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A new generalization of multiquadric functions ¢(z) = +/c?*? + ||z||?¢, where
z € R", ce€ R, de N, is presented to increase the accuracy of quasi-interpolation
further. With the restriction to Euclidean spaces of odd dimensionality, the
generalization can be used to generate a quasi-Lagrange operator that reproduces
all polynomials of degree 2d — 1. In contrast to the classical multiquadric, the
convergence rate of the quasi-interpolation operator can be significantly improved
by a factor h2¢~"=1 where h > 0 represents the grid spacing. Among other
things, we compute the generalized Fourier transform of this new multiquadric
function. Finally, an infinite regular grid is employed to analyse the properties of
the aforementioned generalization in detail. We also present numerical results to

demonstrate the advantages of our new multiquadric functions.
© 2024 The Author(s). Published by Elsevier Inc. This is an open access article
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Quasi-interpolation with radial basis functions (RBFs) is a powerful technique widely used in numerical

analysis and approximation theory. It provides a flexible and efficient approach for constructing approximate

functions based on given data points without explicitly performing interpolation. Applications of quasi-

interpolation with RBFs include surface reconstruction, data fitting, image processing, and solving partial

differential equations [10], [7], [15]. It finds utility in various fields, such as computer graphics, computational

physics, geostatistics and machine learning, [9], [16]. Unlike traditional interpolation methods that aim to

find a global polynomial, spline or RBF-interpolant s(z) = > .z acp(||lz — £]|) that passes through all

data points E, quasi-interpolation with RBFs focus on local Taylor approximations in order to approximate

differential functions [5]. The key idea is to express the approximate function as a linear combination of shifts
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of a quasi-Lagrange-function at specific points. These Lagrange functions possess desirable properties, giving
the approximants polynomial reproduction, fast decay and smoothness. One way to construct such quasi-
Lagrange-functions is the RBF-approach, which is the focus of this paper. We will construct quasi-Lagrange
functions of the form

Uo(a) = > pasie(llz —il)),

syl

where z € R",a € A, where A is some countable subset of R", ¢ € C*(R) is an RBF and || - || is the
Euclidean norm. The sum over ¢ can be finite or infinite, depending on the dimension of the space where x
comes from and the choice of RBFs [5]. The approximation to given data points A C R™ of a function f is
then given as Qf(z) = > ca f(a)¥a(z). In order to guarantee its applicability, at a minimum we require
that the ¥, (x) altogether form a partition of unity. The choice of RBFs, such as the Gaussian function or
the multiquadric function, and their associated weights p ; are crucial in quasi-interpolation. The most
often used RBF is the multiquadric but it is only capable of reproducing polynomials of degree n in n
dimensions [3]. Therefore we introduce a new generalization of multiquadrics, namely

p(x) =/ + [|=[]*, (1)

where ¢ € R and d € N. We believe that this RBF has not been considered before except for d = 1.

Given this new RBF, we will construct a quasi-Lagrange-function with sufficient decay rate such that the

quasi-interpolant reproduces polynomials of degree 2d — 1. Given this information, the famous Strang and

Fiz Conditions given below will lead to the approximation order. To keep the results more comprehensible

and manageable we will perform all calculations on a regularly spaced grid in R™ with spacing h. For a
80‘1 aanz

multi-index a, D% = = -+ 57w will denote the higher order partial derivatives in the following.
i w

Theorem 1 (Strang and Fiz conditions). Let m be a positive integer and ¥ : R™ — R be a function such
that

1. there exists a non-negative real valued ¢ such that, when ||z|| — oo, |¥(x)| = O(||z||~""™*), and this
implies ¥ € C™T1(R™),

2. D*U(0) =0, YaeZ", 1< |a| <m, and U(0) =1,

3. D (2nj) =0, Vj € Z"\ {0} and Yo € Z7 with || < m.

Then the quasi-interpolant

Qnf(x) =Y f(in)¥(x/h—j), zeR",

JEL"

is well-defined and exact on the space of polynomials of degree m and the uniform approximation error can
be estimated by

O(h™+h), when 0 < £ < 1,
1Qnf — flloo = § O™ log(1/h)), when £ =1,
O(hm+1), when £ > 1,

for h — 0 and a bounded function f € C™FL(R™) with bounded derivatives, as cited and summarized in [}].



