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Abstract
We construct a delay functional d on an open subset of the space C; = C!([—r, 0], R) and
find 2 € (0, r) so that the equation

x'(1) = —x(t — d(xp))

defines a continuous semiflow of continuously differentiable solution operators on the solu-
tion manifold

X={peCl:¢/0)=—p(—d®))}

and along each solution the delayed argument ¢ — d (x;) is strictly increasing, and there exists
a solution whose short segments

2
Xt short = X(t ++) € Chs t>0,

are dense in an infinite-dimensional subset of the space C,f. The result supplements ear-
lier work on complicated motion caused by state-dependent delay with oscillatory delayed
arguments.

Keywords Delay differential equation - State-dependent delay - Complicated motion

AMS Subject Classification 34 K 23

1 Introduction

The present paper continues the studies [6,10—14] of how time lags which are state-dependent
affect the behaviour of feedback systems. The basic equation considered is

X' ()= —ax(t—r) (a,r)
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with @ > 0 and constant time lag » > 0. This is the simplest delay differential equation
modelling negative feedback with respect to the zero solution. Let C 9 denote the Banach space
of continuous functions [—r, 0] — R with the maximum norm, |¢|o,, = max_,<;<o |¢ (?)].
The solutions x : [—r, c0) — R of Eq. («, r), which are continuous and have differentiable
restrictions to [0, 00) which satisfy Eq. («, r), define a strongly continuous semigroup on C”
by the equations 7T (¢)xo = x; with the solution segments

X :[-r,0]3s+—>x(t+s)eR for t>0,

see [2]. Except for o = % + 2km, k € Ny the zero solution is hyperbolic [2,15].

Let C,] denote the Banach space of continuously differentiable functions ¢ : [—r, 0] — R,
with the norm given by |¢|1,, = |@lo., + |¢'|o.r- In [6,10-12] delay functionals d : C,l D
U — [0, r] were constructed so that for certain @ > 0 the modified equation

x'(t) = —ax(t — d(x;)) (o, d)

has homoclinic solutions, with chaotic motion nearby.

The results in [13,14] established another kind of complicated solution behaviour, namely,
the existence of delay functionals d and parameters « > 0 so that for a positive number 7 < r
there are solutions whose short solution segments

Xt.short - [=h,0] 2 s = x(t +5) e R, t >0,

are dense in open subsets of the space C }l
In [13] density of short segments in the whole space C }11 was achieved for a continuous
delay functional onaset Y C C! whichis large in some sense but not open, nor a differentiable
submanifold. Because of this lack of regularity results from [8,9] on well-posedness of initial
value problems and on differentiability of solutions with respect to initial data do not apply.
In [14] we constructed a continuously differentiable delay functional d : U — [0, r],
U C C} open, so that the results from [8] apply, and found & € (0, r) so that the previous
equation with &« = 1, namely,
x'(1) = —x(t —d(x,)) (1.1)

has a solution x : [—r, 0c0) — R whose short segments are dense in an open subset of the
space C ]1 The construction involves that the delayed argument function

[0,00) 3ttt —d(x) eR

along the solution x is not monotonic, and this oscillatory behaviour seems crucial for density
of short segments in an open subset of the space C ,]l

Before stating the result of the present paper let us mention that equations with non-
constant, state-dependent delay are not covered by the theory with state space C° which is
familiar from monographs on delay differential equations [1-3]. We recall what was shown
in [8] for delay differential equations in the general form

x(t) = fx) )

under hypotheses designed for applications to examples with state-dependent delay. Let C }(*),n
and C,l,n denote the analogues of the spaces C° and C, for maps [, 0] — R”. Assume
f:U—->RLUC Crlqn open, is continuously differentiable so that

(e) each derivative Df (¢) : Crl’n — R", ¢ € U, has a linear extension D, f () : Cﬁ)’” —
R"™ and the map

UxC,3 (@, 1) Def(¢)x € R"
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is continuous.

The extension property (e) is a variant of the notion of being almost Fréchet differentiable
for maps C?,n D V — R" which was introduced in [7].

Suppose also there exists ¢ € U with ¢’(0) = f(¢). Then the nonempty set

Xp=(peU:¢'0) = f(@)

is a continuously differentiable submanifold with codimension # in C
value problem

1

+ »» and each initial

x'(t) = f(x;) for t>0, xo=¢¢€ Xy,

has a unique maximal solution x : [—r,#3) — R", 0 < ty < oo, which is continuously
differentiable with x’(t) = f(x;) for all z € [0, #). The arrow

(t,¢) > x7,

with the said maximal solution x = x?¢, defines a continuous semiflow of continuously
differentiable solution operators

{¢6Xf:t¢>t}9¢|—>x;peXf, t>0.

In the present paper we prove the following result on complicated motion caused by a delay
functional so that the delayed argument functions along solutions of Eq. (1.1) are monotonic.

Theorem 1.1 There exist r > h > 0 and a continuously differentiable delay functional d :
N — (0,r), N C Cr1 open, and an open subset A of a closed affine subspace of codimension
6in C,zl so that Eq. (1.1) has a twice continuously differentiable solution @D [—r, 00) > R

whose short segments x,(i)hm[, t >0, are densein AU (—A).

The functional f : N > ¢ — —¢(—d(¢)) € R is continuously differentiable and has
property (e), and for each ¢ € X y the delayed argument function

[0,1) 511 —d(x!) eR

along the maximal continuously differentiable solution x® : [—r, ty) — Rofthe initial value
problem

X)) = fx)=—x(t —d(x;)) for t >0, xo=¢ € Xy,

is strictly increasing.

Here Cfl denotes the Banach space of twice continuously differentiable functions ¥ :
[—h, 0] — R, with the norm given by ||, = Zi:o max_,<;<( W(k) ().

A different result on complicated motion caused by state-dependent delay with monotonic
delayed argument functions has recently been obtained in [5].

The proof of Theorem 1.1 begins in Sect. 2 below with the choice of subsets A = A;, C Cﬁ
as in the theorem, for arbitrary 4 > 0. For arbitrary s > 0 Sect. 3 prepares a sequence of
twice continuously differentiable functions «y , : [—s, s] — R so that certain translates of
ksn and kg k, n # k, keep a minimal distance from each other, in the sense that there is a
constant a > 0 with

|(Ks,n)/(t +u) — (Ks,k)/(u” >

INIE

for small ¢t and some u.
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Section 4 is the core of the proof of Theorem 1.1. For suitably chosen, < 0 < t5,h > 0,
s > 0, a sequence of continuously differentiable delay functions A, : [0,ts] — (0, co)
together with a sequence of twice continuously differentiable functions x(, : [#, t5] — R
and a subset A = A, C C,% as in Sect. 2 are constructed so that for each n € N - the linear
nonautonomous equation

(X)) (1) = —x(m)(t — An(1))
holds for0 <t <ts,

— the delayed argument function [0, #5] > t — ¢t — A, (¢) € R along the delay function A,
is strictly increasing,

— on some subinterval of length / in [0, #5] the function x(,) coincides with a translate of
a member p, of a sequence which is dense in A,

— on some subinterval of length 2s in [0, 5] the function x(,) coincides with a translate of

Kn = Ksp-

In Sect. 5 shifted copies of the functions A, and of the functions +x,) are concatenated,
respectively, and yield a twice continuously differentiable function x : [fp, 00) — R and
a continuously differentiable delay function A on [0, co) which is bounded by some r >
max{h, —1,}. A twice continuously differentiable extension of the function x to the ray
[—r, 0c0) — R satisfies the linear equation

xX'(t) = —x(@t — A@)) (1.2)

for all + > 0. Proposition 5.1 states that the curve [r, 00) > f > x; € Cr1 is injective, hence
the equation

d(x;) = A(t)

converts the delay function into a delay functional d on the trace {x; € C rz it>r)

Sections 6, 7, and 8 prepare the extension of this functional to an open neighbourhood
N of the trace {x, € C? : (j, — 1)ts < t} in the space C!, with an integer j, > 2 so that
r < (jr — D)ts. Section 6 contains an ingredient of the construction which will be used in
the final Sect. 9, namely, separation of nonadjacent arcs

{xy € C2:(n— s <t <ntsy and {x, € C2: (j — Dits <1 < jts),
2<neN and 2<jeNwith|n—jl >1,

in the space C!. The separation result is based on the properties of the functions ; , from
Sect. 3 whose translates appear as restrictions of x on a sequence of mutually disjoint intervals
tending to infinity.

