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Abstract

In this work, we study dynamic critical behavior of hot and dense QCD matter near second-order
phase transitions. We consider the chiral phase transition for two flavors of massless quarks,
as well as the conjectured critical point at physical quark masses and finite baryon chemical
potential. These are plausibly in the same dynamic universality classes as a four-component
Heisenberg antiferromagnet and the liquid-gas critical point of a pure fluid, respectively, whose
critical dynamics are described by Models G and H in the Halperin-Hohenberg classification.

Our central tool in this work is a real-time generalization of the functional renormalization
group (FRG) based on the Schwinger-Keldysh contour. Starting with Model G, we develop a
novel formulation of the real-time FRG which preserves all relevant symmetries of dynamical
systems with reversible mode couplings. We show that associated Ward identities imply ex-
act statements about the FRG flow, including the non-renormalization of the mode-coupling
constant, and the independence of the static free energy on the dynamics. We show that the
formalism reproduces the non-trivial value z = d/2 for the dynamic critical exponent in d spatial
dimensions, and we compute a novel scaling function which describes the universal temperature
and momentum dependence of the iso-vector and iso-axial-vector charge diffusion coefficient in
the chiral limit.

As a next step, we adapt this novel FRG technique to Model H. We derive analytical ex-
pressions for dynamic critical exponents that describe the universal power-law divergence of the
heat conductivity and the shear viscosity near the QCD critical point. As a central result, we
find that the critical exponent of the shear viscosity as a function of d exhibits a maximum in
the range 2 < d < 4 and approaches zero for d = 2 spatial dimensions. We verify the robustness
of this result by considering improved truncations of the static free energy. In parallel, we em-
phasize the structural similarities and differences with Model G by comparing the fixed-point
structures of both models and discuss the presence/absence of weak and strong dynamic scaling
relations.

While the leading universal scaling behavior can be described by Models G and H, non-
universal corrections require a real-time description of the microscopic dynamics. In this regard,
we consider a real-time formulation of the quark-meson model as a particular low-energy effective
theory for QCD. As a first application, we study the influence of bosonic dissipation on the
phase diagram and the excitation spectrum. We find that dissipation has a non-vanishing
but quantitatively small effect on equilibrium observables. The influence on the excitation
spectrum, on the other hand, can be drastic, as (over-)damping potentially turns weakly-damped
quasiparticles into purely relaxational excitations.






Zusammenfassung

In dieser Arbeit wird das dynamische kritische Verhalten von heifter und dichter QCD-Materie
in der Nahe von Phaseniibergéngen zweiter Ordnung untersucht. Betrachtet werden der chi-
rale Phaseniibergang flir zwei masselose Quark-Flavors sowie der vermutete kritische Punkt bei
physikalischen Quarkmassen und endlichem baryonischem chemischen Potential. Es wird ver-
mutet, dass diese denselben dynamischen Universalitdtsklassen zuzuordnen sind wie ein vierkom-
ponentiger Heisenberg-Antiferromagnet bzw. der kritische Punkt eines fluiden Reinstoffs. Deren
jeweilige kritische Dynamik wird in der Klassifikation von Halperin und Hohenberg durch die
Modelle G und H beschrieben.

Unser zentrales Werkzeug in dieser Arbeit ist eine Realzeit-Verallgemeinerung der funk-
tionalen Renormierungsgruppe (FRG), basierend auf der Schwinger-Keldysh-Kontur. Zunéchst
entwicklen wir anhand von Modell G eine neuartige Formulierung der Realzeit-FRG welche alle
relevanten Symmetrien von dynamischen Systemen mit reversiblen Modenkopplungen erhélt.
Wir zeigen, dass zugehorige Ward-Identitéten exakte Aussagen iiber den FRG-Fluss erlauben,
einschliefslich der Nicht-Renormierung der Modenkopplungskonstante und der Unabhéngigkeit
der statischen freien Energie von der Dynamik. Wir zeigen, dass der Formalismus den nicht-
trivialen Wert von z = d/2 fiir den dynamischen kritischen Exponenten in d rédumlichen Di-
mensionen reproduziert, und berechnen eine neuartige Skalierungsfunktion, die die universelle
Temperatur- und Impulsabhéngigkeit des Diffusionskoeffizienten der Isovektor- und Isoaxialvek-
torladungen im chiralen Limes beschreibt.

Im néchsten Schritt wenden wir diese neuartige Realzeit-Formulierung der FRG auf Mod-
ell H an. Wir leiten analytische Ausdriicke fiir dynamische kritische Exponenten, welche das
universelle Potenzgesetzverhalten der Warmeleitfahigkeit und der Scherviskositéit in der Néhe
des kritischen Punkts der QCD beschreiben, her. Ein zentrales Resultat des FRG-Flusses ist,
dass der kritische Exponent der Scherviskositdt als Funktion von d ein Maximum im Bereich
2 < d < 4 aufweist und fir d = 2 rdumliche Dimensionen gegen Null geht. Weiterhin betonen
wir strukturelle Ahnlichkeiten und Unterschiede zu Modell G, indem wir die resultierenden Fix-
punkte beider Modelle vergleichen und diskutieren, inwieweit schwache und starke dynamische
Skalengesetze gelten.

Wiéhrend das fithrende Skalenverhalten durch die Modelle G und H beschrieben wird, er-
fordern nicht-universelle Korrekturen hingegen eine Realzeit-Beschreibung der mikroskopischen
Dynamik. In dieser Hinsicht betrachten wir eine Realzeit-Formulierung des Quark-Meson-
Modells als effektive Theorie der QCD bei niedrigen Energien. Als erste Anwendung untersuchen
wir den Einfluss bosonischer Dissipation auf das Phasendiagramm und das Anregungsspektrum.
Wir finden, dass Dissipation einen nicht-verschwindenden aber quantitativ kleinen Einfluss auf
Gleichgewichtsgrofen hat, jedoch das Anregungsspektrum insofern drastisch beeinflussen kann,
dass eine hinreichend grofte Dampfung schwach geddmpfte Quasiteilchen in rein relaxierende
Anregungen tberfiihren kann.
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Chapter 1

Introduction

1.1 Motivation

The Standard Model of particle physics is currently the best description of the microscopic struc-
ture of the world, classifying all known elementary particles and describing the electromagnetic,
weak, and strong interaction between them. In particular, the strong interaction as described
by the theory of quantum chromodynamics (QCD) is responsible for the binding of quarks and
gluons into hadrons such as protons and neutrons and, in a second step, for the binding of
protons and neutrons into atomic nuclei via the residual strong force.

One of the most characteristic properties of QCD is asymptotic freedom [5,6], which implies
that at higher energies the interaction between quarks and gluons gets weaker. As a consequence,
at a temperature around 155 MeV [7] (corresponding to ~ 1.8 x 10!2 K) ordinary hadronic matter
undergoes a transition to the quark-gluon plasma (QGP), where the quarks and gluons are no
longer confined into colorless hadrons but remain strongly interacting. It is believed that the
QGP filled the early universe a few microseconds after the Big Bang. Another example of a form
of matter which is dominated by the strong interaction is the highly compressed baryonic matter
found in neutron stars, where the central densities reach several times the nuclear saturation
density of ~ 2.8 x 10 g/cm? [8]. Understanding corresponding phases of QCD and the nature
of the transitions between them under these extreme conditions is an active area of current
research. For instance, one popular conjecture for the QCD phase diagram as a function of
temperature 1" and baryon chemical potential up is visualized on the left-hand side of Fig. 1.1.

One central difficulty in computing the phase structure of QCD at larger baryon chemical
potential is that one of the first-principle tools, lattice QCD, is practically restricted to small
baryon chemical potential due to the notorious sign problem. Hence, at present, larger baryon
chemical potential requires different methods, including calculations within effective models
and functional approaches to QCD. In particular, many low-energy effective theories for QCD
predict a first-order phase transition at higher baryon chemical potential [12-15]. Assuming
that such a first-order phase transition indeed exists in QCD, and given the known crossover
at zero baryon chemical potential [7, 16|, thermodynamic arguments suggest (if not require)
the existence of a critical point in which the first-order transition line ends [9,10]. Functional
approaches to QCD such as the functional renormalization group or Dyson-Schwinger equations
can estimate the location of the critical point [17-20] without any additional parameters other
than the ones already appearing in the microscopic QCD Lagrangian. However, they require
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Figure 1.1: (Left) Schematic illustration of the conjectured QCD phase diagram as a function
of baryon chemical potential up and temperature T for physical values of up and down quark
masses. In addition, we have sketched typical (approximately isentropic) trajectories realized
during the hydrodynamic evolution of a heavy-ion collision after the fireball has thermalized at
some initial values of up and T. Figure adapted from the CRC-TR 211. (Right) Illustration
of the conjectured dependence of the phase boundaries on the (degenerate) up and down quark
masses m,, 4. The second-order line of Z, critical points (blue) is connected via a tricritical point
(purple) to a second-order chiral phase transition line (red) in the chiral limit m, 4 — 0 [9,10].
Figure taken from Ref. [11].

truncations of the infinite tower of equations, which makes a reliable error estimate rather
difficult. Other approaches for locating the critical point include the determination of Yang-Lee
edge singularities in the complex baryon chemical potential plane from lattice-QCD data [21,22]
and the gauge/gravity duality [23,24].

Experimentally, the phase structure of QCD can be probed in relativistic heavy-ion collisions,
which are performed at particle accelerators such as the Relativistic Heavy Ion Collider (RHIC)
at Brookhaven National Laboratory, the Large Hadron Collider at CERN, and at the heavy-
ion synchrotron SIS 18 (and in the future also SIS 100) at the Facility for Antiproton and
Ion Research (FAIR). The standard picture of a relativistic heavy-ion collision is as follows:
After the initial collision and the fast subsequent thermalization, the locally-equilibrated fireball
expands and cools down until it reaches a temperature of about 155 MeV where it passes the
crossover transition and hadronizes again. Then, after kinetic freezeout, the hadrons stream
freely to the detectors. Remarkably, a modelling of the fireball in terms of relativistic viscous
hydrodynamics with an equation of state from lattice QCD yields a tremendously successful
description of the experimental data [25]. In particular, a fit of the transport coefficients to
experimental observables yields a shear viscosity to entropy density ratio /s in a range which
is remarkably close to the conjectured lower bound of n/s = 1/4x [26], making the QGP the
‘most perfect liquid’ on earth [27-30]. The success of the hydrodynamic description also means
that the fireball created in a relativistic heavy-ion collision is in a state close to local thermal
equilibrium, which allows one to use the terms ‘temperature’ and ‘baryon chemical potential’ in
the first place. As such, the hydrodynamic evolution in the intermediate stage of a relativistic
heavy-ion collision can be imagined as an (approximately isentropic) trajectory through the
QCD phase diagram, as sketched on the left-hand side of Fig. 1.1.
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CHAPTER 1. INTRODUCTION

Lowering the beam energy in a heavy-ion collision introduces a non-zero net baryon number
into the QGP. This shifts the trajectories shown on the left-hand side of Fig. 1.1 to higher baryon
chemical potentials, bringing the fireball closer to the conjectured critical point. To identify a
critical point in the experimental observables, one would search for characteristic signatures
that reflect the associated thermodynamic singularity. Universality and the scaling hypothesis
at the critical point entail that the non-analytic (critical) part of the equation of state is fully
determined by a universal scaling function from the Z, universality class [31]. Here, the power of
universality is that a universal scaling function may be computed using a simpler model from the
same universality class (by performing, e.g., Monte-Carlo simulations of the 3d Ising model [32])
and then mapped back to QCD [33, 34|, whereas lattice-QCD simulations in this region of the
phase diagram are prohibited due to the sign problem. For example, Zs universality implies that
higher-order cumulants of the critical mode diverge more strongly with the correlation length [35],
and are thus conjectured to be a sensitive probe of criticality. In particular, one common
observable is the kurtosis, which, by Z5 universality, is expected to switch sign as the critical
point is passed [36]. As a proxy for net-baryon number [37], cumulants of net-proton number have
been measured as a function of beam energy /s at the Beam Energy Scan program at RHIC, and
although there are tantalizing hints for non-monotonous behavior of the quartic cumulant [38—
40], the results do not allow for strong conclusions about the (non-)existence of a critical point
yet. Reaching even lower beam energies and thus even larger baryon chemical potentials with
sufficiently high interaction rate is one of the motivations for the future Compressed Baryonic
Matter experiment at FAIR [41].

Close to a potential critical point one encounters problems with the standard hydrodynamic
description. Due to the general phenomenon of critical slowing down near a critical point, the
critical modes are guaranteed to fall out of local thermal equilibrium [42]. Hence, strong conclu-
sions about the (non-)existence of a critical point from possible imprints of critical fluctuations in
experimental observables require proper understanding of non-equilibrium effects [43-45]. Luck-
ily, just as the singular behavior of thermodynamic quantities near a critical point is determined
by the corresponding static universality class, the dynamics of critical fluctuations is determined
by the dynamic universality class. Historically, the notion of dynamic universality classes arose
in condensed-matter physics and the corresponding classification scheme into Models A—-J goes
back to the seminal work of Halperin and Hohenberg from the 1970s [46]. The main idea which
motivates large parts of this thesis is that one may be able to understand the dynamics of critical
fluctuations in hot and dense QCD matter by studying a simpler system from the same dynamic
universality class, which is conjectured to be the one of Model H from the Halperin-Hohenberg
classification [47]. In particular, the singular behavior of transport coefficients near the criti-
cal point, including the heat conductivity and the shear viscosity, would then be described by
critical exponents and scaling functions of Model H. Moreover, a quantitative description of the
critical dynamics in terms of Model H is also expected to extend to genuine non-equilibrium
phase transitions. For instance, Kibble-Zurek scaling has been observed in numerical simu-
lations of quenches through the critical point in Models A and B [48,49], but corresponding
non-equilibrium simulations have yet to be performed in Model H. For recent developments in
simulating Model H and stochastic hydrodynamics, see, e.g., Refs. [50,51] and Refs. [52-54],
respectively.

A description of the dynamics of QCD matter based on universality arguments might not
be limited to the Zs critical point. One can imagine adding another axis corresponding to the
(degenerate) up and down quark masses mg = m, q to the phase diagram, which is shown on
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the right-hand side of Fig. 1.1. Upon reducing the quark masses m,, it is known from lattice-
QCD simulations [55,56] and functional approaches [57,58| that the chiral crossover transition
sharpens, and is generally believed to turn into a second-order phase transition in the O(4)
universality class' in the chiral limit m, — 0 [59]. This is because QCD is then invariant under
independent SU(2) rotations of left and right-handed quarks, giving rise to the SU(2);, x SU(2)r
chiral symmetry, which is locally same as the rotation group O(4).

Since the physical up and down quark masses m, ~ 2 MeV and my ~ 5 MeV [60] are much
smaller than typical QCD scales, it is not unreasonable to expect that the fireball produced
in a heavy-ion collision could be affected by dynamical effects associated with the chiral phase
transition when passing the chiral crossover region [61]. An argument by Rajagopal and Wilczek
[62] suggests that the relevant dynamic universality class is the one of Model G, i.e., the one
of a Heisenberg antiferromagnet [46], extended to an O(4) order parameter. Corresponding
dynamical effects are expected to primarily affect pions, since they are the pseudo-Goldstone
bosons of the chiral transition. In fact, it was suggested that an observed excess of low-pp
pions [63,64] could be attributed to dynamical effects of a second-order chiral phase transition [61,
65-69], since the latter are usually not taken into account by current hydrodynamic simulations.
However, despite the apparent smallness of the quark masses, the rather large physical pion mass
of m,; ~ 138 MeV in vacuum limits the correlation length at the pseudo-critical temperature in
the pion channel to m ! ~ 1.4 fm [62]. Correspondingly, it is a topic of ongoing research to
determine the size of the true scaling region around the chiral phase transition and whether (or
not) it includes the physical point, see, e.g., Refs. [55,58,70,71|. Luckily, to observe scaling in the
dynamics, it is not a priori necessary for the physical point to lie strictly within the potentially
small static scaling region.

With these motivations in mind, one main objective of the present work is to describe the
dynamic critical behavior of hot and dense QCD matter close to the chiral phase transition and
the conjectured critical point, respectively, by studying the critical dynamics of Models G and
H. In the relevant case of d = 3 spatial dimensions, non-perturbative field-theoretic methods are
required due to the absence of a small expansion parameter. For static critical phenomena, the
functional renormalization group (FRG) [72-74] is a well-approved non-perturbative framework
for the quantitative description of universal quantities such as critical exponents and amplitude
ratios [75-80]. For dynamic critical phenomena, on the other hand, this description must be
generalized, since the models of the Halperin-Hohenberg classification are defined via Langevin
equations of motion and thus describe genuine real-time dynamics. Corresponding real-time
formulations of the FRG have been used in the past to study critical dynamics of the relaxational
Models A, B & C, see, e.g., Refs. [1,81-84]. In this work, we take the real-time FRG to
the next level by incorporating the ‘reversible mode couplings’ needed for Models G and H.
Other genuine real-time methods are provided by classical-statistical simulations [49,85-90| and
extensions including the leading quantum corrections in a Gaussian-state approximation [90-92].
Finally, the AdS/CFT correspondence can also be used to study critical dynamics near second-
order phase transitions of N' = 4 Super-Yang-Mills at finite temperature and R-charge chemical
potential via a dual gravitational description [93-97].

Even though Model G and H describe the universal dynamic properties of the chiral phase
transition and the critical point, a complete description of the dynamics of hot and dense QCD
matter requires non-universal corrections in addition to the leading scaling behavior. The power

! Assuming that the axial anomaly is sufficiently strong at the critical temperature.
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CHAPTER 1. INTRODUCTION

of the real-time FRG is that it is not limited to classical-statistical systems, but can be straight-
forwardly extended to full quantum field theories using a description based on the Schwinger-
Keldysh closed-time path (CTP) [98]. As a first step in this direction, we formulate a real-time
FRG flow for the quark-meson model, the latter being a well approved low-energy effective the-
ory for QCD [14,99]. As a concrete application, we introduce dissipation to the dynamics by
attaching an external heat bath to the mesons (which effectively turns the model into an open
quantum system), and study the influence on the phase diagram and the bosonic excitation
spectrum.

1.2 Outline of this work

In this work, we study dynamic critical behavior of hot and dense QCD matter near the chiral
transition and the conjectured critical point by developing a novel formulation of the real-
time FRG for dynamical systems with reversible mode couplings, as needed for Models G and
H. Moreover, as a first step towards non-universal corrections to the leading universal scaling
behavior, we study a real-time formulation of the quark-meson model with the FRG on the CTP.

In Chapter 2 we introduce some theoretical background as a basis for our developments in
the subsequent chapters. In Sec. 2.1 we start by reviewing the Schwinger-Keldysh formalism of
real-time quantum field theory, and discuss how the Martin-Siggia-Rose-Janssen-De Dominicis
(MSRJD or often simply MSR) formalism [100-102] is recovered in the classical-statistical limit.
In Sec. 2.2 we review the concept of dynamic critical phenomena [46, 103, 104], discuss the
dynamic universality classes represented by Models A, B, C, G & H in the Halperin-Hohenberg
classification, and put particular emphasis on their relation to QCD. In Sec. 2.3 we review
the FRG |73, 74] and its real-time formulation [105, 106|, with special emphasis on the issue
of constructing suitable regulators that comply with the causality structure of the real-time
framework.

In Chapter 3 we study universal aspects of critical dynamics near the chiral phase transition,
as described by Model G [62]. In Sec. 3.1 we set up an MSR path-integral formulation for
Model G and discuss the various symmetries of the associated MSR action, including the discrete
symmetry of thermal equilibrium [107], and an extended temporal gauge symmetry [108, 109],
which is characteristic for dynamical systems with reversible mode couplings as it reflects the
underlying Poisson-bracket structure. In Sec. 3.2 we formulate an FRG flow that preserves these
symmetries. Using the ansatz for the effective average action discussed in Sec. 3.3, we show in
Sec. 3.4 that this novel approach reproduces the non-trivial value z = d/2 for the dynamic
critical exponent, and we compute a scaling function which describes the universal temperature
and momentum dependence of the iso-vector and iso-axial-vector charge diffusion coefficient in
the chiral limit.

In Chapter 4 we study universal aspects of critical dynamics near the QCD critical point, as
described by Model H in the Halperin-Hohenberg classification [47]. In Sec. 4.1 we adapt our
novel FRG formalism developed in Chapter 3 to Model H, emphasizing structural similarities
with Model G. In Sec. 4.2 we derive analytical expressions for the flow equations of the kinetic
coefficients of Models H and G, employing a ¢*-truncation of the static free energy. Using these
analytical expressions for the flow equations, we discuss in Sec. 4.3 similarities and differences in
the resulting fixed-point structure and dynamic critical exponents between both models. This
includes the weak-scaling relation which holds in either case versus the characteristic strong-
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scaling relation of Model G which is absent in Model H [104]. We compute the dynamic critical
exponents of both Model H and G as a function of the spatial dimension d in the range 2 < d <
4, and compare our results to other perturbative and non-perturbative approaches to critical
dynamics, including 15*-order and 2"-order e-expansion results for Model G [110] and Model H
[111,112], respectively, as well as recent numerical simulations of Model H [50,51]. To assess the
robustness of our FRG results for the dynamic critical exponents of Model H, we also consider an
improved truncation of the static free energy within the extended local-potential approximation
(LPA’) based on two different expansion points in field space.

While Model G and H describe at least the leading universal scaling behavior exactly, at
any finite ‘distance’ to a second-order phase transition it becomes important to quantify non-
universal corrections, for which an underlying microscopic theory is needed. In this case quantum
fluctuations become important, especially concerning fermions, since the latter carry a Matsub-
ara mass 71" and thus never appear in the classical limit. One of our results in Chapter 3 is
that the FRG flow of the static free energy is independent of the equations of motion, at least
in classical-statistical systems such as Models G and H. This raises the question to which extent
similar statements hold in systems where quantum fluctuations are important.

Chapter 5 is concerned with a real-time formulation of the quark-meson model as a partic-
ular low-energy effective theory for QCD [14]. In Sec. 5.1 we review the CTP formalism for
fermions and derive a Keldysh action for the quark-meson model. We generalize the symmetry
of thermal equilibrium [107,113] to a Keldysh action which describes Dirac fermions. We then
introduce dissipation in the spirit of the Caldeira-Leggett model by coupling the mesons to an
ensemble of harmonic oscillators and integrating out the latter [114], which turns the model into
an open quantum system. In particular, the dissipative interaction with the heat bath leads
to a finite decay width for the mesons. Since in vacuum the sigma meson appears as a broad
resonance [115], while the pions are effectively stable (at least on QCD timescales), we model
the heat bath in a way which allows different decay widths for the sigma meson and the pions,
while keeping the action chirally symmetric. In Sec. 5.2 we derive real-time FRG flow equa-
tions for fermions. We shall find that the dissipative dynamics indeed enters the FRG flow of
the effective potential through the contribution of non-zero Matsubara modes, which is unlike
classical-statistical systems. In Sec. 5.3 we study the quantitative effects of dissipation both
on the phase diagram [99] and bosonic excitations by employing two phenomenological models
for the pion damping, motivated by chiral perturbation theory at low temperature 7' [116], and
by spectral-reconstruction results from lattice QCD at high 7' [117]. To estimate the largest
possible effect on the phase diagram, we consider limits where the damping constants approach
infinity.

In Chapter 6 we summarize the main results of this thesis and provide an outlook for possible
future directions.
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Chapter 2

Theoretical foundation

In this chapter, we introduce a theoretical foundation for the subsequent developments in the
following chapters. In Sec. 2.1 we start with the Schwinger-Keldysh approach to real-time quan-
tum field theory (QFT). In particular, we discuss the dissipative Keldysh action which describes
a system in contact with an external heat bath [114], the symmetry of thermal equilibrium [107],
and that the MSR formalism is recovered in the limit & — 0. In Sec. 2.2 we review the concept
of dynamic critical phenomena [103,104], and discuss certain dynamic universality classes which
are particularly relevant for QCD, as represented by Model A, B, C, H & G in the Halperin-
Hohenberg classification [46]. In particular, we summarize some of our earlier real-time FRG
results on the critical spectral functions of the Models A, B & C [1]. In Sec. 2.3 we introduce
the FRG [73,74] and its formulation on the CTP [105,106]. As a peculiarity of the real-time
framework, we discuss in detail which additional constraints regulators have to satisfy so as to
preserve the causality structure of the Keldysh action.

2.1 Non-equilibrium quantum field theory

In this section we review the Schwinger-Keldysh approach to non-equilibrium QFT. For a more
elaborate introduction see, e.g., Chapters 1-5 in the textbook by Kamenev [118].

2.1.1 Closed-time path

The partition function of a system in global thermal equilibrium at temperature 7' = 1/ can
be expressed as a Euclidean path integral by re-interpreting the thermal density operator e~
with Hamiltonian H as an evolution operator along a compact imaginary-time interval [0, 3].!
This observation lays the foundation for the imaginary-time formalism [119], which allows one to
apply the powerful toolbox of path integrals to finite-temperature systems. However, despite its
merits, the imaginary-time formalism is, by construction, not applicable to systems which start
in general non-equilibrium initial density operators, or, e.g., involve time-dependent external
fields. On the contrary: in the imaginary-time formalism all changes are applied infinitely
slowly (adiabatically), causing the system to remain in thermal equilibrium at all times. Hence,

!Throughout this work we employ natural units, i = ¢ = kg = 1, unless explicitly stated otherwise.
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2.1. NON-EQUILIBRIUM QUANTUM FIELD THEORY

studying time-dependent phenomena requires a generalized description.? This is the purpose of
the CTP formalism [126-128|.

We consider a general density operator p, whose time evolution is described by the von

Neumann equation

i—p(t) = [H(t), p(t)] (2.1)

where H (t) is the (now possibly time-dependent) Hamiltonian of the quantum system. Eq. (2.1)
can be formally solved with the aid of the time-evolution operator

Ul(t,to) = T exp {—z‘/tt dt’H(t’)} : (2.2)

0

where T here denotes the time-ordering operator. The time-evolution operator has the general

properties
U (t,to) = UT(t,t0) = Ulto, ), (2.3a)
Ulto,to) =1, (2.3b)
Ut t")=U, U, ", (2.3¢)
and satisfies the time-evolution equation
.d

dt

for fixed tg, from which one can verify that the formal solution of the von Neumann equation
(2.1) is given by

pt) = Ult, to) poU" (t, o) (2.5)

where pp = p(tg) denotes the density operator at time ¢ = ¢y. The expectation value of a
Hermitian operator A at some time t is generally expressed as

_trp(h)A

(A = 26)

Due to its cyclicity and with (2.5), the trace of p(¢) is independent of time. Inserting (2.5)
into (2.6) and using the relation U (tg,t) = U (to, +00)U(+00,t) which follows from the general
property (2.3c), the expectation value (2.6) can be reformulated as

_ trU(tg, +00)U(+00,t) AU (t, o) po
a tr po

{(A@)) ) (2.7)

or equivalently

. tr U(t(), t)AU(t, +OO)U(+OO, t[))ﬁo

2.8
—— (2.8)

(A1)

2In the special case of the time-dependent linear response of a system around thermal equilibrium, there is
the possibility of analytic continuation from imaginary to real times. However, there one usually encounters
the ill-posed numerical problem of analytic continuation from a finite set of noisy data points at the discrete
Matsubara frequencies to continuous real frequencies (which is avoided in genuine real-time approaches). For
various approaches in this direction, see e.g. Refs. [99,120-125].
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— 400
)
A

t

p(to) (A1)

Figure 2.1: Closed-time path C running from the initial time ¢t = tg to the far future { — +oo
and back, with an insertion of a Hermitian operator A at time ¢.

Egs. (2.7) and (2.8) can be interpreted as evolving the system from its initial state pp at t =t
first to t = +o00 and back to t = ty. The insertion of the operator A either on the forward branch
as in (2.7), or on the backward branch as in (2.8), corresponds to measuring the observable. This
resulting contour C in the complex-time plane shown in Fig. 2.1 is called ‘closed-time path’ or
also ‘Schwinger-Keldysh contour’. Historically, the corresponding formalism was foreshadowed
by Schwinger [126] and then proposed by Keldysh [127], and, independently, by Kadanoff and
Baym [128].

We can define a partition function for the non-equilibrium system as
tr Ucpo

tr po

with Ue = U(tg, +00)U(400,tp). As usual, expectation values of observables A and unequal-

Z = (2.9)

time correlation functions can be obtained by introducing source terms to the CTP. In contrast
to the thermodynamic partition function, here we have Z = 1 in the absence of such external
sources, since the evolution along the backward branch exactly cancels the evolution along the
forward branch. Indeed, even if a time-dependent source J(¢) for some Hermitian operator A
is added to the Hamiltonian, H — H — J(t)A, the resulting generating functional Z[J] =1 is
independent of J. We shall discuss in Sec. 3.1.2 that this is a consequence of a hidden Becchi-
Rouet-Stora-Tyutin (BRST) symmetry, and that the partition function (2.9) actually computes
the Witten index of a corresponding topological field theory.

Up to this point we have not specified any details about the system, other than time evolution
being described by the von Neumann equation (2.1). For simplicity, we first consider a harmonic
oscillator described by the ‘free’ Hamiltonian Hy = wga'a, with some ‘bare’ frequency wy, and
with creation and annihilation operators a! and @ which are defined by their action on an energy
eigenstate |n) of Hy,

a'lny=vn+1|n+1) and aln)=+vn|n—1). (2.10)

Their commutator is given by [a, a'] = 1. Moreover, we define the occupation-number operator
N = a'a. In a second step, interactions V may be included in the form of sums over normally-
ordered products of creation and annihilation operators, such that the full Hamiltonian H is
given by H = Hy+ V.

The path-integral representation of the partition function (2.9) is most conveniently derived
via a Suzuki-Trotter decomposition of the time-evolution operator Ug in the over-complete basis
of coherent states. The latter are defined as (right) eigenstates of the annihilation operator a,

ala) =ala) , (2.11)

with the corresponding complex eigenvalue «.. In contrast, the creation operator ' only admits
left eigenstates,

(a|a’ = (a] . (2.12)

11
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to i tmax

a1 =af +ot .- o = af, I an = aof;
[ 4 @ @ @ @ @ 4 @ @ @ @ . J ¢
[ @ @ @ @ @ L 4 @ @ @ @ ®

Q2N = o 02N —1—m = Oy ‘ —0t QN1 = Qp

Figure 2.2: Closed-time path C running from the initial time ¢y to a sufficiently large but
finite time ¢nax and back, discretized into 2N time slices which are each a time step 0t =
(tmax — to)/(N — 1) apart.

To evaluate the path integral in these coherent states, we shall need two particular properties,
namely the resolution of unity,

1 :/d[a*,a] el |0y (al (2.13)

where the notation for the measure is defined as

I
djo*, 0] = d(Re ) d(Im «v) ’
T
and the trace of an operator A,
trA = /d[a*, o e*|°“2<a|A|a> : (2.14)

With (2.14), the trace in the partition function (2.9) can be expressed in coherent states according
to

= / dlo*, a] e (a| Ug fo |a) (2.15)

~ tr o ’ .

We assume that at the initial time ¢y the interactions in V' are switched off, and the system is
in a thermal equilibrium state (thus with respect to Hy),

po = e PHo=1N) (2.16)

with the inverse temperature 3 = 1/7" and the chemical potential p.*> Using the geometrical

series, the trace of the initial density operator (2.16) can be evaluated according to trpy =
1/(1 — e Bwo—my = 1/(1 — pgy) with py = e Plwo—r),

To perform the Suzuki-Trotter decomposition of U, we regularize the CTP to go from tg to
some sufficiently large time ¢y (With the limit ¢y, — 00 taken at the end), and discretize the
time variable to assume 2N discrete values in steps 0t = (tmax — to)/(N — 1). This is visualized
in Fig. 2.2. Inserting the resolution of unity (2.13) at each time slice, the final result for the
partition function is [118|

1 2N ) 2N o
Z / ( ld[ai,ai]> exp{ - Z o (ZGO’}j)aj (2.17)

Cotrp
Po i— ij—1

~
free theory in thermal equilibrium

N-1 2N—1
—idt Yy V(afyq,05) +i6t Y V(a;f+1,aj)}

j=1 j=N+1

interactions

3The chemical potential y is well-defined as long as the Hamiltonian H is such that [N, H] = 0.
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CHAPTER 2. THEORETICAL FOUNDATION

where the 2N x 2N-matrix iGy L represents the discretized (free) inverse propagator,

0,mn

1 —Po
—ut 1

(iG L ): A (2.18)

—u- 1

with ut = eF“0%  The equilibrium initial conditions (2.16) enter through the off-diagonal
matrix element —pg in the upper right corner.

As an important side remark, we mention that to ensure thermal equilibrium in the presence
of interactions V' at all times, while still using the free density operator (2.16) as the initial state,
requires the interactions V' to be switched on adiabatically while evolving the system from the
distant past tg — —oo [127]. In this way, energy levels are adjusted ‘infinitely slowly’ without
causing transitions [129]. However, in contrast to zero-temperature QFT, the interactions remain
active in the distant future ¢ — oo, and are only adiabatically switched off again in the distant
past ¢ — —oo on the backward branch [118].

In the continuum limit N — oo with N 0t = const., the partition function (2.17) becomes
= /D[a’g a et (2.19)
where S denotes the (naive) continuum limit of the contour action,
S = /Cdt (—a*Gyla—V(a*,a)) , (2.20)

with the operator —Gg' = i0; —wp. The time integral in (2.20) runs along the closed contour C.
The problem with (2.20) is that the boundary conditions, which were encoded in the upper-right
elements of the lower-left and upper-right blocks of the discrete matrix (2.18), have disappeared.
As such, the inverse of Gy ! is not unique.? Hence, finding an appropriate continuum formulation
of (2.17) is one of the goals in the remaining part of this section.

For simplicity, we relabel the 2N variables o, around the contour according to Fig. 2.2,

+ form=1,...,N
am:{a’” OHI = hee (2.21)

Aon_my1 form=N+1,...,2N.

The advantage of this relabelling is that only forward time evolution remains, but at the cost of
doubling the number of field components. The partition function (2.17) becomes

2N 1,4+ +
—x = +ok = 7’G0 ,mn ZGO mn Qp
tr po / <Hd i 0@y ]> exp{ - E , (O‘m » My ) (iG—l,—-i- ZG_l ——) (aT—L>

m,n=1 0,mn 0,mn

Z =

N—-1
— 0t Z V(e afh) +idt > V(a;*,a;+1)} (2.22)
m=1

“Tndeed, Gal possesses a zero mode of the form e™*“0f,
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2.1. NON-EQUILIBRIUM QUANTUM FIELD THEORY

with (iGy')** denoting the matrices that result from applying the relabelling (2.21) to (2.18),

1 —Po
_at 1 _ 0
(ZG61)++ _ (] : (2G61)+ _ :
et d ! (2.23)
0 1 —u '
G = G =
(Z 0 ) 0 (Z 0 ) 1 —u
-1 1

By inverting these, we find the discretized free propagators,

. . 1 _ 1 form>n,
(0070 = =G = T—— (") " { (2.24a)
— Po po forn>m,
(amaz*)o = —iGao L (ytymen  JPo form>m, (2.24b)
0 = — = — .
e Omn 1 — po 1 forn>m,
+  —x -~y — Po +\m—n
<aman >0 = _ZGO,mn = 1—po (u ) ) (2'24C)
— % (Yt 1 +\ym—n
(a0, )0 = —iGy o, = T (u™) . (2.24d)

In the continuum limit N — oo with N dt = const., we obtain

(kom0 = (a (H)a (') = np(w)e 0= (2.25a)
(mast™)o = (@™ (H)a™ (#))o = (np(wo) + 1)e 0= (2.25b)
(ahait*)o — (@ (t)a™(t'))o = [0(t — ') (np(wo) + 1) + (' — t)np(wo)] e~ (2.25¢)
(a0 = (@~ (B)a™* (")) = [0(t' — t)(np(wo) + 1) + 0(t — t')np(wo)] e ™0 | (2.254)

where np(w) = 1/(e#@=# — 1) = py/(1 — py) denotes the Bose-Einstein distribution, and
0(t) the Heaviside step function. In both (2.25¢) and (2.25d) the first #-function is regularized
according to #(0) = 1, and the second one according to 6(0) = 0, which is slightly inconvenient
and originates from the discretization (2.24). It is more convenient to use §(0) = 1/2 for both
f-functions, which can be required without harm here since it merely affects the value of the
time-ordered and anti-time-ordered propagators on the diagonal ¢ = t/, which is a set of measure

ZGI"O.5

In general, after the relabelling (2.21), one encounters four different Green functions,

(aT(t)at* () = —iGTT(t,¢) = —iGT(t,t') = (T{a(t)a' (£)}), (2.26a)
(aF(t)a™* (1) = —iGF (t,t') = —iG=(t,¢') = (a'(t')a(t)) (2.26b)
(o~ ()™ (t)) = —iG~T(t, 1) = —iG™ (t, ') = (a(t)a’ (V) (2.26¢)
(o~ (Ha*({t)) = -G~ (t,t') = —iGL(t,t') = (T{a(t)a ()}), (2.26d)

5This convention corresponds to defining the (anti-)time-ordering of (non-commuting) operators A and B at
equal times as T{A(t)B(t)} = T{A(t)B(t)} = (A(t)B(t) + B(t)A(t))/2.
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CHAPTER 2. THEORETICAL FOUNDATION

with the superscripts denoting the time-ordered (T), lesser (<), greater (>), and anti-time-
ordered (T) Green functions, respectively. One can directly verify that the correlators on the
left-hand sides of (2.26) are indeed given by the operator expressions from the right-hand sides
of (2.26): First, (anti-)time ordering in (2.26a) and (2.26d) implies that the field operators
inside the expectation value are sorted such that ¢ is (after) before ¢, which corresponds to the
cases where the fields are both on the (+) or the (—) branch, respectively. The lesser (<) and
greater (>) superscripts in (2.26b) and (2.26¢) indicate that the first field is evaluated before
the second field in the (<) case and vice versa in the greater (>) case, which corresponds to
the two possibilities of placing the fields on different branches of the CTP, since the field on the
forward (4) branch is always evaluated before the field on the backward (—) branch.

The time-ordered and anti-time-ordered Green functions are related to the lesser and greater
Green functions via [118]

GT(t,t') = 0(t —t"G™ (t,t') + 0t —t)G=(t,1'), (2.27)
GT(t,¢) = 0(t' — )G™ (t,) + 0(t — t")G=(t, 1), (2.28)

where the regularization of #(0) here depends on the underlying discretization and can be dif-
ferent for both #-functions in each of the equations. However, at coinciding times ¢ = t' time
ordering and anti-time ordering are equivalent, and we have G7 (t,t) = G (t,t).

An important observation is that the Green functions in (2.26) satisfy the exact relation
GT(t, )+ GT(t, 1) — G(t,t') =G> (1, ¢) =0 (2.29)

for all t # #'.° which can be directly verified by evaluating the expression (2.29) with the
operator expressions from the right-hand sides of (2.26). Eq. (2.29) suggests to perform a linear
transformation which sets one of the Green functions identically to zero. This is achieved by the
Keldysh rotation, where one defines the ‘classical’ field a® and the ‘quantum’ field a4 as

1 1

_ﬁ(oﬁ—l—oﬁ), aq—7(+ a), (2.30)

and analogously for their complex conjugates a®* and a9*. With this linear transformation, the

ac

Green functions (2.26) from the (+, —) basis are transformed into

G(t, 1) = i{ac(t)ad* (1)) = %(GT GT+G> - GY), (2.31a)
G(t, 1) = i{ad(t)a (1) = 1(GT ~GT -G +GY), (2.31b)
G(t, 1) = i{af(t)a™ (1)) = (GT +GT + G +G7), (2.31c)
GI9(t, ') = i{ad(t)ad*(t')) = 3 (GT +G7T - G<) = (2.31d)

Note that the anomalous gq Green function vanishes identically, which is a direct consequence
of (2.29). Moreover, by virtue of the identity (2.29), the propagators in (2.31) can be shown to
be related to the operator expectation values

Gt t') = GT(t, ') — G<(t,t') = i0(t —t'){[a(t),a’ (t)]) = GE(t,t'), (2.32a)
Gie(t, ') = G™(t,t') — GT(t,t') = —if(t' — t){[a(t),a’(t)]) = GA(t, V), (2.32D)
G(t,t') = G™ (t, V') + G=(t, ') = i({a(t),a' (t}) = GE(t,1). (2.32¢)

S At coinciding times t = ¢’ the right-hand side is not necessarily zero, since the precise value depends on the
underlying discretization. Nevertheless, even if it is non-zero it only acquires a finite (< oo) value, and since the
line t = ¢’ is a set of measure zero, relation (2.29) may be safely required also on the diagonal ¢t = ¢'.
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These denote the retarded (R), advanced (A), and Keldysh” (K) Green functions. At coinciding
times ¢t = ¢’ time ordering and anti-time ordering are equivalent, which implies

GE(t,t) + GAt,t) = GT(t,t) — GT(t,t) = 0. (2.33)

The last equality in (2.32a) can be understood as a prototypical Kubo formula [130], which here
expresses that the time-dependent linear response of the operator a at time ¢ with respect to
an external source coupled to al at time ¢’ (i.e., the retarded propagator GR(t, t')) is essentially
given by the commutator [a(t),a(t')]. Hence, GF(t,#') has the general interpretation of encoding
the spectrum of excitations in the system. Indeed, it is related to the spectral function p(¢,t') =
L ([a(t), al(#)]) via

2r

GE(t,t") = 2mif(t — t")p(t, 1) . (2.34)

For time-translation invariant systems, their Fourier transforms G®(w) and p(w) are related via
p(w) = % Im GR(w) . (2.35)

Causality entails that there can not be a response for ¢ < ', which means that we generally have
GE(t, ') =0 for t <t (2.36)

and thus also that the Fourier transform G*(w) (assuming time-translation invariance) is an
analytic function in the upper half of the complex w-plane.® Eq. (2.36) is only one aspect of the
more general ‘causality structure’ of the Keldysh action, cf. Chapter 2.7 of Ref. [118|. We shall
review the causality structure in more detail in Sec. 2.3.2, since its preservation is one of the
main obstacles in devising suitable bilinear regulator terms for real-time FRG flows [1,90].

Since our system is in a thermal equilibrium state, correlation functions satisfy the Kubo-
Martin-Schwinger (KMS) condition [130, 131]

(ADB) 5 = (BW)HN At +i8)e g, (2.37)
where A(t) and B(t') are Heisenberg operators, and the subscript s, indicates a thermal density
operator with temperature 1/ and chemical potential x. In particular, the KMS condition (2.37)
implies the fluctuation-dissipation relation (FDR)

GE (W) = coth (“’Q_T"> (GE(w) — GAw)) (2.38)

— w—H :
= coth( 5T > 271 p(w)

between the Keldysh Green function G (w) and the spectral function p(w). In other words,
G (w) essentially encodes how the spectrum of states given by p(w) is thermally occupied.

By applying the Keldysh rotation (2.30) to the free Green functions (2.25) in the (4, —)
basis, we obtain their counterparts in the (¢, ¢) basis,

GE(t,t) = i0(t — ') e @0 t=1) (2.39a)
Gt t') = —if(t' —t) e o=t | (2.39D)
GK(t,t') = icoth <”°2; a ) e iwolt=t) (2.39¢)

"Sometimes the Keldysh Green function is also called the statistical function.
8For the advanced propagator similar statements hold, namely that GA(¢, ') = 0 for ¢’ < ¢ and that G*(w) is
analytic in the lower half of the complex w-plane.
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where we used that 1+ 2np(wg) = coth((wo — p)/2T). After Fourier transform, we obtain

1
wtic—wy’

Gé%/A(w) =— GE(w) = 2mi coth (wo _ ,u) d(w — wo), (2.40)

2T
from which we can directly verify the FDR (2.38).

The strategy for setting up a proper continuum formulation for the discretized partition
function (2.22) is to write down an action S which reproduces the free Green functions (2.39)
through the rules of Gaussian integration in the absence of interactions [118]. This is achieved
by the Keldysh action

_ [~ o a* 0 i0p — wo — 1€ a“(t)
S = / @ (@ (), a”(t)) (iat — wo + e 2ie coth((wo — p) /2T)> (aq(t)) + (2.41)

/OO dt{=V (™, a™) + V(e a")}

—o
where we have introduced the interaction terms V' again, assuming that the latter are adiabat-
ically switched on from ty = —oo, and with a™ and o~ and their complex conjugates given by
inverting (2.30). The Keldysh action enters the continuum partition function as

Z = /D[ozc*,ozc] Dla?*, o] . (2.42)
The infinitesimal € — 0" in (2.41) ensures that the inverse of the operator in the bilinear form

is unique, and specifically that the free propagators (2.39) are reproduced.

Eq. (2.41) represents the 15%-order form of the Keldysh action. In certain circumstances,
especially in the context of real scalar fields, it is useful to employ the corresponding 2"d-order
form. In this regard, one first parameterizes the complex eigenvalues a according to

a= \/2170(7r —iwpp) and o = \/2170(7r + iwpo) (2.43)

with real ¢ and 7. If the Hamiltonian H is at most quadratic in the momenta m, the non-linear
interactions terms V' can only depend on the specific combination ¢ = i(a — a*)/v/2wp. In this
parameterization the contour action (2.20) acquires the form

.1 w2
S = /Cdt {m - §7r2 - 7%2 - V(¢>)} (2.44)

with qb = 0y¢. The integral over 7 is Gaussian and can therefore be performed explicitly, which
leads to

1y wh oo
S=[dt {=¢"— —¢°—=V(¢) ¢ . (2.45)
C 2 2
Splitting the field ¢ again into ¢ and ¢~ parts, performing the Keldysh rotation according to
1 1
o = E(W— +¢7) and ¢7=—7=(¢" —9¢7), (2.46)

and reintroducing infinitesimal e-terms such that the correct free Green functions are reproduced,
leads to the Keldysh action in its 2"d-order form [118],

1 dw . q 0 (w —ig)? — WP ¢°(w)
o 2 /—oo 27 (#(=w), (=) ((w +ig)? — w3 diew coth(w/2§“)> <q§q(w)> + (2.47)

Lo (557) v (557))
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where we have expressed the quadratic part in frequency space for simplicity,” with the associated
partition function

7 = /Dqﬁc D¢l e =1. (2.48)

2.1.2 Caldeira-Leggett heat bath

By coupling our system particle to an external bath consisting of an ensemble of harmonic
oscillators and integrating out the latter, the Keldysh action becomes dissipative. This is the
idea of the Caldeira-Leggett model [114], see Refs. [132,133] for pedagogical introductions. The
external bath can be characterized by its spectral density J(w), which essentially encodes the
frequencies that can be excited in the ensemble. For a physical external bath it is antisymmetric,
J(—w) = —J(w), positive semi-definite J(w) > 0 for w > 0, but not necessarily normalizable.

With the spectral density J(w), the retarded/advanced components Zg@? (w) of the self-
energy which our system particle acquires due to the interactions with the bath oscillators, can
be written in the form of spectral integrals,

Cdw’ 20 J (W)
R/A
o <”>—‘/0 pr AL (249)

The Keldysh component 5 (w) = coth(2T/w)(EF(w) — £4(w)) is set by the FDR, assuming
that the external bath is in thermal equilibrium at temperature 7' (but not necessarily the
system particle). The self-energy modifies the free inverse propagator in accordance with Dyson’s
equation on the CTP, G—1 = Gal — ¥, expanded in the (¢, q) basis [118§],

0 GSIA — 0 GalA (0 > (2.50)
o' oaptt el B O YLD L I '
In particular, self-energies on the CTP generally inherit the causality structure of the Keldysh
action [118], as reflected by (2.50).

For an ‘Ohmic’ spectral density of the form J(w) = 2yw the retarded part of the self-energy
in (2.49) becomes X (w) = const. + iyw, and the resulting Keldysh action reads (absorbing the

infinite constant in the bare frequency w%)

=3 [0 (g e () * @
Lo (577) v (557))

In comparison with (2.47) one can see that the infinitesimal e-terms can be dropped as soon

as a finite damping constant v is introduced. In fact, by taking the limit of an infinitesimally
small damping constant v — 0% one recovers the e-prescription from (2.47). In other words, the
e-terms in (2.47) can be interpreted as an infinitesimal coupling to an external (Ohmic) heat

bath at temperature T

9We have dropped the chemical potential ;1 here since it is not meaningful if particle number N is not conserved,
which is generally the case for real scalar fields.
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2.1.3 Thermal equilibrium as a symmetry of the Keldysh action

By construction, the CTP formalism is not limited to systems in thermal equilibrium. Hence,
given an arbitrary Keldysh action S, it would be desirable to be able to tell whether the system
is in or out of equilibrium. It was put forward in Ref. [107] that the state of thermal equilibrium
is reflected by the presence of a certain discrete symmetry of S. Since, as part of the present
work, we will generalize this statement to relativistic Dirac fermions in Chapter 5 below, it is
instructive to briefly review a simplified form of their argument here.

Consider the two-point correlation function from (2.26¢),
—iG” (t, ') = (a” (t)a™(t))s, (2.52)

where the subscript g denotes the action that enters the path integral (2.19). Following (2.26¢),
we can express (2.52) equivalently in terms of creation and annihilation operators,

—iG” (t,t") = (a(t)a’ ()5, (2.53)

where the subscript g indicates that the expectation value is taken with respect to the thermal
density operator e H . (For simplicity, we set u = 0 here.) By applying the symmetrized KMS
condition (2.37) to the right-hand side of (2.53), it can be equivalently expressed as

—iG” (t, ') = (al(t' —iB/2)a(t +iB/2))s . (2.54)

Notice that the time ordering has changed when going from (2.53) to (2.54). This is problematic
for general multi-time correlation functions, since the resulting time ordering is inconsistent
with the time ordering around the CTP, preventing a Keldysh path-integral formulation [107].
To remedy this, one inserts identity operators 1 in the form of two consecutive time-reversal
transformations 7" to the right-hand side of (2.54), which here yields

—iG” (t, ') = (@' (—t' —iB/2)a(—t + i8/2))% - (2.55)

(Since the time-reversal operator 7' is antiunitary, inner products become their complex con-
jugates.) The subscript F indicates that the expectation value is taken with respect to the

time-reversed density operator ﬁg = TﬁgTT. The tilde in @ and a' indicates that time evolution
is understood with respect to the time-reversed Hamiltonian H = THT?.

The complex conjugation in (2.55) reverses the ordering of operators yet again,
—iG” (t,1) = (@l (—t —iB/2)a(—t' +ip/2))5, (2.56)

but now the resulting expression is consistent with time ordering around the CTP, especially in
the case of multi-time correlation functions which involve more than two time arguments [107].
As such, we can generally express (2.56) as a Keldysh path integral, which here yields

—iG” (t,t") = (a " (=t —iB/2)at (=t +iB/2)) 5, (2.57)

where S is the time-reversed Keldysh action, which is obtained by repeating the procedure
of Sec. 2.1.1 for the time-reversed density operator f)g and the time-reversed Hamiltonian H.
In many cases (unless there are, e.g., external magnetic fields which change sign under time
reversal) one has ﬁg = pg and H = H, and thus S = S.
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Hence, comparing (2.52) and (2.57), we have
(o= (M)a™ ({t")s = (a7 (=t —iB/2)a" (—t' +iB/2))5. (2.58a)
Analogously, we can derive a similar equality for the lesser Green function (2.26Db),
(@ (D~ ()s = (o~ (= — iB/2a™" (—t +iB/2))5. (2.58D)
A sufficient condition for the equalities in (2.58) to hold is

Sla] = S[Tsa], (2.59)

with a = (at,a™, o™, a=*)7, and with the discrete transformation

T ( . i*(_¢:tiﬁ/2)> - (2.60)

= (—t+if/2)
As we have seen above, 7g can be regarded as a combination of the KMS condition (2.37)

o Q
%
==
~
Il
-~
Q

and time reversal. In particular, 7 is measure-preserving [107]. In fact, it was proven in
Ref. [107] that the relation (2.59) is not only a sufficient criterion for thermal equilibrium, but
also necessary. Moreover, in the absence of any external fields which change sign under time
reversal we have S = S, such that the condition (2.59) reduces to an invariance of S under Ts
in this case.

