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We classify thick irreducible 3-spherical twin buildings of rank 
at least 3 in which every panel contains at least 6 chambers. 
Together with the Main result of [11] we obtain a classification 
of thick irreducible 3-spherical twin buildings.
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1. Introduction

In [20] Tits gave a complete classification of all thick irreducible spherical buildings 
of rank at least 3. The decisive step in this classification is the extension theorem for 
isometries (Theorem 4.1.2 in [20]). It implies that a thick spherical building is uniquely 
determined by its local structure. Inspired by the paper [21] on Kac-Moody groups over 
fields, Ronan and Tits introduced twin buildings. These combinatorial objects appear to 
be natural generalizations of spherical buildings, as they come equipped with an oppo-
sition relation which shares many important properties with the opposition relation in 
a spherical building. In [15] Mühlherr and Ronan gave a proof of the extension theorem 
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for 2-spherical twin buildings satisfying an additional condition they call (co). Condi-
tion (co) turns out to be rather mild (see [15, Introduction]). In order to classify such 
twin buildings it suffices to determine all possible local structures which appear in twin 
buildings.

The local structure of a building mentioned before is essentially the union of all rank 
2 residues of a chamber. In [18] Ronan and Tits introduced the notion of a foundation
which is designed to axiomatize geometric structures that may occur as local structures 
of a building. Roughly speaking, it is a union of rank 2 buildings which are glued along 
certain rank 1 residues (for the precise definition we refer to Section 3). A foundation is 
called integrable, if it is the local structure of a twin building. One can associate with each 
twin building of 2-spherical type a foundation and all such are Moufang foundations, i.e. 
the irreducible rank 2 buildings are Moufang and the glueings are compatible with the 
Moufang structures induced on the rank 1 residues.

Inspired by [18], Tits conjectured that a Moufang foundation is integrable if and only 
if each of its spherical rank 3 restrictions is integrable (cf. [22, Conjecture 2]). It turned 
out that this conjecture was too optimistic and he gave a reformulation by omitting 
the word “spherical” in his earlier conjecture (cf. [23]). A proof of this conjecture would 
reduce the classification of 2-spherical twin buildings to the rank 3 case. In [12] and [13]
a strategy for the classification of 2-spherical twin buildings is outlined that does not 
make use of this conjecture. Several important steps in this classification program have 
been carried out in the meantime (cf. [11], [25], [26]). The results obtained up until now 
suggest that the conjecture will be a consequence of the classification once it will be 
accomplished. However, it would be most desirable to have a proof of this conjecture 
that is independent of the classification. Our main result is a conceptual proof of this 
conjecture in the 3-spherical case. It turned out that we only need the integrability for 
the restriction to irreducible types (cf. Corollary (5.3)):

Theorem A. Let F be a Moufang foundation of irreducible 3-spherical type and of rank 
at least 3 such that every panel contains at least 6 chambers. Then the following are 
equivalent:

(i) F is integrable.
(ii) Each irreducible rank 3 restriction of F is integrable.

A consequence of Theorem A together with [11,4] is the classification of thick irre-
ducible 3-spherical twin buildings (cf. Theorem (5.4)):

Corollary B. Let Δ be a thick irreducible 3-spherical twin building of rank at least 3. 
Then Δ is known.

Let (W, S) be a Coxeter system and let Φ be the associated set of roots (viewed as 
half-spaces). An RGD-system of type (W, S) is a pair (G, (Uα)α∈Φ) consisting of a group 
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G together with a family of subgroups Uα indexed by Φ satisfying a few axioms (for 
the precise definition see Section 2). Let F be a Moufang foundation of type (W, S)
satisfying a certain condition (lco) (e.g. this is satisfied if every panel contains at least 5
chambers). In Section 3 we construct for all s �= t ∈ S RGD-systems Xs,t acting on the 
corresponding building of the foundation. Moreover, we construct RGD-systems Xs and 
canonical homomorphisms Xs → Xs,t. Let G be the direct limit of the inductive system 
formed by the groups Xs and Xs,t. Then there is a natural way of defining a family of 
root groups (Uα)α∈Φ inside G. Let DF := (G, (Uα)α∈Φ). We prove the following result 
(cf. Corollary (3.14)):

Theorem C. Let F be a Moufang foundation of 2-spherical type satisfying condition (lco). 
If the canonical mappings U±αs

→ G are injective and if DF satisfies (RGD3), then DF
is an RGD-system and F is integrated in the twin building associated to DF .

We use Theorem C to prove Theorem A. Our strategy is to let G act on a building 
and deduce that the hypotheses of Theorem C are satisfied. Thus we have a twin build-
ing Δ(DF ) in which F is integrated. In particular, we have the following corollary (cf. 
Theorem (5.2)):

Corollary D. Let F be an irreducible Moufang foundation of 3-spherical type such that 
every panel contains at least 6 chambers. If each irreducible rank 3 restriction of F is 
integrable, then DF is an RGD-system.

Remarks. 1. In [11] Mühlherr accomplished the classification of thick locally finite twin 
buildings of irreducible 2-spherical type and mst < 8 without residues associated with 
one of the groups B2(2), G2(2), G2(3). In particular, the thick locally finite twin buildings 
of irreducible 3-spherical type without residues associated with B2(2) are already known. 
As we will see in the proof of Theorem (5.4), the assumption about the residues can be 
dropped in the 3-spherical case.

2. By Corollary B we have a classification of 3-spherical simply-laced (i.e. mst ∈
{2, 3}) twin buildings. We note that in this case the integrability of those Moufang 
foundations is already established by different methods: In a 3-spherical simply-laced 
Moufang foundation, the Moufang triangles are parameterized by skew-fields and all 
such are isomorphic. If there exists s ∈ S with three neighbors in the Coxeter diagram, 
then there is a D4 subdiagram (as there is no Ã2 subdiagram) and hence the Moufang 
triangles are parameterized by a field. The existence of a twin building with the prescribed 
foundation follows now from [11]. If each s ∈ S has at most 2 neighbors, the diagram is 
either An or Ãn. In the first case the existence follows from projective geometry and in 
the second case from Kac-Moody theory.
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2. Preliminaries

2.1. Direct limits

This subsection is based on [19].
Let I be a set and let (Gi)i∈I be a family of groups. Furthermore, let Fi,j be a set 

of homomorphisms of Gi into Gj . Then a group G := lim
−→

Gi together with a family of 
homomorphisms fi : Gi → G such that fj ◦ f = fi holds for all f ∈ Fi,j is called direct 
limit of the groups Gi, relative to the Fi,j if it satisfies the following condition:

If H is a group and if hi : Gi → H is a family of homomorphisms such that hj ◦f = hi

holds for all f ∈ Fi,j , then there exists exactly one homomorphism h : G → H such that 
hi = h ◦ fi.

In this paper we only consider the case where Xi and Xi,j := 〈Xi, Xj〉 are groups for 
i �= j ∈ I and f : Xi → Xi,j are the canonical homomorphisms. We call this direct limit 
the 2-amalgam of the groups Xi.

2.2. Coxeter systems

Let (W, S) be a Coxeter system and let � denote the corresponding length function. 
For s, t ∈ S we denote the order of st in W by mst. The rank of a Coxeter system is 
the cardinality of the set S. The Coxeter diagram corresponding to (W, S) is the labeled 
graph (S, E(S)), where E(S) = {{s, t} | mst > 2} and where each edge {s, t} is labeled 
by mst for all s, t ∈ S. We call a Coxeter system irreducible, if the underlying graph 
is connected; otherwise we call it reducible. It is well-known that the pair (〈J〉, J) is 
a Coxeter system (cf. [5, Ch. IV, §1 Theorem 2]). A subset J ⊆ S is called spherical
if 〈J〉 is finite; for k ∈ N the Coxeter system is called k-spherical, if 〈J〉 is spherical 
for each subset J of S with |J | ≤ k. Given a spherical subset J of S, there exists a 
unique element of maximal length in 〈J〉, which we denote by rJ (cf. [2, Corollary 2.19]). 
For s1, . . . , sk ∈ S we call s1 · · · sk reduced, if �(s1 · · · sk) = k. Similar as in [16, Ch. 
2.2] we define for distinct s, t ∈ S with mst < ∞ the element p(s, t) to mean stst . . .
with �(p(s, t)) = mst; e.g. if mst = 3, we have p(s, t) = sts. It is well-known that for 
w ∈ W, s ∈ S with �(sw) < �(w), there exists w′ ∈ W such that �(w′) = �(w) − 1 and 
w = sw′ (cf. [2, exchange condition on p.79]).

(2.1) Convention. For the rest of this paper we let (W, S) be a Coxeter system.
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2.3. Chamber systems

Let I be a set. A chamber system over I is a pair (C, (∼i)i∈I) consisting of a non-empty 
set C whose elements are called chambers and where ∼i is an equivalence relation on the 
set of chambers for each i ∈ I. Given i ∈ I and c, d ∈ C, then c is called i-adjacent to d
if c ∼i d. The chambers c, d are called adjacent, if they are i-adjacent for some i ∈ I. If 
we restrict ∼i to ∅ �= X ⊆ C for each i ∈ I, then (X , (∼i)i∈I) is a chamber system over 
I and we call it the induced chamber system.

A gallery in (C, (∼i)i∈I) is a sequence (c0, . . . , ck) such that cμ ∈ C for all 0 ≤ μ ≤ k

and cμ−1, cμ are adjacent for all 1 ≤ μ ≤ k. Given a gallery G = (c0, . . . , ck), then we 
put β(G) := c0 and ε(G) := ck. If G is a gallery and if c, d ∈ C are such that β(G) = c

and ε(G) = d then we say that G is a gallery from c to d or G joins c and d. The 
chamber system (C, (∼i)i∈I) is said to be connected, if for any two chambers there exists 
a gallery joining them. A gallery G will be called closed if β(G) = ε(G). Given two 
galleries G = (c0, . . . , ck) and H = (d0, . . . , dl) such that ε(G) = β(H), then GH denotes 
the gallery (c0, . . . , ck = d0, . . . , dl).

Let J be a subset of I. A J-gallery is a gallery (c0, . . . , ck) such that for each 1 ≤ μ ≤ k

there exists an index j ∈ J with cμ−1 ∼j cμ.

2.4. Homotopy of galleries and simple connectedness

In the context of chamber systems there is the notion of m-homotopy and m-simple 
connectedness for each m ∈ N. In this paper we are only concerned with the case m = 2. 
Therefore our definitions are always to be understood as a specialization of the general 
theory to the case m = 2.

Let (C, (∼i)i∈I) be a chamber system over a set I. Two galleries G and H are said to 
be elementary homotopic if there exist two galleries X, Y and two J-galleries G′, H ′ for 
some J ⊆ I of cardinality at most 2 such that G = XG′Y, H = XH ′Y . Two galleries 
G, H are said to be homotopic if there exists a finite sequence G0, . . . , Gl of galleries 
such that G0 = G, Gl = H and such that Gμ−1 is elementary homotopic to Gμ for all 
1 ≤ μ ≤ l.

If two galleries G, H are homotopic, then it follows by definition that β(G) = β(H)
and ε(G) = ε(H). A closed gallery G is said to be null-homotopic if it is homotopic to 
the gallery (β(G)). The chamber system (C, (∼i)i∈I) is called simply connected if it is 
connected and if each closed gallery is null-homotopic.

2.5. Buildings

A building of type (W, S) is a pair Δ = (C, δ) where C is a non-empty set and where 
δ : C × C → W is a distance function satisfying the following axioms, where x, y ∈ C and 
w = δ(x, y):
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(WD1) w = 1W if and only if x = y.
(WD2) if z ∈ C satisfies s := δ(y, z) ∈ S, then δ(x, z) ∈ {w, ws}, and if, furthermore, 

�(ws) = �(w) + 1, then δ(x, z) = ws.
(WD3) if s ∈ S, there exists z ∈ C such that δ(y, z) = s and δ(x, z) = ws.

The rank of Δ is the rank of the underlying Coxeter system. The elements of C are called 
chambers. Given s ∈ S and x, y ∈ C, then x is called s-adjacent to y, if δ(x, y) = s. The 
chambers x, y are called adjacent, if they are s-adjacent for some s ∈ S. A gallery from 
x to y is a sequence (x = x0, . . . , xk = y) such that xl−1 and xl are adjacent for every 
1 ≤ l ≤ k; the number k is called the length of the gallery. Let (x0, . . . , xk) be a gallery 
and suppose si ∈ S such that δ(xi−1, xi) = si. Then (s1, . . . , sk) is called the type of the 
gallery. A gallery from x to y of length k is called minimal if there is no gallery from x
to y of length < k.

Given a subset J ⊆ S and x ∈ C, the J-residue of x is the set RJ(x) := {y ∈ C |
δ(x, y) ∈ 〈J〉}. A residue is a subset R of C such that there exist J ⊆ S and x ∈ C
with R = RJ(x). Since the subset J is uniquely determined by R, the set J is called the 
type of R and the rank of R is defined to be the cardinality of J . Each J-residue is a 
building of type (〈J〉, J) with the distance function induced by δ (cf. [2, Corollary 5.30]). 
Given x ∈ C and a J-residue R ⊆ C, then there exists a unique chamber z ∈ R such that 
�(δ(x, y)) = �(δ(x, z)) + �(δ(z, y)) holds for every y ∈ R (cf. [2, Proposition 5.34]). The 
chamber z is called the projection of x onto R and is denoted by projR x. Moreover, if 
z = projR x we have δ(x, y) = δ(x, z)δ(z, y) for each y ∈ R. A residue is called spherical
if its type is a spherical subset of S. A building is spherical if its type is spherical; for 
k ∈ N it is called k-spherical if (W, S) is k-spherical. Let R be a spherical J-residue. 
Then x, y ∈ R are called opposite in R if δ(x, y) = rJ . A panel is a residue of rank 1. 
An s-panel is a panel of type {s} for s ∈ S. For c ∈ C and s ∈ S we denote the s-panel 
containing c by Ps(c). The building Δ is called thick, if each panel of Δ contains at least 
three chambers. For an s-panel P we will also write Ps instead of P to underline the 
type of P . We denote the set of all panels in a given building Δ by PΔ. For c ∈ C and 
k ∈ N we denote the union of all residues of rank at most k containing c by Ek(c). Let 
Δ = (C, δ), Δ′ = (C′, δ′) be two buildings of type (W, S) and let X ⊆ C, X ′ ⊆ C′. Then 
a map ϕ : X → X ′ is called isomorphism if it is bijective and preserves the distance 
functions. In this case we will write X ∼= X ′. We denote the set of all isomorphisms from 
a building Δ to itself by Aut(Δ).

(2.2) Remark. Our definition of a building agrees with the definition given in [16, Ch. 3]
(cf. [2, Proposition 5.23]).

2.6. Coxeter buildings

(2.3) Example. We define δ : W ×W → W, (x, y) 
→ x−1y. Then Σ(W, S) := (W, δ) is a 
building of type (W, S). Moreover, W acts on Σ(W, S) by left multiplication.
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A reflection is an element of W that is conjugate to an element of S. For s ∈ S we let 
αs := {w ∈ W | �(sw) > �(w)} be the simple root corresponding to s. A root is a subset 
α ⊆ W such that α = vαs for some v ∈ W and s ∈ S. We denote the set of all roots 
by Φ(W, S). The set Φ(W, S)+ = {α ∈ Φ(W, S) | 1W ∈ α} is the set of all positive roots
and Φ(W, S)− = {α ∈ Φ(W, S) | 1W /∈ α} is the set of all negative roots. For J ⊆ S we 
put Φ(W, S)J := Φ(〈J〉, J) (resp. Φ(W, S)J+, Φ(W, S)J−). For each root α ∈ Φ(W, S) we 
denote the opposite root by −α and we let rα be the unique reflection which interchanges 
these two roots. A pair of distinct roots {α, β} ⊆ Φ(W, S) is called prenilpotent if both 
α ∩ β and (−α) ∩ (−β) are non-empty sets. Given such a pair {α, β} we will write 
[α, β] := {γ ∈ Φ(W, S) | α ∩ β ⊆ γ and (−α) ∩ (−β) ⊆ −γ} and (α, β) := [α, β] \{α, β}. 
For a pair {α, β} ⊆ Φ of prenilpotent roots there are two possibilities: either o(rαrβ) < ∞
or o(rαrβ) = ∞. The second case implies α � β or β � α. In the case α � β, the open 
interval (α, β) consists of all roots γ such that α � γ � β.