The constructions in Sects. 2, 3, 4, 5, and 6 are to some extent parallel to constructions in
[14]. The next steps in Sects. 7 and 8 are rather different from their counterparts in [14]. The
new tool, introduced in Sect. 7, is a bundle of transversal hyperplanes K;, t > 0, along the
curve (0,00) 5t x; € C?. Working with the bundle allows for an extension of the delay
functional from an arc {x; € Cr2 t(k—Dts <t < kts}, j» <k € N, to akind of tubular
neighbourhood Uy, C C? (Sect. 8), and for the arrangement of compatibility relations on
overlapping domains Uy N Uy41, in ways which are simpler than corresponding procedures
in [14].

Section 9 begins with the definition of the domain N C C; and the functional d :
N — (0, r), and completes the proof of Theorem 1.1. The verification that the functional
f : N — RinTheorem 1.1 has property (e) uses that the delay functionald : N — (0, r) has
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property (e). The latter is achieved by means of the following proposition whose statement
involves the injective linear continuous inclusion map

J:Clsgpsgect.

Proposition 1.2 /14, Proposition 1.2] Suppose d : C} > N — R is continuously dif-
ferentiable and for every ¢ € N there exist an open neighbourhood V of J¢ in C? and
a continuously differentiable map dy : C? DV = Rwithd() = dy(Jy) for all
V¥ € NN J~Y(V). Then d has property (e), with

D.d(¢p)x = Ddy(J$)x forall ¢ € NNJ (V) and yx e C°.

Notation, preliminaries. A sequence in a metric space is called dense if each point of the
metric space is an accumulation point of the sequence. A metric space is called separable if
it contains a dense sequence.

For € > 0 the open e-neighbourhoods of a point x in a normed space X and of a subset
S C X are given by

Usx)={yeX:|y—x|<e}
and
Uc(S) ={y € X : dist(y, S) < €},
respectively, with
dist(y, S) = ;reli; ly — x|.

Fora < binRand j € Nlet C c{ ,, denote the Banach space of j times continuously
differentiable functions ¢ : [a, b] — R, with the norm given by

j
- max |¢7 (2)],
(610 =D max, 1/ ()]
0
and let C2 ;, denote the Banach space of continuous functions ¢ : [a, b] — R, with the norm
given by
[#10,a,p = max [p(1)].
a<t<b
In case a = —r and b = 0, the abbreviations
cl = Ci,yo and |-[jr=1"1j-r0

are used. If functions ¢ € C? and ¢ € C] are considered as elements of the ambient space
C 9 then we use ¢ € C 9 orJ¢ € C 9 , depending on which form makes an argument more
transparent.

For r > 0 the evaluation map

COx [-r,0]3 (¢, 1) = ¢(1) €R
is continuous but not locally Lipschitz continuous, and the evaluation map

evrl : C,1 X (=r,0)> (¢,1) = ¢p(t) e R
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is continuously differentiable with

Devl(¢,0)(,7) = Dievy(¢, 1) + Daevt(p, )i = ¢(t) +1i¢' (1),

see e. g. [4,8].
In Sect. 8 below the following is used.

Proposition 1.3 Let B be a Banach space. Let reals a < b, a continuous injective map
c:la,b] - B, somet € (a,b), and € > 0 be given. Then there exists p > 0 with

Up(e(la, 1) NUp(c([t, b]) C Ue(c()).

Proof By continuity there exists #, € (a, t) with ¢([t4, t]) C Ue/2(c(t)). The compact sets
c(la, t;]) and c([¢, b]) are disjoint, which gives

0< agllligt dist(c(u), c([t, b])).

Choose p € (0, §) with

2p < ag’llig dist(c(u), c([t, b])).

Consider z € Uy (c([a, t])) N U, (c([t, b])). There exist u, € [a, t] and u; € [t, b] with
|z —c(ug)l < p and |z —c(up)| < p,

hence |c(uy) — c(up)| < 2p. The assumption u, < t, yields a contradiction to the inequality
2p < ming<y<;, dist(c(u), c([t, b])). It follows that u, € [t,4, t,]. Consequently,

Iz = c()] < |z — clua)] + le(ua) — c(t) < p+ g <e

which means z € Uc(c(?)).

2 Separability

Let 7 > 0 be given. The restrictions of polynomials R — R to the interval [—#4, 0] are
dense in Cﬁ, which is an easy consequence of the Weierstraf3 approximation theorem. Let
Ps C Cﬁ denote the subspace of restrictions of polynomials of degree not larger than 5 and
let C}%—o - C}% denote the closed subspace given by the equations

¢V (=h) =0=¢Y(0) for je{0,1,2).
Then dim Ps = 6 and
Ci=Cji_o® Ps,
which follows from the fact that given ¢ € C,zl there exists a unique p € Ps satisfying
PV (=h) = ¢ (=h) and p(0) = ¢ (0) for j € {0, 1,2},
or,¢ —peCi,.

Proposition 2.1 Let an open set U C C,% and py € C,% with A =U N (ps + C,%fo) # () be

given. The open subset A of the affine space p, + Cﬁ70 contains a sequence which is dense
in A.
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Proof The restricted polynomials with rational coefficients form a sequence which is dense in
Cﬁ. Projection along Ps onto Cg70 yields a sequence which is dense in Cl%—()’ and translation

by adding p. results in a sequence which is dense in p,+C ;%_0. The members of this sequence
which belong to U form a sequence which is dense in A.

Example 2.2 For given reals wg < ug < 0, u; < wy; < 0,up > 0, wy > 0let p, € Ps
denote the unique restricted polynomial which satisfies

P (=) =uj. p ) =w; for je{0.1,2},
and take
U={peCy:0<q"()on[—h, 0]}
Notice that
A=UN(ps+Ci_g)
={peCl:0<¢"(t)on[—h,0],
¢V (—h) =uj, ¢ (0) =w; for je{0,1,2}}.

We add the obvious fact that the dense sequence provided by Proposition 2.1 is dense in
AC C}% C C,ll also with respect to the norm | - |1 j.

3 Differentiable Functions with Separated Shifted Copies

Let s > 0 be given. We construct a sequence of functions «, € C%H, n € N, so that shifted
copies of these functions keep a positive minimal distance from each other with espect to the
norm | . |l,7s,s-

Let also positive reals a, &, n be given and choose € € (0, %) There exists x € Cl_S,0
with

Xx(=s) = —a,
x([—s,0]) C [—a, —a + €],
X/(_S) =1,

x'(t) >0 on [—s,0].
For every n € N there exists p, € CLS, s with
pn(t) = —pu(—=t) on [—s,s]
and
s
pu(t) = x(@) on [=s.—2].
s a
Pn <_W> = _5’
pn(0) =0,
(p)/ () = (p)/(0) constanton [~
(pn)' (1) >0 on [—s,0].

