Unstable Manifolds of Periodic Orbits
of a Differential Delay Equation

HANS-OTTO WALTHER

ABSTRACT.‘ Unstable sets of periodic solutions to delay equations,
7' (t) = —pa(t) + flz(t - 1))

with monotone nonlinearities are shown to be smooth 2-dimensional graphs
whose boundaries are formed by further periodic orbits.

" 1. Introduction
~ Let a continﬁously diﬁ‘erehti_ablé function f: R — IR. be given; with
FIO)=0 and £f(€)<0 for £#£0.°

Let u > 0. The equatioh T - _ o :
w (1) = —pa(t) + F(a(t— 1)
mode‘lsxa, sys\tem,gove'rne.d by delayed negative feedback and decay. Initial d_ata
¢ : [-1,0] — Rin the infinite-dimensional phase space C = C([—1,0]; R) define
continuous solutions z? : [—1, 00).— R which satisfy eq. (1.1) for ¢ > 0. The
relations . S » .
F(t,¢)=2?, 2l =2*(t+)eC for t>0,.
constitute a” semiflow F' on C whose dynamics appears in many cases to be
structured by periodic orbits. The most accessible periodic solutions are those
which are slowly oscillating in the sense that consecutive zeros are spaced at
distances :
' Zjp1— 2 > 1

greatér than the delay. -
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Results on existence, uniqueness and nonuniqueness, stability and instability,
bifurcation and more have been obtained, for example, in 4, 5, 9, 11, 12,
18-20, 22, 26-31, 33, 35, 38].

The dominating role of slowly oscillating periodic solutions is to a certain
extent explained by a result in [34] which guarantees that for p = 0 and for
some f, initial values of eventually slowly oscillating solutions are an open and
dense set, and by the Morse decomposition result from [21].

The simplest situations occur when f is monotone, and bounded from above
or from below. We shall assume in this paper

F(0)=0, f(6)<0 forall £€R, supf<oco

and consider slowly oscillating periodic solutions y which are unstable and hy-
perbolic. Results in 2, 3, 8, 32] indicate that such solutions exist for suitable
mono'cone nonlinearities as above. Examples will be given in [17].

- The unstable set W of a periodic solution y consists of the phase curves
R> 't — z; € R of solutions which converge to the orbit

Inl := {v s € B}

as t — —00.

We are interested in the nature of W. An important intermediate result on
the way to the description of W is Theorem 5.3 which asserts that, for y unstable
and hyperbolic, there is precisely one Floquet multiplier outside the unit circle,
necessarily situated on the ray (1,00). This implies that local unstable manifolds
Wiee C W of |n| are 2-dimensional and orientable (no Moebius strips).

The main result, Theorem 5.4, states that for y unstable and hyperbohc w
is a smooth, annulus-like graph of dimension two, bordered either by two other
periodic orbits, or by one periodic orbit and by the stationary state 0 € C.

On the invariant set W the semiflow F can be represented by the flow of a
planar vectorfield. Phase curves in W spn'al away from the orbit of y, towards
the closed orbits forming the boundary WA\W.

The closure W should be viewed as a part of the global attractor of the.

semiflow F. Results in [8, 18, 26, 32] suggest that there are special cases, with
a single unstable periodic orbit and a stable steady state, where W‘is the full
attractor. :

We briefly mention further aspects of this study Sectlon 4 deals with - the
linearization of eq. (1.1) at the zero solution, :

(1.2) &' (t) = —pz(t) — az(t - 1)
where « = —f'(0) > 0. The semigroup of eq. (1.2) determines an invariant
decomposxtlon

C=LoQ, dimL =2
which serves as a coordinate system for the description of W as a graph in
Theorem 5.4. i

~ Let us point out that the set W may be far away from 0 € C. The relevant
link between the nonlinear semiflow F and the semigroup of eq. (1.2) in our
situation is not linearization, but the presence of a set which is invariant for
both: This is the set S of nonzero data ¢ € C with at most one chahge of sign
in [-1,0]. S contains segments z; € C of slowly oscillating solutions; W and the
‘space L (except 0) belong to S while

sSnR==0.

Theorem 5.1 and Cerollary 5.)1‘ show that all L~projecfions of orbits of slewl&/

oscillating periodic solutions are simple closed curves which wind around 0 € L;
they are nested in L. '

Several ingredients for the proof of Theorem 5.4 are taken from [36] where
a somewhat different, partly simpler situation is studied: If the zero solution
of eq. (1.1) is linearly unstable then the global unstable set of the stationary
point 0 € C contains an invariant smooth 2-dimensional graph bordered by the
orbit of a slowly oscillating periodic solution. Other constructions which have
no counterpart in [36] employ winding numbers and homotopies.

All results in this paper are formulated and proved for eq. (1.1) with g > 0,
j.e. for a system with decay. It is not difficult to extract the version for the case
p =0, which is technically simpler. o

A general reference for most of the basic properties of differential delay equa-
tions which are used in the sequel is [13]. For calculus in Banach spaces and for
properties of the winding number see [7]. For submanifolds and transversality,
see [1].

2. Notation, Preliminaries

Np denotes the set of nonnegative iitegers. R¥ stands for the interval [0, co).
Spectra of closed linear operators 7' in complex Banach spaces are denoted by
spec(T'), or spec; in case of a real Banach space, spec(T) is the spectrum of the
comiplexification of T".

Consider a subset X C E of a real Bana.ch space E, and a point z € X. The
set Tp X of tangents to X at z is defined to be the set of all vectors

S

o v = De(0)1

where ¢ : (—1,1) — E is a differentiable curve with ¢(0) = z and ¢((—1,1)) C
X. Note 0 € T, X. In general, T, X is not a vectorspace. For a differentiable
map g : U— G, U D X,

Dg(I)TxX - Tg(z)g(X)
The closure, the interior and the boundary of X are denoted by
‘ X, X°, 08X,

respectively.




Let Y denote a 2-dimensional normed vectorspace over R. For a map
c: [‘a,b].—fY'
we denote by
Teli= effa,b) |
its trace. We say c is (piecewise) smooth if ¢ is (piecewise) of class C*.

Fix an isomorphism ¢ of ¥ onto the R-vectorspace C. Then the winding
number of a closed, piecewise smooth curve ¢ Wlth respect to a pomt y G Y\ |¢|
is deﬁned as ‘

" wind(y, ¢) := wind({y,{ o ¢) € z
where on the rlght hand side we have the familiar wmdmg number of (C—valued

curves. _ o ‘
If ¢ is a simple closed, piecewise smooth curve, y € Y\ | ¢ |, then

For such ‘c‘, the interior and exterior of ¢ are defined by
int(c) = {y €Y\ | ¢ |: wind(y,) # 0}

ext(c) {y € Y\ | ¢ |: wind(y, c) = 0}. ‘
Both sets are open and connected; int(c) is bounded and ext(c) is unbounded
the boundaries coincide with the trace { ¢ |. : :
The winding number is a homotopy invariant: If

hom : [0,1] X [a,b] — Y is continuous, y €Y \ hom([0, 1] x [a, b)),
" homy(, @) = hom(-,d),
and if both hom(0, -) and hom(1, -) are piecewise smooth, then -

‘wind(y, hom(0, )) = Wlnd(y,hom(l »-

(It is not.- necessary that the closed curves hom(t,-),0 < t < 1, are p1ecew1se
smooth.)

Let a function g: IR2 — R be glven A solutlon of the dlﬁ"erentlal delay
equation

1) YO =g60,s-1)

is either a differentiable functlon z : R — R so that (2. 1) is satisfied for all real
t, or a continuous function z : [to — 1,00) — R, 1o € R, which is differentiable
on (tg, 00) and satisfies (2.1) for all £ > ¢,.

Analogously one defines complex-valued solutions in case g is linear, and so-
lutions of nonautonomous equations

' (t) = g(t,z(t.— 1))

for functions g : R2 — R or g : [to,00) x R — R, € R.

The space C, and the complex vectorspace C’ of continuous functions ¢ :
[=1,0] —= C, are equipped with the maximum-norm:

ligll= max 16()]

—1,0)
Solutions define phase curves ¢ — x; with values in C or C’ by

zi(s) ;= z(t +s) forall se[-1,0],

“provided the interval [t — 1,#] belongs to the domain of z.

The term trajectory is used in connectlon ‘with maps: If P is a mapping, then
sequences (¢,) with ¢,11 = P(é,) are called trajectories.

3. Basic Properties of Solutions

Let a contlnuously dlfferentlable functlon f: IR — R be given as in the
introduction:

F(0)=0, f'(§)<0 forall & supf<oco.
Let a constant 4 >0 be given.
We collect a series of basic facts on solutions of equatlon (1.1). For proofs

see e.g. [36].
The phase curves of solutions z = z% of mltlal value problems

'(t) = —pz(t) + f(z(t - 1)) for > 0 z|[-1,00=¢ € C' .

. \

define a continuous sermﬁow ’ .
F: ]R+x09(t ¢)—>:ct eC.
We have contmuous dependence on initial data also in the following sense:

For ¢ € C,t >0, and € > 0 given, there exists § > 0 such that for all ¢ GIC
with |4 — ¢| < & and for all s € [0,1], ,

lz¥ (s) — x¢(s)| <.

Each map F(¢,-) is injective. Any two solutions z : R— Rand z* : R — R
with 2; = z} for some ¢ € R coincide. Each map F(t,-),t > 1, is compact.

Fis of class C! on (1,00)xC; each F(t,-),t.> 0,is of class C'. Each D, F(t, qS)
is 1nJect1ve/,/and D4 F is continuous on ]R"' X C’

Fort>1and ¢ € C,

DiF(t, )1 = (2'); where z=z?,
and fort > 0,6 € C,¥ € C, ‘
Dy F(t,¢)0 = v

where v : [— 1 ,00) — R is the solution of the initial value problem for the linear
variational equation along z := z%,

CHI (1) = —po(t) + £ (alt = D)o(t - 1),



vo = ¥.
The maps V(1,0),t > 0, given by 1 — v, are linear, continuous, and compact
for ¢ > 1. For more on linear wariational equations, see e.g. [6, 13].
Note that if z : [-2,00) — R is a solution of eq. (1.1), then

Dz‘F(t,.’Ifo')(.’lll)o = (:c’)t for all * ¢ > 0.
Among the most elementary properties of single solutions are the following:
Every solution z : [ty — 1,00) — R is bounded. Its w-limit set

w(x)' {ng eC: There is a sequence (i, )0

with thn —> 00, F(tn,z4)) — ¢}
is nonempty, compact, connected. Each ¢ € w(z) defines a unique solution
* iR — R,z5 = ¢, with phase curve in w(z). Every positive (negative)
solution z : [to — 1,00) — R tends to 0 as ¢ — co. For every bounded solution
z:R— R, ’
infz=1(0) = —
Proor. Suppose z(t) # 0 for all ¢ < to. Set :z:(t) := e*z(t). The solution &
of the equation N

& (t) = e flem#(=V3(¢ — 1)) :
satisfies sign(#(t)) = —sign(#'()) # 0 for ¢ < to and 2(f) — 0 as
t — —o00, a contradiction. O ,

An important observation is that initial values in the convex cone

K:={$€C:¢(-1)=0, 0<¢ in (-1,00}

define solutions z = z¢ Whlch are slowly oscillating functions (with respect to
the delay 1) in the sense that any pair of zeros 2’ > z satisfies

z —z>,1.

Moreover, for ¢ € K, the zeros of z := z% form a sequence (2))3, J € Ng or
J = oo, such that

(3.2) zi+1< zm and a:'(zj+1).¢ 0 for j<J.
(It can be shown that the case J < oo occurs for
—f(0)-e* < et

See also Section 4: Cases I and II provide solutions of the linearized equation
without zeros.) ;

When convenient we shall also write z;(z), 2;(¢), J (z), J(¢)-

Phase curves of solutions starting in K have-values in the set S of nonzero
functions with at most one change of sign; i.e.

¢ €S if and only if ¢ #0, and there exists .
€[-1,0] suchthat ¢<0 in [-1,2], 0<¢ in [z0]

ortherels [10] with 0<¢ in [~1,2], ¢<0 m - [z,0]:

S is a cone (1f t> 0 and ¢ € S, then t¢ € S) but not convex. One can show
tha’c S’ is homotopy equivalent to a circle [10] Elementary con51derat10ns yield

‘SZSU{O}_.

The set S is flow-invariant: :
F(]R+ X S) C S
and, more generally than above, every ¢ € S deﬁnes a solution z = z? such that

for o sufficiently large, z|[fg, 00) is slowly oscillating.
The monoton1c1ty of f implies an even stronger staternent

ProrosiTioN 3.1. 1. For inttial data ¢,v with ¢ z/) € S, there e:czsts
s €[0,4] such that F(s,¢) — F(s,v) has no zero; :

F(t,¢)— F(t,¥) €S forall t> 0.

2. Let a solution z - [ 1,00) — IR of eq. (1 1) be gzven Every solution
[ 1,00) — R of eg. (3.1), with vy € S, satzsﬁes

v €S forall tZO,

and there ezists s € [0,4] so that v, has no zero. On [4,00), v is slowly oscillating.

Proor. 1. Apply [36, Remark .6.1] and'[36, Proposition 6:1] to the
solution
t— e(a9(t) — ¥ (1))
of the equation

'(t) = g(t,2(t - 1))

where

9(t,6) = H[f(eHD(E +2¥ (1 — 1)) — feTH Ve (- 1))
/

‘//

ALY
— eut fl. " 1 &
e—n (=179 (¢—1) ,.
2. Apply [36, Remark 6.1, Pr0p051t10n 6. 1] to the solution ¢ —» etu(t) of
the equation

d'(t) = e* f'(2(t - 1))d(t -1).

‘The zeros of any bounded solution z : R — R with all values z; of the phase
curve in S form a sequence (z;) ., J € Z or J = oo, with property (3.2).




PROPOSITION 3.2. 1. Let z: R — R be a solution of eq. (1.1) whose zeros
form a sequence (zJ) , J €Z or J = 0o, with property (3 2).. Then each local
extremum of belongs to some. interval (z;,z; + 1].

