:f2:f4:..-:f2k:..., kEZ,
and

=h=f=fi=...=fun=..., ke,

but since 7 is in L?, we necessarily have
1fill2 =0, as [j] —= oo,
hence the response is 0 only if f; = 0 for all j, i.e.,  is 0, which implies injectivity.

We wrap the conclusion of the above derivation into the following theorem:

Theorem 6.4.1. The subspace of all real values symbols from OPW (U, L?), where
U is the box (—1,1)%, is identifiable by us.
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If U has area 4 and is symmetric with respect to a point on the time-frequency
plane, then one could expect to adopt a similar approach as above to show its
identifiability.
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7 Open Problems and Future Directions

To study whether OPW (U, L?) is identifiable for U of area 1, the core method we
intended to adopt is the so called ”pass to limit” method, that is, we approximate
U from inside by rectifiable domains, we analyze identifiers on these sub-domains
using Gabor matrices, and try to show the weak™ limit of these identifiers is an

identifier for U with some tools from Wiener-Amalgam spaces.

This strategy is inspired by the following fact: If we denote X as the time axis on
the time-frequency plane, and X as its restriction to the interval (—K/2, K/2),
then the space of convolution operators OPW (X, S]) can be identified by do,
which is the weak® limit of ) _, 6, as K — oo, and each ) .0, identi-
fies OPW (Xk, S)).

Technically this method reduces to the following subquestions that have assump-

tions from strong to weak:

Let {gx}» be a sequence of Sj) distributions that is weak™ convergent to some g on
So, and let {U,}, be a sequence of sets so that U,, — U in the topology induced

by the Lebesgue measure, then

e If cach g, stably identifies OPW (U, X') with the same lower bound for all n,
then whether g identifies OPW (U, X),

e If each g, identifies OPW (U, X ), then whether g identifies OPW (U, X),

e If each g, stably identifies OPW (U,,, X') with the same lower bound for all
n, then whether ¢ identifies OPW (U, X),

e If cach g, identifies OPW (U,, X), then whether g identifies OPW (U, X).

Aside from solving the critical case of U being an area 1 non-rectifiable domain,
affirmative answers to the questions will also have consequences on another inter-
esting problem of whether the sum of a convolution operator and a multiplication

operator can be identified by a single input. We record the motivation and setting
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of this problem below:

Denote X,Y respectively as the time axis and the frequency axis on the time-
frequency plane, it is easy to see that if the spreading function has the form
h(t) ® dy, i.e., it is concentrated on the time axis, then the pseudo-differential

operator reduces to a convolution operator, indeed, we have

(Hagoysi, )(2) = / (h(t) ® 6y)e*™" f(a — t)dbdv = / W(t)f(x — ),

and similarly if the spreading function has the form dx ® m(v), i.e., it is concen-
trated on the frequency axis, then the pseudo-differential operator reduces to a

multiplication operator, since
(Hagomn £)a) = [ G & m(e)e™"f(a — t)dsde

= f(a:)/m(v)ezmmdv
= m(z)f(z).

A convolution operator can easily be identified by testing it on a single ¢, while a
multiplication operator can also be easily identified by testing it on the constant
function 1. So the next question is what happens if we have the sum of a multi-

plication operator and a convolution operator.

As shown above, such an operator can be written as a pseudo-differential operator

whose spreading function is concentrated on the axis, i.e., it has from

(Hh(@y +oxem) ) () = (b f)(x) +m(z) f(2).

This identification problem is related to what we have shown in Subsection 6.1 in
the following way: For simplicity let us consider spreading functions concentrated
on the positive part of the axis (denoted as X+ and YT respectively) only. Since
the two positive axis can be viewed as the "limit” of L shaped domains (see the

figure below), we may consider the spreading function concentrated on the axis
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as the limit (under some suitable topology) of spreading functions (distributions)

supported on these L shaped domains.

v v (%

[TTTTTTI]

[T [TITTIT]

Figure 26: Axis as Limit of L-Shaped Domains

i.e., let L, be the L shaped domain induced from the group Z, x Z,, and as defined
in Subsection 6.1, and denote L as the union of the positive parts of two axis, then
we reduce the identifiability of OPW (L, S{)) to two sub-problems

1. To identify OPW (L, S}) for each n.

2. If g, € S| identifies OPW(L,, S}), and g, — ¢ weak®, then whether g
identifies OPW (L, S).

By the results in Subsection 6.1, we know at least for OPW (L, L?), we can find
explicit unitary identifiers, and as discussed in Appendix II, these identifiers are
also injective on OPW (L, S§), thus leaving us only the second sub-problem, which

is same as one of the questions listed at the beginning of this section.

