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Abstract
This dissertation studies mean field type equations and the SU(3) Toda system, significant

topics both in mathematical physics and differential geometry, with wide-ranging applications.

Its primary focus lies in the construction of mixed boundary–interior bubbling solutions on

Riemann surfaces with boundary, which exhibit blow-up at prescribed numbers of points in the

interior and on the boundary as the parameters approach critical values.

For mean field type equations and partial blow-up solutions of Toda systems, variational

methods and Lyapunov-Schmidt reduction are employed to construct the solutions. However, for

asymmetric blow-up solutions of Toda systems, due to the intricate limit profiles, the Lyapunov-

Schmidt reduction cannot be applied directly. Herein, we introduce the “k-symmetric” condition

for the surface and utilize singular perturbation methods to construct a family of bubbling

solutions that blows up at “k-symmetric centers” of the surface.

The dissertation is organized into two parts: one exploring blow-up solutions for mean field

type equations and the other for the SU(3) Toda system. Each part delves into the construction

of blow-up solutions under various scenarios.

Keywords: Mean field equations, Toda system, Blow-up solutions, Lyapunov-Schmidt re-

duction
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Preface
Mean field equations and Toda systems are important topics in mathematical physics and

differential geometry, influencing a broad spectrum of areas. Mean field equations, in particular,

are closely related to various problems such as the Kazdan-Warner problem [KW74, DJLW97,

NT98], the prescribed Gauss curvature problem [CY87,CD87,CGY93,CY88,CL93,Mos73], the

Chern-Simons-Higgs gauge theory [NT99,Tar96,DJLW99b,DJL+01,CY95], statistical mechan-

ics [CLMP92, CLMP95, DJLW99a, CK94, Kie93], and the Keller-Segel system for chemotaxis

collapse [SS00, WW02, KS70, Chi84, Bat19]. These connections imply the equation’s versatil-

ity and profound implications in theoretical and applied mathematics. Toda systems have a

strong connection with geometric constructs. They are associated with holomorphic curves

on surfaces in the CPN , flat SU(N + 1) connection, complete integrability, and harmonic se-

quences [Gue97, BJRW88, Dol97, CW87, BW97]. In particular, for the two-dimensional sphere

S2, the solution space of the SU(3) Toda system is identical to the space of holomorphic curves

of S2 in CP2 [LWY12]. In physics, Toda systems are one of the limiting equations of nonabelian

Chern-Simons gauge field theory (refer to [DJPT91,Dun95,NT99,NT00,Yan99,Yan01] and ref-

erences therein), which implies their significance in understanding complex physical phenomena.

Despite originating from various backgrounds, both mean field equations and Toda systems

can be viewed as generalizations of Liouville-type equations. The SU(3) Toda system can be

described as a coupled system comprising two mean field equations. The exponential non-

linearity of these equations significantly influences the behavior of the solutions, leading to

complex phenomena, including the potential for solutions to exhibit blow-up behavior under

specific conditions. Over the last two decades, mean field equations and Toda systems have

gained significant attention, stimulating fruitful research on their existence, uniqueness, and

blow-up phenomena.

This dissertation delves into the construction of blow-up solutions for mean field equations

and the SU(3) Toda system on compact Riemann surfaces with boundary, focusing on prob-

lems with Neumann boundary conditions. This setting addresses a gap in current research—

predominantly focused on bounded domains in R2 or compact surfaces without boundaries—

and explores blow-up phenomena that may occur on the boundary.

ix



The dissertation is organized as follows:

Chapter 1 serves as the introduction, introducing the research problems, basic settings, and

stating the main results of this thesis.

Chapter 2 introduces basic concepts and tools for studying blow-up solutions on Riemann

surfaces with boundary. This chapter includes discussions on isothermal coordinates, regularity

theory, Green’s functions, Kirchhoff-Routh type functions, and Lyapunov-Schmidt reduction.

Subsequently, the dissertation is divided into two parts: Chapter 3 explores blow-up solutions

for mean field type equations; Chapter 4 and Chapter 5 delve into blow-up solutions for the

SU(3) Toda system.

Chapter 3 specifically aims to construct blow-up solutions on Riemann surfaces with bound-

aries through the variational method and Lyapunov-Schmidt reduction.

Chapter 4 addresses the construction of blow-up solutions that exhibit partial blow-up phe-

nomena, employing Lyapunov-Schmidt reduction. To deal with the component that does not

blow up, we must study the non-degeneracy of singular mean field equations coupled with a

balanced condition which is the so-called shadow system.

Chapter 5 studies asymmetric blow-ups of Toda system. The problem introduces additional

complexity due to its lack of proper approximation solutions, necessitating alternative techniques

or additional assumptions. Under the assumption of a “k-symmetric” property, the construction

of blow-up solutions for the surface is realized by singular perturbation methods.
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“众里寻他千百度，蓦然回首，那人却在，灯火阑珊处。”

——宋·辛弃疾《青玉案》

"In the crowd I seek him a thousand times; suddenly, turning my head, I find

him there where the lights are dim."
-From Qiji Xin, poet of the Song Dynasty, in "Qing Yu An"
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1 Introduction

1.1 Mean field type equations

In the first part, we are interested in the existence of blow-up solutions of the following mean

field equations on a Riemann surface (Σ, g) with smooth boundary ∂Σ:


−∆gu = λ

(
V eu∫

Σ V e
udvg

− 1
|Σ|g

)
in Σ̊

∂νgu = 0 on ∂Σ
, (1.1.1)

where g is the Riemann metric, Σ̊ = Σ \ ∂Σ denotes the interior of Σ, νg is the unit outward

normal to the boundary ∂Σ, ∆g is the Laplace-Beltrami operator, dvg is the volume element in

(Σ, g), |Σ|g =
∫

Σ dvg, V : Σ → R+ is a smooth positive function, and λ ≥ 0 is a parameter.

The existence of solutions for mean field equations on Riemann surfaces has been widely stud-

ied in the past two decades, with most papers dealing with compact surfaces without boundary.

In that case, if λ < 8π the functional

Jλ(u) := 1
2

∫
Σ

|∇u|2 dvg − λ log
(∫

Σ
V eudvg

)

associated to (1.1.1) is bounded below and coercive on a subspace of H1(Σ) with average 0,

H1(Σ) :=
{
u ∈ H1(Σ) :

∫
Σ
udvg = 0

}
.

Due to the Moser-Trudinger inequality, solutions of (1.1.1) can be obtained by minimizing Jλ.

For λ ≥ 8π, the functional Jλ is unbounded from below and above, making the problem more

complicated. In [ST98], Struwe and Tarantello proved the existence of non-trivial solutions on

the flat torus Σ = R2/Z2 for λ ∈ (8π, 4π2). In [DJLW99a], Ding et al. studied the existence of

solutions on general compact Riemann surface with genus ≥ 1 for λ ∈ (8π, 16π). Lin in [Lin00]

considered the case of the 2-dimensional unit sphere S2 for λ ∈ (8π, 16π)∪(16π, 24π) by comput-
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ing the Leray-Schauder degree dλ. In [CL03] Chen and Lin generalized the result of [DJLW99a]

by computing dλ for λ /∈ 8πN+. If the genus of Σ is at least one, then dλ 6= 0, hence (1.1.1) has

a solution. Unfortunately, when Σ is a sphere and λ ∈ (8πk, 8π(k+ 1)) with k ≥ 2, then dλ = 0,

so this method does not yield the existence of solutions. The first complete existence result for

a general compact surface was given by Djadli [Dja08]. He applied variational methods, and

the min-max scheme introduced by Djadli and Malchiodi in [DM08] to obtain the existence of

a solution for λ /∈ 8πN+. In a very recent paper [LSY23], Li, Sun, and Yang considered the

mean field equation on compact Riemann surfaces with smooth boundary. They show that the

mean field equation with Dirichlet boundary conditions has a solution for λ /∈ 8πN+ provided

the surface is not contractible. They also showed that the mean field equation with Neumann

boundary conditions (1.1.1) admits a solution for λ /∈ 4πN+, even if Σ is contractible.

For (1.1.1), blow-up solutions of mean field equations have been constructed for bounded

domains in R2 with Dirichlet boundary conditions and compact surfaces without boundary. See

[BM91,dPKM05,dPW06,EGP05,MW01,NS90,Suz92] for mean field equations on domains, and

[BGH+20,EF14,Fig23] for mean field equations on compact closed surfaces, and the references

therein.

In Chapter 3, we can consider a more general problem by introducing a linear source term

with parameter β ≥ 0 as follows:


−∆gu+ βu = λ

(
V eu∫

Σ V e
udvg

− 1
|Σ|g

)
in Σ̊

∂νgu = 0 on ∂Σ
, (1.1.2)

where the parameters λ, β ∈ R and V is a non-negative smooth function with a finite set of

zeros, denoted by {q1, · · · , qι} for some ι ∈ N. Apparently, when β = 0 and V is a positive

function, (1.1.2) reduces to the classical mean field equation (1.1.1). The formulation in (1.1.2)

arises from the steady state of the Keller-Segel system; here, the Neumann boundary condition

serves as the natural boundary condition for models of chemotaxis phenomena.

In the one-dimensional case, Schaaf proved the existence of non-trivial solutions using a

bifurcation technique in [Sch85]. For the higher-dimensional case with dimension N ≥ 3, we

refer to [AP16, PV15, Bil98] and references therein. We specifically focus on the case where

dimension N = 2. By Struwe’s technique and blow-up analysis, Wang and Wei in [WW02]

obtained non-constant solutions for β > λ
|Ω| − λ1 and λ ∈ (4π,+∞) \ 4πN+, where λ1 is the

first eigenvalue of −∆ with the Neumann boundary condition. Independently, Senba and Suzuki

deduced the same result in [SS00]. Battaglia generated their result for λ ∈ (0,+∞)\4πN+ and β

with any sign in [Bat19]. He proved the existence of nonconstant solutions with some algebraic

2



conditions involved with β, λ and eigenvalues λi by the variational method and Morse theory.

However, when λ approaches the critical value set 4πN+, the blow-up phenomena may occur.

Del Pino and Wei in [dPW06] constructed positive value bubbling solutions for the Neumann

boundary condition problem on a bounded domain Ω ⊂ R2 for parameter β > 0

 −∆u+ βu = ε2eu in Ω

∂νu = 0 on ∂Ω
, (1.1.3)

by the Lyapunov-Schmidt reduction as ε → 0. In particular, the sequence of bubbling solutions

blows up at k distinct points ξ1, · · · , ξk inside the domain Ω andm−k distinct points ξk+1, · · · , ξm

on the boundary of Ω. Moreover, as ε → 0

uε →
k∑
i=1

8πδξi
+

m∑
i=k+1

4πδξi
,

in the sense of measures on Σ, where δξ is Dirac mass concentrated at ξ. To the best of

the author’s knowledge, it is the first result concerning the construction of blow-up solutions

on the boundary for Liouville-type equations with Neumann boundary conditions. The tech-

nique so-called “localized energy method” developed to address blow-up points of the boundary

in [dPW06] is very important for this project.

Subsequently, Del Pino, Pistoia, and Vaira in [dPPV16] constructed solutions of (1.1.3) that

blow up along the whole boundary ∂Ω.

Inspired by [dPW06], we study the blow-up solutions of a generalized mean field equa-

tion (1.1.2) and naturally the blow-up solutions of (1.1.1) are constructed. Specifically, given

integers m ≥ k ≥ 0, we establish sufficient conditions for blow-up solutions. Moreover, the

precise locations of blow-up points are explicitly characterized by the stable critical point set of

a reduced function FV
k,m defined by (2.6.2) in terms of Green’s function on Σ and the potential

function V . It is noteworthy that we allow V to be 0 at qi for any i = 1, · · · , ι where ι ∈ N.

So, it is also possible to establish the existence of blow-up solutions for the following singular

problem:


−∆gũ+ βũ = λ

(
Ṽ eũ∫

Σ Ṽ e
ũdvg

− 1
|Σ|g

)
−

ι∑
i=1

ni
%(qi)

2

(
δqi − 1

|Σ|g

)
in Σ̊

∂νg ũ = 0 on ∂Σ

. (1.1.4)

Here, %(x) = 8π when x ∈ Σ̊ and 4π when x ∈ ∂Σ, Ṽ is a positive smooth function, and

ni ∈ N for i = 1, · · · , ι. Notably, the problem (1.1.4) is a special example of (1.1.2). We take

3



u(x) = ũ(x) +
∑ι
i=1 ni

%(qi)
2 Gg(x, qi) and V (x) = Ṽ (x)e−4π

∑ι

i=1 ni
%(qi)

2 Gg(x,qi), where Gg(·, qi) is

the Green’s function defined in Section 2.4. Then, u satisfies the equations (1.1.2) in which V

is a nonnegative smooth function with the zero set {q1, · · · , qι}.

Our main challenge is that the Neumann boundary condition implies the potential occurrence

of blow-up points on the boundary. The estimates derived for the interior case cannot be

straightforwardly applied to the boundary scenario. To address this difficulty, we employ the

approximation solutions from [EF14] for closed Riemann surfaces with some modification on the

boundary and then use the Lyapunov-Schmidt reduction and variational methods to establish

a sufficient condition for the existence of bubbling solutions for λ approaching the critical value

set 4πN+.

Throughout this dissertation, we denote %(x) = 8π if x ∈ Σ̊ and 4π if x ∈ ∂Σ and λk,m =

4π(m+ k). We define the configuration set as follows:

Ξk,m = Σ̊k × (∂Σ)m−k \ Fk,m(Σ),

where Fk,m(Σ) := {ξ = (ξ1, · · · , ξm) : ξi = ξj for some i = j} is called the thick diagonal.

Let Σ′ := {x ∈ Σ : V (x) > 0} and then we define that

Ξ′
k,m := Ξk,m ∩ (Σ′)m.

The main theorem in Chapter 3 is as follows:

Theorem 1.1.1. Given integers k ≤ m ∈ N+. If (∅ 6=)K ⊂⊂ Ξ′
k,m is a C1-stable critical point

set of FV
k,m (see (2.6.2)), then there exists ε0 > 0 such that for any ε ∈ (0, ε0) a family of blow-up

solutions uε of (1.1.2) with λε → λk,m can be constructed. Furthermore, solutions uε blow up

precisely at points ξ1, · · · , ξm with ξ = (ξ1, · · · , ξm) in K, (up to a subsequence), as ε → 0

λεV e
uε∫

Σ V e
uεdvg

→
m∑
i=1

%(ξi)δξi
,

which is convergent as measures on Σ.

We define the set of global minimum points of FV
k,m as follows:

Kmin :=
{
x ∈ Ξ′

k,m : FV
k,m(ξ) = inf

Ξ′
k,m

FV
k,m

}
. (1.1.5)

Corollary 1.1.2. Given integers 0 ≤ k ≤ m ∈ N+. Suppose Kmin 6= ∅. Then, the conclusions

in Theorem 1.1.1 hold. Furthermore, uε has k local maximum points ξεi in Σ̊ for i = 1, · · · , k

4



and m−k local maximum points ξεi restricted to the boundary ∂Σ for i = k+ 1, · · · ,m such that

up to a subsequence (ξε1, · · · , ξεm) converges to ξ := (ξ1, · · · , ξm) ∈ Kmin with

lim
ε→0

FV
k,m(ξε1, · · · , ξεm) = min

Ξ′
k,m

FV
k,m = FV

k,m(ξ).

Remark 1.1.3. If the zero set of V is empty, FV
k,m is divergent towards +∞ as ξ approaches

∂Ξk,m (see Lemma 2.6.1). This divergence suggests the presence of at least one global minimum

point in the interior of Ξk,m, i.e.

Kmin 6= ∅.

Additionally, a local minimum point is stable. Consequently, in this scenario, the blow-up solu-

tions must exist. However, when V (q) = 0 for some q ∈ Σ, a challenge arises. As ξ approaches

∂Ξk,m, there exist cases where the first two terms related to Green’s functions go to +∞ while the

last term approaches −∞ as ξ approaches to ∂Ξ′
k,m, leading to complicated asymptotic behaviors

of FV
k,m.

1.2 Toda systems

In the second part, we consider the following Toda system on a Riemann surface Σ with

Riemann metric g:


−∆gu1 = 2ρ1

(
V1eu1∫

Σ V1eu1dvg
− 1

|Σ|g

)
− ρ2

(
V2eu2∫

Σ V2eu2dvg
− 1

|Σ|g

)
in Σ̊

−∆gu2 = 2ρ2

(
V2eu2∫

Σ V2eu2dvg
− 1

|Σ|g

)
− ρ1

(
V1eu1∫

Σ V1eu1dvg
− 1

|Σ|g

)
in Σ̊

∂νgu1 = ∂νgu2 = 0 on ∂Σ

, (1.2.1)

where ρi is a non-negative parameter and Vi : Σ → R+ is a smooth positive function for any

i = 1, 2. For simplicity, we normalize the area of Σ, i.e. |Σ|g = 1.

The system (1.2.1) has a variational structure with the corresponding energy functional

Jρ(u1, u2) =
∫

Σ
Q(u, u)dvg +

2∑
i=1

ρi

(
1

|Σ|g

∫
Σ
uidvg − log

∫
Σ
Vie

uidvg

)
,

where the parameter ρ = (ρ1, ρ2), and the bilinear map

Q(v, w) = 1
3

〈∇v1,∇w1〉g + 1
3

〈∇v2,∇w2〉g + 1
6

〈∇v2,∇w1〉g + 1
6

〈∇v1,∇w2〉g

for v = (v1, v2) and w = (w1, w2).

The weak solutions of (1.2.1) correspond to the critical points of the functional Jρ on H1(Σ)×

5



H1(Σ). Nevertheless, we focus on solutions in the subspace of H1(Σ)×H1(Σ) where
∫

Σ uidvg = 0

for each i = 1, 2. Both (1.2.1) and the energy functional Jρ exhibit invariance under the addition

of a constant; thus, our assumption does not impose a significant limitation. Define the inner

product 〈u, v〉 =
∫

Σ〈∇u,∇v〉gdvg for any u, v ∈ H1(Σ). We study the functional Jρ on the space

H1(Σ) × H1(Σ) instead of H1(Σ) ×H1(Σ).

The problem (1.2.1) is the classical SU(3) Toda system. The study of the Toda system on

compact Riemann surfaces without boundary has attracted considerable attention. A primary

tool for controlling the exponential terms in the Toda system is the Moser-Trudinger inequality,

which allows for the exponential term to be bounded by the H1-norm. A sharper version of this

inequality for the Toda system is given by Jost and Wang in [JW01]:

4π log
∫

Σ
eu1dvg + 4π log

∫
Σ
eu1dvg ≤

∫
Σ
Q(u, u)dvg + CΣ, u = (u1, u2) ∈ H1(Σ) × H1(Σ).

(1.2.2)

It implies that if ρi < 4π for i = 1, 2 the functional Jρ is coercive and bounded from below. Via

the standard variational method, Jρ admits a minimizer. A crucial insight from [JW01] reveals

that the functional Jρ is bounded from below if and only if ρi ≤ 4π for any i = 1, 2. However,

situations where the ρi’s exceed the threshold of coercivity value 4π become more intricate. With

a certain constraint on the Gaussian curvature, Jost, Lin, and Wang [JLW05] prove that Jρ has a

minimizer when ρ1 = 4π and ρ2 ∈ (0, 4π). Independently, Li [LL05] studies the case ρi = 4π for

both i = 1, 2. For surfaces Σ with a positive genus, the Toda system has been shown to possess

solutions for ρi /∈ 4πN+ for i = 1, 2 (see [BJMR15]). In general genus settings, Malchiodi and

Ndiaye in [MN07] prove the existence of solutions for ρ1 ∈ (4πm, 4π(m + 1)) and ρ2 ∈ (0, 4π),

with m ∈ N. Subsequent research has addressed cases where one of the parameters ρi lies in

(4π, 8π), confirming the existence of solutions on surfaces with positive genus (see [MR10]) and

without genus restrictions (see [JKM15]). The problem of the existence of general parameters

and genus remains an open question.

Suppose un = (un1 , un2 ) be a sequence of solutions of (1.2.1) with the parameter ρn = (ρn1 , ρn2 )

that converges to ρ = (ρ1, ρ2) as n → +∞. We define the blow-up set for uni as

Si := {x ∈ Σ : ∃xn → x such that uni (xn) → +∞} ,

and the local limit masses as

σi(x) = lim
r→0

lim
n→+∞

ρni

∫
Ur(x)

Vie
un

i∫
Σ Vie

un
i dvg

dvg for i = 1, 2,
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where Ur(x) := {x′ ∈ Σ : dg(x, x′) < r} and dg(·, ·) denotes the distance induced by the geodesic

on (Σ, g). Let S := S1 ∪ S2 which is called the blow-up points set of the Toda system (1.2.1).

For Σ compact Riemann surfaces with smooth boundary, for any x ∈ S, (σ1(x), σ2(x)) can

only take the following five possible values (refer to [JLW05] for a domain in R2). Specifically,

we have the following statement:

Proposition 1.2.1. Let (σ1(x), σ2(x)) be the local limit masses of Toda system (1.2.1). Then

(σ1(x), σ2(x)) ∈
{(

0, 1
2
%(x)

)
,

(1
2
%(x), 0

)
,

(1
2
%(x), %(x)

)
,

(
%(x), 1

2
%(x)

)
, (%(x), %(x))

}
.

Based on the values of (σ1(x), σ2(x)) at blow-up point x, we have the following three scenar-

ios:

i). Partial blow-up:
(

1
2%(x), 0

)
,
(
0, 1

2%(x)
)
. In this case, one component is bounded from

above around x, and the other blows up at x;

ii). Asymmetric blow-up:
(

1
2%(x), %(x)

)
,
(
%(x), 1

2%(x)
)
. In this case, both components blow

up at the same point x but with different rates;

iii). Full blow-up: (%(x), %(x)). In this case, both components blow up at the same point x

with the same rates.

In the subsequent two chapters, we explore the construction of blow-up solutions, focusing

on partial and asymmetric blow-up phenomena, respectively. For the full blow-up scenario,

the special case where u1 = u2 and ρ1 = ρ2 simplify the system to a mean field equation.

For this equation, blow-up solutions have been constructed in both bounded domains, closed

Riemann surfaces and compact Riemann surfaces with boundary (see [EGP05,BGH+20,EF14]

and Chapter 3, respectively). However, the general case of full blow-ups remains unresolved.

Lin, Wei, and Zhao have examined blow-up solutions in the full blow-up scenario, providing

five necessary conditions for the existence of such solutions, indicating the increased difficulty

of constructing full blow-up solutions in [LWZ12]. The discussion of the full blow-up case is

beyond the scope of this thesis due to its complexities.

In Chapter 4, we construct a family of blow-up solutions via the Lyapunov-Schmidt reduction

and variational methods, where one component remains uniformly bounded from above, while

the other exhibits blow-ups at a prescribed number of points, both in the interior and on the

boundary. This construction is based on a non-degeneracy hypothesis of a “shadow system”.

For partial blow-up scenarios, D’Aprile, Pistoia, and Ruiz employ Lyapunov-Schmidt re-

duction and variational methods to successfully construct partial blow-up solutions, either in
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simply connected domains or when one of the parameters is sufficiently small in [DPR15]. In-

dependently, [LLWY18] proved the existence of blow-up solutions exhibiting partial blow-up for

min {ρ1, ρ2} < 8π on closed Riemann surfaces by the method of degree counting.

Given integers m ≥ k ≥ 0, consider a sequence ρn := (ρn1 , ρn2 ) where ρn2 = ρ2 ∈ (0, 2π) and

ρn1 approaches 2π(m+ k). We aim to construct a sequence of solutions un = (un1 , un2 ) for which

un1 exhibits blow-up while un2 remains bounded from above. We denote

Ξδk,m := {ξ ∈ Ξk,m : dg(ξi, ∂Σ) ≥ δ for i = 1, · · · , k; dg(ξi, ξj) ≥ δ for i 6= j} ,

for any δ > 0, To address the component without blow-ups, we introduce solutions of the

following singular mean field equations:


−∆gz(x) = 2ρ2

(
Ṽ2(x, ξ)ez(x)∫

Σ Ṽ2(·, ξ)ezdvg
− 1

)
x ∈ Σ

∂νgz(x) = 0 x ∈ ∂Σ
, (1.2.3)

where ξ ∈ Ξk,m and

Ṽ2(x, ξ) = V2(x)e−
∑m

i=1
1
2%(ξi)Gg(x,ξi),

where Gg is the Green’s function (for details, refer to Section 2.4). Since 2ρ2 < 4π, the energy

functional

Iξ(z) = 1
2

∫
Σ

|∇z|2gdvg − 2ρ2 log
(∫

Σ
Ṽ2(·, ξ)ezdvg

)
is coercive by the Moser-Trudinger inequality. Standard variational analysis indicates that (1.2.3)

admits a solution in H1(Σ) for ρ2 ∈ (0, 2π). However, the non-degeneracy of the solutions is not

guaranteed. To address this issue, additional conditions are needed.

Define the reduced function as follows for given V1 ∈ C∞(Σ,R+):

Λk,m : Ξk,m → R, ξ 7→ 1
2
Iξ(z(·, ξ)) − 1

4
FV1
k,m(ξ), (1.2.4)

where FV1
k,m is defined by (2.6.2) and z(·, ξ) is a solution of (1.2.3) with respect to ξ.

As in [LLWY18], for fixed ρ2 /∈ 2πN and some α ∈ (0, 1), we consider the following shadow

system in the space C2,α(Σ) × Ξk,m with restriction
∫

Σwdvg = 0:


−∆gw = 2ρ2

 V2e
w−
∑m

i=1
%(ξi)

2 Gg(x,ξi)∫
Σ V2e

w−
∑m

i=1
%(ξi)

2 Gg(x,ξi)
dvg

− 1

 in Σ̊

∂νgw = 0 on ∂Σ

∇f0(ξ) = 0 in Ξk,m

, (1.2.5)
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where f0(ξ1, · · · , ξm) = FV1
k,m(ξ) −

∑m
i=1 %(ξi)w(ξi).

We consider the following hypothesis:

(H1) There exists a non-degenerate solution (w, ξ) ∈ C2,α(Σ) × Ξk,m with
∫

Σwdvg = 0 of

the shadow system (1.2.5) for the positive potential function (V1, V2) ∈ C2,α(Σ,R+) ×

C2,α(Σ,R+).

Theorem 1.2.2. Given integers m ≥ k ≥ 0 and ρ2 /∈ 2πN. If the hypothesis (H1) is satisfied

for the potential functions V1, V2 and (w, ξ), then there exist an open neighborhood of ξ denoted

by D(⊂ Ξk,m) and a constant ε0 > 0 such that a family of solutions uε = (u1,ε, u2,ε) of the Toda

system (1.2.1) corresponding to the parameter ρε = (ρε1, ρ2) can be constructed for ε ∈ (0, ε0).

Moreover, as ε → 0, ρε → (2π(m + k), ρ2), there exists a sequence ξε = (ξε1, · · · , ξεm) → ξ in

Ξk,m such that

2ρε1
V1e

u1,ε∫
Σ V1eu1,εdvg

→
k∑
i=1

8πδξi
+

m∑
i=k+1

4πδξi
, (1.2.6)

which is convergent as measures on Σ, and

u2,ε = w(·, ξε) − 1
2

m∑
i=1

%(ξi)Gg(·, ξεi ) + o(1), (1.2.7)

which is convergent in H1(Σ).

For the parameter ρ2 ∈ (0, 2π) sufficiently small, we can deduce the uniqueness and non-

degeneracy of the solutions of (1.2.3) by the implicit function theorem (refer to Section 4.1) for

any ξ in a compact subset of Ξk,m. On the other hand, FV1
k,m(ξ) → +∞ as ξ → ∂Ξk,m, which

implies that the global minimum point of the reduced function Λk,m exists and lies in the interior

of Ξk,m. Hence, for ρ2 ∈ (0, 2π) sufficiently small, the hypothesis (H1) holds true. It leads to

the following corollary:

Corollary 1.2.3. Given integers m ≥ k ≥ 0. There exist an open subset D ⊂ D ⊂ Ξk,m
and ρ0 ∈ (0, 2π) sufficiently small such that for any fixed ρ2 ∈ (0, ρ0), a family of solutions

uε = (u1,ε, u2,ε) of the Toda system (1.2.1) corresponding to the parameter ρε = (ρε1, ρ2) →

(2π(m + k), ρ2) can be constructed and they blow up at k-points in the interior and (m − k)-

points on the boundary.

Moreover, there exists a sequence ξε ∈ Ξk,m converging to some ξ ∈ D such that (1.2.6) is

valid for ρε1 and u1,ε, (1.2.7) is valid for ρ2 and u2,ε, and infΞk,m
Λk,m = Λk,m(ξ).

Applying a transversality theorem, the shadow system (1.2.5) is non-degenerate for a generic

positive function (V1, V2) ∈ C2,α(Σ,R+) × C2,α(Σ,R+) (refer to Theorem 4.1.8). We select
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(V1, V2) ∈ C2,α(Σ,R+) ×C2,α(Σ,R+) such that (1.2.5) is nondegenerate for any solution (w, ξ).

Using the method of continuity, we deduce the existence of a solution (w, ξ) of the shadow

system (1.2.5), leading to our second corollary:

Corollary 1.2.4. Suppose m ≥ k ≥ 0 are integers, and ρ2 ∈ (0, 2π). For a generic positive

function (V1, V2) in C2,α(Σ,R+) × C2,α(Σ,R+), the conclusions of Theorem 1.2.2 hold.

In chapter 5, we discuss asymmetric blow-up solutions for the SU(3) Toda system. Concern-

ing asymmetric blow-ups, Ao and Wang in [AW14] introduced a family of blow-up solutions for

Toda systems with Dirichlet boundary conditions on a unit ball centered at the origin, which

exhibits a single blow-up point at the center. D’Aprile, Pistoia and Ruiz extended this result to

planar domains that possess a so-called “k-symmetric” property for k ≥ 2, as ρ1 → 8π, while the

fixed parameter ρ2 ∈ (4π, 8π) in [DPR16]. Furthermore, Musso, Pistoia, and Wei generalized

the result of [DPR16] for the SU(N + 1) Toda system, applying the same approach, singular

perturbation, for N ≥ 2 in [MPW16].

Let Σ be a Riemann manifold (with or without boundary) with dim(Σ) = n. Let H be a

closed subgroup of Iso(Σ), where Iso(Σ) is the isometry group on Σ. We denote

Σ0 = {x ∈ Σ : γ(x) = x for any γ ∈ H},

which is the fixed point set under the action H.

Since isometries preserve the angles and send geodesic to geodesic, as in [IN06, Lemma 2.2],

we have the following lemma:

Lemma 1.2.5 (see [IN06]). Let x ∈ Σ0. Then the action of H in a neighborhood U around x is

smoothly conjugated to the action of a closed subgroup of the orthogonal group O(n) in the open

unit ball Bn1 ⊂ Rn if x /∈ ∂Σ, or O(n − 1) × {id} in the cylinder Bn−1
1 × [0, 1) ⊂ Rn−1 × R+ if

x ∈ ∂Σ.

In our context, we set (Σ, g) as a compact Riemann surface with smooth boundary. We

consider H to be a closed subgroup of O(3), the orthogonal group of degree 3. Let

Rk =


cos πk sin π

k 0

− sin π
k cos πk 0

0 0 1

 ∈ O(3), (1.2.8)

for k ∈ N+.

Definition 1.2.6. Let Σ be a Riemann surface. Given an integer k ≥ 1, we say Σ is k-symmetric
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if Σ can be embedded in R3 and is invariant under Rk. We say x is a k-symmetric center of Σ

if x ∈ Σ0.

Definition 1.2.7. Let Σ be a k-symmetric surface. A function f : Σ → R is Rk-invariant if

and only if for any x ∈ Σ, f(x) = f(Rkx).

By technique reasons, we assume that Σ is a “k-symmetric” surface for k ≥ 2. Due to the

smoothness of the boundary, we know that Σ0 ∩ ∂Σ = ∅.

Theorem 1.2.8. Given k ≥ 2, we assume that Σ is a k-symmetric surface with non-empty fixed

point set under the action of the isometric group 〈Rk〉, i.e.

Σ0 :=
{
x ∈ Σ : Ri

k(x) = x for any i ∈ N
}

6= ∅,

and the potential functions V1, V2 are Rk-invariant. For any distinct points ξ1, · · · , ξm ∈ Σ0,

there exists a family of solutions uε = (u1,ε, u2,ε) of (1.2.1) which blows up precisely at ξ1, · · · , ξm

with ρε := (ρε1, ρε2) → (4πm, 8πm) as ε → 0 and (σ1(ξj), σ2(ξj)) = (4π, 8π) for j = 1, · · · ,m.

Furthermore, as ε → 0

ρε1
V1e

u1,ε∫
Σ V1eu1,εdvg

→
m∑
j=1

4πδξj
and ρε2

V2e
u2,ε∫

Σ V2eu2,εdvg
→

m∑
j=1

8πδξj
,

which are convergent as measures on Σ.

Remark 1.2.9. • As in [MPW16], we can extend our result for SU(N + 1) Toda systems

(N ≥ 1) with minor modification of the approach we applied.

• Two-dimensional spheres and half spheres are typical examples of the k-symmetric surfaces

for any k > 0 and their symmetric centers are precisely at the pole points (see Fig. 1.1).
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Figure 1.1: Disjoint union of spheres and half spheres

Referring to Lemma 1.2.5, it is observed that for any fixed point x ∈ ∂Σ under the action of

a closed subgroup of the isometric group, the local behavior of the action is equivalent to a

closed subgroup of O(1)×{id} acting on the cylinder (−1, 1)×[0, 1). While O(1) = {1,−1},

a function invariant under reflection fails to demonstrate the invertibility of the linearized

operator. This limitation constitutes the primary obstacle preventing the construction of

blow-up points on the boundary through this approach.
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2 Preliminaries

2.1 Notations

Throughout this paper, we use the terms “sequence” and “subsequence” interchangeably, as

the distinction is not crucial for the context of our analysis. The constant denoted by C in our

deduction may assume different values across various equations or even within different lines of

equations.

The table below enumerates the mathematical symbols and notations employed throughout

this dissertation:

Σ̊ The interior of the Riemann surface Σ

∂Σ The boundary of the Riemann surface Σ

∆g The Laplace-Beltrami operator with respect to metric g

dvg The area element in (Σ, g)

dsg The line element in ∂Σ with respect to metric g

|Σ|g The area of Σ, i.e.
∫

Σ dvg

νg The unit outward normal of ∂Σ

N The set of non-negative integers

N+ The set of positive integers

R+ (0,+∞)

R2
+ {y = (y1, y2) ∈ R2 : y2 ≥ 0}

Bnr (ŷ) {y ∈ Rn : |y − ŷ| < r},B2
r(ŷ), particularly Br(ŷ) := B2

r(ŷ)

Bnr {y ∈ Rn : |y| < r},B2
r , particularly Br = B2

r

B+
r {y = (y1, y2) ∈ R2 : |y| < r, y2 ≥ 0}

D {y = (y1, y2) ∈ R2 : |y| ≤ 1}

dg(x, x̂) The metric distance defined by the geodesics for the Riemann metric g

dg(A,B) infx∈A,x̂∈B dg(x, x̂), for A,B two subsets of Σ
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Fk,m(X,Y ) {ξ := (ξ1, · · · , ξm) ∈ Xk × Y m−k : ξi = ξj for some i 6= j}, for integers m ≥ k ≥ 0

Lp(Σ) For p ∈ [1,+∞), Lp(Σ) := {u :
∫

Σ |u|pdvg < +∞} with ‖u‖p := (
∫

Σ |u|pdvg)1/p;

for p = ∞, L∞(Σ) := {u : supΣ |u| < +∞} with ‖u‖∞ := supΣ |u|

W s,p(Σ) The Sobolev spaces, W s,p(Σ) = {u ∈ Lp(Σ) : Dαu ∈ Lp(Σ) for all α with |α| ≤ s},

for s ∈ N, p ≥ 1 and Dα denotes the weak derivative for the multi-index α

W s,p
∂ (Σ) {h|∂Σ : h ∈ W s,p(Σ)} with ‖h‖W s,p

∂
(Σ) := inf{‖ψ‖W s,p(Σ) : ψ ∈ W s,p(Σ) with ψ|∂Σ = h}

W s,p
0 (Σ) {u ∈ W s,p(Σ) :

∫
Σ udvg = 0}

H1(Σ) W 1,2(Σ)

H1(Σ) {u ∈ H1(Σ) :
∫

Σ udvg = 0}

with the inner product 〈u, v〉 :=
∫

Σ〈∇u,∇v〉g + βuvdvg (In Part II, β = 0)

Cs,α(Σ)
{
u : ‖u‖Cs < ∞, [Dsu]α = supx,y∈Σ,x 6=y

|Dsu(x)−Dsu(y)|
|x−y|α < ∞

}
,

for a non-negative integer s and a Hölder coefficient 0 < α ≤ 1

Cα(Σ) C0,α(Σ)

Cs,α0 (Σ)
{
u ∈ C2,α(Σ) :

∫
Σ udvg = 0

}
Cα0 (Σ) C0,α

0 (Σ)

C∞
c (X) C∞

c (X) := {u : u is a smooth function on X with a compact support }

f 1
|Σ|g

∫
Σ fdvg for any function f ∈ L1(Σ)

i(ξ) i(ξ) = 2 if ξ ∈ Σ̊ and i(ξ) = 1 if ξ ∈ ∂Σ

%(ξ) %(ξ) = 8π if ξ ∈ Σ̊ and %(ξ) = 4π if ξ ∈ ∂Σ

A ⊂⊂ B A is a compact subset of B

suppf The support of the function f , i.e. {x : f(x) 6= 0}

δξ The Dirac measure on Σ concentrated at point ξ

δij The Kronecker symbol, i.e. δij = 1 if i = j and 0 if i 6= j
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2.2 Isothermal coordinates

In our study, we focus on the context of compact Riemann surfaces. While this constraint

may appear to be rather strong, it includes a broad range of 2-dimensional manifolds, because

any orientable Hausdorff 2-dimensional manifold can be endowed with the structure of a Riemann

surface (see [Ber57, Section 2]). Every Riemann surface (Σ, g) is locally conformally flat, and

the local coordinates in which g is conformal to the Euclidean metric are called isothermal

coordinates (refer to [Che55,Ber57], for instance).

We will introduce a family of isothermal coordinates for the Riemann surface (Σ, g) following

the constructions in [EF14,YZ21].

For any ξ ∈ Σ̊, there exists an isothermal coordinate system (U(ξ), yξ) such that yξ maps an

open neighborhood U(ξ) around ξ onto B2rξ
denoted by Bξ in which g =

∑2
i=1 e

ϕ̂ξ(yξ(x))dxi⊗dxi,

where 1
2 ϕ̂ξ is the conformal factor. Without loss of generality, we can assume that yξ(ξ) = (0, 0)

and U(ξ) ⊂ Σ̊.

When it comes to ξ on the boundary ∂Σ, we apply a lemma in [YZ21] to map a neighborhood

around ξ onto a half ball in R2 conformally.

Lemma 2.2.1 (Lemma 4 of [YZ21]). Let (Σ, g) be a compact Riemann surface with smooth

boundary ∂Σ. For any fixed point ξ ∈ ∂Σ, there exists a constant δ > 0 and an isothermal coor-

dinate system (U(ξ), yξ; {y1, y2}) around ξ such that yξ(ξ) = (0, 0), U(ξ) ⊂ Σ is a neighborhood

of ξ, yξ(U(ξ)) = B+
δ and yξ(U(ξ) ∩ ∂Σ) = B+

δ ∩ ∂R2
+. In this coordinate system, there exists a

function ϕ̂ξ ∈ C∞(B+
δ ) such that for any x ∈ U(ξ), the metric can be written as

g =
2∑
i=1

eϕ̂ξ(yξ(x))dxi ⊗ dxi.

Let νg be a unit outward vector field on the boundary ∂Σ. For any x ∈ U(ξ) ∩ ∂Σ, we denote

y = yξ(x), then

(yξ)∗(νg)|x = −e− 1
2 ϕ̂ξ(y) ∂

∂y2

∣∣∣∣
y=yξ(x)

.

The proof is originally from [YZ21]. For the reader’s convenience, I will briefly show it here.

Proof. Since Σ is compact, there exists another Riemann surface (Σ∗, g∗) with smooth boundary

∂Σ∗ such that

Σ ⊂ Σ∗, dg∗(Σ, ∂Σ∗) > 0, g∗ = g on Σ,

and ξ is in the interior of Σ∗. By [Che55], there exists a neighborhood U around ξ on Σ such
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that

ψ̃1 : U → Br ⊂ R2

with ψ̃1(ξ) = (0, 0) and

g =
2∑
i=1

e2f1(ψ̃1(x))dxi ⊗ dxi,

where f1 is a smooth function with f1(0, 0) = 0. Denote U1 = U ∩ Σ and ψ1 = ψ̃1|U1 . Then,

ψ1 : U1 → Ω1

is a diffeomorphism with ψ1(ξ) = (0, 0) and ψ1(U1 ∩ ∂Σ) = Γ1 ⊂ ∂Ω1, where Ω1 ⊂ R2 with

smooth boundary ∂Ω1 apart from two corner points. Moreover, the metric in U1 can be written

as

g =
2∑
i=1

e2f1(ψ1(x))dxi ⊗ dxi.

We denote ν1 = (ψ1)∗(νg). It follows that ν1 = e−f1(x)ν0, where ν0 is the unit outward normal

at Γ1 for Ω1.

To get a smooth domain, we take Ω2 ⊂ Ω1 to be a smooth domain such that (0, 0) is an

inner point with respect to its boundary ∂Ω2 and a smooth curve Γ2 := ψ1(Ω2 ∩ ∂Σ) ⊂ Γ1.

Applying the Riemann mapping theorem (see [Ahl78, Section 6.1]), there exists a conformal

map ψ2 : Ω2 → D with w = ψ2(z) and ψ2(0, 0) = (0,−1), where z = z1 + iz2. Theorem 3.5

and Theorem 3.6 of [Pom92] imply that ψ2 can be extended to be a smooth map from Ω2 to D.

Hence, Ω2 is conformal to a closed disk D in R2 by ψ2 and ψ′
2(z) 6= 0 for any z = z1 + iz2 ∈ Ω2.

For fixed q /∈ ψ2(Γ2), there exists a Möbius transformation ζ = h(w) : D \ {q} → R2
+ with

h ◦ ψ2 ◦ ψ1(ξ) = (0, 0).

We define that ϕ(z) = f1(z)− log |h′(ω)ψ′
2(z)|. Let τ : R2

+ → R2
+, ζ 7→ eϕ(0,0)ζ and y := τ(ζ).

It follows that dy = eϕ(0,0)h′(ω)ψ′
2(z)dz. Setting yξ = τ ◦h ◦ψ2 ◦ψ1, we choose δ > 0 sufficiently

small such that y−1
ξ (∂B+

δ ∩ ∂R2
+) ⊂ ψ−1

1 (Γ1).

It is easy to check

g = e2f1(ψ1(x))(dx2
1 + dx2

2) = exp(2f1(z))
|h′(w)ψ′

2(z)|2
exp(−2ϕ(0, 0))|dz|2

= e2f1(z)−2ϕ(0,0)−2 log |h′(w)ψ′
2(z)|(dz2

1 + dz2
2) = e2ϕ(z)−2ϕ(0,0)(dz2

1 + dz2
2)

= eϕ̂ξ(y)(dy2
1 + dy2

2),

where ϕ̂ξ(y) = 2ϕ(z) − 2ϕ(0, 0) = 2f1(z) − 2 log |h′(w)ψ′
2(z)| − 2ϕ(0, 0). By direct calculation,

for any x ∈ y−1
ξ (∂B+

δ ∩ ∂R2
+), (yξ)∗(νg)|x = −e− 1

2 ϕ̂ξ(y) ∂
∂y2

, where y = yξ(x). [Pom92, Theorem
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3.6] yields that ϕ̂ξ is smooth on B+
δ .

For ξ ∈ ∂Σ there exists an isothermal coordinate (U(ξ), yξ) around ξ such that the image of

yξ is a half disk Bξ := B+
2rξ

and yξ (U(ξ) ∩ ∂Σ) = Bξ ∩ ∂R2
+ with g =

∑2
i=1 e

ϕ̂ξ(yξ(x))dxi ⊗ dxi,

where ϕ̂ξ is smooth. Without loss of generalization, we can assume that yξ(ξ) = (0, 0).

Here ϕ̂ξ : Bξ → R is related to Kg, the Gaussian curvature of Σ, by the equation

−∆ϕ̂ξ(y) = 2Kg
(
y−1
ξ (y)

)
eϕ̂ξ(y) for all y ∈ Bξ. (2.2.1)

For ξ ∈ Σ and 0 < r ≤ 2rξ, we set

Bξ
r := Bξ ∩ {y ∈ R2 : |y| < r} and Ur(ξ) := y−1

ξ (Bξ
r).

Both yξ and ϕ̂ξ are assumed to depend smoothly on ξ as in [EF14]. Additionally, ϕ̂ξ satisfies

ϕ̂ξ(0) = 0 and ∇ϕ̂ξ(0) = 0. Specifically, as in Lemma 2.2.1, the Neumann boundary conditions

are preserved by the isothermal coordinate, i.e. for any ξ ∈ ∂Σ and x ∈ y−1
ξ

(
Bξ ∩ ∂R2

+

)
, we

have

(yξ)∗ (νg(x)) = −e−
ϕ̂ξ(y)

2
∂

∂y2

∣∣∣∣
y=yξ(x)

. (2.2.2)

2.3 Regularity for Neumann boundary problems on surfaces

Lemma 2.3.1. Let (Σ) be a compact Riemann surface with smooth boundary ∂Σ. For any

β ≥ 0, if f ∈ L2(Σ, g) satisfies ∫
Σ
f = 0,

then there exists a unique weak solution of



−∆gu+ βu = f in Σ

∂νgu = 0 on ∂Σ

∫
Σ udvg = 0

, (2.3.1)

i.e. there exists a unique u ∈ H
1(Σ) satisfying

∫
Σ

〈∇u,∇ϕ〉gdvg + β

∫
Σ
uϕdvg =

∫
Σ
fϕdvg +

∫
∂Σ
hϕdsg, ∀ϕ ∈ H1(Σ).
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Moreover, for any p > 1 if f ∈ Lp(Σ), there exists a u ∈ W 2,p
0 (Σ) := W 2,p(Σ)∩{u :

∫
Σ udvg = 0}

solving (2.3.1) with the following W 2,p-estimate:

‖u‖W 2,p(Σ) ≤ C‖f‖Lp(Σ).

For the Poisson equation with homogeneous Neumann boundary condition, the Lp-estimate

was proven in [YZ21, Lemma 5]. And we can deduce (2.3.1) by the same approach.

Proof. For the uniqueness, we assume that u1, u2 are two weak solutions of (2.3.1) in H1(Σ). It

follows that ∫
Σ

〈∇(u1 − u2),∇ϕ〉gdvg + β

∫
Σ

(u1 − u2)ϕdvg = 0,

for any ϕ ∈ H1(Σ). Then, u1 = u2 up to the addition of a constant. Observing that
∫

Σ u1dvg =∫
Σ u2dvg = 0, we deduce that u1 ≡ u2.

We will prove the existence of solutions using variational methods. Consider the energy

functional

J(u) = 1
2

∫
Σ

(|∇u|2g + βu2)dvg −
∫

Σ
fudvg.

Applying the Hölder inequality and the Poincaré inequality,

∣∣∣∣∫
Σ
fudvg

∣∣∣∣ ≤ ‖f‖L2(Σ)‖u‖L2(Σ) ≤ C‖f‖L2(Σ)‖∇u‖L2(Σ),

which yields that J has a lower bound in H1(Σ). Let un be a sequence in H1(Σ) such that J

attains the minimum value, i.e.

lim
n→+∞

J(un) = inf
u∈H1(Σ)

J(u).

For any n ∈ N+, J(un) ≥ 1
2‖un‖2 − C‖f‖L2(Σ)‖un‖. Given that inf

u∈H1(Σ) J(u) ≤ J(0) = 0, un

is uniformly bounded in H1(Σ). Up to a subsequence, we assume that un converges to some

u0 ∈ H1(Σ) weakly. By the Rellich–Kondrachov theorem, un → u0 strongly in Lq(Σ) for any

q > 1 and almost everywhere. Fatou’s lemma implies that

J(u0) ≤ lim inf
n→+∞

J(un) = inf
u∈H1(Σ)

J(u).

Thus, u0 is a minimizer of J(u) on H1(Σ).

Next, we consider the W 2,p-estimates of the solutions. Employing the isothermal coordinates

introduced in Section 2.2 it is sufficient to prove the Lp-regularity locally in an open disk or half-
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disk in R2. Specifically, in the case of a half-disk, we can extend the problem by the reflection of

the x-axis to a full open disk, considering that ∂νgu = 0 on the boundary. This extension allows

for the application of the standard local Lp-theory, thereby we can establish the Lp-regularity

for the Neumann boundary problem (2.3.1) on a compact Riemann surface Σ.

Let W s,p
∂ (Σ) := {h|∂Σ : h ∈ W s,p(Σ)} equipped with the norm

‖h‖W s,p
∂

(Σ) := inf
{

‖ψ‖W s,p(Σ) : ψ ∈ W s,p(Σ) with ψ|∂Σ = h
}
,

for any s ∈ N and p ∈ (1,+∞). For the inhomogeneous boudnary condition, we have the

following Lp-theory:

Lemma 2.3.2 (Theorem 3.2 of [Weh04]). Suppose that f ∈ Lp(Σ) and h ∈ W 1,p
∂ (Σ). Let u be

a weak solution with
∫

Σ udvg = 0 of



−∆gu+ βu = f in Σ

∂νgu = 0 on ∂Σ

∫
Σ udvg = 0

.

Then, u ∈ W 2,p(Σ) with the estimate

‖u‖W 2,p(Σ) ≤ C
(
‖f‖Lp(Σ) + ‖h‖

W 1,p
∂

(Σ)

)
.

For the case β = 0, we refer to [ADN59] and [Weh04]. By the same approach, Lemma 2.3.2

can be proven for β > 0; hence, we omit the details.

Next, we consider the Schauder estimates for the Neumann boundary condition on compact

Riemann surfaces.

Lemma 2.3.3. For any given α ∈ (0, 1), β ≥ 0, let (Σ, g) be a compact Riemann surface with

boundary in C2,α-class and let f ∈ Cα(Σ), h ∈ C1,α(Σ) such that:

∫
Σ
fdvg =

∫
∂Σ
hdsg. (2.3.2)

19



Then, there exists a unique solution to the problem


−∆gu+ βu = f in Σ

∂νgu = h on ∂Σ
(2.3.3)

in the space C2,α
0 (Σ) := C2,α(Σ)∩{u :

∫
Σ udvg = 0}. Moreover, it has the following Schauder

estimate:

‖u‖C2,α(Σ) ≤ C
(
‖f‖Cα(Σ) + ‖h‖C1,α(Σ)

)
,

where C is a constant.

