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1. Introduction

In [20] Tits gave a complete classification of all thick irreducible spherical buildings
of rank at least 3. The decisive step in this classification is the extension theorem for
isometries (Theorem 4.1.2 in [20]). It implies that a thick spherical building is uniquely
determined by its local structure. Inspired by the paper [21] on Kac-Moody groups over
fields, Ronan and Tits introduced twin buildings. These combinatorial objects appear to
be natural generalizations of spherical buildings, as they come equipped with an oppo-
sition relation which shares many important properties with the opposition relation in
a spherical building. In [15] Miihlherr and Ronan gave a proof of the extension theorem
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for 2-spherical twin buildings satisfying an additional condition they call (co). Condi-
tion (co) turns out to be rather mild (see [15, Introduction]). In order to classify such
twin buildings it suffices to determine all possible local structures which appear in twin
buildings.

The local structure of a building mentioned before is essentially the union of all rank
2 residues of a chamber. In [18] Ronan and Tits introduced the notion of a foundation
which is designed to axiomatize geometric structures that may occur as local structures
of a building. Roughly speaking, it is a union of rank 2 buildings which are glued along
certain rank 1 residues (for the precise definition we refer to Section 3). A foundation is
called integrable, if it is the local structure of a twin building. One can associate with each
twin building of 2-spherical type a foundation and all such are Moufang foundations, i.e.
the irreducible rank 2 buildings are Moufang and the glueings are compatible with the
Moufang structures induced on the rank 1 residues.

Inspired by [18], Tits conjectured that a Moufang foundation is integrable if and only
if each of its spherical rank 3 restrictions is integrable (cf. [22, Conjecture 2]). It turned
out that this conjecture was too optimistic and he gave a reformulation by omitting
the word “spherical” in his earlier conjecture (cf. [23]). A proof of this conjecture would
reduce the classification of 2-spherical twin buildings to the rank 3 case. In [12] and [13]
a strategy for the classification of 2-spherical twin buildings is outlined that does not
make use of this conjecture. Several important steps in this classification program have
been carried out in the meantime (cf. [11], [25], [26]). The results obtained up until now
suggest that the conjecture will be a consequence of the classification once it will be
accomplished. However, it would be most desirable to have a proof of this conjecture
that is independent of the classification. Our main result is a conceptual proof of this
conjecture in the 3-spherical case. It turned out that we only need the integrability for
the restriction to irreducible types (cf. Corollary (5.3)):

Theorem A. Let F be a Moufang foundation of irreducible 3-spherical type and of rank
at least 3 such that every panel contains at least 6 chambers. Then the following are
equivalent:

(i) F is integrable.
(ii) Each irreducible rank 3 restriction of F is integrable.

A consequence of Theorem A together with [11,4] is the classification of thick irre-
ducible 3-spherical twin buildings (cf. Theorem (5.4)):

Corollary B. Let A be a thick irreducible 3-spherical twin building of rank at least 3.
Then A is known.

Let (W, S) be a Coxeter system and let ® be the associated set of roots (viewed as
half-spaces). An RGD-system of type (W, S) is a pair (G, (Uy)acs) consisting of a group
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G together with a family of subgroups U, indexed by ® satisfying a few axioms (for
the precise definition see Section 2). Let F be a Moufang foundation of type (W,S5)
satisfying a certain condition (lco) (e.g. this is satisfied if every panel contains at least 5
chambers). In Section 3 we construct for all s # ¢ € S RGD-systems X ; acting on the
corresponding building of the foundation. Moreover, we construct RGD-systems X and
canonical homomorphisms X, — X, ;. Let G be the direct limit of the inductive system
formed by the groups X and X, ;. Then there is a natural way of defining a family of
root groups (U, )aco inside G. Let Dr := (G, (Uy)aca). We prove the following result
(cf. Corollary (3.14)):

Theorem C. Let F be a Moufang foundation of 2-spherical type satisfying condition (1co).
If the canonical mappings Uy, — G are injective and if Dy satisfies (RGD3), then Dx
is an RGD-system and F is integrated in the twin building associated to Dx.

We use Theorem C to prove Theorem A. Our strategy is to let G act on a building
and deduce that the hypotheses of Theorem C are satisfied. Thus we have a twin build-
ing A(Dx) in which F is integrated. In particular, we have the following corollary (cf.
Theorem (5.2)):

Corollary D. Let F be an irreducible Moufang foundation of 3-spherical type such that
every panel contains at least 6 chambers. If each irreducible rank 3 restriction of F is
integrable, then Dx is an RGD-system.

Remarks. 1. In [11] Miihlherr accomplished the classification of thick locally finite twin
buildings of irreducible 2-spherical type and ms < 8 without residues associated with
one of the groups B2(2), G2(2), G2(3). In particular, the thick locally finite twin buildings
of irreducible 3-spherical type without residues associated with By(2) are already known.
As we will see in the proof of Theorem (5.4), the assumption about the residues can be
dropped in the 3-spherical case.

2. By Corollary B we have a classification of 3-spherical simply-laced (i.e. mg €
{2,3}) twin buildings. We note that in this case the integrability of those Moufang
foundations is already established by different methods: In a 3-spherical simply-laced
Moufang foundation, the Moufang triangles are parameterized by skew-fields and all
such are isomorphic. If there exists s € S with three neighbors in the Coxeter diagram,
then there is a D, subdiagram (as there is no Ay subdiagram) and hence the Moufang
triangles are parameterized by a field. The existence of a twin building with the prescribed
foundation follows now from [11]. If each s € S has at most 2 neighbors, the diagram is
either A,, or A,. In the first case the existence follows from projective geometry and in
the second case from Kac-Moody theory.
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2. Preliminaries
2.1. Direct limits

This subsection is based on [19].

Let I be a set and let (G;);cr be a family of groups. Furthermore, let F; ; be a set
of homomorphisms of G; into G;. Then a group G := @Gi together with a family of
homomorphisms f; : G; — G such that f; o f = f; holds for all f € F; ; is called direct
limit of the groups G, relative to the Fj ; if it satisfies the following condition:

If H is a group and if h; : G; — H is a family of homomorphisms such that hjo f = h;
holds for all f € F; j, then there exists exactly one homomorphism h : G — H such that
h;i =ho f;.

In this paper we only consider the case where X; and X, ; := (X;, X;) are groups for
i#jeland f:X; — X;; are the canonical homomorphisms. We call this direct limit
the 2-amalgam of the groups X;.

2.2. Cozeter systems

Let (W, S) be a Coxeter system and let ¢ denote the corresponding length function.
For s,t € S we denote the order of st in W by mg;. The rank of a Coxeter system is
the cardinality of the set S. The Cozeter diagram corresponding to (W, S) is the labeled
graph (S, E(S)), where E(S) = {{s,t} | ms > 2} and where each edge {s,t} is labeled
by mg for all s;t € S. We call a Coxeter system irreducible, if the underlying graph
is connected; otherwise we call it reducible. It is well-known that the pair ((J),J) is
a Coxeter system (cf. [5, Ch. IV, §1 Theorem 2]). A subset J C S is called spherical
if (J) is finite; for kK € N the Coxeter system is called k-spherical, if (J) is spherical
for each subset J of S with |J| < k. Given a spherical subset J of S, there exists a
unique element of maximal length in (J), which we denote by r; (cf. [2, Corollary 2.19]).
For s1,...,8, € S we call sq---s reduced, if ¢(sy---s;) = k. Similar as in [16, Ch.
2.2] we define for distinct s,t € S with mg < oo the element p(s,t) to mean stst...
with £(p(s,t)) = ms; e.g. if mg = 3, we have p(s,t) = sts. It is well-known that for
w € W,s € S with {(sw) < £(w), there exists w’ € W such that {(w') = ¢(w) — 1 and
w = sw’ (cf. [2, exchange condition on p.79]).

(2.1) Convention. For the rest of this paper we let (W, .S) be a Coxeter system.
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2.3. Chamber systems

Let I be a set. A chamber system over I is a pair (C, (~;)iecr) consisting of a non-empty
set C whose elements are called chambers and where ~; is an equivalence relation on the
set of chambers for each ¢ € I. Given 7 € I and ¢,d € C, then c is called i-adjacent to d
if ¢ ~; d. The chambers ¢, d are called adjacent, if they are i-adjacent for some i € I. If
we restrict ~; to ) £ X C C for each ¢ € I, then (X, (~;);cs) is a chamber system over
I and we call it the induced chamber system.

A gallery in (C, (~;)ier) is a sequence (co,...,cx) such that ¢, € Cforall 0 < pu <k
and ¢,—1,c, are adjacent for all 1 < p < k. Given a gallery G = (co, ..., cx), then we
put B(G) := ¢p and e(G) := ¢. If G is a gallery and if ¢,d € C are such that 5(G) = ¢
and e(G) = d then we say that G is a gallery from ¢ to d or G joins ¢ and d. The
chamber system (C, (~;);c1) is said to be connected, if for any two chambers there exists
a gallery joining them. A gallery G will be called closed if 3(G) = &(G). Given two
galleries G = (cg, ..., ¢;) and H = (dy, ..., d;) such that e(G) = B(H), then GH denotes
the gallery (co,...,cx =do,...,d;).

Let J be a subset of I. A J-gallery is a gallery (co, . .., cx) such that foreach 1 < p <k
there exists an index j € J with ¢,—1 ~; c,.

2.4. Homotopy of galleries and simple connectedness

In the context of chamber systems there is the notion of m-homotopy and m-simple
connectedness for each m € N. In this paper we are only concerned with the case m = 2.
Therefore our definitions are always to be understood as a specialization of the general
theory to the case m = 2.

Let (C, (~;)icr) be a chamber system over a set I. Two galleries G and H are said to
be elementary homotopic if there exist two galleries X,Y and two J-galleries G’, H' for
some .J C I of cardinality at most 2 such that G = XG'Y,H = XH'Y. Two galleries
G, H are said to be homotopic if there exists a finite sequence Gy, ...,G; of galleries
such that Go = G,G; = H and such that G,_; is elementary homotopic to G, for all
1< <l

If two galleries G, H are homotopic, then it follows by definition that 8(G) = B(H)
and £(G) = e(H). A closed gallery G is said to be null-homotopic if it is homotopic to
the gallery (8(G)). The chamber system (C, (~;):cr) is called simply connected if it is
connected and if each closed gallery is null-homotopic.

2.5. Buildings
A building of type (W, S) is a pair A = (C,d) where C is a non-empty set and where

0:CxC — W is a distance function satisfying the following axioms, where x,y € C and
w = 6(z,y):
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(WD1) w = 1y if and only if = y.

(WD2) if z € C satisfies s := d(y,z) € S, then 6(z,z) € {w,ws}, and if, furthermore,
l(ws) = L(w) + 1, then 6(x, z) = ws.

(WD3) if s € S, there exists z € C such that §(y, z) = s and 0(z, z) = ws.

The rank of A is the rank of the underlying Coxeter system. The elements of C are called
chambers. Given s € S and z,y € C, then z is called s-adjacent to y, if 6(x,y) = s. The
chambers z,y are called adjacent, if they are s-adjacent for some s € S. A gallery from
x to y is a sequence (x = xq,...,r; = y) such that z;_; and x; are adjacent for every
1 <1 < k; the number k is called the length of the gallery. Let (xo,...,z)) be a gallery
and suppose s; € S such that 6(z;_1,2;) = s;. Then (s1,...,s;) is called the type of the
gallery. A gallery from x to y of length k is called minimal if there is no gallery from x
to y of length < k.

Given a subset J C S and = € C, the J-residue of x is the set Ry(x) := {y € C |
d(z,y) € (J)}. A residue is a subset R of C such that there exist J C S and =z € C
with R = Rj(z). Since the subset J is uniquely determined by R, the set J is called the
type of R and the rank of R is defined to be the cardinality of J. Each J-residue is a
building of type ({J), J) with the distance function induced by § (cf. [2, Corollary 5.30]).
Given x € C and a J-residue R C C, then there exists a unique chamber z € R such that
00(z,y)) = £(6(x,2)) + £(6(z,y)) holds for every y € R (cf. [2, Proposition 5.34]). The
chamber z is called the projection of x onto R and is denoted by projp x. Moreover, if
z = projp « we have §(x,y) = 0(z, 2)d(z,y) for each y € R. A residue is called spherical
if its type is a spherical subset of S. A building is spherical if its type is spherical; for
k € N it is called k-spherical if (W,S) is k-spherical. Let R be a spherical J-residue.
Then z,y € R are called opposite in R if §(x,y) = ry. A panel is a residue of rank 1.
An s-panel is a panel of type {s} for s € S. For ¢ € C and s € S we denote the s-panel
containing ¢ by Ps(c). The building A is called thick, if each panel of A contains at least
three chambers. For an s-panel P we will also write P, instead of P to underline the
type of P. We denote the set of all panels in a given building A by Pa. For ¢ € C and
k € N we denote the union of all residues of rank at most k containing ¢ by Ej(c). Let
A = (C,0),A" = (C',¢) be two buildings of type (W,S) and let X C C,X’ C C’. Then
a map ¢ : X — X' is called isomorphism if it is bijective and preserves the distance
functions. In this case we will write X = X’. We denote the set of all isomorphisms from
a building A to itself by Aut(A).

