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1 Introduction

Recently, I was posed the following question: “I would like to add uncertainty to my knowledge-
base system. Which formalism do you suggest me?”. T was quick to reply that from the semantic
point of view, I would suggest a probabilistic framework, but that such an approach would surely
slow down the system significantly. Since this reply did not seem to be satisfactory, I was posed
another question: “What about the finite-valued Lukasiewicz logics?”

This paper justifies my reply to the first question and also gives a very surprising answer to the
second one.

More precisely, we start by presenting probabilistic many-valued logic programs in which the
implication connective is interpreted as material implication. We then show that probabilistic
many-valued logic programming in this framework is computationally more complex than clas-
sical logic programming. More precisely, some deduction problems that are P-complete for clas-
sical logic programs are shown to be co-NP-complete for probabilistic many-valued logic programs
(see also [28], [29], and [30] for other work on the subtleties and the computational complexity of
probabilistic deduction).

We then focus on many-valued logic programming in Pr}; as an approximation of probabilistic
many-valued logic programming. Crucially, many-valued logic programming in Pr; has a model
and fixpoint characterization and a proof theory that are very similar to those of classical logic
programming. Furthermore, special cases of many-valued logic programming in Pr} have the same
computational complexity like their classical counterparts.

Surprisingly (and at first sight even paradoxically), many-valued logic programs in Pr) have
both a probabilistic semantics in probabilities over a set of possible worlds and a truth-functional
semantics in the finite-valued Lukasiewicz logics L,. That is, many-valued logic programming in
Pr; lies in the intersection between probabilistic logics and truth-functional many-valued logics.

The literature already contains quite extensive work on probabilistic and on truth-functional
many-valued logic programming separately. However, to the best of our knowledge, an integration
of both has never been studied so far.

Probabilistic propositional logics and their various dialects are thoroughly studied in the lit-
erature (see, for example, [36] and [13]). Their extensions to probabilistic first-order logics can
be classified into first-order logics in which probabilities are defined over a set of possible worlds
and those in which probabilities are given over the domain (see, for example, [3], [4], and [20]).
The first ones are suitable for representing degrees of belief, while the latter are appropriate for
describing statistical knowledge. The same classification holds for probabilistic logic programming
(see, for example, [33], [34], [35], [30], and [32]).

Many approaches to truth-functional finite-valued logic programming are restricted to three or
four truth values (see, for example, [23], [14], [15], [6], and [11]). Among these approaches, the one
closest in spirit to many-valued logic programming in Pr} is perhaps the three-valued approach
in [23].

Many-valued logic programming in Pr} is closely related to van Emden’s infinite-valued quant-
itative deduction [39]. In detail, many-valued logic programming in Pr} is an approximation of
probabilistic logic programming under the material implication, while van Emden’s quantitative
deduction can be understood as an approximation of probabilistic logic programming under the
conditional probability implication [30].

Furthermore, many-valued logic programming in Pr} is related to the important work on gen-
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eralized annotated logic programming [21] and to signed formula logic programming [26].
Many-valued logic programming in Pr} itself was initiated in [27], where we introduced many-
valued first-order logics with probabilistic semantics and already presented a model and fixpoint
characterization.
In this paper, many-valued first-order logics with probabilistic semantics are now analyzed more
deeply from the logic programming viewpoint. The main new contributions of this paper can be
summarized as follows:

o We introduce a probabilistic approach to many-valued logic programs in which the implication
connective is interpreted as material implication.

o We show that probabilistic many-valued logic programming is computationally more complex
than classical logic programming. That is, some deduction problems that are P-complete for
classical logic programs are shown to be co-NP-complete for probabilistic many-valued logic
programs.

o We show that probabilistic many-valued logic programming is approximated by many-valued
logic programming in Pr} as introduced in [27].

e We present a proof theory for many-valued logic programming in Pr}; and show its soundness
and completeness.

The rest of this paper is organized as follows. In Section 2, we focus on probabilistic many-valued
logic programming. Section 3 concentrates on its approximation by many-valued logic programming
in Pr}. In Section 4, we summarize the main results and give an outlook on future research.

2 Probabilistic Many-Valued Logic Programming

In this section, we introduce probabilistic many-valued logic programs. After giving an illustrative
example, we then analyze some properties and the computational complexity of probabilistic many-
valued logic programming.

2.1 Technical Preliminaries

We now briefly summarize how classical first-order logics can be given a probabilistic n-valued
semantics with n > 3 in which probabilities are defined over a set of possible worlds. We basically
follow the important work of Halpern [20], which we restrict and adapt to our needs in the n-valued
setting.

Let TV = {0, ﬁ, %, ..., 1} with n > 3 denote the set of truth values. Note that the classical
truth values false and true correspond to 0 and 1, respectively. Let ® be a first-order vocabulary
that contains a set of function symbols and a set of predicate symbols (as usual, constant symbols are
function symbols of arity zero; we say @ is function-free if it does not contain any function symbols
of arity greater than zero). Let X be a set of object and bound variables. Note that object variables
represent elements from a certain domain, while bound variables describe truth values from TV.

We define object terms by induction as follows. An object term is an object variable from X
or an expression of the kind f(¢1,...,%;), where f is a function symbol of arity £ > 0 from ® and
t1,...,t; are object terms. A bound term is a truth value from TV or a bound variable from X.
We define formulas by induction as follows. If p is a predicate symbol of arity £ > 0 from ® and
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t1,...,tx are object terms, then p(ti,...,%) is a formula (called atomic formula). If F and G are
formulas, then —F, (F A G), (FV G), and (F < @) are formulas. If F' is a formula and z is an
object variable from &', then Vx F' and Jz F' are formulas. An n-valued formula is an expression
tv(F') > t, where F' is a classical formula and ¢ is a bound term.

