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CHAPTER 1

Introduction

In the two-sample testing problem in its most general form we are interested in deciding between the
null hypothesis that two distributions F and G are equal Hy : F = G and the alternative that they
are different in some way H; : F' # G on the basis of two independently identically distributed samples
X;~F,1<i<mandY; ~G,1<k<nfrom F and G respectively. If the testing problem is simplified
such that H; contains only a single fixed alternative (i.e. (F,G) are a pair of known distribution functions
such that F' # G and we may write Hy : (F,G)) which is to be compared against the null hypothesis
Ho : (Fo, Fo) that both of the samples are taken from the same distribution Fp, and F', G and Fy possess

dF dG .14 %})

densities Div @, an

Pearson lemma shows that the most powerful a-level test for comparing Hy and H; may be found quite

with respect to some o-finite measure p, then the well-known classical Neyman-

easily by using the likelihood ratio

I, %(Xi) < [Tz %(Yk)
T2 G () x TTiey G2 (V)

as a test statistic and setting the critical value as needed to ensure the level « is not exceeded.

In most practical applications, however, we are not willing to make such a strong assumption and specify
F, G and Fy completely. In the case of parametric tests we are willing to make assumptions about the
form of F' and G, such as in the simple ¢-test, where it is assumed that F' and G are normal with equal
variances, possibly differing in expectation (i.e. X; ~ N(u1,02) and Yy ~ N(p2,0?)). In this case, the
testing problem becomes one of comparing hypotheses regarding whether certain parameters of the chosen
distributional family are equal or not in the case of F' and G, while often some nuisance parameters, such

as the unknown common variance 2 in the example of the t-test, must still be estimated from the data.

In some applications it is not feasible or possible to make any kind of assumption regarding the form of
the distributions F' and G, beyond perhaps some degree of smoothness or symmetry. This leads us to
the use of nonparametric methods which comprise large classes of tests including permutation tests and

the rank tests, that we will be concerned with here.

By rank tests we mean tests which operate only on the basis of the ranks Rii, Rio,..., R, and
Ro1, Raa, ..., Roy of the Xy, Xo,..., X, and Y1,Y5,...,Y, respectively in the pooled sample. Thus,
test statistics of rank tests can be written as a function of the Ry; and Roi alone, which brings many
advantages, since the distribution of the vector of ranks (Ri1, Ri2,. .., Rim, R21, Raa, ..., Ray) is known
to be uniform under Hy regardless of the form of the underlying distribution F', meaning that any of the
(m + n)! possible rank vectors in the combined sample is equally probable. This allows the distribution

of the test statistic under Hy to be determined exactly, independent of F.

There is, of course, a price to be paid for the ability to construct tests which require virtually no assump-
tions regarding the form of the underlying distributions to be made in order to be valid, which is put
succinetly by [Hajek and Sidék| (1967) in their seminal work Theory of Rank Tests.
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We have tried to organize the multitude of rank tests into a compact system. However,
we need to have some knowledge of the form of the unknown density in order to make

a rational selection from this system.

That is, although in a given testing situation all rank tests are identically distributed under Hy indepen-
dent of F', their efficiency in terms of power under the alternatives will indeed depend on the form of the

true underlying distributions.

Héjek and Sidék (1967) show, for example, that in a simple shift model where G(z) = F(z — ) the
optimal - in the sense of locally most powerful - choice of rank tests in the case of normal F' is given by
the statistic

Rlz
SN_Z(I) (m+n+1>

while the well-known Wilcoxon rank-sum test (Wilcoxon| (1945))), which simply sums the ranks of the

first sample

m
SN = Z Ry
i=1
is optimal for logistic F'.

In the following we will re-visit an idea presented by K. Behnen and G. Neuhaus in a series of publications
(Behnen| (1972)); Behnen and Neuhaus| (1983)); Behnen et al.[(1983)); Behnen and Huskova (1984); [Neuhaus
(1987); Behnen and Neuhaus| (1989)) in which tests based on statistics of the form

Sn 1Zb (R“> (1.1)

are proposed, where
m n
Hy=—F+ =G
NENTTN
with N = m + n is the pooled distribution function and

by = N —gn
where fy and gy are the Lebesgue-densities of the Hy(X;) and Hy(Y)) respectively.

In the works cited above the authors consider the broader class of nonparametric alternatives of the form
Hy : F # G rather than the simpler more restrictive shift model alternatives Hy : G(z) = F(x—#6), § # 0.
In this context statistics of the form can be motivated - among other ways - by considering the case of
testing a simple fixed alternative (i.e. X; ~ F and Y}, ~ G for a known pair (F, G) of distribution functions
with F' # G) against the simple hypothesis Hy : X; ~ Hy, Yy ~ Hy (i.e. both X; and Y} come from the
pooled distribution Hy). Under the assumption that F' and G are absolutely continuous with Lebesgue-
densities 4 d— and dG then Hy = I+ § G is absolutely continuous as well with Lebesgue-density dHN
and F = Hy = G under Hp so that the optimal test is given according to the Neyman-Pearson lemma

by the likelihood - or equivalent log-likelihood - statistic:

[T l(%( i) % Il du < (Ye)
Hflldﬁﬁv( i) % [Trzs du (V)

log (1.2)



1. INTRODUCTION 3

Hpy obviously dominates F' and G so there exist Radon-Nikodym derivatives ﬁ{% and % and we may

write ((1.2) as

= > log(fx o Hn(Xi)) + Y log(gw © Hn(Yi))
=1 k=1

— Zlog [1 +nN"tbhyo HN(XZ-)] + Zlog [1 —mN 'byo HN(Yk)]
i=1 k=1

by using the fact that

_dr
dHy

(see e.g. Behnen and Neuhaus| (1989))) and

In

o Hy' and gN = ——— o Hy'

Doin gy =1
N N NgN—

(see proof of lemma [A.1)). Replacing Hy (X;) and Hy(Y%) by the natural empirical estimators Hy (X;) =
N-1Ry; and Hy (V) = N Ry leads to the rank statistic

> log [1+nN""by(N'Ry;)] + Y log [ = mN =" by (N~ Ryp)]
i=1 k=1

which can be approximated in local situations where ||bx|| — 0 (see |[Behnen and Neuhaus| (1983)) by

m

> nNT N (N7 Ry;) = Y mN T by (N Ryy)
=1 k=1

=> N by (N7 Ryi) +mN Y by (N7 Ry)
=1

i=1

—mN'Y by (N Ryi) = Y mNT by (N7 R
k=1

=1

m N
= (N +mN)Y by (N Ry) = mNTHY by (N )
1=1

— (S (by) — /0 b () du + o(1))

=m(Sn(bn) +o(1))

since
1 1 1
/ObN(u)du:/O fN(u)du—/O gn(u) du = 0.

In practical applications the problem remains, however, of how to estimate by = fy — gy from the data.

Behnen and Neuhaus| (1989) propose - among other approaches - to use kernel density estimators of the
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form

; IZKN(tN (Rh 1)) and gy IZKNQN (R%1>)

where
t— t t—2
KN(t,s)—aNl[K< 8>+K< +S>+K<+S>]
an an an

which are essentially kernel density estimators using the shifted and scaled original ranks of the first and

second samples

RUT_%,lgigm and RQkT_%71§k§n,
each augmented by the artificial samples created by reflecting the N ~*(Ry; — %) and N~ (Ry — %) about
the points 0 and 1 respectively. This has the effect of making certain that fN and gy are, as the true fn
and gn, probability densities on [0, 1] with fol ]?N du = fo gn(u) du =1 for all N. For this reason we
will refer to fN and gy as the restricted kernel density estimators that lead to the non-linear adaptive

rank statistic
6 Ry — 1
Sn m Z by ( b ) (1.3)

Behnen and Huskova (1984)) claim asymptotic normality of (1.3)) under Hy : F' = G after proper centering

and scaling
1 A L
ma}(, SN(bN) T N(O, 1)

for K : [0,1] — Ry suitably smooth and % > ay — 0 such that Na$, — oo, so that it appears asymptotic
theory could be used to get critical values and p-values for SN(l;N) for N suitably large. However,
extensive simulations showed that even for very large sample sizes (N = 2000) the resulting distribution

is neither centered, nor standardized, nor normal (see chapter [3)).

In the present work we approach the estimation problem again using simple, non-restricted kernel density

estimators
R t—N"1Ry; R t—N7'R
Pl IZK( 1) and anlt 1ZK< Qk)

As it will turn out, these will admit a linearization of S N(EN) as a simple i.i.d. sum and negligible rest
terms for bandwidth sequences ay converging even more quickly to 0 (Na3, — 00) from which we can
derive asymptotic normality under Hg as N — oo. Monte-carlo simulations in chapter [3| show that there
are still problems with centering and scaling under Hy which can be corrected by introducing appropriate
modifications to fy, improved variance estimates for Var[Sy (BN)], and K other than the typical bell-
shaped kernels. However, further simulations in chapter [ show that although ay — 0 more quickly, in
most cases there is a price to be paid when using the non-restricted kernel estimators fN and gy as far

as reduced power under Hj.



CHAPTER 2

Main results

2.1. Definitions and notation

In order to work with the general two-sample testing problem of comparing distribution functions F' and
G against stochastic alternatives

Hy : F=G versus H : F<G F>G, F#G

using independent samples Xy, Xo, ..., X, i.i.d. from F' and Y7, Y3, ..., Y, i.id. from G, we will use

the following definitions, notation and assumptions throughout.
Let
X,~F, 1<i<m, and Yo ~G, 1<k<n (2.1)

be independent, real-valued random variables with continuous distribution functions F' and G, and let

Ri1, Rio, ..., Rim and Rs1, Roo, ..., Rop, (2.2)
be the ranks of Xy, X5, ..., X, and Y7, Y5, ..., Y, in the pooled sample respectively.
Further, let
N=m+n and Ay = % (2.3)

be the size of the pooled sample and the fraction of the pooled sample made up of the first sample, and
m n

Hy=—=F+ =G 2.4

v=yFty (2.4)

be the continuous distribution function defined by the mixture of F' and G with respect to the fractions

of the sample sizes.

In the sequel we will often work with the random variables Hy(X;) and Hy(Yx). These can be shown
to have distribution functions F o Hg,l and G o Hg,l respectively (see Lemma . Since F' o H;,l and
GoHy' are dominated by the Lebesgue measure  on the interval (0, 1) (see Behnen and Neuhaus| (1989),
Chapter 1.3), we can define fx and g to be the Lebesgue-densities of the random variables Hy (X;) and
Hy(Yy):

d(F o HG!
n= dFoHy) an y) and gN =

d(Go Hy')
du '

Later in our development of the test statistic, we will use kernel estimators of the densities fy and gn.

For this reason we will require a bandwidth sequence ay and a kernel K with the following properties:
1
an < 5 v ]\/v7 (25)

ay —0as N — oo, (2.6)
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Na3 — o0 as N — oo, (2.7)

K is symmetric, (2.8)

K is zero outside of (—1,1), (2.9)

K is twice continuously differentiable, (2.10)

/1 K(v)dv=1. (2.11)

Now, we introduce the kernel estimators fN and gy

fn(t) = 1§:K(t_ 1R“>, (2.12)
gn(t)=n" aleKC_ 1R2’“> (2.13)

Since fy and gy are rank-based estimators and F' and G are continuous, we may assume no ties without

loss of generality and the kernel estimators may be written as
. 1o (= Hy(X)
ty=mlay' Y K| —"" 2.14
oty =mtait 3ok (), (2.14)

an(t) =n"tayt ZK(tHN(Y’“)) (2.15)

a
h=1 N

where Hy is the empirical distribution function of the pooled sample

~ m - n
Hy =—=F, — . 2.1
At this point, we also define functions fy and gy
. t—H
) =ayt [ 1 (F ) P, o<es<, (2.17)
N
t—H
() =y [ K (S ) ), 0<es<n, (2.18)
N

theoretical analogs to the empirical (2.12)) and (2.13)) which we will use frequently to center certain random

variables involving the kernel estimators f ~ and gn.
Lastly, define by, b ~ and by as differences
by = N — 9N, by = fv — and by = fx — gn- (2.19)

In addition, all asymptotic results will be under the standard assumption that the ratio of the two sample

sizes converges to some constant, i.e.

AN = A€ (0,1) as N — 0. (2.20)

2.2. Results

In this chapter I will present the main results of my work with the test statistic S N(i) ~) proposed below,

showing first a representation of S N(Z;N) as a centered i.i.d sum, a negligible term, and a deterministic
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term that vanishes under Hy : F' = G but is responsible for the power of the test under H;. In a second
theorem I will show asymptotic normality of Sy (3 ~) under Hy after proper scaling and present a simple
representation of the asymptotic null variance, so that critical values and p-values for the asymptotic test

can be calculated quickly and easily from the standard normal distribution.

THEOREM 2.1. Define the kernel estimators fN and gy as (2.12) and (2.13) and set i)N = fN —dJnN-
Define the test statistic Sy = SN(Z;N) as

Sy (by) = ‘1ZbN ~'Ry;)

and let the functions fn, gy be defined as in and -

Then under the assumptions (2.5 through (2.7) on the bandwidth sequence an as well as the assump-
tions (2.8)) through (2.11)) and (2.20) on the kernel function K, we have for any continuous distribution
functions F and G

Sx(bw) = [ [Fov = 9] @ His ) [Fon(de) - F(do)] (221)
+ [ (v = ax] o Hin@) - [ @) - Hy(a)] Flao) (222
+ / Fx o Hy(z) [Fm(dx) - F(dx)] (2.23)
~ [ fv o Hy()[G(de) - Glao) (2.24)
+ [ o Hy(@) - [fin(e) - Hy(@)] Flda) (2.25)
— [ Fico tinte) - [fi(o) - Hy(s)] Glan (2.26)
+ [ [ = ax] o Hyla) Flao) (227)
+ Op(N~'a?). (2.28)

We note that (2.21]) through (2.26) are simple centered i.i.d. sums, while (2.27) is the non-random term

responsible for power under the alternative. The following is a result of Theorem giving the asymptotic

null distribution of Sy (by).

THEOREM 2.2. Under the assumptions of Theorem we have under the null hypothesis Hy : FF = G

NEay® - Sy (by) 5 N(0, o) (2.29)

o2 =2\ (1N /[/ K(v dv} dz. (2.30)

In order to prove Theorem [2.1] we will proceed by first deriving an integral representation of Sy, which can

with

then be decomposed into terms which are either asymptotically negligible, responsible for the asymptotic

distribution or responsible for power.



8 2. MAIN RESULTS

PROOF OF THEOREM [2.1]

1ZbN SR
e S ) g )
- ; [fv 0 Ay (Xi) = g o iy (X))
:/[fN_gN] o A (z) By (da).

Next, we expand the integral representation by centering with functions fy and gn. This gives us

S = [ [ = aw = (v = 9] o B () [Frn(do) — Flde)| (2:31)
+ [ [ = ax] o () [Frntao) — Fiae)] (2:32)
+ [ [ = av] o i) Flao) (2:33)
+ [ [ = = G = )] o (o) Flde) (2:34)

We further expand this by applying Taylor (see Remark to (2.31)), (2.32)), (2.33]) and (2.34) respectively,
which yields

SN = / [fN —gn — (fv — EN)] o Hy(x) [Fm(da:) - F(dz)] (2.35)
+/ [fN —gn — (fx — QN)}/ o Hy(z) - {fIN(x) - HN(.T)} {Fm(dx) - F(dx)} (2.36)

+ //HHA(:) [fN —gn — (fn - QN)]H(t) (Hy(z) —t) dt { o (dz) — (da:)} (2.37)

n / [ Py — gN} o Hy(z) [ﬁm(da;) - F(dz)} (2.38)
+ [l - gN}’ o Hy(a): [HN<x> — H(@)] [Fon(de) = F(ao) (2:39)
Hy (z
L v an) 0 (i) o) de Bt — Pa)] (2.40)
Hy(2)
+/ [fx = gn] o Hy(x) F(dx) (2.41)
+ /[fN - QN}/ o Hy(z) - [ﬁN(m) - HN(x)} F(dz) (242)
+f / e (v —aw] ) (@) ~ 1) dt P(an) (2.43)
Hy (2)
+/[fN*gN*(fN*§N)] o Hy(z) F(dx) (2.44)

+ [ [iv = = G = gw)] o Hy(a) - [fin(@) ~ Hy(@)] Fide) (2.45)
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/] " [y G )] @ i) 1) e Pl (240

Lemmas [5.17] [5.24] [5.27 and [5.32] show that terms (2.35)), (2.36)), (2.39) and (2.45) are of the orders

Op(N~tay?), Op(Nfla]_\,%), Op(N~'ay?), and Op(N~'ay?) respectively and the combination of the

four Taylor rest terms (2.37), ([2.40), (2.43) and (2.46) is shown in Lemma to be asymptotically
negligible of the order Op(N~tay?) as well. Altogether this yields

Sy = /[fN - §N} o Hy(z) [Fm(diﬂ) - F(dx)}

+/ [fn — gn] o Hy(z) F(dx)

[
+ / [Fx = aw = (i = aw)] © () F(da)
(

+ Op Nﬁlaxﬁ).

Use Lemma to write the last integral as the sum of four simple integrals and a negligible term and
rearrange terms to get the desired representation of Sy:

Sx(ow) = [ [7x =] o Fv(@) [ () - Fla)]

REMARK 1. Here — and later in further expansions of the leading terms (2.35), (2.36), (2.35)), (2.39),
2.41), 2.42), (2.44) and (2.45) as well — we will often use the integral form of the Taylor remainder (see
Chapter 14 of [Konigsberger| (2004))) rather than the Lagrange form, which will help us to more easily

achieve a sharper upper bound for the respective rest terms.
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PROOF OF THEOREM [2.2] Recall again the representation of Sy shown in Theorem [2.1]to be valid under
Ho : F = G as well as under the alternative H; : F # G:

Swlbw) = [ [ = aw] o Hy (o) [Fon(d) - F(ao)] (21
+ / 7w - gN}/ o Hy(x) - [Hx(x) — Hy(x)| Flda) (E29)
+ [ o Hy (@) [ Fulde) - F(da)] (£
- [ f o Hy(a)[Gu(ds) - G(ao) (EZ)
+ / T o Hy(a) - [Hn(x) = Hy ()| F(dz) (B25)
- [ Fico ti(o) [ (@) - Hy ()] Glda) (B9
+ [ [ = av] o Hy(a) Fla) (B2
£ O (N"ax?)

If we restrict ourselves to Hg, then the terms (2.21)), (2.22), (2.25)), (2.26]) and (2.27]) vanish, since in this

case fx = gn, so that under Hy we have

wow) = [ Fv o (@) | Fold) ~ F(do)]

/ [ K (ay i (a) = o)) #a) Pl (247
- ;n‘la# { / K (ay' (Hy(z) — Hy(Yy))) F(dx)

//K ay' (Hx(z) — Hn(y))) G(dy) F(dx)} (2.48)

+ Op(N~tay?)

From this follows that the asymptotic null distribution of Sy (l; ~) will be completely determined by the
fairly simple i.i.d. sums (2.47) and (2.48) after proper scaling.

If we define wy as
wx(s) = ay! / K (ay (Hy(x) — Hy(s))) F(dz)
then we may write the sums and - as

Ty = Zmil[wN(X ’LUN X1 Zn wN Yk E[w]\/(Yi)]]
3 k=1
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Now, we see immediately that the sequence of sums T is formed by summing across rows of a triangular
array with centered, mutually independent summands m ™! [wy(X;) — E[wn(X1)]], 1 < i < m, and
—n~t [wN(Yk) — E[wN(Yl)H, 1<k <n. Let

0% = Var (TN).
Then

o = ZVar(m_l[wN(X) E[wn (X1)] +ZV3T U’N (Vi) — E[wn(V1)]])

_Zm [wn (X1) — E[wyn(X1)]]” + Y n 2 Elun (Y1) — E[wn (11)]]
k=1

_ 2 _ 2
=m 1E|:IUN(X1)—E[U)N(X1)” +n 1]E[wN(Y1)—E[wN(Y1)]] .
But under Hy we have X; ~ Y7, so this simplifies to

0% = (m™ +n ) Ewn (X1) — E[wx (X1)]]°.

Thus, using Lemmas and we may write 0% as

o} = (m™ 407 E[wn(X1) — E[wy(X1)])’

=(m™! +n1)[]E {a;,l/K (ay' (Hn(z) — Hn(X1))) F(dz)r

et [ K st — syt P P |

— ot 20 /_“1 [ [ ] @ so [y
- [1_4aN/01vK(v)dv+4a§V[/01vK(v)dvr”

e feon [ [ ] ] [ ol

=N'lay[ Ay + (1 —An)"1]- {2/01 Ui K(v) durda:—zlaNUOluK(u) dvﬂ.

From this representation we see that

and thus that

Now, the sequence (7;,1 Ty is a triangular array with centered, mutually independent summands
-1, —1 .
oy m [wN(Xl-) fIE[wN(Xl)H, 1<i<m,
and

—oy'n"Hwy (Vi) —E[un(Y1)]], 1 <k <,
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such that

Zvar on'm wN(X) E[wn(X1)] +ZVar on'n wN(Yk) Elwn(Y1)]]) = 1.

Also, due to in Lemma we can bound wy with a convergent sequence:
o] < 2 151+ nm),

so that

2

Var(wy(X1)) = E[wy(X1) — E[wn (X7)]]

<8 ||KH2(1 +nm™1)2

This will allow us to easily show that the Lindeberg condition is satisfied since V ¢ > 0

2
ZE oy m ™ wy(Xi) = Elwn (X0)]]]™ 1oty (x0)-Blwy (X)) 56} )

n

_ _ 2
+) E[[oy'n ™ fwy(Ye) — E[wy (Y1)]]] o=t (Vo) —Elww (Y1)l ¢}
k=1

< Z 16 HK||2(1 + nm_1)2 U&Qm_2 ’ EI:l{IU;,lm_l[wN(Xi)*]E[’UJN(Xl)]”>€}}
i=1

+216HKH Lt nm ™) o n ™ E[L ot o (1) =Bl (Vi) >}

<16 ||KH (1+nm )2 o?m™"- P(|lun(X1) —E[wn(X1)]| > €-on m)
+16 ||K||2(1 +nm 2 oyn ! - P(luy(Y1) = E[wy(Y1)]| > € on n)

<16 HKH2(1 +nm )2 o m ™ Var(wn (X7)) - (e on m)_2

+16 ||K|*(1 + nm™ )2 oy2n~t - Var(wn (V1)) - (e- o n)

<128 || K||' (1 +nm ) oyt m e 2 + 128 || K| (1 + nm ) oytn Tl
= O(N*ay") - O(N™)

= O(N""ay?),

and N _1a5,2 — 0, since we require that our bandwidth sequence ay converge to zero slowly enough

that Na3, — oc.

Thus, we have (2.29) immediately by Slutsky’s Theorem and the Central Limit Theorem for triangular
arrays, since
1 -3 7 1 -3 ~1 -2
]VQCLN2 -SN(bN)=N2aN2 '(TN—I—O]p(N any ))
1 -1 1 5
= NfaN"‘ Ty + O]p(N_faNQ)

and

1 _1
Nzay® Ty = (N2ay?on) - (o5 Tn) %) N(0, o).
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CHAPTER 3

A modified test statistic

In this chapter, we will first use simulation results to highlight some problems with adaptive rank statistics
SN (ZBN) of the form described in chapter |1f which lead to unexpected behavior under the null hypothesis
of equal distributions F' = G. Then in further simulations we will use a heuristic approach to try to
isolate the source of these problems and propose some simple changes to by and some modified variance

estimators that lead to improved behavior of the statistic under Hy.

We begin by looking at simulations of SN(gN) for ?JN = fN — gn with kernel estimators

. m t+ Ri;—% +_ Ri;i—% ‘94 Ry—1

Fv(t) =m™? K[ —2— K| —~ K| ————~% 3.1

fn(t)=m ;a]\, l ( o ) + ( . + - , (3.1)
n Rop—1 Rop—32 Roj—1

A t+ 2 t— 2 t—2+ 2

vt =n"Y ot |K| —Y— |+ K| — X — |+ K| ——— N 39

gn(t) =n ;aN [ ( . > + ( e + - (3.2)

as proposed in |Behnen et al.| (1983) and Behnen and Huskova| (1984) and using the centering and scaling
from Thereom 2.2 Behnen and Huskova, (1984), where it is claimed that for Sy (by) with the kernel

estimators described above

1
2

mak, {2 / K2(x) d:c] : [sN(?)N) —m’la;,lK(())} —5 N(O,1) (3.3)

under Hy for a kernel K fulfilling (28] through (2:11)) and a bandwidth sequence ay such that 1 > ay — 0

and N a$ — oo.

Each histogram in figure [2] shows the results of 10,000 monte-carlo simulations of the test statistic using
the centering and scaling shown above for increasing sample sizes of m = n = 10, 20, 30, 50, 70 and 100
with the true density function of the standard normal distribution N (0, 1) superimposed for comparison.
The upper set of simulations used a decreasing bandwidth sequence of ay = 0.625 N _%, while the lower
set used a constant bandwidth of any = 0.40 as recommended in [Behnen and Neuhaus| (1989)). The upper
right corner of each histogram includes the empirical mean and standard deviation of the simulated

samples.

For a kernel K fulfilling the assumptions (2.8)) through ([2.11)) we choose the typically bell-shaped Parzen-2

kernel:

3 — 8z +8lzx* if af < 3,
K(z) = {501 — =) if 1 <a| <1,
0 if || > 1.

15



16

3. A MODIFIED TEST STATISTIC

Parzen-2 kernel

0.5 — I

0.0 -

-1.0 -0.5 0.0 0.5 1.0

FIGURE 1. The Parzen-2 kernel.
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F1GURE 2. Histograms using 10,000 monte-carlo samples each of SN(EN) under Hg

F = @G after centering and scaling as in with kernel density estimators and
using the Parzen-2 kernel for sample sizes m = n = 10, 20, 30, 50, 70 and 100 and
bandwidth sequences ay = 0.625 N7 (upper set of graphs) and ay = 0.40 (lower set
of graphs). Empirical mean and standard deviation (mean (sd)) of each set of samples
are given in the upper right corner, and the true standard normal density function has

been superimposed for comparison.
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The simulations in figure [2| clearly show problems with centering and scaling in this case, as even for
quite large sample sizes of m = n = 100 the distribution still appears to be shifted too far to the left by
the centering term m™ a;,lK (0), and the mean does not appear to be approaching 0 as N increases. In
addition the distribution is obviously skewed to the right and the scaling factor of ma 22 [K*( 2 dgc)_E
seems to be overestimating the variance, although the standardized variance does appear to be moving

toward 1 for very large V.

Next, we look at a similar set of simulations of the test statistic S N(I;N) as we have proposed in chapter
using the simple non-restricted kernels fn and gn defined in (2.12)) and (2.13). In this case, we have
from Theorem [2.2] that

NEay?oi, - Sn(bn) —5 N(O,1)

under Hy for a kernel K fulfilling (2.8) through (2.11) and a bandwidth sequence ay fulfilling (2.5

through ([2.7)), and where
crA=2[ATT+ (1= / [/ K(v dv} dx

. . -1
so that we use no centering terms and a standardization factor of N2ay*o le

—5 0 5 10 15

| | | | | | | | | | |
ay=0.379,m=n=10 aN=O338 m=n=20 aN:0316 m =n =30

0.4 3.760 (2.314) 3.211 (2.048) 2.925 (1.896) B
0.3 L
0.2 T -
0.1 m —
0.0

ay =072

>
=
2 3y =0.290, M =n =50 an =0274, M =n=70 58, m =n = 100
[O] ] |
() 2.590 (1.708) 2.423 (1.569) 2.240 (1.488) 0.4
7] 0 — 0.3
— | — 0.2
| ;d hhk e
0.0
| | | | 1 | | | | | | |
-5 0 5 10 15 —5 o 5 10 15
Statistic

FI1GURE 3. Histograms using 10,000 monte-carlo samples each of SN(I;N) under Hy : F' =
G after scaling with N %a;,% a[_(b\ as in Theorem with non-restricted kernel density
estimators and using the Parzen-2 kernel for sample sizes m = n = 10,
20, 30, 50, 70 and 100 and bandwidth sequence any = 0.625 N-s. Empirical mean and
standard deviation (mean (sd)) of each set of samples are given in the upper right corner,

and the true standard normal density function has been superimposed for comparison.

From figure [3| we see that although the distribution of the test statistic as we have proposed in Theorem
doesn’t seem to have as much of a problem with skew as the version proposed in|Behnen and Huskova
(1984), there are problems with centering and scaling as it is shifted much too far to the right and the

scaling factor seems to be underestimating the variance for finite N. In contrast to the simulations in
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figure [2 there is notable improvement as N gets larger, but even for sample sizes as large as m = n = 100
the simulations indicate that the standard normal distribution obviously cannot be used to determine

critical values or get valid p-values even for large finite V.

The centering problem is due to the construction of the sum in
Sn(by) =m™! Z [fN - QN} o Hy (X))
i=1
which requires that fx be evaluated at each of the Hy (X;), 1 < i < m. Since fn(t) = m~'ay' Z;”:l K(ay' (t—
Hy (X;))) the result is a double sum over all 1 <7 < m and 1 < j < m combinations, forcing the in-

clusion of the positive constant term m’laﬁlK(O) when ¢ = j — in total m times — leading to a positive
shift in Sy (by) of m~Lay'K(0).

This is basically a nuisance constant independent of F' and G which is present under Hg as well as Hq,
doesn’t contribute to the power of the test and disappears asymptotically - even after scaling - as N — oo.

In this case the centering problem can be solved quickly by replacing f N by
FRe(t) =m(m = 1)~ fn(t) = (m = 1)~ ay K(0).
This drops the ¢ = j terms from the double sum mentioned above and eliminates the shift in Sy (l; N)-

Using fR, in place of fN in Sy (BN), we can define

Sn () =m™! i [fz?r - QN} o (N7'Ry;)

i=1

which is centered under Hg for all finite N, since for F' = G we have
E{SN(E‘}V)} =E[m Y[/ (VT Ry) gN(NlRM)H
- i=1

mo m

_Elmt > m(m = 1) iy (N Ryy) — (m - 1)*1@11{(0)} —m™ ZQN(NlRM)}
L i=1 .

—E[m Y [mm = )ttt Y K (a3 (i (X)) — (X))
L i—1 j=1
= D R O] < Sy YK ! (e (X0 - i ()|
=1 k=1
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~ ~ _1
It is also easy to see that replacing Sn(by) by Sn(b%) and using the scaling factor N 3q N 0;(’1/\ of

Theorem results in an asymptotically equivalent test, as

E[SN(EN) . SN(E%)}Q

=E -m_l i [fN - QN} o Hy(X;) —m™! f: [fz% - QN] ° ﬁN(Xi)r
- 1=1 =1

2

_E im—l f: (v — 73] o HN(XZ-)}

—E :m—z(m —1)~lay! zm:i [K(%l(gN(Xi) — Hy(X;))) + K(O)Hz

- m m 2
<Em 2 (m-1)"lay' Y > "2 ||K||}

i=1 j=1

E[2 (m — 1)~ ayt | K||]*

4 (m —1)"2ay?| K|

O(N?apy?),

and thus

. _1
Simulations using the modified Sy (b%) with the scaling factor of N zq N UI}}A as in Theorem are

shown in figure [4



20 3. A MODIFIED TEST STATISTIC

-5 0 5 10 15

| | | |
ay=0.379,m=n=10

| | | |
ay=0.338, m=n =20

| | | |
ay=0.316,m=n =30

0.4 -0.023 (2.482)
0.3 —
0.2 —
0.1

0.0

0.001 (2.135)

0.025 (1.917)

ay =0.290, m =n =50

ay=0.274, m=n=70

ay =0.258, m =n =100

Density

0.012 (1.725)

0.000 (1.617)

0.018 (1.537)

Statistic

0.4
0.3
0.2
0.1
0.0

FIGURE 4. Histograms using 10,000 monte-carlo samples each of SN(ES)V) under Hg

1
F = G after scaling by N Zq N a;(l)\ as in Theorem Mwith non-restricted kernel density

estimators (2.12)) and (2.13]) using the Parzen-2 kernel for sample sizes m = n
20, 30, 50, 70 and 100 and bandwidth sequence ay = 0.625 N—s. Empirical mean and
standard deviation (mean (sd)) of each set of samples are given in the upper right corner,

and the true standard normal density function has been superimposed for comparison.

The simulation results shown in figure |4 show that using 39\, in place of by solves the centering problem

under Hgy as desired, however there are still issues with scaling and distributional convergence as the

distribution is still fairly skewed to the right even for large V.

In order to try to isolate the source of the slow convergence and skew, we begin by simulating monte-carlo

samples of the non-negligible terms that are responsible for the asymptotic distribution of the statistic

Sn under Hg. That is, since we know from the proof of Theorem that under Hgy

Sn(by) = / F o Hy(z) [Fm(d:v)—F(dx)}

we generate monte-carlo samples of terms (2.23) and (2.24)) under Hy alone without the asymptotically

negligible rest parts of the statistic to see whether the structure of these terms is the source of the scaling

and skew problems.

+O0p(Ntay?)
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FIGURE 5. Histograms using 10,000 monte-carlo samples each of terms (2.23) and (2.24)
1
of Sy under Hy : FF = G after scaling by N%a]\ﬁ Jl}l/\ as in Theorem [2.2[ with non-

restricted kernel density estimators and using the Parzen-2 kernel for sample
sizes m = n = 10, 20, 30, 50, 70 and 100 and bandwidth sequence ay = 0.625 N-&.
Empirical mean and standard deviation (mean (sd)) of each set of samples are given in the
upper right corner, and the true standard normal density function has been superimposed

for comparison.

From figure |5| we see that the distribution of (2.23) and (2.24) is centered and symmetric, but that scaling
using the asymptotic variance in Theorem does seem to be overestimating variance for small N and

convergence to 1 appears quite slow.

Looking at the proof of Theorem [2.2] we see that the variance of (2.23) and (2.24)) under Hg for finite N

is actually

ox = Nlan[ Ay + (1= An)7'] {2 /01 Ui K(v) dvrdx —4day Uol vK (v) dvﬂ.

The term 4 aN[fol vK (v) dv]? is vanishing, since ay — 0, and thus doesn’t play a role in the asymptotic
variance shown in Theorem However, the bandwidth sequence ay is required to converge to zero
quite slowly (Na3, — 00), so that this term does still play an important role in the variance of Sy even
for large finite N, and failing to include it in the expression above leads to the overestimation of variance

seen in figure

In order to confirm this, we can simulate the distribution of (2.23) and (2.24), as in figure [5] this time
scaling by

1
2

ont = Nbay? [+ (1= a7 [2/_01 Uj K(v) dvrdx —day Uovi(v) dv] 2” . (34)
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FIGURE 6. Histograms using 10,000 monte-carlo samples each of terms and
of Sy under Hy : F = G after scaling by a;,l as in with non-restricted kernel
density estimators and using the Parzen-2 kernel for sample sizes m = n =
10, 20, 30, 50, 70 and 100 and bandwidth sequence any = 0.625 N—s. Empirical mean
and standard deviation (mean (sd)) of each set of samples are given in the upper right
corner, and the true standard normal density function has been superimposed for com-
parison.

After using the modified variance estimate o3 including the term 4 ay [fol vK (v) dv]? we see from the
results in figure @ that 0% gives a correct variance for the terms (2.23)) and (2.24)) responsible for the

distribution of Sy (b%) under Hy even for small N.

This leads us to look at simulations of the full sum Sy (39\,) scaled by the modified o5, which are included
in figure

The results in figure [7| demonstrate that using the corrected variance estimate o3 when scaling the
complete statistic Sy doesn’t bring the same dramatic improvement as far as scaling as it does when
used with the asymptotically relevant terms (2.23) and (2.24)), and skew is, of course, unaffected by

altering the scaling factor so that this problem remains as well.

From the results in figures[6] and [} we must conclude that the source of the scaling and skew problems is
found in the asymptotically negligible terms of a;,l SN (l;%) These were shown in the proof of Theorem
to be Op(N ’%a;,% ), which is asymptotically negligible, since we require that Na3, — oo, but convergence
can, in real applications, be quite slow, so that these terms still play an important role in the distribution

of 0;,1 Sy even for large finite N.

By simulations analogous to figure (8] for each of the negligible terms (2.35)), (2.36), (2.45) making up the
asymptotically negligible Op(N ~'ay?) part of Sy that does not vanish under Hp, we can isolate (2:35) as
the term that is vanishing so slowly (see figure[8]) that its influence on the distribution of the test statistic

is still important for finite V.
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FIGURE 7. Histograms using 10,000 monte-carlo samples each of S N(l}?V) under Hg : F' =
G after scaling by o' with non-restricted kernel density estimators (2.12) and (2.13)
using the Parzen-2 kernel for sample sizes m = n = 10, 20, 30, 50, 70 and 100 and

bandwidth sequence ay = 0.625 N =, Empirical mean and standard deviation (mean

(sd)) of each set of samples are given in the upper right corner, and the true standard
normal density function has been superimposed for comparison.
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FIGURE 8. Histograms using 10,000 monte-carlo samples each of (2.35)) under Hy : F' =

1
G after scaling by N ig N cr;)\ as in Theorem with non-restricted kernel density

estimators (2.12)) and (2.13]) using the Parzen-2 kernel for sample sizes m =
30, 100, 500 and 1000 and bandwidth sequence ay = 0.625 N-%. Empirical mean and

standard deviation (mean (sd)) of each set of samples are given in the upper right corner.

n = 10,

23
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The results in figure [§| show how (2.35) contributes to the variance and skew of the distribution of Sy,
and that although it is vanishing as N — oo, actual convergence is very slow with sizable variance even

for sample sizes as large as m = n = 1000.

Looking more closely at the form of (2.35)) under Hy we find
[ [ = an = (v = a)] o Hu (@) [Fon(de) - F(a)]

— [ [ix ~ o] o (@) [ Fulir) - F(a)]

= / {mlaﬁl iK(aNl(HN(x) - HN(Xj)))
-1 i K HN(Yk)))] {Fm(dl‘) — F(dm)}

m

/m_1 121( ax! (Hy(z) — Hy(X;))) [Fm(dx)—F(dx)}

- / nlayt Y K (ay! (Hy(z) — Hy(Y2)) [ﬁm(dx) - F(da:)}

k=1

=m! E_: [mlazvl > K(ay' (Hy(X;) — Hy(X;)))

j=1

- [ 12[( - fin(X,) Flas)]

—m [nla# > K (ay! (Hy(Xi) — Hy(Y2)

k=1

/n Yant ST K (ay (Hy(x) — Hy (Y1) F(d:c)]

k=1

=m2ay i i [K (an' (Hn(X:) — Hy (X)) — / K (ay' (Hn(x) - Hn(X;))) F(dw)]
_mlnla]—vlii [K(aj—vl(HN(X) Hy(Y2)) /K ay (Hy(z) — Hy(Y2))) F(d;z:)]

=mtay' i > [K (an! (Hn(X3) = Hn(X;))) - / K (ay' (v = Hn (X;)) dv}
—m~'n"layt zm: zn: [K(aNl(HN(Xi) —Hy (V) — /01 K(ay' (v — Hy(Yr))) dv} .

