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Abstract

Abstract
Advanced, lightweight materials with good structural performance and advantageous
fracture behavior, such as HybrixTM sandwich plates with a composite core (Lamera AB,
Gothenburg, Sweden), are essential for various industries. They enable the reduction
of energy consumption, which makes them crucial in the fight against climate change.
However, these materials are often complex and highly adaptable to the desired industrial
applications. Hence, a full experimental characterization of the fracture behavior can be
time-consuming and costly. For example, the sandwich core, which largely defines the
fracture behavior of the entire plate, consists of polymer fibers and binder as well as a
large amount of porosity.

Computational homogenization techniques can significantly reduce this experimental
effort for the development of advanced engineering materials. In this approach, a virtual
model for the microstructure of the material of interest is generated. Then, with the
known material models of the constituents, effective macroscopic properties are obtained
using computational methods. Compared with the classical Finite Element Method
(FEM), which is commonly used for this purpose, solvers based on the Fast Fourier
Transform (FFT) can significantly reduce the (computational) effort needed.

Nevertheless, the classical approaches cannot be applied straightforwardly to fracture
behavior. Material layers, such as the composite core, can be modeled as a cohesive
zone with a finite thickness, which allows for accounting for the fracture behavior with
specialized computational methods. Building on such an existing classical FEM-based
method, this work introduces a novel FFT-based homogenization scheme for cohesive
zones, which extends the application of the FFT methods to fracture behavior. The
novel FFT solver uses a displacement-based Barzilai-Borwein scheme and a non-local
ductile damage model for the fracture behavior.

In addition, an innovative micromechanical modeling approach for the fracture be-
havior of the sandwich core is presented. It combines a novel method for the virtual
microstructure generation for the composite core with the FFT-based homogenization
scheme for cohesive zones. Furthermore, the parameters of the elastic-plastic material
model including a non-local, ductile damage model were identified using microindentation
and mode I tests (Double Cantilever Beam). The novel modeling approach, along with the
FFT-based homogenization scheme for cohesive zones, was furthermore experimentally
validated using mode III tests (Split Cantilever Beam). Hence, this modeling approach
lays the foundation for an extension to other material layers, e.g., adhesives.
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Kurzzusammenfassung

Kurzzusammenfassung
Fortschrittliche Werkstoffe mit guten Struktur- und Brucheigenschaften, wie zum Beispiel
HybrixTM-Sandwichplatten mit einem Composite-Kern (Lamera AB, Göteborg, Schwe-
den), können den Energieverbrauch in vielen Industriebereichen erheblich reduzieren und
sind daher im Kampf gegen den Klimawandel von großer Bedeutung. Diese Werkstoffe
sind jedoch oft komplex und individuell anpassbar, was eine experimentelle Charakter-
isierung des Bruchverhaltens zeitaufwändig und kostenintensiv macht. Der genannte
Composite-Kern, der maßgeblich das Bruchverhalten der gesamten Platte bestimmt,
besteht beispielsweise aus Polymerfasern, Bindemittel und einem hohen Porenanteil.

Um diesen experimentellen Aufwand erheblich zu reduzieren, können rechnergestützte
Homogenisierungsverfahren eingesetzt werden. Dabei wird ein virtuelles Modell der
Mikrostruktur generiert, aus dem anhand der bekannten Materialmodelle der jew-
eiligen Bestandteile und entsprechender Simulationen die effektiven makroskopischen
Eigenschaften berechnet werden. Im Vergleich zu den häufig verwendeten klassischen
Finite-Elemente-Methoden (FEM) können Simulationen auf Basis der Schnellen Fourier-
Transformation (FFT) den (Rechen-)Aufwand dabei signifikant verringern.

Diese klassischen Homogenisierungsverfahren lassen sich jedoch nicht direkt auf das
Bruchverhalten anwenden. Materialschichten wie der Composite-Kern können allerdings
als Kohäsivzonen mit finiter Dicke modelliert werden, wofür spezielle Methoden die
Berücksichtigung des Bruchverhaltens ermöglichen. Aufbauend auf einer entsprechenden
bestehenden Methode basierend auf der klassischen FEM wird in dieser Arbeit ein
neuartiges, FFT-basiertes Homogenisierungsschema für Kohäsivzonen vorgestellt. Dieses
ermöglicht die Anwendung der FFT-basierten Methoden auf das Bruchverhalten. Der
FFT-Solver nutzt ein verschiebungsbasiertes Barzilai-Borwein-Schema mit einem nicht-
lokalen duktilen Schädigungsmodell.

Zusätzlich wird eine mikromechanische Modellierungsmethode für das Bruchverhalten
des Composite-Kerns vorgestellt. Diese kombiniert eine neue Methode zur Generierung
virtueller Modelle für die Mikrostruktur des Composite-Kerns mit dem FFT-basierten
Homogenisierungsschema für Kohäsivzonen. Die Parameter des verwendeten elastisch-
plastischen Materialmodells mit nicht-lokaler Schädigung wurden anhand von Mikroin-
dentierungen und Mode-I-Versuchen (Double Cantilever Beam) ermittelt. Die vorgestellte
Methode wurde experimentell durch Mode-III-Versuche (Split Cantilever Beam) und
entsprechende FE-Simulationen validiert. Diese Arbeit bildet dabei die Grundlage für eine
Erweiterung der Modellierungsmethode auf andere Materialschichten, wie z.B. Klebstoffe.
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Nomenclature

Nomenclature
Scalars

α constant used in variational calculus

α+, α− Lipschitz constant of the gradient and strong convexity constant of
the objective function in optimization theory

η̄ parameter to define the slope of the linear Drucker-Prager type
plastic flow potential

β, γ orientation angles between the fiber (segment) and the z-axis and
fiber (segment) and the x-axis

βb
i , γb

i global orientation angle of the bottom segment of fiber i around the
global y- and z-axis

β r
ij, γ r

ij relative orientation angles of segment j of fiber i around the local y-
and z-axis

βmax, βstr maximum orientation angle β, and β for a straight fiber between
the face sheets

β ts
i , βbs

i orientation angle with respect to the z-axis of the segment with
highest and lowest z positions[︂

x⃗ ts
i

]︂
3
,
[︂
x⃗bs

i

]︂
3

z component of the segment end point of fiber i with the largest
and the smallest values of z

δc
ij overlap between two fiber segments caused by fiber curvature

δ ts
i , δbs

i overlap between a fiber i with the top and bottom face sheet

∆fib_fib
ijkl , δfib_fib

ijkl distance and overlap between segment j of fiber i and segment l of
fiber k

δij Kronecker delta; one if i = j and zero otherwise

λ̇ plastic multiplier

η, ξ parameters to define the shape of the linear Drucker-Prager yield
surface

x



Nomenclature

κ Lagrange multiplier

λ0, µ0 Lamé parameters of the isotropic elastic homogeneous reference
material

λeig
i , λ̃eig (sorted) eigenvalues of the tangent stiffness tensor for i ∈ {1, 2, ..., 6},

where λeig
1 and λeig

6 denote the largest and smallest eigenvalue,
respectively; eigenvalue in the computation of the operator norm of
the tangent stiffness tensor

L Lagrange function

ν, νind Poisson’s ratio and Poisson’s ratio of the indenter material

Φ, Ψ yield surface and plastic flow potential

∆ε ∗1,2
i , ˜︂∆ε

∗1,2
i coefficients for the representation of ∆ε∗1,2 in the eigentensor basis

M i and the corresponding coefficients that solve the optimization
problem for the operator norm

ρfib area density of fibers on the surface of a micrograph

σ,τII, τIII mode I peel stress, mode II in-plane shear stress and, mode III
out-of-plane shear stress component of the macroscopic traction
vector t⃗M

σp undamaged hydrostatic pressure

θ beam rotation

θa half-apex angle of a canonical indenter tip

Acoh transverse area of the virtual model of the microstructure for the
cohesive zone

ai i ∈ {1, 2, 3, 4, 5} constants for the computation of the distance
between two fiber segments

c1, c2, ω cognitive, social, and inertia parameters in the Particle Swarm
Optimization

CDFemp, PDFemp empirical cumulative distribution and probability density functions
of the fiber orientation
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Nomenclature

CDFm, PDFm model cumulative distribution and probability density functions of
the fiber orientation

D scalar damage parameter

d0 initial yield stress

dB, dS diameter of a projected contact circle of Berkovich and spherical
indenter tip

d f
ij distance between the center points of two fibers i and j on a micro-

graph

E Young’s modulus

Eind, Ered Young’s modulus of the indenter material and reduced modulus

F force

f, fc, ff , fs (general) objective function and contributions from fiber curvature,
overlap, and overlap with face sheets in the optimization problem
for the generation of virtual models of the microstructure for the
sandwich core material

F exp
b , F sim

b experimental and simulated force in Berkovich indentation

Fload, Funload force during loading and unloading in microindentation experiments

F exp
s , F sim

s experimental and simulated force in spherical indentation

fj discrete spatial points for the computation of the discrete spatial
frequencies in the direction of the j-th axis

Gr Radial Pair Distribution

H hardening modulus

h, hmax indentation depth and its maximum in microindentation experiments

hv edge length of a voxel (or pixel)

J J-integral

J2 second invariant of the undamaged stress deviator

xii



Nomenclature

Kr Ripley’s K function

l non-uniform characteristic length parameter for the damage regu-
larization problem

l0, ld, lnd homogeneous reference length and characteristic length parameters
in the damaging and non-damaging phases

lch characteristic length scale for the constituents of a microstructure

lfib, rfib, lseg fiber length and radius, and fiber segment length

lmi, lma length of the minor and major axis of an ellipse

Lj the edge length of the virtual model of the microstructure in the
direction of the j-th axis

MSE, MSEa (relative) Mean Squared Errors for microindentation

MSEβ Mean Squared Error for orientation angle β

nfib, nseg number of fibers and segments of each fiber

nb, ns number of microindentation experiments with a Berkovich and a
spherical tip

Nj number of points (voxels) in the direction of the j-th axis

p0
nl, p f

nl non-local equivalent plastic strain at damage initiation and at failure

pl, pnl local and non-local equivalent plastic strain

R radius of spherical indenter tip

r, ∆r radius and width of an annulus

rn
1 , rn

2 random variables for each particle in each step of the Particle Swarm
Optimization

rse radius of structuring element for morphological operations

s parameter in the geometrical description of the central line segment
of a fiber segment

xiii



Nomenclature

S, S +, S − general boundary and two opposite surfaces of the cuboid virtual
model of the microstructure

s+
coh, s−

coh macroscale interfaces between cohesive zone and bulk material in
the current configuration

S +
coh, S −

coh macroscale interfaces between cohesive zone and bulk material in
the reference configuration

STP, Sf Two-point correlation function and correction factor for its compu-
tation

si
gd step size of the gradient descent in iteration i

S1, S2 outer surface of the damaging and non-damaging phases in the
control volume VC

SD interface between damaging and non-damaging phase

si, sc
i i ∈ {1, 2}, parameters s, and s of the critical point for the shortest

distance of two fiber segments

t time

tε coefficient for the interpolation of the strain fluctuation fields ε∗1

and ε∗2

tcoh thickness of the cohesive zone

tol tolerance of solution accuracy in numerical algorithms

tolD, tolM tolerance of solution accuracy of the solvers for the damage regular-
ization and homogenization problems

u, v, w mode I, II, and III components of the separation vector

uf mode I separation at failure

V volume of the virtual model of the microstructure

v ft, vbt fiber and binder target volume fraction

v f , vb fiber and binder volume fraction

xiv



Nomenclature

V D
C , V ND

C volume of damaging and non-damaging phase in control volume VC

wβ, wij weight factors

Wel, Wt, Wdiss elastic, total, and dissipated indentation work

wpot, Wpot condensed, incremental strain energy density at the microscale and
its volumetric average

x, y, z (Cartesian) coordinates

XM, XM, ZM (Cartesian) coordinates in the reference configuration at the macroscale

xM, yM, zM (Cartesian) coordinates in the current configuration at the macroscale

X l
M, Y l

M, Z l
M local (Cartesian) coordinate system in the reference configuration

at the macroscale

x l
M, y l

M, z l
M local, co-rotational (Cartesian) coordinate system in the current

configuration at the macroscale

xv



Nomenclature

Vectors[︂
u⃗ ∗
]︂i

i-th iteration of the displacement fluctuation field in the FFT-based
solution algorithm[︂ ̇⃗u ∗

]︂+
,
[︂ ̇⃗u ∗

]︂−
displacement fluctuation rates on opposite surfaces of the cuboid
virtual model of the microstructure S + and S −

[︂−→
du ∗

]︂i
i-th iteration of a displacement fluctuation type field to store the
application of the discrete solution operator for the homogenization
problem in the FFT-based solution algorithm

δ⃗gl
M, δ⃗M macroscale separation vector of the cohesive zone in the global coor-

dinate system in the current configuration and in the co-rotational
local coordinate system

ξ⃗ continuous (angular) spatial frequency vector in Fourier space

ξ⃗ D discrete (angular) spatial frequency vector in Fourier space

ξ⃗ ˜︁D discrete auxiliary dimensionless (angular) spatial frequency vector

a⃗, b⃗ vectors in sets A and B

d⃗ij vector between the two segment end points x⃗ se
ij and x⃗ se

i(j−1) of a
segment j of fiber i

e⃗n unit vector in the x-, y-, or z-direction, n ∈ {1, 2, 3}

m⃗ vector containing the index of the discrete position on the underlying
integer lattice Z3 in the virtual model of the microstructure

n⃗ normal vector on a general outer surface of the virtual model of the
microstructure

n⃗coh orientation of the cohesive zone at the microscale

n⃗d, n⃗1, n⃗2 normal vector on the phase boundary of the damaging phase, and
surfaces S1 and S2

N⃗M normal to the middle surface of the macroscale cohesive zone with a
finite thickness in the reference configuration
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n⃗M normal to the middle surface of the macroscale cohesive zone with a
finite thickness in the current configuration

q⃗, q⃗ ∗ discrete (angular) spatial frequency vector for the staggered grid
finite difference discretization and its complex conjugate

r⃗ line element

t⃗, t⃗ +, t⃗ − (general) traction vector on a boundary S and traction vectors on
opposite surfaces S + and S − at the microscale

u⃗ displacement vector

u⃗ ∗ displacement fluctuation vector

u⃗ ∗1, u⃗ ∗2 specified displacement fluctuation fields

u⃗ +
M, u⃗ −

M macroscale displacement vector from the reference to the current
configuration on the opposite interfaces S +

coh, s+
coh and S−

coh, s−
coh

between cohesive zone and surrounding bulk material

v⃗ auxiliary vector

w⃗ijkl distance between the central line segments of segments j and l of
fibers i and k

x⃗ position vector at the microscale

x⃗ D discrete spatial position at the microscale

x⃗ se
ij position vector of segement end point j of fiber i

x⃗ cs
ij position vector of a point on the central line segment of segment j

of fiber i

X⃗ +
M, X⃗

−
M macroscale position vector in the reference configuration on the oppo-

site interfaces S +
coh and S −

coh between cohesive zone and surrounding
bulk material

x⃗ +
M, x⃗ −

M macroscale position vector in the current configuration on opposite
interfaces s+

coh and s−
coh between cohesive zone and surrounding bulk

material
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y⃗, y⃗n vector in space Y and specified arbitrary points n ∈ {1, 2}

y⃗ ∗, y⃗ i value of y⃗ at the minimum of f and the i-th iteration of y⃗ in the
gradient descent
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Second order tensors

σ̄ undamaged stress tensor at the microscale

s̄ undamaged stress deviator

∆ε∗1,2 difference of two strain fluctuation fields ε∗1 and ε∗2

σ stress tensor at the microscale

σi i-th iteration of the stress field in the FFT-based solution algorithm

σM stress tensor at the macroscale

τ stress fluctuation tensor

ε, ε∗ strain tensor and strain fluctuation tensor at the microscale

ε∗1, ε∗2 specified strain fluctuation fields

εi i-th iteration of the strain field in the FFT-based solution algorithm

dεi i-th iteration of a strain fluctuation type field to store the application
of the discrete Green operator in the FFT-based solution algorithm

E volumetric average strain in the virtual model of the microstructure

G 0, G solution operator to the homogenization problem with arbitrary
linear elastic reference material and with the fourth order identity
tensor; explicit expression known in Fourier space

G 0
SG, GSG solution operator to the discrete homogenization problem with ar-

bitrary linear elastic reference material and with the fourth order
identity tensor for the staggered grid finite difference discretization;
explicit expression known in Fourier space

H macroscopic (average) displacement gradient of the separation vector

I second order identity tensor

M i eigentensor of the tangent stiffness tensor
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Nomenclature

Fourth order tensors

Γ0, Γ Green operator for the homogenization problem with arbitrary linear
elastic reference material and with the fourth order identity tensor;
explicit expression known in Fourier space

Γ0
SG, ΓSG Green operator for the discrete homogenization problem with ar-

bitrary linear elastic reference material and with the fourth order
identity tensor for the staggered grid finite difference discretization;
explicit expression known in Fourier space

C 0 stiffness of isotropic, linear elastic reference material

C t tangent stiffness tensor

I symmetric fourth order identity tensor:
I := 1

2
∑︁3

i,j,k,l=1 (δik δjl + δil δjk) e⃗i ⊗ e⃗j ⊗ e⃗k ⊗ e⃗l
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Nomenclature

Sets, n-tuples, and vector spaces

βb, γb, x⃗b n-tuples containing βb
i , γb

i , and x⃗b
i of all fibers i

β r, γ r n-tuples containing β r
ij and γ r

ij of all fibers i and segments j

Z3 three-dimensional integer lattice; subset of the corresponding Eu-
clidean vector space

A, B image and structural element; subsets of the integer lattice with the
corresponding dimension

Ai
n set A after n iterations of the closing operation in the i-th global

iteration of the algorithm

Af fiber structure

Ab, A−b set A translated by vector b⃗ and −b⃗

H1
per first-order Sobolev and Hilbert space for fluctuation displacement

fields of the homogenization problem

vPSO
n "particle" velocity in step n of the particle swarm optimization,

n-tuple

xPSO
lm , xPSO

gm "particle" position of the local and global minimum in the Particle
Swarm Optimization, n-tuple

xPSO
n "particle" position in step n of the Particle Swarm Optimization,

n-tuple

Y arbitrary admissible vector space
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Nomenclature

Mathematical symbols

•T standard transpose of vector or tensor •

•̇ time derivative of variable •

((A ⊕ B )n ⊖ B )n
n iterations of closing applied to set A using structural element B

( •⃗, •⃗ )H1
per

inner product of space H1
per: ( •⃗, •⃗ )H1

per
:= ⟨ gradS •⃗ : gradS •⃗ ⟩V

⟨•⟩V volumetric average of variable • in the virtual model of the mi-
crostructure: ⟨•⟩V = 1

V

∫︁
V • d V

|•⃗ | magnitude of vector •⃗

||•||op operator norm of fourth order tensor •: ||•||op := sup ||• : •||F

||•||F
with

an arbitrary, admissible second order tensor •

|| •⃗ ||H1
per norm of space H1

per: || •⃗ ||H1
per := (•⃗, •⃗ )

1
2
H1

per
= ⟨gradS •⃗ : gradS •⃗ ⟩

1
2
V

||•||F Frobenius norm of the second order tensor •: ||•||F = √• : •

F (•) continuous Fourier Transform of •

F−1 (•) inverse continuous Fourier Transform of •

∇2• Laplacian of •

DFT Discrete Fourier Transform

DFT−1 Inverse Discrete Fourier Transform

div (•) divergence of a vector or tensor field

eig ( • ) eigenvalue of fourth order tensor •

FFT Fast Fourier Transform

FFT−1 inverse Fast Fourier Transform

grad (•) gradient of a vector or scalar field

gradS •⃗ symmetric gradient of vector •⃗ : 1
2

[︂
grad •⃗ + (grad •⃗ )T

]︂
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max (•), min (•) maximum and minimum of the an arbitrary variable or set of vari-
ables •

tr (• ) trace of a second order tensor •

sup•, inf• supremum and infimum with respect to the arbitrary variable •

• second order tensor

•1 : •2 double dot product of two second order tensors •1 and •2:
•1 : •2 := ∑︁3

i,j=1 •1
ij •2

ij

•1 · •⃗ 2 (right) dot product of second order tensor •1 and vector •⃗ 2:
•1 · •⃗ 2 := ∑︁3

i,j=1 •1
ij •2

j e⃗i

• fourth order tensor

• = •1 ⊗ •2 outer product between two second order tensors •1 and •2; returns a
fourth order tensor, whose components compute as •

ijkl
:= •1

ij •2
kl

•1 : •2 double dot product of a fourth and a second order tensor •1 and •2:
•1 : •2 := ∑︁3

i,j,k,l=1 •1
ijkl •2

kl e⃗i ⊗ e⃗j

Γ0 : • application of the respective Green operator to a second order tensor
field, also holds for Γ, Γ0

SG, and ΓSG

G0 : •⃗ application of the respective solution operator for the homogenization
problem to a vector field, also holds for G, G0

SG, and GSG

•⃗ ⊗ •⃗ standard dyadic product of two vectors •⃗

•⃗ vector

•⃗ · •⃗ standard dot product of two vectors

•⃗ 1 · •2 (left) dot product of vector •⃗ 1 and second order tensor •2:
•⃗ 1 · •2 := ∑︁3

i,j=1 •1
i •2

ij e⃗j

ˆ︁• continuous Fourier Transform of •

A ⊖ B erosion of set A with structural element B

A ⊕ B dilation of set A with structural element B
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D ±
i staggered grid finite difference operators in the direction of the i-th

axis

I (•) Indicator function, one if • is true and zero otherwise

m (x⃗ ) one, if the position vector x⃗ in the function argument is within fibers
or binder, and zero otherwise.
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Abbreviations

µ-CT Microtomography
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CRA Collective Rearrangement Algorithm
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1. Introduction

1. Introduction

1.1. Motivation

The development of advanced lightweight materials with a high structural performance
is crucial for reducing energy consumption in many industries, e.g., in automotive, naval,
aerospace, and civil engineering. It can thus contribute significantly to combating climate
change. Sandwich plates are such a type of lightweight material, which allow for a
reduction of the weight and amount of required material significantly. They are designed
to maintain similar structural performance, especially under bending loads.

HybrixTM sandwich plates (Lamera AB, Gothenburg, Sweden) consist of metal face
sheets, aluminum in this work, and a composite core. Within the composite core, polymer
fibers are bonded to one another and to the face sheets with a polymer binder. Apart
from fibers and binder, the core also contains a large amount of porosity, which leads
to a complex microstructure, but also reduces the weight of the plates. Such a plate is
depicted in Fig. 1. The relatively more lightweight plates allow for the use of similar
manufacturing technologies as classical metal plates, such as metal forming, owing to
their metal face sheets. Accordingly, they have the potential to directly replace metal
plates in many applications.

The mechanical behavior of the core is highly dependent on the complex heteroge-
neous microstructure that can be individually adapted to the requirements of different
applications by modifying the production parameters. However, the core is also expected
to be crucial for the failure of the entire plates and therefore its structural performance,
which is why this work focuses on the core. During the processing of the plates, such as
forming, damage may also be induced in the core. Hence, a fracture mechanics approach
is well-suited to fully evaluate the remaining structural performance.

Core

Face sheets
Fiber

Binder

Figure 1: HybrixTM metal sandwich plate with 1.5 mm thick porous, polymeric fiber-
binder core and 0.5 mm thick aluminum face sheets.

Cohesive Zone Modeling (CZM) can be applied to describe the fracture behavior of
material layers with a given thickness at the macroscale, where the crack path is already
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1. Introduction

known to be within the material layer, such as the HybrixTM sandwich core. In CZM,
the mechanical behavior of a full material layer can be completely described as a finite
thickness cohesive zone, where the entire thickness is modeled by the CZM. In this
approach, displacement jumps between the interfaces of the surrounding bulk material
and the material layer, also referred to as the separation vector, and possible additional
internal state variables, e.g., a damage variable, are mapped to the traction vector by a
constitutive law. CZM is most prominently applied to adhesive layers in the literature,
as in, e.g., [1, 2], but can also be used for other material layers, such as adhesive tapes
and paperboard, see [3, 4].

The required Traction Separation Laws (TSLs) for the determination of a CZM,
which relate the traction to the separation vector for specified load cases, are usually
obtained from experiments, see Sec. 1.3.5 for an overview. Despite the possibility of
fully characterizing material layers experimentally, the process can be time-consuming
and costly. This is especially true when experiments are needed to characterize different
configurations during the design process of a novel (composite) material layer.

A micromechanical modeling approach based on CZM could thus facilitate the design
of new configurations of the plates. It can decrease the required development time by
making predictions on the mechanical behavior for different production parameters, so
that fewer complex experiments are needed. The main idea in these micromechanical
modeling approaches for heterogeneous materials is to create a direct link between the
production parameters that define the properties at the microscale and the final properties
of the product at the macroscale that are relevant for the engineering applications.

Macroscale (homogeneous)Microscale (heterogeneous)

Load case (strain)

Effective properties
(stress/constitutive law)

Figure 2: Scheme for the determination of effective mechanical properties via computa-
tional homogenization.

For this purpose, computational homogenization is well-suited as a micromechanical
modeling approach [5]. In this approach, virtual models of the microstructure for the
materials of interest are generated first. Then, a load case, usually the strain or a similar
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measure for the deformation from the macroscale is prescribed at the microscale. For
the respective load case, a computational method is used to determine the effective
properties in the form of the effective stress response. If a sufficient number of load cases
is investigated and an admissible theory is available, even a complete constitutive law
can be obtained. A corresponding scheme for computational homogenization is depicted
in Fig. 2. The heterogeneity of the microstructure on the left-hand side of the figure
is represented as red ellipses in a grey matrix, whereas the homogenized material is
displayed in light red.

Specialized homogenization methods for cohesive zones were developed based on
the classical Finite Element Method (FEM), which is often used for computational
homogenization in many engineering applications [6, p.15]. It should be noted for the
sake of clarity that, in this work, the term "classical FEM" refers to the discretization of
the weak form of the given problem with specified elements. This further includes the
computation of a global stiffness matrix and an explicit or implicit numerical solution
using Newton and similar methods, as is typical in standard commercial FEM solvers
such as Abaqus [7]. The clarification is necessary, since the term "FEM" itself actually
means the discretization method only, which also exists for FFT-based homogenization,
but is commonly used for the entire numerical procedure described above.

As an alternative to classical FEM-based solvers for computational homogenization,
FFT-based computational homogenization was developed in the pioneering work of
Moulinec and Suquet [8, 9] using the Lippmann-Schwinger equation for the homoge-
nization problem. FFT-based homogenization is well-suited for industrial applications,
as no meshing of the virtual models of the microstructures is needed, which can be
time-consuming and complex. In addition, high computational efficiency can be achieved
for many materials, also owing to the fact that no stiffness matrix is explicitly formed, see
Sec. 1.3.1 of this work. Furthermore, the memory footprint of FFT-based homogenization
is significantly lower than that of classical FEM, which allows for computing larger and
more complex models.

However, neither an FFT-based homogenization scheme for cohesive zones nor a
micromechanical modeling approach for the HybrixTM core material itself is available
in the literature yet. A combination of both may allow a virtual optimization and
design process for novel configurations instead of extensive experiments. Therefore, it
could provide improved lightweight sandwich plates for the industry. This FFT-based
homogenization scheme could also lay the foundation for further applications, such as
adhesives.

3



1. Introduction

1.2. Objectives and solution strategy

Based on this motivation, the objective of this work is to develop a novel FFT-based
homogenization scheme for cohesive zones and a micromechanical modeling approach for
the HybrixTM sandwich core, which could allow for a virtual design process of various
configurations in future work.

A scheme of the solution strategy to achieve this objective is depicted in Fig. 3, where
the boxes correspond to respective topics and sections. The arrows denote the transfer of
results from one topic/section to another one. The foundation of this doctoral thesis is

State of the art
Part I

Sec. 1.3.1

State of the art
Part II

Sec. 1.3.2

State of the art
Part III

Sec. 1.3.3

State of the art
Part IV

Sec. 1.3.4

State of the art
Part V

Sec. 1.3.5

FFT-based bulk
homogenization

Sec. 2

Objective:
FFT-based

homogenization of
cohesive zones

Sec. 3

Virtual Model
of the

microstructure
Sec. 4

Experimental
characterization

of the constituents
Sec. 5

Objective: micromechanical model
Model validation

Sec. 6

Figure 3: Scheme of the solution strategy for this work.

built by a literature study on the current state of the art in the following Sec. 1.3. It is
divided into five different subsections with the corresponding subtopics that are needed
for the micromechanical model and its validation, which are also the main sections of
this thesis. These main sections contain the major novelty of this work, which extends
the current state of the art.

In the first of these main sections, Sec. 2, FFT-based homogenization for bulk materials
including a non-local ductile damage model and the selected material models for the
microscale is discussed. Based on the literature from Sec. 1.3.1 and the presented theory,
suitable discretization and solution methods are chosen and the implementation of the
corresponding algorithms for the novel FFT solver in Fortran is presented.

The subsequent Sec. 3 represents the first "ingredient" for the micromechanical model,
where the FFT-based homogenization scheme is extended to the homogenization of
cohesive zones. Furthermore, the choice of required parameters is discussed as well as
the validity from a physical standpoint is investigated. The current state of the art from
the literature concerning the (FEM-based) computational homogenization of cohesive
zones is presented in Sec. 1.3.2.
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Besides the FFT-based homogenization scheme for cohesive zones, a virtual model
of the microstructure for the core is required for the micromechanical model, which is
presented in Sec. 4. The corresponding current state of the art is discussed in Sec. 1.3.3.
The section consists of an experimental characterization of the microstructure, a novel
algorithm for the generation of virtual models, and an evaluation of the generated model
with respect to experimental data. In order to allow for a design/optimization process,
the production parameters of the plates should be used as input parameters for the
generation of virtual models only. Without detailed knowledge of the production process
of the plates, those production parameters can be identified as the core thickness, the
fiber volume fraction and fiber geometry, and the binder volume fraction.

Moreover, an experimental mechanical characterization of the fiber and binder materials
is another necessary "ingredient" for the micromechanical model to obtain the parameters
for the material models at the microscale. It is described in Sec. 5. Suitable experimental
methods at the micro- and macroscale for this purpose are selected based on the literature
from Secs. 1.3.4 and 1.3.5, respectively. Nevertheless, it should be noted that if such a
virtual design process is applied in the industry, the material properties of the constituents
are usually known. However, this was not the case in this work.

In the last step, in Sec. 6, an experimental validation of the developed modeling
approach and thus the theoretical FFT-based homogenization scheme itself is carried
out. The resulting (single-mode) TSLs from FFT-based homogenization can also be
implemented into macroscale models in standard, commercial FEM solvers in a straight-
forward fashion, which is used for this purpose. A suitable experimental method for
the determination of TSLs is selected based on the literature, which is presented in Sec.
1.3.5. The results are compared with the simulated TSL as well as to a simulation of the
corresponding test setup at the macroscale.

1.3. State of the art

1.3.1. Part I: FFT-based homogenization of bulk materials including damage and
fracture

As already mentioned in the introductory Sec. 1.1, FFT-based homogenization is a
promising more recent method in comparison with the widely-used, classical FEM-based
methods. It was introduced in the pioneer work of Moulinec and Suquet [8, 9], and
is based on the solution of the Lippmann-Schwinger equation with a Green operator
that is explicitly known in Fourier space, see Sec. 2.3.1 for details. FFT simulations

5



1. Introduction

can be performed on uniform voxelized grids of virtual models for the microstructure
of the materials of interest only. The voxels of these grids correspond to points of a
three-dimensional image of the virtual model of the microstructure. Periodic boundary
conditions are naturally imposed by the FFT and, hence, the virtual models of the
microstructure used are often also periodic. In order to obtain a consistent mechanical
behavior at the macroscale, the virtual models should satisfy specific properties. In the
case of materials with a random microstructure, the models are referred to as Representa-
tive Volume Elements (RVE), if they are representative of both the mechanical behavior
and the geometry of the microstructure. Furthermore, the concept of Unit Cells (UC) is
adopted in this work, which is the smallest virtual model of a deterministic microstructure
with representative (mechanical) properties, see [10] for a detailed discussion of both
concepts.

The computational performance of the FFT-based homogenization is influenced by
the stiffness contrast of the constituents in the microstructure. In Moulinec and Suquet’s
original form, its applicability was limited to microstructures with relatively low contrasts
owing to the fact that the convergence rate becomes very low otherwise. Thus, it
could not be applied to materials with porosity, such as the sandwich core in this work.
Furthermore, the resulting solution fields show spurious oscillation artifacts that arise
from the Discrete Fourier Transforms (DFT), see also Sec. 2.4.1 for an example and a
detailed discussion of the properties.

In order to address these drawbacks, different discretization and solution methods
have been developed. One of the most widely-used discretization methods is Willot’s
rotated centered finite differences [11]. It leads to significantly more accurate solution
fields and an improved computational performance of the FFT-based homogenization,
in particular for high stiffness contrasts. Using Willot’s discretization, convergence can
also be achieved for porous microstructures, but it is still relatively slow. Moreover,
it can also be interpreted as an underintegrated tri-linear FE discretization, see [12].
The well-known hourglassing effects from these types of elements were found to be the
reason for remaining artifacts in the solution fields and the slow convergence for porous
microstructures [13]. In the latter work, an hourglass control as in classical FE solvers was
developed to overcome these drawbacks. However, it could not achieve the computational
efficiency of Willot’s original discretization and it required the choice of an hourglass
control parameter by numerical experiments. Similarly, a fully integrated tri-linear
FE discretization also led to accurate solution fields and a very good convergence for
porous microstructures, but a high memory footprint is required and it was relatively
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slow [12, 13]. The staggered grid finite difference discretization, which was developed
by Schneider et al. [14], combines all of these desired properties, the accurate solution
fields, a good convergence for microstructures with porosity and the best computational
performance. However, some issues arise owing to the placement of the stress, strain,
and displacement variables on the uniform grid. First, the resulting solution fields
may become asymmetrical despite a symmetric microstructure. Additionally, material
properties and a consistent application of anisotropic material laws at the microscale are
not straightforward, see [14] and also Sec. 2.4.1 for detailed discussions and examples.

Furthermore, there are also discretization methods that are of less practical relevance
(at least for this work), but can provide important theoretical insights for an improved
understanding of FFT-based homogenization. In the Fourier-Galerkin discretization
[15, 16], trigonometric polynomials are used for a Galerkin approximation of the homoge-
nization problem. It has similar properties as the original Moulinec-Suquet discretization,
but allows for computing guaranteed upper and lower bounds for the properties at the
macroscale. Brisard and Dormieux [17, 18] proposed a Galerkin approximation of the
Hashin-Shtrikman variational principle with voxel-wise constant fields. Their approach
led to mathematically advantageous properties of the system of equations and allowed
to prove the convergence of Moulinec and Suquet’s original discretization. Bounds on
the homogenized properties at the macroscale can also be obtained. However, the result
depends on the choice of an elastic reference material, which is not the case in the original
method. In addition, the Green operator in the Lippmann-Schwinger equation needs
to be precomputed and stored before the actual numerical computations, which makes
it impractical for many applications. Furthermore, classical central finite difference
discretizations were also explored in the context of FFT-based homogenization, see e.g.
[19], but did not achieve the computational efficiency of the rotated grid and staggered
grid finite differences.

Apart from the discretization methods, also solvers with improved computational
performance compared with Moulinec and Suquet’s original fixed-point iteration, the
basic scheme, have been developed. The usually most efficient solver is the conjugate
gradient (CG) method, but it is limited to linear elastic problems only, see e.g. [20].
Kabel et al. [21] proposed a Newton-CG solver, where the system is linearized in
the Newton step and the linearized system is then solved using the CG solver. It is
particularly efficient for problems with computationally expensive material laws, as in
crystal plasticity. Nevertheless, other solution schemes can be faster for less expensive
material laws owing to the relatively expensive Newton steps and the larger memory
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footprint. One of these other fast solution schemes is a nonlinear CG solver, which
was implemented in [22] and is also applicable for non-linear material laws. For this
solution scheme, significantly less memory is required in comparison with the Newton-
CG. The Barzilai-Borwein scheme was introduced in [23] in the context of FFT-based
homogenization. It is fast, straightforward to implement, and requires even less memory
than the nonlinear CG, but the convergence is usually not monotone. This is less
problematic in scientific applications, but it may be unexpected for some application
engineers in the industry. Quasi-Newton type solution schemes were also already applied
in FFT-based homogenization [24, 25]. These methods were found to be fast and robust
but require a significantly higher memory footprint compared with the Barzilai-Borwein
scheme. Furthermore, fast gradient methods were discussed in [26], which also served as
the basis for the development of the nonlinear CG method.

