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Abstract

In this paper, we study the Morse property for functions related to limit functions of
mean field equations on a smooth, compact surface ¥ with boundary 9. Given a
Riemannian metric g on ¥ we consider functions of the form

m m
fe(x) := ZUiZRg(x,') + Z 0;0;G3(x;, xj) + h(x1, ..., Xn),
i=1 ij=1
i#j

where o; # 0 fori = 1,...,m, G¥ is the Green function of the Laplace-Beltrami
operator on (X, g) with Neumann boundary conditions, R# is the corresponding Robin
function, and & € C2(Z™, R) is arbitrary. We prove that for any Riemannian metric
g, there exists a metric g which is arbitrarily close to g and in the conformal class of
g such that fz is a Morse function. Furthermore we show that, if all o; > 0, then the
set of Riemannian metrics for which f, is a Morse function is open and dense in the
set of all Riemannian metrics.
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1 Introduction and Main Results

Let ¥ be a smooth, compact surface with boundary 9 %. For a Riemannian metric g
on X let G : ¥ x ¥ — R be the Green function for the Laplace-Beltrami operator
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—A, with Neumann boundary conditions and mean value 0; i.e. for each § € X the
function G8(-, &) is the unique solution of

1 .
_AgGg(',ff):(Sg—ﬁ inY:=3%\09%,
g

3, G4(-,6) =0 ondx,
/ G8(-,&)dv, = 0.
>
Here vg is the unit outward normal on 9 X, dv, is the area element of 2, |2 |g = [5, dvg

and J¢ is the Dirac distribution on X concentrated at £ € X. Setting « (§) = 27 for
£ e Yandk(§) = 7 for £ € 3%, the Robin function RS : £ — R is defined by

1
8 — 1 8 -
R%(§) := )}1_)1% <G (x, 6+ o ® logdg(x,€)> ;

where d, denotes the distance with respect to the metric g. Given integers m > 1 > 0
with m > 1 and real numbers o; # 0,i =1, ..., m, we set

X =3l x (82)'”_1 and Ay :={x € X:x; =x; forsomei # j},

and define, for an arbitrary given function i € CZ(E”‘, R):
m
fo: X\ Ax > R, fo(x) =) o/ R(x;)
i=1

m
+ ) 010G (i xp) +h(xr, ). (L)
l,ée:jl
We will prove that f, is a Morse function for a “generic” metric g on X, in a sense
that will be made precise below.
Functions of the form (1.1) play a crucial role in understanding the blow-up behavior
of solutions of mean field equations like

—Agbt:)\(%—ﬁ) in E,

dy,u =0 ondx, (1.2)

[sudvg =0.
For a compact surface without boundary it has been proven in [7] that a nondegenerate
or more generally, an isolated stable critical point x = (x1, ..., X;) of fg, with/ =m
and h(x) = 23 7", o;log V(x;), gives rise to solutions (%, u) of (1.2) with A close
to 8wm and such that u blows up as A — 8mm precisely at x1, ..., x,;, € X. Similar

results have been obtained in the case of mean field equations on a bounded domain
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in R? with Dirichlet boundary conditions in [8, 13], and for solutions of Gelfand’s
problem and steady states of the Keller—Segel system (see [2, 5, 6, 10] for instance).

Now we state our main results. We fix an integer k > 0 and 0 < o < 1, and let
Riem**2% (%) be the space of Riemannian metrics of class C<t2* on X, i.e. the space
of symmetric and positive definite sections ¥ — (TS ® T X)* of class CKT22,

Theorem 1.1 If o; # O fori = 1,...,m and o1 + -+ 4+ o, # O then for any
g € Riem"*2% () the set

M’;H’“(E) = {y e CF2YD Ry : fug is a Morse function }

is a residual subset of CKT2% (2, R,).

As a consequence of Theorem 1.1 for any Riemannian metric g on X, there exists
a metric g which is arbitrarily close to g and conformal to g, and such that f7 is a
Morse function.

Theorem 1.2 Ifo; > Oforalli =1, ..., m then the set

Riem];;'ozr’fe(il) ={g € Riem**2%(%) : fg is a Morse function)

is an open and dense subset of Riem 2% (%).