In frequency space, after Fourier transform and Keldysh rotation (2.30), the corresponding

T af (w) _ cosh (B(w —p)/2) —sinh (B(w — p@)/2) o (—w

ot @) = e (B m/2) cosh (8w — w72 ) \ar(w) )
@)Y _ ( cosh(Bw—p)/2) —sinh (B(w—p)/2)) (o (
<w>>‘<—smh<< 1)/2)  cosh (Alw >/2>><oﬂ< ) (261)

In particular, one may explicitly verify that an invariance of the Keldysh action S under this

transformation is given by (here generalized to p # 0 [107])

Q

—Ww
—W

)
)
)
)

transformation implies the FDR (2.38). For completeness, we note that in case of the 2nd_order
form (2.47) of the Keldysh action, the corresponding transformation is given by [107]

- (0°p)) _ [ coh(Bw/2)  —sinh (5/2) (6°(~w,p) 062)
P\"w.p))  \~sinh(Bw/2)  cosh(Bw/2) ) \@(~w.p)) |
2.1.4 Classical-statistical limit: recovering the Martin-Siggia-Rose formal-
ism

To perform the classical limit of the dissipative Keldysh action (2.51) it is convenient to employ
a different convention for the Keldysh rotation,

6=5@ +eT),  d=oT -4, (263)

which is still measure-preserving, but no longer orthogonal. The variables ¢ and ¢ are related
to ¢¢ and ¢? from (2.46) via ¢ = ¢°/v/2 and ¢ = V2¢?. We now re-introduce % using (i)
dimensional analysis, and (i7) the rule that every quantum field ¢ — h¢ acquires an additional
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factor of A [118]. The potential V(¢*) and the equilibrium distribution function coth(w/27) in
the Keldysh action (2.51) become, to leading order in A,

V(h) V(o) =V(p+L2¢)—V(p—L¢) =hV'(¢) + O(R?) (2.64)
and, with T'— T'/h,
coth (Z;) _ % +owm). (2.65)

Inserting (2.64) and (2.65) into (2.51), and replacing S — S/h, we obtain for the Keldysh action

1 [ dw ~ 0 w? —iyw — w3 d(w)
5= 2h /Oo 2 (6(=w), ho(~w)) <w2 +iyw —wi  2iyT/h+ O(f%) (ﬁ&(w)) *
P a{-ve+id+vie-1d)

o0

h=0, / dt {— é (qﬁ + ¢+ V’(¢)) + mTqb?} . (2.66)
—0o0

This is the classical MSR action [100] for a real degree of freedom ¢ moving in a potential

V(¢) and coupled to an external heat bath with Ohmic spectral distribution. To see this, one

recognizes that the response field ¢ only appears quadratically in (2.66), which allows one to

linearize the action in ¢ via a Hubbard-Stratonovich transformation,

exp{—/:meqB?} :/Dg exp{—/_zczt[;j,g?—igé]} . (2.67)

After applying this transformation to the partition function (2.48), the exponent becomes linear
in ¢ and thus the corresponding functional integral evaluates to a d-functional,

Z = /Dge—fé/w /ma b6+ V(0)—¢] (2.68)
enforcing the Langevin equation of motion

O+79+V'(¢) =€, (2.69a)

in which the Gaussian noise ¢ is fully specified by its first two moments,

(€)= 0, (€M) =29To(t — 1)) (2.69b)

Indeed, by running the steps from Eq. (2.66) to Eq. (2.69) backwards, one can always convert
a Langevin equation into a corresponding path integral. This is the essence of MSR formalism
[100-102]. We shall use this approach multiple times in this thesis to convert stochastic equations
of motion into corresponding path integrals, which then forms the basis for an analysis using

the real-time FRG.

Towards the end of this subsection, we remark the following observation: From the point of
view of the Keldysh formalism, non-equilibrium QFT and classical-statistical field theory [85] are
virtually indistinguishable, since both are described by an action S[@, g?)] which depends on both
¢ and ¢. In particular, as we have seen, the MSR action (2.66) is effectively obtained from the
Keldysh action (2.47) by simply replacing the Bose-Einstein distribution %coth(w /2T) with the
Rayleigh-Jeans distribution 7'/w (cf. (2.65)) and removing all ‘quantum’ vertices, i.e., interaction
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terms that involve more than one quantum field ¢. For instance, this observation allows one to
benchmark non-perturbative truncation schemes for real-time QFT applications by comparing
their classical limit A — 0 with ab-initio results from classical-statistical simulations [90, 98|.
The latter can be performed, e.g., on high-performance computing clusters to solve many-body
generalizations of Langevin equation such as (2.69a) numerically. In particular, the critical
dynamics close to a second-order phase transition is governed by the slow (infrared) modes w < T'
of the system, such that the classical-statistical limit captures the universal critical properties
exactly. Hence, classical-statistical simulations are an ab-initio tool to study dynamic critical
phenomena [48-51,66,67,86-89,134]. To take into account at least the leading-order quantum
corrections to the classical-statistical limit, a ‘Gaussian-state approximation’ was proposed in
Refs. [91,92] where one propagates Gaussian states in time. These various real-time methods
listed in the present paragraph were quantitatively compared in Ref. [90] by computing the
spectral function of the dissipative quartic oscillator as a simple quantum-mechanical testbed
system, which one can solve by exact diagonalization of the Hamiltonian.

2.2 Dynamic universality classes

In this section, we review the basics of dynamic critical phenomena with particular emphasis on
their realization in QCD. For a pedagogical introduction see the textbooks by Tauber [104] and
Onuki [103], and also the original review article by Halperin and Hohenberg [46].

Generally speaking, dynamic critical phenomena refer to the presence of universal scaling
behavior in time-dependent quantities such as transport coefficients, relaxation rates, spectral
functions, or general unequal-time correlation functions. In this sense, they generalize the notion
of static critical phenomena [31,135-137| to time-dependent processes. Before we discuss these
dynamic critical phenomena in more detail, let us briefly review some important aspects of
static critical phenomena. A central quantity is the correlation length & of order-parameter
fluctuations. For instance, assuming that the system is described by an N-component order
parameter ¢, the correlation length & can be defined as the exponential decay of the two-point
correlation function at large distances (assuming translational invariance), i.e.,

G
Gap(T) = (da(x)95(0)) — (Pa) (D) ~ Sab = |z — oo (2.70)

It is well-known that £ diverges as the second-order phase transition is approached (assuming

that no external symmetry-breaking fields are applied),
E~ |7V for|T| =0, (2.71)

where 7 = (T'—T.)/T. denotes the reduced temperature, and v is a critical exponent character-
izing the power-law divergence. It is well-known that v assumes the same value in all systems
from the same static universality class. The latter, in turn, only depends on few macroscopic
properties such as the number of spatial dimensions d and the number of components N of the
order parameter, but generally not on the details of the microscopic interactions. Historically,
the theoretical explanation for universality of the critical exponents came from Wilson’s renor-
malization group and the e-expansion by Wilson and Fisher [138], building on Kadanoff’s earlier
work on the block-spin renormalization group [139].

There are several other critical exponents. For example, 17, describes the anomalous dimen-
sion of the order parameter, i.e., the power-law decay of order-parameter correlations precisely
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at T = T, where the theory exhibits scale invariance,

5ab

Gap(T) ~ Tz

for x| — oo, (2.72)

or, after Fourier transform,
Gap(p) ~ bap [P|*"™  for [p| = 0. (2.73)

The critical exponent § is defined via the behavior of the order parameter as the critical tem-
perature is approached from below,

(¢) ~ (—=7)P  for T — 0. (2.74)
The critical exponent « characterizes the power-law behavior of the specific heat capacity C,
C~|r7* forT—0. (2.75)

A useful observation is that C' shows the same power-law divergence as the two-point correlation
function of the composite operator ¢*(x) at zero momentum (for o > 0),

C~ / d (6 ()62(0)) ~ 7], (2.76)

which is because ¢?(z) is the most singular part of the canonical energy density 7% in the
corresponding ¢*-theory [137]. The susceptibility exponent 7 in the symmetric phase T > T, is
defined via

/dde ($a(x)Pp(0)) = Gap(p — 0) ~ Jup 77 for 7 — 07 . (2.77)

Finally, to define the critical exponent §, we need to apply an external symmetry-breaking field
H>0atT =1,

(¢) ~ HY?  for H — 0", (2.78)
The six critical exponents are related via four (hyper-)scaling relations [31],
y=B6(0-1), a+28+v=2, Q2-n =7y, dv=2-—a (ford<4), (2.79)

and thus only two are independent.

Now we turn to dynamic critical phenomena. Critical slowing down entails that the corre-
lation time & of order-parameter fluctuations scales with its correlation length £ as the critical
point is approached,

&~ &7, (2.80)

which defines the dynamic critical exponent z. As such, the correlation time shows a power-law
divergence at the critical point as well.' However, the associated critical exponent, z, is not
determined by the static universality class, which means that two systems in the same static
universality class can have different value of z. Instead, z is specified by the dynamic universality
class of the system. Here the idea is to group systems by the equations of motion that the critical

OTntuitively, a divergent correlation time means that the relaxation of a system back to thermal equilibrium
becomes self-similar, with universal scaling determined by the dynamic critical exponent z.
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long-wavelength modes satisfy. Systems with the same equations of motion are said to be in the

same dynamic universality class, and have the same value of z.

Critical slowing down (2.80) implies that the long-wavelength fluctuations of the order pa-
rameter become arbitrarily slow as the critical point is approached, which means that their
equations of motion are determined by a hydrodynamic theory. In general, hydrodynamics de-
scribes the time evolution of the long-wavelength modes at long timescales. Near a second-order
phase transition the relevant modes potentially include, e.g., densities of conserved charges whose
relaxation is slow due to the conservation law, Goldstone modes associated with the spontaneous
breaking of a continuous symmetry, but also, as a novel ingredient as compared to standard hy-
drodynamics, possibly the order parameter itself, due to critical slowing down (2.80) [47]. Hence,
to determine the dynamic universality class, it is necessary to specify whether or not the order
parameter is conserved, whether there are other conserved densities in the system, and how
the latter interact with the order parameter. Moreover, the large fluctuations near a thermal
second-order phase transition appear in the equations of motion as Langevin noise terms whose

variances are set by fluctuation-dissipation relations.

In their seminal work [46] from the 1970s, Halperin and Hohenberg defined a set of abstract
models, each being a representative of a dynamic universality class. For instance, Model A
describes a system with no conservation laws, Model B describes a system with a conserved
order parameter but no other conserved quantities, and Model C describes a non-conserved
order parameter which couples to a conserved (energy) density. On the other hand, in Model G
and H the order parameter couples to the conserved quantities only dynamically in the form of
reversible mode couplings. In principle, all of these models exist in a pure abstract way without
reference to a concrete physical system. However, given the motivation for the present work, we
want to particularly emphasize their potential realization in QCD in the following subsections.

Before we discuss the relevant models in detail, we review the general structure of the equa-
tions of motion [104]. Deriving the equations of motion for the long-wavelength modes rigorously
from the microscopic theory is usually unfeasible in practice, in the same way as it is usually
unfeasible to carry out an explicit derivation of the Landau-Ginzburg free energy from the micro-
scopic theory in the context of static critical phenomena. Luckily, such a first-principle derivation
is not necessary concerning universal properties, since these are, per definition, largely indepen-
dent of the microscopic interactions. Instead, one follows the spirit of the Landau-Ginzburg free
energy and postulates the form of the equations of motion on the basis of general principles,
including, e.g., global symmetries, the presence/absence of conservation laws, and, as we shall
see, Poisson-bracket relations between the order parameter and the conserved densities.

Assume that the Landau-Ginzburg free energy (or effective Hamiltonian) F[¢] is known, and
that it depends on a set of fields ) = () 4(x)) which are enumerated by the superfield index
A. The equilibrium distribution for the fields in 7 at temperature 7T is given by the Boltzmann
distribution e~ FI¥//T Hence, in the absence of external time-dependent sources, the equations
of motion must be such that the probability distribution relaxes to e F#/7T for long times, as
determined by the corresponding Fokker-Planck equation. In the simplest case this requirement
is fulfilled by a Langevin equation of the form

61/),4(15, 33)
ot

_ —mawm T ealt,@), (2.81)

where the functional derivative is understood at fixed time ¢, and the kinetic coefficients y4p =
Y48(V) are local operators that may involve spatial gradients. The Gaussian noise 4(¢, x) is
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characterized by its first two moments set by the FDR in thermal equilibrium,
<£A(ta m)> =0, <£A(t’ m)éB(t,7 $,)> = 2’?ABT5(t - t/)é(m - wl) ) (282)

which can be shown with the associated Fokker-Planck equation, see e.g. Chapter 4 in Ref. [118].
Apart from Onsager’s principle 445 = 4pa,"" the kinetic coefficients 445 depend on whether or
not 14 is a density of a conserved charge. If it is, then the Fourier transform 45 (p) must vanish
in the limit p — 0, since a homogeneous field configuration 1 4(x) = const. can not dissipate
in this case. In particular, whether or not the order parameter is conserved distinguishes, for
example, Model B from Model A, as we shall see below.

There is additional freedom in writing down the equations of motion. Namely, one may
add non-linear reversible mode couplings fi®¥(x) between the fields 1 to the right-hand side of
(2.81),

awA(tvx) _ A 6FW}]
ot Phyp(z)

without affecting the equilibrium distribution, and thus without affecting the static critical

+8alt,x) + [ (2), (2.83)

behavior. One can explicitly verify that the Boltzmann distribution e~ *[¥!/T is still a stationary
solution of the Fokker-Planck equation as long as the reversible terms f*V are divergence-free
with respect to e~ VT [104,110],

/dd e )(freV( z) —FM/T) —0. (2.84)

A particularly convenient parameterization of the reversible terms f3V can be achieved with
the rather elegant Poisson-bracket technique [140, 141]. Here one assumes that the fields in
admit a set of Poisson-bracket relations {1 4(x),¥p(x’)}. In this case, the contribution from

ideal (Hamiltonian) dynamics to the time evolution of 1, is given by'?

SF Y]
pp(x')’

where the integral in the second equality is commonly suppressed since the Poisson-bracket is

f”—gw%<>F}=g/ﬁ%%¢Am»wxdn (2.85)

usually local, i.e., given by some local operators acting on d(x — '), such that one simply writes

JXY = g{va, 1/13} (2.86)

The strength of the reversible mode couplings is controlled by the mode-coupling constant g.
In particular, the form (2.85) guarantees the exact conservation of F' during infinitesimal ideal

time steps, to wit
" et OF[Y] OF[y]
dpa(x) op(x’)

which immediately follows from the anti-symmetry {¢4(x), vp(x’)} = —{¢p(2),a(x)} of the
Poisson bracket.

dF

=0, (287)

1oV _ /dd A’ {ipa(x), vp(a')}

11 Assuming that ¢4 and ¥ p have the same parity under time reversal.

12Tn general, at finite temperature T additional terms are needed to ensure (2.84), as can be shown
from the Zwanzig-Mori projector formalism [142, 143]. In the present work we consider only systems
where such terms are not needed, which is the case if the Poisson brackets satisfy the additional condition

§{a(z), ¥p(x)}/0vs(E) =0
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The kinetic coefficients 445 as well as the reversible mode couplings fiV are not determined

by the Landau-Ginzburg free energy F', and thus not by the static universality class. Indeed,
one needs the dynamic universality class to determine the form of 445 and fﬁf".w As such,
the Langevin equations (2.83), possibly together with non-vanishing reversible mode couplings
of the form (2.85), are the basis of all the dynamic universality classes which we discuss in the
following subsections.

2.2.1 Model A

This subsection presents results which have already been published in Ref. [1].

Consider a Landau-Ginzburg-Wilson (LGW) free energy F for a single-component real scalar

field ¢ in d spatial dimensions of the form
1 2 A
F= /dd:r {2(V¢>)2 n %& + 4,¢4} (2.88)

with m? < 0 to spontaneously break the Z, symmetry, and a positive quartic coupling A > 0.
As usual, the equilibrium partition function Z., is given by

Ty = /nge_F/T, (2.89)

from which, e.g., the universal scaling of the free-energy density near the critical point may be
extracted.

Regarding the equations of motion, the arguably simplest case is a system in which the
order parameter ¢ is not conserved, and there are no other slow modes which interact with ¢.
For small deviations from the equilibrium state, one can take the equation of motion to be of

Langevin form'

0¢ oF
— =-T%— 2.90
where £ is a Gaussian noise whose variance is set by the Einstein relation (as a classic example

of the FDR)
(Et,x)) =0, (Etz)Ed,x))=20°To(t—1)o(x—a'). (2.91)

The kinetic (Onsager) coefficient I'? is a measure for how ‘fast’ the system relaxes back to
its equilibrium state, i.e., to the minimum of the free energy. In contrast, the noise term &
models the effects of thermal fluctuations and can be thought of as causing Brownian motion,
with the excitations experiencing random forces from the surrounding heat bath that is in
thermal equilibrium at temperature T. One can verify from the corresponding Fokker-Planck
equation that the probability distribution for ¢ indeed converges to the Boltzmann distribution
e F/T [118]. Eqgs. (2.88), (2.90), and (2.91) define Model A. The dynamic critical exponent z is
usually parameterized as z = 2 + ¢n with the anomalous dimension 7, of the order-parameter
field and a positive constant ¢ of order one. In the e-expansion (with € = 4 — d) around the
upper critical dimension d = 4 one has, at leading order, ¢ = 61n(4/3) — 1 + O(e) [46].

13 As a practical application, the freedom of choosing the kinetic coefficients can be used to optimize real-time
simulations of complex-Langevin equations [144].

Y This corresponds to taking the overdamped limit of the Langevin equation (2.69) and replacing the potential
V(¢) with the LGW free energy F[¢].
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We can directly conclude from Sec. 2.1.2 that, microscopically, Model-A dynamics can be
realized by replacing the potential V(¢) in (2.69a) with the LGW free energy (2.88), which
corresponds to coupling a standard ¢*-theory to an external Caldeira-Leggett heat bath [114]
with Ohmic spectral distribution. The emergence of Model-A dynamics at the critical point
of this theory has been explicitly demonstrated using classical-statistical lattice simulations in
Ref. [88].

Dynamic critical behavior is reflected in the spectral function p(w, p) of the order parameter,
which is given by the imaginary part of the retarded propagator (cf. Eq. (2.35)),

p(w,p) = %Im G (w,p). (2.92)

The retarded propagator G can be determined by applying an external source H in the free
energy,

F—F— /d% H(t,z)p(x),
and measuring the time-dependent linear response,

3(¢(t, ®)) n

Ri, ) —
G t—thax—a) SHE ) ‘H:o.

(2.93)
After Fourier transform, the critical part of the spectral function satisfies the dynamic scaling
hypothesis [86]

$* 1 p(s%w, sp, s1/V7) = p(w, p,7) (2.94)

for s > 0, where the third argument here indicates the dependence on the reduced temperature
7= (T —T,)/T.. Introducing dimensionless frequency and momentum variables @ = f;"w and
p = f¥|p|, where f and f;" are the non-universal amplitudes of the static correlation length &
and the correlation time & at T > T, the critical spectral function can therefore be expressed
in terms of universal dynamic scaling functions [88], e.g.,

plw,p, ) =~ @ Ef (1) (2.95)
=5 @ f (1, y 2 (2.96)

where z = p*/wandy = 7/ /7% These are not independent, of course, but chosen as convenient
for the specific purpose and related by f,(z,y) = y:_(z_”L)/pr(l/:E,y/ml/yz). Whenever the
dynamic frequency scaling function f,(x,y) is regular in the origin, with f,, = f,(0,0) > 0, we
immediately obtain for p = 0, 7 = 0, i.e., in the long-wavelength limit at criticality, the infrared

power-law,
p(w,0,0) = f,@™ 7, with o =(2—nb)/z, (2.97)

as it is the case for Model A.

Critical spectral functions of Model A were computed in Ref. [1] using the real-time FRG.
The truncation was inspired from the earlier study of Ref. [90] on the spectral functions of
the quantum-mechanical quartic ("anharmonic’) oscillator, and is based on an expansion of the
effective average action in one-particle irreducible vertex functions, combined with an expansion
in the number of loop structures on the right-hand sides of the corresponding flow equations.
Two different field expansion points were considered in Ref. [1], namely (i) the scale-dependent
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Figure 2.3: Critical infrared power-law (2.97) in the spectral functions of Model A in d = 2 (left)
and d = 3 (right) spatial dimensions at vanishing momentum gradually builds up for T — T,
when approaching the critical temperature from above. Mean-field results are shown as dotted
gray lines for comparison. Solid lines represent the results from the symmetric expansion scheme
(74), and dashed lines the results from the comoving expansion (¢). For details on the respective
truncations we refer to Secs. 3.1.1 and 3.1.2 of Ref. [1].

(‘comoving’) minimum including one-loop structures in the two-point function, and (i3) the fixed
field expansion point ¢ = 0, including two-loop structures in the two-point function, and one-
loop structures in the four-point function. The results are shown in Fig. 2.3 for various reduced
temperatures 7. One can clearly see that for 7 — 0 the expected power law (2.97) emerges in
the infrared (IR), from which one can read off the associated dynamic critical exponent.

There is a slight tension in the literature on Model A in two spatial dimensions, as different
results seem to converge to two slightly different values (although within about 2.5 standard
deviations, see the discussion in [88]). The lower one, see e.g. Refs. [88,145], is close to the
experimental value of z = 2.09(6) from Ref. [146], while most simulations tend to settle around
z = 2.17(3), cf. Ref. [147], which is close to the original Monte-Carlo estimate of Nightingale
and Blote [148] and also agrees with other calculations, e.g. see Refs. [84,149,150]. With all
due appreciation of the systematic uncertainties of the FRG computation behind the spectral
functions in Fig. 2.3 discussed in Ref. [1], especially in two spatial dimensions, the result for this
dynamic critical exponent z seems to be in favor of the experimental value of 2.09(6) in both
expansions.

In three spatial dimensions, the situation is somewhat more settled, and most precision
results from the literature collectively find z ~ 2.024, see, e.g., Refs. [84, 149-152| and the
references therein. The real-time FRG results of z = 2.042 and z = 2.035 for the comoving
(i) and symmetric expansion (ii) [1]|, respectively, are in reasonable agreement, given that the
error induced by the truncation of the FRG flow is at least of the same order as the discrepancy
between the two schemes. For comparison, various results for the anomalous dimension 7, and
the dynamic critical exponent z of Model A are collected in Table 2.1.
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d= nL ‘ z ‘ Reference ‘
FRG 0.43 2.15 (LPA), 2.17 (UZA) | [149]
0.29 2.16, 2.15, and 2.14 [84]
0.446(%) | 0.244%) 2.0944) | 2.073(%) [1] (This work.)
MC 2.1667(5) [148]
PFT 2.093 [145]
CS 2.10(4) 8]
e-expansion 2.14(2) [150]
Experiment 2.09(6) [146]
Exact 1/4 [153]
i=3 | | |
FRG 0.11 2.05 (LPA), 2.14 (UZA) | [149]
0.055 2.025 [151]
0.0443 2.024, 2.024, and 2.023 | [84]
0.0988( 0.0427() 2.042) 2.035(%) [1] (This work.)
0 2.011 [154]
0.0443 (9?), 0.033 (0) [155,156]
0.0361(11) (9) [78]
MC 2.0245(15) [152]
CS 1.92(11) [88]
e-expansion 2.0235(8) [150]
CB 0.036298 (157,158

Table 2.1: Comparison of results for the critical exponents 1, and z with Ising universal-
ity and Model A dynamics in d = 2,3 spatial dimensions: These include Monte-Carlo (MC)
simulations [148, 152|, FRG calculations [1, 84,149, 151, 154|, perturbative field theory (PFT)
methods [145], classical-statistical lattice simulations [88], and five-loop e-expansion [150]. In
two spatial dimensions, one furthermore has the exact value for 7, from Onsager’s solution [153]
and the experimental value for z from Ref. [146]. In three spatial dimensions, high-precision
results are available from conformal bootstrap (CB) [157,158]. The FRG results of Ref. [84]
were obtained for three different ‘frequency regulators’. The results from Refs. [155, 156] are
understood as second O(9?) and fourth O(9*) order in the gradient expansion, and the more
recent one of Ref. [78] as sixth order O(9°) together with a novel error estimate. The super-
scripts on the results of Ref. [1| indicate: (i) comoving expansion, and (i) symmetric expansion,
as discussed in the main text.
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2.2.2 Model B

This subsection presents results which have already been published in Ref. [1].

We consider the LGW free energy (2.88), which means that the static critical properties
are the same as in Model A. In Model B, on the other hand, the order parameter ¢ is locally
conserved, so it satisfies a continuity equation,

99

pr— 2.
o TV =0 (2.98)

For small deviations from the equilibrium state, the constitutive relation for the current j, can
be taken as

oF

where o denotes the order-parameter mobility, and ¢ is a Gaussian noise characterized by
(Cita) =0, (C(ta)d(t,a) = 20T 595t - )5(a — o), (2.100)

which ensures that the system relaxes to the equilibrium distribution e~ /7. With (2.99), the
continuity equation (2.98) becomes

[ 9 O0F

i oV 5 +V-C. (2.101)
This is the original formulation of Model B [46]. The dynamic critical exponent is fixed to be
exactly z =4 —n, in this case, since the order-parameter mobility ¢ turns out to be protected
from renormalization due to the diffusive structure of the vertices in the associated MSR action.
The dynamic critical exponent thus aligns with the prediction of the ‘conventional theory’ of
critical slowing down here [46], in which the divergence of kinetic coefficients is neglected.

A microscopic realization of Model B was simulated in Ref. [89], and a dynamic critical
exponent close to z =4 — 7, was indeed observed in the infrared part of the spectral functions
near the critical point. Moreover, the authors were able to extract scaling functions which
describe the universal frequency, momentum and temperature dependence of the critical spectral
functions, in accordance with the dynamic scaling hypothesis (2.94).

Model B can be realized in another way which is particularly relevant for QCD, as was shown
by Son and Stephanov [47], which we review in the remainder of this subsection. In QCD, the
chiral order parameter ¢ ~ qq — (Gq). is not conserved,'® but there are other conserved densities
such as the baryon density n ~ §7°¢—(7y°¢).'® Hence, in the absence of the baryon density and
any other conserved densities, one would write down the relaxational equation of motion (2.90)
for ¢, with the LGW free energy (2.88), leading to Model-A dynamics. In QCD, however, there
is the conserved baryon density n, and based on the general discussion from the beginning of this
section, we have to take into account the interactions of ¢ with n. How does the interaction look
like? At finite baryon chemical potential and quark masses there is no symmetry that forbids

5Here the subscript . denotes the (finite) value at the critical point.

8For the purpose of this subsection we neglect any other conserved quantities, in particular, energy and
momentum. On the other hand, the conserved iso-vector current associated with the SU(2)y symmetry turns
out to be RG irrelevant [37,47].
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mixing of ¢ and n, see e.g. Ref. [159] for a recent discussion. As such, we can imagine that (2.88)

is the result of integrating out the conserved baryon density n in
1 m? A 1
F=[d%z (V) + —¢*+ -¢"+B —n? 2.102
[ate{3vor + g+ o+ Bont S (2.102)

with real parameters m?, B and Y. Here we have included the leading-order terms in an
expansion of n. We have neglected terms involving gradients of n, since these will turn out to
not affect the dynamic critical behavior [47]. However, the (V¢)? and ¢? terms must be kept
since they are responsible for triggering the phase transition in the first place. With n added to
the system, the equilibrium partition function (2.89) becomes

Zeg = /quneF/T. (2.103)

One can explicitly verify that, by evaluating the Gaussian integral over n, the standard ¢* LGW

2 = m? — B2y, where the

free energy (2.88) is recovered, albeit with the mass parameter m
finite offset —B?xg comes from the mixing of ¢ with n. Hence, the static universality class (Z5)
is not altered. Moreover, due to the mixing of ¢ and n, the conserved density n is an equally
good order parameter concerning static critical behavior. In particular, its expectation value (n)
is discontinuous across the first-order transition, and it inherits the critical fluctuations from ¢,
which implies, e.g., (n?) ~ ¢274 for its variance.

To determine the dynamic universality class, it is sufficient to employ the mean-field approx-

imation (MFA) for our purposes here. Since the self-consistently determined squared mass m?

2

behaves linearly with the reduced temperature m* ~ 7 near 7 = 0, and with the correlation

Y with the mean-field critical

length ¢ being given by & ~ 1/m for m? > 0, we obtain & ~ 7~
exponent ¥ = 1/2 near the critical point. Moreover, as usual in mean-field theory, n, = 0.
Importantly, the individual parameters /m?, B, and xq stay finite at the critical point, only the
specific combination m? = m? — B?yo vanishes, i.e., the determinant of the quadratic form in

(2.102) in (¢, n) field space [47].

We now turn to the dynamics. Since n is the density of a conserved charge, it must fulfill a
continuity equation of the form

on .
o TV in=0. (2.104)

For small deviations from equilibrium the current j,, is given by the constitutive relation'”

oF

-, (2.105)
in which A, is the baryon conductivity, and the moments of the Gaussian noise ¢ are set by the
FDR, as specified in (2.107) below. The equation of motion for ¢ can be seen as a generalization
of (2.90) and is given by

% — _F¢5j

o 5 +€, (2.106)

17 A priori, there is no reason for the off-diagonal kinetic coefficients to vanish, which would allow a contribution
from 6F/d¢ here as well. However, as it turns out [47] such off-diagonal terms do not affect the dynamic
universality class, and we thus neglect them here from the beginning.
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The noise correlators are fixed by the FDR,

(Et,x)E ) = 20T 5(t — t')o(x — '), (2.107a)
(&t z)' (¢ a')) =0, (2.107b)
(C(t, ) (', x")) = 20, T 69 6(t — t')d(x — ') . (2.107¢)

Upon linearization of the equations of motion (2.104) and (2.106) around ¢ = n = 0 and an
expansion to leading order in V we obtain

O = —T?(m%p + Bn) + €, (2.108a)
om =\ V3(Bod +n/x0) +V-C. (2.108b)

The eigenfrequencies of this linear system, to leading order in p (after Fourier transform), are
given by
wi(p) = —iDegp®,  wa(p) = —il?m?, (2.109)

which correspond to a diffusion mode and a relaxational mode, respectively. In particular, for
the former one finds the effective diffusion coefficient Deg = A\ym?/(xom?) [47]. As one can
see, Deg is proportional to m?, and thus vanishes at the critical point.'® On the other hand,
the damping rate I'® stays finite, at least on mean-field level [1]. The modes in (2.109) can
be physically interpreted by analyzing the corresponding (right) eigenvectors, which read (at

p=0) [47]
v] = <_mBQ> , vy = (é) . (2.110)

First, the eigenfrequencies (2.109) entail that at sufficiently small wavenumbers p and long
timescales only the diffusive mode w; survives, since it becomes much slower than the non-
conserved mode wo. In particular, the latter has effectively died off after its relaxation time
1/(T'%m?), which in the long-wavelength limit p — 0 is guaranteed to become much smaller
than the p-dependent relaxation time 1/(D.gp?) of the diffusive mode. The eigenmode that is
left (v1 in Eq. (2.110)) involves ¢ and n in fixed proportion, ¢ = —(B/m?)n. Hence, concerning
dynamic critical behavior, one can integrate out the fast chiral order parameter ¢ and focus on
the slow (diffusive) dynamics of n.*

In general, both these modes can reflect the singular behavior near criticality at the second-
order phase transition. For the diffusive mode, the usual argument is as follows: For wavevectors
|p| > ¢! the critical singularity is manifest, wy (p) ~ |p|*. For smaller wavevectors |p| < €71, on
the other hand, the dispersion relation is regular and given by (2.109). Requiring these two limits
to match smoothly at |p| ~ 71, and with Deg ~ m? ~ £72, one finds wy; = —iDeg 2 ~ ¢4 In
contrast, m? and I'? stay finite, which means that the relaxational mode wo in (2.109) does so
as well. Hence, it is the diffusive mode that becomes critical, giving rise to Model-B dynamics
in the infrared, with dynamic critical exponent z =4 —n; (with ; = 0 in the MFA).

The spectral function p(w,p) of the order parameter reflects dynamic critical behavior ac-
cording to the dynamic scaling hypothesis (2.94). The retarded propagator (2.93) is explicitly
given by (after Fourier transform and partial fraction decomposition, see Ref. [1])

il'?(w + iDop?) < 1 1 )
w2(p) —wi(p) \w—wi(p) w—wz(p)

G (w,p) = - (2.111)

18Recall that m? and xo stay finite at the critical point.
9Tn Sec. 2.2.4 we shall see that, with the energy-momentum tensor included, the w; mode is better thought of
as the diffusion of entropy per baryon.
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with the ‘bare’ diffusion coefficient Dy = A, /xo. Correspondingly, the spectral function (2.92)
near the critical point is given by

1 Dop*w N 1 I'w
7 m2(w? + (Degp?)?)  ww? 4 (T9m2)2’

p(w,p) ~ (2.112)
where we have used that near the critical point Deg < Dy, and that typical wavevectors are
of order |p| ~ ¢! (or smaller) such that Dyp? < I'm?, in addition. Here we can see that
it comsists of two terms, corresponding to contributions from the diffusive mode w; and the
relaxational mode wo in (2.109), which are peaked at w ~ Degp? and w ~ I'?m?2, respectively.
As stated above, it is the diffusive mode which becomes critical, and thus it is the first term in
(2.112) which fulfills the dynamic scaling hypothesis (2.94) and is correspondingly described by
a universal scaling function such as (2.95) or (2.96) near the critical point (albeit of mean-field
form here, see the discussion below).

This formulation of Model B after Son and Stephanov has been studied with the real-time
FRG in Ref. [1]. In particular, the equations of motion considered in Ref. [1] are given by

oF
0F+ 10 = ~55 TE (2.113a)
F
TROPN + Opn = AnV25— +V-¢, (2.113b)

on

with the free energy (2.102), which in addition include a second-order time derivative in the
equation of motion for ¢ (2.113a), and a finite Israel-Stewart-type relaxation time 7p in the
equation of motion for n (2.113b), to exclude propagation at superluminal velocities [160]. The
damping constant v = 1/I'% is inversely related to the damping rate I'® from above. The
equation of motion (2.113b) for the conserved density n represents the relaxation equation for
the associated baryon current j,,

S 1 5F
O == (dn + MV +C). (2.114)

so that yn+ V-5, = 0 as in (2.104) and the total baryon number @ = [ dz n(z) in the system
is conserved.

In Ref. [1] spectral functions of the order parameter ¢ were computed with the real-time
FRG using the combined vertex and loop expansion (i) around the comoving minimum from
above. Corresponding exemplary results are shown in Fig. 2.4 for two temperatures: somewhat
below the critical temperature in Fig. 2.4 (a) on the left, and approximately at the criticality
in (b) on the right. The spectral function essentially consists of two modes: First, there is
the quasi-particle pole of the non-conserved but massive order-parameter fluctuations which
is gapped in the long-wavelength limit, corresponding to we in (2.109). Secondly, and more
interestingly, already in Fig. 2.4 (a) there is a gapless mode with diffusive dispersion relation
w ~ p?, corresponding to wy in (2.109). This is of course due to the mixing of the order parameter
fluctuations with those of the conserved (baryon) density.

If we now tune the temperature very close to the critical one, as shown in Fig. 2.4 (b), we
observe that in contrast to Models A (cf. Fig. 2.3) the quasi-particle ridge stays gapped here.
In particular, no power-law divergence builds up for p — 0, which means that (2.97) does not
apply, in contrast to Model A. As such, the p = 0 part of the critical spectral function is not
described by the dynamic scaling functions in Eqgs. (2.95), (2.96), here. What actually does
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Figure 2.4: Non-critical (a) and critical (b) spectral functions of Model B in d = 3 spatial
dimensions, realized after Son and Stephanov [47] by coupling a conserved density linearly to
the non-conserved order parameter. We see that near the critical temperature in (b) the chiral
order parameter stays massive. Indeed, it is instead the diffusive mode w; which emerges as
a mixture of fluctuations in the baryon density and fluctuations in the chiral order parameter
which becomes critical, and gives rise to critical scaling behavior, as visible in (b), where the
spectral function obeys the scaling hypothesis (2.94) with mean-field exponents n; = 0 and
z = 4. For details we refer to Ref. [1].

becomes critical is the part of the spectral function induced by the mixing with the conserved
(baryon) density, as discussed above. We first note that the dispersion relation of the diffusive
peak changes from w ~ |p|? in Fig. 2.4 (a) to w ~ |p|* in Fig. 2.4 (b), here with the mean-field
exponent z = 4 because of the gradient expansion that was used in Ref. [1] for the p dependence
of the 2-point function. Moreover, the p dependence of this diffusive peak is described by the
dynamic scaling functions in (2.95), (2.96) (here with 7 ~ 0), e.g., by

p(w,p,0) =™ f,(z,0). (2.115)

This scaling function was numerically determined in Ref. [89] to be very well described by

—0

Jul@,0) = po —— . =77/, (2.116)
with some non-universal normalization pg, yielding
p(w = const., p,0) ﬂ (2.117)
e/t e '

This diffusive part of the spectral function at criticality is thus exactly described by the scaling
hypothesis (2.94), in the case of the spectral function in Fig. 2.4 (b) albeit with mean-field
exponents 1] = 0 and z = 4, as discussed above.

In summary, the Model B spectral function in Fig. 2.4 nicely illustrates how both features
discussed by Son and Stephanov in Ref. [47] as a result of the mixing of the chiral order parameter
field with the baryon density fluctuations near the critical point in the phase diagram of QCD,
are combined in a single spectral function: The quasi-particle peak, which represents the fast and
gapped fluctuations of the chiral condensate, and which practically instantaneously adjusts to
the slow diffusive critical mode representing the mixture between chiral condensate and baryon-
density fluctuations that gives rise to Model B dynamics (without the coupling to the shear
modes in the energy-momentum tensor in QCD).
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2.2.3 Model C

This subsection presents results which have already been published in Ref. [1].

Historically, it was argued by Berdnikov and Rajagopal in Ref. [42]| that the dynamic uni-
versality class of the QCD critical point should be that of Model C, when they analyzed critical
slowing down and off-equilibrium phenomena in heavy-ion collisions. The question was later
revisited by Son and Stephanov in Ref. [47], where they argued in favor of Model H. The orig-
inal argument behind Model C in Ref. [42] was built on the assumptions that the chiral order
parameter ¢ is not conserved, that there are other conserved densities in the system such as the
baryon density, and that there are no Poisson brackets between the order parameter and the
conserved densities. In addition, chiral symmetry would suggest an invariance of the LGW free
energy under a Zo transformation ¢ — —¢, and hence the conserved density could only couple
to an invariant like the square ¢? of the order-parameter field. With such a coupling to the
conserved density, the LGW free energy (2.88) becomes

1 m? A v n?
F=[dz!= 2 2y Sty T L 2.11
/dx{z(Vd>) 0t Gt e (2.118)

and the equations of motion correspond to the prototypical formulation of Model C [46],

06 OF
on g OF
S =MV v C (2.119D)

In Model C, mixing of ¢ and n is forbidden by the reflection symmetry ¢ — —¢ of the order pa-
rameter. In contrast, when such linear coupling terms appear in the free energy, as in Eq. (2.102)
above, they fundamentally change the infrared structure of the theory, and subsequently the dy-
namic universality class to that of Model B, as we have seen explicitly in Sec. 2.2.2. Due to
the non-linear coupling between ¢? and n, on the other hand, compared to Model B, the in-
terpretation of the conserved density changes: In the context of microscopic ¢*-theories, such a
conserved density n is usually interpreted as representing the critical fluctuations in the energy
density of the system, because it couples to the operator ¢? which is the most singular part of
the canonical energy density 7% (see e.g. Chapter 36 of Ref. [137]). As usual, the equilibrium
fluctuations (n?) of the energy density are related to the specific heat C' ~ (n?), so both admit
the same critical behavior. In particular, if the specific heat exponent o > 0 is positive (as it is
the case with Ising universality in d = 2, 3 spatial dimensions), we have C' ~ |7|~ in the critical
regime, and thus also a diverging susceptibility, (n?) ~ xo ~ |7|72.

To discuss dynamic critical behavior, one can analyze the time-dependent response of the
system to external perturbations. For non-critical momenta |p| < £~! the equations (2.119)
may be linearized, which yields the eigenfrequencies

wy = —il%m? and w, = —iX\p*/X0, (2.120)

but with renormalized parameters I'?, m?2, \,, and o, in the sense that fluctuations of modes
with wavenumbers down to £~! have been taken into account. Near the critical point, the
eigenfrequencies are expected to behave as wy ~ 7% and w, ~ {** at the characteristic
momentum scale |p| ~ ¢!, with the dynamic critical exponents 2z, and z,. On the other
hand, for [p| > ¢! the critical power law is already manifest, and one expects the non-analytic
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Figure 2.5: Critical infrared power-law (2.97) in the spectral function Model C in d = 2 (left)
and d = 3 (right) spatial dimensions at vanishing momentum gradually builds up for ' — T,
when approaching the critical temperature from above. Mean-field results are shown as dotted
gray lines for comparison. For details on the truncation we refer to Sec. 3.3.1 of Ref. [1].

behavior wy ~ [p|** and w, ~ |p|**. Analogous to Model B, one can verify diagrammatically
that the mobility A,, of the diffusive energy density n receives no loop corrections, and thus
stays finite at the critical point [161]. Hence, using (2.120) right at its boundary of validity
|p| ~ €1, one can deduce that w, behaves as w, ~ & (2+%/¥) using that xo ~ |7|~® and
& ~ |7|7Y, which implies z, = 2 + a/v. Finally, to determine the dynamic critical exponent
24 of the order parameter, note that in the case of a one-component order parameter Model C
has a strong-scaling fixed point, which means that the dynamic critical exponents are locked to
the same value, z4 = 2z, = 2 + a/v [104]. From this result we can conclude that the dynamic
critical behavior is mainly driven by the static critical behavior of the susceptibility xo of n. In
d = 3 spatial dimensions, this would imply the value z ~ 2.17 for the dynamic critical exponent,
inserting o ~ 0.11 and v = 0.63 for the 3d Ising model [162]. An analysis of Model C with the
e-expansion was later performed, e.g., in Ref. [163], and an FRG study was performed, e.g., in
Ref. [83]. Moreover, scaling functions that describe the universal temperature, momentum, and
frequency dependence of the order-parameter spectral function at criticality were computed by
simulating a classical-statistical ¢*-theory with Hamiltonian dynamics in Ref. [88], following the
precursor study of Ref. [86].

Here we want to particularly focus on Ref. [1]|, where the critical spectral functions of Model C
were computed using the real-time FRG. In particular, the expected IR power-law behavior
(2.97) applies to Model C as well, but of course with the Model-C exponent of z4 = 2 + a//v.
The results of Ref. [1] are shown in Fig. 2.5 for various reduced temperatures 7. The emerging
IR power law is clearly visible as one approaches the critical point from above, 7 — 0, and
corresponds to the exponent z = 2.56 in two spatial dimensions, and z = 2.31 in three spatial
dimensions, respectively. This is to be compared with the exact result z = 2 in two spatial
dimensions (from Onsager’s solution of the two-dimensional Ising model [153]), and z = 2+a/v =
2.17 in three spatial dimensions, where for the latter one may insert the known numerical
result for v = 0.629971(4) [157, 158] and use the hyperscaling relation o = 2 — vd for the
specific heat exponent. While the three-dimensional result from Ref. [1] has the qualitatively
correct property of being larger than the Model-A value of z = 2 4 cn [46], such that the
ordering of the two Models is captured correctly the truncations, this is not the case in two
spatial dimensions. The rather large discrepancy from the exact value can be attributed to the
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difficulty of reproducing the specific heat exponent a with the FRG, since a vanishes in the
two-dimensional Ising model, whereas the FRG result corresponds to a/v ~ 0.56. In fact, the
result of Ref. [1] more closely resembles the result from 1%°-order e-expansion (with € = 4 — d),
where one has z = 2 + ¢/3 + O(e?) [46]. One obtains the same result from linearizing the static
FRG flow equations of Ref. [1] around the Wilson-Fisher fixed point.

We close this subsection by commenting on the realization of Model C in QCD. The issue
with the original argument [42] behind Model C being the dynamic universality class of the
QCD critical point was pointed out in Ref. [47]: At finite quark masses and finite baryon
chemical potential, chiral symmetry and charge-conjugation symmetry are explicitly broken.
The absence of these symmetries allows for mixing between the chiral order parameter and the
baryon density [159], leading instead to Model B (if the fluctuations of energy and momentum
are neglected, see Sec. 2.2.2 above) [47]. In contrast, in the chiral limit of two-flavor QCD exact
chiral symmetry indeed forbids mixing between the fluctuations of chiral order parameter and
baryon density, which would suggest Model C for a single component order-parameter field with
Zs universality by this argument. However, with static O(4) universality in the two-flavor chiral
limit of QCD, on the other hand, the specific-heat exponent « is negative, so that the coupling
to the conserved energy density turns out to be irrelevant in the sense of the renormalization
group [163]. Moreover, there are then six conserved (iso-vector and iso-axial-vector) currents
with non-trivial reversible mode couplings which ultimately put the O(4) transition of QCD with
two massless quarks in the dynamic universality class of Model G [62], which we shall discuss in
more detail in Sec. 2.2.5 below.

2.2.4 Model H

In this subsection, we review the argument behind Model H [111] being the dynamic universality
class of the QCD critical point [47,164].

The full hydrodynamic theory of QCD matter at finite temperature and baryon chemical
potential involves also the energy density ¢ and the momentum density j, in addition to the
baryon density n from Sec. 2.2.2. It is convenient to decompose the momentum density j =
J| + 7. into longitudinal and transverse parts, denoted as j and j |, respectively, fulfilling
V xjgy=0and V-j, = 0. A linearization ¢ = g9 + de, n = no + on and j = &3 of
the hydrodynamic equations around a global equilibrium state yields five eigenmodes [165]:
First, there are two modes with linear dispersion relation w ~ 4wvg|p|, where v, denotes the
speed of sound, which constitute the propagating sound wave. An analysis of the corresponding
eigenvectors reveals that these are a mixture of fluctuations of pressure dp and fluctuations of the
longitudinal component §j| of the momentum density [166]. Second, there is a heat mode with
dispersion relation w ~ D,p? which describes the diffusion of entropy per baryon §3 = §(s/n)
(also called the specific entropy). The associated diffusion coefficient D,, is called the ‘thermal
diffusivity’ and is related to the heat conductivity x via D, = k/C), where C, = Tn(95/9T),
is the specific heat at constant pressure [44|. In turn, the heat conductivity x of a charged
fluid is related via x = \,w?/(n?T) to the baryon conductivity A, [165]. Finally, there are two
viscous shear modes with dispersion relation w ~ np?/w, where 1 denotes the shear viscosity and
w = € + p the enthalpy density. These describe the diffusion of the two transverse components
07, of the momentum density.

Consider the time evolution of an arbitrary perturbation de, dn, and dj. First, the two
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viscous shear modes decouple from the rest and thus the diffusion of §7, can be considered
separately. This leaves de, dn, and dj). The modes contributing to these are the two sound
modes and the heat mode. Their relevancy depends on the frequency w of the fluctuation [167].
At larger frequencies of order w ~ vg|p| > D]Dp2 the fluctuations of the longitudinal component
J) and the pressure p propagate through the system via sound waves at effectively constant
entropy per baryon §, since the latter is diffusive and thus much slower. On the other hand,
at smaller frequencies of order w ~ Dpp2 < vs|p| the sound modes are fast and thus can be
integrated out, such that p and j can be considered equilibrated, and one only has the diffusion
of § at constant pressure.

As we have discussed above, due to critical slowing down near a second-order phase transition,
the chiral order parameter potentially has to be included in the hydrodynamic description.
However, as we have reviewed in Sec. 2.2.2, due to mixing the chiral order parameter simply
follows the baryon density on sufficiently long timescales. With energy and momentum included
here, we can employ a similar argument: After the chiral order parameter has adjusted to the
local value of the baryon density on timescales of order ~ 1/(I'?m?), the baryon density itself
adjusts to the local value of the specific entropy on timescales of order ~ 1/(vs|p|), such that, on
the longest (diffusive) timescales of order ~ 1/(D,p?) the specific entropy is the only remaining
mode (besides j ;). As such, in the small-frequency limit the only remaining modes are § and
J 1, since the latter is diffusive as well and thus its (non-critical) relaxation time of the same
order of magnitude as the one of §. These are the same modes as in Model H, which is in
the same dynamic universality class as the liquid-gas critical point in a pure fluid [46,168]. In
Model H, the order parameter ¢, most naturally represented by the entropy per baryon §, has
one component, is conserved, and couples reversibly to the transverse component j, of the
conserved momentum density of the fluid.

Having identified the slowest modes, it is instructive to inspect their (equilibrium) fluctua-
tions, as given by their thermal variances (here in a finite volume V') [167],

V{(65)%) = @, V{(67 )% =wT. (2.121)

n2

The first one diverges at the critical point since the specific heat (), at constant pressure scales
with the correlation length ¢ according to Cp, ~ £2711 with the anomalous dimension 7, [166],
as expected for order-parameter fluctuations, cf. the beginning of this section. On the other
hand, the fluctuations of j, stay finite at the critical point. As such, in the free energy (2.88)
the momentum density appears simply in the form of a kinetic energy (where the enthalpy w
would be replaced with the mass density p in the non-relativistic case [169]),

_ d 1 2 m22 Ay ji
F_/dx{2(V¢>) + R o +2w}. (2.122)

Higher-order couplings between ¢ and j, such as ji(b, higher-order self-couplings of 7, such
as (j2)2, and terms involving gradients of j,, are RG irrelevant [111]. This can be seen by
power-counting arguments, using the fact that the static fluctuations of the momentum density
in (2.121) are non-critical.

By Noether’s theorem, the components of the momentum density j are the generators of spa-

38



CHAPTER 2. THEORETICAL FOUNDATION

tial translations, so their Poisson-bracket algebra with the order parameter ¢ is given by?" [140]

(6(x). ju(@)} = qs(m’){%é(m ), (2.123)
{n(@), jm ()} = jl(ﬂﬁ')ag—jm(w);xl 5(x—x'). (2.124)

With these Poisson brackets, we can express the equations of motion of Model H [46,168] as (in
accordance with Eq. (2.83))

) LOF . 6F

= oV2 R 2.12
dji- o, OF L L OF L .1, OF
— = V*—msm — _— 2.125b
ot ﬁm n 5]#} +g{]ma¢} 5¢ +g{]ma]n}5]~é_ +§lv ( b )

where 7 is a transverse projector, which in momentum space acts as T (P) = Oim — PiPm/P°.
The kinetic coefficients start at order V2 since both ¢ and j | dissipate via diffusion, as discussed
above, and the prefactors are the order-parameter mobility ¢ and the shear viscosity 1. The
Gaussian noise terms 6 and € have vanishing expectation values and variances set by the FDR,

Ot,z)0(t', ")) = 20T V25(x — 2')5(t — '), (2.126)
<§l(tv x)gm(t,> m,)> = 7277T ﬁmv26(m - $/)5(t - t,) :

By identifying the transverse component of the fluid velocity

OF j
V) == J—L s
0ji P
and evaluating the Poisson brackets explicitly according to (2.123) and (2.124), the terms in the
equations of motion (2.125) can be individually interpreted as

9 ,OF

6t = oV % + 0 —gu, - VQZS, (2127&)
——— ——
thermal conduction+noise advection
a5 SF .
87; =T| nVvy +& +9(V¢)% —g(v1-V)j |, (2.127b)
viscosity-+noise reversibility convection

We go through the individual terms in order, from left to right, by comparing with non-relativistic
hydrodynamics, starting with the equation of motion (2.127a) for the order parameter ¢. The
first term in (2.127a) is analogous to the general equation of heat transfer [169], since §F/d¢, as
the thermodynamically conjugate to ¢ ~ §§, is proportional to fluctuations 67 of the system’s
local temperature. By Fourier’s law of thermal conduction, a temperature gradient generally
leads to a heat current g = —kV T with the heat conductivity k, and a divergence in dq in
turn leads to a local change in entropy, nT79,08 = —V - 6q = kV26T. The first term on the
right-hand side of (2.127a) is of this form, which allows us to relate the order-parameter mobility
o with the heat conductivity k of the corresponding fluid. The noise 6 is fixed by the FDR in
local thermal equilibrium, see (2.126). Finally, the reversible term in (2.127a) which comes from

29For completeness, we note here that although the Poisson bracket (2.124) between different components of
the momentum density j is non-vanishing, the Poisson brackets of the total momentum J = [ d®z j(x) vanish,
{Ji,Jm} = 0.
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the Poisson bracket {¢,j;} in (2.125a) describes advection of the order parameter by the fluid
velocity.

