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1 Introduction

The investigation of combinatorial properties and decision problems dates back to the very early
days of automata and formal language theory. One of the most well known combinatorial proper-
ties that are satisfied by context-free and regular languages are pumping or interchange lemmata.
For regular languages one finds, e. g., the following pumping lemma in Kozen’s monograph on
automata and computability—the lemma describes a necessary condition for languages to be
regular [15, page 70, Theorem 11.1].

Lemma 1. Let L be a regular language over X. Then, there is a constant p (depending on L)
such that the following holds: If w € L and |w| > p, then there are words v € X*, y € X+,
and z € X* such that w = xyz and xy'z € L for t > 0—it is then said that y can be pumped
mw.

A lesser-known pumping lemma, attributed to Jaffe [14], characterizes the regular languages,
by describing a necessary and sufficient condition for languages to be regular. For other pumping
lemmata see, e. g., the annotated bibliography on pumping [18]:

Lemma 2. A language L is regular if and only if there is a constant p (depending on L) such
that the following holds: If w € X* and |w| = p, then there are wordsxz € X*,y € X, and z € X*
such that w = zyz and!

wv=gxyw € L <= zylzve L

for all t > 0 and each v € X*.

These lemmata are part of the automata and formal language standard toolbox and their
combinatorial properties are well understood. But what about their computational properties?
Recently this question was answered in [8] by studying the PUMPING-PROBLEM for finite au-
tomata. This is, given a finite automaton A and a value p, does the statement of Lemma 1 (or
alternatively of Lemma 2) hold for the language L(A) w.r.t. the value p? It turned out that this
problem is already intractable for DFAs, i. e., coNP-complete, regardless of whether we check for
the pumping property described by Kozen [15] or Jaffe [14]. This is quite remarkable since it
is a rare example of a finite automaton problem where already, for a single device, the studied
property becomes intractable. The latter pumping property is more complex for NFAs, namely
PSPACE-complete, while the former is shown to be coNP-hard and contained in H; , the second
co-level of the polynomial hierarchy, for nondeterministic finite state devices. Moreover, for NFAs
also an inapproximability result was shown for both pumping properties unless the Exponential
Time Hypothesis (ETH) fails. Whether one can come up with a similar inapproximability result
for DFAs was left open, and this is also the starting point of this research.

The exponential time hypothesis—roughly speaking this is an unproven computational hard-
ness assumption which states [13] that the satisfiability of n variable 3-SAT cannot be solved in
sub-exponential time 2°"— as well as related assumptions which are stronger than P % NP,
emerged as a swiss-army knife, which allows for a fine-grained analysis of NP-hard problems. To
name a few, it helps to gauge the inherent limits of approximability beyond polynomial time, as
well as those of parameterized and exact exponential algorithms [3]. In recent years, numerous al-
gorithmic impossibility results based on the ETH and related hypotheses have been derived [16,
21], more recently also for problems related to finite automata and regular expressions, see,
e.g., [4,6,9].

! Observe that the words w = zyz and zy'z, for all t > 0, belong to the same Myhill-Nerode equivalence class of
the language L. Thus, one can say that the pumping of the word y in w respects equivalence classes.



The main result of the present paper is an inapproximabilty bound for deterministic finite
automata for both pumping properties unless ETH fails. This supersedes the previous inapprox-
imability result for NFAs from [8]. The ingredients for this result are (i) a notion we call pumping
preserving homomorphism, which allows a binary encoding of the problem and (ii) a non-trivial
relation between the longest path problem on directed graphs and minimal pumping constants
for the two pumping lemmata mentioned above. These two ingredients allow for a reduction
from the inapproximability of the longest path problem on directed graphs [2] to the PUMPING-
PROBLEM for binary regular languages unless P = NP. Also, assuming ETH, which is a stronger
assumption than P # NP, it cannot be approximated in polynomial time within an even higher
factor. The obtained inapproximability bounds significantly outperform the previously known
bounds from [8] for NFAs.

2 Preliminaries

Next we fix some definitions on finite automata—cf. [10]. A nondeterministic finite automaton
(NFA) is a quintuple A = (Q, X, -, qo, F'), where @ is the finite set of states, X is the finite set of
input symbols, qo € Q is the initial state, F C @ is the set of accepting states, and the transition
function - maps Q x X to 2%. Here, 29 refers to the powerset of Q. The language accepted by
the NFA A is defined as L(A) = {w € X* | (qo-w)NF # 0}, where the transition function
is recursively extended to a mapping Q x X¥* — 29 in the usual way. An NFA A is said to be
partial deterministic if |q - a| < 1 and deterministic (DFA) if |¢-a] =1 for all ¢ € Q and a € X.
In these cases, we simply write ¢ - a = p instead of ¢ - a = {p}. Note that every partial DFA
can be made complete by introducing a non-accepting sink state that collects all non-specified
transitions. For a DFA, obviously every letter a € X induces a mapping from the state set Q
to @ by g — q - a, for every g € (). Finally, a finite automaton is unary if the input alphabet X'
is a singleton set, that is, X' = {a}, for some input symbol a.

The deterministic state complexity of a finite automaton A with state set @ is referred to
as sc(A) := |Q| and the deterministic state complexity of a reqular language L is defined as

sc(L) = min{sc(A) | A is a DFA accepting L, i.e., L = L(A) }.

A similar definition applies for the nondeterministic state complexity of a reqular language by
changing DFA to NFA in the definition, which we refer to as nsc(L). It is well known that

nsc(L) < sc(L) < 2°s¢(b),

for every regular language L.

A finite automaton is minimal if its number of states is minimal with respect to the ac-
cepted language. It is well known that each minimal DFA is isomorphic to the DFA induced by
the Myhill-Nerode equivalence relation. The Myhill-Nerode equivalence relation ~j for a lan-
guage L C X* is defined as follows: for u,v € X* let u ~, v if and only if uw € L <= vw € L,
for all w € X*. The equivalence class of u is referred to as [u]r or simply [u] if the language is
clear from the context and it is the set of all words that are equivalent to u w.r.t. the relation ~,,
i.e., [ulp = {v | u~g v}. Therefore, we refer to the automaton induced by the Myhill-Nerode
equivalence relation ~ as the minimal DFA for the language L. On the other hand, there may
be minimal non-isomorphic NFAs for L.