2. There exist positive constants bf,cf,df such that for every squtzon as
assertion 1, .
lz] < bf; lz(t) — z(s)| < ¢f - |t — s
and ||z — || < cp- [t —s| for all real {,s.
Furthermore, .
‘ max _|z|] <dy max |z
N [Zj,Zj+1] Zj;.l,Zj] -
forall j < J —1, in case J € Z, and for all j € Z, in case’ J = co; .and
max |z|<d;- max _|z| tncase JEZ.
[27,00) ‘ ‘[Z,J—lazJ_

Proor. 1. For z; + 1.5 t< zjpi,orforzj+1<t<ocoincasej=J <.00,"

2/(t) = —pa(t) + Fla(t - 1)< f(z(t=1) <0 incase 0<a(),

&' (t) = —pa(t) + f(2(t - 1)) > f(z(t—1)) >0 incase z(t) <O0.
Consequently, each local extremum of z lies in an mterval (z],z] + 1), and In
;case J < 00, '

/ [z(t)| < max _|z| for t>z5+1
(27,27 +1] :
2. Estimate of local maxima:
If0< zin (z,2j41) and 2; <t < z; + 1, then
2'(t) = —pa(t) + f(2(t — 1)) < f(2(t - 1)) < sup(f),
hence
0 < a(t) < sup(f).
Estimate of local minima:

If 2 < 0in (2j,2541) and z; <t < z; + 1, then
2'(t) 2 f(=(t—1)) 2 f([ max ]x) > f(sup(f));

Zj—1,%j
hence :
2(t) > f(sup(f).

Set bs := max{sup(f), —f(sup(f))}. Lipschitz continuity follows from
2’ ()] < pby + max{f(=bs),—f(bs)}, for teR.

There exists dy > 0 such that o

£ < df | | for [€] <bs.

Consider a zero z; With, say, 2'(z;) > 0. Then, for every t € (25,2 + 1),

2'(t) = —pa(t) + flz(t= D) < f2(t = 1)) S d; -Jat- D] < d; _max al,
: . . Z]'._l,z]' S

- le.,

and consequently
0<z(t)= / z'(s)ds < dy max _|z|;
zj Zj 1,Zj
and it becomes obvious how to deduce the estimates mvolvmg de. O

To investigate slowly oscillating solutions we shall make use of a globally
defined return map. Consider the subset

Kp:={¢€ KU(-K):J(¢) > 2}

of the double cone K U(—K). Phase curvest — z? which start in Kp intersect
at t = 2o(¢) + 1 transversally with the hyperplane

HCC givenby ¢(-1)=0

since the tangent vector x := D1 F(z2(¢) + 1, ¢)1 satisfies

x(=1) = &/(z2) £ 0.

' Usmg the Implicit Function Theorem and continuous dependence on’ 1n1t1al data,

one constructs an open neighborhood N of Kp and a Cl—map

stop: N — (1,00) -

(such that F(stop(¢),$) € H for ¢ € N) with -

stop(d>) = zz(d)) +1 forall ¢€Kp.

The C'-map
P:N — C, P(¢) F(stop(¢) é)
satisfies ' :

P($) = F(za(#) +1,6) €K for ¢€K and J(4)>2,

P(¢) = F(za(¢) + 1,4) €K for ¢€—K and J(¢)>2.
Let p, : C — C denote the projection onto H, parallel to x;

Px(¥) =¥ xE 3

Then one egrﬁputes, for ¢ € Kp and ¢ € C,
‘ DP(¢)¢ = pyDaF(22(¢) + 1,6)9-

The same constructions which lead to the return map P yield also a smooth
stoppmg map Pj/; on an open nelghborhood Nyjg of

Kipp={6€eKU(- Ix).J(d))Zl}'
such that : :
‘ Pij5(4) = F(z1(¢)+ 1,8) on Ky

Pyso(¢) € —K for ¢€K and J(¢)>1,




Py(¢) e K for ¢ €—K and J(¢)>1.~

In the sequel we shall con51der slowly osc1llatmg perlodlc solutions
y R— ]R
of eq. (1. 1) We may, and Wlll assume

zo(y) = —1 and wEK;

the minimal period 7 ='7(y) of y is then of the form

= zon(y)+1 for éome ne N )
(later we shall prove that n =1), and
n:[0,7]3t—wyeC

1s a simple closed smooth curve. When convenient we shall write 7(y) instead of
7.

The local stability propertles of y are governed by the Floquet multlphers Le.
by the spectrum of the linear continuous, compact map V = V,(r,0) given. by
the solutions of the linear variational equation -

33) v'(t)=_uv(t)'+_f’(y‘(t—1))v(t_1)"- -

The number 1 is an eigenvalue of V, and (y')o is an eigenvector.

The solution y is called hyperbolic if 1 IS simple and if there are no other
eigenvalues on the unit circle. :

If y is unstable, i.e. not stable, and hyperbohc then necessarily

|A] > 1

for at least one Floquet multiplier A. ‘
We end this section with basic.facts about the unstable set

W = W(y) = {¢ € C : There is'a solution z:R— R ofeq. (1.1)

such that zo=¢ and 2 —|p| as.t— —oco}.
Observe that \
F(]R+ xW)y=w."
PROPOSITION 3.3. W C S. o

Proor. Let ¢ € W. Consider the solutlon z: ]R — R Wlth zo = ¢> Use the
compactness of |7] to find a sequence ¢, — —co and ¢ € R such that Ty — Y-
For some s > t, y, has no zero. By continuity of F, Tt 4 s has no zero for |n|
sufficiently large; r4 4 s €S. Forward invariance of S yields g =zg € S. O

Every solution z : R — R of eq. (1.1) with phase curve in W is bounded.
Using Proposition 3.3, and previous remarks, we infer that the zeros of z form a

sequence (2;)) o, where J = J(z) €Zor J = J(:c) 00, so that statement (3.2)
holds. Proposition 3.2 yields’ ; ‘ .

ledl <b; on R

It follows that

WcF{i}x {6 €C: B < b D)
is compact. Also, '
WcS=Su{o}.

PROPOSITION 3.4." For every ¢ € W \ W there is a solution z : R — R of
eg. (1.1) such that 2o = ¢ and z; € W\W for allt €R.

PROOF. See the proof.of [36 Proposition 8.1] for the case ¢ # 0. E! ‘
We infer

PR

,, PR x (W\W)) =W\ W.
The set '
(W \ W)\ {0}

is formed by phase curves of bounded, slowly oscﬂiatmg solutions as above.

4. On the Linear Equation.

The solutions z : [-1,00) — R of eq. (1.2), @ := —f/(0) as in the intro-
duction, define a Co—semigroup of operators T'(t) = DF(2,0), t > 0. The
spectrum spec of its generator consists of complex conjugate pairs of eigen-
values in the double strips S given by .

2km < |Im(A)| < 2k7 +7, k€N,
and by at most two eigenvalues in the strip Sy given by
Im(A)] < 7;
the total mult1p11c1ty of spec in Spis 2.
We have ; ' -
/,max Re(UN(spec N Sk)) "< min Re(epeé NS).
Spectral def:énpositi’on'» and reellification yield a T(t)—inile,riant decomposition
(4.1) L C=LeQ :
into closed subspaces. The generator of the 1nduced semigroup on L has spectrum

spec NSy ;
. dlmL = 2
Three cases are poss1b1e for spec ﬂSo
I ae* < -}5. spec NSy consists of two. simple, real elgenvalues ugg < Ug < 0 a
basis {f1, 02} of L is given by the restrictions of the functions

Uot
?

Uoot

t—e t— e




o [~1,0].

II. ae* = %. spec NSy consists of a double eigenvalue’
up=—1—p;

a basis {f1, f2} of L is given by

t— e¥ol f 5 _gelol,

II1. ce? > %. spec NSy consists of a complex conjugate pair Ag = ug +ivg, Ag
of simple eigenvalues; 0 < vg. A basis {31, 82} of L is given by

£ — etot sin(vot), t — e¥°* cos(vgt).

REMARK 4.1. 1. Slowly and rapidly oscillating solutions. L consists of the
segments z; of the linear combinations of the functions R — R used to define
the bases above. All of these linear combinations (except the trivial one) are
slowly oscillating solutions of eq. (1 2); we have

LCSu {0}.
Real-valued ‘solutions associated with eigenvalues A = u + iv outside Sp have
zeros spaced at distances :

<

3

SR
DO =

hence they are not slowly oscillating.
2. Stability. Consider

v(uy€ (3,7) defined by v(u) = —putan(u(u)).

For

“wton @ 3)
cos(o(m)  \” S0
Re(spec) < 0; -
the zero solution of eq. (1.2) is exponentially attractive. It follows that there
exists a neighborhood U of 0 and a positive constant ¢ such that

IF(t @) < ce™ forall ¢e€U,e>0.

At a=—

— e - -k .
cos(v(1))” up = 0, and for @ > cos(v(g))’ ug > 0.

3. For ae* > 1, every solution z : [~1,00) —+ R of the nonlinear equation
(1.1) has an unbounded zeroset (see [36, Proposition 6.3, proof, part a]). We
conclude that in case there exists a solution z of eq. (1 1) w1th :c‘l(O) bounded
from above,

a <1, and Re(spec) < 0.

Let p: C —> C and ¢ : C — C denote the projections onto L and Q given
by (4.1).

LEmMaA 4.1. 0¢ pS.

PrROOF. In case III, see [36, Lemma 6.3, proof]. Analogous arguments
work in the cases I and II where nontrivial solutions with phase curve in L have
at most one zero. 0O ' ‘ '

In other words,

snNQ =9, |
the cone S contains L \ {0} and stays away from the complementary sul?space
Q.
Observe that
(42) ‘ PK N (—pK) =

since pé = p with ¢ € K, v € —K would ‘imply
0=p(¢—9) € p(K +K) CpK CpS,

a contradiction.

The remainder of this section is devoted to simple closed curves in L which
wind around the origin. The subsequent constructions will later be used to define
homotopies with values in the set S. 7

We begin with certain subcones of S. It will become important that these
subcones are convex (recall that S is not).

For every integer k > 3, define

Kro:={p€C:0<¢(t) in (-1,0)},

Ky = {qb €C:0< é(t) in [—1,—%) , ¢'(t) exists

and is negative in [—%, 0] } ,
Ky == {qS €C:0<4(t) in [-—1, -—%) , @#'(t) exists and is negative

o [ wocr e (552

e for k=2,...,k—1,

‘//

' [ 1
K = {qS € C : ¢'(t) exists and is negative in [—1,—1 + —] ,

k
. 1
#(t) <0 in. (,—1+7c-,0]}.
Our aim is to find, in each of the cases I, II, III, a simple closed piecewise smooth
curve

¢:[0,0] — C, |c|]CL,
with '
1 = wind(0, ¢)




and an integer k(c) > 3 such that for every integer k > k(c), there is a subdivision
0 - t() < tl L e t»2k+2 = :b
so that : o n
c(t) € Kpx for te <t<tey1, w=0,...,k
c(t) € =Ky, for tpyiqe <t< teyiensl, K=0,...,k
We bégin with case III. The slowly oscillatihg solution
z 1t — e+ D sin(vo (¢ + 1))
of eq. (1.2) has segments z; € L; its zeros are given by
. 2

zj : E‘—- 1, J EZ.
Note ’ _ : 9
n=-1, €K, =mn+l==—.
Yo

Except for vy =0, z is not perlodlc For0<t< 27" , we set
c(t) ;== e;”°twt -

= €"® cos(vo(t + 1)) - B1 + e“°sin(vo(t + 1)) - Ba.
This defines a simple closed smooth curve in L.° Employmg the 1somorphxsm
(:L — Cwith 8 — 1, f#y — 1%, we have -

1 = wind(0, ¢).

Choose an integer\k(c) > 3 so large that

'ty #£0 for It z,[ <= J€{0,1,2}.

_ k( c)’
One verifies easily that for every integer k > k(c),
L EI,\’ko for 0<t< 2z,
X k41 . .
xte.[lk,c for Zl+k<t<21+T, K,:O,...,k'"—l;

2 € —Kgo for 21.+1St5'22;'\

zy € —K,, for z2+k<t<z2+%1~ méo,...,k—l.

The values c(t) have the same property. A subdivision as required is given by

1 }
0=t0<t1:zl,<t2'zzl+z<"‘<tk+1:zl+1

X
<tpyp =29 <tk+3:2'2+_z<"‘<t2k+2:2’2+1.

In cases I and II, the construction of ¢ is' different.We shall obtam casa
parameterization of the boundary of the quadrangle

{r-B1+s B €L: Irl<Llsl <1} . o

in these cases, points on |c| are not multiples of segmen_fs of one solution. of eq.

(1.2).

Case 1. Consider the straight line parameterizations
a:[-L,1]3s—p1+s-B2€L,
czz[jl,l]ar——r—r-,@1+ﬂ2 EL.

It is an elementary exercise to prove the following result

ProPosITION 4.1. Let real numbers r and s be gzven with 0< |7‘|+]s| The
function
9= grs, g(t) = re“"t + setoot fb_r teR,
has at most one zero. A zero z = z(7, s) exists if and only if r # 0 # s and
sign(s) = —sign(r). In this case,

z= —‘;Io.g (— ;), szgn(g'(z)) = sigﬂ(fs) #0..

If g and ¢’ have zeros z and 2 , respectively, then the dzstance

(4.3) ) . Z/ log(uo) log(uoo >0
UO.— UQO

does not depend on r,s.
For cl, ‘we have
ci(s)@) =g1:(t) (s <1, —-1<t<0).

Consequently, each c;(s) has at most one zero; ¢, (s) has a zéro (in [1, 0]) if and
only if
—1<s<0 and — 1 < 2(1,s) <0;

in this case, ‘the zero of c (s) equa.ls

. 1
— - log(~
I
Define s; € [1,0) by '
- 1 - . ,
| -1= —Uo;— _— log(——/sl) (= z(l,‘sl)).
Then
c1(s) hasazero 2z(l;s) for —1<s<s,
z(1,-1) =0,
(44) -a——z-(ls)—-l—-l<0 for —1<s<s (<0)
’ 8s 777 T ug—wugy s =2=°1 ’




2(1, 81) = —1,
and
sign(es(s) (=(1,5)) = sign(gh, (2(1,5)) = sign(~s) > 0 ' for —1<s<ss.
Choose k € N, * k.> 3 so large that

(4.5) 1 _ log(uo) —log(uoo)
k Up — Ugo

Using (4.4) we find a subdivision
Ccl=og<o << oE=8

such that for 6.1 <s<o., K=1,...,k, we have

k—1

Using (4.3) and (4.5) we infer that for such s and &,
-1

cl(s)'(t)>0k& for _£<t<—T’

ci(s)(®) <0 for t e [-1,0] ﬂv(—oo,-—-g—] ,

0 <ey(s)(t) for te[—1,00N [—”T‘l,oo) ,
or ‘
ci1(s) € —Kix-
Next, we see that for s; < s < 0 and for 0 < s < 1, the function cl(s) is pos1t1ve
on (—1,0); i.e.,
¢1(s) € Kgo-
We turn to c5. From the definition, cy(r) is positive on (—1,0) for |r| < 1, hence

co(r)€ Ko for —1<r<1.

