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Introduction

Meson spectrum and the Quark model While the word "meson" often refers
to quark-antiquark states, one can define the meson spectrum in a more general
manner as all colorless QCD bound states with baryon number zero, which
implies integer spin. The meson spectrum contains states built from one or
multiple quark-antiquark pairs, as well as hybrids and glueballs. The former
consist out of a quark-antiquark pair and a gluon, whereas the latter are bound
states of gluons.

Many observed states in the meson spectrum can be identified with ¢g states
calculated from the Quark model (QM), see [1] and references therein. It ex-
plains some important features of the spectrum, for example:

e The nonet structure of the light meson multiplets arises, because
of the SU(3) flavor symmetry for the light u,d and s quarks. Since the
s quark has a higher constituent mass than v and d quark, the strange
multiplet members have a higher mass. The SU(3) flavor symmetry also
introduces the isospin and hypercharge quantum numbers, which can ex-
plain many decay properties of the meson states.

e The charmonium-and bottomonium spectrum can be described ac-
curately by the (relativistic) QM as we will see in section 1.1.

e The appearance of distinct quantum numbers, such as J'¢ =
(0=+,177) for s waves and JFC = (0++, 17+ 27+) for p waves , whereas
JPC¢ = (0—,17+,27~,37T) for instance cannot be accessed by QM ¢q
states. We will call them "QM exotic" quantum numbers, since they
are in principle possible for gg structures in other approaches, such as
the Dyson-Schwinger and Bethe-Salpeter approach. An example is the
71(1400) with JP¢ = 17F; a candidate for a hybrid.

Other types of exotic states were found, that call for an extension of the QM
qq picture: Type I exotic states could be ¢qg QM states from their quantum
numbers, but have different properties, such as their mass, width, or decays.
Type II exotic states cannot be ¢g states, even outside the QM (where the
"Quark model exotic' quantum numbers would be possible). Some of these
states are likely to be of four-quark nature:

Exotics I: the light scalar nonet One example are the light scalar nonet states,
which are exotics of type I. As qq states, they should be p waves and therefore
the QM predicts masses around 1-1.5 GeV. A multiplet exists in this mass
range that could be assigned to the QM states, but what is then the light scalar
multiplet? As gqqq states, the nonet structure and many properties of the
states can be explained. But even if the four-quark structure is assumed, it is
an open question how the light quarks cluster inside the four-quark state and
what binding mechanism occurs.
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An old idea is the binding of a colored diquark and a colored antidiquark [2].
The word "tetraquark" is often reserved for this type of state in the literature,
but we will use it synonymous to "four-quark state" throughout this thesis.

Calculations from Dyson-Schwinger equations (DSEs) and Bethe-Salpeter
equations (BSEs) for the light scalar tetraquarks paint a different picture [3].
They also find a light nonet, but a different binding mechanism. By construc-
tion, the four quarks are bound by gluon exchange alone. The interaction leads
to intermediate meson-meson and diquark-antidiquark components. The for-
mer however are solely responsible for the light mass of the resulting tetraquark
states. We will come back to the light scalar states in chapter 2.

Exotics Il: spectrum in the charmonium energy region Other highly inter-
esting examples are exotic states in the charmonium energy region and
chapter 1 will be dedicated to this topic. The first discovery of an exotic state
in the charmonium energy region is that of the X (3872) in 2003. It is neutral,
has quantum numbers I(JF¢) = 0(17*) and could therefore be a cé state. How-
ever, its decay properties are unexpected for a cc¢ structure and one is tempted
to identify it with a four-quark state with hidden charm (quark content cgqc).
Other examples in the charmonium energy region are the Z states. Because of
their charges, they are exotic states of type II and consequently their existence
is a smoking gun argument for non-c¢ structures in the charmonium energy
region. They are also prime candidates for tetraquarks. Many more exotics are
discovered and will be discussed in section 1.1.

The structure of four-quark states, in particular the binding mechanisms
and dominant sub-clusters for cqqc tetraquarks are subject to current research.
Three possible sub-clusters can emerge:

e (c¢)(qq): charmonium couples to a light meson, we will call this "hadro-
charmonium" (HC).

e (cq)(qc): a heavy-light meson couples to a heavy-light antimeson. We will
call this "heavy-light meson meson" (HLM).

e (cc)(qq): a heavy diquark couples to a light antidiquark. We will call this
"diquark-antidiquark" (DI).

As the word "tetraquark" is often reserved for a bound state of colored diquark
and antidiquark, the word "molecule" is often reserved for a bound heavy-light
meson and heavy-light antimeson pair with a small binding energy, see [4] for a
rigorous definition in the effective field theory context. It is not to be confused
with our HLM components of the four-quark amplitude.

Four-quark states are discussed in many different theoretical approaches that
often assume a particular sub-cluster and binding mechanism is dominant,
which leads to very different predictions for the spectrum of four-quark states.
Therefore, it is important to answer the following questions, which are the
main motivation of this thesis: Which of the many discovered exotics are
four-quark states? If there is a dominant sub-cluster in the formation of four-
quark states, which one is it? Are the observed states a mixture of different
sub-clusters?



Chapter one: tetraquarks in the charmonium energy region We try to an-
swer these questions for the hidden-charm tetraquarks in chapter 1. The theo-
retical tool we use is the DSE-BSE framework in the rainbow-ladder (RL) trun-
cation. It is fully relativistic, non-perturbative and respects important QCD
symmetries. It has been successful in describing various hadronic observables.

In the following we will solve a genuine four-body BSE where quarks and
antiquarks interact via gluon exchange, as done in [3]. Although the binding
mechanism is due to gluon exchange, we would like to identify sub-clusters in the
tetraquark amplitude. We achieve this by expanding it in terms of the relevant
physical components: HC, HLM, DI and call the amplitude expanded in that
way the "physical" amplitude. While all components are potentially present in
our approach, the four-body BSE will dynamically decide which components are
dominant. That allows us not only to determine masses for a variety of states,
but also to make a statement about the four-quark substructure of every state
individually.

This method will be applied to ground states for scalar and axialvector cuuc
tetraquarks. We directly compare to experiment and make predictions for new
states. Our framework can consistently describe open-charm tetraquarks as
well, and we will calculate ccqq and ccss states in the scalar-and axialvector
channel. Parts of this work are already published, see [5] and [6].

For the curious reader it is possible to skip the technical parts of chapter 1
and focus only on sections 1.1, 1.5 and subsection 1.4.5.

Resonances in the DSE-BSE framework In the DSE-BSE framework, phys-
ical states show up as poles in the scattering matrix in the total momentum
squared variable. While bound states appear on the real axes, resonances ap-
pear in the complex plane in higher Riemann sheets. Most physical states are
resonances. A description and correct treatment of resonances in the BSE-DSE
framework fulfills the following criteria: A decay channel needs to be present;
a proper path deformation to respect the singularity structure of the system
has to be applied and analytic continuation or direct calculation in the second
Riemann sheet needs to be performed, as recently done in [7,8].

The tetraquark four-body equation exhibits a decay channel. However, we
have not applied a path deformation and analytic continuation due to the com-
plexity of the four-body equation so far. In chapter 2 we investigate a DSE-BSE
system where the steps above can be applied.

Chapter two: g resonances and the light scalar states Chapter 2 is about
the light scalar mesons and the technical tools for solving resonant BSE-DSE
problems. We describe the scalar qq states with a two-body BSE in a truncation
scheme beyond the simpler RL truncation that is used in chapter 1. A two-
pion decay channel is thereby introduced into the two-body BSE’s scattering
kernel. We apply a path deformation and analytic continuation to find the pole
position in the second Riemann sheet. The p meson will serve us as an example
to investigate the method, before we turn to the scalar qg state.

Although this chapter is focused on the development of the method to de-
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scribe resonances in the BSE-DSE framework, the technical section 2.2 can be
left out if the reader is only interested in the physics parts.
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1. Heavy-light tetraquarks

1.1. Physics overview

1.1.1. Experimental status

The experimental spectrum in the charmonium energy region is shown in figure
1.1. States with black solid lines are those that can be described very well as
cc states by simple quark potential models with a Cornell like potential [9,10],
which includes a Coulomb and a linear rising term. More advanced models
including spin-spin interactions and relativistic corrections can reproduce the
charmonium states (without exotics) quite accurately, see [11]. Another way
to obtain these potentials is extraction via lattice QCD. The general form of
Coulomb therm plus linear rising plus spin-spin interactions can be used to fit
these potentials, see [12,13]. Also, direct lattice calculations for the spectrum
have been done [14,15].

Despite the great success of describing the pure charmonium states, there is
definitely more than charmonium in the spectrum shown in figure 1.1. Dashed
lines with 3 dashes stand for exotics with I = 0, dashed lines with four dashes
for exotics with I = 1, that are listed in the PDG. We will call these states
exotics within this context and we listed the most promising ones in table 1.1.

From 2003 onwards, new states in the charmonium region were found, that
had not been predicted by Quark models. There are a number of reasons why
some may not be qq states: A lot of them are relatively narrow although they lie
above open-charm decay thresholds. All of these states decay into charmonium
and some light meson, some were found to decay into open-charm mesons as
well, see table 1.1.

There are many exotic candidates found in the vector channel. This channel
is naturally accessed in eTe™ collisions, however, this "overpopulation" of states
can also not be explained in a charmonium picture. Possible explanations will
be discussed in subsection 1.1.2. While the "Y" states found so far are neu-
tral states, a smoking gun for non-charmonium states is the appearance of the
charged Z states, which is not possible for a cc object, because it is always
neutral.

In this thesis we calculated the 07+ and 17 ground states, including two
charm quarks. In contrast to the vector states, these states cannot be produced
directly from e*e™ collisions, which makes the experimental determination of
their properties a bit trickier. Among those collected in table 1.1 we there-
fore focus on the X (3872), X(3915), Z(3900) and the X (4140), which contains
strangeness in its decay to J/W¢. Therefore, it could be a separate ground state
that we have access to in our framework. Let us take a closer look at them:

The X (3872) is the first exotic state that was found in the charmonium
region in 2003 by Belle in the B¥ — K*7t7~J/¥ decay as a peak in the
J/¢rt 1~ invariant mass spectrum [16] and later other experiments confirmed
the state [17-20]. The quantum numbers were determined as JF¢ = 1t+
which was later confirmed by LHCb [21]. The state has isospin zero but its
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Figure 1.1.:

10

Experimental spectrum in the charmonium energy region with
Quark-model-like cc¢ states (black solid lines), together with ex-
otic states with I = 0 (red lines with 3 dashes) and I = 1 (blue
lines with 4 dashes).
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I1(JPY) width [MeV] seen hadronic decays (%)
wJ/T (> 2.3)
DYD*0 (> 30)
++ .
X (3872) 0(1F+) <1.2 D000 (o 40)
7t~ J/U (> 3.2)
X (4140) 0(1++) 22 6.J /T
X (3915) 0(0T+/2++) 20 wJ /U
+— WJZ\I]
Z,(3900) 1(1+) 28.2 iy
+
+— ™ J/\I’
Z,(4430) 1(1+7) 181 0 (25)
= J/ U
Y (4260) 0-(17) 55 JIEKK
Y (4360) 0-(177) 96 U(28)mtm—
Y (4660) 0-(177) 72 U(2S)rtn
_ he(1P)7*
+(27? AT
X(4020)/Z(4020)  1+(?77) 13 (DD
Z.(4200) 1+(17) 370 J /Ut
hemtm™
Y (4230) 0-(177) 59 hertm™
WXeo
Y (4390) 0- (1) 140 her T

Table 1.1.: Collection of exotic candidates in the charmonium mass region. The
states above the line are listed in the PDG, the ones below are listed
but "omitted from summary table".
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1. Heavy-light tetraquarks

branching ratio in J/¥n 7~ with possible intermediate p resonances is quite
large compared to the known isospin violating decays in the charmonium region,
see [22] and references in there. Possible explanations could be the u — d quark
mass difference, electromagnetic effects due to their different charges as well
as strong w-p mixing. The X (3872) lies close to the DD* threshold, probably
below. That would indicate a positive binding energy, which is expected for a
DD* molecule. A detailed line shape analysis will be possible at PANDA at
FAIR [23].

The X (4140) was first discovered in B~ — J/¥¢K~ in 2009 by the CDF
collaboration [24] in pp collisions. We will later identify it with the strange
partner of the X (3872). Towards this end an analysis in J/¥¢ and D,D}
with Belle and BaBar data will hopefully shed more light on the nature of the
X (4140), as well as other hidden strangeness candidates [25].

The Z states carry J© = 1*. The authors of [22] distinguish between states
of type I (that were found in B-meson decays and have a larger width) which
would be the Z(4430) and Z(4200). A type II state (lies closely above threshold,
has a small width) is for example the Z(3900). This distinguishes them from
the X (3872) which is very narrow and probably below threshold and therefore
a perfect candidate for a molecule, as we will discuss in subsection 1.1.2.

These isotriplet states are candidates for hidden-charm tetraquarks, since
they come in isospin multiplets. A molecular interpretation is unlikely, since
most Z states do not appear slightly below decay thresholds. We are interested
especially in the ground state, which would be the Z(3900). It was found in
Y (4260) decays in the J/ ¥ subsystem and firstly discovered by BESIII [26] in
ete?ntn™J/¥ at 4.26 GeV, which is the production threshold of the Y (4260).
The mass was obtained from a fit to the 7%.J/¥ invariant mass spectrum. Later
it was confirmed by BELLE [27] with a different technique.

No experimental candidate for open-charm tetraquarks has been found
yet, but we can adjust our theoretical setup and predict their masses. They
have quark content ccqq and therefore, as the name suggests, carry a charm
quantum number which is not 0. They can be made out of:

e two heavy-light mesons c¢qg and c¢q. We also call this heavy-light meson
meson (HLM),

e a heavy diquark cc and a light antidiquark gg. We also call this diquark-
antidiquark (DI).

They should be detectable in meson-meson decays, not in meson antimeson as
the hidden-charm tetraquarks. Also, a decay into charmonia is not possible.
These states come in "unusual" diquark-like isospin multiplets (because the
isospin is carried by a diquark), where for example the charges are (0,4,++)
for the isospin triplet. We will return to this point in section 1.4 when we
construct explicit tetraquark amplitudes.

1.1.2. Interpretation of exotics as four-quark states

The interpretation of exotic states as tetraquarks is an active research area, for
recent reviews see [4,22,28-31]. These tetraquarks are bound states of the strong

12



1.1. Physics overview

interaction and could therefore be one (or a mixture) of the following: hybrids,
glueballs, two, four or even higher quark states. Four-quark components might
be dominant for the states we have discussed so far, because their decays into
charmonium plus light mesons, or two open-charm mesons. This would be
a direct "falling apart" of the four-quark components. Also, some states are
charged and suggest a cc and a light charged qg as building blogs.

An important question remains: What is the internal structure of these four-
quark states? As already mentioned, there are three possible sub-clusters:
hadro-charmonium  (HC), heavy-light meson meson (HLM) and
diquark-antidiquark (DI). Consequently, there mainly exist three classes of dif-
ferent approaches, that assume one of these structures is dominant within the
four-quark state:

e mesonic molecules are narrow and they describe a loose binding of
narrow, heavy-light constituents via short range interactions and light-
meson exchange. The resulting molecule lies close to the respective two-
particle threshold. A prominent candidate is the X (3872), see [4] for
details.

e diquark-antidiquark states are reviewed for example in [28]. This de-
scribes the binding of two colored objects.

e hadro-quarkonium [32]: Some exotic states in table 1.1 were so far
only found in charmonium + light meson systems, which triggers this
idea. The picture related to hadro-charmonium (HC) is a heavy-quark
core surrounded by a cloud of light mesons.

Another approach that can distinguish between different sub-clusters is lat-
tice QCD, where one can combine different operators that correspond to the
scenarios mentioned above. Also, in our approach all components are poten-
tially present and the system decides dynamically which ones dominate. All
approaches have a different resulting spectrum and mass hierarchy and we will
discuss them in more detail next.

Lattice QCD

We give a short introduction to lattice QCD hadron spectroscopy based on [33].
The object of interest when computing hadron properties in lattice QCD are
Fuclidean correlators of the form:

Cij = (0[0;()O1(0)[0) = ZpZ;me Bt (1.1)

where Z = (0|O|n), O and O are creation and annihilation operators. From
the eigenvalues A, o e F»t of the correlation matrix C' one can extract all
finite-volume energies with the quantum numbers of the operator, while the
relations to the infinite-volume states are non-trivial. Given the energy lev-
els E;, several methods exists to extract the infinite volume scattering matrix.
Liischer’s method [34, 35] is the most rigorous one. Another approach is to

13
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state

17~ Y(4260), Y (4360)
17+ 1.(4310)

0+ 1e(4140), 7.(4320)
27t 1, (4350)

Table 1.2.: Predicted spectrum of the hadro-charmonium model in [43].

extract a potential and obtain the phase shift from solving a Schrédinger equa-
tion, as already mentioned in section 1.1. Lattice QCD can primarily determine
finite-volume energies, but can also provide a qualitative understanding of the
states nature by examining overlaps of certain states to certain operators.

When it comes to hadron spectroscopy current studies are plagued by a num-
ber of problems, some of which are: small volumes and the continuum limit,
coarse lattices and a large pion mass. Furthermore, the rigorous Liischer for-
malism is not yet known for all systems and also far from being applied in every
study.

As for exotics, the first lattice study of the X (3872) was done in 2013 [36],
where a candidate for the X (3872) was found in the 0(17") channel. No state
was found for I = 1, which was also confirmed in [37,38]. The non-existence of
the Z(3900) is further supported by [38,39]. This is confirmed by a later study
[40], where a large base of operators including diquark-antidiquark operators
was used. It was found that including a cc¢ operator is crucial for the X (3872)
to be seen. A charmed partner for the X (3872) (possibly the X (4140)) was
not found, neither was a candidate for the Z(3900). The non-existence of the
X (4140) in J/¥¢ is also supported by [41]. A recent study [15] investigated
the charmonium energy region including meson-meson and diquark-antidiquark
operators, which were found to have a small impact on the resulting energy
levels. The study does not support the overall existence of narrow or bound
diquark-antidiquark states in the charmonium region at all. However, all of
these studies are plagued with one or multiple of the problems mentioned above.
Therefore, it is safe to say that none of the statements above are final and further
studies have to be conducted.

Models of four-quark states assuming a dominating structure

In the following we give an overview of some models that are frequently dis-
cussed in the literature for describing the exotics discussed in the previous
section. We base this discussion on [42].

Hadro-charmonium A number of states, for example the Y (4260), Z(4430),
Y (4360) and Y (4660) were found in J/W¥nm, ¥(2S)m, ¥(2S)nm, respectively,
but not in decays to open-charm mesons. In the hadro-charmonium picture
introduced in [44] these decays seem quite natural. The states are described

14



1.1. Physics overview

I(JPY) M[MeV] T[GeV]

Jre lowest threshold
D 0~ 1865 0
0—+ D*D;y
D 1~ 2007 0.1 _
1 DDy
Dy 1+ 2420 30 _
0++/1+ﬂ:/2++ DD*
D3 2t 2460 50

Table 1.3.: Left: candidates for constituents of hadronic molecules. right: low-
est lying threshold in each channel. The 07+ channel does not allow
a DD molecule bound by one-m exchange due to parity.

as a heavy-quark core surrounded by a light-quark cloud. Heavy-quark spin
symmetry (HQSS) [45] (which is exact in the limit of infinitely heavy quarks)
should approximately be conserved in these type of processes. The consequence
is that the spin of the heavy-quark system is conserved in its decays. This
means that a four-quark state with given spin Scz of the subsystem of the cc
charmonium should decay only into a charmonium plus light meson pair with
the same spin Sz of the resulting charmonium. The Y (4260) is found in J/ Uz
for example, which means its core should be a ¥ < 1, ® 0;;. However, its
appearance in the h.m 7~ cross section alongside the Y(4360) calls for another
component ¥/ « 17~ ® O;(; [43] and a mixing between those two states. Via
the spin partners of the states due to HQSS this picture leads to a number of
predictions listed in table 1.2. 7.(4140) and 7.(4320) are also mixed states.