We now inspect core difficulties of this ”pass to limit” method:

e As Corollary 3.3.2 shows, for g, being periodically weighted delta trains
supported 1/n apart, the scaling factor 1/4/n actually makes the lower bound
of @, , as an operator from OPW (U,, L?) to L*(R), go to 0. i.e., the stronger
assumption that g, stably identifies O PW (U,,, X ) with the same lower bound
for all n can actually not be fulfilled using delta trains of higher and higher

densities.

e Recall Lemma 5.2.3, we see that the weak™ convergence of the identifiers g,

together with the measure convergence of the support set U, (which would
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imply the norm convergence of the spreading function 7, by setting n, as n
restricted to U,) only imply the weak™ convergence of the response @, 7,.
For this reason, even if we can show ®, n are lower bounded, it will still not
prevent the weak™ limit ®,7 from vanishing. In fact, due to the same reason,
if ®,, has vanishing lower bounds as n — 0o, we can not use it to assert
the limit ®,, is not injective either. Therefore, regardless of whether we are
trying to obtain or disproving a lower bound, such efforts actually does not

help us in either directions.

e It is therefore more feasible to inspect whether the pre-adjoint V, has dense
range in So[U]. However, since g is non-constructively obtained via the
Banach Alaoglu theorem, we can not compute Vj explicitly. For the sequence
V., although they are surjective onto Sy(U,), their behaviors are much less
predictable toward the boundary area U \ U,,, so we can not get density by

by the passing to limit argument.

In short, the weak* limit comes to us too easy and cheap that it also has little
helpful properties we could use, indeed, it comes from the boundedness of g, in S,
and other than than, we have no idea how this limit looks like and do not know
how to describe it either, by the density result in Theorem 5.3.1 we know it can

literally be any S distribution, and thus very wild.

Nevertheless, again in light of Theorem 5.3.1, the author still considers this as a
good approach, since whatever S| distribution one wants to take as a candidate
identifier, it can always be written as the weak™ limit as some bounded periodi-

cally weighted delta trains, therefore it makes sense to study the limiting behavior.

Finally, recall that in the case of U being a rectifiable domains with area precisely
1, any periodically weighted delta train g that is an identifier will induce a iso-
morphism between L?*(R) and L?(U), physically this can be interpreted as a single
response carries at most information from channels of unit spreading support. We
thus conclude this thesis by formulating an analog conjecture for non-rectifiable

domains:
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Congecture: Let U be a domain of measure 1 and boundary measure 0, and g €
Sy(R), then @, is injective from L*(U) to L*(R) if and only if it also has dense
range, and similarly the adjoint operator V, has dense range in L*(U) if and only

if it is also injective from L*(R) to L*(U).
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Appendix I: Rectification by Rectangles

In [43], the rectification is carried out not using small squares but small rectan-
gles of the same area (i.e., area 1/N). To better demonstrate the rectification
approach, we chose to hide such complexity and proceeded with rectangles in Sec-
tion 3, however, a domain U with u(U) rectifiable by rectangles of area 1/N may
not be rectifiable by squares of the same area (e.g., when the length of one side
of the rectangle is not in the field Q(v/N)), which shows it makes sense to also

discuss it a bit.

The purpose of this subsection is to show that this approach using rectangles can
also be reproduces by the aforementioned method with slight adjustment. It is safe
to skip this subsection for readers who are only interested in our main problem
since, essences behind rectangle rectifications and square rectification are same,
one eventually decomposes the identification map, and obtain a Gabor matrix.
We chose to go with the square rectification as it is easier to present, we include

the rectangle rectification here for completeness, as it covers more cases.

For ¢ = (co,¢1,...,cn-1) € CY, we simply introduce a parameter M > /N to

define a new weighted Zak transform as linear combinations of 7,

=

(ZM,Ef) (m, w) = ((5]66727”'

k.

Z\/IwT(_%i])ZM)f) (:C, w),

e
Il

and take

&

—270

hy(z,w) = e 2™

then one easily verifies that, similar as the computations in Subsection 3.2, we
have . o
_2mi
hi(x 4+ M,w) = hgy1(z,w),  hg(z,w+ W) =e N,
i.e., horizontal shifts induces circulant permutations of weights and vertical shifts

induce modulations of weights.
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We then also define a periodically weighted delta train as

N-1
gve = E E CkO+k
M
JEMZ k=0
then similar as before we have
—2mit-v
VQM,E =e ZM@

which can be easily verified by viewing gas# as linear combination of N unweighted

delta trains supported on MZ + k/M.

Now given a domain U, we consider a grid induced by (1/M,0) and (0, M/N) and
cover U with this grid. If U is admissible pu(U) < 1, then we can choose M, N

large enough so that the total rectangles needed to cover U are not more than V.

