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Abstract
Tits polygons are generalizations of Moufang polygons in which the neighborhood of
each vertex is endowed with an “opposition relation.” There is a standard construction
that produces a Tits polygon from an arbitrary irreducible spherical building of rank
at least 3 when paired with a suitable Tits index. In this note, we complete the proof
of a characterization of the Tits quadrangles that arise in this way from the spherical
building associated to an exceptional algebraic group.
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1 Introduction

A Tits polygon is a bipartite graph in which the neighborhood of each vertex is
endowed with an “opposition relation” satisfying certain axioms which reduce to the
axioms of a Moufang polygon in the case that the opposition relations are all trivial.
There is a standard construction (described in [3, §3]) that produces a Tits polygon
from a pair (�, T ), where � is an arbitrary irreducible spherical building of rank at
least 3 and T is a suitable Tits index. We say that a Tits polygon is of index type if
it arises in this way. We call a Tits polygon exceptional if it arises from such a pair
(�, T ) for � the spherical building associated to the group of rational points of an
exceptional algebraic group.
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Every Tits polygon has a distinguished set of circuits. A Tits quadrangle is a
Tits polygon in which these circuits all have length 8. In [3], we characterized the
exceptional Tits quadrangles as extensions of orthogonal Tits quadrangles.

The crucial step in the proof of this characterization is the result [3, 8.2], in which
it is shown that the commutator relations of the Tits quadrangle in question are
parametrized by a quadrangular algebra (defined in [3, §7]). At the time, we were
not able to prove that the algebraic system we produce satisfies the last axiom, D1,
of a quadrangular algebra without the hypothesis [3, 8.2(b)] introduced just for this
purpose. The goal of this note is to prove that the hypothesis [3, 8.2(b)] is, in fact,
unnecessary.

Our main result is formulated in Proposition 7.1. The quadratic space � that
appears in the hypothesis [3, 8.2(a)] is either anisotropic or isotropic. To prove
Proposition 7.1 in the first case, we apply recent results in [6] involving Veldkamp
quadrangles. These results are themselves applications of the classification of non-
degenerate polar spaces. In the case that � is isotropic, we reduce the problem to a
simple calculation in the subgraph opposite a fixed edge. This strategy ought, in our
opinion, to have other applications.

In Section 8, we recap the main results of [3]. With these results, the classifica-
tion of Tits polygons having suitable versions of the properties “sharp” and “plump”
defined in [3, 2.13 and 2.19] is almost complete. The only problem remaining is to
find a suitable characterization of the pseudo-quadratic Tits quadrangles defined in
Definition 6.7 below. Conjecturally, all sufficiently sharp and plump Tits polygons
are either of index type or are determined by algebraic data (for example, a quadratic
space) that is in some sense infinite dimensional.

Conventions 1.1 Let G be a group. As in [8], we set ab = b−1ab and

[a, b] = a−1b−1ab

for all a, b ∈ G. With these definitions, we have

(i) [ab, c] = [a, c]b · [b, c] and
(ii) [a, bc] = [a, c] · [a, b]c.
for all a, b, c ∈ G.

2 Tits Polygons

In this section, we assemble the basic properties of Tits polygons, in addition to those
listed in [3, 2.5–2.19], that we will require. Let X = (�,A, {≡v}v∈V ) be a Tits n-gon
for some n ≥ 3, let (γ, i �→ wi) be a coordinate system of X, let i �→ Ui be the
corresponding root group labeling as defined in [3, 2.2 and 2.3], and let G = Aut(X).

We recall that vertices u, v both in �w for some vertex w of � are opposite at w

if u ≡w v. A path (v0, v1, . . . , vk) is straight if vi−1 is opposite vi+1 at vi for all i in
the interval [1, k − 1] and a root is a straight path of length n.
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Proposition 2.1 Every straight path of length n+1 is contained in a unique element
of A.

Proof This holds by [5, 1.3.11].

Definition 2.2 Two vertices, respectively edges, of � are opposite if they are oppo-
site vertices, respectively edges, of some element of A. Thus by Proposition 2.1, two
vertices u, v are opposite if there is a root from u to v and two edges are opposite if
and only if they are the first and last edges on a straight path of length n + 1.

Proposition 2.3 Let u and v be a pair of opposite vertices. Then for each w ∈ �u,
there exists a unique root (x0, x1, . . . , xn) such that x0 = u, x1 = w and xn = v.

Proof This holds by [5, 1.3.18].

Proposition 2.4 Let G† denote the subgroup of G generated by all the root groups
of X and let U[1,n] be as in [3, 2.5(i)]. Then, the following hold:

(i) G† acts transitively on the set of edges of �.
(ii) U[1,n] acts sharply transitive on the set of edges opposite the edge {wn, wn+1}.
(iii) G† acts transitively on the set of all ordered pairs of opposite edges and on all

pairs of opposite vertices of �.

Proof By [5, 1.3.6 and 1.3.40], (i) holds. By [5, 1.3.36(i) and 1.3.37], (ii) holds. By
(i) and (ii), (iii) holds as well.

Proposition 2.5 Let e = {u, v} and f = {x, y} be two edges of � and suppose that
u is opposite y and that v is opposite x. Then, e is opposite f .

Proof By Proposition 2.3, there exists a root α = (u, v, . . . , y) from u to y con-
taining v and a root β = (v, . . . , y, x) from v to x containing y. By [3, 2.2(ii)], the
subpath of α from v to y coincides with the subpath of β from v to y. Hence, the
(n + 1)-path (u, v, . . . , y, x) is straight. As we observed in Definition 2.2, it follows
that the edges e and f are opposite.

