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Abstract

This dissertation studies mean field type equations and the SU(3) Toda system, significant
topics both in mathematical physics and differential geometry, with wide-ranging applications.
Its primary focus lies in the construction of mixed boundary —interior bubbling solutions on
Riemann surfaces with boundary, which exhibit blow-up at prescribed numbers of points in the
interior and on the boundary as the parameters approach critical values.

For mean field type equations and partial blow-up solutions of Toda systems, variational
methods and Lyapunov-Schmidt reduction are employed to construct the solutions. However, for
asymmetric blow-up solutions of Toda systems, due to the intricate limit profiles, the Lyapunov-
Schmidt reduction cannot be applied directly. Herein, we introduce the “k-symmetric” condition
for the surface and utilize singular perturbation methods to construct a family of bubbling
solutions that blows up at “k-symmetric centers” of the surface.

The dissertation is organized into two parts: one exploring blow-up solutions for mean field
type equations and the other for the SU(3) Toda system. Each part delves into the construction
of blow-up solutions under various scenarios.

Keywords: Mean field equations, Toda system, Blow-up solutions, Lyapunov-Schmidt re-

duction
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Preface

Mean field equations and Toda systems are important topics in mathematical physics and
differential geometry, influencing a broad spectrum of areas. Mean field equations, in particular,
are closely related to various problems such as the Kazdan-Warner problem [KW74, DJLW97,
NT98], the prescribed Gauss curvature problem [CY87,CD87,CGY93,CY88, CL9I3, Mos73], the
Chern-Simons-Higgs gauge theory [NT99, Tar96, DJLW99b, DJL 01, CY95], statistical mechan-
ics [CLMP92, CLMP95, DJLW99a, CK94, Kie93], and the Keller-Segel system for chemotaxis
collapse [SS00, WW02, KS70, Chi84, Bat19]. These connections imply the equation’s versatil-
ity and profound implications in theoretical and applied mathematics. Toda systems have a
strong connection with geometric constructs. They are associated with holomorphic curves
on surfaces in the CPV, flat SU(N + 1) connection, complete integrability, and harmonic se-
quences [Gue97, BJRWS88, Dol97, CW87,BW97]. In particular, for the two-dimensional sphere
S?2, the solution space of the SU(3) Toda system is identical to the space of holomorphic curves
of $? in CP? [LWY12]. In physics, Toda systems are one of the limiting equations of nonabelian
Chern-Simons gauge field theory (refer to [DJPT91,Dun95,NT99,NT00, Yan99, Yan01] and ref-
erences therein), which implies their significance in understanding complex physical phenomena.

Despite originating from various backgrounds, both mean field equations and Toda systems
can be viewed as generalizations of Liouville-type equations. The SU(3) Toda system can be
described as a coupled system comprising two mean field equations. The exponential non-
linearity of these equations significantly influences the behavior of the solutions, leading to
complex phenomena, including the potential for solutions to exhibit blow-up behavior under
specific conditions. Over the last two decades, mean field equations and Toda systems have
gained significant attention, stimulating fruitful research on their existence, uniqueness, and
blow-up phenomena.

This dissertation delves into the construction of blow-up solutions for mean field equations
and the SU(3) Toda system on compact Riemann surfaces with boundary, focusing on prob-
lems with Neumann boundary conditions. This setting addresses a gap in current research—
predominantly focused on bounded domains in R? or compact surfaces without boundaries—

and explores blow-up phenomena that may occur on the boundary.
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The dissertation is organized as follows:

Chapter 1 serves as the introduction, introducing the research problems, basic settings, and
stating the main results of this thesis.

Chapter 2 introduces basic concepts and tools for studying blow-up solutions on Riemann
surfaces with boundary. This chapter includes discussions on isothermal coordinates, regularity
theory, Green’s functions, Kirchhoff-Routh type functions, and Lyapunov-Schmidt reduction.

Subsequently, the dissertation is divided into two parts: Chapter 3 explores blow-up solutions
for mean field type equations; Chapter 4 and Chapter 5 delve into blow-up solutions for the
SU(3) Toda system.

Chapter 3 specifically aims to construct blow-up solutions on Riemann surfaces with bound-
aries through the variational method and Lyapunov-Schmidt reduction.

Chapter 4 addresses the construction of blow-up solutions that exhibit partial blow-up phe-
nomena, employing Lyapunov-Schmidt reduction. To deal with the component that does not
blow up, we must study the non-degeneracy of singular mean field equations coupled with a
balanced condition which is the so-called shadow system.

Chapter 5 studies asymmetric blow-ups of Toda system. The problem introduces additional
complexity due to its lack of proper approximation solutions, necessitating alternative techniques
or additional assumptions. Under the assumption of a “k-symmetric” property, the construction

of blow-up solutions for the surface is realized by singular perturbation methods.



CIREFMTHE, BREE, AR, KT KA.

"In the crowd I seek him a thousand times; suddenly, turning my head, I find

him there where the lights are dim."
-From Qiji Xin, poet of the Song Dynasty, in "Qing Yu An'
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1 Introduction

1.1 Mean field type equations

In the first part, we are interested in the existence of blow-up solutions of the following mean

field equations on a Riemann surface (¥, ¢g) with smooth boundary 9%:

Vet 1 0
—Aju= M\ — inX»
I <f2 Vetdo, ‘E|g> ,

(1.1.1)
Oy,u=0 on 9%

where g is the Riemann metric, Y =X \ 0¥ denotes the interior of X, v, is the unit outward
normal to the boundary 9%, A, is the Laplace-Beltrami operator, dv, is the volume element in

(2,9), |X]g = [s;dvg, V : ¥ — Ry is a smooth positive function, and A > 0 is a parameter.

The existence of solutions for mean field equations on Riemann surfaces has been widely stud-
ied in the past two decades, with most papers dealing with compact surfaces without boundary.

In that case, if A < 87 the functional

1
Ja(u) = 5/2 \Vul® dvy — Mog (/E Ve“dvg>

associated to (1.1.1) is bounded below and coercive on a subspace of H!(X) with average 0,

H (2) = {uGHI(E) : / udvg :0}.

b

Due to the Moser-Trudinger inequality, solutions of (1.1.1) can be obtained by minimizing Jy.
For A\ > 8x, the functional Jy is unbounded from below and above, making the problem more
complicated. In [ST98], Struwe and Tarantello proved the existence of non-trivial solutions on
the flat torus ¥ = R?/Z? for A € (8,47?). In [DJLW99a], Ding et al. studied the existence of
solutions on general compact Riemann surface with genus > 1 for A € (87, 167). Lin in [Lin00]

considered the case of the 2-dimensional unit sphere S? for A € (87, 16m)U (167, 247) by comput-
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ing the Leray-Schauder degree dy. In [CLO3] Chen and Lin generalized the result of [DJLW99a]
by computing dy for A ¢ 87N, . If the genus of ¥ is at least one, then dy # 0, hence (1.1.1) has
a solution. Unfortunately, when ¥ is a sphere and A € (87k,87(k+ 1)) with k£ > 2, then dy = 0,
so this method does not yield the existence of solutions. The first complete existence result for
a general compact surface was given by Djadli [Dja08]. He applied variational methods, and
the min-max scheme introduced by Djadli and Malchiodi in [DMO08] to obtain the existence of
a solution for A\ ¢ 87N,. In a very recent paper [LSY23], Li, Sun, and Yang considered the
mean field equation on compact Riemann surfaces with smooth boundary. They show that the
mean field equation with Dirichlet boundary conditions has a solution for A ¢ 87N, provided
the surface is not contractible. They also showed that the mean field equation with Neumann
boundary conditions (1.1.1) admits a solution for A ¢ 47N, even if ¥ is contractible.

For (1.1.1), blow-up solutions of mean field equations have been constructed for bounded
domains in R? with Dirichlet boundary conditions and compact surfaces without boundary. See
[BM91,dPKMO05,dPW06, EGP05, MW01,NS90,Suz92] for mean field equations on domains, and
[BGH'20,EF14, Fig23] for mean field equations on compact closed surfaces, and the references
therein.

In Chapter 3, we can consider a more general problem by introducing a linear source term

with parameter 5 > 0 as follows:

u 1 .
_Agu—i—ﬁu:)\( Ve ) in X

Js Verdo, (S, (1.1.2)

O, u=0 on 0%

9
where the parameters A\, 5 € R and V is a non-negative smooth function with a finite set of
zeros, denoted by {qi,---,q,} for some ¢ € N. Apparently, when f = 0 and V is a positive
function, (1.1.2) reduces to the classical mean field equation (1.1.1). The formulation in (1.1.2)
arises from the steady state of the Keller-Segel system; here, the Neumann boundary condition
serves as the natural boundary condition for models of chemotaxis phenomena.

In the one-dimensional case, Schaaf proved the existence of non-trivial solutions using a
bifurcation technique in [Sch85]. For the higher-dimensional case with dimension N > 3, we
refer to [AP16, PV15, Bil98| and references therein. We specifically focus on the case where
dimension N = 2. By Struwe’s technique and blow-up analysis, Wang and Wei in [WW02]
obtained non-constant solutions for § > Iﬁ/\l — A1 and A € (47, 400) \ 47N, where A; is the
first eigenvalue of —A with the Neumann boundary condition. Independently, Senba and Suzuki
deduced the same result in [SS00]. Battaglia generated their result for A € (0,400)\ 47N and 3

with any sign in [Bat19]. He proved the existence of nonconstant solutions with some algebraic
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conditions involved with 5, A and eigenvalues \; by the variational method and Morse theory.
However, when A approaches the critical value set 47N, , the blow-up phenomena may occur.
Del Pino and Wei in [dPWO06] constructed positive value bubbling solutions for the Neumann

boundary condition problem on a bounded domain © C R? for parameter 8 > 0

—Au+ fu=c¢e%" inQ
d,u=0 on 0f

, (1.1.3)

by the Lyapunov-Schmidt reduction as ¢ — 0. In particular, the sequence of bubbling solutions
blows up at k distinct points &1, - - - , &, inside the domain 2 and m—Fk distinct points &gy1,- -+ , &m

on the boundary of 2. Moreover, as € — 0

k m
Us — Z 8mde, + Z 4mog,,
i=1 i=k+1

in the sense of measures on X, where J¢ is Dirac mass concentrated at §. To the best of
the author’s knowledge, it is the first result concerning the construction of blow-up solutions
on the boundary for Liouville-type equations with Neumann boundary conditions. The tech-
nique so-called “localized energy method” developed to address blow-up points of the boundary

in [dPWO06] is very important for this project.

Subsequently, Del Pino, Pistoia, and Vaira in [d{PPV16] constructed solutions of (1.1.3) that

blow up along the whole boundary 9f).

Inspired by [dPWO06], we study the blow-up solutions of a generalized mean field equa-
tion (1.1.2) and naturally the blow-up solutions of (1.1.1) are constructed. Specifically, given
integers m > k > 0, we establish sufficient conditions for blow-up solutions. Moreover, the
precise locations of blow-up points are explicitly characterized by the stable critical point set of
a reduced function ]—",K ., defined by (2.6.2) in terms of Green’s function on ¥ and the potential
function V. It is noteworthy that we allow V to be 0 at ¢; for any ¢ = 1,--- ,¢ where ¢+ € N.
So, it is also possible to establish the existence of blow-up solutions for the following singular

problem:

. Vet 1 ~  ola) ( 1 ) e
Ayt + fu = A ~— — - ni——= |0y — = in ¥
! <fz Vetdug |E|g> Z 2 ! 1Zlg

=1

(1.1.4)
0, 0=0 on 0%

g

Here, o(z) = 87 when z € > and 47 when z € 9%, V is a positive smooth function, and

n; € N for i =1,--- .. Notably, the problem (1.1.4) is a special example of (1.1.2). We take
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(@) = a(z) + Yoy 290Gz, ) and V(z) = V(z)e 7 i M 232G @) where GI(-, q;) is
the Green’s function defined in Section 2.4. Then, u satisfies the equations (1.1.2) in which V'
is a nonnegative smooth function with the zero set {q1, -, ¢}

Our main challenge is that the Neumann boundary condition implies the potential occurrence
of blow-up points on the boundary. The estimates derived for the interior case cannot be
straightforwardly applied to the boundary scenario. To address this difficulty, we employ the
approximation solutions from [EF14] for closed Riemann surfaces with some modification on the
boundary and then use the Lyapunov-Schmidt reduction and variational methods to establish
a sufficient condition for the existence of bubbling solutions for A approaching the critical value
set 4N, .

Throughout this dissertation, we denote g(x) = 87 if x € Y and 47 if z € 8% and Neym =

4m(m + k). We define the configuration set as follows:
- _ vk m—k
Bk = 37 X (0%)" 7\ Fim (3),

where Fy, ,(3) :={{ = (&, ,&m) 1 & = & for some ¢ = j} is called the thick diagonal.
Let X' :={z € ¥ : V(x) > 0} and then we define that

E?mm = Epm N ()™

The main theorem in Chapter 3 is as follows:

Theorem 1.1.1. Given integers k <m € Ny. If (0 #)K CC E} , is a C'-stable critical point
set of Fy ., (see (2.6.2)), then there exists eg > 0 such that for any € € (0,¢¢) a family of blow-up
solutions uez of (1.1.2) with \e — A can be constructed. Furthermore, solutions u. blow up

precisely at points &1, -+ ,&m with § = (&1, ,&m) in K, (up to a subsequence), as e — 0

A Velke Ui
0 — Y é-’L 651’
fz etsdu, ;

which is convergent as measures on X.

We define the set of global minimum points of .7-",2/7 m as follows:

Kuin := {:r € Bkt Fim(§) = inf ]—',Xm} : (1.1.5)
:‘k,m

Corollary 1.1.2. Given integers 0 < k < m € Ny. Suppose K # 0. Then, the conclusions

in Theorem 1.1.1 hold. Furthermore, us has k local maximum points & in )y fori=1,---k

4



and m — k local mazimum points & restricted to the boundary 0Y fori=k+1,---,m such that

up to a subsequence (&5,---,&5,) converges to & :== (&1, ,&m) € Kmin with
hmfk’vm(fi 7E7En> - minflz/m - ]:lym(g)
EHO b E;c’m b b

Remark 1.1.3. If the zero set of V is empty, ]:Xm is divergent towards +o0o as & approaches
OZk,m (see Lemma 2.6.1). This divergence suggests the presence of at least one global minimum
point in the interior of =y ., i.e.

Additionally, a local minimum point is stable. Consequently, in this scenario, the blow-up solu-
tions must exist. However, when V(q) =0 for some q € X, a challenge arises. As & approaches
0=k m, there exist cases where the first two terms related to Green’s functions go to +oo while the
last term approaches —oco as & approaches to OE;CM, leading to complicated asymptotic behaviors

Of}—lZm'

1.2 Toda systems

In the second part, we consider the following Toda system on a Riemann surface > with

g) in %

in_fi ) (1'2'1)

Riemann metric g:

M‘_.

A — o (ovien 1\ veerr
g¥1 P fE Vie¥ldvg ‘E|g P2 fE Vae'2dvy ‘
Voe¥2 1 Vie®l

g¥2 P2 fE Vaet2dvg []g P fE Vietldvg

M‘H

\
&,gul = &,qu =0 on 0%

lg

where p; is a non-negative parameter and V; : ¥ — R, is a smooth positive function for any
i =1, 2. For simplicity, we normalize the area of ¥, i.e. [3|; = 1.

The system (1.2.1) has a variational structure with the corresponding energy functional

2
1 .
Jp(ur,uz) = /EQ(u,u)dvg + Zpi (m/zuidvg - log/z‘/;euzdvg) ,
i=1 9

where the parameter p = (p1, p2), and the bilinear map

_ 1L

1 1 1
3<V1)1, Vwi)g + §<VU2, Vws)g + 6<V’U2, Vwi)g + 6<V1}1, Vws)g

Q(v, w)

for v = (v1,v2) and w = (wy, we).

The weak solutions of (1.2.1) correspond to the critical points of the functional J, on H!(X) x
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H!(X). Nevertheless, we focus on solutions in the subspace of H!(X)x H!(X) where [x u;dv, = 0
for each i = 1,2. Both (1.2.1) and the energy functional J, exhibit invariance under the addition
of a constant; thus, our assumption does not impose a significant limitation. Define the inner
product (u,v) = [(Vu, Vv)gdv, for any u,v € HI(E). We study the functional J, on the space
0'(2) x H' () instead of HL(X) x HL(X).

The problem (1.2.1) is the classical SU(3) Toda system. The study of the Toda system on
compact Riemann surfaces without boundary has attracted considerable attention. A primary
tool for controlling the exponential terms in the Toda system is the Moser-Trudinger inequality,
which allows for the exponential term to be bounded by the H'-norm. A sharper version of this

inequality for the Toda system is given by Jost and Wang in [JWO01]:

47 log/ e"tdvg + 47r10g/ e"ldvg < / Q(u,u)dvy + Cx, u=(u1,u2) € HI(E) X HI(E).

. . . (1.2.2)
It implies that if p; < 47 for ¢ = 1,2 the functional J, is coercive and bounded from below. Via
the standard variational method, J, admits a minimizer. A crucial insight from [JWO01] reveals
that the functional J, is bounded from below if and only if p; < 47 for any ¢« = 1,2. However,
situations where the p;’s exceed the threshold of coercivity value 47 become more intricate. With
a certain constraint on the Gaussian curvature, Jost, Lin, and Wang [JLWO05] prove that .J, has a
minimizer when p; = 47 and p2 € (0,47). Independently, Li [LLO5] studies the case p; = 47 for
both ¢ = 1,2. For surfaces > with a positive genus, the Toda system has been shown to possess
solutions for p; ¢ 47Ny for i = 1,2 (see [BJMR15]). In general genus settings, Malchiodi and
Ndiaye in [MNO7] prove the existence of solutions for p; € (4mm,4m(m + 1)) and po € (0,47),
with m € N. Subsequent research has addressed cases where one of the parameters p; lies in
(4w, 87), confirming the existence of solutions on surfaces with positive genus (see [MR10]) and
without genus restrictions (see [JKM15]). The problem of the existence of general parameters

and genus remains an open question.

Suppose u” = (uf',uy) be a sequence of solutions of (1.2.1) with the parameter p" = (p7, p3)

that converges to p = (p1, p2) as n — +o00. We define the blow-up set for u}* as
S; :=={z € ¥ : 3z, — x such that v (z,) - +o0},

and the local limit masses as

n

oi(z) =lim lim p”/ Vie™

i #dvg fori=1,2,
r—0 n——+oo Uy (2) fE Vie id’l)g

6



where Uy (z) := {2/ € ¥ : dy(z,2") < r} and dy(-,-) denotes the distance induced by the geodesic

on (X,9). Let § := &1 U Sy which is called the blow-up points set of the Toda system (1.2.1).
For ¥ compact Riemann surfaces with smooth boundary, for any = € S, (o1(z),02(x)) can

only take the following five possible values (refer to [JLWO05] for a domain in R?). Specifically,

we have the following statement:

Proposition 1.2.1. Let (o1(x),02(x)) be the local limit masses of Toda system (1.2.1). Then

(@) 22 € { (0. 500 ) (50@0.0) . (Ge@)e@)) . (ela), 52(@)) - (e(w): @) }.

Based on the values of (o1(z),02(z)) at blow-up point z, we have the following three scenar-

ios:

i). Partial blow-up: (%g(az),O) ) (0, %g(w)) In this case, one component is bounded from

above around x, and the other blows up at z;

ii). Asymmetric blow-up: (%Q(x), Q(w)) , (g(az), %g(m)) In this case, both components blow

up at the same point x but with different rates;

iii). Full blow-up: (¢(z), o(z)). In this case, both components blow up at the same point z

with the same rates.

In the subsequent two chapters, we explore the construction of blow-up solutions, focusing
on partial and asymmetric blow-up phenomena, respectively. For the full blow-up scenario,
the special case where w1 = ugs and p; = py simplify the system to a mean field equation.
For this equation, blow-up solutions have been constructed in both bounded domains, closed
Riemann surfaces and compact Riemann surfaces with boundary (see [EGP05, BGH20, EF14]
and Chapter 3, respectively). However, the general case of full blow-ups remains unresolved.
Lin, Wei, and Zhao have examined blow-up solutions in the full blow-up scenario, providing
five necessary conditions for the existence of such solutions, indicating the increased difficulty
of constructing full blow-up solutions in [LWZ12]. The discussion of the full blow-up case is
beyond the scope of this thesis due to its complexities.

In Chapter 4, we construct a family of blow-up solutions via the Lyapunov-Schmidt reduction
and variational methods, where one component remains uniformly bounded from above, while
the other exhibits blow-ups at a prescribed number of points, both in the interior and on the
boundary. This construction is based on a non-degeneracy hypothesis of a “shadow system”.

For partial blow-up scenarios, D’Aprile, Pistoia, and Ruiz employ Lyapunov-Schmidt re-

duction and variational methods to successfully construct partial blow-up solutions, either in

7



simply connected domains or when one of the parameters is sufficiently small in [DPR15]. In-
dependently, [LLWY 18] proved the existence of blow-up solutions exhibiting partial blow-up for
min {p1, p2} < 87 on closed Riemann surfaces by the method of degree counting.

Given integers m > k > 0, consider a sequence p" := (pf, p3) where py = po € (0,27) and
pt approaches 27(m + k). We aim to construct a sequence of solutions u™ = (uf, u3) for which

u exhibits blow-up while u% remains bounded from above. We denote
Ei’m ={ €Ekm 1 dg(&,0%) >0 fori=1,--- k;dy(&,&;) > 0 for i # j},

for any 6 > 0, To address the component without blow-ups, we introduce solutions of the

following singular mean field equations:

% z(x)
—Agz(z) = 2p2 (W - 1> ESDY

fz VQ(':f)eszg
Oy,z(x) =0 xr € 0%

(1.2.3)

where § € Zj,, and

Va(z,€) = Va(z)e™ iz 206G (@),

where GY is the Green’s function (for details, refer to Section 2.4). Since 2py < 47, the energy

functional
1 2 v, z
I¢(2) = 5/2 |Vz|;dvy — 2p2 log (/E Va(+,€)e dvg)

is coercive by the Moser-Trudinger inequality. Standard variational analysis indicates that (1.2.3)
admits a solution in ﬁl(E) for ps € (0,27). However, the non-degeneracy of the solutions is not

guaranteed. To address this issue, additional conditions are needed.

Define the reduced function as follows for given V; € C*°(X, R, ):

1 1 _y,

Ak,m : Ek,m =R, & 9 5(2(,{)) - 4 k,m(§)7 (124)

where Flyin is defined by (2.6.2) and z(-,€) is a solution of (1.2.3) with respect to &.

As in [LLWY18], for fixed ps ¢ 27N and some « € (0, 1), we consider the following shadow

system in the space C%%(X) x Ey ,, with restriction [y wdv, = 0:

w=3 " LfZ.)Gg(z,.fi) °
—Agw = 2po Ve anzl (Z) -1 in X
w=y " ESL G (w,8y)
fE Vae i=1 2 dvg
, (1.2.5)
Oy,w =0 on 0%
Vfo(€) =0 in Zgm,



where fo(€1,--+ ,&m) = Fy b, (€) = Ty o(&)w(&).
We consider the following hypothesis:

(H1) There exists a mon-degenerate solution (w,§) € C**(X) X Zg,, with [swdv, = 0 of
the shadow system (1.2.5) for the positive potential function (V4,Va) € C%%(%,Ry) x
C**(X,Ry).

Theorem 1.2.2. Given integers m > k > 0 and pa ¢ 2nN. If the hypothesis (H1) is satisfied
for the potential functions Vi, Va and (w,§), then there exist an open neighborhood of £ denoted
by Z(C Ek,m) and a constant eg > 0 such that a family of solutions u. = (u1¢,us.) of the Toda
system (1.2.1) corresponding to the parameter p° = (p5, p2) can be constructed for e € (0,¢eq).
Moreover, as € — 0, p* — (2m(m + k), p2), there exists a sequence £ = (&7,---,&5,) — & in

Ek,m such that

Vl Ul,e

2 0, 4 1.2.
plf Vievedo, —>287T,5 +Z;+1 ¢, (1.2.6)

which is convergent as measures on %, and

U2e =

ig () + o(1), (1.2.7)

=1

L\DM—~

which is convergent in ﬁl(E).

For the parameter py € (0,27) sufficiently small, we can deduce the uniqueness and non-
degeneracy of the solutions of (1.2.3) by the implicit function theorem (refer to Section 4.1) for
any ¢ in a compact subset of = ,,. On the other hand, f,l{lm(ﬁ) — 400 as £ = 0=y, which
implies that the global minimum point of the reduced function Ay ,, exists and lies in the interior
of Zjm. Hence, for po € (0,27) sufficiently small, the hypothesis (H1) holds true. It leads to

the following corollary:

Corollary 1.2.3. Given integers m > k > 0. There exist an open subset 9 C 9 C Zkm
and py € (0,2m) sufficiently small such that for any fized pa € (0,po), a family of solutions
u. = (u1,u2.) of the Toda system (1.2.1) corresponding to the parameter p* = (p7, p2) —
(2m(m + k), p2) can be constructed and they blow up at k-points in the interior and (m — k)-
points on the boundary.

Moreover, there exists a sequence £ € ., converging to some & € 9 such that (1.2.6) is

valid for pi and ui e, (1.2.7) is valid for ps and ug ., and infz, | Agm = A (8).

Applying a transversality theorem, the shadow system (1.2.5) is non-degenerate for a generic

positive function (V4,V2) € C**(X,Ry) x C%%(%,Ry) (refer to Theorem 4.1.8). We select
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(V1,V2) € C22(2,Ry) x C?%(%,R,) such that (1.2.5) is nondegenerate for any solution (w, &).
Using the method of continuity, we deduce the existence of a solution (w,&) of the shadow

system (1.2.5), leading to our second corollary:

Corollary 1.2.4. Suppose m > k > 0 are integers, and py € (0,27). For a generic positive
function (V1,Va) in C%*(S,Ry) x C*%(X,Ry), the conclusions of Theorem 1.2.2 hold.

In chapter 5, we discuss asymmetric blow-up solutions for the SU(3) Toda system. Concern-
ing asymmetric blow-ups, Ao and Wang in [AW14] introduced a family of blow-up solutions for
Toda systems with Dirichlet boundary conditions on a unit ball centered at the origin, which
exhibits a single blow-up point at the center. D’Aprile, Pistoia and Ruiz extended this result to
planar domains that possess a so-called “k-symmetric” property for k > 2, as p; — 8w, while the
fixed parameter py € (47, 87) in [DPR16]. Furthermore, Musso, Pistoia, and Wei generalized
the result of [DPR16] for the SU(N + 1) Toda system, applying the same approach, singular
perturbation, for N > 2 in [MPW16].

Let ¥ be a Riemann manifold (with or without boundary) with dim(X) = n. Let H be a

closed subgroup of Iso(X), where Iso(X) is the isometry group on ¥. We denote
Yo={re¥:vy(x)=xforany vy € H},

which is the fixed point set under the action H.
Since isometries preserve the angles and send geodesic to geodesic, as in [IN06, Lemma 2.2],

we have the following lemma;:

Lemma 1.2.5 (see [IN06]). Let = € 3. Then the action of H in a neighborhood U around x is
smoothly conjugated to the action of a closed subgroup of the orthogonal group O(n) in the open
unit ball BY C R if x ¢ 9%, or O(n — 1) x {id} in the cylinder BT™' x [0,1) C R*! x R, if
x € 0%.

In our context, we set (¥, g) as a compact Riemann surface with smooth boundary. We

consider H to be a closed subgroup of O(3), the orthogonal group of degree 3. Let

cosp sing 0
Re=|—sinT cosT 0| €0(3), (1.2.8)
0 0 1

for k € N4
Definition 1.2.6. Let Y be a Riemann surface. Given an integerk > 1, we say X is k-symmetric

10



if ¥ can be embedded in R3 and is invariant under Ry. We say  is a k-symmetric center of ¥

if x € Xg.

Definition 1.2.7. Let X be a k-symmetric surface. A function f : 3 — R is Rg-invariant if
and only if for any x € X, f(x) = f(Rkz).

By technique reasons, we assume that ¥ is a “k-symmetric” surface for k > 2. Due to the

smoothness of the boundary, we know that Yy N 9% = ().

Theorem 1.2.8. Given k > 2, we assume that X is a k-symmetric surface with non-empty fixed

point set under the action of the isometric group (Ry), i.e.
Yo = {er:D‘iﬁ(x):xforanyieN}75@,

and the potential functions Vi, Vo are Ryi-invariant. For any distinct points &1, ,&n € 2o,
there exists a family of solutions ue. = (u1 ¢, u,¢) of (1.2.1) which blows up precisely at &y, -+ ,&m
with p* = (pf, p5) — (Amm,8mm) as ¢ — 0 and (01(§;),02(§;)) = (47, 87) for j =1,--- ,m.
Furthermore, as € — 0

U1,
c V16 €

m Vaelize m
——————— = Y 4woe, and p§———— — Y 8mlg.,
P I Vietredu, ]z:l G 2 Js jzjl “

up
Vaet2:=du,

which are convergent as measures on .

Remark 1.2.9. o As in [MPW16], we can extend our result for SU(N + 1) Toda systems
(N > 1) with minor modification of the approach we applied.

o Two-dimensional spheres and half spheres are typical examples of the k-symmetric surfaces

for any k > 0 and their symmetric centers are precisely at the pole points (see Fig. 1.1).
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e

Symmetric center

pue

D

Figure 1.1: Disjoint union of spheres and half spheres

Referring to Lemma 1.2.5, it is observed that for any fized point x € 0% under the action of
a closed subgroup of the isometric group, the local behavior of the action is equivalent to a
closed subgroup of O(1) x{id} acting on the cylinder (—1,1)x[0,1). While O(1) = {1, -1},
a function invariant under reflection fails to demonstrate the invertibility of the linearized
operator. This limitation constitutes the primary obstacle preventing the construction of

blow-up points on the boundary through this approach.
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2 Preliminaries

2.1 Notations

Throughout this paper, we use the terms “sequence” and “subsequence” interchangeably, as
the distinction is not crucial for the context of our analysis. The constant denoted by C' in our
deduction may assume different values across various equations or even within different lines of
equations.

The table below enumerates the mathematical symbols and notations employed throughout

this dissertation:

) The interior of the Riemann surface %

ox The boundary of the Riemann surface X

Ay The Laplace-Beltrami operator with respect to metric g
dvg The area element in (X, g)

dsg The line element in 0% with respect to metric g

1X]g The area of ¥, i.e. [5, dvg

Vg The unit outward normal of 9%

N The set of non-negative integers

A\ The set of positive integers

Ry (0, +00)

RZ {y=(y1,92) €R? 192 > 0}

Br(5)  {yeR":|y—g| <r}BA(), particularly B, (j) := B(g)
Br {y € R™: |y| < r}, B2, particularly B, = B2

B {y=(y1,42) €R®: Jy| < r,y2 > 0}

D {y=(,12) eR?: [y <1}

dg(xz,2)  The metric distance defined by the geodesics for the Riemann metric g

dg(A,B) infyeazepdy(x,2), for A, B two subsets of ¥
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Frm(X,Y)
Lr(%)

Cro ()

c* (%)
G (%)
g (%)
Ceo(X)

f

i(€)

o(§)
ACCB
supp f
O

3ij

{€:= (&, ,&n) € XEx Y™k & = ¢ for some i # 5}, for integers m > k > 0
For p € [1,+00), L(E) i= {u: fi [ulPdu, < +oc} with [ull, == (f [ulPdu,)"/%;
for p = oo, L>®(X) := {u : supy, |u| < 400} with |Ju||e := supy |u]

The Sobolev spaces, W*P(X) = {u € LP(X) : D% € LP(X) for all a with |o| < s},
for s € N,p > 1 and D® denotes the weak derivative for the multi-index «

[hlos + b € WoP(S)} with [Bllysosy = b lwess) : 6 € WH(S) with Y]os = b}
{u e W*P(%) : [5;udvy = 0}

Wi2(x)

{ue HY(X) : [sudv, = 0}

with the inner product (u,v) := [,(Vu, Vv)4 + Buvdyy (In Part II, § = 0)

{w: ullos < 00, [D*ula = Sup, e grpy LR < o0l

for a non-negative integer s and a Holder coefficient 0 < o < 1

Ccoe (%)

{ue C?*(%): [sudvy =0}

Co(%)

CX(X) :={u : u is a smooth function on X with a compact support }

ﬁ Js; fdvy for any function f € L'(X)

i(§)=2if ¢ e andi(€) =1if £ € 0%

0(§) =8rif £ € ¥ and o(¢) = 4r if € € OY

A is a compact subset of B

The support of the function f, i.e. {z: f(z) # 0}

The Dirac measure on ¥ concentrated at point &

The Kronecker symbol, i.e. §;; =1if ¢ = j and 0if i # j
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2.2 Isothermal coordinates

In our study, we focus on the context of compact Riemann surfaces. While this constraint
may appear to be rather strong, it includes a broad range of 2-dimensional manifolds, because
any orientable Hausdorff 2-dimensional manifold can be endowed with the structure of a Riemann
surface (see [Berb7, Section 2]). Every Riemann surface (X, ¢) is locally conformally flat, and
the local coordinates in which ¢ is conformal to the Euclidean metric are called isothermal
coordinates (refer to [Cheb5, Ber57], for instance).

We will introduce a family of isothermal coordinates for the Riemann surface (¥, g) following
the constructions in [EF14,YZ21].

For any £ € ¥, there exists an isothermal coordinate system (U(€), ye) such that ye maps an
open neighborhood U (§) around £ onto By, denoted by B¢ in which g = Y2, e?ce(@)dzi @ dat,

where %@5 is the conformal factor. Without loss of generality, we can assume that y¢(£) = (0,0)

and U(€) C .
When it comes to £ on the boundary 0%, we apply a lemma in [YZ21] to map a neighborhood

around ¢ onto a half ball in R? conformally.