(2.4) Convention. For the rest of this paper we let (W, S) be a Coxeter system of finite 
rank and Φ := Φ(W, S) (resp. Φ+, Φ−) be the set of roots (resp. positive roots, negative 
roots).

For α ∈ Φ we denote by ∂α (resp. ∂2α) the set of all panels (resp. spherical residues 
of rank 2) stabilized by rα. The set ∂α is called the wall associated to α. For a gallery 
G = (c0, . . . , ck) we say that G crosses the wall ∂α if {ci−1, ci} ∈ ∂α for some 1 ≤ i ≤ k.

(2.5) Lemma. Let α ∈ Φ and let P, Q ∈ ∂α. Then there exist a sequence P0 = P, . . . , Pn =
Q of panels in ∂α and a sequence R1, . . . , Rn of spherical rank 2 residues in ∂2α such 
that Pi−1, Pi are distinct and contained in Ri. Moreover, {projRi

x | x ∈ P0} = Pi−1 for 
all 1 ≤ i ≤ n.

Proof. This is a consequence of [7, Proposition 2.7]. The fact that P0, . . . , Pn ∈ ∂α

follows from the implication (iii)⇒(ii) in [7] Since Pi ⊆ Ri, we infer Ri ∈ ∂2α. �
Let Δ = (C, δ) be a building of type (W, S). A subset Σ ⊆ C is called apartment if it 

is isomorphic to W . A subset α ⊆ C is called a root if it is isomorphic to αs for some 
s ∈ S.

2.7. Two conditions for buildings

(2.6) Example. Let Δ = (C, δ) be a building of type (W, S). We define x ∼s y if δ(x, y) ∈
〈s〉. Then ∼s is an equivalence relation and (C, (∼s)s∈S) is a chamber system.

We now introduce two conditions for a building:
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(lco) A building Δ satisfies condition (lco) if it is 2-spherical and if R is a rank 2 residue 
of Δ containing a chamber c, then the induced chamber system defined by the set 
of chambers opposite c inside R is connected.

(lsco) A building Δ satisfies condition (lsco) if it is 3-spherical and if R is a rank 3
residue of Δ containing a chamber c, then the induced chamber system defined 
by the set of chambers opposite c inside R is simply connected.

Buildings which satisfy both conditions are discussed in [9, Chapter 9] and [10, In-
troduction]. In [9] it is stated that a 3-spherical building of simply-laced type (i.e. 
mst ∈ {2, 3} for all s, t ∈ S) in which every panel contains at least 4 chambers sat-
isfies both conditions (lco) and (lsco). Moreover, (following [9] and [10]) a (general) 
3-spherical building satisfies the conditions (lco) and (lsco) if every panel contains at 
least 6 chambers.

2.8. Spherical Moufang buildings

Let Δ = (C, δ) be a thick irreducible spherical building of type (W, S) and of rank at 
least 2. For a root α of Δ we define the root group Uα as the set of all automorphisms 
fixing α pointwise and fixing every panel P pointwise, where |P ∩ α| = 2. The building 
Δ is called Moufang if for every root α of Δ the root group Uα acts simply transitive on 
the set of apartments containing α.

Let Δ = (C, δ) be a Moufang building of type (W, S), let Σ be an apartment of Δ
and let c ∈ Σ. Identify the set of roots in Σ with Φ and let G = 〈Uα | α ∈ Φ〉. Let 
H = FixG(Σ) and B+ = StabG(c) = H〈Uα | c ∈ α ∈ Φ〉. Then Δ(G, B+) = (G/B+, δ) is 
a building of type (W, S), where δ : G/B+×G/B+ → W, (gB+, hB+) 
→ w, where g−1h ∈
B+wB+ (for more information we refer to [2, Section 6, 7]). Moreover, the buildings Δ
and Δ(G, B+) are isomorphic.

2.9. Twin buildings

Let Δ+ = (C+, δ+), Δ− = (C−, δ−) be two buildings of the same type (W, S). A 
codistance (or twinning) between Δ+ and Δ− is a mapping δ∗ : (C+×C−) ∪(C−×C+) → W

satisfying the following axioms, where ε ∈ {+, −}, x ∈ Cε, y ∈ C−ε and w = δ∗(x, y):

(Tw1) δ∗(y, x) = w−1;
(Tw2) if z ∈ C−ε is such that s := δ−ε(y, z) ∈ S and �(ws) = �(w) −1, then δ∗(x, z) = ws;
(Tw3) if s ∈ S, there exists z ∈ C−ε such that δ−ε(y, z) = s and δ∗(x, z) = ws.

A twin building of type (W, S) is a triple Δ = (Δ+, Δ−, δ∗), where Δ+ = (C+, δ+), Δ− =
(C−, δ−) are buildings of type (W, S) and where δ∗ is a twinning between Δ+ and Δ−. 
The twin building is called thick, if Δ+ and Δ− are thick. A panel of a twin building 
is a panel of one of its two buildings, i.e. for ε ∈ {+, −}, c ∈ Cε and s ∈ S we have 
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Ps(c) = {d ∈ Cε | δε(c, d) ∈ 〈s〉}. The twin building Δ satisfies condition (lco) if both 
buildings Δ+, Δ− satisfy condition (lco). For ε ∈ {+, −} and c ∈ Cε we define cop =
{d ∈ C−ε | δ∗(c, d) = 1W }. Let Σ+ ⊆ C+ and Σ− ⊆ C− be apartments of Δ+ and 
Δ−, respectively. Then the set Σ := Σ+ ∪ Σ− is called a twin apartment if for all 
ε ∈ {+, −} and x ∈ Σε there exists exactly one y ∈ Σ−ε with δ∗(x, y) = 1W . Moreover, 
for any c+ ∈ C+, c− ∈ C− with δ∗(c+, c−) = 1W there exists a unique twin apartment Σ
containing c+ and c− (cf. [2, Proposition 5.179(1)]). Let Δ′ = (Δ′

+, Δ′
−, δ

′
∗) be another 

twin building of type (W, S). A mapping ϕ : C+ ∪ C− → C′
+ ∪ C′

− is called isomorphism, 
if it preserves the sign, the distance and the codistance.

(2.7) Lemma. Let Δ = (Δ+, Δ−, δ∗) be a twin building of type (W, S) and let c be a 
chamber of Δ such that |Ps(c)| ≥ 3 holds for all s ∈ S. Then Δ is thick.

Proof. Let ε ∈ {+, −} and let c ∈ Cε. For each d ∈ cop and each s ∈ S the s-panel 
containing d contains at least three elements by [2, Corollary 5.153]. Let c′ ∈ Cε and 
d ∈ cop. If c′ ∈ dop the s-panel containing c′ contains at least three chambers by [2, 
Corollary 5.153]. Otherwise, there exists a chamber d′ ∈ E1(d) such that d′ ∈ cop and 
�(δ(c′, d′)) = �(δ(c′, d)) −1. Using induction we obtain a chamber d′′ ∈ C−ε such that d′′ ∈
cop ∩ (c′)op. Applying [2, Corollary 5.153] twice, we obtain that the s-panel containing 
c′ contains at least three chambers for each s ∈ S. Thus Δε is a thick building. The 
thickness of Δ−ε follows similarly. �
(2.8) Lemma. Let Δ = (Δ+, Δ−, δ∗) be a thick 2-spherical twin building of type (W, S), 
let ε ∈ {+, −}, c ∈ Cε and for each J ⊆ S with |J | = 2 we let ΣJ be an apartment of 
RJ(c) containing c and such that Σ{r,s} ∩ Ps(c) = Σ{s,t} ∩ Ps(c) for all r �= s �= t ∈ S. 
Then there exists a twin apartment Σ such that ΣJ ⊆ Σ.

Proof. This follows from [26, Theorem 6.3.6]. �
2.10. RGD-systems

An RGD-system of type (W, S) is a pair 
(
G, (Uα)α∈Φ

)
consisting of a group G together 

with a family of subgroups Uα (called root groups) indexed by the set of roots Φ, which 
satisfies the following axioms, where H :=

⋂
α∈Φ NG(Uα) and Uε := 〈Uα | α ∈ Φε〉 for 

ε ∈ {+, −}:

(RGD0) For each α ∈ Φ, we have Uα �= {1}.
(RGD1) For each prenilpotent pair {α, β} ⊆ Φ, the commutator group [Uα, Uβ ] is con-

tained in the group U(α,β) := 〈Uγ | γ ∈ (α, β)〉.
(RGD2) For each s ∈ S and each u ∈ Uαs

\{1}, there exist u′, u′′ ∈ U−αs
such that the 

product m(u) := u′uu′′ conjugates Uβ onto Usβ for each β ∈ Φ.
(RGD3) For each s ∈ S, the group U−αs

is not contained in U+.
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(RGD4) G = H〈Uα | α ∈ Φ〉.

Let D = (G, (Uα)α∈Φ) be an RGD-system of type (W, S) and let H :=
⋂

α∈Φ NG(Uα)
and Bε := H〈Uα | α ∈ Φε〉 for ε ∈ {+, −}. It follows from [2, Theorem 8.80] that 
there exists an associated twin building Δ(D) = (Δ+, Δ−, δ∗) of type (W, S) such that 
Δ+ = (G/B+, δ+) and Δ− = (G/B−, δ−) on which G acts by multiplication from the 
left.

We define Xs := 〈Uαs
∪ U−αs

〉 and Xs,t := 〈Xs ∪Xt〉 for all s �= t ∈ S. If (W, S) is 
2-spherical, G = 〈Uα | α ∈ Φ〉 and Δ(D) satisfies condition (lco), it follows from the 
Main result of [3] that G is isomorphic to the direct limit of the inductive system formed 
by the groups Ls := HXs and Ls,t := HXs,t for all s �= t ∈ S. Furthermore, the direct 
limit of the inductive system formed by the groups Xs and Xs,t (s �= t ∈ S) can be 
naturally endowed with an RGD-system and is a central extension of G (cf. [6, Theorem 
3.7]).

For s ∈ S we define Hs := 〈m(u)m(v) | u, v ∈ Uαs
\{1}〉. By [6, Lemma 3.3] we have 

H =
∏

s∈S Hs, if G = 〈Uα | α ∈ Φ〉 and if (W, S) is 2-spherical. By [2, Consequence 

(6) on p.415] we have Hm(u)
t ⊆ HsHt for all s, t ∈ S and 1 �= u ∈ Uαs

. For the rest 
of this subsection we fix 1 �= es ∈ Uαs

and put ns := m(es) for all s ∈ S. By [2, 
Consequence (11) on p.416] there exist for every 1 �= us ∈ Uαs

elements us ∈ Uαs
and 

b(us) ∈ 〈Uαs
∪Hs〉 such that nsusns = usnsb(us) (note that 〈Uαs

∪Hs〉 ∩ U−αs
= {1}). 

As in the case of a Coxeter system, we define p(ns, nt) to mean nsntnsnt . . ., where ns, nt

appear mst times, e.g. if mst = 3, we have p(ns, nt) = nsntns. By [16, Lemma 7.3] we 
have p(ns, nt) = p(nt, ns).

(2.9) Theorem. Let (G, (Uα)α∈Φ) be an RGD-system of spherical type (W, S) such that 
G = 〈Uα | α ∈ Φ〉. Let B := 〈U+, H〉. Then G has the following presentation: as 
generators we have 

⋃
s∈S Hs ∪

⋃
α∈Φ+

Uα and {ns | s ∈ S} and as relations we have all 
relations in B and for s, t ∈ S, αs �= α ∈ Φ+, h ∈ Ht, us ∈ Us we have the relations

nshns = n2
sh

ns , nsuαns = n2
su

ns
α , nsusns = usnsb(us), p(ns, nt) = p(nt, ns),

where uns
α ∈ Usα, n2

s ∈ Hs, hns ∈ HsHt.

Proof. All these relations are relations in G. We observe that G has a BN-pair (cf. [2, 
Theorem 7.115]). Thus it suffices to show that all relations in [20, Corollary (13.4)] can 
be deduced from the relations in the statement. �
(2.10) Example. Let Δ be an irreducible spherical Moufang building of rank at least 2
and let Σ be an apartment of Δ. Identifying the set of roots Φ with the set of roots in 
Σ, we deduce that G = 〈Uα | α ∈ Φ〉 is an RGD-system.

(2.11) Lemma. Let 
(
G, (Uα)α∈Φ

)
be an RGD-system of 2-spherical type (W, S) such that 

Δ(D) satisfies condition (lco) (e.g. each root group contains at least four elements). Then 
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we have 〈Uγ | γ ∈ [αs, αt]〉 = 〈Uαs
∪ Uαt

〉 or equivalently [Uαs
, Uαt

] = U(αs,αt) for all 
s �= t ∈ S.

Proof. This is a consequence of [1, Lemma 18 and Proposition 7]. �
(2.12) Remark. Let 

(
G, (Uα)α∈Φ

)
, 
(
H, (Vα)α∈Φ

)
be two RGD-systems of the same irre-

ducible spherical type (W, S) and of rank at least 2. Assume that G = 〈Uα | α ∈ Φ〉, the 
root groups Uα are nilpotent and that both twin buildings associated with the RGD-
systems satisfy condition (lco). Then G, H are perfect by the previous lemma. Assume 
that there exists a homomorphism ϕ : G → H such that ϕ(Uα) = Vα. As kerϕ �= G, we 
have kerϕ ≤ Z(G) by [2, Proposition 7.132].

(2.13) Lemma. Let D =
(
G, (Uα)α∈Φ

)
be an RGD-system of 3-spherical type (W, S) such 

that Δ(D)± satisfy the conditions (lco) and (lsco) (e.g. every root group contains at least 
five elements). Then B+ is the 2-amalgam of the groups HUαs

.

Proof. This is a consequence of [8, Corollary 1.2]. �
(2.14) Lemma. Let (G, (Uα)α∈Φ) be an RGD-system of type (W, S) and let Xs,t = 〈Uα |
α ∈ Φ{s,t}〉, B{s,t} = 〈Hs ∪Ht ∪ Uα | α ∈ Φ{s,t}

+ 〉. Then (Xs,t, (Uα)α∈Φ{s,t}) is an RGD-
system and Xs,t/Bs,t → R{s,t}(B+), gBs,t 
→ gB+ is an isomorphism of buildings.

Proof. As Xs,t stabilizes R{s,t}(B+), we deduce {gB+ | g ∈ Xs,t} ⊆ R{s,t}(B+). Let 
g ∈ G be such that w := δ+(B+, gB+) ∈ 〈s, t〉. By [2, Proposition 8.59(2)]) there 
exists h ∈ Uw such that hwB+ = gB+ and hence gB+ ∈ {hB+ | h ∈ Xs,t}. Thus 
R{s,t}(B+) = {gB+ | g ∈ Xs,t}. Since B{s,t} ⊆ B+, the map is well-defined. Suppose 
g, h ∈ Xs,t such that gB+ = hB+. Then g−1h ∈ B+ ∩Xs,t = B{s,t} as B+ = StabG(B+)
and B{s,t} = StabXs,t

(B+) and thus the mapping is injective. Since R{s,t}(B+) = {gB+ |
g ∈ Xs,t} the mapping is also surjective. Furthermore, it preserves adjacency. The claim 
follows now from [2, Lemma 5.61]. �
2.11. Blueprints

This subsection is based on [16, Ch. 7].
A parameter system will mean a family of disjoint parameter sets (U ′

s)s∈S , each having 
a distinguished element ∞s ∈ U ′

s. We shall write Us := U ′
s\{∞s}.

