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generalize differential equations with delays r(t) < 0 which are given implic-
itly by the history x; of the state. We show that the associated initial value
problem generates a semiflow with differentiable solution operators on a Ba-
nach manifold. The theory covers reaction delays, signal transmission delays,
threshold delays, and delays depending on the present state x(t) only. As
an application we consider a model for the regulation of the density of white
blood cells and study monotonicity properties of the delayed argument func-
tion 7 : t +— t + r(t). There are solutions (r,z) with 7/(¢) > 0 and others
with 7/(¢) < 0. These other solutions correspond to feedback which reverses
temporal order; they are short-lived and less abundant. Transient behaviour
with a sign change of 7/ is impossible.
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1. INTRODUCTION

Consider an autonomous feedback system which reacts to its present state z(¢) € R
after a delay which depends on the present state: The differential equation for this
reads

(1.1) 2+ d(x (1)) = f(x(t)),

with given functions d : R — (0,00) and f : R — R. It can be rewritten in the
more familiar form

2'(s) = fla(s +7(s)))
with s = ¢+ d(z(t)) and r(s) = ¢ — s < 0, which implies
r(s) =t — 5 = —d(w(t)) = —d(x(s + r(s))),
hence
0=d(xz(t+r(t)) +r().

In case of bounded delay d(R) C (0, h) for some h > 0 we use the segment notation
x4 for the function [—h,0] 3 a — z(t+a) € R, define g = fo ev and A = do ev+pry
with the evaluation map

ev: (—=h,0) x R 5 (5,¢) — ¢(s) e R

and the projection pri onto the first component, and obtain the algebraic delay
differential system

(1.2) a'(t) = g(r(t),z)
(1.3) 0 = A(r(t),z).

The last equation defines the delay r(¢) implicitly by the segment z; of the state.
As an example we shall discuss a model for the regulation of the density of white
blood cells [4, 12]. In the model the equation corresponding to (1.1) is

o' (t+d(z(t)) = —pa(t+dx(t)) + f((t)),

with ¢ > 0, d : R — (0, h) increasing and f : R — R decreasing. The associated
system of the form (1.2)-(1.3) has A as before while g = g,, 5 is defined by

9.1 (8,9) = =1 d(0) + f(9(s))) = —pev(0,9) + f o ev(s, ¢).

Several other differential equations with state-dependent delay can also be written
in the form (1.2)-(1.3). We indicate how to define A in Eq. (1.3) for some of these
cases.
(i) For delays r(t) = —R(x:) which are explicitly given by the state via a functional
R:RIEMOT (0, h), let

A(s, ) = s + R(¢).
This includes delays 7(t) = p(x(t)) which depend only on the present value of the
state, via a function p : R — (0, k), as in [20, 14, 15, 16, 17, 18, 19, 9, 22].
(ii) For threshold delays [1, 10, 11] (see also section 2.5 of the survey [6]) with a

given continuous integral kernel K : R? — R and a given threshold § € R define A
by
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for —h < s < 0 and ¢ € RI="% continuous.
(iii) For transmission delay as in [25, 26], with a given signal speed ¢ > 0 and a
given lower bound —w < 0 for positions, consider

A(s,p) =cs+ ¢(s) + #(0) + 2w.

In the aforementioned work on threshold and transmission delays and also in [27],
where the prototype system given by Eq. (1.1) is studied, hypotheses guarantee
that Eq. (1.3) uniquely determines the delay r(t) as a function of the state ;.
This reduces the algebraic delay differential system to a single delay differential
equation. - Such hypotheses appear natural in cases of threshold and transmission
delay but seem unrelated to modeling considerations for a reaction delay as in Eq.
(1.1). Here a more general theory of the system (1.2)-(1.3) is desirable.

Before stating the main results of the present paper some notation is needed. For
h>0,n €N, and k € N we consider the Banach spaces C' = C([—h, 0], R") with
the norm given by

[6llc = max |o(t)],

—h<t<0

C! = CY([~h,0],R™) with the norm given by

[8llcr = lIgllc +1¢'llc,
B = RF x C! with the norm given by

1(s, &)l = Is| + lI¢llcr,
and R x B with the norm given by

It 5, 0)lrxB = [t] + | (s, D)| -

The space of continuous linear maps from a Banach space X into a Banach space
Y is denoted by L.(X,Y).

For an open subset U C B with priU C (—h,0)* we consider maps
g:U—=R" and A:U — R

A solution of the associated system (1.2)-(1.3) is a pair of functions  : [to—h, t.) —
R™, 7 : [to,te) — R¥, ty < t. < oo, where z is continuously differentiable, r is con-
tinuous, (r(t),x) € U for all t € [to, te), Eq. (1.2) holds for all ¢ € (to,te), and Eq.
(1.3) holds for all ¢ € [tg,t.). It is convenient to call the interval [to,t.) the domain
of the solution. Solutions on intervals (—oo,t.) with t. < oo are defined with the
appropriate modifications.

In the subsequent sections 1-7 the standing hypothesis (H) is that
(H1) g and A are continuously differentiable,

(H2) all derivatives Dg(s,¢) € L.(B,R") and DyA(s,¢) € L.(CY,RF), (s,¢) €

U, have linear extensions D.g(s, ¢) : R¥ x C — R™ and Dq A(s,¢) : C —
RE,



(H3) both maps
A:UXRY xC3(s,0,p,x) — Deg(s,¢)(p,x) € R"

and
UxC3(s,¢,x) — DaoA(s,¢)x € R
are continuous.
‘We prove that the set

M ={(s,¢) € U:¢'(0) = g(s,0),0 = A(s, ¢),det D1A(s,¢) # 0}

is a continuously differentiable submanifold of codimension k+n in B, and that the
maximal solutions (r*® x%®) of the initial value problem given by the equations
(1.2)-(1.3) for t > 0 and

(1.4) (r(0),20) = (s, 9)

with (s,¢) € M constitute a continuous semiflow F : (t,s,¢) — (r>®(t),z5?) on
M. All solution operators Fy = F(t,-), t > 0, are continuously differentiable. Their
derivatives

DFy(s,0) : T(s,o)M — Tpg,s,¢) M

are given by linear variational equations. Moreover, F' is continuously differentiable
for t > h.

The precise statements are contained in Propositions 3.1, 3.6, 4.3 and in Theorem
7.6 below. Hypothesis (H) is a generalization of the hypotheses for the analogous
results in [23, 24, 6], for initial value problems of the form

(1.5) 2(t) = fla)
(1.6) v = ¢eX;={oeU:¢(0)=f(9)},
Withf:C’1 > U — R™.

Let us mention here that further delay differential systems, where a bounded delay
is defined implicitly by the state via a differential equation, like e. g. in [2, 13], are
covered by the theory in [23, 24, 6], under appropriate hypotheses on smoothness.

In section 8 we verify the properties (H) for the white blood cell model in case
d: R — (0,h) and f : R — R are continuously differentiable. It is also easy
to see that the functions A from the examples (i)-(iii) fulfill the relevant parts of
hypothesis (H) when restricted appropriately: In (i), consider the restriction of R
to C', assume that the latter is continuously differentiable, that derivatives have
linear extensions D (R|C1)(¢) : C — R, and that the map

C' x O3 (x,9) = De(RICY)(¢)x € R

is continuous. Consider A|(0,h)xCL. If p : R — (0, h) is continuously differentiable
then R given by R(¢) = p(¢(0)) fulfills the hypotheses just described. In (ii),
assume that K is continuously differentiable and consider A[(0,h) x C. In (iii),
let

h>2—w and U=(—h,0)><{¢€Cl:—w<¢(a)<%—wfor —h <a<0},
c
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and consider A|U.

In order to find local solutions of the initial value problem (1.2)-(1.4) we employ the
results from [23, 24, 6], and avoid a new construction especially for the algebraic-
delay differential system. In section 2 below the equation 0 = A(s, ¢) is solved by
the Implicit Function Theorem for s = 0¢(¢) in a neighbourhood of an initial datum
(s0, ¢o) which satisfies A(sg, ¢o) = 0, det D1A(sg, ¢o) # 0, and (¢)'(0) = g(s0, o).
Upon that the theory of [23, 24, 6] is applied to the initial value problem

CC/(t) = g(O—O(xt)7mt)v
o= ¢

with ¢'(0) = g(0o0(¢), ¢). Section 3 begins with the proof that the set M is a contin-
uously differentiable submanifold of the space B. For initial data in M the result of
section 2 yields local solutions (7, x) of the problem (1.2)-(1.4), with r(t) = oo (=)
(Proposition 3.3). Then we proceed to maximal solutions, obtain the semiflow F
on M and prove that F is continuous. Also, we find a differential equation (x) for
the r-component of solutions (Proposition 3.4). - This may suggest to replace Eq.
(1.3) with Eq. () and to study the new system in the framework of [23, 24, 6]. It
should however be noticed that the map on the right hand side of Eq. (*) in general
fails to satisfy the hypotheses needed in [23, 24, 6]. - Having the semiflow F we
formulate its relation to the semiflows from section 2 in terms of flow equivalence
(Proposition 3.7). This should be convenient for the transfer of results, notably on
local invariant manifolds, which have been obtained for initial value problems of
the form (1.5)-(1.6) [6, 8, 21].

The remaining smoothness properties of the semiflow F' are proved in sections 4-7.
We follow the approach in [23, 24] as closely as possible. Proposition 3.4 is used in
section 5 on the derivative Dy F'(t, s, ¢), which exists for ¢ > h.

In the final section 8 of this paper we discuss the white blood cell model as an
example for feedback with a reaction delay, in the sense explained at the beginning
in the context of Eq. (1.1). Now the r-components of solutions are scalar, and
one may ask whether for a given solution (r,z) the associated delayed argument
function

Tit—t+7r(t)

(which in the example appears on the right hand side of Eq. (1.2)) is increasing or
not.

In many contributions on differential equations with state-dependent delay the de-
layed argument functions are increasing, see the survey paper [6]. This property
may be felt natural and seems to facilitate the analysis.

A decrease of T, on the other hand, means that the system reacts to states & =
x(7(t1)), &2 = x(7(t2)) in the past, with 7(¢1) < 7(¢2), in reverse temporal order,
namely by reactions z'(t1) to & and 2/(t2) to & at to < ty.

In the experiment by Libet et al. [7] on unconscious brain activity before the
moment of awareness and voluntary action it was found that awareness of certain
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external stimuli in short time intervals arises in reverse temporal order. This may
be taken as an indication that decreasing delayed argument functions have a coun-
terpart in biological reality.

Recall that a flowline of the semiflow F'isamap I 3 ¢t +— (r(t), X (t)) € M, with I C
R an interval, so that for all ¢ < w in I we have (r(u), X (u)) = F(u—t,r(t), X (¢)).

In our example the manifold M decomposes into an open subset M, # () formed
by flowlines with strictly increasing delayed argument function, and into another
open subset M_ # () formed by flowlines with strictly decreasing delayed argument
function (Proposition 8.2). The flowlines in M_ are short-lived, for the trivial rea-
son that 7(t) >t — h (Corollary 8.3).