From this, we see that the first sum above making up (2.35) comprises summands of the form
1
K (ay' (Hn(X;) — Hy(X;))) — /O K (ay'(v — Hy(X;))) dv

which is simply the difference between a kernel with bandwidth ay centered at H N(Xj) = N7'Ry;
evaluated at Hy(X;) and the area under the same kernel contained within the interval [0, 1]. The form

of these summands turns out to be the source of the right skew and slow convergence to 0 of (2.35).
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In samples where, for example, the X; occupy most of the smaller positions in the total sample (i.e. where
almost all Ry; are smaller than the Ryy) large portions of many of the kernels K (ay'(t — N™1Ry;)) will
not be contained on [0, 1] making fol K(ay'(v — N7'Ry;)) dv small while at the same time many of the
Hy(X;) will be close to the centers of the bell-shaped kernels at N~! Ry ; where they reach their maximum
making the K (ay'(Hy(X;) — N"!'Ry;)) large. The effect when X; occupy most of the larger positions in
the total sample is the same by analogy. This allows to become quite large and disappear slowly,
since such samples occur with some probability even under Hy. Reducing the bandwidth ay in order to
allow more of the kernels K (ay'(t — N7'Ry;)) to be contained on [0, 1] unfortunately doesn’t improve

1

the situation, since ay is a factor in the sum as well leading immediately to kernels with higher peaks,

which can exacerbate the problem detailed above.

Since the convergence problem is, in essence, caused by the relative difference between the maximum
height of the bell-shaped K at its peak and areas like fol K(aj\,1 (v — N7'Ry;)) dv, we can attempt to
reduce these differences and improve convergence by switching from a fairly steep bell-shaped kernel like
the Parzen-2 kernel to a much flatter K that still fulfills through (2.1I). For this purpose, we
introduce a parametric family of kernels of the following form which reach a value of v at x = 0, while
still fulfilling [ K (z) dz = 1:

(1=7(1=8)=7)- 120 8 k(|2 - BAL = B)~") +1] +v if[z] <1-8

Kpq(r) =4 =120 875 (1 — (1 = B)) - kg(lz| — (1 = B)) if1-g<|z[<1 (35
0 if || > 1
with
- .T5 6 .1‘4 ,62 .1‘3 55
G S LS 1)
Modified kernel

] ] ] ] ]
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FIGURE 9. Flat kernel defined in (3.5)).

The results of using the flatter kernel Kz, in place of the bell-shaped Parzen-2 kernel in the centered

SN (Z;(J)v) scaled by N%a;\,% ok, are shown in figure

As predicted, figure [I0] shows improvement even for small sample sizes with barely noticeable skew, and
1
scaling by N Iq N 0;(1/\ seem to actually be over-estimating the variance. Switching to the improved

variance estimate of 03, seems to significantly under-estimate the variance in this case (see figure [11)).
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FIGURE 10. Histograms using 10,000 monte-carlo samples each of SN(ES)V) under Hy :

F = G after scaling by N %a]_\,% 0;(71)\ as in Theoremwith non-restricted kernel density
estimators and using the modified flattened kernel Kg ., with 3 = 0.01
and v = 0.42 for sample sizes m = n = 10, 20, 30, 50, 70 and 100 and bandwidth
sequence ay = 0.625 N~&. Empirical mean and standard deviation (mean (sd)) of each
set of samples are given in the upper right corner, and the true standard normal density
function has been superimposed for comparison.

Since we know that the distribution of Sy (%) is determined under Ho for finite N by the terms (2.23),
and we can try to find a more accurate variance estimate for S N(B(])V) by attempting to
incorporate the variance of for finite N even though this term is asymptotically negligible. In
order to do this, define 02y as the combined variance of and and the theoretical analog of

(2.35). That is, let

o2y = Var{ / i Hiv(z) [ ru(de) — F(dz)] / i Hiv(x) [Gu(d) — )| (3.6)
+m2ay! i i [K(aNl(HN(Xi) — Hy(X;))) — /K(a;Vl(HN(x) — Hy(X;))) F(dx)}
o (3.7)
—m~n 1aN1§:§n:[ aN (Hy(X;) — Hn(Yi)) /K aN (Hn(z) — HN(Yk)))F(dx)”
=1 k=1
(3.8)
under Hg.

We already know from lemmas and that the variance of (3.6]) is equal to 0%. Lemma shows
that the covariance between (3.6) and (3.7) (3.8) vanishes under Hy for all N and lemma W gives the
variance of (3.7) and (3.8) under Hyp, so that combining these results we have

USN:U?VJFm—l(m—l)—lHaNl /_11 K2%(v) dv—2/01 vK?(v) dv}

+(2n+m_1)n1{1_4QN/01vK(v)dv+4a?\,{/01vK(v)dvr}
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—(1+2n7" {1 +2an /01 [/i K(v) dv} 2d$ —4dan '/01 vK (v) dv” (3.9)
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FIGURE 11. Histograms using 10,000 monte-carlo samples each of SN(l;(I)V) under Hy :
F = G after scaling by O'R,l with non-restricted kernel density estimators and
using the modified flattened kernel Kz, with 8 = 0.01 and v = 0.42 for sample sizes
m =n = 10, 20, 30, 50, 70 and 100 and bandwidth sequence an = 0.625 N—%. Empirical
mean and standard deviation (mean (sd)) of each set of samples are given in the upper
right corner, and the true standard normal density function has been superimposed for

comparison.

Using o, 1\1, in place of 01:,1 to scale S N(i’(z)v) together with flatter kernels of the form Kjp ,, leads to a
statistic that is much improved as far as skew and scaling across a broad range of sample sizes (see figure
12)), so that N(0,1) could plausibly be considered for calculating critical values and p-values as desired,
however, as the simulations in chapter [4] will show, the flatter kernels can lead to a substantial loss of

power.
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FI1GURE 12. Histograms using 10,000 monte-carlo samples each of SN(E?V) under Hg

F = @ after scaling by o, 1\1, with non-restricted kernel density estimators and
using the modified flattened kernel Kz, with 8 = 0.01 and v = 0.42 for sample sizes
m =n = 10, 20, 30, 50, 70 and 100 and bandwidth sequence ay = 0.625 N-s. Empirical
mean and standard deviation (mean (sd)) of each set of samples are given in the upper
right corner, and the true standard normal density function has been superimposed for

comparison.



CHAPTER 4

A simulation study

In the following we give the results of a series of simulations using different implementations of the
rank statistic Sy with varying choices regarding the adaptive score function, scaling, kernel function K
and bandwidth sequence ay (see table . Of main interest will be comparisons between the statistic
S N(gN) using restricted kernel estimators (see and (3.2))) as proposed by Behnen et al.|(1983) and the
modified statistic .S N(l;?v) as proposed in chapterwith scaling using the improved variance estimate o3
given in . We also include simulations using the fixed bandwidth sequence ay = 0.4 as recommended
in Behnen and Neuhaus| (1989).

Since the simulations under Hy in chapter [3] clearly showed in almost all cases that the standard normal
distribution cannot be used to set valid critical values or calculate p-values, except where otherwise noted
critical values were determined either by calculating the exact distribution of the test statistic for small
sample sizes (m = n = 10) or by first using a set of 100,000 monte-carlo replications of the test statistic

under Hp to determine monte-carlo critical values for larger sample sizes (m = n = 20 or 30).

Table [4] shows the rejection rates of the various tests under Hy. To explore the power of the proposed tests
under different kinds of non-trivial alternatives, we follow along the lines of Behnen and Neuhaus| (1989)
and consider monte-carlo simulations under a collection of generalized shift alternatives that include the
classical exact shift model as well as alternatives that concentrate the shift between F' and G in the lower,

central or upper part of the distribution (see figure [1f).

lower shift G(z) = F(x — (1 - F(x)))
central shift G(z) = F(x —4F (z)(1 — F(x)))
upper shift G(z) = F(x — F(z))

exact shift G(z)=F(x—1)

TABLE 1. Distribution functions of the lower, central, upper and exact shift alternatives

for an underlying distribution function F'.

While the alternative G resulting from an exact shift is always a valid distribution function, this is not
immediately obvious for the other three generalized shifts. In the case of the lower, central and upper
shifts we see that as continous functions of the distribution function F', each of the alternative G are right
continuous with left limits, and that
lim G(z)=0 and lim G(z) =1,
T——00 T—00
since
lim z — (1 - F(z)) =0
Tr—r0o0

29
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FIGURE 1. Cumulative distribution functions illustrating the exact, lower, central and
upper shifts (dashed line) for underlying standard normal F' (solid line).

lim z — 4F(z)(1 — F(z)) = o0

r—r00

CEIL)IIC}O:L‘ — F(z) = oo,

and

lim z—-(1-F(x)) =—00

TrT——00

lim z—4F(z)(1 - F(z)) = —o0

r—r—00

lim x— F(z) = —o0.
T—r—00
Thus, the generalized shift functions 1 — F'(z), 4F(z)(1 — F(z)) and F(z) will yield valid distribution
functions in the alternatives as long as we can ensure nondecreasing monotonicity of the resulting shifted
G. For the lower shift using 1 — F(x) this is always the case, since x — (1 — F(z)) is monotonically

nondecreasing for any distribution function F.

In the case of the central and upper shifts, we can make certain the shift functions are not increasing too

quickly by requiring that F' be continuous with Lebesgue-density F’ such that

sup F'(z) <1, (4.1)

sup F'(z)(1 —2F(x)) < (4.2)

| =

Then for the upper shift we have for z; < x9
xro T2
Flaa) = Fla) = [ Flajdus [ 1du=aa—ar
] 1
so that

T1 —F(.Z'l) SJ?Q—F(,TQ)

which ensures nondecreasing monotonicity of F(z — F(z)).
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And in the case of the central shift with G(z) = F(x — 4F (z)(1 — F(x))) we have for 21 < x2

A[F(22)(1 — Fla)) — F(a1)(1 — F(z1))] = 4/96 [F(w)(1 — F(w)) + F(w)(—F'(w))] du
=4 - F'(u)(1 —2F(u)) du

1
§4/ —du
X1 4

= T2 — T,
so that
21 —4F (21)(1 — F(21)) < 29 — 4F(x2)(1 — F(x2))
which ensures monotonicity of F(z — 4F(z)(1 — F(x))).

For the underlying distribution function F we use the standard normal N (0, 1), Logistic(0, 1) and Cauchy(0, 1)
distributions (see table [2). (4.I) is easily verified for these F, since their densities are symmetric about

0, attaining a maximum F’(0) which is less than 1.

When verifying (4.2)), we once again use the fact that each of the underlying F’ are bounded by their

maximum at F’(0).

For Logistic(0,1) we actually have

1

1

so that is fulfilled immediately, as 1 — 2F(z) < 1 everywhere.

F'(0) =

For N(0,1) and Cauchy(0,1) we only need to be concerned with z such that z < F~'(3 — £ F'(0)~1),
since for z > F~1(1 — L F’(0)™') we have

F'(z)(1 - 2F(z)) < F'(x) {1 - 2F<F_1 (; N ;F/(O)_l)ﬂ

<ro)i-2(3-570")]

For any z such that F'(z) < 1 we see that (4.2) is fulfilled as well, since 1 — 2F(z) < 1 for all . This
means that in the case of distributions such as N (0, 1) and Cauchy(0, 1) whose densities are monotonically
increasing on the interval (—oo, F~1(0)), ([.2)) is fulfilled, when we can verify that the bound in (4.2)

holds for any = such that
. , 1 (1 1, 4
infew: Fl(z)> - <z<F |-—-F(0)"). (4.3)
4 2 8
As 1—2F(z) is monotonically nonincreasing everywhere and the three underlying densities used here are

monotonically increasing on the interval (—oo, F~1(0)), we know that on the interval (4.3))

F'(z)(1 - 2F(z)) < F' (F—l (; ~ ;F’(o)‘1>> : [1 - 2F(inf {:v F () > i})}
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which gives us an easy way to check (4.2)).

For N(0,1) we have

N

11
inf {a: (F'(x) > } ~ —0.96664 and F! <2 - 8F’(O)—1> ~ —0.890229,

(o (3-0) (oo 1)

~ F'(—0.8902299) - (1 — 2F(—0.96664))

so that

~ (0.26842 - 0.66628

IN
o

And for Cauchy(0, 1) we have

1 1 1
inf {x D F(z) > 4} ~ —0.5225 and F! (2 — 8F’(0)—1> ~ —2.85329,
so that the interval in (4.3) is empty and (4.2) holds, since for all « either z > F~!(3 — £ F'(0)™!) or
F'(z) < 1.

1 * 1
N(0,1) F(m):\/T?/ exp(—2y2>dy
. exp(z
Logistic(0,1) F(z) = HSDEM)I)
1 1
Cauchy(0, 1) F(z) = B + — arctan(z)
7r

TABLE 2. Underlying distribution functions F' used with each of the lower, central, upper

and exact shift alternatives.

Tables [f] through [7] and figures [2] through [4] give empirical rejection rates under these alternatives for the
test statistics as defined in table [3] using nominal type I error probabilities o = 0.01,0.02,...,0.10 on the

basis of 10,000 replications each. The non-adaptive Wilcoxon rank-sum test has been included as well for

comparison.
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Legend Score function Scaling factor K an Method
S by maj%v[2fK2(x) dz]~2 Parzen-2 0.625z 7 exact (m = n = 10) or
monte-carlo (m n =
20, 30)
2 1
Sa b ma%[2 [ K?(z) dr]~2 Parzen-2 0.40 exact (m = n 10) or
monte-carlo (m n =
20, 30)
Ss b9, N%a]_véa;(,l/\ Parzen-2 0.625278 exact (m = n 10) or
monte-carlo (m n =
20, 30)
Sa bQ Oon K,p 0625275 exact (m = n = 10) or
monte-carlo (m n =
20, 30)
Ss b% Oon K,z 0.625 2% asymptotic
Se Rank-sum test exact (m = n 10) or

asymptotic (m
20, 30)

TABLE 3. Score functions, scaling, kernel functions K, bandwidth sequences ay and

method of generating critical values for the test statistics Sy, Se,...,Ss included in the

simulation study. For the kernel K, 3 we used v = 0.42, 8 = 0.01.

Test
m,n S1 So Ss3 S4 S5 Se
10 0.01 0.009 0.009 0.009 0.009 0.012 0.007
0.05 0.047 0.047 0.048 0.048 0.043 0.044
0.10 0.098 0.098 0.098 0.100 0.079 0.091
20 0.01 0.010 0.010 0.010 0.002 0.012 0.009
0.05 0.048 0.048 0.049 0.017 0.039 0.049
0.10 0.098 0.098 0.099 0.054 0.071 0.101
30 0.01 0.012 0.012 0.012 0.002 0.013 0.010
0.05 0.050 0.051 0.051 0.024 0.038 0.055
0.10 0.100 0.102 0.100 0.062 0.069 0.108

TABLE 4. Rates of rejection for the test statistics S,.5s,...Sg using 10,000 monte-carlo

simulations under Hy for nominal o = 0.01,0.05 and 0.10.

From table [4] we see that for the statistics S; through S4, which used either the exact distribution or a

large number (100,000) of monte-carlo simulations under Hy to derive critical boundaries, the observed

rejection rates correspond to the nominal a-levels as expected. The Wilcoxon rank-sum test is slightly

conservative for small sample sizes (m = n = 10) due to the discreteness of the exact distribution, where

the test isn’t able to completely exhaust the nominal «. Interesting is that for Sy, the adaptive rank

statistic using a flat kernel with asymptotic critical boundaries, the critical boundaries derived from the

asymptotic distribution lead to a test that is too conservative for « = 0.05 and 0.10. This will also be

noticeable later in the simulations under the alternatives defined above, as S5 will lag behind in power

in many situations.
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FIGURE 2. Empirical power of the test statistics S1, .S, ..., S using 10,000 monte-carlo

simulations under exact, lower, central and upper shift alternatives as defined in table
for nominal o = 0.01,0.02,...0.10 with underlying Cauchy(0, 1) F'.
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Test

Shift m,n « S1 So Ss3 Sy Ss Se
lower 10 0.01 0.02 0.02 0.02 0.02 0.02 0.02
0.05 0.09 0.09 0.08 0.06 0.06 0.08
0.10 0.16 0.16 0.14 0.11 0.10 0.14
20 0.01 0.04 0.04 0.03 0.00 0.02 0.03

0.05 0.13 0.13 0.11 0.03 0.06 0.12
0.10 0.21 0.21 0.18 0.07 0.09 0.20
30 0.01 0.06 0.06 0.04 0.01 0.03 0.04

0.05 0.16 0.17 0.14 0.04 0.06 0.15
0.10 0.26 0.27 0.23 0.09 0.10 0.24

central 10 0.01 0.07 0.07 0.07 0.06 0.07 0.04
0.056 0.20 0.19 0.20 0.15 0.13 0.14

0.10 0.29 0.29 0.29 0.22 0.18 0.23

20 0.01 0.16 0.16 0.17 0.04 0.12 0.11

0.05 0.36 0.36 0.37 0.14 0.20 0.27

0.10 0.49 049 050 0.25 0.26 0.39

30 0.01 0.30 0.29 0.29 0.08 0.19 0.18

0.05 0.52 0.53 0.53 0.25 0.29 0.39

0.10 0.65 0.66 0.65 0.37 0.36 0.51

upper 10 0.01 0.03 0.03 0.04 0.04 0.04 0.02
0.06 0.11 0.11 0.13 0.12 0.10 0.09

0.10 0.19 0.19 0.21 0.20 0.15 0.16

20 0.01 0.06 0.07 0.08 0.02 0.09 0.05

0.05 0.19 0.19 0.21 0.12 0.17 0.16

0.10 0.29 0.30 0.32 0.22 0.24 0.25

30 0.01 0.11 0.11 0.12 0.04 0.13 0.08

0.05 0.26 0.27 0.29 0.19 0.23 0.22

0.10 0.38 0.39 041 031 0.30 0.32

exact 10 0.01 0.08 0.08 0.08 0.07 0.08 0.07
0.05 0.20 0.20 0.21 0.18 0.15 0.19

0.10 0.31 0.31 0.30 0.27 0.20 0.29

20 0.01 0.18 0.19 0.18 0.05 0.17 0.16

0.05 0.39 0.39 0.38 0.20 0.27 0.36

0.10 0.51 0.52 0.51 0.33 0.34 0.49

30 0.01 0.32 032 031 0.12 0.26 0.26

0.05 0.55 0.56 0.53 0.33 0.38 0.50

0.10 0.66 0.67 0.65 047 046 0.63

TABLE 5. Empirical power of the test statistics S1,S53,...,5¢ using 10,000 monte-carlo
simulations under exact, lower, central and upper shift alternatives as defined in table
for nominal « = 0.01,0.02,...0.10 with underlying Cauchy(0, 1) F.
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FIGURE 3. Empirical power of the test statistics Sp, .S, ..., S using 10,000 monte-carlo

simulations under exact, lower, central and upper shift alternatives as defined in table
for nominal o = 0.01,0.02,...0.10 with underlying Logistic(0, 1) F'.
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Test

Shift m,n « S1 So Ss3 Sy Ss Se
lower 10 0.01 0.02 0.02 0.01 0.01 0.02 0.02
0.05 0.08 0.08 0.06 0.05 0.04 0.08
0.10 0.15 0.15 0.11 0.09 0.08 0.14
20 0.01 0.03 0.03 0.02 0.00 0.02 0.03

0.05 0.12 0.12 0.07 0.02 0.05 0.12

0.10 0.19 0.20 0.13 0.05 0.08 0.21

30 0.01 0.06 0.06 0.03 0.00 0.02 0.05
0.05 0.16 0.17 0.09 0.02 0.04 0.17
0.10 0.26 0.27 0.15 0.05 0.08 0.27

central 10 0.01 0.05 0.05 0.05 0.05 0.05 0.05
0.056 0.16 0.15 0.15 0.12 0.11 0.15

0.10 0.25 0.24 0.23 0.20 0.15 0.24

20 0.01 0.11 0.12 0.10 0.02 0.09 0.10

0.05 0.26 0.27 0.24 0.11 0.16 0.28

0.10 0.37 0.38 0.35 0.20 0.22 0.40

30 0.01 0.19 0.20 0.17 0.05 0.14 0.18

0.05 0.39 040 0.36 0.18 0.22 0.39

0.10 0.51 0.53 048 0.29 0.28 0.52

upper 10 0.01 0.03 0.03 0.03 0.04 0.04 0.03
0.05 0.09 0.09 0.11 0.13 0.10 0.10

0.10 0.17 0.17 0.19 0.22 0.16 0.17

20 0.01 0.05 0.05 0.06 0.02 0.09 0.05

0.05 0.16 0.16 0.19 0.11 0.17 0.16

0.10 0.25 0.26 0.29 0.23 0.24 0.26

30 0.01 0.09 0.09 0.10 0.04 0.13 0.08

0.05 0.22 0.23 0.26 0.19 0.24 0.24

0.10 0.33 0.34 0.38 033 032 0.34

exact 10 0.01 0.06 0.06 0.05 0.06 0.06 0.08
0.056 0.18 0.17 0.15 0.15 0.13 0.21

0.10 0.27 0.27 024 024 0.18 0.32

20 0.01 0.14 0.15 0.11 0.03 0.13 0.19

0.05 0.32 0.33 0.27 0.15 0.21 042

0.10 0.44 045 0.38 0.26 0.27 0.55

30 0.01 0.24 0.25 0.17 0.07 0.18 0.33

0.05 0.45 048 0.37 0.24 0.29 0.59

0.10 0.57 0.59 0.50 0.38 0.36 0.71

TABLE 6. Empirical power of the test statistics S1,S53,...,5¢ using 10,000 monte-carlo
simulations under exact, lower, central and upper shift alternatives as defined in table
for nominal & = 0.01,0.02,...0.10 with underlying Logistic(0, 1) F.
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FIGURE 4. Empirical power of the test statistics Sp, .59, ..., S using 10,000 monte-carlo

simulations under exact, lower, central and upper shift alternatives as defined in table
for nominal « = 0.01,0.02,...0.10 with underlying standard normal N(0,1) F.
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Test

Shift m,n « S1 So Ss3 Sy Ss Se
lower 10 0.01 0.04 0.04 0.02 0.02 0.02 0.04
0.05 0.14 0.14 0.09 0.06 0.06 0.12

0.10 0.23 0.22 0.15 0.11 0.10 0.21
20 0.01 0.09 0.09 0.04 0.01 0.03 0.09

0.05 0.24 0.25 0.13 0.03 0.07 0.25
0.10 0.36 0.37 0.21 0.07 0.11 0.36

30 0.01 0.17 0.17 0.06 0.01 0.03 0.15

0.05 0.37 0.38 0.17 0.04 0.07 0.35
0.10 0.50 0.51 0.26 0.08 0.12 0.48

central 10 0.01 0.14 0.14 0.11 0.10 0.11 0.13
0.05 0.31 0.31 0.27 0.21 0.19 0.31

0.10 0.44 044 039 030 0.25 0.44

20 0.01 0.36 0.37 0.32 0.09 0.23 0.34

0.05 0.60 0.61 0.55 0.26 0.34 0.59

0.10 0.72 0.72 0.67 0.39 0.40 0.72

30 0.01 0.59 0.60 0.51 0.19 0.36 0.54

0.05 0.78 0.80 0.74 0.43 049 0.77

0.10 0.86 0.87 0.82 0.57 0.55 0.85

upper 10 0.01 0.08 0.08 0.09 0.11 0.12 0.07
0.056 0.23 0.23 0.25 0.29 0.24 0.20

0.10 0.34 0.34 0.38 042 032 0.31

20 0.01 0.21 0.22 0.24 0.10 031 0.19

0.05 043 044 047 036 046 041

0.10 0.56 0.57 0.60 0.54 0.55 0.54

30 0.01 039 0.39 040 025 049 0.32

0.05 0.62 0.64 0.66 0.58 0.64 0.59

0.10 0.73 0.75 0.77 0.74 0.72 0.70

exact 10 0.01 0.20 0.19 0.14 0.17 0.19 0.27
0.05 0.41 041 0.34 0.34 030 0.51

0.10 0.54 0.53 046 046 0.37 0.65

20 0.01 0.51 0.52 0.39 0.18 041 0.64

0.05 0.74 0.75 0.63 045 0.54 0.85

0.10 0.83 0.84 0.75 0.60 0.61 0.92

30 0.01 0.77 0.78 0.62 0.38 0.59 0.86

0.05 0.90 0.92 0.82 0.67 0.72 0.96

0.10 094 095 0.89 0.79 0.78 0.98

TABLE 7. Empirical power of the test statistics S1,S53,...,5¢ using 10,000 monte-carlo
simulations under exact, lower, central and upper shift alternatives as defined in table
for nominal « = 0.01,0.02, ...0.10 with underlying standard normal N(0,1) F.

Of first interest in the simulation results is a comparison between the performance of the adaptive rank
statistics and the popular non-adaptive Wilcoxon rank-sum test. The Wilcoxon rank-sum test performs
essentially as well or better than all of the adaptive tests across all kinds of shifts with an underlying
logistic distribution, which is not surprising, since the test can be derived as the optimal linear rank test
for alternatives involving exact location shifts of logistic distributions, and the power differences are most
pronounced in exactly this case (see figure [3| exact shift). Of note is also that the adaptive statistics S3
and Sy seem to have a very slight power advantage for larger « in the case of a shift in the upper range
of the distribution.

The case for the underlying normal distribution is essentially the same, most likely due to this distri-
bution’s similarity to the logistic distribution. For alternatives using an underlying Cauchy distribution
where less mass is concentrated in the tails of the distribution the situation is reversed, however, with
many of the adaptive statistics consistently outperforming the rank-sum test, especially in the case of the

central shift.
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Secondly, we would like to look at the differences between the various adaptive rank statistics S; through
S5 proposed here. In general, the statistics S4 and Ss using the flattened kernels K, g pay a heavy price
for the improved asymptotic behavior under Hy and suffer a significant loss of power compared to the
ranks-sum statistic and adaptive statistics using the bell-shaped Parzen-2 kernel. In most scenarios, the

differences become more severe as the nominal significance level a increases.

It is also interesting to note that in many cases it does not seem to matter much whether the restricted
kernel estimators fN and gy as proposed by [Behnen et al.| (1983) or the non-restricted kernel estimators
fN and gy proposed here are used when forming the test statistic Sy, as long as we are using exact or

monte-carlo critical boundaries and are not concerned with asymptotics.

For an underlying Cauchy distribution, there were no real differences in the performance of S; and S,
based on a score function I;N and S3 based on (;N, and S3 even seemed to have a slight advantage over
the restricted estimators in the case of an upper shift. For underlying normal and logistic F' the results
were much the same except for a distinct loss in power in S5 relative to S; and S on the order of around

0.10 across all significance levels examined in the case of a lower or exact shift.



CHAPTER 5

Proofs

5.1. Leading terms of Sy

In our proof of the representation of Sy (by) shown in Theorem [2.1) we showed in a first step that Sy (bx)
can be separated into a combination of leading terms that play a role in power and in the asymptotic

distribution of the test statistic and a collection of asymptotically negigible rest terms:

S = [ [ = o] @ Hy(@) [Frn(do) - Plao)

N
w
ke

N
[N
—_

+ / [fv — gn] o Hy(z) F(dx)

D)
M
=

/ v —aw] o Hy(x)- [Fx(x) ~ Hx(x)] F(dr)

~
=
s

g
+f [N g — (Fw = gw)]  Hy(2) F(do)
+ Op(ay

.

Of these leading terms (2.38]) and (2.42)) comprise i.i.d. sums, while (2.41]) is a deterministic component
responsible for power under H;. Thus, it remains to work further with the remaining leading term ([2.44)

to complete our linearization of Sy.

In the following, we will show that (2.44)) can also be written as a sum of i.i.d. variables plus negligible
rest. We can also note from the representation above that (2.38)), (2.41) and (2.42) all vanish under Ho,
so that (2.44)) alone determines the asymptotic distribution of Sy (l;N) under the null hypothesis.

Now, we can separate into two simpler terms
[ [ = = G = )] o Hv(o) Fiae)
_ / [Fx = ] o Hx () F(da) (5.1)
_ / [ — ] o Hy(2) F(da). (5.2)

In the following we will derive i.i.d sums from (5.1) and (5.2) and combine these to get an i.i.d. sum
for (2.44) plus negligible rest. All results in this section are proven using the same assumptions on K
and an and definitions as in Theorem We begin with ((5.1]). The work with (5.2]) will be completely

analogous.

41
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First, recall the definitions of the kernel estimators fN and gy of the densities fy and gy and the

functions fy and gu:

k=1 an
fN(t)—aNl/K<t_Z\]rV(y))F(dy), 0<t<1,
gn(t) = g,l/K (t_f;’(y)> G(dy), 0<t<1

Then

Using the Taylor expansion of the kernel function K about each of the ay'(Hy(x) — Hy(X;)) then yields

. (m-an)” {/K — Hy(X;))) F(dx)
/ / K(a — Hy(y))) F(dy) F(dz) (5.3)
+ay’-mt Z/K’ (z) — Hn(X;))) F(dz) - (Hy(X;) — Hy(X;)) (5.4)
ay' (Hy (2)—HN(X5)) .
+ayt-mt // ) (ay'(Hy(x) — Hn(X3)) —t) - K"(t) dt F(dz). (5.5)

It is immediately apparent that (5.3 is already a sum of centered i.i.d. variables. Thus, it remains to
work on deriving an i.i.d. sum from (5.4). Recalling the definition of the pooled empirical d.f. H N we
see that (5.4]) is equal to

ay? -mt Z/K’ (x) — Hy(X,))) F(dz) - [HN [Zl{x <X}+Zlm<x }H

—as 1Z/K’ (¢) = Hy(X2))) F(dz) - Hy(X3)
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- a}f em Z/K'(a&l(HN(x) - HN(Xz))) F(dzx) - N7 Z Lix,<xiy
i=1 j=1

—ay’-m~- Z/K/(afvl(HN(ﬂf) — Hy(Xy))) F(dz) - N7' > iyex,y
i=1 k=1

—am Y / K’ (ay' (Hy () — Hy(X.)) F(dz) - Hy(X)) (5.6)
Cwea? m? Z/K’ (x) — Hy (X)) F(dz) (5.7)
—Anay mT2 Y /K (z) — Hyn(X3))) F(dz) - 1ix,<x.) (5.8)

1<i#j<m
—(1=An)-ay?-m in7t. ZZ/K’ ay' (Hy(z) — Hy (X)) F(dz) - 1iy,<x,3- (5.9)
=1 k=1

We see that (5.6]) is already an i.i.d. sum and (5.7)) is negligible, since

‘AN ay?-m~2 Z/K' (z) — Hn(X3))) F(dz)
<Ay -ay’eom 2Z/|K’aN Hy(z) — Hy(X3)))| F(d)

<ot 23 [ ]

K o

=0(ay*-N7h. (5.10)
Further, (5.8)) and (5.9) are a U-statistic and generalized U-statistic scaled by Ay (m—1)m~! and (1—\y)

respectively. We will proceed by finding projections of (5.8]) and (5.9)) onto the space of i.i.d. sums which

we can continue to work with.

LEMMA 5.1.
23 KR (o) - H(X0) Fldo) - Lix,<x (5.11)
1<i#j<m
~ax?m 12[ [ ) = i (X0) Flde) 1,20 Fd)
=1

+ / K’ (ax! (Hn(2) = Hy(y))) F(dz) - 1ix,<y) F(dy)

=[] 5 (@3 (o)~ ) Fldo) - Lsy) Fldy) Fld2)] + Oslaz? - N7,

PROOF. Define

(rys) = ay / K ( (2) — Hy (1)) F(dz) - 11y,
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and define the U-statistic U,, as

Up=m "' (m—=1)"" un(X;, X;).
1<i£j<m

Then

a—2 -2 Z /K' (x) — Hn(X; ))) F(dx)'l{XjSXi}:(mfl)m71~Um,

1<i#j<m

Further, let U, be the Héjek projection of U,, as defined in Lemma

U= Z[ Junaaw P + [ a0 Fa2) = [ [ uxtv.) ) Fz)

= aﬁ-m*l-z U K’ (ay'(Hn(z) — Hy(X;))) F(dz) - 1yy<x,) F(dy)

i=1

+/ K’ (a&l(HN(:r) 7HN(y))) F(dx)l{XlSy} F(dy)
- / / K’ (ay (Hy(x) — Hy(y))) F(da)- 1<,y F(dy) F(dz)].

In order to complete the proof it only remains to show that
2 4
E[(m —)mt.U, - Um} = O(ayt- N72).
Applying the inequality from Lemma we have
A 72 2
E[(m —m~L Uy — Um} - E[(m —)m Y Uy, = Upy + Uy — Um]
2 12
< Q-E[(m —mtU, - Um} 2. ]E[Um - U}

<2m 2 B[U,]° +4(m — m ™ - E[uj (X1, X2)]°

for u}; defined as
Wiy (r,s) = un(r,s) — / un (r,y) F(dy) - / un(z,5) F(dz) + / / un (2,y) F(dy) F(dz).

Now, the kernel function uy is uniformly bounded:
[un]| < [[K"[|ay”

which means for the first expectation we can write

Ul =B ) w6 X9)] < s < R
1<i#j<m

Thus, it remains only to bound the second expectation E[u}"v(Xl, Xg)]Q:

E[ujy (X1, X2)]” < 4- E{[uN(Xl,Xz)f + |:/UN(X17y) F(dy)]2

+ |:/UN(Z,X2) F(dz)}2 + [//UN(z,y) F(dy) F(dz)] 2}
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<4. E[[uN(Xl,Xg)f +/ [un(X1,9)]” F(dy)

4 / [un (2, X2)]? F(dz) + / / un(z,9)]° Fdy) F(dz)

< 4']1*3[4' [HK'HGR?] }
= #||K|"ay"
Altogether this gives us
El(m—1)m™' U, — Um]2 <2m 2 E[U,]° +4(m — 1)ym ™3 - E[u} (X1, X2)]?
<om™? || K'|[Pay! + 40m — )m=* - 42| K| ay?
= 2| K" ay* - m 2 + 4| K| Pagt - (m— 1ym
=O(ay*-N72)

which completes the proof. O

Using the following lemma, we can replace (5.9)) by a projection as well.

LEMMA 5.2.

m n

aN -m~in” ZZ/K/ aN (Hn(z) — HN(XZ))) F(dx) - Tivi<xiy (5.12)
i=1 k=1
= [t 3 [ K@ o) - Hy (60) Flde) - Lyex, Gla)
w3 [ K @3 ) = (@) Fdo) Lvey) Fldy)
k=1

// K' (ay! (Hy(2) = Hx(y))) F(do) - Lizzyy F(dy) G(dz)| + Op(ay® - N71.

PROOF. Define

(r,s) =ay /K (z) = Hy(r)) F(dz) - 1{s<ry,
and define the generalized U-statistic U, , as
Um,n - m_ln_l : Z Z uN(Xi7 Yk)
i=1 k=1
Then
ay?-m~int. ZZ/K’ (z) — Hn(X3))) F(dz) - Liyo<xiy = Umon-

i=1 k=1
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Further, let Umyn be the Héjek projection of Uy, ,, as defined in Lemma

i A Z/“N o y) Gdy) + Z/uNxYk (dzx) //uny (dz)G(dy)
:aN2-{ -1 Z/ K' (ay (Hn(z) — Hn (X)) F(do) - 1y<x,y G(dy)
- Z // K (ay'(Hy(2) — Hy(y))) F(dz) - Liy,<,) F(dy)

In order to complete the proof it only remains to show that

E[Upnn Um,nr = O(ay* - N72).

Applying the equality from Lemma we have
. 2
E{Um»” - Um»”} =m~'n7 " Eluy (X, Yl)]z
for u}, defined as

uie(rs) = ulres) = [ (i) Gdy) ~ [ uters) F(dn) + [ [ utay) Pds) Giay).

Since the kernel function uy is uniformly bounded:
Jun || < [ K"[|ay?
we can write

E[UT\/(XMYD]Z < 4']E_[UN(X1,Y1)}2 + [/UN(Xlay) G(dy)}

+ :/uN(z,Yl)F(dz)r—F {//uN(z,y) G(dy) F(dZ)r]

< 4']E_[UN(X1,Y1)}2 +/ [UN(ley)]2 G(dy)

+/ [uN(z Y1 F(dz) + // un(z y G(dy) F(dz)]

<451 [|ros] ]

= 47| |Pay".

Altogether this gives us
E[Um e Um,n]2 = m~ o7 Eful (X, 1))

<m~ 'K oy

= 2| K'|Pay’ - m !

=O(ay' - N7%)
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which completes the proof.

LEMMA 5.3.
aN (HN HN(X )) N
N // (an' (Hn(2) = Hn(X3) —t) - K"(t) dt F(dz) = Op(a
YHy (z)—Hn (X))
PROOF.

ax (Hy (2)—Fy (X)) A
ay' -m Z// (an'(Hn(z) — Hy(X;)) —t) - K" (t) dt F(dz)

N (Hy (@)= Hy (X7))

ay! (v—HAn (X)) R
Z/ /a (ay'(v—Hn(X;)) —t) - K" (t) dt fn(v) dv

N (v—HN (X))

Z / / ]‘{a Yw—Hn(X;)) <t <ay'(v—Hn (X))}

1<i<m
Hn(X:)>Hn (X))

x (an' (v — Hy(X;)) —t) - K" (t) dt fx(v) dv

+Z // fay (v—HN (X)) <t < ayt(v—Hn (X))}

1<i<m
Hy (X3)<Hn(X;)

x (ay'(v— Hy(X;)) —t) - K (t) dt fx(v) dv

Z / / 1{HN +aNt<v<HN(X ))+aN t}

1<i<m
Hn(X:)>Hn (X))

x (ay' (v — Hy(X;)) —t) - K" (t) dt fx(v) dv

+y // {Hy(X)+an-t <v < Hy(X:)+ay-t}

1<i<m
Hy(Xi)<Hn (X))

x (an' (v — Hy(X;)) —t) - K" (t) dt fx(v) dv

Z / / 1{HN +aNt<v<HN(X ))JraN t}

1<i<m
Hn(X:)>Hn(X5)

<aN m- [

x Jay' (v = Hy(X2) = 1] - f(v) do |K"(2)] dt

+Z / / {Hn(X:))4ant<v < Hy(X;))+an -t}

1<i<m
Hy (X)) <Hn(X:)

x |ay' (v — Hy(X;)) — t| - fn(v) dv |K"(t)| dt

47

NN

(5.13)



48 5. PROOFS

1 1
Z /_1 HfNH/O 1{151N(X¢))+a1\7~t<v<HN(Xi))-i—aN-t}

1<i<m
Hy(X)>Hn(X;)

Sa&l.m_l.{

x |ay' (v — Hy(X;)) — t| dv | K" ()| dt

1 1
+Z /71 HfNH/O L b (Xi)) +an t < v < Fn(X:))+an-t}

1<i<m
Hn(X:)<HnN (X))

x |ay' (v — Hy(X;)) — t| dv | K" (t)] dt}
> [l () — (%)

1<i<m
HN(Xi)>HN(Xi)

<ay'-m7t- HfNH . [

1
X /O L (X)) tant < v < Hy(Xi))+an -t} @V |K//(t)| dt

1 1
* Z / |a&1(HN(Xi) N HN(Xz)){ / 1{HN(Xi))+aN't <wv < Hy(X;))+an-t} dv |K//(t)’ dt
1<i<m /=1 0
Hy (X:)<Hn(X;:)

<ax?-m - ||f] - [ S Ha(X) - Ax(X)|
1<i<m
Hy (X:)>Hn (X))

11
x [1[) Lt (X)) 4an-t < v < Hy (X)) +an-t} @V |K"(t)] dt

1 1
+ Z ’HN(Xi) - HN(Xi)‘ ' /_1 /O 1{HN(X1‘))+GN't <v < Hn(X;:))+an-t} dv ‘K//(t)’ dt

1<i<m
Hy(Xi)<Hn(X;)

< aX/Q -m~ HfNH ' Z ‘HN(Xi) - FIN(Xi)F ' QHKHH
i=1

< 2|l Jay? - || £l - (|~ H|[
= O]P’(a&2 ) N_l)’
due to the D-K-W bound on ||ﬁN — Hy/|| and the fact that HfNH = 0(1) (see Lemma. O

We can apply (5.3)), (5.6) and (5.10) together with Lemmas and to express (.1) as an i.i.d

sum plus negligible rest terms, which we record in the following lemma.
LEMMA 5.4.

