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Abstract: We study autonomous differential delay equations'
x(t) = g(x(t-1))
for C1¥nonlinearities g:R - R which are periodic in x and sine-like,
i.e., with g(0) = 0 and with one (simple) zero in the period intervai
(0,w) . Such equations model delayed feedback on the circle.
It is proved that within this class there exist nonlinearities with,
'+ hyperbolic periodic solutions close to the equilibria jw , j € Z
and with .
.. heteroclinic sclutions connecting the periodic orbit close té juw to
the'periodic orbit close to (j+1)uw . \ .
In addition, a transversality property is establishéd.
The corresponding Poincare’map, which has nO'cdntinuous inverse, éon—
stitutes a discrete (semi-) dynamical system in an .infinite aimensional
phasé space with a transversal homoclinic point. A result of Hale and Lin
is applied to descriibe in terms of_symbolic dynamics the chaétic motion
close to the homoclinic loop of the mép, or equivalently, close to fhe he;

teroclinic connections of the continuous semiflow.

Key words and phrases: Differential delay equation, autonomous, infinite
dimensional system, hyperboiic, periodic orbit, heteroclinic, noninvertib-

le Poincare’map, transversal homoclinic point, symbolic dynamics
BN
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’ INTRODUCTION

Autonomous“&ifferentiai“ﬁelay equations
(9 x(t) = glx(t-1))
with é:é»:~é. peridéi;MQSgéi delayed feedback fofvg state variable on the
circle. -
If Yg ls a zérp of g with
(£ = y,)rglg -v,) <0 for & -y, # 0 small
then feedback is negative with réspect to the rest point given by Yy -
Continuity of g implies a zero in the interval (Yz - w,yz) where w
denotes the minimal period of g . In the simplest case there is only one
zero in (yz - w,yz) ; we may assume that g is sine-like in the sense
g(0) =0, O <g in (O,YZ) , g<0 in (yz,wj .
Such equations occur in a number of applicationms. We only mention models
for phase-locked loops [2,5,30]. “

Initia;”values 9 € C = C([:1,0];§) determine solutions

xq’:[-bw)‘ + R . Setting
X(t,¢) = x} := x%(¢ + ©)[[-1,0] for £20, s€C,
one obtains a continuous semifléw X:§+ x C = ‘é . X does not extend to a
flow; there is no underlying vectorfield, no matter how smooth ‘g is.

The dynémics of these semiflows is very rich. Depending on further
properties of g , Qne’finds various kinds of periodic solutions, hetero-
and homoclinic solutions, and in parameterized equations, local and nonloj
cal bifurcations [5,31,33,34,35].

-Chaotic motion has beén established for special differential delay

equations with é somewhat different feedback structure [32,23,10,11,9]1.°

_ The nonlinearities in [32,10,11,9] are smoothed step functions, especially

designed so that periodic and homoclinic solutions are found by explicit
compuﬁation. Initially different solﬁtions flow together in‘finite time
and enter 2-dimensionhal subsets of C ; one obtains Poincare’maps Sn one-
dimensional domains, and chaos can be derived from results on interval
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maps [16,15,24].

The present paper contains a more general approach to chaotic diffe~
rential delay egquations. It does not rely on nonlinearities which are
smoothed step fuhctions. Geometric arguments replace.explicit calcula~-
tions. The structure finally implying chaos is more comﬁlicafea than in
the former examples. A reduction to interval maps is no longér at hand.

Before giving results, let us recall the work of Smale. from [26,27]:
Consider a diffeomorphism £ 1in a finite-dimensional spéCQTWithhyﬁérbo-
lic fixed éoinﬁ x* , i.e., there are no eigenvalues of Df(x*) on the
unit circle S . If the stable and unstable (immersed) manifolds of x*

intersect transversally in a homoclinic trajectory (x )cc

) o o Be@ey

) = x + X* as

f(xn-1 ) n

|n] » « , then there is’chaos: On an invariant

gubsef; én iteraté cf £ is topolééicallyrcoﬂjﬁqate to am;hiffwon érspace
of symbolusequences [6]. See also [17,19,21,22]. K

$ilnikov, who studied a hyperbolic periodic orbit of a vectorfield
witﬁ transversal stable and unsfable manifolds, construéted a neighborhoéd
so thaé all trajectories in .this neighborhood are represented‘by symbol
sequences [25]. ' » ’ - »

A generalization of»éilnikov's result to infinite dimension, for maéé"
which are not necessarily injective, is due to Hale and Linr(Theorem 5.2
[8]). A new proof Of Hale's and Lin's result, now baséd on hyperbolic
structures for arbitrary C1—maps aﬁd on a generalized shadowing lemma
[28], has begn givén in [29]. .

In the presént paper we prove existence of sine-like nonlinearities g
with hyperbolic periodic solutions

k\ﬂ\\ vee P X - W, X ; X+ W, ees
and héfe:oclinic solutions
e B -w,h, Rt ...
of eq. (g) ;

h, - {x

£ gi 8 € R} =t 0 as t+=-», h + o+w as t =+

.- t

so that intersections modulp w of R3¢t~ ht € C with hyperplanes "
and H + w define a homoclinic trajectory (Xn)°_°°°
care’map, with a transversality property (Corollaries 1, 2, 4 in Sec-

of an associated Poin-

tion IV.4) which permits-to apply Theorem 5.2 [8] (with a minor generali-
zation) and to deduce chaotic behavior.
Alternatively, it is possible to apply Theorem 5.1 [29] which is a bit

more comfortable and gives the same result. See Section 6 of [29].

The chaotic solutions of eq. (g) are seen close to the periodic éolu-
tions ..., %= w , X ;% ¥ w , ... and their heteroélinic connections
eee +sh-w,h,h+o, cee For example, there are. infinitely many-
distinctf$£5i£s in C >;£ éériodic solutions‘of éﬁe éeéoﬂ@ kind,

y(+ +p) =y + nyg for some p >0 and some n € N .
Such solutions y:R +~ R describe periodic motion of the stéte variable oﬁ
the circlé R mod Q , composed of rotations around and small oscillations
near x(R) mod w . » .

We give an outline of the search for sine~like nonlinearifies with the
desired properties. ‘ ‘

Chapter I deals with unstable periodic solutions of equation
(agy)  X(t) = agy(x(t=1))

1

with parameter a > 0 and g :R > R C -smooth, 9o (0) = 0, gp(0) = 1.

Linearization of the semiflow at 0 € C - leads to the "characteristic
. bt : v

“equation”,”

({a)) z - ae 2 =0

for the spectrum of the generator. An inspection of this transcendental
equation shows that at
= 3T,
a =3 =0 ‘
there is a Hopf,bifurcation of periodic solutions with periods close to

4 . A positive solution Eu of eq. ((o)) indicates that the bifurcating

3
periodic orbits have at least one Floquet multiplief outside § which
ﬁakes them unstable. .

- A major difficulty is to control the second Floquet multiplier close
to the multiplier 1 , which is present due to Hopf bifurcétibn: Is it
equal to 1, imnside. § or outside ? There seems to be no Hépf‘bifﬁréétion
theorem in the literature which leads to conditions on 99 and its deri-
vatives énsuring that the multiplier close to 1‘lies strictly inside S .

For this reason, theorems on prf bifurcation are abandoned. We impose

the conditions that for some vy > O



‘go is odd in [—Y,QJ .and'

gO 1s strlctly decrea51ng on  [0,v] .
This permlts to obtaln a supercrltlcal curve‘ o < a‘ *> xa'0 € C. of‘ini—
tial values for blfurcatlng periodic solutions X o0 by an idea of Kaplan
and Yorke [13] and by a reésult of Nussbaum [20]. “

‘Then ‘we can employ the method from [31], originally developped for the
less local problem of bifurcation from periodic orbits, and show that for-
a - o >0 small the second multiplier close to 1 lies strlctly inside 'S
In other WOrds, the solutions X, are hyperbolic with one unstable direc-
tion, givern by the--eigenspace’of the multiplier outside ' S -.

Positive feedback v

0 < Egy(g) for 0 < [g]
and monotonicity imply instability of-solutions with values‘in~4[—y,y] ,
like Xy also in terms of elementary-inequaliﬁies for drifting away  from
each other. Section I.7 contains what is needed‘for'the seqguel.

Chapter II is abstract. For a C1—map f with a hyperbolic fixed point
x* , local stable and unstable manifolds are introduced as in [8] (and
{181); £ is not necessariiy“invertible. The "£inal applicatiOn of -Theorem
5.2 [8] on chaos is prepared, and a detailed proof is given for a technl—
cal result on motion towards subsets of the local unstable manifold (Pro—_
position II.1.1).;The latter helps to link loeal'behav1or near vx* (where
f is dominated b? Df(x*) ) to motion far away.

Section III.1!introduces Poincare’ maps

\
Y

Pa:Da > H

for the éeriodic solutions ‘Xa . Da is an open subset of a hyperplane H

“in C which is transversal to the trajectory 't + x_ . of X in C

a,t

.

at‘vt\= 0 . The initial values
5,0 =% 0% N
become hyperbolic fixed p01nts of ‘the maps Pa‘, with one-dimensional li-
near unstable space’ gké .
" Weé know the limiting direction of the linear unstable:spaces as
a v o . This permits to fix a > o sufficiently close to - o so that one

\ .
can control the position of the solutions starting in the local unstable

manifold of ¢; , in terms of inequalitiesi We ‘set g = agd and drop

the index 'a . Let UcH and S < H denote the local unstable and lo-
cal stable manifolds of ¢* . Segments' Yo of solutions of eq. (g1) with
initial value in U ~ S  reach an.oéen cone in C with vertex ¢* (Pro-
position III.2.1).

The idea how to find a periodic ﬁonlineérity g With a heteroclinic
solution fromr X to x +uw is basically as in [32] and in [10,5]. It ex~
ploits the delay: Let us assume that 94 is increasing on all of .B+. -
not yet periodiec. The instabilit§ results from—Section I.7 and-Proposi-
tion iII.2.1 imply that candidates .h:g + R for heterocliniC‘solutions,
with h0 in the branch of U above S ; increase to values. h(t) > v ,
with

-y < h < h(t) on (-»,£) and 0 < h on [t,t+1] .
A change of g; outside the interval [-y,h(t)] would not affect re-
sults for the small emplitude solution }2 ,  for P and h|(-»,t+1] ;a
modification of g1. on the interval (h(t),h(t+1)] can be used to steer
the solution h of the delay equation to prescribea values on subinter—
vals of (t+1,t+2] .
The program is then to change 94 .outeide//[;y,y]
- _ to a sine-like function: g withbmin;mal period w
- quthat a segment ht1 ’ ‘t-1 >0 , of a solution h with h0 €U
reaches the local stable manifold S +w D +weH+ of the
fixed p01nt ¢* + w of the shifted Poincare’map on D + w

- in such a way that a tangent vector v € Th U is transported to
L 0
a vector v1'€ H transversal to S + w at h .




As it can not be expected to hit the subset S + w of codimension 1
in H + w .immediately,.-we look for a one-parameter-family of functions
g =gy s b 2 4 , with solutions h = hb such that h4,t reaches H + w
below S + w while for some b* > 4 , hb*,t reaches H + w above S + w
so that continuity iﬁplies hb,t1 € S + w for some intermediate parame-
ter b . | -

Section IiI.3 contains local preparations for this.hlt‘is here.that
the technical Proposition II.1.1 enters, via Corollary III.2.2 .

Section III.4 characterizes transversality by inequalities for solu-
tions w of the linear variational equation along the heteroclinic solu-

tion h ,

wi(t) = g' (h(t=1))w(t-1) ,

“that ‘is; directly in terms of the objects g , h which we are going to

i

construct. . . .

In Chapter IV the program sketched above is carried out. The initial
value ¥ = h0 € U Dbecomes a transversal homoclinic point of a modifica-
tion /P' of the map P : For ¢ € H close to ¥ # ¢*-, P' is given by
intersections of trajectories t =+ X(t,¢) = ht with H + & at t= t1
and by a shift modulo w back intc H . o -

» Proposition IV.4.ﬁ exhibits an important difference to the former
examples of chaotic differential delay equations [32,23,10}11,9]: The he-
teroclinic solutipn does not flOW'inéélthe limiting beriodic 6rbit in fi-
nite time. In par%icular, the points
S 3 (P')nkx) = ht - w, with n € N and tn >0 ,
: . o}

are all different from ¢* , and the homoclinic sequence is not entirely

\contained in the one-~dimensional submanifold U .

.\

This is.in contrast to [32,10,11] where we could reduce the Poincare’map
to a map on a one-dimensional submanifold which contained the unstable
fixed point and a homoclinic trajectory jumping on the fixed point at some

index -

so that chaos folloWed from Marofto's result on maps in finite dimensional
spaces with "snap-back repellers" [16].
Chapter V presents a short application of the work of Hale and Lin [8]

on chaos to the map P' .



PRELIMINARIES

The sets of integers, positive integers, real and complex numbers are

*as [0,@)

denoted by . 2 , N , R and C , respectively. Ny := XU {0} ' 3»

and R := (=»,0] . For 0 # x € R, sign x = TET ; sigh 0 := 0. 8 1is
the unit circle in C.

Let L be a real Banach space with norm | | . For © >0, L. :=
{x € L: |x| < x} . 1.° denotes the space of continubus linear maps L - L .
.. For Ave_Lq,im;he‘spectrum o(a), is defined as the SPeCFFumﬂ9f,?ts,°°m'

plexification A € 1° ; 1¢ is the space of cog}inpous C+=linear maps of

the complexified space L into L .
For a map £:D+L , De L, domains of iterates f© , n€N, are

H = 11 N . A tra-
deno;ed by D(n) ; note D(n+1) < D(n) < D(1) D for a neEN

: L Z .
jectory of £ is a sequence (x_) =.(xn)_w€ D= with x f(xn)

n'nez n+1

- X N ) ‘0
for all =n € % . Similarly for forward and backward trajectories (xn)Ox

0
and (xn) .

— . »
13 . .
A fixed point x* of a C1—map f with D. open is called hyperbolic

Cif o(DE(x*)) n E =¢ . A homoclinic trajectory (xn)f of x* is de-

0
fined by x_ - x; as |n|] = » .and X, #.x* for some n . This includes
n \ : i .
"gnap-back repellers" x* [16] with an index n such that for j <n,
x5 # x* while xy = x* for j zn.

If £ is injective then the inverse f--1 is defined as a map from

fkb}\ into L .

A\iangent to aset McL at apoint x € M is a vectoxr v €L
such that v = Dc(0)1 for a Cl-curve c:(-1,1) = L with c(0) = x and
range in M . The set of tangents to M at x € M is denoted by TXM .

For Ck-submanifélds of ﬁ , we refer to [1].

We collect the basié\facts‘on scalar differential delay eguations.
Proofs are found in [7], or carried out with the.aid of {7]. i
Let g:R ~+ R be given. A solution of equation

(g)  =(t) = glx(t=1))

is either. a differentiable function x:R + R 'which satisfies eq. (g). for
all t , or a continuous function x:[E?T,m) + R which is differentiable
and satisfies eq. (g) for-all t >t . If g is linear then complex-
valued solutions are defined analogously. It is also clear how to define
solutions of nonautonomous equations

x(t) = A(E)x(t-1)_
for A:[E;w) +R or A:R~+R.

Let C denoté;the Banach space'of continuous “functions [-1,0] » R ,
with the maximum-norm. As complexification of C we consider the s?ace c
of continuous functions [-1,0] + C , also with the maximum-norm. Cohstant
functions in C or 'E with value & are denoted by & , too. \

Each solution x of eqg. (g) defines:a continuous frajectory_in C

(or in © ) by x, := x(t + «)|[-1,0] for all t € R with [t-1,£] in

t
the domain of x .

If the solution carries an index, like X then we write x

1,t for

1 7
the values of the trajectory.

Let g be continuous, t € R . Then every ¢ €.C determines a unique

solution x:[t-1,%) + R with X, = ¢ , and we have . continuous dependence

on initial data {restrictions of | x to compaét intervals depend conti-
nuously on ¢ with respect to uniform convergence). This is most easily

seen from the formula

t-1
x(t) - x(t +n) =/ g o x’
t+n-1

for t+ns<tst+n+1 and n € EO .
Also, if 5:3 x R+ R 1is continuoﬁs, if t 20 and ¢ € C , and if
for b €e€R xb:[—1,w) + R denotes the solution df

x(t) = glo,x(t=1)) , %, = ¢

then the map R 3 b » x € C is continuous.

b,t
Suppose g 1is Ck, k € go . Then solutions x:[t-1,») - R are Ck on
(t + k,»).
¢

Solutions x = x -of initial value problems

i(t) = g(x(t-1)) for t >0, Xq = [o}
define a continuous semiflow X = Xg ’ X:B+ x C+ C by X(t,¢) = xi for:
t20, ¢'€ C . X is Ck on (k,») x C . o

For t 2 1 , the maps X(t,*) are compact (bounded sets‘are‘mapped



u

onto relatively compact sets). This follows by Ascoli's theorem since In case p 2 1, sz(p’xo) is compact.

eq. (g) implies that for x, = ¢ in a bounded set and for t 2 0 givep, A heteroclinic solution of eg. (g) from the periodic solution x to a

solutions and their derivatives are bounded on  (0,t] . periodic solution X is a solution h:R + R such that h, converges to

If g 1is periodic with period w and if  x is a solution of eq. (g) the periodic orbit {x_: s € R} as £ > - , and ht > {§ : s € R} as
R . s = i : s =

then x + w , x — w are solutions as well, and X(t,¢ + wh = X(t,¢) + w , £+ o

X(t,¢ - w) =MX('K:,ciB) -w on R xC.

Let g be C1. Then the derivative D2X exists and is continuous on

- ‘ L . References in-the sequel.are made as in the fellowing example.

1 the same section
Lemma { 1.1 }__mggns Lemma 1 in { Section 1 _of the same chapter }_.

all of 3+ x C ; it is given by solutions of the linear variational equa- ~— T.1.1 Section 1 of Chapter I

tion: If ¢ € C, t 20, 6 € C then D,X(t,0)§ = w, where w:[-1,%) > R

t
is the unique solution of the initial value problem
w(e) = o' &P (e-1))w(e-) for £ 0, w, = § .

We need an easy consequence for parameterized equations. If g = agg

1

with parameter..a.> 0. and gocg,&mg C , and if continuous.maps a -+ ¢a

and a - Ea from some interval into C ére‘given then the map
a'+ D2Xag0(2,¢a)5a
is also continuous.

; Let £ € R with g(¢) = 0 be given. Then x:R3 t + & € R is a con-
stant solution. £ € C becomes a stationary point of xg = X. The linear
variational equation along x -

wit) = g (E)wit-1)

is autonomous,fénd (t,9) -~ D2X(t,£)¢ defines a C.—semigroup, called the

i

0
. i »
linearization qf X at & . For-t'2 1 , the operators in this semigroup
i
are compact. The spectrum of its generator consists of eigenvalues of fi-
‘ A
nite algebraic multiplicity; it is characterized by the zeros of the

transcendental function z + z - g'(g)e_Z and their orders (note that the
-. Ansatz w(t) = eZt leads to z - g'(?;)e_Z =0 ). In.case g'(&) # 0

N

“there are infinitely many such. zeros, real or complex conjugate pairs.

N\, ‘ .
Any"sgt of zeros with Re z > u , u € R given, is finite or empty.

i Suppoge x:R + R is a‘ﬁeriodic solution .of eqg. (g) with g C1. Let

P be the.ﬁihimai period. The points of o(sz(p,xo)) are called Floguet -
multipliers of X . z =1 i's always a Floguet multiplier, namely an ei-

genvalue with eigenvector io‘. The periodic solution is said to be hyper-

bolic if z = 1 is isolatéd and algebraically simple, and if there is no

other Floguet multiplier on S .



I. HYPERBOLIC PERIODIC SOLUTIONS

Hypotheses and summary. We consider solutions of equations

(agy)  x(£) = agy(x(t-1))
with parameter a > 0 and with a c¢'-function gp:R + R . Werassume that

95 has the following properties.

(H1) gO(O) =0, gé(O) = 1 . There exists vy > 0 such that 0 < gé on

(-v,y] and g,(g) = -g,(-§) for [|E] s v
and
(H2)

gé is strictly decreasing on [0,y] .
It is shown that there is a family of periodic solutions Xy o

3n
2

precisely one Floguet multiplier outside s .-

a® =: o , bifurcating from zero such that each Xy is hyperbolic with

As a link between local and global behavior of solutions, we provide

i . .
elementary comparison results for solutions not far from Xy -

1. PERIODIC SOLUTIONS

We follow &@n idea of Kaplan and Yorke [13] and employ a result of

Nussbaum [20].

