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number of Γ4 and the geometric structure of the largest independent sets is described.
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1. Introduction

The investigation of independent sets of Kneser graphs is the famous Erdős-Ko-Rado problem [10]. Using a suitable 
notion of intersection these problems have been studied in many different settings, for integer sequences [11], vector spaces 
[7,12], polar spaces [4] and in countless other settings [9,15,16]. For an overview of Erdős-Ko-Rado problems in geometrical 
settings see [5] and the references therein. For an overview from the viewpoint of algebra see [13]. For flags of projective 
spaces, the problem has also been studied in many different cases, see for example [1--3,17,18].

Consider the finite d-dimensional projective space PG(d,q). We dfine a chamber of PG(d,q) as a tuple C = (S0, . . . , Sd−1)

where Si is a subspace of dimension i for 0 ≤ i ≤ d − 1 and Si ⊆ Si+1 for 0 ≤ i < d − 1. A flag of PG(d,q) is a subtuple of a 
chamber. Two chambers C1 = (S0, . . . , Sd−1) and C2 = (R0, . . . , Rd−1) of PG(d,q) are called opposite if for any two elements 
Si ∈ C1 and R j ∈ C2 the subspaces Si and R j have either no common point or if they span the entire space PG(d,q). This 
is equivalent to Si ∩ Rd−1−i = ∅ for all 0 ≤ i ≤ d − 1. By Γd we denote the Kneser graph on chambers of PG(d,q), that is the 
vertices of Γd are the chambers of PG(d,q) and two vertices are adjacent if the corresponding chambers are opposite. For 
d = 2 the issue is fully understood and resolved, the proof is folklore.

Theorem 1.1. Let M be a maximal independent set of Γ2. Then one of the two following cases occurs.

a) We have |M| = 2q + 1 and there is a point-line flag (P , ℓ) in PG(2,q), such that all chambers of M have ℓ as their line, or P as 
their point

b) We have |M| = 3 and the points of the chambers are not collinear.
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Utilizing algebraic methods and the Hoffman-ratio bound the size of the largest independent sets was determined for d

odd. Here 
[︃

n
k

]︃
q

denotes the Gaussian binomial coefficient of n and k.

Theorem 1.2. [6] Let M be a largest independent set of Γd. Then

|M| ≤

[︃
d + 1

1

]︃
q
. . .

[︃
1
1

]︃
q

1 + q(d+1)/2

and the bound is tight for d odd.

For d = 3 the structure of the largest, second largest and third largest maximal independent set was determined in [14]. 
The largest examples consist of all chambers whose line contains a fixed point or is dual to this.

We turn our attention back to independent sets of Γ4. It follows from Theorem 1.2 that

(q4 + q3 + q2 + q + 1)(q3 + q2 + q + 1)(q2 + q + 1)(q + 1)

1 + q(5/2)

is an upper bound for the independence number of Γ4. However, there are no known examples that meet this bound.
We use a geometric approach, similar to [7,14]. This means that our proofs consist of counts of subspaces of PG(4,q)

in the most diverse cofigurations. The advantage is that in addition to the independence number of Γ4, we also get 
the structure of the largest independent sets and some information on the second largest maximal independent sets. The 
downside of our approach is that our proof is only significant if q is large. Our main result is the following.

Theorem 1.3. A maximal independent set of the Kneser graph on chambers of PG(4,q) contains

α := (q2 + q + 1)(q3 + 2q2 + q + 1)(q + 1)2,

or at most

β := q7 + 4q6 + 133q5 + 290q4 + 261q3 + 195q2 + 75q + 36

or at most

γ := 750q6 + 2379q5 + 3914q4 + 3910q3 + 2755q2 + 1225q + 473

chambers. In particular α is the independence number of Γ4, for q ≥ 749. If q ≥ 749 and M is a maximal independent set with 
|M| > max{β,γ }, then M has the structure described in Example 3.1.

The structure described in Example 3.1 is essentially a ‘blowup’ of maximal independent sets of the Kneser graph on 
line-plane flags of PG(4,q) that was studied in [1]. 
Let M be a maximal independent set of Γ4. If an incident line-plane pair (ℓ,π) of PG(4,q) occurs in a chamber in M , we 
call it an M-coflag. The idea used to structure the proof of Theorem 1.3 is the following: Let (ℓ,π) be an M-coflag that 
occurs in n chambers in M . We call n the weight of (ℓ,π). In this case n is one of the following numbers: 1, 2, q + 1, 
2q + 1, (q + 1)2. This is discussed at length in Section 2. In the rest of the paper we obtain bounds for the individual cases 
by examining the geometric properties that a certain weight embodies. The concept of weight that is used here, is similar 
to the one used in [14].

Finally, we remark that for the Erdős-Ko-Rado problem on flags of PG(4,q) one may consider flags that consist of a 
subspace [12], line-plane flags [1], point-solid flags [2], point-plane flags [3], or chambers. Furthermore, this list covers 
(up to duality) all interesting cases. In particular, our paper completes the picture of the upper mentioned problem for 
dimension 4.

2. Preliminaries

Chambers (S0, . . . , Sd−1) of PG(d,q) are also denoted as triples (P , f , H), with (P , f , H) = (S0, . . . , Sd−1) if and only 
if P = S0 and f = (S1, . . . , Sd−2) and H = Sd−1. In this case we call f a coflag. Two coflags f = (S1, . . . , Sd−2) and g =
(R1, . . . , Rd−2) are called opposite if for any two elements Si ∈ f and R j ∈ g the subspaces Si and R j have either no 
common point or if they span the entire space PG(d,q). This condition is in some sense inherited from the definition of 
oppositeness for chambers. If two coflags f and g are non-opposite, we say that f is non-opposite to g . In the case d = 4
coflags are incident line-plane pairs.
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2.1. Weight of a coflag

The notation of this subsection is adapted from [14].

Notation 2.1. Let M be an independent set of the Kneser graph on chambers of PG(d,q).

a) Chambers in M are called M-chambers.
b) If f is a coflag contained in at least one chamber of M , we call f an M-coflag. We also say that f is contained in M .
c) Let f be an M-coflag. The number of M-chambers that contain f is called the M-weight, or (if there is no ambiguity) 

simply weight of f .
d) Let (P , f ) be an incident point-coflag pair. The number of M-chambers that contain P and f is called the M-weight or 

simply weight of (P , f ). The same terminology is used for coflag-hyperplane pairs.
e) Let P be a point and let f be a coflag. We say that P is a point of f , or on f , if there is a hyperplane H , such that 

(P , f , H) is a chamber. A similar notation is used for coflags and hyperplanes.

Lemma 2.2. Let (P , f , H) and (Q , g, R) be two chambers of PG(d,q) with coflags f and g that are opposite. Then R contains exactly 
one of the q + 1 points on f .

Proof. Let S1, . . . , Sd−2, S ′
1, . . . , S ′

d−2 be subspaces of PG(d,q), such that f = (S1, . . . , Sd−2) and g = (S ′
1, . . . , S ′

d−2). Since g
and f are opposite we have S1 ∩ S ′

d−2 = ∅. Since S ′
d−2 ⊆ R , then R ∩ S1 is one of the q + 1 points on the line S1. �

The following two results are generalizations of Lemma 2.2 and Proposition 2.3 of [14].

Lemma 2.3. Let M be a maximal independent set of chambers of PG(d,q). Every incident coflag-hyperplane pair ( f , H) has weight 0, 
1, or q + 1. If a pair ( f , H) has weight q + 1, every M-chamber contains a coflag that is non-opposite to f or has its point on H.