Lemma 2.2.1 (Lemma 4 of [YZ21]). Let (X,9) be a compact Riemann surface with smooth
boundary 0%. For any fixed point & € 0%, there exists a constant § > 0 and an isothermal coor-
dinate system (U(&),ye; {y1,y2}) around & such that ye(&) = (0,0), U(§) C X is a neighborhood
of &, ye(U(€)) = BY and ye(U(€) NIX) = BY NOR2. In this coordinate system, there exists a

function ¢¢ € C“(B}) such that for any x € U(§), the metric can be written as
2
g= Z ePee(@) dgt @ dat
i=1

Let vy be a unit outward vector field on the boundary 0X. For any x € U(§) N 0%, we denote

y = ye(x), then
) 0

1 A
el = b0 |
! Y2 y=ye¢ (z)

The proof is originally from [YZ21]. For the reader’s convenience, I will briefly show it here.

Proof. Since ¥ is compact, there exists another Riemann surface (3%, g*) with smooth boundary
0Y* such that
Y C¥¥, dp(X,05) >0, ¢g-=gonX,

and ¢ is in the interior of ¥*. By [Cheb5], there exists a neighborhood U around & on ¥ such
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that
1 :U — B, C R?

with 11 (€) = (0,0) and

2 7 . .
g — Z €2f1(¢1(1))dx1 ® dx’L,
=1

where f1 is a smooth function with f1(0,0) = 0. Denote Uy = U NX¥ and ¢; = 1;1\(]1. Then,

¢1ZU1 —)ﬁl

is a diffeomorphism with 91(¢) = (0,0) and (U1 N9¥) = I'1 C 904, where ; C R? with
smooth boundary 0 apart from two corner points. Moreover, the metric in U; can be written

as

2
i=1

We denote 1 = (11)«(v,). Tt follows that v; = e~ /1®)1y, where vg is the unit outward normal
at I'y for €.

To get a smooth domain, we take Q9 C Q; to be a smooth domain such that (0,0) is an
inner point with respect to its boundary 9 and a smooth curve I'y := 11 (Q2 N IY) C I'y.

Applying the Riemann mapping theorem (see [Ahl78, Section 6.1]), there exists a conformal
map 2 : 2o — D with w = 2(2) and 12(0,0) = (0,—1), where z = z; + iz2. Theorem 3.5
and Theorem 3.6 of [Pom92] imply that 15 can be extended to be a smooth map from Qs to D.
Hence, €5 is conformal to a closed disk D in R? by 19 and 14(z) # 0 for any z = 21 + 29 € Qo.

For fixed g ¢ 12(I'2), there exists a Mobius transformation ¢ = h(w) : D\ {¢} — R with
ho g ohi(§) = (0,0).

We define that ¢(2) = f1(2) —log |h'(w)y(2)]. Let 7 : RZ — R2, ¢+ ¥(00¢ and y := 7(¢).
It follows that dy = e?OOp/ (w)yh(2)dz. Setting ye = Tohoty o, we choose § > 0 sufficiently
small such that ygl((?IB%}' NOR2) C o 1(T1).

It is easy to check
exp(2f1(z))
|1/ (w)y(2)[?

= 212000~ 2log W (@)l (g2 4 @;2) = 20()20000) (4,2 4 ,2)

g = SN (dad v dad) = exp(—2(0, 0))|d2|*

= P W (dy? + dy3),

where @¢(y) = 2¢(2) — 2¢(0,0) = 2f1(2) — 2log | (w)¥5(2)| — 2¢(0,0). By direct calculation,
for any r € ygl(aB;{ N 8R3_), (yf)*(yg)‘x = —67%955(?!)6%2, where y = yg(x) [Pom92’ Theorem

16



3.6] yields that ¢¢ is smooth on E;. O

For £ € 0% there exists an isothermal coordinate (U(§),ye) around £ such that the image of

ye is a half disk B := B3, and y¢ (U(§) N9X) = BSNOR2 with g = 2, ePce®))dzt @ dat,

where @¢ is smooth. Without loss of generalization, we can assume that y¢ (&) = (0,0).

Here ¢ : B¢ — R is related to K4, the Gaussian curvature of 3, by the equation
—Ape(y) = 2K, (ygl(y))e‘ﬁf(y) for all y € BS. (2.2.1)
For £ € Y and 0 <7 < 27¢, we set
B :=Bn{ycR?: |yl <r} and U.(£):= ygl(Bf).

Both y¢ and ¢ are assumed to depend smoothly on ¢ as in [EF14]. Additionally, ¢¢ satisfies
¢¢(0) = 0 and V@¢(0) = 0. Specifically, as in Lemma 2.2.1, the Neumann boundary conditions
are preserved by the isothermal coordinate, i.e. for any £ € 0¥ and = € Ye ! (Bé N 6Ri), we
have

_Pew) 9

(Ye), (vg(x)) = —e™ 72 (2.2.2)

0Y2 ly—ye ()

2.3 Regularity for Neumann boundary problems on surfaces
Lemma 2.3.1. Let (X) be a compact Riemann surface with smooth boundary 0%. For any

B >0, if f e L)X, g) satisfies
[1=o.
)

then there exists a unique weak solution of

—Agu+pPu=f in X
Oy,u =0 on 0% > (2.3.1)

Js, udvg =0

i.e. there exists a unique u € Fl(E) satisfying

/(Vu, V@)deg+ﬂ/ updug :/ f(pdvg—l—/ hpdsy, Ve € HY(Z).
b b b %

17



Moreover, for anyp > 1 if f € LP(X), there exists a u € WOZ’I’(E) =W2P(E)N{u: [y udvy =0}
solving (2.3.1) with the following W>P-estimate:

ullwzesy < Cllfllrs)-

For the Poisson equation with homogeneous Neumann boundary condition, the LP-estimate

was proven in [YZ21, Lemma 5]. And we can deduce (2.3.1) by the same approach.

Proof. For the uniqueness, we assume that uj, ug are two weak solutions of (2.3.1) in HI(E). It

follows that
/E (V(u1 — uz), Vp) gdvg + /E (ur — uz)pdvy = 0,

for any ¢ € H'(X). Then, u; = ug up to the addition of a constant. Observing that [y ujdv, =
J5; uadvg = 0, we deduce that u; = us.
We will prove the existence of solutions using variational methods. Consider the energy

functional

J(u) = ;/E(|Vu\3 + Bu?)dv, — /E Judvy.

Applying the Holder inequality and the Poincaré inequality,

’/E fudvg

which yields that J has a lower bound in ﬁl(Z). Let u, be a sequence in ﬁl(E) such that J

< fllzemllull 2y < Clifllze)IVull 2,

attains the minimum value, i.e.

lim J(u,) = inf J(u).
n—+00 uel' (%)

For any n € Ny, J(uy) > ju, | — Cllfllz2(s)lun||- Given that il’lfueﬁl(z) J(u) < J(0) =0, uy,
is uniformly bounded in ﬁl(E). Up to a subsequence, we assume that u, converges to some
ug € ﬁl(E) weakly. By the Rellich-Kondrachov theorem, wu, — ug strongly in L?(X) for any

g > 1 and almost everywhere. Fatou’s lemma implies that

J(up) < liminf J(u,) = inf J(u).
n—=+00 ! ueﬁl(E)

Thus, ug is a minimizer of J(u) on HI(E).
Next, we consider the W2P-estimates of the solutions. Employing the isothermal coordinates

introduced in Section 2.2 it is sufficient to prove the LP-regularity locally in an open disk or half-
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disk in R?. Specifically, in the case of a half-disk, we can extend the problem by the reflection of
the z-axis to a full open disk, considering that d,,u = 0 on the boundary. This extension allows
for the application of the standard local LP-theory, thereby we can establish the LP-regularity

for the Neumann boundary problem (2.3.1) on a compact Riemann surface X. O

Let W5P(2) := {hlps : h € W5P(X)} equipped with the norm
Bl sy = it { [l < 6 € WHP(E) with los = ).

for any s € N and p € (1,+00). For the inhomogeneous boudnary condition, we have the

following LP-theory:

Lemma 2.3.2 (Theorem 3.2 of [Weh04]). Suppose that f € LP(X) and h € Wal’p(E). Let u be

a weak solution with [y udvy =0 of

Then, u € W2P(X) with the estimate
lallwos) < € (IFlzoes) + Mrlly 1oy ) -

For the case § = 0, we refer to [ADN59] and [Weh04]. By the same approach, Lemma 2.3.2

can be proven for 8 > 0; hence, we omit the details.

Next, we consider the Schauder estimates for the Neumann boundary condition on compact

Riemann surfaces.

Lemma 2.3.3. For any given o € (0,1),8 > 0, let (X,9g) be a compact Riemann surface with

boundary in C%“-class and let f € C%(X),h € CY*(X) such that:

/fdvg:/ hdsg. (2.3.2)
) o%
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Then, there exists a unique solution to the problem

—Agu+pu=f in¥
(2.3.3)

Oy,u=nh on 0%

in the space CS’Q(E) = C%(2)N{u: [y udvy = 0}. Moreover, it has the following Schauder
estimate:

lullczagsy < C (I Floagm) + Ihlloracs)

where C' is a constant.
We refer to the Schauder interior estimates for domains as in [GT01, Corollary 6.3].

Theorem 2.3.4 (Corollary 6.3 of [GTO01]). Let 2 be an open subset of R™ and let u € C*%(Q)
be a bounded solution in Q of the equation Lu = a" D;ju+b'Dju+cu = f, where f € C*(Q) and
there are positive constants A\, A such that the coefficients satisfy aijfifj > NE?, for any x €
Q,& € R" and [[a|coqy + [Iblcoy + llcllcoy < A. Then we have the interior estimate: for
any ' CC Q,

[ullc2ey < Clllullco@) + 1 fllee @) (2.3.4)

where C = C(n, Y, a, \, A) is a constant.
The Schauder estimate with oblique derivative boundary conditions is as follows:

Theorem 2.3.5 (Lemma 6.29 of [GTO01]). Let Q2 be a bounded open set in R} with a bound-
ary portion T on x, = 0. Suppose that u € C*>*(QUT) is a solution in Q of Lu = f (as

in Theorem 2.3.4) satisfying the boundary condition
n
N(z"u = ~v(z")u + Z Bi(x\Dju = h(z"), 2' €T, (2.3.5)
i=1

where |3,| > Kk > 0 for some constant k. Assume that f € C*(Q), h € CH(T), a¥,b',c € C*()
and 7, B; € CY(T) with

||6Lij, bi, C||Co,a(Q), ||’y, ﬁiHCl,a(T) < A, i,j = 1, e, M.
Then for any ¥ cC QUT,

ullc2.ey < Cllullco@) + 1Rllcrery + 1 fllca@))s (2.3.6)
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where C' = C(n, Y, o, \, k, A, diam ) is a constant.

Proof of Lemma 2.3.3. By combining the isothermal coordinates in Section 2.2 with the

results from Theorem 2.3.4 and Theorem 2.3.5, we can infer the lemma.

We consider u € C?%(X) solving (2.3.3). For each point ( € %, there exists an isothermal
chart (U((),y¢) defined in Section 2.2.

Given the compactness of 3, it can be expressed as a finite union of the form:

l1+l2

2= U U ),

where QGZD], fori=1,---,ljand G €dX fori=1;+1,---,l1 + 1o and Urgi C U(§) is defined

in Section 2.2.

Applying Theorem 2.3.4, for each i = 1,--- Iy,

HUHC?@(UTQ ) < Cllullcow ey + 1 fllcawic))-

Then, utilizing the method in [GTO1, Theorem 6.31], we estimate [lullco((c,)) in term of

[ fllco(s)- Consequently,

”UHCM(U% ) < CUlfllcars))-
Similarly, Theorem 2.3.5 implies that for ¢ =1 +1,--- ,l1 + lo,
Jullcmaur, ey < Cllullonwien + IMlosaqie s 1 lcom):

And [GTO1, Theorem 6.31] yields that |[ullcow(c,)) < Cllfllcoes)- It follows that

lullczaw, @y < CUlfllcars)-

Summing up the local Schauder estimates for ¢ = 1,--- ,l; + l2, we deduce that
ullczas) < C(Ifllca) + Ihllcres))- (2.3.7)

Applying Lemma 2.3.1, when h = 0 we have a unique solution u € W22(X) solving (2.3.3).
Then the estimate (2.3.7) implies u € C*%(X). Due to the Fredholm alternative mentioned
in [GTO1, P. 130], for any inhomogeneous h € C*%(X) satisfying (2.3.2), there exists a unique
solution u € C3*(X) of (2.3.3). O
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2.4 Green’s functions

For any fixed ¢ € %, we define the Green’s function for Neumann boundary conditions by

the following equations:

_AQGQ(:C’E) +BG9(:C’£) = 65 - ﬁ T € i
0y, GI(x,£) =0 x €0y > (2.4.1)

Ju GO, &)dvy(x) = 0

where 3 > 0, d¢ is a Dirac measure concentrated at .
Remark 2.4.1. We give several important properties of Green’s functions.

a. there exists a unique Green’s function G9(-, &) € LY(X) solving (2.4.1) in the distributional

sense;
b. for any distinct points z,§ € ¥, G9(x,§) = GI(&, z);

c. the representation formula holds, for any h € C*(%),

1
h(w)—m/zhdvg :/EGQ(-,x)(—Ag—i—ﬁ)hdvng/aE G0 2) 0y hdsy,  (24.2)

where dvg is the area element of (X, g) and dsy is the line element of 0%;

d. for any distinct points x,& € 3, there exists a constant C > 0 such that

|G9(2,€)| < C (1 + [logdy(2,6)]),  [VeG(x,€)| < Cdyt(2,€),

where dg(x,&) denotes the geodesic distance between x and &, and V¢ denotes the gradient with
respect the variable &.
For the case where B =0, we refer to [YZ21, Lemma 6]. For 3 > 0, these properties can be

deduced using the same approach.

Let x be a radial cut-off function in C*°(R, [0, 1]) such that

1, ifls|<1
x(s) = . (2.4.3)
0, ifls|>2
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We define the cut-off function x¢ € C*>(X, [0, 1]) by

X(wgriizﬂ) if z € U(€)
o 7 (2.4.4)

0 if z € X\ U(€)

where T¢ € (0, %1“5] which will be selected later. We define the Robin’s function as follows:

RC) o= lim (67(.) + —o5 Toxdy(2.0)).
Observe that for ( € U(§), limg_y¢ % = 2%, Tt follows
Ye (T )—Ye
RIQ) = tim (62(0,0) + —loglue@) ~ 1)) + €. (2:45)
Tane T g B T o(0) TR -

In particular, using the assumption ¢¢(ye(€)) = p¢(0) = 0, we obtain that

4

RI(€) = lim (Gg(a:,{) + o(&)

r—E

log |y§(x)|> :

Let
1 1 : :
5=Xe () log oy &€l
Tg(e) =T9(x,¢) = ‘

%Xg(:):) log m if £ € 0%

Decomposing the Green’s function G9(,§) = T{(z) + H(x,), we have the function H{(z) :=

HY(x, &) solving the following equations:

g g 4 1 4 1
—AgHg + BHg = —5@X£ log Toel + @(AgXﬁ) log Toel
+-85 ng,Vlogi — %> in >
o(§) < |y§\>g [2lg (2.4.6)
g _ 4 1 4 1
8V9H5 = —@(ang§) IOg ‘75‘ — @X&'@yg log @, on 82
Js Hidv, = —% Js xe log ‘y—t'dvg

Lemma 2.4.2. For any fivzed £ € ¥ and o € (0,1), Hg is C1*-smooth. Moreover, Hg 18

uniformly bounded in C1(X) for any & in any compact subset offl or on 0%.

Proof. We apply the isothermal coordinate (y¢, U(§)) introduced in Section 2.2. By the trans-
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formation law for A, under a conformal map, Az = e %A, for any g = e¥g. It follows that

Ay <log m) = e W Alog ‘%"y:yém = —#65, where J¢ is the Dirac mass concentrated at
£ e€X. Forany z € U(§) N0X,
(2.2.2) _1 0 1 Y2
Oy, logye(v)] "= —e™ 20 o2 logy] = —¢ 2“”5(”W =0.
Y2 y=ye() YI" ly=ye(2)

Clearly, d,,x(|ye(z)|) = 0 for x € 9% N Uz (§). It follows that that 9,,HY(:,&) is smooth on
0%. AgHY(-,&) is bounded in LP(X), for any p > 1. Using the LP-estimate in Lemma 2.3.2, we

derive that
|H = B lczay < CUI00HE lyiosy + 1| = DgHE l1r(s:)

for same constant C' > 0 which is independent with £. Given p = % for any o € (0,1), the
Sobolev embedding theorem yields that Hg (z) in C1*(%). Considering that [|[—=AgHI (-, &) 1r(s),
10y, H|| 01,255 and ’ Js H dvg’ are uniformly bounded for any ¢ in any compact subset of 3 or

on 0%, we have H, 59 (x) is uniformly bounded for any £ in any compact subset of Yorondy. O

Remark 2.4.3. . Hg(x) is the regular part of G9(x,§). It is easy to check that HI(&,§) =
RI(&) which is independent of the choice of the cut-off function x and the local isothermal

chart (ye, U(§)).

e For g =0, we can obtain higher regularity for the regular part of the Green’s functions.

Specifically, there exists a unique smooth solution Hg solving (2.4.6) in C°(X).

2.5 ('l-stable critical point set

In this section, we will introduce the definition of “stable” critical point set as in [Li97,

dPKMO05, EGP05]. This concept serves as an extension of non-degenerate critical points.
Definition 2.5.1. Let F : D — R be a C'-function and K be a compact subset of critical points
of F, i.e

Kcc{reD:VF(z)=0}.
A critical point set K is C'-stable if for any closed neighborhood U of K in D, there exists € > 0

such that if G : D — R is a C'-function with || F — Gllcr ) <€, then G has at least one critical

point in U.

Remark 2.5.2. A compact subset of critical points of F' is stable if one of the following condi-

tions is satisfied:
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a). K is a strict local mazimum set of F, i.e. for any x,y € K, F(x) = F(y) and for some
open neighborhood U of K, F(x) > F(y) for any x € K and y € U\K;

b). K is a strict local minimum set of F;

c). K is an isolated critical point set with a nontrivial local degree.

2.6 Kirchhoff-Routh type functions
We define the thick diagonal for any X and Y,
Frm(X,Y) = {€:= (&1, ,&m) € XF x Y™ 7F . & = ¢ for some i # j}.

Denote Fy, ,(2) = ]ka(fl, 0%) for simplicity. Next, we introduce the configuration set =y, ,,, :=

I (5)9) Lt \ Fr.m(2). Given 6 > 0 and V' € C*°(X) is a non-negative function, we define

B = {€ € Bpom 1 dg(§,08) 2 6 for i =1, k,dyg(&,&;) = 6 for i # j, (2.6.1)

V(&) >dfori=1,---,m},

which is a compact subset of vk x (0X)™=F. Particularly, when V is a positive function, we
always assume that 0 > 0 is sufficiently small such that infy, V' > § and then Ei’m can be

simplified as follows:
B = 1€ € B 1 dg(&,08) > dfori =1, k,dg(&, &) > 6 for i # j} .

For any integers m > k > 0, we can define a Kirchhoff-Routh type function on Z, ,,, (see [Lin41,
BMP19, ABF23))

Ko(z1, 22, am) = Y 0*(§)RI(&) + D 0(&)e(&)G (&, &) + Y fil&),
=1 #] i=1
where f; : ¥ — R is smooth for ¢ = 1,--- ,m. In our context, we will show that the existence of
blow-up solutions of (1.1.2) is strongly related to the C'-stable critical point set of a m-vortices
Kirchhoff-Routh type function,
Frm(€) =D P (ERI&) + Y 0()0(€)G (&5, 65) + D 20(6) log V(). (2.6.2)

j=1 §'#i j=1
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We observe that for any a € (0,1), G9(z,&) € C(X\ {£}) and H{(x) is Ct*(%), too. Thus
f,gfm is Cl’o‘(Egm) for any fixed J > 0.

Lemma 2.6.1. Suppose that V > 0 on %. Then, for any & € 3, we have:
RI(&,6) = HI(E,€) — 400 as & approaches OX. (2.6.3)
Furthermore, for any & = (&1,...,&m) € Ekm, it holds that
Fpm(€) = 400,

as & approaches 0=, p, .

Proof. Since V(x) > 0, for any = € ¥ the function f,Km is well-defined on
o __ vk m—k
S = 5 x (09K By (2)

For any ¢ € 0%, consider an isothermal chart (y¢, U(C)). Set 79 = 7¢/2. Then, for any

€ € Ur.(¢), we decompose the Green’s function as follows:

G9(x,€) = H(x,€) —

1y ('W); 94@') log lye (z) — 4c(6)],

o(§)

where ¥ is a cut-off function defined by (2.4.3). Applying the representation formula and diver-

gence theorem, for any £ € U, ((), we obtain

19(6,6) = [ 2@ (=, + B (2, €)dvy @) + /a | G(@,6)0,, HY(2,§)ds,(x) + O(1)

= LAV )+ B &) Py (o) = 5 [ 00, (o) — @)D oglc(x) ~ wel€))

X([ye (@) — yc(€)]) 1og [y () — yc(§)ldsy(x) + O(1)
1

> - 10g y¢ () — yc (£)[0y, log |yc () — e (§)|dsy () + O(1)
dm? {z:|y¢ (x)—y¢ (§)|<ro}nox ¢ < 9 ¢ ¢ g
! / —Y¢(§)2
= i 2 og ly — ye(€)|dyy + O
47r2 {yly—ye (&)l <ro}noR2. |y MGE [y — ye(§)|dyr + O(1)
R log |y (€) 1t dS +0(1) = _E log [y (€)2] + O(1) = +oc,

as dg(&,0%) — 0, where dsg is the line element of 0.
It is straightforward to see that HY(&,€) = HI(E,€). The first statement is concluded.

Next, we assume that § € Zj, ;.
Claim 2.6.2. There exists a constant co satisfying G9(&;,&;) > co, for any & # &;.
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Before proving Claim 2.6.2 we first show how Lemma 2.6.1 follows. We denote that Zy =
{i:1<i<k,dyg(&,0%) — 0 as & going to OZ , } . For any i € Iy, H9(&;,&) — +oo. There
exists a compact subset set F of 3 such that & € F for any i € {1,2,--- ,k}\ Zoy. It follows that
any @ ¢ Zo, H9(&,&) = —sup,ep [[HY los) > —oc.

Case I. Iy # 0. As ¢ approaches 0=,

Flm©) = D 0&)’HI&, &) — Y, sup o)’ IH(2)ll o)
i€To z¢I r€edXU
— > o(&)o(én) |co|-|—229 &) inf log V(z) — +oo.
i#h i=1

Case II. To = (). Then there exists a compact subset F' such that & € F for any 1 < ¢ < k and

Ty :={(4,7) 14,7 =1,2,--- ;m;i # j such that dy(&,&;) = 0 as & = 02}

is non-empty. For any (i,7) € 71,

1
_ 9(. 1 1
> x;lfazllH (,w)\|c<z)+61g(€j) PR

in which ¢; > 0 is a constant. Consequently, as { approaches to 0Z, ,,

Frm(&) > —647°m’co + 64m*m esauz%Fu HI(-,2) o)
x

+cp Z 1 log ! —1—229 &) 1nf logV(z) — 4o0.
(4.5)€T1 (&) dg(&i: &) =

It remains to establish Claim 2.6.2. We begin by decomposing the Green’s function as follows:

G(z,&) = HY(z,§)+ x([ye; (2)/7¢;) log

1
|y§j(x)|
X([ye; ()] /T¢; ) log

(Eg)

> —HCE)lle) + —

4 1
o(&)"* e, ()]

If § € 9%, [|HY(-,&))llc(x) is uniformly bounded. It is clear that G9(z,{;) > co, for some

co > 0. Thus, it suffices to focus on the cases where j = 1,---, k. We observe that G9(x,&;) €
loc S(X\ {¢}) for any o € (0,1) and lim,_¢; G9(z,§;) = +00. Let h(z) be the unique solution
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of the Dirichlet problem:
(=D + Bh(z) = —gr, =€ N
h(z) =0 x € 0%

Define that G9(z,&;) = G9(x,&;) — h(x). Then, —A,G9(x,&;) = 0 on X\ {¢;}. Considering that
limg ¢, G9(2,&;) = +oo, it follows that
inf G9 N — min (9 .
E{r{léj}G (2,€5) = min G9(z, &),

by the maximum principle. Thus we have for some constants co,cg > 0

inf G(z,&) > _inf GYx.&) — |hllo) Zgg%ég(x,ﬁj)— Al

S\{&;} S\{&}
> iy 096 0) 2l
> — sup "Hg“c(z) — 2”}1”0(2) + co min llog# = Cp.
o T€L T dg(z,&;)

Remark 2.6.3. In [HB2/, Lemma 4.1], for =0 it shows that
VFEm(©lg = +o0

as § goes to OZy p,.

2.7 Lyapunov-Schmidt reduction

The Lyapunov-Schmidt reduction is a method to study the solutions of nonlinear equations,

named after Aleksandr Lyapunov and Erhard Schmidt. Given a nonlinear equation

f(z) =0, (2.7.1)

where f: X — Z and X, Z are Banach spaces. If Dx f is non-degenerate at xg, we can use the
implicit function theorem; otherwise, we can consider using the Lyapunov-Schmidt reduction.

We decompose X = X; @ X9 and Z = Z;® Z, with dim(X32), dim(Z2) < +o00. We define projects
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Il; : Z — Z; for i = 1,2. The equation (2.7.1) is equivalent to the following coupled system

Hlf(fL'l, x2> =0

HQf((L‘l, xg) =0

where z; € X;, for i = 1,2. Suppose that DxII; f|x, : X1 — Z1 at (xo,y0) is an isomorphism,
then the first equation satisfies the implicit function theorem. Consequently, there exists a

solution x; = x1(x2) for given x9. We substitute the solution into the second equation:

Ia(f(z1(22), 22)) = 0,

which becomes a finite-dimensional problem.
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Part 1

Mean field type equations
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3 Blow-up solutions for mean field type

equations

3.1 Construction of blow-up solutions

3.1.1 Approximation solutions

Let f = ﬁ Js fdvg for any f € L}(X). To study blow-up solutions of (1.1.2), we consider

the weak solution of the following problem in the space ﬁl(E),

(A, + B)u = 2Ve¥ — e2Ve in %
: (3.1.1)

Oy,u =0 on 9%

such that e2Ve® — 37, 0(&;)d¢,, convergent in a sense of measure on ¥ as ¢ — 0, for some
E= (&, ,&m) € Ekm. If we take A = €2 [ Ve'duvg, the weak solutions of (3.1.1) must be the
weak solutions of (1.1.2). So we try to construct a sequence of blow-up solutions of (3.1.1) as
e — 0 and then pass back to the original problem (1.1.2) as A = A ..

It is well-known that u,,(y) = log % for (7,m) € (0,00) x R?, which are all the

solutions of the Liouville-type equations on R?,

—Au=¢c%e*  in R?
Jr2 e < o0

Our goal is to construct approximate solutions of (3.1.1) applying the pull-back of u,, to ¥ by

isothermal coordinates and selecting appropriate values for 7 and £. Define

872
7262 + |ye () [?)

Ure(a) = uro(ye(r)) = log ¢ , for all z € y;'(BY).
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We then introduce a projection operator P, employed to project U, ¢ into the space HI(E). The

projected function PU; ¢ is defined as the solution of the following problem:

(~8g + B)PUs(x) = ¥xge™#eelne — e2xee #eels, we ¥

8y, PU, ¢ =0, z € 0%, (3.1.2)

J5, PU; ¢dvy = 0,

For 8 # 0, the last condition of [, PU,¢dv, = 0 can be inferred from the preceding equations
via the divergence theorem. However, the condition is included to address the case where 8 = 0,
ensuring solution criteria for all > 0. The solution of (3.1.2) is unique in ﬁl(E) and PU,¢ in

C>(X) by regularity theory (see Lemma 2.3.3), ensuring that PU, ¢ is well-defined. Let

o 2y~ - 7
0 _ 9 _Z
wm(y) = aTuT,n(w) Ty — 2 + 122’
and
0 Yi — 1

I () = —tpp(z) =4—2 T for j=1,2.
Q/)’T,"](y) 877ju () 7262 + |y — 2 orJ

It is observed that the derivatives above satisfy the equation: —Ay = g2e%719) in R?, where
v = z/)im, for 5 = 0,1,2. The function \I'JT.,5 is defined as the pullback of ¢170 under the
isothermal coordinate g, that is, \Ilig(x) = 170(y5(x)), for any = € ygl(Bgm). Let P\Ili’g
be a projection into ﬁl(E) of \I/]Tlvﬁ, for (¢ € ¥ and j =0,1,---,i(&), where i(z) equals 2 if x €
¥ and equals 1 if x € 0%. P\IIJT"§ is defined as the solution of the following equations:

(—Ag + B)PY] = ”xge Peelnel]  —e2xge ¥eelnel] el

0, PV . =0, z € oy, (3.1.3)

Js P¥l =0

By the regularity theory in Lemma 2.3.3, the solution to (3.1.3) is unique and smooth on X.
Hence, P\Ili ¢ is well-defined and in the space C*°(X).

For any & = (&1, ,&m) € Ei}m, we can establish an isothermal chart around ye, for each
point &; for ¢ = 1,--- ,m. Given the compactness of 3, it is possible to select a uniform radius
re;, > 0 for any § € Ei,w denoted as 4rg, and T¢, := 1o, where T¢, is introduced in Section 2.4.
This radius is sufficiently small and depends only on § and 0¥X. Moreover, we ensure that

ygl(Béi YNoX. =0 fori=1,--- ,k and yél(B& )mygjl(ij

2ro 2ro 2r9

) =0 for any 4,5 = 1,2,--- ,m

34



with ¢ # j. For any i = 1,--- ,m, we define the scaling parameter 7;(§) as:

Tz(f) _ \/éV(&)Cg(&)Hg(&@)_'—zﬁfi Q(fj)GQ(ﬁhfj). (3'1'4)

The formulation of the scaling parameter 7;(£) is chosen for technical considerations. For sim-

plicity, we denote that 7; = 7;(),

872
U, =U, =1 TR )
()& = 108 ((7352 + Iysi\2)2)

We consider the manifold for given integers m > k > 0 and a positive constant € > 0,

/\/llg’m = {ZPUizfl-Eiforizl,Z,---,k‘andﬁieazfori:k:—l—l,---,m}.

i=1

The functions in manifold M*™ serve as approximate solutions of the problem (3.1.1). We then

denote the projected functions for any i = 1,2,--- ;mand j =0,1,---,i(§)

J . py
PUl =PV ..

These projected functions generates a subspace of ﬁl(E),
Ke:=(PW ti=1,--,mj=1,,i(&)).
Furthermore, we introduce an inner product for the space ﬁl(E) as follows:
(,0) == [ (0, V6)ydv, + 5 [ wodv, for any v, € ()
The orthogonal complement of K¢,
K# = {¢> cH'(D): (¢, f) =0forall fe Kg}.

We also introduce Il : ﬁl(E) — K¢ and Hg : ﬁl(Z) — Kg- as the orthogonal projections onto
K¢ and K, g, respectively. The solution u can decompose into two parts: one part lies on the
manifold M¥™; the other part is on K él near the orthogonal space of the tangent space of the

manifold M*™ ie. u =", PU; + dg, where ¢F € Kg- is the remainder term.
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3.1.2 Lyapunov-Schmidt reduction

Utilizing the Moser-Trudinger type inequality on compact Riemann surfaces, as in [Yan06],

we have

2
sup /62”“ dvy < +o00.
fE \Vgu\degzl,fZ udvg=0

1 1
Since (fz [Vul2dvg + 8 [y |u\2dvg)2 and (fz |Vu\3dvg>2 are equivalent norms in the Hilbert
space ﬁl(Z), it follows that for any u € HI(E)

e 1
log/ edvy, < log/ e 2 78 doy  (by Young’s Inequality)
b b
1
_ géfvgu|2dvg+c,
1

< -

where C' > 0 is a constant. Consequently, HI(E) — LP(X),u — €* is continuous. For any p > 1,
let iy« LP(X) — o (32) be the adjoint operator corresponding to the immersion i : ﬁl(E) s LT
and i* : Ups1 LP(2) — ﬁl(E). For any f € LP(X), we define that i*(f) := ¢*(f — f), i.e. for any
he (), @*(),h) = Jo(f = Phdu,.

The problem (3.1.1) has the following equivalent form,
u = i*(e2Vet)
=1
ue H (Y)
We consider the linear operator
LE:H(S) » H(D), 6 - T (¢ — i*(2Velin PVig)),

for any fixed £ € E,‘;m. The following lemma shows that the linear operator is partially invertible
for fixed e, and the norm of the inverse operator is controlled by |loge| as ¢ — 0, which is a key

lemma to solve the problem (3.1.1).

Lemma 3.1.1. Foranyé >0, let§ = (&1, ,&m) € Eg’m. There exists eg > 0 and a constant

¢ > 0 such that for any € € (0,20) we have

Ioll, Vo € K¢
oge|

140)| > s
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_ -1
In particular, the operator L : Kg o (X) is invertible and H (Lz) H < |logel/e.

By the fundamental work of [EGPO05], the proof of Lemma 3.1.1 is rather standard. Following
their idea, we will prove it by deducing a contradiction.

Proof of Lemma 3.1.1. Assume the conclusion in Lemma 3.1.1 does not hold. Then
there exists £ € E%m C Ekm for some small § > 0, a sequence €, — 0 and ¢, € Kg- with

llonl| = 1 and HLZ”(d))H = O(Wlen‘). To simplify the notations, we use ¢ instead of ¢, and ¢

instead of ¢,. It follows that
¢ — i*(2VeXizi PUig) = ¢ 4 w, (3.1.5)

where 1) € Kg- and w € K¢. Then |4 = o (ngd) — 0, as ¢ = 0. (3.1.5) is equivalent that ¢

solves the following problem in the weak sense,

(A, + )b = £2Veaiz1 PUig —er (A, + B) (W +w), inX

Oy, =0, on 0%

Step 1. |Jw|| = o(1), as e — 0.

Given that w € K¢, it can be expressed as w = > " Z;(i’l) cijP\Ifg . Considering the inner

product of (3.1.5) with P\I/f,/ , we have the following equation:

¢, PUY)) / Py, <2Ve 1 PUig / e2Vedina PUiQdeg) dv,
%

%l
= (0, PU)) + (w, PW)).

