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Abstract. We determine the fundamental groups of symmetrizable algebraically simply
connected split real Kac—-Moody groups endowed with the Kac—Peterson topology. In
analogy to the finite-dimensional situation, because of the Iwasawa decomposition G =
KAUT, the embedding K < G is a weak homotopy equivalence, in particular m(G) =
7 (K). It thus suffices to determine 71(K), which we achieve by investigating the
fundamental groups of generalized flag varieties. Our results apply in all cases in which
the Bruhat decomposition of the generalized flag variety is a CW decomposition —
in particular, we cover the complete symmetrizable situation; furthermore, the results
concerning only the structure of 1 (K) actually also hold in the nonsymmetrizable two-
spherical case.

1. Introduction

The structure of maximal compact subgroups in semisimple Lie groups was investi-
gated by Cartan and, later, Mostow. In [30], Mostow gives a new proof of a Cartan’s
theorem stating that a connected semisimple Lie group G is a topological product of
a maximal compact subgroup K and a Euclidean space, implying in particular that G
and K have isomorphic fundamental groups. Subsequent case-by-case analysis provided
the isomorphism types of these maximal compact subgroups—which in the split real
situation turn out to be all classical—and their fundamental groups. Tables of the
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maximal compact subgroups can be found in [16, p. 518], their fundamental groups in
[36, 94.33].

Starting in the 1940’s, Dynkin diagrams introduced in [6] have been used to describe
the structure of simple Lie groups. In this article, we present a uniform result which makes
it possible to determine the fundamental group of any algebraically simply connected
split real simple Lie group —and, more generally, any algebraically simply-connected
semisimple split real topological Kac-Moody group —directly from its Dynkin diagram.

In [39, Thm. 1], Tits for every generalized Cartan matrix A provides a functor G :
cRings — Broups from commutative rings into groups. Let IT be the Dynkin diagram of
A.

Definition 1.1. We set G(II) := [GA (R), Ga (R)] and refer to this group as the algeb-
raically simply-connected semisimple split real Kac—Moody group of type II.

Kac—Moody groups endowed with the Kac—Peterson topology have been studied exten-
sively by the second author together with Glockner and Hartnick in [10] and with Hartnick
and Mars in [14]. Our result is applicable to those Kac—Moody groups whose Bruhat
decompositions are CW decompositions and for which the embedding K — G is a weak
homotopy equivalence.

In order to fix notations, let G = G(II) be the algebraically simply-connected split real
semisimple Kac-Moody group associated to an irreducible diagram IT = (V, E) endowed
with the Kac—Peterson topology (for definitions, see Section 2). Let K = K (II) be the so-
called maximal compact subgroup of the topological group G(II), i.e., the subgroup fixed
by the Cartan—Chevalley involution 6 of G(II). We stress that in the infinite-dimensional
non-Lie case this topological group K is not a compact group, only a k-group, in fact a
kw-group.

Given the Dynkin diagram II = (V, E) with a fixed labelling A : {1,...,n} =1 = V,
we define a modified diagram IT*9™ with vertex set V and {i*, j*} € V x V edge if and
only if (i, 7) = €(j,4) = —1, where £(4, 7) denotes the parity of the corresponding Cartan
matrix entry. To each connected component 2dm of 129™ we then assign a colour as
follows: Let II*™ be coloured red (denoted by r) if it contains a vertex i* such that
there exists a vertex j* € V satisfying (i, j) = 1 and (j, i) = —1; let II*I™ be coloured
green (g) if it is not red and consists only of an isolated vertex; and blue (b) else.

One can then read off the isomorphism type of w1 (G(II)) from the coloured diagram
129™ a5 specified in the following theorem.

Theorem. Let Il be an irreducible Dynkin diagram such that the Bruhat decomposition
of G(IT) provides a CW decomposition (i.e., such that the conclusion of Proposition 3.7
holds) and such that the embedding K — G(II) is a weak homotopy equivalence (i.e.,
such that the conclusion of Theorem A.15 holds). Let n(g) and n(b) be the number of
connected components of adm of colour g and b, respectively. Then,

T (G(I) 2 29 x o5 ®).

In particular, this statement holds in the symmetrizable case.

While in the classical finite-dimensional Lie case, one has a topological Iwasawa
decomposition G = K x A x UT with A and U contractible, implying 71 (K) 2 71 (G),
it is currently unknown whether the corresponding Iwasawa decomposition in the general
Kac—Moody case is also topological. However, using a fibration result by Palais (see
Proposition A.13), in the appendix, Hartnick and the second author prove that the
isomorphism between the fundamental groups still exists in the general symmetrizable
case, therefore reducing the problem to the computation of 1 (K).
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Isomorphism types of 71 (G(II)) for selected
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In [9, Sect. 16], the group Spin(Il, k) — where « denotes a so-called admissible colour-
ing of the vertices of II—is defined as the canonical universal enveloping group of a
Spin(2)-amalgam A(II, Spin(2)) = {Gij,gi);:j | i # j € I} where the isomorphism type
of éu depends on the (7, j)- and (j,¢)-entries of the Cartan matrix of II, as well as the
values of k on the corresponding vertices.

It is shown in [9, Sect. 17] that there exists a finite central extension Spin(Il, k) —

2Dynkin diagram LaTeX styles kindly provided by Max Horn at [18].
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K (II) which implies that the subspace topology on K (II) inherited from the Kac—Peterson
topology on G(II) defines a unique topology on Spin(II, ) that turns the central extension
into a covering map. The resulting group topology on Spin(Il, k) is called the Kac-
Peterson topology on Spin(Il, k).

In the simply-laced case, there is a unique nontrivial admissible colouring x and the
corresponding group Spin(II) := Spin(Il, k) double-covers K as shown in [9]. We prove
here that in the simply-laced case Spin(II) is simply connected which then implies that
m (K) = Co.

The strategy of proof in the simply-laced case is to study fibre bundles of the form

Spin(3) — Spin(IT) — Spin(II)/Spin(3)

arising from embeddings of Spin(3) along subdiagrams of type A2, which yield exact
sequences of the form

{1} = m1(Spin(3)) — m1(Spin(IT)) — 1 (Spin(IT)/Spin(3))

and establishes the equivalence of simple-connectedness of Spin(II) with the simple-
connectedness of Spin(II)/Spin(3).

A key to the proof both in the simply-laced and in the general case is the computation
of the fundamental groups of generalized flag varieties — that is, spaces of the form G/ Py
for a parabolic subgroup Pj of G corresponding to an index subset J C I. It turns
out that the aforementioned space Spin(II)/Spin(3) is a universal covering space of an
appropriately chosen generalized flag variety. In general, we prove the following theorem.

Theorem. Let II be an irreducible Dynkin diagram such that the Bruhat decomposition
of G(IT) provides a CW decomposition (i.e., such that the conclusion of Proposition 3.7
holds), let I be the index set of the Dynkin diagram, let J C I, and let Py be a parabolic
of type J. Then a presentation of w1(G/Py) is given by

e(4:5)
J

In particular, this statement holds in the 2-spherical and in the symmetrizable case.

<w¢; 1€1 |z =xjz;, T =1 i,jel,keJ}.

We refer to [40] for the analog result in the finite-dimensional situation.

In order to determine 71 (K) in the general case, we compute subgroups of m(K)
corresponding to the index sets of connected components of p2dm using the above theorem
and covering maps of the type K/Kj; — K/(KNT)Kj where T is a maximal split torus
of G(IT) and K is the subgroup of fixed points of a Levi factor of P; with both T" and Pj
invariant under the Cartan—Chevalley involution. We then show that 71 (K) is a direct
product of appropriately chosen such subgroups.

In a very similar way, the fundamental group of Spin(Il, k) is determined, establishing
the following theorem.

Theorem. Let II be an irreducible Dynkin diagram such that the Bruhat decomposition
of G(I1) provides a CW decomposition (i.e., such that the conclusion of Proposition 3.5
holds). Let n(g) be the number of connected components of TI*™ of colour g. Let n(b, k)
be the number of connected components of 129™ on which k takes the value 1 and which
have colour b. Then

71 (Spin(1l, k)) = 7™M9) x C;(b’ﬁ).

In particular, this statement holds in the 2-spherical and in the symmetrizable case.
Acknowledgements. The research leading to this article has been partially funded by

DFG via the project KO 4323/11. The authors thank J. Griining and two anonymous
referees for various helpful remarks on earlier versions of this article.
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2. Split-real Kac—Moody groups

In [21, §1.3], with every generalized Cartan matrix A = (aj)1<; j<n € Z"*" Kac
associates a quadruple (gc(A), he(A), ¥, ¥) of a complex Lie algebra ge(A), an abelian
subalgebra hc(A) and linearly independent finite subsets ¥ = {a1,...,an} C ho(A)*
and ¥ = {d1,...,d&n} C be(A) called simple roots and simple coroots, respectively, such
that a;(&;) = a;;. Associated with such a quadruple is a Lie algebra generating set
{e1,...,en, f1,..., fn} Ubc(A). The complex Lie algebra gc(A) is called the complex
Kac-Moody algebra associated with A, and ho(A) its standard Cartan subalgebra.

Since a;; € R, one can analogously define a quadruple (gr(A),br(A), ¥, ) where
gr(A) is a real Lie algebra that embeds naturally into gc(A) as the real form given
by the involution induced by complex conjugation. One refers to gr(A) as the split
real Kac—Moody algebra associated with R and to hr(A) as its standard split Cartan
subalgebra.

Let Q C hr(A)* be the group generated by ¥ and @4, the subsemigroups generated
by £, respectively. For k € {C,R} and « € h;(A)* define the root space

ga = {X € gi(A) | VH € bp(A)" : [H, X] = a(H)X}.

The set A of by (A) roots in gi(A) is defined as A := {a € Q\ {0} | g& # {0}}. One has
the root space decomposition

ak(A) = bi(A) @ P ge.

a€A

The set A decomposes as a disjoint union into the subsets A+ := A N Q4+ called
positive (respectively negative) roots. The restriction of the Lie bracket on gg(A) to

= P gl

aEA L

turns uT and u™ into Lie subalgebras of gg(A).
For i = {1,...,n} define the fundamental root reflection o; € GL(hr(A)*) by

O'i(A) = A= )\(di)ai.

Then the Weyl group of gr(A) is defined as W := (o1, ...,0n) < GL(hg(A)*) and forms
a Coxeter system together with the set of fundamental root reflections. Finally, define the
set of real roots ® := W.¥ C A and et = A4 N @, the positive (respectively negative)
real roots.