The second equation (2.127b) is basically the transverse component of the general continuity
equation for the momentum density,

Ogi _ 0T

ot ka ’
with the stress tensor Ty, such that the individual terms on the right-hand side of (2.127b) can
be traced back to corresponding terms in the constitutive equation of Tj;. We shall omit all

(2.128)

terms from Tj; that are proportional either to V - v, or to d;x, since the former only involves the
longitudinal part of the momentum density (which is assumed to be integrated out), and the
latter would correspond to a total gradient in (2.128) which vanishes upon transversal projection.
With this in mind, the terms on the right-hand side of (2.127b) correspond to the following terms
in the stress tensor (in the same order) [51],

ovy  Ovug

Ty, = —n <(9I‘k + aﬁ) — sk + 9(019) Ok + gpvvg + - - - (2.129)

where sj; is a Gaussian noise whose variance is fixed by the FDR,

<Slk(t, m)) =0 s
(sik(t, ®)si(t, 2")) = 20T (81i0kj + 0150ki)0(x — &')3(t — '),

and is related to the noise & in (2.127b) via & = —T Ogsik. In particular, the reversible term
stemming from the Poisson bracket {j;, ¢} in (2.127b) describes the back-reaction on j | from
the advection of ¢, and is needed to ensure the exact conservation of F' during ideal time
evolution. It can be understood as a contribution from the canonical stress tensor of the scalar
field ¢ in (2.129). By inserting the explicit form (2.122) of F', one can verify that this term
evaluates to —g(V¢)V?2¢ in the equation of motion (2.127h). Being of third order in gradients,
it goes beyond the standard Navier-Stokes equations [169]. Finally, the reversible self-interaction
corresponding to the Poisson bracket {j;, j,,} in (2.127b) describes convection, and corresponds
to the last term in (2.129).

Near the critical point the kinetic coefficients are expected to behave as g ~ %, n ~ &%,
In contrast to Model B, the order-parameter mobility o itself diverges at the critical point and
thus the dynamic critical exponent z4 = 4 — 7, — x, of Model H is generally smaller than the
dynamic critical exponent z = 4 — 7, of Model B. In particular, z, and z;, are not independent
since their sum is fixed by the following (hyper-)scaling relation [111],

Totay=4—d—mnL. (2.130)

This relation can be intuitively understood by the following heuristic argument based on mode-
coupling theory [46]. First, without reversible mode couplings, i.e., for g = 0, the equation for
¢ in (2.125a) reduces to the one (2.101) of Model B, where o does not diverge, z, = 0, leading
to 2z = 4 —mn,. In Model H, on the other hand, g # 0 means that the order parameter is
reversibly coupled to the fluctuating momentum density of the surrounding fluid. To see the
difference to Model B in this case, first note that o generally measures the linear response of the
order-parameter current (2.99) to an inhomogeneous external source H(x) applied in the free
energy (2.88),

F—F— /dd:v H(x)o(x) (2.131)
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causing
Jg=0VH. (2.132)

Consider the contribution to o in (2.132) from a region of the fluid whose volume is of order of
a correlation volume V ~ &%, Since correlations in the fluid are limited to regions of this size
one can assume that the region moves approximately as a rigid body. Denote by ¢ the order
parameter averaged over this region. Due to the reversible mode coupling in (2.127b) there is
an applied force F'opp1 on the region,

Fappl ~ géEfda
which causes the region to accelerate until the dissipative force due to viscous drag
Fige ~ —vad_Q

balances the applied force, Fyp,1 + Flyisc = 0, leading to a terminal velocity of order v ~
(g€%/n)E. Since the order parameter is advected by the moving fluid, cf. (2.127a), there is the
resulting current

27242
jo = gdv ~ 2 ¢ g (2.133)
n
By taking the thermal average over this expression, using the equipartition theorem (¢?) =
Txy/€?%, and comparing to (2.132), we find

QQTX¢§2_d
g~y ——— .
n

Since the static order-parameter susceptibility x4 behaves as x4 ~ £€27N1 near the critical point,
we thus get

o1 ~ X T g
which leads to (2.130).

Note that we have tacitly assumed that the mode coupling g stays finite at the critical point.
As we shall see in Sec. 3.3.3 this is an essential feature of reversible mode couplings, where
the non-renormalization of g is guaranteed by Ward identities of an extended temporal gauge
symmetry. In Model H, with the Poisson brackets (2.123) and (2.124), this extended temporal
gauge symmetry corresponds to the invariance of the equations of motion (2.125) under time-
gauged Galilean boosts [108], as we discuss in Sec. 4.2.2 below.

2.2.5 Model G

Parts of this subsection have already been published in Ref. [2].

In its original formulation by Halperin and Hohenberg, Model G describes the dynamic
universality class of an isotropic Heisenberg antiferromagnet [46]. The order parameter is a
three-component vector and is interpreted as the staggered magnetization of the model which is
not conserved. It couples dynamically to the conserved three-component magnetization through
reversible mode couplings. This leads to the non-trivial value z = d/2 of the dynamic critical
exponent (where d is the number of spatial dimensions). In this work, we consider a generalized
formulation, where the order parameter is an N-component scalar field ¢,(z) which couples
dynamically to an antisymmetric tensor of N(N — 1)/2 charge densities ng(x) = —npe(x).
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This generalization of Model G is also known as the Sasvari-Schwabl-Szépfalusy (SSS) model
[104,170]. The SSS model was previously inspected using field-theoretic methods in (e.g.) Refs.
[104,110,171-173]. For N = 2 one recovers Model E, which describes the dynamic universality
class of the critical point in the phase diagram of planar antiferromagnets. For N = 3 one
obtains the standard formulation of Model G which describes the dynamic universality class of
the Heisenberg antiferromagnet, see Ref. [174] for a recent study thereof. For N = 4 one obtains
the anticipated extension of Model G which describes the dynamic universality class of the chiral
phase transition in two-flavor QCD [62]. This is the relevant case for this work, although we
will keep the number of field components N general in the derivation of the flow equations.
Note that larger values of NV > 3 do not correspond to any of the standard Halperin-Hohenberg
dynamic universality classes [46]. However, previous analyses showed that z = d/2 as in the
standard formulation of Model G still holds [62,66,104,110,163,170-173]. We thus use the term
‘Model G’ in the general sense also for NV > 3, as frequently done especially in the literature on
the SSS model.

In the context of QCD with two (nearly) massless quark flavors, the reasoning by Rajagopal
and Wilczek [62,175] of the chiral phase transition being in the same dynamic universality class as
Model G is as follows: First, the microscopic Lagrangian is (nearly) invariant under independent
U(2)r and U(2)r transformations of the left and right-handed components qr/, = 1(1+4%)q
of the quark Dirac spinors. This symmetry is spontaneously broken in the vacuum, signaled
by a non-vanishing expectation value of the order parameter M ij = <(jiLqu>. Namely, under
independent (Ur,Ugr) € U(2)r, x U(2)pg transformations of the left and right-handed quarks the
order parameter transforms as

M — U} MUg. (2.134)

Hence, a non-vanishing value for M o 1 indeed signals a (spontaneous) breaking of chiral
symmetry, with symmetry-breaking pattern U(2)r x U(2)r — U(2)y. However, this is not
quite what we need, since the axial U(1)4 symmetry, as described by the subgroup Uy = e
and Up = e~ with real «, is anomalously broken in the vacuum, and we assume here that it
stays sufficiently broken also at the chiral phase transition.?! For a general number of flavors N I
this problem is commonly solved by adding an 't Hooft determinant interaction to the effective
Lagrangian [59]. Alternatively, one may remove U(1) 4 by restricting the general complex matrix
M to be a special unitary matrix times a positive real number [175], since preserving this
condition requires Uy, and Ug to have equal phases, and thus effectively removes U(1)4 from
(2.134). The latter approach is especially well suited for the case of Ny = 2 flavors, since the
condition of a 2 x 2 matrix M being a multiple of a unitary matrix is linear. This can be seen
by parameterizing the special unitary part with the Pauli matrices 7 = (7%) = (7;), and using
the relation

M =5e%T =5 (cos(p) +isin(e) @ - T) (2.135)

with @ = ¢/p, 0 = dcos(p), and w = sin(p) ¢. Therefore, a matrix M in this restricted
domain can be parameterized by four real numbers ¢ = (o, 7) as

M=oc+im- 1. (2.136)

21Otherwise, if U(1)a is effectively restored at the chiral phase transition, the symmetry breaking pattern
would be U(2)r x U(2)r — U(2)v. While no infrared stable fixed point was found at first-order in the e-
expansion [59], beyond this perturbative expansion around the upper-critical dimension of four, it is now widely
accepted that such a fixed point in three dimensions exists [176,177]. So the fate of the axial U4 (1) merely affects
the universality class of the two-flavor chiral phase transition, but not its order.
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In particular, the transformations (2.134) correspond to O(4) transformations of ¢. The order
parameter M for the two-flavor chiral phase transition thus has the same symmetries as an O(4)
model, whose LGW free energy is given by (with N = 4)

A

Ui iy, M
F:/w{2(8 0a)(0'6a) + - duta + i

<¢a¢a>2} (2.137)

where we have introduced the shorthand notation

[-f

for spatial integrals, with m? < 0 to spontaneously break the O(4) symmetry at low tempera-
tures, and A > 0 for stability at large field values.

In Model G, the order parameter ¢ itself is not conserved but couples reversibly to the
generators of the chiral transformations in (2.134), i.e., the O(4) rotations of ¢. In particular,
Noether’s theorem implies six conserved currents for the chiral SU(2)r x SU(2)r symmetry,
namely
Ti Ti

L, Q1Y 4L RLE*R'V,@qR. (2.138)

These are equivalent to the iso-vector and iso-axial-vector currents

%

Vi=Li+ Rl =5, (2.139a)
A =L — R =g T s 2.139b
W 7 u_q’YMQ’Y q’ ( )

which can be combined into one antisymmetric 4 x 4 matrix (ng) by setting ng;, = Ag and
ni; = 5ijkaO. From the commutation relations of the currents (2.139) one can verify that the
ngp’s satisfy the O(4) Lie algebra relations

[Mab, Ned) = 1 (Oacbd + ObdMac — adMbe — Obclad) - (2.140)

By Noether’s theorem again, the n,,’s are the densities of the conserved charges that generate
the O(4) transformations. They thus represent the six charge densities needed for Model G with
N = 4. In particular, one obtains the commutation relation

[bas Mbe] = 7 (GacPb — daptpe) (2.141)

which describes how the order parameter ¢ (as an O(4) vector) transforms under infinitesimal
O(4) transformations.

Importantly, the (static) iso-(axial-)vector charge susceptibility x stays finite at the chiral
phase transition [178|, which means the static fluctuations of ny, are Gaussian. As such, they
enter the free energy (2.137) only quadratically, replacing

1
F— F+/ —MNapNab - (2.142)
z 4X

From this observation one can verify via power counting that higher-order couplings (or gradient
terms) involving ngp in (2.137) such as n?¢? or (Vn)? are RG irrelevant [62]. In the corresponding
Ap? theory, the charge densities ny, would be given microscopically by Noether’s theorem,

Mab = Gu o0 — By 5. (2.143)
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Using this definition of the Noether charge densities one readily derives the following explicit
expressions for their Poisson brackets,

{¢a7 nbc} = 5ac¢b - 5ab¢c (2144)

and

{naba ncd} = (5acnbd + 5bdnac - (Sadnbc - 5bcnad . (2145)

In particular, these correspond to the microscopic commutator expressions in Eqs. (2.140),
(2.141) derived from the isovector and isoaxial-vector currents in QCD.?? In the following, how-
ever, we consider the charge densities ng, as separate degrees of freedom, independent the ¢’s.
Rather, they can be considered as Hubbard fields to explicitly ensure the conservation of the
corresponding Noether currents, with requiring the Poisson-bracket relations in Eqgs. (2.144),
(2.145).

Close to a second-order phase transition the dynamics is dominated by long-wavelength
infrared modes. As it stands, however, the free energy (2.137) only encodes information on the
static equilibrium distribution and hence only on the static universality class of the system. For
the dynamic universality class we need the complete set of equations of motion, in addition. The
equations of motion for the O(4) Model G were written down by Rajagopal and Wilczek [62].
They are of the same form for any N, as described by the SSS Model with N non-conserved
order-parameter components reversibly coupled to the conserved O(N) generators [104,170],

Ocba 5F g 5F
= —I'y- . a» C a s 2.14
o 055 T 2 {0a: 10} 5 +0 (2.146a)
Ongp 2 OF OF
= c abs Me a 2.14
A 2T I LIRS SUNRONSLIBS S (2.1460)

Here, I'g and —yV? are the kinetic (Onsager) coefficients for the dynamics of the (non-conserved)
order parameter and the (conserved) charge densities, respectively. The terms 6, ¢ on the right-
hand sides generate thermal fluctuations and are implemented as Gaussian white noises with
vanishing expectation values,

(Balt, ) =0, (C4(t, ) =0, (2.147)

and variances
0,(t, )0, (', ")) = 20T o0 (t — t')d(x — 2'), (2.148a)
() (1 2")) = 29T (Bachd — ade)076(t — )8 (x — '), (2.148Db)

proportional to temperature T from Einstein relations to guarantee the classical FDR. On a
structural level, the equations of motion (2.146) contain (i) irreversible dissipative or diffusive
parts, as well as (ii) reversible conservative parts:

(i) The irreversible terms are the dissipative and diffusive terms with the kinetic coefficients
I'o and —yV? but no Poisson brackets, and the thermal noises § and ¢. The irreversible forces
are diagonal here, i.e. only the gradient §F'/d¢, of the free energy with respect to ¢, enters the
equation of motion (eom) of ¢,, and only 0F/dn,, enters that of ng,. The irreversible terms

22Poisson brackets and quantum-mechanical commutators are all defined at equal times and implicitly contain
spatial 6-functions. They are related via the correspondence principle {-, -} — —i[,].

44



CHAPTER 2. THEORETICAL FOUNDATION

do not conserve the LGW free energy F' and are responsible for driving the system towards the

equilibrium (Boltzmann) distribution

1
Pegl¢,n] = —e F1OmI/T (2.149)

eq

which also defines the associated equilibrium partition function??

Zoy = / D¢ Dn e Flonl/T (2.150)

In the context of linearized hydrodynamics, the dissipative terms can be generally derived by
expansion in conjugate variables (i.e. in gradients of the free energy) and requiring entropy
production to be positive [61].

(1) The reversible parts are all those that do contain a Poisson bracket. These are the
conservative but off-diagonal forces and hence traditionally called ‘reversible mode couplings’.
They arise from the conservative dynamics with the underlying Lie algebra relations of charge
densities and order parameter, cf. Egs. (2.140) and (2.141) or (2.144) and (2.145). They conserve
the free energy F' exactly and are generally present whenever there are non-linear couplings
between hydrodynamic modes. One can readily verify that they do not generate a current in
the probability distribution, i.e. the ‘streaming velocities’ from (2.86) are here given by

oF
F g {nab, nea} 5 — (2.151)
¢ cd

and represent a vector field in the (¢, n) field space that is divergence-free with respect to the

a = % {¢a7 nbc} s Vi ab =9 {naba ¢c}

equilibrium Boltzmann distribution (2.149),

) 1
/|:5¢a(v Peq) 5 Ng

as required in (2.84). Hence, the Boltzmann distribution remains unchanged in the presence

(VapPeq) | =0, (2.152)
b

of reversible mode couplings. This reflects the fact that knowing the equilibrium distribution
(2.149), which encodes all static critical properties, is in general not enough to also know the
dynamic universality class, because Egs. (2.151) do not represent a unique solution to (2.152)
but there are in general multiple others as well [137].

The physical interpretation of the reversible mode couplings (i7) in Model G is rather in-
tuitive: the conserved Noether charges are the generators of O(IN) rotations. Therefore, a
non-vanishing field value for some n induces a time-dependent O(N) rotation of the ¢’s, as
expressed by the Poisson-bracket term in (2.146a). Reversibility then requires the presence of
a corresponding term in the equation of motion for the charge densities, as represented by the
first Poisson bracket in (2.146b). The second Poisson-bracket term in (2.146b), which is present
for N > 2, reflects the non-Abelian nature of the O(N) symmetry group with non-vanishing
Poisson brackets {ngp,ncq} # 0. It implies that a time-dependent rotation of the ¢’s caused
by some n automatically comes along with a time-dependent rotation of other components of
the conserved charges. These Poisson brackets lead to self-interactions among the conserved

23Path integrals over antisymmetric matrices nqp are here defined to run only over the N(N —1)/2 independent

/Dn—/HDnab

a<b

components, i.e.

together with identifying ng, = —npe in the integrand for a > b.
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charges when the underlying symmetry group that generates the reversible mode couplings is

non-Abelian.2*

In Chapter 3 we are primarily interested in the universal properties of the system defined by
Egs. (2.146) and (2.137) near a critical point, i.e., near a second-order phase transition. These
are generally identified with fixed points of the (functional) RG flow. In general, there can be
multiple fixed points, corresponding to the possible macroscopic (thermodynamic) phases the
system can find itself in. They may be stable or unstable upon flowing towards the infrared.
Linearizing the flow around a given fixed point reveals the set of associated critical exponents.
The SSS model admits five different fixed points of the kinetic coefficients, see e.g. Ref. [110] and
references therein. These are the usual Gaussian fixed point, the Model A fixed point (where
the order parameter decouples from the conserved charges, which leads to purely dissipative
dynamics), two ‘weak-scaling’ fixed points where the autocorrelation times of the order param-
eter and the conserved charges diverge with different (dynamic) critical exponents z4 and zy,
respectively, and of course the ‘strong-scaling’ fixed point where the dynamic critical exponents
of both sectors are locked, z4 = 2, = d/2, and thus the autocorrelation times for both the order
parameter and the charge densities diverge at the same rate, & ~ £7. A stability analysis to
one-loop order reveals that of the latter three fixed points only the strong-scaling fixed point is
stable [110], so, without additional fine-tuning, one expects to see strong-scaling behavior.

2.3 Functional renormalization group

Parts of this section have already been published in Refs. [1] and [2].

Instead of solving the path integral of a given theory for fluctuations at all scales at once, the
general strategy of the FRG [72-74,179,180] is to implement the Wilsonian idea of successively
‘integrating out’ fluctuations momentum shell by momentum shell. In the pioneering formulation
by Wetterich [72] this is achieved with adding an infrared (IR) cutoff to the theory, called the
regulator Ry, which suppresses fluctuations of modes with momenta p smaller than the current
‘FRG scale’ k. At every given fixed scale k, fluctuations with p 2 k, on the other hand, are
assumed to have been integrated out. Then, instead of solving a functional integral such as (2.89)
directly, one can equivalently follow the FRG flow down to & — 0 in some truncation, where all
relevant fluctuations are then fully taken into account. At the initial reference scale k = A in the
ultraviolet (UV) these fluctuations are assumed to be sufficiently suppressed so that the bare
action (2.88) provides a suitable starting point for the FRG flow. In this way, the problem of
solving a functional integral is converted into the problem of solving a functional differential
equation. This works particularly well for the characteristic low-frequency long-wavelength
fluctuations in the vicinity of a second-order phase transition, since the IR regulator suppresses
all modes with momenta p < k, which means that contributions from critical fluctuations build
up only gradually as the FRG scale k is lowered.

24For N = 2 there is only one independent conserved charge n = mia = —n21 and hence no non-vanishing
Poisson bracket. The underlying O(2) symmetry is Abelian, and there are no self-interactions of charge density.
In this case, the dynamic universality class is that of Model E according to Hohenberg and Halperin.
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2.3.1 FRG flow for systems in thermal equilibrium

In this subsection, we shall first review the FRG in its standard (Euclidean) formulation for
systems in thermal equilibrium, and then, in the following subsection, generalize the framework
to the CTP. Before deriving the flow equation, we shall establish a few important functional
relations. By promoting the LGW free energy®® (2.88) to depend on external sources,

PP / i(@)6(x) (2.153)

we can define the Schwinger functional
Wlj] = éln/Dd) e PEI- [z i([@)o(@)) (2.154)

which generates connected correlation functions of ¢. In particular, the zeroth term in this
expansion —W/[j = 0] is the full thermodynamic free energy. A single functional derivative
yields the expectation value of ¢(x) in the presence of j,
SW1j]
5j(x)

and the second functional derivative the full propagator in the presence of j,

= (#(x)); , (2.155)

*Wlj)
5 (2)0j(y)

The central object of the FRG in the formulation by Wetterich [72| is the effective action T,
which is defined as the Legendre transform of the Schwinger functional (2.154),

= Bl{o(x)o(y)); — (6(=));{o(y));] - (2.156)

r(6] =sup ([ swrite) - wii) (2.157)

J

Diagrammatically, T' is the generator of one-particle irreducible (1PI) vertex functions [182].
Due to its definition as a Legendre transform, I' is a convex functional of ¢(x). The supremum
is assumed where the argument is stationary, i.e., for

0= 5ty ([ st - wi)

which means that ¢(x) = (¢(x))
of the source j = jsup(x). In other words, one obtains the supremum jg,p(x) for fixed field

SWj

Jsup

= ¢(x)

js'u,p jS’MP

jeup 18 the order-parameter expectation value in the presence
expectation value ¢(x) by inverting (2.158). Setting j = jsup to its value at the supremum in
(2.157) and performing a functional derivative with respect to ¢(x) leads to

ST [¢] 5

$5t0) = 53(a) [, 3 ®150) = Wlias]) = (o) (2159)
Yy

where we used the functional chain rule and (2.158) since jg,, implicitly depends on ¢. Hence,
if there is a value ¢ = ¢, for which jg,, vanishes, we obtain I'[¢.,] = —W][j = 0], i.e., the

25F is also commonly called the ‘bare action’ due to the formal similarity with Euclidean QFT. In particular,
the d-dimensional free-energy functional (2.88) also arises in dimensional reduction near a thermal second-order
phase transition of a ¢* QFT in d + 1 Euclidean spacetime dimensions [181].
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thermodynamic free energy again. From (2.159) we see that at this point the effective action is
stationary.

There is an exact relation between the propagator (2.156) and the Hessian I'® of the effective
action [180],

_( orle] 7!
Gloy) = (6¢<w>6¢<y>> (2.160)

or in shorthand notation, G = (I'®)~1,

Here, the effective action has the direct physical interpretation of the thermodynamic free
energy in the presence of a background expectation value ¢(x) of the order parameter. Its
minima with respect to ¢ correspond to the equilibrium states of the system. If fluctuations in ¢
are negligible or suppressed, as, e.g., sufficiently far away from the second-order phase transition
such that a Ginzburg criterion is satisfied [135], and A is already sufficiently small such that the
fluctuations from other microscopic degrees of freedom have already been integrated out, one

approximately has I'[¢] ~ F[¢]. This is the regime where mean-field (Landau) theory holds.

We have already stated that the difficult part of our particular problem lies in the large
fluctuations of the long-wavelength modes of the order parameter close to the second-order
phase transition. These fluctuations can be artificially suppressed by introducing an IR cutoff
AFy, to the definition (2.154) of the Schwinger functional,

F — F+ AF, (2.161)

which effectively gives momentum modes p with |p| < k a mass of order k. With the replacement
(2.161), the Schwinger functional (2.154) becomes dependent on the FRG scale, W — Wj. In
the arguably simplest case, one chooses the regulator term AF} to be a quadratic form of the
fields, i.e., in Fourier space,

1

AR =5 [ o-pR@)m) (2162)

which defines the regulator Ry (p). We shall discuss its properties in more detail below. First, one
defines the effective ‘average’ action I'y, as a Legendre transform of Wy, but with an additional
subtraction of the regulator term AF} (commonly called a ‘modified’ Legendre transform),

rid) =sw ([ i@ite) - wbl) - AR (2.163)
J x

which can be interpreted as a ‘coarse-grained’ effective action where only the fluctuations from
momentum modes |p| = k have been taken into account. Since the regulator term AFj is
subtracted in the definition (2.163), I'y does not need to be convex. However, in the limit
k — 0, when the regulator is removed, the convexity of 'y is restored.

By successively lowering the value of k£ fluctuations of ¢ are gradually taken into account.
The dependence of I'y, on the FRG scale is described by an exact ‘flow’ equation which was first
derived by Wetterich [72],

O Trlo] = %tr {6kRk o (r,(f’ 8] + Rk>1} (2.164)
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(d/dr) R, i

Figure 2.6: Typical shape of a regulator Ry(p) (red), and its derivative 9, Ry(p) with respect
to FRG ‘time’ ¢t = log(k/A) (purple). The derivative is peaked at p? ~ k2, and thus the
flow (2.164) effectively implements the Wilsonian idea of integrating out fluctuations within
momentum shells. Figure taken from Ref. [180].

where I‘,(f) [¢] denotes the Hessian matrix of I'y[¢]. In particular, the term inside the trace
involves the full field and FRG-scale dependent propagator,

-1

Gilo] = (F e +Rk) , (2.165)

which means that one can diagrammatically express the flow equation (2.164) in one-loop form,

1
e

where the solid line denotes G}, and the cross denotes an insertion of the regulator derivative
O Ry

In order for the FRG flow to have a Wilsonian interpretation of integrating out fluctuations
within momentum shells, the regulator Ry (p) should satisfy the properties [180]

1. Ri(p) > 0 for p? < k2,
2. Rp(p) — 0 for k? < p?,

3. Ri(p) — oo for k — oc.

These ensure that in the limit £ — 0 one obtains the full effective action, I'y k=0, I', and that at
the UV cutoff £k = A one obtains the bare action, I'y—p ~ F. The latter can be seen by noting
that at the UV cutoff £ = A a saddle-point approximation becomes exact [73]|. A typical form of
Ry(p) satisfying these properties is shown in Fig. 2.6. One can see that the derivative 0y Ry(p)
is peaked around |p| ~ k, and thus the flow equation (2.164) indeed realizes the Wilsonian idea
of integrating out fluctuations within momentum shells.

In practice, applications of exact flow equations such as (2.164) to non-perturbative problems
require truncation of the associated infinite tower of flow equations. For instance, in the context
of critical phenomena, quantitative results for critical exponents and amplitude ratios of O(N)
universality classes have been obtained using the derivative expansion [77-80], which establishes
the latter as a rapidly converging systematic truncation scheme in this context.
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2.3.2 FRG on the closed-time path

The general idea of the FRG stays the same in the Keldysh formalism [105, 106]. The flow
equation for the effective average (Keldysh) action I'y, can be derived analogously by adding
suitable external sources and regulator terms to a Keldysh action such as (2.51), to wit

S5+ / (°(2)81(x) + 9(2)6%(x)) + AS (2.166)
with
L e gt [ BE @) Ri@,at)) [6°()
ASk - 92 /;vx’(¢ ( )7¢ ( )) (Rf(x,x') Rf(l’,l’l)) <¢q($/)> . (2.167)

(Note the new variant of our shorthand notation [, = [, [ = [dtd?x here.) As such, compared
to (2.162) the regulator Ry on the CTP is a 2 x 2 matrix in Keldysh (¢, q) space. With the
replacement (2.166), the partition function (2.48) becomes a scale (k) dependent generating
functional for correlation functions of ¢¢ and ¢9,

Zkj¢, 3% = /DqﬁCngq exp {iS—H’/ (5(x)p(x) + jU(x) 9% (2)) —i—z’ASk} (2.168)

xT

The k-dependent Schwinger functional is defined as
Wil[5¢, 37 = —iln Zg[5¢, 7] (2.169)

and the effective average (Keldysh) action again as a modified Legendre transform of Wy,

Trlo®, 67 = Wi[5¢, 79 — / (7°(x)d% () + j9(x)d°(x)) — ASi (2.170)

T

where j¢(z) and j9(z) are given by inverting

¢°(z) = W Pl(z) = W, (2.171)
for fixed ¢¢(z) and ¢9(x)
Upon varying the FRG scale k, one obtains the flow equation [98,106,121]
ORT[6, 0] = Lt {akRk o (R 4Tl dﬂ])l} , (2.172)

Compared to the Euclidean flow equation (2.164) one has an additional prefactor i, and the full
field and FRG-scale dependent propagator

c 1q 2)r:c -q @) ic 1q -1
Gilo®, ¢ = W " 7]]:—(Rk+rk [¢,¢]> : (2.173)
is a 2 x 2 matrix in Keldysh (¢, ¢) space, with components

i (2)9° (1)) i<¢c<w>¢q<x’>>c,j>:<G§<w,x'> G (w,a')

i{@1(2) (2" ))e; (0% (2)p1(2"))e. GA(e, o) G{((x,x/)>’ (2.174)

Gr(z,2') = (

where the subscript in .; indicates that the disconnected parts are subtracted ;, and that
the correlation functions are understood in the presence of the sources j°(x) and j¢(x). The
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Euclidean spacetime Minkowski spacetime

Figure 2.7: Illustration of a Wilsonian FRG flow which integrates out fluctuations within shells
of constant invariant momentum in Euclidean spacetime (left), and in Minkowski spacetime
(right). The question is in which sense one can realize a UV finite and Lorentz invariant FRG
flow in Minkowski spacetime, since there one encounters the additional constraint of preserving
the causality structure of the Keldysh action.

causality structure entails that the lower right ‘anomalous’ ka( = i(¢?¢7). ; correlation function
must vanish for j¢9 = 0, in order to ensure that the effective average action stays zero for a
vanishing expectation value ¢? = 0 of the quantum field [118].

Despite the structural similarity of the real-time flow equation (2.172) and the Euclidean flow
equation (2.164), a major conceptual difference between the two is the additional constraint of
preserving the causality structure of the Keldysh action in the real-time case, which includes,
e.g., the statement (2.36) that external perturbations can only affect the future (but not the
past). The pressing issue here is that one typically finds that as soon as the regulator effectively
cuts off frequencies, the causality structure is violated [90,121,183,184].

In Euclidean FRG flows with only spacelike processes this issue is not immediately apparent,
since the causality structure is in a certain sense ‘hidden’ in the generally ill-posed analytic
continuation to the real-frequency axis, and thus not directly visible in, e.g., the Euclidean
propagator. As such, a Euclidean FRG flow does not necessarily require the causality structure
to be intact, unless of course one is interested in real-time quantities such as spectral functions
during the FRG flow. Hence, there is no conceptual problem of realizing the Wilsonian idea of
integrating out shells of invariant momenta, cf. the left panel of Fig. 2.7. However, this is not
so in Minkowski spacetime with its additional causality structure, cf. the right panel of Fig. 2.7.
In particular, a Lorentz invariant and UV finite regulator necessarily depends on frequency, and
thus it is not at all clear under which conditions the causality structure is maintained, as we
have discussed above.

In fact, the construction of frequency dependent and UV finite regulators that preserve the
analytic structure of the theory is a known issue [84,120,121,184,185] which becomes especially
demanding in any genuine real-time framework [90]. Rather recently, the issue was emphasized
again in Ref. [184] since the approach developed there is based on the existence of the Kéllén-
Lehmann spectral representation which goes hand in hand with the preservation of the causality
structure [186].26 In particular, it was pointed out in Ref. [184] that no regulator is known

26Note that the spectral function does not have to be positive in order for the causality structure to be intact.
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Figure 2.8: Illustration of the three desirable but competing properties of the regulator. See
text for details. Figure taken from Ref. [184].

which is Lorentz invariant, UV-finite, and preserves the causality structure of the theory. Such a
regulator would fall in the center of the Venn diagram in Fig. 2.8. On the other hand, by dropping
one of the three requirements from Fig. 2.8, one can generally preserve the other two: First,
Callan-Symanzik-type regulators satisfy the properties of Lorentz invariance and causality, but
require additional processes such as ‘flowing renormalization’ since the FRG flow is no longer
UV finite [184,188-190] and thus no longer has the Wilsonian interpretation of integrating
out fluctuations within momentum shells. Second, purely spatial (i.e., frequency independent)
regulators guarantee the existence of a spectral representation and yield UV finite FRG flows
[99, 120],%" but are of course not Lorentz invariant. This is the option that is most suited
for the study of critical phenomena near thermal second-order phase transitions, since these
are intrinsically non-relativistic and thus not Lorentz invariant anyway. And third, regulators
which are Lorentz invariant and UV finite (and thus necessarily frequency dependent) have been
used in the past [121,183] but have led to acausal regulator-induced poles which require careful
treatment.

With these observations in mind, one might suspect that there is some ‘no-go’ theorem which
prohibits the (naive) existence of regulators satisfying all three properties shown in Fig. 2.8
simultaneously. In the following, we analyze this issue from the perspective of the Keldysh
formalism.

Assume adding some regulator part to the Keldysh action in the functional integral on the
CTP that is bilinear in the fields ® = (¢, )7 and spacetime translation invariant,

ASy[] = | / ()" Ri(z — y)®(y) (2.175)

zy

In order to maintain the causal structure of the Keldysh action, the regulator matrix Ry is

For instance, one can still have a local QFT with unphysical degrees of freedom that have an indefinite spectral
function — a scenario that is possibly realized by the gluons of Landau gauge QCD [187].
27 Assuming they vanish sufficiently quickly for p — co.
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required to be of the form of a self-energy, i.e. (after Fourier transformation)

_ 0 R} (w,p)
i) = (Rf?(w,p) R;%(w,p)> ' (2176)

As any self-energy it can then always be represented, via Hubbard-Stratonovich linearization
on the CTP, by a linear coupling of the fields ® to a Gaussian ensemble of bosonic degrees of
freedom. The modelling of such a causal self-energy regulator can therefore generally be shifted
into the modelling of the FRG scale k dependent spectral distribution Ji(w, p) of this ensemble
to represent the regulator Ry (w,p) via dispersion relations, as we will discuss explicitly below.
Although one might thus intuitively think of an artificial scale-dependent heat bath to provide
the damping of low frequency and momentum modes in a causal manner, there is more flexibility
to choose such an artificial spectral distribution as it does not necessarily have to represent an
ensemble of physical degrees of freedom, with a positive and normalizable spectral distribution.

In order to demonstrate this explicitly, we now assume that the regulator (2.176) on the
CTP depends on frequency w without violating causality, so that we can discuss the subsequent
constraints that arise on its structure.?® As a starting point for our discussion and as a general
guiding principle, note the structural resemblance of the definition of the full propagator in the
real-time FRG (here for a vanishing response-field expectation value ¢4(z) = 0),

-1
GE GE 0 Iy 0 Ry

— = . + , (2.177)
(Gf 0 r{ v RE RK

with a Dyson equation. A quite non-trivial feature of the Keldysh technique is that the self-
energy matrix, as defined by such a Dyson equation, generally inherits the causality structure
of the Keldysh action [118]. It is thus a sufficient (if not even necessary) condition that the
regulator also inherits this causal structure for causality to be conserved during the FRG flow.
We can in fact turn this argument around, and interpret the statement that the regulator has the
causal structure of a self-energy matrix, defined by a Dyson equation, as the technical definition
of ‘complying with causality’. Imposing the causal structure on the regulator tightly restricts
its frequency dependence, as we shall see in the following.

First, this causal structure requires that retarded and advanced parts are connected by
complex conjugation, i.e. RkR*(w,p) = R,{?(w,p). Moreover, in order to have real regulators
for real scalar fields in the time domain, so that ASk[®] in (2.175) is real, we must also have
RE(—w,p) = R (w, p). This implies that the real /imaginary parts are even/odd in w.

Since such a regulator thus has all the necessary analyticity properties of a retarded /advanced
self-energy, we can therefore also write down a spectral representation. In order to include the
class of frequency-independent regulators, we decompose the regulator in a frequency-dependent
and a frequency-independent part. This can be done in various ways: If the regulator has a fi-
nite, non-vanishing and unique limit for w towards complex infinity, this limit will necessarily
be real and we can subtract it to define a standard spectral representation for the remainder
which then vanishes for w — +o0o0. While this assumption might seem reasonable for regulators,
self-energies in interacting theories typically do have /sliqngularities at infinity. Therefore, we al-

(

ternatively assume here that the imaginary part of Rl]j w, p) vanishes for w — 0, implying that

28 Although we use the Keldysh formalism on the CTP here, with causality, any conclusion on the structure
of the regulator (2.176) can be mapped one-to-one to a corresponding Euclidean regulator RE (we,p) with real
Euclidean frequency wg by analytic continuation, via Rf (wg,p) = —RE(ilwr|, p) = —Ri (—i|wE]|, D).
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the regulator does not introduce artificial massless excitations which could otherwise introduce
infrared divergences. We call this the assumption of infrared finiteness which was one of the
main original motivations for the Euclidean FRG [73].

IR finiteness: If the regulator is analytic at w = 0, we can define a real and momentum
dependent mass shift via

R/A

AME(p) = R0, p). (2.178)
This frequency-independent part is trivially causal and can be chosen as convenient, with the
usual properties that any regulator should have [180]. In particular, it must necessarily be
positive for all FRG scales k in order to properly regulate IR modes without introducing artificial
acausal regulator singularities [90], i.e. AMZ(p) > 0. Because it does not vanish at infinity
in the complex w-plane, we then need to write down a subtracted spectral representation for
RS/A(w,p), based on the analytic properties of (RkR/A (w,p) — RkR/A(O,p))/w and assuming that
R,f/ A(w,p) is analytic at w = 0, see Appendix A where the corresponding Kramers-Kronig
relations are given as well. It amounts to writing

RA(w,p) = ~AME(p) + = (w,p) (2.179)

where the frequency-dependent part ZkR/ A (w,p), which we will refer to as the ‘spectral part’ of
the regulator in the following, is given by

®dw'  2w2J(W, p)
»i/A — —/ adl B : 2.1
i (w.p) o 2m W'((wtig)? —w?) (2.180)

It is expressed in terms of an FRG-scale k dependent spectral density Ji(w,p) which is in turn
given by the imaginary part of the regulator itself,

Ji(w,p) = £2Im =174 (w, p) = +2Tm R4 (w, p) . (2.181)
This spectral density must thus be an odd function of frequency as well, Ji(—w,p) = —Ji(w, p).
Since we have assumed that the imaginary part of RkR/ A (w, p) vanishes for w — 0, the integration
limit of the spectral integral (2.180) in the infrared exists. One can furthermore see explicitly
that the full spectral part of the regulator vanishes for w — 0, i.e. ZkR/A(O,p) = 0, as it must by
construction.

In order to include such a spectral part in a regulator for real-time FRG applications on
the CTP one can therefore start with first devising a suitable imaginary part, i.e. a scale and
frequency-dependent spectral density Ji(w, p) which may be thought of as modelling an artificial
external bath, and then compute the corresponding real part from the (subtracted) Kramers-
Kronig relation.

For the physical interpretation of such a non-vanishing spectral density, we reiterate that
such a self energy could have also been obtained by coupling our system to an external heat bath
modelled as an ensemble of harmonic oscillators after Caldeira and Leggett [114] (cf. Sec. 2.1.2),
or, equivalently, as a Gaussian ensemble of bosonic degrees of freedom, upon Gaussian integration
of this ensemble. Therefore, a causal regulator with a non-vanishing spectral part (2.179),
(2.180) can always be interpreted as arising from interactions with a fictitious external heat bath,
specified by the scale dependent spectral density (2.181), which motivated the name ‘heat-bath
regulator’ in earlier work [90].
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If we translate our general expression (2.180) for the spectral part of a causal regulator to
the Euclidean domain, we obtain the corresponding Euclidean regulator as
* dw' wi Ji(w',p)

Ry (wp,p) = —Ri\(ilwg|,p) = AM(p) +/ (2.182)

0o 7T w(wi+4w?)
for real Euclidean frequencies wg. Notably, the spectral part, for a positive spectral density,
always adds a positive contribution to the positive mass shift AM ,? (p). In particular, for wgp —
00, this contradicts the UV finiteness of the Fuclidean regulator in the frequency argument, as
we discuss next.

UV finiteness: If the spectral density of the regulating bath vanishes for w — 0 as we have
assumed here, then we can also take the limit w — oo in (2.180) to compute the ultraviolet limit
of the regulator from

o diwl Jk(w,ap)

/

lim R¥4(w,p) = —AMZ(p) — / (2.183)
0

w—Foo s w

This shows that a semi-positive spectral density Ji(w,p) > 0, corresponding to any kind of
physically motivated external bath, together with a positive frequency-independent A M ,3 (p) >0
is necessarily inconsistent with RE/ A(w, p) — 0 for w — co. In other words, in such a physics
motivated setup it is not possible to simultaneously cut off frequency integrals and respect
the causal structure of the Keldysh action at all intermediate FRG scales k during the flow.
Moreover, this result does not depend on our subtraction at w = 0 here. In fact the same
conclusion is obtained with subtraction at complex infinity in Appendix A.

Lorentz invariance: Another issue frequently discussed in the literature [184] for real-time
applications of the FRG in vacuum concerns Lorentz invariance of regulator and flow equations.
Of course, a literal heat bath can at best be Lorentz covariant because it defines a preferred
frame. In the context of our causal regulator (2.176) Lorentz invariance can be implemented
assuming that the Gaussian ensemble of bosonic degrees of freedom is represented by local
systems of Klein-Gordon fields in vacuum quantum field theory, which one can think of as a
relativistic version of the Caldeira-Leggett model. This implies that the corresponding spectral
density can be expressed as

Ji(w, p) = 27 sgn(w) G(pz) jk(pQ) (2.184)

in terms of the invariant spectral distribution jk(pZ) which is a function of the squared invariant

2

mass s = p? = w? — p? alone. In this case, the spectral part (2.180) assumes the form of a

standard (subtracted) Kéllén-Lehmann spectral representation,

0o W2 — p? T s
s (W, p) = —/0 ds 8((Lii€§’2 )_J;g)_s). (2.185)

Moreover, the frequency independent AMj(p) = AMj must then also be independent of the
spatial momentum p in order to be consistent with Lorentz invariance. The w = 0 subtraction
has become a light-cone subtraction which is allowed, as long as jk(s) does not contain massless
single-particle contributions (continuous contributions are allowed as long as jk(s) — 0 for
s —0).
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As a practical example, consider the problem of respecting the O(D) invariance of D-
dimensional Euclidean spacetime in a causality-preserving way in the standard formulation of
the FRG [121,183,185|. Assuming the causal structure of the corresponding Keldysh formulation
in thermal equilibrium, a straightforward analytic continuation of (2.185) requires the Euclidean
regulator to be of the form

< (Wi +p%) Jils)

RE(wg,p) = AM? /d
k(wE p) k:+ 0 Ss(w%—l—pQ—FS)

(2.186)

with real Euclidean frequency wpg, i.e. to consist of a Callan-Symanzik regulator plus some
positive shift which depends on the Euclidean O(D) invariant squared momentum variable p2E =
w% + p?. This form of the Euclidean regulator then guarantees the existence of a spectral
representation of the propagator at all FRG scales k, which is not generally the case for an
arbitrary regulator and requires extra attention [121,183]. Moreover, note that the spectral
integral in the momentum-dependent part of the regulator in (2.186) is ultraviolet finite only as
long as Ji(s)/s — 0 for s — oo. While it is thus not intrinsically UV finite, for an arbitrary
spectral density, this is not a severe restriction for a regulator, for which we intuitively expect
that jk(s) — 0 for s > k2, anyway. On the other hand, and maybe more importantly however,
without the Callan-Symanzik mass shift, i.e. for AM,? = 0, this expectation would in turn
imply for p2E > 5 ~ k? a subtracted superconvergence relation for the artificial regulator spectral
density here,

N
/ ds ) (2.187)
0 S
in order to have
RE(pL) = 0 for p% > k2, (2.188)

for our O(D)-invariant regulator with spectral representation. In particular, this also shows
that it is not possible to maintain the positivity of the regulator spectral distribution jk(s),
and to have the Wilsonian realization of integrating out momentum shell by momentum shell
in the FRG flow, at the same time. Instead, a flow generated by (2.186) with a positive spectral
distribution jk(s) > 0 then necessarily has to be interpreted in the sense of Callan-Symanzik
flows, shifting all squared masses uniformly by the square of the FRG scale k2, and it thus
represents a flow through ‘theory space’ [184].

Causality, Lorentz invariance, UV and IR finiteness: It is now straightforward to put
together these individual requirements and discuss the consequences. Lorentz invariance entails
that the regulator only depends on the invariant momentum, RkR/ A RkR/ A (p?). Causality then
requires it to be an analytic function in the cut-complex p? plane, with the only singularities
at the discontinuity along the timelike real axis. The causally regulated theory corresponds to
an open system where the self-energy regulator (2.175) has become the result of integrating
a Gaussian ensemble of bosonic degrees of freedom which we may call the environment (with
Lorentz invariance it is not a heat-bath, of course, but some local field system). Analytic
continuation to the Euclidean domain and the existence of a spectral representation are then
guaranteed. Ultraviolet finiteness of the Euclidean FRG flows demands that R,}:/ A (p?) = 0 for
—p? > k2. For timelike p? > 0 the imaginary part is given by the invariant spectral distribution
jk(pQ) which describes the interactions of the system with states in the environment of total
momentum p. The causal extension of the Wetterich equation leads to the conclusion that

such artificial interactions in the regulated theory should not occur for p? > k2, implying that
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jk(pQ) = 0, for p? > k2. The self-energy regulator therefore then vanishes in all directions at
complex infinity of the p?-plane, and no subtraction in its spectral representation is required in
this case, in the first place. Instead of (2.179), (2.180) we can then simply write

RIA, o [ Ji(s)
R (p7) = /0 ds Wt —pl—s’ (2.189)

see Appendix A. Without massless excitations introduced by the regulator, we can furthermore
take the limit p?> — 0 here and obtain for the mass shift

AME = RE(0) = —/0 ds J"és)

|
>0, (2.190)

which must be positive to avoid tachyonic regulator singularities. This shows that causality,
Lorentz invariance plus UV and IR finiteness together require that the spectral density of the
artificial environment cannot be positive. The bosonic fields in the Gaussian ensemble of the
environment thus necessarily violate positivity just as BRST quartets do in covariant gauge
theory.? In fact, the Keldysh action does have a BRST invariance [82,191-194], expressing
the fact that the partition function for vanishing sources of the response fields, j¢9 = 0 with
Z[j¢,0] = 1, defines a topological quantum field theory. There are of course physical fields
with positivity on the CTP, and hence with positive spectral distributions, but in presence of
interactions the latter are usually ultraviolet divergent. In order to represent an FRG regulator
contribution ASg[®] as in (2.175) in terms of local field systems, so that the regulated partition
function and effective average action define a local quantum field theory at all FRG scales k
during the flow, we can either have positivity or ultraviolet (and infrared) finiteness, but not
both at the same time. (In other words, upon replacing ‘Causality’ with ‘Positivity’ in the lower-
right corner of the diagram in Fig. 2.8, the form (2.189) of the regulator indeed excludes the
threefold overlap region in the center.) In particular, we conclude that representing infrared and
ultraviolet finite effective average actions in terms of polynomial algebras of local field systems,
with spacelike (anti-)commutativity to maintain causality, necessarily requires a detour into
indefinite metric spaces with BRST cohomology construction (of BRST closed modulo BRST
exact states) of a physical state space during the flow.

We end this subsection with a brief mentioning of the implications that causal regulators
with non-vanishing spectral parts (2.180) can have on the dynamics. Coupling any theory to an
artificial environment, be it positive and hence physical or not, will evidently in general violate
conservation laws. A causal heat-bath regulator, for example, induces artificial dissipation and
therefore also possibly affects the conserved quantities. This can potentially lead to a change
of the dynamic universality class in the Halperin-Hohenberg classification [46] during the flow,
when the regulator is present. Most obviously, due to the auxiliary coupling to a regulating
heat bath, energy is not conserved anymore, at least for excitations with frequencies in the
support of Jx(w,p). An Ohmic heat bath, with J(w,p) ~ yw, in the infrared, for example,
yields the prototypical realization of Model A dynamics, for which heat-bath regulators are thus
particularly well suited. Special attention is needed, on the other hand, when studying systems
with conserved energy (e.g., certain microscopic theories that classify as Model C, but where the
energy density is not explicitly coupled, such as in Ref. [88]). In fact, since imaginary and real
parts of our causal regulators are always linked by Kramers-Kronig relations, and a non-vanishing

2The closed total system including the artificial environment can still represent a local field system with
causality, but there is no spin-statistics theorem for which one needs positivity, in addition.
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imaginary part always corresponds to a coupling to some external environment, we conclude that
the arguably simplest way to maintain conservation laws is to assume that the regulator does
not depend on w, implying that the regulator spectral density vanishes, Ji(w,p) = 0, and the
regulator is thus purely spatial, i.e.

R/A
R (w,p) = —AMZ(p) . (2.191)
This seems particularly well justified when one is interested in the critical dynamics near thermal
fixed points, where (a) Lorentz invariance is no issue in the first place, and (b) one is predomi-
nantly interested in an effective theory for the critical long-range infrared modes and ultraviolet

finiteness is less of a concern.
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Chapter 3

Critical dynamics near the chiral phase
transition

Parts of this chapter have already been published in Ref. [2]. The numerical results presented in

Sec. 3.4 were obtained in collaboration with Yunzin Ye.

As stated in the introduction, the chiral phase transition of QCD in the limit of two massless
quark flavors is generally believed to be of second order and to fall into the O(4) universality
class [59]. Lattice QCD simulations performed close to the two-flavor chiral limit for lighter than
physical pion masses indeed provide evidence of a second-order chiral phase transition [55,56].
Although the universality class cannot be determined with confidence yet, the results from the
HotQCD collaboration at least indicate that the quark-mass and temperature dependence of
chiral condensate and susceptibility are consistent with O(4) universality, as described by the
corresponding universal scaling functions [55,195]. While the discriminating power of available
lattice results does not allow to nail the universality class, the window for a description in terms
of universal scaling functions appears to extend up to the physical pion mass [70]. This window
is not necessarily equal to the true scaling window, however. Results from functional methods
for effective low-energy models and QCD have long suggested that the actual scaling region
is restricted to much smaller pion masses [57,196-198|, with the most recent QCD estimate
limiting the critical region for O(4) scaling to pion masses below a few MeV, and to a similarly

small range of temperatures around the transition |71].

On the other hand, the dynamic universality class of the two-flavor chiral phase transition
is believed to be the one of a four-component Heisenberg antiferromagnet, i.e., an extension
of the original Model G by Halperin and Hohenberg [46] to an O(4) order parameter [62], as
discussed in Sec. 2.2.5. This extension is frequently referred to also simply as ‘Model G’, although
strictly speaking ‘Model G’ specifically referred to the antiferromagnetic O(3) Heisenberg case
in the original classification. The phenomenological consequences for heavy-ion collisions and
the critical dynamics of Model G were previously studied in Refs. [61,65-67]. In fact, it was
suggested that an observed excess of soft pions in heavy-ion collisions [63] might be attributed
to remnants of the second-order O(4) transition [67]. With its critical dynamics thus being
potentially relevant for the phenomenology of heavy-ion collisions, here we therefore further
pursue the study of this model which has historically also been known as the SSS model [104,170]
in the literature. Luckily, to observe the strong dynamic scaling of Model G, where the order
parameter and the conserved charges are expected to relax with the same dynamic critical
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exponent z = d/2 in d spatial dimensions, it is not a priori necessary to be strictly inside the
potentially small static O(4) scaling region.

In this chapter, we focus on studying Model G within the real-time FRG framework. This
extends previous work in several ways: For example, a real-time FRG formulation of classical
Langevin dynamics was used to calculate the dynamic critical exponent z of the purely dissipative
Model A in [81,82,84] and of Model C in [83]. Quantum fluctuations can be incorporated by
formulating the FRG on the Schwinger-Keldysh CTP. Such real-time formulations of the FRG
on the CTP were used to study critical dynamics and spectral functions of the relativistic O(4)
model in Refs. [151,199]. Without including the reversible mode couplings in presence of the
conserved charges in these references this led to the dissipative dynamics of Model A, however,
where the charges are not conserved. The truncation of Ref. [199] had thereby been adapted
from Ref. [98] where it had been used to study spectral functions of the quartic-anharmonic
oscillator in quantum mechanics. A combined vertex and loop expansion for the FRG on the
CTP was formulated in [90] where the same quantum-mechanical system was studied with
various different real-time methods for spectral functions. A field-theory extension of this real-
time FRG formulation was developed in [1| and used to compute the critical spectral functions
of the relaxational Models A, B, and C. In a recent update, a derivative expansion similar to
the one used in Ref. [81] was employed to resolve the field dependence of the kinetic coefficient
of Model A [154]. In this work, we take the real-time FRG from Sec. 2.3.2 to the next level by
including the reversible mode couplings needed to study Model G dynamics in this framework.
The subtleties associated with these reversible mode couplings will also be relevant for Model
H, as we shall see in Chapter 4.

This chapter is organized as follows. In Sec. 3.1 we construct a generating functional for
Model G using the MSR formalism. In the same section, we also discuss the symmetries of the
MSR action of Model G, which will serve as a guiding principle for finding a suitable truncation
of the FRG flow. In Sec. 3.2, we formulate the FRG for systems with reversible mode couplings
and discuss how the regulator should be introduced so as to preserve all relevant symmetries.
We show that the dynamics of the system does not affect the flow of the static LGW free energy.
In Sec. 3.3 we formulate a truncation of the effective average action, derive corresponding flow
equations for the LGW free energy and the kinetic coefficients, show that the mode-coupling
constant g is protected from renormalization, and discuss our numerical methods used to solve
the flow equations. In Sec. 3.4 we discuss the critical behavior of O(4) Model G obtained from
our real-time FRG study, including the critical exponents and a universal scaling function for
the diffusion coefficient of the iso-vector and iso-axial-vector charge densities.