Same as before We mark one rectangle as the reference rectangle (0,0) and get the

index of other rectangles by their relative position to the reference rectangle see

the figure below.

Uoy Uaz Ue2 Usy

Uao) Upo

t

Figure 27: Rectification by Rectangles

The corresponding rectification set, i.e., indices of those rectangles used to cover
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U , from Zy x Zy, we again denote as I'.
X0 Vay e = SeDrGr(@)Dyx AunVe; s

where Dr, D 5 and V. have the same meaning as in Corollary 3.2.1, St now
N

synthesize a vectorized function to the new rectification I' defined above which

consists of small rectangles instead of small squares, and A,y vectorizes a func-

tion the same way as in Corollary 3.2.1, except that here one uses rectangles of

length (1/M) x (M/N) instead of squares of side length 1/v/N.

It then follows from the adjoint relation in Corollary 3.3.3 that
(IDQM,Z-XU = (I)EITN A*M,NDT/NGF(E)DFSF7

which is analogous to the decomposition in Corollary 3.3.1.

As mentioned, if p(U) = 1, then there exist domains that are only rectifiable
by rectangles (e.g., unions of precisely N rectangles of size (1/M) x (M/N) with
properly selected N), and also for u(U) < 1 using rectangles for rectification might
lower the dimension N in certain cases, but for our problem of main interest, it
makes no difference which approach take, as they share the same form of de-
composition. We will, in the rest part of this thesis, continue to use squares for

rectifications as it is slightly simpler.
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Appendix II: An Identification Result on 5

In practice, the class OPW (U, L?) is rather limited since it does not even contain
the identity operator, i.e., with 7 being dy. Therefore identifiability on S), was also

studied for rectangles:

Theorem. [/2, Theorem 5.2] Let a,b > 0, ab = 1, and U = [0,a] x [0,b] be a
rectangle with area precisely 1, let ¢ > 0 and U. C U be a rectangle in U with area
1 — ¢, then OPW (U., S) is identifiable by the same unweighted delta train g, as
defined in Lemma 3.3.1:

Ga = Z Oka-

It actually follows that OPW (U, S) is identifiable by a periodically weighted delta
train if U is compact and rectifiable with u(U) < 1. Indeed, This is a direct con-
sequence of Corollary 3.2.1, Theorem 7 and Theorem 3.3.2. Indeed, the decompo-
sition in Corollary 3.2.1 is just a consequence of the quasi-periodicity in Lemma
2.7.2, although we only explicitly proved this decompostion for L? case, it actually
holds whenever the Zak transform is well defined, and in this cases, it was already
proved in [42] that the Zak transform is well defined from W#4Y(R) to W41(U)

when U is compact.

Therefore together with the adjoint relation in Theorem 3.3.2, the decomposition

passes over to the identification map ®,. i.e., the formula in Corollary 3.3.1
b, = CDQIN ADNDT/NGF(QDFSFUa

also holds for n € Sy(U).

It is then easy to see that the analysis operator is injective from Sj(U) to the space
of vectorized spreading functions, the synthesis operator is also injective from the

space vectorized spreading functions to S{(U).

Now since we have assumed U is compact, rectifiable and with area less than 1,

we can choose N so big, such that in the rectification it takes not more than N —1
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squares of side length 1/v/N to cover U, consequently Al DY Gr(€) DSt s
supported in a rectangle inside [0,v/N] x [0, 1/v/N], and of area 1 — 1/N.

Then Theorem 7 shows the identification map (PQTN is injective on such a rectangle,
thus it suffices for us to choose the weight vector ¢ so that the Gabor matrix Gr(¢)
is injective, such choices are many as of Theorem 3.4.1.

To this moment, one might be tempted to formulate a statement that is similar
to what we had in section 3, i.e., to connect the identifiability of OPW (U, Sj) to

the area of the domain U.

For distributional spaces, such idea is clearly not good, the following example

provides some explanation:

t

Figure 28: Expanding the Distributional Space without Changing Supporting Area

Suppose the area of the square (let us call it U) on the bottom left corner of the
picture is less than 1, then OPW (U, S)) is identifiable. Next we can add arbitrary
null sets to U without changing the measure of the domain while the space was
enlarged. For example, in this picture, we added 2 line segments (as outlined in red
color), all distributions supported on these two line segments (e.g., deltas on these
line segments) are now in the space. One could add infinitely many line segments,
straight lines or other null sets, and should not expect the resulting space to be

still identifiable. In this sense, area is not the correct criterion for identifiability.
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List of Frequently Used Symbols and Notations

Symbol Meaning

1,e,mT the corresponding mathematical constants

supp the support of a function

(0 the window function for Wiener-Amalgam spaces, see
Subsection 2.5

K the spectral condition number of a matrix, i.e., the largest
singular value divided by the smallest