Let Δ = (C, δ) be a building of type (W, S) and let (U ′
s)s∈S be a parameter system. 

A labeling of Δ of type (U ′
s)s∈S , based at c ∈ C, is a family (ϕPs

: U ′
s → Ps)Ps∈PΔ

of 
bijections such that ϕPs

(∞s) = projPs
c. We call ϕ−1

Ps
(x) ∈ U ′

s the s-label of x.

(2.15) Example. Let Δ = (C, δ) be a building of type I2(m), m ≥ 2, with a labeling 
of type (U ′

s, U
′
t), where S = {s, t}, based at some chamber c ∈ C. Given any chamber 

x ∈ C at distance d from c one has a minimal gallery (c = c0, . . . , cd = x). Let ui be 
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the label attached to ci in the unique panel containing ci−1 and ci. The gallery thus 
determines the sequence (u1, . . . , ud) where the ui lie alternately in Us and Ut, and any 
such sequence obviously determines a unique gallery starting at c, and hence a unique 
chamber at the end of this gallery. If two sequences determine the same chamber they 
are called equivalent.

A blueprint of type (W, S) is a tuple 
(
(U ′

s)s∈S , (Δst)s �=t∈S

)
consisting of a parameter 

system (U ′
s)s∈S and buildings Δst = (Cst, δst) of type I2(mst) for each s �= t ∈ S, with a 

given labeling of type (U ′
s, U

′
t), based at some chamber ∞st ∈ Cst.

A building Δ of type (W, S) will be said to conform to the blueprint 
(

(U ′
s)s∈S ,

(Δst)s �=t∈S

)
if there exists a labeling of Δ of type (U ′

s)s∈S , based at some chamber 
c ∈ C, such that for each {s, t}-residue R of Δ there is an isomorphism ϕR : Δst → R

with the property that x and ϕR(x) have the same s- and t-labels for each chamber x
of Δst. We call a blueprint B realizable if there exists a building which conforms to it.

2.12. A realizable criterion

Let B =
(
(U ′

s)s∈S , (Δst)s �=t∈S

)
be a blueprint of type (W, S). We want to construct 

a building which conforms to B. As a first step we construct a chamber system C(B) as 
follows: The chambers are sequences ū := (u1, . . . , uk), where ui ∈ Usi and s1 · · · sk is 
reduced. We call (s1, . . . , sk) the type of ū. We define s-adjacency via

(u1, . . . , uk) ∼s (u1, . . . , uk, uk+1) ∼s (u1, . . . , uk, u
′
k+1),

where uk+1, u′
k+1 ∈ Us; this is evidently an equivalence relation, so C(B) is a chamber 

system. We remark that in the definition of s-adjacency, we have �(s1 · · · sks) = k + 1
(otherwise it is not a chamber). If �(s1 · · · sks) = k − 1 and s �= sk, then (u1, . . . , uk) is 
only s-adjacent to itself.

For ū = (u1, . . . , uk) having type (s1, . . . , sk) and v̄ = (v1, . . . , vn) having type 
(t1, . . . , tn) we define the sequence ūv̄ := (u1, . . . , uk, v1, . . . , vn) if s1 · · · skt1 · · · tn is 
reduced. We now define an elementary equivalence to be an alteration from a sequence 
ū1ūū2 of type (f1, p(s, t), f2) to ū1ū

′ū2 of type (f1, p(t, s), f2) where ū and ū′ are equiv-
alent in Δst. Two sequences ū and v̄ are called equivalent, written ū � v̄, if one can 
be transformed to the other by a finite sequence of elementary equivalences. We now 
consider C(B) modulo the equivalence relation. Notice that [ū] determines a unique el-
ement w ∈ W where (s1, . . . , sk) is the type of ū and w = s1 · · · sk. We define x ∼s y if 
x = [ū], y = [v̄] with ū ∼s v̄.

(2.16) Theorem. Assume that for any two sequences ū, ̄v of the same reduced type, ū � v̄

implies ū = v̄. Then CB := ([ū], (∼s)s∈S) is a chamber system. The chambers are equiv-
alence classes of sequences ū := (u1, . . . , uk), denoted by [ū] or [u1, . . . , uk]. Moreover, 
CB is a building which conforms to B.
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Proof. This follows from the proof of [16, Theorem (7.1)]. �
(2.17) Corollary. A blueprint is realizable if and only if for any two sequences ū, ̄v of the 
same reduced type, ū � v̄ implies ū = v̄. In particular, a blueprint is realizable if its 
restriction to each spherical rank 3 subdiagram is realizable.

Proof. The first assertion is [16, Theorem (7.2)]; the second assertion follows from the 
first and [16, Step 1 of Theorem (7.1)]. �
2.13. Natural labeling of Moufang buildings

This subsection is based on [16].
Let Δ = (C, δ) be a spherical Moufang building of type (W, S) and let c ∈ C. For each 

s ∈ S we fix 1 �= es ∈ Uαs
and put ns := m(es). By [2, Corollary 7.68] and [16, Lemma 

(7.4)] every chamber gB+ can be written in the form u1ns1 · · ·uknskB+ with ui ∈ Uαsi

and s1 · · · sk = δ(B+, gB+) is reduced. If we fix the type (s1, . . . , sk) of u1ns1 · · ·uknskB+, 
then the elements ui ∈ Uαsi

are uniquely determined. Sometimes, we will write for short 
ni instead of nsi . This yields a natural labeling of the building Δ. More precisely let P be 
any s-panel of Δ, and let projP c = d and w = δ(c, d). As cosets of B+ the chambers of P
may be written u1ns1 · · ·uknskB+ (this is d), and u1ns1 · · ·uknskvnsB+ where ui ∈ Uαsi

and v ∈ Uαs
. We assign them the s-labels ∞s and v, using U ′

αs
= Uαs

∪ {∞s}. If we 
let Rst be the {s, t}-residue containing c, then Rst acquires a labeling and we have a 
blueprint given by the (es)s∈S , namely 

(
(U ′

αs
)s∈S , (Rst)s �=t∈S

)
.

(2.18) Proposition. Let Δ be a spherical Moufang building. Then Δ conforms to the 
blueprint given by the restriction to E2(c), i.e. 

(
(U ′

αs
)s∈S , (Rst)s �=t∈S

)
, and the natural 

labeling of Δ as above.

Proof. This is [16, (7.5) Proposition]. �
(2.19) Corollary. Let Δ be a spherical Moufang building and let B be the blueprint given by 
E2(c). Then (u1, . . . , uk) and (v1, . . . , vk) are equivalent if and only if u1n1 · · ·uknkB+ =
v1n

′
1 · · · vkn′

kB+. In particular, the map ϕ : CB → Δ, [(u1, . . . , uk)] 
→ u1n1 · · ·uknkB+
is an isomorphism of buildings.

Proof. If (u1, . . . , uk) and (v1, . . . , vk) are elementary equivalent, then u1n1 · · ·uknkB+ =
v1n

′
1 · · · vkn′

kB+. Thus ϕ is well-defined. Clearly, ϕ is surjective. To show that ϕ
is injective, we suppose [(u1, . . . , uk)], [(v1, . . . , vk)] ∈ CB with u1n1 · · ·uknkB+ =
ϕ([u1, . . . , uk]) = ϕ([v1, . . . , vk]) = v1n

′
1 · · · vkn′

kB+. Let (u1, . . . , uk) (resp. (v1, . . . , vk)) 
be of type (s1, . . . , sk) (resp. (t1, . . . , tk)). Then s1 · · · sk = t1 · · · tk. Thus there exists a 
sequence (w1, . . . , wk) ∈ [v1, . . . , vk] of type (s1, . . . , sk) and we have u1n1 · · ·uknkB+ =
w1n1 · · ·wknkB+. The uniqueness of the decomposition in [16, Lemma (7.4)] implies 
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ui = wi and hence [u1, . . . , uk] = [w1, . . . , wk]. Thus ϕ is a bijection. Clearly, ϕ preserves 
s-adjacency. Now the claim follows from [2, Lemma 5.61]. �
2.14. Natural labeling of arbitrary buildings

We now extend the concept of a natural labeling to (arbitrary) buildings of type 
A1 × A1, by defining a labeling of type (U ′

1, U
′
2) to be natural if (u1, u2) is equivalent 

to (u2, u1) for all u1 ∈ U1, u2 ∈ U2. If Δ is a spherical Moufang building with a natural 
labeling given by 1 �= es ∈ Uαs

then any A1 × A1 residue acquires a natural labeling in 
this sense (because the appropriate root groups commute).

(2.20) Lemma. Let (W, S) be a reducible 2-spherical Coxeter system of rank 3. Then a 
blueprint of type (W, S) is realizable if the labeling of the restriction to any A1 × A1
residue is natural.

Proof. Let B = ((U ′
s)s∈S , (Δst)s �=t∈S) be a blueprint of type (W, S). Let S = {r, s, t} and 

assume msr = 2 = mtr. By Corollary (2.17) it suffices to show that for any two sequences 
ū, ̄v of the same reduced type, ū � v̄ implies ū = v̄. Therefore let ū = (u1, . . . , uk) and 
v̄ = (v1, . . . , vk) be two sequences of the same reduced type (s1, . . . , sk) such that ū � v̄

(note that k ≤ mst + 1). If (W, S) is of type A1 ×A1 ×A1 the claim follows, because an 
elementary equivalence is just a permutation of the sequence and for each s ∈ S there 
is at most one element of Us in such a sequence. Thus we can assume that (W, S) is not 
of type A1 × A1 × A1 and hence mst ≥ 3. Since msr = 2 = mtr we know that r occurs 
at most once in the reduced type. If ui is in Ur, then the sequence with ui, ui−1 (resp. 
ui, ui+1) reversed is equivalent to (u1, . . . , uk), since ui is the only element in Ur in the 
sequence ū. We also note that we can do an elementary equivalence in Δst only if ui is 
at position 1 or k in the sequence. If we do an elementary equivalence in Δst we have to 
do this twice (because of the type) and get the same sequence as we started with. Thus 
the claim follows. �
2.15. The action of G on Δ

Let Δ = (C, δ) be a spherical Moufang building of type (W, S) and let G = 〈Uα | α ∈
Φ〉 ≤ Aut(Δ). For each s ∈ S we fix 1 �= es ∈ Uαs

and put ns := m(es). As we have 
already mentioned, every chamber of Δ can be written in the form u1n1 · · ·uknkB+, 
where ui ∈ Uαsi

and this decomposition is unique if one fixes the type (s1, . . . , sk). 
Since G acts on Δ by multiplication from the left, we want to know how to calculate 
g · u1n1 · · ·uknkB. Assume that Δ satisfies condition (lco). Since U+ = 〈Uαs

| s ∈ S〉
as a consequence of Lemma (2.11) and Uns

−αs
= Uαs

it suffices to consider this action 
for Uαs

, Hs and n±1
s for each s ∈ S. For s1, . . . , sk ∈ S and ui ∈ Uαsi

we denote 
the chamber u1n1 · · ·uknkB+ by (u1, . . . , uk). We remark that we do not consider all 
chambers g.(u1, . . . , uk) for g ∈ G.
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(2.21) Theorem. Let t, s1, . . . , sk ∈ S and ui ∈ Uαsi
. Let ω : G × Δ → Δ be the left 

multiplication of G on Δ. Then we have ω(g, ()) = () for g ∈ B+ and ω(g, (u1, . . . , uk))
is given by the following:

(ug−1

1 , ω(gns1 , (u2, . . . , uk))) if g ∈ Hs for some s ∈ S,

(gu1, u2, . . . , uk) if g ∈ Uαs1
,

(u1, ω(gns1 [g, u1]ns1 , (u2, . . . , uk))) if g ∈ Uαt
, s1 �= t ∈ S,

ω(ns, ω(n−2
s , (u1, . . . , uk))) if g = n−1

s

ω(n2
s1 , (u2, . . . , uk)) if g = ns1 , u1 = 1,

(u1, ω(b(u1), (u2, . . . , uk))) if g = ns1 , u1 �= 1,

(1Ut
, u1, . . . , uk) if g = nt, l(ts1 · · · sk) = k + 1.

Proof. This is a straightforward computation. �
3. Foundations and enveloping groups

This subsection is based on [26, Ch. 11] and [11].

3.1. Foundations

Recall that E(S) = {{s, t} ⊆ S | mst > 2}. A foundation of type (W, S) is a triple 
F := ((ΔJ)J∈E(S), (cJ)J∈E(S), (ϕrst){r,s},{s,t}∈E(S)) such that the following hold:

(F1) ΔJ = (CJ , δJ) is a building of type (〈J〉, J) with cJ ∈ CJ for each J ∈ E(S).
(F2) Each glueing ϕrst : Ps(c{r,s}) → Ps(c{s,t}) is a base-point preserving bijection.
(F3) The ϕrst satisfy the cocycle condition ϕtsu ◦ ϕrst = ϕrsu.

It follows from the definition that ϕtst = id (as ϕtst ◦ ϕtst = ϕtst) and that 
ϕrst = ϕ−1

tsr. We say that F satisfies condition (lco) if ΔJ satisfies condition 
(lco) for each J ∈ E(S). For each J ⊆ S the J-residue of F is the foundation 
FJ := ((ΔI)I∈E(J), (cI)I∈E(J), (ϕrst){r,s},{s,t}∈E(J)) of type (〈J〉, J). Two foundations 
F = ((ΔJ)J∈E(S), (cJ )J∈E(S), (ϕrst){r,s},{s,t}∈E(S)) and F ′ = ((Δ′

J)J∈E(S), (c′J)J∈E(S),

(ϕ′
rst){r,s},{s,t}∈E(S)) of the same type (W, S) are called isomorphic if there exist iso-

morphisms αJ : ΔJ → Δ′
J for all J ∈ E(S) such that αJ(cJ ) = c′J and for all r, s, t ∈ S

with {r, s}, {s, t} ∈ E(S) we have ϕ′
rst ◦ α{r,s} = α{s,t} ◦ ϕrst.

(3.1) Remark. We remark that there is a notion of more general isomorphisms between 
foundations, which allow isomorphisms of the Coxeter system. In that sense our isomor-
phisms are called special.
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Let F = ((ΔJ)J∈E(S), (cJ)J∈E(S), (ϕrst){r,s},{s,t}∈E(S)) be a foundation of type 
(W, S). An apartment of F is a tuple (ΣJ )J∈E(S) such that the following hold:

(FA1) ΣJ is an apartment of ΔJ containing cJ for each J ∈ E(S).
(FA2) Given {r, s}, {s, t} ∈ E(S), then ϕrst(Σ{r,s} ∩ Ps(c{r,s})) = Σ{s,t} ∩ Ps(c{s,t}).

3.2. Moufang sets

A Moufang set is a pair (X, (Ux)x∈X), where X is a set with |X| ≥ 3 and for each 
x ∈ X, Ux is a subgroup of Sym(X) (we compose from right to left) such that the 
following hold:

(MS1) For each x ∈ X, Ux fixes x and acts simply transitive on X\{x}.
(MS2) For all x, y ∈ X and each g ∈ Ux, g ◦ Uy ◦ g−1 = Ug(y).

The groups Ux for x ∈ X are called the root groups of the Moufang set. Let (X, (Ux)x∈X)
and (X ′, (Ux′)x′∈X′) be two Moufang sets and let ϕ : X → X ′ be a map. Then the 
Moufang sets are called ϕ-isomorphic, if ϕ is bijective and for all x ∈ X we have ϕ ◦Ux ◦
ϕ−1 = Uϕ(x).