3 Homomorphisms Preserving the Pumping Property

We investigate the impact of homomorphisms on pumping. To achieve this, we introduce the
concept of homomorphisms that maintain pumping (pumping preserving homomorphisms).



This concept depends on the way the pumping has to be performed—compare Lemma 1 and
Lemma 2— and is closely connected to the idea of star-height preserving homomorphisms [11,
17]. The latter have proven to be highly advantageous in exploring issues related to the descrip-
tional complexity of regular expressions—see, e.g., [7]. The property of pumping preservation
exhibited by homomorphisms serves a comparable réle in the examination of the computational
complexity of pumping problems, as studied in [8].

In fact, our proofs below characterizing the different variants of pumping preserving homo-
morphisms mirroring similar properties of the star height preserving homomorphisms, culminat-
ing in a proof that all these notions coincide. For most of the examples and proofs below, our
strategy follows the same outline as in [11]. We try to keep this paper self-contained, but occa-
sionally need some technical lemmata from [11], whose proofs are not essential for understanding
the material presented here.

Definition 3. Let L C X* be a regular language and w be a word in X*. Then we define the
following two properties:

1. The word w has the pumping property w.r.t. the language L, if w admits a decomposi-
tion w = xyz with |y| > 1 such that zy*z C L, and

2. the word w has the enhanced pumping property w.r.t. the language L, if w admits a de-
composition w = xyz with |y| > 1 such that® xyzv C L if and only if xy*zv C L, for all
words v € L*.

Let h : X — I'* be a homomorphism. Then h is said to preserve the pumping property if and
only if the following condition holds: for each regular language L over X and each word w € X*,
the word w has the pumping property w.r.t. the language L if and only if its homomorphic
image h(w) has the pumping property w. r.t. h(L). A similar definition applies for a homomor-
phism to be enhanced pumping preserving by replacing pumping preserving by enhanced pumping
preserving everywhere.

The following is immediate from the definition of the pumping properties.

Lemma 4. Let L C X* be a regular language and w be a word in X*. If the word w does
not satisfy the pumping property w. r.t. the language L, then w does not satisfy the enhanced
pumping property w. r. t. the same language. Moreover, if the homomorphism h does not preserve
the pumping property, then it does not preserve the enhanced pumping property either. O

Next we show that one implication in the definition of the (enhanced) pumping preserving
property is easily seen to be true.

Lemma 5. For each e-free homomorphism h : X — I'* and every regular language L over X,
and every word w € X* the following holds: if w has the pumping property w. r.t. L, then h(w)
has the pumping property w.r.t. h(L). The statement is also valid for the enhanced pumping

property.

Proof. The statement for the pumping property is immediate from the definition. For the en-
hanced pumping property we have to argue as follows: by definition h(w) has the enhanced pump-
ing property if and only if there is decomposition h(w) = xyz with |y| > 1 such that zyzv C h(L)
iff zy*zv C h(L) for all words v € X*. We observe that for all words v € h(X*) the statement of
the lemma follows. If v € X*\ h(X*) then we observe that for all words w we have h(w)v ¢ h(L).

2 In abuse of notation, we write zyzv C L instead of {zyzv} C L.



On the other hand, if we have a decomposition of h(w) like mentioned before and if there is
a word v € h(X*) such that xy*zv C h(L) then we directly obtain that xy*z is a codeword.?
Hence, we have for all words v € X* \ h(X*) that zy*zv is not a subset of h(L), because it
is not even in h(X*). Therefore, h(w) = xyz is an enhanced pumpable decomposition for all
words v € X*. O

What are the homomorphisms such that the reverse implication is satisfied as well? The
notion of preserving the (enhanced) pumping property is well defined, although one at first
glance might think that its always true for any (e-free) homomorphism, since regular languages
can be pumped and are closed under homomorphisms. This is not the case.*

Ezample 6. Let X' = {a,b} let I' = {c}, and let h denote the unary projection h(a) = h(b) = c.
Consider the language L = (aa)* U b(bb)*. Then the word w = b cannot be pumped w.r.t. L,
since b’ ¢ L whenever i is odd. But h(L) = c*, and it is obvious that the word h(b) can be
pumped w.r.t. h(L).

In fact, all homomorphisms preserving the (enhanced) pumping property are injective, as we
shall prove later on. Recall that an injective homomorphism is commonly referred to as code,
and the homomorphic images of the alphabet letters of its domain are referred to as codewords.
A code with the property that no codeword is a prefix (suffix, respectively) of another codeword
is a prefiz code (suffiz code, respectively). A code that is both a prefix code and a suffix code is
called a bifix code.

Ezample 7. Let ¥ = {a,b,c}, let I' = {0,1}. Let h be the prefix code given by h(a) = 01,
h(b) = 011, and h(c) = 0111. Consider the language L; = (a U bc*b)™. Then the word w = bb
does not have the pumping property: there are two decompositions w = zyz with |y| > 0. But,
for these, we have zy°z = b or 23°2 = €, which are not in L.

Now let Ly = 0(10 U 1101)*1. Then obviously 0(1101)‘1 € Lo, for every value i > 0, so the
word 011011 has the pumping property w.r.t. language Lo. Observe, that for all ¢ > 1 we have

h(a™t) = (01)™' =0(10)---(10)1
~—_———
i times
as well as

h(bé'b) = 011 (0111) - -- (0111) 011 = 0 (1101) - - - (1101) 1,

i times i+1 times

for all 7+ > 0. One can easily observe that these two patterns exhaust the set Lo, so we can
conclude that Ly = h(Ly).

The problematic phenomenon illustrated in the above example has been formalized in [11]:
Let h : X* — I'* be a code. Then, we say that h has the non-crossing property, if and only if
for all vy, v, w1, wy € I't we have that if (v; Uwvg) - (w1 Uws) C h(X), then v; = vg or wy = wy.

Lemma 8. Let h be a code which does not have the non-crossing property. Then h is neither
pumping preserving nor enhanced pumping preserving.

3 If there is no such word, we exchange L by its complement L in the whole proof.
4 Because of Lemma 4, in the examples to come, it suffices to restrict our attention to the (non-enhanced)

pumping property.