Molecule The molecular interpretation assumes a binding between two color-
neutral objects and is originally inspired by the proton-neutron binding inside
the deuteron. Often, one-pion exchange potentials combined with some short
range part are employed, where the latter allows for either isospin I = 0 or
I = 1 for the resulting molecular state [42]. For such a bound state to be
formed, the constituents themselves need to be narrow. Intuitively the state
cannot be bound if the range of the interaction is short compared to the decay
width of the constituents. That limits the available D mesons to the ones shown
in table 1.3. That immediately explains some of the features of the states: The
1T+ state as DD* should be narrow and at the DD* threshold just like the
X (3872). The Y (4260) sits at the D; D* threshold and has much larger width,
which could be due to replacing the D* with a D; meson that itself has a
larger width. It also explains the mass gap between the 17, the 1~ and the
0~ channels (see figure 1.1), since the lowest lying possible molecule with the
constituents listed in table 1.3 for each channel are: DD*, DDy, D*D;. Further
testable predictions for this scenario are the non-appearance of states in the
0~F channel below D*D; as well as a J = 3 state close to the Dy D* threshold.

Tetraquark models Some tetraquark models consider interactions between
quarks and antiquarks in all combinations [46,47], whereas others assume diquark-

15



1. Heavy-light tetraquarks

M0(1+) [MQV] M1(1+) [MGV] M1(0+) [M(ZV]

Karliner [52] 3882(12)
Junnarkar [53] 3849(11) -
Eichten [54] 3978 4167 4146

non

Table 1.4.: We compare open-charm states from references [52-54].
that an investigation was performed and no binding occured.

means

and anti-diquark constituents. As mentioned in the introduction, in the liter-
ature the word "tetraquark" often stands for this type of bound state. We use
it as a synonym for "four-quark state'. The idea of bound diquark and antidi-
quark has already been applied to the light scalar mesons in the 70’s [2] and
gained a revival with the discoveries of the exotics in the charmonium energy
region. In [48] potentials between quarks and between diquarks are constructed
and the resulting equations for diquarks and diquark-antidiquarks are solved.

A simple and often discussed model was introduced in [49] and introduces
an effective hamiltonian with spin-spin interactions and couplings and yields
a mass formula that consequently depends on spin and angular momentum of
the diquarks as well as the coupling parameters. It was later extended [50] to
include a quark-spin interaction within the diquarks. A feature of this model
is a very rich spectrum. Every state in principle appears as an isosinglet and
triplet with degenerate masses. The model predicts 4 - 6 = 24 s-wave states
with (2)0t+ 17% (2)17~, 27" quantum numbers and 4 - 14 = 56 p waves with
quantum numbers (2)0~F, 07, (4)17—, (2)17, (2)27, (2)2~ 1, 37~. The
numbers in parenthesis indicates how many states with this quantum number
exist and it is only written down, if it is unequal to one. Recently the same
model was reconsidered with a tensor force term added that changes the mass
formula and seems to resolve the unexpected feature of decreasing tetraquark
mass for increasing total spin [51]. With the right parameters some of the
known states, such as Z(3900), Z(4020), X (3872), as well as possibly four YV
states and the X (3915) and X (3940) can be identified with the states predicted
by the model. However, there are many more states predicted that have not
been found so far.

The open-charm states

The open-charm and open-bottom states should predominantly be seen in de-
cays to a heavy-light meson and another heavy-light meson in experiment, not
to a heavy-light meson and a heavy-light antimeson pair, where one finds the
hidden-charm and hidden-bottom states.

Especially the heavy-light bottom tetraquarks with quark content bbgq re-
ceived a lot of attention in recent years, since they are promising candidates
for deeply bound and narrow states. See for example [55-58]. However, some
studies about open-charm tetraquarks exist:

Open-charm tetraquarks should be stable in the heavy-quark limit as laid out
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1.1. Physics overview

in [54]. In this reference the open-charm tetraquarks are related to the masses
of QQq and Qqq baryons and Q¢ mesons, where () and ¢ stand for a heavy-and
light quark, respectively. Model calculations are used for the masses of QQq,
whereas the others are taken from experiment. A feature of this phenomeno-
logical approach is that the isospin I = 1 state is heavier then the I = 0 state
in the axialvector channel; another is that the spin triplet of 07,17, 2% states
are very close in mass.

Within a study using QCD sum rules [59] no current describing open-charm
tetraquarks with quark content ccqg with JX = 0% or J¥ = 17 lead to a bound
state. In contrast, the authors find several ccss states.

Some lattice studies exist [60], where evidence for an attractive interaction
in the 0(17) channel, but probably not in the I = 1 channel, is found. A recent
work [53] suggests no binding for spin zero states, but energies below threshold
for spin one states, which indicates binding. We compile some results in table
1.4 for an overview of these different approaches.

Tetraquarks in the DSE BSE approach

Throughout this chapter we work with the DSE-BSE framework in the rainbow-
ladder (RL) truncation. The framework is fully relativistic, non-perturbative
and can (together with a truncation scheme) be derived from QCD, as is shown
in sections 1.2 and 1.3. We solve a genuine four-body BSE where quarks and
antiquarks interact via the exchange of gluons [3]. So, a priori we have no
information about HLM, HC or DI components. However, the tensor basis
for the tetraquark amplitude carries that information. In the following we ex-
pand it with respect to meson-meson and diquark-antidiquark components and
the equation will determine dynamically which components are important dur-
ing the solution process. For the hidden-charm tetraquarks all three clusters:
HLM, HC and DI are present in the tetraquark amplitude and we can succes-
sively switch on and off sub-clusters to investigate their impact on the resulting
tetraquark mass. Furthermore, different terms within one sub-cluster can ap-
pear. The 0(0T") cqqc state, for example, contains DD and D*D* terms in its
amplitude and their impact can be investigated.

The possible terms in a tetraquark amplitude are determined by its quan-
tum numbers I(J¥ (C)) and symmetry constraints. The cqgc tetraquarks obey
charge-conjugation symmetry, whereas the ccqq tetraquarks respect the Pauli
principle, which will lead to different terms in their amplitude. We discuss this
in detail in section B.1.1.

In the following we will start with the QCD lagrangian and build up the
DSE-BSE framework step by step.
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1. Heavy-light tetraquarks

1.2. General concepts in QCD

QCD is the theory of the strong interaction, for a pedagogical introduction see
for example [61]. Its basic fields carry a color charge and are the massive quarks
and massless gluon fields that mediate the interaction. Although quarks carry
a mass, it is quite small in comparison to their "constituent" mass in hadrons.
This is a consequence of chiral symmetry breaking: Chiral symmetry appears
in the limit of vanishing quark masses and is therefore broken explicitly by the
quark masses but is broken spontaneously as well. This leads to dynamical
mass generation of quarks within hadrons.

These hadrons are, in contrast to the fundamental fields, color neutral and
quarks and gluons only appear confined into these colorless bound states. One
possible implementation of confinement is a linear rising potential. In such a
scenario one needs to add more and more energy to drag a quark-antiquark pair
apart from each other, until eventually there is enough energy for the creation of
another quark-antiquark pair out of the vacuum, which results in two colorless
bound states instead of a spatially separated quark-antiquark pair.

QCD is a strongly coupled theory, which means the coupling is small only for
large momenta which leads to the notion of asymptotic freedom. In contrast to
QED, for example, a perturbative expansion in the coupling at small momenta
can therefore not be meaningful and one needs other tools to extract hadron
properties from QCD. One such tool are the DSEs. They are the exact equa-
tions of motions of a field theory and can be used for investigating fundamental
phenomena as well as phenomenology. They are an infinite set of coupled inte-
gral equations that connect all n-point functions of the theory. Together with a
truncation of the infinite tower of equations they can be used to self-consistently
calculate fundamental propagators and vertices. These can afterwards serve as
input into BSEs that themselves deliver a variety of information about the
bound states and resonances of the theory at hand.

1.2.1. Generating functionals

Generating functionals are a useful tool and the DSEs can be derived from them.
An introduction to the path integral formalism and generating functionals can
be found in [62]. Given the action S(¢) for a set of fields ¢ of a field theory, we
can define the generating functional Z:

ZlJ) = / D e 5t J@)o(), (1.2)

where J(x) is the set of corresponding sources to those fields. We use Euclidean
conventions analoguous to [63] (see equation 3.10 therein). The physics is en-
coded in the n-point functions of the theory, which are vacuum expectation
values of time ordered products of fields. Those can be obtained from the gen-
erating functional by functional derivatives with respect to the sources J(x)
via
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1.2. General concepts in QCD

) = s = £ (55) ’ 443 (1.9
J=0

T stands for the time ordering and f is a general polynomial of the set of fields
¢. Z|J] as we have defined it so far creates the connected n-point functions.
One can now define the effective action I' via a Legendre transformation from
the functional W:

W =n(Zl])), T3] = / J(2)§ — W[J). (1.4)

By definition the "average field" ¢ =< ¢(x) >, is the vacuum expectation
value of ¢ in the presence of the source J. The derivatives of I' produce one-
particle irreducible (1PI) n-point functions. One can now calculate the vacuum
expectation value in the presence of a source J:

Ny =1 (T84 L) =1 (é ' /Aw[&]&;@) SN
Y

This formula should be read in the following way: replace every occurrence of
¢ in f with the expression in parentheses!. We used the abbreviation:

- 22rlg \
5¢(2)dd(y)
1.2.2. QCD Lagrangian
The QCD lagrangian L is constructed via imposing local SU(3) color symmetry

on the quark fields ¥ and ¥, which transform according to
v =Uv, ¥=vwUl (1.6)

U stands for a SU(3) color transformation. Thereby the massless color octet
gluon field, A,(z) = >, A¥t, with t, = A\;/2 and A, the Gell-Mann matrices,
is introduced. It transforms according to:

i
Al =UAUT + gUé?uUT, Fl,=UF,U, (1.7)

where we have defined the gluon field strength tensor F}, = 0,4, — 0,4, —
ig[Ay, Ay], with the coupling g. It can be rewritten as

Fly = Fta = (0,428 — 0, A% + g fape AL AC )Vt

!See [64] for a pedagogical derivation and further details.
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1. Heavy-light tetraquarks

where f,p. are the structure constants of SU(3). With this definition, the QCD
Lagrangian in Minkowski space is

Lo = U(@)(il) — m)W(z) — %ngFgLW. (1.8)
We suppressed the color and Dirac indices of ¥ and a sum over different quark
flavors is implied. D,, = 8, — igA,, is the covariant derivative and m the quark
mass.

In the QCD path integral we integrate over all field configurations ¢, however,
some configurations are related by gauge transformations and hence are phys-
ically equivalent. The Faddeev-Popov method [65] removes that redundancy.
As a consequence unphysical ghost fields and a gauge parameter  are intro-
duced. Physical observables have to be independent of the gauge parameter,
but n-point functions are in general not independent. In our calculations we
will work in Landau gauge, where ( — oo. Furthermore, we introduce renor-
malization constants for the quark, gluon and ghost fields, as well as mass and
vertex renormalization:

U =+/ZyVg, A =/Z3AR, c¢=+\/Zccp,

(1.9)
m = meR7 g = ZggR7

where the subscript R stands for renormalized quantities. After the transfor-
mation to Euclidean space we finally arrive at the Lagrangian:

_ _ Z
L= 22U+ Znm)V — iZ, 207/ Z3sgU AT + 73142(—625“” + OrOY)AC+

2
2,239 fabc Ay ALOV A+ 23 230 U O AL AY AL A

Z.e0°C? 4 ZoZ g\ Z3g fO O (AHCP),

(1.10)
where c is the ghost field and we have dropped the subscript R for convenience.
From this form of the Lagrangian we can read off the tree level QCD propagators
and vertices: The quark, gluon and ghost propagator together with the ghost,
three and four-gluon vertices.

1.2.3. DSEs

The DSEs were introduced by Dyson and Schwinger already in 1950 [66, 67].
A pedagogical derivation for the quark, gluon and ghost DSEs can be found
in [68], see also [69]. QCD applications are reviewed among others in [70-73]
and in Minkowski space in [74]. One way to derive DSEs is via a master DSE
that follows from the invariance of the path integral under a shift of the fields:

<§£([f%)J = J(z). In connection with (1.5) one obtains the master DSE:
N - J
I0) = 5 <¢+/Amy[¢] - ) . (1.11)
¢ y 36 (y)

20



1.2. General concepts in QCD

p y gﬁ%&

—0— = — 4

Figure 1.2.: The quark DSE is shown. The blue dot stands for the full quark-
gluon vertex and the white dots for dressed quark and gluon prop-
agators.

The notation again means replacing the field ¢ with the content of the paren-
theses. The quark propagator for example now is defined as W;'y[J |. From the
master-DSE (1.11) and

[ Wa g6 =5t - 2) (112
Y
we can now derive the DSE for the inverse quark propagator via a second deriva-

tive. After a transformation to momentum space the result is schematically:

S~ (p) = S5 ' (p) + E(p),

or in more detail:

S7Up) = Za(=ip+ Zum) + 5 Z0sC | D (p - )T @.p)S(ahr" (113)

where we defined Z;; = ZgZQZ;;/ 2 We present the equation graphically in
figure 1.2. The full inverse quark propagator is given by the bare inverse prop-
agator plus a self-energy term. We drag an additional factor of i - g out of the
dressed quark-gluon vertex so that we can later model a renormalization point
independent quantity? and take the color trace resulting in C r=4/3. S stands
for the dressed renormalized quark propagator, D*” for the dressed renormal-
ized gluon propagator, and I'* for the derivative of the effective action with
respect to ¥, ¥ and Ay, and the shorthand fq is written out in the appendix,
see A.1.

The quark propagator is an important ingredient for the bound state calcu-
lations in this thesis and we will come back to it in section 1.3, where we will
later introduce a model for the unknown quantities I'* and D" to solve for S.

1.2.4. BSEs and T-matrices

In the following we will introduce the BSEs for n-particle bound states. There-
fore, we introduce first G, which is the n-point function with n incoming and
n outgoing quarks. It fulfills the Bethe-Salpeter equation [75]:

am — G(()") + Gg")K(”)G("). (1.14)

2See equation 3.22 in [63].
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1. Heavy-light tetraquarks

n)

K™ stands for the scattering kernel, Gé is the direct product of n dressed

quark propagators. K (")G((]n) for example implies loop integrals and contrac-
tion of Dirac-and color indices. The amputated connected counterpart 7 is
defined as:

¢ =g’ +arrmaly (1.15)

and it obeys a scattering or Dyson equation:

T = g™ 4 g, (1.16)

One can recursively plug the right hand side of the equation into itself to receive
an infinite summation of the scattering kernel K (") with propagators in between.
As mentioned before, the physics of the theory is encoded in these n-point
functions: Poles of G(™ or T(" in the squared total momentum variable P2
correspond to bound states for P? € R and resonances for P2 € C. It is
for that reason desirable to determine these pole locations, since they provide
information about the mass and width of the physical states. For a given
scattering kernel one could now go ahead and calculate the quantities G or T'
directly and this has been done, see [8] for a recent example. It is, however,
more convenient to calculate only the properties at the poles and not the whole
quantity in practice. If one evaluates equation (1.16) near the pole location

P2*>7M2 F(n)f(n)

7™
P2+ M?’

one arrives at the homogeneous BSE [76]:

1 = kMg, (1.17)

'™ stands for the residue of T at the pole location. An extensive review
including a derivation and early applications is [77].

We are in this thesis interested in solving two and four-body BSEs for mesons
and tetraquarks, respectively. The solution technique for these type of equations
is simply explained: We transform the equation into an eigenvalue problem, see
appendix 1 for details, and find the point szhys where the eigenvalue \;(P? =
Pghys) = 1, where P is the total momentum of the bound state. The mass
and possibly the width can then be extracted from the real and imaginary
part of Pthys. While the above condition is fulfilled for real P? for a bound
state, a resonances has a pole in higher Riemann sheets and lies above some
decay threshold. Therefore, one needs advanced methods including contour
deformation and a suitable analytic continuation to access the eigenvalue curve
on higher sheets. We will do this for the p and o resonance in chapter 2.

An alternative way to obtain the pole location is to look directly for its
position using an inhomogeneous BSE. It is easily constructed from equation
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1.2. General concepts in QCD

(1.14) after projecting with a Dirac-flavor tensor I'y representing the desired

quantum numbers [78]. If we define I'™) = G(”)Fén) we can solve for the pole
of I'™ in the inhomogeneous BSE:

P =0 4 kMG, (1.18)

'™ has a pole whenever K (G has unit eigenvalue, which can be seen in the
symbolic solution:

(n)
poy - Lo (1.19)
1— (KGo)™

which confirms what we already know from the homogeneous BSE.

Consistent kernel and self-energy We know now what BSEs look like. How-
ever, it is still unclear how a suitable kernel can be constructed. A connection
to the DSEs we discussed in the last section can be made via the nPI formalism.
It goes back to [79] and is similar to introducing sources and derivatives we used
in the path integral to derive vacuum-expectation values for n-point functions.
However, one introduces bilocal and trilocal sources etc. and derivatives for
terms with higher field order. The connection between 2PI and quark-antiquark
BSEs is pedagogically explained in [78]: The kernel is the double derivative of
the interacting part of the 2PI effective action and consequently the derivative
of the self-energy, which we schematically write down as:

0% _ p)
59— K\ (1.20)
where K®) is the two-body kernel, S the quark propagator and ¥ again the
self-energy that appeared in equation (1.13). In the rainbow-ladder truncation
we will introduce in section 1.3, the scattering kernel can be constructed in
that way and it automatically fulfills the axial-vector Ward-Takahashi identity
(AVWTI):

(750 +50077),, = = [ KL ss.0.P) (50 + 5(007) -

(1.21)
Here g+ = q £ P/2, where ¢ and p are relative momenta and P is the total
momentum. The AVWTI in its original form can be found for example in
equation 4.27 in [80]. One can recast it into the form given here by use of the
quark DSE and the inhomogeneous meson BSE (1.18) for the pseudoscalar and
axialvector vertex.
This way, the correct properties in the chiral limit are ensured as we will see
in the example of the pion in section 1.3. The full four-body kernel K'* we will
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1. Heavy-light tetraquarks

use for the tetraquark equation consists of irreducible two, three and four-body
interactions denoted by K'() i =2 3, 4:

K@ — 4 | ) 4 g1, (1.22)

We will come back to its exact form in section 1.4.

Previous work The method of using DSEs and BSEs for calculating bound
state properties (see [81,82] for detailed reviews on the technique) is an old idea
and has been applied to baryons and mesons, see [80] and references therein.
(We will discuss mesons in particular in sections 1.3.3 and 2.1.2.) The frame-
work has also been applied to glueballs [83], tetraquarks [3,84] and hybrids [85].
We will in the following discuss a common truncation scheme, the rainbow-
ladder truncation (RL).
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1.3. Rainbow-ladder truncation and Maris-Tandy model

1.3. Rainbow-ladder truncation and Maris-Tandy model

1.3.1. Kernel and self-energy

Earlier in this section we have presented the quark DSE (1.13), which is up
to this point an exact equation of QCD. However, the gluon propagator D#*”
and the quark-gluon vertex I'* fulfill their own DSEs, which couple to higher
derivatives of the effective action themselves. This leads to an infinite set of
coupled equations. The RL framework we use in the following was introduced
in [86] and models the combination of quark-gluon vertex and dressed-gluon
propagator in Landau gauge to obtain a decoupled quark DSE that can be
solved for the quark propagator. With the approximation I'*(p, k) — v*T'(k?),
the gluon-dressing function Z, the coupling g and the renormalization constants
Zy and Z. from equation (1.9), the Maris-Tandy model reads:

k2
2%Ym (1 - e4m$)
2Z (KA (K2
g2w ) (Z; (k%) = G(k?) = 4n? 3321776_"2x + , (1.23)
c42 22 2
T+ {1+ )
(5)]

where z = k?/A% v, = (12/(11N, — 2N§)), N = 3, Ny = 4, my = 0.5
GeV, 7 = € — 1 and Agep = 0.234 GeV as well as the parameter 7 and
scale parameter A. The first term on the right hand side of equation (1.23)
determines the infrared behavior while the second term ensures the one-loop
renormalization group structure of QCD [87].

