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Deutsche Zusammenfassung

Das Ziel der vorliegenden Arbeit ist es die Ergebnisse der Arbeit [KMS15] zu verallgemei-
nern. Wir betrachten die Wirkung arithmetischer Untergruppen der projektiven Gruppe
iiber einem rationalen Funktionenkorper auf dem zugeho¢rigen Bruhat-Tits Geb&dude.
Fiir die Einschrénkung dieser Wirkung auf den zugrundeliegenden Graphen des Bruhat-
Tits Gebdudes werden wir die jeweiligen Quotientengraphen bestimmen. Auf dem ra-
tionalen Funktionenkdrper {iber einem endlichen Koérper F, mit ¢ Elementen kénnen
wir diskrete Bewertungen definieren. Diese Bewertungen korrespondieren zu normier-
ten, irreduziblen Polynomen {iber F,. Der Grad der Bewertung ist gleich dem Grad des
irreduziblen Polynoms, welches zu dieser Bewertung assoziiert ist. Fiir kleine Grade ist
der berechnete Quotientengraph ein Fundamentalbereich fiir die Wirkung der arithme-
tischen Untergruppe auf dem zugrundeliegenden Graphen des zugehorigen Bruhat-Tits
Gebédudes. Ein solcher Fundamentalbereich kann beispielsweise dazu verwendet werden
eine Prisentierung der Gruppe zu bestimmen. Dazu werden nur noch die Stabilisatoren
innerhalb der arithmetischen Untergruppe von bestimmten Ecken und Kanten benétigt
(Siehe [Ser80], Abschnitt I.4 und Abschnitt I1.2). Einige dieser Stabilisatoren werden wir
in der vorliegenden Arbeit bestimmen, aber wir werden nicht genauer darauf eingehen
und uns auf die Berechnung der Quotientengraphen konzentrieren. Zu einer Stelle p des
rationalen Funktionenkorpers berechnen wir den Quotientengraphen der Wirkung der
Gruppe PGL3(Oy) auf dem zugrundeliegenden Graphen X des zugehérigen Bruhat-
Tits Gebdudes. Hierbei bezeichnet Oy, alle Elemente des rationalen Funktionenkdrpers,
die nur an der Stelle p mogliche Polstellen besitzen. Zuerst berechnen wir den Funda-
mentalbereich fiir die Wirkung der PGL3(Ooy) = PGL3(k[t]) auf dem zugehorigen
Graphen. Um die Quotientengraphen fiir alle Stellen p berechnen zu kénnen betrach-
ten wir die Wirkung von PGL3(Oy;, «)) auf dem Produkt der Bruhat-Tits Gebéude,
die zu den Stellen p und oo assoziiert sind. Mit Oy, 1 bezeichnen wir die Funktio-
nen, die nur Polstellen in p und co haben kénnen. Indem wir die Orbits der Wirkung
der PGL3(Oypy) auf den Ecken des zu p assoziierten Bruhat-Tits Gebdudes mit Or-
bits der Wirkung von PGL3(Oj}) auf den Ecken des zu co assoziierten Bruhat-Tits
Gebaudes identifizieren finden wir eine Beschreibung der Ecken des Quotientengraphen
PGL3(Op)\X. Die Anzahl an Kanten zwischen zwei vorgegebenen Ecken des Quotien-
tengraphen PGLg(O{p})\X kann iiber die Anzahl von geeigneten Doppelnebenklassen
bestimmt werden. Um die Anzahl an Doppelnebenklassen bestimmen zu kénnen miissen
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wir einige Félle unterscheiden. Fiir jeden dieser Fille benttigen wir die Méchtigkeiten
der involvierten Mengen um damit die Anzahl der Doppelnebenklassen in dem jeweiligen
Fall zu berechnen. Das Hauptresultat der vorliegenden Arbeit beschreibt die Quotien-
tengraphen durch Angabe der Anzahl an Kanten zwischen zwei vorgegebenen Ecken.

vi



Introduction

In order to study semisimple complex Lie groups and semisimple algebraic groups over
an arbitrary field Tits introduced buildings (see [Tit74]). So he associated to such a
group a building, such that the group acts in a nice way on the associated building. By
studying this action one can get information about the group. For instance, when we
have a fundamental domain for an action of a group on a graph together with the stabi-
lizers we can derive a presentation of the group by generators and relations (cf. [Ser80],
Sections 1.4, I1.2). More general, if we have a simplicial fundamental domain for the
action of a group on a certain simplicial complex together with the stabilizers we can get
a presentation of the group by generators and relations (see [Sou79], Section 2 or [ABOS],
Chapter 14). For the connection between buildings and groups Tits introduced the the-
ory of BN-pairs. When we can find a BN-pair in a group GG, which means that B and N
are subgroups of G satisfying certain properties, then we may associate a building to G
with a strongly transitive action of G on that building. If the corresponding Weyl group,
defined by W = N/(BN N), is a finite reflection group, then the associated building is
called a spherical building. In this case the apartments are triangulated spheres. For
many groups with a BN-pair such that the associated building is spherical, it is possible
to assign a second BN-pair to the group whenever we can equip the ground field with a
discrete valuation. Then the Weyl group for this second BN-pair is an infinite Euclidean
reflection group and an apartment of the associated building is a triangulated Euclidean
space. They are called affine or Euclidean buildings. In [IM65] Iwahori and Matsumoto
introduced first such BN-pairs and later in [BT72] Bruhat and Tits generalized this re-
sult to construct such BN-pairs for reductive algebraic groups over a non-archimedean
local field. According to this construction, Euclidean buildings are often called Bruhat-
Tits buildings. There exist some different compactifications for Bruhat-Tits buildings
(see, for example, [Lan96], [WerO1], [Wer04] and [Wer(07]). In [Wei09] there is a clas-
sification of Bruhat-Tits buildings. Here a Bruhat-Tits building is a thick, irreducible,
affine building whose building at infinity is Moufang. Bruhat-Tits buildings play an
important role by finiteness properties of matrix groups in positive characteristic. For
example, Serre proved that SLa(F,[t]) is not finitely generated (which is a theorem of
Nagao) by analyzing the stabilizers corresponding to a fundamental domain for the ac-
tion of SLa(F,[t]) on the Bruhat-Tits tree (see [Ser80], Section II.1.6). Behr gave in
[Beh98] a characterization for arithmetic subgroups to be finitely generated and finitely
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Introduction

presented. More general the finiteness length of such matrix groups was studied (see,
for instance, [Abr96], Section II1.2, [ABOg| Section 13.5, [Wit14] or [BKW13]).

Serre studied in [Ser80] the action of the projective linear group of the two dimen-
sional vector space over a global function field of a smooth projective curve over a finite
field. For such a global function field we can define a discrete valuation and associate
a Bruhat-Tits building to the projective linear group over the two dimensional vector
space over this field. In that case the Bruhat-Tits building is a graph and in partic-
ular it is a tree. Therefore the Bruhat-Tits building is called Bruhat-Tits tree in this
case. Serre computed fundamental domains for the action of arithmetic subgroups on
the Bruhat-Tits tree for some degrees of the valuations. In the case that the global func-
tion field is the rational function field over a finite field F, with ¢ elements this result
was generalized by Kohl, Miihlherr and Struyve in [KMS15] to arbitrary degrees. But
for higher degree the orbit space I'\ X, where X is the Bruhat-Tits tree and T is the
arithmetic subgroup acting on X, is not a fundamental domain for this action. There
is another generalization of the results by Serre in [Sou79]. There Soulé computed the
fundamental domain for the action of G(k[t]), where G is a simple and simply-connected
Chevalley group defined over Z and k[t] denotes the ring of polynomials over a field k.

In the present thesis we want to generalize the result in [KMS15|] of arithmetic sub-
groups of PGLy(k(t)) to arithmetic subgroups of PGL3(k(t)). The associated building
to PGL3(k(t)) is a Bruhat-Tits building of type As, so the apartments in this affine
building are Euclidean planes tiled by equilateral triangles. We consider only the under-
lying graph, i.e. the 1-skeleton, of the Bruhat-Tits building and the goal of this Thesis
is to describe the orbit space I'\ X, where X is this underlying graph of the Bruhat-Tits
building and I' is an arithmetic subgroup of PGL3(k(t)). The Main Theorem de-
scribes the vertices of this quotient and the number of edges between two given vertices
in the quotient graph. To reach this goal we adopt the strategy from [KMSI5].

In Chapter 1 we summarize the needed definitions and some important facts about
buildings. To do so we mostly follow the book by Abramenko and Brown [ABOS§]. First
we introduce simplicial complexes, because we want to define buildings as simplicial
complexes that can be covered in a certain way by subcomplexes, the so called apart-
ments. We consider chamber complexes, which are certain simplicial complexes. They
are finite dimensional and the simplices with maximal dimension are called chambers.
Buildings are examples of chamber complexes. Then we consider finite reflection groups
and Coxeter groups. To this groups we can associate a simplicial complex which is iso-
morphic to the apartments of the building. The simplicial complexes corresponding to
Coxeter groups are called Coxeter complexes. When the Coxeter complex is finite, then
the building is called spherical. If the geometric realization of the Coxeter complex is a
Euclidean space, then the building is called affine or Euclidean. Moreover, we consider
the connection between buildings and groups with a BN-pair as mentioned above. In
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particular we assign a building to the group SL,, (k) over some field k. To certain affine
buildings we can associate a building at infinity, which is a spherical building.

In Chapter 2 we define the building associated to the group PGL,(K,), where K
is a field with discrete valuation v. We use lattice classes in order to describe that
building, in particular the vertices of the building are given by the lattice classes of the
n-dimensional vector space over K. This building is isomorphic to the affine building for
SL, (K), defined by a BN-pair for certain subgroups B and N of SL,,(K). Now the latter
building is a Bruhat-Tits building and hence the former is a Bruhat-Tits building, too.
A Bruhat-Tits building is an affine building whose building at infinity is Moufang. For
SL,,(K) the associated affine building has as building at infinity the associated spherical
building for SL,(K). Due to a result by Tits (announced in [Tit74], p.274) every thick,
irreducible, spherical building of rank at least 3 is Moufang (See [AB0S§], Theorem 7.59).
For the spherical building of SL,,(K) it is shown in [ABO§]|, Section 7.3.4 that it satisfies
the Moufang property. Then we restrict to the case of the Bruhat-Tits building of rank
3 associated to PGL3(K, ), where K = k(t) is the rational function field over a finite
field k = F, with ¢ elements. In this case we generalize some facts from [Ser80]. We
consider the action of the arithmetic subgroup PGL3(k[t]) on the underlying graph of
the corresponding Bruhat-Tits building. For this action we compute the fundamental
domain and some stabilizers.

In Chapter 3 we generalize the result in [KMSI5] to PGL3(K,), where K = k(t)
is the rational function field over a finite field k& = F, with ¢ elements. In particular
we calculate the quotient graph of the underlying graph of the associated Bruhat-Tits
building by the action of an arithmetic subgroup of PGL3(K) ). Similar to [KMSI5H]
we consider for a place p of k(t) and the place oo the action of PGL3(Oyp o)), Where
Ofp,oc} denotes the elements of k(t) having only possible poles at p or oo, on the product
of the Bruhat-Tits building associated to p and the Bruhat-Tits building associated to
oo. Using the fundamental domain for the action of PGL3(O()) = PGL3(k[t]) on the
underlying graph of the Bruhat-Tits building corresponding to the place co we find the
vertices of the quotient I'\ X, where X is the underlying graph of the Bruhat-Tits build-
ing corresponding to the place p and I' = PGL3(Oy;,}); here Oy, denotes the elements
in k(t) having only possibly poles at p. For the edges of the quotient graph we have
to compute the size of certain double cosets. Therefore we have to distinguish some
cases. When we compute the length of the double cosets in each of these cases we find
the number of edges between two given vertices in the quotient graph. So we prove our
Main Theorem Since it needs 9 pages to formulate the main result of this thesis
we will not state it again in this introduction. But here are the pictures of the quotient
graphs for the degrees d € {1,2,3}:

X
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1. Buildings

In the first chapter we summarize definitions and important facts about buildings. We
will mainly follow the book [ABO§|]. There exist several approaches to buildings. We
define buildings as simplicial complexes, that can be covered by Coxeter complexes.

1.1. Simplicial complexes

This section is based on Chapter 3 in [Pap12] and [ABO08], Appendix A.1.1.

Definition 1.1.1. Let V be a set. An abstract simplicial complex K with vertex set V
is a nonempty collection of finite subsets of V such that:

e if v €V, then {v} € K
eifceKand T Co,then e K

An element v € V is called vertex. An element o € K is called simplex of IC. If the
simplex o consists of k + 1 vertices, then we call it a k-simplex of IC. Furthermore the
cardinality |o| = k + 1 is called the rank of the simplex and k is the dimension of the
simplex o. The empty set is a simplex of rank 0 and dimension —1. For a vertex v € V
we also call the corresponding 0-simplex {v} of K a vertex of K. If e is a 1-simplex of K
we call it an edge of K.

Remark 1.1.2. We say simplicial complex for an abstract simplicial complex.

Remark 1.1.3. Another way to define simplicial complexes is the following: Let A be a
non-empty poset (partial ordered set). Then A is a simplicial complex if it satisfies the
following conditions:

1. Any two elements A, B € A have a greatest lower bound A N B.

2. For any A € A, the poset A< 4 of faces of A is isomorphic to the poset of subsets
of {1,...,r} for some integer r > 0.

Definition 1.1.4. Let K be a simplicial complex and L be a subcollection of K. Then
L is a subcomplex of IC if each subset of an element in L is itself contained in L.
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Remark 1.1.5. If L is a subcomplex of I, then it is itself a simplicial complex and its
set of vertices is a subset of the set of vertices of K.

Definition 1.1.6. Let K be a simplicial complex. For all n € Ny the n-skeleton K, of
IC is the subcomplex of I consisting of all k-simplices with k& < n. Its vertex set is the
union of all the k-simplices of IC with k < n.

Definition 1.1.7. If 7 C 0 € K, then 7 is called a face of the simplex 0. A mazimal
simplex of K is a simplex which is not a proper face of any simplex of .

Definition 1.1.8. The simplicial complex K has finite dimension n € N, if all simplices
in IC are k-simplices for some k < n and n is the minimal natural number with this
property. Then we also say that IC has rank n + 1.

Definition 1.1.9. A simplicial complex of dimension 1 is a (simplicial) graph. In partic-
ular, a graph is a pair (V, E) of sets, where V' is the vertex set of the simplicial complex
and F is the set of edges.

Remark 1.1.10. If it is necessary we can consider a graph as a directed graph (which
means that the set of edges F consists of ordered subsets of V' x V') by choosing for
each edge a direction. For more details about directed graphs see for example [Ser80]
Chapter 1, Section 2.1.

Definition 1.1.11. If we have an edge (u,v) in some directed graph we call u the origin
of the edge.

Definition 1.1.12. The 1-skeleton of a simplicial complex K is a graph and it is called
the underlying graph of K.

Definition 1.1.13. Let I be a simplicial complex with vertex set V and L be a simplicial
complex with vertex set W. A simplicial map from K to L is a map ¢ : V — W such
that for each simplex o € K the image ¢(o) is a simplex in L. If there exist a simplicial
map Y from L to K, such that ¢ and v are inverse functions, then ¢ is a simplicial
isomorphism. Furthermore, if L = K and ¢ is an isomorphism from K to itself, we call
¢ a simplicial automorphism of K. Write Aut(K) for the set of all automorphisms of K.

1.2. Geometric realization

Based on [ABO8] Appendix A.1.1.

Definition 1.2.1. Let A be a simplicial complex with vertex set V. Further, let V be
a real vector space with V as a basis. For each nonempty simplex A € A set

|A|:{Z)\vv|)\v>0forallv€Aand Z)\vzl}

vEA vEA
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and define

al=J 14l

AeA

Then |A] is called the geometric realization of A.

Remark 1.2.2. We can define a topology on |A| as follows: Consider closed simplices

|A| = {ZAvavzom all v € A and Z)\vzl} = |J B

vEA veA B<A

for each A € A. If the rank of A is r, then we can visualize the closed simplex |A| as
the convex hull in R" of its r vertices. So we define a topology on each closed simplex as
a subspace of Euclidean space. Then the topology on |A| is defined by calling a subset
closed if and only if its intersection with each closed simplex is closed.

1.3. Flag complexes

The definition is taken from [ABOS] Appendix A.1.2. and the example can be found in
[ABO8] Section 4.3.

Definition 1.3.1. Let P be a set with a binary incidence relation, which is reflexive
and symmetric. A flag in P is a set of pairwise incident elements of P. The flag complex
associated to P is the simplicial complex A(P) with P as vertex set and the finite flags
as simplices. A flag complex of dimension 1 is called an incidence graph.

Example 1.3.2. Let V be a vector space over an arbitrary field k of finite dimension
n > 2. Consider the projective space P,_1(V) consisting of all nonzero proper subspaces
of V. We define an incidence relation on the projective space by calling two subspaces
A, B of V incident if A C B or B C A. Then the flags in P,,_; (V') are the chains

{1 C...CV, |V is a subspace of V with dim;V; =i for all 1 <i <r}
for some integer 1 < r < n. These are the simplices of the flag complex corresponding
to the vector space V.
1.4. Chamber complex

The definitions can be found in [Bro96] Chapter I Appendix C and in [ABO8] Appendix
A.1.3.
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Definition 1.4.1. Let n € N and A a n-dimensional simplicial complex. A gallery is a
sequence of n-simplices I' = (Cy, ..., Cy) such that for all i € {1,...,d} we have C;_1 = C;
or C;_1 NC;is a (n — 1)-simplex of A. In the latter case we say that C;_; and C; are
adjacent. If there exist a gallery ' = (Cy, ..., Cy) from Cy to Cy, then we say that they
are connected by I'. The integer d is the length of I'.

Definition 1.4.2. Let n € N and A be a n-dimensional simplicial complex. Then A is
a chamber complez if it satisfies the two conditions:

e all maximal simplices of A are n-simplices
e any two maximal simplices of A can be connected by a gallery

The maximal simplices are called chambers. The (n — 1)-simplices will be called panels.
We say that a chamber complex is thin if each panel is a face of exactly two chambers.

Definition 1.4.3. Let A be a chamber complex. On the set C(A) of chambers we can
define a distance function d by

d(C,D) = min{r | there exists a gallery of length r from C to D}

for chambers C, D € C(A).

Definition 1.4.4. A gallery from a chamber C to a chamber D is called minimal gallery
if the length of the gallery is equal to d(C, D).

Definition 1.4.5. Let A be a chamber complex of dimension n — 1, with n € N, and let
I be a set with n elements. A type function on A with values in [ is a function 7 that
assigns to each vertex v an element 7(v) € I such that the vertices of every chamber are
mapped bijectively onto I. Is v a vertex of A then we call 7(v) the type of v. Moreover,
if A is a simplex with vertices vy, ..., v then we call 7(A) = {7(v1),...,7(vg)} the type
of A. The cotype of such a simplex A is defined to be the complement I \ 7(A). The
codimension of A is defined to be |I '\ 7(A)|. If we have a panel of cotype {i} for some
1 € I, then we call it an i-panel.

Definition 1.4.6. We say that A is colorable if it admits a type function.

Definition 1.4.7. A simplicial map ¢ which maps chambers to chambers is called
chamber map.

Remark 1.4.8. A chamber map takes galleries to galleries.

Definition 1.4.9. A chamber subcomplex of a chamber complex A is a simplicial sub-
complex ¥ that is a chamber complex in its own right and has the same dimension as

A.



1.5. Chamber system

Remark 1.4.10. The image of a chamber map A — A’ is always a chamber subcomplex
of A’. If ¥ is a chamber subcomplex of A, then the inclusion ¥ < A is a chamber map.

Definition 1.4.11. Let A be a chamber complex. The link of a simplex A is the
subcomplex
lkn(A)={BeA|ANB=0,AUB e A}.

1.5. Chamber system

From [ABO8] Appendix A.1.4.

Definition 1.5.1. Let A be a chamber complex which is colorable. So there is a type
function with values in a set I. Then any panel of A has cotype {i} for some i € I,
in particular it is an i-panel. For ¢ € I we say that two adjacent chambers of A are
i-adjacent if their common panel is an i-panel. The chamber system associated to A is
the set C = C(A) of chambers together with the relations of i-adjacency, one for each
i € I. For a subset J C I we call two chambers J-equivalent if they can be connected by
a gallery (', ..., Cg, for some k € N, such that any two consecutive chambers C,_1,C)
are j-adjacent for some j € J. The equivalence classes of chambers under J-equivalence
are called J-residues, or residues of type J.

1.6. Finite reflection groups

This section follows [AB0OS|] Chapter 1.
Let V be a Euclidean vector space, i.e. a finite-dimensional real vector space with an
inner product.

Definition 1.6.1. A hyperplane H in V is a subspace of codimension 1. The reflection
with respect to H is the linear tansformation sg : V' — V that is the identity on H and
is multiplication by —1 on the 1-dimensional orthogonal complement of H.

Definition 1.6.2. A finite reflection group is a finite group W of invertible linear trans-
formations of V' generated by reflections sy, where H ranges over a set H of hyperplanes.
‘H is said to be a hyperplane arrangement.

Definition 1.6.3. A reflection group W is called essential if (| H = 0. The rank of a

HeH
finite reflection group W is the dimension of the orthogonal complement of (| H in V.
HeH
Definition 1.6.4. A finite reflection group W is called reducible if it decomposes into
a direct product W = W7 x Wy of finite reflection groups Wi, Wy of the summands of
V = Vi @ Vs respectively, where Vi and V5 are both nontrivial. Otherwise W is called
irreducible.
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Remark 1.6.5. Let H = {H; }ier for some finite set I be a hyperplane arrangement. For
each i € I choose a nonzero linear function f; : V' — R such that H; is defined by f; = 0.
Then the function f; is uniquely determined by the hyperplane H;, up to multiplication
by a nonzero scalar.

Definition 1.6.6. A cell in V with respect to H is a nonempty set A obtained by

choosing for each ¢ € I a sign o; € {+,—,0} and specifying f; = o;. [Here "f; = +”

means f; > 0 and 7 f; = —” means f; < 0] Hence we have A = (U;, where Uj is either
el

H; or one of the open half-spaces of V' determined by H;. The sequence o := (0;)ics

that encodes the definition of A is called the sign sequence of A and is denoted by o(A).

The support of A is the subspace supp(A) = () H;. The dimension of a cell A is
defined to be the dimension of its support supp(A). We denote by X (H) the set of cells.
Definition 1.6.7. Given cells A, B € X(H), we call B a face of A and write B < A if
for each i € I either 0;(B) = 0 or o;(B) = 0;(A).

Definition 1.6.8. Let A be a cell. Define A= J B.
B<A

Proposition 1.6.9 (J[ABOS], Proposition 1.24.). A is the closure of A in V.
Definition 1.6.10. The cells of maximal dimension are called chambers. A panel is a

cell of codimension 1. If a panel A is a face of a chamber C', then its support hyperplane
H is called a wall of C

Definition 1.6.11. Let the hyperplane arrangement H be W-invariant. We write
Y(W,V) = 3(H) for the set of cells. Then W acts as a group of poset automorphism on
S(W, V).

Proposition 1.6.12 (JABO08|, Proposition 1.107.). The poset 3(W,V) is a simplicial

complex.

Proposition 1.6.13 ([ABOS], Proposition 1.108.). The geometric realization |S(W, V)]
is canonically homeomorphic to a sphere of dimension rank(W, V) — 1.

1.7. Coxeter Groups

This section is based on [Bou02] Chapter IV and [ABOS8] Section 2.4.

Definition 1.7.1. Let W be a group with identity 1y and S be a finite set of generators
of W of order 2, such that 1y ¢ S. The following condition on (W, S) is called the
Cozeter condition:

W= (S| (st)™) = 1),

where m(s,t) is the order of st and there is one relation for each pair s,¢ in S with
m(s,t) < oo.
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Definition 1.7.2. A group W is a Cozeter group, if the Coxeter condition holds for W.
We call the pair (W, S) a Cozeter system. The Matrix

M = (m(s’ t))s,tES

is called the Coxeter matriz of (W, S) and the cardinality |S| will be called the rank of
the Coxeter system (W, S).

Remark 1.7.3. The entries of a Coxeter matrix are given by
m(s,s) =1 and 2 < m(s,t) =m(t,s) < oo for s #t.
For m(s,t) = oo there is no relation between s and t¢.

Definition 1.7.4. Let (W, S) be a Coxeter system. For w € W the length lg(w) = I(w)
(with respect to S) is the smallest integer r > 0, such that w can be written as a product
of r elements from S. A reduced decomposition of w (with respect to S) is any sequence
(81, ..., sr) of elements of S such that w = s;1...s, and l(w) = r.

Remark 1.7.5. Therefore 1y is the unique element of length 0 and the elements in S are
those elements of length 1.

Definition 1.7.6. For any subset J C S, we set W; = (J). We call W; a standard
parabolic subgroup.

Proposition 1.7.7 ([ABOS8], Proposition 2.14.). Let (W,S) be a Coxeter system and
Wy be a standard parabolic subgroup for some subset J C S. For any w € Wy we have

1y (w) = ls(w).

Lemma 1.7.8 ([ABOS8], Lemma 2.15.). Let (W, S) be a Cozeter system. Given J C S,
we Wy, and s € S\ J, we have [(sw) = l[(w) + 1.

Definition 1.7.9. A Coxeter system (W, S) of rank n is called spherical (of dimension
n — 1) if W is finite.

1.7.1. Coxeter Diagram
The definitions are taken from [ABOS§] Section 1.5.6.

Definition 1.7.10. Let (W, .S) be a Coxeter system with corresponding Coxeter matrix
M = (m(s,t))ses-

We define the Cozeter diagram to be a graph with n = |\S| vertices, so that every vertex
corresponds to an element s € S. The edges are given by the following rules:
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e We connect two distinct vertices s and ¢ by an edge if and only if m(s,t) > 3. So
the vertices s and ¢ are not connected if m(s,t) = 2.

e If m(s,t) > 4, then we label the edge with the number m(s,t).
e When we do not label an edge, then the number m(s,t) equals 3.

Definition 1.7.11. We call a Coxeter system irreducible if the corresponding Coxeter
diagram is connected.

Ezample 1.7.12. We only work in the situation where we have a diagram of type A, or
A,. The diagrams of type A, and A,:

Ay, (n €N) —eo—0  -0—0
Ay o

A, (n>2) m

Actually we mainly work with Ao &— and A, ; .

1.8. Coxeter Complexes

In this section we follow Section 3.1 in [ABOS].
Let (W, S) be a Coxeter system, where S is finite.

Definition 1.8.1. A standard coset in W is a coset wW, where w € W and W; = (J)
for some subset J C S.

Definition 1.8.2. Let
YW, S) ={wW;|weW and J C S}.

Then (W, S) is a poset, when we define the order by B < A in X(W,S) if and only if
B D A as subsets of W. We call ¥(W,S) the Cozeter complezx associated to (W, .5).

Definition 1.8.3. The Coxeter complex (W, S) is called spherical if W is finite.

Theorem 1.8.1 ([ABO§|, Theorem 2.65.). A spherical Coxeter complex (W, S) is
isomorphic to the simplicial complex (W, V'), where W is viewed as finite reflection
group of the Euclidean vector space V.= RS equipped with the symmetric bilinear form
Bles,er) = — (s here M = (m(s,t))stes is the associated Coxeter matriz and (es)ses

denotes the standard basis of V.
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Remark 1.8.4. Due to [1.8.1] and [1.6.13] a spherical Coxeter complex is isomorphic to
Y(W, V) whose geometric realization is homeomorphic to a sphere.

Definition 1.8.5. The Coxeter complex (W, S) has a canonical type function with
values in S. This is the function 7 defined by 7(wWy) = S\ J for w € W and J C S.
Equivalently, the simplex wW; has cotype J.

Theorem 1.8.2 (JABOS8|, Theorem 3.5). The poset (W, S) is a simplicial complex.
Moreover, it is a thin chamber complex of rank equal to |S|, it is colorable, and the
action of W on (W, S) is type-preserving.

Remark 1.8.6. The chambers in (W, S) are the singletons {w} for elements w € W.
The panels are simplices of the form w(s) = {w,ws} for w € W and s € S. So each
panel is a face of exactly two chambers, for instance, w(s) = {w,ws} is a face of w and
ws.

Definition 1.8.7. Let X(W,S) be a Coxeter complex. We call the chamber C := 1y

the fundamental chamber.

Definition 1.8.8. A simplicial complex X is called a Cozeter complez if it is isomorphic
to X(W,S) for some Coxeter system (W,S). It is called a spherical Coxeter complez if
it is finite.

Proposition 1.8.9 ([ABOS], Corollary 3.17). X(W,S) is completely determined by its
underlying chamber system. More precisely, the simplices of X(W, S) are in 1 —1 corre-
spondence with the residues in C(X(W,S)), ordered by reverse inclusion. Here a simplex
A corresponds to the residue C(E(W,S))>a, consisting of the chambers having A as a
face.

Definition 1.8.10. Let C and —C be two adjacent chambers in a Coxeter complex 3.
A root of ¥ is a subcomplex

a={ueX|3IDelC(X):uC D and d(D,C) <d(D,-C)},
where the chambers of « are given by the set
Cla)={D eC(X) |d(D,C) <d(D,-C)}.
The opposite root
—a={ueX|3IDeC(X):uC D and d(D,C)>d(D,-C)}
to « is the subcomplex with set of chambers equal to
C(—a)={D eC(®)|d(D,C)>d(D,-C)}.

The intersection o := a N —a of two opposite roots will be called the wall bounding
+a.

Theorem 1.8.3 ([ABOS], Theorem 3.65.). A thin chamber complex ¥ is a Cozeter
complez if and only if every pair of adjacent chambers is separated by a wall.
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1.9. Buildings

This section is based on Section 4.1 in [ABOS].

Definition 1.9.1. A building is a simplicial complex A, that is a union of subcomplexes
Y (called apartments) satisfying the following axioms:

e (B0O) Each apartment ¥ is a Coxeter complex.

e (B1) For any two simplices A, B € A, there is an apartment ¥ containing both of
them.

e (B2) If ¥ and X’ are two apartments containing A and B, then there is an isomor-
phism ¥ — Y fixing A and B pointwise.

Remark 1.9.2. In axiom (B2) we can take the empty set for the simplices A and B. Then
the axiom implies that any two apartments in the building are isomorphic. Therefore a
building A is a finite-dimensional simplicial complex and its dimension is the common
dimension of its apartments. Moreover A is a chamber complex.

Definition 1.9.3. Let A be a building. Any set A of subcomplexes ¥ satisfying the
axioms in will be called a system of apartments for A.

Proposition 1.9.4 ([ABOS8|, Proposition 4.7). All apartments in a building have the
same Cozxeter matriz.

Definition 1.9.5. If A is a building where all apartments have the Coxeter matrix
M = (m(s,t))stes, then we call M the Cozeter matriz of A. Similarly, we speak of the
Coxeter diagram of A. The rank of A is the cardinality of S.

Definition 1.9.6. Let (W, S) be a Coxeter system with Coxeter matrix M. A building
A is of type (W, S) (or of type M) if A comes equipped with a type function having
values in S such that the Coxeter matrix of A is M. We then say that W is the Weyl
group of A.

Definition 1.9.7. A building is called thick if every panel is a face of at least three
chambers.

Proposition 1.9.8 (JABOg|, Corollary 4.11.). A building A is completely determined by
its underlying chamber system. More precisely, the simplices of A are in 1 — 1 corre-
spondence with the residues in C := C(A), ordered by reverse inclusion. Here a simplex
A corresponds to the residue C> 4, consisting of the chambers having A as a face.

Theorem 1.9.1 ([ABOS8], Theorem 4.54.). If A is a building, then the union of any
family of apartment systems is again an apartment system. Consequently, A admits a
largest system of apartments.

10
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Definition 1.9.9. The maximal apartment system will be called the complete system
of apartments.

Definition 1.9.10. Let A be a building and A’ a chamber subcomplex of A. Then
A’ is a subbuilding of A if A’ is a building in its own right and every apartment in
the complete system of apartments of A’ is an apartment in the complete system of
apartments of A.

Proposition 1.9.11 (JABOS§|, Proposition 4.63.). Let A be a building of type M. A
chamber subcomplex A" of A is a subbuilding if and only if A" is a building in its own
right and its Cozxeter matriz is M.

Definition 1.9.12. A building is called spherical if its apartments are spherical Coxeter
complexes.

Theorem 1.9.2 (JABOS], Theorem 4.70.). A spherical building admits a unique system
of apartments.

1.9.1. The Weyl distance

The definition can be found in [ABOS| Section 4.8.
We assume in this subsection that A is a building of type (W, 5).

Proposition 1.9.13 (JABOS], Proposition 4.81.). There is a function § : C(A) xC(A) —
W with the following properties:

a) Given a minimal gallery T' = (Cy, ...,Cy) of type s(T') = (s1,...,84), 6(Co,Cy) is
the element w = sj...sq represented by s(I').

b) Let C and D be chambers, and let w = 6(C, D). The function T +— s(I") gives a 1—1
correspondence between minimal galleries from C to D and reduced decompositions
of w.

Definition 1.9.14. The function ¢ of [1.9.13]is called the Weyl distance function asso-
ciated to A.

1.9.2. Group actions on buildings

Based on [ABOS] Section 6.1.

Let A be a building of type (W, S) and G be a group acting type-preservingly on A.
Suppose we have a system of apartments .4 which is G-invariant, in particular, if ¥ is
an apartment in A, then its image ¢X¥ is again in A for all elements g € G.

Definition 1.9.15. The G-action is strongly transitive (with respect to A) if G acts
transitively on the set of pairs (X, C) consisting of an apartment ¥ € A and a chamber
CeX.

11
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Remark 1.9.16. The action of G is strongly transitive if and only if the action is transitive
on the set of chambers and the stabilizer of a given chamber C' acts transitive on the set
of apartments in 4 containing C.

Definition 1.9.17. Assume we have a strongly transitive G-action on A (with respect
to A), and choose an arbitrary pair (X, C') of an apartment > € 4 and a chamber C € ¥.
We call C the fundamental chamber and X the fundamental apartment.

Definition 1.9.18. The action of G on A is Weyl transitive if for each w € W, the
action is transitive on the set of ordered pairs (C, D) of chambers with Weyl distance
4(C,D) = w.

1.9.3. The building A(G, B)

The definitions are taken from [ABO§] Section 6.2.

Definition 1.9.19. Let G be a group, B a subgroup of G, (W, S) a Coxeter system and
C:W — B\ G/B a bijection which satisfies the following condition:

(B) For all s € S and w € W it is C(sw) C C(s)C(w) C C(sw) U C(w).
If i(sw) = l(w) + 1, then C(s)C(w) = C(sw). Then the bijection C' is said to provide a
Bruhat decomposition of type (W, S) for (G, B).

Definition 1.9.20. If we have a Bruhat decomposition of type (W, S) for (G, B) and
J C S, then the standard parabolic subgroup Pj is defined to be the union Pj; :=

Uwew, C(w).
Definition 1.9.21. Given a Bruhat decomposition for (G, B) we define

A(G,B) ={gPj | g € G and P; a standard parabolic subgroup }.

This defines a poset when we define the order by reverse inclusion.

Proposition 1.9.22 (JABO§|, Proposition 6.34.). Given a Bruhat decomposition for
(G, B), the poset A(G, B) is a building, and the natural action of G on A(G, B) by left
translation is Weyl transitive and has B as the stabilizer of a fundamental chamber.
Conversely, if a group G admits a Weyl transitive action on a building A and B is the
stabilizer of a fundamental chamber, then (G, B) admits a Bruhat decomposition and A
is canonically isomorphic to A(G, B).

Definition 1.9.23. A Bruhat decomposition for (G, B) is called thick if the building
A(G, B) is thick.

Theorem 1.9.3 ([ABO§|, Theorem 6.43.). Suppose (G, B) admits a thick Bruhat de-
composition.

12
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a) The standard parabolic subgroups are precisely the subgroups of G containing B.
b) If P is a standard parabolic subgroup and gBg~! < P for some g € G, then g € P.
¢) Every standard parabolic subgroup is equal to its own normalizer, and no two of
them are conjugate.
1.9.4. BN-Pairs
This subsection is based on Section 6.2.6 in [ABOS].

Definition 1.9.24. Let G be a group. We call a pair of subgroups B and N of G a
BN -pair if B and N generate G, the intersection T := B N N is normal in N, and the
quotient W := N/T admits a set of generators S such that the following conditions hold:

e (BN1) For s € S and w € W, sBw C BswB U BwB.
e (BN2) For s € S, sBs™! £ B.
The group W is called the Weyl group associated to the BN-pair.

Theorem 1.9.4 ([ABO§], Theorem 6.56.).  a) Given a BN -pair in G, the generating
set S is uniquely determined, and (W, S) is a Coxeter system. There is a thick
building A(G, B) that admits a strongly transitive G-action such that B is the
stabilizer of a fundamental chamber and N stabilizes a fundamental apartment
and is transitive on its chambers.

b) Conversely, suppose a group G acts strongly transitively on a thick building A with
fundamental apartment X2 and fundamental chamber C. Let B be the stabilizer of
C, and let N be a subgroup of G that stabilizes ¥ and is transitive on the chambers
of X. Then (B, N) is a BN -pair in G, and A is canonically isomorphic to A(G, B).

Remark 1.9.25. The building A(G, B) in is the building we defined in [1.9.21} The
group G acts on A(G, B) by left translation. The fundamental apartment is

¥ ={wPy | w € W and Py is a standard parabolic subgroup }.

1.9.5. The spherical building for SL,

This subsection summarizes some results of Section 6.5 in [ABOS].

We consider the special linear group G = SL,,(k), n € N51, over an arbitrary field k.
Let B < G be the upper-triangular group, i.e. the stabilizer of the standard flag

(e1) < (e1,e2) < ... < (€1, ...,€n),

13
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where eq, ..., e, denotes the standard basis of k™. Furthermore we define N to be the
monomial subgroup of G, i.e. the stabilizer of the set of lines {{e1),...,(e,)}. Then
T = BN N is the diagonal subgroup of G and W = N/T can be identified with the
symmetric group on n letters.

Proposition 1.9.26 ([ABO0S], Section 6.5.). Let k be a field, n € N>, denote by B be
the upper-triangular group of G = SLy (k) and let N be the monomial subgroup of G.
Then (B, N) is a BN -pair for G. The associated building A(G, B) is isomorphic to the
complez of flags of proper nonzero subspaces of k™.

1.10. Affine buildings

Definitions are taken from [ABOS|, [Wei09] and [MPW15].

1.10.1. Euclidean Reflection Groups

In this subsection we follow Section 10.1 in [ABOS].
Let V be a Euclidean vector space, i.e. real vector space equipped with a positive
definite inner product, of finite dimension n > 1.

Definition 1.10.1. An affine subspace of V is a coset of a linear subspace defined by
a linear equation of the form f = ¢, where f : V' — R is a nonzero linear map and ¢
is a constant. The dimension of this affine subspace is by definition the dimension of
the corresponding linear subspace. If the corresponding linear subspace is a hyperplane,
then we call the affine subspace an affine hyperplane.

Definition 1.10.2. For a vector v € V denote by 7, the translation 7, : V — V,w —
w + v. The group of affine automorphisms of V is the semidirect product Aff(V) =
V x GL(V'), where we identify V' with the normal subgroup consisting of all translations.
Furthermore the group of affine isometries of V' is given by V x O(V'), where O(V) <
GL(V') denotes the orthogonal group.

Definition 1.10.3. Let H = x 4+ Hy be an affine hyperplane, with € V and Hj is a
linear hyperplane in V. Further, let spg, be the orthogonal reflection corresponding to
the hyperplane Hy. Then we call sg := 7,51,7—s the reflection with respect to H.

Remark 1.10.4. The reflection sy depends only on the hyperplane H.

Definition 1.10.5. A group W of affine isometries of V' is an affine reflection group if
there is a set ‘H of affine hyperplanes in V satisfying:

1. W is generated by the reflections sy for H € H.

2. H is W-invariant.

14
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3. H is locally finite, in the sense that every point of V has a neighborhood that
meets only finitely many H € H.

Definition 1.10.6. For an affine reflection group W we define similar to the finite
reflection group case the following: cells are nonempty sets defined by linear equalities
or strict inequalities, one for each H € H. This means if H is defined by f = ¢, then the
definition of A involve either the same equality or one of the inequalities f > cor f < c.
The support of a cell is the intersection of all affine hyperplanes that corresponds to a
linear equality in the definition of the cell. The dimension of a cell is the dimension of its
support. The cells of maximal dimension n are called chambers and those of dimension
n — 1 are called panels. We have a face relation on the set of cells. The supports of the
panels of a chamber C' are called the walls of C.

Proposition 1.10.7 ([ABO08], section 10.1.3.). Let W be an affine reflection group,
choose a chamber C and let S be the set of reflections with respect to the walls of C.
Then the following holds:

a) W is simply transitive on the chambers.
b) W is generated by S.
¢) H necessarily consists of all affine hyperplanes H with sy € W.

d) (W,S) is a Cozeter system.

Theorem 1.10.1 ([ABOS|, Theorem 10.8.). With the notation from the previous propo-
sition [1.10.77.
a) C has only finitely many walls, and hence S is finite.

b) There are only finitely many linear hyperplanes Hy such that H contains an affine
hyperplane H = x + Hy for some x € V.

c) Let W < GL(V) be the set of linear parts of the elements in W, i.e. the image of
W under the projection Aff(V) — GL(V). Then W is a finite reflection group.

Definition 1.10.8. We call the affine reflection group W essential if the associated
finite reflection group W is essential.

Definition 1.10.9. The affine reflection group W will be called irreducible if the Coxeter
diagram of (W, S) is connected.

Definition 1.10.10. A Fuclidean reflection group is an essential, irreducible, infinite,
affine reflection group.

Let W denote a Euclidean reflection group.
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Definition 1.10.11. We denote by X(W, V') the poset of cells together with an element
which is defined to be a face of each cell.

Remark 1.10.12. The poset of cells has no smallest element and hence it can not be
a simplicial complex. The poset X(W,V) is a simplicial complex and its geometric
realization is homeomorphic to V.

Proposition 1.10.13 ([ABOg|, Proposition 10.13.).

a) The simplicial complex (W, V') is isomorphic to the Coxeter complex (W, S) of

the Cozeter system (W, S) in|1.10.7

b) E(W, V) triangulates V.

1.10.2. Euclidean Coxeter complexes and affine buildings

The following is based on Section 10.2 and Chapter 11 in [ABOS].

Definition 1.10.14. A Coxeter complex X will be called Fuclidean if it is isomorphic
to X(W, V) for some Euclidean reflection group (W, V).

Lemma 1.10.15 ([ABOS], Lemma 10.36.). Let (W, V) and (W', V') be Euclidean re-
flection groups. Let ¢ : S(W, V) — (W', V') be a simplicial isomorphism. Then the
composite bijection

Ve [S(W, V)| 2 s, v = v

is an affine isomorphism whose linear part g satisfies (gu, gv) = A(v,v) for some positive
constant A and all v,0 € V.

Remark 1.10.16. By the previous Lemma[1.10.15 we have a well defined equivalence class
of metrics on the geometric realization of an Euclidean Coxeter complex 3., in particular
two metrics are equivalent if one is a positive scalar multiple of the other. We choose a
canonical representative of this equivalence class to view |X| as metric space. Then the
abstract isomorphism ¢ : ¥ — ¥/ induces an isometry |X| — |¥|.

Definition 1.10.17. An affine building is a building whose apartments are Euclidean
Coxeter complexes.