An interpretation I = (D, 7) consists of a nonempty set D, called domain, and a mapping =
that assigns to each function symbol from @ a function of right arity over D and to each predicate
symbol from ® a predicate of right arity over D. A wvariable assignment o is a mapping that assigns
to each object variable from X an element from D and to each bound variable from X a truth
value from TV. For an object variable z from X and an element d from D, we write o[z/d] to
denote the variable assignment that is identical to o except that it assigns d to z (for a bound
variable z from X and a truth value ¢ from T'V, the notation o[z/c] has an analogous meaning).
The variable assignment ¢ is by induction extended to all object and bound terms by defining
o(f(t1,.--,tx)) = w(f)(o(t1),...,0(tx)) for all object terms f(¢1,...,t) and o(c) = ¢ for all truth
values ¢ from TV. The truth of formulas F' in I under o, denoted I |=, F, is inductively defined
as follows:

o I'l=op(ty,-- - tx) i (o(t1), .., o(te)) € 7(p)-
oy ~Fiffnot I =5 F,and I |=, (FAG)iff [ =, F and I |=, G.
o I = Vz Fiff I 4y q F for alld € D.

e The truth of the remaining formulas in I under o is defined by expressing
V, <, and 3 in terms of -, A, and V as usual.

A formula F is true in I, or I is a model of F, denoted I = F, iff F is true in I under all variable
assignments o.

A probabilistic interpretation (also Pry-interpretation) Pr is a triple (D,Z,u), where D is a
nonempty set (called domain), Z is a set of classical interpretations over D (which are called
possible worlds) such that m;(f) = m;(f) for all function symbols f from ® and all interpretations
(D,m;),(D,nj) € Z, and p is a mapping from Z to the set of truth values TV such that all p(T)
with I € Z sum up to 1. The truth value Pr,(F) of a formula F' in the Pr,-interpretation Pr under
a variable assignment o is defined as follows (if F' does not contain any variables, then Pr,(F) is
abbreviated by Pr(F)):

(1) Pro(F) = Y ().

I€T, T, F

An n-valued formula tv(F) > ¢ is true in Pr under o iff Pr,(F) > o(t). An n-valued formula P is
true in Pr, or Pr is a model of P, denoted Pr |= P, iff P is true in Pr under all variable assignments
0. The Prp-interpretation Pr is a model of a set of n-valued formulas P, denoted Pr |= P, iff Pr
is a model of all n-valued formulas in P. The set of n-valued formulas P is satisfiable iff a model
of P exists. The n-valued formula P is a logical consequence of P, denoted P = P, iff each model
of P is also a model of P.

For an n-valued formula tv(F) > ¢ with a truth value ¢ from TV and a set of n-valued formulas
P, let ¢ denote the set of all truth values Pr,(F') in models Pr of P under variable assignments
o. We verify easily that tv(F) > ¢ is a logical consequence of P iff ¢ < mine. Hence, we get a
natural notion of tightness for logical consequences: the n-valued formula tv(F) > c is a tight logical
consequence of P, denoted P =gt tv(F) > ¢, iff ¢ = mine.
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A Herbrand Pr,-interpretation (Z,p) consists of a set Z of classical Herbrand interpretations
over @ (that is, subsets of the Herbrand base HBg over ®) and a mapping p from Z to TV such
that all p(I) with I € Z sum up to 1.

Terms, formulas, n-valued formulas, and sets of n-valued formulas are ground iff they do not
contain any variables. The notions of substitutions, ground substitutions, instances of formulas,
and ground instances of formulas are defined as usual. The last two are assumed to be canon-
ically extended to m-valued formulas. Finally, we also adopt the usual conventions to eliminate
parentheses.

2.2 Many-Valued Logic Programs

We now introduce probabilistic many-valued logic programs. We start by defining many-valued
program clauses, which are special many-valued formulas (thus, they inherit their syntax and
semantics from many-valued formulas).

An n-valued program clause is an n-valued formula tv(HV—-ByV- - -V—-By)>c, where H, By, ..., By
with & > 0 are atomic formulas and ¢ is a truth value from TV. It is abbreviated by (H < Bj,
..., Bg)[c, 1]. Note that all object variables in an n-valued program clause are implicitly universally
quantified. An n-valued logic program is a finite set of n-valued program clauses.

Hence, many-valued program clauses are in the following sense an extension of classical program
clauses. Many-valued program clauses may be assigned any subset {c,...,1} of TV as a range for
their probabilistic truth value, while classical program clauses always have the classical truth value
true.

Many-valued program clauses can be classified into facts and rules as follows. Facts are many-
valued program clauses of the kind (H < )[c, 1], while rules are many-valued program clauses of
the form (H « Bi,...,By)[c,1] with £ > 0. They can also be divided into logical and purely
many-valued program clauses: logical program clauses are of the kind (H <« Bi,...,Bg)[1,1], while
purely many-valued program clauses have the form (H < Bi,..., By)[c,1] with ¢ < 1.

Next, we introduce many-valued queries, answer substitutions, and answers. These definitions
are based on the notions of logical consequence and of tight logical consequence as introduced in
the previous subsection.

An n-valued query to an n-valued logic program P is an expression of the form 3(A4, ..., 4;)[t, 1],
where A1, ..., A; with [ > 1 are atomic formulas and ¢ is a bound term. An n-valued query is object-
ground iff it does not contain any object variables. Given an n-valued query Q. = 3(Ay,..., 4;)[c, 1]

with ¢ € TV, we are interested in its correct answer substitutions, which are substitutions # such
that P = tv((A1 A --- A A;)@) > ¢ and that 6 acts only on variables in Q.. The correct answer
for Q). is Yes if a correct answer substitution exists and No otherwise. Given an n-valued query
Qz = I(A1,...,4)[z,1] with z € X, we are interested in its tight answer substitutions, which
are substitutions 6 such that P yons tv((A1 A -+ A A7)0) > 26, that 6 acts only on variables in
@z, and that z6 is a truth value from TV. Note that such n-valued queries @), always have a
tight answer substitution. In particular, object-ground n-valued queries (), always have exactly
one tight answer substitution.