M. Ortmann, M. Buhmann / J. Math. Anal. Appl. 538 (2024) 128359 3

2. Fourier transform

To employ the Strang and Fiz conditions, one needs the Fourier transform of the RBF. The n-dimensional
Fourier transform is defined as

T) = /f(y)e_ix‘ydy, x eR™

where f is an integrable function. Since ¢ in equation (1) is not integrable, we need to employ the theory
of generalized Fourier transforms [8].

Theorem 2. The generalized n-dimensional Fourier transform of

p(z) =/ + ||z]|2, ceER,deN, zeR"

is given by

().

where s € Ry = {x € R|lz > 0} is the radial part of its argument and G is the Meijer G-function.

~ 1 — d+1,0
QD(S) =-2"""'r 7 d2 C S nGO 2d < 1 n nt2 2d—24n
39

Alternatively, the Meijer G-function can be generalized to a Fox H-function. Then the Fourier transform is
given by

_ 1,1) cs\2d
~ _9n— 1 2 nH ( ) .~ = )
The definitions of the Meijer G- and Fox H-function are given in the proof.

Note. In the special case d = 1 the Meijer G-function reduces to the modified Bessel function of the second
kind, and one obtains the well known generalized Fourier transform of the multiquadric. Also the case ¢ =0
is allowed but provides the classical results only. Furthermore, the Fox H-function representation holds true
for d € R4, while die Meijer G-function representation is only valid for d € N. Still, these functions are
merely names for the particular Fourier transform and the proof will rely on its integral representation.
For d > 1 the Fourier transform has sign changes. This is a fundamental difference from the classical
multiquadric functions. Therefore, these functions cannot be used for either classical RBF-interpolation or
cardinal interpolation. However, quasi-interpolation does not have this requirement.

Proof. The Fourier transform of a radial symmetric function is also a radial symmetric function. Thus we

can write

w\*

el 1
o) = i 7

;-.

o0
/T%‘p )z —1(s r)e”s" dr, seRy,
0

where we introduced the Gauss function as a convergence generating factor to keep the integral finite.
Normally this refers to the Hankel transform of order 5 — 1, but here it is more appropriate to think of the
integral as a Mellin transform. Rewriting the RBF and the Bessel function in terms of Meijer G-functions
yields
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o)== Caii(§] (™).

1,0 -
Jn_1(sr) = Gy < n—2 _n-2
T 1

The Meijer G-function is defined as

> / —S)H?1F(1—0j+5) S ds
H] m+1 b + S) HJ n+1 F(a] - S) ’

where the path of integration can have three different shapes [12]. In our case, L is a loop that starts at

Gm7z(a17"'7a

pa \ by,...,b

infinity on a line parallel to the positive real axis, encircles the poles of the I'(b; — s) once in the negative
sense and returns to infinity on another line parallel to the positive real axis [13]. The Meijer G-function is
a Mellin-Barnes type integral and can be viewed as an inverse Mellin transform [6], because

0o

s— len ag,...,0p
/ P <b17...,bq
0

where s,7 € R. Substituting # = r? and using the identity

—qmn( @ TP
Z>—Gp7q (bq+p

IS T +8) [ T —aj — 5)
nz | dz = =5 J = ,
j=m+1 F( b - S) H] n+1 F((L] + S)

a
P (xm,n P
z Gp,q (bq

on the Bessel functions yields

2n_17Tn;1Cd 7 1.1 3
~ _ : —€erT ) 2
pls) = ——— " lim [ TG (5

4sn—2 e—04

Writing the first Meijer G-function as a Mellin-Barnes integral, changing the order of integration results in

2n71 n-l d 1 1
o(s) :f% lim —,/F(ft)l“ <2+t> x

e—04 27i

® 7\

« o —EFGLO n -
/<62> ¢ 0,2 57170
0

The change of integration is valid through Fubini’s theorem. Additionally, the inner integral can be found

2
S)dt

Using the Beppo Levi monotone convergence theorem, the integral and the limit can be exchanged. To

2~
4T>drdt

n [14], providing

. 2"717TnTACd . 1 I‘(—t)F(—% +t> Cdt—1 1.1 —dt
Pls) = — 4sn—2 sli%i 2ri c2dt ¢ G ( —-1,0

evaluate the limit, we write the Meijer G-function as a Mellin-Barnes integral and expand it into a series
using the residue theorem. It is easy to see that in the limit ¢ — 04 the only nonvanishing term is induced
by the first pole at dt 4+ 1. Ultimately, we obtain the integral representation.
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n—1

n—1,%5% d _ _1 n 2dt
¢(s):_272%i/1“( T (=2 +t) T (2 +dt) (3) . -
L

sn I (—dt) sc

Comparing with the definition of the Fox H-function

man (a1, A1) ..., (ap, Ap)
H <( 1731) 7(bquq)