The combination on the left hand side of the equation is renormalization
point (x) independent and therefore a good quantity to model and it absorbs
all unknowns in the Quark DSE, as we can see after using the Landau gauge re-
lation 1 = Z,Z.\/Z3 and plugging the gluon propagator D (k) = T““(k)%’f)
into equation (1.13):

In

7\ (p, 1) =Zo(1?, A®) (—ip + mZin (A%))+ (1.24)

A 2
Gk . )
222(#2,/\2)@/ ,ig )T;f VS (q, p)v",
q

where

kHEY

k=p—q, T=0"-"3

and m is the renormalized quark mass. We explicitly showed the dependence
of the renormalization constants on the scale u and the cutoff A that is used
for the ¢? integral above, see A.1.

The equation comes with two renormalization conditions A(u) = 1 and
B(p) = mg, where m, is the quark mass. Therefore, the parameters in the
model are n, A and the quark masses m,, ms and m,., which are fixed from
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1. Heavy-light tetraquarks

experimental input. In our case we use My, fr,mp + mp and mp, + mp: to
reproduce the experimental values. Cy evaluates to 4/3.

As discussed before we need a consistent scattering kernel with this approxi-
mation of the quark self-energy. The field independence of the vertex makes it
easy to impose (1.20). Graphically one can cut the self-energy with respect to
the quark line, since the vertex is quark propagator independent in our trun-
cation. The result is the scattering kernel which is guaranteed to preserve the
AVWTT (1.21). This procedure ensures chiral-symmetry breaking is present.
The resulting kernel is a dressed one-gluon exchange:

K® (k) = - SG]EEQ)T,Q‘” K;w) ® (;v”ﬂ , (1.25)

where A stands for the Gell-Mann matrices. A pedagogical treatment of the
connection of ¥ and K from the 2PI formalism can be found in [80] around
Eq. (3.101). The scattering kernel K is the two-body interaction of quarks
within mesons and tetraquarks.

1.3.2. Quark propagator

The quark propagator is now the only unknown in the quark DSE of equation
(1.24) that is shown graphically in figure 1.2. In general, the inverse dressed
quark propagator has two dressing functions that depend on the squared mo-
mentum o, (p?), o5(p?) and can be defined in terms of these two dressing func-
tions:

S7Hp, p) = —ipau(p?, 1) + 05(1°, 1%). (1.26)
In terms of the widely used A, B dressing functions, they are given by:
A@p?, 1?) B(p?, p?)

Uv(pQHuQ) = A2( ) O-S(an/-ﬂ) = AQ(

P2, 1?)p? + B2 (p?, p?) p* uP)p® + B2 (p* p?)
One can now solve (1.24) by iteration with the renormalization conditions men-
tioned above, to obtain A(p?), B(p?), Z3 and Z,, at the renormalization point
1, which we choose as u =19 GeV.

In the RL truncation, the quark propagator develops complex conjugated
poles, as can be seen from the absolute value of o,, which is shown in the left
panel of figure 1.3. The analytic structure within different models has been
investigated in [88]. In the right panel one can see different solutions for the
quark-mass function which is defined as M(p?) = B(p?)/A(p?). The results
show a strong enhancement of the mass in the infrared, which is a consequence
of dynamical chiral symmetry breaking. This effect is particularly strong for
the chiral and light quarks, which have zero and a very small current-quark
mass for large momenta, respectively.

1.3.3. Mesons and diquarks

qq states have been investiagated in the bottomonium [89-91], light [92-94],
charmonium [89,90] as well as the heavy-light sector [95-97] in the BSE-DSE
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0./5/ /' — Re(p?) [GeV?]

10" 103
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Figure 1.3.: Left: The quark propagator is shown for complex values of p?. One
can see complex conjugated poles. Right: The solution for the
quark-mass function M = B/A is shown as a function of p?.

framework. While the spectra can be described quite well for bottomonium and
reasonably for charmonium, the situation gets worse for the light-light sector.
However, there seems to be a common pattern for all the systems above: The
(isotriplet) pseudoscalar and vector mesons come out reasonably well, whereas
especially the axialvector and scalar states do not. As we will see in detail
in section 2.1, the pseudoscalar and vector states are the Quark-model s-wave
states, whereas the scalar and axialvectors are p waves in the Quark model.
The defficiency of the RL model in the latter channels is also seen in other
studies [98] and is probably due to the oversimplification of the quark-gluon
vertex, where other structures beyond the v* component are neglected in the
RL truncation.

Diquarks also appear as bound states in the RL truncation [99], which will
later be crucial for our diquark-antidiquark components in the tetraquark, be-
cause we calculate the diquark masses consistently from the q¢ BSE without
the need for additional model input.

Important for our purpose are mainly pseudoscalar and vector cq, qq, cc states
as well as scalar and axialvector qgq, cq, cc diquarks, since they are part of our
tetraquark scalar and axialvector amplitudes in the form of intermediate meson-
meson components. The calculation of heavy-light states containing ¢ and gq
quarks is plagued by some technical difficulties, which we will explain after
introducing the BSE.

BSE We have presented the homogeneous BSE in equation (1.17) and the RL

kernel for quark-antiquark interactions in (1.25). The homogeneous BSE for
J =0 (J =1) qq states consequently reads:

T (p, P) = / K 505(a — D) Saran( @ )T, (0. P)Sangr(a—),  (1.27)
q

where S is the quark propagator, K @) the two-body kernel, p,q are relative
momenta and P is the total momentum. Also, we have suppressed all color
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Figure 1.4.: The homogeneous (left) and inhomogeneous (right) solutions for
the RL 0(0" ") state are shown. The eigenvalue curve hits A\(M =
Myz) = 1 and v(P?) = fi(p* = 0,z = 0, P?) has a pole at M =
Mgz, where z = p - P and p, P stand for the relative and total
momentum, respectively. The hat denotes unit vectors.

indices. The other momenta are:

gy =q+oP, ¢ =q—(1-0)P.

We introduced the momentum partitioning parameter o. The amplitude I'(*)
can be written as:

r (p, P) = Z fz’(Q)Ti(“) RTceIlp. (1.28)

The explicit structure of the flavor I'r and Dirac part 7'1-(“ ) depend on the
quantum numbers of the state. For qg states a general construction is given
in [100] and a pedagogical discussion can be found in [101]. With respect to
color, quarks and antiquarks combine via 3 ® 3 = 1 ® 8 and the color part I'c
is proportional to 1 for physical qq states. Neutral equal-mass mesons carry

definite charge conjugation property while diquarks obey the Pauli principle.

As a consequence of the flavor-blind RL kernel of equation (1.25), the flavor
amplitude drops out after taking the flavor trace. For the p and ¢ meson we
discuss in chapter 2, as well as for the tetraquark calculations we perform later
in this chapter, we need a scalar, pseudoscalar and vector-Dirac basis and we
collect them all in table 1.5.

The Dirac basis elements 7; depend on two quark momenta or equivalently
on a relative and total momentum ¢ and P. The dressing functions depend on
the set of Lorentz invariants = {¢?, ¢- P, P2}. We work in the rest frame and
can accordingly choose the four-momenta as:
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H H 7 o
1 T2 T3 T4 Ts T6 7 T3

1—— G’g 't iGY —izT?’ff (3G§—G§) zrf}f 2(GY - GY) T#fz_l

T1 T2 T3 T4

0t s WP ozp v ip P
0 1 Zjﬁ '331_ UBJAD
Table 1.5.: Dirac basis for mesons with quantum numbers J¥¢ = 0=+ and 0+
with v = T5"v,, 33 L= t%ﬂ p*~? and Dirac basis for the 1~ vector
meson. AG‘f = (p")L, GY = G’f.jﬁl, G =+, G} = 'yiﬁj_,]f = P and

z=p-P.
0 0 0
0 Zod 0
wo— /2 b ]2 | *aq wo_—
=yt 4= EE P E (1.29)
z 2q iM

We introduced the angles z, z4,y, € [—1,1], with Z = v/1 — 22. M is the mass
of the bound state.

Quarks in the BSE The quark propagators dressing functions in (1.27) are
sampled at ¢3 € C, which is a parabola in the complex plane for fixed M. This
parabola is limited by the poles in the quark propagators’ dressing functions
that we have seen earlier in figure 1.3. The situation is shown in figure 1.5:
The apex is at —M?20? and the width of the parabola is proportional to o. The
optimal o for equal mass quarks is % o can be varied for unequal quark mases

to optimize for a maximal M that one can put into the BSE.

Solutions As already mentioned, we use the Nystrom method [102] to solve
the integral equation (1.27) as an eigenvalue problem. Details can be found in
the appendix A.2.2. We employ a Gauss-Legendre quadrature in all variables
except the angle z,, where a Gauss Tschebychev quadrature (see section A.2.1)

is more suitable because of the factor ,/1 — zg from the spherical coordinates of

equation (A.1). We can alternatively solve the inhomogeneous equation (1.18)
for a pole in the amplitude, which we will also do in chapter 2. We use the
biconjugate gradient stabilized algorithm (bicgstab) from [103], since it is more
stable and shows better convergence properties then power iteration [81]. The
comparison of the methods is shown for a ¢ calculation in figure 1.4. In the
left panel we see that the eigenvalue curve crosses one at the same point M,
where a pole emerges in the amplitude v(M) = f1(p? = 0,2z = 0, M) when we
solve the inhomogeneous equation.
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1. Heavy-light tetraquarks
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Figure 1.5.: Left: The quark propagator dressing functions A and B are sam-
pled within a parabola (grey shaded area) during a bound state
calculation. The dots are the quark-propagator poles shown in fig-
ure 1.3 for a heavy and light quark @ and g, respectively. A clever
choice of the partitioning parameter ¢ can allow a bigger M,qz-
Two parabolas with different partitioning parameters are shown.
Right: We show the squared pion mass as a function of the quark
mass.

For any realistic truncation of QCD it is of great importance that chiral
symmetry breaking is implemented. The Gell Mann-Oakes-Renner relation

2m? = W (i + dd)

shows, how the pion mass and decay constant m, and f, relate to the quark
masses m,,, mg and the quark condensate (gq) fp TrS(p), where S(p) is the
quark propagator. One can see that the pion acquires mass by explicit chiral
symmetry breaking, due to the non zero quark masses, in combination with
dynamical chiral symmetry breaking, due to the non vanishing trace of the
quark propagator. For vanishing quark masses m, and mgy the pion should
become massless, which it does in the RL truncation, see the right panel of
figure 1.5.

Heavy-light mesons and diquarks

Heavy-light meson systems have been investigated in the RL framework and
beyond within certain approximations [95-97]. The discriptions share two com-
mon problems:

Firstly, one can not directly access the physical D meson masses where the
eigenvalue A(M = Mp) = 1 in the RL truncated BSE of equation (1.27). Let
us understand why: The BSE involves two quark propagators that are sampled
in the complex plane during the solution process. For two quarks ¢ and c the
pole positions in the complex plane are different, as indicated in the left panel
of figure 1.5. Due to those poles, there is a maximal M, and M, that the quark
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1.3. Rainbow-ladder truncation and Maris-Tandy model

parabolas can access, before hitting the quark poles:

@& =q° — oL M . + 2i\/ qPoL My,

where 04 = 0 and 0 = 1 — ¢. Since the quark poles are calculated from the
DSE in our case, M, and M, are an inherent property of the RL truncated
system. These conditions translate into conditions for the maximal mass M4z
of the meson whose BSE is solved:

M M
Mmaa: S 7“7 Mmax S 767
o (1-0)

where M, > M, and the choice 0 = 1/2 that was optimal for equal-mass
mesons, produces a very small M,,,, in this case. We improve the situation by
the following technique: We choose an optimal momentum partitioning param-
eter o that maximizes M,,q::

M, M.

o=—1 ]-g=-—° 1.30
M, + M. M, + M. (1.30)

which results in the condition M4, < M, + M.. Effectively, we assign a large
fraction of the complex momentum P to the ¢ quark and a small fraction to
the ¢ quark, which allows for an overall higher M,,,,. The situation is shown
in the left panel of figure 1.5. Both parabolas are as close as possible to their
respective poles, which means each one absorbs a maximum amount of the total
momentum P.

Although M4, is now closer to the physical D meson mass, A(M) = 1
can still not be reached for M < M,,.. Therefore, we calculate a mass curve
M.4(my) with optimal partitioning for every point on the curve. For sufficiently
large m, we will find the point where the eigenvalue curve Ama) (M) = 1 for
M < Mya:. We perform a fit to those points and evaluate it at the point
M(gzt) (mg = my,) to obtain the heavy-light meson mass at the physical point
M.z, which is not accessible directly.

A second obstacle lies in the simultaneous description of light and charm
quantities, which involves physics at different scales and is not trivial without
further adjustment of our model parameters A and 7, which we would like to
avoid. Therefore, we use the typical value A = 0.72 GeV for the scale parameter,
matched to reproduce the experimental value of the pion decay constant f,
and 7 = 1.8, throughout all the calculations (including the tetraquarks) in this
chapter. It is then however not possible to describe the D, D* Dy and D}
mesons correctly individually and we compromise in the following way: The
charm quark mass m, is determined by the condition that the sum mp 4+ mp-
equals the sum of the experimental masses [1]. The strange quark mass mg is
determined analogously for mp, +mps. The results for cq, cc, qq 0t and 17~
states, as well as the scalar and axialvector diquarks are collected in table 1.6.
We work in the isospin symmetric limit, where m, = mg and the RL kernel
applied in equation (1.27) is flavor independent. That leads to the light meson
and diquark masses being independent of the flavor structure (for example
m, = m, =my), as well as mp+ = mp- = mpo and so on.
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1. Heavy-light tetraquarks

mg mps my mg ma

q7 | 3.7 | 138(3) 732(1) | 802(77) 999(60)
cg | 3.7 | 1802(2) 2068(16) | 2532(90) 2572(8)
cs | 91 | 1911(3) 2169(14) | 2627(82) 2666(7)
e | 795 | 2792(6) 2980(6) | 3382(15) 3423(8)

Table 1.6.: RL results for ¢q, ¢q, ¢s and c¢¢ meson and diquark masses (in MeV).
mg is the input current-quark mass The column mpg contains the
masses of m, D, Dy and 1., the column my those of p/w, D*, D and
J/1¢, and the columns mg and my list the corresponding diquark
masses. The errors quoted are obtained by varying n = 1.8 £ 0.2.

K'(2)

— KF(S) —

Figure 1.6.: The full four-body BSE is scatched. Half-circles and boxes repre-
sent the tetraquark amplitude and irreducible two, three and four-
body interactions of the Bethe-Salpeter kernel, respectively. The
white dots indicate dressed quark propagators.

1.4. Tetraquark BSE and amplitude

1.4.1. Tetraquark BSE

The full tetraquark kernel K4 was defined in equation (1.22) and it contains
irreducible two, three and four-body interactions as shown in figure 1.6. The
equation we will solve in the following is obtained by keeping the two-body part
K'® from (1.22) only, as previously done in [3]. This further approximation is
made to reduce complexity. The non-inclusion of three-body forces is well jus-
tified in the baryon sector [80] and one could argue that the neglection of three
and four-body forces in the tetraquark case is justified a posteriori considering
the importance of the emerging two-body sub-clusters in [3].

In the following we will abbreviate the four-body Bethe-Salpeter amplitude
I' = T™®, the product of four dressed-quark propagators by Gy = G[()4) and
K' = K'® where K'® was defined in equation (1.22) and stands for the
irreducible two-body part of the full four-body kernel. The tetraquark BSE we
work with is:

K'Gol' = AT, (1.31)
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1.4. Tetraquark BSE and amplitude

o R K O
I
+
I

+ perm.

Figure 1.7.: Four-quark BSE for a cggc system in the (12)(34) configuration;
the remaining (13)(24) and (14)(23) permutations are not shown.
The half-circles and boxes represent the tetraquark amplitude and
Bethe-Salpeter kernel, respectively. White dots indicate dressed
quark propagators. Figure published in [5].

where the eigenvalue of the K'G( operator appears after the application of
the Nystrom method, see section A.2.2, analogous to the two-body BSE we
discussed in the previous section. K’ is given by:

K' = K34+ Ki304 + K143 (1.32)

K)o =KP(G) + KD (GO - KPR, (1.33)

where a, a’ denote qq, gq or qq pairs. K 1(32) for example stands for the rainbow-
ladder (RL) truncated two-body kernel in equation (1.25) connecting quark one
and antiquark three. The equation is given graphically in figure 1.7, where we
show only Ki,3,. The equation can be rewritten as a Faddeev-Yakubovsky
equation [104]. We use the explicit form of (1.32) to avoid overcounting and
to ensure separability of the four-body correlation function obtained from one

channel aa’ only and thus the absence of residual color forces between widely
separated clusters [84,105,106].

1.4.2. General tetraquark amplitude

Tetraquark amplitude and symmetries  Before solving the tetraquark BSE
that we discussed in the last section, one needs to specify the quantum numbers
and set up a basis for the tetraquark amplitude. The most general amplitude
fora J =0 (J = 1) tetraquarks is:

T (p, g, k, P) =T (p,q,k, P) @ Tc ® T, (1.34)

where I'c, I'r and I'p stand for the color-, flavor-and Dirac parts, p, ¢,k and P
for the relative-and the total momentum, respectively. The Dirac part

L% (p, g, k. P) Zfz 7" (p,q,k, P) (1.35)

has dressing functions f;(£2) that depend on all Lorentz invariant combinations
of the four-vectors p, q, k, P, which we abbreviate Q = {p?, ¢, k*,p-q¢,p - k,q -
k,p-P,q- P,k-P}. N depends on the quantum numbers. N = 768(48) for
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1. Heavy-light tetraquarks

the axialvector and N = 256(16) for the scalar tetraquark, where the number
in parenthesis indicates the momentum-independent s-wave tensors. For more
details on the partial-wave decomposition see the appendix B.1.3. Ti(“ ) are Dirac
tensors and will be specified in the following.

A tetraquark amplitude has definite spin and parity, dictated by the under-
lying Poincare group structure. The relevant operator is the Pauli-Lubanski

operator:

1 R
WH = iewaﬂpyﬁﬁ, (1.36)

where the eigenvalue of W?2 is j(j + 1) and j is the total spin. Details for the
similar case of the nucleon can be found in appendix 3 of [107]. The parity
operators for the J = 0 and J = 1 tetraquarks are

P(11 @ T2)abed = (74Tt @ VaT2)ab,cd(Ap1, Ap2, Ap3, Apy),

) 1.37
P (11 ®T2)opcq = M (aT1 @ YaT2)y cq (Ap1, Ap2, Aps, Aps), (137)

respectively. A = diag(—1,—1,—1,1), 74 is the Euclidean gamma matrix de-

fined in section A.1, (11 ® Tg)g‘g)cd(pl,pg, p3,p4) is one of the tetraquark-basis

elements Ti(“) (p,q,k, P) from equation (1.35) and pj...ps are the momenta of

quark 1...4. The relation between the quark momenta p;...p4 and the relative
momenta p, ¢, k and the total momentum P will be given in equation (1.47).

