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Abstract

String assembling systems are biologically inspired mechanisms that generate strings from copies out of finite sets of
assembly units. The underlying mechanism is based on piecewise assembly of a double-stranded sequence of symbols,
where the upper and lower strand have to match. The generation is additionally controlled by the requirement that the first
symbol of a unit has to be the same as the last symbol of the strand generated so far, as well as by the distinction of
assembly units that may appear at the beginning, during, or at the end of the assembling process and by a length restriction
on the units. We investigate the power of these model-inherent control mechanisms by considering variants where one or
more of these mechanisms are relaxed. The generative capacities and the relative power of the variants are our main
interest. In particular, we prove that the power gained in the different control mechanisms may yield strictly more powerful
systems and incomparable capacities. Additionally, we generalize these systems to multi-stranded systems. We obtain a
strong connection to one-way multi-head finite automata and show an infinite, dense, and strict strand hierarchy. Finally,

we examine the closure properties of the different variants of string assembling systems.

Keywords String assembling - Double-stranded sequences - Stateless - Two-head finite automata - Decidability -

Closure properties.

1 Introduction

In 1965 Gordon E. Moore predicted that the number of
components per integrated circuit will double every 18
month (Moore 1965). Up to now this forecast that is also
known as Moore’s Law became more or less reality.
Nevertheless, there are many real world problems requiring
such a huge computational complexity that they cannot be
solved for an appropriate size of the instance in this day
and age, and also will not be solvable under the assumption
of Moore’s Law in a 1000 years unless new computing
techniques are developed. This motivated the advent of
investigations of devices and operations that are inspired
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by the study of biological processes, and the growing
interest in nature-based problems modeled in formal sys-
tems. Among the realms of string generating mechanisms
examples are Lindenmayer systems (Rozenberg and Salo-
maa 1980), splicing systems and sticker systems (Paun
et al. 1998). The latter two types of devices model opera-
tions on DNA molecules and are therefore based upon
double-stranded strings as raw material of the string gen-
eration process, where corresponding symbols are uniquely
related. Sticker systems were introduced in Kari et al.
(1998) in their basic one-way variant. Basically, they
consist of dominoes that can be seen as double-stranded
molecules. The dominoes are sticked together in a
derivation process until a complete double strand is
derived. Different variants especially of two-way systems
have been investigated in (Freund et al. 1998; Paun and
Rozenberg 1998; Paun et al. 1998). A main feature of
sticker systems is that the upper and the lower fragment of
the dominoes are glued together. So, when a domino is
added to a double strand the length difference of the upper
and the lower strand derived is the same as the length
difference between the upper and the lower fragment of the
dominoes. This implies that many variants of sticker sys-
tems are at most as powerful as linear context-free
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grammars Paun et al. (1998). String assembling systems,
introduced in Kutrib and Wendlandt (2012), are another
string generating mechanism based on double strands. The
idea of string assembling systems (Bordihn et al. 2012;
Kutrib and Wendlandt 2012, 2014) is basically motivated
by the mechanisms of the Post Correspondence Problem. In
particular, the basic assembly units are pairs of strings that
have to be connected to the upper and lower string gen-
erated so far synchronously. In comparison to sticker sys-
tems, the strings are not connected to each other. This
property enables the possibility to increase the length dif-
ference between the two strands arbitrarily and, moreover,
to compare positions that are arbitrarily far away from each
other in a given word. Thus, it is possible to generate non-
context-free languages. Apart from the double strand,
essentially, derivations in string assembling systems are
controlled by the requirement that the first symbol of a
string to be assembled has to match the last symbol of the
strand generated so far, as well as by the distinction of
assembly units that may appear at the beginning, during, or
at the end of the assembling process. Moreover, the lengths
of the strings in the assembly units are finite but are not
limited a priori.

In Sect. 3 we investigate the power of these model-in-
herent control mechanisms by considering variants where
one or more of these mechanisms are relaxed. Additionally,
we study the case where the length of the strings in the
assembly units is bounded. It turns out that the generative
capacities and the relative power gained in the different
control mechanisms may yield strictly more powerful
systems as well as incomparable capacities. The relative
power of the systems is summarized in Fig. 3. The last
subsection studies the impact of the lengths of the assem-
bling fragments. It is shown that increasing the lengths
gives strictly more capacity, that is, an infinite and tight
hierarchy follows.

The computational power of one-way k-head finite
automata increases with each head added to the system
(Yao and Rivest 1978). This suggests naturally to examine
multi-stranded string assembling systems and to investigate
whether a strand hierarchy can be achieved. In Sect. 4 we
investigate these generalizations. The generative capacities
and the relative power are our main interest. We explore
the relations with one-way multi-head finite automata and
show an infinite, dense, and strict strand hierarchy. More-
over, we consider the relations with the language families
of the Chomsky Hierarchy and consider the unary variants
of k-stranded string assembling systems.

Sect. 5 is devoted to examine the closure properties of
the restricted variants as well as the extended variants of
string assembling systems with respect to the usual oper-
ations on sets of languages. Finally, we conclude the paper
in Sect. 6.
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2 Preliminaries and definitions

We write 2™ for the set of all words (strings) over the finite
alphabet X. The empty word is denoted by A, and
2T = 3*\ {4}. The reversal of a word w is denoted by w&
and for the length of w we write lwl. For the number of
occurrences of a symbol a in w we use the notation |w|,.
Generally, for a singleton set {a} we also simply write a.
We use C for inclusions and C for strict inclusions. In
order to avoid technical overloading in writing, two lan-
guages L and L' are considered to be equal, if they differ at
most by the empty word, that is, L\ {A} =L\ {1}. A
language is said to be cofinite if it is the complement of a
finite language.

We are especially interested in how string assembling
systems can be used to generate languages. To this end, we
consider arbitrary alphabets and do not restrict to the nat-
ural DNA alphabet {A, G, C,T}. Clearly, there are ways to
encode an arbitrary alphabet in the natural alphabet.

A string assembling system (SAS) generates double-
stranded strings, iteratively connecting basic elements
called units. A unit u = (wy,w;) with wy, wy € X" consists
of two strings over a given alphabet 2. The length of a unit
is the maximum of the lengths of w; and w,. The first string
wy is connected to the upper strand of a growing double-
stranded string, while the second one w, is connected to the
lower one. They can only be connected, (i) if the first
symbol of w; is equal to the last symbol of the upper strand
generated so far and, similarly, (ii) if the first symbol of w,
is equal to the last symbol of the lower strand generated so
far. In this case, the first symbols of the unit and the last
symbols of the double-stranded sequence generated so far
are glued together on top of each other if the derived upper
and the lower strands match at each position.

Each generation has to begin with a unit out of the set of
axioms. Afterwards the derivation continues with units of a
second set, the set of assembly units, and it has to be fin-
ished by an ending unit. The generation is said to be valid if
and only if both strands are identical in each position when
the derivation process stops.

Formally, a string assembling system S = (X, A, T,E) is
a quadruple, where

1. 2 is a finite, nonempty set of symbols,

2. AC Xt x X" is the finite set of axioms of the forms
(uv, u) or (u, uv), where u € X and v € 2*,

3. T C X" x X" is the finite set of assembly units, and

4. EC Xt x X1 is the finite set of ending assembly units
of the forms (vu, u) or (u, vu), where u € > and
v e

The next definition formally says how the units are

assembled.
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Let S = (X,A,T,E) be an SAS. The derivation relation
= is defined on 2t x T by

1. (uv,u) = (uvx,uy) if

(i) wv=ta, u=sb, and (ax,by) e TUE, for
a,be X, x,y,ste€ 2 and
(i) wvx=yzorvxz =y, for z € X*,

2. (u,uv) = (uy,uvx) if

(i) wv=ta, u=sb, and (by,ax) e TUE, for
a,be X, x,y,s,t € 2", and
(i) wvx=yzorwvxz=y, for z € X*.

An illustration can be found in Fig. 1.

A derivation is said to be successful if it initially starts
with an axiom from A, continues with assembling units
from 7, and ends with assembling an ending unit from
E. The process stops when an ending assembly unit is
added. The sets A, T, and E are not necessarily disjoint.

The language L(S) generated by S is defined to be the
set

L(S) ={we X" | (u,v) =" (w,w) is a successful derivation },

with (u,v) € A, where =" refers to the reflexive, transitive
closure of the derivation relation =-.

In the following we will refer to systems based on this
definition as common SAS or simply SAS. The next
example illustrates the basic mechanisms of string assem-
bling systems.

Example 1 Let X be an alphabet not containing the sym-
bols [$],,[$],,[3];. The following SAS S=(ZU
{[%],[%],,($]5},A,T,E) generates the non-context-free
language { [$],w[$],w[$]; | w € 2" }. The units are:

={([8],,8])}, T=T1UTLUTs,

E = {([$];,[8]5)}, where forx,y € X,
8],x, [8])), (e, [8],), (x[8],, [3])) },
]

]

[3]
8y, [81,%), (ey; xy), (x[8]5, x[8],)
813 [85%), ([313, %), ([83, x(8]3)}-

The units from 7 are used to generate the upper strand
[$],w[8], and the lower strand [$],. Then units from the set
T, are assembled to generate the wupper strand
[$],w[$],w[$]; and the lower strand [$],w[$],. Finally, we

a - 48
Y r a

b Y

{([
{((
{([

Fig. 1 Example of assembling a unit (ax, by) at the right

obtain [8],w[$],w[3]; as upper and lower strands by the
units in 7T3. |

3 Restricted string assembling systems

There are different mechanisms to control the derivations
of SAS. First, the units are arranged in three sets, such that
initial units have to be taken from one set, ending units
from another, and in between only units from the third set
are allowed. Second, whenever the current strands are
extended, the first symbols of the strings in the unit are
glued on top of the last symbols of the strands generated so
far. Third, the lengths of the units seem to be an important
property. And the last control mechanism is the double
strand. The power of double strands is already adumbrated
by the Post Correspondence Problem, which goes along
with the undecidability of emptiness. This chapter is
devoted to study the generative capacity gained from these
mechanisms. In particular, in each of the next subsections
we remove control mechanisms and analyze the resulting
language family.

3.1 Length-restricted string assembling systems

In this section we turn to a structural limitation of string
assembling systems. The length difference of the strings in
units can be seen as a very basic kind of memory. This
length difference is bounded by the lengths of the units. In
particular, if a unit has length n, then the maximal length
difference can be n — 1. In the following we consider SAS
where the lengths of the strings in units are restricted. This
idea of storing information is illustrated in the next two
examples.

Example 2 The language {a*'b |n>1}U{a*c|n>1}
is generated by the SAS S = ({a,b,c},A,T,E) with the
following units.

© NN A L=

The length difference that is given by one of the axioms
can somehow be seen as a memory. If a word of the form
a*'b is generated, one of the first three axioms (1),(2), or
(3) has to be used. In this case, the length difference
between the upper and the lower string is 1. Since the sole
unit (a’,a’), unit (6), from the set 7 has matching upper
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and lower strings, this length difference is kept until the
end of the derivation. The only fitting ending unit in this
case is unit (7), which finally gives a desired word.

For words of the form a*'c one of the axioms (4) or (5)
has to be used, which initially establishes the length
difference 2 between the upper and the lower strand. Again
unit (6) can be used to extend both strands arbitrarily.
Finally the only fitting ending unit in this case is unit (8). ll

The technique of Example 2 can be extended to gener-
ate non-regular languages, where the length difference
between the upper and lower strand increases arbitrarily
during the derivation, as it is the case in the next example.

Example 3 The language {a*'b* |n>1}uU{a*b*" |
n>11} is generated by the SAS S = ({a,b},A,T,E) with
the following units.

VoA kWD =
AA/—\/—\E\/—\/—\/—\
N

—_
(=)
S
S

(b,b) € E

Again we use the technique of different axioms with dif-
ferent length differences to distinguish between possible
multiplicities of 2 and 3. The basic idea of the construction
is first to generate (a", a) where n can be any multiple of 2
or 3, then to extend the upper strand by b" whereby the
lower strand is extended coincidently to a@". Finally, the
missing b’s are assembled in the lower strand.

At the beginning one of the axioms (1)—(4) is used, then
unit (5) that extends the current upper strand by a® can
repeatedly be assembled. Together with the chosen axiom
in this way any a” with n multiple of 2 and 3 can be
generated in the upper strand and, moreover, these are the
only strings that can be generated. This process is
terminated by assembling the second possible unit (6).
Now (a"b,a) has been generated. The only possibility to
continue is with unit (7) until all a’s of the upper strand are
matched. Now (a"b",a") has been generated. The only
possibility for a successful derivation is now to continue
with unit (8) and subsequently with unit (9) until all &’s of
the upper strand are matched. So, (a"b",a"b") has been
generated, where n is a multiple of 2 or 3. |

Now we turn to SAS where the lengths of the strings in
units are limited by a constant, and explore the generative
capacity gained in this way.