In the sequel, we use probabilistic many-valued logic programming as a synonym for the problem
of deciding whether Yes is the correct answer for a given ground many-valued query to a many-
valued logic program.
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2.3 Example

Let us assume that John wants to pick up Mary after she stopped working. To do so, he must drive
from his home to her office. However, he left quite late. So, he is wondering if he can still reach
her in time. Unfortunately, since it is rush hour, it is very probable that he runs into a traffic jam.
Now, John has the following knowledge at hand: given a road from R to S, the probability that
he can reach S through R without running into a traffic jam is greater than 70% (a), given a road
in the south of the town, he knows that this probability is even greater than 90% (b). A friend
just called him and told him about some roads without any significant traffic (c). Furthermore,
he clearly knows that if he can reach S through T and T through R, both without running into
a traffic jam, then he can also reach S through R without running into a traffic jam (d). This
knowledge can be expressed as follows (R, S, and T are object variables):

(a) (re(R,S) « ro(R,S))[.7,1]

(b) (re(R,S) + ro(R,S),so(R,S))[.9,1]
(c) (re(R,S) <« ro(R,S),ad(R,S5))[1,1]
(d) (re(R,S) < re(R,T),re(T,S))[1,1].

John is wondering whether he can reach Mary’s office from his home, such that the probability of
him running into a traffic jam is smaller than 1%. This can be expressed by the ground many-valued
query 3(re(h, 0))[.99,1]. His wondering about which places are reachable from his home, such that
the probability of him running into a traffic jam is smaller than 20%, can be described by the
many-valued query 3(re(h,U))[.8, 1], where U is an object variable. Finally, his wondering about
the greatest lower bound for the probability of reaching the office, without running into a traffic
jam, can be expressed by the many-valued query 3(re(h, 0))[X, 1], where X is a bound variable.

Of course, the correct answers for the first two queries and the tight answer substitution for
the third query depend on the concrete knowledge of the roads, of the roads in the south of
the town, and of the roads that John’s friend was talking about. Some self-explaining many-
valued program clauses that describe this knowledge could be given as follows (h, a, b, and o
are O-ary function symbols; the fifth clause describes the fact that John is not sure anymore
whether or not his friend was talking about the road from a to b):

(ro(h,a) < )[1,1], (ro(a,b) < )[1,1], (ro(b, 0) < )[1,1]
(ad(h,a) < )[1,1], (ad(a,b) < )[.8,1], (so(b, 0) < )[1,1].
Let n = 101 and let P denote the n-valued logic program that contains all the n-valued program
clauses of this section. The correct answer for the n-valued query 3(re(h,0))[.99,1] to P is No,
whereas the correct answer for 3(re(h,U))[.8,1] to P is Yes (note that all the correct answer

substitutions for 3(re(h,U))[.8,1] to P are given by {U/a} and {U/b}). Finally, the unique tight
answer substitution for 3(re(h, 0))[X, 1] to P is given by {X/.7}.

2.4 TImportant Properties

Classical logic programs have the nice property that they are always satisfiable. We now show that
many-valued logic programs have the same nice property.

Theorem 2.1 Every n-valued logic program is satisfiable.
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Proof. The Herbrand Pr,-interpretation (Z, ) that is defined by Z = {HBs} and u(HBg) =1 is
a model of every n-valued logic program. O

Another nice property of many-valued logic programs is that ground many-valued formu-
las are logically entailed in Pr,-interpretations iff they are logically entailed in Herbrand Pr,-
interpretations, which follows from the next theorem (hence, if we want to compute correct answers
for ground many-valued queries, then we can restrict our attention to Herbrand Pr,,-interpretations).

Theorem 2.2 Let P be a set of quantifier-free n-valued formulas and let F' be a ground formula.

For each Pry-interpretation Pr with Pr |= P, there exists a Herbrand Pry-interpretation Pr' with
Pr' =P and Pr(F) = Pr'(F).

Proof. Let Pr = (D,Z,p). For each I € 7 let H(I) be the set of all A € HBg with I = A. Let
Pr' = (T',u'), where ' = {H(I)|I € Z} and p/(I'), for all I' € 7', is the sum of all u(J) with
J € T and H(J) = I'. By induction on the length of formulas, it can now be shown that I and
H(I), for all I € Z, are models of the same ground formulas. Hence, we also get Pr(G) = Pr'(G)
for all ground formulas G. Thus, Pr’ is a model of P with Pr(F) = Pr'(F). O

2.5 Computational Complexity

Probabilistic many-valued logic programming in its full generality is immediately undecidable, since
it is a generalization of classical logic programming.

We now analyze the computational complexity of two special cases of decidable probabilistic
many-valued logic programming. The first one is a generalization of propositional logic program-
ming, while the second one generalizes the decision problem that defines the data complexity of
datalog.

These two special cases of decidable probabilistic many-valued logic programming are of special
interest, since their classical counterparts have the nice property that they are P-complete (see, for
example, [8] for a survey).

Crucially, the P-completeness does not carry over to the two probabilistic many-valued gener-
alizations, which are now shown to be co-NP-complete.

Theorem 2.3 The problem of deciding whether Yes is the correct answer for a ground n-valued
query 3(A1,...,A4))[c,1] to a ground n-valued logic program P is co-NP-complete.

Proof. We subsequently show that the problem of deciding whether No is the correct answer for
(A1, ..., 4))[c, 1] to P is NP-complete.