Since P, € H'(S) and ¢ € K&, we have [y, PU dv, = 0 and (i, P¥) = (¢, PYY) = 0. It

follows .
e / Vet PUigPulduy = 37 ¢y (P, PO, (3.1.6)

i=1 j=1

Applying Lemma A.0.5, the right-hand side of (3.1.6) equals

(&)
8o(&i) Dy s
(2)2 Z/]/+O ao 1ZZ|CU
71'7'&? e

where Dj > 0 is a constant and ag € (0,1). The left-hand side of (3.1.6) can be expanded as
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follows:

S (S xiels — Vel PU) P g, — S fiy xie (P — xirW) )b,

—e2 [ X3 (—em# + 1)eVv W, vy — €2 [ xGeev el ‘ld} pduvy.

Since ||¢|| =1 and ¢ € Kﬁl, [s e2x3e el \Iff,/QS =0(?) + <P\Ifg,/, ®) = O(e?). By calculation,

we have

52/ (e — 1)xpeVi \IJJ dvg
%

T2 lyPdy
< 0 / _TiETWITAY ) _ o(e),
- ( i<aro (7762 + [y[?)3 ©

Applying Lemma A.0.5 and Lemma A.0.7,

‘ [ €2<sz VeZHPU)ng,wvg < (zxze YT ) A
=1 D
- 2(1—p)
< oT =06 ),

where p, g € (1, +00) with %Jr% < land C > 0is a constant. Furthermore, Lemma A.0.3 implies

P\I/g// — xi/\I/g/l = 0O(1), as ¢ — 0. And applying Lemma A.0.2, we deduce for any i = 1,--- ,m

IN

O(lle*xie |pllollq)

0(8 2(1;10) )’

82/ineUiq5(P\llg, - Xi/\llg,)dvg

IN

as ¢ — 0. Combining these estimates, we conclude

m IE’L
8 it D 2(1—p)
%%' +0 ( iy !cm\) =0 7 ),

2
7TT,£/E i=1 j=1

as € — 0. Then \ci/j/\:O(S%) as € — 0, where p € (1,2). So
m I(E'L
> leijl = (3.1.7)

=1 j=1

by the arbitrariness of i’ and j'. Lemma A.0.5 and (3.1.7) yield that

m 1(61 2 m 1(61
ol = 353 eypul]| =0 (ZZ sl )) <ot
i=1j=1 i=1j=1

2
Hence, it follows ||w]|| = (’)(STP) for any p € (1,2) as ¢ — 0.
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Step 2. (¢, PUY) — 0, as e — 0.

Following the construction in [EGP05,EF14], we define

Ti2€2 — ’y|2 8 Ti2€2

4 2 2 2
Wi = —1o “e” 4 55 9 5 5 1 9
z(y) g(Tz ’y‘ )7_2252 ’y|2 37,1, 7.1'252 + |y|2

37

and

2.2

t; = —sZ <.
Z(y) 722€2+ ’y|2

We observe that w;(y) and ¢;(y) satisfy the following equations, respectively:
—Aw; — 2e¥idw; = 526“71"01/12%0 in R?

and

—At; — e2ei0t; = 2e%ni0 in R2.

By straightforward calculation, we derive that

/2 Va2 = M2(1+ o(1))(log£)?, /2 V42 = O(1), as e — 0
R R

1
2 2
with M; = 22 (ng (1+9L|2)4> . Let

wle) = xi(o) (watoe, () + 22 16, €)1, () for all & € Uiy (),

The projection Pu; € ﬁl(Z) of u; is given by

(=D + B)Pui(w) = —xiDgui(x) + xiBgu;(x) z €3
By, Pui(z) = 0 z €Y - (3.1.8)

Js, Puidvg =0

Consider 7; = u; — Pu; + %f:)H 9(xz,&;). The integral of n; on 3 has the following estimate:
/ nidvgy = O(e? log? €).
b
If & € 3, we have Oy,mi =0 in 9%. For §; € 0%,

8
Ou,Mi = Oy, ui + ?a”g(Xi log |ye,|) = O(£%|loge|) € C™=(9%),
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2i(W)

in view of 9, |ye, (x)] = —e™ 2 f”y—z‘|y:y§i(x)

—|yl2
Jwe % log(1 + [y*)dy = 5, and [g Wdy = Jre mdy = m, we deduce that

= 0 for any = € U(&) N 9X. Considering that

I(~Ag + B)mill, = O(ev| logel).

1
Claim 3.1.2. ||n; — 7|, < Cer|logel.

Indeed, we can find a smooth function f with f|ogs = Onilox and | fllee < Ce?|loge] for

some constant C' > 0. By the Schauder estimate in Lemma 2.3.3, there exists a unique solution

uy € C*(X) solving
(—Ag + B)ur = =iy 5, fdsg + By Jymidvg i %
oyuy = f on 9%

Jsuidvg = [5nidog

It follows that ||u; —u71||o = O(g2|loge|). On the other hand, the regularity theory of Lemma 2.3.1,

there exists a unique solution ug € W2P of the following problem

(—Ag + Buz = (=Ag + B + 157 I fdsg — Brsy Jx midvg in
Oyus =0 on 0¥ >

Js uadvg =0

with |Jual[p2, < C’ei| log | for some constant C' > 0. By the uniqueness, 1; = u1 +us € WP(X)
_ 1
17i = Tilleo = O(e |logel).
Since |7;] = O(e?1og? €), we deduce that
1
1nilloe < O(e7[logel), (3.1.9)
for p > 1. Moreover, for any x € 3\ {¢;}, the following inequality holds:

Pus(z) — 225 o el < 0(cH | og ). (3.1.10)

Ti
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Additionally, || Pu;||? is computed directly as

1Pu|? = <Pui,Pui>:—/Z

20(& 1
Xi <u 3(7_i )ng + O(er| log5|)> Aguidug

= O(|logel?),
as € = 0. Thus
|Puill = O( log ), (3.111)
as € — 0. Applying Pu; as a test function for (3.1.5),
(Pu;, ¢) — /Z 2V eXan=1 PUn g Pusdvg, = (Pug, w + ).

Considering [(Pu;, w + )| < ||Pu;||(|Jw]| + ||R]]) < [|[Pus||o <|loge\) o(1), we deduce that

(Pug, &) — /E 2V el PUn g Pugdu, (z) = o(1). (3.1.12)
By (3.1.8) and ||¢|| = 1 with the Holder inequality,

(Pu;, @) :/2(—XiAgui+XiTgui)¢dvg (3.1.13)
_ /2526 o1l u¢dvg+/s ie~# eV W b, +/ 20(5) 2 HI (&, )t ie P e gy, + O()
_ / ’ u,¢dvg+/ (e — 1)V uipdu,
+Pu0, o) + [ 22 proce, g)etiate — ety

20(&; :
f;(f)(Hg(&,@) H?(-,&))e*vie ¢dg+/ 35 H(-,&)e*xieV pdvg + O(c?)
) 20(&; 2-q
= /26 e lui(;ﬁdvg P\Ilo,gb +/ gs 51)5 Xi€ ¢dvg+(9(5 a ),

for any ¢ € (1,2). On the other hand, Lemma A.0.2, Lemma A.0.7, (3.1.9) and (3.1.11) with
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the Holder inequality yield that
/ EQVeZZL:lPUhnguidvg = Z/ e2xne pPuidv, + O(a%]log el) (3.1.14)
X h1/%

4 20(&; 1 1
= % [t (u+ 2 po(6) + O(eHtogel) ) o, + (e Hoge)
h=1 ¢

_ 20(&; _ 20(&;
L i+ A S et 3 | 2, bt

+Z/ 2! & §i) — Hg(fhafz’))62xh6Uh¢dvg + (9(6%”(%_1” logel),

37;
= /EQeUuqbd +/ Hg( &)e2xieVipdv +Z/ o(&) SRV HI(€, &) e pdu,
5 1 3 1 1 g 3 AN
+O (e 257 10g g

. 1 1
for any s € (1,2). We choose s, p sufficiently close to 1 such that  +2(5 —1) > 0. Then, (3.1.13)
and (3.1.14) imply that

Pet) = 52 [ FE GG et oy +ott)

= Z/ 20( 51 SRV I8, &) xne P e gduy + o(1)

_ Zzgfﬁﬂg@h,axpvh,@ o(1)
hi v

as € — 0. It is sufficient to show that (PUj,¢) = o(1) for h = 1,--- ,m. Using P¥Y as a test

function of (3.1.5), we deduce that fori=1,--- ,m

o(l) = (¢,P‘I/?>—/szvezhmzlpUhqqu;?dvg
b

= /252X7;e_“""eUi(\If — PUY)¢dv, — Z/ e2xne e PUYpdv, + o(1)
h##i

= /EQXie*“"ieUi (—2 +O(e Hao)) pdvg — Z/ e2xne P el O(e ) pdu, + o(1)
by Ti hti

2
where we applied Lemma A.0.2, A.0.3, A.0.5 and A.0.7 along with the facts [|¢]| = 1,||w]| =
o(1),]|¥|| = o(1/|loge|). Consequently, (PUp, ¢) = o(1), for h=1,--- ,m

Step 3. Construct a contradiction.

VVedenoteRm:]RZifxEX"];R%:R?|r = {y € R? : y5 > 0} if x € 9. Let 7y be the
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stereographic projection through the north pole for the standard unit sphere in R?. We denote
that S; = 7rx,1 (Rg,) for i =1,--- ,m. Define the following spaces for { = (&1, ,&m) € Eim:

v
L;:= \IJ:Rgi—>R:H2 < +o0p,
L[ Pl
and
v
H, .= {\I/Rgl —R: ||V\Il||L2(R51)+H1-|-"2 ) <OO}.
L2(Re,

The associated norms are defined as the following,

LG

L
\I{ -
o <

L+|-]2

and [, i= V¥ iz + |

L2(Re;) L?(Re;) |

The maps
Li — L*(S;) : U Vomy

and

HZ'—>H1(SZ‘):\I/'—>\I/O7TN

are isometric. Let Q5 := -1 Bglo,gée( )= gzﬁ(ygl(nsy)) and x5 (y) = x(mely|). Consider

b
dix; vy €
0 y € Re, \ O

By Lemma A.0.7 with the Holder inequality, we have

252/ XheUhq§2dvg = /Vezh 1PUh¢2dv —|—(’)< Z xnel Vel 1PUh|¢2dv>
h=1 7% h=1

as € = 0, where p € (1,2) and l + l = 1. On the other hand, we use ¢ as a test function of

(3.1.5). Since [|¢|| =1 and ||¢|| = o(

loge)

i /z VeXiim PUng2du, = (§,6) — (w + 1, 6) = 1+ o(1).
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By direct calculation, we have the following estimates:

Set [tistin, = 3 X)) Py + O
Pt EX’L g - BE'L 7_ €2+ |y‘ ) y{z ) y y

_ |65 (y 5
_ Z/R& +!y\ d+0(5),

and

1

[ vdity = /  DEVeE 4 oividPy

(IVoilye (W) + |¢(ygl(y))2)dy>

_ ( |V¢|gdvg+/€ #lo(a) e
0 (¢l =

Hence, gzgf is bounded in H;. We observe that H; compactly embeds in L;. Up to a subsequence,

as e — 0, (;Nﬁf — gzNS? weakly in H; and strongly in L;. It follows that
UL 1
Dol = < (3.1.15)
i=1 8

For any h € CZ°(R;), assume that supp h C Bg,. If ;e < R 0 then supp Vy (‘y|)ﬂ supp h ( y) =
(). For any ® € HI(Z),

0= doy v ||) Vh< >:/ h<'>vq> v (") 3.1.16
/Bg’ "V X( 7o Ti€ By \Ti€ (®oye)-Vx T0 ( )

In (3.1.16), we take ® = ¢, w and v, respectively.

Claim 3.1.3. For any ||h|| = (fgz |VR|* + ]h!Z)% <1and h € CX(R?), ase — 0

/Xz (ygl)d = 0(g?) (3.1.17)

1
and / xi|Vh (y&)
= e ) g
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Indeed,

Joxil? (ve @) dvg(e) = [pe ePOx ()02 (Ly)dy

2rg

IN

O (2 for h () Pdy) < OE)|h2 = O(?).

Vi (Lue @) dog@) = Ty x (1) |90 (L) [ dy < O (Jor 190 ) Pay) < O

2rg

fz Xi

The claim above concluded.

Combining the result in Step 1 and [|¢]| = 0(@),

lwll + l¥]l = o(1), (3.1.19)

as € — 0. Assume that 0 < ¢

[ o= [, 5 (x(2)oerg) o ()

(3.1.16) Bgi Véo yél(y) v (X (gj) h (;y)) dy = /2 <V¢>, \Y (Xih (;ygi>>>g dvg

3.1. m 1
= —5/ Xih ( z) d)dUg +/ 52Xivezh:1 PUh¢h (myfz) dvg
1
]Z‘g / QVGZh 1PUh¢dvg/ ih (my&) dvy

+/< (w+ 1), (th (T;y@)»gdvg

= [ G+ [ Ve o (@) ) @

_7252/262‘/62;":1 PUhgbdvg(x)/

[ (Tﬁ\:ﬂ) P T h(y)dy + o(1),
&

To

for any h € C2°(R?) with ||h|| < 1. By the Hélder inequality and Lemma A.0.7,

i | Giwntw)ay| < 15w, (/R <1+y|2>21h<y>|dy> < Wbl
£ €

where C > 0 is a constant depending on Ry, and

52/ 52XiVeZh:1 PUth)
by
m m
< 2 52xl-VeZh:1 PU, _ 2 ineU
i=1

= (e lloll).

< g2 HsZXiVethl PU

]l
p

v ) ]l
p

m
23 xie
=1

p
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Applying Lemma A.0.1 and (3.1.4),

Js 52Xivezzn:1 Pk oh (%y& (95)) dvg(x)
iy (6 Ty exp{~ log(872) + 0 (6) H (6:,)
(Ti252+’y§i| )
+ 3 i 0 (&) G (s 6n) +10g V (&) + O (lyg,| +€'70) }oh (iy&) v, (3.1.20)

A 7222 _
= o, ™ o ve WX (8) b () dy + o)

(TP +yl?

— 8 Te
- fRfi (1+|y|2)2 ¢z h’(y)dy + 0(1)
Then, ¢? is a distribution solution for

8 . . 2
—AU = WU in Re, Wlth/Rl2 IVU|*dy < oo. (3.1.21)

with boundary condition d,,U = 0 on ORg,, where 1y is the unit outward normal of OR¢,. By the

regularity theory, (;3? is a smooth solution. It is well-known that any solutions to problem (3.1.21)

take the form (see [EGP05, Lemma D.1], for instance) ¢9(y) = aolily\?[g + 23(611 1+|Z]|2, where

aéGRforZ:l,me:Oaﬂ(gz)

Applying the result from Step 2

16 yl> =1 - 16/ ly[? —
— T 3P = lim Il T AENEd
7 Jre, (Jy12+1) 3¢’(y) 50 7 Jos (yl” + ) 30iXidy
- ]
= lim 167‘-52/ ]y\—Ta < Y >
es0 ! B, (y2 + 722 )3¢ ( )X Yy
= lim 526“”’01/’%,@Oyél(y)x(!yl)dyZ;ig(l]észxie*%e%?gbdvg

e—0 Bgio

— 0 4 —
= lim(PW), 9) = 0.

Forany i=1,--- ,mand j =1,---,i(&§),

32 32
d 7/ € s
- / <|y\2+1>3¢1 y=lim = | R T

—  lim 32722 / y— (|y|)d

2rg

. Y 0.3 —
= lim g2 X <| 0’) u“’OT/Jg-i,()Q5 o y&_l(y)dy

e—0 Bgl

21_1:% U2r0(£i)€ xie e P () dv,g ;1_r>r(1)<P\Ifz,d>) 0.

46



. . . 2_ ~ X ~ .
Hence, for any i = 1,--- ,m,j = 1,--- ,i(&), ngi %(b?d@/ = ngi (Méyﬁqb?dy = 0. This
implies that QE? = 0, which contradicts to (3.1.15). O

Fixing Y ;% PU;, we try to obtain the solution of
m m -
I (Z PU; + ¢ — i*(e2e2im1 Uﬁ%)) =0,
i=1
for ¢Z € KEL applying the fixed-point theorem. Then, the problem is reduced to a finite-
dimensional one.

Proposition 3.1.4. For anyd >0, and § = (&1, ,&m) € Ei,m' For any p € (1, 2) there exist
g0 > 0 and R > 0 (uniformly in &) such that for any € € (0,e9) there exists a unique 9 € Kg
such that

m m -
I [Z PU; + ¢ — i* (%2 PUZ’*‘%)] =0, (3.1.22)
i=1

27
with | 65| < Re v |logel.

Proof. Define an operator T§ : K El — R as follows:

7:(0) = |(12) ol o | M),

Mg (¢) = e2e2 e PUi {e‘z’ -1- ¢] +

m
m
82621':1 PU _ g2 Z XieiwgieUi
=1

for ¢ € Kél We observe that i*(e2 31, xie #4eVi) = S, PU;. Tt is obvious that ¢ is a fixed

point of T¢ if and only if ¢ solves (3.1.22) on Kg-

Applying Lemma 3.1.1, Lemma A.0.7 and Lemma A.0.8 and the Moser-Trudinger inequality,

we obtain

ITg ()]

IN

Cllogell|i* o M¢(¢)|| < C|loge| HM5(¢)Hp

IN

C|loge] (HEQVeZanlPU"(GQ5 —1- ¢)H

)

2—2pr 2—
< Cllogel (JolPeel’s 5 4 5

p

+

m
m
e2VeXita PUi _ 2 > " xie
i=1

where ¢y > 0 is a constant, r > 1 is sufficiently close to 1, and p € (1, g) We then fix arbitrary
p € (1,%) and choose R > 0 large enough such that C(1 + e2) < R. Next, we select &1 > 0
such that max {Re

2—2pr
pr

2— 2—
+7p]log€|,RETp\ log£|} <1 for all € € (0,e1). Consequently, for any
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2— 2
o] < RETP\ logel, we have || T¢| < RETP\ loge|. And similarly, by Lemma A.0.8 we deduce
that

IT¢(61) = Te(@)| < C'llogel[|PeXims PV (e — e — (91— 6))||

2 X 2—2pr 2
< C'|logele =1 191555 (5™ 165 1 — g
j=1
l+apg—p

2—2pr 1
< 2RC'*2e T log’ellgr — 6ol < Sl — 6l

uniformly for any ¢ € (0,e2) and £ € Eim, where g9 > 0 is chosen such that
2-p 2-2pr | 2—p 1
max {Ra prlog&?\,?RC’eCQE ot 10g25} <5

for any e € (0,2). We then take o = min{e1,e2}. Thus, T¢(¢) is a contraction map on

2_
{qﬁ e Kg- ol < RanHog 5]} By the contracting-mapping principle, there exists a unique

2—
fixed point of T¢ on {gb ec: ol < R5pp|log5|}. O

3.1.3 The reduced functional and its expansion

The associated functional E : ﬁl(E) — R of the problem (3.1.1) is defined as following:
1
E.(u) = 3 /E(]Vu\g + Blul?)dv, — & /2 Ve'duy, (3.1.23)

for any u € HI(E). We expect to find a solution u with the form 331", PU; + ¢, where ¢ is

obtained by Proposition 3.1.4. Then substituting it in the energy functional E., we have the
~ 2—

reduced functional E. () := E: (3272, PU; + ¢¢) with [[¢g < R57p|log g, i.e.

2
) dvy

The reduced functional E. : Ek,m — R admits a C'-expansion with respect to £ in the form of

2
+ 8
g

Z PU; + (ﬁg
=1

B(e): = ;/E((v (imwz)

m ) <
—¢? / Vedoim PUH0e gy
%

the following asymptotic expansion:

Proposition 3.1.5. Ase — 0,

m m

B6) = ol€)(Blog2 — 2loge) 2 0(6) — 5 FLn(€) +0(1),
i=1 =1
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which is C*-uniformly in any compact sets of g m.

Proof. Denote ¢ = gf)i to simplify the notation. Then

m

E:(§) = ;(Z<PUi,PUi>+Z<PUi,PUj>) <H¢||2+2Z PUl,as)

i=1 i#j i=1

—/ 2V ed it PUi g, — / g? (Vezzl PUAS _ yed il PUZ') dvy.
s s

We notice that |e* — 1| < el*l|s|(Vs € R). By Lemma A.0.2, we deduce that

/E (Vedoima PUHe — ye2uina PUL) dy g‘/ e2Veaim Pl | gl du,
< o (a6, o) < 0 (J2veSar], o) = o,

as ¢ — 0, where r € (1,2) with 1 —|— + b =1 and 2(1 L 2%7’ > 0. By Lemma A.0.9 and

Lemma A.0.10, as € — 0,

B€) = 3. 0(6) (31082 — 210g2) — 23" 0(6) — SFYn(€) + (D). (31.21)
i=1 =1

y (3.1.22), we deduce that

i(€s)

m m
S PU +6— i (gvezizlpmw) => > &PV, (3.1.25)
s=1 1

=1 =1 t=

where ¢5;’s are coefficients. We combine (3.1.25) with Lemma A.0.1, Lemma A.0.15, and Re-

mark A.0.6 to deduce the following estimate: as ¢ — 0,

m i(€s)
ZZ & =0 (3.1.26)

For the C'-expansion, applying Lemma A.0.3 and Lemma A.0.15, we deduce that

E. <i PU; + ¢>
=1

= <Z PU; + ¢ — i* <€2ezz‘:1 PUi+¢> 7a(£h)jPUh + Z P\I’?a@h)in(f) + 8(£h)jq5>

=1 =1
10F) m
28(€) s=1t=1 i=1 ! !
1 af’Vm m i(£s) m
= o () Z Z <P‘I’§,ZP‘I’?6(§}1)W(€) + a(g,,).¢>> +o(1),
28(&1)] ) pt J J
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forany h=1,2,--- ;mand j=1,---,i(&,). Utilizing Lemma A.0.5, we have
1
(PO PO < PR IPRY =0 (=)

Considering the fact that (PW!, ¢) = 0 and [9¢,), PYL| < [9¢,), Wi| = O(z), we obtain

(PUL D), 0) = g, (PYL ) — (g, PUL6) < O (0] |1, P
o(#)=e(2).

through direct calculation. Consequently, we have

)

m 1(53
(3555 cupvt 30 ¥ 300 0) =0 (

s=1t=1

=3 > 1l - (3.1.27)

It follows that

- 10FY m i(gs)
8(§h)jE5(§) = 9 8(5 ) (61, &m) + 22 Z:l tz; ’Cst| (3.1.28)

Then, (3.1.26) and (3.1.28) imply that for any h=1,--- ;mand j =1, ---,i(&,), as e = 0

m 10FY
E. (;PUi +¢> = _58(§h)j (&1, &m) +0o(1).

The following proposition states that > i, PU; + ¢¢ being a critical point of E. in ﬁl(E) is

equivalent to & being a critical point of E. in Ekm-

Proposition 3.1.6. The function 3 7;" ) PU ()¢ + ¢g is a solution of (3.1.1) if and only if £

s a critical point of the reduced function

00 B0 = E. (3 P+ 45).

Proof. Denote ¢ := ¢¢ to simplify the notation. Assume that ¢ is a critical point of the reduced

function E. in Ek,m- Then & satisfies
(e, = (€) = 0, (3.1.29)

for any ¢ = 1,--- ;m and j = 1,---,i(§). According to (3.1.22) in Proposition 3.1.4, the

50



following identity holds:

m m 1(s)
> PU+ ¢ — i (Ve PUH0) = 57 N7 e PUL,

h=1 s=1 t=1

where ¢,’s are coefficients. Then, (3.1.29) becomes

m i §5
<Z > &PV, O, PU; + ZP\I/ i), m(€) + g, ¢> 0. (3.1.30)

s=1 t=1 h=1
By (3.1.27) in Proposition 3.1.5 and (3.1.30),

m (&)
s=1t=1 s=1t=1

m 1(&-5
cit <P\Ilg?a(§l)JPU’L> =0 ( 2 Z Z ’CSt|)
By Remark A.0.6, we conclude that ¢; =0 for any i =1,--- ,m and j = 1,---,i(§). Hence,

f: PU, + ¢ — i* (e%e2ana PUit0) — g, (3.1.31)
h=1

If 373ty PUp + ¢ is a weak solution of (3.1.1) in ﬁl(E), then (3.1.31) is satisfied. Fur-
thermore, (3.1.29) leads to the conclusion that £ is a critical point of the reduced functional

E.. 0

3.2 Proof of main results

Now, we are ready to prove the main results.
Proof of Theorem 1.1.1. Let K be a stable critical point set of ]-",Xm. As & — 0 there exist a
sequence of points £° = (&7, ,&5,) € Egm such that dist(€5, K) — 0 and & is a critical point

of E.: Z, ~— R. Without loss of generality, assume that up to a subsequence
k,m g

é—E:(fi"'7§fn)_>§:(§la"'7§m)€K7

as € — 0. Then define u. = ;" PUTi(gg)@; + ¢g-. According to Proposition 3.1.6, u. solves
(3.1.1) as ¢ — 0, which means that wu. solves problem (1.1.2) in the weak sense for some
A=\ =¢? Js, Ve'sdvy. Applying Lemma A.0.2, LemmaA.0.8 and Lemma A.0.10, A = A\, +
o(1), as e — 0.

Claim. For any ¥ € C(X), &2 [y Ve'=W¥dv, — Y7 0(&)V (&), ase — 0. In fact, by the
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inequality |e® — 1| < el*l|s| for any s € R and Lemma A.0.7, we have

m
82/ Ve'sWdv, = 52/ Vezz‘:lpUi\I’dvg +o(1) = Z/ e%xe, eV Wdv, + o(1)
s by /=

m

= Y o(&)¥ (&) +o(1),

=1

as € — 0. Therefore, u. is a family of blow-up solutions of (1.1.2) as ¢ — 0. The proof is

concluded. O

Proof of Corollary 1.1.2. As demonstrated in the proof of Theorem 1.1.1, for any ¢ > 0
sufficiently small, we can construct & € Eim and A; such that up to a subsequence £* — £ €
Kuin, Ae = Mg = 4m(m+k), and v = 310 PU, (g5 ¢= + 9= solving (1.1.2) for the parameter
Ae. It follows that

We recall the following expansion from Proposition 3.1.5,

B(€) = 3 0(60) (31082 — 21058) 23" 0(6:) — 3 FLin(€) + o)
=1

=1

in Cl-sense. As e — 0, u. is uniformly bounded on X\ U™, U (&) for sufficiently small € > 0

and supyy, (¢;) Ue —> +00, as € = 0. Lemma A.0.1 implies that
e = =23 X (Jyes (2)]/ro ) log (272 (6%) + [yes (2)[2) + O(1), as & — 0.

=1

Given that € > 0 is sufficiently small, we have

max U, = max {ug(x) D yes (z)] < 57’1’(55)} fori=1,---,m.
Uro (&) v

Then, there exists & ; satisfying that |Ye. (€..4)| < /e7i(€°) attaining the local maximum of u.

for any i = 1,--- ,m. Moreover, & = (§.1,-- ,&m) — € and

Flm(&) = min FY(8), ase — 0.
’ EEEk,m ’

Applying Theorem 1.1.1, we can conclude the proof. O
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Part 11

Toda systems

93






4 Partial blow-up solutions for Toda sys-

tems

4.1 Properties of the shadow system

Let C¢(X) and C;*(X) be the spaces of Hélder continuous functions of class C* and C*°

with zero average over X for any s = 1,2, € (0, 1), respectively.

Next, we study some important properties of the shadow system (1.2.5). Firstly, we establish

a prior estimate for the solutions of (1.2.5).

We define the following shadow system with parameter ¢ € [0, 1],

wtﬁzm Q(&’L)Gg<z €)
= 2 S . 2
—Aguw' = 2py Ve = -1 in %
wt,z 251 G9(x,¢;)
fz Vae i=1 2 =t dv

Dyy ! = 0 on 9y (5)

(9ft(§) = 0 in Ek,m

where

fl€r o &m) = FL(6) = S (1= to(&)w' (&), for & € Zg .

Proposition 4.1.1. Given any o € (0,1), there exists a constant C > 0 such that for any
t €10,1], any pa in a compact subset of Ry \ 2rNy and any solution (w', &) of (S;), we have
the following prior estimate,

w2y < C.

Proof. Define that
ot =wt — log (/ Vgewt_z::'; g(gi)Gg(',é’v:)dvg> ]
)
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- m (&) )
It follows that [y, Vae?' ~2it %5 Gg("&)dvg = 1. We can rewrite the system (S;) as follows:

— Ayt = 2py <Vze“~’t_ e C O 1) in 3
Dy, 0" =0 on % (4.1.1)

=0 in Ek,m

V (Fln(e) = S (1 = el (@)|

For a sequence of (1!, ") solves (4.1.1) with the parameter pi¥ — ps as n — +o0o0. We define

that w!, = @, + log <f2 Vet ~2ui=1 2 Gg("gl)dvg) . We define the blow-up point set as

B = {:po € :dx, > xps.t. lim w;(xn) = —i—oo} 7
n—-+oo
and the local limit mass

- T . ny. W=y " 50(6)GY(-E)
70 = B Jy 2PV S HE e

Step 1. If pg ¢ 27N, then B = (). Furthermore, there exists constant C' > 0 such that supy, @, < C.

Claim 4.1.2. If 5(z0) < Lo(x0), then there exists a small open neighborhood Uy, around
zo such that e®n € LP(Uy,) for some p > 1 and w!, € L=(U,,). Consequently, &(xq) = 0 and
o ¢ B.

Proof of Claim 4.1.2. Using the isothermal coordinates, we define 0"(y) := @}, oy (y) and

Vi(y) == V; o y;!(y), we can obtain the local version of (4.1.17). Specifically,
—A?"(y) = QpSe‘ﬁIO(y) (V(y)e@"(wzyil @Gg(yz_ol(y),&) _ 1) in B, (4.1.2)

and

Dy, 0™ (y) = 0 on B™ N {y € R? : yp = 0}.

When zp € 0%, we extend 0" to an open ball by reflection of z-axis (refer to [NT91]).

In distribution sense, for sufficiently small r¢ > 0, " solves

— A" (y) = f" in By, (4.1.3)

- . - ~n m (&) -
where f" = 2ple®=o () (V(y)e” W)=220, 5556 e () &) 1> in B,,. For any real-valued func-
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tion f, let fy := max{0, f}. We decompose (0")4+ into two parts
(0")4 = o + 0%, in B,,
for any r € (0,79), where 07 is the solution of

—AW = (f")+ inB,
o =0 on 0B,
and o4 is the solution of
—A?PY =0 in B,
0y = (0")4+ on OB,

Applying the result given by Brezis and Merle in [BM91, Theorem 1] for D = B,, we have

N RCLEIGIN D
b ) <

L (Br)
for some constant C' > 0, for any r € (0,r9) and € € (0,4).

Due to the assumption, for any ¢y € (0,47) there exist constants 71 > 0 and N € N, such
that
~ ~n m o(§;) -1 4
/ 2p5e¥=o Ve “2it G ung &) < 4 — o, Vr € (0,71),n > N.
B,

Observe that there exists a constant ¢; > 0 such that [ 2pfe?=o < c1p8r?. Since pif — pa, o

is uniformly bounded. Combining the estimates above, we have

L 1G] < dm = o - crsup g
” n

We take r* = min {ro,rl, 2615111300€N|p”|} and fix a € € (0,47) sufficiently small such that
n 2
A — e > 4w — %Co. For any n > N and r € (0,7%), [ eP? < C, for some constant C, where
_1 ~
p= i:_izg > 1. Thus, (f™)+ € LP(B,). By the LP-theory and Sobolev inequality,
2

-n <C
||'Ul ||L°° (Blr) >~ L,
2

for some constant C' > 0. On the other hand, the maximum principle implies that o5 > 0. Given

the estimate (4.1), we have [z @) < [, ((@0")+ +[07]) < C + [[0"]|1(s,.)- Additionally,
5T 3T
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we observe that || — Ayl | r1(x) is uniformly bounded. Using the LP-theory, we then have
@k |lg < C, for any ¢ € (1,2) and for some constant C' > 0. Applying the mean-value theorem

of harmonic functions, it follows that

o < o < o < (.
195, (5, ) <OVl 5,y < COF 17, 0) <€

ir

To conclude, we proved [[(v™) )y < C for some constant C' > 0, Le. @f is

+ ||Loo (Vg (BirﬂBﬂco

bounded from above in a small neighborhood of xg. Hence, Claim 4.1.2 is complete.

~ m o(&;) — )
Given that [, QpSVQewfl(y)*Zi:I £38 0 ey W)6) = 1, Claim 4.1.2 indicates that B must be a
finite set. Otherwise, the presence of infinitely many blow-up points in B\ {&}%,, each with
a local limit mass &(z) > Jo(z) for any z € B\ {&}7. 2p2 > Y ,cp 50(x), which leads to a

contradiction.

For
—Au(z) = a(x)F(u) + ag(z), in U C R?

we have the following Pohozaev’s identity:

J 2(aF(u) + apu) + [;;(y - Va)F(u) + (y - Vao)u

u 2
= Loy Vg — - ») 5+ (- v)(@F(u) + aou),
where U is a smooth domain, F(u) = [ f(s)ds and v is the unit outward norm of 9U.

Applying the Pohozaev’s identity, we derive that

/ "V 2ds, —r/ 18,5" 2ds, (4.1.4)
OB, 2 9B,

= r 2p5ePro ef’"—Z;il #Gg(yz_ol(y),&)dsr - 4/ p7216¢z0 (677”—2:-':1 Q(gi)Gg(ya?ol(y),&) — 17”) dy
B,

m

_ / 2,072166” <V(€¢z0 ‘76_ ZiZI @(gi)Gg(yz_ol(y),ii))7 y> dy . 2/)721/ e¢zOy V" dy,
B, B,

where ds, is the line element on dB, and v denotes the unit outward vector on 9B,..

Suppose that B # 0, we will prove that

/ Vpen 2 @GQ("&)CZ% — +00.
)

Using the Jensen’s inequality with [, w!dvy, = [+ GI(-,&)dvy = 0 for any i = 1,--- ,m, we
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m (&) )
can deduce that [, Vgew%_zizl QTGQ("g’)dvg has a positive lower bound. Assume that

m

(&)
0<c < / Vgewz_ i1 53 Gg("g")dvg <C*
b))
for some constant ¢*, C* > 0.