Definition 2.6 We recall that X is p-plump for some p ≥ 2 if for every vertex v

and every subset S of �v of cardinality at most p, there exists a vertex in �v that is
opposite every vertex in S at v. As we observed in [5, 1.4.22], the Tits polygon X�,T

for a pair (�, T ) (see [3, §3] for the definition) is p-plump whenever the field of
definition of the building � contains at least p elements.

Proposition 2.7 Suppose that X is p-plump for some p ≥ 2. Then for each k ∈
[1, 2p − 2] and for each k-path (x0, . . . , xk), there exists an edge that is opposite the
edge {xi−1, xi} for all i ∈ [1, k].
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Proof We proceed by induction with respect to k. By Proposition 2.4(i), the claim
holds for k = 1. Suppose that (x0, . . . , xk) is a k-path in � for some k ∈ [2, 2p − 2]
and that f is an edge that is opposite ci := {xi−1, xi} for all i ∈ [1, k − 1]. Let y

be the unique vertex of f that is opposite xk−1, let vi = xk−1−2i for all i ∈ [0, m],
where m is the largest integer such that k − 1 − 2m ≥ 0, and let zi = xk−2i for all
i ≥ 0 such that k − 2i ≥ 0. Thus for each j ∈ [1, k], there is a unique i ∈ [0, m]
such that cj is either {vi, zi} or {vi, zi+1}.

Since f is opposite ci for all i ∈ [1, k − 1], the vertex y is opposite vi for all i ∈
[0, m]. By Proposition 2.3, there exists for each i ∈ [0, m] a root αi = (vi, zi, . . . , y)

from vi to y containing zi and if k is even, there exists a root β = (vm, zm+1, . . . , y)

from vm to y containing zm+1. Let di be the unique vertex in �y on αi for each i ∈
[0, m] and if k is even, let b be the unique vertex in �y on β. We have m ≤ (k − 1)/2
and thus m ≤ p − 2. Since X is p-plump, it follows that we can choose a vertex
e ∈ �y that is opposite di at y for all i ∈ [0, m] and, if k is even, also opposite b at y.
Since the (n+1)-path (αi, e) is straight, e is opposite zi for all i ∈ [0, m]. If k is even,
then the (n+1)-path (β, e) is straight, so e is also opposite zm+1. By Proposition 2.5,
it follows that f is opposite ci for all i ∈ [0, m].

The following result refers to vertices w1, w2, etc., on γ in the coordinate system
(γ, i �→ wi) that we have chosen. Note, in particular, that {w1, w2n} and {wn, wn+1}
are opposite edges of �. Note, too, that by [3, 2.3], Ui fixes {wn, wn+1} for all i ∈
[1, n].

Proposition 2.8 Let u ∈ �w1\{w2} and v ∈ �w2n\{w2n−1} and suppose that the
edges {u, w1} and {v, w2n} are both opposite {wn, wn+1}. Then, the following hold:
(i) There exist unique a1 ∈ U1 and an ∈ Un such that u = w

a1
2n and v = w

an

1 .
(ii) The 3-tuple (w2n, w1, u) is a path if and only if a1 �= 1 and it is a straight path

if and only if a1 ∈ U
�
1 . The 3-tuple (w1, w2n, v) is a path if and only if an �= 1

and it is a straight path if and only if an ∈ U
�
n .

Proof The vertices u and wn are opposite. By Proposition 2.3, therefore there exists
a root

α = (u, w1, . . . , wn)

from u to wn containing w1. By [3, 2.2(ii)], α = (u, w1, w2, . . . , wn−1, wn). In
particular, u is opposite w2 at w1. By [3, 2.7], there exists a unique element a1 ∈ U1
mapping w2n to u. Thus (w2n, w1, u) is a path if and only if a1 �= 1 and by [3, 2.8],
a1 ∈ U

�
1 if and only if (w2n, w1, u) is a straight path. Thus (i) and (ii) hold for u. The

remaining claims hold by a similar argument.

Proposition 2.9 The stabilizer ofw2n inU[1,n] isUn and the stabilizer ofw1 inU[1,n]
is U1.

Proof Let u = w
g

1 for some g ∈ U[1,n] ∩ Gw2n . Then, {u, w2n} is an edge opposite
{wn, wn+1}. By Proposition 2.8(i), therefore there exists an ∈ Un such that ga−1

n
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stabilizes {w1, w2n}. Hence, g = an ∈ Un by Proposition 2.4(ii). It follows that
U[1,n] ∩ Gw2n ⊂ Un. By [3, 2.3], on the other hand, Un fixes w2n. Hence, the first
claim holds. The second claim holds by a similar argument.

Proposition 2.10 Suppose that X is 3-plump and let δ = (x, y, z) be a straight
2-path. Then, δ is the unique 2-path from x to z.

Proof Let ξ = (x, u, z) be an arbitrary 2-path from x to z. By Propositions 2.4(iii)
and 2.7, we can assume that the coordinate system (γ, i �→ wi) is chosen so that
x = w1 and y = w2n and that the edges on δ and the edges on ξ are all opposite
f := {wn, wn+1}. By Proposition 2.8, therefore there exist a1 ∈ U1 and an ∈ U

�
n

such that w2n = ua1 and z = w
an

1 . The element a1 fixes f and {za1 , w2n} = {z, u}a1 .
Hence, {za1 , w2n} is an edge opposite f . Thus by one more application of Proposition
2.8, there exists bn ∈ Un such that za1 = w

bn

1 . Therefore,

w
an

1 = z = w
bna−1

1
1 ,

so by Proposition 2.9, ana1b
−1
n ∈ U1. By Conventions 1.1 and [3, 2.5(i)], we have

ana1b
−1
n = a1 ·[a1, a−1

n ]·anb
−1
n . Hence, [a1, a−1

n ] = 1 by [3, 2.5(ii)]. By [3, 2.16(ii)],
it follows that a1 = 1 (since an ∈ U

�
n). Hence, u = w2n = y.

