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Abstract
This work shows that the connected component Z(S?) of the standard tight contact
structure in the space of (tight) contact structures on S that are fixed at one point
has the homotopy type of a point.
The problem is transferred to a family of vector fields on S? using Giroux’s theory
of surfaces in contact manifolds. Their singular points are treated via 3 types of
neighbourhoods. A deformation of contact structures is described that deforms
the family of vector fields and eliminates these neighbourhoods. Building on this
construction an algorithm is given that deforms a loop of contact structures in Z(93)
until all spheres are convex surfaces with respect to each contact structure. In this
situation a homotopy of this loop to the constant one can be constructed.
Via the Serre fibration

Diff(S53) — =(53%)

whose fibre over £ € Z(S3) is the group of contactomorphisms Cont(S3,¢) the
statement implies that every loop of diffeomorphisms of S3 that fixes a 2-plane in
the tangent space of one point is homotopic to a loop of contactomorphisms of the
standard contact structure &,.
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Introduction

Contact structures were introduced by Sophus Lie in his work on
‘Berithrungstransformationen’ (contact transformations) in 1896, but
he traces the origins back even further.

Their ubiquity has not been noticed until the early 1970s as Lutz
and Martinet discovered that there are contact structures on any closed
3-manifold. The importance of contact structures in the theory of
classical mechanics became apparent after Gromov’s influential work
in 1985 and the following rise of their older even-dimensional sibling,
symplectic geometry.

For a more detailed account on the history of contact structures than
this introduction will and can contain I would like to refer the reader
to the book by Geiges |Geio8|, without which no historical overview of
contact structures could be complete.

A contact structure is a maximally non-integrable hyperplane field in
the tangent space of a manifold of odd-dimensions. Contact structures
occur naturally on those submanifolds of codimension 1 in symplectic
manifolds that are transverse to a Liouwville vector field. Such sub-
manifolds arise as energy hypersurfaces in phase spaces of classical
mechanical systems such as the much studied 3-body problem.

Symplectic and contact structures are alike in the sense that there
are Darboux theorems: As are symplectic structures, contact structures
are locally indistinguishable, any two points in contact manifolds have
isomorphic neighbourhoods.

One can still ask about their global structure. Bennequin [Ben83]
discovered that contact manifolds whose contact structure takes a
prescribed form near an embedded 2-disc, an overtwisted disc, are of a
different kind than those who do not admit an overtwisted disc. The
latter ones are called tight contact manifolds. In 1989, Eliashberg
|[Eli89g| showed that the overtwisted contact structures have a degree of
flexibility and their isotopy classification coincides with their homotopy
classification as tangent plane fields.
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Tight contact structures are both less flexible and more rare. In fact,
one can always construct an overtwisted contact structure from a tight
one using a Lutz twist, but the converse direction is in general not
possible. For the 3-sphere, Eliashberg |[Elig2] found in 1992 that any
two tight contact structures are isotopic. In particular, tight contact
structures only exist in one homotopy class of plane fields.

We do not have to worry about the correct notion of homotopical
equivalence of two contact structures, as by Gray stability any two
contact structures &, £; that are (smoothly) homotopic through contact
structures are already isotopic, i.e. there is a path of diffeomorphisms
starting at the identity whose time-1 map sends &, to &;.

This settles the question for overtwisted contact structures on S
but leaves the question about the homotopy type of the space of tight
contact structures. In his work about tight contact structures Eliashberg
states without proof that the space of tight contact structures on S3
that are fixed at one point is contractible.

This work studies aforementioned space and verifies the claim.

A second reason to study the full homotopy type of this space is
the following. A diffeomorphism v of a manifold M maps a contact
structure £ to a contact structure TW(§) via its differential. Thus the
group of diffeomorphisms acts on the space Z(M) of contact structures
on M. TIts kernel with respect to £, the diffeomorphisms that map
the contact structure £ to itself, form the group of contactomorphisms
Cont(M,§). In fact, the action of the diffeomorphisms on the group of
contact structures

Diff(M) — Z(M)

is a Serre fibration with fibre Cont(M, &) over £ € Z(M).

Understanding the group of diffeomorphisms is a central task in
differential topology. Even for M = S3 the proof of Smale’s conjecture
that Diff(SS) has the homotopy type of O(4) is a deep result.

Geiges and Zehmisch |GZ1o| showed that the group of contacto-
morphisms of (S 3.¢ st), the 3-sphere with the standard, tight contact
structure, is connected by considering S3 as the boundary of the 4-ball
and filling the latter with holomorphic discs. Similar arguments can
only work for tight contact structures as only these can bound compact
symplectic manifolds.
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The fact that the connected component of £, in 5(53) is contract-
ible once we fix the contact structures in one point implies that every
loop of diffeomorphisms that fixes said contact plane is homotopic to
a loop of contactomorphisms of &,,. This may allow further develop-
ment in understanding the group of diffeomorphisms via the group of
contactomorphisms of (S 3¢ 5t>'

Let me conclude with a few words about the argument and an outline
of the present work.

The argument is inspired by Giroux’s proof that the space of tight
contact structures on S? is connected (see |Giroo]) as it is presented in
[Geio8|. The argument heavily uses Giroux’s theory of characteristic
foliations on surfaces (see [Girg1]) and the observation that this foliation
recovers the contact structure in a neighbourhood of the surface.

begins with a Darboux theorem for families of contact
structures and the observation that Gray stability carries over to families
of contact structures as well. Using these, in an isotopy
is given that makes a given loop of contact structures on S? coincide
with £, outside a compact ball away from the poles of S3.

The complement of two disc-shaped neighbourhoods of the poles is
foliated by 2-spheres and the loop of contact structures is determined by
the characteristic foliations they induce on the spheres. These singular
foliations can be understood as a mowvie of vector fields on S2.

It turns out that if all of these vector fields are of a nice form, if
they belong to characteristic foliations of convezr surfaces, then each
vector field admits a closed curve that separates positive from negative
stngular points. In this case we can construct a smooth family of such

curves (Section I1.10), bring them to the equator of S? and are then

able to construct an isotopy of our given loop to the constant one £,
see

first reminds of characteristic foliations and of basic
notions about dynamical systems. Whereas in the non-parametric
applications one usually uses genericity results, most of these fail for
sufficiently large dimension of the parameter space. What still remains
stable in families is the topology of the phase portraits near singular
points. For example, a disc that contains a source and whose boundary
is transverse to a given vector field X will still be a disc whose boundary
is transverse to all vector fields Y close to X, even should they contain

vii
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uncountably many singular points inside this disc. (In a generic family,
each surface only has finitely many singular points, see [Section I11.1

However, these will be degenerate.) [Section II.3.1|reviews the conditions
on a vector field to belong to a convex surface and phrases

these conditions in terms of neighbourhoods of singular points. What
parametric neighbourhoods should be and what properties we ask for
is explained in

Thus set up we are ready to manipulate our loop of contact structures
to deform the movie of vector fields until each vector field belongs to a
convex surface. The strategy is to try to remove as many singular points
(or neighbourhoods) as possible. contains an elimination
deformation that not only works for families of contact structures but
also eliminates whole neighbourhoods of singular points. In order to
find pairs of neighbourhoods this elimination can be applied to, we will
consider in a graph of these neighbourhoods and show
that it is a forest. Leaves of this graph can be eliminated. To aid
this process we define in a complexity valuation of the

vector fields together with said neighbourhoods. Finally
describes how to actually perform these deformations, how to deal with

overlapping deformations, and that the process terminates and gives
the desired result: That each vector field from the movie belongs to a
convex surface, that each contact structure is now such that all spheres
are convex surfaces with respect to it.

This allows us to construct aforementioned homotopy of the (de-
formed) loop of contact structures to the constant one.

And now, let me not keep you from reading any longer.
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|. Families of contact structures

1. Tight contact structures on S°

Definition 1.1. A 2-plane distribution € C TM on a 3-manifold M
given as the kernel of a 1-form o« € QY (M) such that

aAda is a volume form

is a contact structure. In this case o is called a contact form.

Remark 1.2. We can allow a contact structure £ to be given as the
kernel of only locally defined contact forms. If £ is the kernel of a
single globally defined 1-form «, this form induces an orientation on
the 1-dimensional subspaces in T'M complementary to £&. Then we call
the contact structure cooriented.

As one can obtain a cooriented contact structure from any given one
by passing to a double cover, we will only consider cooriented contact
structures.

Example 1.3. Consider the unit sphere in C? with coordinates x1, 3,
Zg, Yg. The restriction of the 1-form xq dy; — y; dzy + 9 dyy — yo dzg
is a contact form that we will call a,. Denote its kernel by £,; and call
it the standard contact structure on S3.

The volume form a; A day; is positive with respect to the standard
orientation on S3.

Definition 1.4. Contact structures that are given as the kernel of a
contact form « that satisfy

aANda>0 (I.1)

are called positive.
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A diffeomorphism 1 of M allows us to define a 1-form (¢_1)*a. It is
again a contact form. Its kernel is a contact structure and comprises
the image of & = ker a under the differential T of v, i.e.

ker((w_l)*a) = Ty(ker o) = TP(€) .

Hence the group of diffeomorphisms acts on the set of contact forms
and on the set of contact structures.

Likewise, an isotopy of M induces a smooth path of contact forms
and hence a smooth path of contact structure.

Definition 1.5. We call a contact structure &, isotopic to a given
one &, if there is an isotopy ¥, t € [0,1], of M with ¥y =id; and

&1 =T¢1(&) -

Bennequin [Ben83| observed that there are contact structures on
53 that are homotopic as plane fields, but not isotopic as contact
structures.

Definition 1.6. An embedded disc A in a contact manifold (M,§)
such that for each point g € OA

e T,(0A) C &, and

- TA#E,

is an overtwisted disc. If (M,§) contains an overtwisted disc, then
(M, &) is called overtwisted, and tight otherwise.

Remark 1.7. This definition is equivalent to the frequently given one
requiring there to be single point in the interior A with T,A = &, as is
explained in [Geio8| Proposition 4.6.28].

The image of an overtwisted disc under a diffeomorphism is again an

overtwisted disc. In particular, a contact structure that is isotopic to
an overtwisted contact structure is overtwisted.

Theorem 1.8 (Eliashberg [Elig2]). Fvery positive tight contact struc-
ture on S3 is isotopic to ;.



2. Main results and overview of proof

The same publication states without proof that this theorem can be
generalised to multiparametric families of tight contact structures. The

goal of this work is to give a proof of this generalisation (Theorem 2.1)

using different methods than those used in |Elig2].

2. Main results and overview of proof

Denote by =, (53) the space of tight positive contact structures on
S3 with the property that their contact plane at the point (—i,0) €
S3 C C? agrees with the contact plane of &,,. This is the plane
ker ast,(—i,O) N T(—i,O)SB = ker(dxl) N T(_i’O)SS = {0} X CZ.

Theorem 2.1. Every Sk-parametric family of contact structures in
E0(S53) is homotopic to the constant one (£;).

We will construct an homotopy of parametric contact structures as
follows.

Step 1: There is a parametric Darboux Theorem that yields a first
isotopy after which all contact structures agree in a neighbourhood
of (—i,0).

Step 2: There is an isotopy that enlarges the neighbourhood where all
contact structures agree with the standard one until it contains a
hemisphere.

Step 3: The complement of two discs around the poles is foliated by
spheres. The characteristic foliation of any sphere with respect
to any contact structure agrees with the characteristic foliation
with respect to the standard contact structure outside a disc. Suc-
cessive elimination of singular points will turn the characteristic
foliations on all spheres into nice forms and thereby make the
spheres convex.

Step 4: An isotopy will bring the dividing curves of all spheres to the
equator.

Step 5: This will then allow us to find an isotopy between the para-
metric family of contact structures and the constant family (&, ).



I. Families of contact structures

The space of cooriented 2-planes in R? is the double cover of the
Grassmannian GQ(R?’) and can be identified with the unit sphere
S2 c R3. Cooriented contact structures are hence given by specific
smooth sections in ST'S3, the unit sphere bundle to T7'S3.

The space of smooth sections of ST'S® over the compact manifold S3
is a tame Fréchet manifold, ¢f. [Ham82, Example 1.4.1.6]. The contact
condition is C'-open and hence €*-open in ST'S3. Consequently the
space E(S 3) of (cooriented) contact structures on S? is a tame Fréchet
manifold.

Lemma 2.2. The space = (53) is a tame Fréchet manifold

Proof. Consider the fibre of ST'S® over the point (—i,0) and pick an
identification with the unit sphere $? C R3 such that ¢, takes the value
(1,0,0) € S? in (—i,0). Denote the subset {(w,y,z) € 52 |af > O} o
B2 Cc R? by E.

The space Z_ (53 ) of contact structures on S that lie in the connected
component of £, and that in the fibre over (—i,0) take values in F is
an open subset in E(S 3) and hence a tame Fréchet manifold.

Consider the projection EE(S?’) — E — R? that assigns to a con-
tact structure £ its value in the fibre over (—i,0). Its differential is
surjective and its target is a finite dimensional vector space, so the pre-
image of (0,0), the set EO<S3), is a Fréchet submanifold, c¢f. [Ham82),
Theorem III.2.3.1]. O

Theorem 2.3. The space Z (53) has the homotopy type of a point.

Proof. Since the Fréchet manifold =, (S 3) is metrizable, an infinite-
dimensional extension of J. H. C. Whitehead’s theorem (see [Pal66)|
and [Eel66]) implies that Z,(5?) is contractible. O

3. Families of contact structures

Let (£%) C E¢(S93), s € S*, be a continuous S*-family of contact
structures that agree with & ; in (—¢,0). Let them be given as kernels
of a family (a®) of contact forms on S3. After rescaling these, we may
assume that all contact forms agree with a,, in the point (—i,0).



4. Step 1: Darboux theorem

The contact forms are sections in the bundle of differential 1-forms
on S3. Hence, after a Weierstra3-type approximation, bearing in mind
that the contact condition is €'-open, we may assume that the contact
forms o form a smooth family and that each a® still agrees with a,
in the point (—¢,0).

4. Step 1: Darboux theorem

Let us observe that there is a family of isotopies after which the contact
forms agree with a,; in a whole neighbourhood of the point (—i,0).
This is a consequence of a parametric version of the Darboux theorem
for contact forms.

Proposition 4.1 (Parametric Darboux theorem). Let M be a 3-di-
mensional connected manifold, P a compact manifold and o a smooth
P-family of contact forms on M that is constant at one distinguished
point.

Then around any given point q € M there are SP-parametric co-
ordinates xP, yP, zP in a neighbourhood U of q such that ¢ = (0,0,0)
and

|, =dzf + 2P dy? —yP daP  for all p € P.

Proof. Consider any smooth chart around ¢. This allows us to assume
that M = R? and g is the origin. The Reeb vector fields Rgp o in the
origin are a smooth P-family of vectors. Denote it by 0,,.

Assertion 1. We can solve the problem in the origin, i.e.
there are smooth P-families Oyp, 0,0 of vectors at the origin
such that

af(0) = (dz? + =P dy? — y” dx”)(0),

where dz?, dy? and dzf are dual to Oye, O

e and 0,
respectively, in 0 € R3,

Proof. Consider the contact planes £%(0) in the origin. They
define a rank-2 vector bundle over P. As any path from ¢
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to the distinguished point p in which o is constant gives an
homotopy of the family £°(q) to the constant family £°(p).
Hence the bundle R? — £%(0) — 2 is trivial.

Pick any section 0., without zeroes. As da” is non-degen-
erate on the contact planes £°(0),

Lo, o do? = —2dz”
uniquely defines a P-parametric vector in the origin with

da? = 2dx” A dy”. O

Choose linear coordinates z*, y” and 2” on R? such that in the origin
the directions of 7, y” and 2 are given by 9,,, 0,0 and ., respectively.
Denote by dx”, dy”, dz* the 1-forms dual to the coordinates z*, y”
and z”. Using these, define

af == (1—1t)(dz? + 2 dy? — y* daP) + ta? for ¢ € [0,1].

This is a smooth family of 1-forms constant in the origin. They are
also contact forms in the origin and, as the contact condition is open,
contact forms in some neighbourhood U; of 0 € R3 for all p € P.

We will now use Moser’s trick to obtain a P-parametric isotopy wf
of R3 that is the identity away from the origin and that satisfies

(@foaf = af = dzf + 2P dy? — yP da? (L.2)

near the origin. Then the contact forms a” have are of the form stated
in the local coordinates

o (UF), yo (UF), 2o (vF).

To construct 1 assume that ¢f is the flow of a parametric vector

field X7. A necessary condition for (.2 is

d * *( .
0= (W) af) = (wf)" (6 + £ f)



4. Step 1: Darboux theorem

which equals, using a Cartan’s formula for time-dependent vector fields,
0= (v) (o}f +ixpdaf + d(LXfatp)> :

A proof of this version of Cartan’s formula can be found in |Geio8),
Lemma B.1]. As ¢} are diffeomorphisms, this is equivalent to

Ozdf+bxfdaf+d<foai’>. (I.3)

Split X uniquely into its component in Reeb direction (with respect
to of) and a vector field Y/ in the contact structure ker of and write

X{ = h{R.p +Y{
with hf € €>°(M). The equation turns into
0=d7 +typdaf +dhy. (L4)
Inserting the Reeb vector field gives
0=d}(R,e) + R (h]). (Ls)

To solve the differential equation, denote the P-parametric flow of the
(time-dependent) vector field R,p by ¥7.

Assertion 2. The flow U} ezists for some time T and
all p € P on a neighbourhood V of 0 of {z =0} and there
is a neighbourhood Uy of 0 such that all points in Uy lie in
the image of WY (V) for all p € P.

Proof. Remember that in 0, the vector Raf corresponds to
9% for all t € [0,1]. In particular, it is transverse to {z = 0}.
Hence for each p in the compact parameter space P and
hence also for all p € P there is an open neighbourhood W of
0 in {z = 0} in which R,p is transverse to {# = 0}. Shrink
W such that W still has this property. Regard the flow of
the parametric vector field as a flow on #? x R3 that has
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constant P-component. As the smooth vector field satisfies
a Lipschitz-inequality on 2 x W for all t € [0, 1], every point
7 in the compact set P x W has an open neighbourhood Uy,
in 7 x R? and some 0 < t, < 1 such that the flow ¥} is
defined on U77 for time 0 < ¢ < by

Hence ¥ is defined on some open neighbourhood Vof W
in R3 forall pe P and 0 <t < T up tosome T > 0. Let V
be the open set V N {z =0} and define

ﬁ:z{(p,\lftp(a:))‘pe?, 0<t<T, :UGV}.

The set U contains the compact set P x W. Hence there
is an open neighbourhood Uy of 0 in {z > 0} such that

PxUfcl. 0

We will now solve (L.5)) by integration. For all points p in Uar there
is a time s’} (p) as well as a point z(p) in {z = 0} that both smoothly

depend on p and p such that p = \pr olp )( P(p)). Using these, define

hf: UJ — R
p:\Ilgp(p)( / ay \I/p xp(p)))>d7.
0

As &f vanishes in 0 for all p € 2 and ¢ € [0, 1], we may, after shrinking
Uy, assume that hY is well-defined.

Similarly, there is a neighbourhood Uy of 0 in {z < 0} such that
there is a time s (p) as well as a point z”(p) in {z = 0} that both
smoothly depend on p and p such that x”(p) = \Ilg o(p) (p). Define again

hY: Uy — R
s2(p)
po= = | (R (W) ar.
0

Then h{ the unique solution of (L.5]) in a neighbourhood U; C U UU;
of 0 with initial values b} = 0 on {z = 0}. As the functions kY also
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smoothly depend on p € P, this shows that we constructed a P-family
of smooth functions.

This then defines X/ uniquely by equation ([.4) as daf is non-
degenerate on ker o). The contact forms af form a P-family and hence
do dof as well as the functions hf. Consequently, we obtain a P-family
of vector fields X7.

In 0, the 1-forms &} and the functions hY vanish and hence so do
the vector fields X7. If we define ¢ as the flow of X7, it is defined for
all times ¢ in the point 0. As a flow of a vector field is always defined
on an open domain, it is defined uniquely for ¢ € [0, 1] on a sufficiently
small neighbourhood U C U; of g for all p € P. The defining vector
fields X7 form a P-family and thus so do the isotopies ¢}. Notice we
did not integrate in p-direction. Hence we obtained 7. O

Remark 4.2. [Proposition 4.1 also holds for higher dimensional contact
manifolds without changes in the proof.

Remark 4.3. In[Proposition 4.1 we used the hypothesis that the family
of contact forms is fixed at one point only in Assertion 1 to assure that
the (symplectic) bundle R? — £8§ — 2 is trivial.

The theorem holds also true without this hypothesis if for example
P = S* for k # 2 as the bundle is trivial if its first Chern class vanishes.

Consider our S*-family of contact forms a® that coincide at the
point (—i,0). Applying the Darboux theorem to asst?’ in (—,0) gives
coordinates z, y, z in a neighbourhood of (—i,0), in which aftg is given
as dz + xdy — ydx. The contact forms a® agree with aftg in (—1,0),
so in these coordinates, all a® are of the form dz + z dy — ydx in the
point (—i,0). The parametric Darboux theorem then gives a S*-family
of isotopies 93, t € [0,1] of S3 such that ¢§ = idgs and

(¢f)*as =dz+ody —yde

in the coordinates just chosen. In particular, the family of contact
structures (£°) is isotopic to (T9$(£%)) and the latter one coincides
with 5;5;3 on a neighbourhood U of (—i,0).

We shall denote T'97(£°) again by &°.
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5. Gray stability

So far we deformed our given contact structures such that they agree
near (—i,0) in S3. To obtain an isotopy of contact structures on the
complement, we will make use of Gray stability.

Proposition 5.1 (Gray’s stability theorem). To a family of contact
structures (&), t € [0,1], on a closed manifold M, there is an isotopy
Uy, t €10,1], of M such that

Ty (&) = & for each t € [0,1].

A reference for this statement is |Geio8|, Theorem 2.2.2]. To deal with
families of contact structures, let us produce a parametric version. The
proof using a Moser trick argument is analogous to the non-parametric
version.

Proposition 5.2 (Parametric Gray stability). To a smooth family
(&), te€[0,1], s € Sk, of Sk-parametric contact structures on a closed
manifold M, there is a S*-parametric isotopy 5, t € [0,1], of M such
that

T3 (65) = & for each t € 0,1] and s € S*.