Set ¢3 := —c¢1, ¢4 = —co. . Now it becomes obvious how to complete. the

construction.
Case II. Consider ¢; and ¢, defined as in Case 1.

PROPOSITION 4.2. Let real numbers r and s with 0 < [r| + |s| be given.
The function '
9=0rs, g(t)=e"'(r+st) for tER,
has at most one zero. A zero z = z(r,s) exists if and only if s # 0. In this case,

z= —g, sign(g'(2)) = sign(s).

If g and ¢’ have zeros z and 2/, respectively, then
/4 20

(4.6) -z = —--—1~.

Uo

Note that for |s] <1 and -1 <t <0, -
e1(s)(®) = Ba(t) + 5 - Balt) = e 1+ (—5) ) = 91,-4(8)-

The function c¢;(s) is strictly positive on (— 1 ,0) for |s] <1, so that cl(s) € Ix &0
for all integers £ >3, |s|< 1.
Wetum to co. For |r|<1 and ~1 <1 <0,

a(r)E) = —r - Bo(8) + Bat) = o (—r +(=1) - 1) = g_ra0).
It follows that ca(r) has a zero (in [—1,0]) if and only if 0 < r < 1; in this case,
the zero equals ‘ o ‘ '
z(-r,—1)=—r;
2(0, —1) = 0
ai(r — z(—r,=1))(r)=-1< 0 for 0 <t<1,
"
. z(-1,1)=—
and for 0 <r <1, '
(47 sign(en(r) (= ~1)) = SiEn(0 s, ~) = sign(—1) = =
For —1 < r < 0, we see that 4
ca(r) s strictly positive on  (-1,0).
Choose an integer k ‘Z 3 with _ N
y 1.1
(4.8) F<Tw

For 5——]’;—137'5 %, k=1,...,k, we have

K : k—1
__E S z(_vr’ k .
By (4.8) and (4.6), and by (4.5),
S
g Y . K. k—1
Cg(r)(t)<0 for _EStS— P
and™:- - . ) .
K
0< cx(r)(t) for te[-1,0]N (‘003‘;] ’
éa(r)(t) <0 for te [~1,0]N [— z ,oo) ;
or e R ' o 0

Cz(T‘) € Ki.

Now the construction is completed as in case I.




5. Results

"THEOREM 5.1. For every slowly osczllatmg periodic solution y of eq. (1.1)
with yo € K and zp = —1,

T=2(y)+1 'and 0 € int(pon).

COROLLARY 5.1. For any two slowly oséilldting p‘efiz'odz'c solutions y' and y?
~with initial values in K and 20(y’) = —1; the simple closed curves

() : [0,7(¥)] 3t — 4 €C
have nested projections: Either y* = y?, or [pon(y’)| C inf(pon(y’)), i+#7J.

THEOREM 5.2. For every slowly oscillating periodic solution y of eq. (1.1),
y' is also slowly oscilloting and has minimal period 7(y). The zeros of y and y'
alternate.

REMARK 5.1. We shall use the projection p to prove these results. Alterna-
tively, one can work with evaluation maps

z; — (z(t),z'(t)) or z¢ — (z(t),z(t — 1))

into the plane R? (one leaves the.phase space of eq. (1.1)), derive the statements
about minimal periods and about ¥, and obtain analogues of the others See
(23, 24].

THEOREM 5.3. (Floguet multipliers) Let a slowly oscillating periodic solution
y of eg. (1.1) be given. If y is unstable and hyperbolic, then there ezists ezactly
one Floquet multiplier u with |u| > 1. Also, u is simple, and u € (1,00). Ify is
unstable but not hyperbolic, then the multiplier 1 has multiplicity 2, and [A| <1
for all multipliers A # 1.

THEOREM 5.4. (On the unstable set of y) Suppose y is a slowly osczllatzng
periodic solution of eq. (1.1) which is unstable and hyperbolic. \
1. The closure W of the unstable set W = W(y) is a graph T : pW — Q.
Moreover, W is Lipschitz continuous. The set pW is an open subset of L, and
w = wlpW is C*. -

=(W\W) ﬂp”‘l(ezt(p on)) 1s the orbit of a slowly oscillating periodic

solutzon of eq. (1.1).
3. I:'=(W\W)npi(int{pon)) is either the orbit of a slowly oscillating
periodic solution of eq. (1.1), or I = {0}. ‘

6. Proofs of Theorem 5.1, Corollary 5.1 and Theorem 5.2

ProrosiTioN 6.1. 1. Ify is a slowly oscillating penodzc solution of eg. (1.1),
yo € K and zo = —1, then -

y—ys €S for 0<s<t<T.

9. For any two slowly oscillating periodic solutzons Y, i=1,2, with disjoint
orbits in C, ‘
vt —y2 €S forallreal 1,s.

ProOF. 1. Fix g € (0,7) and t1 € (%o,%0 + 7) so that yz0 > 0 > 3. By
continuity, ’

Mi={t€(to,ta) iy —vs €5 forall seful}#8,

and ¢t := inf(M) € [to,tl) Suppose to < t_. By continuity, yto —y €S5=
S U {0}. Minimality of 7 yields

Yt F Ut_» SO Yy —¥_ €S

By Proposition 3.1, there exists ¢ € [0,4] such that yz 4. ¢ —y_ ¢ has zero.
By continuity, there exists.€ > 0 such that for [s| < €

Yo+t —Y_ +t+s Dhasnozero, andisin S.
Fix j.€ N so large that ’ ,
to+t+e—gr<it_.
By periodicity,

Yo +1—jr Y- +t—jr+s €S for |s|<e
Proposition 3.1 gives '

yt() ~Y_+s €S for lsl <¢
which implies a contradiction to the definition of {_. We have shown that
[y, —yt €S forall t€ (to,t1]
Analogously one finds
Y, —yt €S forall te€(t1,t0+7)
For0<s<t<T,we have to +s —t + T € (to,to + 7); the relations
yt_ySZF(t_(tO_T)iytg—T) - F(t_(to—T)>ys+(t0—T)-—t)
B //
=F(..,yt,) — F(-Uo+s—t+7)
and Proposition 3.1, applied to ¢ — (io — 7) > 0, give the assertion. 2. Fix points
. : 1 2
t; such that Y, >‘0 > Y, Then |
M ={t<ty: yt11 —y2eS§ forall seltta]}#0.
Suppose t_ := inf(M) > —oo. By continuity,
v, —%_ €S=5U{0}.
As the orbits are disjoint, :
ytll = ytz_ €8S.




For some to € {0,4],
y%l i~ y%_ 4+, hasmno zero
(Proposition 3.1), and there exists € > 0 such that
y%l + 1o —y%_ +i,4¢ €S for [t] < 2e.
Let 7; = r(y) for i = 1,2. There exist positive integers k > -f—.fll and [ such that
a fkr —Im| < € » | ‘

or kry =Imy +1 Where [t[ < €. Hence, for [t <,

_ yt1\+tg —kn - +to—kmi 41 :,yt1+tg —yf_ ttp—lry—f+1
_ =V tto Y ygy—i4t €5
Proposition 3.1 yields »

ytll -y +¢ €S for [t|<e
which implies a contradiction to the deﬁﬁition of ¢t_. We have shown that -
_ y%l—y%ES for all t<ta.
Analogously, one obtains 4 '

y%l—y,?_es for all ¢ > ts.

Now let real numbers s and ¢ be given. Cho_ose k € N so that s —t; +n7m > 0.
Then .

1 2 _ 1 o 2
Ys — Yt '"F('S_tl‘*’m’l’yh—n7‘1)—F(""yt—(5—t1+m-1))

= F(...,y%l) - F(,yz),
and Proposition 3.1 implies the assertion. [l

PROOF OF THEOREM 5.1. 1. Recall the closed ‘curves ¢ : [0,5] — C, |c| C
L, and the integers k(c) from Section 4. : _ »
9. Consider the simple closed curve 5 : [0,7] — C, 7 = z2,+1. As in Section
4, one obtains, for each subinterval ’

[z20 +1, 22042 + 1], v= 0,... ,n -1
an integer k(v) so that for each integer k > k(v) there is a subdivision
zop +1=1t5 < t'{ <,"'<?;k+2 = Zwtz +1
with ‘, o ;
Y € K for tL <t<ti,,, &=0,....k

Y € —Kpe for tii14, <t<tiiiies, £=0,...,k

Fix an integer : -

' ‘ k> ma i

k> k(c)+ yelpax k(v).

3. Reparameterize 7 so that one obtains a simple closed piecewise smooth curve
9 : [0,n] — C such that for v=0,...,n—1land fork =0,...,2k +1,

([ 2k':—2’ +2';:+‘12D =t

ie., the. mterva.l [z, + 1 -zoy42 + 1] corresponds to [V v+ 1] and t¥ corresponds
tov—+
4. Fix a subdivision

0=t0<t1<"‘<,t2k+2=b

as in Section 4, i.e. ,
o(t) € Ky for ty <t<tepr, K£=0,....k,

e(t) € —Kpn for trpirs <t <teprpnsr, £=0,....k

Reparameterlze ¢ so that one obtams a 81mp1e closed pleceWISe smooth curve

2 [0,1] — C with

K k+1 -
cr ([ék——ﬂ’i—m]>_'c([tmtn+l]) for £=0,...,2k+2.

Extend ¢, by periodicity to a curve n - ¢, : [0,n] — C. Note that |¢| C L gives
pon-c =n-cr. ; ’ )
5. Deﬁne a homotopy of closed curves as follows. For

K , k+1
0<v<n-—1 <K< —_< e
Sv<n-1, 0<k<2k+1, V+2k+2_t§1/+2k+2, s e€0,1],

set
‘hom(s,t) :== s n - (t) +(1—s) - (1)
Convexity of the subcones Kix, —Kgx of S now yields that
hom([0, 1] x [0,7]) C S.
In particula/u_lz'ﬁ ¢ pohom(...), by Lemma 4.1. Tt follows that
wind(0, p o) = wind(0, po n,) = wind(0,p o hom(0, -)) = wind(0,p o hom(l‘, )

= wind(0,pon - cr) = w1nd(0 n-e¢) = n-wind(0, c,) =n- wmd(O ¢) = n;
hence 0 € int(p o 7).
6. Proposition 6.1 and Lemma 4.1 yield

0#?(% yt)—pys py; for 0<s<t<r

pis 1nJect1ve on |n}. It follows that ponis asimple closed curve; therefore n = 1,
and tT=2o+1. O~




PTR‘OOF OF COROLLARY 5.1. Theorem 5.1 implies that the minimal period
of y* is 22(y*) + 1. Set 5; :=n(y*). It follows that in case y} # y2 the orbits |n;]
are disjoint. Proposition 6.1 and Lemma 4.1 yield

(6.1) © |lpom|nipons =10

Connect 0 € int(p o 77) Nint(p o 71) by a straight line to a point x € |p o |
with minimal norm. Then [0,1)x C int(po ;). In case [0,1)x N [po 7| = &,
we conclude that x € int(p o 72), and using (6.1), that |p o m1| C int(p o 72).
Otherwise,

0#{0,)xNlpomn| Clo, l)x C mt(po m),

and (6 1) implies [p o n,] C int(po m1).
ProOF OF THEOREM 5.2. Proposition 6.1 yields

.1 : — '
@)= thf% ;(yt —y) €S=SuU{0}.

Since ¢/(—1) > 0, (¥')o € S. Proposmon 3.1 and periodicity imply that 3 is
slowly oscillating. As in the proof of Proposition 3.2,

y'(t).<0 on [0,2]:.

There exists a zero of y' in [—1,2;]. As ¥/’ is slowly oscillating, there is exactly
one zero tg of ¥ in [—1,0), and —1 < ¢¢. Analogously one sees that there is
precisely one zero t1 of ¥’ in [z1, 22], and 21 < f; < 21+ 1. Now it is obvious how
to complete the proof. 0O

7. Proof of Theorem 5.3

We have to generalize results from [5, 37] where eq.(1.1) was studied with
= 0. Note first that for 4 > .0 and for every continuous functlon b:R— R,
a functlon z:R—Risa solutlon of the equation

(7.1) z'(t) = —pz(t) + b(t)z(t — 1)

if and only if .
d:t— e*z(t)

is a solution of the equation
(7.2) d'(t) = e!b(t)d(t — 1).
A differentiable function z : R — R is called slowly oscillating at ¢ (with respect

to the delay 1), if either & has no zero in [t — 1,¢], or if  has precisely one zero
in {t — 1,t] and this zero is simple.

COROLLARY T7.1. Consider solutions x .of eq. (7:1) and d of eq. (7.2) as
above; z is slowly oscillating at t if and only if d is slowly oscillating at t.

. ProOF. The zeros of ¢ and d coincide. . z(z) = 0 # z'(z) implies d(z) = 0
and d'(z) = pd(z) +e#*2'(2) # 0; d(2) = 0 # d'(z) implies z(z) =0 # z'(2). O
Assume
b(t)<0 forall teR

from now on. Using [5, Lemma 1] and Corolla,ry 7.1 we infer:

LEMMA 7.1. A solutzon z:R— R of eq. (7. 1) w}zzch is slowly osctllating
att € R, is slowly oscillating at every s > t:

Note, also, that every slowly oscillating solution z : R — R of eq. (7.1) is
necessarily slowly oscillating at every ¢ € R; i.e., has only simple zeros. (Proof:
The function d : t — eF'z(t)is a slowly osc111at1ng solution of eq. (7.2). d(t) =0
and d'(t) = 0 would imply d(¢ — 1) = 0, a contradiction. So, d has only simple
zeros. Apply Corollary 7.1.) ‘

It is easy to see that the.set

¥ of slowly oscillating solutions z:R — R of eq. (7.1)

equals
6_“'22

where 35 denotes the set of slowly oscillating solutions d : R — R of eq. (7.2>).
~ Let C(R) denote the real vectorspace of continuous functions z : R — R,
equipped with the topology of uniform convergence on compact sets.

LemMma 7.2. 1. T CcZU{0}
2. For every linear space Z C LU {0}, dimZ <2.

ProoF. 1. Apply [5, Lemma 2] to Eg, multlply by the function R3¢ —
e #cR, useZ=e #Dy
2. ZCTU{0} =e*(E2U{0}) 1mp11es 7 C U {0}. By [5, Lemma 3],
dime* Z < 2. Hence dimZ < 2. O

The results of [5, Section 3] hold for eq. (7 1) w1thout change the proofs of
[5, Lemmas 4, 5, 6, 7] and of [5, Corollary 1] remain valid.