3 Tits Quadrangles

We continue with X, n, (γ, i �→ wi), i �→ Ui and G = Aut(X) as in the previous
section, but now we assume that n = 4 and that X is sharp as defined in [3, 2.13].

Notation 3.1 As in [3, 4.4 and 4.6], we let Yi denote the pointwise stabilizer in G

of the set of vertices of � at distance at most 2 from wi+2. The group Yi is a normal
subgroup of Ui and it is normalized by the pointwise stabilizer Gγ for all i. Since X

is sharp, it follows that for each i, either Yi = 1 or Y
�
i := Yi ∩ U

�
i �= ∅.

Proposition 3.2 Suppose that X is 3-plump and let δ = (v, x, y, z) be a straight
3-path. Then δ is the unique path of length at most 3 from v to z.

Proof By Proposition 2.10, the distance from v to z is 3. It will suffice, therefore to
show that δ is the unique path of length 3 from v to z. By [3, 4.8], we can assume
that Y1 �= 1. Thus Y

�
1 �= ∅ by Notation 3.1. Choose a ∈ Y

�
1 . Then, (w0, w1, w

a
0 ) is

a straight 2-path. By Proposition 2.4(i) and [3, 2.7], every straight path of length 3
is in the same G-orbit as (w0, w1, w2, w3) or (w3, w2, w1, w0). Replacing δ by
(z, y, x, v) if necessary, we can assume, therefore that δ = (w0, w1, w2, w3). Now
let ξ = (v, x′, y′, z) be an arbitrary 3-path from v to z. Then, x′ is at distance 2 from
z = w3 and a ∈ Y1, so a fixes x′. Thus {x′, wa

0 } = {x′, v}a is an edge and hence
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(w0, x
′, wa

0 ) is a path of length 2 from w0 to wa
0 . Therefore, x

′ = w1 = x by Proposi-
tion 2.10 applied to (w0, w1, w

a
0 ). By Proposition 2.10 applied to (x, y, z), it follows

that y′ = w2 = y and thus ξ = δ.

Proposition 3.3 Suppose that X is 3-plump, let v and z be opposite vertices and let
y ∈ �z. Then, there exists a root α from v to z containing y and α is the unique path
of length 4 from v to z containing y.

Proof The first claim holds by Proposition 2.3 and the second by Proposition 3.2.

Proposition 3.4 Suppose that X is 3-plump and let u, v be opposite vertices. Then,
the distance from u to v in � is 4.

Proof It suffices to observe that by [3, 2.2(ii)], u �= v and that by Proposition 3.2,
there is no vertex z such that u, v ∈ �z.

Proposition 3.5 Suppose that X is 3-plump. Let ai, bi, ci, di ∈ Ui for i = 1 and 4
and suppose that

a4a1b4 = d1d4c1c4b1 (3.6)

Suppose, too, that a1 ∈ U
�
1 and a4, b4 ∈ U

�
4 . Then, also c1 ∈ U

�
1 and c4, d4 ∈ U

�
4 .

Proof Let v = w
a4a1b4b

−1
1

1 and let

α = (w1, w
b−1
1

8 , w
b4b

−1
1

1 , w
a1b4b

−1
1

8 , v).

Since a1 ∈ U
�
1 and a4, b4 ∈ U

�
4 , α is a straight path of length 4 from w1 to v by

Proposition 2.8(ii). Therefore, w1 and v are opposite. By Eq. 3.6, we have

v = w
d1d4c1c4
1 = w

d4c1c4
1 .

Let
β = (w1, w8, w

c4
1 , w

c1c4
8 , v).

By Propositions 2.8(ii) and 3.4, β is also a path of length 4 from w1 to v, or equiv-
alently, c4, c1, and d4 are all non-trivial. By Proposition 3.3, β is also straight. By
Proposition 2.8(ii), therefore c4, d4 ∈ U

�
4 and c1 ∈ U

�
1 .

Proposition 3.7 Let ai, bi, ci, di ∈ Ui for i = 1 and 4 and suppose that a1 = d1c1b1
and a4b4 = d4c4. Then, Eq. 3.6 holds if and only if

[a1, a−1
4 ] = [b1, [c1, d−1

4 ]−1
3 ] · [c1, d−1

4 ] · [b1, d−1
4 ]

·[b1, c−1
4 ] · [[b1, c−1

4 ]2, d−1
4 ], (3.8)

where [c1, d−1
4 ]3 and [b1, c−1

4 ]2 are as in [3, 2.6].
Proof By [3, 2.5(ii)], it suffices to observe that

a4a1b4 = a1 · [a1, a−1
4 ] · a4b4
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and

d1d4c1c4b1 = d1d4c1b1 · [b1, c−1
4 ] · c4

= d1c1b1 · [c1b1, d−1
4 ] · d4 · [b1, c−1

4 ] · c4

= d1c1b1 · [c1, d−1
4 ]b1 · [b1, d−1

4 ] · [b1, c−1
4 ] · [[b1, c−1

4 ]2, d−1
4 ] · d4c4

= d1c1b1 · [b1, [c1, d−1
4 ]−1

3 ] · [c1, d−1
4 ] · [b1, d−1

4 ]
·[b1, c−1

4 ] · [[b1, c−1
4 ]2, d−1

4 ] · d4c4

by Conventions 1.1(ii) and [3, 2.5(i)].