Remark 1.10.18. Affine buildings are also called Fuclidean buildings, because one can
view the geometric realization of an apartment in an affine building as some Euclidean

space R? (see .
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1.10.3. The spherical building at infinity

This section summarizes some sections in Chapter 11 in [ABOS] where the construction
of the building at infinity is described. For more details on the construction read the
relevant sections in, for example, [ABO8|, [Gar97] or with another description for build-
ings in [Wei09] and [Ron09].

We start with a Euclidean building A equipped with its complete system of apart-
ments A. If the apartment system is not complete the construction using only these
apartments yields a subcomplex of the building at infinity, which is not always a build-
ing. Later in this section we will state a condition which ensures that we get a building
although we use a non-complete system of apartments.

In this section we call the geometric realization X of the Euclidean building A itself
a Euclidean building and the subset £ = |X| C X for ¥ € A an apartment of X.

Definition 1.10.19. We can use the Euclidean structures of the apartments of X to
define a distance in X by

d(l‘, y) = dE(xv y)

for two points x,y € X and an apartment F containing both.

Remark 1.10.20. If we have another apartment E’ containing x and y, then we can find
an isometry F — E’ which fixes both points x and y. Hence the distance is independent
of the choice of an apartment. We obtain a metric d : X x X — R (see [ABO8|, Theorem
11.16.).

Definition 1.10.21. Choose an identification of an apartment X with the complex
Y(W,V) associated to a Euclidean reflection group. This gives an identification of F =
|X| with V. Let W be the finite reflection group consisting of the linear parts of the
elements of W. The conical cells based at a point x € E are the translates i = x + D,
where ® is a cell associated to W. We will call ® the direction of . If the W-cell D
is a chamber, then the conical cell z +® will be called a sector. If € and €’ are sectors
with € C €, then ¢’ is called a subsector of €.

Definition 1.10.22. A conical cell in X is a subset 4l that is contained in some apart-
ment F and is a conical cell in E. Similarly, a sector in X is a subset € that is contained
in some apartment F and is a sector in F.

Proposition 1.10.23 ([ABOg|, Proposition 11.62.). If i is a conical cell in some apart-
ment E, then i is a conical cell in every apartment E' that contains it.

Definition 1.10.24. A ray in X is a subset t that is isometric to the half-line [0, c0).
The point z € v that corresponds to 0 under the unique such isometry will be called the
basepoint of t.

17



1. Buildings

Remark 1.10.25. A ray is convex and hence it is contained in some apartment of X (see
[ABOS§], Theorem 11.53.). As subset of the apartment the ray is of the form

{I-t)z+ty|t>0}
for some x # y.

Definition 1.10.26. We call two rays t,s parallel if there exists a number M such that
for each y € v there is a z € s with d(y,z) < M and similarly with the roles of ¢t and s
reversed.

Remark 1.10.27. If we have two rays t,s in some apartment E, then they are parallel if
and only if there is a translation of F taking one to the other. The relation of parallelism
is an equivalence relation.

Definition 1.10.28. An equivalence class of rays will be called an ideal point of X. Let
X~ denote the set of ideal points.

Lemma 1.10.29 ([ABO0S], Lemma 11.72.). Given a point x and a ray s, there is a unique
ray v that is based at x and parallel to s.

Definition 1.10.30. If v is a ray with basepoint x and representing the ideal point e
we write [z, e) for the ray t. The open ray (x,e) is defined to be the set [z,¢e) \ {z}.

Definition 1.10.31. Let 4 be a conical cell in X based at some point € X. The face
of i at infinity is the set
oo ={e € Xoo | (z,€) C U}

Definition 1.10.32. Let F' be a face of a conical cell at infinity and z its cone point.
The open join is defined as follows:

{z} if =,
rxF = U (z,e) otherwise
ecl

Remark 1.10.33. We can recover a conical cell U from its cone point x and its face at
infinity F' = . In particular 4 = z x F..

Definition 1.10.34. An ideal simplex of X is a subset F' of X, such that F' = i, for
some conical cell L.

Lemma 1.10.35 ([ABO8|, Lemma 11.75.). If F' is an ideal simplex and x is an arbitrary
point of X, then there is a conical cell 3 based at x such that F' = . Consequently,
there is a 1 — 1 correspondence between the set of ideal simplices of X and the set of
conical cells based at any given point x € X.
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1.10. Affine buildings

Lemma 1.10.36 ([AB08|, Lemma 11.77.). Two sectors of X have the same face at
infinity if and only if they have a common subsector.

Definition 1.10.37. Let A, be the set of ideal simplices of X.

Remark 1.10.38. In order to define a face relation on A, we want to use the 1 — 1
correspondence in and a face relation on the set of conical cells in X, that is
defined as follows:

We already have a face relation on the set of conical cells in an apartment E based at
a given point . We extend this face relation to conical cells in X based at x by saying
that U’ is a face of 4 if ' is contained in the closure of 4 and is a face of 4 in some
apartment containing 4. In this case Y’ is a face of { in every apartment containing 4[.

Definition 1.10.39. Given ideal simplices F' and F’, we call F’ a face of F if z x F' is
a face of x x F' for some z € X.

Remark 1.10.40. If F’ is a face of F, then x x F’ is a face of z x F for every z € X.

Definition 1.10.41. Let E = || be an apartment of X. We define
Yoo ={F € Ay | F = Uy for some conical cell i in E'}

and call it an apartment of As.

Theorem 1.10.2 ([ABO§], Theorem 11.79.). The poset A is a spherical building. Its
apartments are in 1 — 1 correspondence with those of X.

Remark 1.10.42. From the proof of Theorem 11.79 given in [ABO§| it follows that ¥,
is a subcomplex of A, and it is a finite Coxeter complex. In particular, if we identify
Y with X(W, V) for some Euclidean reflection group (W, V'), then ¥ is isomorphic to
Y (W, V), where W is the associated finite reflection group.

Definition 1.10.43. A is called the building at infinity associated to A.

Now we assume the apartment system A to be incomplete and we want to do the same
construction as we did for the building at infinity but using only the apartments in A.

Definition 1.10.44. Let A, be the set of apartments ¥, in A, with ¥ € A. Further,
define

Aso(A) = | Beo-

SeA

Remark 1.10.45. A (A) is a subcomplex of A, and we want to know whether it is a
building with apartment system A..

Definition 1.10.46. We call a sector in X an A-sector if it is contained in an apartment

in A.
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1. Buildings

Proposition 1.10.47 (J[ABO0S], Proposition 11.89.). A (A) is a building with A as
system of apartments if and only if A has the following property: For any two A-sectors,
there is an apartment in A containing a subsector of each of them.

Definition 1.10.48. We call an apartment system A good if it satisfies the condition
in the previous Proposition [1.10.4

Proposition 1.10.49 ([ABO§|, Corollary 11.92.). There is a 1 — 1 correspondence be-
tween subbuildings of As and pairs (X', A), with X' is a subbuilding of X and A a good
apartment system for X'.

Proposition 1.10.50 ([ABO§|, Proposition 11.93.). Let A be a good system of apart-
ments for a Euclidean building X . If X is thick, then the building at infinity Ax(A) is
thick.
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2. Bruhat-Tits Buildings

In [Wei09] and [MPWT15] a Bruhat-Tits building is defined to be an affine building whose
"building at infinity” satisfies the Moufang property. See for the exact definition.
The building associated to the projective general linear group over a field with discrete
valuation is an example of a Bruhat-Tits building. It is an affine building of type A,_1,
where n is the dimension of the corresponding vector space over the field with discrete
valuation. This follows from Section 6.9.3 in the book [ABOS|. Moreover, it is shown
there, that the building at infinity is the building associated to the n-dimensional vector
space, where we forget that we have a discrete valuation on the field. Therefore the
building at infinity is a spherical building of type A,,_;. From Section 7.3.4 in [ABOS]
we know that this building satisfies the Moufang property.

2.1. Discrete valuations

The definitions in this section can be found in various books. For example in [ABOS)]
Section 6.9.1, [Ser80] Chapter 1, Section 1.6 and [Ron09] Chapter 9, Section 2. The part
about the function field case is basically taken from [NX09] Section 1.5.

Definition 2.1.1. Let K be a field. A discrete valuation on K is a surjective homo-
morphism v : K* — Z, together with the convention that v(0) = oo, such that

v(a+b) > min{vr(a),v(b)}
for all a,b € K. Sometimes we write K, for a field K with discrete valuation v.

Definition 2.1.2. Let 7 € K* be a uniformizer, i.e. an element with v(7) = 1.

Definition 2.1.3. We denote by O, := {a € K | v(a) > 0} the valuation ring of K
with respect to v.

Remark 2.1.4. The invertible elements in the valuation ring are given by O = {a € K |
v(a) = 0}.

Remark 2.1.5. Let K be a field with discrete valuation and 7 a uniformizer. Then every
element a € K* can be written uniquely as a = un® for some v € O, and z € Z.
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2. Bruhat-Tits Buildings

Lemma 2.1.6. The valuation ring O, has a unique maximal ideal 7O,,.

Proof. For each element a € K* we have
a0, = Opa=7"Y0, = {z e K| v(z) > v(a)}.
Hence the non-trivial ideals of O, are of the form 7", for some r € N. ]

Definition 2.1.7. The unique maximal ideal p = 7O, is called a place of K. The field
kp == O, /n0, is called the residue field.

Remark 2.1.8. If we have a place p, then it corresponds to a valuation of K. We denote
this valuation by vp.

Definition 2.1.9. Let S be a non-empty finite set of places of K. Then
Og ={a € K | vp(a) > 0 for all places p ¢ S} = ﬂ@yp
pEs

is the set of elements in K having only poles in S. It is called the ring of S-integers.

2.1.1. Completion

Here we follow Section 6.9.1 in [ABOS§].
Given a field K with a discrete valuation v we can consider the map

K >R, a la]:=e ",

Definition 2.1.10. For an element a € K the real value |a| := e (@ is called the
absolute value of a.

Remark 2.1.11. The absolute value satisfies |ab| = |a||b| and |a + b] < maz{|al,|b|} for
all a,b € K.

Definition 2.1.12. We define a metric on K by d(a,b) := |a —b| for a,b € K.

Definition 2.1.13. The field K is called complete, if every Cauchy sequence converges
to a limit in K. If K is not complete, then we can form the completion K of K by
adjoining all limits of Cauchy sequences to K.

Remark 2.1.14}. The field operations and the discrete valuation v extend to K by conti-
nuity, hence K is again a field with discrete valuation. The valuation ring of K is the
completion O, of O, and the residue field is the same field &, as that for O,.

Ezample 2.1.15. Let F, be a finite field with ¢ elements. The completion of the rational
function field F,(¢) with valuation corresponding to the irreducible polynomial ¢ € k[t]
can be identified with the field of formal Laurent series Fy((¢)). Similarly, the completion
with respect to the valuation ve is Fg((1)).
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2.1. Discrete valuations

2.1.2. Discrete valuations on global function fields

The following is based on Section 1.5 in [NX09].

Definition 2.1.16. Let k be a field. A function field over k is a field extension K of
k with at least one element ¢t € K that is transcendental over k. Then we call k the
constant field of K. If the constant field k is algebraically closed in K, i.e. k= {a € K |
a is algebraic over k}, then k is called the full constant field of K. In the case that K
is a finite extension of the rational function field k(t), where ¢t € K is a transcendental
element over k, we say that K/k is an algebraic function field of one variable over k. If
in addition the full constant field k is a finite field, then K/k is called a global function
field.

From now on we denote by k the finite field F, with ¢ elements and by K/k a global
function field.

Remark 2.1.17. When we consider a discrete valuation v of K, then we have v(a) =0
for all a € k*, because for all a € kX we have a?~! = 1 and hence 0 = v(1) = v(a?™!) =
(¢ — 1)v(a), which is only possible for v(a) = 0.

Example 2.1.18. (see [NX09], Example 1.5.5.) Let k = F; and K = k(t) is the rational
function field over k. The full constant field of k(t) is k. Let f € k[t] be a monic,
irreducible polynomial and define a discrete valuation of k(t) corresponding to f as
follows:

e for a € k[t] \ {0} with f™|a and f™*! fa put v¢(a) = m;
o for § € k(t) \ {0} put vp(5) = vy(a) — vp(b);
e put v¢(0) = oc.

Moreover, we define the discrete valuation vy of k(t) by veo(F) = deg(b) — deg(a) for
nonzero polynomials a,b € k[t] and v (0) = oco.

Theorem 2.1.1 ([NX09], Theorem 1.5.8.). Every discrete valuation of the rational func-
tion field k(t) is given by one of the discrete valuations in Example|2.1.18

Remark 2.1.19. By Theorem and Example [2.1.18] we have a 1 — 1 correspondence
between places of k(t) and {f € k[z| | f is monic and irreducible } U {oco}.

Theorem 2.1.2 ([NX09], Theorem 1.5.13.). The residue field of every place of K/k is
a finite extension (of an isomorphic copy) of k.

Definition 2.1.20. We define the degree of a place p of K/k to be the degree of the
residue field £, over k.
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2. Bruhat-Tits Buildings

Remark 2.1.21. When we consider a place p of the rational function field K = k(t) asso-
ciated to a monic, irreducible polynomial f € k[t], then the residue field k, is isomorphic
to k[t]/(f). So the degree of the place p equals the degree of the associated polynomial
f. Furthermore, the residue field of the place corresponding to oo is isomorphic to k and
hence of degree 1. (see [NX09], Example 1.5.11.)

2.2. The definition of a Bruhat-Tits Building

The following definitions can be found in [MPW15], Chapter 1.

Definition 2.2.1. For any root a of a building A the corresponding root group U,, is the
subgroup of Aut(A) consisting of all elements that act trivially on each panel containing
two chambers of a.

Definition 2.2.2. A building A is Moufang (or satisfies the Moufang condition) if
1. it is thick, spherical and irreducible,
2. its rank is at least 2,

3. for every root « the corresponding root group U, acts transitively on the set of all
apartments containing .

Definition 2.2.3. A Bruhat-Tits building is a thick, irreducible, affine building whose
building at infinity is Moufang.

2.3. The affine building for SL,
In this section we follow [ABOS|, Chapter 6.9.

Let K denote a field with a discrete valuation v and n € Nsi. Moreover, let O, be
the valuation ring, = a uniformizer and k, = O, /7O, be the residue field. We want to
construct a BN-pair for SL,,(K) by using the BN-pair (B, N) we constructed in Section
for SL;,(kp). Therefore we use the following diagram of matrix groups:

SL,,(0,) —— SL,(K)
|

SLy, (kp)

In particular we define B = 1 o p~!(B), where B is the upper-triangular subgroup of
SLy,(kp), i.e.
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2.4. Lattices

bl,l bl,n V(bz"i) =0 for 1 <1< n,
boi ... byun and v(b;j) >1for1 <j<i<n

and let N be the subgroup of SL,(K) defined by monomial matrices. The intersection
T = BN N is the diagonal subgroup of SL, (O,) and the Weyl group W = N/T can be
identified with the semidirect product Z"~! x W, where W = B/N is the Weyl group
corresponding to the spherical building for SLy,(k,) (see Section 6.9.2 and Section 6.9.3
in [AB0S]).

Proposition 2.3.1 ([ABO0S], Section 6.9.2.). The above defined subgroups B and N of
SL,(K) are a BN -pair for SL,(K).

Definition 2.3.2. Let (B, N) the above defined BN-pair for G = SL,,(K). The associ-
ated building A(G, B) will be called the Bruhat-Tits building for SL,(K).

Proposition 2.3.3 (JABOg|, Proposition 11.105.). Let A(G, B) be the Bruhat-Tits build-
ing for SL,(K) defined in[2.3.9 and X = |A(G, B)|.

a) There is a sector € in the fundamental apartment E = |X| such that the stabilizer
B of € is the upper-triangular subgroup of G.

b) The apartment system A associated to (G, B, N) is good. The subcompler A (A)
of A is therefore isomorphic to the spherical building associated to SL,(K) in
11.9.9.

c) A is the complete apartment system if and only if K is complete with respect to
the given valuation.

Lemma 2.3.4 ([ABOS], Section 7.3.4.). The spherical building associated to SLy,(K) in
satisfies the Moufang property.

Corollary 2.3.5. The affine building associated to SL,(K) in is a Bruhat-Tits
building.

Proof. Follows from and O

2.4. Lattices

The following section is basically taken from Chapter 2, Section 1 in [Ser80] and Chapter
9, Section 2 in [Ron09).

In this section we assume K to be a field with discrete valuation v and V is a n-
dimensional vector space over K for some n € N ;.
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2. Bruhat-Tits Buildings

Definition 2.4.1. A lattice L of V (corresponding to the valuation v) is a finitely
generated O, -submodule of V' which generates the K-vector space V.

Remark 2.4.2. The lattices of V' correspond to bases of V', in particular, if (by, ..., b,) is
a basis of V, then the corresponding lattice is L = O,b; @ ... ® O, by, = (b1, ...,bn)0, -

Definition 2.4.3. Let (ey,...,e,) denote the standard basis of V. We call the lattice
Ls=0,e1® ... 0 Ope, corresponding to the standard basis the standard lattice.

Remark 2.4.4. If we have a lattice L and some element a € K*, then al is again a
lattice (since aO, = O,a).

Definition 2.4.5. We define an equivalence relation on the set of lattices by saying two
lattices L and L’ are equivalent if there exist an element a € K™ such that L = aL’. By
[L] we denote the equivalence class of the lattice L.

2.5. The Bruhat-Tits Building for PGL,

Based on [Ser80] Chapter 2, Section 1 and [Ron09] Chapter 9.
Let K be a field with discrete valuation v and V be a n-dimensional vector space over
K for some n € Ny .

Definition 2.5.1. Let
P, ={[L] | L is a lattice of V'}

the set of equivalence classes of lattices in V. We define an incidence relation by saying
that two elements z,y € P, are incident if there exist lattices L € z and L’ € y such
that

nLCL' CL

holds.

Remark 2.5.2. The incidence relation is reflexive and it is symmetric since for the two
representatives L and L’ we have

nl’ CrLCL CL.
Thus we can associate a flag complex X, = A(P,) to P,.

Definition 2.5.3. We define the Bruhat-Tits building X = X, associated to PGL,,(K,)
to be the flag complex X, in It is the simplicial complex, where the vertices are
the lattice classes of V' corresponding to the valuation v and a simplex of rank r is given
by vertices [Lg], ..., [Lr—1] such that

Lo2Ly2...2 L1 27l

holds.
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2.5. The Bruhat-Tits Building for PGL,

Proposition 2.5.4 ([ABOS], Section 6.9.). The Bruhat-Tits building X for PGL,(K,)
is isomorphic to the Bruhat-Tits building A(B, N) for SL,(K,), defined in[2.3.3 The
fundamental chamber in X is the simplex with vertices [(mey, ..., T€;i_1,€;,...,en)], i =
1,...,n.

Remark 2.5.5. Let [L] be a vertex of X. Then we can identify the neighbors of [L] with
subspaces in L/7L = k. Hence the link of [L] is the spherical building associated to
SLy,(kp) as defined in

2.5.1. The action of GL(V) and PGL(V)

Remark 2.5.6. Since GL(V') acts on the set of bases of V, there is a natural action of
GL(V) on the set of lattices of V' and hence GL(V') acts on the vertices of X. This
action preserves the incidence relation, so we get an action of GL(V') on X. Since the
vertices are equivalence classes of lattices, where two lattices are equivalent if one is a
scalar multiple of the other, the action of GL(V') induces an action of PGL(V') on X.
Furthermore they have the same orbits.

Definition 2.5.7. Consider the Bruhat-Tits building X, corresponding to the valuation
v. Let Ly denote the standard lattice of V and define the type of the corresponding vertex
[Ls] in the Bruhat-Tits building to be 0. For each lattice L of V' there exists an element
g € GL(V) such that gLy = L. Define the type of [L] as

v(det(g)) (mod n).

Lemma 2.5.8. The group SL(V') acts type preservingly and it acts transitive on the set
of vertices of the same type.

Proof. If s € SL(V) and L is a lattice of V, then by definition the type of s - [L] is
given by v(det(s)) + type of [L] (mod n). Thus SL(V') acts type preservingly, because
v(det(s)) =v(l) =0.

Let = and y be two vertices of the same type ¢ € {0,....,n — 1}. Then there exist
two lattices L and L’ in V such that = [L] and y = [L']. Furthermore there exist
9,9 € GL(V) with gL, = L, gLy = L'. Therefore ¢'¢g~'L = L’. Now

v(det(g'g™1)) = v(det(g')) + v(det(g™1)) = v(det(g')) — v(det(g)) =i —i =0 (mod n).

So there exist m € Z with n-m = v(det(¢'g~')). Therefore det(g'g™!) = u - 7™ for an
uniformizer 7 € K and an unit element v in the valuation ring @,. Write a = ™. Then
it follows det(¢’'g~') = ua™ and this yields, that det(é -g'g™") = u. Now

U_l

-g'g~t € SL(V)
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2. Bruhat-Tits Buildings

satisfies the condition s- L = éL’ . We conclude s -z =y. 0

Remark 2.5.9. For a simplex in X given by the vertices [Lo], ..., [L,] we have that L;/m Lo
is a subspace of the n-dimensional kp-vector space Lo/mLg for all 0 < i < r. Therefore
the maximal simplices consist of n vertices. Moreover, we can find for a simplex of rank
n a basis (by, ..., b,) of V such that

LO = <b1, ...,bn>ou, L1 = <7Tb1, ...,bn>ou, PN Ln,1 = <7Tbl, ...,anfl,bn>oy.

Hence we find for all 0 < ¢ < n — 1 a diagonal matrix g; € GL,(K) = GL(V) with
giLo = L; such that v(det(g;)) = i¢. This implies that all vertices of such a simplex are
of different type.

2.5.2. Stabilizers

Proposition 2.5.10. The stabilizer in GL,,(K,) of the standard lattice Ly is GL,(O,)
and the stabilizer in GLy,(K,) of the vertex [Ls] corresponding to the standard lattice in
X is Z - GL,(0,), where Z ={z-id | z € K*}.

Proof. Let g = (gij) 1<i<n € GL,(K) with gLy = Ls. So we have
1<5<n

gler,...,en)o, = (€1, ...,en)0,.

Therefore we have for all j € {1,...,n}:
n
gej = Zgijei € (€1,..,n)0, -
i=1

This implies g;; € O, and since the determinant of g has to be an element in K* N0, =
O we derive g € GL,(0,). Since GL,(0,) stabilizes the standard lattice, we conclude
that GL,,(O,) is equal to the stabilizer of Lj.

Now suppose g € GL,,(K) satisfies g[Ls] = [Ls]. Then there exists an element a € K*
with gLy = aLs. Thus a 'gLs = L, which implies a='g € GL,(K)r, = GL,(O,).
Hence we have g € a GL,(0,) C Z - GL,(0,). With the observation that Z - GL,(O,)
stabilizes [Ls| we find that the stabilizer of the vertex corresponding to the standard
lattice is equal to Z - GL,(O,). O

Corollary 2.5.11. The stabilizer in PGL,(K) of the vertex corresponding to the stan-
dard lattice is PGL,(O,).

Proof. Follows from [2.5.10) O
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Remark 2.5.12. The fundamental apartment of the Bruhat-Tits building for PGL,,(K})
has the vertices
[(m%eq,...,m"epn)],

where (e, ...,e,) denotes the standard basis of K™ and ai,...,a, € Z (cf. [ABO0S],
Example 10.1.7). The stabilizer of the fundamental apartment is the monomial group.
An apartment corresponds to a basis of K™, in particular, the vertices of an apartment
are of the form

(b, ..., m by )]

for a basis (b1, ...,b,) of K™ and ay, ..., a, € Z.
Definition 2.5.13. Let

GL(V)? = {g € GL(V) | v(det(g)) = 0}.

For a basis (b1, ...,b,) of V, integers aq, ...,a, € Z and two lattices L1 = (b1, ...,by)0,
and Lo = (m%by, ..., 1 by )0, of V we define

n
X(Ll, L2) = Z a;.
=1

Remark 2.5.14. If we have two lattices L1 and Lo of V', then there exists an integer m € Z
such that 7" Ly C L;. By the invariant factor theorem there exists a basis (b1, ..., by) of V
such that Ly = (by, ..., bp)o, and 7™ Ly = (7%by, ..., m%b, )0, for uniquely determined in-
tegers d), ..., al, € Z. This implies Ly = (1% "y, ..., 7% b, )0, = (1% by, ..., 7by) o,
with a; = a; —m for 1 <1i < n. Moreover, the integers {ai, ..., a,} does not depend on
the choice of basis for the lattices L1 and L.

Lemma 2.5.15 (see [Ser80], Chapter 2, Section 1.2, Proposition 1). Let L be a lattice
and s € GL(V). Then x(L,s- L) = v(det(s)).
Proof. Due to[2.5.14| we can find a basis (b, ..., b,) of the lattice L and integers ay, ..., a,

such that (b7, ...,b,7m%") is a basis of the lattice s- L. Thus there exist for 1 <i,j <n

elements m;; € O, with s-b; = > | m;jm%b; for 1 < j < n. Hence
a1

™ mip o Mip mit e Min
s = : s : , where o : e GL,(0,).
Ten Mp1l * °  Mpn Mpl * °  Mpn
mii Min
With v | det : : = 0 it follows
Mp1 - Mo
(. mip - My
v(det(s)) =v | det + v | det oo, =
wn Mpl -+ Mop
oy a;. With x(L,s- L) = > | a; we proved the Lemma. O
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Lemma 2.5.16 (see [Ser80], Chapter 2, Section 1.3, Lemma 1). For all subgroups G <
GL(V)? and lattices L of V' we have G[1) = G.

Proof. Let g be an element in G with g - [L] = [L]. Then there exist ¢ € K* such
that gL = ¢L. With x(L,c- L) = n-v(c) and the previous Lemma it follows:
v(det(g)) = x(L,cL) = n-v(c). Because of v(det(g)) = 0 we deduce v(c) = 0, which
means ¢ € O,f. Thus L =c¢- L. O

Proposition 2.5.17 ([ABOS], Section 6.9.). The stabilizer in SL,(K,) of the funda-
mental chamber C in A(B, N) is the intersection of the stabilizers of all of its vertices,
i particular, it equals B.

2.6. The two dimensional Bruhat-Tits building for PGL;

From now on we focus on the case PGL3. So we assume that V is a 3-dimensional vector
space over a field K with discrete valuation v. We first define a distance in the underlying
graph of the Bruhat-Tits building (see the first subsection below). In the second
subsection we consider the case where K = k(t) is the rational function field over a finite
field k = F, with ¢ elements. There we compute a fundamental domain for the action
of GL,(k[t]) on the underlying graph of the Bruhat-Tits building corresponding to the
place oo of k(t).

2.6.1. Distance in the underlying graph

We generalize the definition of distance in the Bruhat-Tits tree given in Chapter 2, Sec-
tion 1.1 in [Ser80].

Let L and L' be two lattices of V. According to we can find an O,-basis
(b1, b2,b3) of L and integers a,b,c such that (7%by,7%bo, 7¢b3) is an O,-basis for L'
Moreover, the integers {a, b, c} does not depend on the choice of basis for L and L’. The
lattice L’ is a subset of L if and only if the three integers a, b and c are all not negative.
For L' C L we obtain

L)L =20,/m0, ® 0,/7°0, ® 0, /7°O,.
Definition 2.6.1. Let x and y be two vertices of the underlying graph X of the Bruhat-
Tits building and take lattices L = O,b1 ®O,bs ® O, b3 in x and L' = 7O, by DO, by ®
m¢O,bs in y. We define the distance in X of x and y to be the integer

d(z,y) = |max{a,b,c} — min{a,b,c}|.
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Remark 2.6.2.  a) The distance is independent of the choice of representatives for x
and y, because if we replace L by rL and L’ by sL’ for some r,s € K>, then we
have to replace the integers {a,b,c} by {a+v(3),b+v(3),c+v(3)} and hence the
distance does not change.

b) If a lattice L is given, then each class y € X has exactly one representative L’
satisfying the equivalent conditions:
e [/ C L and L' is maximal (in y) with this property
e /’CLand L' ¢ Lw

For such a lattice L' we have
L/L' =0,/t°0, & 0,/7°0,

for some suitable non-negative integers a and b. In this case the distance between
the lattice classes of L and L’ is given by the maximum of a and b.

c) It is d(xz,y) = 0 if and only if z = y. The vertices x and y are adjacent, i.e.

d(z,y) = 1, if and only if there exist representatives L € x and L' € y with L' C L
and L/L' = O, /7O, = k.

Remark 2.6.3. Take a vertex x and a lattice L € z, then L/7L is a free kp-module of

rank 3. If we have another vertex y with d(z,y) = 1, then we can find a representative

L' € ywith L' C L and L' /7L is a ky-submodule of L/mL of rank 1 or rank 2. Therefore

the edges with origin x correspond bijectively to the points and lines in the projective

plane Py (0, /70,) = Py(ky). For a finite field k, = F, we have 2|Pa(k,)| = 2(¢*> + ¢+ 1)

such edges.

Remark 2.6.4. There is another way to compute the distance between two vertices  and

y in X with representatives L € x and L' € y: Let r € Z be minimal such that 7" L C L’

and s € Z maximal according to the property L' C 7°L. Then the distance is given by

d(x7y) = |T - S|'

When we choose an O,-basis (b, by, b3) of L such that (7%, w%by, 7°b3) is an O,-basis
for L' for suitable a,b, ¢ € Z, then r = max{a,b, ¢} and s = min{a,b, c}.

2.6.2. The fundamental domain

In this section we generalize the arguments given in [Ser80], Chapter 2. The definition
of a fundamental domain can be found in Chapter 1, Section 4.1, Definition 7 in [Ser80].

Let £ = F, be the finite field with ¢ elements and oo the place corresponding to the
valuation veo : k(t) — Z U {oo} defined by vog (§) = deg(b) — deg(a) for a,b € k[t] and
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a# 0 #band vs(0) = co. Then ¢! is a uniformizer. Let X be the underlying graph
of the Bruhat-Tits building corresponding to the place co. Then the vertices of X are
given by lattice classes in k(t)3. Two vertices are adjacent if and only if there exist
representatives L and L’ for the lattice classes such that t7'L ¢ L' C L.

Consider now the action of I' = GL3(k[t]) = GL3(O(s) on X.

Definition 2.6.5. For all natural numbers n > m > 0 let L, ,, denote the lattice

t"Ooce1 @ tMOea @ Ooez, where {e1,e2,e3} is the standard basis of the vector space
k(t)3.

The next Propositions generalize Proposition 3 in Chapter 1, Section 1.6 in the book
[Ser80].

Proposition 2.6.6. The vertices [Ly ] for n > m > 0 are pairwise inequivalent
mod I'.

a b ¢
Proof. Let s = |d e f| €T such that s[L,m] = [Lptam+p).- Hence there exist a
g h i

z € Z such that s - Ly = Lptamys -t 7, i.e. we have

at"Oye; @ dt"Oyes ® gt"Op ez € (1" Zey 1726y t7%e3) 0,
btmOyer ® et™Opes ® ht™Oyes € (T2 eq, " %eq 1 %e3) 0, ,
cOe1 ® fO e ® 0 e3 € (t"F0 Zey 12y t7%e3) 0

e

We deduce: deg(a) < a —z, deg(b) <n+a—z—m, deg(c) <n+a—z, deg(d) <
m+ B —z—mn, deg(e) < B~z deg(f) < m+p—z, deg(g) < —n — z, deg(h) <
—m — z, deg(i) < —z. Because s is in GL3(k[t]) the determinant of s is a unit in
the ring Ek[t]. It is k[t]* = k™ and this yields v (det(s)) = 0. Lemma implies:
0 = voo(det(s)) = x(Lnm, S - Lnm) = a+ B — 3z, ie.

3z=a+p.

Now we want to show, that z equals to 0:
Assume z > 0. Then deg(g) < 0, deg(h) < 0, deg(i) < 0,ie. g=h=1=0, a
contradiction to s € I'.

1 _

Assume z < 0. Consider the matrix s™* = el.

Q@ Q,
Sty SN
S, N

[y

From s Ly m = Lytamep -t 7 it follows Ly, = 87 - Lypamys -t~ % Thus

NCNLtTH_a_ZOVel D Jtn+a_z(9y€2 D gtn+a—zoye3 € <tn€1, t"eq, €3>(9w
btmw*z(’)yel (&) ét””i*ﬁ*ZOVeg @ hthrB*ZOl,eg S <tn€1, t"es, 63>(9V,
ct™*0pe1 ® ft72O0peq ® it ?O ez € <tn€1, t"es, €3>@V.
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2.6. The two dimensional Bruhat-Tits building for PGL3

Therefore deg(a) < z—a, deg(b) < n—m—pB+z, deg(¢) < n+z, deg(d) < m—n—a+
z, deg(€) < z—f, deg(f) <m+z, deg(§) < z—n—a, deg(h) <z—m—f, deg(i) < z.
The assumtion z < 0 yields with deg(g) < 0, deg(h) < 0, deg(i) < 0 a contradiction to
slerl.

Hence z =0 and a = —0.

Next we want to show, that & = 0 and hence also 8 = 0:

Assume o < 0. If n = 0, then deg(a) < a < 0, deg(b) < a <0, deg(c) < a <0,
which contradicts s € I'. For n > 0 it follows with m + § < n + « that deg(g) < —n <
0, deg(d) <m+pB—-—n<n+a—-—n=a<0and deg(a) < a < 0. This is again a
contradiction to s € I'.

Now assume that o > 0. Then, by similar arguments for the inverse of s, we have
deg(@) < —a < 0, deg(d) <m —n—a < 0 and deg(§) < —n — a < 0, which contradicts
sTtel.

It follows « =0 and 8 = —a = 0. O

Next we define certain subgroups of GL3(F,[t]).

Definition 2.6.7. First let Hyo := GL3(F,).
For n > m > 0 define

a b ¢

Hy o= 0 e f|laei€eFy deg(b) <n—m,deg(c) <n,deg(f) <m
0 0 1

Furthermore, define for n > 0 the groups
a b c b

Hy, = d e f]] (Z e> € GLa(F,),i € Ff,deg(c) < n,deg(f) <n
0 0 1

and
a b ¢

H,:= 0 e f|| (Z {) € GL(F,),a € F,deg(b) < n,deg(c) <n
0 h i

Remark 2.6.8. For the groups H,, , (now considered as subgroups of PGL3(k(t)), because
in Chapter 3 where we need the facts listed here we work in the projective general linear
group) we have the following cardinalities:

Ifn=m=0itis

|Hool = |PGL3(F)| = (¢ — 1)(¢* — q)¢?,

if n>m >0 we get
|Hn,m| = (q - 1)2q2n+37

if n =m > 0 then
|Hpn| = (¢* — 1)(¢* — q)¢*"

33



2. Bruhat-Tits Buildings

and if n > m = 0 we compute
|Huol = (¢ = 1D(@® = a)g>*2.

Note that we divided by ¢ — 1 since we are working in the projective group.

Proposition 2.6.9. The group H, p, is the stabilizer of the vertex [Ly ) in I' for all
n>m > 0.

Proof. Consider again the matrix s and the degree restraints of the entries of s like in
the proof of Proposition We know that « = =2 =0.

If n =0, it follows m = 0 and hence the inequalities deg(a) < 0, deg(b) < 0, deg(c) <
0, deg(d) <0, deg(e) < 0, deg(f) <0, deg(g) < 0, deg(h) < 0, deg(i) < 0, which
means s € GL3(F,).

Now let n > 0.

For n > m > 0 we get deg(a) < 0, deg(b) < n —m, deg(c) <n, deg(d) <m—n <
0, deg(e) < 0, deg(f) < m, deg(g) < —n < 0, deg(h) < —m < 0, deg(i) < 0, which
yields s € Hy, p,.

For the cases n = m, respective m = 0, we get similarly that s is in H,, ,, respective

Hn,O- O

Proposition 2.6.10. a) Hg acts with two orbits on the set of edges with origin
[L[LO:I.
b) For n >0, Hy,, fizes the edge ([Lnn), [Lnt1n+1]) and acts with three orbits
on the set of edges with origin Ly, | distinct from ([Lp ), [Lnt1n41])-

c) Forn >0, Hyq fizes the edge ([Lno|, [Lnt1,0]) and acts with three orbits on
the set of edges with origin [Ly, | distinct from ([Ly o], [Ln+1,0])-
d) Forn >m >0, Hn,m fizes the edges ([Ln,m]a [Ln-l-l,m]) and ([Ln,m]7 [Ln-‘rl,m-‘rl])

and acts with four orbits on the set of edges with origin [Ly | distinct from
([Ln,mls [Lnt1,m]) and ([Ln,ms [Lnt1,m+1])-

Proof. a) The set of edges with origin [Lg ] can be identified with the set of one-
dimensional and two-dimensional subspaces of k3 (cf. Remark . Now
the group Hpo = GL3(k) acts transitive on both, the set of one-dimensional
subspaces and the set of two-dimensional subspaces. Thus Hy o acts with two
orbits on the set of edges with origin [Lg o).

b) First note that H,, C Hpiin+1, which shows that H,, fixes the edge
([Lnnl, [Lnt1n+1]). The action of Hy, ,, on the k vector space Ly, /t ™ Ly, is
given by the homomorphism
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2.6. The two dimensional Bruhat-Tits building for PGL3

a b ¢ a b ¢,
Hy,,—GLs(k), |[d e f]—|d e fu],
0 0 ¢ 0 0 1

where ¢ = cg+c1t + ... + cut™ and f = fo + fit + ... + fut”™ with ¢;, f; € k
for all 0 <4 < n. Therefore the action of H,, on Lmn/t_lL,w >~ k3 may
be described by the action of the image of this homomorphism on the vector
space k3. Now the image is given by the subgroup of GL3(k) consisting of
matrices of the form

S o
O o X
X o

This subgroup acts with two orbits on the set of one-dimensional subspaces

1 0
of k3, it fixes the subspace < 01,11 > and acts transitively on the set of
0 0

1 0
two-dimensional subspaces of k3 distinct from < 0],(1 >
0 0

c) It is Hypp contained in H,10, hence Hy g fixes the edge ([Ln,o0], [Ln+1,0])-
Similarly to the proof above the action of H, o on ano/t*Iano =~ |3 is given
by the homomorphism

a b c a b, c,
Hn70 — GLs(kj), 0 e f —> 0 e f s
0 h 1 0 h =1

where b = by + b1t + ... + b,t™ and ¢ = ¢y + cit + ... + ¢, t" with b;, ¢; € k for
all 0 < ¢ < n. The image of this homomorphism is the subgroup of matrices
of the form

* Kk ok
0 =%
0 %
1
This subgroup stabilizes the subspace < 0 > and acts transitively on the
0
1
set of one-dimensional subspaces in k3 distinct from < 0 > On the set of
0

two-dimensional subspaces of k3 this group acts with two orbits.

d) It is Hy, contained in Hy 41, and in Hy41 41, hence Hy, p, fixes the edges
([Ln,m)s [Lns1,m]) and ([Lpm], [Lnt1,m+1]). Consider the action of H,, ,, on
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2. Bruhat-Tits Buildings

Lym/ t‘an,m = |3 given by the homomorphism

a b c a bp—m Cn
Hpm — GL3(E), [0 e f]— |0 e fm |
0 0 4 0 0 1

where b = by + b1t + ... + byt ™, ¢ = cg + it + ... + cpt" and f =
fo+ fit + ..+ fut™ with b, ¢, fr € kforall 0 <i <n—-—m,0<j < n,
0 < r < m. The image of this homomorphism is the subgroup of triangular
matrices

S O X
S X X

*
*
*
1

This subgroup stabilizes the subspace < 0 > and acts with two orbits on the
0

1
set of one-dimensional subspaces in k% distinct from < 0 > Furthermore
0

1 0
it fixes < 0,11 > and acts with two orbits on the set of two-dimensional
0 0

1 0
subspaces of k3 distinct from < 01,11 >
0 0

Definition 2.6.11. Let Y be a graph, G be a group acting without inversion on Y (this
means there does not exist an element g € G and an edge (x,y) of Y with g(z,y) = (y,x))
and 7 : Y — G\Y be the canonical projection. A subgraph F of Y is called fundamental
domain for the action of G on Y if the restriction n|p : F' — G\Y is an isomorphism.

Theorem 2.6.12. The set F':= {[Ly ] | n > m > 0} of vertices of X is a fundamental
domain for the action of I' on X.

Proof. We generalize the proof of the Corollary of Proposition 3 in Chapter 1, Section
1.6 in [Ser80]: First we have I' C GL(k(t)?)°, because for every matrix M € T the
determinant of M is an element in k[t]* = k*, i.e. v(det(M)) = 0. Thus I" acts without
inversions on X and the quotient graph X’ = I'\ X is defined. Because of Proposition
we know that the vertices in F' are pairwiese inequivalent mod I'. Therefore the
restriction of the projection X — X’ to F yields an isomorphism from F' to a subgraph
F'in X'
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2.6. The two dimensional Bruhat-Tits building for PGL3

Now we want to show that F’ equals X’: X’ is a quotient graph of the underlying
graph X of a building, hence connected. Therefore it suffices to show, that F” is open
in X’  i.e. every edge v/ in X’ with origin in F’ is contained in F’. Suppose v is an edge
in X', such that its origin p is a vertex in F’. Then there exists a vertex [Ly ] in F
such that p is the image of the vertex [Ly, ] under the projection X — X’. Furthermore
there exists an edge y in X with origin [L,, ,,,], such that ¢ is the image of y under the
projection X — X'

For n = 0 = m it follows with Proposition [2.6.10| that y is congruent to

([Lool, [L10]) mod I or ([Loo], [L1,]) mod T’

which yields ¢y’ is an edge in F’. Similarly we get from Proposition [2.6.10| that y is
congruent to z mod I', where z is as follows:
if n >m =0, then

z € {([Ln,o]; [Ln+1,0]), ([Lno], [Ln—1,0])s ([Ln,o]; [Lnal), ([Lno), [Lns1a]) b
if n=m >0, then
KIS {([Ln,n]v [Ln+1,n])a ([Ln,n]a [Ln+1,n+1])7 ([Ln,n]a [Ln,n—l])v ([Ln,n]a [Ln—l,n—l])}
and if n > m > 0, then
AS {([me], [Ln-i—l,m])a ([Ln,m]a [Ln-i-l,m-i-l])a ([Ln,m]v [Ln,m+1])a ([Ln,m]a [Ln—l,m])v ([me]v [Ln—l,m—l])a ([Ln,m]a [Ln,m—l])}-
In all of these cases 3 is an edge in F”. O

Remark 2.6.13. Due to [Sou79] we know even more. In particular, when we glue in a 2-
simplex for every triangle in F', then the resulting sector forms a simplicial fundamental
domain for the action of I' on the Bruhat-Tits building X.