Proof. Let a®, s € S* t € [0,1] be a smooth (S* x [0,1])-family of
contact forms to &, i.e. £ = ker o for all s € S¥ and t € [0,1]. Assume
that the isotopies 97 arise as the flow of a time-dependent S k_parametric
vector field X7 on M. Then the condition that T');f (58) = ¢ translates
into
Nag = (¢f) a; for each s € S¥, ¢ €[0,1]

for some smooth family of functions A\f: M — RT. Differentiation
with respect to t yields the necessary condition

Moo= ((09) at) = ()" (67 + £x; 07) (1.6)

where the dot denotes the derivative with respect to t. The left hand

10



5. Gray stability

side can be written as

. 'AS * k
Nag = =2 (V7) af = w3 (¥7) of
t

with pf = d%(log Af)e (wf)fl. For the right hand side of equation (I.6)),

notice that
G5 + Ly 0f = 65 + 1xs dag + d(1y0f) (L7)
by Cartan’s Formula. Combining these, equation is equivalent to
piog = a5 + tyxs dog +d(uypof) . (L.8)

Let us assume that we can choose X/ to lie in ker of = &;. Thereby
we write equation ([.8)) as

piag = aj +ux; dag, (Lg)
which implies, inserting the Reeb vector field Ry,
pi = & (Rf).
This uniquely determines pj. Equation , that we can write as
i dog = piaf — &

then uniquely determines X as the right hand side has no component
in Reeb-direction and daj is non-degenerate on ker of = ;.

We may integrate these smooth vector fields up to time 1. Its flow
1§ smoothly depends on both ¢ € [0,1] and s € S¥ and by construction
satisfies equation and hence

Ty5(&5) = & for each t € [0,1] and s € S*.

O

Corollary 5.3 (Parametric Gray stability, relative version). Let (&),
t €10,1], s € S* be a smooth family of S*-parametric contact structures

11



I. Families of contact structures

on a manifold M that is constant in t on a compact set K C S* x M.
Then there is an S*-parametric isotopy ¥3, s € S*, of M such that

T3 (65) = & for each t € [0,1] and s € S*
and i is stationary on K.

Proof. Let of, s € S¥ be a smooth (S* x [0, 1])-family of contact forms
to /. Rescaling them we may assume that they coincide on K. In
particular, their derivatives &; with respect to ¢ vanish there.

Follow the proof of [Proposition 5.2| That & vanishes on K implies
that p7 = &7 (R) vanishes there. Consequently, we obtain 1y, daj =
piai —af =0 and hence X7 =0 on K.

The parametric vector field X} is compactly supported and can be
integrated up to time 1. Its flow v} is stationary on M \ K. O

6. Step 2: Extending the Darboux neighbourhood

Let us come back to our situation on the 3-sphere. In a first step we
used a parametric Darboux theorem to find an isotopy of the contact
structures after which they agreed with &, on a neighbourhood U
of the point (—i,0) € S3. We will see that an isotopy of families of
contact structures yields contact structures that agree with &, on a
much larger neighbourhood U of (—i,0). In particular, we can arrange
that all contact structures agree with the standard contact structure
on a neighbourhood of a hemisphere. To do this, we will temporarily
transform our situation to the euclidean space and give an isotopy
there.

On R? with coordinates u, v and w, the 1-form &, := dw+udv—vdu
is a contact form. Its induced contact structure on R3, Est := ker ary,
is the standard contact structure on R3.

There is a contactomorphism

v (SPN{(=4,0)},60) — (R, &)

In |Geio8, Proposition 2.1.8] there is an explicit description of a con-
tactomorphism (S3\ {(0,4)},&,;) — (R3,&,;) as a composition of the
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6. Step 2: Extending the Darboux neighbourhood

Figure 6.1.: The contact structures £° agree with £, on the complement of B

stereographic projection

. . Z1 Y1 T2
=
(x1 +iyp, T3 + iyp) (1—y2’l—y2’1—y2)
with the inverse of the map R? — R? given by
(7’, @7?1}) = (7"7 Y —w, %’U)(l + %UJQ + 7’2>>

in cylindrical coordinates. Pre-composing it with the contactomorphism
(z,w) = (w,—z) of S3 that sends (—12,0) = (0,4) gives the contacto-
morphism (S3\ {(—,0)},&,) — (R3,&,).

For any s € S* the contact structure £° agrees with &, on the
neighbourhood U of (—i,0). Its image T (£°) under v therefore agrees
with Est outside the compact ball w(SS \ U).

We want to find contact isotopies such that the modified contact
structures agree with £.; on the complement of the closed ball B :=
{(z,w) € §3| Imz > 1/2} that is fully contained in the hemisphere
S = {(z,w) € S? | Jmz > 0} of S? as in

Observe that v sends (7,0) to (0,0,0). In the image of ¢ the condition
that &% agree with £, in the complement of B translates to the condition
that T (&%) agree with 5 s+ outside a smaller compact ball around the

13



I. Families of contact structures

origin in R? that lies in ¥(B). One quickly checks that the ball of
radius 1/4 lies in the image of B.

By hypothesis T (£°%) agree with E s outside a ball Br(0) of radius
R around 0 such that ¢(S3\ U) C Bg(0). Let us assume that R > 1/4,
otherwise the contact structures £° already agree with £, on B.

Consider the maps

Oy: R3 — R3
(u,v,w) > ()\u,)\v,)\2w)

with A > 0. It is a contactomorphism of §;. In fact, ¢ia, =
¢4 (dw + udv — vdu) = A (dw + udv — vdu) = \2a,,.

Choose A(t) := (1 +1t) +t/(4R). With A(1) = 1/(4R) < 1 we also
have A2(1) < 1/(4R) and thus $x(1) maps Y(S3\U) into a ball of
radius 1/4 around the origin and hence into the image of the ball B.
The images

& = T¢>\(t)gs

of 5 * under T'¢y 4 form a smooth family of contact structures. As for all
s € S* the contact structure 58 agreeid with 50 outside a ball oﬂf radius
R and ¢, are contactomorphisms of £, the contact structures £; agree
with 50 outside a ball of radius 1/4 around the origin, cf.

The parametric and relative version of Gray stability (cf. |Corol

lary 5.3) yields a S*-family of isotopies ®f, s € S¥, t € (0,1), of R?
that is stationary outside 7,/}(5’ 3\ U) and satisfies

T@f(gs) = & for each t €[0,1] and s € S*.

As @ is stationary outside a compact ball, the conjugation =1 o ®f o)
with 1) gives a family of isotopies of S? that is stationary near the
point (—i¢,0) and defines isotopies of the contact structures £° with
Ty todSorp(&8) =Ty oS (Es) As TP (55) agrees with &, outside
the image of the hemisphere S_ and ¥ is a contactomorphism, each
Ty~tods (ES) agrees with £, on the complement of S_.

Let us denote the contact structures T% ! o @5 o 9)(£°) again by
5. These agree with on S3\ B, the complement of the ball B =
st

14



7. Caps and spheres: Transforming the problem

Figure 6.2.: The contact structures Ty (£°) agree with Est outside the ball
Br(0)

{Jmz > 1/2}. We also find a smooth family of contact forms a® for &*
such that each o coincides with ag, on S3\ B.

7- Caps and spheres: Transforming the problem

All contact structures £° agree with the standard contact structure £, on
the subset S3\ B = {(z,w) € $3| Jmz < 1/2} of S3. This set contains
the caps C, = {Rez>7/8} N S% and C_ := {Rez < —T/s} N S3
that are open discs around the north pole N := (1,0) and the south
pole S := (—1,0), respectively. Their complement, S3\ (C_UC,) =
{—7/s <MRez < 7/} is diffeomorphic to [—1,1] x S? via

o: [-1,1]xS?2cCc[-1,1]xR3 — S3 CC?~R*
(z,u,v,w) > (%z,r(z) u, r(2) v, r(2) w)

where 72(2) + (%z)2 = 1. The contact form ay, pulls back to

d*a, = %T-zdu— %r’l cudz 472 vdw—1? - wdv,
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I. Families of contact structures

Figure 7.1.: On the caps C* and C~ and near them the contact structures
&% agree with £,,. The complement of the caps is foliated by
2-spheres.

which we shall write as
(I)*ast — gt —+ h;t dz

where 35t := %r-zdu+r2 cwdw—7r?-wdv and h3l = —%rilu. For each
fixed z, we regard (5! as a 1-form on S2. Likewise, h3! as a smooth
function on S?: We consider our standard contact structure restricted
to [—1,1] x S? as a 1-parametric family of 1-forms and functions.

Similarly, we can pull back the contact forms o® and write them as
O o =: B + hidz.

Observation 7.1. For z close to +1, the embedding ® maps the sphere
{z} x % into S\ B. Hence for all s € S¥, both 35 and h$ agree with
st and h$', respectively, for z sufficiently close to +1.

To be able to apply Gray stability, cf. we need to find a
path of parametric contact structures between £° and £,;. Equivalently,

we will construct a parametric path of contact forms between the family
o® and the standard contact form a;.
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7. Caps and spheres: Transforming the problem

Let us construct a path that is constant outside <I>([—1, 1] x S 2) as
the contact forms o coincide with «ag,; there already.

Let us assume we are given any such path (o), t € [0,1]. We may
pull it back to [—1,1] x S? and write the contact forms «f there as
B . + hi , as mentioned above. This turns a path of contact structures
into paths of 1-forms and functions on S2.

Conversely, paths of 1-forms ; , and functions hi , on S 2 that are
constant in ¢ for z close to +1 determine paths of 1-forms on S3.
However, without further assumptions, these will not be contact forms.

Observation 7.2. With respect to this splitting [—1, 1] x S2, the contact
condition for a 1-form a = 3, + h,dz translates into

0<anda=(B,+h,dz) A (dB, — B, Adz +dh, Adz)
=B AdB, —B. AB,ANdz+ B, ANdh_Adz+h_ dB, Adz (L10)
= (=B, AB.+ B, Adh, +h dB,) Adz,

where the dot denotes derivative with respect to z and all exterior
derivatives are with respect to S2.

Hence the problem to find an S*-parametric isotopy between the
contact structures ¢ and &, translates into finding paths of S* x
[—1, 1]-parametric 1-forms and functions on S? that satisfy the contact

condition (L.10]).

A naive idea would be to choose a convex interpolations between 33
and 35! and between h$ and hSt:

Observation 7.3. For any fixed family of 1-forms 3, on [—1,1] x S?,
the contact condition is convex in h,: Let h, and k, be two families of
smooth functions on S? such that both 3, + h,dz and 8, + k, dz are
contact forms and define

al =8, + ((1—t)h, +tk,)dz.

17



I. Families of contact structures

Then we have

ot Adat = (—ﬂz A ﬁz + (1 —t)(B, Adh, +h, dj,)
+1 (B A dk, + k. dB.)) Adz
_ (1_t)(_ﬁzABZ+6ZAdhz+hzdﬁz) Ndz
+ (=B, AB.+ B, Adk, + k. dB,) Adz
= (1 =1)((8, + h,d2) Ad(B, + h.dz))
+t((B. + kodz) Ad(B, + k. dz2))
>0.

Consequently, all o’ are contact forms. The contact condition is,
however, not convex in (3, for fixed h,.

We may still construct paths of contact structures provided the 1-
forms (3% are nice, cf. These nice 1-forms 3¢ belong to convez

surfaces.

8. Convex surfaces

Definition 8.1. If a surface ¥ in a contact manifold (M,§ = ker )
has a tubular neighbourhood (—e,€) X ¥ such that the contact form « is
invariant with respect to the normal direction z, i.e. o can be written as

a\( )XEZ,B—I-hdz,

—€,&

where neither B nor h depend on z, then the surface X is called convex.

Observation 8.2. The contact condition (l.10f) for 1-forms given as
B, + h,dz in a neighbourhood of a surface ¥ simplifies to

0< (BAdh+ hdp) (L)

if the 1-form is invariant with respect to z.

This implies that wherever h vanishes, we have that 0 < 8 A dh. In
particular, the differential of A does not vanish and hence I' := {h = 0}
is a 1-dimensional submanifold of . This submanifold separates areas
where h is positive from those where h is negative.
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9. Characteristic foliations

Definition 8.3. A 1-dimensional submanifold I' of a surface ¥ is
called dividing set of ¥ with respect to a contact structure &, if there
is a tubular neighbourhood (—e,e) x ¥ of X, the contact structure & is
given as the kernel of 5+ hdz and ¥ = {h = 0}. The submanifold T
shall be oriented as the boundary of {h < 0}.

Let us take a short moment to compare the contact condition
with the contact condition for convex surfaces. Notice that the
latter is positively linear in h. This property will allow us in
to find paths of contact forms provided the dividing sets coincide since
the linearity allows us to rescale the function h.

In we will derive criteria on 8 and h for the condition

that a given surface X is convex.

9. Characteristic foliations

Definition g.1. Let X be any surface embedded via ¢ into a 3-dimen-
sional contact manifold (M,& = ker «). The kernel of B := ¢*« is the
intersection of the contact planes of £ with the tangent space of 3. It is
a 1-dimensional singular foliation, the characteristic foliation of X
with respect to & We will denote it by £3.

The characteristic foliation on a surface determines 5 up to rescaling.
In fact, it also determines the germ of the contact structure near the
surface, c¢f. [Girg1, Proposition II.1.2]. A proof in English can be found
in |Geio8) Theorem 2.5.22].

Proposition 9.2 (Giroux). Let ¥; and ¥, be two closed surfaces
in contact 3-manifolds (My,&,) and (Ms,&y), respectively. Then any
diffeomorphism ¢: X, — g that sends characteristic foliation to
characteristic foliation, preserving orientation, extends to a contacto-
morphism ®: (N (X1),&) — (N(Eg),&)-

Moreover, any diffeomorphism ®": N (X;) — N(X,) of sufficiently
small open meighbourhoods of the surfaces is isotopic to a contacto-
morphism.

As the characteristic foliation of a surface ¥ determines the contact
structure in a neighbourhood of ¥ and being convex is a condition on
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I. Families of contact structures

the contact structure in a neighbourhood of %, cf. being

convex ultimately is a condition on the characteristic foliation.

Corollary 9.3. Let X be a surface in a 3-dimensional contact manifold
(M, & = ker ). If there is a O,-invariant contact structure on (—1,1) x
> that induces the same characteristic foliation on X, then X is convex.

10. Step 4: Bring dividing sets into standard form

Remember our situation from The contact structures £°
already coincide with & , on two caps. On its complement, identified
with [—1,1] x S§2, the contact structures £° are given as the kernel of
B85 + hidz. We want to construct a path of families of 1-forms £ and
functions h on S? such that these induce a path of parametric contact
structures. In Step 3, cf. we will see how to find an isotopy
of the contact structures £° such that all spheres {2} x S? that make up
the complement of the caps are convex with respect to all €%, s € S¥. In
order to find a path of contact structures in we will require
that we can find on each sphere {2} x S? a single closed curve that is a
dividing set for all contact structures £° and &,,. To arrange this, we
will need to deform the contact structures £° with another isotopy.

Consider S? in R? with coordinates u, v and w as in and
for each z € [—1,1] its embedded copy {2z} x S? C S3.

Lemma 10.1. For each z € [~1,1] and s € S* there is an embedded
curve TS in S? such that its image in {2} x S? is a dividing set with
respect to &°.

The curves I'S smoothly depend on z and s and are contained in the
closed hemisphere {u > 0} C S2. For z close to +1, they agree with
the equator {u = 0} for all s € S*.

Proof. Consider z, € [—1,1] and s, € S¥. The sphere {z,} x S? is
convex with respect to £%, i.e. there is a tubular neighbourhood of
{2} x S% in [~1,1] x S? with respect to which the contact structure
£%0 is given as the kernel of Bﬁg + hdz, where h does not depend on z.
In particular, the function A and the 1-form 5;8 satisfy the invariant

contact condition ([.11)). As before, we consider both the 1-form 8% and
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10. Step 4: Bring dividing sets into standard form

the function h to be living on S2. By |Section IIL.6| we find a dividing

set on {z} x S? that is contained in the hemisphere {u > 0} C S?, so
we may assume that h > 0 on {u < 0}.

The invariant contact condition is €'-open in the space of 1-forms
on S? with respect to 5. As the 1-forms 3% smoothly depend on both
z € [~1,1] and s € S¥, there is an open neighbourhood N of (s, zy) in
Sk x [~1,1] such that for all (s, 2) € N the 1-forms 35 + h dz satisfy the
invariant contact condition . In general these will not be contact
forms, however.

We can find such neighbourhoods N and functions h to all points
(s,2) € S* x [~1,1]. Since S*¥ x [~1,1] is compact, there is a finite
cover Ny, ..., N,, of S¥ x [—1,1] with such neighbourhoods. Let us call
the corresponding functions hq, ..., h,,.

Choose a partition of unity éq,...,¢,,: S* x [-1,1] — [0,1],
Z:.il ¢; = 1, subordinate to the open cover and define

H: SkFx[-1,1]x8% — R
(s,2,9) = 2 dils,2) hila).

Denote the map S? — R, q — H(s,z,q) by HS.

Assertion 1. For each {s,z} € S¥ x [~1,1], the image of
the zero set {q € {z} x S?|H5(q) =0} of HS in {z} x S?
is a dividing set with respect to £°.

Proof. On R x S?, where we denote the R-coordinate by
¢, we can define a 1-form as 5 + HJ d¢. By construction of
H this 1-form satisfies the invariant contact condition .
As neither 33 nor H depend on ¢, our 1-form is a thus a
contact form on R x S2.

There is a tubular neighbourhood (—¢, ) x S2 of {2} x S? in
[—1,1] x S? such that £° is given as the kernel of 35+ H? d(,
where ( is the (—¢,¢)-coordinate, cf. |Proposition 9.2/ In
particular, the zero set {q € {2} x S?|H:(q) =0} of HS is
a dividing set of the sphere {z} x S? with respect to &%, cf.
lObservation 8.2l O
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I. Families of contact structures

As each {H$ = 0} is a dividing set, the differential of the function
H does not vanish along the pre-image of 0, hence I' := {H =0} is
a codimension-1 submanifold of S* x [—1,1] x S2. It intersects each
sphere {z} x S2 transversely in I'S := {HS = 0} for all s € S¥ and thus
I'$ depends smoothly on both s and z.

For z close to £1, all contact structures &° coincide with £, and
hence on {z} x S? the contact structures £° are given as the kernel
of B3t + hstdz . Consequently, the function H? coincides with h3t for
all s € S¥ and {HS = 0} is the equator {u = 0} of S2, a single closed
curve. Hence all I'] are single closed curves.

It remains to show that all I'§ are contained in the hemisphere
{u > 0}. This follows from the fact that each h? was strictly positive
on {u < 0} and hence so is H? for all s € S* and z € [1, 1]. O

We saw in the proof of the preceding lemma that the hypersurface
I' = {H =0} in S* x [~1,1] x S? is contained in S¥ x [—1,1] x {u > 0},
which itself is contained in S* x [—1,1] x {u > —1/2}. The latter set
is diffeomorphic to S* x [~1,1] x R? such that {u = 0} is mapped
to the unit circle {r = 1} in R2. The hypersurface I' intersects each
disc {(s,2)} x D? in a single closed curve, hence I is diffeomorphic to
SFx [-1,1] x St

The hypersurface I' bounds a cylinder C' diffeomorphic to S* x
[~1,1] x D? inside S* x [~1,1] x R2. Let n: S*¥ x [-1,1] x D? — C
be a diffeomorphism with 7(s, z,q) € {(s,2)} x R? for all s € S* and
z € [-1,1]. For z close to £1, the curves I'§ are the equator {u = 0}
in S2, which we mapped to the unit circle {r = 1} in R2. Hence we
may choose 7 to be (s,z,q) = (s,2,q) for z close to +1. After an
isotopy away from z = +1 that preserves each level {(s,2)} x D? we
may assume that 7(s, z,0) = (s, 2,0) for all z € (—1,1).

Denote by 77 the map ¢ + 7(s, 2, q) and by D, n? its linearisation as
a map D?> — D2, For t € [0,1] define

P SEFx[-1,1]x D? — Sk x [~1,1] x D?
(S P q) H (5727%n(872’tQ))7 t > 0

This is an isotopy of 7 that preserves the level sets of (s,z) and is
stationary for z close to +1.
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11. Step 5: Isotopy to the constant family

Extend both isotopies to a level-preserving isotopy ¥, of S¥ x[—1,1] x
S? relative to {z = 41}. Its time-1 map sends I' C C to S* x [—1,1] x
{r=1}

The isotopy ¥, is stationary near {z = 41} and hence extends further
to an isotopy of S* x S2 that is stationary on the caps C_ and C,.
In particular, it induces isotopies of the contact structures £ on S3
via T (&%) where W7 := \I't]{s}xsg. Denote the contact structures
TW3(£°) again by £° and the induced contact forms by o®.

As ¥, is stationary on the caps C'_ and C,, the contact structures
&* and the contact forms o still agree with £,; and ay,, respectively,
on C_UC, forall s¢e Sk,

A contactomorphism sends convex surfaces to convex surfaces and
their dividing sets to dividing sets. Consequently, all spheres {z} x 52
are convex with respect to all £, s € S¥, and for all z € [~1,1]. On any
of these we may choose ¥ (I'N {(s,2)} x S?) = ¥ (T)N{(s,2)} x 52 =
{u=0} C {(s,2)} x S? as dividing set with respect to £*. In other
words, for all spheres the equator {u = 0} is a dividing set with respect
to all contact structures £°.

11. Step 5: Isotopy to the constant family

We are now ready to construct an isotopy of the contact structures &°
to the constant family &,,. On the caps C_ and C,, cf. of
S3 the contact structures ¢* already coincide with &,;, so we need to
find an isotopy on [—1,1] x S2.

The tool we will be using is a parametric version of the Gray stability
theorem, cf. A smooth path of contact forms on [—1, 1] x
S? gives rise to a path of contact structures, which in turn will produce
an isotopy of contact structures. This construction is a parametric
adaptation of ideas from [Giroo, Lemma 2.6] and their explanation in
[Geio8, Lemma 4.9.2].

On [—1,1] x S? we wrote the contact structures £° as the kernel
of B¢ + hédz, cf. and &5 as the kernel of 85¢ + hstdz. A
convex interpolation between these forms will in general not be through
contact forms. Instead, we may use the fact that all spheres {x} x S2
are convex and their equators are common dividing sets with respect
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I. Families of contact structures

to all €% and £,,;: It allows us to find paths to contact forms with large
functions h$ and h$t, first. If chosen sufficiently big, their contribution
in the inequality of the contact condition dominates the remaining
summands and guarantees that convex combinations of the contact
forms are indeed through contact forms.

Step | The forms 35t +hst dz are contact forms and 55t and h$! satisfy
the invariant contact condition (I.11)). Hence a quick calculation shows
that for A > 1 the forms p, := £5¢ + Ah3t dz are also contact forms.

po Adp, = (B3 + Astdz) A (dBSt — B3t A dz + Adhst A dz)
= (=Bt A B2t + ABSE AdRSt + ARt A dBS) A dz
= (=Bt A Bt + Bt ARt + hst AdBEY) Adz
+ (A =1)(Bst AdRSt + At AdBEY) Adz

As before, d denotes the exterior derivative with respect to the S?2
factor. The first summand is a positive area form on S? as the forms

st 1 h$tdz are contact forms, the second summand is positive as
B5t + hit dz satisfy the invariant contact condition. Consequently, the
convex combinations

5, = B+ thstdz + (1 —t)AhE' dz

are contact forms as well.