(3.2) Example. Let Δ be a thick, irreducible, spherical Moufang building of rank at least 
2. Let P be a panel, let p ∈ P and let Σ be an apartment in Δ with p ∈ Σ. Let α denote 
the unique root in Σ containing p but not P ∩ Σ. Let Up := {g|P | g ∈ Uα}. Then the 
group Up is independent of the choice of the apartment Σ and M(Δ, P ) := (P, (Up)p∈P )
is a Moufang set (cf. [14, Notation 1.19]).

3.3. Moufang foundations

A foundation F = ((ΔJ)J∈E(S), (cJ)J∈E(S), (ϕrst){r,s},{s,t}∈E(S)) of 2-spherical type 
(W, S) is called Moufang foundation, if the following hold:

(MF1) ΔJ is a Moufang building of type (〈J〉, J) for each J ∈ E(S).
(MF2) For all r, s, t ∈ S with {r, s}, {s, t} ∈ E(S), the Moufang sets M(Δ{r,s}, Ps(c{r,s}))

and M(Δ{s,t}, Ps(c{s,t})) are ϕrst-isomorphic.

(3.3) Example. Let Δ = (Δ+, Δ−, δ∗) be a thick twin building of irreducible 2-spherical 
type (W, S) and of rank at least 3. Let ε ∈ {+, −} and c ∈ Cε. By [17, (8.3) Theorem 4]
the residue RJ(c) with the restriction of the distance function is a Moufang building for 
each J ∈ E(S) and one can verify that ((ΔJ)J∈E(S), (cJ)J∈E(S), (ϕrst){r,s},{s,t}∈E(S)) is 
a Moufang foundation of type (W, S), where ΔJ = (RJ(c), δε), cJ := c and ϕrst = id. 
We will denote this Moufang foundation by F(Δ, c). It is a (non-trivial) fact that for 
any ε ∈ {+, −} and c, c′ ∈ Cε we have F(Δ, c) ∼= F(Δ, c′).
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A foundation F is called integrable, if there exists a twin building Δ of type (W, S)
and a chamber c of Δ such that F ∼= F(Δ, c). A foundation satisfies condition (lsco)
if it is 3-spherical and if there exists a twin building Δ = (Δ+, Δ−, δ∗) and a chamber 
c of Δ such that F ∼= F(Δ, c) and both buildings Δ+, Δ− satisfy condition (lsco). In 
particular, if a foundation satisfies condition (lsco), it is integrable.

Let F be an integrable Moufang foundation. Then every panel contains at least 3
chambers. Since F is integrable, there exists a twin building Δ and a chamber c of 
Δ such that F ∼= F(Δ, c). By Lemma (2.7) the twin building Δ is thick. Moreover, 
every irreducible integrable Moufang foundation satisfying condition (lco) determines 
the isomorphism class of the corresponding twin building:

(3.4) Proposition. Let Δ = (Δ+, Δ−, δ∗), Δ′ = (Δ′
+, Δ′

−, δ
′
∗) be two thick irreducible 2-

spherical twin buildings of type (W, S) and of rank at least 3 satisfying condition (lco). 
Suppose c ∈ Δ+, c′ ∈ Δ′

+ such that F(Δ, c) ∼= F(Δ′, c′). Then Δ ∼= Δ′.

Proof. This is a consequence of [26, Theorem 11.1.12] and [15, Theorem 1.5]. �
3.4. The Steinberg group associated with an RGD-system

Let D = (G, (Uα)α∈Φ) be an RGD-system of irreducible spherical type (W, S) and 
rank at least 2. Following [21], the Steinberg group associated with D is the direct limit 
Ĝ of the inductive system formed by the groups Uα and U[α,β] := 〈Uγ | γ ∈ [α, β]〉 for 
all prenilpotent pairs {α, β} ⊆ Φ. Then Uα, U[α,β] → Ĝ are injective and (Ĝ, (Ûα)α∈Φ)
is an RGD-system of type (W, S), where Ûα denotes the image of Uα in Ĝ. Let Δ be 
the associated spherical building, i.e. Δ = Δ(D)+, where Δ(D) = (Δ(D)+, Δ(D)−, δ∗)
is the associated twin building. Then the kernel of Ĝ → Aut(Δ) is equal to the center of 
Ĝ by [2, Proposition 7.127(2)].

3.5. The direct limit of a foundation

In this subsection we let F = ((ΔJ )J∈E(S), (cJ )J∈E(S), (ϕrst){r,s},{s,t}∈E(S)) be a 
Moufang foundation of type (W, S) satisfying condition (lco) and let (ΣJ)J∈E(S) be an 
apartment of F . As F is a Moufang foundation, the buildings ΔJ are Moufang buildings. 
We identify the roots in ΣJ with ΦJ . For α ∈ ΦJ we let UJ

α be the root group associated 
with α ⊆ ΣJ and we let HJ = 〈UJ

α | α ∈ ΦJ〉 ≤ Aut(ΔJ ). As J ∈ E(S), it follows from 
[2, Remark 7.107(a)] that the root groups UJ

α are nilpotent.
We note that for each {s, t} ∈ E(S) the restriction U{s,t}

±αs
→ U

{s,t}
±αs

|Ps(c{s,t}) is an 
isomorphism. For each s ∈ S we fix s0 ∈ S such that mss0 > 2 and we define U±s :=
U

{s,s0}
±αs

|Ps(c{s,s0}). Using (MF2) we know that for each t ∈ S with {s, t} ∈ E(S) the 

mapping U±s → U
{s,t}
±αs

|Ps(c{s,t}), g 
→ ϕs0st ◦ g ◦ ϕ−1
s0st is an isomorphism. Thus we have 

canonical isomorphisms U±s → U
{s,t}
±α .
s
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For each K with s ∈ K ∈ E(S) we denote the image of u ∈ U±s in Aut(ΔK) by uK . 
Then for each 1 �= u ∈ Us there exist u′, u′′ ∈ U−s such that (u′)KuK(u′′)K stabilizes ΣK

and acts on ΣK as the reflection rαs
. By [2, Consequence (3) on p.415] u′, u′′ are unique 

for a given K. Moreover, (u′)JuJ (u′′)J interchanges the elements in ΣJ ∩ Ps(cJ ) for all 
J with s ∈ J ∈ E(S). There exist also v′, v′′ ∈ U−s such that (v′)JuJ(v′′)J stabilizes 
ΣJ and acts on ΣJ as the reflection rαs

. The uniqueness implies v′ = u′ and v′′ = u′′

and hence u′ and u′′ do not depend on K. We define for each 1 �= u ∈ Us the element 
m(u) := u′uu′′, where u′, u′′ ∈ U−s are as above.

(3.5) Remark. For two groups G, H we denote their free product by G ∗H.

(3.6) Lemma. Let s ∈ S, let πs : Us ∗ U−s →
∏

s∈J∈E(S) Aut(ΔJ) be the canonical 
homomorphism, let Ks := kerπs and let Xs := (Us ∗ U−s) /Ks. Then U±s → Xs is 
injective and (Xs, (U±s)) is an RGD-system of type A1, where we identify U±s with its 
image in Xs.

Proof. Note that U±s → Aut(ΔJ) is injective for each J with s ∈ J ∈ E(S) and UJ
−αs

�≤
UJ
αs

. Thus U±s → Xs is injective and U−s �≤ Us in Xs. It suffices to show (RGD2). We 
show that m(u) = u′uu′′ conjugates U±s to U∓s for every 1 �= u ∈ Us. Let J = {s, s0}
and x ∈ U±s. Then m(u)−1

J xJm(u)J ∈ UJ
∓αs

and hence m(u)−1
J xJm(u)J = (x′)J for 

some x′ ∈ U∓s. By the construction of U±s → Aut(ΔK) for K with s ∈ K ∈ E(S), we 
infer m(u)−1

K xKm(u)K = (x′)K . Thus (x′)−1m(u)−1xm(u) ∈ Ks for each x ∈ U±s and 
hence m(u)−1xm(u)Ks = x′Ks in Xs. This implies that (Xs, (U±s)) is an RGD-system 
of type A1. �
(3.7) Example. Let Δ = (Δ+, Δ−, δ∗) be a thick irreducible twin building satisfying 
condition (lco). Using [15, Theorem 1.5] and [2, Theorem 8.27], Δ is a Moufang twin 
building. Let c+ ∈ Δ+ and c− ∈ Δ− be opposite chambers in Δ and let Σ be the twin 
apartment containing c+ and c−. Note that Σ is isomorphic to the standard thin twin 
building (cf. [2, Example 5.136(b)]). The set of chambers of each half is a copy of W and 
the set of roots Φ can be identified with the set of roots in a twin apartment (cf. [2, 
Remark 8.11]). Let Uα be the corresponding root groups and let G = 〈Uα | α ∈ Φ〉 ≤
Aut(Δ). Then (G, (Uα)α∈Φ) is an RGD-system by [2, Example 8.47(a)].

Let F = F(Δ, c+) and ΣJ := RJ(c+) ∩Σ. Then (ΣJ)J∈E(S) is an apartment of F . Let 
ϕ : Us∗U−s → Aut(Δ) be the canonical homomorphism. Let g ∈ kerϕ. Then g fixes every 
rank 2 residue and hence g ∈ kerπs. Now let g ∈ kerπs. Then ϕ(g) ∈ 〈Uαs

∪ U−αs
〉. 

As ϕ(g) fixes Ps(c+), we deduce ϕ(g) ∈ Hαs
and hence ϕ(g) fixes Σ. If mst > 2, 

then ϕ(g) fixes R{s,t}(c+) by assumption. If mst = 2, then ϕ(g) fixes Pt(c+), as the 
corresponding root groups commute. In particular, ϕ(g) fixes a twin apartment and all 
neighbors of c+. Thus ϕ(g) = 1 by [17, Theorem 1] and we have kerπs = kerϕ. In 
particular, Xs → Aut(Δ) is injective, where Xs is as in the previous lemma.
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Let J = {s, t} ∈ E(S) and let ĤJ be the Steinberg group associated with 
(HJ , (UJ

α )α∈ΦJ ). Let πSt
J : ĤJ → Aut(ΔJ), πs,J : Us ∗ U−s → Aut(ΔJ ), ϕs : Us ∗ U−s →

ĤJ be the canonical homomorphisms. As πs : Us ∗ U−s →
∏

s∈K∈E(S) Aut(ΔK), we 
deduce kerπs ≤ kerπs,J . As πs,J = πSt

J ◦ϕs, we have ϕs(kerπs) ≤ ϕs(kerπs,J) ≤ kerπSt
J . 

Since kerπSt
J = Z(ĤJ), we deduce Kst := ϕs(kerπs)ϕt(kerπt) � ĤJ . Now ĤJ/Kst is 

again an RGD-system by [2, 7.131]. Thus we let DJ = (ĤJ/Kst, (ÛαKst/Kst)α∈ΦJ ) and 
write Xs,t := ĤJ/Kst. Let ψst : ĤJ → Xs,t be the canonical homomorphism. Then 
(ψst ◦ ϕs) (kerπs) ≤ ψst(Kst) = 1 and hence ψst ◦ ψs factors through Xs → ĤJ/Kst.

Xs = (Us ∗ U−s)/ kerπs

Us ∗ U−s ĤJ ĤJ/Kst = Xs,t

Aut(ΔJ)

ϕs

πs,J

ψst

πSt
J

At this point it is not clear, whether Xs → Xs,t is injective (cf. Lemma (3.18)). If 
s �= t ∈ S are such that mst = 2, we define Xs,t := Xs × Xt. We define G to be the 
direct limit of the inductive system formed by Xs, Xs,t for all s �= t ∈ S. Note that Xs,t

is generated by the canonical image of Xs, Xt in Xs,t and hence G = 〈Xs | s ∈ S〉. We 
note that it is not clear whether Xs → G is injective. If we write 1 �= u ∈ Us we simply 
mean that u �= 1 in the group Us.

(3.8) Lemma. Let s1, . . . , sk, s ∈ S and let ui, vi ∈ Usi be all non-trivial. Then we have 
U

m(u1)···m(uk)
s = U

m(v1)···m(vk)
s .

Proof. We show the hypothesis by induction on k. For k = 1 we have m(v1)−1m(u1) ∈
Hs1 ≤ NXs1,s

(Us). Thus we assume k > 1. Using [2, Consequences (4) and (5) on p.415]
we deduce hm(ui)h−1 = m(huih

−1) and hm(ui)−1h−1 = m(huih
−1)−1 for each h ∈ Ht

with t ∈ S and ui ∈ Usi . Note that huih
−1 ∈ Usi . Using induction, this implies for 

h := m(vk)m(uk)−1 ∈ Hsk :

hm(uk−1)−1 · · ·m(u1)−1Usm(u1) · · ·m(uk−1)h−1

= m(huk−1h
−1)−1 · · ·m(hu1h

−1)−1hUsh
−1m(hu1h

−1) · · ·m(huk−1h
−1)

= m(huk−1h
−1)−1 · · ·m(hu1h

−1)−1Usm(hu1h
−1) · · ·m(huk−1h

−1)

= m(vk−1)−1 · · ·m(v1)−1Usm(v1) · · ·m(vk−1) �
(3.9) Lemma. Suppose s, t, s1, . . . , sk, t1, . . . , tl ∈ S such that s1 · · · skαs = t1 · · · tlαt. Let 
1 �= ui ∈ Usi , 1 �= vi ∈ Uti . Then Um(uk)···m(u1)

s = U
m(vl)···m(v1)
t .

Proof. At first we show that we have an action of W on the conjugacy class of Us, where 
s ∈ S acts on every conjugacy class by conjugation with m(u) for some 1 �= u ∈ Us. By 
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the previous lemma, conjugation with m(u) does not depend on 1 �= u ∈ Us and m(u)2
fixes every conjugacy class. Moreover, (st)mst acts as (m(us)m(ut))mst ∈ 〈Hs ∪Ht〉 (cf. 
[6, Lemma 3.3]) and hence trivially.

We are now in the position to prove the claim. It suffices to show that for w ∈ W

and s, t ∈ S with wαs = αt, we have wUsw
−1 = Ut. We show that claim via induction 

on �(w). For �(w) = 0 there is nothing to show. Thus we assume �(w) > 0. Note that 
w ∈ wαs = αt and ws /∈ wαs = αt. This implies {1W , t}, {w, ws} ∈ ∂αt. By Lemma (2.5)
there exist a sequence of panels P0 = {1W , t}, . . . , Pn = {w, ws} contained in ∂αt and 
a sequence of spherical rank 2 residues R1, . . . , Rn contained in ∂2αt such that Pi−1, Pi

are distinct and contained in Ri. Let x ∈ Pn−1 ∩ αt. Then x−1w ∈ 〈r, s〉 for some r ∈ S

and (x−1w)αs = αs′ , where s′ = r if mrs = 3 and s′ = s if mrs is even. It follows 
from Lemma (2.5) that x = projPn−1

1W = projRn
1W and hence �(x) < �(w). Using 

induction, we deduce that wUsw
−1 = x(x−1w)Us(x−1w)−1x−1 = xUs′x

−1 = Ut. �
For s ∈ S we define Uαs

:= Us (recall that αs ∈ Φ is the simple root corresponding to 
s) and for α ∈ Φ we define Uα as a conjugate of Us as in (RGD2). This is well-defined 
by the previous lemma. We put DF := (G, (Uα)α∈Φ).

(3.10) Lemma. The system DF satisfies (RGD2) and (RGD4). Furthermore, (RGD1) 
holds for each pair {α, β} of prenilpotent roots with o(rαrβ) < ∞.