In all previously described methods, the iteration is typically performed on the strain
fields. However, depending on the discretization, displacement-based variants can be
implemented, see, e.g. [14]. In contrast, polarization methods, as presented in [27, 28],
arise from a reformulation of the Lippmann-Schwinger equation, such that the iteration
is performed on the stress polarization fields instead of the strain fields. As reported in
[29], the polarization schemes are also very efficient. They can be even faster than the
previous solution methods for finite stiffness contrasts at the microscale, but for porous
materials, it was found that the fastest of the previous solution methods could also
outperform the polarization schemes. For a detailed overview of FFT solvers and their
applications, the reader is referred to Lucarini et al. [30] and Schneider [31]. The latter
reference was also used as a guideline for the overview on discretization and solution
methods above.

In comparison with their classical FEM-based counterparts, FFT-based homogenization
is expected to have reduced computational costs for many applications. Lucarini et al.
[32] found that computational times could be decreased by a factor of six to ten for
polycrystals under cyclic loading. In addition, models with sizes that were not accessible
with FEM could be computed owing to the low memory footprint. Furthermore, the
computational times were up to a factor of eight lower than in classical FEM for
lattice-based materials. Nevertheless, classical FEM was also faster for a few of the
models studied in [33]. However, a comparison between classical FEM and FFT-based
homogenization is out of the scope of this work. It also cannot be easily carried out in a
straightforward fashion, since there are plenty of factors that influence the performance
of both numerical methods, such as the material studied, the exact implementation, and
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solution methods. Therefore, the cited works give a good indication that FFT-based
homogenization can be expected to be computationally more efficient in many cases, but
they do not explicitly represent a general proof.

In order to model fracture at the microscale, models for damage and fracture mechanics
can also be included into the FFT-based homogenization. Magri et al. [34] implemented
a non-local, ductile gradient damage model. Gradient regularization is preferred over
integral regularization in computational homogenization since the non-local damage
variable is obtained by a weighted average of the local variable in the surrounding
volume. However, if the volume for the weighted average includes a constituent that does
not damage and the weighted average is computed straightforwardly, it still distributes
the non-local damage variable "through" this constituent. This unphysical behavior
does not occur in the gradient regularization owing to intrinsically applied boundary
conditions, which avoid flux of the damage field through other constituents. Furthermore,
Ernesti et al. [35], Chen et al. [36], and Ma and Sun [37] studied phase field models for
brittle fracture in the context of FFT-based homogenization. Stiffness reduction due to
cyclic loading was investigated in [38–40] and the model was successfully integrated into
full component simulations at the macroscale.

1.3.2. Part II: Computational homogenization of cohesive zones

Although it is possible to simulate material softening through damage and fracture at
the microscale, the resulting fracture properties cannot be straightforwardly translated
to the macroscale. Since the results significantly depend on the size of the virtual model
of the microstructure, they never converge toward representative fracture properties and,
hence, an RVE or UC by increasing the model size [41].

For material layers whose macroscopic fracture behavior can be described with CZMs,
this issue can be overcome. This is because the fixed thickness of the cohesive zone
determines the model size at the microscale perpendicular to the crack extension direction.
Hence, specialized homogenization methods for cohesive zones were developed based on
the classical FEM, see [42, 43]. They consider the differences in the boundary conditions
in comparison with the standard homogenization for bulk materials and mainly deal with
adhesive layers. Furthermore, the method was extended to three dimensions and large
deformations in [44, 45]. In [46] the effect of particle decohesion within a heterogeneous
adhesive layer was studied. Soghrati and Liang [47] used the method to investigate the
influence of pores, the volume fraction of glass beads as filler, and the surface roughness
of the adherends on the fracture behavior of an adhesive layer.

9
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Despite the already successful application of computational homogenization to cohesive
zones in the previous references, care has to be taken regarding some assumptions. These
may lead to deviations in the predictions, and their influence is currently uncertain.
First, the periodic boundary conditions within the cohesive zone cause the crack at
the microscale to be periodic as well. However, at the macroscale, a periodic crack is
unphysical, as a crack with a single global crack tip is expected. This periodic crack
in the FFT-based homogenization can always propagate in all directions, whereas the
single, real crack usually propagates in one direction only. Furthermore, this can cause
the simulated crack to propagate faster through the model with less resistance than
real cracks. Hence, it can result in an underestimation of fracture toughness and joint
strength. A similar effect was observed in [48], where multiscale simulations using an
FEM-based homogenization approach for cohesive zones were compared with direct
numerical simulations of heterogeneous adhesive layers. In addition, the separation
at the crack tip is usually significantly higher than the separation slightly behind it,
which represents a gradient load in the vicinity of the crack tip. This effect is also not
considered in the homogenization approach and may lead to deviations in the simulations.
Nonetheless, a generally good agreement between the FEM-based homogenization and
direct numerical simulation was found in [48].

However, to my knowledge, there is no validation of computational homogenization
for cohesive zones through comparisons with experimental results yet. Such a validation
is especially necessary, if the method should be applied in design processes of novel
composite material layers in the future. It should also be emphasized that all of the cited
literature used the classical FEM for the simulations and the FFT-based homogenization
has not yet been applied to cohesive zones.

1.3.3. Part III: Generation of virtual models for microstructures

In computational homogenization, it is crucial to obtain an accurate virtual model
of the microstructure, which is representative of its overall geometry. These models
are often not deterministic and hence of a statistical nature in the case of random
materials. For the purpose of determining such a model, an experimental characterization
of the microstructure is usually carried out first in order to analyze it statistically. For
composites with discrete inclusions, such as fiber or particulate composites, microscopy
is typically used to obtain two-dimensional images of the microstructure [49, 50], also
referred to as micrographs. Moreover, microtomography (µ-CT) scans return three-
dimensional images of it, see [51, 52] for the analysis of fiber composites and also [53] for

10



1. Introduction

a detailed overview of experimental µ-CT techniques and their applications in material
science. Standard image processing methods, as presented in [54, pp.129-156] and [55,
pp.79-148], are then usually applied to segment the images into the different constituents
of the microstructure, so that particles, and/or fibers, and possible pores can be identified
individually.

In the next step, the characteristic properties of the inclusions and pores are typically
extracted, which are shape, size, orientation, and spatial distribution, see e.g. [56].
Depending on the material studied, it is assumed that these properties are either
statistically distributed or have fixed deterministic values. An overview of frequently
used types of statistical descriptors for the spatial distribution of the constituents in the
microstructure is given in [57]. One relatively general widely-used class of these descriptors
for random microstructures are the n-point probability functions. They represent the
probability of simultaneously finding n different points in a given constituent of the
microstructure. It is usually defined for microstructures with two constituents, but
can also be extended to more general cases, see [58]. The two-point correlation or
autocorrelation function is a special case of the n-point probability functions. For
statistically homogeneous microstructures, it is defined as the probability of finding
two points of the same constituent at the end of a line segment of given length and
orientation. Moreover, the one-point probability corresponds to the volume fraction of a
constituent and is implicitly included in the two-point correlation function as its value
for a line segment of zero length.

The two-point correlation function belongs to the types of statistical descriptors that
are defined for any arbitrary type of microstructure, provided that the correspond-
ing statistical conditions are met. In contrast, there are also special descriptors for
microstructures of composites with discrete inclusions. One of these functions is the
distribution of nearest neighbor distance, which is the distance between each inclusion and
its nearest neighbor inclusion. It has also been applied to investigate the microstructure
of fiber composites in the literature, see e.g. [59, 60]. In these cited works, the radial
pair distribution function, which is also called pair distribution function, and Ripley’s K

function were used for the statistical analysis of the spatial distribution of the fibers as
well. The former represents the probability of finding an inclusion within an annulus
of a given inner radius and width around another, randomly selected inclusion, see also
[61–63]. Again following [59, 60], the latter can be interpreted as the ratio between the
number of inclusions, which are expected to be located within a circle or sphere with a
given radius around another, randomly selected inclusion, and the number of inclusions
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per unit area.
Once the properties of the inclusions and the corresponding model distributions are

known, the virtual model of the microstructure can be generated. A detailed overview
of algorithms developed for this purpose for various types of materials is provided by
Bargmann et al. [64]. For composites with discrete inclusions, their paper distinguishes
between two main types of algorithms: Random Sequential Adsorption (RSA) and
Collective Rearrangement Algorithms (CRA). The RSA was originally introduced in
[65] and places each inclusion one after another randomly within the microstructure
until the desired volume fraction is achieved. If no overlap between the inclusions is
intended, but it still occurs, the positioning of a inclusion is rejected and another random
position is tried. Owing to this not very systematic reduction of overlap, it is not very
efficient for the generation of virtual models of the microstructure with high volume
fractions of the inclusions. In particular, inclusions with high aspect ratios, such as
fibers, are the most critical here. Moreover, desired spatial distributions cannot be
prescribed straightforwardly. Nevertheless, the RSA is widely used because of its easy
implementation and the natural integration of statistical model distributions for the
inclusion size, shape, and orientation.

However, the other type of algorithm, the CRA, was developed to overcome the
drawbacks of the RSA. According to Bargmann et al. [64], CRAs usually start with an
initial positioning of the inclusions, mostly using the RSA with remaining overlap. In a
second step, the overlap is removed by repositioning and/or shrinking. The CRAs are
characterized by the fact that all inclusions are moved simultaneously in this process.
Among other algorithms, those that are formulated as a minimization problem of an
objective function have proven to be efficient. A rather general framework for the
formulation and minimization of such an objective function is presented in [66]. Xu et al.
[56] distributed ellipsoidal particles to follow an experimentally determined distribution
of nearest neighbor distances using an optimization-based algorithm with simulated
annealing. Nakka et al. [67] applied gradient-based methods to the corresponding
optimization problems to particulate composites with various particle shapes. Schneider
and coworkers introduced a similar type of algorithm for short fiber composites [68–
70]. Unlike the CRA, their "Sequential Addition and Migration" method adds fibers
sequentially rather than simultaneously.
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1.3.4. Part IV: Determination of material parameters at the microscale

When studying industrial materials, as in this work, the constituents of the material and
its properties are often a secret of the material manufacturer. Therefore, the experimental
identification of material models and parameters at the microscale is required to apply
computational homogenization approaches to these materials.

One option to test the mechanical properties of materials at the microscale is minia-
turized versions of macroscale mechanical tests. Almost all types of macroscale tests
can also be performed at the micro- or even the nanoscale, see [71] for an overview
and detailed discussions. Examples for micro-tensile tests can be found in [72, 73] for
metals and in [74] for polymers. A miniaturized three-point bending test for polymer
specimens was presented in [75] and also fracture mechanics tests at the microscale were
developed, as, e.g. in [76] a micro Double Cantilever Beam (DCB) test in peel mode I.
However, as reported by Dehm et al. [71], limitations in the resolution of load and strain
measurements, geometry imperfections in manufacturing of the corresponding specimens,
and unintended deviations from the desired load cases may occur. Therefore, a careful
evaluation of the results is required in order to avoid misinterpretations.

Apart from miniaturized macroscale test setups, atomic force microscopy can be
applied to measure localized material properties of constituents in a microstructure at the
nanoscale [77]. In this method, the surface of a sample is indented using a cantilever with
a sharp tip, which is controlled by a piezo scanner. The displacement of the piezo scanner
and the beam deflection of the cantilever are measured in order to obtain the experimental
force-indentation depth curves. If the geometry of the tip is known, mechanical properties
can be extracted from the measurements using the theory of contact mechanics. This tip
radius usually needs to be calibrated using a reference sample with known properties
[78].

A similar method is the nanoindentation, also called microindentation if performed
at the microscale instead of the nanoscale. In this experimental technique, the sample
surface is probed using an indenter tip with a given geometry and force-indentation
depth curves are measured as well. Typical tip geometries are spherical or pyramidal,
such as the Berkovich and Vickers tips, which are three-sided and four-sided pyramids
made from industrial diamond, respectively. The reader is referred to [79, pp.21–24] for
an overview of various types of indenter tips. It was shown by Griepentrog et al. [80]
that both methods, atomic force microscopy and nanoindentation, can be successfully
applied for the determination of the Young’s modulus of a polymer. Plasticity models
and their respective parameters can also be determined using indentation experiments.
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This can be achieved either by directly measuring experimental stress–strain curves with
a special test control strategy, as reported by Pathak and Kalidindi [81]. Alternatively, it
can be done by comparing numerical simulations with experimental data and adjusting
the model parameters until the simulated curves match the experimental ones, as done
in [82] for a linear Drucker-Prager model. A measurement of the local fracture toughness
is possible with indentation techniques as well, see [79, pp.166–169].

Furthermore, grid indentation techniques allow for determining the mechanical prop-
erties of multiple constituents of a sample in a single series of experiments, see [83, 84].
Multiple indentation experiments are performed along a (heterogeneous) surface of the
composite sample. Measurement curves for each of the constituents are recorded with
this single series of experiments. These curves are then used to determine the mechan-
ical properties of interest, e.g., the Young’s modulus or dissipated (plastic) work, for
each measurement point. Statistical deconvolution methods are applied to assign the
individual measurements to the respective constituent, as it has also been done in the
references given.

1.3.5. Part V: Experimental determination of cohesive zone models

The required TSLs for the determination of a CZM, which map the separation to the
traction vector for specified load cases, are usually obtained from fracture mechanics
experiments for material layers. In these types of experiments, the material layer of
interest is typically placed between two beams (or is already so placed owing to the
nature of the material). The load is applied to either one end of the specimen or by using
specialized fixtures for the introduction of bending loads. These principles also apply
to all references given in the following paragraphs of this section. A recent overview of
various fracture mechanics tests for material layers, adhesive layers in this case, is given
in [85].

Many of these fracture mechanics experiments are based on the J-integral, which was
independently introduced by Rice [86] and Cherepanov [87] in the 1960s. As already
discussed in Rice’s pioneering work, the peel stress for the traction vector can be computed
using the derivative of the J-integral with respect to the separation at the crack tip, the
Crack Tip Opening Displacement (CTOD), under pure peel mode I loads if sufficient
theoretical requirements are satisfied. This finding is exploited in the determination of
TSLs in mode I by DCB tests. De Moura et al. [88] estimated the J-integral by setting
it equal to the energy release rate from the Irwin-Kies equation and computing the
specimen compliance based on the Timoshenko beam theory. Another common method
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is to measure the J-integral directly using the measured force and beam rotation at the
load introduction points, which was done in, e.g., [89, 90].

Similar experimental approaches based on the J-integral for the determination of TSLs
were also developed for out-of-plane shear mode III and in-plane shear mode II. Examples
of the former are given in [3, 91, 92]. In [3, 92], specimens similar to those used in DCB
experiments are rotated to apply a mode III load instead of a mode I load. Alternatively,
one end of the specimen is loaded with a corresponding moment [91]. Biel and Stigh
[93] discussed three different evaluation methods of the J-integral for End-Notched
Flexure (ENF) specimens. This test setup is widely used for the measurement of fracture
properties in mode II. The mode II load is induced using a three-point bending fixture.
In Biel and Stigh’s work, a computation of the J-integral based on Euler–Bernoulli beam
theory, the direct measurement of force and rotation at the load introduction points, and
a mixture of both variants was performed. There are also recent publications on the full
identification of CZMs using mixed-mode experiments, where the load cases from single
mode experiments are superimposed, see [94] for mixed-mode I+II and [95] for I+III.
Both works also used the J-integral for the evaluation. However, care must be taken in
mixed-mode, since it was found by Scheel et al. [96] that local coupled contributions
to J from the superimposed modes can occur. These coupled contributions are usually
neglected in the determination of the traction vector.

Apart from methods based on the J-integral, CZMs can also be identified by adapting
the model parameters in FE simulations of a given test setup to the respective experimental
results using numerical optimization, see, e.g. [97, 98]. Recently, Schrader et al. [99]
introduced a novel method for the measurement of TSLs using an Optical Fiber Strain
(OFS) measurement system, which records the bending strain along the adherends. This
allows for computing the local bending moment in the adherend at each measurement
point. Furthermore, the corresponding component of the traction vector of interest
multiplied with the specimen width can be considered a line load in the classical Euler–
Bernoulli beam theory. The line load is then proportional to the second derivative of the
bending moment with respect to the position at the adherend, which was exploited by
Schrader et al. to determine the respective TSLs.
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2. FFT-based homogenization of bulk materials

2.1. Governing equations

This section first presents the relevant equations and the associated material models
from which the FFT-based homogenization is derived. For details on the mathematical
notation used in this work, please refer to the nomenclature. In order to use homoge-
nization techniques to obtain the effective properties of materials at the macroscale from
computations at the microscale, some key assumptions are typically made, see [5]. First,
it is assumed that the material is "statistically homogeneous", which means that it has
the same effective properties at each point at the macroscale. Second, the scales, in this
case the micro- and macroscale, must be separable, so that local, microscopic effects do
not influence the solutions at the macroscale significantly.

This basic concept of scale separation for the bulk homogenization is visualized in
Fig. 4. At the macroscale, the material is considered to be homogeneous, whereas the
heterogeneity is marked by the red ellipses in a grey matrix and appears in the RVE at the
microscale only. It is usually assumed that the typical length scale of the macroscale is
significantly larger than the one at the microscale. An RVE is assigned to each individual
point at the macroscale.

In Ameen et al. [100], it was found that the classical homogenization, which is also
used within this work, is accurate if the typical length scale at the microscale is at least
one order of magnitude smaller than the one at the macroscale. In their work, an elastic
two-dimensional particulate composite with a stiffness contrast of 20 under anti-plane
shear loading was investigated. The macroscale often refers to full components, where
the standard boundary value problem is usually solved by classical FEM. Since those
governing equations and numerical solution methods at the macroscale are not used
further in this work, they are not discussed in the following. Both can also be found in
any (good) book on fundamental continuum mechanics and/or FEM, e.g., in [101].

Following [9], the homogenization problem, the system of equations at the microscale,
is given by ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

σ (x⃗ ) computed from constitutive law
div σ (x⃗ ) = 0⃗
ε (u⃗∗ (x⃗ )) = E + gradS u⃗∗ (x⃗ )
periodic boundary conditions,

(2.1)

where the small deformation theory is used only, as it is often done in FFT-based
homogenization, see [31]. The stress field σ (x⃗ ) in the first line is computed at each
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MacroscaleMicroscale

Figure 4: Principle of scale separation in standard bulk homogenization.

position x⃗ at the microscale using the respective constitutive law of the corresponding
constituent of the microstructure. The subsequent lines are the balance of momentum
(static and without body forces), the strain compatibility, and the periodic boundary
conditions for the displacement fluctuation field u⃗∗ as well as the strain fluctuation field
gradS u⃗∗ (x⃗ ). The strain field ε (u⃗∗ (x⃗ )) is decomposed into a volumetric average part E

and the fluctuation part ε∗ = gradS u⃗∗ (x⃗ ). In addition, gradS •⃗ = 1
2

[︂
grad •⃗ + (grad •⃗ )T

]︂
denotes the symmetric gradient of a vector •⃗.

In this work, all materials are modeled as linear elastic and isotropic in the elastic
regime. Furthermore, a linear Drucker-Prager plasticity model with non-associative
plastic flow potential is used for all polymer materials considered, such as the binder and
fibers in the HybrixTM sandwich core. This plasticity model can consider the dependence
of the plastic behavior on the hydrostatic pressure, which is present in many polymers.

In addition, significant rate effects, such as viscoelasticity or viscoplasticity, also may
occur for some polymers. However, a first simplification of the model is made at this point
and possible rate effects are neglected. A consideration of these effects would substantially
increase the experimental effort that is required for the parameter identification.

Following de Souza et al. [102, pp.324-343], the yield surface of the model is defined by

Φ =
√︂

J2 − ησp − ξ
(︂
d 0 + Hpl

)︂
= 0 (2.2)

and the corresponding non-associative plastic flow potential is given by

Ψ =
√︂

J2 − η̄σp, (2.3)
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where η, η̄ and ξ are the model parameters to define the shape of yield surface and
flow potential. d 0 represents the initial yield stress and H corresponds to the hardening
modulus. Furthermore, σp and J2 are the hydrostatic pressure and the second invariant
of the stress deviator s̄, which are computed according to

σp = −1
3 tr ( σ̄ ) and J2 = 1

2 s̄ : s̄ with s̄ = σ̄ + σp I. (2.4)

Accordingly, the flow rule in this model yields

ε̇pl = λ̇
∂Ψ
∂σ̄

= λ̇

(︄
1

2
√

J2
s̄ + η̄

3 I

)︄
(2.5)

for the local plastic strain rate at the smooth part of flow potential and

ṗl = ξλ̇ (2.6)

for the rate of the equivalent local plastic strain, where λ̇ is the plastic multiplier.
Moreover, it is assumed that damage occurs in the polymers only. Based on the

discussion in Sec. 1.3.1 on the state of the art in FFT-based homogenization, the non-
local, ductile, implicit gradient damage model from Magri et al. [34] is adopted to model
this fracture behavior at the microscale. The model is described by

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
pnl − l2

d ∇2pnl = pl in the damaging phase

grad pnl · n⃗d = 0⃗ on the boundary of the damaging phase

pnl = 0 elsewhere,

(2.7)

where the spatial dependences are neglected for notational clarity. The non-local equiva-
lent plastic strain pnl is regularized by a Helmholtz-type equation with the local equivalent
plastic strain pl as source term. ∇2 denotes the Laplacian here. This regularization
only holds within the constituents of the microstructure, where damage with the same
damage mechanism can occur. They are referred to as the "damaging phase" here. The
damage field is distributed within a certain localization region, whose size is related
to the characteristic internal length ld. Damage propagation into constituents of the
microstructure without active damage mechanics in the model (non-damaging phases)
has also to be prevented. This is ensured by enforcing the gradient of the non-local
damage field in the normal direction n⃗d to the boundaries of the damaging phase to zero.
If multiple damaging phases with different damage mechanisms are present, a separate
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regularization is used for each and other damaging phases are treated as non-damaging
phases in Eq. (2.7). However, in this work only a single damaging phase is used in all
simulations.

Furthermore, the evolution equation for the scalar damage variable D is given by

D =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
0, for pnl < p0

nl
pnl − p0

nl

p f
nl − p0

nl
, for p0

nl ≤ pnl < p f
nl

1, for pnl ≥ p f
nl

(2.8)

with initiation parameter p0
nl and failure parameter p f

nl. In addition, the stress is computed
as

σ = (1 − D) σ̄, (2.9)

where σ̄ is the undamaged, effective stress from the plasticity model used.

2.2. Scale transition relations between macro- and microscale

For the computation of the effective properties or constitutive law in the homogenization,
it is necessary to know how the quantities at the microscale are related to those at the
macroscale and vice versa. The scale transition relations are introduced for this purpose.
The (kinematic) macro-to-micro scale transition is usually established by setting the
volumetric average strain at the microscale ⟨ε ⟩V =: E equal to the macroscopic strain

ε M = E. (2.10)

The micro-to-macro coupling via the stress tensor follows from the Hill-Mandel condition,
see [103, 104]. Here, the volumetric average of a variable • is denoted by

⟨•⟩V = 1
V

∫︂
V

• dV (2.11)

with V being the volume of the virtual model of the microstructure.
The Hill-Mandel condition requires that the energy rate balance at the macro- and

microscale are equal for energetic consistency, such that

σ M : Ė = ⟨ σ : ε̇ ⟩V. (2.12)

The left-hand side corresponds to the rate of energy at the macroscale and the right-hand
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side is the one at the microscale. The strain rate at the microscale can be divided into a
volumetric average and a fluctuation part ε̇ = ⟨ ε̇ ⟩V + ε̇∗ and the Hill-Mandel condition
becomes

σ M : Ė = ⟨σ ⟩V : ⟨ ε̇ ⟩V + ⟨σ : ε̇∗ ⟩V. (2.13)

Integration by parts can be used to replace the volume integral ⟨σ : ε̇∗ ⟩V with an
equivalent surface integral. The integration by parts for the problem reads

∫︂
V

div
(︂

σ · ̇⃗u ∗
)︂

dV =
∫︂

S
t⃗ · ̇⃗u ∗ dS (2.14)

=
∫︂

V
div ( σ ) · ̇⃗u ∗ dV +

∫︂
V

σ : gradS ̇⃗u ∗ dV,

where the divergence theorem is used to rewrite the volume integral as an equivalent
surface integral over the boundary of the virtual model of the microstructure S in
the first line. ̇⃗u ∗ denotes the displacement fluctuation rate vector. Note that in the
classical integration by parts the gradient of ̇⃗u ∗ instead of the symmetric gradient occurs.
However, it can be shown that it also applies to the symmetric gradient, since the relation
σ : grad ̇⃗u ∗ = σ :

(︂
grad ̇⃗u ∗

)︂T
holds owing to the symmetry of the stress tensor.

Furthermore, the divergence of the stress field vanishes at each point at the microscale,
div (σ ) = 0⃗, according to the balance of momentum from Eq. (2.1). Therefore, the
integration by parts yields

∫︂
S

t⃗ · ̇⃗u ∗ dS =
∫︂

V
σ : gradS ̇⃗u ∗ dV (2.15)

and one arrives at
σ M : Ė = ⟨ σ ⟩V : Ė +

∫︂
S

t⃗ · ̇⃗u ∗ dS (2.16)

for the Hill-Mandel condition.
In the next step, the surface integral

∫︁
S t⃗ · ̇⃗u ∗ dS for the periodic boundary conditions

of ̇⃗u ∗ from Eq. (2.1) is computed. Consider that the boundary of the cuboid virtual
model of the microstructure is composed by a set of opposing surfaces S + and S − with
the corresponding tractions t⃗ +, t⃗ − and the displacement fluctuation rates

[︂ ̇⃗u ∗
]︂+

,
[︂ ̇⃗u ∗

]︂−
.

Then the surface integral over the boundary yields
∫︂

S
t⃗ · ̇⃗u ∗ dS =

∫︂
S +

t⃗ + ·
[︂ ̇⃗u ∗

]︂+
dS +

∫︂
S −

t⃗ − ·
[︂ ̇⃗u ∗

]︂−
dS. (2.17)

In the case of the periodic boundary conditions, the traction vector t⃗ = σ · n⃗ is
antiperiodic. This arises from the periodic nature of the stress field at the microscale,
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which is a consequence of the periodic strain field and the fact that the normal vectors n⃗

are orthogonal to opposing surfaces and thus oriented in opposite directions. Accordingly,
the antiperiodicity and periodicity properties read t⃗ − = −t⃗ + and

[︂ ̇⃗u ∗
]︂+

=
[︂ ̇⃗u ∗

]︂−
. Using

these properties and the fact that the area of the opposing surfaces is equal, one can
replace the integral over S − by an equal integral over S +. Hence, one obtains

∫︂
S

t⃗ · ̇⃗u ∗ dS =
∫︂

S +
t⃗ + ·

[︂ ̇⃗u ∗
]︂+

dS −
∫︂

S +
t⃗ + ·

[︂ ̇⃗u ∗
]︂+

dS = 0 (2.18)

for the surface integral.
Consequently, the Hill-Mandel condition for the periodic boundary conditions reads

σ M : Ė = ⟨ σ ⟩V : Ė (2.19)

and, from a comparison of the coefficients, one obtains the micro-to-macro coupling via
the stress tensor

σ M = ⟨ σ ⟩V. (2.20)

The same result is also obtained for other boundary conditions, for which the integral∫︁
S t⃗ · ̇⃗u ∗ dS vanishes. Examples are Dirichlet (displacement) and Neumann (traction)

boundary conditions, see [105] for details.

2.3. Reformulation into Lippmann-Schwinger framework

2.3.1. Homogenization problem

The system of equations in Eq. (2.1) can be reformulated into the Lippmann-Schwinger
equation, which serves as the foundation for FFT-based homogenization methods, see
[9, 31]. The following derivation of the Lippmann-Schwinger equation in this section is
also based on the cited works.

In the first step of the derivation, the linear elastic reference material with stiffness C 0

is introduced and the balance of momentum in Eq. (2.1) is rewritten as

div
(︂

σ + C 0 : gradS u⃗∗ − C 0 : gradS u⃗∗
)︂

= 0⃗. (2.21)

It should be noted that the spatial dependence is neglected for notational clarity here.
Then, σ − C 0 : gradS u⃗∗ is moved to the right-hand side of the equation and C 0 : E that
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has a divergence of zero is added. This results in

div
(︂

C 0 : gradS u⃗∗
)︂

= − div
(︂

σ − C 0 : ε
)︂

, (2.22)

where the strain compatibility ε = E + gradS u⃗∗ was also exploited.
Eq. (2.22) can be solved for u⃗∗ using the property of the Fourier Transform that

derivatives become products with the corresponding frequencies and the imaginary unit
in the Fourier space. Accordingly, the continuous Fourier Transform F is applied to both
sides of the equation and it reads

iξ⃗ · F
(︂

C 0 : gradS u⃗∗
)︂

= −F [div (τ )] . (2.23)

i corresponds to the imaginary unit i2 = −1, ξ⃗ is the continuous angular frequency
vector in Fourier space, and the right-hand side is summarized as the stress fluctuation
τ := σ − C 0 : ε.

The double dot product of the stiffness tensor C 0 and the strain fluctuation gradS u⃗∗

is computed as

C 0 : gradS u⃗∗ = λ0 tr
(︂
gradS u⃗∗

)︂
I + 2µ0 gradS u⃗∗. (2.24)

The operator tr (•) denotes the trace of the respective second order tensor •, and λ0 and
µ0 are the Lamé parameters of the isotropic elastic homogeneous reference material. The
Fourier Transform of Eq. (2.24) is correspondingly given by

F
(︂

C 0 : gradS u⃗∗
)︂

= λ0
(︂ ˆ⃗︂u∗ · iξ⃗

)︂
I + µ0

(︂
iξ⃗ ⊗ ˆ⃗︂u∗ + ˆ⃗︂u∗ ⊗ iξ⃗

)︂
, (2.25)

where the identity
tr
(︃1

2
(︂ˆ⃗︂u∗ ⊗ iξ⃗ + iξ⃗ ⊗ ˆ⃗︂u∗

)︂)︃
= ˆ⃗︂u∗ · iξ⃗ (2.26)

was used and ˆ︁• = F (•) abbreviates the Fourier Transform of an arbitrary variable •.
Inserting Eq. (2.25) into Eq. (2.23) yields

λ0
(︂ˆ⃗︂u∗ · iξ⃗

)︂
iξ⃗ · I + µ0iξ⃗ ·

(︂
iξ⃗ ⊗ ˆ⃗︂u∗ + ˆ⃗︂u∗ ⊗ iξ⃗

)︂
= −F [div (τ )] . (2.27)

ξ⃗ · • denotes the left dot product between vector ξ⃗ and second order tensor •, as defined
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in the nomenclature. Eq. (2.27) can be summarized to

−λ0
(︂ˆ⃗︂u∗ · ξ⃗

)︂
ξ⃗ − µ0

(︂
ξ⃗ · ξ⃗

)︂ ˆ⃗︂u∗ − µ0
(︂
ξ⃗ · ˆ⃗︂u∗

)︂
ξ⃗ = −F [div (τ )] (2.28)

using the relation •⃗ 1 ·
(︂

•⃗ 2 ⊗ •⃗ 3
)︂

=
(︂

•⃗ 1 · •⃗ 2
)︂

•⃗ 3 for arbitrary three-dimensional vectors
•⃗ 1, •⃗ 2, and •⃗ 3. Moreover, the first and the last terms on the left-hand side can be
combined, such that one obtains

(︂
λ0 + µ0

)︂ (︂ ˆ⃗︂u∗ · ξ⃗
)︂

ξ⃗ + µ0
(︂
ξ⃗ · ξ⃗

)︂ ˆ⃗︂u∗ = F [div (τ )] . (2.29)

Multiplying iξ⃗ to both sides with the dot product reads

i
(︂
λ0 + 2µ0

)︂ (︂ ˆ⃗︂u∗ · ξ⃗
)︂ (︂

ξ⃗ · ξ⃗
)︂

= iξ⃗ · F [div (τ )] , (2.30)

which can be solved for ˆ⃗︂u∗ · ξ⃗, such that one arrives at

ˆ⃗︂u∗ · ξ⃗ = ξ⃗ · F [div (τ )]
(λ0 + 2µ0 ) |ξ⃗ |2

(2.31)

for ξ⃗ ̸= 0⃗. |⃗•| =
√

•⃗ · •⃗ denotes the magnitude of a vector •⃗ and was used to summarize
ξ⃗ · ξ⃗ in the denominator.

This result can then be plugged into Eq. (2.29), which yields

(︂
λ0 + µ0

)︂ ξ⃗ · F [div (τ )](︂
λ0 + 2µ0

)︂
|ξ⃗ |2

ξ⃗ + µ0 |ξ⃗ |2 ˆ⃗︂u∗ = F [div (τ )] . (2.32)

Solving for ˆ⃗︂u∗ returns

ˆ⃗︂u∗ = 1
µ0 |ξ⃗ |2

⎛⎝F [div (τ )] − (λ0 + µ0 ) ξ⃗ · F [div (τ )]
(λ0 + 2µ0 ) |ξ⃗ |2

ξ⃗

⎞⎠ (2.33)

and using the relation •⃗ 1 ·
(︂
•⃗ 2 ⊗ •⃗ 3

)︂
=
(︂
•⃗ 1 · •⃗ 2

)︂
•⃗ 3 again gives

ˆ⃗︂u∗ = −
(︄

− 1
µ0 |ξ⃗ |2

I + (λ0 + µ0 )
µ0 (λ0 + 2µ0 ) |ξ⃗ |4

ξ⃗ ⊗ ξ⃗

)︄
· F [div (τ )] . (2.34)

Now, the solution operator (or Green’s function) G0 of the original problem in Eq.
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(2.22) and its Fourier Transform ˆ︁G 0 is introduced. The solution of the problem reads

ˆ⃗︂u∗ = − ˆ︁G 0 · F [div (τ )] , (2.35)

where the explicit expression of the solution operator in Fourier space is given by

ˆ︁G 0 := − 1
µ0 |ξ⃗ |2

I + (λ0 + µ0)
µ0 (λ0 + 2µ0 ) |ξ⃗ |4

ξ⃗ ⊗ ξ⃗. (2.36)

This explicit expression is only known in Fourier space and cannot be computed straight-
forwardly in the physical space. Eq. (2.35) still only holds for ξ⃗ ̸= 0⃗ and vanishes for
ξ⃗ = 0⃗, since the latter point corresponds to the (volumetric) average of the displacement
fluctuation field, which must be zero according to its definition.

However, for more notational clarity, the operator

G0 · div (τ ) := F−1
(︃ ˆ︁G 0 · F [div (τ )]

)︃
(2.37)

is also introduced, which corresponds to the application of the Fourier Transform to
div (τ ), the multiplication with ˆ︁G 0 and the inverse Fourier Transform F−1.

The resulting equation then reads

u⃗∗ = −G0 · div
(︂

σ − C 0 : ε
)︂

(2.38)

and represents the displacement-based variant of the Lippmann-Schwinger equation in
the physical space.

It can be used to obtain the strain fluctuation field by computing the symmetric
gradient in Fourier space, which yields

ˆ︂gradS u⃗∗ = 1
2
(︂

ξ⃗ ⊗
[︂ ˆ︁G 0 ·

(︂
ξ⃗ · ˆ︁τ )︂]︂+

[︂ ˆ︁G 0 ·
(︂
ξ⃗ · ˆ︁τ )︂]︂⊗ ξ⃗

)︂
. (2.39)

An equivalent formulation in the physical space then reads

gradS u⃗∗ = −Γ0 : τ , (2.40)

where the application of the solution operator for the strain fluctuations, also referred to
as "Green operator", is defined according to

Γ0 : τ := −F−1
[︃1
2
(︂

ξ⃗ ⊗
[︂ ˆ︁G 0 ·

(︂
ξ⃗ · ˆ︁τ )︂]︂+

[︂ ˆ︁G 0 ·
(︂
ξ⃗ · ˆ︁τ )︂]︂⊗ ξ⃗

)︂ ]︃
. (2.41)

24



2. FFT-based homogenization of bulk materials

The total strain field can be computed using the strain compatibility equation from
Eq. (2.1) by adding the volumetric average and one arrives at the Lippmann-Schwinger
equation for the homogenization problem

ε = E − Γ0 :
(︂

σ − C 0 : ε
)︂

. (2.42)

2.3.2. Damage regularization problem

In the case of the non-local damage model, the Helmholtz-type regularization in Eq. (2.7)
is valid in the damaging phase only. However, for the reformulation into a Lippmann-
Schwinger-type equation, an equivalent system of equations is needed that is valid in
the entire virtual model of the microstructure owing to the application of the Fourier
Transform. Following [34], the original regularization problem Eq. (2.7) can be modified
to

pnl − div
[︂
l2 (x⃗ ) grad pnl

]︂
= pl (2.43)

with a non-uniform characteristic length parameter

l (x⃗ ) =

⎧⎪⎨⎪⎩ld, in the damaging phase

0, elsewhere
(2.44)

for this purpose.
The equivalence with the original regularization problem is demonstrated below,

following the proof in [34, Section 2.2.1]. First, it is easily seen that Eq. (2.43) reduces to
the Helmholtz-type regularization in Eq. (2.7) in the damaging phase, since l2

d is uniform
and can be factored out of the divergence operator.