3.1 Martin-Siggia-Rose path-integral formulation

For the convenience of the reader, we copy the equations of motion (2.146) of Model G here,

Oda 5F

o =—I 5¢a + = {gzﬁa,nbc} —|— Ha, (31&)
Ongy F oF
ot - ’YV on b + g{naba¢c} 5¢C + {nab7ncd} + V. Cabv (31b)
where the LGW free energy F' is given by
1 ; m? 1
F= /x {2(8 ¢a)(8 ¢a) + 7¢a¢a 4‘N(¢a¢a) Xnabnab} . (3.2)
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CHAPTER 3. CRITICAL DYNAMICS NEAR THE CHIRAL PHASE TRANSITION

By adding external sources to the LGW free energy,
1
F—F— / (Ha¢a + §Habnab) (33>
X

we can promote the partition function (2.150) to a generating functional for static (equal-time)

correlation functions in thermal equilibrium,

2. M = [ DoDwexp{ ~6F16.01 4 5 [ (Ha(@)ou@) + Hulemale) | (34)

From its behavior around the critical point all static universal properties like the critical expo-
nents v and 1 may be derived.

To study dynamic critical phenomena we need unequal-time correlation functions. A cor-
responding generating functional can be constructed with the MSR formalism [100-102] which
we have already encountered in Sec. 2.1.4, but which we shall review here in more detail and
from the perspective of starting with the stochastic equations of motion (3.1) of Model G. In the
MSR approach, one reformulates a thermal expectation value (O(¢,n)) of an operator O(¢,n)
which may involve products of fields at different times as a real-time path integral. As in the
Keldysh formalism, this is achieved by doubling the number of fields, cf. Sec. 2.1.1. In the MSR
formalism one introduces auxiliary response fields qg and n, and constructs an MSR action

o= [ (i fm)

~ anab 2 6F 5F
*nab < 815 ’YV 5na g{naln ¢c} ¢ {naln ncd} cd)
+ iT&aFO&a - ;iTﬁab7V2ﬁab:| 5 (35)

corresponding to the equations of motion (3.1) of Model G such that the expectation value of a
multi-time observable O(¢, n) can be calculated from the corresponding path integral,

(O(¢,n)) = / D¢ DdpDnDn T|p,n] exp{iS} O(p,n). (3.6)

In the MSR technique, one also needs to introduce a (generally) field-dependent Jacobian de-
terminant J[¢,n] to the path integral, which is the determinant of the Jacobian matrix of the

_(E*ém) 0
E<¢,n>=< : En<¢,n>> (3.7)

from the fields to the fluctuationless parts of the equations of motion, with components

map

94

¢ pu—

Ea (¢7 TL) = ot + 5¢a {¢av bc} (38&)
ong OF oF

gb(¢v n) = gtb - '7V25 g{ Nab, ¢c} ¢ g{nabyncd}% ) (38b)

i.e. the operators to which the response fields q~5 and 7. couple linearly in the MSR action (3.5).
With these the stochastic equations of motion (3.1) can then compactly be written as

EJ(¢,n) = 0o, En(d,n)=V-Cy. (3.9)
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3.1. MARTIN-SIGGIA-ROSE PATH-INTEGRAL FORMULATION

Before we continue with the construction of the generating functional in the next subsection,
in the following, for the convenience of the reader, we briefly review the structure of the MSR
action (3.5) and the conceptual steps in its derivation.

Generally, a thermal expectation value (O(¢, n)) of an operator O(¢, n) is given by an average
of the observable over an ensemble of solutions ¢g ¢, ng ¢ to the equations of motion (3.1),

(O(6,n)) = / DODC PI6,¢] 0o n0.) (3.10)

where the specific noise instances (¢, ), ¢(t,x) are randomly drawn from a Gaussian distribu-
tion with probability (density)

P[0, ¢] :exp{—/xe"(fr)fT } { /C“" SPYT } (3.11)

which implements the white noise statistics (2.148), with variances set by the fluctuation-
dissipation relation for thermal equilibrium at temperature 7. One can now insert a trivial
unity into (3.10), to introduce (path) integrals over ¢, (¢, x) and ng(t, x),

1= [ D6Dn5(6 ~ 600) 3~ o) (3.12)

The §-functionals enforce the fields ¢, n in the path integral to be solutions to the stochas-
tic equations of motion (3.1). With the functional generalization of the identity 6(z — xp) =
|f'(x)]6(f(x)), for a function f(x) with a unique root at z = =xy, we can rewrite the o-
distributions in (3.12) to arrive at the somewhat more convenient form

5(¢ — do.c) 6(n —ngc) = Td,n] 6(E® — 0) 6(E™ — V - ). (3.13)

This expresses the fact that only the solutions to the equations of motion contribute to the path
integral, i.e. those that satisfy Ef(qb,n) — 0, = 0and E(¢,n) — V-, = 0. This however
necessitates the introduction of the functional Jacobian J[¢,n]| (which can be set to unity with
a suitable time discretization, as discussed below). Next, one uses Fourier representations of the
d-functionals in (3.13), introducing the auxiliary ‘response’ fields éa and Ngp,

S(ES —0,)0(EL, —V - Cop) = /quDn exp{—z/qba (ES —0,) — 2/%( -V gab)} :
: (3.14)
In total, one then arrives at

(O(p,n)) = /De D¢ D DnDdDn J[p,n] Plh, ¢] x (3.15)

exp{—z/gi)a (ES — 0,) — /Bnab( -V Cab)}0(¢,n)

for the thermal expectation value. The (path) integral over the stochastic noises is now Gaussian
and can be performed analytically, yielding

(O(6,n)) = / DéDn DG Dit T [, 1] x (3.16)

- 1 ~ - 1
€xp {Z/ |:_¢aEZS - §7~LabEgb + iT¢aF0¢a - 2iTﬁab’7V27~Lab:| } O(¢, TL)
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which is precisely the anticipated expression (3.6) with the shorthand notation (3.8) for the
fluctuationless parts in the equations of motion. The MSR path integral (3.6) is thus equivalent
to (3.10), but more convenient for a field-theoretic treatment.

We close this subsection with a few comments on the Jacobian. On a fundamental level, the
Jacobian ensures the normalization condition (1) = 1 of the MSR path integral (3.6), which is
expressed in the definition of a real-time partition function

7 = /mwmm Jlp,n] exp{iS} =1, (3.17)

defined as the MSR path integral (3.6) when no observables are measured. Notably, this normal-
ization condition is not just a choice of an overall (constant) normalization factor, but implies
that for field-independent observables in (3.6) the path integral becomes ‘topological’. We dis-
cuss this particular property of the MSR technique in Appendices B.1 and B.2, as it is related
to the hidden BRST symmetry already mentioned in Sec. 2.1.1.

In the present case, we can achieve J[¢,n] = 1 by choosing a retarded (Ito) discretization of
the stochastic equations of motion. There are other possible discretizations, however, in which
Jl¢,n] # 1, e.g. in the Stratonovich discretization. The fact that the choice of discretization
is not unique becomes particularly important in systems with multiplicative noise, where the
stochastic force terms in the equations of motion (3.1) are field dependent. Under such cir-
cumstances different discretizations can indeed lead to different continuum limits, which has
historically also been known as the Ito—Stratonovich dilemma. In fact, already in the present
case, without multiplicative noise here, one has to be slightly careful in obtaining the correct
continuum limit of the Ito discretization [82]. We defer a discussion of this particular subtlety
to Appendix B.1, and continue with the construction of a generating functional in the next
subsection.

3.1.1 Generating functional for systems with reversible mode couplings

A generating functional for unequal-time correlation functions can be constructed by introduc-
ing external source terms in the general definition of an expectation value (3.6). First of all,
unphysical sources H, and H,;, which are conjugate to the classical fields ¢, and ng, are simply
introduced as linear coupling terms on the level of the MSR action (3.5),

S =S+ / <lEIa<z5a + ;ﬁabnab> . (3.18)

The partition function (3.17) then becomes a functional of H and H. Expectation values of
classical fields can then be obtained as usual by functional differentiation of the partition function
in presence of these sources, e.g.

_Z_az[ﬁ, H]

g ‘ SZ[H,H]
6Ha(2) |f—ti=0

—
0Hap () ’ﬁ:ﬁzo

(Pa(x)) = o (na(@)) =~ : (3.19)

where Z denotes the generating functional from here on, i.e. the partition function in the presence
of external sources. One has to be more careful when one introduces physical source terms H
and H conjugate to the response fields. They should be included in a way that the dynamic
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response functions (i.e. the retarded propagators) of the system can be calculated via

6{¢a(T)) 1

GR x, CC/ unconn. — ‘ ’ 520

bay (T % Junco OHy(2') | a=o ( |
5<nab('r)>HH

GR ! unconn. = e ’ 5200

NabNed (SU, X ) . 5Hcd(ﬂj/) H,HZO ( )

where the subscript ‘unconn.’ indicates that these denote unconnected correlation functions,
i.e. the disconnected components are not subtracted here. As it turns out, the correct way of
introducing such physical source terms is to add them one level earlier: Instead of adding the
corresponding source terms directly to the MSR action, as done for the unphysical ones in (3.18),
we add the physical sources to the free energy as in (3.3) for the static case, i.e. writing

F— F_/ (Ha¢a + %/Habnab)v (321)

which can now be time dependent, however, to be able to compute unequal-time correlations
functions. This formal replacement is then used to obtain correspondingly modified deterministic
force terms inside the MSR action in a second step. We will elaborate on the reasoning for this
choice in more detail below. Crucially, when introduced in this way, the physical sources do
not couple to the standard response fields ¢~5a and N4y directly, but to the following composite
operators

ci)a = IWO(ZNSa - gﬁbc{nba ¢a}a (3.22&)

Noy = _7V2ﬁab - gﬁcd{ncm nab} - géc{d’c; nab} . (3-22}3)

This is because they then couple to all terms in the equations of motion (3.1) that contain
(d-dimensional) functional derivatives of the free energy. In addition to the dissipative terms,
this includes contributions from the reversible mode couplings, i.e. Poisson-bracket terms in
the equations of motion. In fact, it has been argued that this is the natural way in which
physical source terms should appear in effective field theories of dissipative hydrodynamics, see
e.g. Ref. [200]. One can straightforwardly verify that by including (time-independent) source
terms in this way, the stationary state of the system is still the Boltzmann distribution (but with
the free energy (3.3) which then includes the static sources, of course). Correspondingly, the
FDR in its usual form based on Kubo-Martin-Schwinger conditions [130,131] is maintained, even
in the presence of static external sources. This is not entirely trivial in a system with reversible
mode couplings. In fact, if one were to naively couple the sources directly to the elementary
response fields an and ngp in the MSR action (3.5), such a system would no longer approach the
corresponding equilibrium Boltzmann distribution. This is shown in Appendix B.3.

Therefore, introducing the sources as described, we arrive at the generating functional
Y - - - 1 -
ZIH,H,H,H] = /DqﬁDqSDnDﬁ exp {i5[¢,n, o, n] + Z/ (Haqba + §Habnab) +
x

7// (FO(Zga + g{¢aanbc}ﬁbc)Ha+ (323>

% / ( - nyQﬁ’ab + g{naba (bC}(Z;c + g{nah ncd}ﬁcd)Hab} ,

where we explicitly see that the sources H, and H,, couple to the composite fields (3.22). This
formulation of the generating functional will form the basis of our treatment of Model G within
the FRG in Sec. 3.2 below.
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Note that the composite response fields (3.22) have the structure of a field-dependent linear
transformation of the standard response fields,

(?a _ 5adF0 %{(baanef} éd . (324)
Nbc g{nba ¢d} _% (5beécf - 5bf5(:e) 7V2 + %{nbm nef} ﬁef

We emphasize that the matrix in (3.24) depends on the ‘classical’ fields ¢ and n, but not on the
response fields ¢ and 7. In particular, the reversible mode couplings with the Poisson brackets
(2.144) and (2.145) only introduce classical fields {¢,n} ~ ¢, {n,n} ~ n, but no response fields.
Because this field-dependent matrix is used repeatedly throughout this work, we introduce the
symbol J(1) for it together with a compact ‘superfield’ notation ¢ = (¢, n), U = (@,N) and
)= ((;3, n). We can then compactly write U =J (1/1)1/;, and express the field-dependent matrix
J() as

J(@,a's9) = gj((j)) (3.25)
_ daal’o %{¢aa nef}(x) 5($ _ .%'/) '
g{nbcu ¢d}($) _% <5be(scf - 6bféce) ’YV?(; + %{nbm nef}(x)

Instead of formulating the path integral in terms of the standard response fields (5 and n, we
can also perform the change of variables (3.22) directly on the level of the path integral and
formulate the action in terms of the composite response fields ® and N. Le., using the definition
of the composite fields in (3.22) as a field transformation in the path integral (3.6) then yields

Z[H,H,H,H] = /D¢D<i>DnDNJ’[¢, n) exp {iS’[qb, n,®, N] + (3.26)

. ~ 1.~ ~ 1~
Z/ (Ha¢a + iHabnab + q)aHa + 2NabHab)}
€T
with a formally different bare action S’ that is obtained by substituting the response fields with
the new composite fields,

S'l¢,n, @, N] = S[¢,n, 6,7, (3.27)

and with a field-dependent Jacobian J'[¢, n] that arises due to the transformation of the mea-
sure. The transformed action S’ is spatially non-local in the new fields since the inverse of
the field transformation (3.22) is needed in its definition (3.27), which involves inverting the
spatial Laplacian V2. Moreover, because the field transformation is non-linear, the Jacobian
determinant in (3.26),

% 89
J'[6,n] = |det (gg; ggg) ‘ = |det J 7' [¢, n]| (3.28)
5o 6N

depends on the fields ¢ and n, and thus needs special attention. Generally speaking, the sole
purpose of such a Jacobian determinant in the MSR, path integral is to ensure that the normal-
ization condition (1) = 1 is maintained. On a diagrammatic level, this requires the cancellation
of all acausal diagrams' by corresponding ‘ghost’ diagrams, which arise from anti-commuting

!These are all diagrams which would otherwise vanish in the Keldysh/MSR formalism by standard causality
arguments, for example those diagrams where two points = and z’ are connected both by a retarded and an
advanced propagator, G¥(z,2')G*(z,2’) = 0, or where a retarded/advanced propagator closes into a loop,
GR/A(z,z) = 0.
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ghost degrees of freedom ¢ and ¢ introduced to represent the Jacobian determinant as an integral
over Grassmann variables,

! = ¢Dc exp ¢ — c(x 51/;(30) c(a’
J[¢,n]—/Dch p{ /M/ ( )5@(3:’) ( )}, (3.29)

here again expressed in our superfield notation. Knowing that this cancellation must occur, in
practice, one may therefore simply dismiss the Jacobian together with all acausal diagrams [194].
For more technical details on the Jacobian, see Appendix B.2.

The unconnected physical response functions (i.e. the unconnected retarded propagators) are
obtained as second functional derivatives of the generating functional

) o
GH 4, (2,2 )unconn. = L ?[H’H’H’H]‘ , (3.30)
- 0Hq(x)0Hy(2') |m31=0
) oL
Ggabncd (a:, fEl)unconn. =—1 ) ~Z[H’/H’ H’ H] ’ . (3.31)
Hap(2)0Hea (') H,H=0

They describe the dynamic response at spacetime point x = (¢, ) of the system with respect to
an external perturbation applied at 2’ = (¥, &), cf. (3.20). Connected correlation functions are
obtained from the corresponding Schwinger functional

WI[H, H,H,H] = —ilog Z[H,H, H, H]. (3.32)

For example, the connected propagators (here in the presence of arbitrary background sources
H(z), H(z)) are given by

ol ') = SERIEH 6, 602 - i) ), (3.332)
G 5 (w,2)) = 622/[5)?}[5;;] = i{Ga(2)Pp(2')) — i{da(z))(Py(2')), (3.33b)
Gloon(:') = 55?5)?1{57;] = i(@a(2)0n(e)) — i(Bal2)) (dn(e") (3.33¢)
iFy,g,(,2') = 5%[5)?}[@7){] = i(®a(2) () — i(Pa(2))(Po(2)) , (3.33d)
and,
Franalont) = S oy = ol ) G300
Gl = SLEIEBI )X~ i) (S 030
G oy (,2') = i;wb[g);ig = i(Ngp(2)neq (")) — i(Nop(2)) (nea(z)) (3.34¢)
iy (') = f;{W,,[Z )?HZ (;{)] = i(Nap () Nea(2)) — i Nap(@)) (Neae)), (3.34d)

The effective action, the generating functional of 1PI correlation functions, is obtained from a

Legendre transformation of the Schwinger functional,

T(6,7,®, N] = W[H, H, H,H] / (Ha¢a + 5 Habfas + Haa + 5Haijab) (3.35)

T
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with
-~ OWI[H,H,H,H| = _ OWI[H,H, H,H|
Pa(x) = S, (2) ;o Do(z) = SHo(2) ; (3.36)
B _ OWI[H, M, H,H] S ) SWI[H, H, H,H]
nab(l‘) - (57:[ab(.’1,') ) Nab( ) - 5%@()((5) (337>

We have thereby indicated the field expectation values by bars. Since the classical sources
actually couple to the composite operators (3.22), the effective action (3.35) is not a functional
of the expectation values (@q(z)) and (figs(x)) of the standard response fields, but instead a
function of the expectation values of the composite operators (3.22), i.e., of

= ~ g -

Ca(z) = To(¢a(2)) = 5 {ftbe(@){nhe, da}(2)), (3.38a)
Na(2) = —7Va(@)) — L) e na} () = 9(0e() (g nan b)) . (3.38D)
In the following we will drop the bars from the field expectation values again since there will
be generally no confusion with the fields appearing in the path integral (3.26). The various
propagators (3.33) and (3.34) are then dependent on the background field expectation values
instead of the external sources and can be expressed by

Gy, ¥] = —(C@[p, o))~ (3.39)
where T(®[¢), U] denotes the Hessian matrix of I in the superfield notation. In general, we
indicate functional derivatives by superscripts, e.g.

0°T[y, U]
oW (x)ov;(y)
where 4, j here are indices in superfield space. When written in components, the compact relation
(3.39) explicitly expands to [106]

Y3, ) (x, y) (3.40)

GR = — {PW TV o vyl FW}_I , (3.41a)
GA=— {Fw‘i’ %o (D)o I“i"i’}_l , (3.41b)
iF = — {FW %o (PP -1, rw}fl : (3.41c)
iF = {PW T o ()1 1‘““’}_1 , (3.41d)

for the retarded, advanced, statistical, and anomalous propagators in superfield space. We
have suppressed the two superfield indices and the two spacetime arguments on all two-point
functions and propagators in (3.41), so that all objects are to be interpreted as matrices (and
their inverses) in spacetime and in superfield space. Moreover, the symbol o denotes matrix
multiplication in superfield space as well as integration over adjacent spacetime coordinates, e.g.

(Ao B)ij(x,y) = / Aa(z, 2)Byj(z.y) (3.42)

z

with superfield indices ¢, j, [, spacetime points x, ¥y, z, and implicit summation over [.

To conclude this subsection, we furthermore note that our rule for functional derivatives
with respect to the elements of antisymmetric N x N matrices such as ng, = —npg, with only
N(N —1)/2 independent components, is defined by the antisymmetric fundamental functional
derivative as follows,

Ingp()
6ncd(y)

= (5ac(5bd - 5ad6bc) 5<1' - y) . (3.43)
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3.1.2 Symmetries of the MSR action

Symmetries generally provide powerful tools for practical calculations. For instance, they give
rise to Ward identities of the effective action and hence to non-trivial relations between the
n-point correlation functions. If the symmetry is continuous, Noether’s theorem implies an
associated conserved current, which means that continuous symmetries can be used as a guideline
for the degrees of freedom that are part of an effective hydrodynamic description. Moreover, as
a peculiarity of the real-time formalism, the question whether a system is in thermal equilibrium
is also expressed as the presence (or absence) of a discrete symmetry, as discussed in [107]. In
the context of the FRG, one can show that a given symmetry is exactly conserved by the FRG
flow [180] (assuming that the regulator does not explicitly break the symmetry). This means
that possible truncation schemes are restricted to those which conserve all symmetries that are
already present at tree level. With this motivation in mind, our goal in this subsection is to
discuss the various symmetries of the MSR action (3.5). We will use some of these symmetries
in later sections to derive some important general results such as the FRG-scale independence of
the reversible mode coupling ¢, or the independence of the ‘static’ FRG flow for the free energy
of any real-time quantity, for example. They also allow one to restrict the possible operators
that can occur within a given truncation of the FRG flow.

Thermal equilibrium. Thermal equilibrium is generally expressed as a symmetry of the MSR,
action [107]. The symmetry transformation can be most directly expressed as a transformation
of the composite response fields (3.22), and is given by

- (1{%(%1@)) _ < 1o ) (e@(—w,p)) (3.44)
¥i(w, p) —Bw 1 €iVi(—w, p)

(no summation over the superfield index i on the right-hand side) where ¢; = +1 are the
time-reversal parities of the fields. (This symmetry of thermal equilibrium can of course also
be expressed as a transformation of the standard response fields (;NS and 7, in which case it is
non-linear, however [201].) The occurrence of the time-reversal parity in this transformation is
due to the fact that the symmetry expresses detailed balance when the system is in thermal
equilibrium, which includes a time-reversal transformation [107]. Since the ¢-field is the order
parameter of the system and the order parameter is unchanged under time reversal, one assigns
€y = +1. The n-fields, on the other hand, represent the zero components of conserved currents,
and their parity under time reversal thus is €, = —1. We explicitly demonstrate in Appendix C
that our bare action is indeed invariant under the symmetry transformation (3.44).

Temporal gauge and displacement symmetry. There is a symmetry that emerges due
to the underlying Poisson-bracket structure of the reversible mode couplings. By construction,
the free energy (3.2) and the equations of motion (3.1) are of course invariant under global
O(N) transformations. In fact, this global O(/N) symmetry can even be extended to cover time-
dependent (but spatially constant) O(N) transformations. This generalization is possible due to
the Poisson-bracket structure of the conservative terms in the equations of motion (3.1). To see
this, we first introduce some general notation. Recall that O(N) transformations can generally be
written as O = exp{3au Ty} € O(N), where the T,;’s are the N(N —1)/2 generators of O(N).
The latter are elements of the Lie algebra o(N). One possible representation that complies
with the Poisson-bracket relations (2.144) and (2.145) is given by (Tyup)ed = 0adObe — dacOpq- The
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generators satisfy the commutation relations
(Tab, Tea] = 6acThd + OvdTac — SadThe — dbeTud (3.45)
which defines the structure constants of the group. They are normalized according to
tr(TopTea) = 2(8addbe — Gacdba) - (3.46)

The Poisson-bracket relations reflect the transformation behavior of fields under infinitesimal
O(N) transformations, so we can express

{d)aa ncd} = (Tcd)ab¢ba {nab7 ncd} = (Tcd)ab7efnef y (347>

in which (T,q)ap,es denote the generators of the adjoint representation of O(N). They are
explicitly given by the structure constants of O(N), which can be read off from the commutation
relations (3.45). The order parameter ¢, its associated response field 6, and the corresponding
noise term 6 are all elements of the fundamental (defining) representation of O(N) and thus
transform as ¢ — O¢, ¢ — O¢, and § — OO under an action of O. The matrix of charge
densities n = —%nabTab, its associated response field n = —%ﬁabTab, and the corresponding
noise ( = —%CabTab are elements of the adjoint representation. They thus transform as n —
onOT, i — 0nOT, ¢ — OCOT. Similarly, the corresponding sources H, H and H,H, for the
order parameter and the conserved charges, are elements of the fundamental and the adjoint
representation, respectively.

Now we let the transformation depend on time, O — O(t), i.e. we consider g, — agy(t).
One can straightforwardly verify that the equations of motion (3.1) with the physical source
terms included are invariant under the following time-dependent O(N) transformations,

WM 2)OT (1) + ;O(t)OtOT(t) (3.48)

which, importantly, requires an inhomogeneous transformation of the external (physical) source
‘H of the charge densities by éO(t)@tOT(t). This symmetry is therefore like a purely temporal
(i.e. spatially constant) gauge symmetry in a non-Abelian gauge theory, e.g., with an incomplete
Coulomb gauge fixing. The source H,;, plays the role of the zero-component H,, = Agb of an
external non-Ablian gauge field Agb, and the gauge symmetry can be interpreted as the residual
invariance under purely temporal gauge transformations that remains after choosing Coulomb
gauge V-A, = 0. This is the non-Abelian generalization of the observation that sources A* for
conserved U(1) currents j#, due to the current conservation d,j* = 0, admit an Abelian gauge
symmetry [192,200].

In the special case of rigid rotations about a fixed axis, with au,(t) = wgpt and constant
angular velocity components wgp (i.e. in an Abelian subgroup of the gauge group), the purely
temporal gauge transformations reduce to constant shifts or displacements of the external source
Hab by

1 1
QO(t)atOT(t) = —5wavlap- (3.49)
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We will thus refer to this symmetry as the ‘displacement symmetry’ in the following. In QED,
e.g. when completing the Coulomb gauge by requiring the zero component of the gauge field to
be time independent, or in covariant gauges, an analogous displacement symmetry is left as part
of the residual global gauge invariance after gauge fixing [202-204].2

Intuitively speaking, this symmetry states that the sole effect of a shift in the external
source H is to induce a corresponding time-dependent rotation of all fields. In the language of
the antiferromagnet, where the sole effect of a constant uniform magnetic field is to let all spins
precess about the magnetic field with an angular frequency proportional to its strength, this
phenomenon is known as Larmor precession.

Such a transformation behavior is usually called an ‘extended’ symmetry in the literature,
as the corresponding change 05 in the MSR action does not generally vanish, but is linear in
the (composite) response fields and hence corresponds to a mere shift of the external sources
[108,109,206,207]. An extended symmetry poses just as strong constraints on the 1P effective
action as a normal symmetry does.

To formulate the time-dependent O(N) transformations on the level of the MSR action (3.5),
we need to transform the (composite) response fields instead of the noises,

Knowing that our extended symmetry acts on the external sources H,, as a residual purely
temporal O(N) gauge symmetry, we may introduce corresponding covariant time derivatives for
¢ and n via

Dipo = Ospa — g(Tcd)abHcdéf)b, (3.50a)
Dtnab = 8tnab - g(Tcd)ab,echdnef . (350b)

Including the coupling to the sources H into the definition of an extended MSR action,
1 .
Sy ES+/HabNab7
2 Js

we can then express Sy using these covariant derivatives (3.50) compactly as

1 -~ 0F 1. JOF

Su = /x [— GaDida — §nathnab - @aﬂ - 5 abéTab (3'51)

<. ~ 1. . -
(baZTFOQSa - inabZTvvznab .

Here, the standard response fields qza and 74, are understood as functions of the composite
response fields ®, and N, (implicitly defined by the transformation (3.22)). Since the co-
variant derivatives transform covariantly under the purely temporal gauge transformations, the
MSR action Sy (including the external source H) is clearly seen to be invariant under these
gauge transformations, and thus in particular also under the uniformly time-dependent O(V)
transformations with g (t) = wep t of the displacement symmetry.

2In QED this global displacement symmetry is in fact always spontaneously broken, and the photon has been
interpreted as the associated Goldstone boson to explain its masslessness [202,205].
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The transformation behavior of the MSR, action S under such a residual gauge transformation

can be compactly expressed as®

S[0¢, 06, OnOT, 0RO0T] — % /

T

tr (O’HOT + ;oatoT> ONOT = (3.52)
- 1 -~
Slp, d,n,n] — 2/xtlr (’HN)

with O = O(t) here. For rigid rotations with infinitesimal angular frequencies (corresponding to
infinitesimal shifts of the external source H) we obtain the Ward identity

1. oT ) N 0
/x |:gNab($) + 75(;5[(1(1') ¢b] (.%') T + 75(1)[(](;3) (I)b] (a:)x +

1 ér
im (5bcnad(x) - 5acnbd(l‘) - 5bdnac(x) + 5adnbc(x)) «770+
) (5chad(x) G Noa() — SpaNoe() + 5adNbC(a:)> z } —0 (3.53)

for the effective action, which in the context of the FRG below will tightly constrain possible
truncation schemes consistent with this displacement symmetry. Here we have already replaced
the bare action S by the effective action I' in the Ward identity, because, in absence of anomalies,
the effective action admits the same symmetries as the bare action, e.g. see [180].

Charge conservation. For vanishing physical external sources H = ‘H = 0 the charges are
conserved. This corresponds to a symmetry of the MSR action with respect to constant shifts
in the standard response fields of the charges,

Tiab(T) = Tiap(T) + 7iap (3.54)

with a constant but otherwise arbitrary é7,,. Upon such a constant displacement the Lagrangian
L in the MSR action (3.5) changes by a total time derivative

1
0L =~ biapdinas (3.55)

and hence the action is invariant. Using a formulation of Noether’s theorem on the CTP [208],
we then have N(N — 1)/2 independent continuity equations (on average),

(Ouop) =0 (3.56)

corresponding to the conservation of the N(N — 1)/2 charges

Ny = / nas(t, @) - (3.57)

As a consequence of Noether’s theorem, the conserved Lorentz vector current jg‘b = ( jgb, Jap) CAN
be derived using standard rules from the MSR action and the symmetry transformation (3.55)
as e.g. illustrated in Sec. 2.4.3 of Ref. [208]. It is then given by

3% = na, (3.58)

. Y . -

Jab = —;Vﬂab + g(¢av¢b — ¢5V¢a) +ivTV g, (3.59)
3Note that we can represent a contraction AgpBas as a trace, AgyBap = —tr(AB) for two elements A =

1 AwTap, B = 2 BawTap in the adjoint representation.
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Since (Ng) = 0 due to causality, in fact, the last term in (3.59) does not contribute to the

average in (3.56).

For non-vanishing external source fields H for the order parameter (which correspond to
non-vanishing external magnetic fields in the language of the Heisenberg antiferromagnet, or to
non-vanishing current quark masses in QCD with two light flavors), Eq. (3.56) is replaced by

the familiar partial conservation of the currents,

(0udly) = 9{¢aHy — PppHa) (3.60)

which is analogous to the PCAC relation in QCD.

BRST symmetry. The fundamental normalization condition (1) = 1 of the MSR path inte-
gral implies
Z|J)=2Z[J,J=01=1 (3.61)

for arbitrary classical sources here collected in the (classical) superfield source J = (H,H).
Le. for vanishing external response sources J = (IEI ,7:[) the generating functional is equal to
unity, regardless of the values for the classical source terms, which means that the path integral
becomes topological [209] in this limit. Such a condition is generally a consequence of the
conservation of probability, i.e. the probability distribution of the field configurations ) remains
normalized under unitary time evolution of the corresponding probability amplitudes. Of course,
this does not require the underlying evolution equations to be of conservative (Hamiltonian)
form. This general property of the path integral on the CTP is enforced by a hidden BRST
symmetry [192]: One can show that the total action that appears in the generating functional
(3.26), when the Jacobian is expressed via anticommuting ghosts fields as in (3.29), is invariant
under the following BRST transformation

Sty = ec;, 0c; =0, 66 =—iel;, 60U, =0, 6J;=0, (3.62)

where € is an anti-commuting number in the Grassmann algebra of the ghosts, and ¢ an index
in superfield space. The normalization condition (3.61) is then a consequence of this BRST
symmetry, see Appendix B.2. It is generated by the corresponding BRST charge

) = 0
=6 — \Ijo )
O= 5 i
In fact, the MSR action is BRST exact: In superfield notation, the total MSR action Sy including
the classical sources J; and the ghost action Sy from (3.29)

Q*=0. (3.63)

Sy=18"+ S, + J;¥; (3.64)
can be expressed as a BRST variation,*

oF ~
5= Q{ias (15" Wi + 5 — - i) | (3.65)
We explain how (3.64) is obtained from (3.65) in Appendix B.2. In the form (3.65), the BRST
invariance of the MSR action immediately follows from the nilpotency of the BRST charge Q.
With vanishing response sources J = (JEI , 7—2), the MSR path integral computes the Witten index

of a topological field theory and is hence independent of the classical sources J = (H,H).

4Note, however, that the form of the BRST invariant action is not unique, and there are in general multiple
BRST invariant actions that lead to the same MSR action (3.5), cf. Sec. 1.5 of [192].
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3.2 FRG for dynamical systems with reversible mode couplings

A rather non-trivial task in devising a regulator suitable for systems with reversible mode cou-
plings is to maintain all the symmetries of the MSR action we have discussed in Sec. 3.1.2 above.
In particular, simply adding the regulator as a quadratic form in the fields directly to the MSR
(or Keldysh) action, which works for systems without reversible mode couplings [1], here one
immediately observes that some of the symmetries are then necessarily violated. For example,
one can no-longer guarantee that the equilibrium distribution will be a Boltzmann distribution
during the flow, and hence the usual formulation of the FDR no longer holds. Instead, as in
the case of the physical sources in our construction of the generating functional in Sec. 3.1.1, we
therefore add the regulator one step earlier to the LGW free energy,”

Porel | (¢nl@) (. 0)600) + Jra@ @ yrnln) ) . (300

and obtain the MSR action with regulator terms from that. This guarantees that none of the
symmetries from Sec. 3.1.2 are violated by the regulator terms.

Because of the Poisson brackets in the equations of motion (2.146), this gives rise to regulator
terms in the MSR action that are no-longer quadratic in the original fields but couple to the
composite response fields ®, and Nab,

S—S+AS,, AS,= —/ (&)a(x)Rf(x,y)gba(y) + ;Nab(x)RZ(x,y)nab(y)> ,  (3.67)
xy
where
Ry(z,y) = Ry (2,y) 6(2" —4°), and Ri(z,y) = Ri(w,y)0(x* —¢°).  (3.68)

The crucial generalization of the standard procedure here is that the regulators Rf and R} couple
to the composite response fields ® and N in (3.67). On the other hand this then necessarily
implies that the regulator term ASj added to the MSR action, when expressed in terms of the
standard response fields qga and 74p, involves products of three fields.

As a side remark, also note that in (3.68) we have introduced equal-time regulators whose
Fourier transforms are hence frequency independent. In this way, the causal structure of the
MSR action [118] is maintained trivially by the regulators which is sufficient for our purposes
here. If frequency dependent regulators are needed, on the other hand, a general construction
scheme for causal regulators analogous to the one given in Sec. 2.3.2 can be used here as well.

The presence of the regulator term ASy, in addition to the bare MSR action lets the generating
functional Z — Z; and the Schwinger functional W — W} depend on the FRG scale k. These
can be viewed as their ‘coarse-grained’ counterparts where all fluctuations with momenta p < k
have been suppressed. In the FRG, the central object is the effective average action I'y, which can
be similarly interpreted as a coarse-grained effective action. I'y is as usual defined by a modified
Legendre transformation (as in (3.35) but with an additional subtraction of the regulator term)
of the Schwinger functional W,.

In line with the developments for systems with reversible mode couplings above, this modified
Legendre transformation must be done here with respect to the physical sources inside the LGW

®We assume the regulator to be diagonal in field space to preserve the global O(N) symmetry.
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free energy, leading to the corresponding (expectation values of the) composite response fields

in the effective average action,

Tk, n, ®,N| = Wi, [H,H, H,H] — ASi[¢,n, P, N] (3.69)

- 1 -~ ~ 1 =
[ (Hata G Fasran + Hodou 4 S Hos o).
x

By expressing the regulator as a matrix in the two-dimensional (1), i’) MSR field space,

) 0 Ry
Ry, = , 3.70
k (Rk 0 ) (3.70)

the flow equation for the effective average action formulated in our compact superfield notation
is given by

- i . -
TR, B) = £t { D o Guly, 11} (3.71)
which is derived in Appendix D. The full FRG-scale and field-dependent propagators (3.33)

and (3.34) appearing in the flow equation (3.71) are as usual related to the regulated two-point
function via [106]

Cul ¥ = — (TP, 8]~ Be) (3.72)

At the origin ¢ =n = 0 and ® = N = 0 in field space the various propagators of the order
parameter are diagonal and hence one can introduce scalar ‘dressing’ functions to write them as

Gt oY) = Gipp(@,y)0a (3.73a)
Ghon () = Gy, 9)bab (3.73b)
iFpop0,k (T y) = iFp (%, Y)0ab , (3.73¢)

and similarly for the propagators of the charge densities,

Gﬁabncdvk<m7 y) = Gﬁk(xa y) (0acObd — 5ad5bc) ) (3.74&)
Gﬁabncdyk(m’ y) = Gﬁ,k (2,9) (dacObd — daddbe) (3.74b)
iFnabncd,k(xv y) = iFn,k ('777 y) (6ac(5bd - 5ad5bc) ; (3.74C)

where we have used the antisymmetric identity in the adjoint representation of O(N) corre-
sponding to the antisymmetric fundamental functional derivative (3.43). The corresponding
scalar dressing functions in front d,p in (3.73) and in front of (dac0pq — 0aadpe) in (3.74) can be
derived from (3.72) and are explicitly given by

52T, -1
B ()b = ( - R¢<w,y)6ab) , (3.75)
ok 0®u(2)00n(y)lo "
G4y (2, y)0 < oL R’(z,y)s >_1 (3.75D)
b ab - — ., -~ < - b ab 9 M
- 3ba(x)0dy(y) o "
iF, (2, )5 —/ GR. (2 z)m‘ G4 (w, ) (3.75¢)
¢, k\L,Y)0ab = o @,k \ s 6(§a(2)(5(ib(w) o b,k ' Y), .
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in case of the order parameter, and by

2 —1
Gl (1) (BacOba — Saddbe) = — <5Nab(i)1:5]:1¢d(y) . Ry (z,y) (6acOba — 5ad5bc)) , (3.76a)
G2 (2,Y) (BacOba — Sadlpe) = — ( 62rk~ — R (2, y) (6acObd — 5ad5bc)> B , (3.76Db)
' 5nab<x)5ch(y> 0
iFy (2, ) (OacObd — Oaddpe) = / Gl (2, 2)— 62Fk~ G (w,y), (3.76¢)
' Zw ’ 5Nab(z)6ch(w) 0 ’

in case of the charge densities. Note that the tensor structures d, and d4c0pq — dqqdpe match
on both sides at the origin in field space, and hence the corresponding scalar dressing functions
as Gg, p(2,y) and Gﬁ x(2,y) can be read off by a comparison of coefficients. For non-vanishing
field expectation values (or finite external fields H # 0) the full expressions for the propagators
in general involve various other O(N) tensor structures besides the identities here, and hence
become evidently rather cumbersome. For this reason we restrict ourselves to the origin in field
space ¢ = n = 0 for the scope of this work.

In thermal equilibrium, the symmetry of detailed balance (3.44) implies an FDR for the
propagators in Fourier space® [192],

) T
ZFij,k(w7p) = ; (sz]i,k(w7p) - Gé,k(va)) ) (377)
from which also follows (using (3.72))
b T (o /
Iikw.p) = = (T w.p) ~ T w.p)) . (3.78)

where we have used the superfield notation ¢ = (¢,n) and ¥ = (®, N) again, to encompass the
FDR for both types of fields concisely in one equation. Importantly, (3.77) would not hold in
this particularly simple form if the non-composite standard response fields (;; and n were used
to define the propagators. Besides two-point functions, one can use the invariance under the
transformation (3.44) to derive generalized fluctuation-dissipation relations between higher-order
n-point functions in the spirit of Ref. [210].

If the regulator couples to composite fields such as (3.22) one has to make sure that the
effective average action still converges to the bare action in the limit k& — A, i.e., that the
flow properly integrates out all fluctuations. For standard flows where the regulator term is a
quadratic form in the elementary fields, this is usually shown using a saddle-point approximation.
However, if the regulator couples to composite fields the situation is not as clear anymore. For
a general discussion on this issue see, e.g., Sec. III C 4 of Ref. [179]. For the way the FRG flow
is set up in the present work, we show in Appendix D that in the UV limit the effective average
action converges to

T, U] 222 S[y, ] — ilog | det =1 (¥)| + const. (3.79)

which, again, involves the Jacobian matrix (3.28). Roughly speaking, the additional Jacobian
determinant in (3.79) compensates for the fact that the bare action depends on the elementary
response fields ¢ and 71, whereas the effective average action actually depends on the expectation

SFor more details on the derivation of the FDR for dynamical systems with reversible mode couplings see
Ref. [201].
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values of our composite response fields ® and N. As such, this is just another reflection of the
Jacobian matrix (3.28) in our non-linear field transformation, since exponentiating (3.79) yields

Tkl 0] koA |det J 71 ()] Sl = /) S (3.80)

(up to an irrelevant overall normalization factor). This thus coincides with the integrand in
(3.26).

3.2.1 Static flow

Generally, one can assign a free energy Fj = Fi[p,n] to the effective average MSR action
Iy = Tklo,n, o, N | by matching the functional derivative of Fj with respect to the classical
fields ¢, n to a functional derivative of T’y with respect to the composite response fields @, N,

(SFk _ (5Fk (5Fk _ 5Fk

0¢a 6B, |P=N=0, 0ngy 0Ny |e=N=0,
Otp=0n=0 Otp=0m=0

(3.81)

Using this matching procedure one can define an FRG-scale-dependent LGW functional Fj[¢, n]
(up to an irrelevant additive constant), as motivated in more detail below.

We emphasize a central feature of our formulation here, namely that the such defined free
energy Fj, generally satisfies a closed flow equation on its own,

—1
O Fy, = gtr {6kRk o (F]E2) + Rk> } , (3,82)

with the second functional derivative F ,9), which is in superfield space 1) = (¢, n) given by

O
k@ Y) = S )

where ¢ and j are again superfield indices, and with the regulator R = diag(R;f, R}) in superfield
space. Remarkably, the right-hand side of (3.82) only depends on the free energy Fj, again, but
not on any genuine real-time quantity like the kinetic coefficients or the reversible mode coupling
constant. We therefore say that the ‘static’ part of the flow given by the free energy (3.81),
decouples from the ‘dynamic’ part of the flow, given by any remaining parts of the effective
average MSR action which are not contained in (3.81) (as e.g. the kinetic coefficients I'g, 7V?,
or the reversible mode coupling ¢). Notably, Eq. (3.82) coincides with the standard flow equation
(2.164) for equilibrium systems, which entails that the static critical behavior is not altered by
changes in the dynamics, for instance whether the dynamics is relaxational, diffusive, or whether
it includes reversible mode couplings or not, as long as the symmetry of detailed balance (3.44)
holds. Moreover, this decoupling of Fj from the rest can be used as a powerful tool, since it
means that one can derive flow equations for static quantities without having to invoke the entire
complexity of the real-time formalism. For instance, one can employ well-developed methods
from the standard formulation of the FRG in Euclidean space to find suitable truncation schemes
for (3.82), for instance by expanding F}; in the number of derivatives [73]. There the lowest order
would correspond to a local potential approximation (LPA) of the free energy.

To elaborate more on (3.81) and (3.82), we first discuss the reasoning for why the flow
equation (3.82) of the free energy Fj should be closed (i.e. independent of the dynamics). Since
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we add the regulators Rf and R} as well as the classical sources H and H directly to the free
energy as in (3.66) and (3.3), we do not violate the symmetry of thermal equilibrium (3.44)
throughout the flow, and hence the equilibrium distribution is given by a (regulated) Boltzmann
distribution at all FRG scales.” As a non-trivial feature of our formulation, this implies that we
have a physical theory (but with a regulated free energy (3.66)) at all FRG scales k. Hence,
equal-time correlation functions can be obtained from the usual equilibrium generating functional
(3.4) as averages over the Boltzmann distribution (2.149), but with the regulated free energy
(3.66). More specifically, in the equilibrium formulation the FRG-scale-dependent free energy
Fy is given by a (modified) Legendre transform of the equilibrium generating functional Z;7, i.e.

1
F, = sup {/ (Haqba + 2Habnab) — AF, — T'log Z;q} (3.83)
HH x

where AF}, denotes the regulator term from (3.66). Following the standard derivation from [72],
one can straightforwardly deduce that Fj, satisfies the standard Euclidean flow equation (3.82).

Next, we motivate the definition (3.81) by relating Fj, as defined in (3.83), to the effective
average MSR action I'y, as defined in (3.69): For a purely classical and time-independent source
configuration (H = H = 0 and 9,H = 0yH = 0) equal-time correlation functions can be
computed in two equivalent ways: From functional derivatives of F}, in the equilibrium formalism,
i.e. as an average over the Boltzmann distribution (2.149), or from functional derivatives of I'y, in
the real-time MSR formalism. In the equilibrium formalism, on the one hand, time-independent

sources H,H are related to the first functional derivative of Fj via

_ 5Fk fo3 B 5Fk n
H, = 6¢a + Rk¢aa Hap = i + Rknaba (384>

as can be straightforwardly derived from the modified Legendre transform (3.83). On the other
hand, such a classical source configuration H,H is given as a special case of the real-time MSR
formalism by setting H = H = 0 and ;H = 8;H = 0 in the effective equations of motion (where
the latter are given by the first functional derivative of the modified Legendre transform (3.69)
with respect to Hy,, and Hap, respectively)

51‘k 5Fk
Ha:_ = - - +Ri¢aa ,Hab:_f~ -
6B, |2=N=0, SNy |2=K=0,
Otdp=0tn=0 Otp=0tn=0

+ Rlngs. (3.85)

Here we have used that the vanishing of response-field expectation values d=N=20isa
solution to the effective equations of motion for vanishing response sources H = H = 0 which
follows from the normalization condition Z = 1 of the MSR path integral, see e.g. [118], and
that if the external classical source O H = J;H = 0 is time independent, so is the classical field
expectation value 9y = Oyn = 0 since our MSR action S does not carry any other explicit time
dependence.

Since both the equilibrium (3.84) and the real-time MSR approach (3.85) have to yield the
same static classical source H, and Hg,,, we find the anticipated relation (3.81) between the
free energy Fj and the effective average MSR action I'y by identifying (3.84) and (3.85). This
relation allows us to generally extract the free energy Fj from a given I'y at all FRG scales.
Then, by virtue of (3.82), we know that its flow equation is closed.

In addition to this general argument, an explicit derivation of (3.82) from (3.81) and the
known flow equation (3.71) of I'y is provided in Appendix C.5 of Ref. [2].

"This can be shown via a Fokker-Planck equation to which the MSR path integral is equivalent, see e.g. [104]
in the context of Model G.
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3.2. FRG FOR DYNAMICAL SYSTEMS WITH REVERSIBLE MODE COUPLINGS

3.2.2 Diagrammatics

Next, we want to derive the flow equations. In order to develop a straightforward way to derive

the flow equations, it is much more convenient to carry out derivatives using Feynman rules.

Here we want to give the diagrammatical representation of propagators, regulators, and vertices.

The propagators are represented by

GR,k(x7y) = T y )
GA,k(xay) =z Y,
iFyrp(z,y) = = Y,

The regulators are diagrammatically represented by

akR%k(CC, y)

r——VY,
T —Q VY,

GEL(z,y) = 2 A AAAANY

Gir(m,y) = 2 AAAAAN Y,

iFnp(x,y) = £ AANANANANY .

OkRp ik (z,y) = 2 "R Y,
RAVAVA = VAVAVETIR

Since regulators almost always appear in sums over all their possible combinations, we introduce

a corresponding shorthand notation for a regulator inserted between two propagators (with the

color of the external legs fixed) for the ¢’s,

and the n’s,

Biy =Gl o0RskoiFy) —iFyp 0O Rsko Gy,

B = —GgpodkRok o Gy,
By =—G{y 0 Bk oGl

F R :
Bn,k = _Gn,k o akRn,k © Y’Fn,k -

R _
Bn,k -

A _
Bn,k -

R R
_Gn,k © 8/€Rn,k © Gn,k )

A A
-G © OxRp i © Ghk-

Diagrammatically, we represent the B’s via boxes,

(3.86a)
(3.86D)
(3.86¢)

iFp k0 Op R0 Gi (3.87a)
(3.87b)

(3.87¢)

Bly(z,y) = o "ArmAA Y
A
Bn,k(xvy)

Tz "N NI Y

HRAVAVA' (VAVAVECEN

We employ the same shorthand notation as [98], i.e. that green lines denote a sum over all

possible combinations of red and blue. With these, the flow equation of the scale dependent

effective action

can be compactly expressed as

s )+

(3.88)

)

where in comparison to Refs. [1,90,98] the global minus sign is here absorbed into our definition

of the regulator. Moreover, vertices are as usual represented by black dots, cf. Fig. 3.1 below.
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CHAPTER 3. CRITICAL DYNAMICS NEAR THE CHIRAL PHASE TRANSITION

3.3 Truncation and flow equations

As a starting point for practical applications within the FRG, one has to truncate the effective
average action in a way that respects all relevant symmetries (here listed in Sec. 3.1.2). In the
context of critical phenomena, a derivative expansion of the effective average action has proven
to converge rather quickly towards quantitatively accurate results for critical exponents [78,211],
universal amplitude ratios [79], and recently, the location of Yang-Lee edge singularities [212—
214]. This suggests that a similar expansion in terms of derivatives is a sensible choice for a
systematic truncation scheme also for Model G here. In the context of critical dynamics, a
derivative expansion has been already employed in previous works in the purely relaxational
Models A [82] and C [83], for example. However, in the presence of reversible mode couplings, it
is rather difficult to set up a derivative expansion systematically since the temporal-gauge and
its accompanying residual displacement symmetry from Sec. 3.1.2 prohibits a naive introduction
of terms with ordinary time derivatives (rather, the covariant time derivative (3.50) that is
manifestly invariant under the displacement symmetry must thus be used instead of the ordinary
one in a systematic derivative expansion). For the calculation of spectral functions, the combined
expansion scheme for the effective average action of Refs. [1,90], first in terms of 1PI vertex
functions and a second in the number of loops taken into account on the level of the flow
equations (if possible self-consistently), has proven to be well suited to study their dynamic
critical behavior in Models A, B and C [1], cf. Secs. 2.2.1, 2.2.2 and 2.2.3. For the scope of this
chapter, we take the more pragmatic approach of postulating a suitable ansatz for the effective

average action based on previous experience.

In particular, we construct our truncation by considering a generalized form of the bare
MSR action (2.146) where all couplings are promoted to be running (i.e. to depend on the FRG

scale k),
7 a 5F g¢n
Ly = / [— Pak (ZM ;ﬁt +’Y¢7k(V)5¢k k {¢a>nbc} )
1. w 8nab (5Fk no (SFIC gk 5Fk
inab,k < n,kw + ’Yn,k(v)m gk {naln ¢c} {nab7 ncd} Neg
— ~ 1 o e .
+ Z§ 11T G0 kY96 (V) Pak + 2Zn,sznab,mn,k(V)nab,k} . (3.89)

We have included an arbitrary scale-dependent free-energy functional Fj[¢,n], temporal wave

function renormalization factors Z% or and Z generalized kinetic coefficients 74 (V) and

Ynk(V) that involve arbitrary spatlal gradients, and three different instances g,f s 9 " and

nk’

gp" of the reversible mode couplings corresponding to the three different Poisson brackets. To
guarantee the conservation of the charges, the spatial Fourier transform of the kinetic coeflicient
Yn,k(P) must vanish in the limit p — 0, and thus its expansion in gradients must start at order
V2.

Moreover, note that the temporal wave function renormalization factors Zé’;’ i and Z, |, are not
independent of the other couplings, but can be eliminated via a redefinition of the response fields

qgk — qu /Zf;,m ng — Nk /Zq‘jk together with a corresponding rescaling of the kinetic coefficients
Yo,k (D )/Z(‘gk — 'y¢ k(D), Ynk(D )/Z;’k — Yn.k(p) and reversible mode couplings, g,f"/Z;;k — g;fn,
gk¢/ ok gk and g"/Z% mk — gi- We can therefore safely set 2y ="2np=1 from now on.

Finally, reversibility (i.e. requiring that the discrete transformation (3.44) of thermal equi-
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3.3. TRUNCATION AND FLOW EQUATIONS

librium remains a symmetry of the effective average action) implies that the matrix of reversible

mode couplings is symmetric, i.e. that gk" = gzd), here.