The construction in [39] of Ga (R) (see Definition 1.1) provides a representation of
GA(R) on gr(A) by Lie algebra automorphisms, which is denoted by

Ad: GA(R) — Aut(gr(A)),

and referred to as the adjoint representation of G (R). Since the subgroup Ad(G(II)) of
G(I1) under this representation preserves the commutator subalgebra g (A), one obtains
an adjoint representation

Ad : G(II) — Aut(gr(A))

for G(II). The kernels of the adjoint representations of Ga (R) and G(II) are given by
the respective centres.
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An element X € gr(A) is ad-locally-finite if for every element Y € ggr(A) there
exists an ad(X)-invariant finite-dimensional subspace W with Y € W. As pointed out
in [27, p. 64], this implies that ad(X)l|y;, is a (finite) matrix in some basis of W, so the
exponential exp(ad(X)) can be defined in the ususal way. By [39, (KMG5), p. 545] and the
uniqueness properties of Gz (R) established in [39, Thm. 1], exp(ad(X)) € Ad(GAa (R)).
Let Fy.(a) and Fy (a) be the subsets of ad-locally-finite elements of the respective
algebras. The maps exp : Fy, (o) = Ad(GA(R)) and exp : Fy (o) — Ad(G(ID)) given
by X + exp(ad(X)) can be lifted to exponential functions exp : Fy,(a) — Ga(R) and
exp : Fﬂﬁg(A) — G(H)

For X € hr(A) C Fy,(a), one has

ad(X)(e;) = [X,e;] = o (X)es,  Ad(exp(X))(e;) = e %) ¢y,

1
ad(X)(f;) = [X, fil = —ai(X)fi, Ad(exp(X))(e;) =e ). f;, W
cf. [25, Sect. 6.1.6], [39, (KMG5), p. 545].

The same constructions apply also to C instead of R. Since h(A) C Fy.(a), one can
define T¢ := exp(hc(A)). Note that exp(hr(A)) =: Ag € T := Tc N GaA(R). There is
a unique Lie group topology on Tk in which Tk = (R*)" and Ag = T = (Rs)"™. The
centre of G5 (R) is contained in T.

The intersection T' := G(II) N 1 is called the standard split mazimal torus of G(I1);
again, Ag NT is of finite index in T" and T contains the centre of G(II).

The Lie algebra gr(A) admits a unique involution 6 which maps e; to f; for all
j=1,...,r and acts as —1 on hr(A). There exists a unique involutive automorphism
0 : GA(R) = GA(R) such that O(exp(X)) = exp(0(X)) for all X € Fj (), and this
involutive automorphism is called the Cartan—Chevalley involution of Ga (R). We denote
by Ka(R) := Ga(R)? C Ga(R) the fixed point subgroup of this involution and define
K(TT) := KA (R) N G(IT).

Let oo € ® be a real root. Then g§ is one-dimensional and consists of ad-locally-finite
elements. One can therefore define the root group Us := exp(ge) C Ga (R). Each root
group U, carries a unique Lie group topology such that U, = R as topological groups.
Root groups corresponding to positive real roots are called positive root groups, root
groups corresponding to negative real roots are called negative root groups.

Define the positive (respectively negative) mazimal unipotent subgroup U* of GAa(R) as
the group generated respectively by the positive and negative root groups. One has U~ C
G(II). The groups U * are normalized by T and intersect TR trivially. In particular, they
intersect the centres of G A (R) and G(II) trivially and hence embed into both Ad(G  (R)
and Ad(G(II)).

If « € ®F, then —a € &~ and the group Gq = (U, U—_o) < G(II) is isomorphic to
SL2(R). The groups Go with a € ®T are called the rank-1 subgroups and the groups
G1:=Gay,...,Gn = Gq, are called the fundamental rank-1 subgroups of G(II).

One can show that the pair ((Ua)qed, ') defines an RGD system for G(II). For details
concerning RGD systems, we refer the reader to [1, Chap. 8].

Recall that the generalized Cartan matrix A is called 2-spherical, if a;ja;; < 3 for
all i # j € I; in other words, if the orders of the products o;o; are always finite. The
generalized Cartan matrix A is symmetrizable if it is the product of a symmetric and a
diagonal matrix. These notions are also applied to any and all objects that are derived
from A such as the (extended) Weyl group, the Kac-Moody group, their buildings, etc.

Definition and Remark 2.1. The Kac—Peterson topology on G A (R) equals the finest
group topology on Ga (R) such that the natural embeddings (Ua <> G A (R))qce and
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Tk < GA(R) are continuous when T and the root groups U, are endowed with their
Lie group topologies.

The Kac—Peterson topology is ko by [14, Prop.7.10] and, in particular, Hausdorff.
Moreover, for every o € ® T, it induces the unique connected Lie group topology on G
and on Tr by [14, Cor. 7.16]

For more details on the Kac—Peterson topology, see [14, Chap. 7].

Notation 2.2. Throughout this paper, let G := G(II) := [Ga (R), Ga (R)] be the algeb-
raically simply connected semisimple split real Kac-Moody group associated to an irre-
ducible generalized Dynkin diagram IT = (V, E) with (bijective) labelling A : {1,...,n} =:
I — V. Let K := K(II) be the maximal compact subgroup of G, i.e., the subgroup fixed
by the Cartan—Chevalley involution 6.

Denote by B := By the positive Borel subgroup of the twin BN-pair of G, by T
the standard split maximal torus, and by W the Weyl group of G with generating set
S = {o;}icr- For each o; € S, take s; € G to be a fixed representative of order 4 for o;.
The group W= (si |1 € I) <G is called the extended Weyl group. By [5, Cor. 1.7], one
has an Iwasawa decomposition G = K B.

The groups G and K are always endowed with the subspace topologies induced by the
Kac—Peterson topology on G (R) and G/B with the quotient topology.

Unless specified more explicitly, the symbol J will always denote an arbitrary subset
of the index set I, the symbol II; the subdiagram of II corresponding to J, the symbol
G j the subgroup G(I1 ;) of G, and the symbols K ; and B the intersections G ;N K and
Gy N B, respectively. This is consistent with the notation for the fundamental rank one
subgroups: one has G(II;) = G; = Gq,.

Remark 2.8. Due to the structure theory of RGD systems (cf. [1, Chap. 8], most notably
the fact that restricting an RGD system to a subdiagram again yields an RGD system),
for each fundamental rank one subgroup G; there exists an (abstract) isomorphism
v; : SL(2,R) — G; with the following properties. Let BSL(2,R) be the group of upper
triangular matrices in SL(2,R) and let Uyg denote the canonical root subgroups of
SL(2,R). Then,

* 7i(U+p) = Uta,-

* 7i(BsL(2,r)) = Bi.

e For each z € SL(2,R), v;((") ™) = (y5(x))?, and hence
e 7(S0(2,R)) = K;.

By [14, Cor. 7.16], the restriction of the Kac—Peterson topology to any spherical
subgroup H of G coincides with its Lie topology. That is, the groups G; inherit their
Lie group topology from the topological Kac-Moody group G. By the classical theory of
Lie groups this yields the existence of a diffeomorphism ~; with the desired properties;
in particular, 7; is an open map.

Definition 2.4. Using the Bruhat decomposition G = ||, ¢y BwB ([1, Thm. 6.56,
Rem. (1)]), let

6:G/BxG/B — W

0(gB,hB) =w <= g 'h e BuB

be the Weyl distance function on G/B, and let lg be the length function that associates
to each element the (unique) length of a corresponding reduced expression in S. Let <
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be the strong Bruhat order on W. Recall that for wy, w2 € W one has w; < wo if there
exist reduced expressions s;, - - - 84y () of wy and sj, - - 516 (ws) such that the former is
a (not necessarily consecutive) substring of the latter.

For w € W and a chamber ¢B € G/B, define

Cw(gB) :=={hB € G/B | 6(9B,hB) = w},
C<w(gB) == | J Cu(gB)
v<w

and
C<w(gB) = C<w(9B) \ Cu(gB).

In particular, one has Cw(B) = BwB/B and C<,(B) = B(s)B/B for ¢ € S with
representative s € W C G in the extended Weyl group W. A set C<,(9B) is called a
o-panel.

Moreover, for a subset {o;};cs C S with representatives {s;};cs C W define P; to
be the standard parabolic subgroup corresponding to the index set J: that is, P; :=
B({si}ics)B.

Throughout this paper, Cw(gB) and C<,(gB) will always be endowed with the
subspace topologies induced by G/B.

Lemma 2.5. Let 0; # 0 € S. Then the following hold:
(a) P; =GB = K;B. In particular, C<,,(B) = K;B/B.
(b) Bs;s;B = Bs;BBs;B. In particular, C<y,s;(B) = K;BK;B/B.

Proof. Assertions (a) and (b) follow from [1, Rem. 8.51] and [1, Rem. (2) after Thm. 6.56],
respectively, and the Iwasawa decomposition G; = K;B;. 0O

3. The fundamental group of the generalized flag variety G/ Py

For a moment, let IT be an irreducible simply-laced diagram distinct from A, and
let G = G(II) and K = K(II) be as in the preceding section. Moreover, let Spin(II)
be the double cover of K(II) constructed in [9, Lem. 16.18] (see Definition 4.6 below).
By construction, any As-subdiagram of II yields an embedding Spin(3) < Spin(II) and,
since Spin(3) inherits the Lie topology from the Kac—Peterson topology on Spin(II) by
[14, Cor. 7.16], one obtains a locally trivial fibre bundle

Spin(3) — Spin(II) — Spin(II)/Spin(3)

by [32] (see Proposition A.13). It will turn out in Section 4 below that Spin(II)/Spin(3)
is a universal covering space of the generalized flag variety G/P; where J C I equals the
set consisting of the two types involved in the chosen As-subdiagram. The fundamental
group of Spin(II) then follows from the homotopy exact sequence

{1} = 71 (Spin(3)) — m1(Spin(II)) — 71 (Spin(IT) /Spin(3)) = 1.

This motivates our interest in the fundamental group and covering theory of generalized
flag varieties G/Pj.

Throughout this section, let J C I, let Wy be the subgroup of W generated by {o;};c s,
and let W7 C W be a set of representatives of the cosets in W/W; that have minimal
length in the coset they define.
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Lemma 3.1 (Bruhat decomposition). One has G/Py = | |, ,cyws BwPj/Pj.
Proof. This follows immediately from [1, Thm. 6.56, Rem. (1)]. O

Lemma 3.2. Let G be a topological group and Hy < Ha subgroups of G and endow G/H;
with the quotient topology. Then the following hold:

(a) The projection map m: G — G/Hy is continuous and open.