In the next step, it is shown that the non-local equivalent plastic strain field pnl vanishes
in the non-damaging phase as in the original regularization problem. The divergence
term in Eq. (2.43) becomes zero there owing to the fact that the characteristic length is
zero. Hence, it follows

pnl = pl = 0 (2.45)

within the non-damaging phase.
In the final step, it must be demonstrated that the no-flux boundary condition between

the damaging and non-damaging phases in the original regularization problem Eq. (2.7)
is satisfied by the proposed modified system of equations. For this purpose, consider
Fig. 5, which shows an arbitrary control volume VC in the zoom on the left-hand side
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Figure 5: Arbitrary control volume within the virtual model of a microstructure including
a damaging and non-damaging phase and the corresponding boundaries.

that is located within the virtual model of a microstructure on the right-hand side. The
control volume contains both the gray damaging phase with the volume V D

C and the red
non-damaging phase with the volume V ND

C . Now, integrating the modified regularization
equation Eq. (2.43) over this control volume yields
∫︂

V D
C

pnl − div
[︂
l2
d grad pnl

]︂
− pl dV +

∫︂
V ND

C

pnl − div
[︂
l2
nd grad pnl

]︂
− pl dV = 0, (2.46)

where the integral is already divided into the contributions from V D
C and V ND

C . The
characteristic length parameter in the non-damaging phase l2

nd = 0 is introduced for
further calculations and the respective contribution from V ND

C is kept first.
Applying the divergence theorem then gives

∫︂
V D

C

pnl − pl dV −
∫︂

S1
l2
d grad pnl · n⃗1 dS −

∫︂
SD

l2
d grad pnl · n⃗D dS+ (2.47)∫︂

V ND
C

pnl − pl dV −
∫︂

S2
l2
nd grad pnl · n⃗2 dS +

∫︂
SD

l2
nd grad pnl · n⃗D dS = 0,

where S1, S2, and SD are the surface of the control volume of the damaging phase, the
non-damaging phase, and the interface between the phases, respectively. S1 is depicted
as the dashed line in Fig. 5, whereas the dotted line corresponds to S2. n⃗1, n⃗2, and n⃗D

are the normal vectors on the corresponding surface. Note that the last summand is
positive because n⃗D is pointing inwards into the non-damaging phase.

In order to ensure that the expression is always zero, each independent summand has
to be zero as well. Both integrals over SD are independent from the other ones and thus
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it follows ∫︂
SD

(︂
l2
d grad pnl · n⃗D + l2

nd grad pnl · n⃗D
)︂

dS = 0. (2.48)

Since the integrand must vanish at every point to ensure that the integral itself always
vanishes, one obtains

l2
d grad pnl · n⃗D = l2

nd grad pnl · n⃗D (2.49)

for the flux of pnl through every point on SD. This result holds in the entire virtual
model of the microstructure owing to the fact that the control volume can be chosen
arbitrarily. Moreover, l2

nd is always zero and l2
d is always non-zero, such that one arrives

at the no-flux condition
grad pnl · n⃗D = 0 (2.50)

from the original regularization Eq. (2.7). Therefore, it could be demonstrated success-
fully that this original regularization problem is satisfied by the modified one.

For the sake of completeness, it can also be seen that Eq. (2.47) reduces to
∫︂

V D
C

pnl − pl dV −
∫︂

S1
l2
d grad pnl · n⃗1 dS = 0 (2.51)

using Eqs. (2.45) and (2.50). Applying the divergence theorem gives
∫︂

V D
C

pnl − pl − l2
d ∇2 pnl dV = 0, (2.52)

which again yields the original Helmholtz-type regularization from Eq. (2.7) and shows
that all integrals in Eq. (2.47) indeed vanish separately.

In summary, the equivalence of the original damage regularization problem and the
modified regularization problem that holds in the entire virtual model of the microstruc-
ture could be demonstrated. Thus, a Lippmann-Schwinger-type equation can be derived
in the following based on the latter problem.

Following [106], a reference characteristic length l2
0 is introduced similar to the linear

elastic reference material for the homogenization problem in the previous Sec. 2.3.1 and
the regularization Eq. (2.43) becomes

pnl + l2
0 ∇2 pnl − div

(︂[︂
l2 − l2

0

]︂
grad pnl

)︂
= pl (2.53)

Then, applying the continuous Fourier Transform F (•) and solving for p̂nl yields the
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Lippmann-Schwinger-type regularization equation in Fourier space

p̂nl =
ˆ︁pl + iξ⃗ · F

(︂
[ l2 − l2

0 ] F−1
(︂
iξ⃗ p̂nl

)︂)︂
1 + l2

0 |ξ⃗ |2
. (2.54)

2.4. Discretization

2.4.1. Homogenization problem

In this section, the discretization method for the FFT-based homogenization, which
is used in this work, is presented. As it was already discussed in Sec. 1.3.1, the
staggered grid finite difference discretization has proven to be the most efficient for
porous microstructures like the sandwich core, see [31, 107] and is thus best-suited for
this work. Since the staggered grid discretization builds on Moulinec and Suquet’s
original discretization, it is started with a brief derivation of the latter one.

The idea behind the original discretization is replacing the continuous Fourier Transform
by the Discrete Fourier Transform (DFT) from classical signal processing. For this
purpose, the virtual model of the microstructure is divided into a regular grid of points,
whose discrete positions are given by

xD
j = mjLj

Nj

. (2.55)

The index j of xD
j denotes the component of the discrete position vector, Lj the edge

length of the virtual model, Nj the number of points in the corresponding direction, and

mj = 1, 2, ..., Nj − 1, Nj (2.56)

is the index in the underlying integer lattice Z3.
This structure allows for storing the model and all fields as a three-dimensional array

in practice such that the position of each entry in the virtual model is known from the
index itself. The concept is very similar to image processing, where each point is referred
to as a "pixel" in two dimensions and a "voxel" in three dimensions. These terms are also
used in FFT-based homogenization in order to refer to the discrete points. In addition,
tools from classical image processing can be applied for the visual representation and the
processing of model and fields.

The components of the discrete (angular) frequency vector from the classical DFT are
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then given by
ξD

j = 2πfj

Lj

(2.57)

with

fj =

⎧⎪⎨⎪⎩−Nj

2 + 1, −Nj

2 + 2, ..., 0, ..., Nj

2 − 1, Nj

2 , for even Nj

−Nj−1
2 , −Nj−1

2 + 1, .., 0, ..., Nj−1
2 − 1, Nj−1

2 for odd Nj.
(2.58)

The forward and inverse DFTs read

ˆ︁•(︂ξ⃗ D
)︂

:= 1
N1N2N3

∑︂
x⃗ D

•
(︂
x⃗ D

)︂
exp

(︂
−ix⃗ D · ξ⃗ D

)︂
(2.59)

and
•
(︂
x⃗ D

)︂
:=
∑︂
ξ⃗ D

ˆ︁•(︂ξ⃗ D
)︂

exp
(︂
ix⃗ D · ξ⃗ D

)︂
, (2.60)

where •
(︂
x⃗ D

)︂
is an arbitrary, discrete field in the physical space and ˆ︁• (ξ⃗ D) corresponds

to its counterpart in Fourier space.
In Moulinec and Suquet’s discretization method [9], the continuous frequencies ξ⃗ are

substituted with the discrete frequencies ξ⃗ D in the application of the Green operator in
Eq. (2.39). In addition, the continuous Fourier Transforms F (•) are replaced by the
corresponding DFTs. In practice, the latter are computed by efficient implementations
of the FFT in order to exploit the full potential for optimal computational efficiency.

In the next step, the staggered grid finite difference discretization [14] is derived. The
placement of the variables in the staggered grid discretization is shown in Fig. 6 for the
components of the displacement and strain fluctuations. The representation is limited
to the two-dimensional case for the sake of clarity. Similar to Moulinec and Suquet’s
discretization, the virtual model of the microstructure is divided into a regular grid. This
regular grid consists of square cells and the displacement fluctuations are placed on the
faces of each cell. The different gray tones in the background of the grid exemplarily
demonstrate the heterogeneity at the microscale.

The indices i and j represent the components of the two-dimensional vector m⃗ and
correspond to the array indices used to store the discretized microstructure model
and associated fields. To distinguish between direct dependences on these indices and
dependences on position vectors, such as x⃗ D and also m⃗ further below, brackets [•] are
used instead of parentheses (•).
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Figure 6: Placement of the displacement and strain fluctuations on the regular grid for
the staggered grid discretization. The gray tones in the background visualize
the heterogeneity of the microstructure.

The diagonal strain fluctuation components are computed with the forward difference

ε∗
11 [ i, j ] ≈ u∗

1 [ i + 1, j ] − u∗
1 [ i, j ]

hv
(2.61)

and
ε∗

22 [ i, j ] ≈ u∗
2 [ i, j + 1] − u∗

2 [ i, j ]
hv

, (2.62)

whereas the off-diagonal strain fluctuation components are computed according to

ε∗
12 [ i, j ] = ε∗

21 [ i, j ] ≈ 1
2

(︄
u∗

1 [ i, j ] − u∗
1 [ i, j − 1] + u∗

2 [ i, j ] − u∗
2 [ i − 1, j ]

hv

)︄
(2.63)

using the backward difference. hv denotes the edge length of a pixel (or voxel). Accord-
ingly, the diagonal components of the strain fluctuation are placed at the center of the
square cell and the off-diagonal ones at the corners.

Introducing the forward finite difference operator

D±
1 • [ i, j ] = ±• [ i ± 1, j ] − • [ i, j ]

hv
(2.64)
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and the backward finite difference operator

D±
2 • [ i, j ] = ±• [ i, j ± 1] − • [ i, j ]

hv
(2.65)

applied to an arbitrary field • [ i, j ], one arrives at

gradS u⃗ ∗ [ i, j ] = ε∗ [ i, j ] =

⎛⎜⎜⎜⎝D+
1 u∗

1 [ i, j ] 1
2

(︂
D−

2 u∗
1 [ i, j ] + D−

1 u∗
2 [ i, j ]

)︂
Sym. D+

2 u∗
2 [ i, j ]

⎞⎟⎟⎟⎠ . (2.66)

for the symmetric strain fluctuation tensor.

Figure 7: Placement of the stress and its divergence on the regular grid for the staggered
grid discretization. The gray tones in the background visualize the heterogeneity
of the microstructure.

In order to obtain an explicit expression for the discrete solution operator ˆ︁G 0 and Green
operator ˆ︁Γ 0, the divergence of a stress field in the staggered grid discretization needs to
be derived first. Fig. 7 shows the placement of the corresponding stress components,
which is equivalent to the placement of the strain fluctuations. The spatial derivatives of
the stress tensor read

∂σ11

∂x1
[ i, j ] ≈ σ11 [i, j] − σ11 [ i − 1, j ]

hv
= D−

1 σ11 [ i, j ] , (2.67)
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∂σ22

∂x2
[ i, j ] ≈ σ22 [ i, j ] − σ22 [ i, j − 1]

hv
= D−

2 σ22 [ i, j ] , (2.68)

∂σ21

∂x1
[ i, j ] ≈ σ21 [ i + 1, j ] − σ21 [ i, j ]

hv
= D+

1 σ21 [ i, j ] , (2.69)

and
∂σ12

∂x2
[ i, j ] ≈ σ12 [ i, j + 1] − σ12 [ i, j ]

hv
= D+

2 σ12 [ i, j ] , (2.70)

where the derivatives of the diagonal components are approximated by backward finite
differences and the derivatives of the off-diagonal components by forward finite differences.
Therefore, the resulting components of the divergence in Fig. 7 are located at the same
positions as the corresponding components of the displacement fluctuation vector. The
divergence is then given by

div (σ ) [ i, j ] =
⎛⎝D−

1 σ11 [ i, j ] + D+
2 σ12 [ i, j ]

D+
1 σ21 [ i, j ] + D−

2 σ22 [ i, j ]

⎞⎠ . (2.71)

Similar to the two-dimensional case, the finite difference operators can also be calculated
in three-dimensions, where the additional operator in the z-direction is computed as

D±
3 • [ i, j, k ] = ±• [ i, j, k ± 1] − • [ i, j, k ]

hv
. (2.72)

The other operators from Eqs. (2.64) and (2.65) remain the same except for the addition
of spatial index k for the z-direction. Then, the strain fluctuation tensor becomes

gradS u⃗ ∗ [ i, j, k ] = ε∗ [ i, j, k ] (2.73)

=

⎛⎜⎜⎜⎜⎜⎝
D+

1 u∗
1

1
2

(︂
D−

2 u∗
1 + D−

1 u∗
2

)︂
1
2

(︂
D−

3 u∗
1 + D−

1 u∗
3

)︂
D+

2 u∗
2

1
2

(︂
D−

2 u∗
3 + D−

3 u∗
2

)︂
Sym. D+

3 u∗
3

⎞⎟⎟⎟⎟⎟⎠
and the divergence of a stress field reads

div (σ ) [ i, j, k ] =

⎛⎜⎜⎜⎝
D−

1 σ11 + D+
2 σ12 + D+

3 σ13

D+
1 σ21 + D−

2 σ22 + D+
3 σ23

D+
1 σ31 + D+

2 σ32 + D−
3 σ33

⎞⎟⎟⎟⎠ . (2.74)

The spatial indices [ i, j, k ] of u⃗∗ and σ on the right-hand side of the equations are omitted
for the sake of notational clarity.
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In the next step, the finite difference operators in the Fourier space are derived in order
to compute the discretized versions of ˆ︁G 0 and ˆ︁Γ 0. The DFT of these finite difference
operators from Eqs. (2.64), (2.65), and (2.72) can be expressed as

DFT
[︂
D±

n •
(︂
m⃗
)︂]︂

= DFT
⎡⎣±

•
(︂
m⃗ ± e⃗n

)︂
− •

(︂
m⃗
)︂

hv

⎤⎦ (2.75)

= ± 1
hv

(︂
DFT

[︂
•
(︂
m⃗ ± e⃗n

)︂]︂
− DFT

[︂
•
(︂
m⃗
)︂]︂)︂

.

The dependence on the spatial indices [ i, j, k ] is summarized in the discrete position
vector m⃗ and e⃗n is the unit vector in the x-, y-, or z-direction, which is denoted by index
n ∈ {1, 2, 3}. Moreover, the linearity of the DFT is used to obtain the second line of the
equation.

A discrete field can also be expressed in terms of the inverse DFT. For this purpose, the
dot product in the exponential function of the inverse DFT from Eq. (2.60) is rewritten
as

x⃗ D · ξ⃗ D =
3∑︂

n=1

mnLn

Nn

2πfn

Ln

=
3∑︂

n=1

2πfnmn

Nn

= m⃗ · ξ⃗
˜︁D, (2.76)

where
ξ
˜︁D

n := 2πfn

Nn

. (2.77)

Hence, the inverse DFT can be reformulated to

• (m⃗) =
∑︂
ξ⃗ ˜︁D ˆ︁•

(︂
ξ⃗
˜︁D)︂ exp

(︂
iξ⃗
˜︁D · m⃗

)︂
(2.78)

and depends on m⃗ instead of x⃗ D.
Now, • (m⃗ ± e⃗n) can also be expressed using the inverse DFT

• (m⃗ ± e⃗n) =
∑︂
ξ⃗ ˜︁D ˆ︁•

(︂
ξ⃗
˜︁D)︂ exp

(︂
iξ⃗
˜︁D ·
(︂
m⃗ ± e⃗n

)︂)︂
(2.79)

=
∑︂
ξ⃗ ˜︁D ˆ︁•

(︂
ξ⃗
˜︁D)︂ exp

(︂
iξ⃗
˜︁D · m⃗

)︂
exp

(︂
±iξ⃗

˜︁D · e⃗n

)︂
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and applying the DFT yields

DFT [• (m⃗ ± e⃗n)] = DFT
⎡⎣ ∑︂

ξ⃗ ˜︁D ˆ︁•
(︂
ξ⃗
˜︁D)︂ exp

(︂
iξ⃗
˜︁D · m⃗

)︂
exp

(︂
±iξ⃗

˜︁D · e⃗n

)︂ ⎤⎦ (2.80)

= ˆ︁• (︂ξ⃗
˜︁D)︂ exp

(︂
±iξ⃗

˜︁D · e⃗n

)︂
= ˆ︁• (︂ξ⃗

˜︁D)︂ exp
(︂
±iξ

˜︁D
n

)︂
.

The term in the second line was obtained by a comparison of coefficients with the inverse
DFT in Eq. (2.78).

Plugging this result into Eq. (2.75) and using ˆ︁• (︂ξ⃗ ˜︁D)︂ = DFT
[︂
•
(︂
m⃗
)︂]︂

, one arrives at

DFT
[︂
D±

n •
(︂
m⃗
)︂]︂

= ±
ˆ︁• (︂ξ⃗ ˜︁D)︂ exp

(︂
±iξ˜︁Dn )︂− ˆ︁• (︂ξ⃗ ˜︁D)︂
hv

(2.81)

= ±
exp

(︂
±iξ˜︁Dn )︂− 1

hv
ˆ︁• (︂ξ⃗

˜︁D)︂
for the DFT of the finite difference operators with index n ∈ {1, 2, 3}. By introducing
the components

qn =
exp

(︂
iξ˜︁Dn )︂− 1
hv

(2.82)

of vector q⃗ and the corresponding complex conjugate components

q∗
n =

exp
(︂
−iξ˜︁Dn )︂− 1

hv
(2.83)

of vector q⃗ ∗, the DFT of the forward and backward finite difference operators can be
summarized to

DFT
[︂
D+

n •
(︂
m⃗
)︂]︂

= qn ˆ︁• (︂ ξ⃗
˜︁D)︂ and DFT

[︂
D−

n •
(︂
m⃗
)︂]︂

= −q∗
n ˆ︁• (︂ ξ⃗

˜︁D)︂. (2.84)

Then, one arrives at

DFT
[︂
gradS u⃗∗

]︂
= ˆ︁ε ∗ =

⎛⎜⎜⎜⎜⎜⎜⎜⎝
q1ˆ︂u∗

1 −1
2

(︂
q∗

2
ˆ︂u∗

1 + q∗
1
ˆ︂u∗

2

)︂
−1

2

(︂
q∗

3
ˆ︂u∗

1 + q∗
1
ˆ︂u∗

3

)︂
q2ˆ︂u∗

2 −1
2

(︂
q∗

3
ˆ︂u∗

2 + q∗
2
ˆ︂u∗

3

)︂
Sym. q3ˆ︂u∗

3

⎞⎟⎟⎟⎟⎟⎟⎟⎠ (2.85)
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and

DFT
[︂
div σ

]︂
=

⎛⎜⎜⎜⎝
−q∗

1 ˆ︁σ11 + q2 ˆ︁σ12 + q3 ˆ︁σ13

q1 ˆ︁σ21 − q∗
2 ˆ︁σ22 + q3 ˆ︁σ23

q1 ˆ︁σ31 + q2 ˆ︁σ32 − q∗
3 ˆ︁σ33

⎞⎟⎟⎟⎠ (2.86)

for the strain fluctuation tensor and the divergence of the stress field in Fourier space,
respectively. The spatial dependences have been omitted here to enhance notational
clarity.

Now, the procedure for the computation of the continuous operators from Sec. 2.3 is
adopted to compute the discrete solution and Green operators. Applying the DFT to
the discretized form of the reformulated balance of momentum in Eq. (2.22) yields

DFT
[︂
div

(︂
C 0 : ε∗

)︂]︂
= − DFT [div (τ )] . (2.87)

Then, plugging in the explicit expression of C 0 from Eq. (2.24) returns

DFT
[︂
div

(︂
λ0 tr (ε∗) I + 2µ0ε∗

)︂]︂
= − DFT [div (τ )] . (2.88)

By using the formulas for the DFT of the gradS (•⃗ ) and div (•) operators from Eq.
(2.85) and Eq. (2.86), one obtains

−λ0
(︂ ˆ⃗︂u∗ · q⃗

)︂
q⃗ ∗ − µ0

(︂
q⃗ ∗ · q⃗

)︂ ˆ⃗︂u∗ − µ0
(︂

q⃗ · ˆ⃗︂u∗
)︂

q⃗ ∗ = − DFT [div (τ )] . (2.89)

Similar to the previous Sec. 2.3, summarizing and multiplying q⃗ to both sides with the
dot product yields

(︂
λ0 + 2µ0

)︂(︂ ˆ⃗︂u∗ · q⃗
)︂(︂

q⃗ ∗ · q⃗
)︂

= q⃗ · DFT [div (τ )] , (2.90)

which can be solved for ˆ⃗︂u∗ · q⃗ = q⃗ · DFT [div (τ )](︂
λ0 + 2µ0

)︂
| q⃗ |2

. (2.91)

Substituting the result into Eq. (2.89) and solving for ˆ⃗︂u∗ returns

ˆ⃗︂u∗ =
⎛⎝ 1

µ0 | q⃗ |2
I −

(︂
λ0 + µ0

)︂
µ0
(︂

λ0 + µ0
)︂

| q⃗ |4
q⃗ ∗ ⊗ q⃗

⎞⎠ · DFT [div (τ )] . (2.92)

Then, the corresponding discrete solution operator for the staggered grid can be defined
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according to

ˆ︁G0
SG := −

⎛⎝ 1
µ0 | q⃗ |2

I −

(︂
λ0 + µ0

)︂
µ0
(︂

λ0 + µ0
)︂

| q⃗ |4
q⃗ ∗ ⊗ q⃗

⎞⎠ (2.93)

and one arrives at the discrete, displacement-based Lippmann-Schwinger equation in
Fourier space ˆ⃗︂u∗ = − ˆ︁G0

SG · DFT
[︂
div

(︂
τ
)︂]︂

. (2.94)

As in the derivation of the continuous Lippmann-Schwinger equation in Eq. (2.38), one
can also define the application of the discrete solution operator from Eq. (2.93) in the
physical space as

G0
SG · div (τ ) := DFT−1

(︃ ˆ︁G0
SG · DFT

[︂
div

(︂
τ
)︂]︂)︃

(2.95)

for the sake of notational clarity. With this definition at hand, the discrete displacement-
based Lippmann-Schwinger equation becomes

u⃗∗ = −G0
SG · div

(︂
σ − C 0 : ε

)︂
. (2.96)

Moreover, the application of the discrete Green operator Γ0
SG can be defined as

Γ0
SG : τ := DFT−1

[︃
DFT

(︃
gradS

[︂
G0

SG · div
(︂

τ
)︂]︂)︃ ]︃

, (2.97)

where the DFT of the divergence and the symmetric gradient can be explicitly computed
according to Eqs. (2.85) and (2.86), respectively. Using this discrete Green operator, the
Lippmann-Schwinger equation for the staggered grid discretization

ε = E − Γ0
SG :

(︂
σ − C 0 : ε

)︂
(2.98)

can be introduced.
To illustrate the properties of the staggered grid discretization compared with Moulinec

and Suquet’s original method [9], a simple two-dimensional numerical experiment is
presented. It consists of a disk embedded in a matrix, which can also be used as a
simple unit cell for fiber-reinforced plastics owing to the intrinsic periodic boundary
conditions. The disk has a diameter of 37 pixels and the model size is of 101 × 101
pixels. The Young’s moduli of the disk and the matrix are at 10,000 MPa and 1,000
MPa, respectively, whereas a Poisson’s ratio of 0.3 was used for both materials. The
model was loaded in y-direction with a volumetric average strain of E22 = 2% and all
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Figure 8: Stress fields for a disk in a matrix loaded with E22 = 2%: Original discretization
method from Moulinec and Suquet [9] (a) and staggered grid finite difference
discretization [14] (b).

other strain components were zero. Figs. 8a and 8b show the resulting stress field σ22 of
the original and the staggered grid discretization.

Spurious oscillations in the stress field occur in the Moulinec-Suquet discretization,
whereas the staggered grid discretization provides a smoother and more accurate stress
field. Nonetheless, the stress peaks at the interface of disk and matrix cannot be com-
pletely avoided owing to the fact that the regular grid in the FFT-based homogenization
is inherently non-conforming to circular interfaces. Furthermore, it can be observed
that the stress field is, in contrast to the Moulinec-Suquet discretization, not completely
symmetric. This is also a well-known issue that arises from the placement of the stress
and strain fluctuation components outside of the pixel or voxel center, but is accepted in
practical application.

2.4.2. Damage regularization problem

The damage problem Eq. (2.54) is discretized using Moulinec and Suquet’s original
method. Thus, the frequencies in Fourier space and the Fourier Transforms are replaced by
their discrete counterparts. Consequently, the discrete form of the Lippmann-Schwinger-
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type equation for the damage regularization Eq. (2.54) becomes

pnl
(︂
x⃗ D

)︂
= DFT−1

⎡⎢⎢⎣ ˆ︁pl + iξ⃗ D · DFT
(︃[︂

l2 − l2
0

]︂
DFT−1

[︂
iξ⃗ Dp̂nl

]︂)︃
1 + l2

0

⃓⃓⃓
ξ⃗ D

⃓⃓⃓2
⎤⎥⎥⎦ . (2.99)

While it is also possible to use one of the other, advanced discretization methods,
numerical experiments revealed that the computational time spent on the damage
regularization problem as well as the influence on the solution field are negligible compared
with the homogenization problem. Hence, the original discretization is sufficient for this
work, which was also found by other authors who studied similar problems, see, e.g., [35].

2.5. FFT-based solution methods

2.5.1. Homogenization problem

In this section, the FFT-based solution methods for the Lippmann-Schwinger equation of
the homogenization problem are discussed. They are derived using continuous functional
analysis rather than directly from the discretized form of the equation in order to be more
general. A discretization scheme of choice can then be included in the description of the
implemented algorithm. This is special for FFT-based solution methods compared with
classical (implicit) FEM, where the stiffness matrix from the discretization is required to
apply a solution method.

Based on the literature study in Sec. 1.3.1, the Barzilai-Borwein method was selected as
a solution scheme for this work. It is straightforward to implement, requires little memory
and is very competitive regarding the computational times and convergence. The method
was introduced in [108] and in [23] in the context of FFT-based homogenization and
builds on the Moulinec and Suquet’s original basic scheme [9]. The method corresponds to
a gradient descent with a variable step size that is updated in every iteration. Moreover,
it is implemented as a novel displacement-based variant instead of a standard strain-based
one, which allows for reducing the memory footprint and computational times even more.

The procedure for the derivation of the solution scheme includes four major steps and
is based on [23, 31]: First, the standard basic scheme and a simplified version of it are
presented. Then, the gradient descent is derived and it is shown that it is equivalent to
the (simplified) basic scheme, if the step size is constant. In the next step, the theory for
the gradient descent is used to compute the optimal constant step size, which is shown to
correspond to the parameters of the elastic reference material in the following. This step
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size also serves as the initial one for the Barzilai-Borwein method. In the last step, an
explicit expression for the adaptive step size update is computed and the implemented
displacement-based algorithm is presented in comparison with the strain-based one,
where the staggered grid discretization is also incorporated. The section is concluded
with a discussion on the selected convergence criterion and the practical significance of
the assumptions from the mathematical theory.

In their pioneer work, Moulinec and Suquet [9] proposed to solve the Lippmann-
Schwinger equation Eq. (2.42) with the basic scheme, where the iterations are given
by

εi+1 = E − Γ0 :
(︂

σ i − C 0 : εi
)︂

. (2.100)

Here, i is the iteration counter, and the method corresponds to a classical fixed-point
iteration, see [31]. In addition, the relation

E + Γ0 :
(︂

C 0 : εi
)︂

= εi (2.101)

can be used to simplify the basic scheme to

εi+1 = εi − Γ0 : σi. (2.102)

In order to show that this simplification in Eq. (2.101) holds, consider Eq. (2.22) first,
where G0 is the solution operator for

div
(︂

C 0 : gradS u⃗∗
)︂

(2.103)

such that the application of the operator yields

u⃗∗ = G0 · div
(︂

C 0 : gradS u⃗∗
)︂

. (2.104)

Then, the average strain E is added to the strain fluctuation gradS u⃗∗, which is feasible
because C 0 : E is a constant field and thus its divergence is zero. Using the decomposition
of the strain at the microscale into the volumetric average and the fluctuation parts
ε = E + gradS u⃗∗, one arrives at

u⃗∗ = G0 · div
(︂

C 0 :
[︂
E + gradS u⃗∗

]︂)︂
= G0 · div

(︂
C 0 : ε

)︂
. (2.105)
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Applying the symmetric gradient and adding the volumetric average strain yields

ε = E + gradS G0 · div
(︂

C 0 : ε
)︂

= E + Γ0 :
(︂

C 0 : ε
)︂
, (2.106)

where the definition of Γ0 = gradS G0 · div is used, cf. Eqs. (2.39) and (2.41). Plugging
in εi for ε demonstrates that the initial simplification, Eq. (2.101), holds.

The simplified basic scheme will be needed in the following to demonstrate that it
can be interpreted as a gradient descent. This interpretation then enables to derive the
Barzilai-Borwein solution method and the optimal choice of the reference material for the
FFT-based homogenization, see Schneider [31, Section 3.1]. Similarly, Kabel et al. [21]
provided a related proof showing that it can also be understood as a projected gradient
descent. The following derivation is also inspired by the work of Schneider.

A gradient descent is usually applied to solve minimization problems of the type

minimize f (y⃗ ) (2.107)
y⃗ ∈ Y

[109, p.68]. f and y⃗ denote an arbitrary objective function and a corresponding variable.
The vector y⃗ is defined in the space Y , which is also a placeholder for any arbitrary
admissible mathematical vector space. The gradient descent then reads

xi+1 = xi − si
gd grad f

(︂
y⃗ i
)︂

, (2.108)

where the superscript denotes the corresponding iteration and si
gd is the step size that

can be updated in every iteration [109, p.68].
In the case of the original homogenization problem from Eq. (2.1), the continuous

minimization problem, also called variational problem, reads

minimize Wpot =
⟨︂

wpot
(︂

x⃗, ε
)︂⟩︂

V
. (2.109)

u⃗∗ ∈ H1
per

Wpot is the volumetric average of a condensed, incremental strain energy density at the
microscale wpot

(︂
x⃗, ε

)︂
. The spatial dependence of the strain field is omitted for notational

clarity. wpot
(︂

x⃗, ε
)︂

is also required to be a potential for the stress

σ =
∂wpot

(︂
x⃗, ε

)︂
∂ε

, (2.110)
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whose practical significance is discussed in the final part of this section.
Moreover, Wpot is minimized with respect to the displacement fluctuation vector u⃗∗,

which is defined in the first order Sobolev and Hilbert space

H1
per :=

{︂
u⃗∗ : V → R3

⃓⃓⃓
⟨u⃗∗⟩V = 0⃗ ; u⃗∗ and gradS u⃗∗ are periodic

}︂
, (2.111)

see [23, 31]. The space H1
per is furthermore equipped with the inner product

(︂
•⃗, •⃗

)︂
H1

per
:=
⟨︂

gradS •⃗ : gradS •⃗
⟩︂

V
(2.112)

and the corresponding norm

⃓⃓⃓⃓⃓⃓
•⃗
⃓⃓⃓⃓⃓⃓

H1
per

:=
(︂

•⃗, •⃗
)︂ 1

2

H1
per

=
⟨︂

gradS •⃗ : gradS •⃗
⟩︂ 1

2

V
(2.113)

to measure distances in the space, e.g., the distance of the numerical, approximated
solution from the correct one. The first part of the definition just describes that u⃗∗

is a function that is defined within the model of the microstructure V and returns a
three-dimensional real (Euclidean) vector in R3. The other properties are required in
order to satisfy the compatibility and periodic boundary conditions in the third and
fourth lines of the homogenization problem Eq. (2.1). Similar definitions are typical in
the analysis of partial differential equations and are also used in the theoretical description
of the classical FEM, as they enable the definition of weak derivatives, see e.g. [110].
This is essential for allowing discontinuities in material properties, which typically occur
in heterogeneous microstructures, as well as in classical FEM models of components at
the macroscale.

First, it needs to be shown that the variational problem Eq. (2.109) is indeed equivalent
to the original homogenization problem from Eq. (2.1) before the FFT-based solution
schemes can be derived based on it. The problem can be addressed using standard
variational calculus by varying u⃗∗ with αv⃗, where v⃗ ∈ H1

per. This yields
[︄

d
dα

⟨︃
wpot

(︂
x⃗, E + gradS u⃗∗ + α gradS v⃗

)︂⟩︃
V

]︄
α=0

= 0 (2.114)

and the computation of the respective derivatives then returns
⎡⎣⟨︄∂wpot

(︂
x⃗, ε + α gradS v⃗

)︂
∂
(︂

ε + α gradS v⃗
)︂ :

∂
(︂

ε + α gradS v⃗
)︂

∂α

⟩︄
V

⎤⎦
α=0

= 0, (2.115)
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where ε = E + gradS u⃗∗ is summarized. The solution of the variational problem reads

⟨︄
∂wpot

(︂
x⃗, ε

)︂
∂ε

: gradS v⃗

⟩︄
V

=
⟨︃

σ : gradS v⃗
⟩︃

V
= 0, (2.116)

where the fact that wpot is required to be a potential from Eq. (2.110) is used.
Similar as in the derivation of the Hill-Mandel condition in Eq.(2.14), integration by

parts alongside the divergence theorem
∫︂

V
div ( σ · v⃗ ) dV =

∫︂
S

t⃗ · v⃗ dS (2.117)

=
∫︂

V
div (σ ) · v⃗ dV +

∫︂
V

σ : gradS v⃗ dV

is applied. As discussed previously in the corresponding Sec. 2.2, the surface integral∫︁
S t⃗ · v⃗ dS vanishes, since v⃗ is periodic and the traction vector t⃗ = σ · n⃗ is antiperiodic.

Consequently, ∫︂
V

σ : gradS v⃗ dV = −
∫︂

V
div (σ ) · v⃗ dV (2.118)

is obtained. Multiplying 1
V

to both sides and abbreviating the volume integral with
⟨•⟩V = 1

V

∫︁
V • dV , the term

⟨︂
σ : gradS v⃗

⟩︂
V

in the solution of the variational problem
from Eq. (2.116) can be replaced by

⟨︂
σ : gradS v⃗

⟩︂
V

= −
⟨︂
div (σ ) · v⃗

⟩︂
V

= 0. (2.119)

Since the integrand must vanish at every point for the integral to always be zero, this
ultimately gives

div (σ ) = 0⃗ (2.120)

for the solution of the variational problem. This expression corresponds to the balance
of momentum in the second line of the original homogenization problem in Eq. (2.1).
The first line of the homogenization, the constitutive law, is also trivially included in the
variational problem.

Furthermore, the periodic boundary conditions in the fourth line of the homogenization
problem are also satisfied in the variational problem by the definition of H1

per, where
the periodicity of u⃗∗ also implies that gradS u⃗∗ is periodic. For the strain compatibility
in the third line of the homogenization problem, the volume average of the strain
fluctuation field

⟨︂
gradS u⃗∗

⟩︂
V

must vanish, such that the strain field can be decomposed
into the fluctuation part and the volumetric average. However, in the definition of the
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mathematical space for the displacement fluctuation field H1
per, it is only assumed that

the volume average of the displacement fluctuation field itself vanishes.
Nonetheless, the latter can be shown by considering the average theorem for the strain

⟨︂
gradS u⃗∗

⟩︂
V

=
∫︂

S

1
2
(︂

u⃗∗ ⊗ n⃗ + n⃗ ⊗ u⃗∗
)︂

dS, (2.121)

see e.g. [103, Eq. (12)]. By employing the same reasoning as for the traction vector
in the derivation of the Hill-Mandel condition from Sec. 2.2, u⃗∗ ⊗ n⃗ and n⃗ ⊗ u⃗∗ are
antiperiodic. This follows from the fact that the fluctuation displacement field is periodic
and the orientation vector n⃗ points in opposite directions for opposing surfaces. Hence,
the integral over the entire boundary of the virtual model of the microstructure vanishes
and it is demonstrated that

⟨︂
gradS u⃗∗

⟩︂
V

= 0 holds. In summary, it can be concluded that
the variational problem Eq. (2.107) is indeed equivalent to the original homogenization
problem Eq. (2.1).