(2.2) Remark. Our definition of a building agrees with the definition given in [16, Ch. 3]
(cf. [2, Proposition 5.23]).

2.6. Cozeter buildings

(2.3) Example. We define § : W x W — W, (z,y) — z~1y. Then (W, S) := (W,6) is a
building of type (W, S). Moreover, W acts on X(W, S) by left multiplication.
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A reflection is an element of W that is conjugate to an element of S. For s € S we let
as :={w e W | £(sw) > £(w)} be the simple root corresponding to s. A root is a subset
o C W such that o = va, for some v € W and s € S. We denote the set of all roots
by ®(W,S). The set (W, S); = {a € ®(W,S) | lw € a} is the set of all positive roots
and ®(W,S)_ = {a € ®(W,S) | lw ¢ a} is the set of all negative roots. For J C S we
put ®(W,S)7 := ®((J), J) (resp. (W, S)L, ®(W,S)”). For each root o € ®(W,S) we
denote the opposite root by —a and we let r,, be the unique reflection which interchanges
these two roots. A pair of distinct roots {a, 5} C ®(W,.S) is called prenilpotent if both
an B and (—a) N (—p) are non-empty sets. Given such a pair {a, S} we will write
(o, ] := {7 € B(W, S) | aN B C v and (—a) N (—B) € —} and (@, B) := [o, 5] \{a, B}.
For a pair {«, B} C @ of prenilpotent roots there are two possibilities: either o(r,rg) < 0o
or o(rqorg) = 0o0. The second case implies o C 5 or § C «. In the case o C 3, the open
interval («, 8) consists of all roots 7 such that o C v C .

(2.4) Convention. For the rest of this paper we let (W, S) be a Coxeter system of finite
rank and @ := ®(W, S) (resp. 4, P_) be the set of roots (resp. positive roots, negative
roots).

For a € ® we denote by da (resp. %) the set of all panels (resp. spherical residues
of rank 2) stabilized by r,. The set da is called the wall associated to a. For a gallery
G = (¢, ..., c) we say that G crosses the wall Oa if {¢c;—1,¢;} € Ja for some 1 < i < k.

(2.5) Lemma. Let o € ® and let P,Q € Oa. Then there exist a sequence Py = P,..., P, =
Q of panels in Oa and a sequence Ri,..., R, of spherical rank 2 residues in 0%a such
that P;_1, P; are distinct and contained in R;. Moreover, {projRi x|x € Py} =P,y for
alll <i<n.

Proof. This is a consequence of [7, Proposition 2.7]. The fact that Fy,..., P, € O«
follows from the implication (iii)=(ii) in [7] Since P; C R;, we infer R; € 8*a. O

Let A = (C,6) be a building of type (W, S). A subset ¥ C C is called apartment if it
is isomorphic to W. A subset o C C is called a root if it is isomorphic to «, for some
seSs.

2.7. Two conditions for buildings

(2.6) Example. Let A = (C,0) be a building of type (W, S). We define z ~ y if §(z,y) €
(s). Then ~y is an equivalence relation and (C, (~s)ses) is a chamber system.

We now introduce two conditions for a building:
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(Ico) A building A satisfies condition (Ico) if it is 2-spherical and if R is a rank 2 residue
of A containing a chamber ¢, then the induced chamber system defined by the set
of chambers opposite ¢ inside R is connected.

(Isco) A building A satisfies condition (Isco) if it is 3-spherical and if R is a rank 3
residue of A containing a chamber ¢, then the induced chamber system defined
by the set of chambers opposite ¢ inside R is simply connected.

Buildings which satisfy both conditions are discussed in [9, Chapter 9] and [10, In-
troduction]. In [9] it is stated that a 3-spherical building of simply-laced type (i.e.
mg € {2,3} for all s,¢t € S) in which every panel contains at least 4 chambers sat-
isfies both conditions (lco) and (Isco). Moreover, (following [9] and [10]) a (general)
3-spherical building satisfies the conditions (Ico) and (lsco) if every panel contains at
least 6 chambers.

2.8. Spherical Moufang buildings

Let A = (C, ) be a thick irreducible spherical building of type (W, S) and of rank at
least 2. For a root « of A we define the root group U, as the set of all automorphisms
fixing @ pointwise and fixing every panel P pointwise, where |P N «| = 2. The building
A is called Moufang if for every root a of A the root group U, acts simply transitive on
the set of apartments containing a.

Let A = (C,0) be a Moufang building of type (W, S), let ¥ be an apartment of A
and let ¢ € ¥. Identify the set of roots in ¥ with ® and let G = (U, | o € ®). Let
H =Fixg(X) and By = Stabg(c) = H{U, | ¢ € a € ®). Then A(G, B1) = (G/B4,9) is
a building of type (W, S), where 6 : G/By xG /By — W, (9B+,hBy) — w, where g~ *h €
BiwBy (for more information we refer to [2, Section 6, 7]). Moreover, the buildings A
and A(G, By) are isomorphic.

2.9. Twin buildings

Let Ay = (C4,04),A_ = (C_,0_) be two buildings of the same type (W,S5). A
codistance (or twinning) between A4 and A_ is a mapping 0, : (C4+ xC_)U(C_xCq) = W
satisfying the following axioms, where ¢ € {4+, —},z € C.,y € C_. and w = d,(z,y):

(Twl) du(y,z) =w™h
(Tw2) if z € C_. issuch that s := 0_.(y, 2z) € S and £(ws) = £(w)—1, then d,(z, 2) = ws;
(Tw3) if s € S, there exists z € C_. such that d_.(y,2) = s and d.(z, z) = ws.

A twin building of type (W, S) is a triple A = (A4, A_,d,), where Ay = (Cy,04),A_ =
(C_,d_) are buildings of type (W, S) and where J, is a twinning between A, and A_.
The twin building is called thick, if A, and A_ are thick. A panel of a twin building
is a panel of one of its two buildings, i.e. for € € {+,—},¢ € C. and s € S we have
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Ps(c) = {d € C. | d-(c,d) € (s)}. The twin building A satisfies condition (lco) if both
buildings A4, A_ satisfy condition (lco). For ¢ € {+,—} and ¢ € C. we define ¢°P =
{d € C_. | ds(c,d) = 1lw}. Let ¥, C Cy and X_ C C_ be apartments of A, and
A_, respectively. Then the set ¥ := X, U X_ is called a twin apartment if for all
e € {+,—} and = € 3. there exists exactly one y € ¥__ with d,(z,y) = 1. Moreover,
for any ¢ € C4,c_ € C_ with d.(cq,c_) = 1y there exists a unique twin apartment ¥
containing ¢4 and c_ (cf. [2, Proposition 5.179(1)]). Let A" = (A’ , A’ ,4}) be another
twin building of type (W, .S). A mapping ¢ : C4 UC_ — C/, UC’ is called isomorphism,
if it preserves the sign, the distance and the codistance.

(2.7) Lemma. Let A = (AL, A_,d,) be a twin building of type (W, S) and let ¢ be a
chamber of A such that |Ps(c)| > 3 holds for all s € S. Then A is thick.

Proof. Let ¢ € {4, —} and let ¢ € C.. For each d € ¢°® and each s € S the s-panel
containing d contains at least three elements by [2, Corollary 5.153]. Let ¢’ € C. and
d € ¢°P. If ¢ € d° the s-panel containing ¢’ contains at least three chambers by [2,
Corollary 5.153]. Otherwise, there exists a chamber d’ € E;(d) such that d’ € ¢°P and
0(0(c,d")) = £(6(c',d))—1. Using induction we obtain a chamber d” € C_. such that d” €
c®? N (¢')°P. Applying [2, Corollary 5.153] twice, we obtain that the s-panel containing
¢ contains at least three chambers for each s € S. Thus A, is a thick building. The
thickness of A_. follows similarly. O

(2.8) Lemma. Let A = (A4, A_,§,) be a thick 2-spherical twin building of type (W, S),
lete € {+,—},c € Cc and for each J C S with |J| = 2 we let ¥ 5 be an apartment of
Rj(c) containing c and such that Xy, oy NPs(c) = Xygs 0y NPs(c) forallr #s#t€S.
Then there exists a twin apartment ¥ such that X5 C 3.

Proof. This follows from [26, Theorem 6.3.6]. O

2.10. RGD-systems

An RGD-system of type (W, S) is a pair (G, (Ua),cq) consisting of a group G together
with a family of subgroups U, (called root groups) indexed by the set of roots ®, which
satisfies the following axioms, where H := [ .4 Na(Ua) and Ue := (U | @ € ®.) for
ee{+ -}

(RGDO0) For each o € @, we have U, # {1}.

(RGD1) For each prenilpotent pair {a, 8} C ®, the commutator group [U,, Ug] is con-
tained in the group U, gy := (Uy | v € (a, §)).

(RGD2) For each s € S and each u € U, \{1}, there exist v/, u” € U_,, such that the
product m(u) := v'uu” conjugates Ug onto Usg for each § € ®.

(RGD3) For each s € S, the group U_,, is not contained in U;..



S. Bischof / Journal of Algebra 644 (2024) 690729 699

(RGD4) G = H(U, | a € ®).

Let D = (G, (Ua)aca) be an RGD-system of type (W, S) and let H := [ cq Na(Ua)
and B, = H(U, | a € ®.) for ¢ € {+,—}. It follows from [2, Theorem 8.80] that
there exists an associated twin building A(D) = (A4, A_,d,) of type (W, S) such that
Aty = (G/B4,04) and A_ = (G/B_,6_) on which G acts by multiplication from the
left.

We define X, := (Uy, UU_,,) and X, = (X, UX,) forall s #¢t € S. If (W,5) is
2-spherical, G = (U, | @ € ®) and A(D) satisfies condition (lco), it follows from the
Main result of [3] that G is isomorphic to the direct limit of the inductive system formed
by the groups Ls := HX, and L, := HX,, for all s # ¢ € S. Furthermore, the direct
limit of the inductive system formed by the groups X, and X, (s # ¢t € S) can be
naturally endowed with an RGD-system and is a central extension of G (cf. [6, Theorem
3.7]).

For s € S we define H, := (m(u)m(v) | u,v € Uy, \{1}). By [6, Lemma 3.3] we have
H = [[,eq Hs, if G = (Uy | @ € ®) and if (W, S) is 2-spherical. By [2, Consequence
(6) on p.415] we have H"™ C H,H, for all s,t € S and 1 # u € U,,. For the rest
of this subsection we fix 1 # e; € U,, and put ns := m(es) for all s € S. By [2,
Consequence (11) on p.416] there exist for every 1 # us € U,, elements u, € U,, and
b(us) € (Un, U Hg) such that nsusns = Usnsb(us) (note that (U,, U Hg) NU_,, = {1}).
As in the case of a Coxeter system, we define p(ns, nt) to mean ngningny . .., where ng, ny
appear mg; times, e.g. if mg = 3, we have p(ns,n;) = ngngns. By [16, Lemma 7.3] we
have p(ns,nt) = p(ne, ns).

(2.9) Theorem. Let (G, (Uy)aca) be an RGD-system of spherical type (W, S) such that
G = (U, | @ € ®). Let B := (Uy,H). Then G has the following presentation: as
generators we have U;cg Hs UUyeq, Ua and {ns | s € S} and as relations we have all
relations in B and for s,t € S;as #a € &, h € Hy,us € Us we have the relations

21n 2, n —
nshns = nih"s, NslgNs = NSUNS, NsUsng = UsNgb(us), p(ns,ng) = p(ng, ng),
where uls € Usa,nz € H,,h"s € H H;.

Proof. All these relations are relations in G. We observe that G has a BN-pair (cf. [2,
Theorem 7.115]). Thus it suffices to show that all relations in [20, Corollary (13.4)] can
be deduced from the relations in the statement. O

(2.10) Example. Let A be an irreducible spherical Moufang building of rank at least 2
and let 3 be an apartment of A. Identifying the set of roots ® with the set of roots in
¥, we deduce that G = (U, | « € @) is an RGD-system.

(2.11) Lemma. Let (G, (Uy),eq) be an RGD-system of 2-spherical type (W, S) such that
A(D) satisfies condition (Ico) (e.g. each root group contains at least four elements). Then
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we have (U, | v € [as, a4]) = (Ua, UUs,) or equivalently [Us,,Us,| = U, a,) for all
s#tes.

Proof. This is a consequence of [1, Lemma 18 and Proposition 7]. O

(2.12) Remark. Let (G, (Ua),co) > (H, (Va)aes) be two RGD-systems of the same irre-
ducible spherical type (W, S) and of rank at least 2. Assume that G = (U, | @ € @), the
root groups U, are nilpotent and that both twin buildings associated with the RGD-
systems satisfy condition (lco). Then G, H are perfect by the previous lemma. Assume
that there exists a homomorphism ¢ : G — H such that ¢(U,) = V,,. As ker ¢ # G, we
have ker ¢ < Z(G) by [2, Proposition 7.132].

(2.13) Lemma. Let D = (G, (Uy),cq) be an RGD-system of 3-spherical type (W, S) such
that A(D)y satisfy the conditions (Ico) and (Isco) (e.g. every root group contains at least
five elements). Then By is the 2-amalgam of the groups HU,, .