We consider the linear variational equation (3.3). Recall that with every
Floquet multiplier A € spec(V)\ {0}, Im(X) > 0, is associated a linear space
G()) C C(R) of solutions of eq. (3.3) which are real parts of complex—valued
solutions whose segments at ¢t = 0 belong to the eigenspace of the spectral set
{)\,X}. This is as in [5]. We have

dimG(A\) =m())
‘where m()) denotes the multiplicity of A as an eigenvalue of V. The slowly

oscillating periodic solution 3’ : R — R of eq. (3.3) belongs to the space G(1).
It follows from [5, Lemmas 5, 6, 7] that every nonzero element of the space

D respec(V),Im(A)20,1A1>1G(A)




is slowly oscillating. By [5, Corollary 1], .
dim & espec(v)Im()20, 141219 (A) < 2.
We infer that »
either m(1)=1, [A]<1 forall Xespec(V)\{1},
or m(l)=2 <1 forall Xespec(V)\ {1},
or m(1)=1, and there exists u_elslpec(V) in (—o0,—1] U(l,'oo),‘
m(u)=1, |A|<1 forall X spec(V)\{1,u}.
‘In order to prove Theorem 5.3, it remains to exclude in the last case that
u< —1.
This can be done as in [37]. We begin with the following lemma.

LEMMA 7.3. Let Z C C(R) be a linear space of solutions of eq. (7.1) such
that every « € Z\{O} is slowly oscillating. Suppose there ezists z € Z\ {0} such
that its zeroset is neither bounded from below nor from above.

1. Then the same holds true for every ¢ # 0 in Z, and z71(0) is given by a
strictly increasing sequence of simple zeros

' t:cn+1 >tz‘n+1 vne Z.
2. For:cva\{O} andtzn<tun<tzn+1, .I
ta:,n+1 <tyny1-
Proor. 1. The zeros of z formv a sequence‘ of points t‘n, n€Z, witht, +1<

tn+1- Suppose the zeros of some z € Z, = # 0, are bounded below by some real
a. Then :c(t) # 0for ¢ <a, hence ‘

sign(2/(1)) = sign(~ ;w(f) +b(t)a(t — 1)) = —s1gn<x<t)>

for all t<a. Observe that z is not a real multiple of z. Choose tn+1 < aso that

\

51gn(_§) = 51gn(a:) on  (tn,tag1).
There exist ¢ > 0, ¢ € (tn,tn41) such that
lcz| < |z| on (tn,tny1) and cz(t) = z(2).

Consequently, cz’(t) = 2/(t); t is a double zero of cz —z€Z,s0cc—z=0,a
contradiction. If one assumes an upper bound: a for the zeros of z then .

sign(z’(t)) = —sign(z(t)) for t>a+1,

and one can argue as above.
2. Assume _
ta:,n < tv,n < tm,n—{-l and tv,n+1 S ta:,n+1~

In case ty nt1 = tz,n41, define
o V(ten1)
= — =
2 (ts,n41)

Then ¢z — v € Z has a double zero at ¢z 41, hence cz — v = 0, a contradiction
to v(tyn) = 0 # z(tyn). In case tyny1 < tyny1 there exist c € R and ¢ €
(ty,nste,nt1) such that

lev| < |z| and sign(ev) =sign(z) in  (tyn,tznt1), cv(t) = z(t).

It follows that cv’(t) = #’(t); t is a double zero of cv — z € Z, hence cv —z =0
a contradiction as before. O

REMARK 7.1. Assertion 2 above expresses a synchronization among solutions
in Z\;\\
Now assume that there exists u < —1 in spec(V). Set

b(t) := f'(y(t = 1)), for teR.

The space Z = G(1) & G(u) satisfies the hypotheses in Lemma 7.3. Choose
z € G(u) \ {0}. m(u) =1 implies

x, :JV.’Z;O =u-Zxg.
There are consecutive zeros
—1<ty<0, t, T-1<ty<T

of ¢/, and
T =12 — %o,
by Theorem 5.2 and its proof. It follows that
sign(z(t)) = sign(u - 2(t — 7)) = —sign(z(t — 7)) for 7-1<t<7;
¥

P

hence

(7.3) sign(z(t2)) = —sign(z(to))
~and g

(14) sign(z’(t2)) = ~sign(#'(t0).

We may assume that in the sequence of zeros ¢ ,, of z, given by Lemma 7.1,

t:l:,O S tO < ta:,l-




The case ;0 < to. Repeated applications of Lemma 7.3 yield
te1 <ty <tpo <tz <iggs.

As zeros are simple, we arrive at a contradiction to (7.3). .

The case t; 0 = to. By (7.3), It(tz) = 0. Hence t;,; < t2. If (to <) tz1 < 11,
orift; <t 1 < ta, then repeated applications of Lemma 7.3 show that 2, is not
a zero of z. This contradicts (7.3). Similarly,

ta=1tz1 (>t1>to=1z0)
is not possible, due to Lemma 7.1. We have shown
tz’]_ = tl-

Arguments as before yield
tz-,z = tz.

The simplicity of the zeros now gives

sign(z’(to)) = sign(z’(tz,0)) = sign(z’(tz,2)) = sign(z’(t2)),

a contradiction to (7.4). O
It is convenient to state the following results at this point.

PRrOPOSITION 7.1. If y is unstable and hyperbolic, and if u is the Floquet
maultiplier in (1,00), then the set G(1) ® G(u) \ {0} consists of slowly oscillating
solutions R — R of eq. (3.3). We have G(1) = R-y/, G(u) =R-v for some
slowly oscillating™solution v of eg. (3.3) with ||voll =1, V(¥')o = (¥')o and
Vvg=1u-vg. i )

The proof should be obvious from preceding argumenté.

8. Graph Representation of W

From now on we assume that the hypothesis of Theorem 5.4 is satisfied: y

is a slowly oscillating periodic, solution of eq. (1.1) with yo € K and zo = —1;

y is unstable and hyperbolic. Then 1 is a simple Floquet multiplier. According

to Theorem 5.3, there is a single Floquet multiplier u outside the unit circle; we
have ’
u € (1,00), m(u)=1.

It is convenient to begin with the return map
Py:NNH>¢— P(¢) € H.

Also, yo is a hyperbolic fixed point of Py . u is a simple eigenvalue of the compact
map DPg(yo). All other eigenvalues satisfy |A| < 1.

This is essentially as in case of a periodic orbit of a vectorfield on a finite-
dimensional space [16]. For a proof in our situation, see the forthcoming book
[6], or compare [15]. :

Now, [14, Theorem 31] (or [25, Theorem 2.7]) yields a one-dimensional
local unstable manifold Wg of Py at yo:
Let Gg and Rp denote the eigenspaces given by the spectral sets {u} a?d

spec(DPr(yo)) \ {u}, respectively;
H =Gy ®Ry; dm(Gg)=1
Fix
ug € (1,u).

There exist convex open neighborhoods Ng of 0 in Gg, Ngof0in Ry,
vo+Ne+NrCNNH,
and a Cl-map
' @H : N¢ — Nr, wg(0) =0 and Dwg(0) =0,
such that the shifted graph |
\ yo+{¢+'wH(¢):¢€NG} =: Wy

coincides with the set W(yo+ Ng+Nr) of ¢ € yo+Ng+Nr such ;that there is a
trajectory (¢;)% o of Py with ¢o =4, ¢; E¥o+Ne+Nr for all j € —Np; there .
exists a constant cg > 0 such that every trajectory (¢; )2 of Pinyo+Ng+Nr

satisfies ‘ _
l6; — voll < car -lldo — woll - wfy forall j € —No.

REMARK 8.1. Wg CW.

PROOF. Let ¢ € Wy. There is a trajectory (; 0 o of P with ¢ = ¢o and
¢; — yo as j — —oo. This defines a solution z : R — R of eq. (1.1) whose
zeros are given by a sequence (z;)7 o, J € NU{oo}, J 22, 2 = —1, with
property (3.2) such that ‘

¢j=z22j+1 for 7<0.

Continuity of stop i‘mpllies z(¢;) +1 — 7 as j — —o0. Now it is easy to
conclude that
z; — |p| as t— —o0,

Ve
or,p=¢g =z €W. O

REMARK 8.2. P(Wyg)CWNH.

ProoF. Use P(Wy) C F(RT x Wy) CF(RT xW)CW. U

We need exponential convergence and an asymptotic phase on the unstable
set W. This can be achieved by standard arguments which use the return map
P and its local unstable manifold Wg. However, a citeable treatment in the
case of semiflows does not seem to be available in the literature, so we include a
detailed proof.

Define p > 0 by

ef’ = Uug.




PROPOSITION 8.1. For every solution z : R — R of eq. (1.1) with phase
curve in W, there are t = t(z) < 0, ¥ = y(z) € [0,7) end a constant
¢ =c(z) > 0 such that for all s <1, : N N :

|25 — Ysur|| < - €.
. Choose a neighborhood Ny of yo aﬁd a constant ¢ > 0 such that
[|[Dstop(d)|| < ¢ on N, [[DZF($,¢)|['§ c for 0<s< 7 ¢ € Ny

(for the last property, use compactness of [0, 7] and continuity of D,y F on [0,00) x
C.)

2. Let a solution Z : R — R of eq. (1. 1) with phase curve in W be given. There
exists £ > 0 so that for z := (- — ) we have

ztENo for all ¢<0, J(x)GN or J(z)=o00
and for the zeros z; of z
=—-1 and :cz2j+1€Kﬂ(y0+Ng+NR) for j<0.

Set .
@5 = Tag; + 1 for 57<0,

Aj = 29549 — 295 (= stop(¢;)) for j< -1,
so that
h ¢j+1:P(¢j):F(Aj,¢j) for 7<-1.

The estimate
|7 — Aj| = |stop(yo) — stop(¢;)] < ¢ |lyo — ¢5|

<c-cullyo=¢5ll-ug? for j<0

implies that
o
-> (r-Ay)
3 .

is well-defined. For some l € Z, Ir <y < (I+ 7.
3. For k €N, set ty :=v+ Z’f(r — A_;). Then

2t — kr —1r = %—kr —17ll S ¢s-lix]  (Proposition 3.2)
k -

1

<cpecoelvo = doll - ug* -

4. For all k¥ € N we obtain

| E S Yy — IT“ <

”"""'t;c —kr—lr — T—kr —Irll + llz4, — kr—Ir — Yy - 17l

) ‘
SCI‘C‘CH'”!JO—%”'UH_I qu + ”Ztk—k‘r—l‘r_y‘y—lfll

= ... +||F(y=1Ir,¢_x)— F(y—Ir,w)ll

k
(with tx —kr =7+ (-A_;) )

< oot |ld—k —woll < € lido — woll g~ (kFDT
( ¢
“where &::( S +1)-cH-c-e”",
ug —1

or -
o ke — gy—1sll < &-Ildo — goll -e=#*" _ for integers k> [I] + 1.

Let t < —(]Jl|+ 1) be given. For some integer k> |I|+2,
\ —kr<t§—kr+r. |
Hence, ‘
1zt = Vet (y—inyll = |1F @+ kT, 2pr) = F(t + k7, yy—tr—k7 )|
=| ... —F{+k Yyl (periodicity)
< e flomtr — vp-trll S ¢ & ligo — woll - ™7
=&+ llgo—yoll =P < c--lld0 - woll - ¢
Finally, for t < —f — (| + 1),
lg - yt+f+'y—1'r” = ||“’t+z‘ - yt+f+'y-1'r”

<c-é- g0 —yoll - ” D =& ligo — wol| - €77 €.

Define the asymptotic phase of £ by

yd '}::th+7—llr——jr€[0,r)

where j€Z. O
We turn to the period map F(7,-) : C — C. As before there exists a local
unstable manifold at yo. More precisely, there is a smooth map

wy : Ny —>R’T,

where N, is an open convex neighborhood of 0 in the one—dimensional (reellified)
linear unstable eigenspace

G, CC of V=DyF(r,%),




and R is an open convex neighborhood of 0 in the (reellified) eigenspace R,
associated with the complementary spectral set

spec(V) \ {u},
such that we have
w-(0) =0, Dw.(0)=0
and the shifted graph

. Wr =y + {x + w,(x): x € N;}

coincides with the set of all ¢ € yo+ N, + R, such that there is a trajectory
(¢j 9_00 of F(T, ) with ¢0 = ¢ and

($; — vo) fu;lj € N, +R. forall je—N,.

The map @ : W, — W,; ¢ — ¢_;, is a C'-diffeomorphism onto an
open neighborhood W of yo in Wy. For a proof, we refer to [14, Theorem 3.1]
on local unstable manifolds of hyperbolic fixed points. Of course, the ‘present
situation is non-hyperbolic, but as indicated in [36, Section 5], one can easily
modify the proof from [14] in order to derive the result described above. A very
detailed version of the proof of [14, Theorem 3.1] may be found in [25].

Proposition 7.1 implies that there is a slowly oscillating solution v : R — R
of eq. (3.3), |lvo|]|=1, so that

TyWr= (Gr=) R-w.

Now we are in a position to prove a first part of Theorem 5.4, namely that
W is given by a map w with domain pW C L and range in Q. The assertion is
equivalent to the injectivity of the projection p on W. The latter follows from
0 ¢ pS (Lemma 4.1), provided we can show that nontrivial differences

(8.1) ‘ 0£¢—¢
of points ¢, ¢ in W belong to S’

So let ¢ # ¢ in W be given. There are solutions z : R — R,z : R — R
of eq. (1.1) with 2o = ¢, T = 4, respectively. Let v and 7 denote the
asymptotic phases of z and Z. '

Case 1: v #%. Then
T_jr — Yy, Tejr— Yy as J—>00.
Now, vy and ¥ belong to [0, 7), and Proposition 6.1 gives
Yy —y7 €S.
According to Proposition 3.1, there existss € [0, 4] such that

Ys+v — Ys+¥ has no zero.

The continuity of F(s,-) implies that for all j > ;.1- sufficiently large,
T, jr —Ts_j; has no zero.
Again by Proposition 3.1,
b—G=x0—To= F(jr —8,&s—jr) —F(...,T,_j,) €S.
Case 2: v =7%. Now
12— jrt(r—v) = %ol  c(z) - €777 forall je N
analogously for Z, with positive constants ¢(z) and ¢(Z). It follows that there
exists jo € N such that all
' Tojre(r—y) T-jri(r-y) With j>jo
belong to the local unstable manifold W, ; the sequence of normed distances »
1 (T jra(ram) = T—jra(r—yy) = d; ‘
[2—jr(r—y = Fojraipll O TR |
is well-defined (since ¢ # ¢) and converges to the unit sphere -
\ {’Ug, —'Uo} C TyOWT ’ |
as j ~— co. For some s € [0,4], v, =V(s,0)vo has no zero (Proposition 3.1). 3
There exist € > 0 and 6 > 0 such that for
dist(x, {vo, ~vo}) < 6,
[V(s,0)x(t)] >€¢ on. [-1,0].
Further, there exists 6; > 0 such that for |[¢]| < 61, |[¥|| < &,

1F(s, 30 + %) — F(s,50 +B) — V(5, 0)[ — Tl
1 ,
[ {DaF (5,0 + 400 = ) ~ DaF (s, v} - deeu

| <e-lp -l
Choose an integer j > 4—‘#—7— so large that
dist(d;, {vo, —flJo}) <6

and
le—jrs(r—y) = %ol <61, NE_jri(r=r) — %]l < 61.