Remark 1.3 In[1] the authors considered functions f, of the form (1.1) on a surface X
without boundary and with A (x1, ..., x;) = Z;"zl log V(x;) where V € C% (=, Ry).
This is motivated by the mean field equation (1.2). They proved that f, is a Morse
function for V in an open and dense subset of C>(Z, R ). Also related is the paper
[3], which deals with functions like f, where G is the Green function of the Dirichlet
Laplace operator on a bounded smooth domain  C R”. In [3], it is proved that f,
is a Morse function for a generic domain €2. The present paper seems to be the first
investigating the Morse property of f, as in (1.1) as a function of the Riemannian
metric.

2 Preliminaries

Riemann surfaces are locally conformally flat, so there exist isothermal coordinates
where the metric is conformal to the Euclidean metric (see [4, 11, 15]). We modify
the isothermal coordinates applied in [7, 9, 16] to a Riemann surface with boundary.
For £ € X there exists a local chart ys : ¥ D U(§) — B¢ C R? transforming g to
e¥5°Y (-, -)p2. We may assume that yg(§) = 0. For § € Y we may also assume that
U®E) c ¥ and that the image of y is a disc B :={yeR?: |yl < 2re} of radius
2re > 0. For & € 9%, by Lemma 4 in [16], there exists an isothermal coordinate
system (U &), yg) near & such that the image of yg is a half disk B;‘rS ={yeR?:

ly| < 2rg, y2 > 0} of radius 2r: > 0 and yg (U(§) NIX) = B;;S N dRZ.. For any

@ Springer



220 Page4of19 Z.Hu, T. Bartsch

X € y;;__l (B;s N BR?F), we have

()
(vg), (vg(x)) = —exp (_‘/’%TY> i

. 2.1
Y=Yy (x)

In this case, we take Bé = B;g. Foré € ¥ and 0 < r < 2r¢ we set
Bf =B N{yeR*: |yl <r) and U,():=y; (BY).
Recall that ¢¢ : B — Risrelated to K, the Gaussian curvature of X, by the equation
—Ag:(y) =2K (yé__l(y))e“’g(y) forall y € B%.

We can assume that yg and ¢ depend smoothly on &, and that ¢z (0) = Oand Vg (0) =
0.
Observe that we have for ¢ € U (),

im & z(ﬂé(g)
x»d%@) 9 (0)]

which implies

RE(Z) Z,P_IP; <Gg(x ¢+ —log|yg(X) —ys(§)|) + 5——0: (3:(©), 2:2)

Kk(Z) 2k (é“)

and in particular, using @z (yz (§)) = ¢¢(0) = 0:

R4(¢) = lim (Gg(x £) + L1og|yg(x)|).
x—¢ &)

Now we construct a regular part HE (x, &) of the Green function G&(x, &) such that
HE(&,6) = R8(&). Let x € C*(R, [0, 1]) be such that

oo |1t
=00 s = 2.

For& e Zwechoosez?g = m1n{2rg 5 dist(x, d%)}, andfor§ € 9% we setdg := zrg
Next we define the cut-off function ye € C*°(X, [0, 1]) by

ﬁuy={xm“”V&) fxeve
0 ifx e 2\ U(®¢§)
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Then, for £ € ¥ the function HEg = HE8(-,&) : ¥ — Ris defined to be the unique
solution of the Neumann problem

AgHS = ——(Agxe)log |ye| + — (VExe, Veloglyel), + ——  in %,
¢ (E) (E) T

O Hf = (E)( v Xg) log [y | + (s)xsavg log | ye| on 3®2,3)
HEdvg = —— / log |ye | dv,.

/Z g0V = ey [ X g |ygl dvg

Lemma 2.1 For g € Riem**>%(X) the function H? is of class C**3% in any compact
subsets of £ X X and in ¥ X 0X. Moreover, it satisfies

G8(x,£) = @)xfm log |ye (x)| + H®(x, &)

and HE (£, €) = R8(&). Consequently RS is of class C¥T3% in any compact subsets
of Xandin dx%.