Proof. This is a consequence of [8, Corollary 1.2]. O

(2.14) Lemma. Let (G, (Us)aca) be an RGD-system of type (W, S) and let X4 = (U, |
ae®) By = (H,UH,UU, | a € @), Then (X, (Ua)acoten) is an RGD-
system and X, ¢/Bs i — Rys4y(By),9Bs¢ v gBy is an isomorphism of buildings.

Proof. As X, ; stabilizes R, (By), we deduce {gB; | g € X} € Rys43(B4). Let
g € G be such that w := §4(B4,9B+) € (s,t). By [2, Proposition 8.59(2)]) there
exists h € U, such that hwB; = gB; and hence ¢By € {hB;+ | h € X ;}. Thus
Risn(By) = {gBy | g € X} Since B,¢y € By, the map is well-defined. Suppose
g,h € X, such that gBy = hB,. Then g~ 'h € By NX,; = By, as By = Stabg(By.)
and By, ¢ = Stabx, ,(B;) and thus the mapping is injective. Since Ry, 4} (B4) = {gBy |
g € X} the mapping is also surjective. Furthermore, it preserves adjacency. The claim
follows now from [2, Lemma 5.61]. O

2.11. Blueprints

This subsection is based on [16, Ch. 7].

A parameter system will mean a family of disjoint parameter sets (Ul)scs, each having
a distinguished element cog € U. We shall write U, := UL\ {oos}.

Let A = (C,0) be a building of type (W, S) and let (U})scs be a parameter system.
A labeling of A of type (U;)ses, based at ¢ € C, is a family (¢p, : Ug — Ps)p cp, of
bijections such that ¢p, (cos) = projp c. We call ap}: (x) € U. the s-label of z.

(2.15) Example. Let A = (C,d) be a building of type Iz(m), m > 2, with a labeling
of type (UL, U/), where S = {s,t}, based at some chamber ¢ € C. Given any chamber
x € C at distance d from c one has a minimal gallery (¢ = cg,...,cq = x). Let u; be
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the label attached to c¢; in the unique panel containing c¢;_; and ¢;. The gallery thus
determines the sequence (uq,...,uq) where the u; lie alternately in U, and Uy, and any
such sequence obviously determines a unique gallery starting at ¢, and hence a unique
chamber at the end of this gallery. If two sequences determine the same chamber they
are called equivalent.

A blueprint of type (W, S) is a tuple ((Ué)ses , (Ast)s;&tes) consisting of a parameter
system (U!)scs and buildings Ag = (Cst, dst) of type Ia(ms;) for each s #t € S, with a
given labeling of type (U.,U}), based at some chamber 0oy € Cqt.

A building A of type (W,S) will be said to conform to the blueprint ((U‘;)sesv

(Ast)s#es) if there exists a labeling of A of type (Ug),cg, based at some chamber
¢ € C, such that for each {s,t}-residue R of A there is an isomorphism ¢r : Ay — R
with the property that x and ¢gr(z) have the same s- and t-labels for each chamber x

of Ag. We call a blueprint B realizable if there exists a building which conforms to it.
2.12. A realizable criterion

Let B = ((U;)Ses , (A5t>s7§t65’) be a blueprint of type (W,.S). We want to construct
a building which conforms to B. As a first step we construct a chamber system C(B) as
follows: The chambers are sequences @ := (uq,...,uy), where u; € U, and s1--- s, is
reduced. We call (s1,...,sx) the type of u. We define s-adjacency via

(U1, oo ug) ~g (U Uy Uy 1) ~e (Us - Uy Wyey ),

where uyy1,uy,; € Us; this is evidently an equivalence relation, so C(B) is a chamber
system. We remark that in the definition of s-adjacency, we have £(s1---sis) = k+1
(otherwise it is not a chamber). If £(sy---s;8) = k — 1 and s # sg, then (ug,...,u) is
only s-adjacent to itself.

For w = (uy,...,ux) having type (s1,...,sx) and v = (v1,...,v,) having type
(t1,...,tn) we define the sequence wv := (u1,...,Up,V1,...,0pn) if 81 Skty-- -ty I8
reduced. We now define an elementary equivalence to be an alteration from a sequence
ujuus of type (f1,p(s,t), f2) to uyw'uy of type (f1,p(t, s), fo) where @ and 4’ are equiv-
alent in Ag. Two sequences uw and v are called equivalent, written u ~ v, if one can
be transformed to the other by a finite sequence of elementary equivalences. We now
consider C(B) modulo the equivalence relation. Notice that [u] determines a unique el-
ement w € W where (s1,...,sk) is the type of u and w = s1 - - - 5. We define z ~ y if
x = [u],y = [v] with a ~g v.

(2.16) Theorem. Assume that for any two sequences u,v of the same reduced type, u ~ v
implies w = v. Then Cp := ([u], (~s)ses) is a chamber system. The chambers are equiv-
alence classes of sequences @ := (uy,...,u), denoted by [u] or [ui,...,u;]. Moreover,
Cg is a building which conforms to B.
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Proof. This follows from the proof of [16, Theorem (7.1)]. O

(2.17) Corollary. A blueprint is realizable if and only if for any two sequences u,v of the
same reduced type, u ~ v implies u = v. In particular, a blueprint is realizable if its
restriction to each spherical rank 3 subdiagram is realizable.

Proof. The first assertion is [16, Theorem (7.2)]; the second assertion follows from the
first and [16, Step 1 of Theorem (7.1)]. O

2.13. Natural labeling of Moufang buildings

This subsection is based on [16].

Let A = (C, ) be a spherical Moufang building of type (W, S) and let ¢ € C. For each
s € S we fix 1 # e, € U,, and put ng := m(es). By [2, Corollary 7.68] and [16, Lemma
(7.4)] every chamber gB, can be written in the form uins, - - - ugns, By with u; € Uy,
and sy - - - 8 = (B4, gB4 ) is reduced. If we fix the type (s1,...,s;) of uing, - - -uknskB%,
then the elements u; € Uy, are uniquely determined. Sometimes, we will write for short
n; instead of ng,. This yields a natural labeling of the building A. More precisely let P be
any s-panel of A, and let projp ¢ = d and w = §(¢, d). As cosets of By the chambers of P
may be written uing, - - - ugns, B4 (this is d), and uing, - - - ugpns, vns By where u; € Uasi
and v € U,,. We assign them the s-labels oo, and v, using U/, = U,, U {oos}. If we
let R be the {s,t}-residue containing ¢, then Ry acquires a labeling and we have a
blueprint given by the (e;), g, namely (U}, )ses, (Rst)stes)-

(2.18) Proposition. Let A be a spherical Moufang building. Then A conforms to the
blueprint given by the restriction to FEx(c), i.e. ((U&S)ses, (Rst)s#eg), and the natural
labeling of A as above.

Proof. This is [16, (7.5) Proposition]. O

(2.19) Corollary. Let A be a spherical Moufang building and let B be the blueprint given by
Es(c). Then (uq,...,ux) and (vi,...,vx) are equivalent if and only if uiny - - - ugng By =
ving - vpng By In particular, the map ¢ : Cg — A, [(u1,...,ug)] = wing - - ugng By
is an isomorphism of buildings.

Proof. If (uq,...,ux) and (vy,...,vx) are elementary equivalent, then uing - - - ugng B4 =
viny - -vgn, By, Thus ¢ is well-defined. Clearly, ¢ is surjective. To show that ¢
is injective, we suppose [(ui,...,ux)],[(v1,...,v%)] € Cpg with uing---upnpBy =
o([ur, ... ux)) = @([v1,...,v%]) = vin] - -vpn) By Let (uq,...,ug) (vesp. (vi,...,0x))
be of type (s1,...,sk) (resp. (t1,...,tk)). Then s1--- s, = t1---tx. Thus there exists a
sequence (wy, ..., wk) € [v1,...,vg] of type (s1,...,Sk) and we have uing - - - ugnig By =
wing - - wingBy. The uniqueness of the decomposition in [16, Lemma (7.4)] implies
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u; = w; and hence [uq, ..., u;] = [wy,...,wy]. Thus ¢ is a bijection. Clearly, ¢ preserves
s-adjacency. Now the claim follows from [2, Lemma 5.61]. O

2.14. Natural labeling of arbitrary buildings

We now extend the concept of a natural labeling to (arbitrary) buildings of type
Ay x Ay, by defining a labeling of type (U;,UJ) to be natural if (uy,us) is equivalent
to (ug,uy) for all u; € Uy, ug € Us. If A is a spherical Moufang building with a natural
labeling given by 1 # e € U,, then any A; x A; residue acquires a natural labeling in
this sense (because the appropriate root groups commute).

(2.20) Lemma. Let (W, S) be a reducible 2-spherical Coxeter system of rank 3. Then a
blueprint of type (W, S) is realizable if the labeling of the restriction to any Ay x Ay
residue is natural.

Proof. Let B = ((U])ses, (Ast)s#tes) be a blueprint of type (W, .S). Let S = {r, s, t} and
assume Mg, = 2 = my,.. By Corollary (2.17) it suffices to show that for any two sequences
@, v of the same reduced type, u ~ v implies & = v. Therefore let u = (uy,...,u;) and
v = (v1,...,v;) be two sequences of the same reduced type (s1,..., sx) such that u ~ v
(note that k < mg + 1). If (W,.9) is of type A; x A; X A; the claim follows, because an
elementary equivalence is just a permutation of the sequence and for each s € S there
is at most one element of Us in such a sequence. Thus we can assume that (W, .S) is not
of type A1 x Ay x Ay and hence mg > 3. Since my, = 2 = my, we know that r occurs
at most once in the reduced type. If u; is in U,., then the sequence with u;,u;—1 (resp.
ui, uit1) reversed is equivalent to (ug,...,ux), since u; is the only element in U, in the
sequence u. We also note that we can do an elementary equivalence in Ay only if w; is
at position 1 or k in the sequence. If we do an elementary equivalence in Ay we have to
do this twice (because of the type) and get the same sequence as we started with. Thus
the claim follows. O

2.15. The action of G on A

Let A = (C, ) be a spherical Moufang building of type (W, S) and let G = (U, | a €
®) < Aut(A). For each s € S we fix 1 # e, € U,, and put n, := m(es). As we have
already mentioned, every chamber of A can be written in the form uing ---ugng By,
where u; € U, and this decomposition is unique if one fixes the type (s1,...,8k).
Since G acts on A by multiplication from the left, we want to know how to calculate
g - uing - - - upngB. Assume that A satisfies condition (Ico). Since Uy = (U,, | s € 5)
as a consequence of Lemma (2.11) and U";, = U,, it suffices to consider this action
for U,,, Hs and nF! for each s € S. For s1,...,5, € S and u; € Us,,, we denote
the chamber wing - - - ugng By by (ug,...,ug). We remark that we do not consider all
chambers g.(uq,...,ux) for g € G.
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(2.21) Theorem. Let t,s1,...,8, € S and u; € UaSi. Let w: G x A — A be the left
multiplication of G on A. Then we have w(g, () = () for g € By and w(g, (u1,...,ux))
is given by the following:

(u{il,w(g”sl ,(ug, ..., ug))) if g € Hs for some s € S,
(gui,ug, ..., ux) if g € Ua,,,
(ug,w(g™ g, ur]™, (ua,...,ug))) if g € Us,,s51 Zt €S,
w(ng,wng?, (uy,...,ug))) if g =n;"
w(n?l, (ugy ... uk)) if g =mns,u1 =1,
(Uy,w(b(ur), (ug, ..., ux))) if g = ns,u1 # 1,
(ly,,u1,...,ug) if g =ng, l(tsy - sk) =k + 1.