It follows that '

1

”x—JT'(’(“’Y) T jrt(r-yll

<e,

{xs—j'r-{-‘r—'y - f.s—J"l'-{-T*-'Y} - V(s7 O)dj

and

=Y

has no zero. Consequently, {...} € S, and by Proposition 3.1 once again,
¢p—¢=zp—-F €S O
COROLLARY 8.1. For every ¢ € W,
TsW € SU{0}.

Proor. We saw that for any two points ¥ # ¢ in W, ¢ —¢ € S. Use
S = SU{O} R-ScS. O :




9. Smoothness of w

In this section we show that the domain pW of the map w obtalned in Section
8 is open, and that w is C1. '

Let p, denote the eigenprojection onto G-, associated with the spectral set
{u} of V. The fact that W, consists of initial values of backward trajectories of
F(r,-) which tend to yo implies

(9.1) » W, CcW
PROPOSITION 9.1. For every neighborhood Ny of yo z;n C’_andfor everylo > 0,
W= F((tg‘,oo) X (WT n No))

PRroOF. 1. Positive invariance of W and*(9.1) yield W D F(...).
2. Let a neighborhood Ny of yy in C be given. Let ¢ € W. There exist
7€[0,7), t<0 and c¢>0 such that the solution z : R — R of eq. (1.1)
with zo = ¢ satisfies

||z — ys+'y“ <c-e” for s<t.

In particular,
”1’ kr—jr—7y y0||<(c e 7 -y J) u

for all integers j > ——Tr, and for all k¥ € Ny. For j sufﬁciently large we obtain
@—jT-—-'ye WT: L jrmny €N07 ]T+7Zt0
Hence,

=20 =F(FT+7,2_jr_y) € F((to,00) x (W, N Np)). O

COROLLARY 9.1. W is pathwise connected.

PROOF. For ¢ € W = F(R* x W,), ¢ = F(t,9) with¢>0, o € W,. For
0<s<t, F(s, ¢) € W. The C'-graph W, over the open convex set N C G,
connects ¢ toyoin W. O

PROPOSITION 9.2. There exist an open neighborhood Ny of yo in C and €; €
(0,7 — 1) with

F(t,9) ¢ W, for ¢ENNW,, 0<t< 2.
PRrOOF. 1. Set % := (y')o. Choose € € (0,1), €< ||¥||, so small that

e[ o

where U := {¢ € C : ||¢|| < €¢}. This is possible since" ¢ and vg are linearly
independent. We have

(0,00) - ($+U)NR- (w0 +U) = 0
since otherwise,
Yp=r -(vo+¢)+x with reR, o€ ¥U,xeU; .
consequ‘ehtlyA T B "‘ o
Irl(1— &) < [[#ll + €

which implies a contradiction to the choice of €: R
2. Choose an‘open convex neighiborhood N. of 0 in N, C G, with -

Dw.(x)vo € U for . x € N;.
For x,x’ in N/, the mtegral in

x1+ wr(xa) = x+ wr(x) + / [Oer =) + Dwr(x + t0x = X)) (xa — x)]dt

has values inR- (vo + U ) (use X1 — . X = rvo for some € R, and 'ébnveﬁty).
We get o o

Yo+x1+wr(x1) €Yo+ X +wr(x)+R-(vo+U)
for all x and x; in N}..
3. Recall

D1 F(r,®(%))L= (¥)o=¢ :

By continuity, there exist ¢; € (0,7 —1) and a nelghborhood N of yo in C’ with
the following properties: For all ¢.€ Ny N W, and all £ € [0, 2¢,],

DlF(t + T,<I>(¢))1 €ev+U

and .

pT(F(t dz) yo) € N.. . ‘
Observe that for phase curves in W with segment ¢ € W, at time t = 0, the
tangent vectors at times't > 0 equal

DiF(t+ 7, 9(¢))1.

~ Now assume ,t/hfat for some ¢ € N; N W, and some't € (0, 2¢1],

-
7

F(t,¢) e W,.
There are X, X1 in 'N! with" - ‘
6 =0+ x+ (), F(t7¢§):yo+X1+wr(X1)~

Hence,
R- (vo+U) > F(t,¢) —

=t / DyF(st -+ 7,8(6))1ds € (0,00). (¢+U)

a contradiction to the result of part 1 above ]




;
i

/
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CORROLARY 9.2. The map

Ay (—€1,6) x (W0 N1)> ‘(t‘, ¢) — F(t +7,6) € C

is injective. ) ¢ |
= e <s<t<e, ¢andyin
ProoF. Assume F(t+ 7, ¢)=F(s+ 7,%), ; =1 e By S e on

W, N Ny. Injectivity of all F(¢',-),t" >0, yields
91, t—s=0; hence ¥ = ¢- El |

ProposITION 9.3. There exist €3 € (0,€1) and anl,open_ neighborhood N2 C
Ny ofyoinC, W N N2C ®(W,), such that the Ct-map po As;

Aq = Al‘(;—€2,€2) X (W-,- N Ng),

has injective dertvatives.

' ‘pol \ —e1, (W, N N;), abasisof the tangent
PrOOF. 1. At apoint (¢,9) € ( €1,€1) X ( -0
space to the Cl—manifold (—e€1,€1) X (W, N N,p) is given by the vectors (1, 0) and

(0, vo + Dwr(p-(¢ — y0))vo) in R x C, and D(po AN O)Twe(---) consist§ of

the linear combinations of the vectors

leF(t + 7, ¢)1 eC, PDéF(t + 7, ¢)[v0 + Dw-,-(p,—(d) - :yO))UO] EYC' '

9. Att=0,6 = yo, these vectors are
p(¥)r =p(y')o and pVvg =u - pvo, respectively.

] ¥ depéndéﬁt:
We show that p(y')s, pvo are linearly in & .
The fact that all nonzero elements of G)@dGu)y=R-y ©R-v are

oscillating (Proposition 7.1) implies

R-(y)o®R-vo C SU{0}.

By 0 ¢ p5, . | .
0 # a1 - p(y)o + a2 - pvo = plar- (¥)o + a2 vo)

whenever (a1,a2) # (0,0).
3. Continuity permits us to
of yo in C with Wy N N2 C (W) so that for lt] < €2 and ¢ € No,

pD F(t +7,4)1 and pDzF(t + 7, 8)[vo + Dwr(pr(¢ — %0))vol

are linearly independent. O

Define
Wa = Ag((—e2,€2) x (Wr 0 Np)) W

slowly

find €, € (0,€,) and an open neighborhood Nz C N,

COROLLARY 9.3. pW, is an open subset of L, and the map w|pW, is C';
Wy, is a Ct-submanifold of C.

ProoFr. The map idm‘ x ® defines a diffeomorphism Ao of the C'-manifold
(—€2,€2) x @~1(W, N N,) onto the domain of A, ( use W, N N, C &(W;)). The
map ' B

B . (_EzaEZ) X Q_I(WT n Nz) —_— L

given bjr idm x ®, A,, p is a C'-— diffeomorphism ohto the open subset
pWa of the 2-dimensional space L (Injectivity follows from Corollary 9.2 and
from the injectivity of p|IW; the injectivity of derivatives follows from Proposition
9.3.). For x = pé and ¢ € Wy, : '

w(x) = (id~p)$ and ¢ = As((idy x ®)(B~!(pg)). O

Wehave. . |
W =FRt x Wy)

since F(R* x Wa) C F(RT x W) C W,

W = F((r,00) x (Wr N N3)) (Pro_positioh_Q.l),
and for each t > 7 and ¢ € W, N N, o

F(t,¢) = F(t — 7, F(r,)) = F(t — 7, 45(0,9)).

In order to show that pW C L is open, and that w is C?, it is therefore enough
to prove that for every t > 0, S

PF(t, )(W4) C L is open,and wlpF(t,-)(W4) is C.

So let t > 0 be given. The Cil—mapvpoF(t, -)|W4 is injective (p|W is injective!);
its derivatives are injective since :

TgWa CTyW C SU{0} (Corollary 8.1),

Dy F(t,¢)S C S (Proposition 3.1.2),

DyF(t,¢) is injective, and - 0 ¢ pS.

It follows that p o F(¢,-) defines a C*—diffeomorphism B; of W, onto the open

subset B;(W,4) = pF(t,)(Wa) C L. For x € By(W4) and x = pp, ¢ €
F(t,-)(Wa) C W, we obtain ’ ‘

S w(x)=(id—p)¢ and ¢=F(t,)o B (pg).
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10. The Lipschitz Condition
We proceed as in [36, Section 7]. Lemma 4.1,‘i.é.

(10.1) S 0¢rs,
and [36, proof of Lemma 7 1] yield the following result. »

LeMMA 10.1. Let a subcone S'C S be gwen The following statements are

equivalent.
1. There ezists c* >0 with ||| < [TVl for all ¢ € S

2. There ezists ¢ > 0 wzth c-[loll < lipdll forallp €S'.

In [36] we made the hypothe51s (H2) that the zero solution of eg. (1.1).1s
linearly unstable. This is not required in the present paper.

Observe that all prerequisites for [36, Proposition 7.1] (with the exception
of (10.1) above) and (36, Proposﬂslon 7.1] itself are derived without using (H2)
Therefore we have our final result in this section.

ProposiTioN 10.1. Letr >'0 be given. There exists a.constant c(r) > 0 with

the following property: .
Ffz:[to— 1,000 —R and z* : [to— 1,00) — R are so-Iutioqts of eq. (1.1) with

V [:c(t)\ <7 and |e*(t)| < 7 for allt > T0 — 1, so that

di=z—2" has no zero in [to — 1,%0]

then, for allt > to +2,
e(r)lldel| < llpdll

As V7 is compact there exists r(W) > 0.so that every solution of eq. (1.1)
with phase curve in W is bounded by r(W). Now it is easy to derive

() - will (i 4 (/(1@) ol forall xepWix' €W

For x # x* in pW, consider the solutions z : R — R and z* : R — Rof eq.‘

(1.1) with zo =x+wx), @ =x" + w(x*). For some t < —6,d=z—2"
satisfies di € S (see (8. 1)) There exists to < —2 so that .

dy, has no zero (Proposition 3.1.2).

0
Proposition 10.1 yields ‘
o(r(W)) - lIx +w() — (0 +wOOI = o(r(W)) -|ldoll < llpdoll = lix — X7
Set ‘ - ‘ ‘
S S
L e(r(W)) .
Finally, we obtain a Lipschitz continuous extension
. 5 oW —Q c
of w, with Lipschitz constant 1, so that

- W={x+w(): xepW}
W\Wz{x+w(x).x€8pW}.

11.. The Return Map on W

Ph |
ase curves on W intersect transversally with the hyperplane H More

precisely, for
X =WnNH

we have the followmg proposxtlon

PROPOSITION 11 1. For every squtzon z: ]R — R of eq (1 1) wzth €W
t

forallt, and zg eW N H,

(z')o = D(t — a:,)(O)l € (T, W) \ H.

Pro |
OF. (Compare the construction of the map stop in Section 3) We have

z‘( 1) 0 ZeIOS are SlIIlple ence 0 # z 1 O 11 D
AIgUIneI]tS fIOIIl the pIOOf Of 36 I IOpOSltlon 9 1] yleld our Ilext Iesult

COROLLARY 11.1. X is a one- dzmenszonal C*-submanifold ofC

Ohserve that X is the disjoint union of the open subsets

Xt =WnK, X~ =Wn(- K)

(SH.—}?; seWnH 1mphes ¢ €K U( K)).
e return map P may not be defined on all of X7t and X - So con51der

ot .= {¢ eXt: J(¢) > 9},
O :={peX":J(¢)>2}.

The union of these sets forms the domain of P. They are open in X%, X -

respect
pectively (thls follows easily from the simplicity of zeros of solutions w1th

phas curve IIl nd fl' m ¢
ntln
(5] V [’[’ a O. O uous dependence on lnlt]a]. data)

(11.1) J(z) =0 l’for all solutions z:R — R of eq. (1 1)

. . with phase curve in W
is equivalent to/, o o
i Ot =Xt and O" =X~

while in case

PN

(11.2) J(z) < oo for at least one solutxon T: ]R — ]R of eq. (1.1)

. with phase curve in- W
we have o o
O+ ;é X+ and O ?/; xX-.
The arguments from [36, P
next result. [ roposition 9.3, proof, parts. 1,3, 4] lmply our




COROLLARY -11.2. P maps O diffeomorphically onto Xt and O~ diffeo-
morphically onto X~. .
We write ' - . .
pt.ot —xt, P :00 — X~
for the C—diffeomorphisms given by P. ‘ o ‘ ‘
COROLLARY 11.3. yg and Yor(y) + 1 are unstable hyperbolic_fized points of
Pt and P, respectively.y For both maps, the eigenvalue of the linearization at

the fized point is
C u > 1.

ProoF. 1. Remarks 8.1 and 8.2 yield Wy C X,P(Wg) C X. Hence
\ Tyo Wy C TyOX; o :
in fact, _ , . o
| TyoWa = TyoX (= Ty X+ = TyoO")
since both spaces have dimension 1; and '
Recall that DP(yo) expands the line Ty, Wy = Gg by the factor u > 1.
2. Let z; = z;(y), for j € Z. It remains to consider P~ and y,, 4 1 € O7. Note
first that P/, maps Ot U0~ into Ky, ie. into the domain of Pl/z,' and
Pip(OYYCWNH=X. '
Choose a basis vector ¢7 of Gg = Ty,O. Then
¢_ \:%— DP]_/;(!/O)QS% € Tyzl + 1X = TyZ1 + 10_
We have ¢~ # 0 because _
0# u-¢* = DP(yo)¢* = DPa(yz; 4+ 1(DPy2(yg)$™)-
Finally, : ) . .
DP~(yz, +1)9” = DP(yz, 4+ 1)¢”
= (DPy2(Yz, 4+ 1) 0 PPa2¥z + 1) o DPy(y0))(¢")
= DP;j2[DP(y0)¢*] = DPy5(yo)lu - ¢t]=u-[DPya(yo)d]=u-¢~. O
It is convenient to introduce local coordinates at the point o of the C*-
submanifold Ot of C. Choose a C*~diffeomorphism
) hi(=1,1) — N*
onto an open neighborhood Nt of yo in Ot, with
v h(O) : Yo.
As yo is the only point on |n| in ot,
h(a) ¢ |n| for 0< la} < 1.
Proposition 11.1 implies that the tangent vectors '
()o € (Ty,W)\ H and' Dh(0)1 € Ty,0F C (TyW)NH
are linearly. independent. As p defines a diffeomorphism of W onto pW, we
obtain the next corollary.