The forms 33 4 hi dz are contact forms, but 35 and h do not satisfy
the invariant contact condition. All spheres {z} x S? are convex with
respect to all €%, s € S¥, and the equator of S? is a dividing set for
all £°. Considering S? ¢ R3 with coordinates u, v and w, the equator
of S? is the set {u = 0}. Since the equator is a dividing set for every
z € [~1,1] and s € S* a construction as in the proof of
yields functions H? on S? such that the 1-forms 55 + H? dz do satisfy
the invariant contact condition. These functions coincide with kSt for
z close to +1, vanish exactly and up to first order on the equator. As
also the functions h$! vanish exactly on {u = 0} and up to first order,
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11. Step 5: Isotopy to the constant family

the functions
hst
froe
z
defined on {u # 0} extend uniquely to a smooth family of smooth pos-
itive functions f5: S? — R™*. Rescaling the 1-forms 55 + H? dz with
the functions f$ yields the 1-forms f$32 + hstdz. A quick calculation
shows that these still satisfy the invariant contact condition . First
notice that

H: dhst — hs! dH

= fedhst — (f2)? dH .
(Hs)?

he'dfs = hy'

Let us omit the indices s and z for simplicity for a moment.

(fB) A dR*t + K3 d(fB)
= fBAdRSt + hstdf A B+ hStfdB
= fBAdRSt + fdRSt A B — f2dH A B+ k5t FdS
= f2(HdB+ B AdH) > 0.

The second factor is positive as the 1-forms 85+ HS dz satisfy the invari-
ant contact condition and the functions f; are positive by construction.

As rescaling the contact forms 82 + h3 dz with the positive functions
/2 results in contact forms that still define the contact structures £°,
we will do so, denoting fJ 35 by 85. Notice that we do not change (33
for z close to +1, where they already coincide with S5t

Step Il To aid some calculations, observe that the forms
AS = =B A B2 + B2 A dh + hEdps

are (positive) area forms on S? as 35 + h$ dz are contact forms. The
invariant contact conditions for 85 + h$' dz and 85! + h$! dz imply that

B = B3 AdhZ' + hif dB;
B3t = Bt Adh3t + RSP dBE

are positive area forms as well.
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I. Families of contact structures

Consider the convex combinations
n5 4= B2+ (1 —t)hidz + tAhZt dz
between 35 + h$dz and B2 + Ah$t dz. Observe that
ns, Adng, = [(1—t)(B A dhs+h2dBS — B ABS) — B2 A B2
+ (35 A dhSt 4+ hstdBs)] Adz
= [(1 =)A= 18 A 55 + tABS] A dz.

Hence, the 1-forms 7, ; are contact forms, provided A is chosen large
enough.

Finally, consider the convex combinations
ns .= (1—1t)B5 + 165" + Ahstdz.
A quick calculation shows that

5, Adns, = (A1 —t)(B2 A dhs" + hit A B2)
+ AL(B5E AdhSt + hEt A B3
(1 —t) (=B AP — Bt A B2)
— (1 —1)°B5 A Bs — 2854 A S5 A dz
= M(1—=t)BS +tBs") + C3] Ad=.

Hence these too are contact forms provided we choose A sufficiently
large.

Having obtained the three paths 7, 4, 15, and 73 ; of contact forms,
we may smoothly concatenate them as follows. Pick € > 0 and a smooth
function ¢: [0,1] — [0,1] with ¢(¢t) = 0 for ¢t < € and ¢(t) = 1 for
t > 1 —¢ and define

1

Moy  0=t<3

1 2

g = 77;,¢(3t—1)’ 3=t=3
2

N3 63t—2) 3 <t<1
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11. Step 5: Isotopy to the constant family

This is a smooth path of contact structures connecting 85 + h$ dz and
st + hst dz
z z °

Step Il A Moser trick argument will now, similar to the proof of

the Gray stability theorem, yield a family of isotopies ¢¢, ¢t € [0, 1], of

[—1,1] x S? relative to {—1,1} x 52 such that T (ker v§) = kern;.
The latter condition is satisfied if

Asns = (1/1;?)*77? for each s € S*, ¢t € [0,1] (L.12)

for some smooth family of functions A\§: [—1,1] x §? — R*. If we
assume that we obtain v{ as the time-t map of the flow of a parametric
vector field X7, as in the proof of|[Proposition 5.2|we derive the necessary
condition

pimg = if + s dng + d(exsm;) - (I.13)

for pg = d—i(log Af)o (1/1?)71. As before, the dot denotes the derivative
with respect to z and the external derivative is taken with respect to
the S2-factor.

Denote by Rj the Reeb vector fields to the contact forms 7. We
may the vector fields X7 uniquely as Y’ + ufRj with Y? € kern;
and uf: [—1,1] x $2 — R smooth functions. Equation then
amounts to

vyp dnf = ping — 7 — dug. (I.14)

Insert the Reeb vector field R} yields
wi =7 (B) + Ry (ug) -

Any choice of u; determines p. In fact, for i chosen that way, the right
hand side of equation has no component in Reeb direction and non-
degeneracy of dfj on the contact structure kern; uniquely determines
Y;?. We are left to find uf such that XJ vanishes on {—1,1} x S2.

Remember that nf, restricted to T({£1} x S?) is constant in t.
Hence, on {1} x.5? the 1-form 7 is only non-zero on vectors transverse
to {1} x 52, i.e.

nf =kidz on {£1} x S2.
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I. Families of contact structures

Consequently, we may choose as u; any family of smooth functions that
are zero on {—1,1} x S? and satisfy %uf = kj there.

With this choice p§ vanishes on {—1,1} x S? and by equation
so do Y? and X/ =Y’ + uiR;.

This determines a smooth family of vector fields X} that vanish
on {—1,1} x S2. We can integrate them up to time 1. Its flow 1}
gives a family of isotopies between the contact structures €5 and &5t on
[—1,1] x S2. They are stationary on {—1,1} x S? and hence extend to
isotopies of S3.

This concludes the proof of
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Il. Families of characteristic foliations

We still need to modify our family of contact structures &% on [—1, 1] x S?
such that all spheres {2} x S C [—1,1] x S? C S3 become convex
surfaces, cf. [Definition [.8.1] with respect to all contact structures £,
s Sk

We noticed in [Section I.g|that the conditions on a surface in a contact
manifold on being convex it determined by its characteristic foliation.
The goal of this chapter is to understand which characteristic foliations
belong to convex surfaces. We will review some theory about character-
istic foliations in about dynamical systems in and
recapitulate the situation for an isolated surface in From
there we can understand the conditions on the characteristic foliations
in term of neighbourhoods (Section 3.2|) and develop properties of these
neighbourhoods. This paves the way for the deformations described in
the next chapter.

1. Characteristic foliations and vector fields

Let ¥ be a sphere {z} x S2? in [~1,1] x S? C S2 with contact structure
&%, In a neighbourhood of this sphere, the contact structure £° is given
as the kernel of

B+ hidz.

As in[Section 1.7, we consider 35 as a 1-form on S? and h$ as a function

on S2. The characteristic foliation £ is given as the kernel of 2. In
particular, we may regard it as a singular foliation on S2.

Definition 1.1. If X is a vector field on S? parallel to the characteristic
foliation %% (and vanishing in the singular points), we say X directs
the characteristic foliation £°3.

While we speak of leaves of the characteristic foliation, we shall refer
to flow lines of vector fields as trajectories. Each trajectory of X is a
leaf of £3.
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II. Families of characteristic foliations

Observation 1.2. Let S? oriented as S? C R3. If we pick an area form
2 on S? that corresponds to this choice, we may uniquely define a
vector field X on S? using

In particular, this fixes an orientation on the singular foliation £.

The 1-forms $5 on S2? depend smoothly on both s € S* and z €
[—1,1]. Hence we obtain a smooth family of vector fields X? that define
the characteristic foliations.

Example 1.3. Let us consider the spheres {2} x S2, z € [-1,1], in

(83,&,). We saw in an embedding of these and pulled
the contact form ag, back via this embedded to (5% + u$tdz with
st — gr czdu+7r?-vdw —r? -wdv and hSt = —%rilu.
To visualise vector fields directing the characteristic foliation of these

spheres, consider spherical coordinates given by

F: [-1,1] x [0.7] x (=7, 7] — [-1,1] x S2 C [-1,1] x R3
z
cos
sin 1 cos ¢
sin sin ¢

(2,9, ) >

Pulling the 1-form 5% back via F yields
¢ 7 . 204 win2
F*pst = —gr(z)zsmﬁ dY + r#(z)sin“ 9 de.

With respect to the area forms r2(z)sind dd A dp for {z} x S? we
obtain the vector fields

st .
X5t =

ol

z

o) O, +sindd Oy

that direct the characteristic foliation of {z} x S? with respect to &,;.
These have two zeroes, each in a pole. In the north pole, ¥ = 0, it is

a source and the zero in the south pole is a sink. Their complement is

foliated with trajectories of X5 that emanate at the north pole and

tend to the south pole.
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2. Characteristic foliations of convex surfaces

The vector fields X agree with X$! on the set that gets mapped
to {u < %} = {cos¥ < %} In particular, this includes the northern
hemisphere for each z € [—1,1].

2. Characteristic foliations of convex surfaces

Our goal will be to deform the movie X; of vector fields by isotopies
of the contact structures ¢* until all spheres {z} x S? are convex with
respect to all contact structures s € S*. As a first step, we will see
which properties each of the final vector fields will have to have, i.e.
which characteristic foliations belong to convex surfaces.

Let X be a closed sphere in a tight contact manifold (M, ¢&). It has a
tubular neighbourhood on which the contact structure £ is given as the
kernel of 8, + h,dz. Let Q be an area form on 3. Then

tx2=fy

defines a vector field X that directs the characteristic foliation £3.

To be able to derive conditions on X that, once satisfied, imply that
> is convex, let us remember some theory about dynamical systems.

2.1. Regular points and trajectories

Let X be a vector field on a closed manifold M of arbitrary dimension.
We will mainly consider planar vector fields, however, we shall make
use of the fact that smooth P-parametric vector fields on a surface ¥
form a single vector field on P x 3.

A point ¢ € M in which X does not vanish is a regular point of
X. A trajectory of the vector field X is a curve v: (—0,d) — M on
M that is defined on an interval (—d,d) and satisfies ¥(t) = X for
all t € (—0,9). The dot here denotes the derivative with respect to t.
We consider smooth vector fields X on closed manifolds M, so we will
always be able to extend the domain of v to R.

Through any point p € M passes a unique trajectory v: R — M
with v(0) = p. We will denote this trajectory by ~(p).
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II. Families of characteristic foliations

Definition 2.1. To each trajectory v: R — M of a vector field X
on M we associate the a-limit set to be

a(y) = {q € M‘ Itn) ey C R, t, = —00: A(t,) — q}.

Analogously, we define the w-limit set to be points that comprise the
limit of ~ in positive time, i.e.

w(y) = {q € M’ (tn),en C R, t, = F00: A(t,) — q}.

The unique trajectory through a singular point ¢ € M is constant
and both its o~ and w-limits are the set {¢}.

Definition 2.2. A codimension-1 submanifold C of X is called a cross
section of the vector field X if it is transverse to X.

As transversality is an open condition, we find cross sections through
any regular point of X.

Theorem 2.3 (Flow Box Theorem). Around a regular point q of
a vector field X on a manifold M of dimension m there are local
coordinates Ti,Tq, ..., T,

field X is given as 0, = %. Such coordinates are called flow box.
1

such that in these coordinates, the vector

Proof. Choose a cross section C' to X through ¢ together with co-
ordinates x,, ..., x,,. The flow of the vector field X then defines the
coordinate x; in an open neighbourhood of gq. O

This classical result is also known as Rectification Theorem, Funda-
mental Theorem for differential equations or Tubular Flow Theorem.

Corollary 2.4 (Long Flow Box Theorem). Let v: [0,T] — M with
T > 0 be an arc of a trajectory of X on M with v(0) # v(T"). Then there
is a neighbourhood N of 4([0,T]) with coordinates ¢: [0,T] xV — N
for some e >0 and V .C R™! open such that on N the vector field X
is given as 0, and v = ¢(e,0). These coordinates are called a long
flow box.

The arc ¥([0,7]) is compact, so we can cover it with finitely many
flow boxes. Similar to the way one extends a trivialisation of a bundle
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2. Characteristic foliations of convex surfaces

we can construct coordinates along all of ¥([0,7]). A detailed proof is
presented in [PM82| Section 3.1].

Remark 2.5. If, in the situation of [Corollary 2.4} we are given a para-

meterised cross section C of X that intersects the arc y: [0,7] — X
in exactly one point, then there is a long flow box that extends these
coordinates, i.e. coordinates ¢: U xV — X with U C [0,T] and
V C R™! open that restrict on {c} x R™"! to the given coordinates
of C for some c € U.

This condition determines ¢ and V uniquely up to the size of V:
If there are two flow boxes (V,¢) and (V’,¢’) that both extend the
coordinates on C' then they coincide on the preimage of ¢(V) N ¢’ (V).

Let me conclude with introducing the Poincaré map. A more detailed
treatment can be found in [PM82| Section 3.1].

Definition 2.6. Let C; and Cy two cross sections of a vector field X
on a manifold M. Denote the flow of X by v, and by

TCLC23 Cl — R+ U {OO}
g + min{reR" | ¥.(q) € Cy}

the time that is takes the flow of X to map points of C to Cy. This
flow time map map allows us to define the Poincaré map

P01702 : Cl — 02
PN ¢TCI,C2((1>(Q), Te,.0,(q) < oo
undefined otherwise.

The Poincaré map Po o =: Po from a cross section C to itself is called
the Poincaré return map.

Lemma 2.7. The flow time map Te,,c, to two cross sections C
and Cy is finite on an open domain and is smooth there. The Poincaré
map P, ¢, s a local diffeomorphism.

Proof. Let T¢, ¢, be defined in a point ¢ € Cy. If g and Pg, ¢, (q) are
disjoint, the claims follow from the Long Flow Box Theorem. Otherwise,
if ¢ = Pclycz(q), pick another cross section B trough a point p # ¢
in the trajectory v(q) through ¢, splitting the closed trajectory in
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II. Families of characteristic foliations

two arcs, from ¢ to p and from p to ¢. Choosing long flow boxes
around the two arcs of ¥(q), observe that T, ¢, = T ¢, ° T, p and
Pe, ¢, = Pp,c,°FPc, B n a neighbourhood of g. Thus the claims follow
as in the first case. O

2.2. Singular points

Let X now be a vector field on S? and  be an area form on S2.
Singular points of the characteristic foliation are zeroes of the directing
vector field. We will be referring to both using the same term, singular
points.

Definition 2.8. The divergence divg(X) of a vector field X with
respect to the area form § is defined as

Observation 2.9. We defined a special vector field X on S? that directs
the characteristic foliation using ¢ x€2 = S,. For this vector field we
obtain

dBy = d(ux2)

which equals £ €2 by Cartan’s Formula. Hence

Any positive multiple of X also directs the same characteristic fo-
liation. Let f: S? — RT be a positive function and consider the
vector field fX. A quick calculation yields

LrxQV=d(1;xQ) =d(frxQ) =df AexQ+ fd(exQ).
As the 3-form df A Q vanishes on S2, we get
0=1x(dfAQ)=X(f)Q—df A ixQ
and hence

Lox Q= df AxQ+ fd(1xQ) = (X(f) + fdivg(X)) - Q.
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2. Characteristic foliations of convex surfaces

We obtain the identity

dive (£X) = X(f) + fdive(X). (IL.1)

Likewise, we can calculate the divergence of the vector field X with
respect to the rescaled positive area form f€. As Q is closed, we have
Lx(fQ) =d(exfQ) =d(1pxQ) = £5x Q and hence

divg(fX) = div o (X) = X(f) + fdivg(X). (IL2)

If we restrict again to the vector field X defined by the area form €2,
we can rewrite the contact condition using the divergence of X.

Observation 2.10. The 3-form € A dhq vanishes on the surface ¥. Con-
sequently,

0=1x(QAdhg) = txQ A dhg + X(ho) Q

Hence, on X the contact condition ,
0< (=B.AB.+B.Adh,+h dB,) Ndz
translates into
0 < (=By A By + (hg div(X) — X(ho)) Q) Adz. (IL.3)

Observation 2.11. In a singular point ¢ of the characteristic foliation
&Y, the 1-form B, vanishes, as does the vector field X. Consequently,
the contact condition (II.3)) implies

0 < ho(g) diva(X)(q)-

In particular, the Jacobian of X has at least one eigenvalue with non-
vanishing real part.

Notice that implies that the divergence in a singular

point does not depend on the vector field that directs the characteristic
foliation.

This allows us to speak of the sign of singular points of X.
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II. Families of characteristic foliations

Definition 2.12. Singular points of £Y are positive or negative
depending on the sign of the divergence of any vector field directing £X.

The linearisation of a vector field X in a singular point ¢ defines a
linear map of R? via the Jacobian D,X and an identification of T,
with R2. The eigenvalues of this map do not depend on the chosen
identification of T, 3.

Definition 2.13. If both eigenvalues Ay and Ay of the linearisation
of X in q have non-vanishing real part, the singular point q is generic
or non-degenerate.

If both Re A and Re Ay have the same sign, the singular point q
is an elliptic singular point, if they have different signs, we call q
hyperbolic.

An elliptic point with two eigenvalues with negative real part is a
sink, one with two positive real parts is a source.

These names for the singular points are motivated by the Grobman—
Hartman Theorem.

Theorem 2.14 (Grobman-Hartman). Let X be a vector field on a
surface ¥, v, its flow and q € ¥ a non-degenerate singular point of X
in the interior of 3. Then there is a neighbourhood U C 3 of q and
a homeomorphism h: U — U that conjugates ¢, to the linear flow
induced by D, X, i.e.

Py =hoePaXop Tl

A proof can be found in [PM82, Section 2.§4]. In many cases, we can
find a conjugation map of higher regularity, see [Jani2l Section III.2.3]
for a short overview. The following example and the pictures also
appear in [Jani12, Example I11.2.20].

Example 2.15. On R? with coordinates = and y consider the vector
field X; given as (—2z + 5y) 9,, + (—5x — 3y) 9, The Jacobian of X in

the origin 0 is
-2 5
= (2 2)
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2. Characteristic foliations of convex surfaces

AN
N

(a) source (b) sink (¢) hyperbolic point

Figure 2.1.: Types of non-degenerate singular points. The light grey arrows in
the background depict the vector field, the solid black, oriented
lines are its trajectories.

Both its eigenvalues, 5/2 + 3/2v/114, have positive real part, so the

vector field X has a source in the origin, cf. Changing the
sign of the vector field, we obtain another vector field X5 := —X;. It

has a sink in the origin, cf.
The linearisation of the vector field X3 := 220, — 3y0, in the origin
has the eigenvalues 2 and —3, the vector field has a hyperbolic point

in the origin, cf. Notice the four trajectories of X5 that
emanate at or tend to the origin. These are called separatrices.

We may also distinguish degenerate singular points by the behaviour
of X in its vicinity. We will still restrict ourselves to isolated singular
points; we will be able to achieve that all singular points are isolated.

Construction 2.16. If the point ¢ € ¥ is a degenerate singular point,
one eigenvalue of the linearisation of X in ¢ vanishes. The contact
condition implies that the other eigenvalue A is non-zero and real, cf.
[Observation 2.11} Let us assume that the singular point ¢ is isolated,
i.e. there is a neighbourhood of ¢ in ¥ such that ¢ is the only singular
point in this neighbourhood. Choose coordinates x, y around ¢ such
that ¢ = (0,0) and in T, the vector J,, is contained in the eigenspace
to 0 in g and 9, lies in the eigenspace to \. We may assume that z, y
respect the orientation of . In these coordinates, write the vector field
X as a(r,y) 0, + b(x,y) 9,. By the Implicit Function Theorem we may,
shrinking our coordinate neighbourhood, assume that b(z,y) vanishes
exactly on {y = 0}.
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II. Families of characteristic foliations

Definition 2.17. If for X(z,y) = a(x,y) 0,+b(z,y) 9,, in local coordin-
ates as in|Construction 2.16, the function x + a(x,0) does not change
sign in x = 0, the singular point q is half-hyperbolic. In case a
changes sign from megative to positive and A > 0, q is a degenerate
source. Analogously we call negative degenerate points degenerate
sinks or degenerate hyperbolic points.

2.3. Neighbourhoods of singular points

Even though there is no Grobman-Hartman theorem for degenerate
singular points, we can, even if we do not know the trajectories of X
up to conjugation near degenerate points, derive some properties of the
topology of the trajectories of X near isolated (degenerate) singular
points.

Construction 2.18. Let ¢ be an isolated singular point of the vector
field X on ¥ and assume that ¢ is a positive singular point. Choose
local coordinates z and y around ¢ as in [Construction 2.16|and write
the vector field X as a(z,y) 9, +b(z,y) d,. By the choice of coordinates
the function b is strictly positive for y > 0 and strictly negative for
y < 0. Consequently, for any ¢ # 0 the arc {y = ¢} is a cross section of
X.

As ¢ is an isolated singular point, we find a small §,, > 0 such that
a(—0,,0) # 0 and a(d,,0) # 0. By continuity, there is d,, > 0 such that
a(—0,,y) # 0 and a(d,,y) # 0 for all y € (=J,,d,). Thus the segments
{£0,} x [-4,,0,] are cross sections of X.

Hence there is a rectangle [—0,,d,] x [—d,,d,] around ¢ such that
all four sides are cross sections of X. Choosing §,, and ¢, sufficiently
small the rectangle will not contain any other singular point.

Each pair of adjacent cross sections of these four intersect each other.
If the vector field X passes through two intersecting cross sections with
matching orientation, we may smoothly join the two cross section.

Construction 2.19 (Connected sum of cross sections). Let C; and C,
be two cross sections of the vector field X on a surface X that intersect
transversely in p € 3. Both cross sections are 1-dimensional curves.
Assume that both cross sections are given an orientation such that their
respective orientation followed by X gives the same orientation on X.
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2. Characteristic foliations of convex surfaces

Choose a parameterisation x of C] respecting its orientation. The flow
of the vector field X induces a tubular neighbourhood vC; of C| whose
transverse coordinate we will denote by y. In a small neighbourhood
U C v( of the intersection point p the cross section C, is a graph
y = c(x) over C; in vC;. The neighbourhood U contains (—3¢, 3¢) x {0}
for some € > 0. Let ¢: (—3¢,3¢) — [0, 1] be a smooth function that
is identically zero on (—3¢, €], identically 1 on [2¢,3¢) and is strictly
monotone in between. We obtain a new smooth cross section C' by
taking the part of C] that lies before U with respect to the orientation
of C, the part of Cy that lies after U and by taking the graph of ¢ - ¢

inside U, cf.

BEN N
REN !
el N
REN M

Figure 2.2.: Connected sum of cross sections

2.3.1. Elliptic singular points

Near an elliptic singular point the four cross sections from
tion 2.18|can be joined to a single one bounding an embedded disc.