Proof. This is a straightforward computation. O
3. Foundations and enveloping groups

This subsection is based on [26, Ch. 11] and [11].
3.1. Foundations

Recall that E(S) = {{s,t} C S| ms > 2}. A foundation of type (W,S) is a triple
F = ((Ar)iers) (€1)icr(s), (Prst){rs} {st}er(s)) such that the following hold:

(F1) Ay =(Cy,d,) is a building of type ((J),J) with ¢y € C; for each J € E(S).
(F2) Each glueing @rst : Ps(cqr,sy) — Ps(cqs,ey) is a base-point preserving bijection.
(F3) The @, satisfy the cocycle condition pisy © ©rst = Qrsu-

It follows from the definition that ¢y = id (as @t © Qe = @ise) and that
Orst = <p;;. We say that F satisfies condition (lco) if Aj; satisfies condition
(Ico) for each J € E(S). For each J C S the J-residue of F is the foundation
Fi = ((An)ierw: (c)iep), (rst) (rs} {s.tyep()) of type ({J),J). Two foundations
F = ((As)sers): (c1)sers), (Prst) rs} (s.yers)) and F' = ((A))jeps), (<)) ser(s),
(©r5¢) {rys) {s,treE(s)) of the same type (W, S) are called isomorphic if there exist iso-
morphisms a; : Ay — A’} for all J € E(S) such that aj(c;) = ¢/; and for all r,s,t € S
with {r, s}, {s,t} € E(S) we have ¢, o Qfrs} = st} © Prst-

(3.1) Remark. We remark that there is a notion of more general isomorphisms between
foundations, which allow isomorphisms of the Coxeter system. In that sense our isomor-
phisms are called special.
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Let F = ((Ay)sers): (€1)icrs): (Prst){rs} {stycE(s)) be a foundation of type
(W, S). An apartment of F is a tuple (X ;) jcp(s) such that the following hold:

(FA1) X is an apartment of A; containing c¢; for each J € E(S).
(FA2) Given {r,s},{s,t} € E(S), then 0.st(Xirs3 N Ps(crs1)) = Eisey N Pslcysy)-

3.2. Moufang sets

A Moufang set is a pair (X, (U;)zex), where X is a set with |X| > 3 and for each
x € X, U, is a subgroup of Sym(X) (we compose from right to left) such that the
following hold:

(MS1) For each z € X, U, fixes x and acts simply transitive on X\{xz}.
(MS2) For all 2,y € X and each g € Uy, go Uy o g™! = Uy(y).
The groups U, for z € X are called the root groups of the Moufang set. Let (X, (Uy)zex)
and (X', (Uy)wex’) be two Moufang sets and let ¢ : X — X’ be a map. Then the
Moufang sets are called p-isomorphic, if ¢ is bijective and for all x € X we have poU, o

¢ = Up(a)-

(3.2) Example. Let A be a thick, irreducible, spherical Moufang building of rank at least
2. Let P be a panel, let p € P and let X be an apartment in A with p € 3. Let « denote
the unique root in ¥ containing p but not PN 3. Let U, := {g|p | g € Us}. Then the
group U, is independent of the choice of the apartment ¥ and M(A, P) := (P, (Up)per)
is a Moufang set (cf. [14, Notation 1.19]).

3.8. Moufang foundations

A foundation F = ((Ay)ser(s), (¢1)ier(s), (Prst)irsy {strer(s)) of 2-spherical type
(W, S) is called Moufang foundation, if the following hold:

(MF1) Ay is a Moufang building of type ({J), J) for each J € E(S).
(MF2) Forallr,s,t € Swith {r, s}, {s,t} € E(S), the Moufang sets M(Ay, .}, Ps(c(r,s}))
and M(Ag, 4y, Ps(c(s,4})) are @rgp-isomorphic.

(3.3) Example. Let A = (A, A_,J,) be a thick twin building of irreducible 2-spherical
type (W, S) and of rank at least 3. Let € € {+,—} and c € C.. By [17, (8.3) Theorem 4]
the residue R j(c) with the restriction of the distance function is a Moufang building for
each J € E(S) and one can verify that ((Ay)ser(s), (¢7)reE(s), (Prst)rs} (s trer(s)) 18
a Moufang foundation of type (W, S), where Ay = (Rs(¢),0:),cs := ¢ and .o = id.
We will denote this Moufang foundation by F(A,¢). It is a (non-trivial) fact that for
any € € {+,—} and ¢, € C. we have F(A,c) = F(A, ).
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A foundation F is called integrable, if there exists a twin building A of type (W, .S)
and a chamber ¢ of A such that F = F(A,c¢). A foundation satisfies condition (Isco)
if it is 3-spherical and if there exists a twin building A = (A4, A_,d,) and a chamber
¢ of A such that F = F(A,¢) and both buildings A1, A_ satisfy condition (lsco). In
particular, if a foundation satisfies condition (Isco), it is integrable.

Let F be an integrable Moufang foundation. Then every panel contains at least 3
chambers. Since F is integrable, there exists a twin building A and a chamber ¢ of
A such that F =2 F(A,c¢). By Lemma (2.7) the twin building A is thick. Moreover,
every irreducible integrable Moufang foundation satisfying condition (lco) determines
the isomorphism class of the corresponding twin building:

(3.4) Proposition. Let A = (A, A_,0,), A" = (A!, A", 6)) be two thick irreducible 2-
spherical twin buildings of type (W, S) and of rank at least 3 satisfying condition (1co).
Suppose c € Ay, ¢’ € Ay such that F(A,c) = F(A',c). Then A=A

Proof. This is a consequence of [26, Theorem 11.1.12] and [15, Theorem 1.5]. O
3.4. The Steinberg group associated with an RGD-system

Let D = (G, (Usy)aca) be an RGD-system of irreducible spherical type (W,S) and
rank at least 2. Following [21], the Steinberg group associated with D is the direct limit
G of the inductive system formed by the groups U, and Ua,3] := (Uy | v € [, B]) for
all prenilpotent pairs {«, 5} C ®. Then Ua, Ula,p) — G are mJectlve and (G (U’a)agp)
is an RGD-system of type (W,.S), where U, denotes the image of U, in G. Let A be
the associated spherical building, i.e. A = A(D),, where A(D) = (A(D)4, A(D)_, )
is the associated twin building. Then the kernel of G — Aut(A) is equal to the center of
G by [2, Proposition 7.127(2)].

3.5. The direct limit of a foundation

In this subsection we let F = ((As)sers): (€1)icr(s): (Prst){rs}.{st}eE(s)) be a
Moufang foundation of type (W, .S) satisfying condition (Ico) and let (X ) ep(s) be an
apartment of F. As F is a Moufang foundation, the buildings A ; are Moufang buildings.
We identify the roots in ¥; with ®7. For a € ®/ we let U be the root group associated
with a C %7 and we let Hy = (U | a € ®7) < Aut(A,). As J € E(9), it follows from
[2, Remark 7.107(a)] that the root groups UZ are nilpotent.

We note that for each {s,t} € E(S) the restriction U{”} — Uj{: t}|'ps(c{s’t}
isomorphism. For each s € § we fix so € S such that ms,, > 2 and we define Uy, :=
Ui, Using (MF2) we know that for each t € S with {s,t} € E(S) the

mapping Uié ,g > Psust © g O ‘Ps_olst is an isomorphism. Thus we have

)is an

S(C{s,t})
L t
canonical 1som0rphlsms Uss — U{S }.
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For each K with s € K € E(S) we denote the image of u € Uyy in Aut(Ag) by uk.
Then for each 1 # u € U, there exist v/, u” € U_g such that (v') xug (u”) k stabilizes ¥ g
and acts on X as the reflection r,_ . By [2, Consequence (3) on p.415] v/, u” are unique
for a given K. Moreover, (u') yuy(u”) s interchanges the elements in X7 N Ps(cy) for all
J with s € J € E(S). There exist also v',v"” € U_g such that (v') u;(v"); stabilizes
Y7 and acts on X; as the reflection r,_ . The uniqueness implies v’ = v’ and v’ = "
and hence v’ and u” do not depend on K. We define for each 1 # u € U, the element
m(u) := vw'uu”, where v/, u” € U_g are as above.

(3.5) Remark. For two groups G, H we denote their free product by G * H.

(3.6) Lemma. Let s € S, let my + Us x Uy = [ csep(s) Aut(Ay) be the canonical
homomorphism, let Ky := kermys and let X; := (UsxU_5) /Ks. Then Uyrs — X, is
injective and (X, (Uxs)) is an RGD-system of type Ay, where we identify Uys with its
image in Xs.

Proof. Note that Uy, — Aut(A;) is injective for each J with s € J € E(S) and U/, £
UO{ Thus Uys — X, is injective and U_; € U in X;. It suffices to show (RGD2). We
show that m(u) = v'uu” conjugates Urs to Uss for every 1 # u € Us. Let J = {s, s0}
and z € Uys. Then m(u); 'z m(u); € U, and hence m(u); e m(u); = (') for
some 2’ € Uz,. By the construction of Uy, — Aut(Ag) for K with s € K € E(S), we
infer m(u)'exm(u)k = (2')k. Thus (z') " m(u)~‘em(u) € K, for each 2 € Uy, and
hence m(u)~tzm(u)Ks = 'K, in X,. This implies that (X, (Uxs)) is an RGD-system
of type A;. O

(3.7) Example. Let A = (A, A_,d,) be a thick irreducible twin building satisfying
condition (lco). Using [15, Theorem 1.5] and [2, Theorem 8.27], A is a Moufang twin
building. Let ¢y € Ay and c_ € A_ be opposite chambers in A and let ¥ be the twin
apartment containing cy and c_. Note that ¥ is isomorphic to the standard thin twin
building (cf. [2, Example 5.136(b)]). The set of chambers of each half is a copy of W and
the set of roots ® can be identified with the set of roots in a twin apartment (cf. [2,
Remark 8.11]). Let U, be the corresponding root groups and let G = (U, | o € @) <
Aut(A). Then (G, (Uy)aea) is an RGD-system by [2, Example 8.47(a)].

Let F = F(A,cq) and ¥ := Rjy(cy)NYE. Then (¥7)jep(s) is an apartment of F. Let
@ UgxU_g — Aut(A) be the canonical homomorphism. Let g € ker ¢. Then ¢ fixes every
rank 2 residue and hence g € kerms. Now let g € kerms. Then ¢(g) € (Uy, UU_q,).
As ¢(g) fixes Ps(cy), we deduce ¢(g) € H,, and hence ¢(g) fixes X. If mg > 2,
then o(g) fixes Ry, 4y(cy) by assumption. If mg = 2, then ¢(g) fixes Pi(cy), as the
corresponding root groups commute. In particular, ¢(g) fixes a twin apartment and all
neighbors of ¢;. Thus ¢(g) = 1 by [17, Theorem 1] and we have kermys = ker¢. In
particular, X; — Aut(A) is injective, where X is as in the previous lemma.
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Let J = {s,t} € E(S) and let H; be the Steinberg group associated with
(H, (U oeas). Let 752 Hy — Aut(Ay), oy Us % U_y — Aut(Ay),0s: Ugx U_g —
H; be the canonical homomorphisms. As 7y : Us * U_s — HseKeE(S) Aut(Ak), we
deduce ker g < kermg j. As w5 g = 7r§t 0 ps, we have pg(ker mg) < g (kerms ;) < ker Tl'?,t
Since ker7r = Z(HJ) we deduce Ky 1= pg(ker my)pi(kermy) < H;. Now fIJ/KSt is
again an RGD -system by [2, 7.131]. Thus we let D; = (.HJ/KSt, (UaKst/Kst)a€¢.J) and
write X ; = I:IJ/KSt. Let g - fIJ — X, be the canonical homomorphism. Then
(st 0 @s) (kerms) < st (Ks¢) = 1 and hence )4 0 9, factors through X — ﬁj/Kst.

(Us xU_g)/ kerms

Ub*U—.S e ﬁJ Yot ﬁJ/Kst—Xst
Ts,J St
T
Aut(AJ)

At this point it is not clear, whether X, — X, is injective (cf. Lemma (3.18)). If
s # t € S are such that ms = 2, we define X;; := X, x X;. We define G to be the
direct limit of the inductive system formed by X, X, for all s #¢ € S. Note that X+
is generated by the canonical image of X, X; in X, and hence G = (X, | s € S). We
note that it is not clear whether Xy — G is injective. If we write 1 # u € Uy we simply
mean that u # 1 in the group Us.

(3.8) Lemma. Let sq,...,8;,8 € S and let u;,v; € Us; be all non-trivial. Then we have
yr(w)mlus) _ prm(vn)-m(vy)

Proof. We show the hypothesis by induction on k. For k = 1 we have m(v1) " 'm(u;) €
Hg, < Nx,, ,(Us). Thus we assume k > 1. Using [2, Consequences (4) and (5) on p.415]
we deduce hm(u;)h~t = m(hu;h=1) and hm(u;)"*h=1 = m(hu;h~1)~! for each h € H,
with t € S and u; € Us,. Note that hu;h~t € Us,. Using induction, this implies for
h:=m(vg)m(ug) ™' € Hy,:

hm(ug—1) "t mur) " Usm(ug) - m(ug_1)h ™!
= m(hup_1h )7L m(huth ™) T AU tm(huyh ™) - m(hug—1 7 Y)
=m(hup_1h™ )"t m(hu k™) T Um(hurh ™) - m(hug— h 1)
=m(vg-1)"" - m(v) T Usm(vr) - -m(ve-1) O

(3.9) Lemma. Suppose s,t,51,...,8k,t1,...,t; €S such that 1 -+ spas =ty -+ tiay. Let
14 u; € Uy, 14 v; € Uy,. Then Ut mu) — grmlvo-=m(v)

Proof. At first we show that we have an action of W on the conjugacy class of Uy, where
s € S acts on every conjugacy class by conjugation with m(u) for some 1 # u € Us. By
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the previous lemma, conjugation with m(u) does not depend on 1 # u € U and m(u)?
fixes every conjugacy class. Moreover, (st)™st acts as (m(us)m(us))™ " € (Hs U Hy) (cf.
[6, Lemma 3.3]) and hence trivially.