S
211+1 ’ 0] ’
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Fig.1 The function p; for
—s<t=<0 I } ]
-5 -s/2 -s/4 t
t-a/2
T—a+E€
—a

Proposition 3.1 Forall integersn # k in N and for eacht € [— %, 0] there existsu € [—s, s]
witht +u € [—s, s] and

a
[on (t +u) — pr ()] > 3¢

Proof Let positive integers n # k and ¢t € [—%, O] be given. In case n > k consider
u=—x%r Thenu € [-%.0] and

s s s s
_SS_§_2k+ISt+”Su__W§_27’
hence
a
pult +1) = pi) = x(t +u) — (=3)
- N H_a [ a a+]
—a,—a+eéel+-=|—=,—=+¢€
@ 2 22
Incase k > n setu = —t + 5:5. Then
0 $ < S _ < <S § <
<2—k_2n+l—u—|—t u(_§+2"+1_s)’
hence

[0n(t +u) — pr(u)| = |pn (ﬁ) — Pk (-l + ﬁ)‘

For n € N define k, € C2 | by

t
kn(t) = =& +/ on()du

-8

and observe that

kn(—=t) = k() on [-—s,s],
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kn(=s) = =& =k, (s),

(k) (1) < 0 on [—s,0),

(ky) (1) > 0 on (0, s],
(kn) (=5) = —a,

(kcn)'(s) = a,

k) () > 0 on [—s,s],
(k)" (—=s) = 1.

Using Proposition 3.1 and € < ¢ we get the following result.

Corollary 3.2 For all integers n # k in N and for each t € [—%, 0] there exists u € [—s, s]
witht +u € [—s,s] and

[(en)' (2 + u) — (ki) ()] =

NN

4 The Delay Function on a Compact Interval

In this section we find & > 0, a set A C C?, constants tp < 0 and t5 < —1p, and functions
Ap :[0,t5] = (0,00) and x¢) : [tp, 5] > R, neN,

which in the next section will be used to form a solution of Eq. (1.2) whose short segments
are dense in the set A U (—A). Choose reals

E>b>a>0 with E—a>0b

such that there exists #», > 1 with
bty > & > aty,

and choose #, € (—1, 0) with
b < (—1p)k.

1 .
Choose v € Ctb,0 with

v() <0 on [t,0],
V() >0 on [t,0],

v(tp) = —§,

v(0) = —b,

V(1) = a
h) = E,

Because of v([#p, 0]) = [—&, —b] and
b+1tb>0>b+ 1€

we can choose v in such a way that also

0
b+/ v(t)dt = 0.
1

b
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Fig.2 The function x € Ctzb_o

- b

1

Fig.3 The function v € C,b’,2

The equation

t
x(t)=>b +/ v(u)du
1]

b

defines a strictly decreasing function x € Ctzb o With
x(tp) =b and x(0) =0.

Let 7, € (#p, 0) be given by x(#,) = a.
Extend v € C tl[, o to a function in C tl;,, 1, With

v(t) <0 on [0,1],
v(h) = —a,
V() >0 on [0, n].

Because of v([0, 12]) = [—b, —a] and

—bt) < —& < —an
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+ b

tq to

ty tq

2

Fig.4 The function x € Cy; ,,

in such a way that also

n
/ v(t)dt = —&.
0

n=1v(n)>0.

we can choose v € C ,10 f

Set

Extendx € C zzb (o to astrictly decreasing function in C t2[, n by

t '
x(1) :/ v(u)du :b+/ v(u)du on (0, 1],
0 t

b
so that x(;) = —&, and let 1 € (0, t2) be given by x(¢1) = —a.
Fix t; € (t1, ) and
h>0 with 1y <ty —h
and define

uj =xD(ty —hy and w; = x¥(zy) for j € {0,1,2}.

Then 0 > uy > wo,u; < w; < 0,0 < ur,0 < wy. Consider the set A C Cﬁ from
Example 2.2. The functions in A are negative and strictly decreasing, with the derivative
strictly increasing. Proposition 2.1 guarantees a sequence (p,)neN in A which is dense in A.
For n € N define x(,) € C2 , by

.12

Xmy(t) = x(t) on [tp,tg —h]U[tg, 2],
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X (1) = pup1 (t — 1) on [tg —h, 14]
incase n odd,
Xy (1) = pu(t —1q) on [tg —h, 14]
incase n even.
Notice that x,) is strictly decreasing on [z, t2] with
Xm)(tp) = b, x()(0) =0, x(m)(t1) = —a, xu)(2) = —§,
(X)) (1) <0 on [t, 1],
(X)) () = x' (1) = v(t2) = —a,
(x)" () >0 on [5, 1],
(X)) (1) = V' (1) = .

The inverse y, = (x(n))_1 eC ES , maps its domain [—§&, b] onto the interval [#p, 22], with

() (w) = <0 forall u e [—&,b].

1
(x(n))/()’n(u))
Obviously,

(X)) (10, 2]) = [(x()) (0, (x(n)) (12)] = [—b, —al,
—(x@) ([0, 2]) = [a, b] C [-&, b].
It follows that the equation
Yn(=(x@) (1) =1 = Ay (1)

defines a function A,, € Cé " with

1= (A (1) = ) (=) (O)=(xw)" (1> 0 on [0, 1],
0 — A(0) = yu(=(x@))(0)) = yu(b) = 1,
= Ap(t2) = Yu(=(x@) (2)) = yu(@) = ta,
(X)) (1) = =Xy (t = Ap(1)) on [0, 12].

In particular,
(id — Ap) ([0, 2]) = 1, 1a]-
The estimate t — A, (t) < t, on [0, 7] yields
Apt)>t—t, >t >0 on [0,#]

Fix some s > 0 and recall x,, € CES’S from Sect. 3, with a, &, n from the present section.
Then

() (=5) = @) (1) for j €{0,1,2).
Set
13 =1t +2s
and define an extension of x(,) to a map in C t2b 1 DY

x(n)(t) =Kn(t_t3+s) on [f,13].
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- b

t3

_5_

2
Ip,13

Fig.5 The function x(,) € C

By the symmetry of «,,,

Xy (13) = x(n)(12) = —§,
(xm) (13) = —(x) (12) = a,
)" (13) = (xw)" (12) =1,

and
(xm)) (12, 3]) = (k) ([=s, $1) = [=a, al = x(u) ([ta;, 11]).
It follows that the equation

(=) (1) =1 —8,(t) on [, 13]

1

1130 with

defines amap §, € C
=8 () = yu(—=(x@) (12)) = yn(a) = ta,
13 = 8,(13) = ya(=(x) (13)) = yu((x()) (2)) = yu(—a) =11,
1= (82)' (1) = () (= (X)) O)[=x@))" ()] > 0 on [12, 13],
(X)) (1) = =x(m)(t = 8,(1)) on [, 13].
Notice that 8, () =, — t, = A, (t2) and

1= (80) (2) = () (—(x) @)= (X)) ()] = 1 — (Ap) (12).
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The estimate t — §,,(t) < t; on [f2, 13] yields
S,t)=t—t1 >t —1t1 >0 on [B, 5]
Setting
Ap(t) =68n(1) on [t 13]

. 1 . . 1 .
we get an extension of A, € Cy , to a nonnegative map in Cy) ., with

1= (A (1) > 0 on [0, 53] and (id — Ap)([12, 53]) = [ta, 11].
Because of a < & — b there exists t4 > t3 with
ats —13) <& —b <&ty —13),
for example, t4 = 3 + 1.