Corollary 2.20. Let ¢ € X be an isolated, possibly degenerate, source
of a vector field X on 3. Then there is a disc D in X that contains q
and no other singular point and its boundary 0D is a cross section
of X.

Proof. Consider coordinates around ¢ € 3 as in [Construction 2.16|
With respect to those, there is, by [Construction 2.18| a rectangle
R = [-0,,0,] x [-0,,0,] around ¢ that does not contain other singular
points and its sides are cross sections of X. Orient the top side C :=

[—0,,0,] x{6,} of Ras d, and the bottom side C3 := [0, d,] x {—d,}

) rx
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II. Families of characteristic foliations

as —0,. By construction of the coordinates, the vector field X crosses
the top side from below and the bottom side from above, i.e. from
inside R to outside.

The singular point ¢ is a source, so the component function z —
a(z,0) changes sign from negative to positive in ¢, i.e. x = 0, cf.
[Definition 2.171 Hence, for sufficiently small d,, the vector field X
crosses the right side Cy == {d,} x [=0,,0,] and the left side Cy =
{=0.} x [-4,,0,] from inside R.

Orienting all four sides as the boundary of R, we can apply
to get a closed cross section C of X. It bounds a disc D = D?
that is contained in R and hence contains no singular point of X apart
from gq. O

Analogous statements holds for negative singular points and sinks
with obvious sign-changes in the arguments.

2.3.2. Hyperbolic singular points

Lemma 2.21. Let g € X be an isolated, possibly degenerate, hyperbolic
singular point of X and assume it is a positive singular point. Then there
are up to reparameterisation exactly two trajectories i, vo that have q
as their w-limit. These trajectories are called stable separatrices.
The union of their images and q, the set v;(R) U {q} U~p(R), is an
immersed interval in % that is a smooth submanifold of ¥ near q.

Proof. Consider coordinates = and y around ¢ € ¥ as in
tion 2.16{ and a rectangle R := [—0,,d,] x [=0,,0,] around ¢ as in
Construction 2.18, The two trajectories v, and ~5 through the points
(—0,,0) and (d,,0), respectively, tend to ¢: The vector field X is par-
allel to 9, along {y = 0} and there are no other singular points of X
contained in the rectangle.

Let v be the trajectory that passes through any point p = (z,y) in
the coordinate chart with y > 0 and assume that 7(0) = p. As the
y-component b of X is positive on {y > 0}, the y-component of ~(t)
increases with increasing time ¢. In particular, v will not tend to ¢
without leaving the rectangle R first. Similarly, trajectories through
points (x,y) with y < 0 cannot tend to g without leaving R.
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2. Characteristic foliations of convex surfaces

If the trajectory ~ trough p = (x,y) with y # 0 tends to ¢, it
has to enter the rectangle R at (—d,,0) or (d,,0). But then it is a
reparameterisation of either ; or v,.

The image of each of the two trajectories v; and 7 is an immersed
interval. Close to the singular point ¢ = (0,0) their union agrees with
{(z,0) |z <0} U{(z,0) |z > 0}. O

Following the theory of non-degenerate singular points as for example
in [PM82] Section 2.§6], we will call the set v;(R) U {¢g} U~,(R) the
stable submanifold.

Similarly, to a negative hyperbolic point there are exactly two tra-
jectories that emanate at it. These are called unstable separatrices
and form the unstable manifold.

In case the singular point ¢ is a non-degenerate hyperbolic point,
it has both stable and unstable separatrices. This follows from the
Implicit Function Theorem that we can apply to both eigenspaces in
the case that both eigenvalues are non-zero.

2.3.3. Half-hyperbolic singular points

An argument analogous to the proof of yields a similar
statement for half-hyperbolic points.

Lemma 2.22. Let ¢ € X be an isolated half-hyperbolic singular point
of a vector field X and assume it is a positive singular point. Then
there is, up to reparameterisation, exactly one stable separatriz, i.e. a
trajectory v that has q as its w-limit.

Proof. Consider coordinates x and y around ¢ € ¥ as in
tion 2.16{ and a rectangle R := [—0,,0,] x [-d,,0,] around ¢ as in
Construction 2.18/ The component function z — a(z,0) of X, restric-
ted to {y = 0}, does not change sign in ¢ = (0,0). Hence a(—d,,0)
and a(d,,0) have the same sign, assume they are both positive. The
trajectory = through the point (—d,,0) tends to ¢: The vector field X
is parallel to 0, along {y = 0} and there are no other singular points
of X contained in the rectangle.

As in the proof of observe that no trajectory that passes
through a point (z,y) with y # 0 can tend to g without leaving R first.
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II. Families of characteristic foliations

Since a(z,0) > 0 for all > 0, trajectories through points (z,0) with
x > 0 will also leave R before eventually tending to q. Hence ~y is the
only stable separatrix of q. O

The stable separatrix of a half-hyperbolic point ¢ is, close to ¢, also
contained in an embedded interval that is tangent to X by the same

argument as in for hyperbolic singular points.

Construction 2.23. Let R be a rectangle as in|Construction 2.18|around
a positive half-hyperbolic point ¢ € ¥ of a vector field X. Then X
points out of R along the top and the bottom as well as along one side.
Hence we can apply [Construction 2.19| to obtain a half-disc D C R

whose boundary comprises two smooth cross sections, cf. [Figure 2.
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Figure 2.3.: A rectangle and a half-disc around a half-hyperbolic singular
point

2.4. Closed trajectories and cycles

In our case all surfaces are spheres and they are contained in tight
contact manifolds. Consequently, none of their characteristic foliations
contains a closed leaf and hence no vector field directing a characteristic
foliation contains a closed trajectory.

Lemma 2.24. The characteristic foliation £ of a 2-sphere 3 in the
tight contact manifold (53,§St) does not contain a closed leaf.
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2. Characteristic foliations of convex surfaces

Proof. If there was a closed leaf «, then it bounds a disc A in 3 whose
boundary lies in the contact structure £ and there is no point in JA in
which the contact planes agree with T'>. Hence the contact structure
has to be overtwisted, cf. |Deﬁnition I.1.6|7 but (53, fst> is tight. Ul

Definition 2.25. A trajectory v emanates at a singular point q € X,
if a(y) ={q} and tends to the singular point p € ¥, if w(v) = {p}. In
this case 7y is a trajectory between q and p.

A uniformly oriented polygon in ¥ consisting of finitely many hy-
perbolic points and trajectories between them is called a hyperbolic
cycle.

The dynamics of any planar dynamical system, that is, one on the
plane or the 2-sphere, are quite restricted, as the Poincaré-Bendixson
Theorem tells us.

Theorem 2.26 (Poincaré-Bendixson). The a- and w-limits of any
trajectory of a vector field on R? or S? are either
e a singular point,
e a closed trajectory, or
e a connected uniformly oriented cycle composed of finitely many
hyperbolic points and trajectories connecting them.

The key ingredient of the proof is the Jordan Curve Theorem. Its
important consequence for our argument and the treatment of convex
surfaces is that is shows that there is no trajectory that ‘spirals against
itself’, i.e. is contained in its own «- or w-limit set and is neither constant
nor a closed trajectory.

We already saw that the vector field X does not have closed trajector-
ies. A vector field X that directs the characteristic foliation of a sphere
in a tight contact manifold does not have hyperbolic cycles, cf. [Geio8|

Section 4.6.4] or [Section III.4l Consequently, all trajectories emanate

at and tend to singular points.
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II. Families of characteristic foliations

3. Conditions on convexity

Consider an oriented closed surface ¥ in the contact manifold (M, ¢),
¢ = kera, and choose a tubular neighbourhood (—1,1) x X. We
observed in [Corollary 1.9.3| that whether ¥ is convex is a condition
on its characteristic foliation £> with respect to £&. We would like to
understand these conditions and express them as conditions on a vector
field X directing the characteristic foliation £X.

3.1. The classic setting

Let us start with a recapitulation of the underlying theory due to
Giroux.

By [Corollary I.9.3| the surface ¥ is convex if and only if there is a
0,-invariant 1-form 5+ hdz on (—1,1) x X. Let  be a positive area
form on 3. Rescaling the 1-form S+ hdz we can assume that 5 = (5.

Observation 3.1. By inequality |Equation Il.3| the condition on the

0,-invariant 1-form § + hdz being a contact form is

0< (BAdh+hdp).

With
BAdh=1xQAdh =—X(h)Q

and df = divo(X) - Q we can write this condition as

0 < hdivg(X) — X(h). (I.4)

The set I' = {h = 0} is a dividing set of X, ¢f. [Definition 1.8.3| In
points of T', the contact condition implies 0 < —X(hq). In particular,
the vector field X points out of {h > 0} and into {h < 0}.

As the divergence divg(X) does not depend on the choice of vector
field X in singular points of €3, c¢f. [Observation 2.11] the function A
needs to be positive in positive singular points and negative in negative
singular points. Consequently, the dividing set I' = {h = 0} has to
separate negative from positive singular points.

Definition 3.2. A trajectory that emanates at a negative hyperbolic
point and tends to a positive one is called retrograde connection.
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3. Conditions on convexity

Lemma 3.3. A surface ¥ whose characteristic foliation £ contains
a retrograde connection between hyperbolic points is not convex.

Proof. Let v be trajectory from a negative hyperbolic point ¢_ to a
positive one ¢, . Assume that X is convex. Then the contact structure
¢ can be written as the kernel of 8+ hdz, 8 € QY(X), h € C®°(X) in a
tubular neighbourhood of ¥. As ¢_ is a negative singular point, h(g_) <
0 and similarly, h(q, ) > 0. Hence, along v there is a point ¢ with h(q) =
0. There, the characteristic foliation points out of {h < 0} and into
{h > 0} in violation of the contact condition, cf.|Observation 3.1 O

We will observe that in our situation, where all surfaces we consider
are spheres, the existence of retrograde connections is the only obstruc-
tion to convexity. Central to the argument is the following statement.
It can be found in [Theorem 4.8.5 Geio§].

Theorem 3.4. Let ¥ be an oriented surface in a contact manifold
(M, &) and X a vector field on X that directs its characteristic foliation
EX. Then X is a convex surface if and only if there is a collection I'o
of circles such that
1. every curve in I'g is transverse to £,
2. there is a positive area form Q¢ on X such that divg (X) # 0
on X\ T'c and along all curves of ', the vector field points out

of {divg,(X) > 0}.

If there is such a collection of curves together with a volume form then
one constructs a smooth function h on ¥ that agrees with sign div(X)
away from I' and interpolates in between. With this function 5 + hdz
will be an R-invariant contact form on R x ¥ implying that > is convex.

If ¥ is convex, then a dividing set I' is such a collection of curves. In
other words, there is a positive area form 2~ such that the divergence
of X with respect to Qs is positive on {h > 0}, negative on {h < 0}
and vanishes along I' = {h = 0}, ¢f. [Geio8, Chapter 4.8].

Let 3 be a sphere in a contact manifold (M, ) and its characteristic
foliation £ be directed by a vector field X that has no retrograde
connection. We will assume for now that all singular points lie isolated
and observe later how this assumption can be relaxed.
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II. Families of characteristic foliations

In a first step we will construct a collection of curves I'; that are
transverse to X and separate positive from negative singular points and
thereafter see how to rescale {2 to obtain an area form (). satisfying
the divergence condition of

The following lemma is a construction explained in [Geio8, Chap. 4.8]
adapted to our needs.

Lemma 3.5. Let ¥ =2 S? be an oriented sphere in a tight contact 3-
manifold (M,&). If the singular points of the characteristic foliation &3
are isolated and there are no retrograde connections, then there is a
subset S, of ¥ that contains all positive singular points and no negative
stngular point and its boundary components are transverse to £X.

Proof. Pick disjoint disc neighbourhoods around all sources of X as in
and denote their union by Sy. Its boundary is transverse
to X and X points out of S;.

If there is a positive half-hyperbolic point ¢ € 3 whose stable separat-
rix emanates in S, we like to join it to S; by a band around its stable
separatrix whose boundary components are transverse to X. To do
that consider a half-disc D inside a rectangle R = [—d,,0,]| x [—0,,0,]
as in [Construction 2.23) Without restriction assume that the stable
separatrix v of ¢ contains the point (d,,0). Denote the right side
{0,} x [=0,,0,] of the rectangle by C. That v emanates at a point in S
implies that 7 crosses 5] and consequently the inverse of the Poincaré-
map Pyg, ¢ is defined in an open neighbourhood of (d,,0). Shrinking
d, (and thus the rectangle R and the half-disc D) we may assume the
Poincaré-map to be defined on C; := {4, } x [-24,,20,]. Inside the
long flow box to C; we can join C' and 357 by two arcs transverse to X
that bound a band B. Finally, rounding the four corners of the union
DU BU S, of the half-disc, the band and S| we obtain a new subset
Sy of 3 that contains only positive singular points and its boundary
0855 is transverse to X. In particular, the vector field X points out of
S, along 05,.

Iterate this process until after k steps for some k € N there are no
positive half-hyperbolic points of X left that lie outside S}, and that
have stable separatrices that emanate at points in 5.

Consider now a positive hyperbolic point ¢ € ¥ such that both stable
separatrices emanate in S;. As there are no hyperbolic cycles, cf.
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3. Conditions on convexity

there has to be such hyperbolic points unless there are
no positive hyperbolic points at all. Similar to the construction for

the half-hyperbolic point, we can connect a rectangular neighbourhood
of ¢ to S, using two bands B; and B, with boundaries transverse
to X around the two stable separatrices of ¢. Round the corners of
R U By U By U S, and denote the new set by S; 1.

Iterate over all positive half-hyperbolic and hyperbolic points: As
there is no retrograde connection, all stable separatrices of positive
singular points have to emanate at positive points and hence at points
in §,, for some n € N.

There are only finitely many isolated singular points on the compact
surface X, so after finitely many iterations we arrive at a set that we
denote by S, that contains all positive singular points, no negative
singular points is such that the vector field X points out of S, along
its boundary 95, . O

Similarly, we construct a subset S_ C X that contains all negative
singular points and is such that X points into S_ along its boundary
0S_.

Consider a point ¢ in the complement of S, and S_. The trajectory
v through ¢ emanates at a singular point and hence at a point in S, . It
also tends to a singular point and hence to a point in S_. Consequently,
Y\ (S_US,) is foliated by arcs of trajectories of X and hence is a

collection of annuli.

Observation 3.6. The divergence divg(X) of X is a smooth function on
3. Consequently, it is positive in a neighbourhood of a positive singular
point of X. Choosing the neighbourhoods in sufficiently
small, we may assume that in those neighbourhoods the divergence is
strictly positive on the discs, half-discs or rectangles around positive
singular points and strictly negative on the neighbourhoods around
negative singular points.

As in [Proposition 4.8.7 |Geio8] we want to rescale {2 by a positive
function that grows sufficiently fast along the trajectories of X to
ensure that the divergence of X with respect to the rescaled area form
is positive on the set S .
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II. Families of characteristic foliations

Lemma 3.7. Under the hypotheses of [Lemma 3.5 there is a positive
area form €1, that coincides with €2 outside a neighbourhood of S such

that on the set S, the divergence divg (X) of the vector field X with
respect to §), is positive.

Proof. We can construct €2, iteratively, following the construction of
the sets Sy, in the proof of [Lemma 3.51 Take Q; = Q and assume that
for some k € N we already constructed an area form (2, that coincides
with {2 outside a neighbourhood of S}, and is such that divg, (X) >0
on 5. Consider the construction of the set Sy ;. It is contained in
the union of S}, the neighbourhood of a singular point that we will
denote by N, and a band B inside a flow box V. Let f: V — R™ be
a positive function that grows sufficiently fast along the flow box to
ensure divg (X) > 0on V, cf. We may choose f to be
identically 1 near the end of the flow box V that lies in .S}, and constant
near the other end, that lies in N as on those sets we already have
divg, (X) > 0. Extend f to a function F: ¥ — R on all of ¥ that is
identically 1 outside a small neighbourhood of VU N and is constant on
N. For Q. == F - we verify divg,  (X) > 0on S as Q. =,
there. On N, the area form 2, is a constant, positive multiple of
Q) which in turn coincides with  on N. As we assumed divg(X) >0
on N, this implies that divg,  (X) > 0. In points of the flow box V.
the fact that we chose f to grow fast enough along trajectories of X
implies that the divergence of X with respect to {2, is positive there
as well. Hence, X has positive divergence with respect to €;,,; on
Ski1 CSLUV UN. O]

Similarly, we find a positive area form Q’ that is a constant multiple
of Q outside a neighbourhood of S_ such that divg/(X) <0 on S_.

As already mentioned, the complement A of S_ U S, is a collection
of annuli that are foliated by arcs of trajectories of X. As described
in [Chapter 4.8 (Geio8] we can modify " near those annuli to another
area form {2 such that the divergence of X with respect to {2 vanishes
exactly along the spines of the annuli in A. Then the spines I' - of these
annuli satisfy the hypotheses of together with Q- and ¥

is hence a convex surface.
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3. Conditions on convexity

3.2. Conditions on neighbourhoods

So far we considered the classic case assuming that all singular points
of £€¥ are isolated. In fact, inspecting the adaptation of the proofs
given in the last section we only used this property to obtain standard
neighbourhoods of the singular points. In the construction of the sets

S, and S_, cf. we did not rely on the assumption that

each of these neighbourhoods contains only a single singular point.

Definition 3.8. 1. We call an embedded disc D =~ D? in ¥ whose
boundary 0D is transverse to X and has the property that the
divergence of X with respect to an area form € is positive on D
a positive elliptic neighbourhood with respect to ). Simil-
arly, if the divergence is negative, we call D a negative elliptic
neighbourhood.

2. Let R =~ [—1,1] x [—1,1] be a rectangle in ¥ such that all four
sides are transverse to X. Write X in the induced coordinates
as a(x,y) 0, + b(x,y) 0,. If the divergence of X with respect
to Q is positive on R and b(x,y) > 0 for y >0 and b(z,y) <0
for y <0 and a(—1,0) > 0 and a(1,0) < 0, then we call R a
positive hyperbolic neighbourhood with respect to Q. The
two trajectories through the points (—d,,0) and (8,,0) are the
separatrices of the neighbourhood R.

Stmilarly, a rectangle R with negative divergence and opposite signs
in the conditions on a and b is a negative hyperbolic neighbourhood.

3. Let D be a half-disc inside D*N{z < 0}U[0,1]x[-1,1] C [-1,1] x
[—1,1]. Let D C S? be a half-disc, i.e. there are neighbourhoods
Up of D C S? and Uy of D C R? and a diffeomorphism of these
that sends D to D. Assume that the boundary of D consists of the
smooth curves ¢, and ¢;, = {1} x [—1,1] that are both transverse
to X. If the divergence of X with respect to S is positive on D, and
we have, for X = a(z,y) 9, +b(z,y) 0, as above, that b(z,y) > 0
for y > 0 and b(z,y) < 0 for y < 0 and a(1,0) < 0, then
we call D a positive half-hyperbolic neighbourhood with
respect to ). The special half-disc D C R? will serve as a model
for these neighbourhoods. The trajectory through (8,,0) is the
separatrix of D.

Again, we call a half-disc D with negative divergence and reversed
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II. Families of characteristic foliations

signs in the conditions on a and b a negative half-hyperbolic
neighbourhood.

As the divergence of a vector field with respect to any given area
form is a smooth function and non-zero in the singular points, each of
the neighbourhoods of isolated singular points that we constructed in
is a neighbourhood of one of the types in
provided the neighbourhood is chosen sufficiently small. Notice that
we relaxed the condition that each neighbourhood should only contain
a single, isolated singular point.

With the same construction as in the proof of iterating
over the standard neighbourhoods instead of over the singular points,
we obtain a more general statement.

Corollary 3.9. Let ¥ =2 S? be an oriented sphere in a tight contact 3-
manifold (M,§). If there are finitely many elliptic, hyperbolic and
half-hyperbolic neighbourhoods with respect to a positive area form
Q on X that contain all singular points of £X and if £ has no
retrograde connections, then there is a subset S, of ¥ that contains all
positive singular points and no negative singular point and its boundary
components are transverse to £3.

Then we can construct a positive area form - and collection of

curves I'~ as above and apply without changes. Summing

up, we showed the following sufficient condition on convexity.

Proposition 3.10. Let ¥ 22 S? be an oriented sphere in a tight contact
3-manifold (M,E). If there are finitely many elliptic, hyperbolic and
half-hyperbolic neighbourhoods with respect to a positive area form )
on X that contain all singular points of £€X and if £ has no retrograde
connections, then ¥ is a conver surface.

4. Families of vector fields

We will be dealing with smooth S* x [—1,1]-families X3, (s,2) €
Sk x [—1, 1], of vector fields on S? that direct the characteristic foliations

of the level spheres {z} x S? inside (S53,£°) as explained in
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4. Families of vector fields

We will refer to a smooth family of vector fields also as a parametric
vector field.

Definition 4.1. Let U be an open neighbourhood of some (sg,zg) €
Sk x [—1,1] in S* x [~1,1]. Let us call a smooth map v: Ux M — S?
such that for each (s, z) € U the restriction 5 of ¢ to {(s,2)} x M is
an embedding of the manifold M (potentially with boundary) into S? a
parametric embedding of M.

Denote by M7 the image of M under (5. This defines a family of
embedded submanifolds.

Any family M? of embedded submanifolds that arises as the image of
a parametric embedding will be called smooth family of submanifolds.

We will also want to consider rectangles or half-discs that are mani-
folds with corners.

Definition 4.2. Let R C R? be a compact subset. We will call a
parametric embedding of a small neighbourhood V of R in R? also a
parametric embedding of R. A family RS of compact subsets that is the
image of a parametric embedding of R we will call smooth family.

Let us observe how concepts and constructions from [Section 2| can
be carried over to the parametric situation.

4.1. Regular points and trajectories

A cross section C' C S? of a vector field X is an open submanifold of
codimension 1, i.e. an embedded interval, that is transverse to X.

Definition 4.3. A parametric cross section of a parametric vector
field X3 on S? is a smooth family CS, (s, z) € U, of embedded intervals
(—1,1) that such for each (s, z) € U the interval C% is transverse to X3.

Example 4.4. If ¢ € S? is a regular point of X‘;g for some (sg, zg) €
S* x [—1, 1] then there is a cross section C of X;g through ¢, i.e. an open
embedded interval transverse to the vector field. The cross section C'
will be transverse the vector fields X3 for (s, z) in a small neighbourhood
U of (sg, z9). Hence the constant family Cf := C is a parametric cross
section defined on U.
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II. Families of characteristic foliations

Parametric cross sections allow us to construct parametric flow boxes,

analogously to [Corollary 2.4

Construction 4.5. Let y: [0,T] — S? with T > 0 and 7(0) # v(T') be
an arc of a trajectory of the vector field X2 on S? for some (s, zy) €
Sk x [~1,1]. Let further C% be a parametric cross section defined on a
neighbourhood U of (s, z9) such that CZ° contains the point ¥(0).