We are now in the position to prove the claim. It suffices to show that for w € W
and s,t € S with was = o, we have wU,w™! = U,. We show that claim via induction
on {(w). For ¢(w) = 0 there is nothing to show. Thus we assume £(w) > 0. Note that
w € was = oy and ws ¢ was = oy This implies {1y, t}, {w, ws} € Oay. By Lemma (2.5)
there exist a sequence of panels Py = {ly,t},..., P, = {w,ws} contained in da; and
a sequence of spherical rank 2 residues Ry, ..., R, contained in 8%a; such that P;_;, P;
are distinct and contained in R;. Let z € P,_1 Nay. Then 2 1w € (r,s) for some r € S

and (z7'w)as = ag, where s’ = r if m,s = 3 and s’ = s if m,, is even. It follows
from Lemma (2.5) that = projp _, 1w = projg lw and hence £(x) < {(w). Using

induction, we deduce that wUs,w™! = z(z 7 w)Us(z™ w) e = 2Ugz~ ! =U;. O

For s € S we define U, := Uy (recall that a; € ® is the simple root corresponding to
s) and for @ € ® we define U, as a conjugate of U, as in (RGD2). This is well-defined
by the previous lemma. We put Dr := (G, (Uy)aca)-

(3.10) Lemma. The system Dx satisfies (RGD2) and (RGDA4). Furthermore, (RGD1)
holds for each pair {ca, B} of prenilpotent roots with o(rqrg) < 0.

Proof. It follows by the definition of G and U, that (RGD2) and (RGD4) are sat-
isfied. Let {o, 8} be a prenilpotent pair with o(rorg) < oco. Then there exists R €
9?a N 0?B. Let w = projg lw. Then wla,w™ '3 € &t for some s # t € S.
As [Uy-14,Up-15] < Upy-1a,w-15) holds in X, it also holds in G. This implies
[Ua,Upl" = [Up-10,Up-18] < U-1a,0-15) and hence [U,,Up] < U(’fuilla,w,lﬂ) =
(Upy | v € (wta,w™B)) = Ufap). O

(3.11) Lemma. Let (co,...,cr) be a minimal gallery in (W, S) for some k > 2 and
let o; be the root containing c;—1 but not ¢; for each i € {1,...,k}. Then we have
[Ua;3Us,] = 1 if k = 2 and [Ua,,Ua,] < (Uagy---yUny_y) if k > 2. In particular,
Ua, -+ - Uq, is a nilpotent group.

Proof. For k = 2 we have 0(rq,7a,) < 00 and (aj,az) = 0. Thus the claim follows from
the previous lemma. Thus we can assume k > 2 and proceed by induction. If o(r4,7a,) <
00, then the claim follows from the previous lemma, as (o1, ax) C {asg,...,ar—1}. Thus
we can assume a1 C ag. Let R be the residue containing ci_2, ¢x—1, cx. Note that ¢g ¢ R.
Then there exists a minimal gallery (do,...,d;) in (W, S) with dy = ¢o,dr, = ¢ and
dp—1 = projp co for some p € {2,...,k — 1}. Let B; be the root containing d;_; but not
d; for each i € {1,...,k}. We note that the sets {f1,...,0r} and {aq,...,ax} coincide.
Thus there exists 1 < j < k with 8; = a1. As 8j N R = (), we have j < p. Let dj, be
the neighbor of d,—; in R distinct from d, and let « be the root containing d,_; but
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not dj,. Since the set {8;41,...,8,-1} is contained in the set {az,...,a;_1}, it suffices
to show [Ua,,Uq,] < (U, ,1s---,Up,_,). Since oy, contains co and cj_1, it contains
projp co = dp—1. Since oy, does not contain ¢, the intersection of ay; N R is a root of R.
By Lemma (2.11), therefore, Uy, < (U, UUg,).

Let ug € Uy, Then there exist aq,...,a, € Uy and by,...,b, € Upg, such that u; =
aiby - - - anby,. Using induction, we know that [Uy,,U,], [Ua,,Up,] < (Ug,,,,-.-,Us,_,)-
Let u; € Uy, . We deduce

[ug, ] = [ur, a1by -+ - anbn] = [u1,bn)[ur, a1by - an)’" € (Ug,,,, ..., Us,_,)

Let V := Uy, - - Uy, _, . Using induction, V' < G. Since [Uq,, Ua, ] < (Uaiyys -+ Uay_y) <
Viforl <¢ < k-1, we have VU,, = U,, V. It follows that VU,, = Uy, -+ U,, is
a subgroup of G. In particular, the subgroup is nilpotent because of the commutator

relations and the fact that the groups Uy are nilpotent. O

(3.12) Lemma. Let (co,...,cr) be a minimal gallery in (W, S) for some k > 1 and let
a; be the root containing c¢;—1 but not ¢; for each i € {1,...,k}. Then the product map
Ug, X -+ X Uq, = (Uq, | 1 <0 < k) is a bijection, if Dx satisfies (RGD3).

Proof. As in the definition of an RGD-system we let Uy := (U, | @ € &4) < G. At
first we assume that U_,, NU; # {1}. Then [2, Consequence (1) on p.414] would imply
U_q. < Uy, which is a contradiction to (RGD3). Thus U_,, N U4 = {1}.

By the previous lemma we have (Uy,,...,Uqs,) = Uq, -+ Uy, and hence the product
map is surjective. We prove by induction on k that it is injective. If kK = 1 there is nothing
to show. Thus let £ > 2 and let u;, v; € Uy, such that uy ---up = v; - - - vg. Then we have
vl_lu1 = vy vk (ug - - -up) "t Using (RGD2) we can arrange it that oy = —a, € ®_ for
some s € S and a; € @4 for every 2 < ¢ < k. Since U_,, N U+ =1 we obtain u; = vy
and ug -+ - U = vg - - - u. Using induction the claim follows. O

(3.13) Theorem. If Dr satisfies (RGDO) and (RGD3), then Dg is an RGD-system.

Proof. By assumption and Lemma (3.10) it suffices to show (RGD2) for all roots a, 8 € ®
with @ C . Suppose «, 5 € ® with a C , let G = (co,...,c;) be a minimal gallery
in (W, S), let a; be the root containing ¢;_1 but not ¢; for each i € {1,...,k} and let
a1 = o and o, = . Using Lemma (3.12) we obtain a unique set I C {2,...,k — 1} and
unique elements 1 # u,, € Us, such that [uqa, ug] = [[;c;

Let (dg,...,dy) be a minimal gallery in (W, S) and let 8; be the root containing
d;—1 but not d; for each i € {1,...m}. Suppose that f; = o and 3, = 8. Assume that
co = do or ¢, = dp,. We claim that for all p € I we have oy, € {B2,..., Bm-1}.

Uy, -

Proof of claim. We only prove the claim for ¢y = dy. Similar arguments yield the claim for
¢k = dm. Let P:={cg_1,cx} and Q := {d—1,ds }. Then P, Q € 0B. Using Lemma (2.5)
there exist a sequence Py = P,..., P, = @Q of panels in 98 and a sequence R1,..., R,
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of spherical rank 2 residues in 88 such that P;_, P; are distinct and contained in R;.
We will show the claim by induction on n. For n = 0 there is nothing to show, as in this
case we have {aa,...,ax_1} ={B2,..., Bm-1} Thus we assume n > 0. Note that by [2,
Lemma 3.69] every minimal gallery from c¢q to a chamber which is not contained in § has
to cross O and 9. Let (eg = co, . . ., ;) be a minimal gallery such that P,—1 = {e;_1,¢€;}
and e, = projg, €o for some z. Moreover, we let ; be the root containing e;_; but
not e; for each ¢ € {1,...,1}. Using induction, we have o, € {72,...,v—-1} for each
p € I. Using Lemma (3.12) we obtain a unique set J C {2,...,l — 1} and unique
elements 1 # v,; € U,; such that [ua,us] = [[;c;vy,. Note that o # 71 in general.
Now we consider the minimal gallery (eg,...,e. = projg_eo,...,emn) with e.,... e, €
R, and Q = {emn-1,em}. Let §; be the root containing e;—; but not e; for each i €
{1,...,m} and note that v; = 9; for all i € {1,...,2}. Using Lemma (3.12) again, there
exist a unique set F' C {2,...,m — 1} and unique elements 1 # x5, € Us, such that
[Ua,ug] = erF xs,. Extending both galleries to ¢, where e.,q are opposite in R, we

—1
have [[;c; vy, = [ua,ug]l = [[;cp ®s, and hence (szfeFx(;f) . (szjergj) =

(Hz<f€Fx5f) . (Hz<j€ngj> 1. Lemma (3.12) implies that both sides are trivial and
as (U, |z <z <N, | 2z <x < m)={1}, we deduce J,F C {2,...,z — 1}.
We have [],.;
and hence u,, , = u‘l(Hjer%.)u’_l € (U, |2 <j <1—2) and the previous lemma

Ua;, = [[;e; vy, Assume y_1 € {a; [ i € I}. Then [ua,ug] = uu,, v

yields a contradiction. Thus y,_1 ¢ {a; | ¢ € I} and a, € {v2,...,Yi—2} for all p € I.
Repeating that argument we deduce o, € {y2,...,7.} = {02,...,6,} for all p € I. As
{B1,--+sBm} =1{d1,...,0m}, the claim follows.

Now assume that for p € I we have o(rgra,) < co. Then there exists R € 9>8N 9%,
Suppose @@ € 93 such that @ C «a, N R and let projpco # ¢ € Q. Then a minimal
gallery from cy to ¢ does not cross the root a,,. This yields a contradiction and we infer
o, € B for every p € I. Using similar arguments, we deduce a C ay, for every p € 1.

Since v € (a, B) if and only if « C v C 3, the claim follows. O

(3.14) Corollary. If the canonical mappings Urs — G are injective and if D satisfies
(RGD3), then Dg is an RGD-system and we have F = F(A(Dg), B+).

Proof. By Theorem (3.13) Dr is an RGD-system and it suffices to show that the two
foundations F and F(A(Dg), B4) are isomorphic. Since Uy, — G are injective, we do
not distinguish between them and their images in G.

BEach Ag, 4y is a spherical Moufang building for s # ¢ with {s,t} € E(S). Thus there
exists an isomorphism By, 1+ Xst/Bssy — Ao}, 9Brsy — 9(c(sey) by [2, Lemma
7.28], where By, ;) = (H, U H, UU, | a € "),

By Remark (2.12) and Lemma (2.14), we know that oy, @ Xs¢/Brsn —
Ris 1 (B1),9Bgssy — 9By is an isomorphism for every {s,t} € E(S). Thus we have
an isomorphism 7y, 4 1= g4} © ﬂggl’t} Ay = Ry (By),d = gleqs ) = 9By
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It remains to show that v{, 5} (d) = (Vis.ey © @rst) (d) for every d € Ps(cyys}). Let
d = g(cqy,sy) for some g € wiu Uil?) Let g; € Uj{:ci} such that ¢ = g1 --- g, and
let g} € Uis’t} be the unique element such that 9£|7’s(qs.t}) = Qrst O Gs

Qs

—1
'PS(C{TYS}) © LID’!‘St'
Let ¢’ :==g1...¢,,. Then

Prst(d) = @rst<g(c{r,s})> = Prst (g Ps(cir,sy) (“prfs%‘/(c{&t}))> = gll o 'giz PS(C{S,t})(C{S,t})

=g (cfs1y)

Since g; = g; in G, we deduce ¢’ = g in G. As v{, 53 (d) = V(1 (9(c{rs1)) = 9B, we
have

(’7{5,t} o Qorst) (d> = Y{s,t} ((prst(d» = V{s,t} (g,(c{s,t})) = g/BJr = gBJr
= ’Y{T,s}(d) ]

For J C S we define Gy to be the direct limit of the groups X, and X;.: with
the canonical homomorphisms as above, where s # t € J. It follows directly from
the definition of the direct limit that we have a homomorphism G; — G extending
Xs, X5t = G. Wedefine (Dr); = (G, (Ua)acas) and note that we have D x ) # (Dr) s
in general, as the group X depends on F.

(3.15) Lemma. Let F be an irreducible Moufang foundation of type (W,S) satisfying
condition (Ico). If J C S is irreducible such that |J| > 3 and Fy is integrable, then the
following hold:

(a) Let Ay be a twin building of type ((J),J) and let ¢y be a chamber of Ay such that
F =2 F(Ay,cy). Then we have a canonical homomorphism Gj — Aut(A )

(b) The homomorphisms Uyss — G are injective for every s € J and (Dg)y is an
RGD-system.

Proof. Since F; is integrable, there exists a thick twin building A; of type ((J),J)
and a chamber ¢y of Ay such that F; = F(Ay,cy). Using [15, Theorem 1.5] and [2,
Theorem 8.27], Ay is a Moufang twin building. Let € € {+,—} be such that ¢y € C.. By
Lemma (2.8) there exists a twin apartment ¥ containing the image of the apartments
(Xk)ker(n of the foundation. As we have seen in Example (3.7), K, fixes Ay and
we have homomorphism X; — Aut(Ajy). Clearly, Ui, — Aut(A;) are injective. Let
{a,B} € &1t be a prenilpotent pair. Note that for s # t € .J, restriction of an
automorphism of Ay to Ry, s (cs) is an epimorphism. Using [2, Corollary 7.66] it is an
isomorphism from Up, g to its image in Aut(Ry, 4 (cs)). Thus we have a homomorphism
ﬁ{s)t} — Aut(Ay) for mg > 2. As K is contained in the kernel of this map, we obtain
a homomorphism X, , = f{{s’t}/Kst — Aut(Ay) for mg > 2. As Uy, commutes with
Uiq, in Aut(Ay) if mg = 2, we also have a homomorphism X ; = X, x X, — Aut(Ay).
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We conclude that there exists a homomorphism Gy — Aut(A ;) mapping Uy onto UL, -
Thus (a) follows. Note that Uy, < (Ua, | s € S) fixes ¢, for every v € @, whereas U_,,
does not. Thus (RGD3) holds and (b) follows from Theorem (3.13). O

(3.16) Lemma. Let F be a Moufang foundation and let J C S be reducible such that
|J| = 3. Then Uys — G is injective for all s € J and (Dg); is an RGD-system.