4 Linear Forms

We pause now to prove two elementary results about linear forms that we will require
in the next section.

Notation 4.1 Let K be a field, let V be a vector space over K and let f, g : V → K

be non-zero linear forms on V . Then, f and g are proportional if each is a scalar
multiple of the other.

Proposition 4.2 Let c ∈ K and let f, g, h be linear forms on V := K ⊕ K such that
f and g are non-zero and not proportional to each other. Then, there is an injection
from K∗ to the set {v ∈ V | f (v)g(v) + h(v) = c}.

Proof Since f and g are non-zero and not proportional to each other, there exist
a, b ∈ K and u ∈ V such that h = af + bg, f (u) = −b and g(u) = −a. Let

q(v) = f (v + u)g(v + u) + h(v + u) − c

for all v ∈ V and let d = c − f (u)g(u) − h(u). Then,

q(v) = f (v)g(v) + f (v)g(u) + f (u)g(v) + f (u)g(u) + h(v) + h(u) − c

= f (v)g(v) − af (v) − bg(v) + h(v) − d

= f (v)g(v) − d

for all v ∈ V . For each e ∈ K∗, there is a unique ve ∈ V such that f (ve) = e and
g(ve) = de−1. We have q(ve) = 0 for each e ∈ K∗ and hence e �→ ve + u is an
injection from K∗ to the set {v ∈ V | f (v)g(v)+h(v) = c}. (This map is a bijection
if d �= 0. If d = 0, there are also solutions w + u for w ∈ V such that f (w) = 0 and
g(w) is arbitrary.)

Proposition 4.3 Let c, d ∈ K and let f, g, h, j be linear forms on V := K ⊕ K

such that f and g are non-zero and not proportional to each other and j is non-zero.
Suppose that

|�| ≥ 3, (4.4)
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where � := {v | f (v)g(v) + h(v) = c and j (v) = d}. Then, j is proportional to f

or g.

Proof There exists z ∈ V such that j (z) = d . Replacing the variable v by v − z, we
can assume that d = 0. Suppose that u, v are arbitrary distinct non-zero elements of
�. Since j �= 0 and d = 0, we have u = λv for some λ ∈ K\{0, 1}. Hence,

f (v)g(v) + h(v) = c = f (u)g(u) + h(u) = λ2f (v)g(v) + λh(v)

and thus (λ2 − 1)f (v)g(v) + (λ − 1)h(v) = 0. Since λ �= 1, it follows that

(λ + 1)f (v)g(v) + h(v) = 0. (4.5)

Therefore,

λf (v)g(v) + c = 0. (4.6)

Suppose c �= 0. Then, 0 �∈ � and by Eq. 4.6, f (v)g(v) �= 0. Hence by Eq. 4.5, λ is
uniquely determined by f (v), g(v), and h(v). Since u and v are arbitrary, it follows
that there are no other non-zero elements in �. By Eq. 4.4, we conclude that c = 0.
Thus by Eq. 4.6, λf (v)g(v) = 0. Since λ �= 0, we have f (v)g(v) = 0 and thus
f (v) = 0 or g(v) = 0. Since j (v) = 0 and v �= 0, it follows that j is proportional to
f or g.

5 The Exceptional Tits Quadrangles

Let X, n, (γ, i �→ wi) and i �→ Ui be as in Section 2. Again we assume that n = 4.
The main result of this section is Proposition 5.15.

Notation 5.1 Suppose that 
 = (K, L, q, f, ε,X, ·, h, θ) is an 8-tuple of algebraic
data satisfying all the axioms of a quadrangular algebra in [3, 7.1] except possibly
D1. Let g be as in [3, 7.1(C3)] and let S
,g denote the group defined in [3, 8.1]. Thus
the underlying set of S
,g is X × K and multiplication is given by the formula

(a, t) · (b, s) = (a + b, t + s + g(b, a)). (5.2)

Let π(a) = θ(a, ε) for all a ∈ X as in [3, 7.1(D1)].

Hypothesis 5.3 Let � = (K, L, q) be a quadratic space, let f be the associated
bilinear form and suppose that X, (γ, i �→ wi), �, and ε satisfy all the hypotheses of
[3, 8.2] except possibly [3, 8.2(b)]. In particular, |K| > 4. In addition, we assume that
X is 3-plump as defined in [3, 2.19]. As indicated in [3, 8.59], there exist algebraic
data X, ·, h, and θ such that the 8-tuple


 = (K, L, q, f, ε,X, ·, h, θ)

satisfies all the axioms of a quadrangular algebra in [3, 7.1] except possibly D1 as
well as isomorphisms xi from the group S
,g to Ui for i odd (where g and S
,g are
as in Notation 5.1) and from the additive group of L to Ui for i even such that the
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following commutator relations hold:

[x1(a, t), x3(b, s)−1] = x2(h(a, b))

[x2(v), x4(w)−1] = x3(0, f (v, w))

[x1(a, t), x4(v)−1] = x2(θ(a, v) + tv)x3(av, tq(v) + φ(a, v)) (5.4)

for all (a, t), (b, s) ∈ S
,g and all v, w ∈ L, where av = a · v and φ is as in
[3, 7.1(C4)].

Proposition 5.5 Let u ∈ L and t ∈ K . Then, the following hold:

(i) x1(0, t) ∈ U
�
1 if and only if t �= 0.

(ii) x4(u) ∈ U
�
4 if and only if q(u) �= 0.