The standard response fields qE and 71 are related to the composite response fields ® and N
by an FRG-scale-dependent generalization of (3.38),

ne
~ ~ g ~
Q0 = Yu(V)Par — %nbc,k{nbca ba} (3.90a)
- g”n on 7
Nav = Yo p(V)ap i — %ﬁcd,k{ncd, nab} — G5, e p{bes nab} - (3.90b)

In particular, this implies that in order to keep the composite response fields ® and N indepen-
dent of the FRG scale k, the standard response fields ¢ and 7 must necessarily depend on k.
In the more compact superfield notation, this definition reads

U = Ji ()¢ (3.91)
with the scale-dependent Jacobian Ji (1)) given by
g9i?
Te(¥) = (5;§7¢”“(V) ) B lowne) ) . (3.92)
(7} {nbca ¢d} ) (5bedcf - 5bf566) 'Yn,k(v) + kT{nbm nef}
In our superfield notation the ansatz for the effective average action reads
~ ~ ~ ~ OF
D = =0 0+ T9 b = BLIE W) 5 0 (old fields) (3.93)
57 7—1T T GT -1 a7 Ok
=V J 7 ()o +iT" J, () ¥ — U 0 (new fields) (3.94)

where also the Jacobian depends on the FRG scale k, and with the inverse kinetic coefficient
in superfield space denoted by

(V) = (W’k(v) (3.95)

To extract vertices and propagators from (3.94), we introduce small but spacetime-dependent
perturbations around (possibly) FRG-scale-dependent background fields, ¢(x) = ¢ + do(z),
n(z) = no + on(z),

T (W) = 7 (o + 09) = (Ji(tbor) — 0Jk(6¢)) (3.96)

where the last equality defines the perturbation 6.J(d%)) of the Jacobian, which vanishes 6.J (51 =
0) = 0 for unperturbed background fields ¢ (x) = 1p. Then we can expand the inverse Jacobian
in a Neumann series in terms of powers of the field perturbations,

JNW) = T o) + T (Wok) 0 0k (58) o T (o) + -+ (3.97)

where the circle o denotes convolution again, i.e., summation over indices and integration over
adjacent spacetime coordinates. The n-point vertices are given by taking the corresponding n'"
functional derivative of the effective average action. In this chapter we expand around vanishing
field expectation values, so we set the background fields to ¢9 = ng = 0. At least in principle, one
can generalize this scheme to (e.g.) an expansion around the scale-dependent minimum where
the background field for the order parameter ¢g = ¢g ; becomes scale-dependent. However, the
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CHAPTER 3. CRITICAL DYNAMICS NEAR THE CHIRAL PHASE TRANSITION

corresponding Neumann series (3.97) and subsequent functional derivatives of I'y then become
rather tedious, since a non-vanishing background expectation value of the order parameter ¢q
allows mixing of the pions with the iso-axial-vector charge densities. As it turns out, this mixing
leads to numerous additional terms in the flow equations. As such, we restrict ourselves to the
choice ¢g = ng = 0 for the scope of this work, i.e., to temperatures T' > T, and vanishing
external fields H = 0.

With this choice, the FRG-scale-dependent propagators (3.75) and (3.76) are given by (with
Xo.k(P) and Xy, 1 (p) the corresponding FRG-scale-dependent static susceptibilities as extracted
from the free energy, see Eq. (3.106) below)

7 )
Gh(w,p) = —- 84(D) (3.98a)
iw = Y5,k (P) X5 1(P)
Vo, k\DP
G4 (w,p) = —— s4() _ (3.98D)
—iw — Yg,5(P) X¢,k( )
21 T
iFyp(w,p) = Dok (P) , (fixed from the FDR) (3.98¢)
®, 1 2
w? + (%,k(p) X¢,k(p)>
for the order parameter, and by
Tn,
Gl (w,p) = (P )_1 : (3.99a)
— Ynk(P) X, 1 (P)
Tn,k\P
Gﬁ,k(w,p)z— : (D) > (3.99D)
—iw = Yk (P) X, 1.(P)
2%y, 1 (p)T
iFp(w,p) = D (P) >, (fixed from the FDR) (3.99¢)

w? + (%,k(p) x;,i(zﬁ)

for the charge densities. The static susceptibilities are defined as the equal-time correlation

functions
d? ,
Xoadn.k(P) = / (27{; e P (¢, x)dy(t,0)) (3.100)
d .
Xnapneak(P) = / (;l;):d e~ P (ngy(t, )neq(t,0)), (3.101)

and are hence related to the statistical functions (3.98c) and (3.99¢) via

dw .
[ 55 iFuso) = Trxoale). and [ 52 iFasorp) = Txus(e). (3.102)

For vanishing field expectation values, the static susceptibilities are diagonal in field space, i.e. we

can parameterize them as

Xd)ad)b,k(p) = X¢,k(P) 5ab and Xnabncd,k(p) = Xn,k(p) (6ac(5bd - 6adabc) 5 (3103>
analogous to the propagators (3.73) and (3.74). They are related directly to the second functional
derivatives of the FRG-scale-dependent free energy Fj, via

6%F, ’
-1 k
X1 (D) Oab =
ok P) oo = Y 6P |y

(D) (0acOba — Suadoe) = rh '
Xnk\P) \9acObd adObc 5nab(_p) 5ncd(p) $=n=0

+ Ry k(P) Oap (3.104a)

+ Rn,k (p) (5ac5bd - 6ad5bc) (3104b)
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3.3. TRUNCATION AND FLOW EQUATIONS

The explicit expressions are given in Eq. (3.106) below, in the following subsection for the

truncation of the free energy that we introduce next.

To conclude this subsection, we briefly comment on the physical argument concerning the
convergence/applicability of the present truncation. For static critical phenomena it has been
shown explicitly in (e.g.) Refs. [78,79| that the standard derivative expansion rapidly converges
towards the correct values for critical exponents and universal amplitude ratios. Hence, it
is not unreasonable to expect that some variant of a derivative expansion is also a suitable
truncation scheme for dynamic critical phenomena. One main difference is that, due to the
lack of Lorentz invariance, space and time derivatives must be treated differently. For Model A,
such systematic derivative expansions of the effective average MSR action have been employed
e.g. in Refs. [81,82,84, 154], where it is mainly the thermal-equilibrium symmetry (3.44) that
fixes all operators at any given truncation order in the number of time derivatives. However, for
systems with reversible mode couplings such as Model G, there is also the extended temporal
gauge symmetry (3.48) that has to be respected at any given truncation order in the number
of time derivatives. Intuitively, one would expect that this means that time derivatives must
always appear in the covariant form (3.50). However, the complication is that the covariant
time-derivatives in (3.50) involve the external source H as the gauge field, which is in principle
related again via # = 0T'/0N to the effective MSR action I'. It is therefore not obvious at
the moment which operators one has to include in I' at any given order in the number of time
derivatives such that (3.48) is still an extended symmetry. In the best case, one would also
like to have an ezhaustive list of operators (and presumably relations between their couplings)
that can be included such that the time-gauged O(NV) transformation (3.48) is still an extended
symmetry. This would make it possible to formulate a systematic derivative expansion also for
Model G, or more generally, for systems with reversible mode couplings. Since this question

is beyond the scope of the present work, we instead focus here on our more pragmatic ansatz

(3.94).

3.3.1 Static couplings

We implement the (arguably simplest possible) truncation for the free energy by promoting the
squared mass and the quartic coupling to depend on the FRG scale, i.e. we consider

Ak

Fy = /w {;(8l¢a)(8l¢a) + %gbagba + 4!N(¢a¢a)2 + lnabnab} : (3'105>

4x

The flow of the possibly scale-dependent static susceptibility xx = x vanishes trivially since n
only appears quadratically in the free energy and does not couple to ¢ therein. Recall that the
flow of the free energy decouples from the rest of the flow, as we have discussed in Sec. 3.2.1
above. This allows us to study the flow of Fj in closed form, separately from the dynamics.
In particular, the flow equations for the squared mass and the quartic coupling can be derived
using well-established methods from the standard FRG for a ¢*-theory in d = 3 Euclidean
spacetime dimensions. As a first step, one needs the propagators, which are here given by the
static susceptibilities (3.104a) and (3.104b). For the truncation (3.105), they read

1 1
and  xpp(p) = ——— . (3.106)
m2 + p? + R} (p)

Xo.k(P) = = LR
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CHAPTER 3. CRITICAL DYNAMICS NEAR THE CHIRAL PHASE TRANSITION

for vanishing field expectation values ¢g = ng = 0. Moreover, one has the quartic interaction

vertex

6 Fy, M
0a(®)000(Y)00c(2)00a(w) — 3N

Inserting the propagators and vertices into appropriate functional derivatives of the general

(0abded + OacObd + daddpe) d(x—y)o(y—2)d(z—w). (3.107)

flow equation (3.82) for the FRG-scale-dependent free energy Fj evaluated at vanishing field
expectation values ¢g = ng = 0 results in the flow equations (here for an arbitrary momentum-
dependent regulator Rf(q))

d @
b — —HINT / de __ ORi@) (3.108)
6N 2m) (m2 + ¢% + R)(q))
2 d ¢
one = & +8)A’“T/ s Ot (a) - (3.109)
3N (2m)? (m? + ¢% + R} (q))

By dimensional reduction at finite temperature, the flow equations (3.108) and (3.109) for m} and
AT are the same as those for a corresponding d-dimensional O(N) symmetric scalar quantum
field theory in Euclidean spacetime at zero temperature, which are well known in the literature,
see for instance [73]. The present truncation corresponds to the lowest order in a systematic
expansion of the free energy in spatial gradients (usually called the local potential approximation,
LPA) combined with a Taylor expansion of the effective potential up to the minimally necessary
second order in the field invariant p = ¢qd,.

We emphasize here that the truncation used in this work can be straightforwardly improved
by employing a more sophisticated truncation for the free energy Fj. Such sophisticated trun-
cations are well-developed for the d-dimensional Euclidean O(N) model. For the derivative
expansion see e.g. [78,79,211].

3.3.2 Kinetic coefficients

Using the fluctuation-dissipation relation (3.78) between the two-point functions, one can extract
the kinetic coefficients v, x(p) and v,k (p) generally from the low-frequency limit, w — 0 of
the two-point functions I'P®(w, p) and I'YN (w, p), respectively, taken at non-vanishing spatial
momentum p # 0,

2T
Vop(P) = lim ————, (3.110)
w=0TP®(w,p)
12T
Yak(p) = lim —— (3.111)

w—0 FgN(w, p) ’

Using the product rule, we find that their flow equations are hence given by

2
9 ——Ml' 8,1 e® 3.112
kYo, (P) = === lim O™ (w, p) (3.112)
2
fynk(p) . NV N
O k(P) = =5 == lim O3 (w, p). (3.113)

The diagrammatic representation of the flow of two-point functions is given in Fig. 3.1. We
evaluate these flow equations at vanishing field expectation values ¢ = ® =n =N =0, which
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l\>|'—‘

T — {:}

l\)l’—‘
l\.’)|>—l

8TV =

0 )
AU tIOLIWE

Figure 3.1: Flow of the 2-point functions F%é and I‘],j”v at the IR minimum ¢ = n = 0,
® = N = 0 in the symmetry-restored phase T' > T, without explicit symmetry breaking. Drawn
using JazoDraw [215].

is valid in the symmetry-restored phase, i.e. for T' > T, and for vanishing explicit symmetry
breaking H = 0, corresponding to vanishing current quark masses in QCD, in the chiral limit.

Using the truncation given in (3.94), and the method of expanding the Jacobian in powers
of the fields, one can then compute the three and four-point vertices and find that the nonzero
vertices are ®¢gn, Nop, Nnn, ®Ppp, NNogp and NNnn. Although the resulting expressions
for the vertices are straightforward to derive (at least in principle), they are lengthy and not
particularly illuminating, so instead of explicitly writing them here, we list them in Appendix E

for completeness.

In principle, one could now use the flow equations (3.112) and (3.113) to flow the full mo-
mentum dependence of the kinetic coefficients v4 1(p) and 7, 1 (p). However, since this can be
numerically expensive in general, we now discuss suitable approximation schemes. The standard
argument which justifies a derivative expansion as a suitable truncation scheme for equilibrium
critical phenomena is that the critical non-analyticity in correlation functions only builds up
gradually in the limit of vanishing FRG scale k [73,75,78,79,211]. In particular, the momentum
modes |p| < k that effectively contribute to loop diagrams receive finite masses (proportional
to k?) from the IR regulator. This argument still holds also in the dynamic case here, and
implies that the momentum dependence of the kinetic coefficients for |p| < k is completely
regular, justifying the usage of a Taylor expansion in p?. The leading orders in this expansion
would be 74 1(p) ~ F(,f + O(p?) and v, £(p) =~ p® + O(p*). Dynamic critical exponents can
then be extracted from the power-law behavior of the leading coefficients Ff ~ k= (2711-26) and
v ~ k~(2=#) in the FRG scale k, as we shall see in Chapter 4.

In contrast, if one is interested in the corresponding dynamic scaling function the full mo-
mentum dependence, including |p| 2 k, has to be resolved for k& — 0. In the present work,
we exemplify this by calculating the universal scaling function D} (p) of the diffusion coefficient
of the charge densities which can in principle be compared to results from classical-statistical
simulations, in the future. Hence, we do not expand v, ,(p) in powers of p, but instead keep
the full dependence of 7, 1 (p) = p2DZ (p). Based on the argument above, we maintain only the
leading term in the order-parameter kinetic coefficient, v4 1 (p) ~ I‘i, however.
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CHAPTER 3. CRITICAL DYNAMICS NEAR THE CHIRAL PHASE TRANSITION

The diagrams contributing to 8;61“?1’ are given by:

2
p P 0_ 0
L L 9:(P° —q ,
a b — (N - 1)5ab/ <¢()> Bg,k(‘])ZFn,k(p - Q) 3
W a \I'y Ynk(p — @)
pP—q
L
P j4 0 2
4 » 9k :
a y = (N — 1)5ab/ <¢> iFsk(p—a)By (q),
— g \ T m.x(q)
p—q
L

The diagrams contributing to 8kF]kv N are given by:

2
y e 0 _ 9,0 '
ab cd — 2(60«061)!1 - 5ad5bc) / w Bg:k(Q)ZF@k(p - Q) )
P q Fk Vn,k(p)
pP—q
L
a 2
ab cd — 2(N - 2)(5a665d - 5ad5bc) X
~— 0 0 0 2
pP—q gk q qg - —p I )
+ By, 1 (@)iFnk(p —q)
/q ['Yn,k(P) <'Vn,k(Q) Ynge(d — p)ﬂ nb(@)iFnip =)
q
8g2iT ”
= _(5a05bd - 5ad5bc)7 B¢ k(q) )
I‘¢> 2 ( ) )
Pyl E Tnx\P) Ja
ab cd

49%iT
QQkZ x
Voo (P)

/q <7n,k(;+ Q" 'ymk,(; - q)> B, 4 (q)

_(N - 2)(6a65bd - 5ad5bc)

3.3.3 Non-renormalization of reversible mode couplings

v 72g,%iT 1 1 P
N/ e ( (Ff)2> /q (%,k(q =P nla +p)> Baula).

(3.114)

(3.115)

(3.116)

(3.117)

(3.118)

(3.119)

(3.120)

In this subsection we show that the reversible mode coupling coefficients are protected from

on ng _

renormalization, which means g;" = g,.” = g;" = g at all FRG scales k. The starting point of

our discussion is the temporal (non-Abelian) gauge symmetry of the MSR action of Model G,

which is preserved by the FRG flow. Based on the discussion in Sec. 3.1.2, the change of the

effective action under time-dependent (but spatially independent) rotations O(t) € O(N) of the
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fields has to obey

T'4[0¢,06,0n0T,070] - T[$, ¢, n, 7] = % /

xT

tr [(;oat0T> oNoT] (3.121)

Based on the explicit ansatz for the effective average action in Eq. (3.93), the change on the
left-hand side in (3.121) can be expressed as

Fk[0¢7 OQ;’ OTLOT, OﬁOT] =T [Qb, (257 n, ﬁ] = (3122>

/ [_an(OTatO)abgbb - ﬁab(OTatO)ab,cdncd
Considering an infinitesimal transformation O &~ 1 + %aab(t)Tab, with small agp(t),

1
079,0 = 5 Gtan () Tap + O(a?), (3.123)
and the corresponding infinitesimal change of the effective action can then be evaluated as
Tk[0¢,06,0n0", 00| ~ Ti[¢, ¢, n, 7] = (3.124)

/ {—igﬁaacd(txnd)m - gmaef<t><Tef>ab7cdncd} +0(a?).

Re-expressing the generators T, in terms of the Poisson-bracket relations of the fields ¢ and n
in Eq. (3.47), one then obtains the following result for the left-hand side in (3.121)

Tx[0¢,06,0n0", 010™| — T[¢, ¢, n, 7] = (3.125)
/ [‘i‘l;adcd(’f){% et} — gastoe (1), nef}] +0(?).

Next we consider the right-hand side in (3.121) which, for an infinitesimal O(NN) rotation (3.123),
can be expressed as

1 1 . 1 }
3 /x tr;O@tOTONOT = / %aab(t)Nab—l—O(aQ).

T

Now, substituting the explicit expression in Eq. (3.90b) for the composite field N, in terms of

the standard response field <Z~> and 7, this can be written as®

1 1 -
/trO@tOTONOT = (3.126)
2J. 9

d)n nn
9 5 . g
/[_zkg‘b"%d(t){%’”cd}_ng”abaef(t){nab,nef} + 0(a?),

which is identical to the results in Eq. (3.125) except for the appearance of the factors g,‘fn /g and
g™ /g. Since in order to comply with the displacement symmetry, the expressions in Eq. (3.125)
and (3.126), which correspond to the left-hand side and right-hand side of Eq. (3.121), have to
agree, one concludes that the reversible mode couplings do not get renormalized, i.e. one has

=gl =gr=g

at any FRG scale k.

8Note that we can drop a total derivative term proportional to —; V274 here, since it vanishes upon per-
forming the spatial integral.
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To conclude this subsection, we remark that in the e-expansion around d = 4—e¢ it is proven to
all orders that g receives no loop corrections [104]. This was exploited in Ref. [62] to show that the
dynamic critical exponent z of the O(4) chiral transition is given by z = d/2 to all orders. Hence,
although our proof of the non-renormalization of ¢ relies on the specific form of our truncation in
Eq. (3.93), one expects that this is a general statement that is actually independent of truncation
as long as the time-gauged O(N) transformation described in Sec. 3.1.2 is maintained as an
(extended) symmetry of the effective average MSR action. In practice, this means that in our
calculations we no longer need to compute the flow equation for the reversible mode coupling
coefficient. Instead, one can simply set it to a constant value g = g = const. during the flow.

3.3.4 Numerical implementation

For all our numerical calculations we choose the exponential regulator

2t P
Ry p(p) = X+ Rni(p) = R

(3.127)
for both ¢’s and n’s, where the factor X% is needed such that R, ;(p) has the same dimension
as 1, cf. Eq. (3.106). For the static couplings, we solve the flow equations of m% and A\, as
in Eq. (3.108) and Eq. (3.109). For the dynamic couplings, we solve the flow equations given
by Eq. (3.110) and Eq. (3.111). To resolve the momentum dependence of the kinetic coefficient
Yn,k(p) for the charge densities, we discretize v, 1 (p) with a logarithmic grid spacing on a finite
interval [Pmin, Pmax|- We need a small enough lower bound ppi, to properly resolve the behavior
of the flow in the IR. We choose the upper bound pmax of the grid large enough such that the
flow of the diffusion coefficient ~, (p)/ p? approximately goes to zero at p — pmax. In each
step of the FRG flow, we evaluate mi, Ak, Yok (the latter being momentum independent in our
truncation), and the function ~, x(p) at each grid point, and then we interpolate log v, x(p) as a
function of log p with a GSL interpolator [216]. We use a simple forward Euler method to solve
the flow equation with respect to the FRG flow time ¢ = log k/A.

The integrals involved in our loop diagrams are generally of the form

[5]

Frequency integrals are solved analytically using the residue theorem. To evaluate the momen-

d’q 0 0_ 0
(mdf(q al,p” —4¢"lp—aql). (3.128)

tum integral, we first exploit spatial isotropy to reduce the d-dimensional integration in (3.128)
to two integrals over the momentum’s magnitude g = |g| and over the angle 6 between p and q,
i.e.

Sa_ o M a
(27r)2d/0 dg g’ 1/0 sin 29f<q0,q,p°—q0,\/p2+q2—2pq0089) : (3.129)

where S), is the surface area of the n-dimensional sphere S™, with

271'”/2

Il = T2

(3.130)

(e.g. S1 = 2m, Sy = 4m, etc.) and I'(z) denotes the I'-function. To solve these remaining
two integrals, we employ two different methods, namely a Gauss quadrature method from the
GSL [216] and the Cuhre function in the Cuba library [217].
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m3/Im3|

An/|ma

‘Sfd

X/ |ma

‘dfl

g

WENE

YA/ |ma

’d72

Te/|ma|

—1

1

1

1

1

1

17.371845

Table 3.1: Initial conditions used at the UV initial scale k = A = 5.67|mp|. The resulting critical
temperature T, in d = 3 spatial dimensions is shown in the last column.

Using the GSL we solve the integral over the momentum magnitude using a Gauss-Legendre
quadrature on a logarithmically spaced grid in q. By performing a variable substitution u = cos 6
to obtain the necessary weight function, we evaluate the angular integrals using a Gauss-Jacobi
quadrature,

1
du (1 — u?) =32 () .
(3.131)
Gauss-Jacobi quadratures have a weight function of the form (1 —2)®(14 )% for a, 8 > —1 and
thus generalize the Gauss-Chebychev quadratures which use a weight function of 1/v/1 — 2.
Our angular integral (3.131) is conveniently evaluated using the choice « = 5 = (d — 3)/2.

/7r df sin?=2 0 f(cosh) = /7r df (1 — cos® ) (@-2)/2 f(cos®) = /

0 0 -1

As a second numerical method, we use the Cuhre function from the Cuba library, since it
is suited for the two-dimensional integration over ¢ and 6 in (3.128). (As in the Gauss-Jacobi
quadrature in (3.131), we substitute u = cosf.) The integrand has singularities at p = ¢
and p = —q, but these are not problematic because they cancel each other. In practice, we
remove a small sphere around p = g and p = —q and take the radius of the sphere to zero

(resp. sufficiently small) afterwards.

We have explicitly verified that both numerical methods discussed in the present section lead
to the same results within numerical precision.

For our numerical results in the next section, we generally employ the UV initial conditions
listed in Table 3.1. Moreover, we will quote all dimensionful quantities implicitly in units of the
mass parameter |my| at the UV cutoff scale A, which is thereby chosen such that we obtain
approximately the same critical temperature T, in d = 3 spatial dimensions as in the classical-
statistical lattice simulations of Ref. [87].

3.4 Results for dynamic critical behavior of O(4) Model G

Based on the FRG flow equations for the static and dynamic couplings of the O(N) Model G, we
will now proceed to study the static and dynamic critical behavior. By numerically solving the
FRG flow equations and analyzing the fixed point for the N = 4 case, we will first discuss the
static critical behavior, which should match the O(4) criticality, and then discuss the dynamic
critical behavior of the O(4) Model G.

3.4.1 Static critical behavior of the O(4) model

We follow common procedure and extract the static critical behavior from a standard fixed
point analysis. By introducing dimensionless couplings m% = k‘_zm%, N = k94T )\, and by
rewriting the regulator Ry x(q) = ¢°r4(g/k) using a dimensionless function 74(q) (with derivative
75(q) = dry(q)/dq), one can de-dimensionalize the static flow equations (3.108) and (3.109) and
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obtain the corresponding S-functions for the dimensionless couplings m? and A,

kakmi = —2771% +

N+ 2N Sa1 [* dag*ri(q 5
(N +2)X S 1/ ( W@ s min (3132
0

6N (2m)d mi, + 3% (1 +74(7)))
L (N8RS [ dga'tr(a)
ROk = (d =DM = 3 (27T)d/0 (M2 +32(1+74(7)))

S= /LN (3133)

To determine the static critical exponent v as usual in standard RG approaches, one first de-
termines the Wilson-Fisher fixed point (m3, \x) = (m?, A,) by setting the S-functions to zero
Bz (M2, A\) = By (m?2, A) = 0, solves the resulting system of equations for the fixed-point cou-
plings (m2, \.), and then expands the right-hand side of Eqs. (3.132), (3.133) around the fixed
point up to first order in 5m2 = mi —m? and 6\, = Ay — A\.. Collecting the dimensionless

B-functions in a vector, its Jacobian matrix (usually called the stability matrix)

(3.134)

 (0B2/0m® 082 /0N
(M”)<aﬂ;/3mz 9B/ O

) (m2,2)=(m2 )

determines how the small perturbations d7my;, and 6\, behave at the fixed point. Since we are
working within the local potential approximation, we have no spatial wave function renormaliza-
tion factor, and hence our truncation yields a vanishing anomalous scaling dimension n; = 0 of
the order parameter. However, in our general analysis of the scaling relations below, we will keep
1. arbitrary, and only set it to 7, = 0 in the end. By diagonalizing the stability matrix, the sin-
gle negative eigenvalue wy is then related to the critical exponent v by v = —1/wy. Specifically,
for the N = 4 component theory in d = 3 spatial dimensions, and the exponential regulator
(3.127), this procedure yields a value of v = 0.553945. This result lies between the mean-field
value v = 1/2 and the value v = 0.7377(41) which was determined very precisely from ab-initio
simulations of the O(4) spin model [218]. The deviation of our result from the ab-initio result
gives us an estimate of the systematic error induced by our admittedly rather simple truncation.
In the context of FRG, it is clear that one has to include more Taylor coefficients of the effective
potential or even go to higher orders in the derivative expansion to improve the accuracy of the
resulting critical exponents [78]. However, we emphasize again at this point that in the present
work we are primarily interested in the conceptual question of how the dynamic critical behavior
of systems with reversible mode couplings, such as Model G can in principle be studied using
the FRG framework. Hence, we consider the more qualitative result for v from above therefore
as sufficient for the scope of the present work.

Beyond this fixed point analysis, it is also possible to approach the static critical behavior
from a more physical perspective, where close to the critical temperature of a second-order
phase transitions, the static critical exponent v determines the divergence of the equilibrium
correlation length (&) of order-parameter excitations as & ~ 7%, where 7 = (T — T¢.)/T. is
the reduced temperature. By investigating the static limit of the iF' propagator, one finds that
the critical scaling of the infrared mass mi:o is in general given by m%zo ~ 72101 and one
can thus deduce that close to the critical temperature, it behaves as m%zo ~ 7(2=11)v  Similar
arguments of dimensional analysis can also be applied to the quartic coupling which lead to

Moo ~ EA=d=2n1) "guch that close to the critical temperature one finds A\j_q ~ 7(4=¢=210)v,

Specifically, for our setup in d = 3 dimensions, we thus expect to see m%zo ~ 77107 and
Moo ~ 772107 in our numerical results below, with the value of v extracted above from the

eigenvalues of the stability matrix at the Wilson-Fisher fixed point, and with n; = 0 in the
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local potential approximation of the FRG flow equations. In Fig. 3.2 the static coupling in the
infrared, m%zo and A\p—q, are shown as a function of the reduced temperature 7 on a logarithmic
scale. The static critical exponent v can be deduced from the slope of the FRG-simulated data.
A line with the slope indicating the theoretical value of v = 0.553945 within our truncation is
also shown in the plot for comparison. One can see that close to the critical temperature, the
slope of the line obtained from FRG simulation indeed match the slope indicating the theoretical
value of v for our truncation.

Beyond the reduced temperature dependence of the static coefficients, it is also interesting to
investigate the dependence on the FRG scale k. Since sufficiently close to the critical point the
relevant infrared cutoff during the FRG flow is always set by the FRG scale k # 0, the correlation
length is effectively determined as & ~ 1/k and static and dynamic quantities exhibit scaling as
a function of k. Based on the above discussion, one thus expects that the k dependence follows

mi ~ k271 and A\ ~ k14720 (3.135)

in the vicinity of the critical point. Within our truncation, where the anomalous dimension
1. = 0, this yields
mi ~ k% and X\, ~ k179 (3.136)

as can easily be deduced from the fact that in d spatial dimensions, the dimensionless couplings
are given by mz = k_Qmi, \i = k94T )., along with the fact that ka% =0, O\, = 0 at the
Wilson-Fisher fixed point.

In Fig. 3.3, the scale dependent effective mass mi + k2 and coupling )\ are plotted with
respect to the FRG scale k on a logarithmic scale for d = 3 spatial dimensions. In order to see the
critical exponents more easily, we take one further derivative with respect to logk, as depicted
in the right panels, where kdy log (mi + k2) and kO log A\, are shown. In these plots, the scaling
region corresponds to a plateau and the corresponding critical exponents are indicated. From
Fig. 3.3, one can see that in the scaling region the power laws mz ~ k% and )\, ~ k, which
correspond to Eq. (3.136) with d = 3, indeed hold. One can also see that by approaching the
critical temperature, the scaling region gets larger. When generalising to different numbers d of
spatial dimensions, one still has m% ~ k? in the scaling region, cf. Eq. (3.136), but A\ ~ k*~¢
for the static four-point coupling. This is shown in Fig. 3.4, with the plateau in k0) log \x with
respect to log k forming around kdg log A, = 0.5,1.0 and 1.5 correspondingly in d = 3.5,3 and
2.5.

3.4.2 Dynamic critical behavior

Next we proceed with investigating the dynamic critical behavior of O(4) Model G, which in
addition to the static quantities is governed by the behavior of the kinetic coefficients I‘i and
Yn.k(P) in the vicinity of the critical point. We first consider the divergence of the kinetic coeffi-
cient Fﬁ of the order parameter ¢, which determines the relaxation rate of the order parameter
w};el ~ Ffmi, as can be deduced from the pole of the retarded propagator in Eq. (3.98a). Since in
the vicinity of the critical point the relaxation rate is expected to diverge as w,rf:lo ~ TR~ TV
one can extract the dynamic critical exponent zy of the order parameter field from the reduced
temperature (7) dependence of the kinetic coefficient F‘,fzo evaluated in the infrared (k = 0). By
using the relation m%zo ~ 72717 the critical behavior of the kinetic coefficient T izo is then
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Figure 3.2: Static couplings m?, A in the IR (k = 0) versus reduced temperature 7 = (I'—71%.) /T..
The critical temperature here is given by 7, = 17.371845.

given by
T{_o(r) =T% r@mn—%), (3.137)

where Ff is a non-universal amplitude. Similarly, one can also infer the critical behavior of the
kinetic coefficient v, ;(p) of the charge densities, by considering the long-wavelength limit of the
charge diffusion coefficient

Di(p,7) = Yur(p,7)/P? (3.138)

where in the context of QCD in the chiral limit, this would be the diffusion coefficient of the

isovector and isoaxial charge densities Vi and Aj. The diffusion coefficient D} (p) determines

the relaxation rate of charge density perturbations as wi(p) ~ DI(p)p®. Evaluated at the

characteristic scale of the inverse correlation length p ~ 1/¢ ~ 7, the relaxation rate is again
rel

expected to behave as w;® (p ~ 1/&) ~ {7 ~ 7¥*» which then gives rise to the following critical
divergence,

Dp_o(p) | pjrje = DI 777, (3.139)

where in our truncation the correlation length is simply determined by £ = 1/my—g.

Our numerical FRG results for log Fi:o and log(D}_,(|p| = 1/£)) are presented in Fig. 3.5 as
functions of (the logarithm of ) the reduced temperature, log 7. Data obtained from our numerical
FRG calculations is compared to the theoretical expectations in Egs. (3.137) and (3.139), as
indicated by the black lines with slopes —v(2—n, —z4) (for I‘fzo) and —v(2—2z,) (for D}_,(lp| =
1/£)), where we employ the static critical exponents v = 0.553945 and 1, = 0 determined
within our FRG truncation, and the dynamic critical exponent z4 = 2z, = d/2 = 1.5, which is
the theoretically expected value of the dynamic critical exponent from strong scaling in three
spatial dimensions. From the results in Fig. 3.5, one can clearly observe that the slopes from our
numerical FRG results approach their theoretically expected values as criticality is approached,
7 — 0. As an alternative to the reduced-temperature dependence of the kinetic coefficients, we
can also extract the dynamic critical exponents from their FRG scale k dependence sufficiently
close to criticality. Similar to our discussion above, the scale dependent relaxation rate of the

2

rel is determined by the kinetic coefficient Fi and the mass mj, as wy ~ Fﬁmz

order parameter wj,
Since close to the critical point one expects mz ~ k%7 and w,rfl ~ §Z¢ ~ k*# one can deduce
that the scaling of the kinetic coefficient of the order parameter with respect to the FRG scale
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Figure 3.3: FRG scale k dependence of the static couplings log (mi + k:2), log Ak, as the temper-
ature T is approaching the critical temperature 7T, from above. The plots on the right show the
respective derivatives of the couplings on the left, which coincide with the corresponding critical
exponents in the scaling regime.

is given by Ff ~ k~(=11720)  Similarly, one finds that the charge diffusion coefficient Di (k)
exhibits the critical dependence D} (k) ~ k~(=2n) on the FRG scale k, where z, is the dynamic
critical exponent for the charge diffusion constant, and one can thus extract z4 and z, from the
FRG scale dependence of the kinetic coefficients Ff and D} (k) close to criticality.

We present this analysis in Fig. 3.6, where the left panels show the dependence of the kinetic
coefficients log Ff of the order parameter and the conserved charges log D! (k) on the FRG scale
log k. Differently colored curves correspond to results obtained at different values of the reduced
temperature in the symmetric phase of the O(4) model, and one can clearly observe the build
up of the critical divergence when lowering the reduced temperature.

Similar to our discussion of the static critical exponents, the dynamic critical exponents
24 and z, can be inferred from the right panel of Fig. 3.6, where we present the logarithmic
derivatives k0 log Ff and k0 log D} (k) of the kinetic coefficients. In the scaling region, which
becomes broader and broader when approaching the critical temperature, the logarithmic deriva-
tive kO log F;S approaches a constant value which yields the exponent —(2 — 1| — z4). With
11 = 0, the value of —0.5 indicates that the dynamic critical exponent for the order parameter
modes is around z4 = 1.5. Similarly, from the plot of kdj log D}'(k) with respect to logk, it
can be seen that the dynamic critical exponent for the conserved charge density modes is also
given by z, = 1.5, since in the scaling region it also approaches kdj log D}}(k) = —0.5, as the
temperature approaches T.

So far we have only considered the dynamic critical behavior in d = 3 spatial dimensions,
where our results are consistent with the theoretical value of the dynamic critical exponent
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Figure 3.5: Double-logarithmic plots of the kinetic coefficient I‘z and the diffusion coefficient
Dj}(my) in the IR (k = 0) over the reduced temperature 7.

24 = zn = 3/2, obtained from the strong-scaling prediction. To verify the expected dependence
on the dimensionality of the system, we have also checked the flow of the kinetic coefficient Fi
of the order parameter field in d = 2.5 and d = 3.5 spatial dimensions, with the result shown in
the left panel of Fig. 3.7. One can see from the plot of kdi log Ff that for d = 2.5 the scaling
region yields a plateau at the corresponding y-axis value of —(2 —n — z4) = —0.75. When the
spatial dimension is given by d = 3.5, the y-axis value corresponding to the plateau is given by
—0.25. Similarly, from the right panel of Fig. 3.7, which shows the momentum p dependence of
the diffusion coeflicient D}!_,(p), by considering pdj, log D}!_(p) as a function of logp in various
spatial dimensions, one can see that the kinetic coefficients both approach a power behavior
with values of —0.75, —0.5 and —0.25 for the exponent d/2 — 2 in d = 2.5, d = 3.0 and d = 3.5,

respectively.

Beyond comparing with the theoretical prediction for the dynamic critical exponents z4 and
zn, we can also infer their values directly from our FRG calculations by determining the inflection
point and respectively the minima of the logarithmic derivatives kdy log Fﬁ, ko log D} (k) and
pOplog Di'_(p) in Figs. 3.6 and 3.9, for a range of reduced temperatures between 7 = 10~ and
7 = 10712, and subsequently extrapolating the results to the critical point at 7 = 0. Details of
this procedure are provided in Appendix F. The results for the dynamic critical exponents z
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Figure 3.6: FRG scale dependence of the kinetic coefficient Ff and the diffusion coefficient
Dji(k), as the temperature 7" is approaching the critical temperature Tt from above. The plots
on the right show the respective derivatives of the couplings on the left, which coincide with the
corresponding critical exponents in the scaling regime.

and z, are compactly summarized in Fig. 3.8. This clearly indicates that our real-time FRG
formalism does indeed produce the correct dynamic critical exponent z4 = 2, = d/2 expected
for strong scaling in Model G.

3.4.3 Universal scaling of charge diffusion coefficients

In addition to the determination of the dynamic critical exponents z4 and z,, the real-time FRG
framework also allows us to determine universal dynamic scaling functions, that describe the
real-time dynamics in the vicinity of the critical point. In fact, the dynamic scaling hypothesis
implies that sufficiently close to the critical point the resulting kinetic coefficient, e.g., of charge
densities in the IR (at £ = 0) is a homogeneous function of spatial momentum p and reduced
temperature 7, i.e.,

Yo (P, 7) = 5 7y (sp, s V7). (3.140)
Based on an appropriate choice of the scaling variable s, this implies that the combined tem-
perature and momentum dependence of v, can be described by a power law times a universal
scaling function, which we can extract from our FRG calculations as described in the following.

Using (3.140), we can infer the analogous scaling relation for the diffusion coefficient defined in
Eq. (3.138), which evaluated at k = 0 assumes the form

Dy (p,7) = s> *"Dy(sp,s'/"7). (3.141)
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Setting the scale parameter s so that s/¥7 = 1 in (3.141), the momentum and temperature
dependence of the diffusion coefficient in Eq. (3.138) can equivalently be written as

Dn(pa 7_) = T_V(2_Zn)Dn(7—_Vpa 1) . (3142)
Expressing the dimensionless quantity 7~ in terms of the correlation length
£(1) = fT77Y + less singular , (3.143)

one then finds that the reduced temperature and momentum dependence of the diffusion constant
can be expressed in terms of a universal scaling function £(x) as

+ (&) 2
D) =Df (S2) L) (3.144)
up to a non-universal amplitude D;", which upon adopting the normalization condition £(1) = 1,
is determined from the critical divergence of the diffusion coefficient as

DF = lim 7*@=#)D,(p = 1/&(7),7) . (3.145)

n
T—0t
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Figure 3.9: Diffusion coefficient log D}!_(p) for the charge densities in the IR (k = 0) versus
the logarithm of the external momentum scale log p, as the temperature T' is approaching the
critical temperature T, from above. The plot on the right shows the derivative of the plot on
the left, i.e. the logarithmic derivative pd,log Dj'_,(p) of the diffusion coefficient with respect
to spatial momentum, which coincides with the corresponding critical exponent in the scaling
regime.

When considering p < 1/£(7), the universal scaling function £(x < 1) approaches a constant
such that one recovers the critical divergence of the diffusion coefficient,

Dyp(0,7) ~ 77V(2720) (3.146)

at zero spatial momentum. Conversely, for p > 1/£(7) the universal scaling function £(x > 1)
approaches a power law behavior L(z) ~ z~(2=#)_ guch that at the critical temperature one
recovers the critical momentum dependence

Dy(p,7=0) ~p 72, (3.147)

which then also implies the expected scaling of the relaxation rate of the charge density w]y; ~

D, (p)p? ~ p* at the critical point.

Now that we have established the theoretical basis, we proceed to take a look at the nu-
merical results from our FRG calculation. We first note, that by combining the data of the
temperature and momentum-dependent diffusion coefficient D, (p, ), as depicted in Fig. 3.9,
one can extract the dynamic critical exponent z, of the charge densities. By taking the logarith-
mic derivative with respect to p, one clearly observes the emergence of a scaling window as the
reduced temperature is lowered, indicating the expected D,,(p) ~ p~(2=#n) gcaling at criticality.

We continue with the extraction of the scaling function £(z) from our FRG calculation,
which by means of Eq. (3.144) can be achieved with plotting

r U e

&(m)p) = ?5 (1) Dn(p, 7) (3.148)
against the scaling variable x = £(7)p. We determine the specific combination (f*)2=*»/D; of
non-universal amplitudes by choosing the normalization £(1) = 1, which for our set of parame-

ters results in the value given in Table 3.2.
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Figure 3.10: The universal scaling function £(z) from the scaled diffusion coefficient at different
reduced temperatures. The universal scaling behavior is well fitted by Lgi(x) = (a + ba®5 +
cx)/(1 + dx®® + ex + fx!®), with a = 1.073,b = —0.065,c = 0.444,d = 0.143,¢ = 0.099, f =
0.215. The dotted gray lines indicate the asymptotic behavior with Lg¢(0) = a for x — 0, and
Lei(7) — (c/f) 2795 for z — oo.

T | (fY)*/Df
10~10 2.718
1079 2.718
108 2.718
1077 2.718
106 2.638

Table 3.2: Non-universal amplitudes (f*)2~* /D at different reduced temperatures.

In the long-wavelength limit p < 1, the universal scaling function approaches a constant
L(z < 1) — £(0). In the short-wavelength limit {p > 1, the universal scaling function ap-
proaches L(z > 1) ~ 2~ (22 which gives the correct power law D, (p,7) ~ p~(2=%) for the
momentum dependence of the diffusion coefficient at 7 = 0. In Fig. 3.10 we plot the quan-
tity defined by the right-hand side of (3.148) for different reduced temperatures 7 using the IR
(k = 0) results from our FRG calculation. We see that the curves indeed beautifully converge
towards a unique universal scaling function £(x) in the limit 7 — 0. The quantitative shape of
the resulting scaling function can rather accurately be determined by performing a fit to a Padé

approximant of the order [m/m + 1] in the variable 2=,

>0 aj (227’
L(x) = o Y
L+ 55 by (227%)

(3.149)

which yields £(0) = ag, and ensures the asymptotic behavior £(z) — (am/bmy1) 3 *) for
large values of z > 1. For our results in Fig. 3.10 we find that already for m = 2 the method
has converged to a sufficient accuracy. The resulting fit with its asymptotics are plotted in the
same figure together with our numerical results. The corresponding values for the coefficients
aj, by are listed in the figure caption.

97



3.5. DISCUSSION

3.5 Discussion

We conclude this chapter by summarizing the main results and providing an outline for future
applications of the developed formalism.

We have performed a real-time FRG study of Model G, which is conjectured to be the dy-
namic universality class of the chiral phase transition of two-flavor QCD in the (chiral) limit of
vanishing current quark masses. We have constructed a corresponding path-integral formulation
for Model G using the MSR technique by introducing auxiliary response fields. We discussed
the various symmetries of the MSR action of Model G, which most prominently include a global
O(N) symmetry, an extended temporal gauge and displacement symmetry which reflects the
underlying reversible mode coupling structure, the discrete symmetry of thermal equilibrium,
and a hidden BRST-type symmetry which commonly appears in the MSR approach and ex-
presses the fact that with non-vanishing physical sources, the real-time partition function Z =1
is equal to unity. These symmetries restrict the possible form of the truncation of the effective
action.

In the process of formulating a generating functional for Model G, it turned out that the
‘traditional” way of introducing source terms as couplings to the elementary MSR response fields
on the level of the MSR action is problematic, since for example it does not allow to recover the
Boltzmann distribution as a stable equilibrium distribution, and correspondingly one does not
recover the correct fluctuation-dissipation relations. Moreover, the underlying Poisson-bracket
structure of the reversible mode couplings, which we expressed as an extended temporal gauge
symmetry of the MSR action, is violated if the sources are coupled in this traditional way. We
found that the correct way to couple physical source terms is to add them on the level of the
LGW free energy, which indeed solves the above two problems, and leaves all relevant symmetries
during the FRG flow intact. Because of the structure of the reversible mode couplings, in this
approach the sources couple to composite response fields on the level of the MSR action. It
turns out that the flow of the LGW free energy generally remains precisely the same as in
the dimensionally reduced Euclidean theory which describes the static critical properties. This
warrants that the presence of dynamics in Model G does not change the static critical behavior.

Practical applications of the FRG usually require a truncation of the infinite tower of flow
equations, and it is no different in the present work. Here we have taken the pragmatic approach
of postulating a truncation of the effective average MSR, action by promoting all couplings in
the bare MSR action to be running (i.e. to depend on the FRG scale) unless they are protected
from renormalization. In addition, we have also included an arbitrarily momentum-dependent
kinetic coefficient for the charge densities in order to extract the associated universal scaling
function. Using a truncation where the effective average MSR action has the same form as
the tree-level MSR action guarantees that all symmetries in Sec. 3.1.2 are exactly maintained
during the FRG flow, which allows us to make exact statements about the latter. First, as we
have discussed in Sec. 3.2.1 the symmetry of thermal equilibrium implies that the static LGW
free energy decouples from the rest of the flow (including, in particular, the dynamic sector)
and satisfies a closed d-dimensional Euclidean flow equation on its own. Second, as we have
discussed in Sec. 3.3.3 the Ward identities of the (extended) temporal O(N) gauge symmetry
imply that the reversible mode coupling g is protected from renormalization.

Using our ansatz for the effective average MSR action, we have studied the flow of the
static and dynamic couplings in O(4) Model G. As a sanity check, we first focused on the
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well-known static sector, which is purely described by an O(4) symmetric LGW free energy.
As one main feature of our approach, the corresponding flow equations are unaltered by the
presence of dynamics. Using the arguably simplest truncation of promoting the couplings m?
and A to depend on the FRG scale, the static critical exponent v is only slightly better than the
mean-field value of v = 1/2. As in the results section above, we emphasize again that in the
present work we are mainly interested in how a real-time FRG flow for systems with reversible
mode couplings as Model G can be formulated in principle, and thus consider this result for v
as sufficient for our purposes. Moreover, because the free energy decouples from the dynamics
within our approach, this result can be improved precisely in the same way as in the Euclidean
case by including higher-order terms in the truncation of the free energy, see e.g. [78, 79|, and

thus poses no conceptual difficulty here.

In the dynamic sector, we have solved the flow equations for the kinetic coefficients of the
order parameter and the conserved charge densities numerically, and we have verified that the
dynamic critical exponents indeed come out as z4 = 2z, = d/2, as predicted by Rajagopal
and Wilczek [62]. From the numerical results of the FRG flow we have then systematically
extracted a dimensionless dynamic scaling function £(z) describing the universal momentum
and temperature dependence of the diffusion coefficient of the charge densities as a function of
the dimensionless scaling variable z = p&(7). In particular, the result is consistent with the
analytical limits of large and small scaling variables x > 1 and = < 1.

One important task for the future would, e.g., be to extend the present truncation scheme
to the full leading order in a systematic derivative expansion of the effective average MSR ac-
tion. For the description of static critical phenomena in the O(N) model it has been explicitly
demonstrated in the literature [73,75,78,79,211] that a derivative expansion of the effective av-
erage action rapidly converges against high-precision results for critical exponents and universal
amplitude ratios. Therefore, it is not unreasonable to expect that a similar expansion scheme
is also applicable to dynamic critical phenomena, which would involve an additional expansion
in the number of time derivatives. However, whereas an expansion of the static free energy
in spatial derivatives poses no additional problems and works just as in the Euclidean case,
the extended temporal gauge symmetry suggests that time derivatives must come in the form
of covariant derivatives (see Eq. (3.50)), which makes the generalization to higher-order time
derivatives more subtle.

With this chapter we have introduced the real-time FRG as a valuable tool complementary
to ab-initio classical-statistical simulations [50,66,67| for the study of the critical dynamics of
systems with reversible mode couplings. On the one hand, classical-statistical simulations are
ab initio, but generically require a large numerical effort to measure universal quantities such as
dynamic critical exponents and scaling functions. On the other hand, the infinite tower of FRG
flow equations generally require truncation, but one can map out, e.g., dynamic scaling functions
with comparably low numerical effort, as we have explicitly demonstrated in this chapter.
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Chapter 4

Critical dynamics near the QCD
critical point

Parts of this chapter have already been published in Ref. [3].

Relativistic heavy-ion collision experiments at various beam energies allow to probe the phase
structure of QCD at finite temperature and baryon density. As stated in the introduction, one
of the conjectured features of the QCD phase diagram thereby is the existence of a critical
point at the end of a first-order transition line [219]. First-principle lattice-QCD simulations
are limited to small baryon chemical potentials due to the notorious sign problem, and one has
to resort to extrapolations, e.g., using Yang-Lee edge singularities [21,22]. On the other hand,
functional methods including the FRG and Dyson-Schwinger equations are not limited to small
baryon chemical potentials and thus can estimate the location of the critical point [17-20], but
it turns out to be a rather intricate task to estimate the systematic error in these approaches.
Rather recently, a Bayesian analysis of models based on the gauge/gravity duality [23] has been
performed to locate the critical point [24].

To identify a potential critical point experimentally, one searches for signatures of criticality
in heavy-ion collisions, for example, in cumulants of conserved charges [35]. For instance, static
Zo universality near the critical point can be used to predict a non-monotonic behavior of
the kurtosis as the beam energy is varied [36]. However, the fireball created in a heavy-ion
collision is a rapidly evolving system which experiences critical slowing down near the conjectured
critical point, which means that the critical modes are guaranteed to fall out of equilibrium.
Hence, one generally needs to understand the non-equilibrium time evolution of these critical
fluctuations [42,43]. As we have discussed in Sec. 2.2.4, the dynamic universality class relevant
for the QCD critical point, from the Halperin-Hohenberg classification [46], is conjectured to be
the one of Model H [47], which is also the one of the liquid-gas critical point in a pure fluid.

One practical application of Model H in the search for the QCD critical point is the Hydro-+
framework [44, 45], which supplements the standard hydrodynamic description of heavy-ion
collisions by additional slow modes whose momentum-dependent relaxation rates are described
by universal scaling functions from Model H. However, at the moment these are only known
approximately in d = 3 spatial dimensions, for example in the form proposed by Kawasaki [220].
Moreover, Model H was recently employed to derive a universal scaling function for the photon
emission rate near the critical point [221] with an approximation similar to the one used by
Kawasaki.
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In this chapter, we adapt the real-time FRG formalism developed in Chapter 3 to Model H.
We derive non-perturbative RG flow equations for the kinetic coefficients of Model H, i.e., for the
heat conductivity o and the shear viscosity 1, study their fixed-point structure, and extract their
dynamic critical exponents z, and x,, for spatial dimensions d in the range 2 < d < 4. In parallel,
we perform an analogous analysis for O(N) Model G by studying the fixed-point structure of
the FRG flow equations from Sec. 3.3 analytically within a simplified truncation. In particular,
we emphasize the similarities and differences with Model H, and discuss the presence/absence
of weak and strong dynamic scaling relations at the various fixed points of both models.

This chapter is organized as follows. In Sec. 4.1 we re-formulate the stochastic equations
of Model H as an MSR path integral, and set up the FRG flow by coupling the sources and
the regulator to composite response fields analogous to Chapter 3. In Sec. 4.2 we discuss our
truncation of the FRG flow and derive analytical expressions for the associated flow equations
for both Model H and G. In Sec. 4.3 we study the fixed points of the FRG flow in both models,
corresponding scaling relations, and the dependence of the associated dynamic critical exponents
on the spatial dimension d in the range 2 < d < 4. We conclude this chapter in Sec. 4.4 by
summarizing our main results and providing an outlook for possible future applications of the
formalism.

4.1 MSR path-integral formulation of Model H

For the convenience of the reader, and to emphasize some changes in the notation compared to
(2.125), we write the equations of motion of Model H here again,

06 _o0F . OF
E_UV %+g{¢7]} 5*‘7-4‘9, (4.1a)
o ,OF 6F . §F

Gp = Tim {nV i + 9{jm, o} 5% +g{3m,Jn}5jn] +&, (4.1b)

where the Poisson brackets are given by (2.123) and (2.124), and the LGW free energy reads
1 m? A 32
Fe [adel ooz ™oz Aty 11 4.2
Jate{ywor+ e ot (12)

In particular, we have dropped the subscript | from 3, for simplicity, and thus reserve the
symbol j for the transverse part of the momentum density here. Note that this does not cause
any confusion with the full momentum density, since the latter does not appear in this chapter.
Moreover, we employ the notation of non-relativistic fluids, where the mass density p in the
kinetic energy in (4.2) takes over the role of the enthalpy w from the relativistic case in (2.122).

