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Introduction

The twenty-one card trick (21CT) is a classical self working trick with ordinary cards, and not
requiring sleight-of-hand. It is described as follows—the description is literally taken from [16]
but we have changed the term ”"heap” to ”stack,” as indicated by square brackets:

Deal the cards into three packs, face upwards, and request a spectator to note a card,
and remember in which [stack] it is. When you have dealt twenty-one cards, throw the
rest aside, these not being employed in the trick. Ask in which [stack] the chosen card
is, and place that [stack] between the other two, and deal again as before. Again ask the
question, place the [stack] indicated in the middle, and deal again a third time. Note
particularly the fourth or middle card of each [stack], as one or other of those three cards
will be the card thought of. Ask, for the last time, in which [stack] the chosen card now
is, when you may be certain that it was the card which you noted as being the middle
card of that [stack].!

A sample performance of the 21-card trick is given in Section 2, which also includes some

historical remarks and the mathematical notation used. The mathematical principle behind
this trick, known as the redistribution principle, is the basis of many other classic tricks in

1

This trick uses a convention we shall call ”face-down dealing:” that is, the magician holds the card stack face

down in the hand when dealing the cards. We will discuss this aspect at greater depth further below.



magic.? In particular, the very first card trick to appear in print, described by Giovanni Battista
Verini, is based on the same principle. Verini’s “Specchio del mercatate al. S.” [21] published in
Italy in 1542, not only explains arithmetic principles for merchants but also includes a chapter
with several mathematical recreations using playing cards; see Figure 1. One of them is a card
guessing trick that uses 52 cards, 4 stacks and 3 iterations; the trick is based on the redistribution
principle. Yet it is interesting to note that the (implicit) convention in the description of the trick

ki
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Spechio del Mercatite al. S

El Signor Zan da Matino,Gioudbattifta Verini
Fiorétino libro de Abacho,& gioco di memoria

bene le carte,& per pia taa leggiadria falle ancora
mefcholare achi t uuoi & di poi le piglia in ma
no fingendo di numerate,o fatequalche cofa,8
quando tu unoi di acolui le quefta,& farai ftupis
re colui,& altri cizcunftanti.

Affare uno gioco bellifsimo dicarte a indovinare

.+ ftando le carte tutte in un monte edire a-
f § uno indouina qual carta uuoi hauere 4
tocho che jo te lo fapero dite. q

Fa cofi eflendo auna tavola di Signoti o altre bris 1
gae,& mettiamo che fia uno paro di cartein fii la !
tauola diachi ¢ pare penfa in lanimo two che |
carta udoi hau ‘e tochato che io te la fapero dire, q
coluidira io lh spenfata. Piglia poile carte in mas
no tu & fenza gardarle di dentro mefchola bene.
Di poi auna a una nefarai quatro monti & dato
giu tatte le carte fatti dire acolui 'in qual monte e
qllacarte che lui penfo, & detro che lui tela,meti
tauti li altri tre monti adoffo a dllo doe o t ha
ditto che e lla che lui penfo,di poi fa unalira uol
@ in fimile cioe fa quatro mont ancora ditawele
€arte auna per una,& cone haifinito dite carte,
fatiidinuouo dite i gnal monte e lla carta che
Iui penfo,& come ni u hata ditto,fa che meti dis
nuouo tutti li altri tre monti di catte adoffo a gllo
che quella perfona ti ha ditto doue € quella carta
che lui penfo, Di poi torna di nuouo unaltra uol
ta & fa quatro monti de ditte carte auna peruna
& come le hai tutte meffe gin»fa dinuoto dirti in
quale monte e queila carta chcluigtnfo,& come
Iui te Tha ditto. Sappi che per forza'dinumeri glla

caita che lui penfo uiene la terza uolia alle tre cars
te di quel monte che lui ti dira,& t con galanter
Ha guarda quel che e & di poi rimelcola molto
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Fig. 1. Verini’s description® of the 52 card trick in his book “Specchio del mercatante el. S.” from 1542, titlepage
and folio 45r and 45v (from left to right).

is to turn over the entire deck when dealing out the cards. This is different from the other early
sources, and we can speculate that this might hint at several independent initial developments of
this card trick. Its inner workings make the analysis a bit more intricate, as we shall see below.
Although it is the oldest known card trick, the book was buried in the archives for centuries,
and textbooks on magic do not mention the trick. It was rediscovered only in 2022, and the
hunt for the book is an interesting story in its own right; see [19]. The present work features the
first mathematical analysis of Verini’s lost trick. Interestingly, we shall demonstrate the trick is
broken, in the sense that it does not work in all cases. However, there are various ways to amend
Verini’s trick, with the same or a different number of cards, using the methods developed in this

paper.

2 For more background, see “Conjuring Credits—The Origins of Wonder” at the website
https://www.conjuringcredits.com.

4 The following English translation is literally taken from [19]: [f. 45r] To make a beautiful game of divining
cards, being the cards all in one pile, and saying to someone: Divine which card you want to have chosen that
I will be able to tell you. Do thus: Being at a table of lords or other groups, and let’s say there is a deck of
cards on the table, tell whoever you like: Think in your soul which card you want to have chosen, that I will be
able to tell you. He will say: I have thought of it. Then you take the cards in your hand and, without looking
inside [the deck], mix them well. Then, one by one, you will make four piles and, once all the cards are dealt,
[while left unclear by Verini, the cards must be dealt face up and kept that way throughout for the trick to
work] have him tell you in which pile is the card he thought of, and once he has told you, put all the other
three piles on top of the one where he told you is the one he thought of. Then do the same again; that is,
make four more piles of all the cards, one by one, and as you have finished the said cards, have him tell you
in which pile is the card he thought of, and as he will have told you, proceed such that you put all the other



The twenty-one card trick has been studied mathematically for many years; for more infor-
mation see Section 2. Recently, a particularly detailed analysis was provided by Deb [5], who
offered a systematic treatment of the redistribution principle underlying the trick. This work
clarifies why the trick succeeds and identifies the conditions under which the chosen card can
be determined with certainty. In this paper, we build on this line of work and extend it in
several directions. Our first contribution is a general framework that allows the study of arbi-
trary collection sequences, rather than only the classical “middle stack” procedure. This leads
to explicit formulas and simple conditions that characterize when a card trick based on redis-
tribution is solvable. A key advantage of our approach is that it treats face-down and face-up
dealing in a unified way, making it possible to directly compare the two settings and to identify
essential differences between them. We then apply this framework to Verini’s card trick. Using
our methods, we show precisely why the original version of the trick fails in certain situations.
Finally, we demonstrate how the trick can be repaired by modifying the collection procedure,
thereby recovering a working version of Verini’s idea. In this way, our results not only clarify
the mathematical structure behind classical card tricks, but also shed new light on the earliest
known example of such a trick. In order to keep the paper self-contained, it includes also cut-out
cards for use in the Appendix.

2 A Few Comments on Card Tricks

We start with a performance of the original 21 card trick. In the forthcoming we will speak of
the magician (henceforth Magi) demonstrating the trick to a spectator (henceforth Audy). Let
us show the 21 card trick in more detail in the following example, but let Audy select the cards
in order to make the trick more spectacular and we place the stack asked for the last time in the
middle of the deck such that card which was noted is being the eleventh card within the whole
deck—these changes are implemented in order to make the analysis of the card trick easier to

grasp:

Ezample 1. Audy randomly selects 21 cards, remembers the Jack of Clubs (third from the left),
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which is handed over to Magi. Then he deals out the cards into three adjacent stacks. On the
table these stacks look as follows:

U L}

three piles of cards back on top of the one in which that person told you there is the card he thought of. Then,
do the same again, one more time, and make four piles of the said cards, one by one, and as you have them
all dealt, have him tell you again in which pile is the card he thought of, and when he has told you, be aware
that by the power of numbers, the card he thought of comes the third time as the third card of that pile that
he will tell you. And you gracefully note what it [the card] is and then shuffle the cards very [f. 45v] well, and
for your greater elegance, have them shuffled again by whomever you want, and then take them in your hand,
pretending to count them, or to do something, and when you want, say to him: This is it, and you will amaze
him and the others around you.
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Audy states that her card is in the third stack. Magi collects the stacks into a deck from left to

right and places the third stack in the middle of the deck. Then he again deals out the cards
into three adjacent stacks, which results in

® e P v
Before the final round starts, Audy points to the middle stack. Then Magi collects the stacks
from left to right such that the stack Audy pointed to is in the middle, and continues by dealing

the cards into three stacks again. Magi ends this round with the following card stacks on the
table:




Audy’s final hint is that the memorized card is in the first stack. Thus, Magi collects the deck
by taking the stacks from left to right and placing the first stack in the middle of the pack. Then
he ends up with the following order of cards at his hand

where the eleventh card (slightly moved up) is the Jack of Clubs and Audy confirms that this
was the memorized card.

In the classic monograph [16] it is also mentioned that the same effect will be produced with
any number of cards, so long as such number is odd, and a multiple of three. The process and
result will be the same, save that if fifteen cards are used each stack will consist of five cards,
and the third card of each will be the middle one; if twenty-seven cards, each stack will consist
of nine cards, and the fifth will be the selected one. The latter card trick is also described in [17]
in detail. Although it is not explicitly stated in [17], this card trick is closely related to ternary
numbers. We will come back to this issue later. It is worth mentioning that up to our knowledge
a twenty-four card trick does not appear in the literature on magic tricks, and, as we will see,
this is not a coincidence.

The 21 card trick has been extensively featured both in the literature on magic, and on
recreational mathematics; and it has a very rich history. A variant of the twenty-one card trick
appears already in a book by Horatio Galasso [9], who described a variant of the trick that
uses 15 cards in 3 stacks in 1593. For most of the time during past centuries, magic tricks



were taught only by oral tradition, so there are not many written descriptions. The variant
on 21 cards seems to have been documented first by Bachet in 1612, see [2]. Bachet, not unlike
Galasso, merely described the trick and did not include any explanations why it works. Also, he
mentioned neither Galasso nor the variant of the trick on 15 cards.

The first proper mathematical analysis for this family of tricks was carried out only much
later: standard references for mathematical magic [3,11] credit Gergonne’s 1813 paper [12] for
the first rigorous analysis of the trick, this time on 27 cards, and its generalization to n™ cards,
for n a positive integer. Gergonne also analyzed the inverse problem, namely, given a deck of n™
cards and a desired final location, in which order to collect the stacks in each round so that the
card finally appears at the prescribed location.