(b) The canonical map v : G/H1 — G/Haz is continuous and open.
Proof. This is a standard exercise for topological groups. [

Definition and Remark 3.3. For w € W, define the following restrictions of the cano-
nical map ¢ : G/B — G/Py:

e Yy : BuB/B — BwPj /Py,
L4 wﬂ) : Ua:SwB'TB/B_}UmSwaPJ/PEL

Since 1 is continuous, the same holds for the two restrictions. The space |J
is compact by [14, Cor. 3.10] and so 1 is a quotient map.

BxB/B

rz<w

Lemma 3.4. Let G be 2-spherical or symmetrizable and let w € W Then the canonical
map Yw 1S a homeomorphism.

Proof. By Remark 3.3, ¥ is a quotient map. One has wgl(BwR]/PJ) = BwB/B:
Let z < w such that BeP;/P; = BwPj;/P;. Then © € BwP; = BwW ;B where the
equality holds since by definition of W one has l(ww') = l(w) + I(w') for all w’ € W
which implies Bww’B = BwBw'B. The Bruhat decomposition of G yields z € wW;
and hence, I(z) > I(w). This implies x = w.

Now, since BwB/B is open in its closure |J,,, BtB/B in G/B (see [14, Prop. 5.9]
plus Corollary B.8), the preceding observations yield that 1, is an injective quotient map
and therefore a homeomorphism. [

Lemma 3.5. Leto; € S. Then each panel C<,,(B) is homeomorphic to the 1-sphere st.

Proof. The panel C<,,(B) is a subbuilding of G//B corresponding to the RGD system
{Gi,Ua;; U—q,;, TN G;}. By Remark 2.3, one has G; = SL(2,R), T'NG; = Tgy,o r) and
Uta; ® Uta where Tgp,(o g) denotes the subgroup of diagonal matrices and U+ denote
the canonical root subgroups of SL(2,R). This implies that C<,,(B) is homeomorphic
to the building SL(2,R)/Bs,2,r) ~ P1(R) ~S'. O

Definition 3.6. Following [35, Chap. 8], a CW complez is a triple (X, E, x), where X
is a Hausdorff space, F is a family of cells in X, and x = {xe | € € E} is a family of
maps, such that

(@) X =lecr E-

(b) For k € N, let X() C X be the union of all cells of dimension < k. Then for
each (k + 1)-cell e € E, the map e : (D11, 5%) = (eU X(k),X(k)), is a relative
homeomorphism, i.e., it is a continuous map and its restriction DF+1 \Sk — eis
a homeomorphism.

(c) If e € E, then its closure cle is contained in a finite union of cells in E.

(d) X has the weak topology determined by {cle | e € E}, i.e., a subset A of X is
closed if and only if ANcle is closed in cle for each e € E.

For k € N, let A, be an index set for the k-dimensional cells, so that x (k) \X(k_l) =
I—l)\eAk ey and set X := Xe,. This map is called the characteristic map of ey.
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Proposition 3.7. Let G be 2-spherical or symmetrizable. Then for each w € W, the set
Cw(B) = BwB/B is a cell of dimension l(w) that is open in its compact closure C<,,(B)
in G/B. For each subset J C I, the Bruhat decomposition G/Py = | |,cyys Bw}_DJ/PJ
is a CW decomposition.

we

Proof. The first statement is immediate by [14, Cor. 3.10 and Prop. 5.9] plus Corol-
lary B.8; see also [24, pp. 170-171]. Furthermore, [14, Prop. 5.9] combined with Corol-
lary B.8 states that the Bruhat decomposition of G/B is a CW decomposition. By Lem-
ma 3.4, G/Pjy is composed of cells that are homeomorphic to cells in G/B, so composing
the characteristic maps of the latter cells with the canonical map ¥ : G/B — G/ Py yields
characteristic maps for the cells in G/Pj.

For the closure-finiteness, let BwPj;/Pj be a cell in G/Pj. Since 1 is continuous and
restricts to a homeomorphism BwB/B — BwPj/Pj, it maps cl BwB/B surjectively
onto cl BwPy/Py. Now, cl BwB/B = J,«,, BxB/B, which implies that
dBwP;/P;= | ) BxP;/P;= | BaP;/Py,

z<w z<w
zew?’

where the last equality holds since W; C Pj. This proves that cl BwPj/Pjy is contained
in a finite union of cells.

It remains to show that G/Pj has the weak topology determined by the cell closures.

For w € W and a representative w € W of minimal length of wWj;, one has
BwPj/P; = BwP;/Py. Let ey := BwP;/P; = BwPjy/Py and €}, := BwB/B. Let
éw = clew = U, <z BxPy/Py and &, == cley, = U, <, BxB/B.

Let A be a closed subset of G/Pj and let ew, w € W‘], be an arbitrary cell. Then
¥ 1(A) is closed in G/B since ¥ is continuous, so )~ (A) Nel, is closed in &, since G/B
is a CW complex. Now,

vl A) N, =9 (A) Ny Ew) =¥ (ANEw) = vy (ANEw).

Since ¥ is a quotient map by Remark 3.3, this implies that A N &y is closed in &y .

Now, let A be a subset of G/Pj such that AN &y is closed in &, for all w € w.
Since for each w € W one has e, = eg for any minimal-length representative w € w
of wWjy, in fact A N éy is closed in &, for all w € W. Therefore, qul(A N éw) is closed
in &, for all w € W. Since 1z (A Néw) = ™ 1(A) N &, the fact that G/B is a CW
complex implies that 1/)71(14) is closed in G/B. Since v is open by Lemma 3.2, it follows
that A is closed in G/Py. This proves that G/Pj is a CW complex. O

The preceding result combined with the following lemma (which is a consequence of
[29, Chap. 7, Thm.2.1]) will allow us to efficiently compute the fundamental group of a
generalized flag variety in Theorem 3.15 below.

Lemma 3.8. Let X be a CW complex with only one 0-cell xg. For each N € As, let
fr 2 [0,1] — S be a loop whose homotopy class generates w1 (S') and whose image
Y = X © fy under x) is a loop in xM starting at rog. Then

(Ixul, weA|[n], A€ Ag)

is a presentation of w1 (X, xg), where the brackets denote the respective homotopy classes
in X1,

Next, we study the characteristic maps of the CW decomposition of a generalized flag
variety explicitly.



P. HARRING, R. KOHL

Notation 3.9. Define R : [0,1] — SO(2,R), s — C?S(Sﬁ) —sin(sm) .

sin(sm)  cos(sm)
Lemma 3.10. R induces a continuous, surjective map R : [0,1] — SL(2,R)/Bgy(2,r)
which maps the interior (0,1) homeomorphically onto its image and maps the boundary
{0, 1} surjectively onto its image.

Proof. Let {zo} := < (1 O)T> € P! where P! denotes the real projective line, modelled
as the subset of one-dimensional subspaces of R2. Since each one-dimensional subspace in
P\ {zo} contains exactly one element in the upper half circle R([0,1])- (1 0)T while zg
contains the two boundary points corresponding to R(0) and R(1), one has a surjection
from [0,1] onto P! given by ¢t — (R(t)- (1 0)T) which maps (0,1) bijectively onto
P!\ {z¢}. Since SL(2,R) acts transitively on the real projective line P! with Bgr,(2,r)
being the stabilizer of xg := < (1 0)T>, one has a bijective correspondence gB +— gzo
between SL(2,R)/Bgy,2r) and P!. This yields the desired surjectivity and bijectivity
properties of R. Continuity is clear, as well as the fact that the restriction to the interior
is a homeomorphism. [

Definition 3.11. Let D! = [0,1] be the 1-dimensional unit disc and note that D? ~
D' x D'. Fori,j €1, let vi,7; be as in Remark 2.3. Let p : G — G/ B be the canonical
projection. Define x; : D* — G/B and X(i ) : D' x D' - G/B by

o xi(s) = p(vi(R(s))) = 7i(R(s)) - B,
* X(i,j) (1) := p(vi(R(s))7; (R(2))) = 7i(R(s))v; (R(1)) - B-

The following lemma was inspired by [34, Chap. 10, second Prop. of 6.8]; see also [20,
§2.6, p. 198].

Lemma 3.12. Let G be 2-spherical or symmetrizable. Then the maps defined above are
characteristic maps for the following cells:

(a) x; for Co;(B) = Bs;B/B,
(b) X(,j) for Coi0;(B) = Bs;s;jB/B.

Proof. (a) One has to show that x;([0,1]) C C<,,(B) and that x; is a continuous map
which maps (0,1) homeomorphically to Cs,(B). The first assertion is clear, since by
Lemma 2.5 one has C<,, = G;B/B.

By Lemma 2.5, one has Cy,(B) = {kB | k € K; \ (K; N B)}. Let k € K; \ (K; N B).
Then v, ' (p™ " (kB)) = ~v; (k) - Bsp,2r) € SL(2,R)/Bsr(a.r) \ Bsr,(2,r)- By Lemma
3.10, there exists a unique s € (0, 1) satisfying R(s) Bsp,(2,r) = 'y;l(k)BSL(Q’R). Hence, s
is the unique preimage of kB under x;. This yields the desired bijectivity property. The
continuity properties are clear.

(b) Since by Lemma 2.5 (b) one has C<g,5;(B) = K;BK;B/B, it is clear that

X(i,j)([0,1] x [0,1]) € C<4,0,(B). For the injectivity of the restriction, let (s,?), (5,t) €
(0,1)? such that X(i,j)(8:t) = X(i7j)(§,5. Then

~

))B = 7i(R(3))7; (R(1)B,

))B =7;(R(t)B € Co; (B).

i (R(s))v; (R(
— (n(R@)) ™ vi(R(s))v; (R(

~

This implies R(3) 1 R(s) € Bso(2,r), since otherwise the left expression is in Co, 0, (B),
contradicting Co,0;(B) N Co;(B) = @. Since 5,5 € (0,1), one obtains § = s. It follows
that x;(t) = x;(t), hence t = ¢ by (a).
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For the surjectivity, note that by Lemma 2.5(b), one has Co,0;(B) = Bs;s; B/B =
Bs;BBs;B/B. Let x;z; B be an arbitrary element of Cy,0; (B) with z; = b1s;b2 € Bs;B
and x; € Bs;B. By (a), there exists an s € (0,1) with v;(R(s))B = b1s;B € Cy,(B).
Hence, there exists a b € B with (v;(R(s))b = bys;ba = x;. Again by (a), there exists a
t € (0,1) with v;(R(t))B = bx; B € Cy,;(B). This yields

Xi,j(8,1) = vi(R(s)) - v; (R(¢)) B
= ;b bx;B

= l'i.CL‘jB.

This proves that x; ; maps (0,1)x(0, 1) bijectively to Co,c; (B). The continuity properties
are clear. O

Notation 3.13. For i,j € I, let £(i,5) := (—1)0‘1(6”), where a;(&;) = a;j; is the (4, 5)-
entry of the Cartan matrix A of II.