Wl =37 RGN gy
Up to a subsequence, Voe"n™ Zyi=1 "2 ~"/dv, is convergent to some Borel measure denoted

by w in sense of measure.

For any x¢ € B, we choose €y > 0 such that U, (zo) N ({& 1} UB\ {z0}) = 0, where U, (x0)
is definedd by the isothermal coordinates in Section 2.2. Since w!, € L (X \ B), there exists

a constant ¢ > 0 such that SUPQ, (o) |01 | < d. For xp € 93, we apply the reflection of the

x-axis to extend the functions on an open disk. We consider the following equations:

€0

_ AR = 2pepu0 (Veﬁ"z:’il 0.6y (1) €0) _ 1) in B

hr = - on 0B,

By the maximal principle, we deduce that 3" > A™ in B,,. By the regularity theory, h™ converges

to some h weakly in W1H4(B,,) for ¢ € (1,2). It follows that A solves
—~Ah=pu inB,
h=—¢ on 0B,
in the sense of distribution. We consider the Green’s function defined by the following equations:
—AG*(xz,x09) = 4m(dp — 1), in B,
G*(z,x0) = —c, on 0B,
By the maximal principal and Claim 4.1.2, we derive that h > G*(y, z(). Observe that
G*(y, o) = 2log [y| + Aq, (y),
where A;, is a smooth function depending on z(. Fatou’s lemma yields that

~t
+00 = G*(-,z9) < / e < liminf e < liminf en < CC*.
BEO ]Beo n—-+oo Beo n—-4oo ]BEO
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m (&) )
There is a contradiction. So fz VQQWZ—Zizl QTGQ("g’)dvg — 400, which implies u?ﬁl — —00
uniformly in any compact subset of ¥\ B.

We recall the definition of Ug,(z0) = y,'(BZ). By (4.1.2), we have

—AD"(y) = 2p5V* (y) |y )™ W) — 2o in B,

1z € {&GHy
where V* € C*°(B,,R;) with a lower bound away from 0, and (z¢) =

0 otherwise

~ m - 0(&;) )
Since [y, “/Qew'z—zil SEE(@s) _ < 2, by the regularity theory, for any ¢ € (1,2), we

derive that ||w},|[w1.qcs) < C, for some constant C' > 0. For 2ps = - ,c55 (),

wt = 3 #@)GI(, ),
el
weakly in W14(X) and strongly in C2,_(X\B), where GY is the Green’s function defined by (2.4.1)
with B = 0. We observe that for any x € Uc (x0), —AgG9(x,20) = 03y — 1 and GI(z,x9) =
ﬁlogwlm| + H9(x,20), where HI(-,z9) € C*(UZX). Passing the limit n — 400 first and

then r — 0 for (4.1.4), we have
5(x0)* = o(x0)(1 +(20))3 (wo)-

8(1 +~(wy)) ifxge
Since xg € B, &(xo) > 0. It follows 5 (zo) = o(zo)(1 + v(z0)) =

A (1 + vy(xg)) if 2o € 08
Since y(zg) = 0 or 1, 2ps = >, cpd(x) € 2rN. This leads to a contradiction since we assume

that po ¢ 27N.
Step 2. For any t € [0,1], € (0,1), and (w?, £!) a solution to (S;),
[w' | c2es) < C,

for some constant C' > 0.

Step 1 implies that

o(

g el&) :
sup(w' — log(/ Vae' 2l 2 Gg("éi)dvg))
) )

is uniformly bounded from above. By the Schauder estimate in Lemma 2.3.3, it follows that

|w!|c2.a(sy < C, for any o € (0,1) and some constant C' > 0. O
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The shadow system is a singular mean field equation coupled with a balance condition. An in-
tuitive approach to deducing the non-degenerate solutions is to first analyze the non-degeneracy
of the singular mean field equation and then address the balance condition. We introduce the fol-
lowing hypothesis, which was originally introduced by [DPR15] to deal with Dirichlet boundary

conditions, and have modified it here to be compatible with Neumann boundary conditions:

(H) For some & € Ej,,, there exists a mon-degenerate solution of the problem (1.2.3), i.e.

there exists a solution of (1.2.3), denoted by z(-,£°), and the following linear problem:

Va(2,8)e*@ () Va(w,£0)e* @) [ Vo(-, §)et ) pdu,

~Ag(x) =2 | 20 - i
I Va(-, go)ez(-,ﬁo)dvg (fz Va(-, gt>)e2(-,£0)glvg)2

Bygﬁ) 0 on 0X

(4.1.5)

admits only the trivial solution ¢ = 0.

Lemma 4.1.3. Assuming the hypothesis (H) holds for (€°,2(-,£%)), for any o € (0,1), there
exists an open neighborhood 9 around £° such that the map & v z(-,€) from 2 into C’g’a(Z) 18
C-differentiable.

Proof. We observe that for any o € (0,1),

m

- o(&;)
Val,€) = Va(a)e™ i SHAI I, 2 oelue, (0 € o),
uniformly for ¥ CC Ej . Let

U2 CP(B) X Epn — CS(D) x {0},

V x,£)e”

\I/(Z,f) =

Oy, 2

We observe that z is a solution of (1.2.3) if and only if ¥(z,£) = 0. According to the hypothesis
(H), for fixed £°, there exists z = z(-,£°) that is the non-degenerate solution of (1.2.3). Then
we have ¥(z,£%) = 0 and for any 1 € CS’Q(E)

0 _qu/) - K(d})
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where K : C2*(2) — C§(%),

b 2 (‘72@»6“)6%) Tl v2<-,go>ezwdvg> |
fz VQ(-,fo)ezdvg (fz VQ(-,éo)ezdvg)Q

By the regularity theory in Section 2.3, the mapping (—Ay,d,,) : Cza(E) — C§(X) x {0} is
an isomorphism. It is noted that the operator K is compact, which preserves the Fredholm
index upon addition to (=4, d,,). Hence, (~A, — K, 9,,) is a Fredholm operator of index zero.
Applying the hypothesis (H), the derivative D,¥(z,£%)(3)) has a trivial kernel, thereby affirming
the non-degeneracy of D,¥(z, £%). The implicit function theorem yields the existence of a radius

r > 0 and a continuously differentiable mapping

B, (€%) := {€ € B dy(£,€%) < 1} — C3(D),

5&—>z§,

such that ze0 = z(-,£") and 2 is the unique solution of W (z¢, &) = 0 for any £ € B,.(€9). We take
2 = B,(£). O

Lemma 4.1.4. For{ € Zppp, i=1,--- ,m,j=1,---,i(&)
1
a(gi)jlg(z(‘7€)) = ig(gi)asz(xvgﬂfc:&' (4’1'6)

Proof. Since z(-,£) solves the problem (1.2.3), Ié(z(',g)) = 0. By the representation for-
mula (2.4.2), we deduce that

Oe),; Le(2(+,6))
Z( £) )
= Ié(z(7§)) z(+,€) _2P2/ fEVZ € )dv < Q(Q&)a(&')ng(',éi)> dvg

L €)e?(8) 1
= ;o) / . § 060, <mdvg—§g<5i>asz<x,s>|x:&-

O]

It is clear that (H1) implies (H). The hypothesis (H) describes the nondegeneracy of solutions
of the singular mean field equations (1.2.3). For ps € (0,27), it is generally observed that
hypothesis (H) may not hold. Nonetheless, when ps > 0 is chosen to be sufficiently small, this

hypothesis is satisfied for any 2 that is an open precompact subset of Zj, ,,.

Lemma 4.1.5. Let 9 C 9 C Ekm be an open subset. There exists py € (0,27) sufficiently
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small such that for any pa € (0,po), there exists a unique solution z(-,§) of (1.2.3) satisfying

(H).

Proof. To formulate our argument, we select & as an arbitrary open precompact subset of Zj, ,,.

We will prove the lemma by contradiction.

Let us suppose that there exists a sequence p§ — 0, £" € 2, and z},22 € C’g’o‘(E), two

n»Tn

distinct solutions of the following problem:

n V z,E™)e? . o
—Agz(x) = 2p5 <f2f/z((,§i))e2dvg — 1) , in¥ w1

Oy,2(x) =0, on 0%

Given the compactness of the solutions space for (4.1.7) (refer to [LSY23]), up to a subsequence,
fori=0,1¢"—¢Y€ P, 28 — 2% in the Holder space Cg’a(E). As the parameter py — 0 in the

context of (4.1.7), it follows 2! = 0 for i = 0,1. We introduce a mapping

U2 C%(B) X Epn X R = CF(2) x {0},

Az —2p (w»:) - 1)
(Zvé.vp) — ! fz; Va(-,€m)ernduy

Oy, 2

We note that z is a solution of (4.1.7) if and only if ¥(z,£, p) = 0 and

. —Agyp
D.U(2",£°,0)(¢y) =

Ovy ¥

Given that (—Ay,d,,) is an isomorphism from Cg’o‘(E) to C§(X) x {0}, the implicit function
theorem yields that there exists » > 0, § > 0, U a neighborhood of 0 in CS’Q(E) and a C'-

diffeomorphism:

2 {€ € B 1 dg(€,€°) <1} X (=0,8) =2 U, (£,0) = 2,

with W(z¢ ,, &, p) = 0. Denote B,(€°) := {€ € Bpm : dy(€,€°) < r}. Additionally, z = z¢,p is the
unique solution in U satisfying ¥(z,&, p) = 0. There exists Ny > 0 sufficiently large such that
2t € U and €" € B,(€°) for any i = 0,1 and n > Np. Given the uniqueness of 2¢,p, We deduce

that 2 = zen pn for i = 0,1, leading to a contradiction.
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We now will establish the non-degeneracy. Suppose py — 0, £" € 2, z, a solution of (4.1.7)

and v, a nontrivial solution of the following problem:

—Agh=Kp(¥), in¥
, (4.1.8)

81/9/(/] =0 on 82

where K, : Cg’a(E) — C§(%),

K, (¢) = 2p% ( %($a5)62¢($) B V2($,§)ez Is VQ(‘vf)ezi/Jdvg) |

fE V2('7£)ezdvg (fE ‘72('76)6261,09)2

Taking the limit of (4.1.8) as n — 0, we have that p§ — 0,z, — 0 in C*>%(X). Without loss
of generality, we assume that ||¢n|cc = 1. This assumption leads to || K, (¢n)|lcc — 0. By the

regularity theory, we obtain that v, — 0 in C?(X), which leads to a contradiction. O

On the other hand, we can show that the shadow system (1.2.5) is non-degenerate for generic
(V1,Vo) € C?%(X,R,) x C*9(X,Ry) and for any fixed p2 > 0, by a well-known transversality
theorem which can be found in [Abr63, Qui70], [Hen05] and references therein.

Theorem 4.1.6 (Theorem 5.4 of [Hen05]). Let M,V, N be Banach manifolds of class C" for
somer € Ny, let D C M xV be open, let F : D — N be a C" map, and fix a point z € N.
Assume for each (y,v) € F~1(2) that:

(1) DyF(y,): TyM — T.N is semi-Fredholm with index < r;
(2) DF(y,¢) : TyM x TyV — T.N is surjective;
(3) F~1(z) =V, (y,9) = 1, is o-proper.

Then for Dy, ={y € M : (y,v) € D},
Vo :={Y €V :z is not a critical value of F(-,) : Dy — N}

s a residual of V.

For any p > 1, € (0, 1), we define
M = CIE)x Sk x (2)™ 7k, V= C?(3,R) x C**(T,Ry), N :=C$(D)x {0} x Rk,

and D := Cg’a(E) X Zg,m X V is an open subset of M. We note that for any £ € Sk x (%),
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the tangent space Tg(ik x (0X)™~*) is isomorphic to R™** so we identify the elements in
Te(3F x (%) %) and R™F.
Consider the map for ¢ € [0,1]

M we m Q(&z)cg( 51) T
Agw + 2py | —12 Zmﬂ e —1
w— =52 GI(-,&;)
fE Voe i=1 dvg
Oy,w
Ti(w, &V, V) = 4.1.9
t(w f 1 2) Vflft(é) ( )
Ve, ft(§)
Remark 4.1.7. o A residual of V is defined as a countable intersection of open dense subsets

of V. Consequently, it is dense in V.

o It is clear that Zg,, and C**(X,Ry) are not Banach spaces. However, since Banach
manifolds require only local modeling on complete spaces, Zy, ,, and C?*%(3,R,) are Banach

manifolds. Consequently, the transversality theorem (4.1.6) is applicable in this context.

Theorem 4.1.8. Fort € [0,1], T; is C*-differentiable. Moreover,
Ve = {(V1,V2) € V : any solution (w,&) of Ty(-,V1,Va) = 0 is nondegenerate}

s residual in V.

Proof. 1t is easy to check the condition (3) in Theorem 4.1.6. Let
= . - 1 ;
M, = {(w,g) € CB™(8) X St : ist(, 05km) > 57 and [uwllcnas) < 21} |

for 7 € N. It follows that
Cg “ X Zg m = U M;.

We consider the map 7, (0)N(M; xV) — V, (t,w, &, Vi, Va) + (V1, Vo). For any (%, w", ", V") €
7,71(0) N (M; x V) such that V™ := (VP V) — VO = (VP V) in V, by the compactness of
1

1
Z7 ., up to a subsequence, {" 1= (€7, &0) — 0= (&0, ,€0) € :,ﬁl The Arzela-Ascoli

theorem implies that for any o’ € (0, ), there exists w” such that

w™ — w? in Cg’a/(E).
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Since (w",£", V™) € T, 1(0), we have (w®, £, V) satisfying T;(w®, €9, V0) = 0.

m e(&h) 0 m 9(&)

wh— S GICED) wl- —3GI(E])
v Zz 1 VO i=1 . ©
—Ag(w" —w?) = 2py—2° — 2pp—2° in%
w3 o) >G9(. ) 0 m Q(EU g(..¢0
fz Vy'e =2 i dvg fg vye” 72’ ! G0 >d”9
Ay, (W™ —w?) =0 on 0%

We have

| = Ag(w™ = w°)||ca(s) < Cllw” = w’||ga(s) — 0,

asn — +o0o. Applying the Schauder estimates, we can derive the convergence w™ — w® in C’g *(3).

Thus, 7,71 (0) = V, (w,£,V) — V is o-proper.

To compute the derivative of 7; in the direction of (w, ), we proceed as follows. Let ¢ €

C’g’a(E), v=(v1, - ,Vm) € R™T* The derivative of T; with respect to (w,€) is given by

TO(’[U, ga Vl) ‘/2)[@57 U]

Tl(wa Ea Vla Vv2)[¢v U]
Dw,ﬁﬁ(wvéavly‘/?)[¢7v] = ) (4110)

Tm(w,ﬁ, Vi, V2)[¢7U]

where

TO(wa‘Savlv‘/Q)[(b?v] =
Vae¥ o B Vaet [5 Vae® pdu, B f: (§)< eV, GI(, 25) | p,=e, -UZ'>
=1

Agd + 2ps

J5; Vaerdug (fz f/ge“’dvg)z Js; Vaerdug
T
" Vae® [ Vae® Vi GI(+, i) |4 —e, - vidv
iy | I RN Pt ity ) o)
i=1 (fz Vgewdvg)
and
Ti(w, &, Vi, V2) [, ] ZQ zi)RI(&) + Z o(zi)o(x;) G4, ;) g
7,0=1
z;éz z=¢

+20%(2:) V3, 1og Vi () o=, - vi — 0(&) (1 — ) V3, w(7) |z, - vi
—0(&)(1 = t)Ve,0(&),
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~ m o(&;) )
for i = 1,---,m, where Vo = Vae™ Doiny HEGI(&) By the formula of C'-derivatives, it is easy

to know that 7; is C!-differentiable for (w,¢) uniformly for any Vi, Vs bounded in C*%(3,R,)

and t € [0,1]. We decompose D,, ¢7; into the following two linear operators:

apo o (e - Bl )
Oy, @
T (w, €, Vi, V) [, v] = 0 : (4.1.11)
0
and
TlO(w7 ga VYla Vv2)[¢a U]
Tll(w7 5, ‘/17 V2)[¢a U]
7’1‘t2(w7§7‘/1,v2)[¢7,v] = ’ (4112)
Tlm(wa 57 Vla ‘/YQ)M)? U]
where

TlO(w7 §7 V17 ‘/2) [¢7 U]
‘7267“”

= [—,02 ; (&) <f2‘726wd1}gv$iGg('>$i)|$i:€i ’ Ui)

-
m ‘7 w ~

+p2z %/ V2€wv$iGg("xi)|xi=§i 'Uidvg 00

i=1 (fz Vgewdvg) x

and Ty; = T; for any i = 1,---,m. Since the operator (—Ay,d,,) : C’g’o‘(E) — C§(X) x {0} is

an isomorphism, and given the compactness of ¥ along with the compact embedding theorem

for Sobolev spaces, we can infer that the operator

Voe® Voet Js Vae® ¢ dvg
Js Vae dug (fz Voew dvg)

¢ 2p2
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is compact. Consequently, it follows that
dim (ker(77, (w, €, V1, V2))) = codim(Im(7, (w, &, V1, V2))) = m + k,

indicating that 774 (w, &, Vi, Vo) is a Fredholm operator with index 0. Similarly, using the com-
pactness of ¥ and the compact embedding theorem for Sobolev spaces, T (w, &, Vy, Va) is also
compact. Thus, Dy, ¢T¢(w, &, Vi, Va) is a Fredholm operator with index 0. The condition (1) in
Theorem 4.1.6 holds.

Next, we will show that condition (2) holds true. Let (w,&, Vi, Va) € T, 1(0). We have the

derivative of 7; with respect to V' = (V1, V3) as follows:

0

Dvlﬁ(w, g, ‘/1, ‘/2)[}1,1] = 2Q2(£1) (Vg‘}lféél(gl) hl(gl‘)/z({gl‘)/l(gl)) ,
1

292(57”) (ngh1(6m) hl(&n)vﬁmvl(fm)>

L Vl(gm) V12(§m)
and
= Vgewf Vzewh—deg ]
2 Vae¥ hy _ 2~ V2
" (J;wewdvg VT, Ve, ) )
0
DVQﬁ(W,f,Vl,‘/Q)[hQ] = 0
0

For v = (v1, - ,Um) = 0 € R™* and h; € C?%(X) satisfying that

) Vehi (&) (&) Ve Vi) _ ‘ )
206 (St - R ) = o) Ve o(6).
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fori=1,---,m, we have

Dw,fﬁ(wag) ‘/17 ‘/2)[¢7/U17 cee ,Um] + Dvlﬁ(wagu ‘/17 ‘/2)[]7/1]

{”/2€w¢ _ Voo fE f/zewqﬁdvg
Ag¢ + 2p2 (fz Vge“’dvg (fz VQ@wdvg)Q
Ov, @
- 0
0

B B Vae . Vaew fz \N/Qe“’qbdvg
qus 2p2 <f2 V2€u1dvg (IE VQ@wd’Ug)2

Claim 4.1.9. Let L(¢) = ) CIf ¢ € CIY(R)

Oy, @
such that

/ Vge“’ ho ‘72610 fz %ew%dvg
%

- — 5 pdvg = 0,
J Veedug Va (fz VQedeg>

for any hy € C*%(X), then ¢ = 0.

To proceed with the proof, we will defer the proof of Claim 4.1.9 for later. Define that
H= span {Im(Dw,ﬁﬁ(w7 éa ‘/17 ‘/2)[7 U] + Dvlﬁ(wa 67 ‘/1) VQ)[hl}) U Im(DVQﬁ(w7 57 ‘/17 ‘/2))} .
We will prove that

H= C§X)x{0} x{0} x---x {0} (4.1.13)
~—_———

m+k

For any h € C§(X), since (—Ag,8,,) : C**(8) — C§(X) x {0} is an isomorphism, there exists
¢y € Cg’a(E) with 9,40 = 0 such that

—Agdo = h.
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We recall that K(<Z>) = 2, ( Vae® é— Vae fz} Vzewd>dvg> Then

fE V2€wdv9 (fz; Vze“’dvg)2
h Ago Aggo + K (o)
0 0 aug o)
o = 0 = 0 _DV27;(w7£aV17Vv2))[Vv2¢O} € H.
0 0 0

Hence, (4.1.13) is concluded. Next, we will show that
Im(Dy; Te(w, &, V4, Va)) = {0} x {0} x R™ ¥, (4.1.14)
We select functions hi1, h12 € C3%(X), such that
hii(&) =0, and Vghi(&) =0, 2<i<m, i=12. (4.1.15)

In the case where & € EOJ, it is possible to find functions hi1, h12 that satisfy (4.1.15) and fulfill

the following conditions:

Ve hi(§1)  hi(6)Ve Vi(6)
Vi(&) V(&)

= (17 0)7

and
Ve hia(§)  ha(&)Ve, Vi(&)
Vi(&) VP (&)

If & € 0%, we also can find hij, hio that satisfy (4.1.15) such that

= (0,1).

Ve hii(§)  hi(§)Ve Vi(&)

Vi(6) vie) -

It follows that
[07 07 C1, O? Ty O]T € Im(DVIﬁ(w7 éa V17 VQ))?

for all ¢; € R? when & € > and ¢; € R when &1 € 0%, Similarly, appropriate selection of hqq

and his allows us to infer that

[07 07 Cl, - 7C’m]T = Im('DVl’];(nga V17 ‘/2))7
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for all (c1,---,cm) € R™* Consequently, this leads us to conclude (4.1.14), demonstrating

that DTy (w, &, Vi, Va) is surjective.

Invoking Theorem 4.1.6, we deduce that
Vo ={V €V:0isa critical value of T;(-, V) : C3*(2) X B — C$() x {0} x R™HF}

is a meager subset of V. Consequently, the complement Vﬁeg =V \ W is a residual set in V.

Proof of Claim 4.1.9. If ¢ € ker(L), for any h € L?(X) we have

Js Ve dhdvy [ Vae hdvg [5, Vae® pdug
—— - 5
Js Vae®dug (fz Vgewdvg>

/2(—Ag¢)hdvg = 2p2 (4.1.16)

Since C?%(X) is dense in L?(X), (4.1.13) implies that the right hand side of (4.1.16) vanishes,
ie. [u(~Ag¢)hdvy = 0 for any h € L*(¥). Hence, —Ay¢ = 0 in 3 and 8,,¢ = 0 on I%. By the
Schauder estimate in Lemma 2.3.3, ¢ = 0 in Cg’a(E). O

Using the method of continuity, we can conclude the following proposition:

Proposition 4.1.10. There exists a dense subset of C>*(X,Ry) x C**(X,R,), denoted by
Vregs such that for any (Vi,Va2) € Vyeg and any pa € (0,27), a non-degenerate solution (w,§) of
the shadow system (1.2.5) exists.

Proof. We recall the shadow system for (w, &) in Cg’o‘(E) X Ekm:

w— m Q(&z)Gg(z 5)

. _ Voe Zi:1 2 > o . =

Agw = 2ps P S PT 1 in 2
fz Vae i=1 2 dvg

Oy,w =0 on 0¥ ’
Vf()(f) =0 in Ek,m
where
folwr, e, om) = Fpb,(x) = iy o(z)w(ay).

To apply the method of continuity, we introduce a parameter ¢ € [0,1] to deform (1.2.5) to a

decoupled system. Clearly, when ¢ = 0, the shadow system (S;) equals (1.2.5), and when ¢t = 1,
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(S¢) is a decoupled system,

m (&)

W*Z-, Qizcg(z’gi) ) .

—Agw = 2py ( Vae an_l Qé) o 1 in ¥
w— i —3% G (x,&;

Ji, Ve 2ui=1 2 dvg , (4.1.17)

Oy,w =0 on 9%

with V}"X%(f) = 0 for £ in Ey ,,,. Observing that F,Xin(g) — +00 as £ = 0=, we can deduce
the existence of a global minimum point of .7-",3 L, denoted by ! € Ey, ,. For any ps € (0,27) and
£ € Eg,m, the singular mean field equation (4.1.17) is solvable via the Moser-Trudinger inequality
and standard variational methods. Consequently, a solution (w!,&1) of (S;) exists when t = 1
and py € (0,27). Let Qp := {t € [0,1] : ¢ is a rational number}. Theorem 4.1.8 implies that

for any ¢t € Qo, VI,, is a residual set in C?%(3,R;) x C?*(X,R,). Then, the intersection set

€g

Vreg = Niegy Viey remains a residual set in C22(%,Ry) x C2%(%,R,), too. By fixing arbitrary

(V1,Va) € Vyey, it follows that any solution (w', &) of (S;) is non-degenerate for any ¢ € Q.

We define that
T= {t €[0,1]: I(wt, &) € C’g’o‘ X Z,m is a non-degenerate solution of (St)}.

Considering that 1 € Q, it follows that 1 € T'(# 0)) based on the analysis above. By the method

of continuity, it is sufficient to show that 7" is both close and open in [0, 1].

Suppose that ¢, € T such that ¢, — to as n — +o0c0. Then, there exists (w",£") := (w'r, &)
solves (Sy,) with £ is a critical point of f;, in = ,,. Proposition 4.1.1 implies that for same
aec(0,1)

[w"loz.a(sy < C,

for constant C' > 0. By the Arzela-Ascoli theorem, for any o € (0,«), there exists a w’ €
€% (%) such that

w" — w® as n — +o0,

strongly in C2(2) and £" — €9 with €0 € Zk.m- [HB24, Lemma 4.1] implies that
VI (@)l — +oc

as § = 0=k,,. Combining with the uniformly bounded of [[w"[|c1(x), there exists 6 > 0 such

that dist(£", 0%y, ) > 6. It follows that €0 € Ey ..
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For any ¢ € HI(E), as n — 400

/E<Vw”,V<,0>gdvg —>/E<Vw0,Vgp>gdvg,

and

n Zm Q(gzl)Gq(r,ﬁf)

i=1 2

VoeV' ~
2p2 / G — 1) pdvg
b w=y =G gy,

fE Vse i=1" 2
m o e(€))
‘/261”0721':1 : 5 GI(2.€7)
2p2 /2 m 2€0) — 1) wdvg.

Ji Vae ' 2l G gy,

By Schauder estimates and || A w°||ce < 400, we have w® € Cg’a(Z).

Observe that V.F, ,;/ !

_— Vuw® is continuous at &9 and for some constant C' > 0

IV fi(z) =V fi, (z)] < CJt = tol.

It is easy to verify that &9 is a critical point of f;,. Indeed,

Vi) = V(fu(€®) = fio(€) + V(fro (€") = fe (€") + Vi, (€7)
= V(f0o(€") = fuo (€M) + V(o (€") = frn (€")).

By the arbitrariness of n, we have V f;,(¢°) = 0. Hence, (w", £°) solves (Sy,). It remains to show
the non-degeneracy of the solution (w? &%). In the proof of Theorem 4.1.8, it is established
that D, ¢T; is a Fredholm operator with index 0. Given (h,0,¢) € C§(X) x {0} x R™** the

non-degeneracy yields that there exists (¢, v,) € Cg’a(E) « R™*% such that
Dwngn (w’ﬂ’ £n7 ‘/13 ‘/2)[¢n, Un] == (h, 0, C)

Considering that [[w"|c2.ex) < C, the operator norm of D, ¢Ty, (w™,§", V1, Vo) is uniformly
bounded. It follows that ¢, is uniformly bounded in C*%(X). By the Arzela-Ascoli theorem,
up to a subsequence, ¢, — ¢y weakly in C?%(3) and strongly in C%(2) for some ¢g € CS’O‘(E)

and v,, — vg for some vy € R™F, Passing the limit n — 400,
Dy T (W™, €%, Vi, Vo) [P, U] = Do T (W, 6%, V1, Va) [0, w0,

which implies that Dy, ¢ Tz, (w, €%, V1, Va)[¢o, vo] = (h,0,¢). Hence, we prove that (w?, ¢%) is a

non-degenerate solution of (Sy,).
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It is clear that (w, §) solves (S;) if and only if T¢(w, &, Vi, V2) = 0 (see (4.1.9)). Due to the non-
degeneracy of Ty, at (w?,£°), the implicit function theorem yields in a small open neighborhood
of tg in [0, 1], denoted by I3,

Es (w,€)

is continuous satisfying that (w?, &%) is the unique solution of T¢(-, Vi, Va2) = 0 and (w'0, &%) =
(w0, £9). Since for any t € I;, N Qo, (w', £Y) is a non-degenerate solution of T;(-, Vi, Va) = 0, it

follows Iy, N Qp. Using the closeness argument we proved before, we can deduce that I, C T

To sum up, we obtain that the non-empty set T is both close and open in [0,1]. Hence,

T = [0,1]. Consequently, there exists a non-degenerate solution of the shadow system (1.2.5). [

4.2 Construction of partial blow-up solutions

4.2.1 Approximation solutions

To construct blow-up solutions of (1.2.1), it is sufficient to consider the following problem:

—Aguy = (2eVie™ —2eVyetn) — (mfz“//;:;ﬁ% — p2) iny
_Agu2 = (202% —2p2) — (6‘/16”1 — EVle”l) iny (4.2.1)
&,gul = &,QUQ =0 on 62

where po € (0,27) and € is a positive parameter. We are going to construct a family blow-up
solution u; = (u1e,u2.) of (4.2.1) as ¢ — 0 which blows up exactly at {1, -+ ,&,} where
E= (&, ,&m) € ¥k x (0%)™k is C'-stable critical point of a reduced function Aj  defined
by (1.2.4) with the limit mass

m

1
lim e/ Vie"edv, = Z 5Q(&-) =2m(m+ k).
b

—0
€ i—1

Setting p1 = € [, Vie"dvg, then we construct a family blow-up solutions of (1.2.1) as p; —
2m(m + k). We only have the first component u; blows up and its profile is related to the

solutions of Liouville-type problems. It is well-known that

872
(T2 4 |y — n?)?

U (y) = IOg

74



for (7,m) € (0,00) x R? are all the solutions to the Liouville-type equation,

—Au = e" in R?,

) (4.2.2)
/RQB < Q.

Moreover, we have [g» evmoWdy = 8r. Applying isothermal coordinate (e, U(§)) in Sec-

tion 2.2, we can pull-back ur ¢ to the Riemann surface around ¢,

872

Ere@pe mV©

Ure :=log

Then we project the local bubbles into the functional space ﬁl(Z‘) by following equations:

—AyPU, ¢ = xee %5 eUre — Xee ¥¢ Ve in Y

8y, PUy ¢ = 0 on 9% - (4.2.3)

Js; PUredvg =0

For any fixed § > 0, for any £ € Eim, by the compactness of ¥, we can choose a uniformly
T¢; > 0 denoted by ro which only depends on 0 such that r¢; > 2r¢ for i = 1,--- ,;m. Without
loss of generality, we can assume there exists an isothermal chart (ye,, Uiy (&)) around &; such
that Usry (&) N Uary(§5) = 0 for any i@ # j and Uy (&) NOX = 0 for ¢ = 1,--- , k. We take the
concentration parameter

5; = die?, (4.2.4)

for some d; > 0 which will be chosen later. For simplicity of the notations, we denote that

Ui = U5i7§¢7 PU; = PUJi,&?Xi =X (&) and ¢; = @Ei (yﬁz)

To

Assuming (H1), the approximation solution W, = (W; ., W) is defined by

Wi.=>» PU; - §z(-,§), and Wo . = z(-,€) — 3 > PU;,
i=1 =1

where z(+,€) is the solution of (1.2.3) from Lemma 4.1.3. Next, we are going to construct

solutions with the form

Ue :W€+¢e7
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where ¢, = (¢1,, ¢2,) is the error term. By Lemma B.0.1, we have for x € ¥

1 m 1
TR T 2 dEH (@6 = 53(.6) + Ofellogel)  (42)

Wl,a(x) = in IOg (52
=1 1

and
Woelr) = =(r,€) — 3 STty xilog gy — § St 0(6) HO (. &) + O(c] log )
= log Va(x,&) — log Va(x) + 2(x,€) + O(e|logel),
(4.2.6)
ase — 0. Fori=1,---,m, we define

0i(y) = Wi oyg (8iy) + e (8iy) — X(6ilyl/ro)Ui o yg, (i) + 1og Vi 0y, (8iy) + log(2e),

(4.2.7)
for y € Q; = 6%35;"0 Lemma B.0.1 with (4.2.4) imply that
Oi(y) = —2logd; —2log2+ o(&)HY(&,&) + Y 0(&)G(&, &) +log Vi(&)  (4.2.8)
1+
1 1
5716, 6) + O(cl loge] + <3 y).
To ensure that ©; is sufficiently small, for ¢ = 1,--- , m, we choose
&= \/169(&)H9(s¢,£i)+21# 061G (€ .61) +Hog Vi (6)— 12(6:.) (4.2.9)
1 8 .

4.2.2 Lyapunov-Schmidt reduction

The linearized problem

We recall that i* : Up=1 LP(X) — H' which is defined in Section 3.1.2. For any f € LP(X),
we define that i*(f) := i*(f — f), i.e. for any h € H', (i*(f), h) = [u.(f — f)hdv,. Let

w e Voet2
fi(ur) = 2eVie™ — 2eVie" and fo(ug) = 2ps (IEV;% - 1) (4.2.10)

and

F(u) = . (4.2.11)



The problem (4.2.1) has the following equivalent form,

u = (u1,up) = i*(F(u)), (4.2.12)

u € H

We consider the following linear operator associated with the problem (4.2.1):

Lee:H =R, ¢ (Le(9), LE(9), (4.2.13)

where

L%,a((b) o= Ay — Z (Xie_‘pieUiqSl - M)
i=1
+ Vael>< gy _ Ve [ VaeV2< goduy,
P2 fZ ‘/26W2,ad1)g (IE ‘/QQWQ’EdUg)2

and

LE(@): = —Dgho—2p (

m

Voe2sgy  Vae2e [ VaeV2e dodu,
Jy; Vaetasdug (Js Vae2edvg)?

+ (Xie_%eU%l — M) .