There exists n* < 0 such that for n* £ n < 0 , the solution
(xn,yn) of the Hamiltonian éystem
x=gyy) ¥ = -9y (x) |
with xn(O) =0, yn(O) = n . is periodic with minimal period 4Tn , and
n<y (e) <0 din (0,T)) , v (T)) =0, |x (£)] £y and Iyn(t)l <y

for all t € R . Moreover, Yo, = X, 00+ T)) since gy is odd on [-v,v] .
3

Therefore Theorem 1.3 [20] applies (One has to interchange x and y ;

(H2) implies that & -+

‘is strictly decreasing on - (0,y] .

and must formulate Theorem 1.3 [20] for initial values with 1 negative).

We conclude that the map n - Tn is strictly decreasing with - Tn +“% as

nt+ 0 .

Let a‘€ (E%,3Tn*] (u,3Tn*] . With n € [n*,0) given by

a

T :
T,=3 € (—,Tn*1 » define x_(t) := xn(at) for all t € R . Then

Xa(t) = ‘aXn (at) = ago (yn (at)) = ago (X'ﬂ (at + TT]))

agy (x, (at = 3T)) = agg(x, (a(t=1)))
= agy (x, (t=1))
for alt t € R .

in (—%,0) Yy Xy < 0 in

Observe 'xa(O) =0, xé(O) <0, and 0 < X

[—1,—%) , and the symmetry
() x,(t) = =x_(t - %) forall teR

. . 4 . . . . ‘ 11y
so that Xy has period 3 . X, is st;lctly decreasing on (-§,§) .

Set a = 3T , > o , and ¢; =X, 9 for o < a < a; . The map
-7

17 2y

a - ¢; into C. is continuous, with limit ‘0 € C as a ¢ o .



2. LINEARIZATION

For the inﬁestigation of Floguet multipliers we collect a few proper-
ties of the spectrum of the geﬁerator of the linearizattep at 0 of the
semiflow given by eq. (ago). These properties are also pert of the hypo-
theses for Hopf bifurcation at a = o . One can show that the periodic eo-
lutions X, arise iﬁ a Hopf bifurcation, but we do not pursue this. One
reason is that there eeems to be no Hopf bifurcation theorem in the lite-
rature whlch allows to derive all we need about the solutions X, - - In
thlS respect it mlght also be noted that C1
weak assumptlon on the nonlinearity 9y - i

Linearizing at zero for a = a , we obtain the Co—semigroup of opera-

tors ¢ - Ve o t 2 0 , where y:[-1,») - R is the eolution of

(a5 §(t) ay (£=1)

with Yo = ¢ . For the spectrum of its generator G we have

PROPOSITION 1. All zeros of E:C 3 z + 'z - ae ? ¢ C are simple. There is

3mi

actly one zero E € . Ea is p051t1ve. E(———) =.0 = E( ———) . For all
seso s Gy B 3y mesco.
PROOF. E(z) = O =E'(z) =1+ ae”? would imply z = -1 , a contradiction

g
to 0 = E‘(z) .

Existence of a unique zero § € R 1is obvious, as well as Eu >0

O
\-i\and E(3gl) =0 = g(-30L 3ﬂl :
‘..\\ We show z = é%i for any zero .z =u+ iv , uz2 0 and v 20, with
z #. E 5.t BY unigueness of £, r V> 0. Then 0 < v = e Usin(-v) $ o
= é% . Incase 0 < v < 3% ,0%u-= qe'ucos~v vyields 0 < v < % , or
v = ae Usin(-v) <0 , a contradiction. Hence v = é% .

By E% = é% e 1, u=0.

Let W denote the operator: ¢ - Yo r with the soluticn y of the
3
initial value problem &(t) = gy(t=1) for t > 0, Yo = ¢ as above.

—smoothness as above is a very

R AT

«

This map is not compact but the iterate V,, 3= W-o W, i.e. the %—trans—

lation along solutions of eq. (a), is. It follows that c(W)‘ has the same

properties as‘the spectrum of a compact operator : Each nonzero point z

'

in o(W) 1is isolated and a pole of the resolvent
c~Nom 3¢ » (-7 el
The generalized eigenspace (i.e., the image of the eigenprojection asso-

ciated with the spectral set {z} ) coincides with

kex (ﬁ - z)" T
where n € N is the order of the pole. We have

ker (ﬁ - z)k+1 = ker (ﬁ - z)k for n

ker (1 - 2)5*1 5 xer (W - 2)% 5 {0} for 1
# # ’

In

k €

2

7

A

k<n.

In particular, z is an eigenvalue with finite algebraic multiplicity
dim ker (ﬁ —vz)n . |
For proofs, see e.g. Theorem 6 in VII.4.5 [4] and Theorem 18 in VII.3 [4].
Using Lemma 4.1 of Section 7.4 [7] we infer ’
exp(%c(G)) c o(W) ~ {0} c o) < exp(%q(G)) U {01'
and for 0 # z € o(W) and k € N, K

ker (W -2z)¥ =732 ker (G - z)¥ .

z' € 0(G): z = exp(%zj)
COROLLARY 1. The eigenvalue -1 of W has algebraic multiplicity 2, the
eigenvalue exp(%ad) >1 of W has algebraic multiplicity 1. There
exists € € (0,1) . with oW ~ {-1 ,'exp(%ia)} < Cig -

Observe that ¢&:[—1,0] 3.t » exp(%iat) € R is an eigenfunction for

the eigenvalue exp(%ia) -of Vu . This is most easily seen directly from

eq. (a).



the last case, E; € R and ma(E;)_= 1 . For all z in
; 2
o) ~ (=1 +c) v (exg('gia) £C)) szl <1 -

(iii) ¢

s > exp(%&u) as a ¢ a .

Our aim is to exclude m (-1) = 2 for each > ‘ f e
3. TRANSLATION BY VARIATIONAL EQUATIONS _ , , . a 2ch a > o sufficiently close

toa , and to show -1 < £* < -1 + ¢ for the o . . "
ALONG PERIODIC SOLUTIONS a e other eigenvalue in

-1 + ¢, . This will be ‘achieved in Corollary 5.1 below.

For a. g (u,ai) , let Wa and Va denote the translations along. tra-

jectories given by ¢ + ¥, and ¢ - Yg 7 respectively, where
3 3
y:[-1,2) -~ R 1is the solution of the linear Variational equation of Xy

(@ ) = agy e, (e=1))y (e=1)
with Yo = ¢ € C . We are interested in the Floguet multipliers, i.e., in
Q(Véj . ﬁé;b"f=”éa+[-1,0]‘€~C* is-an eigenvector for the eigenvalue 1 of
Va . The symmetry ((s)) from Section-1 implieé\that éa,o is also an ei-
éenvector for the eigenvalue -1 of Wa , and @oreover .
(48] Vy =W o Wy .
Va {is compact. As in Section 2 we infer that both sets o(Wa) ~ {0} ,
o(va) ~ {0} consist of isolated points which are all eigenvalues with fi; : ' A
nite algebraic multiplicities. The eigenvalues are real or occufvin com— ' : .
plex conjugate pairs. » ' ‘
With the Sp?ctral Mapping Theorem in mind, Wé first study c(Wa) . F§r
0 # z € o(Wa) ,Elet ma(z) denote the algabraic multiplicity. For z in
C~ oW, . ma(%) := 0 . ‘

Uniform convergence of x

2 to 0 on [—1,%] as a v o implies

(2) Wa +~ W in c® as avoa .

\‘3§esults on continuous dependence of spectra (Chapter IV § 3 no 5 [141)

now, yield

COROLLARY 1. There exist a, € '(oc,‘.a1) and € € (0,1) with the following

properties.‘ ]

. 2 _ _ _ \ o E ’ B
(1) el ¢y n (exp(3E,) + &) =9 = (-1 + C.) N (exp(3g)) + c.) - !
(11) Let a € (a,a,) - expﬂ%ia) + C. contains precisely one point i
g, € c(Wa) . We have gé > 1 and ma(ga) =1 . EitheI |

c(Wa) n (-1 + ge) = {—1}\ with ma(—1) =2 , or mé(—1) = 1 and

(-1 + gs) ~ {-1} contains precisely one point & € O(Wa) . In

R Rt



4. EIGENVALUES AS ZEROS OF ANALYTIC FUNCTIONS.

Let a € (u,az) in. this section.

We proceed as in [31] and dntroduce a function g whose zeros coin-

cide with . o(W ) ~ {0} . The basic idea for this is as fdllows. Suppose
z # 0 is an eigenvalue of Wa with eigenvector ¢ . Let w denote the
corresponding solution of the variational equation along X, - Define
functions on [—%,0] by

¢1‘_,,:,= ¢(_% +o0) 4 ¢2 ?= ¢7(_% + ') ’ ¢3 = q),((-) ,

1 2
w¥ 1= w(§ + %), Ww¥* 3= w(§ LI
In terms of these functions, w, = Wa¢ = z2¢ reads

3 .
¢3 = z¢1 , WE = z¢2 , WE* = z¢3 .

By the variational equatien,

i) = wd e ) =agig G e o - WG e =D

N

= ag) (x (5 + ))0,(1) = 3 agh (. Iwr ()

dr oy =agye G e - MW+ = D)

n
e

() A
[
= agyx, (-2 + 09, () = agy ) T 830 = 5 agg (W)
i z
|
The cohtinuitj of w implies boundary conditions
WD) = 45(0) = L) ama wr(0) = wEr D)

or

- . Wk 0 =z Wk 1
- 0) = . -2
S (W* ) ) (1 0) (W* ) -3

The\ieft hand side is the product of the vector on the right hand side
‘with the.fundamental mgtrix solution of the above‘syétem, which equals
the identity at t = -% . So, if w**(—%) and w*(—%) are not both zero
a determinant must Qanish at z .

It isvnow clear how to aefine the function qg \
For t € R, set
A_(t) := agé(xa(t - %)) ’ Ba(t) t= agé(xa(ﬁ‘- %)) = agé(Xé(t)) .

For 0 # 2z €C, let 8, _ denote the fundamental matrix solution
’

GZra ygia
2
( ! z ') : R+ 92x2 of the linear system
v, }

o
n

1 « _ 1
z 2 (B, v = ;7 B, (t)u

1 ‘
g.Set

' 0 2 uf'a(O) ug’a(O) - 2 '
QZ ‘a = SZ a(O ) = b .. = z,a . [ R
il ¢ 1 0 virE) - 1 vg'a(O)

and qa(z)_:= det inaijmhg_function a,:C ~ {0} » C is analytic (;ee"

which is equal to the identity matrix at t = -

e.g. Section X.7 [3]). From det s, a(t),= 1 on R, we infer
. 14 -

g (z) =1 -z +u3’3(0) +z-vi’?(0) for all z €C~ {0} .

In order to establish relations between the zeros of g and eigen-

values of W, we need a description of the operators ﬁa -z ,0+%#2z¢€cC,

in terms of solutions of inhomogeneous boundary value problems.

It is convenient to introduce the Banach space ' C' of triples
(¢1,¢2,¢3) of continuous functions [-%,0] +~ C satisfying

1
¢1(0) = ¢2 "g') ’ ¢2(0) = ¢3(—§) I
with norm given.by | (¢,,¢,,05)| = max max |4 (£)] .
1772773 3 L J,

Let J denote the norm-preserving isomorphismyfrom C onto C' de-
fined by .J¢ = (01765r05) , with the restrictions 01 s 05 r 63 Of

2 .
¢(—§ + <), ¢(—% + <) ,.¢ to the interval [—%,O] .

let 0#z€C, x€C, ¢€ C . One sees, as at the beginning of the
section, that (ﬁa - z)x = ¢ implies .

u =

[SEE

. Aa(t)n[V - ¢2]
; v = B, (£) [u~ 5] - % B, (£)9,

N |
[\

where u := (Wa)()3 p‘v‘:ﬁ (Wax)2 and:

vv(O)

ul-3)

w(0) = Wx(0) = ¢(0) + 2x(0) = 65(0) + zx3(0) = ¢5(0) + z-v(-%) .

By variation of constants, 2

a
u) uy . 7z %2
=8 ~-=) o+ J ] .
v Z,a v 3 1 7z,a B B
3 2, - _&
27%3 77 %

Let 1I(z,a,¢,t) denote the last integral at t € [—%,0], with components

I1(...) and IZ("') .

~



‘ s s : . . . 1
~(u,vyn~defined—by~-JWax = (x3,v,u+~ satisfies eg. (1) fqr all. t € [-3,0]

1

c u 6,(0) + z-cy 6, (0) + z-v(-3)
Set ¢ := ( 1) 3= ( ) -%)' . Then ( 3 ) = ( 3 1
c,/ v < u(-g)

u .
- (v>(0) =5, ,(0c+ s, (0)I(z,a,06,0 ,or

i 0 =z
=Qz,a"¢ = _[Sz,a(o) - 10 lie =L, 5 ¢

with the linear continuous map

2

| ~95(0)
+ SZ,a(O)'I(ZIar¢IO) € 9 .

LZré-:c 3 4) v ( 0.

We have shown the first part of

LEMMA 1. Let 0 #z€C, ¢€C . If x € C and (ﬁa - z)x = ¢ then

' ) 5
and _Qz,a' -5) = Lz,a ¢ .

v .
Conversely, if ¢ € 22 and

(%) ‘Qz,a'c = Lz,a 9 4

and if (u,v) is the restriction of the solution of eqg. (1) with

TN
o
—
|
|_n
n

¢ to the interval F%,O] , then ’ P
1dtu -9, - 45, v=0,, u=-¢y)€c,
z'z F3 17 2 3
_ 1/ ~ e _
and x :=J (Eg...)) € C satisfies~ (W, z)X ¢ .
In case ¢ % 0 and ¢ #0 , X #0 .

PROOF of the second part. Let c # 0 with (%) be given.

1. For t € [—%,0]‘, set

- (9) ey .-
~ \v) (&) 1= 8, g (B) e + I(z,a,6,8)]

N

and \‘»x3 1= %(u - 93) Xy iF %(V - ¢,) + Xq = g3~ &) . Then
X3."" ZX1 = ¢1 r V- ZXz = ¢2 s U= ZX3 = ¢3 .
2. We have (x3,v,u) = Ji with i € ¢ . Proof: By definition of u

and v , u(—%) = cy and v(—%) = c2‘. By (*) and by definition of u ,

' z,a
zc, = c.,u,’'"(0) + ¢

2 171

2ug'a(0); + 'u?'a(O)-I1 (z,2,6,0) + ué;‘a(‘”'lz‘--"

=95(0) = u(0) - $5(0) .

similarly, ¢, ... = v(0) . Together, v(0) = u(-%) , and
Iy = 1 - -
vi=3) = g(u(0) - 63(0)) = x3(0) .
Recall the definition of J .
3. By linearity, (x1,xz,x3) = Jx with ¥ € E .
4. In order to verify- 4ﬁa - z)X = ¢ , or-eguivalently
J(Wa - z)X = (¢1I¢2’¢3) 1
note first (Wax)1 = X3 . so that ((Wa - g)x)1 = X3 T ZXq = ¢1 .
Next, (W;x), = w(3 + +)[[-5,0] where w:l[-1,%) > C is the solution
of

&(t)_= agg {x_(t=1))w(t=1) , wy = x .

Oon -%,O] we obtain

1 _ _ -] - 9,1 =1 - 18,05
W(§ + v) = Bax,] =z BaZX.] =z Ba[X3 ¢1] =73 Ba[u - ¢3] EBa¢1

—_

.

= v .
. 1 1, _ N _ 1 1 _ _
With w(z - 3) = w(0) = x3(0) = v(-3) , w(z + ) =V =zx, + ¢, on the
1

interval [-3,0] , or (W X), - 2zX, = by - S

+ -

. ~ 2 1 s 1
Finally, (W x), = w(z -)1[73,01 + and on the interval [-3,0] ,

L

-

Ce 2 _ B ‘ : 1 1 10 .
Wig + ) = AXy =g R ley —Ex,) -2 Ay = gAY - A, =0,

i 1 ‘ 2.1
With u(—§) = v(0) = w(i) = w(§ - §) , we get
w=wE+ 9)-301 ,
and therefore (WaX)3 =u o= ozxg + ¢3 .

5. The last assertion in the lemma is obvious.

COROLLARY 1. Let 0 # z € g‘. Then z G'U(Wa) _if and only if ‘qa(z) =0.
PROOF. Each nonzero 'sz c(Wa) is an eigenvalue. We saw at the begin of
the section that for eigenvalues z #0 , qa(z) = 0 . Conversely, if

qa(z) = 0 then there exists "¢ € 92 ~ {0} with —Q;,ac = 0, By Lemma 1,
with ¢ = 0 , there is. x € C ~ {0} with (Wa ~ 2)x = 0 . Hence 2z is in

c(Wa) .

The next objective is to show that algebraic multiplicities coincide
with the order j_ (z) of z € C~ {0} , considered as a zero of the ana-

lytic function q, - We follow [31]. Details are ‘a bit more involved.



PROPOSITION 1. The operators Lz a ! 0 #z€C, are surjective.
- . 4

' ; P (n) _
PROOF. 1. There is a seguence of points ¢(n) € C such that ¢ =1

S 1
for all n €N and L (r) <é> as n + » . So, vectors close to <0>

o] -
zZ,a :
are contained in Lz aé . We look for linearly independent vectors in
: , _

2. There exists ¢ € ¢ with ¢, = 0 = g such that the second compo-

nent of

‘ 0 z,a
: = (0 1a 2
c =Ly g¢ = 5z,a ) J_l z Pa 92 gZra
3 1

does not vanish. Proof: For vy with y, = 0 =19y s

0 ' ‘ 0
z,a z,a z,a z,a
z (L, q¥), = vy (0) J 1 By Uy mvpT) v w70 J_l By V2 Yy
S "'3— ,,,,,, 3
vIn«éase vg’a(O) =0, dets, _(0) = 1 givés v?’a(O) #0 .3, >0 and
14
1 N _ - #H
vg'a(—§) = 1 allow to find "¢ with ¢, = 0 = ¢ such that (Lz,a¢)2
0 .
5 z,8 = 0 Z/2(0) #0 . Now v2'% -l)‘= 0 . But
In case vy (0) = r Yy . 1 3
eza, 1, 22 1 z,a,_1, _ 1 2 : - .
Vi (m3) = 3 Balg) wmT e = g By(-3) # 0

and B_ > 0 allow to find. ¢  as desired also. in this case.
a p; :
/

If vf'a(o) # @ # vz'a(o) , choose a sequence of continuous functions

P 1 oo
w :[-3,01 » Clwith o (=3 = 0 = v, (0) for all ne XN such that

n
° a 2:3) L oA (1) vErR(-D) = 0
J Ay 0pvy - a' 3 2 3 '
3
N 0 z,a A - vz,a(_l)'= A (<L s 0
. J 1 Ba Un Yy > RT3l v T3 a'"3
\, 3

as .+ » . For n sufficiently large and for ¢ with ¢, = w, and

~¢1 =0 =.¢3 ’ (Lz’a¢)2 # 0 .

3. Consider ¢ € & and ¢ ‘as in part 2. There is a bounded sequence

of points y'® € ¢" with w{n) =0, wén) = by ¢§§)(0) = c, and

wén)|[—%,-l] =0 for all n € N . It follows that for n =« ,
n = .

—cy _ 0.
Lz'aw(n) N »( ) * L, 50 = ( 2 £0 .

[e]

-

REMARK. Lemma 1 and Proposition 1 are the analogue of Lemma 3.1 from [31].-

The operator L corresponds to L(A) in [31]. In [31] we did not ex-—

zZ,a
plicitly shbw that L(A) is surjective. Let us mention that a proof of
thisﬂrequires that the function [0,11 3 t » g'(x(t)) € R (which cor-
responds to Aa‘ or B, here) has at‘most‘finitely many zeras. This pfo-
perty is s;p;gf;edugp; thvfunctions g .in_Squiggs 4-6 of [31] but was
forgottén as an extra hypothesis in Section 3 of [31].

For 0 # 2z € C, set

Z,a g
. e (Vz (0)

era zZ,a

z - ug'a(O) ._ . :N\.
1 - vy

() u?r®(0)

PROPOSITION 2. The analytic map- z = qa(z)(ava - z)-‘1 from

c~ (c(Wa) U {0}) into &% has a continuous extension B, 'to &~ {0} .

with

((Ha(z)¢)3

z,a"z,a
(Ha(z)¢)2 r

)(t) N % sz,a(t)(_Q* L, a¢)

for t € —%,0] r0Fz€EoW) , € ¢ . ,

PROOF. 1. For ¢ € ¢ and =z €C with 0 # z ¢ O(Wa) , set Xy 6 b=
Wt r

A LU N PE _ .

W, z) /¢ . Then Xz,6 = z(WaXz,¢ ¢) . It remains to show tﬁat the

map H¥:C ~ (G(Wa) U {0}) - c°, H*(2)¢ = qa(z)wax , has a conti-

z,$

nuous extension H' to all of C ~ {0} .