Later (1868), Hudson studied variants of the trick with an arbitrary number of stacks and
arbitrary number of cards per stack [18], yet the analysis was flawed. The argument was put
straight by Dickson (1895), who showed that with n stacks, k iterations and k + 1 iterations,
respectively, are needed for a deck of size n*, and of n(nk + 2) respectively [6]. Subsequently,
Onnen (1909) gave general bounds on the card position in terms of the number of iterations,
and gave conditions under which the trick will not yield a unique reveal in the middle position
after a given number of iterations [20]. He also analyzed the scenario where the number of stacks
varies per iteration, and exemplified that analysis with a new variant, where 48 cards are laid
out in 4 stacks in the first iteration, 3 stacks in the second iteration, and again in 4 stacks in
the third iteration.

During the 20th century, the 21 card trick was popularized by textbooks on recreational
mathematics and magic [3, 11]. More recent expositions treated the trick as a kind of discrete
dynamical system [1,15] or numeral system [4], to mention a few.

To our knowledge, Verini’s 52 card trick has not been analyzed yet from a mathematical
perspective. Before analyzing it, we need to clarify an implicit assumption from the example
above, specifically how to deal and collect cards when performing the trick.

2.1 How to Deal and Collect Cards—Two Possibilities

Consider the following cards fanned as follows:

Stacking the cards in the hand and flipping them over gives a deck of cards where we see the
backside. We introduce the following two dealing process described below:



— dealing (and collecting) face-down and
— dealing (and collecting) face-up.

We first describe dealing face-down, which is (in our eyes) the more common dealing and col-
lecting scenario. The classical 21 card trick is performed by dealing face-down, while Verini’s
trick is carried out in face-up mode. Unless stated otherwise, we assume that cards are dealt
face down.

2.1.1 Dealing Face-Down Then start dealing the cards face-down and laying the cards face
upward into three stacks results in the deck of cards shown on the left:

\ \

Collecting these stacks by gathering the stacks individually, turning the stack over, and placing
the first and middle stack on top of the stack that contains the King of Hearts gives us a deck
of cards which looks as follows when fanned out:

b

\

There is a slight variation possible, namely whether the left or middle stack is placed first on top
of the stack that contains the King of Hearts. Nevertheless, all cards from the King of Hearts
stack are at the right, and in particular, the King of Hearts is the last card in the deck.

2.1.2 Dealing Face-Up But there is also another way to deal and collect the cards. Before
the dealing starts, the deck of cards is not flipped over. Hence, during the dealing process one
sees the topmost card. Thus, when dealing the cards face-up and laying the cards face upward
into three stacks results in the following—deck of cards is shown left again:
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Collecting these stacks by placing the middle and the right-most stack on top of the stack that
contains the King of Hearts gives us
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when fanned out. Again, there maybe a slight variation depending on whether the middle or
right-most stack is placed first on top of the stack that contains the King of Hearts. Observe,
that dealing this way result in a deck, where the King of Hearts is the first card of the deck.

2.2 Deb’s Solution to the Classical 21 Card Trick

We take some notation from [5]: A card trick or simply a trick is a quadruple (C, n, j, k), where C
is the number of given cards, n is the number of stacks to split into, j with 0 < j < n is the
number of stacks to put on top of the stack which contains Audy’s card, and k is the number
of iterations to be performed. Then the card trick (C,n, j, k) is solvable if there exists an ¢ such
that the magic trick can be performed within k iterations, i.e., Audy’s card is revealed in Step 4
as the ¢th card. In this case we simple write (C,n, j, k) = £. Observe, that in Step 3 always j
stacks are put on top of the stack which contains Audy’s card. Thus, fixing C', n, and k we are
left with n card trick, namely (C,n, j, k) for each j with 0 < j < n.

In order to analyze card tricks we need some more notation: let dj, (sg, respectively) refer to
the deck position (stack position, respectively) of Audy’s card after k > 1 iterations. Thus, dj
(sk, respectively) denotes the position of the chosen card from the top of the full deck of n
distinct cards (within the specific stack that contains it, respectively). With this definition we
can describe the dealing and collection process as follows: Assume that C' = mn. Then define dy
satisfying 1 < dp < C and for k > 1 let

dk = m] + Sk,
where
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Sk = T .

More, on floor- and ceiling functions, can be found in the Appendix.
The following was shown in [5, Theorem 3.4]:

Theorem 2. Let m = C/n and k > 1. Then

mjn | ——— | +do
n—1

mj + , ifn>1,
nk

dy, =

dp, ifn=1,
for j with 0 < j <mn.

This equation is the key to characterize solvability of card tricks. In a series of theorems
in [5, Theorems 4.1-4.5] a complete characterization of solvability was given, where the most
complicated case (the last one) uses a divisiblity property, which forces that the border case,
where the stack shown by Audy is either always placed by Magi at the top or bottom of the deck
of cards, have to be considered separately. The summary of these theorems reads as follows:

Theorem 3. Let m = C/n and b = % for n > 1. Then the following holds:

1. If C =1, then the trick (1,1,0, k) is solvable for any k > 1 with (1,1,0,k) = 1.
2. If C > 1 and n =1, then the trick (C,1,0, k) is not solvable for any k > 1.
3. InC >1 and n > 1 we distinguish several subcases:
(a) The trick (C,n,0,k) is solvable for any integer k > log,, (C) with (C,n,0,k) = 1.
(b) The trick (C,n,n — 1,k) is solvable for any integer k > log,(C — 1) with the result
(Cyn,n—1,k)=C.
(¢) The trick (C,n,j, k) with 0 < j < n — 1 is solvable if and only if (n — 1) 1 mj and
k >log, t, where t = max {%, b’{“T_}l}, with (Cyn,j, k) =mj+ |b] + 1.

It follows a list of 159 card tricks for small C' and j with 0 < j < n—see Table 1. Later
we show that collection sequence induced by j = 0 and j = n — 1 are always solvable if the
collection sequence is long enough. It is worth mentioning that there are certain card tricks with
short collections sequences of length two. This is quite appealing for a magic trick.

As the reader may have noticed from inspecting Table 1 the card trick (15,3, 1,3) is exactly
those of Galasso [9]. It also contains the familiar 21 card trick, but a 24 card variant is notably
only listed for both trivial collection sequences. Interestingly, when considering a full 52 card
deck, all card tricks with n = 4 stacks that arise from uniform collection sequences already occur

for k£ = 3.

3 The 21 Card Trick and Verini’s Lost Card Trick

This section is two-fold. First we define the notion of a card trick and then explain the solution
presented in [5] in more detail. The we generalize the notion of a card trick to cover arbitrary
collection sequences of Magi and give a necessary and sufficient condition whenever a collection
sequence gives a unique predetermined position.

10
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Solvable card trick (C,n, j, k)
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Table 1. List of 159 solvable card tricks for C with 15 < C < 52 on n stacks such that at each stack contains at

least five cards, for j with 0 < j < n, and minimal k.

3.1 Face-Down Dealing: Generalization to Arbitrary Collection Sequences

At first we have to generalize the notion of a card trick. A generalised card trick or simply a
generalized trick is a quadruple (C,n, , k), where C, n, and k is defined as in a card trick, and

< ¢ < k describes the number of

.,J1) is a vector of length k where j;, for 1

(Jk» Jh—15 - -
stacks to put on top of the stack which contains Audy’s card in the ith iteration. Thus, a card

7

7). In

k times

general there are n* different collection sequences. Observe, that the ordering of the collection
sequence reflects a digit interpretation, allowing 7 to be treated analogously to a mixed-radix

trick is nothing other than a generalized card trick with the collection sequence (3,7, ..

number with j; the least significant component. Obviously, the concept of solvability of card

tricks carries over to generalized card tricks. We give a small example.

Ezample 4. Consider the generalized card trick (21,3,(2,1,1),3), i.e., C =21, n =3, and k = 3

as in the example from the previous section. Now the collection sequence is (2,1,1) and not
(1,1,1). Thus, except for the last step, the card trick is performed as before. Only in the last

11



step, Magi places two stacks on top of the stack identified by Audy. This results in Magi’s card
hand
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where he finally reveals the eighteenth card from the deck.

Let dy satisfy 1 < dg < C' as before. For the recurrences of dy and sj for the generalized card
trick we obviously get

dp, = mjy + sg,

-
il

for k > 1. Now we are ready to generalize Theorem 2 using these recurrences.

where

Theorem 5. Let m = C/n and k > 1. Then

k-1 '
mn <Z i n1_1> + dy
. =1
mji +

p F , ifn>1,
k:

dO? an:]‘7
for 7= (Jk, Jr—1,---,J1) with 0 < j; < n for 1 <i < k.

Proof. The result for n = 1 is immediate. Thus, in the furthcoming assume n > 1. We prove the
statement by induction on k. Let k = 1, then d; = mj; + {%O—‘ and the formula is equal to

1-1 ,
mn <Z Ji - TLl_1> + dy
=1

nl

-0+4d d
di =mj1 + :mjl-i-’an n-i— 0—‘=mj1—l—[7ﬂ?—‘,
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Next we continue with the induction step from k to k 4+ 1 with the appropriate induction
hypothesis on k. Let

k—1 A
mn (Z Ji * n1_1> + dy
i=1

k

mji + -

. . d, .
d+1 = MJry1 + Sk = MJp1 + | = Mk + ,

using the induction hypothesis in the last step.The latter term simplifies by moving mj into
the inner ceiling by multiplying it with n*. Then factoring mn and moving the remaining j;n*
into the sum as the last term gives us

_ 3 | -
mn (Z Ji* n’_1> + dp
i=1
nk k .
mn (Z Ji - n’_1> + dy

by further simplification using the calculation rules of floors and ceilings. Combining this together
leads us to

E )
mn <Z Ji* n’_1> + dp
o i=1
di+1 = mJg+1 + e

which is the desired result.

Next, we use the above formula to calculate the final positions for the C' = 21 possible
start positions dyp manipulated in the three stages (k = 3) on three stacks (n = 3). By testing
all 27 possible collection sequences, we can see how the order affects the final result. This reveals
patterns, symmetries, and which different sequences produce the same outcome. All 27 results
are listed in Table 2 for reference. Thus, 9 out of the 27 possible collection sequences yield a
unique final position. Hence, the question arises how to identify those collection sequences which
obey a unique final position dj.