Proof. Let ( f , H) be an incident coflag-hyperplane pair with weight at least two. In this case there are two chambers 
(P1, f , H) and (P2, f , H) in M with P1 ≠ P2. Let P be any point of f . We show that the chamber (P , f , H) is opposite to 
no chamber of M . Then maximality of M implies that (P , f , H) ∈ M and since this applies to all points P of f , it follows 
that ( f , H) has weight q + 1.

Let (Q , g, R) be any chamber of M . If g is non-opposite to f , then (Q , g, R) and (P , f , H) are not opposite. Suppose 
that g and f are opposite. We show that Q ∈ H , which implies the second statement. Lemma 2.2 states that R contains 
only one of the q + 1 points on f . Without loss of generality, we assume P1 / ∈ R . Since (P1, f , H) and (Q , g, R) are not 
opposite, this implies that Q ∈ H . Hence (Q , g, R) and (P , f , H) are not opposite. �

For incident point-coflag pairs we get the dual statement.

Proposition 2.4. Let M be a maximal independent set of chambers of PG(d,q) and let f be a coflag. Then f has weight 0, 1, 2, q + 1, 
2q + 1 or (q + 1)2 . Moreover, the following hold.

a) The coflag f has weight (q + 1)2 if and only if it is non-opposite to all M-coflags.
b) If f has weight 2q + 1, then f is incident with a point P and a hyperplane H such that every M-chamber (Q , g, R) with a coflag 

g that is opposite to f satifies Q ∈ H and P ∈ R. In particular, every M-coflag g with the upper mentioned property has weight 1
and every chamber that contains f , also contains P or H.

c) If f has weight q + 1, then one of the following two cases occurs.

(i) There exists a point P on f , such that the M-chambers of f are the q + 1 chambers that contain P , and f . In this case every 
M-chamber (Q , g, R) with a coflag g that is opposite to f , satifies P ∈ R.

(ii) There exists a hyperplane H on f , such that the M-chambers of f are the q + 1 chambers that contain f and H. In this case 
every M-chamber (Q , g, R) with a coflag g that is opposite to f , satifies Q ∈ H.

d) If f has weight two and (Pi, f , Hi), i = 1,2 are the two chambers of M containing f , then P1 ≠ P2 and H1 ≠ H2 . In this case, 
every chamber (Q , g, R) in M with a coflag g that is opposite to f , satifies either P1 ∈ R and Q ∈ H2 , or P2 ∈ R and Q ∈ H1 .

Proof. If no M-coflag is opposite to f , then none of the (q + 1)2 chambers on f are opposite to any M-chamber, so 
maximality of M implies that these (q + 1)2 chambers all belong to M . Hence, f has weight (q + 1)2.

From now on we assume that M contains a chamber (Q 0, g0, R0), with g0 opposite to f . Lemma 2.2 states that R0
meets the line of f in a point P0, and that the hyperline of f , that is the subspace of dimension d − 2 in f , and Q 0 span 
a hyperplane H0. If (P , f , H) is any chamber of M containing f , then it is non-opposite to (Q 0, g0, R0) and hence P ∈ R0
or Q 0 ∈ H , that is P = P0 or H = H0. Lemma 2.3 implies that the number of chambers of M containing P0 and f is either 
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0, 1 or q + 1, and that the number of chamber of M containing H0 and f is either 0, 1 or q + 1. If q + 1 occurs in any of 
the two situations mentioned above, then (P0, f , H0) lies in M . It follows immediately that the number of M-chambers on 
f is 0, 1, 2, q + 1 or 2q + 1. It remains to prove b)-d).

b) We assume that f lies in exactly 2q + 1 M-chambers. Then these are all chambers containing P0 and f or containing 
f and H0. For the second statement in b) suppose that (Q , g, R) is an M-chamber with g opposite to f . Since (Q , g, R) is 
non-opposite to the chambers containing P0 and f , we have P0 ∈ R . By symmetry, we get Q ∈ H0.

c) We assume that f has weight q + 1. Then these are either the q + 1 chambers containing P0 and f or the q + 1
chambers containing f and H0. Suppose first that these are the q + 1 chambers containing P0 and f . Then Lemma 2.3
proves the second part of c)(i). Suppose now that the M-chambers that contain f are the q + 1 chambers containing f and 
H0. This is dual to the previous situation and therefore we are in situation c)(ii).

d) Assume that f has weight two and let (Pi, f , Hi), i = 1,2 be the two chambers of M containing f . It is impossible 
that P1 = P2, since otherwise Lemma 2.3 implies that (P1, f ) has weight q + 1 and hence f would have weight at least 
q + 1. Dually we have H1 ≠ H2. Suppose that (Q , g, R) is a chamber of M with g opposite to f . Since (Pi, f , Hi) and 
(Q , g, R) are non-opposite, we have Q ∈ Hi or Pi ∈ R . Since g and f are opposite, Lemma 2.2 states that R contains at 
most one of the points P1 and P2. As H1 ≠ H2, then Q lies in at most one of these planes. This proves d). �
Corollary 2.5. Let M be a maximal independent set of chambers of PG(d,q). Let (P , f , H) be in M and suppose that f has weight one. 
Then there are chambers (Q 1, g1, R1) and (Q 2, g2, R2) in M that satisfy the following properties: f is opposite to g1 and g2 , P ∈ R1 , 
Q 1 / ∈ H and P / ∈ R2 , Q 2 ∈ H.

Proof. There are M-coflags that are opposite to f , otherwise f would have weight (q + 1)2. Let us assume that there is no 
chamber (Q 1, g1, R1) in M that satifies: f is opposite to g1, P ∈ R1, Q 1 / ∈ H . This means that all chambers (Q , g, R) in 
M with a coflag g that is opposite to f , satisfy Q ∈ H . In this case the pair ( f , H) would have weight q + 1, this implies 
that f has weight ≥ q + 1, which is a contradiction. Therefore, we can find a chamber (Q 1, g1, R1) in M that satifies the 
conditions: f is opposite to g1, P ∈ R1, Q 1 / ∈ H and with the same argument there exists a chamber (Q 2, g2, R2) in M that 
satifies the conditions: f is opposite to g2, P / ∈ R2, Q 2 ∈ H . �
2.2. Coflags in PG(4,q)

The coflags of PG(4,q) are line-plane flags (ℓ,π). Let Γ4(1,2) be the graph whose vertices are the coflags of PG(4,q) with 
two coflags (ℓ1,π1) and (ℓ2,π2) being adjacent if they are opposite, that is ℓ1 ∩π2 = l2 ∩π1 = ∅. We call Γ4(1,2) the Kneser 
graph on line-plane flags of PG(4,q). We will see that maximal independent sets of Γ4 are induced by maximal independent 
sets of Γ4(1,2). Maximal independent sets of Γ4(1,2) are well studied. First, we give examples of large independent sets N
of Γ4(1,2).

Example 2.6. 

a) Let S0 be a solid and P0 ∈ S0 a point. Let N be the set of all line-plane flags (ℓ,π) that satisfy π ⊆ S0, or ℓ = π ∩ S0
and P0 ∈ l.

b) Let S0 be a solid and π0 ⊂ S0 a plane. Let N be the set of all line-plane flags (ℓ,π) that satisfy π ⊆ S0, or ℓ = π ∩ S0
and ℓ ⊆ π0.

c) Let S0 be a solid and P0 ∈ S0 a point. Let N be the set of all line-plane flags (ℓ,π) that satisfy P0 ∈ ℓ, or π = ⟨ℓ, P0⟩
and π ⊆ S0.

d) Let ℓ0 be a line and P0 ∈ ℓ0 a point. Let N be the set of all line-plane flags (ℓ,π) that satisfy P0 ∈ ℓ, or π = ⟨ℓ, P0⟩ and 
ℓ0 ⊆ π .

It turns out that these examples are precisely the largest ones.