Lemma 3.14 ([9, Rem.15.4(1)]). Let e; := vi(—=I) € G; with v; as in Remark 2.3 and
kj € Kj. Then e;kje; = kE(Z’J),

Theorem 3.15. If the Bruhat decomposition satisfies the conclusion of Proposition 3.7,
then a presentation of m1(G/Py) is given by
e(i,9)

<;L‘i; i€I|:cixj =z;zi, T = 1; i,jeI,keJ>.

In particular, this statement holds in the 2-spherical and the symmetrizable case.

Proof. By Lemma 3.4 and Proposition 3.7, the Bruhat decomposition

G/Py= || BwP;/P;
weWwJ

is a CW decomposition where each cell BwPj/Pj has dimension [(w). The characteristic
maps of the l-cells Bs;P;/Py and 2-cells Bs;s;jPy/P; are given by the compositions
Xi = s; 0 X, respectively X(; ;) 1= ¥s;s; © X(5,5) (vs; and 1s,;s; denoting the canonical
homeomorphisms from Lemma 3.4).

Lemma 3.8 gives a presentation of 71(G/Pjy). The generating elements are given by
the homotopy classes x; := [x;] of the characteristic maps of the 1-cells—namely, the
cells Bs;Pj/Py where ¢ € I\ J. For the homotopy classes xj with k € J, note that
Yk (R(t)) € Gx € Py, and so Xi(t) = y(r(t)) - P; = P; which implies z = [Xx] =
Lri(G/Py)- This yields the desired generating set as well as the trivial relation zj = 1
for i € J.

To obtain the set of relators, for k =1,...,4 let ¢y : [0,1] — [0,1] x [0, 1] where

e1(t) = (¢,0),
pa2(t) = (1,1),
e3(t) = (1—t,1),
ea(t) = (0,1 1)

Then the concatenation ¢ := @1 * 2 * 3 * @4 is a loop in the relative boundary 9([0, 1] x
[0,1]) ~ S! which generates its fundamental group. Moreover, for each characteristic map

i(i,j) of a 2-cell, one has %(i,j)(@(o)) = %(i,j)((ovo)) = Ps;s; (X(i,j)(ovo)) = Ps;s, (B) =
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Pj where Pj is the unique 0-cell of the CW complex. Therefore, Lemma 3.8 implies that
the set of relators is given by {[X(; j) o ¢] | oio; € w, l(oj04) =2}. Now,

[)~<(i,j) og] = [)?(i,j) op1]- [)?(i,j) o o] - [)?(i,j) 03] - [)?(i,j) o 4],

where X(; j)(s,t) = a; (R(s)) e (R(t) )Py with R(0)=Ig0 2 r), R(1) = —Is0(2,r) € Bso(2,r)
which implies

[X(i.5) © 1] =z,
[X(ij) o esl =27,
[Rig) © pal =2 .
Moreover,
a; (=1
ai(—1

a;(R(1)) - Py
a;(R(t))o;(=I)- Py, since a;(—I) € Py
a;(R(#)") . P; by Lemma 3.14.

(X(i,) © p2)(t) )
)

Since R(t)~' = R(1 — t), this yields [X(i,j) © p2] = xj(i’j). One therefore obtains

- U
Regy ool =i a5 ait a7t

This proves the assertion. [

Lemma 3.16. Let II be irreducible simply-laced distinct from Ay and @ # J C I =
{1,...,n}. Then m1(G/Py) = cy 1

Proof. For each generator x, in the presentation of Theorem 3.15, one has x% = 1. Recall
that A denotes the labelling map I — V of the vertex set of II. Since II is connected,

one has a minimal path (i1,...,im = h)/\ in II such that i3 € J. If m = 1, one has
xp, = 1 by the presentation above. Let x;, ,...,x; , have order < 2. Since II is
simply-laced, e(m — 1,h) = —1 = e(h,m — 1) which implies th;nl_lxgla:i_ml_l =1 and

-1
Tm

Since each generator has order < 2, the relations show that the group is abelian. One
concludes that 71 (G/P;) = Cy™ /I O

:vlvm_lmglx 71mg1 = 1. Multiplying these expressions yields xi =1.

4. The fundamental groups of G(II) and Spin(Il, k)

The Iwasawa decomposition G = KAUy implies that K acts transitively on the
generalized flag varieties G/Pj. In this section, we describe the generalized flag varieties
and suitable covering spaces as coset spaces of K and its various spin covers defined in
[9]. This will then allow us to compute the fundamental group of K and its various spin
covers via locally trivial fibre bundles and homotopy exact sequences.

Lemma 4.1. The canonical map ¢ : K/(K N Pj) — G/Pj is a homeomorphism. In
particular, there exists a homeomorphism G/Py — K/(KNT)K}.

Proof. Bijectivity follows from the product formula for subgroups since G = KPj. By
Lemma 3.2, the map ¢ : G/(K N Py) — G/Pj is continuous, so the same holds for its
bijective restriction ¢ : K/(K N Py) — G/Pj.
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In order to show that v is closed, let P := P; and let P = Py N K. Consider the
commutative diagram

K/P

AN

G/P —*5a/p

where ¢ denotes the canonical embedding and ¢ denotes the canonical map from G/ P to
G/P. Since K is closed in G by [8, Sect. 3F], the map ¢ is closed. By Lemma 3.2, ¢ is
open. B _ _ _

Let XP C K/P be a closed subset of K/P and suppose that ¢(XP) = XP is
not closed in G/P. Then the complement Cg/p(XP) is not open in G/P, hence the

complement CG/ﬁ(go_l(XP)) = w_l(CG/P(XP)) is not open in G/]5 Therefore,
@ L(XP) is not closed in G/P. This yields that XP = ¢ Y(XP) = . (o L (XP))
is not closed in K/P, a contradiction.

For the second claim, since Py = GyB and 6(Py) N Py = GjT, one has PyNK =

Kj(KNT). Furthermore, G ; is normal in G ;T which implies K;(KNT) = (KNT)K ;.
The claim follows. [

The key advantage of the description of a generalized flag variety as a K-coset space
lies in the fact that K NT is a finite group. It is therefore straightforward to write down
covering spaces of generalized flag varieties via the following well-known basic observation
from covering theory.

Lemma 4.2. Let ¢ : X — Y be a continuous, open, surjective map between Hausdorff
topological spaces. If all fibers are finite and of constant cardinality, then ¢ is a covering
map.

This readily applies in our setting.

Lemma 4.3. The canonical map ¢ : K/Kj — K/(KNT)K j is a covering map of degree
2n—|J| )

Proof. By Lemma 3.2, ¢ is continuous, open and surjective. _

By [8, Lem. 3.20 and the discussion after Prop 3.8], the group 7" := (K NT') has order
2"™. Note that one has Ty ﬂTI\J = {1}, since the Kac-Moody group G being algebraically
simply connected implies 7' = Ty x T\ ;. Now, for k € K one has d)il(ka‘]) ={ktKy |
t € T}, and since Ty NTp\ ; = {1}, one has kt; K # kt; K for t; #t; € TNKp ;. This
yields

[T RTK )| = [{ktK | t € T} = [{ktK; [t € TN Kp ]
—1J
=|TNKpyl=TnsNKpgl=2" 71,

Lemma 4.2 now shows that 1 is a covering map. O

Definition 4.4 ([9, Def. 16.2]). Let II*¥™ be the graph on the vertex set V with edge
set

Hi gt eV xVI]i#jele(ij)=e(ji) =1},

where ¢(i,7) denotes the parity of the corresponding Cartan matrix entry, as defined in
Notation 3.13.
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An admissible colouring of I1 is a map « : V — {1, 2} such that
(a) k(i*) = 1 whenever there exists j € I\ {i} with &(i,j) =1 and ¢(j,7) = —1,

(b) the restriction of x to any connected component of the graph 1™ is a constant
map.

Define ¢(I1, k) to be the number of connected components of 14 on which « takes the

value 2. For a subgraph H%dm of IT*¥™ that is a union of connected components of padm
let k be the corresponding restriction of k.

Definition 4.5. Let be the colouring v : V — {r,g,b} of II*™ that to each connected
component [TM™ of I[124™ assigns a colour as follows. Let I124™ be coloured red (denoted
by r) if it contains a vertex i* such that there exists a vertex j* € V satisfying (i, j) = 1
and £(j,1) = —1; let 1™ be coloured green (g) if it is not red and consists only of an
isolated vertex; and blue (b) else.

We refer to the introduction for a discussion of various examples.

Definition and Remark 4.6. As recalled in the introduction, in [9, Def. 16.16] the
spin group Spin(Il, k) with respect to 11 and k is defined as the universal enveloping
group of a particular Spin(2)-amalgam {Gij,¢;; | i # j € I} where the isomorphism
type of éij depends on the (7,j)- and (j,7)-entries of the Cartan matrix of II as well
as the values of  on the corresponding vertices. The group K(II) can be regarded as
(being uniquely isomorphic to) the universal enveloping group of an SO(2,R)-amalgam
{Gij, ¢i; | i # j € I} where each Gjj; covers Gj; via an epimorphism a;;. By [9, Lem.
16.18] there exists a canonical central extension pry , : Spin(Il, k) — K(II) that makes
the following diagram commute for all i # j € I:

éij SEEAN Spin(I1, k)

laij J/pl'[,ﬁ

Here, 7;; and 7;; denote the respective canonical maps into the universal enveloping
groups.
By [9, Prop. 3.9], one has

ker(prr i) = (Tij(ker(eij)) | i # j € I)spin(11,x)-

Each connected component of II*¥™ that admits a vertex i* with n(i)‘) = 2 contributes
a factor 2 to the order of ker(pr,,) so that Spin(Il, &) is a 2¢0L5) _fold central extension
of K(II).

In particular, this implies that the subspace topology on K(II) defines a unique
topology on Spin(II) that turns the extension into a covering map. The resulting group
topology on Spin(Il, k) is called the Kac—Peterson topology on Spin(Il, x).

In the case of an irreducible simply-laced diagram II, the only admissible colourings are
the (trivial) constant colouring V' — {1} (that every diagram admits) and the constant
colouring « : V' — {2}; we define the spin group Spin(II) with respect to Il as Spin(II) :=
Spin(I1, ).

Before turning to the general case, we will first consider the simply-laced case and
formulate and prove the corresponding simplified versions of the main theorems.
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Lemma 4.7. Let 11 be irreducible simply-laced distinct from Ay and let {i,j} C I be the
index set of an Ag-subdiagram of IL. Then the spaces Spin(IT)/Spin(Il;;) and K/K;; are
homeomorphic.