Proof. By Lemma 4 it suffices to show that h is not pumping preserving. Since h : X' — I'* does
not have the non-crossing property, there are nonempty words vy, v, w1, wy € I'" with vy # vy
and w; # wy such that the inclusion (v; U vg)(wy U wse) C h(X) holds. Then viw; # vows
or vow) # viws, as is easily observed—see also [11, Lemma 4.4]. Note that we can exchange the
roles of v1,ve, wy, we if necessary such that viwy # vows holds, so let us assume that this is the
case. Let us denote a = h~!(viwy), b = h™ (viws), ¢ = h™ ! (vawy), and d = h™!(vaws), while
keeping in mind that some of the variables a, b, ¢, d may, or may not, denote the same alphabet
letter from X —we shall inspect this later.

Now consider the language h(L) = vi(wiv; U wave)*wy. The word vywavewy can obviously
pumped w.r.t. the language h(L). Next, it can be readily verified that h ((a Ubd*c)t) = h(L).
Since h is a code, we can deduce the equality L = (a U bd*c)*. But h~!(viwavowr) = be can
have the pumping property w.r.t. language L only if a = b or a = ¢: The word a is the only
word in L that is shorter than bc. Hence, for pumping be, we need to find a decomposition of bc
into subwords be = zyz such that |y| > 0 and 23’z = a.

Next, it is immediate from w; # wy that viw; # viws. Then by injectivity of h, we
have h=1(vjwy) # h™1(viws), that is, a # b. Similarly, it is immediate from v; # vy that
we get viwi; # vowi. Then again by injectivity of h, we have h™'(viwi) # h™(vowr), that
is, a # ¢. Thus be does not have the pumping property w.r.t. L, while h(bc) has the pumping
property w.r.t. h(L), and thus h is not pumping preserving. O

If we restrict our attention to bifix codes, the non-crosssing property is sufficient:

Lemma 9. Let h be a bifix code with the non-crossing property, and let L be a reqular language.
If w € L does not have the pumping property w. r.t. language L, then h(w) does not have the
pumping property w. r.t. h(L). The result is also valid for the enhanced pumping property.

Proof. We first prove the statement for the pumping property and explain later what has to be
changed for the enhanced pumping property. For the sake of contradiction, assume that w cannot
be pumped w.r.t. L, but its homomorphic image h(w) has the pumping property w.r.t. the
language h(L). That is, there is a decomposition h(w) = zyz with |y| > 0 such that zy*z C h(L).

Here, any of z,y, z may, or may not, be in h(X*). To further investigate the possible cases,
let us further decompose x = z1x2, y = y1y2y3 and z = 2129, with 1 being the longest
prefix of x which is a codeword, with z5 being the longest suffix of z which is a codeword,
with zoy; € h(X) if x9 is nonempty and zoy; = £ otherwise, and finally with y3z3 € h(X)
if z; is nonempty and ys3z; = € otherwise. Observe, that there is a unique such decomposi-
tion (z1,x2,y1,Y2,Ys3, 21, 22). Furthermore, observe, that ys is a codeword. First consider the
case r3 = £. Pumping yields xy°z = x1 2122, which is by assumption a word in h(L) and thus a
codeword. Since h is prefix-free and suffix-free, and z; cannot be a codeword by the definition
of zo, the word z; must be empty. But then all of x, y, and z are codewords. Then for each ¢ > 0,
the pumped image xy‘z can be decoded to a word h=1(z)(h~!(y))'h~!(z) in A=Y (h(L)) = L,
which gives the desired contradiction in this case.

The argument for the case z; = € is similar. So let us assume that both zs,2; # e.
Since xoy; € h(X), but x2 is not in h(X) by the definition of x1, we conclude that y; can-
not be the empty word. A similar reasoning yields that ys can neither be the empty word.

Now consider the pumped words nyz = XT1T2Y1Y2Y3Y1Y2Yy32122 and wyoz = x12921%2. By
assumption, both of these words are in h(L), so they are codewords. Since h is prefix-free and
suffix-free, and both z1 and 29 are codewords, we see that both zoy1yoysy1y2y321 and xo2z1 are
again codewords. For the word pairs (x2, z1) and (z2y1Y2y3, y1y2y321), notice that not only zg - 21
and Toy1Y2y3 - Y1Yoy3z1 are codewords, but also their cross-wise concatenation s - y1y2y321



and zoy1Y2ys - 21, since by the definition of the decomposition (z1,z2,y1,y2,ys, 21, 22) we have
that zoy1,y321 € h(X), and y2 € h(X*). But the existence of two word pairs (vy,w;) and (vg, ws)
with v; # vo and wy # wo for which both the respective concatenations viwi, vows and their
cross-wise concatenations viws, vow; are code words violates the non-crossing property of h,
contradiction.

When considering the enhanced pumping property we have to take care of the following
issue: let L be a regular language and let w € X* be a word that does not have the enhanced
pumped property w.r.t. L. If there is no word v € X* such that wv € L then we exchange the
language L by its complement L which does not alter argumentation because each word in X*
has the enhanced pumping property w.r.t. L if and only if it has the enhanced pumping property
w.r.t. L. Hence, we safely assume that there is a word v € X* such that wv € L. In addition
these words are mapped by h into A(X*) which makes all words h(v) codewords. If any word h(w)
has the enhanced pumping property then we know that there is a decomposition h(w) = zyz
with |y| > 0 such that

xyzv C h(L) iff xy*zv C h(L),

for all words v € X* which includes all words v € h(X*). Thus, we restrict the reasoning to
such a decomposition and all words v € h(X*) to obtain the stated result also for the enhanced
pumping property. O

Now, we are ready to prove that indeed all pumping preserving homomorphims are codes:

Lemma 10. Let h be a homomorphism that is not injective. Then h is neither pumping pre-
serving, nor enhanced pumping preserving.

Proof. Let h : X — I'* be a homomorphism which is not injective. Consider first the case
that h(a) = ¢ for some a € X. Now consider the language a*. Then the word @ has the pumping
property w.r.t. L. But h(a) = €, and the empty word cannot be decomposed into subwords zyz
with |y| > 0.