Like for mesons and diquarks, there are two different symmetries for hidden
and open-charm tetraquarks, respectively. Neutral hidden-charm tetraquarks
have a definite charge conjugation quantum number. We abbreviate the charge-
conjugation operator for hidden-charm tetraquarks with quark content cuuc,
with CC. Its action on a tetraquark amplitude ¥, is

CCV Y (p1,p2, 03, P4) = CacrCiarCrryCosPraPas Vi 15, (p1, P2, P3, Pa) (1.38)

= aalcﬁﬂlcfy’ylctiél\ljg/c'é);lﬁ/a/ (p47 b3, P2,P1 ) )

where we denote Dirac indices with Greek letters and combine color-and flavor
indices into the super indices a, b, ¢, d for better readability. F;; stands for a per-
mutation of all indices: color, Dirac, flavor and momentum. This is graphically
a permutation of the quark legs. C' is the charge conjugation matrix.

For open-charm tetraquarks with quark content ccqq, particles one and two
are identical, as well as particles three and four. Therefore, Pauli symmetry
has to be imposed on both identical-particle pairs:

P10 = Py = — 0. (1.39)

If one of the Pauli or charge-conjugation symmetries is present, all parts of the
amplitude have a definite transformation property under this symmetry. The
flavor quantum numbers depend on the symmetry group, which is SU(2) plus
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1.4. Tetraquark BSE and amplitude

M Mo D

(cqqé)agn/é (C(j)a'y (qé)ﬁé (Cé)aé(QQ)Bé (CQ)aﬂ (q0)76

(ccq@)prs  (€Dary(c@)ps  (c@)as(cq)ps  (cC)ap(qq)ys

Table 1.7.: The different ways of pairing up the quarks to a tetraquark ampli-
tude are shown. The indices «, 5,7,d in this case stand for Dirac,
color and flavor space.

charm in our case. That introduces the isospin quantum number I. However,
our tetraquark kernel is flavor blind. Therefore, the main purpose of the flavor
part is to set the quark masses and dictate how the I'p ® I'c part has to
transform under Pauli and charge-conjugation symmetry. We will see that this
will have important consequences for open-charm tetraquarks.

Dirac basis After we discussed the relevant symmetries we will now present
explicit bases for the tetraquark amplitudes. For now we need a J¥ = 0T and
1% Dirac basis. Throughout this work we restrict the Dirac part to s waves
only, which requires a partial wave decomposition. We define:

1+
A:I: = Tm7 Qw & Qw/ € {la 675}7

where ny is the normalized total momentum and € € {—1,1} a contraction of
transverse orthonormal four-vectors, defined in the references given in appendix
B.1.3. Therewith the resulting basis for J* = 0% can be cast into a compact
form:

(P, @, k, P) = T Ay Q50 @ CT s Qur Ay T (1.40)

It contains 256 elements from I'; € {1,,,%,,9,}, where n;...n3 are orthonor-
malized relative momenta, which are also defined in the references given in
appendix B.1.3. In the following we restrict ourselves to s waves only. In that
case, the remaining bases for J& = 07 and J¥ = 11 follow from the replace-
ments:

07: Iyl e{l®l, /1/37 @44}, (1.41)
1t: T;0Tx e {¥ ©1, 1@1%, e n]y* 0"}, (1.42)

where 7/ = Th"~y" and T%” is the transverse-momentum projector with respect

to the total momentum P of the tetraquark.

We are equipped with a basis for the tetraquark now, however, there are 3
possibilities of combining the two quarks and two antiquarks to a tetraquark
tensors, that we call D, M; and Ms. We present them for the hidden and
open-charm tetraquark in table 1.7.

Each way of combining quarks makes one of the three classes of diagrams of
the kernel (1.32) look like a meson or diquark with two spectator quarks, which
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1. Heavy-light tetraquarks

is desirable. We will call this the "home basis" of this class of diagrams and we
choose the basis for To(l%)75(p,q, k, P) in the decomposition d € {D, M, My} as

follows:

D (T Ay Qu750)as(CT 5 Qur Ay Tk )ss,
My = (T Ay Qo y5)as (15 Quwr Ay T g5, (1.43)
My - (Fj AxQy, 75)(1675 Qur Ay Fk)ﬁ'ya

with the replacements of (1.41) for the J = 0 tetraquark and the replacements
of (1.42) for the J = 1 tetraquark. For the home bases of the "meson-like"
diagrams we do not need the C' matrices. We can transform between these
bases via the Fierz transformations defined in the appendix B.1.4 and are free
to use the basis that is most suitable for a given class of diagrams from equation
(1.32).

With the home bases for D, M7 and Mj set up, our strategy for solving the
tetraquark BSE will be the following: Calculate each of the 9 diagrams in (1.32)
in its home basis, transform back to a common basis and add up the 9 diagrams
in this common basis. We will come back to this in section 1.4.4.

Color basis In terms of color we demand that the physical states form a color
singlet, obtained from 3 ® 3®3®3 = (33®6)®(396) =101 ... In
contrast to the meson case one gets two color singlets. They depend on the
way of spanning the basis. In the diquark-antidiquark configuration one gets
the singlets from 3 ® 3 and 6 ® 6, whereas in the meson-meson decompositions
they follow from: 1 ® 1 and 8 ® 8. The color bases in My, Ms, D are given by

{C11, Css}, {C11, Cis}s {C33, Cy5}, where

1 1
(Ci1)aBcD = 3 dac 0BD, (Cl1)aBcp = 3 54D OBC (1.44)

and the other singlets are related to them by Fierz transformations:

V3

n=—%

3
(C11 — Cil)a Ces = \/;(Cn + Cil)a (1.45)
Cll - 3Cil Cil - 3611
22 2v2

The relevant color traces for our calculations are given in appendix B.1.2.

Css = Clg = (1.46)

Momenta and partitioning  As we have seen, the tetraquark amplitude of
equation (1.34) depends on four momenta p;...p4, one for each (anti-) quark.
It is convenient to work with three relative momenta and the total momentum
instead:
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1.4. Tetraquark BSE and amplitude

2 2 2 2

— 1

— 1 - 1
p:MJF(_m)p, k:m+<_034)p7
(1.47)

Above we introduced the shorthand x;; = z; + ;. We have introduced mo-
mentum partitioning parameters o; for each quark and antiquark momentum.
If the full basis is included, the result should be independent of the choice of
partitioning parameters. Note that they sum to unity: Z? o; = 1. The pa-
rameters will be useful for heavy-light calculations since that shifts the probed
parabolas that are sampled by the quarks in the complex plane and can there-
fore allow one to go to higher bound state masses, just as in the meson case we
showed in figure 1.5. We will also use it to avoid the singularities introduced
by intermediate meson-meson and diquark-antidiquark poles.

The shorthand notation p;; makes the meaning of the relative momenta quite
clear. For example ¢ is the relative momentum between the two meson sub-
clusters (13) and (24). P is the total momentum of the tetraquark amplitude.
The inverse mapping reads:

k+q— —k+q+
1 :#4-0113, p3 :#4-033
(1.48)
k—q+ —k—q—
2 2
and we choose the four-vectors to be:
0 0 sin(a)yqZq 0
0 0 cos(a)y, 2 YpZ
P—+/p2 ,kzw/kz S, q= 2 WYaZa [y — 2 | IR |
0 % q \/; Za¥q D D Zolp
1 21 Zg Zp
(1.49)

where we again used a = V1 — a?, z;,y; € [-1,1],« € [0,27]. P is chosen to be
in the rest frame which is equivalent to having only a fourth component. We
introduced six angles and four length variables, which correspond to the ten
Lorentz invariants we need to describe the set ) that the dressing functions
depend on. For given P? the nine remaining ones are:

Q:{pQ’q27k27p'Qap'kaQ'kap'Paq'Pak'P} (150)
= {p27q27k27w37w27w17n17n27n3}‘

Since one needs to setup a grid in all these variables, the solution of the full
tetraquark amplitude is a numerically extremely demanding task. A strategy
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1. Heavy-light tetraquarks

to simplify the system without the loss of information is to introduce variables,
which form multiplets of the permutation group Sy [108]. One obtains a singlet,
a doublet and two triplets:

/

2 2 4 g2 u u
505%7 DoES()(Z),ToESO v| Ty=VSoP2| v |,
w w’
(1.51)
where the entries of the multiplet vectors are:
2 2 2 2 2
¢ —p P g +k
=3 = 1.52
a=+3 5 ° 5 (1.52)
w1 + wag + w3 w1 + wo — 2ws w1 — Wy
s TV vV

V125,P% ' V245,P% V8SyP?
An advantage of these variables is that a multiplet transforms only into itself
under Sy transformations, which also encodes the Pauli and charge-conjugation
symmetry we discussed earlier. The amplitudes in (1.34) can then be written
as fi(So, D, Ty, T1), consequently one can switch off groups of variables without
destroying these symmetries.

Using Sy variables it was found in [3] that the scalar tetraquarks depend
mainly on Sy and D. When retaining Sy only, the mass of the o was found to
be roughly 1500 MeV. When the doublet variables were allowed to dynamically
contribute also, the four-quark BSE dynamically generates meson-meson and
diquark-antidiquark poles in the f;(Sp, D) in all the D, My, Ms topologies. Since
one needs to integrate over the dressing functions this effectively introduces
decay thresholds, which is a mechanism that ensures the tetraquark to be a
resonance, which is naturally built into equation (1.31). These dynamically
generated intermediate pion poles bring the mass down from 1500 to 400 — 500
MeV.

p_ M2+ ns f_ Tt m2—2n3 o LT

Solution with the general tetraquark amplitude In principle, one can go on
and solve the tetraquark BSE from here. Details of the solution algorithm are
described in [109]. However, the method introduces some obstacles:

e the number of grid points necessary for the nine-dimensional dressing
functions f;(£2) is huge,

e complications arise due to the dynamically generated two-body poles in
the f;,

e poles appear in the integration domain as soon as M > 2m, or whatever
the lowest-lying threshold is. Therefore, one can obtain the eigenvalue
curve A\(M) of equation (1.31) only for M < 2m, on the real axis.

In addition, we would like to identify physical components in the tetraquark
amplitude to understand their contributions, as we laid out in the introduction.
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1.4. Tetraquark BSE and amplitude

1.4.3. Physical tetraquark amplitude

The idea of this section is now to anticipate the dynamically generated two-
body poles and approximate the dressing functions by a residue that depends
only on Sy times a product of those two-body poles:

f(S(]7D7T07T1) — f(SO)P1P2a

where the two-body poles P; and P> depend on Sy, D and the respective pole
masses m1 and mgy. This approximation will not allow other poles to be dy-
namically generated in the remaining residue f(Sp), because a pole term would
depend on the doublet variables a and s from equation (1.51) and the residue
does not depend on them anymore. On the other hand, the findings of [3]
provide confidence, that the equation would produce these poles dynamically
anyway and that important physics should be governed by our ansatz.

The remaining question is which poles will appear in which tensor structures
of the tetraquark amplitude. It can be answered by solving the relevant meson
and diquark BSEs. For example, a pion will have poles in the 'ygﬁ R 1ap
component (and the three other components from table 1.5). Therefore, a T®@ 7
component in the tetraquark would have a pole in (72 ®’y5)a% 35@(1®1)ac,BD
component and the pole would be P(my, my)13 24, with

1 1
Pa + pb)? +m (pe + pa)? + m3

P(m1,m2)ab,cd = ( (1.53)

for a qa,498,8%y,c05,p tetraquark. Note also that the pole appears in the total
momenta of the quark-antiquark pairs. Since we thereby assume that this pole-
residue structure captures the relevant momentum dependences of the dressing
functions, we have the freedom to choose the external grid in the variables on
which the dressing functions do not depend on. To do so, we choose

2
{kt, pH, ¢"'} = @ {el, b, eg}, Pt =iM e, (€)' = bip- (1.54)

V3

This simplifies the system and reduces the computational effort while preserv-
ing the structure of the otherwise dynamically generated intermediate particle
poles, which produce the decay channels and the resonance structure of the
states we investigate. Once again, our goal here is to mimic the behavior of the
full equation as good as we can by putting in only those terms that would arise
dynamically based on the findings in [109].

There are now two types of tetraquarks we want to describe:

e The hidden-charm tetraquarks (cqgc) obey charge-conjugation symmetry.
They contain heavy-light diquark and antidiquark, HLM and HC compo-
nents.
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1. Heavy-light tetraquarks

e The open-charm tetraquarks ccgg, by contrast, are Pauli-symmetric in
both, the quark and the antiquark pair. They carry a different diquark-
antidiquark component, that is made out of a heavy-heavy diquark and a
light-light antidiquark. Furthermore, they contain HLM components. A
separate HC component is not possible anymore, since there is no ¢ and
no ¢ quark present.

Flavor basis for open and hidden-charm tetraquarks The flavor structures
for hidden-charm tetraquarks are constructed from pairing a light quark with
a light antiquark SU(2) ® SU(2) = 1 @ 3 resulting in {ut — dd, ud,du} and
ul + dd. These are the usual "mesonic" isospin multiplets.

Similarly for the open-charm tetraquarks and SU(2) ® SU(2) provides {ud +
Ja},aa,d& and an isosinglet @d — du. The charges for these open-charm
tetraquarks are: (+,0,4++) for the I = 1 and (+) for the I = 0 states, respec-
tively. Although the ccuu has charge zero it does not fulfill charge conjugation
symmetry because of the charm quantum number. The flavor amplitudes for
isospin I = 0 and I = 1 tetraquarks, are:

ud
1 _ - _ _ =
..F() = ﬁ(uu + dd)c, ‘Fl = %C(uu - dd)c ’ (]‘55)
du
1 dd -
Fo= ﬁcc[ﬂ, ], Fi= %cc_{_ﬁ, dy % (1.56)
uu
where the tilde marks the open-charm tetraquarks and |[.., ..], {.., ..} denote

antisymmetrization and symmetrization, respectively.

Dirac and color basis expansion: meson-meson and diquark-antidiquark In
practice, we systematically write down all possible terms in an amplitude with
quantum numbers JFC given our pole residue structure. Furthermore, we only
include the lightest intermediate meson and diquark terms from the RL spec-
trum with their leading tensor structure, because they will have the highest im-
pact on the tetraquark mass. Those are the pseudoscalar and vector mesons (in
both meson channels) and we will build up the tetraquark meson-meson parts
from combinations of those. The lightest diquark-antidiquark components are
scalar and axialvector diquarks. We discussed the calculation of heavy-light
meson and diquark states in section 1.3.3 and their masses are given in table
1.6. Now we proceed in the following way:

1) Write down all possible combinations. The terms that arise when the
leading components of pseudoscalar and vector mesons (scalar-and axialvec-
tor diquarks) are coupled are collected in table 1.8. Take for example the
0" tetraquark term built from pseudoscalar-pseudoscalar mesons. The lead-
ing pseudoscalar structure is 7°. Consequently we get 7° ® v° as the leading
tetraquark structure.
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1.4. Tetraquark BSE and amplitude

Jr meson-meson diquark-antidiquark
0t psps PR sc-sc PPC @ CTH?

0r vv A e ax-ax Y/ C® CTH!

1t psv @A sc-ax  Y°C @ CTHH

1 vy A @A P77 | axcax A C @ CTAY Poekvro

Table 1.8.: Collection of possible elements in the tetraquark amplitude in each
channel.

2) For a given J P(C) we take all meson-meson components in the My and M,
decomposition from the table and all diquark-antidiquark components that can
combine to the given spin. If we for example describe a 0% tetraquark we take
the first two rows into account. We include the meson terms in both M; and
M>s which for the ps-ps would be: 7277/536 and 736727.

3) We symmetrize the Dirac part to have the correct symmetry under charge
conjugation (or Pauli symmetry for the open-charm tetraquarks). Because the
symmetry properties of the flavor-and color part, as well as those of the dressing
functions are fixed, we know for a given state what symmetry we have to impose
on the Dirac part. For our 071 example the flavor structure Fq (isospin zero)
has positive charge conjugation symmetry, as does the dressing function f(Sp).
That means the combination of Dirac-and color part needs positive charge con-
jugation. In the M; channel, for example, the color structure C;; has positive
charge conjugation which requires positive charge conjugation for the Dirac
part. We generally achieve this by symmetrising the tensor structure with the
operator 1 4+ CC. It is not necessary in our example, but we can nevertheless
apply the operator:

(1+CC) Vo575 = 273575

The charge conjugation operator above was defined in equation (1.38).

4) Now each structure comes with the product of two-body poles in this chan-
nel just as we discussed in the example. Thus, we multiply each tensor structure
with the correct pole of equation (1.53) with the pole mass we calculated from
the two-body equation (1.27). The relevant pole masses are collected in table
1.6. The parameters of the Maris-Tandy model we introduced in equation (1.23)
are A = 0.72 GeV and n = 1.8 + 0.2. We work in the isospin symmetric limit.
Therefore, for example mp+ = mp- = mpo = 1802 MeV. The charm quark
mass is fixed by mp +mp+ = 3870 MeV, which is the sum of their experimental
masses [1]. The strange quark mass is likewise fixed from mp, + mps = 4080
MeV.

In our example the pole would be: P(mys,mps)13.24. We end up with the
pseudoscalar-pseudoscalar tensor structure in the M7 decomposition:
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1. Heavy-light tetraquarks

27257L5?wp(mp57 Mps)13,24C11F0 f (So).

We now go on and do this for all the other couplings within the M; decom-
position and afterwards for all couplings in Ms and D. It is not possible to
symmetrize every structure for every quantum number. A D*D* component
for example is possible in the 17~ but not in the 17 channel, because of the
symmetry constraints. We thereby obtain an amplitude for every quantum
number we are interested in, that we call I'yys. The resulting amplitudes are
collected in "human-readable" form in table 1.9 and in full glory in the appendix
B.2. A detailed derivation can be found in the appendix of [6].

Note that this is just a different way of spanning the basis compared to the
general amplitude we used in equation (1.34). If one added enough components,
the full basis would be retrieved. When we solve the tetraquark BSE, we project
['phys onto the s-wave basis we selected in the previous chapter in equations
(1.41) and (1.42).

1.4.4. Solution technique of the four-body equation

Calculating eigenvalue curves from the BSE We solve the four-body equation
(1.31) in the RL truncation as an eigenvalue problem as described in section
1.3. As a result we obtain the eigenvalue curve A\(M) as we have already
demonstrated for the two-body case in figure 1.4.

Firstly, we fix the index ordering of all tensor structures of I, that is given
for the different quantum numbers in table B.2, to a common one. That can be
done by the Fierz transformations given in appendix B.1.4. Which ordering we
pick (afvd for example) does not matter, the result will be independent of that
choice. Afterwards we project I'ppys onto the s-wave basis given in equation
(1.41) and (1.42), project on the dressing functions and use Feyncalc [110] to
precalculate the traces that are necessary to set up the kernel matrix. To solve
the eigenvalue problem

Kij(M)Lj = A(M)T;,

where 7 and j are super indices, we use an iterative Krylov Schur solver which is
implemented in the SLEPc library [111]% in a highly efficient and user friendly
manner. It is necessary to use improved algorithms compared to the simple
power iteration for instance, which will not converge in the tetraquark case.
Now we can calculate the eigenvalue curve A(M) as a function of the tetraquark
mass.

Unfortunately, just as in prior tetraquark calculations of [3,84] the range of
M is limited. M appears in all four-quark propagators as well as all interme-
diate meson-meson and diquark-antidiquark poles that are part of our physical

30ne constructs the action of the kernel matrix on the amplitude ry — F§"+1). That means
the matrix never has to be constructed explicitly. We use spline interpolation from alglib
for the necessary interpolation in the Sy variable [112].