)

:L/ ]._[] 1 T'(bj + Bjs) H;L:1F(1_aj_‘4j3) L5 ds
2 ) H] m+1r 1 —b; — B;js) H? n+1F<aJ+AjS) ’
where Ai,..., A, and By, ..., By are positive numbers, the desired representation of the Fox H-function is
obtained. To expand the integral representation into a Meijer G-function, we utilize the Gauss multiplication
formula [1]

(27)(d-1)/2 F()—F(‘T) r z+1 r r+d—1

Ttz W TG d ) "\ 4
and apply

mon [ & nm( 1—Db 1
Gp,q (b}:l > anp (1—a:,l z )

The Gauss multiplication formula is only applicable when d is an integer. It is solely used to convert the
integral representation from equation (2) to a Meijer G-function. However, the integral- and the Fox H-
function representation remains valid for d € R, . For additional information on identities associated with
Meijer G-functions, please refer to [11].

Theorem 3. The function p(x) = /2@ + ||z[|?>¢, ¢ € R, d € N, xz € R™, is neither positive nor negative
definite.

Proof. Let 1 and x5 be two distinct points in R™. Then the interpolation matrix is given by

B cd Ve 4 |zy — zo| 24
VA [[ay — o2 ct

Furthermore the eigenvalues of the matrix A are given by

A = Vc2d — \/||w1 —z||2d 4 24 < 0
Ao = V2d + \/||$1 — z||24 4 24 > 0.

From this it follows that A is neither positive nor negative definite, and the same applies to ¢ (z).
3. Asymptotic behaviour of $(s)

Next we analyse the asymptotic behaviour of ¢(s) as s — 0.

Theorem 4. Let ¢(s) be the generalized Fourier transform of p(x) = \/c?® + ||z||>?, where n is the underlying
space dimension and d € Ry is the generalization parameter. Then
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O (1) as s — 0 for d even and n < d,
I K (s7rtd) as s — 0 for d even and n > d,
Ple) = O (—log(s)) as s — 0 for d even and n = d,
O (s %) as s — 0 otherwise.

The exact asymptotic behaviour for s — 04 can be found in equations (4), (5), (6) and (7).

Note. The Meijer G representation of the Fourier transform is only valid if d is an integer. The results given
are valid for d € R,.

Proof. The integral representation of the Fourier transform is given in equation (2). To analyse the asymp-
totic behaviour, we consider only the integral part. Therefore we define

1 /F(—%—t)l“(t)l“(%—dt) (68)2dtdt 3)
©2ri T (dt) 2 ’
L
where L is the path coming from +o0o — ie to —% — ig, encircles the pole at —% and going back to +oco + ic.
This is the most important formula for determining the asymptotic behaviour of our Fourier transform. The
asymptotic behaviour of G for s — 0 is given by the residue of the integral at the pole t = —1/2. Keep in
mind that the integration path circles the poles in the negative direction, such that a minus sign appears
when the residue theorem is used. Simple poles can be evaluated using the identity
(=1)*

Res(T, —2) = S

where z € N. We follow the asymptotic notation used in [2] and define the asymptotic symbol “~” as
f@) ~ g(z) asz—z lim % = 1.

Case I: d not an even integer

Let d not be an even integer. Then the asymptotic behaviour of G and ¢(s) is given by

VR ()

G(s) ~ (cs)~¢ as s — 0y
r(-%)
and
A a 2T (5%) _aa —n—d
P(s) ~ —27F Tl T = 0(s7"Y) as s = 04 . (4)
I(-%)

If d is even the denominator becomes singular and the term vanishes.

Case II: d is an even integer

For even d the first nonvanishing pole is at ¢ = min {%, %} One has to be careful to see whether this pole
is simple or double. If n < d then the pole is simple and we obtain the asymptotic behaviour of G and (s)
by

I (34) (g)"

as s — 0
B +

3)
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and

NONCOREY
G(s) ~ ——2 2 — as s = 04
e (2)
and
1 n—d
S2(8) ~ anlfdﬂﬂglchr (2%25) 2 )aner O(aner) as s — 0, . (6)
2

Straightforward calculations lead to

G(s) ~ % (d’y — 1+ 2dlog(cs) — d¥° (g) + —2log (2)) as s — 04
2
and
73 cntd n
H(s) ~ fw (d’y — 1+ 2dlog(cs) — d¥° (5) + —2log (2)) as s — 04
— O(~log(s)) . (7)

where U0 denotes the Digamma function and ~ is the Euler-Mascheroni constant.