We refer to the Schauder interior estimates for domains as in [GT01, Corollary 6.3].

Theorem 2.3.4 (Corollary 6.3 of [GT01]). Let Ω be an open subset of Rn and let u ∈ C2,α(Ω)

be a bounded solution in Ω of the equation Lu = aijDiju+biDiu+cu = f, where f ∈ Cα(Ω) and

there are positive constants λ,Λ such that the coefficients satisfy aijξiξj ≥ λ|ξ|2, for any x ∈

Ω, ξ ∈ Rn and ‖aij‖C0(Ω) + ‖bi‖C0(Ω) + ‖c‖C0(Ω) ≤ Λ. Then we have the interior estimate: for

any Ω′ ⊂⊂ Ω,

‖u‖C2,α(Ω′) ≤ C(‖u‖C0(Ω) + ‖f‖Cα(Ω)) (2.3.4)

where C = C(n,Ω′, α, λ,Λ) is a constant.

The Schauder estimate with oblique derivative boundary conditions is as follows:

Theorem 2.3.5 (Lemma 6.29 of [GT01]). Let Ω be a bounded open set in Rn+ with a bound-

ary portion T on xn = 0. Suppose that u ∈ C2,α(Ω ∪ T ) is a solution in Ω of Lu = f (as

in Theorem 2.3.4) satisfying the boundary condition

N(x′)u = γ(x′)u+
n∑
i=1

βi(x′)Diu = h(x′), x′ ∈ T, (2.3.5)

where |βn| ≥ κ > 0 for some constant κ. Assume that f ∈ Cα(Ω), h ∈ C1,α(T ), aij , bi, c ∈ Cα(Ω)

and γ, βi ∈ C1,α(T ) with

‖aij , bi, c‖C0,α(Ω), ‖γ, βi‖C1,α(T ) ≤ Λ, i, j = 1, · · · , n.

Then for any Ω′ ⊂⊂ Ω ∪ T ,

‖u‖C2,α(Ω′) ≤ C(‖u‖C0(Ω) + ‖h‖C1,α(T ) + ‖f‖Cα(Ω)), (2.3.6)
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where C = C(n,Ω′, α, λ, κ,Λ, diam Ω) is a constant.

Proof of Lemma 2.3.3. By combining the isothermal coordinates in Section 2.2 with the

results from Theorem 2.3.4 and Theorem 2.3.5, we can infer the lemma.

We consider u ∈ C2,α(Σ) solving (2.3.3). For each point ζ ∈ Σ, there exists an isothermal

chart (U(ζ), yζ) defined in Section 2.2.

Given the compactness of Σ, it can be expressed as a finite union of the form:

Σ =
l1+l2⋃
i=1

Urζi
(ζi),

where ζi ∈ Σ̊, for i = 1, · · · , l1 and ζi ∈ ∂Σ for i = l1 + 1, · · · , l1 + l2 and Urζi
⊂ U(ζi) is defined

in Section 2.2.

Applying Theorem 2.3.4, for each i = 1, · · · , l1,

‖u‖C2,α(Urζi
(ζi)) ≤ C(‖u‖C0(U(ζi)) + ‖f‖Cα(U(ζi))).

Then, utilizing the method in [GT01, Theorem 6.31], we estimate ‖u‖C0(U(ζi)) in term of

‖f‖C0(Σ). Consequently,

‖u‖C2,α(Urζi
(ζi)) ≤ C(‖f‖Cα(Σ)).

Similarly, Theorem 2.3.5 implies that for i = l1 + 1, · · · , l1 + l2,

‖u‖C2,α(Urζi
(ζi)) ≤ C(‖u‖C0(U(ζi)) + ‖h‖

C1,α(U(ζi)∩∂Σ)
+ ‖f‖Cα(Σ)).

And [GT01, Theorem 6.31] yields that ‖u‖C0(U(ζi)) ≤ C‖f‖C0(Σ). It follows that

‖u‖C2,α(Urζi
(ζi)) ≤ C(‖f‖Cα(Σ)).

Summing up the local Schauder estimates for i = 1, · · · , l1 + l2, we deduce that

‖u‖C2,α(Σ) ≤ C(‖f‖Cα(Σ) + ‖h‖C1,α(Σ)). (2.3.7)

Applying Lemma 2.3.1, when h ≡ 0 we have a unique solution u ∈ W 2,2(Σ) solving (2.3.3).

Then the estimate (2.3.7) implies u ∈ C2,α(Σ). Due to the Fredholm alternative mentioned

in [GT01, P. 130], for any inhomogeneous h ∈ C2,α(Σ) satisfying (2.3.2), there exists a unique

solution u ∈ C2,α
0 (Σ) of (2.3.3). 2
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2.4 Green’s functions

For any fixed ξ ∈ Σ, we define the Green’s function for Neumann boundary conditions by

the following equations:



−∆gG
g(x, ξ) + βGg(x, ξ) = δξ − 1

|Σ|g x ∈ Σ̊

∂νgG
g(x, ξ) = 0 x ∈ ∂Σ

∫
ΣG

g(x, ξ)dvg(x) = 0

, (2.4.1)

where β ≥ 0, δξ is a Dirac measure concentrated at ξ.

Remark 2.4.1. We give several important properties of Green’s functions.

a. there exists a unique Green’s function Gg(·, ξ) ∈ L1(Σ) solving (2.4.1) in the distributional

sense;

b. for any distinct points x, ξ ∈ Σ, Gg(x, ξ) = Gg(ξ, x);

c. the representation formula holds, for any h ∈ C2(Σ),

h(x) − 1
|Σ|g

∫
Σ
hdvg =

∫
Σ
Gg(·, x)(−∆g + β)hdvg +

∫
∂Σ
Gg(·, x)∂νghdsg, (2.4.2)

where dvg is the area element of (Σ, g) and dsg is the line element of ∂Σ;

d. for any distinct points x, ξ ∈ Σ, there exists a constant C > 0 such that

|Gg(x, ξ)| ≤ C (1 + |log dg(x, ξ)|) , |∇ξG
g(x, ξ)| ≤ Cd−1

g (x, ξ),

where dg(x, ξ) denotes the geodesic distance between x and ξ, and ∇ξ denotes the gradient with

respect the variable ξ.

For the case where β = 0, we refer to [YZ21, Lemma 6]. For β > 0, these properties can be

deduced using the same approach.

Let χ be a radial cut-off function in C∞(R, [0, 1]) such that

χ(s) =


1, if |s| ≤ 1

0, if |s| ≥ 2
. (2.4.3)
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We define the cut-off function χξ ∈ C∞(Σ, [0, 1]) by

χξ(x) =


χ
( |yξ(x)|

r̄ξ

)
if x ∈ U(ξ)

0 if x ∈ Σ \ U(ξ)
, (2.4.4)

where r̄ξ ∈ (0, 1
2rξ] which will be selected later. We define the Robin’s function as follows:

Rg(ζ) := lim
x→ζ

(
Gg(x, ζ) + 4

%(ζ)
log dg(x, ζ)

)
.

Observe that for ζ ∈ U(ξ), limx→ζ
dg(x,ζ)∣∣yξ(x)−yξ(ζ)

∣∣ = e
1
2ϕξ(ζ). It follows

Rg(ζ) = lim
x→ζ

(
Gg(x, ζ) + 4

%(ζ)
log

∣∣yξ(x) − yξ(ζ)
∣∣)+ 2

%(ζ)
ϕξ
(
yξ(ζ)

)
. (2.4.5)

In particular, using the assumption ϕξ
(
yξ(ξ)

)
= ϕξ(0) = 0, we obtain that

Rg(ξ) = lim
x→ξ

(
Gg(x, ξ) + 4

%(ξ)
log

∣∣yξ(x)
∣∣) .

Let

Γgξ(x) = Γg(x, ξ) =


1

2πχξ(x) log 1
|yξ(x)| if ξ ∈ Σ̊

1
πχξ(x) log 1

|yξ(x)| if ξ ∈ ∂Σ
.

Decomposing the Green’s function Gg(x, ξ) = Γgξ(x) +Hg(x, ξ), we have the function Hg
ξ (x) :=

Hg(x, ξ) solving the following equations:



−∆gH
g
ξ + βHg

ξ = −β 4
%(ξ)χξ log 1

|yξ| + 4
%(ξ)(∆gχξ) log 1

|yξ|

+ 8
%(ξ)

〈
∇χξ,∇ log 1

|yξ|

〉
g

− 1
|Σ|g , in Σ̊

∂νgH
g
ξ = − 4

%(ξ)(∂νgχξ) log 1
|yξ| − 4

%(ξ)χξ∂νg log 1
|yξ| , on ∂Σ

∫
ΣH

g
ξ dvg = − 4

%(ξ)
∫

Σ χξ log 1
|yξ|dvg

. (2.4.6)

Lemma 2.4.2. For any fixed ξ ∈ Σ and α ∈ (0, 1), Hg
ξ is C1,α-smooth. Moreover, Hg

ξ is

uniformly bounded in C1,α(Σ) for any ξ in any compact subset of Σ̊ or on ∂Σ.

Proof. We apply the isothermal coordinate (yξ, U(ξ)) introduced in Section 2.2. By the trans-
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formation law for ∆g under a conformal map, ∆g̃ = e−ϕ∆g for any g̃ = eϕg. It follows that

∆g

(
log 1

|yξ(x)|

)
= e−ϕξ(y) ∆ log 1

|y|

∣∣∣
y=yξ(x)

= −%(ξ)
4 δξ, where δξ is the Dirac mass concentrated at

ξ ∈ Σ. For any x ∈ U(ξ) ∩ ∂Σ,

∂νg log |yξ(x)| (2.2.2)= −e− 1
2ϕξ(y) ∂

∂y2
log |y|

∣∣∣∣
y=yξ(x)

= −e− 1
2ϕξ(y) y2

|y|2

∣∣∣∣
y=yξ(x)

≡ 0.

Clearly, ∂νgχ(|yξ(x)|) = 0 for x ∈ ∂Σ ∩ Ur̄ξ
(ξ). It follows that that ∂νgH

g(·, ξ) is smooth on

∂Σ. ∆gH
g(·, ξ) is bounded in Lp(Σ), for any p ≥ 1. Using the Lp-estimate in Lemma 2.3.2, we

derive that

‖Hg
ξ −Hg

ξ ‖C2,α(Σ) ≤ C(‖∂νgH
g
ξ ‖

W 1,p
∂

(Σ) + ‖ − ∆gH
g
ξ ‖Lp(Σ))

for same constant C > 0 which is independent with ξ. Given p = 2
1−α for any α ∈ (0, 1), the

Sobolev embedding theorem yields thatHg
ξ (x) in C1,α(Σ). Considering that ‖−∆gH

g(·, ξ)‖Lp(Σ),

‖∂νgH
g
ξ ‖C1,α(∂Σ) and

∣∣∣∫ΣHg
ξ dvg

∣∣∣ are uniformly bounded for any ξ in any compact subset of Σ̊ or

on ∂Σ, we have Hg
ξ (x) is uniformly bounded for any ξ in any compact subset of Σ̊ or on ∂Σ.

Remark 2.4.3. • Hg
ξ (x) is the regular part of Gg(x, ξ). It is easy to check that Hg(ξ, ξ) =

Rg(ξ) which is independent of the choice of the cut-off function χ and the local isothermal

chart (yξ, U(ξ)).

• For β = 0, we can obtain higher regularity for the regular part of the Green’s functions.

Specifically, there exists a unique smooth solution Hg
ξ solving (2.4.6) in C∞(Σ).

2.5 C1-stable critical point set

In this section, we will introduce the definition of “stable” critical point set as in [Li97,

dPKM05,EGP05]. This concept serves as an extension of non-degenerate critical points.

Definition 2.5.1. Let F : D → R be a C1-function and K be a compact subset of critical points

of F , i.e

K ⊂⊂ {x ∈ D : ∇F (x) = 0}.

A critical point set K is C1-stable if for any closed neighborhood U of K in D, there exists ε > 0

such that if G : D → R is a C1-function with ‖F −G‖C1(U) < ε, then G has at least one critical

point in U .

Remark 2.5.2. A compact subset of critical points of F is stable if one of the following condi-

tions is satisfied:

24



a). K is a strict local maximum set of F , i.e. for any x, y ∈ K, F (x) = F (y) and for some

open neighborhood U of K, F (x) > F (y) for any x ∈ K and y ∈ U\K;

b). K is a strict local minimum set of F ;

c). K is an isolated critical point set with a nontrivial local degree.

2.6 Kirchhoff-Routh type functions

We define the thick diagonal for any X and Y ,

Fk,m(X,Y ) = {ξ := (ξ1, · · · , ξm) ∈ Xk × Y m−k : ξi = ξj for some i 6= j}.

Denote Fk,m(Σ) = Fk,m(Σ̊, ∂Σ) for simplicity. Next, we introduce the configuration set Ξk,m :=

Σ̊k × (∂Σ)m−k \ Fk,m(Σ). Given δ > 0 and V ∈ C∞(Σ) is a non-negative function, we define

Ξδk,m := {ξ ∈ Ξk,m : dg(ξi, ∂Σ) ≥ δ for i = 1, · · · , k, dg(ξi, ξj) ≥ δ for i 6= j, (2.6.1)

|V (ξi)| ≥ δ for i = 1, · · · ,m} ,

which is a compact subset of Σ̊k × (∂Σ)m−k. Particularly, when V is a positive function, we

always assume that δ > 0 is sufficiently small such that infΣ V ≥ δ and then Ξδk,m can be

simplified as follows:

Ξδk,m := {ξ ∈ Ξk,m : dg(ξi, ∂Σ) ≥ δ for i = 1, · · · , k, dg(ξi, ξj) ≥ δ for i 6= j} .

For any integers m ≥ k ≥ 0, we can define a Kirchhoff-Routh type function on Ξk,m (see [Lin41,

BMP19,ABF23])

K0(x1, x2, · · · , xm) =
m∑
j=1

%2(ξj)Rg(ξj) +
∑
j′ 6=j

%(ξj)%(ξj′)Gg(ξj , ξj′) +
m∑
i=1

fi(ξi),

where fi : Σ → R is smooth for i = 1, · · · ,m. In our context, we will show that the existence of

blow-up solutions of (1.1.2) is strongly related to the C1-stable critical point set of a m-vortices

Kirchhoff-Routh type function,

FV
k,m(ξ) =

m∑
j=1

%2(ξj)Rg(ξj) +
∑
j′ 6=j

%(ξj)%(ξj′)Gg(ξj , ξj′) +
m∑
j=1

2%(ξj) log V (ξj). (2.6.2)
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We observe that for any α ∈ (0, 1), Gg(x, ξ) ∈ C∞(Σ \ {ξ}) and Hg
ξ (x) is C1,α(Σ), too. Thus

FV
k,m is C1,α(Ξδk,m) for any fixed δ > 0.

Lemma 2.6.1. Suppose that V > 0 on Σ. Then, for any ξ ∈ Σ̊, we have:

Rg(ξ, ξ) = Hg(ξ, ξ) → +∞ as ξ approaches ∂Σ. (2.6.3)

Furthermore, for any ξ = (ξ1, . . . , ξm) ∈ Ξk,m, it holds that

FV
k,m(ξ) → +∞,

as ξ approaches ∂Ξk,m.

Proof. Since V (x) > 0, for any x ∈ Σ the function FV
k,m is well-defined on

Ξk,m = Σ̊k × (∂Σ)m−k \ Fk,m(Σ).

For any ζ ∈ ∂Σ, consider an isothermal chart (yζ , U(ζ)). Set r0 = rζ/2. Then, for any

ξ ∈ Urζ
(ζ), we decompose the Green’s function as follows:

Gg(x, ξ) = H̃g(x, ξ) − 4
%(ξ)

χ

( |yζ(x) − yζ(ξ)|
r0

)
log |yζ(x) − yζ(ξ)|,

where χ is a cut-off function defined by (2.4.3). Applying the representation formula and diver-

gence theorem, for any ξ ∈ Urζ
(ζ), we obtain

H̃g(ξ, ξ) =
∫

Σ
Gg(x, ξ)(−∆g + β)H̃g(x, ξ)dvg(x) +

∫
∂Σ
Gg(x, ξ)∂νgH̃

g(x, ξ)dsg(x) + O(1)

=
∫

Σ
(|∇H̃g(x, ξ)|2g + β|H̃g(x, ξ)|2)dvg(x) − 1

4π2

∫
∂Σ
∂νg (χ(|yζ(x) − yζ(ξ)|) log |yζ(x) − yζ(ξ)|)

·χ(|yζ(x) − yζ(ξ)|) log |yζ(x) − yζ(ξ)|dsg(x) + O(1)

≥ − 1
4π2

∫
{x:|yζ(x)−yζ(ξ)|<r0}∩∂Σ

log |yζ(x) − yζ(ξ)|∂νg log |yζ(x) − yζ(ξ)|dsg(x) + O(1)

≥ 1
4π2

∫
{y:|y−yζ(ξ)|<r0}∩∂R2

+

−yζ(ξ)2
|y − yζ(ξ)|2

log |y − yζ(ξ)|dy1 + O(1)

≥ − 1
4π2 log(|yζ(ξ)2|)

∫
R

1
1 + s2ds+ O(1) = − 1

4π
log |yζ(ξ)2| + O(1) → +∞,

as dg(ξ, ∂Σ) → 0, where dsg is the line element of ∂Σ.

It is straightforward to see that Hg(ξ, ξ) = H̃g(ξ, ξ). The first statement is concluded.

Next, we assume that ξ ∈ Ξk,m.

Claim 2.6.2. There exists a constant c0 satisfying Gg(ξi, ξj) ≥ c0, for any ξi 6= ξj.
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Before proving Claim 2.6.2 we first show how Lemma 2.6.1 follows. We denote that I0 =

{i : 1 ≤ i ≤ k, dg(ξi, ∂Σ) → 0 as ξ going to ∂Ξk,m} . For any i ∈ I0, Hg(ξi, ξi) → +∞. There

exists a compact subset set F of Σ̊ such that ξi ∈ F for any i ∈ {1, 2, · · · , k} \ I0. It follows that

any i /∈ I0, H
g(ξi, ξi) ≥ − supx∈F ‖Hg

x‖C(Σ) > −∞.

Case I. I0 6= ∅. As ξ approaches ∂Ξk,m,

FV
k,m(ξ) ≥

∑
i∈I0

%(ξi)2Hg(ξi, ξi) −
∑
i/∈I0

sup
x∈∂Σ∪F

%(ξi)2‖Hg(·, x)‖C(Σ)

−
∑
i 6=h

%(ξi)%(ξh)|c0| +
m∑
i=1

2%(ξi) inf
x∈Σ

log V (x) → +∞.

Case II. I0 = ∅. Then there exists a compact subset F such that ξi ∈ F for any 1 ≤ i ≤ k and

I1 := {(i, j) : i, j = 1, 2, · · · ,m; i 6= j such that dg(ξi, ξj) → 0 as ξ → ∂Ξk,m}

is non-empty. For any (i, j) ∈ I1,

Gg(ξi, ξj) = Hg(ξi, ξj) + 4
%(ξj)

χ(|yξj
(ξi)|/r̄ξj

) log 1
|yξj

(ξi)|

≥ − sup
x∈F∪∂Σ

‖Hg(·, x)‖C(Σ) + c1
4

%(ξj)
log 1

|dg(ξi, ξj)|
,

in which c1 > 0 is a constant. Consequently, as ξ approaches to ∂Ξk,m,

FV
k,m(ξ) ≥ −64π2m2c0 + 64π2m sup

x∈∂Σ∪F
‖Hg(·, x)‖C(Σ)

+c1
∑

(i,j)∈I1

4
%(ξi)

log 1
dg(ξi, ξj)

+
m∑
i=1

2%(ξi) inf
x∈Σ

log V (x) → +∞.

It remains to establish Claim 2.6.2. We begin by decomposing the Green’s function as follows:

Gg(x, ξj) = Hg(x, ξj) + 4
%(ξj)

χ(|yξj
(x)|/r̄ξj

) log 1
|yξj

(x)|

≥ −‖Hg(·, ξj)‖C(Σ) + 4
%(ξj)

χ(|yξj
(x)|/r̄ξj

) log 1
|yξj

(x)|
.

If ξj ∈ ∂Σ, ‖Hg(·, ξj)‖C(Σ) is uniformly bounded. It is clear that Gg(x, ξj) ≥ c0, for some

c0 > 0. Thus, it suffices to focus on the cases where j = 1, · · · , k. We observe that Gg(x, ξj) ∈

C1,α
loc (Σ \ {ξj}) for any α ∈ (0, 1) and limx→ξj

Gg(x, ξj) = +∞. Let h(x) be the unique solution
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of the Dirichlet problem:


(−∆g + β)h(x) = − 1

|Σ|g , x ∈ Σ̊

h(x) = 0 x ∈ ∂Σ
.

Define that G̃g(x, ξj) = Gg(x, ξj) −h(x). Then, −∆gG̃
g(x, ξj) = 0 on Σ \ {ξj}. Considering that

limx→ξj
G̃g(x, ξj) = +∞, it follows that

inf
Σ\{ξj}

G̃g(x, ξj) = min
x∈∂Σ

G̃g(x, ξj),

by the maximum principle. Thus we have for some constants c2, c0 > 0

inf
Σ\{ξj}

G(x, ξj) ≥ inf
Σ\{ξj}

G̃g(x, ξj) − ‖h‖C(Σ) ≥ min
x∈∂Σ

G̃g(x, ξj) − ‖h‖C(Σ)

≥ min
x∈∂Σ

Gg(ξj , x) − 2‖h‖C(Σ)

≥ − sup
x∈∂Σ

‖Hg
x‖C(Σ) − 2‖h‖C(Σ) + c2 min

x∈∂Σ

1
π

log 1
dg(x, ξj)

:= c0.

Remark 2.6.3. In [HB24, Lemma 4.1], for β = 0 it shows that

|∇FV
k,m(ξ)|g → +∞

as ξ goes to ∂Ξk,m.

2.7 Lyapunov–Schmidt reduction

The Lyapunov-Schmidt reduction is a method to study the solutions of nonlinear equations,

named after Aleksandr Lyapunov and Erhard Schmidt. Given a nonlinear equation

f(x) = 0, (2.7.1)

where f : X → Z and X,Z are Banach spaces. If DXf is non-degenerate at x0, we can use the

implicit function theorem; otherwise, we can consider using the Lyapunov-Schmidt reduction.

We decompose X = X1⊕X2 and Z = Z1⊕Z2 with dim(X2), dim(Z2) < +∞. We define projects
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Πi : Z → Zi for i = 1, 2. The equation (2.7.1) is equivalent to the following coupled system


Π1f(x1, x2) = 0

Π2f(x1, x2) = 0
,

where xi ∈ Xi, for i = 1, 2. Suppose that DXΠ1f |X1 : X1 → Z1 at (x0, y0) is an isomorphism,

then the first equation satisfies the implicit function theorem. Consequently, there exists a

solution x1 = x1(x2) for given x2. We substitute the solution into the second equation:

Π2(f(x1(x2), x2)) = 0,

which becomes a finite-dimensional problem.
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Part I

Mean field type equations
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3 Blow-up solutions for mean field type

equations

3.1 Construction of blow-up solutions

3.1.1 Approximation solutions

Let f̄ = 1
|Σ|g

∫
Σ fdvg for any f ∈ L1(Σ). To study blow-up solutions of (1.1.2), we consider

the weak solution of the following problem in the space H1(Σ),


(−∆g + β)u = ε2V eu − ε2V eu in Σ̊

∂νgu = 0 on ∂Σ
, (3.1.1)

such that ε2V eu →
∑m
i=1 %(ξi)δξi

, convergent in a sense of measure on Σ as ε → 0, for some

ξ = (ξ1, · · · , ξm) ∈ Ξk,m. If we take λ = ε2 ∫
Σ V e

udvg, the weak solutions of (3.1.1) must be the

weak solutions of (1.1.2). So we try to construct a sequence of blow-up solutions of (3.1.1) as

ε → 0 and then pass back to the original problem (1.1.2) as λ → λk,m.

It is well-known that uτ,η(y) = log 8τ2

(τ2ε2+|y−η|2)2 for (τ, η) ∈ (0,∞) × R2, which are all the

solutions of the Liouville-type equations on R2,


−∆u = ε2eu in R2

∫
R2 eu < ∞

.

Our goal is to construct approximate solutions of (3.1.1) applying the pull-back of uτ,η to Σ by

isothermal coordinates and selecting appropriate values for τ and ξ. Define

Uτ,ξ(x) = uτ,0(yξ(x)) = log 8τ2

(τ2ε2 + |yξ(x)|2)
, for all x ∈ y−1

ξ (Bξ).
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We then introduce a projection operator P , employed to project Uτ,ξ into the space H1(Σ). The

projected function PUτ,ξ is defined as the solution of the following problem:



(−∆g + β)PUτ,ξ(x) = ε2χξe
−ϕξeUτ,ξ − ε2χξe

−ϕξeUτ,ξ , x ∈ Σ̊,

∂νgPUτ,ξ = 0, x ∈ ∂Σ,

∫
Σ PUτ,ξdvg = 0,

(3.1.2)

For β 6= 0, the last condition of
∫

Σ PUτ,ξdvg = 0 can be inferred from the preceding equations

via the divergence theorem. However, the condition is included to address the case where β = 0,

ensuring solution criteria for all β ≥ 0. The solution of (3.1.2) is unique in H1(Σ) and PUτ,ξ in

C∞(Σ) by regularity theory (see Lemma 2.3.3), ensuring that PUτ,ξ is well-defined. Let

ψ0
τ,η(y) = ∂

∂τ
uτ,η(x) = 2

τ

|y − η|2 − τ2ε2

|y − η|2 + τ2ε2 ,

and

ψjτ,η(y) = ∂

∂ηj
uτ,η(x) = 4 yj − ηj

τ2ε2 + |y − η|2
, for j = 1, 2.

It is observed that the derivatives above satisfy the equation: −∆ψ = ε2euτ,ηψ in R2, where

ψ = ψjτ,η, for j = 0, 1, 2. The function Ψj
τ,ξ is defined as the pullback of ψjτ,0 under the

isothermal coordinate yξ, that is, Ψj
τ,ξ(x) = ψjτ,0(yξ(x)), for any x ∈ y−1

ξ (Bξ
2r0). Let PΨj

τ,ξ

be a projection into H1(Σ) of Ψj
τ,ξ, for ξ ∈ Σ and j = 0, 1, · · · , i(ξi), where i(x) equals 2 if x ∈

Σ̊ and equals 1 if x ∈ ∂Σ. PΨj
τ,ξ is defined as the solution of the following equations:



(−∆g + β)PΨj
τ,ξ = ε2χξe

−ϕξeUτ,ξΨj
τ,ξ − ε2χξe

−ϕξeUτ,ξΨj
τ,ξ, x ∈ Σ̊,

∂νgPΨj
τ,ξ = 0, x ∈ ∂Σ,

∫
Σ PΨj

τ,ξ = 0.

(3.1.3)

By the regularity theory in Lemma 2.3.3, the solution to (3.1.3) is unique and smooth on Σ.

Hence, PΨj
τ,ξ is well-defined and in the space C∞(Σ).

For any ξ = (ξ1, · · · , ξm) ∈ Ξδk,m, we can establish an isothermal chart around yξi
for each

point ξi for i = 1, · · · ,m. Given the compactness of Σ, it is possible to select a uniform radius

rξi
> 0 for any ξ ∈ Ξδk,m, denoted as 4r0, and r̄ξi

:= r0, where r̄ξi
is introduced in Section 2.4.

This radius is sufficiently small and depends only on δ and ∂Σ. Moreover, we ensure that

y−1
ξi

(Bξi
2r0) ∩ ∂Σ = ∅ for i = 1, · · · , k and y−1

ξi
(Bξi

2r0) ∩ y−1
ξj

(Bξj

2r0) = ∅ for any i, j = 1, 2, · · · ,m
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with i 6= j. For any i = 1, · · · ,m, we define the scaling parameter τi(ξ) as:

τi(ξ) =
√

1
8
V (ξi)e

%(ξi)Hg(ξi,ξi)+
∑

j 6=i
%(ξj)Gg(ξi,ξj)

. (3.1.4)

The formulation of the scaling parameter τi(ξ) is chosen for technical considerations. For sim-

plicity, we denote that τi = τi(ξ),

Ui = Uτi(ξ),ξi
= log

(
8τ2
i

(τ2
i ε

2 + |yξi
|2)2

)
,

χi = χξi
, ϕi = ϕξi

, ϕ̂i = ϕ̂ξi
.

We consider the manifold for given integers m ≥ k ≥ 0 and a positive constant ε > 0,

Mk,m
ε :=

{
m∑
i=1

PUi : ξi ∈ Σ̊ for i = 1, 2, · · · , k and ξi ∈ ∂Σ for i = k + 1, · · · ,m
}
.

The functions in manifold Mk,m
ε serve as approximate solutions of the problem (3.1.1). We then

denote the projected functions for any i = 1, 2, · · · ,m and j = 0, 1, · · · , i(ξi)

PΨj
i := PΨj

τi(ξ),ξi
.

These projected functions generates a subspace of H1(Σ),

Kξ := 〈PΨj
i : i = 1, · · · ,m, j = 1, · · · , i(ξi)〉.

Furthermore, we introduce an inner product for the space H1(Σ) as follows:

〈ψ, φ〉 :=
∫

Σ
〈∇ψ,∇φ〉gdvg + β

∫
Σ
ψφdvg for any ψ, φ ∈ H1(Σ).

The orthogonal complement of Kξ,

K⊥
ξ =

{
φ ∈ H1(Σ) : 〈φ, f〉 = 0 for all f ∈ Kξ

}
.

We also introduce Πξ : H1(Σ) → Kξ and Π⊥
ξ : H1(Σ) → K⊥

ξ as the orthogonal projections onto

Kξ and K⊥
ξ , respectively. The solution u can decompose into two parts: one part lies on the

manifold Mk,m
ε ; the other part is on K⊥

ξ near the orthogonal space of the tangent space of the

manifold Mk,m
ε , i.e. u =

∑m
i=1 PUi + φεξ, where φεξ ∈ K⊥

ξ is the remainder term.
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3.1.2 Lyapunov-Schmidt reduction

Utilizing the Moser-Trudinger type inequality on compact Riemann surfaces, as in [Yan06],

we have

sup∫
Σ |∇gu|2dvg=1,

∫
Σ udvg=0

∫
e2πu2

dvg < +∞.

Since
(∫

Σ |∇u|2gdvg + β
∫

Σ |u|2dvg
) 1

2 and
(∫

Σ |∇u|2gdvg
) 1

2 are equivalent norms in the Hilbert

space H1(Σ), it follows that for any u ∈ H1(Σ)

log
∫

Σ
eudvg ≤ log

∫
Σ
e

2π u2
‖u‖2 + 1

8π
‖u‖2

dvg (by Young’s Inequality)

= 1
8π

∫
Σ

|∇gu|2dvg + C,

≤ 1
8πC

〈u, u〉 + C,

where C > 0 is a constant. Consequently, H1(Σ) → Lp(Σ), u 7→ eu is continuous. For any p > 1,

let i∗p : Lp(Σ) → H1(Σ) be the adjoint operator corresponding to the immersion i : H1(Σ) → L
p

p−1

and ĩ∗ : ∪p>1L
p(Σ) → H1(Σ). For any f ∈ Lp(Σ), we define that i∗(f) := ĩ∗(f − f̄), i.e. for any

h ∈ H1(Σ), 〈i∗(f), h〉 =
∫

Σ(f − f̄)hdvg.

The problem (3.1.1) has the following equivalent form,


u = i∗(ε2V eu)

u ∈ H1(Σ)
.

We consider the linear operator

Lεξ : H1(Σ) → H1(Σ), φ 7→ Π⊥
ξ (φ− i∗(ε2V e

∑m

i=1 PUiφ)),

for any fixed ξ ∈ Ξδk,m. The following lemma shows that the linear operator is partially invertible

for fixed ε, and the norm of the inverse operator is controlled by | log ε| as ε → 0, which is a key

lemma to solve the problem (3.1.1).

Lemma 3.1.1. For any δ > 0, let ξ = (ξ1, · · · , ξm) ∈ Ξδk,m. There exists ε0 > 0 and a constant

c > 0 such that for any ε ∈ (0, ε0) we have

∥∥∥Lεξ(φ)
∥∥∥ ⩾ c

| log ε|
‖φ‖, ∀φ ∈ K⊥

ξ .
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In particular, the operator Lεξ : K⊥
ξ → H1(Σ) is invertible and

∥∥∥∥(Lεξ)−1
∥∥∥∥ ⩽ | log ε|/c.

By the fundamental work of [EGP05], the proof of Lemma 3.1.1 is rather standard. Following

their idea, we will prove it by deducing a contradiction.

Proof of Lemma 3.1.1. Assume the conclusion in Lemma 3.1.1 does not hold. Then

there exists ξ ∈ Ξδk,m ⊂ Ξk,m for some small δ > 0, a sequence εn → 0 and φn ∈ K⊥
ξ with

‖φn‖ = 1 and ‖Lεn
ξ (φ)‖ = o( 1

| log εn|). To simplify the notations, we use ε instead of εn and φ

instead of φn. It follows that

φ− i∗(ε2V e
∑m

i=1 PUiφ) = ψ + w, (3.1.5)

where ψ ∈ K⊥
ξ and w ∈ Kξ. Then ‖ψ‖ = o

(
1

| log ε|

)
→ 0, as ε → 0. (3.1.5) is equivalent that φ

solves the following problem in the weak sense,


(−∆g + β)φ = ε2V e

∑m

i=1 PUiφ− ε2V e
∑m

i=1 PUiφ+ (−∆g + β)(ψ + w), in Σ̊

∂νgφ = 0, on ∂Σ
.

Step 1. ‖w‖ = o(1), as ε → 0.

Given that w ∈ Kξ, it can be expressed as w =
∑m
i=1

∑i(ξi)
j=1 cijPΨj

i . Considering the inner

product of (3.1.5) with PΨj′

i′ , we have the following equation:

〈φ, PΨj′

i′ 〉 −
∫

Σ
PΨj′

i′

(
ε2V e

∑m

i=1 PUiφ− 1
|Σ|g

∫
Σ
ε2V e

∑m

i=1 PUiφdvg

)
dvg

= 〈ψ, PΨj′

i′ 〉 + 〈w,PΨj′

i′ 〉.

Since PΨj′

i′ ∈ H1(Σ) and φ ∈ K⊥
ξ , we have

∫
Σ PΨj′

i′ dvg = 0 and 〈ψ, PΨj′

i′ 〉 = 〈φ, PΨj′

i′ 〉 = 0. It

follows

−ε2
∫

Σ
V e
∑m

i=1 PUiφPΨj′

i′ dvg =
m∑
i=1

i(ξi)∑
j=1

cij〈PΨj
i , PΨj′

i′ 〉. (3.1.6)

Applying Lemma A.0.5, the right-hand side of (3.1.6) equals

8%(ξi′)Dj′

πτ2
i′ε

2 ci′j′ + O(εα0−1
m∑
i=1

i(ξi)∑
j=1

|cij |),

where Dj′ > 0 is a constant and α0 ∈ (0, 1). The left-hand side of (3.1.6) can be expanded as
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follows:

∫
Σ ε

2
(∑m

i=1 χie
Ui − V e

∑m

i=1 PUi

)
PΨj′

i′ φdvg −
∑m
i=1

∫
Σ ε

2χie
Ui(PΨj′

i′ − χi′Ψj′

i′ )φdvg

−ε2 ∫
Σ χ

2
i′(−e−ϕi′ + 1)eUi′ Ψj′

i′ φdvg − ε2 ∫
Σ χ

2
i′e

−ϕi′eUi′ Ψj′

i′ φdvg.

Since ‖φ‖ = 1 and φ ∈ K⊥
ξ ,
∫

Σ ε
2χ2

i′e
−ϕi′eUi′ Ψj′

i′ φ = O(ε2) + 〈PΨj′

i′ , φ〉 = O(ε2). By calculation,

we have

∣∣∣∣ε2
∫

Σ
(e−ϕi′ − 1)χi′eUi′ Ψj′

i′ dvg

∣∣∣∣ ≤ O
(∫

|y|≤2r0

τ2
i ε

2|y|3dy
(τ2
i ε

2 + |y|2)3

)
= O(ε).

Applying Lemma A.0.5 and Lemma A.0.7,

∣∣∣∣∣
∫

Σ
ε2
(

m∑
i=1

χie
Ui − V e

∑m

i=1 PUi

)
PΨj′

i′ φdvg

∣∣∣∣∣ ≤ C

∥∥∥∥∥ε2
(

m∑
i=1

χie
Ui − V e

∑m

i=1 PUi

)∥∥∥∥∥
p

‖φ‖q‖PΨj′

i′ ‖

≤ O(ε
2−p

p
−1) = O(ε

2(1−p)
p ),

where p, q ∈ (1,+∞) with 1
p+ 1

q < 1 and C > 0 is a constant. Furthermore, Lemma A.0.3 implies

PΨj′

i′ − χi′Ψj′

i′ = O(1), as ε → 0. And applying Lemma A.0.2, we deduce for any i = 1, · · · ,m

∣∣∣∣ε2
∫

Σ
χie

Uiφ(PΨj′

i′ − χi′Ψj′

i′ )dvg
∣∣∣∣ ≤ O(‖ε2χie

Ui‖p‖φ‖q)

≤ O(ε
2(1−p)

p ),

as ε → 0. Combining these estimates, we conclude

8%(ξi′)Dj′

πτ2
i′ε

2 ci′j′ + O

εα0−1
m∑
i=1

i(ξi)∑
j=1

|cij |

=O(ε
2(1−p)

p ),

as ε → 0. Then |ci′j′ |=O(ε
2
p ) as ε → 0, where p ∈ (1, 2). So

m∑
i=1

i(ξi)∑
j=1

|cij | = O(ε
2
p ) (3.1.7)

by the arbitrariness of i′ and j′. Lemma A.0.5 and (3.1.7) yield that

‖w‖2 =

∥∥∥∥∥∥
m∑
i=1

i(ξi)∑
j=1

cijPΨj
i

∥∥∥∥∥∥
2

= O

 m∑
i=1

i(ξi)∑
j=1

|cij |2
1
ε2 + O(εα0−1)

≤O(ε
4
p

−2).

Hence, it follows ‖w‖ = O(ε
2−p

p ) for any p ∈ (1, 2) as ε → 0.
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Step 2. 〈φ, PΨ0
i 〉 → 0, as ε → 0.

Following the construction in [EGP05,EF14], we define

ωi(y) = 4
3τi

log(τ2
i ε

2 + |y|2)τ
2
i ε

2 − |y|2

τ2
i ε

2 + |y|2
+ 8

3τi
τ2
i ε

2

τ2
i ε

2 + |y|2
,

and

ti(y) = −2 τ2
i ε

2

τ2
i ε

2 + |y|2
.

We observe that ωi(y) and ti(y) satisfy the following equations, respectively:

−∆ωi − ε2euτi,0ωi = ε2euτi,0ψ0
τi,0 in R2

and

−∆ti − ε2euτi,0ti = ε2euτi,0 in R2.

By straightforward calculation, we derive that

∫
R2

|∇ωi|2 = M2
i (1 + o(1))(log ε)2,

∫
R2

|∇ti|2 = O(1), as ε → 0

with Mi = 32
3τi

(∫
R2

|y|2
(1+|y|2)4

) 1
2
. Let

ui(x) = χi(x)
(
ωi(yξi

(x)) + 2%(ξi)
3τi

Hg(ξi, ξi)ti(yξi
(x))

)
, for all x ∈ U2r0(ξi).

The projection Pui ∈ H1(Σ) of ui is given by



(−∆g + β)Pui(x) = −χi∆gui(x) + χi∆gui(x) x ∈ Σ̊

∂νgPui(x) = 0 x ∈ ∂Σ

∫
Σ Puidvg = 0

. (3.1.8)

Consider ηi = ui − Pui + 2%(ξi)
3τi

Hg(x, ξi). The integral of ηi on Σ has the following estimate:

∫
Σ
ηidvg = O(ε2 log2 ε).

If ξi ∈ Σ̊, we have ∂νgηi ≡ 0 in ∂Σ. For ξi ∈ ∂Σ,

∂νgηi = ∂νgui + 8
3τi

∂νg (χi log |yξi
|) = O(ε2| log ε|) ∈ C∞(∂Σ),
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in view of ∂νg |yξi
(x)| = −e− ϕ̂i(y)

2 y2
|y| |y=yξi

(x) = 0 for any x ∈ U(ξi) ∩ ∂Σ. Considering that∫
R2

1−|y|2
(1+|y|2)3 log(1 + |y|2)dy = −π

2 , and
∫
R2

2
(1+|y|2)3dy =

∫
R2

1
(1+|y|2)2dy = π, we deduce that

‖(−∆g + β)ηi‖p = O(ε
1
p | log ε|).

Claim 3.1.2. ‖ηi − ηi‖∞ ≤ Cε
1
p | log ε|.

Indeed, we can find a smooth function f with f |∂Σ = ∂ηi|∂Σ and ‖f‖∞ ≤ Cε2| log ε| for

some constant C > 0. By the Schauder estimate in Lemma 2.3.3, there exists a unique solution

u1 ∈ C∞(Σ) solving



(−∆g + β)u1 = − 1
|Σ|
∫

Σ fdsg + β 1
|Σ|
∫

Σ ηidvg in Σ̊

∂νu1 = f on ∂Σ

∫
Σ u1dvg =

∫
Σ ηidvg

.

It follows that ‖u1−u1‖∞ = O(ε2| log ε|). On the other hand, the regularity theory of Lemma 2.3.1,

there exists a unique solution u2 ∈ W 2,p of the following problem



(−∆g + β)u2 = (−∆g + β)ηi + 1
|Σ|
∫

Σ fdsg − β 1
|Σ|
∫

Σ ηidvg in Σ̊

∂νu2 = 0 on ∂Σ

∫
Σ u2dvg = 0

,

with ‖u2‖W 2,p ≤ Cε
1
p | log ε| for some constant C > 0. By the uniqueness, ηi = u1+u2 ∈ W 2,p(Σ)

‖ηi − ηi‖∞ = O(ε
1
p | log ε|).

Since |η̄i| = O(ε2 log2 ε), we deduce that

‖ηi‖∞ ≤ O(ε
1
p | log ε|), (3.1.9)

for p > 1. Moreover, for any x ∈ Σ \ {ξi}, the following inequality holds:

∣∣∣∣Pui(x) − 2%(ξi)
3τi

Gg(x, ξi)
∣∣∣∣ ≤ O(ε

1
p | log ε|). (3.1.10)
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Additionally, ‖Pui‖2 is computed directly as

‖Pui‖2 = 〈Pui, Pui〉 = −
∫

Σ
χi

(
ui + 2%(ξi)

3τi
Hg
ξi

+ O(ε
1
p | log ε|)

)
∆guidvg

= O(| log ε|2),

as ε → 0. Thus

‖Pui‖ = O(| log ε|), (3.1.11)

as ε → 0. Applying Pui as a test function for (3.1.5),

〈Pui, φ〉 −
∫

Σ
ε2V e

∑m

h=1 PUhφPuidvg = 〈Pui, w + ψ〉.

Considering |〈Pui, w + ψ〉| ≤ ‖Pui‖(‖w‖ + ‖h‖) ≤ ‖Pui‖o
(

1
| log ε|

)
= o(1), we deduce that

〈Pui, φ〉 −
∫

Σ
ε2V e

∑m

h=1 PUhφPuidvg(x) = o(1). (3.1.12)

By (3.1.8) and ‖φ‖ = 1 with the Hölder inequality,

〈Pui, φ〉 =
∫

Σ
(−χi∆gui + χi∆gui)φdvg (3.1.13)

=
∫

Σ
ε2e−ϕieUiuiφdvg +

∫
Σ
ε2χie

−ϕieUiΨ0
iφdvg +

∫
Σ

2%(ξi)
3τi

Hg(ξi, ξi)ε2χie
−ϕieUiφdvg + O(ε2)

=
∫

Σ
ε2eUiuiφdvg +

∫
Σ
ε2(e−ϕi − 1)eUiuiφdvg

+〈PΨ0
i , φ〉 +

∫
Σ

2%(ξi)
3τi

Hg(ξi, ξi)ε2χi(e−ϕi − 1)eUiφdvg

+
∫

Σ

2%(ξi)
3τi

(Hg(ξi, ξi) −Hg(·, ξi))ε2χie
Uiφdvg +

∫
Σ

2%(ξi)
3τi

Hg(·, ξi)ε2χie
Uiφdvg + O(ε2)

=
∫

Σ
ε2eUiuiφdvg + 〈PΨ0

i , φ〉 +
∫

Σ

2%(ξi)
3τi

Hg(·, ξi)ε2χie
Uiφdvg + O(ε

2−q
q ),

for any q ∈ (1, 2). On the other hand, Lemma A.0.2, Lemma A.0.7, (3.1.9) and (3.1.11) with

41



the Hölder inequality yield that

∫
Σ
ε2V e

∑m

h=1 PUhφPuidvg =
m∑
h=1

∫
Σ
ε2χhe

UhφPuidvg + O(ε
2−s

s | log ε|) (3.1.14)

=
m∑
h=1

∫
Σ
ε2χhe

Uh ·
(
ui + 2%(ξi)

3τi
Hg(·, ξi) + O(ε

1
p | log ε|)

)
φdvg + O(ε

1
p | log ε|)

=
∫

Σ
ε2eUiuiφdvg +

∫
Σ

2%(ξi)
3τi

Hg(·, ξi)ε2χie
Uiφdvg +

∑
h6=i

∫
Σ

2%(ξi)
3τi

Hg(ξh, ξi)ε2χhe
Uhφdvg

+
∑
h6=i

∫
Σ

2%(ξi)
3τi

(Hg(·, ξi) −Hg(ξh, ξi))ε2χhe
Uhφdvg + O(ε

1
p

+2( 1
s

−1)| log ε|),

=
∫

Σ
ε2eUiuiφdvg +

∫
Σ

2%(ξi)
3τi

Hg(·, ξi)ε2χie
Uiφdvg +

∑
h6=i

∫
Σ

2%(ξi)
3τi

Hg(ξh, ξi)ε2χhe
Uhφdvg

+O(ε
1
p

+2( 1
s

−1)| log ε|)

for any s ∈ (1, 2). We choose s, p sufficiently close to 1 such that 1
p +2(1

s −1) > 0. Then, (3.1.13)

and (3.1.14) imply that

〈PΨ0
i , φ〉 =

∑
h6=i

∫
Σ

2%(ξi)
3τi

Hg(ξh, ξi)ε2χhe
Uhφdvg + o(1)

=
∑
h6=i

∫
Σ

2%(ξi)
3τi

Hg(ξh, ξi)ε2χhe
−ϕheUhφdvg + o(1)

=
∑
h6=i

2%(ξi)
3τi

Hg(ξh, ξi)〈PUh, φ〉 + o(1)

as ε → 0. It is sufficient to show that 〈PUh, φ〉 = o(1) for h = 1, · · · ,m. Using PΨ0
i as a test

function of (3.1.5), we deduce that for i = 1, · · · ,m

o(1) = 〈φ, PΨ0
i 〉 −

∫
Σ
ε2V e

∑m

h=1 PUhφPΨ0
i dvg

=
∫

Σ
ε2χie

−ϕieUi(Ψ0
i − PΨ0

i )φdvg −
∑
h6=i

∫
Σ
ε2χhe

−ϕheUhPΨ0
iφdvg + o(1)

=
∫

Σ
ε2χie

−ϕieUi

(
− 2
τi

+ O(ε1+α0)
)
φdvg −

∑
h6=i

∫
Σ
ε2χhe

−ϕheUhO(ε1+α0)φdvg + o(1)

= − 2
τi

〈PUi, φ〉 + o(1),

where we applied Lemma A.0.2, A.0.3, A.0.5 and A.0.7 along with the facts ‖φ‖ = 1, ‖w‖ =

o(1), ‖ψ‖ = o(1/| log ε|). Consequently, 〈PUh, φ〉 = o(1), for h = 1, · · · ,m.

Step 3. Construct a contradiction.

We denote Rx = R2 if x ∈ Σ̊; Rx = R2
+ := {y ∈ R2 : y2 ≥ 0} if x ∈ ∂Σ. Let πN be the
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stereographic projection through the north pole for the standard unit sphere in R3. We denote

that Si = π−1
N (Rξi

) for i = 1, · · · ,m. Define the following spaces for ξ = (ξ1, · · · , ξm) ∈ Ξδk,m:

Li :=

Ψ : Rξi
→ R :

∥∥∥∥ Ψ
1 + | · |2

∥∥∥∥
L2(Rξi

)
< +∞

 ,
and

Hi :=

Ψ : Rξi
→ R : ‖∇Ψ‖L2(Rξi

) +
∥∥∥∥ Ψ

1 + | · |2

∥∥∥∥
L2(Rξi

)
< ∞

 .
The associated norms are defined as the following,

‖Ψ‖Li :=
∥∥∥∥ Ψ

1 + | · |2

∥∥∥∥
L2(Rξi

)
and ‖Ψ‖Hi := ‖∇Ψ‖L2(Rξi

) +
∥∥∥∥ Ψ

1 + | · |2

∥∥∥∥
L2(Rξi

)
.

The maps

Li → L2(Si) : Ψ 7→ Ψ ◦ πN

and

Hi → H1(Si) : Ψ 7→ Ψ ◦ πN

are isometric. Let Ωε
i := 1

τiε
Bξi

2r0 , φ
ε
i (y) = φ(y−1

ξi
(τiεy)) and χεi (y) = χ(τiε|y|). Consider

φ̃εi =


φεiχ

ε
i y ∈ Ωε

i

0 y ∈ Rξi
\ Ωε

i

.

By Lemma A.0.7 with the Hölder inequality, we have

m∑
h=1

ε2
∫

Σ
χhe

Uhφ2dvg = ε2
∫

Σ
V e
∑m

h=1 PUhφ2dvg + O
(∫

Σ
ε2|

m∑
h=1

χhe
Uh − V e

∑m

h=1 PUh |φ2dvg

)

= ε2
∫

Σ
e
∑m

h=1 PUhφ2 + O

∥∥∥∥∥ε2
(

m∑
h=1

χhe
Uh − V e

∑m

h=1 PUh

)∥∥∥∥∥
p

‖φ2‖q


= ε2

∫
Σ
V e
∑m

h=1 PUhφ2dvg + O(ε
2−p

p )

= ε2
∫

Σ
V e
∑m

h=1 PUhφ2dvg + o(1),

as ε → 0, where p ∈ (1, 2) and 1
p + 1

q = 1. On the other hand, we use φ as a test function of

(3.1.5). Since ‖φ‖ = 1 and ‖ψ‖ = o( 1
log ε),

ε2
∫

Σ
V e
∑m

h=1 PUhφ2dvg = 〈φ, φ〉 − 〈w + ψ, φ〉 = 1 + o(1).
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By direct calculation, we have the following estimates:

m∑
i=1

ε2
∫

Σ
χie

Uiφ2dvg =
m∑
i=1

∫
B

ξi
2r0

8τ2
i ε

2χ2(|y|/r0)
(τ2
i ε

2 + |y|2)2 (φ ◦ y−1
ξi

(τiεy))2dy + O(ε2)

= 8
m∑
i=1

∫
Rξi

|φ̃εi (y)|2

(1 + |y|2)2dy + O(ε2),

and

∫
Ωε

i

|∇φ̃εi |2dy =
∫

1
τiε

B
ξi
2r0

|χεi∇φεi + φεi∇χεi |2dy

= O
(∫

B
ξi
2r0

(|∇φi(y−1
ξi

(y))|2 + |φ(y−1
ξi

(y))|2)dy
)

= O
(∫

Σ
|∇φ|2gdvg +

∫
Σ
e−ϕi |φ(x)|2dvg

)
= O (‖φ‖) = O(1).