Proof. Let J = {r,s,t} and assume m,s = 2 = m,;. If ((J),J) is of type Ay x A1 x Aj,
then Gy, . = X, X Xs X X;. Otherwise, we have Gy, ;3 = X X X, ;. In both cases,
(Dr)s is an RGD-system. O

(3.17) Lemma. Let F be an irreducible Moufang foundation of type (W,S) satisfying
condition (1co). Then F is integrable if and only if Dx is an RGD-system and Uys — G
is injective for all s € S.

Proof. One implication is Corollary (3.14); the other follows from Lemma (3.15)(b) ap-
plied to J =S5. O

(3.18) Lemma. Assume that for each irreducible J C S with |J| = 3 the J-residue Fy is
integrable. Then X; — X, is injective for all s #t € S.

Proof. Let s #t € S. If ms = 2 there is nothing to show, as X;; = X x X;. Thus we
assume mg;, # 2 and let 1 # g € ker(X, — X, ¢). Since ker(X; — HseJeE(S) Aut(Ay)) =
{1}, there exists K with s € K € E(S) such that g ¢ ker(X, — Aut(Ag)). As g €
ker(Xs, — Xs¢), we have g € ker(X, — Aut(Ay, ;) and hence K # {s,t}. Let J =
K U {t}. Then J is irreducible. As F; is integrable, there exists a twin building A and
a chamber ¢ of A such that F; & F(A,¢). By Lemma (3.15)(a) we obtain that G ; acts
on A. As g is trivial in G; but not in Aut(A), this yields a contradiction and hence
Xs = X, is injective for all s £t € S. O

4. The 3-spherical case

In this section we let F be a Moufang foundation of irreducible 3-spherical type (W, .S)
and of rank at least 3 satisfying condition (lco). Moreover, we assume that for each irre-
ducible J C S with |J| = 3 the J-residue F is integrable and satisfies condition (Isco).
Let (EJ)JGE(S) be an apartment of F and let Uys, X5, X5+ and Dr = (G, (Uy)aca) be
as before.

Our goal is to show that F is integrable. By Corollary (3.14) it suffices to show that
the canonical mappings Uys — G are injective and that Dx satisfies (RGD3). We will
show that G acts non-trivially as a permutation group of the set of chambers of a building
and deduce both assertions from the action. For all s € S we fix 1 # e; € Uy and let
ns :=mles).
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For s #t € S with mg = 2 we define Ay, ;3 to be the spherical building associated
with X x X} (cf. [2, Proposition 7.116]). Using [2, Proposition 7.116, Corollary 7.68 and
Remark 7.69]), we get (similar as for Moufang buildings) a natural labeling. In particular,
((US U 00s)ses, (A{s,t})s#es) is a blueprint. We will denote it by B and remark that
the restriction of B to any A; x A residue is natural.

(4.1) Lemma. Let J C S be drreducible and of rank 3. Then the blueprint B(r,) is real-
izable.

Proof. Since F; is an integrable Moufang foundation, there exists a thick twin building
A = (A4, A_,4,) and a chamber ¢ of the twin building A such that F; = F(A,c¢).
Without loss of generality let ¢ € C4.. Let ¥ be a twin apartment containing the images
of the apartments (Xx)xep(s) of the foundation. We deduce from [15, Theorem 1.5]
and [2, Theorem 8.27 and Proposition 8.21] that A is a spherical Moufang building. By
Proposition (2.18) the building A conforms to the blueprint given by its restriction to
E»(c) and the natural labeling of Ay, i.e. (Ua, U{00s})ser, (Rys,i3(€))sstes ), Where the
Ui, are the root groups corresponding to the roots in ¥ N A;. We will show that A
conforms to B(r,). As we have a labeling of A of type (Us, U {00s})ses and Us — U,,
are isomorphisms, we also have a labeling of type (Us U {00s})ses. Let R be an {s,t}-
residue of A . Then there exists an isomorphism g : Ry 4y (c) — R such that z, pr(z)
have the same s- and t-labels for each x € Ry, (c). As F; = F(A,c), there exist
isomorphisms ax : Ax — Rx/(c) for each K € E(J). Then = and ay, (z) have the
same s- and t-labels and hence A conforms to the blueprint Br,. In particular, B(r,)
is realizable. O

(4.2) Theorem. The blueprint Br is realizable.

Proof. Let J C S be of rank 3. Then J is spherical by assumption. If J is irreducible,
then F; is integrable and hence Bz, is realizable by Lemma (4.1). If J is reducible,
then Bz, is realizable by Lemma (2.20). Thus each restriction to a spherical rank 3
subdiagram is realizable and hence the claim follows from Corollary (2.17). O

Recall that Hy, = (m(u)ym(v) | u,v € U\{1}) and By = (Hs,Us | s € J) for
J C S seen as subgroups of X, and X, ; (and not of G). Then we have uifl e U;

for uy € Uy, h € Hy and ul?, [us, u]™ € Bygyy for s #t € S us € Us,uy € Uy
4.1. An action associated with left multiplication

(4.3) Theorem. Let s #t € S. Then By, acts on the set of sequences of C(Br) as a
permutation group as follows: Let s1,...,s; € S be such that s1--- sy is reduced and let
u; € Us,. Let r € {s,t} and g € U, U H,. Then wp(g,()) := () and for k > 0 we have
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1

g7 aWB(gn"’17(U27~~~,Uk))) ng € H’I“)
wp(g, (u1,...,ux)) = < (qui,uz, ..., ug) ifr =81 and g € U,,

(ur,wp(g"rlg,ua]™, (uz, ... uk))) if r #s1 and g € U,.

(u

Proof. We have to show that every relation in By, fixes (u1,...,ux). We prove the
hypothesis by induction on k. For £ = 0 there is nothing to show. Thus we assume k > 1.
We consider a relation in By, = (Hs U Hy) x (Us U Uy) (note that H,, H; normalize
Us, U and their intersection is trivial by [2, Lemma 7.62]). We distinguish the following
cases:

Relations in (H;UHy): Suppose hy, ...,y € (H;UH) with hy - -+ by, = 1in (H;UHy).
Then wp(hy - s (w1, - ) = @7 Gp (T B (uss . ., ug))). We have
ughlmhm)il =wuyand [[}", h?” = (h1 -+ hpy)" is arelation in Gy, ¢ 5,1. As the product
is contained in By, s}, it is a relation in By, , ;. Note that (D]:){&t,sl} is an RGD-
system by Lemma (3.15)(b) or Lemma (3.16). Using Lemma (2.13) we know that By ¢ 5,3
is the 2-amalgam of the groups By, with r € {s,?,s:}. By the universal property of
direct limits, we have

m n

Ns —1
Hhi ! :HQi i 9i
i=1 =1

for some g; € By, ;) and relations r; € Byg sy U Bys 5,3 U By s,y in By ). Using
induction, we already know that all relations in By}, Byss,}, Byt,s;} act trivial on
sequences of length at most k£ — 1. In particular, the group By, ; .} acts on all sequences
of length at most k — 1. Using induction, we obtain the following:

n

wp(hy -l (U, ..o ug)) = (ul,wB(Hgflmgi, (ug,...,ug))) = (u1,...,uk)
i=1

Relations in (Us U U): Suppose v1,...,0, € Us,wi,...,w, € U; such that
[T%, viw; =1 in (Us UU;). We distinguish the following cases:

(CaseI) s1 ¢ {s,t}: Then wp([[2, viwi, (u1,...,ux)) = (u1,wp(d, (u2,...,ux))),
where b = [/, v [vs, wi )™ 1w, ** [wi, ug )1, and b = ([0, viw;)"" " is a
relation in Gy, sy and hence in By s,y. As before, the claim follows by
induction.

(Case II) sy € {s,t}: Without loss of generality we can assume s; = ¢. Then we compute

m m Mgy n
w([ ey viws, (U1, ..., up)) = (w1 wpur,ws([[mq vy " Vi, wi - - wpua]™o,
(ug,...,ux))). Consider now the action of Us,U; on Ay, 4. Since [T, viw;
is a relation in (Us U U;) and Us fixes the t-panel containing a fundamental
chamber, the element w; - - - w,, € U; acts also trivial on this ¢-panel. Since the
action of U; on this panel is simply transitive, we deduce ws - - - w,, = 1. This
yields that:
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m m sy
Mg ne, -1
Hvi Mo, wi - - wpug )" = H(wi~~~wmu1) ViW; - - Wi

m ULTsy
—1
(wi.a.wm) ’l}zwl...wm
7

m UL sy
= ((wl ) Hmw)
=1

is a relation in G'(5 ) and hence in By ;. The claim follows by induction.

It remains to show that for all z,y € {s,t},h € Hy,v € Uy = hlv7lh =
(h=tvh)™! € U, the element h~'vhv’ fixes (u1,...,ux). We distinguish the following
cases:

(Case I) y = s1: Then wg(h~tvh', (u1,...,ug)) = ((v(v’ul)hfl)h,wB((h_l)”Sl h™e1

(ug,...,uk))). As (v(W'up)" )P = vhv'uy = uy in U, and (h™1)"s1h™ is a
relation in Gy} and hence in By, the claim follows by induction.

(Case II) y # s1: Then wp(h~ vk, (uy, ... up)) = (! )P, wg(b, (ug, - . ., ux))), where
b= (h= Y™ o, ul e hrs (v))e [0 ug )", and b = (h™toho!)¥1 s a
relation in Gy, ,,) and hence in By, 1. As before, the claim follows by
induction. 0O

(4.4) Lemma. Let J C S be such that [J| < 3. Let ui, u; € U;c; Uj.

(a) Letg € By be such thatwp(g, (u1,...,ux)) = (uy,...,u}). Then g-uing - - - ugni By =
uing - - upngBy.

(b) Let g1,...,9m € UjeJ U;. Assume that the action wp does not stop after r steps,
i.e. wp(gr gm, (U1, ... uk)) = (U, ..., u,we(g, (Urg1, ... uk))). Then we have
g = (Wny - -uln.) tg(uing - upn,) in Gy, where g = g1+ gm.-

Proof. We prove Assertion (a) by induction on k. For k = 0 the claim follows directly, as
wp(g,()) = () and g-B; = Bj. Thus we assume k > 1. It suffices to show the claim for g €
UsUH, with s € J.If g € Hy, we have wp(g, (u1,...,ux)) = (uf{il,wB(gnl, (ug, ..., ug))).
Let wp(g™, (u2, ..., ux)) = (uh, ..., u}). Using induction we have g"* -ugng - - - upni By =
uyng - - - upn,By. This implies

1 -1
— g n _ g / /
g-uing - upngBr =u] nig™Mueng - upgngBr = u] niugng - upng By
gt I :
wp ULy .. Ug)) = (U Uy vy U im WS. W we Ssu 3
As J(ug,. .., 1 ,U5,...,uy), the claim follows. No e suppose g €

Us for some s € S. If uy € Us, then wp(g, (u1,...,ur)) = (gui,us,...,ux) and
g - uiny - -upngBy = (gui)njusng -+ - ugngBy. Thus we assume uy € U; for some
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s # t € S. Then we have wg(g, (u1,...,ur)) = (u1,ws(g™ [g,u1]™, (uz,...,ux))).
Let wp(g" (g, u1]™, (ug, ..., ux)) = (uh,...,u}). Using induction we have g™ [g, u;|™
Uy - - - upnE By = u4ns - - upng By, This implies

n n ! !
guing - - upng By = u1nig™ g, ur]" ugng - - - upng By = uinqjugng - - - upng By

As wp(g, (U1, ..., uk)) = (u1,ub, ..., u}), the claim follows. We prove Assertion (b) by
induction on r. Let j € J be such that u; € U;. Let i1 < ... < i, be all indices such
that g;,,..., s, € U;j. Then we have the following in G;:

wB(g7 (u17' .. ,’U,k)) = (gil o 'ginuth(g/a (Ug, e ,’U/k)))

where ¢' = TT7_ IT,20 14 907 [99: Gias -+ Gina]™ and i := 0,41 := m + 1. We com-
pute the following:

n tzy1—1

= H H gyv Gigir " ginul]nj

r=0y=iy+1
n fz+1—1
— n;

=1I II (@i gisun) 'gy(ginsy - gi,u0))™

r=0y=i,+1

n ipt1—1 "
=TI (s i)™ | T 9] @irpr - gim1)

x=0 Yy=iz+1

= ((gn e giun)” <H gy> u1>

= (9i, "'ginuﬂh)_ guini
As ¢’ € (U; | j € J), the claim follows by induction. O

(4.5) Lemma. The action in Theorem (4.3) maps equivalent sequences to equivalent se-
quences. In particular, wg extends to an action on the set of chambers of the building
Cn, as a permutation group.