To reproduce polynomials of degrees higher than zero, it is sufficient that the RBF’s Fourier transform
has a singularity at zero of at least order n 4+ 1. Moreover, we only consider singularities with even parity.
Based on the results from Theorem 4 this is only possible when d is odd. For greater d we get higher order
singularities, so we hope to get also a higher polynomial reproduction. Now we know that d should be not
even, we will only focus the case where d is odd, because we prefer to have singularities of integer orders.
Like in the series expansion of the generalized Fourier transform of the multiquadric logarithmic terms may
appear. Therefore we need to know whether (and if so at which order) does the logarithmic term appears.
This will result in a first limitation to the order of polynomial reproduction.

Theorem 5. Let d and n be odd. The asymptotic series of ¢(s) for s — 04 up to the first logarithmic term
is given by

p(s) ~ Y Cile,n,d)s =04
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7n+2d({

+s 1Jr%) log(es) as s = 04, (8)

where C; and C; are some constants depending on c, n, d and j. For even dimensions there appears no
logarithmic term and one can write

ch e,n, d —n+(2j—1)d Z C n, d 2d_]
j=0 J=0

Proof. Let the dimension n be odd and remember equation (3), so

G- d_”/Q/F(—%—t)F(t)F(%—dt) <08>2dtdt.

2mi T (dt) 2

L

Then the first double pole is at ¢ = &, where m is a specific odd integer to be determined. The negative
argument of the third Gamma functlon is

9)

where m, n, and d are odd integers. The multiplication of two odd numbers is odd, while the difference of two
odd integers is even. Dividing by two we obtain an integer. The first higher order pole is at ty = (2—’2 — %-‘ + %
Summing up the simple poles of orders less than ty leads to the two sums in equation (8), where the first

sum belongs to all half integers in [—%, to) and the second sum evaluates the poles at {3}, ”222, ey to— %}

The logarithmic term comes from the double pole at tg.
If the dimension n is even, then there is no double pole because equation (9) will not evaluate to an
integer. Summing up all residues of the poles proves the desired result.

4. Polynomial reproduction

Theorem 6. Let n and d be positive odd integers. Then there exist coefficients uj such that the quasi-
interpolant

Qnf(x) =Y f(Gh)U(z/h— j)

]EZ"’
using the quasi-Lagrange-function
D) = 37 jr /e + |l — k]2
keZm™

reproduces polynomials of degree 2d — 1.

Proof. Following the theory described in [5] one uses

= > el = kl)),

kezZ™

where the sum can be chosen as a finite sum. With the requirement that we get at least a partition of unity
this is possible for odd dimensions n. The Fourier transform is given by
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= e FYR(y)

keZn

The first limitation of the degree of polynomial reproduction is given by 2d ({ w + 1) — 1 which is
the difference of exponent of the leading order and the logarithmic pre-factor minus one in equation (8).
The coefficients of the trigonometric polynomial ;5. pre” ¥ have to be chosen such that the first
nonvanishing term in the Taylor expansion is of order n + d. This condition is called a “moment condition”,
and it holds by definition if and only if } 7, . n prk® = 0,Va € Z", |a| < n+d. Then Condition 2 of the Strang
and Fix theorem holds. Furthermore, the trigonometric polynomial is 27-periodic and the Fourier transform
$(x) evaluated away from zero is non-singular, so Condition 3 also holds. Condition 4 can be fulfilled for
the first 2d ([ —| + 1) — 1 terms, if the coeflicients are chosen correctly. The technically challenging part
is to show that Condltlon 1 holds. To show the asymptotic behaviour of |¥(x)| we need two identities:

1. The generalized binomial theorem (z + y)" =372 (;) 2" *y*, where |z| > |y|, and z,y,r € R.

2. Forxae]Randx>awehavemzlzk o (= E)k.

We rewrite our quasi-Lagrange-function as

S /e + fla— k[

kezZn

2d
nd ¢
2 welle =K \/<|x—k|) 1

keZn

Using the first identity and changing the order of summation—which we may do because we assume the
coefficients uj to be compactly supported with respect to their index, we get

Ya) =Y 3 wlle — Al (1/2> (|a: - k||>2dj

Jj=0 keZ»
p c2di
= S el S e (M) (10)
keZn j=1keZm
=:(4) =(B)