CoRrOLLARY 11.4. D(poh)(0)1 € L and p(y')o € L are linearly independent.

So, for € > 0 sufﬁgiently small, poh((—¢,0)) and poh((0, €)) belong to different
components of L \ |p o n]. By a modification of h, we achieve

. po ﬁ((—e,O)) - int(p o) 'fborbsome € EH(O, 1).
It follows that there exists a € (0,1) such that we have
poh((-a,0) Cint(porn),
P* o h((~g,a)) C h((-1,1)),
and the C'-map
0:(~0,a) — (-1,1), g(a):=h"{(PH(h(a) for lo|<a
satisfies ' ‘ . |
9(0)=0, J0)=u>1, ¢(@>1 for [a<a.

E?ch a € (—a,a) is the endpoint a = ag of a backward trajectory (a;)° ., of

g -
sign(a;) = sign(a) forall j and 'aj —0 ‘as j— —oo.
‘The solution % : R — R of eq: (1.1) given by '
- z§ = h(a) € OF
has segments -
: xf EW: .
Its zeros form an increasing se ‘ i 'hich
quence of points z; = z; (2 '

52y We hav points z; = z; (:1:) which has property

:L'GZZ]. +1= h(aj) for all integers j < 0.

12. Simple Closed Curves on W -

Lft a € (—a,0) be given. Set z := z° and consider the sequence of zeros
(z]?_oo ofz, 2<J€ZU{co}, 2z =—1. Now, a is the endpoint a = ag of a
trajectory (a;)° . of g in (—g,0);

s
P .
P a; —0 as j— —o00

and
(12.1) h(a;) = Tag+1 for j<O0.
We define piecewise smooth simple closed curves
- &:[-1,11—C, je-N
with values in W: ' | | '

CFor —1<1<0, &)= (-t a; + (L+1) - aj_y).
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(aj-1) = in OF C
Le., this piece of §; connects h(aj) = Tzy; + 110 h(aj—1) = Tzp; g+ 110

DT For’ 0Lt < 1, ﬁg(t) = F(t . (22]'2 —-‘2’2]'__2)‘,12,‘2,2}_2\_‘__ 1 ):
Here we follow the phase curve from Z4,; , +1 t0 2555 41 ::»5]-(—_1). . |
In case (11.1) holds, i.e. J ~ 6 and OF = X+, we define §; also for ] €N,

N §(t) = (P+.)~j‘_(€o‘(t)) ve Ot cK for ~1<<0,

' 1) <1
Ej(t) = F(f (225 — zzj_g),$22j_2 + 1) "_for 0<t<1
Whenever &; is defined, Ce
fj([—l,()]) CcCWnK
while &;1[0,1] isa teparémeferizaﬁoﬁ of the phase curve between z Zaj_at 1 and
Tz05 + 1 | | S .,
ProposiTioN 12.1. Let k € No,© j € Z. Assume j < 0 and k +] 5 Of or
assume that (11.1) holds. Then - .
£rs (1,00 = (PHFEG-1,0D)- |
Proor. In the first case, use\En([—l,O]) = h([an,an=1]) foralln < 0, and
g¥(a;) = ak+is gF(ajo1) = arsj-1, and
hogt =(PT)foh on [aj,aj-1]-
In the second case, PT maps O+ = X1 one-to—one onto X+, and 1t is easy to
deduce the assertion. .U - : | |
PRrROPOSITION 12.2. Let j € Z. Assume j < 0, or assume that'(11.1) holds.

Then o :
lpoé;l C int(p o n)-

ProoF. The case j < 0: Following &; we see that each point on |¢;] connects
in W \ |n| to, say, h_(aj). ‘_R,ecgllithat v ‘

| '. ~ ph(e;) €imt(pon), -

and use the fact that p maps W one-to—one onto pW C L. In case (11.1) holds

and j > 0 we note that
(1,0 = (PP (L) C K
is disjoint with || since I
pt.x+t — X+ is one-to-one, . P*(yo) = %o,
0K = G@-LNRI=0 d
Also, z; ¢ |n| for all t € R (otherwise, .we obtain a contradiction to (12.1) an

a; #0forall j€ —Ng). Following &; and the phase curve of = we see that |:Tach
pJoint of |¢;] connects in W\ |n| to.h(ag). Continue as In the first case.

PROPOSITION 12.3. Let j € Z.. Assymé j <0, or assume that (11.1) holds.

Then A ' ’
Igj—ll n |£]| = {41:22]'_2.4— ]_}’

and for integers k < j,

[E—1lN &1 =0.

ProoF. It is obvious that the intersections of traces contain the sets on the
right hand sides. We show that they are‘also subsets of the right hand side. Let
an integer k < j be given.

1. Proof of
&-1((0, 1)) Nt =0.

Otherwise, there exists &x_1(f) = z, ¢ K in |¢;] where ¢ €(0,1), s < zar—2+1.
Necessarily, .

z, =&j(t) =z, where t€(0,1) and z32+1<s.

It follows that z is periodic, and we arrive at a contradiction to (12.1) and a; / 0
as j — —o0. ' '

2. Proof that
¢ € &—1([-1,0]) N |¢;] implies k=37 and ¢= Trpig+1-

Such ¢ belong to & ([=1,0]) C K. There exist ¢,£ in [~1,0] with

Ee-1(t) = 6 =& (0):
Henge, .

. _ (P+)—j(§k—1(t)) = (P1)7(&(1)-
Proposition 12.1 implies that the left hand side belongs to

1 €r2j-1([=1,0]) = h([ar-j-1,ak-j-2]);

~ the right hand side belongs to

e /

&o([~1,0]) = h([ao, a-1])-

Strict monotonicity of g yields k = j and
(P*)7(4) = h(a-1);

6= (P*Y(h(as)) = (P*V (s y 1 1) =22y y41- O

Next we consider points on |£;] in —K and their projections in' L. Such points
have the advantage that close to them &; is smooth (given by the phase curve of

z).




PROPOSITION 12:4. Let j € Z. Assume j < 1, or assume that (11.1) holds.
For every integer k < j,

PZyy 1+1€ int(p 0 £k)-

ProoF. 1. In case j < 1, o o
Topiy +1=P1/2(Tag o + )= Pl/z(h(aj—§))~,
Set a‘.‘ := aj_1 € (—a,0), and consider the map
CTI:[a*,0] 2 & — Pyja(h(a)) €C.

I maps into —K C H.

In case that (11.1) holds, and j > 1, :

Troj—1+17 Pl/z(“’zzj_z +1= P1/2((P+)j_1(:c0))
= AP RG))-

Set
a* = ag € (—4,0),

and define II : [a*,0] — C by

(@) = Pyjo(PHY " (h(@)) € —K C H. |
2. Tl connects ), ;41 in WNH to Yo (y) + 1 € |n|- Since all maps involved
are given by diffeomorphisms,

< 0#£DI@)1 for a*<a<0.
3. Proof of

l&k‘ N ‘HI = {zZQk_1 + 1}' :

&N || C {...} follows from II| € —K and from [§x|N(—K) = {...}. In case
(11.1) holds and j > 1 we deduce from k < j that .

ngl e zz2]::—1 -+ 1= Pl/Q(xZQL;_z +1) = Pl/Q((P+)j"1(£Z2k_,,2_2(j_1) + 1))
= Pyja((PTY 7} (h(ax-5))) € 1T,

since a* = ag < ax—j; < 0. .
In case j < 1 we obtain

el D 2200y +1 = Pryal®rg_p + 1) = Pyja(h(ai-1)) € |0}

since a* = aj_1 < ag-1 < 0.
4. The nonzero tangent vectors DIl(a)l € H N TyyoyW where

I(a) = Ty 1+ 1o

and DEx(t)1 where
te (0, 1); ék(t) =Trop_1+ 1>

are linearly independent since DEg(¢)1 is a multiple of
(xl)ZZk—-l + 1 S (Tfk(t)W) \ H.

As p maps W diffeomorphically onto pW C L we infer that the projected curves
polIl and p o & have linearly independent tangent vectors at their intersection

" point

P g+ 1
Now, |po&;| C int(p o n) implies
poll(0) = py, () 4 1 € Iponl Cext(po&i)-

It follows that the other endpoint of |p o II|, namely,

P2y +1=poll(d),
belongs to int(po &;). O

CoRrOLLARY 12.1. Let integers k < j be given. Assume j < 0, or assume

that (11.1) holds. Then 1. |po&;|\ {p:czzj_z, +1} Cint(po&_1),
2. |po&;| C int(p o fr-1),

3. inl(po&;) C ini(po&x),
4. [po&k|\lpo&;| C ext(po&;).

Proor. 1. Proposition 12.3 implies that each point in

IgJ! \ {mZQj_g + 1}

connects in the complement of |§j_1[ toz Zo5_1 +1- Apply p and use Proposition
12.4.

2. As before, with the last assertion of Proposition 12.3.
3. Assertions 1,2 and Proposition 12.3 yield
[pog;| Cint(po&y)Ulpoésl,

and a standard argument completes the proof.
4. This part is a routine consequence of the first assertions. 0O

COROLLARY 12.2. w(z) C W\ W.

Proor. I‘Fgrst, w(z) C W is obvious. Next, pzo € int(pon) (Proposition 12.2)

and '
z; & |n] forall ¢

imply that pz; € int(p o n) for all ¢ € R. It follows that

pw(z) C int(pon).
Suppose w(z) NW # 0. Then there is a solution z : R — R of eq. (1.1) with

. phase curve in w(z) N W. Convergence to |n| as ¢ — —oo. implies that there

exist ¢ € R with )
pz, € ext(pofo)




(lpon| C ext(po&) since lpo §0| C int(p.on) (Proposition 12. 2)). - Using
z, € w(z) we find s > z; + 1 such that
pzs € ext(p_o fo). . |
Recall Py +‘i € int(i) o £o) (Proposition 12.4). It follows that there exists
t > z; + 1 so that ,
pry € [poéo| (in paxticulaf, z; € ]fgl.),

pTy €int(po&) for z1+1<wv <t
In case z: € &([0,1]), = = z, for some v < zo + 1, and z is periodic which

leads to a contradiction.
It remains to consider the case

z: € &((—1,0))-
Then z; = h(a*) where ap < a* < a_1. The backward traJectory (@)l of g
which ends at af = a* satisfies ‘
aj < aj < aj-1.
The solution
z* = 2(-+1)
has zeros 2}, j € =N, such that
* = *Y;
ngj 417 h(a3);

and
ey ¢ K forall 1<0 not contained in {z3; +1:J € ~Ng}.
Therefore,

Kah(ao)_a:()::ct_:c* 1 = h(aj) for some j€-No

which is a contradiction to ag < aj [

Next, we construct homotoples of closed curves in W which connect a repa-
rameterization of 77 to a reparameterization of a curve §;. We do this for j =0,
and in case (11.1) holds, also for every jEeN

The map o

m:[a,0) x [-1,1] — C
given by
m(s,t) = (PTY o h((—t)s + (1 + t)g~ (s)) for t<0

m(s, )= F(t- (z2((PTY oho g s) +1, (PtY ohog '(s)) for t2>0
is continuous since both formulae y1eld the same value (P"’)] ohogTli(s) at

points (s,0). Note that
m(a,t) = &(?).

The closed curves m(s -),a < s < 0, are all analogues of §;, composed of a piece
(PtY oh(s,g7*(s))) C WNK,

and of a piece of the phase curve through |

(P*Y o h(g~1(s)) and (Pt) o h(s).
The number s serves as the homotopy parameter: The points

m(s,1) = F(z((P*Y o hog™}(s)) + 1,(P*Y o hog™\(s))

= (P*)*! o hog™}(s) = (P*) o h(s)

on the curves m(s,-) fill the homeomorphlc image of h([a 0)) under the map

(P*) (a connected set in the one-dimensional submanifold X+ = W N K).
The transformation

¥ :“[ai_,.O) x [0,1] — [a,0) x [-1,1]

given by :
N i \Ill(s,t) =8
and
\Ilz(s t) =t _ 1 for t<—
’ /2a T 2a
—(s/2a s’
‘Ifz(s t) ($/2a)) for % S i
1s continuous since both formulae fqr ¥, y1e1d the same value when
s .
t = %’

- Wy(s,-) maps [0, 255] onto [~1,0] and [2%,1] onto [0, 1].

The interval [0, 2%] shrinks to {0} as s /0. Now define
M(s,t) :==mo¥(s,t) on [0,a)x [0,1],

M(s,t) =n(t-7) for s=0, 0<i<1.
We have that M is continuous on [a, 0) x [0, 1]; M(a,-) and M (0 -} are reparam-
etenzatlons gf f: and 7 since

M(a,,t) =m(a,2t —1)=¢&(2t—1) and M(0,t) =n(t 7).

Each M(s,-) is a (simple) closed curve on W.
We next show the continuity of M at the points (0 £):
Let a sequence of points (s,,%,);n € N, in the domain of M be given with

($n,tn) — (0,t) as n — oo.

Clearly, as n — oo,

M ({sa} x [0,32]) = (P*Y 0 hl(sn,a7 (o)) — (P*Y o h(0)




=Y = M(O)O)

" ’ - . . h
For a subsequence of points (s,,(n)',t,,(n)), v - N — N strictly increasing, suc

that

sl/ n
tuny < ot forall n€N, |

necessarily t = 0, and- , ‘
M(s,,(n),t,,(,.)) — M(0, 0).
For a subsequence of points (s,,(,,),t,,(_,,)), v : N — N strictly increasing, such
that

Sy(n) ' N
tu(n) > (<0) forall ne€R,

we obtain, in case Sy(n) < 0,
M (unys tuny) = M50(m) ¥2(S0(m)s tu(n))
_ F@s(..) - (a((PHY 0 ho g™ (su)) + L (PFY 0 ho g™ (sum):
and in case sy(n) = 0, '
M($y(n)stv(m) = M(tu(n)7)-
Observe- that in case $,(ny <0,

tyn) — (sy(ﬁ)/2a)
To(Sy(nystu(n)) = 1 — (sy(n)/20) )

For every further subsequénce of points (s,,o,g(n),t,,o,;(,,)), % : N — N strictly

increasing, such that , |
Syor(n) < 0 forall neN

we infer

\1’2(suon(n):tuon(n)) —t .as° n— 0.
Continuity of ¢ and h and P*, and the equations g(0) = 0, h(0) = v,
P*(yo) = yo may now be used to derive

My tomy) — F(t- (22(PY 0 h(0)) + L (P*) 0 h(0))
= n(t-7) =MD,
aﬁd it is.routine to complete the proof.
PROPOSITION 12.5. ezt(po &) Nint(pon) C pW. If\i(ll.l) holds, then
ext(po &) Nint(pon) CpW  for every jEN

ProOF. Set j := 0, or assume that (11.1) holds, and let j € N in this case.