Proof. From [9] (exact references below) it follows that the kernel of the covering map
Spin(II) — K coincides with the kernel of the covering map Spin(Il;;) — Kj;; and is
equal to the group Z := {£1gpiy ()} (for the definition of —1gp;, (1), see below). This is
a consequence of the following facts regarding an irreducible simply-laced diagram II (all
referring to [9]):

e There is an epimorphism Spin(2) —SO(2, R) with kernel {15, (2)} (see [Thm. 6.8)).

e In Spin(II), all elements 7;; ((Eﬁj(—lspin@))) coincide (see [Lem. 11.7]).

o Let —lgpinan = ﬁj(‘%j(_lspin@))) for an arbitrary pair ¢ # j € I. Then
Lspin(ir) # —Lspin(m) (see [Cor. 11.16]).

e Spin(Il) is a 2-fold central extension of K(II) (see [Thm. 11.17)).

Hence, the 2-fold covering map ¢ : Spin(II) — K(II) induces a continuous bijective
map ¢ : Spin(I)/Spin(Il;;) — (Spin(I)/Z)/(Spin(Il;;)/Z) — K/K;j. One has a
commutative diagram

Spin(Il) ——%——

P

Spin(I1)/Spin(Il;;) —— K/Kjj

Since @ is open as a covering map and mg is open by Lemma 3.2, it follows that ¢ is a
homeomorphism. [J

Lemma 4.8. Let II be irreducible simply-laced distinct from Ay and @ # J C I =
{1,...,n}. Then K/Kj is simply connected.

Proof. K/Kj is connected since K is generated by connected groups isomorphic to

SO(2,R). Hence by Lemma 4.3 it is a nontrivial cover of K/(K NT)K ; of degree 211,
The claim now follows from Corollary 3.16 and Corollary 4.1. [

The following proposition provides our main result in the simply laced case.

Proposition 4.9. Let IT be irreducible simply-laced distinct from Aj. Then Spin(Il) is
simply connected with respect to the Kac—Peterson topology. In particular, m1(G) = Cy.

Proof. By [19, 4.2.4], for a closed subgroup H of a topological group G, the projection
p: G — G/H is a principal H-bundle. By Lemma A.13, this bundle is locally trivial if
H is a (closed) Lie group (note that, by [17, Thm. 5.11], every locally compact subgroup
of a topological group is closed). Since locally trivial bundles admit local cross sections,
[37, Cor.in Sect. 7.4] implies that, if H is a closed Lie group, then p : G — G/H is a
fibre bundle with fibre H. This yields a locally trivial fibre bundle

Spin(Il;;) — Spin(IT) — Spin(II)/Spin(IL;;).
By [15, Chap. 4], this yields the homotopy long exact sequence

74 (Spin(II) /Spin(I1;;)) — 73 (Spin(Il;;)) — 73(Spin(IT)) — 73(Spin(IT) /Spin(I1;;))
— w2 (Spin(IL;;)) — m2(Spin(II)) — m2(Spin(IT)/Spin(Il;;)) (2)
— m1(Spin(Il;;)) — 71 (Spin(II)) — m1 (Spin(II)/Spin(I1;;))
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from which one extracts the exact sequence
{1} = m1(Spin(1L;;)) — m1(Spin(IL)) — 71 (Spin(II)/Spin(Il;;)).

By Lemmas 4.7 and 4.8, one has 71 (Spin(II)/Spin(TL;;)) = 71 (K/K;;) = {1} and so by
exactness 71 (Spin(IT)) = {1}.

The second assertion follows from the fact that 71 (G) = 71 (K) by Corollary A.15 and
the fact that Spin(II) is a 2-fold central extension of K by [9, Thm. 11.17]. O

We will now return to the case of a general irreducible Dynkin diagram II.
Notation 4.10. For a subset J C I let

e(s

Hjy:= <ZE1'; i€J|£Eia7j ’j):xjxi,; Z,]€J>

Lemma 4.11. Let J C I be the index set of a connected component H%dm of TT2dm.

Then the following hold:
(a) If I3™ has colour r, then Hy = C‘z’]‘.
b) If 3™ has colour g, then |J| =1 and Hy ~ Z.
J
(c) If II3™ has colour b, then |H | = 2l TI+1

Proof. (a) If TI3™™ has colour 7, then there exist i € J,j € I\ {i} with (i,5) = 1 and
€(j,i) = —1. This implies x;2; = x;jz; and x;z; = = x;x; which yields xlz = 1. Now,
if {i* k*} is an edge in I1*I™ then xixglelmlzl =1= kaflxlzlel. Multiplying

these expressions shows that z? = 1 implies z7 = 1. Since H?dm is connected, this yields

m% =1 for each k € J. Commutativity then follows from the relations of H ;.

(b) By definition, nodes of colour g are isolated in 2™,

(c) Let HS} be the simply laced Dynkin diagram with vertex set J* and edge set
{{i,j} € IxJ | {i,j} edge in TI*¥™}, Let T := K(I1H)NT(11) where T(IT%) denotes the
standard maximal torus of G(H?}). Then by Lemma 4.3 and Proposition 4.9, Spin(H?}) —
K(HSJI) — K(H?})/T is a universal covering map where K(H?}) — K(H}l)/f has degree
217 and Spin(H?}) — K(H?}) has degree 2 according to [9, Thm. 11.17]. Since we have
m (K(H?})/f) >~ Hj by Theorem 3.15 and Lemma 4.1, this implies |H ;| = 2/l O

Proposition 4.12. Let Jy U---U J, = I be the index sets of the connected components
of radm . If the Bruhat decomposition satisfies the conclusion of Proposition 3.7, then

7T1(G/B) EILIJ1 X oo XHJk.
Proof. By Theorem 3.15, 71 (G/B) = Hy where
Hy = (ziel|zas™) =aju;;ijel)
as defined in 4.10. For J C I, let
Ry = {ai5 e et i e I}, (3)
the set of relators of H ;. Let

c . -1 -
R := U {zizjz; ;)
iA,inn different
conn. components
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the set of commutators of pairs of generators from different connected components of
124" Then

k
Hy, x---xHJk%<xi; iel) URJLURC> =: H.
=1
Let mg, and mg be the canonical homomorphisms from the free group (x;; € I) to Hy

and H, respectively. It suffices to show that Ué;l Rj, UR® Ckermp, and Ry C kermy.

It is clear that a relator wimj(l’]):ri_lxj_l € Ry with i* and j>‘ in a common connected

component is contained in Ule Ry, C kermpy, so let xi:r;(l’J):r;Ix;l € R; with ir

and j* in different connected components of TI*¥™. Then one has (¢(i,}),e(j, 1)) €
{(1,1),(1,-1),(-1,1)}. If e(i,j) = 1, then ximj(l’j)xflxgl € R° C kermy, so let
e(i,j) = —1 and e(4,4) = 1. Then j>‘ is contained in a connected component Hiim of

colour r, and by Lemma 4.11, (z;; (€ Jm |Ry, )=H; = C‘Qjml.

2 e ((RJ,,)) (z:5iery, the normal

This implies that z; has order 2 in H,_, hence z;j

closure of R  in the free group.
Since ((Rj,,)) (z,;ic1)y C ker mp, one obtains x? € kery. Since xja:iwj_lxi_l € R° C
ker m and £(4,j) = —1, one therefore has

e(t,7) —1_-—1 —-1_-1 e(i,) —1_—1
WH(»’Cﬂj( )fﬂi x; ) =mh(zzz; T, -xi:cj( )xi z; ) =1g.
Conversely, it is clear that Ule Ry, C Ry C kermy,, so let mi:cjxi_lxj_l € R® with
i* and j/\ in different connected components. As above, we can assume that £(z,5) = —1

(4:%)

and ¢(j,7) = 1. Since z;x; xj_lxi_l € ker wp,, this implies

1 -1 e(ji) —1_—1 -1 -1
z; ) =7m, (zjz; T;oT; o TTT; T )=1m,.

TH, (TiT2; ]

This proves the assertion. [
Theorem 4.13. Let I be an irreducible Dynkin diagram such that G(I1) satisfies the

conclusions of Proposition 3.7 and of Theorem A.15. Let n(g) and n(b) be the number of
connected components of 2dm of colour g and b, respectively. Then

m(Ga) = 2" x .
In particular, this statement holds in the symmetrizable case.

Proof. By Theorem A.15, m1(G) = m1(K), so it suffices to prove that w1 (K) is of
the given isomorphism type; note that Theorem A.15 has only been established in the
symmetrizable case. Let J C I. The diagram

K—* LJK/K,

b o
K/(KNT) — K/(KNT)K;
with all maps being the respective canonical maps, commutes. Since the maps are
continuous by Lemma 3.2, one obtains a commutative diagram of induced homomor-
phisms
™ (K) ———— m(K/K)
l * lq* k]

T (K/(KNT)) =25 m(K/(K N T)K )
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where p« and g« are injective, because p and ¢ are covering maps (see Lemma 4.3). By
Theorem 3.15 and Lemma 4.1, 71 (K/(K NT)) and m (K/(K NT)K ) can be identified
with Hy = (x;; ¢ € I | Ry) and (x;; i € I | Ry U{x; | j € J}), respectively (R; as in
(3) in the above proof), where ¥x corresponds to the canonical homomorphism between
these groups as the proof of Theorem 3.15 shows.

For the index set Jy, of a connected component of Hadm, let Jom =1 \ Jm. Then by
Proposition 4.12,

k k
(x5 i€ I | RyU{z;|j€ Jm}) = (HHL./ II HJl.) ~Hj .
i=1 i=1

Summing up, one obtains a commutative diagram

m(K) —2— m(K/Kj )

| [

k Tm
[Th Hy, —" Hy,

having replaced px and g« from above with the corresponding monomorphisms.
By Lemma 4.3, the covering K/K; — K/Kj (K NT) has degree gn=IJml — glJml
This implies that Hpm := g«(m (K/Kj )) is a subgroup of H;, of index 2l/ml " The

isomorphism type of Hp, is uniquely determined by this index and Lemma 4.11. One has

{1}, if H%f}nm has colour r,
Hpy =272 27, if H%im has colour g,
Cy if H%‘}nm has colour b.

Again by Lemma 4.3, the covering K — K/(K NT) has degree 2", so p«(m1(K)) is
a subgroup of index 2" of Hle Hj,. The commutative diagram above implies that
71(K) = pe(m1(K)) C ! (Hm). Since this holds for the index set of every connected
component of Hadm7 one has p«(m1(K)) C Hy x -+ x Hp,. But the latter is a subgroup

of index 2711 ..... olJml = om of Hle Hj,, so equality holds. This proves the assertion.
d

Theorem 4.14. Let 11 be an irreducible Dynkin diagram such that G(I1) satisfies the
conclusion of Proposition 3.7. Let n(g) be the number of connected components of padm
of colour g. Let n(b, k) be the number of connected components of 2™ on which k takes
the value 1 and which have colour b. Then

1 (Spin(Il, k)) =2 77(9) o C;L(b’”).