1
13,14

1 — () (1) >0 in [13,14],
13 — 8nx(13) = 11,
ty — Spx(t4) = 13,

1 - ((Sn*)/(tS) =1- (An)/(tS)s

1 — (854) (14)

Proposition 4.1 There exists 5,5« € C with

Il
)
3
QU

Il
|
S

14
—£ +/ X(n) (& — S (2))d1t
3

Proof Consider the discontinuous function gy : [f3,74] — R given by go(3) = ;1 and
go(t) = t3 for t3 < t < 14. There is a sequence of functions g; € C}NA, j € N, with
(g))'(1) >0 on [t3,14],
gj(t3) =1,
gj(ty) = t3,
(£))(13) = 1= (An) (13),

, 1
(gj) (tg) = 5

which converge pointwise to go. For every j € N, g;([#3, #4]) = [#1, t3], and the Lebesgue
dominated convergence theorem yields

14 14
G :/ [—x(n) (g (£)]dt — —/ Xy (3)dt = §(ts —13) as j — oo.
13 13

Similarly there is a sequence of functions h; € Czl3,m with the same properties as g; which
converge pointwise to kg : [f3, t4] — R given by ho(t4) = 13 and ho(t) =t fortz3 <t < 14,
and

14 14
Hj =/ [—X(n)(hj(l))]dt — —/ X(n)(tl)dt =a(ty —13) as j — oo.
13 13

The limits satisfy
a(ts —n3) <§ —b < §(ts — 13),

@ Springer



Journal of Dynamics and Differential Equations (2022) 34:2867-2900 2881

due to the choice of #4. So there exists j € N with
H; <&—-b<G,j.
The function
k:[0,1] x [t3,14] 3 (0, 1) > g; (1) +0(h;(t) — g;j(1) € R

is continuous. Using the intermediate value theorem we find some 6 € (0, 1) with

1.
/4 Xy k@, 0))dt = (1 —0)G; +6H; =& —b.
3

1

Notice that the convex combination (¢, -) € Cy, ,,

Snx by

shares the properties of g; and /. Define
t —8us(t) = k(0,1).
The estimate t — 8,4(¢) < t3 on [#3, t4] yields
Sus(®) =t —13>0 on [t3,1].
It follows that the equation
Ap(t) =6p4(t) for 3 <t <1y
extends A, € C& nloa nonnegative function in Cé’ 4 which satisfies
1—(A)' () >0 on [0,14],
14 — Ay(ty) = 13,
t—Ap(0) € [11,13] for 13 <1 <14,

1
1— (A (1a) = 7

2

The function x4 € C,z 1

given by

t
5n (1) = =+ [ T = 2,001
3
satisfies

Xnx(13) = —& = x()(13),
Xnx(t4) = —b,
(Xns) (1) = =x(y (t = Ap(1)) on [13,14],
(nx) (1) = —x(uy (13 — A (13)) = —X(n) (1) = @ = x(, (13),
(Xn) (14) = =Xy (t4 — Ap(12)) = —x(ny (13) = &,
(xn)"(13) = = (x() (13 — A (BN = (AR) (13)] = (x(n))" (13)
(nx)" (1) = = () (ta — A (1)1 — (AR) (14)]
4WW@%=—§
Therefore the equation

x(n)(t) = xn*(t) for 3 <t =<1y
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Fig.6 The function x,) € szb,t4

defines a continuation of x(,) € Ctzb 1, toafunction in Ctzb, 1, Which satisfies Eq. (1.2) on [0, 4]

and maps the interval [#3, t4] onto [—&, —b], with positive derivative and

Xn)(t4) = —b = —x(u)(tp),
(xm) (1) = & = —v(1p) = —(x(w) (1),

() (1) = —% = —v/(tp) = —(x(n) (1)

2

. . 2
ip.14 to afunction in C

We set t5 = t4 — t;, and extend x(,) € C s

by
X)) = —x,(t —15) on [t4,15].

Then
—(xm)) (14, 151) = (X)) ([1p, O1) = [—§, —b] = x(my ([13, 14]).

The derivative of the function

Yn,5s = (x(n)|[t3,t4])71 € C%E,—b

is strictly positive, due to (x¢,))'(t) > 0 on [13, 14]. The equation

Yn,S(_(x(n))/(t)) =1 - 5n,5(t) for 14 <t <ts

1
14,15

14 — 8n,5(14) = Yn.5(— (X)) (14)) = yu5((x(n) (14 — 15))

= Vn.5((x) (1)) = yn5(=8) =13 =14 — Ay (14),
15— 8n,5(15) = Yu(=(x(n)) (5)) = Yu((x())"(0)) = yu(=b) = 14,
1= (80,5 (1) = (n,5) (. )= (x@))" (0]

defines a function §, 5 € C, which satisfies
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= (n.5) (. )@t —15)1 > 0 on [14,15],
1= (80.5) (14) = (¥n.5) (= (X)) (@) [ (x(n))" (2]
= (n.5) () @) [(x)” (1) = (yn,s)/(—f)%
1 a la
T )2 a2

(n,5) (x(n)(t%))

1
=5 =1 - (M) ().

The estimate t — §,,5(t) < t4 on [#4, t5] yields
Sps5()>t—1t4>0 on [t4,1s].
It follows that the equation
Ap(t) =6,5() for 14 <t <ts
defines a continuation of A, € C(%,m to a nonnegative function in Cé, 15 SO that we have
14 — Ay(ty) = 13,
ts — Ay (t5) = ta, or equivalently,
An(ts) = 15 — 14 = —1, = Ap(0),
1—(A)'(t) >0 on [0,1s],
(xm) (1) = =x(@)(t — Ap(t)) on [0, 15].

Also,
(An) (ts) = (An)'(0)
because of
1= (A (t5) = 1= (80,5) (15) = (yn,5) (— (x(n) (1)) [— (x()) " (15)]
= (yn, 5)/((x(n))/(0))(x(n))//(o) = (yn,5) (—=b) (x(n))" (0)
1
" - " 4 0
= >) Gy @ ) O = Sy Fo)' @
and

x@)"(0) = = (X)) (0 = Ap(O)[1 = (A" (0)] = —(xm) (1)1 = (A (O)].

5 Concatenation

All functions x(,) € C2 , ., n € N, coincide on the set

PR
[tp, ta — h]1 U [ta, 2] U [14, 15],

we have 14 = 15 + 13, and for every n € N,

Xy () = —x@u)(t —t5) forall 1 € [t4,15].

Moreover, for every n € N the nonnegative function A, € C(l) s satisfies

An(ts) = An(0) = —1p,
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Fig.7 The function x(,) € C,zbyt5

(An)/(IS) = (An)/(()),
1—(A)'(t) >0 forall ¢ e [0, 5],

and we have
(X)) () = —x()(t — Ap(t)) forall ¢ €][0,1s].
Therefore the relations

x(t) = (—1)”’1x(n)(t —(n—Dt5) forneN, (n—Dts+1, <t <nts,
At) =A0,(t—m—Dts) forneN, (n—1t5 <t <nts

define a twice continuously differentiable function x : [t;, 00) — R and a continuously
differentiable nonnegative function A : [0, o0) — R so that Eq. (1.2) holds for all > 0,
A(0) = —1p, and

1—A'(t) >0 forall t>0.
The short segments X, —1)ts41,,short = Pup € C,%, n € N odd, which are given by
X(n—Dts+ig,short W) = x((n — Dts +tg +u) for —h<u =<0,

are dense in the infinite-dimensional set A C Cﬁ ccC hl with respect to the norm | - |1 .
Recall

Iy <t —Ay(1) in [0, 1],
lo <t —Ay(t) in [n2,13],
fn<t—A,@) in [t3, 4],
13 <t—Au@) in [tg,15] = [t4, 14 — 1p]

for each n € N and set

r=max{ty —tp, 13 —ty, t4 — 11,14 — tp — 13, t5 + 35}.
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Then
A(t) <r forall t>0.

Extend x : [fp, 00) — R backward to a twice continuously differentiable function x :
[—r, 00) — R, with long segments x; € Cr2 C Crl, t > 0, given by

xr(u) =x(t +u) for —r <u<0.
The curve
i:(O,oo)Btr—>x,€Crl
is continuously differentiable with
D)1 = (x,) = (x"); e C! forall 1> 0,

compare [13, Proposition 4.1]. As % is the only zero of (x(u)) : [, t5] — R, for any

n € N, we have

DX(t)1 = (x;) #0 forall > 0.
Proposition 5.1 The restriction of the curve X to the ray [r, 00) is injective.

Proof Assumer <t < u and x(r) = x(u). Then
x(t+v) =x(u+v) forall vel-r,0]
There are n € N and k € N with
(n—1Dts <t <nts and (k— 1)t5 <u < kts.

Fromts < r <t wehaven > 2, and from t < u we have n < k.
1. Proof of t — (n — 1)t5 = u — (k — 1)t5. The argument w = (n — 1)t5 — ¢ is contained
in (—t5,0] C [—r, 0], and
O=x((n—Dts5) =x(t +w) =x(u + w).