In the next step, the gradient of the variational problem needs to be calculated in
order to demonstrate that the basic scheme can be interpreted as a gradient descent.
This can be achieved using the concept of directional derivatives, where the gradient is
given by (︂

grad f, v⃗
)︂

Y
=
[︄

d
dα

f
(︂

y⃗ + αv⃗
)︂]︄

α=0
(2.122)

for any function f
(︂
y⃗
)︂

with y⃗ ∈ Y and orientation vector v⃗ ∈ Y . Space Y again denotes
any admissible vector space. Applied to the homogenization problem, one obtains

(︂
grad Wpot, v⃗

)︂
H1

per
=
[︄

d
dα

⟨︃
wpot

(︂
x⃗, E + gradS u⃗∗ + α gradS v⃗

)︂⟩︃
V

]︄
α=0

. (2.123)

Using the inner product for H1
per from Eq. (2.112) for the left-hand side of the equation

and the solution of the variational problem from Eq. (2.116) for its right-hand side yields

⟨︃
gradS

(︂
grad Wpot

)︂
: gradS v⃗

⟩︃
V

=
⟨︄

∂wpot

∂ε
: gradS v⃗

⟩︄
V

. (2.124)

Then, the integration by parts is applied to both sides similar to Eq. (2.117) and the
potential property σ = ∂wpot

∂ε
is exploited, which gives

⟨︃
div

[︂
gradS (grad Wpot)

]︂
· v⃗
⟩︃

V
=
⟨︃

div (σ ) · v⃗
⟩︃

V
. (2.125)
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For the integral to be always equal, the integrands have to be equal and by comparison
of the coefficients, one gets

div
[︂
gradS (grad Wpot)

]︂
= div (σ ) , (2.126)

which can be solved for the sought gradient using the solution operator G0.
Recall that it is the solution operator for div

(︂
C 0 : gradS u⃗∗

)︂
with respect to u⃗∗, see

Eq. (2.104). This relation can be written in a more abstract way, which reads

G0 · div
(︂

C 0 : gradS •⃗
)︂

= •⃗. (2.127)

The displacement fluctuation vector u⃗∗ is only replaced by an arbitrary placeholder
•⃗ with the same mathematical properties. This allows for introducing a very similar
solution operator G with the property

G · div
(︂

I : gradS •⃗
)︂

=: •⃗. (2.128)

I denotes the fourth order identity tensor computed as defined in the nomenclature.
Similarly, the application of C 0 from Eq. (2.24) to an arbitrary strain-type second

order tensor • can also be written in a more abstract way as

C 0 : • = λ0 tr (•) I + 2µ0 •. (2.129)

Setting the Lamé parameter λ0 = 0 and multiplying the identity tensor to the right-hand
side of the equation gives

C 0 : • = 2µ0I : •. (2.130)

A comparison of the coefficients then returns

C 0 = 2µ0I (2.131)

and plugging this result into the abstracted application of the solution operator G0 in
Eq. (2.127) yields

2µ0 G0 · div
(︂

I : gradS •⃗
)︂

= •⃗. (2.132)

It is exploited that 2µ0 is a constant and can be placed in front of the differential
operators. By comparing the coefficients in the abstracted application of both solution
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operators Eqs. (2.128) and (2.132), one obtains the explicit relation

G = 2µ0 G0. (2.133)

Therefore, G can be computed using the explicit expression for G0 in Fourier space from
Eqs. (2.36) – (2.37).

With this result at hand, Eq. (2.126) can be solved for the gradient grad Wpot by
applying G to both sides, which returns

G · div
(︂

I : gradS [ grad Wpot ]
)︂

= G · div (σ ) (2.134)

=⇒ grad Wpot = G · div (σ ) .

A multiplication with I is added without affecting the result to emphasize the similarity
of the left-hand side with the definition of the solution operator G from Eq. (2.128).

Following the definition of the scheme in Eq. (2.108), the gradient descent for the
homogenization problem is given by

[ u⃗∗ ]i+1 = [ u⃗∗ ]i − si
gd G · div

(︂
σ i
)︂

(2.135)

with iteration counter i. Applying the symmetric gradient and adding the average strain
E on both sides, which is not influenced by the iterations on the fluctuation fields, the
strain-based variant of the gradient descent reads

εi+1 = εi − si
gd Γ : σi, (2.136)

where the new Green operator Γ = gradS G · div is introduced. Owing to its linearity
with respect to G, it can be computed according to

Γ = 2µ0 Γ0, (2.137)

see also the definition of Γ0 in Eq. (2.41) and the relation between G and G0 from Eq.
(2.133).

Now it can be observed that the gradient descent is equivalent to the simplified basic
scheme in Eq. (2.102) by setting Γ0 = si

gd Γ and thus G0 = si
gd G. A comparison of
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coefficients with Eqs. (2.133) and (2.137) returns

µ0 = 1
2si

gd
. (2.138)

This result also gives rise to an interpretation of the linear elastic reference material as a
measure for the step size of the gradient descent.

Since it could be shown that the gradient descent is equal to the basic scheme, the
rich theory for gradient descent methods can be exploited to find the optimal parameters
for the step size and derive faster solution methods. In this theory, the best case for the
fastest convergence rate requires the gradient of the function f to be Lipschitz continuous,
such that

|| grad f (y⃗1) − grad f (y⃗2) ||Y ≤ α+ || y⃗1 − y⃗2 ||Y (2.139)

holds, and f itself to be strongly convex, which is ensured by the condition

(︂
grad f (y⃗1) − grad f (y⃗2) , y⃗1 − y⃗2

)︂
Y

≥ α− || y⃗1 − y⃗2 ||2
Y , (2.140)

see [109, p.65]. || • ||Y and
(︂

•, •
)︂

Y
denote the norm and inner product of space Y ,

respectively. y⃗1 and y⃗2 correspond to specified arbitrary points y⃗. α+ and α− are positive
constants and the optimal, constant step size is

sgd = const. = 2
α+ + α−

, (2.141)

for which a linear convergence rate of

|| y⃗ i − y⃗ ∗ ||Y ≤
(︄

α+ − α−

α+ + α−

)︄i

|| y⃗ 0 − y⃗ ∗ ||Y (2.142)

is obtained, see [109, p.70]. Furthermore, y⃗ ∗ denotes the value of y⃗ at the minimum of f

and y⃗ i is the i-th iteration of the gradient descent. For details regarding the origin of
the conditions in Eqs. (2.139) and (2.140), the determination of the optimal step size,
and the proof of the linear convergence rate, it is again referred to Nesterov’s book [109].

In the case of the homogenization of mechanical properties, the Lipschitz continuity
is discussed first in order to compute α+. With the gradient from Eq. (2.134) and the
corresponding norm of space H1

per from Eq. (2.113), it reads
⃓⃓⃓⃓⃓⃓

grad Wpot
(︂

u⃗∗1
)︂

− grad Wpot
(︂

u⃗∗2
)︂ ⃓⃓⃓⃓⃓⃓

H1
per

≤ α+
⃓⃓⃓⃓⃓⃓

u⃗∗1 − u⃗∗2
⃓⃓⃓⃓⃓⃓

H1
per

, (2.143)
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where u⃗∗1
(︂

x⃗
)︂

and u⃗∗2
(︂

x⃗
)︂

are displacement fluctuation fields and the spatial de-
pendence of grad Wpot is omitted for notational clarity. Furthermore, the relation
gradS

(︂
grad Wpot

)︂
= σ from Eq. (2.124) and the definition of the norm from Eq. (2.113)

can be used to rewrite Eq. (2.143) to

⟨︃[︂
σ
(︂

x⃗, ε∗1
)︂

− σ
(︂

x⃗, ε∗2
)︂ ]︂

:
[︂
σ
(︂

x⃗, ε∗1
)︂

− σ
(︂

x⃗, ε∗2
)︂ ]︂⟩︃1

2

V
(2.144)

≤ α+

⟨︃(︂
ε∗1 − ε∗2

)︂
:
(︂

ε∗1 − ε∗2
)︂⟩︃1

2

V
.

This expression can be summarized to

⟨︃ ⃓⃓⃓⃓⃓⃓
σ
(︂

x⃗, ε∗1
)︂

− σ
(︂

x⃗, ε∗2
)︂ ⃓⃓⃓⃓⃓⃓2

F

⟩︃1
2

V
≤ α+

⟨︃ ⃓⃓⃓⃓⃓⃓
∆ε∗1,2 (x⃗ )

⃓⃓⃓⃓⃓⃓2
F

⟩︃1
2

V
(2.145)

using the Frobenius norm ||•||F = √• : • and ∆ε∗1,2 = ε∗1 − ε∗2. The variables ε∗1 and
ε∗2 are the strain fluctuation fields that follow from the symmetric gradient of u⃗∗1 and
u⃗∗2, respectively.

In order to compute α+ such that the Lipschitz continuity of the gradient is satisfied,
the following procedure is carried out. First, the relation between stress and strain
fields is established using the tangent stiffness. Then, the operator norm of the tangent
stiffness is introduced and its result is determined through a spectral decomposition of
the corresponding tensor. In the subsequent step, the definition of the operator norm is
reformulated into an inequality of the same type as the condition for Lipschitz continuity.
α+ can then be obtained by comparing the coefficients with the original condition.

For this purpose, it is started with an interpolation between the fields ε∗1 (x⃗ ) and
ε∗2 (x⃗ ) which reads

ε
(︂

x⃗, tε, ∆ε∗1,2
)︂

= ε∗1 (x⃗ ) − tε ∆ε∗1,2 (x⃗ ) (2.146)

with tε ∈ [0, 1]. Computing the derivative of the stress field with respect to tε returns

d
dtε

σ
(︂

x⃗, ε
(︂

tε, ∆ε∗1,2
)︂)︂

=
∂ σ

(︂
x⃗, ε

(︂
tε, ∆ε∗1,2

)︂)︂
∂ ε

:
∂
(︂

ε∗1 − tε ∆ε∗1,2
)︂

∂ tε

(2.147)

= C t
(︂

x⃗, ε
(︂

tε, ∆ε∗1,2
)︂)︂

: ∆ε∗1,2,
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where

C t
(︂

x⃗, ε
(︂

tε, ∆ε∗1,2
)︂)︂

:=
∂ σ

(︂
x⃗, ε

(︂
tε, ∆ε∗1,2

)︂)︂
∂ ε

(2.148)

represents the tangent stiffness tensor of the constitutive law. By applying the funda-
mental theorem of calculus, one arrives at

∫︂ 1

0

d
dtε

σ (x⃗, ε ) dtε = σ
(︂

x⃗, ε∗1
)︂

− σ
(︂

x⃗, ε∗2
)︂

=
∫︂ 1

0
C t : ∆ε∗1,2 dtε, (2.149)

which also occurs on the left-hand side of the Lipschitz condition in Eq. (2.145). The
dependences of the tangent stiffness, interpolated strain field, and the difference of the
strain fluctuation fields are omitted for better readability.

For the next step, consider a fixed spatial point with given tε, ∆ε∗1,2, and x⃗. The
pointwise operator norm for the tangent stiffness can then be defined according to

||C t ||op := sup || C t ( ∆ε∗1,2 = const. ) : ∆ε∗1,2 ||F

||∆ε∗1,2 ||F
, (2.150)

see e.g. [111, Definition 6.2.2 and Lemma 6.2.4]. The operator "sup" denotes the
supremum, which is the least upper bound to a set and corresponds to the maximum if
the bound is a part of the set. ∆ε∗1,2 = const. is emphasized in the function argument of
C t, since ∆ε∗1,2 is varied to find the orientation, for which the supremum is obtained.
However, the tangent stiffness is also dependent on this strain fluctuation difference and
can therefore change by the change of the orientation, but the operator norm is defined
for a given, constant tangent stiffness tensor. Any admissible tensor could also be used
instead of ∆ε∗1,2 in the calculation, nevertheless it is retained for better clarity in the
following steps.

To obtain an explicit result for the operator norm, the tangent stiffness can also be
expressed in its spectral representation

C t =
6∑︂

i=1
λeig

i M i ⊗ M i, (2.151)

where λeig
i are the eigenvalues and M i are the symmetric, orthogonal eigentensors that

form a basis, cf. [112]. ⊗ denotes the outer product between the two second order
tensors, as explicitly defined in the nomenclature. The resulting eigenvalues and -tensors
for different symmetries of the (elastic) stiffness tensor are presented in [113].

Owing to the orthogonality, a linear combination of M i with coefficients ∆ε ∗1,2
i can
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also be used to represent the difference of the strain fluctuations, such that one can write

∆ε∗1,2 =
6∑︂

i=1
∆ε ∗1,2

i M i, (2.152)

see also [112, Eq. 6.16] and [114]. Using the identities

M i : M j = δij (2.153)

and (︂
M i ⊗ M j

)︂
: M j =

(︂
M i : M j

)︂
M j, (2.154)

the double dot product between the tangent stiffness tensor and the difference of the
strain fluctuations yields

C t : ∆ε∗1,2 =
6∑︂

i=1
λeig

i ∆ε ∗1,2
i M i, (2.155)

where δij denotes the Kronecker delta, cf. also [112, Eq. 6.17] and [114]. Furthermore,
the numerator of the operator norm in Eq. (2.150) can then be expressed similarly
according to

||C t : ∆ε∗1,2 ||F =
√︃[︂

C t : ∆ε∗1,2
]︂

:
[︂

C t : ∆ε∗1,2
]︂

=

⌜⃓⃓⎷ 6∑︂
i=1

(︂
λeig

i ∆ε ∗1,2
i

)︂2
, (2.156)

whereas the denominator becomes

||∆ε∗1,2 ||F =
√︂

∆ε∗1,2 : ∆ε∗1,2 =

⌜⃓⃓⎷ 6∑︂
i=1

(︂
∆ε ∗1,2

i

)︂2
. (2.157)

The operator norm is ultimately given by

||C t ||op = sup

√︃∑︁6
i=1

(︂
λeig

i ∆ε ∗1,2
i

)︂2

√︃∑︁6
i=1

(︂
∆ε ∗1,2

i

)︂2
. (2.158)

The supremum can be computed by optimizing this spectral form of the operator norm
with respect to ∆ε ∗1,2

i . The solution procedure for the optimization problem is presented
in Appendix B and returns

||C t ||op = λeig
1 , (2.159)
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which is also a well-known result from mathematical analysis. λeig
1 represents the largest

eigenvalue of the (positive semi-definite) C t.
Now, the definition of the operator norm can serve a basis for the derivation of an

inequality of the same type as the condition for Lipschitz continuity. Using this definition
from Eq. (2.150) and the fact that the supremum of an expression is always greater than
or equal to the expression itself, one can write

||C t : ∆ε∗1,2 ||F

||∆ε∗1,2 ||F
≤ sup

|| C t
(︂

∆ε∗1,2 = const.
)︂

: ∆ε∗1,2 ||F

||∆ε∗1,2 ||F
(2.160)

= ||C t ||op = λeig
1 ,

which holds pointwise for given ∆ε∗1,2, tε, and x⃗. Now, considering the supremum with
respect to all admissible strain fluctuation differences and spatial locations, the inequality
still remains valid for all such combinations. This results in

|| C t : ∆ε∗1,2 ||F

||∆ε∗1,2 ||F
≤ sup

x⃗, ∆ε∗1,2
λeig

1

(︂
x⃗, ε

(︂
tε, ∆ε∗1,2

)︂)︂
, (2.161)

which holds pointwise for a given tε and for all ∆ε∗1,2 and x⃗. By moving the denominator
to the right-hand side and squaring both sides, one obtains

|| C t : ∆ε∗1,2 ||2
F ≤ sup

x⃗, ∆ε∗1,2

[︃(︂
λeig

1

)︂2
]︃

||∆ε∗1,2 ||2
F. (2.162)

The brackets on the right-hand side clarify that the supremum applies only to the squared
eigenvalue. The dependences of λeig

1 are omitted for better readability. Integrating both
sides over tε returns

∫︂ 1

0
|| C t : ∆ε∗1,2 ||2

F dtε = || σ
(︂

x⃗, ε∗1
)︂

− σ
(︂

x⃗, ε∗2
)︂

||2
F (2.163)

≤
∫︂ 1

0
sup

x⃗, ∆ε∗1,2

[︃(︂
λeig

1

)︂2
]︃
dtε ||∆ε∗1,2 ||2

F,

where Eq. (2.149) is used in the first line to replace the integral of the tangent stiffness
and the strain fluctuation difference by the stress difference. Owing to the occurrence of
the integral over tε, the equation also holds for all admissible tε.

Taking the supremum with respect to tε is always greater than or equal to all other
λeig

1 , such that the second line of Eq. (2.163) becomes also always greater or equal.
Moreover, the supremum with respect to tε is constant and hence the integral just returns
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the supremum itself, which gives

|| σ
(︂

x⃗, ε∗1
)︂

− σ
(︂

x⃗, ε∗2
)︂

||2
F ≤ sup

x⃗, ∆ε∗1,2, tε

[︃(︂
λeig

1

)︂2
]︃

||∆ε∗1,2 ||2
F. (2.164)

Then, applying the volume average to both sides yields⟨︄
|| σ

(︂
x⃗, ε∗1

)︂
− σ

(︂
x⃗, ε∗2

)︂
||2

F

⟩︄
V

≤
⟨︄

sup
x⃗, ∆ε∗1,2, tε

[︃(︂
λeig

1

)︂2
]︃

||∆ε∗1,2 ||2
F

⟩︄
V

. (2.165)

Exploiting the fact that the supremum is a constant to move it in front of the volume
integral and taking the square root on both sides leads to

⟨︄
|| σ

(︂
x⃗, ε∗1

)︂
− σ

(︂
x⃗, ε∗2

)︂
||2

F

⟩︄1
2

V
≤ sup

x⃗, ∆ε∗1,2, tε

[︃
λeig

1

]︃ ⟨︄
||∆ε∗1,2 ||2

F

⟩︄1
2

V
. (2.166)

By comparing coefficients with the condition for Lipschitz continuity of the gradient in
Eq. (2.145), one obtains

α+ = sup
x⃗, ∆ε∗1,2, tε

[︃
λeig

1

(︂
x⃗, ε

(︂
∆ε∗1,2, tε

)︂)︂ ]︃
(2.167)

= sup
x⃗,ε

[︃
λeig

1

(︂
x⃗, ε

)︂ ]︃
= max

[︂
eig

(︂
C t
(︂

x⃗, ε
)︂)︂]︂

for the Lipschitz constant, where the supremum over ∆ε∗1,2 and tε is summarized to
the supremum over ε. The supremum can be replaced by the maximum, as in practice,
only tangent stiffnesses that actually occur in the corresponding simulations rather than
theoretical bounds are considered.

In the next step, the determination of constant α− is discussed using the condition
that the objective function is strongly convex, Eq. (2.140). It reads

(︂
grad Wpot

(︂
u⃗∗1

)︂
− grad Wpot

(︂
u⃗∗2

)︂
, u⃗∗1 − u⃗∗2

)︂
H1

per
≥ α− ||u⃗∗1 − u⃗∗2 ||2

H1
per

(2.168)

for the mechanical homogenization problem, where again all other dependences except
for the dependence on u⃗∗1 and u⃗∗2 are omitted for better notational clarity. Using
the definition of the inner product Eq. (2.112) of the space H1

per and the relation
gradS (grad Wpot ) = σ : gradS from Eq. (2.124), one arrives at

⟨︂[︂
σ
(︂

x⃗, ε∗1
)︂

− σ
(︂

x⃗, ε∗2
)︂]︂

: ∆ε∗1,2
⟩︂

V
≥ α−

⟨︂
||∆ε∗1,2 ||2

F

⟩︂
V

(2.169)
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for the convexity condition.
As in the computation of α+, it is started with the interpolated stresses and strains

from Eqs. (2.146)–(2.149) and by investigating a fixed spatial point with given tε, ∆ε∗1,2,
and x⃗. Based on the double dot product between the tangent stiffness and the difference
of the strain fluctuations in the spectral representation from Eq. (2.155), the inequality

(︂
C t : ∆ε∗1,2

)︂
: ∆ε∗1,2 =

6∑︂
i=1

λeig
i

(︂
∆ε ∗1,2

i

)︂2
(2.170)

≥ λeig
6

6∑︂
i=1

(︂
∆ε ∗1,2

i

)︂2
= λeig

6 ||∆ε∗1,2 ||2
F

can be obtained. λeig
6 denotes the smallest eigenvalue of the tangent stiffness and Eq.

(2.157) is used to summarize the second line. The sum of the eigenvalues multiplied with
the corresponding components of the strain fluctuation difference has always to be greater
than or equal to this smallest eigenvalue multiplied with the respective components.
Furthermore, it is required to assume that C t is positive definite and not only positive
semi-definite as for α+. This ensures that the determined α− is always positive, as
required by the strong convexity.

In the subsequent steps, the same arguments are used as in the computation of α+.
First, the integral over tε is applied to both sides, which gives

∫︂ 1

0

(︂
C t : ∆ε∗1,2

)︂
dtε : ∆ε∗1,2 =

[︂
σ
(︂

x⃗, ε∗1
)︂

− σ
(︂

x⃗, ε∗2
)︂ ]︂

: ∆ε∗1,2 (2.171)

≥ inf
x⃗, ∆ε∗1,2, tε

[︃
λeig

6

(︂
x⃗, ε

(︂
tε, ∆ε∗1,2

)︂)︂]︃
||∆ε∗1,2 ||2

F.

It is again exploited that the integral in the first line just returns the difference of the
stress fields, see Eq. (2.149). Similar to the supremum previously, the operator "inf"
represents the infimum, which is the greatest lower bound to a set and corresponds to
the minimum if it is a part of the set. The infimum with respect to all x⃗, ∆ε∗1,2, and tε is
also a constant and the integral over tε again just returns the infimum itself. Moreover,
applying the volume average to both sides yields

⟨︂[︂
σ
(︂

x⃗, ε∗1
)︂

− σ
(︂

x⃗, ε∗2
)︂ ]︂

: ∆ε∗1,2
⟩︂

V
≥ inf

x⃗, ∆ε∗1,2, tε

[︂
λeig

6

]︂ ⟨︂
||∆ε∗1,2 ||2

F

⟩︂
V

. (2.172)

By a comparison of coefficients, this expression corresponds to the condition that Wpot is
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strongly convex from Eq. (2.169), if

α− = inf
x⃗, ∆ε∗1,2, tε

[︂
λeig

6

(︂
x⃗, ε

(︂
∆ε∗1,2, tε

)︂)︂ ]︂
= min

[︂
eig
(︂

C t
(︂

x⃗, ε
)︂)︂]︂

. (2.173)

Making the same argument as for α+, the infimum can be replaced by the minimum, as
only tangent stiffnesses that actually occur in the corresponding simulations rather than
theoretical bounds are considered.

Therefore, the theoretically optimal constant step size for the gradient descent from
Eq. (2.141) becomes

sgd = 2
min

[︂
eig
(︂

C t
(︂

x⃗, ε
)︂)︂]︂

+ max
[︂
eig
(︂

C t
(︂

x⃗, ε
)︂)︂]︂ . (2.174)

Recall that the Barzilai-Borwein method corresponds to a gradient descent with an
adaptive step size, cf. Eq. (2.108). In the next step, this step size update is derived. In
general, it can be computed according to

si
gd =

⎛⎝1 −

(︂
grad f

(︂
y⃗ i
)︂
, grad f

(︂
y⃗ i−1

)︂)︂
Y

||grad f (y⃗ i−1 ) ||2Y

⎞⎠−1

si−1
gd , (2.175)

see [23, Eq. 6], and in the case of the homogenization problem, it becomes

si
gd =

⎛⎜⎜⎝1 −

(︂
grad Wpot

(︂
[ u⃗∗ ]i

)︂
, grad Wpot

(︂
[ u⃗∗ ]i−1

)︂)︂
H1

per⃓⃓⃓⃓⃓⃓
grad Wpot

(︂
[ u⃗∗ ]i−1

)︂ ⃓⃓⃓⃓⃓⃓2
H1

per

⎞⎟⎟⎠
−1

si−1
gd . (2.176)

The previous results for the gradient from Eq. (2.134) can then be inserted, along with the
definitions of the inner product and norm for space H1

per from Eqs. (2.112) and (2.113).
In order to avoid storing additional solution fields, the identity gradS (grad Wpot) = σ

from Eq. (2.124) is exploited. Accordingly, the adaptive step size is computed as

si
gd =

⎛⎝1 −

⟨︂
σ i :

(︂
Γ : σ i−1

)︂⟩︂
V⟨︂(︂

Γ : σ i−1
)︂

:
(︂

Γ : σ i−1
)︂⟩︂

V

⎞⎠−1

si−1
gd (2.177)

with iteration counter i.
From the point of view of functional analysis, everything is now in place to formulate

the discretized Barzilai-Borwein scheme and to discuss the algorithm for a practical
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implementation. This discretized Barzilai-Borwein scheme given by

εi+1 = εi − si
gd Γ SG : σ i (2.178)

with the step size update

si
gd =

⎛⎝1 −

⟨︂
σ i :

(︂
Γ SG : σ i−1

)︂⟩︂
V⟨︂(︂

Γ SG : σ i−1
)︂

:
(︂

Γ SG : σ i−1
)︂⟩︂

V

⎞⎠−1

si−1
gd , (2.179)

cf. Eq. (2.136) for the continuous gradient descent. The continuous Green operator Γ is
replaced by its discrete counterpart for the staggered grid discretization, Γ SG. Owing to
the mathematical similarity, the same relation as for the continuous Green operator in
Eq. (2.137) also holds for the discrete operator, such that Γ SG = 2µ0 Γ0

SG. Therefore, it
can be computed from the known Γ0

SG in Eq. (2.97).
The resulting algorithm is summarized in Alg. 1. All DFTs from the previous derivation

of the discretization scheme are computed by using efficient implementations of the FFT
in practice. As it is usual in FFT-based homogenization, the volumetric average strain
E is prescribed depending on the load case, see [31]. It is also possible to prescribe the
average stress or mixed loads, however, it is not used in this work and for details the
reader is referred to [115].

Algorithm 1 (Strain-based) Barzilai-Borwein scheme
1: Initialize: ε1 = E, i = 0 and s1

gd = 2
α+ + α−

2: Iterate: i = i + 1 until convergence:
3: compute σi from εi and state variables ▷ constitutive law

4: if i > 1 then si
gd =

(︄
1 − ⟨ σi : dεi−1 ⟩V

⟨ dεi−1 : dεi−1 ⟩V

)︄−1

si−1
gd ▷ update step size

5: ˆ︂dε
i =

⎧⎨⎩0, for ξ⃗ D = 0⃗ˆ︁Γ SG : FFT (σi ) , else
▷ apply Green operator

6: εi+1 = εi − si
gd FFT−1

(︃ˆ︂dε
i
)︃

▷ update strain field

Moreover, the application of the discrete differential operators gradS u⃗∗ and div σ can
be computed directly in the physical space for the staggered grid discretization method
without the need of a Fourier Transform, see Eqs. (2.73) and (2.74). Hence, the algorithm
can be adapted to iterate on the displacement fluctuation fields instead of the strain
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fields using the discrete version of the gradient descent from Eq. (2.135)

[ u⃗∗ ]i+1 = [ u⃗∗ ]i − si
gd G SG · div

(︂
σi
)︂

. (2.180)

Again the continuous solution operator is replaced by G SG. As for the Green operator,
the relation G SG = 2µ0 G0

SG, which was originally derived for the continuous solution
operator in Eq. (2.133), holds owing to the mathematical similarity between both cases.
G SG can then be obtained from G0

SG in Eq. (2.95). The number of Fourier Transforms,
which often represent a computational bottleneck, can be reduced from six to three in the
displacement-based variant. The required memory footprint is also reduced accordingly.
This displacement-based Barzilai-Borwein scheme, which was used for all simulations in
this work, is presented in Alg. 2. A similar scheme is also presented in [13].

Algorithm 2 Displacement-based Barzilai-Borwein scheme
1: Initialize: [u⃗∗]1 = 0⃗, i = 0 and s1

gd = 2
α+ + α−

2: Iterate: i = i + 1 until convergence:
3: Compute σi from E + gradS[u⃗∗]i and state variables ▷ constitutive law
4: if i > 1 then

si
gd =

⎛⎜⎜⎜⎜⎝1 −

⟨︃
σ i :

(︃
gradS

[︂−→
du ∗

]︂i−1)︃⟩︃
V⟨︃(︃

gradS
[︂−→
du ∗

]︂i−1)︃
:
(︃

gradS
[︂−→
du ∗

]︂i−1)︃⟩︃
V

⎞⎟⎟⎟⎟⎠
−1

si−1
gd ▷ update step size

5:
[︃ ˆ︃−→
du ∗

]︃i

=
⎧⎨⎩0⃗, for ξ⃗ D = 0⃗,ˆ︁G SG · FFT [div (σi )] , else

▷ apply Green operator

6: [ u⃗∗ ]i+1 = [ u⃗∗ ]i − si
gd FFT−1

(︃[︃ ˆ︃−→
du ∗

]︃i )︃
▷ update displacement fluctuation field

In order to assess whether the algorithm has found a sufficiently accurate solution, a
consistent convergence criterion is required. For this purpose, recall that the gradient of
Wpot is zero at the critical point. Thus, a natural convergence criterion for the gradient
descent is to check if the norm of the gradient becomes smaller than a given tolerance tol

⃓⃓⃓⃓⃓⃓
grad Wpot

(︂
[ u⃗∗ ]i

)︂ ⃓⃓⃓⃓⃓⃓
H1

per
< tol. (2.181)
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Inserting the gradient from Eq. (2.134) and the norm from Eq. (2.112) returns

⟨︂(︂
Γ SG : σi

)︂
:
(︂

Γ SG : σi
)︂⟩︂1

2
V

||⟨σi ⟩V ||F
< tolM. (2.182)

The norm of the gradient is divided by the Frobenius norm of the average stress tensor in
order to ensure that the condition is dimensionless. Furthermore, the discretized Green
operator is used and tolM represents the tolerance for the solver.

Now, since the theory and the algorithms of the solution method used were derived,
the practical significance of the assumptions made is discussed in this final part of the
section. First, the existence of the condensed incremental potential Wpot is assumed,
where the stress can be computed as the derivative with respect to the strain. This
existence is trivial for purely hyperelastic materials, but critical for all other types of
material models.

For the class of Generalized Standard Materials the existence of such a condensed
incremental potential based on a particular variational principle can be proven, see
[116, 117]. Generalized Standard Materials are formulated using a (convex) Helmholtz
free energy density and a (convex) dissipation potential [118, 119], as e.g. in von
Mises plasticity. However, many phenomenological material models do not represent
Generalized Standard Materials and some effects cannot be straightforwardly captured
by the framework, such as non-associative plasticity, which is also used in this work.

Classical (softening) damage models and porosity are also critical, as the condition for
strong convexity Eq. 2.168 is not always satisfied in the damaging phases and pores. To
compute α−, the tangent stiffness must be positive definite. This condition is violated in
softening materials with negative eigenvalues and in pores where all eigenvalues of the
tangent stiffness are zero.

Nevertheless, it was recently shown in [120] that damage models can be formulated as
Generalized Standard Materials by using the evolving compliance instead of the damage
as a state variable. The model avoids the localization phenomenon associated with the
classical softening damage models. This behavior is mathematically beneficial, but the
localization is required to model the formation of a single, global crack. Therefore, it is
not (yet) applicable to fracture mechanics problems, see also [121]. Moreover, Köhler
and Balzani [122] recently proposed a numerical reconvexification method for condensed
incremental potentials of a continuum damage model. Their method can also consider
softening and hence may be interesting for future work.
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It should be noted that the derived solution schemes can still be applied to these
materials, for which the existence of a condensed incremental potential could not be
proven (yet). However, the insights from the mathematical theory need to be interpreted
with caution, see also [123, Section 4.2.2]. This conclusion also applies to the present
work, since a softening damage model is used.

The mathematical theory presented above can also be extended to pores, which makes
them less critical in the homogenization of the sandwich core. The convergence and
numerical efficiency of the derived solution methods can be proven under some basic
assumptions on the geometry of the pore space, see [107] for details.

2.5.2. Damage regularization and coupled problem

The Lippmann-Schwinger equation for the damage regularization problem from Eq.
(2.54) can be solved for pnl using a fixed-point iteration similar to Moulinec and Suquet’s
basic scheme, which reads

p j+1
nl = F−1

⎛⎜⎝ ˆ︁pl + iξ⃗ · F
(︂

[ l2 − l2
0 ] F−1

[︂
iξ⃗ p̂ j

nl

]︂)︂
1 + l2

0

⃓⃓⃓
ξ⃗
⃓⃓⃓2

⎞⎟⎠ . (2.183)

Here, more sophisticated algorithms based on rigorous functional analysis could be
developed as well. However, it was observed that the time needed for the solution of
the damage regularization problem is negligible compared with the time spent for the
homogenization problem. Similar findings were also reported in [35] for a phase field
model for brittle damage. The corresponding discretized form of the fixed-point iteration
is outlined in lines 3–5 of Alg. 3, as part of the solution scheme for the coupled damage
regularization and homogenization problem. This solution for the coupled problem is
further discussed in detail below in this section. In the discretized form of the fixed-point
iteration, the continuous frequencies ξ⃗ are replaced by their discrete counterparts ξ⃗ D and
the FFT is performed instead of the continuous Fourier Transform, see Sec. 2.4.2.

The solution scheme for the damage regularization is stopped once the convergence
criterion is reached. This criterion reads

⟨︃(︂
p j

nl − div
[︂
l2 (x⃗ ) grad p j

nl

]︂
− pl

)︂2
⟩︃1

2

V
⟨pl⟩V

< tolD, (2.184)

where tolD corresponds to the tolerance for the damage solver. In practice, the criterion
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Algorithm 3 Staggered solution of the coupled homogenization and damage problem
1: Until convergence:
2: Solve Eq. (2.1) using Alg. 2 and obtain pl ▷ keep pnl constant
3: Initialize: j = 0 and use pnl from previous

load step for p1
nl

4: Iterate j = j + 1 until convergence: ▷ keep pl constant

5: p j+1
nl = FFT−1

⎛⎜⎝ ˆ︁pl + iξ⃗ D · FFT
(︂[︂

l2 − l2
0

]︂
FFT−1

[︂
iξ⃗ D p̂ j

nl

]︂)︂
1 + l2

0

⃓⃓⃓
ξ⃗ D

⃓⃓⃓2
⎞⎟⎠

can be computed as ⟨︃(︂
p j+1

nl − p j
nl

)︂2
⟩︃1

2

V
⟨pl⟩V

< tolD (2.185)

using consecutive iterations of the non-local damage field, which is briefly discussed in
the following. First, it can be shown that

div
[︂
l2 (x⃗ ) grad pnl

]︂
+ pl (2.186)

is equivalent to the inverse Fourier Transform of the right-hand side of Eq. (2.54)

F−1

⎛⎜⎝ ˆ︁pl + iξ⃗ · F
(︂[︂

l2 − l2
0

]︂
F−1

[︂
iξ⃗ p̂nl

]︂)︂
1 + l2

0

⃓⃓⃓
ξ⃗
⃓⃓⃓2

⎞⎟⎠ , (2.187)

since it is only rearranged by means of the Fourier Transform. If p j
nl is then substituted

for pnl, the resulting expression

F−1

⎛⎜⎝ ˆ︁pl + iξ⃗ · F
(︂[︂

l2 − l2
0

]︂
F−1

[︂
iξ⃗ p̂ j

nl

]︂)︂
1 + l2

0

⃓⃓⃓
ξ⃗
⃓⃓⃓2

⎞⎟⎠ (2.188)

then corresponds to p j+1
nl according to the fixed-point iteration in Eq. (2.183). Therefore,

p j+1
nl = div

[︂
l2 (x⃗ ) grad p j

nl

]︂
+ pl (2.189)

holds in the convergence criterion. Furthermore, the criterion is activated when the
denominator becomes larger than zero. Otherwise, there is no (local) equivalent plastic
strain and, hence, no damage is present. Numerical experiments revealed that the
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criterion is independent on the mesh and model size.
The coupled homogenization and damage regularization problem is then solved in a

staggered fashion, as also shown in Alg. 3 and as it was also done in [34]. The same
convergence criterion is used for consecutive global (staggered) iterations of the non-local
damage field. Except for the first iteration of the staggered solution algorithm, the final
displacement fluctuation field from the previous iteration is used as initialization for [u⃗∗]1

in the first line of Alg. 2. A linear extrapolation from previous (converged) load steps is
used in the first iteration of each load step.

2.6. Implementation details

Alg. 3 was implemented as Fortran code and the parallelization was realized using the
OpenMP library [124]. The FFTs were carried out with the FFTW library [125]. All
simulations in this work were performed on an Intel® CoreTM i9-10900X CPU using
20 parallel threads. The implementation of the linear Drucker-Prager plasticity model
from Sec. 2.1 in Abaqus user defined material subroutine (UMAT) format is taken from
[126]. For convergence reasons, the (squared) characteristic length parameter within the
non-damaging phases l2

nd cannot be set to zero as in Eq. (2.44). l2
nd = 0.02 l2

d was used
instead as an approximation in all simulations, which is sufficient to effectively constrain
the non-local equivalent plastic strain field to the damaging phase, cf. [34]. Furthermore,
numerical experiments revealed that choosing l2

0 = l2
d + l2

nd provided robust and fast
convergence of Alg. 3.