@ Springer

Let k> 1 be an integer. An SAS S = (X,A, T,E) is said
to be k-length-restricted (k-SAS), if |u| <k and |v| <k for
each unit (u,v) € AUTUE.

First we consider unary languages and assume that their
words are ordered according to their lengths. The question
is, how large can the gaps between two consecutive words
be if the language is generated by some k-SAS. The fol-
lowing example gives a quadratic lower bound.

Example 4 Let k>1 be an integer. The language L; =

a(a*D")" is generated by the k-SAS S = ({a},A,T,E)
with the following units.

l. (a,a)€A
2. (aa)eT
3. (a®,d)eT
4. (a,a) €E

Assembling the sole axiom and the sole ending unit results
in the word a. So, the assembling of units from 7" must
result in equally long upper and lower strands. The length
difference between upper and lower string is k — 1 in unit
(2) and k — 2 in unit (3). Since for k > 3 the numbers k£ — 1
and k — 2 are relatively prime, each k — 1 units (3) and
k — 2 units (2) have to be assembled in order to obtain
equally long upper and lower strands. Assembling k — 1
units (3) extends the upper strand by k — 1 and the lower
strand by (k—1)(k—1) symbols. Assembling k—2
units (2) extends the upper strand by (k—2)(k — 1) and
the lower strand by 0 symbols. So, the current strands can
be extended by strings of length (k— 1)+ (k—2)(k—1)
or equivalently (k — 1)(k — 1). Adding the initial symbol a
shows that S generates Ly, for k> 3. For k = 1, unit (2)
does not extend the current strands and, thus, unit (3)
cannot contribute to a successful derivation. Therefore, the
initial word a is the only one that can be derived. Since
L, = {a}, the SAS S generates the language L, for k = 1 as
well. Finally, if kK =2 then unit (3) extends the current
strands by 1, which shows that a* = L, is generated. W

Trivially for the special case of 1-SAS it holds that the
language generated is either empty or consists of the sin-
gleton {a} in the unary case. We turn to investigate the
arbitrary unary case.

The next lemma shows that the lower bound for the gaps
presented in Example 4 is tight.

Lemma 5 Let k>2 and L be a unary language generated
by some k-SAS. Assume the words of L are ordered
according to their lengths. Then the length difference

between two consecutive words is at most (k — 1)

Proof Assume in contrast to the assertion that there are
two consecutive words a” and a" in L such that m <n and

n—m> (k—1)>%
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If there is a unit (¢*,a") in T, with x > 1, then ™ € L
implies a"*=1 e L. Since x <k we have that at least one
word between a™ and a” can be generated, because

m<m+x—1<m+k—1<m+ (k—1)*<n,

a contradiction.

If there are units (a”',a”") and (a*2,a’?) in T, where
1 <y;<x; <kand 1 <x; <y, <k, then assembling y, — x,
times the unit (a", ") and x; — y; times the unit (@™, a”?)
extends the upper strand by

(V2 —x2)(x1 = 1) + (21 —y1)(x2a = 1)
=Xy —XV1 — X1 +X2+ Y1 —

and the lower strand by (y» —x2)(y1 — 1) + (x; — y1)
(y2 — 1) =X1y2 — X2y1 — X1 +Xx2 +y1 —y>» symbols. So,
both strands are extended by the same number of symbols.
This number x;y, — x,y; — x; + X2 +y; — ¥, is maximal
for x; =y, =k and x, = y; = 1, since the first product is
maximal and the second minimal. Then it is equal to
(k — 1)%. Similarly as before we conclude that a"+(*~1)" ¢
L and obtain a contradiction since m<m + (k — 1) <n.
Finally, assume that there are units (a*,@’) €T,
1 <y<x <k, but no unit, where the upper string is shorter
than the lower. In this case, the length difference between
upper and lower string has to be equalized by axioms and
ending units, thus, L is finite. Let @™ be generated by
assembling some axiom (a",@”') and some ending unit
(@,a). In order to increase the length m we can use
another axiom (a®,a”) where |x3 —y3| > |x; — y1|. So,
the difference between upper and lower string that can be
equalized increases by at most kK — 1, and by assembling
k — 1 units with length difference 1 the length m is

increased by at most (k — 1)*. Similarly, if there is no
such axiom, we can alternatively use another ending unit
which results in the same upper bound for the length
increasing. If neither such axiom nor such ending unit
exists, a contradiction is derived in the same way. The
same argumentation can be applied for assembling units
where the upper strand is shorter than the lower one. [J

The previous Lemma and Example 4 yield an infinite
and tight hierarchy dependent on the length restrictions
(see Fig. 2).

Theorem 6 Let k>1 be an integer. The family of lan-
guages generated by k-SAS is strictly included in the
family of languages generated by (k + 1)-SAS.

Proof By definition a k-SAS is a (k+ 1)-SAS. Thus it
remains to be shown that the inclusion is strict.

For 1-SAS it is solely possible to generate finite
languages, but 2-SAS can also generate infinite languages.
Moreover, for k> 1, Example 4 shows that the regular

k-length-restr. SAS <———>
A

1-length-restr. SAS

Fig. 2 Hierarchy on the length of the units. A single arrow means
strict inclusion, a double arrow means incomparability, and the dotted
arrow is for an infinite hierarchy depending on the maximal length of
the units. Since 1-length-restricted SAS can only generate finite
languages, they are a subset of the regular languages

language Ly | = a(a(")z)* is generated by a (k + 1)-SAS.
But by Lemma 5 it cannot be generated by any k-SAS. [J

3.2 Single-stranded string assembling systems

The next restriction examines the power of double strands.
It has been pointed out before, that the power of double-
stranded systems goes along with the undecidability of
emptiness. Thus, in the following we remove the power of
the double strands and turn to investigate single-stranded
SAS (1-stranded SAS). The basic idea of overlappings by
one symbol and one strand is closely related to the work on
chop operators (Enaganti et al. 2017; Holzer et al. 2017).

A single-stranded string assembling system is an SAS
S =(2,A,T,E), where all the units u ¢ AUT UE are of
the form u € 2.

The derivation relation = is defined on specific subsets
of ¥ by ua = uav if uac€ 2t and avc TUE, for
a € X u,v e X As for common SAS, a derivation is said
to be successful if it initially starts with an axiom from A,
continues with assembling units from 7, and ends with
assembling an ending unit from E. The sets A, T, and E are
not necessarily disjoint.

The language L(S) generated by S is defined to be the
set

L(S) = {we X" | u="wis a successful derivation }.
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We turn to the comparison with the regular languages. The
next theorem shows that the restriction to one strand
reduces the power significantly.

Theorem 7 The family of languages generated by 1-
stranded SAS is strictly included in the family of regular
languages.

Proof Given a single-stranded SAS S = (X A, T,E) we
construct a nondeterministic finite automaton M =
(0,2,9,qo, F) such that L(S) = L(M).

Since § is single-stranded, the units are words from 2.
Since units in T of length one do not have any effect for
single-stranded SAS, they can safely be omitted. So, we
assume that each unit in 7T is at least of length two.

The following NFA is successively developed. There are
no elements beside the ones mentioned. For each axiom
u=xxz---x; €A we define the states {ug, u, ..., us} and
the transitions o(uj_1,x;) = u;, for 1 <j</. Similarly, for
each unit u=xx,---x € TUE we define the states
{ui,ur,...,us} and the transitions O(u;j_i,x;) = u;, for
2<j<t.

So far, we have a different chain of connected states for
each unit of S. The chains are interconnected as follows.
Let go be a new state that is set to be the initial state. By the
J-transitions d(qo, 4) = uo, for all u € A, the NFA guesses
an axiom of S. The last state of each chain associated with
units 4 = xyx, - - - x; from A or T is connected to a next unit
vV =y1y2 -y from T or E by J-transitions d(ug, 1) = vy if
the last symbol of the first chain matches the first symbol of
the second chain, that is, if x, =y;. In this way the
assembling of units is simulated. Finally, the last state of
each chain associated with an ending unit is made
accepting, that is, F={q|q=v, for some
vV=y1y2--Yym € E}. So, there are no transitions from
states at the end of chains associated with ending units.

The NFA constructed simulates derivations of S and
vice versa, that is, for each derivation of a word w € L(S)
that applies the units ug, uy,...,u,, there is an accepting
path in M that starts from gy and runs through the chains
associated with ug, uy,...,u,, and vice versa. This shows
that every language generated by some single-stranded
SAS is regular.

The strictness of the inclusion claimed follows since the
regular language

L ={a}U{a™ |n>2}

is not even generated by any double-stranded SAS (Kutrib
and Wendlandt 2012). O

Next we turn to two observations that are in the spirit of
pumping lemmas. They are useful to show that languages
are not generated by single-stranded SAS.

@ Springer

Lemma 8

1. Let L C X* be a language whose words have infinitely
many unary factors, that is, for some a € X, the set

{n>1| there are u,v € X* such that ua"v € L'}
is infinite. If language L is generated by a single-

stranded SAS then there is a unit (a') € T, for some
i>2.

2. Let L C X* be a language such that for some a,b € X,

the set

{n>1| there are u,v € X* such that £,m>n and ua’b™v € L}

is infinite. If language L is generated by a single-
stranded SAS then there is a unit (a't/) € T, for some
i,j=1.

Example 9 The language L = { a'b™a" | £,m,n>1} is not
generated by any single-stranded SAS. Contrarily let us
assume that L is generated by a single-stranded SAS
S=(X,A,T,E). Then Lemma 8 says that there are
assembling units (a), i;>2, (b2), ip>2, (ab?),
i3,j3 > 1, and (b“a*), is,js > 1, in T. Moreover, there must
be an axiom (a”) with r>1 in A and an ending unit (a*)

with s>1 in E. Therefore, the word
@i pipia=l gis qia=1pis pia=1 gia=145 can be derived as well,
a contradiction. |

It has been shown that the copy language

{[8],w[8],w[$]5 | w € {a,b}" }, which is not even context
free, is generated by some double-stranded SAS (Exam-
ple 1). This result together with Theorem 7 implies that the
generative capacity of double-stranded SAS is strictly lar-
ger than that of single-stranded SAS.

Theorem 10 The family of languages generated by 1-
stranded SAS is strictly included in the family of languages
generated by 2-stranded SAS.

3.3 Free string assembling systems

The next restricted variant are so-called free string
assembling systems, where the control mechanism derived
from the fact that the assembled strings have to overlap the
last symbol of the current strand is relaxed. For this reason
we allow the units to be subsets of X* x X*.

A free string assembling system S = (X,A,T E) is a
string assembling system, where the units are elements of
2* x X*. That is, A,T,E C 2* x X* These units are

. L A
assembled according to the derivation relation = by

1. (uv, u)é(uvx, uy) if
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(i) (x,y) € TUE, for x,y € 2*, and
(i) wvx=yzorwvxz=y, for z € X*, and
f
2. (u,uv)=>

(i) (v,x) € TUE, for x,y € 2*, and
(i) wvx=yzorvxz=y, for z € X*.

(uy, uvx) if

As for common SAS a derivation is said to be successful if
it initially starts with an axiom from A, continues with
assembling units from 7, and ends with assembling an
ending unit from E. The sets A, T, and E are not necessarily
disjoint. Consequently, the free SAS can be seen as a
special type of SAS, since they are neither a real restricted
type nor an extension.

The language L(S) generated by the free SAS S is
defined to be the set

f
L(S) = {w e X" | (u,v)="(w,w) is a successful derivation },

with (u,v) € A.

Example 11 Let h: {a;,b} — {a2,b2} be a homomor-
phism with h(a;) =ay and h(b;) = b,. The language
{[$1ow1[$],A(w1)[$], | w1 € {a1,b1}" } is not context free
but generated by the free SAS
S = {{a1,a2,b1,b2, 8]y, [3],,[8],},A, T, E), where all fol-
lowing units are defined for all x1,y;,z; € {a1,b1}.

L ([$]gx1,4) EA

2. (ayi,4) €

3. (81, 8]) € T

4. (a[8],[8]p) €T

5. (h(x1)h(y1),xiy1) € T

6. (h(x1)[$ly,x1[8],h(z1)) €T

7. (h(x0)h(y)[8ly, xiyi [8] k(1)) € T
8. (4,h(x1)h (yl)) €T

9. (48], €

10. ()t,h(xl)[$] ) cFE

There are three basic ideas of the construction of S. First,
the axiom (1) has an empty lower string. This ensures that
subsequently only units (2) can be assembled until the
derivation of the upper strand [$],w,[$], is completed by
one of the units (3) or (4). Second, since the conclud-
ing [$], in the lower strand is only defined in the ending
units (9) and (10), it is impossible to generate anything
after [8],. Third, the units assembling the upper w; extend
the current strand at even positions and have length two,
while units assembling w; in the lower strand extend the
current strand at odd positions. Thus, they overlap, which
ensures that the format of the generated words is correct,
and that there are no symbols of {ai,b;} and {ay,b,}
mixed up. These ideas are similarly applied to the con-
struction of the units generating the subword h(w;). Here

the units in the upper strand start at an odd position of
h(w;) and at an even position in i(w,) in the lower strand.
Unit (5) copies the word w; with different indices after
the [$], in the upper strand. The units (6) and (7) complete
the derivation of the upper strand. Both place [$], in the
lower strand, which ensures the equality of wy and A(wy).
The generation of the lower strand and the whole
derivation is completed by the units (8) and (9) or (10).
Since the order of the applications of the units is fixed, it
is not possible to derive words of another form. |

In order to show that the loss of the control mechanism
based on overlapping weakens the generative capacity of
SAS, we first show that certain witness languages cannot
be generated by free string assembling systems.