37






3. Quotient-graphs for certain
subgroups of PGL;3(F,(t))

In the following chapter we will state and prove our Main Theorem, which describes
the quotient graph of the underlying graph of the Bruhat-Tits building by the action
of an arithmetic subgroup of the projective group over a rational function field. In the
first section we formulate the Theorem, what will take 9 pages. Then we will need the
rest of the chapter to prove this Theorem. The strategy for this proof is the same as
in [KMS15]: For a place p of the rational function field F,(t) we consider the action
of PGLg((’){pm}) on the product of the Bruhat-Tits building associated to the place
p and the Bruhat-Tits building associated to the place oo. In order to describe the
quotient graph of the underlying graph X of the Bruhat-Tits building corresponding to
the place p by the action of I' = PGL3((’){p}) we can use the fundamental domain for
the action of PGL3(Oj}) computed in @} The vertices X, ,, in the orbit space
I\ X correspond to certain vertices in the fundamental domain. The number of edges
between two given vertices X, ,, and X,/ in the orbit space I'\X is equal to the
number of double cosets Hy y \ Yot i/ mm/ Hn,m, where Hy, p, respective Hyy pr, is the
stabilizer of the vertex yy ., respective 4,/ s, in the Bruhat-Tits building associated
to the place co. Moreover, Yy i/ . is the set of matrices in PGL3(Oy) o)) mapping
Z0,0 to a neighbor and ¥ m to Y, . The size of a double coset H, M H,, ,, with

Hr | Hpom
= \Mf‘llr},ﬁ,b‘/‘J\ZﬁHL,mr Due to
we know the cardinalities of the two stabilizers. Hence we have to compute the
size |M Y H, py M N Hy, m| to find the length of a double coset. Furthermore we have
to count the elements in the set Y, ./, to obtain the number of double cosets in a
given case. We first compute the cardinality of Y, ./, for the needed cases. Then
we distinguish three cases (k := %/‘Fm_m/ < 0,k =0 and k > 0) to calculate the
number of double cosets. The cases follow from the degree restraint for the lower left
entry of the representative M, in particular for x < 0 we know that this entry has to
be zero, in case k = 0 it is an element in the field F, and for x > 0 we only know that
it is a polynomial with degree less or equal to . Since we have four different types
of stabilizers H,, ,,, we have to consider four subcases for n, m, respective n/,m’, which

yields in total 16 subcases in all three cases.

representative M € Y,y s oy is given by |Hpys py M Hy, |
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3.1. Main Theorem

Theorem 3.1.1. Let v, be a valuation of degree d of the rational function field Fy(t) and
let X, be the Bruhat-Tits building of the group PGL3(F,(t),,). Consider the underlying
graph X of X,,. Then the orbit space PGL3(O,3)\X can be described as follows.

1. If 3 1 d, then its set of vertices is {Xpm | n,m € Ng and n > m > 0} with the
following edges, where n,m € Ny and i,j € N:

a) 1 edge between the vertices

o Xinmy ond Xeniamy;  here Xgp my = {X ifm > n

it. Xpm and Xpydm+d (n>m
iii. Xnm and Xp_midd—m (n>m
. Xpm and Xg_mp—m (d>n>m>0) if d > 2,

b) ¢?272 edges, if d > 4, between the vertices

1. Xn70 and Xn+7;72i_d (2i >d>1> 1),
1. Xn+i,n+i and X2i+nfd,n (22 >d>i> 1),

2d—2n—2i—

c) q 2 edges, if d > 4, between the vertices

1. Xi,i and X2n+2i—d,n (2i +n>d>i+n> 2),
d) ¢*~2 edges, if d > 4, between the vertices

1. ern and Xd+n—i,n+i (d > 22),

Xnm ifn>m

. Xpvio and X 405y (20 +n #d > 2i);  here Xinm) = {X ifm > n
m,n = Ity

e) G242 edges, if d > 4, between the vertices

i. Xno and Xop_qon—a (2n>d>n>2),
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f) @®2 edges, if d > 4, between the vertices
i. Xnn and Xq_ond—2n (d>2n>0),
g) 472775 edges between the vertices

i. Xpn and Xoo (d>n>0) if d=n (mod 3) and d > 4,
ii. Xno and Xoo (d>n>0) if d=n (mod 3) and d > 4,
iii. Xpo and Xoo (d>2n>0) if d =2n (mod 3) and d > 5,
iv. Xpn and Xoo (d>2n>0) if d=2n (mod 3) and d > 5,

h) g4 edges, if d > 5, between the vertices
i. Xpo and X;; (n,—k = —M% eN, d>2n—i,d>2i—n,2n+2i>d>4— k),
i) (q+1)¢??=2"=2 edges, if d > 4, between the vertices

i. Xnon—i—d and X;; (2n>d+i>n,d>n>0),

it. Xpm and Xpym—do (n+m>d>n>m>0),
i) (¢ +1)g* =272 edges, if d > 4, between the vertices
i Xntij and Xin g 2iyy (0> j,d—2i+j #n,d > 2i— j);

Xnm tfn>m

here Xy, my == x ifm>n
m,n = T,

k) (q+ 1)g* 27222 edges, if d > 5, between the vertices
1. Xz’] and Xi+d72jfn,n (Z >in>0d>2j4+2n—1>1i+ 2),
1) (q+1)¢*72 edges, if d > 4, between the vertices

. Xnm and Xgym—inti (n>m>0,d>2i+n—m),
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m) (q+1)¢*™2 edges, if d > 4, between the vertices
i Xnm and Xg—p—md—n-m ([@d>n+m>n>m>0),

n) (g4 1)g>4=2"=6 edges, if d > 7, between the vertices

- Xnm and Xop (n>m>0,d>2n—m)
v if d=2n—m (mod 3) = 2(n+m) (mod 3),
ii. Xpm and Xoo (n>m >0,d>n+m) if d=n+m (mod 3),

o) (¢g+ 1)q“l+“_m_‘l edges, if d > 7, between the vertices

; Xnm and X;; (—n:—d_%# eN,n>m >0,
' d>2n—m—i,d>2i—n+2m,d>m+4— k),

p) (q+1)gdtr=r+m=4 edges, if d > 7, between the vertices

3

. Xnm and Xip (—k = —4=2zn=m e N > m > 0,
’ d>n+m—i,d>2i+n—-2m,d>n—m+4— k),

q) (q+ 1)2qTr=m+i==2 cdges, if d > 5, between the vertices

. Xnm and Xi (—h = - L] e N >m > 0,4 > j,
' d>i—n+2m+jd>2n+i—m—2j,d>m—rk+1i—j+2),

r) (q+ 1)g2d=n==2) 4 2d=n=i=1) eqges if d > 5, between the vertices
o Xnn and Xjon—dr2i 2n+20>d>2n+i>4,d>n+i+2),
s) (q+ 1)@ +i=2) 4 241 edges, if d > 5, between the vertices
i. Xno and Xq_on—;; (d > 2n+ 2i > 2i),
t) (q+1)2¢2=m+i=2) L (g 4+ 1)g2(—m+i=1) edges, if d > 7, between the vertices

1. Xn,m and Xd+m72n7i,i (TL >m>0,d>2n+2i—m>m+ 4),
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3.1. Main Theorem

w) (q+1)%(¢% + g+ 1)¢*=="=3) edges, if d > 10, between the vertices

. Xnm and Xij (n>m>0,i>j,d>2n+itj—m)
. ifd=2n+i+j—m (mod 3),

v) (g4 1)(¢® + q + 1)¢?4==7=3) edges between the vertices

i Xpm and X3 (n>m>0,d>2n+2i —m) if d=2n+42i —m (mod 3) and d > 8,
ii. Xpm and X590 (n>m>0,d>2n+1i—m) ifd=2n+1i—m (mod 3) and d > 7,
. Xnp and X;5 (1>j4,d>n+i+j>i+7) ifd=n+i+j (mod 3) and d > 7,

iv. Xpo and X35 (i>j,d>2n+i+75>i+j) ifd=2n+i+j (mod 3) and d > 8,

w) (q2 +q—+ 1)q2(d_i_”_3) edges between the vertices

i. Xpn oand X;; (d>n+2i > 2i) ifd=n+2i (mod 3) and d > 7,
ii. Xpn and Xjo (d>n+1i>1) ifd=n+1i (mod 3) and d > 5,
iii. Xpo and X;; (d > 2n+ 2i > 2i) if d =2n+2i (mod 3) and d > 7,
iv. Xno and X;0 (d>2n+1i>1) ifd=2n+1i (mod 3) and d > 1.

If d is additionally even:
z) 1 edge, if d =2, between the vertices

i. Xn,n and Xn+1,n+la

it. X0 and Xp41,0,
) 94D goes, if d > 4, between the verti
y T edges, if d > 4, between the vertices

i. Xnp and X

da d,
n+3,n+3

1. Xn,O and Xn+%,0’

g
z) ¢t + q(qulﬂ) edges, if d > 4, between the vertices

i. Xngn and Xa—an , (d>2n>0).
2 b
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3. Quotient-graphs for certain subgroups of PGL3(F,(t))

2. If 3| d, then its set of vertices is

{ X5 In,meNg, n>m >0, n+m € 3Ny and r € Z3} with the following edges,
where n,m € Ng and i,j € N:

a) 1 edge between the vertices

Xom n=m

3 r r+1 . r o
1. X{n,m} and X{m_d’m} (n+m € 3Np); here X{mm} = {ann ifm > n,

i. X)L and Xy rdmia (m+mée3Ng,n>m=>0),
144 Xfﬁ;,% and X; . ad-m (n+me3N,n>m>0,d>m) if d > 6,

w. X& ., and X)*) (n+m € 3N,d>n>m>0) if d > 6,

d—mmn—m

b) ¢?3272 edges between the vertices

i Xp 0t and X7 o g (n€3Np,2i >d>i> 1),

i Xptiand X3 o (n+i€3N,2i>d>i> 1),

2d—2n—2i—

c) q 2 edges, if d > 6, between the vertices

i X[Thand X3 0 4, (€3N, 2i4n>d>i+n>2),
d) q* 2% edges between the vertices

i. X7, and X't} (n € 3No, d > 2i),

n,n d+n—in+i

ii. Xpyo and Xpto o0 (n+i€3N,2i+n#d > 20);

Xr fn >
here X"f”%m} = X:L,m an > m
if m>n,

m,n

e) ¢?372"=2 edges, if d > 6, between the vertices

i. Xj o and X;;leznfd (ne€e3N,2n>d>n>2),
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f) @®2 edges, if d > 9, between the vertices

i Xpthand X o, 4 0, (n€3N,d>2n>0),

g) 472775 edges between the vertices

i. X, and X&gl (n€3N,d>n>0) if d=n (mod 3) and d > 6,
. X::Bl and X5y (n€3N,d>n>0) if d=n (mod 3) and d > 6,
iii. X0 and XS:EI (n € 3N,d > 2n > 0) if d=2n (mod 3) and d > 9,

. Xptland Xi, (n € 3N,d > 2n>0) if d=2n (mod 3) and d > 9,
h) g4 edges, if d > 6, between the vertices
i. Xioand XIT' (n,i €3N,k =—95220 €N, d>2n—i,d>2i—n,2n+2i>d>4- k),

i) (q+1)¢??=2"=2 edges, if d > 6, between the vertices

io X7 o iqg ond XIT1 (i €3N,2n>d+i>n,d>n>0),
i. Xph and X7 40 (Rtme3N,n+m>d>n>m>0),

3) (q+1)¢* =272 edges, if d > 6, between the vertices

i Xhii; andxg;;ﬂiﬂ} (n4+i+j€3N,i>j,d—2i4+j#n,d>2i—j);
Xhm fn>m
e P

m,n
k) (q+ 1)g* 27222 edges, if d > 6, between the vertices
i. X7, and X;“j;_%_n,n (i+75€3Ni>jn>0d>2j+2n—1i>i+2),

1) (¢q+1)¢*~2 edges, if d > 6, between the vertices

i. X7 and XL (n+me3N,n>m>0,d>2i+n—m),

n,m d+m—i,n+i
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m) (q+1)¢*™2 edges, if d > 6, between the vertices

i. Xt and X0 mden—m (n+me3N,d>n+m>n>m>0),

n,m
n) (g4 1)g>4=2"=5 edges, if d > 6, between the vertices

i Xnm anng,J(gl (n+me3N,n>m>0,d>2n—m)
if d=2(n+m) (mod 3),

ii. Xpth and Xgo (n+m €3N,n>m>0,d>n+m) ifd=n+m (mod 3),

n,m

0) (q+1)g?Tr=m=% edges, if d > 6, between the vertices

. Xy,
7 n

andXz?::fl (n+m,i€3N,—m:—%eN,n>m>O,
d>2n—m—i,d>2i—n+2m,d>m+4— k),

,m

p) (q+ 1)g?tr=+m=4 edges, if d > 6, between the vertices

n,m 3

. Xithand X[y (n+m,i €3N, -k = —9=2E0"1 ¢ Nop > m > 0,
d>n+m—i,d>2i+n—2m,d>n—m+4— k),

q) (q+1)2¢H—mH=1=2 cdges, if d > 6, between the vertices

. X7
7 n

and X[T' (n+mi+j €3N, —p =20 e Nop > m > 0,4 > j,

d>i—n+2m+jd>2n+i—m—2j,d>m—rk+1i—j+2),

,M

r) (q+ 1)g2d===2) 4 2[d=n=i=1) cqges, if d > 6, between the vertices
i Xptland X7o, 4i0r (n€3N2n+2i>d>2n+1i>i,d>n+i+2),
s) (q+ 1) H=2) 4 @241 edges, if d > 9, between the vertices
i. Xnoand X3t .o (n€3N,d>2n+2i > 2i),
t) (q+ 1)2¢2n=m+=2) 4 (g +1)2—m+=1) edges, if d > 6, between the vertices
i. X7 and XL (n+me3N,n>m>0,d>2n+2i—m>m+4),

n,m d+m—2n—i,i
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w) (q+1)%(¢% + g+ 1)¢>=="=3) edges, if d > 9, between the vertices

P and X[ (n+m,i+je3N,n>m>0,i>j,d>2n+i+j—m)
’ ifd=2n+1i+j—m (mod 3),

. Xy,

v) (q+ 1)(¢?> + q + 1)¢*@=7=3) edges between the vertices

. XT andX;:;H (n+m,i €3N,n>m>0,d>2n+2i—m)

n,m

" ifd =2n+42i —m (mod 3) and d > 12,
i Xpm andXZSrl (n+m,i€3N,n>m>0,d>2n+i—m)
' ifd=2n+1i—m (mod 3) and d>9,
X7 and XTH (nyi4j €3Ni>jd>n+i4j>i+ )

" ifd=n+i+j (mod 3) and d>9,

Xroand X[ (nyi+j €3Ni>j,d>2n+i+j >0+ )

" ifd=2n+i+j (mod3) and d > 12,

w) (q2 +q+ 1)q2(d7i7”73) edges between the vertices

i. Xy, and X[ (n,i€3N,d > n+ 2i) if d=n+2i (mod 3) and d > 12,

ii. Xp, and X[5'(

iii. X1y and X7 (n,i € 3N,d > 2n + 2i) if d=2n +2i (mod 3) and d > 15,
(

n,t € 3N, d > 2n +1) ifd=2n+1i (mod 3) and d > 12.

n,i € 3N,d > n +1) ifd=n+1i (mod 3) and d > 9,

. r r+1
w. X o and X; g

If d is additionally even:
) % edges, if d > 6, between the vertices

. r r+1
1. Xn,n and Xn_,'_%m_i_g (n € 3N0)7
.. r—+1 r
1. Xn’O and Xn+g70 (n S 3N0),

d—
y) ¢+ q(qTSIH) edges, if d > 9, between the vertices

i Xptland X, , (n€3N,d>2m).
2 K
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3. Quotient-graphs for certain subgroups of PGL3(F,(t))

The edges from Xoo to itself:

=251 jfs=1 (mod 3)
z) Letl(s) := % if s=2 (mod 3).

7d_235_6 if s =0 (mod 3)

For d is odd:

d=3_1)(q9+q3—q2— d_3)(q8+q3)+q% (¢%— g3 d=5 61(s)+6 _1
1+<q (q3)_(il)(q2q_l)q 9 _ (¢°—q )(q(qﬁgl))qg (¢%—q )—(q—H) ( 2 q25qq6_1)

edges, if d > 9, between the vertices
i. Xgo and Xgigl,
and 1 edge, if d = 3, between the vertices

- r r+1
1. X070 and XO,O .

For d is even:

1+(qd‘3—1)(qd+q3—q2—q) (qd—q3)(qd+q3)+qd(qd—q6)_(q_H)( a4 2sq6”‘9)+61)

(*-1)(¢*-1) N (¢°—1)¢8 s=14 ¢5—1

edges, if d > 6, between the vertices

: r r+1
i. Xgo and X4

3.2. Examples

The quotient graphs for degrees d € {1,2,3}:
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3.2. Examples

For degree 1:

VAN VAN VAN VAN VAN
/ \ / \ / \ / \ / \ /
Xoo X1 Xine - Xiog Xize ,Xiag -/

For degree 2:

! 7’ ! 7’ ! 7’ ! 7 1 N 1 N 1 N | N |
| ’ | ’ | ’ | // | \\ | \\ | \\ | \\ |
Xi6g! X!, Xi2at , KXoz ."Xgo! Xopr Xiig1 X340 Xizg!
. ---
7 Y
, N
N
5(144,8 12,6 104 | /Xs2| /" Xe60 \ ] Xin| X
. ---
7 Y
, N
N
X1218 106 |/ Xsal| /Xe2| /Xao N \ NG X1
- ---
7 Y
, N
N
X1018 X6 |/ Xea| /Xa2| /" Xop N N \ N
. ---
7 Y
, N
e N
Xsg| /Xeo |/ Xaal|l /Xop| /Xoo N N N
N p
N 7/
X959 \ 3 N D Xot1| /Xus| /Xes| /X ].”
N p
N 7/
X119 9 3 3 Xu1| /Xesz| /X5 10,7 .7
N p
7/
X390 Xn? 9 3 Xe,1| /X33 10,5 127 .7
N p
N 7/
X390 X13 X1 X X3g1 10,3 12,5 ur| .’
(N (N (N (N I L0 L0 L0 L0
| \ | \ | \ | \ | 7’ | 7’ | 7’ | 7’ |
| N N N N . . L X
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3. Quotient-graphs for certain subgroups of PGL3(F4(t))

For degree 3:

\ \ o \ . ’ \ ’ \ ’ \ ’ \ \ ’ \ ’ \
\ \ Y - / \ / \ / \ / \ N/ \ oy \
\ \ e \ / \ / \ / \ / \ \v \ N/ \
1\ 0 71 2 A » 1N » 0N » 2N » 1N AN 0\ A 2\
X174,1o X14,1o ’ Xll,’lO 2 X],(),s\ s X],(),s\ 2 X],(),z 2 X],i,l\ AR X14,4~ /A X17,7\ /
e ¥ VA VA PR VA = \ ¥ %
f 7 o~ 7 ™ 7 N 7 oy 7 N | \
\ , 9,00 / 9,3 / 9,6 / 9,9 / NS \
/ / [NV \
/ / \ (R \
/ / \ \ \ ,
2 1 0 e 0
Xia, )X, / Xt Xf Xg, XN XA L Xz -
T 2 0 1 N
/ /, A \ \ \
\ ' 6, 6, 6, \ N \
\ ! \ \
N ! a \! A \\
\ 2 1 1 0 2
Xiga Xn / X3 5 X) X\ 8, 1A X14\1 \
o / / 1 3 \ \
/ / / 3, 3, \ \
/ / \ \
/ ! / \ \
(/ ) / \
2 1 0 2 1 0 \
I X1 / 5 X3 X3 Xi1) X
0o N 7 1 2 0 0 - ) -0
X121 9,9 6.6 3,3 Q X6 X N 12,00
.- .
Ny
\, Q ), (
1N 0 0 0 2
X132 Xp, Xf, X4, , X4, X, X6, Xigh
- 2 0 T 2 1 2 -0 1
J/A\12.8 9,0 6,2 3 3 X6 X 3 X12,3 4
, =
/
({
X3 X1 X X ! X X2 xi X
0\ - 1 2 0 0 1 2 0
X159 12,0 9, 6, X6.0 X9 X 12,0 X158
Ny
\
Xis X9 X3 X g 2 X1 X9 X3
. ) 0 1 =) 0 T
/X15 12, 9 X! 12,¢ 15,¢
/ -
/
/ /N /N /
. / \ / \ 2
2/ \ 1/ \ 0 7/ 2 0 2 1
X1 XN/ X ; X1 Xis, X1, X
R * o S ——— —— * *
/N /N /N _ LA = B /N /N /N
/ \ / \ =TT Ty \ A / \ / \
/ \ / \ / \ / \ / \ / \ / \ / \
/ \ / \ / \ / \ / \ / \ / \ / \
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3.3. Probability for polynomials to be coprime

3.3. Probability for polynomials to be coprime

Later, when we compute the cardinality of Y, .,/ nm, We need the probability for arbi-
trary polynomials, where at least one of them is of degree greater zero, to be coprime.
The following Lemma gives us this number:

Lemma 3.3.1 ([BB07], Corollary 5). Let 1 < m € N, d; € N, dg,....,d,, € Ny and
for 1 < i < m let a; € Fy[t] be arbitrary polynomials of degree d;, respectively. (Here
we consider the zero polynomial as polynomial of degree 0). Then the probability that
ai, ...,y are coprime is 1 — qm%l.

Corollary 3.3.2. Let1 <m €N, dy € N, dy, ...,dy, € Ny and let a; € Fy[t] an arbitrary
polynomial of degree di and for 2 < i < m let a; € F[t] be arbitrary polynomials of
degree at most d;, respectively. (Here we consider the zero polynomial as polynomial of

degree 0). Then the probability that ay, ..., a,, are coprime is 1 — qm%l.

Proof. Follows immediately from Lemma [3.3.1 O

3.4. Stabilizers in PGLg((’){pm})

Now we generalize the arguments in [KMS15].

Let k denote the finite field F, with ¢ elements and let p denote a place of degree d of
the rational function field k() such that the place p corresponds to an irreducible monic
polynomial f and a valuation v,. Additionally we consider the place oo of k(t), which
is a place of degree 1 and corresponds to the valuation ve : k(t) = Z U {00}, vee (§) =
deg(b) — deg(a) for a,b € k[t] and a # 0 # b and vs(0) = co. Let X denote the
underlying graph of the Bruhat-Tits building corresponding to the place p and Y be the
underlying graph of the Bruhat-Tits building corresponding to the place co. Then the
vertices of X and Y are given by lattice classes and the action of PGL3(k(t)) on X and
Y is induced by the canonical action from the left of PGL3(k(t)) on the 3-dimensional
lattices.

Definition 3.4.1. Let II := PGL3(Oy}, oc}), I' := PGL3(Oyp) and = := PGL3(O(y)-
With {e1, e, e3} we denote the standard basis of the vector space k(t)3. Define xg ¢ to

be the vertex in X corresponding to the standard lattice Ope; @ Opea @ Opesz and for all
n>m >0 set Ynm = [Lpm| in Y (the lattices Ly, ,,, are defined in [2.6.5)).

Remark 3.4.2. Let U be a dense subgroup of a topological group G which acts on a
discrete set X. Then U and G have the same orbits.

Remark 3.4.3. Since Oy, ) is a dense subring of k(t) it follows that SL3(Oy;, «} ) is dense
in SL3(k(t)). Because in the closure of SL3(Oy; o01) We have the matrices in SL3(k(t)) of
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3. Quotient-graphs for certain subgroups of PGL3(F,(t))

* 0 0 * 0 0 *~ 0 0 *~ 0 0 * 0 % * % 0
theform | = 0|, [0 = O], {0 O}, |0 x =], [0 « O}, |0 x O
0 0 % * 0 % 0 * % 0 0 % 0 0 % 0 0 %

These matrices generate SL3(k(?)).

Lemma 3.4.4. The group PSL3(Oyp o)) acts with three orbits on either X orY, i.e.
PSLg(O{pyoo}) acts type preservingly on the vertices of the underlying graphs X and Y
of the Bruhat-Tits buildings and acts transitively on the set of vertices of the same type.

Proof. By Lemmathe group SL3(k(t)) acts type preservingly and transitive on the
set of vertices of the same type (in X or Y). According to Remark and Remark
the subgroup SL3(Oy) 1) of SL3(k(t)) acts type preservingly and transitive on
the set of vertices of the same type (in X or Y). This implies that the same is true for

Lemma 3.4.5. If 3 is not a divisor of the degree d, then 11 = PGL3(Oyp o)) acts
transitively on both X and Y. If 3 divides the degree d, then 11 acts transitively on X,
but type preservingly on the vertices of Y.

Proof. Let M be a matrix in GL3(Ojp ). Then det(M) is an element of the set
(’){Xpm} ={\-f"| A€ k*,neZ}. Thusdet(M)= \-f" for some X € k*, n € Z. Hence
vp(det(M)) = n. Therefore IT acts non type preservingly and PSL3(Oyp o03) C IT acts
transitively on the set of vertices of the same type, which yields that II acts transitively

on X.

For the action on Y it is v (det(M)) = —nd, which is congruent to 0 (mod 3) if
3 divides d. In this case II acts type preservingly on Y. If d = 1 (mod 3), then
Voo(det(M)) = —n (mod 3) and hence II acts non type preservingly on Y. Because

PSLg(O{ppO}) C IT acts transitively on vertices of Y of the same type, it follows, that
IT acts transitively on Y. Similarly, if d =2 (mod 3), then v (det(M)) = —2n (mod 3)
and again II acts transitively on Y. O

Proposition 3.4.6. The stabilizer in PSLy,(Oyp o0y) of the vertex zoo is PSLy(Oooy)
and the stabilizer in PSL,(Oy, ) of the vertex yoo is PSL, (O )-

Proof. With Corollary it suffices to show
PSLn(O{p@o})ﬂPGLn(OOO) = PSLn(O{p}) and PSLn(O{ppO})ﬁPGLn(Op) = PSLH(O{OO}):

Let [g] S PSLn(O{ppO}) N PGLn(OOO) with g = (gij)lgid‘gn S GLn(OOO) Then there
exist a A € OF such that A-g € SL,(Oyp o}), this means det(Ag) = A"det(g) = 1. Then
we have Voo (A) = 0 and Voo (X - gij) = Voo(gij) > 0 for all 1 < ¢,j < n. We conclude
that A - g is an element in SL,(O) and for all 1 < 4,5 < n the corresponding entry
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3.4. Stabilizers in PGL3(Oyp oc})

A - gij lies in the intersection Oy o} N O = Oypy. Therefore A - g is in SL, (O, ) and
[9] € PSL,(Oypy). For the other inclusion it is obvious that PSL,(Oy,;) is a subset of
PSLn(O{p’OO}) and with O{p} C Oy it follows PSLn(O{p}) C PGLn(OOO).

The second equality follows by similar argumentation. ]

Remark 3.4.7. For every ring R and natural number n the following sequence is exact:
1 — PSL,(R) — PGL,(R) - R*/(R*)" — 1, ie. R*/(R*)" = PGL,(R)/PSL,(R).

[

Proposition 3.4.8. a) Il;,, =
b) Ty, = PGLs(k).

c) My, o = T, where in case 3 divides d the stabilizer T contains T as an index 3
subgroup and in case 3 does not divides d the stabilizer T equals T

d) By, = PGL3(k).

Proof.  a) First we compute the index of PSL3(Oy) o) in PGL3(Oyp oc}). To do
this we want to use Remark [3.4.71 So we need the number of elements in k*
with a third root in £*. If ¢ = 1 (mod 3), then %1 elements in k™ have a
third root in k*. If ¢ is not congruent 1 (mod 3) every non-zero element in
the field has a third root, i.e. there are ¢ — 1 elements in k£* having a third

root in k*. Therefore
[PGLS(O{p,oo}) : PSLS(O{p,oo})] = |O?p’oo}/(o? )3‘

p,00}

=1.3=9 ifg=1 (mod 3),

=1

= |{Af"-(OF Pl AekXnezy =", ,
{poo} g -3=3 else

because A\ f™ € ((’){Xp OO})3 if and only if there exists an integer m with n = 3m

and A has a third root in £*.
Using again Remarkwe compute [PGL3(Ofo0y) : PSL3(Ofsey)] = |O?w}/(0?m})3|

R ()3 = {3 if g=1 (mod 3),.

1 else
By [3.4.5 and (3.4.4] the group PGL3(Oy) }) acts transitive on X, while
PSL3(Ofp,003) acts type preservingly on X, i.e. the orbit II(zgp) is three
times bigger than the orbit PSL3(Oyy, o0y)(70,0). Because of Proposition
we know that PSL3(O(u) is the stabilizer of zg in PSL3(Oy;, 00})-

Now the orbit-stabilizer theorem yields

PSLg(O{ppO})/PSL;;(O{OO}) = PSLg(O{p,OO}X.YJQ’()) and H/H~TO,0 = H(l’o,g).
Since we know that II(zg) is three times bigger than

PSL3(Ojp,00y)(z0,0) we conclude I1/Tl,, , is three times bigger than
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3. Quotient-graphs for certain subgroups of PGL3(F,(t))

o4

PSL3(Ofp,00y)/ PSL3(Ofocy), ive. [I1: Ty o] = 3:[PSL3(Oyp a0y) : PSL3 (O} )]-
With [IT : HIO,OHHIO,O : PSL3(O{OO})] =[II: PSLg(O{OO})]
= [H : PSL3(O{p,oo})][PSL?)(O{]J,OO}) : PSL3(O{OO})]

it follows 3- [, , : PSLg(O{OO})] =[II: PSLg(O{pm})] =3[=: PSLg(O{OO})],
where the second equation holds because of the computations of the two
indexes above. Thus [y, , : PSL3(Oocy)] = [E : PSL3(Ofocy)]-

With Corollary [2.5.11f we get = C PGL3(0p) = PGL3(k(t))s,, and with
E C II we obtain = C IIN PGL3(0,) = Il ,, which yields Il , = =.

Due to we have 'y, , = I' N PGL3(0p) and this intersection is equal
to PGL3(k), because let [g] € I' N PGL3(O)) such that g € GL3(O,). Now
we can find an element A € O with \g € GL3(Oyp)). So vp(A) = 0 and
det(Ag) is an element in O{Xp} = k*. With v,(A) = 0 and g € GL3(0)) we
deduce A\g € GL3(0,). This implies A\g € GL3(0)p) N GL3(Oypy) = GL3(k).
That PGL3(k) is a subset of the intersection I' N PGL3(O,) follows since
k=0,Nn O{p}.

If we consider the action of I on Y we have to distinguish two cases, because
of Lemma In case 3 divides d the action of II and of PSL3(Oyp 1)
on Y are both type preserving and the orbits I1(yo,0) and PSL3(Oy;, o031)(¥0,0)
have the same length, while if 3 is not a divisor of d the orbit II(yp ) is three
times bigger than the orbit PSL3(Oyp o0})(y0,0)- Similar to part a) we have

=1.3=9 ifg=1 (mod 3),
[H : PSLg(O{p OO})] = 3 and
’ 9=1.3 -3 else
q—1

3 ifg=1 (mod 3),
[ : PSL3(Ogy)] = ‘O?p}/(ofp})&;‘ = K/ ()= 1 else .

Together with PGL3(Oy,)) € PGL3(Ox) = PGL3(E(t))y, o, here we use again
2.5.11} it follows I' C Il ,. Thus, if 3 is a divisor of d the index of I' in Tis [T :

— MPSLsOpool)] _ 3 214 in the other cases T:T] = LPSLs (Ofp.00)) 1,

I] ~ [PSLs(Og))] 3T:PSL3(Opy)]

ie. I'=T.

Similar to part b): It is =y, , = PGL3(Of)) N PGL3(O) by Corollary
Furthermore PGL3(Ojs0y) NPGL3(Ox) = PGL3(k), because let [g] €
PGL3(0fx)) N PGL3(Ox) with g € GL3(Ox), then there exists a A € OF
such that A\g € GL3(Oj}), but this means det(g) € (’){Xoo} = k> and it follows
Voo(A) = 0,1.e. Ag € GL3(On)NGL3(Ofscy) = GL3(k). Since k = ONOoey
we have PGL3(Ojsy) NPGL3(Ox) 2 PGL3 (k).
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3.5. Maps sending xo,0 to a neighbor and yp m to Yn'

Remark 3.4.9. In part ¢) of the previous Proposition we can take arbitrary n instead
of 3. The proof stays the same. By Proposition we know that =, = Hj ., for all
n>m > 0.

3.5. Maps sending z(, to a neighbor and v, ,, to vy,
Here we still follow the strategy in [KMSI5].

Lemma 3.5.1. Let h be an element in PGL3(Oy, ) represented by a matriz M €
GL3(k[t]), where not all entries of M are divisible by f as polynomials. Then the distance
between xo o and h(xo,0) equals vy(det(M)).

Proof. Similarly to the proof of Lemma 3.1 in [KMS15]: Let L be a lattice in the lattice
class w9 0. Then we know by Remark that the distance between o and h(zgp)
equals b — a, where b is minimal such that f°L is contained by ML and a is maximal
such that f®L contains M L.

Due to the conditions on the entries of M, we have that L contains ML but fL does
not, so a = 0.

Now we calculate b: We have that f°L C ML is equivalent to L O f°M~'L. The
entries of M1 are up to minus signs the first minors of M divided by det(M) € O}

{p,00}*
Hence, if one wants to multiply M~ with a power f? of f such that in this product the
entries lie in k[t], then the minimal and sufficient such b is v, (det(M)). O

Proposition 3.5.2. The set of elements of II that map xo0 to a neighbor and yy m to
Yn/ e for natural numbers n >m >0 and n’ > m' > 0 equals

a, B,7,0,e,0,9,p,1 € k[t],
deg(a)
a B oy\ deg(v)
Tn/,m’,n,m =M= ¢ 0 | deg(s)

<
<

<
<

det(M) = Mf,\ € k*

Proof. Consider an element h € II with h(zg ) is adjacent to xgo. Then h is represented
by a matrix

a B v
M: =16 ¢ 0 GGLg(O{ppo})
T p o
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3. Quotient-graphs for certain subgroups of PGL3(F,(t))

and by multiplication with the appropriate power of f if necessary, we may assume that
all the entries o, 3,7, 9,¢,0,9, p and ¢ lie in k[t] and are coprime as polynomials. Using
Lemma we know that the distance between zgo and h(zg) equals vp(det(M')).
Since these two vertices are adjacent we have v,(det(M’)) = 1, in particular f divides
det(M") € k[t], but f? does not divides the determinant of M’. With det(M') € O}

{p,o0}
it follows the existence of a scalar A\ € k* such that det(M') = \f.

Next we want to determine the set of elements in PGL3(k(t)) which map ypm, to
Yn/my for m > m >0 and n’ > m’ > 0. By Proposition the stabilizer of g in
PGL3(k(t)) is PGL3(Os). Hence we can describe the set of elements mapping yp m to
Yn'.m' as §' PGL3(Ox)g with elements g, ¢’ € PGL3(k(t)) satisfying ¢'(y0,0) = yn/m’ and

0 0
9(Yn.m) = Yoo- In particular, ¢’ can be represented by the matrix | 0 ¢ 0] and
0 0 1
t™™ 0 0
0 t=™ 0] is a possible representative for g. Now let
0 0 1
a B v at”' o pgmm e
M':=|6 ¢ 0] :=am " em™—m | =
v p ot gt™" ht™™ i
"0 0\ fa b ¢\ [/t 0 0
0 ¢t 0] l|d e f 0 t™ 0
0 0 1 g h 1 0 0 1

be an arbitrary element in ¢’ PGL3(Os)g. This implies that the elements

a B v
M'=16 e 0] €PGL3(k(t)),
9 p ot

which map yp, m to yp/m are exactly those elements that satisfy

a,,7,0,6,0,0,p,1 € k(t), voo(a) >n—n', vo(B) >m —n', vo(y) > -1, V() >
n—m', Voo(€) = m —m/, voo(0) > —m/, voo(9) > n, voo(p) > m, voo(t) > 0 and

a b c
Voo (det(M")) = voo (0" T Vv | det [ | d e f FUoo(t™"™) =n—n'+m—m/.
g h i

Next we describe the set Y,/ 7 of elements in II which map the vertex xo to a
neighbor and ¥y, to ¥,/ . To do so we want to use, as above, matrices
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3.5. Maps sending xo,0 to a neighbor and yp m to Yn'

) a By
M:=1d6 ¢ 0] €GL3(Op )
9 p o

where the entries are coprime polynomials and the determinant of M is a non-zero scalar
at" =" bt o™

multiple of f. Since v (f) = —d we have to multiply the matrix | d¢™'—" et —m f tm'
gt™" ht™™ i

nfn,+m7m/

1 00
from above with the matrix td+ 0 1 0] to arrive at the desired set. OJ
0 01

Remark 3.5.3. The set T, 1,/ 5, 1, is only in one of the following three cases non-empty:
The first case is that d =0 (mod 3) and n+2n' +m —m’ =0 (mod 3), the second one
isd=1 (mod 3) and n+2n'+m —m’ =2 (mod 3) and in the third case we have d = 2
(mod 3) and n+2n’ +m —m/ =1 (mod 3). This is because all the degree restraints of
the entries of a matrix in Y, ./ 1, are congruent %M (mod 3), what implies
that d +n + 2n’ +m — m’ has to be divisible by 3, since otherwise we can not have that
the determinant of a matrix in Y,/ , y is @ nON-zZero scalar multiple of the polynomial

I
Remark 3.5.4. If we set k := w then we have the following description of
the above set in B.5.2

a,,7,9,e,0,9,p,0 € kl[t],
deg(e) < k+n', deg(B) < k+n+n"—m,
a B v deg(y) < k+n+n', deg(d) < k+m/,
Yominm =M= e 0| |degle) <k+n—m+m/, deg(d) < k+n+m/,
dop ot deg(V¥) < K, deg(p) < K+n—m,
deg(t) < Kk +n,
det(M) = A\f, A € k> )

Furthermore, with we have Y/ pn.m # 0 if and only if k € Z.

Remark 3.5.5. The set Y,/ 1, is stable under multiplication with matrices in H,y p,/
from the left and similarly, Y, 5,4 is stable under multiplication with elements in
H,, ,, from the right.

Remark 3.5.6. If we have k > 0 then it is not possible to have two entries in the same
row or the same column of M equal to zero. This holds because the determinant of M
is then a product of two polynomials that have both less degree than the degree d of the
irreducible polynomial f. Hence we have a contradiction. For instance, if 9 = 0 = p,
then

A =det(M) = v(ae — 00),

which is a contradiction to the Irreducibility of f, since
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3. Quotient-graphs for certain subgroups of PGL3(F,(t))

deg(t) <k+n<k+n+2c+n+n" —m+m'=dand
deg(ae —68) <2k+n+n"—m+m' <2k+n+n"—m+m'+k+n=d.

Similarly, we get a contradiction in the case where two entries in the same row or column
of M are equal to zero.

Lemma 3.5.7. For natural numbersn > m > 0 andn’ > m' > 0 let x = 4=2n=—n'tm-m’ -

a B v
0 be a natural number and take M :== | 6 ¢ 0| € Vi pm-
9 p oL

a) e For polynomials a,b € k[t] with deg(a) < n' and deg(b) < n' the equations
a(d,e) + b, p) = 0 or a(6,0) + b(¢t,9) = 0 or a(f,e) + b(t,p) = 0 imply
a=0=b.

e For polynomials a,b € k[t] with deg(a) < n and deg(b) < n the equations
a(9,9) + b(p,e) = 0 or a(a,9) +b(B,p) = 0 or a(a,d) + b(B,e) = 0 imply
a=0=b.

e For polynomials a,b € k[t] with deg(a) < 0 and deg(b) < n’ the equation
a(a, B) + b(9, p) =0 implies a =0 = b.

e For polynomials a,b € k[t] with deg(a) < n and deg(b) < 0 the equation
a(9,9) + b(¢,0) = 0 implies a = 0 = b.

b) For a € k, b,c € k[t] with deg(b) < n' and deg(c) < n' the equation a(c, ) +
b(0,e) + (I, p) =0 impliesa=0=>b=c.

Proof.  a) In order to show a = 0 = b we assume that a or b has to be non-zero. But
if we assume one of them to be zero and the other one is non-zero, then we find in
all cases two entries in the same row or the same column of M equal to zero. Due
to Remark this is not possible in the case x > 0. Therefore we can assume
that @ and b are both non-zero polynomials. Notice that in all cases we know that
the corresponding first minor of M has to be zero.

Now we consider the first case deg(a) < n’ and deg(b) < n'.
Consider first a(d,e) + b(1J, p) = 0 and dp — Je = 0. It follows
A =det(M) = aler — pd) — B(d — 90) =
a(er — (=b7tag)d) — B(0r — (=btad)d) = (ae — 68)(v + b~ tah).
Since f is irreducible we have a contradiction, because deg(ae —08) < 2k+n+n'—
m+m' =d—k—n < dand deg(t+b"tad) < k+n+m'+n' =d—2k—n+m < d,
since deg(b~'a) < deg(a) < n'. Similarly, we do the other cases:

With a(6,0) + b(¢, ) = 0 we deduce
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3.5. Maps sending xo,0 to a neighbor and yp m to Yn'

A =det(M) = aler — pf) +v(6p — V) =
a(e(=b~tah) — ph) +~v(5p — (b~ Lad)e) = (vd — ab)(p + b lag).

Since f is irreducible we have a contradiction, because deg(vd —af) < 2k+n-+n'+
m' =d—k—n+m < dand deg(p+b~lac) < k+n—m+m'+n' =d—2k—n < d.

For a(0,¢) + b(¢, p) = 0 we obtain

A = det(M) = ~v(6p — ) — B(01 — 90) = (80 — ~e) (V¥ + b~ Lad).
We have a contradiction to the Irreducibility of f, because deg(f0—ve) < d—k < d
and deg(¥ +b71ad) <k +m' +n' =d—2k—n+m—n <d.
Now we suppose deg(a) < n and deg(b) < n.
In the case a(¥,0) 4+ b(p,e) = 0 the determinant is given by

A = det(M) = a(er — pf) — B(6t — 90) = a(—b"ta)(dr — ¥0) — B(6 — 90) =
(90 — 60) (B + b laa).

With the Irreducibility of f we obtain a contradiction, because deg(90 — 61) <
d—rk—n+m—n'<danddeg(t+b'abd) < k+n+n' =d—2k—n+m—m' <d,
since deg(b~a) < deg(a) < n.
Using a(a,¥) + b(8, p) = 0 we get

A =det(M) = t(ae — §B8) +v(6p — Ye) = (ar — y9) (e + b~ Lad).
Since f is irreducible we have a contradiction, because deg(at —~9) < d—Kk—n+
m—m/ <dand deg(e +b"'ad) <k+n+m' =d—2k—n+m—n' <d.
From a(a,d) + b(3,e) = 0 we obtain

A =det(M) = 9(B0 — &) — p(ad — §v) = (67 — ab)(p + b~ ar).
This is a contradiction to the Irreducibility of f, because deg(dy — af) < d — Kk —
n+m <dand deg(p+btad) <k+n=d—-2k—n+m-—n'—m' <d.
Next we do the case deg(a) < 0 and deg(b) < n’. Due to a(a, 8) 4+ b(J, p) = 0 the
determinant is given by

A =det(M) = 1(ag — 5B) +v(6p — ¥e) = (ac — 38) (v + b~ Lay).
Since f is irreducible we have a contradiction, because deg(ae —08) < 2k+n—+n'—
m+m' =d—k—n <dand deg(t+b"tay) < k+n+n' =d—2k—n+m—m’ <d,
since deg(b~'a) < deg(a) < 0.
The last case is deg(a) < n and deg(b) < 0. According to a(?, ) + b(¢,0) = 0 we
know

Af = det(M) = a(et — pf) +v(6p — 9e) = (6p — V&) (v + b~ aa).
Due to the fact that f is irreducible we have a contradiction, because deg(dp—ve) <
d—rk—n—n'<dand deg(y+btaa) <k+n+n'=d—2k—n+m—-m' <d,
since deg(b~'a) < deg(a) < n.
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3. Quotient-graphs for certain subgroups of PGL3(F,(t))

b) Let a(a, B) + b(d, ) + ¢(V, p) = 0 for some a € k, b, c € k[t] with deg(b) < n’ and
deg(c) < n’. Now assume a € k. As we saw in Remark @l we can not have
two entries of the same row or column of M equal to zero. Hence (a, 8) # (0,0).
According to a(a, B) + b(, ) + ¢(9, p) = 0 we deduce

ae — 6B = (—a"1(bd + c¥))e — §(—a"t(be + cp)) = —a"'c(¥e — §p) and
ap—98 = (—a"1(bd + ¢?))p — I(—a"L(be + cp)) = —a~1b(5p — Ve).