Proof. It follows by the definition of G and Uα that (RGD2) and (RGD4) are sat-
isfied. Let {α, β} be a prenilpotent pair with o(rαrβ) < ∞. Then there exists R ∈
∂2α ∩ ∂2β. Let w = projR 1W . Then w−1α, w−1β ∈ Φ{s,t} for some s �= t ∈ S. 
As [Uw−1α, Uw−1β ] ≤ U(w−1α,w−1β) holds in Xs,t, it also holds in G. This implies 
[Uα, Uβ ]w = [Uw−1α, Uw−1β ] ≤ U(w−1α,w−1β) and hence [Uα, Uβ ] ≤ Uw−1

(w−1α,w−1β) =
〈Uwγ | γ ∈ (w−1α, w−1β)〉 = U(α,β). �
(3.11) Lemma. Let (c0, . . . , ck) be a minimal gallery in Σ(W, S) for some k ≥ 2 and 
let αi be the root containing ci−1 but not ci for each i ∈ {1, . . . , k}. Then we have 
[Uα1 , Uαk

] = 1 if k = 2 and [Uα1 , Uαk
] ≤ 〈Uα2 , . . . , Uαk−1〉 if k > 2. In particular, 

Uα1 · · ·Uαk
is a nilpotent group.

Proof. For k = 2 we have o(rα1rα2) < ∞ and (α1, α2) = ∅. Thus the claim follows from 
the previous lemma. Thus we can assume k > 2 and proceed by induction. If o(rα1rαk

) <
∞, then the claim follows from the previous lemma, as (α1, αk) ⊆ {α2, . . . , αk−1}. Thus 
we can assume α1 � αk. Let R be the residue containing ck−2, ck−1, ck. Note that c0 /∈ R. 
Then there exists a minimal gallery (d0, . . . , dk) in Σ(W, S) with d0 = c0, dk = ck and 
dp−1 = projR c0 for some p ∈ {2, . . . , k − 1}. Let βi be the root containing di−1 but not 
di for each i ∈ {1, . . . , k}. We note that the sets {β1, . . . , βk} and {α1, . . . , αk} coincide. 
Thus there exists 1 ≤ j ≤ k with βj = α1. As βj ∩ R = ∅, we have j < p. Let d′p be 
the neighbor of dp−1 in R distinct from dp and let γ be the root containing dp−1 but 
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not d′p. Since the set {βj+1, . . . , βp−1} is contained in the set {α2, . . . , αk−1}, it suffices 
to show [Uα1 , Uαk

] ≤ 〈Uβj+1 , . . . , Uβp−1〉. Since αk contains c0 and ck−1, it contains 
projR c0 = dp−1. Since αk does not contain ck, the intersection of αk ∩R is a root of R. 
By Lemma (2.11), therefore, Uαk

≤ 〈Uγ ∪ Uβp
〉.

Let uk ∈ Uαk
. Then there exist a1, . . . , an ∈ Uγ and b1, . . . , bn ∈ Uβp

such that uk =
a1b1 · · · anbn. Using induction, we know that [Uα1 , Uγ ], [Uα1 , Uβp

] ≤ 〈Uβj+1 , . . . , Uβp−1〉. 
Let u1 ∈ Uα1 . We deduce

[u1, uk] = [u1, a1b1 · · · anbn] = [u1, bn][u1, a1b1 · · · an]bn ∈ 〈Uβj+1 , . . . , Uβi−1〉

Let V := Uα1 · · ·Uαk−1 . Using induction, V ≤ G. Since [Uαi
, Uαk

] ≤ 〈Uαi+1 , . . . , Uαk−1〉 ≤
V for 1 ≤ i ≤ k − 1, we have V Uαk

= Uαk
V . It follows that V Uαk

= Uα1 · · ·Uαk
is 

a subgroup of G. In particular, the subgroup is nilpotent because of the commutator 
relations and the fact that the groups Uδ are nilpotent. �
(3.12) Lemma. Let (c0, . . . , ck) be a minimal gallery in Σ(W, S) for some k ≥ 1 and let 
αi be the root containing ci−1 but not ci for each i ∈ {1, . . . , k}. Then the product map 
Uα1 × · · · × Uαk

→ 〈Uαi
| 1 ≤ i ≤ k〉 is a bijection, if DF satisfies (RGD3).

Proof. As in the definition of an RGD-system we let U+ := 〈Uα | α ∈ Φ+〉 ≤ G. At 
first we assume that U−αs

∩U+ �= {1}. Then [2, Consequence (1) on p.414] would imply 
U−αs

≤ U+, which is a contradiction to (RGD3). Thus U−αs
∩ U+ = {1}.

By the previous lemma we have 〈Uα1 , . . . , Uαk
〉 = Uα1 · · ·Uαk

and hence the product 
map is surjective. We prove by induction on k that it is injective. If k = 1 there is nothing 
to show. Thus let k ≥ 2 and let ui, vi ∈ Uαi

such that u1 · · ·uk = v1 · · · vk. Then we have 
v−1
1 u1 = v2 · · · vk(u2 · · ·uk)−1. Using (RGD2) we can arrange it that α1 = −αs ∈ Φ− for 

some s ∈ S and αi ∈ Φ+ for every 2 ≤ i ≤ k. Since U−αs
∩ U+ = 1 we obtain u1 = v1

and u2 · · ·uk = v2 · · ·uk. Using induction the claim follows. �
(3.13) Theorem. If DF satisfies (RGD0) and (RGD3), then DF is an RGD-system.

Proof. By assumption and Lemma (3.10) it suffices to show (RGD2) for all roots α, β ∈ Φ
with α � β. Suppose α, β ∈ Φ with α � β, let G = (c0, . . . , ck) be a minimal gallery 
in Σ(W, S), let αi be the root containing ci−1 but not ci for each i ∈ {1, . . . , k} and let 
α1 = α and αk = β. Using Lemma (3.12) we obtain a unique set I ⊆ {2, . . . , k − 1} and 
unique elements 1 �= uαi

∈ Uαi
such that [uα, uβ ] =

∏
i∈I uαi

.
Let (d0, . . . , dm) be a minimal gallery in Σ(W, S) and let βi be the root containing 

di−1 but not di for each i ∈ {1, . . .m}. Suppose that β1 = α and βm = β. Assume that 
c0 = d0 or ck = dm. We claim that for all p ∈ I we have αp ∈ {β2, . . . , βm−1}.

Proof of claim. We only prove the claim for c0 = d0. Similar arguments yield the claim for 
ck = dm. Let P := {ck−1, ck} and Q := {dm−1, dm}. Then P, Q ∈ ∂β. Using Lemma (2.5)
there exist a sequence P0 = P, . . . , Pn = Q of panels in ∂β and a sequence R1, . . . , Rn
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of spherical rank 2 residues in ∂2β such that Pi−1, Pi are distinct and contained in Ri. 
We will show the claim by induction on n. For n = 0 there is nothing to show, as in this 
case we have {α2, . . . , αk−1} = {β2, . . . , βm−1}. Thus we assume n > 0. Note that by [2, 
Lemma 3.69] every minimal gallery from c0 to a chamber which is not contained in β has 
to cross ∂α and ∂β. Let (e0 = c0, . . . , el) be a minimal gallery such that Pn−1 = {el−1, el}
and ez = projRn

e0 for some z. Moreover, we let γi be the root containing ei−1 but 
not ei for each i ∈ {1, . . . , l}. Using induction, we have αp ∈ {γ2, . . . , γl−1} for each 
p ∈ I. Using Lemma (3.12) we obtain a unique set J ⊆ {2, . . . , l − 1} and unique 
elements 1 �= vγj

∈ Uγj
such that [uα, uβ ] =

∏
j∈J vγj

. Note that α �= γ1 in general. 
Now we consider the minimal gallery (e0, . . . , ez = projRn

e0, . . . , em) with ez, . . . , em ∈
Rn and Q = {em−1, em}. Let δi be the root containing ei−1 but not ei for each i ∈
{1, . . . , m} and note that γi = δi for all i ∈ {1, . . . , z}. Using Lemma (3.12) again, there 
exist a unique set F ⊆ {2, . . . , m − 1} and unique elements 1 �= xδf ∈ Uδf such that 
[uα, uβ ] =

∏
f∈F xδf . Extending both galleries to q, where ez, q are opposite in Rn, we 

have 
∏

j∈J vγj
= [uα, uβ ] =

∏
f∈F xδf and hence 

(∏
z≥f∈F xδf

)−1
·
(∏

z≥j∈J vδj

)
=(∏

z<f∈F xδf

)
·
(∏

z<j∈J vδj

)−1
. Lemma (3.12) implies that both sides are trivial and 

as 〈Uγx
| z < x < l〉 ∩ 〈Uδx | z < x < m〉 = {1}, we deduce J, F ⊆ {2, . . . , z − 1}. 

We have 
∏

i∈I uαi
=

∏
j∈J vγj

. Assume γl−1 ∈ {αi | i ∈ I}. Then [uα, uβ ] = uuγl−1u
′

and hence uγl−1 = u−1(
∏

j∈J vγj
)u′ −1 ∈ 〈Uγj

| 2 ≤ j ≤ l − 2〉 and the previous lemma 
yields a contradiction. Thus γl−1 /∈ {αi | i ∈ I} and αp ∈ {γ2, . . . , γl−2} for all p ∈ I. 
Repeating that argument we deduce αp ∈ {γ2, . . . , γz} = {δ2, . . . , δz} for all p ∈ I. As 
{β1, . . . , βm} = {δ1, . . . , δm}, the claim follows.

Now assume that for p ∈ I we have o(rβrαp
) < ∞. Then there exists R ∈ ∂2β ∩∂2αp. 

Suppose Q ∈ ∂β such that Q ⊆ αp ∩ R and let projQ c0 �= q ∈ Q. Then a minimal 
gallery from c0 to q does not cross the root αp. This yields a contradiction and we infer 
αp � β for every p ∈ I. Using similar arguments, we deduce α � αp for every p ∈ I. 
Since γ ∈ (α, β) if and only if α � γ � β, the claim follows. �
(3.14) Corollary. If the canonical mappings U±s → G are injective and if DF satisfies 
(RGD3), then DF is an RGD-system and we have F ∼= F(Δ(DF ), B+).

Proof. By Theorem (3.13) DF is an RGD-system and it suffices to show that the two 
foundations F and F(Δ(DF ), B+) are isomorphic. Since U±s → G are injective, we do 
not distinguish between them and their images in G.

Each Δ{s,t} is a spherical Moufang building for s �= t with {s, t} ∈ E(S). Thus there 
exists an isomorphism β{s,t} : Xs,t/B{s,t} → Δ{s,t}, gB{s,t} 
→ g(c{s,t}) by [2, Lemma 

7.28], where B{s,t} := 〈Hs ∪Ht ∪ Uα | α ∈ Φ{s,t}
+ 〉.

By Remark (2.12) and Lemma (2.14), we know that α{s,t} : Xs,t/B{s,t} →
R{s,t}(B+), gB{s,t} → gB+ is an isomorphism for every {s, t} ∈ E(S). Thus we have 
an isomorphism γ{s,t} := α{s,t} ◦ β−1 : Δ{s,t} → R{s,t}(B+), d = g(c{s,t}) 
→ gB+.
{s,t}
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It remains to show that γ{r,s}(d) =
(
γ{s,t} ◦ ϕrst

)
(d) for every d ∈ Ps(c{r,s}). Let 

d = g(c{r,s}) for some g ∈ 〈U{r,s}
αs ∪ U

{r,s}
−αs

〉. Let gi ∈ U
{r,s}
±αs

such that g = g1 · · · gn and 

let g′i ∈ U
{s,t}
±αs

be the unique element such that g′i|Ps(c{s,t}) = ϕrst ◦ gi|Ps(c{r,s}) ◦ ϕ−1
rst. 

Let g′ := g1 . . . g
′
n. Then

ϕrst(d) = ϕrst(g(c{r,s})) = ϕrst

(
g|Ps(c{r,s})

(
ϕ−1
rst(c{s,t})

))
= g′1 · · · g′n|Ps(c{s,t})(c{s,t})

= g′(c{s,t})

Since g′i = gi in G, we deduce g′ = g in G. As γ{r,s}(d) = γ{r,s}(g(c{r,s})) = gB+, we 
have

(
γ{s,t} ◦ ϕrst

)
(d) = γ{s,t} (ϕrst(d)) = γ{s,t}

(
g′(c{s,t})

)
= g′B+ = gB+

= γ{r,s}(d) �
For J ⊆ S we define GJ to be the direct limit of the groups Xs and Xs,t with 

the canonical homomorphisms as above, where s �= t ∈ J . It follows directly from 
the definition of the direct limit that we have a homomorphism GJ → G extending 
Xs, Xs,t → G. We define (DF )J = (GJ , (Uα)α∈ΦJ ) and note that we have D(FJ) �= (DF )J
in general, as the group Xs depends on F .

(3.15) Lemma. Let F be an irreducible Moufang foundation of type (W, S) satisfying 
condition (lco). If J ⊆ S is irreducible such that |J | ≥ 3 and FJ is integrable, then the 
following hold:

(a) Let ΔJ be a twin building of type (〈J〉, J) and let cJ be a chamber of ΔJ such that 
F ∼= F(ΔJ , cJ). Then we have a canonical homomorphism GJ → Aut(ΔJ)

(b) The homomorphisms U±s → GJ are injective for every s ∈ J and (DF )J is an 
RGD-system.

Proof. Since FJ is integrable, there exists a thick twin building ΔJ of type (〈J〉, J)
and a chamber cJ of ΔJ such that FJ

∼= F(ΔJ , cJ ). Using [15, Theorem 1.5] and [2, 
Theorem 8.27], ΔJ is a Moufang twin building. Let ε ∈ {+, −} be such that cJ ∈ Cε. By 
Lemma (2.8) there exists a twin apartment Σ containing the image of the apartments 
(ΣK)K∈E(J) of the foundation. As we have seen in Example (3.7), Ks fixes ΔJ and 
we have homomorphism Xs → Aut(ΔJ). Clearly, U±s → Aut(ΔJ) are injective. Let 
{α, β} ⊆ Φ{s,t} be a prenilpotent pair. Note that for s �= t ∈ J , restriction of an 
automorphism of ΔJ to R{s,t}(cJ) is an epimorphism. Using [2, Corollary 7.66] it is an 
isomorphism from U[α,β] to its image in Aut(R{s,t}(cJ)). Thus we have a homomorphism 
Ĥ{s,t} → Aut(ΔJ) for mst > 2. As Ks is contained in the kernel of this map, we obtain 
a homomorphism Xs,t = Ĥ{s,t}/Kst → Aut(ΔJ) for mst > 2. As U±αs

commutes with 
U±αt

in Aut(ΔJ) if mst = 2, we also have a homomorphism Xs,t = Xs×Xt → Aut(ΔJ ). 
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We conclude that there exists a homomorphism GJ → Aut(ΔJ) mapping U±s onto U±αs
. 

Thus (a) follows. Note that Uα ≤ 〈Uαs
| s ∈ S〉 fixes cJ for every α ∈ ΦJ

+, whereas U−αs

does not. Thus (RGD3) holds and (b) follows from Theorem (3.13). �
(3.16) Lemma. Let F be a Moufang foundation and let J ⊆ S be reducible such that 
|J | = 3. Then U±s → GJ is injective for all s ∈ J and (DF )J is an RGD-system.

Proof. Let J = {r, s, t} and assume mrs = 2 = mrt. If (〈J〉, J) is of type A1 ×A1 ×A1, 
then G{r,s,t} = Xr ×Xs ×Xt. Otherwise, we have G{r,s,t} = Xr ×Xs,t. In both cases, 
(DF )J is an RGD-system. �
(3.17) Lemma. Let F be an irreducible Moufang foundation of type (W, S) satisfying 
condition (lco). Then F is integrable if and only if DF is an RGD-system and U±s → G

is injective for all s ∈ S.