In case f is bounded each flowline F(-, s, ¢) with bounded domain [0, ts 4), ts,¢ < 00,
converges to a limit point in the manifold boundary M\ M ast /" ts 4 (Proposition
8.5). Unless d is constant there exist points in M \ M from which pairs of flowlines
bifurcate, one into the component M, and the other one into M_ (Proposition
8.7). Also, certain flowlines in M, and in M_ terminate at limit points with the
same first (delay) component (Proposition 8.8).

One may ask whether there exists continuous transient behaviour in the sense that
a flowline in M terminates at a point in the manifold boundary and can be con-
tinued from there by a flowline in M _, or vice versa. Proposition 8.6 says that such
behaviour is impossible.

Notation, preliminaries. For derivatives of functions z : J — E, J C R and F
a Banach space over R, we have Dx(t) € L (R, E) and 2/(t) = Dz(¢t)1 € E.

The evaluation map evg = ev|(—h,0) x C (with values in R™) is continuous but not
locally Lipschitz continuous. The restriction ev; = ev|(—h,0) x C! (values in R™)
is continuously differentiable with

D 6’1)1(8, d))(é’ d)) = D16U1<57 ¢)‘§ + D26U1(87 (b)(& = ‘§¢/<5> + (]5(8)
We also need the linear continuous maps
evgs: C3x—x(s) €ER® and evy,:C!'2 ¢ ¢(s) € R,
for s € [—h,0], and
d:C's¢p— ¢ €C.
For a given Cartesian product of sets the projection onto the j-th component is
always denoted by pr;.



2. RESTRICTED INITIAL VALUE PROBLEMS

We begin with a local solution of the equation
0= A(s, ¢).
Let (so, ¢o) € U with
0 = A(s0, ¢o)
be given and assume det Dy A(sq, ¢g) # 0. We apply the Implicit Function Theorem

and obtain open neighbourhoods Vo C (—h, 0)* of sg, Ng C C* of ¢ with Vo x Ny C
U and

0 # det D1A(s,¢) on  Vy X N,

and a continuously differentiable map og : Ng — V with

(2.1) oo(¢o) = so,

(2.2) 0 = A(oo(¢),#) on No,
(2.3) (Vo x No) NATH0) = (o0 x idn,)(No).

We look for solutions of the restricted initial value problem

(2.4) '(t) = Goo(me),

(2.5) Ty = ¢,

with the functional g5, : No — R™ given by
oo (0) = g(00(), 8).

A solution is a continuously differentiable function z : [—h,t.) — R™, 0 < ¢, < oo,
with z; € Np on [0,t.) and 29 = ¢ which satisfies Eq. (2.4) for 0 < ¢ < #,.

In order to apply the results from [23, 24, 6] on existence, uniqueness and smooth-
ness we have to verify the hypothesis (H,o() that

(H1,00) 9o, is continuously differentiable,
(H2,00) each derivative Dg,,(¢) € L.(C',R") has an extension D,g,,(¢) in L.(C,R"),

(H3,00) the map No X C 3 (¢, x) — Dego,(6)x € R™ is continuous.

We begin with the derivatives of og. From
0 = D(Aoc (oo x id))()x
= D1A(00(0),#)Doo(d)x + D2A(00(¢), ¢)x
for ¢ € Ny and x € C! we get

Doo(¢)x = —(D1A(00(6), ¢)) " (D2A(00(0), 6)X)

and see that each derivative Dog(¢) € L.(C',R¥), ¢ € Ny, has a continuous linear
extension D.og(¢) : C — R¥ which is given by the same formula as Dog(¢),
namely,

Deoo(6)x = —(D1A(a0(9), 8)) (D2, Al00(9), $)x)-
Hence the map

No x C 3 (¢, x) — Deoo(¢)x € R
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is continuous (with respect to the product topology given by the norms on C'! and
on C). For ¢ € Ny and x € C* we have

Dgao (¢)X = Dg(00(¢)7 d)) (DUO (¢)Xa X)

Using the continuous linear extensions D.g(oo(¢), ¢) : R¥ x C — R™ and D.og(¢) :
C — R* we infer that also each map Dg,,(¢), # € Ny, has a continuous linear
extension D.gs,(¢) : C — R™ given by

Degoy (6)x = Deg(o0(9), @) (Deoo(9)x: X),
and that (H3,0¢) holds.

Let
Xoo ={p € No: ¢'(0) = 9o (¢)}.

From [23, 24, 6] we now have the following result.

Proposition 2.1. Let (so,¢g) € U be given with
(26) 0= A(So, (]50) and 0 75 det DlA(So, (]50)

Then there exist open neighbourhoods Vo C (—h,0)* of so and Ny C O of ¢ with
Vo x Ng C U so that

(2.7) det D1A(s,9) #0 on  Vh x Ny,

and there is a continuously differentiable map oo : No — Vi with properties (2.1)-
(2.8) so that the following holds.
(i) The set X,, C Ny is a continuously differentiable submanifold of C* with codi-
mension n, and for each ¢ € X,, we have
TyXoo = {x € C' : X'(0) = Dygo, (¢)x}-
(ii) Each ¢ € X,, defines a unique mazimal solution x°0% : [—h,ts 4) — R",
0 < toy.p < 00, of the initial value problem (2.4)-(2.5). We have 27 € X,, for
allt € 0,t54.6), and the equation
Fs, (t, QS) = x;fo,tﬁ
defines a continuous semiflow
Foy 1 Qoy = Xops Qoy ={(t,0) € [0,00) x Xoy : 0 <t <toy.0}
(iii) Each map
Fao,t : an,t ¢ Fao(t7¢) € XO'O
witht >0 and Qs ¢ = {p € Xoy 1t <loy6} # 0 is continuously differentiable. For
¢ € Qyot, 7 =2 and 1 :[0,t5,.4) — R* given by r(t) = oo(x;) we have
0 # det D1A(r(u), ) for 0<u <ty
and
DF,, «(¢)x = vt
with v : [—h,te,,6) — R continuously differentiable,
(2.8) V'(u) = Dgoy(zy)vn  for 0<u<tye,
(2.9) vg = X



(iv) The restriction of Fy, to the open subset
{(t,$) € Qp, : t > h}
of the submanifold Rx X, of the Banach space Rx C' is continuously differentiable,
with
(2.10) D1 Fyy(t,§)1 = (27°9);.



3. THE SEMIFLOW ON A MANIFOLD IN B

Now we address the initial value problem (1.2)-(1.4). We assume that hypothe-
sis (H) holds, and look for maximal solutions with initial data in (s,¢) € M C
RF x C!' = B. The idea is to continue local solutions by means of the Implicit
Function Theorem and Proposition 2.1 as long as 0 # det D1 A(r(t), zt).

Proposition 3.1. The set
M ={(s,0) €U :¢'(0) = g(s,0), A(s,¢) = 0,det D1A(s,p) # 0}

is a continuously differentiable submanifold of B, with codimension k + n.

Proof. Let O = {(s,¢) € U : det D1A(s,¢) # 0}. M is the zeroset of the con-
tinuously differentiable map Z : O — R* x R™ with the components Z; = A|O
and
Zy = evg,0 0 0o pra|O — g|O.

It is enough to show that for every (s,¢) € M the derivative DZ(s,¢) is sur-
jective. (Then B has a direct sum decomposition into the closed nullspace Y =
DZ(s,¢)~1(0) and a complementary subspace @ of dimension k + n, and the Im-
plicit Function Theorem shows that locally the translate M — (s, ¢) is given by a
continuously differentiable map v : V — @, V an open neighbourhood of 0, with
7(0) = 0 and Dv(0) =0.) Let (s,¢) € M. Then

DZ\(s,9)(p,x) = D1A(s,¢)p + D2A(s,¢)x = D1A(s, ¢)p + D2, A(s, §)x
and
DZ5(s,8)(p,x) = X'(0) — Dg(s,9)(p, x) = x'(0) — Deg(s, 8)(p, x)
for all (p,x) € B. We look for a basis of R¥ x R"® in DZ(s,$)B. Let ei,...,ex
denote the canonical basis of R*, and let €k+1, - - - » €k+n denote the canonical basis

of R™. As D1 A(s, ¢) : RF — R* is an isomorphism there exist py, ..., py in R* and
ai,...,ar € R™ so that

DZ(s,6)(p;,0) = (%ﬁﬁgggﬁg%)

- ( DZie o ) > - ( Z > SRR

for j =1,...,k. Choose n sequences (X;V)fjozl inC!, je{k+1,...,k+n}, so that
(X;V))/(O) = ¢ forall je{k+1,....,k+n} and veN,
0

Jim IXe forall je{k+1,....k+n}.
By continuity of D (A(s, ¢) and D.g(s, ¢),
, Dy A )
DZ(s,¢)(0,x; )): )\ 2805, 9)X; ) H< 0 > as v — 00,
(x; ")/ (0) = Deg(s,6)(0,x;") €

for each j € {k+1,...,k+ n}. It follows that for v — oo the determinants of the
matrices

(DZ(s,6)(p1,0), ..., DZ(s,6)(px,0), DZ(5,6)(0, X)), ..., DZ(5,6)(0. x{"),.))

converge to 1, which implies that DZ(s, $)B contains a basis of R¥ x R™. ([
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For (s,¢) € M the tangent space T(; 4)M coincides with the nullspace D Z (s, #)~1(0)
from the preceding proof. Hence

Tis,p)M = {(p,x) € B: 0= DA(s,9)(p,x), x'(0) = Dg(s,9)(p,x)}-

It is convenient to introduce another description of the tangent space, in terms of
the map

Ay M 3 (s5,¢) — —(D1A(s,0)) " 0 DoA(s, ¢) € Lo(CY,R¥).
Corollary 3.2. For (s,¢) € M,
Tis,yM ={(p,x) € B:p=Ai(s,0)x, X'(0) = Dg(s,9)(Ax(s,0)x, x)}-

Proof. Use that the equation 0 = DA(s, ¢)(p,x) = D1A(s,@)p + D2 A(s, ¢)x is
equivalent to p = —(D1A(s, ¢) 1 (D2A(s, ¢)x), as D1A(s,¢) is an isomorphism.
O

Notice that the map A; is continuous. Later we shall also use the continuous map
A M % C 3 (s,0,x) — —(D1A(s,9)) " (D2, Als, §)x) € RE.
For (s,¢) € M and x € C' we have
A(s, ¢,x) = A1 (s, @)X

Proposition 3.3. (Ezistence of solutions to the initial value problem) Let (so, ¢g) €
M be given. Then (2.7) holds, and there are Vo, No, 00, Xs, as in Proposition 2.1.
There exist a further open neighbourhood Nog; C No of ¢g in C' and tg > 0 so
that for every (s,¢) € M N (Vo x No1) we have s = 0o(¢), ¢ € Xoy, to < tog.e,
27°% € Ny for 0 < t < to, and the equations r(t) = oo(z7"?) and z(t) = z70%(t)
define a solution (r,x) of the initial value problem (1.2)-(1.4) with domain [0,tg),
and with (r(t),z¢) € M on [0,t).