As the interval (u — t5, u] contains exactly one zero of x, situated at (k — 1)t5, we get
u+ w = (k — 1)ts5, hence

u—(k—Dts=—-—w=t—(n—1)ts.
2. The case (n — 1)ts + t3 <t (< nts). Using Part 1 of the proof we get
(k—Dts+13 <u.
For every w € [—s, s] we obtain
kn(w) = (=1)" x5 — s +w) = x((n = Dis + 13 — s + w)

=x(t+[-t+m—Dts+13 —5s+w])
=x(w+[-t+n—Dis+13—s5+w]

(with [—t+ (n — Dts +13 —s +w] € [—15,0] C [—r,0])
=x(u+[-u+k—Dts+13 —s+w])

(with Part 1)
=x((k—Dts+13—s +w) = (=D x5 — s + w) = g (),
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and it follows thatn = k. By Part 1,7 = u.
3. The case ((n — 1)t5 <) t < (n — 1)t5 4 t3. Using Part 1 of the proof we get

((k—Dts <) u < (k— 1D)ts + 3.
For every w € [—s, s] we have

—t+m=Dts+i3—s+w>—-[(n—-Dts+B]+0—-Dts+13 —s+w

—ts—Ss+w>—15—25 > —r

and
—(n—Dts+n—Dts+13—s+w
—t5+t3—5+s5 <0,

—t+m—=Dts+—5s+w =<
=
hence [—t 4+ (n — 2)t5 + 13 — s + w] € [—r, O]. It follows that
-1 (W) = (=1 Pxuoy (i3 = s +w) = x((0 = )15 + 13 — s + w)
=x(t+[—t+m—-Dt5+1 —s5s+w)
=x(u+[-t+n—-2t5+15—s5+w])
(with [—t+(n —2Dts+13 —s +w] e[—r,0]
=x@+[-u+k—-2ts+13 —s5s+w)
(with Part 1)
=x((k =215+ 13— s +w) = (=D xq_1)(13 — 5 + w) = kg_1 (w).

Hencen —1 =k — 1,and by Part 1, r = u.

6 Separation of Arcs
Proposition 6.1 There exists a > 0 so that for all integersn > 2, j > 2 with |n — j| > 1
and forall t € [(n — D)ts, nts],u € [(j — 1)ts, jts] we have

X)) = 2@i,r = a.

Proof 1. Recall from Sect. 4 the function v € C! , . Letn € N. Notice that

Ip,12°
(x@m) @) =v(1) <0 on [tg, 1]
With v, = —max;, <;<;, v(¢) and x(,)(0) = 0 we obtain
Xy (O] = [t]vm o0 g, 1]

On [t t5 + 4] we have x,) (1) < —a.
2.Letn €N, j e Nandt € [(n — )ts, nt5],u € [(j — 1)ts, jt5] be given. Then

t=m—Dts+t, with 0<t,<ts and u=(j — ts +u, with 0<u, <fts.

We may assume u, < t,. Set w = uy, — t, € [—ts, 0].
3.Incaset; < —w < t5+ t, Part 1 yields the estimate

[X() = X)) |1, = X (—us) — Xy (—us)|
= |x((n — Dits + 1, — uy) —X((j — Dts +uy — u*)|
= |x((n — Dts —w)| = [xp)(—w)| > a.
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4.In case min {1, 5§} < —w < 11 Part 1 yields the estimate

|)%(t) - )e(u)ll,r > |x (=) — Xy (—us)|
= [x((n — 1)ts — w)| =[x (—w)| = (—=w)vy > vy, - Min [n, %] .

S.Incasets +t, < —w < t5 —min{—ta, %} we havet, < —w —t5 < —min{—ta, %}

Using Part 1 we infer
[X(t) — X @)1, = 12 (=) — Xy (—uts)|
= |x((n — Dt5s — w)| = [x(nts — w — 15)]
= |x(n+1)(_w —15)| > | —w — t5|vy > vy - min{—1,, 5}.
6. Thecasen — j € 2Z+ 1, —w < s,and 13 < uy,.Thentr +s5 — 1, € [—15,0] C [—7r, 0]
since
—t5 <ty <th+s—t, <t3—t, <t3 —uy <0.
Using x(n) (1) < —& forallm € Nand all 1 € [1p, 13] = [t2, 12 + 25] we infer
X)) =21y = |xe(t2 +5 — 1) — x, (22 + 5 — t,)]
=lx(n—Dts+te+0+s5s—1t) —
X((j = Dis +us+ 10 +5 — 1,)]
=[x((n—Dits+n+s)—x((j — D)ts + 1+ + w)|
= (=" x (2 +5) — (=D xjy (0 + 5 + w)|
= [(=1)" " x(u) (12 + ) — x(jy (t2 + 5 + w)|
> 2¢&.
7.Thecase0 £#n—j € 27, —w < %,and 13 < uy. Corollary 3.2 yields some v € [—s, 5]
so that w + v € [—s, s] and

(e j) (W +v) = (k) (V)| =

A~

Wehaver, +s +v —t, € [—t5,0] C [—r, O] since
—t5 < —t, < +Ss+v—1t, <13— 1, <15 —uy <0.
Hence
X)) =X, = [(x) (245 +v—1) — () (2 +5 + v —1,)]
=X (n—Dts+ti+tr+s5+v—1t) —
X((—Dits+us+t+s+v—1t)]
='((n=Dts+n+s+v)=x((G—D)ts +n+s+w+v)
= 1(=D" ) (2 +s+v) — (=D x) (2 + s+ w +v)]
= (=" (x)) (12 + 5 + v) = (x(j)) (2 + 5 + w + V)|
a
= |(kn) (v) — (&))" (w + V)| = 1
8. Thecasen —j € 2Z+1,2 <n,2 < j,—w <s,andu, < t3.Thents +t, —tr —s €
[0, t5 + 2s] C [0, r] since

0<ts—t3+uy <ts—(b+s)+t=ts5+t—H—s
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Sts+ e +s)—tr—s<ts+t3 -t =15+2s <r.
Hence
X(t) — X1, = % (—t5 — tx + 12 +5) — xy(—t5 — ts + 12 +5)|
=lx(m—Dts+t, —t5—t, +1r+5) —
X((j = Dts +ux —ts — tu + 1o +5)|

=x((n=2ts+n+s5)—x((j —2ts + w41+ )|

= (=" 2x-n)(t2 + 8) = (=1 Zxy(w + 12 + 5|

= [(=1)" " xuo1)(t2 + 5) — x(j)(w + 1 + 5)| > 2&.

9.Thecase 0 #n —j €22,2 <n,2<j,—w < %, and u, < t3. Corollary 3.2 yields

some v € [—s, s] sothat w + v € [—s, s] and

|Gej—1) (w +v) = (kn—1)" (V)] =

NI

Wehavets +t, —th —s —v € [0, 15 + 35] C [0, r] since

O0<ts—t34us <ts—(tr+2s)+t, <ts+ty—tHHh—85—v
§t5+<u*+%)—tz—s—v<t5+l3—t2—v:t5+2s—v§r.
Hence
1X(1) = X1,y = [(x) (=15 =t + 12+ 5 +v) —

(x0) (=ts =t + 1o + 5 + V)|
=x'((n—Dts+t,—ts—ti+10+5+v)—

xX'(( = Dis+ux —ts —t + 1 + 5 + )|
='((n=Dts+10+s+v) =x'"((j =25 + 2+ 5+ w + v)|
= |(=D)"2(xp-1) (2 + 5 +v) — (=12 (x(j1)) (2 + 5 + w + V)|
= (=" (xu=1) (12 + 5 +v) — (=) (22 + 5 + w + V)|

a
= [(kn—1)' (V) — (kj—1)"(w + v)| > 1
10. Thecase 0 #n — j € 27,2 < j,t5s — min{—t,, s} < —w = t, — u, < t5. Then
Uy Sty — 15+ 5 <5,
and wy = t, — u, — t5 satisfies wy € [—s,0]. We have t5 + u, —tp —s € [0, 5] C [0, r]
since
0<ts—B3<ts5—th—s<ts+uxs—th—s<ts+s—th—s=<t5 <r.
Hence
[X(1) = X)|1,r = |x:(=t5 —us + 12+ 5) — x4 (—t5s —us + 12+ 5)|
=[x((n—Dits+t, —t5 —up +t +5) —
x((j — Dits +uy — t5 — uy + 12 +5)|
= |x((n — Dts + wy + 12+ 5) —x((j — 215 + 12 + 5)|
= (=" x (ws + 2 +5) — (=D x_py (2 + )|
= |(=1)" gy (Wi + 12+ 5) — x(j_1)(t2 + 5)| > 2&.
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11.Thecasen —j € 2Z+1,2 < j,j—1 ;én,ts—min{—ta, %} < —w=ty—Uuy <fts.
Now