Proof The subquadrangle X̂ in [3, 8.2(a)] is orthogonal and satisfies the conclusions
of [3, 5.2]. The claims hold, therefore by [3, 5.1(ii)–(iii) and 6.4(i)–(ii)].

Notation 5.6 Let vσ = f (ε, v)ε − v for all v ∈ L as in [3, 7.1(A3)]. Then, σ 2 = 1
and (av)vσ = q(v)a for all a ∈ X. As in [2, 2.4], we set v−1 = vσ /q(v) for all
v ∈ L such that q(v) �= 0.

Notation 5.7 Suppose that the quadratic space � = (K, L, q) is isotropic. By [3,
6.8], we can assume that the element ε in the hypothesis [3, 8.2(a)] lies in a hyperbolic
plane P of �. Since q(ε) = 1, we can choose a basis z1, z2 of P such that q(z1) =
q(z2) = 0, f (z1, z2) = 1 and ε = z1 + z2. Since |K| > 4, we can choose r1, r2 ∈ K

such that r1 �= r2, r1r2 �= 0, and ri �= 1 for i = 1 and 2. Let u = r1z1 + r2z2. Then,

q(su + tε) = (r1s + t)(r2s + t)

for all s, t ∈ K . In particular, q(u) = r1r2 �= 0 and f (u, ε) = r1 + r2.

Notation 5.8 Suppose that � is isotropic and let u be as in Notation 5.7. We choose
an arbitrary element a of X and set b = −au−1, where u−1 is as in Notation 5.6.

Remark 5.9 Let a, b, u be as in Notation 5.8 and let v = −ε+u. Then, a+b+bv = 0
(by [3, 7.1(A1)–(A3)]) and q(v) + f (ε, v) = q(u) − 1.

The proof of the following result involves a few minor calculations in 
. These
calculations require only the axioms A1–A3 (for the first assertion in Remark 5.9)
and C1. In particular, they do not require D1.

Proposition 5.10 Suppose that � = (K, L, q) is isotropic and that |K| > 5. Let
a, b be as in Notation 5.8, let v = −ε + u, and let a1 = x1(0, 1). Then, a1 ∈ U

�
1 and

there exist s, t ∈ K and a4, b4 ∈ U
�
4 such that a4b4 = d4c4 and Eq. 3.8 holds with

c4 = x4(v), d4 = x4(ε), c1 = x1(a, t), and b1 = x1(b, s).
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Proof By Proposition 5.5(i), a1 ∈ U
�
1 . Let g be as in Hypothesis 5.3 and let π be

as in Notation 5.1. Thus θ(b, v) + π(b) = θ(b, u) by [3, 7.1(C1)]. Let c4 = x4(v),
d4 = x4(ε), c1 = x1(a, t), and b1 = x1(b, s) for some s, t ∈ K . Using Eq. 5.2,
Eq. 5.4, and Remark 5.9, we calculate that with these choices, the expression on the
right-hand side of Eq. 3.8 is x2(w)x3(0, p), where

w = h(b, a) + π(a) + π(b) + tε + s(v + ε) + θ(b, v)

= h(b, a) + π(a) + θ(b, u) + tε + su
(5.11)

and
p = t + q(u)s + β (5.12)

for

β := g(b, a) + φ(b, v) + f (ε, θ(b, v)) + g(bv, a + b) + φ(a, ε) + φ(b, ε). (5.13)

Let a4 = x4(w) and b4 = x4(u − w). Thus a4b4 = d4c4. By Eq. 5.4, the expression
on the left-hand side of Eq. 3.8 with our choices for a1 and a4 is

x2(w)x3(0, q(w)).

Thus q(w) = p holds if and only if Eq. 3.8 holds.
The quantities w ∈ L and p ∈ K are functions of s and t . By Proposition 5.5(ii),

a4 = x4(w) ∈ U
�
4 and b4 = x4(u−w) ∈ U

�
4 if and only if both q(w) and q(u−w) are

non-zero. Our goal, therefore is to show that s and t can be chosen so that q(w) = p,
q(w) �= 0, and q(u − w) �= 0.

By Eq. 5.11, we have

q(w) = q(su + tε) + f (u, z)s + f (ε, z)t + q(z)

= (r1s + t)(r2s + t) + f (u, z)s + f (ε, z)t + q(z),

where z = h(b, a)+π(a)+θ(b, u) and r1, r2 are as in Notation 5.7. Let c = β−q(z),
where β is as in Eq. 5.13. By Eq. 5.12,

q(w) − p = (r1s + t)(r2s + t) + (f (u, z) − q(u))s + (f (ε, z) − 1)t − c.

Hence, q(w) = p if and only if s, t is a solution to the equation

G1G2 + H = c,

where G1 = r1s + t , G2 = r2s + t , and H = (f (u, z) − q(u))s + (f (ε, z) − 1)t .
Let S denote the solution set of this equation. Since r1 �= r2, the linear forms G1 and
G2 are not equivalent. By Proposition 4.2, therefore |S| ≥ 5 and for all (s, t) ∈ S,
we have q(w) = p.