DN | =

=1
Formally, for ¢ = 1,--- ,m, we deduce that the limiting operator of L%’E is given by

8
—A T T Ee?

through appropriate scaling around &; in an isothermal chart (for details, see Lemma 4.2.1). It

is well-known that the kernel space is generated by (refers to [DPEM12, BP98], for instance)

1-— |?J|2 i 4y ) ]
0 7 ¥
= , = ;] = ]_7 S i)
2 (y) = TR (v) =1 ety i(&)
We define that
51-2*|y§i|2 . ‘ 4(y5i)j ) A
Lo ) 2 Usro (i) g | e Usro (1)
0 in X\ Usry (i) 0 in 2\ Usro (&)

forany i =1,--- ;mand j =1, ---,i(§) and then projects Zz-j into the Hilbert space ﬁl(Z) by
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following equations:

—AGPZ! = yie ¥ieViZ] — xemeieliZ!  iny%

&,gPZZj =0 on 9% - (4.2.14)

JsPZ! =0

Define the subspace K¢ = span{PZ;j i =1,---,m,j = 1,---,i(&)} x {0}. To ensure the
invertibility of the linear operator L ., we confine the error term ¢ to the orthogonal complement

of € K¢, denoted by KEJ—, where
KEJ‘ = {(;5 = (gbl,qbQ) eH: /E<V¢1,Vh1>gdvg = 0 for any h = (hl,hg) S Ké} .

Furthermore, we introduce the orthogonal projections Il : H — K¢ and Hé H — K.

Lemma 4.2.1. Let 2 be a compact subset of Zy,,. For any p > 1, there exist eg > 0 and
C > 0 such that for any ¢ € (0,2¢),and £ € Z, any h = (hy,h2) € (LP(X))? and ¢ = (¢1,¢2) €
(W2P(%))2 N Ké is the unique solution of

Le(p)=h inX

By, =0 on 9% (4.2.15)

Js ¢dvg =0

the following estimate holds
o]l < Cllogel|hl|p,

where ||, = [lh1llp + [1h2lp-

Proof. We will prove it by contradiction. Suppose Lemma 4.2.1 fails, i.e. there exist p > 1,
a sequence of &, — 0,£" — £* € Egm, hy i= (hin, hoy) € (LP(X))? and ¢, = (¢1.n, P2n) €

(W2P(%))2 N Ké solves (4.2.15) for h,, satisfying that
2
|#,/l = 1 and |log en||[hyl, := [logen] D [[hillp — 0, (4.2.16)
i=1
as n — +oo. For simplicity, we still use the notations ¢;, h;, &, € instead of ¢;,,hjn,E", e, for
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7=1,2. We denote]RE:R2 iffeiandRi if £ € 9%. Define that for j =1,2,i=1,---,m

_ X(Gilyl/ro)éj 0 ye (i), y € Qi = LBS,

ji(y) =
0 (TS Rﬁi \ Q;

Then we consider the following spaces for £ € ¥

L¢ = { H - < +oo}
L+ [yf? L2(Re)
and
U
He := {u IVl pz g, + Hl FE . < +oo} :
¢
Step 1. Ase — 0, foranyi = 1,---,m, ¢1; — ali%, for some a1; € R weakly in He, and

strongly in Lg, and ¢o; — 0 weakly in o (X) and strongly in LY(X) for any q > 2.
We first estimate the second component ¢o;. Let 109 € C°(2\ {&5, -+ ,£5}) with J5; Y2dvg = 0.

We use 1, as a test function for Lg’e(qb) = hg. Then, it follows that

VoeV2,e VQEWZ’EI Vae2:e godu,
sV @2, Vipa)gdvg —2p2 [, ( T T TR Tk | padvy
® 5 s (4.2.17)

+3 37 s xie 9 eVigripadug = [5 hotpadug.

The asymptotic expansion for (4.2.6) implies that

283 D1t X108 Gr—y3 — 3 i (&) HI(16)+O(e] logel)

VeeV2e = Ve (07 +lve, 12 (4.2.18)

= V(- €)e*td) + O(e| logel),

in view of G9(-,&) = HI(-,&) + @Xi log @ By the assumption (4.2.16), we have ¢1 — ¢}
and ¢o — ¢35 weakly in HI(E) and strongly in L9(X) for any ¢ > 2. The Sobolev’s inequality

‘/2 hatba

where p,p’ > 1 with %—}— 1% = 1. Passing the limit of (4.2.17), the estimates (4.2.18) and (4.2.16)

yields that

< [[hllpllally < Ibllpll2ll = o(1/|logel) — 0

yield that

/E<V¢§a V¢2>gd”9

= 2p ( §)e*t S do. — Jx V2(',§)€Z("§)1{2dvg Js Js %(',f)ez("@qﬁ;dvg)
Js VQ( ,€)e? ’5 dvg ! (J5 Va(:, §)e-8)duy)?
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By assumption, ||¢3]| < 1. It follows that ¢35 € ﬁl(E) solves the problem (4.1.5) in the weak
sense. Through the hypothesis (H1), we obtain that ¢35 = 0.

Applying ¢ as a test function for Léa(qb) — Lg}s((b) = hy — ha, since [5, ¢p1dvg =0,

/Z(hl—hg)cbldvg = /Z<V(¢1 $2), V1) gdv, — Z/ xie #ieVipldu, (4.2.19)

V WQ,E V WQ,E V W2,5 d
+3p2/ he o g2 Vae'2e [ Vhe ¢22 Vg brdv,.
b fE V2€ ’fdvg (fZ VQ&WQvfdvg)

The Sobolev’s inequality yields that

‘/E(hl — h2)$1

< |hfpllgrlly < lbllpll¢r]l = of|loge[) — 0

where p,p’ > 1 with I%—i—z% = 1. Using the Holder inequality, we derive that | [s.(V1, Vo) gdv,| <
[¢1][l¢2] < 1. Hence,

m Wa,e Wa.e d
Z/EXie_%eUiﬁb%dvg = 2172/E < Vo o2 V2€ f VQS a: vg> ¢1dvg +O(1).
i=1

fE VQQWQ’EdU (fz ‘/éeWQ sdrl)g)

(4.2.20)
Applying ¢; as a test function for L%}E(qb) = hq, we can deduce that
/E higrdv, = /E (Vo1,Vor)gdvg — > /E xie ¢ieVipldv, (4.2.21)
i=1
VaeWz.e VaeW2e [ VoeW2e godu
+P2/ 2 Wa ¢2 - 2 fE V[f ¢22 g ¢1d’l)gv
fz VQ@ 7€d/Ug (fz ‘/26 Q,Edrug)

in view of [y, ¢1 = 0. Similarly, we have

m VaeWee VaeWae [V d
S [xeetigtan, = p [ ( B A “g>¢1dvg
i=17% » \ Jx Vae 2o du, (J5, VaeWeeduy)?

+O(1)

(4.2.20) %Z/ xie #ieVip? + O(1).
=172

Consequently,

Z/Exie‘“”e%ﬁ?dvg =0(1). (4.2.22)
=1

By straightforward calculation, we obtain that

Z/R 1 n ’y‘ ¢12( dy = Z/Exie—%eUiqﬁ%dvg +O(1) _ 0(1)
=1
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By the assumption ||¢| = 1, we immediately have ng_ IVoul? < [s [Vr|2dvg < 1. Tt follows
that ¢y; is uniformly bounded in He,. Applying Proposition A.1 in [MPW16], L¢, — Hg, is
compact embedding, then up to a subsequence ¢1; — &{z, which is weakly convergent in He, and

strongly in L¢;. For any ¢ > 1, we estimate the L7%-norm of xie %Y by direct calculation as

/ ‘Xie—%eUi
b

For any ¢ € CZ°(Rg,), assume that supp ¢ C Bgy(0). If §; < 1%007 then supp Vy (%) N
suppy (%y) — (). For any € H (%),

follows:

Iyl s2—2¢
q X () 2(1-q)
dv :/ ——2r o dy = 0(5; 7). (4.2.23
I Uzrg (&) (1+ ’yP)Qq ) )

_ Y 1
0 = [, ®oy '(y)Vx <|’> Vo <y> dy (4.2.24)
BSi 7o 0

= gt (3v) v@oug o - vx () ay

We observe that for any ¢ > 1

et (Gvete)) dog(o) =067 30 (4.225)

and

: dvy(z) = O(1) (5 — 0). (4.2.26)

/Xi
=

Applying (4.2.18), we have

o (i)

WQ,E W215 WQ’E d
29 ( VoeT 2oy Voe 2 [ Vae 2 g Ug) (4.2.27)

fE V2€W2,sd'ug (fE V2€W2v5d7}g)2
= P2 ( VQ(’:&)BZ("@(Z)Q . ‘72(-75)52(':5) fE VQ('7§>62(.’£)¢2dvg
Jo Val, et Sdv (s Vol )= du, 2

> + O(e|logel).

It follows that

% €W2,s¢ VQGWQ’E Vv2€W2’E¢2dU Y¢;
2p2/ 2 - 2 s 2 2% XW( 5 > dv, (4.2.28)
D fE ‘/26 ,sdfug (fE V2e 2,5dvg) 51

2(1-1)
= 0 (% oally + el 0gel) = o),

in which we applied that ¢2 — 0 in L9(X) for any ¢ > 2. Assume that 0 < ¢ < as e — 0,

2
)
di RO
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the estimates (4.2.23)-(4.2.28) with the Holder inequality imply that

. ~ 1
V1iVedy = /5, \ <x (|y|) ¢10 ygil(y)> Vo <y> dy
Re, BSi, To di
_ “1(y) . lyly (L ))
= Bgiovcbloy& (y) V(x(ﬁ))w((;iy dy

1
= [ (T (e (5e))), e
= /Xz‘6 ielipro | <y dvg—/ xie “ie 1¢1dvg/ Xip | =¥, | dug
5 6; 7 ) s 9; 7%

Vae 2oy Vae2e [ VoeV2< godug 1
—p2 / Wy = 7 | xiv | 5 v ) dvg
n \ Jy Vae2edvy (Js; Vae2eduy) :

1
+/ hixip <dy5i> dvg

- /IR § +Ty! o1 ()e(y)dy + 06,29 1 o(1) + o(| log el
&

8
B /Rg (14 |y|? )2¢1z( y)e(y)dy + o(1),

for ¢ > 1 sufficiently close to 1 such that 1+ @ > 0. Thus, ¢1; converges to the solution ¢7;

of
—A¢ = (

8 .
awr? R

Oy, 0 =0 on OR¢, >

Ji, IV6 () Py < +o0

in the distribution sense. According to the regularity theory, ¢]; is a smooth solution on the

space Re,, for any i = 1,--- ,m. The result [DPEM12] implies that the solutions space of (4.2.29)

is generated by the following functions: for j =1,--- ,i(&;)

0 o 1— ‘912 j L dy;
( ) T 29 ( ) - 2"
1+ [yl 1+ y|

Since ¢ € Kg-, foranyi=1,--- ,mand j=1,---,i(&),

32 Yj
57 W(;Shdy hm 53, / WCZ)MX((S ilyl/ro)dy
oy N )

_ N =i Ui 70 & — 1 T ) =
il_l;% U2ro(§i) e N ZZ(Z)ZdUg «ll—>r%<PZZ,¢Z> 0

-1 7 . ~ ~ 1 2
Consequently, [, by = Jee, G Pidy = 0. It follows that ¢f; = a1 {45
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Step 2. Fori=1,---,m,

o T T = et~

Applying that PZ? as a test function of L%’E(qb) = h1, we have

52 52
/ Byie P Z0dv, = / 8X1~e—%72¢1PZodvg
= (67 + |ye, 12) b2 (02 + |ye.|?)

WQ,E WQ,E W2,5 d
A R L P
Js; VaeWV2edu, (fs VoeW2edu,) >

It follows that

/ 8x-e_“”iLqﬁ (PZO Z-O) dv,
i 9% %
= (67 + |ve, 1)

) / Vae W2,8¢2 V2€W2,s fz VQeWQ,E(Z)QdUg
— Do _
Js Vae2edug (s V26W2’€dvg)2

)PZ,?dvg—i— / P Z0dv,.
b

By Lemma B.0.2, we have |[PZ?|,, = O(1), for %—i— 1% = 1. Then, the assumption |hl|, =

o(|loge|™1) yields

‘ / hPZ0dv,
b

1
< 1PZilylinlly = o (o )

|loge|

Lemma B.0.2 with (4.2.27) implies that

Wa,e Wa e Wa e d
pg/ Ve W oD B Ve fE Vse @22 Vg PZZOdUg
fz VZ@ 2’6dUg (fz ‘/QeWQ,EdrUg)

2(1-9) 1
= 08" " 11ogalnl, + <lloge]) = ofcHlogel)

for ¢ = 2. Applying Lemma B.0.2 again, we derive that

(loge)/ESXie*% 5¢i (P ZO) dvy

(07 + |y52

= (loge) /8)(26 bt
(67 + |y§ 2)?

= (L+ 0 oga))loge) [

( O(6?|log &; |)) dvg
T Sd1i(y)dy + O(|log[62)

(T+1?)
8
= (0g) [ i)y +ol1),

as € — 0. Thus, we have [q (ﬁ‘loff so1i(y)dy = o(1) as € — 0.

Step 3. Construct the contradiction.
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Using PU; as a test function for (4.2.15), we derive that

62 52
/ 8yie P —— v, = / Sxie 0 PUidy, (4.2.30)
> (07 + lye: ?) = (67 + e ?)
VoeW2.e V- Wa e V- Wa.e bod
—p2 / = Wj; _ Ve s 2 020\ prrdu, + / hi PU;dv,.
Jx VaeT2edug (fs Vae2eduy) =

The left hand side of (4.2.30) equals [y, 8x;e™ im@dvg Jo, 1+|y|2 8 s d(y)dy + O(6?)

= 0(1) by the result of Step 2. Lemma B.0.1 yields that ||PU;|lcc = O(|loge|). We deduce that

< hallp | PUilly = o(1),

‘/ h; PU;dv,
b

where ]% + I% = 1. By (4.2.27) and Lemma B.0.1, we have

%6W2,6¢2 V26W2,s fE ‘/2€W2’5¢2dvg 1
P2/ - PU;dv :O((S? 103 —|—5log5> = o(1),
<f2 Voeaedu, (Js VzeWQvfdvg)2 g Cllo2l + el | (1)

for ¢ = 2. From straightforward calculation, we derive that

2(1—q) q 1/q
s o < sos e ([ () @)
= 0(5?) = o(1).

where ¢ € (1,2) such that % + % = 1. Applying Lemma B.0.1, Step 1 and Step 2, we deduce

that as e — 0

52
8x¢e*%7¢1PU dvg
/E (62 + |ye,]2)?

s 52
= / 8xie %mqﬁl (—2Xi log (512 + \%’2) + 0(&)HI(-, &) +0(67|log 51‘\)) dvg

= / 1+ ’ 2 )2 ¢1z( ) (—410g 6; — 2log (1 + |y|2> + Q(&)Hg(g“&D dy

0 ( I8 W ]th )| (dilyl + 67110 1)) dy) +0(5)

8 - \y|2 2
— —2a1-/ log(1 + |y|*)dy = o(&i)axs,
“re, (14 [yP2)? 1+ | v

in which the last equality used the fact that [p» (HEAQ)Q };iziz log(1 + |y|?)dy = —4m

Consequently, ay;; = 0 for any ¢ = 1,--- ;m. We ¢; as test functions for Lé,g(q’)) = h;. For
q > 2, since ¢ — 0 strongly in L(X) and ¢y; — 0 strongly in L¢,, we have the following
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contradiction: as € — 0

2
1= > |l
i=1

- i/ Sxie™” o 2¢%dvg - 92/ ( s - e L V2€W2,E¢22dvg> p1dug
=172 (522 + |ygi‘2) = fz V2€W2’5d”g (fz V2€W2,5dvg)

2
‘/'2€W2,5¢%d09 B (fE V26W2’5¢2dv9)

+2p2
s [s VoeW2eduy, (fs; VaeWasdu,)?
1 i / o2 22:
—— 8Xie_‘“712¢1¢2dv9 + / higiduv,
25 /s (07 + lve,?) =175

IN

> 16l + 0 o) +0 () =0

Nonlinear problem

The expected solution W, + ¢, solves (4.2.1) if and only if ¢, solves the following problem:

Lee(P) = See(@) + Nee(d) + Ree. (4.2.31)

Here, the linear operator L. is defined by (4.2.13), the higher order linear operator S¢ (@) :=
(Sél,s(¢)7 Sg,g(ﬁb)) y where for

Si(¢) = (— > xie fiel + 26V16W1’5) P1 — (— > xie—#ieli + 26V16W1’6> ¢1 and

=1 i=1

1 = 1/ &
552,5(¢) =5 (— ZXie*%eUi + 26‘/1€W1’5> o1+ B <— ZXie—%eUi + 25V1€W1v€> o1,

2 =1 i=1

the nonlinear term Ng .(¢) := (Ng’e(qb), N3,5(¢)), where

NL(®) s = 2Vie"o (91— 1= 61) = 2eVaelie (01 — 1= gy)

) V2€W2,s+¢2 {/26W2,5¢2 VQBWQ,E fE VgeWQvfngdvg {/2€W2,a
— 0y _ —
Js VaeW2zetozduy [ Vael2edug (f5 VaeW2edug)? Js VaeW2edug )7
N? (¢) : = 2p9 VoeV2,e 192 _ VaeV2:e ¢y + Vae™"2e fz V26W2’6¢2d”9 o VoeV2.e
s Jo vae e T2 dug [ VaeRedug (J5 Vee 22 dvg)? J VaeT v

—eVyeVie <e¢1 —1- gbl) —2eVieWie (e — 1 — ¢y),
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and the error term R¢ . = (Rés, st), where

Ri .= AW+ 2eVieVe — 2eV1eM1e — Vae e
ce = BgWie +2elie gvie™t P2 )

2
T VaWa odu,

‘/26W2,E

dR?_ =AW 2 - —
and fre o gWa e+ 2p2 (fz VaWaedug

1> —eVieVie eVieWie,

Firstly, we will show that the error term goes to zero as ¢ — 0.

Lemma 4.2.2. There exist pg > 1 and g9 > 0 such that for any p € (1,pg) we have as e — 0
2 . vy
IRecl, =3 IRElp =0 (7). (42:32)
i=1

Proof. By (4.2.18),

1 — L . Wl,s _ w- £ — ~2 ) —
R&f—: - ; Ay PU; ZAQZ( ;&) +2eVie 2eVie™ P2 (fz Vg(-,é)ez('v{)dvg 1

+0O(ellogel)
m m
= 2V — Z xie PieVi — 2eVeWie — Z xie~?ieVi + O(ellogel).
i=1 i=1
Similarly, Rgs = —cVieMe £ 1577 yie ¥ieli 1 eVieie — 257 xie~#ieli + O(e| log g]). For

any p € (1,2), the Holder inequality yields that

m
Z Xie_%'eU’i — 2eVyeWVie

i=1

m 1

U 1-1

‘/EZXZB_%@U" — 2eVieViedu, | < |Xlg 7.
i=1

p

. 2—
Then Lemma B.0.5 implies that for any p € (0,1), || R [, = (’)(anp),i =1,2. We take py = 2,

then the proof is complete. O

The following lemma shows that the higher order linear operator S¢ . is bounded on H and

the operator norm goes to zero as € — 0.

Lemma 4.2.3. There exists so > 1 such that for any p,r € (1,2) with pr € (1,sp), ase — 0

2

- H¢H) ford e .

ISec(@)l, =0 (=
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Proof. By Lemma B.0.5 and the Holder inequality, we derive that as ¢ — 0

|5e-(@ M—Zm%g M—OQK er%#+%%ﬂ%>m)
p

:o(( m)wnﬂ)=0GmWw0,

for any p,r € (1,2) with pr < 2. O

m
2eVieWie — Z Xie_“""eUl

To study the asymptotic behavior of the non-linear part N . we have the following lemma:

Lemma 4.2.4. There exist co,e9 > 0 and so > 1 such that for any p > 1, r > 1 with pr €
(1750)75 € (0750)7
1—pr 2
INec(@llp = O (57 e=I9F g|?)

and

nwww—MAwm=0GW%@lwMww—wwwwwwm

hold true for any ¢, ¢". ¢° € {¢ = (61,62) € H : [|¢]| < e0,i= 1,2}

Proof. Tt is sufficient to prove the second estimate since we can take ¢° = 0 to deduce the first

one. Let f1, fo be defined in (4.2.10). We observe that

AWie+61) — Wi+ 69) — FIWL2) (o1 — 6Y)

= 2eVieMetol 2y eWiet ) ooy eMie (¢l — )

and fo(Wae + ¢3) — fa(War + 09) — f5(Wae) (63 — ¢9)

paVaeV2et e gy peast VT (0 — ¢9)
Is VoeWaetos dvg [, Voe'V2 5+¢3dv I, VaWs cdvg
+pz‘/éW2 e Js, Vae2e (h — ¢2)dvg
(Jx Vael¥2 edvg)

Fori=1,2, 0,7 € (0,1), the mean value theorem yields that for any p > 1

1fi(Wie + 6i) — fiWie + 60) — fi(Wie) (6] — o))y
= (fi(Wie+0¢; + (1 —0)¢)) — fi(Wi)(d; — &)l
= |If{ (Wie +700; +v(1 = 0)¢)) (06} + (1 — 0)8)) (¢ — 67)lp-
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For i = 1, by the Holder inequality and Sobolev inequality, we derive that

1F (Wie +1061 +7(1 = 0)6) (061 + (1 = 0)61) (61 — 1)

1 1/p
< O3 ([ ervpeme@i ol — oot ras,
h=0 /%
1 1 1 1
< CZ </ 5107"V'lp?’ep’r‘VVl,advg) pr </Z ep5(|¢(1)|+|¢%|)dvg) ps </2 ’(jﬁ . ¢?|pt’¢llz|ptdvg>p
SCZMW%WewW“WMm AR

h=0

where 7, s,t € (1,400), % + % + % = 1. Applying Lemma B.0.5, we deduce that

m m
H25V1€W1’8||p7‘ < |2eVre _ine_%eUi +2’X16_“’i6w pr)
i=1 pr i=1
i —p; Us; 2—pr
< ZHXW Yighill + 072 ).
i=1 pr

Lemma B.0.1 implies that

r —ore; prlUs 2—2pr 1 7
/zxi’ e Preteridy, = O(f% ’ /Q <(1+|y!2)2> dy) +OE)
_ 0(6?721)7“) — O(gl—pr)'

Hence,

H25V16W1ﬁ+¢} — 2eV, et 9eyMie (o1 — d)?)H (4.2.33)
P

117"‘ps 112 012
<:czsww”M“WWM—ﬁmﬁw

For u,v,w € ﬁl(Z),

B ‘/2€W2’E+u’l)w V2€W2’5+u’0
2 LI (Woe 4+ w)(v)(w) = - /V€W2’E+uwdv
(202) " f3 (Wae + u)(v)(w) Jo Vae 2T uduy  (Jo VaeWartudug)? I 2 g
V W2,5+u
— 2¢ Qw/ VgeWQvEJr“vdvg
(Js VaeWastudu,) =

‘/2€W2,E+u
_ ’ (/ ‘/QeWQ,aJruvdvg) (/ V26W2,g+uwdvg> )
(Jg Vaelaetudu,)™ \Jx >
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Given that |lul| and € > 0 are sufficiently small,

/ VoeW2etudy, > / VoeV2edy, — / VaeW2e|et — 1|dv, (4.2.34)
% P %
> /VgeWQ’Edvg—C’/ VaeV2:2 |u|dv,
P P
> [ Vo) vy — CITa( e Ol + (1)
> C,

where C' > 0is a constant. The Holder’s inequality and (4.2.34) imply that for a, b, ¢, d, r, s,t,e, f €
11 1,1 11,1 1 _11_,1_
(17+OO)WlthE+E+E+3_17?+E+?_17 +?—17

(&2

172 (Wae + 7063 + (1 = 0)63) (003 + (1 = 0)65)(¢3 — ¢2)

1
- 1 0 h
< O3 1Vae™2< a2y |05 e |03 — BSllpa
h=0

1
1 0
+C Y [Vae™2e 2 1292 2 65 e 63 — 691t
h=0

1
- 1 0 - 1 0 h
+C Y [1Vae2 [lpellel?2 102 [ Vaet 2 1€l H1221 o | 65 el 63 — 65 1pa
h=0

1
- 1 0 - 1 0 h
+C Y [1Vae™2e el el P29 | gl Vae Ve |12, [1el?2 220 2165 el 63 — @3l1pe
h=0

for ||¢|| sufficiently small. The Moser-Trudinger inequality yields that

”e\qﬁé\+|¢8|”g < Ces=UalP+I8I) (5 )

for some constants C, ¢ > 0. Using (4.2.18), we immediately deduce

IVae2< 12, < ClITa(-, )09, < C.

2
[t
Combining the estimates above, we deduce that

[ £ 4+ 63) — fo(Wore + 68) — BWa) (0} - ) (4.2.35)

< Ce o I8P (163 + 11631 (1165 — 631,

for some constants C,cy > 0. Therefore, we proved that there exist constants cy,e9 > 0 and

so > 1 for any p,r > 0 satisfying pr € (1,s0) and ||¢’|| < &g for i = 1,2

1—pr

INe<(61) — N (@), = O (Z I (| + [19° )" — ¢°u) . (4.2.36)
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Next, for fixed £ € Zj ,, we will find ¢, to solve the problem (4.2.12) in KEJ-, i.e.
¢ = Hé_ °© 552(3&6(%) +N§,s + R{,s) (4.2.37)
for ¢, € K€l

Theorem 4.2.5. Let 2 be a compact subset of Zjm, and § = (&1,....,6m) € 2. There exist
po > 1,e0 >0 and R > 0 (uniformly in ) such that for any p € (1,po) and any € € (0,ep) there

is a unique ¢g . € Kg- solves (4.2.37) satisfying that
2-p
[l < Re2 [logel.
Furthermore, the map § — ¢ . is C' map with respect to €.
Proof. Given that ¢ € &, we define the linear operator
Tee(d) =g 0 Lc (See(de) + Nee + Ree)

on Kg- For any ¢ € Kg-, by Lemma 4.2.1-Lemma 4.2.4, there exist constants sqg > 1, Cp, C, co >
0 such that

A

[Tec(@) < Clloge[[Sec(d) + Nee(@) + Recllp
< Co|loge] (522:f||¢|| +e el g2 +522pp> ,

for any p,r € (1,2) with pr € (1,s9). We take r = %,R = 3Cy. Then, for arbitrary fixed

p € (1, %), there exists 1 > 0 such that for any ¢ € (0,e1) we have

2-p o l=pr 2-p
max { 3Cy(y/c2 + 1)e 20 |logel,3Cpe“e » " 2¢ |loge| p < 1.

2— 2
Thus, for any ¢ € {gb € Ké ol < R€2Pp]10g€\}, | Tec(@)] < Rs?f]logs\. For any ¢°, ¢! €

2
{¢ € KEJ‘ ol < Reﬁllogs\}, Lemma 4.2.3 and Lemma 4.2.4 yield that

C‘ 10g5| ' ”SE,E((;bl - ¢0) +N£,€<¢1) _'N’&,s((ﬁo)”p
QMw(ﬁfw%¢%+&ﬂ”%h%ww—wD

H’]Z,s(q')l) - 7E,€(¢0)H

IN

IN
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Since I;fr + 22_;? > 0, there exists e < €1 such that for any ¢ € (0, e2),

F-

2=pr l1-pr 2-pr
max ¢ Ci|logele 2r | C1Re »r " 2or |loge| p <
We choose €9 = €2. Consequently, we obtain that 7¢ . is contract mapping on

KL ol < Re |1
¢ € K¢ :|@| < Re? |loge]

satisfying that
1
I Tec(@') = Tee (") < §H¢1 - ¢

The Banach fixed-point theorem deduces that there exists a unique ¢, . € {¢ € Kg ol <
Rew |log |} solves the problem (4.2.37). Let F'(u) be defined by (4.2.11). We define a function
O: D xHH, (§¢) > ¢+ E (We—i" o F(W. +TI(¢) ) . We observe that @ (&, ¢e.) = 0
and for any ¢ € ‘H

gi@, e )W) = 1 — TIE 0 i* (F'(W. + ) (T4 4))).

Claim 4.2.6. ‘g%(& ®¢ o) is non-degenerate.

Indeed,

0
8‘;;(5, Se )W) = T —TIE 0i* o (—Le. +Se.) ()

—I1E o i (F/(We + ¢¢.) — F/(Wo)(ITg ).

By the mean value theorem, there exists 6 € (0,1) such that

1—pr

IF'(We + ¢e ) = F'(Wllg ¢, = [ F'(We + 8¢ Jg v, < O v | ope [Tz -

Then, Lemma 4.2.1 and Lemma 4.2.3 imply that for some constant ¢ > 0

|55 € 800

> (gl + el LeellITe v = 1See g vl — [[(F'(We + ¢ ) — F' (W) gl
C 2—pr 1—pr
> gy +@IIH§¢H — O 5 |[Ig9)]) + O 7 |l Nl ITg 0ol
C
> vl
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for p,r > 1 sufficiently close to 1. Hence, we obtain that g%(f , ¢§7E) is invertible with

71

1
H (&, ¢gs §E|10g5|-

By the implicit function theorem, we have { — ¢, . is C'-differentiable. O

4.2.3 The reduced functional and its expansion

We calculate the energy functional at approximation solutions W.. We define the energy

functional corresponding to (4.2.1) as follows
E.(u) = / Q(u, u)dvy — 5/ Vie"'dvy — palog (/ Vge“"’dvg) ;o u=(ug,u) € H.
by b by

Lemma 4.2.7. Given m > k > 0, we assume that (4.2.4) and (4.2.9) are valid, there exists

gg > 0 such that the following expansion holds for € € (0,eq):

E.(W.) = Ap (&) —6m(m + k) +2m(m + k) log 8 — 2m(m + k) loge + o(1) (4.2.38)
and
OE-(W.) = ehim(€) +o(1), (4.2.39)

which are convergent in C(Z,,) uniformly for any & in a compact subset of Zj, .

Proof. Let 2 be a compact subset of = ,,,. Then there exists g > 0 such that ¥ C :Zom We

consider § € Z, .

()

— > (VPU;, vz(-,g))g) dv,

2
g =1

QW., W,) 4/ (IVz

The estimate (4.2.18) yields that

4/ |Vz(-, | —pglog/ VaeVezdu,
= ( / |Vz(-, |g —2p2 log/ Va(-, ("g)dvg) +0(¢)
=I¢(2(-§))
1
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as € — 0. By Lemma B.0.1 and Lemma B.0.5, we deduce that for p € (1,2)

£ /Z VieWiedy, (4.2.40)
= 0 <|/ 2VieWe — ine_@ieUidvg ) Z/ e ‘PieUidvg
= i=1 =1
_1 1 Ui
= Z (&) +(’)<522_Pp+5>,

2V1€W15 er vi Ui

where we applied that [, _, ﬁdy =8r Using z(-, ) as a test function for (4.2.3),

a l—i-r2
1 1 .
Z/Z<VPUi’VZ(’a§)>gdvg = E/EXz'ef%GUZZ('ag)dvg
1 8 B

= 4/91- X(5i|y\/ro)mz(y&1(@y),g)dy

= i@(&)z(ﬁi,ﬁ) + 0(5%)-

For any i,i = 1,--- ,m, using PUy as a test function for (4.2.3), Lemma B.0.1 with (4.2.9)

implies that

1 1
Z/z)<PUil’PUi>gdvg: Z/Exie_%eUiPUi/dvg

1 —_— : .
= 7 /2 yie Pieli (Xi/(Ui/ —10g(86%)) 4 o(&)HI(-, &) + O(62| log 5¢/|))

— 1 Joy x(Gily] /o) BEIENE OB gy 4 102 HI(E;, &) + O(eF) i = i
To(€) (&) G9(&, &) + O(e?) oy
—Lo(€)10g 6% — Lo(&) + Lo (&) HI(E, &) + O(e2) i =i
0(&)o(&n)G9(&. &) i £

where we applied that

8log(1 2 log(1+7r2)+1
/ og( +2|92!):87T+8 og( +T2)+
wi<r (14 1[yl?) L+r

and

/ 8 g 8T
wi<r 1+ 22" 1472
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Combining all the estimates above, we conclude that

1 1
E-(We) = SIe(=(- ) - Zf;?m(g) — dm(m + k) + 2 (m + k) log8 — 27w (m + k) loge + o(1),
ase —0.Foranyi=1,--- ,;mand j=1,---,i(&),

2 1 1
a(ﬁi)jEe(We) = /E <_3A9WLE —2AWae— o fi (W1’5)> a(&')jWLEdUg

2
2 1 1
+ /E _§A9W2,s - *AgWLa - §f2(W2,e) a(gi)j W2,sdvg
1 m
= 5/2 (Z xie” e — fL(Whe) | O, Wi edvg

2p2V2 (,ﬁ)
/ (fE Vé ez( ,g)dvg fQ(W2,€) 8(&)] WQ,EdUg,

in view of [y W; .dvgy = 0 for i = 1,2. By Lemma B.0.4 and Lemma B.0.3, we have [|0¢,), Wa.[| =
0(57%). Using Lemma 4.2.18, we deduce that

=0 (EHB(&)J‘ Wae ”LI(E))

202V (-, €)e(4)
/ - Wae) | Oy, Wa ed
<fz Va (-, €)e*t:du, F2(Wae) | Oy, Wa edvg

< 0(=2).

Lemma B.0.2, Lemma B.0.3 and Lemma B.0.5 yield that for any j = 1,--- ,i(§;), and for any

€(1,2)
1 m
5/2 <Z xie #ren — fr(Wh s)> Ae); Wi edvg
h=1
1 & ;
= §Z/Exhe “"heUhZfdvg —E/EVleW“Zfdvg
h=1
m 1 1
+0 the_‘pleUh — W)l 12>
h=1 »
1 : :
=3 Z /Exle_‘pheUhXiZfdvg — E/Evlewlvfxz'ngvg +o(1),
h=1
as € — 0. By direct calculation, for j =1,--- ,i(&;) we have

1 2 ( 1yl 32y; _
; 5 Ja. X7 o sdy for h =1

/ e Zidn, = |50 (%) il =0,
> 0 for h # i

where the last equality applied the symmetric property of €2;. It is sufficient to calculate the inte-
gral € [, Vlewlvsxingvg. Let 7i(x) = 0(&) HI(x, &) + > pzi (&) G (2, &) — (x &) +log Vi(z).
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Recall that d? = 71(51) Using Lemma B.0.1 with (4.2.9), we can derive that ¢ — 0

m 4 . y
/ ‘/16W1 c Z]dvg — 9% X 62 PUl—%z(~,f)+10gV1 52 (ygz)] deg
i T ’y&"
_ , xi(Ui—log(saﬂ)w(a)Hg(~,fi)+zl# 060G (&)~ 2, +log Vi+O@2 logsil)_4We)i
g Xi€ 52 n ‘yg ’2 v
2 i

70 L+ [yl?)

Ti(Ez’)ai . 0 100 & 1
_ ¢ yngfggl (0)e( )+o() 7%); (€)= 70(6)0(ay), 2(2,)la=g, +0(1),

e 8ily yj e 2 B
N 53/QX< | |> 5 WE* e (1 +Z5i<9ysﬁ oy, (0)ys + O(57 |yl +5?\10g5¢|)> dy

4y?
where we applied the symmetric property of €; and [g» Wdy = 7. Since z(-, £) solves (1.2.3),

we have I¢(z(+,€)) = 0. By representation’s formula in Section 2.4, we deduce that

8(51‘)]']5(*2('7 g))

e 1.