We have
M@, = 11, 1M, )] = Inl.

Hence,

ext(po€;) = ext(po M(L,-)), ext(poM(0,)) =ext(po n)-

Suppose there exists

x € ((ext(po&;) Nint(p o)) \ pW.
Then x € ext(po M(1,-)), and
0 = wind(x, po M(1, -)) = wind(x,p o M(0,-))
since po M is a continuous homotopy of closed curves in pW, x. ¢ pW. Therefore
x € ext(po M(0,-)) = ext(pon),

a contradiction to x € int(pon). O ‘

Later on we shall sometimes write £; , and M; , instead of §; and M.

All constructions in this section have counterparts if we begin at the other
unstable fixed point of P on |n|, namely at the fixed point

yzl(y)+1 €e0” C-K
of the map P~. . ‘
Let a= < 0, h™, g~ denote the analogues of ¢, h, g¢. Every a= €

(a™,0) is the endpoint a~ = ag of a trajectory (a; )%, of g~ in (¢7,0);

aif —0 a j— — 0.
a” determines a solution £* : R — R of eq. (1.1) with phase curve in W, by

zy=h"(a") €-K.
The zeros of z* form a sequence (zj* ) o) 3% J €ZorJ= 0o, with property
(3.2), and ‘ ’ '
' 2y =-L

For applications in the next section, it is convenient to perform a time shift. Set

z:=2% =242 +1)
and

zj :=2; —{(25+1) forall j.

The zeros of .'c/are then given by the sequence (zJ)'l oo’ Property (3.2) is satisfied,
and e ' ‘
20 = —la

—_ * g : * '
:c.Q = 1€ K (since T4 € —K),
z21‘+ 1= x’;I 41 — :(;6": h_(a_) € —-K.
As at the beginning of this section, we construct closed curves
&[] —C
for all j € —Ny, and in case (11.1) holds, for all integers j, so that

& ([-1,0) c W n(—K),




and for 0 <t <1,

& (t) = F(t- (225401 — 22i21)5% 2951 + 1)-

13. A Periodic Orbit in W \ W

We assume in this section that (11 1) holds, i.e. J(z) = oo for all solutions
tR— Rofeq. (1 1) with phase curve in W. We look for a periodic orbit in

W \ W which projects into mt(p on) C L.
Consider a solution z* =z ,a < @* < 0, as in the precedmg sectlon Then

z} ¢ |n| for all £ € R, and it follows that

(13.1) | . px} € mt(po n) forall teR

since pz} = ph(a*) €int(p o 7). The zeros of z* form a sequence (#7) % with
property (3.2), and

) — j € L.
.’L'* IGA, :cz;J+1+1€ K forall ]?

The felations

z;—nl as t— —loo, Nk ={yw} WhNEE) =1y, @)+ 1}
imply that the trajectories-
(:L";* + 1)i°°° of Pt and (:L' AR 1) of P~
converge to yo and Yz (y) + 1’ respectlvely, as j — —00. Usmg (13 1) we mfer
that there exists an integer k so that

L Eh(@),

xz;k-'-l + 1 € h((g ,0))

Set : :
z=z"(: +z2k+1) "md zj = ;+2k_(z;k+1)_ for jE€Z

Observe that the sequence (z;)%,, has property (3. 2);
e (0)= {55 € T}

and
zZo = —1,
) =2 1T = h(a) forsome a€ ( ,0),
Ty 415 x22k+1 17 = h(a™) for some a~ € (_q‘ ,0).
Therefore " o o
=z =2"

Let §; and §;, j € Z, denote the closed curves, associated as in Section 12,
with £ and 2%, réspectively Then'
éj(l):#22j+1€K’ (1) 1:22 +1+1€ K fOI‘ all _?GZ
COROLLARY 13.1. For integers k< j—1, ezt(pofk ) Cezi(po&;).
Proor. The analogue,of Cor‘ol.lary 12.1.2 for the curves &7 y1_elds -
lpo&; | Cint(poéy).
In particular, the point PZa:+1€ [p o &;| belongs to'int(po ;). We have
Ginlgg =9
since _ SR
G(-Lpng (L) cKn(-K) =0
fj([o, 1]) = {:ct : zgjo2+ 1<t < 295 + 1},
&0 1) ={zs s zak1 + 1<t < zopg1 + 1,
Zogp1 +1 < 295 2+1
and z is not periodic. We conclude that
lpo&;|l Cint(poly)

from which the assertion follows. =~ U
There is a strictly increasing sequence

so that the subsequences (:::zh(”)1 and (“”Zm(])+1)1 converge to points ¢ and

¢~ respectively, in w(z) € W\ W (see Corollary 12.2). These limit points
determine solutions b and b~ of eq. (1.1), both defined on R, so that

b‘_1 = ¢’, b:l = ¢',";

the phase curves of b and b~ belong to w(z)N (W \W). On any compact interval
[—2,t],t > 0, we have uniform convergence

(13.2) ‘ Y4 z(s + z245) + 1) — b(s) as j— o0,

(13.3) z(s + Zou(j)+1 T+ 1) — b= (s) as j—o00.

(Working with phase points at ¢ = z5; (and t = zzj.;l), j € Z, instead of

t = z9; + 1 also implies that derivatives z'(t + z3,(j; + 1),¢ > —1, converge to

b'(t) as j — oo. This will be shown and used in the proof of Proposition 13 4
below.) In particular,

Trugy+1 0 EE

and L ‘

ey +1 70 €K




as j — oco. The case by = 0 is equivalent to & = 0. In case by # 0, the zeros
of b are given by a sequence (z; (b))'_’_g? where 0 < J(b) € Z or J(b) = o0, and
zo(b) = —1. Analogously, b; = 0 if and only if b~ = 0; in case b~ 96 0, the zeros
of b~ are given by a sequence (z; (b~ ))J(b ) where 1 < J(b~ ) € Zor J(b ) =
and z;(b7) = —1. .

Incidentally, note that we can not immediately conclude that b and b~ have

the same orbit since there is no estimate of the distances 22,(]-);1 — 2zg,¢)- But

we do have the following result.

CoROLLARY 13.2. Ifb=0 then b~ =0, and
6‘(.7')+1([0’ 1]) —0,. gt_(j)+i([07 1]) —0 as j— oo
Proor. 1. Proposition 3.2 implies that for all j € N,

max lz} < dj - max [z]

125,570 + 111 =
2+t Z2(j ) 415 220(5)+2] [22.(5)» Z20()+1]

=ds - ”zzzt(]) + l”
2. Also by Propos1t10n 3.2,forallj €N,

maxlléc®= ~ max

2| < (df +1)*ll2zy,5 + 1lI-
2245 ) 220(5)+2 T i)+

This yields £,(j)1+1([0, 1]) — 0. The argument for the curves Ey41 18 analogous.
O ' , . :
ProposITION 13.1. 1. Lett € R. We have
pb: € int(pon) 3 pby,
and for all j € Z, .
pb; € int(po&;), pby € int(po&;).
In particular,
beg In|UlG| and b ¢ In]UIET -
2. In case b#0, J(b)=
Proor. 1. The relations |p| U |§] C W, b, /Ei W\ W,‘ imply that some

convex neighborhood Ny, of pb; in L is disjoint with |[pon|U|po&;|. As b; € w(x),
there exists s > z3j42 + 1 with z, € p~1(N.). We have

z, € £g([0,1]) for some k> j+2,

and
[po&| Cint(pon)Nint(poé;)
(see Proposition 12.2 and Corollary 12.1.2). It follows that

by € int(pon) Nint(po§;).

The proof for b;” and &; is analogous. :
2. Suppose J(b) < co. Then b(t) — 0 as t — o0, and 0 € C is an attractive

. stationary point of the semiflow F' (Section 3, Remark 4.1, parts 2 and 3). For

every % in some open neighborhood U of 0 in C,
F(t,9) —0 as t— oo,

Choose t > 0 with b; € U. There exists s > 0 with z; € U. Hence z(t'}) — 0 as
1’ — o0, a contradiction to

z’zzt(~)+1““*605‘60 as j—o0. O

Part 2 of Proposition 13.1, statement (13.2) and the s1mphc1ty of zeros yield
our next result. :

CoOROLLARY 13.3. In case b# 0, for every k € No,
22.(5)+k — %2:(j) — z(B)+1 as j— oo,

and if € = e(k) € (0,1) satisfies zp12(b) + 1+ € < z143(b), then the set {x; :
zo(i)+k + 1 <t < zouyert2 + 1} converges to the set

{bs : 25 (b) + 1 —€ < 5 < zpya(d) + 1+ €}
as j — 0. ‘
COROLLARY 13.4. In case b # 0,

:I:Z2L(j)+.1 + 1 —_— bZ]_(b) + l as ] — OO,

and
T =b(-+z(b)+1)..

ProoF. The convergence
Tray +1 7005 Z2uGytr — 22y — 2()+1 for j—oco.
and contihuity of F' imply
bZI(b) + 1 = F(Zl(b) + 1, bO) = ]-]E’Eﬂoo F(Zzl(J)-l-l —_ Zzl(j)’ xzzt(j) + 1) .

/:/
e 11 bO D

Taugy+r+1 =
PROPOSITION 13.2. In case b # 0, b is periodic with minimal period zo(b)+1.
- PROOF. 1. Suppose by # b22(b)+ 1- Then

bar(d) +1 7 bag(b) +1-

(Otherwise, b would have period z3(b) — 21(b), with z2(b) being the only zero in
the period interval (21(b), z3(b)). This would imply

29(b) + 1 = 22(b) — 20(b) = 23(b) — z1(b),




hence bz p)+1="00 2 contradiction to the assumption above.) o
Choose € € (0,1) with:z4(b)+1+€ < 25(b). For zz(b)—}-l e <t < z4(b)+ +e,

bt € —K ifand onlyif t=z3(b)+ 1.
Tt follows that for every ¢ as above,
| bt # b m)+1. (€ —K):
Note K={peC:0<¢}, and K n(=K) = 0. We conclude that
d := dist(pb,, (3) 41 p(WAEK)U {pby : z2(b) + 1 —e ST < za(b) + 1+ €})

is strictly positive.: : :
9. Corollary 13.4 and Corollary 13.3 permit us to find j €N Wlth

. | d
1% 25,000 + 1~ Poy(5) + <3

and p
dist(pz:, {pbs : z2(b) + l-e<s< za(b) + 1 +¢€}) <3

for Zau(j)+2 + 1<t < zoG)4a t+ 1.
It follows that for 0 < ¢ < 1, the points

po&+2(t) = PF(t - {z2p(iyea — 2oy 2-2: g ez + 1)
PP (2905 y4a — Zu(i)42) T 2242 1
belong to the %—neighborhood of
T {phy : za(b) +1—€ < s < za(b)+ 1+e},
0 d
5 < dist(p o &,¢j)+2([0, 1])’pr1 (b) + V-
Since &,(j)+2([-1,0) CW N K, .
po&t2([-1,0) Cp(WNK); . S
therefore, p :
7 < dist(p o €.iyral(-1 0D, szl(b) +1)-
Combining these we have '
d
(13.4) ‘ 5 < dist(p o Eysals szl(b) + 1)

3. Corollary 12.1.4 says that the point
d
on |po&,j)+1! belongs to ext(p o £L(1)+2) Using (13.4) we infer that

Pby, 3y + 1 € ext(P O Liii)+2)s

as well, and this is a. contradmtlon to part 1 of Prop051t10n 13. 1 O
" In case b # 0 we set

» _ 7= z9(b) + 1
and define a simple closed smooth curve 3 : [0, rb] —C by
B(t) = bt

In this case, b~ .= b(- + z (b) + 1) has the same penod 75, and for the simple.
closed curve ﬂ" o,8]3t— b €C,

1871=18
At the end of this section we shall prove assertion 3 of Theorem 5.4, i.e.,
(WAwW) ﬂp“l(int(po m) =1l i b#0,

(W\W)np~(int(pon) = {0} if b=0,
in case that (11 1) holds.
The first, simple step towards this is the following.

PROPOSITION 13.3: 1. In case b=0, pW C L\{0}.
2. In case b#0, pW C ext(p o f).

PrOOF. 1. The first part follows frorn pW @ .S' 0¢pS.
2. Recall |po 8| C'int(pon) (part 1 of Proposition 13. 1). Hence
lpo nl C ext(po B3).

For each ¥ € W, a phase curve through ¥ connects ¥ in W = W\ |8] to. a
point in the open neighborhood p~*(ext(p o 8)) of |n|. Apply p and deduce
pY Eext(po f). O . :

PROPOSITION-13.4. 1. In case b# 0,

o ezt(po B).Nint(pon) C Uyezt(po;).
2. In case b= 0, ) o ,
' ~intpo)\ {0} C Uyest(pog;).
~ PROOF. 1, The case b # 0. Let x € ext(po B)Nint(po n) be glven Recall
(4 2) which implies

= (L\PK)U(L\p(-K)).
1.1. The case x € L\ pK.