Proof. The domain Q,, is open in [0,00) X X,,. Using this and continuity of the
semiflow Fy,, at (0, ¢g) € Qy, C [0,00) x X, We obtain an open neighbourhood Ny;
of ¢g in Ny and tg > 0 with [O,to] X (Xao ﬂNm) - ng and Fgo([o,to] X N()l) C Ny.
Let (s,¢) € M N (Vy x Np1) be given. Then A(s, ¢) = 0 and (s, ¢) € Vy x Ny, hence
s = o0o(¢). Also,

¢,(O) = g(S, d)) = g(UO(¢)7 ¢) = ga’o(¢)7

or ¢ € X,,. Let & = 2°0:%. We infer ¢ = xf°’¢ € Ny for 0 <t < ty. Consider the
continuous function 7 : [0,%9] > t — 0¢(&;) € R* and the continuously differentiable
function x : [—h,t9) >t — &(t) € R™. We obtain A(r(t),x¢) = A(oo(&),&) = 0 for
0<t<tyand

2'(t) = (1) = 9oy (&) = g(00(&), &) = g(r(t), x1)
for 0 <t < tg. Also, 7(0) = 0¢(&o) = 00(¢) = s, 9 = & = ¢. In particular,
2'(0) = ¢'(0) = g(s,¢) = g(r(0), zo).

Finally, for 0 < t < ¢ty we have det D1 A(r(t),z¢) = det D1A(00(&),&:) # 0, due

to (2.7) and (0¢(&:),&:) € Vo x No. Altogether it follows that (r(t),z;) € M on

[0, %0]. O
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Proposition 3.4. For any solution (r,z) of the initial value problem (1.2)-(1.4)
with (s,¢) € M we have

0 £ det D1A(r(t),z;) for 0<t<t.
and the map r is continuously differentiable with
r'(t) = A(r(t), z¢, 0 xy)
for allt € ]0,t.).

Proof. 1. The inequality holds as (r(t),z:) € M for 0 <t < t..
2. The set

Se = {(s,t) € (=h,0)F x (0,t.) : (s,2;) €U}
is open since the map [0,t.) > t — x; € C! is continuous and U is open. For all
t € (0,t.), (r(t),z:) € Sy. The map

A, Sy 3 (s,t) = Als,zy) € RF

has partial derivatives D1A,(s,t) = D1A(s,xz¢) at each (s,t) € S, and D1 A, :
S, — L.(R* RF) is continuous.
3. We show that at each (s,t) € S, the partial derivative DaA,(s,t) € L.(R,R¥)
exists and is given by
(31) DzAx(S,t)l = DQ,eA(s,xt)Oxt.

Let (s,t) € Sy be given. There exists € > 0 with 0 < t — €, t + € < t. such that
for all 7 € (—¢,€) and for all § € [0,1] we have (s,x; + 0(zi4r — 2¢)) € U. In case
T # 0 we get

Ag(s,t+7)—Ag(s,t)—TDa cA(s, )0 2 = A(S, Tpyr) —A(S, 2¢) —TDa c A(s, 24)0 x4
1
= T/ (DQA(S, Tt + 0(xt+T — (Et)) (wt+7— — .’Et) — DQ’EA(S,I't)a(Et)dO
0

(xt+7— - .’Et) - DQ’EA(S, l't)a xt)dG

Q=

1
= 7/ (D2, A(s, w4 + O(2t 4+ — 24))
0

For 0 # 7 — 0 we have

— 0.
C

Using this and hypothesis (H) we infer that for 0 # 7 — 0 the last integrand
converges to 0 € R*, uniformly with respect to 6 € [0,1]. This yields the assertion.
4. From Eq. (3.1) we also infer that the map DsA; is continuous. It follows that
A, is continuously differentiable. For 0 < ¢t < t. we have
0=A(r(t),xz:) = Az(r(t),t) and 0 # det D1AL(r(t),t).
Using the Implicit Function Theorem in a neighbourhood of (r(tg),t), for any
to € (0,t.), we find that 7|(0,t.) is continuously differentiable, with
() = —(DiAg(r(t), )T (DaAu(r(t), £)1)

= —(DiA(r(t),20)) " (D2, Ar(t), 20)0 wt)

= A(r(t), s, 0xy)
for every t € (0,t.). Finally, the preceding formula and a continuity argument yield

that 7 has a right derivative at ¢t = 0, and that r’ is continuous also at ¢t = 0. (I
12
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In general the map
AM M > (57¢) = A(s,¢,3¢) € Rk

which appears on the right hand side of the differential equation in the Proposition
3.4 is not continuously differentiable. See, for example, the expression of the map
A in terms of the function d in section 8 below. - In general lack of smoothness of
Ajps precludes the possibility to study the modification of the initial value problem
(1.2)-(1.4) where the algebraic equation (1.3) is replaced by r/'(t) = Ap(r(t), x¢),
in the framework of [23, 24, 6].

Proposition 3.5. Any two solutions of the initial value problem (1.2)-(1.4) with
(s,0) € M coincide on the intersection of their domains.

Proof. Consider two solutions (r,z), (#,&) with common domain [0,7"). Suppose
(r(t),z(t)) # (7(¢), 2(t)) for some ¢ € (0,7T). Then

ti=inf{t € (0,T): (r(t),x(t)) # (F(t), 2(t))}
belongs to [0,T), and r(t;) = 7(t;), ®r, = &,. Let so = 7(t;), o = 2¢,. Then
(so,¢0) € M C U, and A(sg,¢o) = 0, det D1A(sp,¢0) # 0. There exist open
neighbourhoods Ny C C' of ¢ and Vy C (—h,0)* of sq with Vi x Ny C U, and
a continuously differentiable map oo : Ng — Vj so that (2.1)-(2.3) hold. We have
o € X, since

$6(0) = g(50,%0) = g(o0(¢0); P0) = goo (¢0)-

The initial value problem (2.4)-(2.5) with ¢ = ¢ € X,, has a continuously dif-
ferentiable solution y : [—h,t,) — R", 0 < t, < oco. By continuity there exists
e € (0,ty) so that for 0 <t <,

(T‘(ti + t),xtith) € Vo x Ny > (f’(tl + t),.’%tith).

Consider p : [0,€) >t — r(t; +t) € (—=h,0)F and & : [~h,e) Dt — z(t; +t) € R™.
We have (p(t),&) € Vo x Ny and A(p(t),&) = 0 on [0,¢). Hence p(t) = oo(&) on
[0,€). Also,

§(t) =a'(ti +t) = g(r(ti + 1), z,44) = 9(p(t), &) = 9(00(&1), &) = oo (&)
for 0 < t < ¢ and § = x;, = ¢o. By uniqueness of solutions of the initial
value problem (2.4)-(2.5), y(t) = &(t) = «(t; +t) for —h < ¢t < e. Moreover,

r(t; +t) = p(t) = 00(&) = oo(y:) on [0,¢€). For & and 7 we get the same result.
So r(t) = 7(t) on [0,t; + €) and x(t) = &(¢t) on [—h,t; + €), in contradiction to the

properties of the infimum ¢;. ([l
For (s,¢) € M set
tsp =ts,p) = sup{te € (0,00)U{oo} :0,%.) is the domain of a
solution of the initial value problem (1.2) — (1.4)}
< 0.

For every (s,¢) € M there exists a mazimal solution (r*? x%?) of the initial
value problem (1.2)-(1.4) with domain [0,%,4), which has the property that for
any other solution (r,z) of the same initial value problem, with domain [0,t.), we
have t, <t 4, and 7 and x are restrictions of r*% and x%, respectively. Let

Q= {(t,5,0) €[0,00) x M 1t <1y}
13



and define F' : Q) — M by
F(t,s,0) = (r*?(t),277).
For t > 0 set
Q={(s,9) e M :(t,5,¢) € U} ={(s,¢) € M : t <ts54}
In case Q; # () the map F} : Q; — M is given by
Fi(s,¢) = F(t,s, ).
Obviously, Qg = M and Fy = idyy.

Notice that for every (s, ¢) € M the flowline [0,¢5 4) > t — F(t,s,¢) € M is con-
tinuous (with the continuity of the map [0,¢5,4) >t — e o).

Proposition 3.6. (i) For 0 <t <t;4 and 0 <u <tpysg), t +u<tsy and
F(t+u,s,¢) = F(u, F(t,s,¢)).

(i) For every t > 0 the set Q is an open subset of M. Q is an open subset of
[0,00) x M (with the topology given by the norm on R x B), and F is continuous.

Proof. 1. Proof of (i). Let (r,z) = (r®%,2%%),t1 = ts ¢, (u,¥) = F(t,s,¢), (v,y) =
(rev, z®¥), ty = ty . So, v(0) = u = r(t) and y(a) = x(t + a) on [—h,0]. Define
w i [0,t +t3) — R¥ and z : [~h,t +t2) — R"” by w(a) = r(a) on [0,t] and
w(a) = v(a—t) on [t,t 4+ t2), z(a) = x(a) on [—h,t], z(a) = y(a —t) on [t,t + ta).
Then w is continuous and z is continuously differentiable. On (¢,t + t2) we have
Za = Ya—¢- It follows that

A(w(a),za) = Alr(a),z,)=0 on 0,1,

Aw(a),zq) = A(w(a—1t),y,—¢) =0 on [t,t+t2),
and

Z,(a) = LL'/(G,) = g(r(a),z.) = g(w(a),z,) on (0,
)=y (a—t) = g(vla—1t),yar) =g(wl(a),z.) on ([t,t+12).
Therefore, t +ty < ts 4, t +u € [0,t54), and
Flt+u,s,¢) = (w(t+u),z4u)
= (v(t+u_t)7yt+uft) = (’U(U),yu)

= F(u,v(()),yo) = F(Uﬂr(t)axt) = F(U7F(t757 ))

2. Proof of (ii).

2.1. Proof that for every (so, ¢g) € M there exist tg > 0 and an open neighbourhood
W of (sg, ¢o) in M so that [0,to] x W C Q and F|([0,t] x W) is continuous: Let
(s0,%0) € M be given. Then (2.7) holds, and there exist Vi, No, 00, Xo,, Fo, and
Noy1, to > 0 as in Propositions 2.1 and 3.3. It follows that

(32) [O,to] X ((VO X N01) n M) c Q,
(3.3) F(t,s,0) = (00(Fo,(t, ), Foo(l, 9))

on [O,to] X ((VO X N()l) n M),
and the restriction of F' to [0, o] x ((Vo x Np1) N M) is continuous.