The tolerances of the mechanical homogenization and the damage solver were set to
tolM = tolD = 10−4 in all simulations. This is a commonly accepted value for simulations
with non-linear materials for tolM. tolD was determined by numerical experiments in order
to ensure sufficiently accurate results. For a detailed discussion on various convergence
criteria and the chosen tolerances for FFT-based homogenization, the reader is referred
to [31].
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3. Extension of the FFT-based homogenization to
Cohesive Zone Modeling

3.1. Governing equations and scale transition relations

In contrast to the bulk case, the governing equations at the macroscale for cohesive
zones with a finite thickness are not as widely used. Hence, this concept from [127,
Chapter 4] is briefly summarized first before the governing homogenization equations at
the microscale are derived. The concept generally allows for finite rigid body rotations
and large deformations, which is why the kinematics is based on an undeformed reference
configuration and a deformed current configuration. It should be noted that this has no
implications for the small deformation theory used at the microscale since micro- and
macroscale are decoupled by the scale separability, see Sec. 2.1.

A scheme of the cohesive zone with a finite thickness is presented in Fig. 9, where
the capital, black variables correspond to the reference configuration and the small, blue
ones to the current configuration. The subscript "M" marks that the variables live at
the macroscale only. Moreover, the red area indicates the cohesive zone in the reference
configuration. The blue area in the zoom on the left-hand side of Fig. 9 corresponds
to the cohesive zone in the current, deformed configuration. Both configurations are
related by the displacements from the reference to the current configuration u⃗ +

M

(︂
X⃗+

M, t
)︂

and u⃗ −
M

(︂
X⃗−

M, t
)︂
. The superscripts + and − denote that they belong to the top interface

with the surrounding bulk material, S +
coh, and the bottom one S −

coh, respectively. The
displacements are dependent on the corresponding points in the reference configuration
X⃗+

M and X⃗−
M, and the time t.

These interfaces are depicted as black lines in the reference configuration. The blue
lines are those in the current configuration, s+

coh and s−
coh, accordingly. The geometrical

description of the cohesive zone is based on its middle surface, which is represented by the
dashed lines. The position of a point on this middle surface is indicated by the vectors
X⃗M and x⃗M

(︂
X⃗M, t

)︂
in the reference and current configuration, respectively. The global

coordinate system is given by the axes xM, yM, zM and XM, YM, ZM in the corresponding
configurations.

The kinematic quantity of interest for the constitutive law of the cohesive zone is the
separation δ⃗M between the interfaces s+

coh and s−
coh with respect to the initial thickness

tcoh between S +
coh and S −

coh. It is defined in the local coordinates systems with axes x l
M,

y l
M, z l

M. In the reference configuration, the local coordinate system is given by the axes
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Bulk material

Bulk material

Cohesive zone

Figure 9: The concept of a cohesive zone with a finite thickness.

X l
M, Y l

M, Z l
M.

For the derivation of δ⃗M, it is started with the separation in global coordinates of the
current configuration that can be computed as

δ⃗ gl
M = x⃗ +

M − x⃗ −
M − tcoh n⃗M, (3.1)

as shown in Fig. 9. The superscript "gl" marks this global coordinates of the current
configuration. n⃗M denotes the normal on the middle surface of the cohesive zone and
therefore indicates the direction in which peel mode I is usually defined. Furthermore, the
position vectors at the interfaces x⃗ +

M

(︂
X⃗+

M, t
)︂

and x⃗ −
M

(︂
X⃗−

M, t
)︂

can be obtained from the
corresponding positions in the reference configuration and the displacements according to

x⃗ +
M = X⃗+

M + u⃗ +
M and x⃗ −

M = X⃗−
M + u⃗ −

M , (3.2)

respectively. Moreover, the position vectors at the interface can also be calculated based
on the position on the middle surface, which yields

X⃗+
M = X⃗M + tcoh

2 N⃗M and X⃗−
M = X⃗M − tcoh

2 N⃗M. (3.3)

N⃗M denotes the normal to the middle surface in the reference configuration. The
orientation vectors of the cohesive zone in both configurations are related by the rigid
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body rotation R rig
M according to

n⃗M = R rig
M · N⃗M, (3.4)

cf. [127, Eq. (4.27)]. Then, summarizing Eqs. (3.1)–(3.4) ultimately yields

δ⃗ gl
M = u⃗ +

M − u⃗ −
M + tcoh

(︂
I − R rig

M

)︂
· N⃗M (3.5)

for the kinematics of the global separation vector. The first two terms in Eq. (3.5), the
difference of the displacement of both interfaces, are the "displacement jump" in the
context of infinitely thin cohesive zones, e.g., see [128, 129]. However, in the case of
cohesive zones with a finite thickness, the difference of the displacements also contains
a part that is caused by the rigid body rotations. This part needs to be subtracted in
order to satisfy the principle of material objectivity for the constitutive law. This is done
in the third term of Eq. (3.5), and one obtains the "displacement jump" for the cohesive
zone with a finite thickness. Moreover, the global separation can be transformed into the
(co-rotational) local coordinate system with axes x l

M, y l
M, z l

M by

δ⃗M = R l
M · δ⃗ gl

M, (3.6)

where R l
M is the respective rotation matrix, see [127, Chapter 4] for details on its

computation.
It is useful to choose the local coordinate system such that the axes and therefore also

the components of δ⃗M are attributed to the fracture modes. The local separation vector
then reads

δ⃗M = (w v u)T. (3.7)

Its entries w, v, and u correspond to the separations in out-of-plane shear mode III,
in-plane shear mode II and peel mode I. Similar to the separation, the macroscopic
traction vector is given by

t⃗M = (τIII τII σ)T, (3.8)

accordingly. σ, τII, and τIII denote the peel stress in mode I and the shear stresses in
mode II and III, respectively.

In the next step, the governing equations at the microscale are derived. Similar to
the homogenization of bulk materials in Sec. 2.1, the principle of scale separation and
homogenization of cohesive zones is depicted in Fig. 10. The zoom on the left-hand side
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Bulk material

MacroscaleMicroscale

Bulk material

Figure 10: Principle of scale separation in the homogenization of cohesive zones.

shows the heterogeneous model for the microstructure, which has the full thickness of the
cohesive zone now. n⃗coh is the (local) orientation vector at the microscale, which is for
convenience and without loss of generality chosen to be in the z-direction. This choice
ensures that the fracture modes correspond to those in the local coordinate system at
the macroscale.

In FFT-based homogenization, the volumetric average strain derived from kinematics
at the macroscale must be prescribed in the microscale simulations for the macro-to-micro
transition, as separations cannot be directly imposed. Following [42], this average strain
in the cohesive zone can be approximated by

E = (0 0 u/tcoh v/tcoh w/tcoh 0)T, (3.9)

where Voigt notation is used. In-plane strains and stresses are typically neglected in
CZM of material layers at the macroscale, which already represents a significant model
simplification. Since the average in-plane strains at the microscale can correspondingly
not be derived from macroscale kinematics, they are assumed to be zero. For most
applications, this assumption is justified, since most points within the material layer
are typically surrounded by material, which constrains deformation within the layer.
Nevertheless, this assumption represents a further simplification and is particularly
critical for material layers with at least one relatively small in-plane dimension. Owing to
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the boundary effects, it would be more appropriate to set the respective average stresses
instead of the strains to zero for these cases.

A constant displacement field at the interfaces of the cohesive zone is required to
describe the displacement jump δ⃗M from the macroscale at the microscale. Therefore,
the displacement fluctuations must vanish there, and one arrives at the homogenization
problem for cohesive zones⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ (x⃗ ) computed from constitutive law

div σ (x⃗ ) = 0⃗

ε (u⃗ (x⃗ )) = E + gradS u⃗ ∗ (x⃗ )

u⃗ ∗ = 0⃗ at the cohesive zone interface

periodic boundary conditions elsewhere

(3.10)

from the original bulk homogenization problem in Eq. (2.1). Again, the system of
equations is composed of the computation of the stress field from the constitutive law,
the balance of momentum and the strain compatibility. Furthermore, the periodic
boundary conditions for the displacement fluctuation and the strain (fluctuation) fields
are maintained except at the interface of the cohesive zone.

The FFT solver discussed in the previous section inherently imposes periodic boundary
conditions on the displacement and strain fields owing to the FFTs themselves. Therefore,
a method for approximating this Dirichlet-type boundary condition at the interface is
required. This approximation can be achieved by adding marginal layers that have a
significantly higher stiffness than the material in the virtual model of the microstructure.
An infinite stiffness would lead to a perfect satisfaction of the boundary condition, but
higher stiffness contrasts can also significantly increase the computational times. The
practical determination of stiffness and thickness of these layers is further discussed in
Sec. 3.3. Apart from the marginal layers, Dirichlet-type boundary conditions can also be
directly implemented into FFT solvers, see [130–132], but the computational efficiency is
also reduced.

As in Sec. 2.2 for the computational homogenization of bulk materials, the micro-to-
macro transition is established based on the Hill-Mandel condition. The procedure to
obtain these transitions is briefly summarized in the following. The energy rate balance
between macro- and microscale is given by

t⃗M · ̇⃗
δM = tcoh ⟨ σ : ε̇ ⟩V, (3.11)
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where spatial and time dependences are neglected for notational clarity. ε̇ can then be
split into the homogeneous average part ⟨ ε̇ ⟩V and a fluctuating part ε̇∗, which yields

t⃗M · ̇⃗
δM = tcoh

(︂
⟨σ ⟩V : ⟨ ε̇ ⟩V + ⟨ σ : ε̇∗ ⟩V

)︂
. (3.12)

Furthermore, the time derivative of the average strain from Eq. (3.9) can be inserted
into Eq. (3.12) for ⟨ε̇⟩V without loss of generality. Then, the rate of work on the
right-hand side is replaced by its equivalent surface integral over the boundary S of the
virtual model of the microstructure. For this purpose, the same steps as in the bulk case
Eq. (2.13)-Eq. (2.16) are followed. Accordingly, one arrives at

t⃗M · ̇⃗
δM =

(︂
⟨σ ⟩V · n⃗coh

)︂
· ̇⃗
δM + 1

Acoh

∫︂
S

t⃗ · ̇⃗u ∗ dS. (3.13)

Acoh denotes the transverse area of the virtual model that is orthogonal to the axis in the
through-thickness direction (or the orientation) of the cohesive zone, i.e., the xy-plane if
the orientation of the cohesive zone is in z-direction.

The surface integral vanishes owing to the vanishing displacement fluctuations at
the cohesive zone interface and the periodic boundary conditions elsewhere, for which
this was already shown in Sec. 2.2 for the bulk homogenization. Consequently, the
Hill-Mandel condition for the cohesive zone becomes

t⃗M · ̇⃗
δM =

(︂
⟨σ ⟩V · n⃗coh

)︂
· ̇⃗
δM (3.14)

and is satisfied, if the macroscopic traction vector is computed as

t⃗M = ⟨σ ⟩V · n⃗coh (3.15)

from the stress field at the microscale. This result is also consistent with [42], where a
modified Hill’s Lemma was applied. Furthermore, a similar derivation can be found in
[45].

3.2. Representativeness of the mechanical behavior compared with
bulk homogenization

Referring to previous studies using classical FEM-based homogenization schemes, it is
claimed in Sec. 1.3.2 that a representative mechanical behavior for softening materials
can be obtained. This contrasts with the homogenization of bulk materials, as discussed
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in this overview of the state of the art in the computational homogenization of cohesive
zones.

In the current section, the existence of this representative mechanical behavior is
investigated for the FFT-based homogenization scheme for cohesive zones and compared
with the (FFT-based) standard bulk homogenization. For this purpose, a simple,
deterministic material is studied as a numerical example. It consists of a periodic
microstructure with infinite repetitions of a two-dimensional circular pore in a matrix,
which is shown in Fig. 11c. In the case of the bulk homogenization, the material is
periodic in y- and z-direction, whereas in the homogenization of cohesive zones a material
layer with a periodicity in the y-direction only is considered. The single pore in the
matrix represents the full thickness of the material layer in z-direction in the case of the
cohesive zone. The cohesive zone is also oriented in z-direction.

The two-dimensional circular pore in a matrix from Fig. 11c is used as a basic
virtual model for the microstructure and is sufficient to represent the geometry of the
microstructure. The structure is discretized with 64 x 64 voxels and the pore has a
radius of ten voxels. For simplicity, the voxel size was set to 1 mm. Furthermore, thin,
stiff marginal layers with a thickness of five voxels each were added in through-thickness
direction z to approximate the boundary conditions for a cohesive zone from Eq. (3.10),
see Fig. 11a. To show a representative mechanical behavior, the stress-strain curve or
TSL should remain unchanged as the model size increases. For this purpose, the basic
virtual model is extended with copies of itself at the boundaries, such that a larger
part of microstructure of the material is included in the model. In the case of bulk
homogenization, four copies of the basic model in the yz–plane with an overall size of
128 x 128 voxels are used to compare the resulting mechanical behavior. For the cohesive
zone, only one copy needs to be added in the y–direction, as the basic model already
has the full thickness in the z–direction. With the marginal layers included, the models
have sizes of 64 x 74 and 128 x 74 voxels for the basic model and the extended one,
respectively.

Simulations in peel mode I and in-plane shear mode II were performed for the in-
vestigated models, where the mode I separation u and the mode II separation v were
prescribed. Please also refer to Eq. (3.9) for the corresponding average strain in the FFT
solver and Eq. (3.15) for the resulting traction vector in each load case. The material
parameters used are summarized in Tab. 1, where E is the Young’s modulus and ν is
the Poisson’s ratio. Setting η = η̄ = 0 and ξ = 1√

3 recovers a standard von Mises plastic
behavior here. The characteristic length parameter of 3.2 mm was purely selected by
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numerical experiments. On the one hand, this choice ensures a sufficient distribution of
the damage field for smooth convergence of the solution scheme and prevents the typical
mesh dependence of local damage models. On the other hand, a localization of the crack
in a sufficiently small zone is obtained.

Table 1: Material parameters used for the matrix and the marginal layers (ML).
E (MPa) ν (-) d0 (MPa) H (MPa) ξ (-) η (-) η̄ (-) p0

nl (-) p f
nl (-)

Matrix 2000 0.3 10 1 0.577 0 0 0.03 0.5
ML 30000 0.33 - - - - - - -

As shown in Fig. 12a, a perfect agreement was found between the resulting TSLs in
mode I, which can also be observed for the mode II simulations in Fig. 13a. Therefore,
the mechanical behavior of the basic model in Fig. 11a is representative of the entire
material layer, even for the softening part of the TSLs. The simulations for the bulk
homogenization were performed using the same load cases as for the cohesive zone and
the resulting stress-strain curves are presented in Figs. 12b and 13b. Until softening sets
in, the curves from both models show good agreement. However, a significant deviation
occurs in the softening part of the stress-strain curves. Consequently, the basic model in
Fig. 11c is no longer representative of the entire mechanical behavior.

These results can be understood by evaluating the damage fields in the simulations,
which are shown in Figs. 12c –12f and 13c – 13f. Furthermore, the respective periodic
copies are added to the basic models, so that the resulting damage fields can be better
compared with those from the extended models. The basic model is marked with a
black frame. A clear localization of damage is observed in all simulations, which also
causes the nonexistence of a representative mechanical behavior in the case of the bulk
homogenization.

If the basic model were representative of the mechanical behavior, the damage field in
the extended model would be identical to the four periodic copies of the damage field in
the smaller basic model. This is contradicted by the damage localization in the lower
part of the extended model for the peel load case in Fig. 12f and in the left part of
the extended model for the shear load case in Fig. 13f. Consequently, the extended
model dissipates less volumetric energy through the fracture process compared with
the basic model. This reduction is also observed in the stress-strain curves in Figs.
12b and 13b. The observed localization effect is also referred to as loss of statistical
homogeneity by Gitman et al. [41], since the localized softening region of a material has
mechanical properties which are different from those of the region where no softening
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Figure 11: Two-dimensional matrix with a pore: Virtual model of the microstructure (a)
and extended model (b) for cohesive zone approach and virtual model of the
microstructure (c) and extended model (d) for bulk homogenization

occurs. However, as discussed in Sec. 2.1, statistical homogeneity is a key assumption
in computational homogenization. Consequently, it is not applicable to materials with
damage localization, which also means that no RVE or UC exist.

In contrast, the damage field in the extended model corresponds to the two copies of the
damage field in the basic model for the cohesive zone, see Figs. 13c – 13f. This also results
in the agreement between the TSLs in Figs. 12a and 13a, and of the energy dissipated
per area of crack growth. Furthermore, the marginal layers ensure that the global crack
propagates parallel to them. This effect can be observed in the shear load case, where
the crack propagates vertically in bulk simulations but horizontally in cohesive zone
simulations. Owing to the symmetry of the virtual microstructure model, vertical and
horizontal crack propagation are physically equivalent. The actual propagation direction
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is determined by slight numerical asymmetries. These numerical asymmetries can be
caused by the discretization method used or asymmetries in the regular voxel mesh, see
also Sec. 2.4.1.

For the cohesive zone, only the observed crack propagation direction parallel to the
marginal layers is physically meaningful. Furthermore, the cohesive zone thickness in
the z-direction acts as an intrinsic, characteristic length for the fracture process. This
arises from the fact that the entire thickness of the cohesive zone is explicitly modeled.
Changing the cohesive zone thickness therefore results in different TSLs as well.

Hence, it was demonstrated that the mechanical behavior in FFT-based homogenization
for cohesive zones is indeed representative of the entire material layer. Consequently, the
basic virtual model of the material layer in Fig. 11a serves as the corresponding UC.
The consistency of the FFT-based method could be shown with this simple numerical
example, accordingly. Furthermore, damage localization, as a physical explanation for
the representative mechanical behavior in contrast to bulk homogenization, applies not
only to the investigated deterministic material but also to random materials. This means
that a mechanically representative model of the microstructure, an RVE, can also be
found using the FFT-based homogenization method for cohesive zones, even for softening
materials.
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Figure 12: Peel mode I: TSLs of basic virtual model and extended model for cohesive
zone approach (a) and stress-strain curves for bulk homogenization (b).; Final
damage field of basic virtual model (c) and extended model (d) for cohesive
zone approach and of basic virtual model (e) and extended model (f) for bulk
homogenization. For comparison, periodic copies are added to the basic model
in (c) and (e), where the original basic model is marked with a black frame.
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Figure 13: Shear mode II: TSLs of basic virtual model and extended model for cohesive
zone approach (a) and stress-strain curves for bulk homogenization (b).; Final
damage field of basic virtual model (c) and extended model (d) for cohesive
zone approach and of basic virtual model (e) and extended model (f) for bulk
homogenization. For comparison, periodic copies are added to the basic model
in (c) and (e), where the original basic model is marked with a black frame.
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3.3. Estimation of the required marginal layer properties using
numerical experiments

3.3.1. Peel mode I

The choice of material parameters and thickness of the marginal layers is critical for
an application of the FFT-based homogenization for cohesive zones in the industry.
Stiff marginal layers were also used in [133] to eliminate the periodicity of the solution
fields and obtain the local mechanical response of a non-periodic composite material. A
marginal layer thickness of one voxel was chosen, and the marginal layer stiffness was
increased until the mechanical response converged toward an (approximately) unique
stress-strain curve. It was observed that the computational times also increased with
increasing stiffness. On the one hand, the boundary condition at the cohesive zone
interface should be approximated well enough to obtain valid results. On the other hand,
the computational times should not increase significantly, and the required effort to
identify the parameters of the marginal layers should also be reasonable.

In this section, the effect of the marginal layer thickness on the boundary conditions
at the interface and the periodicity of the resulting displacement fields is investigated.
The goal is to provide recommendations for applying the novel homogenization method
in the industry. Additionally, the effect of the marginal layer stiffness is discussed. For
this purpose, FFT-based homogenization for cohesive zones is applied to a representative
adhesive layer in order to estimate appropriate parameters. This model is used because
computational times for the FFT simulation with the sandwich core are currently too high
for a parameter study, and adhesive layers are one of the most prominent applications of
CZM.

The virtual RVE for the heterogeneous adhesive layer with typical constituents is
shown in Fig. 14a. It consists of a polymer matrix with spherical glass beads as filler
and pores that are often induced during the manufacturing process of an adhesive joint.
Furthermore, the virtual RVE has a size of 80 × 80 × 40 voxels (without the marginal
layers) and is periodic in x- and y-direction. The voxel size is 5 µm and was determined
from a mesh convergence study. The diameter of the solid glass beads is 35 µm and the
volume fraction was set to 10%. Furthermore, the assumption of spherical pores with a
diameter of 42 µm was made. The diameter and the volume fraction of 2.6% were taken
from [134], where, among other things, the porosity of epoxy resin-based adhesives was
analyzed using a µ-CT scan. As also shown in [134], it can also be assumed that the
pores are concentrated at the center of the adhesive layer. Hence, a minimal distance of
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60 µm from the layer boundary to the pore center was imposed.
The RVE was generated using an RSA algorithm, as was also discussed in Sec. 1.3.3.

The representativeness of the generated RVE for the geometry of the microstructure is
ensured by the RSA algorithm, since all assumptions about the characteristics of the
microstructure, e.g., size, shape, and volume fractions of pores and glass spheres as well
as their distribution within the microstructure, are input parameters. Moreover, the
representativeness of the mechanical behavior was verified. For this purpose, virtual
models of the microstructure with different sizes were generated, and the resulting TSLs
were compared. The TSLs of the RVE and larger models showed a good agreement
considering the typical scattering in experimentally determined TSLs. Similarly, a good
agreement was also found for five different realizations of the same size, showing the
representativeness of the mechanical behavior. This is a typical procedure to determine
the size of an RVE, see [41].
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Figure 14: (a) Virtual RVE for the adhesive layer with crack pattern under mode I
loading. The polymer matrix is displayed transparently for better clarity; (b)
Mode I TSLs for different marginal layer thicknesses.

The linear Drucker-Prager model with non-local ductile damage from Sec. 2.1 was
used to describe the mechanical behavior of the polymer matrix, whereas the glass beads
were modeled as isotropic, linear elastic. The material parameters used in the simulations
are summarized in Tab. 2. The characteristic length parameter was 40 µm, which was
determined using numerical experiments, following the same process described for the
two-dimensional model in Sec. 3.2. It should be remarked that especially the parameters
of the polymer matrix are only assumptions for a typical behavior from laboratory
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experience and do not correspond to any existing adhesive. There is also a wide range
of adhesives with significantly different mechanical properties available in research and
industry, which will not be further addressed.

Table 2: Material parameters used for the polymer matrix, the glass beads (GB), and
the marginal layers (ML) in the adhesive.
E (MPa) ν (-) d0 (MPa) H (MPa) ξ (-) η (-) η̄ (-) p0

nl (-) p f
nl (-)

Matrix 2000 0.4 40 100 0.577 0.577 0 0.07 0.5
GB 68900 0.21 - - - - - - -
ML 70000 0.33 - - - - - - -

The computational homogenization was carried out for peel mode I considering four
different thicknesses of the marginal layers: zero voxels, one voxel, three voxels, and ten
voxels. The computational times of the FFT simulation were 5934 s, 6905 s, 7518 s,
and 10719 s, respectively. Especially when compared with the typical scattering in
experimental results, as, e.g., shown in [92, Figure 16], a good agreement between the
resulting TSLs can be observed in Fig. 14b, even if no marginal layer is present. As shown
in Fig. 14a, the crack is fully contained within the adhesive layer, which corresponds to
a cohesive failure.

In order to further assess the effects of the marginal layer thickness, the displacement
fields in z-direction (peel) at the interface of the cohesive zone are shown in Fig. 15,
where a mode I separation of 0.023 mm was prescribed. These displacement fields
and displacement fluctuations at the interface are the most critical throughout the
entire load history. The displacements u⃗ were computed at each voxel center using the
resulting displacement fluctuation field from simulations and the macroscopic (average)
displacement gradient of the separation vector H, which reads

u⃗ (x⃗ ) = H · x⃗ + u⃗∗ (x⃗ ) with H = 1
tcoh

⎛⎜⎜⎜⎝
0 0 w

0 0 v

0 0 u

⎞⎟⎟⎟⎠ . (3.16)

It can be observed in Fig. 15 that the marginal layer thickness influences the approxi-
mation accuracy of the desired Dirichlet-type boundary condition at the interfaces of
marginal layers and cohesive zone. Increasing this thickness reduces deviations from the
constant displacement field and thus improves the approximation accuracy. In the cases
without marginal layer in Fig. 15a and with a thin marginal layer of one voxel thickness
in Fig. 15b, the maximum deviations were both on the order of magnitude of about
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10−4 mm. This value is roughly 100 times smaller than the separation. The effect of the
one-voxel-thick marginal layer on the approximation accuracy of the boundary condition
is therefore small, which shows that it is too thin.

These deviations for a three-voxel marginal layer thickness and a ten-voxel thickness,
presented in Fig. 15c and 15d, were on the order of magnitude of about 10−5 mm and
10−6 mm, respectively. This is 10−3 times smaller than the prescribed separation for
the three-voxel case and 10−4 times smaller for the ten-voxel case. Thus, a significant
effect of the three-voxel-thick marginal layers on the approximation accuracy can already
be observed, while the increase in computational time is not as large for the ten-voxel
thickness. This indicates that the three-voxel thick layer provides a good compromise
between approximation accuracy of the boundary conditions and computational times.
Furthermore, it was verified that the difference between the displacements at the upper
and the lower interfaces, the separation, generally coincides well with the prescribed
separation. This also indicates a sufficiently good approximation of the prescribed
separations using the volumetric average strains from Eq. (3.9) in the FFT solver.

Furthermore, the stiffness of the layers was increased by a factor of ten to 700,000 MPa,
but the simulations failed to converge within 100,000 iterations. Nevertheless, Fig. 15
already offers information on the error, which is induced by the use of non-infinitely
stiff marginal layers. As already mentioned in Sec. 3.1, marginal layers with an infinite
stiffness perfectly satisfy the desired Dirichlet-type boundary condition. For an infinite
stiffness, the thickness of the layers becomes irrelevant. The deviation of the displacement
field at the interface from the prescribed constant separation in Fig. 15 represents the
absolute error in the boundary condition and thus the induced error compared with
infinitely stiff marginal layers. Accordingly, it is expected that increasing the stiffness
reduces the error compared with more compliant layers of the same thickness. This
would allow for a reduction in the thickness of the layers while maintaining the same
level of accuracy.
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Figure 15: Displacement fields at the adhesive layer interface in peel mode I without
marginal layers (a) and for a marginal layer thickness of (b) one voxel, (c)
three voxels, and (d) ten voxels at a peel separation of 0.023 mm.
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3.3.2. Shear modes II/III

Besides the study for peel mode I, investigations for the out-of-plane shear mode III were
also carried out. However, it is not distinguished between mode II and III owing to the
fact that the RVE is (approximately) isotropic in the xy–plane and therefore in shear.

The investigations in shear mode revealed a similarly good agreement between the
TSLs in Fig. 16b as in mode I. Only the simulation results without a marginal layer and
those with a marginal layer thickness of one voxel show a deviation from the other curves.
However, this deviation is still very small when compared with the expected experimental
scattering between different measurements using the same adhesive layer and test setup,
see, e.g., [92, Figure 16]. Similar trends as in mode I could also be observed for the
computational times, which were 11989 s, 5812 s 9797 s, and 13573 s for a marginal layer
thickness of zero voxels, one voxel, three voxels, and ten voxels, respectively. Only the
computational time for the model without marginal layers was relatively high, which
could be caused by the crack location.
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Figure 16: (a) Virtual RVE for adhesive layer with crack pattern under shear (mode III)
loading. The polymer matrix is displayed transparently for better clarity; (b)
Shear mode TSLs with different marginal layer thicknesses.

As shown in Fig. 16a, the crack occurred close to the lower interface of the adhesive
layer, which corresponds to adhesive failure between the marginal layer and the polymer.
Without a marginal layer, the damage field can also propagate through the interface
in the z-direction, which represents a completely different model. Hence, the fracture
behavior and the computational times cannot be compared straightforwardly to the other
cases. The failure at the interface between polymer and marginal layer is usually not
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desired but also often observed in experiments in shear mode, even if there is perfectly
cohesive fracture in mode I. However, the fracture behavior of an adhesive failure at an
interface is usually completely different from the fracture behavior of the bulk. Such a
particular fracture model for interface failure at the microscale was not implemented
in the model. Hence, the validity of the model in shear mode is questionable from a
physical standpoint, and the corresponding results should be interpreted with caution.

Nevertheless, the simulations are purely numerical experiments and are useful to
support the observations for mode I. Accordingly, the relevant displacement fields, in
this case those in the x-direction, were also investigated regarding the satisfaction of the
desired boundary conditions for the cohesive zone. They were computed according to
Eq. (3.16) and the results are presented in Figs. 17a, 17b, 17c, and 17d, for the marginal
layer thicknesses of zero voxels, one voxel, three voxels, and ten voxels, respectively. The
depicted displacement and displacement fluctuation fields at a separation of 0.063 mm
were the most critical throughout the entire load history.

Without marginal layers, the typical deviation from the required constant displacement
field was approximately one-tenth of the shear separation. This value was reduced to 10−2

for a marginal layer thickness of one voxel, which is the same as in mode I. Moreover,
for thicknesses of three and ten voxels, it further decreased to 10−3. However, for three
voxels, the value is at the upper limit of this order of magnitude, while for ten voxels, it
lies in the lower range. As in mode I, it can therefore be concluded that a marginal layer
thickness of three voxels is already sufficient, as further increases do not significantly
improve the accuracy.
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Figure 17: Displacement fields at the adhesive layer interface in shear mode (III) without
marginal layers (a) and for a marginal layer thickness of (b) one voxel, (c)
three voxels, and (d) ten voxels at a shear separation of 0.063 mm.
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3.3.3. Discussion and recommendations for the parameter estimation

The observations from the previous simulations of the adhesive can now be used to derive
recommendations for the estimation of appropriate parameters of the marginal layers.

First, one may argue that the marginal layers are not necessary based on the good
agreement between all resulting TSLs in shear and peel. However, apart from approxi-
mating the desired Dirichlet-type boundary conditions from Eq. (3.10), they also ensure
that the (global) direction of crack extension is parallel to them. This is required to be
consistent with the macroscopic crack plane of the cohesive zone, as discussed in Sec.
3.2. The results also indicate that the thickness of three voxels or 15% of the material
layer thickness is sufficient with the given linear elastic, isotropic material parameters,
which are typical for aluminum. This is a commonly used material for adherends.

Based on these findings, it is recommended to use the elastic material parameters
of the adherends, or the surrounding bulk in the case of other material layers that
are not adhesives, as a starting point for an industrial application of the proposed
method. First, the process of optimizing the parameters toward the best compromise
between computational time and accuracy may be very time-consuming, depending on
the computational times of the simulations. Second, the approach considers that even in
real material layers, the displacement field at the interfaces of the cohesive zone and the
surrounding bulk material is not exactly constant from a physical standpoint. Therefore,
more realistic fields are obtained if these material parameters are selected for the marginal
layers.

A marginal layer thickness of approximately 15% of the material layer thickness is
suggested as an initial estimate, based on the findings for the adhesive. However, the
results cannot generally be extended to other material layers. Thus, it should be checked if
the Dirichlet-type boundary conditions are satisfied with sufficient accuracy by analyzing
the corresponding displacement fields for each simulation as in Figs. 15 and 17. Then,
the thickness and/or stiffness can be increased if the achieved accuracy with the initially
estimated parameters is not sufficient. The simulations also showed that, if possible, an
increase in thickness is preferable to an increase in stiffness, as a higher stiffness led to
convergence problems.

Furthermore, it is also recommended to check if the Hill-Mandel condition holds
with sufficient accuracy in each simulation. This condition is significantly influenced by
modifying the boundary conditions of the material layer using the marginal layers, see Sec.
3.1. However, care must be taken in the interpretation of the results. Only investigating
the Hill-Mandel condition without checking the displacement fields is not sufficient to
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evaluate the accuracy of the boundary conditions, because the Hill-Mandel condition
is also satisfied by the periodic boundary conditions without marginal layers. If the
Hill-Mandel condition is not satisfied sufficiently by the initially estimated parameters,
increasing the stiffness and/or thickness of the marginal layers nevertheless improves this
accuracy. This improvement arises since the accuracy of the desired boundary conditions,
for which it could be shown in Sec. 3.1 that the Hill-Mandel condition holds, is also
increased. Note that the corresponding analysis was also carried out for the adhesive
layers and the condition was satisfied in all simulations.

Moreover, care has to be taken if the stiffnesses of the material layer and the surrounding
bulk material are on the same order of magnitude or if the latter is more compliant.
Then, the boundary conditions cannot be approximated sufficiently. In addition, even
the influence of the local fields at the microscale on the macroscopic fields in the vicinity
of the material layer should be examined, which requires further research. Despite the
fact that there may be some special exceptions, this case is expected to be rather unlikely
in industrial applications. If it does occur, CZM would not be well-suited for most cases,
as in-plane loads are neglected in CZM and are therefore expected to be small in the
material layer compared with the surrounding bulk.

4. Virtual model of the microstructure of the sandwich
core

4.1. Experimental characterization of the microstructure of the
sandwich core

In this section, the generation of the virtual model of the microstructure for the HybrixTM

sandwich core is presented. As discussed in Sec. 1.3.3 on the state of the art in the
generation of virtual models of a microstructure, these models are usually developed
based on an experimental characterization of the microstructure. This characterization is
typically performed using µ-CT scans and microscopy. Both methods were also applied
to the sandwich core.

The configuration of the metal plates used in this study consists of aluminum face
sheets with a thickness of 0.5 mm each and the core with a thickness of 1.5 mm, see also
Sec. 1.1. For the experimental characterization of the microstructure, microscopy was
used to determine the fiber diameter, the fiber length, the volume fraction of the fibers,
and the fiber orientation. These parameters also serve as input to the model of the fiber
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structure. Apart from the fiber orientation, which is linked to the other parameters in
the next Sec. 4.2.1, they are all production parameters for the plates as well, see also
Sec. 1.2.

The fiber length was determined to be 2 mm by extracting a fiber from the sandwich
core and measuring it using an Olympus Stereomicroscope SZH 10 (Olympus Corporation,
Hachioji, Tokyo, Japan). Furthermore, micrographs in the xy–plane at two different
positions were taken for the determination of the other parameters. Position 1 is close
to the face sheet, referred to as the "top face sheet", and position 2 is located near
the "bottom face sheet", as shown in Fig. 18. This distinction between the face sheets
is necessary because the microstructure is not homogeneous in the through-thickness
direction z, which will become clear at the end of this section. The two positions are
sufficient for the experimental characterization, since the idea behind the plates is that
the fibers connect the face sheets. The binder should only bond the fibers to the face
sheets and to one another in the vicinity of the face sheets.

Position 1

Position 2

Top face sheet

Bottom face 

sheet

Core

Figure 18: Cross section of a HybrixTM plate with a core thickness of 1.5 mm and 0.5 mm
thick aluminum face sheets, including a schematic illustration of the positions
of the micrographs taken.

In order to obtain the micrographs, a small specimen was cut and embedded into
microscopy resin using a vacuum infusion technique. The vacuum infusion is needed
owing to the high porosity of the sandwich core. The polishing process can cause defects
in the free fiber segments, which are not fully embedded in binder. Starting from the top
face sheet, the specimen was ground in (negative) through-thickness direction z until the
intended position within the core was reached. The surface was then polished following
standard procedures, see [135, pp.143-146]. Correspondingly, position 1 was at a distance
of about 0.03 mm from the top face sheet and position 2 at a distance of about 0.15 mm
from the bottom one. Both values were determined by measurements of the thickness of
the sample with a standard caliper and the known face sheet thickness and core thickness.

Positions 1 and 2 were selected to ensure that all fibers at the face sheets were captured
by the microscopy. Furthermore, position 2 was set to 0.15 mm from the face sheet
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because specimens at this location were also used for microindentation experiments in
the parameter identification of the material models, see Sec. 5. The use of micrographs
ensures that the composition of the investigated surface is known, which prevents the
inclusion of microscopy resin in the measurements.

The microindentations were carried out at position 2 owing to the fact that, unlike
position 2, the surface at position 1 mainly consisted of microscopy resin and only a small
amount of fibers and binder. Furthermore, the microscopy resin could not completely fill
the core despite the application of vacuum infusion. In the microindentation, these pores
could lead to an unstable substrate beyond the indentation and therefore to incorrect
measurement results. Accordingly, the grinding process for position 2 was performed
in the negative z-direction from the top to the bottom face sheet, such that only a
small layer of the core remained. However, as discussed in detail in Sec. 5.1, the
maximum indentation depth should be limited to a tenth of a characteristic length of the
microstructure, which is 50 µm. The thickness of the remaining layer of the core should
also be larger than this characteristic length, since the layer thickness would otherwise
act as this characteristic length. Hence, the layer thickness was chosen as 0.15 mm in
order to have some additional safety in the case of small variations of the core thickness
and in the production of the specimens.

Each of the obtained micrographs has a size of 2048 × 1536 pixels or 2.38 × 1.78 mm
at position 1 and 1.59 × 1.19 mm at position 2, respectively. Magnifications of 20x and
30x were used. The overall surface area investigated was 41.0 mm2 for position 1 and
24.3 mm2 for position 2. A typical micrograph is shown in Fig. 19a. The fibers were then
separated from the rest of the image based on the gray values of the pixels according to
standard image processing methods [54, pp.129-156] using the Python package OpenCV
[136]. Smaller subsamples of varying sizes were extracted from all micrographs to ensure
that a sufficient number of micrographs was investigated for statistical significance. The
analysis of these subsamples confirmed that the number of observed fibers was adequate.