Now let us assume that h is e-free and not injective; that is, there are words w; # wo
such that h(w;) = h(wsz). Let g : {a1,a2} — X* denote the homomorphism with g(a;) = w
and g(a2) = wy. Then g must be prefix-free and suffix-free, since h is a homomorphism,
h(wy) = h(wz) and h(a) # ¢ for all @ € X. This in turn implies unique decodability, so g
is a code. It has been shown in [11, Lemma 4.6] that those codes, whose domain alphabet has
size at most two, necessarily have the non-crossing property. Thus, g preserves pumping with
the aid of Lemma 9. Now let L = ajaz U aza;. The word aga; does not have the pumping
property w.r.t. L, since the only shorter word in L is az and az = aga) but aza? is not in L.
But h(g(aza1)) = h(wi)? has the pumping property w.r.t. h(g(L)), because h(L) = h(w;)=! and
the decomposition h(w)? = xyz with x = € and y = 2z = h(w;) can be pumped w.r.t. h(g(L)).
Since g preserves pumping but the function composition ho g does not, this implies that h is not
pumping preserving. By Lemma 4 it also follows that h is not enhanced pumping preserving, as
desired. O

But we observe that in general it is not needed for a pumping preserving homomorphism to
be prefix-free.

Lemma 11. There are (enhanced) pumping preserving codes which are not prefiz codes.

Proof. We focus on the proof for the pumping preserving property. With similar arguments as
used in the proof of Lemma 9 one can show that the statement also holds for the enhanced
pumping preserving property. The details are left to the reader.



Let h : ¥ — I'* be a code with a; # as € X such that r,s € I'" with h(a1) = r
and h(az) = rs. Assume that h is not pumping preserving. Then there is a language L and
a word w € L such that h(w) € h(L) is pumpable w.r.t. h(L) but w is not pumpable w.r.t. L.
Therefore we have x, y, z € I'* such that h(w) = xyz, y # €, and zy'z € h(L) for all non-negative
integers i. We observe that w € h(L) C {r,rs}* implies that w does not contain the subword ss.
Therefore this also holds for all subwords of w, i.e., x, y, and z do not contain the ss subword.

We will find that we can derive a decomposition of w. For this we distinguish for each of the
words z, y, and z whether they are in h(X*) or not:

1. For the case z,y € h(X*) we focus on the sub-case that z ¢ h(X*), because we directly
obtain a decomposition of the word w by w = h=1(x)h~(y)h~1(2), if z € h(X*). We obtain
that * = 2'r, y = ry'r, and 2z = s2/, because xz, xyz, and xyyz are in h(L). Therefore
we have w = h™!(2")aih~1(y )agh~!(2') and we can pump w by the subword a;h~!(y/).
This can be seen as follows. It is easy to confirm that h(h~(z")ash~!(z')) = xz and for all
non-negative integers ¢ > 1 we have

h(h () (a1h™ () agh 1 (2))) = zy'z.

Since xy’z € h(L) for all non-negative integers i > 0 we obtain the inclusion h=!(zy‘z) C L.
Hence we found that the word w is pumpable by its subword a1h~!(y/).

2. For x,z € h(X*) and y & h(X*) we see that z = 2'r, y = sy/r, and z = r2’ because xz, xyz,
and xyyz are in h(L). Hence, we have

w = h" 2 )ash ™ () )ara h 1 (2)

and we can pump w by the subword ash~!(y), which can be seen in similar vein as in the
previous case and by observing that

wy'z = h(h™! (") (a2h ™ () ararh ™ (")),

for all non-negative integers 1.

3. If x € h(X*) and both y,z € h(X*) we observe that x = 2'r, y = sy'r, and z = s2’
because zz, yz, and zyyz are in h(L). Additionally w = h~!(2")ash~'(y)ash~!(z’) can be
pumped by its subword ash~!(y').

4. Case = ¢ h(X*). We observe that h(w) € {r,rs}* = h(L) implies that z is a subword
of a word in {r,rs}*. Therefore x ends either in an r or an s. Then we have x = a'r
or x = a'rs such that h=1(z') # 0, which implies that h=!(x) = h=1(2') - {a1} in the former
case and h™1(z) = h=1(2’) - {az} in the latter case.

This proves the stated claim. O

To obtain a necessary and sufficient condition, we use a few more definitions from [11]:
Let h : X* — I'* be a code. Let Ry, Ry be languages over I" such that R; - Ry C h(X*). The
ordered pair (R1, R2) has the tag (w.r.t. h) if one of the following holds:

— There exists 7 € I' and R} C h(X*) such that R; = Rjr and rRy C h(X™).
— There exists s € I'* and R}, C h(X*) such that Ry = sR), and Rys C h(X*).

The shortest word that satisfies the first condition (resp. the second condition) is called the suffix
tag (the prefix tag, respectively) of (Ry, R2). A code has the tag property if for all x, 2’ y,y' € I'*,
if (xU2")(yUy') C h(X*), then the pair (z U2’,y Uy') has the tag.

For the proof of the next result, we need a theorem on unique decodability as stated in [11]
and attributed to Schiitzenberger [20].



Theorem 12. A homomorphism h : X* — I'* is injective if and only if the following hold:

— Foralla € X, h(a) ¢ h(X\ {a})*.
— Forallz,y,z € X* the following holds: if all of x, xy, yz, and z are in h(X*), theny € h(X*).

Now we are equipped for proving the next statement—the proof of the following lemma is
similar to that in [11, Theorem 5.1].

Lemma 13. Let h : X* — I'* be a code that has the tag property. Then h is pumping and
enhanced pumping preserving.

Proof. Let L be any regular language. We will show that for each word w € L, the word w can
be pumped with respect to L if and only if A(w) can be pumped with respect to A(L). The ‘only
if” part of course is implied by Lemma 5, since h is a code.

The implication in the other direction requires more work. Let h(w) be a word that can be
pumped with respect to h(L). Then there is a decomposition h(w) = zyz with |y| > 1 such
that xy*z € h(L). By [11, Lemma 5.2], if a homomorphism h has the tag property, it has the
tag for all pairs (Ry, Rg) with Ry, Re € I'* and Ry - Ry C h(X™*). Since xy*y*z is in h(X*), the
pair (zy*,y*z) has the tag. Without loss of generality, we may assume it has the suffix tag r,
the case of the prefix tag being symmetric. Since r is the suffix tag, every word in xy* must have
the suffix r. Let = 217 and y = y;7. Then by the tag property of the pair (zy*,y*z), we have

17 € zy* and thus z7 is a codeword,
x1ry1r € xy* and thus x1ry; is a codeword,
y172 € y*z and thus r - y17z is a codeword,
and

z € y*z and thus r - z is a codeword.