Hence, φ̃εi is bounded in Hi. We observe that Hi compactly embeds in Li. Up to a subsequence,

as ε → 0, φ̃εi → φ̃0
i weakly in Hi and strongly in Li. It follows that

m∑
i=1

‖φ̃0
i ‖2
Li

= 1
8
. (3.1.15)

For any h ∈ C∞
c (Ri), assume that supp h ⊂ BR0 . If τiε < r0

R0
, then supp ∇χ

(
|y|
r0

)
∩ supp h

(
1
τiε
y
)

=

∅. For any Φ ∈ H1(Σ),

0 =
∫
B

ξi
2r0

Φ ◦ y−1
ξi

∇χ
( | · |
r0

)
· ∇h

( ·
τiε

)
=
∫
B

ξi
2r0

h

( ·
τiε

)
∇(Φ ◦ y−1

ξi
) · ∇χ

( | · |
r0

)
. (3.1.16)

In (3.1.16), we take Φ = φ,w and ψ, respectively.

Claim 3.1.3. For any ‖h‖ := (
∫
R2 |∇h|2 + |h|2)

1
2 ≤ 1 and h ∈ C∞

c (R2), as ε → 0

∫
Σ
χih

2
( 1
τiε

yξi

)
dvg = O(ε2) (3.1.17)

and
∫

Σ
χi

∣∣∣∣∇h( 1
τiε

yξi

)∣∣∣∣2
g
dvg = O(1). (3.1.18)
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Indeed,

∫
Σ χih

2
(

1
τiε
yξi

(x)
)
dvg(x) =

∫
B

ξi
2r0
eϕ̂i(y)χ

(
|y|
r0

)
h2
(

1
τiε
y
)
dy

≤ O
(
ε2 ∫

Ωε
i

|h (y) |2dy
)

≤ O(ε2)‖h‖2 = O(ε2).

∫
Σ χi

∣∣∣∇h ( 1
τiε
yξi

(x)
)∣∣∣2
g
dvg(x) =

∫
B

ξi
2r0
χ
(

|y|
r0

) ∣∣∣∇h ( 1
τiε
y
)∣∣∣2 dy ≤ O

(∫
Ωε

i
|∇h (y) |2dy

)
≤ O(1).

The claim above concluded.

Combining the result in Step 1 and ‖ψ‖ = o( 1
| log ε|),

‖w‖ + ‖ψ‖ = o(1), (3.1.19)

as ε → 0. Assume that 0 < ε < r0
τiR0

, as ε → 0

∫
Rξi

∇φ̃εi∇hdy =
∫
B

ξi
2r0

∇
(
χ

( |y|
r0

)
φ ◦ y−1

ξi
(y)
)

· ∇h
( 1
τiε

y

)
dy

(3.1.16)=
∫
B

ξi
2r0

∇φ ◦ y−1
ξi

(y) · ∇
(
χ

( |y|
r0

)
h

( 1
τiε

y

))
dy =

∫
Σ

〈
∇φ,∇

(
χih

( 1
τiε

yξi

))〉
g
dvg

(3.1.5)= −β
∫

Σ
χih

( 1
τiε

yξi

)
φdvg +

∫
Σ
ε2χiV e

∑m

h=1 PUhφh

( 1
τiε

yξi

)
dvg

− 1
|Σ|g

∫
Σ
ε2V e

∑m

h=1 PUhφdvg

∫
Σ
χih

( 1
τiε

yξi

)
dvg

+
∫

Σ

〈
∇(w + ψ),∇

(
χih

( 1
τiε

yξi

))〉
g
dvg

= −τ2
i ε

2β

∫
Rξi

φ̃εi (y)h(y)dy +
∫

Σ
ε2χiV e

∑m

h=1 PUhφh

( 1
τiε

yξi
(x)
)
dvg(x)

−τ2
i ε

2
∫

Σ
ε2V e

∑m

h=1 PUhφdvg(x)
∫
Rξi

χ

(
τiε|y|
r0

)
eϕi(τiεy)h(y)dy + o(1),

for any h ∈ C∞
c (R2) with ‖h‖ ≤ 1. By the Hölder inequality and Lemma A.0.7,

∣∣∣∣∣
∫
Rξi

φ̃εi (y)h(y)dy
∣∣∣∣∣ ≤ ‖φ̃εi (y)‖Li

(∫
Rξi

(1 + |y|2)2|h(y)|dy
) 1

2

≤ C‖φ̃εi (y)‖Li‖h‖,

where C > 0 is a constant depending on R0, and

∣∣∣∣ε2
∫

Σ
ε2χiV e

∑m

h=1 PUhφ

∣∣∣∣ ≤ ε2
∥∥∥ε2χiV e

∑m

h=1 PUh

∥∥∥
p

‖φ‖

≤ ε2

∥∥∥∥∥ε2χiV e
∑m

h=1 PUh − ε2
m∑
i=1

χie
Ui

∥∥∥∥∥
p

+
∥∥∥∥∥ε2

m∑
i=1

χie
Ui

∥∥∥∥∥
p

 ‖φ‖

= O
(
ε

2
p ‖φ‖

)
.
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Applying Lemma A.0.1 and (3.1.4),

∫
Σ ε

2χiV e
∑m

h=1 PUhφh
(

1
τiε
yξi

(x)
)
dvg(x)

=
∫
U2r0 (ξi)

8τ2
i ε

2χi(
τ2

i ε
2+|yξi |

2
)2 exp{− log(8τ2

i ) + % (ξi)H (ξi, ξi)

+
∑
h6=i % (ξh)G (ξi, ξh) + log V (ξi) + O

(
|yξi

| + ε1+α0
)
}φh

(
1
τiε
yξi

)
dvg

=
∫
B

ξi
r0
eϕ̂i(y) 8τ2

i ε
2

(τ2
i ε

2+|y|2)2φ ◦ y−1
ξi

(y)χ
(

|y|
r0

)
h
(

1
τiε
y
)
dy + o(1)

=
∫
Rξi

8
(1+|y|2)2 φ̃

ε
ih(y)dy + o(1).

(3.1.20)

Then, φ̃0
i is a distribution solution for

−∆U = 8
(1 + |y|2)2U in Rξi

with
∫
R2

i

|∇U |2dy < ∞. (3.1.21)

with boundary condition ∂ν0U = 0 on ∂Rξi
, where ν0 is the unit outward normal of ∂Rξi

. By the

regularity theory, φ̃0
i is a smooth solution. It is well-known that any solutions to problem (3.1.21)

take the form (see [EGP05, Lemma D.1], for instance) φ̃0
i (y) = ai

0(1−|y|2)
1+|y|2 +

∑i(ξi)
j=1

ai
jyj

1+|y|2 , where

aij ∈ R for i = 1, · · · ,m, j = 0, · · · , i(ξi).

Applying the result from Step 2

16
τi

∫
Rξi

|y|2 − 1
(|y|2 + 1)3 φ̃

0
i (y)dy = lim

ε→0

16
τi

∫
Ωε

i

|y|2 − 1
(|y|2 + 1)3φ

ε
iχ

ε
idy

= lim
ε→0

16τiε2
∫
B

ξi
2r0

|y|2 − τ2
i ε

2

(|y|2 + τ2
i ε

2)3φ ◦ y−1
ξi

(y)χ
( |y|
r0

)
dy

= lim
ε→0

∫
B

ξi
2r0

ε2euτi,0ψ0
τi,0φ ◦ y−1

ξi
(y)χ(|y|)dy = lim

ε→0

∫
Σ
ε2χie

−ϕieUiΨ0
iφdvg

= lim
ε→0

〈PΨ0
i , φ〉 = 0.

For any i = 1, · · · ,m and j = 1, · · · , i(ξi),

32
τiε

∫
Rξi

yj
(|y|2 + 1)3 φ̃

0
i dy = lim

ε→0

32
τiε

∫
Ωε

i

yj
(|y|2 + 1)3φ

ε
iχ

ε
idy

= lim
ε→0

32τ2
i ε

2
∫
B

ξi
2r0

yj
(|y|2 + τ2

i ε
2)3φ ◦ y−1

ξi
(y)χ

( |y|
r0

)
dy

= lim
ε→0

∫
B

ξi
2r0

ε2χ

( |y|
r0

)
euτi,0ψjτi,0φ ◦ y−1

ξi
(y)dy

= lim
ε→0

∫
U2r0 (ξi)

ε2χie
Uie−ϕiΨj

iφ(x)dvg = lim
ε→0

〈PΨj
i , φ〉 = 0.
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Hence, for any i = 1, · · · ,m, j = 1, · · · , i(ξi),
∫
Rξi

|y|2−1
(|y|2+1)3 φ̃

0
i dy =

∫
Rξi

yj

(|y|2+1)3 φ̃
0
i dy = 0. This

implies that φ̃0
i ≡ 0, which contradicts to (3.1.15).

Fixing
∑m
i=1 PUi, we try to obtain the solution of

Π⊥
ξ

(
m∑
i=1

PUi + φεξ − i∗(ε2e
∑m

i=1 PUi+φε
ξ)
)

= 0,

for φεξ ∈ K⊥
ξ applying the fixed-point theorem. Then, the problem is reduced to a finite-

dimensional one.

Proposition 3.1.4. For any δ > 0, and ξ = (ξ1, · · · , ξm) ∈ Ξδk,m. For any p ∈ (1, 6
5) there exist

ε0 > 0 and R > 0 (uniformly in ξ) such that for any ε ∈ (0, ε0) there exists a unique φεξ ∈ K⊥
ξ

such that

Π⊥
ξ

[
m∑
i=1

PUi + φεξ − i∗
(
ε2e
∑m

i=1 PUi+φε
ξ

)]
= 0, (3.1.22)

with ‖φεξ‖ ≤ Rε
2−p

p | log ε|.

Proof. Define an operator T εξ : K⊥
ξ → R as follows:

T εξ (φ) =
[(
Lεξ

)−1
◦ Π⊥

ξ ◦ i∗
]
M ε
ξ (φ),

M ε
ξ (φ) = ε2e

∑m

i=1 PUi

[
eφ − 1 − φ

]
+
[
ε2e
∑m

i=1 PUi − ε2
m∑
i=1

χie
−ϕξieUi

]
,

for φ ∈ K⊥
ξ . We observe that i∗(ε2∑m

i=1 χie
−ϕξieUi) =

∑m
i=1 PUi. It is obvious that φ is a fixed

point of T εξ if and only if φ solves (3.1.22) on K⊥
ξ .

Applying Lemma 3.1.1, Lemma A.0.7 and Lemma A.0.8 and the Moser-Trudinger inequality,

we obtain

‖T εξ (φ)‖ ≤ C| log ε|‖i∗ ◦M ε
ξ (φ)‖ ≤ C| log ε|

∥∥∥M ε
ξ (φ)

∥∥∥
p

≤ C| log ε|
(∥∥∥ε2V e

∑m

i=1 PUi(eφ − 1 − φ)
∥∥∥
p

+
∥∥∥∥∥ε2V e

∑m

i=1 PUi − ε2
m∑
i=1

χie
Ui

∥∥∥∥∥
p


≤ C| log ε|

(
‖φ‖2ec2‖φ‖2

ε
2−2pr

pr + ε
2−p

p

)
,

where c2 > 0 is a constant, r > 1 is sufficiently close to 1, and p ∈ (1, 6
5). We then fix arbitrary

p ∈ (1, 6
5) and choose R > 0 large enough such that C(1 + ec2) ≤ R. Next, we select ε1 > 0

such that max
{
Rε

2−2pr
pr

+ 2−p
p | log ε|, Rε

2−p
p | log ε|

}
≤ 1 for all ε ∈ (0, ε1). Consequently, for any
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‖φ‖ ≤ Rε
2−p

p | log ε|, we have ‖T εξ ‖ ≤ Rε
2−p

p | log ε|. And similarly, by Lemma A.0.8 we deduce

that

‖T εξ (φ1) − T εξ (φ2)‖ ≤ C ′| log ε|
∥∥∥ε2e

∑m

i=1 PUi(eφ1 − eφ2 − (φ1 − φ2))
∥∥∥
p

≤ C ′| log ε|ec2(
∑2

j=1 ‖φj‖2)
ε

2−2pr
pr (

2∑
j=1

‖φj‖)‖φ1 − φ2‖

≤ 2RC ′e2c2ε
2−2pr

pr
+ 1+α0−p

p log2 ε‖φ1 − φ2‖ ≤ 1
2

‖φ1 − φ2‖,

uniformly for any ε ∈ (0, ε2) and ξ ∈ Ξδk,m, where ε2 > 0 is chosen such that

max
{
Rε

2−p
p | log ε|, 2RC ′ec2ε

2−2pr
pr

+ 2−p
p log2 ε

}
<

1
2
,

for any ε ∈ (0, ε2). We then take ε0 = min{ε1, ε2}. Thus, T εξ (φ) is a contraction map on{
φ ∈ K⊥

ξ : ‖φ‖ ≤ Rε
2−p

p | log ε|
}
. By the contracting-mapping principle, there exists a unique

fixed point of T εξ on
{
φ ∈ c : ‖φ‖ ≤ Rε

2−p
p | log ε|

}
.

3.1.3 The reduced functional and its expansion

The associated functional Eε : H1(Σ) → R of the problem (3.1.1) is defined as following:

Eε(u) = 1
2

∫
Σ

(|∇u|2g + β|u|2)dvg − ε2
∫

Σ
V eudvg, (3.1.23)

for any u ∈ H1(Σ). We expect to find a solution u with the form
∑m
i=1 PUi + φεξ, where φεξ is

obtained by Proposition 3.1.4. Then substituting it in the energy functional Eε, we have the

reduced functional Ẽε(ξ) := Eε(
∑m
i=1 PUi + φεξ) with ‖φεξ‖ ≤ Rε

2−p
p | log ε|, i.e.

Ẽε(ξ) : = 1
2

∫
Σ

∣∣∣∣∣∇
(

m∑
i=1

PUi + φεξ

)∣∣∣∣∣
2

g

+ β

∣∣∣∣∣
m∑
i=1

PUi + φεξ

∣∣∣∣∣
2
 dvg

−ε2
∫

Σ
V e
∑m

i=1 PUi+φε
ξdvg.

The reduced functional Ẽε : Ξk,m → R admits a C1-expansion with respect to ξ in the form of

the following asymptotic expansion:

Proposition 3.1.5. As ε → 0,

Ẽε(ξ) =
m∑
i=1

%(ξi)(3 log 2 − 2 log ε) − 2
m∑
i=1

%(ξi) − 1
2

FV
k,m(ξ) + o(1),
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which is C1-uniformly in any compact sets of Ξk,m.

Proof. Denote φ = φεξ to simplify the notation. Then

Ẽε(ξ) = 1
2

 m∑
i=1

〈PUi, PUi〉 +
∑
i 6=j

〈PUi, PUj〉

+ 1
2

(
‖φ‖2 + 2

m∑
i=1

〈PUi, φ〉
)

−
∫

Σ
ε2V e

∑m

i=1 PUidvg −
∫

Σ
ε2
(
V e
∑m

i=1 PUi+φ − V e
∑m

i=1 PUi

)
dvg.

We notice that |es − 1| ≤ e|s||s|(∀s ∈ R). By Lemma A.0.2, we deduce that

∣∣∣∣∫
Σ
ε2
(
V e
∑m

i=1 PUi+φ − V e
∑m

i=1 PUi

)
dvg

∣∣∣∣ ≤
∣∣∣∣∫

Σ
ε2V e

∑m

i=1 PUie|φ||φ|dvg
∣∣∣∣

≤ O
(
ε2
(∫

Σ
er
∑m

i=1 PUidvg

)1/r ∥∥∥e|φ|
∥∥∥
a

‖φ‖b

)
≤ O

(∥∥∥ε2V e
∑m

i=1 PUi

∥∥∥
r

‖φ‖
)

= o(1),

as ε → 0, where r ∈ (1, 2) with 1
a + 1

r + 1
b = 1 and 2(1−r)

r + 2−p
p > 0. By Lemma A.0.9 and

Lemma A.0.10, as ε → 0,

Ẽε(ξ) =
m∑
i=1

%(ξi)(3 log 2 − 2 log ε) − 2
m∑
i=1

%(ξi) − 1
2

FV
k,m(ξ) + o(1). (3.1.24)

By (3.1.22), we deduce that

m∑
i=1

PUi + φ− i∗
(
ε2V e

∑m

i=1 PUi+φ
)

=
m∑
s=1

i(ξs)∑
t=1

cεstPΨt
s, (3.1.25)

where cεst’s are coefficients. We combine (3.1.25) with Lemma A.0.1, Lemma A.0.15, and Re-

mark A.0.6 to deduce the following estimate: as ε → 0,

m∑
s=1

i(ξs)∑
t=1

|cεst| = O(ε2). (3.1.26)

For the C1-expansion, applying Lemma A.0.3 and Lemma A.0.15, we deduce that

∂(ξh)j
Eε

(
m∑
i=1

PUi + φ

)

=
〈

m∑
i=1

PUi + φ− i∗
(
ε2e
∑m

i=1 PUi+φ
)
, ∂(ξh)j

PUh +
m∑
i=1

PΨ0
i ∂(ξh)j

τi(ξ) + ∂(ξh)j
φ

〉

= −1
2
∂FV

k,m

∂ (ξh)j
(ξ1, · · · , ξm) +

〈
m∑
s=1

∑
t=1

cεstPΨt
s,

m∑
i=1

PΨ0
i ∂(ξh)j

τi(ξ) + ∂(ξh)j
φ

〉
+ o(1)

= −1
2
∂FV

k,m

∂ (ξh)j
(ξ1, · · · , ξm) +

m∑
s=1

i(ξs)∑
t=1

cεst

〈
PΨt

s,
m∑
i=1

PΨ0
i ∂(ξh)j

τi(ξ) + ∂(ξh)j
φ

〉
+ o(1),
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for any h = 1, 2, · · · ,m and j = 1, · · · , i(ξh). Utilizing Lemma A.0.5, we have

|〈PΨt
s, PΨ0

i 〉| ≤ ‖PΨt
s‖‖PΨ0

i ‖ = O

(1
ε

)
.

Considering the fact that 〈PΨt
s, φ〉 = 0 and |∂(ξh)j

PΨt
s| ≤ |∂(ξh)j

Ψt
s| = O( 1

ε2 ), we obtain

〈PΨt
s, ∂(ξh)j

φ〉 = ∂(ξh)j
〈PΨt

s, φ〉 − 〈∂(ξh)j
PΨt

s, φ〉 ≤ O
(
‖φ‖

∥∥∥∂(ξh)j
PΨt

s

∥∥∥)
= O

(
‖φ‖
ε2

)
= o

(
1
ε2

)
,

through direct calculation. Consequently, we have

〈
m∑
s=1

i(ξs)∑
t=1

cεstPΨt
s,

m∑
i=1

∂(ξh)j
τi(ξ)PΨ0

i + ∂(ξh)j
φ

〉
= o

 1
ε2

m∑
s=1

i(ξs)∑
t=1

|cεst|

 . (3.1.27)

It follows that

∂(ξh)j
Ẽε(ξ) = −1

2
∂FV

k,m

∂ (ξh)j
(ξ1, · · · , ξm) + o

 1
ε2

m∑
s=1

i(ξs)∑
t=1

|cεst|

 . (3.1.28)

Then, (3.1.26) and (3.1.28) imply that for any h = 1, · · · ,m and j = 1, · · · , i(ξh), as ε → 0

∂(ξh)j
Eε

(
m∑
i=1

PUi + φ

)
= −1

2
∂FV

k,m

∂ (ξh)j
(ξ1, · · · , ξm) + o(1).

The following proposition states that
∑m
i=1 PUi + φεξ being a critical point of Eε in H1(Σ) is

equivalent to ξ being a critical point of Ẽε in Ξk,m.

Proposition 3.1.6. The function
∑m
i=1 PUτi(ξ),ξi

+ φεξ is a solution of (3.1.1) if and only if ξ

is a critical point of the reduced function

ξ 7→ Ẽε(ξ) = Eε

(
m∑
i=1

PUτi(ξ),ξi
+ φεξ

)
.

Proof. Denote φ := φεξ to simplify the notation. Assume that ξ is a critical point of the reduced

function Ẽε in Ξk,m. Then ξ satisfies

∂(ξi)j
Ẽε(ξ) = 0, (3.1.29)

for any i = 1, · · · ,m and j = 1, · · · , i(ξi). According to (3.1.22) in Proposition 3.1.4, the
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following identity holds:

m∑
h=1

PUh + φ− i∗
(
ε2V e

∑m

h=1 PUh+φ
)

=
m∑
s=1

i(ξs)∑
t=1

cεstPΨt
s,

where cεst’s are coefficients. Then, (3.1.29) becomes

〈
m∑
s=1

i(ξs)∑
t=1

cεstPΨt
s, ∂(ξi)j

PUi +
m∑
h=1

PΨ0
i ∂(ξi)j

τh(ξ) + ∂(ξi)j
φ

〉
= 0. (3.1.30)

By (3.1.27) in Proposition 3.1.5 and (3.1.30),

m∑
s=1

i(ξs)∑
t=1

cεst

〈
PΨt

s, ∂(ξi)j
PUi

〉
= o

 1
ε2

m∑
s=1

i(ξs)∑
t=1

|cεst|

 .
By Remark A.0.6, we conclude that cεij = 0 for any i = 1, · · · ,m and j = 1, · · · , i(ξi). Hence,

m∑
h=1

PUh + φ− i∗
(
ε2e
∑m

h=1 PUh+φ
)

= 0. (3.1.31)

If
∑m
h=1 PUh + φεξ is a weak solution of (3.1.1) in H1(Σ), then (3.1.31) is satisfied. Fur-

thermore, (3.1.29) leads to the conclusion that ξ is a critical point of the reduced functional

Ẽε.

3.2 Proof of main results

Now, we are ready to prove the main results.

Proof of Theorem 1.1.1. Let K be a stable critical point set of FV
k,m. As ε → 0 there exist a

sequence of points ξε = (ξε1, · · · , ξεm) ∈ Ξk,m such that dist(ξε,K) → 0 and ξε is a critical point

of Ẽε : Ξ′
k,m → R. Without loss of generality, assume that up to a subsequence

ξε = (ξε1, · · · , ξεm) → ξ = (ξ1, · · · , ξm) ∈ K,

as ε → 0. Then define uε =
∑m
i=1 PUτi(ξε),ξε

i
+ φεξε . According to Proposition 3.1.6, uε solves

(3.1.1) as ε → 0, which means that uε solves problem (1.1.2) in the weak sense for some

λ := λε = ε2 ∫
Σ V e

uεdvg. Applying Lemma A.0.2, LemmaA.0.8 and Lemma A.0.10, λ = λk,m +

o(1), as ε → 0.

Claim. For any Ψ ∈ C(Σ), ε2 ∫
Σ V euεΨdvg →

∑m
i=1 %(ξi)Ψ (ξi) , as ε → 0. In fact, by the
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inequality |es − 1| ⩽ e|s||s| for any s ∈ R and Lemma A.0.7, we have

ε2
∫

Σ
V euεΨdvg = ε2

∫
Σ
V e
∑m

i=1 PUiΨdvg + o(1) =
m∑
i=1

∫
Σ
ε2χξi

eUiΨdvg + o(1)

=
m∑
i=1

%(ξi)Ψ (ξi) + o(1),

as ε → 0. Therefore, uε is a family of blow-up solutions of (1.1.2) as ε → 0. The proof is

concluded. 2

Proof of Corollary 1.1.2. As demonstrated in the proof of Theorem 1.1.1, for any ε > 0

sufficiently small, we can construct ξε ∈ Ξδk,m and λε such that up to a subsequence ξε → ξ ∈

Kmin, λε → λk,m = 4π(m+ k), and uε =
∑m
i=1 PUτi(ξε),ξε

i
+φεξε solving (1.1.2) for the parameter

λε. It follows that

FV
k,m(ξε) → FV

k,m(ξ) = min
ξ∈Ξδ

k,m

FV
k,m(ξ), as ε → 0.

We recall the following expansion from Proposition 3.1.5,

Ẽε(ξ) =
m∑
i=1

%(ξi)(3 log 2 − 2 log ε) − 2
m∑
i=1

%(ξi) − 1
2

FV
k,m(ξ) + o(1)

in C1-sense. As ε → 0, uε is uniformly bounded on Σ \ ∪mi=1Uε(ξεi ) for sufficiently small ε > 0

and supUε(ξi) uε → +∞, as ε → 0. Lemma A.0.1 implies that

uε = −2
m∑
i=1

χ
(
|yξε

i
(x)|/r0

)
log(ε2τ2

i (ξε) + |yξε
i
(x)|2) + O(1), as ε → 0.

Given that ε > 0 is sufficiently small, we have

max
Ur0 (ξε

i )
uε = max

{
uε(x) : |yξε

i
(x)| <

√
ετi(ξε)

}
for i = 1, · · · ,m.

Then, there exists ξ̃ε,i satisfying that |yξε,i
(ξ̃ε,i)| <

√
ετi(ξε) attaining the local maximum of uε

for any i = 1, · · · ,m. Moreover, ξ̃ε := (ξ̃ε,1, · · · , ξ̃ε,m) → ξ and

FV
k,m(ξ̃ε) → min

ξ∈Ξδ
k,m

FV
k,m(ξ), as ε → 0.

Applying Theorem 1.1.1, we can conclude the proof. 2
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Part II

Toda systems
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4 Partial blow-up solutions for Toda sys-

tems

4.1 Properties of the shadow system

Let Cα0 (Σ) and Cs,α0 (Σ) be the spaces of Hölder continuous functions of class Cα and Cs,α

with zero average over Σ for any s = 1, 2, α ∈ (0, 1), respectively.

Next, we study some important properties of the shadow system (1.2.5). Firstly, we establish

a prior estimate for the solutions of (1.2.5).

We define the following shadow system with parameter t ∈ [0, 1],



−∆gw
t = 2ρ2

 V2e
wt−
∑m

i=1
%(ξi)

2 Gg(x,ξi)∫
Σ V2e

wt−
∑m

i=1
%(ξi)

2 Gg(x,ξi)
dvg

− 1

 in Σ̊

∂νgw
t = 0 on ∂Σ

∂ft(ξ) = 0 in Ξk,m

, (St)

where

ft(ξ1, · · · , ξm) = FV1
k,m(ξ) −

∑m
i=1(1 − t)%(ξi)wt(ξi), for ξ ∈ Ξk,m.

Proposition 4.1.1. Given any α ∈ (0, 1), there exists a constant C > 0 such that for any

t ∈ [0, 1], any ρ2 in a compact subset of R+ \ 2πN+ and any solution (wt, ξt) of (St), we have

the following prior estimate,

‖wt‖C2,α(Σ) < C.

Proof. Define that

w̃t = wt − log
(∫

Σ
V2e

wt−
∑m

i=1
%(ξi)

2 Gg(·,ξi)dvg

)
.
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It follows that
∫

Σ V2e
w̃t−

∑m

i=1
%(ξi)

2 Gg(·,ξi)dvg = 1. We can rewrite the system (St) as follows:



−∆gw̃
t = 2ρ2

(
V2e

w̃t−
∑m

i=1
%(ξi)

2 Gg(x,ξi) − 1
)

in Σ̊

∂νg w̃
t = 0 on ∂Σ

∇
(
FV1
k,m(x) −

∑m
i=1(1 − t)%(xi)w̃t(xi)

)∣∣∣
x=ξ

= 0 in Ξk,m

, (4.1.1)

For a sequence of (w̃tn, ξn) solves (4.1.1) with the parameter ρn2 → ρ2 as n → +∞. We define

that wtn = w̃tn + log
(∫

Σ V2e
wn

t −
∑m

i=1
%(ξn

i
)

2 Gg(·,ξn
i )dvg

)
. We define the blow-up point set as

B =
{
x0 ∈ Σ : ∃xn → x0 s.t. lim

n→+∞
w̃tn(xn) = +∞

}
,

and the local limit mass

σ̃(x) = lim
r→0

lim
n→+∞

∫
Ur(x)

2ρn2V2e
w̃t

n−
∑m

i=1
1
2%(ξi)Gg(·,ξi)dvg.

Step 1. If ρ2 /∈ 2πN, then B = ∅. Furthermore, there exists constant C > 0 such that supΣ w̃
t
n ≤ C.

Claim 4.1.2. If σ̃(x0) < 1
2%(x0), then there exists a small open neighborhood Ux0 around

x0 such that ew̃t
n ∈ Lp(Ux0) for some p > 1 and w̃tn ∈ L∞(Ux0). Consequently, σ̃(x0) = 0 and

x0 /∈ B.

Proof of Claim 4.1.2. Using the isothermal coordinates, we define ṽn(y) := w̃tn ◦ y−1
x0 (y) and

Ṽi(y) := Vi ◦ y−1
x0 (y), we can obtain the local version of (4.1.17). Specifically,

−∆ṽn(y) = 2ρn2eϕ̂x0 (y)
(
Ṽ (y)eṽ

n(y)−
∑m

i=1
%(ξi)

2 Gg(y−1
x0 (y),ξi) − 1

)
in Bx0 , (4.1.2)

and

∂y2 ṽ
n(y) = 0 on Bx0 ∩ {y ∈ R2 : y2 = 0}.

When x0 ∈ ∂Σ, we extend ṽn to an open ball by reflection of x-axis (refer to [NT91]).

In distribution sense, for sufficiently small r0 > 0, ṽn solves

−∆ṽn(y) = f̃n in Br0 , (4.1.3)

where f̃n = 2ρn2eϕ̂x0 (y)
(
Ṽ (y)eṽ

n(y)−
∑m

i=1
%(ξi)

2 Gg(y−1
x0 (y),ξi) − 1

)
in Br0 . For any real-valued func-
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tion f , let f+ := max{0, f}. We decompose (ṽn)+ into two parts

(ṽn)+ = ṽn1 + ṽn2 , in Br,

for any r ∈ (0, r0), where ṽn1 is the solution of


−∆ṽn1 = (f̃n)+ in Br

ṽn1 = 0 on ∂Br

and ṽn2 is the solution of 
−∆ṽn2 = 0 in Br

ṽn2 = (ṽn)+ on ∂Br

.

Applying the result given by Brezis and Merle in [BM91, Theorem 1] for D = Br, we have

∫
Br

exp

(4π − ε)(ṽn1 )+∥∥∥(f̃n)+
∥∥∥
L1(Br)

 ⩽ C
r2

ε

for some constant C > 0, for any r ∈ (0, r0) and ε ∈ (0, 4π).

Due to the assumption, for any c0 ∈ (0, 4π) there exist constants r1 > 0 and N ∈ N+ such

that ∫
Br

2ρn2eϕx0 Ṽ eṽ
n−
∑m

i=1
%(ξi)

2 Gg(y−1
x0 ,ξi) ≤ 4π − c0, ∀r ∈ (0, r1), n ≥ N.

Observe that there exists a constant c1 > 0 such that
∫
Br

2ρn2eϕx0 ≤ c1ρ
n
2r

2. Since ρn2 → ρ2, ρn2
is uniformly bounded. Combining the estimates above, we have

∫
Br

|(f̃n)+| ≤ 4π − c0 + c1 sup
n

|ρn2 |r2.

We take r∗ = min
{
r0, r1,

√
c0

2c1 supn∈N |ρn
2 |

}
and fix a ε ∈ (0, 4π) sufficiently small such that

4π − ε > 4π − 1
4c0. For any n ≥ N and r ∈ (0, r∗),

∫
Br
epṽ

n ⩽ C, for some constant C, where

p = 4π− 1
4 c0

4π− 1
2 c0

> 1. Thus, (f̃n)+ ∈ Lp(Br). By the Lp-theory and Sobolev inequality,

‖ṽn1 ‖
L∞
(
B 1

2 r

) ≤ C,

for some constant C > 0. On the other hand, the maximum principle implies that ṽn2 > 0. Given

the estimate (4.1), we have
∫
B 1

2 r
ṽn2 ≤

∫
B 1

2 r
((ṽn)+ + |ṽn1 |) ≤ C + ‖ṽn‖L1(Br∗ ). Additionally,
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we observe that ‖ − ∆gw̃
t
n‖L1(Σ) is uniformly bounded. Using the Lp-theory, we then have

‖w̃tn‖q ≤ C, for any q ∈ (1, 2) and for some constant C > 0. Applying the mean-value theorem

of harmonic functions, it follows that

‖ṽn2 ‖
L∞
(
B 1

4 r

) ≤ C ‖ṽn2 ‖
L1
(
B 1

2 r

) ≤ C(1 + ‖ṽn‖L1(Br∗ )) ≤ C.

To conclude, we proved ‖(vn)+‖L∞(y−1
x0 (B 1

4 r
∩Bx0 ) ≤ C for some constant C > 0, i.e. w̃nt is

bounded from above in a small neighborhood of x0. Hence, Claim 4.1.2 is complete.

Given that
∫

Σ 2ρn2V2e
w̃t

n(y)−
∑m

i=1
%(ξi)

2 Gg(y−1
x0 (y),ξi) ≡ 1, Claim 4.1.2 indicates that B must be a

finite set. Otherwise, the presence of infinitely many blow-up points in B \ {ξi}mi=1, each with

a local limit mass σ̃(x) ≥ 1
2%(x) for any x ∈ B \ {ξi}mi=1. 2ρ2 ≥

∑
x∈B

1
2%(x), which leads to a

contradiction.

For

−∆u(x) = a(x)F (u) + a0(x), in U ⊂ R2,

we have the following Pohozaev’s identity:

∫
U 2(aF (u) + a0u) +

∫
U (y · ∇a)F (u) + (y · ∇a0)u

=
∫
∂U (y · ∇u)∂u∂ν − (y · ν) |∇u|2

2 + (y · ν)(aF (u) + a0u),

where U is a smooth domain, F (u) =
∫ u

0 f(s) ds and ν is the unit outward norm of ∂U .

Applying the Pohozaev’s identity, we derive that

∫
∂Br

r

2
|∇ṽn|2dsr − r

∫
∂Br

|∂ν ṽn|2dsr (4.1.4)

= r

∫
∂Br

2ρn2eϕx0eṽ
n−
∑m

i=1
%(ξi)

2 Gg(y−1
x0 (y),ξi)dsr − 4

∫
Br

ρn2e
ϕ̂x0

(
eṽ

n−
∑m

i=1
%(ξi)

2 Gg(y−1
x0 (y),ξi) − ṽn

)
dy

−
∫
Br

2ρn2eṽ
n〈∇(eϕ̂x0 Ṽ e−

∑m

i=1
%(ξi)

2 Gg(y−1
x0 (y),ξi)), y〉 dy − 2ρn2

∫
Br

eϕ̂x0y · ∇ṽn dy,

where dsr is the line element on ∂Br and ν denotes the unit outward vector on ∂Br.

Suppose that B 6= ∅, we will prove that

∫
Σ
V2e

wt
n−
∑m

i=1
%(ξi)

2 Gg(·,ξi)dvg → +∞.

Using the Jensen’s inequality with
∫

Σw
t
ndvg =

∫
ΣG

g(·, ξi)dvg = 0 for any i = 1, · · · ,m, we
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can deduce that
∫

Σ V2e
wt

n−
∑m

i=1
%(ξi)

2 Gg(·,ξi)dvg has a positive lower bound. Assume that

0 < c∗ ≤
∫

Σ
V2e

wt
n−
∑m

i=1
%(ξi)

2 Gg(·,ξi)dvg ≤ C∗

for some constant c∗, C∗ > 0.

Up to a subsequence, V2e
wt

n−
∑m

i=1
%(ξi)

2 Gg(·,ξi)dvg is convergent to some Borel measure denoted

by µ in sense of measure.

For any x0 ∈ B, we choose ε0 > 0 such that Uε0(x0) ∩ ({ξi}mi=1 ∪ B \ {x0}) = ∅, where Uε0(x0)

is definedd by the isothermal coordinates in Section 2.2. Since w̃tn ∈ L∞
loc(Σ \ B), there exists

a constant c′ > 0 such that sup∂Uε0 (x0) |w̃nt | ≤ c′. For x0 ∈ ∂Σ, we apply the reflection of the

x-axis to extend the functions on an open disk. We consider the following equations:


−∆h̃n = 2ρn2eϕ̂x0

(
Ṽ eṽ

n−
∑m

i=1
%(ξi)

2 Gg(y−1
x0 (y),ξi) − 1

)
in Bε0

h̃n = −c′ on ∂Bε0

By the maximal principle, we deduce that ṽn ≥ h̃n in Bε0 . By the regularity theory, h̃n converges

to some h̃ weakly in W 1,q(Bε0) for q ∈ (1, 2). It follows that h̃ solves


−∆h̃ = µ in Bε0

h̃ = −c′ on ∂Bε0

in the sense of distribution. We consider the Green’s function defined by the following equations:


−∆G∗(x, x0) = 4π(δ0 − 1), in Bε0

G∗(x, x0) = −c, on ∂Bε0

.

By the maximal principal and Claim 4.1.2, we derive that h ≥ G∗(y, x0). Observe that

G∗(y, x0) = 2 log |y| +Ax0(y),

where Ax0 is a smooth function depending on x0. Fatou’s lemma yields that

+∞ =
∫
Bε0

G∗(·, x0) ≤
∫
Bε0

eh ≤ lim inf
n→+∞

∫
Bε0

ehn ≤ lim inf
n→+∞

∫
Bε0

ew̃
t
n ≤ CC∗.
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There is a contradiction. So
∫

Σ V2e
wt

n−
∑m

i=1
%(ξi)

2 Gg(·,ξi)dvg → +∞, which implies w̃tn → −∞

uniformly in any compact subset of Σ \ B.

We recall the definition of Uε0(x0) = y−1
x0 (Bx0

ε0 ). By (4.1.2), we have

−∆ṽn(y) = 2ρn2 Ṽ ∗(y)|y|2γ(x0)eṽ
n(y) − 2ρn2 , in Bε0

where V ∗ ∈ C∞(Bε0 ,R+) with a lower bound away from 0, and γ(x0) =


1 x0 ∈ {ξi}mi=1

0 otherwise
.

Since
∫

Σ

∣∣∣∣V2e
w̃t

n−
∑m

i=1
%(ξi)

2 Gg(x,ξi) − 1
∣∣∣∣ ≤ 2, by the regularity theory, for any q ∈ (1, 2), we

derive that ‖wtn‖W 1,q(Σ) ≤ C, for some constant C > 0. For 2ρ2 =
∑
x∈B σ̃(x),

wtn →
∑
x∈B

σ̃(x)Gg(·, x),

weakly in W 1,q(Σ) and strongly in C2
loc(Σ\B), where Gg is the Green’s function defined by (2.4.1)

with β = 0. We observe that for any x ∈ Uε0(x0), −∆gG
g(x, x0) = δx0 − 1 and Gg(x, x0) =

4
%(x0) log 1

|yx0 (x)| + Hg(x, x0), where Hg(·, x0) ∈ C2(Ux0
ε0 ). Passing the limit n → +∞ first and

then r → 0 for (4.1.4), we have

σ̃(x0)2 = %(x0)(1 + γ(x0))σ̃(x0).

Since x0 ∈ B, σ̃(x0) > 0. It follows σ̃(x0) = %(x0)(1 + γ(x0)) =


8π(1 + γ(x0)) if x0 ∈ Σ̊

4π(1 + γ(x0)) if x0 ∈ ∂Σ
.

Since γ(x0) = 0 or 1, 2ρ2 =
∑
x∈B σ̃(x) ∈ 2πN. This leads to a contradiction since we assume

that ρ2 /∈ 2πN.

Step 2. For any t ∈ [0, 1], α ∈ (0, 1), and (wt, ξt) a solution to (St),

‖wt‖C2,α(Σ) ≤ C,

for some constant C > 0.

Step 1 implies that

sup
Σ

(wt − log(
∫

Σ
V2e

wt−
∑m

i=1
%(ξt

i
)

2 Gg(·,ξt
i )dvg))

is uniformly bounded from above. By the Schauder estimate in Lemma 2.3.3, it follows that

‖wt‖C2,α(Σ) ≤ C, for any α ∈ (0, 1) and some constant C > 0.

60



The shadow system is a singular mean field equation coupled with a balance condition. An in-

tuitive approach to deducing the non-degenerate solutions is to first analyze the non-degeneracy

of the singular mean field equation and then address the balance condition. We introduce the fol-

lowing hypothesis, which was originally introduced by [DPR15] to deal with Dirichlet boundary

conditions, and have modified it here to be compatible with Neumann boundary conditions:

(H) For some ξ0 ∈ Ξk,m, there exists a non-degenerate solution of the problem (1.2.3), i.e.

there exists a solution of (1.2.3), denoted by z(·, ξ0), and the following linear problem:


−∆ψ(x) = 2ρ2

 Ṽ2(x, ξ0)ez(x,ξ0)ψ(x)∫
Σ Ṽ2(·, ξ0)ez(·,ξ0)dvg

− Ṽ2(x, ξ0)ez(x,ξ0) ∫
Σ Ṽ2(·, ξ)ez(·,ξ0)ψdvg(∫

Σ Ṽ2(·, ξ0)ez(·,ξ0)dvg
)2

 in Σ̊,

∂νgψ = 0 on ∂Σ
(4.1.5)

admits only the trivial solution ψ = 0.

Lemma 4.1.3. Assuming the hypothesis (H) holds for (ξ0, z(·, ξ0)), for any α ∈ (0, 1), there

exists an open neighborhood D around ξ0 such that the map ξ 7→ z(·, ξ) from D into C2,α
0 (Σ) is

C1-differentiable.

Proof. We observe that for any α ∈ (0, 1),

Ṽ2(x, ξ) = V2(x)e−
∑m

i=1
%(ξi)

2 Hg(x,ξi)Πm
i=1e

2χi(x) log |yξi
(x)| ∈ Cα(Σ),

uniformly for D ⊂⊂ Ξk,m. Let

Ψ : C2,α
0 (Σ) × Ξk,m → Cα0 (Σ) × {0},

Ψ(z, ξ) =


−∆gz(x) − 2ρ2

(
Ṽ2(x,ξ)ez∫

Ω Ṽ2(·,ξ)ezdvg
− 1

)
∂νgz

 .

We observe that z is a solution of (1.2.3) if and only if Ψ(z, ξ) = 0. According to the hypothesis

(H), for fixed ξ0, there exists z = z(·, ξ0) that is the non-degenerate solution of (1.2.3). Then

we have Ψ(z, ξ0) = 0 and for any ψ ∈ C2,α
0 (Σ)

DzΨ(z, ξ0)(ψ) =


−∆gψ −K(ψ)

∂νψ

 ,
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where K : C2,α
0 (Σ) → Cα0 (Σ),

ψ 7→ 2ρ2

(
Ṽ2(x, ξ0)ezψ(x)∫
Σ Ṽ2(·, ξ0)ezdvg

− Ṽ2(x, ξ0)ez
∫

Σ Ṽ2(·, ξ0)ezψdvg
(
∫

Σ Ṽ2(·, ξ0)ezdvg)2

)
.

By the regularity theory in Section 2.3, the mapping (−∆g, ∂νg ) : C2,α
0 (Σ) → Cα0 (Σ) × {0} is

an isomorphism. It is noted that the operator K is compact, which preserves the Fredholm

index upon addition to (−∆g, ∂νg ). Hence, (−∆g −K, ∂νg ) is a Fredholm operator of index zero.

Applying the hypothesis (H), the derivative DzΨ(z, ξ0)(ψ) has a trivial kernel, thereby affirming

the non-degeneracy of DzΨ(z, ξ0). The implicit function theorem yields the existence of a radius

r > 0 and a continuously differentiable mapping

z : B̃r(ξ0) := {ξ ∈ Ξk,m : dg(ξ, ξ0) < r} → C2,α
0 (Σ),

ξ 7→ zξ,

such that zξ0 = z(·, ξ0) and zξ is the unique solution of Ψ(zξ, ξ) = 0 for any ξ ∈ B̃r(ξ0). We take

D = B̃r(ξ0).

Lemma 4.1.4. For ξ ∈ Ξk,m, i = 1, · · · ,m, j = 1, · · · , i(ξi)

∂(ξi)j
Iξ(z(·, ξ)) = 1

2
%(ξi)∂xjz(x, ξ)|x=ξi

. (4.1.6)

Proof. Since z(·, ξ) solves the problem (1.2.3), I ′
ξ(z(·, ξ)) = 0. By the representation for-

mula (2.4.2), we deduce that

∂(ξi)j
Iξ(z(·, ξ))

= I ′
ξ(z(·, ξ))∂(ξi)j

z(·, ξ) − 2ρ2

∫
Σ

Ṽ2(·, ξ)ez(·,ξ)∫
Σ Ṽ2(·, ξ)ez(·,ξ)dvg

(
−%(ξi)

2
∂(ξi)j

Gg(·, ξi)
)
dvg

= ρ2%(ξi)
∫

Σ

Ṽ2(·, ξ)ez(·,ξ)∫
Σ Ṽ2(·, ξ)ez(·,ξ)dvg

∂(ξi)j
Gg(·, ξi)dvg = 1

2
%(ξi)∂xjz(x, ξ)|x=ξi

.

It is clear that (H1) implies (H). The hypothesis (H) describes the nondegeneracy of solutions

of the singular mean field equations (1.2.3). For ρ2 ∈ (0, 2π), it is generally observed that

hypothesis (H) may not hold. Nonetheless, when ρ2 > 0 is chosen to be sufficiently small, this

hypothesis is satisfied for any D that is an open precompact subset of Ξk,m.

Lemma 4.1.5. Let D ⊂ D ⊂ Ξk,m be an open subset. There exists ρ0 ∈ (0, 2π) sufficiently
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small such that for any ρ2 ∈ (0, ρ0), there exists a unique solution z(·, ξ) of (1.2.3) satisfying

(H).

Proof. To formulate our argument, we select D as an arbitrary open precompact subset of Ξk,m.

We will prove the lemma by contradiction.

Let us suppose that there exists a sequence ρn2 → 0, ξn ∈ D , and z1
n, z

2
n ∈ C2,α

0 (Σ), two

distinct solutions of the following problem:


−∆gz(x) = 2ρn2

(
Ṽ2(x,ξn)ez∫

Σ Ṽ2(·,ξn)ezdvg
− 1

)
, in Σ̊

∂νgz(x) = 0, on ∂Σ

. (4.1.7)

Given the compactness of the solutions space for (4.1.7) (refer to [LSY23]), up to a subsequence,

for i = 0, 1 ξn → ξ0 ∈ D , zin → zi in the Hölder space C2,α
0 (Σ). As the parameter ρn2 → 0 in the

context of (4.1.7), it follows zi = 0 for i = 0, 1. We introduce a mapping

Ψ : C2,α
0 (Σ) × Ξk,m × R → Cα0 (Σ) × {0},

(z, ξ, ρ) 7→


−∆gz − 2ρ

(
Ṽ2(x,ξn)ezn∫

Σ Ṽ2(·,ξn)ezndvg
− 1

)
∂νgz

 .

We note that z is a solution of (4.1.7) if and only if Ψ(z, ξ, ρ) = 0 and

DzΨ(zi, ξ0, 0)(ψ) =


−∆gψ

∂νgψ

 .

Given that (−∆g, ∂νg ) is an isomorphism from C2,α
0 (Σ) to Cα0 (Σ) × {0}, the implicit function

theorem yields that there exists r > 0, δ > 0, U a neighborhood of 0 in C2,α
0 (Σ) and a C1-

diffeomorphism:

z : {ξ ∈ Ξk,m : dg(ξ, ξ0) < r} × (−δ, δ) → U, (ξ, ρ) 7→ zξ,ρ,

with Ψ(zξ,ρ, ξ, ρ) = 0. Denote B̃r(ξ0) := {ξ ∈ Ξk,m : dg(ξ, ξ0) < r}. Additionally, z = zξ,ρ is the

unique solution in U satisfying Ψ(z, ξ, ρ) = 0. There exists N0 > 0 sufficiently large such that

zin ∈ U and ξn ∈ B̃r(ξ0) for any i = 0, 1 and n ≥ N0. Given the uniqueness of zξ,ρ, we deduce

that zin = zξn,ρn for i = 0, 1, leading to a contradiction.
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We now will establish the non-degeneracy. Suppose ρn2 → 0, ξn ∈ D , zn a solution of (4.1.7)

and ψn a nontrivial solution of the following problem:


−∆gψ = Kn(ψ), in Σ̊

∂νgψ = 0 on ∂Σ
, (4.1.8)

where Kn : C2,α
0 (Σ) → Cα0 (Σ),

Kn(ψ) = 2ρn2

(
Ṽ2(x, ξ)ezψ(x)∫
Σ Ṽ2(·, ξ)ezdvg

− Ṽ2(x, ξ)ez
∫

Σ Ṽ2(·, ξ)ezψdvg
(
∫

Σ Ṽ2(·, ξ)ezdvg)2

)
.

Taking the limit of (4.1.8) as n → 0, we have that ρn2 → 0, zn → 0 in C2,α(Σ). Without loss

of generality, we assume that ‖ψn‖∞ = 1. This assumption leads to ‖Kn(ψn)‖∞ → 0. By the

regularity theory, we obtain that ψn → 0 in C2(Σ), which leads to a contradiction.

On the other hand, we can show that the shadow system (1.2.5) is non-degenerate for generic

(V1, V2) ∈ C2,α(Σ,R+) × C2,α(Σ,R+) and for any fixed ρ2 ≥ 0, by a well-known transversality

theorem which can be found in [Abr63,Qui70], [Hen05] and references therein.

Theorem 4.1.6 (Theorem 5.4 of [Hen05]). Let M,V, N be Banach manifolds of class Cr for

some r ∈ N+, let D ⊂ M × V be open, let F : D → N be a Cr map, and fix a point z ∈ N .

Assume for each (y, ψ) ∈ F−1(z) that:

(1) DyF(y, ψ) : TyM → TzN is semi-Fredholm with index < r;

(2) DF(y, ψ) : TyM × TψV → TzN is surjective;

(3) F−1(z) → V, (y, ψ) 7→ ψ, is σ-proper.

Then for Dψ = {y ∈ M : (y, ψ) ∈ D},

V0 := {ψ ∈ V : z is not a critical value of F(·, ψ) : Dψ → N}

is a residual of V.