2.2. We show that €; C M is open and that F} is continuous, for ¢ > 0 and ; # 0.
14



In case t = 0 we have ; = M and F; = idj;. Consider the case t > 0. Let
(ro,¢0) € 4 be given. Then t < t,,,4,. Due to the continuity of flowlines the
set K = F([0,t] x {(ro,¢0)}) C M is compact. Using this and part 2.1 we find
u > 0 and an open neighbourhood N of K in M so that [0,u] x N C Q and F is
continuous on [0,u] x N. Choose J € N with £ < u. Then N C Q;;, and Fy/; is
continuous on N. Define (r;,¢;) € K for j=1,...,J by

(rjs¢5) = Fip(rj—1,0j-1)-
By assertion (i) and induction, (rs,¢s) = Fi(ro,¢o). Let an open neighbourhood
Nj C M of (rj,¢s) be given. Recursively we find open neighbourhoods N; C N C
M of (rj,¢;5),j=J —1,...,0s0 that F;,;(N;) C Nji; for these j. Using (i) and
induction once again we infer Ny C Q; and F;(Ng) C Ny.
2.3. Proof that Q@ C [0,00) x M is open. Let (¢,s,¢) €  be given. Choose
u € (t,ts,4). Then (s,¢) € Q,. As Q, C M is open there is a neighbourhood
N C M of (s,¢) with N C ©,. Then [0,u] x N is a neighbourhood of (¢, s, ¢) in
[0,00) x M which is contained in §.
2.4. Proof that F is continuous. Let (o, So,d0) € € be given. Part 2.1 yields
continuity at (to, So, ¢o) in case tg = 0. Assume ¢ty > 0. By part 2.1 there exists
u € (0,%9) so that F' is continuous at (u, so, ¢o). Let a neighbourhood Ny C M
of F(to, s, ¢0) be given. As Q;,_, C M is open and Fy,_, is continuous there
exists a neighbourhood Ny C M of F(u, sg, ¢o) with Fi,_,,(N1) C Ny. Moreover,
F maps a neighbourhood (u — §,u + &) X Na, 6 € (0,u) and Ny C M open with
(s0,¢0) € Na, of (u,s0,¢0) in Q into N7. For each (¢, s,¢) in the neighbourhood
(to — d,t0 + ) x Na of (to, so, ¢o) in [0,00) x M we have t = (tg — u) + (u+t —to).
Using (i) we infer (¢,s,¢) € Q and

F(t,s,qS) = F(to — U,F(U+t — to,S,(,ZS)) - Fto—u(Nl) C No.
([l

It may be convenient for later use to state the relation between the semiflow F
for the algebraic-delay differential system and the semiflows for delay differential
equations given by Proposition 2.1 in terms of flow equivalence. So let (s, ¢g) € M
be given and consider Vp, No, 00, Xo,, Fir, as in Proposition 2.1. The set

My =M n (Vo x Ny)

is open in M. For the projection py : B — C! we easily obtain

p2Moy = Xoy,
and the continuously differentiable map

P: My % X,,
is a diffeomorphism whose inverse is the restricted graph map

G Xy 3 6= (00(9),0) € My.
We define the restricted semiflow Fy : Qg — My on My by the relations
to,s,0 = sup{t € (0,ts4): F(u,s,0) € Vo x Ny for 0<u<t}

< tgp < oo, for (s,¢) € Moy,
QO = {(t,S,(b) € [0700) X MO it < t0,37¢}7
FO(t7S7¢) = F(t787¢)

15



Recall the notation t,, 4 for the upper bound of the domain of the maximal solution
°0% ¢ € X,,, from Proposition 2.1. A comparison of maximal solutions of the
relevant initial value problems yields the following result on continuously differen-
tiable (semi-) flow equivalence.

Proposition 3.7. For each (s,¢) € My,

t0,5,6 = oo, P(5,9)>
and for 0 <t <tps.0,
PFy(t,s,¢) = Fy,(t, P(s,9)).
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4. SMOOTHNESS OF SOLUTION OPERATORS

We begin the proof that all maps Fy, t > 0 and Q; # (), are continuously differen-
tiable with results about the variational equation

V() = L(F(t,5,0),v1)
along flowlines where the continuous map
L:MxC—R"
is defined by the equation

L(s,¢,x) = A5, 6, A(5,6,X),X) (= Deg(s,0)(—(D1A(5,0)) (D2, Als, 9)x): X))-
For each (s,¢) € M the linear map

Li(s,0): C* > x +— L(s,¢,x) € R"
satisfies

La(s, ¢)x = Dg(s, ¢)(A1(s, ¢)x, x)
for all x € C!, and is continuous.
Proposition 4.1. (i) Every compact set K C M has a neighbourhood N in M
with

sup |[[L(s,¢,)||L.(crn) < 00
(s,0)EN

(ii) The map Ly : M — L.(C*,R") is continuous.

Proof. 1. Proof of (i): Each (s,¢,0) € K x {0} C M x C has a neighbourhood
in M x C on which the continuous map L is bounded. Due to compactness of
K x {0} C M x C a finite collection of these neighbourhoods covers K x {0}. This
yields a neighbourhood N of K in M and a neighbourhood V of 0 in C' so that L
is bounded on N x V, and the assertion follows.

2. Proof of (ii): For (s,¢) and (sg, ¢o) in M and for every y € C*! with |x||cr < 1,
set p= A1(s,¢)x and pg = A1(sg, Po)x). Then we have

[L1(s, ¢)x — L1(s0, ¢0)x| = [Dg(s, $)(p, x) — Dg(s0, d0)(po, x)|
< [Dg(s,9)(p, x) — Dg(s0, ¢0)(p, x)| + [Dg(s0. ¢0)(p: X) — Dg(s0. ¢0)(po, X)|
< ||Dg(s, ) — Dg(s0, ¢o)ll.5.r)(Ip] + 1) + [Dg(s0, $o)(p — po,0)|
<[|Dg(s,¢) — Dg(so, o)l (B.rn)(|A1(s,0)x| + 1)
+[1Dg(s0, #0) | L. (B.r")|A1(8, )X — A1 (S0, o) X|
<||Dg(s,¢) — Dg(s0, po)llr.(3,rm) ([[A1(5, D)L (o mEy + 1)

+[[Dg(s0, #0)l|L.(B,rm)A1(8,0) — A1(s0, PollL.(c rH)-
This estimate and the continuity of A; combined yield the assertion. ([l

Proposition 4.2. Let (s,¢) € M, r = r>?, x = %%, and x € C. There erists a

unique continuous function v : [—h,ts ) — R™ which is differentiable for 0 <t <
s, and satisfies
(4.1) V'(t) = L(F(t,s,¢),v;)
for 0<t<tsy and
(4.2) vy = X

In case (p, x) € T(5,9)M the function v = v5PX s continuously differentiable.
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Proof. Using Proposition 4.1 (i) and the continuity of flowlines we can proceed as
in the proofs of Propositions 1-3 and Corollary 1 in section 2 of [24] and obtain
that for every x € C there is a unique continuous function v : [—h,ts 4) — R™ with
vo = x which is differentiable for 0 < t < ¢, 4 and satisfies v'(¢t) = L(F(t,s,¢),v;)
for such t. Continuity of flowlines and continuity of the curve [0,¢54) >t +— v, € C
combined yield

lim o'(¢) = lim L(F(t, 5. 6),vr) = L(5,6.).

In case (p,x) € T(s,6)M we have x € C! and x/(0) = Dg(s, ¢)(A1(s,0)x, x) =
L(s, ¢,x), by Corollary 3.2. We obtain lim; ~o v'(t) = limy o v'(¢), which implies
that v is differentiable at 0, and that v’ is continuous. ([

Proposition 4.3. Each map F;, 0 <t < oo and Q; # 0, is continuously differen-
tiable. For every (t,s,¢) € Q and (p,x) € T(s,4)M we have

(43) DFy(s,)(p, x) = (¢*X(1), v;"X)
where ¢>®X 0,t5,4) — R* is given by
(14) 0N (W) = A1 (5 ), o

Proof. 1. We begin with a local result and show that for every (sg, ¢g) € M there
exist top > 0 and an open neighbourhood N of (sg, ¢g) in M so that [0,t9] x N C £,
for every t € [0,¢o] the map F;|N is continuously differentiable, and (4.3) and (4.4)
hold for all (s, ¢) € N, (p, x) € T(s,4)M. Proof: Let (so, o) € M be given. Then we
have (2.7), and there are Vp, No, 09, Xo,, Fs, and No1, to > 0 as in Propositions 2.1
and 3.3. As in part 2.1 of the proof of Proposition 3.6 we get (3.2) and (3.3). Using
Proposition 2.1 we infer that for ¢ € [0, tg] the restriction of F; to (Vo x No1) N M is
continuously differentiable, and that for (s, ¢) € (Vo x No1) N M, (p,x) € T(5,)M,
and r = %, 2 = 25? we have

DFt(Sa(b)(pa X) = (D(UO OFUo,t)(¢)XaDF00,t(¢)X)
(Dog(zt)ve, vt)
(—=(D1A(00(21), 26)) " (D2A(00(20), x4)ve), vr)
= (Al(UO(CUt), wt)UmUt)
= (Au(r(t), ze)ve, ve)

with a continuously differentiable solution v : [—h,ts,.6) — R™ of the IVP (2.8)-
(2.9). The inequality ts,,¢ < ts,¢ holds, and for 0 < u < t5, 4 We get

V() = Dgoy(Tu)vu
= Dg(oo(zu), 2u)(Doo(Tu)vu, V)
= Dg(o0(zu), zu)(—(D1A(00(xu), z4)) ™ (D2A(00(20), Tu)vu), vu)
= L(UO(xu)axu7Uu)
= L(r(u),zy,vy) = L(F(u,s,d),vu),
which is (4.1). Proposition 4.2 guarantees v(u) = v®%X(u) on [~h,t,,.4), and we
infer that (4.3) and (4.4) hold for ¢ € [0, to].
2. Fort =0, F; = idpy. Let ¢ > 0 and (sp,¢0) € Q¢ be given. Set (r,z) =
(rs0:%o xso.90) Consider the compact set K = {F(u,so,¢0) : 0 < u <t} C M.
Part 1 says that for every u € [0, ¢] there exist ¢, > 0 and an open neighbourhood
N, of F(u,so,¢o) in M with [0,t,] x N, C Q such that for every w € [0,¢,] the
18



restriction Fy,|N, is continuously differentiable. Recall Corollary 3.2, for (s, ¢) €
N,. The compact set K is covered by a finite collection of the neighbourhoods
N,, say, by the union of N, , v = 1,...,v,, with u, € [0,¢]. Choose J € N
with ¢/J < min,—y __,, t,, and set (s;,¢;) = F(Lf,so,gbo) for j=1,...,J. For
every j € {0,...,J — 1} there exists v; € {1,...,v.} with (s;,¢;) € Ny, . Set
N; = Nuuj. Nj is an open neighbourhood of (sj,¢;) in M with N; C €,
Fy;7INj is continuously differentiable, and we have

(45) DFyy(s,65) () = (a7 (1), 077)

for all (p,x) € 1(s,;,¢,)M, with q*»%X defined by Eq. (4.4), with (s;,¢;) in place
of (s,¢).

3. We proceed as in part 2.2 of the proof of Proposition 3.6 and obtain open
neighbourhoods Nj C Qg of (s5,¢;) for j = 0,...,J — 1 so that Ft/J|]\7j is
continuously differentiable and F;, J(N ;) C N j+1 for these j. It follows that I} |Ny =
(Fyy)” | Ny is continuously differentiable.