Let j denote the linear form q(u)s + t . Thus j = r1r2s + t and by Eq. 5.12,
p = j (s, t) + β. By the choice of r1 and r2 in Notation 5.7, j is equivalent to neither
G1 norG2. By Proposition 4.3 with d = −β, therefore there are at most two elements
(s, t) of S such that p = j (s, t) + β = 0. Next we note that by Eq. 5.11,

q(w − u) = q(w) − f (w, u) + q(u) = q(w) − 2q(u)s − f (ε, u)t + δ (5.14)

for all (s, t), where δ = q(u) − f (u, z). Let j0 denote the linear form

t − q(u)s − f (ε, u)t .
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By the choice of r1 and r2 in Notation 5.7, we have

j0 = −(
r1r2s + (r1 + r2 − 1)t

)
.

and thus j0 is equivalent to neither G1 nor G2. By another application of Proposi-
tion 4.3, therefore there are at most two elements (s, t) of S such that j0(s, t) =
−β − δ. Since |S| ≥ 5, we conclude that there exists (s, t) ∈ S such that p =
j (s, t)+β �= 0 and j0(s, t)+β + δ �= 0. For all such (s, t), we have q(w) = p �= 0,
hence

j0(s, t) = t + q(u)s − 2q(u)s − f (ε, u)t

= p − β − 2q(u)s − f (ε, u)t by Eq. 5.12

= q(w) − 2q(u)s − f (ε, u)t − β

= q(w − u) − δ − β by Eq. 5.14

and thus q(w − u) �= 0.

Proposition 5.15 Suppose that � = (K, L, q) is isotropic and |K| > 5. Then for
each a ∈ X, there exists t ∈ K such that x1(a, t) ∈ U

�
1 .

Proof Let a ∈ X. By Proposition 5.10, we can choose a1 ∈ U
�
1 , b1 ∈ U1,

a4, b4 ∈ U
�
4 , c4, d4 ∈ U4, and t ∈ K such that a4b4 = d4c4 and the elements

a1, b1, c1, a4, b4, c4, d4 with c1 = x1(a, t) satisfy Eq. 3.8. Let d1 = a1b
−1
1 c−1

1 .
Then by Proposition 3.7, the elements a1, b1, c1, d1, a4, b4, c4, d4 satisfy Eq. 3.6. By
Proposition 3.5, therefore c1 = x1(a, t) ∈ U

�
1 .

6 Pseudo-quadratic Tits Quadrangles

The main result of this section is Proposition 6.10.

Definition 6.1 An involutory ring (K, K0, σ ) is an associative ring K endowed with
an involution σ and an additive subgroup K0 such that σ acts trivially on K0 and
1 ∈ K0 as well as a + aσ ∈ K0 and aσ K0a ⊂ K0 for all a ∈ K .

Definition 6.2 A pseudo-quadratic module is a 6-tuple � = (K, K0, σ, L, q, f )

such that (K, K0, σ ) is an involutory ring, L is a right K-module, f is a skew-
hermitian form on L, and q is a map from L to K such that

q(a + b) ≡ q(a) + q(b) + f (a, b) (mod K0) and
q(at) ≡ tσ q(a)t (mod K0)

(6.3)

for all a, b ∈ L and all t ∈ K . We call � non-degenerate if f is non-degenerate,
i.e., if {a ∈ L | f (a, L) = 0} = {0}.

Notation 6.4 Let � = (K, K0, σ, L, q, f ) be a pseudo-quadratic module. Let T�

denote the subset
{(a, t) ∈ L × K | q(a) − t ∈ K0} (6.5)
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of L×K . (If K0 = K , in which case σ = 1 and f is alternating, then T� = L×K .)
We define an associative multiplication on T� by setting

(a, t) · (b, s) = (a + b, t + s + f (b, a))

for all (a, t), (b, s). Setting b = a and t = −1 and 2 in Eq. 6.3, we obtain

q(−a) ≡ q(a) and 2q(a) ≡ f (a, a) (mod K0)

for all a ∈ X and hence
q(−a) + t − f (a, a) ∈ K0

for all (a, t) ∈ T . It follows that T� is a group with identity (0, 0) and (a, t)−1 =
(−a, −t + f (a, a)) for all (a, t) ∈ T�. Note that T� = K0 if L = 0.

Proposition 6.6 Let (a, t) ∈ T� and suppose that t has a right inverse s ∈ K . Then,
(as, −s) ∈ T�.

Proof By Definition 6.1, s + sσ ∈ K0. Thus

q(as) + s ≡ sσ q(a)s − sσ (mod K0)

by Eq. 6.3. Since ts = 1, it follows that

sσ q(a)s − sσ = sσ (q(a) − t)s ∈ sσ K0s ⊂ K0

by Definition 6.1 and Eq. 6.5. Hence, q(as) + s ∈ K0.

Definition 6.7 Let � = (K, K0, σ, L, q, f ) be a pseudo-quadratic module, let T�

be as in Notation 6.5, and let X be a Tits quadrangle. Then, X is pseudo-quadratic
of type � if there exists a coordinate system (γ, i �→ wi) and isomorphisms xi from
T� to Ui for i = 1 and 3 and from the additive group of K to Ui for i = 2 and 4 such
that the following commutator relations hold:

[x1(a, t), x3(b, s)−1] = x2(f (a, b))

[x2(v), x4(w)−1] = x3(0, v
σ w + wσ v) (6.8)

[x1(a, t), x4(v)−1] = x2(tv)x3(av, vσ tv)

for all (a, t), (b, s) ∈ T� and all v, w ∈ K . If L = 0, we say that X is involutory of
type (K, K0, σ ).

Proposition 6.9 Let X be a pseudo-quadratic Tits quadrangle of type � for some
pseudo-quadratic module � = (K, K0, σ, L, q, f ) and let T�, (γ, i �→ wi) and
x1, . . . , x4 be as in Definition 6.7. Suppose that � is non-degenerate and that X

is sharp as defined in [3, 2.13]. Let U
�
1 and Y1 be as in [3, 2.8 and 4.6]. Then,

x1(0, K0) = Y1 and if

x1(0, 1) ∈ U
�
1 , (6.10)

then the following hold:

(i) If (a, t) ∈ T�, then x1(a, t) ∈ U
�
1 if and only if t ∈ K×.
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(ii) If K is a field or skew-field and a ∈ L, then there exists t ∈ K such that
(a, t) ∈ T� and x1(a, t) ∈ U

�
1 .