For any p > 1, α ∈ (0, 1), we define

M := C2,α
0 (Σ)×Σk× (∂Σ)m−k, V := C2,α(Σ,R+)×C2,α(Σ,R+), N := Cα0 (Σ)×{0}×Rm+k,

and D := C2,α
0 (Σ) × Ξk,m × V is an open subset of M . We note that for any ξ ∈ Σ̊k × (∂Σ)m−k,
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the tangent space Tξ(Σ̊k × (∂Σ)m−k) is isomorphic to Rm+k, so we identify the elements in

Tξ(Σ̊k × (∂Σ)m−k) and Rm+k.

Consider the map for t ∈ [0, 1]

Tt(w, ξ, V1, V2) =



∆gw + 2ρ2

 V2e
w−
∑m

i=1
%(ξi)

2 Gg(·,ξi)∫
Σ V2e

w−
∑m

i=1
%(ξi)

2 Gg(·,ξi)
dvg

− 1


∂νgw

∇ξ1ft(ξ)

...

∇ξmft(ξ)



. (4.1.9)

Remark 4.1.7. • A residual of V is defined as a countable intersection of open dense subsets

of V. Consequently, it is dense in V.

• It is clear that Ξk,m and C2,α(Σ,R+) are not Banach spaces. However, since Banach

manifolds require only local modeling on complete spaces, Ξk,m and C2,α(Σ,R+) are Banach

manifolds. Consequently, the transversality theorem (4.1.6) is applicable in this context.

Theorem 4.1.8. For t ∈ [0, 1], Tt is C1-differentiable. Moreover,

Vtreg := {(V1, V2) ∈ V : any solution (w, ξ) of Tt(·, V1, V2) = 0 is nondegenerate}

is residual in V.

Proof. It is easy to check the condition (3) in Theorem 4.1.6. Let

Mi :=
{

(w, ξ) ∈ C2,α
0 (Σ) × Ξk,m : dist(ξ, ∂Ξk,m) ≥ 1

2i
and ‖w‖C2,α(Σ) ≤ 2i

}
,

for i ∈ N. It follows that

C2,α
0 (Σ) × Ξk,m =

+∞⋃
i=0

Mi.

We consider the map T −1
t (0)∩(Mi×V) → V, (t, w, ξ, V1, V2) 7→ (V1, V2). For any (tn, wn, ξn, V n) ∈

T −1
t (0) ∩ (Mi × V) such that V n := (V n

1 , V
n

2 ) → V 0 := (V 0
1 , V

0
2 ) in V, by the compactness of

Ξ
1
2i

k,m, up to a subsequence, ξn := (ξn1 , · · · , ξnm) → ξ0 := (ξ0
1 , · · · , ξ0

m) ∈ Ξ
1
2i

k,m. The Arzelà-Ascoli

theorem implies that for any α′ ∈ (0, α), there exists w0 such that

wn → w0 in C2,α′

0 (Σ).
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Since (wn, ξn, V n) ∈ T −1
t (0), we have (w0, ξ0, V 0) satisfying Tt(w0, ξ0, V 0) = 0.


−∆g(wn − w0) = 2ρ2

V n
2 e

wn−
∑m

i=1
%(ξn

i
)

2 Gg(·,ξn
i

)∫
Σ V

n
2 e

wn−
∑m

i=1
%(ξn

i
)

2 Gg(·,ξn
i

)
dvg

− 2ρ2
V 0

2 e
w0−
∑m

i=1
%(ξ0

i
)

2 Gg(·,ξ0
i

)∫
Σ V

0
2 e

w0−
∑m

i=1
%(ξ0

i
)

2 Gg(·,ξ0
i

)
dvg

in Σ̊

∂νg (wn − w0) = 0 on ∂Σ

.

We have

‖ − ∆g(wn − w0)‖Cα(Σ) ≤ C‖wn − w0‖Cα(Σ) → 0,

as n → +∞.Applying the Schauder estimates, we can derive the convergence wn → w0 in C2,α
0 (Σ).

Thus, T −1
t (0) → V, (w, ξ, V ) 7→ V is σ-proper.

To compute the derivative of Tt in the direction of (w, ξ), we proceed as follows. Let φ ∈

C2,α
0 (Σ), v = (v1, · · · , vm) ∈ Rm+k. The derivative of Tt with respect to (w, ξ) is given by

Dw,ξTt(w, ξ, V1, V2)[φ, v] =



T0(w, ξ, V1, V2)[φ, v]

T1(w, ξ, V1, V2)[φ, v]

...

Tm(w, ξ, V1, V2)[φ, v]


, (4.1.10)

where

T0(w, ξ, V1, V2)[φ, v] =∆gφ+ 2ρ2

 Ṽ2e
wφ∫

Σ Ṽ2ewdvg
− Ṽ2e

w
∫

Σ Ṽ2e
wφdvg(∫

Σ Ṽ2ewdvg
)2

− ρ2

m∑
i=1

%(ξi)
(
Ṽ2e

w∇xiG
g(·, xi)|xi=ξi

· vi∫
Σ Ṽ2ewdvg

)

+ρ2

m∑
i=1

 Ṽ2e
w
∫

Σ Ṽ2e
w∇xiG

g(·, xi)|xi=ξi
· vidvg(∫

Σ Ṽ2ewdvg
)2

 , ∂νgφ


>

,

and

Ti(w, ξ, V1, V2)[φ, v] = ∇2
xi

 m∑
i=1

%2(xi)Rg(ξi) +
m∑

i,i=1
i 6=i

%(xi)%(xi)G(xi, xi)


∣∣∣∣∣∣∣∣
x=ξ

· vi

+ 2%2(xi)∇2
xi

log V1(xi)|xi=ξi
· vi − %(ξi)(1 − t)∇2

xi
w(xi)|xi=ξi

· vi

− %(ξi)(1 − t)∇ξi
φ(ξi),
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for i = 1, · · · ,m, where Ṽ2 = V2e
−
∑m

i=1
%(ξi)

2 Gg(·,ξi). By the formula of C1-derivatives, it is easy

to know that Tt is C1-differentiable for (w, ξ) uniformly for any V1, V2 bounded in C2,α(Σ,R+)

and t ∈ [0, 1]. We decompose Dw,ξTt into the following two linear operators:

T t
11(w, ξ, V1, V2)[φ, v] =



∆gφ+ 2ρ2

(
Ṽ2ewφ∫

Σ Ṽ2ewdvg
− Ṽ2ew

∫
Σ Ṽ2ewφdvg

(
∫

Σ Ṽ2ewdvg)2

)

∂νgφ

0

...

0



, (4.1.11)

and

T t
12(w, ξ, V1, V2)[φ, v] =



T10(w, ξ, V1, V2)[φ, v]

T11(w, ξ, V1, V2)[φ, v]

...

T1m(w, ξ, V1, V2)[φ, v]


, (4.1.12)

where
T10(w, ξ, V1, V2)[φ, v]

=
[
−ρ2

m∑
i=1

%(ξi)
(

Ṽ2e
w∫

Σ Ṽ2ewdvg
∇xiG

g(·, xi)|xi=ξi
· vi

)

+ρ2

m∑
i=1

 Ṽ2e
w(∫

Σ Ṽ2ewdvg
)2

∫
Σ
Ṽ2e

w∇xiG
g(·, xi)|xi=ξi

· vidvg

 , 0


>

,

and T1i = Ti for any i = 1, · · · ,m. Since the operator (−∆g, ∂νg ) : C2,α
0 (Σ) → Cα0 (Σ) × {0} is

an isomorphism, and given the compactness of Σ along with the compact embedding theorem

for Sobolev spaces, we can infer that the operator

φ 7→ 2ρ2

 Ṽ2e
wφ∫

Σ Ṽ2ew dvg
− Ṽ2e

w
∫

Σ Ṽ2e
wφdvg(∫

Σ Ṽ2ew dvg
)2


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is compact. Consequently, it follows that

dim(ker(T t
11(w, ξ, V1, V2))) = codim(Im(T t

11(w, ξ, V1, V2))) = m+ k,

indicating that T t
11(w, ξ, V1, V2) is a Fredholm operator with index 0. Similarly, using the com-

pactness of Σ and the compact embedding theorem for Sobolev spaces, T t
12(w, ξ, V1, V2) is also

compact. Thus, Dw,ξTt(w, ξ, V1, V2) is a Fredholm operator with index 0. The condition (1) in

Theorem 4.1.6 holds.

Next, we will show that condition (2) holds true. Let (w, ξ, V1, V2) ∈ T −1
t (0). We have the

derivative of Tt with respect to V = (V1, V2) as follows:

DV1Tt(w, ξ, V1, V2)[h1] =



0

0

2%2(ξ1)
(∇ξ1h1(ξ1)

V1(ξ1) − h1(ξ1)∇ξ1V1(ξ1)
V 2

1 (ξ1)

)
...

2%2(ξm)
(∇ξmh1(ξm)

V1(ξm) − h1(ξm)∇ξmV1(ξm)
V 2

1 (ξm)

)



,

and

DV2Tt(w, ξ, V1, V2)[h2] =



2ρ2

(
Ṽ2ew∫

Σ Ṽ2ewdvg

h2
V2

−
Ṽ2ew

∫
Σ Ṽ2ew h2

V2
dvg

(
∫

Σ Ṽ2ewdvg)2

)

0

0

...

0



.

For v = (v1, · · · , vm) = 0 ∈ Rm+k, and h1 ∈ C2,α(Σ) satisfying that

2%2(ξi)
(∇ξi

h1(ξi)
V1(ξi)

− h1(ξi)∇ξi
V1(ξi)

V 2
1 (ξi)

)
= %(ξi)∇ξi

φ(ξi),
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for i = 1, · · · ,m, we have

Dw,ξTt(w, ξ, V1, V2)[φ, v1, . . . , vm] +DV1Tt(w, ξ, V1, V2)[h1]

=



∆gφ+ 2ρ2

(
Ṽ2ewφ∫

Σ Ṽ2ewdvg
− Ṽ2ew

∫
Σ Ṽ2ewφdvg

(
∫

Σ Ṽ2ewdvg)2

)

∂νgφ

0

...

0



.

Claim 4.1.9. Let L(φ) =


−∆gφ− 2ρ2

(
Ṽ2ewφ∫

Σ Ṽ2ewdvg
− Ṽ2ew

∫
Σ Ṽ2ewφdvg

(
∫

Σ Ṽ2ewdvg)2

)

∂νgφ

 . If φ ∈ C2,α
0 (Σ)

such that

L(φ) = 0,∫
Σ

 Ṽ2e
w∫

Σ Ṽ2ewdvg

h2
V2

−
Ṽ2e

w
∫

Σ Ṽ2e
w h2
V2
dvg(∫

Σ Ṽ2ewdvg
)2

φdvg = 0,

for any h2 ∈ C2,α(Σ), then φ = 0.

To proceed with the proof, we will defer the proof of Claim 4.1.9 for later. Define that

H = span
{

Im(Dw,ξTt(w, ξ, V1, V2)[·, v] +DV1Tt(w, ξ, V1, V2)[h1])
⋃

Im(DV2Tt(w, ξ, V1, V2))
}
.

We will prove that

H = Cα0 (Σ) × {0} × {0} × · · · × {0}︸ ︷︷ ︸ (4.1.13)

m+ k .

For any h ∈ Cα0 (Σ), since (−∆g, ∂νg ) : C2,α(Σ) → Cα0 (Σ) × {0} is an isomorphism, there exists

φ0 ∈ C2,α
0 (Σ) with ∂νgφ0 = 0 such that

−∆gφ0 = h.
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We recall that K(φ) = 2ρ2

(
Ṽ2ew∫

Σ Ṽ2ewdvg
φ− Ṽ2ew

∫
Σ Ṽ2ewφdvg

(
∫

Σ Ṽ2ewdvg)2

)
. Then



h

0

0

...

0



=



∆gφ0

0

0

...

0



=



∆gφ0 +K(φ0)

∂νgφ0

0

...

0



−DV2Tt(w, ξ, V1, V2))[V2φ0] ∈ H.

Hence, (4.1.13) is concluded. Next, we will show that

Im(DV1Tt(w, ξ, V1, V2)) = {0} × {0} × Rm+k. (4.1.14)

We select functions h11, h12 ∈ C2,α(Σ), such that

h1i(ξi) = 0, and ∇ξi
h1i(ξi) = 0, 2 ≤ i ≤ m, i = 1, 2. (4.1.15)

In the case where ξ1 ∈ Σ̊, it is possible to find functions h11, h12 that satisfy (4.1.15) and fulfill

the following conditions:

∇ξ1h11(ξ1)
V1(ξ1)

− h11(ξ1)∇ξ1V1(ξ1)
V 2

1 (ξ1)
= (1, 0),

and
∇ξ1h12(ξ1)
V1(ξ1)

− h12(ξ1)∇ξ1V1(ξ1)
V 2

1 (ξ1)
= (0, 1).

If ξ1 ∈ ∂Σ, we also can find h11, h12 that satisfy (4.1.15) such that

∇ξ1h11(ξ1)
V1(ξ1)

− h11(ξ1)∇ξ1V1(ξ1)
V 2

1 (ξ1)
= 1.

It follows that

[0, 0, c1, 0, · · · , 0]> ∈ Im(DV1Tt(w, ξ, V1, V2)),

for all c1 ∈ R2 when ξ1 ∈ Σ̊ and c1 ∈ R when ξ1 ∈ ∂Σ. Similarly, appropriate selection of h11

and h12 allows us to infer that

[0, 0, c1, · · · , cm]> = Im(DV1Tt(w, ξ, V1, V2)),
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for all (c1, · · · , cm) ∈ Rm+k. Consequently, this leads us to conclude (4.1.14), demonstrating

that DTt(w, ξ, V1, V2) is surjective.

Invoking Theorem 4.1.6, we deduce that

V0 = {V ∈ V : 0 is a critical value of Tt(·, V ) : C2,α
0 (Σ) × Ξk,m → Cα0 (Σ) × {0} × Rm+k}

is a meager subset of V. Consequently, the complement Vtreg = V \ V0 is a residual set in V.

Proof of Claim 4.1.9. If φ ∈ ker(L), for any h ∈ L2(Σ) we have

∫
Σ

(−∆gφ)hdvg = 2ρ2

∫Σ Ṽ2e
wφhdvg∫

Σ Ṽ2ewdvg
−
∫

Σ Ṽ2e
whdvg

∫
Σ Ṽ2e

wφdvg(∫
Σ Ṽ2ewdvg

)2

 . (4.1.16)

Since C2,α(Σ) is dense in L2(Σ), (4.1.13) implies that the right hand side of (4.1.16) vanishes,

i.e.
∫

Σ(−∆gφ)hdvg = 0 for any h ∈ L2(Σ). Hence, −∆gφ = 0 in Σ̊ and ∂νgφ = 0 on ∂Σ. By the

Schauder estimate in Lemma 2.3.3, φ = 0 in C2,α
0 (Σ).

Using the method of continuity, we can conclude the following proposition:

Proposition 4.1.10. There exists a dense subset of C2,α(Σ,R+) × C2,α(Σ,R+), denoted by

Vreg, such that for any (V1, V2) ∈ Vreg and any ρ2 ∈ (0, 2π), a non-degenerate solution (w, ξ) of

the shadow system (1.2.5) exists.

Proof. We recall the shadow system for (w, ξ) in C2,α
0 (Σ) × Ξk,m:



−∆gw = 2ρ2

 V2e
w−
∑m

i=1
%(ξi)

2 Gg(x,ξi)∫
Σ V2e

w−
∑m

i=1
%(ξi)

2 Gg(x,ξi)
dvg

− 1

 in Σ̊

∂νgw = 0 on ∂Σ

∇f0(ξ) = 0 in Ξk,m

,

where

f0(x1, x2, · · · , xm) = FV1
k,m(x) −

∑m
i=1 %(xi)w(xi).

To apply the method of continuity, we introduce a parameter t ∈ [0, 1] to deform (1.2.5) to a

decoupled system. Clearly, when t = 0, the shadow system (St) equals (1.2.5), and when t = 1,
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(St) is a decoupled system,


−∆gw = 2ρ2

 V2e
w−
∑m

i=1
%(ξi)

2 Gg(x,ξi)∫
Σ V2e

w−
∑m

i=1
%(ξi)

2 Gg(x,ξi)
dvg

− 1

 in Σ̊

∂νgw = 0 on ∂Σ

, (4.1.17)

with ∇FV1
k,m(ξ) = 0 for ξ in Ξk,m. Observing that FV1

k,m(ξ) → +∞ as ξ → ∂Ξk,m, we can deduce

the existence of a global minimum point of FV1
k,m, denoted by ξ1 ∈ Ξk,m. For any ρ2 ∈ (0, 2π) and

ξ ∈ Ξk,m, the singular mean field equation (4.1.17) is solvable via the Moser-Trudinger inequality

and standard variational methods. Consequently, a solution (w1, ξ1) of (St) exists when t = 1

and ρ2 ∈ (0, 2π). Let Q0 := {t ∈ [0, 1] : t is a rational number}. Theorem 4.1.8 implies that

for any t ∈ Q0, Vtreg is a residual set in C2,α(Σ,R+) × C2,α(Σ,R+). Then, the intersection set

Vreg :=
⋂
t∈Q0 Vtreg remains a residual set in C2,α(Σ,R+) ×C2,α(Σ,R+), too. By fixing arbitrary

(V1, V2) ∈ Vreg, it follows that any solution (wt, ξt) of (St) is non-degenerate for any t ∈ Q0.

We define that

T =
{
t ∈ [0, 1] : ∃(wt, ξt) ∈ C2,α

0 × Ξk,m is a non-degenerate solution of (St)
}
.

Considering that 1 ∈ Q0, it follows that 1 ∈ T (6= ∅) based on the analysis above. By the method

of continuity, it is sufficient to show that T is both close and open in [0, 1].

Suppose that tn ∈ T such that tn → t0 as n → +∞. Then, there exists (wn, ξn) := (wtn , ξtn)

solves (Stn) with ξn is a critical point of ftn in Ξk,m. Proposition 4.1.1 implies that for same

α ∈ (0, 1)

‖wn‖C2,α(Σ) ≤ C,

for constant C > 0. By the Arzelà–Ascoli theorem, for any α′ ∈ (0, α), there exists a w0 ∈

C2,α′(Σ) such that

wn → w0 as n → +∞,

strongly in C2,α′(Σ) and ξn → ξ0 with ξ0 ∈ Ξk,m. [HB24, Lemma 4.1] implies that

|∇FV1
k,m(ξ)|g → +∞

as ξ → ∂Ξk,m. Combining with the uniformly bounded of ‖wn‖C1(Σ), there exists δ > 0 such

that dist(ξn, ∂Ξk,m) ≥ δ. It follows that ξ0 ∈ Ξk,m.
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For any ϕ ∈ H1(Σ), as n → +∞

∫
Σ

〈∇wn,∇ϕ〉gdvg →
∫

Σ
〈∇w0,∇ϕ〉gdvg,

and

2ρ2

∫
Σ

 V2e
wn−

∑m

i=1
%(ξn

i
)

2 Gg(x,ξn
i )∫

Σ V2e
w−
∑m

i=1
%(ξn

i
)

2 Gg(x,ξn
i )dvg

− 1

ϕdvg
−→ 2ρ2

∫
Σ

 V2e
w0−

∑m

i=1
%(ξ0

i
)

2 Gg(x,ξ0
i )

∫
Σ V2e

w0−
∑m

i=1
%(ξ0

i
)

2 Gg(x,ξ0
i )dvg

− 1

ϕdvg.

By Schauder estimates and ‖∆gw
0‖Cα < +∞, we have w0 ∈ C2,α

0 (Σ).

Observe that ∇FV1
k,m,∇w0 is continuous at ξ0 and for some constant C > 0

|∇ft(x) − ∇ft0(x)| ≤ C|t− t0|.

It is easy to verify that ξ0 is a critical point of ft0 . Indeed,

∇ft0(ξ̃0) = ∇(ft0(ξ0) − ft0(ξn)) + ∇(ft0(ξn) − ftn(ξn)) + ∇ftn(ξn)

= ∇(ft0(ξ0) − ft0(ξn)) + ∇(ft0(ξn) − ftn(ξn)).

By the arbitrariness of n, we have ∇ft0(ξ0) = 0. Hence, (w0, ξ0) solves (St0). It remains to show

the non-degeneracy of the solution (w0, ξ0). In the proof of Theorem 4.1.8, it is established

that Dw,ξTt is a Fredholm operator with index 0. Given (h, 0, ζ) ∈ Cα0 (Σ) × {0} × Rm+k, the

non-degeneracy yields that there exists (φn, vn) ∈ C2,α
0 (Σ) × Rm+k such that

Dw,ξTtn(wn, ξn, V1, V2)[φn, vn] = (h, 0, ζ).

Considering that ‖wn‖C2,α(Σ) ≤ C, the operator norm of Dw,ξTtn(wn, ξn, V1, V2) is uniformly

bounded. It follows that φn is uniformly bounded in C2,α(Σ). By the Arzelà–Ascoli theorem,

up to a subsequence, φn → φ0 weakly in C2,α(Σ) and strongly in C2(Σ) for some φ0 ∈ C2,α
0 (Σ)

and vn → v0 for some v0 ∈ Rm+k. Passing the limit n → +∞,

Dw,ξTtn(wn, ξn, V1, V2)[φn, vn] → Dw,ξTt0(w0, ξ0, V1, V2)[φ0, v0],

which implies that Dw,ξTt0(w0, ξ0, V1, V2)[φ0, v0] = (h, 0, ζ). Hence, we prove that (w0, ξ0) is a

non-degenerate solution of (St0).
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It is clear that (w, ξ) solves (St) if and only if Tt(w, ξ, V1, V2) = 0 (see (4.1.9)). Due to the non-

degeneracy of Tt0 at (w0, ξ0), the implicit function theorem yields in a small open neighborhood

of t0 in [0, 1], denoted by It0 ,

t 7→ (wt, ξt)

is continuous satisfying that (wt, ξt) is the unique solution of Tt(·, V1, V2) = 0 and (wt0 , ξt0) =

(w0, ξ0). Since for any t ∈ It0 ∩ Q0, (wt, ξt) is a non-degenerate solution of Tt(·, V1, V2) = 0, it

follows It0 ∩ Q0. Using the closeness argument we proved before, we can deduce that It0 ⊂ T .

To sum up, we obtain that the non-empty set T is both close and open in [0, 1]. Hence,

T = [0, 1]. Consequently, there exists a non-degenerate solution of the shadow system (1.2.5).

4.2 Construction of partial blow-up solutions

4.2.1 Approximation solutions

To construct blow-up solutions of (1.2.1), it is sufficient to consider the following problem:



−∆gu1 = (2εV1e
u1 − 2εV1eu1) −

(
ρ2

V2eu2∫
Σ V2eu2dvg

− ρ2

)
in Σ̊

−∆gu2 = (2ρ2
V2eu2∫

Σ V2eu2dvg
− 2ρ2) −

(
εV1e

u1 − εV1eu1
)

in Σ̊

∂νgu1 = ∂νgu2 = 0 on ∂Σ

, (4.2.1)

where ρ2 ∈ (0, 2π) and ε is a positive parameter. We are going to construct a family blow-up

solution uε = (u1,ε, u2,ε) of (4.2.1) as ε → 0 which blows up exactly at {ξ1, · · · , ξm} where

ξ = (ξ1, · · · , ξm) ∈ Σ̊k × (∂Σ)m−k is C1-stable critical point of a reduced function Λk,m defined

by (1.2.4) with the limit mass

lim
ε→0

ε

∫
Σ
V1e

u1,εdvg =
m∑
i=1

1
2
%(ξi) = 2π(m+ k).

Setting ρ1 = ε
∫

Σ V1e
u1dvg, then we construct a family blow-up solutions of (1.2.1) as ρ1 →

2π(m + k). We only have the first component u1 blows up and its profile is related to the

solutions of Liouville-type problems. It is well-known that

uτ,η(y) = log 8τ2

(τ2 + |y − η|2)2
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for (τ, η) ∈ (0,∞) × R2 are all the solutions to the Liouville-type equation,


−∆u = eu in R2,∫

R2
eu < ∞.

(4.2.2)

Moreover, we have
∫
R2 euτ,0(y)dy = 8π. Applying isothermal coordinate (yξ, U(ξ)) in Sec-

tion 2.2, we can pull-back uτ,0 to the Riemann surface around ξ,

Uτ,ξ := log 8τ2

(τ2 + |yξ(x)|2)2 in U(ξ).

Then we project the local bubbles into the functional space H1(Σ) by following equations:



−∆gPUτ,ξ = χξe
−ϕξeUτ,ξ − χξe

−ϕξeUτ,ξ in Σ̊

∂νgPUτ,ξ = 0 on ∂Σ

∫
Σ PUτ,ξdvg = 0

. (4.2.3)

For any fixed δ > 0, for any ξ ∈ Ξδk,m, by the compactness of Σ, we can choose a uniformly

r̄ξi
> 0 denoted by r0 which only depends on δ such that rξi

≥ 2r0 for i = 1, · · · ,m. Without

loss of generality, we can assume there exists an isothermal chart (yξi
, U4r0(ξi)) around ξi such

that U4r0(ξi) ∩ U4r0(ξj) = ∅ for any i 6= j and U4r0(ξi) ∩ ∂Σ = ∅ for i = 1, · · · , k. We take the

concentration parameter

δi = diε
1
2 , (4.2.4)

for some di > 0 which will be chosen later. For simplicity of the notations, we denote that

Ui = Uδi,ξi
, PUi = PUδi,ξi

, χi = χ
(
yξi
r0

)
and ϕi = ϕ̂ξi

(yξi
).

Assuming (H1), the approximation solution Wε = (W1,ε,W2,ε) is defined by

W1,ε =
m∑
i=1

PUi − 1
2
z(·, ξ), and W2,ε = z(·, ξ) − 1

2

m∑
i=1

PUi,

where z(·, ξ) is the solution of (1.2.3) from Lemma 4.1.3. Next, we are going to construct

solutions with the form

uε = Wε + φε,
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where φε = (φ1,ε, φ2,ε) is the error term. By Lemma B.0.1, we have for x ∈ Σ

W1,ε(x) =
m∑
i=1

χi log 1
(δ2
i + |yξi

(x)|2)2 +
m∑
i=1

%(ξi)Hg(x, ξi) − 1
2
z(x, ξ) + O(ε| log ε|) (4.2.5)

and

W2,ε(x) = z(x, ξ) − 1
2
∑m
i=1 χi log 1

(δ2
i +|yξi

(x)|2)2 − 1
2
∑m
i=1 %(ξi)Hg(x, ξi) + O(ε| log ε|)

= log Ṽ2(x, ξ) − log V2(x) + z(x, ξ) + O(ε| log ε|),
(4.2.6)

as ε → 0. For i = 1, · · · ,m, we define

Θi(y) = W1,ε ◦ y−1
ξi

(δiy) + ϕ̂ξi
(δiy) − χ(δi|y|/r0)Ui ◦ y−1

ξi
(δiy) + log V1 ◦ y−1

ξi
(δiy) + log(2ε),

(4.2.7)

for y ∈ Ωi := 1
δi
Bξi

2r0 . Lemma B.0.1 with (4.2.4) imply that

Θi(y) = −2 log di − 2 log 2 + %(ξi)Hg(ξi, ξi) +
∑
l 6=i

%(ξl)Gg(ξi, ξl) + log V1(ξi) (4.2.8)

−1
2
z(ξi, ξ) + O(ε| log ε| + ε

1
2 |y|).

To ensure that Θi is sufficiently small, for i = 1, · · · ,m, we choose

di =
√

1
8
e
%(ξi)Hg(ξi,ξi)+

∑
l6=i

%(ξl)Gg(ξi,ξl)+log V1(ξi)− 1
2 z(ξi,ξ). (4.2.9)

4.2.2 Lyapunov-Schmidt reduction

The linearized problem

We recall that ĩ∗ : ∪p>1L
p(Σ) → H1 which is defined in Section 3.1.2. For any f ∈ Lp(Σ),

we define that i∗(f) := ĩ∗(f − f̄), i.e. for any h ∈ H1, 〈i∗(f), h〉 =
∫

Σ(f − f̄)hdvg. Let

f1(u1) = 2εV1e
u1 − 2εV1eu1 and f2(u2) = 2ρ2

(
V2e

u2∫
Σ V2eu2dvg

− 1
)

(4.2.10)

and

F (u) =


f1(u1) − 1

2f2(u2)

f2(u2) − 1
2f1(u1)

 . (4.2.11)
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The problem (4.2.1) has the following equivalent form,


u = (u1, u2) = i∗(F (u)),

u ∈ H
. (4.2.12)

We consider the following linear operator associated with the problem (4.2.1):

Lξ,ε : H → R, φ 7→ (L1
ξ,ε(φ), L2

ξ,ε(φ)), (4.2.13)

where

L1
ξ,ε(φ) : = −∆gφ1 −

m∑
i=1

(
χie

−ϕieUiφ1 − χie−ϕieUiφ1
)

+ρ2

(
V2e

W2,εφ2∫
Σ V2eW2,εdvg

− V2e
W2,ε

∫
Σ V2e

W2,εφ2dvg(∫
Σ V2eW2,εdvg

)2
)

and

L2
ξ,ε(φ) : = −∆gφ2 − 2ρ2

(
V2e

W2,εφ2∫
Σ V2eW2,εdvg

− V2e
W2,ε

∫
Σ V2e

W2,εφ2dvg(∫
Σ V2eW2,εdvg

)2
)

+1
2

m∑
i=1

(
χie

−ϕieUiφ1 − χie−ϕieUiφ1
)
.

Formally, for i = 1, · · · ,m, we deduce that the limiting operator of L1
ξ,ε is given by

−∆φ− 8
(1 + |y|2)2φ,

through appropriate scaling around ξi in an isothermal chart (for details, see Lemma 4.2.1). It

is well-known that the kernel space is generated by (refers to [DPEM12,BP98], for instance)

z0(y) := 1 − |y|2

1 + |y|2
, zi(y) := 4yj

1 + |y|2
, j = 1, · · · , i(ξi).

We define that

Z0
i =


2 δ

2
i −|yξi

|2

δ2
i +|yξi

|2 in U4r0(ξi)

0 in Σ \ U4r0(ξi)
and Zji =


4(yξi

)j

δ2
i +|yξi

|2 in U4r0(ξi)

0 in Σ \ U4r0(ξi)
,

for any i = 1, · · · ,m and j = 1, · · · , i(ξi) and then projects Zji into the Hilbert space H1(Σ) by
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following equations:



−∆gPZ
j
i = χie

−ϕieUiZji − χie−ϕieUiZji in Σ̊

∂νgPZ
j
i = 0 on ∂Σ

∫
Σ PZ

j
i = 0

. (4.2.14)

Define the subspace Kξ = span{PZji : i = 1, · · · ,m, j = 1, · · · , i(ξi)} × {0}. To ensure the

invertibility of the linear operator Lξ,ε, we confine the error term φ to the orthogonal complement

of ∈ Kξ, denoted by K⊥
ξ , where

K⊥
ξ :=

{
φ = (φ1, φ2) ∈ H :

∫
Σ

〈∇φ1,∇h1〉gdvg = 0 for any h = (h1, h2) ∈ Kξ

}
.

Furthermore, we introduce the orthogonal projections Πξ : H → Kξ and Π⊥
ξ : H → Kξ.

Lemma 4.2.1. Let D be a compact subset of Ξk,m. For any p > 1, there exist ε0 > 0 and

C > 0 such that for any ε ∈ (0, ε0),and ξ ∈ D , any h = (h1, h2) ∈ (Lp(Σ))2 and φ = (φ1, φ2) ∈

(W 2,p(Σ))2 ∩K⊥
ξ is the unique solution of



Lξ,ε(φ) = h in Σ̊

∂νg φ = 0 on ∂Σ

∫
Σ φdvg = 0

, (4.2.15)

the following estimate holds

‖φ‖ ≤ C| log ε|‖h‖p,

where ‖h‖p = ‖h1‖p + ‖h2‖p.

Proof. We will prove it by contradiction. Suppose Lemma 4.2.1 fails, i.e. there exist p > 1,

a sequence of εn → 0, ξn → ξ∗ ∈ Ξk,m, hn := (h1,n, h2,n) ∈ (Lp(Σ))2 and φn := (φ1,n, φ2,n) ∈

(W 2,p(Σ))2 ∩K⊥
ξ solves (4.2.15) for hn satisfying that

‖φn‖ = 1 and | log εn|‖hn‖p := | log εn|
2∑
i=1

‖hi‖p → 0, (4.2.16)

as n → +∞. For simplicity, we still use the notations φj , hj , ξ, ε instead of φj,n, hj,n, ξn, εn for
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j = 1, 2. We denote Rξ = R2 if ξ ∈ Σ̊ and R2
+ if ξ ∈ ∂Σ. Define that for j = 1, 2, i = 1, · · · ,m

φ̃ji(y) =


χ(δi|y|/r0)φj ◦ y−1

ξi
(δiy), y ∈ Ωi := 1

δi
Bξi

2r0

0 y ∈ Rξi
\ Ωi

.

Then we consider the following spaces for ξ ∈ Σ

Lξ :=
{
u :
∥∥∥∥ u

1 + |y|2

∥∥∥∥
L2(Rξ)

< +∞
}

and

Hξ :=
{
u : ‖∇u‖L2(Rξ) +

∥∥∥∥ u

1 + |y|2

∥∥∥∥
L2(Rξ)

< +∞
}
.

Step 1. As ε → 0, for any i = 1, · · · ,m, φ̃1i → a1i
1−|y|2
1+|y|2 , for some a1i ∈ R weakly in Hξi

and

strongly in Lξi
and φ̃2i → 0 weakly in H1(Σ) and strongly in Lq(Σ) for any q ≥ 2.

We first estimate the second component φ̃2i. Let ψ2 ∈ C∞
c (Σ \ {ξ∗

1 , · · · , ξ∗
m}) with

∫
Σ ψ2dvg = 0.

We use ψ2 as a test function for L2
ξ,ε(φ) = h2. Then, it follows that

∫
Σ〈∇φ2,∇ψ2〉gdvg − 2ρ2

∫
Σ

(
V2e

W2,εφ2∫
Σ V2e

W2,εdvg
− V2e

W2,ε
∫

Σ V2e
W2,εφ2dvg

(
∫

Σ V2e
W2,εdvg)2

)
ψ2dvg

+1
2
∑m
i=1

∫
Σ χie

−ϕieUiφ1ψ2dvg =
∫

Σ h2ψ2dvg.

(4.2.17)

The asymptotic expansion for (4.2.6) implies that

V2e
W2,ε = V2e

z(·,ξ)− 1
2
∑m

i=1 χi log 1
(δ2

i
+|yξi

|2)2 − 1
2
∑m

i=1 %(ξi)Hg(·,ξi)+O(ε| log ε|)
(4.2.18)

= Ṽ2(·, ξ)ez(·,ξ) + O(ε| log ε|),

in view of Gg(·, ξi) = Hg(·, ξi) + 4
%(ξi)χi log 1

|yξi
| . By the assumption (4.2.16), we have φ1 ⇀ φ∗

1

and φ2 ⇀ φ∗
2 weakly in H1(Σ) and strongly in Lq(Σ) for any q ≥ 2. The Sobolev’s inequality

yields that ∣∣∣∣∫
Σ
h2ψ2

∣∣∣∣ ≤ ‖h‖p‖ψ2‖p′ ≤ ‖h‖p‖ψ2‖ = o(1/| log ε|) → 0,

where p, p′ > 1 with 1
p + 1

p′ = 1. Passing the limit of (4.2.17), the estimates (4.2.18) and (4.2.16)

yield that

∫
Σ

〈∇φ∗
2,∇ψ2〉gdvg

= 2ρ2

(∫
Σ

Ṽ2(·, ξ)ez(·,ξ)ψ2∫
Σ Ṽ2(·, ξ)ez(·,ξ)dvg

dvg −
∫

Σ Ṽ2(·, ξ)ez(·,ξ)ψ2dvg
∫

Σ
∫

Σ Ṽ2(·, ξ)ez(·,ξ)φ∗
2dvg

(
∫

Σ Ṽ2(·, ξ)ez(·,ξ)dvg)2

)
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By assumption, ‖φ∗
2‖ ≤ 1. It follows that φ∗

2 ∈ H1(Σ) solves the problem (4.1.5) in the weak

sense. Through the hypothesis (H1), we obtain that φ∗
2 = 0.

Applying φ1 as a test function for L1
ξ,ε(φ) − L2

ξ,ε(φ) = h1 − h2, since
∫

Σ φ1dvg = 0,

∫
Σ

(h1 − h2)φ1dvg =
∫

Σ
〈∇(φ1 − φ2),∇φ1〉gdvg − 3

2

m∑
i=1

∫
Σ
χie

−ϕieUiφ2
1dvg (4.2.19)

+3ρ2

∫
Σ

(
V2e

W2,εφ2∫
Σ V2eW2,εdvg

− V2e
W2,ε

∫
Σ V2e

W2,εφ2dvg(∫
Σ V2eW2,εdvg

)2
)
φ1dvg.

The Sobolev’s inequality yields that

∣∣∣∣∫
Σ

(h1 − h2)φ1

∣∣∣∣ ≤ ‖h‖p‖φ1‖p′ ≤ ‖h‖p‖φ1‖ = o(| log ε|) → 0,

where p, p′ > 1 with 1
p+ 1

p′ = 1. Using the Hölder inequality, we derive that |
∫

Σ〈∇φ1,∇φ2〉gdvg| ≤

‖φ1‖‖φ2‖ ≤ 1. Hence,

m∑
i=1

∫
Σ
χie

−ϕieUiφ2
1dvg = 2ρ2

∫
Σ

(
V2e

W2,εφ2∫
Σ V2eW2,εdvg

− V2e
W2,ε

∫
Σ V2e

W2,εφ2dvg(∫
Σ V2eW2,εdvg

)2
)
φ1dvg + O(1).

(4.2.20)

Applying φ1 as a test function for L1
ξ,ε(φ) = h1, we can deduce that

∫
Σ
h1φ1dvg =

∫
Σ

〈∇φ1,∇φ1〉gdvg −
m∑
i=1

∫
Σ
χie

−ϕieUiφ2
1dvg (4.2.21)

+ρ2

∫
Σ

(
V2e

W2,εφ2∫
Σ V2eW2,εdvg

− V2e
W2,ε

∫
Σ V2e

W2,εφ2dvg(∫
Σ V2eW2,εdvg

)2
)
φ1dvg,

in view of
∫

Σ φ1 = 0. Similarly, we have

m∑
i=1

∫
Σ
χie

−ϕieUiφ2
1dvg = ρ2

∫
Σ

(
V2e

W2,εφ2∫
Σ V2eW2,εdvg

− V2e
W2,ε

∫
Σ V2e

W2,εφ2dvg(∫
Σ V2eW2,εdvg

)2
)
φ1dvg

+O(1)
(4.2.20)= 1

2

m∑
i=1

∫
Σ
χie

−ϕieUiφ2
1 + O(1).

Consequently,
m∑
i=1

∫
Σ
χie

−ϕieUiφ2
1dvg = O(1). (4.2.22)

By straightforward calculation, we obtain that

m∑
i=1

∫
Rξi

1
(1 + |y|2)2 (φ̃1i(y))2dy =

m∑
i=1

∫
Σ
χie

−ϕieUiφ2
1dvg + O(1) = O(1).
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By the assumption ‖φ‖ = 1, we immediately have
∫
Rξi

|∇φ̃1i|2 ≤
∫

Σ |∇φ1|2gdvg ≤ 1. It follows

that φ̃1i is uniformly bounded in Hξi
. Applying Proposition A.1 in [MPW16], Lξi

↪→ Hξi
is

compact embedding, then up to a subsequence φ̃1i → φ̃∗
1i, which is weakly convergent in Hξi

and

strongly in Lξi
. For any q > 1, we estimate the Lq-norm of χie−ϕieUi by direct calculation as

follows: ∫
Σ

∣∣∣χie−ϕieUi

∣∣∣q dvg =
∫
U2r0 (ξi)

χq
(

|y|
r0

)
δ2−2q
i

(1 + |y|2)2q dy = O(δ2(1−q)
i ). (4.2.23)

For any ϕ ∈ C∞
c (Rξi

), assume that supp ϕ ⊂ BR0(0). If δi < r0
R0

, then supp ∇χ
(

|y|
r0

)
∩

suppϕ
(

1
δi
y
)

= ∅. For any Φ ∈ H1(Σ),

0 =
∫
B

ξi
2r0

Φ ◦ y−1
ξi

(y)∇χ
( |y|
r0

)
· ∇ϕ

( 1
δi
y

)
dy (4.2.24)

=
∫
B

ξi
2r0

h

( 1
δi
y

)
∇(Φ ◦ y−1

ξi
(y)) · ∇χ

( |y|
r0

)
dy.

We observe that for any q > 1

∫
Σ
χiϕ

q
( 1
δi
yξi

(x)
)
dvg(x) = O(δqi ) (δi → 0) (4.2.25)

and

∫
Σ
χi

∣∣∣∣∇ϕ( 1
δi
yξi

(x)
)∣∣∣∣2
g
dvg(x) = O(1) (δi → 0). (4.2.26)

Applying (4.2.18), we have

2ρ2

(
V2e

W2,εφ2∫
Σ V2eW2,εdvg

− V2e
W2,ε

∫
Σ V2e

W2,εφ2dvg(∫
Σ V2eW2,εdvg

)2
)

(4.2.27)

= 2ρ2

(
Ṽ2(·, ξ)ez(·,ξ)φ2∫

Σ Ṽ2(·, ξ)ez(·,ξ)dvg
− Ṽ2(·, ξ)ez(·,ξ) ∫

Σ Ṽ2(·, ξ)ez(·,ξ)φ2dvg

(
∫

Σ Ṽ2(·, ξ)ez(·,ξ)dvg)2

)
+ O(ε| log ε|).

It follows that

2ρ2

∫
Σ

(
V2e

W2,εφ2∫
Σ V2eW2,εdvg

− V2e
W2,ε

∫
Σ V2e

W2,εφ2dvg(∫
Σ V2eW2,εdvg

)2
)
χiϕ

(
yξi

δi

)
dvg (4.2.28)

= O
(
δ

2(1− 1
q

)
i ‖φ2‖q + ε| log ε|

)
= o(1),

in which we applied that φ2 → 0 in Lq(Σ) for any q ≥ 2. Assume that 0 < ε <
r2

0
d2

iR
2
0
, as ε → 0,
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the estimates (4.2.23)-(4.2.28) with the Hölder inequality imply that

∫
Rξi

∇φ̃1i∇ϕdy =
∫
B

ξi
2r0

∇
(
χ

( |y|
r0

)
φ1 ◦ y−1

ξi
(y)
)

· ∇ϕ
( 1
δi
y

)
dy

=
∫
B

ξi
2r0

∇φ1 ◦ y−1
ξi

(y) · ∇
(
χ

( |y|
r0

)
ϕ

( 1
δi
y

))
dy

=
∫

Σ

〈
∇φ1,∇

(
χiϕ

( 1
δi
yξi

))〉
g
dvg

=
∫

Σ
χie

−ϕieUiφ1ϕ

( 1
δi
yξi

)
dvg −

∫
Σ
χie

−ϕieUiφ1dvg

∫
Σ
χiϕ

( 1
δi
yξi

)
dvg

−ρ2

∫
Σ

(
V2e

W2,εφ2∫
Σ V2eW2,εdvg

− V2e
W2,ε

∫
Σ V2e

W2,εφ2dvg(∫
Σ V2eW2,εdvg

)2
)
χiϕ

( 1
δi
yξi

)
dvg

+
∫

Σ
h1χiϕ

( 1
δi
yξi

)
dvg

=
∫
Rξi

8
(1 + |y|2)2 φ̃1i(y)ϕ(y)dy + O(δ1+2(1−q)/q

i ) + o(1) + o(| log ε|)

=
∫
Rξi

8
(1 + |y|2)2 φ̃1i(y)ϕ(y)dy + o(1),

for q > 1 sufficiently close to 1 such that 1 + 2(1−q)
q > 0. Thus, φ̃1i converges to the solution φ∗

1i

of 

−∆φ = 8
(1+|y|2)2φ in Rξi

∂y2φ = 0 on ∂Rξi

∫
Rξi

|∇φ(y)|2dy < +∞

, (4.2.29)

in the distribution sense. According to the regularity theory, φ∗
1i is a smooth solution on the

space Rξi
, for any i = 1, · · · ,m. The result [DPEM12] implies that the solutions space of (4.2.29)

is generated by the following functions: for j = 1, · · · , i(ξi)

z0(y) := 1 − |y|2

1 + |y|2
, zj(y) := 4yj

1 + |y|2
.

Since φ ∈ K⊥
ξ , for any i = 1, · · · ,m and j = 1, · · · , i(ξi),

32
δi

∫
Rξi

yj
(|y|2 + 1)3 φ̃

∗
1idy = lim

ε→0

32
δi

∫
Ωi

yj
(|y|2 + 1)3 φ̃1iχ(δi|y|/r0)dy

= lim
ε→0

32
∫
B

ξi
2r0

yj
(|y|2 + δ2

i )3φi ◦ y−1
ξi

(y)χ
( |y|
r0

)
dy

= lim
ε→0

∫
U2r0 (ξi)

χie
−ϕieUiZji φidvg = lim

ε→0
〈PZji , φi〉 = 0.

Consequently,
∫
Rξi

|y|2−1
(|y|2+1)3 φ̃

∗
1idy =

∫
Rξi

yj

(|y|2+1)3 φ̃
∗
1idy = 0. It follows that φ̃∗

1i = a1i
1−|y|2
1+|y|2 .
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Step 2. For i = 1, · · · ,m, ∫
Ωi

8
(1 + |y|2)2 φ̃1i(y)dy = o(| log ε|−1).

Applying that PZ0
i as a test function of L1

ξ,ε(φ) = h1, we have

∫
Σ

8χie−ϕi
δ2
i(

δ2
i + |yξi

|2
)2φ1Z

0
i dvg =

∫
Σ

8χie−ϕi
δ2
i(

δ2
i + |yξi

|2
)2φiPZ0

i dvg

−ρ2

∫
Σ

(
V2e

W2,εφ2∫
Σ V2eW2,εdvg

− V2e
W2,ε

∫
Σ V2e

W2,εφ2dvg(∫
Σ V2eW2,εdvg

)2
)
PZ0

i dvg +
∫

Σ
h1PZ

0
i dvg.

It follows that

0 =
∫

Σ
8χie−ϕi

δ2
i(

δ2
i + |yξi

|2
)2φi (PZ0

i − Z0
i

)
dvg

−ρ2

∫
Σ

(
V2e

W2,εφ2∫
Σ V2eW2,εdvg

− V2e
W2,ε

∫
Σ V2e

W2,εφ2dvg(∫
Σ V2eW2,εdvg

)2
)
PZ0

i dvg +
∫

Σ
h1PZ

0
i dvg.

By Lemma B.0.2, we have ‖PZ0
i ‖p′ = O(1), for 1

p + 1
p′ = 1. Then, the assumption ‖h‖p =

o(| log ε|−1) yields ∣∣∣∣∫
Σ
h1PZ

0
i dvg

∣∣∣∣ ≤ ‖PZi‖p′‖h1‖p = o

( 1
| log ε|

)
.

Lemma B.0.2 with (4.2.27) implies that

ρ2

∫
Σ

(
V2e

W2,εφ2∫
Σ V2eW2,εdvg

− V2e
W2,ε

∫
Σ V2e

W2,εφ2dvg(∫
Σ V2eW2,εdvg

)2
)
PZ0

i dvg

= O
(
δ

2(1− 1
q

)
i | log δi|‖φ2‖q + ε| log ε|

)
= o(ε

1
2 | log ε|),

for q = 2. Applying Lemma B.0.2 again, we derive that

(log ε)
∫

Σ
8χie−ϕi

δ2
i(

δ2
i + |yξi

|2
)2φi (PZ0

i − Z0
i

)
dvg

= (log ε)
∫

Σ
8χie−ϕi

δ2
i(

δ2
i + |yξi

|2
)2φi (1 + O(δ2

i | log δi|)
)
dvg

= (1 + O(δ2
i | log δi|))(log ε)

∫
Ωi

8
(1 + |y|2)2 φ̃1i(y)dy + O(| log ε|δ2

i )

= (log ε)
∫

Ωi

8
(1 + |y|2)2 φ̃1i(y)dy + o(1),

as ε → 0. Thus, we have
∫

Ωi

8 log ε
(1+|y|αi )2 φ̃1i(y)dy = o(1) as ε → 0.

Step 3. Construct the contradiction.
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Using PUi as a test function for (4.2.15), we derive that

∫
Σ

8χie−ϕi
δ2
i(

δ2
i + |yξi

|2
)2φidvg =

∫
Σ

8χie−ϕi
δ2
i(

δ2
i + |yξi

|2
)2φiPUidvg (4.2.30)

−ρ2

∫
Σ

(
V2e

W2,εφ2∫
Σ V2eW2,εdvg

− V2e
W2,ε

∫
Σ V2e

W2,εφ2dvg(∫
Σ V2eW2,εdvg

)2
)
PUidvg +

∫
Σ
hiPUidvg.

The left hand side of (4.2.30) equals
∫

Σ 8χie−ϕi
δ2

i

(δ2
i +|yξi

|2)2φidvg =
∫

Ωi

8
(1+|y|2)2 φ̃1i(y)dy + O(δ2

i )

= o(1) by the result of Step 2. Lemma B.0.1 yields that ‖PUi‖∞ = O(| log ε|). We deduce that

∣∣∣∣∫
Σ
hiPUidvg

∣∣∣∣ ≤ ‖hi‖p‖PUi‖p′ = o(1),

where 1
p + 1

p′ = 1. By (4.2.27) and Lemma B.0.1, we have

ρ2

∫
Σ

(
V2e

W2,εφ2∫
Σ V2eW2,εdvg

− V2e
W2,ε

∫
Σ V2e

W2,εφ2dvg(∫
Σ V2eW2,εdvg

)2
)
PUidvg = O

(
δ

1
2
i ‖φ2‖ + ε| log ε|

)
= o(1),

for q = 2. From straightforward calculation, we derive that

δi

∫
Ωi

8
(1 + |y|2)2 |φ̃1i(y)||y|dy ≤ 8δiδ

2(1−q)
q

i ‖φi‖q′

(∫
R2

(
|y|

(1 + |y|2)2

)q
dy

)1/q

= O

(
δ

2−q
q

i

)
= o(1).

where q ∈ (1, 2) such that 1
q + 1

q′ = 1. Applying Lemma B.0.1, Step 1 and Step 2, we deduce

that as ε → 0

∫
Σ

8χie−ϕi
δ2
i(

δ2
i + |yξi

|2
)2φ1PUidvg

=
∫

Σ
8χie−ϕi

δ2
i(

δ2
i + |yξi

|2
)2φ1

(
−2χi log

(
δ2
i + |yξi

|2
)

+ %(ξi)Hg(·, ξi) +O(δ2
i | log δi|)

)
dvg

=
∫

Ωi

8
(1 + |y|2)2 φ̃1i(y)

(
−4 log δi − 2 log

(
1 + |y|2

)
+ %(ξi)Hg(ξi, ξi)

)
dy

+O
(∫

Ωi

8
(1 + |y|2)2

∣∣∣φ̃1i(y)
∣∣∣ (δi|y| + δ2

i | log δi|
)
dy

)
+ O(δ2

i )

→ −2a1i

∫
Rξi

8
(1 + |y|2)2

1 − |y|2

1 + |y|2
log(1 + |y|2)dy = %(ξi)a1i,

in which the last equality used the fact that
∫
R2

8
(1+|y|2)2

1−|y|2
1+|y|2 log(1 + |y|2)dy = −4π.