4. Let (p,x) € T(sy,69)M and set v = v50:%20:X Define ¢ = ¢°0%X by Eq. (4.4)

(with (so,¢o) in place of (s,¢)). For j =1,...,.J set (p;,x;) = (q(jt/J),vj¢/s). In
order to prove Eq. (4.3) we show by induction that for j =1,...,J we have

For j = 1, this is Eq. (4.5). Suppose Eq. (4.6) holds for some j € {1,...,J —1}.
Then (pj, x;) € T(s;,4;)M. By Proposition 3.6 (i),

it
TSJ‘@J‘(U):r(u-i—jJ) for 0<u<

and

it
xSJ’¢J(u):£L’<u+{]> for _hgug

The continuously differentiable function

t it
w : [h"]} Sur—>v(u+‘3> eR

satisfies wo = v, = X, and for 0 < u < %,

w'(u)

Il
@\
N
IS
+
<
=

t
L(r (u—|—jj> ,xu+j7t,’l}u+j7t)
= L(r®% (u), x5°% w,).

By uniqueness (Proposition 4.2), w(u) = v*%Xi(u) on [—h,%]. Consequently,

T
v (u + J—Jt) = v%%3:Xi (y) on [—h, %] In particular, v(;41y/7 = vf;jbj’Xj. Using this

and the definitions of ¢ and ¢%%Xi we also get

q((G+ Dt/ T) = g2 (t] ).
19



It follows that

DF(j1)1/0(50:80)(p,X) = DFEy (55, ;) (DFji/5(s0,60)(p,x)  (chain rule)
= DFy;;(s5,05) (05, X5) (by assumption)
= (g (/) v ) (by (45))
= (q((G+1)t/T),v11ye00) = Pi+1, Xj+1)-
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5. THE TIME DERIVATIVE

In this section we show that flowlines have derivatives for ¢ > h, and that the
corresponding partial derivative of the semiflow is continuous. We consider the
modified map

F Q5 (u,y,¢) = Fu,y,9) € B
and flowlines

Fyyp: [0:ty) 3 ur Flu,y,9) € B.

Proposition 5.1. (i) Let (y,v)) € M and r = r¥%, x = 2%%, t, = t,,. The
restriction x'|(0,t.) is continuously differentiable, with

(51) w”(u) = L(F(ua Y, 1;[})7 axu)

for 0 <u<t,..
(it) For (y,v) € M with h <ty the curve Fy  is differentiable in (h,t,.), with

DE, 4 (u)1 = (+'(u),dz,) € B

fOT’ h <u< ty,w’ r = ’/‘de}, T = my,’l/)'
(i4i) The map

{(u,y,9) €X:h <u<tyy} > (u,y,9) — DF, y(u) € L.(R, B)

s continuous.

Proof. 1. Proof of (i).
1.1. Proof that 2’ is differentiable at v € (0,t.) and that Eq. (5.1) holds: For all
real w # 0 with u + w € [—h, t.) we have

(@ + ) 2/ (w)) ~ L(F(u,y,v), 01
= (g(F (-t w,,)) — g(F(,,6))) — ACE (9, 0), A(F(u,y, ), 02,), 0,

= L D) + 00 w,0.0) ~ Pl )
[F(u+w,y, ) = (F(u,y,9)]d0 — AF(u, y,9), A(F (u, y, ), 0s), Oy
= [ D0+ O a4~ Pl ) St ,,0) — (P, )]
~A(F (9, 0), A (0,,),920), 02.)]d0
= [ D) O b, = P, 00) G, ()
—A(F(u,y,9), A(F (u, y, 9), 0xu), 0y )|do
= [ A O 0,000 = F ), 0,000~ (0]

_A(F(u7yaw)aA(F(uay:w)vaxu 8Z‘u)]d9
Let ¢ > 0. By the continuity of A there exist a convex neighbourhood U; of
F(u,y,%) in U and a neighbourhood V' of (A(F(u,y,),0x,),0x,) in R* x C so
that for all (3, ¢,p,x) € Uy x V we have

|A(§u 57]77 X) - A(F(%y71/1)7A(F(Uaya¢)=axu)7axu>)‘ < €.

21
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By the continuity of flowlines there exist u_ < uq with 0 < u_ < u < uy < te s0
that for all w € R with v+ w € (u_,u4) we have F(u +w,y,v) € U;. As U; is
convex we get

F(u,y,v) + 0(F(u+w,y,¥) — F(u,y,v)) € Uy

for such w and for 0 < 6 < 1. Using the uniform continuity of v’ on [0, u4] and the
uniform continuity of 2’ on [—h, u,] and the equations

(-t w) — r(w) () = 7/“ '+ 8) — v (u))do,

%@W+w+@—xw+a»—dw+@ - f/ (ut 0+ a) — 2 (u+a))db

for real w # 0 with u + w € [0,t.) and for a € [—h, 0], and the equation for '(u) in
Proposition 3.4, we find an open interval J C (u_,uy) with u € J so that for all
real w # 0 with v + w € J we have

P w0) = Fluy )] = (5l w) = ),
For such w we obtain

(@ (o w) — () — L(F (u,,9), 0)

(s =) € V.

1
w

S/O [ACF (u, y,9) +0(F(utw, y,¥) — F(u,y,1))), [ (utw,y,¥) = (F(u,y,¥)])
—A(F(u,y,v), A(F(u,y,¥), 0xy), 8xu)|d9 <€,

which yields the assertion.

1.2. The continuity of 2" : (0,t.) — R™ follows from Eq. (5.1) since L, the flowline
[0,%c) > u — F(u,y,v) € M, and the map [0,t.) > u — Jz, € C are all continuous.
2. Proof of (ii). Let (y,1) € M with h < t, 4 be given. Set r = r¥%¥ x = a%¥ t, =
ty,- Due to Proposition 3.4 the component p; o F, ,, = r is differentiable. Consider
the component ps o F, y, and h < u < t.. For w € R with u 4+ w € (h,t.) we have

lp2 © Fyy(u+w) — p2 o Fy y(u) — w0z,

= |Tutw — Tu — WOTL||cr = ||Tusw — T — W OTY||c + ||0Tutw — Oy — w DOz ||,
and for all a € [—h, 0],

Tytw (@) — zy(a) —w (0xy)(a) = /Ow(x'(u +0+a)—2'(u+a))dd
and
(0T ysw)(a) — (0x,,)(a) — w (00x,,)(a) = /0 (" (u+ 0+ a) — 2" (u+ a))db.

Using the preceding equations and the uniform continuity of ' and of =" on [u —
h—6,u+0] C (0,t.), for 6 > 0 sufficiently small, one verifies that D(py o F, )(u) €
L.(R,C") exists and is given by D(p2 o Fy ) (u)l = dz,, € C*.

3. Proof of (iii).

3.1. Let Qpe ={(t,8,0) € Q: h <t <ts4}. It is enough to show that the maps

P23 (ty¥) () (1) €RY,

£:Q3 (ty,¢) — ozl e C,
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and
fl : Qh< 3 (ﬂ?hﬂ’) = 68xf’w eC

are continuous. Continuity of £ is obvious from the continuity of F. Proposition
3.4 gives p(t,y,v) = A(F(t,y,v),£(t,y,1)) on Q, which yields the continuity of p.
3.2. Proof that ¢’ is continuous: By Eq. (5.1),

& (u,y,9)(a) = (%) (u+ a) = L(F(u+ a,y,9), £(u + a,y,9))
for (u,y,%) € Qpe and —h < a < 0. The continuity of L, F and & combined show
that the map
€903 (w,y,9) = L(F(w,y,$),§(w,y,$)) € R"

is continuous. Let (ug, yo,%0) € Qn< be given, and let € > 0. Choose dg > 0 with
h < ug—6p and ug+0p < ty,,y,- Choose a neighbourhood N of (yo, %) in the open
subset Qy,1s, of M. Then [0,uy 4 o] X N C €. The uniform continuity of ¢ on
the compact set [ug — dg — h, ug + do] X {(Yo, o)} implies that there exists § > 0 so
that for all u € (ug — d,up +d) and for all (y,%) € N with ||(y,%) — (o, ¥0)||B <,
and for all a € [—h, 0], we have

€> ‘é(u +a,y, 1/1) - é(uo + a, Yo, 1Z)O)| = |£/(’LL, Y, ¢)(a) - 5/(’&07 Yo, ¢0)(a)|
This yields the continuity of & at (ug, Yo, ¥o)- O
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6. THE VARIATIONAL EQUATION

This section contains preparations for the proof that the semiflow F' is continuously
differentiable on the subset of € given by ¢ > h. Notice that because of this last
restriction the proof can not be replaced by a simple reduction to a local version of
the desired result (which would follow from section 2).

In section 7 we shall consider the modified map

F:Q5(t,s,¢)— F(t,s,$) € B
and compositions I o K with local parametrizations (inverted manifold charts)
K :IxV — Ix N of the C'-submanifold R x M of the Banach space R x B,
with I C R an open interval, V' an open subset of a tangent space Y of M, and N
an open subset of M. Below WeAderive estimates which will be used in the proof
that the partial derivatives Dy (F o K)(t,p, x) with ¢ > h depend continuously on

(t,p,x) € IxV C RxY C Rx B. We study solutions v*%X of the initial value prob-
lem (4.1)-(4.2). The proofs are adaptations of the proofs of Propositions 4-7 in [24].

Proposition 6.1. Let (s,¢) € M and 0 <t < ts 4. There exists c; = c1(t,s,¢) >0
s0 that for each x € C the solution v = v>%X satisfies

lvulle < e lxllc for all u € ]0,t].
In case h <t <t 4 we have
[vuller < cre™|xllc for all u € (h,t].
Proof. Proposition 4.1 (i) yields

c= sup |[L(F(u,s,),)|r.(crm) < oo.
0<u<t

Let v = v*®X, Using (4.1) and the continuity of the curve [0,#] 3 w + v,, € C we
infer |v(u)| < [v(0)| + ¢ [;' lvw|lcdw for 0 < u < t. Moreover, for such u and for
—h<a<0,

u

max{u+a,0}
fo(u+ )] < Juollo + e / lowllodw < lloollc + ¢ / ol o
0 0
Consequently,
u
loalle < llvolle + ¢ / vl odw on [0,4],
0
and by Gronwall’s lemma,
loulle < e fluollo = e lxlle on [0, 2.
In case h <t and h < u <t we obtain

= ' = L(F <ce™ :

1Ovullc = _max "v'(u+a)l = max |LF(u+a,s ¢) vura)l < ce™xllc
Now the assertion becomes obvious. O
Proposition 6.2. Let (s,¢) € M and 0 <t < t, 4. There exist co = ca(t,s,¢) >0

and a neighbourhood N of (s, ¢) in M so that for every (3, ¢) € N we havet < t; 7,
and for all (p,x) € Ti5 5 M and u € [0,1],

lo*Xllor < eae®*|Ixlcr-
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Proof. Proposition 4.1 (i) yields a neighbourhood V' C M of the compact set K =
{F(u,8,¢): 0 <wu<t}in M with

c= sup [L(5,¢,)llL.cr) <o
G.d)eV

A standard compactness argument, which employs the openness of €2 and the con-
tinuity of F', shows that there is a neighbourhood N of (s,¢) in M so that for each
(5,¢) € N we have t <t 5 and F(u,s,¢) € V for 0 <u <t Let (5,¢) € N and
(p,x) € TsgM, ue [0,¢]. As in the proof of Proposition 6.1,
lvz?*lle < elixlle-
For a € [—h,0] with 0 < u + a, Eq. (4.1) gives
(59X (u+a)| < cllopfile < ce|Ixlle-

As (p,x) € Ti55M we know from Proposition 4.2 that v5%X is continuously dif-
ferentiable. For a € [—h, 0] with u 4+ ¢ < 0 this yields

|(0*2X) (u+ a)| < [|0x]c-
Combining the previous estimates we find
lvz?* e < (e + 2)e[Ix|ler-
O

Proposition 6.3. Let (s,¢) € M and h < t < ts4. Then there exists c3 =
c3(t,s,¢) > 0 so that for every (p,x) € T(s,y M and for h <u <w <t,

log X = vp®Xller < esllxllen (lw —ul +

_max [ Ly (F(w +a,5,9)) = Li(F(u+a,5,0) [ .1 rm))-

Proof. 1. Let (p,x) € T(s,p)M, v = vPX b <t < ts . Estimate of [Jv, — vy
for 0 < u < w < t: Proposition 4.2 shows that v is continuously differentiable. By
Proposition 4.1 (i),

c= sup ||[L(F(u,s,q), ')”LC(C,R") < 0.
0<u<t

Proposition 6.1 yields ¢; = ¢1 (¢, s, ¢) > 0 with
[vulle < e?xllc for 0 <u<t.