The problem is in NP, since we just have to guess an n-valued Herbrand interpretation (Z, u)
(note that p(I) > 0 for maximally n — 1 classical Herbrand interpretations I € Z and that all ] € 7
just have to be subsets of the set of all ground atomic formulas in P) and check whether (Z, i) is
a model of P and not a model of tv(A; A--- A A;) > ¢. This can be done by a nondeterministic
algorithm in polynomial time (note that we assume a fixed number of truth values n).

To show NP-hardness for n = 3, we give a polynomial reduction from the NP-complete problem
of hypergraph 2-colorability [17]. Let C be a set of nonempty subsets of a finite set S. Let the
vocabulary @ be the least set that contains the 0-ary predicate symbols d and s for each s € S.
We now construct a ground 3-valued logic program P as follows. We start by initializing P with 0.
For each s € S, we increase P by (s « )[%,1] For each {s1,s9,...,s} € C, we increase P by
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(d < s1,89,...,8)[1,1]. Now, it is easy to see that No is the correct answer for 3(d)[3,1] to P iff
S can be partitioned into two subsets S; and S5 such that no member of C is entirely contained in
S or Ss.

To show NP-hardness for n = k + 1 with & > 3, we give a polynomial reduction from the
NP-complete problem of graph k-colorability [17]. Let (V, E) be a finite undirected graph. Let
® be the least set that contains the O-ary predicate symbols d and v for each node v € V. We
now construct a ground n-valued logic program P as follows. We start by initializing P with (.
For each node v € V, we increase P by (v < ) %, 1]. For each edge {u,v} € E, we increase P by
(d + u,v)[1,1]. Now, it is easy to see that No is the correct answer for 3(d)[3,1] to P iff (V, E) is
k-colorable. O

Theorem 2.4 Let ® be function-free. Let P be a fixed n-valued logic program and let F be a varying
finite set of ground logical facts. Let P UF contain all constant symbols from ®. The problem of
deciding whether Yes is the correct answer for a ground n-valued query 3(A1,..., A4))[c,1] to PUF
18 co- NP-complete.

Proof sketch. We show that the problem of deciding whether No is the correct answer for
3(A1,...,4))[c,1] to P U F is NP-complete.

The problem is in NP, by Theorem 2.3, since the number of all ground instances of n-valued
program clauses in P U F (which are built with all constant symbols from P U F) is polynomial in
the input size of F.

To show NP-hardness for n = 3, we give again a polynomial reduction from the NP-complete
problem of hypergraph 2-colorability. The main idea is that F can be used to encode any set C of
nonempty subsets of a finite set S: Let ® contain exactly the constant symbols w, ¢ for each ¢ € S,
and C for each C € C, the 0-ary predicate symbol d, the 1-ary predicate symbols s and s, the
2-ary predicate symbols h and k', and the 3-ary predicate symbol 0. Let X contain the three object
variables z, y, and 2. Let P contain exactly (s(y) « s'(y))[3,1], (d < h(z,y), ' (z,y))[1,1], and
(h(z,y) < o(z,y,2),s(y), h(z,2))[1,1]. We now construct F as follows. We start by initializing
F with (). For each ¢ € S, we increase F by (s'(c) + )[1,1]. For each C € C, we increase F by
(h(C,w) «+)[1,1], (W' (C,c1) « )[1,1], (o(C, eme,w) + )[1,1], and all (o(C, ¢;, cit1) + )[1,1] with
i € [1:m¢c —1], where (c1,¢2,...,Cn) is an ordering of C. Now, we can show that No is the correct
answer for 3(d)[3,1] to P U F iff S can be partitioned into S; and S such that no member of C
is entirely contained in S7 or Ss.

The proof of NP-hardness for n = k+1 with £ > 3 can again be done by a polynomial reduction
from the NP-complete problem of graph k-colorability. Also here, F can be used to encode any
finite undirected graph (V, E). O

Thus, probabilistic many-valued logic programming is computationally more complex than clas-
sical logic programming. More precisely, restricted deduction problems that are computationally
tractable for classical logic programs are presumably intractable for many-valued logic programs.
Hence, any attempt towards efficient probabilistic many-valued logic programming should be guided
by looking for efficient special-case, average-case, or approximation techniques.
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3 Many-Valued Logic Programming in Pr}

In this section, we present a truth-functional approach to many-valued logic programming that
approximates our probabilistic one. In particular, we introduce Pr};-interpretations and compare
them with Ly, -interpretations. Moreover, we define many-valued logic programs in Pr} and discuss
their model semantics, their fixpoint semantics, and especially their proof theory. Finally, we focus
on the computational complexity of many-valued logic programming in Pr.

3.1 Pr}-Interpretations

Probabilistic many-valued logic programming as introduced in Section 2.2 has a well-defined prob-
abilistic semantics. However, its increased computational complexity compared to classical logic
programming is quite discouraging for a broad use in practice, especially for a possible application
in large knowledge-base and deductive database systems.

This increase in computational complexity seems to be mainly due to the probabilistic semantics
in its full generality. In fact, we now provide a truth-functional approach to many-valued logic
programming that approximates our probabilistic one and that is less computationally complex.
The main idea is to restrict our attention to a certain kind of Pr,-interpretations:

A Pr} -interpretation is a Pry-interpretation Pr=(D,Z, i) that satisfies

(2) Pr,(A A B) = min(Pr,(A), Prs(B))

for all variable assignments o and all atomic formulas A and B.
Interestingly, the property (2) can equivalently be expressed as follows.

Theorem 3.1 Let Pr = (D,Z,u) be a Pry-interpretation.
It holds Pr,(A A B) = min(Pr,(A), Pry(B)) for all variable assignments o and all atomic

formulas A and B iff all the interpretations I € T with u(I) > 0 can be written in a sequence
(D,m1),...,(D,m) such that:

(3) m1(p) 2 ma(p) 2 -+ D w(p) for all predicate symbols p from ®.