3.1.1 When a Collection Sequence Yields a Unique Reveal The case n =1 is already
solved by Theorem 3 also in the generalized case, namely (C, 1, (0,0,...,0)) is solvable if C' =1
—_—

k times
with the unique final position 1, while in all other cases, i.e., C > 1, the generalized card trick

is not solvable. Thus in the forthcoming we assume n > 1 without further noticing. For a

13



do
1011121314 1516 17 18 19 20 21 dj-set

{1}
{1,2)
{2,3)
{3,4)

{4)
{4,5)
{5,6)
{6,7}

{7}

{8}
999999999 {89}

9 99999999 9101010101010101010 {9,10}
101010101010101010101010101010101010 1111 11 {107 11}
111111111111711° 1111 11111111 11 1111 11 11 11 11 11 {11}
1111111212121212121212121212121212121212 12 {11, 12}
121212121212121212131313131313131313131313 {127 13}
1313131313131313131313131313131414141414 14 {13, 14}
141414141414141414 141414141414 1414 14 14 14 14 {14}
1515151515151515151515151515151515151515 15 {15}
15151515 15 15 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16 {16, 15}
16 16 16 16 16 16 16 16 16 16 16 16 17 17 17 17 17 17 17 17 17 {16, 17}
1717171717 17171717 17 171717 17 17 17 17 17 18 18 18 {177 18}
18181818 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 {18}
1818 18191919191919 191919 191919 1919 19 19 19 19 {18, 19}
191919191919 19 19 19 20 20 20 20 20 20 20 20 20 20 20 20 {197 20}
20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 21 21 21 21 21 21 {20,21}
212121 212121212121212121212121212121212121 {21}

o]
©

0D U W W N -
0D U W W -
0~ U W W N -
00~ ~1 O TR W W N -
00~ ~1 O TR W W N
00~ ~1 O TR W W N
00 ~1 1 O TR A W
00 ~1 1 O TR A W
00 ~1 1 O TR A W

00 00 O Ui i W~
CO 00 I O U U i W N = = >
00 00 O Ut Ut i W~ ot
0O 00 I O Ut U i W N = = =)
© 00O OOt i W NN - ~
© 00 O OOt i W NN -
© 00 O UtUt i W NN -
© 00O O Ui WNN -
© 00 O O Ui WNN -
© 00O O Ui WNN -

© 00 00 3O UL ix i W~ [N
© 0000 O UL ix i W~ [ W

P e e e e e e U o e e e e ey
[\Jl\')l\.’)l\J[\')l\.’)l\JMMH»—*HI—‘:—‘HI—‘»—*HOOOOOOOO
l\’)MMD—‘)—‘HOOON}[\D[\'):—“:—‘HOOOMN}[\')D—‘)—‘HOO
NF ONFONFONRFONFONRFONRFONKF OIN
NN NN NN N NN N NN NN NI s NN NN NI s NN

Table 2. Final positions ds for C' = 21, n = 3, and k = 3 by evaluating the formula shown in Theorem 5 on
each collection sequence 7= (j1,j2,73) with j; € {0,1,2} for 1 < ¢ < n subject to every start position do with
1 < do < 21. The gray shaded rows describe collection sequences where the final position dy is either unique or
not.

characterization of the solvable cases in the generalized setting we need some further notation.
To this end let C' = mn with n > 1 and k£ > 1. For a collection sequence 7= (jx, jk—1,---,71)
with 0 < j; < n for 1 <i <k, for convenience define the integer

k=1
S(7) =) jm' " (1)
i=1

It is worth noting that the upper bound in the sum is k — 1 and not k. Thus, we obviously have
0 < S(7) < nF~! —1 and there are n* different collection sequences 7. Recall from Theorem 5
(specialized notation) that

. mn - S(7) +d
b=+ [P 5D

, C-S(7) +d
Zm]kJr[(T‘Zk) Ow,

where dy € {1,2,...,C} is the initial deck position. The following criterion decides whether the
map dy — dj is constant.
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Theorem 6. With the notation as above, the final position dj is independent of the initial
position dy € {1,2,...,C}, i.e., the sequence 7 yields a unique reveal, if and only if

(C-S(7)) mod n* + C < nk. (2)

FEquivalently, letting A = C-S(7), the integers A+1, A+2, ..., A+C must all lie strictly between
k- in that case the common value is

. A+1 . A+C

two consecutive multiples of n

Proof. Write A := C - S(7) and for dy € {1,2,...,C} put q(dp) := {%1. The final position
is dr, = mji + q(dp), so the value of d is independent of dy if and only if g(dp) is constant on
the elements from the set {1,2,...,C}. Since the function x +— [z/n*] is nondecreasing and
integer-valued on integers, q(dp) attains its minimum at dp = 1 and its maximum at dy = C.
Hence ¢(dp) is constant on {1,2,...,C} if and only if

=15

The last equality holds exactly when there exists an integer ¢ > 0 with

tnf <AF1<A+C<(t+1)-n", (3)

i.e., when all integers A+1, A+2, ..., A+C lie in the single half-open interval (¢-n*, (t+1)-n*].
We need to choose ¢ such that A = ¢ - n* +r with 0 < » < nF — 1. Thus, » = A mod n*, and
since 0 < A < nF — 1 always holds, condition (3) is equivalent to A mod n* + C < n*, which is
condition (2) from the statement of the theorem. This proves the theorem.

Let us apply the above stated theorem to our running example:

FEzample 7. For the classical 21CT we have C = 21, n = 3, k = 3, and m = 7. We consider two
sequences:

— For the standard sequence 7 = (1,1,1) one computes S(7) = 1-n% +1-nl =1+3 = 4,
C-85=21-4= 84, and 84 mod 27 = 3, and indeed 3 + C' = 24 < 27, so the criterion is
satisfied and dy, is constant (the constant is 11 in this case). Checking the numbers directly
with the formula reproduces the expected result.

— In contrast, for the sequence 7 = (0,0,1) we have S(7) = 0-n!+1-2° =0+ 1 = 1,
C-S5 =21-1=21, and 21 mod 27 = 21, and 21 + C = 42 £ 27, thus, the criterion is
not satisfied and dj, is not constant. Again, checking the numbers directly with the formula
confirms the result.

See the gray shaded rows in Table 2.

The condition given in Theorem 6 allows us to easily compute the solvability for various
generalized card tricks. ~ We summarize the status of solvability for

C €{3,6,9,12,15,18,21,24,27} U{C | C > 30 and C mod 3 =01},

with n = 3, and k = 2 (left) or k = 3 (right) in Table 3—a number indicates solvability and the
unique reveal, while a dash indicates that the corresponding card trick with the stated collection
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Deck size C' Deck size C

Coll. seq. 3 6 9 > 12 Coll. seq. 3 6 912 15 18 21 24 27 > 30
(0,00 111 — (000 111111111 -
0,1 1-2 - (0,01 1111 — — — — 2 -
0,2) 123 - (0,02) 111 -2 2 — -3 -
(1,00 234 — (0,1,0) 1122 — 3 — — 4 —
(1,L1) 2-5 — (0,1,1) 1—-2 -3 — 4 — 5 —
(1,2) 246 - (0,1,2) 1223 — 4 — — 6 —
(2,00 357 — (0,2,0) 123 -4 5 — — 7 —
(2,1) 3-8 -— (0,2,1) 1234 — — — — 8 —
(2,2) 369 - (0,2,2) 123456789 -—
(1,0,0) 2345 6 7 8 910 —
(1,0,1) 2345 — — — — 11 —
(1,0,2) 234 -7 8 — —12 —
(1,1,0) 2356 — 9 — — 13 —
(1,1,1) 2—5— 8 — 11 — 14 —
(1,1,2) 2457 —10 — — 15 —
(1,2,0) 246 — 9 11 — — 16 —
(1,2,1) 2468 — — — — 17 —
(1,2,2) 246 8 1012141618 —
(2,0,0) 3579 1113151719 —
(2,0,1) 3579 — — — —20 —
(2,0,2) 357 — 1214 — — 21 —
(2,1,0) 35810 — 15 — — 22 —
(2,1,1) 3—8 — 13 — 18 — 23 —
(2,1,2) 36811 — 16 — — 24 —
(2,2,0) 369 — 1417 — — 25 —
(2,2,1) 36912 — — — — 26 —
(2,2,2) 369121518212427 —

Table 3. Solvability for card tricks with n = 3 stacks and k = 2 (left) or k = 3 (right) face-down dealing phases
with different values of C' depending on the collection sequence.

sequence is not solvable; see also the table in Appendix B for £ = 4. From the table one can
read of in the case of C' = 24, n = 3, m = 8, and the collection sequence 7 = (1,1,1) the
card trick is not solvable. This is due to the fact that S(7) = 1-n!' +1-n% = 3+ 1 = 4,
C-S =24-4=96, and 96 mod 3> = 15 and the criterion 15 + C = 39 < 27 is not satisfied.
Hence, dj. is not constant. This explains why a similar card trick with 24 cards did not appear
anywhere in the of (magic) literature. It is worth mentioning that both other uniform sequences
(0,0,0) and (2,2,2) lead to a solvable generalised card trick, i.e., the collection sequence yields
a unique reveal, namely dp = 1 and d = C, respectively.

Moreover, note that the card trick with 27 cards, n = 3, and k = 3 mirrors the relationship
between the collection sequence—interpreted as a ternary number—and the final position of the
selected card [17].

Now we are interested in how many unique solutions exists for a given generalized card trick.
By Theorem 6 this boils down to the question on how many collection sequences j exist such
that

(C-S(7)) mod n* + C < n*?

The following theorem answers this question; for the proof, we assume the reader is familiar
with basic group theory, namely subgroups of finite groups and Lagrange’s Theorem, as covered
by [10, Ch. 7].
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Theorem 8. Let m = C/n and and k > 1 be natural numbers. Consider the collection sequences
7= (Jks Jk—1, -+ -, 71) with 0 < j; <n for 1 <i < k. The number of such 7, where

(C-S(7)) mod n* +C < nk,

s given by
nk — C +ged(C, nk), if C < nF,

N(C,n, k) =
(Con. b) {0, if C > nF.