We can regard the parametric vector field X7 alternatively as a single
smooth vector field X' on the manifold S* x [—1,1] x S? that is tangent
to each of the spheres {(s,z)} x S2.

To the parametric cross section C7 there is a parametric embedding
t: Ux(—=1,1) — S?of (—1,1). It defines an embedding of U x (—1,1)
into S* x [—1,1] x S2 by (s, z;t) > (s, 2; 15(t)), where (% again denotes
the restriction of ¢ to {(s,2)} x (—1,1).

In other words, a parametric cross section C7 defines a cross section
C of the vector field X on S* x [—1,1] x S2.

Then 7: [0,7] — SFx[—1,1]xS2,t = (50, 20,7(t)) is a trajectory
of X on S¥ x [—1,1] x 2 and Cf defines a cross section € of X' through
7(0).

Hence we can construct a long flow box F: U x [0,T] X (—¢,e) —
SF x [=1,1] x S2? of X for a potentially smaller neighbourhood U of
(S0, 20), cf- |Corollary 2.4 and [Remark 2.5/ In these coordinates, the
vector field X is given as 9;, the [0, T']-coordinate. In particular, for each
fixed (s, z) € U the restriction F? of Fto {(s,2)} x[0,T] X (—¢, ) maps
into {(s,2)} x S2. As F defines local coordinates on S* x [—1,1] x S2,
hence so do its restrictions F¥ on {(s,2)} x S? = S2. Hence we may
regard the composition prg, oF: U x [0,T] x (—&,e) — 52 of F with
the projection prg. of SF x [~1,1] x S? to S? as a flow boxes that
depend on a parameter (s, z) € U.

These parametric coordinates will be called parametric flow box.

Remark 4.6. Regarding the parametric vector field X? as a single vector
field X on S* x [—1,1] x S? we observe that both the flow time map as

well as the Poincaré map, cf. are smooth with respect

to the parameters s and z.
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4. Families of vector fields

4.2. Singular points and neighbourhoods

In we saw that we can find standard neighbourhoods of
singular points of a vector field X with respect to a given area form 2,
cf. also These were closed discs, half-discs or rectangles
whose boundary components are transverse to the vector field X and
satisfy the condition that the divergence of X with respect to €2 is
non-zero.

4.2.1. Elliptic neighbourhoods

Definition 4.7. A smooth family D of closed discs such that each
disc DS =~ D? is an elliptic neighbourhood with respect to Q for X3,

cf. is called a smooth family of elliptic neighbour-
hoods.

Lemma 4.8. To a, possibly degenerate, elliptic singular point there is
smooth family of elliptic neighbourhoods.

Proof. Let ¢ € S? be an elliptic singular point of X‘;g for some (sg, zg) €
Sk x [-1,1].

Then there is a elliptic neighbourhood D C S? of ¢ that is a closed
disc whose boundary is a cross section to Xﬁg, i.e. transverse to the
vector field. Transversality is an open condition, so there is a small
neighbourhood U of (sg, 2y) in S* x [—1, 1] such that D is transverse
to all X3, (s,2) € U. The divergence divg X depends smoothly on X,
so there is a possibly smaller neighbourhood of (s, zy), still denoted
by U, such that the divergence of X3 on D is still positive.

Hence the constant family D3 := D, (s, z) € U, is a smooth family of
elliptic neighbourhoods. O

Remark 4.9. Each neighbourhood D may contain multiple singular
points. However, as Df is a disc with boundary transverse to the vector
field X? that does not contain closed trajectories, it has to contain at
least one singular point.

We may regard Dj as an open submanifold D with boundary inside
Sk x [~1,1] x S2. The vector fields X%, regarded as a single vector
field X on S* x [—1,1] x S2, are transverse to dD. Hence these vector
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II. Families of characteristic foliations

fields allow us to define a collar of 0D inside D that is tangent to the
slices {(s,2)} x S2.

Definition 4.10. An embedding v of D? into S? such that the radial
directions 0F coincide with the vector field X5 on {r > 1/2} will be
called collared with respect to X3.

A parametric embedding 15 such that each embedding 3 is collared
with respect to X35 will be called a collared parametric embedding.

4.2.2. Hyperbolic neighbourhoods

Definition 4.11. A smooth family R: of rectangles such that each rect-
angle RS = [—1,1] x [-1,1] is a hyperbolic neighbourhood with respect
to Q for X3 is called a smooth family of hyperbolic neighbour-
hoods.

Lemma 4.12. To a, possibly degenerate, hyperbolic singular point there
s a smooth family of hyperbolic neighbourhoods.

Proof. Let again X%, (s,z) € S* x [—1,1], be a smooth family of vector
fields on S? and let ¢ € S? be a hyperbolic singular point of Xﬁg for
some (sg, zy) € S* x [-1,1].

The contact condition implies that the linearisation of ng in q has a
non-vanishing eigenvalue. As in|[Construction 2.16|pick local coordinates
x and y of S? near ¢ such that in ¢ = (0,0), 8, and 0, lie in the two
eigenspaces of X‘;g such that the eigenvalue to 9, is non-zero.

Write the vector fields X7 near ¢ in these local coordinates as
as(z,y) 0, + bi(x,y)d,. That the eigenvalue of X2 to 9, does not

vanish implies that %bg(:p, y) # 0 in (sg, 29) and ¢ = (0,0).

Apply the Implicit Function Theorem to obtain neighbourhoods 2’
of (sg,29) in S*¥ x [~1,1] and V, and V,, of 0 in R together with a
smooth function n: U’ x V,, — R such that b$(x,y) = 0 exactly for
y=n(s,z z) for all (s,z) € U and (z,y) € V, x V.

We obtain a coordinate function y — n(s, z, x) that we can comple-
ment by its orthogonal complement with respect to 2. This defines
coordinates of S2 on a neighbourhood V of ¢ that smoothly depend on
(s,z) € U’'. Denote them again by just y and = and write the vector
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4. Families of vector fields

fields X7 again as af(z,y)d, + bi(z,y)d, in these new coordinates.
Then b$(x,y) = 0 exactly for y = 0.

We can now proceed as in [Construction 2.18, Along the line V,, x {0},
the vector field is parallel to 0, i.e. X5 = a3(z,0)0,. Since ¢ is an
isolated singular point of X2, there are points (—d,,0) and (8, 0) such
that aZ9(+d,,0) # 0. By continuity there is some 8, > 0 as well as
some smaller neighbourhood & C U’ of (sg, zg) such that the two arcs
{+£d,} x (—=6,,0,) are transverse to all vector fields X? for (s,2) € U.
Along the two arcs [—0,,0,| x {4+d,} the functions bf are non-zero
by construction of the local coordinates and the arcs are consequently
transverse to vector fields X?3.

For each (s, z) € U consider the rectangle RS = [—0,,d,] x [0, 0,]
given in the coordinates x and y. Remember that the coordinates
depend on (s, z) and hence so do the rectangles RS. The sides of the
rectangles RS are, as we just saw, transverse to X3.

The divergence of X;g does not vanish in ¢q. As the divergence
depends smoothly on both the point and the parameter (s, z), we may,
by choosing d,, d,, and U sufficiently small, assume that the divergence
of each vector field X3, (s,z) € U, does not vanish in any point of RS.

Then the rectangles RS, (s, z) € U, are a smooth family of hyperbolic
neighbourhoods. O

Remark 4.13. By construction, the d,-component of any X3 vanishes
along {y = 0} in the coordinates of RS. The sign change of the 0,-
component of X7 along {y =0} mandates the existence of singular
points in IRj.

Definition 4.14. We will call an embedding of a hyperbolic neighbour-
hood collared if in neighbourhoods of the sides {+1} x (—3/4,3/4) the
vector fields 93 , in x-direction coincide with either X3 or —X73.

Observation 4.15. Let RS, (s,z) € U, be a positive hyperbolic neigh-
bourhood. By construction, for each (s,z) € U the only trajectories
that tend to points in RJ are the two separatrices, i.e. the trajectories
through the points (+1,0). Hence all trajectories through points (£1, y),
y # 0, leave RS. They can only do so through the top ¢ and the bottom
b, i.e. the cross sections ¢ := (—1,1) x {1} and b := (—1,1) x {—1}.
Consequently, the Poincaré maps P* between [* := {—1} x (0,1) and
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II. Families of characteristic foliations

rt = {1} x (0,1) and t and P~ between [~ := {—1} x (—1,0) and
r~:={1} x (—1,0) and b are defined.

The trajectories of X3 that pass through the closed interval C' that
is the complement of P (I") U P*(r") in ¢ emanate at points in R3
and trajectories that pass to points in ¢ close to C' pass through points
in [T or rT close to the separatrices, cf.

All the cross sections I+, r®, t and b are parametric and the Poincaré
maps depend smoothly on the parameter. Hence the endpoints of C' in
t also depend smoothly on (s, z).

e [V el [P

It J \\ rt
>—1 — <
— I
>—1 —=

—=
> |
> | <
- j r

ST T TTAV T

Figure 4.1.: A hyperbolic neighbourhood around a degenerate hyperbolic point

4.2.3. Half-hyperbolic neighbourhoods

Definition 4.16. A smooth family DS of half-discs D, cf.
such that each D3 is a positive half-hyperbolic neighbourhood
with respect to Q2 for X5 is a smooth family of positive half-hyper-
bolic neighbourhoods if every D3 satisfies the additional conditions
that

1. there are no singular points of X3 in {x >0,y # 0} and that

2. the only trajectory v of X3 with a(y) € D3 passes through

(1,0) € Ds.
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4. Families of vector fields

We can find such families using analogous constructions as for elliptic
and hyperbolic neighbourhoods, applied to a singular point ¢ that is
half-hyperbolic.

Notice that the half-hyperbolic neighbourhoods that we construct
around an isolated half-hyperbolic point only contain singular points,
if at all, along {y =0} and hence satisfy the additionally imposed
conditions.

Corollary 4.17. To a, possibly degenerate, half-hyperbolic singular
point there is a smooth family of half-hyperbolic neighbourhoods.

Definition 4.18. An embedding of a half-hyperbolic neighbourhood
is collared if it is an embedding of the half-disc D such that in
neighbourhoods of c, and {1} x (=3/4,3/4) C ¢}, the vector fields 03 ,
coincide with either X5 or —X3.

Observation 4.19. Let D3, (s,z) € U, be a positive half-hyperbolic
neighbourhood. Denote its two smooth boundary components by e and
h, where h is the one that contains the separatrix v of D3. Denote the
complement of y N h in h by h'™ and h™.

Then the Poincaré maps P between h™ and e and P~ between h~
and e are defined. The trajectories of X3 that pass through the closed
interval C that is the complement of P*(h")U P~ (h™) in e emanate at
points in D3. Again, the end points of this interval depend smoothly
on the parameter.
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I1l. Parametric elimination

We observed in [Chapter I1|that whether a sphere {2} x S? in S is convex

with respect to the contact structure £° is a property of its characteristic
foliation and phrased the conditions in terms of elliptic and (half-)
hyperbolic neighbourhoods and their separatrices. In particular, we saw
that retrograde connections between singular points are the obstructions
to convexity.

Our goal thus is to deform the contact structures £° such that no
vector field X$ that directs the characteristic foliation of {2} x S? with
respect to £° has a retrograde connection. We develop a parametric elim-
ination deformation that applies to whole neighbourhoods .
Applying it to neighbourhoods that are leaves in a graph
this deformation can be used achieve our goal . This process
is aided by a complexity valuation that resembles the order
of degeneracy of singular points.

1. Finite number of neighbourhoods of singular
points

A single vector field on a surface generically only has finitely many
singular points. This is a basic result about transversality of smooth
sections to the zero section. Considering parametric families of vector
fields, we can still archive transversality to the zero section of the
tangent space, however, counting dimensions, this will not imply isolated
singular points of the individual vector fields.

Passing to k-th jet extensions for sufficiently large £ and applying
Thom transversality to these with respect to a suitably crafted sub-
manifold of the k-th jet space, Bruce [Bru86] shows the statement for
families.

Theorem 1.1 ([Bru86, Lemma 1.6., Application 2.2.]). Let M and P
be compact manifolds and denote by Xp(M) the space of smooth vector

59



III. Parametric elimination

fields on M, parameterised by P. For a residual set of such sections
X: M xP — TM, the individual vector fields X,, := I|Mx{p} have
isolated singular points.

As is the case for Thom transversality for sections of the tangent
bundle, its proof yields a relative statement.

Corollary 1.2. Let X2 be a parametric vector field on S? and U C S?
an open subset such that the all vector fields X: have only isolated
singular points in U.

Then there is a parametric vector field Y on S?, arbitrarily C>-close
to X% that coincides with X3 on U and is such that all vector fields Y}
have only isolated singular points.

Remember that we wrote contact forms for the contact structures &°
on [—1,1]x S% as 35 +us dz and defined our parametric vector field using
B2 = 1xs§2 with an area form €2 on S 2. Conversely, given a parametric
vector field Y, we obtain dual 1-forms v by tys€ for which, as the
contact condition is Cl-open, the forms of := (1 —t)85 +tv5 +us dz are
all contact forms on [—1,1] x §2 for ¢ € [0, 1], provided Y7 is sufficiently
close to X3.

As for z close to {—1, 1} the vector fields X? have only two singular
points, this perturbation can be done relative to the boundary of
[—1,1] x S, i.e. the family «f is stationary in ¢ close to 9([—1, 1] x S?).
Hence we can apply the parametric and relative version of Gray’s
Stability Theorem (Corollary I.5.3|) to obtain a parametric isotopy of
&% such that the perturbed contact structures induce vector fields on
52 that all have only isolated singular points.

Hence, to each (s,z) € S* x [~1,1] there is a finite number of
disjoint smooth families of elliptic, hyperbolic and half-hyperbolic
neighbourhoods whose union covers all singular points of X%. As the
parameter space S* x [—1,1] is compact, we find a finite number of
smooth families of neighbourhoods N, i =1, ..., k, that are defined on
open subsets U; of S* x [—1,1] such that for each (s,z) € S* x [~1,1]
the union of all neighbourhoods N7, for which (s, z) € U; contains all
singular points of X7. ’
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2. Elimination of (neighbourhoods of) singular points

2. Elimination of (neighbourhoods of) singular
points

Suppose we are given a finite collection of neighbourhoods of all singular
points as in the previous section. Then [Proposition II.3.10] tells us that
all those spheres {2} x S? are convex with respect to £ whose vector
fields X$ have no retrograde connection between two (half-)hyperbolic
neighbourhoods.

In this section we will discuss a homotopy of families of contact
structures that eliminates both a hyperbolic and an elliptic neighbour-
hood. As will be explained in this operation will allow us to
get rid of all retrograde connections. This elimination homotopy is a
parametric version of Giroux’s ‘Elimination Lemma’, c¢f. |Girg1]. Its
proof is inspired by the proof of the Elimination Lemma by Fuchs as
presented in |Geio8| Lemma 4.6.26].

2.1. Situation

Consider our smooth family of vector fields X%, (s, z) € S* x [—1,1],
on S2. Let (sq,25) € S¥ x [~1,1] and U an open neighbourhood and
suppose there are a family of positive elliptic neighbourhoods D3 as
well as a family of positive hyperbolic neighbourhoods RS, (s, z) € U,
disjoint from D%, such that for each (s,z) € U the trajectory 5 of
the vector field X$ through the point (—1,0) € RS, a separatrix of RS,
emanates at a point in D3.

Remark 2.1. As we can shrink our neighbourhoods along the flow of the
vector fields X7 it suffices to require that Dj and R; contain disjoint
sets of singular points.

To the family D? there is a collared parametric embedding 7% of D?
into S? and to R? there is a collared parametric embedding p$ of a
neighbourhood of [—1,1] x [~1,1] in R? into S2.

The embeddings p$ induce coordinates [—1, 1] on the ‘left’ side of the
rectangles L := {—1} x [—1,1] C RS. The arcs Lj form a parametric
cross section that intersects each trajectory «; in the point 0 € L3.

To these coordinates of the parametric cross section we find, after
shrinking U if necessary, a parametric flow box F: U x [-T,0] x
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III. Parametric elimination

(—e,e) — S? around the trajectory ’yig such that for time t = 0,
the (—¢,¢e)-coordinate corresponds with the coordinates on L%, i.e.
F(s,2;0,(—¢,e)) = (—¢e,e) C L%, and such that the time t = —T side
of the flow box is contained in D3, i.e. F(s,t;T,(—¢,e)) C D3, for all
(s,2) € U.

2.2. Adjusting the coordinate neighbourhoods

Rescaling the y-coordinate of the embedding p and hence the y-coordin-

ate in the rectangles R, in L and in the flow box, we may assume

that ¢ = 3/4. Denote the intersections points of F(s, z;e,4+1/2) with

OD3 by ps and nS € ODS = S, respectively. After shrinking U and

modifying the embedding of the parametric elliptic neighbourhood as
T T

described below we can assume p; = ¢ and nf = —g5.

Construction 2.2. Let us assume that pig + —%. Note that both pJ
and n$ smoothly depend on (s,z). Shrinking U, we guarantee that
ps # — forall (s,2) € U. Then a$: ¥ = 9+ (5 —p2) is a smooth
map that sends p$ to &. If pi = &, then nf is in ST\ {F} = (0,2m).
There is a smooth family b(n): [0,27] — [0, 27] of diffeomorphisms of
the interval [0, 27] that sends n € (0, 27) to %ﬁ The composition ¢ of
a3 with b(aZ(nZ)) sends p; to ¢ and nZ to —5.

Pick a smooth step function g: [0,1] — [0, 1] that is identically 0 on
[0,1/3], identically 1 on [2/3,1] and strictly monotone in between. Then
we may compose each embedding 1] of the elliptic neighbourhoods D
with the map (r,9) + g(r)d+ (1 — g(r)) (c)""(9). This yields again

a collared parametric embedding of an elliptic neighbourhood that is

such that pf = & and nf = —%.

Finally, let us consider the flow box between the rectangles and the el-
liptic neighbourhood. Denote the flow time map from y € (—1/2,1/2) C
L% to the cross section 0D3 with respect to X by T3 (y). In the flow
box F?, these are the t-coordinates of the intersection of the flow box
F? with 0D3. We may rescale the t-coordinate in all flow boxes such
that T" = 5/2, i.e. that each F?, (s,z) € U, is defined on a neigh-
bourhood of [—5/2,0] x [—1/2,1/2], such that dD$ intersects F? in the
points (—34++/1 —y2,y) € [=5/2,0] x [~1/2,1/2] and such that F'stays
collared near {t =0} C L and near 0D5.
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T (6,3-¢)
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Figure 2.1.: Constructing the half-disc N by merging neighbourhoods of sin-
gular points and a long flow box

2.3. Merging neighbourhoods of singular points

As for each (s,z) € U all three coordinate charts, the elliptic neigh-
bourhood p3, the flow box F7 and the hyperbolic neighbourhood 73
are collared near their common points, we are able to merge their
domains and obtain a parametric embedding ¢3 of a neighbourhood of
Ny := D?(=3,0) U [-3 + v2/2,0] x [-1/2 x 1/2] U[0,2] x [-1,1] C R?
that coincides with 15 on D?(—3,0), coincides with p$ on [0,2] x [—1,1]
and coincides with F? on their complement. Here, D?(—3,0) C R?
denotes the closed 2-disc of radius 1 centred at (—3,0).

The vector field X? is parallel to the boundary of t$(N,) along the
arcs [—3+v2/2,0] x {£1/2}, points into t5(Ny) along {2} x [—1,1] and
points out of ¢5(NV) along all other parts of its boundary. If we restrict
the domain of the flow box F7 to the trapezium T between the points
(=3 +v2/2,F1/2) and (6, +(1/2 —¢)) for some small € > 0 and § > 0,
all four sides of F?(T) will be transverse to the vector fields X?.

In the hyperbolic neighbourhoods RZ, the vector fields X are by
construction only tangent to the z-direction along {y =0} and in
the collar. Consequently, we may restrict the domain of n$ to R :=
6,2] x [-1/2+¢, 1 /2—¢] while preserving the property that each smooth
component of n3(JR) is transverse to X? for all (s, z) € U.

Merging the domains of pf, F¥ and 7 we obtain a parametric em-
bedding ¢ of N := D?(—3,0) UT U R C R? such that each smooth
component of the piecewise smooth boundary ¢5(9N) is transverse to

the vector field X$ for each (s, z) € U, cf.
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III. Parametric elimination

Consider ¢22(N). The vector field X20 points out of :2(N) along
the curves ¢22(8D%*(—3,0) NON) and 20(0T N ON), as well as along
120([0,2] x {—1/2+¢,1/2—¢}). Consequently, we can round the corners
(—=3+v2/2,F1/2) and (0,+(1/2—¢)) of N, ¢f. [Construction II.2.19| i.e.
there is a closed neighbourhood N’ of N, coinciding with N away from
those corners such that the boundary of N’ comprises only two smooth
components, one being {2} x [—1/2+¢,1/2 —¢], such that both smooth
components of (22(ON’) are transverse to X20.

To ease our constructions in the future, consider N”, the intersection
N’ N [-4+¢,3] x [~1,1] for some small ¢’ > 0. For ¢’ sufficiently
small, the set R is a tetragon such that all four smooth components
of 12°(OR) are transverse to X-0. Shrinking U, we can assume that
t5(ON”) is likewise transverse to X$ for all (s, z) € U.

Pick an (orientation preserving) diffeomorphism 7 of open neighbour-
hoods of [—4, 3] x [—2, 2] and N” that satisfies ([—4, 3] x [-2,2]) = N”
and that

e preserves the z-axis, i.e. 7([—4,3] x {0}) = [-4 + £/, 3] x {0},

« maps the rectangles F := [—4,—1] x [-2,2] into D?(3,0) N N”
and [—3,—2] x [—1,1] into the disc around (—2,0) € N” with
radius 1/2, i.e. the region that contains the singular points of the
vector fields X? in the elliptic neighbourhoods,

e maps F:=[—1,1] x [-2,2] into the trapezium 7T,

o and satisfies r(H) = R for H :=[1, 3] x [-2,2].

The composition of ¢ with r is a parametric embedding of the
rectangle [—4,3] x [-2,2] C R2.

On the trapezium T C N” C R2, all vector fields X%, (s,z2) € U,
were parallel to the 0,-direction of R2. Hence we may assume that,
writing the vector fields X7 in the coordinates 0, and 9, of r o]
as X5 = Xf’zﬁx + Xg”z(?y, the 9, component X3, is strictly positive
on F'N{y > 0} and strictly negative on F N {y < 0}. Remember that
X3, <0on HN{y <0}, and X5, > 0on HN{y > 0} by construction.

Since ¢5(OR) is transverse to X7, we can choose r such that also
X5, <0on [—4,—1] x [-2,—1] and that X5, > 0 on [—4,—1] x [1,2]
and, further, that X7, <0 on both [—4,—3] x [~1,1] and [5/2,3] x
[—1,1].