Consider first the maps H; ;i ='1,2,3 , from C ~ (.;.) to the com-—
plex Banach space of linear contingous ﬁaps ¢ - C([-%,O],g) which are
obtained from the application of J to H*(z)¢ :

(H¥ (2) ,H5 (2) ¢, HE (2)¢) = JH*(2)¢ € IC
for all zeC~ (..) 5, ¢ €C .

2. Let z€C,0#z¢ c(Wé) , ¢ € C . By Corollary 1, q,(z) #0 .

We compute H;(z)¢ = (W for i=1,2,3 :

1 _ Ry
a4 (2) atz,¢’1

~ h _ _ 1 ~
(Waxz,¢)1 = (xz,¢)3 = E((Waxz,¢)3 - 63) o
and from Lemma 1, )

(W_x ) K -
( atzr¢ 3) =8, Jle + I(z,a,¢,)]
(W_x ) ! .
: arz,o’ 2
on the interval —%,0], where _Qz,ac = Lz,a¢ , ©r eqguivalently,



-1

T g @ 07,alz,2% -
3. The maps 0 # z ~ U§’al[-%,0] and 0 # z = ViféL[T%!QJ '

i = 1,2 , are continuous with respect to uniform convergence on the inter-
val [-%,0] . From the computation above we infer that H3 and HX , and

therefore also the map

21
H#:z +>‘H¥(z) =2 Hg(z)

where J3¢ = ¢l[—%,0] for ¢ € ¢,

|
] have continuous extensions Hi to C~ {0} , i=1,2,3 .
\ For example, if z # 0 , if ¢ € ¢ and t €’[—%,0] then

(Hé(z)¢)(t) equals the first component‘of

| 4
l*"" . o ) ,—SZJ,a(t)Q;rad) + qa(z)szla(t)l(zlalq)lt) .
% 4. For all z € olW,) ~ {0} and all ¢ €c,

(] () 0,85 (2)6,53 (2)9) = lin (5% (2) 6,85 (2) 6,85 (2)¢) € IC .

et H'(z)¢ := I (H}(2),By(z)¢,Hy(2)p) , for O # 2 €C and ¢ € C .

5. In case 0 # z € o(W,) , g (2) = 0 . This implies the formula for

the third and second component of JH (z)¢ , ¢ € ¢ .

COROLLARY 2. Let 0 # z.e.g(wa) , QZ 2 # 0 . Then Ha(Z) # 0. € &S .
14 i

- 2
1 3 * *
PROOF. Qz,a #ﬁo ylelds‘ Qz,a # 0 , or Qz,ac # 0 for some ¢ € C" . By

Proposition ﬁ, c = Lz,a¢ for some o € ¢ . Apply the’last formula in
Prpposition ﬁ: ‘

o
COROLLARY 3. Let 0&# z € c(Wa) ’ Qz,a # 0 . Then the geometric eigen-
space ker (Wa - z) has dimension 1, and maﬁz)‘= ja(z) .

PROOF. 1. Proof of dim ker (Wa - z) = 1 : Recall Lemma 1. Consider the
SN .
’ .\ ‘- i x — * {u __1_ y W = »
pr 1 which sends x € ker (Wa z) to \v 3) where JWaX .

(ngv,u) . We have u(ker(;..)) < {c € 92: Q, .€ = 0} . u is injective
’ r

(Proofi.‘ux =0 and (1) with ¢ =0 give u=0=v , hence x5 = % =

and ¥, = =0, %xq = %x3 =0, and ¥ = 0‘.).

ST

By 0#z¢€olw, and Q # 0,

z,a
1

A

dim ker (W, - 2z) = dim u(ker (...)) £ dim (...} =1.

2. We have ma(z) = dim ker (ﬁa - z)! where n is tﬁe minimum of

integers k € N with ker (ﬁa - z)k = ker (ﬁa - z)k+1 -

-

By part 1, n = Z? dim ker (ﬁa - Z)

[\

di - n _—.
im ker (W z) m_{(z) .
Using also

. - a4 B 2 . ~
dim ker (Wa z) < dim ker (Wa -z} < ... < dim ker (Wa - z)n

= ﬁa(Z)

(provided 1 < 2 < ... < n ) we infer ma(zf n .

3. n . is equal to the order of the pole of the resolvent of W at
. ’ o a
z . It follows that n = min {k € N: 7 > (g - z)k(ﬁia - ;)_1 has a conti-

nuous extension to. (C X O(Wa)) U {z}} . By d8finitidén of jéTE) =: 3,

-qa(c) = (;‘— z)Jh(c) for ¢ in a neighborhood of z , with h aﬂalytic

and h(z) # 0 . Use Proposition 2 and Corollary 2 to deduce 'j = n , and

jatz) = ma(z) .

PROPOSITION 3. For -1 # 2z #0 , Q #0 .
PROOF. Q, , = 0 implies uz’®(0) =

det Qz,a = q,(z) , we find 2z = -1 .



5. ZEROS OF g,

PROPOSITION 1. For all a € (e,a,) , lim inf a5 (2) > 0 e
' : : B 3z > ~—ox

PROOF. For R 3 z + - , the columns of Sé a(0) converge to the values
R o= R ’

at t = 0. of the solutions of a=0 =YG with initial values (3) ’

0 - 1 -
.<1> at t = 3 - It follows that z qa(z) > =1 .

From Corollaries 3.1 and 4.1, qa(—1) =0 for o < a < a2 . We want to

show ma(—1) =1 and -1 < g; for the other eigenvalue of Wa close to .

4.3 provided we have Q_, . #0 and qé(-ﬁ)w# 0 . The definition of
’
Q4 a and the subsequent computation show that
’
() w3 >0

ié sufficient for both inequalities.

PROPOSITION 2. Let a € (a,a,) . Then v;1'?(0) =0 and

0
_ - _.—1,a -1,a,2 -1,a,2
ay (-1 = -uy o) [ vy e 2 1%

i
PROOF. 1. For{ 0 # z € C,

. -z z,a .oz
(2 gilz)i= -1 us (0) + vy'7(0) + z*vy(0)

' 2

with thé solutions (ﬁz}ei):g + C” i=1,2 , of the systems

1
z

z ~ 1 z,a
u Aa‘t)v -3 Aa(t) vy (t)

z - i=1,2

1 - _ _2 Z,a
- Ba(t)u z3 Ba(t) uy (t)

. Z
e v
N, z

with initial conditions 0 € C°

w]—

at t =
- /

2. Using variations of constants and det SZ a(t) =1 on R, we get
: r
1
=2 . . z,a _ Z.3& /s__1 z,a
fuy = 0 Vs u 22 Aa vy
© = s, 0 [
et ! -3 \_y2r38 22 -2 g 22
i 1 1 3 7a i \
z,a 1 z,a _Z,a 2 . Z,8 Z,a7
, JO up ) [ Ay Vo VT T3 Ba e Yy ]
B 1

T3 OAERO) L]

‘ -1”£fecail-£ﬂé-end of Section 35T_ma(-1) = 1 will follow from Corollary

-

C.Z,a 1 z,a _Z,a . 2
a 0) [—1 , a . 2 z,a .z,a
2 (@ [zz Pa Vil Vi T 3 Bauytouy I\
" .z,a . .
VE/R0) [eviviiiiiiiiiii et ]
for i = 1,2 . With (2), we obtain
. . ¢0
e - 1 =12 ~1,a,2 . -
as -0 ==t (o [Tyt e e Y
;'TOHA{A yolra -1,a -1,a _~1,a4) -1,a
J_% aV1 "2 2B uy MU Uy T e v (0

0 .
* (-1)< *J 1 {Aa V;1'a v;T,a + 2B, u;1’a u;1,a}> .

e

3. Proof of V51'a(°) =0 and V;1'a(0) =1 : Recall (W, + 1)x, ,
a a,

- . . . 1 .
0 and x_,(0) <0, X,(3) =0 . - Lemma 4.7 implies that (3)_ with

Jwaxa,o = {...,v,u) is a solution of eq. (4.1) ~with z = -1 and ¢1 =
=4 = L 1, _ oo 1 1 .
¢2 ¢3 o, and’we have u(~§) = xa(§) =0, v(-g) = xa(O) < 0 . Hence
u . u;1,a
= x_(0)] .
a -1
v Vs @

. . . __1_ _ . 2 . ‘/ C * "1
With. v(0) = x_(-3) .and u(0) = x_(3) = -x_(0) , ﬂS_1’a(0) = ( /)
so that det 8_1,a(0) =1 yieldé v;1'a(0) =1,

In order +to derive (1) we introduce polar coordinates. The columns
of S__1’a y, 0 < a < as v i.e. the solutions of

u = -Aa(t)vr, v = B_(t)u

N s ,‘, 14 0
with initial conditions (0) and (1> at t = _% , are given by
-1,2 _-1,a a' a _. .
(u, Ty %) = ry (cos ei,51n.e?) ,i=1,2,

. . a La 2 . L
with the solutions (ri,ei):g +- R of the nonlinear, decoupled system

Gy r X [Ba(t) - Aa(t)] sin 6-cos ©

2 o2 2 .

8 = A (t) sin® & + B_(t) cos” 8 = A_(t) + [B,(t) - Aa(t)]vcoSz 5
a1, _ _.a, 1 a, 1, _

such that ri(-3) = 1.=ry(-3) , 87(-3) =0, 85(-3) = I . Therefore it

is enough to show

PROPOSITION 3. There exists as € (a,az) with

< 02 I
05 8%(0) < 3



.

. 1
. 5.2 On —5,0] ’ 80 < e; - g . Proof (as above): We have eo(-%) =
for o < a < ag . )

oL . a,_ 1, _ = : 1 o T 1
PROOF. 1. There exists ag € (a,az) such that 6?(0) =7 for a in . 62 6) 3 . Let t € (-3’0] with 90 < 3 on 'grt] be given. On
- . a : ’ 1
(0,a3) - Proof: V21'a(0) =0 for o <ac<a, gives g5(0) € 2m , for gl
such a . Observe that for a v o = é% , the positive cogfficients Aa éo - [Ba '»Aa] c052 90 . Aa .

in eg. (3) tend to i% uniformly with respect:td t € R . The

and By ] a The inequalities 7 < 6, s & and 3% < e; S 7 yield cos? 8y < cos? e;
- .a 1 - P PN LT 42 %0 22 i
relations 63(-3) = F and 0 <85 on [-3,0] exclude #6507 ¢ Zr g ‘ 1 .
- t1v elose o ‘u on z:t] . (H2) and (4) give B, - 2,>0 on (-¢,0] . It follows that
for a sufficiently o . i

. e . ea o1 . e
3 ' By < 8, on’ (-z,E
2. Let a € (a,a3) . Note 0 < & for all solutions of eg. (3) . 0 ’2 G’ 17 ‘

. 1 ‘ _ 31 _ sa 1. ‘ and one concludes th <X 5o < a8 |
3. Proof of 85 = é% -85(=3 = *) @ set B := =5 - 85(-3 ) . Then : at 8, £ and 85 < 8y on (-¢,0] .
. ) 1 a 1, _ w _ _ sa,. 1 T v,
g% (-1) = T = 63(3) . Properties of x, give 6- 8l73) > 83(-3) - 7 =0 =67(-3) and 6;(0) <7 now imply
1 1y o ex (= +)) = } a T
g lx (=3 = ) - ) = gyl=x (= *)) gy © %Xy s OF ‘ 67(0) <5 .
(@) A (-t- ) =B, and B(=3- ) =3, . e ‘
( a3 a a3 a REMARK. Condition (H2) guaranteed a supercritical family of bifurcating
Hence ' \ . periodic solutions (i.e., for a > a ), see Section 1. In the proof of
d% = 83(-1 - .y = a_(...) sin’ 9;(..-) + B (...) cos EPARERY fed it i ' De
5 (-3 a . ‘ Proposition 3 it is used once more, now to the effect that the supercriti-
- B, cosz 9% + a_ sin 9% , ‘ cal solutions Xy have minimal instability: There is only one Floguet
i . v ' - multiplie tsi : ipli i ri m i ilj
ana by uniqueness of solutions, eg - g% . . - _ yo) r outside S , namely the multiplier 1ph§;1ted from 1nstab}llty
3T . ra o ) of the zero soluti i¢ i ) inui
s. In particular, eg(_%) -3 with 0 < 82, we get . ro solution, whlgh'can‘?ot be avoided because of continuity.
a,, 1 1 T 37 RGN - \ 7 . : '
8;((—%,0)) = (é%,ﬂ) and 92((_3,_5)) c (7,—2) . . | COROLLARY 1. Let a € (a(a3) . Then ma(—1) =1 and -1 < g; < -1 + ¢
. PR , - . 1y o1 i i 1t i '
5 we compbre the solution 90:3 < R of eq. (3) with eo(_g) =7 for the unique eigenvalue g;. of Wa in (-1 + ge) ~ {-1} .
{ a il . . -1,a
| - PROOF. 1. = [ .
with the solution eg . 91(0) € [0,2) implies uy (0) > 0 . Therefore Q-T,a #_0 ,
: 1 a, 1 s . | _ s
‘ T ) L. Ay I and Corollary 4.3 - = -1) .
5.7. On [T%"%)), 6y > e; T2 proof: ?learly % g &% 2 Y g}Yes g (=) Ja( b By Propositions 2 and 3,
. ‘ . j (-1 =1
let t € [_l;_l]ﬂ with 0 < eO in [t,—g be given. On the interval a . i
37 6 . ; 2. Recall Corollary 3.1: We infer
1 f S ‘
le,-gl » : \ ‘ 1T=1 o m,(z) = x : “ig(2)
™ 6, = [A_ - B ]sin2 6g * By - ; ‘ FEcre TrEclve
. N 0 a a a . ) , - (with Proposition 4.3). 95 is analytic. By Proposition 1 and qé(—1) <0
s 1, - T s . T -— o that % g ©
0 <8, and 8y(-g) =g give 0 s65<7 on (tr-gl » s 2 2 (Proposition 3),
) ' .2 .a 1 i ;
< é% on'.[t."%l , and thereby sin? 8y < sin” 8, on [t,-gl - 4 oL iglz) € 2z .

z < =1
: ; i = ! b'4 is strictly increasing - .

Hypothesis (H;) lmplle% that B, = agy 0,%, Y. It follows that 9, has no zero on . (-»,-1) , and one zero in
on [-%}O] , with Aé(-%) = Ba(—%) . Using (4), we infer A - B > 0 on , (=1,-1 + ¢) which must be the unique eigenvalue Ef # -1 of W_ in

. S 1 . ) -1 .
%] , and therefore 90 <'e§ on [t,—g] . We conclude ‘that 0 £ eo + Ee

['13'7"

and 6, < ég on [-%,—g] .

0




6. HYPERBOLICITY

We return to the operators V, ﬁrom Section 3 . Let a €”TGTE§)I'For“

. > 2,n ~ n o n - :
zegC and n € N, (Va - z°)" = (Wa -z) o (Wa + z) ,:and the results

- 2
about o(W,) imply 1€o0(vy) » 1 <E; € o(v,) , and |z] < 1 whenever

(1,621 3 2 € otV .

Furthermore, 1f Ma(z) ‘denotes the algebraic multiplicity of z in

C ~ {0} considered as an eigenvalue of -Va , then Ma(1) = 1 and

SRR B
Ma(ga) =1, . g
(We might also have employed the Spectral Mapping Theorem to deduce

results for Va from Wa .)
This means that Xy is a hyperbdlic periodic solution of eq. (ago)

"with one unstable direction".

PROPOSITION 1. There exist a, € (a,a;) and a continuous map a > Y,

from (a,aé) into .Cl such that each Vg is an eigenvector for the-e;—l
/

genvalue gi {of v, with v, %,1 ;0 <y, s and Y, > Yy as/)a v oo .

? cooy 2 4 '
PROOF. By Corollary 3.1 (iii) Ea - eXP(giu) as a ¥ o . By (3.2),

v, >V, in ¢® as a ¢ a . Recall that the function Y , ¥, (t) =

exp(%gat) for t € [-1,0]1 , is an eigenvector‘of Va for the eigenvalue

exp(ds,) (Section 2). Find a disk Cg , 6 >0, and al € (a,ay) with

2 - 4 . - "4 < a< a' . For such a , set
{Saf = (exp(35 ) + cl Cg) MoV, for a<ac<a |

' 1 7 - -1
wa.:= Ty Ir (Va z) dz (wa)

with P(t)>:= exp(%gu) + Sexpl(it) for 0 £t £ 2m ; i.e. , apply the ei-

~ . . 2
genprojection from -C onto the generalized eigenspace of Ea to -the

fixed vector wu (compare [4,14]). Then w; > wd as a v g . Choose a,

in (a,az) so small that 0 < ¢é' for o < a<a, , and set

:= 1 ' for these a .
Yy ¢ TEZT va

7. COMPARISON RESULTS

The elementary estimates in this section constitute a link between lo-

cal and global behavior of solutions of eq. (ago) . They rely on two simp-

le facts: Positive initial conditions produce increasing solutions,(be—
cause of positive feedback, 0 < ggo(g) for. 0 < [g] £ v ), and a dif-

ference of two solutions which is initially positive increases also. The

last property is due to monotonicity of ‘go in [=-v,Yv]

PROPOSITION 1. Let a > 0_. Let solutions x:[-1,«) - R, y:[h1,d) -

|20

of eqg. (ago) be given; Set ¢ := Xg v Y o= Yo » d :=x -y .

(1) If y < ¢ and [x| £y, |y] vy on [-1,£'] for some t' 2 0
then 0 <d on (0,t'] and, for 0 < t s t' + 1,
0 < agyly) min d s agy(y) ale-1) s é(t) < a d(e-1) .
— v /J R
(ii) If v < ¢, |yl < % on, [~1,») andrvl¢| < % then there is

t* > 0 with x(t*) =y and |x| <y on [-1,t¥) .

If ¢ <‘¢ , fy[ < %“oh [;1,&) and [¢]| < % then -there ié

t* > 0 with x(t*) = -y and |x] <y on [-1,t*) . l
PROOF. 1. Note 0 <.d on [-=1,0] . Suppose d(t) < 0 for some t in -

(0,£'] . Then 0 < d on [-1,t*) and d(t*) = 0 for some t* € (0,t']

Hence

02 2 A(t%) = gy(d(e* = 1) + y(e* = 1)) = gyly(e* = 1)

Jd(t*-1) + y(t*-1)

gy (E)a .
y(t*=1)

With 0 < &(t* -~ 1) , [x(t* - 1)1 <y, ly(t* -1 <y

0 2z d(t* - 1) min gh
[=yryl

a contradiction to 0 < gé on [~y,y] . This proves 0 < & on (0,t'] .

Now let 0 < t £ t' + 1 . Using eq. (ago) as before, and gé(y) < gé

<1 on [-y,y] , we infer

a d(e-1) 2 d(t) z agyly) d(e-1) > 0 .



: ' . -1) 2 ag} in 4.
With -0 <d on (0,t" + 11 , ago(y) d(t-1) ago(y) TiT,O]

2. We only conéider the case U < ¢ . Suppose x| € ¥ on [-1,®) .

. . . -
By (i), 0 < agé(y) ?1? 0 d'¢<d on (0,0) , and d(t) = as '
=l

N

a contradiction to |yl < % on »[—1,w) .
| )

It follows that |x(t*)| =y and x| <y on [-1,t¥) for some

£ > 0 . Guppose x(t*) = -y . Then, by (1), 0 <4 Oh,uigft*,imll_rjﬁﬁigﬁ

a(o) < af(t*) , or

N

S x(0) - y(0) < -y = y(t¥) , x(0) < -y +
N <X
a contradiction to |¢] 5 .

for o < a < agy and for

i Y
‘We choose ag € (q,§4) W;F?,,m;% [xal <z

; Vér solution
each a € (a,a5) a number ro(a) >0 59 sma;l that for e v

i ‘ , 1 -1,21 .
x of eq. (agy) w;th xy € % + Cro(a) ;x| < 7 on -1,

Proposition 1 yields

COROLLARY 1. Let a € (a,ag) . For every solution x:[-1,®) * R of

i o * Xn < *") there exists
eq. (ago) with X € ¢; + cro(a) and X, > ¢a ( 0 ¢a e &

t* = t*(xo,a) > 2 such that

IXI ’<(’:V'Y on [~1,t*) and x(t*) =Y ( x(t*) = -y ) .

4
|
l
\
\

II. ON HYPERBOLIC FIXED POINTS

Hypotheses "and preliminaries. Let £:D +~ L ~be a Ckémap, k€N, on an
open subset D of a real Banach space L with norm- | | . Suppose £
has a hyperbolic fixed point x* : For A;:;igg(x*) ;
o(R) N8 =¢ .

Then there is a decomposition
(®) L=1"e1®
into A-invariant closed subspaces such that the induced maps
"3 x+ax e and. 1 3 x + ax € L5 have SPectfa outside and inside
S , respectively.. 1" . is called the linear unstable space; Ls is called
the linear stable space. The decomposition (®) defines projections pu of
L onto L% and p® of L onto L% .

Occasionally, we shall write x% for pux,9 ;;s for psx .