Therefore

A =det(M) = t(lae — 68) — O(ap — IB) + v(dp — Ve) =
t(—a"te(9e—8p)) —0(—a=tb(5p—De)) +~(6p—Ve) = (a ter+a" b +7)(5p —Ve).
This is a contradiction, since f is irreducible, deg(a=tct + a=1b0 +7) < Kk +n +
m' +n' =d—-2k—n+m < dand deg(dp —e) <d—r—n—n' <d. We conclude
that a has to be zero. But then the remaining equation b(é, €) + ¢(9, p) = 0 implies

b =0 = ¢, because of part a) of the Lemma.
O

3.5.1. The cardinality of T,/ ./ nm

In the next part we want to determine the cardinality of T, ./ . In some cases we
can calculate the size of Y, /. m by using the results of [KMS15], because we have
some 2 X 2 submatrix with the same properties as in [KMS15]. This is done in Lemma
If we can not use [KMSI5|] to compute the cardinality of Y,/ ».m, we have to
count the elements in this set in another way. We do this in Lemma and Lemma

B.5.13

Remark 3.5.8. To compute the cardinality of the set T, ;7 , », Wwe have the following two
a B 7
different ways. We can calculate all possible choices for a matrix M = | § e 0| €
9 p ot
Y/ ! n,m in order to count all the elements in Y, ;s . m, but we could also use the
t 0 v
matrix M7 := [ p ¢ | instead of M to count the elements in Y,/ p m, because
9 0 «
there is a bijection between Y, s and the set {M7™ | M € Yy s/ nm}. Note that
det(M) = det(MT™). If we consider M7 instead of M, for the degree restraints of the

entries, the roles of n and n’ are interchanged and the roles of n — m and m' are in-
d2nn+mm :dnn—(nm)m

terchanged. But since xk = 3 /, we see that k stays the
same if we fix the degree d and 1nterchange the roles of n with n’ and n — m with m/.
So we get

|Tn’,m’,n,m| |T

nnmnn m|
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Lemma 3.5.9. Let £ < 0, Yps i # 0 and n > m > 0 and n’ > m’ > 0 be natural
numbers.

1. If k+m' <0 =k +n, this implies that all matrices M € Yy n.m are of the

a By
form M = |0 e 0], then the cardinality of the set Yy ps n.m 15 given by
0 p ¢

s ] = (¢ = D2(g% + ¢¥71)(¢* — q)g?eoPHdestn+2,

where deg(B) (respective deg(vy)) denotes the mazimal possible degree for 5 (re-
spective 7y ).

2. If k+n—-—m <0 = k+mn, ie all matrices M € Yy ppr o are of the form

a B v
M= 1|06 e 0], then the cardinality of the set Yy s n.m 15 given by
0 0

|Tn’,m’,n,m‘ = (q — 1)2(qd -+ qd_l)(q2 — q)qdeg(9)+deg('y)+27
where deg(0) (respective deg(y)) denotes the mazimal possible degree for 6 (respec-
tive 7).

Proof. 1. Suppose k +m’ < 0 = k + n/, then we know that for all matrices M =
a B oy

0 ¢ 0] €Yy mnm the entries  and ¥ are always equal to zero and we have
T p ot
det(M) = a(er — pf) = Af, for some non-zero scalar A. Notice that deg(a) =

k+mn' = 0. Since « is a non-zero element in the field & there is a u € k* with
et—pf = pf. Now we are in the same situation like in [KMS15] if we want to count

e . 0
the possibilities for the matrix (; L). Hence we can use the same arguments as

in [KMST5] to find (g —1)2(¢? + ¢%~1)(¢? — q) possibilities for this kind of matrices
(in [KMS15] the given number is divided by ¢ — 1, because it is considered in
the projective group; we will divide by ¢ — 1 later). Next we have to count the
possible choices for the first row of M. Since « is a non-zero element in k, we have
g — 1 choices for o. Moreover, we have ¢99(8)+deg()+2 possibilities for the last two
entries 0 and . Because we are working in the projective group, we divide by
q — 1. Therefore we obtain

Yot | = (4 = 1)?(g + ¢7 1) (g? — q)ge9(P)Hdeob) 2

in this case.

2. Due to [3.5.8] we can compute the possibilities for the matrix M™ instead of the
possibilities for M. According to the first part, which we proved above, we find
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3. Quotient-graphs for certain subgroups of PGL3(F,(t))

|Tn’,m’,n,m| = (q — 1)2(qd + qd—l)(q2 _ q)qdeg(9)+deg(”/)+2'

O
Definition 3.5.10. Define Tgfgﬁ/’n,m to be the subset of Y, 4, consisting of all
matrices, where the lower left entry 9 is always 0. Similar we define 1970, to be

d=2n—n'tm-—m’

K= andu:=2xk+n"+n—-—m+m'.

Remark 3.5.11. When we have x +m’ > 0 and k +n — m > 0, which means the degree
restraints for the entries of a matrix in Y,/ ,, », are such that it is not the case that
two entries in a row or a column necessarily have to be zero, then we can not apply
Lemma m To calculate the cardinality of the set Y, ., in this case we state the
following two Lemmata:

Lemma 3.5.12. Let Yoy pynm # 0. If k+m' > 0 and kK +n —m > 0, then for the
cardinality of Yy mt n.m the following holds:
1. For k <0:
a) Is —k < m!, then | Yo prmm| = (q — 1)2(q2 _ 1)2qd+2n+2nfm+n/+m'+1
b) Is —k =m/ <n' and k+n—m >0,
then |Tn/,m’,n,m| = (q— 1)2((]2 _ 1)qd+n+2n+n’—m+3
¢) Is—k=m'=n"and k+n—m >0,

then | Xps s nm| = (¢ — 1)(g? — 1)2¢d+2n—m+2

2. For k =0:
a) Is0 < m/, then |T}’ﬁ?ﬁb/7n’m| = (q—1)(¢? = 1)g" ™' =1 (g —1)(g? — 1)gt+2n—m+2
[V ’ / _
and |Tn7?%,7n7m| = (q _ 1)(_[” +m +2(q _ 1)((]2 _ 1)qd+2n m—|—2’

in particular |Tn’7m’7n,m| =(q— 1)2((]2 — 1)(6]3 + q2 _ 1)qd+2n—m+n’+m’+1

b) Is0=m' <n' andn > m,

then [Y9=0, 1= (q— D" (g — 1)(¢2 — 1)gten—m+2
940 / -
and |Tn’7,ém’,n,m‘ = (q _ 1)qn +2(q _ 1)((]2 _ 1)qd+2n m+2’

in particular | s s nm| = (g — 1)(g? — 1)2g4F2n—m+n'+3

¢) Is0O=m'=n" and n > m,

then [Tl = (a2 = 1){g = 1)(q? — 1) 202
19 —
and X700 ol = (@ = 1Da*(q = 1)(g* = 1)g*t2nm+2,

in particular | Lo nm| = (¢ — 1)(g — 1)(¢% — 1)gd+2n—m+2
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3. For k>0 it is [T/ s | = (¢ —1)%(¢* = 1)%(¢* + g+ 1)¢*".

a B v
Proof. Let Yprmimm #Dand M = (6 e 6| € T nm- We want to determine
9 p oL

the cardinality of T, m by computing all possible choices of the matrix M:
From the definition of Y, v, We deduce that

deg(a) <k +n', deg(B)<k+n+n —m, degly)<rk+n+n, deg(d) <
k+m/, deg(e) <k+n—m+m/, deg(d) <k+n+m/, deg(¥) <k, deg(p)<
k+n—m, deg(t) <k-+n.

Suppose k+m’ and k+mn—m are both greater or equal to zero. Furthermore, if we have
k+m' =0, we assume k +n —m > 0. Notice that these assumptions imply x + u > 0.

1. First we choose the first column of the matrix M € T,/  p, in such a way that
«, 0,1 are coprime polynomials and at least one of these three polynomials has its
maximal possible degree.

In order to choose the first column with these properties, we have to consider
three different cases: First let k < 0, which means 9 = 0 and we have to choose
« and & coprime and such that one of these two polynomials has its maximal
possible degree. To do this, we have to consider again three different cases, namely
—k<m/, —k=m'<n and —k =m’' =n/.

According to [3.3.2] we know that the probability of two arbitrary chosen polyno-

mials, where at least one of them has degree greater than zero, to be coprime is
-1

T
In the case —k < m’, we have

%((q — 1)getnimiEl (q— 1)92”+n/+m/) =(g—-1)(¢* - 1)g2rtn/+m'~1

possible choices for the first column of M.

If —x = m/ < n/, then deg(d) < 0, which implies that o € k[t] and § € k are
coprime polynomials if and only if § is non-zero. Therefore, we have in this case
(q = 1)g* '+ = (g — 1)g=tn

possibilities.

For —k = m/ = n’ it follows deg(a) < 0 and deg(d) < 0. Since a and § should
be coprime, we have to choose (a,d) € k2 \ {(0,0)}. This yields (¢* — 1) possible
choices.

Next we consider the case k = 0, which means deg(?) < 0. Now there are two
possibilities: ¥ = 0 or 9 # 0. Let ¢ = 0, then we have the same three cases as in
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the case k < 0, but replacing —x by 0, i.e. the three cases are 0 < m/, 0 =m/ <n’
and 0 = m’ = n/. The number of possible choices in these three cases is given by

the ¢

orresponding solution in the case x < 0 if we replace « by 0.

If 9 # 0, it follows that «, d, 9 are automatically coprime. This implies

possi

(g —1)g"m'+2

bilities for the first column of M, where 9 # 0.

To get the number of all possible choices of the first column of M in the case kK = 0,
we add the choices for ¥ = 0 and ¥ # 0.

The last case is k > 0. By the probability of three arbitrary chosen polyno-
mials, where at least one of them has degree greater than zero, to be coprime is

given by qugl. Hence, there are
2
¢ —1 - - _
q2 ((q _ 1)3qd 2n+m + 3((] _ 1)2qd 2n+m + 3(6] _ 1)qd 2n+m)

=(¢* —1)(g— 1)g" 2" 2(¢* + g+ 1)

possibilities for the first column of the matrix M.

2. Choose the second column of M, such that the entries 3, ¢, p are coprime polyno-
mials and such that additionally the polynomials ae — 63, ap — 98, dp — e
are coprime and at least one of these three polynomials has its maximal possible
degree.

a)

a0

Atn!

0

First we choose polynomials a, b, ¢ of degree deg(a) < 2k+n'+n—m+m' =
u, deg(b) < 2k+n"+n—m=u—m' and deg(c) < 26+n—m+m' =u—n’,
such that a = ae — 68, b=ap—98, c=dp— ve.

Notice that w — n/ > 0, since in the case k < 0 we assume —k < m’ and
—k < n—m. If we want to write a, b, ¢ in such a way, then the polynomials
a, b, ¢ have to fulfill the equation a?—bd+ca = 0. Consider the set of solutions
of the following system of linear equations: Ax = 0, where

0 0 —do 0 0 J 0 0
o : —do © Y
- : iy
Quint - 0 0 Ot - 0 0 9. - 0
0o . o : 0 —d S0 . Y
0 0  apw O 0 0 b 0 0 0 9,




3.5. Maps sending xo,0 to a neighbor and yp m to Yn'

e k(n+u+1)><(3u—n’—m'+3) and z =

by—m
ao

Qy
W.l.o.g. let a be of maximal possible degree, i.e. of degree k+n’ and moreover,
0 = 0 is only possible if ¢ = 0.

We want to show, that the matrix A has maximal rank. Therefore, consider
the submatrix B, where we take the first u — n’ + 1 columns of the columns
with entries «, the first kK +n’ — deg(gcd(a, d)) columns of the columns with
entries —¢ and deg(ged(a,d)) columns of the columns with entries ¥. We
show that the resulting matrix B € k(stutD)x(s+u+l) has maximal rank, i.e.
rank(B) =Kk +u + 1.

For the proof, we consider three cases:

First case: For deg(gcd(c,d)) = 0, i.e. the polynomials a and § are coprime,
there are two cases possible.

If 6 = 0, then we assumed 9 to be zero, too. Since the three polynomials
a, 0,9 are coprime we deduce a € k*. Furthermore, deg(a) = k + n' yields
«

k+n' =0. Hence B = € krtutl)x(stutl) hag obviously rank

k+u—+ 1.

Now if o and § are both non-zero, then the matrix B looks like
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Qg 0 0 —dp 0
: g - : —do
f : . : — Ot

0 Qugn 0 —Optm

b= 0 0
0 .0 : ; -
ap 0
0 0 Gpew O

c k(fe—&-u—&—l) X (k+u+1) )

Here the last block of 0 under the columns where the entries are the coeflicients
of —§ consists of kK +u+1— (26 +n'+m'+1) =K +n—m >0 rows.

Consider a linear combination of the columns of B equal to zero. This means
there exist polynomials g and h such that deg(g) < u—n', deg(h) < k+n'—1
and ga — hd = 0, hence ga = hé. Since v and § are coprime it follows a di-
vides h. But deg(a) = k +n’ and deg(h) < k +n’ — 1, whence h = 0
and ¢ = 0. We deduce that the columns of B are linearly independent and
rank(B) =k +u + 1.

Second case: If deg(ged(ar,0)) = k+n' > 0, in particular we have ged(a,0) =
« and note that in this case we necessarily have n’ = m/, because the assump-
tion § = 0 implies @ € k* and hence k +n’ = deg(a) = 0. Moreover, o and
1 are coprime, since «, ¢ and ¢ are coprime polynomials. Then

Qo 0 0 Y9 0 0
: Q) . 190 ’
0 At/ . 0 ’ﬁ,@ . 190
B = 0
0 0 .
ap 0
0 0 Quiw O 0

€ kletutDx(stutl) and it follows similar to the first case that rank(B) =

_50

6H+m’
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k 4+ u + 1. Note that in this case the 0 block in the lower right corner of B
has k+u+1—2c+n"+1)=rk+n—-m+m'=rk+n—m+n" >0 rows.

Third case: Now let 0 < deg(gced(a,d)) < k+n' and consider a linear combi-
nation of the columns of B equal to zero. Therefore, there exist polynomials
g, h and p, such that

deg(g) <u—n', deg(h) < k+n' —deg(ged(a,d)) — 1, deg(p) <
deg(ged(a, d)) — 1 and ag — dh + Jp = 0.
This implies ged(a, d) divides ¥p and since «, d and ¥ are coprime, we know
that gcd(a, ) divides p. But deg(p) < deg(gcd(a,d)) — 1, whence p = 0. So

we have ag = dh. From this equation we deduce —2—= divides h. But then
ged(a,0)

deg(—*—=) = k+n' —deg(ged(a,0)) and deg(h) < k+n’ — deg(ged(a, d)) — 1

ged(a,d)
implies h = 0, whence g = 0. Therefore, rank(B) = k +u + 1.

Since B is a submatrix of A, it follows that the rank of A is x +u + 1, too.
In particular, the matrix A has maximal rank. For the equation Ax = 0 we
have

3u—n'—m/4+3—rank(A) 2u—k—n'—m'+2

3u—n/—m/4+3—(k+u+1) d—m—+2

q

solutions.

=4q =4q =4q

To fulfill the condition that at least one of the three polynomials a, b, ¢ has its
maximal possible degree we subtract all the solutions of the equation Az = 0,
where A is the matrix arising from A if we omit the last row of A and the
u —n' + 1 column, the 2u — n’ — m/ 4+ 2 column and the last column of A
and the variable T has three rows less than z. In particular, we erase the
u—n'+1, the 2u — n’ — m’ + 2 and the last row of z to obtain . Now the
matrix A has rank s + u, i.e. maximal rank. In order to see this, we consider
the submatrix B € k("TwWx(5+u) of A arising from B if we omit the last row
of B and the v — n’ + 1 column of B. Since the last row of B has only one
entry different from zero, in particular the only non-zero entry in the last
row of B is the u — n’ + 1 entry, we can use similar arguments like in the
proof of rank(B) is maximal to deduce that the rank of B is also maximal,
i.e. rank(B) = k + u. This means that the matrix A has maximal rank, in

particular, rank(A) = k 4+ u. Hence we have

3u—n/—m/—rank(A) _ 3u—n'—m'—(k+u) _ 2u—k—n'—m' _ d—m

q q

solutions for the equation Az = 0. If we subtract these solutions from the
solutions of the equation Az = 0, we have
qd—m+2 _ qd—m — qd—m(qQ _ 1)
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solutions left. All these solutions fulfill that at least one of the three polyno-
mials a, b, ¢ has its maximal possible degree.

Next, we ensure that the three polynomials a,b and ¢ are coprime, which
means we multiply with the probability for a,b,c to be coprime. Since
a=a —08, b=ap—198, c = Ip— e are not independent polyno-
mials we have to compute the probability of these certain three polynomials
to be coprime.

Claim: The probability of a, b, ¢ to be coprime is equal to 1 — %.

Proof: Let A, z, A, % as before. Moreover, define
E: i, b,¢) is a solution of A% = 0, § := ged(a, b, ¢)
L:= (g Q’ g) JARE: (CL,, i ) / s Uy
{ 95:95:95) € k" | and g € k[t] with deg(g) = deg(g) + 1
and let Lyc be the set of all not coprime solutions of the system of linear
equations Az = 0.

Then L = Lyc.

7 C 7 If we have some element z := (g%,g%, gg) € IL then the entries are not
coprime, since g = gcd (g%,g%,g%) and deg(g) = deg(g) +1 > 1.

Furthermore, z is a solution of the equation Ax = 0, because ozg% + ﬁg% =

%(aé +vda) = %55 = 592, since (d, b, &) is a solution of AZ = 0.

7 D 7 Take (a,b,c) € Lyc and let g := ged(a,b,c). Then deg(g) > 1. It
follows (a,b,c) = (ga,gb, gc), with a,b,c are coprime and ac + Ja = db,
since (a,b,c) is a solution of Az = 0. Now choose some g € k[t] with

deg(g) = deg(g) —1 > 0 and define @ = ag, b = bg, ¢ = cg. They
fulfill the equation aé¢ + Ya = acg + Yag = g(ac + ¥a) = géb = db. Hence

(a,b,c) = (ga, gb, gc) = <g%,gg,g%> €L

Therefore we have

_ deg(g)+1 _
[Lnel = L] = ¢~ g = ¢~

Let S be the set of solutions of Az = 0. From the previous computations we
know that [S| = ¢?~™*2. Then the probability for a solution of Az = 0 to be
not coprime is given by

gttt g
ST — ¢ T ¢




3.5. Maps sending xo,0 to a neighbor and yp m to Yn'

This yields that the probability for a coprime solution of Az = 0 is equal to

1-1
.

Whence we have
¢ (¢* = 1) (1 - %) =q¢ g = 1)(g - 1)
possibilities for a, b, ¢ with the required properties.

Since the three polynomials a, b, ¢ are coprime and at least one of them has
its maximal possible degree it follows that 3, ¢, p are coprime and at least one
of these three polynomials has its maximal possible degree.

The equations a = ae — 68, b = ap — 983, c = dp — Je imply that one
of the polynomials a,b, ¢ has its maximal possible degree if and only if the
relevant polynomials from «,d,9 and [, ¢, p are of their respective maximal
possible degree. Moreover, if we take g = ged(S,¢€, p), then we have that g
divides a, b, ¢, whence we find g divides gcd(a,b,c) = 1. Therefore g = 1 and
hence S, ¢, p are coprime.

For our chosen a,b,c we compute all possibilities for 3, ¢, p, such that a =
ae — 08, b= ap—9Y6, ¢ = dp— YJe. Therefore we solve the following

Bo
ao
o)1
Ay,
B/{JrnJrn’fm b
€0 0
system of equations: Ax = b, where x = . , b= : and
—by—m
Ek+n—m+m/ co
Po
Cy—n’
Pr+n—m
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(67 0
—dp %))
_5n+m’ = Qktn’
—do Otn! Qo
_5n+m’ i/
—ap 0
o) —Q
—Qgin!
— Q4!
Yo . —ag
19/{ — Q4!
—v 0 do 0
: —g do
—19,§ . e 5,€+m/
9, . St
_190 . 50
—Vx 5m+m’

c k(3u—n’—m’+3)>< (3k+3n+n'—3m+m/+3) _ K(2d—n—m+3)>< (d4+n—2m+3)
We claim rank(A) =d —m + 2.

Consider a linear combination of scalar multiples of the columns of A equal
to zero. To have such a combination is equivalent to have polynomials g, h, p
with

g(=0)+ha=0, g¥—pa=0, —hd+pj=0.

These equations are obviously fulfilled for g = «, h =4, p=1. Sowe have
to erase at least n—m+1 columns in order to get one of the polynomials g, h, p
of lower degree as the corresponding polynomial «, d, 1, because otherwise we
can choose g = a, h =94, p =19 as a nontrivial linear combination equal
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to zero. Thus erase n —m + 1 columns, such that

deg(g) <k+n+n'—m—-(n—m+1)=r+n'—1=deg(a) — 1.

« o

According to g0 = ha we deduce Fed(ad) divides g and g = pa yields Jed(aD)
divides g. From these two conditions it follows that a divides g, since «;, ¢
and ¢ are coprime. Because of the degree restraints this implies g = 0. Using
the above equations we derive p = 0 = h. Hence

rank(A) =d+n—-2m+3—-(n—-m+1)=d—m+2

as required.

d4+n—2m+3—rank(A) d+n—2m+3—(d—m+2) _ n—m+1

Now we arrive at ¢ =q solu-

tions for the system of linear equations Az = 0, i.e. we have

q

qn—m+1

possible choices for the polynomials 3, ¢, p.

For the second column of M we have

¢ N - 1) (g - 1)g" " = (¢® — 1) (g — 1)gTT

possible choices.

. The determinant of M is given by Af for some non-zero element A in the field k.
For this element A we have ¢ — 1 possible choices.

. Next we want to compute the possibilities for the last column of our matrix M. As
before, we have chosen the polynomials a = ac — 08, b=ap—98, c=dp—1¢
with deg(a) <2k +n"4+n—m+m' =u, deg(b) <2k +n'+n—m=u—m' and
deg(c) < 2k+n—m+m' =u—n'. Then we can compute the last column of M by
Lo

lk+n

solving the following system of linear equations: Ax = b, where x = : ,

‘9f$+n+m’
Yo

Ve+n+n'
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Jo
b=x-|: | and
fa
ag 0 —bo 0 Co 0
: ao _bO Co
A— Ay - . —by—m/ : . Cu—n!
Ay . ao —bu—m . —bo Cu—n’ e Co

[ —by—m Cy—n’

c L(d+1)x(Br+3n+n'+m/+3) _ (d+1)x(d+n+m+3)

In order to solve this system of linear equations we show rank(A) = d + 1 is
maximal. Let

—bo 0 (&) 0
: —bg : Co
_bu—m’ : " Cy—n/
_bufm’ Cu—n/ €o
Cy—n/
ao . *bo 0 0
Ay —by—m 0 0

c L (d=m)x(d—m)

So B is the submatrix of A, which we get if we erase the columns xk+n—m+1 until
k+n+1, 26+2n+m' —m+2 until 26 +2n+m’+2 and the last n+1 columns of A.
In total we erase 2m+2+n+1 = 2m+n+ 3 columns of A. The lower right block
of 0 entries in B consists of k+u+n—m+1—(u—n'+1+k+n") = n—m > 0 rows.
Moreover, from k+u > 0 we know d—n = k+u > 0 and whence d—m > d—n >0

Then we claim rank(B) = d —m is maximal.

Consider a linear combination of the columns of B equal to zero. This means we
have polynomials g, h, p with




3.5. Maps sending xo,0 to a neighbor and yp m to Yn'

deg(g) <k+n—-m-—1, deglh)<rk+n+m'—m—1, deg(p) <rk+n' —1
and ag — bh + cp = 0.
Notice that the degree restraint for h is greater or equal to 0 and additionally at

least one of the degree restraints for g and p are also greater or equal to 0. This
follows from our assumtion that < +m’ > 0 or K +n —m > 0.

a f p
We have 0 = ag —bh+cp = det 6 € h , which means that the columns of
v op g
a B op
the matrix | § & h | € k()33 are linearly dependent. This implies that there
v op g
exist pu1, p2, u3 € k(t) not all of them equal to zero, such that
o Ié] D 0
pi |0 +pelel +us|h] =10
v p g 0

Actually we have us # 0, because the first two columns of M are linearly indepen-
dent.

« p
If o = 0, then there exists a v = l’j—; € K(t) withvi,irp € kftfjandv | 6 | = [ h
Y g

Since «, d,1 are coprime and p, h, g are polynomials it follows that deg(r2) = 0.
According to deg(p) < k +n' = deg(a) it is not possible to have deg(v1) > 0, i.e.
we have v=0and p=0=h =g.

o p B
Assume pg # 0, then there exist v,u € k(t) withv | 6 | +pu | h| = [ e |. This
v g P

implies
a=oe—603=aldv+ ph)—d(va+pp) = plah —dp), b=ap—9p=
plag —9p), c=dp—Je= p(dg —Ih).

Since a, b, ¢ are coprime we deduce vo (1) > 0. Moreover,

deg(ah) < k+n'+r+n—m+m'—1=u—1<u, deg(dp) <k+m'+r+n'—1=
u—n+m—1<wu, deg(ag) < r+n'+rk+n—-m—1=u—m'—1<u—m', deg(dp) <
ktr+n —1l=u—m'4+m—-n—-1<u—m/, deg(ég) <k+m'+Kk+n—-m—1=

u—n'—1<u-—n', degWh)<k+r+n—-m+m'—-1=u—-n"—-1<u—n

means that the three polynomials a, b, ¢ have not maximal possible degree, a con-

tradiction to the condition that at least one of the three polynomials a,b, ¢ has
maximal possible degree. This proves rank(B) =d — m.
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Next consider the submatrix B’ of A consisting of all columns in A that also
occur in the matrix B and m + 1 columns where the entries are the coefficients of
the polynomial from a,b, c which has maximal possible degree and such that the
leading coefficient is in the d — m + 1 until the d + 1 row. Since B has maximal
rank it follows that B’ has maximal rank. So B’ is a submatrix of A with maximal
possible rank, hence A has maximal rank, i.e. rank(A) =d + 1.

Therefore, for the last column of M we have

d+n+m+3—rank(A) _ n+m+2

q q

possibilities.

Now we have to calculate the product of the possibilities for the columns of M
(they are computed in 1, 2 and 4) and the choices for A (cf. 3) in order to arrive
at the stated cardinality in every case. Remember that we have to divide by ¢ — 1
because we are working in the projective group.

O

Lemma 3.5.13. Let Yoy pym # 0. If k+m' > 0 and kK +n —m > 0, then for the
cardinality of Yy mt n.m the following holds:

74

1. For k <0:

a) Is — <n —m, then | Yo il = (g — 1)2(¢% — 1)2qHH2r+2n—mtn/tm'+1
b) Is —k =n—m<n and k+m' >0,

then, |Tn’,m’,n,m| = (q— 1)2(q2 _ 1)qd+n+n+n’+m’+3
¢) Is—k=n—m=mn and Kk +m' >0,

then | Cos | = (q — 1)(g% — 1)2q47+m/+2

2. For k =0:
@) 150 < n—m, then Y00, .| = (g=1)(@— 1)@ (g=1)(@?—1)g " +m'+2
19#0 J— - d / /
and |17 s ol = (@ = D@2 (q = 1)(g° — 1)g T+,

in particular |p i nm| = (¢ — 1)2(¢* = 1)(¢ + ¢* — 1)qd+2n—m+n’+m’+1

b) Is0=n—m<n andm’ >0,

then [ Y00 ol = (= 1)g™ (g = 1)(¢% — 1)g* 2
9#0 / ’
and \Tn?ém,nm\ = (g — 1)g"+2(q — 1)(g% — 1)gd+m'+m'+2,

i particular |Tn’7m/,n,m| =(q— 1)(q2 _ 1)2qd+n+m’+n’+3



3.6. The vertices of T\ X

¢) Is0=n—m=mn, i.e. m =0=n, and additionally m’ > 0,

then |T2T791’,n,m| = (> —1)(¢—1)(¢* - 1)qd+n’+m’+2
n’,m’ nm

and Y70, | =(g—1)g%(g — 1)(g% — 1)gHtm+m'+2,

in particular | Xps g pm| = (¢° = 1)(q — 1)(g? — 1)gHH+m'+2

Proof. This Lemma follows by Remark from Lemma (3.5.12| with interchanged roles

of n with n/ and n — m with m/. O

3.6. The vertices of I'\ X

We adopt the strategy from [KMS15] to compute the quotient graph.

The group II acts transitively on X and = is the stabilizer of xgo in II. So we get
V(X) = II/Z. In the following we consider the natural left action of IT on Y as action
from the right via inversion. For the action of Il on the underlying graph Y of the
Bruhat-Tits building we have two possibilities: If three does not divide d the action of
IT on Y is transitive and I' = T. In this case we get V(Y') = I\IL. The second case is
that three is a divisor of d. Then II acts type preservingly on Y and we have f‘\H -Y,
where Y is the set of vertices in Y of the same type as the vertex yp0. In total we get

Y/E if 3|d,

N\X = \(II/2) = (T'\II)/= = {Y/E £31d

By Theorem the set of vertices {ynm | n > m > 0} is a fundamental domain for
the action of = on Y. Therefore the sets {ynm | n > m > 0,n+m =0 (mod 3)} and
{Ynm | n > m > 0} form a system of representatives for the Z-orbits on Y, respective
Y. Now we label a T-orbit on X with Xn,m if and only if it corresponds to the Z-orbit
on Y containing the vertex v, .

3.7. The edges of T\ X

Next we want to describe the number of edges in the quotient graph between the orbits
Xn,m and Xn’,m’-

Proposition 3.7.1. The number of edges between the orbits X, ,m and X, p in the
quotient graph T\X equals |Hy 1\t 2 o/ Him -

Proof. Let x be a vertex in the [-orbit :Xnm Then there exists an element g € Il such
that = corresponds to the double coset I'g= and g(xo0) = = and ¢~ (y0,0) = Yn,m. This
is because the correspondence between X and II/Z is given by x — ¢g= for some g € 11
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with g(z0,0) = = and, moreover, the correspondence of I\II to either Y or Y is given by
Ynm — Lg~!, where g € TT with (y0,0)9 = 9" (¥0.0) = Yn.m. Similarly, for each vertex
x’ € Xy py there exists an element ¢’ € IT with ¢'(zo,0) = 2" and ¢' (Y /) = Y0,0-
Assume the vertex x € X, ,, is adjacent to the vertex =’ € X,/ ,,y. Then the vertex
z = (¢')"!(x) is adjacent to zo and we have (¢')'g((0,0,Ynm)) = (2, Yn/,m’). This
yields, by definition, that the element h := (¢')~!g is an element of the set Yor m! mm-

Two elements hy := (¢')"*g1 and ha := (¢')"'g2 in Ty s/ nm determine the same
neighbor of the vertex 2’ if and only if they are in the same left coset hiHy, y, = hoHpm
in Tn’,m/,n,m/Hn,m-

This is because hy and hy determine the same neighbor of z’ if and only if
hi((20,0, Yn,m)) = (9") " 9i (20,0, Ynm)) = (2, Y7
for : =1 and 7 = 2. This is equivalent to
((9")191) " (9) " 92((20,0, Ynom)) = (20,0, Yrm)
which means
hythe = (g7'91) " 9" g5 € Hums

because Hy, ,, is the stabilizer of the pair (o0, Yn,m). Now hl_lhg € Hy ,, holds if and
only if hy and hs lie in the same left coset of H, ;.

Next we want to consider the orbits of the stabilizer ', = Iy 4o, On the neighbors
of the vertex z’ in the orbit X, ,,. Instead of this, we will consider the orbits of the
stabilizer

(9") ' Targ’ = (9") Mot iyo.09" = Tig)=1(27),(6) (wo,0) = Dato.0,r s = Hort !
on the neighbors of 29 = (¢’)~(2') in the orbit (¢') 1 Xy m.
Claim: Two neighbors z and 2’ of zo¢ in (¢') "' Hym are in the same H,s pr-orbit if
and only if the double cosets with representatives h, and h, in Hyy 1\ Yo s/ pm/ Hm

are equal, where h, = (¢g')"'g is the element corresponding to z and h./ is the element
corresponding to 2.

If z and 2’ are in the same H,, ,/-orbit, there exists an element a € H,, ,, with
a(z) = 2. Hence h ' ah.((20,0, Ynm)) = (20,0 Ynm). Since Hy , is the stabilizer of the
pair (20,0, Yn,m) this yields hz_,lozhz € Hym, ie. hyH,,, = ah,H,,,. With a € Hy,/
it follows

Hn’,m’hz’Hn,m = n’,m’athn,m = n’,m’thn,m-
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Conversely, if we have H, y, h, Hy y = Hps b, Hy , then there exist a.,a, € Hyy
and b,, b, € Hp with ayhyb, = ah.b,. Therefore h, = a_'a.h.b.b,". It follows

B B HymCllogy ~
2 = ha(x00) = az'azh:b.b " (z0) = """ az azh.(wo0) = a2l a.(2),

whence z and 2’ are in the same H,y ,,,-orbit. O

Remark 3.7.2. The size of a double coset with representative g € T/ is given

|Hn’ m/Hanm‘ |Hn/ m/HH"fml .
by |Hy m gHnm| = [0 T, s gl = ToHomg I ] According to Remark |2.6.8

we know the cardinalities of the two stabilizers H, ., and Hj ;. Thus we need to
compute the cardinality of the intersection gilHngm/ g N Hy, 4y in order to find the size
of the corresponding double coset. By multiplication with ¢ from the left we have
|9 " Hpr iy g 0 Hym| = |Hpr g N gHpm|. Sometimes we use this fact to compute the
cardinality of the intersection g_lHn/’m/ g Hy .

Remark 3.7.3. We consider again the last case in [KMS15] to obtain how many double
cosets of which length exist in this case: Now k = F, denotes the finite field with ¢
elements and we work with the rational function field k(¢). We have lattices in k(¢)? and
we denote by g the lattice class corresponding to the standard lattice in the Bruhat-Tits
tree X (corresponding to the valuation v,) and in the Bruhat-Tits tree Y associated to
the valuation v, we write y;, for i € Ny, for the lattice class corresponding to (t'e1, e2)o..,
where {e1, e2} denotes the standard basis of k(¢)2. Then we have the set of elements in
II = PGL2(Oyp,003) which map z¢ to a neighbor and y,, to y, given by

{(a B) | a,B,7,0 € k[t];deg()a

Tom =\ 6) deg(y) < t=n=m deg(s

)

) < HEBE deg(f) < A,
< A — B = M A ek [

With this notation from [KMSI5] we consider again the case n = 0 = m: Remember
that the degree d of the place p necessarily has to be even since otherwise Yoo = 0.
Then the stabilizer of yo in PGL2(O¢u) is equal to PGLz(k). Suppose d = 2. Due to
the result in [KMS15] the cardinality of the set Y is given by

Tool = q%(q+1)(g — 1)

and we know that there exists only one double coset in this case. Thus we compute the
size of the intersection g~ PGLa(k)g N PGLy(k) as follows

- _ [PGLy(R)2 _ ¢*(¢+1)*(a=1)? _
97! PGLa(k)g NPGLa (k)| = 2 7= = Bl e =1+ 1

Now suppose the degree d of the place p is greater or equal to 4. Then by the result
in [KMS15] we have

|To0l = ¢%(g+1)(q — 1)%

Furthermore, the number of double cosets is

7
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d—3
| PGLy(k)\ Yo/ PGL(k)| = L0,

Take M := (3 g) € To,0. We choose a representative g := (?; ?) of the double

coset PGLa (k)M PGLo(k) with deg(a) = deg(d) = %, deg(y) < deg(B) < %, a, § are
monic polynomials and det(g) = f. Now we calculate

é _ﬁ a a « a a
ason- (s )@ DE (2 ) erone)

d(aratazy)—Blasatasy) d(a1B+a28)—B(asf+a4d) a1 as
= { (—7(a1a+a27){i—a(a3a+a47) —7(a1ﬂ+a26){&-a(a36+a45)> | (ag a4> S PGLZ(k)}.
f f

Next we intersect g~ PGLa(k)g with PGLa(k). Then the entries of a matrix in this
intersection have to be in the field &, which implies f divides

d(ara + azy) — Blaga + agy) = arf + (a1 — aq)yf — asaf + azyd, where we use the
determinant of g for this equation. Now we deduce that f has to divide

(a1 —aq)yB—asaf+agyd. For degree reasons we obtain (a; —a4)yS—asaf+azyd = 0.
If deg(B) # deg(y) it follows ag = 0 = ag and a; = a4. So we have g — 1 choices for
a; = ag € k*. In the case deg() = deg(y) = m we derive a3, = a27ym, where
Bm is the leading coefficient of 8 and ~,, is the leading coefficient of v. Hence, if we
choose for example the first column with entries a; and as, the other two entries are
given by the equations. This implies ¢> — 1 choices for this first column. In total

I =1 if deg(B) # deg()

2— .
T = g+ 1if deg(B) = deg()
¢*(q+1)%(q — 1)? if deg(B) # deg(7)
¢*(q+1)(q — 1)? if deg(B) = deg(7)
the double coset. Let = denote the number of double cosets with length ¢?(g+1)?(q—1)?
and y denote the number of double cosets with length ¢?(¢ + 1)(q — 1)%. From [KMST15]
we know

we get |71 PGLa(k)g N PGLy(k)| = { , which implies

| PGL2(k)g PGL2 (k)| = { as possible length for

Yool = (¢ = 1*(g + 1)g” = ¢*(q +1)(¢ — 1)*(z(¢ + 1) +y) and hence
w(qg+1)+y=q""
Furthermore, we deduce from [KMS15| that x +y = %
z and y yield

. These two equations for

_ d—3 1 d—2_1 _ _ _
z=q® 3—qq+f :qq+1 andy =q¢¥ 2 — (¢ +1)¢? 3 +¢¥3+1=1.

So there is only one double coset of length ¢?(q + 1)(¢ — 1)? and all the other double
cosets have length ¢2(q + 1)%(q — 1)2.
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a B 9\’ L0y
Remark 3.7.4. Consider the map 7 given by | d & 60 =|[p e B |. From Re-
¥ p oL ¥ 0 «
mark we know that [Y,/  pm| = |T:L’n7m7n,7n,7m,|. Furthermore, we find for the
stabilizers of the vertices yn ;n that |Hp | = [Hy, -
Now for 3 x 3 matrices A, M, B we have (AM B)™ = B"M™A". This holds because we
0 01
can write M7 = UMTU, where T is the transposition of matricesand U= |0 1 0
1 00

Then it follows (AMB)™ = U(AMB)TU = UBTMTATU = UBTUUMTUUATU =
B™MTA™. We conclude that for a double coset with representative g the following
holds:

|(Hn’,m/an,m)T‘ = |H77L-,n—mgTHT

n/7n/_m/ | .
Moreover, we have

|(g_1Hn’,m’g N Hn,m)T‘ = |gTHr7; g_T N H;;

! —m/ ,nfm|'

Now let C be a system of representatives, then the equality

Z ‘Hn’,m’HHH,M|
gec |971Hn,,m’gmHn¢m‘

_ _ T _
- ‘Tn’,m’,n,m‘ - ’Tn,n—m,n’,n’—m’ -
T, ]

ZQTGCT ‘gTHT /g—‘rmHT

n! . n/—m n,nfml

holds. Therefore we have the following symmetry: If we know the number of double
cosets for a case n/, m’, n, m, then we can easily compute the number of double cosets
in the case n/, n’ —m’, n, n —m. To do this we can use the solution for the case
n', m’, n, m and interchange the roles of n’ and n as well as the roles of n —m and m’
to obtain the solution for the case n’, n’ —m/, n, n —m.

3.7.1. The case Kk <0, i.e. d<2n+n"—m+m'

In the next three subsections we calculate the number of edges between two given orbits.
By Proposition [3.7.1] we can compute the number of the corresponding double cosets to
obtain the number of edges between two orbits. In order to find this number we distin-
guish between three cases, in particular we consider the cases K < 0, kK = 0 and £ > 0.
In all three cases we have to work with several subcases corresponding to the different
stabilizers (see inthecasesn=m=0,n>m=0,n=m>0,n>m >0 and
similarly for the indices n’ and m/’.

From now on let Y/ s pm # 0 and M =

> > R
T ™

Y
0] e Tn’,m’,n,m-
L
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Suppose k < 0, which is equivalent to d < 2n +n’ —m + m’. We deduce from the
degree restraints in the definition of Y s (cf. [3.5.2) that

¥ =0, deg(a) <n', deg(B) <n+n'—m, deg(y) <n-+n', deg(d) <m/, deg(e) <
n—m+m', deg(d) <n+m', deg(p) <n—m, deg(r) < n.

Now for n = m = 0 it follows ¥ = 0 = p = ¢, which is a contradiction to det(M) =
Af # 0. Similarly, for n’ = m’ = 0 the entries in the first column of M are equal to
zero, i.e. a = 0 = 6 = ¥, what is again a contradiction to det(M) = Af # 0. In
the following we distinguish between three possible cases for n and m, in particular
n=m>0, n>m=0and n>m > 0, and in each case we have the analogous cases
for n” and m/, ie. n’ =m' >0, n’ >m' =0and n' >m' > 0.

1. n=m>0:

a) n’ > m’ = 0: In this case we would have 4 = 0 = p = § = ¢, which yields
det(M) =0 # \f for any A € k™. So this case does not occur.

b) n' = m’ > 0: Because of deg(p) < n—m = 0 and deg(¥) < k < 0 it is
det(M) = 1(ae — 68) = \f. Since f is irreducible there are two possibilities,
ie.

(L€ k™, ae — 68 = pf for some p € k) or (v = pf, for p € k*, and
ac — 63 € k).
We start with ¢ € k™, ae — §8 = pf for some p € k*. Then d = deg(uf) =
deg(ae — 65) < %’”m/ implies d < n' +m/ — 2n = 2n’ — 2n. Moreover,
v € kX yields 0 = deg(1) < d*”fnlgm*m/ = d+27§72”/ and hence d > 2n’ — 2n.
Therefore d = 2n’ — 2n. For the degree restraints of the entries of M we have
deg(a) <n' —n =4, deg(B) <n' —n =%, deg(y) <n/, deg(6) <n' —n =
4, deg(e) <n' —n =%, deg(d) < n', deg(t) = 0. As a representative for

a B 0
Hy oy M Hy, , we may choose the following matrix: g = [0 e 0] with
0 0 1

det(g) = f (multiply with a suitable matrix from H,,,,). Next we want
to calculate the size of the double coset. Therefore we need to know the
intersection an’ng_1 N Hy . We compute

an,ngil =
a B 0 a1 az a3 % —? 0 a; az as
6 ¢ 0 as as ag —% % 0| las a5 as| € Hy,p =
0 0 1 0 0 ar 0 0 1 0 0 ary
ara+asfS asa+asfB azo + agB 7 —? 0 a, ay as
a1 + age a0 + ase  azd + age —% % 0 ‘ as as as | € Hyp
0 0 ay 0 0 1 0 0 ay
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3.7. The edges of T\ X

e(arataqsf)—d6(azatasf) —B(aiatasf)+a(azatasf)

7 7 azo + agf3 a1 ay as
a(a16+a45);6(a25+a56) —,B(a15+a45)f+a(a26+a55) a35 T age | as as ag
0 0 ar 0 0 ar

(07

Intersect anmg_l with H,y i Let h = (5

g > We know from the def-

inition of H,, , that (Zl ZQ) is an element of PGLg(k). From our compu-
4 G5

tations of gH, ,g~ " we see that the upper left 2 x 2 block is nothing else
than h PGLy(k)h~!. If we intersect an,ng_1 with H,, ,» we have to intersect
hPGLy(k)h~1 with PGLy(k) for the upper left 2 x 2 block. According to
Remark we have |h PGLy(k)h~' N PGLy(k)| = ¢+ 1 if d = 2 and for
d > 4 there are two possibilities, in particular |h PGLa(k)h~! N PGLy(k)| =
{1 for 2271 double cosets

1

ot . For the last column in gH,, ,g~' N Hyr
g+ 1 for 1 double coset n,n n',n

there is a7 € k¥, a3,as € k[t] with deg(as) < n, deg(as) < n. So we have
(g — 1)¢>"*2 possibilities for the last column. In total we have

o ford=2: |gHnng ' NV Hyw|=(¢+1) (¢ —1)¢*"* = (¢* - 1)¢*"*?