42



1.4. Tetraquark BSE and amplitude

1(J79) HLM HC DI

cqge  0(0tT) DD, D*D* J/Ww,nen SS, AA
1(07F) DD, D*D* J/Up e  SS, AA
0(1+ 1) DD* — D*D J/Yw SA— AS
(1) DD* — D*D J/Up SA— AS
0(1*~) DD*+D*D, D*D* J/¥n, nw SA+ AS, AA
1(1*7) DD*+D*D, D*D* J/Ur, np SA+ AS AA
I(JF) HLM DI

ccqqg  0(0T) - )
1(0™) DD, D*D* AA
0(1+) DD* — D*D, D*D* AS
1(1%) DD* + D*D AA

Table 1.9.: cqgc and ccqg amplitudes and their physical content, where for the
cqqe states DD = D°D? + DD~ (and analogously for D*D* and
DD*) with "+" for the I = 0 state and "—" for the I = 1 states. For
the ccqq states DD = D°D° + DY D~ (and analogously for D*D*
and DD*) with "—" for the I = 0 state and "+" for the I = 1 states.
The difference between open and hidden-charm tetraquarks is due
to their different flavor tensors, that were given in equation (1.55):
Fo,1 for the cqge I = 0, 1 states, and ]:*071 for the I = 0,1 ccqq states,
respectively. The full amplitudes in mathematical form are given in
section B.1.1 in the appendix.
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1. Heavy-light tetraquarks

amplitude. That poses a set of conditions that depend on the intermediate
states, M and the partitioning parameters. An example for a system with only
one meson-meson threshold in the M7 channel, is:

M M M M
M < —<, M < 21, —1. M< — o,
201 2079 203 2(1 = > o) (1.57)
M < @7 M < @7
013 024

where we used o;; = 0; +0;. My and M, are the light and charm-quark masses
that describe the apex of the parabola in figure 1.5.

For equal quark masses the optimal choice of the partitioning parameters is
o; = 1/4. Since we do not have four equal quark masses in the system, we
are looking for a new optimal partitioning. Given all the thresholds, one can
formulate conditions for the quark poles and for the intermediate meson poles
and optimize the set of equations with respect to o1, 09,03 to obtain M.

Usually it is sufficient to introduce just one partitioning parameter ¢ = % —
01 = 09 = o3 to reach M,,,,. In that case we can interpret { as the fraction
of the complex momentum P from equation (1.49) that goes through the light
quarks, while 1 — ( is the fraction going through the charm quarks. In that
case the solution might generally be non-unique. We use the resulting plateau
of Mpnaz(C) to estimate the error from the momentum partitioning in section
1.5.

Whenever the tetraquark mass Mieprq < Mynqr we explicitly find the point
where the eigenvalue curve crosses one: A(Mietrq) = 1. If that is not the case
we need to extrapolate the eigenvalue curve to the point where A\(M) = 1.
For consistency we always use a quadratic fit wherever the eigenvalue curve
cannot be obtained at the physical point, consult figure B.1 in the appendix
for an example. The extrapolation range can potentially be large, depending
on how low the lowest threshold is. We are aware that naive extrapolation over
decay thresholds is dangerous [113] and we try to minimize the extrapolation
dependence with the procedure described in the following.

Evaluating the eigenvalue curves If we find a bound state at the physical
point, as for the hidden-charm scalar for example, we do not need any kind
of fitting®. For all other cases we extrapolate down the quark mass curve
Mietra(mg). We start from the point Mc.zz where we usually find a bound
state pole, and go down in m, until the eigenvalue curve Ama) (M) does not
hit A(ma) (M) = 1 for M < M4, anymore. Then we apply a linear fit to
these points® and evaluate the fit at the light-quark mass to obtain the physical
result®.

4Since the error when varying the partitioning parameter is large and we prefer a consistent
approach to all channels, we still apply the method described here as well as the direct
calculation

°If for a given m, we need to extrapolate only a short distance we include these points as

well.

mq can directly be related to m, and thereby our procedure is very similar to the one

sometimes applied for lattice calculations at unphysical pion masses.

6
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1.4. Tetraquark BSE and amplitude

For the whole mass curve we use the amplitudes given in table 1.9, which
means we do not change the symmetry for the all-charm state for example.
That is why M .zz does not coincide with the mass of the physical all charm
ccce tetraquark that would require a different symmetrization of the amplitude,
namely charge conjugation in the (13)(24) and (14)(23) quark pairs, as well
as Pauli symmetry in both the quark and antiquark pairs. The hidden-strange
partner can, however, be read off from the curve if the underlying symmetry for
the light and strange tetraquark is the same, which it is for the I = 0 hidden-
charm tetraquarks. Naturally, this does not work for the I = 1 tetraquarks,
since there are no light quarks in the cssc and ccss amplitude, respectively, and
therefore the isospin has to be I = 0.

A peculiar thing happens for the open-charm open-strange tetraquarks: Due
to the symmetry constraints we can read off the open strange 0(1%) and 0(0™)
from the quark mass curves of the 1(17) and 1(0™) states. One can easily verify
this by looking at the flavor tensors in equation (1.55) and replacing the light
quarks u, d with two strange qaurks. This leads to a mass gap, as we will discuss
in the next section.

1.4.5. Influence on the spectrum

Since our interaction kernel of equation (1.32) is flavor blind, the flavor tensor
traces out completely. The only purpose of the flavor part here is dictating the
symmetry of the color times Dirac part of the tetraquark amplitude. As can
be seen in table 1.9, for hidden-charm tetraquarks, we have exactly the same
content for both isospins. The only difference lies in the My channel, which is
the HC channel in this case. For isospin one we need to replace w — p and
n — . However, since the RL kernel does not know about the U(1) anomaly, all
pseudoscalar mesons are treated in the same manner and 7 and 1 have the same
mass. The same is true for p and w, see table 1.6. This means that the hidden-
charm tetraquarks with isospin I = 0 and I = 1 are degenerate. Consequently
every state in our hidden-charm spectrum appears with multiplicity four, which
means we should find two neutral and two charged states with charges +, —.
Again, this is a consequence of the applied RL truncation in combination with
the approximated amplitude, and might not be a general feature. Furthermore,
electromagnetic isospin effects will also lift the degeneracy [114], however, they
are not considered here.

The situation is different in the open-charm sector: Comparing the 0(17)
and 1(17") states, we see that there are different signs between the DD* terms
and there is also an additional D*D* component present in the I = 0 case.
Furthermore, different diquarks need to be considered: In the former we have
a light-scalar antidiquark and a light-axialvector antidiquark in the latter case.
That is due to the different transformation properties of the flavor tensors
Fo,1 from equation (1.55) under Pauli transformations. While one is odd, the
other is even in the light quarks and therefore needs a different diquark tensor
structure. The situation is even more dramatic for the 0(0") state, where we
cannot construct a single component starting with the tensors from table 1.8.
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1. Heavy-light tetraquarks

1.4.6. Further approximations

We have systematically constructed the physical amplitudes for the tetraquark
in the previous section and arrived at the physical content listed in 1.9. We
drop the n.{n, 7} component in the (0/1)0*" and the n.{p,w} components in
the 17~ channel for now. We do this for two reasons: Firstly the decay modes
are not seen in experiment, even though they have been searched for [115] and
secondly, the RL description of the 7 is unrealistic’. Furthermore, we neglect
the AA component that should be present in the 17~ state by construction.
This is by far the highest threshold in the system and in all hidden-charm
channels we found the diquarks to be subleading.

"Due to the missing U(1) anomaly in our framework 7 and 1 have the same mass, which is
not realistic. Therefore, we cannot provide a realistic n mass M, (mq) from a two-body
calculation which we would need for the tetraquark calculation.
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Figure 1.8.: left/right: 0(1%)/1(177) variation of the partitioning parameter
away from its optimum in the symmetric limit.

mg [MeV] ‘ 3.7 20 50 85 210 340 470 600 730 795

SM%) | 44 7.0 104 55 51 1.9 1.8 0.2 0.1 0.01
AM %] | 10.8 11.0 12.7 8.0 5.6 1.9 2.1 0.2 0.2 0.1

Table 1.10.: Error estimates from the momentum partitioning for one parameter
¢ (row 1) and without restricting the o; (row 2). We show the
results for the 0(171) state, all other states can be found in section
B.1.6 in the appendix.

1.5. Results

1.5.1. Error estimates

There is a systematic error that we cannot quantify when we introduce our
truncation of the quark DSE and the BSE kernel. However, within this approx-
imation of QCD we can try to quantify errors. Here we only look at the error
introduced by the momentum partitioning and its effect on our results.

As discussed, we try to minimize the extrapolation error by choosing optimal
partitioning parameters that were introduced in equation (1.48). We simplify
the situation by choosing 1/2 — 01 = 03 = 09 = (, which means the light quark
and antiquark get the same fraction of the momentum P and so do the heavy
quark and antiquark. This leaves one parameter that quantifies the portion of
P that is assigned to the light-light and the heavy-heavy quark-antiquark pair,
respectively. We call this the symmetric limit. The optimal ¢ is not unique in
that case. Therefore, we vary it around its optimal value (., £ 0.02. We show
an example for the 0(17") and 1(17~) HLM-only calculation in figure 1.8.

One can clearly see that the error gets much larger the bigger the mass
difference of the light-quark mass compared to the charm-quark mass gets.
From the variation around the optimal parameter we obtain an error estimate,
which is shown for the 0(1*") case in the first row of table 1.10. The errors
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1. Heavy-light tetraquarks

I(JP©) ‘ cqqc exp. candidate cssc candidate
3195(107) 3362(95)
++ ? ?
O/1O) | g503a22) XBIB) /T g599(905) '
0/1(17F) | 3916(74) X (3872) / 7 4068(61) X (4140)
0/1(177) | 3741(91) 7/ Z(3900) 3892(81) ?
ccqq ccss
0(0t) |- 3951(?)
1(0T) 3795(7) -
0(1t) 3899(82) 4360(387)
1(1%) | 4216(440) -

Table 1.11.: Results of our calculations and experimental candidates are shown,
"-" means we do not have a state in this channel. The two results
for the hidden-charm scalar stem from the two different methods
we used to calculate it: a fit of M (m,) and direct calculation via
A(M) = 1. The cssc states in the upper right corner of the table
naturally carry isospin I = 0, since no light quarks are present.

from going away from the symmetric limit were obtained by comparison of the
symmetric calculations and the difference to another set of optimal parameters
obtained by optimizing for maximum P? without restricting the ;. The results
are shown in the second row of the error table. In contrast to the symmetric
case, the variation can be quite strong for the points for bigger m, as well.
However, we only use the "unrestricted" optimization if it is necessary because
we cannot reach M, in the symmetric limit.

For the results at the physical point we calculate a confidence band to the fit
that we apply to Mietrq(my) to extract Myerq(my,) at the physical point. The
errors that go into that fit are the ones in the second row of the error table.
The error from this confidence band at m, is given in table 1.11.

1.5.2. The spectrum

The situation is summarized in table 1.11. As discussed before we already know
that we find four degenerate states coming from isosinglet and isotriplet in all
hidden-charm channels, namely the 07,17+ 17~ and for each channel one
hidden-strange partner with a higher mass. For the open-charm channels this
degeneracy is lifted because of the different relative signs and components of
the 0(1") and 1(17) states, as shown in table 1.9. Again the (0)1" state comes
with a hidden-strange partner. In the 0" channel we find a ground state only
for isospin one, since we cannot construct an appropriately symmetrized state
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0(1**) cqgqc

1.5. Results
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Figure 1.9.: Mass of the I(J¢) = 0(1*F) four-quark state as a function of the
current-quark mass. Left: Solutions for the individual DD*, J /1w
and diquark-antidiquark components together with their respective
thresholds. Right: results obtained from including one (DD*), two
and all three channels. The error bars combine the extrapolation
error with the error obtained by varying the momentum partition-
ing parameter (. The black line is a fit to the data points together
with an error band. Figure published in [5].

for isospin zero®. This state also comes with an open-strange partner (with

isospin 0) and strangeness of minus one. In table 1.11 we have also listed the
experimental candidate for our calculated tetraquark state. We found for all
calculations that the D* D* component is subleading whenever lighter D-meson
combinations are considered. Therefore, we do not discuss them separately
within each section. We will now go through the hidden-charm channels:

The 0(17F) channel In our setup the state includes a combination of DD*,
J/%w and SA components, as listed in table 1.9. The results for the full
calculation and selected subcomponents are shown in figure 1.9. We plot the
cqqc tetraquark mass as a function of the light-quark mass m,. We obtain
the points in this plot by calculating the eigenvalue curve for the input mass
mg, A4 (M) of equation (1.31) as a function of the tetraquark mass M up
to the maximal value we determine as described in the last subsection. If the
eigenvalue curve A(M) = 1, we have found a bound state and consequently
M q4qe, which is shown in the plot. If A(M) # 1 for M < M,,q, we fit the data
points and solve )\Scﬁq)(Mcqqg) = 1. The black line is a fit through the last 7
points on the curve and the shaded area is the confidence band of the fit given
the black errorbars. The fit at m; = m, = my is the result we get for our
X (3872) candidate. We obtain a mass of 3916(74) MeV, whose central value is
slightly above the experimental value. For the hidden-strange partner we find

8 Again, this is due to our construction principle and is in principle possible if we include
more momentum dependence in the dressing functions f;, which are currently only So
dependent, so that they have even Pauli and CC symmetry. However, higher components
would stem from "excited" meson-meson components and are most likely suppressed.
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1. Heavy-light tetraquarks

a mass of 4068(61) MeV and we identify it with the X (4140).

The left panel of figure 1.9 shows the results if we consider only one sin-
gle component. We see that the heavy-light diquark-antidiquark component
alone produces a heavy state with a mass in the region of 4.5 GeV, similar
to the hadro-charmonium-only calculation. The corresponding thresholds are
also shown in the left panel. The diquark threshold lies roughly 1 GeV above
the other two thresholds, which naturally explains the high mass, although the
diquark-antidiquark component itself lies below the threshold.

In the right panel the mass curve for the different setups is shown. One
can clearly see that the diquarks hardly contribute and that to a satisfactory
degree one can reproduce the result of the full calculation including all three
components with the HLM component only (red points).

The small HC component we find is in line with the experimental expectations
for the X (3872) as shown in table 1.1, since the branching fraction into hadro-
charmonium like states is rather small compared to the decays into open-charm
mesons. Our result lies slightly above threshold. Due to the error we obtain,
one should however be careful with this statement and a proper treatment of
the resonant system would give more insight. At this stage we can only with
confidence say that the state is close to the threshold, which is also in line with
experiment. The X (4140) was only found in a hadro-charmonium-like decay
mode so far. From our calculations we would expect a strong HLM mode into
open charm and open-strange Dy, D;‘ mesons.

Theory comparison: Our result of a dominant HLM component is in line
with the molecular picture? we discussed in section 1.1. The findings, how-
ever, contradict the diquark-antidiquark picture somewhat, since we find the
diquark-antidiquark component to be subleading and producing a much heav-
ier state if considered individually. Our identification of the X (4140) with the
strange partner of the X (3872) is consistent with the Quark-model four-quark
calculation of [117]. We predict (almost) degenerate isospin partners of the
X (3872) in the same channel, which is a prediction that also the tetraquark
model in reference [50] makes.

The 0(07) channel This state has DD, D*D*, J/¥w, SS as well as 7.7 and
AA components, we neglect the last two. The results in this channel are shown
in the left panel of figure 1.10 and follow a similar pattern as the 17" channel:
The HLM component is once again clearly dominant. The influence of the
diquarks is almost negligible and the HC component is again well above the
threshold. However, there seems to be some admixture of hadro-charmonium
for the full calculation. A natural candidate in this channel would be the
X (3915). The quantum numbers of this state are not yet settled. They could
be 07+ or 2. It is found in the w.J/¥ system in experiment. However, our
result of 3503(422) MeV is relatively light compared to the X (3915). Although
the RL D mesons are lighter then the experimentally observed ones, which
could explain some "missing" mass in the scalar channel in our approach, we

Tt is also possible to construct a hidden strange molecule from Dy mesons, see [116]. Al-
though 7 exchange is not possible, 17 exchange in principle is.
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Figure 1.10.: Masses of the I(J7¢) = 0(0**) and 1(177) four-quark states as
a function of the current-quark mass. Left: I(JF¢) = 0(07)
solutions for the individual DD, J/¢ w, as well as DD + J/¢pw
and the full calculation including diquark-antidiquark, together
with the relevant thresholds are shown. Right: I(JF¢) = 1(177)
solutions for the individual DD*, J/v¢ 7, as well as DD* + J /vy«
and the full calculation including diquark-antidiquark, together
with the relevant thresholds are shown.

naively expect additive contributions of the order of only 100 MeV if we had
used the correct experimental masses. Once again we also predict a strange
part at 3592(295) MeV and another degenerate isospin triplet.

Theory comparison: The light scalar is also compatible with the diquark-
antidiquark model [50]. The molecular picture does not find a low lying scalar
because D°DY cannot exchange a pion, but it also does not exclude it.

The 1(177) channel This state is a combination of DD* D*D*.J/Wm, AS,
as well as n.p and AA. We neglected the last two. The results for different
individual setups are shown in the right panel of figure 1.10. The picture is
different compared to the 0(17") channel: While the diquarks again seem to
be subleading, we find a non-negligible hadro-charmonium component, which
is also lighter in mass compared to the 17 as shown in the right panel. This
seems natural due to the lower lying 7.J/¥ threshold compared to w.J/W.

We find a mass of 3741(91) MeV and 3892(81) MeV for the light and strange
state, respectively. We identify the light state with the Z(3900), which is seen
in both hadro-charmonium and open-charm meson states in experiment, with
a factor of six higher branching fraction into the latter one. There is no ex-
perimental candidate for the strange state. Again, we predict three degenerate
isospin partners for the Z(3900) as well as a zero isospin state that is also
degenerate.

Theory comparison: Interestingly we confirm the prediction of the molec-
ular picture that (including only HLM components) we find the same mass in
the 17+ channels, as shown in the left panel of figure 1.11. However, in addition
we find the presence of a non-negligible HC component. Our identification with
the Z(3900) is consistent with [50], however, in that model there is another s-
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Figure 1.11.: Mass of the I(JFY) = 1(1*7), 0(1*F) and I(J) = 1(0%) four-
quark states as a function of the current-quark mass. Left: The
calculations for the respective hadro-charmonium components of
the 0(17") and 1(1%7) state (blue) and the HLM components
for both channels are compared. The latter have the same mass.
Right: The full calculation for the I(J¥) = 1(0%) open-charm
tetraquark is shown.

wave state in the channel that is identified with the Z(4020). Since we calculate
only ground states we cannot say anything about the excited states except that
they must be higher in mass.

Open charm Our results for the open-charm region are also summarized in
table 1.11.

The results for the 1(0") state are shown in the right panel of figure 1.11.
Similar to the hidden-charm tetraquarks, the scalar 1(0") state is also the
lightest of the ones we consider. It contains DD, D*D* and AA components
and we need both, the HLM and DI components, to obtain a smooth M.g5(mq)
curve. It is not possible to construct a 0(0™) state in our approach.

In the axialvector channel we find that the 1(17) state is heavier than the
0(17) state. There are two main differences: Firstly, the 0(1T) state includes
D*D* components, whereas the 1(17) state does not, see table 1.9. Since
we found in our calculations that this component is subleading and can be
neglected, the mass difference is due to the second difference, the diquarks:
The 1(17) state contains a heavy-axialvector diquark and a light-axialvector
antidiquark, while the 0(17) state contains a light scalar antidiquark. In the
1(17) case the diquarks seem to bring down the mass a little, see figure 1.12,
whereas in the 0(1") case the diquarks seem to increase the mass. In contrast
to the hidden-charm states we also find that the "meson-only" calculations do
not yield identical results. Here the 0(1") meson component is even a little
heavier than for the 1(17).

The open-charm open-strangeness tetraquarks show another particularly in-
teresting feature. Our results for a 1(17) ccqq tetraquark are shown in the
right panel of figure 1.12. Its mass curve at the strange quark mass is precisely
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0(1%) ccqq 1(1*) ccqq, 0(1+) ccss
A DD’ A DD :
_ m DD" +AS x DD" +AA
> H H E H H
(«b] :
O T
g s
0 250 500 750 0 250 500 750
My [MeV] mg [MeV]

Figure 1.12.: Mass of the I(JF) = 0(17) (left) and 1(1%) (right) four-quark
state as a function of the current-quark mass. Red points include
only DD* components, black points include also diquarks. The
DD* is the lowest lying threshold, since the diquarks are heavier.

describing a 0(17) cc55 tetraquark. One can verify this by looking at the flavor
tensors in equation (1.55) and replacing the light quarks u,d with two strange
qaurks. Since our I = 1 axialvector mass curve lies above the I = 0 we obtain a
relatively large mass gap of almost 500 MeV between the 0(17) ccgg and 0(17)
ccss states.