The induced map in %% is an isomorphism. There exist an equivalent

I

norm | [* ‘on L 'and a constant g € (0,1) with

(u) |av|* z‘q—11v|* ‘on LY,

(s) |avi* s glv]|* on 15 :

We say that with respect to | [* A is an "expansion-contraction".
Existence of | _|* follows by arguments from the appendix to Chapter

4.5 in [12]; compare also Theorém 4.19 [12] on hyperbolic isomorphisms.
For McL and r >0 ,

M* := {x € M: |x|* <} .

*
xr



1. LOCAL INVARIANT MANIFOLDS

We restate Theorem 3.1 from [8] on local. stable and ﬁﬁEféﬁié“manifUI&s

for maps.which are not necessarily diffeomorphisms:

a

THEOREM 1. There exist positive reals r{u) , p(w) ,‘r(s) , p(s) and Ck—

U S* Sx ux . . .
maps u.Lr(u) > Lp(u) ’ S'Lr(s) - Lp(s) with the following properties.
(1) w{0) =0, s(0) =0, Du(0) =0, Ds(0) =0

s _ . U
(ii) U 1= x* + {x + u(x): x € Lr(u)} cD
IULE L f i o r S%

S 1= x¥* + {s(x) + X: X € Lr(s)} c D. ‘ \

(1ii) £|S is a contraction with respect to | |* . £(s) =« 8 . For each

. % ] . * Uk S*
forward trajectory (xn)o of £ ‘1n x* + Lp(s) + L:(S) r %g € S.

(iv) There exists an open neighborhood DY of x* in L with
f(un D% = U . The restriction £|Un p% is injective with an.
inverse f;1:U + L which is a contraction with respect to | [* .

f;1 defines a Ck—diffeomorphism from the submanifold U Snﬁo the

0 of %

submanifold U N DY . For every backward trajectory (xn) -
: -
dn oxr o+ TP L LSY L, x €U .

i r(u) -p(u)

For a proéf, see [8,18]. The "graphs" U and S are called local un-
stable manifold of x* and local stable manifold of x* , respectively.
For their tangent spaces, we have -

u s
. TyesU = 10 1 Tpu$ = L7 - \
An-pbvious consequence of Theorem 1 which does not involve the new norm
| I*V'any more is
COROLLARY 1. (i) Each Xq € S .continues to a unique forward trajectory~

of £ in S , with xn + X* as n -+ «® .

(ii) Each X, € U continues to a unique backward trajectory of £ in

U, with x_+x* as n+-» and x €7UN p% for all n € XN .

n

(iii) For X € UN pY , Df(x) induces an isomorphism T U =+ T U .
X £(x)

'

In the sequel we prepare the proof of a technical.statement on attrac-
tion to the‘local unstable manifold (Proposition:1), and the application
of Theorem 5.2 [8] on chaos in Chapter V. éroposiéion 1 will be used in
Chapter IIi in order to link local to global behavior, in the search for
heteroclinic solutions.

As ip,;hg case of diffeomorphisms in finite dimensions, one can trans-
form £ to amap F with hyperbolié fixed point 0 such that U‘ and S
become opéﬁ'sqbsets of % and 1% ’ reépectiVely;”'

Choose r > 0 with r < r(u) , r < r(s) ,

U*
xr

1 S#%

IDu(x)|f < % on L and [Ds(x)[* <5 on L .

Then

U(r) := x* + {x + u(x): x € Lgf} <D,

S(r) = x* + {s(x) + x: x € Li*} <Dy .
For r' >0 so small that
x* + L;, c p¥

and

u u -
[£(x) - x*¥]~ € Lr* . LE(x) - x*]% ¢ Li* for all x € x* + L¥,

we obtain -~

£(U(xr) n [x* + L;.]) C.U(rjir £(S(r) N [x* + L;.]) c S(x) .

.. X X 4
(Proof of the first inclusion: For X € U(x) n [x* + L;,] , X €TUN p¢

U

Hence f£(x) € U - F(x) = x* . ; : o,
' o%x fx) x* + y + uly) with y € L.ty - P uly) =0

— u .
and y =y~ give y = [£(x) - x*1" ¢ Litu)>, or f(x) € U(r) .)

Now consider the transformation TI:DI +~ L defined by

T (x) = x = x* - s(lx - x*1%) - u(lx - x*1%)

[x - x*1% - s([x - x*1%) + [x - x*1% - u(lx - x*1%)
for all x € DI . Note

TI(X*) = 0 and YDTI(x*) = id .



~

. (for x* = 0)

Xu —:‘S(XS)——/

i Ul(r) is equivalent to
COROLLARY 2. (i) Let X € DI . Then x € U(r)

S
o €1f .
o (x) € I® , and x € S(r) is equivalent to Ty (%)
1

o .
i i . For x € S(r)
(1i) x € U(r) implies DTI(x) TXU cL

s
L .
‘DTI(x) TXS =

i ] D c.D of
The Implicit Function Theorem yields opgn neighborhcods II T

* v 1= maps DI onto VII
X and I of 0 € L such that TII : TI\DII P 1 ‘
; ‘ =1
k_‘ v v - T L 11
\ : i DT... and DT a
and has a C —inverse TI}: 11 > Ly w1tb TII r Tyg s 1T IT

pounded and PII c X* + L;. .

é are isomorphisms.
COROLLARY 3. (i) The maps DTII(x) , X € DII .

T X induces an isomor phlsm from Iy
(ll) if x €D 1 U then D ( )

onto . '

1\

: en T X lnduces an isomor hism o
( iii ) If x €D ns thi D II ( ) X

- onto Ls .

PROOF. 1. Assertion (1) is obvious from th? chain rule.
u
. [ 1% : We have
2. Proof of TII(DII nNU) Vg n

. : u s _ .
D..NUeD NUC (x* + Lr* +1%) nuU=U(
II _

A\

. 1 ollary 2 (i) .
e )] n c ) r < r by Cor 1l

T__(D n u)y < VII is clear.

ITIT

3. Proofiof v v

u
g NL < TII(DII nNU) : For v € Vir N LT,

I

! . S
x = TII(y) € DII =D, - By Corollary 2 (i) , x € U(r) <« p_.
! _ u ooy . k

4. It follows that_‘T (DII nu = VII n L , and TII induces a C'~

II

diffeomorphism of the submanifold DII n U onto the submanifold

u

VII nkt . Thisg implies that all DTII(x) ; X € DIIWU Q ;- induce isomor-

. u_ .u
phisms of TXU onto T TII‘X)L =L .

IT

5. The proof for x € DII ns

u -
(x)(vII nLy)=~=r
is analogous.

Note £ o T;}(O) = x* € DII . Continuity implies existence of an open

neighborhood V c Vi, of 0 € L such that f o T;}(V) <D

TE}(V) is an open neighborhood of x* . The transformed Map

I
Dv =
F:V 3y = Tii(f(TEl(y))) €L

is cX, with F(0) = 0 and DF(0) = A = Df (x*)

.

COROLLARY 4. (i) For all x €D

v f(X)

T (E (T () .

(11)  Fwaih i, F(vn1®) < s . Thevréﬁaipder
R:V 3 y =~ F(y) ; Ay € L
is * with  R(0) =0, DR(0) = 0 and

Rv ALY e, Rev n 15 < L®

i}

(1i1) For yevn 1, p° DR(y) p* = 0 .

For y € v n 1%, p" DR(y) 'p°

0 .
PROOF. 1. x E:DV gives TII(X) €V , and

£(x) = T (T (£() € £(T71(V)) € Dy = Tip(Vpy)

Therefore

-1 ' _ o -1
£(x) = Top (T (£(x))) = Top(Tpp (£(T71(T L (x)))))

-1 : '
TII(F(TII(X)))) .

u -1 : o ~1
2. For y€VNL oy TII(y) € Dv c DII c DI apd y = TII(TII(y)) €

1¥ . Corollary 2 (i) yields T l(y) = U(r) . With

-1 , - ‘ -1 :
Troly) € Drp © ¥ + L¥, , E(T1(y)) € U(r) . By £(T;{(¥)) € Dy < PI and
by Corollary 2 (i), F(y) = TII(f(T;}(y))) € 1% . This proves F(Vn L% <



1Y . The proof of F(V n LS) < 1.° is analogous. The other parts of asser-

tion (ii) are obvious.

3, Proof of pu DR (y) ps =0 for yevn 1% : R(V N 15 < LS gives

S

DR(y) LS = DR(y) T (V 0 L7) < Tp ()L~ = 15, or p DR(y) »° =0 .

N

For the proof of Proposition 1 below we need exgansion—contraction

properties of the ponlinear map 'F . Choose € = Cp > 0 with
i -1

g ;hc <1 <q - C

and r(F) >A0 so small that

with -

c > |p% DR(y) |* + [p° DR(y)|* + |DR(y)|* on Vg .

COROLLARY 5. For y € Vg .

Ip% R(y) |* s cly™|*

(q—1 _ c)lyul* < lpu Fly)|* < (lAl* +~C)lyul* ,
PP X A CE Rl
PROOF. For Y € Vg, vo € LitF) = Vg N 1S . By Corollary 4 (ii), p” R(y) =

pu R(y) - pu R(ys) . The straight line from ys to y is céntained in

-

VF so that the Mean Value Theorem implies

2% Riy) |* 5 cly = ¥[* = cly"]*
Using (u) and Pu Fly) = Ayu + pu R(y) one obtains the estimate of

pu Fly) . The eétimate of pS F(y) 4is proved analogously.

PROPOSITION 1. Assume dim ¥ =1, L% = RA and AL = EX with &> 1.
Ux . )

\~and [-p,0]A < Lr(u) with p > 0 . ‘ '

\h\\ There exists o' € (0,p) such that for every open neighborhood A
N : '

of 'x* + {x + u(x): x € [p',pIr} (0f .. [=p,=p'12} )

there is ‘r(A) > 0 with the following properties.

@ e I < Bl
(11)  x* + LE,, <D -
(iii) For every X € x* + Ly, with
(x - x*1% - s(lx - x*]él‘E (0,%) % (cer € (2,000 )

there exist points Xy = X 1 x1', cee oy xj ; 3 =3(x) €N ;in D

with Xy

= f(Xk) for k =

and x.

La)

-0)



of\_

2. PROOF OF PROPOSITION 1.1

We give a proof for the statement not 'in brackets. ’ S

. . . U% _ - .
1. Consider .p > 0 with [-p,plA < Lr(u) . Set PF i= TII(VF) and

P TII[DF . Choose p" € (0,p) with

x*4+ {x + u(x): x € [0,p"]1)A} < DF .

T, :=

Proof that there exists 0q > 0: with [0,p1]k < TF(x*,+ {.v.})

The estimates of Du(x) and Ds(x). on LE* and Li* , respectively, in

Section 1 and the Mean Value Theorem imply

Ju(x)[* < %]x|* < % on LE* P |s(x)L* < %|x1* < % on Li* .
Choose p, so small that for all y € [0,p1]X c 1t ,
v d T_1 x*]3 % g om \ *
y € Vp an | [Tp (v) = x*17|* £ p"[X|* .

‘ o1 . . : y ;
For such y , z := Te (y) lies in Do, «Dyy Dy =D . Corollary 1.2 (i)

; : Uk 1
gives =z € U(xr) , or z = x* f g + u(x) with x € Lr = (-rvr)TXT; A
We have x € [-p",p"]A since |[x|* = [[z - x*]"[* g p"[A]* . It remains
to show that = € [0,p"]A . x = B\ with =-p" £ B8 S p" and y = gk with

0 £ a < £ imély

ah = yi= To(z) = To(x* + 8A + w(gh)) = B - s(u(gh) ,

I

see the definition of T, . We have s(...) =y with ox = (8 - YA .

A

By BA = x € L7" , [u(@n]|* |8A|* . Therefore wu(g\) € LZ* , and

- N

[xAl* = |s(u(@)) [* s 3@ |* s Flar]

y] s %]ﬁ[ . This yields B - y = 0 and 8 =0 in case g =0 , and

g - iﬂa 0 and B >0 in case o > 0 .
2. Thé-next aim is a variant of Proposition 1.1 for the map F . We,
show that there exists p{ g (0,p1) sﬁch that for every open neighborhood
of [pa,p1]X there‘is r(A,F) > 0 with the following properties:

* N N
a,m <V : N

% ) S u © N
T, F) ~ L with vy €.(0, )X there exist

points yq =Y , ¥Y{ ¢ +e- Yy o4 i=3ly) €N in Vg with

and for every y € L

Ye41 = Fly) for k=0, ..., 3-1 and Vyj €A .
‘ 2.1. Choose p? € (O,p1) with
(1) pq|x]* < Ty
and p} € (O,p?)'ﬂwith
(2) (Ja[* + c)p} < o) .
Let an qggnmpeighborhoqg>rﬁn‘9f [p{,p1]A be given. By compactness, there

exists é € (O,rF) with

(3) [ofroqn + L% B . o :
Choose «r(A,F) > 0 so small that for all vy € L;(A;F) ;-
(4) Iy%]* < ox|a|* ,
(5) lyS]* < e < o -
It follows that L§(A,F) < Vp -
. Let y € Lg(A,F) \‘Ls . Then yu # 0.. Assume yu € (0,2)x .

with

2.2. There is no forward trajectory (yk):. cf F in VF

Yo = ¥ . Proof: Otherwise, Corollary 1.5 yields

lypl* oz (g

- %% * >0 for all ke N,
a contradiction to Yy € VF for all k€ N . - —
2.3. It/follows_that there exist points ;0 SY 1Y eeey Yioq in

with vy

VF and Yy € L~ vF

rollary 1.5 and by (5),

sl = F(yK) for « =0, ..., k-1 . By Co-
0 < (g - af [y 5 [y,

(6) lygl* s [¥°]|* <e<ry, for k=0, ..., k.

We have i

lyl* > o]

. . . . : .
since otherwise kal* < p%lkl* <z (with (6)) , a

F

so that Yy € VF

contradiction.
2.4. Let Jj denote the smallest integer in {0 , ... , k} with
ISR
By (4), 1 £ j £k . Corollary 1.5 and (2) give

u
5% = 1p% Py ) [* 5 (2% + o) [y [* s (Ja]* + e)py[a]*

< oy [A]*

We observe yj €V (from (1) and (6)) and

F



u "
(7) prlaf* < lygl* < ot IAl* < oqAl* ¥
ly?l* <& (see (6)).
In view of (3) and (7) it remains to show that y? is a positive multiple

of A . The latter is a consequence of yg = yu € (0,=)x , of

u = ! U, = u u - - ‘WA T T
o, = Ayg + PRl T EY Y P Rly,)

and e '
\Pu-R(YK)i* < Clyzl* (Corollary 1.5)

for k=0 , oo , 3-7 ,and of c <1 <e-

3. We show that there exists p' € (0,p") with

TF(x* + {x + u(x): x € [p',p"1rl) = [pi,p1]x :

,y#0 and T; (y) €U ; in particular, ) e

For all__y.e_[p;qulk

U~ {x*} , and thereby 0 # [T;1(y) - x*]u . Now compactness‘implies that
there exists p' € (0,p") with

(8) [fT;1ky) - x*1%* 2 p'|A|¥ for all § € [pjrpqlnr -

For such vy , T;1(y) = x* + x +u(x) with x € [0,p"1x , see part 1. With

(8)., i
xl* = [T @) - w10z e
or x € [p',p"1A | ‘
4; Let A f£e an open neighborhood of x* + {x +uX): x € [p'/pIn} @
o o+ [x + u(x)% x € [p',0"1n} .“Byf£ﬁe choice of p" . ‘
x* o+ {% +u(x): x € L[p',0"1A} = Dgp

and A' := TF(A n D.). is an open neighborhood of

F »[p{,p1lk , see part 3.
i ! in . Tk
: consider r(A',F) according to part 2; LE¥ v g © Ve - Choose x(A) > ©
~.so small that.
e L L . * * o ¥ S -4 S*
W weagg, S0p o T T i) SErunm 0P Tre) T e

Consiﬁe; X € X¥ + L;(A) with I[x - x*1% - s([x - x*1%) € (0,%)Ax . Then
N .= o -~ * s . >
vy s TF(X) E‘Lr(A‘,F) . The def1n1t10§.of TI shows that

0= e - w1 - sx - x¥1%) € (00

The result of part 2 guarantees the existence of points Yo =Y « y1 ,‘...

e g yj ; J €N in VF with"-‘yk+1 = F(yk) for k=0, wee s 5-1 and

e .
5

Set %, := T; (yk) , for k=0, «.. o j . Then Xy = X Xy € DF c D

-1 ' =
Xj € TF (A') = AN DF c A . Corollary 1.4 (i)

R _ o :
Tip(Flyy)) = TIp(F(Tr (%)) = £(x,)



ITIT. POINCARE MAPS AND SOLUTIONS CLOSE TO xa"
Summary. The initial values ¢; of the periodic solutions..

perbolic fixed points of Poincaré’maps P, on open subsets, D, of a hy-

xagabecome”hy:,w

perplane H < C . The linear unstable spaces are one-dimensional, norma-

lized eigenvectors Aa € H converge as a ¥ a (Corollary 1.1). This per-

mits to describe the position of segments Yy, of solutions starting in

the local unstable manifold of ¢; , with respect to x, , in terms of
r

elementary inequalities for a - o > 0 sufficiently small. Corollary 1.2

contains preparations for this.

The parameter a is then fixed, and droppéd. We continue with

g, = 2agy -

Section 2 introduces local stable and unstablé manifolds S and U for

* ) Proposition 2.1 is the comparison result for solutions y with ¥y
¢ , 0 .

in U~ S.c H prepared by Corollary 1.2. . i

Section 3 contains the strategy for the search of sine-like nonlinea-

rities with heteroclinic solutions h from x (with h0 € U~NS ) to

another perlodlc solution, and preparatlons for this search.

In Section 4, a transversallty property is explained and charac-

i
3
terized. ;

and a c1-ma§

1. POINCARE MAPS

Let o < a
<. ag o and let X 20 denote the- semiflow R X C» C given

by the solutlons X :[-1,®) + R of eq

(ago). $he restriction of X to

al

1 R R
1,0) x C is C'. Consider the hyperplane
H:= {06 € C: $(0) = 0} = ker ev

where ev:C 3 ¢ f ¢(p) € R . Note ¢; = Xa‘O €H.
, ;

We have ev(X 4 = « (& X
( a0(3,¢;)) =0 . Xa(§) =_xa(0) < 0 implies that the par-

tial derivative of
(t,9) =+ eviX ,(t,6)) = x(t) ,
with the solution- x:[-1,2) + R of eq. (ago) starting at x, = ¢
0=
with respect to t &t 4 : »
t = - 3 Ky - '
(t,9) ( ,¢;) is different from 0 . An applica-

I4

’ (

~

‘Ta:/¢; ¥ Crd(a) > (1,2) -

with 1_(¢*) = & andxfo£ .
all
a8 37 A er(a) ’

ev(Xao(Ta(¢)L¢)) =0,

or.equivalently,

Xao(Ta(¢):¢) \€ H ’
and finally

é(fa(¢)) <0

with i - | |
the solution x:[-1,%) =+ R of eq. (ago) starting at x, = ¢

0 . We

set

N_ = ¢* + C

a

*
a ry(a) *

The map P_:N_ 3 X_
BN, % - Xao(ra(¢),¢) € H is C1 . Let ‘iH denote' the in-

clusion H » C *
|
at Hr1(ay = iy (N)) . The Poincare’map

. Set =
D, := ¢ 3

Pai Dy 246 » B (iy(9)) €&

5 1
1s C and has the fixed point ¢¥*
.



i i i in the in-
p is also compact sO that there 1s no continuous inverse 1n
a

finite-dimensional space H .
Note the formula

' 3-1 k
(N PI(6) = X! Ip 1, (B (0),9)
N i i 3 ] N .
for all ¢ in the domain of the iterate. Py s 3 € y o
‘ The inequality x(t_(¢)) < 0. for the solution x:[-1,#) > R of
. a ' .