Proof. First observe, that the mapping S(-) sends the n* different collection sequences sur-
jectively to the set of integers {0,1,...,n*"1 — 1} and each element from the image has ex-
actly n preimages. Thus, it suffices to prove the following statement: Let j be an integer with
0 < j < n*~! — 1. The number of j's with 0 < j < nF~! — 1 satisfying (C'j mod n*) 4+ C < nF
is nf=1 —m + gcd(m,nk_l) if m < n*~1, and 0, otherwise. Hence, multiplying by n gives the
desired value of N(C,n, k) as stated above.

Since C = mn, we have Cj = mnj. Observe that for any integer j, the remainder of mnj
modulo n* equals n times the remainder of mj modulo n*~!. Indeed, writing mj = qn*~! 4+ r
with 0 < r < n*~1 gives Cj = n(mj) = gn* + nr, and since 0 < nr < n*, it follows that
Cjmodn* = nr = n(mj mod n*~1). Consequently, the inequality (Cj mod n*) + C < n*
becomes

n(mj mod nF~1) + mn < nk.

Dividing by the positive integer n yields the equivalent condition
mj mod nF~1 < n*=t —m, (4)

Let d = ged(m,n*~1), and write m = dm’ and n*~! = dN, so that ged(m’, N) = 1. Consider
the additive group Z/nkilZ that corresponds to addition modulo n*~!. Define the function
¢ : G — G by ¢(j) = mj mod n*~!. Then the image of ¢, that is, the set im(¢) = { ¢(j) | j € G},
consists of all multiples of d modulo n*~1:

im(¢) ={0,d,2d,...,(N —1)d}.
The kernel of ¢, that is, the set
ker(¢) = {j € G| ¢(j) =0} ={j€G|mj=0 (modn*")}.

A direct calculation using m = dm’ and n*~! = dN with gcd(m/, N) = 1 shows that ker(¢) =
{0,N,2N,...,(d —1)N }, and thus |ker(¢)| = d. For r € im(¢), choose jyo € G with ¢(jo) = 7.
Then the set of all j € G with ¢(j) = r is the coset jo + ker(¢). Translation by jo yields a
bijection between the kernel and the coset jo + ker(¢), hence all cosets are of the same size.

Therefore, as j runs through the complete residue system {0,1,... ,nkl — 1} modulo nk=1,
each element of im(¢) occurs exactly |ker(¢)| = d times.
Now condition (4) requires that the residue r = mj mod n*~! satisfies r < nfF~! —m =

dN — dm' = d(N —m’). Since r is always a multiple of d, write r = id with 0 < i < N — 1.
Then (4) is equivalent to id < d(N —m’), i.e.,

i< N-—m. (5)

If m > n*~! then m’ > N because m = dm’ and n*~! = dN. Thus, N — m/ < 0 and no
non-negative integer ¢ satisfies the inequality (5); hence in this case there are no solutions j.
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k=1 j.e.,m' < N. Then the admissible values of s are i = 0,1,..., N—m/,

giving N —m’ + 1 distinct residues r. Since each such residue is attained by exactly d values
of j, the total number of j satisfying (4) equals

Assume now that m < n

d-(N—m/'4+1)=dN —dm' +d=n*""1 —m+d.
Recalling that d = ged(m,n*~1) completes the proof

We now characterize those generalized card tricks where all possible collection sequences
7€ {0,...,n — 1}* produce a unique final position, i.e., when every word of length k gives a
constant map dgy +—> dj.

Theorem 9. Fix C,n,k with n > 1 and let C' be a multiple of n. Every collection sequence
7€10,...,n—1}* yields a unique reveal (that is, the final position dy, is independent of dy) if
and only if C divides n¥, i.e., C | n¥.

Proof. By the definition of the greatest common divisor, ged(C,n¥) | C, and therefore ged(C, n*) <
C. Then, with Theorem 8, we find that

N(C,n, k) =n* — C +ged(C,n*) < n* —C+C =nk.

This shows that n* is an upper bound for N(C,n, k) over all integers C' > 1. Now assume that
C | n*. Then ged(C,n*) = C, and thus

N(C,n, k) =n* —C+C =nk.

Hence the upper bound is attained for every positive divisor C of n*.

Conversely, suppose that N(C,n, k) = n¥, for some C' > 1. Then n* — C + gcd(C, n*) = n*,
which implies ged(C,n*) = C. By the defining property of the greatest common divisor, this
equality holds if and only if C' | n¥. Therefore, the function N(C,n,k) attains its maximum
value n* exactly whenever C divides n*.

Observe, that by the above theorem the number of such C' (with C' = m - n and given k)
that have a unique reveal for all collection sequences is exactly equal to the number of positive
divisors of n*~1. If n has the prime factorization n = [I;_; pj", then nFt =TT’ pai(k_l), and

i=1P;
the number of divisors is
,

[Ttk = 1)+ 1),

i=1

which is the number we are interested in.

FEzample 10. For n = 3 and kK = 2 we obtain two decks that have a unique reveal for all
collection sequences, because by our previous argumentation we have n = 3! and thus, a = 1,
and in turn a(k — 1) +1 = 1(2 — 1) + 1 = 2. If we consider the case, where k = 2, then
alk—1)=1(38—-1)+1=1-2+1= 3. Therefore, in this case we obtain three decks that obey
a unique reveal for all collection sequences. Compare these results with Table 3.

3.1.2 On Trivial Uniform Collection Sequences Consider the collection sequences

0=(0,0,...,0) and n—1=(n—-1,n—-1,...,n—1),
——— -~
k times k times
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which we both call trivial. What concerns a card trick w.r.t. these trivial collection sequence
and the solvability of the trick? This is easily answered, namely in both cases the trick is in fact
always solvable if k is chosen large enough. This is seen as follows: First, recall that S (6) =0
and S(n = 1) = n*~1 —1 Thus, C-S(0) = 0 and C-S(n — 1) = m(n* —n), since C' = mn. Hence,
the solvability property (C - S(7)) mod n* 4+ C < n* given in Thoerem 6 results in C' < n¥, for
= 6, and (—mn mod nk)—{—C <nfF=C—mn<nF=0<nk provided mn < nk, for 7’= n=1.
Thus, since C' < n is required in both cases we find that k& > log, C, where log,,(-) refers to the
base n logarithm.

What can be said about dj in both cases? We have dp = mji + {%—‘ Thus, for 7= 0

k_ 1 ..
m(nniknpr = mn. This is the reason

why in Table 1 only non-trivial collection sequences are listed.

we get dj, = 1 and for n — 1 we obtain dj, = m(n — 1) + {

3.1.3 When a Collection Sequence is Universal What about a universal collection se-
quences where all deck sizes are solvable? A closer look at Table 3 suggests that universal
sequences may exist, but that they are rare. These two observations hold in general, as will be
shown in the following theorem.

Theorem 11. Let n,k > 2. There is no collection sequence 7, except for (jg, 0,...,0) and
——

k—1 times

(Jr,m—1,...,n—1), for any 0 < ji < n, such that

k—1 times
(C-5(7)) mod nk +C <nF,
for every C with C = mn, for 1 <m < nF-1.

Proof. First, we argue as in the proof of Theorem 8. Recall that the mapping S(-) maps the n¥
different collection sequences surjectively to the set of integers {0,1,...,n*"1 — 1} and each
element from the image has exactly n preimages. It is easy to see that the excluded collection
sequences are either mapped by S(-) to 0 or n*=1 — 1. Thus, we can restate the property that
we have to prove as: there is no j with 1 < j < n¥~! — 1 such that

(C'-7) mod n* 4+ C < nF, (6)

for every C with C' = mn, for 1 < m < n*~1, while for j = 0 or j = n*~! — 1 the inequality (6)
holds true.
Let C' = mn with 1 < m < n*~1. Substituting into inequality (6), we obtain
(mnj mod n®) +mn < nF.
Since n* = n-nF~! and mnj are both divisible by n, we factor by n resulting in: mn;j mod n* =
n(mj mod nkil), so the inequality becomes n(mj mod n*~1) + mn < n¥. Dividing both sides
by n yields the equivalent inequality

(mgj mod nF~1) 4+ m < n*1, (7)

Assume, for contradiction, that there exists a j with 1 < j < n*~!—1 such that inequality (7)
holds for all 1 < m < n*~1. Consider m = n*~! — 1. Then

mj=(n*1—-1)j=—j (modn*1)
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k=1 _ ok

implies mj mod n n*~1 — j. Substituting into inequality (7) gives

(nk—l _]) + (nk—l . 1) < nk—l7

which implies 2n*~! — j —1 < n*~! and in turn j > n*~! — 1, contradicting the assumption
j < nF~1 — 1. Hence, no such j exists.
It remains to prove the statement for the boundary cases, namely j = 0 and j = n*~1 — 1,

induced by the collection sequences (jg, 0,...,0) and (jx,n —1,...,n — 1), for any j; with
——— —_————
k—1 times k—1 times

0< g <n:

— Case j = 0: Then (Cj mod n*) + C =04 C = C < n*, so inequality (6) holds.

— Case j = n*~! — 1: Then Cj = mn(n*~!' — 1) = m(n¥ —n) = —mn (mod n*) implies that

Cj mod n* = n* —mn. Thus, (Cj mod n*) + C = (n* — mn) + mn = n*, and inequality (6)
is satisfied, too.

This completes the proof.