Comparing the equations of motion (4.1) to the ones of Model G (3.1), one immediately
notices that the two merely differ by: (a) the number of components of the order parameter
field, (b) its kinetic coefficient reflecting whether it is conserved (Model H) or not (Model G),
and (c) the detailed expressions for the reversible mode couplings. In Model G, the term in
(3.1a) describes Larmor precession of the order parameter around the magnetic field generated
by the fluctuating charge densities n4,, while in Model H, the corresponding term in (4.1a)
describes advection of the order parameter with the momentum density j. Other than that, the
structural similarities ensure that the real-time FRG methods developed in Chapter 3 can also
be directly adapted to Model H. First, the stochastic equations of motion (4.1) are described by
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the MSR partition function
Z= / D¢D$DjDje™ =1, (4.3)
with MSR, action
B ~ (0¢ 90F ., OF
s=[{-d(5 o5 -at0.0 ;)
~ (0 9 OF . oF . ., 0F
Jl <8t ,nm |:77V 5]7 + g{]mﬂb}% +g{]m¢]n}5jn:|>

— iTpoV>p — ilenTlmVQJm} . (4.4)

As explained in Sec. 3.1.1, by adding physical source terms to the free energy F — F — [ Jy
(instead of adding S — S+ [ Ji to the MSR action), and unphysical source terms to the MSR
action S — S+ [ J1) as usual, the partition function (4.3) is promoted to a generating functional
for multi-time correlation functions,

Z[H,H, A, A] = /D¢D¢3Dnm exp {z’S +i/ (Ho+ Aiji) + (4.5)
i [ H(= 0V + 96,5} Troi) +
i / Ai(= 0V Tiojo + 9Tum{dm 036 + gTim{dm jn } TroJo) } :

We see from Eq. (4.5) that the physical sources H and A couple to the following composite
operators:

d
Ji

_UVQ(i + g{¢7jm}7-mojo ) (4.6&)
—T)V277050 + gﬁm{jm» ¢}¢ + gﬁm{jma jn}ﬁzo}o . (4'6b)

Since these are proportional to the standard MSR response fields gzg and j, we refer to ® and J
as ‘composite’ response fields, cf. Eq. (3.22) in Chapter 3. The transverse projectors 7 in (4.6)
ensure that only the transverse parts of the momentum densities contribute.

Recall that by coupling the classical external sources at the level of the free-energy, i.e. ' —
F — [ Jv, it is generally ensured that (i) the classical symmetry of thermal equilibrium [107]
as well as (ii) the extended temporal gauge symmetry related to the reversible mode couplings,
are maintained exactly in the presence of classical external sources. In Model H, the extended
symmetry (i7) expresses an invariance under time-gauged Galilean boosts [222].

Next, to formulate the FRG flow equations [72|, one furthermore adds an RG-scale k de-
pendent (spatial) regulator term also on the level of the free energy, i.e. F' — F + %f@!)Rki/),
analogous to the way the (classical) external sources are introduced. The effective average action
I'} is defined as the modified Legendre transform of the scale-dependent Schwinger functional
—ilog Z., and here reads

Its FRG scale (k) dependence then satisfies the real-time flow equation (3.71) (here with the
superfields 1) = (¢,7) and U = (®,J)). Based on the above symmetries (i) and (ii), it was
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shown in Sec. 3.3.3 and 3.2.1, respectively, that (a) the static FRG flow for the free energy (4.2)
is independent of the dynamics and simply given by the standard d-dimensional Euclidean flow
equation (3.82), and (b) the mode-coupling constant g is protected from renormalization. In
practice, these two exact results can largely simplify the derivation of flow equations, as we have
seen above.

Introducing the source and regulator terms on the level of the MSR action in the standard
way (as if there were no reversible mode couplings), and as done in Ref. [223] also for Model H,
the symmetries (i) and (ii) are generally not preserved. The violation of symmetries during the
FRG flow, on the other hand, typically introduces RG relevant operators that would otherwise
be excluded by symmetry. These operators then need to be carefully fine-tuned to vanish in the
IR again in order to reach the correct fixed point. To avoid such an additional fine-tuning, and
to guarantee the exact results that we discuss below, it is therefore necessary to set up an FRG
flow that manifestly maintains all the relevant symmetries.

4.2 Truncation and flow equations

Analogous to Sec. 3.3, we truncate the effective average action I'y, by promoting the kinetic
coefficients o, 7, and the LGW free energy F in (4.4) to depend on the FRG scale k,

B (09 25Fk O,
ro= [{-6(5 - vk - otod) 53)
X 9 0FY,
_]l (8t T I: kV 57+g{]ma¢} +g{3ma]n} :|)
— iT¢o, V¢ — z'T3znmmV25m} : (4.8)

which ensures that the symmetries (i) and (i) are preserved by the truncation. The standard
response fields ¢ and j in (4.8) are understood as functions of the composite response fields P
and J, implicitly given by inverting

&) = _O'kVQQg + g{¢7jm}Tmojo X (4.9&)
Ji = =0V ?*Tiodo + 9 Tim{gm, 030 + 9 Tim{dm» Jin} TnoJo - (4.9b)

We employ the optimized regulator R,‘f (p) = (k> —p?)0(k? —p?) [224] for the order parameter ¢
and set the regulator for the momentum density j to zero, as its static fluctuations are anyway
non-critical, and corresponding spatial regulator terms thus RG irrelevant, in general.

4.2.1 Static flow

Since the symmetry of thermal equilibrium (4) is preserved during the FRG flow, the flow of
the LGW free energy (4.2) decouples from the rest [2] and satisfies the standard d-dimensional
Euclidean flow equation [72]. Hence, the flow of the LGW free energy (4.2) can be investigated
independently. Here we employ different truncations. First, the arguably simplest truncation
of the effective free energy Fj consists of promoting the couplings m? and X in (4.2) to depend
on the FRG scale, m?> — mi, A — M, which amounts to a simple ‘¢*-truncation’ of the
static FRG flow. Combined with the flow of the kinetic coefficients this has the advantage to
provide an entirely analytical description of the main qualitative features of dynamic scaling.
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In that case, the flow equations for the static quantities mz and A; are given for arbitrary N
in Egs. (3.108) and (3.109). With the optimized regulator the flow of the dimensionless static
couplings mz = k*Zmz and )\, = Tk% 4\, is given by (here for arbitrary N to cover also the
case of O(NN) Model G)

Qg N+2 Y
(2m)?) 3N (1+m2)?’

Q4 2(N +8) A7
(2m)d 3N (1+m3)3’

kOpmi = —2m; — (4.10)

kO = (d— 4)5% +

(4.11)

with the volume Qg = 27%2/(T'(d/2) d) of the d-dimensional unit ball (e.g. Q3 = 47/3), which
is generally related via Qg = Sy_1/d to the surface area Sy of the d-dimensional sphere S? given
in (3.130). The case N =1 corresponds the Zs symmetry of Model H.

Beyond this arguably simple ¢*-truncation of the static flow, we also consider the extended
local-potential approximation (LPA’) for the static free energy (4.2), using the ansatz

1
Fo= [t {Z;wiasa)(a%a) n Uk<p>} C P = buta, (4.12)

for the effective free energy, here generalized to an N-component order parameter. This trun-
cation includes the full field dependence of the effective potential Ug(p), and, in addition, a
non-trivial wave function renormalization factor Z,ﬂ' evaluated at some (possibly k-dependent)
field expansion point p07k,] which gives rise to a non-vanishing anomalous dimension 7, =
—kOg log Zkl. We also introduce a factor of Z,i- in the optimized regulator, which becomes
Rl‘f(p) = ZL(k* — p2)0(k* — p?). The flow equations for the effective potential Uy(p) and
the wave function renormalization factor Zk,L can be obtained using appropriate projections
of the Wetterich equation [72]. For the dimensionless effective potential Ug(p), defined by
KT Uy (p) = Ui (p) with p = k?2Tp/Z;-, one obtains the well-known result [73]

k0LUK(p) = —d Ur(p) + (d — 2+ ny) pUL(p) + (4.13)
N Q4 (1_ s >< 1 N N -1 >
(2m)d 2+d) \1+2U[(p)+4pU'(p) 1+2U(p)) "’

where the k-derivative on the left-hand side is taken at fixed p, and with the notation U} (p) =

The flow of the wave function renormalization factor Z ,i- at the scale-dependent minimum py g,
of the effective potential, U,; (Pok) = 0, is encoded in the anomalous dimension n,ﬂ,— = —koglogZ ,i-
of the order-parameter field. Projecting the Wetterich equation onto the pion (Goldstone)
channel for values N > 2 yields [75]

it = 32 Qq po (U (po))?
P @m)d (14 4p0 U (po))?

By regarding this result as an analytic function of N one can extend its range of validity by

(4.14)

analytic continuation to N = 1. It was found empirically that this procedure yields reasonable

! As we shall see below, an expansion around a non-vanishing (homogeneous) field expectation value ¢ # 0
does not introduce additional tensor structures in the propagators and the 1PI vertex functions of Model H. This
is unlike Model G, where a non-vanishing field expectation value ¢ # 0 causes mixing between the pions and the
iso-axial-vector charge densities, which leads to numerous additional terms in the flow equations, as discussed in
Sec. 3.3. In Model H, such mixing is absent for homogeneous field expectation values ¢ since j couples to the
gradient V¢ of the order parameter.
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values for the anomalous dimension [75] also in the Zs case, which is incentive enough for us
to use the same procedure in the present work. In contrast, obtaining similarly accurate values
for n, using a projection onto the longitudinal (sigma) channel requires the field dependence of
Zi-(p) [155], which we leave for future work.

In practice, we solve the LPA’ system (4.13) and (4.14) for the potential U(p) and the
anomalous dimension 7, at the Wilson-Fisher fixed point k0,Ui(p) = 0 numerically using a
standard shooting method, as, e.g., discussed in Chapter 12.4 of Ref. [225]: First, requiring
regularity at the origin demands the behavior

oy nL Q4 _ _
U(p) ~ <1— 2+d> @ d (1 + 201) +cp+--- forp—0.
Second, depending on the choices of ¢; and 7, one generally encounters a singularity in the
second derivative U”(p) already at a finite value of p. The fixed-point solution is given for those
values of ¢; and 1, where the solution is regular for the entire domain 0 < p < co. Hence, we
vary the parameters ¢; and 7| so as to maximize the domain where the solution is regular until
we reach the desired accuracy for ¢; and 7.

In the following, we shall consider two versions of the LPA’, where the flow equations for
Z kl, oy, and 7y, are evaluated either at vanishing field expectation value, pg j = 0,2 or at the scale
dependent minimum of the effective potential, p x = pPmin,k, Which satisfies U} (pmin,k) = 0.

4.2.2 Reversible mode couplings

Since the temporal gauge symmetry (i) is preserved, corresponding Ward identities of the ef-
fective average MSR action imply that the mode coupling ¢ is protected from renormalization.
This was shown explicitly for Model G in Sec. 3.3.3, and the proof directly translates to Model H
as well. Nevertheless, it is worthwhile to look at the explicit form of the temporal gauge sym-
metry (i7) in the case of Model H. In analogy to Model G in (3.48), one can straightforwardly
verify that the equations of motion (4.1) are invariant under (with a(¢) being an arbitrarily
time-dependent displacement vector)

o(t,x) = o(t,x — a(t)), (4.15a)
O(t,x) = 0(t,z — a(t)), (4.15b)
jit,x) = j(t,x — a(t)), (4.15¢)
E(t,x) = E(t,z — a(t)), (4.15d)
Alt,z) = Alt, o — alt) — ;d(t) (4.150)

On the level of the MSR action (4.4), one transforms the response fields ¢ and j instead of the
noises 6 and &.

Some comments are in order concerning the interpretation of (4.15) as time-gauged Galilean
boosts. Usually, one would expect an inhomogeneous term gd(t) in (4.15¢) when boosting the
system by the instantenous velocity &(t) [108]. However, one should keep in mind that the
proper interpretation of j is the canonical momentum density of the fluid [140]. The physical

2Note that with pox = 0 one recovers standard LPA again, since the flow kdx Zi- = 0 vanishes in this case.
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fluid velocity, on the other hand, is given by

OF
= 4.16
which indeed transforms under (4.15) as
1.
v(t,x) = v(t,x — at)) + —a(t), (4.17)

9

including the inhomogeneous term ;d(t) from the transformation (4.15¢) of the source field A,
which gives rise to the anticipated fictitious-force term éd(t) in the equation of motion for v
after the transformation (4.15).

4.2.3 Kinetic coefficients

We use the FDR to project the flow onto the kinetic coefficients, as discussed for the order-
parameter damping rate Ff and charge mobility v, of Model G in Sec. 3.3.2. For Model H,
the scale-dependent order-parameter mobility o and shear viscosity 7 can be similarly ob-
tained from second functional derivatives of the effective average MSR action I'y, with respect
to composite response fields ® and J,

1 1 T

Ok 21T p—0 w—0 5(13(—(«0, _p)éq)(w7p) P0,k

11 °T

EENE U Tim(p) 0"k (4.19)
Mk 22T p—0 w—0 d—1 6Jl( w, p)(SJ ( ) £0,k

evaluated at constant classical field expectation value of the order parameter pgj = gbg i and

vanishing expectation values of all other fields, o =0, j= J = 0, as indicated by (---)| ok

We project the real-time FRG flow onto the kinetic coefficients o} and 7 by differentiating
Egs. (4.18) and (4.19) with respect to the FRG scale k, which results in

OO0 = ——= lim p* lim = ) 4.20
ROk = 21T po0 P o050 5@(—w, —p)d®(w,p) | po e
2 2
Ot = — £ lim p? lim Tim(P) O"0kLk : (4.21)
2T p—>0 w—0 d—1 5Jl( —p)(sJ ( ) 0.k

The corresponding second functional derivatives in (4.20) and (4.21) of the tree-level flow equa-
tion (3.71) can be expressed as a sum over Feynman diagrams,

(4.22)

1\3\8
S

QT (p) =

@

, (4.23)
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with four vectors p = (w,p)” and ¢, and notation analogous to Sec. 3.2.2, i.e., solid lines denote
the order parameter ¢, wiggly lines the momentum density j;, and the color coding distinguishes

the classical fields ¢, j; (blue) from the corresponding response fields @, .J; (red).

To evaluate these, we need expressions for the propagators and 1PI vertex functions. From
our ansatz (4.8) for the effective average MSR action we obtain the following expressions for the

two-point functions of the order parameter ¢,

TP (w,p) = +——" — m2 — p? 4.24
k (W,p) +Ukp2 my P, ( a)

I‘& w,p) = — o mi — p?, 4.24b
k ( ) Ukp2 k ( )
53 2T

I (w,p) = —, 4.24¢
k (W, p) oop? ( )

where m? can be generally related to the curvature of the effective potential Ug(p) from (4.12)
via mj, = 2U}(pox) + 4po kU (pok)-

On the other hand, the two-point functions of the momentum density j are given by

~ . 1

I‘Jl]m , — <+ w _ > Tm , 425
B (w, p) o )7 (p) (4.25a)
- ) 1

T3 (49, p) = < o > Tim(P) 4.25b
p " (w,p) o )T (p) ( )
i 7 2iT Ty (P)

r/m(w, p) = =M 4.25
w " (w,p) D (4.25¢)

The full propagator Gy is related to the inverse of the regulated 2-point function, G =
—(F,(f) — R)~!, where F,(f) denotes the second functional derivative of I'y. Written in compo-

nents, this amounts to

-1
82Ty,
GEploy) = — || Ry (4.26a)
o 6D(1)00(1) |,
52T o
o 69(2)00(y) |y, "
: 5°Ty
ZFd)d),k(I,’y) = / Gﬁk(ZU,Z)m Gg’k(w,y) s (426C)
Zw PO,k
which results in (after Fourier transform)
2
G (W, p) = — kP : 427
bok(P) == op*(m} + p? + R} (p)) )
2iop?T
iFypn(w,p) = ‘IkP (4.27D)

w? + (oxp®)? (M + p* + RY(p))>
On the other hand, the various propagators of the momentum density j are given by (with the
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corresponding regulator set to zero)

52T,
Gﬁjm,k(xay) == (

-1
o ) | (4.28a)
0J1(2)0jm(y) P0,k

52T, -
, (4.28b)
PO,k

4 LY) ==\ 7 7
G]lJmJ‘?( y) <5jl($)5=]m(y)

5Ty,
iF; T,y) = el T, 2)————— G4 w,Y), 4.28c¢
]ljmyk’( y) /Zyw ]l]’ﬂ7k( )(SJn(Z)(SJO(w) pok ]ij7k( y) ( )
which results in
2 S

R/A 0" Tim (D) . 200" T Tim (D)
A ,p) = ————— F; ,p) = = 4.29
k) =T Sy e ) G G oy -2

Since the symmetry of thermal equilibrium is preserved during the FRG flow, the statistical

functions are set by the classical FDR in both cases,
. T
iFppr(w,p) = " (Gﬁm(w,p) - G@,k(%?)) )

. T A
iFjijo (W, ) = — (G k(w:P) = Gy (@, D)) -

The 1PI vertex functions of Model H can be derived via functional derivatives of the effective
average MSR action. To perform these derivatives efficiently, we employ the DoFun package [226]
for Mathematica. The 1PI vertex functions which appear in (4.22) and (4.23) are

F,%‘M (p,q,7) =—9g Tm , (4.30a)
0o S 2
R evl G R e (300

et g e
(4.30d)

with the notation (7pq); = Tim (P)gm, i-e., Tpq denotes the component of g transverse to p.

Inserting the propagators (4.27), (4.29), and the 1PI vertex functions (4.30) into (4.22) and
(4.23), evaluating the frequency integrals via the residue theorem and the momentum integrals
analytically (which is possible due to the choice of the optimized regulator), we obtain

Doy — 29°QaZy k"'T (d—1)(d—ny) 1 < o} B 1 >
(2m)¢ dd=2)  m \(m/p+ou(Zy k> +mP))?  (Zipk? +mi)?)
(4.31)
QQ ZL de+1T
Oury = — Ll %) (4.32)

(2m)4 (2 + d)ak(ZkLk‘2 + mz)3 .

As it turns out, the physically relevant information is conveniently encoded in the following
dimensionless combinations of the kinetic coefficients [104],

oL 2 k> dQugPT kit

w = s =
=P =" 2m)

. 4.33
Ziown (4.33)
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Here, wy is proportional to the ratio of the relaxation rates of the order parameter and the
momentum density at criticality, while fg conveniently represent the pre-factors of the loop
diagrams in the flow of the kinetic coeflicients.

By applying a k-derivative to the definitions in (4.33), inserting the flow equations for the
kinetic coefficients (4.31) and (4.32), and using the usual dimensionless mass parameter m? =
(Z£)71k=2m? (which is related to the dimensionless effective potential U(p) via m? = 2U’(po) +

4poU" (o)), we can derive the dimensionless flow equations for fy and wg,

kO fr = (d—4+7u)fH+f12{[d(d:_2) a +1m2)3 - (4.34)
2(d—1)(d—m)< | R )}
d?(d—2) (1/wg + (1+m?)2 (1+m?)? )]’
kOywn = (2 —n1)wn +wn fu {d(ler @ +1m2)3 + (4.35)

2(d—1)(d—m)( 1 1 ﬂ
2d—2) \Lwp+@t+md))2 Q+rm22)|

Importantly, these no-longer depend on the non-universal parameters p, g, and T', which stresses

the universal character of these non-perturbative flow equations.

Similar analytical expressions for the flow equations of the kinetic coefficients Ff and g
in O(N) Model G can be obtained from the results of Sec. 3.3.2 by neglecting the non-trivial
momentum dependence of 7, x(p) ~ vep? considered therein. We again use the optimized
regulator Rf (p) for the order parameter, and set the regulator R}(p) = 0 for the charge densities
ngy to zero. With these choices, the momentum integrals in (3.114)-(3.120) can be solved
analytically (in addition to the frequency integrals which are solved analytically anyway using
the residue theorem), and the result for the flow equations of the kinetic coefficients is

2 _ 1 d—1 Fd)
opr¢ =2 (Nd gdﬂdf 2 k (4.36)

(2m)d (k2 +mj) vk | k2 /x + Ty (k2 +m3)

_ k2
il Ot )
(d—2) (k2 +m3) ’
2¢2Q kT

Oy = ————2 1 (4.37)

3
(2m)TY (k2 +m2)
with the hypergeometric function o F} in (4.36).

Analogous to Model H, the physically relevant information is encoded in the dimensionless
combinations of the kinetic coefficients, now in Model G,
o Ay gPT K4

weg =X fG = .
W omT T

(4.38)

Inserting the usual dimensionless mass parameter m? = k~2m? into the flow equations for the
kinetic coefficients (4.36) and (4.37) one obtains the dimensionless flow equations for fg and wg
in Model G,

2

_ o 2

- (N - 1)Id(m2,wc)> , (4.39)

2

ke = S
kwe = we fa [d(1+mi)3

+(N - 1)Id(m2,wg)] ,
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with the shorthand notation

1 1 4 —d d—2 d 1
Lo - d-2d 1
Ly(m?,wg) = (1+m2)2{1+ (A+mduwg | d—2 [1 2 <1’ 2 72’ (1+m2)w0> ] }

4.3 Dynamic critical behavior of Model H and G

Close to a critical point, the dynamic critical exponent z describes the divergence of the corre-
lation time & ~ &% relative to the correlation length &. Sufficiently close to the critical point,
on the other hand, the relevant infrared cutoff during the FRG flow is set by the FRG scale
k > 0, and the correlation length effectively behaves as & ~ 1/k, while the correlation time &
can be inferred from the position w, of the lowest lying pole of the dynamic response function,
as & ~ 1/Im(wp). Since for both, Model G and H, the kinetic coefficients themselves show
critical power-law divergences with the FRG scale k, which can be quantified in terms of loga-
rithmic k-derivatives of the kinetic coefficients in the scaling regime, i.e., zp¢ = —k0g log Fi and
2 = —kOj logy, for Model G, or 2, = —kdilog oy, and x, = —k0Oilogn, for Model H, these
divergences also contribute to the dynamic critical exponents.

We first focus on the critical dynamics of the order parameter field ¢. In Model G the order
parameter is not conserved, and an explicit calculation of its (retarded) propagator in our FRG
truncation simply yields wy = —iffmi ~ k*7%r¢  we therefore have 24 = 2—xpe. In contrast, in
Model H the order parameter, defined from the entropy per particle, is conserved, and one obtains
the dispersion relation wy = —ioxp?(mi + p?). Setting the external momentum to |p| ~ k, one
thus obtains an additional factor k2 in the dispersion relation, yielding We ~ okt ~ k* % 50
that z4 = 4 — x, in Model H. Note that we have omitted the anomalous dimension 7, of the
order-parameter field here, which vanishes in our ¢*-truncation of the spatial flow. For n, # 0,
these dynamic critical exponents generalize to zy = 2—1, —2¢ in Model G, and 24 = 4—n,| —2,
in Model H, respectively.

Moreover, in either case, the conserved charge densities ny, and j of Model G and H, both
also experience critical slowing down due to the reversible couplings to the order parameter.
Setting the external momentum to |p| ~ k again, their dispersion relations, w, = —iyzp?/x and
wj = —ingp?/p, both exhibit power laws, w, ~ k2~%v and wj ~ k?~%n as well, from which one
can deduce the dynamic critical exponents z, = 2 — x,, for the charge densities nq, in Model G
and z; = 2 — x, for the transverse momentum density j in Model H.

Since the critical point corresponds to a fixed point of the FRG flow, it is instructive to
investigate the flow diagrams for Model G and H, which are shown in Figs. 4.1 and 4.2, re-
spectively, where the FRG flow lines are plotted in the compactified (wg /i, fo/m) plane.® As
already anticipated in Sec. 2.2.5, in Model G there are two unstable fixed points at w¢, = 0 and
w¢, = 00, and a stable fixed point at finite 0 < w¢, < oco. In contrast, in the flow diagram of
Model H, there is only one stable fixed point at wj = 0. With this information we can then
look for the stable fixed points in the dimensionless flow equations of fg,; analytically:

For Model G, with wf # 0 and f& # 0 in Egs. (4.39), the stable fixed point (in our

3The dimensionless static coupling m? is set to its value at the Wilson-Fisher fixed point within our truncation
of the static free energy, which we obtain by solving the static sector of our flow equations. This poses no problem
because the static flows are independent of the dynamics, as we have discussed in Sec. 3.2.1.
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Figure 4.1: Left: flow diagram of 3d Model G with one purely attractive stable strong-scaling
fixed point (blue) at (f, wg) ~ (0.527,4.998) in our ¢?-truncation, and two unstable weak-
scaling fixed points at w € {0, oo} (red and green) [104|. Right: the critical exponents zp¢
and z- of order-parameter damping rate and charge mobility at the various fixed points (solid
lines in matching colors), compared to the results from the 1%%-order e-expansion in Ref. [110]
(dashed lines).

truncation) is located at

(4 — d)d(1 + m2)

f& = i : (4.40)

For Model H, wj; = 0 implies that the term with 1/wp in the denominator in (4.35) will tend
to zero at the stable fixed point and thus can be safely neglected, yielding
(d—2)(4—d—n)(1+m*)?

fir =+ . (4.41)
2(d 12[(;[ 77J.)(1+m2)+ d(cfi:_é)

Now, using kO fa = (d—4+n1 +xrs + ) fq for Model G and kOy, fr = (d—4+4+n1 +x5+xy) fu
for Model H, which follow directly from the definitions in Eqs. (4.38) and (4.33) (here including
field renormalization), we can deduce that as long as the fixed-point value f* is finite (i.e. 0 <
f* < 00), the following weak-scaling relations [104,110] hold at the fixed point in either case,

Tro + Ty =25 +xyp=4—d—1n, . (4.42)

If w* assumes a finite fixed-point value (i.e. 0 < w* < 00) as well, as in the case of the stable
fixed point in Model G, then, from k0ywg = wg(xy — xpe — 11 ), We also have the strong-scaling

relation,
Tpe = Ty — 1L . (4.43)

With both wg, and f£ non-vanishing and finite at the stable strong-scaling fixed point of Model G
(cf. Fig. 4.1), Egs. (4.42) and (4.43) are sufficient to uniquely fix the scaling exponents of both

kinetic coefficients to
d

1:F¢+77l:$7:2_§7 (4.44)
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Figure 4.2: Left: flow diagram of 3d Model H with only a single stable weak-scaling fixed point
at wy = 0. Right: the associated critical exponents z, and x, of order-parameter mobility and
shear viscosity in our ¢*-truncation (solid blue lines) compared to the 2"d-order e-expansion for
Model H in Refs. [111,112] (dashed blue), and the result for x,, (bottom) by Ohta and Kawasaki
[227] from mode-coupling theory (dashed-dotted blue). Gray bands between corresponding
real-time FRG results from full LPA’ truncations of the free energy in (4.12), based on the
fixed expansion point pgr = 0 (upper gray line) and on using the scale-dependent minimum
Pok = Pmink (lower gray line), are included to assess the quantitative uncertainty of the -
truncation.

as represented by the solid blue lines for s and z, in the right panel of Fig. 4.1. Moreover,
with zy =2 -1, —2ps and 2, = 2 — x, from above, these dynamic scaling relations imply that
one exactly recovers the dynamic critical exponents z4 = 2, = d/2 at this strong-scaling fixed
point in Model G. This is the fixed point we have observed numerically in Sec. 3.4.

With wj; = 0 but fj; # 0 and finite at the Model H fixed point (cf. the left panel of
Fig. 4.2), on the other hand, there is no such strong-scaling relation as in (4.43). Instead,
inserting Eq. (4.41) into the FRG flow equations (4.31) and (4.32) for o} and 7y, we then obtain
the following analytical expressions for Model H,

2(d =1)(d =n1)fF fu

TRd-20+m2? T dd+ )1+ mPp (4.45)

Lo

with f7; given by (4.41). In the ¢*-truncation of the static flow, cf. Sec. 4.2.1, the Wilson-Fisher
fixed point is located at
e A-d L ent A )

- Y= - : (4.46)

and has n; = 0. Plugging the fixed-point value m?* into (4.45), one can explicitly verify that
an expansion of (4.45) in € = 4 — d around € = 0 reproduces the standard result from 15'-
order e-expansion [111] exactly, but deviates at higher orders.* Our FRG results (4.45) are

“We emphasize that our results are not restricted to the presumably small regime around d = 4 in which 1%-
order e-expansion is valid. On the contrary, the power of non-perturbative/self-consistent approaches is that they
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plotted as the solid blue lines in the right panel of Fig. 4.2 along with results from 2"d-order
e-expansion [111,112],
18 9 1 2

Ty = Ee(l —0.039¢ + O(€7)) , Ty = Ee(l +0.353e + O(€7)) , (4.47a)
which currently is the highest order available in this case. While the critical exponent of the
mobility z, deviates from the latter only on a quantitative level, that of the shear viscosity shows
an entirely different qualitative behavior. In fact, our FRG result for z, in the ¢*-truncation
closely resembles that of a self-consistent mode-coupling calculation with 17, = 0 by Ohta and
Kawasaki [227]. For completeness, we note that a similar non-monotonic behavior of x, was
observed in Ref. [223|. Specifically, with z4, = d + x,), in d = 3 spatial dimensions, we obtain the
dynamic critical exponent z4 ~ 3.051 while the result from [227] corresponds to z4 ~ 3.054; for
comparison, the 2"-order e-expansion yields zg ~ 3.071 [112]. In the numerical simulation of
Model H recently performed in Refs. [50,51] the value z4 = 3.013 & 0.058 was obtained, which

is consistent with the analytical results listed above.

In order to verify the robustness of our analytical results for Model H from this simple
¢*-truncation, we also consider the LPA’ truncation of the static FRG flow, as discussed in
Sec. 4.2.1 above. Our numerical results from the LPA’ are shown as solid gray lines in the right
panel of Fig. 4.2. For both diagrams (z, and z,) the upper gray curves correspond to pg = 0,
and the lower gray curves to using the comoving po i = Pmin,k, Which includes a non-vanishing
anomalous dimension 7| # 0. One can see that the qualitative behavior of the ¢*-truncation
remains unchanged, in particular with x, — 0 for d — 2. The corresponding numerical values
for the dynamic critical exponent in d = 3 are z4 ~ 3.058 for fixed pg = 0 with n; = 0, and
2¢ =~ 3.034 for the comoving pg = pPmin,k With 7, ~ 0.0443.° Since an exact solution of the
FRG flow would be independent of the expansion point pg 1, these residual differences can serve
to estimate the systematic uncertainties in the truncation.

4.4 Discussion

We close this chapter by summarizing our results and outlining possible future applications of
the present formalism.

We have used our novel real-time FRG approach to dynamical systems with reversible mode
couplings developed in Chapter 3 to study the critical dynamics of Model H, which is conjectured
to be in the same dynamic universality class as the QCD critical point. This was possible due
to the structural similarities with Model G. In parallel, we have used our formalism to study the
fixed-point structure of the FRG flow in Model G, which supplements the numerical findings of
Sec. 3.4 by analytical results.

Within our framework we have derived one-loop exact non-perturbative FRG flow equations
for the kinetic coefficients of Model G and H. The associated fixed-point structure is qualitatively
in line with 15%-order e-expansion [104], comprising one stable strong-scaling and two unstable
weak-scaling fixed points in Model G, as compared to only a single weak-scaling fixed point in

are capable of describing the correct qualitative behavior of certain observables for large values of the expansion
parameter (e ~ 1 — 2 here), even if they deviate from exact perturbative results for small values of the expansion
parameter (e < 1 here).

For comparison, the result from the corresponding comoving LPA (with . = 0) is practically indistinguish-
able, yielding z4 ~ 3.033 in d = 3, which shows that the effect of field renormalization is negligible here.
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Model H. We have obtained the corresponding strong and weak dynamic relations and computed
the dynamic critical exponents x; of the kinetic coefficients in 2 < d < 4 spatial dimensions.
For the O(4) chiral transition in QCD these determine the singular behavior of chiral order-
parameter and Goldstone pion damping rate F‘,f ~ k7*r¢, and the iso-(axial-)vector charge
mobilities v ~ k7% of Model G. The mobility o ~ k=% of the conserved order parameter
of Model H determines the singular behavior of the entropy per baryon at the QCD critical
point and that of transverse momentum densities the shear viscosity n, ~ k~%7, as discussed in
Sec. 2.2.4. For the dynamic critical exponents z; the strong-scaling relations of Model G imply
the exact result z4 = 2, = d/2. In Model H, we obtain numerically in d = 3 spatial dimensions
To ~ 0.949 and x, ~ 0.051 in quite close agreement with the mode-coupling calculations by
Ohta and Kawasaki [227], implying z, = 3.051 for the critical fluctuations of the entropy per
baryon.

Evidently, the true power of this formalism is that it can be extended to include more sophis-
ticated truncations of the effective action, e.g., improving the static truncation for the effective
LGW free energy, including derivative couplings and anomalous dimensions, for improved preci-
sion. For instance, including self-consistent momentum dependencies of the kinetic coefficients
or(p) and ng(p), as for the iso-(axial-)vector charge diffusion coefficient in Chapter 3, the frame-
work can be used to compute universal dynamic scaling functions [2, 88,89 that go beyond the
common Kawasaki approximation [44,45,220]. In particular, without the technical limitation of
our truncation to the symmetric phase (in contrast to Model G, cf. Sec. 3.3), a natural next step
would be to map out dynamic scaling functions in Model H which describe the temperature,
external field, and momentum dependence of o and 7.
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Chapter 5

Real-time dynamics of the quark-meson
model

Parts of this chapter have already been made available as a preprint in [4].

Functional methods allow for practical calculations at finite baryon chemical potential, and
thus have offered various predictions on the features of the QCD phase diagram, including the
location of the conjectured critical point, the existence of inhomogeneous phases or variants
thereof, the equation of the state at large baryon densities, etc. (see for instance Refs. [17, 19,
228-230]). However, most of these calculations are based on Euclidean field theory. In order to
connect these predictions more directly to the phenomenology of heavy-ion collisions, one also
needs to understand their impact on the dynamics of the rapidly evolving system created in

these collisions.

One promising approach to obtain access to the real-time dynamics and spectral properties
of strongly interacting systems also from Euclidean field theory is an analytic continuation on
the level of the functional equations themselves. This approach avoids the generally ill-posed
inverse problem of spectral reconstruction from discrete numerical Euclidean data. Particularly
relevant for the present chapter are Refs. [15,99,231-234]|, where the phase diagram and spectral
functions of low-energy effective theories for QCD (including the quark-meson and the parity-
doublet model) were computed using the analytically continued functional renormalization group
(aFRG). The flow equation of the effective potential was solved in a Euclidean setup, and the
phase diagram was computed in the (u,T)-plane. The spectral functions were computed using
analytic continuation, exploiting the 1-loop structure of the flow equations for the two-point
functions. For similar approaches based on analytic continuations and/or spectral representa-
tions, see e.g. Refs. [183,184, 189, 235-239|. Despite the merits of such approaches, it is still
unclear to which extent one can describe arbitrary real-time dynamics in Euclidean setups. On
the other hand, the real-time FRG provides the possibility of including arbitrary dynamics of the
system from the beginning. One of our goals in the present chapter is to incorporate fermions
into the real-time FRG, and use the framework to study the dynamics of the quark-meson model
directly from a real-time perspective. A related functional approach is the 2PI formalism, which
has been used in Refs. [240,241] to study non-equilibrium dynamics in the quark-meson model.

One main difference between the Keldysh formalism and the imaginary-time formalism is
that the former allows the system to be out of equilibrium. As discussed in Sec. 2.1.3 above,
the special case of the system being in thermal equilibrium instead corresponds to a symmetry
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of the Keldysh action [107,113], which leads to FDR’s between real-time correlation functions.
Keeping this symmetry intact during the FRG flow constrains the form of the effective average
action and therefore simplifies the task of finding suitable truncation schemes. Hence, in the
present chapter, we will generalize the symmetry of thermal equilibrium [107,113] to relativistic
Dirac fermions, and use it to constrain the fermionic sector of the effective average (Keldysh)
action.

Studying the real-time dynamics of the quark-meson model is also worthwhile from the
point of view of the universal critical dynamics around second-order phase transitions in the
QCD phase diagram discussed in Chapters 3 and 4. While Model G and H describe at least
the universal part of the dynamics of the chiral phase transition in the two-flavor chiral limit,
and near the QCD critical point, respectively, it is important to also quantify non-universal
corrections to the universal scaling behavior. From the point of view of universal dynamics,
fermionic excitations are irrelevant, since they always have a Matsubara mass of 77" and hence
never become long-wavelength modes. However, at a large enough ‘distance’ to a second-order
phase transition it is important to also include quark dynamics into the effective model picture,
in order to more accurately describe the dynamics of QCD.

Having a real-time formulation of the standard quark-meson model at hand, one can start to
model the real-time dynamics of the system more accurately. For example, it is known that the
chiral order parameter, here described by the O(4) vector ¢, is not conserved. To incorporate
this into the standard quark-meson model, one can introduce dissipation for ¢ in the spirit of the
Caldeira-Leggett model [114] by coupling the system to an ensemble of harmonic oscillators and
integrating out the latter. This procedure turns the quark-meson model into an open quantum
system. Although this procedure can be performed analogously also in Euclidean spacetime, one
encounters the problem that the extraction of real-time quantities such as the associated damping
coefficients from the Euclidean effective action, nevertheless requires an analytic continuation
again.! In contrast, genuine real-time methods such as the one used in the present work provide
direct access to real-time quantities such as the kinetic coefficients and thus are the natural tool

for describing dissipative quantum systems.

We have already discussed in Sec. 3.2.1 that in classical-statistical systems such as Model G
the static sector, described by the free energy, is independent of the dynamic sector, which allows
for a clear distinction between ‘static’ and ‘dynamic’ properties in the first place. As we will
see below, the underlying reason is that in a classical-statistical system the only contribution to
the static sector comes from the zeroth Matsubara mode, which does not contain any dynamic
information of the system. However, for a quantum system such as quark-meson model, this is
no-longer the case. In this chapter, we therefore use the quark-meson model as a simple example
where all Matsubara modes contribute to the flow of the effective average action, to demonstrate
that the non-zero Matsubara modes generally contain dynamic information of the system. This
will then in general also have an effect on the ‘static sector’ described by the effective potential.
However, this influence of the dynamics on the static sector is quantitatively small, as we will
show comparing the phase diagram and screening masses with zero damping, finite damping and
infinite damping.

This chapter is organized as follows. In Sec. 5.1 we introduce the formalism of the real-time
quark-meson model using the Schwinger-Keldysh path integral. In particular, the symmetry of

'For the damping coefficient one would need the frequency derivative of the retarded self-energy at vanishing
external frequency.

118



CHAPTER 5. REAL-TIME DYNAMICS OF THE QUARK-MESON MODEL

thermal equilibrium in a combined system containing both, bosons and fermions is discussed.
We then formulate damping terms for sigma and pions which preserve O(4) symmetry, in the
spirit of the Caldeira-Leggett model where dissipation is introduced by a coupling to a Gaussian
ensemble of bosonic degrees of freedom [114]. In Sec. 5.2, we derive the real-time FRG flow
equation for a system with both fermionic and bosonic fields, and the flow equation for the
effective potential of the quark-meson model. The fact that the dynamic information of the
system has an influence on the static sector is also discussed. In Sec. 5.3, we present our
numerical results on the phase diagram of the quark-meson model as well as the temperature
and chemical potential dependence of static observables such as screening masses and dynamic
observables such as pole masses without damping, with physically motivated finite damping, and
in the limit of infinitely strong over-damping. We show that despite the dynamic information
having an influence on the static sector, in general, this influence is quantitatively rather small.
In particular, all qualitative features of the phase diagram remain unchanged. In Sec. 5.4, we
summarize our findings, discuss the conclusions from this chapter and give an outlook on further
studies.

5.1 The quark-meson model on the closed-time path

5.1.1 Schwinger-Keldysh formalism

As a low-energy effective model of QCD, the Lagrangian of the quark-meson model with Ny = 2
flavors of quarks and N, = 3 color degrees of freedom is given by

L= (0, — glo +inaT T + 3 (040)(0"0) + () - (7)) ~ Un(p) +eo (5.1)

where the bare potential Up(p) is defined at the UV scale A and depends on the O(4) field
invariant p = 0? + 2. The explicit symmetry breaking term —co gives rise to finite (current)
quark masses. As usual, we combine ¢ and 7 into an O(4) vector ¢ = (o, 7).

To study the real-time dynamics of the quark-meson model we use the Schwinger-Keldysh
formalism. The starting point is the Keldysh action, which in continuum notation is given by

S= [ (e wen) - e w,0) 52)

where the ‘4’ and ‘—’ fields live on the forward and backward branches of the CTP, respectively.
The associated partition function Z is given by [118§]

7 = / DITDU DT DI DU Dy~ ¢S =1. (5.3)

For the bosonic fields ¢ one can define classical and quantum components with a rotation in

Keldysh space,

e L
V2

For the fermionic fields W, it is customary to perform the Keldysh rotation according to?
1 1

\/5(\II++\117)7 Uy = E(\I’+—\P7).

ZNote that we do not use the labels ‘classical’ and ‘quantum’ here, but instead simply ‘1’ and ‘2’. This

¢ (0" +067), ¢'=—2(¢"—9¢7).

vy

is because in the Keldysh formalism, fermions (unlike bosons) never have a ‘classical’ meaning in the sense of
satisfying a classical equation of motion in the limit & — 0 [118].
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5.1. THE QUARK-MESON MODEL ON THE CLOSED-TIME PATH

In the Larkin-Ovchinnikov convention [118] it is agreed that the conjugate fields ¥ transform in

the opposite way,® namely

which has the benefit that the causal structure of the propagator (i.e. the placement of retarded,
advanced, and Keldysh components in the 2 x 2 matrix, see Egs. (5.11) and (5.12) below) is
exactly the same as for its inverse, unlike the bosonic case.

Substituting the Keldysh rotation into (5.2) and massaging the terms, the Keldysh action
can be written as

S=/[(@1,@2> <iv“6#—j§<00+w5r-w6> — 55 (09 +isT - ) )(%) (5.4)

— K0 +iyT-m) int0, — 50" iy - 7w0) ) \ Vo

_H2 o€ _ 92 P
(0", 0% (_082 ) ) (C,) +5(n ) (_%2 ) ) (T,) VA U )+ V2o

with p* = ¢F¢F and 92 = 0,0". We first discuss the bosonic part of the action. According
to the rules of Gaussian integration, the matrix in the quadratic part at some (purely classical,
i.e. 7 = 0) field expectation value ¢° = v/2¢ can be identified with the inverse of the free

propagator,
1 0 GH1\ 0 0% + M?
G = <(GR)—1 (GK)—l - 32 +M2 0 (5'5>

where we have added a (conventional) additional global minus sign on the right-hand side, and

N |

+

with the mass matrix
M2, = 2U} (p)das + 40adpUR (p) - (5.6)

By inverting (5.5) one can then (in principle) find the free propagator,

K R
G = (gA GO ) . (5.7)

However, as it stands, (5.5) has no unique inverse. To make its inverse unique, we have to add
infinitesimal e-terms which implement the correct causal (retarded and advanced) boundary
conditions. As discussed in Sec. 2.1, one chooses these infinitesimal e-terms to reproduce the
known free retarded/advanced Green functions (see e.g. [119])

1
(wtie)?2 —p2— M2’

GR/A(va) == (58)

(where the inverse is taken in 4 x 4 field space). Moreover, in thermal equilibrium, the Keldysh
propagator is generally set by the FDR

GK (w,p) = coth (%) (GR(w,p) — GA(w,p)) . (5.9)

3The conjugate fields U are as (Grassmann) variables independent from ¥, so (unlike in the bosonic case) one
can choose a different transformation behavior than for ¥ under the Keldysh rotation.
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CHAPTER 5. REAL-TIME DYNAMICS OF THE QUARK-MESON MODEL

Egs. (5.8) and (5.9) tell us which infinitesimal e-terms we have to add to the action in order for
them to be reproduced by the rules of Gaussian integration, namely

1 0 —0?% + eutd o°
S, — (¢ 5 K 5.10
’ /,1; [2(0 o) (—82 —eut'0y, —2eutd, coth “;;?“) <0q> ( )

N l(ﬂ-c %) 0 —0? + eutd, ¢
207 —8? — eutd, —2euld), coth WQ‘;{?“ md

where we have introduced a 4-vector (u*) = (1,0,0,0) to make the action Lorentz covariant.

These infinitesimal e-terms ensure that the free bosonic Green functions (5.8) and (5.9) are

reproduced by the rules of Gaussian integration.

For the fermionic part of the Schwinger-Keldysh action, because of the different convention
of the Keldysh rotation for the conjugate fields ¥, the fermionic Green function has a different
layout in Keldysh space than the bosonic Green function. The inverse fermionic propagator has
the structure (again at constant classical (bosonic) field expectation value ¢¢ = (¢¢, ), but
vanishing quantum field ¢? = 0)

o (@) @ [(—ito+ M 0
G = < 0 (QA)—l) B ( 5 —z'waHJrM) ’ (5.11)

with M = L (0° + ivs7 - w€). The inverse of (5.11) (i.e., the free propagator) is given by

V2
gt gk
G = (0 gA) . (5.12)

Notice that the retarded, advanced, and Keldysh components have the same places as in (5.11)
due to the the Larkin-Ovchinnikov convention for the Keldysh rotation. It is known that the
free fermionic retarded and advanced Green functions should be given by (see e.g. [119])

1

G A(w,p) = — (P(wtie)—y-p— M)~ (5.13)

Moreover, in thermal equilibrium at temperature T' and chemical potential p, the fermionic
Keldysh propagator is also generally set by the (fermionic) FDR,

6" p) = tans (<) (6" p) - G (e.p) (514)

Egs. (5.13) and (5.14) tell us the e-terms which we have to add to action in order for these Green
functions to be reproduced by Gaussian integration.

Putting all together, the Keldysh action for the quark-meson model in thermal equilibrium
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at temperature 1" and quark chemical potential p is given by

B B L . m . m iu“@ufu \IJ
S — / [(\Ifl,\pg) (” Ot e dieuyn "™ tanh Top ) ( 1) (5.15)
X

0 iy, —ieu, yH
9 g g [0HIT im0
_ﬁ( 1, Us2) 091 el S L C U
V57 -l oS tiysT T 2
. 0 —82—‘-6““6 o€
4= c’ q h
2(0 7 (‘82—«%“3# —2eul'9), coth W;I(?#> (Uq)
, 0 — 9?4 eutd 7°¢
4= c7 q 3
2(7" ™) (‘82—61&“(% —2eut9), coth w#“) (Wq>

—Una(pT) +Ur(p™) + \/5000] )

5.1.2 The symmetry of thermal equilibrium

Before writing down a truncation for the effective average action it is instructive to first look at
the symmetries of the bare action. Those symmetries of the bare action that are not violated
by source terms or FRG regulators are also symmetries of the effective average action [180] and
can therefore restrict the form of possible truncation schemes.

In the Keldysh formalism systems do not need to be in thermal equilibrium, but if they are,
this is reflected in a symmetry of the Keldysh action [107,113]. In general, thermal equilibrium
implies that expectation values of various numbers of operators, evaluated at arbitrary space-
time points, satisfy FDRs. These FDRs can be shown to be equivalent to the invariance of the
Keldysh action under a combination of quantum-mechanical time-reversal (which guarantees
the micro-reversibility of the Hamiltonian) and the KMS conditions (which guarantee that the
density operator describes a grand-canonical ensemble) [107,113].

Before going into the fermionic thermal-equilibrium symmetry, let us first review the argu-
ment behind the bosonic thermal-equilibrium symmetry in a way that can be straightforwardly
adapted to fermions [107]. For a real bosonic wave function ¢,* which could represent either o
or 7, the time-reversal transformation is given by

To(t,z) =n,p(—t,x), (5.16)

where 7, = &1 denotes the time parity of the field ¢, i.e. n, = +1 for the scalar sigma and
n, = —1 for the pseudoscalar pions. On the CTP, the ‘+’ and ‘—’ parts of the contour are
switched upon time reversal, and thus the time-reversal transformation for bosons on the CTP

is given by
Tox(t,x) =np px(—t, ). (5.17)
To formulate the KMS condition on the CTP, one defines a transformation K according to [107]

Keoi(t,x) = p£(t FiB/2,). (5.18)

“Note that the transformations in this subsection are formulated for the (either real or Grassmann valued)
fields from the coherent-state path integral, not for the field operators. This difference will become more apparent
in the fermionic case below.
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CHAPTER 5. REAL-TIME DYNAMICS OF THE QUARK-MESON MODEL

However, the transformation in the KMS condition also causes an operator reordering relative
to the thermal density operator in correlation functions, cf. Sec. 2.1.3. To effectively ‘undo’
this relative reordering of operators, one applies another time-reversal transformation. Thermal
equilibrium is then expressed as an invariance of the Keldysh action under such a combination
T = TK of the time-reversal transformation 1" and the KMS transformation C, i.e. under

To+(t, ) =n,pr(—t £if/2,x). (5.19)

One can perform the Keldysh rotation and Fourier transformation to frequency/momentum
space, and obtain the symmetry of thermal equilibrium which, for our real bosonic fields ¢ =
(o,7), is then given by

¢ (w,p) —sinh (5%) cosh (55) ¢l (—w,p)
We now turn to the task of generalizing this symmetry to Dirac fermions. First, we need

the time-reversal transformation 7. Time reversal for a Dirac-fermion wave function is given
by® [242]

TU(t,x) = KOT(~t,x), (5.21)

where the matrix K acts in Dirac space and satisfies

K 12OK = ,YOT’ KWK = _,yiT

(5.22)
In the Dirac representation, one e.g. has K = y'7434%. On the CTP, time reversal exchanges the
‘4’ path and ‘—’ parts of the contour. For fermionic degrees of freedom one needs to be more
careful here, since switching the ‘+’ and ‘—’ parts on the contour introduces a reverse ordering
of Grassmann variables [113]. Taking this into account, the time-reversal transformation for
fermions on the CTP is given by

TV(t,x) =+KIL(—t,x). (5.23)
The time-reversal transformation for the bar field ¥ follows from 72 = —1 and reads
TU(t, @) =FUL(—t, x) K. (5.24)

Next, we need the transformation K used in the KMS condition. At zero chemical potential
1 = 0 the transformation I is given just as in the bosonic case,

KVi(t,x)=V=(tFiB/2,z), (5.25a)
KVi(t,xz)=V(tFiB/2,x). (5.25b)

At non-vanishing chemical potential p # 0, the transformation K is generalized to

KU(t,x) = ePr20_(t TiB)2,x), (5.26a)
KU4(t,x) = eTPr20_(t TiB)2,x). (5.26b)

5Note again that the transformations here are formulated for the Grassmann-valued fields ¥ in the coherent-
state path integral, not for the field operators. Hence, complex conjugation does not imply charge conjugation
here. See Chapter 15.13 and especially Eq. (15.144) in the textbook by Bjorken and Drell [186] for a discussion
about this difference between field operators and wave functions.
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5.1. THE QUARK-MESON MODEL ON THE CLOSED-TIME PATH

Just as in the bosonic case, the symmetry of thermal equilibrium is again equivalent to the
invariance under the combination 7 = TKC of time reversal and KMS transformation [113], and
is explicitly given by
TUL(t, ) = P2 KUT (—t +i/(27),2) , (5.27a)
TUL(t,x) = FeTP2 0l (—t +i/(2T), ) K. (5.27h)

Finally, one can perform the Keldysh rotation and a Fourier transformation to frequency and
momentum space to obtain

Vi(w,p)| _ ( cosh (9#) —sinh (%4)) (K9 (~w,p)

T <\112(w,19)> (— sinh (%)  cosh (“7%) ) (K\IIQT(—w,p)> 5 (5.28)
Uy(w,p)) _ [—cosh (%)  sinh (%) U7 (—w, p)K~!

T <‘I’2(W,P)> B ( sinh (gﬂ) — cosh ("Jzﬂ) T (—w,p)K~1) (5.29)

One can explicitly verify that the Keldysh action (5.4) for the quark-meson model indeed
satisfies the combined thermal-equilibrium symmetry of bosons and fermions, which means that
it is invariant under the combined transformation 7. It can also be shown that the invariance
under 7 leads to the well-known FDR

GE(w, p) = coth (%) (GB(w,p) — G (w,p)) (5.30)

for the bosonic propagator, and

6" p) = taus (“ ) (6%(w.) ~ G ) (531

for the fermionic propagator.

5.1.3 Bosonic heat bath

To study the dissipative dynamics of the chiral order parameter, we consider the O(4) vector ¢
to be coupled to an external heat bath. A coupling of the mesons to a heat bath will introduce
finite decay widths in their respective spectral functions. In the vacuum, it is well known that
the decay width of the sigma is much bigger than that of the pion. Our goal in this subsection
is therefore to model the heat bath in a way that allows different decay widths for ¢ and 7 in
the symmetry-broken phase, while simultaneously keeping the O(4) symmetry of the effective
average action intact. As a further requirement, the additional terms added to the Keldysh
action should satisfy the symmetry of thermal equilibrium from Sec. 5.1.2 above. In order to
meet these requirements, we consider a physical picture where the mesonic part of the action is
coupled to an ensemble of harmonic oscillators in the spirit of the Caldeira-Leggett model [114].