Lemma 12 Neither the language L = {d"b"[$]a™ |
m,n>1} nor its iterated version Ly = {a}L} with Ly =
{a" " 'p"[$]a™ | m,n>1} can be generated by any free
SAS.

Proof In contrast to the assertion let us assume that L or
L, is generated by some free SAS S = ({a, b, [$]},A,T,E).
First, it is shown that there must exist units of both forms
(@', @) with iy > j; >0 and (a?,@?) with j, > i, >0, ora
unit of the form (a',a’) with i > 1.

Consider the derivation of a word w = ab[$]a™ with m
large enough. At some point in the derivation the generated
strands must have the form (u, v), where one of the two
strands, say u, is of the form ab[$]a’. If v is of the form
ab[8]a? as well, we may assume that p >g. In order to
extend p and g to the large m, both strands can be extended
by applying units of the form (a’,a’) with i > 1, or units of
both forms (a't,d), iy >j; >0 and (a®,a?), j, > i, >0,
can be used. Now let |v| <3. Then a unit of the form (a, 1),
k> 1 can be applied which yields generated strands of the
same form (u, v), or units (a*,x), k>0, |x| > 1, can be
applied at most three times. Afterwards the generated
strands are again of the same form (u, v). It follows that
there must exist in S units of both forms (a't,d"),
iy >j1 >0 and (a®,d?), j» > i, >0, or a unit of the form
(a',a'), i>1.

Next, consider the derivation of a word w = a"b"[$]a™
with m, n large enough. After an appropriate axiom has
been chosen, the generated strands are of the form (u, v)
with u,v € {a}". Applying the unit (a',a’), i > 1, shows
that a"*b"[$]a™ is generated by S as well, a contradiction.
The same contradiction is obtained when units (a’,a’) do
not exist but units of both forms (a’, @), i; > j; >0 and
(a,a?), j» > i, > 0. In this case applying j, — i, times the
unit (a'",@") and i; — j; times the unit (a, @) shows that
a"thi=hitp[§lg™ is also generated. Note that ijjp > injy.
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So, we conclude that neither L nor L, can be generated by
any free SAS. O

Theorem 13 There is a language generated by some SAS
that cannot be generated by any free SAS.

Proof The assertion is shown by the witness language
L, = {a}Lj with Ly = {a"'b"[$]a" | m,n>1}

that cannot be generated by any free SAS by Lemma 12.
However, L, is generated by the SAS ({a, b, [$]},A, T, E),
where the units are defined as follows.
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10. (a,a) €E

This completes the description of the units of S. Starting
with the axiom the derivation can immediately be termi-
nated by assembling the ending unit, which results in the
derivation of a word of {a}(Lo)’. Alternatively, the unit (2)
can be assembled arbitrarily often followed by assembling
the unit (3). There are no other possibilities to start the
derivation. In this way prefixes (a"b,a) are generated for
n>1. Now the only possibility to continue is to assemble
the unit (4) as long as the a’s in the upper strand are
matched, followed by assembling the unit (5). This gen-
erates (a"b"[$],a"b). Next, unit (6) has to be used as long
as the b’s in the upper strand are matched, followed by unit
(7). This generates (a"b"[$],a"b"[$]a). Subsequently, the
only applicable units are (8) or (9). Repeatedly assembling
unit (8) generates (a"b"[$],a"b"[$]a™) for m>1. This
process ends when unit (9) is assembled. From now on unit
(2) has to be used until (a"b"[$]a™, a"b"[$]a™) is generated,
which results in the derivation of {a}(Lo)'. Finally, the
whole process can be repeated where in each iteration the
leftmost a overlaps. So, the language {a}L; is generated.
O

Though there is a language that separates SAS from free
SAS, the differences in the generative capacities disappear
for unary languages. In order to show that SAS and free
SAS are equally powerful with respect to unary languages
the next lemma is useful.

Lemma 14 For each free SAS accepting a unary lan-
guage an equivalent free SAS can be constructed whose
sole ending unit is (1, 7).
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Proof LetS = ({a},A,T,E) be a unary free SAS. Since S
is unary, in any successful derivation the ordering of the
applied units from 7T is arbitrary. For any ordering the same
word is generated. Moreover, any successful derivation
starts with some axiom and ends with some ending unit.
Now the axioms and ending units are merged into new
axioms. More precisely, the free SAS §' = ({a},A’, T, E')
is constructed by setting E' = {(4,1)} and

A = {(d"2 ") | (a",d") € A and (a?,a?) € E}.

Since in any successful derivation in S an axiom, say
(a",@") € A, and an ending unit, say (a”,d?), is assem-
bled, there is a successful derivation generating the same
word in §’ by assembling the axiom (a" ™2, @/'*2) € A" and
the ending unit (4, 1) € E’, and vice versa. O

Proposition 15 A unary language can be generated by an
SAS if and only if it can be generated by a free SAS.

Proof First, we show how a free string assembling system
can simulate a given unary SAS S = ({a},A, T, E). To this
end, a free SAS §' = ({a},A,T',E') is constructed as fol-
lows. For every unit (da,¢/) €T, i,j>1 the unit
(a=1,@1) € T' is defined, and similarly for E and E'. In
this way, clearly, each derivation step (a*,a") =
(a"t=1 @"%~1) in S using the unit (a',&) from T or E is

simulated by a derivation step (a“, av):f>(a’”"’1 ,a" 71 in
S’ using the unit (a'~!, &~ 1) from T’ or E, and vice versa.
Second, it has to be shown how an SAS can simulate a

given unary free SAS. Let S = ({a},A, T,E) be a free SAS
generating a unary language. By Lemma 14 we may
assume that E={(1,4)}. Now, an SAS § =
({a},A’,T',E") is constructed as follows. In order to
overcome the problem that the units in A may have empty
strings but the units in A’ may not, some units have to be
merged. This can be done, since unary units always fit to
the current double strand. The set of axioms is defined as
A" = AjUA| UA, UAS UA), where
Ay ={(d'.@)) | (d',d) € A, fori j>1},
A ={(a""2 a’) | (a",A) € A and (a?,a’) €T,

forij,j>1}%,
A, ={(d",d") | (4,d") € A and (d',d?) € T,

fori,ji >1},
AL ={(d,a’) | (2,2) €A and (d',a’) € T, forij>1},
A, ={(d',a’) | (2,2) €A and (a',]) €T,

(,a’) €T, fori,j>1}.
So, any axiom in A that has at least one empty string is

replaced by an axiom without empty strings (unless the
axiom does not appear in any successful derivation and is
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useless). The set of ending units is defined as E' = {(a,a)},
and the set 7" as

T ={(a,d™) | (d,d) €T}

Now, for a successful derivation generating a non-empty
word in S that starts with axiom ug, assembles the units
ui,uy,...,ug, and ends with the sole ending unit (4, 1)
there is a successful derivation in S’ as follows. If uy does
not contain an empty string then the derivation starting
with  axiom uy =ug € Aj, assembling the units
u, iy, .. up, where ) = (atl, @) if w; = (da',d’),
1 <{¢<k, and ending with (a,a) € E' generates the same
word in S, and vice versa.

If up contains one empty string then there must exist a
unit in the sequence uj,us,...,u; whose corresponding
string is non-empty. Similarly, if uy contains two empty
strings then there must exist either one unit in the sequence
uy, Uy, ..., u; whose both strings are non-empty, or there
are two units in the sequence, where one unit has a non-
empty upper string and the other one a non-empty lower
string. Say there is one unit %; in the sequence. Now the
derivation starting with the axiom that merges uy and u;,
assembling the units |, u), .. .,ujﬁl,uj’ﬂ, ..., u}, and end-
ing with (a,a) € E' generates the same word in §', and vice
versa. Similarly, if there are two units that are merged with
up. So, we conclude that S and S’ generate the same unary
language. [

The general relation of SAS and free SAS is an open
question. In Kutrib and Wendlandt (2012) a certain
pumping lemma for SAS has been proven. It turns out to be
a useful tool to show that certain languages cannot be
generated by SAS. This lemma can be shown for free SAS
in the same way as for common ones.

Lemma 16 Let L C X* be a language generated by a free
SAS. If |at NL| = oo, for some symbol a € X, then there
exist constants p,q > 1 such that a’v € L, v € X*, implies
a’tiy € L.

In Kutrib and Wendlandt (2012) it has been shown that
the family of languages generated by SAS is a subset of the
family of languages accepted by nondeterministic one-way
two-head finite automata. Clearly this result can easily be
adapted to free SAS.

Lemma 17 Let S be a free SAS. There exists a nonde-
terministic one-way two-head finite automaton M that
accepts L(S).

3.4 One-set string assembling systems

The next restricted variant are so-called one-set string
assembling systems, where the control mechanism that the

units are arranged in the three sets of axioms, assembling
units, and ending units is relaxed. So, in particular, a
derivation can end at any point of the derivation where both
strands have the same length.

A string assembling system is said to be one set, if the
sets A, T, and E are equal. Accordingly we shortly write
S=(Z,T). The units are assembled according to the
derivation relation = of common SAS. Now every
derivation that begins with a single unit from 7" and ends
with both strands identical is successful, and the language
L(S) generated by S is as before defined to be the set

L(S) ={we X" | (p,q) =" (w,w) is a successful derivation }

with (p,q) € T.

Example 18 The language L= {d"b" |m+n>2} is
generated by the one-set SAS S = ({a,b},T) with the
following units.

1. (aa,aa) €T
2. (ab,ab) €T
3. (bb,bb) €T n

The next lemma is helpful for showing that certain
languages cannot be generated by one-set SAS.

Lemma 19 Let S = (X, T) be a one-set SAS, wy,w; € X7,
and x € X. If wix and xw, are generated by S then wixw, is
generated by S as well.

Proof LetS = (X, T) be a one-set SAS that generates wx
and xw,. Then there are successful derivations (u,v) ="
(wix,wix) and («',V') =* (xwa,xwz) with assembling
units (u,v), (u',v') € T, where the first letter in «’ and V'
must be x.

This implies that (u,v) =* (wix, wix) =
(wi,wiV') =* (wixwp, wixw,p) is also a  successful
derivation. O

Theorem 20 The family of languages generated by one-set
SAS is strictly included in the family of languages gener-
ated by SAS.

Proof A one-set SAS (X, T) can directly be simulated by
an SAS (X,A,T,E), where A =T and E = T. Therefore,
the family of languages generated by one-set SAS is
included in the family of languages generated by SAS.
The language L = {a"b"a’ |m,n,£>1} is generated
by some SAS. Assume that it is also generated by some
one-set SAS. The words aba and aaba do belong to L. So,
Lemma 19 implies that abaaba belongs to L as well, a
contradiction. O

In order to study the unary case we first utilize the fact
that in one-set SAS there are no explicit ending units. This
allows us to characterize the unary one-set SAS languages.

@ Springer



M. Kutrib, M. Wendlandt

A unary language L is said to be expanded from lan-
guage Ly by z> 1 if

L={d"|n=z-m+1, ford" € Ly }.

We recall a well-known useful fact which is related to
number theory and Frobenius numbers (see, for example,
Shallit (2008) for a survey).

Lemma 21 Let xi,x2,...,Xx be positive integers. Then
every sufficiently large integer can be written as a non-
negative integer linear combination of the x;’s if and only if
the x;’s are relatively prime, that is, if
gcd(x1,x2, ..., xx) = 1. The largest positive integer which
cannot be represented as a non-negative integer linear
combination of the x; is their
g(x1,x2,...,x¢). In particular, for k = 2, the largest integer
that cannot be represented is x1x; — x| — Xp.

Frobenius number

We use the previous lemma to characterize the unary
languages generated by one-set SAS.

Proposition 22  Every unary language generated by a one-
set SAS is either empty, the singleton {a}, or expanded
from a cofinite language.

Proof The one-set SAS ({a},{(a,aa)}) generates the
empty language, and the one-set SAS ({a}, {(a,a)}) gen-
erates the language {a}.

Since in one-set SAS there are no explicit ending units,
any successful derivation can be extended by continuing
with another successful derivation. The result is the
concatenation of both words generated where one overlap-
ping symbol is chopped off. In general, if more than one
word is concatenated, for all but the first word one
overlapping symbol is chopped off. So, any finite language
generated by a unary one-set SAS is either empty or {a}.