For the elimination process we restrict U to a product Dy x I of the
closure of an open interval around z; € [—1,1] and the closure of an
open neighbourhood around s, in S* such that Dy x I, C U.
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ISN\PZZ 4N

Figure 2.2.: The rectangle R and some trajectories of a vector field X?¢

2.4. Neighbourhood for elimination

Denote the parametric embedding that we constructed in the last
section by (3 and denote the image of [—4, 3] x [—2, 2] under ¢$ by RS.
Write Qf for the pull-back of the area form 2 to [—4, 3] x [—2,2]. The
vector fields X%, (s, 2) € D, x Iy, have the following properties.

Ni:

N3:

Ngy:

N5:

On the segment a := [—1, 3] x {0} the vector field X? is parallel
to 0.

The 0,-component X3 _ of X7 is positive on [—4, 1] x [1,2] as
well as on [—1, 3] x (0, 2] and negative on [—4, —1] x [-2,—1] as
well as on [—1,3] x [—2,0).

It is X7, <0 on [~4,-3] x [~1,1] and on [5/2,3] x [-1,1].

There are no singular points of X¥ in [—4, 3] x [—2, 2] outside of
[—3,—1] x [-1,1] U a and all singular points are positive.

The divergence of X with respect to {23 is positive on both E
and H.

Additionally we ensured that

Ax:

all trajectories of X% through points in F intersect E in negative
time.
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III. Parametric elimination

2.5. Contact forms of normal form

In the elimination process we will deform the contact structures in 0,
direction. It is therefore beneficial to obtain control over the contact
forms in 0, direction. Suitable contact forms 35 + u$dz have the
following property.

A2: The function u$ is positive and is constant on E and H.

Lemma 2.3. If 3, (s,2) € Dy x Iy, is a parametric embedding of
[—4,3] x [—2,2] satisfying properties [(N5) and|[(A1)] and U C Dy x I
any open subset, then there is an isotopy of the parametric contact
structures £, supported in any neighbourhood of U C S* x [—1,1] and
any neighbourhood of RS C S? that
1. does not change the vector fields X3 that the contact structures
induce on S?,
2. 1is such that after the isotopy the contact structures satisfy property
on RS for (s,z) € U and
9. for (s,z) in the complement of U where B3 4+ usdz satisfied
property before the deformation, the contact forms will also

do so after the deformation.

Proof. As first step, let us observe that we find a smooth family of
functions f2 on S2, that are identically 1 outside a neighbourhood of
the image of [—4, 3] x [—2, 2] under (3, such that the vector fields f5X?$
have positive divergence on all of [—4, 3] x [—2, 2].

In we saw that for a smooth function f we have
divo (fX) = X(f) + fdivg(X), ¢f. Equation on page [35] Hence,
pick a smooth family of positive functions f2, (s,z) € Iy x Dy, on
[—4, 3] x [—2,2] that take the value 1 on E, grow sufficiently fast along
the trajectories of X? in F'such that XI(f7) > —f divgs (XZ) and that
take a constant value ¢ € R on H. (To see that we can construct a
family of function f$ that is smooth in (s, z), consider the vector fields
X again as a single vector field X on S* x [—1,1] x §2.)

Property together with the fact that f7 is constant on both F

and H guarantees that divgs(ffXZ) > 0on H U E.
Extend f7 o (Li)fl to a smooth family of functions on S?, again

denoted by fJ, such that each f; is constantly 1 outside a small
neighbourhood of ¢$([—4, 3] x [—2,2]). Consider the rescaled contact
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2. Elimination of (neighbourhoods of) singular points

forms f5(B2 + u$dz). They induce the vector fields X% on S? that
have positive divergence on the image of ¢5.

That the divergence is positive implies that the forms d(f55%) are
positive area forms on R;. Consequently, there is a sufficiently large
A € R such that in the compact sets RS, (s,z) € Dy x I, the 1-forms
5385 4+ \dz are contact forms:

(F2B2 + Ad2) A (f252 + Ad2)
d
= (7262 2da) 1 (A28 - (200 n )
d

As the contact condition is open, the forms f535 + Adz are contact
forms in sufficiently small open neighbourhoods N of R;. Pick a
smooth family of bump functions ¢7 ,: S?2 — R that take the
value 1 on RS and vanish outside N$. Additionally, let ¢o: S* x
[—1,1] — R be a smooth bump function that takes the value 1 on U
and vanishes outside a small neighbourhood of U. Denote by ¢ the
product (s, 2;q) = ¢7 ,(q) ¢2(s, 2). Then for ¢ € [0,1] the forms

aj = 707 + (1 —t@Z)us + téZA) dz

are contact forms on [—1,1] x S2 as convex combinations of contact
forms with coinciding 1-forms f733, cf. |[Observation I.7.3] Outside of
N3, the contact forms «f are stationary in ¢.

By the relative and parametric version of the Gray stability theorem
(Corollary I.5.3)) to the family of contact structures & := ker aj there

is a parametric isotopy ¥§ of [—1,1] x S? such that

Tyi(€%) = &

or equivalently, if we denote by (wf)* the pullback with its inverse,
(¥7),0° = piof

for some smooth family of positive functions . This isotopy is sta-
tionary outside the sets N7.
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Denote by f% the map (z;q) — f3(q). As the functions f* are positive,
the forms o/ f* are also contact forms for the contact structures &5
and

Lot (-

footo e
These contact forms all induce the vector fields X3 on S2. For ¢t = 1,
(s,z) € Uand on R the contact form «f / f* is given as 35 + ¢SA/ f5 dz
and the function ¢3\/f5 = \/f$ is positive on RS and constant on
both E and H.

If u$ is positive on RS and constant on E and H for some (s, z) ¢ U,
the convex combination (1 — ¢3)us/f5 + @SN/ f5 is again positive and,
as f7 is constant on F J H, also constant on both £ and H. O

+ tqbi%) dz. (I11.1)

If we are just looking at a region where the divergence is positive, we
can, with the same argument, but without rescaling the contact forms,
obtain a similar statement.

Corollary 2.4. Let D3, (s,z) € Dy x I, be an parametric embedding
of a disc in S? such that the contact forms in D% are given as 35 +us dz
with ui > 0 and dB; > 0, i.e. the divergence of the vector fields X3
induced by the contact forms is positive. Let further K C Dgy x Iy be
the closure of an open subset.
Then there is a parametric contact isotopy Vi that is stationary
outside small neighbourhoods of K and D% that
1. does not change the vector fields X3 that the contact structures
induce on S2,
2. 1is such that after the isotopy the contact forms in a neighbourhood
of D3 are given by B3 + hidz with hi > 0 and hj is constant
on DS for (s,z) € K.
9. For all (s,z) ¢ K where uS was constant on D%, h is also
constant on D3.
Additionally, hi may be chosen arbitrarily large on D3.

2.6. Parametric Elimination

Theorem 2.5 (Parametric Elimination). Let Dy C S* be a closed
disc, Iy C [—1,1] a closed interval and RS, (s,z) € Dy x Iy, be a
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parametric embedding of [—4,3] x [—2,2] via (5 such that there the
contact forms are of the form 55 4+ uj dz that satisfies property
and that the vector fields X$ that are induced on S? by the contact
forms satisfy the conditions to .

Then there is, for any I, C Iy that is the closure of an open interval
and any Dy C Dy that is the closure of an open disc, a parametric
contact isotopy Vi that is stationary outside the RS such that after the
deformation the contact forms

1. satisfy condition[(A2) on RS for (s,z) € Dy x I,
and induce vector fields Y7 that

1. satisfy the conditions to in RS for all (s,z) € Dy x I

and

2. have no singular points in RS for (s,z) € Dy x I;.

Proof. We seek a parametric isotopy W¥§ of contact structures on
[—1,1] x S? that is stationary away from the neighbourhoods RS and
changes the induced family of vector fields X73.

Remember that these vector fields arose as follows. We wrote the
contact forms o as 35 + u$dz on [—1,1] x S?, where 35 were 1-forms
on S2. In particular, the 33 arise as the pull-back of a® under the
embedding S? = {2} x $2 C [~1,1] x S2. The contact forms 35 +u$ dz
induce the vector fields X3 on S? by LxsQ = B3

Let us assume for a moment that we found a parametric isotopy
U? of contact structures as required. It is, in particular, a parametric
diffeotopy of [—1, 1] x S2. Consider, for some (s, z) € U, the vector field
V7 that the contact form (U$™")"a® of the deformed contact structure
T3 (%) = ker(U5 ') a® induces on $2 embedded as {2} x S2. It is
given by

LysQ = (LZ)*(\I/‘;’A)*OCS
ooy,
where ¢,: S§? — [~1,1] x S? is the embedding ¢ — (z,q). Con-

sequently, the vector field Y coincides with the vector field that the
original contact form o induces on S? embedded as \Il‘i’_l ({z} x 52).

69



III. Parametric elimination

Hence, to find ¥¢, we will deform the spheres {2z} x S? inside R as
graphs over their original embedding such that the contact forms o*
induce vector fields Y’ on these that satisfy the required conditions. We
will construct a suitable parametric function g2, (s, z) € S* x [-1,1],
on S? that is identically 0 outside the RS, (s,z) € D, x I, and write

g5 8?2 —  [-1,1]x §?
qg = (2+ga);q).

Then we define ¥$ as the inverse of

Ul 1,1 x 82— [—1,1] x 82
(2:9) = (2 +tgi(a) q)-

A quick calculation yields that
(72)°(B2 +u2dz) = B2 gs +ul,gs dgs.

Hence, the vector fields Y that the contact forms g5 + dz induce on
the deformed spheres are given by

LstQ = (]2)*(,82 + dZ) = ﬁnggg + u§+g§ dgg = LX;rgSQ + u§+g§ dgg
and we can write Y} as
Y;= X§+g§ + Z3,

where the vector fields Z7 are defined by ¢7s2 = uZ, . dgi. Write the
area form () in the coordinates x and y on Rj as aj dx A dy. Then Z3

takes the form

Z3(x,y) =

(O ¢ 1) I P g
z+g5(z,y) 9z . gz
g (ay (z,y)0, D (z,y) 5y) :

Let p: S*¥ x [-1,1] — [0,1] be a smooth bump function that is
constant 0 outside D, x I, and takes the value 1 on D; x I;. Let us
make the ansatz

9:(z,y) = ¢(s,2) - 91(x) - g2(y) -
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2. Elimination of (neighbourhoods of) singular points

Construction of g; and g,
Pick g: R — R as a smooth non-negative bump function that
vanishes outside [—4, 3] and is constantly 1 on [—7/2,5/2].

Define a smooth function g,: R — R that vanishes outside
[—2,2], satisfies g5(0) = 0 and g5(y) < 0 for y € [—1,1] and ¢5(0) =

—2max((af/u?) X7 ) as in The maximum is taken over

all (s,2) € Dy x Iy and all (z,0) with x € [—1, 3].

Figure 2.3.: The function g,
This function might be chosen arbitrarily €°-close to zero to ensure

that the product ¢ g, g5 is sufficiently small. In particular, to guarantee
that @3 s an embedding, it suffices to ensure

d
0< P (Z + (s, 2) g1 () gﬂy))
dp
=1+ E(Saz) 91(2) g2(y) -
This is satisfied, provided that gy is sufficiently small.
Verification We ensured that the maps ¥} 1 are embeddings and the

deformation hence can be applied as described. Let us observe that we
can use this deformation to achieve the required conditions.

(N1)] The vector fields X7 are parallel to 0, along the segment

a = [~1,3] x {0}. The 9,-component of Z; amounts to
738 (x ) _ u2+g§($7y) 8g§ (x )
2,200 0) = as(z,y) Ox Y
(AT CA")
Z+gz<m7y) ’ /
T s PS8 2)92\Y) 01\ T) -
B o(5.) 1) @)
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III. Parametric elimination

For y = 0, this vanishes as go(0) = 0. Consequently, the 9,-component
of each vector field Y vanishes along the segment a.

For z € [—4,5/2| and y > 0, the d,-component of Z? is non-
negative, as uj and af are positive, g7(x) > 0 and ¢(s, z) go(y) > 0. By
property the 9,-component of X? is positive on [—4, —1] x [1, 2]
and on [—1,5/2] x (0,2], hence the same holds true for the sum Y} =
X3, e + 25

Analogously, the J,-component of Y} is negative on [—4,—1] x

[—2,—1] and on [—1,5/2] x [—-2,0).

(N3)| The 0,-component of Z{ amounts to

us da’
z2+g3(z,y) OF

Uergs(ay)
2+gi(w,y ’
= —="=0(s,2) g;(x :
Both uZ and af are positive and ¢(s,z) g1(z) > 0. For y € [-1,1],
95(y) <0, and hence Z7 , < 0. As by property |(N3)| the ,-component
X3 _ is negative on [—4,—3] x [—-1,1] and on [5/2,3] x [—1,1], this is

also true for the d,-component Yy, of the sum Y = X7 . + Z7.

[(N5)] In a point (z,y) € E we have
dive: (Y2) Q8 = d(82 g + ul, e dg?)
=dBZ s +du g Adg:

and since u$ are constant on F, duj = 0, and
=dgs, .= L (X3,4s) dznd
T PEtez CLS+ s Q;g%‘ #+9z v
z+g2

The divergence of X3, . is positive in (z,y) € £ by property and
the functions af are positive. An analogous argument shows that the
divergence of Y} is positive on H.
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2. Elimination of (neighbourhoods of) singular points

Property implies that there are no singular points for x €
[—1,5/2] and y # 0 as well as on [—4, —1] x[1, 2] and [—4, —1] x [-2, —1].
Property excludes singular points on [5/2,3] x [—1,1] and on
[—4,—3] x [-1,1].

Consider the rectangle [5/2,3] x [1,2]. There, X5, > 0and Z5 <0
as go < 0 and g¢{ < 0. However, choosing g, suﬂ"lciéntly small, we can
ensure that Y5, = X5 + Z3 _ is still positive. Likewise, we can choose
g such that Y;Z < 0on [5/2,3] x [-2,—1].

We verified that the divergence of Y} is positive on E. Hence any
singular point in F is positive.

Consider

(w3) (Bs + ug dz)

Iy
= ( Trgs T U4 gs dgﬁ) + U4 gs (1 + %(s,z) 9 g2> dz

z

and write these contact forms as p$ + h$ dz. The condition that ®; —1
are embeddings implies 1 + 0,¢(s, 2) g19o > 0 and hence h$ > 0. We
showed that Y} is parallel to 0, along a = [—1,3] x {0}, hence puf
is a multiple of dy there, and so is its derivative ;3 in 0,-direction.
Consequently, in singular points (z,0) with z > —1 the form u$ A i3
vanishes and the contact condition for u$ 4+ h$ dz implies

0 <—pZAps+pAdhi+hsdus
= hZ duZ

as p3 = 0 in singular points of Y?. Then hJ > 0 implies du§ > 0 and
the singular point (x,0) is positive.

No singular points in R; for (s,z) € D; x I;: There are no singular
points outside E and [—1,5/2] x {0}. Let us first consider the set
[~1,5/2] x {0}. There, the 9,-components Y* of the deformed vector
fields Y} satisfy

us . da’
Yy, = X3 o) P9z (1 0)

1,2+g5(x,0) aé({[;’()) 8y
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III. Parametric elimination

For y = 0, the function g, vanishes and hence z+¢g5 = 2. The function
gy is identically 1 for = € [—1,5/2]. Consequently, Y amounts to

Sz, 0
Yls,z:XS + u:(@,0)

1,z W ©(s,2) 95(0) .

For (s, z) € Dy x I; we have ¢(s,z) =1 and as
95(0) = —2max((a2/u2) X3 .) .
the 0,-component of Y is given by

us(x,0)

z

a(z,0)

VP, =X5, -2 max (a3 /u) X3 ) < 0.

On the subsets [—4,—1] x [-2,—1] and [—4, —1] x [1,2] of E there
are no singular points. To make sure that there will be no singular
points in their complement, i.e. on [—4, —1] x [—1, 1], even though g5 (y)
might be quite small we can make the effect of the deformation on the
vector fields stronger by enlarging u$ on E: On FE, the divergence of
the vector fields X7 is positive, as are the functions uf. We can apply
to a small neighbourhood of E to make u$ arbitrarily
large on E. Denote the changed functions by U;. This deformation
does not change the vector fields X: and U are constant on E and
U = u$ on H, so it does not change properties |(N1)| to of the
vector fields Y. It does also not change the property that there are no
singular points for (s,z) € Dy x I, z € [-1,3] and y =0 as

Us(x,0)

ui(,0)
o s /,,8 s < _
2@2(55,0) max((az/uz)Xl’Z) < 2a§(az,0)

max ((a3/ug) X3 ,) .

The value of g5(y) < 0 on [—1,1] is bounded from above by a negative
constant c. Hence, if we choose U} sufficiently large on E then for
(z,y) € [=7/2,—1] x [~1,1] the J,-component of Y is negative as the
following calculation shows.

YY (2,y) = Xl zrgzay) T2
S
e Urgttow) D95
1,24g5(z,y) ai(xz,y) Oy’

74



2. Elimination of (neighbourhoods of) singular points

US

vs zt9:(zy)
c
< X7 o siwn TUS
Latgs(@y) © “ztoz(@y) g3 (g, y)
<0

As there are no singular points of Y;? on [—4,—7/2] by property (Ng)L
this implies that Y? does not have singular points in [—4, 3] x [—2,2
for (s,z) € Dy x 1.

Apply the deformation that we described so far. Verifying
property |(N4)| we saw that after the deformation, the contact forms are
given by u3 + hj dz, where hj is given by

he = uZ, s (14 0.(s,2) g1 g2) > 0.

This function is no longer constant on F and H. As we verified that the
divergence of Y is positive on both E and H, we can apply a further
deformation as in to guarantee that the contact forms
are given by uf + HZ dz such that H: are constant on E and H. As
this deformation does not change the vector fields Y, it preserves the
properties [(N1)| to [(N5 )| and the fact that the vector fields Y;? have no
singular points in [—4, 3] x [—2,2] for (s,2) € D x I;. O

Let us have a look at the effects of the deformation of

Remark 2.6. Even if we started with elliptic and hyperbolic neigh-
bourhoods that contained isolated hyperbolic points, unless they are
non-degenerate we cannot guarantee that we do not create many more
singular points inside E or along the x-axis in H. We could apply a
second deformation that ensures all singular points are isolated, possibly
destroying the property that there are only singular points outside
along the z-axis, there would still many, possible degenerate, singular
points. We deal with these intricacies by considering neighbourhoods
of singular points instead.

Observation 2.7. There is some small € > 0 such that for p(s,2) < e
there are no singular points in [—4, 3] x[—2, 2] outside F and {y = 0}NH.
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III. Parametric elimination

In particular, the elliptic and hyperbolic neighbourhoods that we used
are still elliptic and hyperbolic neighbourhoods.

For any value of z, the rectangle [—4, 3] x [—2, 2] is, after rounding
two corners and arranging div > 0, cf. a half-hyperbolic
neighbourhood. Enlarging it along the flow lines near F makes sure
that it contains the rectangle [—4, 3] x [—2, 2].

Remark 2.8. Conversely, a half-hyperbolic neighbourhood can be used
for an elimination deformation.

Let D%, (s,z) € U, be a positive half-hyperbolic neighbourhood.
Restricting to a rectangle inside the half-disc that we may parametrise
with [—4,4] x [-2,2], we obtain a neighbourhood R} that satisfies
the conditions |(N1)| to In addition, its the divergence of the
vector fields X? is positive on RS. Hence, there is a deformation of the

contact forms 35 + uf dz in a neighbourhood of R? as in

such that u$ is positive and constant on each R;. In particular, this
neighbourhood satisfies condition [(A2)|and we can apply

We will need to perform the elimination on overlapping sets and use
a partial elimination as follows.

Observation 2.9. If for some (s, z) € Dy x I the vector fields X? on R
satisfy the conditions [(N2)| [((N3)[and [(N4) only on {—1,3} x [—2,2],
then we can still perform the deformation, but the vector field X3
after the deformation will satisfy |(N2)} [(N3)[and [(N4)| again only on
{—1,3} x [-2,2] and there will be critical points on [—1,3] x [-2, 2]
even if (s,z) € Dy x I.

3. Complexity

Deformations as in may reduce the number of retrograde
connections of a given vector field X3 by remowving one of the hyperbolic
points. A priori, however, we cannot ensure that this deformation does
not create new retrograde connections for either X? or a vector field
nearby.

Let us introduce a complexity valuation on vector fields and the
chosen collection of neighbourhoods that measure how far a given
sphere {2} x S? is from being convex with respect to £ and how far
our collection of neighbourhoods is from recognising it. We will present
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3. Complexity

an iterative way to deform the contact structures £° and to modify the
collections of neighbourhoods that decreases the complexity until all
spheres are convex with respect to all contact structures.

The complexity will depend on the choice of parametric neighbour-
hoods N7, i =1,..., K, defined on open sets U; C SF x [~1,1], that

cover the singular points of all X%, (s,2) € S* x [-1,1].

Definition 3.1. A finite number of parametric neighbourhoods N,
1 = 1,...,K, is simple if whenever a singular point q of a vector
field X% is contained in both N; and N, all singular points of N; are
contained in N; or all singular points in N; are contained in N;.

Let us assume for now that our collection of neighbourhoods N; is
simple.

To an isolated singular point ¢ of a vector field X we might assign the
maximal number of singular points that vector fields close to X have
that are close to ¢q. For non-degenerate singular points, this will be 1 as
these vary smoothly with the parameter, for birth-death singularities
this might be 2, for example. We want to associate a similar count to
the neighbourhoods that contain the singular points.

Consider a neighbourhood N7 ;, (s,2) € U; and associate to it the
length of the longest string of neighbourhoods Nj ..., N; = such that
. st,ij N N7, contains singular points forall j=1,...,m and

o for every j #+ j/, Niij N Niij/ does not contain singular points.

Denote this count by djl It is at most equal to the number K of
all neighbourhoods and at least 1 for neighbourhoods that do contain
singular points. For (half-hyperbolic) neighbourhoods that do not
contain singular points, this count is 0.

To any given parameter (s, z) € S*¥ x [—1,1] let us assign the sum of
all indices of its neighbourhoods of singular points. A singular point

might be contained in multiple neighbourhoods N7 ;, so let us take

d: Sk x[-1,1] — N
(s,2) > m}n > di;,
jeJ

where J C {1,2,..., K} are the indices of neighbourhoods such that all
singular points of X? are contained in Uj s N
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III. Parametric elimination

As the neighbourhoods N; are defined on open sets U; in the para-
meter space S¥ x [—1,1], the maps dj: (s,2) = d; ; are not upper
semi-continuous and neither is the map d. Instead, let us consider
d := lim sup d, which is.

Definition 3.2. The map d: S* x [-1,1] — N, will be called
complexity of the vector fields X3 together with a chosen set of simple
neighbourhoods N7 ;.