Proof First we observe that e%s € C¥*2% (B¢, R) because g € Riem**2% (). For£ €
EOJ, by the choice of 8 we have that —AgHg is of class C¥2% in ¥ and aug HS(x,&) =
0 on dX. Now the Schauder estimate for the Neumann problem (see [14, 16], for
instance) implies that the solution of (2.3) uniquely exists in CkH42 (T R).

Forx € U(§) N 0%, setting y = ys(x) we have:

2.1 _1 0 2
d, log |y (x)] =" —e zws(y)a_yzlog|y| e 2«}5(})' 5 —

Clearly, avgx(|yg|(x)) =0forx € X N Us, (&). It follows that angg is of class

Ck+2:% on 9%, Moreover AgH§ is of class C¥*2¢ in ¥. Consequently (2.3) has a

unique solution Hsg € Ckt3:9 (2, R) by the Schauder estimates.
Finally Hé” is uniformly bounded in C¥*3¢ for & in any compact subsets of ¥ and

in 9. Therefore H (&, £) is in C¥T3¢ in any compact subsets of 3 and in 9%, and
HE(§,8) = R8(§) by (2.2). O

For g € Riem*™2%(X) we now consider the map
HE 2 x B x CH29E, Ry > R, HE(x, &, ) := HV8(x, £).

Proposition 1 The map HS is C' in & x ¥ x C¥*2%(Z,Ry) and in £ x 9% x
Ck+2’°‘(2, R4). Moreover, we have

1
Dy HE(x, &, DIO] = =L /(Gg(z x) + G8(z,6)0(2)dvg(z),  (2.4)
g

forany 6 € C*T2%(Z, R).
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Proof For g € Riem*>%(%) and ¢ € CKt2*(Z,R,) we clearly have yg €
Riemt2%(%). By a direct calculation we obtain the following equations for Hgﬂ & —
HE:

§

1 v
Xy |Zlyg

0y, (HY'® — HE) =0 ondx,

/Z(H!g — Hf)dvg = —/E G‘!g(w — Ddvy.

Vg g
—Ag(Hg — HS) =

An expansion of [X|y, = fz dvy, yields:

11—y +f2(1//—1)dv

Vg g
—A,(HY® —Hf) =
e TR =2

£+ 0¥ = Ugiiaa) as Y — Lgrsza — 0.
Recall that Gg/g =— % x(yeD) log |ye |+ Hg’ §, 5o the representation formula gives:

1
B0 = HE ) = = [ 6V G 000 ~ Ddv)
8

- / G3(z, x)(Y(2) — 1) dvg (2). (2.5)
|2|1//g z

By standard elliptic estimates (see [14, 16]) there exists a constant C such that

“ ngg - Hég ||C’<+4va < C - — 1lgks2,
thus

HY® — HS inC* a5y — 1inCF2e, (2.6)
According to the construction of H8(x, &), the convergence in (2.6) is uniform for
& in any compact subset of X, and in dX. It follows that H,(x, &, -) is continuous
at 1, uniformly for x € ¥ and & in any compact subsets of Yoré e dx. Using
He(x,8,%) = Hyg(x,§,1) we see that H,(x, &, -) is continuous at every ¥ €
Ck+2,ot (T, R+)

Next we prove that HE (x, &, ¥) is C! with respectto . We fix 6 € C”k’”‘(Z, R)
and consider the metric (1 + 70)g with ¢ sufficiently small so that 1 + #6 > 0. Then

wi (x) = }(H“””g(x, £) — H%(x, %))

= ;(Hg(x’f» 1+16) — H¥(x,§, 1)) (2.7
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satisfies the following equations as t — 0:

1 0 o
t .
_Agws = _|Z|2 /Eedvg — —|2|g + O(1) in X%,
g

Ay, wr(x,6) =0 X €dx, (2.8)
/ wé dvg = —/ GéHte)g -0dv,g
> b

where O(t) is defined with respect to the C¥*>%-norm. Applying the standard elliptic
estimates, wé converges as t — 0 to some function wg(x) = DyH8(x, &, D[O] in

Ck+4*“(2, R). Moreover, wg satisfies the equations

o 1 0 e
—Agwl = —— [ 0dvy— ——  in3,
=2 Js =

A, wg =0 ondx, (2.9

/wgdvgz—/Gg-Hdvg.
b)) b

The representation formula now implies (2.4):
1
DyHE(x, &, DIO] = wl(x) = —ﬁ/ (G4(z.2) + G4(2. £)) - 0(2) dug (2).
g JZ