Next, assume that the unary one-set SAS language L is
infinite. If it includes two different words whose lengths are
x>1and y > 1 such that x — 1 and y — 1 are relatively
prime then, by Lemma 21, any word &" with length
n>x—1)-1)—(x—-1)—(y—1)+1 is generated
by S. So, L is expanded from a cofinite language by z = 1.

For the last case we assume that for each two different
words a* and @’ with x,y > 1, in L the numbers x — 1 and
y — 1 are not relatively prime. Then we consider all words
in L whose length is at least two and denote the greatest
common divisor of their lengths decreased by one by d,
where it is not excluded that d = 1. Now we consider the
set N = {n|a?"*! € L'}. We choose an arbitrary ny € N
and denote the prime factors of ng by dy,d>, .. .,dx.

Next, we choose some number n; € N that does not
contain the prime factor d;. Such a number must exist
since otherwise all numbers in N would be divisible by d;
which is a contradiction to the definition of N. Similarly,
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we continue to choose some (not necessarily distinct)
numbers n; € N, 2 <i <k, which are not divisible by d;,
respectively. We conclude that the greatest common
divisor of ng,ny,...,n; is 1. So, by Lemma 21 it follows
that there exists a positive integer ¢, that is the Frobenius
number g(ng, ni, . ..,ni), such that all numbers n > ¢ can
be represented as non-negative integer linear combination
of ny,ny, ..., n;. In particular, the set of representable num-
bers is cofinite. Since all words in L have a length of the
form d - n+ 1, L is expanded from a cofinite language by
z=d.

Finally, if the word a belongs to L then § includes
necessarily the unit (a, a). Except for generating the word
a, the unit is useless since it does not extend the current
strands. However, the word a is expanded from A by any
z>1. O

Proposition 22 reveals that, for example, the finite sin-
gleton language {aa} cannot be generated by any one-set
SAS. On the other hand, they are able to generate infinite
languages.

Corollary 23  The family of finite languages and the family
of languages generated by one-set SAS are incomparable.

It turns out that the two possibilities to relax one of the
two control mechanisms studied and to keep the other
yields incomparable generative capacities.

Theorem 24 The families of languages generated by free
SAS and by one-set SAS are incomparable.

Proof By Proposition 22 the singleton language {aa}
cannot be generated by any one-set SAS. On the other
hand, it is generated by the free SAS

{a}, {(aa,aa)}, {(4,4)},{(4, 1)}

Conversely, Lemma 12 shows that the language
Ly = {a}Lj with Ly = {a"'b"[$]a" | m,n>1}

cannot be generated by any free SAS. On the other hand,
the SAS generating L, constructed in the proof of Theo-
rem 13 can easily be translated into a one-set SAS. The
axiom (a, a) can safely be removed since any successful
derivation has to continue with unit (2) or unit (3) starting
with symbol a. Moreover the units (2) and (3) are the only
units with which it can be started, since all the other units
are not valid double strands. The ending unit (a, a) just
terminates the derivation without extending the strands. [J

3.5 Pure string assembling systems
The last restriction considered in this section is a combi-

nation of both restrictions studied above. For so-called pure
string assembling systems neither the control mechanism
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derived from the fact that the assembled strings have to
overlap the last symbol of the current strand nor the
mechanism derived from the fact that the units are arranged
in the three sets of axioms, assembling units, and ending
units are available. Since the control mechanisms are equal
to those of the Post Correspondence Problem (PCP), this
family of languages can be seen as the family of languages
generated by PCP instances.

A one-set SAS S = (X,T) is said to be pure if T C
2* x X* and its units are assembled according to the

. . f
derivation relation = .

Example 25 Let S = ({a,b,a,b},T) be the pure SAS,
where the following units are defined for the homomor-
phism h(a) = @ and h(b) = b and all x € {a, b}.

l. (x,A)eT
2. (h(x),x)eT
3. (4,h(x)eT.

Since the context-free languages are closed under inter-
section with regular sets, and the intersection of the lan-
guages L(S) N {a,b} {h(a),h(b)}" results in the non-
context-free language {wh(w) |w € {a,b}"}, the lan-
guage L(S) is not context free.

In order to generate words from L(S)N
{a,b}Y"{h(a),h(b)}" the derivation has to start with
units (1). After assembling repeatedly units (1), the only
possibility to obtain a matching lower string is to continue
with a unit (2). Since the word generated has to belong to
the regular set {a,b} " {h(a),h(b)}", units (2) have to be
assembled until strands of the form (wh(w), w) are derived.
Again, the only possibility to obtain a matching lower
string is to continue with units (3) until a word of the
desired form is derived. |

In general, we obtain the following property of pure
SAS languages.

Proposition 26 Every language L generated by a pure
SAS is Kleene plus closed, that is, L =LV,

Proof Let S be a pure string assembling system and con-

f
sider successful derivations (uy,v;)="(w;,w;) and

(up,v2)="(wy,ws) in S. Since there is no explicit ending
unit, also the derivation

f . ) .
(ur,vi)="(wi,w1)=Wiuz, wiv2)="(wiwz, wiwy)
is successful. If there is no successful derivation in S at all
then L = L(S) is empty. Since it holds that )T =0, we
conclude in any case L™ C L and, thus, L = L*. [

For unary languages, the difference between one-set
SAS and pure SAS is subtle. Following the argumentation
in Kutrib and Wendlandt (2018) a unary language L is said
to be stretched from language L, by z>1 if
L={a"|n=z-m, fora” € Ly}. So, the difference
between the properties of being expanded and being
stretched is the addition of one to the word lengths for
expanded languages.

Proposition 27  Every unary language generated by a pure
SAS is either empty or a stretched cofinite language.

Proof Almost literally, the proof of Proposition 22 applies
here as well. The only difference is that for one-set SAS
first the concatenated word lengths are each decreased by
one (due to the overlapping) and then the result is extended
by one symbol again (due to the initial unit). For pure SAS
neither decreasing of the word lengths nor extending the
result is necessary. This means that the unary languages
generated by pure SAS are stretched instead of expanded,
and that the singleton language {a} is not generated. [

Corollary 28 The family of finite languages and the family
of languages generated by pure SAS are incomparable.

In particular, the subtle difference between being stret-
ched or being expanded from a cofinite language makes
both language families incomparable.

Theorem 29 The families of languages generated by
(unary) ome-set SAS and (unary) pure SAS are
incomparable.

Proof The unary language L, = {a" | n>2 and n even }
is generated by the pure SAS ({a},{(aa,aa)}). Assume L,
is generated by some one-set SAS S. Since a** and a®
belong to L, for some x,y> 1, the fact that S is one-set
yields that a**2'~! is generated by S as well. But a>*2~!
does not belong to L.

Conversely, the unary language L,={d"]|
n>3and nodd} is generated by the one-set SAS
({a},{(aaa,aaa)}). Assume L, is generated by some pure
SAS §'. Since a**! and a®*! belong to L, for some
x,y>1, the fact that S’ is pure yields that a*>*2*+2 is
generated by S as well. But a*2*2 does not belong to L,.

O

On the other hand, the family of languages generated by
pure SAS is strictly included in the family of languages
generated by free SAS.

Theorem 30 The family of languages generated by pure
SAS is strictly included in the family of languages gener-
ated by free SAS.

Proof The inclusion of the language families follows
immediately from the definitions, since both types of SAS
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Fig. 3 Inclusion structure of language families. A single arrow means
strict inclusion, a double arrow means incomparability, and the
dashed line together with the solid line indicates the open problem
whether there is a strict inclusion or incomparability

are based on the derivation relation é So, a pure SAS
(2, T) can directly be simulated by a free SAS (X,A, T, E),
where A=T =E.

The strictness of the inclusion follows, for example, by
Proposition 15 that says that each unary SAS language is
also generated by some free SAS, and Theorem 29.
Witnesses for the strictness are, for example, the languages
{a} or {a"|n>3 and n odd }. O

The relations between the variants of string assembling
systems studied so far are summarized in Fig. 3. We con-
clude the section by the relations with the language fami-
lies of the Chomsky Hierarchy. While string assembling
systems where the units are arranged in three sets, that is
SAS and free SAS, can generate all finite languages by
using corresponding axioms and a trivial ending unit, the
absence of this control mechanism yields incomparability
with the family of finite languages (see Corollary 23 and
Corollary 28).

Proposition 31 The families of languages generated by
free SAS, one-set SAS, and pure SAS are incomparable
with the families of regular and (deterministic) (linear)
context-free languages.

Proof The wunary regular language L, = {a}U
{a*|n>2}, is not generated by any SASKutrib and
Wendlandt (2012). So, from the results above we conclude
that it is not generated by any of the three remaining
variants of SAS.

On the other hand, non-context-free languages generated
by SAS, free SAS, and pure SAS are given in the
Examples 1, 11, and 25. A slight modification of the
construction of Example 25 shows that one-set SAS can
generate non-context-free languages as well. O

The strict inclusion of the family of languages generated
by SAS in the complexity class NL = NSPACE(logn) is
shown in Kutrib and Wendlandt (2012). Since, in turn, NL
is strictly included in NSPACE(n) (see, for example,
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Papadimitriou 1994), which is equal to the family of con-
text-sensitive languages, we obtain the following corollary.

Corollary 32 The families of languages generated by free
SAS, one-set SAS, and pure SAS are strictly included in NL
and, thus, in the family of context-sensitive languages.

4 String assembling systems with multiple
strands

The most powerful mechanism of string assembling sys-
tems is the ability to have two strands that can grow
independently from each other. This seems to be the reason
for the strong connection to one-way two-head finite
automata. It has been shown that one-way k-head finite
automata are less powerful than one-way (k + 1)-head
finite automata in Yao and Rivest (1978). Thus a proper
head hierarchy can be concluded. Apart from biological
reasons it seems to be natural to examine multi-stranded
string assembling systems and to ask whether a similar
hierarchy can be achieved. The special case of string
assembling systems with one strand has been investigated
in Subsection 3.2.

Before we start with the definition of such systems, we
define what a valid k-stranded sequence is. A k-stranded
sequence (wi,ws,...,wx) is said to be valid if for every
1 <i<j<k it holds that either w; is a prefix of w; or vice
versa.

A k-stranded SAS (SAS-k) is a quadruple (X,A,T,E),
where

2 is the finite, nonempty set of symbols,

2. A C (Z")" is the finite set of axioms where each axiom
is a valid sequence of words (wy,wa, ..., wg),

3. T (Z*)" is the finite set of assembly units, and

4. E C (%) is the finite set of ending assembly units.

The next definition formally says how the units are
assembled.

Let S=(2,A,T,E) be a k-stranded SAS. The deriva-
tion relation = is defined on specific subsets of ()" by
(ulxl, Uurxz, ..., ukxk) = (ulxlvl, U X2V v oy kakvk),

Ui, Vi € Z*,X,' e X, if

Xevk) € TUE and
L WXgvg) is a valid sequence of

i) (X1V17x2V27 x
i) (mxpvi,upxova, ..
words.

As for common SAS a derivation is said to be successful, if
it initially starts with an axiom from A, continues with
assembling units from 7, and ends with assembling an
ending unit from E. The process necessarily stops when an
ending assembly unit is added. The sets A, 7, and E are not
necessarily disjoint.
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The language L(S) generated by S is defined to be the
set

L(S)={weX"| (u,u,..

is a successful derivation },

*

wug) =" (wyw,.w)

where =" refers to the reflexive, transitive closure of the
derivation relation =.

First we derive an upper bound for the generative
capacity. The upper bound is given by the recognition
power of nondeterministic one-way k-head finite automata.
Their variant of two-way k-head finite automata charac-
terizes the complexity class NL = NSPACE (logn) Hart-
manis (1972). So, together with the next theorem, we
obtain that the family of languages generated by SAS-k,
k> 1, is properly included in NL.

Theorem 33 Let k> 1 and S be a k-stranded SAS. Then
there exists a nondeterministic one-way k-head finite
automaton M that accepts L(S).

Proof The main idea of the construction of M is that each
of the k heads is used to check one strand. Initially, M
guesses one of the axioms. The guess is verified by reading
the k strands of the unit with the k input heads. In this way,
it is checked whether the input given fits to the unit
guessed. The last symbols are the new overlappings and the
heads stay on them for the new guess. Next, M guesses
depending on the currently scanned input symbols (the
current overlappings), which assembly unit comes next.
Then the guess is verified. After each verification, M
determines whether the assembling process is completed
and guesses another unit to be assembled otherwise. If an
ending unit is guessed then after its verification M moves
all heads synchronously one step to the right. If all heads
see the right endmarker, M accepts. O

In Kutrib and Wendlandt (2012) it has been shown that
double-stranded SAS can be simulated by one-way two-
head finite automata. Thus, Theorem 33 allows an imme-
diate generalization of results to k-stranded SAS.