1.1.1. L\ {x} is an open neighborhood of |p o 8|. Corollary 13.3 1mphes that
there exists jo € N such that for all integers j > jo, . -

pody+1([0,1]) C L\ {x}-

We introduce homotopies

hom; : [0,1} x [-1,1] — L, €N and j> j




which deform po&,j)4+1([—1,0]) in the convex set pK into the line segment from
PE.i)+1(—1) to PEuiy+1(0): : :
hom; (s,2) 1= 5 - (—t - pE(jyr1(—1) + (L +1) - PEuiy41(0)) + (1 — s) - pEu(i)+1(t)
for <0, ' ‘

hom; (s,t) == p€.j)+1(t) for 0t
Observe that hom; is continuous, and that each hom; (s,-) is a closed curve which
is piecewise smooth. We have ‘

x ¢ hom;([0,1] x [~1,1])
hom;([0,1] x [— 1,0]) C pIx c L\ {0}, hom;([0,1] x [0, 1) c L\ {x}

It follows that the winding numbers of p o &yj)+1 = homy (0 )) and hom;(1, )

with respect to x coincide.
1.1.2. The advantage of hom; (1 -) over po &,y is that the complex-valued
integrands of the Riemann integrals over [—1,1] which define

wmd(x, hom; (1, ))

converge uniformly to the integrand of the mtegral which deﬁnes the winding

number
wind(x,p o 8)

where the curve ~ : ‘
pofB:[-1,11—1L
is given by

pofB(t) =pby for t<0, - poB(t)=pB(t-m) for 0t
This uniform convergence is a conse.quence of the following simple facts. First,

5‘(1')'*'1(0) =Tz +1 and Et(j)"r"l(_l) = é‘(.‘I’)'i'l(l) = ZTrugy+2+1

both converge to by = b 2(b)+1 3 j —+ oo. This implies that uniformly for
te[-1,0], _ ‘
hom;(1,t) = —t - p&,¢jy+1(—=1) + (1 + t) 'Pﬁb(j)+1(0) — pbo = po B(t)
as j — oo, and o - '

Dzhomy;(1,2) = p€,(jy41(0) — Péu(sya(=1) = 0= Dpo f(t)1

as j — 00.
Secondly,

Zou(i)+2 — () — z2(b)+1 and £z2t(j)__|_ 1—bg

and uniform continuity of p o F' on the compact Set
[0 Zz(b) + 2] x ({bo} U {xzzl ) + 1:7 €N}
1mply that uniformly for ¢ € [0, 1],

Jbom; (1,8) = plu(jy+1(t) = PF(E - (225342 — 223))s T2, 5y + 1)

| —pF(t-(22(b) + 1),b0) = po B(t) as j— oo.
Finally, observe that for 0 < ¢ < 1,
Dshom; (1,¢) = pDE, 41 (8)1
= p((z2:(5)+2 — 225 - (2")

nd zugy+ 1+t (»ZéL(j)+2 —_Zzz(j_))_

Dspo B(t)1 = pDB(t)1 = P((Zz(b) +1)- (), (z2(b) + 1))
eq. (1.1) yields
(). =pz_ +fox.
=pu-F(t- -

l—l ( (ZZL(])+2 Z2L(]));:(:22L(J) + 1) + foF(t- (Z2L(J)+2 - ZZL(J)) xz?t(]))
and analogously

) (za(8) + 1) = # - Ft - (22(8) + 1), bp) +F o F(t-(z() + 1) b_1)-
Using uniform continuity as above, and in addition

zZZL(j) - I?—l as j — 00,

we conclude that uniformly for ¢ € (0, 1),

Dshom;(1,t)1 — Dpo B(t)1 as j— oo.

1._1.3: The convergence of integrands obtained in part 1.1.2, and the fact that
winding numbers are integers, yield finally that for j sufficiently large

0 =wind(x,po8)  (by hypothesis)

‘ = Wlnd(X7p o ﬁ) = WInd(X) homj(l) )) = wlnd(va o gt(j)-}—l):
ie., , '

s X € ext(pof,()t1)-
1‘/2. The case x € L\ p(—K). We have
X € ext(po §) = ext(po §7)

since |B] = [B~|. We work with the curves ¢ instead
; of &ujy+1,
case 1.1 and find, for some j € N, v )H 5(])+1 e aen

X Eext(po §L_(J.)+1v).
Corollary 13.1 yields

X Eext(po&;) for integers k> ¢(j) + 2.




9. The case b = 0. Let x € int(pon)\{0} be given. Choose a convex neighborhood
Ny of 0in L such that x ¢ Nr. '

9.1. The case x € L\ pK. Corollary 13.2 iin'plies that for j € N sufficiently large,
péuiy+1([0,1]) € N

Also, ‘
ey ([=1,0) € pK C L\ {x}-

We infer : o
X ¢ lpo&iyril  Ipodiynl C NoUPK.

Now, pK is a convex cone with 0 € pK. Observe that x € L\ (N UpK ) can be
radially connected in L \ (N U pK), i.e. without crossing |po £,(j)+1l, to points
with arbitrarily large modulus. This ifnplies x € ext(p o &(j)+1)-

29. The case x € L\ p(—K). We consider the curves ﬁij) +1) BTBUE as before

and find '
x € ext(po 5;(].) +.1) for some € N.

Corollary 13.1 yields . o
x € ext(po&x) for integers k > u(j) +2. O
PROOF OF ASSERTION 3 OF TﬁEoREM. 5.4 IN CASE. THAT (11;1) HOLDS. ‘1.
Using Proposition 13.4 and Proposition 12.5 we infer that in case b # OA,
ext(po 8) Nint(pon) C pW Nint(po )

while for b =0, )
int(pon) \ {0} C pW Nint(po n)-

Proposition 13.3 now implies
pW Nint(pon) = ext(po f) Nint(pon) if b #0,
| pW N mt(p o n) = mt(p on)\ {0} if b = 0.
9. Part 1 of Proposition 13.1 gives "
18l c (W \W)np~t(int(pon) if b#0,
0e (W\W)np (int(pon)) if b=0.
It remains to show o ‘ »
(WA\W)np~H(int(pon)) C 18] if b#0,
o (W\W)np~(int(pon)) C {0} if b=0.
3. The case b # 0. By Proposition 13.3, pW C ext(po (). Hence
pW CpW C W‘: lpo Bl Uext(poB),
and therefore

p(W\ W) Nint(pon) = (pW \ pW) Nint(pon)

C((Ipo Bl U ext(po B))\ pW) Nint(p o n)
C (lp o Bl U [ext(p o B) Nint(p o n)]) \ pW
C lpo 8| (see part 1 above).
It follows that
(W\W)np~*(int(pon)) C |8].
4. The case b = 0. Then
p(W\W)nint(pon) = (pW \ pW) Nint(p o n)
Cint(pon) \pW C ({0} UpW)\pW  (see part 1)
= {0};

it follows tha_t ‘
(WAW)np (int(pon)) c {0}. O

14. The Case of Eventually Monotone Solutions

In this section we assume that (11.2) holds, i.e. there exists a solution z :
R — R of eq. (1.1) with phase curve in W and ‘

(14.1) _ J(z) < oo.
We shall prove that in this case
(14.2) {0} = W\ W)np~(int(pon)).

Together with the result of the preceding section this will complete the proof of
part 3 of Theorem 5.4. » g ;

The first observations are the following. The stationary point 0 € C of the
semiflow F is stable and attractive (Remark 4.1, parts 3 and 2). We have

(14.3) z; &[] forall ¢t€R

since otherwise z would be periodic and we would have a contradiction to exis-
tence and boundedness of zeros.
A remark in Section 3 yields

S z(t) — 0 as ¢ — oo.

Hence

{0} = w(=).
By Theorem 5.1, 0 € int(p o n); the open neighborhood int(p o n) of 0 contains
points pz;. Using’(14.3) we infer

pz: €int(pon) forall te&R. ”
The latter implies that for some integer j < J(z),

Zz; +1 € h((=g,0)).




Relabeling the zeros z; = z(z) of z if necessary we achieve
. 2<J(z), zo=-1, zo=h(a) forsome a€ (—g,0).
Now we are in the situation of Corollary 12.1, and Corollary 12..2 yields’
w(z) C W\ W. )

Recall from Section 12 the simple closed curve £ = &o,a. associated with a, and
the homotopy M = My, of _closed curves which deforms a reparameterization
M(a,-) of & in W into the reparameterization M(0,) of 7:

M(a,t) =& (2t —1) and M(0;t)=n(t-7) for 0<t<1
The curves
poF(ir, Yok, €N,

are simple, closed and piecewise smooth.

ProrosITION 14.1. For every j € N,

p(W\ W) Nint(p o) C int(po F(jT,) 0 &o)-
ProorF. Let x € p(W\W)nNint(pon). In particular, x ¢ pW, and thei'gforé
x & po F(jr,) o M([a, 0] x [0,1]). |
It follows that o
0 % wind(x, p o n) = wind(x,p o F(j7,-)on) (by periodicity of 1),

or < :
x €int(po F(jr,-)on) =int(po F(jT,‘-) o M(0,-))
(with |n| = |M(0,-)]). By homotopy invariance, B

0 # wind(x, po F(j7,-) o M(0,-)) = wind(p o F(j7,-) o M(a, ")),
hence .
X €Eint(po F(jr,-)o M(a,-)) =int(po F'(jr,'-).p &)
(with [} = |M(a,)). O '

PROPOSITION 14.2. For every solution z* : R — R of eq. (1.1) with phase
curve in W Np~t(int(pon)), )

z*(t) — 0 as t— oo.
PRrROOF. Suppose there exists a solution ¢* : R — R of eq. (1.1) with phase
curve in W N p~!(int(p o n)) so that :
’ 0 < limsup |z*(1)].

{——00

Then J(z*) = oo (see Section 3), and
z; ¢ |p| forall teR

Let (2]), denote the increasing sequence of zeros of *. We may assume
z5 =—1 and =z§=h(a*) where a<a*<0.

Then
wiE*)CW\W - (Corollary 12.2),
and

* d . .
xZ;j+1 +1€ —K for all integers j.

There is a strictly increasing map v : N — N such that the subsequence of

points ‘ ‘ :
.’8** , ] N

Zo iyt T 1 7€,

converges to some

¢* € (=K) NW nw(z*).

We have ‘

& #0
since otherwise, attractivity of 0 would imply zf — 0 ast — oo (see Remark
4.1, part 2), a contradiction to our assumption. Using

z¢— 0 as t—oo, z—|n|CW as t— —oc0,

2, €W forall t€R, and ¢* €w(z’) CW\W,

we infer
0 < dist(po™, {pz: : t € R}) =: d,.
Furthermore, : ' i '
0 < dist(pg™,|ponl) =: dy
and :

pg” € int(pon),
as follows from

$*EW\W, InlCW; po* €p(W\W)=pW\pW, IpwleW,

pd* = lim' p:é;‘*

M P 1 Eitpon) = (nt(pom) Ulporl.

Set )
S d:= 3 min{d,,d,}.

Choose an integer j so large that for

=) +1 and jri=20(+1)+1,
j2 > 71, both points
“i
belong to the open ball Ny C L with center p¢* and radius d. We define a closed
curve ’ '

pz and pic’;,.: in p(—K)=-pK
J

+1 ,+1

f :[‘—1,2‘7'2—2‘7'1]—*0




by

E*(t):z(—t)-;z}* 1—}-(1—+—t) >x* +1 for —1<t<0,

%* — * _ ,.: .
E(t)._xt+z;_l+1 for 0<t§zj2 25

Now, £* is piecewise smooth. Observe that
S&(-L,0pc-K

since K is convex.

Recall from the proof of Theorem 5.1 the construction of the hemotopy of
closed curves in S which connects a reparameterization of the curve 7 : [0, zo,; +
1] — C given by the periodic solution y to the curve n - ¢, in L\ {0};

- wind(0,n-¢,)=n.
1+1 1=25
f*(t)€{¢€C $<0 in (-=1,0)}

Using that for —1 <t < z

(this set corresponds to —Kjg in the proof of Theorem 5. 1) we obtain, by an
obvious modification of the construction in the proof of Theorem 5.1, a homoj;opy
of closed curves in S from a reparameterization of £* to the closed curve ’

n-(—c.) where n:= % “(Jz2=51) > 1.

Applying the projection p we arrive at a homotopy in L \ {0} from a reparame-
terization of p o £* to the curve n - (—c,;) in L. It follows that

wind(0,p o £*) = n - wind(0, —c,) = n # 0;

0 €int(po&™);

int(po&*) is an open neighborhood of 0 in L. Consequently, for ¢ > 0 sufﬁcxently
large,

(14.4) ‘ pzy €int(po ™).
We have
lpo&™| Cint(pon) . ‘
since pz; € int(pon) for all t € R, and po £*([—1,0]) is the line segment from
pE« to pz’«
zj, +1 z7 +1 |
in the convex set Nz which is disjoint with |p o 5|. This implies
lpon| Cext(pog).

Asz_; — |n| as t — oo,

(14.5) pT_y € ext(po&*)

for ¢ > 0 sufficiently large. From (14.4) and (14.5) we obtain that for some ¢ € R
pre €lpolTl; =€,
which leads to | |
0# ¢* €w(e), -
a contradiction. 0O
ProoF oF (14.2). 1. Theorem 5.1 and

{0} =w(z) CW\W
give
0 e (W\W)np~(int(p o n)).
2. It remains to show that, given an open ball Np in L with center 0, we have

p(W\ W) Nint(pon) C Ny.

The stationary point 0 € C' is attractive in the sense of Remark 4.1, part 2:ew-
line There exist positive ¢,6,¢; ¢ < ¢, so that for all ¢ € C with ||¢|] < € and
for all t > 0, B o

IFE el <c-e™?.
For every ¥ € [{o| there‘are t = t() > 0 and a neighborhood Uy of ¥ in C with

WF@,¥*)|| <e forall ¢* € Uy.
It follows that for * € Uy and for all t > #(¢) + 3 log (£),
IF ()l < |
The compact set |&o| is covered by a finite collectlon U by an of such neigh-
borhoods. Consequently, = ‘ '
)

for ty = max t(¥n) + llog (%) +1 and foreach o € |&],
yeeesTd } o

For t > tg an}i/’(l) € [&ol, .
NFEBI < - o801,
We infer that for n € N sufficiently large,

|F(n7,-) 0 &] C p~H(NL);

|po F(nr,-)o&| C Nir.

Proposition 14 1 gives

p(W \ W) ﬂmt(po n) C mt(p o F(nr Jo Eo) C NL. [] R



15. Outside the Projected Periodic Orbit .
The proof of part 2 of Theorem 5.4, i.e. that
= (W \W)n p_l(ext(p on))

is the orbit of a slowly oscillating periodic solution of eq. (1.1), is analogous but
easier than the proof of part 3, because of the following simple observations.

ProrosiTION 15.1. 0 ¢ E.
ProOF. Otherwise, 0 = p0 € ext(pon), a contradiction to Theorem 5.1. |

PROPOSITION 15.2.\ For every solution z : R — R of eq. (1.1) with phase
curve in W N p~(ezi(pon)),
CJ(=2) =
PR.OOF Suppose J(:z:) < oo for a solution z : R — R of eq. (1.1) w1th phase
curve in W Np~(ext(p o n)). . Then z(t) — 0 as t — oo (Section 3), hence

ext(pon)d pr; —p0=0 as t— o0;

0 eext(pon) = [pon|Uext(pon),
a contradiction to Theorem 5.1. O
Constructions like those in Sections 11-13 now yield the desired result. Propo-
sition 15.2 guarantees that we do not have to deal with eventually monotone
solutions (as in Section 14), and Proposition 15.1 shows that the analogue of the
case b = 0 in Section 13 does not occur. We omit the details,

\

~
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