S S
M*St*_IS‘i‘ESE’

and wy = t,, — u, — 15 belongs to [—§, 0]. Corollary 3.2 yields v € [—s, 5] so that wy + v €
[—s, s] and

a
[(kcj—1) (V) = (k) (ws 4+ V)| = T
We have t5 +uy — 1o —s —v € [0, 15 + 5] C [0, r] since
S
Osis—f3=ts—0=25<ts+us—0 =2 <is5+5—H—s—0
<ts—v<t;+s=r.

Hence
IX(1) = X1,y = [(x) (=15 —us + 12+ 5 +v) —

(xu)/(_tﬁ —us+t+s+v)
=x'((n—Dis+t,—ts—us+nH+s+v) —

xX'(( = Dis+us —ts —ux + 1+ 5+ )|
=X'(n=Dis+ws+10+54+0v) —x'"((j =25 + 12 + 5 +v)|
= (=" ) (2 + 5 + ws +v) — (=D (x1) (2 + 5 4+ v)]|
= [(=D)" 7 (x) (2 4 5 + we +v) — (x(-1) (12 + 5 + V)|

a
= [(kn) (wy +v) — (kj—1)' (V)| = 1
12. Combining the results of Parts 3-11 and the relation £ > a we arrive at the estimate

~ A . a . .
[£0) = 2@, = min{ . vy, - min{r1, 5}, v, - min{—1,. 5}

forallintegersn > 2, j > 2 with|n— j| > landallt € [(n—1)ts, nts], u € [(j— D)ts, jts].

7 Delay Functionals on C°-Neighbourhoods of Compact Arcs

For t > 0 define x| € C° by x/(u) = x'(t + u), —r < u < 0. Then
x; = J(") = JDX()1.

The curve
(0,003t x, €C?

is continuously differentiable since the derivative x’ : [—r, 00) — R is continuously differ-
entiable, compare [13, Proposition 4.1]. Consider the map

L:(O,oo)xC?—HR
given by
L(t, ¢) = p(0)x" (1) + ¢ (1p)x" (1 + 13).
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We have
L =mo ((evgo ' o pri) x (evp o pra)) +m o ((evy, o &' o pri) X (evy, o pra))
with the projections
pr1:(0,00) x C° = R, pry:(0,00) x €Y — ¢?
onto the first and second component, respectively, with the continuous linear evaluation maps
evg: C03¢ > p0) eR, evy, :C'3 ¢ ¢(1p) €R,

and with the multiplication m : R x R — R. So L is continuously differentiable.
Each map L(t, ) : C? — R, ¢t > 0, is linear. For the nullspace

K, ={peC’: Lt ¢)=0)
of L(z, -) we have
x, ¢ K,
since
L(t, 8'(1) = (X' (1))* + ('t + 1))* > 0,

which follows from the fact that the zeros of x’ in [z, 00) are given by %(tz + 13) + jts,
j € Np. We infer

C'=Rx,® K, forall > 0.

In the sequel we show that every compact arc Jx([u, v]) C C 9 ,r < u < v, has aneighbour-
hood U in C? on which the representation

¢ = x; + «k with « € K;, t close to [u, v], and k = ¢ — x; small in C?
is unique. Knowing this we shall define a delay functional dy; : C® > U — R by
d(9) = A(xy).

Then d is constant along each fibre (x; + K;) N U, with ¢ close to [u, v].
Obviously,

¢—X[€K1 < L(t,(t)—x[):()
forall ¢ € C? and all 0 > 0.

Proposition 7.1 [Local fibre representation] For everyt > Othere exist$ € (0,1), € € (0, 8],
and a continuously differentiable map

T:CODUc(xy) > (t—8,t+8) CR
with t(x;) =t so that for every (o, ) € (t —§,t 4+ 8) x Uc(xy),
Lo,¢ —x) =00 =1(d)}
For every ¢ € Uc(x;) and for o = 1(¢),

¢ — xa|0,r < (1 + sup |x;|0,r> J.

t—8<u<t+§
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Proof Lett > 0 be given. The map
f:(0,00) x CY3 (0,¢) — Lo, ¢ — Ji(0)) € R

is continuously differentiable and satisfies f(z, x;) = 0. Using the formula defining the map
L we infer

Dif(t, o)1 = p(0)x"(t) + ¢ (tp)x" (t + 1)
—((' (1)) + x(O)x" (1)) — (X' (1 + 1p))* + x(t + 1,)x" (¢ + 1)),
hence
Dif(t, x)1 = —(x'(1)* — (x'(t + 1,))* < 0.

Apply the Implicit Function Theorem and obtain § € (0,¢), € > 0, and a continuously
differentiable map t with the properties stated in the first sentence of the proposition. Notice
that one can achieve € < §. For ¢ € Uc(x;) and 0 = 7(¢p) we get

|¢ _xolo,r < |¢ _xt|0,r + |xt _xa|0,r
= |¢ — xelo.r + |[JX() = JX(9)]o.r
<e+ sup [DJxu)llo,|t — o]

t—8<u<t+48

=e+ sup |[JDxu)l|o, |t —o]|
t—8<u<t+38

=e+ s |xloslt—ol
t—8<u<t+3§

<+ sup |x,lo,)8.
t—8<u<t+3§

Proposition 7.2 (Fibre representation along compact arcs) Let reals u < v in (r, 00) and
n € Nbe given. There exist positive p = p(u, v,n) < Lo that for every ¢ € U, (Jx([u, v]))
there is one and only one

1 1
ae|:u—f,v+fi|ﬂ(0,oo)
n n

such that

—

L(o,¢ —x5) =0 and |p _x<7|0,r < -.

N

In case ¢ = x; witht € [u, v] we have o = t.

Proof 1.Letreals u < vin (r, 00) be given. As the curve J o X is continuously differentiable
with DJE(w)1 = x, € C for all w > 0 we obtain

% — xo)los < clf —o| forall 7,0 in [g,v—i-l]
with

c= max |x,lor-

5 <w<v+l

2. Apply Proposition 7.1 to each w € [u, v], and obtain € = €,, and § = §,, and T = 1y,
according to Proposition 7.1. Notice that one my assume

1
L cw—5, (1408, <-.
2 n
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Using_ the compactness of Jx([u, v]) C C? one finds a strictly increasing finite sequence
(wj){ in [u, v] so that the associated neighbourhoods Ugwi Ew;j)), jefl, ..., f}, form a
covering of Jx([u, v]). There exists a positive real number
p=pl,v,n) < mn ey,
j=1,....]
with
J
Up(J2 ([, v]) € [ Ue,,, Gw))).
j=1

Notice that

For every ¢ € U,(Jx([u, v]) we obtain (at least one)

j
o e | Jwj =8 wj+8u))
j=1
{52}
C |maxy—,u——¢,v+ —
2 n n

L(o,¢ —x5) =0 and [¢p — x50, < (1 +0) maX,Swjf
j=1,.]

with

S| =

Or, the set R, C (0, 00) of all p € (0, 1] such that for every ¢ € U,(J%([u, v])) there exist
o€ [u—%,v—i—%]ﬂ(o,oo)with
1