Proof. In this proof we use the notation Us,...s, for Us, x---xUs, . It suffices to show that
every element in (J,.. g U, U H,. maps two elementary equlvalent sequences to elementary
equivalent sequences. Let s £ t € S, let u = ujugus be of type (f1,p(s,t), fo) and
U = U otz be of type (f1,p(t,s), f2), where g and U are equivalent in Ay, ;1. It suffices
to show the claim for the sequences ugus of type (p(s,t), f2) and vpus of type (p(t, s), f2).
Suppose w € W and s # ¢t € S with £(sw) = {(w) + 1 = £(tw). Let (uy,...,um) €
Up(s,t)s (V1, -+, Um) € Upp,s) be equivalent in Ay, 4y, let s1,...,5, € S be such that
w = 818 is reduced and let (wy,...,wg) € Us,...s,. Then (uq,...,Um, w1, .., wg)
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and (vi,...,Um, w1, ..., ws) are elementary equivalent. First we assume that g € H,. for
some 7 € S. Then we have the following:

(W, ... u  w(gP™em™) (wy, ... w)))

WB(g) (ula" '7umaw17"'awk))

wB(gs (V1 O W wg) = (V] o, wi (P, (wh - wr)))

Let J :={r,s,t}. We deduce from Lemma (4.4)(a) and Corollary (2.19) that

i / / / ! ! / /
ung - Uy, M By =g -uiny - - upnm By = g-viny - vpmn,, By =ving - v, n, B

Using Corollary (2.19) again, we deduce that (u},...,ul,) ~ (v{,...,v),). Since
p(ns,n¢) = p(ng, ns) is a relation in Gy, 54y, we obtain gPnsme) = gp(nems) i Birs.4y
and by Lemma (2.13) they act equally on (wq, ..., wg).

Now let g € U, for some r € S. We note that (u1,...,ur) =~ (v1,...,v;) for u;,v; €

Us U Uy implies uing - - - upng = vin} - --vpny, (cf. Corollary (2.19) and [16, p. 87]). We
consider the following two cases:

(Case I) r € {s,t}: W.lo.g. we assume that r = s. Then

WB(g’ (Ul,...,um,U)l,...,’IUk)) = (gU1,U2,...,Um,’lU1,...,Wk)-

Let vy, ..., v, besuch that wp(g, (vi,...,v))=(v],...,v;). By Lemma (4.4)(a)

and Corollary (2.19) we deduce (guq,us,...,ux) =~ (v{,...,v;). Now there are

two possibilities:

(a) wp(g, (V1,-. ., Um, w1, ..., wg)) = (V],..., 00, wy,..., wg), i.e. the action
stops after at most m steps. Then the claim follows directly.

(b) wp(g, (v1,...,vp,w1,...,wg)) = (v],...,0,,ws(¢,wi,...,w)): Then
by Lemma (4.4)(b) we deduce ¢ = (vin}---vl,n. ) Lg(viny - vmnl))
in G(,4;. But then we have the following in G, 4):

g = Winy - vpng,) T Hg(ving - vy, )
= (guinjugng - - 'umnm)ilg(ulnl CeeuRng)
=1
Thus wp(g’, (wi,...,wg)) = (w1, ...,wy) and the claim follows.

(Case IT) r ¢ {s,t}: Suppose that wg(g, (u1,...,ux)) = (uf,...,u)) and wg(g, (v1,...,
vg)) = (vf,...,v}). Then Lemma (4.4)(a) implies

! !/
G uINL - U N By g 4y = uina - Uy N B g 1)

/ / o ;o
g-ving -+ "Umnt{r,S,t} =Uny--- Umnt{Tys,t}
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In particular, we deduce that

(o ’ -1
g = (Uing - upny)  guUAnY . UMy € Bips )
"o (o0 ;o1\ 1 ’ /
g" = (vpny - vpny,)  guing e vmng, € Bisn
/ li :
Assume that wp(g, (u1,..., Um, w1, ..., wg)) = (Wy,...,u,,wy,...,wg), ie.

the action stops after at most m steps. Then guing - - - Upmnm = wing - ul, Ny,
and ¢’ is a relation in G(rsty- We will show that this is a contradic-
tion. Let w,u’ € (U,, U U,,) be such that wini - - umn, = un(w) and
uiny - ul,ny, = u/n(w) as in [16, Lemma (7.4)]. Then (u')~lgu is a relation
as well and we deduce Uy, N (Uy, UUy,) # {1}, which is a contradiction. Thus
¢’ cannot be a relation. Moreover, we have uing -« tmng, = vinj -« vmn,,,
as (ug,...,um) =~ (V1,...,0m), and wing - -u Ny = viny vl as
(uh,...,ul,) ~ (vi,...,v.,) by Corollary (2.19). In particular, we have ¢’ = ¢”

in By, 54 and g” is no relation as well. In particular, the action does not stop
after at most m steps. Together with Theorem (4.3) we obtain the following:

wi(g, (U1, .Uy wr, .y wg)) = (U, ul,,wie (g (Wi, . wm)))
~ (v, ..., v, we(g", (W, ..., wy)))
=wp(g, (V1,. .., Um,W1,...,wg)). O

(4.6) Lemma. Let s1,...,5; € S be such that sy -+ sy, is reduced and let u; € Us,. Then
we have for each s € S a well-defined mapping

w(ns,-) :C(Br) — Cp;,

WB(n§17[u2,...,Uk;]) if s=s1,u; =1,
[ﬂlawB(b(ul)a[u23~'~auk])] Z'fszslvul # 1,
(u1, ,Ug) .
My, u1,. .., uk if b(ss1---sp)=k+1
w(ns, (v1,...,v%)) else,
where (vi,...,vg) is of type (s,to,...,tg),sla- -t = s1---s; and (ug,...,ug) =~
(v1,...,vk). Moreover, this mapping extends to a mapping on the set of chambers of
Cg,. More precisely, for any two equivalent sequences (uy,...,ux) =~ (v1,...,v5) we
have w(ng, (ug, ..., ug)) = w(ng, (v1,...,vx)).

Proof. It suffices to show that the mapping maps equivalent sequences to the same
chamber in the building. Suppose s1, ..., Sk, t1,...,tx € Ssuch that sy -+ s =11 - -ty is
reduced. Let u; € Ug,,v; € Uy, be such that (u1,...,ux) >~ (v1,...,v%). If £(ss1---s1) =
k+ 1, we have (1,uq,...,ug) ~ (1,v1,...,v) and hence [1,uq,...,ug] = [1,v1,...,vg].
Now we assume £(ssq---sx) = k — 1 and distinguish the following cases:
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(a) s1 = s = t1: As sp---s = tg-- -1y, there exists v] € U, with (v5,...,v},) ~
(v,...,vx). Moreover, we have (u1,...,ux) =~ (v1,...,v) = (v1,05,...,v;,) and
Corollary (2.17) implies u; = v and u; = v} for each i € {2,...,k}. In particular,
(ug, ..., up) = (Vh,...,v) =~ (v2,...,v;). Using Lemma (4.5) we deduce

61,U27...7vk]) if’[}lzl
w(nsa(v17"‘v = .
thg [UQ,...,'Uk])] lf’ljl#l
B Sl,wg,...,wk]) ifw; =1
wlva [w27"'7wk])] if w1 7£1
= w(ng, (wi,...,wg))

(b) All other cases can be reduced to the previous case by choosing suitable equivalent

sequences. [

(4.7) Lemma. Let s € S and hs := ng € H,. Moreover, we let s1,...,s; € S be such that
S1 -+ Sk is reduced and we let u; € Us,. Then the following hold:

w(n57wB(hsv [u17 o 7uk])) = wB(hSaw(nSa [u17 s 7uk]))
Proof. We distinguish the following cases:

(a) s =s1,u; = 1: Then hj}* = hy is a relation in By, and the following holds:

wns,wp(hs, [u,...,ug])) = w(ng, [1,ws(hls, [ug, ..., ug])])
= wp((nH)hs, [ug, . .., ug])
= wp(hg,wp(n?, [us, ..., ux]))
= wp(hs,w(ns, [1,uz, ..., ug]))

(b) s = s1,u; # 1: Note that u17 nsBisy = u17 n b(u1 )h By )= nsul nsh By =
nshsuingsBysy = hsnsuini By, = h ulnsb(ul)B{s} = Uy hit nshsb(ul)B{s}. Thus

we have u?‘: =u"s " in U, and b(u1 )hS = hY=b(uy) is a relation in By,y. More-
over, hgs = hg in Bygy. Thus the following holds:

-1

w(ng, wplhs, [ur,- .., u))) = wing [y wp (b, [ug, ..., ug)])
= [ wpb(l Yh, [us, . .., ur])]
= [@" wp(hb(w), [us, . .., ug])]

= wp(hs, [a1,wp(b(ur), [ug, . . ., uz])])
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= wp(hs,w(ns, [u,...,ux]))

c) £(ss1---sk) =k+ 1: Then hls = hy is a relation in By, and the following holds:
s {s} &

W(nsuwB(hsu [ulv B ukD) = [1U5,OJB(h?5, [ul’ T 7uk])]
= o.)B(hsa [1Us’u1’ cee ’ukD
= U.)B(hs,w(nsa [’U,l, s ,'Lbk]))

(d) s # s1 and £(ssy---si) = k — 1: Let (ug,...,ug) =~ (v1,...,v;) be with v; € Us.
Using Lemma (4.5) we deduce wg(hs, [u1,...,ux]) = wp(hs, [v1,...,vk]). Using the
cases (a) and (b) we have the following:

w(ng,wp(hs, [u1,...,ug))) = wlng,wg(hs, [v1,...,vk]))
= wp(hs,w(ns, [v1,...,0k]))
= wp(hs,w(ns, [ur,...,ux])) O

(4.8) Lemma. For each s € S we have n, € Sym(Cg,.) via

1

w(ng,wp(ng?, [u,...,u ifg=n2
w(g, [ur, ..., uk)) —{ (ns,wp(ng ™ [ur, . url)) if g =n;

B w(ng, [ug, ..., ug)) if g =mng

Proof. It suffices to show that n; n, fixes every sequence. Once this is done, we deduce
the following:

wngng ) [ug, ..., ui]) = wnsng, wp(ng?, [u,. .., uxl))
= w(ns(n) (g *)ns, wp(ng?, [, .. wil))
= w((nd)ns(ng)ns, wp(ng? [u,. .. wl))
= w((nd),wn(n? [ur, .. ux]))
= [ug, ..., ug
Now we will show that n;'n, fixes every sequence. Let si,...,s, € S be such that

s1 -+ Sk is reduced and let u; € Us,. We distinguish the following cases:

(i) s = sy and u; = 1: Then w(n; ng,[u,...,ux]) = [L,wp(n;2n2, [ug,...,u])] =
s ],
(ii) s = s1 and uy # 1: Then

w(nbflns, [ulv s 7uk]) = w(n;:[? [ElawB(b(u1)7 [uQa s ,Uk])D

— (g, @, wp (02" b(ur), [uz, ..., ug])])
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= [} wp (6@ ) (n2)" b)), [ua, ., ui]

2
We note that uing By :ns_lnsulnsB{s} :nsns_Qﬂlnsb(ul)B{s} :nsﬂ?snsB{s} =

H?znsB{s}. Thus u; = ﬂ’fg and b(ﬂ?g)(n;2)”5b(u1) is a relation in By,y. The claim

follows now from Theorem (4.3).

(iii) £(ss1---sk) =k + 1: Then w(nying, [u1,...,ux]) = wp(n2(n;3)", (u,...,ux)) =
[ul,...,uk].

(iv) (ss1---sx) = k—1 and s # s1: Let (v1,...,v5) € [ug,...,ug] with v; €
Us. Then we have w(nlng,[vi,...,vk]) = [v1,...,vx] as before and hence
winging, [ug, ... ug)) = [v1, ..., o8] = [ur,...,ux]. O

4.2. Some relations in Sym(Cg,)

In this subsection we will show that the relations in Theorem (2.9) act trivial on the
set of chambers of Cg,.. This will imply that G acts on the set of chambers of the building
Cs

.
(4.9) Lemma. For s € S and 1 # us € Us We have nsusns = usnsb(us) in Sym(Cg,).