Theory comparison: There are no experimental candidates yet but we
compare with other theory predictions that we collected earlier in table 1.4.
First of all our result for the 0(1") mass is in the ballpark of other theory
predictions. While it is roughly 200 MeV lower then the one calculated in [54],
we do confirm the mass ordering Mj+) > My+) with a mass difference of
roughly 300 MeV compared to the 200 MeV that were found in [54] based on
heavy-quark spin symmetry. A further similarity is the the non-existence of a
0(0") tetraquark state. The 1(0T) tetraquark in [54] is part of a spin triplet
with 0,17, 2% states with almost equal masses of 4146 MeV, which is roughly
150 MeV heavier than the 0(1") state. This is different in our calculations,
where the scalar is lighter than both, the I = 0 and I = 1 axialvector state by
roughly 100 and 400 MeV, respectively.

Channel comparison We can now compare the channels in various ways. Let
us first look at the internal components at the physical point where my = m, =
mg. This is shown in figure 1.13.

It seems that we find a HLM dominated state both in the 0*+ and 17+
channels, which we conclude because the inclusion of HC and DI components
does not influence the results much. The HLM component is also important
in the 17~ channel. However, in contrast to the former channels, the HC
component is also important and the J/Wr-only state is much lighter than
the J/Ww-only state. The inclusion of the n.p component could magnify the
importance of the HC component.
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Figure 1.13.: The masses of the tetraquarks we calculated are shown for different
channels and different components of the amplitude. They were
extracted by evaluating a linear fit to the Mc.gq(mg) curve at
mg = My, or calculated directly if the ccqq state is bound.

The effect of the diquarks is small in all hidden-charm channels, whereas it
is non-negligible for the open-charm states. In this sector there is no separate
HC component possible, but the diquark takes this part from the heavy-quark
perspective: For hidden charm the HC component consists of a heavy cc and
a light qq meson, whereas for open-charm the diquark-antidiquark component
consists of a heavy cc diquark and a light gg antidiquark. From this point
of view the situation in the open-charm sector is comparable to the hidden-
charm sector: The (0)1" state is again HLM-dominated like the 17+ state, the
(1)1* has an important DI component like the important HC component of the
1%, It is interesting that the mass hierarchy in this identification is, however,
inverted.

As we have discussed before, the high mass of the 1(11) state also causes the
high mass of the 0(1") cc35 state, as can be seen in figure 1.14, because they
share the same symmetry.

Although the 0(1") state is in the same mass range as the 0(17) its strange
partner is therefore much heavier then the one of the 0(17") that we identified
with the X(4140). That leads to a "mass gap" in that channel of roughly 460
MeV compared to roughly 150 MeV in the 1t+ channel, which is almost the
same as for the 17~ state. It should be stressed again that these numbers come
with large errors and our predictions should be seen as qualitative features.

We see that in both open-and hidden charm the scalars are lighter than
the axialvector states. However, a lighter scalar candidate than the X (3915)
is currently not found. Interestingly, the lightest open-charm tetraquark has
I = 1 and no I = 0 partner, except the one with open strangeness. In the
axialvector channel we find the lightest state to be the I = 0 state, whereas the
I =1 state is much higher in mass, as is the open-strangeness state.
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Figure 1.14.: The masses we calculated for the tetraquark are compared to ex-
perimental states.

1.6. Summary

We managed to answer the questions we posed about the internal structure of
the states and their dominant subcomponents in various channels. The "phys-
ical construction' of the amplitude made this possible. By using the physical
basis in connection with our pole residue structure we avoided dynamical pole
generation and the complexity was reduced, which made a treatment of differ-
ent states possible. Imposing symmetries on the tetraquark amplitudes allowed
us to see the physical content before even starting the calculations, as shown
in table 1.9 and during the calculations we found which parts of the amplitude
were dominant in a given channel.

1.6.1. Physics

We have found that in our approach the importance of internal sub-clusters
varies from channel to channel. For the hidden-charm tetraquarks we observed
the general trend of negligible diquark but strong HLM components, eventually
accompanied by hadro-charmonium. We find degenerate isospin triplet and
singlet states for every quantum number. The X (3872) and Z(3900) can be
identified with our cuuc 0(17") and 1(117) states, respectively, whereas our
scalar state is lighter than the experimental candidate X (3915). All channels
come with an I = (0 ¢s5c¢ state in our approach and we identify the 0(171) state,
which carries a strong HLM compoenent, with the X (4140). Future analyses
of the DD as well as J/W¢ data such as the one in [25] will be highly
interesting to compare against our predictions for the hidden-charm hidden-
strangeness states, especially since we predict a strong HLM component, but
the X (4140) for instance has only been found in J/¥¢ so far.

In the open-charm sector we find that the diquark components are non-
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1. Heavy-light tetraquarks

negligible. We predict a light scalar state, an I = 0 axialvector in the mass
range of the X (3872) and a heavier I = 1 axialvector. Furthermore, we see
a large "mass gap' between the 0(1") ccqg and cc3s states in the axialvector
channel.

1.6.2. Remaining problems and connection to the next chapter

While we could calculate the real part of the mass of heavy-light tetraquarks
by extrapolating the quark-mass curve down from cccé (where our states are
bound), the question about the resonance properties of the tetraquark states
we calculated could not yet be answered. In the introduction we stated three
criteria for the proper description of a resonance in the BSE-DSE framework:
The presence of a decay channel; the proper treatment of the singularity struc-
tures (by means of a path deformation) and analytic continuation to (or direct
calculation in) the second Riemann sheet. Although decay channels in the form
of intermediate two-body poles are present in the tetraquark BSE, we did not
perform a path deformation and, consequently, could not perform an analytic
continuation to look for resonance poles in the second Riemann sheet.

We want to lay the foundation for addressing these issues and investigate a
method to extract resonance poles properly. This sets clear goals for the next
chapter:

e construct a simpler, yet similar system with a built in decay channel and
a similar singularity structure,

e take the singularity structure into account properly,
e find the resonance pole in the second Riemann sheet.

With these goals in mind, the gq sector beyond the RL truncation serves as the
best learning example.
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2.Beyond RL: p and ¢ as dynamical
resonances

2.1. Motivation

The main motivation of this chapter is to explore a technique for treating res-
onances in the DSE-BSE framework, which can be applied to tetraquarks in
the future. In terms of physics, we want to investigate the light scalar meson
sector, especially the 0(07") state. Although the lightest scalar qq states are
p waves in the quark model, the mass of the o as listed in the PDG is only
between 400-550 MeV. This is just one of the reasons that make the light scalars
interesting; we will discuss the physics in depth in the next section.

Technically, mesons are bound states in the rainbow-ladder (RL) truncation,
which is due to missing decay terms in the meson BSE kernel. The gluon
exchange alone does not provide a decay channel. However, almost all light
meson states lie above strong decay thresholds and hence this description cannot
be realistic. By contrast, in the tetraquark equation the gluon exchange is
sufficient to produce decay thresholds due to resummation in the quark-quark
and quark-antiquark pairs.

A method of extending the RL description of the p meson in a consistent
way has recently been introduced [7]. A 7m decay term was introduced in the
scattering kernel of the meson BSE and the resonance properties were extracted
from the pole location in the second Riemann sheet in the complex P? plane,
where P is the total momentum of the resonance. This "extended" p meson will
serve as a playground to test and further improve the method as well as lay
the foundation for a description of the similarly extended description of the gg
scalar state. We develop an improved method that is necessary to describe the
latter. Equipped with this method, the application to (light scalar) tetraquarks
should be straightforward in future works.

2.1.1. Light mesons

Spectrum Although the light meson spectrum has been known for quite some
years, it is still subject to intense debate. It is shown for selected quantum
numbers in the left panel of figure 2.1. The grey boxes are the multiplets. The
pseudoscalar states contain the light pions, the strange kaons and the 7 mesons,
which are heavy due to the U(1) anomaly. The vector states are relatively light,
which is in line with their s-wave assignment in the non-relativistic quark model.
For mesonic states the quantum numbers of a state JC are given by:

P=(-Di o=t J=|L-8|, .., L+85.

This implies that the positive parity scalar, axialvector and tensor ground states
with JP¢ = 0T+, 11+, 2++ have angular momentum L = 1, which puts their
expected masses in the same area. This would be true experimentally if the
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Figure 2.1.: light meson spectrum from the PDG [118]; the bars show the ex-
perimental mass range. The light scalar mesons are magnified on
the right. Figure published in [119].

lowest-lying scalar multiplet was in the mass range of the first excited multi-
plet. However, that makes it hard to explain the properties of the lowest lying
multiplet in the gq picture. Instead, one is rather tempted to identify the first
excited multiplet in the scalar channel with the ¢q ground states.

The o or fy(500) Let us take a closer look at the most prominent member
of the multiplet, the . Combining new data with dispersive approaches to 7w
scattering using Roy equations® [121,122], the o is now again listed in the PDG
with a pole position of (400...550) — (200...350) MeV [118]. An extensive
review on the history of the o can be found in [123]. As a 0(0* ") state it can in
principle be a mixture of g, glueball, ¢ggq and even higher components. The
composition is a priori unknown; however, some arguments exist:

Firstly, the scalar glueballs should be heavier, with masses of around 1.5-1.8
GeV, see [123] and references in there. Furthermore, a pure glueball does not
provide a multiplet and therefore the strange multiplet members (k) would not
exist if the glueball component was the dominant one.

Secondly, large-N. QCD predicts the behavior of ¢q states for increasing N..
For N, — oo, they should become stable. Their mass should become constant
and their width should scale with 1/N.. The dynamically generated vector-
meson poles in unitarized-chiral perturbation theory follow this behavior, but it
is not seen for the o and k resonances whose width rather grows with N, [124].
This could hint towards a ¢qgq (or two-meson) state, which becomes a two-
meson continuum with increasing N.. It should be mentioned however, that a
recent argument by Weinberg says that gqqq states in the large N, limit can be
either narrow (1/N, scaling) just like normal ¢q states, or broad and scale with
N, [125]2.

'Roy equations [120] relate partial wave amplitudes in the physical region to the w7 s-wave
scattering length.

2Weinberg suggested that one should actually look at the decay amplitude which consists of
two parts, one proportional to N, and the other proportional to 1/N., where the former
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du - ds| | su
qq (vt — dd) (vt + dd) {uE} {sd} 8
ud
dssu =
__ _ = = dusu sdud _ =
(99)(qq) s(uz;s—g;_id)s uddu {udsd} , {sugﬂ} s(uu + dd)s

Table 2.1.: The quark content of a ¢q octett is compared to the quark content of
a diquark antidiquark from [2]. We left out the normalization factor

% in front of the ag, o in the first row and ag, fo in the second row.

The non-g¢ nature of the o is supported by many studies in different frame-
works: unitarized ChPT [126], quark models [48], the extended linear sigma
model [127] and QCD sum rules [128], just to name some.

Are the light scalars tetraquarks? The idea of considering the light scalar
mesons as tetraquarks is quite old [2]. Lets review some of the arguments that
support this hypothesis: As mentioned, the scalars are p waves and therefore
their masses are expected to be in the range of axialvector and tensor states
around 1 — 1.5 GeV. There is indeed a multiplet in this mass range, where
members could predominantly be gq. However, the properties of the lowest-
lying multiplet including the o are different. Their masses are between 0.5 — 1
GeV. Furthermore, their decays are peculiar. The o decays into 7w and is
very broad, while the x which decays into K is also quite broad and carries
strangeness. The isospin I = 0 f(980) and I = 1 a(980) lie at the KK
threshold and are quite narrow.

As one can infer directly from comparing the mass ordering of the states
within the various "mesonic" multiplets in figure 2.1 to each other, the mass
ordering is also different for the light scalar states and especially the near de-
generacy of ag and fy cannot be explained in a ¢¢ picture. The solution proposed
by Jaffe [2] combines (color-and flavor antitriplet) scalar diquarks and antidi-
quarks. The resulting flavor wave functions are collected in row two of 2.1. This
assignment would explain the mass ordering considering the strange quark con-
tent of the states: The o has no strange quark, the x has one, whereas the fy
and ag contain two strange quarks, as listed in table 2.1. Also, the decays can
be explained better: The ag can decay to ag — 77 and couple to KK with its
internal ss pair. The broad ¢ and x can fall apart into 7w and K, respectively,
through the OZI-superallowed mechanism.

part is zero if the tetraquark decay into any pair of light mesons is forbidden by its quantum
numbers.
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2. Beyond RL: p and o as dynamical resonances

2.1.2. Scalars in RL and beyond

As we have discussed already in the first chapter the binding mechanism of
colored diquark degrees of freedom is quite different to the one in a BSE cal-
culation, where quarks interact via the exchange of gluons. However, one can
reformulate the four-body BSE to Fadeev-Yakubovsky equations and afterwards
reduce them to coupled two-body equations [84] which are similar in spirit to
the diquark-antidiquark model for baryons. These equations however, contain
not only diquark-antidiquark components but also meson-meson components.

The four-quark interpretation of the light scalars has been investigated in
the BSE-DSE approach in such approximated equations, as well as with the
four-body equation itself in the rainbow ladder approximation [3,84]. It turns
out that both produced a light ¢ with a mass of about 350-400 MeV. The
latter approach also reproduced the mass ordering within the scalar multiplet
that is found experimentally. For the o, the authors found a four-quark state
with a strong 7wm component. The system exhibits dynamically generated two-
body thresholds and is in principle resonant, however, the width was not yet
extracted.

The picture in the gg scalar-meson channel is different in the RL approxi-
mation. Here the o has a mass of roughly 660 MeV, which is too heavy to
interpret it as a member of the lowest multiplet and too light to assign it to the
higher multiplet. However, recent beyond-rainbow ladder calculations push up
the mass of the ¢q scalar to roughly 1.1 GeV [129]. The higher ¢ mass seems
to be a general trend in other works as well [130, 131]. This behavior is some-
what in line with the quark model expectations that we discussed earlier and
might indicate an identification of the first "excited" scalar multiplet with a qgq
dominated nonet that could itself mix with the lowest-lying scalar glueball [83].

Despite these findings it is still an open and interesting question what the
width of these states would be. There is a way to extract a width even for the RL
bound states in a static way. For vector mesons and scalar (and vector mesons)
this has been done in [132,133] and [134], respectively. We will compare against
these results later. However, in the following we will describe the o meson (and
the p as a test case) in the spirit of [7] as a dynamically calculated ¢q state with
RL gluon exchange and beyond rainbow-ladder pion-exchange corrections.
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Figure 2.2.: The quark DSE and a consistent two-body kernel are shown in
the first and second row respectively. Solid dots stand for bare
quark-gluon vertices, white dots indicate dressed quantities. The
approximation in the third row assumes that the relevant part of
the T-matrix is given by one-pion exchange and leads to the ap-
proximated kernel in the second row. The approximated DSE in the
first row further neglects the pion contribution to the self-energy.

2.2. qq resonances: going beyond RL

Resonances are poles in unphysical (higher) Riemann sheets of the scattering
matrix [123,135]. Light mesonic resonances have been studied in other frame-
works, like the quark model [136,137] and chiral-perturbation theory [138,139].
In lattice QCD the p resonance has been studied in [140-143] and recently the
light I = 0 scalars have been pioneered as well [144,145].

Because in RL ¢q states are bound, a realistic description of the QCD spec-
trum calls for beyond-RL corrections. Recently a method was proposed to
dynamically incorporate decays into the BSE-DSE formalism and gain access
to the pole structure in the second Riemann sheet for the p meson in [7]. It is
based on [146,147] and the idea is diagrammatically shown in figure 2.2. The
kernel and self-energy are still related via the AVWTI and therefore preserve
chiral symmetry for the BSE and DSE in the first and second row. We make
two further assumptions, namely that the T-matrix is dominated by 7 exchange
(3rd row) and that the beyond RL term arising in the quark DSE can be ne-
glected. This is mainly for convenience and methods exist to solve the DSE
also with this term included. One can now graphically see that the resulting
two-body RL kernel includes explicit 77 intermediate states and is similar to
the tetraquark meson-meson kernel that was used in [84].

Finding the complex pole position of the p in [7] was accomplished by ana-
lytically continuing the dressing functions of the inhomogeneous vertex, which
contains the resonance pole in the second Riemann sheet according to equation
(1.18), with the Schlessinger point method. Recently, it was shown in [8] how
to directly continue the T-matrix to the second sheet via analyticity relations in
the BSE-DSE framework. In the following we will set up the equations for the
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2. Beyond RL: p and ¢ as dynamical resonances
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Figure 2.3.: The approximated beyond RL BSE is shown. In addition to the
RL-gluon exchange kernel, a two-pion decay term arises.
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Table 2.2.: Prefactors of the different diagrams.

p and ¢ mesons and explain the method we use for the analytic continuation
of the inhomogeneous amplitude and the eigenvalue curve of the homogeneous
BSE.

2.2.1. Kernel and self-energy

The BSE with pion exchange is shown diagrammatically in figure 2.3. We
approximate the T-matrix as done in [87]2. The leading amplitude of the Dirac
part of the off-shell 7 amplitude is approximated by B/fr, where B is the
quark propagator’s dressing function of a chiral quark and f, the pion decay
constant. This relation is exact in the chiral limit [87]. This off-shell description
of the meson amplitudes is a crucial input to this approach. Details of the
approximation are summarized in the appendix C.1. We present the resulting
color and flavor factors in table 2.2. The approximation yields a flavor factor
of 4 for the p and 6 for the o. Therefore, already at this stage we can expect a
larger width for the latter state. The resulting matrix element for the w7 kernel
is:

fi(p, P) = CrxFrr /l Tr [#(p, PYL1S(p — 1)Ts| D(1)D(1-) (2.1)
-/Tr D@ (k, PYT2S (k= 1)]
k
O F / D(L)D(-) T (.1, PYT@ (1, P) (2.2)
l
— C7T7TF7T7T /D(l+)D(l)Iz(pvlaP)T(l7P>’ (23)
l

where S stands for the quark propagator, D for the free pion propagator

3See equation 20 therein.
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2.2. qq resonances: going beyond RL

D)= (p* +m2)

x@ is the Bethe-Salpeter wave function of the state we describe (p or o):

XD (k, P) = S(ks )T (k, P)S(k-)

and the momenta g+ were defined in (1.27). The projectors onto the Dirac
basis are denoted with a hat and the f; are the dressing functions for the p or
o amplitude. The m amplitudes are defined as:

I_ Iy

Flzr(p_?7l+)a FQZF(p_?a_f)v
oo L
Dy=T(k—5.04),  Ta=T(k- 5* —1).

We have defined two auxiliary quantities Ji(a) and T(®. The index «, that is
present for the p case only, can be contracted, as we will see in section 2.2.3.
Consequently, we can also work with the quantities I and T without the index
a, that are used in the last line of equation (2.3). We define the four-vectors in
the BSE to be:

0 0 0 0
0 0 Yzl YkZk
PH = ot =p | V= [P ek [ UR | (24
0 pe=r Zp Y1z YkZk (24)
iM + g 2p 2 2,

where we introduced the resonance mass M and width I' in P#.

2.2.2. Singularity structure and path deformation

The decay term we have introduced in equation (2.3) depends on 7" and I as

well as the two pion propagators D(l+). They are singular at (2 = m2, or
P 2 P 2
2 2
0 lmw+<2+> mﬂ+<2 )1
M2 2 M2 M2

and therefore the singularity moves into the integration domain in {> whenever
M > 2m,. The singularity structure in the complex [? plane is shown in figure
2.4 for fixed M and T'.