The identified fibers from the exemplary micrograph Fig. 19a are marked with red
ellipses in Fig. 19b. The fitted ellipses were then used to determine the fiber diameter.
For this purpose, the assumption of a circular fiber cross section was made, such that
the minor axis of the ellipse corresponds to the fiber diameter. The length of the major
axis of the ellipse is then determined by the fiber orientation with respect to the z-axis.
The (mean) fiber diameter was found to be 50 µm.
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(a) (b)

Figure 19: (a) Typical micrograph of the HybrixTM core and (b) ellipses fitted to the
identified fibers.

Furthermore, it was also found that the surface area of the observed ellipses in the
micrographs is the smallest for those that have the highest aspect ratio. This aspect
ratio is defined as the length of the minor axis divided by the length of the major axis.
Here, the highest possible aspect ratio of one indicates a circular fiber cross section.
The corresponding data is presented in Fig. 20. Note that lower aspect ratios, and
consequently larger ellipse areas, occur at position 2. This is due to the greater orientation
angles compared with position 1, as discussed in the following paragraphs. Since the
surface area of a fiber in the micrograph is the smallest when aligned with the z-axis, the
highest aspect ratio corresponds to fibers in this direction. Hence, a circular cross section
can be attributed to fibers oriented along the z-axis. Accordingly, it can be concluded
that the assumption of a circular cross section holds.

The confirmation of this assumption was then used to estimate the fiber volume
fraction. For this purpose, the volume of a single fiber can be computed with the known
radius of the circular cross section and the also known fiber length. This calculation
results in a fiber volume fraction of 4% at position 1 and 13% at position 2. This
difference can be explained by the fact that many fibers do not connect both face sheets
and therefore are only present at the bottom face sheet at position 2. This observation
demonstrates that the sandwich core is inhomogeneous in the through-thickness direction.
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Figure 20: Area of the ellipses fitted to the observed fibers in the micrographs versus
their aspect ratio.

(a) (b)

Figure 21: (a) Scheme of the orientation of a fiber segment.; (b) Schematic illustration of
the method of ellipses.

Following [54, pp.199-204], the method of ellipses for fibers with circular cross sections
was used to obtain the fiber orientation in the next step. A scheme of the fiber orientation
with the orientation angle γ between the fiber and the x-axis, and the orientation angle
β between the fiber and the z-axis is shown in Fig. 21a. Moreover, Fig. 21b depicts a
scheme of the method of ellipses. It is exploited that the intersection angle of a cylinder
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with a cutting plane can be computed by means of the resulting ellipse. According to
this model, β is obtained by

cos β = lmi

lma
. (4.1)

lmi and lma represent the length of the minor and major axis of the corresponding ellipse
in the micrograph, respectively. The resulting probability density function (PDF) and
cumulative distribution function (CDF) of β are depicted in Figs. 22a and 22b. The
curves for position 1 are relative to those for position 2. If all fibers with a length of lfib

had been straight and had connected both face sheets (or positions), they would have
had an orientation angle of βstr = cos−1(tcoh/lfib) = 41◦. At this value, the maximum of
the PDF is also approximately located. Therefore, fibers with smaller orientation angles
are expected to be curved, whereas fibers with larger orientation angles likely do not
connect both face sheets. The latter have one end close to position 2 and the other one
somewhere between position 1 and 2. Furthermore, the angle γ is not evaluated owing to
the fact that no information was available on the orientation in the xy-plane during the
production process of the plates.
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Figure 22: PDF (a) and CDF (b) for the orientation angle β from microscopy at z-
positions 1 and 2.

In addition to the microscopy, a µ-CT scan was performed with a small specimen
of the plate using a TomoScope® XS (Werth Messtechnik GmbH, Gießen, Germany).
The scan produces a three-dimensional gray value image of the specimen. Standard
three-dimensional image processing methods [55, pp.79-148] were then used to segment
the image into the constituents of the core. The gray value contrast between fibers and
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binder was not significant enough for a successful segmentation. Nevertheless, it was
possible to distinguish the porosity from fibers and binder.

z

x
y

Figure 23: Fibers and binder (red) in the segmented µ-CT scan of the HybrixTM core.

The segmented scan is presented in Fig. 23, where fibers and binder are shown in
red and the pore space is transparent. The free fiber segments reveal that the fibers are
significantly curved, as it was also expected based on the analysis of the orientation angle
β. Furthermore, a concentration of fibers and binder can be observed in the xy-plane
at low z values, which corresponds to position 2. In contrast, only a small amount of
fibers and binder is observed at high values of z, which corresponds to position 1. These
observations also coincide qualitatively well with the observed inhomogeneity of the
estimated fiber volume fractions from microscopy.

Moreover, the segmented scan was used to determine the binder volume fraction. The
porosity was found to be at about 65%, which leaves a volume fraction of 35% for fibers
and binder. With the known fiber volume fraction of 13%, the binder volume fraction
was therefore estimated to be 22%. Furthermore, a thin layer of binder at the interface
of the face sheet near position 1 is expected to connect the fibers to the face sheet, but
it does not appear in the segmented scan. This can be explained by the fact that the
interface between the top face sheet and the core was blurred in the gray value image
and could not be segmented properly.
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4.2. Generation of the virtual model of the microstructure

4.2.1. Generation of the fiber structure

Based on the experimental observations, an algorithm for the generation of virtual models
of the microstructure was developed. It is also ensured that the generated virtual model
of the microstructure is periodic within the cohesive zone to be in accordance with the
corresponding periodic boundary conditions in Eq. (3.10).

Following the principal ideas of the literature discussed in the last paragraph of Sec.
1.3.3, the fiber structure is created using a CRA by minimizing an objective function,
whose detailed construction is discussed below. Furthermore, four key requirements are
considered with the purpose of getting a realistic model of the fiber structure:

• The fibers are curved.

• Fiber orientation and volume fraction should match the results from microscopy.

• The overlap between all fibers should be avoided or at least be as small as possible.

• The fibers should not exceed the domain boundaries of the cohesive zone in through-
thickness direction.

The first and the second points arise from the observations of the previous Sec. 4.1. The
third and fourth points emerge owing to the fact that large overlaps between the fibers
and between fibers and the face sheets are unphysical.

The fibers are geometrically modeled as cylinders, where each fiber is divided into
20 segments with an equal length of lseg = 0.1 mm. Each of the cylindrical segments
is mathematically described by its central line segment, also referred to as "axis of a
cylinder". It connects the center points of the circular bases and is orthogonal to them.
These center points of the circular bases are referred to as "segment end points" in the
following.

Fig. 24 shows the geometric model of a fiber i, which only has three segments instead
of 20 for the sake of clarity. In general, the relative angles between the segments j

and j + 1, β r
ij and γ r

ij, allow for the consideration of fiber curvature in the model,
which is also demonstrated for segments 1 to 3 in the figure. β r

i1 is the orientation
angle between segment 2 and the z1-axis of the local coordinate system of segment
1. γ r

i1 is the orientation angle between segment 2 and the local x1-axis. The relative
orientations of segment 3 with respect to the local coordinate system of segment 2 are
defined correspondingly. Apart from these relative angles and the given segment length,
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the global angles of the bottom segment 1, βb
i and γb

i , the position of the bottom end
point x⃗b

i as well as the fiber radius rfib are assigned to each fiber i.

Figure 24: Scheme of the geometrical model of an exemplary fiber i with three segments.

The bottom end point of each fiber is used as the base point for its geometrical
description, as it is usually the closest point to the bottom face sheet/position 2. Only
at this position, the correct fiber volume fraction and, hence, the required number of
fibers in the model are known. Following the same argument, the observed distribution
of the fiber orientation angle β is also applied to the bottom segment of each fiber.
Accordingly, the global angles βb

i and γb
i are assigned to these segments. All points on

the central line segments and also the global orientation angles of each fiber segment can
be computed with the above parameters. Hence, the segment end points are sufficient
for a full geometrical description of the fibers.

The segment end point of each segment j of fiber i on the central line segment can be
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computed as

x⃗ se
ij =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x⃗b
i , for j = 0

x⃗b
i + lseg Rγb

i
· Rβb

i
· (0 0 1)T , for j = 1

x⃗ se
i (j−1) + lseg

⎛⎜⎜⎜⎜⎝Rγb
i

· Rβb
i

·
j−1∏︂
k=1

[︂
Rγ r

ik
· Rβ r

ik

]︂
·

⎛⎜⎜⎜⎜⎝
0

0

1

⎞⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎠ , else

(4.2)

in the global coordinate system. The parentheses around the entries in the index are
used to clarify to which index the corresponding mathematical operations belong. Here,
i represents the first index and (j − 1) the second one. The first line of Eq. (4.2) is
the first segment end point of the bottom segment 1, and corresponds to the bottom
end point of a fiber. Furthermore, the second segment end point is computed in the
second line of Eq. (4.2). The segment, which is initially oriented in the z-direction, is
first rotated around the global y-axis by βb

i . Then, it is rotated around the global z-axis
by γb

i . Here, Rβb
i

and Rγb
i

represent the corresponding standard rotation matrices.
Similarly, all other segment end points are calculated, as described in the third line

of Eq. (4.2). The cumulative product from k = 1 to j − 1 arises from the fact that the
rotation angles β r

ik and γ r
ik are defined in the local coordinate system of the corresponding

fiber segment. Therefore, the multiplication of Rβ r
i (j−1)

and Rγ r
i (j−1)

with the initial
orientation vector (0 0 1)T yields the orientation vector of the segment j in the local
coordinate system of segment j − 1. Rβ r

ik
and Rγ r

ik
represent the standard rotation

matrices around the local y-axis with angle β r
ik and the local z-axis with angle γ r

ik. The
obtained orientation vector of the segment then needs to be transformed into the global
coordinate system. This is achieved through multiplication by the relative transformation
matrices of all previous segments k, Rγ r

ik
· Rβ r

ik
, and the global transformation matrices

Rγb
i

and Rβb
i
. To obtain the desired segment end point, the global orientation vector

from this computation is multiplied by the segment length and then added to the position
vector of the previous segment end point.

Each point on the central line segment can be calculated from the segment end points
by

x⃗ cs
ij (s) = x⃗ se

i (j−1) + s
(︂

x⃗ se
ij − x⃗ se

i (j−1)

)︂
with s ∈ [0, 1], (4.3)

since each central line segment is a straight line from a geometrical standpoint.
In the next part of this work, the construction of the objective function for the
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optimization problem is discussed. Despite the fact that the fiber curvature is intended,
from a physical point of view, the fibers are expected to be straight initially. Hence,
elastic energy is needed to bend the fibers during the production process. A penalty
for fiber curvature is added to the objective function, which is of a similar type to the
overlap between two fibers. Following the trigonometric considerations presented in Fig.
25, this overlap between two neighboring fiber segments j and j + 1 of fiber i is calculated
according to

δc
ij = rfib sin

(︂
β r

ij

)︂
, (4.4)

where rfib is the radius of the fiber cross section.
Then, the corresponding part in the objective function is determined by forming the

sum of these squared overlaps of all segments and fibers

fc (β r) = 1
2

nfib∑︂
i=1

nseg−1∑︂
j=1

(︂
δc

ij

)︂2
. (4.5)

nfib and nseg denote the number of fibers and segments, respectively.
The square ensures that the function is continuously differentiable and could also

potentially be used in gradient-based optimization methods. The factor 1
2 then would

yield a more compact form of the gradient by eliminating the factor two in the derivative.
Similar formulations for the individual parts of the objective functions were also proposed
by other authors in the literature for the same reasons, see e.g. [66–68]. Moreover, the
dependent variables in the contribution to the objective function fc are summarized as

β r =
(︂

β r
11, ..., β r

nfib1, ..., β r
nfib(nseg−1)

)︂
. (4.6)

The n-tuple β r includes all orientation angles β r
ij for all fibers i and segments j.

Additionally, a model for the distribution of the orientation angle β and a consideration
in the objective function of the optimization problem are needed to match the desired
experimentally determined distribution. The PDF for βb

i is modeled by a triangular
distribution from its limits of 0◦ to βmax = 90◦ with the maximum at βstr. It is given by

PDFm(β) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
2β

βmax βstr
, for β ≤ βstr

2 ( βmax − β )
βmax ( βmax − βstr )

, for βstr < β < βmax.
(4.7)

The corresponding model PDF is also shown in Fig. 26 in comparison with the experi-
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Figure 25: Overlap between two fiber segments through fiber curvature.

mental data from microscopy. The CDF of the triangular model then yields

CDFm(β) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
β2

βmax βstr
, for β ≤ βstr

1 − 2 (βmax − β )2

βmax (βmax − βstr)
, for βstr < β < βmax.

(4.8)

As it was already discussed above, βstr = cos−1(tcoh/lfib) = 41◦ presents the orientation
angle for a straight fiber connecting both face sheets. This is the preferred and most
likely state of a fiber from an energetic standpoint.

Furthermore, an alternative model PDF with a different shape was tested. This function
increases linearly from 0◦ to βstr and remains constant from βstr to 90◦. However, the
triangular model provided the best agreement with the experimental results.

At first glance, this result may seem counterintuitive, since the initially linear and then
constant model appears to better match the experimentally determined distribution.
However, the triangular distribution is prescribed at the bottom segment and, for
some fibers, this segment can be located below position 2, where β is evaluated in the
microscopy. Hence, the triangular model can deviate from the experimentally determined
distribution of β and still lead to a good agreement between the microscopy and the
virtual model of the microstructure, as demonstrated in Sec. 4.3.1.
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Figure 26: Triangular model distribution for the orientation angle β compared with the
resulting PDFs from microscopy at z-positions 1 and 2.

Moreover, the empirical CDF of the fibers in the generated fiber structure can be
computed as

CDFemp (β) = 1
nfib

nfib∑︂
i=1

I
(︂

βb
i ≤ β

)︂
. (4.9)

I(•) denotes the indicator function, which is one if the statement in the argument of the
function is true and zero otherwise.

In the objective function, the empirical CDFemp is compared with the model one,
CDFm, using the mean squared error

MSEβ = 1
nfib

nfib∑︂
i=1

[︂
CDFemp

(︂
βb

i

)︂
− CDFm

(︂
βb

i

)︂]︂2
. (4.10)

Furthermore, the angle γb
i of each fiber i is assumed to be arbitrary in the model, since

there was no information available on how to link the orientation in the xy-plane to the
production process of the plates. Nonetheless, the microstructure can be regarded as
isotropic in the xy-plane, considering a reasonable tolerance. This is demonstrated in
detail in Sec. 4.3.5.

In the next step, the contribution of the overlap between the fibers to the objective
function is described. In order to compute this overlap, the shortest distance between
the central line segments is used. For the computation of this distance ∆fib_fib

ijkl between
the central line segments of segment j of fiber i and segment l of fiber k, the geometrical

93



4. Virtual model of the microstructure of the sandwich core

method presented in [137, 138] is applied. The method is described in detail in Appendix
A.

Figure 27: Overlap between two fiber segments of different fibers.

Then, the overlap can be calculated according to

δfib_fib
ijkl = max

(︂
0, −∆fib_fib

ijkl + 2rfib
)︂

for i ̸= k, (4.11)

which is also schematically displayed in Fig. 27. No overlap occurs, if ∆fib_fib
ijkl is larger

than the sum of the fiber radii. Actually, the equation was developed for sphero-
cylindrical fibers with spherical fiber ends. However, in the model, the fibers have flat
ends. Therefore, Eq. 4.11 does not hold in the special case that the shortest distance
of two fiber segments includes at least one of the flat fiber ends. Nevertheless, this
simplification is accepted in this work, as it only leads to an increase of the distance
between the fibers and still does not allow for overlap. Moreover, the simplification was
also made by other authors, e.g., in [68, 137]. As for the fiber curvature, the corresponding
objective function is computed as the sum of these squared overlaps between all segments
of all fibers, which is given by

ff
(︂

β r, βb, γ r, γb, x⃗b
)︂

= 1
2

nfib∑︂
i=1

nseg∑︂
j=1

nfib∑︂
k=i+1

nseg∑︂
l=1

(︂
δfib_fib

ijkl

)︂2
. (4.12)
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The dependent variables are summarized as

βb =
(︂

βb
1 , ..., βb

nfib

)︂
, γb =

(︂
γb

1 , ..., γb
nfib

)︂
, γ r =

(︂
γ r

11, ..., γ r
nfib1, ..., γ r

nfib(nseg−1)

)︂
, (4.13)

and x⃗b =
(︂

x⃗b
1 , ..., x⃗b

nfib

)︂
.

The n-tuples βb, γb, and x⃗b include all βb
i , γb

i , and x⃗b
i for all fibers i, whereas the entries

of γ r are all angles γ r
ij for all fibers i and segments j.

Furthermore, the fibers should not exceed the domain boundaries of the cohesive zone
in through-thickness direction z. A penalty for the corresponding overlap is added to
the objective function for this purpose. The penetration of the fiber through the upper
boundary, the top face sheet, at z = tcoh is given by

δ ts
i = max

(︃
0,
[︂
x⃗ ts

i

]︂
3

+ rfib sin
(︂

β ts
i

)︂
− tcoh

)︃
. (4.14)

[x⃗ ts
i ]3 corresponds to the z-component of the segment end point of fiber i with the largest

value of z. It is defined according to

[︂
x⃗ ts

i

]︂
3

= max
(︂[︂

x⃗ se
i1

]︂
3
, ...,

[︂
x⃗ se

i (nsegs)

]︂
3

)︂
. (4.15)

Figure 28: Overlap of a fiber with the top face sheet.
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In addition, β ts
i represents the orientation angle of the segment that belongs to x⃗ ts

i

with respect to the z-axis. It can be computed from the analytical segment end points in
Eq. (4.2). The expression for the overlap, Eq. (4.14), was derived from a geometrical
consideration, which is schematically shown in Fig. 28. Besides the penetration depth
of the highest segment end point into the top face sheet, [x⃗ ts

i ]3 − tcoh, the additional
penetration of the flat fiber end is accounted for by the term rfib sin (β ts

i ). As before, the
max condition ensures that δ ts

i cannot become negative if no overlap occurs.

Figure 29: Overlap of a fiber with the bottom face sheet.

Similarly, the overlap of fiber i with the bottom face sheet at z = 0 is given by

δbs
i = max

(︃
0, −

[︂
x⃗bs

i

]︂
3

+ rfib sin
(︂

βbs
i

)︂)︃
. (4.16)

[︂
x⃗bs

i

]︂
3

denotes the z-component of the lowest segment end point of fiber i, which is
negative if the segment end point contributes to the overlap. It is computed as

[︂
x⃗bs

i

]︂
3

= min
(︃[︂

x⃗ se
i1

]︂
3
, ...,

[︂
x⃗ se

i (nsegs)

]︂
3

)︃
. (4.17)

The same geometrical considerations as for the top face sheet were used for the derivation
and the corresponding scheme is presented in Fig. 29. Moreover, βbs

i denotes the
orientation angle with respect to the z-axis belonging to the fiber segment of x⃗bs

i .
Similar to the other overlap types, the corresponding contribution to the objective
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function is formulated as the sum of the squared overlaps of all fibers with the face sheets.
It reads

fs
(︂

β r, βb, γ r, γb, x⃗b
)︂

= 1
2

nfib∑︂
i=1

[︃(︂
δbs

i

)︂2
+
(︂

δ ts
i

)︂2
]︃

. (4.18)

In summary, the objective function for the optimization problem is given by

f
(︂

β r, βb, γ r, γb, x⃗b
)︂

= fc + ff + fs + wβ MSEβ. (4.19)

This (constrained) optimization problem then yields

minimize
β r, βb, γ r,

γb, x⃗ b

f
(︂

β r, βb, γ r, γb, x⃗b
)︂

subject to β r
ij ∈ [0◦, 10◦ ] , βb

i ∈ [0◦, 90◦ ] , γ r
ij ∈ [0◦, 360◦) ,

γb
i ∈ [0◦, 360◦) , and x⃗b

i ∈ [0, L1 ] × [0, L2 ] × [0, 2rfib ]

(4.20)

in the CRA for the generation of the fiber structure, where the dependent variables that
minimize f are sought. Here, wβ is a weight factor, which is required because MSEβ

and the other parts of f have completely different physical significance and orders of
magnitude. It is chosen so that the order of magnitude of MSEβ matches that of the
other contributions to f when the objective function is first evaluated in the optimization
process. This choice prevents one part from being overweighted and the other one from
being almost completely neglected during the optimization.

Furthermore, the upper bound for β r
ij of 10◦ ensures that the curved fibers still appear

smooth despite their geometrical description as straight line segments. The bounds of γ r
ij ,

βb
i , and γb

i ensure that any other desired fiber and segment orientations can be achieved.
The bottom end point x⃗b

i should be close to the bottom face sheet to account for the
observed fiber concentration and apply the measured fiber orientation from Sec. 4.1.
Consequently, the z-component of x⃗b

i is bounded from 0 mm to 2 rfib. The upper bound
provides some flexibility in the positioning of the fibers, which reduces overlap with other
fibers, especially for those with a βb

i close to 90◦. The upper bounds of x⃗b
i and β r

ij were
determined by numerical experiments. The x- and y-components of x⃗b

i are constrained
by the dimensions of the virtual model of the microstructure.

In this work, the minimization was performed using Particle Swarm Optimization
(PSO) [139, 140], which is a global optimizer that tries to imitate the behavior of natural
swarms. Furthermore, bounds on the search space can be applied. In this optimization
process, "particles" are randomly distributed throughout the search space and the velocity
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of each particle in step n + 1 is assigned by

vPSO
n+1 = ωvPSO

n + c1rn
1

(︂
xPSO

lm − xPSO
n

)︂
+ c2 rn

2

(︂
xPSO

gm − xPSO
n

)︂
. (4.21)

The corresponding position in the search space is updated according to xPSO
n+1 = xPSO

n +vPSO
n+1

with
xPSO =

(︃
βb, γb, β r, γ r, xb3

)︃
and xb3 =

(︃[︂
x⃗b

1

]︂
3
, ...,

[︂
x⃗b

nfib

]︂
3

)︃
. (4.22)

xb3 contains the z-component of all x⃗b
i . xPSO

lm and xPSO
gm are the position of the individual

particle with the minimum of the objective function during the optimization process and
the position of the particle with the global minimum, respectively. The corresponding
variables in the PSO are all n-tuples.

c1 and c2 are parameters that mimic the cognitive and social behavior of the swarm,
whereas rn

1 and rn
2 are random variables that are generated for each particle in each step

separately. ω is an inertia parameter. After a given number of iterations, the position
of the particle that yields the lowest value of the objective function is kept as the best
solution of the optimization problem.

In practice, the position in the xy-plane could not be included in the optimization.
Otherwise, strong unphysical concentrations of fibers in the center of the virtual model
of the fiber structure were observed in numerical experiments. In order to avoid this
observed effect, the initially straight fibers, which are oriented in the z-direction, are
placed randomly. During this placement, it is ensured that no overlap between fibers
occurs. Note that this random positioning, together with the natural random choice of
initial parameters in the first step of the PSO, also corresponds to an RSA. As discussed
in Sec. 1.3.3 and according to [64], such an RSA is typically performed in the first step
of a CRA.

The generation of the fiber structure is summarized in Alg. 4, where lines 2-5 describe
this initial placement of the fibers in the xy-plane. The x- and y-components of the
bottom end point x⃗b

i of fiber i are selected randomly within the domain boundaries and
all other geometrical descriptors are set to zero. Then, the contribution of the overlap
between fibers, ff , to the objective function is computed. If it equals zero, the next fiber,
i + 1, is placed. Otherwise, the process is repeated until a position without overlap is
found. The algorithm for the initial fiber placement is stopped when the specified fiber
volume fraction vft is reached within the tolerance tol. The current volume fraction of
the fiber structure vf is purely calculated from the cylindrical geometry of the fibers and
known edge lengths of the cuboidal domain L1, L2, and L3 = tcoh.
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Line 6 then corresponds to the minimization of the objective function f using the
PSO, which provides all required geometrical information for the fiber structure. In the
final step of the algorithm, line 7, the generated geometrical model of the fiber structure
from the optimization process is meshed with a regular voxel mesh (grid). In addition,
meshed spheres with the same radius as the fibers are added at the shared segment end
points in order to obtain a smooth connection between the cylindrical segments. Similar
to two-dimensional standard binary images, the discretized fiber structure on the voxel
grid is stored as a three-dimensional array. Its indices are stored in set Af .

The meshing at this stage of the generation of the virtual model is required for the
addition of binder in the next step. Furthermore, it should also be noted that, besides
PSO, other global optimizers were tested, e.g., simulated annealing [67, 141] and genetic
algorithms [142]. Nevertheless, PSO provided the best results at reasonable computational
times.

Algorithm 4 CRA for generating the virtual model of the HybrixTM fiber structure
1: Function Generate fiber structure ( CDFm, vft, rfib, lfib, Lj):
2: Inititalize: i = 0 and iterate: i until |vft − vf | < tol:
3: Set

[︂
x⃗b

i

]︂
1

and
[︂
x⃗b

i

]︂
2

randomly and[︂
x⃗b

i

]︂
3

, βb
i , γb

i , β r
i1, ..., β r

inseg , γ r
i1, ..., γ r

inseg = 0
4: Compute ff according to Eq. 4.12
5: If ff = 0 then i = i + 1
6: Solve optimization problem in Eq. 4.20 using the PSO in Eq. 4.21
7: Mesh and generate discretized fiber structure Af

8: Return: Af

4.2.2. Addition of binder

In the next step, the binder is added to the meshed fiber structure on the corresponding
voxel grid. For this purpose, the morphological operation "(binary) closing", which is
a combination of dilation and erosion from classical image processing, is used. This
has also been applied similarly in the literature for the generation of virtual models for
microstructures, see, e.g., [55, pp.82-93] and [143]. As already mentioned at the end of
the previous Sec. 4.2.1, the meshed virtual model of the microstructure on the voxel grid
is stored as a three-dimensional array in practice. Therefore, its indices can be interpreted
as a subset of the integer lattice Z3, which was also used in Sec. 2.4.1 for the discretization
of the Lippmann-Schwinger equation. This allows for a simple implementation of the
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morphological operation similar to the implementation for standard binary pixel images
that can also be defined on an integer lattice.

Following [144], the dilation of the three-dimensional image A with the structuring
element B, which both are sets in Z3, is mathematically defined as

A ⊕ B =
⋃︂

b⃗∈B

Ab with Ab =
{︂(︂

a⃗ + b⃗
)︂

∈ Z3
⃓⃓⃓⃗
a ∈ A

}︂
. (4.23)

The set Ab is created by a translation of all points a⃗ that belong to A with a point of the
structuring element b⃗. The union of all Ab, which are computed for every point b⃗ of the
structuring element B, yields the corresponding dilation of A with B. The dilation is
schematically visualized in Fig. 30b for the two-dimensional object in Fig. 30a.

Similarly, the corresponding erosion is defined as

A ⊖ B =
⋂︂

b⃗∈B

A−b with A−b =
{︂(︂

a⃗ − b⃗
)︂

∈ Z3
⃓⃓⃓⃗
a ∈ A

}︂
, (4.24)

where the set A−b is formed by the transformation of A by −b⃗. Then, one obtains the
intersection of all A−b as the erosion of A with structuring element B. An exemplary
scheme of the erosion applied to the dilation from Fig. 30b is presented in Fig. 30c. More
details regarding the mathematical fundamentals of the morphological operations are
given in [145][pp.63-137] and [144]. The closing operation can be performed in multiple
iterations as

((A ⊕ B )n ⊖ B )n
, (4.25)

where n denotes this number of iterations. In this case, the image A always represents
the fiber structure, including a padding with half the size of the structuring element to
handle the boundary effects. In the x- and y-directions, the padding consists of periodic
copies of the respective parts of the microstructure, such that the result of the closing
remains periodic. The padding in the z-direction is completely assigned to the fiber
structure, which ensures a physically realistic and smooth connection of fibers and face
sheets by the binder.

The pseudocode for the addition of the binder to the fiber structure is presented in
Alg. 5. In the first step after initializing the variables, lines 4-7, the iteration number of
the closing operation n is increased until the binder volume fraction vb exceeds the target
value vbt or the specified accuracy of tol is achieved. A spherical structuring element
with radius rse is used, which is always a positive integer, as the structuring element is
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also defined on the integer lattice. The current binder model and, hence, volume fraction
vb is computed as the set difference between the combined fiber-binder set Ai

n and the
initial fiber structure, set A, within domain of the model (line 6). Then, the model with
the highest volume fraction that is still below the target value is stored as Ai+1

0 = Ai
n−1

and the size of the structuring element is reduced by one (line 7). The process is repeated
by iterating i (lines 2 and 3) until the specified accuracy of the volume fraction tol is
achieved. The algorithm is stopped, and the resulting binder model is returned (line 8),
or the size of the structuring element becomes zero (lines 2 and 7). If the algorithm is
stopped because rse becomes zero, the error can either be accepted or an improvement
can be achieved by increasing the mesh resolution until the desired tolerance is reached.

Algorithm 5 Addition of binder to the virtual model of the HybrixTM fiber structure
1: Function Binder (A, vbt): ▷ A is Af including padding
2: Initialize: rse, A1

0 = A, i = 0 and iterate: i = i + 1 until rse = 0
3: Initialize: n = 0 and iterate: n = n + 1 until vb > vbt

4: Ai
n = ((Ai

n−1 ⊕ B (rse))n ⊖ B (rse))n

5: Compute binder model and volume fraction vb from Ai
n/A

6: If |vb − vbt| < tol then
stop algorithm and return Ai

n/A ▷ return binder model
7: Set rse = rse − 1 and Ai+1

0 = Ai
n−1

8: Return Ai
n−1/A ▷ return binder model if rse = 0

Image A

Structural 

element

(a) (b) (c)

Figure 30: Morphological closing operation of image A by a circular structuring element:
Base image (a), image after the dilation operation (b), and final image after
dilation and erosion (closing) (c).
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4.2.3. Marginal layers and final algorithm

The final algorithm is summarized in Alg. 6. First, recall that the production parameters
for the core fiber length lfib, fiber radius rfib, (target) fiber volume fraction vft, (target)
binder volume fraction vbt, and core thickness L3 = tcoh should serve as the only input
parameters for the generation of virtual models, see also Sec. 1.2. The model CDF for
the fiber distribution, CDFm, also only depends on lfib and tcoh, as defined in Eq. (4.8).
Furthermore, the edge lengths L1 and L2 in the xy-plane are input parameters in Alg. 6,
but they are not strictly input parameters for the generation itself. They typically need
to be determined through numerical experiments to ensure that the generated model is
an RVE. However, this was not feasible in this work owing to high computational times,
see Sec. 4.3.6 for details. Nevertheless, it can be concluded that this generation process
for the virtual model of the microstructure relies solely on the production parameters as
input.

In the final step of the algorithm for generating virtual models of the microstructure,
the marginal layers are added to the boundaries of the cohesive zone. These layers have a
thickness of 0.1 mm each, a Young’s modulus of 70 GPa, and a Poisson’s ratio of 0.33. The
parameters were selected following the recommendations from Sec. 3.3.3. Accordingly,
the material parameters correspond to those of the bulk material surrounding the cohesive
zone, the aluminum face sheets. The thickness of the marginal layers is 13.3% of the core
thickness and thus similar to the 15% found for the adhesive. In Secs. 5.3 and 6.2, where
the FFT simulations are presented, it is demonstrated that the desired Dirichlet-type
boundary conditions at the interface from Eq. (3.10) and the Hill-Mandel condition from
Sec. 3.1 are sufficiently satisfied for these marginal layer parameters.

The final virtual model of the microstructure including the marginal layers is depicted
in Fig. 31c. The corresponding fiber structure and the fiber structure with the added
binder are shown in Figs. 31a and 31b, respectively.

Algorithm 6 Generation of virtual models of the HybrixTM microstructure
1: call Generate fiber structure (CDFm, vft, rfib, lfib, Lj) ▷ obtain meshed fiber

structure Af

2: call Binder (A, vbt) ▷ add the binder; A is Af including padding
3: Add marginal layers
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Figure 31: Generation of the virtual model of the microstructure for the HybrixTM core
material: Fiber structure (a), addition of the binder (b), final model including
the marginal layers (c).

4.2.4. Implementation details

The algorithm was implemented in a mixture of Fortran and Python code. For the
generation of the fiber structure, the objective function is calculated by the Fortran code
and the PSO is performed in Python using the package PySwarms [139]. The parameters
c1 = 0.1, c2 = 0.1, and ω = 0.9 were used and the number of particles was 30. All
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parameters were determined from numerical experiments, where they proved to be the
best compromise between the quality of the final solution and numerical efficiency.

Furthermore, the morphological operations for the addition of the binder were also
implemented as Fortran code. The corresponding tolerance with respect to the target
binder volume fraction was set to tol = 0.01. The generation of the virtual model for
the microstructure was performed on an Intel® CoreTM i9-10900X CPU using 20 parallel
threads and the OpenMP library [124] for parallelization. The process took about 20
minutes. The model has a size of 300 × 300 × 255 voxels with a voxel size of 6.7 µm,
which was determined only from an elastic mesh convergence study owing to the high
computational times for a full simulation.

4.3. Evaluation of the representativeness of the generated model for
the geometry and mechanical behavior of the sandwich core

4.3.1. Orientation angle β

This section first discusses the representativeness of the virtual model for the microstruc-
ture geometry. For this purpose, a comparison of the generated virtual model with
the experimental micrographs and the µ-CT scan was carried out using the statistical
descriptors presented in Sec. 1.3.3. Subsequently, the representativeness of the model
for the mechanical behavior of the sandwich core is assessed to determine if it can be
considered an RVE, see also Sec. 1.3.1 for a discussion on the corresponding definition.

The distribution of the orientation angle β is the first statistical measure for the
microstructure geometry that is analyzed in this work. A comparison of the experimentally
determined PDFs and CDFs from the microscopy and the generated virtual model is
shown in Figs. 32a and 32b. In addition, the prescribed triangular model distribution
for βb is depicted as the blue dotted line. The "virtual model of the microstructure"
is referred to as "FFT model" for notational clarity in the figures. Furthermore, the
curves for position 1 are relative to those for position 2 and indicate the number of fibers
from position 2 that also reach position 1. The global orientation angles β in the virtual
model were computed from the analytical segment end points according to Eq. (4.2) at
positions 1 and 2.

The relative number of fibers at position 1 is overestimated by the virtual model,
whereas the trends of the curves match well, especially in the PDF of β in Fig. 32a.
Here, the position of the peak is one important characteristic of the microstructure of
the sandwich core, as it indicates the orientation, where straight fibers from position 2
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would reach position 1. This important characteristic is captured well by the model.
Moreover, the approximately linear increase up to the peak value and the steep decline
of the curve behind it appear both in the experimental data and in the virtual model.
Only the peak value itself is higher owing to the overestimated relative number of fibers
at that point. For the same reason, the corresponding CDF in Fig. 32b is higher as well.
For position 2, the curves also match well except for a slight deviation in the beginning
for small values of β, which can also be clearly observed in the CDFs in Fig. 32b.
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Figure 32: Comparison of the PDF (a) and CDF (b) of the orientation angle β between
the virtual model of the microstructure (FFT model), microscopy results at
z-positions 1 and 2, and the triangular model in (a).

In summary, despite some minor deviations, the agreement between the virtual model
and the microscopy results is sufficient for the purposes of this work. However, this
relatively good agreement was expected, as the model distribution for βb was chosen
to match the experimental results. Hence, this comparison only serves as a verification
that the generation in Alg. 6 works as expected but is not sufficient to evaluate the
representativeness of the model itself. This highlights the importance of considering
additional statistical descriptors for microstructures.

4.3.2. Fiber nearest neighbor distance

Besides the fiber orientation, statistical descriptors for the spatial distribution of the fibers
also represent important characteristics of the microstructure. As already mentioned in
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Sec. 1.3.3, the fiber nearest neighbor distance is such a statistical descriptor, which is
very sensitive to fiber clustering in particular. It is computed as the PDF of the distance
of each fiber to its nearest one, e.g., see [59, 60].

The corresponding fiber nearest neighbor distances from the microscopy and the virtual
model of the microstructure are presented in Figs. 33a and 33b as PDF and CDF. Similar
to the orientation angles in the previous Sec. 4.2.1, the distances of the fibers in the
virtual model of the microstructure were calculated from the analytical segment end
points in Eq. 4.2 at the corresponding z–positions. The curves for position 1 are again
relative to those at position 2. The figures show a reasonable agreement between the
trends of the curves. The peaks as well as the approximately linear decline until 120 µm
behind the peaks in the PDFs are similar for microscopy and the model at both positions.
This relatively good agreement between the slopes in the CDFs supports this observation
further.