In particular, this statement holds in the 2-spherical and the symmetrizable case.

Proof. By [9, Thm. 17.1], the map pr, : Spin(Il,k) — K is a 2¢(LA)_fold central
extension. Let J be the index set of a connected component of IT*™ and let .J := I\ J.

Let Uj = <GZJ | { 7é] S J>Spin(HA,f€)'
Since pr1,(Uz) € K7, one has a continuous induced map

pﬂ,,ﬁ : Spin(IL, k) /Spin(Il 7,k 7) — K/K 7
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making the following diagram commute, where ¢ and ¢ denote the respective canonical
maps:

Spin(I1, k) —2— Spin(II, k)/Ujz

lﬂl‘[ K l’)H,n

K—F 5 K/K;

Each fiber of pﬂ . has cardinality

{zUs | @ € ker pry i} = | ker(pr1,x)/ (U Nker(prr, )|
geIlr)—e(llz.n 1) by Remark 4.6.

Since P11, is open as a covering map and ¢ is open by Lemma 3.2, it follows from
Lemma 4.2 that pl‘lm€ is a covering map.

From here the proof is analogous to the proof of Theorem 4.13, after extending the
commutative diagram at the beginning of the latter proof:

Spin(I1, ) —2— Spin(II, k)/Ujz

lﬁn & lﬂh,n

K—% L K/K,

b I

J(KNT) Y K/(KNT)K,

One obtains that 1 (Spin(Il, x)) = Hle Hf]i where each H'Jm is a subgroup of index
oc(ILk)—c(Ilz, K 5,.) of

{1}, if H?‘jﬂm has colour r,
Hpy 22227, if Hja]ifn has colour g,
Cy if H%‘jﬂm has colour b.

is the union of all connected components except 1'[3(71”#‘, one has c(Il, k) —

Since Hé}dm

c(lly ,kz )€ {0,1}, depending on whether x is constant 1 or 2 on Hf}im. This implies

1}, if I39™ has colour r,
Im
Z, if Hf‘}?nm has colour g,
Cy if Hé}i:n has colour b and k = 1 on Hja}?nm,
1}, if T129™ has colour b and & = 2 on I134™,
Jm Im,

1

Hy,

This proves the assertion. [

Now all theorems from the introduction have been proved.
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A. Maximal unipotent subgroups of Kac—Moody groups
and applications to Kac—-Moody symmetric spaces

T. HARTNICK, R. KOHL

Throughout this appendix, we fix a symmetrizable generalized Cartan matrix A with
underlying diagram II. We consider the corresponding algebraically simply-connected
semisimple split real Kac-Moody group G := G(II) = [GaA(R),Ga(R)] as given by
Definition 1.1. As in Section 2, we also denote by Ka(R) < Ga(R) the fixed point
subgroup of the Cartan—Chevalley involution 6 and set K := K(II) = KA (R) N G. We
equip all of these groups with the restrictions of the Kac—Peterson topology.

The goal of this appendix is to relate the topology of G to the topology of K. Our
main result (see Theorem A.15 below) asserts that the inclusion K — G is a weak
homotopy equivalence. This implies in particular that 71(G) = 71(K) and thus allows
the computation of 71 (G) by the methods presented in the main part of the article.

In the spherical case, the subgroup K < G is even a deformation retract and hence the
inclusion K < G is a homotopy equivalence, as a consequence of the topological Iwasawa
decomposition of G. This decomposition also implies that the associated Riemannian
symmetric space G/K is contractible.

While real Kac-Moody groups also possess an Iwasawa decomposition, it is currently
unknown whether this decomposition is topological. To establish our main result, we thus
have to work with a certain central quotient G of G, for which the topological Iwasawa
decomposition was established in [8]. We will show that the image K of K in G is a
strong deformation retract and that the reduced Kac-Moody symmetric space G/K is
contractible. Since the finite-dimensional central extension G — G is a Serre fibration
by a classical result of Palais [32], this will allow us to deduce the desired result about G
and K.

A.1. The topological Iwasawa decomposition

Let us denote by Ad : Ga(R) — Aut(gr(A)) and Ad : G(IT) — Aut(gk(A)) the adjoint
representations of G (R) and G = G(II), respectively. We recall from [8] that the
quotient map G — Ad(G) factors as

G2 G 25 A6, (4)

where G is uniquely determined by the fact that T := p1 (T) = (Rx)rk(A) is a torus and
pa has finite kernel. The group G is referred to as the semisimple adjoint quotient of G,
and we equip it with the quotient topology with respect to the Kac—Peterson topology on
G. We will denote by U + the positive, respectively negative maximal unipotent subgroup
of G(II) as introduced in Section 2. Also recall from Section 2 that Ag := exp(hr(A)) <
GA(R) and set A := Ag NG.

Lemma A.1 (Iwasawa decomposition). Multiplication induces continuous bijections
KAR) x Ag x UT - GA(R) and Kx AxUT = G.
Proof. This follows from [23, Prop. 5.1(a)]. O

A more refined statement has been established in [8] for the semisimple adjoint quotient
G of G. To state this result, denote by

GG 2 AdG)

the canonical quotient maps from (4) and set K := p1(K), T := p1(T) = (Rx)rk(A),
A:=pi1(4) = T and Ut := p1(UT). Equip these groups with their respective quotient
topologies and note that p; restricts to a bijection between U™ and U+.
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Theorem A.2 (Topological Iwasawa decomposition, [8, Thm. 3.23]). Multiplication in-
duces homeomorphisms

KxAxUt -G and UT xAxK —G.

Since A is contractible, in order to show that K is a deformation retract of G it will
suffice to show that U™ is contracible. We thus need to understand the topology induced
by the Kac—Peterson topology on the standard unipotent subgroups.

A.2. The Kac—Peterson topology on U+t

We now turn to the study of the restriction of the Kac—Peterson topology to the standard
maximal unipotent subgroups U~ and UT. Recall from Section 2 that the Weyl group
W is a Coxeter group, so elements of W can be represented by reduced words in the

generators s1,...,sr. Given such a reduced word w = (s;;,...,s;,.) in W with corres-
ponding simple roots «;,, ... q;, we define positive roots f1,..., Br by
Bi= iy,  B2i=si(y)y ooy Broi=sigsip e si, g (ag,). (5)

We then set Uy :=Ug, ---Ug, C U™ and define a map
”U):U,le"'XU,BT—)U“H (xl,...,xr)Hxl---xr.

It is established in [4, Sect. 5.5, Lem.] that the map p.w is a bijection for every reduced
word w, and that its image U,, depends only on the Weyl group element represented by
w, but not on the chosen reduced expression. Since G A (R) is a topological group, the
bijection piq, is continuous. In fact, one can show that p, is a homeomorphism. A proof
of this fact was sketched in [14, Lem. 7.25]; since openness of the maps p, is crucial for
everything that follows, we fill in the details of this sketch here.

Lemma A.3. For every reduced word w the map pw is a homeomorphism onto its image.

Proof. We argue by induction on the length m of w and observe that the case m = 1
holds by definition. Since the linear functionals «i,...,ar are linearly independent,
there exists an element X € hr(A) (see Section 2) such that a;, (X) =0 and a;(X) <0
for all j € {1,...,iA1,...,r}. It follows that £1(X) = oy, (X) = 0 and B;(X) < 0 for
all kK = 2,...,m. Indeed, since the word w is reduced, none of the positive real roots
B2,...,Bm equals a4, , and since na;, is not a root for any n > 2 (cf. [21, Prop. 5.1]),
each of them contains at least one other positive simple root as a summand. Now for
j€{l,...,m}and Y € gp, we have ad(X)(Y) = 3;(X)(Y), and thus

. Y, j=1,

We conclude that if z; € Ug,, then
tlggo exp(tX)(z1 - zm) exp(—tX) = z1,
where the convergence is uniform on compacta. This shows that the map
m :Uw = Ug,, 1 -Tm+— o1
is continuous, and hence the map

Uw — Ug, xUg, ---Ug,, Tl Tm > (T1, T2 Tm) (6)
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is continuous. Now let w’ = (rs,,...,7; ) and let 85 = 5;,(B2), ---, Bm = 5i, (Bm)-
Now by Axiom (RGD2) of an RGD system (see [1, Chap. 8]) there exists an element
g € GA(R) such that gUngf1 = UBJ'- for all j = 2,--- ,m, and by induction hypothesis
we have a homeomorphism

Mw/:UBéX”'XUB;H—)Uw/, (wz,...,mm)>—>$2~~-mm.

Conjugating the inverse of this homeomorphism by g_1 we obtain a homeomorphism

Ug,

2

Ug,, > Ug, x---xUg, .
Composing this homeomorphism with the map (6) now provides the desired continuous
inverse to pw. O

To describe the topology on U™ we recall that there exist several distinct but related
partial orders on W which in different places in the literature are referred to as the
Bruhat order on W. In the sequel we will consider the following version; here ¢ denotes
the length function with respect to the generating set {s1,...,sr}.

Definition A.4. The weak right Bruhat order on W is the partial order <,, defined as
wy <y wp = L(w2) = L(w) +£(w1_1w2), (w1, we € W).

According to [4, p. 44] we have wj <4 wa if and only if there exists a reduced word

(riy, - ,ril<w2)) for wg such that wy = ry, i) -

Recall that for the strong Bruhat order < one has w; < ws if there exists a reduced
word (v, ,...,r;, ) for wy and a reduced word (r;,,...,r; ) for wy such that (r; ,...,7;)
is a substring of (r4,,...,74,,) (not necessarily consecutive). By definition,

wy < wy = w1 < wo,

but the converse is not true. An important difference between the weak right Bruhat
order and the strong Bruhat order is that (W, <) contains a cofinal chain, i.e., a totally
ordered subset T' C W such that for every w € W there exists t € T such that w < ¢,
whereas for the weak right Bruhat order, such a cofinal chain does not exist. In fact,
given wi,ws € W there will in general not exist an element w3 € W with w; <, w3 and
wy <w W3-

Note that if w; <y wa, then we can choose a reduced word (r4,, ..., Tie(w)) for wo
such that wy = ry, T Ty Thus if we define 51, ... 7ﬁ€(w2) as above then we have a
commuting diagram

Ugy x -+ X Uﬁawl) >Upg, X -+ X Uﬁ(’,(wQ)

| |

Uw 1 Uw2

where the horizontal maps are inclusions, and the vertical maps are homeomorphisms.
In particular, we have a continuous inclusion ty? : Uy, <> Uw,, hence we may form the
colimit

lgn((Uw)wGVIU (Lgf)wl gu,wg)
in the category of topological spaces. We emphasize that in view of the previous remark

the system ((Uw)wew s (tw? )wi <, ws) 1S not directed, hence this colimit is not a direct
limit.
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Proposition A.5. The ky-space U is given by the colimit
Ut = h_IP((Uw)wEW7 (Llwui)wlﬁwwz)

both in the category of topological spaces and in the category of k. -topological spaces.