Consequently, a1i = 0 for any i = 1, · · · ,m. We φi as test functions for Liξ,ε(φ) = hi. For

q ≥ 2, since φ2 → 0 strongly in Lq(Σ) and φ̃1i → 0 strongly in Lξi
, we have the following
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contradiction: as ε → 0

1 =
2∑
i=1

‖φi‖2

=
m∑
i=1

∫
Σ

8χie−ϕi
δ2
i(

δ2
i + |yξi

|2
)2φ2

1dvg − ρ2

∫
Σ

(
V2e

W2,εφ2∫
Σ V2eW2,εdvg

− V2e
W2,ε

∫
Σ V2e

W2,εφ2dvg(∫
Σ V2eW2,εdvg

)2
)
φ1dvg

+2ρ2

∫
Σ

V2e
W2,εφ2

2dvg∫
Σ V2eW2,εdvg

−

(∫
Σ V2e

W2,εφ2dvg
)2

(∫
Σ V2eW2,εdvg

)2


−1
2

m∑
i=1

∫
Σ

8χie−ϕi
δ2
i(

δ2
i + |yξi

|2
)2φ1φ2dvg +

2∑
i=1

∫
Σ
hiφidvg

≤
m∑
i=1

‖φ̃1i‖2
L2

ξ
+ O (‖φ2‖) + o

( 1
| log ε|

)
→ 0.

Nonlinear problem

The expected solution Wε + φε solves (4.2.1) if and only if φε solves the following problem:

Lξ,ε(φ) = Sξ,ε(φ) + Nξ,ε(φ) + Rξ,ε. (4.2.31)

Here, the linear operator Lξ,ε is defined by (4.2.13), the higher order linear operator Sξ,ε(φ) :=(
S1
ξ,ε(φ), S2

ξ,ε(φ)
)
, where for

S1
ξ,ε(φ) :=

(
−

m∑
i=1

χie
−ϕieUi + 2εV1e

W1,ε

)
φ1 −

(
−

m∑
i=1

χie−ϕieUi + 2εV1eW1,ε

)
φ1 and

S2
ξ,ε(φ) = −1

2

(
−

m∑
i=1

χie
−ϕieUi + 2εV1e

W1,ε

)
φ1 + 1

2

(
−

m∑
i=1

χie−ϕieUi + 2εV1eW1,ε

)
φ1,

the nonlinear term Nξ,ε(φ) :=
(
N1
ξ,ε(φ), N2

ξ,ε(φ)
)
, where

N1
ξ,ε(φ) : = 2εV1e

W1,ε

(
eφ1 − 1 − φ1

)
− 2εV1eW1,ε (eφ1 − 1 − φ1)

− ρ2

(
V2e

W2,ε+φ2∫
Σ V2eW2,ε+φ2dvg

− V2e
W2,εφ2∫

Σ V2eW2,εdvg
+ V2e

W2,ε
∫

Σ V2e
W2,εφ2dvg

(
∫

Σ V2eW2,εdvg)2 − V2e
W2,ε∫

Σ V2eW2,εdvg

)
,

N2
ξ,ε(φ) : = 2ρ2

(
V2e

W2,ε+φ2∫
Σ V2e

W2,ε+φ2dvg
− V2e

W2,εφ2∫
Σ V2e

W2,εdvg
+ V2e

W2,ε
∫

Σ V2e
W2,εφ2dvg

(
∫

Σ V2e
W2,εdvg)2 − V2e

W2,ε∫
Σ V2e

W2,εdvg

)
−εV1e

W1,ε

(
eφ1 − 1 − φ1

)
− 2εV1eW1,ε (eφ1 − 1 − φ1),
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and the error term Rξ,ε = (R1
ξ,ε, R

2
ξ,ε), where

R1
ξ,ε = ∆gW1,ε + 2εV1e

W1,ε − 2εV1eW1,ε − ρ2

(
V2e

W2,ε∫
Σ V2W2,εdvg

− 1
)
,

and R2
ξ,ε = ∆gW2,ε + 2ρ2

(
V2e

W2,ε∫
Σ V2W2,εdvg

− 1
)

− εV1e
W1,ε + εV1eW1,ε .

Firstly, we will show that the error term goes to zero as ε → 0.

Lemma 4.2.2. There exist p0 > 1 and ε0 > 0 such that for any p ∈ (1, p0) we have as ε → 0

‖Rξ,ε‖p :=
2∑
i=1

‖Riξ,ε‖p = O

(
ε

2−p
2p

)
. (4.2.32)

Proof. By (4.2.18),

R1
ξ,ε =

m∑
i=1

∆gPUi − 1
2

∆gz(·, ξ) + 2εV1e
W1,ε − 2εV1eW1,ε − ρ2

(
Ṽ2(·, ξ)ez(·,ξ)∫

Σ Ṽ2(·, ξ)ez(·,ξ)dvg
− 1

)
+O(ε| log ε|)

= 2εV1e
W1,ε −

m∑
i=1

χie
−ϕieUi − 2εV1eW1,ε −

m∑
i=1

χie−ϕieUi + O(ε| log ε|).

Similarly, R2
ξ,ε = −εV1e

W1,ε + 1
2
∑m
i=1 χie

−ϕieUi + εV1eW1,ε − 1
2
∑m
i=1 χie

−ϕieUi + O(ε| log ε|). For

any p ∈ (1, 2), the Hölder inequality yields that

∣∣∣∣∣
∫

Σ

m∑
i=1

χie
−ϕieUi − 2εV1e

W1,εdvg

∣∣∣∣∣ ≤
∥∥∥∥∥
m∑
i=1

χie
−ϕieUi − 2εV1e

W1,ε

∥∥∥∥∥
p

|Σ|
1− 1

p
g .

Then Lemma B.0.5 implies that for any p ∈ (0, 1), ‖Riξ,ε‖p = O(ε
2−p
2p ), i = 1, 2. We take p0 = 2,

then the proof is complete.

The following lemma shows that the higher order linear operator Sξ,ε is bounded on H and

the operator norm goes to zero as ε → 0.

Lemma 4.2.3. There exists s0 > 1 such that for any p, r ∈ (1, 2) with pr ∈ (1, s0), as ε → 0

‖Sξ,ε(φ)‖p = O

(
ε

2−pr
2pr ‖φ‖

)
, for φ ∈ H.
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Proof. By Lemma B.0.5 and the Hölder inequality, we derive that as ε → 0

‖Sξ,ε(φ)‖p =
2∑
i=1

‖Siξ,ε(φ)‖p = O

∥∥∥∥∥
(

−
m∑
i=1

χie
−ϕieUi + 2εV1e

W1,ε

)
φ1

∥∥∥∥∥
p


= O

∥∥∥∥∥2εV1e
W1,ε −

m∑
i=1

χie
−ϕieU1

∥∥∥∥∥
pr

 ‖φ1‖ pr
r−1

 = O

(
ε

2−pr
2pr ‖φ‖

)
,

for any p, r ∈ (1, 2) with pr < 2.

To study the asymptotic behavior of the non-linear part Nξ,ε we have the following lemma:

Lemma 4.2.4. There exist c2, ε0 > 0 and s0 > 1 such that for any p > 1, r > 1 with pr ∈

(1, s0), ε ∈ (0, ε0),

‖Nξ,ε(φ)‖p = O

(
ε

1−pr
pr ec2‖φ‖2‖φ‖2

)
and

‖Nξ,ε(φ1) − Nξ,ε(φ0)‖p = O
(
ε

1−pr
pr ec2

∑1
h=0 ‖φh‖2

‖φ1 − φ0‖(‖φ1‖ + ‖φ0‖)
)

hold true for any φ,φ1,φ0 ∈ {φ = (φ1, φ2) ∈ H : ‖φi‖ ≤ ε0, i = 1, 2}.

Proof. It is sufficient to prove the second estimate since we can take φ0 = 0 to deduce the first

one. Let f1, f2 be defined in (4.2.10). We observe that

f1(W1,ε + φ1
1) − f1(W1,ε + φ0

1) − f ′
1(W1,ε)(φ1

1 − φ0
1)

= 2εV1e
W1,ε+φ1

1 − 2εV1e
W1,ε+φ0

1 − 2εV1e
W1,ε(φ1

1 − φ0
1)

and f2(W2,ε + φ1
2) − f2(W2,ε + φ0

2) − f ′
2(W2,ε)(φ1

2 − φ0
2)

= ρ2V2e
W2,ε+φ1

2∫
Σ V2e

W2,ε+φ1
2dvg

− ρ2V2e
W2,ε+φ0

2∫
Σ V2e

W2,ε+φ0
2dvg

− ρ2V2W2,ε(φ1
2 − φ0

2)∫
Σ V2W2,εdvg

+ρ2V2W2,ε
∫

Σ V2e
W2,ε(φ1

2 − φ0
2)dvg(∫

Σ V2eW2,εdvg
)2 .

For i = 1, 2, θ, γ ∈ (0, 1), the mean value theorem yields that for any p > 1

‖fi(Wi,ε + φ1
i ) − fi(Wi,ε + φ0

i ) − f ′
i(Wi,ε)(φ1

i − φ0
i )‖p

= ‖(f ′
i(Wi,ε + θφ1

i + (1 − θ)φ0
i ) − f ′

i(Wi,ε)(φ1
i − φ0

i )‖p

= ‖f ′′
i (Wi,ε + γθφ1

i + γ(1 − θ)φ0
i )(θφ1

i + (1 − θ)φ0
i )(φ1

i − φ0
i )‖p.
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For i = 1, by the Hölder inequality and Sobolev inequality, we derive that

‖f ′′
1 (W1,ε + γθφ1

1 + γ(1 − θ)φ0
1)(θφ1

1 + (1 − θ)φ0
1)(φ1

1 − φ0
1)‖p

≤ C
1∑

h=0

(∫
Σ
εpV p

1 e
pW1,ε(e|φ0

1|+|φ0
1||φ1

1 − φ0
1||φh1 |)pdvg

)1/p

≤ C
1∑

h=0

(∫
Σ
εprV pr

1 eprW1,εdvg

) 1
pr
(∫

Σ
eps(|φ

0
1|+|φ1

1|)dvg

) 1
ps
(∫

Σ
|φ1

1 − φ0
1|pt|φh1 |ptdvg

) 1
pt

≤ C
1∑

h=0
‖εV1e

W1,ε‖pre
ps
8π

(‖φ1
1‖2+‖φ0

1‖2)‖φ1
1 − φ0

1‖‖φh1‖,

where r, s, t ∈ (1,+∞), 1
r + 1

s + 1
t = 1. Applying Lemma B.0.5, we deduce that

‖2εV1e
W1,ε‖pr ≤

∥∥∥∥∥2εV1e
W1,ε −

m∑
i=1

χie
−ϕieUi

∥∥∥∥∥
pr

+
m∑
i=1

∥∥∥χie−ϕieUi

∥∥∥
pr)

≤
m∑
i=1

∥∥∥χie−ϕieUi

∥∥∥
pr

+ O(ε
2−pr

2 ).

Lemma B.0.1 implies that

∫
Σ
χpri e

−prϕieprUidvg = O
(
δ2−2pr
i

∫
Ωi

( 1
(1 + |y|2)2

)pr
dy

)
+ O(δ2

i )

= O(δ2−2pr
i ) = O(ε1−pr).

Hence,

∥∥∥2εV1e
W1,ε+φ1

1 − 2εV1e
W1,ε+φ0

1 − 2εV1e
W1,ε(φ1

1 − φ0
1)
∥∥∥
p

(4.2.33)

≤ C
1∑

h=0
ε

1−pr
pr e

ps
8π

(‖φ1
1‖2+‖φ0

1‖2)‖φ1
1 − φ0

1‖‖φh1‖.

For u, v, w ∈ H1(Σ),

(2ρ2)−1f ′′
2 (W2,ε + u)(v)(w) = V2e

W2,ε+uvw∫
Σ V2eW2,ε+udvg

− V2e
W2,ε+uv(∫

Σ V2eW2,ε+udvg
)2 ∫Σ

V2e
W2,ε+uwdvg

− V2e
W2,ε+u(∫

Σ V2eW2,ε+udvg
)2w ∫Σ

V2e
W2,ε+uvdvg

− V2e
W2,ε+u(∫

Σ V2eW2,ε+udvg
)3 (∫Σ

V2e
W2,ε+uvdvg

)(∫
Σ
V2e

W2,ε+uwdvg

)
.
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Given that ‖u‖ and ε > 0 are sufficiently small,

∫
Σ
V2e

W2,ε+udvg ≥
∫

Σ
V2e

W2,εdvg −
∫

Σ
V2e

W2,ε |eu − 1|dvg (4.2.34)

≥
∫

Σ
V2e

W2,εdvg − C

∫
Σ
V2e

W2,ε |u|dvg

≥
∫

Σ
Ṽ2(·, ξ)ez(·,ξ)dvg − C‖Ṽ2(·, ξ)ez(·,ξ)‖p‖u‖ + o(1)

≥ C,

where C > 0 is a constant. The Hölder’s inequality and (4.2.34) imply that for a, b, c, d, r, s, t, e, f ∈

(1,+∞) with 1
a + 1

b + 1
c + 1

d = 1, 1
r + 1

s + 1
t = 1, 1

e + 1
f = 1,

‖f ′′
2 (W2,ε + γθφ1

2 + γ(1 − θ)φ0
2)(θφ1

2 + (1 − θ)φ0
2)(φ1

2 − φ0
2)‖p

≤ C
1∑

h=0
‖V2e

W2,ε‖pa‖e|φ1
2|+|φ0

2|‖pb‖φh2‖pc‖φ1
2 − φ0

2‖pd

+C
1∑

h=0
‖V2e

W2,ε‖2
pr‖e|φ1

2|+|φ0
2|‖2

ps‖|φh2 |‖pt‖φ1
2 − φ0

2‖pt

+C
1∑

h=0
‖V2e

W2,ε‖pe‖e|φ1
2|+|φ0

2|‖pf‖V2e
W2,ε‖pa‖e|φ1

2|+|φ0
2|‖pb‖|φh2 |‖pc‖φ1

2 − φ0
2‖pd

+C
1∑

h=0
‖V2e

W2,ε‖pe‖e|φ1
2|+|φ0

2|‖pf‖V2e
W2,ε‖2

pr‖e|φ1
2|+|φ0

2|‖2
ps‖|φh2 |‖pt‖φ1

2 − φ0
2‖pt,

for ‖φ‖ sufficiently small. The Moser-Trudinger inequality yields that

‖e|φ1
2|+|φ0

2|‖qq ≤ Ce
c

8π
(‖φ1

2‖2+‖φ0
2‖2), q > 1,

for some constants C, c > 0. Using (4.2.18), we immediately deduce

‖V2e
W2,ε‖2

pr ≤ C‖Ṽ2(·, ξ)ez(·,ξ)‖q ≤ C.

Combining the estimates above, we deduce that

∥∥∥f2(W2,ε + φ1
2) − f2(W2,ε + φ0

2) − f ′
2(W2,ε)(φ1

2 − φ0
2)
∥∥∥
p

(4.2.35)

≤ Cec2
∑1

h=0 ‖φh
2 ‖2

(‖φ1
2‖ + ‖φ0

2‖)(‖φ1
2 − φ0

2‖),

for some constants C, c2 > 0. Therefore, we proved that there exist constants c2, ε0 > 0 and

s0 > 1 for any p, r > 0 satisfying pr ∈ (1, s0) and ‖φi‖ ≤ ε0 for i = 1, 2

‖Nξ,ε(φ1) − Nξ,ε(φ0)‖p = O
(
ε

1−pr
pr ec2

∑1
h=0 ‖φh‖2

(‖φ1‖ + ‖φ0‖)‖φ1 − φ0‖
)
. (4.2.36)
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Next, for fixed ξ ∈ Ξk,m, we will find φε to solve the problem (4.2.12) in K⊥
ξ , i.e.

φε = Π⊥
ξ ◦ L−1

ξ,ε(Sξ,ε(φε) + Nξ,ε + Rξ,ε) (4.2.37)

for φε ∈ K⊥
ξ .

Theorem 4.2.5. Let D be a compact subset of Ξk,m, and ξ = (ξ1, ..., ξm) ∈ D . There exist

p0 > 1, ε0 > 0 and R > 0 (uniformly in ξ) such that for any p ∈ (1, p0) and any ε ∈ (0, ε0) there

is a unique φξ,ε ∈ K⊥
ξ solves (4.2.37) satisfying that

‖φξ,ε‖ ≤ Rε
2−p
2p | log ε|.

Furthermore, the map ξ 7→ φξ,ε is C1 map with respect to ξ.

Proof. Given that ξ ∈ D , we define the linear operator

Tξ,ε(φ) := Π⊥
ξ ◦ L−1

ξ,ε(Sξ,ε(φε) + Nξ,ε + Rξ,ε)

on K⊥
ξ . For any φ ∈ K⊥

ξ , by Lemma 4.2.1-Lemma 4.2.4, there exist constants s0 > 1, C0, C, c2 >

0 such that

‖Tξ,ε(φ)‖ ≤ C| log ε|‖Sξ,ε(φ) + Nξ,ε(φ) + Rξ,ε‖p

≤ C0| log ε|
(
ε

2−pr
2pr ‖φ‖ + ε

1−pr
pr ec2‖φ‖2‖φ‖2 + ε

2−p
2p

)
,

for any p, r ∈ (1, 2) with pr ∈ (1, s0). We take r = 5
4 , R = 3C0. Then, for arbitrary fixed

p ∈ (1, 3
2), there exists ε1 > 0 such that for any ε ∈ (0, ε1) we have

max
{

3C0(
√
c2 + 1)ε

2−p
2p | log ε|, 3C0e

2ε
1−pr

pr
+ 2−p

2p | log ε|
}

≤ 1.

Thus, for any φ ∈
{

φ ∈ K⊥
ξ : ‖φ‖ ≤ Rε

2−p
2p | log ε|

}
, ‖Tξ,ε(φ)‖ ≤ Rε

2−p
2p | log ε|. For any φ0,φ1 ∈{

φ ∈ K⊥
ξ : ‖φ‖ ≤ Rε

2−p
2p | log ε|

}
, Lemma 4.2.3 and Lemma 4.2.4 yield that

‖Tξ,ε(φ1) − Tξ,ε(φ0)‖ ≤ C| log ε| · ‖Sξ,ε(φ1 − φ0) + Nξ,ε(φ1) − Nξ,ε(φ0)‖p

≤ C1| log ε|
(
ε

2−pr
2pr ‖φ1 − φ0‖ +Rε

1−pr
pr

+ 2−pr
2pr | log ε|‖φ1 − φ0‖

)
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Since 1−pr
pr + 2−pr

2pr > 0, there exists ε2 < ε1 such that for any ε ∈ (0, ε2),

max
{
C1| log ε|ε

2−pr
2pr , C1Rε

1−pr
pr

+ 2−pr
2pr | log ε|

}
≤ 1

4
.

We choose ε0 = ε2. Consequently, we obtain that Tξ,ε is contract mapping on

{
φ ∈ K⊥

ξ : ‖φ‖ ≤ Rε
2−p
2p | log ε|

}

satisfying that

‖Tξ,ε(φ1) − Tξ,ε(φ0)‖ ≤ 1
2

‖φ1 − φ0‖.

The Banach fixed-point theorem deduces that there exists a unique φξ,ε ∈ {φ ∈ K⊥
ξ : ‖φ‖ ≤

Rε
2−p
2p | log ε|} solves the problem (4.2.37). Let F (u) be defined by (4.2.11). We define a function

Φ : D × H → H, (ξ,φ) 7→ φ + Π⊥
ξ

(
Wε − i∗ ◦ F (Wε + Π⊥

ξ (φ)
)
. We observe that Φ(ξ,φξ,ε) = 0

and for any ψ ∈ H

∂Φ
∂φ

(ξ,φξ,ε)(ψ) = ψ − Π⊥
ξ ◦ i∗(F ′(Wε + φξ,ε)(Π⊥

ξ ψ)).

Claim 4.2.6. ∂Φ
∂φ (ξ,φξ,ε) is non-degenerate.

Indeed,

∂Φ
∂φ

(ξ,φξ,ε)(ψ) = Πξψ − Π⊥
ξ ◦ i∗ ◦ (−Lξ,ε + Sξ,ε)(Π⊥

ξ ψ)

−Π⊥
ξ ◦ i∗

(
(F ′(Wε + φξ,ε) − F ′(Wε)(Π⊥

ξ ψ)
)
.

By the mean value theorem, there exists θ ∈ (0, 1) such that

‖F ′(Wε + φξ,ε) − F ′(Wε)Π⊥
ξ ψ‖p = ‖F ′(Wε + θφξ,ε)Π⊥

ξ ψ‖p ≤ Cε
1−pr

pr ‖φξ,ε‖‖Π⊥
ξ ψ‖.

Then, Lemma 4.2.1 and Lemma 4.2.3 imply that for some constant c > 0

∥∥∥∥∂Φ
∂φ

(ξ,φξ,ε)(ψ)
∥∥∥∥

≥ ‖Π⊥
ξ ψ‖ + c‖Lξ,ε‖‖Π⊥

ξ ψ‖ − ‖Sξ,ε‖‖Π⊥
ξ ψ‖ − ‖(F ′(Wε + φξ,ε) − F ′(Wε))Π⊥

ξ ψ‖p

≥ ‖Π⊥
ξ ψ‖ + c

| log ε|
‖Π⊥

ξ ψ‖ − O(ε
2−pr
2pr ‖Π⊥

ξ ψ‖) + O(ε
1−pr

pr ‖φξ,ε‖‖Π⊥
ξ ψ‖)

≥ c

| log ε|
‖ψ‖,
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for p, r > 1 sufficiently close to 1. Hence, we obtain that ∂Φ
∂φ (ξ,φξ,ε) is invertible with

∥∥∥∥∥
(
∂Φ
∂φ

(ξ,φξ,ε)
)−1

∥∥∥∥∥ ≤ 1
c

| log ε|.

By the implicit function theorem, we have ξ 7→ φξ,ε is C1-differentiable.

4.2.3 The reduced functional and its expansion

We calculate the energy functional at approximation solutions Wε. We define the energy

functional corresponding to (4.2.1) as follows

Eε(u) =
∫

Σ
Q(u, u)dvg − ε

∫
Σ
V1e

u1dvg − ρ2 log
(∫

Σ
V2e

u2dvg

)
, u = (u1, u2) ∈ H.

Lemma 4.2.7. Given m ≥ k ≥ 0, we assume that (4.2.4) and (4.2.9) are valid, there exists

ε0 > 0 such that the following expansion holds for ε ∈ (0, ε0):

Eε(Wε) = Λk,m(ξ) − 6π(m+ k) + 2π(m+ k) log 8 − 2π(m+ k) log ε+ o(1) (4.2.38)

and

∂ξEε(Wε) = ∂ξΛk,m(ξ) + o(1), (4.2.39)

which are convergent in C(Ξk,m) uniformly for any ξ in a compact subset of Ξk,m.

Proof. Let D be a compact subset of Ξk,m. Then there exists ε0 > 0 such that D ⊂ Ξε0
k,m. We

consider ξ ∈ Ξε0
k,m.

Q(Wε,Wε) = 1
4

∫
Σ

|∇z(·, ξ)|2g +
∣∣∣∣∣∇
(

m∑
i=1

PUi

)∣∣∣∣∣
2

g

−
m∑
i=1

〈∇PUi,∇z(·, ξ)〉g

 dvg
The estimate (4.2.18) yields that

1
4

∫
Σ

|∇z(·, ξ)|2g − ρ2 log
∫

Σ
V2e

Wε,2dvg

= 1
2

(1
2

∫
Σ

|∇z(·, ξ)|2g − 2ρ2 log
∫

Σ
Ṽ2(·, ξ)ez(·,ξ)dvg

)
︸ ︷︷ ︸

=Iξ(z(·,ξ))

+O(ε)

= 1
2
Iξ(z(·, ξ)) + O(ε),
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as ε → 0. By Lemma B.0.1 and Lemma B.0.5, we deduce that for p ∈ (1, 2)

ε

∫
Σ
V1e

W1,εdvg (4.2.40)

= O
(∣∣∣∣∣
∫

Σ
2V1e

W1,ε −
m∑
i=1

χie
−ϕieUidvg

∣∣∣∣∣
)

+ 1
2

m∑
i=1

∫
Σ
χie

−ϕieUidvg

= O

∥∥∥∥∥2V1e
W1,ε −

m∑
i=1

χie
−ϕieUi

∥∥∥∥∥
p

|Σ|1− 1
p

+ 1
2

m∑
i=1

%(ξi) + O(ε)

= 1
2

m∑
i=1

%(ξi) + O
(
ε

2−p
2p + ε

)
,

where we applied that
∫

|y|<r
8

(1+|y|2)2dy = 8π − 8π
1+r2 . Using z(·, ξ) as a test function for (4.2.3),

1
4

∫
Σ

〈∇PUi,∇z(·, ξ)〉gdvg = 1
4

∫
Σ
χie

−ϕieUiz(·, ξ)dvg

= 1
4

∫
Ωi

χ(δi|y|/r0) 8
(1 + |y|2)2 z(y

−1
ξi

(δiy), ξ)dy

= 1
4
%(ξi)z(ξi, ξ) + O(ε

1
2 ).

For any i, i′ = 1, · · · ,m, using PUi′ as a test function for (4.2.3), Lemma B.0.1 with (4.2.9)

implies that

1
4

∫
Σ

〈PUi′ , PUi〉gdvg = 1
4

∫
Σ
χie

−ϕieUiPUi′dvg

= 1
4

∫
Σ
χie

−ϕieUi

(
χi′(Ui′ − log(8δ2

i′)) + %(ξi′)Hg(·, ξi′) + O(δ2
i′ | log δi′ |)

)

=


−1

2
∫

Ωi
χ(δi|y|/r0)8(2 log δi+log(1+|y|2))

(1+|y|2)2 dy + 1
4%

2(ξi)Hg(ξi, ξi) + O(ε
1
2 ) i′ = i

1
4%(ξi)%(ξi′)Gg(ξi, ξi′) + O(ε

1
2 ) i′ 6= i

=


−1

2%(ξi) log δ2
i − 1

2%(ξi) + 1
4%

2(ξi)Hg(ξi, ξi) + O(ε
1
2 ) i′ = i

1
4%(ξi)%(ξi′)Gg(ξi, ξi′) i′ 6= i

,

where we applied that

∫
|y|≤r

8 log(1 + |y|2)
(1 + |y|2)2 = 8π + 8π log(1 + r2) + 1

1 + r2

and ∫
|y|<r

8
(1 + |y|2)2dy = 8π − 8π

1 + r2 .
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Combining all the estimates above, we conclude that

Eε(Wε) = 1
2
Iξ(z(·, ξ)) − 1

4
FV1
k,m(ξ) − 4π(m+ k) + 2π(m+ k) log 8 − 2π(m+ k) log ε+ o(1),

as ε → 0. For any i = 1, · · · ,m and j = 1, · · · , i(ξi),

∂(ξi)j
Eε(Wε) =

∫
Σ

(
−2

3
∆gW1,ε − 1

3
∆gW2,ε − 1

2
f1(W1,ε)

)
∂(ξi)j

W1,εdvg

+
∫

Σ

(
−2

3
∆gW2,ε − 1

3
∆gW1,ε − 1

2
f2(W2,ε)

)
∂(ξi)j

W2,εdvg

= 1
2

∫
Σ

(
m∑
l=1

χle
−ϕleUl − f1(W1,ε)

)
∂(ξi)j

W1,εdvg

+1
2

∫
Σ

(
2ρ2Ṽ2(·, ξ)ez(·,ξ)∫
Σ Ṽ2(·, ξ)ez(·,ξ)dvg

− f2(W2,ε)
)
∂(ξi)j

W2,εdvg,

in view of
∫

ΣWi,εdvg = 0 for i = 1, 2. By Lemma B.0.4 and Lemma B.0.3, we have ‖∂(ξi)j
W2,ε‖ =

O(ε− 1
2 ). Using Lemma 4.2.18, we deduce that

∣∣∣∣∣
∫

Σ

(
2ρ2Ṽ2(·, ξ)ez(·,ξ)∫
Σ Ṽ2(·, ξ)ez(·,ξ)dvg

− f2(W2,ε)
)
∂(ξi)j

W2,εdvg

∣∣∣∣∣ ≤ O
(
ε‖∂(ξi)j

W2,ε‖L1(Σ)

)
≤ O

(
ε

1
2
)
.

Lemma B.0.2, Lemma B.0.3 and Lemma B.0.5 yield that for any j = 1, · · · , i(ξi), and for any

p ∈ (1, 2)

1
2

∫
Σ

(
m∑
h=1

χle
−ϕheUh − f1(W1,ε)

)
∂(ξi)j

W1,εdvg

= 1
2

m∑
h=1

∫
Σ
χhe

−ϕheUhZji dvg − ε

∫
Σ
V1e

W1,εZji dvg

+O

∥∥∥∥∥
m∑
h=1

χhe
−ϕleUh − f1(W1,ε)

∥∥∥∥∥
p

|Σ|1− 1
p


= 1

2

m∑
h=1

∫
Σ
χle

−ϕheUhχiZ
j
i dvg − ε

∫
Σ
V1e

W1,εχiZ
j
i dvg + o(1),

as ε → 0. By direct calculation, for j = 1, · · · , i(ξi) we have

∫
Σ
χhe

−ϕheUhχiZ
j
i dvg =


1
δi

∫
Ωi
χ2
(

|y|
r0

)
32yj

(1+|y|2)3dy for h = i

0 for h 6= i

= 0,

where the last equality applied the symmetric property of Ωi. It is sufficient to calculate the inte-

gral ε
∫

Σ V1e
W1,εχiZ

j
i dvg. Let τi(x) = %(ξi)Hg(x, ξi) +

∑
h6=i %(ξh)Gg(x, ξh) − 1

2z(x, ξ) + log V1(x).
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Recall that d2
i = 1

4e
τi(ξi). Using Lemma B.0.1 with (4.2.9), we can derive that ε → 0

ε

∫
Σ
V1e

W1,εχiZ
j
i dvg = 2ε

∫
Σ
χie
∑m

l=1 PUl− 1
2 z(·,ξ)+log V1 4(yξi

)j
δ2
i + |yξi

|2
dvg

= ε

∫
Σ
χie

χi(Ui−log(8δ2
i ))+%(ξi)Hg(·,ξi)+

∑
l6=i

%(ξl)Gg(·,ξl)− 1
2 z(·,ξ)+log V1+O(δ2

i | log δi|) 4(yξi
)j

δ2
i + |yξi

|2
dvg

= ε

δ3
i

∫
Ωi

χ

(
δi|y|
r0

) 4yj
(1 + |y|2)3 e

τi(ξi)
(

1 +
2∑
s=1

δi∂ysτi ◦ y−1
ξi

(0)ys + O(δ2
i |y|2 + δ2

i | log δi|)
)
dy

=
eτi(ξi)∂yiτi ◦ y−1

ξi
(0)%(ξi)

8d2
i

+ o(1) = 1
4
∂(ξi)j

FV1
k,m(ξ) − 1

4
%(ξi)∂(xi)j

z(x, ξ)|x=ξi
+ o(1),

where we applied the symmetric property of Ωi and
∫
R2

4y2
j

(1+|y|2)3dy = π. Since z(·, ξ) solves (1.2.3),

we have I ′
ξ(z(·, ξ)) = 0. By representation’s formula in Section 2.4, we deduce that

∂(ξi)j
Iξ(z(·, ξ))

= I ′
ξ(z(·, ξ))∂(ξi)j

z(·, ξ) − 2ρ2

∫
Σ

Ṽ2(·, ξ)ez(·,ξ)∫
Σ Ṽ2(·, ξ)ez(·,ξ)dvg

(
−%(ξi)

2
∂(ξi)j

Gg(·, ξi)
)
dvg

= ρ2%(ξi)
∫

Σ

Ṽ2(·, ξ)ez(·,ξ)∫
Σ Ṽ2(·, ξ)ez(·,ξ)dvg

∂(ξi)j
Gg(·, ξi)dvg

= 1
2
%(ξi)∂(xi)j

z(x, ξ)|x=ξi
.

Hence, we obtain that as ε → 0

∂(ξi)j
Eε(Wε) = 1

2
∂(ξi)j

Iξ(z(·, ξ)) − 1
4
∂(ξi)j

FV1
k,m(ξ) + o(1) = ∂(ξi)j

Λk,m(ξ) + o(1).

Next, we consider the reduced functional Ẽε : Ξk,m → R, ξ 7→ Eε(Wε + φ), where φ is given

by Theorem 4.2.5.

Theorem 4.2.8. Given integers m ≥ k ≥ 0, we assume that (4.2.4) and (4.2.9) are valid, there

exists ε0 > 0 such that the expansion holds for ε ∈ (0, ε0)

Ẽε(ξ) = Λk,m(ξ) − 6π(m+ k) + 2π(m+ k) log 8 − 2π(m+ k) log ε+ o(1) (4.2.41)

and

∂ξẼε(ξ) = ∂ξΛk,m(ξ) + o(1), (4.2.42)

which are convergent in C(Ξk,m) uniformly for any ξ in a compact subset of Ξk,m.
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Proof. By direct calculation, we have

Ẽε(ξ) = Eε(Wε) + 1
2

(∫
Σ

(
m∑
l=1

χle
−ϕleUl − 2εV1e

W1,ε

)
φ1dvg −

∫
Σ
φ2∆gz(·, ξ)dvg

)

−ε
∫

Σ
V1e

W1,ε

(
eφ1 − 1 − φ1

)
dvg − ρ2 log

(∫
Σ
V2e

W2,ε+φ2dvg

)
+ ρ2 log

(∫
Σ
V2e

W2,εdvg

)
.

Recall that φ = (φ1, φ2) ∈ K⊥
ξ satisfies that for p sufficiently close to 1, ‖φ‖ ≤ Rε

2−p
2p | log ε|. For

p, r > 1 sufficiently close to 1, the Hölder inequality implies that

∣∣∣∣∣
∫

Σ

(
m∑
l=1

χle
−ϕleUl − 2εV1e

W1,ε

)
φ1dvg

∣∣∣∣∣ ≤
∥∥∥∥∥
m∑
l=1

χle
−ϕleUl − 2εV1e

W1,ε

∥∥∥∥∥
p

‖φ1‖ p
p−1

≤ O
(
ε

2−p
2p ‖φ1‖

)
= o(1), (by Lemma B.0.5)∣∣∣∣∫

Σ
∆gz(·, ξ)φ2dvg

∣∣∣∣ ≤ ‖z(·, ξ)‖‖φ2‖ = o(1),∣∣∣∣ε ∫
Σ
V1e

W1,ε

(
eφ1 − 1 − φ1

)
dvg

∣∣∣∣ ≤ O
(
ε

1−pr
pr e

ps
8π

‖φ1‖2‖φ1‖2
)

= o(1). (by (4.2.33))

By mean value theorem, for some θ ∈ (0, 1),

−ρ2 log
(∫

Σ
V2e

W2,ε+φ2dvg

)
+ ρ2 log

(∫
Σ
V2e

W2,εdvg

)
=

∫
Σ V2e

W2,ε+θφ2φ2dvg∫
Σ V2eW2,ε+θφ2dvg

= O(‖φ2‖) = o(1).

Consequently, we obtain that Ẽε(ξ) = Eε(Wε)+o(1). Immediately, Lemma 4.2.7 yields (4.2.41),

which holds in C(Σ) and uniformly for any ξ in any compact subset of Ξk,m. Applying Theo-

rem 4.2.5, there exists {cεi,j ∈ R : i = 1, · · · ,m, j = 1, · · · , i(ξi)} such that

Wε + φ − i∗(F (Wε + φ)) =


∑
i,j c

ε
i,jPZ

j
i

0

 . (4.2.43)

And

∂(ξi)j
Ẽε(ξ) = ∂(ξi)j

Eε(Wε)

+
∫

Σ

(
−2

3
∆gφ1 − 1

3
∆gφ2 − 1

2
(f1(W1,ε + φ1) − f1(W1,ε))

)
∂(ξi)j

W1,εdvg

+
∫

Σ

(
−2

3
∆gφ2 − 1

3
∆gφ1 − 1

2
(f2(W2,ε + φ2) − f2(W2,ε))

)
∂(ξi)j

W2,εdvg

+
∫

Σ

(
−2

3
∆g(W1,ε + φ1) − 1

3
∆g(W2,ε + φ2) − 1

2
f1(W1,ε + φ1)

)
∂(ξi)j

φ1dvg

+
∫

Σ

(
−2

3
∆g(W2,ε + φ2) − 1

3
∆g(W1,ε + φ1) − 1

2
f2(W2,ε + φ2)

)
∂(ξi)j

φ2dvg.
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Lemma B.0.3 implies that ∂(ξi)j
W1,ε = PZji + O(1) and ∂(ξi)j

W2,ε = −1
2PZ

j
i + O(1). Since

〈φ1, PZ
j
i 〉 = 0, we have

∫
Σ

(−∆gφ1)∂(ξi)j
W1,εdvg =

∫
Σ

〈∇φ1, (∇PZji + O(1))〉gdvg

= 〈φ1, PZ
j
i 〉 + O (‖φ‖) = o(1).

Using the same reasoning, we can deduce that
∫

Σ(−∆gφ1)∂(ξi)j
W2,εdvg = o(1). It is observed

that

∫
Σ

(−∆gφ2)
(
∂(ξi)j

W1,ε + 2∂(ξi)j
W2,ε

)
dvg = 3

2

∫
Σ

(−∆gφ2)∂(ξi)j
z(·, ξ)dvg

= O(‖φ2‖) = o(1).

The estimate (4.2.35) yields that for q > 1

∫
Σ

(f2(W2,ε + φ2) − f2(W2,ε))∂(ξi)j
W2,εdvg

= O
(
(‖φ2‖2 + ‖f ′

2(W2,ε)φ2‖q‖PZji ‖ q
q−1

)
= O(‖φ2‖) = o(1).

The estimate (4.2.33) implies that for q, r > 1 sufficiently close to 1

∫
Σ

(f1(W1,ε + φ1) − f1(W1,ε))∂(ξi)j
W1,εdvg

= 2ε
∫

Σ
V1e

W1,εφ1∂(ξi)j
W1,εdvg + O

(∫
Σ

|f1(W1,ε + φ1) − f1(W1,ε) − f ′
1(W1,ε)φ1∂(ξi)j

W1,ε|dvg
)

= 2ε
∫

Σ
V1e

W1,εφ1(χiZji + O(1))dvg + O
(
ε

1−qr
qr ‖φ1‖2‖PZji ‖ q

q−1

)
= 2ε

∫
Σ
V1e

W1,εφ1χiZ
j
i dvg + o(1).

By Lemma B.0.5, for any q ∈ (1, 2)

2ε
∫

Σ
V1e

W1,εφ1χiZ
j
i dvg =

∫
Σ
χie

−ϕieUiZji φ1dvg + O

∥∥∥∥∥2εV1e
W1,ε −

m∑
h=1

χhe
−ϕheUh

∥∥∥∥∥
q

‖φ1‖


= 〈PZji , φ1〉 + O(ε

2−q
2q ) = o(1).
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Applying (4.2.43), we derive that for i = 1, · · · ,m, j = 1, · · · , i(ξi)

∑
i′,j′

cεi′,j′〈PZji , PZ
j′

i′ 〉 =
〈
W1,ε + φ1 − i∗(f1(W1,ε + φ1) − 1

2
f2(W2,ε + φ2)), PZji

〉

=
〈
W1,ε − i∗

(
f1(W1,ε) − 1

2
f2(W2,ε)

)
, PZji

〉
+ O

(
|〈φ1, PZ

j
i 〉|
)

−
∫

Σ
(f1(W1,ε + φl) − f1(W1,ε))PZji dvg + 1

2

∫
Σ

(f2(W2,ε + φ2) − f2(W2,ε))PZji dvg.

According to the proof of Lemma 4.2.7,

〈W1,ε − i∗(f1(W1,ε)), PZji 〉 =
∫

Σ

(
m∑
l=1

χle
−ϕleUl − 2εV1e

W1,ε

)
PZji dvg

= 2∂(ξi)j
Λk,m(ξ) + o(1).

We notice that
∫

Σ |PZji |2dvg = O(| log ε|). By (4.2.18), we have

−1
2

∫
Σ
f2(W2,ε)PZji dvg = −ρ2

∫
Σ

Ṽ2(·, ξ)ez(·,ξ)∫
Σ Ṽ2(·, ξ)ez(·,ξ)dvg

PZji dvg + O
(
ε

∫
Σ

|PZji |dvg
)

= O
(
(1 + ε)

∥∥∥PZji ∥∥∥2

)
= O

(
| log ε|

1
2
)
.

Applying (4.2.33) and (4.2.35), we derive that for q, r > 1 sufficiently close to 1,

∫
Σ

(f2(W2,ε + φ2) − f2(W2,ε))PZji dvg = O
(
(‖φ2‖2 + ‖f ′

2(W2,ε)φ2‖q)‖PZji ‖ q
q−1

)
= o(1),

and
∫

Σ
(f1(W1,ε + φl) − f1(W1,ε))PZji dvg

= 2ε
∫

Σ
V1e

W1,εφ1(χiZji + O(1))dvg + O
(
ε

1−qr
qr ‖φ1‖2‖PZji ‖ q

q−1

)
= 2ε

∫
Σ
V1e

W1,εφ1χiZ
j
i dvg + o(1) = 〈PZji , φ1〉 + o(1) = o(1).

Applying Lemma B.0.4, we deduce that cεi,j
8%(ξi)Di

δ2
i π

+O
(
ε− 1

2
∑
i,j |cεi,j |

)
= O(| log ε|

1
2 ), as ε → 0.

Considering δ2
i = εd2

i , we deduce
∑
i,j |cεi,j | = O(ε| log ε|

1
2 ). By (4.2.43), we have

−2
3

∆g(W2,ε + φ2) − 1
3

∆g(W1,ε + φ1) − 1
2
f2(W2,ε + φ2) = −1

3
∑
i,j

cεi,j∆gPZ
j
i

and

−2
3

∆g(W1,ε + φ1) − 1
3

∆g(W2,ε + φ2) − 1
2
f1(W1,ε + φ1) = −2

3
∑
i,j

cεi,j∆gPZ
j
i .

98



Then,

∫
Σ

(
−2

3
∆g(W1,ε + φ1) − 1

3
∆g(W2,ε + φ2) − 1

2
f1(W1,ε + φ1)

)
∂(ξi)j

φ1dvg

= 2
3
∑
i′,j′

cεi′,j′〈PZi
′
j′ , ∂(ξi)j

φ1〉.

By straightforward calculation, for q, p > 1 sufficiently close to 1 such that 2−4q
2q + 2−p

2p + 1 > 0

〈PZj
′

i′ , ∂(ξi)j
φ1〉 = ∂(ξi)j

〈PZj
′

i′ , φ1〉 − 〈∂(ξi)j
PZj

′

i′ , φ1〉 (4.2.44)

=
∫

Σ
∂(ξi)j

(−χi′e−ϕi′eUi′Zj
′

i′ )φ1dvg

= O
(
‖∂(ξi)j

(−χi′e−ϕi′eUi′Zj
′

i′ )‖q‖φ1‖
)

= O(ε
2−4q

2q
+ 2−p

2p | log ε|),

where we applied the condition 〈PZji , φ〉 = 0. Hence, we obtain that

∫
Σ

(
−2

3
∆g(W1,ε + φ1) − 1

3
∆g(W2,ε + φ2) − 1

2
f1(W1,ε + φ1)

)
∂(ξi)j

φ1dvg = o(1).

Similarly, by the same reasoning, we can deduce that

∫
Σ

(
−2

3
∆g(W2,ε + φ2) − 1

3
∆g(W1,ε + φ1) − 1

2
f2(W2,ε + φ2)

)
∂(ξi)j

φ2dvg = o(1).

Combining all the estimates above, we prove that

∂(ξi)j
Ẽε(ξ) = ∂(ξi)j

Eε(Wε) + o(1) = ∂(ξi)j
Λk,m(ξ) + o(1).

4.3 Proof of main results

The next lemma demonstrates that ξ being a critical point of Ẽε is equivalent to Wε + φξ,ε

solving (4.2.1).

Lemma 4.3.1. For any ε ∈ (0, ε0) where ε0 > 0 sufficiently small, ξ ∈ Ξk,m is a critical point

of ξ 7→ Ẽε(ξ) if and only if ξ ∈ Ξk,m and u = Wε + φξ,ε constructed by Theorem 4.2.5 is a

solution of (4.2.1).

Proof. Suppose that ξ is a critical point of Ẽε. Then, for i = 1, · · · ,m, j = 1, · · · , i(ξi), Theo-
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rem 4.2.5 implies that

0 = ∂(ξi)j
Ẽε = 〈u − i∗(F (u)), ∂(ξi)i

(Wε + φξ,ε)〉
(4.2.43)=

∑
i′,j′

cεi′,j′〈PZj
′

i′ , ∂(ξi)i
(W1,ε + (φξ,ε)1)〉

=
∑
i′,j′

cεi′,j′〈PZj
′

i′ , PZ
j
i 〉 + O

∑
i′,j′

cεi′,i′(ε| log ε| + |〈PZj
′

i′ , ∂(ξi)j
(φξ,ε)1〉|


(by Lemma B.0.4 and (4.2.44))

= cεi,j
8Di%(ξi)
πδ2

i

+ O

ε− 1
2
∑
i′,j′

|cεi′,j′ |

+ o

ε−1∑
i′,j′

|cεi′,j′ |

 .
By the arbitrariness of i, j, it follows as ε → 0

∑
i,j

cεi,j
8Di%(ξi)
πδ2

i

(
1 + O(ε

1
2 ) + o(1)

)
= 0.

There exists ε0 > 0 sufficiently small such that for ε ∈ (0, ε0),

cεi,j = 0,

for i = 1, · · · ,m, j = 1, · · · , i(ξi). By (4.2.43), u solves (4.2.1).

Conversely, we assume that for some ξ ∈ Ξk,m, u = Wε+φξ,ε constructed by Theorem 4.2.5

is a solution of (4.2.1). It is easy to see that u−i∗(F (u)) = 0. Consequently, for i = 1, · · · ,m, j =

1, · · · , i(ξi)

∂(ξi)j
Ẽε(ξ) = 〈u − i∗(F (u)), ∂(ξi)i

(Wε + φξ,ε)〉 = 0,

which means ξ is a critical point of Ẽε

Proof of Theorem 1.2.2. Suppose (w, ξ) is a non-degenerate solution of (1.2.5). It is clear

that C := {ξ} is a C1-stable critical point set of Λk,m. For ε > 0 sufficiently small, there

exists a sequence ξε = (ξε1, · · · , ξεm) ∈ Ξk,m such that dg(ξε, C) < ε and ξε is a critical point of

Ẽε : Ξk,m → R. Without loss of generality, assume that ξε = (ξε1, · · · , ξεm) → ξ = (ξ1, ..., ξm) ∈ C,

as ε → 0. Then define uε = Wε + φξε,ε through Theorem 3.1.4. Moreover, Lemma 4.3.1 yields

that uε solves (4.2.1) as ε → 0. Let ρε1 = ε
∫

Σ V1e
u1,εdvg. By (4.2.40) and |es − 1| ⩽ e|s||s| for

any s ∈ R, for q > 1 sufficiently close to 1

ρε1 = ε

∫
Σ
V1e

W1,εdvg + O
(
ε

∫
Σ
V1e

W1,ε |(φξε,ε)1|dvg
)

= 1
2

m∑
i=1

%(ξi) + O
(
‖εV1e

W1,ε‖q‖φξε,ε‖
)

= 1
2

m∑
i=1

%(ξi) + o(1).
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For any Ψ ∈ C(Σ), using Lemma B.0.5, we have

2ρε1
∫

Σ

V1eu1,ε∫
Σ V1eu1,εdvg

Ψdvg = 2ε
∫

Σ
V1eu1,εΨdvg

=
m∑
i=1

∫
Σ
χξε

i
e

−ϕξε
i e
Uδi(ξε),ξε

i Ψdvg + o(1) =
m∑
i=1

%(ξi)Ψ (ξi) + o(1),

as ε → 0, where δi(·) is defined by (4.2.4). By (4.2.6), we can obtain the estimate (1.2.7). The

proof is concluded. 2

Proof of Corollary 1.2.3. For any z ∈ H1(Σ), the Moser-Trudinger inequality implies that

Iξ(z) = 1
2

∫
Σ

|∇z|2gdvg − 2ρ2 log
(∫

Σ
Ṽ2(·, ξ)ez

)
≥ C,

for some constant C (uniformly for ξ ∈ Ξk,m). For any ρ2 ∈ (0, 2π), the solution z(·, ξ) of (1.2.3)

exists but may be degenerate for ξ ∈ Ξk,m. We fix an arbitrary z = z(·, ξ) that solves (1.2.3) as

a minimizer of the energy functional. Since z(·, ξ) is a minimizer of Iξ,

Iξ(z(·, ξ)) ≤ Iξ(0) = −2ρ2 log
(∫

Σ
V2e

∑m

i=1
1
2%(ξi)Gg(·,ξi)

)
≤

∣∣∣∣∣2ρ2

(
m∑
i=1

1
2
%(ξi)

∫
Σ
Gg(·, ξi)dvg +

m∑
i=1

∫
Σ

log V2dvg

)∣∣∣∣∣
( by the Jensen’s inequality and

∫
Σ
Gg(·, ξi)dvg = 0)

= 2mρ2 max
Σ

| log V2|.

Let Jξ,ρ2 := {z ∈ H1(Σ) : z solves (1.2.3) for ξ and ρ2}. As a result, we obtain that for some

constant C0 > 0,

sup
ξ∈Ξk,m

sup
ρ2∈(0,2π)

sup
z∈Jξ,ρ2

|Iξ(z)| ≤ C0.

By Lemma 2.6.1, we know that FV1
k,m(ξ) → +∞ as ξ → ∂Ξk,m. We recall that

Λk,m(ξ) = 1
2
Iξ(z(·, ξ)) − 1

4
FV1
k,m(ξ).

Fix an arbitrary point ξ0 ∈ Ξk,m. There exists δ0 > 0 sufficiently small such that ξ0 ∈ Ξδ0
k,m and

for any ξ ∈ Ξk,m \ Ξδ0
k,m FV1

k,m(ξ) > 4C0 + FV1
k,m(ξ0). We take D to be the interior of Ξ

1
2 δ0
k,m. Let

C :=
{
ξ ∈ Ξk,m : FV1

k,m(ξ) = infΞk,m
Λk,m

}
⊂ Ξδ0

k,m ⊂ D .