One has to apply a suitable path deformation that avoids the singularity
structure, as was done for similar problems in [88,148-151]. We investigate the
different parameterizations:
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2. Beyond RL: p and ¢ as dynamical resonances

-0.04"

Figure 2.4.: We show the two-pion branch cut (solid line) and two possible paths
avoiding the singularities in the complex [? plane for fixed M = 0.44
GeV and I' = 0.065 GeV.

P(z) = e ™I 1 2im2 +t] 2 €[-1,1] (2.6)
t(z+1) z € [-1,0)

(z) = . T 2.7

(Z) {|t|€7' arg(t)(1-z) c [07 1] ( )

where we have used the shorthands

t = P?/4, |z|e! 9@ = g,

The path is not unique and we compared the spiral and the straight line plus
arc that was also used in [8]. The cut (solid line) and deformed paths are shown
in figure 2.4.

2.2.3. Solving the system

As we have seen in section 1.3 there are two ways of obtaining the pole position
from solving the homogeneous or inhomogeneous BSEs from equations (1.17)
and (1.18) for a given scattering kernel. We adopt our solution algorithm for
these cases:

1) For the homogeneous BSE we use an iterative solver. We use T (I, P) =
()T (1%, ;) for the k integral of equation (2.3) and define I4. into I = J)(14).
We obtain the eigenvalue of the homogeneous equation and solve for a pole in its
inverse \' = ﬁ One has to be careful at this point: for the o, the eigenvalue
with the biggest absolute value (as obtained by naive power iteration) is not a
smooth surface. This is due to crossing eigenvalue surfaces as shown in figure
2.5. The plot shows the comparison of the results of the two biggest eigenvalues
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Figure 2.5.: The biggest eigenvalues A\; > A2 by real part and absolute value for
the o calculation are shown in the first and second row, respectively.
Within each row the first plot shows the real parts of the two biggest
eigenvalues, the second plot shows the imaginary parts.
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Figure 2.6.: The solutions of the p BSE in the first Riemann sheet are shown
in the M-I' plane with the real part in red and imaginary part
in blue. The solutions are complex conjugated and it is therefore
sufficient to show it in one half plane. Left: solution v(P?) =
f(p* =0,z =0, P?) of the inhomogeneous BSE. Right: Solution A
of the homogeneous BSE. We show the solution in both half planes
to demonstrate the appearance of a branch cut.

sorted by their real part (first row) and the two biggest eigenvalues sorted by
their absolute value (second row). One can see that two eigenvalue curves
overlap when the second criterion is used and we consequently identify the
biggest eigenvalue by real part with the o ground state.

2) For the inhomogeneous BSE we precalculate the whole decay kernel once
and use a matrix solver to obtain the eigenvalues. In this particular case we
pick the bi-conjugate gradient stabilized algorithm, which proved most efficient
in [78]. In the following we calculate the quantity v(P?) = f1(p® = 0), which
exhibits the pole structure directly.

We show the result for the eigenvalue \(M,T') and v(M,T') in the first Rie-
mann sheet for the p case in figure 2.6. One can see the branch cut opening
in the imaginary part above the mm threshold. The values left and right are
related via complex conjugation and we need analytic continuation to access
the second Riemann sheet and find the pole position. In the following we will
discuss the method we use with the p meson as an example.

2.2.4. Analytic continuation of the solution

The method was introduced in the context of analytically continuing scattering
amplitudes by Schlessinger in 1968 [152]. An efficient implementation of eval-
uating the resulting continued fraction is described in [153]. The idea is the
following: Approximate a function by the fraction of two rational polynomials
R(z) = P(z)/Q(x) and use the resulting functional form for analytic contin-
uation. Well written examples for different problems can be found in [154], a
comparison to other methods of analytic continuation in [155], an application
in hadron physics to problems with simple poles and branch cuts can be found
in [156], as well as an enlightening application to scalar theory in [§].
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Figure 2.7.: Upper panel: real (orange) and imaginary part (blue) of the /x
function are shown. The points for I'm(z) € [0.01,0.1] and Re(z) €
[—0.5, —1] are used as an input to analytically continue through the
branch cut to the second sheet. The real part is exactly on top of
the expected result. Lower panel, left: A free particle propagator’s
real (orange) and imaginary (blue) part with a pole in the complex
plane are shown. right: The result on the right is obtained by
fitting a Pade approximant to the shaded region for I' > 0 and
searching for a pole in the fit. The resulting radius is only chosen
for visibility, the Pade fit perfectly finds the pole position.
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2. Beyond RL: p and o as dynamical resonances

We show two simple examples in figure 2.7. The first one is the sqrt function.
It has a branch cut for x < 0, which can be seen as a discontinuity in the blue
imaginary part. We analytically continue via the Schlessinger point method to
the second sheet for Im(x) < 0, where the orange real part and blue imaginary
part are smoothly connected to their partners on the first Riemann sheet for
Im(z) > 0 through the branch cut. The second example is shown in the second
row of the figure: The reconstruction of a free particle 1/(p? + m?) pole with
m? = (M —iT'/2)? at (M,T') = (0.25, —0.2) from data with I' > 0. This example
mimics the challenge we face when solving the BSE. One can obtain information
in the first sheet in the whole plane by direct calculation, but the eigenvalue
(or v in the inhomogeneous case) shows a discontinuity in the imaginary part
above threshold, compare figure 2.6. So the strategy will be equivalent to this
example: Calculate data on one half plane in the first sheet (I' > 0 in the
following) and analytically continue the results to the I" < 0 half plane, which
corresponds to the second Riemann sheet in our BSE calculation. The results
for the free particle example are shown in the right column of the second row.
On the right hand side we show the selected input points in a box and on the
left hand side we show the resulting pole position from analytic continuation as
a small circle.

Despite its advantages, the Schlessinger-point method is comparable to a
fitting procedure and we would like to find out how stable the method is and
ideally provide an error estimate. Furthermore, the method approximates the
function with a rational approximant

whose poles we would like to find. With increasing N, the degree of the polyn-
molials P and @ and therefore the number of their (not necessarily distinct)
roots increases. It is now possible, that poles are created in the fitting proce-
dure, that are not "true" poles of the function f(z) but a sheer artifact of the
rational approximation.

To do both, check the stability of the fit and get an error estimate, as
well as to identify the true poles of f(x) we modify the method to what we
call the "statistical" approach in the following.

2.2.5. Stability: statistical approach

We fit the rational function R(x) to the given data points for I' > 0 for the p
meson and afterwards extract the polynomial coefficients for P(z) and Q(z),
which allows us to visualize the fit in a pole-zero plot, where the poles are given
by the roots of R’s denominator via Q(x) = 0 and the zeros by P(x) = 0. We
will use the words "pole candidates" and "zeros" in the following for roots of Q)
and P, respectively. They should however not be confused with actual poles
and zeros of the function f that we have approximated, nor necessarily with
those of R, since "pole candidates" and "zeros" could still cancel each other in
R.
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Figure 2.8.: The ten panels show ten runs with different, randomly selected
input points (grey dots) in the first Riemann sheet for T' > 0,
together with the resulting pole candidates given by Q(z) = 0 (red

boxes) and zeros given by P(z) = 0 (black crosses) in the first
(T' > 0) and second (I" < 0) Riemann sheet.

An example for a pole-zero plot for the p meson is shown in figure 2.8: 10
different fits are shown in the 10 panels of the figure, with increasing number of
points from left to right (N = 16 to N = 25). Within each panel the small grey
points are the fit’s randomly selected input points for I' > 0 on the first Riemann
sheet. Red boxes denote zeros of the denominator (zeros), black crosses those
of the numerator (pole candidates). Note, that the plot shows the first sheet
for I' > 0 and the second sheet for I' < 0.

There seems to be one "true" pole that appears to be more or less independent
of the input points in every of the 10 plots. While most of the other pole
candidates have zeros very close by and therefore cancel out of R, we can see
in the fifth and tenth panel that a "fake" pole is created on the second sheet. It
seems that these "fake" poles appear in random positions, while the "true" pole
always appears in more or less the same spot. Now three questions emerge:

e How can "fake" poles be identified?

e What is a suitable algorithm, that can somehow average only over the
"true" poles of all the (10) runs?

e How can we get an error estimate?
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Figure 2.9.: The log of the absolute value of the residues is shown for all poles.
Different symbols stand for the ten runs conducted in figure 2.8.

Let us look at figure 2.9 for that purpose. It shows the absolute value of the
residue for the pole candidates. One can see, that the pole candidates’ residues
vary over several orders of magnitude in absolute value. To understand how
that can be the case, we need to look at the residue of R(x) = P(z)/Q(z). It
is given by:

P (o)

res(R)(xg) (o)’

Therefore, closeby zeros (P(zg) = 0) create a small residue if @Q'(zg) is not
singular. Consequently, poles that should actually be canceled out by a "zero"
but are nevertheless present (see again the "fake" pole in figure 2.8) are likely to
have a very small residue. That is exactly what we see by comparing the plots
from 2.8 to 2.9: There is a cluster with fairly big residues that contains all 10
different symbols (each symbol stands for one of the 10 runs in this example).
The poles within this cluster are exactly the 10 red boxes (one in each panel
of 2.8) that we assumed to be "true" poles, while almost all other pole residues
are orders of magnitude smaller.

Analogously to this example we will define a "true" pole as a pole that has a
sizeable residue (compared to the other residues) and appears in all runs, while
all other poles are "fake" poles. By run we mean the N = 10 independent fits we
performed in figure 2.8 in our example. Once this is established, our problem
of finding the true pole can be reformulated as finding the cluster of N = 10
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2.2. qq resonances: going beyond RL

pole candidates with one pole candidate from each run (with sufficiently high
residue) that has minimal radius*. This procedure makes it possible to find an
algorithm for the determination of the pole position and also provides us with
an error estimate, related to the radius of the cluster, and provides confidence
that our fit finds an actual pole, which is what we wanted to achieve.

Algorithmically we do the following: Choose N runs with increasing number
of points and randomly selected input from a predefined region. Then calculate
poles and zeros for each run. The mass is then calculated as

¢y

N )
a(C)=min

M =

where o is the standard deviation

O—(C( )) =\ 7 Z IC6) — C’](- )’2.

j=1
We define pU) to be the vector of pole candidates (Q(z) = 0) of the Pade
approximant of run j, sorted by absolute value of the residue. From there we
(@

define the i-th cluster C as a set of N pole candidates p;’, one from each run

and the total set C' as the collection of all 2V clusters:

C= pg-i) ®p§-2) ® ... ®p§-]]\\;), Jr € {1,2}.

Since pl9) is ordered after absolute value of the residue, only the the two poles
with biggest residue of each run will be allowed as candidates for the true pole.
We identify the true pole as the average of the cluster that has the lowest
standard deviation ¢ as we already pointed out in equation (2.8)5.

Graphically, this is the circle with smallest radius including one of each sym-
bol in figure 2.10. The circles calculated in this manner are what we will plot
as a result in the following section. Since we are looking for sufficiently big
residues from each run we accepted only the two biggest residue poles®. Con-
sequently the algorithm scales with 2V, which is already quite slow and can
certainly be improved in the future. There is a number of clustering algorithms
implemented and ready to use for example in [157], however, our naive imple-
mentation proved to be best since we can directly implement the condition of
accepting exactly one pole from each run in that way.

4Perfect data without errors as shown in our example in figure 2.7 might produce the exact
same pole position independent of the randomly selected points. Our numerical data,
however, are contaminated with errors and therefore we have to look for a cluster, not a
single point.

5This naturally identifies one "true pole" only, could, however, be easily applied multiple
times after throwing the poles of the dominant cluster out, to find all "true poles" if there
were multiple, which is not the case here.

5Usually the biggest one is sufficient but as shown in the third panel of 2.8, sometimes a zero
doesn’t perfectly cancel out a fake pole, which leads to a sizeable residue.
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Figure 2.10.: Poles with sizeable residue of the runs 1...10, with the number of

72

input points N = 16...25 are shown. The subscript 1 stands for
the biggest residue, while 2 stands for the second biggest residue.
The circle has its midpoint at the average value of the optimal
cluster and the radius is the standard deviation of the cluster.



2.2. qq resonances: going beyond RL

A typical example for the best cluster is shown in figure 2.10. We can see
that all runs produced a pole in the region we show and that it was the one
with either biggest or second biggest residue.
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Figure 2.11.: p meson. Both plots show the I' < 0 half plane of the second
Riemann sheet on the left and the I' > 0 half plane in the first
Riemann sheet on the right. Boxes on the right of each plot stand
for data calculated from the BSE on the first Riemann sheet for
I' > 0, circles on the left are the results obtained from analytic
continuation to the second Riemann sheet for I' < 0. Left: re-
sults from the homogeneous BSE and analytic continuation of the
eigenvalue curve. Right: results from the inhomogeneous BSE.

2.3. Results

2.3.1. Result for the p test case

The resonance mass can be calculated from the homogeneous and inhomoge-
neous BSE, as we have already demonstrated for the ¢ in the RL truncation in
figure 1.4 of section 1.3. We present the results for the p-meson calculation for
both methods in figure 2.11. They are provided in the same manner as in the
free particle case in the example of figure 2.7. In the right-hand sides of both
panels in figure 2.11 we show the input region in the I' > 0 plane of the first
Riemann sheet and on the left the resulting pole position as a circle, where the
radius is the standard deviation of the points in the circle. We obtain almost
identical results from the homogeneous and inhomogeneous equation. Also, the
choice of the input region has a small effect on the result as long as it is above
threshold (grey and red boxes). Once we go below threshold, both methods can,
at best, estimate the pole position and the error increases significantly. We can
conclude that the information above threshold, which can only be accessed with
the path deformation we performed, is crucial.

All in all we find a stable result for the p. To determine a final value for the
calculation we perform 30 runs, each one with a fixed number of input points
within the region M € [0.5,0.68] GeV and I" € [0,0.1] GeV. We do this N = 10
times, each time with the method we have described in the last section, and
obtain a p pole m; = M; —il';/2 and an error in form of a standard deviation o;
for i = 1...10. We calculate the average m of the N = 10 resulting m;. From m
we determine the p mass M, and width I', from the relation m = M, —I',/2.
The error Am is given by
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Figure 2.12.: ¢ meson. Both plots show the I' < 0 half plane of the second
Riemann sheet on the left and the I' > 0 half plane in the first
Riemann sheet on the right. Boxes on the right of each plot stand
for data calculated from the BSE on the first Riemann sheet for
I' > 0, circles on the left are the results obtained from analytic
continuation to the second Riemann sheet for I' < 0. Left: results
from the homogeneous BSE. Right: results from the inhomoge-
neous BSE.

/SoN 2

Am = ﬁv (2.9)
N

where the g; stand for the standard deviations of the 10 runs. For the p mass

and width we finally obtain:

M, =638(2) MeV, T, =108(4) MeV.

Since we calculate the error Am for the pole position m = M, —iI',/2 the error
for I, is twice as big as the error for M,.

Our result agrees quite well with the calculation done in [7]. Compared to
the experimental values our mass is too small by roughly 130 MeV, the width
by roughly 50 MeV, which is quite significant. For further discussions see [7].

2.3.2. Results for the g scalar

The results for the scalar 0T state are calculated with the same method as
described in the last section. We explore the stability and the results from the
two different methods in figure 2.12. The shaded region on the right shows
the selected region where we calculate data from the BSE on the first Riemann
sheet. Circles on the left stand for the results in the second sheet obtained
from our analytic continuation procedure, where errors are proportional to the
radius of the circle. The results are fairly stable considering that the pole
is much further out in the complex plane compared to the p. Input regions
below threshold do not work well though. The final result is again obtained by
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2. Beyond RL: p and o as dynamical resonances

M [MeV] T [MeV]

RL 0 [134] 741 104
This work 736 -
o [134] 670 172

This work 666 -

BRL 7] 640 100
This work ~ 638(2) 108(4)

o Thiswork 587(12)  186(24)

EXP 1] 775 148
o 400-550  200-350

Table 2.3.: Results for the p and o masses and width in this work in compari-
son to previous RL and beyond RL calculations [7,134], as well as
experiment [1].

performing 30 runs, each one with a fixed number of input points within the
region M € [0.45,0.68] GeV and I" € [0.1,0.2] GeV. We do this 10 times and
obtain a ¢ mass and an error in form of a standard deviation each time. We
take the average of the ten resulting o masses and calculate the final error with
the standard deviations of the 10 results as an input via equation (2.9). We
obtain:

M, =587(12) MeV, T, = 186(24) MeV.

For comparison, all results (including RL and experimental data) are gathered
in table 2.3.

We see that the scalar naturally comes out broader than the vector state in
our approach, which might be due to the larger flavor factor in front of the decay
diagram in equation (2.3). Let us compare the RL and beyond RL calculations.
We find a decrease of the RL mass if we include the 77 decay diagram in the
order of 10 — 15% for the p and o states. In absolute terms, the RL masses
decrease by roughly 120 and 130 MeV in the ¢ and p case, respectively. Also,
a width that is about 15% of the RL mass in the p case and about 30% of the
RL mass in the o case, is acquired.

We compare our results against the calculations from 77 scattering in RL
from [134] in table 2.3. As expected, the masses are (almost) identical to our RL
results. Furthermore, a width was calculated in [134] in a "static" way, that we
can compare to our beyond RL results. We could alternatively have compared
to the RL calculations of [133], where the "static" widths were obtained from
triangle diagrams. In the static case the widths are related to the residues of
the p and o pole, respectively. Although in our calculation it is obtained from
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the pole location rather than the residue at the pole, we can see that the widths
compare quite well. The differences of the RL and beyond RL widths are less
then 10 MeV for p and ¢. This might be an indication that the decay term we
introduced in the scattering kernel does not influence the residue by much, but
just shifts the pole position out into the complex plane and lowers the resulting
resonance mass.

In comparison to experiment we find a ¢ mass at the upper limit and a width
at the lower limit of the PDG value. The result for the mass seems to improve
compared to the 666 MeV in RL if the decay term is included. However, the
lowering of the mass also appears in the p case, which is definitely not an
improvement, since the p mass is already too low in RL. Considering that the
qq scalars obtain significantly higher masses from other beyond RL corrections
and much hints towards an interpretation of the first excited scalar multiplet as
the qg states, it seems that the 77 term we included might take a step into the
wrong direction and will have to be combined with other beyond RL corrections
to obtain a more realistic description of the masses of light mesons. In contrast,
the width of both the fy(500) and its excited partner fy(1370) are both higher
then the width we have calculated. Our width could however be increased by
adding more decay channels in future calculations.
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2.4. Summary and outlook

The main motivation of this chapter was to explore the method from [7], extend
it to the scalar ¢g states and make a future treatment of similar tetraquark
systems possible.

We reached the former and calculated the lowest lying scalar qq state for the
first time in the BSE-DSE approach with a built in decay channel. Because
of the decay channel, we made the state resonant and thereby overcame a ma-
jor problem of the RL ¢qq sector. To extract the pole position in the second
Riemann sheet, we successfully implemented a path deformation and analytic
continuation. For the latter, we made some necessary improvements to the
Schlessinger point method. Therefore, despite the larger width of the o com-
pared to the p, we could determine its pole position in the compolex plane and
found a relatively stable result with the improved method, also when comparing
the two different methods of calculating the resonance mass: homogeneous and
inhomogeneous BSE.

We finally confirmed previous results for the p and found the mass of the
putative o to be between the experimentally observed states in that channel.
Its width, however, is in line with similar static calculations in the rainbow-
ladder approximation. We showed how to included the two-pion decay channel
into the BSE scattering kernel for p and ¢ in a consistent way. This could in
the future be done for other mesons as well.