= x (1 (0) * j)J[-1,0] ¢ H,

eq. (agy) with Xy = ¢ €Dy implies XTa(¢)

or

C=H®R XTa(¢)
j i - onto H parallel to the tan-—
so that there”is a progectlon  pa,¢ ,of C ¥

: = ¥ of the trajectory
gent vector mpjxao(ra(¢)r¢)j xTa(¢)

+ Cc
R ot ~ Xao(t,¢) €

= . One computes
at t ta(¢) P

0= - v (0) for all V€ C .
Pa, ¢

0 .
x(Ta(¢))‘xTa(¢)

As ‘in finite dimensions,

DP = ] D,X T_(d),¢) o i for all ¢ € D_ .

a(¢) pa,¢ ) aO( a( )r$) H . a |
Yy | i 'P. <4 € N, and if.

i is i a J ' -

More generally, if ¢ is in the domain of J , 2 ‘

¢ = ¢ ¢ = P ¢ t =v t = t + [¢ . fOr k = 1 r oo 1

0 roYk+1 é( k)" 0 Tk k a( k) .

j-1 then

o]
=

ng(¢)1= Pa by 0 DyXaq(yr9)

'In particular,’

*) = N oV_ 0 i, -
DPa(¢a) Pa'¢§ a H

From the last formula one obta%ns {compare [31])
D ¥y ns=9.
\ c(DPa(¢;)) = c(Va) ~ {1} . G(D?(¢a)) S .
“ i i i . The onl oint in
Thaf\is, ¢; ig a hyperbolic fixed point of Pa The Yy P ‘

s - 2 praically simple eigenvalue with
. ) ide S is EZ , an algebr
c(DPa(¢a))\>§utSl =4 a

eigenvector - : o

' e= .‘\ €H-
P2 1T Paez Ve

-y 2 -1 g
Define ¢ € E by ¢g{t) := expizE,t) — cos (grt). for L N

COROLLARY 1. 1lim ka =7 .
avo

5 r “ 3 Le= & 1 2
PROOF. For o < a < ag and t €°R , set ua(t) : .§f767 xa(#) and

. a

Y (e) == B (t-1) . Then (¥,,¥)(0) = (1,0) , and for all t ,
Uy (£) = agy(x (t-1)) U (t=1) = agf(...) ¥ (t) ,
Vo (e) = Uy (e=1) = agylx, (£-2)) §_(£-2) =

= agh(...) By (8 - 3) = cagy(...) H () .

Here we used the symmetry ((s)) from Section I.1 . For a ¢ o , we have

that (ﬁa,ga) converges to the solution of the initial value problem

W= ov , v = -au , {(u,v)(0)

1 :

(1,0)
i) xa(t)' > COS8 (%wt) , uniformly for

uniformly on  [-1,0] . Hencé

t € [-1,0] . The definition of Py o* and Proposition I.6.1 now imply the
14
a

assertion.

COROLLARY 2. There exist a € (q,as) , >0, 68>0 and r! > 0 with

2
the following properties.
(1) 0< 5 % forall § €+ C, -1 <ts0.
(44) lgptg) = 1] < §%ET for -8 <g<s
(i) [ag -zl < §
(iv) «]¢;L + 2[rL[Aa| < min {§,v} for -ry < r <)
(v) The solution w: [-1,») » R of

w(t) = agd(x, (t=1)) wit-1) , w, = A
satisfies 0 < w2 ; or equivalently,
*
0.< DZXaO(Z’?a) Aa .
PROOF. 1. There exists t

4

€ (—%,0) with 0 < g on [—1,tc) , 7 <0 on
(tg,O) . It follows that the map '

-1,015t » ff zeRr

is positive and increasing on (_1'tC] , and decreasing on (;C,OJ . One
computes j91 z > 0 . Hence
0 <5 ¢ forall te (-1,0] .
2. Choose ¢ > 0 such that for‘all r €g +Coy E >0 on [—1,-1]
and jE1 E’> 0 on —%,0] . For such Z , we obtain part (i) of the as-

sertion.

Choose & > 0 such that (ii) holds. Corollary 1 implies that there



. ith
exist a' € (a,as) and ré >,0 wi

€ ‘ € (a,a")
1A, - gl <5 for all a € (a,a’

and

lox] + 21l € e
i i :[-1,°) = R
3. For ag > a ¢ a , the solution Wa'[ ,

(o) = agy ey (1) WlETT) o g = Ra

converges to the solution y:l=1,2) = R of
‘§(ty = ay(t=1) » ¥Yg 7 [

- . <
i formly on [ 1,21 . The result of part 1 yields O y
uni .

Therefore 0 < y on [1,21 , and 0 <Yy, -

. i lary 2, we set
CFor = € (a,3g) 38 in CoroliEW L

gq % a9p

and drop the index a £from now on:

¢*% = 6% + X T x, r Ty = ro(a) T r1(a) , N
‘ p=2, »D=Dg P=P, s r= Ay e
Instead gf
g2,

we shall write

We set

< min {8,y} for all &€ (0,2") +

2. DEPARTURE OF -SOLUTIONS FROM THE LOCAL UNSTABLE MANIFOLD OF P

According.- to .Section II,1sthere is a decomposition
(1) =1"e1°
into DP(¢*)-invariant closed subspéces. We have
Y =R 2 V
and
DP (%) A = wA

where u > 1 .

Let pu and ps_ denote the projections onto % and  1®

, given by::
) . . u u s s
(1). Occasionally we shall write ¢ for p ¢ , ¢ for p~ ¢ -«
There is an equivalent norm | |* on H with réspect to which

DP(¢*) induces an expansion on LY and a contraction on LS
For McH and r > 0 , we set
ME o:= {9 € M: [o]* <'r} . o
An application of The&rem Iif1.1 to P yields radii r(u)_} p(uj ’
r(s) , p(s) and C1;maps ‘u , s ; a one-dimensional local unstablé mani-
fold U of ¢* ; a local stablé manifold S of ¢*: with codimension 1 ,

and an open neighborhood NY corresponding to DY in Theorem IT.1.1.-

COROLLARY 1. .For every solution y:[-1,») -~ R of eq. (g1) with yd € S,
|v] <.% on [-T,®) .

PROOF. Corollary II.1.1 says that Yq defines a forward trajectory of

P . The definition of P , T(N) < (1,2) , r, < r and the choice of T,

(Section I.7) imply the assertion.

COROLLARY 2. Let p > 0 with [-p,plX < LETu) be given. There exists
p' € (0,p) such that for every open subset

A ¢* + {¢ +uld): ¢ € [p'.pJA} of H

(oo € [-p,~-p'1r} of H)

there is r(A) € (O,rj) with the following properties.

St S S%
(1) PTHE () < Ipls)



(ii) for every solution y:[-1,%) = R of eq. (g1) with

u _ s 0,%) A
YO € ¢F + H;(A) and [Yo - o*]1 - S([YO ¢*] )y € 7

( : and oo e € (-N'O))\ )

there exists t(4) = t(A,yo) > 0 with

-

ly| < % on [—1,t(A)] and v (p) € A . - .
i ; i si-
PROOF. Let p > 0 be given as above. Consider p' accordlng to P;opo

: ; ‘ rdingto_Pro- ;
tion II.1.1. Let A be given as above. Consider x(A) according—to

‘ um t i) is satisfied.
position ITI.1.1. We may assume r(A) <vr1 . Property (

Let y:[-1,9) + R Dbe a solution of eq. (gq) with

and 6 - o*1% = s(ls - ¢*1%) € (o,w)g
‘ € (==,0)x ) .

¢ 1= ¥y € 6% * Hi(p

(e and .o

Then there are points 0g = ¢ , ¢q s «co 1 Oy v

- €N, in D with
N .. -1 5
41, (o) ' e !

and

. €D .
¢]

/

‘ =1 . . . s N = (1 2) ,
set t(h) := ig t(¢,) . The definition of P , t(N) ,

(Section I.7) imply the remaining-part of

L

r1 <I!’_"0

the assertion.

and properties of .x,

Coroilar? 2 &ill be used in Section 3 below. »
The‘next res@lt describes solutions y:[-1,°) =R of eq. (g4) which
start on' U 'cloée to ¢* . Then y(0) =0 = x(0) . It is natural to ex-
pect Y. > E¢ (or y,< x, ) after a while, for the following reason.
The difference yy = ¢* 1is close to a multiple of the tangent vector
‘ * to U at ¢* ; A is close to g $COrollary 1.1); ¢ is positive on
;gégtﬁ of [-1,01 ; pairs of initial cohdiﬁions with positive d;fference

definé\solutions with increasing difference (Section I.7).

PROPOSITION 1. There exists r, > Q with

. _us
1) (mxps) A < Ty (u)
such that . N
(1) for every solution y:[_.\‘]_.i,co) +~ R of eq. (91) with =

¥ = o* + & +-u(¢)v and ¢ € (O;Iz)k (and . ¢ € (_rZ’O)X Yo

(ii.1)  |y| < % on [-1,2]

~and

. (ii.2) y > x on (0,21 (y <x on (0,21 ) .

PROOF. 1. u(0) = 0

and Du(0) = 0 permit to. find ‘r2 € (O,ré) N (O,j)
with (i) and ’ ‘

lan) | s [xA] _min {1,3757) for -r, <rs<x

2. Let r € (-rz,rz) r ¢ := rh . Consider the solution y:[-1,«) - R

with Yo = o%* + ¢ + u(¢) € Uc ¢¥m+ Cr .mEhe choice of r

0 (ggétion I.7)
0 .

implies |y]| < % on [-1,2]1 . This proves assertion (ii.1).

\

(see Section 1) and y(0) =-0 = x(0)

yv(t) = x(t) = a IE;1 {go o [¢* + rA + u(rr)] - gy © o*}
for 0 £t g1

The Mean Value Theorem implies that for every v € [-1,0] there exists
8y € [0,1] with
go([...](v)) - gy 8*(w)) - rg(v) =

gole*(v) + 6, [rd + u(@M1(v)) [...1(v) - rg(v) =

go e lrdlv) = rg(v)] + (ggl...) = 1) ré(vfl+ gglees) ulra) (v) .
The argument of ga is bounded by min {§8,y} -~ (see part 1 and‘Corollary
1.2 (iv)) so/that Cofollary 1.2 (ii). yields

lgg(eead] 1 and  [gyl...) =
With Corollary 1.2 (iii), we obtain

1]<a€—;—|—.

[gq ([ 1(0)) = gy (0% (v)) - rz(v)| < [r|E
0 "9 3

= |r|e .

£ ‘ .
3T x| [z] + Irx|3Ti
In case 0 < 1x < r, , division by r yields

(g, (1.1 = g, 6*()) = g <= on [-1,0] .
With Corollary 1.2 (i), we infér

0 < %jf;1 {...} on (0,1]

which implies
y>x on (0,1] .

For some t € (1,2) , y, > X_ . The choice of a in Section I.7, g. =
t t ‘ 5 , 1

ag, with o < a < ag and assertion (ii.1) permit to apply Proposition .

I.7.1 (i); we obtain y, > x, .



In case -I, < r< 0, we find

A
—_
~

1 t-1
0 < EJ—1 {...} for 0 <t

hence ‘

afE;1 {...} <0,
and -

vy <x on (0,11 .

As above, one conciudés that y < x on all of (0,2]7.* ,' B

3. INTERSECTING H ABOVE AND BELOW TEE LOCAL'STABLE.MANiFOLD

Set © := {x : t € R} . Recall [x| <

I

REMARK 1. Our aim is to change 94 -outside the interval I-v,yl to a
periodic function g which is sine-like in the sense that there is only
one zero in the périod inter&al (0,w) , in such a way that there is' a he=
teroclinic solution h:R - R of eq. (g):
- hy € U (and hy o as t =+ -=), ‘
and for some t > 0 , ht €S+ w (so that ‘ht, converges to the
periodic orbit’ o + w as t' + « ) .
ho ‘will then become a homoclinic point of a modification P' of P

which on a suitably small neighborhood of h0 in H is given by fol-

lowing the semiflow X of eg. (g) until it reachés H + w , and by a

I

- translation modulo w back to H . N

piece of heteroclinic trajectory
between U and S + w, in C




- @

——L__——”here, p = P°

‘dotfed: image of shaded‘region,

under the map P

Let us defer the discussion. of transversality of the homoclinic point

h0 to Section 4, and concentrate on the search for g  with a heterocli-

nic solution. The target set S + @ will be a submanlfold of codimension

1 in the hyperplane H + w which divides a neighborhood of ¢*F *t W in-

to upper and lower halves, both open in . H + w - It seems not likely that -

one can construct g so that a solution h reaches the "ghin" set

§ + w j it will certainly be easier to flnd g so that a solution reeches

the open halves above and below S + W - This is what we shall pursue,

) with an applicatlon of the Tntermediate value Theorem in mind, in order to

find a nonlinearxty with a heterocllnlc solution.

! . .
DEFINITION. Let 6 ¢ B with [¢ - o*1% € Lijs) pe given. ¢ is said to

lie above (below) S if and only if
: (6 - ox1% - s(lo = 0*1%) € (0=
™ ( ees Lo € (== 0)A ) .
Y . g
Clearly ¢ €S is eguivalent to

fom g¥1% - s(lo = #1120 -

The next result provides inequalities for initial values close to o*

which guarantee that solutions reach H above or below S . This will fa-

cilitate the construction of g considerably. The proof uses Corollary

2.2, i.e., @& consequence of the technical Proposition II.1.1 .00 attraction

to subsets of local unstable manifolds, together with Propoéition 2.1 and

parts of section I.7 which are specific results for ed. (g1) .

PROPOSITION 1

. There exists an o 4
pen neighbo
ghborhood N, € N of ¢* in C

‘with the following properties.

For every solution y:l[- ’
y:[-1,2) ~ R of eq. (g1) with ¥y = 6 €N
+

ly} <% on [-1,2] and Iy - ¢*1% € L%
and o . T($) Lr(s) *
yT(¢) is above, on or below S . A
In case ¢* < ¢ (. ¢ < ¢* )

exists t = t(¢) > 0 with

ly] <y on [—1,t) and y(E) =y (... EEEYE) = -yo)

In case yT(¢) € s,

ly| < % on [-1,m)1_

——2-_—”,‘shaded: above S

cone:

6 > 6% cone: ¢ < ¢*

A trajectory 0 § t - » i
Xy € C starting in Nf with X > %

reaches H after'a time ight 4
‘ of flight T(xo) ~ o3 above S.

serve that . }
the intersection of the open cone with vertex ¢

defined by’ ¢ < d* or ¢ > ¢* with H is empty

PROOF of Propositi
on 1. 1. Choose p € (O
: /T,)  with [-g,p]2
2 plr < Lr(u)

Conside .
i X o} € (0 ’p) such that the assertion of Corollary 2.2 holds true
. ‘ - '

r Yo(¢) is above (below) 'S , and there



h o= o] e ShOW that there eXiStS ‘an Open neighborhood A

wit P i . W

[0] {¢ (¢)' o] € [p ,p]k} i Cc such that for every solution
L + u : in V!

+
yi[=1,2) + R of eq. (g1) with vy, €A 4

1,2 :
\yl < % on [-1,2] and x <Yy on [1,2]

i i i ry ¢ in
" ition 2.1 implies that for eve
Because of p < ¥y Propositi

[

* {¢ + ulg): ¢ € [p+,p]x} there is an open neighborhood
x + : .

with
. ’ on 1,2]
ly| < % and X < Y [1,
of edq. (gq) with vy, [

2. Similarly, there is p_ € (0,p)

of Corollary 2.2 holds true, with p' = p s
- ith
~worhhod - A~ ~OFf ¢pF .+ Lo *+ u(¢) o € [=ps-p Tiay wi _
. 2 for all solutions
ly\ <X on [-1,2] and x > y on [1'K] ‘
2

y:[-1,») + R of eq. (g4) with. y0 €A -

+
3. Corollary 2.2, applied to A n H
- - . .th
£ = r(a¥ nE and r =r N H) .in (O,r1)i‘w1
ce of | = | ‘

s S l 11 € ¢* + HE, ]
() (¢ — 6*1° € Lr(s) for a o ¢ T ) B
where r* := min {r+,r o

i . ) with
such that for every solution y:[=1,2} > R of eq (g1

] - w o - 6*1%) € (0h=) )
vy € o + g;* and ¢*] s([y0 o}

[ G % and ces

there exists t(y);= £(a¥ n H,7q) > 0 (... t{y)

with )
ly| < % on [-1,t(y)) and Ye (y) eatnr (...€8

\5\4. corollary 2.1 yields }y{ < % on. [—1,w) for solutions

y:[-gt&) + R of eq. (g} with v, € o* + HE,

[yo ¢*1 - s(lyy - 6¥1%) = 0 . )

5. Parts 3 1 2 above imply that for solutions yi[-1,2) = R

i a
eq. (g1) with vy, € ¢*‘f H;* an [y

( aes € ("”rO))\ ) . )
lyl < % in [-1,t(y) + ZTl‘and x <y in

‘ : ‘and y'< x in v
‘ ( oe- _ .

of

“in €©

€ (-, o)A )

=t nHEYyy >0)

ne)

and Yo €S ; i.e.,

of

for every solution yi[-1,2) = R

so that ﬁhé assertion in brackets

and there is an open neigh-

.

v - 6*1% - sllyg - ¢¥17) € (0

and to AT n H , yields existen-

lt(y) + 1,tly) + 2]

)

. part 5. With ¥ =

Recall x| < % - Proposition I.7.7 (ii) yields existence of t* = t*(y)

in. (£(y) + 2,®) with |y| <y in [-1,t*) and y(t*) = y (... = -y ).

6. Choose an open neighborhood N, N of ¢* in C so small that

N, < Cl (recall |x]
3 .

eq. (g1) with Yy € N

< % ), and for every solution y:[-1,») > R of

Iyl < % on [-1,2] and YT(YO) € 0% + HE,

(recall 1 < t(yy) <2 J.

For such solutions, [yT(y y - $*1° ¢ 15% is

r(s) ' See () , and y

T{yy)
above, on or below S .

The case Xg < ¥y € N_ : Proposition I.7.1 (ii) implies that for some
t = E(yo) >0, |y] <y in [-1,£) and y(f) = y . By the choice of N,
€ o% + HE,

T(Yo) is above, on or bglow S

Assume "below". Then the solution y:[-1,») = R of eqg. (g1) with

¥y = yT(Yo) satisfies |¥] <y in [-1,t%(3)) and v(t*(3)) = -y , see
y( + 1(yy)) |[[-1,=) , we obtain é contradiction to the
properties of E(yo) . ; ‘

Assume "on".” Then ]§| < % in f-1,m) , see‘iart 4. This contradicts
Tlyy) < Elyg) and y(E(y) =y .

It follows that y is above S .

" The proof for the case N, 3 Yo < % proceeds analogously.

The assertion for € § follows from 1 < t(yy) < 2, |y| < %

Y1 (yy)
in [—1,2j , and from part‘4.

REMARK 3. Having Proposition 1, we shall look for periodic extensions g
of g1|[—y,y] so that there are solutions h of eg. (g) which start in

U and have segments ht > 6% + w | ht < 0F + ),‘t+ >0 , in N, +w
: . + + '

where w is the minimal period of g . The next result prepares targets
modulo w for this, i.e., functions ¢** + r > ¢* ( P*¥* - r < ¢* ),
r>0, in N+ for which iﬁ will be possible to achieve

ht’(t)‘= GFE(E) + Xt ( ae. o= 0RE(E) ~ 1 + 0 ),
+

not immediately on all of [-1,0] but first only on some subinterval.



I :‘[—1,—%] .

We do not simply set ¢** = ¢* for the following reason. A situa-

tion with ht = g* + X tW ( oo = p* - r t W ) forces g to have zeros

+

at h(t+ - %) and at hit, - 2) , because of edq. (g1) and k(—1) =0,

k(—%)i= 0 . This would at least present an addit
search for sine-like functions g with only one zero in the period inter-—

jonal @ifficulty in the

val (0,w) .
Instead, we modify ¢*  in order to avoid the zero of x at -1 .

We choose I € (0,%) such_that

(1) $* + C2r3 c N,
and o —
(2) o* (=1) + 2r4 < 0 . 8

(—1,—%) ‘such that for ¢** € C with
["Wlt*) ’

PROPOSITION 2. There exists s €
o¥* (£) = ¢*(£) im lt,,0] and §¥*(t) = 6% (tx) iD
. _ .

(1) o** - T3 < o* < ¢F* ¥ T4 .

In particular,

(ii) p** € ¢o* + C
. r
-3
,and ﬁ
i1 - | pEE - *
(iii) o* 2I3 <§¢ r3 < 9* < oF* + I3 < ¢* + 2r3 .
'}
\
}\
N £ 1

PROOF of PIOpOSltlon 2, Recall X (-1 = 0 . Choose t € - -y with
' ( } (
* ’ )

0 < x(t,) <ry and x(tg) < x(-1) + r,
C i | .
onsider ¢f* as -above. We have ¢**(t) = ¢*(t) in [ﬁ Oj
o , and for

-1 St < t,,

O*(£) < ¢%*(t,) = x(£,) < x(=1) + r. x(t) + r

3 3

't ,/ L R - e
(with 0.< x .in (-1,-%) ), and

OFF(E) 2 ¢**(=1) = x(t,) + (=1 - £,)x(t,)

. *
> x(tg) + (-1 -t by th '
> (t* , *)?3 _(by the choice of  t, )
x(t) - x, (with” 0 < x in (-1,-4) and
13

=T -t > -1).

. .
n order to deduce from h, (£) = o**(t) + r, + w px*
ee = *(t) -
+ ®w ) on some subinterval : '3 v b
I [-1,-3]
of [-1,0] that h
€ o* '
t+ o* + C2r -+ w and ht (t) > ¢*(t) + w
(h, (t) < ) : : ’
€, . on all of [~1,0] , we need a further eleﬁentary consi
deration. V

We ch
oo§e ry, € (0,r3) so small that
(3) ¢*, = 2r |

< pEE - _
3 <. ¢ T3 ry < ¢FF - Iy o+, < 9%
< gRk 4 _ :
rq r, < ¢*f + g +ry, < o* + 2r3
and
4 Y
@ 9y () + Ty < gty .