We fix ξ0 ∈ C and then we have a non-degenerate solution of (4.1.8) with ρ2 ∈ (0, ρ0),

denoted by w0, where ρ0 > 0 is sufficiently small according to Lemma 4.1.5. It follows (H1)
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holds for same (w0, ξ0) Applying Theorem 1.2.2, we complete the proof. 2

Proof of Corollary 1.2.4. As in the proof of Theorem 4.1.8, we have

Vreg = {(V1, V2) ∈ C2,α(Σ,R+) × C2,α(Σ,R+) : (St) is non-degenerate for t ∈ [0, 1] ∩ Q}

is a residual set in C2,α(Σ,R+) × C2,α(Σ,R+). We fix an arbitrary (V1, V2) ∈ Vreg. Using

Proposition 4.1.10, there exists a non-degenerate solution (w, ξ) of (1.2.5). The hypothesis (H1)

holds for ρ2 ∈ (0, 2π). Employing Theorem 1.2.2, we can conclude Corollary 1.2.4. 2
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5 Asymmetric blow-up solutions for Toda

systems

5.1 The construction of asymmetric blow-up solutions

5.1.1 Approximation solutions

We consider Σ is a “k-symmetric” surface with non-empty fixed point set Σ0 under the action

of orthogonal subgroup 〈Rk〉, for k ≥ 2, where Rk is defined by (1.2.8). Given {ξ1, · · · , ξm} ⊂

Σ0 ∩ Σ̊, we will construct a family of solutions blowing up at {ξ1, · · · , ξm}. To construct blow-up

solutions of (1.2.1), it is sufficient to consider the following problem



−∆gu1 = 2ε(V1e
u1 − V1eu1) − ε(V2e

u2 − V2eu2) in Σ̊

−∆gu2 = 2ε(V2e
u2 − V2eu2) − ε(V1e

u1 − V1eu1) in Σ̊

∂νgu1 = ∂νgu2 = 0 on ∂Σ

, (5.1.1)

where ε is a positive parameter. In fact, for fixed ξ = (ξ1, · · · , ξm) ∈ Ξm,m := Σ̊m \ Fm,m(Σ),

we are going to construct a family of blow-up solutions uε = (u1,ε, u2,ε) of (5.1.1) as ε → 0 with

the local limit mass

lim
ε→0

ε

∫
Σ
Vie

ui,εdvg = 2i+1πm, i = 1, 2.

Setting ρi = ε
∫

Σ Vie
uidvg for i = 1, 2, then we can construct a family blow-up solutions of (1.2.1)

as ρ = (ρ1, ρ2) → (4πm, 8πm). For the asymmetric blow-up case, we have no uniform limit profile

like in fully blow-up cases. But after a proper scaling around ξ for the system (5.1.1), for any
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i = 1, 2 we have the limit profile



−∆w = |y|αi−2ew in Rξ

∂y2w = 0 on ∂Rξ

∫
Rξ

|y|αi−2ew < ∞

, (5.1.2)

where αi = 2i,Rξ = R2 or R2
+ depending on the scaling center ξ in the interior or on the

boundary.

For any α ≥ 2, we introduce the radially symmetric solutions of the singular Liouville

problem (5.1.2),

wατ (y) := log 2α2τα

(τα + |y|α)2 y ∈ R2, τ > 0.

Moreover, we have
∫
R2 |y|α−2ew

α
τ (y)dy = 4πα. For any ξ ∈ {ξ1, · · · , ξm}, applying isothermal

coordinate (yξ, U(ξ)), we can pull-back wατ to the Riemann surface around ξ,

Uατ,ξ := log 2α2τα

(τα + |yξ(x)|α)2 in U(ξ).

Then we project the local bubbles into the functional space H1(Σ) by following equations:



−∆gPU
α
τ,ξ = χξe

−ϕξ |yξ|α−2eU
α
τ,ξ − χξe

−ϕξ |yξ|α−2eU
α
τ,ξ in Σ̊

∂νgPU
α
τ,ξ = 0 on ∂Σ

∫
Σ PU

α
τ,ξdvg = 0

.

We take

αi = 2i (5.1.3)

and the concentration parameter

δi,j = di,jε
22−2i

, (5.1.4)

where di,j > 0 solves the following identities for i = 1, 2

αi log di,j −
∑
i′>i

αi′ log di′,j

= −2 logαi + %(ξj)
2

αi − 1
2
∑
i′ 6=i

αi′

 ·

Hg(ξj , ξj) +
∑
j′ 6=j

Gg(ξj′ , ξj)

+ log Vi(ξj).
(5.1.5)
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Let

A1j =
{
x ∈ Σ : |yξj

(x)| ≤
√
δ1,jδ2,j

}
and A2j = Σ \ A1j (5.1.6)

for any j = 1, · · · ,m. For simplicity of the notations, we denote that U ij = Uαi
ξj ,δi,j

, PU ij =

PUαi
ξj ,δi,j

, χj = χ(|yξj
|/r̄ξj

) and ϕj = ϕ̂ξj
(yξj

). The approximation solution Wε = (W1,ε,W2,ε) is

defined by

Wi,ε =
m∑
j=1

PU ij − 1
2

2∑
i′ = 1

i′ 6= i

m∑
j=1

PU i
′
j , for i = 1, 2.

We define that

Hk := {u = (u1, u2) ∈ H : ui is Rk-invariant for i = 1, 2} .

Next, we are going to construct solutions with the form uε = Wε+φε, where φε = (φ1,ε, φ2,ε) ∈

Hk is the error term.

5.1.2 The linearized operator

We consider the following linear operator associated with the problem (5.1.1):

Lξ,ε(φ) := (L1
ξ,ε(φ), L2

ξ,ε(φ)), (5.1.7)

where for any i = 1, 2

Liξ,ε(φ) : = −∆gφi −
m∑
j=1

(
χje

−ϕj |yξj
|αi−2eU

i
jφi − χje−ϕj |yξj

|αi−2eU
i
jφi

)

+1
2

2∑
i′ = 1

i′ 6= i

m∑
j=1

(
χje

−ϕj |yξj
|αi′ −2eU

i′
j φi′ − χje−ϕj |yξj

|αi′ −2eU
i′
j φi′

)
.

The key lemma is the non-degeneracy of the linear operator Lξ,ε. Formally, for i = 1, 2, j =

1, · · · ,m, we can derive the local limit operator of Liξ,ε is −∆φ−2α2
i

|y|αi−2

(1+|y|αi )2φ by a proper scaling

around ξj on an isothermal chart (the detail refers to Lemma 5.1.1). The result in [DPEM12]

implies that the kernel space is generated by (in polar coordinate (r, θ))

φ0(r, θ) := 1 − |r|αi

1 + |r|αi
, φ1(r, θ) := |r|

αi
2

1 + |r|αi
cos αi

2
θ, φ2(r, θ) := |r|

αi
2

1 + |r|αi
sin αi

2
θ.
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The k-symmetric condition of Hk excludes φ1 and φ2. To obtain the invertibility of the linearized

operator Lξ,ε, we need to lay out φ0 by introducing a family of test functions in H1(Σ). Let

zi(y) = 1 − |y|αi

1 + |y|αi
.

It is easy to see that −∆zi(y) = 2α2
i

|y|αi−2

(1+|y|αi )2 zi(y), y ∈ R2. For any j = 1, · · · ,m, we define

Zij(x) =


zi

(
|yξj

(x)|
δi,j

)
, x ∈ U(ξj)

0, x ∈ Σ \ U(ξj)

.

Then, we project Zij into the space H1(Σ) by following equations:



−∆gPZij = χje
−ϕj |yξj

|αi−2eU
i
jZij − χje−ϕj |yξj

|αi−2eU
i
jZij in Σ̊

∂νgPZij = 0 on ∂Σ

∫
Σ PZijdvg = 0

. (5.1.8)

We define that L0
k := {h = (h1, h2) :

∫
Σ hidvg = 0 and hi is Rk invariant for i = 1, 2} .

Lemma 5.1.1. For any p > 1, there exist ε0 > 0 and C > 0 such that for any ε ∈ (0, ε0),

h = (h1, h2) ∈ (Lp(Σ))2 ∩ L0
k and φ = (φ1, φ2) ∈ (W 2,p(Σ))2 ∩ Hk is the unique solution of



Lξ,ε(φ) = h in Σ̊

∂νg φ = 0 on ∂Σ

∫
Σ φdvg = 0

, (5.1.9)

with ‖φ‖ ≤ C| log ε|‖h‖p, where ‖h‖p = ‖h1‖Lp(Σ) + ‖h2‖Lp(Σ).

Proof. We prove it by contradiction. Suppose Lemma 5.1.1 fails, i.e., there exist p > 1 and a

sequence of εn → 0 and hn := (h1,n, h2,n) ∈ (Lp(Σ))2 ∩L0
k and φn := (φ1,n, φ2,n) ∈ (W 2,p(Σ))2 ∩

Hk solves (5.1.9) for hn satisfying

‖φn‖ = 1 and | log εn|‖hn‖p := | log εn|
2∑
i=1

‖hi,n‖Lp(Σ) → 0,

as n → +∞. For simplicity, we still use the notations φi, hi, ε instead of φi,n, hi,n, εn for i = 1, 2.
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Let Rξ =


R2 if ξ ∈ Σ̊

R2
+ if ξ ∈ ∂Σ

. We define that for i = 1, 2, j = 1, · · · ,m

φ̃ij(y) =


χ

(
δi,j |y|

r̄ξj

)
φi ◦ y−1

ξj
(δi,jy), y ∈ Ωij := 1

δi,j
Bξj

0 y ∈ Rξj
\ Ωij

.

Then we consider the following spaces for α ≥ 2 and ξ ∈ Σ, Lαξ :=
{
u :
∥∥∥∥ |y|

α−2
2

1+|y|α u

∥∥∥∥
L2(Rξ)

< +∞
}

and Hα
ξ :=

{
u : ‖∇u‖L2(Rξ) +

∥∥∥∥ |y|
α−2

2
1+|y|α u

∥∥∥∥
L2(Rξ)

< +∞
}
.

Step 1. φ̃ij → aij
1−|y|αi

1+|y|αi
as ε → 0 for some aij ∈ R, which is weakly in Hαi

ξj
and strongly in Lαi

ξj
.

By (5.1.9), it follows that

h1 − h2 (5.1.10)

= −∆g(φ1 − φ2) − 3
2

m∑
j=1

(
χje

−ϕj |yξj
|α1−2eU

1
j φ1 − χje−ϕj |yξj

|α1−2eU
1
j φ1

)

+3
2

m∑
j=1

(
χje

−ϕj |yξj
|α2−2eU

2
j φ2 − χje−ϕj |yξj

|α2−2eU
2
j φ2

)
.

Using φi as a test function of (5.1.10), we can deduce that

∫
Σ

(h1 − h2)φidvg (5.1.11)

=
∫

Σ
〈∇(φ1 − φ2),∇φi〉gdvg − 3

2

m∑
j=1

∫
Σ
χje

−ϕj |yξj
|α1−2eU

1
j φ1φidvg

+3
2

m∑
j=1

∫
Σ
χje

−ϕj |yξj
|α2−2eU

2
j φ2φidvg.

in view of
∫

Σ φidvg = 0. The Sobolev’s inequality and Hölder inequality yield that

∣∣∣∣∫
Σ

(h1 − h2)φi
∣∣∣∣ ≤ ‖h‖p‖φi‖p′ ≤ ‖h‖p‖φi‖ = o(1/| log ε|) → 0,

where p, p′ > 1 with 1
p + 1

p′ = 1. Hence, we derive that for i, i′ = 1, 2 with i′ 6= i

m∑
j=1

∫
Σ
χje

−ϕj |yξj
|αi−2eU

i
jφ2
i dvg =

m∑
j=1

∫
Σ
χje

−ϕj |yξj
|αi′ −2eU

i′
j φi′φidvg + O(1). (5.1.12)
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On the other hand, using φi as a test function of Liξ,ε(φ) = hi , similarly, we have for i′ 6= i

m∑
j=1

∫
Σ
χje

−ϕj |yξj
|αi−2eU

i
jφ2
i dvg = 1

2

m∑
j=1

∫
Σ
χje

−ϕj |yξj
|αi′ −2eU

i′
j φi′φidvg + O(1)

(5.1.12)= 1
2

m∑
j=1

∫
Σ
χje

−ϕj |yξj
|αi−2eU

i
jφ2
i + O(1).

Consequently, for i = 1, 2

m∑
j=1

∫
Σ
χje

−ϕj |yξj
|αi−2eU

i
jφ2
i dvg = O(1). (5.1.13)

By a straightforward calculation,

m∑
j=1

∫
Rξj

|y|αi−2

(1 + |y|αi)2 (φ̃ij(y))2dy =
m∑
j=1

∫
Σ
χje

−ϕj |yξj
|αi−2eU

i
jφ2
i dvg = O(1).

Additionally, by the assumption ‖φ‖ = 1, we immediately have

∫
Rξj

|∇φ̃ij |2 ≤
∫

Σ
|∇φi|2gdvg ≤ 1.

It follows that φ̃ij is uniformly bounded in Hαi
ξj

. Applying [MPW16, Proposition A.1], Lαi
ξj
↪→ Hαi

ξj

is a compact embedding. Then up to a subsequence, we have

φ̃ij → φ̃0
ij

weakly convergent in Hαi
ξj

and strongly in Lαi
ξ . For any q > 1,

∫
Σ

∣∣∣χje−ϕj |yξj
|αi−2eU

i
j

∣∣∣q dvg =
∫
U2r0 (ξj)

χq(|y|/r0)δ2−2q
i,j

|y|q(αi−2)

(1 + |y|αi)2dy = O(δ2(1−q)
i,j ). (5.1.14)

By changing variables of (5.1.9), (5.1.14) yields that


−∆φ̃ij(y) = 2α2

i
|y|αi−2

(1+|y|αi )2 φ̃ij + ψij in Ωij

∂y2 φ̃ij = 0 on Ωij ∩ {y2 = 0}
, (5.1.15)

where ψij = −1
2
∑
i′ 6=i 2α2

i′
δ

αi′
i,j δ

αi′
i′,j

|y|αi′ −2

(δ
αi′
i′,j

+δ
αi′
i,j |y|αi′ )2 + δ2

i,jhi ◦ y−1
ξj

(δi,jy) + O(δ2
i,j

∑2
i′=1 δ

2
q

−2
i′,j ), for q ∈ (1, 4

3).
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Next, we are going to show that φ̃ij converges to the solution of



−∆φ = 2α2
i

|y|αi−2

(1+|y|αi )2φ in Rξj

∂y2φ = 0 on ∂Rξj

∫
R2 |∇φ(y)|2dy < +∞

, (5.1.16)

in the distribution sense. We take an arbitrary ϕ ∈ C∞
c (Rξj

) with

supp(ϕ) ⊂
{
y ∈ Ωij :

√
δi−1,j/δi,j ≤ |y| <

√
δi+1,j/δi,j

}
,

for ε > 0 sufficiently small, where we denote δ0,j = 0 and δ3,j = +∞. Applying ϕ as a test

function for (5.1.15), we deduce that

∫
supp(ϕ)

∇φ̃ij · ∇ϕ− 2α2
i

∫
supp(ϕ)

|y|αi−2

(1 + |y|αi)2 φ̃ijϕ =
∫

supp(ϕ)
ψijϕ

= O

1
2

∫
Aij

∑
i′ 6=i

2α2
i′e

−ϕj
δ
αi′
i′,j |yξj

|αi′ −2

(δαi′
i′,j + |yξj

|αi′ )2φijdvg

+
∫
δi,jsupp(ϕ)

hi ◦ y−1
ξj

(y)ϕ(δ−1
i,j y)dy + o(1)

= O


∫√

δi−1,jδi,j≤|y|<
√
δi,jδi+1,j

∑
i′ 6=i

2α2
i′δ

αi′
i′,j |y|αi′ −2

(δαi′
i′,j + |y|αi′ )2

q dy


1
q

‖φi‖


+O

(∫
δi,jsupp(ϕ)

|ϕ(δ−1
i,j y)|p′

dy

) 1
p′

‖hi‖p

+ o(1) = o(1),

where Aij is defined by (5.1.6), 1
p + 1

p′ = 1, q ∈ (1, 4
3). Therefore, we obtain that φ0

1j solves

(5.1.16) with αi = 2 in sense of distribution on Rξj
and φ0

2j solves (5.1.16) with αi = 4 in sense

of distribution on Rξj
\ {0}. According to the regularity theory, φ0

1j is a smooth solution on the

whole space Rξj
, as well as φ0

2j for any j = 1, · · · ,m. The result in [DPEM12] implies that the

solution space of (5.1.16) is generated by the following functions (in polar coordinate (r, θ))

φ0(r, θ) := 1 − |r|αi

1 + |r|αi
, φ1(r, θ) := |r|

αi
2

1 + |r|αi
cos αi

2
θ, φ2(r, θ) := |r|

αi
2

1 + |r|αi
sin αi

2
θ.

Since φ ∈ Hk, it follows that for some aij ∈ R,

φ̃0
ij = aij

1 − |y|αi

1 + |y|αi
.

Step 2. For i = 1, 2, j = 1, · · · ,m,
∫

Ωij
2α2

i
|y|αi−2

(1+|y|αi )2 φ̃ij(y)dy = o(| log ε|−1).
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Applying that PZij as a test function of (5.1.9), we have

∫
Σ

2α2
iχje

−ϕj
δαi
i,j |yξj

|αi−2(
δαi
i,j + |yξj

|αi

)2φiZijdvg =
∫

Σ
2α2

iχje
−ϕj

δαi
i,j |yξj

|αi−2(
δαi
i,j + |yξj

|αi

)2φiPZijdvg

−1
2

2∑
i′=1
i′ 6=i

∫
Σ

2α2
i′χje

−ϕj
δ
αi′
i′,j |yξj

|αi′ −2(
δ
αi′
i′,j + |yξi′ |αi′

)2φi′PZijdvg +
∫

Σ
hiPZijdvg.

It follows that

0 =
∫

Σ
2α2

iχje
−ϕj

δαi
i,j |yξj

|αi−2(
δαi
i,j + |yξj

|αi

)2φi (PZij − Zij) dvg

−1
2

2∑
i′=1
i′ 6=i

∫
Σ

2α2
i′χje

−ϕj
δ
αi′
i′,j |yξj

|αi′ −2(
δ
αi′
i′,j + |yξi′ |αi′

)2φi′PZijdvg +
∫

Σ
hiPZijdvg.

By Lemma C.0.2, we have ‖PZij‖Lp′ (Σ) = O(1), for 1
p + 1

p′ = 1. Then, by the assumption

‖h‖p = o(| log ε|−1) and the Hölder inequality, we have

∣∣∣∣∫
Σ
hiPZijdvg

∣∣∣∣ ≤ ‖PZij‖p′‖hi‖p = o(| log ε|−1).

Applying Lemma C.0.2 again, we derive that

(log ε)
∫

Σ
2α2

iχje
−ϕj

δαi
i,j |yξj

|αi−2(
δαi
i,j + |yξj

|αi

)2φi (PZij − Zij) dvg

= (log ε)
∫

Σ
2α2

iχje
−ϕj

δαi
i,j |yξj

|αi−2(
δαi
i,j + |yξj

|αi

)2φi
(
1 + O(δαi

i,j | log δi,j |)
)
dvg

= (1 + O(δαi
i,j | log δi,j |))(log ε)

∫
Ωij

2α2
i

|y|αi−2

(1 + |y|αi)2 φ̃ij(y)dy + O(| log ε|δαi
i,j)

= (log ε)
∫

Ωij

2α2
i

|y|αi−2

(1 + |y|αi)2 φ̃ij(y)dy + o(1),

as ε → 0. For i 6= i′, (C.0.1) indicates that

PZij ◦ y−1
ξj

(δi′,jy) =


O
((

δi,j

δi′,j

)αi 1
|y|αi

+ δαi
i,j

)
if i < i′

2 + O
((

δi′,j

δi,j

)αi

|y|αi + δαi
i,j

)
if i′ < i

. (5.1.17)
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It follows that

1
2

(log ε)
∫

Σ
2α2

i′χje
−ϕj

δ
αi′
i′,j |yξj

|αi′ −2(
δ
αi′
i′,j + |yξj

|αi′
)2φi′PZijdvg

= 1
2

(log ε)
∫

Ωi′j

2α2
i′

|y|αi′ −2

(1 + |y|αi′ )2 φ̃i′j(y)PZij ◦ y−1
ξj

(δi′,jy)dy + O(| log ε|δαi′
i′,j)

(5.1.17)=



O
(

| log ε|
∫

Ωi′j
2α2

i′
|y|αi′ −2

(1+|y|αi′ )2 |φ̃i′j(y)|
((

δi,j

δi′,j

)αi 1
|y|αi

+ δαi
i,j

)
dy

)
if i < i′

2(log ε)
∫

Ωi′j
2α2

i′
|y|αi′ −2

(1+|y|αi′ )2 φ̃i′j(y)dy

+O
(

| log ε|
∫

Ωi′j
2α2

i′
|y|αi′ −2

(1+|y|αi′ )2 |φ̃i′j(y)|
((

δi′,j

δi,j

)αi

|y|αi + δαi
i,j

)
dy

)
if i′ < i

=


o(1) if i < i′

2(log ε)
∫

Ωi′j
2α2

i′
|y|αi′ −2

(1+|y|αi′ )2 φ̃i′j(y)dy + o(1) if i′ < i

.

Thus, we have for i = 1, 2, (log ε)
∫

Ωij
2α2

i
|y|αi−2

(1+|y|αi )2 φ̃ij(y)dy = o(1) as ε → 0.

Step 3. Construct the contradiction.

Using PU ij as a test function for (5.1.9), we derive that

∫
Σ

2α2
iχje

−ϕj
δαi
i,j |yξj

|αi−2(
δαi
i,j + |yξj

|αi

)2φidvg (5.1.18)

=
∫

Σ
2α2

iχje
−ϕj

δαi
i,j |yξj

|αi−2(
δαi
i,j + |yξj

|αi

)2φiPU
i
jdvg − 1

2

2∑
i′=1
i′ 6=i

∫
Σ

2α2
i′χje

−ϕj
δ
αi′
i′,j |yξj

|αi′ −2(
δ
αi′
i′,j + |yξi′ |αi′

)2φi′PU
i
jdvg

+
∫

Σ
hiPU

i
jdvg.

The left hand side of (5.1.18) implies that

∫
Σ

2α2
iχje

−ϕj
δαi
i,j |yξj

|αi−2(
δαi
i,j + |yξj

|αi

)2φidvg =
∫

Ωij

2α2
i

|y|αi−2

(1 + |y|αi)2 φ̃ij(y)dy + O(δαi
i,j)

= o(1),

by the result of Step 2. Lemma C.0.1 yields that ‖PU ij‖L∞(Σ) = O(| log ε|). We drive that

∣∣∣∣∫
Σ
hiPU

i
jdvg

∣∣∣∣ ≤ ‖hi‖p‖PU ij‖p′ = o(1),
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by the Hölder inequality, where 1
p + 1

p′ = 1. By straightforward calculation, we have

δi,j

∫
Ωij

2α2
i

|y|αi−2

(1 + |y|αi)2 |φ̃ij(y)||y|dy ≤ 2α2
i δi,jδ

2(1−q)
q

i,j ‖φi‖q′

(∫
R2

(
|y|αj−1

(1 + |y|αj )2

)q
dy

)1/q

= O

(
δ

2−q
q

i,j

)
= o(1).

where q ∈ (1, 2) such that 1
q + 1

q′ = 1. For i = 1, 2, applying Lemma C.0.1, Step 1 and Step 2,

we deduce that

∫
Σ

2α2
iχje

−ϕj
δαi
i,j |yξj

|αi−2(
δαi
i,j + |yξj

|αi

)2φiPU
i
jdvg

=
∫

Σ
2α2

iχje
−ϕj

δαi
i,j |yξj

|αi−2(
δαi
i,j + |yξj

|αi

)2φi

(
−2χj log

(
δαi
i,j + |yξj

|αi

)
+ αi%(ξj)

2
Hg(·, ξj)

+O(δαi
i,j | log δi,j |)

)
dvg

=
∫

Ωij

2α2
i

|y|αi−2

(1 + |y|αi)2 φ̃ij(y)
(

−2αi log δi,j − 2 log (1 + |y|αi) + αi%(ξj)
2

Hg(ξj , ξj)
)
dy

+O
(∫

Ωij

2α2
i

|y|αi−2

(1 + |y|αi)2

∣∣∣φ̃ij(y)
∣∣∣ (δi,j |y| + δαi

i,j | log δi,j |
)
dy

)
+ O(δαi

i,j)

→ −2aij
∫
Rξj

2α2
i

|y|αi−2

(1 + |y|αi)2
1 − |y|αi

1 + |y|αi
log(1 + |y|αi)dy = %(ξj)αi

2
aij ,

as ε → 0, in which the last equality used the fact that
∫
R2 2α2

i
|y|αi−2

(1+|y|αi )2
1−|y|αi

1+|y|αi
log(1 + |y|αi)dy =

−2παi. For any i′ 6= i, by Lemma C.0.1, Step 1 and Step 2 again, it follows that as ε → 0,

∫
Σ

2α2
i′χje

−ϕj
δ
αi′
i′,j |yξj

|αi′ −2(
δ
αi′
i′,j + |yξj

|αi′
)2φi′PU

i
jdvg

=
∫

Σ
2α2

i′χje
−ϕj

δ
αi′
i′,j |yξj

|αi′ −2(
δ
αi′
i′,j + |yξj

|αi′
)2φi′

(
−2χj log

(
δαi
i,j + |yξj

|αi

)
+ αi%(ξj)

2
Hg(·, ξj)

+O(δαi
i,j | log δi,j |)

)
dvg

=
∫

Ωi′j

2α2
i′

|y|αi′ −2

(1 + |y|αi′ )2 φ̃i′j(y)
(

−2 log
(
δαi
i,j + δαi

i′,j |y|αi

)
+ αi%(ξj)

2
Hg(ξj , ξj)

)
dy +

+O
(∫

Ωi′j

2α2
i′

|y|αi′ −2

(1 + |y|αi′ )2

∣∣∣φ̃i′j(y)
∣∣∣ (δi′,j |y| + δαi

i,j | log δi,j |
)
dy

)
+ O(δαi′

i′,j)

→


−2αiai′j

∫
Rξj

2α2
i

|y|αi−2

(1+|y|αi )2
1−|y|αi

1+|y|αi
log |y|dy if i < i′

0 if i > i′

=


%(ξj)ai′j if i < i′

0 if i > i′

,

in which we used
∫
R2 2α2

i
|y|αi−2

(1+|y|αi )2
1−|y|αi

1+|y|αi
dy = 0 and

∫
R2 2α2

i
|y|αi−2

(1+|y|αi )2
1−|y|αi

1+|y|αi
log |y|dy = −4π. The
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right hand side of (5.1.18) has the following estimate:

∫
Σ

2α2
iχje

−ϕjδαi
i,j |yξj

|αi−2(
δαi
i,j + |yξj

|αi

)2 φiPU
i
jdvg − 1

2

2∑
i′=1
i′ 6=i

∫
Σ

2α2
i′χje

−ϕjδ
αi′
i′,j |yξj

|αi′ −2(
δ
αi′
i′,j + |yξi′ |αi′

)2 φi′PU
i
jdvg + o(1)

=


%(ξj)αi

2
(
aij −

∑
i′>i ai′j

)
+ o(1) if i = 1

%(ξj)αi

2 aij + o(1) if i = 2
.

Consequently, aij = 0 for any i = 1, 2, j = 1, · · · ,m. We will use φi as test functions for (5.1.9).

For i = 1, we deduce that

‖φ1‖2 =
m∑
j=1

∫
Σ

2α2
1χje

−ϕj
δα1

1,j |yξj
|α1−2(

δα1
1,j + |yξj

|α1
)2φ

2
1dvg

−1
2

m∑
j=1

∫
Σ

2α2
2χje

−ϕj
δα2

2 |yξj
|α2−2(

δα2
2 + |yξj

|α2
)2φ2φ1dvg +

∫
Σ
h1φidvg

≤
m∑
j=1

‖φ̃1j‖2
Lα1

ξj

+ 1
2

m∑
j=1

‖φ̃1j‖Lα1
ξj

‖φ̃2j‖Lα2
ξj

+ o(| log ε|) → 0,

as ε → 0. For i = 2, we obtain that

‖φ2‖2 =
m∑
j=1

∫
Σ

2α2
2χje

−ϕj
δα2

2,j |yξj
|α2−2(

δα2
2,j + |yξj

|α2
)2φ

2
2dvg

−1
2

m∑
j=1

∫
Σ

2α2
1χje

−ϕj
δα1

1 |yξj
|α1−2(

δα1
1 + |yξj

|α1
)2φ2φ1dvg +

∫
Σ
h2φidvg

=
m∑
j=1

‖φ̃2j‖2
Lα2

ξj

− 1
2

m∑
j=1

∫
Σ

2α2
1χje

−ϕj
δα1

1 |yξj
|α1−2(

δα1
1 + |yξj

|α1
)2φ1φ2dvg + o(| log ε|),

as ε → 0. Hence,

lim
ε→0

m∑
j=1

∫
Σ

2α2
1χje

−ϕj
δα1

1 |yξj
|α1−2(

δα1
1 + |yξj

|α1
)2φ1φ2dvg = −2. (5.1.19)

For (5.1.11), we take i = 1 and it follows

o(|ε|) = ‖φ1‖2 −
∫

Σ
〈∇φ1,∇φ2〉gdvg − 3

2

m∑
j=1

∫
Σ

2α2
1χje

−ϕj
δα1

1,j |yξj
|α1−2(

δα1
1,j + |yξj

|α1
)2φ

2
1dvg

+ 3
2

m∑
j=1

∫
Σ

2α2
2χje

−ϕj
δα2

2 |yξj
|α2−2(

δα2
2 + |yξj

|α2
)2φ2φ1dvg

= −
∫

Σ
〈∇φ1,∇φ2〉gdvg,
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where we applied ‖φ1‖ → 0 and φ̃ij → 0 strongly in Lαi
ξj
. If we take i = 2 for (5.1.11), it follows

o(|ε|) = −‖φ2‖2 +
∫

Σ
〈∇φ1,∇φ2〉gdvg + 3

2

m∑
j=1

∫
Σ

2α2
2χje

−ϕj
δα2

2,j |yξj
|α2−2(

δα1
2,j + |yξj

|α2
)2φ

2
2dvg

− 3
2

m∑
j=1

∫
Σ

2α2
1χje

−ϕj
δα1

1 |yξj
|α1−2(

δα1
1 + |yξj

|α1
)2φ1φ2dvg

= −1 − 3
2

m∑
j=1

∫
Σ

2α2
1χje

−ϕj
δα1

1 |yξj
|α1−2(

δα1
1 + |yξj

|α1
)2φ1φ2dvg,

where we applied ‖φ2‖ → 1,
∫

Σ〈∇φ1,∇φ2〉gdvg → 0 and φ̃ij → 0 strongly in Lαi
ξj
. So far, we have

derived that
m∑
j=1

∫
Σ

2α2
1χje

−ϕj
δα1

1 |yξj
|α1−2(

δα1
1 + |yξj

|α1
)2φ1φ2dvg = −2

3
,

which contradicts with (5.1.19). Lemma 5.1.1 is concluded.

We recall the definition of i∗ and the detail refers to Section 3.1.2. For any p > 1, let

i∗p : Lp(Σ) → H1 be the adjoint operator corresponding to the immersion i : H1 → L
p

p−1 and

ĩ∗ : ∪p>1L
p(Σ) → H1. For any f ∈ Lp(Σ), we define that i∗(f) := ĩ∗(f − f̄), i.e. for any h ∈ H1,

〈i∗(f), h〉 =
∫

Σ(f − f̄)hdvg. Let

f1(u1) = 2εV1e
u1 − 2εV1eu1 and f2(u2) = 2εV2e

u2 − 2εV2eu2 (5.1.20)

and

F (u) =


f1(u1) − 1

2f2(u2)

f2(u2) − 1
2f1(u1)

 . (5.1.21)

The problem (5.1.1) has the following equivalent form,


u = (u1, u2) = i∗(F (u)),

u ∈ H
. (5.1.22)

We define that L(φ) = i∗ (Lξ,ε(φ)) , for φ = (φ1, φ2) ∈ Hk.

Proposition 5.1.2. There exist ε0 > 0 and C > 0 such that for any h ∈ Hk, there exist a

constant C > 0 and a unique solution φ ∈ Hk solving

L(φ) = h (5.1.23)
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with ‖L−1‖ ≤ C| log ε|, for any ε ∈ (0, ε0).

Proof. We observe that φ 7→ i∗
(
χje

−ϕj |yξj
|αi−2eU

i
jφi − χje−ϕj |yξj

|αi−2eU
i
jφi

)
is a compact

operator in Hk for any j = 1, · · · ,m, i = 1, 2. Consequently, we infer that L is a Fredholm

operator in Hk. Suppose that φ solves L(φ) = 0. By Lemma 5.1.1, we deduce that φ = 0. From

this deduction and the application of Fredholm’s alternative, we can establish the uniqueness

and existence of solutions for (5.1.23) in Hk.

It remains to get the estimate of the inverse operator of L. Given any h ∈ Hk, we already

proved that there exists a unique φ = (φ1, φ2) ∈ Hk such that i∗ ◦ Lξ,ε(φ) = h. Lemma 5.1.1

implies that

‖L−1(φ)‖ = ‖φ‖ ≤ C| log ε|‖Lξ,ε(φ)‖p ≤ C| log ε|‖L(φ)‖ ≤ C| log ε|‖h‖,

where p > 1.

5.1.3 Nonlinear problem

The expected solution Wε + φε solves (5.1.1) if and only if φε solves the following problem

in Hk:

Lξ,ε(φ) = Sξ,ε(φ) + Nξ,ε(φ) + Rξ,ε. (5.1.24)

Here, the linear operator Lξ,ε is defined by (5.1.7), the higher order linear operator Sξ,ε(φ) :=(
S1
ξ,ε(φ), S2

ξ,ε(φ)
)
, where for i = 1, 2,

Siξ,ε(φ) :=

−
m∑
j=1

χje
−ϕj |yξj

|αi−2eU
i
j + 2εVieWi,ε

φi −

−
m∑
j=1

χje−ϕj |yξj
|αi−2eU

i
j + 2εVieWi,ε

φi
+

2∑
i′=1
i′ 6=i


 m∑
j=1

1
2
χje

−ϕj |yξj
|αi′ −2eU

i′
j − εVi′e

Wi′,ε

φi′ −

 m∑
j=1

1
2
χje−ϕj |yξj

|αi′ −2eU
i′
j − εVi′e

Wi′,ε

φi′
 ,

the nonlinear term Nξ,ε(φ) :=
(
N1
ξ,ε(φ), N2

ξ,ε(φ)
)
, where for i = 1, 2,

N i
ξ,ε(φ) : = 2εVieWi,ε

(
eφi − 1 − φi

)
− 2εVieWi,ε (eφi − 1 − φi)

−
2∑

i′=1
i′ 6=i

(
εVi′e

Wi′,ε

(
eφi′ − 1 − φi′

)
− εVi′e

Wi′,ε
(
eφi′ − 1 − φi′

))
,
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and the error term Rξ,ε := (R1
ξ,ε, R

2
ξ,ε), where for i = 1, 2,

Riξ,ε = ∆gWi,ε + 2εVieWi,ε −
2∑

i′=1
i′ 6=i

εVi′e
Wi′,ε − 2εVieWi,ε −

2∑
i′=1
i′ 6=i

εVi′e
Wi′,ε .

Firstly, we will show that the error term goes to zero along ε → 0. To address this, we introduce

a family of functions to deal with the interactions among projected bubbles. For i = 1, 2, j =

1, · · · ,m, and y ∈ Ωij

Θij(y) := exp
{
ϕj ◦ y−1

ξj
(δi,jy) +

(
PU ij − U ij − 1

2
∑
i′ 6=i PU

i′
j

)
◦ y−1

ξj
(δi,jy)

+
∑
j′ 6=j

(
PU ij′ − 1

2
∑
i′ 6=i PU

i′
j′

)
◦ y−1

ξj
(δi,jy) + log Vi ◦ y−1

ξj
(δi,jy) + log(2ε) − (αi − 2) log |y|

}
.

(5.1.25)

We take di,j with the value in (5.1.5) to ensure that Θij is sufficiently small for i = 1, 2, j =

1, · · · ,m as detailed in Lemma C.0.3.

Lemma 5.1.3. There exist p0 > 1 and ε0 > 0 such that for any p ∈ (1, p0) and ε ∈ (0, ε0) we

have

‖Rξ,ε‖p :=
2∑
i=1

‖Riξ,ε‖p = O

(
ε

2−p
4p

)
. (5.1.26)

Proof.

Riξ,ε = ∆gWi,ε + 2εVieWi,ε −
2∑

i′=1
i′ 6=i

εVi′e
Wi′,ε − 2εVieWi,ε −

2∑
i′=1
i′ 6=i

εVi′e
Wi′,ε

= −
m∑
j=1

χje−ϕj |yξj
|αi−2eU

i
j − 1

2

2∑
i′=1
i′ 6=i

χje
−ϕj |yξj

|αi′ −2eU
i′
j

+ 2εVieWi,ε −
2∑

i′=1
i′ 6=i

εVi′e
Wi′,ε

+
m∑
j=1

χje−ϕj |yξj
|αi−2eU

i
j − 1

2

2∑
i′=1
i′ 6=i

χje−ϕj |yξj
|αi′ −2eU

i′
j

− 2εVieWi,ε +
2∑

i′=1
i′ 6=i

εVi′e
Wi′,ε .

For any p > 1, the Hölder inequality yields that

∣∣∣∣∣∣
∫

Σ

m∑
j=1

χje
−ϕj |yξj

|αi−2eU
i
j − 2εVieWi,εdvg

∣∣∣∣∣∣ ≤

∥∥∥∥∥∥
m∑
j=1

χje
−ϕj |yξj

|αi−2eU
i
j − εVie

Wi,ε

∥∥∥∥∥∥
p

,

in view of |Σ|g :=
∫

Σ dvg = 1. It is sufficient to calculate ‖
∑m
j=1 χje

−ϕj |yξj
|αi−2eU

i
j − εVie

Wi,ε‖p

for i = 1, 2. Immediately, by Lemma C.0.4, we deduce (5.1.26).
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The following lemma shows that the higher order linear operator Sξ,ε is bounded on H and

the operator norm vanishes as ε → 0.

Lemma 5.1.4. There exist p0 > 1 and ε0 > 0 such that for any p ∈ (1, p0) and ε ∈ (0, ε0),

‖Sξ,ε(φ)‖p = O

(
ε

2−p
4p ‖φ‖

)
, for φ ∈ H.

Proof. Using Lemma C.0.4 with the Hölder inequality and Sobolev’s inequality, we derive that

‖Sξ,ε(φ)‖p =
2∑
i=1

‖Siξ,ε(φ)‖p = O

 2∑
i=1

∥∥∥∥∥∥
−

m∑
j=1

χje
−ϕj |yξj

|αi−2eU
i
j + 2εVieWi,ε

φi
∥∥∥∥∥∥
Lp(Σ)


+O

 2∑
i=1

∣∣∣∣∣∣
∫

Σ

−
m∑
j=1

χje
−ϕj |yξj

|αi−2eU
i
j + 2εVieWi,ε

φidvg
∣∣∣∣∣∣


= O

 2∑
i=1


∥∥∥∥∥∥2εVieWi,ε −

m∑
j=1

χje
−ϕj |yξj

|αi−2eU
i
j

∥∥∥∥∥∥
p

 ‖φi‖ p
p−1


= O

(
ε

2−p
2p

2∑
i=1

‖φ‖
)

= O

(
ε

2−p
2p ‖φ‖

)
(ε → 0),

for any p > 1 sufficiently close to 1.

To study the asymptotic behavior of the non-linear part Nξ,ε, we have the following lemma:

Lemma 5.1.5. There exist s0 > 1 and ε0 > 0 such that for any p > 1, r > 1 with pr ∈ (1, s0)

and ε ∈ (0, ε0),

‖Nξ,ε(φ)‖p = O

(
ε

2(1−pr)
pr ‖φ‖

)
and

‖Nξ,ε(φ0) − Nξ,ε(φ1)‖p = O

(
ε

2(1−pr)
pr ‖φ0 − φ1‖(‖φ1‖ + ‖φ0‖)

)
hold true for any φ,φ0,φ1 ∈ {φ = (φ1, φ2) ∈ H : ‖φi‖ ≤ 1, i = 1, 2}.

Proof. Analogous to the proof of Lemma 4.2.4, we can obtain the result. The detail is omitted

here.

Next, we will use the fixed point theorem to construct solutions for the non-linear prob-

lem (5.1.24).

Proposition 5.1.6. Given p0 > 1, ε0 > 0 and R0 > 0 such that for any p ∈ (1, p0), ε ∈ (0, ε0)

and R ≥ R0, there exists a unique φε = (φ1
ε, φ

2
ε) ∈ Hk for ε ∈ (0, ε0), such that Wε + φε solves
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the Toda system (5.1.1) with the parameter ε, satisfying

‖φε‖ ≤ Rε
2−p
4p | log ε|.

Proof. We define the operator

Tξ,ε(φ) := L−1
ξ,ε(Sξ,ε(φ) + Nξ,ε(φ) + Rξ,ε)

on Hk. To find φε ∈ Hk such that Wε + φε solves (5.1.1), it is sufficient to find a fixed point of

Tξ,ε : Hk → Hk. We choose p0, r > 1 sufficiently close to 1 such that

2 − p0
4p0

+ 2(1 − p0r)
p0r

> 0.

By Lemma 5.1.1 and Lemma 5.1.3-5.1.5, we deduce that there exist R0 > 1 sufficiently large

and ε1 > 0 sufficiently small such that for any ε ∈ (0, ε1), R ≥ R0, p ∈ (1, p0)

‖Tξ,ε(φ)‖ ≤ C| log ε| (‖Sξ,ε(φ)‖p + ‖Nξ,ε(φ)‖p + ‖Rξ,ε‖p)

≤ C| log ε|
(
ε

2−p
4p ‖φ‖ + ε

2−p
4p + ε

2(1−pr)
pr ‖φ‖

)
≤ Rε

2−p
4p | log ε|,

for any φ ∈ {φ ∈ H : ‖φ‖ ≤ Rε
2−p
4p | log ε|}. Next, we will prove that Tξ,ε is a contract mapping.

Given φ0,φ1 ∈ {φ ∈ H : ‖φ‖ ≤ Rε
2−p
4p | log ε|}, Lemma 5.1.1 and Lemma 5.1.3-5.1.5 imply that

there exists ε0 ∈ (0, ε1) such that for any ε ∈ (0, ε0)

‖Tξ,ε(φ1) − Tξ,ε(φ0)‖ ≤ C| log ε|
(
‖Sξ,ε(φ0 − φ1)‖p + ‖Nξ,ε(φ0) − Nξ,ε(φ1)‖p

)
≤ C| log ε|

(
ε

2−p
4p ‖φ0 − φ1‖ + ε

2(1−pr)
pr (‖φ0‖ + ‖φ1‖)‖φ0 − φ1‖

)
≤ C

(
ε

2−p
4p | log ε| + ε

2−p
4p

+ 2−p
4p | log ε|2

)
‖φ0 − φ1‖ ≤ 1

2
‖φ0 − φ1‖.

Utilizing the contraction mapping principle, we establish that for any ε ∈ (0, ε0) there exists a

fixed point φε ∈
{

φ ∈ Hk : ‖φ‖ ≤ Rε
2−p
4p | log ε|

}
for the operator Tξ,ε.
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5.2 Proof of main results

Proof of Theorem 1.2.8. Based on the result in Proposition 5.1.6, it is sufficient to prove

that ρε = (ρε1, ρε2) → (4πm, 8πm) as ε → 0. Applying Lemma C.0.3, we can deduce that

ρεi :=
∫

Σ
εVie

ui,εdvg

=
m∑
j=1

∫
U(ξj)

α2
i |yξj

|αi−2

(δαi
ij + |yξj

(x)|αi)2 exp


PU ij − U ij − 1

2
∑
i′ 6=i

PU i
′
j


+
∑
j′ 6=j

PU ij′ − 1
2
∑
i′ 6=i

PU i
′
j′

+ log Vi + log(2ε) − (αi − 2) log |yξj
| + φ1,ε

+ O(ε)

=
m∑
j=1

∫
Ωij

α2
i |y|αi−2

(1 + |y|αi)2 e
Θijdy + o(1) =

m∑
j=1

∫
Ωij

α2
i |y|αi−2

(1 + |y|αi)2 (1 + δi,j |y| + ε
3
4 )dy + o(1)

=
m∑
j=1

αi%(ξj)
4

+ o(1) =
m∑
j=1

2παi =


4πm for i = 1

8πm for i = 2
,

where we applied the integrals
∫
R2

1
(1+|y|2)2dy = π and

∫
R2

|y|2
(1+|y|4)2dy = π

2 . Theorem 1.2.8 is

concluded. 2
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A Estimates for Chapter 3

This section provides detailed proofs of crucial estimates for PUτ,ξ for τ ∈ (0,∞) and ξ ∈ Σ.

For any ξ in a compact subset of Σ̊ or on ∂Σ, we assume that rξ constructed in Section 2.2 to

be 2r0 and r̄ξ = r0, where r0 is a positive constant.

The following lemma is the asymptotic expansion of PUτ,ξ as ε → 0.

Lemma A.0.1. The function PUδ,ξ satisfies

PUτ,ξ = χξ
(
Uτ,ξ − log

(
8τ2

))
+ %(ξ)Hg(x, ξ) + O(ε1+α0) as ε → 0,

for any α0 ∈ (0, 1) and the convergent is locally uniform for ξ in Σ̊ and ∂Σ and also locally

uniform for τ in (0,+∞). In particular,

PUτ,ξ = %(ξ)Gg(x, ξ) + O(ε1+α0) as ε → 0,

locally uniformly in Σ\{ξ}.

Proof. Let ητ,ξ(x) = PUτ,ξ − χξ(Uτ,ξ − log 8τ2) − %(ξ)Hg(x, ξ). If ξ ∈ Σ̊,

∂νgητ,ξ = 2∂νgχξ log
(

1 + τ2ε2

|yξ(x)|2

)
− 2χξ∂νg log

(
1 + τ2ε2

|yξ(x)|2

)
≡ 0

on ∂Σ. We observe that for any x ∈ ∂Σ ∩ U(ξ)

∂νg |yξ(x)|2 = −e− 1
2 ϕ̂ξ(y) ∂

∂y2
|y|2

∣∣∣∣
y=yξ(x)

= 0.

If ξ ∈ ∂Σ, for any x ∈ ∂Σ, as ε → 0.

∂νgητ,ξ(x) = 2(∂νgχξ)
τ2ε2

|yξ(x)|2
− 2χξ∂νg log

(
1 + τ2ε2

|yξ(x)|2

)
+ O(ε4) = O(ε2).
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Then for any ξ ∈ Σ we have ∂νgητ,ξ = O(ε2). For any A ⊂ R2, denote aA := {ay : y ∈ A}.

∫
Σ
ητ,ξdvg = −

∫
Σ
χξ(Uτ,ξ − log(8τ2)) + %(x)Γξ(x)dvg(x)

= −
∫

Σ
χξ log |yξ(x)|4

(τ2ε2 + |yξ(x)|2)2dvg(x)

= 2
∫
Bξ

r0

log τ
2ε2 + |y|2

|y|2
e−ϕ̂ξ(y)dy + 2

∫
Bξ

2r0
\Br0 (0)

χ(|y|/r0)
(
τ2ε2

|y|2
+ O(ε4)

)
eϕ̂ξ(y)dy

= 2τ2ε2
∫

1
τε

(Bξ
r0 ∩Br0 (0))

log
(

1 + 1
|y|2

)
e−ϕ̂(τεy)dy + O(ε2)

= 2τ2ε2(1 + O(ε))
∫
Br0/(τε)(0)

log
(

1 + 1
|y|2

)
dy + O(ε2)

= O(ε2| log ε|),

where we applied

∫
|y|< r0

τε

log
(

1 + 1
|y|2

)
dy = 2π

∫ r0/(τε)

0
log

(
1 + 1

r2

)
rdr = π

∫ r2
0/(τε)2

0
log

(
1 + 1

t

)
dt

= π
r2

0
τ2ε2 log

(
1 + τ2ε2

r2
0

)
− π

∫ r2
0/(τε)2

0

(
1 − 1

1 + t

)
dt

= π
r2

0
τ2ε2

(
1 + τ2ε2

r2
0

+ O(ε4)
)

− π
r2

0
τ2ε2 + π log

(
1 + r2

0
τ2ε2

)
= O(| log ε|).

For any x ∈ U2r0(ξ), −∆gUτ,ξ = e−ϕ̂ξ(y)∆uτ,0|y=yξ(x) = e−ϕξeUτ,ξ . It follows that

(−∆g + β)ητ,ξ = (−∆g + β)
(
PUτ,ξ − χξ(Uτ,ξ − log 8τ2) − %(ξ)Hg

ξ

)
= (∆gχξ) log |yξ|4

(τ2ε2 + |yξ|2)2 + 2
〈

∇χξ,∇ log |yξ|4

(τ2ε2 + |yξ|2)2

〉
g

+ 1
|Σ|g

(
%(ξ) −

∫
Σ
ε2χξe

−ϕξeUτ,ξdvg

)
+ 2β log

(
1 + τ2ε2

|yξ|2

)
.

We observe that ∆gχξ ≡ 0 and ∇χξ ≡ 0 in U2r0(ξ) \ Ur0(ξ). For any x ∈ U2r0(ξ) \ Ur0(ξ), we

have

Uτ,ξ − log(8τ2) + 4 log |yξ(x)| = −2 log
(

1 + τ2ε2

|yξ(x)|2

)
= −2τ2ε2|yξ(x)|−2 + O(ε4)

and

∇
(
Uτ,ξ − log(8τ2) + 4 log |yξ(x)|

)
= −2τ2ε2∇|yξ(x)|−2 + O(ε4).
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∫
Σ
ε2χξe

−ϕξeUτ,ξdvg =
∫
Bξ

2r0

ε2χ(|y|/r0) 8τ2

(τ2ε2 + |y|2)2dy

=
∫
Bξ

r0

ε2χ(|y|/r0) 8τ2

(τ2ε2 + |y|2)2dy + O(ε2)

= %(ξ) + O(ε2),

where we applied the fact that
∫

|y|<r
τ2ε2

(τ2ε2+|y|2)2dy = π− πτ2ε2

r2 + πτ4ε4

(r2+τ2ε2)r2 for any r ≥ 0. Hence,

for any p > 1, ‖(−∆g + β)ητ,ξ‖p = O(ε2 + βε
2
p ). By the Lp-theory in Lemma 2.3.2, we have

‖ητ,ξ − ητ,ξ‖W 2,p(Σ) ≤ C

(∥∥∂νgητ,ξ
∥∥
W 1,p

∂
(Σ) + ‖(−∆g + β)ητ,ξ‖Lp(Σ)

)
≤ C(ε2 + βε

2
p ),

for p > 1. Using the Sobolev’s inequality, ‖ητ,ξ − ητ,ξ‖∞ ≤ C(ε2 + βε
2
p ). We take p ∈ (1, 2) such

that α0 = 2
p − 1 > 0, then as ε → 0

ητ,ξ = O(ε1+α0),

uniformly in C(Σ).