Proof. The corresponding statement in the category of sets is established in [4, Thm. 5.3].
For the topological statement see [14, Prop. 7.27]. O

In view of the applications to Kac—-Moody symmetric spaces that we have in mind we
recall that U* are subgroups of the commutator subgroup G of Ggr(A); in particular we

can consider their images Ut = p1(UT) under the map p1 : G — G from (4). In this
context, we will need the following fact.

oy . . —+
Proposition A.6. The map p1 induces homeomorphisms Ut 5T

Proof. By [14, Prop. 7.27] the map T x UT — TU™ is a homeomorphism and the kernel
of p1 is contained in 7. The latter implies that p; restricts to a continuous bijection
UT — U+, and the former implies that this bijection is open. [

A.3. Dilation structures on U:t

Definition A.7. Let U be a topological group. By a dilation structure on U, we mean
a family of maps (®; : U — U)scr with the following properties:

(a) Each ® is a continuous automorphisms of the topological group U.
(b) (®¢)icr is a 1-parameter group, i.e. @9 =1Id and Ps1t = P50 P4 for all s,t € R.
(c) If we define ®_oo : U — U by ®_oo(u) := e, then the map

[—00,00) XU = U, (t,u) — P¢(u)

is continuous.
Remark A.8. Note that if a topological group U admits a dilation structure, then it is in
particular contractible. Indeed, if we define ¥; := @¢/(t—1), then

U:[0,1]xU—=U, (t,u)— Pe(u)

is continuous with g = &g = Id and ¥; = &_,, hence a contraction to the identity.

Dilation structures on finite-dimensional simply-connected nilpotent Lie groups play
a major role in conducting analysis on such groups, see, e.g., [11]. Not every finite-dimen-
sional simply-connected nilpotent Lie group admits a dilation structure, but if U is the
unipotent radical of a minimal parabolic subgroup of a semisimple Lie group, then such
a dilation structure always exists. The methods of [25] allow one to extend this result to
the Kac-Moody setting.

Following [21, §3.12], we define the fundamental chamber of hr(A) as

C:={hcbhr(A) |Vl <i<n:a;(h) >0} Chr(A).
Since the family (o;)1<i<p is linearly independent, there exists

Xo € C such that a;(Xg) =1forall 1 <i <mn.
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Indeed, by the linear independence of (a;)1<;<p the solution space for the system of n—1
linear equations V2 < i < n : aj(xz) — a;(x) = 0 has strictly larger dimension than the
solution space for the system of n linear equations V1 <i < n: a;(z) = 0.

We now define a 1-parameter subgroup of Ag by at := exp(tXp) and denote by

ot := Ad(ay) € Aut(u™)

the associated automorphism of the Lie algebra u™ = @aeAJr glg, Similarly we denote by

B4 1= ca,|y+ € Aut(UT)

the restriction of the conjugation-action of a; on Ga (R) to UT. Note that if X € u™ is
ad-locally finite, then

Pt (exp(X)) = exp(pt(X)).
From (1) and the defining property of X one deduces that for every positive root o with
height |«

VY €ga: oi(Y) = ey,

It follows that for all positive roots «, one has

By (za(s)) = exp(tXo) - Ta(s) - exp(—tXo) = zale!®ls) (7)

(see [39, (4), p. 549]), where {za(s) | s € R} = (R, +) is the root subgroup of G (R)
corresponding to the root space go. As a consequence, if one endows each of the root
subgroups {za(s) | s € R} with the natural topology of R, then ®; contracts each of
them. We are now in a position to reproduce the following result and proof by Kumar.

Theorem A.9 ([25, Prop. 7.4.17]). The family (Pt)icr defines a dilation structure on
Ut.

Proof. Let w be a reduced word and write w = s;, ---s;, € W with corresponding simple

roots oy, , ... ;.. Recall that multiplication induces a homeomorphism
Ug, X+ xUg, — Uuw,
where the roots 1, ..., Br are given by
B1 =0y, Boi=8i (), ..y Bri=Siy Sy Si.,(u,).

Given an element xg, (y1)zg,(y2) -2, (yr) € Uy by (7) one has

t|B1]

Oy (s, (y1)2p, (v2) - 2. (ur) =z, (P y1 )2, (1P yo) - g (e1Prly,).

Setting ® oo (u) := e for all u € UT, we deduce that the map

Qly

w

1 [—00,00) X Uw = U, (t,u) — $¢(u)

is continuous and that ®g = Idy, . Combining this with Proposition A.5, one deduces
that the map
®:[—00,00) x UT = U (t,u) — &(u)

is continuous, hence a dilation structure. [

Recall that U™ is isomorphic to U™ under the Cartan—Chevalley involution of Gz (R),
which maps a; to a—¢. Thus if we define ®, :=cq_, |- then we obtain the following.
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Corollary A.10. The family (®; )icr defines a dilation structure on U™ .
Combining this with Remark A.8 and Proposition A.6, we can record the following.

Corollary A.11. The topological groups UT and U™ are contractible. Consequently, the
groups U and T~ are contractible.

A.4. Homotopy groups of real-split semisimple Kac—Moody groups

Corollary A.12. The subgroup K < G is a deformation retract. In particular, the
inclusion ix : KA (R) <= GaA(R) is a homotopy equivalence and thus induces isomor-
phisms (ig )« : mn(K) = mn(G) for all n > 0.

Proof. We have established in Corollary A.11 that U¥ is contractible, and 4 is contrac-
tible since it is homeomorphic to R™%(A) " The assertion now follows from Theorem A.2.
O

Since it is currently unknown whether the Iwasawa decomposition of G is also a
topological decomposition, the strategy of the above proof can not be applied to G.
However, using the following result of Palais [32, Sect. 4.1, Cor.], one can still obtain an
isomorphism between the fundamental groups of G and K.

Proposition A.13 (Palais). Let G be a topological group and let H < G be a subgroup
which is homeomorphic to a Lie group. Then the fibration H — G — G/H 1is locally
trivial, in particular a Hurewicz fibration, hence there is a long exact sequence of homotopy
groups

e — 7('2(H) — 7T2(G) — WQ(G/H) —>7r1(H) —>7r1(G) —>7T1(G/H) —>7r0(H) —)WQ(G).

Recall that the kernel of the quotient map G — G is homeomorphic to (R*)°™<(A)

In particular, it has 2¢ok(A) connected components, whereas its higher homotopy groups

vanish. Applying Proposition A.13 to the diagram of fibrations
(RX )cork(A) G el

we thus obtain the following.

Corollary A.14. There is a commutative diagram with exact rows

0 71(G) 71 (G) —— (Z/27)°°*(A) ¢
0 71 (K) 71 (K) — (2,/22)°°"*A) 5 ¢

Moreover, for n > 2 there are isomorphisms mn(GA(R)) 2 mn(G) and mn(Ka (R)) &
mn(K).

Combining this with Corollary A.12 we deduce the following.
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Theorem A.15. For every n > 0 the inclusion K — G induces isomorphisms
Tn(K) = mn(G),

hence is a weak homotopy equivalence. In particular, 71 (G) = 71 (K).

A.5. Kac—-Moody symmetric spaces and causal contractions

We conclude this appendix with an application to the results obtained so far to Kac—
Moody symmetric spaces. By [8], the homogeneous spaces G (R)/Ka(R) and G/K
carry the natural structure of topological reflection spaces, and the same holds for their
quotients Ad(Ga (R))/Ad(Ka (R)) and Ad(G)/Ad(K). The topological reflection space
X = G/K is called the unreduced Kac—Moody symmetric space of type A, and the
topological reflection space X = Ad(G)/Ad(K) = G/K is called the reduced Kac—Moody
symmetric space of type A.

Corollary A.16. The reduced symmetric space X is contractible.

Proof. In view of the topological Iwasawa decomposition, the orbit map at the basepoint
o=eK .
Ut xA— X, (u,a)— ua.o

is a homeomorphism. Since U+ and 4 are contractible, this implies contractability of X.
d

___The proof of Theorem A.9 can be used to provide an explicit contraction for X ~
Ut x A, using the contraction by conjugation with suitable elements of the torus Tk on
the group Ut and the standard contraction on the finite-dimensional real vector space
A. Tt turns out that this contraction has interesting additional properties. Recall from
[8, Sect. 7] that the symmetric space X admits future and past boundaries Aﬁ' and A[
that both carry a simplicial structure which turns them in the geometric realizations of
the positive and negative halves of the twin building of Ga (R). Following [8, Sect. 7],
a causal ray is a geodesic ray of X whose parallelity class equals a point in Aﬁr and a
piecewise geodesic causal curve is the concatenation of a finite set of segments of causal
rays that can be parametrized in such a way that the walking direction always points
towards the future boundary. Given z,y € X, we say that x causally preceeds y (in
symbols = < y) if there exists a piecewise geodesic causal curve from x to y.

Since both conjugation by elements of T and the standard contraction of the vector
space A preserve geodesic rays and the future and past boundaries (cf. [8, Sect. 7]), the set
of piecewise geodesic causal curves of X, and hence the causal pre-order <, are invariant
under the given contraction.

Corollary A.17. The reduced symmetric space X is causally contractible, i.e., it admits

a contraction that preserves <.

B. The Bruhat decomposition is a CW decomposition
J. GRUNING, R.KOHL

Let G be a Kac—Moody group endowed with the Kac—Peterson topology and let T’
be the standard maximal torus and U™, U~ the standard unipotent subgroups. [22,
Thm. 4(a)] asserts without proof that the multiplication map

Ut xTxU” —UYTU™
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is @ homeomorphism with respect to the Kac—Peterson topology. In this note, we provide
a proof in the symmetrizable case that makes use of this fact in the two-spherical case ([14,
Prop. 7.31]), of the embedding of Kac-Moody groups constructed in [28, Thm. 3.15(2)],
and of the fact that the Kac—Peterson topology is k,,. Among the various consequences of
this result is that the Bruhat decomposition of a symmetrizable topological Kac—-Moody
group is a CW decomposition.