Replacing g by ¥ g and 6 by %, we obtain the derivative of H, (x, &, ¥) for arbitrary
¥ € CKR(D Ry

DyHE (x, &, ¥)[0] = lim %(H“”*"”goc, £)— HS(x,8))

1 0(2)
=— GV8(z, GV8(z,8)) - —~d
|2|¢g[z( @0 +G 5) ¥ (z) vve(2)

N _IEL fz (GV8(z,2) + GV4(2,6)) - 0(2)dvg (2). (2.10)
g

In order to see that Hg (x, &, ) is continuously Fréchet differentiable with respect to
Y it is sufficient to prove that Dy Hg (x, &, ) is continuous in ¥ as a linear operator
on CKt22 (2 R,). For y1, Y € CKt2%(%, R,) there holds

|DyHo(x, &, Y1)[0] — Dy Hg(x, &, ¥2)[0]]

IEllw /}: (GV18(z, %) + GV18(2, £)) 0(2)dvg (2)
18

1
|E|1/fzg
< C - 0lckr2e - 11 — Y2llcki2e

/;(Gpog(Z’x) + G¢2g(z,};~'))9(z)d1}g(Z)
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where we applied (2.10); here C > 0 is a constant. Therefore ¢ is C! in ¥ x ¥ x
Ck2¢(2,Ry) and in T x 9% x CK2%(Z, R,). o

3 Proof of Theorem 1.1

The proof is based on the following transversality theorem [12, Theorem 5.4].

Theorem3.1 Let M, WV, N be Banach manifolds of class C" for some r € N, let
D C M x VWV be open, let F : D — N be aC" map, and fix a point 7 € N. Assume
for each (y, ¥) € F~(2) that:

(1) DyF(y,¥) : TyM — T;N is semi-Fredholm with index < r;
2) DF(y,¥) : TyM x Ty VW — TN is surjective;
(3) F ') = W, (y.¥) > V¥, is o-proper.

Then
W, := (Y € W : zis a regular value of F (-, ¥)}

is a residual subset of V.

Proof of Theorem 1.1 We set W := Ck*2:%(X R, ) and consider the functions fy, :
X\ Ax — Rfory e Ck29(3, R,) first in a local isothermal chart. Let yg, : X D

U§) — B% C R? be isothermal charts of ¥ as in Sect.2 with £1,...,§ € Zol,

&141, ..., &n € 0X. For simplicity of notation we set ¥; := yg, : U; := U() —
B :=B% CR*fori=1,...,L,andY; :=mjoys : Uy :=U(&)NIT — B; CR
fori =1+ 1,...,m;here 71 : R2 - R is the projection onto the first component.

Fori =1+1,..., m we thus have yg, (x) = (¥;(x), 0). Then

Y =YX XY : XDU:=U  x-xUpyp— R (x1,...,xm)
= (Yl(X]),...,Ym(Xm)),
isachartof X.Set M = N :=R/*™ and V := Y(U N X\Ax) C RI*™ = M so that

D :=V x Ck22(x R,) is an open subset of RIT" x Ck+2¢(2 R,).
We will apply Theorem 3.1 to prove that 0 € R/*" is a regular value of

V(fygo¥Y ') iR SV =yYWUNX\Ayx) > R
for ¢ inaresidual subset Wy C W. This implies that the restriction of fy, to UNX\Ax
is a Morse function for iy € Wy. Then Theorem 1.1 follows because X is covered by
finitely many neighborhoods U as above and because the intersection of finitely many

residual sets is a residual set.
It remains to prove that the map

Fo R x 242 R DD - R, (3, 9) > V(fyg o Y ),
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satisfies the assumptions of Theorem 3.1 with » = 1. Concerning the differentiability
it is clear that F, is C! as a function of y € V. In order to see that F, is also C!

in ¥, by Lemma 2.1 it is sufficient to prove that V, (H"’g (Yi_l(-), Yj_l(~)>) is C!

in . We recall that wé is defined by (2.7). Applying the representation formula of

wé and Lebesgue’s dominated convergence theorem, we have for (y, ¥) € D and

0 € Ck2e (D R):