Proof. The proof can be done like the proof of Theorem 3.1 in [27]. O

Let us now adapt the notions of models, satisfiability, logical consequence, and tight logical
consequence to Pr}-interpretations:

A Pr}-model of a set of n-valued formulas P is a Pr}-interpretation that is a model of P. The set
of n-valued formulas P is satisfiable in Pr}, iff a Pr);-model of P exists. The n-valued formula P is a
logical consequence in Pr); of P iff each Pr}-model of P is also a model of P. The n-valued formula
tv(F) > c is a tight logical consequence in Pr} of P iff ¢ is the minimum of all truth values Pr,(F)
in Pr}-models Pr of P under variable assignments o. In the sequel, to avoid confusions, we also
add “in Pr,” to the corresponding notions of Section 2.1.

The following theorem shows that tight logical consequences in Pr} provide approximations
for logical and tight logical consequences in Pr,. In particular, for many-valued logic programs P
and formulas F, this theorem shows that P |=4gps tv(F) > 0 in Pr; immediately entails P [=gn¢
tv(F) > 0 in Pry,.
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Theorem 3.2 Let F be a set of n-valued formulas, let F' be a formula, and let ¢ be a truth value
from TV. If F Eyigns tv(F) > ¢ in Pry, then all truth values d € TV with F |= tv(F) > d in Pry,
are contained in {0,...,c} C TV.

Proof. The claim follows immediately from the definition of tight logical consequence in Pr; and
of logical consequence in Pr,. O

3.2 Comparison with L,-Interpretations

We now show that the truth value of classical program clauses in Pr}-interpretations under variable
assignments can be defined truth-functionally by the truth tables of the finite-valued Lukasiewicz
logics Ly,.

Let us first briefly describe how many-valued formulas are interpreted in L,. For this purpose,
we just have to define L, -interpretations and the truth value of classical formulas in L,-interpre-
tations under variable assignments:

An L,-interpretation L = (D, ) consists of a nonempty domain D and a mapping 7 that
assigns to each k-ary function symbol from ® a mapping from DF to D and to each k-ary predicate
symbol from ® a mapping from DF to the set of truth values TV. The truth value L,(F) of a
formula F' in the L,-interpretation L under a variable assignment ¢ is inductively defined by:

: Lolply —-st) = KO0, oo (0),
Lo(=F) = 1— Ly(F) and Ly(F A G) = min(L, (F), Ly (G)),
Lo(FV G) = max(Lo(F), Lo(G)),
Ly(F + G) = min(1,L,(F) — L,(G) + 1),
Ly (Yo F) = min{L,(,/y(F) |d € D},
o L,,(EI:I:F) = max{Ly[,/q(F)|d € D}.
Let us now focus on the relationship between Pr}- and L,-interpretations. The next lemma

shows that for logical combinations of certain formulas, the truth value in Pr}-interpretations under
variable assignments is defined like the truth value in L,,-interpretations under variable assignments.

Lemma 3.3 Let Pr = (D,Z,u) be a Pr)-interpretation and let o be a variable assignment. For all
object variables x € X, all formulas F', and all formulas G and H that are built without the logical
connectives = and <:

4
5

Pro(=F) = 1—Prs(F)
Pro,(GANH) = min(Pr,(G), Pr,(H))
Pr,(GVH) = max(Pr,(G),Pr,(H))

)
)
)

EN|

Pry(G+ H) = min(l, Prs(G) — Pr,(H) +1)
Prs(Vz G) = min{Pr,;/q(G)|d € D}
Pry(3zG) = max{Pr,[;/q(G)|d € D}.

N N AN N N N
o =2
~— . N N S

Proof. The proof can be done like the proof of Lemma 3.3 in [27]. O

This means that Pr}- and L, -interpretations give the same truth value to all formulas that are
built without the logical connectives — and <, and to all logical combinations of these formulas
(thus, also to classical program clauses):
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Theorem 3.4 Let Pr = (D,Z,u) be a Pr}-interpretation, let L = (D, x) be an L,-interpretation,
and let o be a variable assignment.

If Pr,(A) = L,(A) for all atomic formulas A, then Pr,(G) = Ly(G), Pr,(—-G) = Ls(-G), and
Pr,(G<+ H) = L,(G <+ H) for all formulas G and H that are built without the logical connectives
- and <.

Proof. The first claim holds by Lemma 3.3 (5), (6), (8), and (9): it can easily be proved by
induction on the length of the formulas that are built without the logical connectives — and <.
Thereafter, the second and the third claim follow immediately from Lemma 3.3 (4) and (7). O

Note that there also exist formulas with different truth values in Pr}-interpretations and in
L, -interpretations:

Theorem 3.5 There exist Pry-interpretations Pr = (D,Z,p), Lyp-interpretations L = (D, ),
variable assignments o, and formulas G such that Pr,(A) = L,(A) for all atomic formulas A and
that Pry(G) # Ls(QG).

Proof. We verify easily that if the vocabulary ® contains at least one predicate symbol, then
there exists a Prjy-interpretation Pr = (D,Z,u), an L,-interpretation L = (D, w), a variable
assignments o, and an atomic formula F such that Pr,(A) = L,(A) for all atomic formulas A and
that Prq(F) = L,(F) = 5.

Now, for G = FA—-F, we get immediately Pr,(G) = Pr,(FA-F) =0and L,(G) = Ly(FA—-F)
= min(L,(F), Ly(-F)) = min(-2,2=2) = L. O

n—1°’n—-1 n—1
This last theorem is not surprising, since Pr}-interpretations are just special Pr,-interpretations.
That is, they still satisfy the axioms of probability. In particular, Pr}-interpretations always give
the same truth value to logically equivalent formulas. L,-interpretations, in contrast, do not have
this property.

3.3 Many-Valued Logic Programs

We keep the definitions of many-valued program clauses and many-valued programs from Sec-
tion 2.2. In particular, the semantics of many-valued program clauses in Pr}-interpretations is
already given by the semantics of many-valued formulas in Pr,-interpretations. The truth of
many-valued program clauses in Pr}-interpretations is then additionally characterized as follows.