For 0 <u<w<tandfor —h <a<0,

w+ta
[vw(a) = vu(a)] = Jv(w +a) —v(u+a)| = I/ v’ (y)dyl.
u+ta
In case —h <y <0, |v'(y)| = X' (v)] < |Ix|lct- In case 0 <y < ¢,
V' ()] = |L(F(y,s5,0),vy)| < clloylle < ce[|x]lc
It follows that for 0 < u < w < t,

lvw = vulle < lIxllor|w —ul (1 +ce®?).
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2. Next, consider ||0v,, — Ovy||c for h < u < w < t. For every a € [—h,0],
|0vy, (a) — vy (a)] = '(w+a)—v'(u+a)l
= |L(F(w+a,s,¢),vw+a) — L(F(u+ a,s,0),vuta)l
|L(F(w+ a,s,¢), vwta) — L(F(u+ a, s,¢), Vuwta)|
+|L(F(u+ a,8,9), Vwia — Vuta)l-
Recall the map L; and Proposition 4.1 (ii). As vy, € C!, the last sum equals
[(L1(F(w+ a,s,0)) — Li(F(u+ a,s,0))Jvwtal + [L(F(u+a,s,0), Vwta = Vuta)l

S ||L1(F(w + a, s, (b)) - LI(F(U' + a,s, (b))' L.(CY,R™)
Proposition 6.2 yields ca = ca(t, s, ¢) > 0 with

IN

Vwtallor + ellVwta = Vutallo-

||'Uw+aHCl < C2eczt||X||Cl'
Using this estimate and the result of part 1 we see that the last sum is majorized
by
|La(F(wta, 5, 6))~Ly(Furta, 5, 8))l| ey e26 [l tellxllos fw—ul (Lees).
It follows that for h < u < w < t,
[vw —vullor = [lvw — vulle + [[0ve — Ovulc
< xller(ls = ul (1 +ce™”) +

_}%%XSO HLl(F(w +a,s, ¢)) - Ll(F(u +a,s, ¢))”Lc(017R”) C2€C2t

+c|w — ul(1 4 cet)).
Set c3 = coe®?! + (14 ¢)(1 + cett). O
Proposition 6.4. Let (s,¢) € M and h <t < ts 4. There exist cs = c4(t,s,¢) >0

and a neighbourhood N of (s, ¢) in M so that for every (3, ¢) € N we havet < t; 7,
and for all (p,x) € Ts5M and u € (h,t],

[EPX — 05 # X or < caetst max | Ly (F(w,5,8)) — Lu(F(w, 5,0l amIxllor-

Proof. 1. Choose ¢3 = ca(t, s,¢) and N according to Proposition 6.2 and choose ¢
as in the proof of Proposition 6.1. Let (5,¢) € N and (p, x) € T(5 5 M. Estimate of
[v5:6X — 45¢X|| o for 0 < u < t: Proposition 4.2 shows that v™¢X is continuously
differentiable. For u € [0,¢] and a € [—h, 0] with v + a <0,

vg’g’x(u +a)— vs7¢’X(u +a)=0.

In case 0 < u + a,

Il
e
+
=]
—~
<
Tl
o
=
SN~—
—~
<
N—
—
<
5[:
e
Pas
NS
/\\
NS
=
Nt
QU
=

|U§,$7X(u +a) — v X (u+ a)|

u+ta . - _ -
= | / (L(F(y,5,0), vy )= L(F(y, 5, 6), vy *X))+L(F(y, 5, §), v5 X —vp:?X)dy|
0

u+a _ - -
= /O (L1(F(y.5,9)) — Li(F(y, s,6))vy?X + L(F(y, 5, 9), v *X — vp®X)dy|
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(here we used U;’$7X €Clfor 0<y<u+a)

< 3.4)) —
<t max |Li(F(:5.8) - L (F(5.0) o any max (057

u+ta _
+C/ ||UZ’¢’X — U;Aﬁ,XHC dy
0
<t max |[|Li(F(y,5,8)) — Li(F(y,5,0))| .01 zn) c2e“ T x|

0<y<t
u+ta -
we [P = vyt dy
0

(see Proposition 6.2). It follows that for 0 < u < ¢,

[ou®X —vi?Xle <t max L4 (F(y,5.6)) = Lu(F(y, 8. 6)llLe(er ) e Ixlen

u —
+c/0 ||U;,¢,x — UZ’¢’X||C dy,
and Gronwall’s lemma yields
[ P X~ e < t Jmax, IL1(F(y,5,0))~Li(F(y, 5, 0) | L. rny c2¢[|xllcr e

for0<u<t.
2. For u € [0,t] and a € [—h,0] with 0 < u + a,

|(V>9X) (uta) — (05X (uta)| = |L(F(uta,3,6),v50%) — LIF(uta, s, 6),v5 0]

— |L(F(uta,5, 8), 05 0X) = L(F(uta, 5, ), vy o)+ L(F (uta, 5, ), vy iX —vs )]
< fnax, |L1(F(y,5,)) — Li(F(y,s,¢))

(compare part 1)

< Dax, 1L+ (F (y, 5, 6))=L1(F(y, 8, 0) | Lo(cr mmy 26?9 x|l er+elogfiX—viie

) ‘Uif;lx”cl + cHUifaX - vqua

(Proposition 6.2). In case h < u < t,
vi’a’x —v5X e O,
Using the previous estimate and the result of part 1 we infer that for h < u <'t,
005 = 0v? e
< bax, 1L (F(y,5, ) = Li(F(y, 5, 0) | Locr mmy I xllor (e + et cpel "),
Using the result of part 1 once more we arrive at

[op P X =05 ®X||cn < Ofgjlgt||L1(F(y7575))—L1(F(ya87¢))HLC(CI,R") Xllcn (tcaele Tt

+ege?t 4 Ct026(62+c)t)
fOI‘h<USt, (gaa)eN? (an)ET(Ea)M U

27



7. DERIVATIVES WITH RESPECT TO INITIAL DATA AND SMOOTHNESS OF THE
SEMIFLOW

In order to prove that F' is continuously differentiable for t > h we need to find
charts of the C'-submanifold Rx M of the Banach space Rx B, at points (¢, s, ¢) €
with ¢t > h and with their domains in €2, so that the composition F o K with the
inverse K of the chart is a continuously differentiable map (from an open subset of
a Banach space into R x B). The next result provides a suitable chart.

Proposition 7.1. Let (¢,s,¢) € Q with t > h be given. There exist open neigh-
bourhoods N of (s,¢) in M, V of 0 in Ts 4yM, an open interval I C (h,00) with
t € I, and a manifold chart o : N — V of M with the following properties.

(i) The continuously differentiable map

k:V 3 (p,x)—a Hp,x) €B

satisfies (0) = (s, ¢) and Dr(0)(p, x) = (p, x) on Tis4)M.
(i) I x N C Q.
(#ii) The inverse of the map
K:IxV 3 (up,x) v (u,r(px) €I xN
s a rpam'fold chart of the submanifold R x M of R x B.
(iv) F o K(u,p,x) = F(u,k(p,x)) on I xV.

Proof. Choose a complementary closed subspace @ of T(s )M in B. There exist an
open neighbourhood N of (s,¢) in M, an open neighbourhood V' of 0 in T\, 4 M,
and a continuously differentiable map v : V — @ with v(0) = 0, Dv(0) = 0, and

N =(s,¢) +{(p,x) +v(p,x) € B: (p,x) € V}.

As Q is an open subset of [0,00) x M we may assume that for some open interval
I C (h,00) with ¢ € I we have I x N C . Then the map

£V 3 (px) = (5,0)+ (0.x) +7(p,x) € B
has the properties (i)-(iii). O

Choose (t,s,¢) € Q with ¢t > h and consider N,V, I, k, K according to Proposition
7.1. In the remainder of this section we discuss partial derivatives of F' x K :
I xV — B with respect to

Y =TnM (CB=R"xC").
Corollary 7.2. For every (u,p,x) € I x V the partial derivative
Dy (FoK)(u,p,x):Y — B
exists, and for all (p,X) € Y we have

Dy (F o K) (U,p, X) (T?v Y) = (qN(P:X)a)A((u)’ vg(va)vfé)
— (Al(F('U/7 K(p7 X)))vg(p7X)a)2, v;(pv)()JA()

with
(7.1) (5, X) = Dr(p, x)(P; X)-
Proof. Use Proposition 7.1 (iv), Proposition 4.3, and the chain rule. ([
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The continuity of Dy(ﬁ' o K)(u,p,x) : Y — B, for (u,p,x) € I xV, implies that
the linear maps
pro (Dy(F o K)(u,p,X)) Y 5 (,%) — A1 (F(u, 5(p, X)oi®0% € R
and
p2 o (Dy(F o K)(u,p,x)) : Y 3 (p,X) = vy ®¥)X e C*
with ¥ given by (7.1) are continuous. Hence

(72) Dy (F o K)(u,p,x)(®X) = (m(u,p, ) (@ X), M (u, p, X)(P, X))
with the maps m : I x V. — L.(Y,R¥) and M : I x V — L.(Y,C') given by
m(u7p7 X) = Al(F(U,H(p, X))) oM(u,p, X)a
M(u,p,x)(P,X) = viPX,
and (7.1).

The next proposition is the main step towards the continuity of the partial derivative
Dy (FoK):1IxV — L.(Y,B). The proof follows the proof of Proposition 8 in [24].

Proposition 7.3. The map M : I x V — L.(Y,C%) is continuous.