/ [fN - JFN} o Hy(z) F(dz) =

m

— ot Y | [ Ko (o) - Hy (X)) Flas)

i=1

- / / K (! (Hy (2) — Hy(y))) F(dy) F(dz)
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— Ay -ayt-mTh Z [/ K’ (ay'(Hy(z) — Hy(y))) F(dz)- Lix,<yy F(dy)

i=1

- [[ K (a3 ) — Hv) P ) F(dm]
(=) - ay? ! Z{ [ K (a3 @)~ Ha ) Fldo) 1) Fldy)

- [[ (@t (o) ~ () Fla) -Glo) F(dw]

+Op(ay” - N71).

PrROOF. Combine (5.3)), (5.6) and (5.10) together with Lemmas and to get
/ [fN - JFN} o Hy(x) F(dx)

it Z[/K oy (Hy (x) — Hy (X)) F(dz)
/ K (ay'(Hy (2) — Hy(y))) F(dy) F(dz)

+ay?-m! Z/K’ ay' (Hy(z) — Hy(X;))) F(dz) - Hy(X;)

Ay ay? o i[ [ 5 a5 ) = i (3X0) Pldo) 14,00 Fd)
+/ K' (ay'(Hn(z) — Hy(y))) F(dz) - 1(x,<yy F(dy)
/ / K’ (ay'(Hn(2) — Hx(y)) F(dz) - 1(.<,y F(dy) F(d2)
(1= An) -yl { Z//K ot (Hy(z) — Hy(X0)) F(dz) - 1<,y G(dy)
+n*1-z / / K' (ay'(Hn(z) — Hy(y))) F(dz) - Liy,<yy F(dy)

///K/ ay' (Hn(z) = Hy(y))) F(dz) - 1<y F(dy) G(dz)

+ O]p(a,N -N~ 1)

:a]*\rl m—l.z |:/K(aN (HN( )—HN(XZ))) F(d.’lﬁ)
— [[ (a3 o) ~ () Fldy) Fla
+ay?-mt Z/K’ — Hy(X;))) F(dz) - Hy(X;)

—ay?-mt Z/K’ — Hn(X)))) F(dz) - AwF(X;)
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ot Y / K (o5 () — Hy () () 15,239 Fldy)
- [[ K (@3 (o) ~ Hylw) Fldo) - F(o) Fldy)
—ay?-mt- Z/K’ — Hy(X;))) F(dz) - (1 - Av)G(X3)
— (1= Aw)ay?ont g / / K (a5 (Hy(2) — Hy(y)) F(do) - 1y,<,) Fldy)

F1- )0 [ K (@ (o) - Hy(w) Fde) - Glo) Fidy)

+Op(ay’ - N7H.
Now, since
35 f K o)~ X)) Pl )

=ay -m! Z/K’ (an' (Hn(2) = Hy(X3))) F(da) - ANF(X;)

+ay?-mT? Z/K’ (ay' (Hy(z) — Hn (X)) F(dz) - (1 — An)G(X:)
this simplifies to

/ [ - fN} o Hy(z) F(do)
oyt Z{ [ ! (o)~ By (X0) Flda)
/ K (ay (Hy(2) — Hy(y))) Fldy) F(de)
— Ay -ay?-mh Z//K’ ay' (Hy(z) — Hy(y))) F(dz) - 1ix,<yy F(dy)
i [ K (@3 (o) ~ Hy(w) Fldo) - F(o) Fidy)
—(1=An)-ay?-nt- Z//K’ ay (Hy(z) — Hy(y))) F(dz) - 1y, <4y F(dy)

H=aw)ai? [ [ K (03! () - Hy (@) Flde) - Gly) F(dy)

+ O]p(a;\]Q . Nﬁl)
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m

— AN - a&Q m Zl [/ K’ (a&l(HN(x) - HN(y))) F(dx) - 1{X11SZ!} F(dy)
/ K'(a (z) — Hn(y))) F(dx) - F(y) F(dy)]

—(1=Ay)-ay?-n " [/ K' (ay (Hy(z) — Hn(y))) F(dz) - 11y, <4y F(dy)
k=1

[ K @@ - ) F(dm)-G(y)F(dm}
+ O]P’(a]_\]2 N7

which completes the proof. O

To derive an i.i.d sum from (|5.2)) we will use very similar arguments to those which we used to work with
(5.1). We begin by deriving a sum representation of ([5.2)).

/ [on — ] o Hv(x) F(da)

:/{n ay)! Zn:K (an'(Hn(2) — Hy(Y3)))

=1

ot [ Ko () - A ) G(dm] P(da)
:Z n-an)” [/K ay' (Hy(z) — Hy(Yy))) F(dx)

[ K  Hw) G(dy) Flds).
Using the Taylor expansion of the kernel function K about each of the ay' (Hy(z) — Hy(Y%)) then yields

> n-an) | / K (a3 (Hy (@) - Hy(V2))) Flda)

k=1

/ / K(a — Hy(y))) G(dy) F(de) (5.14)

a2ty / K'(ay' (H(2) — Hy(Y2))) F(dx) - (Hy(Ye) = Hy (Vi) (5.15)

aN (Hy(x)—Hy (Y)) R
+aN “n- Z// (a;vl(HN(x) — Hn(Yy)) —t) - K"(t) dt F(dz). (5.16)
ay' (Hy(z)—Hn (Yk))

It is immediately apparent that (5.14) is already a sum of centered i.i.d. variables. Thus, it remains to
work on deriving an i.i.d. sum from (5.15). Recalling the definition of the pooled empirical d.f. Hy we
see that ([5.15) is equal to

/K’ (x) — Hy (Y3))) F(dz) - [HN Yi) = {Zl{x <Vi} +21{Y1<Yk}”

=ay’-nt- Z/K’(a]_vl(HN(x) — Hn(Ys))) F(dz) - Hy(Y)
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—ax?on Z / K (ax! (i (2) — Hx(Y3) Fdz)- N5 3 10x ey

Jj=1

—ay?-n” Z/K’ N(z) = Hy(Y2))) F(dz) - N7' > vy,
=1
—ay?-n” /K’ (r) — Hn(Y3))) F(dz) - Hy(Yy)

—Ay-ay -mTin! ZZ/K’ ay'(Hy(x) — Hy(Y2))) F(dz) - 1(x,<v,3

k=1j=1

(AN aZen Z/K’(a;(HN(x) ~ Hy(Yi))) F(dz)

—(L=An)apy? om0 /K’ (z) — Hy(Yi))) F(dz) - Livi<y,)-
1<k£I<m

We see that (5.17) is already an i.i.d. sum and
(1-An)-ay’-n"2. Z/K'(a;vl(HN(x) — Hn(Y3))) F(dz) = O(ay’ - N7

by (5.10).

Further, (5.18)) and ([5.20) are a generalized U-statistic and U-statistic scaled by Ay and (1—Ay)-(n—

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

1)n~1

respectively. We will proceed by finding projections of (5.18) and (5.20) onto the space of i.i.d. sums

which we can continue to work with.

LEMMA 5.5.

ay’ -m'n” ZZ/K/ (z) — Hn(Yk))) F(dx) - 1ix,<v)

k=1 j=1

— [m—l > J[ 5 @ i) — ) FG) - 1x,y Gl

ntey // K' (ay! (Hy(2) = Hy(Y))) F(dz) - Liy<y,y F(dy)
k=1

= ][ K @ (@) ~ Hyw) Fdo) - 1oy Gldy) Fdo)| + Osla? - N7

PROOF. Define

(r,s) =ay /K (x) — Hn(r ))) F(dz) - 1s<ry,

and define the generalized U-statistic Uy, , as

m n
Unn =m nt. g g un (Y, X

i=1 k=1

(5.22)

The rest of the proof is completely analogous to the proof of Lemma with the kernel function

un (X;, Yx) replaced by un (Y, X5).

O
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LEMMA 5.6.

)Y /K/ (r) — Hn(Y3))) F(dz) - 1ivi<viy (5.23)

1<k#£I<m

=ay’ 0ty {/ K' (ay' (Hy(z) — Hn(Y2))) F(dx) - 1{y<y,y G(dy)
k=1

4[] K @3 @) = (@) Fdo) L,z Gla)
- / / K’ (ay! (Hy(2) — Hy(y))) F(dz) - 1ey; Gldy) G(d=)| + Oplay? - N7,

PROOF. Define

(r,s) =ay /K’ ~ (Hy(z) — Hy(r ))) F(dx) - 1gs<r,
and define the U-statistic U,, as
Up=n"t(n—-1)" ZUN Vi,V
1<k#I<m
Then
ay? om0y /K’ (z) — Hn(Yi))) F(dz) - 1yv<yyy = (n— D)n~ - U,

1<k#I<m

The rest of the proof is identical to the proof of Lemma with m, ¢, j, X;, X;, F(dy) and F(dz)
replaced by n, k, I, Y%, Y;, G(dy) and G(dz) respectively. |

LEMMA 5.7.

n

ay (Hn(z)—Hn(Yk)) )
a&l .n L. Z// (a;vl(HN(x) _ HN(Yk:)) _ t) . K”(t) dt F(d:v) _ OP(asz . N_l).
k1 Jay! (Hy (2)—Hy (Yi)

(5.24)

PROOF. The proof is identical to the proof of Lemma [5.3| with &, n and Y} in place of i, m, and X;. O

We can apply (5.14)), (5.17) and (5.21]) together with Lemmas and to express (5.2) as an i.i.d

sum plus negligible rest terms:

LEMMA 5.8.

/[QN —gn]o Hy(z) F(dr) =

! TL71 . Z {/K(aj_\,l(HN(a:) — HN(Yk))) F(da:)
k=1



. S
— [ K ) - () Glay F<dm>]
—(1=An)-ay?-nt Z[/ K' (ay' (Hy(z) — Hn(v))) F(do) - iy, <yy G(dy)
- [[ (@ (o)~ () Flan) -Glo) G(dw}
Sy eaytoml i [ [ ) = H ) Pldo) 1 x4 G)

- [[ K @) - s ) Fia) - F) Glay)|
+ O[{»(CLN -N— )
PrOOF. Combine ([5.14)), (5.17) and (5.21]) together with Lemmas and The proof is identical to

the proof of Lemmawith n, m, k, i, Yi, X;, An, (1 = An), G(dy), G(dz), and F(dy) in place of m,
n, i, k, X;, Y, An and (1 — Ay), F(dy), F(dz), and G(dy) respectively. O

Finally, we combine Lemmas and to get the desired i.i.d. sum representation for (2.44]), which
yields

LEMMA 5.9.

[ i = ax = (v = a)] o Hx (o) Fia)

— oyt m i [ 5 o) ~ i (50) F () (5.25)
— [[ Ko nta) = (o) Fla) F(dx>] (5.26)

— Ay -ay?-mTh i[/ K’ (ay'( — Hn(y))) F(dz) - 1ix,<yy F(dy) (5.27)
/ K’ aN (Hy(z) — Hn(y ))) F(dx) - F(y) F(dy)] (5.28)
—(1=An)-ay?-n? ZU K’ (a — Hy(y))) F(dz) - Liy,<yy F(dy) (5.29)

- [[ K (a3 e — () Flan) - G) F<dy>] (5.30)
—ay nh kZ_: [ / K (ay'(Hy(x) = Hy(Yy))) F(de) (5.31)
- [ Kl i) = ) Gtas) P (532

+<1—AN>~a;V2-n-1-Z[ [ K (@3 @)~ By ) Fdo) - 1c) Gldy)  (533)

- [ 5 (a3t o) - ) Flao) -G Gla)| (5.3)
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+ Ay - ay’ -m*l-z [/ K' (ax' (Hn(z) — Hy(y))) F(dz) - 1(x,<yy G(dy) (5.35)
=1

- [ 5 @3t (o) - o) Fao) - £ Glay)| (5.36)
+ OP(GRIQ ’ N71)7

which can also be expressed more simply using integral notation as

5.2. Negligible terms

The proofs in this section will deal with terms which are asymptotically negligible under H; as well as
under Hy, meaning that they are stochastically bounded so that they converge in probability to 0 even

after Sy (IA)N) has been properly scaled to ensure convergence in distribution.

We begin by bounding the Taylor rest terms generated in our expansion of .S N(IA)N). The following sections

will deal with further terms from the expansion that turn out to be negligible as well.

5.2.1. Taylor rest terms from the expansion of Sy. The following lemma shows that the four
Taylor rest terms (2.37)), (2.40)), (2.43]) and (2.46) that appear in the expansion of Sy (I;N) shown in the

proof of Theorem [2.1] can be combined into a simpler single integral representation which is shown to be

asymptotically negligible.

LEMMA 5.10. Let F' and G be continuous distribution functions and Hy and lfIN be mixed theoretical
and empirical distribution functions for sample sizes m and n defined as in and | - Further,
let K be a kernel on (=1, 1) and an a bandwidth sequence satisfying (2.5) . through and let fN and
gn be kernel estimators and and fy and gy be functions on the interval (0, 1) defined as

n and (2.18) respectively. Then
HN(aE) 1" . .
[ [ T i = =] ) (o) ) i [ — P

Hy () "
o[ ] [ ] @ (i) — o) [Faa) P

Ay (2) "
// fN - gN} (t) - (Hn(z) —t) dt F(dx)
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Hn () " .
NS R S| KURUNEEUERS

:O]p((lN -N~— 1).

PROOF.

Hy(z) P R
// [fN —gn — (fv — gzv)] (t)- (Hn(x) —t) dt [ E(dz) — (da:)]
Hy(z) N
[ o] ) G - 0 [t — P

An(z) . "
// fN_gN] (t) - (Hn(z) —t) dt F(dx)

Hy (z) - _ " ~
[ [ v =i = Uy =] O (fiw (o) = 1) de Fas)

Hy ()

/ / e [Fx —gN]"(t) (Fn(2) — 1) dt F(da) (5.37)

Hy ()

m Hn (X))

|:(J,N3 .m~ 1. ZK”(G;\Il(t — ]:IN(X])))
j=1

—ayt ot Y K ayt (e - ﬁmn»)} (A () — 1) dt
k=1

:aJ—VS.m*Q.ZZ/ K" (ax (t — Hn(X,))) - (Hx(X,) — t) dt (5.38)

m n Ay (X5)

. B / K" (ay'(t — Hy(Y2)) - (Hn(X;) — t) dt. (5.39)

i=1 k=17 Hn(Xi)

We consider (5.38) and (5.39) in turn, showing that each are bounded by Op(ay® - N~') sequences. For
(5.38) we have:

m o rHN(XG) . .
:a;VB-m*Q-Z/ K" (ay'(t — Hy(X0))) - (Hn(X;) —t) dt (5.40)
i=1 7 Hn(X:)
Ay (X5) R )
+ay’ -m? Z / K" (ay'(t — Hy(X;))) - (Hn(X;) — t) dt. (5.41)

1<i#j<m

Now bounding (5.40) we have

m HN(Xl) R .
aj—vs-m*Z‘-Z/H KR B () (T (X))
i=1 7 Hn(X:
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1<i<m Hy (X3)
Hu (X:)<Hn (X))

Hy (X3) . .
-3 / K" (ay*(t — Hy(Xy))) - (Hn(X:) —t) dt] ‘

1<iem Y HN(X0)
Hn(X:)>Hn (X))
Hy(X5) . .
<a {Z / |K" (ay!(t — Hy(X))))| - |[Hn(X;) — t] dt
1<i<m

Hy (X3)<Hn(X;)

Hn(X;)

+y° / |K" (ax'(t — Hy(X2)))| - [Hn (X
1<i<m Hy (Xi)
Hy(X:)>Hn (X))

-3 -2 " Hx (X) '}
<ay-m [ S [ ) ar

1<i<m N (X3i)
Hyn(X:)<Hn(X3)
Sl [ e -
+ K / H (Xi)—t dt]
1<i<m HN(Xl) Y
HN(Xi)>I:IN(Xi)

Som 23| K| N (X)) — Hy (X))
=1

S a;\]?) _m—l . HK//H .

= O]p(a]_\,?’ . N_Q).

aN m- |: Z / K” _1(t - }AIN(X,))) . (IA{N(X,L) - t) dt

57

We use the L' norm to show that (5.41) is Op(ay? - N~1). First, define Hj to be equal to Hy with X,

Xo, Y7 and Y, removed from the sample. That is,

m

H3(x) [Z lixi<ay +21{Yk<m}:|

Now recalling that K is zero outside of (—1,1) we have for (5.41)):

d

HN(Xl) R R
a;,s-mfzz / K”(a&l(t—HN(Xj))) C(Hn(X3) —t) dtH
1<ij<m” Hv (X0)

Sa&3~m2~E[ Z

1<izj<m | 7 HN(Xi)
Hy(X:)<Hn(X:)

HN (X5) .
‘ K"(ay'(t — Hyn(X;))) - (Hn(X;) —t) dtH
1<2;£j<m Hy (X:)

Hy(X3)>Hn (X:)

. Y Hn(X:)
=ay -m E[ Z / 1{HN(Xj)faN<t<HN(xj)+aN}
1<izj<m!/Hn(X:)

Hy(X3)<Hn (X))

AN (X3) . .
/ K" (ay'(t — Hy(X;))) - (Hn(X;) — ) dt‘
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X K”(a;vl(t — I:IN(XJ))) . (I:IN(XZ) — t) dt
‘ {ﬁN(Xj)—aN <t<An(X))tan} K" (ay'(t — Hx(X;))) - (Hy(X) — t) dtH
1<z7€j<m Hy (X:)
HN(X )>HN(X)
<ay’- [ > IE"|- / Ly (X)) —an < t < fin(X;)ban)  HN(XG) —t] dt
1<i#£j<m Hy (X5)
Hy (X3)<HN(X;)
" N '}
SR o <1 sany 1) ~ 0]

1<i#j<m
HN(X )>HN(Xi)

" -3 2 Hw (X ]
= ||[K"|| - ay® m™* { Z E[/H 0 L il (Xo)—an <t < fin(Xa)ban) - [HN(X1) = 1] dt}
1<i#j<m b/ HN (X0

Hn(X:)<Hn(X:)

Hy(X1) .
+ Z [/ l{ﬁN(Xz)—aN <t< Hy(X2)+an} ' |HN(X1) - t| dt:|:|
1<i#j<m Hy (X1)

Hy(X3)>Hn (X:)

< HK”H _a&s,m—r { Z E[,gN(Xl) —HN(X1)]
1<i#j<m
Hy(X:)<Hn(X:)

x / 1{HN(X1) <t< Hn(X1)} ' 1{13[N(X2)7a1\7 <t< Hy(X2)+an} dt}

+)_E [’HN X1) = Hy (X1)| '/1{Hw<x1)<t<HN(X1)}'1{ﬁN(X2>—aN<t<ﬁN(X2>+“”}dt”
1<i#j<m

Hy(X:)>Hn (X5)

< |K"|| - ay®-m~?- [ > E[[‘f[N(Xl) — Hy(X0)| + [Hy (X3) - HN(Xl)H
1<i#j<m
Hy(X:)<Hn(X3)

X/1{HN(X1><t<ﬁ;;<x1)+|f1N<xl)ﬁ;(xn}‘l{taN<HN(x2)<t+aN}dt}

+ E[[\ﬁzv(Xl) — A3 (X0)| + [ (X1) = Hu(X3)|
1<i#j<m

X /1{H;<X1>—|HN<X1>—I?;<X1>|<t<HN<X1>}'1{t—aN<ﬁN<Xz><t+aN}dt”

<||E"||-ay® -m~2- [ > ]EHHEI;;[—HNH +4N—1} ./1{HN(X1)<t<HMX1)+4N,1}
1<i#j<m
Hn(X:)<Hn(X:)

X ]‘{t—aN—\HN(X2)—I:IJ*\,(XQ)\—\I:I]*V(XQ)—HN(X2)‘ < Hn(X2)}

L (X2) < than+ | Hy (X2)— B (Xa2) [ g (X2) — A (X2)1} dt}
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+ Z IEHHIS(}‘;[ - HNH + 4N_1} ' /1{FI;,(X1)74N*1 <t< Hy(X1)}
1<i#j<m
Hy (X:)>Hn (X3)

x 1{t7aNf\HN(Xz)fﬁfv(Xﬁ\*\ﬁfv(Xﬁ*HN(Xﬂ\ < Hy(X2)}

X L (%) < tran 1 (Xa)— 3, (X2) |+ (X) — Fn (X2)]} dt”

< HK”H 'aJ_Vg‘mfz‘ { Z EHHH;/ - HNH +4N71} '/1{HN(X1)<t<H1’§,(X1)+4N*1}
1<i#j<m
Hy (X:)<Hn(X:)

x 1{t—aN—HHN—ﬁ}‘vH—4N‘1 < HN(X2) < t+an+[|Hy —Hy || +4N 1]} dt}

7% —1
+Z EHHHN - HNH +4N } '/l{ﬁg«v(xl)—uvfl <t< Hn(X1)}
1<i#j<m
Hy(X:)>Hn (X3)

x 1{t—aN—HHN—15’7vH—4N‘1 < HN(X2) < ttan+[|Hy —Hy || +4N 1]} dt”

= [|K"|| - ax®-m~2- { Z E[EHHFI;, — Hy|| +4N*1} ./1{HN(X1)<t<g7V(X1)+4N,1}
1<i#j<m
Hy(X:)<Hn(X:)

x 1{t—aN—HHN—H;QH_4N_1 < Hn(X2) < t+an+||Hy—H || +4N~1} dt ’ X1,X3,..., X, Y, Yn:|:|

. o
+> E[]EHHHN —Hy| +4N7] '/1{H1*V<X1)—4N-1<t<HN<X1>}
1<i#j<m
Hy(X3)>Hy (X))

X Ll an— | Hy— A [ —AN-1 < Hy (X2) < t-+an+]| Hy— g [+4n-1]) 9 ’ X1, X3,y Xm, Y3, .. Ynm

1
= HK”H 'aJ_vg'mfz' { Z EHHH;/ - HNH +4N71} / \/l{HN(X1)<t<fIJ*V(X1)+4N*1}
1<iZ£j<m 0
Hy(X3)<Hn (X))

Xy an— [ Hy— A3 [-AN~1 < v < t4an+]Hy—A3 [+an-1} G FN (V) dv}

1
7% —1
+ Z EHHHN — Hy| +4N } / /1{1};()(1)—41\/71 <t < Hy(X1)}
1<i#j<m 0
Hy(X3)>Hy (X))

Xy an— | Hy— A3 [ -AN~1 < v < t4an+] Hy—A3 [+an-1} G FN (V) dv”

= ||K"| - ax?-m? { Z EHHH;, — Hy| +4N*1} ./1{HN(X1)<t<HI,KV(X1)+4N,1}
1<i#j<m
Hy(X;)<Hn(X;)

1
X/O Ly — | Hy— T3 [ —AN-1 < v < than+| Hy -5 | +an-11y - TN (V) dv dt]

+ Z EHHH;/ - HNH +4N*1} ./1{1},3()(1)741\771 <t< Hn(X1)}
1<i#j<m
Hn(X:)>Hn (X;)
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1
- /0 Ly — | Hy— 13 [ —AN=1 < v < tan+| Hy— i35 | +an-11y - SN (V) dv dt”

< K" -ay®-m~2- { 3 ]EHHH;, ~ Hy | +4N]
1<i#j<m
Hyn(X:)<Hn(X3)

_ﬂ

X {flj*\,(Xﬁ — Hy(X1) +4N_1} 2|\ £ |- [

+3 E“HH}V — Hy|| + 48]
1<i£j<m
HN(Xi)>HN(Xi)

l

N 2 N
gHK”H-a;VS-m(m—1)m—2-EHHH;—HNH+4N—1] ~2HfNH-[aN+HHN— x

< [0 = (350 + 48] -2 ] - |

_ﬂ

<K+ ay®-mm = 1)m=2 - 2|| fx |

[l e[ s il

<||E"|| - ay® - mm — 1)ym=2 - 2|| fu|

N|=

iy 4 —4 : 2 7 |2 -2
x[8E[||HN—HN|| +4N H -{4]E[aN+HHN—HNH +4N H

= | K"|| - ay® - m(m — 1)m ™2 - 2| fu

[N

<8 “HHN ay|]" +an- } {E av] +E[|Hx - Ay +4N2]

W=

= K" - ay*-01) - [O(N"2) + O] - [0(ak) + O(N ) + O(N2)]
=ay’-O0(1)- O(N™) - O(an)
=O0(ay? - N7h).
Thus, we have shown that (5.40) and (5.41]) are Op(a&?’ - N~2%) and O]p(axf2 - N~1) respectively so that
the first of the two sums that make up the total rest term (5.37) is Op(ay® - N~1).

To see that the second sum (5.39) is O[g»(af\,2 - N~1) as well simply replace the scaled summation m~=2 -
Dicigjom With m™tn=t 37 o, and Xj, Xy and fy by Y, Y1 and gy respectively in the
above proof showing that (5.41)) is Op(ay” - N™'). Then, altogether, we have (5.37) is Op(ay® - N~1) as

claimed. O

The terms ([2.35), (2.36), (2-39) and (2.45) are leading terms from the expansion of Sy (by) in the proof

of Theorem that will turn out to be negligible as well. In the following sections we will consider each

of these terms in turn and use similar techniques in each case to properly bound them.
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All results in this section are proven using the same assumptions on K and ay and definitions as in
Lemma [5.10]

5.2.2. First bounded term. Beginning with we can write
/ {fN —gn — (v — QN)} o Hy(z) {Fm(dx) - F(dﬂf)}
_ / [ = x| o Hx (@) [ Frndr) — )] (5.42)

_ / [an = gw] o Hu (&) [ () — ()] (5.43)

We will first work at bounding (5.42)). The proof for (5.43) follows along similar lines. The approach
will be to show that our favorable choice of centering functions fy and gy will mean that (5.42) can be

written as a degenerate U-statistic plus a negligible rest.

Recall our definitions of fy and gn:

) =ayt [ 1 (S ) P, v<es<, (5.44)
an(t) :a;/K <t55(y)) G(dy), 0<t<l1. (5.45)
Then
/[fN fN} o Hy(x [ m(dx) — (dw)}

e / K (ay (Hy(2) — By (X)) F(dz) + / F o Hy () <da:>}

At this point we separate the summands with ¢ = j and use the Taylor expansion of the kernel function
K about each of the ay' (Hy(X;) — Hn(X;)) and ay' (Hy(x) — Hy(X;)) for the remaining summands
with ¢ # j, which yields

[ [ = i) o Hy(@) [ Fula) - Fa)]
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m

=ay'-m™? Z{ ayt (Hy( i)*I:IN(Xi)))*/K(aj_\,l(HN(Xi)—HN(y))) F(dy)
—/K(a&l(HN@)—FIN(Xi))) F<dm>+/ K(ay'(Hn(z) — Hy(y))) F(dy) F(dw)} (5.46)

+ayt om0 [K(a]_\,l(HN(Xi) — Hy(X;))) - /K(aﬁl(HN(Xi) — Hy(y))) F(dy)

1<i#j<m
- [ Kt () — v 06) Fldo) + [ K (e vlo) - Hw ) £l Flan)| - 57

tay om7 Y {K/ (an' (Hn(X:) = Hn(X;))) (Hn(X5) — Hn(X;))
1<igj<m

— [ Ko (o) — iy (6)) Fld) (1 (X,) — (X)) (5.48)

) , o' (Hn(XO=-Hn(X;) . ,
tay'-m Y U (an (Hn(X;) — Hn (X)) —t) - K" (t) dt

1<i#j<m N (HN (Xi)—Hn (X))

ay (Hn(z)—Hn(X;)) .
- / / (! (Hx(2) — Hx(X;)) — 1) - K"(t) dt F(dm)} (5.49)
ay' (Hy(x)—Hn(X;))

REMARK 2. In many of the following lemmas (e.g. Lemmas [5.11] [5.12|[5.14] and [5.15)) we eschew deriving
sharper bounds for the terms in question in favor of shorter, simpler proofs providing rough upper bounds.
We will invest more effort in deriving bounds for terms (5.49) and ([5.76)), since these converge more slowly

and thus play the role here of the “limiting” terms which determine the overall rates of convergence for

and (513,

Since we have assumed that the kernel function K is bounded, it is easy to see that (5.46) is O(ay"-N~1),

since

m

-2 Z[ o' (I (X0) = A (X)) — [ K (ax’ (Hx (X))~ Hy(0) F(d)

_ / R {ay! () = i (X0)) F) + [ [ K (03} (o) = Hy(0) Fla) Plas)||

<ay'-m7' 4| K|\ (5.50)

In the following lemmas we will derive bounds for the remaining three terms (5.47)), (5.48) and (5.49)).

LEMMA 5.11.

ay'-m7y {K(“EI(HN(XD—HN(XJ')))—/K(GNI(HN(Xi)—HN(y))) F(dy)

1<i#j<m
~ [ B (o (o) ~ Hy (X)) Fldo) + [ [ K (03! () - Hy () F(dy) F(da)

= Op(a;/vl . Nﬁl).
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PRrROOF. Define
un(s, t) = ay' K (ay' (Hn(s) — Hy (1)),
and define the U-statistic U,,, as

Um = m_l(m — 1)_1 . ZUN(Xian)-

1<i#j<m

Let U, be the Hajek projection of U, as defined in Lemma Then is equal to
mT_l U = On].
Applying the inequality in Lemma [A:2] we have
E[Um - z?m]2 < 2m— Dm™® - E[u} (X1, X5)]”

with u} defined as

Wiy (r,5) = un(r,s) — / un(r,y) F(dy) - / un(z,5) F(dz) + / / uy (. y) F(dz)F(dy).

Thus it remains only to bound the expectation E[u*N (X1, X2)]22

E[u} (X1, X2)]”

— B o [ (e (1 0) — Hy (0) = [ K{ax? (i (X0) — (1) Fld)
2
- [ (o) — o) Pl + [ 8 (e et ) () o)
< a4 B [ oy (B (060) ~ (X)) + | [ K (03 (e (30) = () Fid)|

| [ K@ v o) - Hy(x0) Flas)| g [ # s (o) = () Feay) Plas)] ]
<ay4-E[4-||K|)

= 16]|K||* - ay?.

Altogether, this yields
E[Um - ﬁm]2 < 2(m — 1)ym~* - E[u}y (X1, X2)]*
< 2(m — m=> - 16||K|* - a5
= 32||K||* - ax? - (m — 1)m ™
=O0(ay* - N7?%).
so that is
m-—-. [Um - Um} = Oplay! N7

which completes the proof. O
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LEMMA 5.12.

ay’-m=2 [K/(a]—vl(HN(Xi)—HN(Xj)))(HN(Xj)_HN(Xj))

1<i#j<m
- [ K@ i)~y (6) Pl () - ()|
= OP(CLRIQ . Nﬁl).
PROOF. Define
(s, ) = a2 [ ! (o) = H(0) = [ K (05 B (o) = () Fldo)]

Then

ay? m=2- Y [K/(CLNI(HN(Xi)_HN(Xj))>(HN(Xj)_HN(Xj))

1<i£j<m
- [ K@) ~ Hx () F() (Hx () - (X))

=m™? Y un(Xi, X;) - [Hx (X)) — Hv(X;)]

1<i#j<m
:m_Q'ZUN(XivX) [HN _ N~ 1|:21{X1<X}+21{Yk<x }]}
1<i#j<m
= m72 . ZUN(X“XJ) . HN(XJ) - m72 . ZUN(Xi,Xj) . Nil Z 1{X1§Xj}
1<i#j<m 1<i#j<m =1
- ZUN Xi, X;) Zl{Yk<X }
1<i#j<m

=m™2 ) un(Xi, X;) - Hy(X5) = Av-m™ > > un(Xi, X)) - 1y, <x;)
1<iZj<m 1<iZj<m =1

—(1=Ay)-m 20t Z ZUN(Xi7Xj) “livi<x;y
1<iZj<m k=1

:m72~ uN(Xi,Xj)~HN(Xj)f)\N«m73o UN(Xian)’]-{XLSX-}
J
1<i#j<m 1<i, j, I<m
i#7, j#1 and i#l

— Ay -m3- Z un (X, X5) - Lixo<x;p — Av -m™ 2 ZUN(Xi7Xj)
1<iZj<m 1<iZj<m

—(1=Ay) - m2nt. Z ZUN(Xij) Lvie<xsy
1<i#j<m k=1

Define the U-statistics U),, Uz, and the generalized U-statistic U3, , as

U71n = m_l(m — 1)_1 . ZUN(Xi7Xj) . HN(Xj),

1<i#j<m
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Ul =m'(m—-1)""(m-2)"" ZUN(Xi,Xj) ixi<xgy
1<i, j,I<m
i#7, j#1 and i#l

Upw=m  m=1""n"" ) un (X5, X)) - ve<x, )
1<iZj<m
1<k<n

and let Urln, U,% and U;j’;n be the Héjek projections of U}, U2, and US’%n respectively as defined in Lemmas

and Then is equal to

m—1 UL Ay - (m—=1)(m —2) 2
m m m2 m
— )\N . m73 . ZUN(Xian) . 1{Xi§Xj} - )\N ~m73 . Z’UJN(X“XJ) (551)
1<i#j<m 1<i#j<m
(I-An)-(m—-1)

3
_ - . Um,n'

Now, the kernel function uy is bounded:
[[un] < 2| K"[lay’

Which means for the sums in (5.51) we can write

‘ — /\N . m_3 . ZUN(Xian) . 1{XiSXj} — )\N . m_3 . ZUN(Xi>Xj)

1<i#j<m 1<i#j<m
S )\N . mf?’ . Z }'LLN(XZ',X]') . 1{Xi§Xj}| + )\N . m73 . Z ‘UN(X“X])|
1<i#j<m 1<i#j<m
<avemT Y a4+ Av o mT S ]
1<i#j<m 1<i#j<m
22y -m(m —1)
— NT un
=O(ay?-N7h. (5.52)

Thus, we can partition (5.48)) into the sum of three scaled U-statistics and a negligible rest:
.Ul

AN -(m—1)(m —2 9 1-Ay)-(m—1
- 1A ( m2)( )_Um_( Nzn( )

m—1

UYL, +0(ay” N7Y. (5.53)

In the following we will show that (5.53) is O(ay” - N™1) as well, which will complete the proof. Begin
by calculating each of the projections 0}n, Ufn and U’fnn Firstly,

m

Oh=m Y [ [ v (i) (o) Play) + [ (e, X0 - Hw(X0) F(ds)
— [ [ty - tito) F(dw)F(dw] .

Nextly, for Ay - U2 we have

m

A 02 =y em 1S [ [ ux ) s FanF@) + [[ a0 11c) FlanF(2)

i=1

+ / / un (@) - 1ix, <y F(dz)F(dy) — 2 / / / un (@) - 1oeyy F(do)F(dy)F(dz)
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m

DY [ [ un(Xaaw) AwF) Fldy) + [ (e, X0) - AwF(X) Fldo)
o //uwa Lix,<y F(de)F(dy) - //uny AwF(y) F(dz)F(dy)

m~? Z [/uN Xi,y) - AwF(y )F(dy)—i—/uN(%Xi)-)\NF(Xi) F(dz)

//uN x,y) - ANF(y (dy)}

+ Ay -m7t- Z[//uny Lix,<yy F(dz)F(dy) — //uny F(dx)F (dy)}

And lastly, for (1 — Ay) - US’ML we have

(1 - )‘N) ’ Ug@,n

- (1_”)[7”_1' [// un(Xi,y)  Lazy) Fldy)G(dz) + / / uN(x,Xz-)-1{z<Xi}F<dm>a(dz>]
w03 [t s Pt =2 [ o) 1z PG
! Z[ [ (i) (0= Aw)G0) Pl + [[un(a X0 - (1= An)G0K) Flaa)
// () (1= )Glo) F(d)F(dy)|

(1—=An)- {//uny ) Lyyi<yy F(d2)F(dy) — //uny dy)|.

Now, since
HNZ/\N-F—F(l—)\N)'G,
we see that

Ul =An-U2—(1-2n)-U3

— D emol Z U/UN 2,9) - 1(x,<y) F(dz)F(dy) - //uN z,y)F dx)F(dy)}

(I —=An)- {//u]\;xy ) Live<yy F(dz)F(dy) — //uny )}

=1
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UK' () — Hy (1)) F(dz) /K’ ~ Hy(y) F(d2)

Thus, for (5.48]) we have

m—1 AN - (m—1)(m —2) (I=An)-(m—1) _ _
mol gy, Awm e D= 2) gy QA D) o N
m—1 2\
= T : |:U7}n, — AN Ufzn =X U2 (1 - AN) m n:| + O(axfz N™ )
g g vz - 03] _2N 2 (1) (U = 03] | +Ola? - N7
m m m m m m m m,n m,n N ’
and it remains only to bound [U} Ul] (U2 — U,%l] and [U,:’;”L — (A]S’WI] and QATN -UZ. Firstly, using

Lemma [A.2] we have
12
B0}, = 0] < 20m = )m™? - Eluiy (X1, X))

for uj, defined as

Wi (r8) = un(r,s) - Hy(s) - / un(ry) - Hy (y) F(dy)

= [untes) - Ho) Fdo) + [ [ (o) - Hylw) Fld)Fiy)

so that the expectation is easily bounded:

E[ufy (X1, X2)]°

< 4']E:[UN(X17X2) Hy (X)) + {/UN(th) -Hn(y) F(dy)}2
ao)] +

[ usten - i) <dm>F<dy>ﬂ

<4.E —[uN(Xl,Xg)]z +/ [un(X1,9)]° F(dy)

o[ funte o pia } [ aste Fian HN<>F<dy>H

g4.1E_[zaN2.|K/||}2+/[2aN K F y)}

+ :/uN(x,Xg) Hy(X3) F

< 32||K'|)* - ay.