Theorem 2.7 ([1]). Let N be a largest independent set of Γ4(1,2). Then |N| = (q2 + q + 1)(q3 + 2q2 + q + 1) and N is one of the 
independent sets described in Example 2.6.

Furthermore we have the following Hilton-Milner type theorem.

Theorem 2.8 ([8]). Let N be an independent set of Γ4(1,2) that is not a subset of any of the sets described in Example 2.6. Then 
|N| ≤ 4q4 + 9q3 + 4q2 + q + 1.

For later use, we need the following technical lemmata.

Lemma 2.9. Let λ := q2 + q + 1 and let (ℓ1,π1) and (ℓ2,π2) be two line-plane flags in PG(4,q) with ℓ1 ≠ ℓ2 and π1 ≠ π2 . The 
number of line-plane flags (g, τ ) that are non-opposite to (ℓ1,π1) and (ℓ2,π2) is at most zB := λ(8q4 + 14q3 + 16q2 + 10q + 6).
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Proof. A line-plane flag (g, τ ) that is non-opposite to (ℓ1,π1) and (ℓ2,π2) has to satisfy one of the following conditions:

a) g ∩ π1 ≠ ∅ and g ∩ π2 ≠ ∅.
b) g ∩ π1 ≠ ∅ and ℓ2 ∩ τ ≠ ∅.
c) ℓ1 ∩ τ ≠ ∅ and g ∩ π2 ≠ ∅.
d) ℓ1 ∩ τ ≠ ∅ and ℓ2 ∩ τ ≠ ∅.

We obtain an upper bound for the number of chambers that satisfy each condition, in every case. Condition a) and d) 
are dual, furthermore note that condition b) and c) are inherently symmetrical. Therefore, the bound we obtain for a), will 
also be used for d) and the bound we obtain for b), will also be used for c). Every line g is incident with at most λ planes 
τ .

a) First, we find an upper bound for the number n of lines g that meet both π1 and π2. Then clearly n · λ is our desired 
bound. Since π1 ≠ π2 the subspace π1 ∩ π2 can be a point, or a line. 
If π1 and π2 meet in a line, we have that (q2 · q2) + (q + 1)(q3 + q2 + q) + 1 distinct lines meet both π1 and π2. 
If π1 and π2 meet in a point, we have that (q2 +q)(q2 +q)+ (q3 +q2 +q + 1) distinct lines meet both π1 and π2. Since 
q ≥ 2, we have n ≤ (q2 · q2) + (q + 1)(q3 + q2 + q) + 1 in any case and therefore ((q2 · q2) + (q + 1)(q3 + q2 + q) + 1)λ is 
our bound.

b) There are three possible arrangements: Either (i) ℓ2 ⊆ π1, or (ii) the subspace ℓ2 ∩ π1 is a point P , or (iii) ℓ2 ∩ π1 = ∅.
(i) Let ℓ2 ⊆ π1. If g ∩ π1 is one of the q2 points not on ℓ2 and τ ∩ ℓ2 is one of the q + 1 points on ℓ2, then these two 

points span a line and τ is one of the λ − 1 planes ≠ π1 incident with this line. Furthermore g is one of the q + 1
lines on τ incident with g ∩π1. In every other case the line g meets ℓ2, that is g is one of the 1+ (q +1)(q3 +q2 +q)

lines that meets ℓ2 and τ is one of the λ planes incident with g . Therefore, our bound in this case is q2(q + 1)λ(q +
1) + (1 + (q + 1)(q3 + q2 + q))λ.

(ii) Let ℓ2 ∩ π1 be a point P . If g ∩ π1 is one of the q2 + q points not on ℓ2 and τ ∩ ℓ2 is one of the q + 1 points on 
ℓ2, then these two points span a line and τ is one of the λ − 1 planes ≠ π1 incident with this line. Furthermore g
is one of the q + 1 lines on τ incident with g ∩ π1. In every other case the line g meets ℓ2, that is g is one of the 
1 + (q + 1)(q3 + q2 + q) lines that meets ℓ2 and τ is one of the λ planes incident with g . Therefore, our bound in this 
case is (q2 + q)(q + 1)λ(q + 1) + (1 + (q + 1)(q3 + q2 + q))λ.

(iii) Let ℓ2 ∩ π1 = ∅. If g does not meet ℓ2, then g ∩ π1 is one of the q2 + q + 1 points on π1 and τ ∩ ℓ2 is one of the 
q + 1 points on ℓ2. These two points span a line and τ is one of the λ planes incident with this line. Furthermore g
is one of the q + 1 lines on τ incident with g ∩ π1. In every other case the line g meets ℓ2, that is g is one of the 
1 + (q + 1)(q3 + q2 + q) lines that meets ℓ2 and τ is one of the λ planes incident with g . Therefore, our bound in this 
case is (q2 + q + 1)(q + 1)λ(q + 1) + (1 + (q + 1)(q3 + q2 + q))λ.

Clearly (q2 + q + 1)(q + 1)λq + (1 + (q + 1)(q3 + q2 + q))λ is an upper bound in (i), (ii) and (iii).

In conclusion we obtain an upper bound of

2 ·
(︂
((q2 · q2) + (q + 1)(q3 + q2 + q) + 1)λ

)︂

+2 ·
(︂
(q2 + q + 1)(q + 1)λ(q + 1) + (1 + (q + 1)(q3 + q2 + q))λ

)︂

=λ(8q4 + 14q3 + 16q2 + 10q + 6)

as claimed. �
The bound obtained in Lemma 2.9 is not optimal. Although it can be improved, the current version is sufficient for our 

purpose.

Lemma 2.10. Let (ℓ1,π1) and (ℓ2,π2) be two line-plane flags in PG(4,q) with ℓ1 ≠ ℓ2 and π1 ≠ π2 . Furthermore let P0 be a point 
on (π1 ∩ π2) \ (ℓ1 ∪ ℓ2). The number of line-plane flags (g, τ ) with P0 ∈ τ \ g that are non-opposite to (ℓ1,π1) and (ℓ2,π2) is at 
most zA := 2q5 + 12q4 + 11q3 + 8q2 + 3q + 3.

Proof. The proof works analogously to the proof of Lemma 2.9. A line-plane flag (g, τ ) that is non-opposite to (ℓ1,π1) and 
(ℓ2,π2) has to satisfy one of the following conditions:

a) g ∩ π1 ≠ ∅ and g ∩ π2 ≠ ∅.
b) g ∩ π1 ≠ ∅ and ℓ2 ∩ τ ≠ ∅.
c) ℓ1 ∩ τ ≠ ∅ and g ∩ π2 ≠ ∅.
d) ℓ1 ∩ τ ≠ ∅ and ℓ2 ∩ τ ≠ ∅.

5 
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We obtain an upper bound for the number of chambers that satisfy each condition, in every case. For b) and c) we use 
the same bound. Since π1 ≠ π1 and P0 ∈ (π1 ∩ π2) \ (ℓ1 ∪ ℓ2) the line ℓ1 cannot be contained in π2 and vice versa. Note 
that for every line g the plane τ is determined by P0. Therefore, we dfine λ := 1.

a) First, we find an upper bound n for the number of lines g that meet both π1 and π2. This is analogue to Case a) of 
Lemma 2.9 and we obtain a bound of ((q2 · q2) + (q + 1)(q3 + q2 + q) + 1)λ.

b) There are two possible arrangements: Either (ii) the subspace ℓ2 ∩ π1 is a point P , or (iii) ℓ2 ∩ π1 = ∅.
(ii) Let ℓ2 ∩ π1 be a point P . Let g ∩ π1 be one of the q2 + q − 1 points distinct from P , P0 on π1. Let Q be one of the 

q + 1 points on ℓ2, such that g ∩ π1, P0 and Q are not collinear. Then τ is determined by these three points and g
is one of the q2 lines on τ that is not incident with P0. If the three points would be collinear, then τ would be one 
of the q2 + q + 1 planes incident with the line π1 ∩ π2. In every other case the line g meets ℓ2, that is g is one of 
the 1 + (q + 1)(q3 + q2 + q) lines that meets ℓ2 and τ is one of the λ planes incident with g . Therefore, our bound in 
this case is (q2 + q − 1)(q + 1)q2 + (q2 + q + 1)q2 + (1 + (q + 1)(q3 + q2 + q))λ.