Proof. 1. Fix ug € I and (po,x0) € V. Choose u; > ug in I and let Iy =
In(h,uy) C (h,00). Choose a neighbourhood Vj of (po, x0) in V so that

sup || Dr(p, X)”LC(Y,B) < 0.
(p,x)€EVO

For u € I, (p,x) € Vo, and (p,X) € Y, we get
(M(UJL X) - M(UOapOa XO))(TLX) = G(u7p? Xaﬁa Y) + H(U;TLX)
where
G(u,p, ;P X) = Uz(p,x),fc _ UZ(ZJm)m)»)Zo
H(u,p,X) = vZ(PmXo)ﬁ)Zo _ US(PO,XO)’XO
s 0
with (7.1) and
(73) (ﬁOa)A(O) = DH(]%%XO)(??Y)'
It remains to show that for (u,p, x) — (ug, Po, x0) in Iy X Vo we have
||G(u7p7Xava)”Cl — 0 and ||H(U,T?7Y)||Cl —0
uniformly with respect to (p,X) in the closed unit ball of the Banach space Y C
B =RFx C".
2. Proposition 6.3 guarantees the existence of c3 = cs(u1, k(po, Xo0)) = 0 so that
[1H (u, 2, X)llcr < eslXoller (Ju — uol
+_max [ Ly (F(u + a, K(po, x0))) = L1 (F(uo +a, &(po, x0)))l| (et m))
for u € Iy C (h,00) and (p,Y) € Y. Proposition 4.1 (ii) and the continuity of F
combined show that the map
[0,u1] 3 @ — Ly (F (@, k(po, X0))) € Le(C*,R™)
is uniformly continuous. Using this, the previous estimate, and (7.3) one finds easily

that for (u,p,x) — (uo,Po,xo0) in Iy X Vo we have ||H(u,p,X)||ct — 0 uniformly
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with respect to (p,Y) in the closed unit ball of the Banach space Y C B = R¥ x C*.
3. Choose a neighbourhood Np of k(po, x0) in N and ¢4 = ¢4(u1, k(po, X0)) > 0
according to Proposition 6.4. Choose a neighbourhood V; of (po, xo) in Vj so small
that k(V1) C Ny. For all uw € Iy, (p,x) € V1, and (p,x) € Y we have
G(u,p, X, 5, X) = vg(p,x)»% _ Uz(po»(o)»%o
(with (7.1) and (7.3)
= Gl(u D, X D, )+G2(U D5 X p7X)
where
Gi(u,p, x,p,X) = vfPXIX _grlpoxo) X,
Go(u,p, X, P, X) = P0:x0):X _ )R (Posx0)sX0 — 4,(P0,X0),X—Xo0
3.1. Proposition 6.4 shows that for u € Iy, (p,x) € Vi1, and (p,X) € Y, and for x
given by (7.1) we have
IG1(w, p, x, P X) o1
< ca ™™ max Ly (F(@ k(p, x))) = La(F (@, £(po, Xo) Dl Lot m IXller-
By a standard continuity and compactness argument,

oJax [ L1 (F (@ £(p, X)) — L1 (F (@, £(po, Xo))) | L.(ct rny — 0

as (p,x) — (po,xo0) in V3 C Y. Using this statement, the previous estimate, and
the boundedness of ||Dx(p, x)|| on Vo we infer
1G1(uw, p, X, 5, X)[[cr — 0

as (u,p, x) — (u0,po, Xo0) in Iy x Vi C R x Y, uniformly for (p,%) in the closed unit
ball of the Banach space Y ¢ B =RF x C1.

3.2. Finally, Proposition 6.1 yields ¢; = ¢1(u, k(po, Xo0)) > 0 so that for u € Iy,
(p,x) € Vi, and (p,X) € Y, and for x given by (7.1) we have

1G2(u, p, X, P, X) e < c1e™ ™ [[X — Xoller
< c1e”" || Dr(p, x) — Dr(po, Xo) | L. v, ) (B, X) || 5-
Now it is obvious how to complete the proof. O

Corollary 7.4. The map m : I x V — L.(Y,RF) is continuous.

Proof. Use the definition of m, the continuity of F', k and A, and Proposition
7.3. O

Corollary 7.5. The map Dy (F oK) : I xV — L.(Y, B) is continuous.

Proof. For (u,p,x) and (ug,po, xo0) in I x V and (p,%) € Y with ||(B, %)z < 1 we
infer from Eq. (7.2) that

||(DY(F o K)(U,p, X) - DY(F o K)(’U’O?p()?XO))(T?vY)HB

|( (u b, X ) m(uovp(%XO)(ﬁaY” + ||(M(U,p7 X) - M(uo,p07X0)(p7Y)”Cl
< |m(u7p7 X) - m(u07p07X0)|LC(Y,Rk) + ||M(U/ap7 X) - M(anp07 XO)HLC(Y,Cl)'
Use this, Proposition 7.3, and Corollary 7.4. ([l

Theorem 7.6. The restriction of F to the open subset {(t,s,¢) € Q:t > h} # 0
of the continuosly differentiable submanifold R x M of the Banach space R x B =
R x R* x C1 is continuously differentiable.
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Proof. Let (t,s,¢) € Q with t > h be given. Consider N, V, I, k, K as in Proposition
7.1, and Y =T, 4yM . We need to show that FoK :IxV — B has continuously
differentiable partial dgrivatives with respect to the components of Rx Y. Corollary
7.5 takes care of Dy (F o K). From Proposition 7.1 (iv) we infer

Dl(ﬁ © K)(u,p, X)l = Dﬁn(p,x) (u)l

for all (u,p, x) € I x V. This formula, Proposition 5.1(iii), and the continuity of x
combined yield that D1 (F oK) : I x V — L.(R, B) is continuous. O
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8. A MODEL EQUATION AND TEMPORAL ORDER OF REACTIONS

In this section we study the equations from section 1 which model the regulation
of the density of white blood cells, but shall not make use of the monotonicity
properties of the delay function d and of the production function f in the model.
Solet h > 0, p > 0 and continuously differentiable functions f : R — R and
d:R — (0,h) be given. Forn =1 =k and U = (—h,0) x C! we consider the maps
g:U—R and A:U—R

defined by

g(sv ¢) = g,u,f(S, ¢) =—H ¢(0) + f(¢(8)),

A(s, ) = =Auls,¢) = s+d((s))

and verify hypothesis (H): Both maps g, s = —pevigoprs + fo evy and Ay =
pri+do evy are continuously differentiable. For (s, ¢) € (—h,0)x C! and (p,x) € B
(with k = 1) we have

Dgup(s,0)(p,x) = =1 x(0) + f'(8(s))[p ¢ (5) + x(5)].
The previous formula defines extensions D.g, (s, ¢) € L.(R x C,R), and the map
Apg i (=h,0) x CT xR x C 3 (s,0,p,X) = Degpus(s,9)(p,x) € R

is continuous (Here we use that evg and 0 are continuous). For Ay, (s, ¢) € (—h,0)x
C' and (p, x) € B we have

DiAi(s, )1 = d'(¢(s)¢'(s) + 1,
Dyla(s,¢)x = d'(6(s))x(s).

The last formula defines a linear extension Ds A4(s,¢) : C — R of DaA(s, ¢) €
L.(C',R) which is continuous as it is given by d’(ev1 (s, ®))evo(s, x). We also see
that the map

(=h,0) x C* x C > (s,¢,X) — DacAu(s, d)x € R

is continuous.

We obtain
M = {(5,0) € (=h,0) x C" : ¢'(0) = —ug(0) + f((5)),0 = d((s)) + 5,
0 £ d'(6()0/(5) + 1},
and the initial value problem (1.2)-(1.4) becomes
(8.1) () = —pz(t)+ f(x(t+r() for t>0,
(8.2) 0 = d(z(t+r())+rt) for t>0,
(8.3) (r(0),z0) = (s,9).
Also,
___ d'(8(s)x(s)
AN = =GN (s) 1

for (s,¢) € M and x € C, and the equation in Proposition 3.4 becomes

iy A @+ @) (£ ()
(8:4) "0 = e O ) + 1
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The equation in part (i) of the subsequent proposition may be convenient for later
use. Part (ii) implies that the set of all ¢ € C! with det D;A(s,¢) > 0 for some
s € (—h,0) is open and dense in C.

Proposition 8.1. (i) Suppose (r,x) is a solution of the system (8.1)-(8.2) with
domain [0,t.), and t = s+ r(s) for some s € [0,t.). Then

t+d(z(t)) €0,te) and r(t+d(z(t))) = —d(z(t)).
(ii) For every ¢ € C* there exists s € —d(R) C (—h,0) with
A(s,¢) =d(p(s)) +s=0 and det D1A(s,¢)1 = (do¢)'(s)+1>0.
Proof. Assertion (i) follows from
—d(x(t)) = —d(z(s+7(s))) = —d(zs(r(s)))
r(s) and
s = t—r(s)=t+dzs(r(s))) =t+dz(s+1(s))) =t+d(z(t)).
Assertion (ii) follows from (do ¢)(—h) —h < 0 < (do ¢)(0) + 0 and continuity. [

In the sequel we discuss the monotonicity properties of the delayed argument func-
tions
5% [0,ts4) Dt t+1ro%(t) €R

for (s,¢) € M. These functions are continuously differentiable and satisfy

~h<T%(t) <ty forall te[0,tsy)
Notice that for z = 2%¢ and 7 = 7%¢, with (s, ¢) € M, Eq. (8.1) reads

2'(t) = —pa(t) + fz(r(t))).

The manifold M is the disjoint union of its open subsets

My = {(s,6) € M : det D1 A(s,¢) < 0}.
Proposition 8.2. For every (s,¢) € My and for allt € [0,15,4),

F(t,s,¢) € My and (75%)(t) Zo.
For any flowline (r,X): I — M,
either (r(t),X@) e My on I or (r(t),X(t)eM_ on I.

Proof. Let (s,¢) € M, r = %% z = x%?. The first assertion follows since Propo-
sition 3.4 and Eq. (8.4) combined yield

1 1
SAY t = ]_ ! t = =
CRAC) ) d(zt+r@)x't+rt)+1  DiA(r(t),z:)1
on [0,ts 4). The second assertion is a consequence of the first one. O

In light of the preceding result Eq. (8.1) for the evolution in time of the state
x(t) of the system under consideration says the following. If a flowline F(-, s, @)
starts from (s,¢) € M, then for x = 2% and 7 = 7% we have that adjustments
2'(t1) and 2’(t2) to previous states z(7(t1)) and z(7(t2)), with 7(¢1) < 7(t2), occur
always in the same temporal order, i. e., at t; < t3. On the other hand, initial data
in M_ result in adjustments of the state always in reverse temporal order. Such
flowlines with decreasing delayed argument function are short-lived, according to
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the following observation.

Corollary 8.3. For every (s,¢) € M_, ts 4 <h.

Proof. From t —h <t +1r59(t) = 75(t) < 759(0) = r>9(0) < 0 for 0 < t < tg4,
ts,p < h. O

Next we show that in case f is bounded each flowline F'(-, s, ¢), (s,¢) € M, with
ts,6 < 00 has a limit at ¢5 5. We begin with bounds for solutions. Recall first that

~h<r®®(t) <0 forall (s,¢)€ M and t€[0,t54),
due to Eq. (8.2) and the hypothesis d(R) C (0, k).

Proposition 8.4. Suppose ¢ = supgcg |f(§)| < oo. Then each function %9,
(s,¢) € M, is bounded. In case [¢(0)] < £, lz52(t)| < o Jor all t € [0,854).