(g —1)g**2  for qd;jf L double cosets

(¢> —1)g**2  for 1 double coset

Since Kk +n —m = kK < 0 we can apply Lemma to obtain [ Yy nom| =
(¢ — 1)%(¢% + ¢ N (q* — q)q2n,+2. By the cardinality of H, , is given

by (q2 — 1)(q2 _ q)q2n+2 and similarly for Hn’,n/- It follows [ S

o ford > 4: |gH,ng 'NH,y | = {

,n,ml

[Hnnl[Hyr ]
/
(@=D2*(¢+q¢*" D (?—q)g® 2>  _ gi2n
(=1 (4*>—9)g>" T2 (g2~ 1) (¢ —q) > +2 (¢>-1) -
Therefore,
e for d =2:
|’rn/,m/,n,'m| H —1 H _ (1_2”_2 2 1 2n+2 _ 1 I 1 1
[Hnnl[Hyr ol '|g nng n’,n" = @-D ‘(q - )q = 1. In particular,
there is only one double coset (cf. [L(x)i).
e for d > 4:
|Tn’ m/ n m| qd_Q"_4 qd_2—1 1 1 .
‘Hn,n||Hn/,n/| - (q2—1) — g1 ’ (q_l)q2n+2 + 1. ‘(qz_l)qzwfz. Whence in

this case we have qd;jfl +1 = % double cosets (cf. |1(y)il and
2(x)i).
The second possibility is ¢ = uf for p € k* and ae — 68 € k*. Then
we have d = deg(pf) = deg(t) < d*”fnl;m*m/ = d+2%72"l, which i/mplies
d < n —n'. Together with ac — 083 € k* and deg(ae — i) < 2‘”2%2” it
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follows d = n—mn'. For the degree restraints this means deg(«) < 0, deg(5) <
0, deg(vy) <n, deg(d) <0, deg(e) <0, deg(f) <n, deg(r) < d.

Therefore

a B v 1 0 0 1 0 0 a B v
0 ¢ 6]=101 0 010 6 e 0| €
d p oL 0 0 u 00 f 0 0 1
100
Hyw [0 1 0] Hyp
00 f

From this equation we conclude that there is only one double coset in this
case (cf. [1(a)ii and [2(a)ii]).

n’ > m' > 0: Now we deduce 9 = 0 = p from the degree restraints for these
two entries of M. Moreover, det(M) = t(ae —§3) = Af. By the irreducibility
of f, there are the cases

(t=pf, for p € k* and ac — 00 € k™) or (v € k* and ae — § = pf for some p € k).

82

Assume ¢ = puf, for p € k*, and ae — 68 € k*. Then d = deg(r) <
W implies 2d < n —n’ +m — m/. Using the degree restraints for
the entries of M, we deduce deg(e) < _”/% < 0 and deg(9) < _"/% <0,
i.e. € =0 =4, but this means 0 = ae — §3 € k*, which is a contradiction.

So let ¢ € k™ and ae — 53 = pf for some p € k*. This yields d = deg(ae —
ip) < w and we get d < n' —n —m + m’. Moreover, we know
that ¢ is an element in k%, hence from the degree restraint for + we derive
d>n"—n—m+m/. Therefore, we have d = n’ —n — m + m’. Now the
following degree restraints follow: deg(a) < n’—n, deg(8) < n'—n, deg(y) <
n', deg(d) < m' —n, deg(e) < m' —n, deg(d) < m', deg(t) = 0. Because of
these inequalities we conclude m’ > n, because otherwise we have e =0 = 4,
which means ae — §8 = 0 and this is a contradiction to det(M) # 0.

First consider the case m’ = n. Here we have d = n’ — n and deg(a) <
d, deg() < d, deg(y) < n', deg(d) <0, deg(e) <0, deg(f) < m'. We may
multiply with a suitable matrix in H,, in order to get 6 = 0, a = f and
e =pu € k™. We calculate

a B v a B v 1 8 v f 00 1 00
559059(080 0 10 01 0]c¢€
9 p ot 0 0 0 0 0 01 0 01
f 00
Hym [0 1 0 Hyp.
0 01
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We conclude that there is only one double coset in this case (cf. and
2(a)i).

Let m’ > n,i.e. d > n’—n. In this case we may choose the following matrix as

a B 0
a representative for Hy/ py M Hy, s g = | 6 € 0| (multiply with a suitable
0 0 1

matrix from H, /). Moreover, we may assume det(g) = ac — 0 = f. Asin
the case n’ =m’ > 0 we get

gHn, ng_l =
a B 0 a1 az a3 ? —? 0 a; az as
6 ¢ 0 a4 a5 ag % % 0 | a4 a5 ag | € Hn,n =
0 01 0 0 ay 0 0 1 0 0 ay
E(ala+a45);5(a2a+asﬁ) *5(a1a+a45)f+a(a2a+a5ﬂ) asa + agf a1 ay as
6(a16+a45);5(a25+a5a) —,B(a16+a4s)f+a(a26+a5€) a35 + age | as as ag | € Hn,n
0 0 ar 0 0 ar

In gHpng ' N Hy e the following holds: elard+ase)— 6(a25+a° ) = 0 and f
divides ajae + aqfe — asad — a5 36 = (a1 — as)ac + a465 — aoad + a5 f, where
we used the determinant of g for this equation. From the first equation we
deduce £(aid + ase — asd) = azé?. Since f is irreducible, we know that
¢ and 0 are coprime polynomials. Whence, the last equation yields as =
0 = a10 + a4e — a5 and using the same argument again, we finally get
ay =0 = a; — a5 (otherwise ¢ = azl(al — a5)d). This means the intersection
can be written as the following set of matrices:

an,ng_l N Hn’,m’ =

as 0 agza+ agh
0 a5 a3d+age | |as, a7 € kX, a3, a6 € k[t] with deg(as) < n,deg(ag) <n
0 0 ag
Therefore, we calculate |gH, ,g~1 N Hy | = (¢ — 1)¢®"*+2. Notice that we
divide by (¢ — 1) because we are working in the projective group. Hence we
see that all double cosets have the same length.
From Lemma we know | Yps s nm| = (¢ —1)2(¢%+¢% 1) (¢ — q)g" ™' +2
and by |2 we have |Hpn| = (¢* = 1)(¢* — 9)¢*"*? and |Hy | = (¢ -
1)2g27'+3, Let 2 denote the number of double cosets. Then

x X |Tn/,m’,n,m|

9Hnng ™ OV Hy | (0= 1)¢*"*2 | Hn| | Hy |

_ (q o 1)2(qd + qdfl)(q2 _ q)qn’+m’+2 _ qdfn’+m’72
(2 = 1)(¢® — O)®2(q — 1)2¢>'+3 (g —1)g?+2
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We deduce that we have z = ¢~ *™'=2 double cosets if d —n/ +m’ —2 > 0,
ie. ifd>n"—m'+2> 3 (cf. [L(d)iand [2(d)i).

2. n>m=0:

2)

n’ > m’ = 0: To compute the number of double cosets in this case we use
the symmetry and the solutions of case n = m > 0 and n’ = m' > 0.
This gives us the following solutions: We have one double coset in the case

d =n/—n (cf. [L(a)]and2(a)i). Moreover, if the degree is given by d = 2n—2n’,

then we find that
e if d =2, there is only one double coset (cf. [L(x)ii

e for d > 4 there are % double cosets (cf. |1(y)iif and [2(x)ii).

n’ = m/ > 0: In this case we consider three subcases, in particular, d <
n+n'—m-2m',d=2n+n"—m—-2m'ord > 2n+n" —m —2m'.

We start to consider the case d < 2n +n' — m — 2m’ = 2n — n’/. This leads
to the following degree restraints for the entries of M: deg(a) < n’ —m/ =
0, deg(B) <n+n'—m—m/, deg(y) <n+n'—m’ =n, deg(d) <0, deg(e) <
n—m =n, deg(f) <n, deg(p) <n—m'—m=n—m', deg(t) < n—m'. Note
that from the degree restraints we can exclude the first case d < 2n +n’ —
m — 2m’, because for this case it follows @ = 0 = § = 9, what contradicts to
det(M) # 0. So we continue with the case d = 2n—n’. From the above degree
restraints we deduce n > n’, because otherwise we have with p=0=19 =t a
contradiction to det(M) # 0. Via multiplication by a suitable matrix in H,, .
we may assume that 6 = 0 and o = 1. This implies det(M) = A\f = v — pb.
Next we use again a case distinction into the subcases n = n’ and n > n'.

Suppose n = n’, then d = n and the degree restraints imply p,. € k. Mul-
tiplication with a certain matrix in H, o yields p = 0,¢ = XA and ¢ = f. We
calculate

a B v 1 B8~ 1 0 ~ 1 00 1 80
0 ¢ O|=10 f 6)=[0 1 0 0 f O 01 0]e€
0 p ¢ 0 0 X 0 0 A 0 0 1 0 0 1
1 00
Hn’,n’OfO)Hn,O
0 0 1

This means there is only one double coset in this case (cf. and [2(a)il).

Let n > n’ and remember that d = 2n —n/, a = 1 and § = 0. As a
representative for the double coset of H,, ,, M H,, o we choose the matrix
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1 =8 — L 8 v\ (1 -8B —v 100
M0 1 0 ]=(0 ¢ 0 0 1 0 ]=(0 ¢ 0] =:gwith
0 O 1 0 p ¢ 0 O 1 0 p ¢
det(g) = f.
With this representative we compute
gilHn’,n’g:
1 0 0 a1 as ag 1 00 ayp az ag
0 % *% as as ag 0 ¢ 0| |aa a5 as | €EHyw p =
0 —? % 0 0 a7/ \0 p ¢ 0 0 ar
ai aze + azp a0 + azt a1 as as
ast aseirtp(ast—ar0) as0i+i(ast—ar0)
T b | a4 a5 ae GHn’,n’
. % —a5£p+p](0a75—a6p) —a5€p+L§ca7a—a6p) 0 0 a7

In g7 H, wg N Hypo: It is ag = 0 and f divides (a7 — as)ep — agp® = p((a7 —
as)e — agp). For degree reasons this is only possible for (a7 — as)e = agp.
But this leads to a7 = a5 and ag = 0, since € and p are coprime polynomials,
because f is irreducible. Then the intersection is given by

g_lHn’,n’g N Hn,O =
a1 ao€ + asp CLQ@ + asgt

0 ar 0 | a1,a7 € k*, ag € k, as € k[t] with deg(az) < n’

0 0 ar

We conclude |g ' Hyy g N Hyo| = (q — 1)¢"'*2. Here we again divide by
(¢ — 1) because we are working in the projective group.

According to Lemma [3.5.12f 1.c) the cardinality of Y, ,,,¢ is given by (¢ —
1) (g% — 1)2q4H2n=m+2 — (g — 1)(¢® — 1)2¢4T2"+2. From we know the
cardinalities of the two stabilizers H,, o and H,, ,/. Therefore, we have

|Tn/ n' n OI —1
g9 Hi g 0 Ho| =
(g—1)(a>— 1) 20 2 42 _ gden'=2

(2—1)(g®—q)g®" +2(q>—1)(¢?—q)g>"+2
double cosets if d > n' +2 > 3 (cf. and .

For the case d > 2n + n’ — m — 2m’ we distinguish again three cases, in
particular d < n' —n+2m+m/, d =n'—n+2m+m’ and d > n' —n+2m+m’.
In order to solve the first two cases we can use the symmetry Therefore
we use the solutions above, in particular, the solutions for n > m = 0 and n’ =
m’ > 0 with d < 2n—n' or d = 2n—n’. We conclude that d < n’ —n+2m+m’
is not possible. Furthermore, we have for d = n’ —n+2m+m’ = 2n’ —n that
n’ > n, because of d > 2n +n' —m — 2m’ = 2n — n’. Via symmetry we
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find ¢?="~2 double cosets in this case, if the degree fulfills d > n 42 > 3 (cf.
and 2()i).
The final subcase is d > n’ —n + 2m +m' = 2n’ — n. We still have
d>2n+n"—-—m—-2m'=2n—n"and d < 2n+n' —m+m' = 2n + 2n/,
hence kK > —n/ = —m/ and k > —n. Moreover, the degree restraints are
given by deg(a) < M%Q", deg(B) < d+’§+”,, deg(y) < d+’g+"/, deg(9)
A2 deg(e) < T, deg(9) < Y deg(p) < A deg()
2

<
<

3
CH”T_%/. Due to Lemma [3.5.12 1.a) we have | T, 0ol = (¢ — 1)%(q
1)2qd+2n+2n—m+n’+m’+1 — (q _ 1)2(q2 . 1)2qd+2n+2n+2n’+1‘

By multiplication with suitable matrices of H,, ,  from the left and suitable
matrices of H,, o from the right we may choose as representative for the double

a By
coset the matrix g := | 0 & 6|, such that «,e,¢ have their respective
0 p ¢

maximal possible degree and all the other entries have not their respective
maximal possible degree according to the degree restraints for the entries of

M.
It follows
ara+ asd a1+ ase+azp ary+ a6 + ase a1 as as
Hy g = asa+asd asff+ase +agp asy+asf+ae | | |as as as | € Hpy
0 arp art 0 0 ay
and
bloz b20( + b45 + bﬁ’}/ b30¢ + 555 + b7’)/ bl b2 b3
gHmQ = 010 bod + bge +bgl  b3d + bge + b7 | 0 by b5]) € Hn,O
0 bap + bet bsp + b7 0 bg by
Therefore the intersection H, ,»gNgH, o is determined by the following equa-
tions:

asa + asd = b1, aja + a0 = by, (a7 — by)p = bet,
asfBHase+asp = bad+bse+bsl, ay1+aze+azp = baa+bsf+bsy, (a7—br)r = bsp,
a4y + as0 + agt = b3 + bse + b0, a1y + a0 + ast = bsa + bs 5 + bry.

Now aga + asé = b16 implies ag = 0 and since d # 0 we get additionally a5 =
by. From aja+agd = by we deduce a; = by and ag = 0. Using (a7—bg)p = bgt
we obtain bg = 0 and a7 = by because p # 0. The equation (a7 — b7)t = bsp
yields a7y = b7 and bs = 0. Because of a4 + ase + agp = bad + bye + bgh we
see that a5 = by. We derive the following remaining equations:

agp = bad, asp = baar, agL = b3d, ast = bza.
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Since ¥ = 0 and the entries of a row in g have to be coprime, we know that
p and ¢ are coprime polynomials. Together with the above equations this
implies that there exists some b € k[t], such that az = ba. For the degree
of the polynomial b we have deg(b) < deg(as) — deg(a) < n' — w =

2n't2n—d — _ . Duye to the equations we get bo = bp, ag = b and by = be.

3
Hence the intersection is given by
a; 0 bo
HypgngHpo = 0 ap b6 |g|a €k, ,deg(b) < —k
0 0 al

We arrive at |H, g N gHyo| = ¢ 1. Note that we divide by ¢ — 1 since we
are working in the projective group. Thus the size of a double coset in this
case is given by [Hy g Hno| = (¢° =1)(¢* = 0)¢*" (4> = 1)(¢* —q)¢** 2¢"".
We conclude there are
Torninol  _ (q=1)2(¢P=1)2qHH2m42nt2'41 gy
[H, prgHnol —  (2=1)2(g2—q)2¢g2 +2nt5+n q

double cosets in this case, if the degree of f fulfills d > 4 — k > 5 (cf.
and .

The case n’ > m' > 0: Now we distinguish between three subcases. The three
cases are d < 2n+n'—m—2m/, d = 2n+n'—m—2m’ and d > 2n+n'—m—2m’.

1. case: d < 2n+n'—m—2m/. Here we have deg(d) < 0 and hence 6 = 0. So
the determinant of M can be written as det(M) = a(et—pf) = Af. According
to the Irreducibility of f we get

(ev — pb € k™, = puf, for some p € k™) or (o € k*, ev — pf = pf, for some
we k™).

Assume et —pf € kX and o = pf. Then d < deg(a) < w, which

implies 2d < 2n’ —2n+m —m/, ie. d < n' —n — %l But from this we

get deg(p) < —%/ < 0 and deg(1) < —%/ < 0 and hence e¢ — pf = 0. This

contradicts er — pf € k*.

Now let o € k* and et — pf = pf. From this we derive d < deg(er — pf) <
%*‘2”%2”/‘“”'. In particular, we have d < 2n — 2n/ + m/. If we assume
d < 2n —2n' +m/, then deg(a) < W < 0 yields @ = 0, which
contradicts a # 0. So we have d = 2n — 2n' +m’ and deg(a) <0, deg(B) <
n, deg(y) <n, deg(d)<-—-n'+m' <0, deg(e) <n—n'+m/, deg(h) <
n—n'+m/, deg(p) <n-—n', deg(t)<n-—n'

We conclude that n > n/, because otherwise the degree restraints imply
¥ =0 = p = ¢, which contradicts det(M) # 0.
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First consider the case n = n’. It follows d = m/, deg(e) < d, deg() < d and
pyLEk.

Suppose p = 0. Then det(M) = aer = A\f. According to the degree restraints
and the Irreducibility of f there exists a p € k* with e = uf and a and ¢ are
non-zero elements in the field K. It follows

a B v a 0 9\ /1 0 0\ /1 a8 0
0 ¢ 06)=(0 p o)lflo foO]l0 1 o0fc¢
0 0 ¢ 00 :/\0oo01/\0o o0 1
1 00
Hn/,m/OfOHn,O-
0 0 1

If p is a non-zero element in k we may deduce from e — pf = pf, that
0 =p~ (e — pf). Now we get

a B v 0 0\ /1 0 0 a B v
0 ¢ 0)l=(0 —p'u )]0 f O0)[O O 1
0 p 0O 0 p/ \0O 0 1 01 ph
100
EHn’,m’OfOHn,O
0 0 1

Therefore, we obtain one double coset in this case (cf. and [2(a)il).

Next consider the case n > n/. Then deg(e) < d, deg(f) < d, deg(p) <
d, deg(t) < d. Due to Lemma the cardinality of the set Y,/ 7 50 is
the following: | Y,/ s no| = (¢—1)(¢“ +¢4 1 (q? — q)¢®"*2. For the length of
| Hyt it || Hn 0]
lg=1H, s gNHn 0]’
g € Ty no is a representative of the double coset. By we know that
|Hpol = (¢ — 1)(¢* — ¢)¢*"™% and |Hy | = (¢ — 1)?¢* ™. In order to
calculate the length of a given double coset we need to know the cardinality
of the intersection |g*1Hnr’mrg N Hypl|. Let g € Ty no be a representative
of some double coset. Then we may assume that « =1, 8 =0 = v, i.e.

a double coset we have the formula |H,/ nygH, 0| = where

100
that g= [0 e 6 |. Moreover, we may assume det(g) = f. We compute
0 p ¢
—1H —
g n';m'gd =
1 0 0 a1 as as 1 0 0 air a2 a3
0 % _? 0 ag4 as 0 ¢ 60 ’ 0 ag4 as eHn’,m’ =
0 —? % 0 0 ag 0 p 0 0 ag
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aq as€ + asp , (1029 +2a3L , a1 as as
agletasLp—ag agtb+tast”—aetL

0 4 pP—aep 4 5f 6 | 0 a4 a5 € Hn’,m’

0 fa4P€*a;p2+aap€ 7‘14907‘}5LP+(1655 0 0 ag

If we intersect this set with H,, o, we have that each entry of this matrix is
a polynomial. Thus the polynomial f divides —aspe — asp® + agpe. Since
deg(p) < d = deg(f), it follows that f divides —aqe — asp + age. According
to deg(asp) < d and deg(e) < d this implies —ase — azp + age = 0 and hence
asp = (ag — aq)e. Moreover, we know that f divides aqte 4+ astp — agpl =
as(f + pf) + aspt — agph, using the determinant of g. Since f divides a4 f we
see that f divides p((as — ag)f + ast). Because of deg(p) < d, deg(f) < d
and deg(ast) < d we get ast = (ag — aq)f. If we assume that (ag — a4) is a
non-zero element in k, then we have that as is a non-zero element in k[t], too.

But this yields & = a5(as — a4)™'p and 6 = a5(as — @) ™'+, whence <g> nd

<f ) are linearly dependent, which implies that the determinant of g is zero,

a contradiction to det(g) = f. We deduce a5 = 0 and a4 = ag. Then

g_lHn’,m/g N Hn,O =
a; age +azp axl + ast

0 ay 0 |ai,a0 € K*, deg(az) <n'—m/, deg(ag) <n’

0 0 aq

We conclude |g ' H,y g N Hpo| = (g — 1)¢?"~™'+2 Therefore we see that
every double coset has the same length, because the size of the intersection
g_IHn/,m/gﬂHn,o is the same for every g € T,/ 0. Let C be a system of rep-
|Hn/,m/||H’ﬂ,0‘

resentatives for the double cosets. Then dec T ] = |0 0]
n’,m n,

Hence

‘g_lHn/ m/gmH’n,Ol d—2—m’ 2n—2n'—2
Cl =2 gec 1 = [T mol - [Hor i Mol 4 —1 ’

n’,m

if we have d > m’ 4+ 2 > 3 (cf. [L(d)ii and [2(d)ii).

2. case: d = 2n+n' —m — 2m’/. Now the degree restraints for the entries
of M are given by deg(a) < n' —m/, deg(B) < n+n' —m/, deg(y) <
n+n' —m' deg(d) <0, deg(e) <n, deg(f) <n, deg(p) <n—m/, deg(r) <
n —m/. Here we necessarily have n > m/, since otherwise p =0 =1 =1 is a
contradiction to det(M) # 0.

Assume 0 = 0. In this case det(M) = a(et— pf) and similar to the above case
d < 2n+n"—m—2m' we obtain d = 2n — 2n’ +m/. Thus 2n —2n' +m’ =
d=2n+n'—m—2m’, but this means m’ is equal to n’, what is not possible
since we are in the case n’ > m/’. Therefore, § # 0.
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Next we consider the two subcases n = m’ and n > m/. We start with n = m/’.

This yields d = n’ and p and ¢ are elements in the field k. Whence, we can
find a suitable matrix in H, o, such that the multiplication with this matrix
yields a new matrix M, where we have p = 0 and ¢« = 1. Furthermore, the
determinant of this matrix M is given by det(M) = ac — § = Af. Thus
B = 6" (ac — Af). Using this Identity we compute

a B v STIN Tla vy 0 f 0 6 € 0
b ¢ 0| = 0 1 0 1 0 0 0 -1 0 ]e€e
0 0 0 0 1 0 0 —1 0 0 -1
0 f 0
Hn’,m’ 10 0 Hn,O-
0 0 -1

So there is only one double coset in this case (cf. and [2(a)i]).

Let n > m/. As representative for our double coset we can assume ¢ = 0 = 6
and § = 1 (multiply with a suitable matrix from H, (), and moreover, we can
assume o = 0 (multiply with a suitable matrix from H,, ,, ). Furthermore,
we may assume the determinant equal to f, which means A = 1. So we take

0 8 ~
g:= |1 0 0| with det(g) = f as a representative for the double coset.
0 p
We calculate
g_lHn’,m’g:
0 1 0 a1 az as 0 8 v a1 az as
-5 0 3 0 as as | |1 0 O)| [0 as as| € Hypm p =
0 =2/ N0 0 a/ \0 p 0 0 ag
ay as asl a1 as as
_% —L(a1ﬂ+<}3p)+aep’7 _L(al'Y"l‘?SL)JFaGL"/ | 0 a4 as EHnlym/
% /J(GIB"FU«;P)_‘IG/HP p(a17+aﬁb)—asﬂb 0 0 ag

In g‘lHn/,m/ gNH, o: The entries of a matrix in this intersection are necessar-
ily polynomials. Hence ag = 0 and f divides p(a18 + azp — agB). According
to the Irreducibility of f and for degree reasons it follows that the condition
can only be fulfilled if (a1 — ag)B + asp =0, i.e. (ag — a1)B = azp. Since f is
irreducible, the polynomials p and § are coprime. Together with the fact that
either p or 8 has to be a polynomial of maximal possible degree the above
equation leads to ag = a1 and az = 0. We conclude

a4 asp asl
g Hyy 9N Hyp o = 0 a1 0 | ]aj,aq €k™, deg(as) <m’p. Thus
0 0 aq
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|g_1Hn’,m’g N Hn,[) = (q - 1)qm’+l.

Using Lemma(3.5.12|1.b) we see that |, 0| = (g—1)2(g?—1)gdHr+2n+n'+3,
With 2.6.8] it follows that there are

(4—1)2(q2—1)gtHr+2nin’+3 (q— g™+ =
(g—1)2¢2n"+3(¢2—q)(¢2—q)q>" T2

2n—2m’'—2 __  d—n'—2
q - q bl

double cosets, if d >n’'+2 >4 (cf. [L(d)iil and [2(d)ii).

|Tn’,m’,n,0|
|Hn’,m’||H’ﬂ,0‘

|g_1Hn’7m/g N Hn,0| -

3.case: d > 2n+n' —m — 2m’. In this case we do again a case distinction.

First let d < n’ —n + 2m + m/. Then the degree restraints are deg(a) <
n'—n+m =n'—n, deg(B) <n', deg(y) < n'+m=n', deg(d) <m+m'—n=
m' —n, deg(e) <m/, deg(§) < m+m' =m/, deg(p) <0, deg(t) < m = 0.
Because of 2n +n' —m —2m' < d < n' —n+2m + m' we have n < m'.
If we multiply with a certain matrix from H, o we may assume p = 0 and
¢ = 1. For the determinant we obtain det(M) = ac — 63 = A\f. This implies
d = deg(ae — 68) < n’ —n+m'. Together with 0 = deg(r) < %M we
have d =n' —n+m/.
For the double coset with representative M we choose another representative,
1 0 =\ [fa B ~v
in particular we choose [0 1 —6 0 € 40
0 0 1 0 0 1

a B 0
=16 e 0| =:gwithdet(g)=ac—08=7f.
0 0 1

We calculate

gHno9™" =
a B8 0 a1 as a3 % —58 9 a1 G2 a3
6 € O 0 ag4 a5 —% % 0110 a4 as| € Hppop =
0 0 1 0 ag ar 0 0 1 0 ag ar
alo‘a_‘s(‘}w"'a“ﬁ) _a1°‘5+a}a20‘+a46) asa + asf a1 as ag
a155*5(;25+a45) *al‘sﬁ*o‘}a?““‘*s) azd+ase | [ | 0 as as| € Hpp

Intersection with H,, ,,/: A matrix in this intersection has polynomial entries.
For degree reasons we obtain ag = 0 and f divides ajae — asad — a4d8 =
a1 f —agad — (ag—ay1)d 3, where the equation holds because of the determinant
of g. Since f divides ay f it follows that f has to divide agad + (a1 — aq)d5 =
d(azar+ (a1 —aq) ). For degree reasons this yields asar+ (a1 —a4)8 = 0. Since
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f is irreducible the polynomials a and [ are coprime. Moreover, at least one
of the polynomials o and § has its maximal possible degree. These are the
reasons, why we necessarily have ao = 0 and a1 = a4. For the intersection we
conclude

an,Ogil N Hn’,m’ =
a1 0 asa+asf
0 a1 azd+ase | |ar,ar €K™, as € k, a3 € k[t] with deg(a3) <n
0O O ar

We deduce that |gH, 097 N Hy | = (@ — 1)g™ 2. With d = n/ —n +m/
it is k = d=Zn—nwtm—m’ _ _, By Lemma [3.5.13 we obtain | Y0 mimol =

3
(q o 1)(6]2 _ 1)2q2n’+2m'—n+2.
According to [2.6.8] this leads to

‘Tn’ m/,n Ol —1
7 T ol|9Hn.09 ™" 0 Hy | =

(q_l)(q2_1)2q2n/+2m/7n+2 +2 _
(q_1)2q2n’+3(q2_1)(q2_q)q2n+2 (q - 1)qn -

(q + 1)q2m’—2n—2 — (q + 1)qd—n’+m’—n—2

double cosets, if d > n' —m/ +n+2 >4 (cf. [L(i)ii) and [2(1)ii]).

Now consider the subcase d > n’ —n + 2m + m/. Then the degree restraints
are given by

deg(a) < W, deg(B) < W, deg(v) <
BRI eg(§) < RSP deg(e) < MR deg(9) <
d—n’+3n+2m’, deg(p) < d—n’—gn—m’y deg(L) < d—n'—gn—m’.

Moreover, we still have d > 2n +n’ — m — 2m/, which means x +m’ > 0.
Furthermore we know that ¢ has to be non-zero, because otherwise det(M) =
a(er—pf) = Af yields a contradiction to the Irreducibility of f, since deg(et—
pf) < 2=2dIndm’ o g/ 4! < dand deg(a) < BE2mm < g/ < (.

If we multiply with matrices from H,, ,, and H, o, the polynomial § is just
multiplied with some non-zero elements from the field k, i.e. the degree of
0 does not change by this multiplication. This leads to the following case
distinction when we want to choose a suitable representative for the double
coset:

e If deg(d) is equal to the maximal possible degree for § then we choose

a By
g= |0 e 0], such that §, + and B have their respective maximal
0 p ¢

possible degree and all other entries have not their respective maximal
possible degree, as a representative for the double coset.
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e If § has not its maximal possible degree, we choose as representative the

a By
matrix g = | § € 6|, with «, € and ¢ of their respective maximal
0 p ¢

possible degree and all entries different from these three have not their
respective maximal possible degree.

Thus we have

ara+ a0 a1+ ase+aszp a1y + a0+ ase a1 az as
Hyr g = ) ase + asp a4 + ast [0 a1 a5 | € Hy

0 agp agl 0 0 ag
and
bloz b20( + b45 + bﬁ’}/ b30é + b55 + b7’)/ b1 b2 bg
gHmQ = 010 bod + bge +bgl  b3d + bse + b7 | 0 by b5) € Hn,O

0 bap + bt bsp + byt 0 bg by

The intersection of these two sets is determined by the equations:
asd = b1d, a1+ azd = bia, agp = bap + bgt,

ase+asp = bad +bse +bel, a18+aze+azp = baa+bsS+bey, ast = bsp+bre,
a40 + ast = b3d + bse + b70, a1y + a20 + ast = bsa + b5 5 + bry.

With § # 0 it follows a4 = by. Since ¢ is of degree W > 0 and the
polynomials ¢ and p are coprime we deduce from agp = bgp + bgt that bg =0
and ag = by. The equation agt = bsp + b7t implies ag = by and bs = 0.

Next we distinguish the two cases for the representative we have chosen.

e If § has its maximal possible degree, then aja + a2d = b« yields by = ay
and ay = 0, since « and § are coprime polynomials and deg(d) = k+m’ >
0. Using a184ase+asp = boa+b48+bgy we get a1 = by and hence agp =
bocr. The other equations are asp = bad, ast = b3d and age = bza. Since
« and 0 are coprime polynomials we know from the latter two equations
that there exists a polynomial b € k[t], such that b3 = br. Moreover, the
polynomial b has degree deg(b) = deg(bs) — deg(t) < n — (k+n) = —k.
With the other equations we arrive at by = bp, a5 = bd and ag = ba.

air 0 ba
Thus Hy/ g N gHpo = 0 ap b6 |g|a €k™, deg(b) < —k
0 0 al

e If § has not its maximal possible degree we deduce again from a;a+a2d =
by that a3 = by and ay = 0, but now we use the fact that deg(a) =
k +n' > 0 and the polynomials o and § are coprime. The equation
a4€ + asp = bad + bye + bgh leads to aq = by and whence asp = bod. The
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other equations are ast = b3d, ast = bsa and agp = bac. Now it follows
similar to the previous case that there exists some b € k[t] with deg(b) <
—k and a3z = ba, a5 = bd, by = bp and by = be. Therefore we have again

ar 0 ba
HymgNgHpo = 0 ar b6 |g|a €k™, deg(b) < —k
0 0 aq

This implies that we have only one possible length for the double cosets in
this case. I/n particular, |H,y ;g N gHp 0| = ¢ "1 and hence |Hyy yygHp 0| =
(= 1)%¢*"(¢* = 1)(¢* — 9)g*" "

Remember that —x < m/. Due to Lemma [3.5.12| we have [T,/ no| =
(q _ 1)2((]2 _ 1)2qd+2n+2n+n’+m’+1' Whence, we get

|Tn/,m/,n,0| (q_1)2(q2_1)2qd+2m+2n+n/+m,+l

— _ d+k—n'4+m/—4
[Hp i 9Hnol " (q—1)2¢27'+3(2—1)(q2—q)q?"T2¢5~1 (a+1)g

double cosets, if d >n' —m/ —k+4> 14144 =6 (cf. [L(p)i and 2(p)i)).

3. n>m>0

a)

n’ > m’ = 0: According to the symmetry we compute this case from
the solutions of the case n = m > 0 and n’ > m’ > 0. Therefore we find one
double coset in the case d = n —n' = m (cf. [L(a)ii and [2(a)ii). Moreover,
we obtain ¢¢~™~2 double cosets, if we have d > n —n’ > m, together with
d>m+2 >3 (cf. [L(b)il and [2(b)i)).

n’ =m’ > 0: Here it is again possible to use the symmetry Due to the
solutions for the case n > m = 0 and n’ > m’ > 0 we conclude the following

solutions for the given case: We work with the case distinction into the cases
d<n'+m'—n+2m,d=n"+m'—n+2mand d >n' +m' — n+2m.

In the first case d < n’+m’ —n~+2m we have one double coset if d = n—m and
n = n’ holds (cf. |L(a)iil and [2(a)iil). Furthermore there are ¢®"*™~2 double
cosets for n’ > n and if we have additionally the equation d = 2n' —n—m > 3
for the degree (cf. [1(b)iil and [2(b)ii)).

If we consider the second case d = n’ +m’ —n + 2m, the symmetry argument
yields the following solutions: For d = n = n/+m there exists only one double
coset (cf. [1(a)iiif and [2(a)iiil). In the case n’ > n — m we find ¢~"~2 double

cosets, if the degree fulfills d > n + 2 > 4 (cf. and [2(c)i).

To solve the last case d > n’ +m’ — n + 2m with the symmetry argument we
do again case distinction: The case d < 2n —m —n’ implies (¢ + 1)qd_”/_m_2
double cosets, if d =2n—m—n', n’ <n—mand d > n'+m+2 > 4 holds (cf.
and . In the last subcase d > 2n—m—n’ we obtain (¢+1)gd+tr—m—4
double cosets, if d >m+4—rk>1+4+1=06 (cf. and.
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c) n' > m’ > 0: We divide this case into the three subcases d < 2n +n' —m —
2m/, d=2n+n"—m —2m’ and d > 2n +n' —m — 2m/.

We start with d < 2n+n’—m—2m/. Whence, 6 = 0 and det(M) = a(et—ph) =
Af. The Irreducibility of f yields two cases:

First case: a = uf, for p € k™, and er — pf € k*. This implies d = deg(a) <
w, whence 2d < 2n' —2n+m —m/'. According to deg(ev— pf) <
2d72n/+23”7m+m/ and er — pf € k™ it follows 2d = 2n' — 2n +m — m/. This
leads to deg(p) < —%m/ <0, deg(e) < m’2—m and deg(1) < m—2m/. Since et
is an element in k%, these degree restraints imply m = m/. Then d = n/ — n.
The other degree restraints are deg(a) = d, deg(f) < n’ —m, deg(y) <

n', deg(6) < m.

We calculate

a B v p B\ (f 0 0\ /1 00
0 ¢ O)l=(0 e 6|0 1 0]|0 1 0]fc€
0 0 ¢ 00 ¢/ \0o 01/ \0o 01
f 00
Hyr [0 1 0| Hypmo
0 0 1

Hence we obtain one double coset in this case (cf. and [2(a)i)).

Second case: o € k* and ev—pf = pf, for some pu € k*. The degree restraints
imply d = deg(et — pf) < 2d72”/+23”7m+m/ and hence d < 2n —2n —m +m/.
Now a € k™ yields d = 2n — 2n’ — m + m/. We obtain the following degree
restraints deg(8) < n —m, deg(y) <n, deg(e) <n—n' —m+m/, deg(f) <
n—n'—m, deg(p) <n—n'—m, deg(t) <n—n'. So we have n > n/, since
otherwise ¥ =0=p = 1.

Suppose n = n'. In this case deg(p) < 0 and hence pf = et. According to the
degree restraints and the Irreducibility of f we know ¢« = 4 € k* and ¢ = f.
We conclude

a B v 1 00 1 00 a B v
0 ¢ 6|=101 0 0 f O 0 1 0] ¢€
0 0 0 0 0 0 1 0 0 1
1 0 0
Hn’m’OfOHn,m-
0 0 1

In particular, there is only one double coset in this case (cf. and [2(a)1)).

Consider the case n > n’. We distinguish three subcases: n’ +m > n,
n'+m=mnand n +m < n.
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For n’ + m > n we conclude p = 0 and e = uf from the degree restraints.
Moreover, deg(e) < d—n+n' < d and the Irreducibility of f imply e = p € k*
and ¢ = f. This means 2n—2n"'—m+m’ = d = deg(t) < n—n/, which leads to
n+m’ < n'+m. Assume n+m’ < n’+m, then 0 = deg(e) < n—n'—m+m’ <0
is a contradiction. Hence, n +m/ =n' +m and d =n —n'.

We obtain
a B v 100 1 0 0 a B v
0 ¢ 6|l=10 10 01 0 0 ¢ 0] ¢
0 0 ¢ 0 01 00 f 0 0 1
1 0 0
Hyome [0 1 0| Hym
00 f

Which says there is only one double coset (cf. [1(a)ii and [2(a)ii)).

If " +m = n, then deg(p) < 0 and d = n —n’ + m/. Assume p = 0.
This implies with e¢2 = f a contradiction to the irreducibility of f, since
deg(e) <n—n'—m+m' < dand deg(t) < d. We obtain p € k* and from
the determinant of M we deduce § = p~!(ev — f). Whence,

a B v 1 0 0 100 a B v
0 ¢ O)=(0 —p7' ple 00 f 0 p | €
0 p ¢ 0 O 1 010 0 0 1
1 00
Hn’,m’OOan,m-
0 1 0

So there is only one double coset (cf. [L(a)iii and [2(a)iiil).

Suppose n' + m < n. Via multiplication by a suitable matrix from H,, ,, we

1 00
can assume o = 1, § = 0 = . In particular, we choose g := | 0 ¢ 6| with
0 p ¢
det(g) = f as a representative for the double coset of M. Then we compute
g_IHn’,m’g =
1 0 0 ay ag as 1 0 0 ay; ag as
0 % —% 0 a4 as 0 6 | 0 a4 as | € Hn/7m/ =
0 —? % 0 0 ag 0 p ¢ 0 0 ag
al ase + asp a0 + ast a1 ay as
0 aatetastp—aepl a4L9+a5}L2—a6L9 ’ 0 ay as | € Hn’,m’
0 —a4p€—aj§p2+aepe —a4p9—0}5m+a6a 0 0 ag
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If we take the intersection with H,, ,, the entries of a matrix are polynomials.
So we obtain (a4 —ag)e +asp = 0. Since p and ¢ are coprime polynomials and
either p or € is of its maximal possible degree we deduce a4 = ag and a5 = 0.

Hence

g_lHn’,m’g N Hn,m =
a1 a9€ + asp a20 + ast
0 as 0 | a1,a4 € k%, deg(az) <n' —m/,deg(az) <n'
0 0 a4

Thus |97 Hy g N Hyn| = (g — 1)~ +2.

Using Lemma and Remark [2.6.8 we obtain
[T, ot |

n’,m’,n,m

—1 —
|Hn/,m/||H’ﬂym‘ ’g Hn/’m,g n Hn’m’ o

1 2 d+ d—1 2_ 2n—m—+2 It VA
s — (= 1)g®" =™+ = (g + 1)g =

double cosets, if the degree of f is at least d > m +m' +2 > 4 (cf. and
2()1).

Consider the case d = 2n +n' — m — 2m/. Assume § = 0. As in the case
d < 2n+n" —m — 2m’ above we have d = n’ —n and m = m’ or d =
2n — 2n’ — m +m/. The first case yields ' —n=d=2n+n'—m —2m’ =
2n +n' — 3m and hence n = m, which is a contradiction. In the second case
2n —2n' —m+m/ =d = 2n +n' — m — 2m’, which means n’ = m/, again a
contradiction. Therefore, we conclude § € k*. We have

deg(a) <n' —m!, deg(B) <n+n'—m—m/, deg(y) <n+n'—m’/, deg(d) =
07 d€g(€) S n—m, deg(e) S n, deg(p) S n—m-— m/7 d@g(b) S n— m/

for the degree restraints. Now we see that n > m/, because otherwise ¥ =
0 = p = ¢ contradicts to M is invertible.

Next we distinguish several subcases.

Suppose n =m/, then d =n' —m, p =0, 1 € kX and ac — 8 = f. We may
write 3 = §~(ae — f) and compute

a B v ot la vy 0 —f 0 6 € 0
6 ¢ 6)=1[0 9)(100 01 0] ¢
0 0 0 0 L 0 0 1 0 01
0 —f 0
Hy (1 0 0) Hypom.
0 0 1
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This means there is only one double coset in this case (cf. and [2(a)1)).

Assume m' < n < m + m/. Then we obtain p = 0 and det(M) = 1(ae —
d8) = Af, but we also have the degree restraints deg(t) < n —m' < d
and deg(ae — d8) < n+n' —m —m' < d, which is a contradiction to the
Irreducibility of f.

If n = m+m', we have d = n’ + m and p is an element in the field k.
The Assumption p = 0 yields a contradiction by similar arguments to the
above case m’ < n < m + m/. So we conclude p # 0. From det(M) =
(e —8B) — p(ad — 57) = Af we derive v = 6~ H(ald + p~ (N f — 1(ae — §B))).

Using this expression for v, we calculate

a B v
0 e 0| =
v p ot
a 0lae+ 67108 —ag) I al + p (N — i(ae — 5B)))
1) € 0 =
0 p
7 tp™t 5l 51 (w—as 0 0 f 0 € 0
0 1 ) 1 00 0 p v]e
0 0 010 0 0 A
0 0 f
Hym |1 0 0| Hym.
010

And hence there is only one double coset (cf. [1(a)iv|and [2(a)iv)).