Lemma 3.6 For all Pr}-interpretations Pr = (D,Z,u), all variable assignments o, and all n-
valued program clauses (H < By,...,By)[c,1]:

(H < By,...,By)[c,1] is true in Pr under o iff

Pr,(H) > ¢— 1+ min(Pr,(B1),...,Prs(By)).

Proof. The proof can be done like the proof of Lemma 5.1 in [27]. O

We also keep the syntax of many-valued queries from Section 2.2. We just redefine correct
answers, correct answer substitutions, and tight answer substitutions: Given an n-valued query
Qc = 3(A1,...,A;)[c,1] with ¢ € TV, we are interested in its correct answer substitutions in Pr},
which are substitutions € such that P = tv(410 A --- A A4;0) > ¢ in Pr} and that 6 acts only
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on variables in Q.. The correct answer in Pr) for Q. is Yes if a correct answer substitution in
Pr} exists and No otherwise. Given an n-valued query Q, = 3(44,...,A4;)[z,1] with z € X,
we are interested in its tight answer substitutions in Pr), which are substitutions € such that
P Etight tv(A10 A -+ - A Ajf) > 6 in Pry,, that 6 acts only on variables in @, and that z6 is a truth
value from TV.

In the sequel, we use many-valued logic programming in Pr} as a synonym for the problem
of deciding whether Yes is the correct answer in Pr} for a given ground many-valued query to a

many-valued logic program.

3.4 Example

Let n = 101 and let P be the n-valued logic program from Section 2.3. The correct answer
in Pr}; for the n-valued query 3(re(h, 0))[.99,1] to P is No, whereas the correct answer in Pr} for
A(re(h,U))[.8,1] to P is Yes (note that all the correct answer substitutions in Pr}; for 3(re(h, U))[.8,1]
to P are given by {U/a}, {U/b}, and {U/o}). Finally, the unique tight answer substitution in Pr},
for the n-valued query 3(re(h, 0))[X,1] to P is given by {X/.8}.

3.5 Important Properties

We now show that the two nice properties of probabilistic many-valued logic programs discussed
in Section 2.4 carry over to the truth-functional setting.

Theorem 3.7 Every n-valued logic program is satisfiable in Prj.

Proof. The claim follows from the proof of Theorem 2.1, since the Herbrand Pr,-interpretation
(Z, ) used there is a Prj-interpretation. O

The next theorem justifies in particular the model and fixpoint semantics of the next subsection,
which is restricted to Herbrand Pr}-interpretations.

Theorem 3.8 Let P be a set of quantifier-free n-valued formulas and let F' be a ground formula.
For each Prf-interpretation Pr with Pr |= P, there exists a Herbrand Pt} -interpretation Pr' with
Pr' =P and Pr(F) = Pr'(F).

Proof. The claim follows from the proof of Theorem 2.2, since for all Pr}-interpretations Pr =
(D,Z,p), the Herbrand Pr,-interpretation Pr' = (Z’,4') in the proof of Theorem 2.2 is a Pr}-
interpretation. O

3.6 Model and Fixpoint Semantics

We briefly discuss the model and fixpoint semantics of many-valued logic programs in Pr}; [27]. In
the sequel, let P be an n-valued logic program.

We focus on Herbrand Pr}-interpretations, which we identify with fuzzy sets [40]. In detail,
each Herbrand Pr}-interpretation (Z, i) is identified with the fuzzy set I: HBg — TV, where I[A],
for all A € HBg, is the sum of all u(I) with I € 7 and I = A. We subsequently use bold symbols to
denote such fuzzy sets. The fuzzy sets @ and HBg4 are defined by @[A] = 0 and HBg[A] = 1 for all
A € HBg. Finally, we define the intersection, the union, and the subset relation for fuzzy sets S
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and S5 as usual by §1 NS = min(S1, S2), S1US2 = max(S1,82),and §; C S, iff §1 = S1NSy,
respectively.

We define the immediate consequence operator T'p on the set of all subsets of HBg as follows.
For all I C HBg and H € HBg:

Tp(I)[H] = max({c — 1+ min(I[Bi],...,I[Bg]) | (H<Bj,...,Bg)[c,1] is a

ground instance of an n-valued program clause in P} U {0}).

Note that we canonically define min(I[By],...,I[Bg]) =1 for k =0.

For all I C HBg, we define Tp1 w(I) as the union of all Tp1{(I) with ! < w, where Tp10(I) =
I and Tpt (I +1)(I) = Tp(TptI(I)) for all | < w. Finally, we adopt the usual convention to
abbreviate T'pt a(0) by Tpt a.

The model and fixpoint semantics of many-valued logic programs in Pr} is now expressed by
the following important theorem:

Theorem 3.9 (\{I|ICHBg, I =P} = Ifp(Tp) = Tptw.
Proof. The claim is proved in [27]. O

This model and fixpoint semantics yields the following characterization of tight answer substi-
tutions for object-ground many-valued queries:

Theorem 3.10 Let P be an n-valued logic program and let (A1, ..., A;)[z,1] be an object-ground
n-valued query with x € X.

The tight answer substitution in Pry for 3(Ai,...,A)[z,1] to P is given by {z/c}, where c is
the minimum of all Tptw([A;] with i € [1:1].

Proof. By Lemma 3.3 (5), Pr(Ai1A---AA;) = min(Pr(A1),...,Pr(4;)) for all Pr}-interpretations
Pr. Thus, the claim follows from Theorems 3.8 and 3.9. O

3.7 Proof Theory

We now present SLDPr} -resolution for many-valued logic programs in Pr}; and prove its soundness
and completeness. The SLDPr}-resolution is an extension of the classical SLD-resolution (see, for
example, [1]).