In addition, we fix -a constant

€y < gql=y) < 0.



PROPOSITION 3. There exists 8 € (—%,0) such that for every differen-

/ .
{iable ¢ €. C with cy < $ <0 on [—1,0] the following holds.
(i) 1f X(e)i— r3 - Ty < ¢(9) g x(8) + T3 7 Ty then

x(t) - 2¢3 < o(t) < x(t) + 2z forall ©E€ [9,0)

A
o+
n
o

(ii) I x(8) + £y v Ty S 0(8) them %(t) < o(t) for ©

N
o
n
o

(iii) If ¢(8) £ x(8) - Iy T, then ¢(t) < x(t) for 6

PROOF. I, < X3 and x(0) = 0 permit to choose 8 €‘(-%,0) with

\\

4
0 < ec1 <ry - Ty and x(8) < T3 - ry -

Consiéér. ¢ as above. For p st <0,
e(aiz o(e) = 4(e) + J§ &z e(e) ¥ (k- B)y
1f in addition ¢(8) § x(8) r T3 * Iy © {6(8) S x(8) - Tyt x,d

then we obtain
(by the choice of © )

2

b(e) £ $16) S x(O) + Ty® T, < 273
' (by 0 €x in- [-5,01)

< x(t) + 2r3

{then we obtain

o (t) £ ¢(9) £ x(6) - ry +r, <0 (by the choi £
] hoice o

s x(t)

T : .
he choice of 6 in the proof of Proposition 3:

?roof of the lower estimaté: If in addition

! x(8) - _b
x(8) - xy - r, s ¢(8) {x(8) + xy - r, 5 0(8))

then

d(t) 2 x(8) - -

(8) Ty T, - ec1 > x(t) - 2r3
(with the choice of 6, and with x <0 on ( !
: "'510] )

{then ‘

o(t) 2 x(8 - :

x(8) + r3 r4 - Sc1 > x(t}

( . .
with the choice of 0 I3 and x <0 on ( 310] )}

(by 0 sx in (-3,00)}.



4. A CONDITION FOR TRANSVERSALITY

N

Recall that we want to find a periodic extension g of'“q¥+f~y7y}n,

with period w oy such-that there is a heteroclinic solution h , with

X = ho € U .and ht € N+ + w for some ‘t+ >0 , so that after an addi¥
. . 1 ) 5

tional time of flight T(ht - w) the ségment‘ ht € C reaches S +w in
+ .

H+ @ . In terms of the modified Poincare ’map P' from Remark 3.1,

P'(x) € s .

The transversality property we have .in mina includes

B

= : ' .
H TP'(x)s ] P? fx) ?XU

or eguivalently, since TP‘(X)S has codimension 1 while ” dim TXU =1,

DP' (y)v  €° TP'(X)S_ for -some nonzero “y € TXU .

In/the present section weilook for sufficient {(in fact, equivalent)

conditions for this which do hpt involve P , B' or =T and which can be

expressed in terms of the nonlinearity g alone.

For t; as above, there is a decomposition

- w) o DX(t, /%) s

DP' = DY
P'(x) T(ht+

because of periodi?lty; recall P = Ea and Ba(¢) = Xao(ra(¢),¢) on

N, = NN, . Let |veTUN~ {0} begiven. Since h, - w €N, in the
\ . +

last formula and ﬁzx(t+fx)v € C are obtained from h and from‘the 1li-

.near variational eguation along h , i.é., both in terms of g and g' ,
QéTQPlY look for a suitable condition on points yo € N with g(yo) é S
and‘oﬁ\yectors' Wg € C which ensures S

DE(yg)Wy £ TE(YO)S .

PROPOSITION 1."fet y:[-1,%) = R be a solution of eé. (g1) with Yq € N,
and g(yo) € S . Let w:j—1,m) > R be a solutioﬂ of

wit) = gl(y(e-Nw(t=1) .. _
If there exists t 2z 0 with w(t');# 0 for all t' € [t—1,t]’\then

DR (yy) ¥, g T

By, ®

Moreover, the forward iteratesiof >X1 1= g(yo) .and V1':= DP (y4) Wy given

bY Xpyq = P(Xy) € 8 and v

el DP(xn)vn for n € N satisfy

v T
£

n S fo; all n€XN .

n

r

PROOF. 1. A§sume 0 <w in [t-1,t] for some t 2 0 . (In case W, < 0

consider -w instead of w .) By Proposition 3.1, |y[ <‘% on [-1,®) ,

and the coefficient in the linear variational equation along y. is boun-
R T e ) Lo .

ded from below by gi(E) >0 . With 0 < W, , we infer w(t') » «» - as

t? > o

2. i ' := := n - & 7
Define 't, : T(yo) and t ., =ty o+ i1 T(xy) for n € N . Then
Xy = XT(tn’yo) = ytn for all n €N,

o ‘
vy = D@ 0 BY(ygdwy = ) 0 DX (t .,y )wy for all ne€ N,

- 6(0) . ' ' -
where p(n)¢ = ¢ - §TE;T ytn for all‘ ¢ € C (compare Section 1).

3. Lgt n € N . Consider the solutions y:[-1,) + R of eq. (g1) with
Yo = Xp = ¥y o+ @nd w:i[-1,®) = R of . ‘ |
n . .

wit') = gi(y(e' = M)Wt - 1) , Wy =v_ .

. We show that there exists t >0 with w >0 on [t-1,t]

From y = y(- + t )[[-1,2) we see that w , w(- + t ) and v+t )
. A =" n * *n

satisfy the same linear variational equation on RY . Part 2 implies

v - _ wit ) |
¥y = Vn T Pm) e, T Ve T i(tn) Ye
for the initial values. Hence
_ w(tn) .
w o= w(e + tE) - §7E;T y(f + tn) on [-1,x) .

. Y .
Notg y(E* -+ tn).e g1([j§,%]) for -1 £ &' . Recall part‘1i.
R . Al :
4, Suppose Vo € TX S ‘. There is a C —cu?ve o:(=1,1) = H with

n
p((=1,1)) @8, p(0) =x, , Dp(O)1 = v .0 <uw giees

0 < szi(t,p(O))yo . Continuity implies that there are a constant function
¢ >0 in C. and ¢ > 0 such that
ByX, (£/0(+)) Do(-) 12 ¢ on [-e,e] .

Let y:[-1,#) » R denote the solution of eq. (g1j with §0.= o(e) €S .
By Corollary 2.1, ly] < % on [-1,®) ..|y| < % on [-1,%) and

y(t) = y(t + t ) for t z -1 (see part 3) give [yl <

[ N1
o)
a4
—
1
-
~
8
~



too. We obtain

V. - L = X, (£r0(€)) = Xy (&,0(0))

fE(en » X (g0(e"))) (€N det = §€ D,%; (£e0(s'))Dp(e) 1 de’

\a

2 g6 >0

(with the monotonicity of the c-valued Riemann integral).

An application of‘Propositibn I.7.1 (i) to the difference

yields
0 < gily) €¢(0) < d on [-1,®) .

a contradiction to boundedness of § and Y -

~ REMARK. The condition in Proposition 1 is also necessary for

v T § for all n emﬁ .
n g X n - i\
sketch of proof. Let vy , W be given as in Proposition 1. The points Xn

in S tend to ¢* as. n > ® . By an inclination lemma for maps which are

not ngcessérily invertible (see [8,36,181),
1 + 1y
an‘*_mk a;n-»oo
(Here one uses Vv, ¢ TX S.). Corollary 1.2 (v) and cbntinuit§ now imply
n s

that for n sufficiently large,”D2X1(2,xn)vn has no zero in [-1,0] .
/ :

' Consider tn := TQyO) + Z?—1 T(Xk) as in the proof of Proposition 1. The
| k ; . .

solution %:[—1,wb + R of the linear variational equation along

v+ tn) with &0 = v, satisfies ]%(t')l > o as t' - « because
%2
Wi o+ tn) and &(' + tn) satisfy the same linear variational eguation as

= D2X1(2,xn)vn has no zero and gyl + £y - 1)) 2 gi(%) >0 .

~ON
w 'y .and for the initial values we have
N ‘
- _ n-1 _
LV, = D(P o) 2)(y0)w0 =P ° D2X1(tn,y0)w0
_ w(tn) &
tn y(tn) .tn

wit,) '

Therefore ~w = wi- + t ) - ?TE;T yl+ + tn) on [=1,®) r

and boundedness of y yields Jwien)| == as t' > @

For the application of Proposition 1 we need

PROPOSITION 2. Let iR~ b i
Y:R R e a solution of eq. (g1) with Yo €N, and

B(yg) €8 . Let w:[-1,2) ~ R beée a solution of

WE) = gy (y(e=1))w(e-1) ,

and let ¢ € R. be gi ;
R. glven such that w, - cy, has no zero.

Then there exists- z )
t 2 0 such that w_. has no zero.

PROOF. R aRd T B R €S g A e
Yg € N, and E(YOZ € s imply |y| < % on [-1,») so that the

coefficient of the linear variational equation along y is bounded from
1 alo Y m

below b v L : 4
‘ Y gj(5) >0 . It follows that the solution w - ¢y tends to o
N . L4

or to -« as t » . :
’ > Note that y(t) € g1([—%,%]) on B+



1V. HETEROCLINIC CONNECTIONS BETWEEN PERIODIC ORBITS,

N

HOMOCiINIC POINTS OF POINCARE MAPS, TRANSVERSALITY

summary. The pfpgram sketched in Remark iII.3.1 and in Sectionxlli.4.] is

carried out. We choose an initial value x on the upper braﬁEEABfggﬁggéﬁd
a tangent vector v € T U.; &he nonlinearity‘ 94 is deformed outside the

interval [-Y,Yy] to a oneiparameﬁei family of peribdic nonlinearities

4 £ b g b* , all with a fixed period w , such that at a time t+ > 0

the solutions hb of eq. (gb) through x satisfy

h EN, *uw, with h, . < o* + w < hp*,t+ .

b,t, AN
Continuity and Proposition III.3.1 then yield b € (4,b*) with
() B(hb,t+ -w €S .
Iin Fhe construction of the functions gy , care is taken that the so-
lutions wp of the linear variational equation along hb , with

= v , share a property which in case (i) implies that

5,0

nou LR - " no_
¥o" T Pp,e T and Wt = W ¢

satisfy the conditipn of proposition III.4.1 for transversality.
‘ i

For g := Gy ﬁith (%) the modifiea/ieturn map P' is defiﬁed. x be-
comes a transversal}homoclinic point of P' , with respect to the hyperbo-
L A .

lic fixed point ¢* .

'

1. ESCAPE FROM x IN DOMAINS OF MONOTONICITY

It is convenient to begin with the additional assumption
(2) 0 <gj on (y,= .
We choose an initial value x € U above S and a tdngent vector:

v € TXU < H according to

PROPOSITION 1. There exists r € (O,rz) so that

X = ¢* + rX + u(rix) and v :=Du(ri)x + A € T U
: X
have the following properties.
. ' ) 0 . o . .
(i) . There are a trajectory (Xn)_°° of P in U with Xg = X and

* - . i
Xn ™ [} as’ n - -= , and a solution h1:5 + R of eq. (g1) with

hy o = Xp for all n € Ny

0 . - .
where (tn)__°° in R is given by t0 = 0 and

thog * TOoq) =ty for-all n € -Ng - We - have

(i.1) B (0) <0
(1) © h, is c? , and

(ii.1) =v < h1 on R .

(i1.2) |hy| <L on (=21 .

(ii.3) x < h1 on [1,2] .

There exists t# > 2 with t? ¢ N such that

(ii.4) hy S hy(tf) on  (-=, 4],
(11.5) vy * gy (v) $ hy(eh)
(ii.6) 0 < 51 on [t¥,=) .

(iii) The solution w,:[-1,2) » R of
W(t) = g (hy (t=1))w(t=1) , wy = v
satisfies ’

(iii.1) 0 < w

1 on [1,») ,

(i1i.2) 0 < w, on [2,%)

COMMENT. " tﬁ ¢ N " in (ii) is technically convenient for Proposition 2

below.



~

NS u .
PROOF of Proposition 1. 1. For 0 < r < Iy o rA € Lr?u) (see Proposition

III.2.1 (1)) so that ul(rh) is defined. We have
XX 1= 6% + x4 u(rr) = o¢* as r + 0,
) hence g1(x;(—1)) - g1(x(-1)) <0

Differentiation of»the curve (—r,r2 - r) 23t = ’X;+t €H at t =20

U . By Du(0) =0, lim vV, = AF#F 0.
Xr ry0

In view of Corollary III.1.2 (v) we choose «r € (O,r2) with

yields Ve t= . Du(rA)r + A € T

g1(x§(~1)) <0 and D2X1(2,X§)vr >0,

and set x := x* , v = v_ .

*
r x

2. Xg = X € U extends to a‘(discrete) backward trajectoxry (Xn)E°°

of P (bedllaryAII.1ﬂ1”fii));'Using the solutions of eq. (g1) which

start at X, one can construct hT so that assertion (i) holds true (ob-

serve ﬁ1(0) = g1(x§(—1)) < 0 ). We have

(1) t + 1 < tn < tn— + 2 for all n € _EO R

n-1 1

3. As a solutionon R , h,

ﬁ1 is also C1 so that h1 is C2.

= - * s s p .
4, h,[,tn Xn € U_c D c ¢* + Cr0 , the choice of ry in Section I.7

and (1) yield‘

is C1. Eq. (g1) with =g C1 implies that

Ihy | < % on (-=»,2] .

In addition, x, < h because of h1’0_= Xg = X§ , 0 < x < r, (see Pro-

1,2
position III.2.1 (ii.2)). Using Proposition I.7.1 '(ii) we infer that there

exists t#* > 2 with
" hy(e¥*) =y and |hy| <y on [-1,t%%) .

5. We prove: % < h1 on [t?*,t?* + 1] : Set t' := t?* -2 >0 . Con-
sider restrictions of h1(2 + *) and x(2 + +) to [—1,®).. Note
(2) h2+t) -x(2+t) =y-x(2+t)>y-F= .
Proposition I.7.1 (i) is applicable, because of x(2 + *) < h1(2 + +) - on

11 £y on (e, t3*] x| < % . We get

0<h(2+ ) -%(2+ ) on [t,t +1].

(-1,01 , |n

With (2),
Th2 o+ 0) - k(240 >3 on [t',t' + 11,

i.e. for t#* <t g,tﬁ*,+ 1, t-2 € [t',£'" + 1] and

= Pt - 3y - AR G
hy(t) = hy(2+t=2) > +x2+t~-2)>F-73=7.
6. By (&), 0 <g,(y) $g, on [y,®) . Using part 5 and eq. (gq), we

[N
obtain

0 <h; on [t#*,w) and 0 < g1(%) < h; on [tﬁ* + 1,%)

hence hT(t) +® as t + o , Now it is easy to find t# as desired.



= V.. in part 1. The ~restriction of h1 to (-w,t? + 2] satisfies eq. (g2) since

N g2 o) ].'1.,l = g1 o) h‘1 on\ (—oo,t:’]‘ + 11
= D,X,(2,X)v >0
2™ 0 < g% on [-v,®)

s s . v
7. proof of assertion (iii) : By the choice of

It follows that there is a solution
W1’2

) 2
- : ii.1) and h,:R > R of eqg. ( which is C with
<o that the differential equation for Wy (i1 2:B > R of eq. (gy) ’

. h, = h on (-=,t* + 2] and 0 < ﬂ_ on [t¥*,«)
yield 0 < w4 on [2,%) . e .2 1 . 1 2 1 r
g . : val [-y,y) is a de- hy () = gy (hy([ty + 1])) for all €.z [ty + 1] + 1 .
T £ £ ﬁodification of g,l OutSlde the inter . O S . e
‘The firs

i ‘ ight of :
formation to & constant in some interval to the ;1g | ‘
or: to

+ ( ) . ,—_" —— - - e——
h,‘(t’; + 1) >h1(t#) >y g1 Y

his ste 1ls alxeady lI[lpOI tant for tr ansversallty ;s 1 P mits
’
P t exr t to obtalin

ifi ion of the condi~
lations (proposition 2 below) for the verificati
basic re

tion
' ‘ Y ) CY ) l >0 .
Y — R S —— . . £ r ition 1 »

in Proposj tion TII 4 2 (The app] {cation o P OPOSJ tio 2 below fo‘_‘] lows in

.
the 1()Of of Pro osition 3.2 below. Fo more explanatlons, see
P 1 X Reﬁ\ark
P

: t* . 11 + 1
3.1.) , . [ 1 _
- . We have . .
Define Y, 3% hq(tﬁ 1) :

Y

|
. *
v o<y + g n < yq < By (lEfF 1<y 87 2 . _ /
; * 2) . ' . .
here [t* + 11 1s the integer in (t§ + 1.%7 7 ) -
W 7

o : = Con (==, - E For the .solution w :’—1 » R of
choose a cV—function g,:R ~ R with gy = 94 t A % A . i i) > R
7 . ' : w(t) = gl(h,(t-1))w(t-1) W, =V
0 < g5(&) for "y, < & < hy ([ * h o ! , 2 12 )
i * < g ; we get
0= gé(é) for By (0% iy .
! - ) I w, =W, on [—1,t# + 21,
clearly o ’ : . :
_ < ho ([E* + 11) .
bf< g ion (0,0) and 0 < gé(g) for vyEE 1‘[ 1 0< w2(t) f9r t# *2st< [t? 1+,
L2 : 0 = w,(t) for (e + 11 + 15 ¢,
. * !
4\ _ ///h1 0 < wy([t¥ + 1; +‘q) . |
\ 9 . Sy ([EF 1]+ 1)
N " PROPOSITION 2. With c¢* := —— > 0,
S ‘ : h2([t? +1] + 1)
(1) wz(t) = ¢* h,(t) for all t 2 [t¥ + 1] + 1,
and
____;j;;q , (ii) there exists e* > 0 with ‘
. ‘ ' Wy lt) = o* hy(t) # 0 for [t + 1] + 1 - ¥ st < [tF & 1] + 1
N . , :
< ! PROOF. 1. Assertion (i) is obvious from the remarks above.
eF + 1 = T_z

.

2. We show 0 < gh(h,(t=1)) for all & < [tf + 1] + 1

For t g t¥ + 2

T s hy(e-1) = h1(t-1) < h1(t¥ + 1) , hence




h, (£=1) € (=Y. Bq (&] + 1l

so that
g} (B, (=1)) > 0 . ‘
then N

2 < + <_[t* + 1] + 1
£ )T -1 1) < hy(ey + 1)

_ * < h,(t-
-y < h1(t# + 1) = hz(t1 + 1) 2

= h»\ ([\t’; + 1]) ’

and the choice of gy

_ Hence
cvem, w,(0) =0 . .
3. BY Wy o™~V 2 . proposi-
Y ?l (o)W, (0) = 0 > o* gh By (0010 (0) (part 2, FFOP
wy (1) = g5l )%,

2 "

: tion 1. (i.1))

- o gylny (0))By(0) = e* By (1)

‘ R -
and for some € >0

for all -t € (1 SRR

£) - c* h, (%) #0 : ‘ |
WZ( : Then there is a smallest n 1in

i ii) is false.
e assertion (ii) is | e '
4.‘Suppos | ¢ > 0 there exists tE in
£x + 11 + 1} such that for every :
TN . =0 By part 3. 2 ¢ n . Consider

[n - E,n) with WZ(tE) - ?* hz(t€)

n -1 . For some g" > 0

- " n.— 1%
. yall teln-1-¢%
w,y (£) = c* hy(t) # 0 fo .
Using part 2 we infer

/

- c* ﬁz(t—1)} # 0

il

W (t) c h (t) g (h (t ) W t-1 |
‘ . . . . N
< , ‘7h]ch imp ies a Contradlctloﬂ E o) the propert]es of

1
for n-e'sEED

Y

'

n . \

h. i osition 2(ii)
. The case w, > C*hy 1P Prop e

yields 0 < gy (t=1)) - - . e

The next step is a deformation of g5 to an increasing function on an

interval with left endpoint inside the interval .
(hy(Lex + 11) by (TEF + 1] + 1)) .
This is neéessary for transversality:

Suppose g is a (periodic) continuatioﬁ of the restriction:of g, to
the interval [-y,h, ([t} + 11 + 1)] . For a solution h of eg. (g) with
h0 = X énd for the solution’ w of the linear variational equation along
h with w, = v , we infer ' o

w(t) = wy(£) = o* hy(t) = c* h(t)
for [t? + 1] + 1 £t % [t? + 1] + 2,
since gé(g) = 0 for hz([t? + 1]) £ g < hz([t# + 1] + 1) . Thereby
W, = c* ﬂt for all t 2 [t? + 17 + 2

For the modified Poingare’map P! (see Remark III.3.1 and Section IXI.4),

DP'(x)v will be given by the projection of some w_ € C ,

t
t 2 [t? + 11 + 2 , onto H , parallel to ﬁt - the result is

0 € TP'(X)S .