Example 3.3. Consider a family X, t € (—1, 1), of vector fields on an
open disc B such that for t < 0 there are two non-degenerate singular
points, an elliptic e, and one hyperbolic hy, for ¢ = 0 there is a single
half-hyperbolic singular point ¢ and for ¢ > 0 there are no singular
points. This phenomenon occurs generically in 1-parametric families of
vector fields, cf. [Sot74).

Let there be, for t € (—e,¢), a half-hyperbolic neighbourhood N
around ¢ that contains all singular points of X,. Assume that for
t < —¢/2 we find an elliptic neighbourhood E around e; and for ¢
in a slightly larger open set we find a hyperbolic neighbourhood H
around h,, cf. These three together form a collection of
neighbourhoods that contain all singular points of the vector fields X,.

To the neighbourhood E we associate for any t < —¢/2 the order
1 as there is exactly one neighbourhood, FE, that contains singular
points of E. The same is true for the hyperbolic neighbourhood H. For
t € [—¢/2,0) the only neighbourhood that contains all singular points
of N is N itself, so again its order is 1. For ¢t € (—e, —¢/2), the longest
string of neighbourhoods that contain the two singular points e, and h;
of N consists of both £ and H. Consequently, the order of N is 2. For
t > 0 the longest string of neighbourhoods that contain the singular
points of IV is empty as there are no singular points, and /N has order 0.

In total the sum of the orders d is 2 on t € (—1,—=/2), 1 on [—=/2,0]
and 0 otherwise. The complexity d hence evaluates to

2, te(—1,—¢/]
tq1, te(—</2,0]
0, te(0,1).
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4. Graph of singular points
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Figure 3.1.: Neighbourhoods of singular points and their order d for a 1-
parametric family of vector fields. The horizontal direction depicts
the surface the vector fields are defined on.

Notice that unlike the order of degeneracy, that we could also define in
this case, the surface of maximal order is not X but only close to it. The
reason is that, just looking at the neighbourhoods instead of singular
points, we do not distinguish the situations on X, for ¢ € (—</2,0).

4. Graph of singular points

We saw that we can apply an elimination deformation to two neigh-
bourhoods of singular points that are connected by a separatrix of the
hyperbolic neighbourhood. We will see that we can indeed find such
suitable pairs.

Definition 4.1. Let X3 be a vector field and N; a collection of neigh-
bourhoods that are defined in (s, z) and that are such that each singular
point of X3 is contained in exactly one N;,. To the pair define a
graph G% whose vertices are all neighbourhoods N; that contain singu-
lar points and whose edges are the (finitely many) unstable separatrices
of positive (half-)hyperbolic neighbourhoods and the stable separatrices
of negative (half-)hyperbolic neighbourhoods.
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III. Parametric elimination

We will show that this graph does not contain cycles by contradiction:
If there is a graph Gig that contains a cycle, then the contact structure
£%0 is isotopic to an overtwisted contact structure.

4.1. Closed Legendrian curves

Assume that there is a cycle A C Gig. As a first step, let us observe
that we can find an isotopy of £%0 such that there is a closed Legendrian
curve on {2y} x S? that agrees with A away from some singular points.
This argument is based on arguments in [Geio8, Section 4.6.4] that
shows that starting from to a hyperbolic cycle, cf. we
find a closed trajectory after perturbation of the contact structure. As
A is a more general cycle we will construct a closed Legendrian curve
that will meet singular points of the characteristic foliation of {2y} x S2.

Definition 4.2. A smooth curve in a contact manifold that is in every
point tangent to the contact structure is a Legendrian curve.

Observation 4.3. Let ¥ C (M,€) be a surface in a contact manifold
and let X be a vector field that directs its characteristic foliation. A
smooth curve ¢: [0,1] — ¥ C M is a Legendrian curve precisely if
it is parallel to a vector field X, i.e. in all points ¢(¢) that are not
singular points of X, ¢() is a multiple of X, ).

The following statement appears in the proof of [Theorem 4.6.33
Geio8|] with a slightly different proof.

Lemma 4.4. Let q be a non-degenerate hyperbolic point of the vector
field X and let vy, 71 be two trajectories of X that lie in two different
separatrices of q. Let U be any open neighbourhood U of q and gy € vo\U
and g; € v1 \ U two points on the two trajectories. Then there is a
vector field Y that vanishes outside U and is C°°-close to the zero section
as well as a smooth curve ¢ defined on [0, 1] that is parallel to X +Y
and satisfies ¢(0) = g and ¢(1) = g;.

Proof. If the trajectories 7, and v, lie in both stable or both unstable
separatrices, take Y to be the zero vector field. To construct ¢, follow
the trajectory 7, from gq, use a chart of the stable or unstable manifold
around ¢ and then follow 7; until g;. Finally reparameterise to [0, 1].
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4. Graph of singular points

Let us hence assume that 7, lies in a stable separatrix and ~; in
an unstable one. Pick two disjoint cross section Cj and C through
points pg € 79 and p; € 7y; such that both are contained in U and are
parameterised by (—4,0) such that v, intersects C; in 0, i = 0,1. By
the Grobman—Hartman theorem, c¢f. [[heorem II.2.14] we can choose
Cy so small that the Poincaré-map P from Cj to C; is defined on one
connected component of (—d,0)U(0,0). Let us assume that Pis defined
on (0,9) and that P((0,9)) C (0,0) C C;.

Pick a small flow box V = (—d,0) x [0,4,] with coordinates x
and y around 7, starting from Cj such that Cy = (—4,0) x {0} and
{0} x [0, 5y] C 79. Let ¢g be a bump function, supported inside Vj
such that ¢ is constantly 1 in a neighbourhood of (0,4,/2). Define
the vector field X, to be ¢y 0, in the coordinates of V; and identically
0 outside Vj,.

Likewise, pick another flow box V; = (=4,9) x [=d,,0] around
such that (—4,6) x {0} = 4 and {0} x [—4,,0] C ;. This is possible
provided d,, was chosen sufficiently small. Choose again a bump function
¢, that is supported inside V; and is constantly 1 on a neighbourhood
of (0,—0,/2) and define X; := ¢ 9,.

Denote (—d,0) x {4,} C V, by Cj and (=4,6) x {—4,} by C]. By
construction the Poincaré-map with respect to X between Cy and C}
is the identity. With respect to the vector field X + X, for some
small € > 0 the Poincaré-map between C and C{) sends 0 to some
7o > 0. The Poincaré-map between C{j and C] sends 7y to some 71 > 0.
If £ was chosen sufficiently small, there is some A > 0 such that the
Poincaré-map with respect to X +eXy— AX; between C| and C; sends
7, back to 0, cf.

The vector field Y := e X;—AX; vanishes outside U and the trajectory
through 0 € C, passes through 0 € C. Thus, the points gy and g; lie
on the same trajectory with respect to X + Y and we may take the
segment of this trajectory between gy and g; to be the curve c after a
reparameterisation. Choosing € small yields a small A and we can find
Y arbitrarily €°°-close to the zero section. O

Observation 4.5. Pick a bump function ¢ on [—1,1] that takes the
value 1 on {z;} and vanishes outside a small neighbourhood. The
1-forms 35° +t - 1y + u2° du are contact forms for all ¢+ € [0,1] and
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III. Parametric elimination
Cy
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Figure 4.1.: Constructing a smooth Legendrian arc near a hyperbolic singular
point
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z € [—1,1], provided that Y was chosen sufficiently close to zero. Hence
the Gray stability theorem, cf.[Proposition I.5.1] yields a contact isotopy
of £%0 such that the deformed contact structure induces the vector field
X +Yon {2} x S2. Consequently, the curve c is a Legendrian for the
deformed contact structure.

Lemma 4.6. Let q be a positive non-degenerate elliptic singular point
of X and vy and v, two trajectories of X that emanate at X. Let U
be an open neighbourhood of q and gy € o \ U and g, € v; \ U be two
points on the two trajectories. Then there is a contact isotopy of &%0
such that the deformed contact structure admits a Legendrian curve c
with ¢(0) = gy and ¢(1) = g;.

This is [Lemma 4.6.23 (Geio8|. It is proved by finding a closed disc
around ¢ with div(X) > 0, constructing a characteristic foliation on it
that also has positive divergence and has trajectories that join v, and
v1, and then applying Gray stability.

Lemma 4.7. Let N be a positive hyperbolic neighbourhood for X
and vy and vy two trajectories of X with a- or w-limit in N. Let
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4. Graph of singular points

further gy € v\ N and g, € v\ N be two points on the two trajectories.
Then there is a contact isotopy of £°0 such that the deformed contact
structure admits a Legendrian curve ¢ with ¢(0) = gy and ¢(1) = g;.

Proof. Let us first consider the case that the a- or w-limits ¢y = (xg,0)
and ¢; = (21,0) in N of the trajectories -, and ~;, respectively, are
different points.

Then for z := (zy + x1)/2 the point (z,0) € [-1,1] x [-1,1] %= N
lies between ¢, and ¢;. Pick a bump function ¢(x,y) that is supported
inside NV and takes the value 1 on the segment a between ¢y and ¢;.
Define f: [—1,1] x [-1,1] — R by (z,y)  ep(z,y)(z — x) for some
€ > 0 By Sard’s Theorem there is an arbitrary small € > 0 such that
for X + f0, all singular points on the segment between ¢, and ¢, are
non-degenerate. The vector field X + f0, also has no singular points
outside {y = 0}. For £ > 0 sufficiently small we find a contact isotopy
of £% such that the perturbed contact structure induces the vector field
X + fo, on {zy} x S2.

The trajectories through gy and g; will tend to non-degenerate sin-
gular points ¢ and ¢; in the segment a. The set {y = 0} is parallel

to X + f0, and hence a Legendrian curve. Applying and
to ¢(, and ¢} and the segment of {y = 0} between them we

find further perturbations of £° such that there is a single Legendrian
curve that runs from gq close to ¢, along {y = 0}, close to ¢7, and to
91-

In case gy = (,0) = ¢q; apply the same deformations, taking care to
pick € > 0 sufficiently small such that ¢} and ¢}, which will not be the
same point, are still contained in N. O

Lemma 4.8. Let N be a positive elliptic neighbourhood for X and ~y,
and 7, two trajectories of X that emanate at points in X. Let further
do € Yo \ N and g; € v \ N be two points on the two trajectories.
Then there is a contact isotopy of £°0 such that the deformed contact
structure admits a Legendrian curve ¢ with ¢(0) = gy and ¢(1) = g;.

Proof. There are perturbations of X that are arbitrarily €°°-small and

supported inside N such that all singular points in N are non-degenerate.
They still are all positive.
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III. Parametric elimination

The graph G of singular points inside NV, i.e. the set comprising the
singular points and the unstable separatrices of the hyperbolic singular
points, is connected: We find a closed set ST that contains G such
that 9S™ is transverse to X, cf. All trajectories through
points in ST pass through N in positive time and all trajectories
through points in 0N emanate at singular points in /N and hence pass
through 9S*. The Poincaré map from 9S* to N is hence defined
everywhere and surjective, hence 9N being connected implies that 95+
is connected. Consequently, the graph G was connected.

Pick a path in G between the points a(vg) =: gy and (7). Iteratively
applying |[Lemma 4.4| and |[Lemma 4.6| gives us a Legendrian curve ¢
between g, and g;. O

Lemma 4.9. Let N be a positive half-hyperbolic neighbourhood for X
and vy and vy two trajectories of X with a- or w-limit in N. Let
further gy € vo\ N and g, € 71\ N be two points on the two trajectories.
Then there is a contact isotopy of £%0 such that the deformed contact
structure admits a Legendrian curve ¢ with ¢(0) = gy and ¢(1) = g;.

Proof. Depending on whether a() and «(7;) lie in the hyperbolic part
{0,1} x [—1,1] or in its elliptic complement, applying either perturb-
ations of [Lemma 4.7, or [Lemma 4.8| or both again yields a contact
structure £° for which there is a Legendrian c that only contains singular
points of N as required. O

The five lemmata imply that if the graph Gig has a cycle A, then
there is an isotopy of £°0 to a contact structure that admits a closed
Legendrian curve. It will in general contain singular points of the
characteristic foliation.

4.2. Thurston—Bennequin invariant and singular points

A closed Legendrian curve c in an oriented contact 3-manifold (S 3, §)
has a tubular neighbourhood that is (orientation preserving) con-
tactomorphic to (5’1 x R2 ker(cos ¥ dx — sinﬁdy)), cf. |Geio8) Ex-
ample 2.5.10], and is called standard neighbourhood. Let us use the co-
ordinate 9 to parameterise the Legendrian curve ¢. Let ¥ = {z,} x S% C
S3 be a surface that contains c.
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4. Graph of singular points

As described in [Jani2| Section IV.3] consider a tubular neighbour-
hood of the curve ¢ in ¥ that is embedded into the standard neigh-
bourhood of ¢. For each point of the Legendrian ¢ we obtain an angle
b [0,27] — S that the contact planes form with the tangent space
of 3 with respect to the coordinates of the standard neighbourhood and

define a lift ¢: [0,27] — gl =} ]R Along the curve ¢ a vector field X
on X that defines the characteristic foliation is a positive multiple of
the vector field —sin(¢(v)) 0y where 0y = ¢.

In singular points ¢(¥) of X, the tangent space of ¥ and the contact
plane coincide, so they enclose an angle of 0 or 7. In these points,
the lift ¢ is an integral multiple of 7, i.e. ¢() = k7 for some k € Z.
The parity of k indicates the sign of the singular point, it is even in
positive singular points and odd in negative ones. Combining this and
the sign of —sin(¢(v)) 0y we can read off the level sets of k7 of ¢ from
the vector field X along c.

The difference ¢(27) — ¢(0) is an integral multiple of 27w and the
multiplicity counts the twisting of the contact framing relative to the
surface framing along c. It does not depend on the orientation of ¢. In
a simply connected contact manifold this multiplicity does not depend
on the Seifert-surface of ¢ and it is called the Thurston—-Bennequin
invariant tb(c) of ¢, cf. [Geio8, Section 3.5.1].

For homologically trivial closed Legendrian curves in tight contact
manifolds, the Bennequin inequality, cf. [Geio8, Section 4.6.5], implies
th(c) < —x(%.),

where x(X,.) is the Euler characteristic of a Seifert surface X, of c.

In our case the contact structure £ is isotopic to a tight contact
structure, hence itself tight, > is a sphere and the embedded Legen-
drian ¢ consequently an unknot and we have a disc as Seifert surface.
Consequently, the inequality implies

th(c) < —1.

If ¢ contains no singular points, then tb(c) = 0, contradicting the
inequality. If all singular points of ¢ are of the same sign, then ¢

*This is the negative of the angle considered in |Jani12| Section IV.3].
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III. Parametric elimination

only ever intersects the same level set kr and hence again 27w tb(c) =
¢(2m) — ¢(0) = 0. Consequently, ¢ must contain both positive and
negative singular points.

As c arose out of a cycle A of a graph G, all its trajectories between
positive and negative singular points emerge at negative points and
tend to positive ones. Assume that c(d;) and c(¢;) are adjacent
singular points on ¢, ¥, < ¥, and ¢(1J) is a negative singular point,
ie. () = (2k+ 1)m. Then for any ¢ € (¥y,9;) the vector field X
in ¢(9¥) points in the direction of ¢(¢) and hence —sin(¢(19)) should
be positive, i.e. ¢(¥) > (2k+ 1)m. Thus ¢(9;) = (2k+2)7. In an
analogous fashion, we see that if ¢(v) was positive and ¢(1J;) negative,
then again ¢(9;) = ¢(9y) + .

This implies that any closed Legendrian curve c¢ that arose from a
cycle A has tb(c) > 0, which is impossible.

Summing up, this shows the following statement.

Theorem 4.10. Every graph G% does not contain cycles, it is hence a
forest.

We will see that leaves of this graphs comprise neighbourhoods that
can be used in an elimination deformation.

5. Strategy for elimination

Let us now observe how to find a sequence of elimination deformations
that in the end leaves us with a family of contact structures with respect
to which all spheres {2} x S? are convex.

We start with a family of vector fields X$ on S? for which we can
assume, cf. that each has only finitely many singular points.
Choose a finite number of parametric elliptic and (half-)hyperbolic
neighbourhoods N;, i = 1,..., K, on S?, each defined on an open set
U, C S* x [~1,1] that each contain at most one singular point of each
X3 and together cover all singular points of the vector fields X3, cf.

This collection is simple, cf. solet d: S*x[-1,1] —

Ny be the complexity of the vector fields X3 together with this collection
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of neighbourhoods that we defined in It is upper semi-
continuous and hence attains its maximum d on the compact parameter
space and its pre-image X is closed in S¥ x [—1,1] and thus compact.

Lemma 5.1. If d =2, then every vector field X: belongs to a convex
surface.

Proof. Every vector field X5 on S? has at least two singular points. As
there are no closed trajectories, there must be a positive and a negative
singular point and these are contained in different neighbourhoods.
Consequently, there are exactly two neighbourhoods, one positive and
one negative. If one of these was (half-)hyperbolic, one of its separatrices
has to connect back to the same neighbourhood, creating a cycle, but
a cycle cannot exist.

Hence for each vector field there are exactly two elliptic neighbour-
hoods that contain all singular points. In particular, there are no
retrograde connections and {z} x S? is convex with respect to £5. [

Let us assume d > 2.

5.1. Step 1: Find possible deformations

Consider a parameter (sg,zg) € K. There is a collection of neighbour-
hoods N, j€ J C {1,..., K}, such that each singular point of Xﬁg is
contained in exactly one N;. To the collection associate the graph Gig.

Choose a collection J C {1,..., K} with the fewest neighbourhoods
possible, i.e. with |J] minimal. As the collection is simple, this is
equivalent to choosing the largest neighbourhoods, i.e. those that contain
the most singular points of Xﬁg.

Let us first consider the case that the graph Gig has edges. As it is
a forest, there are leaves, i.e. vertices of order 1.

A leaf cannot be a hyperbolic neighbourhood, as each of these has
two edges. It can be a half-hyperbolic neighbourhood. It can also
be an elliptic neighbourhood that is connected to a (half-)hyperbolic
neighbourhood via a separatrix.

Let us consider these cases separately. As before, we will restrict
ourselves to the case of positive neighbourhoods, the negative ones can
be treated analogously with signs reversed.
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III. Parametric elimination

Elliptic connected to a hyperbolic Let F be a positive elliptic
neighbourhood that is a leaf and is connected to a hyperbolic neigh-
bourhood H whose other separatrix is not connected to another elliptic
point that is a leaf. We only consider stable separatrices of positive
neighbourhoods, so H is a positive neighbourhood.

Denote the open set on which E is defined by Up and the domain
of H by Up. There is a neighbourhood U C Uy N Uy of (sg, zg) such
that both E and H are defined on U and are connected by a separatrix
~v of H. By there is a smaller open neighbourhood, let us
call it U again, such that we can apply an elimination deformation
inside any product Dy x Iy C U where Dy, is the closure of an open
neighbourhood of sy and I the closure of an open neighbourhood of
zo- It eliminates all singular points of X? inside a neighbourhood R
of the singular points of E'U H for all (s, z) that are contained in the
closures D x I; of a smaller open disc around s, and a smaller open
interval around z.

After the deformation, the neighbourhoods E and H will not be
elliptic and hyperbolic neighbourhoods, respectively, anymore. Hence
we construct a modified collection of neighbourhoods for the deformed
vector fields.

Lemma 5.2. We can modify our collection of neighbourhoods to obtain
a simple collection of neighbourhoods for the vector fields X3 after the
elimination.

Proof. Let us first consider those neighbourhoods IV, that are no longer
elliptic or (half-)hyperbolic neighbourhoods for the vector fields X3
after the elimination. These are the neighbourhoods E and H, but also
all other neighbourhoods that contain singular points of £ U H, but
not all of them.

Case 1: In the most basic case there are, for all (s, z) in the interior
U; := int(D, x I), no other neighbourhoods that contain singular
points of ES and HS. We can find a half-hyperbolic neighbourhood
N that is defined for each (s, z) in the interior int(Dg x I;) =: U and
that contains the rectangle R in which the elimination takes place, cf.
|Observation 2.7l As there are no singular points in N for (s, z) € D x I,
we may restrict the domain Uj of N to Uy := Uy \ (D x I;).
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5. Strategy for elimination

There is a neighbourhood Uy of the boundary of Dy x I inside
Dy x Iy such that the sets £ and H are still elliptic and hyperbolic
neighbourhoods, respectively, for all (s, z) € Uy after the elimination,
again [Observation 2.71 Restrict the open sets Up and Up on which the
neighbourhoods F and H, respectively, are defined by removing from
these sets the closure of an open ball B; that contains D; x I; and is
such that 0B; C Uy. Finally add the half-hyperbolic neighbourhood N
to the collection N, of neighbourhoods.

This is a collection of neighbourhoods for the vector fields X? after
the elimination and it is simple if the collection was simple before.

D, x 1,

Figure 5.1.: The relevant sets in the parameter space inside Dy x I to an
elimination deformation

Case 2: Consider the case that there is an additional neighbourhood
N, defined on Uj;, that contains a strict subset of singular points of
either E or Hf for all (s, z) € UyNU,;. It suffices to restrict its domain.
We do not have to add an additional neighbourhood as all its singular
points after the elimination are already contained in F, H or N.

Case g: The next case to consider is that there is a neighbourhood
N;, defined on U, that contains all singular points of EY and H for
all (s,z) € UyNU,;. Notice that N; also contains the separatrix  for
these (s, z). Otherwise v would be a separatrix of N; and form a cycle
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III. Parametric elimination

by connecting back to IN;, which cannot happen, cf. Hence,
after eventually enlarging it along the flow lines of X7 we may assume
that N; contains the rectangle R. Consequently, IV, is also an elliptic or
(half-)hyperbolic neighbourhood after the elimination without further
changes.

Notice that there can be no neighbourhoods as before that contain
only some singular points of £ and some singular points of HS as the
collection was assumed to be simple.

Case 4a: Assume that there is a neighbourhood N;, defined on Uj,
that contains for every (s,z) € Uy N U; all singular points of E%, not
those of H, and also other singular points.

We will see later, in the we ensure that there is no
(half-)hyperbolic neighbourhood N; that contains all singular points E
but not those of H.

Hence N; is an elliptic neighbourhood. Restricting its domain may
result in some singular points not being contained in any neighbourhood.
If we add the half-hyperbolic neighbourhood N, then our collection
is no longer simple. Instead, we may construct a new neighbourhood
by joining N; and H? along a neighbourhood of the separatrix to v as
follows.

Consider, within Uy, an open set Uy, for which the trajectory
emanates at singular points that are contained in N;. (This is the
case for all U; and we may assume U; C Uy,,.) As we find collared
parametric embeddings to the neighbourhoods, we may construct a
new neighbourhood N; by adding to N; the neighbourhood H together
with a neighbourhood of the separatrix v by merging along the collars.
It is a half-hyperbolic neighbourhood defined on U; N Uy,. Add this
neighbourhood to our collection and restrict the domain of N, by
removing Dy x I, the closure of U;. We found sufficient neighbourhoods
for all (s,z) € UyNU,. As its complement, U; \ U;, may be non-
empty, also add the neighbourhood N. This results in a collection of
neighbourhoods for the vector fields X? after the elimination that is
again simple.