Also, an application to tetraquarks should be straightforward. In particular
the tetraquark two-body approximation, that was solved in [84], but also to the
four-body equation of chapter 1 are similar in structure to the equations we
have solved in this chapter.
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Summary

In this thesis we have addressed two main physics topics: The internal structure
and properties of heavy-light tetraquarks and the properties of the I(.J P C) =
0(0"1) ¢q scalar with special focus on its description as a resonance.

Heavy-light tetraquarks Concerning heavy-light tetraquarks we calculated:

e the masses of the I(JFY) = 0(0*F), 0(17F) and 1(1%7) cqgc states and
their I = 0 cs3¢ partners. We identified the 0(117) cgge and cs3é states
with the X (3872) and the X (4140), respectively. Furthermore, we iden-
tified the 1(177) cgge tetraquark with the Z(3900).

e the masses of the I(JF) = 1(0%), 0(17) and 1(1%) ccqq tetraquarks and
their I = 0 ccss partners.

We achieved this by solving a genuine four-body Bethe-Salpeter equation (BSE).
Due to a new expansion scheme for the tetraquark amplitude we could identify
the impact of different four-quark components on the tetraquark mass. The
possible components are:

e (cc)(qq): charmonium coupled to a light meson. We will call this "hadro-
charmonium" (HC).

e (cq)(qc): a heavy-light meson coupled to a heavy-light antimeson. We
will call this "heavy-light meson meson" (HLM).

e (cq)(gc). a heavy-light diquark coupled to a heavy-light antidiquark. We
will call this "diquark-antidiquark" (DI).

For the ccqq tetraquark, a HC component is not possible and the diquark-
antidiquark component contains a heavy diquark and a light antidiquark: (cc)(gq).
We found that the impact of the different components on the tetraquark mass
varied from channel to channel. For the hidden-charm tetraquarks we found a

strong HLM and a negligible DI component in all channels. The results are:

e 0(0"T): The scalar state is the lightest hidden-charm tetraquark of the
ones we have investigated. It contains a dominant HLM component and
is too light to be identified with the X (3915).

e 0(1*1): The putative X (3872) (with quark content cqgc) and X (4140)
(cssc) states have a dominant HLM component.

e 1(177): The putative Z(3900) has a strong HLM and a non-negligible
HC component.

For the open-charm tetraquarks we found non-negligible DI components. The
results are:
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e 1(0™): The scalar is again the lightest state and we need both, HLM and
DI components to calculate its mass.

e 0(17): The state has a strong HLM component and the inclusion of DI
terms decreases its mass slightly.

e 1(17): The state has a strong HLM component and the inclusion of DI
terms increases its mass. It is the heaviest ccqq state of the three we have
investigated.

Furthermore, we found a mass gap between the 0(17) ccqq and ccss of roughly
500 MeV.

Light scalars We investigated the lowest-lying g state with quantum num-
bers I(JP¢) = 0(07") and calculated its resonance pole for the first time in a
beyond rainbow-ladder calculation. We have demonstrated how to consistently
introduce a decay channel and how to obtain the resonance pole by solving
the resulting BSE. It involves path deformation and analytic continuation to
the second Riemann sheet via an improved version of the Schlessinger point
method. We call this the BSE-resonance method (BRM) in the following.

Outlook

Resonance properties of tetraquarks We have made some technical progress
and came up with a new method to calculate tetraquark properties. There are at
present three variations for calculating tetraquarks in the BSE-DSE framework
that could be combined with the BRM method, each with their own advantages:

e 4BE: The most fundamental method is the direct solution of the tetraquark
four-body equation (1.31). The drawbacks are the unknown pole positions
of the intermediate two-body poles, that are dynamically generated dur-
ing the solution process.

e 2BE: The approximated two-body equation was solved in [84]. Advan-
tages are the simpler equation, the known pole positions of the interme-
diate two-body states and the possibility to determine the importance of
physical components, as we did in this thesis. A drawback is the necessity
of off-shell meson amplitudes.

e pole-assisted 4BE The third method is the "physical" construction of
the amplitude and solution of the four-body equation, which we have
developed in this thesis. The known pole positions of the intermediate
two-body states and the simpler tetraquark amplitudes while still solving
the four-body equation are advantageous. Furthermore, one can identify
physical components in the amplitude. A drawback is that the error of the
further approximations we introduced in comparison to the 4BE method
is not quantifiable.
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e kernel-free 4BE There is also a fourth method, which has not been
applied yet. The idea is to eliminate the scattering kernels in the four-
body equation by introducing T-matrices, see appendix B.2 for details.
This approach avoids the problem of dynamically generated poles if the T-
matrices are expanded in two-body poles. The complexity of this coupled
set, of equations is its main disadvantage.

Extracting resonance properties with the BRM is possible right now for
tetraquarks in combination with the 2BE method and first tests have been
conducted.

Also, a clear path exists in combination with the pole-assisted 4BE method.
The singularity structure of the tetraquark amplitude can be analysed and a
suitable path deformation for unequal mass particles can be found in analogy
to [8]. The equations however are slightly different in their structure compared
to the ¢q equations we analyzed in chapter 2. As a consequence, one will need
to solve for the tetraquark amplitude for complex relative momenta.

The BRM method in combination with beyond RL two-body BSEs, as well
as the methods for tetraquarks we pointed out above, open up a path to further
investigate interesting physics:

Light ¢¢ and ¢qqq scalars In terms of the light ¢q scalar states a possibility
is to combine other beyond-RL corrections with a built in decay channel and a
solution via the BRM. As discussed we expect a larger scalar gg ground state
mass, probably above 1 GeV with more elaborate beyond-RL corrections. We
naively expect a similar mechanism that pushes the mass down a bit while
acquiring a width if a two-pion decay and other beyond-RL corrections are
combined. If again the width is in the order of 30% of the mass of the calculation
without decay channel, we might end up with a width of roughly 300 MeV. In
that case, much speaks for the proposed identification of the ¢q scalar with the
first "excited" o, the fp(1370), which is also a very broad state (200-500 MeV).
This assignment would leave the lowest multiplet for the tetraquark states.

In this context one could look at other multiplet members and other quantum
numbers. It would further be an interesting application to investigate the large-
N, behavior for the p and o mesons in analogy to [124]. This would be a good
crosscheck but could also be used as a guideline for improvements in the Maris-
Tandy model if the large- N, scaling was found to be different.

The lightest scalar multiplet could be reanalysed with the 2BE and pole-
assisted 4BE methods in combination with the BRM. We would expect a sim-
ilarly light ¢¢gq component around 400 MeV as was found in [3,84] for the o
and one could make a statement about the width as well.

In an extension one could couple qq and qq¢q components and describe mixing
dynamically. This has been attempted in various works for the o, see [123] and
references therein.

Heavy-light tetraquarks There are several interesting future directions in this
area.
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Firstly, the combination of the 2BE and pole-assisted (and possibly the
kernel-free 4BE) method with the BRM allows us to investigate the widths’
of the tetraquark states, which will be interesting for the cqgc tetraquarks in
particular. As we have discussed in section 1.1, the narrow width seems to be
a defining characteristic of many exotic states, especially the X (3872).

The open charm tetraquarks have very different decay channels and it is an
open question whether their widths will be comparable to the hidden-charm
tetraquarks or quite different. In this context an analysis of which decay chan-
nels will create which percentage of the width is of great interest. Especially
since many open charm states seem to decay into hadro-charmonium compo-
nents only it will be interesting whether there is a mechanism that suppresses
HLM decays built into our equations, or if the HLM components dominate the
decay width as they dominate the mass in many of our calculations.

Secondly, an extended analysis of other quantum numbers, especially in the
vector channel would prove valuable. Despite the deficiencies of the ¢q RL
axialvector, which would necessarily appear as an intermediate bound state
pole, it will be interesting whether the Y states can be interpreted as four-
quark states in our approach. This would make a direct comparison with the
predictions of the HC model discussed in section 1.1 possible. From what we
have learned so far, we would expect a strong HLM component in this channel
as well, but there might also be a mechanism favoring HC.

Last but not least it would be important to check the validity of the pole-
assisted 4BE method by comparing results also with the other methods: 4BE,
2BE and possibly the kernel-free 4BE as well. Since we constructed this ap-
proach as an approximation to the dynamically emerging tetraquark amplitudes
of the 4BE method, only further investigations of those systems can provide
confidence that the mechanisms we assumed indeed apply.

Other tetraquarks It is straightforward to extend the pole-assisted 4BE method
to similar systems, where the charm quarks are replaced by strange or light
quarks. Although this will describe different physics, namely states in the
light meson sector, it would be interesting to see whether one obtains light
tetraquarks as well in other channels than the scalar one.

Another straightforward extension are the heavy-heavy tetraquarks, espe-
cially the cccc states. These states are characterized by Pauli and charge-
conjugation symmetry. This distinguishes the structure of its wave function
from the ccgq and cqgc tetraqurks, that only obey the Pauli principle and
charge-conjugation, respectively and it would be interesting to see how the
results compare.

In summary, we have extended the arsenal of describing tetraquarks in the
BSE-DSE framework with the pole-assisted 4BE method and put forward the
BRM that allows future studies to extract resonance properties of mesons and
tetraquarks. In particular, the foundation has been laid for further studies in
the light-light, heavy-heavy as well as the heavy-light tetraquark sectors.
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A.Utilities

In this appendix we collect a couple of useful definitions and further explana-
tions in terms of numerics. Euclidean gamma matrices and integral definitions
are provided in section A.l, details on quadrature and the method for solving
homogeneous BSEs that we need in sections 1.3 and 1.4.4 but also throughout
chapter 2, are described in section A.2.

A.1. Euclidean integrals and y-matrices

Four integrals in spherical coordinates are given by:

[= s [ 0= || a1 [ [ o a

In the DSE and BSE a cutoff is applied to the integrals:

/qA = (271)4/(?2 dquj/_ll dszl dy/o%dqb. (A.2)

The Euclidean y-matrices are:

. 0 —iok 1 0 0 1
'YJ:<Z-Uk 0 ) 74=<0 _1>, 75=<1 0>, (A.3)

k

where 0" are the Pauli matrices. Further:

C = 479, (A4)

where C is the charge conjugation matrix.

A.2. Numerics

A.2.1. Gauss quadrature

The relation
b N-1
[ W@ = Y wisla) (A5)
a j=0

is exact if f(x) is a polynomial. The x; are the roots of the orthogonal polyno-
mial py:

pn(zj) =0
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A. Utilities

and w; the corresponding weights. The weights for the weight functions:

1 N—-1
[ e -2 @) = 3w (e) (A.6)

are called Gauss Jacobi and include: Gauss Tschebychev (o = = —1/2) and
Gauss Legendre (o« = 8 = 0). For the former abscissas and weights are given
by:

o (TUEAD)
A.2.2. Nystrom method

To transform an integral equation

/Kwy dy+g()
0

into an eigenvalue problem one can apply quadrature (first row) and evaluate
the function on the same points y; as the internal f(y;), namely the zeroes of
the interpolating polynomial:

- ZK(x,yi)wif(yi)7
xj) = ZK(a;j, yi)wi f(yi)-

Then one can absorb the weights into the kernel and arrive at an eigenvalue
equation with unit eigenvalue:

1.

fj)\ZZsz'fi, A

For details see [102].
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B.Tetraquark

In this part of the appendix we provide further details on the tetraquark ampli-
tude in the "physical" construction from section 1.4.3 in section B.1.1. Further-
more, we provide explicit color traces in section B.1.2 and useful relations for
Firz transformations in section B.1.4. Both are important during the solution
process of the four-body equation, which is described in section 1.4.4. Further
references for details on the L-S decomposition for tetraquarks, which we have
presented in section 1.4.2, are provided in section B.1.3. Section B.1.6 lists the
errors from the momentum partitioning for all tetraquark states. In section B.2
we show a sketch of the "kernel-free" method for solving the four-body equation.

B.1. Tetraquark amplitude

B.1.1. Physical amplitudes

We provide in table B.2 the explicit expressions for the "physical" tetraquark
amplitudes that we gathered in a more compact notation in table 1.9. The
shorthands we used are listed in table B.1. We do not write the pole that hides
in each tensor structure explicitly, but it can easily be recaptured. For example:

¢5 = @5 Pr12,34(m,m),

¢5 = ®5P1234(mG, m¥),

or:

e
~—

U3 = Y3Prg03(my, m
U3 = 3Py 23(m, mI°).
The masses are given in table 1.6.
Color, flavor and Dirac tensors are given in equations (1.44), (1.55) and (B.1).
We construct the state by writing down all possible components (in all channels)

that were gathered in table 1.8 and preserve the relevant symmetries. For an
example see section 1.4.3.

B.1.2. Color kernels

The relevant color kernels for this work are

11 4 1 _
KD = ( l6 3 > 9 KMl - ( 8 fl ) 9 KM2 = <
2 6

Here Kp, K, Kp, are the kernels in the diquark, meson one and meson
two decomposition evaluated in the (C11,Ci;) basis, for example (Kp)i2 =

o=

)

(B.1)

Wi O

=
NI
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ot 1t

pPs-ps q)l = ’)/g,y’)/gé ps-v ’7@7755 + 70577,86) Cll

f=(
2 = V2573 5 = (07 =haB,) O

vV | ®s =076 vov (%m Prever) Cyy

oy = 755’757 Vo5V PVG’WM) Crv

SS | @5 = (v°C)ap(CT7%),5C53 || SA = (7°C)ap(CT4")45C33

AA | 6= (7"C)ap(CT")15C33 || AS | v6 = (77C)ap(CT°)45Ca3

AA | r = (1)ap(CTy)ys PP et P Cs

Table B.1.: Tetraquark tensor structures for scalar and axialvector by coupling
of mesons and diquarks.

Jrc W
0/1(0*+) > difil Fon
0/1(1%+) [‘I’ffl + Vs fo+ (U5 — %)f:s} Fo/
U f1 4+ (U5 + U5 fo+ (U] — U3 f3+
o) [ o ‘I’3f42+ (‘1’52+ ‘%G)J% j ‘1’7f62 7| Fon
0(1*) [(‘i’f F U1+ (Us+ Uy) fo + @6]03} Fo
1(17%) [(‘i’f - Ui+ ‘i’?fz] Fi
1(07) {(551 — @2)f1 + (¢35 — du) fo + ¢~)6f3} Fi

Table B.2.: Explicit physical tetraquark amplitudes. Shorthands are explained
in table B.1.
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B.1. Tetraquark amplitude

Tr(C11K12C11) = Tr(C11K34C ;). The Kj; stand for the color part of the kernels
of equation (1.33). In combination with the Fierz relations of (1.44) every color
trace can be written as a combination of the ones stated above.

B.1.3. Dirac basis and L-S decomposition

The L — S decompositions for the scalar tetraquarks are provided in great
detail in [109] and in more compact notation in [3]. The axialvector L — S
decomposition is given in the appendix of [5].

B.1.4. Fierz transformations

In this work we use Fierz transformations mainly to simplify matrix elements.
The following lines, however, are kept general, as long as the basis 7 has or-
thonormal projectors P with respect to the scalar product: (|). We suppress the
range of the indices, in the scalar case with s waves the range is 1...16, whereas

it is 1...48 for the axialvector case. A basis element T,fl in the basis d can be

expressed in another basis T]d/ as:

= Tuarii7y,  Taasg = (P{|7)
J

) (B.2)
:ZTdd/,iijd/: Taari; = (Pd\7> Twd,ji-

We are interested in the transformation of amplitudes of the form:

Z Z Z fz T ij™ Z dr_ d,/
£ = ZTdd/,ijfi
i
and transformations of matrix elements of the form:

<Pd’K|7— fg ZTdd/u/ PzC/U|K’ ZTdd/,jj/f;'i
J

i,5/

= ZTdd/le Py |K ) £
]/
d
= ZTd/d,i/if,‘/ o
K,d

= f
where K is a generic kernel. The last lines are useful: We can calculate the
kernel in its home basis d/ and transform back to d with T. In our case the
T’s are momentum independent and therefore one can always calculate the

complicated loop integrals in the most suitable basis and transform back after
the integration is done.
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—— quadratic fit

1.00
r<
0.75 1
0.50 A
1 2 3 4
M [GeV]

Figure B.1.: Example eigenvalue curve from the 0(07) tetraquark calculation.

B.1.5. Fitting the eigenvalue curves

We perform a quadratic fit in A(M) for all results presented in this thesis from
chapter 1, if the eigenvalue one is unaccessible. An example is shown in figure
B.1.

B.1.6. Error tables

The results for the errors of all tetraquark calculations are shown in table B.3.

mg[MeV] | 3.7 20 50 85 210 340 470 600 730 795
AM o) | 5.6 4.7 3.7 2.9 1.7 0.1 0.4 0.3 0.01 0.02
AM o) | 11.7 8.9 88 55 4.4 35 0.9 05 0.1 0.08
mg[MeV] | 3.7 20 50 85 210 340 470 600 730 795
AM o) 138 45 2.8 2.2 14 09 04 2.6 02 0.1
AM %] | 5.3 9.6 14.2 44 84 1.6 0.4 4.5 3.4 0.8
mg[MeV] | 3.7 20 50 85 210 340 470 600 730 795

AM o1 142 41 31 31 2.6 1.6 2.1 28 1.0 0.4
AM o] 182 81 6.8 7.2 40 29 2.2 25 1.0 0.6

Table B.3.: Error estimates from the momentum partitioning for one parameter
¢ (row 1) and without restricting the o; (row 2). We show the results
for the 0T*, 177, 1(1") from top to bottom. The results for the
17 state, can be found in table 1.10 in the main text.
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B.2. The "kernel-free" four-body BSE

B.2. The "kernel-free" four-body BSE

There is another method for tackling the four-body BSE. The idea is to elim-
inate the scattering kernels in the four-body equation with the exact relation
1.16. This comes at the cost of introducing the two-body T-matrix connecting
a quark and an (anti) quark Tj;:

g = TlZ(i’l?) + Woy + Wyz9q + Wy + Uog + ‘1’1423),
Way = T34(W13 + Way + Wigo4 + Uiy + Woz + Wyg03),
U193 = T34T12(W13 + Way + Wizoq + Wiy + o + Wiyo3),

U3 = T13(‘i’12 + Wgy + Wigzq + Uiy + Va3 + @1423),

ceey

where we have used the shorthands
Uyp = (K12 — K12K34) 7, W94 = K19 K3, 0.

K;j stand for the two-body kernels in equation (1.25), ¥ for the tetraquark
amplitude.
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C.Beyond RL p and o

C.1. T-matrix and m-amplitude

The amplitude for the relevant gg mesons are given by:
[? = TzH(Q7P)f’i(q27 Z) ®1l1®o= Fffz(q2, Z)7
I'? = Ti(Qa P)fz(q27 Z) ®1®l= ]-_‘Zfl(q2’ Z)’

where o are the Pauli matrices. We construct projectors Pi(“ ) (q, P) =Ty(q, P)
where the hat denotes normalization such that

(P (p, PYTY (p, P)) = 3
and the charge conjugation is defined as:
Ti(p, P) = (C7!'(—q, P)CT)T @ 68 @ (o)1 (C.1)
The equation for the decay diagram includes the T-matrix which is given by:

T (q,—P)®T](k,P)
P2+ m2

T(q,k,P)= + R,

with I'[" = 7;(q, P) fi(¢?, 2) ® 648 © o;. With the approximation for the off-shell
pion amplitude:

B
I'™ = 5AB X (ZE’)/5 + ) ®O’j ~ (5AB ®1775 ®0’j,
g

where fr = 92.4 MeV. Projecting now onto the dressing functions with (P;|I") =
fi, we can evaluate the flavor and color factors for the decay diagram:

aqrap L4
RL: Tr[AX*1) ]ﬁ =3
1
p: TT[O’30'3]§:1,
1
o: Tr[ll]§:1

and

RL: Tr[l]%Tr[l] _3,

o
E ZTT[?golos]Tr[agasal] =4,

s,l

1
o ZTT[§O'ZO'S]T’F[1O'SO'[] = 6.

8,1

They are collected in 2.2.
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