(iii) Let ℓ2 ∩ π1 = ∅. If g ∩ π1 is one of the q2 + q points ≠ P0 on π1 and τ ∩ ℓ2 is one of the q + 1 points on 
ℓ2, then these two points span a line that is not incident with P0 and τ is determined. Furthermore g is one 
of the q + 1 lines on τ incident with g ∩ π1. In every other case the line g meets ℓ2, that is g is one of the 
1 + (q + 1)(q3 + q2 + q) lines that meets ℓ2 and τ is one of the λ planes incident with g . Therefore, our bound in this 
case is (q2 + q)(q + 1)(q + 1) + (1 + (q + 1)(q3 + q2 + q))λ.

Clearly (q2 + q − 1)(q + 1)q2 + (q2 + q + 1)q2 + (1 + (q + 1)(q3 + q2 + q)) is an upper bound in (ii) and (iii).
d) First, we find an upper bound n for the number of planes τ that meet both ℓ1 and ℓ2 for ℓ1 ≠ ℓ2. Then g can be any 

of the q2 lines on τ that is not incident with P0, hence nq2 gives a bound. 
Since ℓ1 ≠ ℓ2, the lines do not meet, or they meet in a point. If the lines meet in a point, the point P0 is not in the 
span of ℓ1 and ℓ2. 
If ℓ1 ∩ ℓ2 is a point P , there are at most q2 + q + 1 planes incident with P and P0. Let us assume that τ is a plane that 
is incident with ℓ1 and ℓ2, but not with P . Then τ contains one of the q2 lines of ⟨ℓ1, ℓ2⟩ that is not incident with P . 
Therefore τ is one of the λ planes that is incident with such a line and P0. In conclusion n ≤ (q2 + q + 1) + q2 in this 
case. 
If ℓ1 ∩ ℓ2 = ∅, there is at most one point Q on ℓ2 such that the span of Q and ℓ1 contains P0. If τ contains the 
line Q P0 then τ is any of the (q2 + q + 1) planes incident with Q P0. If τ does not contain Q P0 then the plane 
τ contains one of the (q + 1)2 lines that meet both ℓ1 and ℓ2. Then τ is determined by this line and P0. Therefore 
n ≤ (q2 + q + 1) + (q + 1)2 in this case. 
We have n ≤ (q2 + q + 1) + (q + 1)2 in both cases and therefore ((q2 + q + 1) + (q + 1)2)q2 is our bound.

In conclusion we obtain an upper bound of

((q2 · q2) + (q + 1)(q3 + q2 + q) + 1)

+2 ·
(︂
(q2 + q − 1)(q + 1)q2 + (q2 + q + 1)q2 + (1 + (q + 1)(q3 + q2 + q))

)︂

+((q2 + q + 1) + (q + 1)2)q2

=2q5 + 12q4 + 11q3 + 8q2 + 3q + 3

as claimed. �
3. Maximal independent sets of �4

Before we begin with the proof of Theorem 1.3, we give a class of examples of large maximal independent sets of Γ4 .

Example 3.1. Let N be a largest independent set of the Kneser graph on line-plane flags of PG(4,q), that is N is one of 
the sets described in Example 2.6. Let M be the set of all chambers whose line-plane flag is in N . Then M is a maximal 
independent set of the Kneser graph on chambers of PG(4,q). Theorem 2.7 yields |N| = (q2 + q + 1)(q3 + 2q2 + q + 1) and 
every line-plane flag is contained in at most (q + 1)2 chambers (see Proposition 2.4). Therefore, we get |M| = (q2 + q +
1)(q3 + 2q2 + q + 1)(q + 1)2.

Note that in the above example every coflag of M has weight (q + 1)2. 
On the other hand, if we take a set M of pairwise non-opposite chambers and assume that every coflag in M has weight 
(q + 1)2, Proposition 2.4 yields that no two M-coflags are opposite. Using Theorem 2.7 and Theorem 2.8 this implies that 
either M is as in Example 3.1 and

|M| = (q2 + q + 1)(q3 + 2q2 + q + 1)(q + 1)2

or
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|M| ≤ (4q4 + 9q3 + 4q2 + q + 1)(q + 1)2.

The remainder of this section is devoted to the case in which a set M of pairwise non-opposite chambers contains a 
coflag of weight < (q + 1)2.

Proposition 3.2. Let M be an independent set of Γ4 that contains coflags of weight < (q + 1)2 . Then one of the following two cases 
occurs.

A: The number of M-coflags with weight (q + 1)2 is at most (q3 + q2 + q + 1)(q2 + q + 1) + q2(q + 1) and (A1) these include all 
line-plane flags whose lines contain a fixed point P0, or dually (A2) all line-plane flags whose planes are contained in a fixed solid 
S0 .

B: The number of M-coflags with weight (q + 1)2 , is at most δ := 4q4 + 9q3 + 4q2 + q + 1.

Proof. Proposition 2.4 states that no M-coflag is opposite to any M-coflag of weight (q + 1)2. Let N be the set of all M
coflags with weight (q + 1)2. If N contains δ + 1 elements, the Theorems 2.7 and 2.8 imply that N is contained in one of 
the structures described in Example 2.6. 
Since a) and b) of Example 2.6 are dual to c) and d) we assume without loss of generality that N is contained in the 
structure of c) or d). In case c) there is a point P0 and a solid S0 on P0, such that all line-plane flags in N have their line 
on P0, or their plane in S0. In case d) there is a point P0 and a line ℓ0 on P0, such that all line-plane flags in N have their 
line on P0, or their plane on ℓ0. 
Since |N| > δ the set N contains more than q2(q2 + q + 1) + (q2 + q + 1)2 flags. This implies that N contains at least 
(q2 + q + 1)2 + 1 line-plane flags with lines that contain P0. The lines of these flags cannot all be contained in a solid. This 
implies that all line-plane flags, that are non-opposite to all coflags in N , have their plane on P0. Therefore all (q3 + q2 +
q + 1)(q2 + q + 1) line-plane flags with a line on P0 are in N . 
Now assume that N contains (q3 + q2 + q + 1)(q2 + q + 1) + q2(q + 1) + 1 coflags, i.e. q2(q + 1) + 1 coflags with a line 
that is not on P0. Then these q2(q + 1) + 1 coflags all have their plane on P0. However, they cannot all have their plane 
in a fixed solid and on a line. In other words, we are either in case c) of Example 2.6, or in case d). However, in this case 
the only line-plane flags that are non-opposite to all line-plane flags in this structure, are also in this structure. Hence all 
M-coflags have to be in this structure (and therefore they are non-opposite to all M-coflags) and this implies that they have 
weight (q + 1)2. Therefore, we get that M does not contain coflags of weight < (q + 1)2. Since M contains coflags of weight 
< (q + 1)2, we obtain a contradiction. �

From now on we refer to Case A, A1, A2 and B of Proposition 3.2 simply as Case A, A1, A2 or B.

Remark 3.3. In Case A1, all M-coflags have to have their plane on a fixed point P0 and all coflags with a line on P0 have 
weight (q + 1)2. Therefore, a line of weight < (q + 1)2 already determines the line-plane flag. In Case A2 the plane already 
determines the line.

Lemma 2.9 concerns the Case B and Lemma 2.10 concerns the Case A1, dually we also get the same result in Case A2. 
Now we obtain an upper bound on the number of M-coflags with weight < (q + 1)2 in Case A and B.