C,R,Q,Z,N the corresponding mathematical symbols for complex
numbers, real numbers, rational numbers, integers and
natural numbers respectively

AN the cyclic group of order N

N a fixed natural number

|- 1lx the norm induced by the topology X, the subscript X can
be omitted if it is clear from the context

X1 the characteristic function on a set [

Lr space of functions with finite p-norm with respect to the
Lebesgue measure

12 space of sequences with finite p-norm
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Meaning

A A

WXe

WXP(U)

WXp (U]

o(x,w)

n(t,v)

=i

the unitary Fourier transform on RY

e, (FIE) = Jpw ()™ ¢dr

short notations for F(f) and F~1(f)

inner product or sesquilinear dual pairing, in the later
case the linear functional can appear in either left or right
side, it does not impact our analysis, to better capture the
natural of the problem it is actually better not to insist

on a consist form.

spaces of Fourier transform of L' and L* functions re-

spectively, see Subsection 2.5

Wiener-Amalgam spaces that are locally in X and glob-
ally with (P decay, see Subsection 2.5

WXP(IR?) restricted to U, see Subsection 2.5

Equivalence classes in W*P(R?) that coincide on U, see
Subsection 2.5

the Kohn-Nirenberg symbol of a pseudo-differential oper-

ator
the spreading function of a pseudo-differential operator

vectorization of a spreading function with respect to a

rectification, see Subsection 3.2
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Symbol

Meaning

Ko, H,

OPW (U, X)

WN

M, T

Wy

\.&l>
8¢

the continuous modulation operator, i.e., (M,f)(x) =

eQTriv-xf(x)

the continuous translation operator, i.e., (7;f)(v) = f(x—

t).

a pseudo-differential operator with symbol o or spreading

function n

Space of pseudo-differential operators with their spread-
ing functions supported on U and equipped with norm
induced by X (U) or X[U], see Subsection 2.8

the first primitive N-th root of unity e>/N
discrete time-frequency shifts, see Subsection 2.3
the N x N unitary DFT matrix, see Subsection 2.3
short notations for Wy and W}

the j-th column in Wy

the matrix Hadamard product

Ff, F~1f in the continuous case or W f W~ f in the dis-

crete case

denotes the adjoint operation. i.e., L* is the adjoint of a

linear operator L
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Meaning

Gr(

N2

(¢,a,b)
XU

tr, det

Vof

S0, 5§

S, S’

)

AN

Vv

a discrete Gabor system with window d and support I,

see Subsection 2.3

the matrix form of (J: ['), columns are arrange by the

lexicographical ordering on I'

a continuous system { Mo Trp9() }monez
the characteristic function on U

trace, determinant of a matrix

The short time Fourier transform of f with window g, i.e.,

(Vo f)(t,v) = - f(x)g(z — t)e ™ dz.

The Feichtinger algebra and its dual, see Subsection 2.4
The Schwarz class and tempered distributions
| 1lx = |||y means there exists constants K, and Ky

such that Kyl - [|x < || - [y € Kmax|| - ||x holds for any

elements in corresponding spaces

|- llx S|l - ||y means there exists constants C' such that
I 1lx < Cll - ly
|- llx Z Il - ||y means there exists constants C' such that
I 1lx = Cll - [ly
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Symbol Meaning

O The Dirac distribution at A

gz N-periodically weighted delta trains induced by & € CV,

see Subsection 2.4

uy N-periodically weighted exponential trains induced by
de CV, see Subsection 2.4

Ceomb embedding constant for the Gelfand triple SO(WA’l) -
L? C SL(WA)

P, the identification map induced by g, i.e., ®,n = H,g

Zq the Zak transform with parameter a, i.e., (Z,f)(z,w) =
ez flo + ka)er2rita

Lz the periodically weighted Zak transform induced by ¢ €

CY, see Subsection 2.7

e2rire the exponential function restricted to the set I, ie., =
XI€27ri)\ac

Apn, St The analysis and the synthesis operator related to the
weighted Zak transform, see Subsection 3.2

(MT,T) = {M},T% (j,k) €T C Zy x Zy}

(TM,T) = {TIME, (j,k) €T C Zy x Zy}

AT first order difference set of T, i.e., = {(j — ',k — ) :

(J: k), (4, k) € T'}
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Symbol

Meaning

GF(Aa E)

the concatenated matrix with the Gabor matrix Gr(¢) on

top of A, see Subsection 4.5

the cyclic subgroup in Zy x Zy consists of all {(j, k) } with
ik =s

= diag(fl,fg, PN ,ZI_Z"N)
= diag(|Z1]?, |Z2)%, . . ., |ZN %)

the orthogonal projection onto the span of the vector &

the orthogonal projection onto the span of the (MT, Vj)
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