If ¢(0) > & then — % < z5?(t) < ¢(0) for all t € [0,ts4). If (0) < —+ then
#(0) < 2%9(t) < o for allt €0,ts4).

Proof. Let (s,¢) € M, x = 2%, On (0,ts,4) we have

c d c c
— i xt+>§x't:u»—>xuit§—u<xt—).
(a0 + £) <0 = Gt 2t = St 0%
Hence
c c
z(t) — — < [x(0) — = e
®) M (() l‘)
and
c c
z(0 +)e_“t§$t—|—
CORE 6+
on [0,t.). These inequalities yield the assertions. O

Proposition 8.5. Suppose ¢ = supgcg [f(§)| < oo and let (s,¢) € M. In case
ts. < 0o there exists (w,1) € (—h,0) x C' C B so that

lim (r5(t),25%) = (w,v),

t s,
P'(0) = glw,¥) =—pp(0) + f(¥(w)),
0 = Aw,¢) =d(¢(w)) + w,
0 det D1A(w,v) = d' (Y(w))' (w) + 1.

In particular, (w,v) € M\ M.

Proof. Let (s,¢) € M, r = r®% & = 2% t, =ty 4, 7 = 75%. 7 is bounded (by
h + te) and monotone (Proposition 8.2). Therefore it has a limit at t.. It follows
that also r : [0,t.) 2t — 7(t) —t € [—h,0] has a limit w € [-h,0] at t.. The
boundedness of z and Eq. (8.1) combined yield that z’ is bounded. It follows that
for t /' t. we have

x(t) — x(0) + /(0 t )x’(u)du =¢eR.
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Define ¢ : [—h,0] — R by 9(a) = x(te + a) for —h < a < 0 and (0) = £. Then

Y€ Cand |z —¢|lc = 0ast /.. As evg and f are continuous we infer that
a'(t) = —px(t) + (fo evo)(r(t),xe) — —pp(0) + f(¥(w)) as t 't

We conclude that ¢ € C*,

¥'(0) = —pp(0) + f(h(w)),

and ||zy —¥llcr — 0ast 7 t.. It follows that ||(r(¢),z:) — (w,¥)||p — 0 ast " te.
Next,

0= lim (do evy)(r(t),zs) + r(t) = (do evp)(w, ) + w = d(¢(w)) + w.

t e

As d has range in (0, k) we infer —h < w < 0. Finally, suppose d' (¢(w))y' (w)+1 #
0. Then det D1A(w,v) = D1A(w,)1 # 0, (w,v) € M, and we can use the
flowline F(-,w,%) in order to obtain a contradiction to the fact that (r,z) with
domain [0, ¢.) is a maximal solution. O

The preceding proposition suggests to ask for continuation of flowlines F'(-, s, ¢)
beyond t, 4 < oo, using the limiting state (w,v¢) € B as a new initial condition.
Moreover, would it be possible that a flowline with, say, increasing delayed argu-
ment can be continued beyond t;4 < oo by a flowline with decreasing delayed
argument, and vice versa ? The following result excludes such transient behaviour.

Proposition 8.6. Suppose (z,7) is a solution of the system (8.1)-(8.2) with domain
[0,t.), 0 < t. < oo, and there exists tg € (0,t.) with

(8.5) (r(t),z) € M forall t€0,te)\ {to}

Then either (r(t),z:) € M_ for all t € [0,t.) \ {to}, or (r(t),x:) € My for all
te [Oate) \ {tO}
Proof. 1. The maps [0,t9) 3t — (r(t),z:) € M and (to,tc) 2t — (r(t),x:) € M
are flowlines. Therefore Proposition 8.2 yields that the sign of det D1 A(r(t), z;) # 0
is constant on each of the intervals [0,%y) and (¢o, t.).
2. Set ¢ = x4, € C1. By continuity and —h < r(tg) < 0, there exists § > 0 so that
0<ty—0,tg+0 <teand —h < r(tg+u)+u <0 on (—4,9). For the continuous
maps
pi(=0,0)d2u—r(to+u) R and 7:(-=6,0) > u— p(u)+ue€ (—h,0).
we have
0 = A(r(to+u), Trg4n) = d(x(to +u+r(to +u))) +r(to + u)
(do¢)(p(u) +u) + p(u)
(do¢)(r(u)) +7(u) —u on (=4,9),
and for 0 < |u| < 4,
0 # det DiA(r(to +u), Tyy4u) = d'(x(to + u+1(to +u)))z'(to + u+r(to +u)) + 1
= d'(x(to +u+ p(w))a' (to +u+ p(u)) + 1
d'(x(to + 7(u)2'(to + 7(w)) + 1 = d' (4, (1(w)) (4,) (T (u)) + 1
= d(¢(7(u)¢'(T(u)) + 1= (do¢)'(T(u)) + 1.
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Using the Implicit Function Theorem and continuity we infer that 7 is differentiable
for 0 < |u| < 4. From the equation 0 = do ¢ o 7(u) + 7(u) — u we obtain

1
8.6 "(u) = for 0< |u] <é.
(50 TS e eyt + 1 “
3. Suppose now the assertion is false. It follows that there exists j € {0, 1} so that
for all u € (—6,0) and for all w € (0,d) we have

sign(det DiA(r(to + 1), 410)) = (—1)7 = — sign(det D1 A(r(to + w), Tty 1)),

or equivalently,

(8.7) sign((d o ¢)'(r(u)) +1) = (=1)! = = sign((d o ¢)' (r(w)) + 1).

Using the equations (8.7)-(8.8) and continuity we infer that at v = 0 7 has a
strict local extremum. It follows that there exist u. € (—4,0) and w, € (0,0)
with 7(u.) = 7(w,), which yields a contradiction to Eq. (8.8) with v = u, and
W = Wi. O

Next we find initial data (s,¢) € M \ M from which two flowlines bifurcate, one
into My and the other one into M_. This is, of course, a case of nonuniqueness for
the initial value problem (8.1)-(8.3).

Proposition 8.7. Suppose d is not constant. Then there exist (s,¢) € M \ M,
te > 0 and solutions (r*, %) of the initial value problem (8.1)-(8.3) with common
domain [0,t.) so that

(r(t),2F) € My on (0,t.),

with the delayed argument function 7+ : [0,t.) 2 t — t +r1(t) € R strictly in-
creasing and the delayed argument function 7~ : [0,te) Dt — t + 1~ (t) € R strictly
decreasing.

Proof. Choose £ € R with d'(§) # 0. Set s = —d(£§) € —d(R) C (—h,0). The
function d maps an open interval I 3 £ one-to-one onto an open interval J 5 —s.
Choose an open interval Z C (—h,0) with s € Z so that for all z € Z we have
(2 — 8)? — 2z € J. Then there exists ¢ € C! with

(dog)(2)=(2—5)>—2 forall z€Z
and
¢'(0) = —up(0) + f(d(s)).
Choose t, > 0 with
stt.eZ
and
—h < s—+/t. — te.

Define two functions 7 : [0,t.) — R by 7(¢) = s + v/t. The continuous functions
rE 0t Dt TE(t) —t €R.
satisfy —h < r¥(t) < 0 for all t € [0,t.). Define 2% : [~h,t.) — R by 29 = ¢ and

xi(t) _ e_ltt¢(0) +/ e—u(t—u)f(¢(7_:|:(u)))du
0
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for 0 < t < t.. These functions are continuously differentiable and satisfy

(@) (1) = —pa™ () + f(a* (75(1) = —pa™(t) + f@™(t +r5(1)))
for 0 <t < t.. For such t we also have

A= (t),2i) = dlai (r=(1)) +r5(t)
= daFt+r=@)+7() —t
= d(B(rEW) + () —t
(T5(t) = 8)* = 75(t) + TH() — t =0,
and for 0 < t < ¢,
det DIA(r=(t),277) = d'(ai (rF (1)) (=) (r (1)) +
= d(x ( +rE() (@ )/(75+7“ ())+1
= d(¢(7(1)))e' (5 (1)) +
= (do¢) () +1= 2(ri(t) —s)—14+1==22Vt#0.
Altogether, the pairs (r*,z%) are solutions of the initial value problem (8.1)-(8.3)
with common domain [0,¢.) and satisfy

(ri(t),xti) € My on (0,t.),

(r=(0),25) = (s,) € (=h,0) x C",
(Y (t) = 2%/% >0 on (0,t),
(T)'(t) = _W<O on (0,t.).

In particular, 7 (¢t) # r~(t) on (0,tc). The curves [0,tc) > ¢t — (li(t),xti) €

R x C' = B are continuous, hence (s,¢) = limp o(r*(t),zi) € M. We have
(s,¢) ¢ M because of nonuniqueness (or, because of

det D1A(s, ¢) = 2(1%(0) — s) = 0).
O
We turn to termination of flowlines and show that a pair of flowlines, one with

increasing delayed argument and the other one with decreasing delayed argument,
terminate at the same argument ¢, < oo, with the same delayed argument.

Proposition 8.8. Suppose d is not constant. Then there exist p* € C, st < w <
s~ in (=h,0), t. € (0,00) and P+ € C! with the following properties: (s*,¢*) €
Mi; ts—7¢— == te = ts+,¢+7

tli/rgﬁF(t,s*,sb’) = (w,¥7),
lim F(tsT,6%) = (w,v?).

Proof. Choose £ € R with d'(£) # 0. Set s = —d(£). d maps an open interval
I 5 £ one-to-one onto an open interval J > —s. Choose t, > 0 and an open interval
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Z C (—h,0) with s € Z and
te—(2—8)2—2 € J forall z¢€Z,
st+t. € Z,
s—+te—te > —h.
Define 7+ : [0,t.] — R by
75(t) = s F VI, — L.
Then 7%(t) € Z C (—h,0) for all ¢ € [0,t.], and the continuous function
00t 2t —T1E(1t) —teR
satisfies 0 > 7% (t) > s — /f. —t. > —h on [0,t.]. There exist ¢ € C! so that
(dodp®)(2) = te—(2—8)2—2 forall z€Z,
(6%)(0) = —pd™(0) + f(&*(r(0).
Define z* : [~h,t.] — R by 25 = ¢* and

P = GO + [ e gt ) du
0

for 0 < t < t.. The functions % are continuously differentiable. For all ¢ € [0, ]
we have

pa(t) + f(&F (r5(1))
)+ f@E (D),
= (wt (r (1)) + (1)
= d@F(t+rE) ()~ t
(= (T5(1) +75() — ¢t
= e~ (T5(t) = 8)° = TH() + () — ¢

H,
\]
/\
~
=
=

det Dy A(rE(t), zi) ; d' (zF (rE(t))

I
S
—~
-
H-
2
H

= 2(7E(t) —s) —
= £2vVt.—t.
The last term is nonzero for 0 < t < t. and vanishes at ¢t = t.. For t " t.,
(rE (), @) = (15 (te), 730) = (s — te, 77,),
with respect to the norm on B. Set w = s — t, and ¥+ = :ct Then (w,y) ¢ M
since det D;A(w, ) = 0, and the remaining assertions become obvious, with s~ =

r‘(O):T_(O)zs—l—\/ﬂand st =rT(0) =71(0) = s — VIe. O
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