Lo, ¢ —x5) = 0 and |¢ _x0|0,r = -
n

is nonempty. Observe that

1
Pn = ) sup Ry
belongs to R,,.
3. Assume that the set I of all n € N such that U, (JX([u, v])) contains ¢ with

25#{oe[u—%,v—i—%]ﬂ(O,oo):L(a,qb—xU):O

1
and [¢ — Xo o, < *’
n

isunbounded. We derive a contradiction. The elements of / form a strictly increasing sequence

(n1){°. For every k € N select some ¢y in U, (JX([u, v])) with p = p,, and O‘k(l) < ak(z) i

1 1 .
[u— a,v—i— ﬂ] N (0, co) with

n

1
L(ok(m),d)k —xak<m)) =0 and |¢ —xak<m)|0,, = for m e {1,2}.
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Using the compactness of, say, [0, v + 1], and successively choosing subsequences we find
a strictly increasing sequence (k,){° so that the equations

i = crk(:’) for k €N and m € {1,2}

define two sequences which converge to 720 <@ in [0, v+ 1], respectively. Necessarily,
u <z <z® <y The continuity of J o X yields X m) = Xym) in C? as k — oo, for
m € {1, 2}. Using the inequalities

1
ok —x _mlo, < — for me{l,2} and ke N
%%k ni

we obtain ¢, — x,a1) = X, as k — 00. As X is injective on [r, 00) D [u, v], 7D =@,
Apply Proposition 7.1 to t = z() = z® and choose positive ¢ < § according to this
proposition. For « € N sufficiently large we have

¢k,( € Uc(xy),
both z,((l) < z,((z) belong to (t — 8, + §), and

L(o, ¢, —x5) =0foro = z,((l) and for 0 = z,((z).

This yields a contradiction to the first part of Proposition 7.1.

4. Combining the results of Parts 1 and 2 we obtain n(u, v) € N such that for every
integer n > n(u, v) and for every ¢ € Up, (Jx([u, v])) there exists one and only one
o€ [u — %, v+ %] N (0, oo) with L(o, ¢ —x5) = 0and |¢p — x50, < % Now the assertion
of Proposition 7.2 follows easily.

Proposition 7.2 yields that for u < v in (r, 00) and n € N there exists p < % so that the
relations

¢ eU,(Jx([u,v]), o€ |:u - 1, v+ li| N (0, 00),

n n
Lo, —x5) =0, ¢ —x5lor = %
define a map
Suvp : CO D Uy(JZ([u, v]) — (0, 00)
with
¢ — X5, ) l0.r < % forall ¢ € Uy(Jx([u, v])).

Proposition 7.3 Let reals u < v in (r,00) and n € N be given and choose p = p(u, v, n)
according to Proposition 7.2. There existn = n(u, v, n) € (0, p] so that the restriction s, .,y
of Su,v,p to Uy(Jx([u, v])) is continuously differentiable.

For every ¢ € Uy(Jx([u, v])) and for every o € [u - %, v+ %] N (0, 00),

o = Su,v,n(d’) < (L(O’, ¢ —X5) = 0 and |¢ - x(r|0,r =< %) .

For every o € [u, v], sy,v5(xs) = 0.
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Proof For each t € [u, v] choose ¢ = ¢; < §; = § and T = 1, according to Proposition 7.1.
Observe that we may assume that §; satisfies

1 1
max{(),u—f}<t—8,, t+6 <v+ —
n n

and

1
(4 sup xlon)d <

t—8 <w<t+38;

For every ¢ € U,(JX([u, v])) N Ug, (x;) we have that

1 1
U:T[(¢)e(t—8[,t+8[)c I:u—;,v+;i|ﬂ(0,oo)
satisphies L (o, ¢ — x,) = 0 and

1
|¢ - xa|0,r = (1 + sup |x1/1;|0,r)8t < —.
=8 <w<t+4; n

By the definition of s,y ,

Su,v,p(¢) =0 =17(¢h).

It follows that the restriction of s, , , to U, (JX([u, v])) N Ug, (x;) is continuously differen-
tiable. There exists n € (0, p) with

Up(Jx(lu, v]) C U Up(JX([u, v])) N Ue, (x;).

u<t<v

The last statement in Proposition 7.3 is obvious from Proposition 7.2.

Using continuous differentiability of the delay function A we infer that the delay func-
tional

duvng = Aosuuy

defined on the open neighbourhood U, (JX([u, v])) of the arc Jx([u, v]) is continuously
differentiable (with respect to the topology of C 9). Foreveryo € [u, v]wehaves,  ,(x;) =
o, hence

du,v,n(x(f) = A(Su,v,n(x(f)) = A(0).

8 Compatibility on C°-Neighbourhoods of Adjacent Arcs

Let j = j, > 2 denote the smallest integer with r < (j — 1)ts. For j < k € N set
Xi = R([(k — D)ts, kis]) € C.

In the sequel we construct open neighbourhoods Uy of J X in C? and continuously differen-
tiable delay functionals d : C? D Ur — (0, r)withdy(x;) = A(t) forallt € [(k—1)ts, kts5]
so that for every integer k > j we have

di(9) = di+1(¢) forall ¢ € Up N Upy. 8.1
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The construction is iterative. We carry out the initial step and the step thereafter. This second
step is the model for the step from statements for general k > j to statements for k + 1.

1. The initial step for k = j.

1.1. Apply Proposition 7.1 with t = jts at X(r), choose § = §(j) > 0, ¢ = €(j) € (0, 8],
and a map v = t; from U (X(1)) C C? into (t — 8, ¢t + 8) accordingly. By continuity there
are n = n(j) € N with

X ([t - l,z+ l]) CUc(x(®) and r < (j — Dits — l
n n n

and €; € (0, ()] with

n 1 1
T(Uei(x(l))) C |:t — —,t+ fi| .
: n n
An application of Proposition 1.3 witha = (j — I)t5, b = (j + 1)t5, t = jt5 yields
p = p(j) > 0 with
Up(JXj) NUp(JXj11) C Ue; (X(1));

notice that X ; = X([a, t]) and X ;41 = x([¢, b]).
1.2. We apply Proposition 7.3 twice, first with u = (j — 1)t5, v = jts, and n = n(j).
This yields n > 0 and a continuously differentiable map

1 1
Suy s Up(UXj) — |:u - —, v+ fi| cR
n n
so that for every ¢ € U, (J X ;) we have

<0 c [u — %, v+ %] and L(o, ¢ — x5) = 0> & 0 =580, (P).
Also, s,y,(xy) = w forall w € [u, v]. We may assume
n<p=pyJ.
Set
Uiy =U,(JX;) and s; = 5,4,
The map
dj:Uj> ¢ Alsj(¢) € (0,r)

is continuously differentiable with d (x,,) = A(w) forall w € [(j — D15, jts].

The second application of Proposition 7.3, witht = (j + 1) — D)t5 = jts, 0 = (j + )15,
and n = n(j) yields 77 > 0 and a continuously differentiable map s; 5 5 : Us(JXj41) —
[ﬁ — %, U+ %] C R such that for every ¢ € Us(J X +1) we have

1 1
<a € [ﬁ ——, 0+ fi| and L(o, ¢ — x5) = O) &0 =5555@).
n n
Also, s; 5.5 (xy) = w for all w € [#, 0]. We may assume
n<p=pQ.
Set

A

Ujy1 =Up(JXj1) and Sjp1 =855,
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1.3.Let ¢ € Uj N Uj41. Proof of 5 () = §4+1(6).
We have ¢ € Ue, ((1)), due to Part 1.1 and to max{n, 7} < p(j). Hence

1 1
t(¢))e|:t—f,t+—i|.
n n

Notice that t = v = i1, and thereby

1 1 1 1 .11
t——t+—|Clu——v+—-|N|u——,v+—|.
n n n n n n

For o = 1(¢) we have L(0, ¢ — x5) = 0, see Proposition 7.1. Now the properties of s; and
of s;,5,5 from Part 1.2 yield

5j (@) =0 =554} =5;4+1().