3.2 Face-Up Dealing: Verini’s Lost Trick and its Generalization

When collecting the card deck face-up, the recursion for the positions changes, since the stack
where the named card resides is reversed in its order. Thus, the recursion reads as

di = mjy + (m+ 1) — s,
B {dklw
Sp=|—1.
n

: dy— : —dj._ . +1)n — dy_
dk‘—7”1k4‘<”1*‘1)—'{illw —>WUk-+(”14-1)+-{ ; lJ = mjy + {On Jn — di 1J.

where

This can be simplified to

n

Again, we are interested in a closed formula for d. To this end we transform the recurrence
under consideration such that it becomes easily solvable. Also, instead of dg, it makes sense to
consider the quantity zy = C' + 1 — di, which is the index of the card after k iterations when
counting backwards. We will make heavy use of the following identities on floors and ceilings:

m m-—n-+1 m m+n-—1
B N
n n n n
for integers m and n with n > 0.
In the recurrence

1)n — d_

n

we substitute dy_q by dg_1 = C + 1 — xp_1, where C' = mn, and get

. mn+n—0C—1+x,_
dk:m]k-i- n li
. n—14x,_
. T
=mji + knl-‘
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Observe, when dj, runs form 1 up to C', then z; runs down from C to 1. Hence, they are ”mirrors”
of each other w.r.t. the position within the deck.
Next we substitute for x; on the left hand-side of the recurrence, which leads us to

_ Tp—
C—l—l—xk:mjk—l-{ K ﬂ

and solving for x; gives xp = C'+1—mjg — (%] Rearranging the term using C' = mn results
in

p=mn =)+ 14 | T )+ |1 T = [P0,

which in turn results further in

n—xp_1—n+1

n n

| =mtn =+ 2222

xk:m(n_jk)"i'lr

Finally, let ¢; = n — j;, for 1 < ¢ < k, and factoring a minus one out of the ceiling gives a
recurrence that reads as

11
xk:mek— ka; J

This completes our transformation of the original recurrence. Now we are interested in solving
for xx. We find the following situation—for the convenience of the reader we define:

-1
S = (=Dl
1

N

<.
Il

for € = (g, ly_1,...,01) with 1 < ¢; < n, for 1 < i < k. Then the theorem on reads as follows:

Theorem 12. Let m = C/n and k > 1. Then

. O
mby, — {C-S(ﬁ)%—xo—lJ’ ifn>1 and k is odd,

nk
T = .S —
g mby, — {C'S(TLM)J , ifn>1 and k is even,
kmgka an: 1’

for[: (s b1y 01) with 1 < l; <n, for 1 <i<k.

Proof. The result for n = 1 is immediate. Thus, in the forthcoming assume n > 1. We prove the
statement by induction on k. Let k = 1, then 1 = mf; — onTAJ and the formula is equal to

1-1
mn (Z (—1)F=Le; n“) + (=) med 2+ 150 — (1 mod 2]
=1

xlszl— 1
n

_ by — {mn-o—l—xo—lJ by — {xo—lJ
n n
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as desired.
Next we continue with the induction step from k& to k& + 1 with the appropriate induction
hypothesis on k. Let

T — 1
Tpgp1 = Ml — -

E—1
mn <Z (—1)k=i=1g, . nil) + (—1)[’“ mod 2+1 0 [k mod 2]
i=1

mﬁk— —1

nk

= m€k+1— )

using the induction hypothesis in the last step.

We first concentrate on the numerator of the right-most term, and in particular on the
bracketed expression. Here the term m/#j can be moved into the floor-expression, by first shifting
the minus inward and flipping to a ceiling-expression, and the adding m/j, - n*, which results in
the numerator

k—1 , ,
mlyn® —mn <E (—1)k—i=1y; . n’_1> — (=1)lkmod 24150 4 [k mod 2]
i=1
nk -1
k—1 , ,
mnlpn*~1 —mn (Z (—1)k=i=1y; . n’1> — (—1)lFmod 24100 4 [k mod 2] — nF
i=1
Next we apply the ceiling-floor identity which gives us
k—1 ) )
mnlpnF~t —mn <Z (—1)k=i=1y, . n1_1> — (=1)lkemod 24150 4 [k mod 2] — nF 4 nF — 1
i=1

nk

With [k mod 2] — 1 = —[(k + 1) mod 2], collecting the appropriate terms together yields

k
mn ( (—1)(k+1)7i71£i . nil) + (_1)[(k’+1) mod 2]+1:U0 _ [(k + 1) mod 2]
i=1

nk

22



Putting the simplified term back into the equation for xj; results in

k
mn (Z(_l)(k+1)i1€i i nil) + (_1)[(k+1) mod 2]+1.%'0 + [(k + 1) mod 2]
=1

nk

Tyt = Ml —

k
mn <z(_1)(k+1)i1€i . nil) + (_1)[(k+1) mod 2]+1x0 _ [(k‘ + 1) mod 2]
=1

= m@k 1—
+ nk+1

This proves the stated claim.

In analogy to the S(-)-function in (1) we define an alternating sum variant as follows:

-1
S(@) =Y (=)F e, (8)
1

E

~.
I

for the sequence 7= (s l—1,...,01) with 1 < ¢; < n for 1 < ¢ < k. Observe, that 7=
(n — jg,m — Jk—1,...,n — j1) corresponds to the collection sequence 7. As for the function S(-)
also for S () the upper bound in the sum is k — 1 and not k. In the following subsubsection we
show how the S(-)- and S(-)-function are related to each other.

3.2.1 On Collection Sequences and Certain Sums and Alternating Sums First we
show how the S(-)- and the S(-)-function related to each other. The following theorem shows
that the function S can be seen as a mixed radix numeral system with alternating signs; see 7,
14] for more background.

Theorem 13. Let { € {1,2,...,n}~. There there exist integers j; with 0 < j; < n such that

S 0 if k is odd,
S)=507)+
(®) (7) {1 if k is even.
Proof. First, factor the alternating sign (—1)¥"=! = (=1)¥=1(—1)? such that
SO =Y (—DF T = (=) (=1
i=1 =1

Then we distinguish two case, namely whether k is odd or even:

1. Let k£ be odd. Then define
‘ {n—&, if 7 is odd,
Ji =

; —1, if i is even.
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Observe, that 0 < j; = n—4¥¢; < n, for odd 7, and 0 < j;, = ¢, — 1 < n, for even i.
Thus, let 7= (ji,jk—1,---,71). Now, (=1)%4n""1 = —;n"=! = j;ni~t —n for odd i, and
(—1)%71“1 =¢n'~1 = jin*~t 4+ n'L, for even i. Summing over all i with 1 <i < k — 1 and
using the fact that (—1)*=! =1, since k is odd, results in

k—1
S = (=1 (=1
i=1
k—1 k—1 k—1
= G =)+ D G e = it = 8()).
i=1 i=1 =1
k odd k even

2. Let k be even. Similarly as in the previous case we now define

, {&-—1, if 7 is odd,
Ji =

n—¥{;, if i is even.

Then we argue in similar vein as above. First, 0 < j;, = #; — 1 < n, for odd ¢, and 0 <

ji =mn —; < n, for even i. Again, let 7= (ji, jx—_1,-.,j1). Now, (=1)"Fn=1 = f;ni=! =
jint=t 4+ 0=t for odd i, and (1) mni~t = — 4t~ = jini~! — ni for even i. Summing
over all i with 1 <i < k — 1 and using the fact that (—1)*~! = —1, since k is even, gives us
k—1 k—1
5’(6_3 _ (_1)19—1 Z(_l)igini—l _ (_1)i+1€ini—1
i=1 i=1
k—1 k—1 k—1
=D G T R T+ ) Gt =) =14+ i =14 8(7),
i=1 i=1 i=1
k odd k even

This completes the proof.

As an immediate consequence of the correspondence we obtain the following statement, which
we state without proof:

Corollary 14. For every sequence 7€ {0,1,...,n — 1}* and (e {1,2,...,n}* it holds that
1.0<8(7) <nft =1 and

2.0< S(E_) <nF1—1, ifk is odd, and 1 < S(E_) < nkF1 if k is even.
Moreover, every integer in the respective interval can be obtained as a function value by a suitable
choice of 7" respectively £.

Although dealing from the bottom of the deck is allowed in magic, which is not fair in normal
card play, the Magi is probably interested in having a closed formula for the final position also
in case the card trick is performed by face-up dealing. Next we present this closed formula:

Corollary 15. Let m = C/n and k > 1. Fiz a collection sequence 7 = (Jik, jk—1,---,71) with
0<ji<n forl1<i<k. Then

. 1) —
mtk—l—[c S(ﬂ—l_(f—i_) do—‘ ifn>1 and k is odd,
n
dp = C-S(t)+d
k mity + [%-‘ ifn>1 and k is even,
mig + 1, ifn=1,
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where t is defined by

b {ji if k and i are both odd or both are even,

(n—ji)—1 otherwise,
for1 <i<k.

Proof. By Theorem 12 we have

. O
- S -1
mﬁk—{c 5 )n-]:»’vo J, if n > 1 and k is odd,
T = C- S —
g mby, — {SEPLZ::COJ’ if n > 1 and k is even,
miy, if n=1.

Recall that ¢; = n— j;, for 1 < ¢ < k, by definition. In order to overcome the alternating sum we
use the transformation to the vector # described in the proof of Theorem 13. Then the alternatig
sum can be replaced by a non-alternatig sum on ¢; do not forget the correction term 1 in case k
is even. Finally, replacing x; by (C + 1) — di or (mn + 1) — dy, respectively, we obtain

dk:(c+1)—m€k+{C'S(t‘)‘i'(c—l-l)—do_lJ

nk

. _ _ Lk
:m(n—ﬁk)—i—l—l—[c S(t) + C —dy n+1"

nk

k . _ _nk
e [n +C S(ti+ni’ do—n —|—1—‘
C-Sit)+(C+1)—d
= mity ’V ( :Lk ) 0-‘7

for odd k and by similar calculations

C-S(f)+do",

dkzmtk-f—’V A
n

for even k. The case n = 1 will be d = mt; as desired. This proves the stated claim.

Now let us use the formula from Corollary 15 to calculate the final positions for the C' = 21
possible start positions dy manipulated in the three stages (k = 3) on three stacks (n = 3)
but now dealing face-up. By testing all 27 possible collection sequences, we can see how the
order affects the final result. All 27 results are listed in Table 4; compare this with Table 2
for face-down dealing. Thus, 9 out of the 27 possible collection sequences yield a unique final
position. Like in the case of face-down dealing, also here the question arises how to identify those
collection sequences which yield a unique final position dy.

3.2.2 When a Collection Sequence Yields a Unique Reveal Because of the intricate
nature of dealing the cards face-up, it seems difficult to derive an exact characterization of face-
up solvability. Recall, for Corollary 14 that 0 < S([) <nF1_1,ifkisodd, and 1 < 5’(5 < nk-1
if k is even. The following criterion decides whether the map zg — zp is constant.
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021 dg-set

5 {56}
6 {6,7}
7 {7}
3 (3,4}
4
4
1
1

Coll. seq.