Proof. Let (u1,...,ur) be a sequence of type (s1,...,sx). We distinguish the following
two cases:

(a) £(ssy---sg) =k+ 1. Then we have

w(nsusng, [U1, ..., ug]) = [Us, wp(blug), [U1, ..., uk])] = w@snsb(us), [u1, ..., ux])

(b) £(ss1---sk) =k—1: W.lo.g. we assume s = s1. We let b(us) = vshs and distinguish
the following cases:

(i) u1 = 1: Then we compute the following:

UJ(TLSUSTLS, [1,712, cee 7uk]) = [1,wB(usnf, [UZa R ukD]

w(@snsb(us), [1,ug, ..., ug]) = [G@sTs, wp (b(vs)h2e, [ug, ..., uk])]

Comparing the cosets in the Moufang building we obtain wsv; = 1. Moreover,

we have the following:

1——1
S

ne _ o —1——1— -1 I 1 -1
b(vs)hys =ng T, Tsnsb(vs)ng “hsng =ng T, Uy UsNsVsNsN,  NgNg

-1 2
=Ng NsUsNsNs = UsN

Thus (usn2) 'b(vs)h}* is a relation in By, and the claim follows.
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(ii) w1 # 1: Then we compute the following:

w(NstsNg, [U1, ..., u])
 Jws(nZb(ur), [uz, ..., uk]) if u,ty = 1
a {[m, wp (b(ust1)b(ur), [uz, . .., ug))] if usty # 1
w(@snsb(us), [ut, ..., ug))
B wp(Usn2hls, [ug, ..., ux]) if vsuils_1 =1
- [ﬂsvsu’f?,wB(b(vsuFl)h?S, [ug,...,ug])] if vsu}fs_l #1

Note that in X we have ngusuinsdb(u1) = nsusnsuing = Tsngb(us)uins =
ﬂsnsvsu??nsh’;s. If usu; = 1, then the left hand side is contained in By,. If
vsu’f;l # 1, then U_,, N B,y # {1}, which is a contradiction. Thus usu; = 1
implies vsulf;1 = 1. On the other hand if vSuTS_1 =1, then the right hand side
is contained in By,y. If u,uy # 1, then again U_,, N By # {1}, which is a
contradiction. Thus vsu}f‘zl = 1 implies usu; = 1.

Assume that usu; =1 = vsuigl. Then n2b(uy) = Usn?h" in X and hence
in Bygy. Thus we are done. Now we assume that usu; # 1 # Usuils_l. Note that
in X we have the following:

ustinsb(usty)b(uy) = nsustinsb(u)
=MNsUsNsUINg
= usngb(us)uing

_ ht
= UgNgVsUy ° Nshy®

_ hit [
= Usvsuy® nsb(vguy® )hYe

This implies usu; = ﬂsvsu}f‘:l and hence b(usuy)b(uy) = b(vsuFl)hZS. Thus

we are done. 0O
(4.10) Lemma. For s,t € S and h € H; we have nshng = n2h™ in Sym(Cp,. ).

Proof. Let (uq,...,ur) be a sequence of type (s1,...,sx). We distinguish the following
cases:

(a) £(ss1---sk) = k+1: Then we have w(nshns, [ug, ..., ux]) = wp(n2h™, [ug, ..., ux)).
(b) £(ss1---sk) =k — 1: Again we can assume s = s1. We distinguish the cases u; =1
and u; # 1 and compute the following:
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wnghng, [Lous ... up]) = [1,wp(hn2, [us, . . ., wi])]

wn2h™, [1,ug, ... uk]) = [Lwp((n2)™ W™ ug, . . ., ug))]
w(nshng, [u1, ..., ug]) = [W, wB(b(ﬂ’fq)h"Sb(ul), [ug, ..., uk])]
w(n2h™ fur, - un]) = (@) wp ()R s, )]

In the case u; = 1 we have hn? = n? n’zhn = n2h"€ and hence we are done In the

case u; # 1 we have 7' = (u ghns) ) 52, as ul~ nsB{ y = (uy (7)™ ye nSB{S}
and hence b(w" )h™b(uy) = (n2)"h":. The claim follows now from Theo-

rem (4.3). O

(4.11) Lemma. For s # t € S and as # a € <I>{+S’t} we have ngugns = n2uls in
Sym(Cpg).

Proof. Let oy # a € @is’t}. By Lemma (2.11) there exists g; € Uz, h; € U such that
uo = [[i— gihi- Note that hq - - - h,, = 1 as in the proof of Theorem (4.3). We distinguish
the following cases:

(a) £(ss1--sk) =k + 1: We deduce the following

W(nsuang, [U, ..., ug]) = w(ng, [h - hn, wp (b, [ug, . .., ug])]) = wp(n?b, ug, ..., ug])

where b =[]\, 97*[gi, h; - - - hn]™. Note that b = ((h1 ch) T, gzhl)n =une
and hence the claim follows by Lemma (4.5).

(b) £(ss1---sk) = k— 1. W.lo.g. we assume s = s1. Let g, € Uy, hl, € Uy such that

uls = T1", gih}. Again, by ---hl, = 1. We deduce the following:

[e%

(i) If uy = 1, we have:

w(NstaNg, [U1,...,ug)) = [1,w3(uan§, [ug, ..., uk])]
w(ngusaa [ula ey UkD = W(n§7 [hll T h;nva(ba [u27 S 7uk])])

= [1,&)3((7’15)"5[), [’LLQ, Ce ,uk])]

where b = [[1%, (g))" g b} -+ b, ] Note that b = () -~ hy)~* TI% g(h0)"™
= (ul)™ = ng%ugn?. Thus (n2)"b = uan? in B4y and the claim follows
from Lemma (4.5).

(i) If uy # 1, we compute the following:

w(nsuansg, [, ..., ug]) = w(nsuq, [, ws(blur), [ug, ..., ugl)])

= w(ns, [h1 - hptr,wp(b - bluy), [ug, ..., uk])])
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= [, wp(b(@) - b- b(ur), [ug, . .., ux])]
W(n2usa, [u, ..., ux]) = wn? [R] - bl ur,wp(, [ug, . .., ux])])
= [u;l; ’WB((ng)nSblv [uz, ..., ux])]

where b = [[i_y 9 [gi, hi - - haua] ™ and b = [T g;™ g5, By - - hiua ™. As
_ —2

before, we have Uy = uy* and b(uy) - b- b(u1) = (n?)"b in Byy. Now the

claim follows from Lemma (4.5). O

(4.12) Lemma. For all s #t € S we have p(ng,nt) = p(ng,ns) in Sym(Cp, ).

Proof. At first we transform some elements by only using relations which are already
known to hold in Sym Cg,.), i.e. using Lemmas (4.9) - (4.11). We compute the following:

(a) v =1 and n; = ng: Then

-1, -1 -1, -1 —2\n,, 2
ng My NsMeng = ngny Ny neng(ng <)"eng
-1, -1_-—1 o -1, _-1_-1 —2\nsng,. 2
Ny My Ny MMMy = Mgy Ny Ny NNy (ng )" ng
ntn n I ngngngngng = nyny o g tng tngngngng (ng %) e n 2

(b) Uy 3 uy # 1 and ny = ny: Then

ns_ln;lnsntutnt = ns_lnflnsﬂtns_lnsntbt
= ng neny “ujnanb;
= ny 'ngu)neng *ng ingngb,
= n; 'u/neny 'ngngng toing *ngng ng ngngby
= ) neng 'ng tngngbng  ng ingngb,
ns_lnt_lns_lntnsntutnt = ns_lnt_lns_lntnsﬂtns_lnt_lntnsntbt
=n; 'n; 'ngng 2ulngng ngnangb, (note: uj € Us)
= n; '  ngul ngn 2n; tngngnib,
= ny'ng unenan g g naban *n g nengnyby
= u;//ntnt_lns_lnt_lnsnmsns_1nt_1bsns_zntnsns_lnt_lns—1ntnsntbt
= uy'neng; 'ng g ngnengbing ng g fngngngby

(ng 'ny )2 (nsne) *ugny

1

—1_—1\2 — 1 -1 -1
= (ng n, ) ngmnsung ng Ny nsNgNsngby

Y tng tngng 2ulngngnangd,

U
1

1 _ _9 _
= n; oy g gl nang ?ng tngngngngb,
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1 1 1

o - — 1
=Ng Ny Ny

o7 —1, -1, —1p/, —2 1, —1y2 2
ufninsninsn; ng ng byng ‘ngngng(ng ng ) (nsng) by

= n; oy s Ml ngningn o ot (neng )20 (ng tng )2 (nsng ) %,

" 1

= u"neny gy g (neng)?by (ng g ) () by

= u'ny(ny ') (nens)?b) (ng 'y )2 (nsne) by

Now we prove the claim. Let s # t € S,s1,...,8; € S,w € (s,t) be such that sy --- s
and wsy - - - s are reduced. Moreover, we let v; € Us,, u; € UsUU;. We show by induction
on £(w) that p(ns, n¢) ~tp(ng, ns) fixes the equivalence class [u1, ..., Un,v1,. .., vx], Where
(U1, U, v1,...,0) is of type (w, s1, ..., sg). For £(w) = 0 we have [(p(s,t)sy---s) =
mg + k. Since (1,...,1) of type (p(s,t)) is equivalent to (1,...,1) of type (p(t,s)) it
follows that

wp(ns,nt), [v1,.. ., o)) =[1,..., Lvr, ..., 0k] = w(p(ng, ns), [v1, .-, vg])

and hence w(p(ns,ns) " 1p(ne, ns), [v1, - ., vg]) = [v1, ..., vx]. Now let £(w) > 0. Note that
it suffices to show that one of p(ng,n:)~'p(ng, ns) and p(ng, ng)~p(ns,ny) acts trivial,
as the product of these two elements acts trivial. Using the previous computations and
induction, we infer:

w(p(nmnt)ilp(ntyns)a [(ulv sy Un, Uy e 7uk)])
= w(p(nsant)_lp(ntvns)ulnlv [(UQ» ey Up, V1. 7uk)D
= [Uty.eny U, U1,y U]

For example we consider the case 1 # u; € Ug,n1 = ng and mg = 4 explicitly. We have
the following:

w((ngng) "2 (ngng)?, fug, . .. ug))
= w((nsny) 2 (nyns ) uing, [us, . . . ug))
= w(u! ne(n; ny M2 (neny) 0! (ny tng )2 (nens)bs, [ug, . . ., ug))
= w(ul'nsb’bs, [uz, ..., ux])

As before, we have u2' = uy and b/bs = 1 in X, ;. This finishes the claim. O

(4.13) Theorem. The mapping G x Cp. — Cg,, (g, [(u1,...,ur)]) — [w(g, (u1,...,u))]
is a well-defined action on the set of chambers of the building Cp,. as a permutation

group.

Proof. Note that G is the direct limit of the inductive system formed by the groups
X5 and X, for all s # ¢t € S. Thus the mapping in the statement is an action if the
restriction to the groups X, is an action. But this is a consequence of Theorem (2.9)
and the Lemmas (4.5), (4.8) - (4.12). O
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5. Main results

(5.1) Remark. Let F := ((AJ)ser(s), (1) seE(s): (Prst){r,s}.{s,t}eE(s)) be an irreducible
3-spherical Moufang foundation such that every panel contains at least 6 chambers and
such that each residue F; of rank 3 is integrable. Then F satisfies condition (lco)
and for each J C S with |J| = 3 the J-residue F, satisfies the conditions (lco) and
(Isco).

(5.2) Theorem. Let F be an irreducible, 3-spherical Moufang foundation of rank at least
3 such that every panel contains at least 6 chambers. Assume that for each irreducible
J C S with |J| = 3 the J-residue Fy is integrable. Then D is an RGD-system and
F =2 F(A(Dr), By). In particular, F is integrable.

Proof. By Theorem (4.13) we have an action of G on the set of chambers of Cp, as
a permutation group. Clearly, Us — G is injective. Let 1 # v/ € U_,. Then 1 # u :=
n;tu/ng € Ug and w(nsun; !, [()]) = w(ns, [(v)]) = [@]. Since @ = 1 if and only if u = 1,
the element u’ acts non-trivial on the set of chambers of the building and hence U_, — G
is injective as well. Since for each o € ®4 we have U, < (U,, | s € S) and U, fixes [()],
but U_,, does not fix [()], Dr satisfies (RGD3). Thus Dz is an RGD-system of type
(W, S) and the claim follows from Corollary (3.14). O

(5.3) Corollary. Let F be an irreducible, 3-spherical Moufang foundation of rank at least
3 such that every panel contains at least 6 chambers. Then the following are equivalent:

(i) F is integrable.
(ii) For each irreducible J C S with |J| =3 the J-residue F; is integrable.

Proof. One implication follows directly by considering restriction of the twin building to
the twin building (Rs(c1), Ry(c—), d«). The other follows from the previous theorem. O

(5.4) Theorem. Let A be a thick irreducible 3-spherical twin building of rank at least 3.
Then A is known.

Proof. At first we assume that every panel of A contains at least 6 chambers. Then A
satisfies the conditions (Ico) and (Isco). Let ¢ be a chamber of A and let F := F(A, ¢). As
in the previous corollary, each rank 3-residue of F is integrable. Theorem (5.2) implies
that Dx is an RGD-system and F = F(A(Dzx), B4). Using Proposition (3.4), we deduce
A =2 A(Dgx).

Now we assume that there exists a panel containing at most 5 chambers. Then [24,
(34.5)] implies that every panel contains only finitely many chambers. But then A is
known by the Main result of [11]. We note that the Main result of [11] uses the fact that
no rank 2 residue is associated with B2 (2) in order the use the extension theorem of [15].
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But as it is shown in [4, Corollary 6.4], the extension theorem holds for arbitrary thick
3-spherical twin buildings. Thus every irreducible locally finite 3-spherical twin building
is known by [4] and [11]. O

Data availability
No data was used for the research described in the article.
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