We subsequently try to stay as close as possible to the standard notions of classical SLD-
resolution. The only nonstandard notion that we introduce is the one of resolution strings, which
replace negative program clauses. In the sequel, we abbreviate many-valued facts (4 < )[c,1] by
(A)[c, 1].

A resolution string is a finite list (A;)[a1,1]... (Am)[am,1] of n-valued facts (A41)[ai1,1],...,
(Am)[am,1] with a1,a9,...,amym >0 and m > 0.

A substitution 6 is applied to a resolution string by replacing each contained atomic formula A;
by A;0. For n-valued program clauses P; and P, we say P, is a variant of P iff P; is an instance of
P, and P, is an instance of P;. The notions of unifiers and most general unifiers (mgu) are defined

as usual.
The resolution string (« (B1)[b,1]. .. (Bg)[b,1]w)0 is a resolvent of the resolution string o (A4)[a,1|w

and the n-valued program clause (H«By,..., Bg)[c, 1] with mgu 0 iff A and H unify with mgu 6,
a<c,andb=a—c+1.
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Note that, for resolution strings a(A)[a,1]w and n-valued program clauses (H< By, ..., By)[c,1],
the resolvent (a(B1)[b,1]... (B)[b, 1]w)@ is a resolution string, since0 < a < c < landb=a—c+1
entails 0 < b < 1.

An SLDPr}-derivation of a resolution string Ry from an n-valued logic program P is a max-
imal sequence Ry, (Co, ), R1,(C1,601), ..., where Ro, R1,... is a sequence of resolution strings,
Cy,C1,... is a sequence of variants of clauses from P, and 6y, 61,... is a sequence of substitutions
such that R;1 is a resolvent of R; and C; with mgu 6; and such that C; does not have any variables
in common with Ry, Cy,...,R; 1. If a resolution string R; is empty, then it is the last one in a
derivation. Such an SLDPr}-derivation is called successful.

Next, we show that SLDPr}-resolution is a sound and complete technique for correct query
answering in Pr}. That is, we now prove that for n-valued logic programs P and n-valued queries
Q. = 3(A1,...,4)[c,1] with ¢ > 0, the correct answer in Pr} for Q. to P is Yes iff a success-
ful SLDPr}-derivation of (A1)[c,1]... (A4;)[c, 1] from P exists. We also show that each successful
SLDPr} -derivation of (A1)[c,1]... (4;)[c, 1] from P with the sequence of substitutions g, 61, ...,6;
provides a correct answer substitution in Pr}; for Q. to P by the substitution 6,0, ... 0; restricted
to the variables in Q..

To prove the soundness of SLDPr}-resolution, we need some preparation:

Lemma 3.11 If n is a substitution and (a(B1)[b,1]...(Bg)[b,1]w)0 is a resolvent of a(A)[a,1]w
and (H< By, ..., By)[c,1] with mgu 0, then (A6n)|a,1] is logically entailed by {(H < By, ..., By)[c,1],

Proof. For k = 0, the n-valued fact (A6n)[a, 1] is clearly a logical consequence of {(H)][c, 1]} with
a < c. To show the claim for k¥ > 1, let Pr = (D,Z,u) be a Pr)-interpretation with Pr |=,
(H < By,...,Bg)[c,1] and Pr |=, (B;0n)[b,1] for all ¢ € [1:k] and all variable assignments o. By
Lemma 3.6, we then get Pro,(H) > ¢ — 1+ min(Pr,(By),..., Prs(Bg)) and Pr,(B;fn) > b for all
i € [1:k] and all variable assignments o. Hence, since b = a—c+1, we get Pr,(A0n) = Pr,(HOn) >
a for all variable assignments ¢. O

We are now ready to show the soundness of SLDPr} -resolution:

Theorem 3.12 Let P be an n-valued logic program and Q. = I(A1,...,4;)[c1] be an n-valued
query with ¢ > 0. If there ezists a successful SLDPr} -derivation of (A1)[e,1]...(4;)[c,1] from P
with the sequence of substitutions 0y,01,...,0;, then the substitution Oy0: ...0; restricted to the
variables in Q. is a correct answer substitution in Pr} for Q. to P.

Proof. Let us first give a preparative definition: for a resolution string R, we use F(R) to denote
the set of all n-valued facts that occur in R.

Let Ry, (Co,0), R1,(C1,01), ..., Rjt1 be asuccessful SLDPrj-derivation of (A1)[c,1] ... (4;)[c,1]
from P. By Lemma 3.11, F(R;+1n) U {C;} = F(R;0;n) for all i € [0: 7] and all substitutions 7.
Hence, by induction on 7, one can easily show that P |= F(R;0;0;11...6;) for all i € [0:5]. In
particular, we also get P |= F(Robpb:...6;). That is, if the Pr}-interpretation Pr is a model
of P, then Prq,(A;000:1...0;) > c for all ¢ € [1 :1] and all variable assignments ¢. Thus, by
Lemma 3.3 (5), Pro((A1 A+ AN Ap)6pb: ...0;5) > c for all variable assignments 0. Hence, we get
P }: tV((A1 AR /\Al)0001...9j) >c. O

The next theorem shows the completeness of SLDPr}-resolution.
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Theorem 3.13 Let P be an n-valued logic program and Q. = 3(Ai,...,A)]c1] be an n-valued
query with ¢ > 0. If Yes is the correct answer in Pr} for Q. to P, then a successful SLDPr} -
derivation of (A1)[e,1]...(4;)[c, 1] from P exists.

Proof. The argumentation follows similar lines to the proof of completeness of classical SLD-
resolution (see, for example, [1]).

First, note that for all substitutions 7, the existence of a successful SLDPr}-derivation of
(Ain)[c, 1]... (Ain)[c, 1] from P entails the existence of a successful SLDPr}-derivation of (A;)[c, 1]
... (4))[e, 1] from P. This result can be proved in the same way like its classical counterpart (see,
for example, [1]).