Proof Since � is non-degenerate, it follows from [3, 4.9] and Eq. 6.8 that
x1(0, K0) = Y1. Suppose that Eq. 6.10 holds. Let m = μγ (x1(0, 1)), where μγ is
as in [3, 2.9], and let x5(a, t) = x1(a, t)m for all (a, t) ∈ T�. Then, [m, U3] = 1 by
[3, 4.9 and 5.3] and x4(u)m = x2(u) for all u ∈ L by Eq. 6.8 and [3, 2.16(i)]. Since
X is sharp, we can apply [4, 4.12(i)]. It follows that x2(u)m = x4(u)m

2 = x4(u)−1

for all u ∈ L. Conjugating the last commutator relation in Eq. 6.8 by m, we find that

[x5(a, t), x2(v)−1] = x4(−tv)x3(av, vσ tv)

for all (a, t) ∈ T� and all v ∈ K . Thus

x2(v)x5(a,t) = [x5(a, t), x2(v)−1] · x2(v)

= x3(av, vσ tv)x4(−tv) · x2(v)

= x2(v)x3(av, vσ tv)x3(0, −(tv)σ v − vσ tv)x4(−tv)

= x2(v)x3(av, −vσ tσ v)x4(−tv)

(6.11)

for all (a, t) ∈ T� and all v ∈ K .
Now choose (a, t) ∈ T� and suppose that t ∈ K×. Let s = t−1. By

Proposition 6.7, (as, −s) ∈ T�. By Eq. 6.11, we have

x2(v)x5(as,−s) = x2(v)x3(asv, vσ sσ v)x4(sv)

for all v ∈ K and by Eq. 6.8, we have

x4(sv)x1(a,t) = [x1(a, t), x4(sv)−1] · x4(sv)

= x2(v)x3(asv, vσ sσ v)x4(sv)

for all v ∈ K . Thus
x4(sv)x1(a,t)x5(as,−s)−1 = x2(v)

for all v ∈ K . Since s ∈ K×, we have {x4(sv) | v ∈ K} = U4. Hence, x1(a, t) ∈ U
�
1

by [3, 2.17(i)]. Suppose, conversely, that x1(a, t) ∈ U
�
1 . By [3, 2.16(i)] and Eq. 6.8,

x2(v)μγ (x1(a,t))−1 = x4(tv) for all v ∈ K . By [3, (2.11)], x2(v)μγ (x1(a,t))−1 = U4.
Therefore, v �→ tv is a bijection from the additive group of K to itself. Hence,
t ∈ K×. Thus (i) holds.

Now suppose that K is a field or skew-field and let a ∈ L be arbitrary. Let t =
q(a) if q(a) �= 0 and let t = 1 if q(a) = 0. By Definition 6.1, both 0 and 1 are
contained in K0, so (a, t) ∈ T�. By (i), x1(a, t) ∈ U

�
1 . Thus (ii) holds.

7 TheMain Result

In [6], the notion of a Veldkamp n-gon was introduced (for all n ≥ 3). Axioms for a
Veldkamp n-gon are given in [6, 2.8]. Every Tits n-gon satisfies these axioms.

Now let X, n, (γ, i �→ wi) and i �→ Ui be as in Section 2. Once again we assume
that Hypothesis 5.3 holds with n = 4. Thus our Tits quadrangle X is, in particular, a
Veldkamp quadrangle, so we can apply results in [6] to X. In this section, we use this
observation to finish proving the following:
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Proposition 7.1 Suppose that X, (γ, i �→ wi) and � = (K, L, q) satisfy all the
hypotheses of [3, 8.2] except possibly [3, 8.2(b)]. Suppose, too, that X is 3-plump and
that |K| > 5. Then, the hypothesis [3, 8.2(b)] holds as well.

Proof Let
 = (K, L, q, f, ε,X, ·, h, θ) be as in Hypothesis 5.3. Our goal is to show
that

for each a ∈ X there exists t ∈ K such that x1(a, t) ∈ U
�
1 . (7.2)

If X is a Moufang quadrangle, i.e., if all the local opposition relations are trivial, then
U

�
1 = U∗

1 , so x1(a, 1) ∈ U
�
1 and thus Eq. 7.2 holds. If X is of type E7 as defined in

[6, 6.15], then Eq. 7.2 holds by [3, 10.4(ii)]. We can thus assume that X is neither a
Moufang quadrangle nor of type E7. By Proposition 5.15, on the other hand, we can
assume that � is anisotropic. By [3, 5.1(iii) and 6.4(ii)], this assumption implies that

U
�
i = U∗

i (7.3)

for all even i. We now think ofX as a Veldkamp quadrangle. Let P denote the vertices
of � at even distance from w1 and let L denote the vertices at even distance from w4.
By [5, 1.4.15] and Eq. 7.3, the local opposition relation ≡v is trivial for all v ∈ L.
We declare the elements of P to be points and the elements of L to be lines. With
this choice of point set and line set, X is green as defined in [6, 3.1].

By [6, 6.19], X is also flat as defined in [6, 2.9]. We can thus invoke the classifi-
cation of flat green Veldkamp quadrangles in [6, 6.16]. Since X is wide as defined in
[3, 4.7], it is neither orthogonal as defined in [6, 6.11(i)] nor of type D3 as defined in
[6, 6.13]. We conclude that X is pseudo-quadratic. Since Y ∗

1 = Y
�
1 by [3, 8.2(a)] and

Y
�
1 = Y1 ∩ U

�
1 by [3, 5.1(iii)], X satisfies Eq. 6.10. By Proposition 6.10(ii), therefore

Eq. 7.2 holds also in this last case.