Position 1: FFT model
Position 2: FFT model

Position 1: Microscopy
Position 2: Microscopy

0 50 100 150 200 250 300
Nearest neighbor distance [ m]

0.0000
0.0025
0.0050
0.0075
0.0100
0.0125
0.0150

Pr
op

ab
ilit

y 
de

ns
ity

 [1
/

m
]

(a)

0 50 100 150 200 250 300
Nearest neighbor distance [ m]

0.0

0.2

0.4

0.6

0.8

1.0

Cu
m

ul
at

iv
e 

pr
ob

ab
ilit

y 
[-]

(b)

Figure 33: Comparison of PDFs (a) and CDFs (b) of the fiber nearest neighbor distance
between the virtual model of the microstructure (FFT model) and the results
from microscopy at z-positions 1 and 2.

However, in contrast to the experimental results from microscopy, the minimum fiber
distance in the virtual model is significantly lower than the fiber diameter of 50 µm at
both positions 1 and 2. The curves also appear to be shifted by the 50 µm. This shows
that the algorithm for the generation of the virtual model along with the PSO does not
completely prevent overlap of the fibers. As in the previous case of the orientation angle
β, the overestimation of the relative number of fibers leads to higher values at the final
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plateau in the CDF of the virtual model at position 1.

4.3.3. Radial pair distribution function

Another widely used statistical descriptor for the spatial distribution of fibers in micro-
graphs and generated virtual microstructures is the radial distribution function, see Sec.
1.3.3 and [59–63]. It represents the probability that a fiber is located within an annulus
of an inner radius r and a width ∆r around another, randomly selected fiber.

Following [62, 146], the radial pair distribution function can be calculated according to

Gr(r) = 1
2πρfibr∆rnfib

∑︂
i

∑︂
j ̸=i

I
(︂
r < d f

ij ≤ r + ∆r
)︂

. (4.26)

d f
ij denotes the distance between the centers of fibers i and j, and ρfib the area density of

fibers on the surface of the micrographs or at the corresponding z-position of the virtual
model of the microstructure. Moreover, I(•) again represents the indicator function,
which is one if the statement in the argument of the function is true and zero otherwise.
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Figure 34: Comparison of the radial pair distribution function between the virtual model
of the microstructure (FFT model) and the results from microscopy at z-
positions 1 and 2.

The resulting radial pair distribution functions are depicted in Fig. 34, where an
annulus width of ∆r = 5 µm was selected. As already described in the previous Secs.
4.3.1 and 4.3.2, the curves for the virtual model of microstructure were computed
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4. Virtual model of the microstructure of the sandwich core

analytically from the corresponding segment end points at the given z-positions. The
curves show satisfactory agreement overall, except in the initial range for radii below the
fiber diameter. This discrepancy arises due to the overlap between fibers in the virtual
model, which does not occur in the experimental data from microscopy, where the values
are zero in this region. Then, all curves scatter around a value of one, which also indicates
a random distribution of the fibers. Nevertheless, at position 1, the experimental results
generally tend to have slightly higher values of Gr than those from the virtual model of
the microstructure. Moreover, there are similar initial peaks, which are again shifted by
the fiber diameter.

4.3.4. Ripley’s K function

As discussed in the part of Sec. 1.3.3, which deals with the state of the art in the
statistical description of microstructures, Ripley’s K function serves as another important
statistical descriptor for the spatial distribution of fibers. It can be interpreted as the
ratio between the number of fibers that are expected to be located within a circle of
radius r with another randomly selected fiber as the center point, and the number of
fibers per unit area, see also Sec. 1.3.3 and [59, 60].

Ripley’s K function can be estimated according to

Kr(r) = 1
ρfibnfib

∑︂
i

∑︂
j ̸=i

I
(︂
d f

ij ≤ r
)︂

wij

, (4.27)

where ρfib again denotes the area density of fibers of the micrograph or investigated
virtual model of the microstructure and nfib corresponds to the overall number of the
fibers. wij represents a weight factor for the correction of edge effects if the circle with
fiber i as the center point and through fiber j crosses the boundary of the investigated
domain [147, 148]. wij is one if the circle lies entirely within the domain and corresponds
to the proportion of the circumference of the circle within the domain otherwise. As
previously, I denotes the indicator function and d f

ij is the distance between the fiber
centers i and j.

The resulting Ripley’s K functions from the microscopy and the virtual model of the
microstructure at the given z-positions are depicted in Fig. 35. Please note that the
largest radii r for which Kr is calculated, differ between the curves for positions 1 and 2.
This is caused by the different sizes of the micrographs and the fact that one-half of the
length of the smallest side of the rectangular domain is usually taken as the largest radius
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4. Virtual model of the microstructure of the sandwich core

by convention. Similar to the previous Secs. 4.3.1, 4.3.2, and 4.3.3, a generally reasonable
agreement between the corresponding curves can be observed. Only at position 1 are the
experimental Kr values from microscopy higher than those from the virtual model, as it
was similarly observed for the radial pair distribution function.
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Figure 35: Comparison of the Ripley’s K function between the virtual model of the
microstructure (FFT model) and the results from microscopy at z-positions 1
and 2.

4.3.5. Two-point correlation and volume fractions

In the next step, the generated virtual model of the microstructure is statistically
compared with the µ-CT scan presented in Sec. 4.1. Since fibers and binder could not be
distinguished in the µ-CT scan, it contains both as a combined constituent. Accordingly,
the scan is composed of only two constituents, the combined fiber-binder constituent and
the porosity.

As discussed in Sec. 1.3.3, a relatively general statistical descriptor for such mi-
crostructures with two constituents is the two-point correlation function. For statistically
homogeneous microstructures, it provides the probability of finding two points of the
same constituent at the end of a line segment of given length and orientation, see also
[57] for more details. This line segment is denoted as r⃗ in the following. However, the
microstructure of the sandwich core is not statistically homogeneous in the through-
thickness direction z, see Sec. 4.1, but the statistical homogeneity is expected in the
xy-plane. Therefore, the µ-CT scan and the virtual model of the microstructure were
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Figure 36: Comparison of the two-dimensional representation of the two-point correlation
functions just above the bottom face sheet: Experiment (a) and virtual model
(b); At the center: Experiment (c) and virtual model (d); just below the top
face sheet: Experiment (e) and virtual model (f).
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compared in the xy-plane at three representative z-positions: just above the bottom face
sheet and just below the top face sheet, and at the center.

The two-point correlation function is calculated by

STP (r⃗ ) = 1
Sf

∑︂
m (x⃗ ) m (x⃗ + r⃗ ) (4.28)

according to [149], where Sf denotes the possible number of placements of the line
segment r⃗. Furthermore, m is one, if the position vector in the argument of the function
is within the combined fiber-binder constituent and zero otherwise. In this work, PyMKS
implementation in Python [150] was used for the practical computation of the two-point
correlation functions.

The resulting two-dimensional two-point correlation functions of the µ-CT scan and
the virtual model of the microstructure at the given z-positions are shown in Fig. 36.
Figs. 36a, 36c, and 36e correspond to the two-point correlation functions from the µ-CT
scan at the locations just above the bottom face sheet, at the center, and just below
the top face sheet. Figs. 36b, 36d, and 36f similarly represent the two-point correlation
functions from the virtual model at the respective locations.
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Figure 37: Comparison of the radial average of the two-point correlation functions.

However, as already mentioned in Sec. 4.1, the thickness of the µ-CT scan is smaller
than expected and only 1.4 mm instead of 1.5 mm. Hence, care had to be taken when
choosing the investigated z-positions. This is because the interface between the top face
sheet and the core appeared blurred in the scan and could not be distinguished properly.
Accordingly, it is assumed that the positions of the bottom face sheets in scan and virtual
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4. Virtual model of the microstructure of the sandwich core

model of the microstructure agree, whereas the top of the scan is 0.1 mm below the top
face sheet. Therefore, the position "top face sheet" is at a z-position of 1.4 mm from the
bottom face sheet.
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Figure 38: Comparison of the (radially) averaged two-point correlation functions: µ-CT
scan (a) and virtual model of the microstructure (b).

Furthermore, r1 and r2 denote the x- and y-components of the line segment r⃗. Overall,
a satisfactory agreement between the two-point correlation function fields is observed.
It should also be noted that the scaling of the color map emphasizes already slight
differences. Moreover, it can be observed that, considering a reasonable tolerance, the
fields are isotropic around the origin, which indicates that the microstructure is also
isotropic in the xy-plane. Consequently, the radial averages of the two-point correlation
functions are also compared, as depicted in Fig. 37 with the length of the line segment
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|r⃗ | on the abscissa. Again, the curves generally show satisfactory agreement. However,
small local deviations occur in some regions and the curve from the µ-CT scan is higher
for the z-position just above the bottom face sheet.

In this context, further insight can be gained by analyzing the distribution of the radial
averages of the two-point correlation function along the through-thickness direction z.
This distribution is presented in Fig. 38a for the µ-CT scan and in Fig. 38b for the
virtual model, respectively. The length of the line segment |r⃗ | is represented on the
ordinate, whereas the position along the through-thickness direction z is shown on the
abscissa. In the figure, the position just above the bottom face sheet corresponds to a
z-value of 0 mm. Furthermore, the color map depicts the radially averaged two-point
correlation STP.

As also observed for the three specified z-positions in Fig. 37, a reasonable agreement
between µ-CT scan and model is observed. However, differences occur in the z-direction
between 0.05 mm and 0.3 mm. In this region, the two-point correlation function from
the µ-CT scan remains almost constant over |r⃗ |, which indicates a strong concentration
of fibers and binder in a single connected region. In contrast, the virtual model exhibits
smaller concentrations of fibers and binder, which are interrupted by pores. Again, the
colormap highlights these differences, particularly in this critical region. The largest
deviation occurs at approximately 0.2 mm, where the curve from the µ-CT scan is also
about 0.2 mm higher than the one from the virtual model.

Furthermore, the values of the two-point correlation functions at |r⃗ | = 0 correspond
to the respective volume fraction of fibers and binder combined. Fig. 39 shows that
the virtual model of the microstructure reasonably captures the respective experimental
distribution along the through-thickness direction z from the µ-CT scan. As expected
from the two-point correlation functions, the most significant deviations also occur
between z values of 0.05 mm and 0.3 mm. Apart from the curves at |r⃗ | = 0, those at
other values of |r⃗ | were also analyzed, revealing a very similar trend, albeit with different
absolute values.

The use of spherical structuring elements with partially small diameters in the mor-
phological operations for the addition of binder leads to the formation of small pores
in the model. This prevents large connected regions of fibers and binder, which is most
likely the main reason for the observed deviations in the two-point correlation. Note
that no specific distribution of the binder or fibers in the through-thickness direction
was prescribed, nevertheless the results are matched relatively well.

The relatively good agreement also holds for the overall volume fractions of fibers
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4. Virtual model of the microstructure of the sandwich core

and binder, which are 13 % and 22 % in the virtual model of the microstructure and,
therefore, the same as in the experiments.
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Figure 39: Distribution of the volume fraction of fibers and binder combined in through-
thickness direction z in the µ-CT scan and the virtual model of the microstruc-
ture (FFT model).

4.3.6. Mechanical behavior and discussion

According to the literature, it can be verified if the virtual model is representative of
the mechanical behavior by performing simulations with models of different sizes and
different variants of the same size, see [41] and Sec. 1.3.1. However, this verification was
not possible for this model owing to the high computational times of about 37 days for
a mode I simulation and 31 days for mode III. Therefore, it is referred to as "virtual
model of the microstructure" rather than "RVE" in this work. The length and width of
2 × 2 mm correspond to the smallest physically feasible size, as smaller models would
not adequately represent theoretically possible, straight fibers oriented at 90° to the
z-axis. Nevertheless, if the model were not representative of the mechanical behavior,
significant deviations would have been expected in the validation of the FFT simulations
with experiments in Sec. 6.

In summary, a satisfactory statistical agreement was found between the generated
virtual model of the microstructure and the experimental results, especially considering the
simplifications and assumptions made for the input parameters of the model generation.
This indicates that the model is sufficiently representative of the geometry. Nonetheless,
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the algorithm for generating virtual models could not completely avoid overlap between
the fibers, and an improvement may be necessary for future work. Possible improvements
could be achieved by employing alternative optimization algorithms, such as Sequential
Addition and Migration [68], or by modifying the objective function itself, which requires
further investigation. However, the overlap of the fibers can be neglected in this work
owing to the simplification of modeling fibers and binder with the same material model,
as discussed in Sec. 5. For the same reason, the two-point correlation function is the most
relevant measure here, and the one obtained from the model is in satisfactory agreement
with the one from the µ-CT scan.

5. Experimental parameter identification for the material
models at the microscale

5.1. Elastic properties

Based on the discussion in Sec. 1.3.4 on the state of the art for experimentally identifying
local material models at the micro- and nanoscale, microindentation was selected to
determine the isotropic linear-elastic and plastic material parameters of fibers and binder.
The experimental setup is simpler than atomic force microscopy and the microindentation
also allows for measurements of properties at the microscale instead of the nanoscale,
which is the scale of interest here. Moreover, the production of specimens for miniaturized
classical test setups, such as a micro-tensile test, would require extracting homogeneous
specimens of each constituent directly from the sandwich core. Compared with microin-
dentation, where microscopy samples already available from Sec. 4.1 can be used, this
production process is very cumbersome, especially since the properties of the constituents
of the sandwich core are not known in advance.

As also already mentioned in Sec. 1.3.4, a grid indentation technique enables deter-
mining the properties of each constituent of a heterogeneous material through a single
series of experiments. This series of indentation experiments is usually performed on a
rectangular grid on the sample surface with an equal spacing between the measurement
points. The corresponding properties of interest, the Young’s modulus and the dissipated
plastic work in this study, are then evaluated at each of the measurement points and an
experimental distribution is obtained. Typically, a Gaussian distribution of the respective
property for each individual constituent of the composite material is expected, see [83].
This yields a superposition of the Gaussian distributions in the overall experimental
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results of the grid indentation.
These superimposed Gaussian distributions are then typically decomposed using

statistical methods, such as those presented in [83, 84] for different types of composite
materials and various statistical deconvolution methods. However, in order to ensure that
the results are valid from a statistical point of view and that the individual indentations
do not interfere with one another, several rules should be considered in the experiments.
These rules were initially developed for the Berkovich tip geometry, which is a three-sided
pyramid with a half angle of 65.3◦ between the central axis and the pyramid flats. These
rules can be summarized as follows:

(i) The indentation depth h should not exceed a tenth of the characteristic length scale
of the constituent, h < 0.1 lch, in order to measure the properties of the constituent
only [83, 84].

(ii) The grid size should be significantly larger than the characteristic size of the
constituents. This avoids statistical bias of the results toward one of the constituents
owing to its spatial distribution on the sample surface [83, 84].

(iii) The minimum indent spacing should be ten times the indentation depth to prevent
interference between individual indentation experiments [151].

The related test setup used for the microindentation experiments is depicted in Fig.
42. The experiments were performed under force control up to 50 mN at 25 mN/s (both:
load and unload) with an LNP Nanotouch 3 (Ludwig Nano Präzision GmbH, Northeim,
Germany). The indentation depth was measured by means of the (displacement) sensor.
As discussed previously in this work in Sec. 4.1, the polished specimens from the
microscopy at position 2 were used in the indentation tests. The grid indentation was
performed at 121 points that were equally distributed within a square of 0.5 mm edge
length on the specimen surface. Hence, there was a distance of 50 µm between each of
the measurement points. The radius of the spherical indenter tip was 20 µm.

In the following, the fulfillment of the conditions (i)-(iii) to obtain valid results for
the grid microindentation experiments is discussed. At this point, it should be noted
again that a spherical indenter geometry instead of a Berkovich one was used, for which
condition (i) was initially developed. However, it was developed based on analytical
considerations of the projected contact area of the indenter surface, which was further
supported by results from FE simulations in the literature, see [83, 152]. Hence, Sanchez-
Camargo et al. [84] suggested applying this condition to spherical indentation as well by
comparing the projected contact areas of Berkovich and spherical indenter geometries.
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Figure 40: Test setup of the microindentation experiments.

For this purpose, they used the diameter of a projected contact area of the Berkovich
indenter

dB = 2h tan (θa) , (5.1)

which can be represented by a similar conical indenter with a half-apex angle θa = 70.3◦

and the corresponding diameter for the spherical one

dS = 2
√

2Rh − h2. (5.2)

Furthermore, they chose the maximum indentation depth h, such that dB and dS were
equal and condition (i) was also applicable to their experiments with a spherical indenter.
Based on their arguments, the indentation depth at which dB = dS holds is at about
4.5 µm in the experiments for this work.

Moreover, the characteristic size lch of the fibers is the fiber diameter of 50 µm. For the
estimation of the characteristic size of the binder, the median nearest neighbor distance
of the fibers, about 100 µm, can be determined from the experimental nearest neighbor
distribution in Fig. 33. This value refers to the distance between the fiber centers and,
therefore, the fiber diameter is subtracted. Then, one arrives at a median length of binder
between two fibers of about 50 µm. Consequently, 50 µm is the critical characteristic
length for the first condition (i), which is satisfied by the 4.5 µm indentation depth
at which the projected contact areas of Berkovich and spherical indenter geometries
coincide. The maximum indentation depth in all experiments with the spherical indenter
remained well below this threshold. Thus, condition (i) can be considered satisfied in the
experiments.

In order to satisfy condition (ii), the edge length of the grid was chosen to be ten times
larger than the characteristic length of the microstructure. This value is expected to
be sufficient to avoid a significant statistical bias of the measurement data. In [84], the
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ratio between the grid size and the characteristic length was also on the same order of
magnitude.

Condition (iii) was also derived only for the Berkovich indenter. However, in order
to apply it to the spherical indenter, the same argument as for condition (i), that the
projected contact areas of Berkovich and spherical indenters coincide at an indentation
depth of about 4.5 µm, can be used. Therefore, the condition is also satisfied, as the
spacing between the individual experiments is 50 µm, which is more than ten times
the maximum indentation depth of less than 4.5 µm. As shown in Sec. 5.2, the plastic
strain field from the FE simulations indicates that no interference occurred between the
individual indentation measurements, which confirms that condition (iii) is satisfied.

The reduced modulus was evaluated according to the method of Oliver and Pharr
[153] using the proprietary software of the test equipment. The resulting PDF of the
measurement is shown in Fig. 41a. If the typical procedure from the literature had been
followed, at this point, a statistical deconvolution method would have been applied to
split the data into multiple Gaussian distributions and assign them to the corresponding
constituent. The mean value of each Gaussian distribution would then have been
considered as its reduced modulus. However, the results fall within a relatively narrow
range, and the (mean) reduced moduli of fibers and binder are expected to be very close
to one another. Based on this observation, the simplifying assumption is made to model
the fibers and binder with the same (elastic) material parameters.

In the following, it is shown that the experimental data can also be attributed to a
single Gaussian distribution from a statistical perspective. Note again that the results of
a homogeneous material would correspond to a single Gaussian distribution and, hence,
this would support the validity of the assumption. For this purpose, the data were tested
for normality using several widely used methods.

One common graphical method to evaluate whether a dataset follows a certain statistical
distribution is the Quantile-Quantile (QQ) plot. In this approach, the quantiles of the
experimental data are plotted against the quantiles of the assumed model distribution.
Fig. 41b depicts the QQ plot of the experimentally determined reduced modulus compared
with the corresponding Gaussian distribution with a mean of 2770 MPa and a standard
deviation of 680 MPa. The QQ plot and the confidence intervals were calculated following
Fox [154, pp.37-41]. It can be observed that all experimental data points clearly fall
within the 95% confidence bands, which indicates that the experimental data can indeed
be attributed to a single Gaussian distribution.

In addition to the visual QQ plot, the experimental data were also investigated
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Figure 41: Experimental PDF of the reduced modulus from microindentation experiments
(a), and the corresponding QQ plot of the experimental data points and the
Gaussian distribution model (b).

for normality using statistical tests. They provide a quantitative measure for the
likelihood of the hypothesis of a normal distribution. For these normality tests, the
SciPy implementations [155] of the Kolmogorov-Smirnov test, the D’Agostino-Pearson
test [156], and the Shapiro-Wilk test [157] were used. In all of the tests, the probability
(p)-value is computed. It is defined as a measure between 0 and 1 of the likelihood
that the investigated data set occurs under the assumption that the null hypothesis (of
normally distributed data) holds. The p-values obtained from the Kolmogorov-Smirnov,
D’Agostino-Pearson, and Shapiro-Wilk tests were 0.79, 0.63, and 0.65, respectively.
Usually, a p-value greater than 0.05 already indicates that the data can be considered
Gaussian, see [158].

Hence, these results support the previous observations from the QQ plot that the
experimental data can be attributed to a single Gaussian distribution. However, statistical
normality tests are only indicators and cannot formally prove the null hypothesis of
normally distributed data. They can only reject it with a given significance level if the
resulting p-value falls below the specified threshold. Despite this limitation, both the
statistical normality tests and the graphical QQ plot clearly support the simplifying
assumption of modeling the fibers and binder with the same (elastic) material parameters.

In the next step, the Young’s modulus E was determined from the reduced modulus
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Ered using the Hertzian contact equation

1
Ered

= 1 − ν2

E
+ 1 − ν2

ind
Eind

. (5.3)

The Poisson’s ratio ν of 0.4 was estimated as a typical value for (epoxy resin-based)
polymers. Young’s modulus Eind and Poisson’s ratio νind of the indenter material (tungsten
carbide) are 630 GPa and 0.22, respectively. Consequently, the resulting Young’s modulus
of fibers and binder was determined to be 2330 ± 570 MPa.

5.2. Plastic properties

In the following, the identification of the parameters for the plastic material model with a
linear Drucker-Prager yield condition, which is presented in Eqs. (2.2)–(2.6), is discussed.
To reduce the number of parameters and ensure unique identification, the model was
simplified to associative flow (η̄ = η) and perfect plasticity (H = 0). In the first step, it
is investigated if the assumption to use the same elastic material parameters for fibers
and binder can also be applied to the plasticity (and damage) model.

For this purpose, statistical investigations were conducted similar to the elastic case,
where the dissipated work of the indentations

Wdiss = Wt − Wel (5.4)

is used as a characteristic parameter for the plastic behavior. It is assumed that the
dissipation is mainly caused by the plastic deformation and rate effects are neglected in
the model for simplicity, see Sec. 2.1.

Besides rate effects, damage mechanisms can also dissipate energy during the indenta-
tion process. However, if damage mechanisms play a role in energy dissipation, this would
further support the assumption of applying the same model parameters for fibers and
binder in the damage model, as discussed in Sec. 5.3. In this case, the influence of damage
mechanisms on dissipated work would be acceptable. Moreover, similar assumptions
have been made in other studies, such as [159], where metals were investigated.

Here,
Wt =

∫︂ hmax

0
Fload(h) dh (5.5)
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corresponds to the total indentation work and

Wel =
∫︂ hmax

0
Funload(h) dh (5.6)

to the elastic work during the indentation, respectively. Furthermore, Wdiss, Wt and Wel

are also assumed to follow a Gaussian distribution for each constituent and, hence, also
for a single homogeneous material. This assumption for Wt and Wel was successfully
applied in [84] to identify the parameters of a plasticity model for different constituents
of a heterogeneous material with a grid indentation technique, supporting its validity.

PDF and QQ plot for the dissipated work during indentation are presented in Figs.
42a and 42b, respectively. Both were calculated from the same experiments used for
elasticity in the previous Sec. 5.1. Similar to the reduced modulus, all experimental
data points clearly fall within the 95% confidence bands. This further supports the
assumption that the experimental data correspond to a single homogeneous material.
Moreover, p-values of 1.0, 0.24, and 0.64 were obtained in the Kolmogorov-Smirnov test,
the D’Agostino-Pearson test, and the Shapiro-Wilk test, respectively. Consequently,
both the statistical normality tests and the graphical QQ plot comparison support the
simplifying assumption of modeling fibers and binder with the same plasticity model.
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Figure 42: Experimental PDF of the dissipated work from microindentation experiments
(a), and the corresponding QQ plot of the experimental data points and the
corresponding Gaussian distribution model (b).

In the next step, implicit FE simulations of the microindentation tests with the com-
mercial software Abaqus (version 2018) [7] were used for the identification of parameters
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η and d 0. Additional indentation experiments with a Berkovich indenter tip on the
specimen surface were performed to determine a unique set of parameters for the linear
Drucker-Prager model. This is not possible using spherical indentation experiments only,
see [82].

As in the experiments with the spherical tip, the tests were force-controlled at 25 mN/s
up to a maximum force of 50 mN. The distance between the individual indentations was
at least 0.3 mm, which is significantly larger than ten times the indentation depth. This
ensures that condition (iii) from Sec. 5.1 is satisfied and prevents interference between
the individual indentations. Conditions (i) and (ii) can be neglected here because they
are only relevant for a grid indentation on a heterogeneous surface and the same material
model is assumed for fibers and binder.

The indentation tests with the Berkovich and the spherical tip were both modeled
using an axisymmetric model in Abaqus, although the Berkovich indenter is a three-sided
pyramid and hence not axisymmetric. However, as already mentioned in the previous Sec.
5.1, it is common to model a Berkovich shaped indenter as an equivalent (axisymmetric)
conical indenter tip with a half-apex angle of 70.3◦, such that the projected contact areas
at each indentation depth agree [82, 160]. Owing to the fact that convergence was not
achieved for all parameters under force control, all simulations were performed under
displacement control with about 100 time increments.

The indenter materials tungsten and diamond are both much stiffer than the sandwich
core and were modeled as rigid bodies in the FE model. The model was discretized
with 7043 4-node "CAX4" and 3-node "CAX3" fully integrated elements. The edge
length of the elements was at 0.25 µm directly beneath the indenter and up to 5 µm
at the model boundaries. Model and mesh size of the FE model were determined by a
convergence study. Owing to the relatively low computational time of about 7 hours for
all simulations, a grid search was performed to identify the parameters of the plasticity
model. The parameter η was varied from 0 to 0.9 in increments of 0.1, whereas d 0 was
varied from 20 MPa to 200 MPa in increments of 10 MPa.

For each simulation, the overall absolute MSE

MSEa = 1
ns

ns∑︂
i=1

[︂
(F exp

s )i −
(︂
F sim

s

)︂
i

]︂2
+ 1

nb

nb∑︂
i=1

[︂
(F exp

b )i −
(︂
F sim

b

)︂
i

]︂2
(5.7)

was computed to evaluate the agreement between experiments and simulations. ns and
nb correspond to the number of experimental data points of the spherical and Berkovich
indentation measurements, respectively. For each indentation depth of all experimental
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data points i, the corresponding measured forces (F exp
s )i and (F exp

b )i were compared
with the respective forces from the FE simulation at the same indentation depth, (F sim

s )i

and (F sim
b )i. The simulated forces were interpolated among the simulated data points.

Additionally, the subscript "s" refers to the spherical indenter tip and "b" to the Berkovich
indenter tip.

The results of the grid search are shown in Fig. 43a, where the relative MSE

MSE = MSEa/max (MSEa) (5.8)

is presented. It can be observed that the optimal parameters are 0 for η and 90 MPa for
d 0. These parameters actually correspond to a von Mises (J2) plasticity model with a
yield stress of 90 MPa. A comparison between the experimental and simulated curves
that are computed with these parameters are shown in Figs. 43c and 43e. In both
cases, the simulation results clearly lie within the experimental curves, and therefore, the
resulting plasticity model leads to a sufficiently good agreement with the experiments.

Furthermore, the resulting equivalent plastic strain fields with values above 0.1% are
shown in Figs. 43b and 43d. Compared with the indenter size in the model, these plastic
strain fields are significantly smaller than the spacing between individual indents for both
indenter tip types. This further confirms that the indentations do not interfere with one
another. It should only be noted that the plastic strain fields differ slightly between the
real Berkovich geometry and the axisymmetric simplification as a conical tip, see [161].
However, even if the plastic strain field is slightly larger in the real geometry, it remains
an order of magnitude smaller than the 0.3 mm spacing between two indents.
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Figure 43: Relative MSE between the spherical and Berkovich microindentation experi-
ments and the corresponding FE simulations for different parameters of the
Drucker-Prager model (a).; FE model with equivalent plastic strain of the
spherical (b) and Berkovich (d) indentation.; Comparison of experimental and
simulated force-indentation depth curves for spherical (c) and Berkovich (e)
indentation using the identified model parameters.
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5.3. Damage properties

In the final step of the parameter identification, the parameters for the non-local damage
model presented in Sec. 2.1 were determined. However, to the best of my knowledge,
there is no commonly accepted method for identifying parameters for a non-local damage
model using solely indentation experiments, where also high compressive stresses occur
underneath the indenter tip. These compression loads are often less critical for the
fracture of many materials compared with tensile loads, see e.g. [162, 163].
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Figure 44: Scheme of the mode I DCB test and specimen geometry at Lab A (a) and
Lab B (b).

A reinforced DCB test, which is shown schematically in Fig. 44, was used along
with mode I FFT simulations for this purpose instead. As discussed in Sec. 1.3.5 on
the state of the art in the experimental determination of TSLs, DCB tests combined
with J-integral-based evaluation methods are a relatively well-established approach for
determining the Energy Release Rate (ERR) and TSLs of adhesives in peel mode I. They
can also be applied to any other material layer that can be modeled as a cohesive zone,
see also Sec. 1.1.

In this work, a reinforced variant of the DCB test was developed for the sandwich plates,
where the adherends are bonded to the specimen using a thin, stiff adhesive layer. This
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5. Experimental parameter identification for the material models at the microscale

layer has a negligible influence on the overall mechanical response of the joint, see also
[164] for the analysis of a similar setup. In contrast to the microindentation experiments,
the macroscopic DCB test provides only a homogenized TSL at the macroscale, without
experimental data for the individual constituents at the microscale. Hence, the same
assumption of a unified model for fibers and binder, previously applied to elasticity in
Sec. 5.1 and plasticity in Sec. 5.2, is also adopted for the damage behavior.

Owing to the lack of experimental data for the individual constituents, statistical
methods for testing the validity of the assumption cannot be applied here. Nonetheless,
from a physical standpoint, it can be argued that the assumption is reasonable, since a
ductile damage model is used. This model is driven by the (non-local) equivalent plastic
strain and the validity of the assumption has already been statistically demonstrated for
both the plastic and elastic behavior.

The reinforced DCB tests with the plates were conducted using two different test
setups in separate laboratories: At Karlstad University, which is referred to as "Lab A"
in the following, and at Technische Hochschule Mittelhessen, which is referred to as "Lab
B". The corresponding schemes of the test and the specimen geometries for Lab A and
B are depicted in Figs. 44a and 44b, respectively. At Lab A steel adherends with an
out-of-plane width b of 5 mm were used, whereas the aluminum adherends at Lab B
had a width of 15 mm. All surfaces were either ground or sandblasted and cleaned with
acetone before the plates were bonded to the adherends.

(a)

Tensile direction

Shaft encoder

Specimen

Load cell

(b)

Figure 45: Realized test setup of the mode I DCB test at Lab A (a) and Lab B (b).

Furthermore, the J-integral can be computed from the external load F , the beam
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rotation angle of the adherends at the load introduction points θ, and the specimen
width b as

J = 2Fθ

b
(5.9)

[85]. Then, the mode I component of the traction vector, peel stress σ, is obtained by

σ(u) = dJ

du
. (5.10)

u is the mode I CTOD, which is measured as the separation between the two adherends
at the initial crack tip.
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Figure 46: Comparison of experimental and simulated TSLs with the identified model
parameters of the non-local damage model (a) and the corresponding J-CTOD
curves (b).

The test setup at Lab A is shown in Fig. 45a, where θ was measured using shaft
encoders and the CTOD was measured u using Linear Variable Differential Transformers
(LVDT). At Lab B, a three-dimensional camera system combined with Digital Image
Correlation (DIC) was used for CTOD measurement. For clarity, the camera system is
not shown in Fig. 45b, which presents the test setup at Lab B. As at Lab A, the beam
rotation θ was also measured using shaft encoders. Moreover, all tests were performed
under displacement control at a rate of 30 µm/s at the load introduction points.

The resulting TSLs for both test setups of the reinforced DCB test are shown in Fig.
46a and the J-CTOD curves are presented in Fig. 46b. The TSLs from Lab A generally
tend to have a higher maximum stress (strength) than the curves from Lab B and some
of TSLs measured at Lab B seem to be stiffer than their counterparts in the initial,
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5. Experimental parameter identification for the material models at the microscale

linear-elastic regime. In contrast to this, the measured critical ERRs, which are typically
considered the plateau values of the J-CTOD curves in the DCB tests, are very similar
in both test setups. Nevertheless, the J-CTOD curves from Lab A are slightly above the
curves from Lab B, especially in the initial part, and the J plateaus are much shorter.
The latter can be very likely explained by the different specimen geometries and the
different adherend materials used. For the shorter and stiffer steel adherends at Lab A, a
lower crack length is needed for a complete failure of the specimen than in the case of
the longer, less stiff adherends at Lab B. Hence, the measured separation at the initial
crack tip, the CTOD, is also smaller, when the specimen fails completely. Additionally,
the differences in the measured TSLs could be attributed to the different measurement
equipment and sensors as well as different production batches of the plates used in the
experiments.
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Figure 47: z-component of the displacement field at the boundary of the sandwich core
in mode I for a separation of 0.3124 mm.

The results were then used to adjust the parameters of the linear damage evolution
law, p0

nl and pf
nl, until the resulting TSL from a mode I FFT simulation matched the

experimental TSLs. Following the FFT-based homogenization scheme for cohesive zones
from Sec. 3, a mode I separation u was prescribed according to Eq. (3.9) in the FFT
solver, and the resulting peel stress was obtained by Eq. (3.15). The virtual model of
the microstructure from Sec. 4 and the parameters for the elastic-plastic model of fibers
and binder, which were determined with the microindentation experiments, were used in
the simulations. The characteristic length parameter was set to 40 µm based purely on
numerical experiments to ensure both a realistic localization zone for crack propagation
and a smooth convergence of the solution scheme.

As discussed in Sec. 3, the marginal layers were used to approximate the Dirichlet-
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Figure 48: Comparison of energy rate density (Hill-Mandel condition) at the macro- and
microscale for the sandwich core in peel mode I.

type boundary conditions at the interface between the cohesive zone, the core, and the
surrounding bulk, the face sheets in this case. The parameters of the marginal layers are
presented in Sec. 4.2.3. Following the recommendations for the parameter estimation
from Sec. 3.3.3, the accuracy of the desired boundary conditions can be evaluated in
Fig. 47. It shows the z-component of the displacement field at the interfaces of interest
for a separation of 0.3124 mm, which was computed using Eq. (3.16). The observed
deviations are on the order of 10−3 relative to the applied separation and were the most
critical throughout the entire load history. This value was also found to be a sufficient
approximation of the boundary conditions in Sec. 3.3 for the adhesive layer. Hence, it
can be considered adequate in this case as well.

To assess whether the Hill-Mandel condition is satisfied with a sufficient accuracy, the
energy density rates of the macro- and microscale from the left- and right-hand sides in
Eq. (3.11) are compared in Fig. 48. The strain rates were calculated using a forward
finite difference between the load steps, for which the full strain fields were stored in
the simulation. Since the FFT simulations are not time-dependent, it should be noted
that the selection of the time steps and therefore exact values of the energy density rates
is arbitrary. The good agreement between both curves confirms that the Hill-Mandel
condition is well satisfied.

Owing to the relatively high computational time of 37 days for the full FFT simulation,
no mathematical optimization technique could be applied directly. Therefore, the sought
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parameters p0
nl and pf

nl were adjusted manually until the agreement between the simulated
TSL with the experimental TSLs was sufficient. The final simulated TSLs are shown in
Fig. 46a, and the identified model parameters for fibers and binder are presented in Tab.
3.

Moreover, the ERR can be computed by integrating the TSL over the CTOD. The
ERR from the FFT simulation is also depicted in the J-CTOD curves of the experiments
in Fig. 46b. A good agreement is observed with the data from Lab A, whereas the
agreement with the data from Lab B is less accurate. The plateau value corresponds to
the critical ERR and matches well with all experimental data.

Table 3: Identified material parameters for the FFT-based homogenization of the sand-
wich core.

E (MPa) ν (-) d 0 (MPa) η (-) p0
nl (-) pf

nl (-) ld (µm)
Fibers and binder 2330 0.4 90 0 0.07 1.5 40
Marginal layers 70000 0.33 - - - - -

6. Model validation using mode III Split Cantilever Beam
tests

6.1. Experimental procedure

This section describes the experimental validation procedure for the novel modeling
approach of the sandwich core in HybrixTM plates. For this purpose, macroscopic fracture
mechanics experiments in out-of-plane shear mode III were compared with corresponding
FFT and FE simulations at the macroscale. The tests were evaluated using a J-integral
approach and OFS measurements of the bending strain, which are also discussed in Sec.
1.3.5 on the corresponding state of the art. Mode III represents a load case that had
not been previously used for the identification of the material model parameters and is
therefore appropriate for a validation.