Next, we show that for all A € HBg with Tptw[A] > 0, there exists a successful SLDPr}-
derivation of (A)[Tp1 w[A],1] from P. Since T'p1 w[A] > 0, there exists an m > 0 with Tpt m[A] =
Tp?1 w[A]. We now show by induction on m that a successful SLDPr -derivation of (A)[T'»Tm[A], 1]
from P exists: For m = 1, the claim obviously holds. Let us now consider the case m > 1. There ex-
ists a ground instance (Hn<B11, ..., Bgn)[c, 1] of an n-valued program clause (H« By, ..., By)[c, 1]
from P with A=Hn and T'pt m[A] = c—1+4b where b =min(Tp1 (m—1)[Binl,...,TpT (m—1)[Bgn)).
By the induction hypothesis, there exist successful SLDPry-derivations of (B;n)[T»1 (m—1)[B;n], 1]
from P for all 4 € [1:k]. Now, it is easy to see that then there also exist successful SLDPr}-
derivations of (B;n)[b, 1] from P for all ¢ € [1:k]. Hence, since all B;n with 7 € [1:k] are ground,
there exists a successful SLDPr}-derivation of (B1n)[b,1]... (Bgn)[b,1] from P. If A and H now
unify with mgu 6, then B;n, ..., Bgn are ground instances of B;6, ..., Bi0. Hence, there exists a suc-
cessful SLDPr} -derivation of (B16)[b,1]... (By6)[b,1] from P. Thus, since (B16)[b,1]... (Bk6)[b,1]
is the resolvent of (A)[T'pTm[A],1] and the n-valued program clause (H<Bj,..., By)[c, 1] from P
with mgu @, there also exists a successful SLDPr};-derivation of (A)[T'»1m[A], 1] from P.

Since Yes is the correct answer in Prj for 3(Ay,..., 4;)[c, 1] to P, there exists a substitution 0
such that A10,..., 4,0 € HB and that Yes is the correct answer in Pr; for 3(A16,..., A;0)[c, 1] to
P. Hence, we get Tptw[A;0] > ¢ for all ¢ € [1:]. Furthermore, there exist successful SLDPr} -der-
ivations of (A4;0)[TpTw[A;if],1] from P for all i € [1:]]. Now, it is easy to see that then there also
exist successful SLDPr}-derivations of (A4;0)[c, 1] from P for all 7 € [1:1]. Hence, since all A;0 with
i € [1:1] are ground, there exists a successful SLDPr}-derivation of (A4:0)[c,1]...(A4;0)[c,1] from
P, and thus there exists a successful SLDPr7-derivation of (A1)[c,1]... (4;)[¢,1] from P. O

Finally, by following the same argumentation like in classical logic programming, the complete-
ness of SLDPr}-resolution can be extended as follows:

Theorem 3.14 Let P be an n-valued logic program and Q. = 3(Ai,...,A)[c1] be an n-valued
query with ¢ > 0. For each correct answer substitution 1 in Pr) for Q. to P, there exists a
successful SLDPr}-derivation of (A1)[e,1]...(4;))[e,1] from P with the sequence of substitutions
00,01, ...,0; such that (A1 A ... ANA;)n is an instance of (A1 A ... N A;)6pb, ...0;.

Proof. The claim can be proved in the same way like its counterpart from classical logic program-
ming (see, for example, [1]). O
3.8 Computational Complexity

Also many-valued logic programming in Pr} in its full generality is undecidable, since it is a
generalization of classical logic programming.
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Let us now focus on the computational complexity of the two decidable special cases that gen-
eralize propositional logic programming and the decision problem that defines the data complexity
of datalog. Crucially, in contrast to the probabilistic many-valued generalizations of Sections 2.5,
the truth-functional ones are P-complete. This follows from the next two theorems, which even
show that the optimization problem of computing tight answer substitutions for object-ground
many-valued queries is P-complete in the two special cases.

Theorem 3.15 The optimization problem of computing the tight answer substitution in Pr}, for an
object-ground n-valued query 3(Ax,..., A))[z,1], with x € X, to a ground n-valued logic program P
is P-complete.

Proof. The claim holds by Theorem 3.10 and the proof of Theorem 5.5in [27]. O

Theorem 3.16 Let ® be function-free. Let P be a fized n-valued logic program, let F be a varying
finite set of ground n-valued facts. Let PUJF contain all constant symbols from ®. The optimization
problem of computing the tight answer substitution in Pr} for an object-ground n-valued query
A(A4,...,A4)[z, 1], with z € X, to PUF is P-complete.

Proof. The claim holds by Theorem 3.10 and the proof of Theorem 5.6 in [27]. O

4 Summary and Outlook

We introduced probabilistic many-valued logic programs in which the implication connective is
interpreted as material implication. We showed that probabilistic many-valued logic programming
is computationally more complex than classical logic programming. We then focused on the ap-
proximation of probabilistic many-valued logic programming by many-valued logic programming
in Pr}. In particular, we introduced a proof theory for many-valued logic programming in Pr} and
showed its soundness and completeness.

Crucially, many-valued logic programs in Pr; have both a probabilistic semantics in probabil-
ities over a set of possible worlds and a truth-functional semantics in the finite-valued Lukasiewicz
logics L,,. Moreover, many-valued logic programming in Pr; has a model and fixpoint character-
ization, a proof theory, and computational properties that are very similar to those of classical
logic programming. Hence, it is very worth being studied more deeply.

In particular, a very interesting topic of future research is to explore many-valued logic program-
ming in Prj, with (classical and nonmonotonic) negation in rule bodies and disjunction in rule heads.

Finally, this paper showed how presumably intractable probabilistic deduction problems in
artificial intelligence can be tackled by efficient approximation techniques based on truth-functional
many-valued logics.
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