Set tf := [t¥ + 1] + 1 so that .

tF o+ 2 < t% .

1 3 ' i
Choose t§«€ ty¥ so close to  t¥ that
* * % - * *
t3 + 8 < t2 anhd t3 g* < ﬁz .

Clearly

B o<ty =2 < tf -1 <ty - % <ty o+ § < max {t§ + é,tg_— g*}
< tE < t§ .
Set Yy := hz(t§) > vy and choose a C1-function g3:R‘+ R_ with
g3 =g, on (-=,v,1,
0 < g3 on (Yz}w) .
The properties of h2 , in particular

-y < hz(t—T) < h2(t§) =¥, for t £ t% + 1

%*
2
and

14

hy () = g,(hy(£=1)) = g(h,(t=1)) for & § 5 + 1

imply that there is a Cz—solution h3:5 + R of eq. (g3) with
: : I



[ n

3

= h

2

on

(-, t

*
2

+1]1

—'Y.< h3 bn Ry

0 < ﬂ3 on [t¥,=) »

L
Y o+ g,‘ (v) < h3 on (t'l' ) N
- *
ho(t) = max bs fo; tz tT : ) o
3T (-, t]
h3 .
A
J—”””/””;;;—
92
93 i linear
N\ \
— | .,
92
h2 = h3
1;5 + 1
/ t; + 1
5 ) . >
: *i t\\[tf\‘ + 1] + 1 = 1—_3
L] (e + 1] ?\N\h
A
t* + 1 e
1 ‘ le| 3
LfY\J
1
N 3

2. PERIODIC NONLINEARITIES

Set yy iz hyle) >y, .

e periodic continuiation

g of the restriction of 'g3 to the interval [—Y,Y3] such that there is

a heteroclinic solution h of eq, (g) from X to another periodic solu-~

tion:

The delay in the differential equation implies that for any continua-

tion g of g3|[-Y,Y3] + the solution h:[-1,%) + R with hy = x coin-
cides with hy not only on [—1,t§] but ‘also on the longer interval

[-1, t§ + 1] . This property allows to choose g on intérvals

3 .
ﬁ(t) Pt ET + 1 + close to preséribed values.

/
’

hy(I) « (vg,hy(tf + 1 with I o (t%,t% + 1]
so that eq. (g) steers

’

Two choices of g outside f—Y,Y3}

A 7
N ,<"n
i . ’
’
’
Z g,
rﬁ h
‘\\ .'-"“ .
\ §
\ ot
N g =
\\;' h = h3
‘\ Y3 £5 + 2
9793 l 9
S
* *
t3 l t% + 1 ]




We shall steer h close to é** ( ¢** € N was not far from o* 4

see Section I1I.3), and we shall find t ™ tE + 2 with

h € N+ + W

t
+

where  is the minimal period of g - ) R

The subtleties in the cqnstruction of nonlinearities until now and

inly caused by the objective of "sine-like" functions,

furtheron are ma

with not too many zeros per_peripd, and by the aim of tranéveréality.

Wwe fix some tz > t§ so close to t§ that

* * *
t3 + 6 < t4 + 8 < t2 < t3.,

and define a strictly increasing finite sequence of points 7Y, > vyt

vy 1= By Ef) v

= -,—_‘*. =
Yg ¢ h3(tz) where t_ : t4 + 3. .

Y, will be the unique zero strictly between 0 and the minimal period of

the nonlinearities we are going to construct.

[ Yg T h3(t§) where tg := tz + 1+ 8 > tz ,
Y6 ;=.h3(tg) where ty := ty + 1>t
Yq i% h3(t§) where t% e S 1> t% ’ -
Yg T h3(t§), where t§ := ty o+ 1> t§ . g
’w = Y8 + Y willfbe the minimal period of the nonlinearities to be con-
structed. ‘ ‘ ’
set t, 3= t22+ 2 =t~ 1 . We shall have

ht € ¢o* + C2r + e N +W
+ T3

for solutions h with h0'= x € U .

k‘}\ pefine
g, (8) = gy(8) for ¥ 2 ES Yy
g, (&) == g,(& - w) for w -7Y =Yg

g ..
™
o]
<
3
+
“
i)
‘ 5
- g
vt 0
X - :
-
)
-
Z
\ /
> >
\__—Y——J 1
\__-Y-—__/
. 3
| o
. i
o )
o

h3 on (—oo,t?)‘



' > s s l
Th prdperties of ¢** (Proposition III.3.2) imply
e

2 _
0 < oxx(t - (tj + 1) for t st <]ty t,
% +°1 = t¥ .
bre(e ~ (g + 1) <0 for t, <t St} 3

' . Y y a_
(ey,e3 + 1+ 8] strlcFly incre

maps the interval %

Recall that h3

i i /ﬂml [y,ryel - ‘ L
sing onto the inter: Al . ] YS s C1—fﬁ§c_

i for ¥
1t follows that we can define g4(£)_ 4

tion such that
lg, (hy (€)= Jer(e - (g + D] < xy
4 .

= * *
for all t € [tj,t5+ 1+ 81 = [ey tEl o«

(1)

1 : 0 on (v, ,vel -«
0<g, on [Y4,YZ) ané g, < . ,V5

(Note that we can not simply set

(L e - gy e 1))
g4(£) e ¢**((h3l[...]) (&) % i
since p** is not aifferentiable at *t, € (—1,-3) : i
- Sty = lim b -
Lim o%*(£) = 0 # g} (x(t, = DIx(Es 1) = x(t, C

thty

REMARK 2. The purpo

i r . “gx* on [-1,8]
se of (1) is to obtain h4(t+ + o) =0
=<, . _ (=0, % + 11 - com-
for the solution h4 of eg. (g4)“w1th h4 h}3 on rt3 c

L

pare Remark 1.
/ ‘ s E 5 Ys -
COROLLARY 1. (i) [g,(vg) < g4(8) For Yz 5 .

sl £-g7 g
(ii) For Yy SiE £ Y, and Y |3

) ve 17 g, (1)
. {,——""-“-~\\\\\\\‘ ' l ‘ Y84%>
(IR - Y;\iﬂ | l g, (Y)

PROOF of Corollary 1. For vy, S & £ Yg

9,{8) > min ¢** - ¥, 2 min x

1
=

4 2 g1 _%) - I4 > g1 (‘Y)
= g, (vg)
(by (III.3.4)),‘and;for Yq £y sy

g4(5) < max é** + r47§ max x + r

A

7g1(%) t Iy < 91(Y) = g4(y) .
Use 0 gy =gp on [yivsl .

REMARK 3. The gap between Y3 and y4 will be closed in such a way thét

h, (see Remark 2) reaches the value ¢**(-1) + u - ry o at ot o= tf .
Observe that h4 will then satisfy
t% t* t*
8 [-4 (-2
h,(t%) = h,(t%) + [ h, = + o o h, = + och
4 (£5) = by (£3) Jt§ 4= Yy Jt§ 94 0 By =Yy th 9y © By

h3 maps the inter?al [tg,tZ] strictly increasing onto the interval
[Y3:Y,4] + and

Yy < ¥g < '% tYg t Y- 2:3 < FF(=1) + w - r,

by x| < % ; by the choice of ry in Section III.3 and by Proposition
).

ITI.3.2 (i

i

It follows that we can definé g, on (Y;'Y4) such that <94L[‘YrY5]
is ¢!, with N
gal8) > 0 for vy <y <y,
and

(2) Yq * j

*

4 o~ _ _ )
*g4oh3-¢**(1)+w. r3.
3




— c{)*(t+ . o0) oW
/--\
éj&’, }?5\
Vh4\j\_:‘i
A /\
— Y5 f
& w
Yg .
By
Y4 3
.......... Ys
| | N
’ 70N -
o £ * _
£ty ex . fzotg £} /
i
1
; l\ . . .
REMARK 4. (1) and  (2) together will resu%t in
: [_116] 7

S) m Q% t W - T on
hy(t, + ) b 3
>\compare Remarks 2 and 3.
RN

N
Next the gap between and is ClOSed in such a way that
v - 4 Y5 Y8

] T
g (-, + ] sl and

g <0 for Yy, <& S Yg.s

(3) c, < ggl8) . 2 ‘ | | e
ible bé ce of .c, < g,(-y) , see section III.3,

which is possible becau 1 1

lary 1 (1), and |

(4) 0 < gg(a) for Yyg £ & <¥g - o~

The function g, on

the interval [-y,w + v]

- REMARK 5. Condition (3) will imply Sy < 1"14(t+ + *) on [8,0]  so that

one can use Proposition III.3.3 and extend

hy(t, + 0) m ¢%* + w = xy

from the interval [-1,8] to all of [-1,0] e

Condition (4) is important for‘transversalgty.
Finally, the w-periodic continuation 9y of the function constructed

so far is embedded into a family of w-periodic C1;functions gb:E + R,

b 2 4 , such that solutions hb of eq. (gb) with hb = h3 on (fm,£§)
will have values hb(tg) which increase from

h4(t§) = 0**(-1) + w ~ ra
to e« as b + e« :

‘We choose an w-periodic c'-function g*:R + R with

g*¥ = 0 on [0,y3] U [Y4,w] and 0 < g* on (y3,y4) ,

and set

v
>N
.

9y = g, + (b - 4)g* for all b

COROLLARY 2. (i) Por all b = 4

r
gb ="9'3 on [_YIY3] and gb = 9'4 on [Y4lw + Y] ’
0 <vgb on (O,Yz) and 9 < 0 on (yz,w) .

(ii) There exists b* > 4 with




prx(=1) + @ - Ty S Yy b omny s oxr(-) +u ity

“for all b € [4,b*] , and

t*
(-4
Yq + th gb* oh

PROOF of assertion (ii).

3= oF* (=1) + W +.r3 .

On the interval [tﬁ'tz] , - R S,

+ (b - 4)g* o© h3 .

9
Recall (2) and use
€% Y
(4 g* o hy*h J 4 g*
£ e 373 _—
} g* o hy 2 3 = 7 0-.
t§ max h3 max h
[tg,tzl [tg,tz]
i
i
|
f3
1\: .

o h3.=‘g4 o*h3 . L -

™
g
e o)
\.\ < ,/Fm
e
3 +
" P
0~
EE}
*©
-

PFE(- - ) + w

Q
gl
i)
..C'Q
*
1 . )
[s2]
e :p
*ON
pa}
<
N

:94293



: sts e,
3. TRANSPORT OF ¥ € U AND v € T.U FOR 0= .

i 3! R of egq. {gy)
: ON 1 (i) Let b 2z 4 . There is a solution hb.g +~ R b
PROPOSITI . . 2 :

= and with
(—w,t%} ( and hb,O =x €U ),

with hg = h3 on d with
. .

0 <_hb and v, < hb on (tz,ts]

4 <bsgb*, b <w on

[t ,t§] and
(ii) For z :
vy
Ne .
- w €T ch < S
By, t,

(1) By o

Ty

- w < ¢* < hb*,t+ - W .

= £% -+ 1 .
PROOF. 1. Let Db 2z 4 . For t 2 th o=ty 1y \

n

“y < hy(e=1) £ hy(ER) = T3
["'\_’r"{3] K

= gy (hy(e=1)) -

see (1.3). With gy = 93 on
. = £=1))

/h3(t) g3(h3( S
ields existence of hb‘ with hb = h3 on 5]

This yie .

hb(tz) = h3(tz)_ =Yg s o

. . ‘ .

hb(t) = h3(t) > 0: for t < t £ty

£ st £ -1 sty, and
x £t < t% . Then t¥ < 5
see (1.3). Let t7 ; g
| 1 ( Y ] < (Olw) ’
hb(t—1) =h (t-1) € (y3r 4l =
- e i - >0 .
hb(?) = gbshb(t 1)) .
‘ ' £x] .
Consequentlyy Y, < b, on (t, 5]
N ‘ .
2. Let 4 £Db £ b* . For tZ <t £ t8 y
t% tz N
- (-8 h. = ho(t%) + E * gy o by
o ong(e) $ by (ep) = By ER) Jes 3 (%7 -
K\ ollary 2.2 (ii))
= + Jtz g, o hy S ¢**(-1) + w + Iy (by Cor v
=70 - b 3
. ; Y PRI d
‘ < (by Proposition TII.3.2 (iii) an
< ¢*(-1) + .t r3 w i

by (I11.3.2)).

o
t
[}
=
1
-
un
e
A

‘ . 2.2 (i), we get
< 8 . With eq.,(gb) and Corollary 2. . ¢

£% +k1 + t
=5 * j * 9 © Pp
t

= h 3
3

a2
o
T
+
+
.
I

b

: £ ¥+ 1 + ¢t
T Jt* - J g4 0 by .
: 3

(On"(—”,t§] ’ hb = h3 . h
gy - We have
tz + 1 + t =’t§ + t = t§ + 6 = tg < té,f},,,
Using Corollary 2.2 (ii) and (2.1) we infer

O¥F(=1) + W - g o+ [9FE(E) - ¢¥E(-1) - ¢

[tf,t%] onto [YgrY57] where 9y =

4l“§'hb(t+ .ty

2 RF(=1) + o o+ Ty + [9**(t) - ¢x*(-1) + r,l

Cor .

(1) o** (t) -~ ry -xr, s hb(t+ +t) - w £ pFF (L) + Ty fr, .

For b =4 , with (2.2) instead of Corollary 2.2 :

(2} h4(t+ +t) - w g or¥(t) ~ rg ot r, .
For b = b* , with the last assertion of Corollary 2.2 :

(3) pE*(t) + ry - x, S hb*(t+ +t) - o .

4. Combining (1) with (ITI.3.3) we obtain
(4) ¢*(t) - 2ry < hy(t, + t) - w < ¢*(t) + 2r;
for ~1 £t <6 and 4 £ b g b* . ! ~

Moreover, ¢*(8) = ¢** (@) .gives |

(5) $%(8) ~xy - r, s h (¢, + 8) = w S %(8) +xy vr, .

For b.= 4 , (2) and ¢** < ¢* and T, < Ty vield

(6) By(E, + £) = 0 S 0%(8) =13 + 1, < ¢%(t) for ~Tstsa.
For b = b* , (3) and (III.3.3) give

(7) ¢*¥(t) < hy (t;+ t) - w for -1 st £ 6
while
(8) ¢*(8) + r3 - r,. s hpelt, + 8) - w .

5. Estimate of b (t, + ) for ~3Sts0 and 435bsbr
hy(t, + t) = Ip by (tf + £)) ¢ g © hb([t;,t§1)
< gplly,,wl) ‘ (with v, <hy <w on (t},t3] )

< (c1,0)

: Let 4 £ b £ b*

6. Application of Proposition III.3.3

and (5), we get

¢*(t) -\2r3 < hb(t+ + t) - w < pF(t) + 2r3 for o

Together with (4),

(with (2.3) and Corollary 2.2 (i}).

. With part 5



- * -
h w € ¢* + C2r3 c N+

b,t,
and assertion (ii) is proved.

In case b = 4, (6) for t = 8§
ITI.3.3 (iii). It follows that
hy (e, + £) - w < ¢*(8) for @

A

t

WA

yith (6), we get

R *i
h4,t+ @ < o* .

In case b —\b* , (8) and part 5 permit

(ii). It follows that
o* (t) < hb*(t+ +t) - w for 6 <
with (7), we get

* R
9% < hb*,t+ w .

(see (ITI.3.1)),

and part 5 permit to use Proposition

el




For transversality, we verify a no-zero condition as in proposition

TIT.4.2 :

PROPOSITION 2. Lét 4 < b g b*. The solution wb:[—1,w) + R of

wlt) = gp (g (e=1))w(t=1) , Wy = v € T,0 -

satisfies

L7AY

wb(txm— c* hb(t) #‘O for t, - 1 tLt, .

Before giving the proof, let us describe the concept which led to Pro-

position 2.

REMARK 1. The foundations for P:oposition 2 were laid in Section 1, and by
(2.4). Proposition 1.2 (ii) can now be restated as
< ax B Ten CTEE,tE)— * T * %

(%) Wy < © hy [e3,t ) ;or Wy, > ¢ hy on [tz,t3) .
An ineguality like ‘ Y

wy < c* by on e, - 1,t,] = [t.tf + 1] ‘
relies on behavior of Wy and - ﬁb on the interval [t* t; + 1] =

in the

[t;,té] and on sign conditions for the coefficient gé(hb(--1))

linear differential equation for Wy and c* hb .

close to. ¢* . This forces the sign

was designed to stee h,
9p s desig o r b,t,
of gb(hb(-—1)) to ‘change several times on the interval [t* t§ + 11

: and it seems diffgcult if not hopeless to control the sign of the solution

[tg,tg + 1) .
with gé(i) =0

—_ * ; ; 1
Wy, c hb on thg interval

for all £ 2 hy ([t} + 11)

The construction of Ip

become constant on [tg,tg] . By the choice of

implies that wy and - ﬁb

on this interval - 'soO that the linear variational equa-

»‘\c* Py T c* hy

E;gn shows that wy and c* Eb differ by a constant on the interval

A 1,ex + 1] = (e, eE Y 11
no matter how oscillatory the coefficient gﬁ(hb(-—1)) is on the interval
+* * .
(t 7’t6 VA
In order to determine the sign of this constant, i.e.,

sign [y (£5) —c* By(e5)]

we have

-

(t*) - c* hb(t )y =0

so that integration of the linear variational eguation will give

and (%),

a resul i i i
t provided there is a sign condition for the coefficient

gy, (hy (+=1)) )

‘on the interval (tg;t;]
Such a sign condition is
0 < gé on (sz”) =] (Y21Y3]

from Section 1.

For the final comparison. of Wy and c* h

interval [tg + 1,t§ + 1] we need
0 < gy on [vgrvg) o

i.e., the condition (2.4).

PROOF of Proposition 2. 1.

We show hb = h2 on
[-1,£¢] : For £ < tf =ty + 1,
h,o(t) = h,(t) =

Let

0$tstf.Then -15t-15ts

- < -
| Y h3(t 1) s h3(t§) = Y3
With g, = g, on [=v,v31
gy, (B (£=1)) = g} (n, (t=1)) = gj(h,(£=1))
- (recall I
.'Y i hz(t-1) < h2(t§) =.Ys
and g3 = g; on [fy,yz] ). It follows that «w
same linear differential delay equation for 0
Wh,o TV T Wy g -

2. Part . ]
1r in Proposition

the choice of c*
[t* + i1 + ——
1 1 1 t3 < tg
yield
(9) Wb(t§) = c* hb(t§)‘;

Part 1, Proposition 1.2 (ii) and

t*_ * <
t3 e* < t§ < t§
give
10 :
(10) wy, (t) # c* hb(t? for t¥ st < tr .

From part 1 and from

wylt) = 0 =hy(t) for tz [tf + 1] +1
we obtain
Wy, = 0 = ¢c* hb on [tﬁrtél

b

W o

t

(—w,tg]

and w

% , and therefore

and w, =W

b 2

(see (1.3) and Proposition 1).

(see (1.3).

<

t

*
3

*
£

and

2

7

satisfy the

and

.on thé reémaining "small"

on



i

> c*ﬁg

:Wb

g3(E) > 0 for & >y

[tzlk + 1]

2

g4(£) = 0 for €

.

Proposition 1.2(1iii)
‘The case Wy > c*hb

.

* =
t3

Ll W

[t? + 11 + 1

c*

so that (9) implies

(11) Wy =.c* hb on [tg,tg] .
3. Suppose
(12)  wy > c* by on [t3,t3) .

We show Wy > c* h on (tg,t* + 1]

b 6 :
3.1.,Let tg <t < t§w4,mhen t; <t -1x< t§ ,-and
gg(hb(t—1)) = gé(h3(t—1)) >0
(with
Yy = By(£5) < hy(t=1) {see (1.3))
and 0 < gl on (v,,=) ) ‘ '
so that (12) implies
wb(t) = gé(hb(t—1))wb(t—1) > gé(hb(t—1)) ;* hb(t—1) = c¥ hb(t) .
3.2. For t§ £t < tg + 1, t§ st -125 tg , and (11) gives

Qb(t) = gé(hb(t—1))wb(t-1) = gé(hb(t—1)) c* ﬁb(t—1) = c¥ Eb(t)

3.3. Using (11) for t = tg and the results of parts 3.1 and 3.2 we

obtain the assertion.

4, Proof of gé(hb(t—1)) >0 for t* + 1 £t £ £*

. 6 B

Let tg £t -15 t§ . From Proposition 1,
hb(FE) = h3(tg) =Yg - 0 < hb in (fé,tgl > [tg,tgl ’
hb(t§) < W . s

It follows that hb(t—1) € [YG,wj . Recall

gy = g, om [Y4,w + v] o [Y6,w] (Corollary 2.2 (i)),

gy >0 on £Y6,Y8] (see (2.4)),

gy =990t —~w) >0 on [Ys,w + vl > [Ys,w] .