8 Conclusions

We suppose one last time that X, n, (γ, i �→ wi) and i �→ Ui are as in Section 2, that
n = 4 and that Hypothesis 5.3 holds and let


 = (K, L, q, f, ε,X, ·, h, θ)

be as in Hypothesis 5.3. We assume in this section that X is 4-plump and that |K| >

5. By Proposition 7.1, we know that X satisfies all the conclusions of [3, 8.2]. In
Theorems 8.4 and 8.6, we summarize the main conclusions in [3] that follow from
[3, 8.2].

Remark 8.1 By [3, 12.1], X is uniquely determined by the isotopy class of 
. (The
isotopy class of a quadrangular algebra is defined in [2, 5.3].) We note that the
hypothesis 4-plump is needed in the proof of [3, 12.1]; see [3, 4.1] and [4, 5.93].
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Remark 8.2 See [1, 15.3] for the notion of a pseudo-split building that appears in
Theorem 8.4(ii). See [1, §6] for the notion of the fixed point building of a Galois
group and the notion of a Tits index as they are being used in Theorem 8.4(ii)–(iii).

Remark 8.3 In Theorem 8.4(iii), we use the nomenclature for Moufang spherical
buildings in [10, 30.15] when we refer to the buildings C3(C, K) := CI

3 (C, K),
F4(C, K), and E�(K). See Remark 8.5 below. The building C3(C, K) is the building
associated with the non-embeddable polar space studied in [7, Chapter 9].

Theorem 8.4 Suppose dimK L > 4. Then, the following hold:

(i) q is either similar to the norm nC of an octonion division algebra (C, K) or
to the quadratic form qC for some composition algebra (C, K) as defined in
[3, 7.3] or q is a quadratic form of type E6, E7, E8, or F4 as defined in [9, 2.13
and 2.15].

(ii) If q is a quadratic form of type � for � = E6, E7, E8, or F4, then X is a
Moufang quadrangle. It arises as the fixed point building of a Galois group
of order 2 acting on a split or pseudo-split building of type � as described in
[1, §§11, 13, 14, and 17].

(iii) If q is similar to the norm nC , let � be the building C3(C, K). If q is similar
to qC and (C, K) is division, let � be the building F4(C, K). If q is similar to
qC , (C, K) is not division and dimK C = 2k , let � be the building E5+k(K).
Let T be the Tits index in the first case, in the sec-

ond case, and if k = 1, if k = 2, and

if k = 3 in the third case. Then, X is isomorphic to
the Tits quadrangle X�,T defined in [3, 3.3].

Proof This is a restatement of [3, 12.3] which is, in turn, a consequence of
Remark 8.1 and the classification of quadrangular algebras (K, L, q, f, ε,X, ·, h, θ)

with |K| > 5 and h non-degenerate given in [2, 5.6 and 5.10(i)–(ii)].

Remark 8.5 Let (C, K) be a division composition algebra. If C = K or C2 ⊂ K ,
then the building F4(C, K) is split or pseudo-split. In the remaining cases, the build-
ing F4(C, K) arises as the fixed point building of a Galois group of order 2 acting
on a building of type E5+k , where k = log2(dimK C), and when C is octonion, the
building C3(C, K) arises as the fixed point building of a Galois group of order 2
acting on a building of type E7. See [1, §15] for details.

Theorem 8.6 Suppose that dimK L ≤ 4. Then,L can be given the structure of a com-
position algebra over K whose reduced trace is not identically zero, whose standard
involution σ is given by

a �→ f (a, ε)ε − a

and whose identity is ε, there exist V , Q, and F such that

� := (L, K, σ, V, Q, F )
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is a non-degenerate pseudo-quadratic module as defined in Definition 6.2 and X is
pseudo-quadratic of type � as defined in Definition 6.7.

Proof This holds by [2, 5.10(iii)] (or, more precisely, [2, 5.14 and 11.16]).

Remark 8.7 If dimK L ≤ 4 and dimK X < ∞, then X is of index type; more pre-
cisely, X is isomorphic to a Tits quadrangle X�,T for one of the pairs (�, T ) in
[3, 12.6].
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5. Mühlherr, B., Weiss, R.M.: Tits Polygons. Memoirs of the A.M.S. 275, no. 1352 Providence (2022)
6. Mühlherr, B., Weiss, R.M.: Veldkamp polygons and polar spaces. Indag. Math. 33, 636–663 (2022)
7. Tits, J.: Buildings of Spherical Type and Finite BN-Pairs, Lecture Notes in Math. 386. Springer, Berlin

(1974)
8. Tits, J., Weiss, R.M.: Moufang Polygons. Springer, Berlin (2002)
9. Weiss, R.M.: Quadrangular Algebras. Math. Notes 46. Princeton University Press, Princeton (2006)

10. Weiss, R.M.: The Structure of Affine Buildings. Ann. Math. Studies 168. Princeton University Press,
Princeton (2009)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published
maps and institutional affiliations.

http://creativecommons.org/licenses/by/4.0/

	The Exceptional Tits Quadrangles Revisited
	Abstract
	Introduction
	Tits Polygons
	Tits Quadrangles
	Linear Forms
	The Exceptional Tits Quadrangles
	Pseudo-quadratic Tits Quadrangles
	The Main Result
	Conclusions
	References