Suppose n > m-+m/. Since ¢ is a non-zero element in the field & we can choose

0 8 ~
as representative for the double coset of M the matrix g:= |1 0 0 | with
0 p
det(g) = f. Using this representative we compute
g_lHn’,m’g =
0 1 0 ay as as 0 B8 ~v ap az as
—§ 0 _% 0 a4 as 1 0 O | 0 a4 as S Hn’,m’ =
£ 0 ? 0 0 ag/) \0 p 0 0 ag
ay asp ast a1 ay as
—t}u —L(alﬁ-i-t;sp)'i‘aspv —L(017+6}3b)+a6r¥ {0 ar as| € Hypw
% p(a15+ajcp)*a6pﬂ P(a1’7+a}‘sb)*a6bﬂ 0 0 ag

Consider the intersection gilHn/’m/ g N Hy, m: Since the entries of a matrix in
this intersection are polynomials we deduce az = 0 and p((a1—ag)5+azp) = 0.
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If we assume p = 0, then it follows similar to the case m’ < n < m+m’ above,
that det(g) = =8 = f, but deg(t) <n—m'=d—n—n'"+m—m’ < d and
deg(B) < n+n'—m—m' = d—n—m’ < dis a contradiction to the Irreducibility
of f. Therefore, we conclude (a1 —ag)5 + agp = 0. Since B and p are coprime
polynomials with at least one of them of its maximal possible degree, we get
a1 = ag and az = 0. This leads to

g_lHn’,m’g N Hn,m =

a4 asp asl
0 a1 0 ] |ay,a4 €K%, a5 € k[t] with deg(as) < m/
0 0 ay

and hence ]g_IHn/,m/g NHpm| = (q— 1)qm,+1‘

Now d = 2n +n' — m — 2m/ implies kK = —m’ < 0. By Lemma 1.b)
the cardinality of the set T s/ nm is equal to | T nm| = (¢ — 1)%(¢* —
1)gdtrt2ntn'=m+3 " Pyrthermore, gives us |Hym| = (¢ — 1)%¢*" 3. In
total we obtain

|Tn’,m’,n,m| q_1)2(q2_l)qd+&+2n+n/7m+3

m‘g_lﬂn’,m’g N Hpm| = ( (4—1)2g2"+3(q—_1)2g2n+3 (g — 1)qm/+1 =
(4 + Dt

double cosets, if the degree d > m +n' + 2 > 5 is large enough (cf. and

2()1).

Next we consider the case d > 2n +n’ — m — 2m/. In order to do that, we

distinguish three subcases, in particular the cases d < n/ — n + 2m + m/,
d=n"—n+2m+m'and d >n' —n+2m +m'.

Suppose d < n' —n + 2m + m/. In order to solve this case we can use the
symmetry[3.7.4land the solutions from the above subcase d < 2n+n'—m—2m'.
But since we have additionally the condition d > 2n +n’ — m — 2m’ most
of the solutions we computed in the case above can not occur in the case we
consider now. First we consider the case d = n —n’ = m — m/. This implies
m—m' =d > 2n+n’—m—2m’ and hence we have with 0 > 2(n—m)+n'—m/
a contradiction. So this is one of the cases which does not occur. Next we
computed some double cosets in the case d = n’ —n + m/ — m. With our
additional condition n’ —n+m' —m =d > 2n+n’ — m — 2m’ we deduce
m’ > n. This means that we calculated some subcases in the other case which
can not occur here. Only for the case m’ > n and d =n' —n+m' — m we
obtain (g + 1)¢%+™'=n+m=2 double cosets, if d >n' —m/ +n—m+2 >4

(cf. and .

Consider the case d = n’ —n+2m+m’/. We use again the symmetry and
the solutions for the subcase d = 2n+n’—m—2m/. As in the previous case we
have the additional condition d > 2n +mn’ —m —2m/, which implies that some
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of the possible cases can not occur now. If we assume d = n —n’ +m’ and
n’ = n —m, then we conclude from n —n'+m’ =d > 2n+n' —m — 2m/ that
3m’ >n —m+2n' = 3n/, i.e. with m’ > n’ a contradiction. Therefore this
case does not occur. Next d = n+n' —m’ and n —m = m’ could be possible.
But this yields n+n' —m/ = d > 2n+n’ —m —2m’ and whence m’ > n —m.
We conclude that the only case which occurs is the case m’ > n — m. By
symmetry we have (g + 1)¢%"*™~"=2 double cosets in this case, if we also
have that d >n' —m/+n+2>1+42+42 =75 (cf. [L(k)i and [2(k)i).

Let d >n' —n+2m+m'. So we know k +m’ > 0 and kK +n — m > 0.
Remember the degree restraints for the entries of the matrix M:

deg(a) <k +n', deg(B) < k+n—m+n', deg(y) <k +n+n, deg(d) <
k+m/, deg(e) < k+n—m+m/, deg(d) <k +n+m', deg(p) <
k+mn—m, deg(t) < k+n.

By multiplication with matrices from H,, ,,, and H,, ;,, we multiply the poly-
nomials § and p just with some non-zero elements in the field &, which implies
that the degree of § and p can not be changed via this multiplication. This
observation leads to the following cases:

e If both, § and p have not their respective maximal possible degree we

a B~
choose as representative for the double coset the matrixg=|d ¢ 0|,
0 p ¢

where the entries on the diagonal, o, € and ¢, have their respective maxi-
mal possible degree and all the entries not on the diagonal have less than
the possible degree.

e If § has its maximal possible degree and p has not its maximal possible

a By
degree, we choose the representative g= | § ¢ 6| with J, 8 and ¢ of
0 p ¢

their respective maximal possible degree and all other entries have not
their respective maximal possible degree.

e If § is not of its maximal possible degree, but p is of its maximal possible

a B v
degree, we take g = [ § ¢ 6 | with deg(p), deg() and deg(f) respec-
0 p ¢

tively maximal and all other entries have less degree than it is possible,
as representative for the double coset.

e If § and p are both of their respective maximal possible degree, then we
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a B oy
use the representative g = [ § ¢ 6|, where §, p and v are of their
0 p ¢

respective maximal possible degree and all the other entries have not their
respective maximal possible degree.

Next we intersect the two sets

Hn’,m’g =
a4+ a2 a1+ ase +asp a1y + a0 + ase a1 as as
a4d as€ + asp a40 + ast |1 0 ag4 as| € Hyr oy
0 agp agl 0 0 uag
and
bia baar + by bz + b5 + bey by by b3
an,m = b16  bod +bse  b3d + bse + bgb | 0 by b5 € Hn,m

0 bap bsp + bt 0 0 bg

Since § # 0 # p we deduce from b10 = a4 that ags = by and from agp = byp
we get ag = by. The equation (a1 — by)a + a2d = 0 yields a1 = b; and ag = 0,
because a and § are coprime polynomials and if the degree of § is not maximal
we have chosen ¢ such that o has maximal possible degree. Analogous we
conclude ag = bg and b5 = 0 from the equation (ag — bg)t = bsp, since p and ¢
are coprime polynomials and if we have that the degree of p is not maximal,
we know that ¢ has maximal possible degree. We consider the remaining
equations:
(a4 — b4)€ + asp = by, (a1 — b4)5 + azp = baa,

(ag — bg)8 + ast = b3d, (a1 — bg)y + ast = bza.

Now we can conclude that a1 = a4 = ag = b1 = by = bg. To see this we
consider the four subcases:

e If § and p have not their respective maximal possible degree the degree
of £ is maximal and the first equation yields a1 = a4 = ag = by = by = bg.

e For ¢ of its maximal possible degree and p not of its maximal possible
degree we know that § has its maximal possible degree and the second
equation implies a1 = a4 = ag = by = by = bg.

e The case 0 has not its maximal possible degree, but p has its maximal
possible degree yields that @ is of its maximal possible degree and hence
by the third equation we deduce a1 = a4 = ag = by = by = bg.

e In the last case § and p have their respective maximal possible degree
and also v is of its maximal possible degree. Then the fourth equation
gives us a1 = a4 = ag = by = by = bg.
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3.7.2.

So we obtain in all four cases that the remaining equations are given by
asp = bad, asp = boar, ast = b3d, ast = bza.

Whence there exists a polynomial b € k[t], such that deg(b) < —k and a3z =
ba, as = bd, bg = bt and by = bp. Therefore there exists only one possible
size for the intersection, in particular,

ap 0 ba
Hn’,m’gmgHmm = 0 a1 bo g | a) € kx, be k[t] with deg(b) < -k,
0 0 aj

which means |Hy/ ;v gNgHp,m| = ¢~ 11, For this reason there is only one pos-
sible length for the double cosets, i.e. |Hyy g Hpm| = (q—1)*g? +2nta+r-1,
By Lemmawe obtain [T | = (q—1)2(q2—1)2qd+2m+2n—mn"+m'+1,
So we have

[ G | (q_1)2(q2_1)2qd+2f;+2n—m+n/+7n/+1

n’,m’,n,m

|Hpt s 9Hnm| (q—1)4g2n +2n+a+r-1
double cosets in this case ford >m —xk—m/+n'+2>14+14+14+2 =5 (cf.
[L(q)i and [2(q)i)).

_ (q + 1)2qd+nfm+m/fn/72

The case k =0, i.e. d=2n+n"—m+m'

Now we obtain the following degree restraints deg(a) < n’, deg(f) < n+n’—m, deg(vy) <
n+n', deg(d) < m/, deg(e) < n—m+m', deg(8) < n+m', deg(¥) <0, deg(p) <
n—m, deg(t) < n. In this case we consider 16 subcases. In particular, we consider four
different possibilities for the Indices n and m and in every case we have again four cases
for the Indices n’ and m/.

1.n>m>0:
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a) n' = m’ = 0: In this case we have d = 2n — m and the degree restraints of

the entries of the matrix M are
deg(a) <0, deg(f) <n—m, deg(y) < n, deg(d) <0, deg(e) <
n—m, deg(0) <n, deg(¥) <0, deg(p) <n—m, deg(¢) <n.

By multiplication with a suitable matrix from Hpp we can assume a = 1
and ¥ = 0 = 0. A multiplication with a suitable matrix from H, ,, yields

1 00
B =0 =~. Hence, we choose the matrix g:= [0 ¢ 6 | with det(g) = f as
0 p ¢

representative for the double coset of M.

We compute
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g 'Hoog =
1 0 0 a1 as as 1 00 ay a2 ag
0 % —% a4y as Gg 0 ¢ O)||as as ag| € Hop p =
0 —? % ay ag Qg 0 p ¢ a7 ag Gg
a, ase + asp asf + ast ar ay as

ast—azf t(asetaep)—0(agetagp) t(as0+ast)—0(agb+agtr) ’

are—asp —plasetacp)te(asetagp)  —plasf+aet)+e(agf+age a7 ag ag
f f f

In the intersection g‘ngvog N Hy, m the equality aqe = a6 holds. Since
¢ and @ are coprime polynomials such that at least one of them is of its
maximal possible degree, this implies a4 = 0 = a7. Moreover, we have that
age? + (ag — as)ep — agp? = 0. Because p and ¢ are coprime polynomials and
not both of them are in the filed k, we obtain ag = 0 = ag and a5 = ag. This
leads to

g_lHO,Og N Hn,m =
a1 ase +agp a0 + ast
0 as 0 | a1,a5 € k* and ag,a3 € k
0 0 as

which implies |g~ Ho 09N Hpm| = (¢—1)g*. According to Lemma [3.5.12{2.c)

we get |To0mm| = (¢ — 1)(g — 1)(¢> — 1)g?T2"=m+2 = (g3 — 1) (¢ — 1)(¢* —
1)¢%¥*2. Therefore, we obtain

[Y0,0,n,m| | —1 _ (@1 (g—1)(¢*>—1)g*¢*? 2 _d-m—2
[Ho ol [Hp,m] |97 Ho,09 N Hym| = (@—1)(4°—9)q2(q—1)2q>"+3 (@ —=1)g" =¢"™

double cosets in this case, if d > m +2 > 3 (cf. [L(b)il and 2(b)1).
n' >m' =0: Now d =2n+n' —m and

deg(a) <n', deg(B) <n+n' —m, deg(y) <n+n', deg(6) <0, deg(e) <
n—m, deg(@) S n, deg(ﬁ) S 07 deg(p) S n—m, deg([’)

T O @
- O

<n

0

From these degree restraints we deduce that we may choose g := | 1
0
n

with det(g) = f as representative for the double coset of M (if necessary
multiply with a suitable matrix from H, o to get « = 0 =19 and § = 1 and
then use a suitable matrix from H,, ,, to get ¢ = 0 = #). With this certain
representative we calculate

g_lHn’,Og:
0 1 0 a1 az as 0 8 v ay a2 as
—+ 0 =7 0 as as | (1 0 0) [0 as a5)| EHpyypp =
?0? 0 as ar/ \0 p 0 as ar
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[e7} asp asl a1 as as
agy—ast a7yp—t(a1f+azp) aryir—t(aiy+ast)
T T T | 0 a4 as| € Hn/’o
—agBtazp —arBptplaiBtaszp) —arBitp(aivtase) 0 ag ar
f f f

In the intersection with H, ,, we obtain agy = ast and hence ag = 0 = as,
since v and ¢ are coprime polynomials and deg(vy) or deg(c) is the maximal
possible one. Furthermore, (a; — a7)8 + azp = 0 implies a; = ay and az = 0,
because 8 and p are coprime polynomials with the maximal possible degree
for either 8 or p. Thus

as asp ast
g_IHn/pg N Hn,m = 0 m 0 ‘ ar,a4 € kX, a5 € k

0 0 aj
Therefore, |7 H, 09 N Hym| = (¢ — 1)g. Applying Lemma 2.b) we
get [ Lo 0nm| = (¢ — 1)(¢* - 1)2qd+2nim+nl+3 = (¢—1)(¢* - 1)%q 43 We
calculate

T omml | —1 . (g—1)(q2—1)2¢2+3 B
WMLQ Hn/’og N Hn,m| - (q271)(q27q)q2”/+2(q71)2q2n+3 (q — 1)q =

(q + 1)qd—n’—m—2‘
This implies for d > n’ +m + 2 > 4 there are (¢ + 1)qdfn’fm72 double cosets

(cf. and .

n' =m' >0: Here d = 2n +2n' — m > 5 and

deg(a) <n', deg(B) <n+n'—m, deg(y) <n+n', deg(d) <n', deg(e) <
n—m-+n', deg(0) <n+n', deg(¥) <0, deg(p) <n—m, deg(t) <n.

If we multiply with matrices from H,, ,, from left and with matrices from H,, ,,
from right the lower left entry ¢ is only multiplied with some elements in k*.
We deduce that we have two different types of double cosets, in particular,
with ¥ = 0 or ¢ # 0.

First suppose ¥ = 0:

When we consider again the multiplication with elements from H,, ,  from
the left and elements from H,, ,,, from the right we find, according to ¥ = 0,
that the entry p can only be multiplied with non-zero elements of the field.
Therefore we have the following two cases:

e If the degree of p is not the maximal possible one, then we choose as

a B 7
representative for the double coset the matrix g := | § & 6 |, where
0 p ¢
only the entries on the diagonal have their respective maximal possible

degree.
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e If p is a polynomial of its maximal possible degree, we take the repre-

a By
sentative g := [ § ¢ 6| with «a, p and 6 of their respective maximal
0 p ¢

possible degree, while all other entries are polynomials which have less
degree than it is possible.

In order to compute the size of the double coset, we calculate first the cardi-
nality of the intersection of

Hn/,n’g =
a1+ asd a1+ aze +asp a1y + a0 + ast ap as as
aso+asd  asf+ase +agp asy+asf+age | | | as a5 as | € Hy
0 arp art 0 0 ar
with
by baar + byB bz + bsB + bey by by b3
an,m = b10  bod + bye b3 + bze + bgl | 0 by b5 € Hn,m

0 bap bsp + bet 0 0 bg

In the intersection we have ayp = byp and hence a7 = by since p # 0. Further-
more there are the equations (a1 — b1)a + a20 = 0 = agar + (a5 — b1)d. They
imply a1 = b1, ao = 0 and a4 = 0, a5 = b1, because in both cases the entry «
of the representative g has its maximal possible degree, but the polynomial §
has less degree than it is possible.

e In the case where the degree of p is not the maximal possible one we
consider the equation a7t = bsp + bgt, which yields a7 = bg and b5 = 0,
since ¢ is of its maximal possible degree and p is not of its maximal
possible degree. From the equation a4+ ase +agp = bad + bse we deduce
(b1 — bg)e + agp = b2d and hence by = by, because in this equation only
the polynomial ¢ is of its maximal possible degree. Now the remaining
equations are agp = b2d, agp = baar, ast = bsa and agt = bsd. Since ¢
and p are coprime polynomials and « has degree n’ > 0 it follows that
there exists an element b € k with a3 = ba, ag = bd ba = bp and bs = be.

e Now consider the case where p has its maximal possible degree. Here we
start again with the equation a7t = bsp+bgt. The degree of p is n—m and
whence greater than zero. Moreover, the polynomials p € k[t] \ k and ¢
are coprime. Therefore we deduce a7 = bg and b5 = 0. With the equation
a4y + as0 + agt = b3d + bse + bgh we find (b1 — b6)9 + agt = b3d, which
means by = bg due to the fact that 6 has its maximal possible degree and
the other two polynomials do not have their respective maximal possible
degree. Next we have the equations a3t = bsa, agt = b3d, agp = bad and
aszp = baa. Since the polynomials a and § are coprime and the degree
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of p is greater than zero, there has to be an element b € k such that
bs = bp, a3z = ba, ag = bd and bg = be.

a bp b
In both cases we found H, ,y gNgHpm =< g0 a 0| |a€k* andbek
0 0 a

So |Hys g N gHpm| = q and hence |[M ™ H,y M N Hy, 1| = ¢ for all possible
representatives M for a double coset with lower left entry equal to zero.
By Lemma [3.5.12] 2.a) we obtain |[Y70 | = (¢ —1)(¢*> — 1)g" ™ (¢ —
D(g® = g2 = (¢ — 1)*(¢> — 1)°¢*™*". Thus,

9=0

T I ! ‘
n’,n’,nm —1 _
T o Ti] M~ Hp oM N Hyo| = (

(g—1)%(g?—1)%¢%4+! o
2@ 2(g-Dg2n s 1T
(¢ + g
There are (g+1)¢*~™~* double cosets for the case with representatives having
lower left entry equal to zero.

Now suppose ¥ # 0: Using multiplication with a suitable matrix from H,,
we may assume ¥ = 1 and a = 0 = § and if we additionally multiply with
a suitable matrix from H, , we can work with p = 0 = «. We choose the

0 6 v
matrix g := [0 & 6| with deg(y) = n + n is the maximal possible one
100
and det(g) = f as a representative for the double coset of M. Then, it follows
g_lHn’,n’g =
(9) 0 1 a1 as as 0 8 « ar az as
7 _% 0 as a5 ag 0 ¢ 60 | as a5 ag | € Hn/,n’ =
- 2 0J\0o 0 a/ \1 00 0 0 ay
ay 0 0 a; as as

0— 0 — 0 0)— 0
azf—agy (a1B8+aze)—v(aaB+ase) (a1v+a20)—v(asay+as0) | as a5 ag € Hy

agB—ase  —e(a1Btaze)+f(asftase)  —e(ary+az0)+pB(aay+asf) 0 0 ar
f I f

We consider matrices in g_lHnrvn/ gNH,, . Here the equalities aze = a8 and
a3l = agvy hold. Since 0 and  are non-zero coprime polynomials it follows
that v divides ag. With deg(y) = n+n’ > n’ > deg(as) we conclude az = 0
and hence ag = 0. Moreover, the equality ase? = (a5 — a1)fe + as8% implies
as = 0 = a4 and as = a1, because 8 and ¢ are coprime polynomials that are
not both in the field k. We obtain

a; 0 O
9 Hy g N Hy = 0 a1 0| |ai,ar €k* 3. Thus [g7 Hy g N
0 0 m

Hym|l=q—1
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According to Lemma [3.5.12] 2.a) we get \Tz?ﬁg,nm| = (¢ — 1)g" ™ *2(q —
1)(q2 . 1)qd+2n—m+2 — (q _ 1)2(q2 _ 1)q2d+4' This leads to
el 1 (g—1)2(g?—1)g>*H+1
m‘g Hyr g N Hn,m‘ = (@1 (P —q)2" +2(q—1)2¢2n+3 (q - 1) =
qd—m—2.

Hence, in the case where the lower left entry of a representative of the double
coset is a non-zero element in k, we get ¢¢~"~2 double cosets. Then we have

to sum up the number of double cosets in both cases (cf. and [2(r)i)).
d) n’ > m’ > 0: The degree restraints for the entries of M are given by

deg(a) <n', deg(B) <n+n'—m, deg(y) <n+n', deg(d) < m/, deg(e) <
n—m-+m, deg(f) <n+m’', deg(¥) <0, deg(p) <n—m, deg(t) <n.

In this case we see again, that there are two different types of double cosets,
i.e. double cosets with representative, that has a zero entry in the lower left
corner or double cosets, where the representatives have non-zero entries in
the lower left corner.

Suppose ¥ = 0. Moreover, we may assume A = 1, i.e. det(M) = 1(ae —03) —
p(af — 07) = f. Then we compute

M~'Hy M =
ee—pd  yp—Br Bl—ey
T ap az az\ [a B v ap az as
_% % 7}(1 0 a4 as 0 ¢ 0 ’ 0 as as € Hn/,m/
dbp _ap ae—dp 0 0 ag 0 p 0 0 ag
f f f
(st=pO)(ajatagd)+(vp=Bt)(agd) (et—pb)(ajBtagetazp)+(yp—Bi)(agetasp)+(B0—ev)agp (et—pb)(ajvy+agdtaz)+(yp—Bi)(agb+tast)+(BO—ev)age
f f f
—di(agatagd)tar(ayd) —du(ayBtagetagp)tar(agetagp)+(dy—ab)agp —du(ayy+agb+agi)tar(agf+tagt)+(dy—ab)age
f
dp(agatagd)—ap(ayd) dp(a1Btagetagzp)—ap(agetagp)+(ac—3B)agp dp(ajy+agbtagt)—ap(agb+tase)+(ac—dB)age
f ! f
ay; ag as
0 aq4 as EHn/,m/
0 0 Qg

Now we intersect this set with H,, ,,: The lower left entry has to be zero, i.e.
(a1 —aq)a+az6 = 0. Since o and ¢ are coprime polynomials and at least one of
these two polynomials has its maximal possible degree, we deduce a; = a4 and
az = 0. Moreover, we have dp(a15+aze+asp)—ap(ase+asp)+(ac—35)agp =
0, which implies 0 = (ag — a1)(ae — I8) + p(azd — asa). Because of the
Irreducibility of f, we conclude that ae — §3 and p are coprime polynomials
and both are non-zero. Together with the condition that at least one of these
two polynomials has its maximal possible degree, we obtain ag = a; and
a3d = asa. Since a and § are coprime polynomials, where at least one of
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them has its maximal possible degree, there exists some element b € k, such
that ag = ba and a5 = bd. This leads to

apr 0 ba
M_lHn/’m/M N Hn,m = 0 a1 b6 | a € ]{Jx,b ck,,
0 0 aj
whence |M1Hy v M N Hy | = g From Lemma [3.5.12] 2.a) we deduce
Y= — ! — d — —
X900, ol = (@ = 1)(@® = 1)@+ (g = 1)(* = 1) g =mF2 = (¢ —1)%(¢* —
1)2¢%*1. Hence
(R

CN2(.21\2,.2d+1
! M~ Hypy s M 0 Hy | = o (¢—1)*(¢*—1)%q q=

‘Hn/‘m/HHnmJ ,1)2q2n/+3(q,1)2q2n+3 -
(q + 1)2qd—n’+m’—m—4‘
For d > n' —m/ +m+4 > 6 we have (¢4 1)2¢%"+™'=™=4 double cosets with
representatives, where the lower left entry is zero.

Suppose ¥ # 0. From the degree restraints of the entries of M, we see that we
can multiply with a suitable matrix from H, ,, to get ¥ =1 and o = 0 = 9.
Then we can multiply with a suitable matrix from H,, ,, to obtain p =0 = ¢.

0 B8 ~
This is the reason why we may choose g := |0 & 6| with det(g) = f as
1 0 O
representative for the double coset of M. We compute
g_lHn’,m’g =
0 0 1 ay az as 0 ﬂ Y a; az as
% -3 0 <0 ay a5> (0 € 0) | (0 aq a5> € Hypm p =
—< g 0 0 0 as/ \1 0 0 0 0 ag
a30a;6arry 9(a1B+a205)7'y(a4s) 0(a1'y+a2%)7'y(a40) (al @2 a3>
> 7 7 | 0 a4 a5 EHn/7 ’
asﬂ;aaa *€(a15+a]2€€)+ﬁ(a45) 75(a1’y+a;9)+3(a49) 0 0 ag

The intersection with H,, ,,, yields as8 = aze. Since B and € are coprime
polynomials and for degree reasons, we conclude as = 0 = ag. Furthermore,
we get ase = (aq — a1) and hence az = 0 and a; = a4 for the same reasons
as above. Therefore, the intersection is given by

aeg 0 0
gilHn/’m/g N Hn,m = 0 a1 O ’ a1, a6 € k>
0 0 al

Thus |¢7  Hyy 9N Hpm| = g—1. Using Lemma(3.5.12(2.a) we have |T’97é0 | =

n’;m’ nm
(g — 1)g" ™ +2(g — 1)(¢% — 1)g* 22 = (¢ — 1)%(¢* — 1)¢>** and with
2.6.8 we conclude
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940
|Tn/ m/nm| _1N\2(2_ 2d-+4
;m’ -1 — _ (g=D7(g"=1)q 1) —
‘Hn’,m/HHn,m| |g Hn/7m/g N Hn7m| — (Q*1)2q2n/+3(q71)2q2"+3 (q 1) =

(q+ 1)g 2,
which means there are (¢+ 1)q“l*”/+m/*””‘*2 double cosets with representatives

having a non-zero element in the lower left corner. Note that we have d =
n+n—m+n+m'>2+1+2+1>6. Now sum up the number of double

cosets in both cases (cf. and [2(t)1)).

2. n=m>0:

a)

n’ =m’ = 0: Here the degree d = n, deg(y) < n, deg(f) < nand«, 6, U, 3, €
and p are elements in the field k. Multiplication with a suitable matrix from
Hypyieldsa=1=¢,0=9=0=p=pand = f. Hence

10 v 100\ /1 00\ /10 ~ 100
01 6]=fo1o0ffo1o0|[016])]ecHyp|0 1 0|H.,
00 f 001/ \oo f/\oo1 00 f

Therefore we obtain only one double coset in this case (cf. |1(a)ii| and [2(a)ii)).

n’ > m’ = 0: In this case d = n + n’. Note that we necessarily have d > 2,
since n and n’ are both greater than zero. Moreover, the degree restraints for
the entries of M imply §,9,¢e,p € k and deg(a) < n', deg(B8) < n’, deg(y) <
d, deg(d) < n, deg(t) < n. We may assume ¥ = 0 and o = 0 = f (if
necessary multiply with a suitable matrix from H,, ). Moreover, we assume
det(M) = vdp = —f (we choose A\ = —1) and for degree reasons we can
assume v = f. We compute

00 f 100\ /00 f\ /0 p ¢ 00 f
§ e 0)l=(0o1o0|{o1o0|[6c 0]ecHio|l0O 1 0]H,n
0 p ¢ 001/ \t oo/ \oo1 100

Hence, we derive one double coset for this case (cf. [L(a)iv|] and [2(a)iv]).

n’ = m/ > 0: Then the degree of f is given by d = n + 2n’. Furthermore, 1
and p are elements in the field k. If we multiply with a suitable matrix from
H, , we may assume ¥ = 0 = ¢ and p = 1. Multiplication with a suitable

a 0 7
matrix from H,,,  implies ¢ = 0 = 3. Hence, we choose g := [ d 0 0
0 1 0

with det(g) = f as representative for the double coset of M.

We calculate

g_lﬂn’,n’g:
—% } 0 a1 ay a3 a 0 v a; ay as
0 0 1 <a4 as a6> (5 0 9) ’ (CL4 as a6> € Hn’,n’ =
$ -0 0 0 ay/ \0O 1 0 0 0 ay
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—0(a1a+a26)+vy(asatasd) —azf+agy Y(asy+as0)—0(ar1y+az0)

f 7 7 ay az ag

0 ar 0 ‘ ay as ag | € Hn/m/
S(aja+tazd)—a(asatasd) azd—aga —a(asy+as0)+6(a1v+az0) 0 0 a

7 7 i ’

Take the intersection with H,, ,: We have a3d = agar. Since a and ¢ are
coprime polynomials, the degree restraints for «, ¢, as and ag imply that
there exists some element b € k, such that ag = ba and ag = bd. Moreover,
we have the equality (a1 — as)ad + a20? = aqa? in the intersection. Since
and § are coprime polynomials which are not both in the field k, we deduce
a1 = as and as = 0 = a4. This leads to

aq b 0
g_lHn/?n/g NHy,= 0 a; 0| |a,ar €k andbek
0 0 al

We conclude |¢g7 Hyy g N Hy | = (¢ — 1)g. Because of k = 0 and 0 =
n—m < n we get by Lemma [3.5.13 2.b) that | Yy nnl = (¢ — 1)(¢* —
1)2qd+n+m’+n’+3 — (q _ 1)((]2 _ 1)2q2d——3' This implies

[l G ‘

n’,n",n,n

-1 _
[H o THo] g~ Hyr g N Hy | =

(g=1)(g*=1)%¢*?*3 L _d-n—2
(q2_1)(q2_q)qzn’+2(q2_1)(q2_q)q2n+2 (q 1)q_q

double cosets, if d > n + 2 > 3 (cf. [1(f)i and [2(f)1).
d) n’ > m' > 0: To solve this case we use the symmetry and the solution

for the case n. > m > 0 and n’ > m/ = 0. We find (¢ + 1)¢?"~""+"'=2 double
cosets if d =n' +m/ +n >4 (cf. [L(m)i| and [2(m)i).

3. n>m=0:

a) n’ =m’ = 0: These Indices imply d = 2n and

deg(a) <0, deg(B) < n, deg(y) < n, deg(d) <0, deg(e) <n, deg(d) <
n, deg(¥) <0, deg(p) <n, deg(c) < n.

When we multiply with suitable matrices from Hy o and H, o we can choose

1 00
g= |0 e 6] with det(g) = f as representative for the double coset of M.
0 p ¢
We calculate
g 'Hoog =
al aze + asp az0 + ast ai az as
ast—az0 t(asetaep)—0(agetagp) t(as0+ast)—0(agb+agt)
f 7 ‘ as az ag | € H()’o
a7s}a4p —p(a5€+a6p)f+a(a8€+a9p) —p(a59+a6L)f+€(a89+a9L) a7 ag ag
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Intersect with H,, o: We have a4yt = a70. Since ¢ and 6 are coprime polynomi-
als, which are both non-zero, and ay4, a7 € k this implies a4 = 0 = ay. Because
ar az ag
of | 0 as as| € Hpo we conclude (GS a6> € PGLy(k). Now define
0 ag ag a8 a9
h = (; ?) From our computation above we see that the lower right 2 x 2
block of a matrix in g_ng,og N H,, o is a matrix in h~'PGLy(k)hNPGLy (k).
According to Remarkwe have |h PGLa (k)R 'NPGLy (k)| = g+1ifd = 2
1 for €271
q+1
g+ 1 for 1 double coset
For the first row of a matrix in g_lHo,ogﬂHn,o thereis a1 € k* and a9, a3 € k.
Therefore, there are (¢ — 1)q? possibilities for the first row. We conclude the
following:

o ford=2: \g’lHoyog NHyol=(g+1) (¢— 1)g? = (q2 —1)¢?

doubl t
and for d > 4 it is |h PGLa(k)h'NPGLy(k)| = ouble cosets

(g —1)¢* for q’i;jl— L double cosets

(¢> —1)¢*> for 1 double coset
In this case k = 0 and n’ = m’ = 0, hence Lemma [3.5.12 2.c) yields

Y0,0,n
Toomol = (6% = 1)(g = 1)(g* — 1)g***2. By 6.8 we get ropzel =
(P-1)(g=1)(P-DP2 gi o
(-1 (®*-9)*(®*-1)(¢*—q)¢*" T2 — (¢*-1)°

We conclude:

o for d = 2:

o for d > 4: \g_IHO,OQ N Hypol = {

Y0,0,n _ -2 .
7&03"0"1{1)7‘0' |g7 Ho09 N Hp ol = T‘é_ 3 - (¢> —1)¢? = 1. There is only one
double coset in this case (cf. [1(x)ii).

e for d > 4:
[Yo,0m0l _ %% _ ¢%2-1 1 1 g2
\Ho,ollHZ,og[ TN T @D E T @D Whence we have q+1
1= Q(']Tﬁl) double cosets (cf. |1(y)iil and [2(x)iil).

n’ > m’ = 0: Due to the symmetry we deduce from the solution of the
case n = m > 0 and n’ = m’ > 0 that we have ¢>"' =2 double cosets for
d=n'+2n >3 (cf. [1(d)iif and |2(d)ii]).

n=m' >0 Ttisd = 2n+2n > 4 and deg(a) < n/, deg(f) < n +
n', deg(y) <n+n', deg(d) <n', deg(e) <n+n', deg(f) <n+n', deg(¥) <
0, deg(p) < n, deg(t) < n. Consider the multiplication with matrices in

Hyy  from left and matrices in H,, o from right. Via this multiplication the
lower left entry ¢ is only multiplied with some elements in k*. Therefore, we
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have exactly two different cases for a representative of a double coset: ¥ =0
or ¥ # 0.

First case ¥ = 0:

We start by choosing a suitable representative for the double coset. Again by
multiplication with matrices from H,, , from the left and matrices from H, o

a By
from the right we can find a representative g := | § ¢ 6 | for the double
0 p

coset, such that only the entries on the diagonal of g have their respective
maximal possible degree. With this representative we want to calculate the
intersection of

Hn’,n’g =
a4+ a2 a1+ ase +asp a1y + a0 + ase a1 as as
asoe+asd  asfS+ase +asp asy+asl +ae | | [as as as | € Hy o
0 arp art 0 0 ay
and
bia by + by + by bz + b+ bry by by b3
gHmQ = 010 bod + bge +bgl  b3d + bse + b7 | 0 by b5) € Hn70

0 bap + bet bsp + b7t 0 bg by

In the intersection we have (a1 — b1)a + a0 = 0 = agar + (a5 — b1)d. Now
« and § are coprime polynomials, hence « divides as and as — b;. But ao
and as — by are elements in the field and the polynomial « is of its maximal
possible degree, in particular, deg(ar) = n’ > 0. Therefore we obtain ag = 0
and as = b;. Since a # 0 the two equations above give us a; = b; and
ay = 0. The equations (by — a7)p + bgt = 0 = bsp + (b7 — a7)t have to
be fulfilled in the intersection H, , g N gH,o. We know that p and ¢ are
coprime polynomials and ¢ has degree n > 0. Whence, we find similar to
the arguments above that by = a7y = by and bg = 0 = bs. Next we use the
equation a4 + ase + agp = bod + bye + b, i.e. bad + (by — by)e = agp. Here
we see that deg(p) < n, deg(d) < n’ and deg(e) = n+ n’ imply by = by. Now
there are the equations aszp = bacx, bad = agp, ast = by and b3d = age left.
Since p and ¢ are coprime polynomials « has to divide a3. For degree reasons
there has to exist an element b € k with a3 = ba. It follows by = bp, ag = b
and bg = be. We derive

a bp b
HywgNgHpo=49|(0 a 0||ack*andbek
0 0 a

Thus |Hyy g N gHp ol = q and whence |g7 H,y g N Hy 0| = g. According to
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Lemma 3.5.12) 2.a) we have [T00 o = (¢ — 1)(¢* — Dg¥ 1 (g —1)(¢? —

1)gt2n=mF2 = (g — 1)2(¢% — 1)2 2d+1 Therefore,
| TY¥=0

nnnO

‘H/ /HHnO| ‘g n, /gmH

(4=1)%(¢>~1)%¢*** g = gd—4
( 2—1)(q2—q)q2n'+2(q2_1)(q2_q)q2n+2 q=4q .

So there are ¢®=* double cosets, where the lower left entry of a matrix in this
double coset is equal to zero.

Second case ¥ # 0: If we multiply with a suitable matrix from H,, , we
may assume ¥ = 1 and @ = 0 = §. Furthermore, multiplication with a
suitable matrix from H, o yields p = 0 = «. Hence, we choose the matrix

0 8 ~
g:=[0 & 6| with deg(y) =n + n' is of its maximal possible degree and
100
det(g) = f as a representative for the double coset of M. It follows
—IH —
g n'm'g =
2 0 1 a1 ay as 0 B ~ a; az ag
7 —% 0 a4 G5 Gg 0 ¢ O0)||as as ag| € Hypy p =
—= £ 0/ \0 0 a/ \1 0 0 0 0 ay
ar 0 0 ay az ag
azf—aesy 9(a15+a26);7(a45+a56) 9(017+a29);7(a47+a59) ’ as as ag| € Hy,
aﬁﬁ;asa *5(a15+a2€);r5(a4,3+a55) 76(a1'y+a29)f+,8(a4'y+a59) 0 0 ar

The next step is to consider the intersection g_lHn/m/ gNHy o: Here the equal-

ities a3l = agy and asze = agf hold. Since 6 and v are coprime polynomials

it follows that v has to divide ags, but then deg(y) = n+n’ > n > deg(as)
al a

implies a3 = 0.Whence it follows 0 = ag. Moreover, the matrix W a is
4 G5

an element in the group PGLa(k) and if we define h := (f g), the lower
right 2 x 2 block in the intersection g_lHn/m/g N H, o is nothing else than
h~' PGLy(k)h N PGLy (k). By B.7.3 we deduce for d > 4: [h~' PGLa(k)h N

1 for =1 double coset
PGLy (k)| = or “grr double cosets . For the first column in the in-
q+1 for 1 double coset

tersection we have a7 € k>, hence there are g— 1 possibilities for this column.

g—1 for4 L double cosets

T
¢> —1 for 1 double coset

. 940 / /
Using Lemma [3.5.12] 2.a) we get |Tn7fn,’n70] = (¢ — D)g" T +2(q — 1)(¢* —
1)g@t2=—m+2 = (¢ — 1)%(¢% — 1)¢**+*. We compute

In total we have |¢ ' H,prg N Hy,
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T im0l (g=1)2(¢?—1)g**+* _ g
[Hyr e [[Hnol ™ (2-1)(2—q)a®" +2(¢2—1)(¢>—q)g?"+2 — (¢°—1)
d—2
q -1 1

1
s s 1(q?—l)'

d— d—3
This implies £ q—il_ Li1= w double cosets in the case, where the lower

left entry of the matrices in this double coset is a non-zero element in the
field k. Sum up the total number of double cosets in both cases (cf. and

2(y)i)-

n’ > m’ > 0: Now we can use again the symmetry this time together
with the solutions of case n > m > 0 and n’ = m’ > 0. This leads to
d=2n+n'+m’ > 5 and we make the case distinction for the elements in the
double coset, wether they have a zero entry in the lower left corner or not,
i.e. 9 =0ord#0. For 9 =0 we obtain (q+ 1)¢g% "+ ~* double cosets and
the number of double cosets with 9 # 0 is given by ¢%™*™' =2 The sum of
these two numbers gives us the total number of double cosets in this case (cf.

and .

4. n=m=20:

n’ = m/ = 0: This is not possible, since d > 0.

n’ > m’ = 0: By symmetry and case n =m > 0 and n’ = m' =0 we
obtain that for d = n’ we have one double coset (cf. and .

n’ = m'’ > 0: We can use again the symmetry together with the
solutions of case n > m = 0 and n’ = m’ = 0. Then we find d = 2n’
and there is only one double coset for d = 2 (cf. [L(x)i) and if d > 4 we get

% double cosets (cf. [L(y)i and |2(x)i]).

n’ > m’ > 0: According to the symmetry and the solution of case
n>m>0andn =m =0 we know that d = n/+m/ and we find ¢4+ 2
double cosets in this case, if the degree satisfies d > n’ —m/+2 > 3 (cf.

and [2(d)i]).

3.7.3. The case kK >0, i.e. d>2n+n" —m+m'

In order to solve this case we distinguish again between 16 subcases, corresponding to
all possible combinations for the Indices n, m and n’,m/'.

1.n>m>0:

a)

114

n’ > m/ > 0: In this case we have the following degree restraints for the
entries of M:
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deg(a) < k+1n/, deg(B) < k+n—m+n/, deg(y) < k+n+n', deg(d) <
k+m/, deg(e) <k +n—m+m', deg(f) < k+n+m', deg(¥) <
Kk, deg(p) < k+mn—m, deg(t) < k+n.

By multiplication with elements from H,, ,, and H,, ,, we can not change
the degree of ¥, since this multiplication induces for ¥ a multiplication with
some non-zero element in k. Moreover, the multiplication with elements from
H,, m and H,y py induces for the entries § and p just a multiplication by some
non-zero element in k£ and adding a scalar multiple of . Hence we consider
the following six subcases:

e If ¥, 4 and p have all not their respective maximal possible degree, then

a B oy
we choose as representative the matrix g:= | d e 60| with o, € and ¢
T p oL

of their respective maximal possible degree and all other entries of g have
less degree than it is possible. Furthermore, if ¥ # 0 we choose g such
that ad = b with a € k and b € k[t], deg(b) < m’ implies a = 0 or § = 0.
Similar for p instead of §.

e If ¥ and p have not their respective maximal possible degree, but § has

a B v
its maximal possible degree, we choose g :== | d & 6|, where §,
9 p oL

and ¢ are of their respective maximal possible degree, deg(a) < deg(d)
and the two entries § and ~ have less than their respective maximal
possible degree. Moreover, if we have ¥ # 0 we choose g such that
ap = b with @ € k and b € k[t], deg(b) < n —m implies a = 0 or
p = 0. (If the degree of « is greater than the degree of § we can multiply
1 _adeg(a)tdeg(a)fﬁfm’ 0
with the matrix | 0 1 0| € Hy yy from the left to
0 0 1
decrease the degree of a by 1. When we do this multiplication successive
deg(a) — kK — m’ + 1 times, where the degree of « in the matrix is in
each step one less than the degree in the step before, then we can assume
deg(a) < deg(6)). Note that we do not say anything about the degree of
€. This is necessary to make our above assumption that ap = b implies
a=0or p=0.

e If ¥ and & have not their respective maximal possible degree, but p has

a By
its maximal possible degree, we choose g:= [ § ¢ 60 ], where p, § and
9 p ot

« are of their respective maximal possible degree, deg(1) < deg(p) and
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the two entries 8 and v have less than their respective maximal possible
degree. Moreover, if we have 19 # 0 we choose g such that ad = bv with
a € k and b € k[t], deg(b) < m’ implies a = 0 or § = 0. (Analogously
to the previous case we can multiply successive with a suitable matrix in
H,, m from the right to find deg(c) < deg(p)).

e If ¥ has not its maximal possible degree and § and p are both of their
respective maximal possible degree, we take as representative the matrix

a By
g:=|6 e 0], whered, pand - are the only entries of their respective
9 p ot

maximal possible degree.

e If ¥ and € have their respective maximal possible degree, we choose g :=

a B o
0 € 6| with 9, € and « of their respective maximal possible degree
9 p ot

and all other entries have less degree than it is possible as representative
for the double coset. Additionally we choose § = 0 or it is not possible to
find some non-zero element a € k with ad = b for some suitable b € k[t].
Similar, we choose p = 0 or ap = b with a € k,b € k[t] implies a = 0.

e If ¥ has its maximal possible degree and € has not its maximal possible

a B oy
degree, we take g := | § e 6| with ¥, 8 and 6 of their respective
V)

maximal possible degree and all other entries of less degree compared
to the maximal possible degree, respectively, as representative for the
double coset. As in the previous case we choose additionally § = 0 or
it is not possible to find some non-zero element a € k with ad = b for
some suitable b € k[t]. And analogously, we choose p = 0 or ap = b with
a € k,b € k[t] implies a = 0.