= Ié(z(’g))a(&) 2p2/ fz V2 213 )dvg (_9(25)8(5 )]G ( 5@)) d’Ug
ez( B

= p20(&) / fg )dv 8(5, (- gz)dvg

Hence, we obtain that as ¢ — 0

1 1
O, B=(We) = 5006, Te(2( ) = 5 0(e), Fm (€) + 0(1) = Oie,), Akm (€) + o(1).

Next, we consider the reduced functional E. : Zkm — R &= E. (W, + ¢), where ¢ is given
by Theorem 4.2.5.

Theorem 4.2.8. Given integers m > k > 0, we assume that (4.2.4) and (4.2.9) are valid, there

exists €9 > 0 such that the expansion holds for e € (0,e9)

Eo(&) = M (§) — 67(m + k) + 27 (m + k) log 8 — 27 (m + k) log e + o(1) (4.2.41)
and
OeE(8) = Behpm(€) +o(1), (4.2.42)
which are convergent in C(Zy, ) uniformly for any & in a compact subset of Z, .
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Proof. By direct calculation, we have

E.(§) = E.(W.) + ; (/2 (Z yie Prelt — 25V16W“> prdvg — / P2lgz( §)dvg>

=1

—6/ Vlewl’f (e¢1 —1- ¢1) dvg — p2log (/ %6W2’5+¢2dvg> + pa log (/ V26W2,5d1)9> .
) ) by

2
Recall that ¢ = (¢1, ¢2) € KEL satisfies that for p sufficiently close to 1, ||¢|| < Re o |loge|. For

p,r > 1 sufficiently close to 1, the Holder inequality implies that

‘ / (lee—@le“%mem@) prdvg| < et —2eVieie|| [lgn]| e
2 \i=1 » "
<0 <522pp||¢1y> — o(1), (by Lemma B.0.5)
[ 802 €0aduy| < 112, &)ldal] = o(0)

< 0 <€1W’“687,||¢>1||2H¢1||2> =o0(1). (by (4.2.33))

8/2 VlewLE (e¢’1 —1- ¢1> dvg

By mean value theorem, for some 6 € (0,1),

V26W2,s+9¢2¢2dv
ol VoeWVzeto2 g ) | (/ VoeWae d ) _ ks g
p2log < /E 2e vg | +p2log | | VaeTedug T VaeWa 4002 dy,

= O([[¢2l) = o(1).

Consequently, we obtain that E.(£) = E.(W.) 4 o(1). Immediately, Lemma 4.2.7 yields (4.2.41),
which holds in C(3) and uniformly for any £ in any compact subset of Zj, ,,. Applying Theo-
rem 4.2.5, there exists {c;?:’j eR:i=1,--- ,m,j=1,---,i(&)} such that

2i f’JPZJ
W.+ ¢ —i*"(F(W:+ ¢)) = . (4.2.43)
0
And
Xen, B=(€) = e, B(We)

1

5801 = g g0n — 3((Wie+61) = W1.) ) e, Wi oy
1

— =Dy — Ag¢1 = 5 (fo(Woe + ¢2) — f2(W2,s))) A(e;); Wa,edvg

—=AWie+¢1) — §A (Wae + ¢2) — %fl(Wl,a + ¢>1)> D(e;); P1dvg

w\ww\ww\ww\w

—-Ay(Wae + ¢2) — *A gWie+¢1) — %f2(W2,s + ¢2)> O(e;),; P2dvg.

96



Lemma B.0.3 implies that O, Wi = PZZ + O(1) and 9¢,),Wae = —%PZg + O(1). Since
(¢, PZ}) =0, we have

[ 280000, Wicdv, = [ (Vo1 (VPZ] + O(1)gdv,
> b )
= (p1, PZ) + O ([¢]]) = o(1).

Using the same reasoning, we can deduce that [5(—Agd1)0(¢,), Wa,cdvg = o(1). It is observed
that
/E(—Agd)z) (a(&.)jWLg +28(&)jWQ75) dvg = 2/ g¢2 ( f)dvg
= O(ll¢2l)) = o(1).

The estimate (4.2.35) yields that for ¢ > 1

/2(f2(W2,s + ¢2) — fa(Wae))Oe,), Waedug

= O ((I6all* + 1 5(Wa )l PZ]| . ) = Ol6nl]) = o(1).

The estimate (4.2.33) implies that for ¢, > 1 sufficiently close to 1

/Z (FA(Wie + 61) — f1(W1.2))Oer), Wi e,

= 26/EV1€W1’5¢18(&)J. W1 edvg + @) (/E |f1(W1,5 +¢1) — fl(WLg) — f{(Wl,e)qﬁla@)j

. 1—qgr .
= 2 [ Vieeor(uz] + Oy, + O (5 a1 P2 2, )

= 26/ V16W175¢1Xingvg+o(1).
by

By Lemma B.0.5, for any ¢ € (1,2)

m
2eVyeWe — Z xne #heln

2€/EV16W1,5¢1Xing'Ug = /X:Xze_gpleUlngbld’Ug + O (
h=1

\¢1||)
q

= (PZ],4)) + OET) = o(1).

97



Applying (4.2.43), we derive that fori=1,--- ,m,j=1,---,i(&)

Zc, A(PZI PZ3) = <W1,5 + o1 — " (fr(Wie + é1) — %fZ(WQ,a + ¢2)),PZZ>

_ <WLE g ( F(Wi ) — ;fz(Wz,s)) ,PZ] > +0 ({6, PZ)))

= [(A0Waet 60 = ROV PZlduy + 5 [[(FaWae+ 62) — Fo(Wa)) PZL v,

According to the proof of Lemma 4.2.7,

(Wi —i*(f1i(Whe)), PZ}) = / (lee_“"leUl—QsVleWLE) PZ]dv,
\i=1

= 20(¢;); Mkm(§) +0(1).

We notice that [ |PZ£]2dvg = O(]logel). By (4.2.18), we have

1 i 9 i j
_i/EJfQ(WQ,a)PZi dvg = / fz ez( i, PZ/dvy + 0O (E/E ]PZi\dvg>

2) :o(\loggﬁ).

Applying (4.2.33) and (4.2.35), we derive that for ¢,r > 1 sufficiently close to 1,

O((1+e) szg

/E(fQ(WZa + ¢9) — fo(Wa))PZldv, = O <(||<Z>2H2 + Hfé(WZa)éQHQ)HPZz‘qu%l> =o(1),

and /E(fl(WLg + @) — fl(Wl,e))PZijdvg

. 1—qgr .
= 2 [ VieMeon(Z! + O, + O (5 [ar PIPZ)

= 25/ VieWie g xi Zl dv, + o(1) = (PZI, 61) + o(1) = o(1).
by

Applying Lemma B.0.4, we deduce that cfjgg DD 4 o (5 % ) =] 10g5|%), as e — 0.

Considering 67 = ed?, we deduce Y, ;| ;| = O(e]log £|%) By (4 2. 43) we have
2
—gﬁ (Wae + ¢2) — *A dWie+ 1) — *fz(Wza + o) = —+ ZC”A pz
7‘7

and

2 1
_gAg(Wl,a +¢1) — gA (Wae + ¢2) — *f1(W15 +¢1) = ZCHA PZ.

7]
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Then,

2 1
§ Wi+ o1) — *A g(Wae + ¢2) — §f1(W1,a + ¢>1)> D(e;); P1dvg

Z Z31, 0, 1)-
]

OO\[\’)\

By straightforward calculation, for ¢,p > 1 sufficiently close to 1 such that 2 4q + 2 p +1>0

(PZ), 8¢y 01) = O, (PZ4, 1) — (e PZi) 1) (4.2.44)

N /z D), (—xwe e 23\ grdv,

J

2—4q + 2—p

2 |logel),

where we applied the condition (PZZJ ,®) = 0. Hence, we obtain that

/2( ?,A (W1€+¢1)—§A (W26+¢2)—f1(W15+¢1)> ); P1dvg = o(1).

Similarly, by the same reasoning, we can deduce that

2 1 1
/E <_3Ag(W2,5 + ¢2) - gAg(Wl,s + ¢l) - §f2(W2,€ + ¢2)) a(ﬁi)j¢2dvg = 0(1)

Combining all the estimates above, we prove that

e, B=(6) = Oey, B-(We) + 0(1) = ey, Arm () + 0(1),

4.3 Proof of main results

The next lemma demonstrates that & being a critical point of E. is equivalent to W, + P
solving (4.2.1).

Lemma 4.3.1. For any € € (0,e0) where 9 > 0 sufficiently small, £ € Ej,, is a critical point
of £ — Ea(f) if and only if § € Zm and u = W + ¢, . constructed by Theorem 4.2.5 is a
solution of (4.2.1).

Proof. Suppose that ¢ is a critical point of E.. Then, for i = 1,--- ,m,j = 1,---,i(&), Theo-
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rem 4.2.5 implies that

0= g,), B

<11 o Z*(F(u))’ 8(51)1 (WE + ¢§,£)>
4.2.43
( — ) ZC;;/’ i Z’ 76(& Z(W]‘?E + (¢§7€)1)>

_ ZC Pzl Pz +O(Zc,/,~ (elloge| + [(PZ)) 8¢,y (¢e )1 >V>

7]
(by Lemma B.0.4 and (4.2.44))

8D;o0(&;
= ggf) +0 (5 2 Z\cl/]/\) +o (5 12\01,],\)

By the arbitrariness of 4, j, it follows as ¢ — 0

e, P (14 oeh) 1 o(1) — 0.

7] 52
4,3

There exists g > 0 sufficiently small such that for € € (0, ),

fori=1,--- ,m,j=1,---,i(&). By (4.2.43), u solves (4.2.1).
Conversely, we assume that for some § € Eg,,, u = W, + @, . constructed by Theorem 4.2.5
is a solution of (4.2.1). It is easy to see that u—i*(F'(u)) = 0. Consequently, fori =1,--- ,m,j =
(&)
3(@»3;(5) = (u—3"(F(u)),0¢,),(We + ¢, .)) =0,

which means ¢ is a critical point of E. O

Proof of Theorem 1.2.2. Suppose (w,§) is a non-degenerate solution of (1.2.5). It is clear
that C := {¢} is a Cl-stable critical point set of Ag,,. For e > 0 sufficiently small, there
exists a sequence £ = (7, ,&;,) € Zpm such that dy(£°,C) < € and £° is a critical point of
E.: Ekm — R. Without loss of generality, assume that £& = (¢7,---,&,) = &= (&1,.,&m) €C,
as € — 0. Then define u. = W, + ¢ . through Theorem 3.1.4. Moreover, Lemma 4.3.1 yields
that u. solves (4.2.1) as ¢ — 0. Let pf = ¢ [y Vie"edv,. By (4.2.40) and |e® — 1| < el*l|s]| for

any s € R, for ¢ > 1 sufficiently close to 1
o = 5/ VieWtedv, + O <6/ Vlewlva((l)gg’g)ﬂdvg)
) )
1 m Wl 1 m
= 32 0&) + O (leVie™ gl o) = 3 2 0(6) + o
i=1 i1
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For any ¥ € C(X), using Lemma B.0.5, we have

2 6/ e —25/ Vie®eUdy
P1 Efz] ‘/:leul’sdvg g = . 1 g

i - € U £ € n
_ Z/ngfe 76 G Wdvy + o(1) = 3 0(6)T (&) + o(1),
=1

=1

as € — 0, where 0;(-) is defined by (4.2.4). By (4.2.6), we can obtain the estimate (1.2.7). The

proof is concluded. O

Proof of Corollary 1.2.3. For any z € ﬁl(E), the Moser-Trudinger inequality implies that

1 i
Ie(z) = Q/Z\VZIEdvg—%Qlog (/Z‘/z(',f)ez) > C,

for some constant C' (uniformly for { € Ej,,). For any pa € (0, 2m), the solution z(-, &) of (1.2.3)
exists but may be degenerate for £ € =y, ,,. We fix an arbitrary z = z(-,£) that solves (1.2.3) as

a minimizer of the energy functional. Since z(-, &) is a minimizer of I,

Fe(:(,9) S Ie0) = ~2pulog ([ VaeXT deereen)
b

2p2 (Z; ;Q(gi)/EGg(.’gi)dvg+;/2:]og‘/2dyg>|

( by the Jensen’s inequality and / GY(-,&)dvy = 0)
b

IN

= 2mp2 max | log Va|.

Let Jep, := {2 € ﬁl(E) : z solves (1.2.3) for £ and pa}. As a result, we obtain that for some
constant Cy > 0,

sup sup sup [Ig(2)| < Ch.
§€Ek,m p2€(0,2T) 2E€J¢, py

By Lemma 2.6.1, we know that ]-",Y%(E) — +00 as £ — 0= . We recall that

M () = STe(=(- ) = {7 (6).

Fix an arbitrary point £ € Zg,,,. There exists dy > 0 sufficiently small such that £° € Eiom and
1
=0

for any & € g \ E0  FYL (€) > 4Co + Fp 1 (€9). We take 2 to be the interior of Z2°°. Let

=20,
Ci={€ € Bpm: FL(6) =infs,, Apm} CEP, C 2.

—=k,m

We fix ¢ € C and then we have a non-degenerate solution of (4.1.8) with pa € (0, po),

denoted by w®, where pg > 0 is sufficiently small according to Lemma 4.1.5. It follows (H1)
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holds for same (w', &%) Applying Theorem 1.2.2, we complete the proof. O
Proof of Corollary 1.2.4. As in the proof of Theorem 4.1.8, we have
Vieg = {(V1,Va) € CH¥(Z,Ry) x C**(Z,Ry) : (S;) is non-degenerate for ¢ € [0,1] N Q}

is a residual set in C?%(X,R;) x C%%(X,Ry). We fix an arbitrary (Vi,V2) € V. Using
Proposition 4.1.10, there exists a non-degenerate solution (w,§) of (1.2.5). The hypothesis (H1)
holds for ps € (0,27). Employing Theorem 1.2.2, we can conclude Corollary 1.2.4. O
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5 Asymmetric blow-up solutions for Toda

systems

5.1 The construction of asymmetric blow-up solutions

5.1.1 Approximation solutions

We consider X is a “k-symmetric” surface with non-empty fixed point set X9 under the action
of orthogonal subgroup (Ry), for k > 2, where Ry is defined by (1.2.8). Given {1, -+ ,&{m} C
YoM XQI, we will construct a family of solutions blowing up at {£1, - ,&mn}. To construct blow-up

solutions of (1.2.1), it is sufficient to consider the following problem

—Agup =2e(Vie" — Viewt) —g(Voe" — Vae¥2)  in by

—Aguy = 2e(Vae"? — Vae2) — e(Vie™t — Vieur) ny (5.1.1)
Oy,u1 = Oy ug =0 on 0%
where ¢ is a positive parameter. In fact, for fixed £ = ({1, ,&m) € Emm = ym \ Frpm (X)),

we are going to construct a family of blow-up solutions u. = (uj ¢, u2.) of (5.1.1) as ¢ — 0 with
the local limit mass

lim 5/ Viett=dvy, = 2l rm, i =1,2.
P

e—0

Setting p; = € [5, Vie"'dv, for i = 1,2, then we can construct a family blow-up solutions of (1.2.1)
as p = (p1,p2) — (4mm,8mm). For the asymmetric blow-up case, we have no uniform limit profile

like in fully blow-up cases. But after a proper scaling around ¢ for the system (5.1.1), for any
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1 = 1,2 we have the limit profile

—Aw = [y|*2e®  in R

Oyow =0 on JR¢ > (5.1.2)

fRs |4 —2e" < o0

where o; = 2°,Re = R? or Ri depending on the scaling center £ in the interior or on the

boundary.

For any o > 2, we introduce the radially symmetric solutions of the singular Liouville

problem (5.1.2),

o 2027
wy) = log |

—— yeR*T>0.
e

Moreover, we have [g- ly|*—2e%7 W dy = 4mwa. For any € € {&1,--- ,&m}, applying isothermal

coordinate (yg, U(§)), we can pull-back w to the Riemann surface around &,

2027

T+ |ye(x)|*)

5 in U(§).

Then we project the local bubbles into the functional space ﬁl(Z) by following equations:

—AGPU2, = xee#¢|ye|*2e"me — yee ¥elye|o2e"me in %)
0,,9PU$f5 =0 on 0%
Js PUZcdvg =0
We take
o =2 (5.1.3)
and the concentration parameter
0 = dige” (5.1.4)
where d; j > 0 solves the following identities for ¢ = 1,2
a;logd; ; — Z a;r log dyr
i'>i
) . (5.1.5)
o(&;
= ~2logai+ 2j (ai ) > ai’) ' (Hg(gj,gj) + Gg(gj/,gj)) + log Vi ().
i'#i I
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Let
Ay = {2 € 21 |yg,(2)] < /01500, } and Ay; = £\ Ay (5.1.6)

for any 5 = 1,--- ,m. For simplicity of the notations, we denote that U} = Ugiaij,PU]’: =
PUEO;i,éi,j’Xj = X(lye;|/7¢;) and ¢; = @¢;(ye,). The approximation solution W, = (W1 ., Wa,) is

defined by

m ) 1 2 m ,
Wie=> PUj—5 > > PUj, fori=12
j:1 i =1 j:1
il # i

We define that

Hy := {u = (u1,u2) € H : u; is Ry-invariant for i = 1,2}.

Next, we are going to construct solutions with the form u. = W+ ¢,, where ¢, = (¢1,¢, p2) €

Hy is the error term.

5.1.2 The linearized operator

We consider the following linear operator associated with the problem (5.1.1):

Lee(@) = (Lgo(9), LE (@), (5.1.7)
where for any ¢ = 1,2
Li (@) = —Dgdi— > (Xj€_¢j\y§j’ai_2€ i — xje~ P lye, | % 2e j¢z’>
j=1
1 2 m Ui/ U
3 X2 (e g e 6y = e lug o2 o ).
i =1 ]:1
il #id

The key lemma is the non-degeneracy of the linear operator L¢.. Formally, for ¢ = 1,2,5 =

|av—2

1,--- ,m, we can derive the local limit operator of L cls —A(JS—QO&%W(JS by a proper scaling

around §; on an isothermal chart (the detail refers to Lemma 5.1.1). The result in [DPEM12]

implies that the kernel space is generated by (in polar coordinate (r,6))

11— ||

1 —
- 1+ |7-‘01i7 ¢ (T70) °

¢(r,0) -



The k-symmetric condition of H excludes ¢! and ¢?. To obtain the invertibility of the linearized
operator L¢ ., we need to lay out ¢° by introducing a family of test functions in ﬁl(E). Let

L=yl

Zi(y) = W

It is easy to see that —Az;(y) = 2a?%zi(y),y € R2. For any j = 1,--- ,m, we define

e, (@)
“(ﬁJ>’er@)

0, z e X\ U()

Zij(x) =

Then, we project Z;; into the space ﬁl(E) by following equations:

—AgPZij = Xje_wj |ij |ai_26U; Zij — Xje_‘pj |y§j |0‘i726UJZ: Zij in 20]
8y, PZij =0 on 9% (5.1.8)

fE PZZ-jdvg =0

We define that £) := {h = (hy, h2) : [s, hidv, = 0 and h; is Ry invariant for i = 1,2} .

Lemma 5.1.1. For any p > 1, there exist eg > 0 and C > 0 such that for any ¢ € (0,¢&p),
h = (hy,h2) € (LP(X))2N LY and ¢ = (¢1,¢2) € (W?P(X))2 N Hy is the unique solution of
Le(p)=h inS

Oy, =0 on 0% > (5.1.9)

Js pdvg =0
with ||p|| < Cllogel|lhlly, where ||, = [[hi]lzr () + [1h2llLr(s)-

Proof. We prove it by contradiction. Suppose Lemma 5.1.1 fails, i.e., there exist p > 1 and a
sequence of e, — 0 and hy, := (hyp, hay) € (LP(X))2N LY and ¢, == (¢p1.n, P2.n) € (W2P(X))2N

Hy solves (5.1.9) for h,, satisfying

2
1p,.[l = 1 and [log en||[hnlp := [log en| D [lF2inl|o(sy — O,
i=1

as n — +oo. For simplicity, we still use the notations ¢;, h;, € instead of ¢; p, hj n,en for i =1,2.
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R? iféey
Let Re = . We define that fori=1,2,5=1,--- ,m

RZ if &€ 0%

N ( ”|y> $ioye Y6isy), y € Qij = ﬁB&

ng‘j(y) =
0 y € Re; \ Qi
—2
Then we consider the following spaces for a > 2 and & € %, Lg = {u : |1yJ|r|y2|a U < —|—oo}
L2(Re)
a—2
and HY := S u : ||Vull2g.) + bl >y, < 400y
o= s oy + [

Step 1. (j;ij — aij% as € — 0 for some a;; € R, which is weakly in H?j" and strongly in Lg‘;.

By (5.1.9), it follows that

hy — hs (5.1.10)

m

s _ 1 0 1
= —Ay(p1—¢2) — 5 Z <Xje %’yfj‘al 2% 1 — xje ¢J‘y§j’a1_2€U] ¢1)

"2 Z (Xﬂe 2 lye, 2726 6o — xje s [y o2 e J¢2>
] 1

Using ¢; as a test function of (5.1.10), we can deduce that

/z(hl — ha)pidug (5.1.11)

3 o or—2 Ul
= (V01— 0. Voi)ydv = 5 3 [ e lye 2 rode,
j=1

3 s _9o U2
I [t i,
j=1

in view of [5, ¢;dvy = 0. The Sobolev’s inequality and Holder inequality yield that

’/Z(hl — h2)d;

where p,p’ > 1 with % + 1% = 1. Hence, we derive that for 7,7 = 1,2 with i’ # ¢

< |hlpl|gilly < [hllpll¢ill = o(1/[logel) — 0

m

. m v
Z/Exj67@j|y§j|°‘i72eUJ¢%dvg = Z/Exjefwj\ygjf‘i/*%[]j dirpidvg + O(1). (5.1.12)
i=1

=1
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On the other hand, using ¢; as a test function of Lé,s(q’)) = h; , similarly, we have for i’ # i

n i 1 & of
Py _9 Ut . ,—9 Ul
Z/EXJ‘G Pilye, | e i pidv, = §Z/EXJ'€ 2ilye,|*" 2e"s dyidug + O(1)
=1 j=1
33 e g 726+ o).
j=1
Consequently, for i = 1,2
s )
3 / i€~ e, |22V ¢2dv, = O(1), (5.1.13)
j=17%
By a straightforward calculation,

‘al o5 Ut
Z/R 1+’y‘al (¢Z]( 2dy Z/ Xje @]’yf‘ 1 26 J¢2dvg—0< )

Additionally, by the assumption ||¢|| = 1, we immediately have
/ Vs S/ Vil odug < 1.
Re, )

It follows that ¢;; is uniformly bounded in Hg‘; Applying [MPW16, Proposition A.1], L?ji — Hg‘;

is a compact embedding. Then up to a subsequence, we have
§Z~5z‘j - 65%

weakly convergent in Hg‘; and strongly in L¢". For any ¢ > 1,

a;—2)

_ 2(1-q)
dy—O(di’j ). (5.1.14)

o |y
= XUyl /r0)d; ;1 =3
Jra ) X085 s

. . q
/ ‘Xje_% [
>

By changing variables of (5.1.9), (5.1.14) yields that

~Adii(y) = 20306+ in Qi
T , (5.1.15)

Oy dij = 0 on €45 N {y2 = 0}

a;rs all i = 2

8! _ 2_9
where ;5 = —5 Yy, 20 /m + 67 hi Oygjl(di,jy) +O(62, 30 85 ), for g € (1,3).
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Next, we are going to show that </~>z‘j converges to the solution of

—A¢ = 202 l'ﬂ wpd iR

Oy, ® =0 on dR¢; > (5.1.16)

Je2 V()2 dy < +o0
in the distribution sense. We take an arbitrary ¢ € C2°(R¢;) with

supp(y) C {y € Q1 1/0im1,5/0i5 < |yl < \/5z‘+1,j/5i,j}v

for € > 0 sufficiently small, where we denote dp; = 0 and d3; = +00. Applying ¢ as a test
function for (5.1.15), we deduce that

- |y|*i—2
Vi, - Vo — 202 / W o= i
/sum)(w) ! supp(ep) (1 + |y|*)2 7" supp(p) -
%"yg ’ai/—z
_ 20de P 1IN _g | + / hi oy (9)(07 1 y)dy + o1)
( /A”Z%;Z (6 s ’y ‘a/) ! g) d;,55upp () & "

1
s\ )
- of(/ e i ol
V0i-1,305,5 <|yl<\/0i30i+1,5 \ jrz (5 +\| )?

+0 ((/ !cp(éif}y)\”'dy> ”hi”p) +0(1) = o(1),
8;,55upp(¢)

where A;; is defined by (5.1.6), % + ]% = 1,9 € (1,%). Therefore, we obtain that qb solves
(5.1.16) with a; = 2 in sense of distribution on R, and (252]- solves (5.1.16) with a; = 4 in sense
of distribution on R, \ {0}. According to the regularity theory, qb(l)j is a smooth solution on the
whole space R, as well as gbgj for any j = 1,--- ,m. The result in [DPEM12] implies that the
solution space of (5.1.16) is generated by the following functions (in polar coordinate (r,8))
A

(3
2 g S,
L+ [rfes ™72

1—|r|

\r|% Q;
W, —— COS JQ, ¢2(T, 0) =

1
0) .=
o 0) = T e © 3

O(r,0) =

Since ¢ € H, it follows that for some a;; € R,

|

70 _ —ly
ij = i + [yloa”

ly|*i

Step 2. Fori=1,2,5=1,---,m, fgij QQQW@J( Ydy = o(|loge|1).
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Applying that PZ;; as a test function of (5.1.9), we have

‘ai72 ’ai72

5 Ly,
570+ [y, \‘”)

57 e,
575+ lye, |0

QSiPZijdvg

202y .o i
A 7 X] (

50iZijdug :/ QOZ%XJ'Q_%(
>

13 2., = 5"7j ygj‘ai/_2
_5 Z 2ai/Xj€ -~ 2¢i’PZideg + hZPZZJdUg
i'=1 ¥ (5 i _}_|y5 |Oé/) b
=)
It follows that
I

0 = / 2042-2)@6_"93' 50i (PZij — Zij) dvg
s (55 + Ly, !‘”)

13 ' Ye;
P> / 205 xje % gl
. 3
r—1
=

(855 + Iy 1)

‘ai/ —2

2¢i’PZideg+/EhiPZideg~

By Lemma C.0.2, we have ||PZinLp’(z) = O(1), for %Jr ]% = 1. Then, by the assumption

|hl, = o(]loge|~!) and the Hélder inequality, we have

<P Zijlly | hillp = o log e[ ™).

‘/ hiPZideg
b

Applying Lemma C.0.2 again, we derive that

5%' |y£j |2

(6“1 + Iy )
i '|y€j|az 2
(955 + loe, 1)

(logs)/ZZa?xje_% 50i (PZij — Zij) dvg

= (loge) /E 20} xje % 5 Pi (1 + 0(8;;| log 5@]‘)) dvg

a;—2
a; Y|t ~ o
= (1+0(6;;|logd; ;1)) (loge) / 207 1’_+_‘|y|ai)2¢ij(y)dy+0(|log5’5i,j)
ly|*i?
= (loge) / 202 $ii(y)dy + o(1),
(1+ [yl
as ¢ — 0. For i # ¢/, (C.0.1) indicates that
57, (77
PZ ou= (5 ) = © <<5]J) i T 0 ) ifi <
ij ©Ye, (0w 5y) = : (5.1.17)
Sy o
2+ 0 (( ) ly|* 51‘,3’) if i/ <1
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It follows that

Qg _
1 e
5(10g 8)/ 2ai’Xj€ J o, 2¢i’PZideg
by (5 L. ’y§ ‘a /)
1 2 |y‘ai/ -2 7 —1 %}
= §(log 8)/ / QCVl-/ 7(1 n ’y|al/)2¢zlj(y>PZl] (¢] yE] ((521’]y)dy + O(’ log 8’51-/7]-)

@il (Si i ai al . . .

a]
(5.1_.17) ) |y|
2(10g E) fQi’j 20[ 2! (1+| |a / 2¢Z ]( )

‘yl 6/ oy Qg . -/ .
+0O (\ log5|fQi,j 202 il ‘a, 5| i (y)| (( ) |y +5i,j) dy) ifi’ <i

o(1) if i<

2(loge) fy, 207 1'+'| ]a, i (y)dy +o(1)  if i <

Thus, we have for i = 1,2, (loge) fQij a? 1@;\“ s0ij(y)dy = o(1) as ¢ — 0.

Step 3. Construct the contradiction.

Using PU} as a test function for (5.1.9), we derive that

T 041'—2
/2aix o _OuilYe S idu, (5.1.18)
b az y
(625 + lye, )
o —2 54 otr—2
= /204?)@- 2 " ’ygj‘ 5 ¢ PU dvg Z/QQZ/XJ ¥ ;,]| 3 5 ¢y PUjdvy
> @z+wy%) (657 + lye, )

The left hand side of (5.1.18) implies that

925l 12

/ Qa?Xje_“"j '
- (825 + lug, 1)

. 5 |yl*? @;
5idvg = / 20 1+ y| )2@]( y)dy + O(6;5)

= o(),
by the result of Step 2. Lemma C.0.1 yields that || PU}|| (s = O(]loge]). We drive that

[ niPULdu,| < il | PUL = o(1),
P
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by the Holder inequality, where zl? + ]% = 1. By straightforward calculation, we have

5 [ 202l dy < 20266 T )
ij af ———|ou(W)llyldy < 207636, ;" il /R2 A+ 1) Yy

Qij (1 + [y|oi)? )
o) (5;) — o(1).

where ¢ € (1,2) such that %4— % = 1. For i = 1,2, applying Lemma C.0.1, Step 1 and Step 2,

we deduce that

2 o 61041|y£|a1—2 i
205y e ¥ 5 i PUjdv,
¥ 5041 + |yf |az

o "’yejﬂ\al 2 a a a;0(Gj
/EQa?Xje ¥i " . 5 Pi (—2Xj10g (5 -+ |y | l) 2(§J>Hg('75j)
5 -t lye; |°”)
+0O(6% log w) duv,

S R S G R o az@(f)
= /Qij 20q; 1+ |y|ai)2¢z](y) ( 2a;log §; j — 2log (1 + |y|**) + Hg(f],§])>

-l—O(/ 2a ’1
+!y\a)

a;—2
- 2%/ 20 2 vl 5 ’ya
Re; (1 + [y[*) 1+’ |

¢zj( )‘( ]|y‘+5 |10g(5”])d>+(9(5%)

Nevs
_ Q(%) Z@ija

|~

og(1 + |y|*)dy

as € — 0, in which the last equality used the fact that [o 2@?% }JFBIOZ log(1 + |y|®)dy =

—27av;. For any i’ # i, by Lemma C.0.1, Step 1 and Step 2 again, it follows that as e — 0,

Qg 7 —2
oy Oinglyel™ i
20 x eI o 5 ¢y PUjdvg
b 6 i + ’ygj‘a/)
. i y ) OéZ/ —2 . .
/Emﬁxje*% a’”' T' | >2¢,-/ (—Qleog (625 + lye, 1) + 0‘192(53)1%19(-,&)
5 o 5 e |

+0(6;| log 5”\)) dvy

- [ /2a2('z"‘lrzgq3i/j<y> (2108 (575 + 33 u1™) + 0‘192(5”119(5],@)) +

" )
+0 </ 20&““/‘L;22 Gus ()| (J5191 + 5551 1og 3, dy) +0(6
il (1 + |y| i/)

;=2 1 ep - . ep - .

. 200§ ngj ’Q(IE‘IyWHIgi% log |y|dy ifi<i _ o(&ay; ifi<d
0 if 4 >4’ 0 ifi >4

2_|y|i72 1-|y|* 2_|yl*i2 1-y| _
in which we used [g» 2¢; | ) TH dy =0 and [g» 2a; (Lt [p ey Ty —log |y|dy = —4m. The
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right hand side of (5.1.18) has the following estimate:

‘ai 2 |ai/—2

2 — i
/ 20269100y, b PUdu, + of1)
7 7 g
%

203 xje %18
— i PUdo —fZ/ e 70yl
a; i
(55 + lye, |0) il

, 2
5011 +‘y£ |OL/)

20 (g0 — S iaiy) +o(1)  ifi=1
4% a5+ o(1) if i =2
Consequently, a;; = 0 for any i = 1,2, j = 1,--- ,m. We will use ¢; as test functions for (5.1.9).

For i = 1, we deduce that

) m ) v 5?1‘|y£‘|a1—2 )
lonll2 =Y [ 2atye e L g,
=17 (855 + lye, )
NS oy 09%lyg [0
_§Z/E2Q2XJ v » 2¢2¢1dvg+/2hl¢id’l]g
=1 (52 + lyg, |2)

< ZH@leHLaHr Z‘|¢1]|’LQ1H¢2J”LO‘2+0(’10g€‘)

Ji
as € — 0. For i = 2, we obtain that

‘(1272

m 50!2
v, 9251Y¢;
62l = Y [ 203y 928
=1

(853 + Iy, 1)

-2
_1§:/ 2aiy;e I
2j=1 P (5041 + |y£_|o¢1)

S 01" le,
sz]nwv / 20fyje 91
j=1 5"‘1 + \y§j|0‘1)

2 ¢%dvg

2¢2¢1dvg+/2h2¢idvg

’a172

5 P1¢2dvg + o] logel),

as € — 0. Hence,
’CM172

m 6&1 )
;i_I}%)Z/EQa%Xje_W v 5 P1¢2dvy = —2. (5.1.19)
j=1

(577 + Iy, )
For (5.1.11), we take ¢ = 1 and it follows

|Oé1—2

5(111'|y€j
(6"1 + [y, )

oel) = llonl = [ (T61,V62)du, - Z [ 2atue R,

‘a272

7] ¢2 le dvg

3 m 50{2 ]
+ 52 [ 20dyee 2 v
j=17%

(652 + lye, |?)