As a starting point, we consider additional interaction terms in the Lagrangian (5.1) which
describe the coupling between the mesons and two new sets of heat-bath oscillators {5} and
{Xs,a} (enumerated by s), where the former are O(4) scalars and the latter O(4) vectors. On
the level of the Lagrangian (5.1) they couple to the system via

Lint = Z %@s¢a¢a + Z ths,a¢a ) (5-32>

124



CHAPTER 5. REAL-TIME DYNAMICS OF THE QUARK-MESON MODEL

with two sets of coupling constants {gs} and {hs}. This extra piece of the interacting Lagrangian
will introduce extra terms in the Keldysh action in the following way (after Keldysh rotation),

Sint = / {Z (Pspa0d + w%w w%q +Zh (ol +xLats) |- (5.33)

For later convenience, in addition to the standard field invariant p = igi)g ¢, we introduce the

shorthand notation p? = ¢S¢¢ and p? = Lplel for the other O(4) field invariants. At the
leading order in fluctuations d¢ around the field expectation value ¢f = (v/200,0) these reduce
to p = 02 + V200 60¢ + O(5¢?) and p? = /200 o + O(6¢?), whereas p?d ~ O(64?) yields true
quantum corrections which are absent from the classical MSR. action.

Then there is also the non-interacting (kinetic) part of the Lagrangian for the heat-bath
oscillators, which specifies their real-time Green functions,

_ 1 ¢ g 0 (D (w,p) | (¢S
Sbath = 5 /wp [zs: (‘Psa%os)fw,fp ({D%lS]A(w’p) [D::,ls]K(w7p>> ((p?) (5.34)

w)p
Z (Xc Xq ) 0 [D;}}Q]R(w,p) X(s:,a :| ]
sertstl—wmp \ [DMNw,p)  [DA (w,p) ) \XEa
s w,p
We require the heat bath to be in thermal equilibrium, which mean that the real-time Green
functions of the heat-bath oscillators are related by the FDR

Df y(w,p) = coth (%) (DE (w,p) — D} s(w,p)) (5.35a)
D (w,p) = coth (%) (Df (w,p) = D s(w,p)) - (5.35h)

Since the heat-bath oscillators ¢ and x;  are quadratic in the Keldysh action, one can integrate
them out and obtain the terms

B g g 0 D (w,p)\ (¢
S — S+ /wp { ; 2 ( a’¢a)—w7_p <D>Izs(w7p) D)Igs(w7p)> (d)g) o (536)
2
+ Z % [pq(—cw —p) Dﬁs(w,p) (p(w,p) + p¥(w, p))

+ (p(—w,—p) + p"(—w, —p)) DI (w,p) p*(w,p) + p?(—w,—p) DX (w. p) pq(w,p)] } :

where we have reorganized the terms in the first line (coming from the y-oscillators) into a
quadratic form in ¢¢ and ¢? to emphasize the structure of the self energy which the system
particle acquires due to mixing with the y-oscillators. One can introduce spectral densities
Jo(w,p) and Jy (w,p) to rewrite the retarded and the advanced heat-bath propagators as

> dw 2w I, (W, p)
2 RA
E 92 DB (w,p /0 T i —o?’ (5.37a)

)
9 R/A B dw' 2w'J, (W', p)
Zh DA (w,p /0 o —(w T (5.37b)

Using the FDR, the Keldysh components of the heat-bath propagators are given by

ZgZDK p) = ng, coth <%) 2i Im DE(w, p) = coth ( ) iJo(w,p), (5.38)

Zthf w,p) = Zh? coth <%) 2iIm D®(w, p) = coth (2T> iJy(w,p), (5.39)
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Here we consider Ohmic spectral densities for both ensembles of heat-bath oscillators,
Jy(w,p) =2yw and J,(w,p) =2Yw, (5.40)

with two different damping coefficients v and Y. With this ansatz, after absorbing an infinite
constant at w = 0, p = 0 into renormalized squared mass and quartic coupling, one obtains

1 0 —iyw 0y
S— S — (g, ¢l p 0.41
— +/wp{2( a?éa)fw,fp (nyw 22’}’&)C0th(5§})> <¢g>w7p ( )
1 ) 1 ) w
+ 5P (=w, =) i¥w (p(w,p) + p(w,p)) + 5p"(~w, ~p) Yweoth (7) pq<w,p>} ,

for the additional terms in the Keldysh action. Undoing the Fourier transformation, we can
therefore write

PN 0 yutdy Pa()
S — S+/$ {2 (¢5(x), pL(z)) <_'yu“<‘9ﬂ —2yut9), coth (iu;q?”>> ((b?z(l'))

- %pq(x) Yurd, (p(x) + p?(x)) — épq(m) Yutd,, coth <w2l;8“> pq(x)} : (5.42)

where we have again introduced the 4-velocity u* of the heat bath, given by (u*) = (1,0,0,0) in
the local rest frame, to make the action Lorentz covariant. Eq. (5.42) constitutes our model of an
Ohmic heat bath that produces different damping constants for the longitudinal and transverse
components in field space while keeping the action O(4) invariant. Specifying ¢§ = (v/209,0)
for symmetry breaking in the direction of the sigma meson, from the imaginary parts of the
inverses of the retarded propagators of pions and sigma meson at tree level, with

pY w0, (p + p™) = 509208 Yu'd,d0¢ + O(5¢), and
ko,
2T

2 ko 3
p?Y u0, coth p? = 009205 Yu"0,, coth 57 do?+ O(6¢7),

we can identify their respective damping constants as
Ye=7 and v, =7+ 02Y. (5.43)

Thus our model (5.42) indeed leads to different damping constants for sigma meson and pions,
with the difference v, — v, ~ 0(2) being proportional to the squared symmetry-breaking field
expectation value.

5.2 Real-time FRG with fermions

The standard (Euclidean) formulation of the FRG has been applied rather successfully in the
past to study the phase structure of the quark-meson model and variants thereof, e.g., see
Refs. [14,15,99,231-234,243-249]. However, genuine real-time formulations of the FRG on the
Schwinger-Keldysh contour have been applied mostly to quantum systems with only bosonic
degrees of freedom in the past, e.g., in Refs. [1,90,98,106,151,199]. The purpose of the present
section is twofold: we extend the real-time FRG to include fermionic degrees of freedom, and
establish some general notation used in this chapter.
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CHAPTER 5. REAL-TIME DYNAMICS OF THE QUARK-MESON MODEL

To formulate the FRG flow equation we follow the standard procedure of adding an infrared
regulator ASy to the bare Keldysh action (5.2),

S = S+ AS. (5.44)

The regulator term AS} has the purpose of suppressing the fluctuations of modes with momen-
tum smaller than the FRG scale k. In the simplest case the regulator term ASy can be taken
to be a quadratic form of the fields, i.e.

L et goian [Baa@ ) Ra (e (65
a5, = [ (@@, 0 >>( ) ( o (x,>> (5.45)

Rﬁ’k(x, x) Rﬁg’k(ac,a:’)

B, o K(g, o x
+ [ (010, Ba(o) <Rzg< @) Ri(, >) (%ha)

z’ Rf(l’,l’l) R?(ZE,IL‘/)

To simplify the notation, one can introduce Keldysh indices i,j (with i,5 = 1,2 for fermions
and i, j = ¢, ¢ for bosons) to write the regulator term as

asi= | B«ﬁz(x)R?;,k(x,x'wi(x') +wi<x>m,-,k<sc,x’>wj<x'>} . (5.46)

Adding the regulator term (5.44) to the bare action means that the generating functional (G.1)
and the Schwinger functional (G.2), both explicitly given in Appendix G.1 to introduce our
notations and conventions, become dependent on the FRG scale k: Z — Z, W — W}. One
then defines the effective average action I'y, as a ‘modified’ Legendre transform of the now scale-
dependent Schwinger functional Wy, via

[y =Wy, — ASk — / (7265 + JSdL + T + oy + Tatr + Prng] - (5.47)

The effective average action I'y can be interpreted as the effective action (G.4) but with modes
of momenta larger than the FRG scale k integrated out. The flow of I'y can then be derived
following the standard procedure by Wetterich [72|. The result here reads

8k1“k =13Tr {8kRk O gk} - % Tr {8kRk o) Gk} . (5.48)

The full field-dependent fermionic propagator Gy, is related to the inverse two-point function F,(f)
via
<_
LR
- k
dpi(x) " 0;(a’)

where 7,7 = 1,2 are the indices in Keldysh space with Larkin-Ovchinnikov conventions again.

-1
gij,k(ﬂ:w') =— + Rij7k;($,x,)] , (5.49)

Similarly, the full field-dependent bosonic propagator Gy, is given by the inverse

- [ 52T,
A COLLACD

with 4,7 = ¢, ¢ here denoting the classical/quantum components in Keldysh space, and a,b =

-1
GYy p(a,2') = + Rggvk(x,x')] : (5.50)

1,...,4 the O(4) indices of the corresponding field components.

For the rest of this chapter, we assume that both the bosonic and fermionic regulator terms
in (5.46) are chosen to comply with the causal structure of the Keldysh action [118]. As dis-
cussed in Sec. 2.3.2, this implies that the retarded /advanced components of the regulators admit
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spectral representations, and that their anomalous components ka( = 0 and Rf = 0 vanish.
Moreover, we assume that the regulators themselves satisfy the symmetries of thermal equilib-
rium from Sec. 5.1.2. This means that they must be spacetime-translation invariant, and that
their respective Keldysh components are set by the FDR, i.e. after Fourier transformation,

w
RY (w0, p) = coth (5 ) (R, 1w, p) = Rih (. ) (5.51)
and
w_
R ) = tan (“ 7 ) (RE.) = Rik(w.) (5.52)
For later use we also define,
BE (z,2))= | GE  (x,9)0uRE (v, v)GE (2 5.53
ab,k\ L) = ac,k\ T Y) Ok e i Y,y) db,k(y733)a (5.53a)
vy’
B, k(fvxl)f/ G r(@,y) kR L (0, y) Gy (Y, 2) (5.53b)
vy’
Bf x(z, ) E/ [ B @) OuRE (v, ) Gl (W, ) + (5.53c)
vy

+ ch,k(a?ay) 3kRél,k(Z/aZ/) Gf?b,k(y’,%/) + ch,k(il?ay) 3kR§1,k(y, y/)Gqub,k(ylyﬂfl) )

and, analogously,

/ (2,9) ORE (o) GR W o), (5.54a)

yy
/ (2,9) ORL (o) G 2'), (5.54b)
yy

BE (z,2/) / Gz, y) OkRE(y,y') GE (o 2" (5.54¢)
yy

+ GE(x,9) WRE(y, ¥) G (Y, ) + G (x,y) WRE (v, ) G (v, ') | -

In thermal equilibrium, the respective Keldysh components are also fixed by the FDR,

w
Bcffb,k(wap) = coth (ﬁ) (Bﬁ,k(wjp) - Bﬁ,k(%l’)) (5.55)

and
BE(w,p) = tanh (ch_T'LL) (B (w, p) — B,‘?(w,p)) . (5.56)

With the flow equation (5.48) one can proceed to study the flow of the scale dependent
effective potential which will allow one to compute the phase diagram.

5.2.1 Flow equation of the effective potential

One can generally extract the effective potential Vi (¢) (with ¢ = ¢°/v/2) from the effective

average Keldysh action I';, via®

8Vk 1 oIy

= V2 00 (x) |65 (2)=vE bu, 61(x)=0,
(z)=0, ¥(z)=0

5To obtain the effective potential V(¢) from the effective (Keldysh) action I' one has to perform at least one

(5.57)

re

functional derivative with respect to the quantum field ¢?, since otherwise the partition function would be Z =1
and the effective action hence identically equal to zero, I' = 0.
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One can then use the flow equation Eq. (5.48) to compute the flow of the effective potential.
Using (5.57), upon Fourier transformation, the flow equation of 9V /0¢, can be written as

20, (g:;:) _ (5.58)

. T rd TP T hd
i / [F;f”“%(p, 4, —p) BE(p) + T (p, ¢, —p) BE(p) + 1% (p, ¢, —p) B;?(p)}
pPq

i beHLee ¢l pdpe Py,
-3 / [Fk” (p,q, —p) Bl 1,(p) + T3*"*“*(p, ¢, —p) BE 1.(p) + T2 ™ (p, ¢, —p) Béé,k(p)] ,
pq

where all quantities are understood in front of a constant and purely classical bosonic field
expectation value ¢¢(z) = v/2 ¢q. Let us first look at the bosonic contribution in (5.58). Along
the lines of Ref. [2] it can be shown that the bosonic contribution in (5.58) can be formally
integrated with respect to ¢ and that the result can be written as

w

7
O Vi(0) = 4/ coth <2T) (GE x(w,p) R 1 (w,p) — Gy i (w,P) O Rpy i (w,p)) . (5.59)
wp

One can evaluate the frequency integral via the residue theorem. There one effectively picks up
the poles corresponding to the bosonic Matsubara frequencies: For the part with the retarded
propagator, one closes the contour in the upper half-plane so as to pick up the positive Matsubara
modes. For the advanced propagator, one closes the contour in the lower half-plane to pick up
the negative Matsubara frequencies. When the contour crosses the pole at w = 0, the residue
contributes half of its value to the integral (this happens twice, however, for the retarded and
for the advanced propagator). Then one can evaluate the frequency integral to obtain

T

1
OVi(8) = =5 / [Q(Gfb,km,p) OB 1(0,) + Gy (0, P) Ok Rie 1 (0,9)) + (5.60)
p

00 —1
ZGaRb,k(iwmp) 8kRgz,k(iwmp) + Z Gfb,kuwmp) 8kR£z,k(iwnap) )

n=1 n=—oo

with the bosonic Matsubara frequencies wy, = 27nT. We now connect Eq. (5.60) to its Euclidean

counterpart. The Euclidean propagator GkE is connected to the retarded/advanced propagators

GkR/ 4 from the Keldysh formalism through analytic continuation. For the retarded propagator,

one has (where we have suppressed the O(4) indices a and b)
GRw,p) = lir% GE(wp = —i(w +i€),p). (5.61a)
€E—

which is valid for all complex w from the upper half-plane, i.e. for any w with Imw > 0. Similarly,
for the advanced propagator one has

G (w,p) = lim GE(wp = —i(w —ie),p). (5.61b)
€—

which is valid for all complex w from the lower half-plane, Imw < 0. Plugging the n'" Matsubara
frequency wg = wy, into (5.61), we find

G (iw,,p) forn>0

5.62
Gi(iwn,p) forn <0 (5.62)

GE(Wnap) = {
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Assuming that the real-time regulator is chosen to comply with the causal structure of the
Keldysh action (see Sec. 2.3.2), the Euclidean regulator can be similarly related,

RE(iwy,,p) forn >0
R (wn,p) = =3 "~ (5.63)
R (iwp,p) forn <0
With this, (5.60) becomes
T & E E
O Vi(0) = 3 Z Gab i (Wn, P) Ok Ryq 1, (wn, ) (5.64)
n=—oo P

which concludes the bosonic contribution to the flow of the effective potential.

At high temperatures T' > w (or small frequencies) one can expand coth(w/2T") in a Taylor
series and take the leading order, such that coth(w/2T) ~ 2T /w in the Rayleigh-Jeans limit.
Note that in this case only the zeroth Matsubara mode contributes to the frequency integral,
such that one is left with

V() = 5 [ GEL0.POREL(0.p). (5.65)
P

In this limit one can observe two things: First, at high temperatures T' all quantum fluctuations
are effectively suppressed, such that the flow of the effective potential is purely generated by
thermal fluctuations. Second, one can see that in this limit only the propagator at w = 0 enters.
Hence, any information about the time dependence of fluctuations drop out from the right-hand
side of the flow equation. This is generally the case and simply means that dynamic properties
of the system do not influence the static flow in the classical limit (here explicitly verified for
the flow of the effective potential), which we have already discussed in Sec. 3.2.1 for the flow of
the coarse-grained free energy in classical-statistical systems with reversible mode couplings. As
such, in this limit the flow (5.64) of the effective potential becomes independent of the damping
coefficients in (5.43), since those only appear in the bosonic propagators for non-zero frequencies
w # 0.

However, if we look at moderate to small temperatures, then all Matsubara modes contribute
to the flow of the effective potential. In this case, quantum fluctuations also contribute via the
non-zero Matsubara frequencies. Although this may sound trivial, it can have important conse-
quences: In the present work, for example, these contributions imply that the damping/kinetic
coefficients (5.43) in the advanced/retarded propagators at non-vanishing frequency generally
also enter to the flow of the effective potential. Because of this, the dynamic properties of the
system can be expected to have an effect on the thermodynamic grand potential as well. Then
one can naturally ask the questions: will different dynamic properties (here for example the
presence or absence of the bosonic damping in (5.43), or more generally dissipative versus diffu-
sive dynamics with potential conservation laws and reversible mode couplings according to the
different dynamic models) have an influence on the phase diagram of the theory, and if so, how
large is this effect? For the quark-meson model with or without dissipation by meson damping,
these questions will be addressed in Sec. 5.3.

Now we turn to the fermionic contribution in the flow (5.58) of the effective potential. We

q U q
consider a truncation in which the vertices Fgld}a% = FEW“\I}Z = g are given by an FRG

scale k dependent but field and momentum independent Yukawa coupling gi. In this case, the

\T q \T q
anomalous vertices Fl\fl%% = F,\fm“% = 0 vanish, and the only fermionic contribution to the

130



CHAPTER 5. REAL-TIME DYNAMICS OF THE QUARK-MESON MODEL

flow of the effective potential is given by

V20, (a%) — gy Tr [/pr(p)], (5.66)

where Tr here stands for the trace over Dirac and color indices. One can use the fermionic FDR
(5.56) to write Eq. (5.66) as

V2, <6¢a> — igyTr [/ptanh <“’2_T”> (BEw) - BAw) ] (5.67)

The integral over frequency can be evaluated analytically using the residue theorem. To evaluate

the integral over p° for the B,f (p) term, we close the contour in the upper half-plane. To evaluate
the p° integral for the B,f(p) term, we close the integration contour in the lower half-plane. The
result is

— V20 (aVk> = —ig,Tr [/ ZTZBk i, ) +2T Z B zwn,p))} (5.68)
Oba p

n=—oo
in which the frequencies in the retarded and advanced propagators are substituted by the
fermionic Matsubara frequencies i@, = (2n + 1)7T% + p with the chemical potential p. Us-
ing the relations

IGH
0a
Eq. (5.68) can be integrated with respect to ¢,

3Gy
0a

=V2Gii9Gf, = V261 a1G1" (5.69a)

-1

OhVi(¢) =T / H[Zgﬁuan,p)am?(mn,p>+ > Gl i@, p)Ok R (i@n,p) | - (5.70)
p

n=0 n=-—oo

Using the (fermionic) analytic continuation of the propagator,

R .o~
GF G = { S ) forn20 s
G; (i, p) forn <0

and of the regulator (again assuming that it complies with the causal structure of the Keldysh
action [118]),

. RE(i,,p) for n >0
Ri; (@nyp) = =4 " , (5.72)
R (i, p) forn <0
we obtain
OVi(e) = TS / t |6 @0 )R (@0 ) (5.73)

n=—oo

for the fermionic contribution to the flow.

For fermions, there is no zeroth Matsubara mode and hence all fermionic fluctuations are
quantum. The leading fermionic contribution to the flow of the effective potential at asymptot-
ically high temperatures 1" vanishes.

Combining fermionic and bosonic contribution, the flow of the effective potential is given by

akvk((b Z /Gabk w?’mp) 8kaak(Wn7p =T Z /TI' gk; wnap)akRk (wn)p):|

n=—0oo

(5.74)

which precisely agrees with the standard Euclidean flow equation for the effective potential.
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5.2.2 Truncation

In order to carry out the remaining momentum integration and Matsubara sums, we need to
specify our truncation and the regulators. In local potential approximation (LPA) only the
mesonic effective potential Ug(p) is assumed to depend on the FRG scale k, such that the
truncated effective average action is given by

N R ' 19 i wWwrou—p\ [
Fk:/ (Ty, To) [ 7 Oy +ieu,y 2261@7 tan.h S 1
z 0 iyH0, —ieu, Y Uy

T ) ocC+iysT - € ol+tiysT - WY Uy
2 ol+iysT -l oHiysT -7 ) \ Uy
(68, 60) 0 —(92—i-’yu“(9HH (o3
@Y\ =0% —yutd,, —2yutd, coth wﬂ(?“ od

() 2¥ 00, coh (M52) () = 1000 Y00 (o) + ()

gl
Hre\

+

N~ N

= Us(p + p? + p%) + Uk(p — p* + p%) + \/5006] : (5.75)

In this truncation, the fermionic sector is kept to be the same as the bare action, but we couple
the bosonic part to an external heat bath with (FRG-scale-independent) damping coefficients ~
and Y as described in Sec. 5.1.3. The coefficient € in the fermionic Green function is infinitesimal,
€ — 07. A non-vanishing chemical potential for fermions is included. Such a chemical potential
enters through the Keldysh propagator as tanh((w — p)/27T"), which ensures that the symmetry
of thermal equilibrium is maintained at finite temperature and chemical potential.

In this chapter, we choose the optimized regulator [224]

RE 1 (w,p) = —(k* — p*) 0(k® — p*) bas , (5.76a)
RY, x(w,p) = —(k* — p*) 0(k* — p*) by, (5.76b)
Rl (w,p) =0 (5.76¢)

for the bosons, and its fermionic extension

Ri(w,p) = —7-p ( f)z - 1) 0(k* —p*), (5.77a)
k2

Ri(w,p)=—v-p ( i 1) 0(k* —p°), (5.77b)

RE(w,p)=0 (5.77¢)

for the quarks. As such, we restrict ourselves to a frequency-independent regulator here. If
one needs to use a frequency-dependent regulator for some reason, one can follow the general
construction scheme introduced in Sec. 2.3.2, where one imagines the regulator to represent a
coupling to an FRG-scale-dependent fictitious heat bath. We expect that a similar construction
scheme is also possible in the fermionic case. In the spirit of Ref. [248], it would be interesting
to try different frequency-dependent regulators and assess the changes this induces in phase
diagram from the perspective of the real-time formalism.

From the effective average action (5.75) one can extract the longitudinal (sigma) and trans-
verse (pion) propagators. At constant classical field expectation value ¢¢ # 0 and ¢? = 0
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(with p = %gbé(;ﬁg), one can decompose the bosonic propagator into longitudinal and transverse

components (in field space) via

Gy (W, p) = G p(w, )¢ fb + G (w,p) <5ab— %) , (5.78)

with X = R, A, K. From (5.75), we then obtain

-1

P (0.p) = ’ 5.79a
0w, P) w? +i(y +Ypw — p? —mZ + Rf(w,p) ( )
~1
G (o p) 7 5.79b
7k P) w? —i(y +Yp)w — p* — m3 + Ri(w, p) o
w
Gyl p) = coth (57) (Gl P) = Gyl p) (5:79¢)

2 _
2 =

for the longitudinal (sigma) propagators with (scale dependent) Euclidean mass parameter m,

2U;(p) + 4pUy/ (p), and

~1

GE (w,p) = , 5.80
mklnP) = 05y iyw — p* —mZ + Ri(w, p) (5500)

~1

G4 (w,p) = , 5.80b

mk{:) w? —iyw — p? — m2 + Ri}(w, p) (5500)
w
GE4(w,p) = coth (57 ) (G (@, p) = GAu(w,p)) (5.80¢)

for the transverse (pion) propagators with m2 = 2U}(p). The fermionic propagators are given
by

Gl (w,p) = — (w+ie)y’ —y-p— M+ RkR(w,p))_l , (5.81a)
G w,p) =~ (w—ie)y’ —v-p— M+ Riw,p) ", (5.81b)
G op) = tens (“ ) (61 w.) ~ G- p) (5.810)

with M = \[(U + iy5T - TE).

With a frequency independent regulator one can carry out the Matsubara sums in (5.74)
analytically and, with the convenient form of the optimized regulator (5.76) and its fermionic
extension (5.77), also analytically perform the momentum integration, to obtain explicitly the
LPA flow of the effective potential in the form

1 3
akUk(p) = 510 + §I7r - QNCIT,[J ) (582)

with

L,:kA{— T N i [¢<;(7+Yp)+E> w(;(wap) E>]} (5.83)

32 k2 4+mZ  27E, 2miT 2miT
k4 T i iy 4+ Er iy — B,
I =—14 — 2 EpY/Y e — .83b
32 { k? +m2 * 2rE, [Tﬂ( 2miT ) 1/)( 2miT )] } ’ (5.83b)
A tanh ( ) + tanh <Ew+“>
I, = 2 .
v g By , (5.83¢c)
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where () is the digamma function, and the scale-dependent single-particle energies are given

by

By =R +m2 =L (y+ V), (5.84a)

Er=\/k2+m2 — 172, (5.84b)
Ey = /k>+ mi , (5.84c¢)

with the (scale-dependent) quark mass m?p = ¢%p. For sufficiently small values of the damping
constants, i.e. for v, = v+ Yp < 2m, and/or v, = v < 2my, the sigma and/or pion fluctua-
tions are represented by weakly-damped quasiparticle excitations. Otherwise, the corresponding
single-particle energies in Egs. (5.84) become pure imaginary at k% = (y+ Y p)2/4 — m?2 and/or
k? = 4% /4 —m2, respectively, during the FRG flow, which corresponds to the sigma and/or pion
excitations turning purely relaxational in the overdamped case.

In the limit v — 0 and Y — 0 the flow equation (5.82) reduces to the standard flow [14] of
the effective potential in the quark-meson model, which can be shown using the identity of the
digamma function,

(—2z) —Y(z) = 1/z + weot(mz) . (5.85)

In particular, with this, we obtain

- kicoth (g—:;)

_ / _kicoth (%ﬁ)
672 E, ’ T

i (5.86a)

and the single-particle energies in (5.84) reduce to
E; =\/kE>+m2, Er=Vk>+m2. (5.87)

Another interesting limit is sending the pion and/or sigma damping to infinity. On the one
hand, if we send only Y — oo to infinity, the (infinite) overdamping only affects the sigma, and
the corresponding loop function I, becomes (see Appendix G.2 for a derivation)

T

A —
7 " 3n2 k2 4+ m2

(5.88)
On the other hand, if we send v — oo to infinity, both sigma and pions will be (infinitely)
overdamped, and in addition to (5.88) we then also have

BT

A —
T 3m2 k2 4 m2

(5.89)
Hence, the infinite-damping limit corresponds to taking into account contributions only from
the zeroth Matsubara mode in (5.64). This is precisely the classical limit, where all quantum
fluctuations are suppressed and only thermal fluctuations survive, the latter being determined
by the Rayleigh-Jeans distribution. And just as in classical-statistical systems (cf. Sec. 3.2.1),
the bosonic flow becomes independent of the dynamics, in this limit.

Nevertheless, in the general case of non-vanishing and finite bosonic damping coefficients, we
find that even though damping/dissipation is a dynamic property of the system, the damping
coeflicients indeed potentially affect the flow equation of the effective potential through the non-
zero Matsubara modes. The question now is how large the effect is, quantitatively, and we now
turn to address this in the next section.
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v Y/MeV~! | A/MeV  bi/MeV? by ¢/MeV? g
0 0 1000 3.15-10° 0.50 1.75-105 3.2
Eq. (5.91)  0.064 1000 2.90-10° 0.86 1.75-10° 3.2
Eq. (5.92)  0.064 1000 2.90-10° 0.86 1.75-10° 3.2

Table 5.1: UV initial conditions for vanishing (first row) and physically motivated (second and
third rows) pion and sigma damping constants, with v, = v and v, = v + Yp, cf. Eq. (5.43).
The UV parameters are tuned such that the resulting vacuum observables are practically the
same in the IR, for all cases.

5.3 Results for phase diagram with dissipation

With the flow equation of the effective potential, one computes the sigma condensate as the
minimum of the effective potential at & = 0, which is the order parameter of the system, for
different temperatures and chemical potentials to obtain the phase diagram. In the numerical
solution, we reformulate the flow equation (5.82) as an advection-diffusion equation for the
derivative U} (p) [250], and discretize the resulting continuity equation on a grid in field space
using the upwind scheme described in [251].

5.3.1 Finite bosonic damping

In LPA only the mesonic effective potential Ug(p) is scale dependent, whereas especially the
coefficients v and Y that characterize the bosonic damping are fixed. One may also employ
temperature and chemical-potential dependent values here, v = vy(u,T), Y = Y (i, T). At the
UV scale k = A, we start the flow with the parameterization

Un(p) = bip + bap® (5.90)

of the effective potential, with the values from Table 5.1. We stop the flow in the IR at a
sufficiently small scale of kg = 40 MeV, where we obtain the approximate values oy ~ 94 MeV
for the chiral order parameter (identified with the pion decay constant fr here), m,, ~ 300 MeV
for the constituent quark mass, and m, ~ 503 MeV and m, ~ 136 MeV for the Euclidean mass
parameters of sigma meson and pions, respectively. We employ three different choices for the
damping coefficients v and Y, and compare the resulting phase diagrams. The parameter set
for the zero-damping case v = 0 and Y = 0 corresponds to the one used in Ref. [99], and the
resulting phase diagram can be seen in Fig. 5.1 (a). As a main feature, it has a first order phase
transition at large chemical potentials and small temperatures, which terminates in a critical
point at around p. ~ 293 MeV and T, ~ 10 MeV.

To see what back-reaction a finite bosonic damping has on the phase diagram, we first turn
on a non-zero value of Y = 0.064 MeV !, which results in a sigma damping of v, = 556 MeV in
the vacuum.” With the width of the sigma given by 7, /2, this value yields the imaginary part of
a sigma pole at approximately (425 —i278) MeV which is reasonably close to the corresponding
physical two-pion resonance pole, e.g., see Ref. [115].

"Note that at any fixed field expectation value p the pair (v,Y) can be used interchangeably with (vx,7.),
as the two pairs are related by v = v and v, = v+ Yp. If nothing else is specified, by 7, we mean the sigma
damping at the IR minimum p = o¢.
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(b)Y #0,v=7(T) () Y #0,v=(T)

T/MeV
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Figure 5.1: Quark-meson model phase diagram (a) for zero damping, (b) for constant ¥ adjusted
so that the sigma pole reproduces that of the broad two-pion resonance in the vacuum combined
with the O(4)-symmetric damping v = 71 (7) from Eq. (5.91), and (c) for Y chosen as in (b)
but with v = v2(T") from Eq. (5.92).

At finite temperature, the spectral function of the pion is known to be broadened by decay
and capture processes from the medium [99]. To include these effects, we have to rely on
external (phenomenological) input for the pion damping, since we do not solve for the damping
self-consistently. At low temperatures, the behavior of the pion damping is known from chiral
perturbation theory where, at leading order, one has y(T) = T°/(12f2%) with f, = 93 MeV
[116,252]. To model the high-temperature behavior of the pion damping, we follow two different
approaches: The results of Ref. [117] suggest a linear behavior v(T") ~ T at high temperatures.
Using the arguably simplest functional form that interpolates between the two behaviors at some
matching temperature T}, we parametrize

T 1
C12ff 1+ (T/T)!

W(T) (5.91)
for the pion damping as a function of temperature. For the matching point T, we choose the
pseudocritical temperature Ty = Tp. ~ 175 MeV. This constitutes our first model ~;(T") for the
pion damping. (For the scope of this work, we neglect any dependence on chemical potential.)
The proportionality constant for the linear behavior v(7') ~ T at high T" > T, is fixed to
T2/(12f%) ~ 1.04 and yields, e.g., at T = 220 MeV to a pion damping of v ~ 164 MeV. Because
the data of Ref. [117] suggests that the pion damping should be much larger at this temperature
already, however, with a value of the order ~ 636 MeV, we also employ a second model for the
pion damping, which reads

T5
~12ff

y2(T) (1= F(T/Tw)) + oT F(T/Tw), (5.92)
where F'(x) represents an interpolating function with F(z) — 1 for z > 1, and F(z) — 0
for & — 0 faster than 2* (so that the chiral perturbation theory result is not changed at low
temperatures). Tk, again denotes a matching point between the two asymptotic behaviors, and
« the proportionality constant at high temperatures. We use the arguably simplest interpolation
function F(x) = x°/(1+2°) that is consistent with these requirements, and choose the remaining
constants a and Ty, by roughly matching the model (5.92) to the results from [117], which leads
to o~ 5.5 and Ty, ~ 200 MeV. This in total then constitutes our second model v2(T") explored
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Figure 5.2: Static IR observables that correspond to the three phase diagrams in Fig. 5.1, for
zero damping (solid lines), for the first model v = 1 (T") defined in (5.91) (dotted), and for the
second model v = ~9(T') defined in (5.92) (dashed). As discussed in the main text, in both
cases with O(4)-symmetric damping v # 0 we use the same constant Y in the sigma damping
to reproduce the broad two-pion resonance pole in the vacuum.

for the pion damping here. For more details and some caveats in this matching procedure, see
App. H.

The phase diagrams for the two models ;1 (T) and ~2(T) are shown in Fig. 5.1 (b) and

(c).

when compared to the zero-damping case in (a). In Fig. 5.2, we plot the Euclidean (curvature)

One can see that there are only very minor quantitative changes in the phase diagram,

mass parameters in the IR, which are identical with the static screening masses in our present
truncation, both as a function of temperature at 4 = 0 and as a function of chemical potential
at roughly the critical temperature, T' = 10 MeV. The solid lines are the results for vanishing
damping v = 0 and Y = 0, and coincide with Fig. 4 of Ref. [99]. The dotted lines correspond
to Y # 0 and v = v1(T) modeled according to Eq. (5.91). The dashed lines correspond to
Y # 0 and v = 72(7T") modeled according to Eq. (5.92). For u = 0 in Fig. 5.2 (a), one observes
that the finite damping starts having an influence on the static observables essentially only at
temperatures T' 2 150 MeV, whereas at lower temperatures, for T < 150 MeV where the pion
damping becomes small anyway, the presence of the finite sigma damping has hardly any effect
either.

Qualitatively, the finite damping causes the static observables (e.g. the condensate og) to
lag behind their corresponding zero-damping values when the temperature is increased. In
particular, the non-zero damping shifts the pseudocritical temperature (here defined as the
minimum of m,) to slightly larger values. This concurs with physical intuition, because a non-
zero damping implies that bosonic fluctuations decay into the heat bath and, consequently, one
needs higher temperatures for the same amount of fluctuations as compared to the case without

damping, where all fluctuations are stable.

Similarly small effects on the static screening masses are observed at T' = 10 MeV in their
chemical potential dependence in Fig. 5.2 (b), where modifications due to damping, if any,
become noticeable also essentially only in the chirally restored regime, here for p 2 p.. In
summary, although there is indeed some dependence of the phase diagram on the dynamics,
consistent with our discussion in Sec. 5.2.1, the quantitative effects on static observables are all
rather minor for these physically motivated (realistic) values of the sigma and pion damping.
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Figure 5.3: Temperature dependence of real and imaginary parts of the sigma and pion poles at
=0, where (a) on the left and (b) on the right correspond to the two different models of pion
damping v = 71(T") and ~2(7T) as defined in Egs. (5.91) and (5.92), respectively.

In contrast, the effects of the two different models in Egs. (5.91) and (5.92) for the meson
damping on dynamic quantities such as pole masses are much more pronounced. This can be
seen in Fig. 5.3, where we plot both, the real and imaginary parts of the complex sigma and pion
poles at wyr = mb r — 7,7 /2 (in the IR) as functions of temperature T at u = 0, for Y # 0,
corresponding to a sigma damping that is always larger than that of the pion which vanishes
in the vacuum. At finite temperature, the latter is given by the O(4)-symmetric damping =,
for which we compare the two physically motivated models: (a) with v = ~1(7T) according to
Eq. (5.91) in the left panel of Fig. 5.3, and (b) with v = 72(7") from Eq. (5.92) in the right panel
of Fig. 5.3. With Y # 0 in either case, we have v, — 7 = Y po, and the difference thus tends
to zero as chiral symmetry gets restored, here at finite temperature (for = 0) in the crossover
around the (static) pseudocritical temperature T, ~ 175 MeV.

Above this crossover, the finite but still relatively small O(4)-symmetric pion and sigma
damping v from Eq. (5.91), relative to the real parts of their pole masses in Fig. 5.3 (a), merely
leads to a small correction of the latter as compared to the static high-temperature screening

masses of pion and sigma in Fig. 5.2 (a).

This picture changes considerably, however, if a high-temperature pion damping is chosen of
the order of magnitude as in the recent spectral reconstructions from lattice-QCD data [117].
This is demonstrated in Fig. 5.3 (b) where we use our second model from Eq. (5.92) for the
temperature dependence of the pion damping in the chirally restored phase. The relatively large
damping at high temperatures in this case causes the sigma and pion poles to become pure
imaginary at temperatures above T' 2 170 MeV. This implies that the sigma and pion excita-
tions are no-longer propagating, but become purely relaxational at these high temperatures and
dissolve on time scales of the order of 1/7, » into the heat bath. It is interesting to note that the
temperature of 7'~ 170 MeV where this happens roughly matches the (static) pseudo-critical
temperature Ty, ~ 175 MeV. In this spirit, our second model (5.92) can be seen to describe a
‘deconfined’ phase in which pions (and the sigma meson) no-longer exist as propagating quasi-
particle excitations in the thermal medium. Nevertheless, even with a such qualitatively very
different dynamic behavior as in the cases (a) and (b), especially at high temperatures, the effects
on phase diagram and static observables such as the screening masses remain relatively minor,
cf. Figs. 5.1 and 5.2. This is an example of the difficulty distinguishing different dynamics, such
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v Y | A/MeV b /MeV: by ¢/MeV? g
0 0| 6473 0.56-10° 2.2 1.75-10% 3.2
0 ool 6473 0.72-10° 1.77 1.75-10° 3.2
co 0 | 6473 1.12-10° 0.5 1.75-10% 3.2

Table 5.2: UV initial conditions for infinite damping. The parameters are tuned such that the
resulting vacuum observables in the IR are the same in all cases. In the third case (7, = 77 — 00)
we had to lower the UV cutoff from A = 1000 MeV to A = 647.3 MeV in order to reproduce the
value for m, ~ 503 MeV of Sec. 5.3.1 (with A = 1000 MeV). For a better comparison (especially
at temperatures of order 27T ~ A) we have adjusted the UV cutoff to this lower value also in
the other two cases here.

as the qualitatively different behavior of the excitations in Figs. 5.3 (a) and (b), by just looking
at static observables such as those in Fig. 5.2 alone.

5.3.2 Infinite damping

To study the maximum effect of dissipation on the phase diagram that the couplings to the
bosonic heat baths can have, we now investigate two different extreme cases of strong bosonic
damping. First, we consider a strong but purely O(4)-invariant heat-bath coupling, correspond-
ing to the Y — oo limit at v = 0, which results in an infinite damping for the sigma, via
Yo — 00, but vanishing damping for the pions, v, = 0. In the second example, we consider only
the O(4)-vector coupling to the heat bath, sending v — oo at ¥ = 0, which then corresponds to
an infinite damping for both, sigma and pions, in an O(4)-symmetric way, with v, = v, — 0.
We compare both of these limits again to the zero-damping v, = v = 0 phase diagram. In all
cases we tune to the initial UV parameters such that we obtain the same vacuum observables
in the IR as in Sec. 5.3.1. Note that in the case of infinite damping for both the sigma and
the pions, we had to lower the UV cutoff A from A = 1000 MeV to A = 647.3 MeV in order
to be able to obtain the same value for the Euclidean sigma mass parameter m, ~ 503 MeV
as in Sec. 5.3.1. For a most direct comparison with the other two cases here, we then generally
use this lower UV cutoff for all results in this subsection. The corresponding values for the UV
initial conditions are given in Table 5.2.

The resulting phase diagrams for the three cases are shown in Fig. 5.4. First, the zero-
damping case, plotted in Fig. 5.4 (a), yields essentially the same phase diagram as in Fig. 5.1
(a), here with the smaller UV cutoff A = 647.3 MeV, however. It is therefore expectable that
some quantitative differences can occur for temperature of the order of ' ~ A/(27) ~ 103 MeV.
These quantitative differences are visible when comparing the solid lines from Fig. 5.2 (a) and
Fig. 5.5 (a) for temperatures 7' > 103 MeV. While not our main focus here, such a residual
dependence on the UV cutoff can in principle be addressed by requiring RG consistency of the
resulting IR effective action [253].

Continuing with the second case in Fig. 5.4 (b), where only the sigma damping is infinite,
Yo — 00, but the pion damping vanishes, v, = 0, we can conclude that the phase diagram
remains qualitatively unchanged with some quantitative changes which are nevertheless com-
paratively rather small. Still qualitatively unchanged but with somewhat more pronounced
quantitative changes the phase diagram for the third case, in which both damping constants are
infinite, with 7, = v, — 00, is shown in Fig. 5.4 (c).
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Figure 5.4: Phase diagrams for (a) zero damping, (b) infinite damping for the sigma, but zero
damping for the pion, and (c) infinite damping for both sigma and pions. Here the UV cutoff is
reduced to A = 647.3 MeV, which quantitatively changes also the zero-damping phase diagram
in (a) compared to the one in Fig. 5.1 (a) at high temperatures 7' ~ A/(27) ~ 103 MeV.
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Figure 5.5: Static IR observables for v, = v = 0 (solid), 7» = 00, 7 = 0 (dashed) and
Yo = Y = 00 (dotted). Here the UV cutoff is A = 647.3MeV.

In order to assess these modifications in some more detail, either from maximally strong
overdamping of sigma alone or of pion and sigma excitations together, in Fig. 5.5 we plot
the same static IR observables as in Fig. 5.2, again both, as a function of temperature at
@ = 0, and as a function of chemical potential at 7" = 10 MeV. We see once more that even
quantitatively the changes compared to the zero-damping case (solid lines) are still rather small
in the strong sigma-damping limit (dashed) and somewhat more pronounced for strong O(4)-
symmetric damping of sigma and pions (dotted). One remarkable feature, which is also more
prominent in the v, = v, — o0 case, is the shift of the pseudocritical temperature to smaller
values. Physically, this can be understood by recalling that in the infinite-damping limit, the
bosonic contributions to the flow equation in Egs. (5.88) and (5.89) become classical. Hence, the
strength of thermal fluctuations of frequency w is given by the Rayleigh-Jeans distribution 7'/w
instead of the Bose-Einstein distribution 1/(e*/7 — 1). The former is always bigger than the
latter, since quantum-mechanically, degrees of freedom can ‘freeze out’ if their frequency is much
higher than the temperature. Classically, however, the equipartition theorem gives all degrees
of freedom an average kinetic energy of %T (with kg = 1), independent of frequency. Hence, in
the classical limit, it takes a smaller temperature for sufficiently strong bosonic fluctuations to
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restore chiral symmetry, as compared to the quantum mechanical case.

Note the non-monotonous behavior of the finite temperature transitions here: In the phys-
ically motivated damping models of the previous subsection the effect of dissipation of fluctua-
tions dominated to delay chiral symmetry restoration, while in both strong-overdamping limits
discussed here, in Fig. 5.5 (a), the enhanced fluctuations of the classical Rayleigh-Jeans limit

apparently overcompensate this general trend of dissipation to cause the opposite overall effect.

While the chiral order parameter oy melts more quickly with temperature in both over-
damped cases, in line with the physical argument above, the behavior of its low-temperature
dependence on the chemical potential in Fig. 5.5 (b) is more complicated. While the critical
chemical potential . ~ 280 MeV of the first-order transition for 7" — 0 still roughly matches
the zero-damping case in both strong-overdamping limits, the shape of the first-order line with
increasing temperatures 0 < T < T, and the location of the critical point at T' = T, change. For
Yo — 00, Yr = 0, the temperature of T = 10 MeV Fig. 5.5 (b) is just in the crossover region
above T, already, but due to the backbending of the contour lines of Fig. 5.4 (b) in this region
the corresponding chiral transition (dashed lines) in Fig. 5.5 (b) is shifted to larger chemical
potentials. With the O(4)-symmetric overdamping of sigma and pions, 7, = v — o0, on the
other hand, this backbending in Fig. 5.4 (c) is reduced, and the corresponding chiral transition
(dotted lines) in Fig. 5.5 (b) occurs at a somewhat smaller chemical potential already. To a
similar effect, at a fixed finite temperature 7' > 0, it takes smaller chemical potentials to reach
the same amount of chiral-symmetry restoration, as compared to the zero damping, in this case
as well. This is evident from Figs. 5.4 (a) and (c), and can also be seen by comparing the solid
(Y6 = 7= = 0) and the dotted (7, = 7 — o0) lines for chemical potentials p 2 300 MeV in
Fig. 5.5 (b).

5.4 Discussion

We conclude this chapter by summarizing the main developments and by outlining possible
future extensions of the present formalism.

In this chapter, we have studied the real-time dynamics of the quark-meson model. In a first
step, in Sec. 5.1 we have presented the general real-time formalism of the quark-meson model
on the Schwinger-Keldysh CTP. In particular, in Sec. 5.1.1 we have constructed the Keldysh
action for relativistic Dirac fermions by using the Larkin-Ovchinnikov convention [118] in the
fermionic Keldysh rotation. Based on the discrete symmetry of thermal equilibrium previously
known for bosons [107] and for non-relativistic fermions [113]|, we have formulated a symmetry
of thermal equilibrium for relativistic Dirac fermions in Sec. 5.1.2. This symmetry expresses the
invariance of the Keldysh action (and hence of correlation functions) under a combination of a
Kubo-Martin-Schwinger transformation with time reversal, and leads to fermionic fluctuation-

dissipation relations between real-time correlation functions.

With our real-time formulation of the quark-meson model at hand, we have then continued
in Sec. 5.2.2 with incorporating bosonic dissipation (damping) by coupling the system to an
external heat bath with Ohmic spectral distribution. To distinguish between pion and sigma
damping in an O(4) invariant way, we have introduced two independent sets of Gaussian degrees
of freedom in the bath, where one set consists of an ensemble of O(4) vectors xs,, and couples
linearly via x5 ¢, to the system vector ¢ = (o, ) of sigma meson and pions, and the other one
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represents an ensemble of O(4) scalars g which couple to the O(4) field invariant p = ¢,¢, via
psp. Integrating out both of these oscillator sets and choosing Ohmic spectral distributions as
in Egs. (5.40) then gives rise to distinct pion and sigma damping terms. In particular, in this
approach the difference between the two is related to the field expectation value, v, — vz ~ p,
and hence to the realization of chiral symmetry.

In Sec. 5.2 we have re-derived the fermionic part of the FRG flow equation within the
real-time formalism. Since we start from the real-time theory, analytic continuation to the
Euclidean domain is well defined and unique. We have shown explicitly, that via such an analytic
continuation the standard Euclidean flow equation [14] for the effective potential is recovered
in the real-time approach. In particular, we have demonstrated that the flow equation of the
effective potential can in principle depend on the ‘dynamic’ properties through the contributions
from non-zero Matsubara modes. The latter generally contain indirect information on the time-
dependence of the excitations in the system, and hence about the dynamics. This implies that,
in principle, static properties (e.g. the phase diagram and static screening masses) can depend
on the dynamic properties. This is unlike classical systems, where only the zeroth Matsubara
modes contribute to static observables, which can be used to prove that the static properties are
independent of the dynamics [2].

In Sec. 5.3 we have considered two different QCD-inspired models for the temperature de-
pendence of the pion and sigma damping, to exemplify this effect and to investigate its quan-
titative extent. Both models are based on the leading-order result from chiral perturbation
theory [116,252] at low temperatures, with v, ~ T°, which is combined by interpolation with
linear temperature dependencies at asymptotically high temperatures, where v, = v ~ T, of
different strengths. With these physically motivated choices for the mesonic dampings, we have
found the quantitative effects on the phase diagram to be rather minor. In contrast, however, our
two distinct models have served to demonstrate how dynamic properties such as the pole masses
can be drastically different for these choices at the same time. In particular, we have found
that in our second model, as motivated from reconstructions of pion spectral functions at high
temperatures from lattice-QCD data performed in Ref. [117], the poles in the retarded sigma
and pion propagators become pure imaginary describing purely relaxational meson excitations
at temperatures roughly right above the pseudocritical temperature.

To estimate the largest possible effect of bosonic damping we have also considered two limits
of maximally strong overdamping, where either only the (longitudinal) sigma damping or the
O(4)-symmetric damping for sigma and pion are sent to infinity. Even in these extreme cases,
the quantitative effects on the phase diagram, although more pronounced than for finite damp-
ing, still remain comparatively small. Interestingly, however, in the case of maximally strong
overdamping of sigma and pions, with v, = ~; — oo, the bosonic flow becomes purely classical,
corresponding to the Rayleigh-Jeans limit of the Bose-Einstein distribution. In particular, this
also implies that at strictly zero temperature all bosonic fluctuations (both thermal and quan-
tum) are suppressed, such that the corresponding purely fermionic flow of a so-called extended
mean-field approximation becomes exact in this limit.

In the future, the present work can be extended in various directions. First, for a somewhat
more fundamental description of the environment, one might promote the non-relativistic Ohmic
dampings in Egs. (5.40) by a relativistic formulation in terms of Gaussian ensembles of Klein-
Gordon fields with spectral distributions in terms of the invariant s = w? — p?. In such a

formulation, the distinction between space and time arises only from the thermal density matrix,
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i.e. from the bosonic and fermionic distribution functions in the Keldysh component of the self
energies, cf. Eq. (5.10), whereas the retarded and advanced components of the self-energy would
be fully Lorentz-invariant (at least at tree level).

Another direction one could follow would be to introduce dissipation also for the fermions,
and to investigate the corresponding effects on the phase diagram. Here one has to be more
careful, since in order for the chemical potential to remain well defined, the dissipation must not
violate the conservation of the Noether current associated with the U(1)p symmetry. Because
of this, dissipation in the fermionic sector should rather be described in terms of baryon-charge
diffusion. This would require coupling conserved baryon-number current j* = t~*¢ to an
ensemble of equally conserved vector Hubbard fields. At finite density and quark masses, density
fluctuations are well known to mix with those of the chiral condensate, as discussed in Sec. 2.2.2.
In presence of this mixing the critical mode becomes a linear combination of both [47], so that
a proper inclusion of the diffusion of baryon charge would allow to incorporate at least Model-
B dynamics in the quark-meson model. One could then go beyond the universal properties of
Model B, and also estimate non-universal corrections (which are present at any finite ‘distance’ to
the critical point) within an effective description of the different realizations of chiral symmetry
in dense QCD matter and the transitions between them, as a first step towards assessing to
which extend critical dynamics can be observed near the QCD critical point.
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Chapter 6

Conclusion & Outlook

Our central motivation for this work was to investigate the near-equilibrium dynamic critical
behavior of hot and dense QCD matter near the two-flavor chiral phase transition, and the
conjectured critical point at finite baryon chemical potential, respectively. In parallel, we have
developed a novel real-time formulation of the FRG specifically tailored to dynamical systems
with reversible mode couplings, as needed for Models G and H.

In Chapter 2 we have reviewed some theoretical basics as a foundation for the subsequent
developments in the following chapters, including the Schwinger-Keldysh CTP formalism of
real-time QFT, the MSR formalism of classical-statistical systems, dynamic critical phenomena
with special emphasis on the dynamic universality classes represented by Models A, B, C, G &
H from the Halperin-Hohenberg classification and their relation to QCD, and the FRG in its
formulation on the CTP. In particular, we have reviewed some of our previous results [1| on
the critical spectral functions of Models A, B & C, and the limitations that arise for suitable
regulators in real-time QFT computations due to the causal structure of the Keldysh action.

In Chapter 3 we have considered O(N) Model G, which for N = 4 is conjectured to be
in the same dynamic universality class as the two-flavor chiral phase transition. As a starting
point for the FRG, we have constructed a generating functional for unequal-time correlation
functions using the MSR formalism. We have discussed that the MSR action of Model G
possesses the discrete symmetry of thermal equilibrium [107], and an (extended [109]) temporal
gauge symmetry which expresses the fact that a time-dependent O(N) transformation of the
fields can be removed by a corresponding time-dependent shift of the external magnetic field.
To preserve these symmetries exactly during the FRG flow, we have added the regulator not on
the level of the MSR action, but instead (one step earlier) on the level of the Landau-Ginzburg-
Wilson (LGW) free energy. As a consequence, we found that the regulator couples to composite
(response) fields on the level of the MSR action. With this technique, we were able to prove
exact statements about the resulting FRG flow, including the non-renormalization of the mode-
coupling constant g and the independence of the flow of the LGW free energy from the dynamics.
Using an ansatz for the effective average action we have shown that our formalism reproduces the
non-trivial value z = d/2 for the dynamic critical exponent at the strong-scaling fixed point of
Model G. By including a momentum-dependent kinetic coefficient for the charge densities in our
truncation, we have computed a novel scaling function which describes the universal momentum
and temperature dependence of the iso-(axial-)vector charge diffusion coefficient.