Altogether this yields
JE[U; - U}nr < 2(m —1)ym ™ - Blujy (X1, X2)]°
< 2(m—1)m~3- 32| K| - ay*
= 64| K'[[* - ay* - (m — 1)m

=O(ay* - N7%). (5.54)
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Similarly, using Lemmas and we have

E[UZ - iffnr = 0(m™2) - |Jusy |
and

B[03,, - 03] = [00m~'n) +00m2)] - Juin

m,n m,n

for u3, and uj, defined as

Wi (r5,8) = un (1) - Loy — / / un(r,y) - 1oeyy Fldy)F(dz) — / / wn(@,8) - 1oesy F(d)F(d2)

- [ [ untew) pen FaoF@ +2- [[[ux@) 100 Fan @ F@:)

and

winrs,t) =ux () Lpcy = [ [ unri0) Loy Fl@)Glaz) = [ [un(es) 1o Fan)Gla2)
- [ [ untaw) vpen Py +2- [[[unten) 110 PanFanc:),

Bounding u}, we obtain
ENGERS]

un (7, 8) - Typ<s) — // un(r,y) - 1i<yy Fdy)F(dz) — // un(w,s) - 1.<sy F(dr)F(dz)

- //uN(x,y) <y Fldz)F(dy) +2- /// un (2,y) - 1iacyy F(dz)F(dy)F(dz)

un(r,s) - lg<gy — // un(r,y) - 1<y F(dy)F(dz) — // un(x,s) F(dr) - 1.<4 F(dz)

- / / un(,y) F(d) - Lipeyy F(dy) +2- / / / un(,y) F(de) - 1aeyy F(dy)F(d2)

< ‘uN(ns)‘ +// |uN(7",y)| F(dy)F(dz)
< 2ay” - [|K7|| + 2057 - | K|

= da3? .

Completely analogous arguments show that
[vsn (rs,1)] < day® - || K|
as well. This gives us

E[02 - 02]" = 00m=) - Jusy |’ = 0(m2) - Olay") = O(ay? - N2) (5.55)

and

E[U2, 03] = [00m=) — 0m™'n™))] - Juiy|* = Ofay* - N2 (5.56)
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Lastly,
2N AN _ _
TR Ur = e m T m =) T =27 un (X XG) - L <x
m
1<i, j, I<m
i#j, 771 and i#£l

2N
= m2(m —1)(m — 22 ] Z HuNH

<i, j, I<m
i#7, j7#1 and il

m

_ 20 - fluw|
o m
_ 2 2] K]y’
m
=O0(ay*-N7h. (5.57)

Combining (5.54)), (5.55)), (5.56)) and (5.57) we see that ([5.48)) is equal to

m—1 _ _ _ _ — _
o OP(C‘NQ'N 1)_)‘N'OP(G’N2'N 1)_O(GN2'N Y

—(1=An) - Oplay’ - N"H| +0(ay? N1 =0p(ay’ - N7

which completes the proof. O

LEMMA 5.13.

ay' (Hy(X:)—Hn (X))

ayt om0y [/ (ay'(Hn(X;) — Hn (X)) —t) - K" (t) dt

1<izj<m L/an' (HN(X)=HN(X;))

a;l(HN(x)—I:IN(Xj)) . R )
- //,1 (ax'(Hn(z) — Hy(X;)) —t) - K" (t) dt F(dz)
ay (Hy(z)—Hn(X;))

= Op(a]:,?’ . Nig).

PROOF. Begin by defining

L ay' (Hy(r)—Hn(s)) . N
an(r,s) =ay - [/ (a;v (Hn(r) — Hn(s)) — t) -K"(t) dt
ay' (Hn (r)—Hn(s))

ay' (Hy(z)—Hn(s)) .
_ / / (ax! (Hx(2) — Hn(s)) — 1) - K"(¢) dt F(dw))|.
ay' (Hy(z)—Hn (s))

Then we may write (5.49) as

m=? Y (X, X). (5.58)

1<i£j<m

Looking at the second moment of (5.58) in order to derive a bound for (5.49) we find

E[m—2 . ZﬁN(Xi7Xj)r

1<i#j<m

—m1. [m(m —1) - Elan (X1, X5)]° (5.59)



70 5. PROOFS

+m(m—1)-E[an (X1, Xa) - in(Xa, X1)] (5.60)
+2m(m — 1)(m — 2) - E[an (X1, X2) - an (X3, X1)] (5.61)
+m(m —1)(m —2) - E[an (X1, X2) - dn (X1, X3)] (5.62)
+m(m —1)(m —2) - E[an (X1, Xa) - in (X3, X2)] (5.63)
+m(m —1)(m — 2)(m — 3) - B[y (X1, Xa) - ity (X, X4)]] . (5.64)

In order to derive bounds for some of the expectations in (5.59) through (5.64) we define H A to be equal
to ﬁN with X, Xo, X3 and X4 removed from the sample. That is,

=5 k=1

. T % : o ~ ~ % ~ ~ %
Using Hy; we can derive a useful decomposition of @y. Define 4]y, 45y and 45y as

. ay' (Hy (r)=H} (s)) . . .
iintro) =o' | [ (a5 (His () = B ) = 1) - K0
ax (Hy(r)—Hn(s))

ay (Hy(z)—H} (s)) .
-/ (0 iy (o) = 5()) = ) K"(0) e Fic)| (5.66)
ay' (Hy(z)—Hn(s))

. ay' (HN(r)=H} () L . .
ntrs) =ayt | [ ox! (T3(5) — i (s) - K7 (1)
an' (Hy (r)=Hn (s)

ay' (Hy(z)—Hy (s)) . .
_ / / a (B (s) — Fn(s)) - K () th(dx)} (5.67)
ay' (Hn(z)—Hn(s))

and

. ay' (Hy(r)=Hny(s)) ) .
o) =axte | [ g ele) ~ () - 1) K0
ay' (Hn (1) =H5 ()

ay' (Hy(z)—Hn(s)) R
- / / U G (o (Hu (@) — Fn(s) — 1) - K"(0) dt F(dw)|.  (5.68)
ay' (Hn(z)—H% (s))

Then we may write ty as
Uy =d)y + dyn + U3y,
and for the expectation in we may write
B[y (X1, Xa) - iy (X3, Xy)]
= E[[a] 5 (X1, Xa) + G55 (X1, Xa) + G35 (X1, Xo)] - [0} n (X3, Xa) + G55 (X3, Xa) + @55 (X3, Xa)]]
= B0} 5 (X1, X2) - 47 (X3, Xa)| + E[a] 5 (X1, X2) - G35 (X3, Xa)| + B[]y (X1, X2) - G35 (X5, X4)]
+ E[a5n (X1, X2) - 05 5 (X3, Xa)] + B3y (X1, Xo) - 055 (X5, Xa)] + E[5y (X1, Xo) - 055 (X5, X4)]
+E[a3y (X1, Xa) - 0] (X3, Xa)| + Efa5x (X1, X2) - @55 (X3, Xa)] + E[@5y (X1, X2) - 055 (X3, Xu)]

< Elafy (X1, Xa) - @5 n (X3, Xy)]

[N
Nl
o=
o=

n []E[@’{N(Xl,)g)f] : [E[@;N(Xg,x4)]2] ¥ [E[@’;N(Xl,xg)ﬂ . []E[agN(X3,X4)}2}
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ol
Nl
N
ol

n {E[a;N(Xl,Xg)ﬂ : [E[@;N(Xg,x4)]2} + {E[%N X1, X)) {IE . X3,X4)}2}

[N
Nl
N
[N

n [E [a;N(Xl,Xz)f] [IE Xs,X4)ﬂ

(NI
Nl
N
[N

]
[Blagn (X, X0)12] + [Efasy (X0, X))
iy

n []E [a;N(Xl,XQ)f] : [E [a;N(Xg,X4)]2] + []E[uBN (X1, Xs) []E . XS,X4)}2}

1 1

= B[i}y (X1, Xa) - @y (Xs, Xa)] +2- []E[a’;N(Xl,Xg)ﬂE : [E[a;N(Xl,XQ)]Q] ?

N|=

t2. [E[a’;N(Xl,Xg)]QF : [E[USN(Xl,XQ)] } +E[iisy (X1, X))

Nl
N

+2- [Efasy (X0, X))’ [y (X0, X2))] + gy (X1, X2)].

This means we only need to bound the four expectations E [a} y (X1, X2)-@ 5 (X3, X4)], B[] 5 (X1, X2)] 2
E[a3y (X1, Xz)]2 and E[a;y (X1, X2)]2 in order to bound the expectation in (5.64)). Firstly,

Ela] (X1, X2) - 475 (X3, Xa)]
= E[E[afy (X1, X2) | Xo, X, o+, Xy Vi, V2,000, Vo] -y (X, X))
—0,
since for the inner expectation

E[QTN(X17X2)|X27X37'” 7X7na Yl,Y2a"' 7Yn]

ay' (Hn (2)—Hy (X2)) 1 . y
=ay' - [// ) (ay'(Hn(z) — Hy(X2)) — t) - K"(t) dt F(dx)
ay (Hy(z)—Hn(X2))

ay' (Hn (z)—Hy (X2)) ) R "
_ / / (! (Hx(2) — Hiy(Xa)) — 1) - K"() dt F(dz)
ay' (Hy(z)—Hn (X2))

= O,
so that the first expectation vanishes completely.

The other three expectations do not vanish, but can be bound adequately. Beginning with
B[]y (X1, X5)]” we have

E[a]y (X1, X2)]”

ay' (HN(X1)—Hp (X2))

—5la | [ (e (Hn (X0) — 3y (X)) — 1) - K (8) dt

N (Hy(X1)—Hn (X2))

) //aNl(HN(w)—FI?v(Xz)) (an'(Hx(z) — Hiy(Xa)) —t) - K"(t) dt F(d:r)”2

ay' (Hy(z)~Hy (X2))
2

g [[ [ e - Az - - K70
SQaN.EH/ ay (Hy(X1) — Hy(X2)) —t) - K tdt:|
ay' (Hy (X1)—Hn (X2))

e o 005 530 - K ]|

N (Hy (z)—Hn (X2))

) g fon ENED-AR(X2) R 2
< 205 o (Hy (061) — A3 () — ]

ay' (Hn(X1)—Hn(X2))



72 5. PROOFS

{HK”H//(IN (A0 |a;vl(HN(z)—ﬁp(xg))—ﬂth(dx)ﬂ

, ) oy (Hn(X1)—H3 (X2) 12
< 207 B[ 1K) - ! 062) ~ x| ]
ay' (Hn(X1)—Hy(X2))
ay' (Hy(z)—Hy (X2)) 2
MK”|‘ lay' (Hn (X2) — Hy(X2)) // th(dx)} ]
a HN(I) HN(XZ))
< 2ay*- EHHK”H lay' (Hy(X2) — HN(XQ))\]
~ 2 2
+ IR ot ) - Ax e |
A~ 2 2
§2aN2~E[ [HK”H ! (H (X2) — i (X)) } ]
2 P 2 2
<40 K[ 06a) - Bz ()] ]
<oy " 5| il
The expectation is O(N~2) by the well-known D-K-W bound on ||Hy —
E[i}y (X1, X2)]" = O(az® - N72). (5.69)

For the next expectation E[a}y (X1, Xg)]2 we obtain

E[asy (X1, X2)]”

o ay (Hn(X1)—Hy(X2)) LA . Y
:E[aN . U ot (3 (Xa) — Hn(Xo)) - K7 (1) dt
ay' (Hy(X1)—Hn(X2))

ay (Hy(z)—Hy(X2)) |- . 2
-/ 3 () = Ay (X)) - K7 (0 e ()|
ay' (Hy(z)—Hn (X2))

= (Hn(X1)—Hy (X2)) LA R . 2
<%y IEH/ o (B (Xs) — By (Xa)) - K7(1) dt]
ay' (Hy(X1)—Hn (X2))

[//N e M (H(Xa) — Hy(X2)) - K" (1) dtp(da»ﬁ

~ (Hn(z)—Hn (X2))

N HN (X)) —H (X2)) . 2
< 2a;72 E|:|:||K”||/ |a HN(XQ) HN(X2)>| dt:|
N (Hn(X1)—Hn (X2))

i ff T s - )] |

N (HN(2)—Hn (X2))

4 2 ay' (Hn(X1)—Hy(X2)) . 2
<203t K" IEH/ yH;(Xg—HN(Xg)Idt}
ay' (Hy(X1)—Hn(X2))

[// (R G |I§I;§,(X2)I§IN(X2)\th(dx)r]

~ (Hy(z)—Hn (X2))
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2
< day®-||K"|? -]EDFI;,(XQ) Hy(Xa)| - |H} (X2) — Hy(X2))
R 2
<y B AN [ ]
< 6dax® - N2 || K7 [Hﬁfv - HNHQ].
The expectation is O(N 1) by the D-K-W bound, so that altogether we have
E[isn (X1, X2)]" = O(az® - N79). (5.70)

Lastly, for the expectation IE[iL;N(Xl, Xg)} ? we obtain

[}y (X1, X2)]”

. ay (Hy(X1)—Hn(X2)) . R "
= [aN : [/ ) (ay' (Hn(X1) — Hy(X2)) —t) - K" (t) dt
an' (Hy (X1)—Hy (X2))

_//aN1<HN<m) Hn(X2)) ax' (ay (Hn(z) — Hy(Xs)) —t) - K”(1) cltF(dJc)”2

ay (Hy(z)—H%(X2))

, ay'(Hy(X0)=Hy(Xa) R . 2
<2ay ]EH/ ) (ay' (Hn(X1) — Hy(X2)) —t) - K"(t) dt}
ay! (Hn(X1)—Hy (X2))

ay' (Hy(z)—Hn(X2)) . ) R 2
e o (0 (Fle) = Fy(62) — 1) - K (0 F(a)] |
aN (Hy(x)—H¥(X2))

N (Hy(X1)—HN(X2))

< 207 -EHHK”H ay (Hy(X1) — Hy(Xo2)) — ¢ dtr

ay' (Hn(X1)—HE (X2))
. ay' (Hx (@) =Ax(X2) R 2
{HK H//,l ) lay (HN(:E)—HN(XQ))—t’th(dm)} ]
ay (Hn(z)—Hy(X2))
ay' (Hy(X1)—Hn(X2)) 2
dt]

< 2032 EHHK”H syt (F5 () — J?IN<X2>>|/ h
ay (Hn (X1)— 5 (X2)

HHy (2)—HN (X2)) 2
{HK”H lay! (Hy(X2) — Hy(X2)) |// th(dm)] }
ay' (Hn(z)—H% (X2))

<202 |K"|* E -|:’a (H(X2) - FIN(Xz))!2]2 {\a (H3 (X2) - HN(XQD‘QH
<day?-||K"|)*-E :[|aN1(ﬁI}§[(X2) - ﬁIN(Xz))lzﬂ

= day’- HK”H2 -E |I§(}§,(X2) - ﬁN(Xg)ﬂ

<day® - |K"|*-E _(4N_1)4]

= K N



74 5. PROOFS

Thus, for the expectation we have

E[djy (X1, X2)]” = O(ay® - N7%).

Combining (5.69), (5.70) and (5.71]), we have shown for the expectation in (5.64]) that

E[an (X1, X2) - an (X3, X4)]

1

=20y - N 72" [0(ax - N7

1
2

1
2

+2-0(az®- N 72| " [Ofaz®- N*“]é+0(a&6~N*‘°’>

1
2

. [O(a;,ﬁ -N74] +0(ay® - N7%

[N

+2-[0(az® - N7
=0@ayd N 3)+0(ay® N3 +0(ay’ - N"2)+ 0(ay® - N

=0(ay’- N_%).

(5.71)

Using the Cauchy-Schwarz inequality, all of the other expectations in (5.59) through (5.63]) are bound by

the expectation E[ﬁN(Xl, Xg)]2. Bounding this expression we have

E[an (X, X2)]°

L ay (Hy(X1)—HnN(X2)) . .
= E[aN . [/ (ax'(Hn(X1) — Hy(X2)) — t) - K"(t) dt
ay' (Hy(X1)=Hn (X2))

) / /aa;(HN(x)HN(Xz» (an'(Hy(z) — Hy (X)) — t) - K"(t) dt F(dfv)H2

~ (Hn(z)—Hn(X2))

) ay (Hy(X1)—Hn(X2)) . . .
< 2ay ]EH/ (ax' (Hn(X1) — Hy(X2)) —t) - K"(t) dt]
ay' (Hn(X1)—Hy(X2))

U/:N e XZ))( N (Hn(x) = Hy(X2)) — ) - K" (t) th(dx>ﬂ

) . ay! (Hn(X1)—Hny(X2)) L . 2
<207 [I15] / o (i 062) = Ay (6e) 1 ]
(Hn (X1)—Hn (X2))

Ny @A () . 2
[HK”H// lay (HN(:U)—HN(XQ))—t‘th(da:)] }
N (Hy(z)—Hy(X2))
2 o - ay! (Hn(X1)=Hy(X2)) 72
< 2ay ]EHHKNH | v (Hn(X2) — HN(X2))| dt}
ay' (Hn(X1)—Hn(X2))

ay' (Hn(x)—Hn(X2))

[HK”H lay! (Hy(X2) — Hy(X2)) // th(dx)ﬂ

N (Hy(z)—Hn (X2))

= 20?77 B 2l (e () — i ()|

< a3’ | K" -IE[HHN - ffNH“].
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The expectation is O(N ~2) by the D-K-W bound, so that altogether we have
E[QN(Xl,Xz)] =0(ay’ - N7?), (5.72)

which means that the summands (5.59)) through (5.63]) are all O(a]_\,6 - N73). Combining this with the
fact that (5.64) is O(ay’ - N ~3) gives us a rate for (5.53), namely

m™2 Y an(X;, X;) = Op(ay® - N7H) (5.73)
1<i#j<m

which completes the proof. (I

To bound (5.43) we will use very similar arguments to those which we used to show that (5.42)) is
Op(ay? - N~'). We begin by deriving a sum representation of (5.43).

fa#/K(aer(HN(x) HN(Yk)) (dz) +ay' / K (ay' (Hy(2) — Hn(y))) G(dy) F(dx)

Now using the Taylor expansion of the kernel function K about each of the ay'(Hy(X;) — Hx(Yy)) and
ax' (Hn(z) — Hy(Yy)) then yields

/ (v — ] © (@) [ Frn(de) — F(aa)

—ayt-m~n ZZ{ ay' (Hy(X:) — HN(Yk)))—/K(a;vl(HN(Xi)—HN(y)))G(dy)

i=1 k=1

- [ K (@R o) - Hy(00)) Fde) + [ [ K (3! (Hx () = Hy(w) Gldy) Fdo)| - (571)

m

+ay?-min7t ZZ{K’ ay (Hy(X;) — Hv(Y2))) (Hn (Ye) — Hy(Yz))
=1 k=1
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/ K'(ay' (Hn(x HN(Yk)))F(dx)(HN(Xj)fIN(Yk))} (5.75)
mon (HN(X:)—HN (Y3))
ayt-mTin7! a<l ) — H A
row ;k—1|:/“;11(HN(X) Hy (Yi)) (o (R (X)) = Hi () =) - K(0)
ay' (Hy(2)—Hn (Yx)) .
- / / ) (ay' (Hn(z) — Hy(Yr)) —t) - K"(t) th(dx)} (5.76)
ay (Hn(z)—Hn(Yk))

LEMMA 5.14.
Nmnik_ [K(aN%HN( iy (04) [ K () — Hv(0) Glay)
—/K(aj_\,l(HN( )= Hy(Y2))) Fldz) + //K ax (Hy(x) — Hy(y)) G(dy) F(da)
=Op(ay'-N71).

PROOF. Define
un (s, t) = ay' K (ay' (Hn(s) = Hn(1))),
and define the generalized U-statistic Uy, , as

—-1,.-1 §
Um,n:m n . UN(X,',Yk),
1<i<m
1<k<n

and let Umyn be the Héjek projection of Uy, as defined in Lemma Then (5.74)) is equal to UmynfUmm.
Applying the inequality in Lemma [A-3] we have
. 2
E{Um»" - Um»"} =m~'n"" - Eluy (X, Yl)]z

with u}; defined as

Wiy (r,5) = un(r, s) — / un(r,y) G(dy) - / un(z,5) F(dz) + / / uy (. y) F(de)G(dy).

Thus it remains to bound the expectation E[u*N (X1, Yl)]Q:

E[u} (X1, Y1)

= ]E[GNI [K(aNl(HN(Xl) - Hy())) — /K(afvl(HN(Xl) — Hy(y))) G(dy)
2
_/K(a;vl(HN( ) — Hy(Y1))) F(dz) / K(ay' (Hy(z) — Hn(y))) G(dy) F(dx)”
— a2 B[ (o (e (X0) — Hw (1) - / K (ax (Hx (X2) — () Gldy)

2
_/K(a;[l(HN( ) — Hy(Y1))) F(dz) + / K(ay' (Hn(z) — Hn(y))) G(dy) F(dx)}
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<ay? 4 E[[K(aj—vl(HN(Xl) )+ [ [ Kt iy () - () G(dyﬂ

UK o (Hn(2) — Hy (V1)) } [//K o} (Hx(z) — H(y))) G(dy) F(dx)} 2]

<ay’ -4 E4- K]

< 16| K|* - an?.

This yields
E|Up.n — ﬁm,nr =m B fuy (X, )]
<m~ 't 16)|K |7 - gy
= 16||K|]* - a5 -m 't
=O(ay*- N7%)

which completes the proof. O

LEMMA 5.15.

ay?-m~int zm:zn:{f(’ (an' (Hn(X:) — Hv(Y2))) (Hn (Vi) — Hn(Y2))
=1 k=1

— / K'(ay (Hy(2) — Hy(Y2))) F(dz)(Hn(Y3) — FIN(Yk))]

= OP(CLRIQ -N_l).

PROOF. Define
un(s, t) = ay’ - {K'(a YHy / K'(ay' (Hy(z) — Hn(t))) F(dx)}.

Then

aN m- n -1 ZZ[ a’N HN X) HN(Y]C)))(HN(Y]C)—I:IN(Y]C))
i=1 k=1

/K’ ay (Hy(z) — Hn(Yz))) F(da) (Hy (Ye) ﬁN(Yk))]

=m 'n"t. ZZUN(Xi;Yk) - [Hy(Y2) — Hy(Y2)]

i=1 k=1
=m 'nt. ZZUN(Xi;Yk) . [HN(Yk) -N! [Z Lix;<viy + Z 1{YqSYk}”
i=1 k=1 j=1 a=1
zm_ln_l-ZZUN(X Vi) - Hy(Yy) —m ™ 'n~! ZZUN (Xi, Yi) - Zl{X <Yi}
i=1 k=1 i=1 k=1

7m71n71'ZZUN (X5, Yy) - Zl{y <vi}

i=1 k=1
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= mflnfl . ZUN(XiaYk) HN(Yk) AN M~ 77, ZUN Xl,Yk) 1{X <Yi}

1<i<m 1<i#5<m
1<k<n 1<k<n
_>\N m- n ZUN X“Yk) 1{X<Yk}_(1_/\N) m- n —2 ZUN X“Yk)
1<i<m 1<i<m
1<k<n 1<k<n
—(1=Ay)-mn72%. ZUN(Xi,Yk) Ly, <viy
1<i<m
1<k#q<n

Define the generalized U-statistics U,ln n m n, and U3

Upp=m""n" " ZUN(Xi»Yk) - Hn (Yy),

1<i<m
1<k<n
2 —1 -1, -1
Upn=m "(m—=1)"n""" E un (Xi, Yi) - 1ix,<vids
1<iAi<m
1<k<n

U,?;m =m n"tn—1)" ZuN (X, Yi) - Lyy, <viy-

1<i<m
1<k#q<n
Then (5.75)) is equal to
Ul _)\N(m_]‘)UZ
m,n m m,n

— AN -m~ n~ ZUN XZ,Yk) 1{X <Yi} — (I—AN)om71n72~ZuN(Xi,Yk) (577)
1<i<m 1<i<m
1<k<n 1<k<n

RSSO RUET g

n )

Now, the kernel function uy is bounded:
Jun || < 2| K[Jax*.
Which means for the sums in we can write

)\N m- n ZUN X“Yk) 1{X<Yk}_(1_)\N) m- 7’L —2 ZUN XZ,Y;C)

1<i<m 1<i<m
1<k<n 1<k<n
<Ay -m it Z lun (X3, Vi) - 1x,<vir | + (1= An) -m™'n 72 Z |un (X, )|
1<i<m 1<i<m
1<k<n 1<k<n

<Ay -mZn” ZHUN||+ 1—An)-m™ lp=2 ZHUNH
1<i<m 1<i<m
1<k<n 1<k<n

= P\N -m~t + (1 — >\N) . nfl] . HUNH

=O0(ay*-N7h). (5.78)
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Thus, we can partition (5.75|) into the sum of three scaled U-statistics and a negligible rest:

)\N~m71 1—/\N-n71 < _ _
U}n,n—#ﬂim—( 31 ( )-Ufn,n+0(aN2~N h. (5.79)

In the following we will show that is O(a]_\,2 - N~1) as well, which will complete the proof. Begin

by calculating each of the projections U 1 Ufn , and 0,?,’1 - Firstly,

m,n’

U mt Z/UN Xi,y) - Hn(y) G - Z/UN z,Yy) - Hy(Yy) F(dz)
_ / / un(z,y) - Hx(y) F(dz)G(dy).

Nextly, for Ay - U » Wwe have

2
AN - Um,n

=AN[m— [ J[ i 1y Gl Fa) + [[unton) 1.e FlaoGlas)|

n1~§ / / un (2, Ye) - 1eyy F(dr)F(dz) — 2 / / / un (@) - Lioey) F(dx)G(dy)F(dz)}

! z i) () Gl 4073 (oY) A () Fid)
- / / un (2, ) - Aw Fy) F(da)G(dy)

+Alez[//uny Lix,<yy F(dz)G(dy) — //uny F(dz)G(dy)|.

And lastly, for (1 — Ay) - U%n we have

(17)‘N)Ufnn

=(1-An) [m_l : i::// un (X3, y) - Liw<yy Gdy)G(dw)

nt. ; [ ot ey FlanGia + [[ a2 Flanc
— 2/// un (2, y) - Liw<y F(dx)G(dy)G(dw)]

ml.i/UN(Xiay)'(l/\N)G( )G -1 i/“N (z,Yy) - (1 — An)G(Yy) F(dz)

k=1

- / / un(2,y) - (1= Aw)Gly) F(dx)G(dy)

n

(1= An)-n-t U/uN 2,9) - Ly <y F(dr)G(dy) //uN 2.y) Fdz)G(dy)

Now, since

Hy=Av-F+(1-Xy)-G,
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we see that

Unlmn_/\N mn_(l_)‘N)

m

—wem Y [ [[ uv@n) - 10x.cn Plan)Glay) = [[unten) - o F(dm)awy)]

i=1

n

(A nt Z[//uwy Ly Faa)Gldy) — [ [ (o) G Flan)G(an)

=0.
due to
/ un(w,y) Fdz)
~ [ ] [K’( (Hy () / K (0! (2) = Hy) F(02)] | Flae)
= ay?- UK (z) — F(da) /K’ — Hy(y))) F(dz)}

Thus, for (5.75) we have

U'rlnn_w'Ugln (L= An)-( 1) +O(a;[2 N7
, m s n
=Up = AN U + AN U2, —(1=Ay)-US L= Aw) gy O(ay? - N7Y
’ ’ n
- A
_U'rlnn mn AN |: I’L_U2 :|+l Ur2nn_(1_)‘N) |: m,n UI’IS’L7L:|
1—A )
IRCELY N)'USAL,ﬁO(aJ‘V”Nﬂ

n
and it remains only to bound {U}nn fﬁ,}ln} , [Ufnn — ijnn} , {U;O;Ln fﬁ,‘fln} , %V . U2 », and (A=2Aw) ’\N U3
Firstly, using Lemma [A23] we have

2

E[U}nn — ﬁ}nn] =m tn7t. ]E[UTN(Xl, Yl)]2

for uj defined as

win(r,5) = un(r,s) - Hy(s) — / un(ry) - Hy () G(dy)

- / un(z,s) - Hy(s) Fdz) + / / un (2,y) - Hy(y) F(dz)G(dy)

so that for the expectation we have

E[ufy (X1, Y1)]?

< 4-IE[[UN(X1,Y1) Hy(Y1)]” + UuN X1,y) - Hn(y) G(dy)r

N [/UN(%Y” Hy(Yi) F } [//W z,y) - Hy(y) (dx)G(dy)ﬂ
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S4-E-[UN(X17Y1)]2+/[UN(Xlay)]2G(dy)

+:/uNxY1 r [//UNCUZ/ (dx) HN()G(dy)H

<820 K1+ [ 2?5 P

< 32|K" - oy’
This yields
E[U}W _ U}mr =m B fuly (X, 1))
<mn s K ay
= 32||K|* - ayt-m it
=O(ay*- N7%). (5.80)
Similarly, using Lemma we have
E[UZ,, — 02,.)" = [06n~ 0" 4+ 0m™2)] - us]f
and
E[U3, = 0%.0)" = [0m™ 0™ + 0(n72)] - iy

for u3, and uj, defined as

i (r5,1) = un(r,8) - Lreay — / / un(r,y) - Loeyy Cldy)F(dz) — / / wn(@,8) - Loesy Fde)P(d2)

- [ uxt@) 1y FanGiay +2- [[[unten) 100 PGy Faz),

and

uzn (1, 8,t) = un(r,s) - Ly<sy — // un(r,y) - 1z<y) G(dy)G(dz) — // un(x,8) - 1i.<sy F(dr)G(dz)
- [ uxt@) ey FanGiay +2- [[ [ unten) 110, PGy cas).

Bounding uj, we obtain
usn (r,s,1)]|
—Jux(re5) - Loy = [ un(ri) Loy G F@e) ~ [ [ unte,9) 1oy PPl
~ [ uxt@) 1y FlanGiay + 2 [[ [ unte.n) 1) Fancaypas)
= [fun(r.s) - 1gesy — / / un(r,y) - 1paeyy Fldy)F(dz) - / / un(,8) F(de) - 1sesy F(d2)
~ [ o) Fao) ey B + 2 [[ [ uston) Pl 1y Flap P
< Nun(ro) + [ [ usw)|| Flan) Fiaz)



82 5. PROOFS
< 20y || K|+ 2a5° - || K]

=4day” || K'|-

Completely analogous arguments show that
lusne(rs, 0 < dai? - || K]

as well. This gives us

E[UZ,-U02,]" = [O(mflnfl) + O(m*Q)} NJusn||* = Olay' - N72) (5.81)
and
E[Uf;m - U%R]Q = [O(m_ln_l) + O(n‘z)} Nus ‘2 = O(a]*\,4 -N72). (5.82)
Lastly,
A U2, = A -m~t(m—1)"tn"! Zu Xi,Yi) -
mon = N(Xi Yi) - Lix,<viy
m m 1<i#j<m
1<k<n
AN
o, 2l
1<k<n
_ A Jlun]]
B m
_ A 2| Koy
- m
=O(ay’ - N7 (5.83)
and
1—A 1—A
% . UT?)W — % .mflnfl(n _ 1)71 . ZUN(XiaYk) Ay, <vi)
1<i<m
1<k#q<n
(1-Xn)
n?(n—1)m 1<§<:JJUNH
1<k#q<n
_ (=) - [Jun]]
o n
< = Aw) -2 Kjay’
n
=O(ay?-N7h. (5.84)

Combining (5.80), (5.81)), (5.82)), (5.83]) and ([5.84)) we see that (5.75) is equal to

Op(ay’ N7 = An-Op(ay® - NN +0(ay® - N1 — (1= An)-Oplay? - N7

+0(ay’ NN+ 0p(ay? - N1 =0play? N7

which completes the proof. O
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LEMMA 5.16.
m {/GNI(HN(Xi)HN(Yk))

-1, ,,-1,-1
ay -m-n g E

i=1 k=1

(ay' (Hn(X;) — Hy(Yy)) — t) - K"(t) dt
~ (Hy(X:)—Hn (Yi))

ay' (Hy (z)—Hn (Yy)) ) .
- / / (ax! (Hx(2) — Hx (V) — 1) - K”(t) dt F(dz)
ay' (Hn(z)—Hn (Yy))

5

= Op(ay® N71).

PROOF. As in the proof that (5.49) is Op(ay” - N‘g) begin by defining

. . ay' (Hy(r)—Hy (s)) ) . .,
an(r,s) =ay - [/ (ax' (Hn(r) — Hy(s)) —t) - K" (¢t) dt
ay! (Hy(r)=Hy(s))

ay' (Hy(z)—Hn(s)) R
_ / / (! (Hx(2) — Hx(s)) — 1) - K"(¢) dt F(dw))|.
ay' (Hn(z)—Hy(s))

Then we may write (5.76) as

m n

m T TS i (X, V). (5.85)

i=1 k=1

Looking at the second moment of (5.85) we find

m n 2
IE[m_ln_1 . ZﬂN(Xi,Yk)]
=1 k=1
=m~ 7 fmn - E iy (X0, 1)) (5.86)
+m(mf 1)nE[ﬁN(X1,Y1) ﬁN(XQ,Yl)] (587)
+m(m — n(n — 1) - Elin (X1, Y1) - iy (Xa, YQ)H . (5.89)

In order to derive bounds for some of the expectations in (5.86) through (5.89) we define H A to be equal

to Hy with X; removed from the sample. That is,

Hy(z)=N""- [Z Lix,<ey + Z 1{Yk<z}:| . (5.90)
i=2 k=1

Using H}; as defined above we use the same decomposition of 4y as in the proof of Lemma with

Uy, U5y and 45y defined as in 7 and . Then, as before,
N =iy + Uy + Uy,
and
E[an (X1, Y1) - iy (Y1, Y2)]

1
2

< B[]y (X1,Y1) -ty (Xo, Y2)] 42 {]E[{LTN(XMH)]Q]% : [E[ﬁ;N(leyl)]2:|

N

s [l (60 )] (Bl (50, 10]%) 4 Bl (50, 10)]
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Nl

1
2

+2- [E[asn (X1 0)]°] - [Elan (X0, 10)]°] " + Efagy (4, 1))

This means we only need to bound the four expectations E[a] v (X1, Y1) - 4] 5 (X2, Y2)], E[a] 5 (X1, Y1)] 2
E[a3y (X1, Y7)] ? and E[a3y (X1, Yl)]2 in order to bound the expectation in (5.89). Firstly,
E[a} (X1, X2) - 47 5 (X2, Y2)]
= E|E[ay (X1, 1) | Xa, X0, X, Y1, Yo, Vo] - (X2, V2)|
=0,
since for the inner expectation

E[QTN(Xh}/l)lXQaX?H'” ava Y17Y27"' 7Yn}

ay YHN(z)—HY (Y1) . R .
:aN [// (a;\, (HN(x)—H;,(Yl))—t) - K"(t) dt F(dx)
ay' (Hy(x)—Hn (Y1)

ay' (Hn (z)—HZ (Y1) . . "
_ / / (! (Hx () — Hy (V1)) — ) - K"(t) dt F(da)
ay' (Hy(z)—Hn (Y1)

= O,
so that the first expectation vanishes completely.

The other three expectations do not vanish, but can be bound adequately. Altogether we have

E[a}y(X1,Y1)]” = O(ay® - N72), (5.91)

Elasn (X1, Y1)]" = O(ax® - N7%), (5.92)
and

Elify(X1,Y1)]* = O(ax® - N79). (5.93)

The proof of (5.91)), (5.92) and (5.93) is completely analogous to the proof showing the rates in (5.69)),
(5.70) and ((5.71)) with Y7 in place of Xs.

Combining (5.91)), (5.92) and (5.93)), we have shown for the expectation in ([5.89) that

Elan(X1,Y1) - in (Xo, Y2)]

1 1
2 2

—9. {0( ol N—Q} : [O(a;,ﬁ-N_?’)}

1
2

[N

+2-[0(a3® N2 " - [0(ar® - N7 + 0(ar® - N7

1
2

[N

+2- [O(Q;Vﬁ : N*ﬂ : [O(ajvﬁ : N*ﬂ +O0(ay’ N7%)
= 0@y N 2)4+0(ay’ N +0(ay’ - N"2)+ 0(ay® - N

=0(ay’- N—%).
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Using the Cauchy-Schwarz inequality, all of the other expectations in (5.86) through (5.88)) are bound by

the expectation E [dy(X1,Y1)] 2, Bounding this expression we have
E[in (X1, X2)]” = O(ay® - N72), (5.94)

(proof completely analogous to the proof of (5.72)) with Y7 in place of X5) which means that the summands
(586) through (5.88) are all O(ay® - N=3). Combining this with the fact that (5.89) is O(ay’ - N—3)
gives us a rate for (5.85)), namely

n

m~'nT 3 TS Vi (X0, Vi) = Oplay® - N7H). (5.95)
=1 k=1

which completes the proof. (Il

Combining Lemmas [5.11}, [5.12} [5.13] [5.14] [5.15] and [5.16] we have proven the following.

LEMMA 5.17.
/ [ — F] o Huv(2) [ Fn(dz) — F(dr)] = Op(ay? - N7V, (5.96)
/ {gN . gN] o Hy(z) [Fm(da;) - F(dz)] = Op(ag2-N7Y) (5.97)
and thus
[ [ = = = )] o H(@) [Fu(dn) = F(do)] = Op(a? - N7 (5.98)

5.2.3. Second bounded term. We continue our treatment of the asymptotically negligible terms
of the expansion by showing that the second term (2.36) is negligible as well. For (2.36)) we can write

[l =ax = (v = a)] 0 Hy(@) - [fr(@) ~ Hy ()] [ Fola) = Pl
_ / [ - fN}/ o Hy(a) - [y (x) ~ Hy (@)] [ () — F(da)] (5.99)

I ~ A~
- / (95 = an ] o H(@) - [fin () = Hy (@) [ Fn(da) — F(da)] (5.100)
We will first work at bounding (5.99)). The proof for (5.100) follows along similar lines.