3.1. Bound for coflags with weight q + 1 or 2q + 1

Notation 3.4. Let M be an independent set of Γ4. Let (ℓ,π) be an M-coflag of weight q + 1, or 2q + 1. If there is a point Q , 
so that (Q , ℓ,π) has M-weight q + 1, we call (ℓ,π) a P M -pair. If there is a solid R , so that (ℓ,π, R) has M-weight q + 1, 
we call (ℓ,π) an SM -pair.

Proposition 2.4 yields that every M-coflag of weight q + 1 is a P M -pair or an SM -pair, furthermore it implies that an 
M-coflag has weight 2q + 1, if and only if it is a P M -pair and an SM -pair.

Lemma 3.5. For an independent set M of Γ4 , no two SM -pairs are opposite.

The proof is adapted from Lemma 2.9 of [14].

Proof. Let (ℓ1,π1) and (ℓ2,π2) be SM -pairs. Let P1, . . . , Pq+1 be the points on ℓ1 and let Q 1, . . . , Q q+1 be the points on 
ℓ2. Furthermore let S1 and S2 be the solids, so that the triples (ℓ1,π1, S1) and (ℓ2,π2, S2) have weight q + 1. Then all of 
the following chambers are in M:

(P1, ℓ1,π1, S1), . . . , (Pq+1, ℓ1,π1, S1), (Q 1, ℓ2,π2, S2), . . . , (Q q+1, ℓ2,π2, S2).
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Not let us assume that (ℓ1,π1) and (ℓ2,π2) are opposite. This implies for any two chambers (Pi, ℓ1,π1, S1) and 
(Q j, ℓ2,π2, S2) that Pi ∈ S2, or Q j ∈ S1. Without loss of generality, we assume that two distinct points P1, P2 are in 
S2. This implies that ℓ1 is in S2. Therefore ℓ1 meets π2 in a point. This is a contradiction. �

For P M -pairs, we have the dual statement: No two P M -pairs are opposite.

Proposition 3.6. Let M be an independent set of Γ4 and assume that we are in Case B. The number of chambers in M with M-coflags 
of weight q + 1, or 2q + 1 is at most 2 · (q5 + 3q4 + 4q3 + 4q2 + 2q + 1)(q + 1).

Proof. First, we show that the number of SM -pairs in M is at most a := q5 + 3q4 + 4q3 + 4q2 + 2q + 1. In Lemma 3.5 we 
showed that the line-plane flags of two SM -pairs are non-opposite. This implies that the number of SM -pairs is bounded 
by the number of pairwise non-opposite line-plane flags. Theorem 2.7 yields that the number of pairwise non-opposite 
line-plane flags is at most a. Therefore, the number of SM -pairs in M is at most a. 
For P M -pairs we have the dual statement: There are at most a P M -pairs in M . 
Now we need to show that 2a is an upper bound for the number of M-coflags that are an SM -pair or a P M -pair. If 
no SM -pair is a P M -pair this is clearly the case. If an SM -pair is also a P M -pair, the total number of chambers with 
SM - and P M -pairs is actually smaller than 2a, since an M-coflag with weight 2q + 1 is a P M -pair and an SM -pair and 
2q + 1 < 2(q + 1). �
Proposition 3.7. Let M be an independent set of Γ4 and assume that we are in Case A. The number of chambers in M with M-coflags 
of weight q + 1, or 2q + 1 is at most 2 · (q4 + q3 + q2)(q + 1).

Proof. In Case A2 there is a solid S0, such that all M-coflags of weight < (q + 1)2 have their line in S0 but their plane not 
in S0. We only consider Case A2, since Case A1 is dual. Let (ℓ1,π1) and (ℓ2,π2) be two line-plane flags with ℓi ⊆ S0 and 
πi ⊈ S0 for a fixed solid S0 and i = 1,2. If (ℓ1,π1) and (ℓ2,π2) are non-opposite, the lines have to meet in a point. The 
number of lines in S0 that pairwise meet is, according to [12], at most q2 + q + 1. Every line is incident with q2 planes not 
in S0. Using similar arguments as in Proposition 3.6, we get that the number of chambers with coflags with weight q + 1, 
or 2q + 1 is bound by 2 · (q4 + q3 + q2)(q + 1). �
3.2. Bound for coflags with weight one or two

In this subsection we always consider an independent set M of Γ4 that contains coflags of weight < (q + 1)2. First, we 
want to show that the number of M-chambers with a coflag of weight one or two, whose point is in a fixed solid, is ‘small’. 
We need the following technical lemmata for the proof.

Lemma 3.8. Let M be an independent set of Γ4 and λ := q2 + q + 1. Assume that σ is a plane and let Y be the set of all chambers 
(P , ℓ,π, S) of M for which (ℓ,π) has M-weight at most two and P ∈ σ . In Case B we have |Y | ≤ yB := λ(8q4 +19q3 +15q2 +5q+3).

Proof. Note that every line in PG(4,q) is incident with λ planes.
Let Y3 be the set of all chambers in Y , whose line is contained in σ . Let Y2 be the set of chambers in Y , whose plane 

meets σ in a line. Let Y1 be the set of chambers in Y , whose plane meets σ only in a point. Since Y1 ∪ Y2 contains all 
chambers in Y with a line that is not in σ , we have Y = Y1 ∪ Y2 ∪ Y3. We obtain bounds for |Y1|, |Y2|, |Y3|, therefore we 
assume without loss of generality that Y1, Y2 and Y3 are not empty.

There are q2 +q +1 lines in σ and each line is incident with λ planes. The Y3-coflags have at most weight two, therefore 
|Y3| ≤ 2(q2 + q + 1)λ.

Now we want to find an upper bound for |Y1 ∪ Y2|. The point of every chamber of Y1 ∪ Y2 is in σ , but the lines of the 
chambers of Y1 ∪ Y2 are not contained in σ . If we assume that a (Y1 ∪ Y2)-coflag f has weight 2 Proposition 2.4 yields that 
there are two distinct points P1 and P2 on f such that (P1, f ) and (P2, f ) have M-weight > 0. But in this case only one 
of the two points P1, P2 is in σ , therefore only one of the point-coflag pairs occurs in a chamber of Y . Therefore, we can 
count the (Y1 ∪ Y2)-coflags in order to count the chambers in Y1 ∪ Y2.

Let (P , ℓ,π, S) be a chamber of Y2, note that π ≠ σ , since otherwise the line ℓ would be in σ . There are q2 + q + 1
possibilities for ℓ ∩σ . Each of these points is incident with q + 1 lines in σ . Each of these lines is incident with λ planes π . 
The line ℓ has to be one of the q + 1 lines in π incident with ℓ ∩ σ . In conclusion we obtain |Y2| ≤ (q2 + q + 1)(q + 1)2λ.