{4}
{4,5}
{1}
(1,2}
3 333333222222222222{2,3}
131313131313131313131313121212121212121212 {127 13}
1414141414 14131313 1313131313 13131313131313 {13, 14}
141414141414141414 141414141414 1414 14 14 14 14 {14}
111111101010101010101010101010101010 101010 {107 11}
1111111111111 111111 1111111111 111111111111 11 {11}
121212121212121212121212121212121212 111111 {11, 12}
8 8 83 83 838 8888888888888 88 {8
9999999999999 9 98883888 {89}
101010101010101010 9 9 9 9 9 9 9 9 9 9 9 9 {9,10}
20 20 20 20 20 20 20 20 20 20 20 20 19 19 19 19 19 19 19 19 19 {19, 20}
21 21 21 21 21 21 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 {20, 21}
212121 212121212121212121212121212121212121 {21}
181818 1717 17 17 17 17 17 17 17 17 17 17 17 17 17 17 17 17 {17,18}
18181818 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 {18}
191919191919191919191919 191919 1919 19 18 18 18 {18, 19}
151515151515 151515 151515151515 15151515 15 15 {15}
16 16 16 16 16 16 16 16 16 16 16 16 16 16 16 15 15 15 15 15 15 {16, 15}
171717 1717171717 17 16 16 16 16 16 16 16 16 16 16 16 16 {16, 17}
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Table 4. Final positions ds for C' = 21, n = 3, and k = 3 by evaluating the formula from Corollary 15 on
each collection sequence 7= (j1,j2,73) with j; € {0,1,2} for 1 < ¢ < n subject to every start position do with
1 < do < 21. The gray shaded rows describe collection sequences where the final position dy is either unique or
not.

Theorem 16. With the usual notation, the final position xj. is independent of the initial position
xo € {1,2,...,C}, i.e., the sequence { yields a unique reveal, if and only if

(
(

Proof. We partially proceed as in the proof of Theorem 6. Set A := C - S (Z) and for zg €
{1,2,...,C} put q(zo) = LA;,;TOJ if k is even and ¢(xo) = L%J if k£ is odd. The final
position is zx = mji + q(xp), so the value of zj, is independent of x if and only if ¢(zg) is
constant on the elements from the set {1,2,...,C}. Now we distinguish two cases:

: S’(Z)) mod nf + C < nk, if k is odd,

—

- 9
- 5(¢) — C) mod nf +C <nk ifk even. ©)

C
C

1. If k is odd, then we have

A4 z9—1 A+zg—1—nF+1 (A —nP) 4+ g

nk

q(wo) = {

Then we apply the same argumentation as in the proof of Theorem 6 and obtain the condition
(A —n*) mod n* + C < n*, which in turn is equivalent to A mod n* + C' < n* as stated.
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2. If k is even, then we have to consider the term

o(z0) = {A—on _ {A—;po—n’mlw _ [(A_nk_kl)_xow

nk nk

in detail. Substituting zg = C' 4+ 1 — dj leads to

o(z0) = [(A—n’f+1)—0—1+dﬂ _ [(A—nk—O)erow

nk nk

As in the previous case we apply the argumentation as in the proof of Theorem 6 and obtain
the condition (A —n* —C) mod n¥+C < n*, which in turn is equivalent to (A—C) mod n* +
C < nF, and this equals the stated property.

This completes the analysis and proves the stated claim.

We are now in position to analyze Verini’s trick. Let us apply the above theorem on that
example.

Ezxzample 17 (Verini’s lost trick). Thus, C =52, n =4, k =3, and m = 13. The collection
sequence 7= (3,3, 3), which gives rise to £ = (1, 1, 1). Then S(E) =142-14414°=16-4+1 =
13 and since k is odd we have to check for (C'- S(¢)) mod n* + C < n*. But this condition is not
satisfied, because (52 - 13) mod 43 = 676 mod 64 = 36 and 36 + 52 = 88 £ 64 = 43. Therefore
Verini’s card trick, where the dealing is performed in face-up manner is not uniquely solvable,
in contrast to the claim of Verini in his book; see [19].

The solvability status of generalized card tricks when dealing face-up for
C €43,6,9,12,15,18,21,24,27} U{C | C > 30 and C mod 3 =10},

with n = 3, and k = 2 (left) or k¥ = 3 (right) is shown in Table 5; for k = 4 see Appendix C.
Thus there are many opportunities to modify Verini’s trick, and obtain a card trick that actually
works.

Next, we are counting the number of unique solutions for a card trick when performed by
face-up dealing.

Theorem 18. Let m = C/n and and k > 1 be natural numbers. Consider the collection se-
quences L = (U, lg—1,...,01) with 1 < l; <n for 1 <i < k. The number of such ¢, where

—

(C - S(f)) mod n* + C < nk, if k is odd,
(C S(0) — C) mod n* +C <nF, if k even

is given by
k k . k
n" — C + ged(C,n"), if C <n",
(Cyn, k) = ged( )oY L
0, if C >n".

Proof. Observe, that the value of (/) runs through all residues {0,1,...,n*"! —1} of n* when
k is odd; this is also true, when k is even, for S (Z) — 1, but each residue is shifted. Thus, in
both cases we can argue as in the proof of Theorem 8. Therefore, we obtain that N(C,n,k) =
n* — C + ged(C,n*), if C < n*, regardless of whether k is odd or even, and N(C,n,k) = 0,
otherwise.
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Deck size C' Deck size C'

Coll. seq. 3 6 9 >12 Coll. seq. 3 6 9 12 15 18 21 24 27>30
(0,00 123 — (0,0,0) 123 —4 5 — — 7 —
(0,1) 1-2 - (0,0,1) 1234 — — — — 8 —
(0,2) 111 - (0,0,2) 123456 7 8 9 —
(1,00 246 — (0,1,0) 1122 — 3 — — 4 —
(1L,L1) 2—-5 — (0,1,1) 1-2—- 3 — 4 — 5 —
(1,2) 234 - (0,1,2) 1223 — 4 — — 6 —
(2,00 369 — (0,200 1111111 11—
(2,1) 3-8 -— (0,21) 1111 — — — — 2 —
(2,2) 357 - (0,2,2) 111 -2 2 — — 3 —
(1,0,0) 246 — 9 11 — — 16 —
(1,0,1) 2468 — — — — 17 —
(1,0,2) 246 8 10121416 18 —
(1,1,0) 2356 — 9 — — 13 —
(1,1,1) 2—5— 8 — 11 — 14 —
(1,1,2) 2457 —10 — — 15 —
(1,2,0) 2345 6 7 8 9 10 —
(1,2,1) 2345 — — — — 11 —
(1,2,2) 234 — 7 8 — — 12—
(2,0,0) 369 — 1417 — — 25 —
(2,0,1) 36912 — — — — 26 —
(2,0,2) 36912151821 2427 —
(2,1,0) 35810 — 15 — — 22 —
(2,1,1) 3-8 — 13 — 18 — 23 —
(2,1,2) 36811 — 16 — — 24 —
(2,2,0) 357 9 1113151719 —
(2,2,1) 3579 — — — — 20 —
(2,2,2) 357 — 1214 — — 21 —

Table 5. Solvability for card tricks with n = 3 stacks and k = 2 (left) or k = 3 (right) face-up dealing phases
with different values of C' depending on the collection sequence.

As in the case of face-down dealing we now can also characterize all possible sequences
¢ € {1,2,...,n}* that produce a unique final position, i.e., when every word of length k gives a
constant map zg — x. Since the proof is almost identical to that of Theorem 9 we omit it.

Theorem 19. Fix C,n,k with n > 1 and let C be a multiple of n. Every collection sequence
0 e {1,2,...,n}* yields a unique reveal (that is, the final position xy is independent of xo) if
and only if C divides n¥, i.e., C | n¥. O

3.2.3 On Trivial Uniform and Universal Collection Sequences The results in Table 5
already show that face-up dealing behaves differently from face-down dealing, as illustrated
by the comparison with the corresponding face-down results in Table 3; see also the tables in
Appendix B and C. For example, the trivial collection sequences 0 and n — 1 always produce
solvable tricks with face-down dealing, but this is no longer true for face-up dealing, which
can be a bit inconvenient for an artist when performing a card trick in face-up dealing mode.
Moreover, these tables also show that universal sequences exist. We do not consider this issue in
the forthcoming. We find it more important to list the solvability of face-up dealt card tricks for
uniform collection sequences as it was done in Table 1 for face-down dealing. Table 6 summarizes
our findings. From the table we see that in order make Verini’s original card trick on C' = 52
card and n = 4 stacks one can either increase the number of phases from three to four which
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¢ for face-up dealing

Solvable card trick (C,n,j, k)
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Table 6. List of 184 solvable card tricks for C with 15 < C < 52 on n stacks such that at each stack contains at

least five cards, for j with 0 < j < n for face-up dealing,_and minimal k.

makes the unknown card to appear in position 20; compare with Table 1 from face-down dealing,
where the 52 card trick can be performed with three dealing phases on each uniform collection
sequence. Yet another possibility is to stay with three face-up dealing phases and four stacks,

but then one has to change the collection pattern either to (0,0,0) or (2,2,2). The latter seems

more appealing. In the former case the final position of the card is 51 while in the latter case it

is 30. Whether Verini was aware that his trick is flawed is not documented in the literature as

far as we know.

Finally, we close with a variant of Verini’s card trick that resembles that for face-down

dealing [8]; the main difference is to remember another table, which is shown below, the rest of
the trick works in the same manner. At the start of the trick, a final position d4 for the chosen
card is preselected, and Audy mentally selects a card from a full 52-card deck. The deck is then

distributed into four stacks via face-up dealing multiple times, with Audy indicating the stack
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containing their card each time, and by picking up the stacks in a specific collection sequence
order after each deal, for redeals, Audy’s chosen card ultimately appears at the preselected
position. To this end Magi memorizes the collection sequence table:

1. (0,3,0)

2. (0,2,1) 5. (1,2,1) 8. (2,2,1) 11. (3,2,1)
3. (0,1,2) 6. (1,1,2) 9. (2,1,2) 12. (3,1,2)
4. (0,0,3) 7. (1,0,3) 10. (2,0,3) 13. (3,0,3)

The table indicates the collection sequences for the first three face-up deals (for numbers
1-13). For the fourth deal Magi proceeds as follows:

— if dy4 is 13 or less, do not place any stack on top of the named one,

— if d4 is between 14-26, then put one stack on top of that Audy pointed to,

— if dy4 lies in 27-39, then two stacks are placed on top of by Audy named one, and finally,
— if dy is greater than 39, then place all other stacks on top of Audy’s stack.

In each case, the first three deals are carried out in the face-up way exactly as the collection
sequence in table specifies.