Recalling the definitions ([2.12) and ([2.18) of fy and fx, we can compute the first order derivatives of

these as

fr() = (ay®-m~ Z <tHNX)> and (5.101)

) =ay /K’( )> (dy) (5.102)

respectively, so that for (5.99) we may write

[ [ = 0] o Hiw(o) - [ (@) ~ Hy(@)][Fulir) - F(a)]
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m

> HN oYK (ay! (Hy (X) — Hn (X))

—a? [ Ky (H (50) — Hy() F(dy) | - (v (X) - Hy(X)

~Jatemt [ i K (ay! (H (@) — Ax(X,)) - (A (@) — Hy (@) F(da)
~ax? [ K@M (o) = Hv(o) Fidy) () ~ Hyt) Fi)] |

— oy m fjfj [t 60 — v )

~ [ K@ (H (X ~ Hy () ()| - (v (55) = H(X0)

- [ Kyt (o) — Ay (X)) - (o) — Hy (@) Fldo)

+ [ K (a5 (@) ~ () Fidy) (o) — Hy (@) Flde) .

At this point we separate the summands with i = j and use the Taylor expansion of the kernel function

K about each of the ay' (Hy(X;) — Hn(X;)) and ay' (Hy(x) — Hy(X;)) for the remaining summands
with ¢ # j, which yields

/ (v - fN}' o Hy(x) - [n(x) — Hy (@) [Frn(dr) — F(d)]

= (J,;VQ -m_2 . Z |:K/(O) . (ﬁN(XZ) — HN(Xl))
i=1

4[] K@ @) ~ Hy @) Fld) (o) - Hy(2) F(da) (5.103)

+ay -m 2. Z {K’(aj_\,l(HN(Xi) — Hn(X;))) - (Hn(X:) — Hn(X)))

1<i#j<m
— [ KR s 060 — H () Fdy) - (I (X,) — (X))
/K’ (ay' (Hn(z) — Hn(X;))) - (Hn(z) — Hy(2)) F(dz)
+ [ K (axt (o) — H ) F () (F (o) — Hy(2) F(dz)] (5.104)

faytem Y [K” (o (v (X0) — Hy (X)) - (x(X0) — H(X,)
1<itj<m

/ K" (ay (Hn(2) — Hn(X;))) - (Hn(z) — Hy(2)) F(dx)} (Hy(X;) — Hyv(X;))  (5.105)
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+ aN -m~2. Z [Km(fij)'(ﬁN(Xi)_HN(Xi))

1<i#j<m
N - 2
— /K”'(Tj) . (HN(x) — HN(ac)) F(dx)| - (HN(X]-) — HN(X]-)) (5.106)
where &;; and 7; are appropriate values between the two ratios.

Since the Kernel function K is assumed to be bounded, it is easy to see that (5.103)) is O(a&2 : N*%),

since

NomT2 Z {K’(O) - (Hn(X:) — Hn (X))

=1

— [ Koyt (i (X0 — Fiv () F(dy) - (A (X,) = H(X0)
/ K'(ay! (Hn(z) — Hn(X2))) - (Hn(z) — Hy(2)) F(dx)

+ / / K (ax (Hy () — Hy(y))) Fdy) (Hx(x) — Hy (@) F(dw}

< axtom A K| iy — |
= Op(ay? N7%) (5.107)
due to the D-K-W bound on ||I;TN — HNH

In the following lemmas we will derive bounds for the remaining three terms ((5.104)), (5.105)) and ((5.106)).

LEMMA 5.18.

xS R (60 — Hy (X)) - (By(X) — Hx (X))
1<i£j<m

- /K/(az_vl(HN(Xi) — Hx(y))) F(dy) - (Hy(Xi) — Hy (X))
/K/ (lN (Hy (2 (Xj))) . (fIN(:J:) — HN(ac)) F(dx)

4[] K ax () ~ H) F () (f (o) — Hy(2) F(do)

[N

= Op(ax, . N_l).

PROOF. Begin by defining

an(r,s) = a&2 . {K’(a&l(HN(r) — HN(S))) . (lfIN(r) — HN(T‘))
— [ K (a3 () — H () F(dy) - (B () = Ha()
- / K'(ay' (Hy(z) — Hy(s))) - (Hn(z) — Hy(z)) F(d)

/ K'(ay (Hn(2) — Hn(y))) F(dy) (Hy(z) — Hy(2)) F(dz)|.
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Then we may write ((5.104) as

m=2 Y N (X, X). (5.108)
1<i#j<m

In order to derive bounds for ((5.108]) we look at the second moment and can use the standard expansion

to write

E[m—2 . ZﬁN(Xi7Xj)r

1<i#j<m

—mt. [m(m —1) - Efan (X1, X2)]° (5.109)
+m(m—1) Elan (X1, X2) - dn (X2, X1)] (5.110)
+2m(m —1)(m — 2) - Elan (X1, X2) - an (X3, X1)] (5.111)
+m(m—1)(m —2) - Elan (X1, X2) - an (X1, X3)] (5.112)
+m(m —1)(m - 2) - E[ay(X1, Xs) - in(Xs, Xo)] (5.113)
+m(m — 1)(m — 2)(m — 3) - E[an (X1, Xa) - i (X3, X4)H. (5.114)

In order to derive bounds for some of the expectations in ([5.109)) through (5.114]) we again define ij{, to
be equal to I;TN with X7, Xo, X3 and X4 removed from the sample. That is,

Hy(x [Zl{x <z} +Zlm<x}}

Also, define 4} as 4 with all occurrences of Hy replaced by ﬁj{,, and recall that for any X,;,, Xi,, Xi,

and X;, from the sample, we have
E[an (Xi,, Xiy) - v (Xiy, Xi,)]
=E[((an — a§) (X, Xiy) + a (Xiy, Xi,)) - ((y — 430) (X, Xi,) + U (Xiy, Xi,) )]
=E[(an — i) (Xiy, Xiy) - (U — a3)(Xiy, Xi,)| + E[(an — a3) (Xiy, Xiy) - Uy (X, X3, )]
+ BN (X, Xiy) - (an — a5 ) (Xiy, Xiy)] + E[ay (X, Xiy) - @ (X, Xio) ] (5.115)

139

Since in our case i1 # iy and i3 # i4, the Cauchy-inequality can be applied to the expectations on the
right to get the bound

[ [ (X, Xiy) - v (X, X, )|

11 139

SIS

< E(an — a)(Xa, Xi)] + 2[B[a3 (Xiy, Xi)] - B[ - a3) (X, X)) ]
+ [E[ay (Xi,, Xi,) - @ (X, Xiy)]| (5.116)

In the following, we will use the equation ([5.115)) and the inequality (5.116)) to bound the expectations

in (5.111f) through (5.114)).

We begin by applying the inequality (5.116)) to the expectations in (5.111)), (5.112) and (5.113)) and show

that for each of these the last expectation on the right hand side of the inequality vanishes. In the case
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of ((5.111)) we have

E[ay (X1, Xs) - 03 (X3, X1)]

:E[E[@;V(XI,XQ) | X1, X5, Xons Y, Y] - Efan (X, X)) | X1, X5, 0, Xon, Yl,...,YnH
=0,

since for the first inner expectation

Elay (X1, X2) | X1, X5,..., Xm, Y1,...,Y5]

— a3 [K’(a;vl(HN(Xl) ~ Hy (X)) - (B3 (X0) — Hy (X))
/ K' (! (Hy (X1) = Hy () F(dy) - (B3 (X1) — Hy (X))
/ K (ax (H () = (X)) - (Fy () = Hy(@)) Flde)

=ay - {/K’(aNl(HN(Xl) — Hn(y)) - (Hy(X1) — Hy(X1)) F(dy)

— [ K (a3 B (60) - Hy(w) Fd) - (B3 (X0) ~ Hy (X0)
- [ KR o)~ Hy ) - (H (o) ~ Hov(@) Fda) F(ay)

s [ [ (ot (o) = H () F ) (o) — Hx () Fid)

=0.

The expectation in is quickly seen to vanish as well, due to
E[dy (X1, X2) - dy (X1, X3)]
:E[E[ayv(xl,xz) | X1, X5, X, Yi,ooo, Yo - B[y (X1, X5) | X1, X5, -+, Xon, Yl,...,Yn]]
=0,
since we already know from the above that the first inner expectation vanishes.

Lastly, for the expectation in we get
E[iy (X1, Xz) - iy (X3, X2)]
:E[E[ajv(xl,xz) | X, X5, X, Vi, oo, Vo] - By (Xs, X2) | Xa, X5, -+, X, Yl,...,Yn]]
=0,
since for the first inner expectation

Elay (X1, X2) | Xo, X5, Xom, Y1,...,Y5]

_E [aﬁ - [K’(aN%HN(Xl) (X)) - (X)) — Hy(X))
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- /K/(GEI(HN(XQ — Hn(y))) F(dy) - (Hx(X1) — Hy(X1))

/ K'(ay' (Hn(2) — Hy(X2))) - (Hi (2) — Hy(z)) F(dz)

= a2 | [ K0! le) — Hw(62) - (i) () Pld)
- [ K @)~ Hy ) Fldy) - (i (e) ~ H(2) F(da)
— [ Ko i) — Hy (62) - (i) — Hiv () Fd)

+ [ et (@) — () Play) (3 0) — Hy(e) F(d)

Thus, using inequality (5.116) it remains only to bound the expectations E[(iy — {L}‘\,)(Xl,XQ)]2 and
E[ﬁ}‘v(Xl,Xg)]Q in order to derive bounds for the summands (5.111)), (5.112) and (5.113|). For the first

of these expectations note first that

Hy(z) - Hy/()

=N"" {Z Lixi<a) + 1{5@9}] -NTh {Z Lixise) + 2 l{y’“gm}}
=1 k=1 =5 k=1

4
— NL. Z l{Xiga:}a

i=1

so that

E[(an — if)(X1, X2)]?

= E[W : [K’(aN%HN(Xl) —Hy(X2)) N5 ) lixiexy

4
- /K/(afvl(HN(Xﬂ — Hn(y)) F(dy)-N~"- Z Tix,<xy

4
/K’ ay' (Hy(x) — HN(X2))) - N7' ) " 1ix,<0} F(dz)

=1

//K’ ay' (Hy(z) — Hy(y))) F(dy)N~*- 24:1{&9} F(dm)”z

=1

— - NE[ S [K’le(HN(Xl) - Hy(X2)) - 1xsx,)

=1

- /K’(ajvl(HN(Xl) — Hn(y))) F(dy) - 1x,<x.)

/ K (ay! (Hy(2) — Hy(X5))) - 1x,<} F(d2)
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¥ / K (a3 (s (2) ~ Hv(0) Fld) - 1x,coy F(00)||
<day'-N7? Z [ {K' (ay'(Hn(X1) — Hn(X2))) - Lixi<xi)

- /K’(a;,l(HN(Xl) — Hy(y))) F(dy) - Lix,<x,}

/K’ aN (Hy(z HN(X2))) yx, <z F(dx)
[ K@ o) = H ) Fldn) 1oy F@)] |
4 2
<420t N72. Z {E [K (ay'(Hn(X1) — Hy(X2))) - 1{)@5)@}}
2
+E /K' Y(Hy(X1) — Hn(y))) F(dy) - 1{X1:§X1}}

+E /K'(a;,l(HN(:z:) — Hn(X2))) - Lixi<a} F(dx)}

B[ [ K (a3 () — Hy ) F(@) 1 x,20 F(dw)} ]
- 2
<4lat N2 [E [K’(aNl(HN(Xl) - HN(XQ)))]

+E _/Kl(a]_vl(HN(Xl) — Hn(y))) F(dy)]

2

+E-/<K/(G’N1(HN( ) — HN(X2)))> F(dx)}

2
+E / K'(ay' (Hy(x HN(y)))) F(dy) F(dx)H
SN2 / K'(ay' (Hy(x) — Hx(y )))) F(dz) F(dy)
Using the bounds provided in (A.2)) in Lemma this is less than or equal to
4,~4 . N-2. 2. NN o a2, -3 -2 n
atat 20K |* an (14 ) =24} K* 0 N2 (14 ).
Thus for E[(dy — a*N)(Xl,Xg)]2 we may write
E[ (i — i) (X1, X2)]* < 2- 44| K| - a? - N’Q(l + %)
=0(ay’ - N72). (5.117)
Further, for the second expectation, E[ﬂ}‘v (X1, X2)]2, we have
. 2
E[UN(Xl,XQ)]

~ Bfag? K (0 (fw(060) — (X)) - (5 (X0) — s (X0)

= [ Ky (i (X0) = H () Fldy) - (3 (5X0) = Hiv(X0)
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— [ Ko (i) = H (Xa)) - () — Hy () Fd)
R 2
[ K@ (o) = Hiv(o)) Fi) (i)~ Hvt) Fio)] |
2
< oy [ ! (000 — iy (00) - (B3, (60) — e (0)|
+E _/K’(a;vl(HN(Xl) — Hn(y))) F(dy) - (Hx(X1) - HN<X1))}

) 2
VE / K (a5 (o) = Hiv(9) Fldy) (i) ~ Hv()) Fiao)] |

<oyt B[ [ (K (art i (0) - HN<y>>>)2 Flay) - (f(6) - Hy(X0)’]

—HE:/(K’(GN (Hn(X1) — )2F HN X1) — Hy(X1)) ]
—HE_/(K’( Y Hy(z) — Hy(X2)) )2 (@) F(da:)}
+E / K’ (ay' (Hy (x )2de V(Y () — Hy (2)) F(d:p)”.

Using the bounds from in Lemma [A.]] m this is less than or equal to
N 2
dayt 2| K| (1 + %) : [E[H]’(,(Xl) - HN(Xl)}
N 2
+E[ A1} (X1) - Hy(X1)]
+E|| 3 — Hyl/’
+ ||| 5 - Hy ]
<242y K| (1+ ) -E[| Ay - Hy|]-
Thus for Efa} (X1, XQ)]2 we may write
i (X0, X)) < 2 ay® [ K| (4 2 B[ 15— Hx]

=O0(ay® - N7h). (5.118)

Using these bounds in the inequality (5.116]) we have shown for the expectations in ((5.111)), (5.112) and
(.113)) that these are all less than or equal to

[SE

E[(iy — a5) (X1, X)) + 2 [E[an (X1, X)) - E[(an — i) (X1, X2)] ]
= O(ay® - N72) + [0(ax® - N7Y) - O(az® - N72)]?
= O(ay’ - N7%) + Olay - N7%)

—0(ay? N2). (5.119)
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The expectation in the summand (5.110) is less than or equal to the expectation ]E[vaN(Xl,Xg)]2 in
(5.109), so that we only need to bound this simpler expectation to bound both terms. Using (5.116)),
(5.118)) and (5.117)) once again, we obtain

E[an (X1, X5)]

N[=

< E (i — a3)(X2, Xa)] + 2[B[ay (X1, X)) B[ Gy — 3) (X1, X))

+ |E[ﬁ}kv(X1,X2) : ﬁ?v(leXQ)] }

Nl

< E[(iy — ) (X1, X)) + 2| B[k (X1, X2)] - E[(iy — iy (X, X2)] ]
+E[ay (X1, Xs)]?

= O(a3? N2 + [0(ax® - N1 - O(ay® - N"3)]? + O(az® - N7 1)

=O0(ay’ - N7h).

Thus, the expectations in (5.109) and (5.110)) are both of the order O(a;,‘o’ -N~1), and it remains only to
bound the expectation in the last summand (5.114)). In this case, we will use the equality (5.115)), which
tells us that

E [y (X1, X) - i (X3, Xa)]
= E[(iy —iyy) (X1, X2) - iy — i) (X3, Xa)] + E[(dy — @) (X1, Xa) - ity (X3, Xo)]
+E[a5 (X1, Xa) - (i — 05) (X3, Xa)] + E[a (X1, X2) - i (X3, X0)].
The last expectation vanishes immediately:
E[@ (X1, X2) - @ (X3, X4)]
:E[E[Q*N(XI,XQ) | X5, oo Xy V1,2, Y5 ] - Elay (X5, Xa) | Xs, oo Xom, Ylw-anH
=0,

since for the inner expectation

Elay (X1, X2) | X5, 0, X, Y1,..., V3]
—BJay? [ K/ (a5 (Hy (1) ~ Hy(X) - (H3 (X) ~ Hx (X0)
_/K/(aﬁl(HN(Xl)—HN(y))) F(dy) - (Hy(X1) — Hy(X1))

- / K'(ax"(Hy(2) — Hy(X2))) - (Hi (2) - Hy (2)) F(de)
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— [ 5 a5 o) = F0) - (3 @) = () Plao) F(ay)

+ / K'(ax (Hy () — Hy(y))) F(dy) (H} (2) — Hy(2)) F(da)

Interestingly, unlike in the case of the other expectations in ([5.111]) through ([5.113)), we will find that
in the case of E[a} (X1, X2) - 43 (X3,X4)] the expectations E[(an — 4} ) (X1, X2) - @ (X3, X4)] and
E[ay (X1, X2) - (@ — @) (X3, X4)] on the right hand side of (5.115) vanish as well.

Recall that Hy(z) — Hi(z) = N~*. Z?:l lix,<z} - Then we can note that the expression (iy —
) (X1, X2) actually depends only on X7, X3, X3 and X4 and none of the rest of the sample, since

(iy — Gy ) (X1, X2) = ay” - |:K/(G’N1(HN(X1) Hy(X3))) - N~ ZI{X <X}
4
/K/ "(Hn(X1) — Hn(y))) F(dy) - N~*- Z lix,<x1)

i=1

4
— /K’(a;vl(HN(x) — Hy(X2))) N7t 21{&_9} F(dx)
i=1

[ ) — ) PN 3 3,y Pl

=1

@3 (X3, X4), on the other hand, is equal to
Wiy (X3, X4) = ay?- [K’ (an'(Hyn(X3) — Hy(X4))) - (Hy(X3) — Hyn(X3))
= [ KR () = Hiv(w) Fldy) - (Hic(X) ~ Hy(Xa)
- [ K3 (@) ~ Hy(X0) - (Hi () - Hy(2) Fldo)

+ [ K )~ i) F ) (@) — v (@) F(dw)}

which depends on X3, Xy4,...,X,, and Y7,Y5,...,Y,, but not on X; and X5, so that for the expectation

we may write

E[(ay — iy)(X1, Xa) - Gy (X3, X4)] = E[E[(fw —ay) (X1, Xo) | X3, Xa] - B[y (X3, Xy) | Xg,X4]]

In the following we will show that the first inner expectation vanishes, since

E[(an — iy)(X1, Xa) | X3, X4]

= ]E[aNQ- [K’(aNl(HN(Xl) Hy(X3)) Zl{x <X1}

4
/ K' (a3} (Hn (X1) — Hy (1)) F(dy)- N3 1ixiex
=1
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/K’ — Hy(X2))) - *PZl{X@} F(dx)
+ [ Kt (o) — ) Flan)N Zl{x oy Pl | 5,
S {Z [ (an' (Hn(X1) = Hy(X2))) - 1ix,<x,)

i=1

- /K’(agl(HN(Xl) — Hy(y))) F(dy) - Lixi<x,y
~ [ K63 (@) - Hy(X2)) - L) Fldo)
+/ K'(ay'(Hn(2) = Hn () F(dy) - 11x,<x) F(dff)} ‘ X37X4]
—ay? N -E[K’(aNl(HN(XQ — Hy(X2))) - Lix,<x0)
= [ (R (060 ~ Ha(0) Fldy) - Lo
/ K'(a — Hx(X2))) - 1x, <0} Flda)

+ [ K@ @) ~ Ha) Fldy) - Lxizo Flde)

X3,X4]
¥zt N1E [K’(amﬂmxl) ~ (X)) - 1pnex)
- / K'(ax' (Hn(X1) = Hy (1)) F(dy) - 1x,<x,)
/K’ (ay' (Hn(z) — Hn(X2))) - 1{x,<ay F(dz)

b [ ] K ax te(e) = H () Fld) Aoy Fldo)

X3a X4:|

4
+ay N7t ZE{K/(GX/l(HN(Xl) — Hn(X2))) - Lix,<x,}
i—3

- / K (a5 (Hy (X1) - Hy(4))) F(dy) - Lxiexs)
— /K’(G&I(HN({E) — HN(XQ))) . ]-{X,;Sm} F(dl‘)

[ K@M o) = Hivlo) Fd) -1 cor L) | XX

- a&z N7 [// K'(a;vl(HN(w) — HN(Z))) F(dw) F(dz)
— [ 50 ) = Fiwt) F(a) Fw)
- / / / K (ax' (Hy (2) — Hy(2))) - Lwes) F(dz) F(dw) F(dz)

b [ K ) = ) () 1y Plao) Pla)

95
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vt N [[ 8! ) - () 1iecn Flaw) Flaz)
=[] 5 (@3 ) — @) ) 1oy Flaw) Fla2)
- / K (a5 (Hy (2) — Hy(2))) - 1seny F(dz) F(d2)

b [ K o) = ) () 1oy Flao) Pl
4
+ay? N7t Z [/ K'(ay' (Hy(w) — Hy(2))) - Lix,<w) F(dw) F(dz)
1=3

— [ K@ ) = Hy () Fdy) - 1x,cp Fldw)
- // K'(ay' (Hy(z) — Hn(2))) - 1{x, <2y F(dz) F(dz)

b [ B ) = Hx ) Fldy) 1z F(dxﬂ
4

:axf2~N_1-O—i—a&z-N_l-O—i—a;Vz-N_LZO
i=3

=0.

In the same manner we can show that the expectation E[a} (X1, X2) - (dy — @) (X3, X4)] vanishes as

well, since
E[iy (X1, Xa) - (iy — ) (X3, X4)] = E[E[ﬂ}‘V(Xl,Xg) | X1, Xs] - E[(iiy — ) (Xs, Xa) | Xl,XQ]],

and E[(dy — @ )(X3, X4) | X1, X2] = 0 (proof completely analogous to the proof above, that E[(iy —
an)(X1, X2) | X3, X4 =0).

Thus, altogether for E[ﬁN(Xl,Xg) . ﬁN(Xg,X4)] we have

E[an (X1, Xa) - iy (X3, Xa)] = E[(an — @) (X1, Xa) - (An — @) (X3, Xo)]

We now have bounds on all of the expectations in the summands (5.109)) through (5.114)), so that for the
sum (|5.108) we may write

E[m2 : ZaN(X,;,Xj)r

1<iZj<m
=m*. [m(m —1)-O(ay’ N1

+m(m—1)-O(ay -Nﬁl)
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+m(m—1)(m—2)-O(ay®  N72)
+m(m = 1)(m = 2)(m - 3)- Oax* - N72)]

=O0(ay’ - N72). (5.120)

making (5.108)) Op(a]_\,% - N71) as claimed. O

LEMMA 5.19.

iyt om Y [K"(a; (Hx(X,) = Hy (X)) - (Hn (X0) = Hy (X))

1<i#j<m

— /K”(a;Vl(HN(x) — Hy(X;))) - (Hn(2) — Hy(2)) F(dz)| - (Hn(X;) — Hn(X;))

o

=O0p(ay? - N71).

PROOF. Begin by defining

Then we may write (5.105)) as

m=2 Y N (X, X). (5.121)
1<i#j<m

Looking at the second moment of ([5.121]) to derive an upper bound we can use the standard expansion

to write

E[mz : ZaN(Xi,Xj)r

1<izj<m
=m. [m(m —1) - Efay (X1, X2)]° (5.122)
+m(m—1) - Elan (X1, Xz) - an (X2, X1)] (5.123)
+2m(m — 1)(m — 2) - E[an (X1, X2) - an (X3, X1)] (5.124)
+m(m —1)(m —2) - E[an (X1, X2) - dn (X1, X3)] (5.125)
+m(m—1)(m —2) - Elan (X1, X2) - an (X3, X5)] (5.126)
+m(m —1)(m — 2)(m — 3) - B[y (X1, Xa) - ity (Xs, X4)]] . (5.127)

We construct a simple bound for HﬁNH, which will prove useful in deriving adequate bounds for the

expectations ([5.122)) through (5.126)). For all » and s we have

ay’ {K"(a;&(HNm — Hy(s))) - (Hn(r) = Hy(r))

ﬁN(r,s)| =

— /K"(a]_vl(HN(x) — Hn(s))) - (ﬁN(:c) — Hy(z)) F(dz)| - (Hn(s) — Hn(s))
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—ay? ]K”(aN%HN(r) ~ H(s))) - (n(r) - Hy ()

- / K" (ay! (Hn(z) — Hyn () - (Hn(z) — Hy(2)) F(dz)| - [Hn(s) — Hy(s)|

<ay’- HK"(a;VI(HN(r) — Hx(s))) - (Hn(r) — Hy(r))

+ ’ /K (ay' (Hn(z) — Hn(s))) - (Hy(z) — Hy(x)) F(d) } | Hy - Hy|
<ay’ 2| K"|| - | Ay — Hyl| - | Hy — Hyl],
so that
an|| < 2||K"||-ay® - || Ax — Hu ™ (5.128)
Using we obtain for the expectation in
B[ (X1, X2)]* < 4||K"|[* - ay® - E[|| iy - Hy )’
=O0(ay’ - N7?%). (5.129)

Also, since the expectations in the following four summands (5.123|) through ([5.126])) are bound by the
expectation E [dy (X1, X2)] ® due to the Cauchy-inequality, these are all of the order O(ay®- N~2) as well.

Thus, it remains only to bound the last expectation in (5.127). In order to derive bounds for this
expectation we again define ]:Ij{, to be equal to Hy with X1, Xo, X3 and X, removed from the sample.
That is,

=5 k=1

Also, as in the proof of the previous lemma, define 4} as 4 with all occurrences of Hy replaced by flj{,

To bound the expectation E[ﬁN(Xl, Xo) - un(Xs, X4)] we will again use the inequality (5.116)), which in

this case gives us

|E[an (X1, X2) - in (X3, X4)]|

Nl

<E[(iy — aj) (X1, X2)] +2 []E [y (X1, X2)]° - B [(iy — iy ) (X7, )@)ﬂ
+ |E[an (X1, X2) - iy (X3, X4)]|-
For the last expectation on the right hand side we have
E[afv(X17X2) -ﬁ}‘V(Xg,X4)] :E{E[ﬁ}‘\,(Xl,Xg) ‘ Xoyooo, X, Yl,...,Yn] i (X3, X4)| =0,

since for the inner expectation

Elay (X1, X2) | Xa,. oo, Xy Yi,..., V5]
“E [N ~ [K~<a;<HN<X1) HN(X2))) - (3 (X0) — Hx(X0))

- / K" (a3 (Hy(2) — Hy(X2))) - (Hy(x) — Hy(z)) F(dz)
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=0.
Thus, using inequality (5.116)) it remains only to bound the expectations IE[(&N - 12}‘\,)(X1,X2)]2 and

E[ﬁ}‘v(Xl,Xg)]Q in order to derive a bound for the summand (5.127). Now for the expression (in —
i) (X1, X2) we have

(an — W) (X1, X2)

—ay?- [K” (an' (Hn(X1) = HN(X2))) - (Hn(X1) = Hy(X1))
— /K”(agl(HN(x) — Hn(X2))) - (Hn(z) — Hy(2)) F(dm)} (Hy(X2) — Hyn(X2))
—ay®- [K” (an'(Hy(X1) — Hy(X2))) - (Hy(X1) — Hy(X1))
- [ K@) = Hy (X)) - (o) ~ Hx(2) Flde)| - (H () — 3 (2)
— [y (e (X0 — H () - [ (B () = 3 (X0)) + (5 (X0) — e (X0)]
- [ K (o) ~ Hw (X)) - [ (o) = ) + (o) — ()] F0)
[ (B () = (X)) o+ (H3(X2) = Hx(X2) |
—ay’- [K” (ay' (Hn(X1) — Hy(X2))) - (Hy(X1) — Hy(X1))
- [ KR o) ~ Hy (X)) - (o) ~ Hx(2) Plae)| - (Hv(X) — 3 (2)
=y [K (ax' (Hx(X2) — Hy (X)) - (Hn(X1) — Hy (X1))

— [ R a3 () = (X)) - (@) — 3 (0) F(d)
+ K70y (Hy (%) — Hy (X)) - (Hy (X2) — Hy(X0))
- [ K@ (o)  Hw(Xa)) - (o) = Hx () )]
x| (Hv (Xe) = Hi(Xa)) + (B (X2) — Hy(X2))]

- [ o (e (X0) — H (X)) - (5 (X0) — H(X1)

- [ K@ ) = Hy (X)) - (o) = Hx(2) Flde)| - (v () — 3 (2)
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=y [K (ax' (Hx(X2) — Hy (X)) - (Hn(X2) — H (X1))
- [ B! ) — Fiw(62) - () — i) Flan)| - (i () — (X))
[ ! (i (30) = Hy(060) - (F(06) = B3 (X))
- / K" (ay' (Hy(x) — Hy(X2))) - (Hy(z) — Hy () F(dxﬂ - (Hy(Xs) — Hy(X2))
+ay?- [K” (ay' (Hn(X1) — Hy(X2))) - (Hy(X1) — Hy(X1))

- [ K @R ) = Hy (X)) - (o) ~ Hx(2) Plde)| - (5 (X2) — Fiw(62),
so that for the expectation we have

E[(an — a3)(X1, X2)]”
_® [GNB . [K"@NwHN(Xl) — Hy(Xa))) - (Hn (X)) — Hi (X))
- [ K@ ) ~ Hy (X)) - (o) ~ F() Flde)| - (Hiv(X) — 3 (%2)
b [ aR? o (60) — H (X)) - (B 060) — B ()
- [ K@ ) = Hy (X)) - (o) = () Flde)| - (5 () — Fin(62)
[ K@ iy (X0) ~ Hy(60)) - (i (X0) ~ Hy (X))
[ B ()~ HN 60 - (5 0) ) P (0835 — )]
< days- |:]E|:|:K”(a1_vl(HN(X1) — Hy(X»))) - (Hn(X1) — Hy(X1))
[ )~ HN OG0 - e) 13 ) P (1t () — 5 06) |
L E [ [Kff(a;vl (Hy(X1) — Hy(X2))) - (Hn(X1) — Hy (X1))
/ K" (ay" (Hy(2) — Hy(X5))) - (Hy(2) — Hy(2)) F(dw)} - (Hy(Xs) —ﬁN(XQ))r
. EHKff(aNnHMxl) — Hy(X2))) - (B (X)) — Hy(X)))
- [ KR ) ~ Hy(00) - (3 0) ~ Hv(o) Fla)| - (5 () —ﬁIN<X2>)ﬂ
<dof 2 EHK”(aN1<HN<X1> — Hy (X)) (fy (X0) = H3(X0)°

2

. { [ B G o) — Hy () - (o) — i () F(dw)] } (Hn (Xs) - HJ"V(XQ))Q}
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2B [ ! (i (X0) — H (X2)° - (v () — 5 (¥0)°
| [ K ar! ) = Hy (X)) - (o) - By@) PG| | - (5 (60) = P (0)°)
o EHK”(aN1<HN<X1> — Hy () (3 () — Hx(X0)?

n /K” oM (Hy (o — Hy(X5))) - (I:I;/(I) — Hy(z)) F(d;z:)] 2} . (ﬁ?{;(Xz) - ﬁN(Xz))2”

<dap’-|2- EHK” (ay' (Hn(X1) — HN()<2)))2 -16N 2

| [ e s xn) - i) 3 e) )] |- it i
2. ]EHK”(G&l(HN(Xl) — Hy(X2))* - 1682
e ~Hy(X) - (v te) — 5 2) P |16
2. EHK”(@%HN(Xn — H (%)) [~ H
| [ R0 o) ~ H(X2) - () — () Pl } aov2|
<day’- [2 : EHK”(a?ﬁHN(Xl) — Hy(Xz)))" - 16N
4 [ K )~ () (Felo) — i) PG| - 1 - 5
w28 |57 1082
4 [ K@M o) ~ (X)) () - @) Fio)] - 16872]
+2-8[[7 o (1 () — Hy (621 |1 — i
[ B ) = H(62) - (i) — Hi)” Flao)| 162 |
< 8ay”- [EHK”(a:&(HN(Xl) ~ Hy(X5)))’
+ [ K ~ Hy(Xa)))?+ Pldo)] 1082 |y~ )
+EHHK"|I 0N 4 [ 2082 1682
[ K a2 o 060) = i (32)°
+ / K" (ay (Hy(x) - Hy(X2))) F(dm)] R = H | 16N‘2H

= 8ay’- [2 : EHK”(aNl(HN(Xl) — Hy (X))
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/K” ay' (Hy(z) — Hy(X2)))® - F(dm)] 16N2- || Hy — Hj

+2|| K| - 162N_4}
— 160 N2 [ ! () ~ Hy ()

+ /K”(a;,l(HN(;l:) - HN(XQ)))2 : F(dl’)] |[Hy - HMﬂ
A a5

—16%ay0 N2 {E |:K//(a]_\;1(HN(X1) ~ Hy(X5)))"

+/K”(a7v1(HN(x)—HN(X2)>)2~ F(dx)} -E[HHN— T3

QH

=16%a% - N72. [2 : E[K”(agl(HN(Xl) - HN(Xz)))Q} ~E[HHN - ff}"vHQH

+16%|| K| - ay® - N

+ 163 | K" - ay® - N

<16%0 N2 A||K7 |7 aw (14 ) B[ || Hy — B

]
+ 163 K" ||* - ay® - N 7Y,
where we have used (A.2)) to obtain the final inequality.
Thus, altogether for E[(iy — a}) (X1, X2)] ? we have
B[y — a3)(X1, X2)] < 16730 N2 |57 * e a (14 2 ) B[ # — A7)
+16°| K" ||* - ay® - N4
=0(ay’ N3 +0(ay® N4
=0(ay’ - N7%). (5.130)
Now, for the second expectation in the inequality ([5.116]) we have

B[} (X1, X2)]”
_E [N ~ [K"(a;ﬁHN(Xl)  HN(X2))) - (3 (X0) — Hx(X))
— [ K (ot i (e) — Hy () - (3 (0) — Hy () F(daz)] (Hx(X2) ffj’z(Xz))}

S CL]T/'6 . E|:|:K"(CLR/1(HN(X1) — HN(X2))) . (IA{;[(Xl) — HN(Xl))

- / K" (ay! (Hn(z) — Hy(X2))) - (Hi(z) — Hy()) F<da:>] | Hy - By |

<ay’- E[ [K"( YHN (X)) — Hy(X2))) - (i (X1) — Hy (X))’
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+ {/K"(aj_vl(HN(x) — Hn(X2))) - (Hy(2) — Hy(2)) F(dx)] } || Hy - ﬁmf]

< a2 [ ! (i (30) — Hy(C6a))” - 15— H

+ /K” (an' (Hn (2) — Hn(X2)))? - (Hy(x) — Hy(2))? F(dx)} || Hy = H| 2}
< 205 B[ K7 (o (i (X0) — Fiw(2)’

+ [ K (0 @) - Hy ()’ F<dx>] |H - B

205 B[ 05 0 (00 - 12

+ /K"(aﬁl(HN(x) — Hy(X2)))" F(dm)] E[HHN - I:IR’HAL]

~ta3® B| [ K7 (a3 (o) — iy (00))" F ()| [ 1 — 113

4}7

where we once again use (A.2]) to obtain the last inequality.

< day® 2| K"|*an (1+ =) - E[| By - H|

Thus, altogether for E[a} (X1, Xg)]2 we have

Bl (%1, X)) < 8 a3 (14 1) B[ 11 - B

)l
= O(ay”) - O(N"?)

=0(ay’ - N72). (5.131)

Combining ((5.130]) and (5.131)) gives us a bound for the expectation in the last summand (5.127)), namely

IE [in (X1, Xa) - i (X3, X4)]|

N|=

<E[(an — i) (X1, X)) + 2 [E [0 (X1, Xo)]* - E [ — i) (X1, X2)]]

=

= O(ay” - N7%) +2[0(a3” - N"2) - O(ay - N7
= 0(ay’ N3 +0(ay’-N~32)
=0(ay’ - N73). (5.132)

We now have bounds on all of the expectations in the summands (5.122)) through ([5.127]), so that for the
sum (5.121)) we may write

E[m—2 | ZQN(Xi,Xj)r

1<i#j<m
=m*. {m(m —1)-0(ay? - N7?)
+m(m—1)-O(ay’ - N72)

+2m(m —1)(m —2) - O(ay® - N72)
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+m(m — 1)(m —2) - O(ay® - N2
+m(m — 1)(m —2) - Ofay® - N2
+mlm = 1)(m - 2)(m —3) - Oay’ - N™%)]

5

=O0(ay’ - N72). (5.133)

making ([5.121) Op(a;\,% -N~1%) as claimed. O

LEMMA 5.20.
%a&él m—2 Z [K’"(&j) (Hn(X;) — Hn(X3))
1<i#j<m
- / K"(1;) - (Hn(z) — Hy(2)) F(dz)| - (Hy(X;) ~ Hyn(X;))*
= Op(ag4 -N72)
ProOOF
%a;,‘i -m~2. Z {K”/(fij) ) (FIN(Xz) - HN(Xi))
1<i#j<m

_ /K/H(Tj) - (Hy(z) — Hy(z)) F(dz)] - (Hn(X;) — ﬁN(Xj))z

1
< eyt mTi )y [HK’”H ||HN—HN||+/||K”’|| | e = B | F(da)| - [ Hx — Hx”
1<i#j<m

1 — . .
= Jayt '2||K'"|| e~ A
U Iy TV

m
ZOP(CLJ_V Nig)

To bound (5.100) we will use very similar arguments to those which we used to show that (5.99) is
_a
Op(ay® - N71). We begin by deriving a sum representation of ({5.100]).

(o3 = gx] o Hyv(a) - [ (a) — H(@)| [Fun(de) - F(ao)]
—m i ICRaE ;K’@N%HN(&) ()
~a? [ Ky (v ()~ Hy (1) G(dw} (Hn (X)) — Hy(X)
- {aN n” /Z K'(ay' (Hn(2z) — Hy(Yy))) - (Hy(z) — Hy(2)) F(dx)

_ aﬁ/ K'(ay' (Hn(z) — Hy(y))) G(dy) (H () — Hy () F(d:r)”
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=ay om0 HK (ay' (Hn(X:) — Hn(Y2)))
=1 k=1
— [ Koyt i (X0 — B (o) Gl | - (Fw(60) = (X))

/K’ ay (Hn(z) — Hxn(Y2))) - (Hn(2) — Hy(x)) F(dz)
+ [ K o) — () Gl (fi (o) — Hs () Fldo)

Now using the Taylor expansion of K’ about each of the ay'(Hn(X;) — Hyn(Y:)) and ay'(Hy(z) —
Hy(Y})) then yields

[gN _ gN]' o Hy(z) - [ﬁN(gg) . HN(x)} [Fm(dx) - F(d:z:)}

=ay’-mnmt Y [ N (Hy (X)) — Hy(Ya))) - (Hn(X;) — Hy (X))
i=1 k=1
/K/ ay' (Hn(X;) — Hy(y))) G(dy) - (Hn(X;) — Hy (X))

- / K'(ay! (Hn(2) — Hn(Y2))) - (Hn(z) — Hy(z)) F(dz)

+/ K'(ay' (Hn(x) = Hx(y))) G(dy) (Hy (2) — Hn(2)) F(dx)} (5.134)

n

m
—i—aNmnlE

=1 k=1

K7 (a3 (H(X0) = Hy (1) - (A (X0) — Hi(X)
- /K“(ajvl(HN(w) — Hx(Y2))) - (Hy(z) — Hy () F(dm)} (Hn(Yi) — Hn(Yr))  (5.135)

+;aN em T in Tt ngzjf( (&) - (An(X;) — Hy(X,))

?