Now we find an upper bound for |Y1|. Let (P , ℓ,π, S) be a chamber in Y1, i.e. π ∩ σ = P . Since Y1 is an independent 
set, all chambers (Q , g, τ , R) in Y1 have to be non-opposite to (P , ℓ,π, S). We find an upper bound for the number of 
chambers (Q , g, τ , R) in Y1 that a) contain a line-plane pair that is non-opposite to (ℓ,π), b) have a point Q ∈ S , or c) 
have a solid R on P . This yields an upper bound for |Y1|. Recall that it is sufficient to count the Y1-coflags.

a) We find an upper bound for the number (#a) of coflags (g, τ ) of chambers in Y1 that are non-opposite to (ℓ,π).
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The sets π ∩ σ and τ ∩ σ are points, since the corresponding chambers are in Y1. If g ∩ σ = ℓ ∩ σ , the flags are clearly 
non-opposite. The point ℓ ∩σ is incident with q3 + q2 lines g that are not in σ and each line is incident with λ planes. 
This yields that there are (q3 + q2)λ flags (g, τ ) with g ∩ σ = ℓ ∩ σ .
Now we consider the cases with ℓ ∩σ ≠ g ∩σ . First, we consider the line-plane pairs (g, τ ) who satisfy g ∩π ≠ ∅. The 
line g is determined by one of the q2 + q points ≠ ℓ ∩ σ on σ and one of the q2 + q points distinct from ℓ ∩ σ on π . 
Every line g is incident with λ planes τ . This yields (q2 + q)2λ coflags.
Now we look at the chambers (g, τ ) who satisfy ℓ ∩ τ ≠ ∅. We can choose one of q2 + q points ≠ l ∩ σ for τ ∩ σ on 
σ and one of q points on ℓ that is different from ℓ ∩ σ , for ℓ ∩ τ . These two points span a line that has to be incident 
with τ , therefore τ is one of the λ planes that is incident with this line. The line g has to be one of the q + 1 lines on 
τ that is incident with τ ∩ σ . This yields (q2 + q)q(q + 1)λ coflags.
In conclusion (#a) ≤ (q3 + q2)λ + (q2 + q)2λ + (q2 + q)q(q + 1)λ = λ(2q4 + 5q3 + 3q2).

b) We find an upper bound for the number (#b) of chambers (Q , g, τ , R) in Y1, whose point Q is in S .
Since π ∩ σ is a point and π ⊆ S , the subset S ∩ σ is a line.
If (Q , g, τ , R) is a chamber in Y1 with Q ∈ S , then Q has to be on the line S ∩ g . Therefore g has to meet the line 
S ∩ σ . There are q + 1 points on the line S ∩ σ . Each point is incident with q3 + q2 lines not in σ and each line is 
incident with λ planes. Since the coflags of Y1 have weight one, we have (#b) ≤ (q + 1)(q3 + q2)λ.

c) We want to find an upper bound for the number (#c) of chambers (Q , g, τ , R) in Y1, whose solid contains P .
Recall that we only consider chambers (Q , g, τ , R) whose solids do not contain σ , since otherwise τ ∩ σ is a line. 
Therefore R ∩ σ has to be one of the q + 1 lines in σ incident with P .
If all chambers (Q , g, τ , R) of Y1 that satisfy P ∈ R , also contain a line-plane pair (g, τ ) that is not opposite to (ℓ,π), 
we have (#c) ≤ (#a).
Now assume that there is a chamber (P1, ℓ1,π1, S1) in Y1 with the following properties: P ∈ S1 and (ℓ,π) and (ℓ1,π1)

are opposite. We find an upper bound for the number of chambers (Q , g, τ , R) in Y1 that satisfy P ∈ R and that are 
non-opposite to (P1, ℓ1,π1, S1) and (P , ℓ,π, S). This will give an upper bound for (#c).
– The number of chambers (Q , g, τ , R) who satisfy P ∈ R and (g, τ ) is non-opposite to (ℓ1,π1) is at most λ(2q4 +

5q3 + 3q2). This follows directly from a) applied to (ℓ1,π1).
– The number of chambers (Q , g, τ , R) who satisfy P ∈ R and Q ∈ S1 is at most (q + 1)(q3 +q2)λ. This follows directly 

from b) applied to (P1, ℓ1,π1, S1).
– Now we consider the chambers (Q , g, τ , R) who satisfy P ∈ R and P1 ∈ R . Since (ℓ,π) and (ℓ1,π1) are opposite we 

have P ≠ P1. The set R ∩ σ has to be a line, since R cannot contain σ . There are q + 1 points Q on P P1. Every 
point is incident with q3 + q2 lines g not in σ . Every line is incident with λ planes τ . Therefore, we have at most 
(q + 1)(q3 + q2 + q + 1)λ coflags.

This yields

(#c) ≤(2q4 + 5q3 + 3q2)λ

+ (q + 1)(q3 + q2)λ

+ (q + 1)(q3 + q2)λ.

In conclusion we have

|Y1| ≤ (#a) + (#b) + (#c) ≤ 2(2q4 + 5q3 + 3q2)λ

+ 3(q + 1)(q3 + q2)λ

= (7q4 + 16q3 + 9q2)λ.

Considering |Y | = |Y3| + |Y2| + |Y1|, we obtain

|Y | ≤ 2(q2 + q + 1)λ

+ (q2 + q + 1)(q + 1)2λ

+ (7q4 + 16q3 + 9q2)λ

= (8q4 + 19q3 + 15q2 + 5q + 3)λ. �
Lemma 3.9. Let M be an independent set of Γ4. Assume that σ is a plane and let Y be the set of all chambers (P , ℓ,π, S) of M for 
which (ℓ,π) has M-weight at most two and P ∈ σ . In Case A we have |Y | ≤ y A := 6q5 + 12q4 + 8q3 + 4q2 .

Proof. First consider Case A1. There are q2 +q +1 points on σ . For every point of σ the number of lines ℓ that meet σ is at 
most q3 + q2 + q + 1. Let ℓ be a line of a chamber (P , ℓ,π, S) in Y . Then Remark 3.3 implies that π is uniquely determined 
by ℓ in Case A1. Since every M-coflag has weight at most two, we get |Y | ≤ 2(q2 + q + 1)(q3 + q2 + q + 1).
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Now consider Case A2. In this case all coflags (ℓ,π) of Y contain lines ℓ that have to be in a fixed solid S0 and planes π
that satisfy π ∩ S0 = ℓ. This implies that every line ℓ is incident with at most q2 planes π . If σ ∩ S0 is just a line, there are 
(q + 1)(q2 + q) + 1 lines in S0 that meet σ ∩ S0 and therefore |Y | ≤ 2((q + 1)(q2 + q) + 1)q2. Now consider the case σ ⊆ S0.

Let Y = Y1∪̇Y2, where Y2 contains all chambers with a line in σ . Then |Y2| ≤ 2(q2 + q + 1)q2.
Similar to the proof of the previous lemma we get the following: Since the point of every chamber of Y1 is in σ , but the 

lines of the chambers of Y1 are not contained in σ , Proposition 2.4 yields we can count the Y1-coflags in order to count 
the chambers in Y1.

Let (P1, ℓ1,π1, S1) be chambers in Y1. First, we find an upper bound for the number n of chambers (Q , g, τ , R) in Y1
whose coflag is non-opposite to (ℓ1,π1). 
If ℓ1 and τ meet, we have that ℓ1 and g meet, since τ ∩ S0 = g . If π1 and g meet, we also have that ℓ1 and g meet, since 
π ∩ S0 = ℓ. There are q + 1 points on ℓ1. Every point is incident with q2 + q + 1 lines g in S0. The plane τ is one of the q2

planes incident with g that is not in S0. In conclusion n ≤ (q + 1)(q2 + q + 1)q2.
Let (Q 1, g1, τ1, R1) be a chamber in Y1 with (g1, τ1) opposite to (ℓ1,π1) and without loss of generality we assume that 

the line R1 ∩σ contains P1. Note that S1 ∩σ is also a line. Let (Q , g, τ , R) be another chamber of Y1 and assume: (g, τ ) is 
opposite to (ℓ1,π1) and (g1, τ1), and Q / ∈ R1 ∩σ , S1 ∩σ . In this case R has to contain Q 1 and P1 which implies Q ∈ R1 ∩σ , 
contradiction. Therefore all chambers in Y1 have to be non-opposite to (ℓ1,π1), or non-opposite to (g1, τ1), or they have to 
have their point on one of the 2q + 1 points of h := (R1 ∩ σ) ∪ (S1 ∩ σ). There are at most (2q + 1)(q2 + q)q2 chambers in 
Y1 with a point on h. 
This implies |Y1| ≤ 2n + 2(2q + 1)(q2 + q)q2. 
Using the bounds for |Y1|, |Y2| and Y = Y1∪̇Y2 yields the desired bound. �
Lemma 3.10. Let M be an independent set of Γ4 and S a solid. Furthermore, let X be the set of all chambers (P , ℓ,π, R) of M for 
which (ℓ,π) has M-weight at most two and P ∈ S. 
Recall that in Case A2 there is a fixed solid S0, such that every chamber with a plane contained in S0 is in M. In Case A2 let S ≠ S0 . 
In Case A we have |X | ≤ xA := 30q5 + 65q4 + 58q3 + 44q2 + 17q + 8. 
In Case B we have |X | ≤ xB := 184q6 + 583q5 + 959q4 + 959q3 + 676q2 + 300q + 116.