Now since all four words x1, x17ry17rz, r1yrz, and rz are codewords, we can apply Theorem 12
to deduce that ry; must be a codeword as well.

To get ready for the final coup de grace, let us transform the expression xy*z. By iterated
application of the associative law for concatenation, we obtain

r(y17r)’ = (ryp)r for all integer i > 0,

and thus r(y;7)* = (ry1)*r. We thus can deduce that for all i > 0, we have 1 - (ry1)* -7z = zy'z.
With 2yz € h(L) for all i > 0, we conclude that the preimage

Rl (zy'z) = h N ay) - At (ry)t - A (r2)

is in L for all i > 0. Thus, the three subwords h=*(z1), h~(ry1) and h=(rz) form a decompo-
sition of h~1(h(w)) = w that can be pumped, as desired.

With similar arguments as in the proof of Lemma 9 also the statement for the enhanced
pumping property follows. O

The converse direction is now easy:

Lemma 14. If a code h is pumping preserving, then it has the tag property. The implication
remains valid if h is enhanced pumping preserving.



Proof. Assume that h is a code that does not have the tag property. In [11, Lemma 5.3], it
is shown that then there is another code g, such that g is prefix-free, suffix-free and has the
non-crossing property, and moreover, the composition of g and h does not have the non-crossing
property.

The homomorphism g is pumping preserving by Lemma 9. In contrast, with Lemma 8 it
follows that g o h is not pumping preserving. Since the composition of two pumping preserving
homomorphisms is again pumping preserving, we deduce that h cannot be pumping preserving,
which in turn implies that h cannot be enhanced pumping preserving either by Lemma 4. O

Hence, we have obtained a tight characterization of those homomorphisms that preserve the
pumping properties.

Corollary 15. A homomorphism preserves the (enhanced) pumping property if and only if it
has the tag property. O

Finally, we can state the main theorem of this section. It was proved in [11] that a homo-
morphism preserves star height if and only if it has the tag property. Thus, we obtain:

Theorem 16. A homomorphism preserves the pumping property if and only if it preserves the
enhanced pumping property if and only if preserves star height.

4 Minimal Pumping Constants and Longest Paths in Finite Automata

We consider the pumping constants mpc(L) and mpe(L) and their relation to the longest path
in the minimal finite automaton accepting the regular language L. Here, mpc(L) (mpe(L), re-
spectively) refers to the minimal number p satisfying the conditions of Lemma 1 (Lemma 2,
respectively), for a regular language L over X. Simple facts about these constants can be found
in [5,12]. Concerning the relation between both mpc and mpe we have mpc(L) < mpe(L), for every
regular language L. The relation of mpe(L) and the state complexities is more subtle, namely
for a regular language L over the alphabet X' we have mpc(L) < sc(L) and it was shown in [12]

that
mpe(L)—1

mpe(L) <sc(L)< Y |Z[
i=0

Let nsc refer to the nondeterministic state complexity. The former inequality also holds for nsc,
i.e., mpc(L) < nsc(L), while the latter does not generalize. In fact, mpe and nsc are incompa-
rable [8]. There it was argued that the mpe-measure and the length of the longest path of the
automaton, that is, a simple directed path of maximum length from the initial state of the au-
tomaton, are different measures in general, using the witness shown in Figure 1. Nevertheless, for
a restricted class of automata we will show that in fact both pumping measures can be bounded
somehow with the length of the longest path of the underlying automaton. Before we state our
results for the pumping measures and their relation to the longest path, we introduce two nota-
tions: let A be a DFA and ¢ a state of A, not necessarily final. Then ¢4 (¢ A|q, respectively) refers
to the length, i. e., number of transitions, of the longest simple directed path of maximum length
in the automaton A starting in gy and ending in any state (in state ¢, resp). Here a path is called
simple if it does not have repeated states/vertices. The following observation is immediate by
Jaffe’s proof, cf. [14], and was mentioned in [8]:

Lemma 17. Let A be a DFA and L := L(A). Then mpe(L) < {4+ 1. If L is a unary language,
then mpe(L) = sc(L).



@
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Fig. 1. The deterministic automaton A, accepting L, = L(Ay). The non-accepting sink state is not shown. The
language L,, satisfying mpe(L,) = 3 and the longest path in A starting in the initial state go is of length n + 1.

Using the witness depicted in Figure 1, we have a language L where mpe(L) and £4 + 1 can
be far apart. Nevertheless, for the class of bideterministic finite automata (biDFAs, for short)
this is not the case as shown next. Here, a finite automaton A is bideterministic if it is both
partially deterministic and partially co-deterministic and has a sole accepting state. Moreover,
an automaton A is partially co-deterministic if the reversed automaton obtained by reversing
the transitions of A is partially deterministic. A language L is said to be bideterministic if it
is accepted by a biDFA A, i.e., L = L(A). Observe that L is accepted by a bideterministic
finite automaton if and only if the minimal automaton of the language L is reversible, i.e.,
deterministic and co-deterministic, and has a unique final state [19]. This leads us to the key
property of bideterministic finite automata of which we will make heavy use:

Lemma 18. Let A = (Q, X, - ,q0, F) be a biDFA and z a word from X*. Then p-z = q, for
states p,q € Q, implies that |{p | p-z = q}| =1, i.e., if the z-predecessor state p of q exists,
then p is unique. O

The next lemma uses the above property in the proof and reads as follows:
Lemma 19. Let L be a bideterministic language accepted by a minimal DFA A. Then
by <mpe(L) </ly+1
with L := L(A).

Proof. First observe, that A is an ordinary DFA with a possible non-accepting sink state. Since
it is minimal, A can be made bideterministic by removing the non-accepting sink state.