= [ K@) (@) - Hy (@) F(dwﬂ (Hx(Yi) = Hy (V) (5.136)

where ;; and 7; are appropriate values between the two ratios.

LEMMA 5.21.
ay?-m~nT YN {K (ay'(Hn(X;) — Hy(Ya))) - (Hn(X;) — Hy(X;))
1=1 k=1

— [ Koy (i (X0 Hiv () Gdy) - (v (X,) = Hiv(X0)
- / K'(ay (Hy(z) — Hy(Y2)) - (Hx(2) — Hy(2)) F(dz)
[ K (i) — Hint) G (i () — Fiv)) F ()

= Op(ay? - N7,
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PROOF. Begin by defining
() = a5+ [ K (0 (B0) — He(s) - (1) = (1)
— [ Kot (v () — Hy () Gl - (An(r) — H ()
- [ K63 (Hy (@) - Hy(9) - (Fx (@) - Hy(z) Fldo)
+ [ [ K (et (o) — H () Gl (o) - H (@) Fd).
Then we may write as
303 (X ). (5.137)

i=1 k=1

Looking at the second moment of (5.138)) we can use the standard expansion to write

]E[m_ln_l : Zm:i:aN(Xi,Yk)] (5.138)
=1 k=1

=m n" 2. {mn Elan (X1, Yl)]2 (5.139)

—|—m(m—1)n-]E[1lN(X1,Y1)~11N(X2,Y1)] (5140)

+m(m — 1)n(n — 1) - Elay (X1, V1) - ity (Xa, YQ)H . (5.142)

To bound the expectation in ([5.139)) note that

| -an?

HNH)
so that
E[an (X1, Y1)]” < E[||an||]?

<16][K7)° - ay' B[ 5

’

=O(ay*-N7h). (5.143)

In order to derive bounds for the expectations in ([5.140) through (5.142)) we define I:Ij(, to be equal to
Hy with X1, X5, Y7 and Y5 removed from the sample. That is,

Hy(x [Z lix<ay +21{Yk<x}:|

Also, define 4}, as 4 with all occurrences of Hx replaced by H]*V, and recall that for any X;,, Xi,, Yx,

29

and Y, from the sample, we have
E[an (X, Ya,) - v (Xiy, Ya,)]
=K [((UN - uN)(Xh ) Ykl) + uN(Xh ) Ykl )) . ((’&N - a?\f)(Xlzﬁ Yk2) + ﬁ’*N(XZz’ Ykz))}

E[(UN - UN)(X’Ll?Ykl) (ﬁN - ﬁ?V)(vaYkz)] +IE[(aN - a}k\/)(XiuYh) 'ﬂ#];/(Xtikz)]
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+E [ﬁ}kV(Xll ’ Ykl) ’ (ﬁN - '&*N)(Xlz ’ Yk'z)] +E [a}kV(Xh ) Ykl) ’ 'EL*N(XQ’ Ykz)} ) (5144)
and the Cauchy-inequality can be applied to the expectations on the right to get the bound
|E[ Xll’Ykl) 'aN(Xikaz)”

< E[(an - @) (X, V)] + 2 [E[ay (X, Yi)]” - (o — @3) (X, Y)] ]
+[Elay (Xiy, Yiy) - O (Xiy, Yio)] | (5.145)

In the following, we will use the equation (5.144)) and the inequality (5.145]) to bound the expectations in

(5.140) through (5.142). We begin by applying (5.145)) to the expectations in (5.140) and (5.141]). In each
of these cases, the last expectation on the right hand side of ([5.145]) vanishes. Beginning with (5.140f) we

see
E[iyy (X1, Y1) - a3y (X2, Y1)] :E{E[a}‘V(Xl,Yl) | Xy Xony Vi, Vo] -a}‘V(X%Yl)} -0,
since for the inner expectation

E[ay (X1, Y1) | Xoyo oy Xy Yi,.o0, Y]
_E {a; . [K’ (ax"(Hy(X1) - Hy (V1)) - (Hiy (X1) - Hy (X))
/K' Y(Hy(X1) — Hn(v))) G(dy) - (Hy(X1) — Hn(X1))
- [ K63 (@) - Hy (1)) - (Hi(z) - Hy(2) F(da)
+/ K'(ay' (Hn(z) — Hy(y))) G(dy) (Hy (x) — Hy () F(dx)} ‘X27...,Xm, Yi,...,Y,
o | / K (a3 (Hv () — Hy (V) - (H3(2) — Hy (@) F(da)
- [ K (o)~ ) Gldy) - (Hila) - Hy (@) Flda)
— [ Ko (i) = H (1) - (o) — H () Fd)

+ [ Kt (o) — H () Gl (Hy (o) — H(2) Fd)
=0.
Further, in the case of ([5.141]) we have
E[iy (X1, Y7) - ey (X1, V2)] :E{]E[a;‘v(xl,yl) | X1,y Xony Yoo, Vo] .a;‘v(xl,YQ)} —0,

since for the inner expectation

Elay(X1,Y1) | X1,..., X, Ya,..., V5]
— a3 [K’ (a (o (X0) — Hxe (V) - (F% (X0) — Ha (X))

/ K/ (ay! (Hy (X)) — Hy(y))) G(dy) - (Hy (X1) — Hy (X))
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— [ Kyt (i (@) — B () - (13(0) — Hy (@) Pla)
n / K'(ax! (Hy(z) — Hy () G(dy) (5 (z) — Hy () F(dx)} ‘ X1, X, Yo, Y,
= x| [ Byt (00  H () - (5 () — (X)) Gid)
= [ K s () - Hy () Glay) - (5, (60) - Hy (X))
- [ K (o) — @) - (Hi (o) = Hv (o) F(da) Gld)

b [ [ R (ot (o) — 1 () Gl (30) — H (@) Fd)

=0.

Thus, using inequality (5.145)) it remains only to bound the expectations E[(ﬂN — ﬁ}‘v)(Xl,Yl)]Q and
E[a}y (X1, Yl)]2 in order to derive bounds for the summands (5.140)) and (5.141)). For the first of these

expectations note first that

Hy(z) — Hy(x)
=N"1. {Z Lixi<ay + Z 1{Yk§”}:| R l:z Lixisay + Z 1{Yk§z}:|
i1 k=1 =3 k=3
2 2
i=1 k=1

so that

E[(an —ﬁE)(Xl,Yl)]2
E[aN {K’(a;,l(HN(Xl) Hn(Y1)) {Zl{x <X1} Jrzl{yk<x1 }
*/K/(a?vl(HN(Xl) — Hy(y))) G(dy) - N~*- [Z Lix,<x,} *Zlmsxl}]
/K’ axt (Hy(z) — Hy(Y1)) [Z 1ix, <0} +Zl{yk<z}}
+/ K'(ay'(Hn(2) — Hy(y))) G(dy) - N~"- {gl{xisﬂg} +;1{YkSm}] F(dI)HQ
=ayt- [22: { YHy(X1) — Hv(N))) - Lix,<xy

i=1

- /K/(aﬁl(HN(Xl) — Hn(y))) G(dy) - 11x,<x,}
- /K’(a;vl(HN(x) - HN(Y]_))) . 1{Xi§z} F(dl‘)

+ [ K @) - Hy @) Gl Loy Fld)
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+ [K'(a&l(HN(Xl) —Hy(V))) - Lvisx,y
k=1

- / K’ (ay (Hy(X1) = Hy () G(dy) - Ly <x,)
B / K'(ay' (Hy(x) = Hx (V1)) - Ly, <oy F(d2)
/ K'(ay'(Hn(x) — Hy () G(dy) - 1y <a} F(dﬂf)”

<dayt N2 [ZE{K’ ay' (Hy(X1) — Hy(V1))) - Tix,<x,)

= [ K@t (0) ~ Hy ) G Ly
/K’ axt (Hy(z) — Hy(1))) - 1ix,<ay F(dz)
+ [ K (a3 (@) ~ By ) 6ld) - 1x.ca) Pldo) 2
¥ ZE[K (a3 (Hy (X1) = Hx() - Livixy)
- [ KRy (00) ~ Hy(w) Gld) - v xay
- [ K0!t (a) = Hy(1) - Ly Fd)

4[] K@ @)~ ) 6 Lo F(d””)] }

< 16ay' - N72. {ZE[K’(CL#(HN(XO - Hy(Y1))) - 1{X1§X1}]

i=1

+E_/K’(aJ‘V1(HN(X1) Hy(y))) G(dy) - 1{&-9&}}

+E /K’ —Hy(1))) - 1ix,<a) F(le)]2

2
+E| [[ Ko (Hivlo) - Hw () Gld) 113,01 Pl

+ ZE[K’(a]‘Vl(HN(Xl) — Hy(Y1))) - 1{%5&}}
k=1

+E _/K’(a;,l(HN(XQ — Hy(y))) G(dy) - 1{Yk§X1}:|

+E /K’ — Hy(Y1))) - Livi<a} F(dx)]

+E //K ay' (Hy () = Hy(9)) G(dy) - Livisa) F(d@ﬂ
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< 16ayt- N2 {ZZ:E[K/((I]—Vl(HN(Xl) - HN(Yl)))Q]

i=1

+E -/K/(GNI(HN(XI) ~ Hy (1))’ G(dy)}

+8[ [ K (o HNm>>)2F<dw>]

+E| [[ K@ tvto) = Hy ()’ Glay) Plas)|
+ ZE[K’(aNl(HN(Xl) - HN(Yl)))ﬂ
k=1

+E[ [ (o (1 (0) ~ ) ()

+E /K’ ay' (Hy(z HN(Yl)))QF(dzzz)}

| [ 1 ax?() - (00 Gld) P

=16yt N2 [ K ) — () Glay) Flao)
<16%y" N2 K an (14 2)
n
2 _ _ m
= 52| K |Pay? - N2 (14 20),
where we have used (A.2) to obtain the last inequality.

Thus for E[(an — @3 )(X1, Yl)]2 we may write

E[(iy — %) (X1, Y1) = O(az® - N72). (5.146)

For the second of these expectations we have

[} (X1, Y1)
“E [a]f - [K’(aN%HN(Xl) N )) - ((X) — Hy(X0)
= [ K (! (H (60) ~ Hiv(w) Gldy) - (Hic () ~ (X))
/ K'(a ~Hy(M)) - (i (x) — Hy () F(da)
) 2
+ [[ K@M @) = Helo)) G- (i (o) ~ Hv(w) Flas)|
<doyt [ [K’(amﬂmxn — Hy(¥1) - (3(060) ~ Hy(X0) |
[ [ 5o (30) = ) Gla) - (3 (X) HN(X1>>]

2
+E { / K'(ax! (Hy(z) — Hy(V1))) - (Hi(z) — Hy(x)) F(dx)]
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U K'(ay! (Hy(x) — Hy () G(dy) - (HY (x) — Hy () F(dz)ﬂ

< day' {E[ [ (et a6 - HN<y>>>)2 G(dy) - (Hx(X) - HN<X1>)2}

2

+E-/<K’( "(Hy(X1) — G(dy) - (H(X1) - HN(XI))2]

2

- H())” Fldo)

2 2

M) 6
+E-/(K’( Y Hy(z) — Hy(Y1)) )
+E / K’ )

< 40,]_\[4 . 2||K/||2 Can (1 + %) . [E[IA{E(Xl) — HN(X1)}2

+ E[ﬁ;(xl) - HN(Xl)} i
E[|| A% - Hxl]
E[|| A% - Hx ]
< 3203% - | K| (1 + %) B[l - Hx ],
once again using to obtain the penultimate inequality.
Thus for B[} (X1,Y1)]” we may write
m

E[iy (X1, 1)) < 8205 - | K| (1+ ) -E[|| A3 — Hy]]

=0(ay’-N7h.

G(d (z) — Hy(z))” F(dz)

I

(5.147)

Using the bounds (5.146) and (5.147) in the inequality (5.145)) we have shown for the expectations in

(5.140)) and ([5.141]) that these are all less than or equal to
1
3

B[(a — ay)(X1,Y1)]* + 2[E[ax (X1, v1)]* - E[(ay — y)(X1,1)]]

= 0(a5? N2 + [O(az* - N71) - O(ax? - N)]

(5.148)

Thus, it remains only to bound the expectation in the last summand (5.142). In this case, we will use

the equation ([5.144)), which tells us that

E[in (X1, Y1) - Gy (X2, Y2)]

=E[(an — ay)(X1, Y1) - (A — a3 ) (X2, Y2)] + E[(an — @) (X1, Y1) - G (X2, Y2)]

+E[ay (X1, Y1) - (y — 4 ) (X2, Y2)] + E[ay (X1, Y1) - ay (X2, Y2)].

The last expectation vanishes immediately:

E[ay (X1, Y1) - 3 (Xo, Ya)] :E{E[iﬁv(XhYl) | Xo,oo 0, X, Y1,..., V3] 'ﬂ>;v(X27Y2)} =0,



112 5. PROOFS

as we have already shown above that the inner expectation is 0.

Now, unlike in the case of the other expectations in ([5.140)) and (5.141)), we will find that in the case of
E[ay (X1, Y1) @y (X2, Y2)] the expectations E[(dn — @y ) (X1, Y1) @} (X2, Y2)] and E[a} (X1, Y:) - (Gy —
@y )(X2,Y2)] on the right hand side of (5.144)) vanish as well.

Recall that Hy(z) — Hi(z) = N~1- [Zle Iix;<ay + Zizl l{y,<xz}] - Then we can note that the
expression (iny — @y )(X1,Y1) actually depends only on X7, X3, Y7 and Y5 and none of the rest of the

sample, since

(an — ay)(X1, Y1)

=ay’- {K/(a;,l(HN(Xl) Hy(Y1))) {Z Lixi<xiy + Z 1{Yk<X1}}
/K "(Hn(X1) = Hy(y))) G(dy) - N~ - {gl{xisxl} +;1{Yksxl}}
/K (z) — Hn(Y1))) {Z lix, <z} + Z l{Yk<m}:| dx)

+/ K'(ay' (Hn(z) — Hn(y))) G(dy) - N~*- [ghxiq} +§1m<z}} F(dx)].
% (X5, Y3), on the other hand, is equal to
i (X Ya) = a2 | K 0! (v (Xa) ~ Hiv(V2) - (H () — F(2)
/K’ Y(Hy(X2) — Hn(v))) G(dy) - (Hy(X2) — Hy (X))
- [ K63 (Hy @) - Hy(¥2)) - (Hivla) = Hy (o) F(da)

[ K@M @) = Hlo) Gl (fx @) ~ (o)) F()

which depends on X5,..., X, and Y5,...,Y,, but not on X; and Y7, so that for the expectation we may

write

E[(in — x) (X1, Y1) - Uy (X2, Y2)] = E[E[(@N — iy (X1, Y1) | X2, Ya] - E[dy (X2, Ya) | X2aYZH~

In the following we show that the first inner expectation vanishes:

E(an — ax)(X1,Y1) | X2, Y]

2 2
~Bfag? [ (o w060 — B (00) - N [ d ey + X L
— P
2 2
- /Kl(aﬁl(HN(Xl) - HN(y))) G(dy) - N~ {Z Tx,<xy + Z 1{ykgxl}}
i=1 k=1

2 2
- [ K @R )~y (00) V| Yt + Y L] Flan)
=1 k=1
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+ [ K (@ @) - Hy(w) Glay) -V [;ux <w}+;1m<x}] dz] ]XQ Y]

2
=a;V2-N1-IE{Z[ (ay' (Hn(X1) — Hv(Y1))) - Lixi<xi)

=1

[ R (i (360) = H ) Gl 1w,
/K/ ay' (Hy(z) = Hy(Y1))) - Lix, <o} F(d2)

4[] K axt tela) ~ H ) Gld) 1y F(d)

2
+ Z {K'(aNl(HN(Xﬂ - HN(YI))) Lve<xyy
k=1

_/K'(ajvl(HN(Xl) — Hy())) G(dy) - 1wo<x,

- /K’(a;vl(HN(x) — Hy(1))) - Livy<a} F(dz)

+//K’(a1‘V1(HN(I)*HN(y))) G(dy) - 1y, <a) F(dl")} ‘X%Y%
—ay? N ~]E{K’(a;,1(HN(X1) —Hy())) - 1x,<x1)

~ [ K0!ty (60) - Hy () G Lo

/ K (ay (Hy (2) — Hy (V1)) - 1(x,<a) F(de)

+//K’(a7vl(HN(x) — Hn(y))) G(dy) - 1(x, <z F(dz) X%Y?]
+ axf N7 E |:K/ (afvl(HN(Xl) - HN(YI))) ’ 1{X2§X1}
/K’ "(Hn(X1) — Hy(y))) G(dy) - 1ix,<x,)

/ K'(a — Hy())) - 1(xa<0y Flda)

* // K'(ay' (Hy(z) — Hy(y))) G(dy) - 11x,<a} F(dx)

]
+ay? N ~E{K/(GN1(HN(X1) —Hy())) - 1y, <x1y
- /K’(agl(HN(Xl) — Hy(y))) Gdy) - 1vi<x,y
/K’ ay (Hy(z) — Hn (V1)) - Livi<ay F(dz)

+ [ K@M @) = Helo) Ga) - v Flao) | X Yo]

+ay? N1 .]E[K’(aNl(HN(Xﬂ — Hy(M1))) - Livy<xi)
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[ R G (30) = H0) G e,
- /K/(az_vl(HN(x) — Hy(1))) - 1yvy<ay F(dx)

4[] K@ o) - Hy () Gl vy Fid)

XQ,Y2:|
— gt N[ [ R ) - () Plaw) GG
- [ KR ) - By () G(dy) Flaw)
// K' aN (Hn(x HN(y))) Apw<ay F(dz) F(dw) G(dy)
[ 5@ @)~ By ) Gl 1) Fldo) Fla)
+ay’ - N7* // [K’ ay' (Hy(w) — Hy(y))) - 1{x,<wy F(dw) G(dy)
- [ K@ ) = Hy () Gdy) Ly Fldw)
— [ K5 ) = Fn () 1wz Fdo) Gl
+ [ K@ @) ~ ) Gldy) - Lo Flde)
bay?- [ / K (ay (Hy (w) — Hx (1)) - 1yeu; F(dw) G(dy)
=[] 5 (@3 ) — @) G 1oy Flaw) Gia2)
- [ K@ @) - Hy @) Lo Fldn)Glay)
[ 5 — Hy(y)) G(dy) - 1ocs) F(da) G(d2)
fay? N7 [ / / K (a3 (Hx (w) = Hy (9))) - vz F(dw) Gldy)
=[] 5 ) = Fw ) G Loy Fidw)

=[] K (@R )~ v 0) L) Flde) Glay)

=0+0+0+0.

In the same manner we can show that the expectation E[a}(X1,Y1) - (dn — @} ) (X2, Y2)] vanishes as

well, since

E[an (X1, Y1) - (i — Gy) (X2, Y2)| = E[E[Q*N(Xl,yl) | X1, Y1) - E[(ay — 4y )(X2,Y2) | X1,Y1H,
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and ]E[(iLN — ) (X2, Y2) | Xl,Yl] = 0 (proof completely analogous to the proof above, that E[(ﬁN —
W) (X1, Y1) ’ X, Y] =0).

Thus, altogether for E[ﬁN(Xl, Y1) - an(Xa, Yg)] we have
Elin (X1, Y1) - iy (X2, Y2)] = E[(dy — a3) (X1, Y1) - (4 — @) (X2, Ya)]
[y — @3) (X1, ¥2)]”

E
O(ay® - N72). (5.149)

IN

Using ((5.143)), (5.148]) and (5.149)) we now have bounds on all of the summands ([5.139) through (|5.142)
so that for the sum (|5.138) we may write

E{m—ln—l-ZZaN X, Vi }
i=1 k=1
=m 2. [mn “O(ay*-N7Y
+m(m —1)n-O(ay” - N™%)
+mn(n—1)-O(ay’ - N_%)

+m(m—1)n(n—1)-O(ay’ - N7?)
This gives us

which completes the proof. O

LEMMA 5.22.
-1 ii |:K” _1 (Hy(X;) — HN(Yk))) (HN(Xl) *HN(Xz))
i=1 k=1
/ K" (! (Hn () — Hy (V) - (Fx(x) — Hy (2)) F(dz) | - (Hx (Vi) — (%)
— Op(ay? - N7 H)

PROOF. As in the proof of Lemma begin by defining

an(r,s) = ay® - [K”(aNl(HN(r) — Hy(s))) - (I:IN(T) — Hy(r))

/K” (z) — Hn () - (Hn(2) — Hy(z)) F(dz)| - (Hn(s) — Hn(s)).
Then we may write as
m~tnt. zm: iaN(Xi, Yz) (5.150)
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Looking at the second moment of (5.150]) we can use the standard expansion to write

E{m_ln_l : :1 éﬁN(Xi,Yk)r (5.151)
=m 2. [mn CE[iy (X1, 7)) (5.152)
+m(m — Dn-Elay (X1, Y1) - iy (X2, Y1)] (5.153)
+mn(n—1)-Elay(X1,Y1) - dn (X1, Y2)] (5.154)
+m(m — Dn(n — 1) Elan (X1, Y1) - iin (Xa, YQ)H . (5.155)

In (5.128) (see proof of Lemma [5.19)) we already constructed a simple bound for ||iy]|, which we can
again use to quickly derive adequate bounds for the expectations ([5.152)) through (5.154f), namely

iy — .

i) < 2 K" - a5

Using ((5.128]) we obtain for the expectation in ([5.152))

Elan (X1, %1)]? < A|K"|* - ax®  E[| Ay — Hx|*)?

=O0(ay® - N72). (5.156)
Also, since the expectations in the following two summands (5.153)) and (5.154) are bound by the expec-
tation E[ﬁN(Xl, Yl)]Q due to the Cauchy-inequality, these are all of the order O(ag,6 - N72) as well.

Thus, it remains only to bound the last expectation in (5.155). In order to derive bounds for this
expectation we again define I:Ij{, to be equal to Hy with X 1, X2, Y7 and Y5 removed from the sample.
That is,

Hy(z)=N"". [Z Lixi<ay + Z 1{&9}} :
1=3 k=3

Also, as in the proof of the previous lemma, define 4} as 4 with all occurrences of Hy replaced by H’}‘{,

To bound the expectation E[ﬁN(Xl, Y1) - an(Xo, Ygﬂ we will again use the inequality (5.145)), which in

this case gives us

|E[in (X1, Y1) - Gn (Xa, Ya)]|

[N

< E[(ay — a})(X1, V1)) +2 []E a3 (X1, Y0)]?  E[(ay — a;v)(xl,yl)ﬂ
+ |Elay (X1, Y1) - @y (X2, Y2)] |
For the last expectation on the right hand side we have
E[iy (X1, V1) - ity (X2, V2)] :E{]E[a;‘v(xl,yl) | Xy, Xony Vi, Vo] .a;‘V(XQ,YQ)} —0,

since for the inner expectation

Efiy (X1,Y1) | Xoyo ooy Xy Yi,no, Vi)

_E [N - [K"(amHN(Xl) CHN0)) - (X)) — Hy(X0)
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Thus, using inequality it remains only to bound the expectations E[(dn — ﬂ*N)(Xl,Yl)]z and
E[ﬁ}‘v(Xl,Yl)]z in order to derive a bound for the summand . Now we can derive a similar
representation of the expression (G — @) (X1, Y1) as the one derived for (in — %) (X1, X2) in the proof
of Lemma [5.19] (see proof for details), which gives us

(i — ) (X1, V)
=y [maNl(HN(xl) — Hy(W))) - (Hn (X)) — Hi(X))
- [ K@ o) =y (0h)) - (o) = Filo) Plde)| - (Hy () = 5, ()
[ K7 t (60) — H () - ((060) — B3, (X))
- [ K03 (Hivlo) — H(410) - (o) = Hilo) Flao)| - (5, 0) = (1)
R [ K (F(060) = Hy (1) - (3 (X0) — H(0)

- [ K@ o) = Hy () - (o) ~ Hxlo) Plde)| - (3 () ~ i (1),

so that for the expectation we have

E[(ay — @)(X1,11)]”
_E [aNg . [K" (ax' (Hn (X1) — Hx(Y1))) - (Hn (X1) = Hy (X))
- [ K@ ) - Hy(00) - (o) ~ (o) Flan)| - (i () - (1)
| K (0 (B 06) = (1)) - (v () — (1)
- [ B )~ Hw () - (o) ~ o) ()| - (3(01) ~ Av(v)
[ K (0! (60— H ) - (3 06) = By (30)

- /K"(GX/I(HN(JJ) — Hy(W1))) - (Hy(z) — Hy(2)) F(dx)} (Hy (V1) — Hy (Y1)

< 405 [ [ K7 (a5 060) = Hw () - (B 061) — B ()
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/K,, — Hy(W))) - (Hn(z) — Hy(2)) F(dx)} - (Hy(Y1) — FIE(Yl))r
+ EHK” (ax' (H (X1) — Hy(Y1))) - (Hn (X1) — Hi(X0)
/K” — Hy(V1))) - (Hn(2) — Hy(z)) F(dx)} (Hy(h) - FIN(Y1>)]2
+EHK~(Q;<HN<X1> ~ Hy(V1)) - (H3(X)) — Hy (X1))
- / K"(ay'(Hn(z) = Hy (V1)) - (Hi (2) — Hy(2)) F(dw)} (Hy() - FIN<Y1>>] }
< dayl {2 : ]EHK”(a]_Vl(HN(Xl) — Hy(Y)) - (Hn(X1) — Hy(X1))
[/K” ay' (Hy(z) — Hy (V1)) - (Hn(2) — Hy(2)) F(dw)ﬂ (Hy(W1) —ffz*v(Yl))z]
+2. EHK”(aJ_\,l(HN(Xﬂ ~Hy()))" - (Hy(X1) — Hy(X1))?
[ [ 5 o ) = iy (040) - (o) — 3 0) ) ] (115 ()~ i (v2))]
2B | K (a5 (v (X0) — Hw(41))° - (3(060) ~ H(X0)°
_ 2
n _/K”(aNl(HN(x) — Hyx(1))) - (Hy(x) — Hy()) F(dx)} ] - (Hy (V1) —FIN(Yl))zn

< day’- -2 . ]EHK”(aNl (Hy(X1) — HN(Yl)))2 -16N 2

+ / K" (ay'(Hy () — Hy(V))) - (Hy(2) - Hy () F(dm)} 2] | Hw - FIJ*VHz]
+2- I_E[[K”(aN%HN(Xl) — Hy(¥1)))" - 16N 2
o | [ R (o) — Hx () - (o) i) Pl ] 10V 2]
w28 a3 (00 — 020 | 1 — 1
w | [ R (o) — Hx () - (5 0) () Pl ] ov2||
< day’- {2 ~ EHK”(a&l(HN(Xo — Hy(Y1)))" - 16N
+ [ K@My (o) - He()? - (fix(o) - B (@) Flao)| - |ty — 3]
w28 ||| 1032

/K” aN (Hy(z HN(Y1>))2 . (fIN(m) — ﬁ]’Q(m))Q F(dx)} . 16N‘2}
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+o. E[[Kff(aN1<HN<X1> — Hy(V1)))" - | By — Hl|"
[ KR ) Hy (0 (B3 ) - () Flan)| 103
< 8ay"- {EHK”(aJ—Vl(HN(Xl) ~ Hy(1)))”
+/K”(a1_vl(HN(x) ~ Hy(11)))"- F(dx)} 16N 72 || Hy gmﬂ
+EH||K"H2 16N ||K| - 16N2] : 16N2}
+ EHK (ax' (Hy (X)) — Hy(¥1)))*
+ [ KM (o) = () ()| -5~ 10872
= 8ay’ - {2 : 1EHK”(aN1(HN(X1) — Hy (1))’
+/K~(@]—VI(HN(93) — Hy(W1)))- F(clar)} 16N || Hy — g;vﬂ
+2|| K| - 162N4]
— 16%4;0 - N2 .IEHK"(aJ_Vl(HN(Xl) ~ Hx(11)))?

+ /K”(a;Vl(HN(x) — Hy(1)))"- F<dx)} | Hw — ﬁfvﬂ
+16%| 7| - ay® - N
=16%ay° - N~2. [E {K'/(aﬁl(HN(Xl) - HN(Yl)))2
+ [ K )~ i) Plao)] B[y - )]

+16°| K" ||” - apy® - N7*

= 16%a30 - N2 [2 : E[K”(agl(HN(Xl) - HN(Yl)))Q] -E[HHN By

il

+16%|| K" - ay® N4

< 16%a3" N7 4K an (14 ) B[ Hy — A ]

+16°| K" ||* - ay® - N7,
where was used as before to obtain the final inequality.
Thus, altogether for E[(ay — @} ) (X1, Yl)]2 we have

B[y — 3) (X1, 10)]* < 16%03° - N2 4| K" an (14 2) B[ Hy - 113
+16%| K ||* - ay - N

=0(ay’ N3 +0(ay’ - N4
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=O0(ay’ - N73). (5.157)

Now, for the second expectation in the inequality (5.145]) we have

Efiy (X1, 1)
_E [N . [Kf/(anHN(Xl )~ Hy()) - (H3(X1) — Hy (X))
- / K" (ax! (H () — Hy (Y1) - (H3 (2) = Hy(x) F(dw)} (Hy(M) - ﬁMY1>>] 2
<ay’- ]EHK”(aNl(HN(Xl) — Hy(W1))) - (Hy(X1) — Hy(Xy))
- /K”(agl(HN(x) — Hy(W))) - (H¥ () — Hy(x)) F(daf)} R [ Hy — FI?‘VHQ}
o[ [ o) — ) - 3 0) — vt P | — i ]
< 430 .E[z. {Kff(a;;(HN(Xl) — Hy(M1)" - || 3 — Hy|*
[ K0 lo) — Hn (i) (o) ~ Hx(0)* Fldo)] - |y~ A
< 2038 -]EHK”(aNl(HN(Xl) — Hy(11)))*
[ K1 )~ ) )|~ 3]
%40 E {K” (ax' (Hy (X)) — Hy(11)))’
+ [ K@M (o)~ Ee ) Pl | By - 3]

= 4a)} ~]E{/K”(GX/1(HN(I) - HN(Yl)))2 F(dx)} E{HHN - f{}tf“ﬂ

<day® 2| K"|*an (1+ 2) B[y - Hy )]

Thus, altogether for E[ﬁ’j\,(Xl, Yl)]2 we have
A~k _ n .
E[iy (X1, Y1) < 8|K”* - a5 (1+ = ) - E[ || Hy — Az ||
— O(ay?) - O(N?)

=O0(ay’ - N7%). (5.158)

Combining (5.157)) and (5.158) gives us a bound for the expectation in the last summand (5.155]), namely

|E[in (X1, Y1) - i (X2, Y3)] |

(NI

< B[(an — i) (X1, Y0)]? 4+ 2[B[ig, (X0, 1)) - B[ — ) (X2, V)]



5.2. NEGLIGIBLE TERMS 121

Nl

=O0(ay’ - N7%) +2|0(ay’ - N72)-O(ay’ - N7?)
=0(ay’ N3 +0(ay’ - N2)
=O(ay’ - N72). (5.159)

We now have bounds on all of the expectations in the summands (5.152)) through ([5.155|), so that for the
sum ((5.150)) we may write

+m(m—1)n- O(a]_\,6 -N7?%)
+mn(n —1)-O(ay’  N72)

+m(m—1)n(n—1) ~O(a;,5 -N‘g)

=0(ay’ - N73). (5.160)
This gives us
m~ 0303 (X0, Vi) = Oplay® - N7 1)
i=1 k=1
as claimed. 0

LEMMA 5.23.
ot it 30 (K6 () ~ Ha(X0)
f/K’”(]) (Hn(x) — Hy(2)) F(dz)| - (Hy(Ye) — Hy (V)
=Op(ay' - N"2)
PROOF.
%aN‘* m~tnt éé[}("’(@]) (Hn(X;) — Hyn(X;))

B /K”’(Tj) ) (ﬁN(x) _ HN(JZ)) F(dx)} . (HN(Yk) - ﬁN(Yk))z

m m

< gant m S [[K)

i=1 j=1

HN—HNHF(CLI) -||I{N—f{]\[||2

fiy — |+ [ 157

1 .
= gan' 2| K| | Hy — Hy|"

= ||| -ay" - |y — Ax

=Op(ay' - N72).
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O
Combining Lemmas [5.18] [5.19] [5.20], [5.21], [5.22] and [5.23] we have proven the following.
LEMMA 5.24.
/ [fN - fN]/ o Hy /() - [ﬁN(x) - HN(:C)} [Fm(dx) - F(dx)} = Oplay’ - N7Y), (5.161)
/ [fN - fN}' o Hy(x)- {ﬁN(ag) - HN(x)} [Fm(dx) - F(dx)} = Op(ay® -N7Y) (5.162)

and thus

/ [fN —gn — (fn — gN)]/ o Hy(z) - [H'N(w) - HN(x)] [Fm(dx) - F(dx)] — Op(ay® -N7Y). (5.163)

5.2.4. Third bounded term. We continue our treatment of the asymptotically negligible terms of
the expansion by showing that the term (2.39) is negligible as well. For (2.39)) we can write

[ (7 = ax] o Hi(@) - [ @) = Hy(2)][Folir) = P ()]
= / frn o Hy()- [I?N(x) - HN(x)] [Fm(d:c) - F(dx)] (5.164)

- / G o Hy(x) - [Hn (@) — Hy(2)) [Eun(dx) — P(da)] (5.165)
We will first work at bounding (5.164)). The proof for (5.165)) follows along similar lines.
Recalling the first order derivatives f]l\/ and gly (see (5.102)), we have for (5.164):

/ Fiy o Hy(a) - [Hw(2) — Hy(@)] [Fon(d) — F(dr)]

—m!. f: [f;v o Hy(X;) - [fIN(XZ-) - HN(XZ-)} . /f;v o Hy(z) - [fIN(:r) - HN(x)} F(dx)}
=1

=mt 3 [a]f [ K ()~ H(0) Fldy) - [ (060) ~ Hy ()]
i=1
ot [ (a3 (@) = Hy () F(dy) - [Frn(o) — Hy ()] F(dz>]

In contrast to our development of terms (2.35) and (2.36)) we won’t need to use the Taylor expansion of
the kernel function K’ here, since there are no occurrences of the random empirical distribution function
Hy in the arguments of K’. Instead, we can move directly to deriving a bound for (5.164)) in the following

lemma.

LEMMA 5.25.
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—ax [ Bt ) — ) Fla) - [fite) — )] Fao)

= OP(CLE2 -N— )

PROOF. Define

=m~ ) [uN(Xi) : [FIN(Xi) - HN(XZ-)} - /uw(x) : [I?N(@ - HN(x>] F(dw)]

i=1

=m-1. Z [UN(Xz) . |:N1 [Z 1{Xj§Xi} + Z 1{Yk<Xi}:| — HN(XI):|
j=1 k=1

i=1

- /uN(a:)~ [N—l {él{){jgz} +;1{Yk§m}:| _HN(‘T)} F(dw)}

m m

-1 Zuz\r 121{){ <x;y+mo ZUN 121{Yk<X}

m

—m ) uy(X;) - Hy(X5)
i=1

— /uN(:r) NS 1 <oy Fldr) — /uN(:c) NTUY "y, <oy Flda)

=1 k=1

+ / un(z) - Hy(2) Fdz)

m m

:)\N-m_2-ZZuN(X) l{X <X}+(1_)\N) m~in7L. ZZUN ]‘{Yk<X}

i=1 j=1 i=1 k=1

m

—m™ Y uy(Xi) - Hy (X))

Ay em-l Z/uN(z) Apx,<ay F(dz) — (1= Ay)-n~'-

j=1 k=1

/UN(JC) Lvi<ay Fldr)
+ /uN(:L') - Hy(z) F(dx)

= -2 ZUN ) lix,<xy + (L= An) - n~! ZZUN ) Lve<xiy

1<i#j<m i=1 k=1

+ )\N . m_2 . ZU’N(X’L) - m_l . ZU’N(XZ) . HN(XZ)
i=1

i=1

—)\N-m_l-Z/uN(a:)-l{XjSm} F(dzr) — (1 = An)-n"! Z/uN Ly, <2y F(dx)
j=1

k=1
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+ /uN(x) - Hy(z) F(dx)

Define the U-statistic U}, and the generalized U-statistic U,%m as

Ul =m™'(m-1)"". ZUN(XZ') “Lix,<xiy

1<i#j<m

2 —-1,_-1
U’rn,n =m n : E uN(XZ) ' l{YkSXi}’
1<i<m
1<k<n

and let U}n and U'fnn be the Hijek projections of U}, and Ufnm respectively as defined in Lemmas
and Then (5.164]) is equal to
An(m—1) 4 2 -2 - -1 S
——— U+ (1= AN) Uy + AN -m™ = ZUN(Xi) —-m= - ZuN(Xi) -Hyn(X;)
i=1 i=1
3 / un (@) - 1iyicoy F(do)

-1
k=1

A em-l Z/uN(x) Apx,<ay F(dz) — (1—Ay)
j=1

+ /uN(w) - Hy(x) F(dz).

Now, the kernel function uy is bounded:
]| < 2| K" Jay®
Which means for the third sum Ay - m™2- 3" un(X;) we can write

Ay -m”? ZUN(Xi) <Ay-m7?- Z lun (X5)|
=1

i=1
m
SN
=1

R

=O(ay’ - N7h). (5.166)

Thus, we can partition (5.164) into the sum of two scaled U-statistics, some i.i.d. sequences and a
negligible rest:

Av(m—1 N
M . Uyln + (1= \n)- Ufnm + O(a]—v2 .N*l) —m1. ZUN(Xi) -Hn(X;)

i=1

—Ay-m~ L Z/UN(a:) Ayx, <oy Fdz) = (1= Ay) -nt- Z/UN(I) Aiy<ay Fldz)
j=1 k=1
+ / un(z) - Hy (2) F(dz). (5.167)

In the following we will show that (5.167) is O(ay” - N™1) as well, which will complete the proof. Begin
by calculating each of the projections U,ln and Ugm Firstly, for Ay - U}n

m

AUy, =Ay -m™ -y [/uN(Xi) Npexiy Fdz) +/uN(sc) x, <0y F(dz)

i=1
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- // un () - Liy<a) F(dx)F(dy)}

—m S un () - Ax - F(X) 4 Ay om Z/“N(x) Lixigay F(dz)
i=1

i=1

- /uN(x) Ay - F(z) F(dz).