5. In case (12), w, > c* h on [t+ - 1,t+]

b ’ b =‘[t§,t§ + 11 . Proof:

By part 3, _
wy (E% + 1) > c*'ﬁb(tg 1,
and for t¥ + 1 <t < tg o+ 1 ‘
Wi (e = gy (hy (£=1))wy (£-1) > gé(hb(t-1)) c* hy (t-1) = c* hy (t)

(with parts 4 and 3; tg <t -1< ty < tg + 1), so that

.
Wy > ¢ hb on [tg + 1,t§ + 1]
Recall part 3, and tg < t§ < tE + 1.

‘6. The proof for the case wb < c* hb on [t;,tg) is analogous.

r



INTS
4. HETEROCLINIC SOLUTIONS AND TRANSVERSAL HOMOCLINIC PO N

The constructioﬁ of the functions Iy yields ‘

COROLLARY 1 (ﬁeterocligic solutions) . There exists b €' (4,b*) .

hb,t + o+ w as t + o , hb,t +» o as t > - .
we have

Blby, e w o€ s < Ho

hb,tn‘= Xy for m €&l

Ihy () - w| < % for tzt, -1

| (t)| < § for €20 .

¢ is continuous, with
PROOF. 1. The map [4,b*] > b =~ hb,t+ € x

b

A

:= h -w € N, for 4 b* ,

A

+ ¥ o : (see Proposition 3.1).
Xq < 9* < Xp*

re

.
opPo tion 3 1Ir e that each H 1s below O o}
Proposil 1 ITIT.3. plies P (Xh) € r n r above

f ] inuity, we ob-
‘s ‘ with P(X+) below S and B(X;*) above § . By continuity,

i +
tain b € (4,b%) with Blxy) € § .

- +
] s = = h -w
2. The solution y:[-1,0) ~ R of eq. (91).w1th Yq Xp b,t,

N

satisfies

: £ € [-1,21 o [—1,T(X+)]
\y(t)] < for ’ b

(N1

» LW : 1.1 (i) and

o = .- With Corollaries II.

and yT = E(X;) € S8 where T, : T(Xb)‘ |
* .

IT1I.2.1, we obtain

|y(tj{ < % for al} tz -1,

n . To* as nor ® .
P (y1+) - ¢ \ )
i . > o
N) < (1,2) and continucus dependence .on initial data yield Ve
T J ’ ' ‘ \ .
: i i » . - u is a solution of
£+ . gy = gb(' + ) implies thgt hb( + ) >

' ‘v <X, we.infer
. B . _ and y| < , we.in
eq. (gy). With gy = gq .on (=v,v] l 2

- = y{t) for tz-1.
hb(t + t,) w y(t) »

3. The assertions for t g

0 and n € -EO follow from Propositibn

1.1 since h, = hy = h1 on (~«,0]

.

From now on we consider g :=

9y, and h := hb given by Corollary 1.

The index b is dropped whenever convenient.

The next result exhibits adifference to the examples of chaotic dif-

ferential delay equations from [32,23,10,11,9] :

PROPOSITION 1. . ht g o+ w for all t 3 t+ .

COMMENT. In [32,10,11,9], nonlinearities were carefully designed smoéthed
step functions so that solutions of the differential delay eguations could
explicitly be computed. The semiflow entered a 2-dimensional subset of o

containing a periodic orbit, and there was a homoclinic trajectory which

merged into the periodic orbit in finite time.

Both facts together made it possible to obtain a Poincare’map on a
one-dimensional‘subset, with a "snap-back repeller" [16] (see Prelimina-
ries) - so that chaotic motion in [32,10,11] was a consequence of results

for interval maps [16,15,24].

Proposition 1 shows that the present situation is not as simple.



PROOF of Proposition 1. 1. Proof of h - w # x, for all t € R

+

n(tg) = hir, - 1) 2 x(=1) + © - 25y (proposition 3.1 (1))

> X e u- % , (choice of . ¥ in Section III.3)
>w =Y =g - N
‘and _ o
n(eg + 8) = h(Ex) s B(EF) (Proposition ?.1 (ix)
= h3(t§3' (Proposition. 3.1 (A)) ..
=y, < Yé

imply that for some ¢t € (6,01 , hitf + ) =g . Therefore
hie, +t) = glale, + £ - 1) = glyg) =gV = g0
while '
- Yy T e e
x(t') € g1({—z7z})~~forvallﬁﬁt R .
2. Let t € R . The solutions h(- + t,) - w ‘and x(- + t) of eq.

(g) are bounded on [-1,®) by % (Corollary 1).‘The restriction of g

to the interval [-yv,y] 1is injective since O < ga = g' .on [-v,vl .

Using pért 1 and eqg. (g) one concludes by induction that -

- all n € N, -and all -t € R .
ht+ . A Xiin for € Ny B
Suppose now that ~
. S € .
h —w = xE‘,for some t 2 t, and some t €R /
‘ i o
Tt follows that the' solutions h - w and x(* + t - t) of eq. .(g) coin

|

cide on the interval [t - 1,%). . Hence
~wts ' for some n €
Be, +n T +nrtr-t .

12

a contradiction.

) " Z :
“We complete the points X, , D € —EO , to a sequence 1n D= which

tends fo ¢* as n > ® : Set x+ 1= ht - w (as in the proof of Corol-
. . »

+
lary 1), and x, = () € 8, & = £, % T(x) . It follows Ehat there

2 £n €N, with

\

are a sequence of points X, = P(Xn—1) € S.,

X, T ¢* as mr e, 7

and a sequence of reals tﬂ , 2fng€EN, with

£ =t _ % T(Xq) € tgq + (1,2) for all integers =122

n n-1

t - o as

n =+ © .
n .

so that the solutions h

COROLLARY 2. .(1i) Xp = ht - w
n

(ii) xﬁ # ¢* for all ne€ 3z .

for all n €N .

(1iii) There exists rg > 0 with the following properties.

(iii.1) ¢* ¢ Xg + ¢l Hrs D .
(iii.2) X ero + gl Hr5 for all n € 2 ~ {0} .
(iii.3) For every solution vy:[-1,®) + R

of eqg. (g) with Yq € X0>+ Hr

5

Yy - w €N, . a
t, +

PROOF. 1. w-periodicity of g impiiés that’ h - w is a solution of eq.
(). g=g, on .

[-y,y] and Corollary 1 show that the restriction of

h - to the i ral- i
w o e interval [t+ - 1,®) 1is a solution of eq._(g1). Now asser-

tion (i) is obvious from the definitions of X+ ’ (X‘)T , P, P
n .

2. Proof of assertion (ii) :

exc;ude Xp = ¢F for n € N . Suppose Xy = ¢* for some n € -Ny . Then
htn = ¢* (with Corollary 1), and consegquently

ht =X tn € o for t =2 tn , .

h(e)| < f <w for t2 -1,

a contradiction to

tn =1 <0<t and |h(t)] + ¥ > (Corollary 1).
3. Suppose Xnp = X With. 0 # n€ 2 . Incase n >0, ‘h0.= hy - w
. o n

and h(- + tn) - w of eqg. (g) coincide on

[~1,2) . With 0 < t_
n

h(jtn) = h(0) + ju + ® as N3 j+» =,

a contradiction to Corollary 1.

In case n < 0 , htn = h0 , and h(* + tn) =h on [-1,») . For .j

in N with t_+ jtn € (tn,O] < 5_ ,

ht,) = hit, + 3t ) € h(®) = L, ,

a contradiction to.Corollary 1.

exists

h

4. In view of assertion (ii), part 3 and Xn = 9% as [n] » » , there

r > 0 with

*
o* ¢ Xg * cl Hr 3 Xn for 0 #nez.

0 = X and ht+ - w € N, permit to find re € (0,r) so small that

r

: Assertion (i), Proposition 1 and tn > t
+




1

. . . ' For n # 0 X. € D and X = X > r (Corollary 2) so that P'(x.) =
Xq + ¢l H, <D , and for all solutions y:[-1,2) + R of eq. (g) with " ’n X o 5 *n
0 5 _ - P(xy) - If n <0, Plx)
- w €N, .
+ - . =
5 + . , P (Xn) Xn+1

= Xp+1 by Proposition 1.1. If n >0 ,

by the construction before Corollary 2.

Transversality: Consider the tangent vector

- - - Vg (S VET U (Proposition 1.1)

and its forward iterates defined by

- Vpep T DPU(xp)v, for n € Nj . RN

radius Ty

Recall Xn €85 for neN.

COROLLARY 4. Vo £ T S for all n € N .

Xn

PROOF. 1. Let X denote the semiflow given by the solutions y:[-1,») - R
of eq. (g). We have

DP'(XO)V0 = [DE(X(t+,XO) - ®) o D2X(t+:X0)] Vo

Vi

DP (h - W)w
-t £,

with the solution w:[-1,x) - R of

wit) = g (h(t=1))w(t=1) , w, = v, -

{ . ;

2. Application of Proposition III.4.2 to y/:=’h(- +t) -w and

We modify the Poincare’map P SO that (Xn)°_°°° becones a.h;moclinis ‘ H_== wie + t+} : Corollary 1 and - g = 94 onvphe interval [—y,y]. imply
trajectory. With rg accgrding to Corollary 2, we set ' o - that for.all/ t.> 0, ‘ '
D' o:= {4 GJD: lo - Xol # rS} , A y(t) = h(t + t,) = gth(t '+ t,.- 1)) = glhl{t + £, - j)_— w)
AP-(¢) 1= ﬁ(¢) if ¢ €D and |9 - Xyl > ¥Tg s - : = gy ly(e=1)) .
D' (6) := Ehyt - w) for ¢ € x, * H, where yi[-1,2) ~ R is Note y, € N, and g(yo) = Xq €8 . For all t >0,

5 . . -
oo .
: : t) = t + t = g'(h(t + £, - 1 v (t t, -1
the solution of eg. (g) with yy = ¢ . w(t) W ( +x g' (h( " Dwit + ¢, )
: . = gi(y (e 1))wie-1) .

of D, P is

The map P' is C1. Oon the open subset D ~ (XO + cl H. )

5 . Proposition 3.2 guarantees that Wy - c*'§0 =w. - c*h_ has no zero.

N ‘ e, . ‘

N s s » )

shi i ‘until a return of their segments ¥ to H . _
a shift along solutions Yy - of € Lt follows that for soms €3 0, . o
Oon the open subset Xg * H of H , P' describes solutions whose seg- _ .

r
X ° ‘ 3. Application of Proposition III.4.1 : For all n.€ N ,
i lane H + w afterwards.
ments pass through N_ + w and hit the hyperplar . _ ) ' ]
- + Xpsq = P'xy) = P(x,) and v ., = DP'(x,)v, = DP(x,)v,
‘ ' . £ . . . )
COROLLARY 3. ¢* 1is.a hyperbolic fixed point of' P' , and (Xn)-w is a so that we obtain
homoclinic trajectory of F! - | | vy = DR(by - wlwe = DR(yg)wg € Tp(y S = Ty S
PROCF. We show P'(xn) = Xn+1 for..n € Z : By definition of XJ and and for 2 $n€ N, |
i - ‘v ¢ T S .
’ . : . xn

Xq = BlBg - @) = P'(hg) = P'xg) -




V. ON CHAOTIC BEHAVIOR
N

A prototype of chaotic behavior is given by the shift in two_symbols

o: (b (b_.4)

n)n € 2 n+l'n € 2

oﬁ the space {9,1}2-. With the discreté topology on the symbdl space
{0,1} and the product topology on the sequence space, the latter is com-
pact, and the shift is a homeomorphism_with complicated trajectories. See
[6] for details.

Smale [26,27] proved that difféomorphisms with ﬁrénsversal homoclinic
7 points have iﬁvafiéﬂﬁ sets on which iterates are topologically conjugaté
to a symbol‘shift. Sée also [17,19,21,22] and éilﬁikov's work [25].

These results can be generalized to smooth maps which are not neces-
sarily injective. See [8], or the approach‘in [29] where‘hyperbolié struc-
tures fér arbitrary C1—maps and shadowing aré used.

Of course, one can not expect that restrictions of such maps._are egui-

valent to a shift, which is one-to-one. Nontrivial equivariance seems pos-—.

sible, or better, equivalence of a symbol shift with the shift induced by
the map‘considered'@n a space of trajectories.

The latter is w%at Theorem 5.2 Iéj asserts. To describe this more pre-
cisely, let F:V » # be a map on.an opgh subset 'V of a reai,Banach

space L . (This is a bit:more general than in [8] where V = L .) The

=

trajectories (yn)f of F form a closed subset Y- of v2 (with the

discrete topology on V ). On Y , F acts as the shift‘
g ¥o)y € z (Ype1)n € z " (Fly, )y, € z -
For a finite collection of pairwise disjoint open subsets LI, , «.. o Zn

of V , let Iza denote the map from the set Yy of trajectories in

T, U ... U_ into the space I i= (g, -.v . zﬁ}ﬁ defined by

0
Iz(y)n = Zu if yﬁ § Zu .

with the discrete topology on the‘symbol space {ZO PR Zm} v IZ be~-

comes continuous.

Suppose F is C1, 0 € V is a hyperbolic fixed point, and there is

(5) y_.

a homoclinic trajectory (y. )

n)—w + The result of Hale and Lin guarantees

(under additional hypotheses including transversality) that there exist an
integer k > 0 and sets ZO ¢ oeee o Zm ; mz2z 2, as above with
0 € Iy and Yo €ZyU ... Uz forall ne€gz

such that Iy defines a homeomorphism onto the subset ZI c z givén by

bi+T-=ij;1m»for—_§~= 1~/ oo , m in case~mbiw=-2j P
bivs = I for j =1, ..., % incase b, = zg ,
b. =z i = I
it 1. lg case _bi = Iy # bi+1
which makes the diagram
Ip
hoo” Iz
IZ ¥ ¥ IZ
It 3 '

commutative.
The additional hypotheses mentioned above require an equivalent norm
| |* on L , constants q € (0,1) , r = r. >0, c=cy, >0 with
q+c<1

and an integer j = jF > 0 so that the following Eolds, with & = DF(0) .

(1) [Av|* %vq_TIvl* on the linear unstable .space L ,
|av|* < glv]* on the linear stable space L°
y u ,
- £2) [p IDF(y) - Al|* < ¢ and [p°IDF(y) - Al|* < ¢ for all y in

cl L} = {y € L: |y]* £ r} , with the projections p~ of L onto

u S

% and ps of\ L‘ onto L° given by L =L & L~ .

30 {0} # U(r) < r? and '§(r) c 1° for the local invariant manifolds
U(r) and S(xr) Qﬁt;ined from the application of Theorem II.1.1
to the restrictién. f|L; . V |

(4) DF is uniformly continuous on some neighborhood of 0 € L

23

€ U(r) , yj € S(r) , and F maps an open neighborhood Ay

]
of y_j in ﬁ(r) diffeomorphically onto its image sz(Au)

1

which is a C -submanifold of L with

2] ~
T F =
v 0, e Tyjs(r) L .

The notation in (1) - (5) is as in Chapter II.



We indicate how to verify these hypotheses for a restricted iterate of
the map P' in suitable coordinates, provided the underlying nonlinearity
g is cz. It is clear from the constructions in Chapters I, III, IV that
Cz-smoothness can be achieved. I

Then the semiflow X of eq. (g) is c2 on (2,») x C, ana Sne can use
the Implicit Function Theorem to show that all iterates " '%HK}**TP*+Q>,

2<neN, are C2.

1. In order to satisfy (4), one introduces neighborhoods of 0 in A

and in 1® so that the restrictions of the maps u and s from Section
III.2 are C2. ( P2 is C2, and close to ¢* local stable and unstable ma-
nifolds for P2 coincide with the local stable and. unstable manifolds s
and U of P from-Section. . IIT.2.) ..

As in Section II.1, there is a Cz—diffeomorphism T:DT + H from an

open neighborhood DT of ¢* onto an open neighborhood VT of 0 € H,

with
7(6%) =0, DT(¢*) = id,
u S

L-n VT , T(SnN DT) =L n,vT .

2. Choose v € N with

T (U N DT)

€ UnbD

T for ‘n € -N., Xnv €SN DT for ne N .

Xn\)

The' domain D?Zv) (bf the iterate (f‘)zv is an open neighborhood of the
fixed point ¢* which contaims all x, , n € Z . It follows that the

points ... X3y ’ix—v v Xy 7 X3y 7 " , or better

X 3% X(2n-1)v X REZ
form a homoclinic trajectory of the_restriction

N AV
L (") 1D(2V) noD

We have Xk # ¢* for all n ¢ Z .

Tt

In order to get a map with range in DT , set

;_\ . PNV AVINE
D* := [D(Zv) n DT] ﬂ (@77 (D:)
and T .
.= ) 2V X
p* := (P')°7|D* .
Clearly " .

P*(D*) < Dy , ¢* € D¥ X;\E D* for all n € Z .

. 2 ., . . .
P* is C” since it is given by an iterate of ,(P')z .

Corollary IV.4.4, Theorem II.1.1 (iv) and the definition df P' vyield

l_
(6) D(P*) " (xE) vt ¢ T 48 ~for all integers n s 0, 1>0
. . ) i

if 0 £ v' €T LU .
Xn

-3.-Se;A~V:=VT(D*) ..The transformed map F:V .> H .,
_ -1 .
F(¢) = T(P*(T (¢))) for ¢ € V , is C2 so that (4) is satisfied, and we

have F(0) =0 , F(V) € Vy .

The points ¢n = T(X;) ;, n€ Z , form a homdclinic sequehce of F,

¢, >0 as |n] >« and ¢ #0 for all n€Z .

- v
Set A := DF(0) = DP(6*)2” . We see that 0 is a hyperbolic fixed

point of F , and we obtain (1) with v, 1S , | |* from Section III.Z2,

and with some g € (0,1) . Choose ¢ = Cp > 0 with

g+ c< 1< q_1 - C

and r' > 0 so-small that
(2") for all ¢ € L?f + Lif cVv,

i

|pP[DF(9) - Al|* + |pS[DF(¢) - Al|* + [DF(¢) ~ A|* < c .

4. In order to obtain (3) one shows first_that there exists £v= Iy

in (0,r') with

°E3 S*x . u u
(7) ol Br « 127 + 137 and F@lH) <1V, F@IM 1% :

Theorem II.1.1 implies that there is a neighborhood D c DT of o* in H

such that for ¢ € U»p D , the iterates P(¢) , ... ; sz(¢) are defined
with

U3 P(O) =P 8) , ..., U3 R0 = @00
while for ¢ € S n 5 ,' ‘ V

S3P() =P (d) 4 ooo s 5300 = ®)%V(0) .

Choose x = Ip € (0,r') so small that

; ux s* -1, ~
H; eV, cl H; L + Loy, T 1(H;) =D .

For ¢ € Lg* ; use

pr ("1 (9)) = P2V(T7 1 (4)) € U,

F(9) =‘T(P*(T_1(¢))) € T(U N Dp) = L ; \

similarly for ¢ € L3" .



5. The, first inclusion in (7) and (2') yield (2).
6. Verification of (3). Consider the local stable and unstable mani-

folds §(r) and ﬁ(r) obtained from the application of Theorem II.1.1 to

FlEY .

N

d > . . 0
Proof of U(ry < 1% : Let y € U(r) . There is a trajectory W)

of F in H; with ¢ = wo'. Recall Corollary II.1.5 and its proof*— the

properfies (7) ~and (2') imply

s n
p%ul* = [p° FU_|* s (@ o) |p® v qf* s ..o s (@ o)
: s. u
for all n€ N . Hence pyvy =0, ¢ €L .
= . . -1
The proof of S(r) < ¥ is analogous, with 1 < g - c .

~ . -~ : ~ u
{0} e U(r) is clear since U(r) and S{(r) are open subsets of L

<and L° ' respéctively. \
7. Verification of the transversality conditioﬂ (5). Choose Jj = jF
in N with
oy € Oy ¥, 45 € S(r) <15 .

; g 23
Observe that for all ¢ in the domain v(2j) cv of rJ ’

23 () = (0?3 e
We have

/ = 2]
[’ ¢j F (¢_j) .

{

Property (6) implieé that DF23(¢;j)" méps the one-dimensional tangent

9-5 € V(24

' . .

space T¢ ﬁ(r) = Lﬁ onto a one-dimensional space which is a complement
- j :

23

of the closed subspace T¢ S(xr) = 15 in. H . It follows that F maps

J

" N . ‘ u
an épen neighborhood Au of ¢j in U(x) , i.e., an open subset ¢f L ,
- L . 2 .
diffeoerphically onto its image which is a one~dimensional C“-submanifold

of H , tr&nsversal to §(r) c 1% at ¢j .
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