The upper bound is immediate by Lemma 17. For the lower bound we argue as follows:
consider a longest path p in A. This path induces a word w. Depending on the state were p ends
we distinguish two cases—we assume that the transition function of A is - and qq is the initial
state of A:

1. Assume that the last state in the longest path p is not the non-accepting sink. Let ¢ be this
state. Then we consider the word w induced by the path p. Any decomposition w = zyz
with |y| > 0 gives rise to three states ¢, = qo - 2, ¢zy = ¢z - ¥, and ¢gy> = ¢uy - 2, Where all
states are pairwise different, since p is the longest simple path. Moreover, we have q,,. = q.
Since A is bideterministic by removing the non-accepting sink state, the state g, is also
the uniquely reachable state from ¢ by reading z backwards. Hence, the word zy°z does
not reach state ¢ from the initial state go because ¢, # quy. Thus, the word w of length ¢4
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cannot be pumped by respecting the equivalence classes of L because by assumption A is
minimal and the states are representatives of the Myhill-Nerode equivalence classes. Hence,
this shows that mpe(L) > f4 + 1 > {4.

2. The longest path p ends in the non-accepting sink state. Then the non-accepting sink state
has a predecessor state in the longest path and the word w induced by the longest path
shortened by the last step cannot be pumped which can be shown by a similar argument as
above. Since |w| = €4 — 1, we find that mpe(L) > |w|+1= ({4 —1)+1="{4.

In both cases we have shown that mpe(L) > ¢4. Together with the upper bound the stated
claim /4 < mpe(L) < {4 + 1 follows. O

The bounds in the previous lemma are best possible. This can be seen by the following
bideterministic languages: language L; = {ab} over the binary alphabet {a,b} and the unary
language Lo = {aa}. Both languages are accepted by minimal 4-state DFAs, which are both
bideterministic if the non-accepting sink state is removed. Let A; (Asz, respectively) be the DFA
that accepts L (Lg, respectively)—see Figure 2. Thus, in both cases we have £4, = {4, = 3,

~O—O—0 ~O—O0——@

Fig. 2. Deterministic finite automata A; and A accepting the bideterministic and finite languages L1 = {ab}
and Lo = {aa}, respectively. In both drawings the non-accepting sink state is not shown. The longest simple
path in both automata is of length 3 (including the non-accepting sink state) and the pumping constants of the
languages are mpe(L1) = 3 and mpe(Lz) = 4.

but mpe(L;) = 3 = {4,, while mpe(L2) = 4 = £4, + 1. This is seen as follows: first consider
the language L;. The word ab cannot be pumped at all, because any shorter word is not a
member of L;. Hence, mpe(L;) > 3. Every word of length at least 3 maps the initial state of
the automaton A; to the non-accepting sink state. Any word of length at least 3 that starts
with the letter b or with the prefix aa visits the non-accepting sink state at least twice and
hence can by pumped respecting equivalence classes. In case the word of length at least 3 begins
with ab we are left with the prefixes aba or abb. Then, it is easy to see that in the former case
the letter b in the middle of the prefix can be pumped, while in the latter case the first letter a
is pumpable. The details are left to the reader. Hence, we have mpe(L) = 3 = {4, as required.
For the unary language Lo, the argumentation that mpe(Ls) = 4 is slightly simpler. Since Lo
is unary, there is only a single word of length 3, but a® is not a member of Lo. Shortening
this word to any length strictly less than 3, results in a word that belongs to a different Myhill-
Nerode equivalence class then the word a?. Hence a® cannot be pumped by respecting equivalence
classes. Therefore, mpe(L2) > 3+1 = 4 and by Lemma 17 we have mpe(L) < {4, +1 =341 =4.
Thus, mpe(Lg) =4 = {4, + 1.

Next, let us consider the pumping measure mpc. Recall that mpc(L) < mpe(L), for every regu-
lar language L. The gap between path measures can be arbitrarily large even for bideterministic
languages. Consider the bideterministic unary language L, = (a™)*, for n > 1, which is accepted
by a unary cyclic DFA with n states. Since mpe and sc coincides for unary languages, we have
that mpe(Ly,) = n. On the other hand, mpc(L,,) = 1, because L,, # () and each word w € L,, can
be pumped by choosing z = A\, y = w, and z = A, since zy*z = w* C L. Nevertheless, we can
also show a nice relation for the mpc-measure with a longest path problem. The result is stated
in the following lemma.
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Lemma 20. Let L be a bideterministic language that is accepted by the minimal DFA A and
define L :== L(A). Then mpe(L) = EA’qf + 1, where g5 is the unique final state of A.

Proof. The proof of the statement follows similar lines as the proof of Lemma 19. The longest
simple path between the initial state of the automaton to its unique accepting state gives rise
to a word that cannot be pumped due to the uniqueness of the intermediate states due to the
determinism and co-determinism of the accepting device (without the non-accepting sink state).
Thus, one deduces mpc(L) > ¢ A‘Qf + 1. On the other hand, any word that is accepted by A and

is longer or equal than ¢ A‘qf + 1 induces a computation where at least one state is repeated.

Hence, the word can be pumped without losing its acceptance. Therefore, mpc(L) = ¢ A}Qf +1
follows. =

5 The Complexity of Pumping, Revisited

We will consider the following decision problem [8] related to the pumping lemmata stated in
the introduction:

LANGUAGE-PUMPING-PROBLEM or for short PUMPING-PROBLEM:

INPUT: a finite automaton A and a natural number p, i.e., an encoding (A, 17).

OuTPUT: Yes, if and only if the statement from Lemma 1 holds for the language L(A) w.r.t.
the value p.

We apply our findings on the relation between the minimal pumping constants from the previous
section in order to give a simpler proof for the coNP-completeness of the PUMPING-PROBLEM
for DFAs. This will be a corollary to an inapproximability result for DFAs, which significantly
improves a previously known inapproximability result for NFAs from [8].

The LONGEST-DIRECTED-PATH-PROBLEM (LDP-problem) is defined as follows: given a
directed graph G = (V,E), find the longest sequence of distinct vertices vi,ve,...,vx such
that (v, vi41) € F, for 1 <14 < k. Naturally, the LDP-problem gives rise to a NP-complete deci-
sion and an approximation problem. The LDP-optimization problem cannot be approximated in
polynomial time within a factor of n!~¢ for any constant € > 0, unless P = NP. Also, assuming
the Exponential Time Hypothesis (ETH), which is a stronger assumption than P # NP, it can-
not be approximated in polynomial time within a factor of w(%). Both inapproximability
bounds are shown® in [2]. By inspecting the proof, one can see that the result in fact applies to
digraphs with bounded outdegree [1]. In the next theorem we use the LDP-optimization problem
as a starting point for our reduction to the PUMPING-PROBLEM for DFAs.