Case 4b: Assume that there is a neighbourhood Nj, defined on Uy,
that contains for every (s, z) € Uy NUj all singular points of H,
those of EZ, and also other singular points. The neighbourhood N;
is hyperbolic or half-hyperbolic. Then, analogue to the previous case,

not
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we construct a new neighbourhood N J’ . It will be a half-hyperbolic
neighbourhood if N; was hyperbolic and an elliptic neighbourhood if
N; was half-hyperbolic.

Case 5: Assume there are an elliptic neighbourhood N; and a
(half-)hyperbolic neighbourhood N;, defined on U; and Uj, such that
N; contains the singular points of F, N; contains the singular points of
H, and both of them also contain other singular points.

There is an open set Uy, on which v tends to singular points that
are contained in N;. Likewise, there is an open set U,y on which v
is a separatrix of the (half-)hyperbolic neighbourhood N. ;- As before,
construct new neighbourhoods N, and N J’

The make sure our collection stays simple, we construct a third new
neighbourhood where v connects N; and N;. There is an open set
Un~n for which v connects N; and N;. Similar to the previous case,
we construct a new neighbourhood Ni’j by merging N; and N; along a
neighbourhood of v, add it to the collection and restrict the domains
of both N; and N;. We can define the neighbourhood Ni’j on the open
set Unyn N U

Restrict the neighbourhoods N; and N; by removing Dy x I from
their domains of definition as before and add the neighbourhoods N/,
N j{, and N/ ; to the collection. Then this is a simple collection for the
vector fields X3 after the elimination.

Case 6: Assume that there are two elliptic neighbourhoods N; and
N;, that contain the singular points of E and two (half-)hyperbolic
neighbourhoods N; ; and N; , that contain the singular points of H.
Follow the construction from the previous case and construct new
neighbourhoods N/ ;, N/, N7, and N, as well as all possible ways
to merge these, Ni/l:.jl’ N/ o ~» and add them to the collection,
restricting the domains of the old neighbourhoods as before.

Case 7: Let there be a neighbourhood N;, defined on Uj, that, for
different (s, z) € Uy N U;, belongs to different cases. As the boundary
of N, is a parametric cross section and both ES and H? necessarily
contain singular points, the subsets of U; N U, belonging to the different
cases are open. Hence we may treat IN; as a finite number of sets,
each defined on a subset of U,, and apply the constructions of the
appropriate case.

In the general case, there will be multiple sets U, that each belong
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to one of the cases mentioned above and we may iterate over them,
applying the constructions described above. O

Lemma 5.3. The elimination homotopy does not increase the com-
plexity d anywhere. Additionally, for any (s,z) € By NX such that
in the collection of neighbourhoods before the elimination there is no
neighbourhood N;, defined in (s,z), that contains singular points of
both ES and H, the elimination homotopy decreases the complexity d.

Proof. Denote the complexity valuation d and the map d before the
deformation by d°¢ and JOId, respectively.

For (s,z) outside Dy x I, or in the boundary of D, x I, we not
change the vector fields X? nor the collection of neighbourhoods, so
the complexity remains.

Let us first consider the case that (s, z) is contained in the interior of
(Dgy x Iy) \ By. The neighbourhoods E and H are defined in (s, z) and
we did not change the collection of neighbourhoods except adding N.
Consequently, the minimal sum of the orders d£ over all neighbourhoods
that cover all singular points did not increase and d(s, z) < d°(s, z).
In fact, the order df of N after the elimination is at least the sum of
those of E and H, so d(s,z) = d°'(s, z).

Consider the case (s,z) € Bj. After the elimination there are no
neighbourhoods N, that contain a strict subset of the singular points
in the half-hyperbolic neighbourhood N. Consequently, the order df
of N after the elimination is 1 where N is defined, i.e. outside D; x I;.
Let J° be a collection of neighbourhoods before the elimination such
that 3. ;0 dZ ; is minimal and such that [ J,_ ;o N; contain all singular
points of X3.

If the singular points of E and H? are contained in two different N;
and NV; , then the collection J 1 that consists of J° with IV but without
N;, and N; is a collection of the neighbourhoods after the elimination,
contains all singular points of X7 and has >, ;1 dZ; < > . j0dZ ;.
Hence d(s, z) < d°"(s, 2).

If JO contains a single neighbourhood N. j, that contains the points of
both E$ and H: then this neighbourhood is still defined in (s, z) after
the elimination and hence J° is also a collection of neighbourhoods
after the elimination and d(s, z) < ZjeJO d; ;= dold(s, z).

eJo
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We have seen that d < d°@ everywhere. This implies d < d°'¢. On
the complement of X, the map d is strictly smaller than on X'. Together
with the fact that d < d°4 on an open set Vintersected with X this
implies d < d°'¢ on VN X . Ul

In fact, what we showed is the following.

Corollary 5.4. The elimination homotopy does not increase the com-
plexity d anywhere. Additionally, the elimination homotopy decreases
the complexity for any (s, z) € ByNX such that
e in the collection of neighbourhoods before the elimination there
is no neighbourhood N;, defined in (s, z), that contains singular
points of the half-hyperbolic neighbourhood N3
if either
1. there are neighbourhoods N;, defined in (s, z), that each contains
a strict subset of the singular points of NZ and that together
contain all singular points of N3, or
2. if (s,2) € Dy x I.

The first condition was satisfied by the neighbourhoods F$ and H?.

Lemma 5.5. There is an open neighbourhood V C S* x [~1,1] of
(S0, 20) such that the elimination homotopy decreases the complexity d
for every (s,z) e VNX.

Proof. Denote the complexity valuation d and the map d before the
deformation by d°'¢ and J"ld respectively.

We saw in the proof of [Lemma 5.3] m that in particular for (s,z) €
D, x I, the value of d decreases if there is no neighbourhood N; that
is defined in (s, z) and covers all singular points of both ES and H.

If there are such neighbourhoods N; , ..., N; ~such that (s, 2) ¢ Uij
forall j =1,...,m then V' := B[\U}Zlvij is open and contains (s, 2q)-

Let us assume (sg, zg) € Uij for some j. By construction of the d3
there is an open neighbourhood W of (s, ) such that the order df of
N;  is at least 2 since both E§ and H exist on W and they contain strict

Z
subsets of singular points. After the elimination, this count decreases

inU;NW.
Take V to be an open ball in the open set V’ from above intersected
with all finitely many such neighbourhoods W. Ul
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The restrictions given in terms of neighbourhoods that cover all
singular points may seem worse than it actually is. Those parameter
sets that are excluded here are those, where we already collected
singular points into one neighbourhood with reduced order. Those
bigger neighbourhoods will be dealt with as whole neighbourhoods in a
further step.

We will want to cover all of X with these open sets. Notice that the
fact that F is a leaf for Xﬁg does not mean it is a leaf for vector fields
X2 nearby. Problems could arise if for any parameter (s, z) we tried to
eliminate the singular points of E along two different separatrices that
connect to two different hyperbolic neighbourhoods.

We can prevent this if we chose the neighbourhoods Dy x I in the
parameter space sufficient small. Endow the parameter space S* x
[—1, 1] with an arbitrary metric. As we constructed the neighbourhoods
at the beginning of this section we can choose the domains U; of the
(half-)hyperbolic neighbourhoods N; sufficiently small to ensure that
for each parameter (sg,zy) that lies in the closure of U, no elliptic
neighbourhood E that intersects IV, is a leaf with respect to any other
separatrix, i.e. one that is not contained in N; for (s, z) close to (sq, 2q)-
We will preserve this property if we choose D, x I sufficiently small
as follows.

Construction 5.6. The sets Up and Ug on which the sets F and H are
defined is open, as is the set U, of parameters such that the trajectory
~ of H with respect to X3, (s,2) € U,, emanates at a point in E.
Consequently, there is some ¢ > 0 such that the open ball Bs(s, ) of
radius § around (s, z5) in S¥ x [—1,1] is contained in Ug N U,NUg.

Denote by N; all (finitely many) (half-)hyperbolic neighbourhoods
that intersect E for some parameters except those that also intersect
H. These are defined on open sets U; and (sy, 29) & ffj for all j. Hence
U:= Sk x[-1,1]\ Uj ﬁj is open and contains (sg, 2q).

Choose Dy x I inside Bj/3(sg,2) N U.

Half-hyperbolic Let N be a half-hyperbolic neighbourhood that is
a leaf for GZ0. There is a neighbourhood U C S* x [—1,1] of (s, 29)
such that N is a half-hyperbolic neighbourhood for all (s, z) € U.
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To the neighbourhood N we may, just as in the previous case, apply
the elimination deformation in a neighbourhood of (sg, zy) with the
following changes: We do not need to introduce new neighbourhoods
and there is no need to find a radius-6/3 disc.

implies again that the complexity does not increase.
On a subset of Dy x I; we find again, cf. an open set V

such that the complexity decreases on V' N X as in the previous case.

Elliptic connected to a hyperbolic connected to an elliptic Let
FE/ be a positive elliptic neighbourhood that is a leaf and is connected
to a (positive) hyperbolic neighbourhood H whose other separatrix is
connected to an elliptic neighbourhood FE, that is another leaf.

There is an open ball Bs(sg, z9) of radius d around (s, zy) such that
this situation persists for all (s, z) in this ball. Let U be an open set
such that there are no half-hyperbolic neighbourhoods that contain the
singular points of F; or E5 and not those of H, cf. [Construction 5.6
such that U is also contained in the open ball of radius ¢/3 around
(505 20)-

Then we find, similar to the construction in a disc shaped
neighbourhood N that contains all singular points of £y, H and FE,
that is defined on a neighbourhood U.

We want to replace the neighbourhoods E, H, and F, by N on U.
Using a construction analogous to produces a collection of
neighbourhoods that is simple and contains N.

Analogous to [Lemma 5.3/ and [Lemma 5.5/ we see that this decreases
the complexity for those points in U for which there is no neighbourhood
N, that contains all singular points of F;, H and F,.

Elliptic connected to half-hyperbolic Let F be a positive elliptic
neighbourhood that is a leaf and is connected to a half-hyperbolic
neighbourhood H via its trajectory 7.

A neighbourhood of E, v and H is an elliptic neighbourhood and we
can treat this case in the same way as the previous one.

There are no edges If the graph ng has no edges, then all neigh-
bourhoods are elliptic. Consider a positive elliptic neighbourhood E*
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that is a disc and a trajectory through a point ¢ € OE™. It tends to a
singular point that lies in a negative elliptic neighbourhood E .

The same is true for the trajectory through any other point p € OE™.
As the Poincaré map between OE+ and OF~ is defined on open sets
and is a local diffeomorphism, all trajectories tend to the same negative
elliptic neighbourhood E~.

As these sets are subsets of S2, there consequently cannot be more
neighbourhoods that are not contained in either £+ or E~. Hence

d(sg, 29) = 2.

There is an open neighbourhood of (s, z5) such that both E* and
E~ are defined. For a potentially smaller open neighbourhood U there
are no singular points of any X%, (s, 2) € U, outside ET and E~. Hence

~

d(s,z) =2 on U and consequently d(sg, zg) = 2.

5.2. Step 2: Perform deformations

To every point (s, z) of the set K C S* x [—~1,1] on which d attains its
maximum we find, as described in the first step, operations that are
modifications of our collection of neighbourhoods and isotopies of the
contact structures £ that decrease the complexity on V{, ) N X for
some open set V(, .) in Sk x [—-1,1].

The sets V|, .) cover the compact set X. Pick a finite cover of K,
i.e. a finite number of points (s;, 2;), ¢ = 1, ..., n, such that the Vis,z)
cover K.

To each point (s;, z;) we associated a modification. We will perform
these one by one in the order given by 1.

Let us observe first that [Construction 5.6|indeed suffices to guarantee
that two overlapping modifications operate along the same separatrices.

Lemma 5.7. Let E be a leaf of Gig that is an elliptic neighbourhood
and connected to a (half-)hyperbolic neighbourhood H, and Dy X I
the closure of an open neighbourhood of (sy,zy) as in Step 1. If for
any (s,z) € Dy x I there is a (half-)hyperbolic neighbourhood N that
contains the singular points of E, then it will also contain the singular
points of H.
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Proof. Assume that there exists a (half-)hyperbolic neighbourhood N,
defined in (s, 2) € Dy x I, that contains the singular points of E but
not those of H.

By |Construction 5.6 we chose Dy x I disjoint from any (half-)
hyperbolic neighbourhoods that already existed before performing any
modifications of this iteration by |Construction 5.6|

We do not create hyperbolic neighbourhoods. Hence there is a
modification, around the point (s;,z;) € X, say, that produced the
half-hyperbolic neighbourhood N. Consider the vector field X3 before
any modifications of this step. Denote, with respect to the vector field
X3, the separatrix of H that connects to I by 7, and the separatrix
that is used in the modification to (sq, 2;) by 7;.

The elliptic neighbourhood E is a leaf for both (sq, 2y) and (sq, 2;).
There are radii 6 > 0 and §; > 0 such that v, connects to E for all
parameters in By (g, z9) and such that v, connects to E for all para-
meters in By (s1,2q). In particular, the distance of (sg, 29) and (sq, 21)
is larger than min{dy,d;}. On the other hand, (s,z) € By, /3(s0,20)
and that H is defined in (s, 2) implies (s, z) € By, /3(s1,21) which is a
contradiction by the triangle inequality. O

This implies that whenever two modifications overlap, they are modi-
fications along the same separatrix or one modification completely
contains the other.

Consider two modifications that overlap both in the parameter space
and on S2. If one modification does not deform the contact structures
&%, then we could apply them both without restrictions. So assume that
both modifications deform the vector fields X, i.e. are both elimination
deformations on the rectangles R' and R?, say, defined on the closed
sets Dé X I& and D% X Ig, respectively, in the parameter space. Assume
that we want to apply the deformation on R! before the one on R?.

Same trajectory Consider the case that these are eliminations to
the elliptic and hyperbolic neighbourhoods E' and H', and E? and
H?, respectively, and that neither does E' nor H' contain all singular
points of E? N H? nor does E? or H? contain all singular points of
FlUHL
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Case 1: Assume that on all (D x I})N (D2 x I?) the neighbourhoods
E' and E? contain the same singular points. Using the flow of the
vector fields near the sides of the rectangle R' that are cross sections we
archive that both {—4} x [~2,2] and [—4,1] x {+2} C R! are contained
in R?. Applying the elimination to R' will then preserve the properties
I(N2)L |(N3)} and [(N4)} cf. [Section 2| on [—4,—1] x [=2,2] C R? needed
for the elimination there.

The hyperbolic neighbourhoods are connected to the elliptic ones
by the same separatrix. Wherever the two hyperbolic neighbourhoods
overlap, their d,-coordinates on {y = 0} are multiples of each other
and the d,-coordinate is orthogonal with respect to €, cf.
Hence we can guarantee in any case, even if the singular points of H< are
a strict subset of the singular points of H', that the elimination on R!
preserves the conditions[[N1)} [N2)} [N3)} and[[N4)on [1, 3] x[-2,2] C
R2.

Case 2: If the singular points of E' are a strict subset of those of
E?, then [—4, —1] x [~2,2] C R! is contained in R? and we can proceed
as in the previous case.

Case g: Consider the case that the singular points of E? are a strict
subset of those of E'. Arrange as before that [—4, —1] x [-2,2] C R? is
contained in R!. If the singular points in H? are not a subset of those
in H', cf. |[Figure 5.2|, then then performing the elimination on R will
destroy the properties|(N2)| [(N3)l and |(N4)|[of R? on [—4, —1] x [-2,2].
We can still perform the elimination on R?, cf. |(Observation 2.9 On
(D} x I+) N (D% x 12) the part [—4,—1] x [—2, 2] of R? does not contain
any singular points after the elimination on R! and R? is a half-
hyperbolic rectangle, cf. The partial elimination will hence
still eliminate all singular points of R% on (D} x I}) N (D? x I?).

If the singular points in H? are a subset of those in H', then we can
arrange R? C R'. The singular points of R? are already eliminated by
the deformation on R'. Hence we may restrict the deformation on R2.
On the set U é the elimination on R! preserves the property that E!
and H' are elliptic and hyperbolic neighbourhoods. On a potentially
smaller neighbourhood U C D} x I} of the boundary of D} x I}, the
sets B£? and H? will still be elliptic and hyperbolic neighbourhoods,
respectively, and the trajectory of H? will still connect to E2. Hence
restrict the deformation on R? to (D3 x I2) \ U by choosing the bump
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5. Strategy for elimination

Figure 5.2.: Overlapping deformations on different neighbourhoods along the
same trajectory

-

Figure 5.3.: The rectangle R? after the first elimination in the situation of
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III. Parametric elimination

Figure 5.4.: Choosing B} sufficiently large ensures V2 ¢ B} U B?

function ¢(s, z) accordingly. Let us denote all sets with respect to this
restricted elimination with the index 2’. To the restricted domain of
elimination Dg/ x I 02/, we get again a neighbourhood U g of its boundary
as well as an open ball B%/ as mentioned in Case 1 of Step 1.

Let us observe that we may perform this restriction such that we
still reduce the complexity on (V1N V?2) N X, where V* should denote
the open sets on which the deformation on R? shall decrease d. Denote
the parameter around which we constructed the deformation to R? by
(89, 29) and call the open sets on which H! and E! are defined by U},
and Ug, respectively. If (sq,2,) does not lie in U} N AUZ, then V2
is disjoint from both U}I and U%J and the restricted elimination on R?
still decreases the complexity on V2 N X .

So assume that (sy,2) € OUE N OUZ. The restricted elimination
on R? decreases the complexity on a ball B%/ that in general does not
contain V2. The elimination on R! decreases the complexity on the set
B}. The construction of the latter was independent of the deformation
of the vector fields, it determines the collection of neighbourhoods after
the elimination. We could haven chosen B} as large as we wanted

inside D(l) X I&. Hence, enlarging B} and choosing B? sufficiently large
ensures that B} U B%/ contains the open set V2, cf. |[Figure 5.4
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5. Strategy for elimination

Performing both eliminations will hence still decrease complexity on
(VIuv?)nx.

Larger neighbourhoods Let again the deformation on R' and R?
be constructed from elliptic and hyperbolic neighbourhoods E' and
H' and E? and H?.

Case 4: Assume that E? contains singular points of both E' and
H'. Then it has to contain the separatrix of H' that connects to E!
as otherwise it would be a cycle in G%. As our collection is simple, the
neighbourhood E? additionally contains all singular points of both E!
and H'. Then R!' is contained in R? and we apply both deformations
without changes.

If H? contains some singular points of both E' and H' then it
contains them all and likewise contains the separatrix connecting H*
and E'. Arrange R' C R? and we are able to apply both deformations.

Case 5: Let E' or H' contain the singular points of both E? and
H?. In these cases, restrict the domain of the deformation on R? as
in Case 3. Notice that the neighbourhood E' or H! is defined on
a neighbourhood of the set that we remove from the domain of the
deformation. The elimination to R? did not assume to decrease the
complexity on this set, so we do not have to do any changes to ensure
the complexity decreases as wanted.

Deformations to half-hyperbolic neighbourhoods Consider the
case that the deformation to R' is an elimination to a half-hyper-
bolic neighbourhood H' and the one to R? is again an elimination to
the elliptic and hyperbolic neighbourhoods E? and H?, respectively.

By construction, cf. [Construction 5.6| and [Lemma 5.7, the half-
hyperbolic neighbourhood H' contains singular points of both E? and
H?. Consequently, it contains all singular points of E? and H? and we
proceed again as in Case 5.

That this still reduces the complexity on the open set V2 follows as
in Case 3. We used the fact that we decrease d on B}. Let us remark
that a priori an elimination to a half-hyperbolic point only decreases
complexity inside D; x I;. This does not pose a problem here, as on all
of Dg X Ig, where we planned to deform on R?, both neighbourhoods
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III. Parametric elimination

E and H exist. This satisfies condition 1 of and implies
that the deformation to R! does decrease d on B} N (D3 x I3) N X.

The situation that the deformation to R? is constructed from a half-
hyperbolic neighbourhood and that to R' is to a pair of elliptic and
hyperbolic neighbourhoods and the situation that both are constructed
from half-hyperbolic points are treated in analogue ways.

General case In general, there may be points in (D x I3 )N (D2 x13)
that belong to different cases. Because the boundaries of all neighbour-
hoods involved are cross sections and hence disjoint from all singular
points, all parameters (s, z) that belong to Cases 2—5 form connected
components in the complement of those (s, z) that belong to Case 1.

Consequently, the adjustments can be made by iterating over the
cases we described. As we do only finitely many deformations in this
iteration, only finitely many neighbourhoods of deformations intersect
and we can choose appropriate adjustments.

Apply deformations After we made all deformations compatible,
we can now construct a new collection of neighbourhoods for the
deformed vector fields and then apply all deformations. The complexity
d decreases on all of X .

Remark 5.8. Every tree in the forest G has, if it has edges, at least
two leaves. Hence we can exclude one specific leaf from being used in
an elimination, or, more generally, from any modification that involves
only one leaf.

Remember from [Kxample 11.1.3| that the characteristic foliations of
all spheres agrees with those with respect to (S 3.¢ St) on the northern
hemisphere. These hemispheres contain a single singular point that is
a source. Every time this singular point is contained in a leaf, exclude
this leaf from the modifications.

Consequently, all deformations of the vector fields X happen relative
to of the contact all happen relative to the hemisphere. The isotopies
of the contact structures £* happen outside the hemisphere S of S3
on which they already agree with &;.

Remark 5.9. For z in a neighbourhood of {—1, 1}, all vector fields X3
also agreed with the vector fields X$¢ that are induced by £,,. Each of
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6. The dividing curves of the spheres

these has exactly one source, one sink and all trajectories emanate at
the source and tend to the sink, c¢f. [Example 11.1.3| In particular, we
every collection neighbourhoods of these has a complexity of d(s, z) = 2
and these spheres will not be part of any modification. This ensures
that the isotopy of contact structures is relative to S* x {—1,1}.

5.3. Step 3: lterate

The construction decreases the maximal value of d. If the maximum
value of d is still larger than 2 repeat it to further decrease d. As d
takes finite values, this terminates after finitely many steps.

If d takes the value 2 on all (s, z) € S¥ x [—1, 1], all spheres {2z} x S?
are convex with respect to all contact structures &°.

6. The dividing curves of the spheres

For any vector field X3 that directs the characteristic foliations of the,
now convex, sphere {z} x S? with respect to £° we can find a dividing
curve, cf. |Definition I.8.3[ and [Section II.3.1 The vector fields X3
agree with X$! on the northern hemisphere and there is a only a single
singular point that is positive. Consequently, for each vector field X3
we find a dividing curve that is contained in the southern hemisphere.

This allows us to apply the deformations starting from [Section .10

and conclude the proof of
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