= —/Z<v¢1,v¢2>gdvga
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where we applied ||¢1] — 0 and ¢;; — 0 strongly in Lg‘;. If we take i = 2 for (5.1.11), it follows

) 381, 552lyg |22,
olel) = —llall+ [[(Tor, Tomgavy + 53 [ 20dnsemei—200 g,
= (355 + g, |°2)
3 oy 0T g |2
- 52/2203)@6 ¥ all S 5 0102dvy
T a
Jj=1 (51 +‘yﬁj‘ 1)
3 m - 5041’y _|a1—2
= —1—52/220(%)@6 ©3 al S 5 G1¢2dvy,
Jj=1 (511 + |y§j|al)

where we applied ||¢2|| = 1, [(Vd1, V) gdvy — 0 and gﬁij — 0 strongly in L?j So far, we have
derived that

m 5041 _ a1 —2 )
$ o Tt
i (87 + lyg, )

which contradicts with (5.1.19). Lemma 5.1.1 is concluded. O

We recall the definition of ¢* and the detail refers to Section 3.1.2. For any p > 1, let
in o LP(¥) — T be the adjoint operator corresponding to the immersion 7 : H — LiT and
i Ups1 LP(D) — H'. For any f € LP(X), we define that i*(f) := ¢*(f — f), i.e. for any h € i,
(#*(f), h) = Js.(f = f)hdvg. Let

fi(uy) = 2eVie"t — 2eVie®t and fa(ug) = 2eV9e"? — 2eVhev2 (5.1.20)

and

S1(u1) = 5 f2(uz)
F(u) = . (5.1.21)
fo(uz) — 5 f1(u1)

The problem (5.1.1) has the following equivalent form,

u = (u,uz) = i*(F(u)),
(5.1.22)

u € H

We define that L£(¢) = i* (Le (@), for ¢ = (¢1,¢2) € Hi.

Proposition 5.1.2. There exist ¢g > 0 and C > 0 such that for any h € Hy, there exist a

constant C > 0 and a unique solution ¢ € Hy solving

L(¢)=h (5.1.23)



with |L7Y|| < C|logel|, for any ¢ € (0, o).

Proof. We observe that ¢ — ¢* (Xje_wfy§j|ai_26U;¢i — Xje—%"j|y§j|ai26U;¢i> is a compact
operator in Hy for any j = 1,--- ,m,i = 1,2. Consequently, we infer that £ is a Fredholm
operator in Hy. Suppose that ¢ solves L(¢) = 0. By Lemma 5.1.1, we deduce that ¢ = 0. From
this deduction and the application of Fredholm’s alternative, we can establish the uniqueness

and existence of solutions for (5.1.23) in H.

It remains to get the estimate of the inverse operator of £. Given any h € H), we already
proved that there exists a unique ¢ = (¢1, ¢2) € Hi such that i* o L¢(¢p) = h. Lemma 5.1.1

implies that

I£7H @)l = 8]l < Cllogell|Le (), < Cllogel| L)l < Clloge||hll,

where p > 1. O

5.1.3 Nonlinear problem

The expected solution W, + ¢, solves (5.1.1) if and only if ¢, solves the following problem
in Hy:
E&,s(¢> = Sé,s(¢) + '/\/’5,5(¢) + Ré,s- (5-1-24)

Here, the linear operator L¢ . is defined by (5.1.7), the higher order linear operator S¢.(¢) :=
(nga(@, Sga(qb)) , where for i = 1,2,

m X m .
Ste(d) = (_ > xje o g% + 2sVz-€Wi’s) i — <_ > xje i g |22t + %Wwi’g) ¢i
j=1

Jj=1

2 m m
1 o, Lo Ut , 1 s _o U ,
+ (Z gXi€ Py, M TR —eVie ) 2 (Z S XE P fyg, [ e —eVie™: ) dir |

=1 j=1 j=1
i A#5

the nonlinear term Ng . (¢) := (Ng’e(qb), N§78(¢)>, where for i = 1,2,

Ni(¢) : = 2VieWoe (e =1 ) — 2VieWor (8 — 1 — )

- 22: (eSVZ»/eWi’vE (ed)i’ —1- d)i/) —eVye've (e — 1 — gzﬁi/)) ,
i'=1

i
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and the error term R := (Rés, Rg,g), where for i =1, 2,

2 2
Re. = AgWie + 2eV;eMie — Z eVyeite — 2eV;eWie — Z eVieWire,
. o
i 2,;%

Firstly, we will show that the error term goes to zero along € — 0. To address this, we introduce
a family of functions to deal with the interactions among projected bubbles. For ¢ = 1,2,5 =

1,---,m, and y € Q;;

©ij(y) = exp {cpj oy 1 (di5y) + (PU} — Ul =320 PU}’) oy (i gy)

+ 2 4 (PU;, - %Zi,# PU;;) o ygjl(éi’jy) +logV; o ygjl(éi’jy) +log(2e) — (a; — 2) log |y[} .
(5.1.25)
We take d; ; with the value in (5.1.5) to ensure that ©;; is sufficiently small for ¢ = 1,2,j =

1,---,m as detailed in Lemma C.0.3.

Lemma 5.1.3. There ezist pg > 1 and €9 > 0 such that for any p € (1,p9) and ¢ € (0,e0) we

have )
; 2-p
Recll, =D IRl = O <6 W ) : (5.1.26)
i=1
Proof.
. 2 2
e = DgWie + 2eVie!oe — Z eVyeVie — 2eV;eWie — Z eVieVire
i=1 =1
i'#i i'#i
= Ut 1 2 Ul./ 2
= =37 [ el 172 = 5 3T e g 12 | 4 2eVielee = 3T eveine
= =1 i'=1
I i i

.12 . 2
+ 2 | e by o2 - o Z Xje 0 lyg, | 2 | = 2eVielWee 4 Z Ve <.
7j=1 =1 =1
i’ i’

For any p > 1, the Holder inequality yields that

m .
3" e Pl e e — i
j=1

<

)

m
0 o i ]
|/ZZXJ‘6 # Jye, |2 — 26 Ve du
=1

p

in view of ||, := [5; dvy = 1. Tt is sufficient to calculate || 327", Xje_@j|y£j|ai_2eU; —eVieWie||,

for i = 1,2. Immediately, by Lemma C.0.4, we deduce (5.1.26). O
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The following lemma shows that the higher order linear operator S¢ . is bounded on H and

the operator norm vanishes as € — 0.

Lemma 5.1.4. There exist pg > 1 and €9 > 0 such that for any p € (1,pg) and € € (0, &),

ISec(@llp =0 (£5181) . for &€ 1.

Proof. Using Lemma C.0.4 with the Holder inequality and Sobolev’s inequality, we derive that

2 2 m
1 .y ._9 Ut .
ISec(D)lp =D 11Se(D)lp =0 [ > (— Y oxge P lye; 1M e + 26%6”’“) i
i=1 i=1 j=1 Lr(s)
2 m s
+ 0 Z / — Z Xj€ 7 ye; |O‘i_26UJ' + 2eV;eWie ¢idvg
i=1 |72 j=1
2 m -
=0 Z 2eV;e'ie — ZXje_%\yéj\ai_Qe AN ) il 2,
=1 7j=1
p
2p 2 2p
—0(F Yol ) =0 (Flel) ()
i=1
for any p > 1 sufficiently close to 1. O

To study the asymptotic behavior of the non-linear part Ng ., we have the following lemma:

Lemma 5.1.5. There exist s > 1 and €9 > 0 such that for any p > 1, r > 1 with pr € (1, sp)

and € € (0,¢9),

2(1—pr)
Nec(@ll, =0 (57101

and
2(1

IV (6°) — Neo(@Y)]l, = O ( 71160 — o] + ||¢°||>)

hold true for any ¢, ¢°, ¢ € {¢ = (¢1,¢2) € H: [|¢]| < 14 = 1,2}.

Proof. Analogous to the proof of Lemma 4.2.4, we can obtain the result. The detail is omitted

here. O

Next, we will use the fixed point theorem to construct solutions for the non-linear prob-

lem (5.1.24).

Proposition 5.1.6. Given pg > 1, eg > 0 and Ry > 0 such that for any p € (1,po), € € (0,&0)
and R > Ry, there exists a unique ¢. = (¢L, ¢2) € Hy for e € (0,2¢), such that W + ¢_ solves
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the Toda system (5.1.1) with the parameter €, satisfying

2-p
@]l < Re 3 |loge].

Proof. We define the operator

7-5,5(¢> = Eg;(85,6(¢) + N{,s(d’) + Rf,s)

on Hy. To find ¢, € Hy such that W, + ¢, solves (5.1.1), it is sufficient to find a fixed point of

Te e : Hk — Hi. We choose pg,r > 1 sufficiently close to 1 such that

92— 2(1 — por
p0+( por)

> 0.
4po por

By Lemma 5.1.1 and Lemma 5.1.3-5.1.5, we deduce that there exist Ry > 1 sufficiently large
and g1 > 0 sufficiently small such that for any € € (0,£1), R > Ro,p € (1, po)

1Tec@) < Cllogel (Se-(@)ly + INec(@ly + [Re.
2-p 2—p 2(1—pr)
< Clloge] (% 1gll + £+ gl )

»)

2-p
Re % | loge],

IN

2
for any ¢ € {p € H : ||¢| < Re® |loge|}. Next, we will prove that 7¢ . is a contract mapping.
2_
Given ¢°,¢' € {¢p € H : ||| < Re @ |loge|}, Lemma 5.1.1 and Lemma 5.1.3-5.1.5 imply that

there exists g9 € (0,1) such that for any ¢ € (0,¢9)

1Te(6") = Tec(8°)]] < Clloge] ([|Se(8° — &)l + [N (0°) — Ne(8)ly)
Clloge| (516" ~ 11+ 7 (1°] + 8! 16 - o1

IN

IN

2-p 2-p 2-p 1
C (£ logel + £ logeP ) 0 - ¢! < 7160 - @',

Utilizing the contraction mapping principle, we establish that for any € € (0,ep) there exists a

fixed point ¢, € {qb € Hy: ||o| < Re%p\ log5|} for the operator T¢.. O
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5.2 Proof of main results

Proof of Theorem 1.2.8. Based on the result in Proposition 5.1.6, it is sufficient to prove

that p® = (p, p5) = (4mm,8mm) as ¢ — 0. Applying Lemma C.0.3, we can deduce that

(3 P Uq
p; = /Eevie “edvg
|O¢,‘—2

a2|y§j
= E _* — exp PU’ U’—f E PU”
/U(f] 5 41 + ‘yﬁj (x)‘az)z /762

+> (PU’, — Z PU;, ) +1log V; + log(2e) — (v — 2) log |ye,| + ¢>1,5} + O(e)
7'#i ';éz
agly|¥

2|
Y|~ 0 /
= Wdy + o(1 14+ 6;
Z/ 1 + ‘y|o¢ Z 1 + |y|a ( sJ

yl + 5%)dy +o(1)

mo e m 4m™m fori=1
_ Z 04194@3) +o(1) = 227“” _ ’
j=1

7=l 8mm fori=2

where we applied the integrals [go Wdy = 7 and [po %dy = 5. Theorem 1.2.8 is

concluded. O

119



120



A Estimates for Chapter 3

This section provides detailed proofs of crucial estimates for PU, ¢ for 7 € (0,00) and § € X.
For any £ in a compact subset of 3 or on 0%, we assume that 7¢ constructed in Section 2.2 to

be 279 and T¢ = rg, where g is a positive constant.
The following lemma is the asymptotic expansion of PU, ¢ as € — 0.
Lemma A.0.1. The function PUs¢ satisfies
PUy¢ = xe (Ure — log (872) ) + 0(&) H'(2,€) + O(°0) as e — 0,

for any ag € (0,1) and the convergent is locally uniform for & in Y and 0% and also locally

uniform for T in (0,+00). In particular,
PU.¢ = 0(£)G9(x,€) + O('7) as e — 0,

locally uniformly in X\{&}.

Proof. Let n¢(z) = PUrg — Xxe(Ure — log872) — o(§)HI(x,&). If € € 3,

o 29, velog (14 -5\ —oved, tos (14 5 ) =0
vgllre = vg X¢ 108 + |y§(x)|2 — 4X¢0y, 10g + |y5(3:)|2 =

on 0X. We observe that for any x € 90X N U(§)

O, ye(@)? = —e72%) =y = 0.
’ 92" ly=ye(a)
If £ € 9%, for any x € 9%, as ¢ — 0.
2.2 2.2
Ov,re(x) = 2(0u,Xe) 75 — 2XeO log<1+>+(’) eh = 0(?).
o) = 20X o e el ) H OO

121



Then for any £ € ¥ we have 8,,1,¢ = O(e?). For any A C R?, denote aA := {ay : y € A}.

Jomedvg = = [ xelUrg = 1o5(57%)) + e(@)Te(w)duy ()

(@)’
= lo d
~ Joxs o8 G g )
T2€2 4 ‘y|2 252 N
= 2/ log —— 7 e=PeW gy 4 Yy +0(eh) ) efcWay
Bgo |y‘2 B¢ \Bry (0) (‘ ’/ ) ’ ‘2 ( )
= 27-252/ log <1 + 12) e PV dy + O(£2)
L (B5,NBr, (0)) [yl
1
— 2221 4 0(5))/ log (1 + 2) dy + O(?)
BTQ/(TE) (0) |y|
= O(*|logel),
where we applied
ro/ TE) 1 r3/(me)? 1
log 2) log (1 + 2) rdr = 77/ log (1 + ) dt
y|<r0 ’ | r 0 t

/ TE) 1
+

25 3
= 777_282 1 o + O(eh —ﬂ——i—ﬁlog 1+T2—52 = O(]logel).

To

For any x € Uy (§), —AyUre = e‘ﬁé(y)Auﬂo\y:yg(x) = e~ %eeUre. Tt follows that

(—Ag+B)nre = (—Ag+5) (PUT,f — xe(Ure — 10g87‘2) - Q(f)Hg>

el e
= (Bgxe)log 55— 1 v +2{ Vxe, Viog 5= 59
(722 + )2 G 7).

4 ( €3] /8 ~veelreq >+2mog 1+72‘€2
|0 - X¢ee e " msav — | -
1Zlg SHE 7 |ye|?

We observe that Agxe = 0 and Vxg = 0 in Uz (§) \ Upy(§). For any x € Uy (§) \ Uy (€), we

have

T2€2

U, ¢ —log(872) + 4log |ye(x)| = —21log <1 + W) = 2722 |ye (z)| 2 + O(eh)
3

and

V (Urg — log(872) + dlog|ye(2)]) = —2r22V|ye(2)| 72 + O(e?).
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872
2y e ¥eeUredy, = / )55 d
‘/25 X5€ e Ug ‘y’/ (72€2+|y\2)2 Yy

_ / i (lyl/ro) 2Ty + O(e?)
= Jps X 0(252+!y\2)2y

70

2.2 4
e+ (TQ_T_;QEEQ) for any > 0. Hence,

where we applied the fact that f‘ ~dy = m—

yl<r W
for any p > 1, [[(=Ag + B)nrell, = O(e? + Bsp). By the Lp—theory in Lemma 2.3.2, we have

2
HUT,E 777',£HW2 px) S C (Havqnf,i WP (s) +[I(—= Ag+ 5)”%5“[,1)(2)) < 0(52 + Ber),

for p > 1. Using the Sobolev’s inequality, ||7,¢ — Trglloo < C(e% + ﬁsﬁ). We take p € (1,2) such

that a0:%—1>0,thenase—>0
777_75 — O(€1+O(O)’

uniformly in C'(X). O

2(1—p)
Lemma A.0.2. Ifp > 1 then |e%xeeU |, = O(e ’a ), which is uniform for & in ¥ and

locally uniform for T in (0, +00).

Proof.

2_.2\p
20 Une Py, pely)_ (8T°€)
/2(5 xge ™¢)Pdug /Bf € (122 + ‘y’2)pdy

2rg
2 2 2_2\p
- / (8276 +/ (ePe® _ 1) (8276) dy
BS, (T2 + [y|?)P ( 2e? + Jy|?)P
8
e e (1+O(T€Iy\))7dy
LB, (1+y[*)?
= O@EP),

2(1—p)
Thus [[e?xee ¥eelme||, = O™ » ’ ) uniformly in £ € ¥ and 7 is bounded away from zero. [

Next, we give the asymptotic expansion of P\IIJT',g as € — 0, analogue to PU,.

Lemma A.0.3. For any ap € (0,1),

T€2

%% + Jyg(2)|?

PU (o) = xe (Vo) — 7 ) + OE) = ~dxelo)

14+ag
: o),

in C(X) ase — 0. And
P\Ilgg(x) = O(e!T) a5 e — 0,

)
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in Cioe(X\ {&}) uniformly for € in any compact subset of Y or on 0% and T is bounded away
from zero.
For j = 1,--+,i(€), P ((2) = xe(2) ¥ ¢(2) + 0(§) HI (2,€) + O(™), in C(T) as e = 0,

where HI(x,€) is the unique solution of the following problem

_ ye () ye ()
(=g + B (2,€) = —BogXenei T e DoXe) el
+-5{Vxe,V ys(z)g 7 ey
755 ( (G )>g Aod)
4 4 (el 4 velo)
O, (2, 8) =~ g0 (WGi) Xe ~ g i O xer € 0%
s H I(x, §)dvy = 9(6) fz e ( x)|2 > xe (@) dvg

In addition, the convergences above are uniform for & in any compact subset of > or on 0% and

T bounded away from zero.

2 .22 2. 2
Proof. We recall that \Ilgjg(x) = %mﬁ = %(1 - M(ﬁﬂﬁ) @ € Uzrg(§). Let nre =

2
PO, — xe (W0 — 2). Forz € 0%,

2 dre? 87 ye (=)
Oy 9O (2) — )) = -9, ¢ Oy, 1 .
9 (Xf ( T,f(x) T 9 X¢€ |y§(x)|2 + 1222 + X¢ (|y§($)‘2 T 7'262)2 g 108 |y5(a;)|

Ifeey, OyyNire = 0in O%; if € € 0%, 0y, nr¢ = O(e?) on O%. By direct calculation, we have

2 ~
Joxe (90 = 2) dvy =2 fy, Xepapmm dug(z) = 2re? I, et Wy

= 27¢? fBg |y‘2+72 e dy + 2762 fBg |y|2+%(e¢’f(y) — 1)dy

= O(e%loge),

and

(—Ag + 5)777-{(37) = (—Ag + ) (P\I’gg — X¢ (\Ijg,g - %))

_ 2
= (Agxe) (W0 — 2) +2(Vxe, VIO )y — e2xee Peelme B + Bxe s
2

ﬁXg‘y&éTﬁ +0(e?),

where we applied the fact for any fixed r > 0, f|y|<r % = O(g?) as ¢ — 0. Via the
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LP-theory in Lemma 2.3.2, for any p > 1, there exists a constant C' > 0 such that

IN

776 — Trellwze(s) C <H8,,9777,g||w(;,p(2) + [[(=Ag + B)nre ‘Lp(z))) (A.0.2)

9 2 1
C(e” + Ber|logel?).

IN

Using the Sobolev’s inequality, ||77.¢ — Trellpoe () < Cle? + ﬂsp\log 5] ). We choose p € (1,2)
such that ay < % — 1, then 7,¢ = O(e'20), uniformly in C(X). We recall that \I/ig(:n) =
Ae (@); il for any z € Uy, (€). If € € 2, Oy, H? (2,€) = 0 for any z € 9%. If £ € 9%, for any

T2e% +[ye (2)
. ye(x)1 | _
X2 (ry<<x>|2)

Denote &,gHj(f, €) :=0, then Gngj(~, €) € C°(0%). By Lemma 2.3.3, there is a unique solution
to (A.0.1) in C1(9%) for any a € (0,1). Let Cre(x) = P (z) — xe(2) V. (z) — o(§) H (x, ).
Since [5 62+|2’,‘2)30ly =0forj=1,2and B=B, or j =1 and B =B, N{ys > 0}, we have the

x € 0% by direct calculation,

following estimates:

' 8722 x(lyl/ro)y; 872%y;
e2yee Peelrew! . = / 1d :/ — 2 I gy + O(2) = O(e2),
X¢ 78 B, (122 + [y[?)? Yy B (122 + [y|2)3 Y (€7) (€7)

47-252(%) j (Ye);
8+ B)re = - L Agxe — 87 (Ve V :
ChHDee = T PP R Pl )/,

e (ye);
(7262 + ye|?)|ye |2

72e%(ye)
= 4 d + O(e?),
% e e e T )

—e2xee Peelre \I/]TA’5 + 48x¢

and

T2e%ye(x); wl\ ey
Credvg = 4/ J dvg(x) =4 X () ePe¥) J .
/2 §4lg |y§ ‘2(7252 + !y,g(x)P) g( ) BSTO o |y|2(7'2€2 + |y\2)
Iféeand j=1,2

7—262 e‘ﬁﬁ(y) —1 Y;
| [ xwlr) T = Dy
2r

2e?| D?0e(0)y” + oly*)] |
Bar, ly[*(72e2 + [y[?)

wi<zre  |yl(TP€* +1yl?)
<lyl(1+ reo(ly)) e

= C’/ dy < C’27T/
ly|<2ro/(re) (1+y[?) o (1472

<C

Ty dr = O(E).

125



In this case, we have

Iy\) 5 T2e%y;
redv :4/ ( 6@5(?/) J d
/zg’g I BQTO(0>X 7o (722 + [y2)

Iy!) r2ely; Iyl , o T2e2y; 2
= —4 X< dy + X<> ePe® 1 dy = O(c2).
b o) WEEZ+ g T s, Xy ) € e+ = 0E)

For £ € 9% and j =1,

2.2, .

|f2 <T7§dvg| = 4 fBgro X (%) €¢£(y)gj|2(77—'2i2114£|14|2)dy’ = 0(52)5

then, it follows for £ € 9%, [y Credvy = O(€2). I € € 3, 9,,Cre(a) = 0 for any = € 9%, If
x € 0%, by calculation, we deduce that

61/QCT,§<$) = _ang§<\Pg—,§ + Q(f)HJ(%f» - Xfal/g (\I/?F{ + Q(f)HJ([B,f))

. 47‘252y§(:p)~ 4T2€2y§(x) ;
= (O Xe) Pt @ Pl @F T X% P @ lre @)

= 0(e?).

Applying the regularity theory in Lemma 2.3.1 and 2.3.3, for any p € (1,2), we deduce that

1
HCT@ - Cﬂf”OO <C (HallgcﬂéHLoo(az) + H(_Ag + 5)CT,£HLP(2)> < 0(52 + Bew).

We take p € (0, 1) such that ag = ;1). Then as € — 0, we have

e = O(™)

uniformly in C'(X). O

Remark A.0.4. 0.PU,¢ = P\I’Q,E by the uniqueness of the solution to the problem (3.1.3).
However, 0¢, PUr ¢ # P\I/ig. Analogous to the proof of Lemma A.0.3, we can obtain the following

expansion, for any ag € (0,1),
angUﬂg = 85j <X5U7,5) + Q(f)angg + O(e*) as e — 0, (A.0.3)

in C(X), which is uniformly convergent for & in any compact subset ofi or on 0% and T in any

compact subset of (0,00).
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Indeed, we notice that for any y € Usr(§) asy — 0

O, lye(@) = —2y; + O(ly[").

e=y; ' (y)

Let (7 = O0g; PUr g — O, (XeUrg) — 0(§) 0, HY(,§). It is easy to obtain
(=2 + B)Ge = —B0¢; (xeUrg + dxeloglyel) + O(e*| logel),  in ¥

[ Gedvy = O 1og ),
E I’

and 0y,(F ¢ = O(e?) on 0%. Applying the regularity theory in Lemma 2.3.1 and Lemma 2.5.3,

we have

(i = O(|loge| + fev),

in C(X), for any p € (1,2). We take p € (1,2) such that ag = %, then we deduce (A.0.3).
The asymptotic “orthogonality” properties of P\Ilg

Lemma A.0.5. For any op € (0,1), we have as e — 0 for j,i =0,--- ,i(§),

Se(§)D =E555655 + O(e™0) when i or j =0

Tl"T2

(Pwl ., PU )= ’
W(T )521513 + O(e™~ 1) otherwise

and

O(g*0) when i or j =0
(PWLog, PY, ) = :
O(e*~1)  otherwise

where three dz’ﬁerent points £,&0,&1 € X and 7,70, 71 > 0 and the 0i; is the Kronecker symbol,

Proof.

<P\IIT§,P\IIi7g> = /E62X§e_‘perﬂ5\I/i7§Pq/i7§dvg

- / +/ e2xee Peelmewl PO/ edvg.
EQUQTO (g) Z\UQTO (g)
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For i = j = 0, by Lemma A.0.3,

e2xee eV e w0 PUY dy
émUQro(é) 5 £ £ J

2 o 2 9 47—5 X |y‘
= 167e> /Bf X(“”') (‘y’ T ( ( ) + O(e'1) | dy
2rg

ro) (22 +[y[?)? \ 7% + [yl

64 1—‘?J|2 1
- WL p(elteoy,
2 Jops Trppr "0

. 2
Considering that 6—§f1 B, (11+‘|yy|‘2) = 87_92(? Jg2 (1+|Lj‘|2)4dy + O(?), as ¢ — 0, (P\Ilgg,P\Ilgﬁ =

12
Is ezxge*%eUnﬁ\I/O P\IIO 2 edvg = 7(77)2 + O(elt0), where Dy = [g2 11Hy|‘)4dy

Similarly, for j =0 and i = 1,--- ,i(§), we have

PV, PU0,) — 2 / ePeeUmeqt . POO dy
< 7€ T,§> SUar,g ) X¢ 7€ ,£9Yg

- vl
= 327252/35 x("y') ( S ( tretx (1) +O(el+00)) dy = O(e™).

ro/ (%% +[y]?) T2 + Jy/?

Applying Lemma A.0.3, for £ € 3 we have

2 ~eelUneyl PO d
€ Xe€ Tce v
/zmwm@) ¢ et e

= 32r%? /Bg x(y|> (L (X (’y'> iJr@(&)H’(yg (y ),§)+0(8“°)> dy

) @7 g ) 274 P

Y 32 2.2 ; o )
— T e T [ s U ). — . Oy

T%e? 1+ |yf?) (%€ + |y|?)
sy O [ Wdy + 0
= 7 fo TR O </B <T?;2e§2j2\‘§|’§>3dy> o
= OB, o,
as € = 0, where D; = [po Ty lyl? THPE dy. For £ € 0%, applying Lemma A.0.3 again, we have

2 Ur eyl 1
€ e" W P dv
\/XJHUQTO(g) 75 75 g

lyl
_ /BE N <\y|> : 32722y, . (4X( )yl (f)H1(y§—1(y)’€) +O(€ao))

ro ) (T2 + [y[?)? \ 7% + [y/?

128 yi 4
= — —=—— 4+ O(e™7).
722 /TIEBE (1 + |y|2)4 + (8 )
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We observe that as ¢ — 0

128 ?

J— 128
T2e? S Bry (14+]y*)*

vi 1
ez Jr2 (e

128 d
77 Ja2\ g, TP Y

IN

and

2/ —e () JUr eyt J _ 2 J —
5 Xe(x)e P\ e ne ! PW) dvy = O(e|| PYL,||) = O(e),
S\Usrg () S *

T

for i,j € {1,2}, if £ € 3, ij=1,2, and if £ € 9%, i,j = 1. Thus we have (P¥., PU/ ) =
80(€) D 8;; + O(e*0~1). By assumption, 9 > 0 small enough such that Us,, (o) N Uz (&1) = 0,

wr2e2

and for [ = 0,1, if & € %, Uy, (&) CC .

PV, . PO = / +/ 2xe e PV, . PU | du,.
{ 9.0 Tl,£1> S\Usrg (€0) SUarg (€0) Xéo 060" Tl gty
As e — 0, we have
B U , : :
/ g (@)e D0 wly  PU,  du, = O PE, ||) = O(e).
S\Uayg (€0) ’ ’
By Lemma A.0.3, for j #0

fUzTO (€0)s e2xg e o U060 \I/io@P\I/il o dvg
= oy (en) EXc0 00 W (e ik e + 0(€0) HY (3,61) + O(e0))
= 0(&)H (80 &1) Jun,, (c0) e2xg e Poe! Vo g, Mg

+0 ( Jians 60y Xeoe P00 W (Jyey| + gaﬂ)dvg>

= O(g* 1),

for j =0,

2 - U, j J
S0y () m € Xeo e 0 O WL, P dug

_ U ; 2
= iy ) X006 P00 (et + O ) = O(=)
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Therefore, for any & # &,

‘ A O(g™) when i or j =0
(P e PV, ) =

TO»£0 ’

O(e*~1)  otherwise

O
Remark A.0.6. Analogue to the proof in Lemma A.0.7, for any o € (0,1), we have as e — 0
fori=0,---,i(§) and j =1,---,i(§),

8o(&) D

7 _ 7 B an—1
(P\I/T’g,(‘)ngUT@ =3 8ij + 01,

and for any i =0,--- ,i(&) and j =1,--- ,i(&1)

‘ O(g*) when i or j =0
(PWo 0, PUs1 ¢,) = ,

O(e*~1)  otherwise

where three different points &,&o,&1 € ¥ and uniformly in 7,7°, 71 > 0 and the d;; is the Kro-

g2 2
necker symbol, and Dy = [g» %dy, Dy =Dy = [po %dy.
In the next part, we consider £ = (§1,-+- ,&m) € Ei,m for given § > 0. It gives some technique

lemmas to prove Proposition 3.1.4 which reduces the problem into a finite-dimensional one.

Lemma A.0.7. Let& = (&, ,&m) € Ei,m (see (2.6.1)). For any p € [1,2), there is a positive

constant ¢ := c(p) such that for any ¢ > 0,

2—p

<ce P .

m
m
e2Vedaim PUi _ 2 Z xiei
i=1

p

Proof. Let D C Ej ,, be a compact subset. Then there exists § > 0 such that D C Eim. There

is a uniform rg > 0 for any £ € Eim. By calculation, we deduce that

dv, = /
/z I ; £NUar (€)

+

p p

dvg

m
m
e2Vedaiz PUi _ g2 Z xie
i=1

m
m
e2Veduiza PUi _ 2 E xnelr
h=1

P
dvg,

m
m
2V iz PUI _ 2 > xnelr
h=1

E\UTZ Uzr (§)

and as ¢ — 0, fE\UZ’ilev-o () ‘EZVEZZI PU _g25mm | xneUrPdv, = O(%P). By Lemma A.0.1, for
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any x € Uapy(&n)

f: PU; — xpUy, = (Z 0(&) G (&ny &) + 0(n)H (6n, &) — log(8nf)) + O(lyg, | + ')

i=1 i£h
= —logV (&) + O + [yg, |).

Hence,
/ |52VeZ?;1 PUs _ 2y e Pdu,
UQTO(ﬁh)ﬂE
= / ’z-:QeUh (62?1:1 PUi=xnUntlogV(z) _ 1)‘p dvg(z) + O(e?)
Urg (En)NZ
e ( [ ety @)+ el*%)ﬁdvg@)) + O(E)
Uro(fh)mE
8722(|y| + e1+a0) P
= 0O / h d 2p ) — O 2—p ,
(i (Tl ) areen) <o)
where p € [1,2). O

Lemma A.0.8. For anyp>1 and r > 1, there are positive constants c1,co such that for any

e > 0, the following estimates hold for any ¢1, P2 € .

(2—2pr)

€2V eXiza PUi (et — 1 — ¢y)||, < cre?I® e ||y |12, (A.0.4)

and

2pr)
pr

m ) c (2—
|2Vl PUi (et — e92 — (§y — ¢o))|lp < cre2 U HIO2IP) 50 (g | 4 o) |11 — 2]l-

Proof. By the mean value theorem, for some s € (0, 1)

|(e¢1 —ef2 _ (1 — d2)| < eSP1+(1=s)p2 _ 1‘ |1 — o < e\¢1\+|¢2||¢1 — ol (|1 | + |a2))-

By applying the Hoélder Inequality, Sobolev Inequality, and Moser-Trudinger Inequality, we
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derive the following estimate:

m 1/p
([yrerSiartien - e — (g1 - oo, )
b

2 . 1/p
C Z (/ VpepzizlPU¢(€\¢1\+I¢2|‘¢1 - ¢2H¢h|)pdvg)

<

1
< CZ (/ VPP D 1PUidUg> pr (/E ePs(o1l+1¢21) g, ) (/ | — ¢2|pt|¢h|ptdvg>
< CZ (/ Ve S PUidy (z )) B (IalP+19217) 4y — o ll|omll

where 7, s,t € (1,400), % +1i4 % = 1. By Lemma A.0.1, it follows that

S

/ VPP 2 PU"dvg
4 1U2'r0 (Ez)

m

i=17U2ro (&) hti

+log V(&) — log<87-2>) + O + [yg,|) } dvg

< (Z L @10 g >|>>dvg<x>>
U2r0(€z
pr
< / ePely) [ 20 1+ O 4 |y|))dy
(Z . (TEQ‘H?J\)) (1+0E" " + Jy)
< 052 4pr.

By the definition of PU;, PU; = O(1) in X \ Uy, (&). It follows that

Y XL Pli— o).

E\UTL Uzrg (&)

Therefore, the estimate (A.0.5) holds and if we take ¢o = 0, we obtain the estimate (A.0.4). O

The last part of Appendix A gives some technique lemmas to obtain the C'-expansion of

the reduced functional E..