Proof. The points of the chambers in X will be called X-points.
In Case A2 we have that S ∩ S0 is a plane, since S ≠ S0. Therefore, the result follows directly from Lemma 3.9. Now 

consider Case A1 and B simultaneously. If we are in Case A1 let i := i A , and if we are in Case B let i := iB for i ∈ {z, y}. If 
we are in Case A1 let λ := 1, if we are in Case B let λ := q2 + q + 1.

Let X3 be the set of chambers in X whose line is contained in S . Let Xc
3 be the set of chambers in X , whose line is not 

contained in S . Clearly X = Xc
3 ∪ X3. Since we want to obtain bounds for |X3| and |Xc

3| we assume without loss of generality 
that X3 and Xc

3 are not empty. 
There are (q2 + 1)(q2 + q + 1) lines in S and each line is incident with λ planes, therefore the number of distinct X3-coflags 
is at most (q2 + 1)(q2 + q + 1)λ and hence |X3| ≤ 2(q2 + 1)(q2 + q + 1)λ.

Now we find an upper bound for |Xc
3|. Since the point of every chamber of Xc

3 is in S , but the lines of the chambers of 
Xc

3 are not contained in S , we can count the Xc
3-coflags, instead of the chambers in Xc

3. 
If all Xc

3-points lie in a plane σ ⊆ S , Lemma 3.8 and Lemma 3.9 yield |Xc
3| ≤ y and the assertion follows. Therefore, we may 

assume that the Xc
3-points span S .

Let P1, P2, P3, P4 be four Xc
3-points that span the solid S . Let (Pi, ℓi,πi, Si) be a chamber in Xc

3 for i = 1, . . . ,4. 
The number of chambers (Q , g, τ , R) in Xc

3 with a point in the span ⟨P1, P2, P3⟩ is, according to Lemma 3.8, at most y. 
For i = 1,2,3 the line ℓi is not in S , therefore Si ∩ S is a plane. Hence the number of chambers in Xc

3, whose point is in 
S1 ∪ S2 ∪ S3, is at most 3 · y.

Let X1 be the set of chambers in Xc
3, whose points are not in ⟨P1, P2, P3⟩, S1, S2, or S3. We now obtain an upper bound 

for |X1|, therefore we assume without loss of generality that X1 is not empty. Since |Xc
3| ≤ 4y +|X1|, this provides an upper 

bound for |Xc
3|.

Let (Q , g, τ , R) be a chamber in X1. Since g is not in S and Q is not in ⟨P1, P2, P3⟩, or S1 ∪ S2 ∪ S3, the solid R cannot 
contain P1, P2 and P3. Therefore the X1-coflag (g, τ ) has to be non-opposite to one of the coflags (ℓi,πi) for i = 1,2,3. 
We find an upper bound for the number of chambers in X1, whose line-plane pair is non-opposite to (ℓ1,π1). Multiplying 
this bound by three, yields the desired bound for |X1|.

First consider the Case A1. If (g, τ ) is non-opposite to (ℓ1,π1), we have that g meets π1 or that ℓ1 meets τ . The number 
of lines g that meet π1 is at most (q2 + q + 1)(q3 + q2 + q + 1). Finally, τ is determined by g and P0. 
Now consider one of the q + 1 points on ℓ1. The line that is spanned by this point and P0 has to be incident with τ , then 
τ is one of the q2 + q + 1 planes incident with this line. Finally, g is one of the q2 + q + 1 lines on τ . In conclusion we have
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|X1| ≤ 3 ·
(︂
(q2 + q + 1)(q3 + q2 + q + 1) + (q + 1)(q2 + q + 1)2

)︂

= 6q5 + 15q4 + 24q3 + 24q2 + 15q + 6.

Now consider Case B. To obtain our bound for the number of chambers (Q , g, τ , R) in X1, whose line-plane pair (g, τ )

is non-opposite to (ℓ1,π1), we study the three different possible relations between (Q , g, τ , R) and (P4, ℓ4,π4, S4) and 
obtain an upper bound for each case. Recall that all the lines ℓ1, . . . , ℓ4, g are not in S and that πi ∩ S and τ ∩ S are lines. 
Also recall that all coflags in X1 have weight one.

a) Assume Q ∈ S4 and (g, τ ) is non-opposite to (ℓ1,π1).
Since S4 ∩ S is a plane, Lemma 3.8 and Lemma 3.9 yield that at most y chambers (Q , g, τ , R) ∈ X1 satisfy this condition.

b) Assume P4 ∈ R and (g, τ ) is non-opposite to (ℓ1,π1).
The number of line plane-pairs (g, τ ), with P4 ∈ g , is at most (q3 + q2 + q + 1)λ. From now on we assume P4 / ∈ g . 
Let (Q 1, g1, τ1, R1) be a chamber with P4 / ∈ g1, P4 ∈ R1. There are at most 2(q2 + q + 1) such chambers with g1 = ℓ1, 
or τ1 = π1, from now on we assume g1 ≠ ℓ1 and τ1 ≠ π1. All chambers (Q , g, τ , R) with P4 ∈ R \ g and (g, τ ) non
opposite to (ℓ1,π1), have to satisfy one of the three following conditions: Q ∈ R1, or (g, τ ) is non-opposite to (g1, τ1), 
or Q 1 ∈ R .
The number of chambers that satisfy Q ∈ R1 is at most y, since R1 ∩ S is a plane.
Lemma 2.9 and Lemma 2.10 yield that the number of chambers that are non-opposite to (g1, τ1) and (ℓ1,π1) is at most 
z, since g1 ≠ ℓ1 and π1 ≠ τ1.
Finally, we want to find an upper bound for the number of chambers (Q , g, τ , R) that satisfy P4 ∈ R and Q 1 ∈ R . Since 
we assumed P4 / ∈ g1, the points P4 and Q 1 span a line. In Lemma 3.8, we showed that the number of chambers, whose 
point is in a given plane, is at most y. Dually the number of chambers whose solid contains a given line, is at most y

c) Assume (g, τ ) is non-opposite to (ℓ4,π4) and (g, τ ) is non-opposite to (ℓ1,π1).
Since ℓ1 and ℓ4 are not in S and P1 ≠ P4, we have ℓ1 ≠ ℓ4. If π4 ≠ π1, Lemma 2.9 implies that at most z line-plane 
flags (g, τ ) satisfy the assumed condition. Therefore, let us assume π4 = π1.
The number of line-plane pairs (g, τ ) with τ = π1 is at most q2 + q + 1, from now on consider only coflags (g, τ ) with 
τ ≠ π1. 
Since (Q , g, τ , R) ∈ Xc