Proof. One implication is Corollary (3.14); the other follows from Lemma (3.15)(b) ap-
plied to J = S. �
(3.18) Lemma. Assume that for each irreducible J ⊆ S with |J | = 3 the J-residue FJ is 
integrable. Then Xs → Xs,t is injective for all s �= t ∈ S.

Proof. Let s �= t ∈ S. If mst = 2 there is nothing to show, as Xs,t = Xs ×Xt. Thus we 
assume mst �= 2 and let 1 �= g ∈ ker(Xs → Xs,t). Since ker(Xs →

∏
s∈J∈E(S) Aut(ΔJ)) =

{1}, there exists K with s ∈ K ∈ E(S) such that g /∈ ker(Xs → Aut(ΔK)). As g ∈
ker(Xs → Xs,t), we have g ∈ ker(Xs → Aut(Δ{s,t})) and hence K �= {s, t}. Let J =
K ∪ {t}. Then J is irreducible. As FJ is integrable, there exists a twin building Δ and 
a chamber c of Δ such that FJ

∼= F(Δ, c). By Lemma (3.15)(a) we obtain that GJ acts 
on Δ. As g is trivial in GJ but not in Aut(Δ), this yields a contradiction and hence 
Xs → Xs,t is injective for all s �= t ∈ S. �
4. The 3-spherical case

In this section we let F be a Moufang foundation of irreducible 3-spherical type (W, S)
and of rank at least 3 satisfying condition (lco). Moreover, we assume that for each irre-
ducible J ⊆ S with |J | = 3 the J-residue FJ is integrable and satisfies condition (lsco). 
Let (ΣJ )J∈E(S) be an apartment of F and let U±s, Xs, Xs,t and DF = (G, (Uα)α∈Φ) be 
as before.

Our goal is to show that F is integrable. By Corollary (3.14) it suffices to show that 
the canonical mappings U±s → G are injective and that DF satisfies (RGD3). We will 
show that G acts non-trivially as a permutation group of the set of chambers of a building 
and deduce both assertions from the action. For all s ∈ S we fix 1 �= es ∈ Us and let 
ns := m(es).
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For s �= t ∈ S with mst = 2 we define Δ{s,t} to be the spherical building associated 
with Xs×Xt (cf. [2, Proposition 7.116]). Using [2, Proposition 7.116, Corollary 7.68 and 
Remark 7.69]), we get (similar as for Moufang buildings) a natural labeling. In particular, (
(Us ∪∞s)s∈S , (Δ{s,t})s �=t∈S

)
is a blueprint. We will denote it by BF and remark that 

the restriction of BF to any A1 ×A1 residue is natural.

(4.1) Lemma. Let J ⊆ S be irreducible and of rank 3. Then the blueprint B(FJ) is real-
izable.

Proof. Since FJ is an integrable Moufang foundation, there exists a thick twin building 
Δ = (Δ+, Δ−, δ∗) and a chamber c of the twin building Δ such that FJ

∼= F(Δ, c). 
Without loss of generality let c ∈ C+. Let Σ be a twin apartment containing the images 
of the apartments (ΣK)K∈E(J) of the foundation. We deduce from [15, Theorem 1.5]
and [2, Theorem 8.27 and Proposition 8.21] that Δ+ is a spherical Moufang building. By 
Proposition (2.18) the building Δ+ conforms to the blueprint given by its restriction to 
E2(c) and the natural labeling of Δ+, i.e. 

(
Uαs

∪ {∞s})s∈J , (R{s,t}(c))s �=t∈J

)
, where the 

U±αs
are the root groups corresponding to the roots in Σ ∩ Δ+. We will show that Δ+

conforms to B(FJ ). As we have a labeling of Δ of type (Uαs
∪ {∞s})s∈J and Us → Uαs

are isomorphisms, we also have a labeling of type (Us ∪ {∞s})s∈J . Let R be an {s, t}-
residue of Δ+. Then there exists an isomorphism ϕR : R{s,t}(c) → R such that x, ϕR(x)
have the same s- and t-labels for each x ∈ R{s,t}(c). As FJ

∼= F(Δ, c), there exist 
isomorphisms αK : ΔK → RK(c) for each K ∈ E(J). Then x and α{s,t}(x) have the 
same s- and t-labels and hence Δ+ conforms to the blueprint BFJ

. In particular, B(FJ )
is realizable. �
(4.2) Theorem. The blueprint BF is realizable.

Proof. Let J ⊆ S be of rank 3. Then J is spherical by assumption. If J is irreducible, 
then FJ is integrable and hence B(FJ) is realizable by Lemma (4.1). If J is reducible, 
then B(FJ ) is realizable by Lemma (2.20). Thus each restriction to a spherical rank 3
subdiagram is realizable and hence the claim follows from Corollary (2.17). �

Recall that Hs = 〈m(u)m(v) | u, v ∈ Us\{1}〉 and BJ = 〈Hs, Us | s ∈ J〉 for 
J ⊆ S seen as subgroups of Xs and Xs,t (and not of G). Then we have uh−1

t ∈ Ut

for ut ∈ Ut, h ∈ Hs and unt
s , [us, ut]nt ∈ B{s,t} for s �= t ∈ S, us ∈ Us, ut ∈ Ut.

4.1. An action associated with left multiplication

(4.3) Theorem. Let s �= t ∈ S. Then B{s,t} acts on the set of sequences of C(BF ) as a 
permutation group as follows: Let s1, . . . , sk ∈ S be such that s1 · · · sk is reduced and let 
ui ∈ Usi . Let r ∈ {s, t} and g ∈ Ur ∪Hr. Then ωB(g, ()) := () and for k > 0 we have
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ωB(g, (u1, . . . , uk)) :=

⎧⎪⎪⎨
⎪⎪⎩

(ug−1

1 , ωB(gns1 , (u2, . . . , uk))) if g ∈ Hr,

(gu1, u2, . . . , uk) if r = s1 and g ∈ Ur,

(u1, ωB(gns1 [g, u1]ns1 , (u2, . . . , uk))) if r �= s1 and g ∈ Ur.

Proof. We have to show that every relation in B{s,t} fixes (u1, . . . , uk). We prove the 
hypothesis by induction on k. For k = 0 there is nothing to show. Thus we assume k ≥ 1. 
We consider a relation in B{s,t} = 〈Hs ∪ Ht〉 � 〈Us ∪ Ut〉 (note that Hs, Ht normalize 
Us, Ut and their intersection is trivial by [2, Lemma 7.62]). We distinguish the following 
cases:

Relations in 〈Hs∪Ht〉: Suppose h1, . . . , hm ∈ 〈Hs∪Ht〉 with h1 · · ·hm = 1 in 〈Hs∪Ht〉. 
Then ωB(h1 · · ·hm, (u1, . . . , uk)) = (u(h1···hm)−1

1 , ωB(
∏m

i=1 h
ns1
i , (u2, . . . , uk))). We have 

u
(h1···hm)−1

1 = u1 and 
∏m

i=1 h
ns1
i = (h1 · · ·hm)ns1 is a relation in G{s,t,s1}. As the product 

is contained in B{s,t,s1}, it is a relation in B{s,t,s1}. Note that (DF ){s,t,s1} is an RGD-
system by Lemma (3.15)(b) or Lemma (3.16). Using Lemma (2.13) we know that B{s,t,s1}
is the 2-amalgam of the groups B{r} with r ∈ {s, t, s1}. By the universal property of 
direct limits, we have

m∏
i=1

h
ns1
i =

n∏
i=1

g−1
i rigi

for some gi ∈ B{s,t,s1} and relations ri ∈ B{s,t} ∪ B{s,s1} ∪ B{t,s1} in B{s,t,s1}. Using 
induction, we already know that all relations in B{s,t}, B{s,s1}, B{t,s1} act trivial on 
sequences of length at most k−1. In particular, the group B{s,t,s1} acts on all sequences 
of length at most k − 1. Using induction, we obtain the following:

ωB(h1 · · ·hm, (u1, . . . , uk)) = (u1, ωB(
n∏

i=1
g−1
i rigi, (u2, . . . , uk))) = (u1, . . . , uk)

Relations in 〈Us ∪ Ut〉: Suppose v1, . . . , vm ∈ Us, w1, . . . , wm ∈ Ut such that ∏m
i=1 viwi = 1 in 〈Us ∪ Ut〉. We distinguish the following cases:

(Case I) s1 /∈ {s, t}: Then ωB(
∏m

i=1 viwi, (u1, . . . , uk)) = (u1, ωB(b, (u2, . . . , uk))), 
where b =

∏m
i=1 v

ns1
i [vi, u1]ns1w

ns1
i [wi, u1]ns1 , and b = (

∏m
i=1 viwi)

u1ns1 is a 
relation in G{s,t,s1} and hence in B{s,t,s1}. As before, the claim follows by 
induction.

(Case II) s1 ∈ {s, t}: Without loss of generality we can assume s1 = t. Then we compute 
ωB(

∏m
i=1 viwi, (u1, . . . , uk)) = (w1 · · ·wmu1, ωB(

∏m
i=1 v

ns1
i [vi, wi · · ·wmu1]ns1 ,

(u2, . . . , uk))). Consider now the action of Us, Ut on Δ{s,t}. Since 
∏m

i=1 viwi

is a relation in 〈Us ∪ Ut〉 and Us fixes the t-panel containing a fundamental 
chamber, the element w1 · · ·wm ∈ Ut acts also trivial on this t-panel. Since the 
action of Ut on this panel is simply transitive, we deduce w1 · · ·wm = 1. This 
yields that:
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m∏
i=1

v
ns1
i [vi, wi · · ·wmu1]ns1 =

(
m∏
i=1

(wi · · ·wmu1)−1viwi · · ·wmu1

)ns1

=
(

m∏
i=1

(wi · · ·wm)−1viwi · · ·wm

)u1ns1

=
(

(w1 · · ·wm)−1
m∏
i=1

viwi

)u1ns1

is a relation in G{s,t} and hence in B{s,t}. The claim follows by induction.

It remains to show that for all x, y ∈ {s, t}, h ∈ Hx, v ∈ Uy, v′ := h−1v−1h =
(h−1vh)−1 ∈ Uy the element h−1vhv′ fixes (u1, . . . , uk). We distinguish the following 
cases:

(Case I) y = s1: Then ωB(h−1vhv′, (u1, . . . , uk)) =
(
(v(v′u1)h

−1)h, ωB((h−1)ns1hns1 ,

(u2, . . . , uk))
)
. As (v(v′u1)h

−1)h = vhv′u1 = u1 in Uy and (h−1)ns1hns1 is a 
relation in G{y} and hence in B{y}, the claim follows by induction.

(Case II) y �= s1: Then ωB(h−1vhv′, (u1, . . . , uk)) = ((uh−1

1 )h, ωB(b, (u2, . . . , uk))), where 
b = (h−1)ns1 vns1 [v, uh−1

1 ]ns1hns1 (v′)ns1 [v′, u1]ns1 , and b = (h−1vhv′)u1ns1 is a 
relation in G{s,t,s1} and hence in B{s,t,s1}. As before, the claim follows by 
induction. �

(4.4) Lemma. Let J ⊆ S be such that |J | ≤ 3. Let ui, u′
i ∈

⋃
j∈J Uj.

(a) Let g ∈ BJ be such that ωB(g, (u1, . . . , uk)) = (u′
1, . . . , u

′
k). Then g·u1n1 · · ·uknkBJ =

u′
1n1 · · ·u′

knkBJ .
(b) Let g1, . . . , gm ∈

⋃
j∈J Uj. Assume that the action ωB does not stop after r steps, 

i.e. ωB(g1 · · · gm, (u1, . . . , uk)) = (u′
1, . . . , u

′
r, ωB(g′, (ur+1, . . . , uk))). Then we have 

g′ = (u′
1n1 · · ·u′

rnr)−1g(u1n1 · · ·urnr) in GJ , where g = g1 · · · gm.

Proof. We prove Assertion (a) by induction on k. For k = 0 the claim follows directly, as 
ωB(g, ()) = () and g·BJ = BJ . Thus we assume k ≥ 1. It suffices to show the claim for g ∈
Us∪Hs with s ∈ J . If g ∈ Hs, we have ωB(g, (u1, . . . , uk)) = (ug−1

1 , ωB(gn1 , (u2, . . . , uk))). 
Let ωB(gn1 , (u2, . . . , uk)) = (u′

2, . . . , u
′
k). Using induction we have gn1 ·u2n2 · · ·uknkBJ =

u′
2n2 · · ·u′

knkBJ . This implies

g · u1n1 · · ·uknkBJ = ug−1

1 n1g
n1u2nk · · ·uknkBJ = ug−1

1 n1u
′
2n2 · · ·u′

knkBJ

As ωB(g, (u1, . . . , uk)) = (ug−1

1 , u′
2, . . . , u

′
k), the claim follows. Now we suppose g ∈

Us for some s ∈ S. If u1 ∈ Us, then ωB(g, (u1, . . . , uk)) = (gu1, u2, . . . , uk) and 
g · u1n1 · · ·uknkBJ = (gu1)n1u2n2 · · ·uknkBJ . Thus we assume u1 ∈ Ut for some 
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s �= t ∈ S. Then we have ωB(g, (u1, . . . , uk)) = (u1, ωB(gn1 [g, u1]n1 , (u2, . . . , uk))). 
Let ωB(gn1 [g, u1]n1 , (u2, . . . , uk)) = (u′

2, . . . , u
′
k). Using induction we have gn1 [g, u1]n1 ·

u2n2 · · ·uknkBJ = u′
2n2 · · ·u′

knkBJ . This implies

gu1n1 · · ·uknkBJ = u1n1g
n1 [g, u1]n1u2n2 · · ·uknkBJ = u1n1u

′
2n2 · · ·u′

knkBJ

As ωB(g, (u1, . . . , uk)) = (u1, u′
2, . . . , u

′
k), the claim follows. We prove Assertion (b) by 

induction on r. Let j ∈ J be such that u1 ∈ Uj . Let i1 < . . . < in be all indices such 
that gi1 , . . . , gin ∈ Uj . Then we have the following in GJ :

ωB(g, (u1, . . . , uk)) = (gi1 · · · ginu1, ωB(g′, (u2, . . . , uk)))

where g′ =
∏n

x=0
∏ix+1−1

y=ix+1 g
nj
y [gy, gix+1 · · · ginu1]nj and i0 := 0, in+1 := m + 1. We com-

pute the following:

g′ =
n∏

x=0

ix+1−1∏
y=ix+1

gnj
y [gy, gix+1 · · · ginu1]nj

=
n∏

x=0

ix+1−1∏
y=ix+1

(
(gix+1 · · · ginu1)−1gy(gix+1 · · · ginu1)

)nj

=
n∏

x=0

⎛
⎝(gix+1 · · · ginu1)−1

⎛
⎝ ix+1−1∏

y=ix+1
gy

⎞
⎠ (gix+1 · · · ginu1)

⎞
⎠

nj

=
(

(gi1 · · · ginu1)−1

(
m∏

y=1
gy

)
u1

)nj

= (gi1 · · · ginu1n1)−1
gu1n1

As g′ ∈ 〈Uj | j ∈ J〉, the claim follows by induction. �
(4.5) Lemma. The action in Theorem (4.3) maps equivalent sequences to equivalent se-
quences. In particular, ωB extends to an action on the set of chambers of the building 
CBF as a permutation group.