2. The second step, which includes the definitions of U1 C Uj+1, of sji1,andofdjyq,
and contains the proof of d;(¢) = dj1(¢) on U; NUj1.

2.1. Apply Proposition 7.1, now at X (¢) with ¢ = (j + 1)¢s, and choose § = §(j + 1) > 0,
€ =¢€(j+1) €(0,8],and amap v = tj4| from U (x(¢)) into (r — 8, t + §) accordingly.
By continuity there is an integer n = n(j 4+ 1) > n(j) with

Jx <[t - 1, t+ li|) C Ue(x(1)) (and r<((j+1)—1ts — l) ,
n n n

and there exists €11 € (0, €(j + 1)] with

WWM@@DCP—£J+q.
n n

An application of Proposition 1.3 witha = ((j +1) — Dts = jts5,b = ((j + 1) + D15 =
(J+2ts5,t = (j + D5 yields p = p(j + 1) > 0 with

Up(JXjs1) NUp(J X j42) C Uey,, (K(1));

notice that X ;41 = X([a, t]) and X j 1o = X([t, b]).
2.2. First we restrict §j41 from Part 1.2. As §;41 maps JX ;1 onto [(jts, (j + 1)5]
continuity yields 7 € (0, p(j + 1)] such that

Ujr1 = U (UXj11)
is contained in U j+1 and
N ) 1. 1
Si+1(Uj41) C | jts — e (j+ Dts + -1
withn =n(j +1). Setsj4+1 = §j41lu;,,- Part L3 gives

sj1(@) =sj(¢) forall ¢ € UjpiNU;,
and it follows that the continuously differentiable map

dit1:Ujy1 3¢ = Asj41(9) € (0, 1)
satisfies dj11(¢p) = A(sj11(¢) = A(sj(¢)) = dj(¢) forall ¢ € U1 NUj. Also,
djr1(xy) = Asj+1(xy)) = A(w) forall w € [jts, (j + Ds].
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Next we apply Proposition 7.3, with &t = (j +2) — 1)t5 = (j + 1)t5, U = (j + 2)t5, and
n = n(j+1). Thisyields 77 > 0and a continuously differentiable map s; ; ; : U5(J X j12) —
[ﬁ — %, v+ %] C R such that for every ¢ € Uy(J X j12) we have

<0 € [ﬁ - % U+ %] and L(0, ¢ — x5) = 0) <0 = 58;5,7(#).
Also, s 3 57 (xy) = w for all w € [1t, ¥]. Again we may assume
n<p=p@(+D.
Set
Ujtr =Uz(JXj12) and §j42 = si5.5.

2.3.Proof of sj41(¢) = §j42(¢) forallp € Uj4q 00j+2. Such ¢ belong to U, (X((j +
1)t5), due to Part 2 1 and to the inequality max{7j, n} < p(j + 1). Hence 0 = t(¢) is
contained in [r — 1,7 + ] for n = n(j + 1). Notice that r = (j + 1)ts = i, and thereby

n’

1 1 . | 1 .11
r——t+-|C Jls—*,(1+1)t5+f Nja——,0+—
n n n n n

1 1 1
€ [lts = = G+ s + ] [a— ERE G ]
[ n(j) n(j) n(j+1 n(j+1
We also have L(o, ¢ — x,) = 0, see Proposition 7.1. Now the properties of §;,1 from Part
1.2 and of §;42 = s; 3 ; from Part 2.2 yield

§j+1(¢) =0 = §j+2(¢)’

which is s;41(¢) = §j42().
This ends the second step.

9 A Functionalon a C,1 -Neighbourhood of the Trace x([(j, — 1)ts5, 00))

In this section the constructions from Sects. 2—8 are used to prove Theorem 1.1. Let an integer
k > j, be given. On the open set of all reals t > 0 with JX(¢) € U we have that the map
given by ¢ — di(JX(t)) is continuously differentiable, with the derivatives given by

Ddi(Jx,)JDXi(t)1 = Ddy(Jx;)x, € R.
On [(k — 1)15, kt5] we have A(t) = di(Jx(1)). It follows that on this interval,
1 > A'(t) = Ddi(Jx,)x;.
Recall the constant a from Proposition 6.1. The subset
Ne={peC'nJ ' (U): Ddy(Jp)¢p' <1 and there exists

t € [(k— Dts, kts] with |¢p —x/]1, < %}

of the space Cr1 is open. Proposition 6.1 yields Ny N N, = ¢ for all integers k > j, and
m > j, with |k —m| > 1. Also, Ny " Nxr1 € J~HU) NI~ (Ussy) for j, < k € N. Using
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the relations (8.1) we obtain that on the open set

N=J M 21U — Dts, 00))
k=jr

the equations
d(¢) =dr(J¢p) for ¢ € Ny and j, <keN
define amap d : C,l O N — (0, r). It follows that
d(x;) = A(t) forall t> (j, — its ©.1)

since for such ¢ there exists k > j. with t € [(k — 1)ts, kt5], hence x; € Ny, and thereby
d(x;) = di(Jx¢) = di(x;) = A(t), see Sect. 8.

Proposition 1.2 applies and yields that the functional d is continuously differentiable and
has property (e).

Proposition 9.1 The functional
fiClDON3¢—> —p(—d(@) eR
is continuously differentiable and has the extension property (e).
This is analogous to [14, Proposition 11.1]. We include the proof for convenience.
Proof We have
f(@) = —ev} (¢, —d (@) = —(ev} o (id x (=d)))(¢) forall ¢ €N,

which shows that f is continuously differentiable. Recall Dlev,l (d),t)qg = dA)(t) and
Daev! (¢, )i = i@’ (t). The chain rule yields

Df (@) = —p(—d(¢)) — ¢'(—d())[—Dd ()] = ¢ (—d(¢)) Dd () — p(—d(¢)).
For ¢ € N the equation
Def(@)x = ¢’ (—d (@) Ded(P)x — x(—d($)).

defines a linear extension D, f(¢) : C9 — R of the derivative Df (¢) : C rl — R. Using the
continuity of the evaluation map C? x [—=r,0] 2 (x,t) — x(t) € R and property (e) of d
one finds that the map N x C? 3 (¢, x) = D, f(¢)x € Ris continuous.

For t > j.ts we have x; € N and, due to Eq. (9.1),
X() = —x(t — AM) = —x(t —d(x)) = f(x).
This implies that the twice continuously differentiable function
x@ i [—r,00) 51 > x(t + ji15) €R
is a solution of the equation
Y@ = f)
with the flowline [0, 00) > ¢ > x,(d) eC ,1 in the solution manifold

Xr={peN:4'0) = f(@#)
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Recall the non-empty set A C C,f chosen in Sect. 4 as a special case of the sets from Example
2.2. The set A is open in the affine space p, + C%,o of codimension 6 in C%,o- Recall the

choice of x on [ty — h, ty] C [0, 5] in Sect. 4. The short segments x@ S C,%,

tg+(n—1)ts,short
n € N, are dense in A U (—A).
Finally we show that for each ¢ € X r the delayed argument function

[0,15) 51>t —d(x?) eR

is strictly increasing. Let¢ € Xy andt € (0, 7y) be given and set y = x? Asy: [—r, ) —>
R is continuously differentiable the curve y : [0,14) > t — Jy, € C? is continuously
differentiable with D§(u)1 = y/, for all u > 0, compare [13, Proposition 4.1]. The segment
Y+ € Xy C N is contained in Ny for some integer k > j.. By continuity of the flowline
[0,t9) Sur> y, € Xy C N C C}, thereis e > 0 with y, € Ny forallu € (t — €, +¢€).
Then d(y,) = di(Jy,) = di(¥(u)) on (t — €, t + €). It follows that the curve

t—et+€)d2ur—>d(ly,) eR

is differentiable with derivatives given by Ddy(Jy,)y; < 1. This implies that on (0, 74) the
delayed argument function is differentiable with positive derivative, from which the assertion
follows.
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