For instance, if the final position is 42, the 42 — 39 = 3 and Magi first deals face-up the
collection sequence (0,1,2) and finally in the fourth round places 3 = 42 + 13 on top of the
named stack, since 42 = 3 - 13 4 3. Then the card is found at the 42nd position. For ds = 18 use
the 5th collection sequence (1,2,1), since 18 —3 = 5 and in the fourth face-up deal, place one
stack on top of Audy’s named stack, since 13 is subtracted once from 18 to become a number
in 1-13. Then the card will appear on the 18th position. A rigorous proof that this procedure
always works is left to the interested reader.

4 Conclusion

In this work, we have analyzed two ancient card tricks, namely the classic 21 card trick and
Verini’s lost trick. Like in the previous literature, we analyzed a generalization which allows
for an arbitrary number of cards in the deck, number of stacks and number of cards per stack,
respectively. We also introduced the concept of a collection sequence, and gave a precise char-
acterization of those generalized card tricks that are solvable. Compared to the conditions on
solvability from the previous literature across the centuries, e.g., [5,20] our characterization is
not procedural, but consists of a single formula.

With Verini’s card trick, the convention of face-up dealing renders the analysis more chal-
lenging: the reason is the permanent reversal of card stacks. We developed a similar machinery
for face-up dealing as we did for face-down dealing. While the formulas are a bit more intricate,
there are structural similarities, which allow us to reconstruct the theory that we have devel-
oped above for the 21 card trick. We thus arrived at the first rigorous mathematical analysis
of Verini’s lost card trick—recall that, although it is almost 500 years old, it was rediscovered
only few years ago. The most surprising result of the present work is of course the outcome of
the analysis: Verini’s trick is flawed, in the sense that the magician might guess the wrong card,
depending on the initial position chosen by the person from the audience.

Acknowledgements. Many thanks to Denis Behr, one of the finest sleight-of-hand artists, for
his valuable comments on Verini’s lost trick.
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A Appendix—Useful Floor and Ceiling Identities

The floor function is the function that takes as input a real number z , and gives as output the
greatest integer less than or equal to z, denoted |z]. Similarly, the ceiling function maps x to
the least integer greater than or equal to x, denoted [z]. For example,

— for floor: [2.4| =2, |-2.4] = -3, and
— for ceiling: [2.4] =3 and, [—2.4] = —2.

For formally,

|z] =max{neZ|n<uz}
and
[z] =min{n€Z|n>uz},

where Z refers to the set of all integers. Thus, for any integer n we |n| = [n] = n. What follows
are the most important identities on floor- and ceiling-expression.
Let n be an integer and = and arbitrary real. Then

n+[z]=[n+z] and [[z]]=[z];
similar equations hold for the floor function. Moreover,
—[z] = |-z] and —l[z]=[-z].

Also, [x] +n = [x + n]; similarly for the floor function. The most important identities are the
following two ones that allows us to change from a expression with ceiling to an expression with
floors and wvice versa—sometimes these are called the floor-ceiling-identties. It holds

)= [t 2] |

for integers m and n with n > 0. Finally we make use of the identities

ﬂﬂ =[4] and {MJ SEE

n n n n

for integer n and arbitrary real x. For further readings on the floor- and ceiling-functions we
refer to, e.g., [13].
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B Appendix—CT Solvability Using Face-Down Dealing (n = 3)

Deck size C'
Coll. seq. 3 6 91215 18 21 24 27 30 33 36 39 42 45 48 51 54 57 60 63 66 69 72 75 78 81 > 84

111315171921 23 252729 31 33 3537 394143 454749515355 —

o
S
=N

O OO YOO w oo |

0000111111 111111111111111111111 -
(00011111 111111111 ————————— - ——— 2 -
0002111111111 —-—---22222———————— 3 -
(0,01,001111 11 ——22222————-333—————— 4 -
(0,01,1)1T111 1 —2222———333—— — — 4 ———— - 5 —
001,2)1111 - 2222 -333———44———-5————6 —
(0,020111-222-333——-44--55-———6-———7 —
(0,021)1112 22 —-333 44— -5 ———6—— — — — — -
0022111222333 -44-55-66-——7-—-8—-9 —
(0,1,001122 233344 -55-66-7-—-8-—-9--10 —
(0,1,0,1)1122 —33 -4 —-55—-6-—7—-8——9————11 —
0,1,02)1122 33 — 4455 —6—-7——8—9 ————— — 12 -
(0,1,1,0)1122 334455 —6—-7—-8—9———————— 13 -
(0,1,1,1)1—=2 -3 —4 =5 — 6 — 7 — 8 — 9 —10— 11 — 12 — 13 — 14 —
0,1,1,2)1223 3 44556 —7 —8 -9 —10 - — — — — — — — 15 -
(0,1,2,001223 34 —-5667 -8 —9 — —11 12— — — — — — 16 —
0,1,21)1223 — 45 -6 — 78 -9 — —11—12— — 14— — — =17 —
(0,1,2,2)1223 4 456 6 7 -89 —1011 —12 - — 14— — 16— — 18 —
0,2,0,001233 45567 —89—1011-1213— 15— —17— —19 —
0,2,0,1)1233 45 —678 —910——12— ——15 — — — — — — 20 -
0,202)123 - 456789 — —1112— — 1415 — — — 18 — — — 21 —
(0,21,001234 — 56 78 — 91011 — — — 1415 — — — 18 — — — — 22 —
(0,21,1)1234 5 — 6 78 9 — — — 121314 — — — — 18 — — — — — 23 —
(0,21,2)1234 56 — - 8 9101112 — — — — 161718 — — — — — — 24 -
(0,2,2,001234 56789 — — — — 1314151617 — — — — — — — — 25 —
(0,2,2,1)1234 56 78 910111213 — — — — — — — — — — — — — 26 -
(0,2,2,2)1234 56 7 8 91011121314151617 18192021 222324252627 —
(1,0,0,002345 6 7 8 91011121314 15161718 192021 2223 2425262728 —
(1,0,0,1)2345 6 7 8 91011121314 — — — — — — — — — — — — — 29 —
(1,0,0,2)2345 6 78 910 — — — — 1617181920 — — — — — — — — 30 —
(1,0,1,002345 6 7 — — 1112131415 — — — — 212223 — — — — — — 31 —
(1,0,1,1)2345 6 — 9101112 — — — 171819 — — — — 25 — — — — — 32 -
(1,0,1,2)234 5 — 8 91011 — 141516 — — — 2122 — — — 27 — — — — 33 —
(1,0,2,00234 — 7 8 9 — 121314 — — 1819 — — 2324 — — — 29 — — — 34 —
(1,0,2,1)2346 7 8 —111213 — 1617 — =21 — — =26 — — — — — — 35 —
(1,0,2,2)2346 7 8101112 — 1516 — 1920 — 2324 — — 28 — — 32 — — 36—
(1,1,0,002356 7 910111314 — 1718 — 2122 — 25 — — 29 — — 33 — — 37T —
(1,1,0,1)2356 — 910 — 13 — 1617 —20 — — 24 — 27 — — 31 — — — — 38 —
(1,1,0,2)2356 8 9 — 12131516 — 19 — 22 — — 26 — 20 — — — — — — 39 —
(1,1,1,002356 8 9 11121415 — 18 — 21 — 24 — 27 — — — — — — — — 0 -
(1,1,1,1)2 -5 — 8 — 11 — 14 — 17 — 20 — 23 — 26 — 29 — 32 — 35 — 38 — 41 —
(1,1,1,2)2457 8 1011131416 — 19 — 22 — 25 — 28 — — — — — — — — 42 -
(1,1,2,0)2457 810 — 13151618 — 21 —24 — — 29 — 32 — — — — — — 43 -
(1,1,2,1)2457 — 1012 — 15 — 1820 — 23 — — 28 — 31 — — 36 — — — — 44 —
(1,1,2,2)245 7 9 1012141517 — 2022 — 2527 — 30 — — 35 — — 40 — — 45 —
(1,2,0,00246 7 9 11121416 — 1921 — 2426 — 16 -
(1,2,0,1)246 7 9 11 — 141618 — 2123 — — 28 47 -
(1,2,0,2)246 — 9 1113 — 161820 — — 2527 — 8 -
(1,2,1,0024 6 8 — 11131517 — 202224 — — — 49 -
(1,2,1,1)24 6 8 10 — 13151719 — — — 262830 50 —
(1,2,1,2)246 8 1012 — — 1719212325 — — — 51 —
(1,2,2,00246 8 1012141618 — — — — 272931 52 —
(1,2,2,1)246 8 101214161820222426 — — — — — — — — — — — — — 53 —
(1,2,2,2) 1012 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 52 54—
( 0):

(2,0,0,1)357 9 111315171921232527 — — — — — — — — — — — — — 56 —
(2,0,0,2)357 9 1113151719 — — — — 3032343638 — — — — — — — — 57 —
(2,0,1,00357 9 1113 — — 2022242628 — — — — 394143 — — — — — — 58 —
(2,0,1,1)357 9 11 — 16182022 — — — 313335 — — — — 46 — — — — — 59 —
(2,0,1,2)357 9 — 14161820 — 252720 — — — 3840 — — —49 — — — — 60 —
(2,0,2,0)357 — 121416 — 212325 — — 3234 — — 4143 — — — 52 — — — Gl —
(2,0,2,1)35 7101214 — 192123 — 2830 — — 37 — — — 46 — — — — — — 62 —
(2,0,2,2)35 7101214171921 — 2628 — 3335 — 4042 — — 49 — — 56 — — 63 —
(2,1,0,0)35810121517192224 — 2931 — 3638 — 43 — — 50 — — 57 — — 64 —
(2,1,0,1)35810 — 1517 — 22 — 2729 — 34 — — 41 — 46 — — 53 — — — — 65 —
(2,1,0,2)3 58101315 — 20222527 — 32 — 37 — — 44 — 49 — — — — — — 66 —
(2,1,1,0)35810131518202325 — 30 — 35 — 40 — 45 — — — — — — — — 67 —
(2,1,1,1)3—8 — 13 — 18 — 23 — 28 — 33 — 38 — 43 — 48 — 53 — 58 — 63 — 68 —
(2,1,1,2)36811131618212326 — 31 — 36 — 41 —46 — — — — — — — — 69 —
(2,1,2,0)3 6 8111316 — 21242629 — 34 — 39 — — 47 — 52 — — — — — — 70 -
(2,1,2,1)36 811 — 1619 — 24 — 2932 — 37 — — 45 — 50 — — 58 — — — — 71 —
(2,1,2,2)3 6 811 141619222427 — 3235 — 4043 — 48 — — 56 — — 64 — — 72 —
(2,2,0,0)36 9111417192225 — 3033 — 3841 — 4649 — — 57 — — 65 — — 73 —
(2,2,0,1)36 9111417 — 222528 — 3336 — — 44 — — — 55 — — — — — — 4 -
(2,2,0,2)369 — 141720 — 252831 — — 3942 — — 5053 — — — 64 — — — 75 —
(2,2,1,0)3 6912 — 17202326 — 313437 — — — 4851 — — — 62— — — — 76 —
(2,2,1,1)36 91215 — 20232629 — — — 404346 — — — — 60 — — — — — 7 -
(2,2,1,2)36 9121518 — — 2629323538 — — — — 525558 — — — — — — 8 -
(2,2,2,0)36 9121518212427 — — — — 4144475053 — — — — — — — — 79—
(2,2,2,1)36912151821242730333639 — — — — — — — — — — — — — 80 —
(2,2,2,2)3 6 912 15 18 21 24 27 30 33 36 39 42 45 48 51 54 57 60 63 66 69 72 75 78 81 —
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C Appendix—CT Solvability Using Face-Up Dealing (n = 3)