It is known from Kutrib et al. (2016) that nondeter-
ministic one-way k-head finite automata cannot accept the
linear context-free language {wew® |w € {a,b}" }.
Moreover, as mentioned above, the non-context-free lan-
guage {[8],w[$],w[$]; | w € {a,b}"} is generated by
some common SAS. Since NL is strictly included in
NSPACE(n) (see, for example, Papadimitriou 1994),
which in turn is equal to the family of context-sensitive
languages, we have the following relations.

Corollary 34 For k> 1, the family of languages generated
by SAS-k is strictly included in NL and, thus, in the family
of context-sensitive languages.

For k > 2, the family of languages generated by SAS-k is
incomparable with the family of (deterministic) (linear)
context-free languages.

Next, we turn to an infinite, dense, and strict strand
hierarchy. The question whether there is a proper head
hierarchy for one-way multi-head finite automata has been
raised in Rosenberg (1966). It has been answered in the
affirmative in Yao and Rivest (1978). The basic witness
languages are

L;Z{Wl*Wz*"'*W2n|Wi€{a,b}*,

Wi =Wy, 1 <i<2n}
which can be accepted by a (nondeterministic) one-way k-

head finite automaton if and only if n < (k ) . Here we use

2
a slight modification of these languages.

Let h:{a;,b; | 1<i<2n}" — {a,b}" be a homomor-
phism with A(a;) = a and h(b;) = b, for 1 <i<2n. Then
we define

Ly ={ [8]ow:1[8],w2[8]; - - - [3]p— 1 wan[3],, |
w; € {Cli,b[}*,h<wi) = h<W2n+1,[), 1<i< 21’[}

Clearly the head hierarchy for one-way multi-head finite
automata is witnessed by the languages L, as well, since
the transduction from L, to L, can be done by a sequential
transducer, that can be simulated by a multi-head finite
automaton in parallel. So, a strand hierarchy for SAS
would follow if there is a k-stranded SAS generating the

language L,, n = (;) The construction is shown in the

proof below. Afterwards the construction is applied to an
example to illustrate the details.

Theorem 35 Let k> 1 be an integer. The family of lan-
guages generated by SAS-k is strictly included in the family
of languages generated by SAS-(k + 1).

Proof 1t can be concluded from Theorem 7 that the family
of languages generated by 1-stranded SAS is a proper
subfamily of the family of languages generated by 2-
stranded SAS. As mentioned before, for k> 2 it is suffi-
cient to show that language L, with n = <§
by some SAS-k. To this end, we now construct the k-
stranded string assembling system S = (X, A, T, E), where
A= (8] Slpr. . 810)}  and  E= {([$]y 8]0
[$],,)}- The set T of assembly units is defined below.
Example 36 illustrates the construction.

The examples above show how words between delim-
iters can be copied to another position of another strand.
This is the underlying technique of the construction.
However, whenever this technique is used to copy a

) is generated
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subword of L, from one strand to another or to compare
two subwords on different strands, clearly, due to the
positions of matching subwords these two strands cannot
be used for any further pair of matching subwords. The
idea of the construction is as follows. Each pair of different
strands is used to copy one subword to its matching

position. In this way, (k ) , that is, the required n matching

2
subwords can be generated. The initial phase of the
generation is slightly different.

Initially, the first strand is constructed up to subword
2n — (k — 1). In this process the content of the subwords is
nondeterministically guessed. For the rest of the proof let
x,y € {a,b}. For 1 <i<2n— (k— 1) we define the units

Lo (84, [8los - - - [8o)s
2. (xyi, [8o, - -5 [8o),
3. (xl8];, [Blo, - - - [8]p)-

In particular, these units ensure that the format of the word
generated is correct up to subword 2n — (k — 1).

Next, the remaining k — 1 subwords are copied from
their matching positions. More precisely, subword i — 1 of
strand i is copied to position 2n 4 2 — i of strand 1. Here
we define the corresponding units. However, in order to
apply these units, first the leftmost subwords of strand i
have to be completed by taking them from strand 1 by units
10, 11, and 12 below. In order to know which subwords of
strand i have not to be taken from strand 1 by these units,
for any strand i, a set ®; is maintained that contains all
indices of subwords that are copied from or to the strand i.
For 2<i<k and z €2, je{l,2,.. k}\{l,i}, we
define the units

4. (z1,22,--2z)  with 2y =[$],,,,_X2m2—;  and
zi = [8];_pxi-1,

5. (21,225 2) with 21 = xXou42-iYanto—i and
Zi = Xi—1Yi-1»

6. (z1,22,--2) Wwith 2y = x9,42-[8]5,,,;, and
i = xi*1[$}i—l’

and add i — 1 to w; and 2n +2 — i to w;.

Now the first strand is complete, its format is correct,
and the first k — 1 subwords match their mates at the end of
the strand. This completes the initial phase.

In the second phase, the remaining pairs of subwords
have to be compared. The overall generation may only end
successfully if the matching is verified. The comparisons
are done by trying to copy one subword to the position of
its matching subword. Clearly, the copying can only be
successful if the subwords (which are already fixed in the
first strand) are equal. To this end, pairs of strands are used.
The first strand has already been used together with each
other strand to ensure that kK — 1 subwords match their
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mates. Next, strand 2 is used together with strands 3 to k to
compare the subwords k up to k — 1+ k — 2 with their
matching mates. Subsequently, strand 3 is used together
with strands 4 to k to compare the subwords k — 1 + k —
2+1 up to k—1+k—2+k—3 with their matching
mates, and so on. Formally, for 2 <i<j <k, strand i is used
together with strand j to compare the subword at position
a=2n+(G{+1)—j—(k—1+k=24+ ---+k—(i—1))
with the subword at position
p=j—i+k—-14+k—24+---+k—(i—1)). For
2<i<j<kandz € X, ¢ € {1,2,...,k} \ {i,j}, we define
the units

7. (21,22, z) with z; = [8],_;x, and z; = [§]5_ x5,
8. (Z[,Zz, .. -,Zk) with z; = x,y, and = XpYyp,
9. (z1,22,...,z) with z; = x,[3], and z; = x[;[$]ﬁ,

and add « to w; and f to w;.

As mentioned before, in order to apply these units, first
the leftmost subwords of strands i and j have to be
generated. To this end, the subwords are completed with
arbitrary symbols unless they are used for comparisons in
which case the subword number appears in the associated
set . Actually, completing with arbitrary symbols means
to copy the subword from the first strand since there is no
other possibility to generate a word successfully.

Since the first strand is already complete, no further
units have to be provided for its subwords. So, for all
2<j<k,ie({1,2,....2n}\w;), and zp € 2, L #j we
define the units

10. (z1,22,...,2) with zj = [$],_ | x;,
11 (Zl7Z27"'7Zk) Wlth ijxi)’i,
12. (z1,22,. .., 2) with zj = x;[$],.

This completes the construction of the k-stranded SAS. [

We present an example for language L; which is gen-
erated by a 3-stranded string assembling system.

Example 36 The language

Ly = { [8]ow1[8];w2[8],w3[8]3wa[8],ws [8]swe[3]6 |
w; € {a;, bi}", h(w;) = h(waz1-),1<i<6}

is generated by the 3-stranded string assembling system
S=(2,A,T,E) with the set of axioms A=
{([8]y: 8]y, [$],)} and the set of ending units
E = {([3]4. [3]4. [3]¢)}- Let x,y € {a,b}. The first assem-
bling units generate the first strand up to [$],:

Lo ([8]gx1, [8]p: [8])
2. (x1yr, (8o, [8]o)
3. (xa[8]y, (8o, [8o)
4. ([8]x2, (8], [8]o)
5. (x2y2, (8o, [8o
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X o

10.
11.

12. (x []4,[$]0,[ ]o)~

The units (1)—(12) are used to derive a multi-strand of the
form

([3low1[8],wa[8],w3[8]53wa[814, 8o, 8)o)-

The following units are used to generate the subwords ws
and wyg of the first strand in parallel to the subwords w, and
w; (after completing the first subword of the third strand
with the units below).

13, ([8]4xs, [8]o, [8],x2)
14, (xsys, [8]y, x2y2)
15, (xs5(8]s5, [8]y, x2[$],)
16. ([ }5x67 [$]0x17[ ]2)
17, (x6y6; X131, [$],)

18 (x6[S]g, x1[3];, [8],)

Units (13)—(15) are used to complete and copy w, on the
third strand to ws on the first strand. Similarly, units (16)—
(18) are used to complete and copy w; on the second strand
to we on the first strand. After completing the first subword
of the third strand with the units below and applying units
(13)—(18) a multi-strand of the form

([8ow1 (8] w2 [8], w3 [8]3wa [8]aws [8]sws 8], [$low: [8],, [S]ow 8], w2[8],)

is obtained. After this phase, the sets w;, 1 <i<3, are
o) ={5,6}, v, = {1} and w3 = {2}.

With the next units subword w,4 on the second strand is
completed and copied on the third strand to ws.

19, ([8]¢, [8]5x4, [8],%3)

20.  ([8]g, Xay4,x3y3)

21 ([8]6; xa[8]4,x3[3]3)-
Afterwards the sets @ are w; = {5,6}, w, = {1,4} and
w3 = {2, 3}

The units that complete the strands remain to be defined.

As described in the construction above no subword of the
first strand has to be completed. We define

22. (Zv [$]i71xiv Z/)

23. (z,xiyi,7)

24. (z,x[$],,2)

for i € {2,3,5,6} and z,7 € X, since w, =
thermore, define

25. (z,7,[8];_x)

26 (Z7 Z’a xi)’i)
27. (Z7 Z/axi [$]z)

{1,4}. Fur-

for i € {1,4,5,6} and z,7 € X, since w3 = {2,3}. This
completes the description of the units of S. ]

The last theorem established an infinite, dense, and tight
strand hierarchy of SAS. The hierarchy is based partially
on the simulations by one-way k-head finite automata.
Further relations with language families have been given in
Corollary 34. Still open are the relations of the families of
languages generated by SAS-k with the families of lan-
guages accepted by one-way k-head finite automata (is the
inclusion proper?) and with the regular languages. The next
results show that there is in fact a very simple, that is,
unary regular language that cannot be generated by any
SAS-k. For the proof we utilize the observation made in the
proof of Lemma 14 that the ordering of applied units in the
generation of unary words does not matter. Any permuta-
tions of the units in 7T yield the same word. This observa-
tion is now formalized in the next lemma.

Lemma 37 Letk> 1 be an integer and S = (X, A, T,E) be
a SAS-k. If some unary word x", for x € X, is generated by
the system S by using an axiom u, € A and applying suc-
cessively units uy,uy,...,u, and an ending unit u, € E,
then the same word x" is generated by S by using u, and
applying successively units u; ,u;,, ..., u;, and ending unit
u,, where iy, iy, ... i, is an arbitrary permutation of
1,2,....m

Theorem 38 For any k> 1, the regular language Ly, =
{ayU{a® | n>2} is not generated by any SAS-k.

Proof In contrast to the assertion assume that language Ly,
is generated by some SAS-k S=(2,A,T,E). Let
T = {Ml,uz, .« ey len}.

Lemma 37 reveals that any successful generation of §
can be represented by its axiom u,, its ending unit u, and
the multiplicities of applications of units from 7, that is, by
the n numbers iy, i, . . ., iy, Where i; > 0 gives the number of
applications of unit u;, 1 <j<n.

Since L is infinite, there is at least one pair of axiom u,
and ending unit #, such that there are infinitely many
different words generated by S by using u, and u.. Let
Ly, ., C L(S) be the language of these words.

Since L,,,, is infinite, there exist two different multi-
plicities of applications of units iy, 2, ..., i, and ji,j2, . . ., jn
that represent successful generations of two different words
vww €L, ,, where 4 <|v|<|w|, iy <j, for all 1<£<n.
We conclude that the multiplicities j; — iy, j> — i, .. ., jn —
in represent a successful generation as well. So applying
the units from 7 as often as given by j, —ij,j» —
i2,...,jn — ip extends any of the k strands by the same
number of symbols. Since vl and Iwl have to be even, |w| —
[v| is even. For the extension by an even number of
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symbols, an odd number of symbols is needed since one
symbol is lost by gluing the strands together.

Since a € L, there is an axiom as well as an ending unit
of the form (a, a, .. .,a) in S. Now we consider the word w'
whose generation is described by this axiom and ending
unit and the multiplicities j; — iy,j» — i2,...,jn — in. The
generation is successful and |w/| > 2 is odd, since the
sequence appended is of odd length as pointed out above, a
contradiction. O

It has been shown that k-stranded SAS are able to
generate non-context-free languages. On the other hand,
the unary regular language L, cannot be generated by any
k-stranded SAS.

Thus, it can be concluded that the family of languages
generated by k-stranded SAS is incomparable with the
context-free languages as well as the regular languages.