Proof. In this proof we use the notation Us1···sk for Us1×· · ·×Usk . It suffices to show that 
every element in 

⋃
r∈S Ur ∪Hr maps two elementary equivalent sequences to elementary 

equivalent sequences. Let s �= t ∈ S, let ū = ū1ū0ū2 be of type (f1, p(s, t), f2) and 
v̄ = ū1v̄0ū2 be of type (f1, p(t, s), f2), where ū0 and v̄0 are equivalent in Δ{s,t}. It suffices 
to show the claim for the sequences ū0ū2 of type (p(s, t), f2) and v̄0ū2 of type (p(t, s), f2). 
Suppose w ∈ W and s �= t ∈ S with �(sw) = �(w) + 1 = �(tw). Let (u1, . . . , um) ∈
Up(s,t), (v1, . . . , vm) ∈ Up(t,s) be equivalent in Δ{s,t}, let s1, . . . , sk ∈ S be such that 
w = s1 · · · sk is reduced and let (w1, . . . , wk) ∈ Us1···sk . Then (u1, . . . , um, w1, . . . , wk)
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and (v1, . . . , vm, w1, . . . , wk) are elementary equivalent. First we assume that g ∈ Hr for 
some r ∈ S. Then we have the following:

ωB(g, (u1, . . . , um, w1, . . . , wk)) = (u′
1, . . . , u

′
m, ωB(gp(ns,nt), (w1, . . . , wk)))

ωB(g, (v1, . . . , vm, w1, . . . , wk)) = (v′1, . . . , v′m, ωB(gp(nt,ns), (w1, . . . , wk)))

Let J := {r, s, t}. We deduce from Lemma (4.4)(a) and Corollary (2.19) that

u′
1n1 · · ·u′

mnmBJ = g · u1n1 · · ·umnmBJ = g · v1n
′
1 · · · vmn′

mBJ = v′1n
′
1 · · · v′mn′

mBJ

Using Corollary (2.19) again, we deduce that (u′
1, . . . , u

′
m) � (v′1, . . . , v′m). Since 

p(ns, nt) = p(nt, ns) is a relation in G{r,s,t}, we obtain gp(ns,nt) = gp(nt,ns) in B{r,s,t}
and by Lemma (2.13) they act equally on (w1, . . . , wk).

Now let g ∈ Ur for some r ∈ S. We note that (u1, . . . , uk) � (v1, . . . , vk) for ui, vi ∈
Us ∪ Ut implies u1n1 · · ·uknk = v1n

′
1 · · · vkn′

k (cf. Corollary (2.19) and [16, p. 87]). We 
consider the following two cases:

(Case I) r ∈ {s, t}: W.l.o.g. we assume that r = s. Then

ωB(g, (u1, . . . , um, w1, . . . , wk)) = (gu1, u2, . . . , um, w1, . . . , wk).

Let v′1, . . . , v′m be such that ωB(g, (v1, . . . , vk)) =(v′1, . . . , v′k). By Lemma (4.4)(a)
and Corollary (2.19) we deduce (gu1, u2, . . . , uk) � (v′1, . . . , v′k). Now there are 
two possibilities:

(a) ωB(g, (v1, . . . , vm, w1, . . . , wk)) = (v′1, . . . , v′m, w1, . . . , wk), i.e. the action 
stops after at most m steps. Then the claim follows directly.

(b) ωB(g, (v1, . . . , vk, w1, . . . , wk)) = (v′1, . . . , v′m, ωB(g′, w1, . . . , wk)): Then 
by Lemma (4.4)(b) we deduce g′ = (v′1n′

1 · · · v′mn′
m)−1g(v1n

′
1 · · · vmn′

m)
in G{s,t}. But then we have the following in G{s,t}:

g′ = (v′1n′
1 · · · v′mn′

m)−1g(v1n
′
1 · · · vmn′

m)

= (gu1n1u2n2 · · ·umnm)−1g(u1n1 · · ·uknk)

= 1

Thus ωB(g′, (w1, . . . , wk)) = (w1, . . . , wk) and the claim follows.

(Case II) r /∈ {s, t}: Suppose that ωB(g, (u1, . . . , uk)) = (u′
1, . . . , u

′
k) and ωB(g, (v1, . . . ,

vk)) = (v′1, . . . , v′k). Then Lemma (4.4)(a) implies

g · u1n1 . . . umnmB{r,s,t} = u′
1n1 · · ·u′

nnmB{r,s,t}

g · v1n
′
1 · · · vmn′

mB{r,s,t} = v′1n
′
1 · · · v′mn′

mB{r,s,t}
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In particular, we deduce that

g′ := (u′
1n1 · · ·u′

nnm)−1
gu1n1 . . . umnm ∈ B{r,s,t}

g′′ := (v′1n′
1 · · · v′mn′

m)−1
gv1n

′
1 · · · vmn′

m ∈ B{r,s,t}

Assume that ωB(g, (u1, . . . , um, w1, . . . , wk)) = (u′
1, . . . , u

′
m, w1, . . . , wk), i.e. 

the action stops after at most m steps. Then gu1n1 · · ·umnm = u′
1n1 · · ·u′

mnm

and g′ is a relation in G{r,s,t}. We will show that this is a contradic-
tion. Let u, u′ ∈ 〈Uαs

∪ Uαt
〉 be such that u1n1 · · ·umnm = un(w) and 

u′
1n1 · · ·u′

mnm = u′n(w) as in [16, Lemma (7.4)]. Then (u′)−1gu is a relation 
as well and we deduce Uαr

∩〈Uαs
∪Uαt

〉 �= {1}, which is a contradiction. Thus 
g′ cannot be a relation. Moreover, we have u1n1 · · ·umnm = v1n

′
1 · · · vmn′

m, 
as (u1, . . . , um) � (v1, . . . , vm), and u′

1n1 · · ·u′
mnm = v′1n

′
1 · · · v′mn′

m, as 
(u′

1, . . . , u
′
m) � (v′1, . . . , v′m) by Corollary (2.19). In particular, we have g′ = g′′

in B{r,s,t} and g′′ is no relation as well. In particular, the action does not stop 
after at most m steps. Together with Theorem (4.3) we obtain the following:

ωB(g, (u1, . . . , um, w1, . . . , wk)) = (u′
1, . . . , u

′
m, ωB(g′, (w1, . . . , wm)))

� (v′1, . . . , v′m, ωB(g′′, (w1, . . . , wm)))

= ωB(g, (v1, . . . , vm, w1, . . . , wk)). �
(4.6) Lemma. Let s1, . . . , sk ∈ S be such that s1 · · · sk is reduced and let ui ∈ Usi . Then 
we have for each s ∈ S a well-defined mapping

ω(ns, ·) : C(BF ) → CBF ,

(u1, . . . , uk) 
→

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ωB(n2
s1 , [u2, . . . , uk]) if s = s1, u1 = 1,

[u1, ωB(b(u1), [u2, . . . , uk])] if s = s1, u1 �= 1,
[1Us

, u1, . . . , uk] if �(ss1 · · · sk) = k + 1
ω(ns, (v1, . . . , vk)) else,

where (v1, . . . , vk) is of type (s, t2, . . . , tk), st2 · · · tk = s1 · · · sk and (u1, . . . , uk) �
(v1, . . . , vk). Moreover, this mapping extends to a mapping on the set of chambers of 
CBF . More precisely, for any two equivalent sequences (u1, . . . , uk) � (v1, . . . , vk) we 
have ω(ns, (u1, . . . , uk)) = ω(ns, (v1, . . . , vk)).

Proof. It suffices to show that the mapping maps equivalent sequences to the same 
chamber in the building. Suppose s1, . . . , sk, t1, . . . , tk ∈ S such that s1 · · · sk = t1 · · · tk is 
reduced. Let ui ∈ Usi , vi ∈ Uti be such that (u1, . . . , uk) � (v1, . . . , vk). If �(ss1 · · · sk) =
k + 1, we have (1, u1, . . . , uk) � (1, v1, . . . , vk) and hence [1, u1, . . . , uk] = [1, v1, . . . , vk]. 
Now we assume �(ss1 · · · sk) = k − 1 and distinguish the following cases:
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(a) s1 = s = t1: As s2 · · · sk = t2 · · · tk, there exists v′i ∈ Usi with (v′2, . . . , v′k) �
(v2, . . . , vk). Moreover, we have (u1, . . . , uk) � (v1, . . . , vk) � (v1, v′2, . . . , v

′
k) and 

Corollary (2.17) implies u1 = v1 and ui = v′i for each i ∈ {2, . . . , k}. In particular, 
(u2, . . . , uk) = (v′2, . . . , v′k) � (v2, . . . , vk). Using Lemma (4.5) we deduce

ω(ns, (v1, . . . , vk)) =
{
ωB(n2

s1 , [v2, . . . , vk]) if v1 = 1
[v1, ωB(b(v1), [v2, . . . , vk])] if v1 �= 1

=
{
ωB(n2

s1 , [w2, . . . , wk]) if w1 = 1
[w1, ωB(b(w1), [w2, . . . , wk])] if w1 �= 1

= ω(ns, (w1, . . . , wk))

(b) All other cases can be reduced to the previous case by choosing suitable equivalent 
sequences. �

(4.7) Lemma. Let s ∈ S and hs := n2
s ∈ Hs. Moreover, we let s1, . . . , sk ∈ S be such that 

s1 · · · sk is reduced and we let ui ∈ Usi . Then the following hold:

ω(ns, ωB(hs, [u1, . . . , uk])) = ωB(hs, ω(ns, [u1, . . . , uk]))

Proof. We distinguish the following cases:

(a) s = s1, u1 = 1: Then hns
s = hs is a relation in B{s} and the following holds:

ω(ns, ωB(hs, [u1, . . . , uk])) = ω(ns, [1, ωB(hns
s , [u2, . . . , uk])])

= ωB((n2
s)hs, [u2, . . . , uk])

= ωB(hs, ωB(n2
s, [u2, . . . , uk]))

= ωB(hs, ω(ns, [1, u2, . . . , uk]))

(b) s = s1, u1 �= 1: Note that uh−1
s

1 nsB{s} = uh−1
s

1 nsb(u
h−1
s

1 )hsB{s} = nsu
h−1
s

1 nshsB{s} =
nshsu1nsB{s} = hsnsu1n1B{s} = hsu1nsb(u1)B{s} = u1

h−1
s nshsb(u1)B{s}. Thus 

we have uh−1
s

1 = u1
h−1
s in Us and b(uh−1

s
1 )hs = hns

s b(u1) is a relation in B{s}. More-
over, hns

s = hs in B{s}. Thus the following holds:

ω(ns, ωB(hs, [u1, . . . , uk])) = ω(ns, [u
h−1
s

1 , ωB(hns
s , [u2, . . . , uk])])

= [uh−1
s

1 , ωB(b(uh−1
s

1 )hs, [u2, . . . , uk])]

= [u1
h−1
s ωB(hn1

s b(u1), [u2, . . . , uk])]

= ωB(hs, [u1, ωB(b(u1), [u2, . . . , uk])])
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= ωB(hs, ω(ns, [u1, . . . , uk]))

(c) �(ss1 · · · sk) = k + 1: Then hns
s = hs is a relation in B{s} and the following holds:

ω(ns, ωB(hs, [u1, . . . , uk])) = [1Us
, ωB(hns

s , [u1, . . . , uk])]

= ωB(hs, [1Us
, u1, . . . , uk])

= ωB(hs, ω(ns, [u1, . . . , uk]))

(d) s �= s1 and �(ss1 · · · sk) = k − 1: Let (u1, . . . , uk) � (v1, . . . , vk) be with v1 ∈ Us. 
Using Lemma (4.5) we deduce ωB(hs, [u1, . . . , uk]) = ωB(hs, [v1, . . . , vk]). Using the 
cases (a) and (b) we have the following:

ω(ns, ωB(hs, [u1, . . . , uk])) = ω(ns, ωB(hs, [v1, . . . , vk]))

= ωB(hs, ω(ns, [v1, . . . , vk]))

= ωB(hs, ω(ns, [u1, . . . , uk])) �
(4.8) Lemma. For each s ∈ S we have ns ∈ Sym(CBF ) via

ω(g, [u1, . . . , uk]) :=
{
ω(ns, ωB(n−2

s , [u1, . . . , uk])) if g = n−1
s

ω(ns, [u1, . . . , uk]) if g = ns

Proof. It suffices to show that n−1
s ns fixes every sequence. Once this is done, we deduce 

the following:

ω(nsn
−1
s , [u1, . . . , uk]) = ω(nsns, ωB(n−2

s , [u1, . . . , uk]))

= ω(ns(n2
s)(n−2

s )ns, ωB(n−2
s , [u1, . . . , uk]))

= ω((n2
s)ns(n−2

s )ns, ωB(n−2
s , [u1, . . . , uk]))

= ω((n2
s), ωB(n−2

s , [u1, . . . , uk]))

= [u1, . . . , uk]

Now we will show that n−1
s ns fixes every sequence. Let s1, . . . , sk ∈ S be such that 

s1 · · · sk is reduced and let ui ∈ Usi . We distinguish the following cases:

(i) s = s1 and u1 = 1: Then ω(n−1
s ns, [u1, . . . , uk]) = [1, ωB(n−2

s n2
s, [u2, . . . , uk])] =

[u1, . . . , uk].
(ii) s = s1 and u1 �= 1: Then

ω(n−1
s ns, [u1, . . . , uk]) = ω(n−1

s , [u1, ωB(b(u1), [u2, . . . , uk])])

= ω(ns, [u
n2
s

1 , ωB((n−2
s )nsb(u1), [u2, . . . , uk])])
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= [un2
s

1 , ωB(b(un2
s

1 )(n−2
s )nsb(u1)), [u2, . . . , uk]]

We note that u1nsB{s} =n−1
s nsu1nsB{s} =nsn

−2
s u1nsb(u1)B{s} =nsu

n2
s

1 nsB{s} =
u
n2
s

1 nsB{s}. Thus u1 = u
n2
s

1 and b(un2
s

1 )(n−2
s )nsb(u1) is a relation in B{s}. The claim 

follows now from Theorem (4.3).
(iii) �(ss1 · · · sk) = k + 1: Then ω(n−1

s ns, [u1, . . . , uk]) = ωB(n2
s(n−2

s )ns , [u1, . . . , uk]) =
[u1, . . . , uk].

(iv) �(ss1 · · · sk) = k − 1 and s �= s1: Let (v1, . . . , vk) ∈ [u1, . . . , uk] with v1 ∈
Us. Then we have ω(n−1

s ns, [v1, . . . , vk]) = [v1, . . . , vk] as before and hence 
ω(n−1

s ns, [u1, . . . , uk]) = [v1, . . . , vk] = [u1, . . . , uk]. �
4.2. Some relations in Sym(CBF )

In this subsection we will show that the relations in Theorem (2.9) act trivial on the 
set of chambers of CBF . This will imply that G acts on the set of chambers of the building 
CBF .

(4.9) Lemma. For s ∈ S and 1 �= us ∈ Us We have nsusns = usnsb(us) in Sym(CBF ).