Deck size C'
Coll. seq. 3 6 91215 18 21 24 27 30 33 36 39 42 45 48 51 54 57 60 63 66 69 72 75 78 81 > 84
(0,0,0,00123—-456 -—789 ——1112— —1415—- — —18 - — —21 —
(0,0,0,1)1233 45 -6 78 —910— —12— — —15— — — — — — 20 —
(0,0,0,2)1233 45567 -89 —1011-1213 - -15—- —17— —19 —
(0,0,1,001234 56 — — 8 9101112 - — — — 161718 — — — — — — 24 —
0,0,1,1)1234 5 — 678 9 — — — 121314 — — — —18 — — — — — 23 —
0,0,1,2)1234 — 567 8 — 91011 — — —1415 — — — 18 — — — — 22 —
(0,0,2,001234 5 6 7 8 9101112131415161718192021222324252627 —
(0,0,2,1)1234 5 6 78 910111213 — — — — — — — — — — — — — 26 —
(0,0,2,2)1234 56 789 —— - —1314151617 - — — — — — — — 25 —
(0,1,0,001122 33 — 4455 —6—7— 8 9 — — — - — - 12 —
0,1,0,1)1122 —33 -4 -55—-6——7—8 — 9 — — — -1 -
0,1,0,2)1122 233344 —-55—-66—7 -8 -—=9--10 —
0,1,1,001223 34455 6 —7—-8—-9—-10—-—-—— - — — — 15 —
0,1,1,1)1-2—-3 -4 -5 -6 -7 — 8 9 —10-11-12-13-14 -
(0,1,1,2)1122 3 34455 —6 -7 —8 — 9 — — — — — — — — 13 -
(0,1,2,001223 4456 67 -89 —1011-12—- —14—- —16—- — 18 —
0,1,2,1)1223 =45 -6 -78 -9 - —-11-12—- —-14—- - - —-17 —
0,1,2,2)1223 34 —-56 67 -8 -9 ——11-12— — — — — — 16 —
0200111111111 ——-—--22222————— — —— 3 -
02011111 111111111 —--—-—-——=—-—————— 2 -
0202111111111111111111111111111 -
0,21,001111 — 2222333 ——44———-5————6 —
(0,21,1)1111 1 - 2222 — — 333 ———4— — — — — 5 -
0,21,2)1111 11 — - 22222 ———333— ——— — — 4 -
0,2,2,001112 22333 —-44-55-—266 -7-=-8-=-9 -
0,2,2,1)1112 22 ~-333—-44—--5 - 6 ——— - — — 8 -
0,2,2,2)111 -2 2 2 — 3 3 44--55---6---T7 -
(1,0,0,00246 — 9 1113 — 161820 — — 2527 — — 3234 — — — 41 — — — 48 —
(1,0,0,1)246 7 9 11 — 141618 — 2123 — — 28 — — 3B - === = = A7 —
(1,0,0,2)246 7 9 11121416 — 1921 — 2426 — 2931 — 36— —41 — — 46 —
(1,0,1,0)24 6 8 1012 — — 1719212325 — — — — 343638 — — — — — — 51 —
(1,0,1,1)246 8 10 — 13151719 — — — 262830 — — — —39 — — — — — 50 —
(1,0,1,2)246 8 — 11131517 — 202224 — — — 3133 — — —40 — — — — 49 —
(1,0,2,0)2 4 6 8 101214 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 52 54 —
(1,0,2,1)246 8 101214161820222426 — — — — — — — — — — — — — 53 —
(1,0,2,2)246 8 1012141618 — — — — 2729313335 — — — — — — — — 52 —
(1,1,0,002356 8 9 —12131516 — 19 — 22 — — 26 — 29 — — — — — — 39 —
(1,1,0,1)2356 — 910 —-13 - 1617 — 20 — —24 — 27 — — 31 — — — — 38 —
(1,1,0,2)2356 7 910111314 — 1718 — 2122 — 25 — — 29 — — 33 — — 37 —
(1,1,1,0)245 7 81011131416 — 19 — 22 — 25 — 28 — — — — — — — — 42 -
(1,1,1,1)2—-5— 8 — 11 — 14 — 17 — 20 — 23 — 26 — 29 — 32 — 35 — 38 — 41 —
(1,1,1,2)2356 8 911121415 — 18 — 21 — 24 — 27 — — — — — — — — 40 -
(1,1,2,002457 91012141517 — 2022 — 2527 — 30 — — 35 — — 40 — — 45 —
(1,1,2,1)2457 — 1012 — 15 — 1820 — 23 — — 28 =31 — — 36 — — — — 44 —
(1,1,2,2)2457 810 - 13151618 — 21 — 24 — — 29 — 32 — — — — — — ¢ 43 —
(1,2,0,002345 6 78 910 - — — —1617181920 — — — — — — — — 30 —
(1,2,0,1)2345 6 7 8 91011121314 — — — — — — — — — — — — _ 29 —
(1,2,0,2)2345 6 7 8 910111213141516 17181920 21 2223 2425262728 —
(1,2,1,0)02345 — 8 91011 — 141516 — — — 2122 — — — 27T — — — — 33 —
(1,2,1,1)2345 6 — 9101112 — — — 171819 — — — — 25 — — — — — 32 —
(1,2,1,2)2345 6 7 — — 1112131415 — — — — 212223 — — — — — — 31 —
(1,2,2,002346 7 8101112 — 1516 — 1920 — 2324 — — 28 — — 32 — — 36 —
(1,2,2,1)2346 7 8 — 111213 — 1617 — =21 — — — 26 — — — — — — 35 -
(1,2,2,2)234—- 78 9 — 121314 — — 1819 — — 2324 — — —29 — — — 34 —
(2,0,0,0)369 — 141720 — 252831 — — 3942 — — 5053 — — — 64 — — — 75 —
(2,0,0,1)36 9111417 — 222528 — 3336 — — 44 — — — 55 — — — — — — 4 -
(2,0,0,2)369111417192225 — 3033 — 3841 — 4649 — — 57 — — 65 — — 73 —
(2,0,1,0)36 9121518 — — 2629323538 — — — — 525558 — — — — — — 8 -
(2,0,1,1)36 91215 — 20232629 — — — 404346 — — — — 60 — — — — — M-
(2,0,1,2)36 912 — 17202326 — 313437 — — — 4851 — — — 62— — — — 76 —
(2,0,2,0) 3 6 91215 18 21 24 27 30 33 36 39 42 45 48 51 54 57 60 63 66 69 72 75 78 81 —
(2,0,2,1)36912151821242730333639 — — — — — — — — — — — — — 80 —
(2,0,2,2)3 6 9121518212427 — — — — 4144475053 — — — — — — — — 79 -
(2,1,0,0)358101315 — 20222527 — 32 — 37 — — 44 — 49 — — — — — — 66 —
(2,1,0,1)35810 — 1517 — 22 — 2729 — 34 — — 41 — 46 — — 53 — — — — 65 —
(2,1,0,2)35810121517192224 — 2931 — 3638 — 43 — — 50 — — 57 — — 64 —
(2,1,1,0)3 6 811 131618212326 — 31 — 36 — 41 — 46 — — — — — — — — 69 —
(2,1,1,1)3 -8 — 13 — 18 — 23 — 28 — 33 — 38 — 43 — 48 — 53 — 58 — 63 — 68 —
(2,1,1,2)35810131518202325 — 30 — 35 — 40 — 45 — — — — — — — — 67 —
(2,1,2,0)3 6 811141619222427 — 3235 — 4043 — 48 — — 56 — — 64 — — 72 —
(2,1,2,1)36 811 — 1619 — 24 — 2932 — 37 — — 45 — 50 — — 58 — — — — 71 —
(2,1,2,2)36 8111316 — 21242629 — 34 — 39 — — 47 - 52 — — — — — — 70 -
(2,2,0,0)0357 91113151719 — — — — 3032343638 — — — — — — — — 57 —
(2,2,0,1)357 9 111315171921232527 — — — — — — — — — — — — — 56 —
(2,2,0,2)357 9 11131517 19 21 23 25 27 29 31 33 35 37 39 41 43 45 4749 51 5355 —
(2,2,1,003579 — 14161820 — 252729 — — — 3840 — — —49 — — — — 60 —
(2,2,1,1)3579 11 — 16182022 — — — 313335 — — — —46 — — — — — 59 —
(2,2,1,2)357 9 1113 — — 2022242628 — — — — 394143 — — — — — — 58 —
(2,2,2,0)357101214171921 — 2628 — 3335 — 4042 — — 49 — — 56 — — 63 —
(2,2,2,1)357101214 — 192123 — 2830 — — 37T — — — 46 — — — — — — 62 —
(2,2,2,2)357—121416 — 212325 — — 3234 — — 4143 — — — 52 — — — 61 —
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’s 52 Card Trick

ini

D Appendix—Ver

formed by dealing and collecting the cards face-up into n =

is per

’s card trick with 52 cards
4 stacks. Each time, the three stacks that are left aside must be placed on top, which corresponds

1mni

Ver

to the collection sequence (3,3,3) in the table—recall, that the collection sequence must be

applied from right-to-left. Below is a complete list of all possible final positions di when starting

iven position dy.

from a g
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