Reinforced Split Cantilever Beam (SCB) tests [3] were carried out as the mode III tests
in this work. Similar to the mode I DCB tests from the previous Sec. 5.3, a plate was
bonded to the adherends with a thin layer of adhesive. The aluminum adherends have
a C-shaped cross section to position the shear center outside the adherends within the
plate. This reduces the mode I load components that occur owing to the typical beam
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torsion for other cross section shapes. More details regarding the theoretical background
and design of the test can be found in [3, 4].
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Figure 49: Scheme of the mode III SCB test and specimen geometry.

The specimen geometry and a scheme of the SCB test are shown in Fig. 49. Similar
to the DCB tests, a displacement rate of 30 µm/s was applied at the load introduction
points. During the SCB tests, force, beam rotation, and CTOD were recorded. The
external J-integral was then computed using Eq. (5.9), and the mode III component of
the traction vector, shear stress τIII, was calculated as

τIII(w) = dJ

dw
, (6.1)

where w denotes the mode III CTOD.

Figure 50: Realized test setup of the mode III Split Cantilever Beam test.
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Moreover, the ODiSI 6101 (Luna Inc., Blacksburg, Virginia, USA) OFS measurement
system was used to record the bending strain in the adherends during three of the tests.
The OFS fiber was bonded to the inner edge of the C-shaped cross section on both
adherends, as shown in Fig. 49, such that the compressive part of the bending strain was
measured. With this system, a measurement point can be obtained every 0.65 mm along
the fiber. Using the proprietary software of the OFS system, markers were set along the
fiber to correlate each spatial measurement point with its corresponding position on the
adherend.

The realized SCB test setup is presented in Fig. 50. Similar to the DCB test setup at
Lab B in Fig. 45b, the load cell, shaft encoders, and DIC system were used to measure
force F , beam rotation θ, and the mode III CTOD w during the tests. The OFS fiber
itself is barely visible in the figure owing to its small diameter. However, the "free"
segment of the OFS fiber, which is not bonded to the adherends, is protected with an
additional heat shrink tubing and can therefore be seen in Fig. 50.

6.2. Numerical modeling

In order to validate the proposed modeling approach, a mode III FFT simulation was
performed using the virtual model of the microstructure from Sec. 4 and the material
model from Sec. 2.1 with the parameters from Tab. 3. The FFT-based homogenization
scheme presented in Sec. 3 was applied. A mode III separation w was prescribed
according to Eq. (3.9), and the resulting shear stress was computed from the results of
the FFT simulation by Eq. (3.15). The full simulation required approximately 31 days.

x-position [mm]

0
1

2
y-positio

n [m
m]

0
1

2

Di
sp

la
ce

m
en

t (
x)

 [m
m

]

0.05

0.10

0.15

2.320e-02

2.325e-02

2.330e-02

1.5065e-01

1.5070e-01

1.5075e-01

1.5080e-01

Figure 51: x-component of the displacement field at the boundary of the sandwich core
in mode I for a separation of 0.1275 mm.

The Dirichlet-type boundary conditions, which are required in the FFT homogenization
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for cohesive zones according to the results from Sec. 3.1, were approximated using
marginal layers with the parameters from Sec. 4.2.3. Following the recommendations
from Sec. 3.3.3, the accuracy of the approximation was evaluated as in Sec. 5.3 for mode
I. For this purpose, the displacement fields at the corresponding interfaces, computed from
Eq. (3.16), are presented in Fig. 51 for a separation of 0.1275 mm. At this separation,
the largest deviations from the desired boundary conditions were observed throughout
the load history. The maximum deviations are on the order of 10−3 relative to the
applied separation. This is the same order of magnitude that was found to be sufficient
in Sec. 3.3.2 for the adhesive layer, and can therefore be considered a reasonably accurate
approximation for the homogenization. Furthermore, the close agreement between the
energy density rates at the macro- and microscale in Fig. 52 confirms that the Hill-Mandel
condition from Eq. (3.11) is well satisfied.
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Figure 52: Comparison of energy rate density (Hill-Mandel condition) at the macro- and
microscale for the sandwich core in mode III.

In the next step, an implicit FE model of the SCB test was created in Abaqus (version
2018) [7]. The TSLs from the single mode FFT simulations were implemented as the
constitutive law of the CZM for the HybrixTM sandwich core using a tabular damage
evolution and the cohesive stiffness. In this tabular damage evolution, the estimated
scalar damage variable, the corresponding separation since damage initiation, and the
energy-based mode mixity, 0 for peel mode I and 1 for shear, were specified. In addition,
isotropy of the damage evolution in both shear modes II and III was assumed.

For each separation, the damage variable was estimated as one minus the ratio of the
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stress from the FFT simulations and the undamaged stress computed as the product
of the cohesive stiffness with the respective separation. It should be noted that this
implementation does not account for plastic behavior and attributes all non-linearities in
the TSL solely to damage. However, this simplification can be made, as only monotonic
loading without unloading is considered. The respective mixed-mode behavior is then
inherently interpolated by Abaqus, such that even the small mixed-mode contributions
that occur during the test are taken into account. The corresponding energy-based
mixed-mode variable was always above 0.98 throughout the entire cohesive zone, and
thus very close to a pure shear mode loading.

Figure 53: Bending strain in the FE model of the mode III SCB test.

In the FE model, cohesive zone elements of the type "COH3D8" were used, while the
face sheets were meshed with "SC8R" type continuum shell elements. The adherends were
discretized using fully integrated shell elements of type "S4". An edge length of 3 mm was
used for all element types. The meshes of adherends and face sheets were then connected
by surface-to-surface tie constraints. Additionally, Multi-Point Constraints (MPC) were
used to connect the load introduction points to the adherends. At these points, force
F and beam rotation θ were evaluated in the simulations. The boundary conditions
were also applied at the load introduction points in the FE model. In accordance with
the test setup, all rotations and displacements were constrained, except for the tensile
direction and beam rotation, as shown in Fig. 53. Default settings were used for all
simulation parameters not explicitly mentioned in this paragraph. The FE simulation
was not stopped until it failed to converge.
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6.3. Results

The resulting F -θ and J-CTOD curves from the FE simulation and the experiments
are shown in Figs. 54a and 54b. Fig. 54c presents the TSLs from the FFT simulation
and experiments. Moreover, the bending strain curves, which were obtained with the
OFS system and the FE simulation, are depicted in Figs. 55b, 55c, and 55d. They were
determined at a CTOD of 0.1 mm, 0.5 mm, and 1 mm, respectively. The corresponding
CTOD values are marked with dashed blue lines in the F -CTOD curves in Fig. 55a.

The F -θ curves in Fig. 54a show that the initial slope of the simulated curve is steeper
than that of the experimental results. In contrast to the deviation of the initial slope,
the predicted overall joint strength, the maximum force, is in good agreement with the
experiments. This agreement also applies to the shape of the force plateau and the slope
of the final unloading phase.

A deviation between the simulation and the experiments can be found in the initial part
of the J-CTOD curves in Fig. 54b, while the other parts of the curves agree satisfactorily.
In particular, the experimental critical ERR, which is considered to be the maximum
value of the J-integral, is captured well by the simulations. Furthermore, the J-CTOD
curves reveal that, unlike the mode I DCB tests in the previous section, no plateau
value for J was reached in the final phase of the experiment. An explanation is that the
traction field behind the crack tip reached the end of the specimen before a J plateau
could form. This is critical for the computation of the TSLs based on the J-integral, as
it is required that no load is present at the end of the specimen. However, the maximum
CTOD, which is shown in Fig. 54c, is at 1 mm only. A significant effect on the TSL can
therefore be neglected, since Fig. 55d indicates that the specimen end remains free of
bending strain and is thus not subjected to any significant load at this CTOD value.

Given the challenges encountered in this work, an overall satisfactory agreement
between the TSLs in Fig. 54c is observed, which indicates the plausibility of the novel
modeling approach and the corresponding models. Nonetheless, the shear strength of the
sandwich core is overestimated by the FFT simulations and the predicted shear stress in
the final segment of the TSL is lower than in the experiments. This overestimation of
strength can explain the deviation in the initial part of the simulated J-CTOD curves, as
it results in higher values of the J-integral. Up to a shear CTOD of about 0.35 mm, the
predicted shear stress in the TSL gradually converges toward the experimental values and
falls below them for larger CTODs. Consequently, the global J values in the simulations
also approach the experimental ones, which leads to an agreement of the curves in the
middle and final parts.
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Similar observations as for the J-CTOD curves can be made for the F -CTOD curves
in 55a: A deviation between the simulation and the experiments occurs in the initial
part below a CTOD of 0.35 mm. Above this value, the simulated curves approach the
experimental ones, so that the middle and final parts as well as the maximum force,
the joint strength, match very well. As for the J-CTOD curves, this observation can be
attributed to the overestimated strength in the simulated TSL.
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Figure 54: Comparison of F -θ curves (a), J-CTOD curves (b), and TSLs (c) from the
experiments and simulations.

Furthermore, the investigation of the bending strain distribution along the adherends
provides valuable information on the accuracy of the simulated traction field in the
sandwich core behind the crack tip. As discussed in Sec. 1.3.5, the bending strain is
directly linked to the traction field through Euler–Bernoulli beam theory. In order to
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determine this relationship, the bending moment is first computed from the bending strain,
the area moment of inertia, and the Young’s modulus of the adherends. Differentiating
twice along the adherend then yields the line load, which is caused by the tractions in the
cohesive zone. Dividing this line load by the specimen width provides the corresponding
traction field, see [99].

However, bending strain measurements can be quite noisy, and numerically computing
the second derivative of a noisy signal requires substantial filtering, which introduces
additional uncertainty in the interpretation of results. Since the goal is only to compare
the traction fields behind the crack tip to evaluate the modeling approach, it is more
straightforward to directly compare the bending strain distributions. These measurements
already implicitly contain the necessary information about the traction field, which
eliminates the need for further computations.

The simulated bending strain distribution along the adherends was taken from the
integration points that are the closest to the path of the OFS fiber on the specimen in
the experiments. The results are presented in Figs. 55b, 55c, and 55d for CTOD values
of 0.1 mm, 0.5 mm, and 1 mm, respectively, alongside the corresponding experimental
results. In contrast to the experimental curves, which depict results from both adherends,
only one curve is shown for the simulation, as the results are identical for both adherends.
In addition, the bending strain field in the FE model is shown in Fig. 53 for a CTOD
value of about 0.5 mm.

In the next step, the physical plausibility of the curves is examined before interpreting
the results in the context of the validation of the novel modeling approach. First, the
extreme value of the bending strain distribution, in this case the minimum, serves as
a reliable criterion for determining the crack tip position, see [165]. In Fig. 55b, the
initial crack tip position observed in the experiments and the simulation is approximately
210 mm from the loaded end of the specimen. This distance corresponds to the expected
initial crack tip position from specimen production, see Fig. 49.

The physical plausibility of the curves can be further evaluated by investigating the
region ahead of the crack tip, which corresponds to the free lever arm of the specimen.
According to beam theory, the bending strain in this region should be a straight line,
which passes through the abscissa at the load introduction point. This expectation is
also at least approximately confirmed in the corresponding curves from experiments and
simulation, except for the simulated one in Fig. 55b at the CTOD value of 0.1 mm. Here,
the simulated bending strain distribution at the free lever arm is not completely linear,
which may be caused by a slight torsion of the C-shaped adherends in the beginning
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Figure 55: Comparison of FE simulation and experiments: (a) F -CTOD curve with
markers indicating the corresponding CTODs of the OFS measurements
(dashed blue), (b) OFS measurement at a CTOD of 0.1 mm, (c) 0.5 mm, and
(d) 1 mm.

of the test. However, it becomes approximately linear in both other figures at higher
CTOD values, which indicates that the bending strain distribution in the simulation is
also plausible from a physical standpoint.

Apart from the plausibility of the results themselves, a satisfactory agreement was
found between the bending strain distribution from the FE simulation and the OFS
measurements in the experiments. At CTODs of 0.5 mm and 1 mm, the crack tip
position was overestimated by the simulation. In the experiments, the crack propagates
by 17–21 mm between CTODs of 0.1 mm and 0.5 mm, whereas in the simulations, the
crack growth is 30 mm over the same interval. The corresponding crack propagation
between CTODs of 0.1 mm and 1.0 mm is 39–52 mm in the experiments and 65 mm in
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6. Model validation using mode III Split Cantilever Beam tests

the simulation, respectively.

6.4. Comparison of experimental fracture surfaces with simulated
crack patterns

In order to further evaluate the novel modeling approach for the HybrixTM sandwich
core, a qualitative comparison was carried out between the experimental fracture surfaces
and the simulated crack pattern from the FFT simulation. The typical experimental
fracture surfaces from a SCB test are shown in Fig. 56a, where the fibers appear black,
and the binder is transparent with a shiny surface.

Furthermore, the aluminum face sheet is visible through the transparent binder at
the lower fracture surface in the figure. Here, a few remaining fiber fragments and a
thin layer of binder, which covers the face sheet, can also be observed. This face sheet
corresponds to the top face sheet from Fig. 18. Most of the remaining fibers and binder
are located at the opposite fracture surface, the upper one in Fig. 56a. This shows that
the global crack occurred close to the top face sheet. Nevertheless, the fracture still
occurred within fibers and binder, and was therefore a cohesive fracture within the core.
Moreover, the bright spots on the upper fracture surface represent microcracks. They
are interconnected through the pore space, which both together form the global crack.

Upper fracture surface

Lower fracture surface

microcracks

(a) (b)

Figure 56: Typical fracture surface from a SCB test (a) and crack pattern from the mode
III FFT simulation (b).

The resulting crack pattern from the FFT simulation is shown in Fig. 56b, where
microcracks are identified as regions where the scalar damage variable D exceeds 0.9. The
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microcracks are concentrated in specific areas of the virtual model of the microstructure
and are not directly connected. Similar to the analysis of the experimental fracture
surface, this suggests that the global crack consists of both microcracks and pore space.
The figure also reveals that the microcracks, and consequently the global crack, are
located near the top face sheet, which is represented by the upper marginal layer in the
simulation. Furthermore, the fracture occurred within the fibers and binder. Both of
these findings are consistent with the experimental observations. Therefore, it can be
concluded that the crack pattern in the FFT simulation and the experimental fracture
surface from the SCB tests are generally in reasonable qualitative agreement.

Furthermore, high-resolution images of the typical fracture surfaces in a DCB test
from Lab A were taken and compared with the crack pattern from the corresponding
mode I FFT simulation, see also Sec. 5.3 for details on test setup and simulation.
The experimental fracture surfaces are shown in Figs. 57a and 57b, where the former
corresponds to the bottom face sheet and the latter to the top face sheet. Both the
fracture surfaces and the simulated crack pattern in Fig. 57c are very similar to those
observed in mode III. They also show a reasonable qualitative agreement with one
another.

Nevertheless, these high-resolution images allow for a more detailed investigation of the
microcracks than the mode III fracture surfaces. In the zooms on the right-hand side of
both fracture surfaces, even individual fibers can be identified within the microcracks, and
broken fibers and binder appear on both sides of the crack. Hence, the crack propagates
through both constituents, as also observed in the simulation. This finding further
supports the reasonable qualitative agreement between the experimental and simulated
fracture behavior of the core.
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(a)

(b)

Marginal layers

Binder

Marginal layers

Binder

Fibers

(c)

Figure 57: Typical fracture surface in DCB test from Lab A (a) and (b); and crack
pattern in mode I FFT simulation (c).
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6.5. Discussion

In summary, the simulations matched the experimental results from the mode III SCB
test sufficiently. Particularly, the joint strength and the ERR, which are both important
global parameters in fracture mechanics, were predicted well by the FFT simulations.
Nevertheless, deviations in the predicted strength in the TSL, the initial parts of the
J-CTOD and F -CTOD curves, and an overestimation of the simulated crack length
occurred. Since many simplifications and assumptions had to be made throughout this
work, it can still be concluded that the modeling approach, along with the developed
FFT-based homogenization scheme for cohesive zones, can be deemed validated.

The observed deviations may be attributed to model simplifications and the identifi-
cation process for the material model parameters of fibers and binder. The simulated
strength in the DCB test for the identification of the damage parameters was also already
at the upper limit of the experimental results, similar to the SCB tests. During the
identification of the damage parameters, it was found that these parameters have only a
minor influence on the strength within the relevant range and that the strength is mainly
determined by the elasticity and plasticity model.

Accordingly, the source of these deviations is likely related to the microindentation
experiments for the identification of the plastic and elastic material parameters. These
experiments represent a fundamentally different load case compared with the DCB and
SCB tests, where a high hydrostatic pressure occurs beneath the indenter. Some polymers
exhibit an increased yield strength under this high hydrostatic pressure compared with
shear or tensile load cases. Moreover, hardening is not considered in the perfectly plastic
model, and possible rate effects are neglected, which could also influence the simulation
results.

7. Conclusions
First, a novel FFT-based homogenization scheme for cohesive zones was developed
in this work. It is based on the existing FFT-based homogenization method for bulk
materials and incorporates a non-local, implicit gradient ductile damage model. The novel
scheme takes advantage of the reduced computational times expected from FFT-based
homogenization methods compared with classical FEM-based methods, as observed for
many materials and discussed in Sec. 1.3.1.

For this purpose, the Lippmann-Schwinger-type equations for both the homogenization
and damage regularization problems were derived and discretized using the staggered grid
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and Moulinec-Suquet discretization methods, respectively. A novel displacement-based
FFT solver, which uses the Barzilai-Borwein solution method, and a fixed-point iteration
method for damage regularization were then implemented in Fortran as fully parallelized
high-performance code. The coupled, multi-physics regularization and homogenization
problem is solved in a staggered manner within the solver.

Moreover, it was demonstrated that, unlike standard bulk homogenization, the proposed
method can accurately capture the mechanical behavior of softening materials, even
in the presence of a localized damage field. In order to demonstrate this, a simple,
deterministic, and periodic two-dimensional model of a circular pore in a matrix was
studied.

Owing to the intrinsic periodicity of the FFT-based homogenization, additional stiff
marginal layers are required to approximate the Dirichlet-type boundary conditions at the
interface of the cohesive zone. The choice of thickness and stiffness of the marginal layers
is crucial for the applicability of the proposed method in the industry, as it affects the
approximation accuracy of the boundary conditions, the computational times, and the
modeling effort. A model of an adhesive layer with glass bead filler and pores with typical
material parameters and volume fractions was then used to estimate the parameters
for the marginal layers. Based on these simulations, recommendations were derived for
determining the corresponding parameters for other material layers. The recommended
process consists of the following steps:

1. Set the elastic material parameters of the marginal layer to those of the surrounding
bulk material and set its thickness to about 15% of the cohesive zone thickness.
This choice provided a good compromise between computational time and accuracy
of the boundary conditions for the adhesive layer, whereas a thickness of 13.3%
was sufficient for the sandwich core.

2. After conducting the FFT simulations, it should be verified whether the boundary
conditions are approximated with the desired accuracy and whether the Hill-
Mandel condition is satisfied. Deviations of the displacement fields from the desired
boundary conditions, which are at least on the order of magnitude 10−3 times
smaller than the separation in peel mode I and in the shear modes, were found to
be acceptable in this work.

3. If either the boundary conditions are not approximated with sufficient accuracy
or the Hill-Mandel condition is not satisfied, the thickness and/or stiffness of the
marginal layers should be increased. However, when the stiffness was increased
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tenfold, the simulations of the adhesive layer failed to converge within an adequate
number of iterations. Accordingly, it is recommended to prioritize increasing the
thickness when possible.

Based on the developed FFT-based homogenization scheme for cohesive zones, a
novel modeling approach for the sandwich core of HybrixTM metal sandwich plates was
introduced. The approach incorporates a novel method for generating virtual models for
the microstructure of the core. In this process, the production parameters core thickness,
fiber length and diameter, fiber volume fraction, and binder volume fraction serve as the
only input parameters.

In the first step of the method, the fiber structure is created by solving the minimization
problem for an objective function. This objective function accounts for fiber curvature,
overlap between the fibers, the deviation from the triangular target PDF of the fibers,
and overlap of fibers with the domain boundary of the cohesive zone. In the next step,
the binder is added to the fiber structure using an algorithm based on morphological
operations. Finally, the marginal layers with parameters determined by the above process
are added.

A statistical comparison between the experimental data from microscopy and a µ-CT
scan, and the generated model revealed a reasonable overall agreement. The following
statistical measures were investigated:

• fiber orientation

• fiber nearest neighbor distance

• Ripley’s K function

• radial pair distribution function

• volume fractions of fibers and binder

• and the two-point correlation function

Nevertheless, small deviations were observed in the statistical comparison owing to the
fact that the minimization using the PSO could not entirely eliminate the overlap of
the fibers. Moreover, deviations in the radially averaged two-point correlation function
and the volume fraction of fibers and binder combined were found between z-values of
0.05 mm and 0.3 mm.

Despite the observed deviations, and considering the purposes of this work, it could
be concluded that the model is representative of the geometry of the microstructure.
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However, the representativeness of the virtual model for the mechanical behavior could
not be verified owing to the high computational times of the FFT simulations, which
were 37 days in mode I and 31 days in mode III. Therefore, the term "virtual model of
the microstructure" is used instead of "Representative Volume Element" in this work.

Apart from the virtual model of the microstructure, the material models for fibers
and binder at the microscale are required for the modeling approach. The parameters
of the linear, isotropic elasticity model and the perfectly plastic, linear Drucker-Prager
plasticity model, were identified using grid microindentation experiments. Based on these
results, the simplification was made that fibers and binder can both be modeled using
the same material model and parameters.

A statistical analysis using QQ plots and several statistical tests confirmed that this
simplification is reasonable. Moreover, peel mode I TSLs from fracture mechanics DCB
tests were used to identify the parameters for the non-local ductile damage model. For
this purpose, the parameters were adjusted in mode I FFT simulations until a sufficient
agreement between the simulated and experimental TSLs was achieved.

In the final step of this work, the modeling approach, along with the homogenization
scheme, was experimentally validated. Considering the necessary assumptions and
simplifications made in this work, the approach is deemed successfully validated through
mode III SCB tests. The SCB test represents a completely different load case compared
with the mode I DCB test and typically yields significantly different TSLs.

A mode III FFT simulation was performed, and the resulting TSL was implemented in
a macroscopic FE model of the SCB test. This allowed for a comparison of local TSLs and
global measured quantities to validate the model. Furthermore, an OFS measurement
system was used to determine the bending strain distribution along the adherends, which
is characteristic of the traction field behind the crack tip. Its extreme value can also be
interpreted as the crack tip position.

A generally reasonable agreement between experiments and the simulation was found,
particularly in the prediction of the critical ERR and the joint strength. Both were
predicted well by the modeling approach. The resulting TSLs also showed satisfactory
agreement. However, the FFT simulation overestimated the strength. The effect of
this deviation becomes apparent in the initial part of the (global) J-CTOD and F -
CTOD curves. The results of the OFS measurements also aligned satisfactorily with the
simulations, as demonstrated by three representative curves at CTOD values of 0.1 mm,
0.5 mm, and 1 mm. Nevertheless, the crack tip position was overestimated at CTOD
values of 0.5 mm and 1 mm.
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Furthermore, a qualitatively reasonable agreement was observed between the exper-
imental fracture surface and the crack pattern in both the mode III and mode I FFT
simulations. It is emphasized that this work represents the first experimental validation
of the FFT-based homogenization scheme for cohesive zones and, to the best of my
knowledge, also the first experimental validation of computational homogenization for
cohesive zones in general.

In summary, the successful development and validation of the novel modeling approach
for the investigated composite material layer demonstrate that it is generally well-suited
to reducing the number of extensive experiments. Accordingly, it could also accelerate the
design process for novel configurations of metal sandwich plates. It is worth noting here
that if the modeling approach is applied in the industry for designing novel configurations
of HybrixTM plates, the constituents of the microstructure are typically known. Thus,
the experimental effort required to identify the material models is significantly reduced
compared with this study.

To conclude, both the desired novel micromechanical modeling approach for the
sandwich core and the FFT-based homogenization scheme for cohesive zones were
successfully developed, so that the objectives of this work, presented in Sec. 1.2, were
achieved.

8. Outlook
Nevertheless, some challenges remain that can be addressed in future work to enhance the
applicability of the modeling approach in the industry. Among other aspects, this includes
reducing the remaining overlaps in the generation of virtual models of the microstructure
by improving the optimization algorithm, as well as refining the formulation of the
objective function itself. An improved model for the fiber structure may also help reduce
the observed deviations in the radially averaged two-point correlation function and the
volume fraction of fibers and binder combined between z-values of 0.05 mm and 0.3 mm.
Furthermore, an extension to account for rate effects and hardening in the plasticity
model may be necessary to address the simplifications made in this work.

Further improvements to the FFT solver itself, or the use of a computer cluster instead
of a standard workstation could help reduce the currently high computational times for
the simulation of the sandwich core. The likely reason for these high computational
times and the corresponding slow convergence for damage localization and softening
is the absence of a condensed, incremental strain energy density that acts as a convex
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potential for the stress with respect to the strain. One possible approach to addressing
this challenge is the use of reconvexification techniques for such condensed potentials
that include damage-softening, as discussed in Sec. 2.5.1.

However, the computational times of a few hours per simulation were reasonable for
the adhesive layer, which also makes them directly applicable for the development of
new adhesives in the industry. The strong difference in the computational times between
the sandwich core and the adhesive layer can be attributed, on the one hand, to the
difference in model sizes. On the other hand, a single global crack is almost entirely
formed by the damage field in the adhesive layer, whereas in the sandwich core, small
microcracks occur and are connected by the large pore space.

The formation of these microcracks can lead to numerical instabilities, because if one
region of the sandwich core fails during the numerical solution procedure, the loading
in the other regions changes drastically. Hence, the solution field deviates significantly
from a convergent solution once again. In contrast, the coherent damage field in the
adhesive layer grows steadily, which prevents abrupt changes in the solution fields during
the numerical solution procedure. Consequently, the solution fields remain closer to
convergence, and the solver requires fewer iterations and less time to find a convergent
solution.

This observation can also serve as a starting point for reducing the computational
times. A significantly softer material with a much lower fracture energy than fibers and
binder could be used to replace the pore space. This approach enables the formation of
a coherent damage field for the crack, similar to the adhesive layer, but also introduces
inaccuracies in the simulation results depending on the exact material parameters. A
similar approximation strategy is commonly used for porous elastic microstructures
(without fracture) [14].

Another option for reducing the computational times is the use of composite voxels,
which consist of different materials at the subvoxel scale and are homogenized to obtain
a representative mechanical behavior using analytical methods. This approach can
significantly reduce the model size and, consequently, the computational times without
significantly decreasing the accuracy of the solution [166]. Furthermore, Chen et al. [133]
introduced a damage stabilization technique for FFT solvers that may also be applicable
here.

However, all of these options for reducing the computational times introduce inac-
curacies in the simulation results. Therefore, further research is required in order to
determine suitable parameters for sufficient stabilization on the one hand, while main-
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taining adequate accuracy of the results on the other hand. Moreover, it should be noted
that FFT simulations of the sandwich core using only elasticity and plasticity, and thus
without the damage model, required only about seven hours on the standard workstation
used for all simulations in this work. With these simulations, the homogenized strength
of the sandwich core can already be determined, which is sufficient for many industrial
applications. Therefore, this reduced modeling approach could enable the development
and optimization of novel configurations of HybrixTM for such applications.

Owing to the significant dependence on the material of the constituents and the
geometry of the microstructure, it is not possible to provide a reliable estimate of how
the FFT-based method performs compared with the classical FEM-based approach at
this stage. A comparison of FEM-based and FFT-based homogenization for cohesive
zones in terms of the computational times for various materials is also beyond the scope
of the current work, but requires future research in order to provide recommendations on
the most suitable method for different applications.

Furthermore, uncertainties remain regarding the physical plausibility of the FFT-based
homogenization scheme for cohesive zones itself, as discussed in Sec. 1.3.2. In particular,
the unphysical periodic crack and the gradient loads in the vicinity of the crack tip
are not considered in the homogenization scheme. Despite this, the computational
homogenization scheme for cohesive zones could be successfully validated in this work,
which, along with the numerical study from [48], supports the plausibility of these
underlying assumptions.

However, further investigations are needed to assess how the method performs for
different materials and to identify its limitations. Additionally, the predictive capabilities
for complex load cases and different microstructures should be evaluated in future work.
Extending the validation procedure to the mixed-mode behavior and other configurations
of HybrixTM plates would be particularly valuable here. In this context, a machine-
learning-based surrogate model was already developed in [167] that enables a seamless
integration into FE simulations at the macroscale. This model can also be extended to
mixed-mode behavior straightforwardly, when sufficient FFT simulations are available.

Moreover, it should be emphasized that only the small deformation theory was ap-
plied, which, as discussed at the beginning of Sec. 2.1, is often used in FFT-based
homogenization. Nevertheless, relatively large macroscopic deformations occurred in
the simulations of the sandwich core and it is also possible to extend the FFT-based
homogenization to large deformations [21]. Therefore, it would be valuable for future
research to investigate the effect of this simplification. Furthermore, interfacial fracture
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between the constituents at the microscale was not considered in the models, even though
it has been shown to significantly influence macroscopic fracture behavior [46]. Such
models can be incorporated into the FFT-based homogenization, see [106, 168–170], but
it may be challenging to obtain the required experimental data for all constituents of the
microstructure.
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Appendices

A. Distance between the central line segments of two
fiber segments

To compute the distance between the central line segments of segment j of fiber i and
segment l of fiber k, the method proposed in [137, 138] is applied. The vector from one
central line segment to the other is given by

w⃗ijkl(s1, s2) = x⃗ cs
ij (s1) − x⃗ cs

kl (s2) for i ̸= k, (A.1)

cf. Eq. (4.3). At the closest point between the fiber segments w⃗ijkl(sc
1, sc

2) is usually
orthogonal to the vectors

d⃗ij = x⃗ se
ij − x⃗ se

i (j−1) and d⃗kl = x⃗ se
kl − x⃗ se

k(l−1). (A.2)

These are the vectors that connect the two segment end points of the corresponding fiber
segments from Eq. (4.2), such that

d⃗ij · w⃗ijkl(sc
1, sc

2) = 0 and d⃗kl · w⃗ijkl(sc
1, sc

2) = 0. (A.3)

Solving Eq. A.3 yields

sc
1 = a2 a5 − a3 a4

a1 a3 − a2
2

and sc
2 = a1 a5 − a2 a4

a1 a3 − a2
2

(A.4)

with

a1 = d⃗ij · d⃗ij, a2 = d⃗ij · d⃗kl, a3 = d⃗kl · d⃗kl, a4 = d⃗ij ·
(︂
x⃗ se

i (j−1) − x⃗ se
k(l−1)

)︂
, (A.5)

and a5 = d⃗kl ·
(︂
x⃗ se

i (j−1) − x⃗ se
k(l−1)

)︂
.

Other candidates for the closest points are the segment end points

(sc
1 = 0, sc

2 = 0), (sc
1 = 0, sc

2 = 1), (sc
1 = 1, sc

2 = 0), (A.6)
and (sc

1 = 1, sc
2 = 1)
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themselves, or one end point and a point on the central line segment of the other fiber
segment, which are

(sc
1 = −a4/a1, sc

2 = 0) , (sc
1 = a2 − a4/a1, sc

2 = 1) , (sc
1 = 0, sc

2 = a5/a3) (A.7)
and (sc

1 = 1, sc
2 = (a2 + a5)/a3) .

The distance is then computed as

∆fib_fib
ijkl = |w⃗ijkl(sc

1, sc
2)| (A.8)

using the magnitude |•⃗ |. The minimum distance among all candidate points is ultimately
retained as the distance between the corresponding central line segments for computing
the overlap.

B. Operator norm of the tangent stiffness
In order to compute the operator norm from Eq. (2.158), the optimization problem

sup
6∑︂

i=1

(︂
λeig

i ∆ε ∗1,2
i

)︂2

∆ε
∗1,2

i (B.1)
subject to

6∑︂
i=1

(︂
∆ε ∗1,2

i

)︂2
−
⃓⃓⃓⃓⃓⃓

∆ε∗1,2
⃓⃓⃓⃓⃓⃓2

F
= 0

is considered, where the numerator is maximized under the constraint that the denomi-
nator remains constant,

⃓⃓⃓⃓⃓⃓
∆ε∗1,2

⃓⃓⃓⃓⃓⃓
F

= const.. The squared operator norm is maximized to
simplify the equations without affecting the result.

This problem can be solved using the method of Lagrange multipliers, where the
Lagrange function is given by

L =
6∑︂

i=1

(︂
λeig

i ∆ε ∗1,2
i

)︂2
+ κ

(︄ 6∑︂
i=1

(︂
∆ε ∗1,2

i

)︂2
−
⃓⃓⃓⃓⃓⃓

∆ε∗1,2
⃓⃓⃓⃓⃓⃓2

F

)︄
(B.2)

with Lagrangian multiplier κ. Accordingly, the equations for the stationary points
⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂L
∂ ∆ε ∗1,2

i

= 2 ˜︂∆ε
∗1,2
i

[︂(︂
λeig

i

)︂2
+ κ

]︂
= 0, ∀i ∈ {1, 2, ..., 6}

∂L
∂κ

= ∑︁6
i=1

(︂˜︂∆ε
∗1,2
i

)︂2
−
⃓⃓⃓⃓⃓⃓

∆ε∗1,2
⃓⃓⃓⃓⃓⃓2

F
= 0

(B.3)
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are obtained, where ˜︂∆ε
∗1,2
i replaces ∆ε ∗1,2

i and denotes the specific values of ∆ε ∗1,2
i that

solve the optimization problem. The first line contains the six equations for all i.
In general, exactly one of the equations from the first line of Eq. (B.3) can be solved

for κ, which yields

2 ˜︂∆ε
∗1,2
i

[︂(︂
λeig

i

)︂2
+ κ

]︂
= 0 =⇒ κ = −

(︂
λeig

j

)︂2
=: −

(︂
λ̃eig

)︂2
, (B.4)

∃!j ∈ {1, 2, ..., 6}

in the non-trivial case. The second line emphasizes this uniqueness by explicitly stating
that a single index j exists, which represents the equation that is solved for κ. For
notational clarity, the corresponding eigenvalue of index j is denoted as λ̃eig.

Inserting the solution into the remaining equations from the first line of Eq. (B.3), for
cases where λeig

i ̸= λ̃eig, gives

2 ˜︂∆ε
∗1,2
i

[︃(︂
λeig

i

)︂2
−
(︂
λ̃eig

)︂2
]︃

= 0 =⇒ ˜︂∆ε
∗1,2
i = 0, (B.5)

∀i ∈ {1, 2, ..., 6} | λeig
i ̸= λ̃eig.

Please note that this result would usually hold for all i except j. However, depending
on the symmetry of the tangent stiffness tensor, some eigenvalues can be identical.
Therefore, the equation must hold for all λeig

i ̸= λ̃eig. Hence, all ˜︂∆ε
∗1,2
i vanish except for

those that belong to λeig
i = λ̃eig.

Consequently, the solution of the second line of Eq. (B.3) becomes

∑︂
i

(︂˜︂∆ε
∗1,2
i

)︂2
−
⃓⃓⃓⃓⃓⃓

∆ε∗1,2
⃓⃓⃓⃓⃓⃓2

F
= 0 =⇒

∑︂
i

(︂˜︂∆ε
∗1,2
i

)︂2
=
⃓⃓⃓⃓⃓⃓

∆ε∗1,2
⃓⃓⃓⃓⃓⃓2

F
, (B.6)

∀i ∈ {1, 2, ..., 6} | λeig
i = λ̃eig,

where only the non-zero ˜︂∆ε
∗1,2
i belonging to λeig

i = λ̃eig occur.
Using this result, the objective function of the optimization problem in Eq. (B.1)

simplifies to

∑︂
i

(︂
λ̃eig ˜︂∆ε

∗1,2
i

)︂2
=
(︂
λ̃eig

)︂2∑︂
i

(︂ ˜︂∆ε
∗1,2
i

)︂2
=
(︂
λ̃eig

)︂2 ⃓⃓⃓⃓⃓⃓
∆ε∗1,2

⃓⃓⃓⃓⃓⃓2
F
, (B.7)

∀i ∈ {1, 2, ..., 6} | λeig
i = λ̃eig.

λ̃eig is constant over the sum and can thus be factored out.
This procedure provides candidate solutions for the optimization problem. The value
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of the objective function depends only on λ̃eig and thus which of the equations in the first
line of Eq. (B.3) is solved for κ. Consequently, the objective function is maximized for

λ̃eig = λeig
1 , (B.8)

which represents the largest eigenvalue, provided the tangent stiffness is positive semi-
definite.

Using the numerator from Eq. (2.158), the denominator from Eq. (2.150), and the
results from this optimization problem, the squared operator norm reads

||C t ||2op = sup
∑︁6

i=1

(︂
λeig

i ∆ε ∗1,2
i

)︂2

||∆ε∗1,2||2F
=
(︂
λeig

1

)︂2
. (B.9)

Thus, the final result for the operator norm is

||C t ||op = λeig
1 . (B.10)
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