Lemma A.0.2. If p ≥ 1 then ‖ε2χξe
Uτ,ξ‖p = O(ε

2(1−p)
p ), which is uniform for ξ in Σ and

locally uniform for τ in (0,+∞).

Proof.

∫
Σ

(ε2χξe
Uτ,ξ)pdvg =

∫
Bξ

2r0

eϕ̂ξ(y) (8τ2ε2)p

(τ2ε2 + |y|2)p
dy

=
∫
Bξ

2r0

(8τ2ε2)p

(τ2ε2 + |y|2)p
dy +

∫
Bξ

2r0

(eϕ̂ξ(y) − 1) (8τ2ε2)p

(τ2ε2 + |y|2)p
dy

= (τ2ε2)1−p
∫

1
τε
Bξ

2r0

(1 + O(τε|y|)) 8
(1 + |y|2)2dy

= O(ε2(1−p)).

Thus ‖ε2χξe
−ϕξeUτ,ξ‖p = O(ε

2(1−p)
p ) uniformly in ξ ∈ Σ and τ is bounded away from zero.

Next, we give the asymptotic expansion of PΨj
τ,ξ as ε → 0, analogue to PUτ,ξ.

Lemma A.0.3. For any α0 ∈ (0, 1),

PΨ0
τ,ξ(x) = χξ

(
Ψ0
τ,ξ(x) − 2

τ

)
+ O(ε1+α0) = −4χξ(x) τε2

τ2ε2 + |yξ(x)|2
+ O(ε1+α0),

in C(Σ) as ε → 0. And

PΨ0
τ,ξ(x) = O(ε1+α0) as ε → 0,
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in Cloc(Σ \ {ξ}) uniformly for ξ in any compact subset of Σ̊ or on ∂Σ and τ is bounded away

from zero.

For j = 1, · · · , i(ξ), PΨj
τ,ξ(x) = χξ(x)Ψj

τ,ξ(x) + %(ξ)Hj(x, ξ) + O(εα0), in C(Σ) as ε → 0,

where Hj(x, ξ) is the unique solution of the following problem



(−∆g + β)Hj(x, ξ) = −β 4
%(ξ)χξ

yξ(x)j

|yξ(x)|2 + 4
%(ξ)(∆gχξ)

yξ(x)j

|yξ(x)|2

+ 8
%(ξ)

〈
∇χξ,∇

(
yξ(x)j

|yξ(x)|2
)〉

g
, x ∈ Σ̊

∂νgH
j(x, ξ) = − 4

%(ξ)∂νg

(
yξ(x)j

|yξ(x)|2
)
χξ − 4

%(ξ)
yξ(x)j

|yξ|2 ∂νgχξ, x ∈ ∂Σ

∫
ΣH

j(x, ξ)dvg = − 4
%(ξ)

∫
Σ

yξ(x)j

|yξ(x)|2χξ(x)dvg

. (A.0.1)

In addition, the convergences above are uniform for ξ in any compact subset of Σ̊ or on ∂Σ and

τ bounded away from zero.

Proof. We recall that Ψ0
τ,ξ(x) = 2

τ
|yξ(x)|2−τ2ε2

|yξ(x)|2+τ2ε2 = 2
τ

(
1 − 2τ2ε2

|yξ(x)|2+τ2ε2

)
, x ∈ U2r0(ξ). Let ητ,ξ =

PΨ0
τ,ξ − χξ

(
Ψ0
τ,ξ − 2

τ

)
. For x ∈ ∂Σ,

∂νg

(
χξ

(
Ψ0
τ,ξ(x) − 2

τ

))
= −∂νgχξ

4τε2

|yξ(x)|2 + τ2ε2 + χξ
8τε2|yξ(x)|2

(|yξ(x)|2 + τ2ε2)2∂νg log |yξ(x)|.

If ξ ∈ Σ̊, ∂νgητ,ξ ≡ 0 in ∂Σ; if ξ ∈ ∂Σ, ∂νgητ,ξ = O(ε2) on ∂Σ. By direct calculation, we have

∫
Σ χξ

(
Ψ0
τ,ξ − 2

τ

)
dvg = 2

∫
Σ χξ

τε2

|yξ(x)|2+τ2ε2dvg(x) = 2τε2 ∫
Bξ

2r0

1
|y|2+τ2ε2 e

ϕ̂ξ(y)dy

= 2τε2 ∫
Bξ

2r0

1
|y|2+τ2ε2dy + 2τε2 ∫

Bξ
2r0

1
|y|2+τ2ε2 (eϕ̂ξ(y) − 1)dy

= O(ε2 log ε),

and

(−∆g + β)ητ,ξ(x) = (−∆g + β)
(
PΨ0

τ,ξ − χξ
(
Ψ0
τ,ξ − 2

τ

))
= (∆gχξ)

(
Ψ0
τ,ξ − 2

τ

)
+ 2〈∇χξ,∇Ψ0

τ,ξ〉g − ε2χξe
−ϕξeUτ,ξΨ0

τ,ξ + βχξ
4τε2

|yξ|2+τ2ε2

= βχξ
4τε2

|yξ|2+τ2ε2 + O(ε2),

where we applied the fact for any fixed r > 0,
∫

|y|<r
τ2ε2−|y|2

(τ2ε2+|y|2)3 = O(ε2) as ε → 0. Via the
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Lp-theory in Lemma 2.3.2, for any p > 1, there exists a constant C > 0 such that

‖ητ,ξ − ητ,ξ‖W 2,p(Σ) ≤ C

(∥∥∂νgητ,ξ
∥∥
W 1,p

∂
(Σ) + ‖(−∆g + β)ητ,ξ‖Lp(Σ)

)
(A.0.2)

≤ C(ε2 + βε
2
p | log ε|

1
p ).

Using the Sobolev’s inequality, ‖ητ,ξ − ητ,ξ‖L∞(Σ) ≤ C(ε2 + βε
2
p | log ε|

1
p ). We choose p ∈ (1, 2)

such that α0 < 2
p − 1, then ητ,ξ = O(ε1+α0), uniformly in C(Σ). We recall that Ψj

τ,ξ(x) =
4yξ(x)j

τ2ε2+|yξ(x)|2 , for any x ∈ U2r0(ξ). If ξ ∈ Σ̊, ∂νgH
j(x, ξ) = 0 for any x ∈ ∂Σ. If ξ ∈ ∂Σ, for any

x ∈ ∂Σ by direct calculation,

χξ(x)∂νg

(
yξ(x)1
|yξ(x)|2

)
= 0.

Denote ∂νgH
j(ξ, ξ) := 0, then ∂νgH

j(·, ξ) ∈ C∞(∂Σ). By Lemma 2.3.3, there is a unique solution

to (A.0.1) in C1,α(∂Σ) for any α ∈ (0, 1). Let ζτ,ξ(x) = PΨj
τ,ξ(x) − χξ(x)Ψj

τ,ξ(x) − %(ξ)Hj(x, ξ).

Since
∫
B

ε3yj

(ε2+|y|2)3dy = 0 for j = 1, 2 and B = Br or j = 1 and B = Br ∩ {y2 ≥ 0}, we have the

following estimates:

ε2χξe
−ϕξeUτ,ξΨj

τ,ξ =
∫
Bξ

2r0

8τ2ε2χ(|y|/r0)yj
(τ2ε2 + |y|2)3 dy =

∫
B

8τ2ε2yj
(τ2ε2 + |y|2)3dy + O(ε2) = O(ε2),

(−∆g + β)ζτ,ξ = − 4τ2ε2(yξ)j
(τ2ε2 + |yξ|2)|yξ|2

∆gχξ − 8τ2ε2
〈

∇χξ,∇
(

(yξ)j
(τ2ε2 + |yξ|2)|yξ|2

)〉
g

−ε2χξe
−ϕξeUτ,ξΨj

τ,ξ + 4βχξ
τ2ε2(yξ)j

(τ2ε2 + |yξ|2)|yξ|2

= 4βχξ
τ2ε2(yξ)j

(τ2ε2 + |yξ|2)|yξ|2
+ O(ε2),

and

∫
Σ
ζτ,ξdvg = 4

∫
Σ
χξ(x) τ2ε2yξ(x)j

|yξ(x)|2(τ2ε2 + |yξ(x)|2)
dvg(x) = 4

∫
Bξ

2r0

χ

( |y|
r0

)
eϕ̂ξ(y) τ2ε2yj

|y|2(τ2ε2 + |y|2)
.

If ξ ∈ Σ̊ and j = 1, 2

∣∣∣∣∣
∫
B2r0

χ(|y|/r0)τ
2ε2(eϕ̂ξ(y) − 1)yj
|y|2(τ2ε2 + |y|2)

dy

∣∣∣∣∣ ≤ C

∫
|y|<2r0

τ2ε2|D2ϕ̂ξ(0)y2 + o(|y|3)|
|y|(τ2ε2 + |y|2)

dy

= C

∫
|y|<2r0/(τε)

τ3ε3|y|(1 + τεo(|y|))
(1 + |y|2)

dy ≤ C2π
∫ 2r0

τε

0

τ3ε3r2

(1 + r2)
dr = O(ε2).
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In this case, we have

∫
Σ
ζτ,ξdvg = 4

∫
B2r0 (0)

χ

( |y|
r0

)
eϕ̂ξ(y) τ2ε2yj

|y|2(τ2ε2 + |y|2)
dy

= −4
∫
B2r0

χ

( |y|
r0

)
τ2ε2yj

|y|2(τ2ε2 + |y|2)
dy +

∫
B2r0

χ

( |y|
r0

)
(eϕ̂ξ(y) − 1) τ2ε2yj

|y|2(τ2ε2 + |y|2)
dy = O(ε2).

For ξ ∈ ∂Σ and j = 1,

|
∫

Σ ζτ,ξdvg| = 4
∣∣∣∣∫Bξ

2r0
χ
(

|y|
r0

)
eϕ̂ξ(y) τ2ε2yj

|y|2(τ2ε2+|y|2)dy

∣∣∣∣ = O(ε2),

then, it follows for ξ ∈ ∂Σ,
∫

Σ ζτ,ξdvg = O(ε2). If ξ ∈ Σ̊, ∂νgζτ,ξ(x) ≡ 0 for any x ∈ ∂Σ. If

x ∈ ∂Σ, by calculation, we deduce that

∂νgζτ,ξ(x) = −∂νgχξ(Ψ
j
τ,ξ + %(ξ)Hj(x, ξ)) − χξ∂νg

(
Ψj
τ,ξ + %(ξ)Hj(x, ξ)

)
= (∂νgχξ)

4τ2ε2yξ(x)j

(τ2ε2+|yξ(x)|2)|yξ(x)|2 + χξ∂νg

4τ2ε2yξ(x)j

(τ2ε2+|yξ(x)|2)|yξ(x)|2

= O(ε2).

Applying the regularity theory in Lemma 2.3.1 and 2.3.3, for any p ∈ (1, 2), we deduce that

‖ζτ,ξ − ζτ,ξ‖∞ ≤ C
(∥∥∂νgζτ,ξ

∥∥
L∞(∂Σ) + ‖(−∆g + β)ζτ,ξ‖Lp(Σ)

)
≤ C(ε2 + βε

1
p ).

We take p ∈ (0, 1) such that α0 = 1
p . Then as ε → 0, we have

ητ,ξ = O(εα0)

uniformly in C(Σ).

Remark A.0.4. ∂τPUτ,ξ = PΨ0
τ,ξ by the uniqueness of the solution to the problem (3.1.3).

However, ∂ξj
PUτ,ξ 6= PΨj

τ,ξ. Analogous to the proof of Lemma A.0.3, we can obtain the following

expansion, for any α0 ∈ (0, 1),

∂ξj
PUτ,ξ = ∂ξj

(χξUτ,ξ) + %(ξ)∂ξj
Hg
ξ + O(εα0) as ε → 0, (A.0.3)

in C(Σ), which is uniformly convergent for ξ in any compact subset of Σ̊ or on ∂Σ and τ in any

compact subset of (0,∞).
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Indeed, we notice that for any y ∈ U2r0(ξ) as y → 0

∂ξj
|yξ(x)|2

∣∣∣
x=y−1

ξ
(y)

= −2yj + O(|y|3).

Let ζ∗
τ,ξ = ∂ξj

PUτ,ξ − ∂ξj
(χξUτ,ξ) − %(ξ)∂ξj

Hg(x, ξ). It is easy to obtain

(−∆g + β)ζ∗
τ,ξ = −β∂ξj

(χξUτ,ξ + 4χξ log |yξ|) + O(ε2| log ε|), in Σ̊

∫
Σ
ζ∗
τ,ξdvg = O(ε2| log ε|),

and ∂νgζ
∗
τ,ξ = O(ε2) on ∂Σ. Applying the regularity theory in Lemma 2.3.1 and Lemma 2.3.3,

we have

ζ∗
τ,ξ = O(ε2| log ε| + βε

1
p ),

in C(Σ), for any p ∈ (1, 2). We take p ∈ (1, 2) such that α0 = 1
p , then we deduce (A.0.3).

The asymptotic “orthogonality” properties of PΨj
i .

Lemma A.0.5. For any α0 ∈ (0, 1), we have as ε → 0 for j, i = 0, · · · , i(ξ),

〈
PΨi

τ,ξ, PΨj
τ,ξ

〉
=


8%(ξ)Di

πτ2 δij + O(εα0) when i or j = 0

8%(ξ)Di

πτ2ε2 δij + O(εα0−1) otherwise
,

and

〈
PΨi

τ0,ξ0
, PΨj

τ1,ξ1

〉
=


O(εα0) when i or j = 0

O(εα0−1) otherwise
,

where three different points ξ, ξ0, ξ1 ∈ Σ and τ, τ0, τ1 > 0 and the δij is the Kronecker symbol,

and D0 =
∫
R2

1−|y|2
(1+|y|2)4dy, D1 = D2 =

∫
R2

|y|2
(1+|y|2)4dy.

Proof.

〈PΨi
τ,ξ, PΨj

τ,ξ〉 =
∫

Σ
ε2χξe

−ϕξeUτ,ξΨi
τ,ξPΨj

τ,ξdvg

=
∫

Σ∩U2r0 (ξ)
+
∫

Σ\U2r0 (ξ)
ε2χξe

−ϕξeUτ,ξΨi
τ,ξPΨj

τ,ξdvg.
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For i = j = 0, by Lemma A.0.3,

∫
Σ∩U2r0 (ξ)

ε2χξe
−ϕξeUτ,ξΨ0

τ,ξPΨ0
τ,ξdvg

= 16τε2
∫
Bξ

2r0

χ

( |y|
r0

) |y|2 − τ2ε2

(τ2ε2 + |y|2)3

−
4τε2χ

(
|y|
r0

)
τ2ε2 + |y|2

+ O(ε1+α0)

 dy
= 64

τ2

∫
1

τε
Bξ

r0

1 − |y|2

(1 + |y|2)4 + O(ε1+α0).

Considering that 64
τ2
∫

1
τε
Bξ

r0

1−|y|2
(1+|y|2)4 = 8%(ξ)

τ2π

∫
R2

1−|y|2
(1+|y|2)4dy + O(ε2), as ε → 0, 〈PΨ0

τ,ξ, PΨ0
τ,ξ〉 =∫

Σ ε
2χξe

−ϕξeUτ,ξΨ0
τ,ξPΨ0

τ,ξdvg = 8%(ξ)D0
πτ2 + O(ε1+α0), where D0 =

∫
R2

1−|y|2
(1+|y|2)4dy.

Similarly, for j = 0 and i = 1, · · · , i(ξ), we have

〈PΨi
τ,ξ, PΨ0

τ,ξ〉 = ε2
∫

Σ∩U2r0 (ξ)
χξe

−ϕξeUτ,ξΨi
τ,ξPΨ0

τ,ξdvg

= 32τ2ε2
∫
Bξ

2r0

χ

( |y|
r0

)
yi

(τ2ε2 + |y|2)3

−
4τε2χ

(
|y|
r0

)
τ2ε2 + |y|2

+ O(ε1+α0)

 dy = O(εα0).

Applying Lemma A.0.3, for ξ ∈ Σ̊ we have

ε2
∫

Σ∩U2r0 (ξ)
χξe

−ϕξeUτ,ξΨi
τ,ξPΨj

τ,ξdvg

= 32τ2ε2
∫
Bξ

2r0

χ

( |y|
r0

)
yi

(τ2ε2 + |y|2)3

(
χ

( |y|
r0

) 4yj
τ2ε2 + |y|2

+ %(ξ)Hj(y−1
ξ (y), ξ) + O(εα0)

)
dy

= 128
τ2ε2

∫
1

τε
Bξ

r0

yiyj
(1 + |y|2)4dy +

∫
Bξ

r0

32τ2ε2%(ξ)yi
(τ2ε2 + |y|2)3 (Hj(y−1

ξ (y), ξ) −Hj(ξ, ξ))dy

+32τ2ε2%(ξ)Hj(ξ, ξ)
∫
Bξ

r0

yi
(τ2ε2 + |y|2)3dy + O(εα0−1)

= 128
τ2ε2

∫
1

τε
Bξ

r0

yiyj
(1 + |y|2)4dy + O

(∫
Bξ

r0

32τ2ε2|y|2

(τ2ε2 + |y|2)3dy

)
+ O(εα0−1)

= 8%(ξ)Di

πτ2ε2 δij + O(εα0−1),

as ε → 0, where Di =
∫
R2

|y|2
(1+|y|2)4dy. For ξ ∈ ∂Σ, applying Lemma A.0.3 again, we have

ε2
∫

Σ∩U2r0 (ξ)
eUτ,ξΨ1

τ,ξPΨ1
τ,ξdvg

=
∫
Bξ

2r0

χ

( |y|
r0

) 32τ2ε2y1
(τ2ε2 + |y|2)3

 4χ
(

|y|
r0

)
y1

τ2ε2 + |y|2
+ %(ξ)H1(y−1

ξ (y), ξ) + O(εα0)


= 128

τ2ε2

∫
1

τε
Bξ

r0

y2
1

(1 + |y|2)4 + O(εα0−1).
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We observe that as ε → 0

∣∣∣∣ 128
τ2ε2

∫
1

τε
Bξ

r0

y2
1

(1+|y|2)4 − 128
τ2ε2

∫
R2

+

y2
1

(1+|y|2)4

∣∣∣∣ ≤ 128
τ2ε2

∫
R2

+\ 1
τε
Bξ

r0

1
(1+|y|2)3dy

≤ O(ε2),

and

ε2
∫

Σ\U2r0 (ξ)
χξ(x)e−ϕξ(x)eUτ,ξΨi

τ,ξPΨj
τ,ξdvg = O(ε2‖PΨj

τ,ξ‖) = O(ε),

for i, j ∈ {1, 2}, if ξ ∈ Σ̊, i,j=1,2, and if ξ ∈ ∂Σ, i, j = 1. Thus we have 〈PΨi
τ,ξ, PΨj

τ,ξ〉 =
8%(ξ)Di

πτ2ε2 δij + O(εα0−1). By assumption, r0 > 0 small enough such that U2r0(ξ0) ∩ U2r0(ξ1) = ∅,

and for l = 0, 1, if ξl ∈ Σ̊, U2r0(ξl) ⊂⊂ Σ.

〈PΨi
τ0,ξ0

, PΨj
τ1,ξ1

〉 =
∫

Σ\U2r0 (ξ0)
+
∫

Σ∩U2r0 (ξ0)
ε2χξ0e

−ϕξe
Uτ0,ξ0 Ψi

τ0,ξ0
PΨj

τ1,ξ1
dvg.

As ε → 0, we have

∫
Σ\U2r0 (ξ0)

ε2χξ0(x)e−ϕξ(x)e
Uτ0,ξ0 Ψi

τ0,ξ0
PΨj

τ1,ξ1
dvg = O(ε2‖PΨj

τ1,ξ1
‖) = O(ε).

By Lemma A.0.3, for j 6= 0

∫
U2r0 (ξ0)∩Σ ε

2χξ0e
−ϕξ0e

Uτ0,ξ0 Ψi
τ0,ξ0

PΨj
τ1,ξ1

dvg

=
∫
U2r0 (ξ0) ε

2χξ0e
−ϕξ0e

Uτ0,ξ0 Ψi
τ0,ξ0

(
χξ1

4yξ1 (x)j

τ2ε2+|yξ1 (x)|2 + %(ξ1)Hj(x, ξ1) + O(εα0)
)

= %(ξi)Hj(ξ0, ξ1)
∫
U2r0 (ξ0) ε

2χξ0e
−ϕξ0e

Uτ0,ξ0 Ψi
τ0,ξ0

dvg

+O
(∫
U2r0 (ξ0) ε

2χξ0e
−ϕξ0e

Uτ0,ξ0 Ψi
τ0,ξ0

(|yξ0 | + εα0)dvg
)

= O(εα0−1);

for j = 0,

∫
U2r0 (ξ0)∩Σ ε

2χξ0e
−ϕξ0e

Uτ0,ξ0 Ψi
τ0,ξ0

PΨj
τ1,ξ1

dvg

=
∫
U2r0 (ξ0) ε

2χξ0e
−ϕξ0e

Uτ0,ξ0 Ψi
τ0,ξ0

(
−χξ1

4τε2

τ2ε2+|yξ1 |2 + O(εα0+1)
)

= O(εα0).
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Therefore, for any ξ1 6= ξ0,

〈PΨi
τ0,ξ0

, PΨj
τ1,ξ1

〉 =


O(εα0) when i or j = 0

O(εα0−1) otherwise
.

Remark A.0.6. Analogue to the proof in Lemma A.0.7, for any α0 ∈ (0, 1), we have as ε → 0

for i = 0, · · · , i(ξ) and j = 1, · · · , i(ξ),

〈PΨi
τ,ξ, ∂ξj

PUτ,ξ〉 = 8%(ξ)Di

πτ2ε2 δij + O(εα0−1),

and for any i = 0, · · · , i(ξ0) and j = 1, · · · , i(ξ1)

〈PΨi
τ0,ξ0

, ∂ξj
PUτ1,ξ1〉 =


O(εα0) when i or j = 0

O(εα0−1) otherwise
,

where three different points ξ, ξ0, ξ1 ∈ Σ and uniformly in τ, τ0, τ1 > 0 and the δij is the Kro-

necker symbol, and D0 =
∫
R2

1−|y|2
(1+|y|2)4dy, D1 = D2 =

∫
R2

|y|2
(1+|y|2)4dy.

In the next part, we consider ξ = (ξ1, · · · , ξm) ∈ Ξδk,m for given δ > 0. It gives some technique

lemmas to prove Proposition 3.1.4 which reduces the problem into a finite-dimensional one.

Lemma A.0.7. Let ξ = (ξ1, · · · , ξm) ∈ Ξδk,m (see (2.6.1)). For any p ∈ [1, 2), there is a positive

constant c := c(p) such that for any ε > 0,

∥∥∥∥∥ε2V e
∑m

i=1 PUi − ε2
m∑
i=1

χie
Ui

∥∥∥∥∥
p

≤ cε
2−p

p .

Proof. Let D ⊂ Ξk,m be a compact subset. Then there exists δ > 0 such that D ⊂ Ξδk,m. There

is a uniform r0 > 0 for any ξ ∈ Ξδk,m. By calculation, we deduce that

∫
Σ

∣∣∣∣∣ε2V e
∑m

i=1 PUi − ε2
m∑
i=1

χie
Ui

∣∣∣∣∣
p

dvg =
m∑
i=1

∫
Σ∩U2r0 (ξ)

∣∣∣∣∣ε2V e
∑m

i=1 PUi − ε2
m∑
h=1

χhe
Uh

∣∣∣∣∣
p

dvg

+
∫

Σ\∪m
i=1U2r0 (ξ)

∣∣∣∣∣ε2V e
∑m

i=1 PUi − ε2
m∑
h=1

χhe
Uh

∣∣∣∣∣
p

dvg,

and as ε → 0,
∫

Σ\∪m
i=1U2r0 (ξ) |ε2V e

∑m

i=1 PUi −ε2∑m
h=1 χhe

Uh |pdvg = O(ε2p). By Lemma A.0.1, for
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any x ∈ U2r0(ξh)

m∑
i=1

PUi − χhUh =

∑
i 6=h

%(ξi)Gg(ξh, ξi) + %(ξh)Hg(ξh, ξh) − log(8τ2
h)

+ O(|yξh
| + ε1+α0)

= − log V (ξh) + O(ε1+α0 + |yξh
|).

Hence,

∫
U2r0 (ξh)∩Σ

|ε2V e
∑m

i=1 PUi − ε2χhe
Uh |pdvg

=
∫
Ur0 (ξh)∩Σ

∣∣∣ε2eUh(e
∑m

i=1 PUi−χhUh+log V (x) − 1)
∣∣∣p dvg(x) + O(ε2p)

= O
(∫

Ur0 (ξh)∩Σ
ε2pepUh(|yξh

(x)| + ε1+α0)pdvg(x)
)

+ O(ε2p)

= O
(∫

B
ξh
r0

(
8τ2
hε

2(|y| + ε1+α0)
(τ2
hε

2 + |y|2)2

)p
dy + ε2p

)
= O(ε2−p),

where p ∈ [1, 2).

Lemma A.0.8. For any p ≥ 1 and r > 1, there are positive constants c1, c2 such that for any

ε > 0, the following estimates hold for any φ1, φ2 ∈ H1.

‖ε2V e
∑m

i=1 PUi(eφ1 − 1 − φ1)‖p ≤ c1e
c2‖φ1‖2

ε
(2−2pr)

pr ‖φ1‖2, (A.0.4)

and

‖ε2V e
∑m

i=1 PUi(eφ1 − eφ2 − (φ1 − φ2))‖p ≤ c1e
c2(‖φ1‖2+‖φ2‖2)ε

(2−2pr)
pr (‖φ1‖ + ‖φ2‖)‖φ1 − φ2‖.

Proof. By the mean value theorem, for some s ∈ (0, 1)

|(eφ1 − eφ2 − (φ1 − φ2)| ≤
∣∣∣esφ1+(1−s)φ2 − 1

∣∣∣ |φ1 − φ2| ≤ e|φ1|+|φ2||φ1 − φ2|(|φ1| + |φ2|).

By applying the Hölder Inequality, Sobolev Inequality, and Moser-Trudinger Inequality, we
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derive the following estimate:

(∫
Σ
V pep

∑m

i=1 PUi |eφ1 − eφ2 − (φ1 − φ2)|pdvg
)1/p

≤ C
2∑

h=1

(∫
Σ
V pep

∑m

i=1 PUi(e|φ1|+|φ2||φ1 − φ2||φh|)pdvg
)1/p

≤ C
2∑

h=1

(∫
Σ
V prepr

∑m

i=1 PUidvg

) 1
pr
(∫

Σ
eps(|φ1|+|φ2|)dvg

) 1
ps
(∫

Σ
|φ1 − φ2|pt|φh|ptdvg

) 1
pt

≤ C
2∑

h=1

(∫
Σ
V prepr

∑m

i=1 PUidvg(x)
) 1

pr

e
ps
8π

(‖φ1‖2+‖φ2‖2)‖φ1 − φ2‖‖φh‖,

where r, s, t ∈ (1,+∞), 1
r + 1

s + 1
t = 1. By Lemma A.0.1, it follows that

∫
∪m

i=1U2r0 (ξi)
V prepr

∑m

i=1 PUidvg

=
m∑
i=1

∫
U2r0 (ξi)

exp

prχiUi + pr

∑
h6=i

Gg(ξi, ξh) + %(ξi)Hg(ξi, ξi)

+ log V (ξi) − log(8τ2
i )
)

+ O(ε1+α0 + |yξi
|)
}
dvg

≤ C

(
m∑
i=1

∫
U2r0 (ξi)

eprχiUi(1 + O(ε1+α0 + |yξi
(x)|))dvg(x)

)

≤ C

(
m∑
i=1

∫
B

ξi
2r0

eϕ̂ξi
(y)
(

8τ2
i

(τ2
i ε

2 + |y|2)2

)pr
(1 + O(ε1+α0 + |y|))dy

)
≤ Cε2−4pr.

By the definition of PUi, PUi = O(1) in Σ \ U2r0(ξi). It follows that

∑
Σ\∪m

i=1U2r0 (ξi)
epr
∑m

i=1 PUi = O(1).

Therefore, the estimate (A.0.5) holds and if we take φ2 ≡ 0, we obtain the estimate (A.0.4).

The last part of Appendix A gives some technique lemmas to obtain the C1-expansion of

the reduced functional Ẽε.

Lemma A.0.9. As ε → 0, the following asymptotic expansions hold

〈PUi, PUi〉 = %(ξi)(6 log 2 − 4 log ε− 2 log(8τ2
i ) + %(ξi)Hg(ξi, ξi) − 2)

+O(ε| log ε|),

and for any i 6= j, 〈PUi,∇PUj〉 = %(ξi)%(ξj)Gg(ξi, ξj) + O(ε).
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Proof. Applying Lemma A.0.1 with (3.1.4), we drive that as ε → 0

〈PUi, PUi〉 =
∫

Σ
|∇PUi|2g + β|PUi|2dvg = ε2

∫
Σ
χie

−ϕieUiPUidvg

=
∫
Ur0 (ξi)

8τ2
i ε

2

(τ2
i ε

2 + |yξi
|2)2 e

−ϕi

(
log 1

(τ2
i ε

2 + |yξi
|2)2 + %(ξi)Hg(ξi, ξi)

+O(|yξi
| + ε1+α0)

)
dvg + O(ε2)

=
∫
B

ξi
r0

8τ2
i ε

2

(τ2
i ε

2 + |y|2)2

(
log τ4

i ε
4

(τ2
i ε

2 + |y|2)2 − 2 log(τ2
i ε

2) + %(ξi)Hg(ξi, ξi)

+O(|y| + ε1+α0)
)
dy + O(ε2)

= %(ξi)(6 log 2 − 4 log ε− 2 log(8τ2
i ) + %(ξi)Hg(ξi, ξi) − 2) + O(ε| log ε|),

where we applied the fact that for any r > 0, as ε → 0,
∫

|y|<r
ε2

(ε2+|y|2)2dy = π − πε2

r2 + πε4

(r2+ε2)r2

and
∫

|y|<r
ε2 log( ε2+|y|2

ε2 )
(ε2+|y|2)2 dy = π + πε2 log(ε2)

r2 + O(ε2). For any i 6= j, by Lemma A.0.1, as ε → 0

〈PUi, PUj〉 = ε2
∫

Σ
χie

−ϕieUiPUjdvg

=
∫
U2r0 (ξi)

8τ2
i ε

2

(τ2
i ε

2 + |yξi
(x)|2)2 e

−ϕi(x)(%(ξj)Gg(ξi, ξj) + O(|yξi
(x)| + ε1+α0)) + O(ε2‖PUj‖)

= 8%(ξj)Gg(ξi, ξj)
∫
B

ξi
2r0

τ2
i ε

2

(τ2
i ε

2 + |y|2)2dy + O(ε) = %(ξi)%(ξj)Gg(ξi, ξj) + O(ε).

Lemma A.0.10. ε2 ∫
Σ V e

∑m

i=1 PUi =
∑m
i=1 %(ξi) + o(1) = 4π(m+ k) + o(1) as ε → 0.

Proof. Applying Lemma A.0.1 and (3.1.4), as ε → 0

ε2
∫

Σ
V e
∑m

i=1 PUidvg

=
m∑
i=1

ε2
∫
U2r0 (ξi)

e
χiUi+%(ξi)Hg(·,ξi)−log 8τ2

i +
∑

j 6=i
%(ξj)Gg(·,ξj)+O(ε1+α0 )

dvg + O(ε2)

=
m∑
i=1

∫
Ur0 (ξi)

8τ2
i ε

2e
%(ξi)Hg(ξi,ξi)−log(8τ2

i )+log V (ξi)+
∑

j 6=i
%(ξj)Gg(ξi,ξj)

(τ2
i ε

2 + |yξ(x)|2)2

(1 + O(|yξ| + ε1+α0))dvg + O(ε2)

=
m∑
i=1

∫
B

ξi
r0

8τ2
i ε

2eϕ̂i(y)

(τ2
i ε

2 + |y|2)2 (1 + O(|y| + ε1+α0))dy + O(ε2)

=
m∑
i=1

∫
1

τiε
B

ξi
r0

(1 + O(ε|y|))(1 + O(ε|y| + ε1+α0)) 8
(1 + |y|2)2dy + O(ε2)

=
m∑
i=1

%(ξi) + O(ε).
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Lemma A.0.11. Let i, h = 1, 2, · · · ,m and j = 1, · · · , i(ξi). Then, as ε → 0,

ε2
∫

Σ
χhe

Uh∂(ξi)j
PUidvg = δih

2
%(ξi)2∂(ξi)j

Hg(ξi, ξi) + (1 − δih)%(ξi)%(ξh)∂(ξi)j
Gg(ξh, ξi) + O(ε).

Proof. We decompose the integral into the following two parts:

ε2
∫

Σ
χhe

Uh∂(ξi)j
PUi = ε2

(∫
Σ∩U2r0 (ξh)

+
∫

Σ\U2r0 (ξh)

)
χhe

Uh∂(ξi)j
PUi.

It is clear that
∫

Σ\U2r0 (ξh) ε
2χhe

Uh∂(ξi)j
PUi = 0. For h 6= i, U2r0(ξh) ∩U2r0(ξi) = ∅ by the choice

of r0. Notice that

∂(ξi)j
|yξ(x)|2|x=y−1

ξi
(y) = −2〈(yξi

)∗∂(ξi)j
y−1
ξ (y), y〉 = −2〈(yξi

)∗∂(ξi)j
(ξi + y + O(|y|2)), y〉

= −2yj + O(|y|3)(|y| → 0).

In this case, by Remark A.0.4

∫
U2r0 (ξh)

ε2χhe
Uh∂(ξi)j

PUidvg =
∫
U2r0 (ξh)

ε2χhe
Uh(∂(ξi)j

(χiUi) + %(ξi)∂(ξi)j
Hg
ξi

+ O(εα0))

= %(ξh)%(ξi)∂(ξi)j
Hg(ξh, ξi) + o(1).

Claim A.0.12. as ε → 0,

∫
U2r0 (ξh)

ε2χie
Ui

2∂(ξi)j
|yξi

|2

τ2
i ε

2 + |yξi
|2
dvg = O(ε2) +

∫
Ur0 (ξh)

ε2eUi
4(−(yξi

)j + O(|yξi
|3))

τ2
i ε

2 + |yξi
|2

dvg

= o(1).

Indeed, if ξi ∈ Σ̊, we have |eϕ̂i(y) − 1| = |ϕ̂ξi
(y)| + O(|ϕ̂ξi

(y)|2) = O(|y|2) as y → 0.

∫
Ur0 (ξi)∩Σ

ε2χie
Ui

2∂(ξi)j
|yξi

(x)|2

τ2
i ε

2 + |yξi
(x)|2

dvg(x) =
∫
B

ξi
r0

ε2eϕ̂ξi
(y) 32τ2

i ε
2(−yj + O(|y|2))

(τ2
i ε

2 + |y|2)3 dy + O(ε2)

=
∫
B

ξi
r0

ε2(1 + O(|y|2))−32τ2
i yj + O(|y|3)

(τ2
i ε

2 + |y|2)3 dy = O(ε).
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Claim A.0.12 is concluded. For i, h = 1, 2, · · · ,m and j = 1, · · · , i(ξi). By Remark A.0.4,

∫
Σ
ε2χie

Ui∂(ξi)j
PUidvg

=
∫

Σ

8τ2
i ε

2χi
(τ2
i ε

2 + |yξi
|2)2

(
χi

2∂(ξi)j
|yξ|2

τ2
i ε

2 + |yξi
|2

+ %(ξi)∂(ξi)j
Hg
ξi

+ O(εα0)
)
dvg

=
∫
Ur0 (ξi)

ε2χi(x)eUi(x) 2∂(ξi)j
|yξ(x)|2

τ2
i ε

2 + |yξi
(x)|2

dvg(x)

+1
2
%(ξi)∂(ξi)j

Hg(ξi, ξi)
∫
Ur0 (ξi)

8τ2
i ε

2

(τ2
i ε

2 + |yξi
(x)|2)2dvg(x) + O(εα0)

= 1
2
%(ξi)2∂(ξi)j

Hg(ξi, ξi) + o(1).

For i 6= h, via Lemma A.0.2, we drive that

∫
U2r0 (ξh)∩Σ

ε2χhe
Uh∂(ξi)j

PUidvg

=
∫
U2r0 (ξh)∩Σ

8τ2
hε

2χh
(τ2
hε

2 + |yξh
|2)2

(
χi

2∂(ξi)j
|yξi

|2

τ2
i ε

2 + |yξi
|2

+ %(ξi)∂(ξi)j
Hg
ξi

+ O(εα0)
)
dvg

=
∫
U2r0 (ξh)∩Σ

χh(x) 8τ2
hε

2

(τ2
hε

2 + |yξh
|2)2

(
%(ξi)∂(ξi)j

Gg(·, ξi) + O(εα0)
)
dvg

= %(ξi)%(ξh)∂(ξi)j
Gg(ξh, ξi) + O(εα0).

Combining all the estimates above, Lemma A.0.11 is concluded.

Lemma A.0.13. Let i = 1, 2, · · · ,m and j = 1, · · · , i(ξi). As ε → 0,

ε2
∫

Σ
V e
∑m

h=1 PUh∂(ξi)j
PUidvg = 1

2
∂(ξi)j

FV
k,m(ξ) + o(1).

Proof. First, we divide the integral into three parts to calculate:

ε2
∫

Σ
V e
∑m

h=1 PUh∂(ξi)j
PUidvg

= ε2
(∫

Σ\∪m
h=1U2r0 (ξh)

+
∫
U2r0 (ξi)∩Σ

+
∫

∪l 6=iU2r0 (ξl)

)
V e
∑m

h=1 PUh∂(ξi)j
PUidvg.

The first term can be easily estimated by Remark A.0.4. As ε → 0, we have

∫
Σ\∪m

h=1U2r0 (ξh)
ε2V e

∑m

h=1 PUh∂(ξi)j
PUidvg

= O
(
ε2
∫

Σ\∪m
h=1U2r0 (ξh)

∣∣∣∂ξj
(χξUτ,ξ) + %(ξ)∂ξj

Hg
ξ + O(εα0)

∣∣∣ dvg
)

= O(ε2).
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We observe that for any i = 1, 2, · · · ,m and j = 1, · · · , i(ξi), as |y| → 0, ∂(ξi)j
Hg(ξi, ξi) =

2∂xjH
g(x, ξi)|x=ξi

, eϕ̂i(y) = 1 + O(|y|2), and ∂(ξi)j
|yξ(x)|2|x=y−1

ξi
(y) = −2yj + O(|y|3). Applying

Lemma A.0.1 and Remark A.0.4 with (3.1.4), we derive that

∫
U2r0 (ξi)

ε2V e
∑m

h=1 PUh∂(ξi)j
PUidvg

=
∫
U2r0 (ξi)

ε2V e
%(ξi)Hg

ξi
+
∑

l6=i
%(ξl)Gg(·,ξl)+O(ε1+α0 )

(τ2
i ε

2 + |yξi
|2)2


(

−
2χi∂(ξi)j

|yξi
|2

(τ2
i ε

2 + |yξi
|2)

+ %(ξi)∂(ξi)j
Hg
ξi

+ O(εα0)
)
dvg

=
∫
B

ξi
r0

8τ2
i ε

2eϕ̂ξi
(y)

(τ2
i ε

2 + |y|2)2 exp

%(ξi)Hg(y−1
ξi

(y), ξi) +
∑
h6=i

%(ξh)Gg(y−1
ξi

(y), ξh)

+ log V (y−1
ξi

(y)) − log(8τ2
i ) + O(ε1+α0)

} −2∂(ξi)j
|yξi

(x)|2

(τ2
i ε

2 + |yξi
(x)|2)

∣∣∣∣∣
x=y−1

ξi
(y)

+1
2
%(ξi)∂(ξi)j

Hg(ξi, ξi) + O(|y| + εα0)
)
dy + O(ε2)

=
∫

1
τiε

B
ξi
r0

8
(1 + |y|2)2 (1 + O(ε2|y|2))

(
1 + 1

2
τiε

2∑
s=1

%(ξi)∂(ξi)s
Hg(ξi, ξi)ys

+τiε
∑
h6=i

%(ξh)
2∑
s=1

∂(ξi)s
Gg(ξi, ξh)ys + τiε

2∑
s=1

∂(ξi)s
log V (ξi)ys + O(τ2

i ε
2|y|2 + ε1+α0)


·
( 1
τiε

4yj
1 + |y|2

+ %(ξi)
2

∂(ξi)j
Hg(ξi, ξi) + O(ε|y| + εα0)

)
dy + O(ε2)

= 1
2
%(ξi)2∂(ξi)j

Hg(ξi, ξi) + 1
2
%(ξi)2∂(ξi)j

Hg(ξi, ξi)

+
∑
h6=i

%(ξi)%(ξh)∂(ξi)j
Gg(ξi, ξh) + %(ξi)∂(ξi)j

log V (ξi) + o(1)

= %(ξi)2∂(ξi)j
Hg(ξi, ξi) +

∑
h6=i

%(ξi)%(ξh)∂(ξi)j
Gg(ξi, ξh) + %(ξi)∂(ξi)j

log V (ξi) + o(1),

where we applied
∫
R2

1
(1+|y|2)2dy = π = 2

∫
R2

|y|2
(1+|y|2)3dy.

For any h 6= i, analogue to the proof for h = i, we can obtain

∫
U2r0 (ξh)

ε2V e
∑m

l=1 PUl∂(ξi)j
PUidvg = %(ξi)%(ξh)∂(ξi)j

Gg(ξh, ξi) + o(1).

Combining the estimates above,

ε2
∫

Σ
V e
∑m

h=1 PUh∂(ξi)j
PUidvg

= ∂(ξi)j

 m∑
h=1

%(ξh)2Hg(ξh, ξh) +
∑
l 6=h

%(ξh)%(ξl)Gg(ξh, ξl) +
m∑
h=1

%(ξh) log V (ξh)

+ o(1).
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Lemma A.0.14. Let i, h = 1, . . . ,m.. Then as ε → 0,

∥∥∥ε2χhe
Uh

(
∂(ξi)j

PUi − χi∂(ξi)j
Ui
)∥∥∥

p
≤ O

(
ε

2(1−p)
p

)
.

Proof. By Remark A.0.4, ∂(ξi)j
PUi − χi∂(ξi)j

Ui = O(1). Then, applying Lemma A.0.2,

∥∥∥ε2χhe
Uh

(
∂(ξi)j

PUi − χi∂(ξi)j
Ui
)∥∥∥

p
≤ O

(∥∥∥ε2χhe
Uh

∥∥∥
p

)
= O

(
ε

2(1−p)
p

)
.

Lemma A.0.15. Given δ > 0, let ξ = (ξ1, · · · , ξm) ∈ Ξδk,m. Let φ ∈ K⊥
ξ and ‖φ‖ ≤

O(ε
2−p

p | log ε|), where p ∈ (1, 6
5). Then for i = 1, 2, · · · ,m and j = 1, · · · , i(ξi), as ε → 0,

〈
m∑
h=1

PUh + φ− i∗(ε2V e
∑m

h=1 PUh+φ), ∂(ξi)j
PUi

〉
= −1

2
∂FV

k,m

∂(ξi)j
(ξ) + o(1), (A.0.5)

which is uniformly convergent for ξ in Ξδk,m.

Proof. For y = yξi
(x), ∂(ξi)j

|yξi
(x)|2 = −2yj + O(|y|3). Since ‖φ‖ = o(1) and 〈PΨi

j , φ〉 = 0, we

have

〈
φ, ∂(ξi)j

PUi
〉

=
∫

Σ
ε2e−ϕieUiφ∂(ξi)j

χidvg +
∫

Σ
ε2e−ϕiχie

Uiφ∂(ξi)j
Uidvg (A.0.6)

+
∫

Σ
ε2χie

Uiφ∂(ξi)j
e−ϕidvg

=
∫

Σ
ε2χie

−ϕieUiφΨj
idvg + O

∫
B

ξi
2r0

τ2
i ε

2χ
(

|y|
r0

)
(τ2
i ε

2|y|2 + |y|4 + |y|3)
(τ2
i ε

2 + |y|2)3 |φ|dy


= 〈φ, PΨj

i 〉 + o(1) = o(1),

for any i = 1, · · · ,m and j = 1, · · · , i(ξi). Considering that
∫

Σ ∂(ξi)j
PUidvg = 0 and χi · χh ≡ 0
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for any i 6= h, we have

〈
m∑
h=1

PUh + φ− i∗(ε2V e
∑m

h=1 PUh+φ), ∂(ξi)j
PUi

〉

=
m∑
h=1

〈PUh, ∂(ξi)j
PUi〉 + 〈φ, ∂(ξi)j

PUi〉 − ε2
∫

Σ
V e
∑m

h=1 PUh+φ∂(ξi)j
PUidvg

(A.0.6)=
m∑
h=1

∫
Σ
ε2χhe

−ϕheUh∂(ξi)j
PUidvg − ε2

∫
Σ
V e
∑m

h=1 PUh(eφ − φ− 1)∂(ξi)j
PUidvg

−ε2
∫

Σ

(
V e
∑m

h=1 PUh −
m∑
h=1

χhe
Uh

)
φ∂(ξi)j

PUidvg +
∑
h6=i

ε2
∫

Σ
χhe

Uhφχi(∂(ξi)j
Ui − χi∂(ξi)j

Ui)dvg

−ε2
∫

Σ
V e
∑m

h=1 PUh∂(ξi)j
PUidvg + o(1).

By Lemma A.0.5 and Lemma A.0.8,

∣∣∣∣ε2
∫

Σ
V e
∑m

h=1 PUh(eφ − φ− 1)∂(ξi)j
PUidvg

∣∣∣∣ ≤ ‖ε2he
∑m

h=1 PUh(eφ − φ− 1)‖p‖∂(ξi)j
PUi‖q

≤ c‖φ‖2ε
2−2pr

pr |∂(ξi)j
PUi|Lq(Σ) ≤ c‖φ‖2ε

2−3pr
pr ,

where q ≥ 1 with 1
p + 1

q = 1 and for any r > 1. By Lemma A.0.14,

∣∣∣∣∣ε2
∫

Σ

m∑
h=1

χhe
Uhφ(χi∂(ξi)j

Ui − ∂(ξi)j
PUi)dvg

∣∣∣∣∣ ≤ c
m∑
h=1

‖φ‖‖ε2χhe
Uh(χi∂(ξi)j

Ui − ∂(ξi)j
PUi)‖p

≤ c‖φ‖ε
2(1−p)

p .

By Lemma A.0.7,

∣∣∣∣∣ε2
∫

Σ
(
m∑
h=1

χhe
Uh − V e

∑m

h=1 PUh)φ∂(ξi)j
PUi

∣∣∣∣∣ ≤ cε2‖φ‖
∥∥∥∥∥
m∑
h=1

χhe
Uh − V e

∑m

h=1 PUh

∥∥∥∥∥
p

‖∂(ξi)j
PUi‖

≤ c‖φ‖ε
2−p

p
−1 = c‖φ‖ε

2(1−p)
p .

In view of ∂(ξi)j
|yξi

(x)|2 = −2yξi
(x)j + O(|yξi

(x)|3) as x → ξi, as ε → 0

ε2
∫

Σ
χie

Uiφχi∂(ξi)j
Uidvg

= ε2
∫

Σ
eUiφχie

−ϕi(1 + O(|yξi
|2))

(
PΨj

i + O
(

|yξi
|3

τ2
i ε

2 + |yξi
|2

))
dvg + O(ε2)

= 〈φ, PΨi
j〉 + O(ε) = o(1).
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On the other hand, applying Lemma A.0.11 and Lemma A.0.13, we deduce that

m∑
h=1

ε2
∫

Σ
χhe

−ϕheUh∂(ξi)j
PUi − ε2

∫
Σ
V e
∑m

h=1 PUh∂(ξi)j
PUi

=
m∑
h=1

ε2
∫

Σ
χhe

Uh∂(ξi)j
PUi − ε2

∫
Σ
V e
∑m

h=1 PUh∂(ξi)j
PUi + o(1) = −1

2
∂(ξi)j

FV
k,m(ξ) + o(1).

For any p ∈ (1, 6
5), take r > 1 close to 1 enough such that 4−2p

p + 2−3pr
pr > 0. Hence, we have as

ε → 0

〈
m∑
h=1

PUh + φ− i∗(ε2V e
∑m

h=1 PUh+φ), ∂(ξi)j
PUi

〉
= −1

2
∂(ξi)j

FV
k,m(ξ) + o(1).

139



140



B Estimates for Chapter 4

The following lemma is the asymptotic expansion of PUi.

Lemma B.0.1. As δi → 0, PUi = χi(Ui − log(8δ2
i )) + %(ξi)Hg(·, ξi) + O(δ2

i | log δi|) as δi → 0.

For any x ∈ Σ \ {ξi},

PUi = %(ξi)Gg(·, ξi) + O(δ2
i | log δi|),

which is convergent in C(Σ).

Proof. Let ηi = PUi − χi · (Ui − log(8δ2
i )) − %(ξi)Hg(·, ξi).

If ξi ∈ Σ̊, ∂νgηi ≡ 0 on ∂Σ. We observe that for any x ∈ ∂Σ ∩ U(ξi)

∂νg |yξi
(x)|2 = −e− 1

2 ϕ̂ξi
(y) ∂

∂y2
|y|2

∣∣∣∣
y=yξi

(x)
= 0.

If ξi ∈ ∂Σ, for any x ∈ ∂Σ, we have as δi → 0

∂νgηi(x) = 2∂νg

(
χi log

(
1 + δ2

i

|yξi
(x)|2

))

= 2(∂νgχi)
δ2
i

|yξi
(x)|2

− 2χi∂νg log
(

1 + δ2
i

|yξi
(x)|2

)
+ O(δ4

i )

= O(δ2
i ).

Thus, for any i = 1, · · · ,m, ∂νgηi = O(δ2
i ) as δi → 0.