Nextly, for (1 — Ay) - U2, . We have

n

(1—)\]\]) U (]-_>\N |: Z/UN 1{3¢<X}G(d.’b) 1'Z/UN(x)'1{YkS$} F(dl’)

k=1

— [[unt@) 1z F(dx)awy)}

Y (X (=) GO+ (=) S )1y, Fle)

i=1 k=1

- /uN(a:) (1= Ay) - Glx) F(dz).

Now, since
Hy =M -F+(1-X\y)-G,
we see that

Av UL+ (1= Ay) U2,

m

= Tnf1 . ZUN(Xl) . HN(XZ)

+ AN -m~L. Z/UN(:E) . 1{Xi§:c} F(dx) + (1 — )\N) n7 L.

=1 k=1

/UN(x) Ay, <z F(do)

- /uN(x) - Hn(z) F(dz).

so that
A -Uh+ (L= An) - U2, —m™ - un(X5) - Hy (X))
1=1

ety /um)'l{w}ﬂdm (ISR / un (@) - 1yy<ap Flde)

j=1 k=1

+ / un(z) - Hy(2) F(dz)

=0.

Thus, for the representation (5.167)) of (5.164) we have

)\N(m — 1)

Uy, + (1= Ay) Uz, +0(ay” N7 —m™ - un(X;) - Hy (X))
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m n

—Ay-m~ L Z/UN(Z) Ayx, <oy Fdz) — (1= Ay) -nt

Jj=1

/uN(m) Ly, <y F(do)

b
=

+ /uN(x) - Hy(x) F(dx)

[ UL 41— Ay)-U -1 ZUN X,)
—An-m7te i/uN(x) Ax; <oy Fdz) — (1= Ay) n L. k:/uN(m) Ny, <qy F(do)
+ (o) Hy(o) Fld) + 037 N = 22 0

_ [AN : [U;l - U}n} (1) [Uf,m - (73%“} +O0(ay? - Nl)} AV 1

and it remains only to bound [U}, —UL], [UZ,, — U2

m,n m,n

| and 2% .Ul . Firstly, using Lemmawe have
]E[U}n - U,}J < 2(m — )ym~* E[uly (X1, X2)]?
for uj defined as

uin(r,s) = un(r) - Lgs<ry _/“N(T) yy<ry F(dy)

- [un(@) e Flde) + [ [ unt@) 1,0 Pldo)Fidy)

so that the expectation is easily bounded:

E[ufy (X1, X2)]”
2
<4-E [UN(Xl) Lix,<x,}) ? [/UN (X1) - 1y<xyy F(dy)]

+ :/uN( ) 1pxycny Flde r+ [//uN Apyeny F(dx)F(dy)ﬂ

<4-E _[UN(Xl)]2 + [un (X1)]?

fie | i ]|
<4. IEI[4 -[2a7 - 1K) ]2]

<42 2K at.

Altogether this yields

2
E[U U},L} < 2(m— )m=3 - E[ujy(X1, X2)]°
<2m—1)m 342 2| K'|* - ay?
= ||K'||* - ay* - (m = 1ym ™2

=O(ay' - N7%). (5.168)
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Similarly, using Lemma we have
2 bo 12 1,,—1 * 2
E[U2, - 02, =m™n™ Elusy (X1, 1)]

for uj, defined as

Ui (r8) = un(r) Loy = [ un(r) - 1pucy) Glay)

- /uN(x) Aygs<qy Fdr) + // un () - Liy<qy F(dz) G(dy).

Bounding E[u}y (X, Yl)]2 we obtain
. 2 _
E[uby (X1, Y1)]* <42 2| K| - ayt

(proof completely analogous to the above showing that E[ujy (X1, XQ)]2 < 42.2|K'|]? - ay'). which

gives us

N 2
E|\U2 —U? =0(m "™ Y-0(ay?) =0(ayt - N2 5.169
|: m,n m,n N N

Lastly,

A _ _

1<i#j<m

AN
< _ N
= m2(m — 1)1§;§’L?NH
_ A ffu]]
o m

- 2\n - 2| K’ ||ay?

m

=0(ay?-N7h). (5.170)

Combining (|5.168)), (5.169)) and (5.170)) we see that (5.164) is equal to
AN

[)\N. {U; —Uﬂ +(1—Xy)- [Ui,n _ ggm] +O(aN2-N—1)} RS

= [op(aN2 "N™H+0p(ay? N1+ 0(ay? N‘l)] ~O(ay? N7

= Op(a]?[2 . N_l)

which completes the proof. (Il

To bound (5.165)) we will use very similar arguments to those which we used to show that (5.164)) is
O p(a]_\,2 -N~1). We begin by deriving a sum representation of (5.165)).Recalling the first order derivative

gy (see (5:102))), we have for (5.165):
/ gy o H(x) - [Fix (@) — Hy(2)] [Fon ()  F(dr)]

—m . Z {g;v o Hy(X:) - [HN(Xi) _ HN(Xi)] - / Gy o Hy(z) - [ﬁN(z) _ HN(J;)] F(dx)}

=1
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. {@2 . /K’(a;[l(HN(Xi) ~ Hy(y)) Gldy) - [Ax(X;) — Hy (X))]

1=

ey / K' (a3 (Hy(2) = Hy(y)) G(dy) - | Ay () — Hy ()] F (d””)}

LEMMA 5.26.

m Z [a;f - / K'(ay! (H (X0) = Hy(y))) Gldy) - [Hn(X) — Hy (X))

—ay?- / K'(ay' (Hn(z) — Hy(y))) G(dy) - [fIN(x) - HN(x)} F(dx)}

= OP(CL;]2 - N_l).

PROOF. Define

ux(s) =+ [ (a3} (o) - Hy(v)) Gldy).

Then the rest of the proof is identical to the proof of Lemma [5.25, which depends only on the fact that

uy is uniformly bounded:
x| < 2] K |Jay?

which is the case for up defined here as well. O

Combining Lemmas [5.25] and [5.26] we have proven the following.

LEMMA 5.27.
/ Fiv o Hy (@) - [Fin(@) — Hy(@)] [Fu(de) — F(da)] = Op(ay? - N7, (5.171)
/ gy 0 Hy(2) - [Hx(x) ~ Hy(@)] [Fn(dz) — F(dz))| = Op(ay? - N7 (5.172)
and thus
/ [ Py — gN]' o Hy () - [ﬁN(x) . HN(x)} [Fm(dx) - F(dx)} = Op(ay2-N7Y). (5.173)

5.2.5. Fourth bounded term. We continue our treatment of the asymptotically negligible terms
of the expansion by showing that the term (2.45) is negligible as well. For (2.45)) we can write

[ i = = G = 9w o Hw(a) - [fin@) ~ Hy(@)] Flde)
_ / [ - fN}/o Hy(x) - [ (@) — Hy ()| P(do) (5.174)

- / o _gN}IOHN(””)' (@) = Hy(x)| F(da) (5.175)

We will first work at bounding (5.174)). The proof for (5.175)) follows along similar lines.
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Recalling (5.101)) and (5.102) for (5.174) we may write

[ i = 2] o tiv(@) - [ (@) - Hy(a)] Plao)

= ax o [ SR (a5 () — By (X)) - (i) = Hy () F(da)
—ai? [ [ (0! (o) = H0) Fldy) () ~ Hi(@) Fide)

=ay’ -m7- i [ / K'(ay' (Hy(2) — Hn(X;))) - (Hy(2) — Hy(x)) F(de)
- [ K (@3 @) - @) Fld) (o) - Hy (@) F(do)|

At this point we use the Taylor expansion of the kernel function K about each of the ay! (Hy (z)—Hy (X))
which yields

[ i = 0] o Hiw(w) - [ () = Hx(a)] Flao)

=ay’ m_l-z [/K’ an' (Hy(z (XJ)))(fIN(x)—HN(x)) F(dz)
~ [ K @) — ) Pldy) (@) ~ Hy(a)) Fldo) (5.176)

+ay’-m Z/K” ay' (Hy(x) — Hy(X;))) - (Hn(x) = Hy(2)) F(dz) - (Hy(X;) — Hy(X;))
(5.177)
+ CLN mil Z/KW 7'] HN ) HN(Z’)) F(d:c) . (HN(X]) — ﬁN(Xj))z (5178)

where 7; are appropriate values between the two ratios.

In the following lemmas we will derive bounds for the three terms (5.176)), (5.177)) and (5.178)).

LEMMA 5.28.

-1 z_: [/K ay' (Hy(z) — Hy(X;))) - (Hy(z) — Hy(2)) F(dz)

Jj=1

- / K (ay (H (@) — Hx(0))) Fldy) (i (x) — Hy (@) F(da)

= OP(CLJ_V2 . N_l).

PROOF. Define

un(s, t) = a&g . K’(a]_\,l(HN(s) — HN(t))) — /K'(ax,l(HN(s) — HN(y))) F(dy)|.
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Then
ay’-mt. Z [/K’(a;vl(HN(x) — Hn(X;))) - (Hn(z) — Hy(2)) F(dz)

Jj=1

—/ K'(ay' (Hn () — Hy(y))) F(dy) (Hn (2) — Hy()) F(dw)]

m

—m 3 [, X5) - [Hv(e) - Hy(@)] Fldo)

m

m~! ’j;/uzv(l’an)' {Nl{i Lixi<a) +}i1ms$}} HN(!E)] F(dz)

m

— m_l . Z/uN(x,XJ) . N_l Z 1{Xi§m} F(dl‘)
j=1

i=1

+m™t. Z/UN(x,Xj) N7t Z 1y <zy F(dz)

j=1 k=1

m

—m . Z/uN(x,Xj) - Hy(x) F(dx)
j=1

m

=Ay-m 2y /UN(JE,XJ') “1ix,<ay Fda) + Ay -m™2 - Z/UN(JC’Xi) 1ix, <y F(dz)
1<iZj<m i=1
+(1=Ax)-mtn7t. ZZ/uN(m,Xj) Ayy, <2y F(dx)
J=1 k=1

—m™t. Z/UN(x,Xj) - Hy(z) F(dx).

Define the U-statistic U}, and the generalized U-statistic Uﬁlﬁn as

Up=m'(m—-1)"">" /uN(x,Xj) Ayxi<ay F(da),

1<i#j<m
m n
U72n,n = m_ln_l : ZZ/UN(J;’XJ) : l{YkSw} F(dl‘),
j=1k=1
and let U}, and U2, ,, be the Héjek projections of U}, and U2, respectively as defined in Lemmas

and Then (5.176|) is equal to

Av - (m—1 L&
%.U#-ﬁ-/h\wm 2';/UN($7Xi)'1{Xi<x} F(dx) (5.179)

m

+(1=An) U —m - Z/UN(x,Xj) - Hy(z) F(dx).

Now, the kernel function uy is bounded:

lun ] < 2] &"]|ay”
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Which means for the second sum in (5.179)) we can write

’/\N -m~2. Z/UN(.%,X%) . 1{Xi§z} F(dx)

<Ay-m un (z, X5) - 1ix, <2y F(dx)

<o em=? ) fu

R

=O0(ay*-N7h. (5.180)

Thus, we can partition ([5.176)) into the sum of two scaled U-statistics, an i.i.d sum and a negligible rest:

W . Urln +(1=An)- U72n,n —m L. i/UN(anj) - Hy(x) F(dz) + O(aji\lz . N_l). (5.181)

In the following we will show that (5.181]) is O N2 N1 as well, which will complete the proof. Begin
by calculating each of the projections ﬁﬁl and U,%L’n. Firstly,

Ay -UL =Xy -m™t- f: |://’LLN(£L'7XZ') Lyy<qy F(dz) F(dy) +//uN(ac7y) - 1{x, <z} F(dz) F(dy)

- / // un (2,y) - Liz<oy Fldo) F(dy) F(dz)]

m

m™ Z [/uN 2, X;) - AnF(z) (da:)—f—)\N-//uN(:c,y)-l{XiSz} F(dz) F(dy)

~ [[uste i) Fiae) P

Nextly, for (1 — An) - U » We have

(1- )02, = (1-Ay)- { -1 Z//UN:EX N (yeay Fldz) G(dy)

n-l. Y un(z,9) - Ly, <oy Fdx) F(dy)
’;// N(Z,Y {V, <z} Y
- / / / un(,2) - 1yeny F(de) G(dy) F(d2)
— L. Z/UN(:C,XZ.) (1= A)G(x) Fda)
+(1-=A )-n_l-n un(z,y) - liy, <1 Fdx) F(dy)
N ;// N(T,Y {Vip <z} Y

_ // un(z, 2) - (1= AN)G(x) Fdz) F(d2).
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Now, since
HN:/\N-F—F(l—)\N)'G,

we see that

Av UL+ (1= Ay) -0, m~? Z/uNxX - Hy(z) F(dz)

:m*l-zm: [AN~// un(z,y) - Lixi<ny F(dz) F(dy) *//UN(‘Tay)'/\NF(I) F(dx) F(dy)]

=

) [n ~ Z / / un(@,9) - 1(vi<ey F(da) F(dy) - / / un(@,2) - G(z) F(d) F(dz)]

due to

[ unta) Fiay)
-/ a;,2~[K'(a]_Vl(HN() Haly / K’ (a5 (Hy(x) - HN(Z)))F(dZ)]F(dy)

=ay’- {/K' (ay' (Hn(z F(dy) — /K ay' (Hy(z) — Hy(2))) F(dz)}

Thus, for (5.176) we have

WU}” ( )\N) m=1 in:/uN 1. X HN( )F(dx)_’_O(axﬁ.N—l)

AN

UL 4 A U,;+(1_AN)-U5W—m*1-Z/UN(x,Xj)-HN(x) F(dz) + O(a? - N7

N A N
= [Uh = O4] + U+ (- U2, 02, + 0@z? N7
and it remains only to bound [U}n — ng], [U 2 U?n n] and /\WN UL Firstly, using Lemmawe have
12
B0}, = 0] < 20m = )m™?  Eluiy (X1, X))

m m

for uj, defined as

win(r,s) = / un(@,5) - Lpeny Fda) - / / un(@,y) - Lireny Flde) F(dy)

= [ uxt@9) Lo Flde) P+ [[ [ unten) 1oy Fide) i) Fla2)

so that the expectation is easily bounded:

E[ufy (X1, X2)]°

< 4-]EH/uN(x,X2) ST F(dx)r+ [//u;v(x,y) Nyxy <oy F(dr) F(dy)r

[// un (2, X2) - 1(z<qa) F(dz) F dz] [///uN 2,9) - 1(z<ay F(dz) F(dy) F(dz)} ]
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34.]EU [uN(x,Xz)]2F(dm)+0+// [un (z, X5)]* F(dz) F(dz)—i—O]

<a-8| [ [y K1) Flao) + [[ 202 151 Fido) F02)

= 32|K||* - ay".

Altogether this yields
JE[U,; - U,}f < 2(m —1)m™* - Blujy (X1, X2)]°
< 2(m - 1)m~>- 32| K| - ay*
= 64| K" ax* - (m = 1)m ™

=O(ay* - N7%). (5.182)

Similarly, since the kernel functions of U}, and U2 we can write

m m,n

are equal, using Lemma“ 3| for U7, ,,
72
E[U2, - 02,] =m™'n" Elusy (X0, 11)]°

for u3, defined as

usn(r, s) = /uN(x,s) Ar<qy Fdr) — // un(2,y) - lir<qy F(dr) G(dy)

~ [ ut@9) Vo Flde) P + [ [ [ unten) 1oco) Fide) Glay) Fia2)

so that the expectation is easily bounded:

E[u;N(XhYI)]Q
<4. E[/uz\/(x,Yl) “lyx,<a) F(d:r)}2 + [//UN(w,y) yx, <oy Fdo) G(dy)]2

+_ // (@, V1) - 1pocny F(da) F dz} [ /// un (2,y) 1 {azay F(da) G(dy) <dz>H

§4-1E_/[UN(I v1)]? F(dz) + // un (z,)]” F(dz) G(dy)

+ / / lu (2, Y1)]? Fda) F(dz) + / / / [un(2,9))” F(dr) G(dy) F(dz)}

<4-E[4- [2057 - | K'[])7]

= 6 a3’

Altogether this yields

E|:U72n,n - U?n,n:|2 = m_ln_l ’ E[”;N(Xla}/l)]z
<m'n7t 64| K| - ayt
= 64||K’H cayt-mTinT!

=O(ay*- N7%). (5.183)
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Lastly,

7.U71n:)\N-m Z /UN.'L‘X 1{X<m}F(da:‘)
1<i#j<m

=O(ay?-N7h. (5.184)

Combining (5.182), (5.183)) and (5.184]) we see that (5.176) is equal to

AN - Op(ay N4+ 0(ay N+ (1—-Ay)-Op(ay® - N +0(ay’ - N1 =Oplay? N7Y
which completes the proof. O
LEMMA 5.29.

3 m_l . Z/K”(G,]_Vl(HN(JT) — HN(XJ))) . (IA{N(J}) — HN(J})) F(dl‘) . (HN(X]) — HN(XJ))

:OP(G,;V2~N_1)
and
%a;f m~1 Z/K'”(TJ) (Hn(2) — Hy(2)) F(dz) - (Hy(X;) — Hn(X;))” = Op(ay® - N71)
j=1

PROOF. For the first expression we have

ay’-m! Z/K” — Hn(X;))) - (Hx(z) — Hy(2)) F(dz) - (Hn(X;) — Hn (X))
Vo3 [ K ()~ H () - (@) — Ha )| Pl [Hy () — i ()

3 mlzm:/|K”(aNl(HN( — Hy(X)))| - ||Hn — Hy|| F(dz) - |Hn(X;) — Hy(X;)]

Q.Z/\K”(a]—vl(HN( — Hn(X;)))| F(dx).

Since |K”f is bounded and equal to zero outside of ( -1, 1), we can apply the bound in Lemma to

obtain

/|K” A — Hy(X;)| F(do) < 2] K" - an (1+ ),
m

For ([5.177)) this gives us a bound of

m

Ayl 2K ax (14 1)

j=1

= 2] K" ax?(14 ) -

-3
ay -
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" —2 n -1
=2 K" - az? (14 ) - Op(NY)
m
=Op(ay” N71)
using the D-K-W bound.

For the second expression we have

gt S [ Kw) - (@) — Hy (@) Flda) - (Hy (X)) = Fiw(X,)’
< %%4 o Z/ |K"(7) - (Hn(x) — Hy(2))| F(dz) - |Hy(X;) - Hn(X;)|”
1 4 -1 % " 2 2 2
< gantom 30 [ K| - Hy| Fldo) - |[Hy ~ fi|
j=1
1 " — 2
= Sty — A
=Op(ay'-N7?)

using the D-K-W bound.

Since we require that ay — 0 slowly enough that %, - N — oo, the second expression is OP(CE&2 “N7h),
as ayt-N73 = (ay’ N*%) “(ay’ - N71), and aj” - N—% 0. O

To bound (5.175)) we will use very similar arguments to those which we used to show that (5.174)) is
Op(aj_\,2 - N~1). We begin by deriving a sum representation of (5.175):

[ Jow = av] o Hvt@) - [fin(a) -ty ()] Flao

n

—a?on / S K (gt (Hy(w) — Bx (%)) - (Bx(z) — Hy(2) F(dz)
k=1

- / K' (a3 (Hy () = Hx () Gldy) (Hy (@) — Hy () F(de)

n

=ay?-nt- Z [/K’(aNl(HN(at) ~ Hy(Y))) - (Hy(z) — Hy(2)) F(dz)

k=1

- / K'(ay' (Hn(2) — Hy(y))) G(dy) (Hy (x) — Hy(x)) F(d)|.

At this point we use the Taylor expansion of the kernel function K about each of the ay' (Hy () — Hx (Y))
which yields
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~ [ K (axt i 0) = Hy () Glay) (o) — H(a) F(do) (5.185)
+ay®-n? Z/K” ay'(Hy(z) — Hyn(Ya))) - (Hy(2) — Hy(2)) F(dz) - (Hy(Ye) — Hy(Y2))
(5.186)

1 4 1 < N N 2
+ EaN‘* nL. Z/K'"(Tk) - (Hy(2x) — Hy(z)) F(dz) - (Hn(Ya) — Hx(Y2)) (5.187)
k
where 75, are appropriate values between the two ratios.

In the following lemmas we will derive bounds for the three terms (5.185), (5.186]) and (5.187)).

LEMMA 5.30.

Yy [/K ay (Hy(z) — Hn(Y2))) - (Hn(2) — Hy(z)) F(dz)

k=1
—/ K'(ay' (Hn(x) — Hx(y))) G(dy) (Hy (2) — Hy(2)) F(dm)]

= Op(ay?-N7Y).

PROOF. Define

(s, ) = a5+ | K (0 (5) — Hw0) = [ K (05 (v (s) — Hy ) Gla) .

Then

2 nl.z{ [ /(a3 () = By () - (B (o)~ Hy () Fldo)

k=1

/ K (ay' (Hy (x) — Hy(y))) Gldy) (Fx(z) — Hy () F(dx)}

n

=nt. Z/uN(;v,Yk) . [I;[N(:L‘) — Hy(z)] F(dz)
k=1

L z::/uN(x,Yk) : {N‘l {i Lix <o) + Zn: 1{Yl<r}] - HN(x)} F(dx)

n

-1, /uNa:Yk 121{X<w}F(d$)

=1

n

-1 /UN X Yk Zl{yl<$} F(dx)

k=1
n

-1, /uN x,Yg) - F(dx)

=1

= Ay -ntm7! ZZ/uNx Yi) - 1ix, <oy F(dx)

k=11i=1

+(1=Xy)-n"2. Z /uN(x,Yk) Lyi<ay F(do)

1<k#I<m
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n

+(1=Ay)- Z/UN 7, Yg)  liya<ey F(do) —n~ Z/UN x,Yy) - Hy(z) F(dx).
k=1

Define the U-statistic U} and the generalized U-statistic Uﬁl n as

U}L = (n—1)" Z /uN 2, Yy) - liv<ay F(dz),
1<k#l<n
Ug%n: - ZZ/uNmYk lix, <z} F(dz),
k=11:=1

and let U}, and (A],an be the Hijek projections of U}, and U2

m.n Tespectively as defined in Lemmas
and [AZ3] Then (5.185) is equal to

)\N'Ufn,n+ (1—)\N)n- (n—1) UM+ (1= 2n) - Z/UN (2, Ye) - Ly, <oy F(dx)
=Y / un (2, Vi) - Hy (2) F(dz). (5.188)
k=1

Now, the kernel function uy is bounded:
] < 2/ K" ]Jay?

Which means for the third sum in (5.188)) we can write

(1 — )‘N -2 Z/UN T Yk> 1{Y1€<ZL’} F(dl’)
k=1

RIS
k=

/U,N T Yk l{Ykgw} F(dl‘)

<= aw)-n Y |
k=1

= (1= An) -0 |uw]]

=0(ay?-N7h. (5.189)

Thus, we can partition ([5.185)) into the sum of two scaled U-statistics, an i.i.d sum and a negligible rest:

(=) -(n=1)

n

AN - Uﬁl,n +

-t Z/uN(a:,Yk) -Hy(z) F(dz) + O(ay? - N7Y).  (5.190)

In the following we will show that ([5.190) is O(a _2 - N~1) as well, which will complete the proof. Begin

by calculating each of the projections ﬁl and U2 Firstly,

m,n*

(1 7)\1\/) U1 (1*>\N Z |://UN x, Yk 1{y<¢L} F(dl‘) G(dy)

k=1

+ / / un (@) - 1ycay Flde) G(dy) — / / / un(2,y) - 1oeay F(de) G(dy) G(dz)

=n"' > [/UN(%Y,C) (1= A\n)G(z) F(dz)

k=1
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(1) / / un(,9) - Ly, <oy F(da) Gldy)

- / / un(z.y) - (1 — An)G(x) F(dz) Gdy)| .
Nextly, for Ay - U » Wwe have

A U2 =An-[n7t- E un(z,Yy) - liy<qy F(dx) F(dy)
N ) N { k_l// N k) Hy<az} Y

+m~t. E un(z,y) - lix, <.y F(dz) G(dy)

¢1// { } Y

- / / / un (2, 2) - L{y<a) F(dz) F(dy) G(dz)}

Y un (@, Yy) - ANF(2) F(dz) + Ay -m™" - 3 un (7, 9) - 1x,<ay F(dx) G(dy)
> [uvie N

_ / / un(z, 2) - Ay F(z) F(dz) G(dz).
Now, since
Hy=Ay-F+(1-Ay)-G,
we see that
Av U2, +(1=Ay) U =n7t- Z/uN(a:,Yk) - Hy(z) F(dx)
k=1

S [)\N- / / un () - Lix,<ay F(dz) G(dy) — / / un(z, 2) - AwF(x) F(dz) G(dz)]

i=1

=)o Z//uwy Loy Flde) O0) [ unte)- Glo) Fae) G|

due to

/ uy () G(dy)
_ / az?. [K’(aN (Hy (o / K (! (Hy(x) — Hy(2))) G(dz)]G(dy)
=0 | [ Byt (o)~ Hv() Gla) — [ Ky (o) — Hiv(2)) Ga)|

=0.

Thus, for (5.185]) we have

w2, + U ‘ANH"‘”-U,t—n*-Z/um,m-HN(x>F<dx>+o<a;V2-N*1>

n
k=1

=Av-Ul,+(1—=Ay)-U) - ﬂ-U}Lfol~Z/UN(m,Yk)~HN(x) F(dz) +O(ay? - N7Y

n
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_n/\N Ul +0(ay?- N7

= U2, = U2, ]+ (=) - [Uh = 03] +
and it remains only to bound [Uﬁ — 0711]’ [Ufnn — Ufnn] and % UL
Using Lemmas and we have

12
E[Us - 03] <200 = 1)n~* - Efuiy (11, 2)],
2
[Un21 n Un21 n} = milnil ']E[u;N(XlaYl)]Q

for u3, and uj, defined as

uin(ros) = [unes) ooy Fldo) ~ [ [ un(o,) 1pen) Fldo) Glay

- [ uxt@9) e Flan) Gl + [[ [ unte) 1oy Fide) Glay) Gaz)
uin(ros) = [unes) ooy Fldo) ~ [ [ un(e,) 1pen) Fldo) Glay

~ [ uxt@s) e Plan) Py + [[ [ untan) 1ocoy Fldn) Glay) Flaz),

From we already know
E[Ufn,n — U,Q,L7n]2 =m n7t. ]E[USN(Xl, Yl)]z
<m n7t. 64HK’H2 ayt
= 64“[(’”2 cayt-mTin Tt
=O(ay' - N72%). (5.191)
The other expectation can be bounded similarly as well:

E[u}y (Y1, Y2)]”

< 4-E:|:/UN(.T,YQ) iy, <a) F(dm)r + [//uN(x,y) Liyi <oy F(do) G(dy)}2

+ //uN (2,Y2) - 11.<py F(dz) G dz} [///UN (z,y) - 1{2<qo) F(dz) G(dy) G(dZ)} ]

§4-1E:/[uN(x,Yg)}QF(dx)+0+// [un (z,Y2)]” F(dz) G(dz)—i—O}

<48 [ pa? K1) Flao) + [[ 202 1501 Fiao) G

= 32|K||* - ay".

Altogether this yields
12
]E[U}L - U,{} <2n—Dn~3 Efuly (11, Y2)]?
<2(n—1)n"*- 32||K’H2 cayt

= 64||K’||2 cayt(n—1)n3



140 5. PROOFS
=O(ay* - N72). (5.192)
Lastly,

1-An
n

U= =) 2= )7 S () Ly )
1<k#l<n

< Am e fux
<(1=Ay)-nt. 2||K/||a;,2

=O0(ay*-N7h. (5.193)

Combining (5.192)), (5.191)) and (5.193)) we see that (5.185) is equal to

AN - Oplay® N"H+(1-Ay) - Op(ay® - N"H+0(ay? - N+ 0(ay? - N7V =O0play? N1

which completes the proof. O

LEMMA 5.31.
ay®-nt- /K” (v) — Hy(Yy))) - (Hn(2) — Hy(2)) F(dz) - (Hn(Ys) — Hy(Ys))

:OP(aN -N7h)

and

*G,N -n- Z/K”/ Tk HN( ) HN(ZL')) F(d.’l)) . (HN(Yk) —ﬁN(Yk))2 = Op(a;[2 'N_l).

PrOOF. The proof is completely analogous to the proof of Lemma with m, j and X replaced by n,
k and Y} repectively. O

Combining Lemmas [5.28] [5.29]5.30] and [5.31] we have proven the following.

LEMMA 5.32.

/ [fN - fN}/ o Hy () - [ﬁN(x) - HN(:C)} F(dz) = Op(az? - N7Y), (5.194)

[ o =an] o v - [fix@) ~ @] () = Oplas? - N (5195)

and thus

/ [fN —gn — (v — gN)]' o Hy () - [HN(x) - HN(ac)] F(dz) = Op(az? - N7Y. (5.196)
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5.3. Asymptotic variance under Hg

141

The lemmas in this section deal with the expectations that determine the asymptotic variance of the test

statistic under Hg. The asymptotic variance under Hy does not depend on the underlying distributions

F and G, which is as we would expect when dealing with rank statistics.

In this sense the

test is

distribution free. It is interesting to note, that the variance terms dealt with in the following lemmas do

depend, however, on the bandwidth ay and the choice of the kernel function K.

LEMMA 5.33. Let F' and G be continuous distribution functions and Hy be defined as in (2.4]). Further,
let K be a kernel on (—1, 1) satisfying (2.8)) through (2.11) then under Hy : F =G

E [a;,l . /K (ay' (Hy(z) — Hy(X1))) F(d%’)r

:1+2~aN/_01 [/jK(v)dvrd:v—4-aN/01vK(v)dv.

ProOF. Firstly, we define a funtion ¢ as the squared antiderivative of the Kernel K:

o(z) = Ui K(v) dv] y

Now, recall that under Ho: ' = G we have Hy = RF + £G = F = G for all N, so that the Hy(X1)
are uniformly distributed on the intervall (0,1), and have density fx = 1(,1). Then

E {a:& : / K (ay'(Hy(x) — Hy(X1))) F(d@r

—1
o [

K (aj\,l(HN(m
1

/az_\rl(lHN(y))
—ay Hn (y)

a;l(l—w)
/.

—aN w

o~ — —

S—

S—

1+ 1{a;,1(17w)<1} ' [/a

K(v) dv} "

1

N (1—w

)~ Hw() F(@)| Fla)
aNl ~/0 K (a&l(w — HN(y))) dw} F(dy)

K(v) dv} F(dy)

1 —a&lw 2
1- 1{a;,1(1—w)<1} : /a_l(lw) K(v) dv — 1{_a§1w>_1} . [1 K(v) dv} dw
B N

7aE1w 2
K(v) dv]
1

K@) dv]2+1{aN1w>1}- U

1 —a;,l
-2 1{a;v1(1—w)<1} ’ /1(1 )K(U) dv—2- 1{—a;1w>—1} ' /1 K(v) dv
(IN —w -

1
T2 Hagamw<r} Heagtus—1} / S (v) dv- /
anN —w

70,;110
K(v) dv} dw.
1

(5.197)

(5.198)
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We require of our bandwidth sequence that ay < % V¥ N, so that 1{a71(1_w)<1} . 1{_a71w>_1} vanishes,
N N

leaving

2 _aN w 2
/ dw+/ Tws1-an} {/ K(v) dv} dw—|— 1{w<aN} { dv] dw
an t(1-w)
1
-2 / Liws1—an} / K(v)dvdw—2- / Liw<any - / v) dv dw
0 ay' (1—w) 1
1 ay' (w—1) 2 an —aytw 2
:1+/ [/ K(v)dv} dw+/ [/ dv] dw
l—an —1 0

1 1
-2 / K(U)-/O 1{w>1—aN} : 1{(1&1(1_w)<v} dw dv

-1

1 1
2- [1 K(’U)/O Tw<any - 1{v<*aﬁlw} dw dv
1 an
—1+ [ playw-n)du [ p(-ayte)du
l—an 0
1 1 1 1
72~/ K(v)/ 1{w>1_aNU}dwdvf2~/ K(v)/ Liw<ayvydw dv
0 0 0 0
0 ~1
:1+/ aNoga(x)dwf/ an - p(x) dx
—1 0

1 1
—2-aN-/vK(v)dv—Q-aN~/vK(v)dv
0 0

0 1
:1+2~aN/ @(x)dx—4~aN-/vK(v)dv
—1 0

:1+2~aN/_01 [/:K(v)dvrdx—4-aN/01vK(v)dv.

LEMMA 5.34. Let F' and G be continuous distribution functions and Hy be defined as in (2.4). Further,
let K be a kernel on (—1, 1) satisfying (2.8)) through (2.11) then under Hy : F =G

[a;& [ K a3 o)~ ) F(dm)F(dw] 2
= 1—4-aN/01vK(v)dv+4-a?v[/01vK(v)dvr.

PROOF.

{aﬁl'/ K (ay' (Hy(x) — Hy(y))) F(dﬂc)F(dy)}2

|/ / (a3 (w — Hx(y >>)dwF<dy>r

[y iehiorao]
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rorl payt(l-w) 2
= / / K(v) dv dw}
LJO 7(1;,110

. 1 2
= -/0 /_1 1{—a§1w<v<a§1(1—w)}K(v) dv dw}
2

o 1
= / K(’U) /0 1{7aN’U<w<U<1*aN'U} dw d?]:|

1

- 0 1 1 1
= / K(v)/ I —anyv<w) dw dv+/ K(v)/ Lw<v<i—ano} dw dv}
0 0 0

LJ/—1

2

_ :/OIK(U)(H(INU) dv+/01K(v)(1—an) dvr

2

_ :/OIK(U)varaAp/O vK(v)var/OlK(v)dvaN'/Ovi(v)dv}

-1

_ :/11K(v)dv+a1v- [/Ovi(v)dv—/ovi(v)dv”

2

2

::1_2-@./01@[((@)(1@}

1 1 2
:1—4-aN/ vK(v)dv—i—éL-a?\,[/ vK(v)dv} .
0 0

LEMMA 5.35. Let F' and G be continuous distribution functions and Hy be defined as in (2.4). Further,
let K be a kernel on (—1, 1) satisfying (2.8) through (2.11)) and let 0 < ay < 3.

Then for
un (s, t) = ay' K (ay' (Hn(s) — Hy(1))) — ay' /K(a&l(HN(x) — Hy(1))) F(d),

under Hy : F = G we have

Var [m_l(m -1t ZuN(XZ-, X;)—m a7t Z ZuN(Xi,Yk)}

1<i#j<m i=1 k=1

=m t(m—1)"" HaNl /_11 K?(v) dv — 2/1 vK?(v) dv]

0

+(2n+m_l)n-l[1_4.aN/01vK(v)dv+4.a?v{/olv1<(v)dvﬂ

(1+2n1){1+2~a1v/01 UiK(v)dvrdx4-aN/01uK(ru)dv”.

PRrROOF.

Var[m_l(m — D7D un (X, X)) —m T Y Y u (X, Yk.)}

1<i#j<m i=1 k=1

_ Var[m—l(m —-1)7t. ZUN(Xi,Xj)}

1<i#j<m
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—2- Cov [m_l(m -7t ZUN(Xinj)> m~nt ZUN(XZ‘7YI<:):|
1<ij<m 1<i<m
1<k<n

+ Var [m_ln_l . Z un (X, Yk)}
1<i<m
1<k<n

= E[m_l(m— 1)_1~ZUN(Xi,Xj)]2 (5.199)

1<i#j<m

-2 EHm_l(m — 1)t ZuN(XhXj)} : [m_ln_l DY un (X, Yk)” (5.200)

1<i#j<m

2
+ E [m_ln_l . ZUN(X%YIC):| (5201)
1<i<m
1<k<n

In the following we will expand each of the three expectations (5.199)), (5.200) and ([5.201)) and combine
the results to get a simpler expression for the overall variance. Beginning with (5.199) we get

E [m‘l(m — D)7 un (X, Xj)} 2

1<i#j<m
= m2(m = 1) "2 |m(m — 1)(m — 2)(m — 3) - E[un (X1, Xz) - un (X3, X1)] (5.202)
+m(m—1)(m—2)- [IE [y (X1, Xa) - un (X1, X3)] (5.203)
+2-Elun (X1, X2) - un (X3, X1)] (5.204)
+ E[uy (X1, Xa) -uN(Xg,XQ)]} (5.205)
+m(m—1) - [E[uN(Xl,XQ) cun(Xa, X1)] (5.206)
+Efun (X1, X2))°]|. (5.207)

Clearly, E[UN(Xl,XQ)] = 0, so (5.202) vanishes immediately. Additionally, the expectation in ([5.204])
vanishes due to

E[UN(Xth) 'UN(X37X1)] ZE[E[UN(Xth) | Xl] 'E[UN(X&XQ | Xl”a
since for the inner expectation
E[U,N(X?,,Xl) |X1}

(5.208)

(5.208]) implies directly that ([5.205]) vanishes as well, since
E[un(X1, X2) - un (X3, Xo)| = E[E[un (X1, X2) | Xo] - E[un(Xs, X2) | Xa]],
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so that we have

E{ml(m -1t ZUN(XivXj):| 2

1<iZj<m

= mfz(m - 1)’2 [m(m —1)(m—-2) -E[UN(X1,X2) : UN(XlaXS)]
+m(m—1)- [E[UN(leXQ) 'UN(X27X1)]

+Efun (X1, X2)]] |-

Now, for the second expectation (5.200)) we have

EHm_l(m -1t ZuN(X%Xj)} : {m_ln_1 : ZUN(XiaYk)”

s Tzken
= m 2(m—1)"tn"} [m(m —1)(m — 2)n - Efun (X1, X2) - un (X3, V)] (5.209)
+m(m — 1)n - []E[uN(Xl,XQ) cuy (X7, 1)) (5.210)
+ Eun (X1, X2) -uN(XQ,Yl)]H (5.211)

Clearly, E[UN(X]_,XQ):I = 0, so (5.209) vanishes immediately. Additionally, the expectation in ([5.211))

vanishes due to
Elun (X1, Xs) - un (X2, Y1) = E[Eun (X1, X2) | Xo] - E[un(X2, Y1) | X2]],

since we know from ({5.208)) that the second inner expectation vanishes, so that we have

EHml(m - 1)11;;;:711\/()%}9)] : [mlnl igzzg:sN(Xi’Yk)”
1<k<n

=mZm—-1)""n"t-m(m—-1)n- ]E[UN(Xl,XQ) cun (X1, Yl)]

=m™ " E[uy (X1, X2) - un (X1, Y1)].