In Chapter 4 we have adapted our real-time FRG formalism to Model H, which is in the
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same dynamic universality class as the conjectured Zs critical point at finite baryon chemical
potential in the QCD phase diagram. Within a ¢*-truncation of the static sector we were
able to derive analytical expressions for the dynamic critical exponents x, and x, of the heat
conductivity and the shear viscosity, respectively. While our FRG results for x, were in good

agreement with 274

-order e-expansion [111,112], we found that x,, exhibits a maximum at some
spatial dimension 2 < d < 4, and approaches zero again for d = 2, which is not seen in 2"d-
order e-expansion. We have discussed that this result is in quantitative agreement with the
self-consistent ‘mode-coupling’ calculation by Ohta and Kawasaki [227]. In order to verify the
robustness of our results, we have implemented the more sophisticated LPA’ truncation of the
LGW free energy, which gave us an estimate for the systematic error of our results. In parallel,
we have derived similar analytical expressions for the FRG flow of the kinetic coefficients in
O(N) Model G based on the flow equations of Chapter 3, which have revealed the rather rich
fixed-point structure in the dynamic sector known from e-expansion [104]. Moreover, we have
discussed how weak and strong scaling relations are related to the finiteness of the fixed-point
values for certain dimensionless combinations of the kinetic coefficients, denoted by f and w.
In particular, the absence of strong scaling was related to a vanishing fixed-point value of w, as
was the case at the single fixed point of Model H as well as at the two weak-scaling fixed points
of Model G.

In Chapter 5 we have formulated the quark-meson model on the CTP and derived the
corresponding Keldysh action. One central result of Chapter 3 was that the FRG flow of the
LGW free energy is independent of the equations of motion as long as the classical symmetry of
thermal equilibrium holds. This has raised the question to which extent similar statements apply
to quantum systems. To address this question, we have first generalized the known symmetry
of thermal equilibrium [107,113| to a Keldysh action which describes relativistic Dirac fermions.
We have included dissipation in a chirally symmetric manner by coupling two sets of heat-bath
oscillators in the spirit of the Caldeira-Leggett model, which has allowed us to include different
damping constants for ¢ and w while preserving chiral symmetry. After setting up a real-
time FRG flow for fermions, we have shown that the dissipative dynamics indeed potentially
affects the FRG flow of the effective potential via the contributions from non-zero Matsubara
modes. (This is unlike classical-statistical systems, where only the zeroth Matsubara mode
effectively contributes, enabling a clear distinction between static and dynamic properties.) We
have considered two phenomenlogical models for the pion damping constant, motivated from
chiral perturbation theory at small temperatures T' [116] and results from spectral reconstruction
of lattice-QCD data at high 7' [117]. We found that, although there is an influence on the
phase diagram and screening masses, the influence is quantitatively small. However, while
these ‘static’ observables where evidently rather insensitive to the dissipative dynamics, we
also found that the effect on ‘dynamic’ properties such as pole masses can be dramatic: For
instance, when the damping became large enough, we found a transition from underdamped to
overdamped dynamics, where the physical picture of weakly-damped quasi particles changes to
purely relaxational excitations. To estimate the maximal possible effect of bosonic dissipation
on the phase diagram, we considered limits where the damping constants approach infinity. In
these extreme limits the quantitative effects on the ‘static’ observables were more noticable, but
still remained comparatively small. In particular, the qualitative features of the phase diagram
with its critical point and the first-order transition line remained unchanged.

In the future, the results of this work may be extended in several directions. For instance,
the developments presented in Chapter 3 and 4 provide the basis for applications of this real-
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time FRG approach to various other systems with reversible mode couplings. One example
is fluctuating hydrodynamics, where the non-linear self-coupling of the momentum density 7
(cf. Eq. (2.125Db)) leads to a non-trival renormalization of the shear viscosity [254]. By using
the present techniques, this effect could be computed non-perturbatively and compared to the
one-loop result of Ref. [254].

While Model G would describe the critical dynamics of hot QCD matter in the chiral
crossover region [61,68,69], there has to be a transition to Model-H dynamics when approaching
the Z critical point from the pseudo-critical chiral transition line. A related observation [47] is
that the maximal achievable correlation length in a heavy-ion collision, estimated at £ ~ 2—3 fm,
is not much larger than the correlation length in the pion channel, which is of order m_ ! ~ 1.4 fm.
This raises the question whether the full order-parameter multiplet (including the pions) should
be included in a realistic hydrodynamic description near the critical point. From a theoretical
perspective, the two scaling behaviors (O(4) Model G and Z3 Model H) should be connected, in
principle, via the conjectured tricritical point [9]. It is reasonable to ask whether the tricritical
point itself has an observable impact on the dynamics of QCD matter at the physical point. To
study tricritical scaling with the FRG, one could use models similar to those of Refs. [163,255].
In particular, in Ref. [163] the conserved baryon density and energy-momentum tensor were
added to the equations of motion of Model G, and it was shown that the energy density is
indeed irrelevant due to the negative specific heat exponent in the static O(4) universality class,
as expected. However, at the tricritical point, the specific heat exponent o = 1/2 is positive [62],
and thus the energy density might become relevant. Hence, it is not a priori clear which kind
of dynamic critical behavior is realized at the tricritical point. This question could be naturally
addressed with the real-time FRG by identifying a stable fixed point in the dynamic sector of
a model similar to the one of Ref. [163] but tuned to the tricritical point, and computing the
corresponding dynamic critical exponents.!

An important open question concerns the size of the dynamic scaling region around the
two-flavor chiral phase transition of QCD in the chiral limit, and whether or not it includes the
physical point. Based on the results of Chapters 3 and 5, a computation of the dynamic scaling
region in a low-energy effective theory such as the quark-meson model could be realized in several
steps of a dedicated effort: Since the setup of Chapter 3 was practically limited to vanishing
external fields H = 0, which translate to vanishing current quark masses (i.e., the chiral limit)
in QCD, a first step would be to include explicit symmetry breaking. However, this involves
an expansion around a non-vanishing order-parameter expectation value, which suffers from
the technical difficulties outlined in Sec. 3.3, with numerous additional terms appearing in the
flow equations. The idea would be to set up a computer algebra system such as Mathematica or
FORM to perform, e.g., functional derivatives and index contractions automatically. In a second
step, the task would be to embed Model G into the real-time FRG flow for the quark-meson
model from Chapter 5. In particular, in order to ensure Model-G dynamics in the infrared, one
could explicitly couple the conserved iso-vector and iso-axial-vector Noether currents p* and af
associated with SU(2), x SU(2) g chiral symmetry to the quarks [256]. By choosing suitable UV
parameters to reproduce IR observables in vacuum, the external fields can be related to vacuum
pion masses. Finally, a scaling analysis in the spirit of Ref. [71] can be performed to estimate
the impact of universal critical dynamics on the near-equilibrium time evolution of QCD matter
at the physical point.

'In particular, such an analysis should investigate whether or not the strong-scaling fixed point of Model G is
unstable against the coupling to the divergent energy fluctuations.
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Appendix A

Causality and Kramers-Kronig
relations

In Sec. 2.3.2, we started with assuming that the regulator R,?/ A(w, p) is analytic at w = 0 for

infrared finiteness. One can then write down subtracted Kramers-Kronig relations based on the

analytic properties of (RkR/A(w,p) - R,f/A(O,p))/w,

® dw' 2w? Im RF/A(W, p)
R/A _ R/A )
Re RF/A(w, p) = Re R®/ (O,p)j:P/_OO% i e T (A1a)
*® dw' 2w Re RF/A(W', p)
Im R¥4(w, p) = TP /_Oo o m o3 : (A.1b)

where P denotes the Cauchy principal value of the integral. Here, we have furthermore used that
Im R®/4(0,p) = 0 for an analytic function with odd imaginary part, so that Eq. (A.1b) stays
formally the same as in the unsubtracted case in Eq. (A.6b) below. The subtracted Kramers-
Kronig relations (A.la) and (A.1b) are combined in the subtracted spectral representation,

®dw' 2w J (W', p)
R/A _ pR/A N aw )
R4 (w,p) = RF/4(0,p) /0 27 W((w L ie)? — )’

(A.2)

corresponding to Egs. (2.179), (2.180) of Sec. 2.3.2.

Alternatively to first assuming analyticity of the regulator at w = 0, as described in Sec. 2.3.2,
we might as well start with assuming that the regulator is analytic at complex infinity, and
perform the subtraction of the frequency-independent mass shift there. Then, for any finite
value of k£ the limit

AMZ (p) = — lim R (w,p) (A.3)

w—00

exists, is real, and unique in the sense that it can be taken in any direction and there is no
singularity at infinity in the complex w-plane. We can then formally separate this part from
the regulator and use this as an alternative definition of the spectral part of the self-energy
regulator,
R/A R/A
5 w,p) = Ry (w,p) + AMZ, 4 (p). (A4)
replacing (2.179) by the one subtracted at infinity. Then, by definition we have in this case,

2,?/A(w,p) — 0 for w— o0. (A.5)
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Because it vanishes at infinity, its real and imaginary parts are now related by unsubtracted
Kramers-Kronig relations, for the retarded/advanced components “%/4(w,p) of the spectral
part of the regulator,

® dw' 20" Tm SR/A(W, p)

Res/A(wp) = 2P [ SR RP) (4.6)
® dw' 2w Re LF/A(W, p)

Tm 27/ (w, p) = FP /oo o wiowz (A.6b)

Together, these imply the unsubtracted (standard) spectral representation replacing (2.180),

oo / / !/
R/A dw' 2w Jy (W', p)
> _ R A A7

v (@.p) /0 21 (w +ig)2 — w2’ (A7)
where the FRG-scale dependent spectral density Ji(w,p) is again given by the imaginary part
of the regulator,

Te(w,p) = £2Im =174 (w, p) = +2Tm R4 (w, p) . (A.8)
Eqgs. (A.6a) and (A.6b) use the analyticity of 3/(4)(w, p) in the upper (lower) half plane. They
are thus valid for any retarded (advanced) function f(w) in the complex plane, as long as it
falls off at complex infinity, f(w) — 0 for w — co. In particular, analyticity at complex infinity
implies that
iCr(p)
w

Y (w,p) — or faster for w — +o0, (A.9)

with possibly non-vanishing but real C(p). Contour integration then yields

T dw (R A
& (Sfw,p) + 3w ) = Cp). (A.10)
oo 2m

This shows explicitly that, when the spectral part E,I:'/ A (w, p) tends to zero faster than 1/w for
w — 00, i.e. for Ck(p) = 0, we obtain the typical causality sum rule

®dw ,p A *° dw R

oo 2T 0 27
The real part Re EkR/ A (w, p) of our causal regulator then necessarily has a zero crossing along the
frequency axis. As a manifestation of this zero crossing we furthermore observe that a positive
spectral density Ji(w,p), which also vanishes when w — 0 for IR finiteness, then necessarily
leads to a negative shift in the squared mass caused by the spectral part (A.7) of the regulator,
< duw' Jk(w/’p)

/

Ami(p) = —S4(0,p) = —/0 (A.12)

™ w

Assuming that the regulator is IR and UV finite with respect to frequencies, i.e. that the large-
frequency limit (A.3) vanishes as well, and hence AM2 ,(p) = 0, we obtain the same result as
in Sec. 2.3.2 again,

m w!

| o0 / /
0< Am2(p) = RE(0,p) = — / & e, p) (A.13)
0

to avoid acausal regulator singularities. And this contradicts the positivity of the regulator
spectral density Ji(w,p) in exactly the same way as in Sec. 2.3.2, when infrared and ultraviolet
finiteness are required for the regulator at the same time.
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Appendix B

Details on the MSR path-integral
formulation of Model G

In this appendix, we discuss some subtleties of the MSR path-integral formulation of Model G
which we did not fully cover in the main text: In Sec. B.1 we discuss how the Ito discretization can
be properly formulated in the continuum (which corresponds, as we shall see, to a regularization
of expressions as 0(0), i.e. the value of the Heaviside step function at zero). In Sec. B.2 we
show that the presence of the Jacobian determinant in our generating functional (3.26) after the
non-linear field transformation can be understood as the determinant that is always (but usually
implicitly) present in the MSR path integral, and that it can be represented on a diagrammatical
level as additional interactions with Grassmann-valued ghost fields that ensure the normalization
condition Z = 1. Finally, we show in Sec. B.3 that if the physical sources would be coupled
in the ‘traditional’ way to the elementary response fields 1/; and 7 instead of the composite
response fields ® and N, the Boltzmann distribution would no longer be the stationary state of
the system.

B.1 Continuum formulation of the Ito discretization

In perturbation theory, there can be acausal diagrams where a retarded or advanced propagator
closes into a loop. Such diagrams should naively vanish due to causality. This is true in the Ito
discretization since there the response fields appear always at greater times in the interaction
terms than the classical fields (a quartic interaction term in a A¢* theory, for instance, would be
of the form ‘i)iﬂqﬁigbi(ﬁi, with the indices i, i — 1 labeling time slices in this subsection). As such,
the acausal loop will be proportional to expressions as (CE-H@). These expressions generally
vanish due to causality, since (®;¢;) ~ Gf} is advanced (i.e. it vanishes for ¢ > j), and 7 is always
before i + 1. However, in a naive continuum limit the difference between i + 1 and i disappears.
Instead, in the continuum limit the retarded/advanced propagators are proportional to the
Heaviside step function, GR(t,t') = GA(t',t) ~ 0(t — t'). Hence, the ambiguity can be pushed
into a specification of #(0) in the propagators (since it closes in a loop at the vertex). Indeed,
a possible continuum formulation of the Ito discretization can be obtained by requiring the
value GE(t,t) = G{H(t,t) ~ 6(0) = 0 of the bare retarded /advanced propagators at equal times.
With this regularization, acausal diagrams which involve closed loops of retarded/advanced
propagators vanish. However, this regularization becomes slightly subtle to achieve in frequency
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space since there we would naively have (after Fourier transform),

RiA, o [Fdw mra o [Fdw  To To B.1
Go' (1) /_OO o G0 (@) /_OO 9% +iw —Lom? 2 (B.1)

(here for simplicity in d = 0 spatial dimensions). This is because the integrand does not fall fast
enough for w — oo when applying the residue theorem. Obtaining a proper continuum limit of
the Ito discretization can be achieved by shifting the time argument of the response fields in the
definition of the propagators by an infinitesimal amount ¢ into the future [82],

GE(t,t) = i(p(t)P(t + ) ~0(t — (t' +¢)) (B.2a)
GAt, 1) = i(D(t+e)p(t)) ~ 0t — (t+¢)) (B.2b)

and understanding all diagrams in the sense that the limit ¢ — 0T is taken after evaluating the
integrals. Then we indeed have GE(t,t) = GA(t,t) ~ 0(—¢) = 0 for every € > 0, as desired at
equal times. After Fourier transform (assuming time-translation invariance) this amounts to the
replacement

GEA(w) = eFee Gl (w) (B.3)

in frequency space. The exponential factors e®™we

ensure that the contribution from the large
semicircle in the upper (lower) half-planes in integrals like in (B.1) vanishes. Thus the whole
integral is zero since the integrand is analytic in the upper (lower) half-plane and vanishes fast
enough for w — oo. As such, closed loops over retarded/advanced propagators vanish for every

e > 0, as desired.

We can thus set the Jacobian to J[¢,n] = 1, but have to keep in mind that this goes hand in
hand with the e-prescription (B.2). Alternative discretizations like the Stratonovich convention
can avoid such an e-prescription (since they correspond to the regularization 6(0) = 1/2 which
coincides with the result (B.1) from the ‘naive’ continuum limit), but there the Jacobian is in
general non-zero [257,258]. Usually, the latter is rewritten as an integral over anti-commuting
fields (‘ghosts’) which otherwise have the same quantum numbers as the original fields. These
additional ghost contributions precisely cancel any non-vanishing unphysical contributions from
acausal diagrams [194].

B.2 Jacobians and ghosts

The presence of a Jacobian determinant as in (3.26) is not unusual in field-theoretic treatments
of classical-statistical systems and can be intuitively understood as follows. The generating
functional as formulated in (3.26) can be alternatively derived without ever referring to the
non-linear field transformation (3.22), i.e. by just appealing to the standard MSR technique. To
see this, first combine the two equations of motion (2.146) into one using vector notation, and
rewrite the right-hand side as a field-dependent matrix acting on the (functional) gradient of
the free energy (plus a vector containing the contribution from the noises),

9 [ ¢a
ot - B4
ot (nbc> ( )
_ 5adF0 _%{¢a; nef} % + Ha
_g{nbca (bd} _%(5bedcf - 5bffsce)’)/v2 — %{nbc, nef} 5i€f V'Cbc
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In front of the functional gradient of the free energy now stands a (field-dependent) matrix.
This matrix is, in fact, the transpose J7 () of J(v)) in our non-linear transformation (3.24)
of the response fields. The field-dependent matrix J(¢)) and its transpose are invertible for
arbitrary field configurations ¢ = v (z) since the corresponding determinant det J(¢)) # 0 does
not vanish.! Thus we can multiply by J *1T(1/J) on both sides of (B.4) (also using that matrix
inversion and transposition commute, (J~1)7 = (J7)™1), and rewrite the equations of motion
in symbolic superfield notation as

LT, Outhe)  6F

+ / T (o' 0) () (B.5)
t x/

with superfield indices i and j, and & = (&;) = (04, V-{}.) denoting the noise superfield. We can
use this (equivalent) form of the equations of motion now as our starting point for the MSR path
integral. Importantly, after the overall multiplication with the field-dependent factor J *1T(w),
the noise becomes multiplicative. Correspondingly, we have to specify the discretization of the
stochastic equations to make them unambiguous. Moreover, we have to include a field-dependent
Jacobian as in (3.6) to ensure the overall normalization of the path integral. In Ito discretization,
the time derivative in (B.5) becomes a finite backward difference (with finite time step At)

O (t, ) . AR (t ) abi(t, ) —abi(t — At, )

= . B.6
ot At At (B.6)
The Jacobian matrix J;;(z, 2’;¢) is local in time, so we can also write
T @ ats) = I @l ) ot —¢) (B7)
for its transposed inverse. We can then express the Ito-discretized equations of motion as
R '
1T /. A wj(taw) _
/a:’Jij (:IZ,.’I:J/J,t—At)T— (B.8)
oF / —1T / /
— + o (e, t — A E(t — At a')
5,,7/}2(33) A - 1] ( ) J( )

which involve the fields only at times ¢ and ¢ — At. Note that, as an essential property of Ito
discretization, only the first term in the discretized time derivative is evaluated at time ¢. All
other quantities are evaluated at the time before, t — At. We define an operator GG as a shorthand
notation for these Ito-discretized equations of motions,

ARl/Jj (t, ZB,)

X (B.9)

Gi(t,w):/ T (@20, — At)
oF

The discretized equations of motion are satisfied if G = 0. Its Jacobian matrix can be straight-

_l’_

1T
t At_/’Jijl (z,x';9,t — At)&(t — At, x) .

forwardly computed,
(5G7,(t,x) _J_l
0;(t, ') S

!By the inverse function theorem, its inverse can be expressed by the Jacobian matrix of the inverse of the
field transformation (3.22),

T @y, t — A SE—t) + () 6(t —t' — At) (B.10)

J @2 sy) = —
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and is a lower triangular block matrix in the discretized time domain. Its determinant can
thus be computed as an (infinite) product of the determinants of the blocks at discretized times
t, = nAt along the main diagonal (where the determinants of the blocks are understood with
respect to both internal indices i, j and spatial ‘indices’ @, x'),

J' W] = det 2Gil:2) H — det J;;' T, 2/, tn — AL). (B.11)

5¢ t’

This is the same Jacobian as in (3.28). However, in (3.28) it appeared due to the non-linear
field transformation of the response field. Remarkably, the determinant does not depend on the
noise, even though in the alternative formulation (B.5) of the equations of motion the noise is
multiplicative. This is due to the choice of Ito discretization.

By constructing the generating functional using the standard MSR technique, which we have
reviewed in Sec. 3.1, we obtain

Z[J,J) = /Dw DU J'[4)] exp {iS'[@ZJ,\iJ] +i/ (Jips + ‘iflJ@)} (B.12)
with
S'[1h, U] = —\iijlT(w)?;f +iT BT T () — BT ‘;Z (B.13)

in compact superfield notation.

As a side remark, note that when one derives S’[1), \il] by performing the field transformation
in the action S[¢, 9] for the elementary response fields, the quadratic term in the response fields
looks like

Slp, ] = iTP" Aep + - (B.14)
(with the superfield matrix 4 = diag(T'g, —yV?) of kinetic coefficients), which translates to

ST, 0] = iTHT T ()3T ()T + - - (B.15)

in the transformed action. This is, in fact, the same quadratic term as in (B.13), which can be
seen by using that the symmetric contraction of the antisymmetric Poisson bracket {1, 1} with

\~IJTJ_1T(¢) =T and J~1(¢))¥ = ¢ vanishes, and so can add a suitable zero to (B.15),

iU T ()3T W) =TT T () (3 + g{w,w)) T )8 = BT ()T (B.16)
J ()

This shows that the quadratic terms in (B.13) and (B.15) are the same.

The MSR action S’ in (B.13) corresponds to the stochastic equations of motion in (B.5).
The Jacobian appearing in (3.26) is hence just the standard Jacobian that is always (implicitly)
present in the MSR path integral. Its precise value reflects the underlying discretization of
the equations of motion. Notice that we can not simply set it to one here by clever choice of
discretization, because J *1T(w) appears as a field-dependent factor in front of the time derivative
in the equations of motion (B.5). The field-dependent function .J *1T(w) thus appears on the
diagonal of the Jacobian matrix (B.10). Hence, it will also enter the determinant (B.11).

On a practical level, a field-dependent Jacobian in the MSR formalism can be treated using
well-established techniques. For example, by rewriting it using anti-commuting ‘ghost’ degrees of
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freedom. There one expresses the determinant as a Gaussian integral over a pair of Grassmann-
valued fields ¢ and ¢,

TR = / DéDe exp{— / (@) gii((i))cj(gy)} , (B.17)

where we have absorbed the infinite factor [], (1/At) from the determinant in (B.11) into
the definition of the path integral. Rewriting the determinant like this can be interpreted as

introducing a ghost part B
o, (x
So= [ e ) (5.13)
za! d1hj ()
to the total action. We can write down a corresponding generating functional by introducing
Grassmann-valued sources 7;, 7; for the ghosts ¢;, ¢;j,

The corresponding 1PI effective action is obtained by performing the Legendre transform (3.35)

also with respect to the ghost sources.

As we have already stated in Eq. (3.65) in the main text, for J =n =1 =0 but an arbitrary
classical source J # 0 the total action Sy in (B.19) becomes BRST exact. This can be seen as
follows. First, we evaluate the BRST variation in (3.65), which yields

- T OF 71T, N
S;=Q {—zci (Jiﬁ ()0 + G- = i = iTJ;! (wwj) } (B.20)
- -~ 0F ~ - -
= —qujlng(w)afTﬁ] — \IIZW + Z'T\IfiJing(w)\I/j + Z'Eijlng(i/J)ath + W+ (B.Ql)
The terms not spelled out explicitly here (but summarized as ‘- - -’) vanish in Ito regularization,

since they only contribute to the off-diagonal elements of the lower triangular matrix in (B.10)
and thus do not enter the determinant in (B.11). Moreover, in Ito regularization only the first
‘half” of the discretized time derivative Oic; — (¢;(t) — ¢j(t — At))/At effectively enters the
determinant (B.11). Hence, one can omit the second half ¢;(t — At)/At from (B.21). With a
field rescaling ¢;(t)/At — ¢;(t) of the first half, and by absorbing the resulting infinite factor
[1;,(1/At) again into the definition of the path integral, one arrives at the properly normalized
ghost action (B.18). Hence, the expression obtained in (B.21) indeed matches the action in
(B.19) (which we have shown here within Ito regularization), so Sy is indeed BRST exact.

The action Sy being BRST symmetric implies the normalization condition (3.61) of the MSR
path integral, which can be proven as in Sec. 1.5 of Ref. [192]: A variation J — J + 0J in the
generating functional (3.26) leads to

§Z[J) = /D[zp,\if,é, ] €¥7i0;6.J; = —/D[w,@,é, | e575.J,Q¢; =
__ /D[¢,\T/,é, JQ{eS155) =0 (B.22)

where in the second equality we used that the composite response fields i¥; = —Q¢; are BRST
exact, and in the last equality that the integral over a total differential vanishes. Together with
the normalization Z[J = 0] = 1 we thus have Z[J] = 1 for all physical source configurations J
on the level of the full path integral.
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B.3 Traditional approach of constructing generating functionals

In a traditional approach of constructing a generating functional for correlation functions, one
would now go on and introduce source terms as linear couplings to the elementary fields,

z[h,h, b, B] = /ngDgEDnDﬁ exp {iS + (B.23)

Z/ (ha(x)(l;a(x) + Ba(l‘)(ba(x) + %hab(x)ﬁab(x) + ;Eab(w)nab(x))}

However, adding the sources like this has the following disadvantage: Even in the absence of
the unphysical response sources iLa(m) and Gab(x) the stationary state of the system is no longer
a Boltzmann distribution: The equations of motion corresponding to the generating functional
(B.23) (for vanishing response sources) read

0¢a . 6F g 5F

i —Ty 7 + Q{gba,nbc} + ha(z) + 64 (B.24)
8nab 2 5 F

ot V 5 d)c}&b + {naba ncd} + hab( ) +V Cab (B'25>

which can be reformulated as a shift of the free energy in the dissipative terms,

¢a [ 0 i N OF

= Tog |F = [ H)6u(@)] + Slnmc o+ 0 (B.26)
8nab 9 0 g oF oF

ot V 5nab |:F_ / hab nab( ):| + §{naba¢c}6 +g{nab7ncd} +V Cab

(B.27)

where we have rescaled the source terms by the kinetic coefficients to put them inside the square
brackets,

Phy(x) = ha(z),  —7V2hg(x) = bap(2) (B.28)

This highlights the inconsistency concerning the equilibrium state that arises when the sources
couple to the elementary response fields as in (B.23). On the level of the equations of motion,
the source terms correspond to shifts in the free energy, but only in the dissipative terms and not
in the Poisson-bracket terms. Hence, a Boltzmann distribution ~ exp{—ﬁ (F—h'o— %h’ n)} is
no longer a stationary solution to the corresponding Fokker-Planck equation since the mode-
coupling terms are no longer divergence-free in presence of the sources, i.e. (2.152) no longer
holds. However, when the source terms are added consistently as terms in the free energy (3.3),
the reversible mode couplings generate no probability current, i.e. (2.152) is satisfied, and a
Boltzmann distribution ~ exp{—ﬁ (F—H¢— %Hn)} is maintained as a stationary solution.

158



Appendix C

Thermal-equilibrium symmetry in
systems with reversible mode couplings

In this appendix we show that the bare MSR action has the discrete symmetry (3.44), which
essentially expresses detailed balance in thermal equilibrium, i.e., we show that S[T(¢, ¥)] =
S, \il] The bare MSR action S is in our compact superfield notation given by
g1 9F OF

oY

where all symbols are interpreted as vectors/matrices with respect to spatial, temporal, and

S = — T T (Yo + i THT T ()T — (C.1)

superfield indices. We divide our proof into two steps. In the first step (i), we apply the
transformation (where v; = 01;)

wi(t, CL') — If)i(—t, CC) s

Bi(t,x) — iBi(—t, @) + Vit ) 2
and in the second step (ii), we multiply the fields with their time-reversal parities,
Vi(t, @) = ei(t, @), 3
(t,x) — W(t, x). (1)
Symbolically, our procedure can be represented by
g g @ g (C.2)

where Sy then equals the transformed MSR action So = S[T3(¢), ¥)]. After both steps, we will
indeed obtain back the original action, S = S, so that 73 is indeed a symmetry of S.

1. In step (i) the action transforms as (where we have already replaced ¢ — —t in the inte-
gration)
S — 8 = VT (W) +iBTI () +
T T ()T 0T i T T ()T +
~——
(=)
iTiB U T () +iT (i8)2 7T () +
(=) —ip
OF OF
G T
5y —ify 5
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Here, the red terms cancel, the violet terms cancel, and the blue term is a total time

derivative, so it vanishes upon integrating from ¢ = —oo to +o0o. We thus obtain
AT, & maT 1T, g a1 OF
Sp == (W)U HITV T (P)U -0 50 (C.4)

The first term can be reformulated via (using that the transpose of a (complex) number
becomes itself)

T ) = (T @) ) = 8 () (©5)
such that we finally get
Sy = —FT L)+ T BT T ()T — @T‘;f; (C.6)

as our result of step (i). Note that in contrast to the original MSR action (C.1) there is
J71(¢) in the first term, instead of its transpose J_lT(w).1 If the inverse Jacobian J~1(¢))
would be symmetric (such as in the case of vanishing reversible mode couplings), we would
have J_lT(T/)) = J7(¢), and step (i) alone would already constitute a symmetry of our
MSR action. To ‘change J~1(2)) back to J_lT(@ZJ)’ is the goal of step (ii).

2. When we multiply the fields with their respective time-reversal parities according to
step (ii), the terms in (C.6) change according to

— UL T (p)opp — =W el T (exp)edyrp (C.7a)
T T (@) — T UL T () e (C.7b)
- 0F - 7 OF
-V @[@b] — —U'e @[ew] (C.7¢)
so we need to have
oF oF
eT@[ew] = g ¥ and LT Y ew)e = T (1) (C.8)

to ensure that the MSR action is invariant under the thermal equilibrium symmetry. The
first equality in (C.8) is satisfied if the free energy F' is invariant under time-reversal,
Fleyp] = F[]. This means that a Taylor expansion of F' may only contain operators that
have even parity under time reversal. The second equality in (C.8) can be satisfied by
choosing parities €y = +1 and €, = —1, i.e. the charge densities change sign under time
reversal. This is consistent with their interpretation as the iso-vector and iso-axial-vector
currents (2.139) in the context of QCD. In matrix notation in ¢ = (¢, n) superfield space,

= (6(()15 ci) B (t)l —01> ' (G9)

In symbolic shorthand notation, we can expand J(¢) = Jy — dJ(¢)) in a Neumann series

we have

in 6J(¢) around 6J(¢)) = 0 and apply the transformation individually to each term in the

'In the second term this distinction is irrelevant, because due to the symmetric contraction with U from the
left and right only the symmetric part of J _IT(w) contributes there.
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series,

ep)e= €l (Jyt+ I toT(ep)dyt + Iy T () Iy o T () Ty
=T te+ el Ty Heel) 5T (e) (eeh) Ty tet

Iy (e ) 8 (e ><eeT> HeeT) () (e ) g e + -

= Jyt + Ty oI (e)e) Iyt
Jo (€8T (e)e) T 1(T6J(e¢)) Ly

where we used that eTJO_ le = Jy 1 We calculate

(10 0 HAomp ) (+1 0 _
€T5J(€¢)e =—g ( 0 _1> ({n, o} _{n,n}> < 0 _1> =

_ 0 —{(JS,TL} — — T
- g(_{m 5 _{n’n}) 87 () = 877 (®).

We can now resum the series in (C.10) again and find

_ T
LI ep)e =T (¥)
as anticipated from step (i), such that we finally obtain

GroF

So = — T 7 () + T T T ()T — 50

(C.10)

(C.11)

(C.12)

(C.13)

as our result of the step (ii). The transformed action Sy in (C.13) is the same as the
original action S in (C.1). This shows that the MSR action (C.1) is indeed invariant under

the discrete transformation (3.44) and concludes our proof.
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Appendix D

Details on the FRG for systems with
reversible mode couplings

In this appendix, we discuss more details about our formulation of the FRG for dynamic systems
with reversible mode couplings. In Sec. D.1 we first reiterate the derivation of the flow equation
of the effective average action in the spirit of the well-known derivation by Wetterich [72]. A
central aspect of our approach is that the regulator couples to the composite response fields
U =J (1/))72), so it is a priori not entirely obvious that the effective average action I'y actually
converges to the bare MSR action S in the UV limit & — A. Therefore, we show in Sec. D.2 that
the effective average action I'y, indeed converges to the bare MSR action S, up to an additional
logarithm of a field-dependent (Jacobian) determinant, which we identify with the one in (3.26).
In Sec. D.3 we discuss how the regulators for the ghosts should be chosen such that the BRST
transformation (3.62) is a symmetry of the effective average action at all FRG scales.

D.1 Derivation of the flow equation

For a concise derivation of the flow equation, we first define the effective action I'j as the
(unmodified) Legendre transform (with the sources J = (H,H) and J = (H,#) in superfield
space)

Palio, ] = WlJ, 7] - / Ji() i (x) - / Ji@)n(z) (D.1)

x x
such that the effective average action I'y is given by an additional subtraction of the regulator
term, 'y, = Iy, — AS;. By differentiating the Legendre transform (D.1) with respect to the FRG
scale k, we calculate

- oW oWy, ~
8krk|¢,7¢ = 8ka|J7j + i makji(a:)@,w + i makji(a})@w
_ / () i) g — / i) Ti () g, (D.2)
where we used that the field expectation values are given by
(5Wk 5Wk
i(x) = — d ¥;(x) = . D4
i) = 7 5 and W) = (D.4)
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Next, we want to show that

O Wi[J, J] = 0x(ASk) (D.5)

which is straightforward since

Wi, J] :iaklog/Dz/)D\i' exp<iS+iASk+l/ (1) Fi(z) + / (2)0 @))

/'Dl/) DY exp <ZS + 1AS, + Z/ J / >8kASk

= Ok (ASk) . (D.6)
Using the superfield notation, the regulator can be written as
1 ~ -
ASE = —2/ <‘1’i($)Rij,k($,y)¢j(y) + %(@Rz‘j(%y)‘l’j(y» (D.7)
zy
Combining Eq. (D.3) and Eq. (D.5), we find
. 1 . .
Ok == | ORiiale0) (1T ) + (@), 0) (D8)
zy
Using the definitions
—iGE k() = (Wi(2)T(y)) — (Wila))(T5(y)) (D.9a)
—iGfp(,y) = (Wa(2)ei(y) — (a2)) (¥5(y)) (D.9b)
of the connected retarded and advanced 2-point correlation functions, one can write
~ 1 . ‘
OFk == [ ORiale. ) (~ G ula9) ~ 1Glx(an) (.10)
zy

+ (03 (2)) (5 (9)) + (Wil@))(T5(y))) -
Using T, = 'y — AS}j, we obtain

i
0Tk = 5 (O Rijr(w,9)) (G a(w.y) + Gijp(@,v)) (D.11)
for the flow of the effective average action. Moreover, using the symmetry relation
A
Gg’k(x, y) = Gk (Y, ) (D.12)

which can be seen directly from their definition (D.9), and by combining the retarded, advanced,
statistical, and anomalous propagators into a 2 x 2-matrix in the MSR (1, \il) space according
to (where the subscript . denotes the connected part of the correlation function)

(1@ e 1@ @) _ (Faxey) Gy
%W“‘Q@MWMMi@mwmm> @%mw>w@mm» (D13)

and analogously the regulator as a 2 x 2 matrix in the same MSR space,

Rij,k($7 y) 0 )
we can compactly express the flow equation (D.11) as
oy = %tr {8kRk o GkR + Op Ry o G?} = %tr {ak]%k o Gk} (D.15)
with the trace
tr{Ao B} = Aij(z,y)Bji(y, x) (D.16)
Ty

acting in superfield and coordinate space. This finalizes the derivation of the tree-level flow
equation (3.71).
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D.2 Convergence towards the bare action in the UV limit £ — A

In this section we show that the effective average action I'y indeed converges to the bare MSR
action S (up to a Jacobian determinant), even if the regulator is coupled to the composite
response fields U instead of the usual elementary response fields . This is not entirely trivial,
since one has to make sure that all fluctuations are properly suppressed in the limit & — A [179].
We start from the background field identity,

Ty, U] = [y, W] — ilog AZ (D.17)

with S'[¢p, U] = S[4, ] and

sz~ | Dw'wexp{asw,&’] S, d1) - (M;;,w w) ((;F’“\P—\If) (D.18)

where (+,-) here denotes the inner product

=1

(A,B) = / Aj(2)Bi(z) . (D.19)

We now do a variable substitution in the path integral to the new (composite) response fields,
A

5 /
. OY 1/}

Dy = ' de DV’ (D.20)

and perform a subsequent shift in the path integral, ¥/ — ¢ + ¢/, ¥ — ¥ + U, such that
afterwards ¢/ and ¥’ describe the fluctuations around the expectation values ¢ and U,

¢/

AZk_/szD\IJ’ (w+w T+ )

exp {i(s’[w + o/, U+ V'] - S, ¥]) (D.21)

() - () s )

where we used that the regulator is quadratic in the (composite) fields. We can rewrite (D.21)
as

Al 0 s O] s
AZk—exp{z<S [w 153,\11 Z(Sj] S[@b,@]) (D.22)

(28 el )
o’ 55 AR 07 0j

D', ¥') exp {zASk[w U] +i(5,9") + (4, ‘i’/)}

J=3=0

Due to the properties of the regulator term ASy, one can now straightforwardly verify that in
the UV limit & — A the remaining integral becomes independent of sources 7, j in the vicinity of
j = j = 0 where the functional derivatives are evaluated. By taking the limit k& — A of (D.22)
we finally arrive at

= k—>A
U] —

Tw[o, S'[1h, W] — ilog | det gé‘ + const. (D.23)
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which coincides with (3.79). (Because the transformation W = .J(¢)1) is linear in the usual
response fields 1, the remaining determinant actually only depends on the classical fields 1, not
on the response fields W.)

This result can be compared with Eq. (3.26), where the non-linear field transformation is
performed on the level of the generating functional. In this case, the regulator term is actually
quadratic in the transformed fields (1, ‘i’), such that the effective average action converges to the
‘bare’ MSR action I'y, — S’ —ilog J'[¢], but the ‘bare’” MSR action then contains the logarithm
of the Jacobian determinant anyway. This highlights the equivalence of the two approaches
of either (i) keeping the ‘standard’ response fields 1/; as the fields in the path integral, and
coupling the regulator to the composite response fields U =J (w)”(; which we followed in the
present subsection, or (i) performing the non-linear field transformation on the level of the path
integral, such that the regulator is quadratic in (v, \il) In both cases, one obtains an additional
logarithm of a Jacobian determinant in the action, which can be practically handled by rewriting
the determinant as an integral over Grassmann-valued ghost fields, as we have already discussed
in more detail in Appendix B.2 above.

D.3 Regulators for ghosts

We need to ensure that the normalization condition Zy[J] = Zi[J,J = 0] = 1 is satisfied at
all FRG scales k. A sufficient condition for this is that the BRST transformation (3.62) is a
symmetry of the scale-dependent effective average action 'y at all FRG scales k. This can be
achieved by choosing ASj to be BRST exact,

ASy = —\i/iRij7k@ZJj +i¢;Rij ej = Q (—i¢i Rij k5) (D.24)

which implies Q(ASy) = 0 due to the nilpotency Q2 = 0 of the BRST transformation. In
particular, introducing a regulator for the ghost fields ensures that the flow of acausal two-point
functions stays zero. Due to causality, two-point functions such as I fw should be zero at all
FRG scales. However, for a general truncation of I'g, there might appear non-vanishing diagrams
on the right-hand sides of the flow equations for these acausal two-point functions. This will
not cause any problem because one can show that diagrams containing ghost fields in the loop
will cancel exactly with the appearing acausal diagrams, which ensures that the flow of these
acausal two-point functions vanishes. The relation between the ghost fields and causality is also
discussed for example in Refs. [82,191-194|. In fact, the ghosts solely appear here to cancel
contributions from acausal diagrams. As such, one can simply omit all ghost diagrams and all
acausal diagrams, since the two precisely cancel. This is analogous to the cancellation scheme of

acausal diagrams known from perturbation theory [82], but here formulated for the FRG flow.
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Appendix E

1PI vertex functions of Model G

In this appendix we list the explicit expressions for the 1PI vertex functions that occur in
the diagrams in Egs. (3.114) — (3.120), extracted from our truncation of the effective average
action (3.94) by expanding the Jacobian (3.97) in a Neumann series and subsequently evaluating
suitable functional derivatives on the expanded terms. We have verified our analytical calculation

explicitly using DoFun [226] in special cases.

The relevant ‘classical’ vertices (i.e. those with one response field) are given by:

izg1,(d° —p°)

r¢aNe (g 1) = gy SacOha — Saade) (2m)P8(p+q+7 E.1
1 ( ) Yok (™) ( ) (2m)7o( ) (E.1)
TP, 1) = —go 2 (5 bt ) @54 g 47)  (E2)
k )y 4y ’7¢7k ’7n7k (r) ac a C
- cr7w 20
NabNed Ne ZZn, p
L (p,q,r) = Ik i (0aedbebdr — Safdbedde — GacObeddf + OacOpfdde

Tn,k (T) Tn,k (p)

- 5a65bd6(:f + 6af6bdéce + 5ad5be(scf - 6ad5bface)

iz q°
+—""—~(0ad0bfOce — 9adObecf — OacObfdde + OacObedar
Yk (@)
- 5bd5af5ce + 5bd5aeécf + 5bc(5af5de - 5bc(5ae(5df) X
2m)Ps(p+q+7) (E.3)

The relevant ‘anomalous’ vertices (i.e. those with two response fields) are given by:

Ff“ébﬁc‘i (p,q,7) =0 (by symmetry) (E.4)
Ty Net™s (pg,r) =0 (by symmetry) (E.5)

2g21T y

0Py P D
Fi i d(p7 q,T, S) = (2Z$J,k - ;j,k) 2
Yok

1 1 1 1
OacOpd———— + 04d0pe——————— — Oup0c + X
k) e it s) (mk(pm k(P + >>]
2m)P5(p+q+7+9) (E.6)
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2032, iT

Fia¢bNCdNEf (pv q,7, S) = (2ZTU;J€ - Z;):k) X

anhniijlen (
k

’Yn,k(p + ’I’)

7n7k(q + ’I“)

Yo,k 7n,k(r> ’Yn,k(s)
[+ 0ad0pedct + OpddacOct — 0addcedbf — ObdOcelayf
- 5@65b65df - 5b05a65df + 5acéde(5bf + 6b05de(5af:| X
@2m)Pé(p+q+r+s) (B.7)

2g,%ZT“L’,kz'T

p,q,r,8)= ——F~_ X
) ’Yn,k(s) Vn,k(r)

! (4 8gnOnidimdik — SgnOnkdimdji — SgnOnidikdm + SgnOnkdidim
— 0g10hn0im 0k + OgkOnndim0i + 0g10nn0ik0jm — OgkOnni1djm
— OgmOni0in0k + 0gmOnkinlji + 0g10hmOindjk — OgkOnmOindji
— 0g10nj0in0km + 0g;0n10in0km + 0gkOn;0indim — 0gjOnkinlim
+ 0gmOni0ikOjn — dgmOnkOitdjn — OgiOhmOikjn + OgkOnm0iidjn
+ 04101i0jn0km — 0giOni0jnOkm — OgkOni®jnOim + 0giOnkOjndim
+ 0g10n0imOkn — 0g50n10imOkn — 0gi0hiOjmOkn + 0giOni0jmOkn
— 0gk0nj0imOin + 0g;0nk0imOin + OgkOni0jmOim — 5gz‘5hk5jm51n) +
(4 6gn0ni6im0ik — OgnOnkdimdji — OgnOnidikdjm + SgnOnkdidjm

— 0gn0n;0i10km + 0gn0hi0j10km + OgnOh;OikOim — OgnOhidjkOim
— 0g10hn im0k + OgkOnndim0ji + 0gi0nn0ik0jm — OgkOnn0ildjm
+ 0gj0hn0i10km — 0giOnndji0km — 0gjOnndikOim + 0giOnnd;kOim
— 0gmOn19in0k + OgmOnkdindji + dgi10nmOindjx — OgkOnmdind;ji
+ 0gmOni0ik0jn — OgmOnkditdjn — 0giOnmOikOjn + OgkOrmdidjn
+ 0gmOn;0i10kn — OgmOni0;10kn — 0gjOnm0iiOkn + 0giOnm0;iOkn

— OgmOn;0ikOin + OgmOni®jkdin + OgjOhmOikdin — OgiOhm0jkdim) | X

@m)Po(p+q+r+s) (E.8)
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Appendix F

Extraction of the dynamic critical
exponent in Model G

To extract the dynamic critical exponent z4 = 2 — 1| — xrs (with n; = 0 in our truncation),
we consider the functions f;(logk) = k0 log Fi for different reduced temperatures 7; close to
the critical point. Each function f;(logk) can be seen as a ‘flowing’ exponent, since in the strict
scaling regime where I’i ~ k™%r¢ it is equal to the critical exponent —zp¢. To determine the
critical exponent from our data, we first determine the inflection point log k; for each f;(logk).
For illustration, in the case of d = 3.5 spatial dimension the inflection points are plotted in
the left panel of Fig. F.1. We assume that, near the critical point, the values f;(logk;) at the
inflection points depend on the reduced temperatures 7; as a power law f;(log k;) = a+b7f with
real a, b, and positive ¢ > 0, such that for 7 — 0 we would obtain the critical exponent a = —xs.
Introducing the variable z; = (log ;) !, we plot the values f;(log k;) against x;, as shown in the
right panel of Fig. F.1. To extrapolate these points to (log 7)™ = 0 (corresponding to T = T.),
we fit these points with f(z) = a + be“/?, corresponding to our power-law assumption from
above, and then take f(0) = a as the extrapolated value for —zs. We take the uncertainty oy
of the coefficient a in the fit as an estimate for the error of our procedure. We employ analogous

extractions in d = 3 and d = 2.5 spatial dimensions.

Similarly, we extract the dynamic critical exponent 2z, = 2 — x,, of the charge densities by
first determining the minima of the function fi(logk) = kO log~i(k)/k?* for different reduced
temperatures 7;, since the corresponding values f;(logk;) at the minima logk; approach the
critical exponent —x, in the scaling regime. For illustration, in the case of d = 3 spatial
dimensions the points are plotted for different reduced temperatures in Fig. F.2. In a second
step, we plot the values of f;(logk;) at the minima against (log7;)~!, and extrapolate them to
(log 7)~! = 0 using the same method as described above.

In addition, we extract the dynamic critical exponent z, = 2 — x also from the minima of
pdplog iy (p)/p* as a function of logp at k = 0 (since one has 7}_(p) ~ p~*" in the scaling
regime), as illustrated in Fig. F.3.

The resulting values of a and o, from the three extrapolations are listed in Tables F.1, F.2,
and F.3 for d = 2.5, 3, 3.5 spatial dimensions.
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Figure F.1: Extraction of z4 in d = 3.5 spatial dimensions. The error band is given by the
uncertainty of the parameters a, b and c in the fit.
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Figure F.2: Extraction of z, in d = 3 spatial dimensions using the minima of the functions
f(k) = koylog~?(k)/k? for various reduced temperatures 7; close to the critical point. The
error band is determined from the uncertainty of the parameters a,b and c in the fit.
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Figure F.3: Extraction of z, in d = 3 spatial dimensions using the minima of the functions
fi(p) = poplogi_(p) /p? for various reduced temperatures 7; close to the critical point. The
error band is determined by the uncertainty of the parameters a,b and c in the fit.
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d a Oa
3.5 | —0.253 | 0.003
3.0 | —=0.501 | 0.001
2.5 | =0.750 | 0.000

Table F.1: a and o, from fitting the inflection points of k0 log I‘f as a function of log k with
f(x) = a+ be“, which gives the result and error of a = —xpy = 24 + 11 — 2 (with ;. = 0 in
our truncation).

d a Oa
3.5 | —0.246 | 0.005
3.0 | —0.500 | 0.000
2.5 | =0.749 | 0.001

Table F.2: a and o, from fitting the minimum points of kO logy2(k)/k? as a function of log k
with f(x) = a + be®/®, which gives the result and error of a = —Ty =2, — 2.

d a Oa
3.5 | —0.260 | 0.010
3.0 | —0.499 | 0.001
2.5 | =0.749 | 0.001

Table F.3: a and o, from fitting the minimum points of pd, log fyg:o(p)/pQ as a function of logp
with f(x) = a + be®/, which gives the result and error of a = —x., = z, — 2.
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Appendix G

Details on the real-time FRG for the
quark-meson model

G.1 Effective Keldysh action

Introducing external sources for the bosonic and fermionic degrees of freedom in the partition
function (5.3), one obtains the generating functional for real-time correlation functions,

Zlm, i, m2, 02,3, 51 = /D%DMD%D@ZJQDWDW exp {iS + (G.1)
l/ (7265 + jodd + s + Yam + M2 + Y1ng] } :
x
Its logarithm, the Schwinger functional W, is the generator of connected correlation functions,

W[n17771777277727jq)jc} =1 10gZ[7717771a n27ﬁ27jq7jc] . (G2>

One-point functions (i.e. field expectation values) are obtained from W via functional derivatives

oW ow
c_ 2 g — G.3
%
WY oW 5
= = 7W7 = = W— ’
V1 0n2  OM2 1 012 on2
Py = 5& = zw 1y = ﬂ = z
T om  om 2T om0 o
where we use the convention that derivatives with respect to the bar fields 1,7, ... act from the

left, and derivatives with respect to to ¢, n,... act from the right.

The effective action I', the generator of 1PI vertex functions, is related to the Schwinger

functional via a Legendre transform,
D[, 1, Yo, b2, 0%, ¢ = W — / (7805 + 5oL + Mitbe + Yomy + M2t1 + i) (G.4)

where the sources on the right-hand side are implicitly given by inverting the relations in (G.3).
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G.2 Infinite damping calculation

Let I be a bosonic contribution to the flow of the form

K T i iv/2+ E /2—F
I_?W{_E2+’y2/4+2wE[¢( 2miT )—w(w)]} (9

with E = \/M?2 —~42/4 and M? > 0. In the limit v — oo, with M? fixed, the energy E behaves

as

iy iM?
E=——- G.6
- (G:6)
such that the arguments of the digamma functions in (G.5) become
W/2+E iy—iM?*/y+--  y
2mil 2miT Bz (D)
v/2—E  iM?/y+--- M?
/2-E _ iM°/y _ 4. (G.8)
2miT 2w 2T
To evaluate these further, we use the asymptotic expansions
1
P(z) =logz+ O <> (z — 00) (G.9)
z
1
Y(z) = —vg — o +0(2) (2—0) (G.10)
where v is the Euler-Mascheroni constant. This yields
(0 <27rT + log 5T + (G.11)
M? 2myT
B sl e G.12
¢<2mT+ ) e 3t (G-12)

With this, (G.5) becomes

k4 T 7 5 2T
T=—{0-— 4+ (—) =UELIN G.13
37r2{ M2+27rE[Og onr) TVET 3 T (G.13)

where we also used that E? +~+2/4 = M? is independent of 7. Expanding

7 1
= — G.14
2rE 7y * ( )
further yields
k4 T 1 ~ 27yT
[=—{ ——+— |1 — - cee G.15
3%2{ M2+W7|:Og<2FT)+7E+ M2]+ } ( )

We see that in the infinite-damping limit v — oo both the (1/7)log(v/27T) and the yg /v terms
vanish, such that only the one survives where the two +’s in the numerator and the denominator
cancel, which finally yields

k*T
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Appendix H

Temperature dependence of the pion
damping

The two models 71 (7T") and 2 (7") for the temperature dependence of the pion damping defined in
Egs. (5.91) and (5.92) are plotted in Fig. H.1 against the damping factor exponents of Ref. [117]
that were obtained using spectral reconstruction of lattice-QCD data. The trend of the black
data points in Fig. H.1 suggests a linear dependence of the damping factor exponents at high
temperatures, which is incorporated in both models v;(T") and ~2(7"). However, one can see
in Fig. H.1 that the first model v1(T") underestimates the size of the pion damping at higher
temperatures. These rather large values for the pion damping are taken into account with 2 (7")
in our second model (cf. Eq. (5.92)). As written in the main text, we choose the two parameters
« and Ty, to reproduce the qualitative shape of the reconstructed damping factor of exponents
of Ref. [117], which leads to the values a ~ 5.5 and T}, =~ 200 MeV.

There are, however, important caveats in

this naive identification. In the spectral re- 6000
construction of Ref. [117] a form for the spec- 5000
tral function is used that is different from our 40002
Breit-Wigner form of the present work. (The 30005

Breit-Wigner form originates from the Ohmic i
spectral distribution of the heat bath.) This 20001
means that, strictly speaking, the damping 1000

y1 (T)/MeV

factor exponents of Ref. [117]| can not be di-

O: PR S O S SRS RS S
rectly identified with our damping constant 0 200 400 600 800 1000
T /MeV

v(T). Nevertheless, we consider it to be im-

portant to study the situation where the pion Figuore H.1: The two models 7 (T) (blue)

damping is as large as the data from Ref. [117] 4 ~vo(T) (green) for the temperature depen-

suggests. Hence, for the scope of this work, we  joce of the pion damping from Egs. (5.91)

assume that at least the order of magnitude 4 (5.92) plotted against the reconstructed

of our pion damping roughly matches to the damping-factor exponents of Ref. [117] (black).
damping-factor exponents of Ref. [117]. For

the future it would be interesting to incorporate the thermoparticle assumption into the quark-
meson model consistently, and study its effects both on the static equilibrium properties and

the dynamical properties.
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