Proof. Let (u1, . . . , uk) be a sequence of type (s1, . . . , sk). We distinguish the following 
two cases:

(a) �(ss1 · · · sk) = k + 1. Then we have

ω(nsusns, [u1, . . . , uk]) = [us, ωB(b(us), [u1, . . . , uk])] = ω(usnsb(us), [u1, . . . , uk])

(b) �(ss1 · · · sk) = k−1: W.l.o.g. we assume s = s1. We let b(us) = vshs and distinguish 
the following cases:

(i) u1 = 1: Then we compute the following:

ω(nsusns, [1, u2, . . . , uk]) = [1, ωB(usn
2
s, [u2, . . . , uk])]

ω(usnsb(us), [1, u2, . . . , uk]) = [usvs, ωB(b(vs)hns
s , [u2, . . . , uk])]

Comparing the cosets in the Moufang building we obtain usvs = 1. Moreover, 
we have the following:

b(vs)hns
s = n−1

s v−1
s vsnsb(vs)n−1

s hsns = n−1
s v−1

s u−1
s usnsvsnsn

−1
s hsns

= n−1
s nsusnsns = usn

2
s

Thus (usn
2
s)−1b(vs)hns

s is a relation in B{s} and the claim follows.
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(ii) u1 �= 1: Then we compute the following:

ω(nsusns, [u1, . . . , uk])

=
{
ωB(n2

sb(u1), [u2, . . . , uk]) if usu1 = 1
[usu1, ωB(b(usu1)b(u1), [u2, . . . , uk])] if usu1 �= 1

ω(usnsb(us), [u1, . . . , uk])

=

⎧⎨
⎩ωB(usn

2
sh

ns
s , [u2, . . . , uk]) if vsu

h−1
s

1 = 1

[usvsu
h−1
s

1 , ωB(b(vsu
h−1
s

1 )hns
s , [u2, . . . , uk])] if vsu

h−1
s

1 �= 1

Note that in Xs we have nsusu1nsb(u1) = nsusnsu1ns = usnsb(us)u1ns =
usnsvsu

h−1
s

1 nsh
ns
s . If usu1 = 1, then the left hand side is contained in B{s}. If 

vsu
h−1
s

1 �= 1, then U−αs
∩B{s} �= {1}, which is a contradiction. Thus usu1 = 1

implies vsu
h−1
s

1 = 1. On the other hand if vsu
h−1
s

1 = 1, then the right hand side 
is contained in B{s}. If usu1 �= 1, then again U−αs

∩ B{s} �= {1}, which is a 

contradiction. Thus vsu
h−1
s

1 = 1 implies usu1 = 1.
Assume that usu1 = 1 = vsu

h−1
s

1 . Then n2
sb(u1) = usn

2
sh

ns
s in Xs and hence 

in B{s}. Thus we are done. Now we assume that usu1 �= 1 �= vsu
h−1
s

1 . Note that 
in Xs we have the following:

usu1nsb(usu1)b(u1) = nsusu1nsb(u1)

= nsusnsu1ns

= usnsb(us)u1ns

= usnsvsu
h−1
s

1 nsh
ns
s

= usvsu
h−1
s

1 nsb(vsu
h−1
s

1 )hns
s

This implies usu1 = usvsu
h−1
s

1 and hence b(usu1)b(u1) = b(vsu
h−1
s

1 )hns
s . Thus 

we are done. �
(4.10) Lemma. For s, t ∈ S and h ∈ Ht we have nshns = n2

sh
ns in Sym(CBF ).

Proof. Let (u1, . . . , uk) be a sequence of type (s1, . . . , sk). We distinguish the following 
cases:

(a) �(ss1 · · · sk) = k+1: Then we have ω(nshns, [u1, . . . , uk]) = ωB(n2
sh

ns , [u1, . . . , uk]).
(b) �(ss1 · · · sk) = k − 1: Again we can assume s = s1. We distinguish the cases u1 = 1

and u1 �= 1 and compute the following:
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ω(nshns, [1, u2 . . . , uk]) = [1, ωB(hn2
s, [u2, . . . , uk])]

ω(n2
sh

ns , [1, u2, . . . , uk]) = [1, ωB((n2
s)nshn2

s , [u2, . . . , uk])]

ω(nshns, [u1, . . . , uk]) = [uh−1
1 , ωB(b(uh−1

1 )hnsb(u1), [u2, . . . , uk])]

ω(n2
sh

ns , [u1, . . . , uk]) = [(u(hns )−1

1 )n
−2
s , ωB((n2

s)nshn2
s , [u2, . . . , uk])]

In the case u1 = 1 we have hn2
s = n2

sn
−2
s hn2

s = n2
sh

n2
s and hence we are done. In the 

case u1 �= 1 we have uh−1
1 = (u(hns )−1

1 )n−2
s , as uh−1

1 nsB{s} = (u(hns )−1

1 )n−2
s nsB{s}

and hence b(uh−1

1 )hnsb(u1) = (n2
s)nshn2

s . The claim follows now from Theo-
rem (4.3). �

(4.11) Lemma. For s �= t ∈ S and αs �= α ∈ Φ{s,t}
+ we have nsuαns = n2

su
ns
α in 

Sym(CBF ).

Proof. Let αs �= α ∈ Φ{s,t}
+ . By Lemma (2.11) there exists gi ∈ Ut, hi ∈ Us such that 

uα =
∏n

i=1 gihi. Note that h1 · · ·hn = 1 as in the proof of Theorem (4.3). We distinguish 
the following cases:

(a) �(ss1 · · · sk) = k + 1: We deduce the following

ω(nsuαns, [u1, . . . , uk]) = ω(ns, [h1 · · ·hn, ωB(b, [u1, . . . , uk])]) = ωB(n2
sb, [u1, . . . , uk])

where b =
∏n

i=1 g
ns
i [gi, hi · · ·hn]ns . Note that b =

(
(h1 · · ·hn)−1 ∏n

i=1 gihi

)ns = uns
α

and hence the claim follows by Lemma (4.5).
(b) �(ss1 · · · sk) = k − 1. W.l.o.g. we assume s = s1. Let g′i ∈ Ut, h′

i ∈ Us such that 
uns
α =

∏m
i=1 g

′
ih

′
i. Again, h′

1 · · ·h′
m = 1. We deduce the following:

(i) If u1 = 1, we have:

ω(nsuαns, [u1, . . . , uk]) = [1, ωB(uαn
2
s, [u2, . . . , uk])]

ω(n2
susα, [u1, . . . , uk]) = ω(n2

s, [h′
1 · · ·h′

m, ωB(b, [u2, . . . , uk])])

= [1, ωB((n2
s)nsb, [u2, . . . , uk])]

where b =
∏m

i=1(g′i)ns [g′i, h′
i · · ·h′

m]ns . Note that b = ((h′
1 · · ·h′

m)−1 ∏m
i=1 g

′
ih

′
i)ns

= (uns
α )ns = n−2

s uαn
2
s. Thus (n2

s)nsb = uαn
2
s in B{s,t} and the claim follows 

from Lemma (4.5).
(ii) If u1 �= 1, we compute the following:

ω(nsuαns, [u1, . . . , uk]) = ω(nsuα, [u1, ωB(b(u1), [u2, . . . , uk])])

= ω(ns, [h1 · · ·hnu1, ωB(b · b(u1), [u2, . . . , uk])])
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= [u1, ωB(b(u1) · b · b(u1), [u2, . . . , uk])]

ω(n2
susα, [u1, . . . , uk]) = ω(n2

s, [h′
1 · · ·h′

mu1, ωB(b′, [u2, . . . , uk])])

= [un−2
s

1 , ωB((n2
s)nsb′, [u2, . . . , uk])]

where b =
∏n

i=1 g
ns
i [gi, hi · · ·hmu1]ns and b′ =

∏m
i=1 g

′ns
i [g′i, h′

i · · ·h′
mu1]ns . As 

before, we have u1 = u
n−2
s

1 and b(u1) · b · b(u1) = (n2
s)nsb′ in B{s}. Now the 

claim follows from Lemma (4.5). �
(4.12) Lemma. For all s �= t ∈ S we have p(ns, nt) = p(nt, ns) in Sym(CBF ).

Proof. At first we transform some elements by only using relations which are already 
known to hold in Sym CBF ), i.e. using Lemmas (4.9) - (4.11). We compute the following:

(a) u = 1 and n1 = nt: Then

n−1
s n−1

t nsntnt = ntn
−1
t n−1

s ntns(n−2
t )nsn2

t

n−1
s n−1

t n−1
s ntnsntnt = ntn

−1
t n−1

s n−1
t nsntns(n−2

s )ntnsn2
t

n−1
s n−1

t n−1
s n−1

t nsntnsntnt = ntn
−1
t n−1

s n−1
t n−1

s ntnsntns(n−2
t )nsntnsn2

t

(b) Ut � ut �= 1 and n1 = nt: Then

n−1
s n−1

t nsntutnt = n−1
s n−1

t nsutn
−1
s nsntbt

= n−1
s ntn

−2
t u′

tnsntbt

= n−1
s ntu

′′
t ntn

−2
t n−1

t nsntbt

= n−1
s u′′

t nsn
−1
s ntnsn

−1
s b′tn

−2
t nsn

−1
s n−1

t nsntbt

= u′′′
t ntn

−1
t n−1

s ntnsb
′′
t n

−1
s n−1

t nsntbt

n−1
s n−1

t n−1
s ntnsntutnt = n−1

s n−1
t n−1

s ntnsutn
−1
s n−1

t ntnsntbt

= n−1
s n−1

t nsn
−2
s u′

tnsn
−1
s ntnsntbt (note: u′

t ∈ Us)

= n−1
s n−1

t nsu
′′
t nsn

−2
s n−1

s ntnsntbt

= n−1
s n−1

t u′′
t ntnsn

−1
s n−1

t nsbsn
−2
s n−1

s ntnsntbt

= u′′′
t ntn

−1
t n−1

s n−1
t nsntnsn

−1
s n−1

t bsn
−2
s ntnsn

−1
s n−1

t n−1
s ntnsntbt

= u′′′
t ntn

−1
t n−1

s n−1
t nsntnsb

′
sn

−1
s n−1

t n−1
s ntnsntbt

(n−1
s n−1

t )2(nsnt)2utnt

= (n−1
s n−1

t )2nsntnsutn
−1
s n−1

t n−1
s nsntnsntbt

= n−1
s n−1

t n−1
s ntn

−2
t u′

tnsntnsntbt

= n−1
s n−1

t n−1
s ntu

′′
t ntn

−2
t n−1

t nsntnsntbt
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= n−1
s n−1

t n−1
s u′′

t ntnsntnsn
−1
s n−1

t n−1
s b′tn

−2
t nsntns(n−1

s n−1
t )2(nsnt)2bt

= n−1
s n−1

t n−1
s u′′

t nsntnsn
−1
s n−1

t n−1
s (ntns)2b′′t (n−1

s n−1
t )2(nsnt)2bt

= u′′′
t ntn

−1
t n−1

s n−1
t n−1

s (ntns)2b′′t (n−1
s n−1

t )2(nsnt)2bt
= u′′′

t nt(n−1
t n−1

s )2(ntns)2b′′t (n−1
s n−1

t )2(nsnt)2bt

Now we prove the claim. Let s �= t ∈ S, s1, . . . , sk ∈ S, w ∈ 〈s, t〉 be such that s1 · · · sk
and ws1 · · · sk are reduced. Moreover, we let vi ∈ Usi , ui ∈ Us∪Ut. We show by induction 
on �(w) that p(ns, nt)−1p(nt, ns) fixes the equivalence class [u1, . . . , un, v1, . . . , vk], where 
(u1, . . . , un, v1, . . . , vk) is of type (w, s1, . . . , sk). For �(w) = 0 we have l(p(s, t)s1 · · · sk) =
mst + k. Since (1, . . . , 1) of type (p(s, t)) is equivalent to (1, . . . , 1) of type (p(t, s)) it 
follows that

ω(p(ns, nt), [v1, . . . , vk]) = [1, . . . , 1, v1, . . . , vk] = ω(p(nt, ns), [v1, . . . , vk])

and hence ω(p(ns, nt)−1p(nt, ns), [v1, . . . , vk]) = [v1, . . . , vk]. Now let �(w) > 0. Note that 
it suffices to show that one of p(ns, nt)−1p(nt, ns) and p(nt, ns)−1p(ns, nt) acts trivial, 
as the product of these two elements acts trivial. Using the previous computations and 
induction, we infer:

ω(p(ns, nt)−1p(nt, ns), [(u1, . . . , un, v1, . . . , uk)])

= ω(p(ns, nt)−1p(nt, ns)u1n1, [(u2, . . . , un, v1, . . . , uk)])

= [u1, . . . , un, v1, . . . , vk]

For example we consider the case 1 �= u1 ∈ Us, n1 = ns and mst = 4 explicitly. We have 
the following:

ω((nsnt)−2(ntns)2, [u1, . . . , uk])

= ω((nsnt)−2(ntns)2u1ns, [u2, . . . , uk])

= ω(u′′′
s ns(n−1

s n−1
t )2(nsnt)2b′′s (n−1

t n−1
s )2(ntns)2bs, [u2, . . . , uk])

= ω(u′′′
s nsb

′′
s bs, [u2, . . . , uk])

As before, we have u′′′
s = u1 and b′′s bs = 1 in Xs,t. This finishes the claim. �

(4.13) Theorem. The mapping G ×CBF → CBF , (g, [(u1, . . . , uk)]) 
→ [ω(g, (u1, . . . , uk))]
is a well-defined action on the set of chambers of the building CBF as a permutation 
group.

Proof. Note that G is the direct limit of the inductive system formed by the groups 
Xs and Xs,t for all s �= t ∈ S. Thus the mapping in the statement is an action if the 
restriction to the groups Xs,t is an action. But this is a consequence of Theorem (2.9)
and the Lemmas (4.5), (4.8) - (4.12). �
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5. Main results

(5.1) Remark. Let F := ((ΔJ)J∈E(S), (cJ)J∈E(S), (ϕrst){r,s},{s,t}∈E(S)) be an irreducible 
3-spherical Moufang foundation such that every panel contains at least 6 chambers and 
such that each residue FJ of rank 3 is integrable. Then F satisfies condition (lco)
and for each J ⊆ S with |J | = 3 the J-residue FJ satisfies the conditions (lco) and 
(lsco).

(5.2) Theorem. Let F be an irreducible, 3-spherical Moufang foundation of rank at least 
3 such that every panel contains at least 6 chambers. Assume that for each irreducible 
J ⊆ S with |J | = 3 the J-residue FJ is integrable. Then DF is an RGD-system and 
F ∼= F(Δ(DF ), B+). In particular, F is integrable.

Proof. By Theorem (4.13) we have an action of G on the set of chambers of CBF as 
a permutation group. Clearly, Us → G is injective. Let 1 �= u′ ∈ U−s. Then 1 �= u :=
n−1
s u′ns ∈ Us and ω(nsun

−1
s , [()]) = ω(ns, [(u)]) = [u]. Since u = 1 if and only if u = 1, 

the element u′ acts non-trivial on the set of chambers of the building and hence U−s → G

is injective as well. Since for each α ∈ Φ+ we have Uα ≤ 〈Uαs
| s ∈ S〉 and Uαs

fixes [()], 
but U−αs

does not fix [()], DF satisfies (RGD3). Thus DF is an RGD-system of type 
(W, S) and the claim follows from Corollary (3.14). �
(5.3) Corollary. Let F be an irreducible, 3-spherical Moufang foundation of rank at least 
3 such that every panel contains at least 6 chambers. Then the following are equivalent:

(i) F is integrable.
(ii) For each irreducible J ⊆ S with |J | = 3 the J-residue FJ is integrable.

Proof. One implication follows directly by considering restriction of the twin building to 
the twin building (RJ(c+), RJ(c−), δ∗). The other follows from the previous theorem. �
(5.4) Theorem. Let Δ be a thick irreducible 3-spherical twin building of rank at least 3. 
Then Δ is known.

Proof. At first we assume that every panel of Δ contains at least 6 chambers. Then Δ
satisfies the conditions (lco) and (lsco). Let c be a chamber of Δ and let F := F(Δ, c). As 
in the previous corollary, each rank 3-residue of F is integrable. Theorem (5.2) implies 
that DF is an RGD-system and F ∼= F(Δ(DF ), B+). Using Proposition (3.4), we deduce 
Δ ∼= Δ(DF ).

Now we assume that there exists a panel containing at most 5 chambers. Then [24, 
(34.5)] implies that every panel contains only finitely many chambers. But then Δ is 
known by the Main result of [11]. We note that the Main result of [11] uses the fact that 
no rank 2 residue is associated with B2(2) in order the use the extension theorem of [15]. 
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But as it is shown in [4, Corollary 6.4], the extension theorem holds for arbitrary thick 
3-spherical twin buildings. Thus every irreducible locally finite 3-spherical twin building 
is known by [4] and [11]. �
Data availability

No data was used for the research described in the article.
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