Theorem 21. Let A be a DFA with s states over an alphabet of size O(s). Then no determinis-
tic polynomial time algorithm can approximate the minimal pumping constant w. r.t. Lemma 1
(Lemma 2, respectively) within a factor of s'=¢ for any constant € > 0, unless P = NP. Assum-

ing ETH, the inapprozimability factor becomes w(s(lfz)gg 15%8)

Proof. The following reduction shows that the problem s-t-LDP-problem, which is looking for
the longest directed path that starts in a specified vertex s and ends in a specified vertex ¢,
shares the same inapproximability properties: let G be an instance of the LDP-problem. We add
two new vertices s and ¢ and add directed edges from s to each vertex in G, as well as directed

® The actual inapproximability bound assuming the ETH from [2] is slightly stronger, but involves a function f(n)
safisfying some additional tameness constraint. We use the simplified bound for better readability.
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edges from each vertex in G to the target t. Obviously the length of the longest directed s-t-path
in the constructed graph thus obtained exceeds the length of the longest directed path in G
exactly by two.

Next we reduce the s-t-LDP-problem to the PUMPING-PROBLEM of DFAs. Let G = (V, E) be
an instance of the s-t-LDP-problem with bounded outdegree. W.l.o.g. assume that the set V of
vertices is equal to V' = {v1,v2, ..., v, }. We construct a partial DFA A = (Q, X, -, qo, {qr}) with
state set @ =V, input alphabet X' = {a;; | (v;,v;) € E }, and transition function v; - a;; = vj,
for each edge (v;,v;) € E. The initial state is set to g = s and ¢y = t is the sole accepting
state. Observe, that by construction the automaton is in fact even bideterministic. Also, we
have | ¥| = O(|Q|) because G has bounded outdegree.

Let L := L(A). By Lemma 20 we obtain that mpc(L) = EA’qf + 1, which is one off the

length of the longest directed s-t path in G. Thus, the desired inapproximability bounds follow
by the results from [2]. A similar argumentation applies for the mpe-constant with the help of
Lemma 19. O

A direct consequence of the previous proof is that the PUMPING-PROBLEM for both pumping
lemmata is intractable; this re-establishes a result from [8]—with an even stronger bound on the
approximation ratio—, but it uses a growing-size alphabet. Luckily, we can use a (enhanced)
pumping preserving homomorphism to code it down to a binary alphabet. Let the r-letter alpha-
bet X = {ai,as,...,a,} and h be the homomorphism given by a; + bin(i)bin(i)®, for 1 < i < r.
Here, bin(i) denotes the [logr]-bit binary encoding of the number i and bin(i)® its reversal. As
shown in [7], the code h preserves star height, which in turn implies that h also preserves the
(enhanced) pumping property by Theorem 16. Now we are ready for the next lemma.

Lemma 22. Let r > 3 be an integer, X = {a1,aq2,...,a,} be an r-letter alphabet, h be the
homomorphism given by a; — bin(i)bin(i)®, for 1 <i <r, and L be a regular language over X.
Then

mpc(h(L)) = 2b- (mpe(L) — 1) + 1,

where b = [logr].

Proof. We will first show that mpc(h(L)) < b-mpc(L) — (b — 1). In fact, a more general state-
ment holds. Let X, I" be two alphabets, and let ¢ be a homomorphism X* — I'*. Then we
have that mpc(g(L)) < ¢ -mpc(L), where ¢ = maxgey |g(a)|. If w is a word in L which can
be pumped with respect to L, and w = zyz is a pumpable decomposition, then we also
have g(w) € g(L) and for each integer i > 0 it holds that g(z)g(v")g(2) = g(2)g(y)'g(2) € g(L).
Every word in g(L) of length at least ¢ - mpc(L) is the homomorphic image of a word of length
at least mpc(L), and by the argument above is pumpable with respect to g(L). For the homo-
morphism h under consideration, the above argument yields mpc(h(L)) < 2b - mpc(L). To see
that in fact mpc(h(L)) < 2b-mpc(L) — (2b — 1), we notice that all words in h(L) are of some
length which is a multiple of 2b. Thus, a forteriori all words in h(L), whose length is in the
interval [2b-mpc(L) — (2b—1),2b-mpc(L) — 1] can be pumped, as there are no words at all that
satisfy these conditions.

It remains to show that mpc(h(L)) > 2b-mpc(L) — 2b + 1. It is readily verified that h is
injective, prefix-free and suffix-free, and that it has the non-crossing property. Thus, A is a star-
height preserving homomorphism. Now let v be a word in L that cannot be pumped with respect
to L, and which furthermore satisfies |u| = mpc(L) — 1. By Lemma 9, h(u) cannot be pumped
with respect to h(L), which shows that mpc(h(L)) > 2b - mpc(L) — 2b, as desired. 0

For the minimal pumping constants w.r.t. Lemma 2 we prove the following lemma in similar
vein as Lemma 22.
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Lemma 23. Let r > 3 be an integer, X = {a1,aq2,...,a,} be an r-letter alphabet, h be the
homomorphism given by a; — bin(i)bin(i)®, for 1 <i <r, and L be a regular language over X.
Then

2b- (mpe(L) — 1) < mpe(h(L)) < 2b- mpe(L),

where b = [logr].

Proof. As for the pumping constant mpc it holds for all alphabets I" and all homomorphisms
g: X% — I' that mpe(g(L)) < ¢-mpe(L), where ¢/ = max,eyx |g(a)|. Hence, we obtain the upper
bound for mpe(h(L)).