Corollary 39 Let k> 1 be an integer. (i) The family of
languages generated by SAS-k is incomparable with the
families of languages accepted by one-way k'-head finite
automata if k' <k. (ii) The family of languages generated
by SAS-k is strictly included in the families of languages
accepted by one-way k'-head finite automata if k' > k. (iii)
The family of languages generated by SAS-k is incompa-
rable with the (unary) regular languages if k > 2.

The results of this section concerning the generative
power are summarized in Figure 4.

é

Fig. 4 Hierarchy of languages families dependent on the number of
strands. A single arrow means strict inclusion, a double arrow means
incomparability, and the dotted arrow is for an infinite hierarchy
depending on the number of strands
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5 Closure properties

In this section we examine the closure properties of the
families of languages generated by different restricted
variants of string assembling systems and the extension to
k-stranded string assembling systems. It turns out that the
language families generated by the restricted variants are
not closed under the operations studied except for reversal.
In many cases the witness languages are similar for each
type of string assembling system. There are some adaptions
that need to be done, especially for the restricted types. The
reason is that either the restricted systems are not able to
generate the basic language and thus some auxiliary sym-
bols need to be added. Or the systems generate the lan-
guages in different and more complicated ways. The
extended models sometimes require extensions of these
basic languages.
In particular, we consider the witness languages

Loy ={a"b" |n>1}U{d" |n>1},
Ly ={a}U{a™ |n>2},
Leom ={a"b" [n>1},
Ling ={ [$]gw1[8],w2[S8],w2[8]3w1 8], | w1, w2 € {a,b} "},
Lica ={a"™"b"a™ | myn>1},
Lyquare ={ a” |n>2}, and

Lexp ={ad*d*---d* |i>1}.

The following subsections basically present the main ideas
for showing the closure properties of the restricted string
assembling systems. The last subsection examines the
closure properties of the extended variant. The results are
summarized in Table 1 on page 16.

Table 1 Summary of closure properties of families of languages
generated by string assembling systems. The abbreviation Ip. & stands
for length-preserving homomorphisms. The properties of k-length-
restricted SAS are for all k > 2 except for the operation inverse A-free
homomorphism for which k> 3 is assumed

U N Ngeg ® Ip.h hy' REV

free SAS - - - - - — _
one-set SAS e — - — _
k-length restricted SAS — — — — - - _
1-stranded SAS - - - - - — _
k-stranded SAS - - —_
SAS - - - = - _

+ 4+ + + ++
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5.1 Free string assembling systems

In Theorem 38 it has been shown that the family of lan-
guages generated by SAS is not closed under union. The
witness language is Ly, = {a} U{a®" |n>2}. The fol-
lowing example shows that the two languages joined are
generated by free SAS, although the construction is dif-
ferent to common SAS.

Example 40 The language L = {a®" | n>2} is generated

by a free string assembling system with the units

1. (aaa,aaa) € A
2. (aa,aa) €T
3. (a,a) €E.

Clearly, the language L' = {a} is generated by the free
string assembling system with the units

l. (a,a)€A
2. (LA)eT
3. (4,4) €E. [ |

In the unary case the family of languages generated by
free SAS and SAS are similar. Thus, the following theorem
can be concluded.

Theorem 41 The family of languages generated by free
SAS is not closed under union.

Proof Example 40 shows that the languages L = {a*" |
n>2} and L' = {a} are generated by free SAS. In Theo-
rem 14 it has been shown that the family of languages
generated by SAS and the family of languages generated
by free SAS coincide in the unary case. The union L U L' is
equal to Ly,. Since Ly, can not be generated by any SAS, it
can be concluded that the union L U L’ cannot be generated
by any free SAS. [

The construction of the next example is a generalization
of the construction given in Example 11. To this end, let
h:{a,b;|1<i<4} — {a,b}" be the homomorphism
with A(a;) = a and h(b;) = b, for 1 <i<4.

Example 42 The non-context-free language

L= {[$]ow1[8],w2[8],w3[8]3w4[8], |
wi € {ai,bi} T, 1<i<4,|w;| >2,h(w)) = h(wy) }

is generated by a free string assembling S system with the
following assembling units. The main problem is that S is
free and thus symbols with different index could be mixed
up in one of the words w;. To avoid this, we have to use
units that overlap on the two strands during the assembling
process. Let x;,v;,z € {a;, b;}, for 1 <i<4.

L. ([§]px1,4) €A
2. (xlyl,)») eT

3. ([$]yx2,4) €T
4. (xl[ ]IXQ, ) eT
5. (xay2,4) €

6. ([$],x3,4) € T
7. (X2[ ]ZJC3, ) eT
8. (x3y3,4) €

9. ([8]5[3l) € T
10. (x3(3)5,(8]p) €T

The idea of the construction is that first the upper strand up
to the first symbol of the subword wy is generated. The
axiom (1) and the units (2) to (4) generate the first sub-
word up to the first symbol of the subword w; leaving the
lower strand empty. Next, the units (5) to (7) generate the
second subword up to the first symbol of the subword ws
leaving the lower strand empty. Similarly, the units (8)
to (10) generate the third subword up to the [$]; where in
the last step the lower strand is assembled with the leading
S]o-

So far it is clearly still possible that incorrectly
formatted strands are derived. However, after each symbol
[$]., 0<i<2, there appears a symbol with correct index
and the upper strand starts correctly with [$],.

Next the units are used that complete the first subword
of the lower strand and copy it to the fourth subword of the
upper strand. In order to avoid the mixing of indices we
proceed as follows. Since after applying the axiom there is
one symbol of w; available and extensions without [$], are
only possible by units having two symbols on the upper
strand (units (2), (5), or (8)), these extensions appear at
even positions in the word wy. On the other hand, the only
units that generate the leading [$], on the lower strand are
units (9) and (10). So, these extensions appear at odd
positions in the word w;. By this different arity and the
form of the units it is ensured that only upper strands are
completed where all symbols in the first subword have the
correct index 1. Moreover, the first subword is correctly
copied to the last subword. The corresponding units are as
follows.

11, (x4y4,x1y1) € T with h(xsys) = h(x1y1)
12 (x4[8],,x1[8],) € T with h(xs) = h(x1)
13. (x4y4[$]4,x1y1[$]1) € T with h(x4y4) = h(xlyl)

Finally, it is ensured that also w, and wj are only com-
pleted if all of their symbols have the correct index (units
(14) to (17)). We know already that wy is a correct copy of
wy. By the units (18) and (19) it is furthermore ensured that
after the symbol [$], only symbols with index 4 can appear.
The ending units are the only ones that assemble [$], on the
lower strand. So, altogether we conclude that S generates
the language as claimed.

14. (l,nyz) ceT
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15. (/1 Xzyz[ ] ) eT
16. (4,xn(8),) €T
17. (/1 X3y3) eT
18. (/1 )C3y3[ ]3)(4) eT
19. (4,x3y323[8]5x4) € T
20. (/1 x4y4) eT
21, (4x3),) € E

(

22. (4 X4y4[ ] ) cE

The idea of the construction of the previous example can
similarly be applied to define a free SAS generating the
language

L' = { [8low1[8],w2[8],w3[$]3wa[8]5 |
wi € {ai,bi} T, 1<i<4,|wi| >2,h(w)

= h(ws) }

The example above is the main prerequisite to show that

the family of languages generated by free string assembling
systems is not closed under intersection.

Theorem 43 The family of languages generated by free
SAS is not closed under intersection.

Proof Up to the condition that the subwords have to have
a length of at least two, the intersection LN L’ is the lan-
guage L, with n = 2 that has been used to show a tight
strand hierarchy in Section 4. Since the condition on the
lengths does not affect the proof of the hierarchy, we derive
that L, cannot be generated by any k-stranded SAS unless

k .
n< <2 ) So, in order to generate L, at least 3 strands are

necessary. We conclude that L N L' is not generated by any
free SAS. O

Before we continue with the remaining Boolean opera-
tion we consider the concatenation.

Example 44 The language Lgu.d = {a*b* |n>1} is
generated by the free SAS S = ({a,b},A, T, E), with the
assembling units

1. (aaaa,aaa) € A
2. (aaaa,aa) € T
3. (bbbb,aa) € T
4. (bbbb, ab)

5. (4,bb)

6. (40b)€

The axiom (1) establishes an upper strand with an even
number of symbols and a lower strand with an odd number
of symbols. Then unit (2) can be used to extend the strands
with a’s, where four @’s are appended to the upper and two
a’s to the lower strand. So, the arity of the strands is not
changed. Moreover, after having assembled a* as upper

strand, the lower strand is «®*t!. Afterwards the only
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applicable unit to complete the lower strand up to one a is
unit (3), which must be followed by assembling unit (4)
once. This yields (a*b*,a*'b). Finally, the double strand
can be completed by applying units (5) and (6). ]

Theorem 45 The family of languages generated by free
SAS is not closed under concatenation.

Proof 1In Kutrib and Wendlandt (2012) it has been shown
that the language { a"b"a™ | m,n > 1} cannot be generated
by any SAS. A straightforward modification of the proof
shows that, for all £> 1, the language Ly = { a’"b""a™ |
m,n>1} cannot be generated by any free SAS either.

Example 44 shows that Lqu,q is generated by a free SAS.
Clearly, the simple free SAS with the units

A={(LA)}
2. T={(a,a)}
3. E={(a,a)}

generates L = {a™ | m>1}. However the concatenation
LquagL coincides with Ly o which shows the theorem. [

Theorem 46 The family of languages generated by free
SAS is not closed under complementation.

Proof Example 44 shows that Lq,q is generated by a free
SAS. In Kutrib and Wendlandt (2012) it has been shown
that the complement of the language { a"b" | n> 1} cannot
be generated by any SAS. The proof can easily be adapted
to show that the complement of Lg,,q cannot be generated

by any free SAS either. O
Example 47 We construct a free SAS S=
({a,b,[3],(8],,[8],},A, T, E) that generates the language
L= {[8](S]a"[8]--- [S}a” " [8],67 (8], | i=1}.

In particular the units of S are defined as

L. ([Saal3], [$]a) €

2. (aaaa,aa) € T

3. (aaaal$], [$])€T

4. (aaaal$],, [ Ja) €

5. (bb,aa) €

6. (bb[$],, [ ] byeT

7. (,bb)

8. (i,b[$] ) €E.

After starting with the single axiom (1), the only applicable
units are (3) and (4). While unit (4) necessarily terminates
the generation of the prefix up to [$],, unit (3) together with
unit (2) are used to increase the i. So, after i applications of
unit (3) (with the only possible applications of unit (2) in
between) we have the double strand

(8]a’($]a*[$] - [$)a”""[3], [$]a”[$]a*[$] - - [$]a” [$]a)
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. The remaining derivation is obvious by the construction
of the remaining units. O

Theorem 48 The family of languages generated by free
SAS is not closed under length-preserving
homomorphisms.

Proof Consider the witness language

L= {[8a’[$)a*[$] - [8]a* (8,67 (8], [ i= 1}
of Example 47. Let the homomorphism #4:
{a,b,[8],[8],,[8],}" — {a} be defined by
h(a) = h(b) = h([3]) = h([$],) = h([3],) = a. It leads to
the non-semilinear unary language

h(L) = {a3'2i+2+i+2 |i>0}.

By Lemma 17, the family of languages generated by
free string assembling systems is a proper subset of the
family of languages generated by nondeterministic one-
way multi-head finite automata. Since one-way multi-head
finite automata are not able to accept non-semilinear unary
languages, it can be concluded that the family of languages
generated by free SAS is not closed under length-preserv-

ing homomorphisms. O
Example 49 We construct a free SAS S=
({a,b,c},A,T,E) that generates the language L =

{ (ac)®™ ' p2t! | n>0}U{(ac)" | n>1} with the units

1. (ac,a) €

2. (ac,) €

3. (acac, ca) E T
4. (ac,ac) €

5. (bb, ca)

6. (b,ch) €

7. (Abb) €

8. (A,bb) €

9. (b,ch) e
10. (4,ac) €

Again, the main point of the construction is that the lower
strand starts with an odd length while the upper strand
starts with an even length (unit (1)), if a word of the
form (ac)*'b?*+! is generated. Unit (3) extends the
number of ac’s in the upper strand by two and extends the
lower strand by two symbols. Thus, the number of ac’s in

the upper strand is always odd and we derive strands of the

form ((ac)* ™', (ac)'a). Then unit (5) has to be applied that
generates for any remaining ca in the upper strand a bb in
the upper strand. That is, we obtain strands of the form

((ac)* ' (bb)', (ac)*a). In order to obtain a valid deriva-
tion now unit (6) has to be applied yielding a strand
((ac)**'p¥+! (ac)*'b). The remaining derivation is
obvious be the construction of the remaining units. Simi-

larly, when words of the form (ac) are generated. ]

Theorem 50 The family of languages generated by free
SAS is not closed under inverse A-free homomorphisms.