Recall that a k-space (alternatively, compactly generated space) is a topological space
X in which a set C' C X is closed if and only if its intersection C'N K with any compact
subset K of X is compact. That is, a k-space is a topological space X whose topology is
coherent with the family of all compact subspaces of X. A ky-space is a topological space
X whose topology is coherent with respect to a countable ascending family of compact
subspaces. By (3) of [7] any kw-space is a k-space.

Proposition B.1 ([33, Cor.]). A continuous proper map f: X —Y from a topological
space X to a k-space Y 1is closed. In particular, a continuous injection ¢ : X — Y into
a ky-space Y = UneN Ym with compact Y such that for each m € N the pre-image
fl(Ym) is also compact is a topological embedding, i.e., it is a homeomorphism onto its
image.

Proof. The first statement is exactly [33, Cor.]. The second statement is an immediate
consequence of the first, since a k.,-space is a k-space in which any compact subset K of Y
is contained in some Yy, of the ascending family (Y ) en of compact subsets (statement
(3) of [7]). O

Remark B.2. The authors thank T. Hartnick and S. Witzel for various lively discussions
concerning the correct formulation and application of Proposition B.1. Moreover, they
thank S. Witzel for suggesting to make use of the concept of proper maps.

A subgroup of a Kac-Moody group is bounded if it lies in the intersection of two
spherical parabolic subgroups of opposite signs. In other words, it is bounded if and
only if it stabilises a point the Davis CAT(0) realization of each half of its twin building.
The maximal bounded subgroups of a Kac-Moody group have been determined in [3,
Thm. 4.1].

Proposition B.3. Let G be a split real Kac—Moody group. Then the Kac—Peterson topo-
logy Tkp on G equals the finest group topology TmpB on G such that the embeddings of the
mazimal bounded subgroups, each endowed with its Lie group topology, are continuous.

Proof. By [26, Lem. 4.3], the Kac—Peterson topology mxp on G induces the Lie group
topology on its maximal bounded subgroups. A fundamental SLa(R) is bounded and, in
particular, embeds as a closed subgroup into a maximal bounded subgroup. Therefore,
its subspace topology equals its Lie group topology; by [14, Prop. 7.21] the topology
Tkp equals the finest group topology on G such that the embeddings of the fundamental
SL2(R) Lie subgroups is continuous, whence 7kp is finer than or equal to the final group
topology Tvp with respect to the embedded maximal bounded subgroups. Again, since
by [26, Lem. 4.3] the Kac—Peterson topology on G induces the Lie group topology on its
maximal bounded subgroups, the two described topologies actually coincide. [

Corollary B.4. Let G be a split real Kac—Moody group endowed with the Kac—Peterson
topology and let (G;);cr be a finite family of Lie-subgroups of G such that each funda-
mental SLa(R) 4s contained in at least one of the G;. Then the Kac—Peterson topology
on G equals the finest group topology on G such that the embeddings of the (G;);, each
endowed with its Lie group topology, are continuous.
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Proposition B.5 (cf.[13, 1.5, 1.10], [28, Thm. 3.15(2)]). Any symmetrizable topological
Kac—Moody group endowed with the Kac—Peterson topology admits a continuous injective
group homomorphism into a stmply laced topological Kac—Moody group with closed image
with respect to the Kac—Peterson topology.

Proof. By [28, Thm.3.15(2)] for any symmetrizable Kac-Moody group G there is an
injective group homomorphism ¢ : G — H into a simply laced Kac—-Moody group H
embedding each fundamental rank-1 subgroup G, = SLa(R) diagonally into the direct
product

n;
[ Ha., = SLa(®)"™
=1

of a suitable (finite) family of fundamental rank-1 subgroups Hy, ; of H.

The restriction of this map to any fundamental rank-1 subgroup G« of G is continuous
with respect to the Lie group topology on G and the Kac—Peterson topology on H.
Hence, by universality (see [14, Prop. 7.21]), the map ¢ : G — H is continuous with
respect to the Kac—Peterson topology on both G and H.

One has
U(G) = [ Fix(¢o),

where @4 is the automorphism of H given by
Ha;; = Hay o)

for some o = (01,...,0N), where o; € Sym(n;) acts by permuting the factors of the
direct product H?;l Hy, ; = SLa(R)™. Since the automorphisms ¢, are continuous
with respect to the Kac—Peterson topology on H, the group ¢(G) is a closed subgroup of
H. 0O

The embedding ¢ : G — H corresponds to an embedding of the twin building Ag of G
into the twin building A g of H such that Ag =, Fix(¢s) (with the s now considered
as twin building automorphisms) and the additional property that two chambers of Ag
are opposite in Ag if and only if they are opposite in Ag.

Indeed, this is immediate from an argument along the lines of descent in buildings
(cf. [31]). The automorphisms @, act on the twin apartment defined by the fundamental
chambers cy, c— of Ay and, by definition, the fixed substructure is isometric to a twin
apartment of Ag. The claim then follows from the fact that G acts transitively on the
twin apartments of Ag.

In particular, this embedding

Ag = (A5 AG,05) = An = (Al Ay, 8p)
of twin buildings induces an embedding of opposite geometries
Opp(Ac) = {(¢;d) € Af x Ag | 65(c,d) = 1}
— Opp(An) = {(c,d) € Ay x Ay | 8jy(e,d) = 1}

Specialising to the embedding of a fundamental rank-1 subgroup Ga,; 2 SLa(R) of G
diagonally into the direct product

g
] Hey = SLa(R)™
j=1
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of a suitable (finite) family of fundamental rank-1 subgroups Ho, ; of H, one obtains an
embedding of the real projective line st (the building of type A1) diagonally into a suitable
product (Sl)ni of real projective lines (the building of type A1™ = A1 & --- & Ayp).

| S ——

n;

This in turn yields an embedding of the corresponding opposites geometries of pairs of
distinct points of S' with adjacency relation given by the complete relation (the opposite
geometry of type Ay of diameter 1), respectively, of n;-tuples of pairs of distinct points
of S' with adjacency relation given by equality in all up to at most one component (the
opposite geometry of type A1™ of diameter n;).

Refer to [12, Sect. 4.3] for more details, some examples, and applications of the opposite
geometry. The most striking application of the opposite geometry is a proof of [38,
Thm. 13.32] via its simple connectedness and Miihlherr’s generalization to Kac-Moody
groups®; see also [2].

The following result follows immediately from the preceding discussion.

Proposition B.6. Let « : G — H be the injective group homomorphism from Proposi-
tion B.5, let Ag = (Ag,Aa,ég) — Ay = (AE,AB,(S;I) be the induced embedding of
twin buildings, and Opp(Ag) = {(c,d) € Ag x Ag | 0g(c,d) = 1} — Opp(Ag) =
{(c,d) € AJI; X Ay | 6%(c,d) = 1} the resulting embedding of opposite geometries. Given
(c4,c—) € Opp(Agq), for alln € N exists m € N such that the intersection of Opp(Ag)
with the ball of radius n in Opp(Apg) around (c4,c—) is contained in the ball of radius
m in Opp(Ag) around (c4,c—).

Corollary B.7. Let G be a topological Kac—Moody group endowed with the Kac—Peterson
topology. If it is two-spherical or symmetrizable, then the multiplication map ¢ : UT x
T x U™ — G is a homeomorphism onto its image.

Proof. The two-spherical case is [14, Prop. 7.31]. In the symmetrizable case, note that
Proposition B.1 is applicable since the Kac—Peterson topology is k. by [14, Prop. 7.10].
Consequently, the injection from Proposition B.5 yields a topological embedding ¢ : G —
H, provided one can find kw-decompositions G = |J,, Gn and H = |J,,, Hm such that
each intersection Hy, Ne(@G) lies in some ¢(Gy). (Indeed, 1 =1 (Hyy) is closed by continuity
of ¢, so it is compact once it lies inside some compact set Gy, which is equivalent to
Hp N o(G) C 1(Gn).)

For G and H, choose ky-decompositions making use of Corollary B.4 and k-de-
compositions of the fundamental subgroups Ga,; = SLa(R) of G and the corresponding
subgroups H;L;1 Hy, ; = SLa(R)™ of H into which the G, embed diagonally, endowed
with their Lie group topology. That is,

X1:= X1, Xo:=XiX3, X3:=XiX3X5, ..., X¢e:=Xi---XL ...

where each of the Xtt is the ball of radius t around 1 of the maximal bounded subgroup
Xt endowed with some suitable metric inducing its Lie group topology, with X € {G, H}
and lower index t taken modulo the total number of maximal bounded subgroups.

By construction, each H jj intersects ¢(G) in some compact subset of a fundamental

subgroup G, of G with respect to the Lie group topology. In other words, each H jg Nu(Q)

lies in some L(Gﬁ). Forming finite products of such sets and using Proposition B.6 one
concludes that HyNu(G) = (Hf - - - HY)Nu(G) lies in some suitable product G = G1 - - - GY;
that is, the injective homomorphism ¢ : G — H indeed is a topological embedding.

3A manuscript that has never been published and unfortunately seems to be lost. To
the second author’s dismay he has lost his copy that he once owned.
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Since ¢ restricts to maps L\Uf : Uf — Uf, tlye - U¢ 5 U, lpe : T = TH one
can conclude that the diagram

G
U x1¢%xU¢ £ @

LlUf ><L|TG ><L|U£;l J/L
H

U s xufl 2 5 g

commutes, which proves that the map goG is a homeomorphism onto its image, since goH
is a homeomorphism onto its image by [14, Prop. 7.31]. O

Corollary B.8. Let G be a topological Kac—Moody group endowed with the Kac—Peterson
topology. If it is two-spherical or symmetrizable, then the associated twin building with
the quotient topology is a strong topological twin building.

Proof. The two-spherical case is [14, Thm. 1]. In the symmetrizable case it follows by
replacing [14, Prop. 7.31] with Corollary B.7; cf. the discussion after [14, Thm. 1]. O

Corollary B.9. Let G be a topological Kac—Moody group endowed with the Kac—Peterson
topology. If it is two-spherical or symmetrizable, then the Bruhat decomposition of a
symmetrizable Kac—Moody group is a CW decomposition.

Proof. This is a restatement of Proposition 3.7 from the main text. Its proof heavily
relies on Corollary B.8. O

Corollary B.10. Let G be a topological Kac—Moody group endowed with the Kac—Peter-
son topology. If it is two-spherical or symmetrizable, then the coset model, the group
model, and the involution model of the reduced Kac—Moody symmetric space are pairwise
homeomorphic with respect to their internal topologies.

Proof. The two-spherical case is [8, Prop. 4.19]. In the symmetrizable case, it follows
from [8, Prop. 4.19] and Corollary B.7. O
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