The first part (A) is the well known polyharmonic spline. The decay rate can be arbitrarily fast, depending
on the choice of the trigonometric polynomial [4]. More precisely, the decay rate is limited by the first non-
vanishing term with order greater than the given singularity of the RBF at zero. In our case equation (8)
shows that this order should be min{n + 3d,2n + 2d}. Hence there exist coeflicients pj such that the
polyharmonic spline decays like O (||z|[min{n+3d=12n+2d=1})

To analyse the decay rate of (B) from equation (10) let x; be the largest component of x. If ||z|| goes to
infinity, |2;| will tend to infinity as well. Writing this as an asymptotic expansion means that there exists a
constant C,, € [1,/n] depending only on the direction as to how x tends to infinity, such that ||z|| ~ Cy|x;].

Therefore we can write

oo 1 (2j-1)d
B) ~ - 2dj ) k1
)~ C jz::lc < ) Zuksgn )<xz_ka) as ||z|] — oo

keZn

oE () e w(E))

kezn v e=0

2j—1)d

~
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1/2 1 > k¢ (r=nd
2dj 7
= C Z Y ( ) Z HE Sgn Ifz) (Qj—l)d <Z (E) >

keZ™ (=0
14
odi [ 1/2 k;
=yt () S et k)Y X (f
=1 7/ ez 0=0 0< 51, y5(25—1ya<l N

s1+-+s2j-1)a=~

oo
=cy (M > Z ) -
=C, c (j 2j @D sgn(z; — k;) ,ukk:
Jj=1 0<81,..,8(25— 1)d<€ = Z keZm
s1t+s2i—1)a=~

= 0(z;7") = O(|z|| =)

K3

Here, the upper bound on C, < 4/n is essential. Since the py are compactly supported with respect to their
index k, x; will become larger than every k;, so that we can use the moment conditions ZkeZ" ukkz =0
for all £ < n + d. The lowest nonvanishing term is given for j = 1 and ¢ = n + d. The overall decay rate
is then limited by (B) and is given by ¥(x) = O(||z||~2¢~") as ||z|| — oc. The second limitation of the
degree of polynomial reproduction is given by 2d — 1 which ensures that the sum of the quasi-interpolant
with a polynomial of degree 2d — 1 converges. Summing up, the polynomial reproduction is limited by the
decay rate of ¥(z) and is given by 2d — 1. Note that the decay rate can be further improved by using linear
combinations of our quasi-Lagrange function [5] and so even higher polynomial reproduction is obtainable.

5. Error estimates

Using the Strang and Fix conditions from Theorem 1, we showed that the error estimate is given by

1Qnf — fllso = O(h*%log(1/h))  as h — 0.

In contrast the error estimate of the classical multiquadric is given by

1Qnf — flloo = O(R" 1 log(1/h))  as h — 0.

n+1

Comparing these two error estimates reveals an improvement when d > . Furthermore, the results for

d = 1 are not equal because our error estimate does not depend on the dlmenblon n. These findings indicate
that although we have made an improvement, there is still room for further improvement.

6. Numerical examples

To demonstrate the improved accuracy of the new class of generalized multiquadrics, the following ex-
amples are provided. The test functions to be approximated are:

2

70 = (a4 D exp (=25 ) cosla = 2),
(o) = 25exp (32 ) i)l
fo() = 25 exp (—%) jsin(z) sin® (2),

where € R. Although f; € C*°(R) is analytic, fo € C?(R) does not fulfill all the necessary requirements of
the theorem. Additionally, f3 € C?(R) is not smooth but still meets the required criteria. For comparison,
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we use the Gauss function and a factor of 25 to ensure that the test functions are both approximately local
and of the same magnitude. For simplicity we use gridded data with gridspacing h and compare the first
three approximants d = 1, 3,5. So the RBFs are

pr(r) = VA 412,
palr) = V& + 15,
3(r) = /el + 710,

where r = ||z|| and the quasi-Lagrange-functions are given by
1
Vi(z) =5 (prlle = 1) +er(llz + 1) = e (llz])),

Us(x) = Y p(lle — kI,

k=—4
where the coefficients are given by
_ o Mym—135¢'T (§) T (3) _ 4T (5T (5) -8V
H—aq =4 57603/ ) H—3 = 3 240/7 )
338/7 — 945¢*T (Z) T (%) 9454T (Z) T (%) — 488/
H—2 =2 = 1440\/— ) H—1 = 1 = 720 )
G e
7 (267~ 45T (D)1 (7))
Mo =