Proof We consider the witness language
L={(ac)”™"'p* " |n>0}U{(ac)" |n>1}

of Example 49 together with the A-free homomorphism
h:{a,b}" — {a,b,c}*, where h(a) =ac and h(b) =b.
Then, language h~'(L) is

{a2n+1b2n+l \nZO}U{a”|n21}

which is not generated by any free SAS by applying
Lemma 16. U

As for common string assembling systems the only
positive closure is under reversal by mirroring all units and
interchanging the axioms and the ending units.

Theorem 51 The family of languages generated by free
SAS is closed under reversal.

5.2 One-set string assembling systems

Here we turn to examine the closure properties of the
family of languages generated by one-set string assembling
systems. Recall, that the basic restriction of this type is that
the sets of axioms, assembling units, and ending units
coincide.

The following regular languages L = {a}, L' = {a" |
n>1} and the context-free languages L" = {a*b*" |
n>1} and L” = {a"p" | n>1} are generated by one-set
string assembling systems in the same way as by common
SAS, where the corresponding constructions use axioms
and ending units consisting of single symbols. Thus in a
derivation they can be neglected. These languages are
applied as witness languages to show that the family of
languages generated by common SAS is not closed under
union, complementation, and concatenation (Kutrib and
Wendlandt 2012). From these proofs the following result
can straightforwardly be concluded.

Corollary 52 The family of languages generated by one-set
SAS is not closed under union, complementation, and
concatenation.

Concerning the intersection, we may come back to the
language of Example 42. So, again, let h:{a;,b; |
1<i<4}" — {a,b}" be the homomorphism h(a;) =
and h(b;) = b, for 1 <i<4.

Example 53 The following language L is the language
from Example 42 with the modification that the lengths of
the words w; also may be one. So, language
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L = { [8]owi[3],wa[8],ws[S]3wa[8], |
wi € {a;,bi} ", 1 <i<4 with h(w;) = h(ws) }

is generated by the one-set SAS S with the following units.
Let x;,y; € {a;,b;}, for 1 <i<4.

Lo ([8]px1, [8]p) € T

2. (xiyi,[$]p) €T

3. (xa[8]yy2, [8]p) €T

4. (xo,[8]y) €T

5. (x2[8],y3,[8]p) €T

6. (x3y3,[8],)eT

7. (x3[8)3y4, [$gx1) €T with A(ys) = h(x))
8. (xays,xiy1) €T with h(xsys) = h(x1y1)
9. (x4[$],,x1[8],32) €T with h(xg) = h(x;)
10. ([$}4,X2y2) eT
1. ([$];,x2[$],x3) €T
12. ([8]y,x3y3) €T
13, ([8],,x3(8)3:) €T
14. ([8],,x4y4) €T
15. ([%]4,x4[8],) € T.

The construction of S ensures that unit (1) is the only unit
with which the derivation can start. Moreover, unit (15) is
the only unit that can be applied in the last derivation step,
since it is the only unit with a [§], in the lower strand.
Nothing can be appended in the lower strand afterwards,
since there is no unit with a [$], as the first symbol in the
lower strand. The copying by unit (8) ensures the relation
between w; and wy. The correct format is achieved by the
units (2)—(7) and (9). The completion of the lower strand is
done by the units (10)—(14). |

Example 54 From Example 53 we can immediately derive
a construction of a one-set SAS that generates the language

L'={ [8gw1[8], w2 [8]3w3[8]3wa (8], |
wi € {a;,b;} ", 1 <i <4 with h(wy) = h(ws) }.
[

The intersection of similar languages as in Example 53
and Example 54 have been used to disprove the closure of
the family of languages generated by free SAS. In the same
way, we obtain the next theorem.

Theorem 55 The family of languages generated by one-set
SAS is not closed under intersection.

Example 56 The language
L= {[$]a$]p’[$]a’[$]b7[$] - - - [$]x* 1 # | i>1}

with x = a if i is even, and x = b if i is odd, is generated by
the one-set SAS S = ({a, b, [§], #}, T) with the assembling
units
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L. ([$]a8]b,[8]a) e T
2. (bb,aa) €T

3. (aa,bb) €T

4. (bbb[$]a,al$]b) € T
5. (aaa[$)b,b[8]la) € T
6. (bbb, al$]b) € T
7. (aaa#,b[$]a) e T
8. (#,bb)eT

9. (#,aa) €T
10. (#,b#)eT

11. (#,a#) €T.

The derivation has to start with unit (1), since it is the only
unit where the upper and the lower strand fit together.
Afterwards, unit (1) cannot be applied anymore, since it
starts with [$] in the upper as well as in the lower strand.
Moreover, either unit (10) or (11) is used to the finish the
derivation, since they are the only units with a # in the
lower strand. Nothing can be appended afterwards, since
there are no units beginning with a # in the lower strand.
The alternation of a and b and the extension is controlled
by the units (4) and (5), and the copying by the units (2)
and (3). When the units (6) or (7) are applied, the upper
strand cannot be extended anymore and the lower strand is
completed by the units (9), (10) and (11). As mentioned
before, units (10) and (11) are used to finish the derivation.
]

Theorem 57 The family of languages generated by one-set
SAS is not closed under length-preserving
homomorphisms.

Proof Consider the witness language
L = {[8]a[8]6°[8]a’[8]6"[8] - - [S]* ' | i> 1}

of Example 56. Let the homomorphism #4:
{a,b,[$],#}" — {a} be defined by
h(a) = h(b) = h([$]) = h(#) = a. It leads to the non-
semilinear unary language

h(L) = Lyguare = {a@" " [ n>2}.

Since it has been shown in Kutrib and Wendlandt (2012)
that string assembling systems are not able to generate non-
semilinear unary languages in general, we conclude that
the family of languages generated by one-set SAS is not
closed under length-preserving homomorphisms. [

Example 58 We construct a one-set SAS S = ({a,b,c},T)
that generates the language L= {(ac)"'b"|n>1}U
{(ac)" | n>1} with the units

1. (a,ac)eT
2. (aca,cac) €T
3. (ac,c)
4. (

eT
ac,a) €T
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5. (cac,a) €
6. (cb,ac) €
7. (bb,cac) 6 T
8. (b,ch) €
9. ((b,bb) €

The units (1)-(3) are used to generate words of the form
(ac)™. For this purpose, unit (1) is the only one which can
be used in the first derivation step. Afterwards unit (2) is
applied to extend the strands arbitrarily. When unit (3) is
applied, the derivation stops, since there are no units
starting in the lower as well as in the upper strand with a
c. It is not possible to apply units of (4)—(9) to a derivation
by units of (1)-(3), since the last symbols of the current
strands do not match with the units.

Units (4)—(9) are used to generate the words from
{(ac)"b" | n>1}. The idea of the derivation is the same as
in the last sections. Here, unit (4) is the only unit that can
be used as an axiom. Then the derivation is done as usual.
The last symbols of the current strands do not allow that
something is derived after the b block. |

Theorem 59 The family of languages generated by one-set
SAS is not closed under inverse A-free homomorphisms.

Proof We consider the witness language L = { (ac)"b" |
n>1}U{(ac)" | n>1} of Example 58 together with the

/-free. homomorphism 4 : {a,b}" — {a,b,c}", where
h(a) = ac and h(b) = b. Then, language h~'(L) is
Lop={d"0"|n>1}U{d" |n>1}

which is not generated by any SAS. O

The closure under reversal can be shown similar to the
previous proofs by mirroring all units. The interchange of
the axioms and the ending units is omitted, since they do
not exist in one-set SAS.

Theorem 60 The family of languages generated by one-set
SAS is closed under reversal.

5.3 Length-restricted string assembling systems

Since SAS whose units contain single symbols can only
generate finite languages with words of length one, it is
reasonable to consider a constant greater than one for
limiting the lengths of the strands in the units when con-
sidering length-restricted SAS.

Since the constructions of the counterexamples for the
non-closure of the families of languages generated by k-
SAS under union, intersection, complementation, and
concatenation in Kutrib and Wendlandt (2012) use only
units with strands that have at most length two, the next
theorem follows.

Theorem 61 Given an integer k >?2, the family of lan-
guages generated by k-SAS is not closed under union,
intersection, complementation, and concatenation.

We turn to consider the closure under homomorphisms.
Example 62 The language
L = { [$]abc[$)a*bc[$)a’be[$) - - - [$]a® T he# | i> 1}

is generated by the 2-SAS S = ({a,b,c, [3],#},A,T,E)

with the units:

1. ([8]a,[3]) €A
2. (ab,[8]) €T
3. (be,[8))eT
4. (c[9],8) eT
5. ([$]a,8la)eT
6. (aa,aa) €T
7. (aa,ab) €T
8. (aa,bc) €T
9. (a,c[$)eT
10. (c#,[8]) eT
11. (#,aa) €T
12. (#,ab) €T
13. (#,bc)eT

14. (#,c#) € E.

The only axiom is unit (1). Afterwards the units (2) to (5)
have to be applied one after the other, since there is no
other option. Then units (6)—(8) first copy the number of
a’s of the previous block and then generate a new a for the
b and a new a for the c¢ in the upper strand. Afterwards by
the units (2) and (3) the suffix bc is added and by the units
(4) and (5) a cycle that extends the word is completed. In
each cycle the number of a’s in the newly added factor
increases by two in the upper strand. At some point of the
derivation unit (10) is applied instead of unit (4), which
initializes the completion of the lower strand by the units
(1D)—(14). |

Theorem 63 Given an integer k>2, the family of lan-
guages generated by k-SAS is not closed under length-
preserving homomorphisms.

Proof Proceeding in a similar way as before, we apply the
length-preserving homomorphism £ : {a,b,c,[$],#}" —
{a}" with h(a) = h(b) = h(c) = h([$]) = h(#) = a to the
language L of Example 62. This leads to the non-semilin-
ear unary language h(L) = {a” 3! | n>2}. Since it has
been shown that string assembling systems are not able to
generate non-semilinear unary languages, the theorem
follows. 0

Concerning the closure under inverse homomorphisms
we can apply the argumentation for one-set SAS in The-
orem 59, since every language generated by a one-set SAS
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is generated by an SAS and the witness SAS constructed in
Example 58 is three-length-restricted. However, this gives
the non-closure under inverse homomorphisms only for
k > 3. The problem is open for k = 2.

Theorem 64 Given an integer k>3, the family of lan-
guages generated by k-SAS is not closed under inverse A-
free homomorphisms.

The closure under reversal can be shown in a similar
way to the previous proofs by mirroring all units and
interchanging the axioms and the ending units.

Theorem 65 Given an integer k>?2, the family of lan-
guages generated by k-SAS is closed under reversal.

5.4 Single-stranded string assembling systems

String assembling systems with a single strand generate a
subregular family of languages. Many of the previous
theorems about closure properties are based on relations
with non-regular languages. Thus, in these cases we have
to consider new approaches here.

The regular languages L = {a}, L' = {a®" |n>1}, and
L" ={a" | n>1} are generated by single-stranded string
assembling systems. These languages are applied as wit-
ness languages to show that the family of languages gen-
erated by common SAS is not closed under union and
intersection with regular languages Kutrib and Wendlandt
(2012). So, we obtain the next corollary.

Corollary 66 The family of languages generated by 1-
stranded SAS is neither closed under union nor under
intersection with regular languages.

The same construction as in the previous sections can be
applied to show that the family of languages generated by
1-stranded SAS is closed under reversal. Simply all units
are reversed and the axioms and the ending units are
interchanged.

Theorem 67 The family of languages generated by 1-
stranded SAS is closed under reversal.

We turn to the closures that do not follow immediately.

Theorem 68 The family of languages generated by 1-
stranded SAS is not closed under concatenation.

Proof Consider the language L = {a"b™ | m,n>1} that
is generated by the 1-stranded SAS S = (X,A, T, E) with
the single axiom A = {(a)}, the single ending unit
E={(b)}, and the set of assembling units
T = {(aa), (ab), (bb)}. Further consider the language L' =
{b"d™ |myn>1} that is generated in a similar way.
Assume that a 1-stranded SAS §' = (X, A’, T', E’) generates
the concatenation LL'. By Lemma 8, S must have
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assembling units of the form (a'b/) € T' with integers
i,j>1 as well as (b'd') € T' with integers i,/ > 1. But
since there must be an axiom a° and an ending unit

a,e.d>1 in s, also the word
a1 @ 'Wib @/ 1 can be generated, a con-
tradiction. O

Theorem 69 The family of languages generated by 1-
stranded SAS is not closed under complementation.

Proof As shown above the language L = {a"b™ |
m,n>1} is generated by a 1-stranded SAS. Assume there
is a 1-stranded SAS S = (X,A,T,E) generating the com-
plement L of L. By Lemma 8, S, must have at least one
assembling unit of the form (a'b’) € T, i,j > 1, since there
are infinitely many words of the form aba"b™,m,n>1 in
L. The subsets {a"|n>1}CL and {b"|n>1}CL
induce the existence of an axiom (a") € A, n>1, and an
ending unit (™) € E, m> 1.