Next we intersect the sets

Hn’,m’g =
a1+ a9d + as¥ a1+ ase +asp ayy + asf + ast a1 as as
a4d + as? a4€ + asp a4l + ast || 0 as as| € Hy py
ag agp agl 0 0 ag
and
by baar +byB bz + bsB + bey by by b3
an,m = b10  bod +bse  b3d + bse + bgl | 0 by by € Hn,m

b1 b 4+ byp b3V + bsp + bst 0 0 bg
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e Consider the first case for the representative g, i.e. the only entries of ¢
with their respective maximal possible degree are those on the diagonal.
Then the equation ajo + agd + agt? = bi implies a1 = b; and hence
a0 +as¥ = 0. From aqe 4+ asp = bad + bse we deduce aq = by and whence
asp = b2d. Using agt = bs) + bsp + bt we get ag = bg and 0 = bgd + bsp.

If ¥ = 0 it follows from the determinant of g and the Irreducibility of f
that 6 # 0 # p. With aqd+as9 = b1 we have ay = by and agp = ba0+byp
yields ag = by. Furthermore, 0 = b3+ bsp implies a5 = 0 and asd+asg? =
0 yields as = 0. The remaining equations are asp = b2d, azp = bacv, ast =
b3d and ast = bsa. Since ¢ and p are coprime polynomials we conclude
that « divides ag, but deg(a) = kK +n’ > n’ > deg(as), which implies
a3 = 0 and hence a5 = 0 = by = b3.

If ¥ # 0, we consider the four possibilities for § and p: Suppose § = 0 = p.
From agd = b1 we get ag = b1. Using a4+ asv = b16 we deduce as = 0.
Moreover, a2d + a3 = 0 yields a3 = 0, agp = ba?+byp implies by = 0 and
0 = b3+ bsp gives bg = 0. Then the equation (a1 —bg)5+ aze = 0 is left.
Since ¢ and (3 are coprime polynomials and deg(¢) = k+n—m+m' >0
we deduce as = 0 and a1 = bs. From bze = 0 we get b5 = 0.

For § # 0 = p we have ag = b1 because of agt) = b1¥). From the equation
(ag — b1)d + a5 = 0 we conclude as; = 0 and agy = by according to
our choice of the representative g. This implies b2) = 0 and whence
bo = 0. Some remaining equations are ad + as’ = 0 = age + agp and
b3 + bsp = 0 = b3d + bse. Due to Lemma a) we obtain ag = 0 = ag
and b3 =0= b5.

Suppose § = 0 # p. We have again agt? = b11, i.e. ag = b1. The equation
a4d + asz¥ = b1 implies a5 = 0. Using agp = b2 + byp and our choice
of g we conclude ag = by and by = 0. Similar to the previous case, by
Lemma m a), the remaining equations a20 + a3 = 0 = age + agp and
b3 + bsp = 0 = b3d + bse yield as = 0 = a3 and bs = 0 = bs.

For 0 # 0 # p the equations agtd = b1, a4d + as¥ = b1d and agp =
bo + bgp imply ag = by = a4, a5 = 0 and by = 0. Similar to the both
cases above the remaining equations are a2d + asz = 0 = ase + asp
and b3 + bsp = 0 = b3d + bse, which yields with Lemma m a) that
(12:0:@3 andb3202b5.

e The second case is deg(¥) and deg(p) are not maximal, respectively, but
the degree of 0 is maximal. From a4 4+ a5 = b6 we deduce a4 = by
and a5’ = 0. Furthermore aja 4+ a2d + a3’ = bja implies as = 0 and
(b1 — a1)ar = agv due to our choice of the representative g. The equation
agt = b3 + bsp + bgt yields ag = bg and b3 + bsp = 0.
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If ¥ = 0, then we necessarily have p # 0 # «, because the polynomial f is
irreducible. Therefore we conclude from the equations (ag — by)p = 0 =
bsp and (a1 — b1)a = 0 that ag = by, b5 = 0 and a; = b;. Hence we have
the equation (aq —b4)B8+asp = bocr, which is only possible for a4 = by and
asp = bea. The remaining equations are agp = bocr, asp = bad, ast = b3d
and ast = bsa. Since o and § are coprime polynomials we derive from
these equations that ¢ has to divide bs. Now deg(t) = k+n > n > deg(bs)
implies b3 = 0 and whence a5 = 0 = a3 = bs.

If 9 # 0 we can use (ag — b1)Y¥ = 0 = as9 to obtain ag = by and a5 = 0.

For p # 0 # 9 the equation (ag — by)p = ba¥} gives us ag = by and
ba = 0, since we have chosen g such that this equation is only possible
for ag = by and bg = 0. From the equation (a; — by)B + agp = 0 we can
deduce a; = by and agzp = 0, i.e. ag = 0. We have now the equations
b3 + bsp = 0 = b3d + bse. When we apply Lemma m a) to these two
equations we find b3 = 0 = bs.

For p = 0 # 9 we have by = 0 = b3t} and hence by = 0 = b3. Moreover,
since f is irreducible we conclude from the determinant of g that € has to
be non-zero. Therefore the equations (ag — by)e = 0 = bse imply aq = by
and b; = 0. Now there is the equation (a; — by)S = 0 left, which means
a1 = by. Then a3 = 0 because of agtt = 0.

Now we compute the intersection for a representative of the third case,
i.e. ¥ and 6 have not their respective maximal possible degree, but p
has. aia + a2d + ag’¥ = by implies a1 = by and a2d + ag’¥ = 0. We
use agp = bot) 4+ byp to observe that ag = by and 0 = by). From agt =
b3 + bsp + bt we deduce bs = 0 and (ag — bg)t = bs). The equation
a40 + ast = b3d + bse + bgb yields ay = bg and a5t = b3d.

If ¥ = 0, then § # 0 # ¢, because the polynomial f is irreducible. This is
the reason why (a4 — b1)d = 0 = a2d and (ag — bg)t = 0 imply a4 = by,
as = 0 and ag = bg. Hence there are the equations ast = b3d, agp =
bacr, asp = bad and ase = bsa left. Since the polynomials « and § are
coprime we obtain that p divides by. With deg(p) = k+n—m >n—m >
deg(b2) we arrive at by = 0 and whence a3 = 0 = b3 = as.

Suppose ¢ # 0. Due to the equations (ag—b1)9 = 0 = ba? we find ag = by
and bg = 0.

For ¥ # 0 = § we have a3 = 0 = a5 which means ag = 0 = a5. Since
f is irreducible we know from the determinant of g that € has to be non-
zero. Therefore we can use (ag — by)e = 0 = age to conclude aq = by and
az = 0. Now b3t} = 0 gives us by = 0.
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For 9 # 0 # & we can use our choice of the representative g together with
the equation as? = (by — a4)d to derive by = a4 and a5 = 0. Next we
apply Lemma m a) to the equations agd + a3y = 0 = age + agp to get
az = 0 = a3. The remaining equation b3} = 0 is equivalent to bs = 0.

Next we want to compute the intersection for the fourth case, which
means ¥ has not its maximal possible degree and p and § are both
polynomials of their respective maximal possible degree. The equation
a40 + az9 = b1 gives aqg = by and as¥ = 0 and from agp = bo) + byp we
deduce ag = by and 0 = by1). Furthermore a1y+as0+ast = bsa+bs8+bgy
implies a1 = bg.

Suppose ¢ = 0, then « and § as well as p and ¢ are coprime polynomials.
Moreover deg(p) and deg(d) are both greater than zero. Thus (a3 —by)a+
a20 = 0 and (ag — bg)t = bsp yield ay = by, aa = 0, ag = bg and by = 0.
Therefore the remaining equations are asp = b2d, aszp = boa, ast = b3d
and asgt = bga. Hence 6 divides a5 and deg(d) = k +m/ > m’ > deg(as),
which implies a5 = 0 and whence b3 = 0 = a3 = bo.

If ¥ # 0 we conclude from (ag — b1)Y = 0 that ag = b1 and the above
equations as? = 0 = bot} imply a5 = 0 = by. Consider the equations
(al - bl)Oé + CL2(5 + CL319 =0= (a1 — bl),B + ase + asp.

Due to Lemmam b) we have a1 = by and as = 0 = a3. Then we apply
again Lemmama) to the remaining equations b3d+bse = 0 = bga+bs
to get b3 =0= b5.

The fifth case is ¥ and € have their respective maximal possible degree.
We conclude from (ag—b1)¥ = 0 that ag = by and the equation ase+asp =
b2d + bye implies a4 = by and asp = bad. According to a1y + a0 + azt =
bz + bs 8 + bgy we have a1 = bg.

Suppose § = 0 = p, then « and ¥ as well as ¢ and ¥ are coprime polyno-
mials and the degree of ¥ is greater than zero. Therefore the equations
(a1 — bl)Oé + a3 = 0 and (a6 . bG)L = b3 yield a3 = b1, a3 =0, ag = bg
and b3 = 0. Moreover, az?d = 0 = by implies a5 = 0 = by. Since € # 0
we derive from ase = 0 that ag = 0. To finish this case we use bse = 0 to
get b5 =0.

For § # 0 = p we use our certain choice of g to derive from (as — b1)d +
as¥ = 0 and by = 0 that ag = by and a5 = 0 = by. Since ¥ € k[t] \ k and
¢ are coprime polynomials we deduce from (ag — bg)t = b3¥) that ag = bg
and bs = 0. Hence there are the equations asd + a3t = 0 = ase + asp
left. Due to Lemmam a) this means as = 0 = ag. Now bse = 0 yields
bs = 0.
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If 6 = 0 # p the equations az?¥ = 0 and (ag — bsg)p = bed) imply a5 =
0 = by and ag = by due to our choice of g. Moreover, o and 9 are
coprime polynomials and deg(d¥) > 0, which yield a; = b; and a3 = 0
from the equation (a; — b1)a + azy = 0. Using aze = 0 and ¢ # 0
we obtain az = 0. With Lemma m a) the two remaining equations
b3(5 + b5€ =0= b3’l9 + b5p yield b3 =0= b5.

Suppose § # 0 # p, then with our certain choice of g we deduce from the
equations (ag — b1)d + as¥ = 0 and (ag — by)p = be?) that ag = by, a5 =
0 = by and ag = by. We have then the equations (a3 —by)a+ a2d + a3t =
0 = (a1 — b1)B + age + azp. Using Lemma b) we conclude a; = by
and ao = 0 = a3. We have again the equations b3d + bse = 0 = by + b5 8
left, which means by Lemma a) that b3 = 0 = bs.

The last case is when ¥ has its maximal possible degree, but ¢ has not
its maximal possible degree. From (ag — b1)9 = 0 we deduce ag = by.
According to a18 + ase + agp = boax + by we conclude a7 = by and
ase + agp = boa. As a4 + ast = b3d + bse + bgh we get ay = bg and
ast = bgd + bse.

Suppose 6 = 0 = p. This implies that « and ¥ as well as ¢ and ¥ are
coprime polynomials. Together with deg(9) > 0 and (a; —b1)a+agd =0
and (ag — bg)t = b3 we conclude a3 = by, az = 0 = by and ag = bg.
Furthermore we have as? = 0 = by}, which gives us a5 = 0 = by. Since
f is irreducible we know that ¢ is non-zero in this case, hence we deduce
from ase = 0 = bse that as = 0 = bs.

For § # 0 = p the choice of g and the equations (a4 — b1)d + a3 = 0
and by} = 0 imply a5 = 0 = by and a4 = by. Since € # 0 we deduce
aq = by from (ag — bg)e = 0. Using Lemma a) for the equations
b3} 4+ bsp = 0 = b3d + bse we get b3 = 0 = bs. Now we can again apply
Lemma a) to age + azp = 0 = agd + az? to find ay = 0 = as.

If 6 = 0 # p we derive from as¥ = 0 and (ag — bg)p = be?) with our choice
of g that a5 = 0 = by and ag = bs. Furthermore we know that o and
¥ are coprime polynomials, which implies together with deg(d) > 0 and
(a1 — b1)a+ az¥ = 0 that a3 = 0 and a; = b;. Now we deduce from the
fact that f is irreducible, the entry ¢ is non-zero and that is why we get
ay = by and az = 0 from (aq4 — bg)e = 0 and aze = 0. Using again Lemma
3.5.7 a) we obtain bg = 0 = b5 from bsa + b5 3 = 0 = bg) + bsp.

The last possibility is § # 0 # p. Then by our certain choice of g the
equations (ag — bs)p = bat? and (ag —b1)d + az? = 0 lead to ag = by, by =
0 = a3 and a4 = b;. The remaining equations are asd + asty = 0 =
ase + azp and b3d + bse = 0 = b3} + bsp. Applying Lemma m a) to
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these equations we get ao = 0 = a3 and b3 = 0 = b5.

In all these cases we computed that the intersection H, ,,»g N gHy, m is equal
to the set {a1g | a1 € k*}. Therefore the intersection in this case is trivial,

ie. |Hy g N gHpm| = g%} =1

According to Lemma [3.5.12 3. we have | Y,/ nm| = (¢ — 1)%(¢* — 1)*(¢* +
q + 1)¢**. We conclude that there are

[T 0s m? iyl —1)2(2—1)2(¢>+q+1)¢*¢ —on/—on—
e = S M = (¢ V(¢ + q 4 1)g> =2 =20
double cosets in this case, if d >n+n'+3>2+2+4+3 =7 (cf. and
2(w)i).

n’ =m’ > 0: In this case the degree restraints are given by

deg(a) <k +n', deg(B) < k+n—m+n', deg(y) <k +n+n, deg(d) <
k+n', deg(e) <k+n—m+n', deg(0) < k+n+n', deg(¥) <k, deg(p) <
k+n—m, deg(t) < k+n.

If we consider the multiplication with matrices from H,, ,  and H, ,, for the
double coset we see that we can multiply ¢ only with some non-zero elements
from the field k, i.e. the degree of ¥ does not change by this multiplication.
Moreover, p can be multiplied with some non-zero element from k and we
may add some multiple of ¥. This observation leads to the following case
distinction:

e If ¥ and p have both not their respective maximal possible degree we

a B oo
choose as representative for the double coset the matrixg:= | d ¢ 6],
9 p ot

where the only entries with their respective maximal possible degree are
those on the diagonal of g. Moreover, if ¥ # 0 we choose g in such a way
that p = 0 or the equation ap = bV for a € k,b € k[t] with deg(b) < n—m
implies a = 0.

e If ¥ has not its maximal possible degree, but p is of its maximal possible

a By
degree we take the representative g := | 6 e 6 | with p, a and 0 of
9 p ot

their respective maximal possible degree and all other entries of g have
less degree than it is possible. Furthermore we choose g such that we
have ¢ = 0 or the equation ae = bp for a € k,b € k[t] with deg(b) < n’
yields a = 0.

e If ¢ is some polynomial of its maximal possible degree we can choose
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a By
g:=16 e 6| with ¢, € and ~ of their respective maximal possible
9 p oL

degree and all other entries have not their respective maximal possible
degree as representative for the double coset. Additionally, we assume
that @ = 0 or we can not find some a € k*, b € k[t], deg(b) < n' with
aa = by,

Now we want to compute the intersection of

with

Hn’,n’g =
ara+ a9d + ast a1+ ase +asp ayy+ asf + ase a1 as as
asoe+ a5 + ag¥  asff+ase +asp asy+asl +ac | | [as as as | € Hy
a7 arp art 0 0 ar
b baar +bsB bga+ b5B + bey b1 by b3
an,m = b10  bd +bge  b3d + bse + bgl | 0 by bs| €eHym

)

b1 bo¥ +bgp b3+ bsp + bge 0 0 bg

for all possible representatives g.

e For deg(¥) and deg(p) are both not maximal we use the equation asa +

as0 + ag¥ = b6 to deduce agy = 0 and (a5 — b1)d + ag = 0. From
aja + asd + az’d = by we get a1 = by and asd + az’? = 0. According
to ayf + ase + agp = bad + bye we see that a5 = by and agp = b2d. The
equation a7t = bg 4 bsp + bgt implies a7 = bg and 0 = b3 + bsp.

If ¥ = 0 we conclude from (a5—b1)d+ag? = 0, agd+az? =0, (a7—bg)p =
0 and 0 = b3 + bsp that we have a5 = by, as = 0, a7y = by and bs = 0,
since § # 0 # p according to the determinant of g and the Irreducibility of
f- The remaining equations are given by asp = bacx, agp = b2d, agt = b3d
and agt = bza. Since « and § are coprime polynomials we deduce that
¢ has to divide bs. With deg(t) = kK +n > n > deg(bs) it follows b3 = 0
and hence ag = 0 = by = ag.

Suppose 9 # 0 then (a7 — b1)9 = 0 implies a7 = b;.

For p = 0 the equations b} = 0 = b3 yield b = 0 = b3. Since € and [ are
coprime polynomials and deg(g) > 0 we conclude from (a1 —b4)S+a2e = 0
that a1 = by and as = 0. Using the equations azv) = 0 = ag we see that
a3 = 0 = ag. Now bse = 0 implies b5 = 0.

For p # 0 we deduce due to our certain choice of g from (a7 — bs)p = b9
that ay = by and bs = 0. Then agp = 0, which means ag = 0. Thus the
equations b3d + bse = 0 = b3t + bsp and a20 + azt = 0 = asd + az? yield
b3 = 0 = b5 and ay = 0 = ag if we apply Lemma a).
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e If ¥ has not its maximal possible degree and p is a polynomial of its
maximal possible degree we conclude again a4 = 0 and (a5—by1)d+agt? = 0
from aqa + a6 + ag¥ = b16 as well as a1 = b; and a9d + a3’ = 0 from
a1+ azd + ag’ = bya. Furthermore the equation (a7 — by)p = bot} yields
a7 = by and 0 = bett. Using ayqy + as0 + agt = b3d + bse + bg we get
as = bg and agt = b3d + bse.

Suppose ¢ = 0, then by the Irreducibility of f we know that § # 0, which
implies by = a5 and az = 0 because of the equations (b1 —az)d = 0 = a2d.
Due to the fact that ¢ and p are coprime polynomials and the degree of p
is greater than zero we conclude from (a7 — bg)t = bsp that a7 = bg and
bs = 0. The remaining equations are agp = bocr, agp = b2d, agt = b3d
and agt = bga. This implies a divides as, since ¢ and p are coprime. Now
deg(a) = K+ n' > n' > deg(as) yields ag = 0 and whence bs =0 = ag =
bs.

Is ¥ # 0 we know from (a7 — b1)¥ = 0 = bat) that a7 = by and by = 0.

For e = 0 the polynomials p and /3 are coprime. This yields with deg(p) >
0 that ag = 0 = a3 and a1 = by using the equations agp = 0 = (a3 —
by)B + agp. Thus we have (by —a5)d = 0 = ad, which means b; = a5 and
as = 0, since 0 # 0 because otherwise f is reducible. By Lemma a)
we derive by = 0 = by from bza + b5 = 0 = b3 + bsp.

If ¢ # 0 we can deduce from (a5 — bg)e + agp = 0 that a5 = by and
ag = 0 according to our choice of the representative g. Applying Lemma
a) to the remaining equations bsa + b5 = 0 = b3t + bsp and
age + azp = 0 = asd + az?) gives bs = 0 = bs and ag = 0 = as.

e If ¥ is a polynomial of its maximal possible degree we have a; = by
because of (a7 — b)) = 0. According to asf + ase + agp = bad + bse we
deduce as = by and a43 + agp = bad. From a1 + ase + azp = boa + byf
we know ag = 0. Furthermore a1y + a6 + ast = bsa + b5 + bgy implies
a1 = bg and agt = bya + bs .

Suppose p = 0, then bt = 0 yields by = 0. Since ¥} and ¢ are coprime
polynomials and the degree of ¥ is greater zero, the equation (a7 —bg)t =
b3v implies a7 = bg and bz = 0. Thus we have (a1 —b4)5 = 0 = a4, which
gives a1 = by and aq4 = 0, because § # 0 follows from the determinant
of g and the Irreducibility of f. Now we have ag® = 0 = a3? and hence
ag = 0 = az. Applying Lemma m a) to by 4+ bsp = 0 = bz + b5
implies bg = 0 = bs.

Suppose p # 0. For a = 0 we know that p and ¥ are coprime polynomials.
Together with deg(?) > 0 we deduce from (a7 — bsg)p = bet) that ay = by
and by = 0. Thus ag? = 0 = az?}, which means ag = 0 = ag. This
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|Tn/,n/

implies a4 = 0 = (a3 — byg)S and hence a4 = 0 and a; = by, since we
have 8 # 0 according to the determinant of g and the Irreducibility of f.
Due to Lemma a) we conclude from bza + b8 = 0 = b3d + bse that
bs = 0 = bs.

For a # 0 the equation (a1 — b1)a + agd = 0 implies a3 = by and ag = 0.
Using three times Lemma [3.5.7 a) we deduce from by = (a1 — bs)8 =
(b1 — byg)B and ba? = (a7 — by)p = (by — by)p that by = 0 and by = by.
Then there are the equations aqsa + agd? = 0 = a4 + agp who lead to
a4 = 0 = ag. The remaining equations b39 4+ bsp = 0 = bsa + b5 yield
bz =0 = bs.

So we obtain H,/ ,vg N\ gHym = {a1g | a1 € k*} is trivial. Hence |H,y g N

9Hpm| = 1. Due to Lemma |3.5.12| 3. we know | Y/ | = (¢ — 1)2(¢? —
1)2(¢® 4+ q¢ + 1)¢*?. Thus we compute

nml (@121 (P+g+ D)t (q+1)(q2+q+1)q2d—2n’—2n—6

[H o THum| — (¢2—1)(q2—q)@2" +2(q—1)2¢g2n+3

as number of double cosets if d > n'+n+3 > 6 (cf. [L(v)i and [2(v)i).

n’ > m’ = 0: The degree restraints for the entries of M are given by

deg(a) <k +n', deg(B) < k+n—m+n', deg(y) < k+n+n', deg(d) <
K, deg(e) < k+n—m, deg(0) < k+n, deg(¥) < k, deg(p) < k+n—m and

deg(t) < Kk +n.

In this case we distinguish two cases for the representative of the double coset.

e If ¥ and § have both not their respective maximal possible degree we

a By
choose as representative the matrix g := | d & 6 |, such that only
v p ot

the entries on the diagonal of g have their respective maximal possible
degree. Furthermore we choose g such that if ¥ £ 0 we have 6 =0 or ¢
is not a scalar multiple of 4.

If ¥ or 0 has its respective maximal possible degree and the degree of

a By
is its maximal possible one, we take the representative g:= | § ¢ 0
9 p ot

with ¥, € and ~ of their respective maximal possible degree and all other
entries have less than their respective possible degree.

If ¥ or § has its respective maximal possible degree and the degree of ¢ is

a B v
not its maximal possible one, we take the representativeg:= | § & 0
9 p ot
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with ¢, 8 and € of their respective maximal possible degree and all other
entries have less than their respective possible degree.

We consider now the intersection between

Hn’,Og =
ara+ a2d + asz¥ a1B + ase +azp ayy + as0 + ase a1 as as
a4d + asv ase + asp a0 + ast {0 a1 as| € Hyy
agd + arv age + arp agt + art 0 ag ay
and
by baar +byB bz + bsB + bey by by b3
an,m = b10  bod + bae  b3d + bse + bgh | 0 by by € Hmm

b1 b +bgp b3V + bsp + bgt 0 0 bg

Suppose 9 and § have not their respective maximal possible degree. Then
the equation aja 4+ a2 + asz¥ = by« yields a1 = b1 and a20 + azd = 0.
From age + a7p = ba¥ + byp we conclude ag = 0 and (a7 — by)p = ba?).
Using aqe + asp = bad + bse we see that a4 = by and asp = b26. By
CL6(9 + a7l = b319 + b5p + b6L we have a7 = bﬁ.

For 9 = 0 it follows § # 0 # p since f is irreducible. According to the
equations (ag — b1)d = 0 = (a7 — bs)p and a2d = 0 = bsp we deduce
a4y = b1, ay = by, ao = 0 = bs. The remaining equations are asp =
b2, asp = boa, ast = b3d and aszt = bsa. Since a and § are coprime
polynomials we derive from these equations that ¢ divides b3. Because of
deg(t) =k +n >n > deg(bs) we know bz = 0. Hence a5 = 0 = a3 = bs.

Is ¥ # 0 = § then we deduce by = a7, a5 = 0 = a3 from the equations
(a7 — b1)¥ = 0 = a5 = ag?). The equation (aq — bg)# = bse is left. Since
¢ and 6 are coprime polynomials and deg(e) > 0 we conclude ay = bg and
bs = 0. This implies b3¥ = 0, i.e. b3 = 0. Now age = 0 implies as = 0.
For ¢ # 0 # § we have by = a7, since (b — a7)¥ = 0. Due to our choice
of g we get from (a4 — b1)d + as¥ = 0 that ag = b; and a5 = 0. This
yields bod = 0 and hence by = 0. Now we apply Lemma m a) to the
equations a0 4+ azt? = 0 = ase + agp and b3 + bsp = 0 = b3d + bse to
derive ag = 0 = ag and b3 = 0 = bs.

Suppose ¥ and e have their respective maximal possible degree. From
the equation agd = (by — ay)¥ we deduce a7 = b; and agd = 0. Using
(ag —b1)d + asz¥ = 0 we get a5 = 0 and (aq — b1)d = 0. As in the previous
case we use a4€ + asp = byd + bse to see that ay = by and 0 = byd.
According to a1y + a20 + ast = bsa + b5 B + bgy we have a1 = bg.

If § = 0 we know that o and ¢ are coprime polynomials. Moreover the
degree of ¥ is greater than zero. Therefore we deduce from (a1 — b1)a +
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a3? = 0 that a; = b; and a3 = 0. By similar arguments we conclude
ay = bg and bs = 0 from (ag — bg)0 = bse. The equations age = b} and
a2e = bocv imply that € divides by. For degree reasons this yields by = 0
and whence as = 0 = ag. Now b3t} = 0 means bz = 0.

For § # 0 we have a4y = b and by = 0 = ag since (ag — b1)d = 0
bad = agd. So we have the equations (a3 — b1)a + a0 + azd = 0
(a1 — b1)B + age + agp. Next we apply Lemma b) to obtain a; =
b1 and as = 0 = a3. Using again Lemma m a) we conclude from
b3y +bsp =0 = b3d + bse that b3 = 0 = bs.

e We consider now the case where ¥ has its maximal possible degree, but
€ is a polynomial with less degree than it is possible. By the equation
agd + a79 = b1 we conclude a7 = by and agd = 0. From a4 + az9 = b1d
we derive a5 = 0 and (ag—b1)0 = 0. Due to a1 8+ase+asp = baa+byff we
know that a1 = by and ase + agp = bocr. Using the equation a46 + ast =
b3 + bse + bgh we obtain ay = bg and b3d + bse =0

For § = 0 we have necessarily € # 0 since f is irreducible. Then the
equations bse = 0 = (a4 — bg)e lead to b5 = 0 and a4 = bs. Due to the
fact that deg(?) > 0 and the two polynomials ¥ and « are coprime we
can use (by —a1)a = ag¥ to find a; = b; and a3 = 0. Then we consider
the remaining equations age = bot), a20 = by, agh = b3 and ase = boa.
Since € and 6 are coprime polynomials we deduce that 9 has to divide
ag. With deg(¥) = k > 0 > deg(ag) it follows that ag = 0 and hence
ag = bg =0= b3.

For 6 # 0 we use agd = 0 = (ag — b1)d to obtain ag = 0 and a4 = b;. Now
we apply Lemma[3.5.7)a) to the equations bt} = (a7 — ba)p = (b1 — ba)p
and byd = (ag — bg)e = (by — by)e. Therefore we have by = by and by = 0.
Again by Lemma a) we deduce from b3 4 bsp = 0 = b3d + bse and
a26+a319:0:a25+a3pthat b3 =0=bs and as =0 = as.

Now all cases for the representative of the double coset in this case yield that
the intersection is given by H,/ 09 N gHpm = {a1g | a1 € k*}. This implies
|H, 09 N gHpm| =1 and with Lemma [3.5.12 3. we obtain

Toromml  _  (a=D*@?=D*(*+¢+D)¢?? 2 2d—2n/—2n—6
Hor ol[Hnml ™ (q2—1)(a2—q)g>" +2(g—1)2¢>"+3 (+1)(g" +q+1)g==" "

double cosets for d > n' +n+ 3 > 6 (cf. [L(v)iil and 2(v)iil).

n’ = m’ = 0: Now we have the following degree restraints for the entries of
the representative:

deg(a)) < k, deg(B) < k+n—m, deg(y) < k+mn, deg(d) < K, deg(e) <
k+n—m, deg(f) < k+mn, deg(9) < k, deg(p) < k+n—m, deg(t) < k+n.
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By multiplication with suitable matrices from Hy o and H,, ,, we can take as

a B v
representative for the double coset the matrix g := [ § e 6 |, where the
V)

entries on the diagonal have their respective maximal possible degree and all
other entries have less degree than it is possible. Furthermore we may assume
if ¥ # 0 then d = 0 or ¢ is not a scalar multiple of .

We consider the intersection of

Hoog =
a1+ asd + as? a18+ agse +azp ary + ax0 + ast ap as ag
agex + a6 + agV  asf 4+ ase +agp asy +ash +age | | | as as as | € Hop
a7+ agd + ag¥ a7+ age + agp a7y + agh + agt a7 ag ag
and
bia boa+ by bsa+ bsfB + bgy b1 by b3
an,m = b10  bod + bse b3 + bse + bgl | 0 by b5 € Hn,m
b1  bo¥ 4+ byp b3 + bsp + bst 0 0 bg

In this intersection we have the equation ara+agd + a9ty = b1, which implies
a7 = 0 and (by —ag)Y¥ = agd. Moreover, aqa+ az0 + agt = b1 gives us ay = 0
and ag? = (by — a5)d. From aja 4+ a2d + a3 = bja we deduce a; = by and
a0 + az¥ = 0. Using a4f + ase + agp = b2d + bye we conclude a5 = by and
agp = b2d. By the equation ar8 + age + agp = ba) + byp we know ag = 0 and
(ag — by)p = bo). Due to ary + agh + agt = b3} + bsp + bt we have ag = bg,
0 = b3 + bsp.

If ¥ = 0 we know that § # 0 # p since f is irreducible, which yields together
with (b — a5)d = 0 = a6 = (ag — by)p = bsp that by = a5, ag = 0 = b5 and
ag = by. The remaining equations are agp = bocy, ast = bsa, b3d = agt and
agp = bad. Since the polynomials o and ¢ are coprime we know that ¢ has to
divide b3. But then deg(t) = kK +n > n > deg(bs) implies b3 = 0. This means
ag = 0 = by = ags.

If 9 # 0 it follows from (b; — ag)¥ = 0 that ag = 0 = by.

For 0 = 0 the equations ag¥ = 0 = az? imply a3 = 0 = ag. From (a5 —a1)0 =
bse we conclude a5 = a; and bs = 0, because 6§ and € € k[t] \ k are coprime
polynomials. Then the equations ase = boax and a8 = bz« yield that « has
to divide ay. But with deg(a) = k > 0 > deg(az) this is only possible for
as = 0. Hence we have by = 0 = b3 due to the last two equations above.

For § # 0 our choice of the representative g allows us to deduce ag = 0 and
b1 = a5 from the equation ag = (by —as)d. Then we have b = 0, i.e. by = 0.

127



3. Quotient-graphs for certain subgroups of PGL3(F,(t))

Next we apply Lemma m a) to the equations asd + azd = 0 = aq6 + ast
and b3} + bsp = 0 = b3d + bse to obtain ap =0 = a3 and b3 =0 = b5.

So the intersection is given by Hpog N gHpm = {a19 | a1 € k*}. Therefore
|Ho09 N gHy m| =1 and by Lemma |3.5.12| 3. we have

[Toonml _ (¢=1D(¢>=D*(¢*+g+1)g>! _ 2d—2n—6
HoolHnm] = - D@ a 123 = (414

double cosets if d > n+ 3 > 5 (cf. [L(n)i and [2(n)i)).

2. n=m>0:

a)
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n’ > m’ > 0: This case follows by symmetry from n > m > 0 and
n’ > m’ = 0. Hence for a representative g we have |H,/ ,yg N gHp | = 1.
Furthermore, we use Lemma 3. to compute

Yot/ ]l (=D*(P-1)*(P+q+1D)g?? 2 2d—2n'—2n—6
ot Tl = G- 1P g r—q)gzee — (@ F D@ g+ g

double cosets in this case, if d > n' +n+3 > 6 (cf. [L(v)iii and [2(v)iii)).

n’ =m’ > 0: Now the degree restraints are the following:

deg(a) < k+n', deg(B) < k+n/, deg(y) < k+n' +n, deg(d) <
k+n, deg(e) < k+n/, deg(0) < k+n+n', deg(¥) <k, deg(p) <
k, deg(t) < Kk +n.

If we multiply with matrices from H,, or H,s , we can only have linear
combinations of ¥ and p for the two first entries in the last row of the matrix
M. This leads to the following choices for the representatives of the double
coset:

e If 9 or p has its respective maximal possible degree. Then we choose as

a B o
representative for the double coset the matrix g := | § & 6 |, where
9 p ot

the entries 9, € and  have their respective maximal possible degree and
all other entries have not their respective maximal possible degree.

o If ¥ and p are both not of their respective maximal possible degree we

a B v
take the representative g :== [ 0 & 0], where the only entries with
9 p ot

their respective maximal possible degree are those on the diagonal of g.
Moreover, we can assume deg(¥) > deg(p).

Now we want to compute the intersection of
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Hn’,n’g =
a1+ a9d + ast a1+ ase +azp ayy + asf + ase a1 as as
asoe+ a5 + ag¥  asff +ase +asp asy+asl +ac | | [as as as | € Hy
ard arp art 0 0 ar
with
an,n =
bia +byB boar +b5B b+ beB + bry by by b3
D10 + bge  bod + bse  b3d + bge + b70 ’ by by bg | € Hn,n
019 +byp ba¥ +bsp b3+ bgp + byt 0 0 by

for the representatives g.

Here we have the equation arz¥ = b19 + byp. Since in both possible cases the
degree of 9 is greater than the degree of p we deduce from this equation that
a7 = by and bgp = 0. Similar argumentation yields from a7p = ba) + bsp that
we have by = 0 and (a7 — bs)p = 0.

e If the first case holds, i.e. we have deg(?) is maximal, we conclude from
asf+ase+agp = bad+bse the equations as = bs and aqB+agp = 0. Using
a18 + age + agp = baar + bs 5 we deduce az = 0 and (a; — bs)3 + azp = 0.
With a1y + a6 + ase = bsa + bgB + by we know a; = by and ase =
by + bgS5.

Suppose p = 0, then since f is irreducible we have 8 # 0 which implies
a4 = 0 from the equation a4 = 0. Furthermore we get a; = as, because
of the equation (a1 —as) = 0. Now we consider the equation (a7 —ay)t =
b3¥). Since ¥ and ¢ are coprime polynomials and deg(¥) > 0 > deg(a7—ay)
we derive a; = a; and b3 = 0. The remaining equations are azd =
bsfB, ag? = bse, agt = bge and aszt = bgf. Since [ and € are coprime
polynomials and deg(#) > 0 the first two equations are only possible for
by = 0 = a3 = ag, because otherwise 1 is a common divisor of 5 and e.
Hence, we obtain by the remaining two equations that bg = 0.

Suppose p # 0. This implies by = 0 and a7 = bs, because of byp = 0 and
(a7—bs)p = 0. From the equations (a; —as)a+azd = 0 = (a1 —as)S+asp
and aga + agd = 0 = a4 + agp we conclude with Lemma a) that
a1 = as and a3 = 0 = a4 = ag. Now we have the remaining equations
b3 + bgp = 0 = b3d + bge, which yield again by Lemma m a) that
b3 = 0 = bg.

e If ¥ and p have not their respective maximal possible degree we derive
from aja + a26 + az? = bja that a1 = by and a9 + az = 0. By
a4f + ase + agp = bad + bse we get a5 = bs and a4 + agp = 0. Using
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a7t = b3 + bgp + b7t we have ay = by and 0 = b3 + bgp. With a18 +
age + azp = boav + b5 3 we obtain as = 0 and (a3 — bs)B + agp = 0.

Suppose p = 0. In this case 8 is non-zero and the equations a4 = 0 =
(a1 — bs)B imply a4 = 0 and a; = bs. Because of deg(e) > deg(d) > 0
(we have deg(d¥) > 0 since we assumed deg(¥) > deg(p)) the equation
ag? = bye is only possible for ag = 0 = by. By a3’ = 0 we see that ag = 0.
The remaining equations are bsd +bge = 0 = bya+bg8 = bzt +bgp, which
implies b3 = 0 = bg, since the columns of g are linearly independent.

Suppose p # 0. This yields by = 0 and a;y = b5, since we have the
equations byp = 0 = (a7 — bs)p. We obtain az = 0 from asz? = 0, since
deg(¥) > deg(p) implies ¥ # 0. Apply Lemma m a) to aga + agt =
0 = a4 + agp and b3d + bge = 0 = by + bgS we get ag = 0 = ag and
by = 0 = bg.

So we obtain in all these cases Hy/ v gNgHy n = {a19 | a1 € k*}. We conclude
|Hy nygNgHy | =1 and when we use Lemma [3.5.12| 3. we see that there are

T’/ mm (¢=1)2(¢*~1)*(¢*+q+1)¢** 2 2d—2n'—2n—6
n,n.,n,n — — 1 n n
[H,/ pt[[Hnn] (@—1)(@—0) "2 (2~ 1) (2 —q)g® 2 (¢ +q+1)q

double cosets for d > n' +n+3 > 5 (cf. [1(w)i and [2(w)i]).

n’ > m/ = 0: The degree restraints for the entries of the matrix M are as
follows:

deg(a) < k+n', deg(B) <k +n', deg(y) < k+n+n', deg(d) <
k, deg(e) <k, deg(0) < k +n, deg(9) < k, deg(p) < K, deg(t) < Kk + n.
By multiplication with matrices from H,, from the left and matrices from

H,, , from the right we multiply the lower left 2 x 2 block submatrix M =

<g ;) of M with some element in PGLy(K) from the left and from the

right. This induces a multiplication of the determinant of M with a non-zero
element from the field k. So the degree of the determinant does not change
by this multiplication. This is the reason for the following cases:

o If det(M ) has not its maximal possible degree, then we choose the rep-

a By
resentative g := [ § ¢ 6 | for the double coset of M, where the only
9 p ot

entries of their respective maximal possible degree are those on the diag-
onal of g and furthermore, if 99 # 0 we choose g such that § = 0 or the
equation ad = b with a € k and b € k[t] is only possible for a = 0.

e If det(M) has its maximal possible degree, we take the representative
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a By
g:= 16 e 6| with ¢, € and v of their respective maximal possible
9 p oL

degree and all other entries have less degree than it is possible. Further-
more we may choose g such that deg(a) < deg(f8) < k (multiply with
a suitable matrix from H,, ( if necessary, in particular we can multiply

1 _Bdeg(ﬁ)tdeg(ﬁ)_fi _adeg(a)tdeg(a)_l’i
successive with the matrices | 0 1 0
0 0 1

to decrease the respective degree of o and S in every step by 1. By
these multiplications we end with deg(a) < deg(8) < k. Then we can
use suitable matrices from H,, and H,s o to get deg(a) < deg(B) < k
and we still have that only the diagonal entries are polynomials of their
respective maximal possible degree).

We want to compute the intersection between

Hn’,Og =
aja + azd + az? ai1f +ase +azp ary+ asl + ase a1 as as
asd + as?9 ase + asp as0 + ase |0 a4 a5 | € Hyyp
agd + a7t age + arp agh + a7t 0 ag ar
and
an,n =
biao 4+ b8 baor + b5 bza+ be3 + bry by by b3
b16 +bse  bgd + bse  b3d + bge + b0 | by by bg | € Hn,n
b1+ bap bo¥ +bsp b3+ bgp + bre 0 0 by

e Suppose det(M) is not maximal. By a46 + a5 = b1 + bye we obtain
by = 0 and (ag — b1)d + as¥ = 0. From a1 + a6 + az) = by + byff we
conclude a; = b1 and a2 4 a3’ = 0. Using age + arp = b2 + bsp we find
ag = 0 and (a7 — bs)p = b2 According to ase + azp = bad + bse we get
a4 = by and asp = bad. Moreover, the equation agf + a7t = bs+bgp+ b7t
yields a7 = b7 and 0 = bz + bgp.

For ¥ = 0 we have due to the determinant of g and the Irreducibility
of f that § # 0 # p and hence we know a4 = by, ag = 0, a7 = bs and
bg = 0 from the equations (aqy — b1)d = 0 = a2d = (a7 — b5)d = bgp. The
remaining equations are asp = bad, agp = bocr, ast = bgd and ast = bsa.
Since a and ¢ are coprime polynomials we deduce that ¢ has to divide
bs, but deg(t) = K +n > n > deg(bs). Hence bz = 0, which implies
a5 — 0= a3 = bg.
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ay; € k*} is trivial. According to Lemma [3.5.12 3. we get

For ¥ # 0 we find a7y = by, since (a7 — b1)¥ = 0. Now we distinguish
between the cases § = 0 and § # 0:

We start with the case § = 0. Now as9 = 0 = az¥ yields a5 = 0 = as.
Moreover, we know that € and 6 are coprime polynomials and the degree
of € is equal to k. Together with (a4 — b7)8 = bge we derive ay = b7 and
bg = 0. With b9 = 0 we find by = 0. By ase = 0 it is as = 0 and hence
bsa = 0, which yields b3 = 0.

Now let 0 be non-zero. According to (a4 — b1)d + a5 = 0 and our choice
of g we conclude a4 = b; and a5 = 0. Whence b0 = 0, i.e. by = 0.
With Lemma a) and the equations a2d 4+ a3 = 0 = age + asp and
b3 + bgp = 0 = bsa + bgB we deduce as = 0 = ag and b3 = 0 = bg.

Suppose det(M ) has maximal possible degree. From the equation agd +
a7 = b1 + byp we derive ay = by and agd = byp in this case. We use
a4€ + asp = bad + bse to see that ay = bs and asp = bad. The equation
a1y +a20+ast = bsa+bgS+ b7y yields a; = by and as0+ast = bga+bgf.
Next we consider the two equations (a1 —by)a+ad+asd = by3 and (a1 —
bs)5 + aze + azp = bacv. Since we assume deg(a) < deg(5) < k the first
equation implies deg(ag) > deg(ag) or az = 0, but the second equation is
only true for deg(as) > deg(az) or ag = 0. Therefore we conclude that
ag = 0 = a3. Hence we have (a; —b1)a = by8 and (a3 —bs) = becv. Since
deg(B) > deg(a) we find by = 0, (a3 — b1)a = 0 and a1 = bs, baax = 0.
Using (a4 — b1)d + a5 = 0 it follows a5 = 0 and (ag — b1)d = 0. Applying
Lemma a) to b3d + bge = 0 = by + be S yields bg = 0 = bg.