192/

and

Ug(z) = Y pweps(lz — K|,

k=—T7
where the coefficients are given by
o 2q n Sp n 37 o 7c8¢ _ Sp _ 2767
H=r =HT = 7970592 " 82044 " 3628800 H=6=H6 = 55906 ~ 5184 14515200
o 91cq 115c5p 6271 o 91c8q _ 31c5p _ 73811
H=5=H5 = 7970592 " 82944 " 3628800 Hod = H4= 90648 ~ 5184 7257600
o _100108q 1441c%p 157477 o 1001c3q B 187c%p 1819681
=3 =H = 70592 82944 3628800’ H=2 = H2 = 55006 5184 14515200’
_ o 1001c%q | 1529¢%p 286397 _ 143¢% 55 353639
N T 27648 1209600’ 0= 4608 864 1209600
with g = ——0v5r" 5v/5r”

P E L A ) SEIEE
The approximations are of the form

Quaf@) =Y FGm¥: (T -i).
JEL

Quaf(@) =Y FGime: (T - ).

JEZL
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Function Error
fi(=)
20 | ==~ Qi,1f1(x)
=== Qi2f1(z)
10 |
0 —4
—10 | -8 | '
10 .’/’( —@— crri[f1]
*-- L ZET "' - A= erra[fi]
—20 10710 =4 = errs(fi]
T T T T T T T T T 17 T T T T T
—10 -5 0 5 10 102 101! 1
z h
Function Error
J2(x)
=== Qifa(x)
20 || ='='=Qi2f2()
""" Q1,3 f2(x)

—@— crri[f2]
- A= errs[fz]
- ¢ -errs(fo]
T T T T T T T T T 1717 T T T T 1717
-10 -5 0 5 10 10-2 10-1 1
* h
Function
20
10
0
—10 | .
fa() .
--— Qsl.lfa(a‘) ’/" —@— cir1(fs]
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Fig. 1. Left: The test functions f with their associated approximants. The first two used an shape parameter ¢ = 1 while the last
used ¢ = % Right: The error of the approximants to the test functions.
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and the difference of the approximation and a given function is measured by
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Fig. 1 shows the test functions with their approximants on the left. To see any difference, a grid spacing
of h = 1 is used. Furthermore, for the approximation of f; and f, a shape parameter ¢ = 1 is used, while
for f3 the shape parameter is set to ¢ = % On the right there is the error as a function of the grid spacing.

The newly introduced multiquadric functions from this article perform significantly better than the clas-
sical ones in all three examples. If the requirements on the test functions are given (fi, f3), the convergence
rate is improved and becomes higher as d increases. Even if the conditions are not met (f2), the newly intro-
duced multiquadric functions show the same approximation order which is higher compared to the classical
one. But there is still an improvement for increasing d. Overall, the numerical results are in support of the

theory.
7. Summary

Summarizing the results, we have discovered an integral representation for the Fourier transform of
our new generalized multiquadrics function ¢(z) = 1/c2¢ + ||z||?¢. Furthermore we presented a Meijer G-
function representation of the Fourier transform for integer d as a special but useful case. Although not
required for quasi-interpolation, we showed that the Fourier transform is not positive definite. For odd
dimensions n and odd d we showed

T d+n
@(x) ~ —2"Hdrs %Hﬂ —nd asz — 0

Furthermore the asymptotic behaviour of the quasi-Lagrange function ¥(z) = >, 7. pre(||z — k||) for
large argument was determined by

[U(2)] = O(||z]|727™)  as[|z]] = oo
With these results, we applied the Strang and Fix conditions and found that using this new generalization

of multiquadrics as RBF we can construct a quasi-Lagrange function that can reproduce all polynomials of
degree 2d — 1. Our quasi-interpolant satisfies the error estimate

Q1S — flloo = O(h*1og(1/h))  as h — 0.

Finally, the numerical examples demonstrated the advantage of our new multiquadric functions.
8. Conclusion and conjecture

We showed that in quasi-interpolation the generalized multiquadric can be used, like the classical mul-
tiquadric, in odd dimensions. We introduced an arbitrary parameter d € N, such that the error estimate
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is improved when d > ”TH We conjecture that this result can be further improved to an error estimate of
O(hn—1+2d10g(1/h)).

The presented theory is only usable in odd dimensions, therefore is would be of great interest to have a
second variant which can be used in even dimensions. One candidate would be a generalized version of the
shifted thin plate spline p(z) = (¢*? + [|2||??) log(c*® + ||2]|??) and this will be part of further research.
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