3, we have Q / ∈ S2 ∪ S3.
If (Q , g, τ , R) satifies P2, P3 ∈ R , the line P2 P3 meets τ in a point. Note that π1 = π4 implies π1 ∩ S = P1 P4, hence 
P2 P3 ∩ π1 = ∅.
First, we obtain an upper bound for the number of line-plane pairs (g, τ ) with g ∩ π1 ≠ ∅ and P2 P3 ∩ τ ≠ ∅: We can 
choose one of the q2 + q + 1 points on π1 for g ∩ π1 and one of the q + 1 points on P2 P3 for P2 P3 ∩ τ . The line 
spanned by these two points is incident with λ planes τ and g has to be one of the q + 1 lines on τ that is incident 
with g ∩ π1. Hence the desired bound is (q2 + q + 1)λ(q + 1)2.
Now we obtain an upper bound for the number of line-plane pairs (g, τ ), with τ ∩ ℓ1, τ ∩ ℓ4 ≠ ∅ and P2 P3 ∩ τ ≠ ∅: 
Since ℓ1 ∩ S = P1 and P2 P3 ⊆ S , we have ℓ1 ∩ P2 P3 = ∅. If τ ∩ ℓ1 ≠ τ ∩ ℓ4, we choose one of the q + 1 points on ℓ1
one of the q + 1 points on P2 P3. These two points span a line that is incident with τ and g is one of the q2 + q + 1
lines on τ . 
If τ ∩ ℓ1 = τ ∩ ℓ4, we choose any of the q + 1 points on P2 P3 and the line spanned by this point and τ ∩ ℓ1 is incident 
with τ . Hence τ is one of the λ planes incident with this line and g is one of the q2 + q + 1 lines on τ . In conclusion 
our bound is (q + 1)2λ(q2 + q + 1) + (q + 1)(q2 + q + 1)λ.
Thus far we have only considered line-plane pairs (g, τ ) that are non-opposite to (ℓ1,π1) and (ℓ4,π4) and that occur 
in a chamber (Q , g, τ , R) that satifies one of the following conditions: Q ∈ S2, Q ∈ S3, P2 and P3 ∈ R . 
Now consider a line plane pair (g̃, τ̃ ) that is non-opposite to (ℓ1,π1) and (ℓ4,π4) and that occurs in a chamber 
(Q , g̃, τ̃ , R) that does not satisfy any of the following conditions: Q ∈ S2, Q ∈ S3, P2 and P3 ∈ R . Then (g̃, τ̃ ) has to be 
non-opposite to (ℓ2,π2), or (ℓ3,π3). Since π1 = π4, we have π4 ≠ π2,π3. The points P2, P3, P4 are in S , but the lines 
ℓ2, ℓ3, ℓ4 are not in S , therefore the lines are pairwise distinct. Lemma 2.9 and Lemma 2.10 imply that the number of 
line-plane pairs that are non-opposite to (ℓ4,π4) and non-opposite to (ℓ2,π2) or (ℓ3,π3) is at most 2z.

In conclusion we obtain in Case B:

|X1| ≤ 3 ·
(︂

y

+ (q3 + q2 + q + 1)λ + 2(q2 + q + 1) + y + z + y

+ (q2 + q + 1) + (q2 + q + 1)λ(q + 1)2 + (q + 1)2λ(q2 + q + 1) + (q + 1)(q2 + q + 1)λ + 2z
)︂

= 150q6 + 471q5 + 783q4 + 795q3 + 576q2 + 264q + 102

Using |X | ≤ |X3| + 4y + |X1| and the bounds obtained for |X3| and |X1|, we get the desired result. �
Proposition 3.11. Let M be an independent set of Γ4 and let W be the set of all chambers in M that contain a coflag of weight at most 
two. 
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In Case A, we have |W | ≤ 122q5 + 272q4 + 243q3 + 184q2 + 71q + 35. 
In Case B, we have |W | ≤ 744q6 + 2354q5 + 3874q4 + 3876q3 + 2736q2 + 1216q + 470

Proof. If we are in Case A, let x := xA . If we are in Case B let x := xB .
Case 1: No two M-coflags of weight at most two are opposite. 

In this case Theorem 2.7 yields that the number of M-coflags with weight at most two, is at most q5 + 3q4 + 4q3 + 4q2 +
2q + 1. This implies |W | ≤ 2(q5 + 3q4 + 4q3 + 4q2 + 2q + 1).

Case 2: There are two M-coflags (ℓ1,π1) and (ℓ2,π2) of weight at most two that are opposite. 
Let (P1, ℓ1,π1, S1) and (P2, ℓ2,π2, S2) be chambers of M . All chambers (Q , g, τ , R) in M , with M-coflags of weight at most 
two, must satisfy one of the following conditions:

(i) (g, τ ) is non-opposite to (ℓ1,π1) and non-opposite to (ℓ2,π2).
(ii) Q ∈ S1.
(iii) P1 ∈ R .
(iv) Q ∈ S2.
(v) P2 ∈ R .

Since (ℓ1,π1) and (ℓ2,π2) are opposite, we have ℓ1 ≠ ℓ2 and π1 ≠ π2. Therefore, Lemma 2.9 and 2.10 yield that the number 
of chambers that satisfy (i) is at most z.

Consider Case A2. Since (ℓ1,π1) has weight at most two, the plane π1 is not contained in S0. This implies that in Case 
A2 any solid S1 incident with π1 is distinct from S0, for S2 we get the same result by an analogue argument. Therefore 
Lemma 3.10 yields that the number of chambers that satisfy case (ii) or (iv) is at most 2x. 
The dual statement of Lemma 3.10 gives an upper bound on the number of chambers with a coflag of weight at most two 
and a solid that contains a fixed point. Therefore, Lemma 3.10 also implies that the number of chambers that satisfy case 
(iii) or (v) is at most 2x.

For Case A1 we can again use Lemma 3.10 and get that the number of chambers that satisfy case (ii) or (iv) is at most 
2x. 
The dual of Case A2 is Case A1. In order to use the dual statement of Lemma 3.10 for an upper bound in the cases (iii) or 
(v), we need to make sure that the points P1 and P2 are distinct from the special point P0 of Case A1. But in Case A1 all 
the line-plane flags with a line on P0 have weight (q + 1)2 and the coflags (ℓ1,π1) and (ℓ2,π2) have weight at most two. 
This yields that P0 is distinct from P1 and P2 and as before we get that the number of chambers that satisfy case (iii) or 
(v) is at most 2x.

In any case the number of M-chambers with M-coflags of weight one or two is ≤ 4x + z. �
Corollary 3.12. Let M be a maximal independent set of Γ4 that contains coflags of weight < (q + 1)2 . 
In Case A we have |M| ≤ q7 + 4q6 + 133q5 + 290q4 + 261q3 + 195q2 + 75q + 36. 
In Case B we have |M| ≤ 824q6 + 2551q5 + 4362q4 + 4605q3 + 3589q2 + 1783q + 710.

Proof. Proposition 2.4 implies that a coflag can have weight 0, 1, 2, q + 1, 2q + 1, or (q + 1)2. We use the Propositions 3.2, 
3.6, 3.7, and 3.11 an obtain the following bounds. 
In Case A we have

|M| ≤ ((q3 + q2 + q + 1)(q2 + q + 1) + q2(q + 1))(q + 1)2

+ 2 · (q4 + q3 + q2)(q + 1)

+ 122q5 + 272q4 + 243q3 + 184q2 + 71q + 35

= q7 + 4q6 + 133q5 + 290q4 + 261q3 + 195q2 + 75q + 36.

In Case B we have

|M| ≤ (4q4 + 9q3 + 4q2 + q + 1)(q + 1)2

+ 2 · (q5 + 3q4 + 4q3 + 4q2 + 2q + 1)(q + 1)

+ 744q6 + 2354q5 + 3874q4 + 3876q3 + 2736q2 + 1216q + 470

= 750q6 + 2379q5 + 3914q4 + 3910q3 + 2755q2 + 1225q + 473. �
This completes the proof of Theorem 1.3.
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