Lastly, for the third expectation (5.201]) we have

E{mlnl : ZUN(Xi,Yk):r

1Zhen
—m~2p2 [m(m — Dn(n—1) - Efuy (X1, Y1) - un (X2, Y2)] (5.212)
+mn(n—1) - E[uy (X1, Y1) - un (X3, Y2)] (5.213)
+m(m — 1) - Eluy (X1, Y1) - un (X2, Y1)] (5.214)
+mn - Efuy (X1, 11)]]. (5.215)

Clearly, E[UN(Xl,Yl)] = 0, so (5.212) vanishes immediately. Additionally, the expectation in (|5.214]

vanishes due to

E[UN(Xl,Yl) 'UN(XQ,Yl)] = ]E[E[UN(Xl,Yl) | Yl] E[UN(XQ,Y:[) | Xl“»
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since for the inner expectation

E[UN(Xl, )/1) | Yl]

=ay /K(a;vl(HN(g;) — Hy(Y1))) F(dz) — ay' /K(ajvl(HN(x) — Hy(Y1))) F(dz)

=0.

Then altogether for the expectation (5.201) we have

2
E [m_ln_1 : ZuN(XZ-7 Yk)} =m ?n"? [mn(n —1) - Efun (X1, Y1) - un(X1,Y2)]
1<i<m
1<k<n
2
+mn - Efuy (X1, 1))
At this point, we can combine our expressions for the expectations (5.199)), ([5.200) and ([5.201)) to get

Var [m_l(m -1t ZUN(Xm X;)—m a7t Z ZuN(Xi,Yk)]

1<i#j<m i=1 k=1
=m2(m = 1) 2 [m(m — 1)(m — 2) - Efun (X1, X) - un (X1, X3)]
Fm(m—1)- [E[UN(Xl,XQ) cun (Xa, X1)]
+IE[uN(X1,X2)]2H
—2-m™ " Elun(X1, X2) - un (X1, Y7)]
+m~2n 2 [mn(n — 1) Efun (X1, Y1) - uy (X1, Y2)]
+mn.E[uN(X1,Y1)]2},
which, under Ho, simplifies to
m~ (m —1)" (m = 2) - E[un (X1, X2) - un (X1, X3)]
+m N (m—1)"" Eun (X1, Xa) - un (Xa, X1)]
+m (m—1)"" Blun (X1, X3)]°
—2-m™ " Efun (X1, Xa) - un (X1, X3)]
+m ' (n = 1) Eun (X1, X2) - un (X1, X3)]

+m~n7t. E[uN(Xl,Xg)]2

= m_l((m - 1)_1(m — 2) + n_l(n — 1) — 2) . E[’U,N<X1,X2> . ’U,N<X17X3>} (5216)
+m Y (m - 1) ) Eluy (X1, Xa)) (5.217)
+m  (m = 1) Eun (X1, Xa) - un(Xa, X1)]. (5.218)

At this point introduce the function

on(s,t) = ay' K (ay' (Hn(s) — Hy (1)),



5.3. ASYMPTOTIC VARIANCE UNDER Hg 147
which is symmetric in its two arguments s and t, since we require K to be a symmetric kernel.

Then we may write the expectation in (5.216]) as

Elun (X1, X2) - un (X1, X3)]
ZEHUN(Xl,XQ) — E[oy (X1, X2) | XQ]] : |:'UN(X1,X3) — Elon (X1, X3) | Xg]H
= E[un (X1, X2) - vy (X3, X2)] — E[’UN(Xl,Xg) CE[vn (X1, X3) | XSH

—E[UN(Xth) CE[vn (X1, X2) | XQH +IE[E[UN(X1,X2) | Xa] - Efun (X1, X3) | X3]]
9 2
= E[on (X1, X2)]” = [E[on (X1, X2)] ] .
Using the symmetry in vy the expectation in becomes
E[un (X1, X2)]”
2
- E{UN(Xl,XQ) — Efon (X1, X2) | XQ]}

:E[m\,()(l,)(g)]2 —2~E[UN(X1,X2) E[on (X1, Xa) | XQ]} +E[E[W(X1,X2) | )(2]]2

= E[on (X1, X2)] JE{IE un (X1, Xa) | Xa] - Efon (X1, Xa) | XQH
= E[on (X1, X2)])* ~ E[E[on (X1, Xa) | Xa] - E[on(Xs, X2) | Xo] |
:E[U Xl,XQ ] —E UN Xl,XQ UN<X3,X2)]

= E[vn (X1, Xy) ] — Elon(X1, X2) - on (X1, X3)]

Finally, the expectation in becomes
E[un (X1, Xa) - un (X2, X1)]
:EHUN(Xl,Xg) — Efon (X1, Xs) | Xg]} : [WN(XQ,Xl) — E[on(Xa, X1) | Xl]H
= E[on (X1, X2) - vn (Xa, X1)] — E[WN(Xl,XQ) E[un (X2, X1) | Xl]}
—E[on(Xz, X1) - E[on (X1, X2) | Xa]] + E[E[on(X1, Xz) | Xa] - Efow(Xz, X1) | X1

= E[on (X1, X5)]” - Q-E[E[vN(Xl,XQ) | X1] - Efon (X2, X1) | Xl]} n {E[’UN(Xl,Xg)HZ

= E[un (X1, X2)] = 2 E[un (X1, X2) - vn (X1, X3)] + [E[UN(Xl,XQ)]r

Taken together, this means that we can write the variance we are interested in as a function of the three
fairly simple expectations E[vx (X1, X2)]?, E[vn (X1, X2) - vn (X1, X3)] and [E[vy (X7, X2)]]?.
Under Hy the integral

E[vn (X1, Xa) - vy (X1, X3)] :E[E[UN(Xl,XQ) | X:] - Efoy (X1, Xs) | Xlﬂ
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E|E[un (X1, X2) | X1] - E[on (X1, X) | Xlﬂ

=
IE{]E un (X1, Xo) | Xlﬂ2
]E[IE on(Xa, X1) | XlH2
= ]E{aNl/K (aj\,l(HN(x) — HN(XQ))) F(dx)]z

has already been dealt with above in lemma [5.33

Likewise, the integral

) 2
[Efon (X1, X2)] | = [a;vl / K (ay!(Hy(x) — Hy(y))) F(d:z:)F(dy)}
has already been handled above in lemma [5.34]

Thus it remains only to evaluate the remaining expectation:
E[UN(XhXQ)]Q
2
= E[aNlK(aNl(HN(Xl) — Hyn(X32)))
=i [ [ K3 (o)~ Hy(w) Fde) Fidy)

//K2 (v) — Hy(w))) dv dw

ay (1 w)
/ / (u) du dw

aKrl/l/O 1{7aN-u<w<lfaN»u}K2(u) dw du

- 0 1 1 1
ajvl . /1A 1{_aN.u<w} dw KQ(U) du +/0 ‘/0 1{w<1—aN-u} dw KQ(U) du:|

—ait _/01(1+aN-u)K2(u) du+/1(1—aN-u)K2(u) du}

0

ro0 0 1 1
ay' - / K?(u) du+aN/ uK?(u) du+/ K?(u) du—aN/ uK?(u) du]
L1 -1 0 0

ropl 1
=ay- K2(u)du—2~aN/0 uKZ(u)du}

—aN/ K?(u du—2/0 uK?(u) du.

Combining the integrals we have calculated for the expectations in ((5.216f), (5.217) and (5.218)), we get

the simplified representation of the total variance as claimed.
m n
Var [m_l(m -1t ZuN(Xi,Xj) —m n7t. Z ZuN(Xi, Yk)]
1<i#j<m i=1 k=1

= m_l((m — 1)_1(m — 2) + n_l(n — 1) — 2) ']E[UN(Xl,XQ) 'uN(Xl,Xg)]
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_ _ _ 2
+m H(m—=1)""+n"") Elun (X1, X2)]

+m Hm— 1) Eluy (X1, X2) - un (X2, X1)]

—m H(m—-1) " m—-2)+n " (n—-1)—2)- [E[UN(Xl,XQ)]z - [E[UN(Xl,XQ)]ﬁ

tm Y (m-1)"1+nY). [E[UN(Xl,Xg)f — Efon (X1, Xa) -vN(Xl,Xg)H

+m (m— 1) [E[UN(Xl,XQ)]2 — 2 Efon (X1, Xa) - un (X1, X3)] + [E[’UN(Xl,XQ)]]2]
—m  (m=1)" m=2+n""(n=1) =2+ (m—-1)" 40"+ (m—1)"") - E[on (X1, X2)]”

fm (=) (= )7 m = 2) — 00— 1) +2) - [Efon (X0, X)) ’

—m N ((m =142 0 (m— 1)) Efon (X1, Xo) - vn (X1, X3)]
=m~}(m ~ 1)~ Efox (X1, X))

Fm (- )7 @ - m) - - 1) +2) - [Efon (X0, X)) |

—m H(m -1 1+2-n") Elon (X1, Xa) - on (X1, X3)]

_ m—l(m _ 1)—1 . |:E|:’UN(X17X2)]2

+(B=m)—(m—1Dn" (n—1)+2(m—1)) - []E[vN(Xl,Xz)]r

~ (120 Efow (X1, X) - on (X2, X)]|

ml(ml)l[[ag1 /11 K2(v) va/Oviz(v) dv]

+@2n+m—1)n 1{14 aN/l K(v)dv+4- a?v{/olvf((v)dvﬂ

—(1+2-n7! {1+2 aN/ {/ K(v v} dm—4-aN/Ovi(v)dv”.

LEMMA 5.36. Let F' and G be continuous distribution functions and Hy be defined as in (2.4). Further,
let K be a kernel on (—1, 1) satisfying (2.8) through (2.11)) and let 0 < an < 3.

Then for
un(s,t) = ay' K(ay' (Hn(s) — Hy(t))

under Hg : F' = G we have

Covar{m 1% {E un (X1, Xi) | X;] — E[“N(XhX?)H

i=1

12{ un (X1, Ye) | V] = E[un (X3, 1/1)]]
k=1
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m*l(m—l)flz [UN(Xi,Xj)—E[uN(Xl,Xj) |Xj]]
1<i#j<m

_mflnflz [UN(Xi,Yk)—E[uN(Xl,Yk) Yk]:|:| =0.
1<i<m
1<k<n

PROOF. The individual summands are obviously centered so that the covariance becomes

[ _12{ un (X1, Xi) | Xi] _E[uN(Xl,XQ)]}
_12 [ un(X1,Yz) | Yi] — E[UN(XhYl)H:|
X [m_l(m - 1)_1 Z [UN(Xi;Xj) - E[UN(leXj) | Xj]]
1<i#j<m

—m it Z [UN(Xi,Yk) - E[UN(leYk) | Yk]H

1§1§Z
=m! -m_l(m — 1)_1 Z El:[E[UN(XLXi) | Xz] - E[UN<X17X2>H
i=1 1<j£I<m
X [UN(Xj,Xl) — E[UN(Xl,Xl) | Xl}]] (5219)

T L

i=1 1<I<m
1<k<n
x [uN(Xl,Yk) — E[un (X1, Y3 | Yk]H (5.220)

o lom Z Z H un (X1, %) |Yk]—E[uN(X1,Y1)H

k=1 1<i#j<m

X [uN(Xi,Xj) — E[un (X1, X;) | Xj]H (5.221)

e *IZ > EH un (X1, Y3) | Vi] _E[“N(Xl’yl)]]

k=1 1<i<m
1<I<n

x [uN(Xi,Yl) — Efun (X1, V) | Yl]H (5.222)

The expectation in ([5.221]) vanishes immediately, due to the independence of the X; and Y, so that we
are only concerned with the expectations in ((5.219)), ([5.220f) and (5.222)).

Beginning with ([5.219)), we have

Z 3 EH un (X1, Z—)|Xi]—E[uN(X1,X2)H

i=1 1<j#I<m

X [uN(Xj,Xl) — E[UN(XlaXl) | XZ]H
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=m(m—1)(m — 2)EHE[uN(X1, X3) | X3] — EJun (X, Xz)]}
x [uN(X4,X5) — E[un (X1, X5) | X5]H
+m(m— 1)EHE[uN(X1,X3) | X;] - E[uN(Xl,Xg)H
« [UN(Xg,)Q) — Efun (X1, X4) | X4]H
+m(m — 1)EHE[uN(X1,X3) | Xs] — Efun (X3, X2)] |
x [uN(X4,X3) — Elun (X1, X3) | XPJH
— m(m —1)(m—2)-0
+m(m — 1)E{E[uN(X1,X3) | X3] - un (X3, X4)
— Eun (X1, Xs) | Xs] - E[un (X1, X4) | Xa] — E[un (X1, X2)] - un (X3, X4)

+ Efun (X1, X5)] - Efun (X1, X4) | X4]}
+m(m — 1)EHE[uN(X1,X3) | X3) — E[uN(Xl,XQ)H

X E|:UN(X41X3) — Efun (X1, X3) | Xs] ‘ XdH

— m(m — 1) [E[E[ux (X2, Xa) | Xa] -y (X0, X)]| = [Efun (X2, %2)]] ]

+m(m — 1)EHE[uN(X1,X3) | X3) — E[uN(Xl,XQ)H X 0]
= m(m—1) [E{E[UN(XMXQ) | XQ]} g {E[UN(Xl,XQ)” 2]

Turning to ((5.220f) we find

Zm: 3 E[[E[uN(Xl,XmXJ — E[uN(Xl,Xg)]] : [uN(Xl,Yk.) — E[un (X1, Y2 | Yk]H
i=1 1<I<m
1<k<n

= m(m—1)n- E“E[uN(XhXS) | X3] — E[uN(Xl,XQ)]] : [uN(X4,Y1) — Efun (X1, Y1) | YI}H

tmn-E :[E[uN(Xl,Xg) | X3] — E[UN(Xl,XQ)H : {UN(Xg,Yl) — E[un(X1,7) | Yl]H

=m(m—1)n-0

+mn - E _E[UN(leXs) | X3] - un(X3,Y1) — E[un (X1, X3) | X3] - E[un(X1,Y1) | V1]
— E[UN(X17X2)] ~uN(X3,Y1) + E[UN(Xl,XQ)] . E[’LLN(Xl,Yl) | Yl]:|

=mn - |:E[[’U,N(X1,X3) | Xd] -UN(Yl,X3):| — E[UN(Xl,XQ)] . E[’U,N(thlﬂ
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— E[UN(Xl,Xg)] . E[UN(Xl,}G)] + E[UN(Xl,XQ)] . E[UN(Xl,Yl)]:|

— mn - {E[[UN(Xl,Xg,) | X3] - E[un (Y3, X3) | Xg]} — E[un (X1, X5)] -E[uN(Xl,Yl)]]
which under Hj is equal to
mn - [E[E[uN(Xl,XQHXQ]r - [E[uN(Xl,XQ)]ﬁ.
Finally, for (5.222 m we have

Z 3 EH (X1, i) | Vi) = Efun (X3, 11)] | - [uN(Xi,m—E[uN(Xl,Yl)m]H

k=1 1<i<m
1<i<n

= (1) [ [Eluw (61, 12) | Y] — E[un (e, Y]] - (61,0 — Efun(X0, ) 3]
o [Efux (6,32) | 2] ~ Bl (6,39)]] - o (30, 72) — Efuy (02,12 3]
— nm(n—1)-0
| [Eluy (X2, 2) | 2] — Eluy (X0, 10)] - E (X0, Y2) — Elux (30, 72) Y] [ ]|
—nm~EHE[uN<X1,Y2) | V2] — E[un (X1, 1)]] - 0]

=0.

Combining our results for (5.219)), (5.220)) and (5.222)) we have

i $° e 001 ] €l 330
_n_lz{ un (X1, Yy) | Yi] — E[un (X1, Y1)]H

X [ml(m -t Z [UN(Xi7Xj) — Elun(X1, X)) | XJ'H
1<i#j<m
—mipt Z {uN(Xi,Yk) — Efun(X1,Y%) | Yk]H

1<i<m
1<k<n

=m! -m_l(m — 1)_1 -m(m — 1) [E [E[“N(X17X2) | X2H2 - [E[UN(Xl’XQ)HQ}

B L ,mn[E[E[uN(Xl,Xg) | XQHQ B [E[UN(Xl,Xz)]r}
[E[E N (X1, X2) | Xs] r - [E[UN(X17X2)]:|2]

1 [E[Efun (X1, Xa) |X2]]2— [E[uN(Xl,Xz)]ﬁ
—0.

which completes the proof.



APPENDIX A

Lemmata
LEMMA A.1. Let X1, Xo, ..., X;n and Y1, Ya, ..., Y, be independent real-valued random variables such
that
X;~F, 1<i<m, and Yi~G, 1<k<n

for continuous distribution functions F and G, and let
N=m+n
be the size of the pooled sample, and
m n
Hy=—F+ —=G
NENTTN

be the pooled theoretical (not empirical!) distribution function. Let fn be the Lebesgue-density of the
random variables Hy(X;) and gy be the Lebesgque-density of the Hy(Y)) and define

bnv = fv — gn-

Further, let ¢ be any integrable bounded function with ¢ = 0 outside of the interval (—1,1).

Then the following inequalities hold for all sample sizes m and n:

P ESES lowll < 142, and _%ngS%. (A1)
and
‘ / o(ay' (Hy(@) — Hy(y) F(do)| < 2[j6]-an(1+ =) and
‘ [ olax tnta) — mx() G| <200 -on(1+2) for sy e = (A2)

PRrOOF. We can derive the distribution functions of the Hy(X;) and Hy(Y%), since for all real y
P(Hy(X1) <y)=1-P(HN(X1) > y)
=1-P(X, 2 Hy'(y))
=1-[1-FoHy (v)]
=FoHy'(y).
We can see immediately that F o Hg,l is left-continuous and admits limits from the right, since F' is

continuous and H;,l is left-continuous with limits from the right on (0,1) as the generalized inverse of

the cumulative distribution function Hpy.
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We can also show that FOHﬁl is right-continuous as well, even when H&l is not. To see this let u € (0,1)

be a point where H&l is not right-continuous, meaning there is a jump at u with
Hy'(uv) < lim Hy'(v),
vlu
where lim, |, Hy'(v) is the right-hand limit of Hy' at u.
From the continuity of Hy we have

Hy o Hy'(u) =u =limv = lim Hy o Hy'(v) = Hy (lim Hy' (v)),

vlu vlu vlu

so that Hx must be constant equal to u on the interval [HX,l(u), lim,, |, Hﬁl(v)], which can only be the
case if F' and G are constant on this interval as well, which gives us the right-hand continuity of F'o Hg,l

in u, since

lianoHX,l(v) = F(lim Hy'(v)) = F o Hy' (u).

vlu

Using the continuity of F' o H&l, we then have

P(Hy(X,) <y) = 11?1 P(HNn(X)) <2z)= liinF o Hy'(x) = F o Hy'(y).
zly T3y

Analogously

P(Hy(Y1) <y) =GoHy'(y).

Thus for the Lebesgue-densities fy and gy we may write,

d(F o H!
In= diFoHy) i y) and gN =

From the definition of Hy we get

d(Go Hy')

B m _ n _
Id=HyoH 1:NF0HN1+NGOHN1,
which implies
m n
1=— — gN.
NfN+N9N

This can be used to bound by:

m m n m
Dy = _ 1 gy — gy =1 —av <1
N N= [f~ —gn] N IN T 9N gn <1,
and
n n m n
e = _ L N NS |
N v=g [gn — fn] N In N In In <1,
so that
N N
—— <by < —.
n m
Further,
m n n n n
< fyo= D=t R R L P
0<fn N fN+N fn=| N QN]+N In + N +
and
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so that
n m
Ifnll <1+ — and lgnll <14 —
m n

as claimed.

Regarding (A.2) it is easy to see that

[ olaxt (@) = () Plaa) = [ oaxt 0 = ) - () du
ay (1-Hn(y))
—a [ 6(u) f (B (y) + ax - ) du,
N Hn(y)
so that
ay' (1-Hn (y))
\ [ olax (o)~ Hw) Flan)| <ax- sl [ o] an

<2/|9] - aw(1+ 7).

The proof for the second inequality in (A.2]) with G(dx) in place of F(dx) is completely analogous using

the bound |[gn || <1+ 7 in the final inequality. O
LEMMA A.2. Let Xy, X5, ..., X, ~ F be an i.i.d. sample and let
Up=n""(n=1)""> u(X;, X;)
1<i#j<n

be a U-statistic of degree 2 with kernel u such that

E[u(X1, Xs)]* < oo

Further, define

Uy, =n"" ‘n U X;,y) (dy)Jr/u(x,Xi)F(dx)//u(z,y)F(dx)F(dy)]

RO Y [ Juttin P + [ utw.x;) Fao) - [ [ utay) F<dm>F<dy>}

to be the Hdjek projection of U, and u* as

u(r,s) = u(r,s) — /u(r, y) F(dy) — /u(x, s) F(dx) + // u(z,y) F(dx)F(dy).

Then

PRrROOF.

E[Un—ﬁnr:E[ (n—1)71 3w (X, X; r

1<i#j<n

n2(n1)2~E{ > ut (X, Xj) - ut (Xe, X0) |
1<i, 5, k, I<n
i#]j, k#l
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Expanding the expectation this is equal to

n"2(n—1)"2 [n(n —1)(n—2)(n—3) - E[u" (X1, X2) - u* (X3, X4)] (A.3)
fan—1)(n—2)- []E [ (X1, Xs) - u (X1, X3)] (A.4)

+ 2 Efu* (X1, Xa) - u (X2, X3)] (A.5)
+E[u (X1, Xa) ~u*(X3,X2)H (A.6)
+nln—1)- []E [u" (X1, Xa) - u*(Xa, X1)] (A7)
+E[uw (X1, X2)] %] . (A8)

Clearly, E[u* (X 1,X2)] =0, so (A.3)) vanishes immediately. Additionally, the expectation in (A.4) van-

ishes due to
E[u*(Xl,XQ) . u*(Xl,Xg)] = E[E[U*(Xl,XQ) |X1] . E[U*(Xl,Xg) |X1]],
since for the inner expectation

E[u*(X1,X2) | X1]

= [ouri) - [oxinr) - [[vwrara) + [[ oz rara)

=0. (A.9)

(A.9) implies directly that (A.5)) vanishes as well, since

E[’U,*(Xl,XQ) u*(XQ,Xg)] = E[E[’U,*(Xth) |X2] E[’U,*(XQ,Xg,) |X2]]

Analogously, vanishes as well, since
E[u*(Xl, XQ) . u*(Xg, Xg)] = E[]E[u*(Xl, XQ) ‘ Xz] . E[u*(Xg, XQ) | XQ]]
and the inner expectation is

E[U*(Xl,XQ) |X2:|

= / v(y, Xo)F(dy) — / / v(z,y)F(dy)F(dz) — / (y, Xo) F(dy) + / / v(y, 2 )F(dz)

=0. (A.10)

The expectation in (A.7)) is bounded by the expectation in (A.8):

1
2

N

B [u* (X1, Xa) - u(Xa, X1)]| < [E[u*(xl,xz)]z] : [E[u*(XQ,Xl)]z}
— E[u*(X1, X5)],

so that we have

n"(n—1)"2 -]E{ Zu (Xi, X;) *(Xk,Xl)]
1<i, 3, k, I<n
i34, kAl
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<2 ' (n—1)""Eut (X1, X2)] 7.

(Il
LEMMA A3. Let X1, Xo, ..., Xy~ F and Y1, Ys, ..., Y, ~ G be two independent i.i.d. samples and
let
Um,n =m 'n"". Zu’(Xi)Yk)
1<i<m
1<k<n
be a generalized U -statistic of degree 2 with kernel u such that
E[u(X1,Y1)]” < oo
Further, define
U =™ 3 [lXi) Gldy) 73 [ uta¥i) Fdo) ~ [ [ ata) Plan)Glay)
i=1 k=1
—m 1. Z [/u(Xi,y) G(dy) Jr/u(z,Yk) F(dx) — // u(z,y) F(dz)G(dy)
1<i<m
1<k<n
to be the Hajek projection of Uy, n, and u* as
0 () = ()~ [ ulry) Gldy) ~ [ ule.s) Fldo) + [ [ o) Flao) Glap).
Then
3 2 1, —1 2
E[Unn = Un| = m™ ™ Efu (X1, Y1)
PROOF.
.12 2
E[Um,n - Um,ni| = E[mlnl : Zu*(Xqu):|
1<i<m
1<k<n
=m~ 22 -IE{ D ur(X V) - ut (X, )|
1<i<m 1<5<m
1<k<n 1<I<n
Expanding the expectation this is equal to
m=2n"2 [m(m — Dn(n—1)-E[u* (X1, Y1) - u* (X2, Va)] (A.11)
+mn(n—1) ~E[u*(X1,Y1)-u*(X1,Y2)] (A.12)
+m(m—1)n - Elu* (X1, Y1) - u*(X2,Y1)] (A.13)
+mn - E[u* (X, 3/1)]2]. (A.14)

Clearly, E [u*(X1,Y7)] = 0, so the expectation in (A.11)) vanishes immediately due to the independence
of u*(X1,Y1) and u*(Xs,Y2). Furthermore, the expectation in (A.12)) vanishes due to

E[u*(X1, V1) - u* (X1, ¥2)] = E[]E[u*(Xl,Yl) | X,] - E[u (X1, Y2) | Xl]],
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since for the inner expectation

E[U*(Xl,yl) ‘ Xl}

- /U(Xl,y)G(dy) —/U(Xlay)

=0.

Analogously, (A.13)) vanishes as well, since

A. LEMMATA

Gly) - [ [ ve)FanGiay + [[ vl Pian)Gay)

E[u*(X1,Y1) -u* (X2, Y1)] = ]E[E[u*(Xl,Yl) | V1] - Eu* (X2, Y1) | Yl]],

and the inner expectation is

E[u*(Xl,Yl) | Yl}

_ /v(aj,Yl) Fdz) — //v(a?,y)

=0.

This leaves us with

F(dn)G(dy) - [ (e 3) Fdz) + [ [ ofe9) Plao)Glay)

m_Qn_2~E{ > Zu*(Xi7Yk)~u*(Xj,Yl)} —m L E[ut (X, 1))

1<i<m 1<j<m
1<k<n 1<I<n

LEMMA A4, Let X1, Xo, ..., X;, ~ F be an i.i.d. sample and let

Up=n"'n—1)"'n-27"> u(X;, X;, Xp)

1<4, j, k<n
i#j, j#k, i#k

be a U-statistic of degree 8 with kernel u such that ]E[u(Xl,Xg,Xg)]2 < 00. Further, define

U, =n"". z} U/ w(Xi,y, ) F(dy)F(

dz) + / / u(z, Xi, 2) F(da)F(dz)

+ // w(z,y, X;) F(dz)F(dy) — 2 - /// u(z,y, 2) F(dx)F(dy)F(dz)]
=n'n—1)" (n-2)" [/ (Xi,y,2) F(dy)F(dz) // u(x, X;,2) F(dz)F(dz)

1<4, 7, k<n
i#], j#£k, i#£k

+ / / w(z,y, Xy F(dz)F(dy) — 2 / / / w(z,y, ) F(dm)F(dy)F(dz)}

to be the Hdjek projection of U,, and u* as

u(rys,t) = u(r,s,t) — // u(r,y, z) F(dy)F(dz) // u(z, s,2z) F(dx)F(dz)

i

F(dz)F(dy)+2- /// u(z,y, z) F(dx)F(dy)F(dz).
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Then
E[Un - Un]Q M] CE[u* (X1, Xz, X3)]”
= O(n_2) . E[’U/*(Xl, XQ, Xg)} 2.
PROOF.
E[Un - Unr (A.15)

= E[n_l(n—l) (n—2)"" ) ur (X, X )r

1<i, 3, k<n
i#£], j#k, i#k

:E[n—2(n—1)—2(n—2)—2.z S (X, Xy, Xy) -t (X, Xy, Xiy)
1<iy, 42, i3<n 1<iy, i5, i6<n

11742, i2Fi3, 11793 14Fis, i5Fi6, 14706

=n3(n-1)"3%n-2)"2" [ S E[ut(Xi,, Xiy, Xiy) - ut (Xiy, Xig, Xip)] - (AL16)
1Si1, ig, 13, 7,4, ’L57 16<n
i17£42, i2F£is, 11713 and i4Fis, i5F£ 06, 14 Fie
|{i1,i27i3}ﬁ{i4,i5,i5}‘:0
+ D E[ut(Xiy, Xiyy Xig) - u™ (Xiy, Xig, Xi)] (A.17)
1<y, 12, i3, 14, 5, ig <N
i1#£12, 12F£13, 11713 and i4#1s, 5716, 1476
‘{il,ig,ig}ﬁ{i4,i5,i6}|:1

+ > E[ut (X, Xy, Xi,) - ut (X, Xy, XG)] (A.18)
1<4q, 42, i3, 94, 15, i6 <N
117102, iaFi3, 11713 and 14715, i5Fle, 14 Fi6
[{i1,i2,i3}N{i4,i5,i6 } /=2
+ > E[u (X, Xy, Xiy) - ut (X, Xy, X)) |- (A.19)

1<ia, iz, i3, 14, 5, i6<n
117142, i2#13, 1713 and 14715, i5Fie, 147Fi6
[{i1,i2,3}N{i4,i5,16 }|=3

(A.16) is made up of n(n — 1)(n —2)(n — 3)(n — 4)(n — 5) summands which are all equal to zero, due to

the independence of the X1,..., X,, and since

E[u*(Xl,XQ,Xg)}

:E[u(Xl,X2,X3)—/ w(Xy,y, 2) F(dy)F(dz) — // (2, X, 2) F(da) F(d2)

- / / u(z,y, Xa) F(dw)F(dy) +2 / / / u(z,y, ) F(dz)F(dy)F(dz)
/ / / w(z,y, 2) F(dz) F(dy)F(dz) — / / / w(z,y, 2) F(dy)F(dz) F(dz)

- / / / u(z,y, 2) F(dr)F(dz)F(dy) - / / / u(z,y, 2) F(dz)F(dy)F(d2)

+2. / / / ul(z,y, 2) F(dx) F(dy) F(dz)
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Each of the expectations in (A.17)) has the form
]E[ (X“,X X ) (X7/47qu7X )]

129

such that exactly one of the {X;,, X;,, Xi;} is equal to exactly one of the {X;,, X;., X;;}. In the case

that X;, € {X,,, Xi., Xi, } we can write
E[ (Xiyy Xigy Xig) - u™ (X4, Xip, X )] E[E[ (Xiy, Xigy Xig )|Xi1]~ (Xiyy Xisy Xig )] 0,

129 14 159

since for the inner expectation

E[ (XZUXlzvX )|X11}

:]E{ (X, Xoy, Xi,) — / / w(Xi,,y, 2) F(dy)F(dz) — / / (e, X,,, =) F(dz) F(dz)
_ / / w(r,y, Xuy) F(da)F(dy) + 2 / / / w(,y, ) F(dz)F(dy)F(dz) | X,
_ / / w(Xi, .y, 2) F(dy)F(dz) — / / u(Xi,,y, 2) F(dy)F(dz)
/// 2.y, 2) F(dz)F(dz)F(dy) - /// w(zy, 2) F(dz) F(dy) F(dz)
+2. / / / u(z, y, 2) F(dz) F(dy) F(dz)

In the case that X;, € {X;,, X,.,

that the expectations are equal to zero as well, so that we have shown that the sums (A.16)) and (A.17)
both vanish completely.

X, } or X;, € {X;,,Xi;, Xi;} completely analogous arguments show

There are (:ls_'zg, summands in (A.18) and o é), summands in (A.19) all of which are bounded by
E[u* (X1, Xo, Xg)] due to the Cauchy-Schwarz inequality, so that altogether

18 - n! 6n!
=21 " (n—3)

_ [18n(n —1(n—2)(n—=3)+6-n(n—1)(n—2)
n%(n —1)2(n — 2)2

[ 18(n—3)+6
n(n —1)(n — 2)

= 0(n™2) - E[u* (X1, Xa, X3)]°.

E[Un - Un]Q <n 3 n-1"%n-2)"2" [ } .1E[u*(X1,X2,X3)]2

] .E[u*(Xl,X27X3)]2

] CE[u (X1, Xa, X3)]?

LEMMA A.5. Let Xy, Xo, ..., X;n ~ F and Y1, Yo, ..., Y, ~ G be two independent i.i.d. samples and
let
U =m ™ (m = 1)""'n"" > " u(Xy, X5, V)

1<i#j<m
1<k<n
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be a generalized U -statistic of degree 3 with kernel u such that E[u(Xl,X2,Y1)]2 < 0o. Further, define

Unmon :ml'i {/ w(Xi,y,2) F(dy)G(dz)—k//u(LXi,z) F(dx)G(dz)}

n_lé//u(:my,}/k) F(dx)F(dy) —2- /// u(z,y, z) F(dz)F(dy)G(dz)
—m 1) Y U/ oy, 2) F(dy)G(d2) —|—//u(x,Xj,z) Fdz)G(d)

1<i#j<m
1<k<n

+ // u(x,y,Yy) F(dz)F(dy) — 2 - /// u(x,y, 2) F(d:v)F(dy)G(dz)]

to be the Hdjek projection of Uy, n, and u* as

u*(r, s, t) = u(r, s, t) — // u(r,y, z) F(dy)G(dz) — //u(w,&z) F(dzx)G(dz)
// w(z, y,t) F(dz) F(dy) + 2 - /// w(z,y, 2) F(de) F(dy)G(dz).

Then
E{Um’n — Um’”r < [m%(l?ﬁbm__ml)—tf:—l] ']E[U*(Xl,X27Y1)]2
= [O(m n~1) 4+ O0(m )} 'E[U*(Xl,XQ,Yl)]Q,
ProOOF

=E |:m_1(m —1)7n Ty (X5, X, Yk)] 2

1<i#j<m
1<k<n
zE{mQ(m—1)2n2~Z > ur (X, Xy, Vi) - ut (X, Xy, Vi)
1<ii#ia<m 1<ig#is<m
1<iz<n 1<ig<n
— m2(m —1)"2n"2. l S Rt (X, Xiy, Vi) - 0 (X, Xy, Vi )] (A.20)
1<4q, 2, i4, i5<m and 1<i3, ig<n

11712, 14#i5 and iz3=ig
[{i1,42}3N{i4,i5}|=0

+ > Eut (X, X, Vi) - w (Xiy, Xy, Vi) (A.21)
1<i, 12, 14, i5<m and 1<i3, ig<n
11712, taF#is and i3=ig
[{i1,32}N{iqa,i5}|=1
+ ZE Xil?XZQaY ) (XZ4aXZOaY )} (A22)
1<iy, 12, 14, i5<m and 1<i3, ig<n
i174s, iaFis and i3=ig
[{i1,i2}N{ia,i5}|=2

+ > Eut (X, Xy, Vi) - 0 (Xiy, Xiy, Vig)] (A.23)
1<i, 12, 14, i5<m and 1<i3, ig<n

i1#£142, 1aFis and i3#is
[{i1,32}N{i4,i5}=0
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+ ZE XllaXZmY ) : (X’L43X’LoaY )} (A24)
1<i1, 12, 14, t5<m and 1<i3, ig<n
il;éig, i47£’i5 and ig#ig
{i1yiz}N{ia,is} =1

+ > Eu (X, X, Ys,) - ut (X, Xiy, i) | (A.25)

129 149 159
1<i, 12, 4, i5<m and 1<i3, ig<n
11712, taFis and i37£46
‘{il,iz}ﬂ{i4,i5}‘:2

(A.23) is made up of m(m — 1)(m — 2)(m — 3)n(n — 1) summands which are all equal to zero, due to the
independence of the X1,...,X,, and Y7,...,Y,, and since

E[u*(XlaXZa YS)]

= E[U(Xl,Xg,Yg) - / w(X1,y,2) F(dy)G(dz) — // u(x, Xo,2) F(dx)G(dz)

- [[ ey vy Fanpan) +2- [ [ a2 Fian FianGiz)
_ / / / w(z,y, 2) F(d)F(dy)G(dz) — / / / w(z,y, =) Fdy)G(dz)F(dz)
/// w(z, y, 2) F(dz)G(dz)F(dy) — /// w(z,y, 2) F(de) F(dy)G(d=)
2. / / / u(z,y, 2) F(dz) F(dy)G(dz)

Each of the expectations in (A.20]) has the form

]E[ (X117X Y ) (XM?XstY )]

129

X,

such that the {X; sy Xis } are all unique, and Y;; = Y;,. In this case we may write

11 Z27
E[ (XanszY ) (X7f47X'La7Y )] ]E[]E[ (Xh?XZZ?Y )le.] (vaXZwY )] 0,
since for the inner expectation

E[u*(Xiy, Xiy, Yiy) | Vi, ]

29

E{ (Xiy, Xiy, Yig) //u(Xil,y, F(dy)G(dz) // u(z, X;,, z) F(dx)G(dz)
- [ v Fanpa + 2 [[ [ ey 2) pan PG v
— [[ utw.v ) P P - [[ [ utzin.2) PGl
[ —
+2. / / / (e, y, 2) F(de)F(dy)G(dz)
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Further, each of the expectations in (A.24)) has the form

E[ (thX Y. ) (XMUXZG?Y )]

129

such that exactly one of the {X; , X;,} is equal to exactly one of the {X;,, X;.}, and Y;; # Y;,. In the

49

case that X;, € {X;,, X;,} the expectation vanishes since

E[u (Xiy, Xiys Yig) - 0 (Xiys Xigs Vig)] = B[E[u (Xiy, Xy, Vi) | Xiy ] - u*(Xiy, Xis, Y]

219 129 - 13 14 159 129 14 159

and for the inner expectation

]E[ (X217X12»Y )|X21]

:E{ (X0 ¥3) = [ [0, Flan6taz) — [ [ ate Xi2) Plan)Gias
- / / w(x,y, Viy) F(dz)F(dy) +2- / / / w(z,y, ) F(dz) F(dy)G(dz) | X,
— [[ uXisow.2) PlanGtas) - [ [ utxi,v.2) FanGiaz)
/ / / u(z,y, =) F(dr)G(dz)F(dy) - / / / 2y, 2) F(dz) F(dy)G(d2)
sz [[[utwy.2) P Fay )

In the case that X;, € {X;,, X;,} completely analogous arguments show that the expectations are equal
to zero as well, so that we have shown that the sums (A.20)), (A.23) and (A.24) all vanish completely.

. I. . . ! i .
There are (4m”1'3’)’! summands in and 2m Znsh summands in and % summands in

(A.25) all of which are bounded by E[ (Xl,Xg, Yl)]2 due to the Cauchy-Schwarz inequality, so that
altogether
. 2
E |:Um,n - Um,n:|

4m! - n n 2m! - n . 2m! - n!
m-—3)! (m-2) " (m—2)(n—2)!

Sm_2(m_1)_2n_2' |:( :| -EI:’U,*(Xl,XQ,Yl)}z

=m23(m—1)"2n"2. [4m(m —1)(m —=2)n+2m(m — 1)n+2m(m — 1)n(n — 1)}

x E[u*(Xy, X5, 1)

~[4m—2)+2+2(n—1) Bl 2
= |t e ] E[u* (X1, X2, Y7)]

_ [ Am-2)+2n | » 2
- _m—l(m_l)—ln—l] ]E[ (X1’X27Y1)]

:O(m n~ Y+ O(m )}.E[u*(Xl,Xg,Yl)]Q.
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