∫
Σ
ηi dvg =

∫
Σ

2χi log
(

1 + δ2
i

|yξi
(x)|2

)
dvg(x)

= 2
∫
B

ξi
r0

eϕ̂ξi
(y) log

(
1 + δ2

i

|y|2

)
dy + 2

∫
B

ξi
2r0

\Br0 (0)
χ(|y|/r0)eϕ̂ξi

(y)
(
δ2
i

|y|2
+ O(δ4

i )
)
dy

= 2δ2
i

∫
1
δi

(Bξi
r0 ∩Br0 (0))

log
(

1 + 1
|y|2

)
e−ϕ̂(δiy)dy + O(δ2

i )

= 2δ2
i (1 + O(δi))

∫
Br0/δi

(0)
log

(
1 + 1

|y|2
)
dy + O(δ2

i )

= O(δ2
i | log δi|),
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where we applied the fact that

0 ≤
∫

|y|< r0
δi

log
(

1 + 1
|y|2

)
dy = 2π

∫ r0/δi

0
log

(
1 + 1

r2

)
rdr

≤ π

∫ r2
0/(τρ)2

0
log

(
1 + 1

t

)
dt ≤ 2π

∫ r0/δi

1
r−1dr + O(1) ≤ O(| log δi|).

For any x ∈ U2r0(ξ), −∆gUi = e−ϕieUi . It follows that

−∆gηi = 2(∆gχi) log |yξi
|2

δ2
i + |yξi

|2
+ 4

〈
∇χi,∇ log |yξi

|2

δ2
i + |yξi

|2

〉
g

+ 1
|Σ|g

(
%(ξi) −

∫
Σ
χie

−ϕieUidvg

)
.

We observe that ∆gχi ≡ 0 and ∇χi ≡ 0 in U2r0(ξi) \ Ur0(ξi). For any x ∈ U2r0(ξi) \ Ur0(ξi), we

have as δi → 0

−2 log
(

1 + δ2
i

|yξi
(x)|2

)
= −2δ2

i |yξi
(x)|−2 + O(δ4

i )

and

−2∇ log
(

1 + δ2
i

|yξi
(x)|2

)
= −2δ2

i ∇|yξi
(x)|−αi + O(δ4

i ).

Moreover, a straightforward calculation of the integral implies that

∫
Σ
χie

−ϕieUidvg =
∫
Bξ

2r0

8χ(|y|/r0) δ2
i

(δ2
i + |y|2)2dy

=
∫
Bξ

r0

8 δ2
i

(δ2
i + |y|2)2dy + O(δ2

i ) = %(ξi) + O(δ2
i ),

where we applied the fact that
∫

|y|<r 8 δ2
i

(δ2
i +|y|2)2 dy = 8π

(
1 − δ2

i

δ2
i +r2

)
for any r ≥ 0. Hence, as

δi → 0, −∆gηi = O(δ2
i ). By Lemma 2.3.3, we derive that as δi → 0, ηi = O(δ2

i | log δi|), which is

convergent in C(Σ).

Lemma B.0.2. For i = 1, · · · ,m and j = 1, · · · , i(ξi)

PZ0
i (x) = χi(x)

(
Z0
i (x) + 1

)
+ O(δ2

i | log δi|) = 4χi(x) δ2
i

δ2
i + |yξi

(x)|2
+ O(δ2

i | log δi|),

in C1(Σ) as δi → 0. And PZ0
i (x) = (δ2

i | log δi|), in C1
loc(Σ \ {ξi}) as ρ → 0.

PZji (x) = χi(x)Zji (x) + O(1), in C1(Σ) as δi → 0, and PZji (x) = O(1), in C1
loc(Σ \ {ξi}) as

δi → 0. In addition, the convergences above are uniform for ξi in any compact subset of Σ̊ or

ξi ∈ ∂Σ.
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Proof. As the proof follows the same reasoning as in Lemma B.0.1, we forego detailing it here

for brevity.

Lemma B.0.3. As ε → 0, for i, i′ = 1, · · · ,m and i = 1, · · · , i(ξi),

∂(ξi)j
PUi′ = δi′iPZ

j
i − PZ0

i′∂(ξi)j
log di′ + O(1),

in C(Σ) uniformly for ξ in any compact subset of Ξk,m, where δij is the Kronecker symbol, i.e.,

δij =


1 if i = j

0 otherwise
.

Proof. We observe that ∂(ξi)j
PUi = δi′i∂(ξi)j

PUρ,ξi
|ρ=δi

+ ∂ρPUρ,ξi′ |ρ=δi′ε
1
2∂(ξi)j

di′ . Since

∂(ξi)j
|yξi

(x)|2 = −2(yξi
)j + O(|yξi

|3),

for any x ∈ U(ξi), we have

∂(ξi)j
Uρ,ξi

|ρ=δi
= 4(yξi

)j
δ2
i + |yξi

|2
+ O

(
|yξi

|2

δ2
i + |yξi

|3

)
= Zji + O

(
|yξi

|2

δ2
i + |yξi

|3

)
.

By (4.2.3), we derive that

−∆g(∂(ξi)j
PUρ,ξi

|ρ=δi
− PZji ) = χie

−ϕieUδi,ξi (∂(ξi)j
Ui − Zji ) − χie−ϕieUδi,ξi (∂(ξi)j

Ui − Zji )

+O(1)

= O
(

δ2
i |yξi

(x)|3

(δ2
i + |yξi

|2)3

)
+ O(1).

For any p ∈ (1, 2), ‖−∆g(∂(ξi)j
PUρ,ξi

|ρ=δi
−PZji )‖p = O(1),

∫
Σ(∂(ξi)j

PUρ,ξi
|ρ=δi

−PZji ) dvg = 0,

and for any x ∈ ∂Σ, ∂νg (∂(ξi)j
PUρ,ξi

|ρ=δi
− PZji ) = 0. Hence, applying the Schauder estimates

in Lemma 2.3.3,

‖∂(ξi)j
PUρ,ξi

|ρ=δi
− PZji ‖C2,α(Σ) = O(1).

Considering that δi∂ρUρ,ξi
|ρ=δi

= 2(|yξi
|2−δ2

i )
|yξi

|2+δ2
i

= −Z0
i , it follows that δi∂ρUρ,ξi

|ρ=δi
= PZ0

i . There-

fore,

∂(ξi)j
PUi = PZji − PZ0

i ∂(ξi)j
log di + O(1)

and for i′ 6= i

∂(ξi)j
PUi′ = −PZ0

i′∂(ξi)j
log di′ + O(1).
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The asymptotic “orthogonality” properties of PZji as ρ → 0.

Lemma B.0.4. As ρ → 0 for i, i′ = 1, · · · ,m, j = 0, · · · , i(ξi) and j′ = 0, · · · , i(ξi′)

〈PZji , PZ
j′

i′ 〉 =


δi′iδj′j

8%(ξi)Di

π + O(ε log |ε|) when i or i′ = 0

δi′iδj′j
8%(ξi)Di

πδ2
i

+ O(ε− 1
2 ) otherwise

,

where δij is the Kronecker symbol, and D0 =
∫
R2

1−|y|2
(1+|y|2)4dy, D1 = D2 =

∫
R2

|y|2
(1+|y|2)4dy.

Proof.

〈PZji , PZ
i′
j′〉 =

∫
Σ
χie

−ϕieUiZji PZ
j′

i′ dvg

=
∫

Σ∩U2r0 (ξi)
+
∫

Σ\U2r0 (ξi)
χie

−ϕieUiZji PZ
j′

i′ dvg.

For i = i′ = 0, by Lemma B.0.2,

∫
Σ∩U2r0 (ξi)

χie
−ϕieUiZji PZ

j′

i′ dvg

= 16
∫
B

ξi
2r0

χ

( |y|
r0

) |y|2 − δ2
i

(δ2
i + |y|2)3

4δi′iδ2
i χ
(

|y|
r0

)
δ2
i + |y|2

+ O(ε| log ε|)

 dy
= 64δj′i

∫
Ωi

1 − |y|2

(1 + |y|2)4 dy + O(ε| log ε|).

As ε → 0, 〈PZ0
i , PZ

0
i′〉 = δi′i

8%(ξi)D0
π + O(ε| log ε|), where D0 =

∫
R2

1−|y|2
(1+|y|2)4 dy. Similarly, for

i′ = 0 and i = 1, 2 for ξi ∈ Σ̊ and i = 1 for ξi ∈ ∂Σ, we have

〈PZji , PZ
j′

i′ 〉 =
∫

Σ∩U2r0 (ξi)
χie

−ϕieUiZji PZ
j′

i′ dvg

= 32
∫
B

ξi
2r0

χ

( |y|
r0

)
yj

(δ2
i + |y|2)3

−
4δi′iδ2

i χ
(

|y|
r0

)
δ2
i + |y|2

+ O(ε| log ε|)

 dy
= O(ε| log ε|),

where we applied the symmetric property
∫
B

ξi
2r0
χ
(

|y|
r0

)
yj

(δ2
i +|y|2)4 dy = 0. Applying Lemma B.0.2,
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for j = 1, · · · , i(ξi), j′ = 1, · · · , i(ξi′),

∫
Σ∩U2r0 (ξ)

χie
−ϕieUiZji PZ

j′

i′ dvg(x)

= 32
∫
B

ξi
2r0

χ

( |y|
r0

)
δ2
i yj

(δ2
i + |y|2)3

(
δi′iχ

( |y|
r0

) 4yj′

δ2
i + |y|2

+ O(1)
)
dy

= 128
δ2
i

∫
1
δi
Bξ

r0

δi′iyjyj′

(1 + |y|2)4dy + O(ε− 1
2 ) =

8δi′iδj′j%(ξi)Di

πδ2
i

+ O(ε− 1
2 ) as ε → 0,

where Di =
∫
R2

|y|2
(1+|y|2)4dy.

Lemma B.0.5. There exists p0 > 1 such that for any p ∈ (1, p0)

∥∥∥∥∥2εV1e
W1,ε −

m∑
i=1

χie
−ϕieUi

∥∥∥∥∥
p

= O
(
ε

2−p
2p

)
,

as ε → 0.

Proof. Applying Lemma B.0.1, we have x ∈ Σ \
⋃m
i=1 Ur0(ξi),

W1,ε(x) =
m∑
i=1

PUi − 1
2
z(·, ξ) =

m∑
i=1

%(ξi)Gg(x, ξi) − 1
2
z(x, ξ) + O

(
δ2
i | log δi|

)
= O(1).

Let Θi be defined by (4.2.7). The estimate (4.2.8) leads to

∫
Σ

∣∣∣∣∣2εV1e
W1,ε −

m∑
i=1

χie
−ϕieUi

∣∣∣∣∣
p

dvg =
m∑
i=1

∫
Ur0 (ξi)

∣∣∣2εV1e
W1,ε − e−ϕieUi

∣∣∣p dvg
+O

(
εp + δ2p

i

)
=

m∑
i=1

δ2
i

∫
1
δi
B

ξi
r0 (ξi)

e
(1−p)ϕξi

◦y−1
ξi

(δiy)
∣∣∣∣2εV1 ◦ y−1

ξi
(δiy)eϕξi

◦y−1
ξi

(δiy)
e
W1,ε◦y−1

ξi
(δiy) − e

Ui◦y−1
ξi

(δiy)
∣∣∣∣p dy

+O
(
εp + δ2p

i

)
= 8p

m∑
i=1

∫
Ωi

|δi|2−2p

(1 + |y|2)2p

∣∣∣eΘi(y) − 1
∣∣∣p dy + O

(
εp + δ2p

i

)
= 8p

m∑
i=1

∫
Ωi

|δi|2−p|y|p

(1 + |y|2)2p dy + O (εp| log ε|p) = O(ε
2−p

2 ).
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C Estimates for Chapter 5

The following lemma shows the asymptotic behavior of PU ij .

Lemma C.0.1. For i = 1, · · · ,m and j = 1, · · · , i(ξi),

PU ij = χj · (U ij − log(2α2
i δ
αi
i,j)) + αi%(ξj)

2
Hg(·, ξj) + O(δαi

i,j | log δi,j |)

as δi,j → 0. For any x ∈ Σ \ {ξj}, PU ij = αi%(ξj)
2 Gg(·, ξj) + O(δαi

i,j | log δi,j |), as δi,j → 0.

Proof. Let ηij = PU ij − χj · (U ij − log(2α2
i δ
αi
i,j)) − αi%(ξj)

2 Hg(·, ξj). If ξj ∈ Σ̊, ∂νgηij ≡ 0 on ∂Σ.

We observe that for any x ∈ ∂Σ ∩ U(ξj)

∂νg |yξj
(x)|2 = −e− 1

2 ϕ̂ξj
(y) ∂

∂y2
|y|2

∣∣∣∣
y=yξj

(x)
= 0.

If ξj ∈ ∂Σ, for any x ∈ ∂Σ, we have as δi,j → 0

∂νgηij(x) = 2∂νg

(
χj log

(
1 +

δαi
i,j

|yξj
(x)|αi

))

= 2(∂νgχj)
δαi
i,j

|yξj
(x)|αi

− 2χj∂νg log
(

1 +
δαi
i,j

|yξj
(x)|αi

)
+ O(δ2αi

i,j )

= O(δαi
i,j).

Thus, for any i = 1, 2, j = 1, . . . ,m, ∂νgηij = O(δαi
i,j) as δi,j → 0.

∫
Σ
ηijdvg =

∫
Σ

2χj log
(

1 +
δαi
i,j

|yξj
(x)|αi

)
dvg(x)

= 2
∫
B

ξj
r0

e
ϕ̂ξj

(y) log
(

1 +
δαi
i,j

|y|αi

)
dy + 2

∫
B

ξj
2r0

\Br0

χ(|y|/r0)eϕ̂ξj
(y)
(
δαi
i,j

|y|αi
+ O(δ2αi

i,j )
)
dy

= 2δ2
i,j

∫
1

δi,j
B

ξj
r0

log
(

1 + 1
|y|αi

)
eϕ̂(δi,jy)dy + O(δαi

i,j)

= 2δ2
i,j(1 + O(δi,j))

∫
1

δi,j
B

ξj
r0

log
(

1 + 1
|y|αi

)
dy + O(δαi

i,j)

= O(δ2
i,j | log δi,j |),
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where we applied the fact that

0 ≤
∫

|y|< r0
δi,j

log
(

1 + 1
|y|αi

)
dy = 2π

∫ r0/δi,j

0
log

(
1 + 1

rαi

)
rdr

≤ π

∫ r2
0/(τρ)2

0
log

(
1 + 1

t

)
dt ≤ 2π

∫ r0/δi,j

1
r1−αidr + O(1) ≤ O(| log δi,j |).

For any x ∈ U2r0(ξ), −∆gU
i
j = e−ϕjeU

i
j . It follows that

−∆gηij = 2(∆gχj) log
|yξj

|αi

δαi
i,j + |yξj

|αi
+ 4

〈
∇χj ,∇ log

|yξj
|αi

δαi
i,j + |yξj

|αi

〉
g

+ 1
|Σ|g

(1
2
αi%(ξj) −

∫
Σ
χje

−ϕj |yξj
|αi−2eU

i
jdvg

)
.

We observe that ∆gχj ≡ 0 and ∇χj ≡ 0 in U2r0(ξj) \Ur0(ξj). For any x ∈ U2r0(ξj) \Ur0(ξj), we

have as δi,j → 0

−2 log
(

1 +
δαi
i,j

|yξj
(x)|αi

)
= −2δαi

i,j |yξ(x)|−αi + O(δ2αi
i,j )

and

−2∇ log
(

1 +
δαi
i,j

|yξj
(x)|αi

)
= −2δαi

i,j∇|yξj
(x)|−αi + O(δ2αi

i,j ).

Moreover, a straightforward calculation of the integral implies that

∫
Σ
χje

−ϕj |yξj
|αi−2eU

i
jdvg =

∫
Bξ

2r0

2α2
iχ(|y|/r0)

δαi
i,j |y|αi−2

(δαi
i,j + |y|αi)2dy

=
∫
Bξ

r0

2α2
i

δαi
i,j |y|αi−2

(δαi
i,j + |y|αi)2dy + O(δαi

i,j)

= αi%(ξj)
2

+ O(δαi
i,j),

where we applied the fact that
∫

|y|<r 2α2
i

δ
αi
i,j |y|αi−2

(δαi
i,j+|y|αi )2dy = 4παi

(
1 − δ

αi
i,j

δ
αi
i,j+rαi

)
for any r ≥ 0.

Hence, as δi,j → 0, −∆gηij = O(δαi
i,j). By Lemma 2.3.3, we derive that as δi,j → 0, ηij =

O(δαi
i,j | log δi,j |) in C(Σ).

Using the same approach of Lemma C.0.1, we can deduce the asymptotic expansion of PZij .

Lemma C.0.2. For any i = 1, 2, j = 1, . . . ,m, as δi,j → 0

PZij = Zij + 1 + O(δαi
i,j | log δi,j |) =

2δαi
i,j

δαi
i,j + |yξj

|αi
+ O(δαi

i,j | log δi,j |). (C.0.1)
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Lemma C.0.3. Let Θij be defined by (5.1.25). For i = 1, 2, j = 1, . . . ,m

|Θij(y)| = O
(
δi,j |y| + ε

3
4
)
, y ∈ 1

δi,j
Aij ,

and particularly, sup 1
δi,j

Aij
|Θij(y)| = O(1) as ε → 0.

Proof. Lemma C.0.1 implies that

Θij(y) = − log(2α2
i ) − αi log δi,j + αi%(ξj)

2

Hg(ξj , ξj) +
∑
j′ 6=j

Gg(ξj′ , ξj)


−1

2
∑
i′<i

−2αi′ log(δi,j |y|) + αi′%(ξj)
2

Hg(ξj , ξj) +
∑
j′ 6=j

Gg(ξj′ , ξj)

+ O
(

δ
αi′
i′,j

δ
αi′
i,j |y|αi′

)
−1

2
∑
i′>i

−2αi′ log δi′,j + αi′%(ξj)
2

Hg(ξj , ξj) +
∑
j′ 6=j

Gg(ξj′ , ξj)

+ O
(
δ
αi′
i,j |y|αi′

δ
αi′
i′,j

)

+ log Vi(ξj) + log(2ε) − (αi − 2) log(δi,j |y|) + O
( 2∑
l=1

δαl
l,j | log δl| + δi,j |y|

)

=

−αi log δi,j +
∑
i′>i

αi′ log δi′,j − log(2α2
i ) + %(ξj)

2

αi − 1
2
∑
i′ 6=i

αi′


·

Hg(ξj , ξj) +
∑
j′ 6=j

Gg(ξj′ , ξj)

+ log Vi(ξj) + log(2ε)

+

∑
i′<i

αi′ − (αi − 2)

 log(δi,j |y|)

+
∑
i′<i

O
(

δ
αi′
i′,j

δ
αi′
i,j |y|αi′

)
+
∑
i′>i

O
(
δ
αi′
i,j |y|αi′

δ
αi′
i′,j

)
+ O

( 2∑
l=1

δαl
l,j | log δl| + δi,j |y|

)
.

Recall αi, δi,j and di,j are defined by (5.1.3), (5.1.4) and (5.1.5), respectively. Immediately, the

last and second terms vanish on the equation above given the fact that

αi log δi,j −
∑
i′>i

αi′ log δi′,j + log(2α2
i ) − %(ξj)

2

αi − 1
2
∑
i′ 6=i

αi′

Hg(ξj , ξj) +
∑
j′ 6=j

Gg(ξj′ , ξj)


− log Vi(ξj) − log(2ε) = 0,

and
∑
i′<i αi′ − (αi − 2) = 0, for any i = 1, 2 and j = 1, . . . ,m. Hence, we derive that

Θij(y) =
∑
i′<i

O
(

δ
αi′
i′,j

δ
αi′
i,j |y|αi′

)
+
∑
i′>i

O
(
δ
αi′
i,j |y|αi′

δ
αi′
i′,j

)
+ O

( 2∑
l=1

δαl
l,j | log δl| + δi,j |y|

)
.

The estimates (5.1.3) and (4.2.4) imply that O(δαi
i,j | log δi,j |) = O(ε log |ε|), for i = 1, 2 and
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j = 1, . . . ,m. For y ∈ 1
δi,j

Aij , we have
√
δi−1,j/δi,j ≤ |y| <

√
δi+1,j/δi,j . If i′ < i,

O
(

δ
αi′
i′,j

δ
αi′
i,j |y|αi′

)
= O

( δ2
i′,j

δi,jδi−1,j

)αi′/2 = O

(δi−1,j
δi,j

)αi′/2
 = O

(
ε

3
2 ·22−2i+i′

)
= O(ε

3
4 );

if i′ > i,

∑
i′>i

O
(
δ
αi′
i,j |y|αi′

δ
αi′
i′,j

)
= O

(δi,jδi+1,j
δ2
i′,j

)αi′/2
 = O

( δi,j
δi+1,j

)αi′/2
 = O

(
ε

3
8 ·22−2i+i′

)
+ O(ε

3
2 ).

Moreover, O(δi,j |y|) = O(1). Lemma C.0.3 is complete.

Lemma C.0.4. For i = 1, 2, there exists p0 > 1 such that for any p ∈ (1, p0)

∥∥∥∥∥∥2εVieWi,ε −
m∑
j=1

χje
−ϕj |yξj

|αi−2eU
i
j

∥∥∥∥∥∥
p

= O
(
ε

2−p
4p

)
,

as ε → 0.

Proof. Applying Lemma C.0.1, we have for any i = 1, 2 and x ∈ Σ \
⋃m
j=1 Ur0(ξj),

Wi,ε(x) =
m∑
j=1

PU ij − 1
2

2∑
i′=1
i′ 6=i

m∑
j=1

PU i
′
j =

m∑
j=1

%(ξj)
2

αi − 1
2

2∑
i′=1
i′ 6=i

αi′

Gg(x, ξj) + O
( 2∑
i=1

δαi
i,j | log δi,j |

)

= O(1).

By straightforward calculation, we deduce that

∫
Σ

∣∣∣∣∣∣2εVieWi,ε −
m∑
j=1

χje
−ϕj |yξj

|αi−2eU
i
j

∣∣∣∣∣∣
p

dvg =
m∑
j=1

∫
Ur0 (ξj)

∣∣∣2εVieWi,ε − e−ϕj |yξj
|αi−2eU

i
j

∣∣∣p dvg
+O

(
εp + δαip

i,j

)
=

m∑
j=1

∫
1

δi,j
B

ξj
r0 (ξj)

∣∣∣∣2εVi ◦ y−1
ξj

(δi,jy)eϕξj
◦y−1

ξj
(δi,jy)

e
Wi,ε◦y−1

ξj
(δi,jy) − |δi,jy|αi−2e

U i
j◦y−1

ξj
(δi,jy)

∣∣∣∣p dvg
+O

(
εp + δαip

i,j

)
= 2α2

i

m∑
j=1

∫
Ωij

|δi,j |2−2p|y|(αi−2)p

(1 + |y|αi)2p

∣∣∣eΘij(y) − 1
∣∣∣p dy + O

(
εp + δαip

i,j

)
.

Observing that Ωij ⊂
⋃2
l=1

1
δi,j

Alj , we intend to compute the integral
∫

Ωij

|δi,j |2−2p|y|(αi−2)p

(1+|y|αi )2p

∣∣∣eΘij(y) − 1
∣∣∣p dy
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by dividing it into two regions: Ωij ∩ 1
δi,j

A1j and Ωij ∩ 1
δi,j

A2j . Lemma C.0.3 yields that

∫
Ωij∩ 1

δi,j
Aij

|δi,j |2−2p|y|(αi−2)p

(1 + |y|αi)2p

∣∣∣eΘij(y) − 1
∣∣∣p dy

= O

∫
Ωij∩ 1

δi,j
Aij

|δi,j |2−2p|y|(αi−2)p

(1 + |y|αi)2p |Θij(y)|p dy


= O

∫
Ωij∩ 1

δi,j
Aij

|δi,j |2−2p |y|(αi−2)p

(1 + |y|αi)2p

∣∣∣δi,j |y| + ε
3
4

∣∣∣p dy


= O
(
δ2−p
i,j + δ2−2p

i,j ε
3
4p
) (4.2.4)= O(ε(1−p)23−2i+ 3

4p + ε(2−p)22−2i) = O(ε
2−p

4 ).

For i′ 6= i,

∫
Ωij∩ 1

δi,j
Ai′j

|δi,j |2−2p|y|(αi−2)p

(1 + |y|αi)2p

∣∣∣eΘij(y) − 1
∣∣∣p dy (C.0.2)

≤ 2p
∫

Ωij∩ 1
δi,j

Ai′j

|δi,j |2−2p|y|(αi−2)p

(1 + |y|αi)2p dy + 2p
∫

Ωij∩ 1
δi,j

Ai′j

|δi,j |2−2p|y|(αi−2)p

(1 + |y|αi)2p

∣∣∣eΘij(y)
∣∣∣p dy.

For the first term of (C.0.2), applying (4.2.4) we have

∫
Ωij∩ 1

δi,j
Ai′j

|δi,j |2−2p|y|(αi−2)p

(1 + |y|αi)2p dy = O

∫√
δi′−1,j δi′,j

δij
≤|y|≤

√
δi′,j δi′+1,j

δij

|δi,j |2−2p|y|(αi−2)p

(1 + |y|αi)2p dy



=


O

(
δ2−2p
i,j

(√
δi′,jδi′+1,j

δi,j

)(αi−2)p+2
)

= O

δ2−2p
i,j

(
δi′,j

δi′+1,j

) (αi−2)p+2
2

 if i > i′

O

(
δ2−2p
i,j

(
δi,j√

δi′−1,jδi′,j

)(αj+2)p−2
)

= O

δ2−2p
i,j

(
δi′−1,j

δi′,j

) (αi+2)p−2
2

 if i < i′

,

=


O
(
ε−(p−1)23−2i+ 3

4 (2i−1p−p+1)
)

if i > i′

O
(
ε−(p−1)23−2i+ 3

4 (2i−1p+p−1)
)

if i < i′

= O(ε
2−p

4 ),

for p > 1 sufficiently close to 1. To estimate the second term of (C.0.2), via Lemma 5.1.18 we

derive that

∫
Ωij∩ 1

δi,j
Ai′j

|δi,j |2−2p|y|(αi−2)p

(1 + |y|αi)2p

∣∣∣eΘij(y)
∣∣∣p dy

= O

εpδ2−2p
i,j

∫
Ωij∩ 1

δi,j
Ai′j

(
Πi′ 6=i(δ

αi′
i′,j + δ

αi′
i,j |y|αi′ )

(1 + |y|αi)2

)p
dy

 .
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Recall that δi,j = O(ε) and δ2,j = O(ε
1
4 ). We have for i = 1

εpδ2−2p
1,j

∫
Ω1j∩ 1

δ1,j
A2j

(
δα2

2,j + δα2
1,j |y|α2)

(1 + |y|α1)2

)p
dy

= εpδ2−2p
1,j δα2p

2,j O

∫
|y|≥
√

δ2,j
δ1,j

1
|y|2α1p

dy

+ εpδ2−2p+α2p
1,j O

∫
Ωij∩

{
|y|≥
√

δ2,j
δ1,j

} 1dy


= O

(
εpδ2−2p+1+α1p

1,j δα2p−α1p−1
2,j + εpδα2p−2p

1,j

)
= O(εp);

for i = 1.

εpδ2−2p
2,j

∫
Ω2j∩ 1

δ2,j
A1j

(
δα1

1,j + δα1
2,j |y|α1)

(1 + |y|α2)2

)p
dy

= εpδ2−2p
2,j δα1p

1,j O

∫
|y|≤
√

δ1,j
δ2,j

1dy

+ εpδ2−2p+α1p
2,j O

∫
|y|≤
√

δ1,j
δ2,j

|y|α1pdy


= O

(
εpδα1p+1

1,j δ1−2p
2,j + εpδ

1
2α1p+1
1,j δ

1−2p+ 1
2α1p

2,j

)
= O(εp).

Hence, we obtain that

∫
Ωij∩ 1

δi,j
Ai′j

|δi,j |2−2p|y|(αi−2)p

(1 + |y|αi)2p

∣∣∣eΘij(y)
∣∣∣p dy = O(ε

2−p
4 ).

Lemma C.0.5. For any p ≥ 1 and r > 1, there are positive constants c1, c2 such that for any

ε > 0, the following estimates hold for any φ1, φ2 ∈ H1 and any i = 1, 2:

‖εVieWi,ε(eφ1 − 1 − φ1)‖p ≤ c1e
c2‖φ1‖2

ρ
2−2pr

4pr ‖φ1‖2, (C.0.3)

and

‖εVieWi,ε(eφ1 − eφ2 − (φ1 − φ2))‖p (C.0.4)

≤ c1e
c2(‖φ1‖2+‖φ2‖2)ρ

2−2pr
4pr (‖φ1‖ + ‖φ2‖)‖φ1 − φ2‖.

Proof. By the mean value theorem, for some s ∈ (0, 1)

|(eφ1 − eφ2 − (φ1 − φ2)| ≤
∣∣∣esφ1+(1−s)φ2 − 1

∣∣∣ |φ1 − φ2| ≤ e|φ1|+|φ2||φ1 − φ2|(|φ1| + |φ2|).
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The Hölder inequality, Sobolev inequality and Moser-Trudinger inequality yield that

(∫
Σ
V p
i e

p
∑m

j=1(PU i
j− 1

2
∑

i′ 6=i
PU i′

j )|eφ1 − eφ2 − (φ1 − φ2)|pdvg
)1/p

≤ C
2∑

h=1

(∫
Σ
V p
i e

p
∑m

j=1(PU i
j− 1

2
∑

i′ 6=i
PU i′

j )(e|φ1|+|φ2||φ1 − φ2||φh|)pdvg
)1/p

≤ C
2∑

h=1

(∫
Σ
V pr
i e

pr
∑m

j=1(PU i
j− 1

2
∑

i′ 6=i
PU i′

j )
dvg

) 1
pr
(∫

Σ
eps(|φ1|+|φ2|)dvg

) 1
ps

(∫
Σ

|φ1 − φ2|pt|φh|ptdvg
) 1

pt

≤ C
2∑

h=1

(∫
Σ
V pr
i e

pr
∑m

j=1(PU i
j− 1

2
∑

i′ 6=i
PU i′

j )
dvg(x)

) 1
pr

e
ps
8π

(‖φ1‖2+‖φ2‖2)‖φ1 − φ2‖‖φh‖,

where r, s, t ∈ (1,+∞), 1
r + 1

s + 1
t = 1. Applying Lemma C.0.4, we deduce that

‖2εVieWi,ε‖pr ≤

∥∥∥∥∥∥2εVieWi,ε −
m∑
j=1

χje
−ϕj |yξj

|αi−2eU
i
j

∥∥∥∥∥∥
pr

+
m∑
j=1

∥∥∥χje−ϕj |yξj
|αi−2eU

i
j

∥∥∥
pr

≤
m∑
j=1

∥∥∥χje−ϕj |yξj
|αi−2eU

i
j

∥∥∥
pr

+ O(ε
2−pr

4 ).

Lemma C.0.1 implies that

∫
Σ
χprj e

−prϕj |yξj
|pr(αi−2)eprU

i
jdvg(x) = O

(
δ2−2pr
i,j

∫
Ωij

(
|y|αi−2

(1 + |y|αi)2

)pr
dy

)
+ O(δαi

i,j)

= O(δ2−2pr
i,j ) = O(ε

2−2pr
4 ).

Let φ2 ≡ 0, and then (C.0.3) follows.

153



154



Bibliography

[ABF23] Mohameden Ahmedou, Thomas Bartsch, and Tim Fiernkranz. Equilibria of vortex

type Hamiltonians on closed surfaces. Topol. Methods Nonlinear Anal., 61(1):239–

256, 2023.

[Abr63] Ralph Abraham. Transversality in manifolds of mappings. Bull. Amer. Math. Soc.,

69:470–474, 1963.

[ADN59] S. Agmon, A. Douglis, and L. Nirenberg. Estimates near the boundary for solutions

of elliptic partial differential equations satisfying general boundary conditions. i.

Comm. Pure Appl. Math., 12:623–727, 1959.

[Ahl78] Lars V. Ahlfors. Complex Analysis: An Introduction to the Theory of Analytic Func-

tions of One Complex Variable. International Series in Pure and Applied Mathe-

matics. McGraw-Hill, 3 edition, 1978.

[AP16] Oscar Agudelo and Angela Pistoia. Boundary concentration phenomena for the

higher-dimensional Keller-Segel system. Calc. Var., 55:132, 2016.

[AW14] Weiwei Ao and Liping Wang. New concentration phenomena for SU(3) Toda system.

J. Differential Equations, 256:1548–1580, 2014.

[Bat19] Luca Battaglia. A general existence result for stationary solutions to the Keller-

Segel system. Discrete Contin. Dyn. Syst., 39(2):905–926, 2019.

[Ber57] Lipman Bers. Riemann Surfaces. Courant Institute Lecture Notes. Courant In-

stitute of Mathematical Sciences, New York University, New York, 1957. Lecture

notes from 1957-58.

[BGH+20] Daniele Bartolucci, Changfeng Gui, Yeyao Hu, Aleks Jevnikar, and Wen Yang.

Mean field equations on tori: existence and uniqueness of evenly symmetric blow-

up solutions. Discrete Contin. Dyn. Syst., 40(6):3093–3116, 2020.

155



[Bil98] Piotr Biler. Local and global solvability of some parabolic system modeling chemo-

taxis. Adv. Math. Sci. Appl., 8:715–743, 1998.

[BJMR15] Luca Battaglia, Aleks Jevnikar, Andrea Malchiodi, and David Ruiz. A general

existence result for the Toda system on compact surfaces. Adv. Math., 285:937–

979, 2015.

[BJRW88] John Bolton, Gary R. Jensen, Marco Rigoli, and Lyndon M. Woodward. On con-

formal minimal immersions of S2 into CPn. Math. Ann., 279(4):599–620, 1988.

[BM91] Haïm Brezis and Frank Merle. Uniform estimates and blow-up behavior for solutions

of −∆u = V (x)eu in two dimensions. Commun. Partial Differ. Equ., 16(8-9):1223–

1253, 1991.

[BMP19] Thomas Bartsch, Anna Maria Micheletti, and Angela Pistoia. The morse prop-

erty for functions of Kirchhoff-Routh path type. Discrete Contin. Dyn. Syst. - S,

12(7):1867–1877, 2019.

[BP98] Sami Baraket and Frank Pacard. Construction of singular limits for a semilinear

elliptic equation in dimension 2. Calc. Var. Partial Differential Equations, 6(1):1–

38, 1998.

[BW97] John. Bolton and Lyndon M. Woodward. Some geometrical aspects of the 2-

dimensional Toda equations. In Geometry, Topology and Physics, pages 69–81,

Berlin, 1997. Campinas, de Gruyter.

[CD87] Wen Xiong Chen and Wei Yue Ding. Scalar curvatures on S2. Trans. Amer. Math.

Soc., 303(1):365–382, 1987.

[CGY93] Sun-Yung A. Chang, Matthew J. Gursky, and Paul C. Yang. The scalar curvature

equation on 2- and 3-spheres. Calc. Var. Partial Differential Equations, 1(2):205–

229, 1993.

[Che55] Shiing-shen Chern. An elementary proof of the existence of isothermal parameters

on a surface. Proc. Amer. Math. Soc., 6:771–782, 1955.

[Chi84] Stephen Childress. Chemotactic collapse in two dimensions. In Modelling of patterns

in space and time, pages 61–66. Springer, 1984.

[CK94] Sagun Chanillo and Michael Kiessling. Rotational symmetry of solutions of some

nonlinear problems in statistical mechanics and in geometry. Commun. Math. Phys,

160(2):217–238, 1994.

156



[CL93] Kung Ching Chang and Jia Quan Liu. On Nirenberg’s problem. Internat. J. Math.,

4(1):35–58, 1993.

[CL03] Chiun-Chuan Chen and Chang-Shou Lin. Topological degree for a mean field equa-

tion on Riemann surfaces. Comm. Pure Appl. Math., 56(12):1667–1727, 2003.

[CLMP92] Emanuele Caglioti, Pierre-Louis Lions, Carlo Marchioro, and Mario Pulvirenti. A

special class of stationary flows for two-dimensional euler equations: a statistical

mechanics description. Commun. Math. Phys, 143(3):501–525, 1992.

[CLMP95] Emanuele Caglioti, Pierre-Louis Lions, Carlo Marchioro, and M Pulvirenti. A spe-

cial class of stationary flows for two-dimensional euler equations: a statistical me-

chanics description. part Ii. Commun. Math. Phys, 174(2):229–260, 1995.

[CW87] Shiing-Shen Chern and Jon G. Wolfson. Harmonic maps of the two-sphere into a

complex grassmann manifold. ii. Ann. of Math., 125(2):301–335, 1987.

[CY87] Sun-Yung Alice Chang and Paul C. Yang. Prescribing Gaussian curvature on S2.

Acta Math., 159(3-4):215–259, 1987.

[CY88] Sun-Yung A. Chang and Paul C. Yang. Conformal deformation of metrics on S2.

J. Differential Geom., 27(2):259–296, 1988.

[CY95] Luis A. Caffarelli and Yi Song Yang. Vortex condensation in the Chern-Simons

Higgs model: an existence theorem. Comm. Math. Phys., 168(2):321–336, 1995.

[Dja08] Zindine Djadli. Existence result for the mean field problem on Riemann surfaces of

all genuses. Commun. Contemp. Math., 10(2):205–220, 2008.

[DJL+01] Weiyue Ding, Jürgen Jost, Jiayu Li, Xiaowei Peng, and Guofang Wang. Self duality

equations for Ginzburg-Landau and Seiberg-Witten type functionals with 6th order

potentials. Comm. Math. Phys., 217(2):383–407, 2001.

[DJLW97] Weiyue Ding, Jürgen Jost, Jiayu Li, and Guofang Wang. The differential equation

∆u = 8π − 8πheu on a compact Riemann surface. Asian J. Math., 1(2):230–248,

1997.

[DJLW99a] Weiyue Ding, Jürgen Jost, Jiayu Li, and Guofang Wang. Existence results for mean

field equations. Ann. Inst. H. Poincaré C Anal. Non Linéaire, 16(5):653–666, 1999.

157



[DJLW99b] Weiyue Ding, Jürgen Jost, Jiayu Li, and Guofang Wang. Multiplicity results for the

two-vortex Chern-Simons Higgs model on the two-sphere. Comment. Math. Helv.,

74(1):118–142, 1999.

[DJPT91] Gerald V. Dunne, R. Jackiw, So-Young Pi, and Carlo A. Trugenberger. Self-dual

Chern-Simons solitons and two-dimensional nonlinear equations. Phys. Rev. D,

43:1332–1345, 1991.

[DM08] Zindine Djadli and Andrea Malchiodi. Existence of conformal metrics with constant

Q-curvature. Ann. of Math. (2), 168(3):813–858, 2008.

[Dol97] Adam Doliwa. Holomorphic curves and Toda systems. Lett. Math. Phys., 39(1):21–

32, 1997.

[DPEM12] M. Del Pino, P. Esposito, and M. Musso. Nondegeneracy of entire solutions of a

singular Liouville equation. Proc. Amer. Math. Soc., 140:581–588, 2012.

[dPKM05] Manuel del Pino, Michal Kowalczyk, and Monica Musso. Singular limits in Liouville-

type equations. Calc. Var. Partial Differ. Equ., 24(1):47–81, 2005.

[dPPV16] Manuel del Pino, Angela Pistoia, and Giusi Vaira. Large mass boundary conden-

sation patterns in the stationary Keller-Segel system. J. Differential Equations,

261:3414–3462, 2016.

[DPR15] Teresa D’Aprile, Angela Pistoia, and David Ruiz. A continuum of solutions for the

SU(3) Toda system exhibiting partial blow-up. Proc. Lond. Math. Soc., 111(4):797–

830, 2015.

[DPR16] Teresa D’Aprile, Angela Pistoia, and David Ruiz. Asymmetric blow-up for the

SU(3) Toda system. J. Funct. Anal., 271(3):495–531, 2016.

[dPW06] Manuel del Pino and Juncheng Wei. Collapsing steady states of the Keller-Segel

system. Nonlinearity, 19(3):661–684, 2006.

[Dun95] Gerald V. Dunne. Self-dual Chern-Simons theories. Lecture Notes in Physics.

Springer, Berlin, 1995.

[EF14] Pierpaolo Esposito and Pablo Figueroa. Singular mean field equations on compact

Riemann surfaces. Nonlinear Anal., 111:33–65, 2014.

158



[EGP05] Pierpaolo Esposito, Massimo Grossi, and Angela Pistoia. On the existence of

blowing-up solutions for a mean field equation. Ann. Inst. H. Poincaré Anal. Non

Linéaire., 22(2):227–257, 2005.

[Fig23] Pablo Figueroa. Bubbling solutions for mean field equations with variable intensities

on compact Riemann surfaces. J. d’Analyse Math., DOI 10.1007/s11854-023-0303-

2, 2023.

[GT01] David Gilbarg and Neil S. Trudinger. Elliptic Partial Differential Equations of

Second Order. Classics in Mathematics. Berlin, Heidelberg, 2 edition, 2001.

[Gue97] Martin A. Guest. Harmonic maps, loop groups, and integrable systems, volume 38

of London Mathematical Society Student Texts. Cambridge University Press, Cam-

bridge, 1997.

[HB24] Zhengni Hu and Thomas Bartsch. The morse property of limit functions appearing

in mean field equations on surfaces with boundary. J. Geom. Anal., 34:220, 2024.

[Hen05] Daniel Henry. Perturbation of the Boundary in Boundary-Value Problems of Partial

Differential Equations. London Mathematical Society Lecture Note Series. Cam-

bridge University Press, Cambridge, 2005.

[IN06] S. V. Ivanov and A. I. Nazarov. Weighted Sobolev-type embedding theorems for

functions with symmetries. St. Petersburg Math. J., 18(1):77–88, 2006.

[JKM15] Aleks Jevnikar, Sadok Kallel, and Andrea Malchiodi. A topological join construction

and the Toda system on compact surfaces of arbitrary genus. Anal. PDE, 8(8):1963–

2027, 2015.

[JLW05] Jürgen Jost, Changshou Lin, and Guofang Wang. Analytic aspects of the Toda

system: II. bubbling behavior and existence of solutions. Comm. Pure Appl. Math.,

58(4):526–558, 2005.

[JW01] Jürgen Jost and Guofang Wang. Analytic aspects of the Toda system: I. A Moser-

Trudinger inequality. Comm. Pure Appl. Math., 54(11):1289–1319, 2001.

[Kie93] Michael K.-H. Kiessling. Statistical mechanics of classical particles with logarithmic

interactions. Comm. Pure Appl. Math., 46(1):27–56, 1993.

[KS70] Evelyn F. Keller and Lee A. Segel. Initiation of slime mold aggregation viewed as

an instability. J. Theor. Biol., 26(3):399–415, 1970.

159



[KW74] Jerry Kazdan and Frank Warner. Curvature functions for compact 2-manifolds.

Ann. Math., 99:14–47, 1974.

[Li97] Yanyan Li. On a singularly perturbed elliptic equation. Advances in Differential

Equations, 2:955–980, 1997.

[Lin41] Chia-Ch’iao Lin. On the motion of vortices in two dimensions. i. existence of the

kirchhoff-routh function. Proc. Natl. Acad. Sci., 27(11):570–575, 1941.

[Lin00] Chang-Shou Lin. Topological degree for mean field equations on S2. Duke Math.

J., 104(3):501 – 536, 2000.

[LL05] Jiayu Li and Yuxiang Li. Solutions for Toda systems on Riemann surfaces. Ann.

Sc. Norm. Super. Pisa Cl. Sci., 4:703–728, 2005.

[LLWY18] Youngae Lee, Chang-Shou Lin, Juncheng Wei, and Wen Yang. Degree counting

and Shadow system for Toda system of rank two: One bubbling. J. Differential

Equations, 264(7):4343–4401, April 2018.

[LSY23] Jiayu Li, Linlin Sun, and Yunyan Yang. The boundary value problem for the mean

field equation on a compact Riemann surface. Sci. China Math., 66:115–142, 2023.

[LWY12] Chang-Shou Lin, Juncheng Wei, and Dong Ye. Classification and nondegeneracy of

SU(N+1) Toda system with singular sources. Invent. math., 190:169–207, 2012.

[LWZ12] Chang-Shou Lin, Juncheng Wei, and Chunyi Zhao. Sharp estimates for fully bub-

bling solutions of a SU(3) Toda system. Geom. Funct. Anal., 22(6):1591–1635,

December 2012.

[MN07] Andrea Malchiodi and Cheikh Birahim Ndiaye. Some existence results for the Toda

system on closed surfaces. Rend. Lincei Mat. Appl., 18:391–412, 2007.

[Mos73] Jürgen K. Moser. On a nonlinear problem in differential geometry. In Dynamical

systems (Proc. Sympos., Univ. Bahia, Salvador, 1971), pages 273–280. Academic

Press, New York-London, 1973.

[MPW16] Monica Musso, Angela Pistoia, and Juncheng Wei. New blow-up phenomena for

SU(N+ 1) Toda system. J. Differential Equations, 260(7):6232–6266, April 2016.

[MR10] Andrea Malchiodi and David Ruiz. New improved Moser–Trudinger inequalities

and singular Liouville equations on compact surfaces. Geom. Funct. Anal., 21:1196–

1217, 2010.

160



[MW01] Li Ma and Juncheng C. Wei. Convergence for a Liouville equation. Comment.

Math. Helv., 76(3):506–514, 2001.

[NS90] Ken’ichi Nagasaki and Takashi Suzuki. Asymptotic analysis for two-dimensional el-

liptic eigenvalue problems with exponentially dominated nonlinearities. Asymptotic

Anal., 3(2):173–188, 1990.

[NT91] Wei-Ming Ni and Izumi Takagi. On the shape of least-energy solutions to a semi-

linear Neumann problem. Comm. Pure Appl. Math., 44(7):819–851, 1991.

[NT98] Margherita Nolasco and Gabriella Tarantello. On a sharp Sobolev-type inequality

on two-dimensional compact manifolds. Arch. Ration. Mech. Anal., 145(2):161–195,

1998.

[NT99] Margherita Nolasco and Gabriella Tarantello. Double vortex condensates in the

Chern-Simons theory. Calc. Var. and P.D.E., 9:31–94, 1999.

[NT00] Margherita Nolasco and Gabriella Tarantello. Vortex condensates for the SU(3)

Chern-Simons theory. Comm. Math. Phys., 213(3):599–639, 2000.

[Pom92] Christian Pommerenke. Boundary Behaviour of Conformal Maps. Grundlehren der

mathematischen Wissenschaften. Springer Berlin Heidelberg, 1 edition, 1992.

[PV15] Angela Pistoia and Giusi Vaira. States with unbounded mass of the Keller-Segel

system. Proc. Roy. Soc. Edinburgh Sect. A, 145(1):203–222, 2015.

[Qui70] Frank Quinn. Transversal approximation on banach manifolds. In Proc. Sympos.

Pure Math., volume XV, pages 213–222. 1970.

[Sch85] Renate Schaaf. Stationary solutions of chemotaxis systems. Trans. Amer. Math.

Soc., 292:531–556, 1985.

[SS00] Takasi Senba and Takashi Suzuki. Some structures of the solution set for a station-

ary system of chemotaxis. Adv. Math. Sci. Appl., 10:191–224, 2000.

[ST98] Michael Struwe and Gabriella Tarantello. On multivortex solutions in Chern-Simons

gauge theory. Boll. Unione Mat. Ital. Sez. B Artic. Ric. Mat. (8), 1(1):109–121,

1998.

[Suz92] Takashi Suzuki. Two dimensional Emden-Fowler equation with exponential nonlin-

earity. In N. G. Lloyd, W. M. Ni, L. A. Peletier, and J. Serrin, editors, Nonlinear

161



Diffusion Equations and Their Equilibrium States, 3: Proceedings from a Con-

ference held August 20–29, 1989 in Gregynog, Wales, pages 493–512. Birkhäuser

Boston, Boston, MA, 1992.

[Tar96] Gabriella Tarantello. Multiple condensate solutions for the chern–simons–higgs the-

ory. J. Math. Phys, 37(8):3769–3796, 1996.

[Weh04] Katrin Wehrheim. Uhlenbeck Compactness. European Mathematical Society, 2004.

[WW02] Guofang Wang and Juncheng Wei. Steady state solutions of a reaction-diffusion

system modeling Chemotaxis. Math. Nachr., 233-234(1):221–236, 2002.

[Yan99] Yisong Yang. The relativistic non-abelian Chern-Simons equation. Comm. Math.

Phys., 186(1):199–218, 1999.

[Yan01] Yisong Yang. Solitons in Field Theory and Nonlinear Analysis. Springer Mono-

graphs in Mathematics. Springer, New York, 2001.

[Yan06] Yunyan Yang. Extremal functions for Moser-Trudinger inequalities on 2-

dimensional compact Riemannian manifolds with boundary. Int. J. Math.,

17(3):313–330, 2006.

[YZ21] Yunyan Yang and Jie Zhou. Blow-up analysis involving isothermal coordinates on

the boundary of compact Riemann surface. J. Math. Anal. Appl., 504(2):125440,

2021.

162



Statement

I declare that I have completed this dissertation single-handedly without the unauthorized

help of a second party and only with the assistance acknowledged therein. I have appropriately

acknowledged and cited all text passages that are derived verbatim from or are based on the

content of published work of others, and all information relating to verbal communications. I

consent to the use of an anti-plagiarism software to check my thesis. I have abided by the

principles of good scientific conduct laid down in the charter of the Justus Liebig University

Gießen “Satzung der Justus-Liebig-Universität Gießen zur Sicherung guter wissenschaftlicher

Praxis” in carrying out the investigations described in the dissertation.

Gießen, 10.10.2024 Zhengni Hu

163


	Abstract
	List of induced articles
	Acknowledgements
	Preface
	1 Introduction
	1.1 Mean field type equations
	1.2 Toda systems

	2 Preliminaries
	2.1 Notations
	2.2 Isothermal coordinates
	2.3 Regularity for Neumann boundary problems on surfaces
	2.4 Green's functions
	2.5  C1-stable critical point set
	2.6 Kirchhoff-Routh type functions
	2.7 Lyapunov–Schmidt reduction

	I Mean field type equations
	3 Blow-up solutions for mean field type equations
	3.1 Construction of blow-up solutions
	3.1.1 Approximation solutions
	3.1.2 Lyapunov-Schmidt reduction
	3.1.3  The reduced functional and its expansion

	3.2 Proof of main results


	II Toda systems
	4 Partial blow-up solutions for Toda systems
	4.1 Properties of the shadow system
	4.2 Construction of partial blow-up solutions
	4.2.1 Approximation solutions
	4.2.2  Lyapunov-Schmidt reduction
	4.2.3  The reduced functional and its expansion

	4.3 Proof of main results

	5 Asymmetric blow-up solutions for Toda systems
	5.1 The construction of asymmetric blow-up solutions
	5.1.1 Approximation solutions
	5.1.2 The linearized operator
	5.1.3 Nonlinear problem

	5.2 Proof of main results

	A Estimates for Chapter 3
	B Estimates for Chapter 4
	C Estimates for Chapter 5
	Bibliography