For 6 = 0 we have necessarily « # 0 and hence (a; —b1)a = 0 and byax = 0

imply a1 = by and by = 0. Moreover, we have £ = 0, which implies ag = 0,
since the equation age = 0 is remaining.

For § # 0 the equations b2d = agd = 0 = (a4 — b1)d yield by = 0 = ag and
asg = by.

In all these cases we computed that the intersection H, 09 N gHp,n = {a19 |

|Tn',0,n,n‘ _
IHn/,OHH”Jl'

(¢=1)2(¢*—1)*(¢*+q+1)q*?

(@2 ~1)(42—q)a*" +2(¢2~1) (¢ —~q)g>"+2
this case, if d >n' +n+3 > 5 (cf. [L(w)iif and |2(w)ii]).

=(®+q+ 1)(12d_2",_Q”_6 double cosets in

d) n’ =m’ = 0: In this case the degree restraints for the entries of M are given

deg(a) < k, deg(B) < k, deg(y) < k+n, deg(d) < k, deg(e) < Kk, deg(f) <

k+n, deg(9) < K, deg(p) < K, deg(t) < K+ n.
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By multiplication with suitable matrices from Hoyo and H,, we may take

a B oy
the representative g := | § & 6 |, where only the entries on the diagonal
(V)

of g have their respective maximal possible degree and furthermore, we may
choose deg(p) > deg (V).

We calculate the intersection of

Hopg =
a1+ a9d + as¥ a1B + ase +azp ayy + asf + ase a1 as as
aso +asé + ag¥ asf+ase +agp asy+asb+as | | |as as as | € Hop
ara+ agd + a9 a7 + age + agp  ary + agh + agt a7 ag ag
with
an,n =
bia+ by bea+ 5B bza+ bg3 + bry by by b3
b10 + bge  bod + bse  b3d + bge + br0 ‘ by by bg | € Hn,n
b1 +byp b2 +bsp b3+ bgp + byt 0 0 by

In the intersection the equation ara + agd + agt) = b19 + byp holds, which
implies a7 = 0 and agd+ag = b1¥+byp. According to aia+asd+aszd = bya+
b8 we have a1 = by and a0 + a3y = byf. Using a4 + ase + agp = bad + bse
we find a5 = bs and a4 + agp = bad. With a7 + age + agp = bo} + bsp we
see that ag = 0 and (ag — bs)p = bot}, which implies ag = b; and by} = 0.
From a7y + agf 4+ agt = b3 + bgp + b7t we deduce ag = by and 0 = bst} + bgp.
Now we use the equation (ag — b1)¥ = bgp to conclude that by = 0 and
(ag — b1)9 = 0. Insert this into asa + az6 + agd = b1 + bse we get ag = 0
and (a5 — b1)d + ag = 0.

Suppose ¥ = 0. By the determinant of g and the Irreducibility of f we
know that § and p necessarily have to be non-zero. Therefore the equations
(a5 — b1)d = 0 = bgp = azd imply a5 = by and as = 0 = bg. Hence there
are the following remaining equations: asp = bacv, agp = b2d, agt = b3d and
ast = bsa. Since the polynomials « and § are coprime we deduce that ¢
divides b3 and according to deg(t) = K +n > n > deg(bs) we can conclude
bs = 0. Now the remaining equations above yield as = 0 = ag = bo.

Suppose ¥ # 0. Then we have (ag — b1)9 = 0 = be?, i.e. a9 = by and
bo = 0. Next the equation agp = 0 is left, which means ag = 0. When
we apply Lemma m a) to the equations agd + azd = 0 = age + agp and
b3 + bgp = 0 = b3d + bge we find as = 0 = az and b3 = 0 = bg.

Therefore the intersection is Hoog N gHynn = {a1g | a1 € k*}, which implies
|Hoog NgHy n| = 1. By Lemma [3.5.12] 3. we conclude that there are
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Yoomml  _ _ (@=1)*(?-1)*(P+e+1)¢**  _ 2d—2n—6
[HoollHnnl — (¢®-1)(a®-q)¢*(¢*—1)(q?—q)g*" 2

double cosets for d > n+3 > 4 (cf. and [2(g)1)).

3. n>m=20:

a) n’ > m/ > 0: For this case we use the symmetry and the case n >m > 0
and n’ = m’ > 0 to obtain

T m/mol (=D D*(¢*+g+D)g*?  _ 2 2d—2n/—2n—6
‘Hnlym/”Hny()l - (q71)2q2n/+3(q271)(q27q)q2n+2 - (q + 1)(‘] +q+ 1)(] e

double cosets, if d > n’ +n+3 > 6 (cf. [1(v)iv| and [2(v)iv]).
b) n’ =m’ > 0: We have the following degree restraints for the entries of M:
deg(o) < k+1/, deg(B) < k+n+n/, deg(y) <k +n+n', deg(d) <

k+n', deg(e) <k +n+n, deg(0) <k +n+n', deg(9) <k, deg(p) <
Kk+n, deg(t) < k+n.

If we multiply the matrix M with matrices from H,,, or H, g, then the
polynomial ¥ is multiplied with non-zero elements from the field. This means
we do not change the degree of ¥ via this multiplication. Hence we consider
the following two cases:

e If ¥ has not its maximal possible degree we choose as representative for

a B v
the double coset the matrix g := [ § e 6 |, where the only entries
T p ot

with their respective maximal possible degree are those on the diagonal
of g. Furthermore, if 1 £ 0 we choose g in such a way that § = 0 or the
equation ad = b for a € k and b € k[t] implies a = 0. Additionally we
do the same for p instead of 4, i.e. p =0 or ap = b for a € k and b € k|t]
implies a = 0.

e If ¥ has its maximal possible degree we choose the representative g :=

a B oy
0 e 6|, such that 9, € and  are the only entries of g with their
Y p o

respective maximal possible degree. Moreover, we choose o = 0 or the
equation ac + b 4+ ¢ = 0 with a,b € k, ¢ € k[t] implies a = 0, if this
holds, we additionally choose § = 0 or the equation ad = b for a € k,
b € k[t] implies a = 0.

We want to compute the intersection of

Hn/,n’g =
ara+ a20 + asz¥ a1B + ase +azp ary + a0 + ase ap as ag
agex + a6 + agl  asf+ase +agp asy+ash +age | | | as a5 ag | € Hy
a7y arp art 0 0 ar
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with
an,O =
bia by + by + by b3+ bs 3+ bry bi by b3
b10  bod + bye +bgl  b3d + bse + b7 | 0 by b5] € Hn,O
b1  bo¥ + bap + bgt b3 + bsp + bre 0 bg by

e Consider the case where 9 has not its maximal possible degree. With
aga + asd + ag¥ = b16 it follows ay = 0 and (a5 — b1)0 + ag? = 0. The
equation aj«a + a2 + as?¥ = bia yields a; = by and asd + az’ = 0. From
ba +byp+ bt = azp we know that bg = 0 and be 4 (by —a7)p = 0. Using
a4 + ase + agp = bad + bye + bgh we conclude a5 = by and agp = b2d.
Furthermore the equation art = b3 + bsp + byt implies ay = by and
0 = b3 + bsp.

Suppose ¥ = 0. This means that § and p have to be non-zero since f is
irreducible and hence the equations (a5 — b1)0 = a2d = 0= (by —a7)p =
bsp imply a5 = b1, as =0, by = a7y and bs = 0. The remaining equations
are given by agp = b20, asp = bear, agt = b3d and ast = bga. Since ¢ and
p are coprime polynomials it follows from these equations that « has to
divide the polynomial ag, but we know additionally deg(a) = x +n’ >
n' > deg(as). Therefore we obtain ag = 0 and whence by = 0 = ag = bs.

Suppose ¥ # 0. By (a7 — b1)9¥ = 0 we have a7 = b;.

For § = 0 = p we have a3 = 0 = ag and b3 = 0 = bg, since in this case
we have the equations where these entries multiplied with the non-zero
element 9 are equal to zero. Moreover, we know that 5 and € are coprime
polynomials with deg(¢) > 0 and hence we conclude from (a3 — bg)5 +
ase = 0 that a1 = by and ag = 0.

For § # 0 the equation (a5 — b1)d + ag = 0 implies a5 = b; and ag = 0
because of our choice of g. This yields the equation b2d = 0 and whence
bs = 0. We apply Lemma a) to azd + az¥ = 0 = age + agp and
b3 + bsp = 0 = b3d + bse to derive ag = 0 = a3 and bs = 0 = bs.

For p # 0 we use bt + (by — a7)p = 0 to obtain by = 0 and by = a7
according to our choice of g. Similar to the case § # 0 we have now
agp = 0, i.e. ag = 0. Next we apply again Lemmaa) to agd +azv =
0 = ase + agp and b3 + bsp = 0 = b3d + bse to derive as = 0 = a3 and
bs =0 = bs.

e If ¥ has its maximal possible degree we deduce from (a7 — b1)9 = 0 that
a7 = by. With a4f8 + ase + agp = b0 + bge + bgf we have as; = by
and a4 4+ agp = bad + bgh. Moreover, the equation a1y + a20 + ast =
bsa + b5 + bry implies a1 = by and a2 + azt = bga + by 5.

135



3. Quotient-graphs for certain subgroups of PGL3(F,(t))

136

For a = 0 we have necessarily that § and ¢ € k[t] \ k are coprime poly-
nomials. Therefore the equation (a5 — b1)d = ag¥ yields a5 = b; and
ag = 0. Because of a0 + az¥) = 0 and ¢ has its maximal possible degree
we obtain ag = 0 = ag. Using this we have the equation (a; — bs)3 = bgy
left. Together with the fact that 5 and « are coprime polynomials and ~y
has its maximal possible degree we deduce a1 = b4 and bg = 0. Next we
can use 0 = b55 to get b5 = 0 and whence b3 = 0 implies b3 = 0. From
asy = 0 we deduce a4 = 0 and therefore bad = 0, which means by = 0.

For a # 0 we know from our choice of g and aqar + a5 + agd) = b16 that
as = 0 and (a5 — b1)d + ag¥ = 0. Furthermore, by the same argument
a1 + a20 + az’¥d = by« yields a1 = by and a9d + ag’¥ = 0.

If § = 0 we have agt) = 0 = a3, in particular ag = 0 = a3. In this case
we know that ¢ and 6 are coprime polynomials and € is of its maximal
possible degree. Hence b = 0 and (a5 — by)8 = bse imply bg = 0 and
as = by, b5 = 0. Some of the remaining equations are b3 = 0 = bo?l,
which means b3 = 0 = by. Now it remains the equation ase = 0, i.e. we
obtain as = 0.
If § # 0, then (a5 — b1)d + ag? = 0 implies a5 = b; and ag = 0 due to
our choice of g. Similar, asd + az¥) = 0 yields as = 0 = a3. According to
Lemma a) the equations bot + bgt = 0 = bed + b and b3} + bsp =
0 = bsa+ b5 5 imply by = 0 = bg and b3 = 0 = bs.
In all these cases we found H,,yg N gH, o = {a1g | a1 € k*}. This means
|Hy g N gHp ol =1 and with Lemma 3. we compute

Yt 0l (a=D*(¢*~D*(¢*+q+1)¢** 2 2d—2n/—2n—6
BT R = - 1 n'—2n—6
[H,/ o/ |[Hnol (@—1)(2—9) @V +2(@—1)(2—q)g>"+2 (¢ +aq+1)q

So this is the number of double cosets in this case, if the degree satisfies
d>n'+n+3>5 (cf. [[(w)ii and P(w)ii).

n’ > m’ = 0: Using the symmetry we compute this case from the case
n=m >0 and n’ =m’ > 0. Therefore we get

IT0,0,n.0] (=D =1)*(¢*+q+1)g*? 2 2d—2n'—2n—6
,0,m, — — 1 n'—2n
[Hpr ollHnol = (42-1)(42—q)q2" +2(q2—1)(q2 —q)q>"+2 (¢"+a+1)q

double cosets for d > n' +n+3 > 5 (cf. [1(w)iv| and [2(w)iv)).

n’ = 0 = m/: The degree restraint in this case are deg(«) < k, deg(B)
k+n, deg(y) < k+n, deg(d) < k, deg(e) < k+n, deg(f) < k+n, deg(V)
K, deg(p) < k+n, deg(t) < k+n.

<
<

As representative for the double coset of M we choose the matrix g :=
a B v
0 & 0|, where only the entries on the diagonal have their respective
d p e
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maximal possible degree. Furthermore, we may choose deg(d) > deg(?}).

Next we want to compute the intersection between

Hoog =
a1+ asd + azt a1+ ase +asp ayy + asf + ase a1 az as
ase + asé + agl  asf 4+ ase +agp asy +asd +age | | | as as ag | € Hop
ara+ agd + a9 a7 + age + agp  ary + agh + agt a7y ag ag
and
an,O =
bia by + by + by bz + bs 8+ bry bi by b3
10 bod + bge +bgl  b3d + bse + b7 | 0 by b5) € Hn,O
b1  bo + bap + bgt b3 + bsp + byt 0 bg by

In this intersection we have the equation aya+ agd + a9 = b11¥, which implies
a7 =0 =ag and (ag—b1)¥ = 0. By aga+asd+ag = b14 it follows a4 = 0 and
(a5 —01)0+ag?® =0, i.e. a5 = by and ag = 0. With aja+a20+az’? = bia we
conclude that a; = by and a9d + ag? = 0, in particular ao = 0 and agzd¥ = 0.
From agp = bod) + byp + bgt we deduce bg = 0 and (ag — by)p = be¥). Using
a4 + ase + agp = bad + bse + bgh we know a5 = by and agp = b2d. The
equation ayvy + agh + agt = b + bsp + by yields ag = by and 0 = b3 + bsp.

Suppose ¥ = 0, then p # 0 because f is irreducible and hence 0 = b3 + bsp
implies bs = 0 and (ag — by)p = ba¥) yields ag = by. Now we use the equation
asy + as0 + agt = b3d + bse + by to derive ag = 0 and b3d = 0, in particular
bs = 0, since § # 0. Similar, bsd = 0 implies by = 0. Hence, we get ag = 0
from azp = 0.

Suppose ¥ # 0, this implies ag = 0 = ag and ag = b;. Thus b2 = 0, i.e.
since deg(8) > deg(d)) this means by = 0. According to Lemma [3.5.7) a) the
equations b3d + bse = 0 = b3 + bsp imply b3 = 0 = bs.

This proves that Hoog N gH,o = {a1g | a1 € k*} is trivial. Due to Lemma
B.5.12 3. we calculate

Yoomol _  (¢=D*P-D*(P+a+1)e*? 20206
[Hool[Hnol — (*—1)(¢*—q)q?(¢>*—1)(¢?°—q)¢>" 2

double cosets for this case, if d > n+ 3 > 4 (cf. [L(g)iii and [2(g)1ii)).

4. n=0=m:

a) n’ > m’ > 0: This case follows by symmetry from the case n > m > 0
and n’ = 0 =m’. Hence we have

Y00l (=1D)*(*=1)*(g*+q+1)g** = (g + 1)g2d—2n'=6
[Hpt gt [[Ho0l 7 (g—1)2¢%7+3(¢3~1) (¢ —q)q?

double cosets for d > n' +3 > 5 (cf. [1(n)iif and [2(n)ii)).
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b)

n’ = m' > 0: We use the symmetry and the case n > m = 0 and
n’ =0 =m' to obtain

Twwool (@114 1) A2 =6
[H,r o lHool ™ (¢2-1)(42—q) > +2(¢3—1)(¢3—q)q?

double cosets for this case, if the degree fulfills d > n' +3 > 4 (cf. and
2(g)iv).

n’ > m’ = 0: With the case n = m > 0 and n’ = 0 = m’ we can use the
symmetry to solve this case. As solution we get

Ywoool _ _ (a-D@-DXg*tq+ e _ 2d—2n'—6
[H.r ol[Hool — (¢2=1)(a2—q)a®" +2(¢3—1)(¢3—q)q2

double cosets for d > n' + 3 > 4 (cf. [1(g)ii and [2(g)ii)).

n’ = 0 = m/: Note that we have necessarily 3 divides d to get a solution for
this case.

Similar to Subcase 3.c in [KMS15] we start to count all orbits of edges con-
taining the vertex x¢ o under its vertex stabilizer fxo,o = Ey0 = PGL3(k) (see
Proposition. Instead of these orbits we can consider the PGL3(k)-orbits
of points and lines in the projective plane P3(F¢) (due to Remark .

The action of PGL3(k) on the projective plane Po(IF,a): The projective plane
is given by

T T 1
Po(F,a) = y|lz,y€Fa U 1] |xeFu U 0
1 0
ap a2 as
Let A:= a4 a5 ag| € GL3(k).
ay ag ag

If A stabilizes a point p in the projective plane P2(IF ) this means that there
exists some (¢ € F:d, such that the equation Ap = (p is satisfied. This implies
that ¢ has to be an eigenvalue of the matrix A. Hence, ( is a root of the char-
acteristic polynomial of A, in particular ¢ is a root of a polynomial of degree
at most 3. This implies that ¢ has to be in the field extension Fg or Fys of the
field F;. Notice that we always have F 3 C F a, because 3 divides d, but F
is a subset of F a4 if and only if d is even. So we have Po(F;3) C Pa(F qa). This
is the reason why we first consider the action of PGL3(k) on the projective
plane Po([F 3 ):

1
For p = [0|: If A stabilizes the point p we have Ap = (p for some
0
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1
¢ e F;q,. This is equivalent to a4 | = ([ 0]. Hence ay = 0 = a7 and
0

a; = ¢ € k*. Since A is a matrix in GL3(k) it follows <Z5 Z6> € GLa(k)
8 a9

and ag,a3 € k. Therefore the stabilizer in PGL3(k) of the point p has car-
dinality |PGL3(k),| = %(qQ —1)(¢* — q¢)¢>. We divide by ¢ — 1 to take
into account that we are working in the projective group. Due to the orbit-
stabilizer theorem we have

GLa(k 3_ 3_ 2 3_
[ PGL ()Pl = fparin = (g = 1 =@ +a+1

This corresponds to the embedding Py (IF,) C Pa(IF,a).

Now we choose z € F s such that (1, z,2?) is a basis of F s over k.

z a1z + as z
For p = [ 1]: The equation Ap = (p is equal to | agz+a5 ] = (|1
0 a7z + ag 0

Therefore a7 = 0 = ag, a4z + a5 = ( and a1z + as = (z, whence a1z + as =
a42% + asz. Since we took z € Fgs \ F, it can not be a solution of a quadratic
equation, in particular, we can conclude from the equation that ay = 0 = as
and a1 = as € k, to be precise a; = a5 € k*, because A € GL3(k). For
the last column of A we have to take ag € k™ and az,ag € k. We conclude
| PGL3(k),| = Z:—}(q — 1)¢?. According to the orbit-stabilizer theorem we
compute

| PGLs(k)p| |PGLs(k)| _ (¢*~1)(®~a)¢® _ (*~1)(¢®~aq) _ (@ —q) (@ +q+1).

~ TPGLs (k) (¢—1)g” q—1
52
For p = | z |: We know that GL3(k) acts transitively on the set of bases of
1
x
F,s3. So we have PGL3(k)p = y | | (z,y,1) is a basis of F,s » and hence
1

| PGL3(k)p| = (¢* — q)(¢* — ¢*).

Because of ¢° +¢+1+ (¢’ —q)(* +q+1) + (¢’ — (> —¢*) = °+ ¢’ + 1 =
|Po(IF3)| we see that PGL3(k) acts with three orbits on the projective plane
Po(Fys).

Next we have to distinguish between odd and even degree d.

If d is odd, then Fg 2 is not a subfield of Fa.
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a z
Forp= (1], where a € Fa \ F,3: Analogously to the case p = | 1 | above,
0 0

we may compute

| PGLs(k)p| |PGLs (k)| _ (*~1)(¢®—a)¢® _ (*~D(¢*~q) _ (@ —q) (@ +q+1).

T IPGLs(Ry] — T (D -1
The points in the projective plane who lie in one of these orbits are the points
Y Y
v|ly€Fu\Fg,ve(lyr\FypU v||y€Fu\Fgs,zel,
1 1
Y Y
Ucelz)lyeF,zeFa\Fpsp U 1| [y€Fa\Fgsp. Therefore we
1 0

find (¢* — ¢*)(¢* — ) + 2(¢" — *)g + ¢* — ¢ = (¢" — ¢*)(¢* + ¢ + 1) points of
the projective plane who lie in an orbit of this kind.
This implies

(¥=¢®)(P+q+1) _ 4-3 d—5 2
@@= +e+) 4 T4 Tty

orbits of this form.

All the other points in the projective plane Py (F qd) have trivial stabilizers in
PGL3(k). So the cardinality of such an orbit is given by the cardinality of
the group PGL3(k), hence it equals (¢* — 1)(¢° — q)¢*>. We have [Py(F )| =
¢®*+¢?+1. Thus there are ¢ +¢? +1—(¢* + > +1) = (¢ =) (¢®+q+1) =
q2d _ qﬁ _ (qd _ qB)(qQ + q) — q2d _ qd+2 _ qd+1 _ q6 + q5 + q4 points in the
projective plane with trivial stabilizer. Whence, we obtain
@2 _gdt2_qd+l_ 64 0544 g2d_gdt2_ qddl 64 05 o4
(@*-1)(¢*~9)¢? o #—4*—*+¢*

orbits.

In total we have 3 orbits for d = 3 and 3+qd_3+qd_5+...+q2+q2d_qdq+82__l;%d_+;5_f2;q5+q4
orbits for the case d > 9 is odd.

If d is even, then Fg2 is a subfield of F 4« and hence the projective plane over
F,2 a subset of the projective plane over F 4. Therefore we have to consider
the action of PGL3(k) on the projective plane over Fp: Let v € Fp \ Fy.
Note that (1,v) is a basis of F,2 over k.

v a1v + as v
For p = | 1]: The equation Ap = (p means |aqv+as| =C|1]. We
0 arv + ag 0
deduce a7 = 0 = ag, a4v + a5 = ¢ and a1v + az = (v. Thus a1v + as =

(aqv + as)v. Moreover, we know a9 € k*, since A € GL3z(k). And for
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the same reason we have <Zl Zz) € GLy(k). The last two entries of A
4 as

are arbitrary elements in the field k. From the arguments in [KMSI5] we
conclude that | PGLa (k) (v) | = ¢+1. Now we have to multiply this cardinality

1
with the possibilities for the last column of A, in particular we multiply with
(¢—1)g*. Then we obtain | PGL3(k)y| = (¢+1)(¢—1)¢® = (¢*> —1)¢°. By the

orbit-stabilizer theorem we know |PGL3(k)p| = \|§§533(%)J| = (%34:883—71;12132 =

(>~ 1)g. With [Pa(Fg2)\P2(Fy)| = ¢*+¢*+1—(¢°+q¢+1) = ¢* ¢ = (¢’ ~1)q
we find one orbit for the action of PGL3(k) on the projective plane over [ 2.

b
For p = | 1] with b € Fa \ (F2 UFs): Similar to the above cases of
0
this form we calculate |PGL3(k)p| = (¢ — 1)¢* and hence |PGL3(k)p| =
(¢> — q)(¢*> + ¢ + 1). Points in the projective plane P3(F,e) who lie in one of
these orbits are points from the following set:

)
| ly€Fa\(FpUFg),re(ly)r\FypU
1
Y
x ’yEqu\(quUFq3),ZEEFq U
1
Y Y
T ‘yEFq,wEqu\(Fq2UFq3) U 1 |y€qu\(ququ3)
1 0

With |F2 UF 3| = [F 2|+ [Fs| — [Fe NFys| = [F |+ [Fs| — |Fql = > +¢% — ¢
we find [Fa\ (Fp2UFg3)| = q%—q*> — ¢ +q. This implies we have (¢ —¢> —¢>+
D@ =) +2" -~ +)a+¢" =~ +a=(¢" - - +9) (P +q+1)
points which are in one of these orbits. So we obtain

d_ 3_ 2 2 1 _ _
(Gt lsttl) — =5 g5 4+ P g - 1

orbits of this form.

All the other points in Py(F,q) have trivial stabilizer and hence the length
of the corresponding orbit is maximal, in particular equals the cardinality of
PGL3(k). The number of remaining points in the projective plane over Fa is
4"+ 1-(*+ P+ 1)~ (¢ +¢* +1)+(¢° +g+1) ~ ('~ ~*+q) (P +q+1) =
¢?4 — g2 — ¢ — 5 4+ ¢® + ¢*. Therefore we have

qufqd+27qd+1fq6+q5+q4
q8_q6_q5+q3
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orbits of maximal length.
In total we have

24 d+2  d+1_ 6, 5, 4
3+1+qd_3+qd_5+...+q3+q—].+q qqs_qqﬁ_qs_gq;_q +q

orbits for d > 6 is even.

The action of PGL3(k) on the set of two dimensional subspaces of ng: Each
two dimensional subspace of ]ng is the kernel of a linear map, which can
be represented by a vector in the dual space of Fg’d, in particular there ex-

ists a vector (x,y,z) in the dual space of ng, such that the points in the

a
two dimensional subspace are those points | b | € ng where the equation
c
a
(z,y,2) | b | =xa+ yb+ zc = 0 holds. Now we can identify the dual space
c

of ng with ng itself to obtain a bijective correspondence between the two

dimensional subspaces of ng with the points in the projective plane Po(IF ).

Let A € PGL3(k) and E be a two dimensional subspace of IFZ’d. If Eis

represented by the vector (z,y,z) in the dual space of ng, then the two

dimensional subspace AFE is represented by (x,y,2)A~!. Identifying the dual

space of ng with ng itself, yields that the two dimensional subspace AFE is
x

represented by the point (A1) [ 4 | of the projective plane P, (Fya). Since
z

¢ : PGL3(k) — PGL3(k), A — (A~1)T is a bijection, the action of PGL3(k)

on the two dimensional subspaces of ng is given by the action of PGL3(k) on

the points of the projective plane P3(F,a). So we obtain again the number of

orbits we computed from the action of PGL3(k) on P2(F 4) as result for the

action of PGL3(k) on the two dimensional subspaces of ]F'gd.

This leads to a total amount of 6 orbits for d = 3,

6+2(q0 3 +¢5 + .+ ¢?) + 2L
orbits for the case d > 9 is odd and

] 24 d+2 . d+1_ 6, 5, 4

orbits for d > 6 is even. For each of these orbits we have a corresponding
edge in the quotient I'\ X, which contains the vertex X .

In order to compute the number of edges from X ¢ to itself we have to subtract
from the total amount of edges containing Xo o the number of all edges from
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Xo,0 to other vertices. We calculated this number of edges in previous cases:
For d is odd we already have

dib1_
L@+ + 0+ g P =
,1_1

L+ @ +¢" + a0+ +¢7 P+ ¢ =T

edges for the case k =0, n >m >0, n' =m/ =0;
1 edge for the case k =0, n=m > 0, n' =m/ = 0;
1 edge for the case k =0, n=m =0,n' >m' =0;

d— d—1__
144+ ¢+ 2T D 1 @b gt 4 gt D4 g3 =1 111

edges for the case k =0, n=m =0,n' >m' > 0;

2012 4 2418 L 6 (20-2(d=3)=6 _ (2412 | 2d—18 4 | 6 41—
P51 (¢P 4¢P 1)
-1 7 (@P+D(e-1)
edges for the case kK = d%‘/ eNn=m=0,n >m =0 (note that

m:d_T”/GNimpliesn’€3Nandd—32n’23);

d—3
q2d—12+q2d—18+ +qd+3+q2d72—76
d—3
2d 12+q2d 18 4 +qd+3+qd 3_qd 3q 11

d—2n’

edges for the case v = 5™ € N, n = =0, n = m' > 0 (note that
K= 420 2" € N implies n’ € 3N and d 3>/ >3),
the number of edges in the case k = d"im eN,n=m=0,n>m'>0is
equal to
1 ' 6i
(g+1) <Z - 12(7” 2m+6z>’

d_%m,_‘l if m =1 (mod 3)
with I(m/) = % if m’ =2 (mod 3). (Note that xk = w eN

2=6 i ' =0 (mod 3)
implies n’ + m’ € 3N and 42 > m/ > 1; moreover 452 = —1 (mod 3)).

The number of edges in each of the last three cases comes twice. This is
because of the symmetry we get the same amount of edges for the cases
n=m>0,n=m"=0n>m=0n=m"=0andn >m > 0,
n’ = m/ = 0, respectively.

For d is even we already have

I+ @+ +q 4. +q o+ q2(d7(g+1z;1) _
_271

L@+ + 0+ o+ ¢ O g =T
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edges for the case k =0, n >m > 0,n' =m' =0;
1 edge for the case k =0, n=m > 0, n' =m' = 0;
1 edge for the case k =0, n=m =0,n' >m' =0;

d—2_
1+ @+ + o+ ¢+ 2T =1 @ g O g =

edges for the case k =0, n =m =0, n' >m’ > 0;
moreover we found
d73+1 _ - _ _
q(qq+1 ):qd 3_qd 4_|_qd 5—...—|—q3—q2+q
edges for the case k =0, n >m =0, n' =m’ = 0;

d31 - _
(Q++)_q e I JpE. S

edges for the case k =0, n=m =0,n' =m' > 0;

2012 2018 | 4 6 | 2d-2(d=3)—6 _ (2d—12 | (2d-18 L 4 0641 —
P01 _ (¢*P+1)(¢? % -1)
-1 7 (P+D(-D)
d—n’

edges for the case K = 5= € N, n = m = 0, ' > m’ = 0 (note that

H:d_T"/GNimpliesn’€3Nandd—32n’23);

da
212 +q2d718 o4 q2d—2(7—3)—6

edges for the case kK = dig" eN,n=m=0, n’ = m’ > 0 (note that
k= 4=20 2" € N implies n/ €3Nandf— =2 >n/ > 3);
the number of edges in the case k = d"%m eN,n=m=0,n>m">0is
equal to
(g+1) <Z Sl 2m/+6i>’

d*%m/% if m" =1 (mod 3)
with I(m') = %’”"5 if m' =2 (mod 3). (Note that x = w eN

‘1_%’”'_6 if m’ =0 (mod 3)
implies n’ + m’ € 3N and 45* > m/ > 1; moreover %5* = 1 (mod 3)). The

number of edges in each of the last three cases comes twice. The reason is
because we get by symmetry the same amount of edges for the cases
n=m>0n=m"=0n>m=0n=m=0andn >m >0,
n’ = m/ = 0, respectively.

Therefore we find from Xo o to itself in total 2 edges for d = 3,



3.7. The edges of T\ X

2d__d+2_ d+1_ 6, 5 4 B _ _
2_|_2‘1 qq8—q%—q5quq +q _2(q2d 12+q2d 18+'”+q6+1)_2(q2d 12+

— _ a=>5 l ’ ’ .
q2d 184 4 qd+3 + qd 3) —2(g+1) <Zm2,:1 Zi(:n(@) ) m +6z>
edges for d > 9 is odd and

24 d+2_ d+1_ 6 54 4 _ _ _

3 d—4 Lo S
q2d 184 4 qd+6 + qd) —2(qg+1) <Zm2’:1 zi(:wé ) q2m +62>

edges for d > 6 is even. Since we have three different types of vertices we have
to divide this number by 2 to get the number of edges between the vertices

corresponding to Xo o (cf. .

This proves our Main Theorem Notice that we have to distinguish whether the
degree d is divisible by 3 or not. If 3 divides d, then we have three different types of

vertices since I’ preserves types, whereas T’ does not preserve the types of the vertices.
In case 3 does not divide d we have I' = I" and hence I'\ X = I'\ X.
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A. Appendix

A.1. The PGLsy case

We consider the situation in [KMS15]. With the methods we used to solve the PGL3
case we can give another proof for the PGLy case, which was solved in [KMSI5]. We
use the notation from [KMS15]. As first step we compute the cardinality of the set
. < ddn—m < dintm
Tnm - @ ﬁ | OZ’B”Y’d(;—’rel—lirEt],deg(a) _d—n—‘r2m 7deg(5) B 2 ’ x (* We do
’ v ) deg(y) < 5, deg(0) < FEER a0 —yB = Af,A €k
this similar to Lemma [3.5.12} Thus we count the possibilities for choosing a matrix
M = <: ?) € Yy m. First we have to choose the first column of M in such a way
that « and « are coprime polynomials and at least one of them has its maximal possible
degree. This is done in [KMSI5]. Hence there are (¢ — 1)2(¢%™ + ¢%™~1) possible
choices for the first column of M. Remember | = 4=2=™_ Next we want to count
the possible choices for the second column of M such that det(M) = f. Therefore we

do
5 fo
solve the system of linear equations Ax = b, where x = lgm ,b=1+:1] and
0
: fa
Bl+m+n
Qg 0 0 9% O 0
: a - S
(e 7" m
A=1 0 ay, 0 0 ~ .0 |erUrxE@Em),
n . .
: 0 (&) 0 Y0
0 0 0 a+n 0 0 O ol

Claim: The rank of A is maximal, in particular rank(A) =d + 1.
Proof: W. 1. o. g. let deg(a) =1 + n. We consider the submatrix
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g 0 0 7% O 0
: ag - Sy
Altn : Vi
B = 0 oun - 0 0 v . 0 e kld=m)x(d=m) where we
0o . ag 0 . Yo
0 0 0 age 0 0 0

erase the last m+1 columns of A, which have coeflicients of « as entries and additionally,
the last m 4+ 1 columns of A. Then the resulting matrix B has rank d —m: If we have a
linear combination of the columns of B equal to zero, then we may write this equation
as ag +vh = 0, with polynomials g and h, where deg(g) <! —1 and deg(h) <l+n— 1.
Since a and «y are coprime polynomials it follows that a divides h. But then deg(a) =
l+n>1014+n—1 2> deg(h) implies h = 0 and hence we also have g = 0. Whence
rank(B) = d —m.

Now we consider the submatrix of A consisting of B together with all columns, where
the entries are coefficients of . This matrix has rank d + 1. Therefore we deduce
rank(A) = d + 1. For the system of equations Az = b we get g?tm+2-(d+1) — gm+l
solutions.

Since the determinant of M can be a scalar multiple of f we have ¢ — 1 choices for
this scalar.

In total we have (¢ — 1)g™*!

choices for the second column of M.

Since we are working in the projective group we have to divide by ¢ — 1. So we obtain
Tl = (¢ = D* (@™ +¢%).

It is also possible to use the methods for PGLj3 to compute the size of the double
cosets in the last case m +n < d in [KMS15]. The case n,m > 0: We need to compute

the intersection H,g N gH,,. Therefore we may choose the matrix g := (: ?), such

that deg(a) = [ 4+ n is the maximal possible degree, as representative for the double
coset. Using this we calculate

Hng:{<“ b>g: <“a+1’7 a5+b5> |a,c € k*,b € k[t] with deg(b)gn}

0 ¢ cy co
u v au vo+wf x .
= = < .
and gH {g <0 w> <*yu vy —i—w5) | u,w € k*,v € k[t] with deg(v) < m}

In the intersection H,g N gH,, we have the equations

oy =wy, (a—u)a+by=0,vy+d(w—c)=0,va+wh = af + bo.
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Since ad — yf is a scalar multiple of the irreducible polynomial f it follows from the
degree restraints that v has to be non-zero. According to the above equations we deduce
¢ = u. Moreover, v and « have to be coprime polynomials. Hence we derive from
the second equation that o has to divide b. But due to the degree restraints we know
deg(a) =1+ n > n > deg(b). This yields b = 0 and whence a = u. Now the last two
equations are vy+0(w—u) = 0 = va+ f(w—u), in particular v (:) +(w—u) <§) = 0.
Because of det(g) # 0 we conclude v = 0 and w = u. It follows H,g N gH,, = {ag | a €
k*} and hence |Hp,g N gHp| = % =1

Similarly for the case m > 0 and n = 0: We may choose the matrix g := (3 ?),
such that deg(a) = [ is the maximal possible degree, as representative for the double
coset. With this representative we compute

_Jfa b\  fac+by aB+bS a b

Hog = {(c d)g_ (ca—l—dfy cB+do | c d € GLa()

u v\ (au va+ wf

I o0 w yu vy 4+ wé
In the intersection Hpg N gH,, we have the equations

and gH,, = ) | u,w € k*,v € Ek[t] with deg(v) < m}

ca+dy=uy,(a—u)a+by=0,vy+§(w—d) = cf,va+wh = af + bd.

We have again v # 0, because ad — v is a scalar multiple of the irreducible polynomial
f. Due to the fact that v and a have to be coprime polynomials we can use the second
equation to find that a has to divide b. Again by the degree restraints we know deg(a)) =
[ > 0 > deg(b). We conclude b = 0 and hence a = u. Analogously, the first equation
yields ¢ = 0 and u = d. The result is H,g N gH,, = {ag | a € k*}, i.e. |HogNgH,,| =

-1 _ 4
g—1 —
Now we proved in both subcases that there is only one length for the double cosets.

Therefore the number of double cosets is just %

To solve the last case, where all indices are equal to zero, we used the same arguments
as given in the case n = 0 = m in [KMS15].

A.2. S-Arithmetic Groups

Now we briefly give the definition of a S-arithmetic group. We will not go into details.
There exist several books about algebraic geometry. The book [NX09] is one example.
For more details about linear algebraic groups see, for instance, Chapter 2 in [Spr98|. The
present section is based on Section 13.5 in [ABOS8| and Chapter 1 + Chapter 2 in [Spr98].

Let k£ be a an algebraically closed field. The closed sets in the Zariski topology on
k™ are the solution sets of systems of polynomial equations. We can identify the n x n
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matrices over k with k" and use this to define the Zariski topology on the set of matrices.
Then we have the induced topology on the subset GL,.

Definition A.2.1. A linear algebraic group is a closed subgroup of some GL, with
respect to the Zariski topology.

Let K be the function field of an irreducible, projective, smooth curve C defined over
a finite field k = IF,.

Ezample A.2.2. The rational function field K = k(t) corresponds to the projective line.

Definition A.2.3. Denote by S a finite nonempty set of (closed) points of C' and let
Og be the ring of functions in K that have no poles except possibly at points in .S. In
particular Os = (] O,,. Then Oy is called the ring of S-integers.

pESs
Definition A.2.4. Two Groups are said to be commensurable if their intersection is of
finite index in both of them.

Definition A.2.5. Let G be a linear algebraic group defined over K. Then any subgroup
of G(K) commensurable with G(Og) is called an S-arithmetic group.

Ezample A.2.6. We consider the group PGL3 over the rational function field K = k(t).
Then for a place p of k(t) the group PGL3(Oyyy) is an S-arithmetic group with S = {p}.

A.3. Some open Questions

In this Thesis we focused on the action of the projective general linear group on the un-
derlying graph of the associated Bruhat-Tits building. The Main Theorem [3.1.Tdescribes
the quotient graphs of the underlying graph by the action of the arithmetic subgroup.
So we do not consider what happens with the other simplices. In particular, we do not
know what happens to the 2-simplices of the Bruhat-Tits building we act on. In one
special case there is an answer to this question: For the case PGL3(k[t]) & PGL3(Ojsc})
the quotient of the building modulo the group action was computed by Soulé in [Sou79].
He proved that a sector is a simplicial fundamental domain, so when we insert for every
triangle in the quotient graph for degree 1 a 2-simplex, then the result is a fundamental
domain for the action on the Bruhat-Tits building.

For our proof we need the fact that Oy = k[t] is Euclidean. Therefore it is a further
question what happens when the valuation ring O is not Euclidean.

Another further question is how the quotients look like for the actions of PGLn((’){p}),
for n > 4, on the associated Bruhat-Tits buildings. Of course in higher dimension we
have additionally the higher rank simplices, i.e. the simplices of rank r for 2 < r < n.
Thus another question is how the projective general linear group acts on the set of
r-simplices, where 2 < r < n.
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BN-pair,
J-equivalent chambers,
J-residues,
S-arithmetic group, [150
S-integers, [22] [I50]
A-sector,

i-adjacent chambers,
i-panel, []

k-simplex,

n-skeleton,

absolute value,

abstract simplicial complex,

adjacent chambers, [4]

affine building,

affine hyperplane,

affine reflection,

affine reflection group, [I4]

affine subspace,

algebraic function field of one variable,
apartments of the building at infinity,

basepoint of a ray, [I7]

Bruhat decomposition,

Bruhat-Tits building,

Bruhat-Tits building associated to PGL,,,
Bruhat-Tits building for SL,, (K),
building,

building at infinity,

canonical type function of a Coxeter com-
plex, 9]
cell, [6]

cells,
chamber complex,

chamber map,

chamber subcomplex, []

chamber system,

chambers (cells), [6]

chambers in a chamber complex, [4]

codimension of a simplex, [4]

colorable, [4]

commensurable,

complete,

complete system of apartments,

completion,

conical cell in a building,

conical cells,

connected chambers by a gallery, [4]

constant field, 23]

cotype of a simplex, [4]

Coxeter complex, [9]

Coxeter complex associated to a Coxeter
system, [§]

Coxeter condition, [0]

Coxeter diagram,

Coxeter diagram of a building, [T0]

Coxeter group, [7]

Coxeter matrix, [7]

Coxeter matrix of a building,
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Coxeter system, [7]

degree of a place,

dimension of a cell, [6]

dimension of an affine subspace,
dimension of the simplex, [I]
direction of a conical cell,
discrete valuation, [21]

distance function on chambers, [4]
distance in an affine building, [17]
distance in the underlying graph,

edge of K,

equivalence class of lattices,
equivalent lattices, [20]

essential,

essential affine reflection group,
Euclidean buildings,

Euclidean Coxeter complex,
Euclidean reflection group,
Euclidean vector space,

face at infinity,

face of a cell, [f]

face of an ideal simplex,
face of the simplex,

finite dimension of simplicial complex,

finite reflection group,
flag,

flag complex,

full constant field,
function field,
fundamental apartment,
fundamental chamber, [9]
fundamental domain,

gallery,
geometric realization,

global function field,
good apartment system,

graph,
group of affine automorphisms,

152

group of affine isometries, [14]

hyperplane,
hyperplane arrangement,

ideal point, [I§]

ideal simplex,

incidence graph,

incident lattice classes,
irreducible affine reflection group,
irreducible Coxeter system,
irreducible finite reflection group,

lattice,

length in a Coxeter system, [7]
length of a gallery, [4]

linear algebraic group, [150
link of a simplex,

maximal simplex,
metric on K, 22]
minimal gallery, []
Moufang building,

open join, [I§]
open ray, [I§|
origin of the edge,

panel (cells), [6]

panels (cells),

panels in a chamber complex,
parallel rays,

place,

rank of a building,

rank of a Coxeter system, [7]

rank of a finite reflection group,
rank of simplicial complex,
rank of the simplex,

ray, [I7]

reduced decomposition, [7]
reducible finite reflection group,
reflection,
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residue field, 22] wall, 0]
root, 0] wall of a cell, [f]
root group, [24] walls,
Weyl distance function,
sector, [17] Weyl group,
sector in a building, [17] Weyl group of a BN-pair,
sign sequence, [] Weyl transitive,
simplex, [I]

simplicial automorphism,

simplicial isomorphism, [2]

simplicial map,

spherical,

spherical building,

spherical Coxeter complex, [9]

spherical Coxeter complex associated to
a Coxeter system, [§]

standard coset,

standard lattice,

standard parabolic subgroup, [7}

strongly transitive,

subbuilding,

subcomplex,

subsector,

support, [6] [15]

system of apartments,

thick,

thick Bruhat decomposition,
thin chamber complexes,
translation,

type function,

type of a building,

type of a simplex,

type of a vertex, [4]

type of vertices,

underlying graph,
uniformizer,

valuation ring,
vertex, [I]
vertex of K,
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