For the lower bound we argue as follows: by the definition of the minimal pumping con-
stant mpe(L), for a language L, it immediatly follows that there is a word w (not necessarily
contained in L) of length mpe(L) — 1 that cannot be pumped w.r.t. Lemma 2. Then by the
generalization of Lemma 9 to enhanced pumping we obtain that A(w) cannot be pumped w.r. t.
Lemma 2 either. Thus, we get mpe(h(L)) > 2b- (mpe(L) — 1). Hence that stated lower bound
follows. O

One might ask whether we can come up with an exact calculation of mpe(h(L)) as
for mpc(h(L)). As we will see next this is not possible since the bounds for mpe(h(L)) from
the previous lemma are best possible. We begin with a language L that meets the upper bound,
i.e., mpe(h(L)) = 2b-mpe(L). Define L = (abc)*. Thus, 20 = 4. Observe that each word of
length at least three is pumpable w.r.t. Lemma 2 either (i) by its prefix abc, (ii) by its sec-
ond letter if the first letter is not an a, (iii) by its first letter if the second letter is not an a,
or (iv) by its third letter, otherwise. Thus, mpe(L) > 3. Moreover, the word ab cannot be
pumped w.r.t. Lemma 2, which can easily be seen by concatenating it with v = c. Hence,
we have mpe(L) = 3. Next, consider h(L). The language L is mapped by h onto the lan-
guage h(L) = (000001101001)*. Similarly, as in the above argumentation, one finds that each
word in h(L) of length twelve can be pumped w.r.t. Lemma 2 while the word 00000110100
cannot be pumped. Therefore, mpe(h(L)) = 12 = 4 -3 = 2b - mpe(L) as desired. Finally, we
consider a language L that meets the lower bound, that is, mpe(h(L)) = 2b - (mpe(L) — 1) + 1.
Let L = abe. Again 2b = 4. Tt is easy to see that mpe(L) = 4, since the word abc cannot be
pumped w.r.t. Lemma 2 while all words of length four are pumpable. The details are left to the
reader. On the other hand, we have h(L) = 000001101001, which fulfills the inequality

mpe(h(L))=13>12+1=4-34+1=4-(4—1)+1=2b- (mpe(L) — 1) + 1.

Thus, the bounds proven in Lemma 23 are best possible.
We close this section with the main result on the inapproximability of the PUMPING-PROB-
LEM for DFAs on binary alphabets.

Theorem 24. Let A be a DFA with s states over a binary alphabet. Then no deterministic poly-
nomial time algorithm can approximate the minimal pumping constant w. r.t. Lemma 1 within
a factor of s'=¢ for any constant € > 0, unless P = NP. In case of ETH the inapprozimability
factor becomes 18185 Both statements hold true if one considers the approzimation of the

(logs)®
minimal pumping constant w. r.t. Lemma 2.

Proof. Let G = (V, E) be the digraph from the reduction in the proof of Theorem 21. For the
alphabet X of the DFA A constructed in Theorem 21, we use a1, as, ..., ., to denote the symbols
of ¥, with m = |X|. Recall that the code given by h : a; — bin(i)(bin(i))®, for 1 < i < m,
preserves the (enhanced) pumping property.
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To construct a DFA accepting h(L(A)), we first construct an NFA as an intermediate step,
and then show how we can get rid again of the nondeterministic choices. The NFA is constructed
in polynomial time in a straightforward manner: we add directed paths from each vertex v, along
which each codeword w can be read that encodes an edge e leaving v. Letting node v’ denote the
tip of edge e = (v,v’), the end of the directed path that is traversed by reading w is then identified
with the state v’ in the resulting NFA. This construction introduces |w| — 1 new states for this
edge. Since each codeword w is of length 21logm and m = O(n) because of the outdegree bound,
the overall number of states s in the NFA thus constructed is at most n+2mlogm = O(nlogn).
For the newly introduced paths leaving each vertex v, we can factor out common prefixes,
and thus merge some of the states we just introduced. At the same time, the NFA becomes
deterministic with this manoeuvre.

By virtue of Lemma 22, the minimal pumping constant w.r.t. Lemma 1 is increased by a
factor ~ 2logm. The same holds true if we consider pumping w.r.t. Lemma 2. Thus, in both
cases the calculation to come are the same. Thus, we only focus on the inapproximability of the
minimal pumping constant w.r.t. Lemma 1.

For the sake of contradiction, assume now there is a polynomial time approximation algorithm
for the pumping constant with a performance guarantee of s'~¢, for some constant ¢ > 0. That
is, the algorithm outputs solution size opt}, which is at most s!~¢ times larger than the optimum
solution size opt;. In terms of the parameter n, we thus obtain an approximation guarantee of

%
Pty s'=f =0 ((nlog n)l_e) .
opty
If the pumping constant is at least opt], this bounds the size of the longest directed s-¢ path in
the directed graph G by opt; ~ opt] - 2logm. Since for the actual length opt, of a longest
directed s-t path in G holds opty ~ opt; - 2logm. Thus, Zgg ~ Zgzi , and the same ap-
proximation guarantee holds for the s-t-LDP problem. For every positive constant § < e, we
have O ((nlogn)'=¢) = o(n'~°). Therefore, there is a polynomial time approximation algorithm
approximating the length of the longest directed s-t path within n!=® for n large enough, which
implies P = NP.
For the ETH-hardness bound, we argue along the same lines, but with a different calculation.

Assume there is an approximation algorithm for the pumping constant running in polynomial
sloglog s

time with a performance guarantee of s )? That is, the putative algorithm outputs solution
size opt] which is at most % times larger than the optimum solution size opt;. We thus

have an approximation guarantee of

opt; sloglogs O(nlogn)loglogs 0 <nloglogn>
opty (logs)® (log s)* N logn '
In the last step, we used the fact that log s ~ logn and loglog s ~ loglogn. In the same way as

we did before, we can deduce a bound opt3 on the length of a longest directed s-t path in the

opt3 opt] .
opte ™ opt - We thus have obtained

digraph G from opt}, with an approximation ratio satisfying

an approximation ratio 25:2 =0 (%) for the s-t-LDP problem within polynomial time,

which contradicts the Exponential Time Hypothesis by the result in [2]. O

6 Conclusion

In the present paper, we revisited the pumping problem for regular languages. For bidetermin-
istic finite automata, the pumping constant is more well-behaved than in the general case. We

15



characterized the pumping constant in terms of the longest path from the start state to an
accepting state. Then, we turned our attention to the homomorphisms preserving the pumping
property. This is seemingly a more primitive abstraction than that of a homomorphism pre-
serving star height. Interestingly, the two definitions are equivalent. Compared with the results
obtained for NFAs from [8], the inapproximability bound we obtained by putting the pieces
together is stronger, even though we restricted the input to DFAs, which means that the input
is represented less succinctly.
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