Lemma A.0.9. Ase — 0, the following asymptotic expansions hold
(PU;,PU;) = 0(&)(6log2 —4loge — 2log(872) + o(&)HY(&i, &) — 2)
+0(ellogel),

and for any i # j, (PU;, VPU;) = 0(&§)0(§;)GY (&, &5) + O(e).
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Proof. Applying Lemma A.0.1 with (3.1.4), we drive that as € — 0
(PU;, PU;) = / IVPU;[2 + B|PU; |*dvg = € / xie ¥1eV PU;do,
b b
872e? 1

— et % | log 55— + 0(&)HI (&, &
Jovier G 5 e PP ( (3 e A8
+O(Jyg, | + 51+°‘°)> dvg + O(?)

872e? ried

_ i log — 2log(77e®) + o(&) H? (&, &
/Bfg (1222 + [y2)2 ( (1222 + [y2)2 (r7€”) + o(&) HI( )
+O(Jy| + £')) dy + O(c?)

= 0(&)(6log2 —4loge —2 10g(87‘7;2) +o(&)HI(&,&) — 2) + O(ellogel),

where we applied the fact that for any r > 0, as € — 0, f‘y|<r Wdy — 7;52 + ﬁ

210g(5 +|U\ )

yl<r Wdy =7+ wg() + O(e?). For any i # j, by Lemma A.0.1, as ¢ — 0

and f|

(PU;, PU;) = 52/ xie ?ieV PU;dv,
P

8r2¢? |
= o T e 6666 + Ol ()] +1 ) + O U

= 8&)EE) [, ¢

5, (22 + IWP)?

2.2
T, €

dy + O(e) = 0(&)e(&;)G? (&, &) + O(e).

Lemma A.0.10. &[5 Vetio PUi = imi0(&) +o(l) =4r(m+ k) +o(l) ase — 0.
Proof. Applying Lemma A.0.1 and (3.1.4), as € — 0
52/ VezzilpUidvg
by
- f:? / U E)HY () 0B 8TIH Y, 06)GO &) HOE 0 gy, | 2y
U2r0(§i)
m 8T2€26Q(£i)Hg(§i7§z) —log(877)+log V' (&;) +Z#Z §1)G9(8i.85)
- ,;/Uro(si) (r7e? + lye(2)[?)?
(1+ O(|y£| + e!0))dvg + O(e?)
e‘Pz )
= - - (1+0 1+aoyyg O(e2
Z/Bgl . 52+|y| gy (1 + Oyl + ') dy + O(E)
8
= 1+0 1+ O(ely| + e1T20)) ———=dy + O(?
; /1353( ()1 + Olely] +€4°0)) o gy + O(e?)
= Z fl + O
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Lemma A.0.11. Leti,h=1,2,--- ,mand j=1,---,i(&). Then, ase — 0,

0;
e /2 xne"*0¢,), PUidvg = 7’19(&)23(&)]»}-79(&7 &) + (1 —din)o(&i)o(€n)Oe,),; G (§ns &i) + O(e).

Proof. We decompose the integral into the following two parts:

62/ XheUh(?(gi)jPUl‘ = ¢? / + XheUha(&)jPUi.
by SNUz2rq (En) Y\Uz2rq (€n)

It is clear that fE\UQTO ) z—:QXheUh@(&.)j PU; = 0. For h # i, Uy (§1) N Uz (&) = 0 by the choice

of rg. Notice that

e, lWe (@) Plomyory = —2We) 0, v W) y) = =2(We )+ Iy, (& +y + Oly)). )

= —2y; + O(lyP’)(ly| = 0).
In this case, by Remark A.0.4

/ elxne™ ), PUidvy = / e xne” (Oe,), xaUi) + 0(€)de,), HE + O(e°))
U2'r0 (Eh) U27‘0 (Eh)

0(En)e(&) e, 17 (Ens &) + o(1).

Claim A.0.12. ase — 0,

20y |ye, |? 4(=(ye.); + O(|ye, I
/ eQX@'eU"Z(ZL'yE’bdvg = (9(52)+/ 2o i (y%)gjL Og&' ))dvg
Usrg (€1) et + el Urg (&) e + |ye |
= o(1).

Indeed, if & € %, we have [e?®) — 1] = |@¢, ()| + O(|¢, (y)[*) = O(Jy[*) as y — 0.

20 |ye, ()2 5 (o 32722 (—y; + O(ly)?
2. Uy 29&); 1Y€ / 2 o () 3217 (—y; + O(yl%)) 2
e“xie”? dvg(z) = gte¥si dy + O(e
Joerrs = Z @™ = g (221 P )
—3277y; + O(ly|*)

dy = .
CEETIE A

= [ o)
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Claim A.0.12 is concluded. For i,h =1,2,--- ;mand j =1,---,i(&). By Remark A.0.4,

2 U; .
/26 Xi€ 3(&)jPUZdvg
872e%xs 20(c,), vel?
— i AL ; L + 0(&)0ey. H! + O(e™°) | d
i (e v e e+ oe)
o 200, lye ()]
— / 62)@(.%')6(]’( ) 5 (26 )i deg(a})

1 8722
+50(&) 0, H? (&, & / ;
2280, &) | T (g @)

= 50l6 06, T )+ o(1).

5dvg(2) +O(°)

For i # h, via Lemma A.0.2, we drive that

2 Un .
e xne "0,y . PU;dv
‘/1]27‘0 (gh)mz (6 )] I

/ 87—}%52Xh (X‘ 28(§i)j|y§i
Usro (e (TRE2 + [y, |2)2 \ " 7262 + |ye, 2

| 2

+ Q(Si)a(éi)ijgi + O(€a0)> dvg

/ X (LIZ 87'}%52 (Q(f)a Gg( é‘.)_i_o(gao)) dv
Uy (e T (7222 + [y, )2 (20 & 6 :

= 0(&)0(€n)9(e), G (s &) + O(™).

Combining all the estimates above, Lemma A.0.11 is concluded.

Lemma A.0.13. Leti=1,2,--- ,mandj=1,---,i(§). Ase — 0,
2 [ VS Py PUidvy = S0, FY 1
e | Vesnt ") PUidvg = 5 0e); Fiom(€) + 0(1)-
Proof. First, we divide the integral into three parts to calculate:
™ PU
62 A Vezﬁ:l ha(gi)jPUidvg
= 52 (/ —|-/ —|-/ > Vethzl PUha(gi)jPUid’Ug.
S\U Uarg (€1) Uzrg (&)NE Ui£iUz2r (&1)
The first term can be easily estimated by Remark A.0.4. As ¢ — 0, we have

/ 62‘/62;?:1 PU}‘a(gi)jPUid’Ug
E\Uznzl UQT‘O (gh)

= O <£2 /
AU U2rg (&)

= 0.

O¢; (XeUre) + 0(§)0g, HE + O(™)

dvg>
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We observe that for any ¢ = 1,2,---,m and j = 1,---,i(§), as |y| — 0, 9,),H(&. &) =
200, H (2,6 o=g;, ¢#W) = 1+ O(|yl*), and 9e,, lye(@)I*| 1) = —25 + O(Iy! ). Applying
Lemma A.0.1 and Remark A.0.4 with (3.1.4), we derive that

/ 52Veth=1 PU’La(Ei)jPUid’Ug
U2To (&)

27 26V HE 4, o) G (&) +O(10)
™ oo CERaTAg:

2xi0(e,), 1ve:|”
— i N HY @0 | 4
( (7227 1y ) 2 e O Jdvy

B 8r2e2¢%6: () V(] A -
= g T T | A 060 + 3 660 )60

—20(¢.), e, ()]
(122 + |ye, (x)]?)

+ log V(ygl(y)) - 10g(87-i2) + O(€1+a0)}

e=yg.' (v)

+0(6)0(e), HY(6,6) + Olly| + %)) dy + O()

8 1 2
- /1 B (722(1 +O(Ey?)) (1 + 571'52 0(&:)0¢,), H(&is &i)ys
T s=1

s (14 yl?)
2 2
+7ie Y 0(€n) Y (e, GO (& En)ys + Tie D ey, log V (&i)ys + O(77e%|y|* + '20)
h#i s=1 s=1

(ot + 50, 19066+ OCel] +20)) dy + O()

= SelE) 9, H%-@H%(f» ey HO(E:.61)

+ Z (&i)o 51 Gg(fz» n) + Q(fz)a(&)] log V'(&;) + o(1)
h#i
= 0(&)*0 e, HO (&, &) + D 0(&)0(En) e, G (&ir €n) + 0(£)Die,, log V (&) + o(1),
h#i

h lied dy=1m=2 [~ 4
where we applie fR2 1+|y|2)2 Yy=m= fR? (1+‘y|2)3 Y.

For any h # i, analogue to the proof for h = i, we can obtain

/ 2V el PO e, PUsdvg = 0(&)0(n)0e,), G? (6n, &) + o(1).
U2r0(£h)
Combining the estimates above,
52/EVeth=1 PUha(Ei)jPUidUg
= Oy, (Z (En)2HI(En, &) + > 0(&n)0(&) G (€, &) + > 0(&) log V 5h)> +o(1).
hel h=1

I+h
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Lemma A.0.14. Leti,h=1,...,m.. Then ase — 0,

H52XheUh (8(§i)jPUi - Xia(fi)j Ui)

2(1—p)
’ <0 (e 2 ) .
P
Proof. By Remark A.0.4, Oy, PU; — xiO¢,), Ui = O(1). Then, applying Lemma A.0.2,

2(1—p)
) =0 <€ 2 )
p

H€2Xh€Uh (@(&_)jPUi - Xia(&)jUi)

<0 ([
p

Lemma A.0.15. Given § > 0, let & = (&1, ,&m) € Ezm. Let ¢ € Kg- and ||o|| <

2-p
O(e™» |logel), where p € (1, %) Then fori=1,2,--- ,mand j=1,---,i(§), as e — 0,
m m 10FY,,
> PU,+¢— Z’*(g2VeEh:1 PUh+¢),8(5Z.).PUi = o By 4 o(1), (A.0.5)
= ’ 2 0(&);
which is uniformly convergent for £ in E(Ii,m‘

Proof. For y = ye,(x), 8(51.)].|y§i(x)|2 = —2y; + O(|y|?). Since |¢|| = o(1) and <P\1!§-,¢> =0, we

have

<¢’8(EZ)JPU1> :/25267%6Ui¢a(£i)jxidvg+/26267<pixi€Ui¢a(£i)jUidvg (A.0.6)

+ / E2Xi€Ui¢8(£i)j e ¥i dvg
¥

r2e2x (1) (r22y P + Iyl + Iy P)
_ 2., . ,—i Ui J v 0 v
= e“xe PievioWidu, + O / d
/E Xi PV;dvy ( BSi (7'12&‘2 + [y]?)3 19ldy

2rg

= (¢, P¥]) +o(1) = o(1),

forany i =1,--- ,m and j = 1,--- ,i(§). Considering that [, 0, PUidvg =0 and x; - xp = 0
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for any i # h, we have

<Z PU, + ¢ — i* (2 Vedonm PURE0), 8<gi>jPUi>

h=1
m

= 3 (PUW (e, U + (6,016, PUS) — & [ VeXina PUctoe PUdu,
h=1 >z

(4.06) > / e2xne e g,y PUidvg — 52/ VeXonoa PU(e? — ¢ — 1)0(¢,); PUidvg
h=17% >

_52/2 (V@Zhl PU;, hzl XheUh> ¢)8(5i)jPUidvg + }%;52 /2 XheUhﬁin(a(gi)jUi . Xia(gi)j Ui)dvg

—€2/ZV€ZZL:1 PUha(éi)jPUidUg +O(1)

By Lemma A.0.5 and Lemma A.0.8,

2 [ VeXTn P e — 6 1), PUidny| < le?heSim PO (e — 6 = 1) 1o, PUil
>

2— 2—3pr
T

g 2=2pr 2
< clollfe 7 0, PUilracs) < cllgll7e 7,

where ¢ > 1 with % + % =1 and for any r > 1. By Lemma A.0.14,

52/2 > xneo(xidie), Ui = ey, PUdvg| < ¢ 3 [|0]llle*xne™ (xidie), Ui = ey, PUlp
=1 Pt

2(1—p)
<clolle 7

By Lemma A.0.7,

m m
&2 / > xner — VeXin- PU'L)Cb@(gi)jPUz' < ol [ D xner - Vedonm PUn 10, PUA|
X h=1 h=1 »
2—71071 2(1-p)
< clgller T =cllglle P

In view of O,y |y, (@)> = —2y¢,(2); + Oye, (2)?) as & — &, as e = 0

52/ExieUid>xi8(§i)jUidvg

3
— 2 U; ; —%i(1 O ‘ 2 P\Ij] |y£z’ 2
€ /Ee oxie” 7 (1 + (|y€z| ) ( ;0 Ti2€2 T ‘y£i|2 dvg + o)

= (¢, P¥%) + O(e) = o(1).
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On the other hand, applying Lemma A.0.11 and Lemma A.0.13, we deduce that
/ xne ?rer o PU; — & / Vel Py PU;

Z /XheUha PU; — ¢ /Vezh 1PUh8( ¢);, PUi +o(1) = —%8(&)]..7:,2%(5)—#0(1).

> 0. Hence, we have as

For any p € (1, g), take r > 1 close to 1 enough such that 4;# + %

e—=0

<Z PU, + ¢ — i"(2Ve2an PUrto), %)jPUi> = =300, Fhl€) +0(1)
h=1
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B Estimates for Chapter 4

The following lemma is the asymptotic expansion of PU;.

Lemma B.0.1. As §; — 0, PU; = x;(U; — log(802)) + o(&)HI(-, &) + O(6?|1og 6;|) as §; — 0.
For any x € ¥\ {&},
PU; = 0(&)G(-, &) + O(67| log &),

which is convergent in C(X).

Proof. Let n; = PU; — x; - (U; — log(862)) — o(&)HI(-, &).
If& €3, Oy,mi = 0 on 9X. We observe that for any x € 0¥ N U(;)

Lo () O

Oy |?J§L($)|2 — e 3%5) 7|y|2 _ o

g 8y2 y:yii(m)
If & € 0%, for any x € 0%, we have as §; — 0
o, ni(zx) = 29, 1o
i(2) 9<X g< it ))

52 52 4
= 28y Xi Z 2Xzau 10g< + i )+O((5Z>

O X1y (yr ~ 2Xi0s T

= 0.

Thus, for any i = 1,---,m, 0,,m; = O(62) as 6; — 0.

52
n; dv :/2Xilog (1—1—2) dvg(z
fomea= |, e )

=2/, e¢5i(y)log< >dy+2/
27‘0\ "0()

B
= 263/ log ( ) e~ dy 4 (9(62)
L (BFiNBry (0)) ly[?

= 252(1+0O(%)) / log (1 + 12) dy + O(6?)
ro/5;(0) Y|

= 0(67|logé;)),

X(lyl/ro)e?e:® (,ﬂz +0<54>)

141



where we applied the fact that

T0/0; 1
/ log (1 2) dy = / log <1 + 2) rdr
lyl<32 | 0 T

r3/(7p)? 1 ro/8i
7r/ log (1+t) dt§27r/ r—dr + O(1) < O(]log d;)).
0 1

o
IN

IN

For any z € Usy,(£), —A,U; = e~%ieVi. Tt follows that

—Ayn; = 2(A9Xi)10gm VX“VIOgW

1
‘E’ ( él /Xe SozeUzd,U )
g

We observe that Agx; =0 and Vy; =0 in Uz (&) \ Ury(&). For any @ € Usp (&) \ Ury (&), we

have as §; — 0

52
—2log [ 14— | = =262 |ye, (z)| "2+ O3}
( |y&(x)|2> e, ()] (6;)

and
2

Y
—2Vlog [ 1+ —F— | = =262V |ye, ()|~ + O(5}).
< |%mw> b )+ 0%)

Moreover, a straightforward calculation of the integral implies that

52
o~ PiUig — / d
/EXZG e Ug 35 (|y|/ )(52+| ‘ ) Y

27
0 &7 2 2
= 8 —"—55dy+ O(6;) = 0(&) + O(6;),
L Sz ety 06 = ol&) + 06?)
where we applied the fact that f|y‘<r % dy = 87 <1 — 52T > for any r > 0. Hence, as
6 — 0, —Ayn; = O(6?). By Lemma 2.3.3, we derive that as §; — 0, n; = O(6%|log §;]), which is

convergent in C(X).

Lemma B.0.2. Fori=1,--- ,mandj=1,---,i(&)

52

2
S 1 O(52]log 5i]),
oty mp OO

PZ{(x) = xi(x) (20(2) + 1) + O(67 log &) = 4xi(x)

in CY(X) as §; — 0. And PZ?(z) = (62|log d;l), in CL (X \ {&}) as p — 0.
PZ!(x) = xi(2)Z) (z) + O(1), in C () as §; — 0, and PZ! (x) = O(1), in CL (Z\ {&}) as
0; = 0. In addition, the convergences above are uniform for & in any compact subset of Y or

& € 0X.
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Proof. As the proof follows the same reasoning as in Lemma B.0.1, we forego detailing it here

for brevity. O

Lemma B.0.3. As¢ — 0, fori,i’ =1,--- mandi=1,---,i(&),
8(5i)jPUi/ = 5i/iPZZ-j - PZ?@(&)J. log di/ + O(l),

in C(X) uniformly for £ in any compact subset of =y, ,,, where ;5 is the Kronecker symbol, i.e.,

1 ifi=j
51']':

0  otherwise
Proof. We observe that 8(§Z)JPU1 = 6i/i8(§i)jPUp7§i|p:5i + 8pPUp7§i, |p:6i’€%8(£i)j dy. Since
e, e, (1)1 = =2(e,); + O(lye, ),

for any = € U(&;), we have

4(ye,) lye, ~ lve,
ey Uptilpmts = e 4 O i | = Z) + O | i |
€ Oniloss = Gy P 07 +lye,?) 07 + lye

By (4.2.3), we derive that

—Dg(g), PUpgilp=s, — PZI) = xie ?ieV56i (g, U — Z7) — xie=#1eVsi (O¢,), Ui — Z])

+0(1)

82 |ye. (z)|?
o JLY oy

For any p € (1,2), | =A¢(0¢,), PUp,

p=0; _PZ'L])HP = O(]')a fE(a(&)jPUpapr:ﬁi _PZZ) dvg = 0’
and for any = € 0%, ayg(a(&)j PU, ¢ p=s; — PZij) = 0. Hence, applying the Schauder estimates
in Lemma 2.3.3,

Ha(ﬁi)jPUnyJp:&' - PZinCQ’O‘(E) = 0(1).

2(lye; 1*—67)

Considering that 0;0,U, ¢, |,=5, = Ve PR = —Z7, it follows that §;0,U,¢, | =5, = PZ}. There-

fore,

j 0

and for i’ # i
8(§i)jPUi/ = —PZZQ({?(&.)]. log dy + 0(1)
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The asymptotic “orthogonality” properties of PZij as p— 0.

Lemma B.0.4. Asp— 0 fori, i’ =1,---,m, j=0,---,i(&) and 7' =0,--- ,i(&)

. 3 5“(5” (;) L+ O(elogle|) wheni ori =0
(Pzi, P7]) = ,

5“(5” (W’) L+ 0(e™ é) otherwise

where ;5 is the Kronecker symbol, and Do = fRz 1+\!y|‘ 2y dy, D1 = Dy = fR2 %dy.

Proof.

Pzl PZl) = /E xie—#eV ZI PZ] dv,

— / +/ xie ¥ Z] PZ dv,.
YNUzrq (&) Y\Uzr (&)

For i =i = 0, by Lemma B.0.2,
/ yie ¥ieli ZijPZij,ldvg
ZmUQro (gz)

2 _ 52 [401:6%x Iy
B, \ro/ (

0F +1yl?)? \ 07 +[yl?
— 645, / Rl —dy + O(e| log e]).
7 1+ [y[2)*
Ase — 0, <PZ?,PZZQ> = 5” (€Z)DO + O(e|logel), where Dy = [po mdy Similarly, for
/=0andi=1,2for & €Y and i =1 for & € 9%, we have
(PZI PZ3) = / xie ¥V ZI P73 du,
EﬂUQTO(&Z)
2., ( 1yl
!y\) Yj 401107 X (?)
= 32 ( — + O(ellogel) | d
v o) @ pe e TOEeed
= Of(e|loge)

where we applied the symmetric property [ B X (‘ |) W dy = 0. Applying Lemma B.0.2,
2rg
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fOI' j = 17' o 71(51)7 j/ = 17” : 7i(§i’)7

/ yie ¥ieli ZijPZij,,dvg (x)
SNUzrg (€)

Iyl) 57 y; (Izﬂ) 4y
- 32/ < Y (5, L o1)) d
s, \no ) @7+ P \ 7 g ) 7y TOW))

128 0iriY3Yjr _1. 86yidj50(8)D;s _1
N 5?/35 (1+|:t/!2)4dy+o(8 )= 702 +0(e72) ase—0,

2
where D; = [po %dy. O
Lemma B.0.5. There exists pg > 1 such that for any p € (1,pp)

2—p

p

m
2eVieWie — Z xie fieli

as € — 0.

Proof. Applying Lemma B.0.1, we have z € ¥\ U~ Uy, (&),
Wi e(z ZPU - fz =3 0(&)G(x, &) — (x &)+ 0 (82|1og i) = O(1).

=1

Let ©; be defined by (4.2.7). The estimate (4.2.8) leads to

J

+0O (Ep +5?p)

2eVieWie — er “"’eU

dvg = Z/ ) 2€V1€W16 e Pieli dvg
T‘O 1

—1/s ou= (s, v L5 P
_ 252 1™ P)ee;ovg. (6:y) 2eVi oy L(6;y)e?ei e (Gi) Wieoyg, (Giy) _ Uioye, (diy) dy

— 8P§:/‘W7‘66i(y)_1‘p dy+0(€p+5i2p>

p

0| Ply|P 2-p
= SPZ/ ‘1|+| r| WP gy 1 0 (o2 10gelr) = 0(=%).
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C Estimates for Chapter 5

The following lemma shows the asymptotic behavior of PU ;

Lemma C.0.1. Fori=1,--- ,mandj=1,---,i(&),

PU; =X (U log(2026%%)) + W}p(.)@) + O(6;%] log d; )

1 74,7

as 0; ; — 0. For any x € ¥\ {§; ,PU’-‘—%Q@J GI(-, &) + 06 log b; 4|), as &; ; — 0.
) J J J 2,7 5] )

Proof. Let n;; = PU} — x; - (U] — log(2a255%)) — %@Hg(-,fj). If ¢ e 3, Oy,mij = 0 on 0.

17,5

We observe that for any z € 90X N U(¢;)

1, 0
Oy, ()2 = —e~ 27410 |2 = 0.
o Oy2 y=ye, ()
If & € 0%, for any = € 0%, we have as 9;; — 0
Oy mis(x) = 20 ( | (1+ o ))
e Mij(T) = 20y, | X;log TN
o o\ |ye; ()]
= 200y, xj)—— —2y;0,, log (1 + J) + o529
O Xi) ey~ X% e, @)™ ;
= O(5%).

Thus, for any i =1,2,5=1,...,m, &,mj—(’)(é )asdz]—>0

(50"
Nijdvg = / 2y log <1 + a) dvg(x
/2 79 J | 6]( )| i g( )

R 5% R §%

= 2 W og (1 4+ dy+2/ _ x(ly|/r0)e”s W %4 o 51»20-"' dy

5 U ol 5 e, T PERAER

1

2 4 (e}

= 25i,j/1 ng 10g (1 + ‘ | )e‘p( ]y)dy—l— O((SZ?])
%, "0
1

— 2 o
= 20;,;,(1+0(d;, ))/1 5 log (1 + |y|az) dy + O(éi,j)

5.5 Pro

= O(67,]log ;)
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where we applied the fact that

]_ To/(si,j ]_
/ <1+ )dy—27r/ log(l—k,)rdr
lyl< 52 |yl 0 roi

51-’
r3/(7p)? 1 ro/Sij |
. / log (1+t) it < 21 / ri=%idy + O(1) < O(|log 6 ;).
0 1

o
IA

IN

For any x € U, (), —AgUZ e~%ieVi. Tt follows that

|

e,
“Agy = 286x) o8 5 :

+ [ye; | g U

+ |y§ */,
11 .

We observe that Ayx; = 0 and Vy; = 0 in Uz (§5) \ Upy(§5). For any x € Usyy(&5) \ Ury(&5), we

have as d; ; — 0

X, o o o
210g< |y£> ~2675|ye (2)| % + O(675")
J

()
and
5
—2Vlog | 14+ —L— | = —2071V|ye, ()|~ + O(67%%).
(14 ) = 2 J

Moreover, a straightforward calculation of the integral implies that

a- .9
i G 5 ly[ ™

iy |92V dy, = / 202 ro)—2———d

/X'JX] |y§]’ g BE zX(‘y|/ 0)(5a1+|y|az) y

2rg
:/ 20?2 %der(’)(da?)
s, 2o+ e 000

_ al@(&) (o7}
= = 0@,

: 8 alyl>i—? 5
where we applied the fact that f|y\<r2 fmdy = 4oy (1 — 5?,;;7"%) for any r > 0.
Hence, as d;; — 0, —=Agn;; = O(0;5). By Lemma 2.3.3, we derive that as §;; — 0, n;; =

O(52] log 6;j]) in C(E). 0

Using the same approach of Lemma C.0.1, we can deduce the asymptotic expansion of PZ;;.

Lemma C.0.2. Foranyi=1,2,j5=1,...,m, as 6;; — 0

Q

20}
PZij = Zij + 1+ O(6{%|log d 5]) = m O(67 | log 6y 1) (C.0.1)
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Lemma C.0.3. Let ©;; be defined by (5.1.25). Fori=1,2,j=1,...,m

3 1
03() = O (Bislyl +1), v Ay,

27]

and particularly, SUp 1y 1©i;(y)| = O(1) as e — 0.
irj

Proof. Lemma C.0.1 implies that

J'#I

5
_z( 20 log(5slyl) + 274 (Hg §.6)+ 3 G @@)) <5J))

i <i i'#j 4,7 |y’all

5%} ;s
52 ( 201 logy ; + VL) (Hg@j,sj) > Gg@jufj)) +0 (QZA))
i'>1

%9 7.

©ij(y) = —log(207) — o log b; j + ai92(§j) (Hg(ijij) +> Gg(fjufj))

l\D}—‘

+log V;(&;) + log(2¢) — (a; — 2) log(6i 5]yl) +(9<Z5 |10g5z|+5,gly|>
=1

— (_ai log 517] -+ Z Qi log 62",]' — 10g(201?) + Q(Q ( - — Z (671 )

/>4 ’;ﬁz

: (Hg(fj,fj) +> Gg(gj/,gj)) + log Vi(§;) + log(2¢) ) (Z o — (a; — 2) ) log(d; 51yl)

J'#5 i<

+ZO< 5T/I”’> ZO( b y|m>+0<25 Ilog51\+5u|y\>

i’ <i i >q 57

Recall o, d;; and d; ; are defined by (5.1.3), (5.1.4) and (5.1.5), respectively. Immediately, the

last and second terms vanish on the equation above given the fact that

a;log b — Y oy log by j + log(207) — Q(é ( -3 Z ) (Hg(fjafﬂ +> Gg(fjhfj))

= 2 i %
—log Vi(&;) — log(2¢) =0,

and >y ;o — (oy —2) =0, for any i = 1,2 and j = 1,...,m. Hence, we derive that
5a' ,J Iy\“’ o
@ij(y):ZO o ZC’) +0 2(5 |log &;| + i jly| | -
i <i 5 ’ >4 1 J =1
The estimates (5.1.3) and (4.2.4) imply that O(5;%|logd;;|) = O(elogle|), for i = 1,2 and
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j=1,...,m. For y € %jfli]’, we have \/0;—1,;/0i; < |y| < \/0it1,5/0i . If i <1,

85 87 ol 0i—1,j el 3 .92—2i+i/ 3
o(grim ) =\ i) )=o) ) =o(##7) = oeh
1,] | | B 1,j%1—1,5 b

if ¢/ > 1,

AT Y ) oy /2 N /2 -
o(S)-o{(5) ) -o(() ) oo
> i'\j i i+1,5
Moreover, O(9;_; = O(1). Lemma C.0.3 is complete. ]

, O(0i5ly p

Lemma C.0.4. For i = 1,2, there exists po > 1 such that for any p € (1,po)

—0(64??),

p

m .
2eV;eWie — Z xji€ ¥ |Ye, |°‘i_26UJZ'
j=1

as € — 0.

Proof. Applying Lemma C.0.1, we have for any i = 1,2 and z € X\ UL, Uy, (§;),

:i UZ—fZZPUZ —i o(&) —fZa@ GY(,&5) +0<Z5 \10g5u|>

=1j=1 Jj=1 i'=1
’;Az i’ i

= 0(1).

By straightforward calculation, we deduce that

J

+0 (e84 67

- 321/13(5)

+0 (& + 0737

p
m
. . . p
dvg = Z/ ‘ZEVieW“E —e ¥ |y£j|a2726U]
jil Ur()(gj)

m .
2eVieWie — Z xje 7 lye; |2i=2¢U;
=1

—1 —1 1 —1
) e (5i,jy)eWi,eoy§j (%i5y) 16 ‘ai_geU}-oygj ©i9) "

2eV; o ygjl(éi,jy e dvg

2 (i —2)
- [ B o o (o).

05,2~ 2Ply| (1=

Observing that Q;; C Ul2:1 %Alj, we intend to compute the integral fﬂij =L

eOii(y) _ 1‘1) dy
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by dividing it into two regions: €;; N %AU and Q;; N %Azj. Lemma C.0.3 yields that

/ ‘5i7j|272p‘y|(a¢*2)p ‘e@ij(y) B 1‘17 dy
Q”ﬂ AZ] (1 + |y\ai)2p

O / ’(Sij’2—2p’y‘(ai—2)p ’@ ( )‘pd

B QijmﬁAij (1 + ‘y’ai)Qp iy Y
3
iglyl +ea

-0 C2-2p |y|(@i=2p 5
- ’ 7".7’ 1 o 2p
Q”ﬁ A” (1+ ]y\ ’)

(4.2.4)

v dy)

= O (52;.19 + 53;2195%;0) 0(6(171))23—24%[, n E(g,p)Qz—zi) _ 03,

For i’ # 1,

. 2—-2 a;—2
/ e ’eeij(y) _ 1’p dy (C.0.2)
Y R

- |2=2p || (@i—=2)p . |2=2p |y |(ai—=2)p
S 2p/ ‘57/,]| ‘y| — dy + 2p/ ’517j’ ’y‘ —
ungiAg, (L [y[e)? Qungdy; (L4 [ylo)?

‘e@z‘j ) ‘p dy.

For the first term of (C.0.2), applying (4.2.4) we have

/ |5i,j|2_2p|y|(ai_2)pdyzo / |5i7j|2_2p‘y|(04i_2)pdy
mang A (LW it gy ot (I

- (e =2)p+2
oa M%m)( 2)p+2>—0(5?f2p(%) = )ifi>i’

b \Oiga,y

(aj+2)p—2 (ag+2)p—2 ’
5= 2p j _ 2-2p (01, 2 e
o< 5/%]) >_0<5 (5, ) )1fz<z

O (= =025 ) g >
= = 0(57)7

O (= =025 ) i <

for p > 1 sufficiently close to 1. To estimate the second term of (C.0.2), via Lemma 5.1.18 we

derive that

/ 10,5272 |y| (i —2)P ’e@ij(y)‘p ay
QijN 5= Ay, (1 + Jy|o)2p

= O €p62 2p/ /7&1(5 g _’_5a/|y‘a,) dy
b QzJﬂ .A/ (1 + |y|az)
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Recall that 6; ; = O(e) and 62 ; = (’)(5%). We have for ¢ = 1

5 2p/ 5% + 673 1yl*2)\ " d
L Qljmﬁ’j-"b]’ (1 + ‘y’al)

—  gP§2 2 502p / = d +€p52 2ptazpr / 1d
Vo ('>\/5“ ™ oun{iizy/21}

_ p §2—2p+14a1p saep—aip—1 p sQ2p—2p\ __ Dy.
= 0 (5 01 Dy +ePoy; = O(eP);

fori=1.

p
€p52 2p/ 65% + 632‘:”&1) dy
29 QQjﬂ#yj.Alj (1 + ’y‘az)Q

6p52 2p6a1p0 / ldy +€p52 2p+0<1p0 / _ ]y\o‘lpdy
( wl< /522 </ 5L

1:1—-2 ap+1 1-2p+iacip
=0 (5175(1%310Jr Oy " +EP0E T 0y 1 > = O(").

Hence, we obtain that

I il 2-p
: @ dy = O(e™3 ).
/Q Sy (e 0 dy = 0

Lemma C.0.5. For any p > 1 and r > 1, there are positive constants c1,co such that for any

e > 0, the following estimates hold for any ¢1, p2 € T and any i=1,2:
eVieWie (e —1 = g1l < cre Wl 55 g 2, (©03)
and

leVie™ e (e — e‘” - ( — ¢2))llp (C.0.4)

< ope WP+ )55 (161 + [[6all) |61 — o]l

Proof. By the mean value theorem, for some s € (0, 1)

(e — e” — (¢1 — ¢o)| <

e L e S (A R )
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The Hélder inequality, Sobolev inequality and Moser-Trudinger inequality yield that

1/p

(/ Ve i PO D PUD et _ etz _ (g, ¢2>rpdvg)
b))

2 m i il 1/p
< C Z (/Z V;pepzj:l(PUj*%Zi/#i PU; )(e|¢1|+|¢2\’¢1 _ ¢2|¢h‘)pdvg>
h=1
2 . o } 1 N
<oy ( / YPr P o  (PU=5 Y PUD) g ) ( / eps(161+2]) g, )
< ¢ : :
h=1 /2 b
1
pt
(161 = oallnPav, )
2 m i1 i/ o ps
< oY (e Bt Ry, ) ) ORI 6, — g6
h=1

where 7, s,t € (1,400), % + % + % = 1. Applying Lemma C.0.4, we deduce that

m . m .
[2sVie™es < ||26Vie e = 3 xge g, 12 | D e g [ 2 |
=1 pr =1 P
.- —pj a;—2 Ut 2-pr
S ] MR elCe
j=1

Lemma C.0.1 implies that

_ . _ Ut
/EX§T€ pWJ‘yﬁﬂpr(al 2) pr idvg(z)

L pr
2—2pr |y|a1 2 Q;
O <6i,j /Qij <(1 + |y’ai)2> dy) +O(5z,])

2—2pr

= O =0 ).

1,7

Let ¢ = 0, and then (C.0.3) follows.
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