However, then it is also possible to generate the word
a ™= 1p+m=1 by S which belongs to L, a contradiction. []

The section ends with the examination of the closure
under homomorphisms and inverse homomorphisms.

Theorem 70 The family of languages generated by 1-
stranded SAS is not closed under length-preserving
homomorphisms.

Proof Consider the language L = {a** | n>1} U {b} that
is generated by a 1-stranded SAS S = (X, A, T, E) with the
axioms A = {(aa), (b)}, the ending units E = {(a), (b)},
and the single assembling unit 7 = {(aaa)}. The homo-
morphism %(a) = h(b) = a leads to the language h(L) =
{a* | n>1}U{a} for which it has been shown that it
cannot be generated even by a common SAS. [

Theorem 71 The family of languages generated by 1-
stranded SAS is not closed under inverse A-free
homomorphisms.

Proof Consider the language L = L' U L"” where
L'={(cd)"(ef)" |m,n>1}andL" ={(ef)"(cd)" |m,n>1}.

It is generated by the 1-stranded SAS S = (X, A, T, E) with
axioms A ={(c),(e)}, ending units
E = {(efed), (ded), (cdef ), (fef )}, and assembling units
T=TUT" where T ={(cdc),(cdef),(fef)} and
T" = {(efe), (efcd), (ded) }.

The derivation starts either with a ¢ or with an e,
depending on whether a word of L' or a word of L” should
be derived. The units of 7’ are used in the derivation of a
word of L’ and the units of 7" for a word of L".

Consider the /-free homomorphism /4 defined by h(a) =
cd and h(b) = ef. The language h~!(L) is
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(L) ={a"b" |mn>1} U {b"a" |mn>1}.

By a similar argumentation as in the proof of Theorem 68
it is shown that 2~'(L) cannot be generated by any 1-
stranded SAS. [

The results for the closure properties of the variants of
SAS are summarized in Table 1.

5.5 String assembling systems with multiple
strands

Finally, we consider the closure properties of the families
of languages generated by multi-stranded SAS. It will turn
out that even the generalization to multiple strands does not
lead to different properties with respect to the operations
studied.

We are going to apply a certain pumping lemma that has
been shown in Kutrib and Wendlandt (2012) and has
already be used for free SAS (Lemma 16). In fact, almost
literally its proof applies to multi-stranded SAS.

Lemma 72 Given an integer k>2, let L C 2" be a lan-
guage generated by a k-stranded SAS. If |a* N L| = oo, for
some symbol a € X, then there exist constants p,q > 1 such
that alv € L, v € 2*, implies a?™v € L.

Now, by Lemma 72 we directly can adapt some proofs
of non-closure properties from the two-stranded to the k-
stranded case.

Theorem 73 Let k>2 be an integer. The family of lan-
guages generated by k-stranded string assembling systems
is not closed under union, intersection with regular lan-
guages, complementation, length-preserving homomor-
phisms and inverse A-free homomorphisms.

Proof Since in Theorem 38 it has been shown that L,, =
{a} U{a* | n>1} cannot be generated by any k-stranded
SAS, but clearly the two joined languages can, we obtain
that the family generated by k-stranded SAS is not closed
under union.

The unary language L = {a" | n > 1} can be generated
by some k-stranded SAS. Since LN Ly, = Ly,, the non-
closure under intersection with regular languages follows.

Assume that the language Leom = {a"b" |n>1} is
generated by some k-stranded SAS. Since all words a’, for
i>1, belong to L.y, Lemma 72 can be applied with
constants p,g>1. So, a’b’™l € L,n  implies
a’tipPt € Lo, a contradiction. Since {a"b" |n>1} is
generated by some k-stranded SAS, the non-closure under
complementation follows.

Similarly, the non-closure under inverse A-free homo-
morphisms can be shown by the witness language
{(ac)"b" |n>1}U{(ac)" | m>1}, the homomorphism

h:{a,b}" — {a,b,c}* with h(a) =ac, h(b)=b, and
application of Lemma 72.

The non-semilinear language Ly =
{[8]a'[8]a®[$] - - - [$]a**'# | i>1} is generated by some
common SAS Kutrib and Wendlandt (2012), thus also by
some k-stranded SAS, for all k> 2. Let h be the length-
preserving homomorphism 4 : {a,[$],#}" — {a}" with
h(a) = h([$]) = h(#) = a. Then h(Ly) is a non-semilinear
unary language. Since a k-stranded SAS can be simulated
by a k-head finite automaton which is not able to accept
non-semilinear unary languages, non-closure under length-

preserving homomorphisms follows.
O

The closure under reversal can be achieved by the usual
construction.

Theorem 74 Let k>2 be an integer. The family of lan-
guages generated by k-stranded SAS is closed under
reversal.

The remaining closure properties are intersection and
concatenation.

Theorem 75 Let k>2 be an integer. The family of lan-
guages generated by k-stranded SAS is not closed under
intersection.

Proof For k =2, the non-closure has been shown in
Kutrib and Wendlandt (2012).

Leth:{a;b; | 1<i<4}" — {a,b}" be the homomor-
phism with A(a;)) =a and h(b;)) =b, for 1<i<4. In
Theorem 35 it has been shown that the language

L, = { []ow1[8];w2[8], - - - [8]y,_ 1 w2a[8],, |
wi € {a;, b}, h(w;) = h(wang1-:),1 <i<2n}.

with n = (]2() can be generated by some k-stranded SAS,

but not by any (k — 1)-stranded SAS. The construction of
the proof of Theorem 35 can be adapted so that the fol-
lowing two variants can be generated as well.

Ly ={2[8], w1 8], 1wn2[8], 0 (8L, wan 8], |
Wati € {@nyisbnyi} s hH(Wagi) =h(W3n1 i), 1 <i<2n,
z€ {[$]j—1 7aj7bj}*7 1 Sjgn,zl € {[$]j7a]7bj}*73n+ 1 §J§4n}7
and
Ly = { [8low1[8],w2[8]; - - - wa[8],2[8]5,W3n+1 [$]3n+l w8y, |
lquadw; € {a;,b;}", wanyi € {aznsi, bansi} s h(wi) = h(wani1-:), 1 <i<n,
2 e {[8],a, b} n+1<j<3n}.
k+1
2

For k > 3, we have 2(;) >
I;) , cannot be generated by

), and derive that the

intersection L) N L, for n =

n’

any k-stranded SAS. [
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In Kutrib and Wendlandt (2012) it has been shown that
the concatenation of the languages {a"b" |n>1} and
{d™ | m>1} cannot be generated by any 2-stranded SAS.
Next, we show that it can be generated by a 3-stranded
SAS.

Example 76 The language L= {da"b"a" |m,n>1} is
generated by the SAS-3 S = (2,A,T,E) with the single
axiom A = {(a,a,a)}, the ending units

E = {(aa,aa,a), (aaa,aaa,aa), (a,ba, ba),

(a,baa,baa), (ba,aba,ba)},

and the assembling units in T being

1. (aa, a, aa)
2. (ab, a, ab)
3. (bb, aa, b)
4. (b, ab, b)

5. (b, bb, b)

6. (ba, b, b)

7. (a, b, bb)

8. (a, ba, b)

9. (aaa, aaa, b)
10. (a, a, baa)

11. (a, a, aaa).

The derivation starts with the sole axiom. Then the first a-
block is generated in the first and the third strand by
applying repeatedly unit (1), and unit (2) once. In a valid
derivation it is not possible to apply unit (11) in this phase,
since otherwise the number of a@’s in the first and the third
strand will never match again. After applying unit (2), the
current 3-stranded word is of the form (a"b,a,a"b). Now
units (3) and (4) become applicable. The repeated appli-
cation of unit (3) followed by one application of unit (4)
yields a 3-stranded word of the form (a"b",a"b,a"b). So,
there are as many a’s in the first block as b’s in the second
block of the first strand. After applying unit (4), units (5),
and (6) from T become applicable. A repeated application
of unit (5) completes the b-block of the second strand.
After subsequently applying unit (6) once, a 3-stranded
word of the form (a"b"a,a"b", a"b) is derived. Note, if unit
(5) is applied too often, application of unit (6) and, thus, a
successful derivation becomes impossible. Now units (7)
and (8) are applicable. The repeated application of unit (7)
followed by one application of unit (8) yields a 3-stranded
word of the form (a"b"a,a"b"a,a"b"). Next, the third a-
block is generated. In order to avoid that it is followed by
another b-block, its parity is utilized. So, applying unit (9)
repeatedly and unit (10) once gives a 3-stranded word of
the form (a"b"a’,a"b"a’, a"b"aa), where i is an odd num-
ber. Subsequent applications of unit (11) fill the a-block of
the third strand but let its length be even. In this way
further applications of units (1) or (2) fail. Finally, the
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derivation is made successful by selecting ending unit
(aa, aa, a) or (aaa, aaa, aa). The further ending units are
used to derive short words. |

Theorem 77 Let k>2 be an integer. The family of lan-
guages generated by k-stranded SAS is not closed under
concatenation.

Proof The language L = {a"b" |n>1}U{a} is gener-

ated by the 2-stranded SAS S = (X,A,T,E) with
A ={(a, a)}, E ={(a,a), (b,b)}, and the assembling units
1. (aa,a)

2. (ab, )

3. (bb, aa)

4. (b,ab) €

5. (b,bb) €

Clearly, the language L' = {a™ | m>1} is generated by
some 2-stranded SAS as well. Since

L'={ab'a" |m>2,n>1}U{d" |m>2},
Lemma 72 can be applied to derive that LL' cannot be
generated by any k-stranded SAS. Thus, the family of
languages generated by k-stranded SAS is not closed under
concatenation. (]

6 Conclusion

The restrictions in the definition of SAS differentiate
between axioms, assembling units, and ending units, using
double strands, and the length of the units, do all have an
impact on the generative capacities of string assembling
systems. In particular, every restricted variant but the free
SAS results in a subfamily of the family of languages
generated by common SAS. For the free SAS and its
subfamily of pure SAS, the relation to SAS is an open
problem. In fact, it has been shown that there is a language
generated by SAS which cannot be generated by any free
SAS, but on the other side, currently no simulation of free
SAS by SAS is known. The usage of empty axioms, which
is not allowed for SAS, seems to be the problem. A first
idea is that a free SAS can be simulated by an SAS with
one more symbol concatenated at the beginning of each
word. This symbol can be somehow seen as an auxiliary
symbol to overcome the definition of an empty axiom.

Interestingly, the families of k-length-restricted SAS
form a proper hierarchy depending on the maximal length k
of the units. The hierarchy is established on unary lan-
guages. Clearly, the lowest level, the family of languages
generated by 1-length-restricted SAS is a proper subset of
the finite languages and thus of the regular languages.
Increasing k by one, one gets the 2-length-restricted SAS
that lead to a family of languages that includes non-con-
text-free languages as { a"b"c" |n>1}.
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The last restricted variant is the family of languages
generated by single-stranded SAS. It has been shown that
they form a subfamily of the regular languages. Even very
weak regular languages as { @"b"a* | m,n,k>1} are not
included in this family.

Moreover, we investigated an extension of SAS where
the system is allowed to have multiple strands. Clearly, the
motivation for this extension cannot be seen in the double
helix structure of DNA, but nevertheless the relation to
one-way multi-head finite automata somehow advises to
investigate this generalization. The head hierarchy on one-
way multi-head finite automata can be adapted to k-stran-
ded string assembling systems. In particular the family of
languages generated by k-stranded SAS is a proper subset
of the family of languages generated by (k + 1)-stranded
SAS. A desirable improvement of the results would be to
find a separating language where the size of the alphabet is
not related to the number of strands.

However, even with multiple strands, string assembling
systems cannot generate the unary regular language
Ly = {a} U{a®" | n>2}, no matter about the number of
strands.

It turns out that all variants of string assembling systems
are closed under reversal. On the other hand, no variant of
SAS is closed under intersection. A main reason for this
seems to be the strong relation to multi-head finite auto-
mata and the appropriate head hierarchy which is based on
a suitable language for intersection.

The closure or non-closure of all types of SAS studied
under iteration remains open. At first glance, an approach
could be to combine the ending units and the axioms of a
given system to new assembling units. The problem is that
it can not be ensured that the strands slip apart. In partic-
ular, for an SAS S with an ending unit u, = (aaa, aaa) and
an axiom u, = (abb,abb) we would construct the unit
u = (aaabb, aaabb). Maybe there is some derivation that
leads to the double strand w = (aaabba,a). Now, if we
apply u on w we get w = (aaabbaaabb, aaabb). But for w
it is not possible to apply u,, since an ending unit needs to
lead to a complete double strand. Thus the application
would be unsuccessful.
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