Dy, VyHY S ), Y (r))l6]
=1imV, | wi(x )
10 y( ¢l )x:Y,.‘l(yl-),s=Y;‘<yj)>
1
) Jim (——— / v, %04y,
=0\ [X] Jx Y7 )

1 1 1416
L (R ) )
2t \IZlg  [Zla+0)g Y7 ()

1

=5 / Vy (G4 Y ) + GE 2, Y (7)) - 0(2) g (2)
=l Jx

=V, Dy HEY ), Y] (), DIO,

where we used Proposition 1. Since Dy Fq(y, ¥)[0] = Dy Fyg(y, 1) [%] we obtain

Dy Fy (v, Y)IO] = /E Vi (G8(2, Y7 i) + GV (2, Y () - (2) dug (2).

1Zlye

As in the proof of Proposition 1 we deduce that F, (y, ¥) is C'onU.

Now we need to check the assumptions (1)-(3) of Theorem 3.1. Obviously
DyFo(y, ¥) : RIF™ — RIF™ js a Fredholm operator of index 0 < 1, hence (1)
holds. Also, (3) is easy to prove: For j € N the set

Mj:={Y(x) eR"™ :x € U, dy(x,Ax UU) =277} Cc Y(U) C R
is compact as a continuous image of a compact set. Therefore the map
Mj x C*F24(2, Ry) — CP29(2, Ry, (b 9) - ¥,

is proper, hence its restriction to F,° Loy n (M X Cck+2e(x, R+)) is proper. Since
V = U;’O:I Mj,s0D = U;’il (Mj x Ckt2e(x, R+)) it follows that the map
o0
77O = (F' 00 (M) x Az RY) ) - CHRUERY, 009 o

j=1

is o-proper.
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Finally we prove the surjectivity of the derivative DF,(y, ¥) RIA™ %
C+2e(3, R) — R at a point (v, ¥) € F;'(0). In fact, we shall prove that
Dy Fe(y, ¥) : CKH29(, R) — RI*™ is onto. Since

DyFe(y, )01 = Dy Fye(y, DIO/Y]  ford e C*TEo(T, R)
it is sufficient to consider the case 1 = 1. We observe for 6 € CHho(x R):
Dy, Vs G i), Y 6] = Dy |, Yy HYS (Y o), Y ()I6],

Now Proposition 1 yields for6 e C2the (3, R) with supp(9) C 2]\{Y1_1 1)y ey Ynjl
(m)}:

d
Dy Fe(y, DIO] = o

m
< OizvyR(l+t0)g(Yi71(yi))
=0} =

m
+ Y 0io Vy,GUTS (T (), Y () + Yy (o Y“)(y))
A’/#:]I

m

__ 2 “1y
B |E|g/2<220i VyGE(z Y (i)

i=1

+ Y 0i0j(VyGE (2, Y () + Y, GE Gz, X;‘(y,))))@(zmvg(z).
111#:]1

Consider an element u = (uy,- - ,uy,) € R with uy,...,u; € R2,

U1, ..., uy € R, that is orthogonal to the range of Dy F,(y, 1), i.e. it satisfies
for every 0 € Che (o R) with supp(9) C E\{Yl_l(yl), e Ynjl(ym)}:

0= (u, Dy Fe(y, DIO) =Y (i, (Dy Fy(y, DIO))

i=1
m 1 m
=— Z H(Zaﬁ + 220,'0./) / (ui, vy, G4(z, Yi_l(yi))) -0(2) dvg(z)
i=1 18 j=1 X
i

This implies, using ZT:I oj #0:

m

> oifui Vy, GE@ YT i) =0 forze SA{Y .. Y G}
i=1

3.1
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Setting x; =27 fori =1,...,landx; =z fori =1+ 1,...,m we have
Gz, Y (yi)) = HE (2. Y7 ) — Klix(4IYi(Z) — yil/8g) log |Yi(2) — yil.
Now we define z; () := Yi_l(yi + tu;) fori € {1, ..., m} and observe that
Vy, G2 (zi (1), Yj—l(yj)) =0O0) ast— Oforj#i
whereas

(i V3, G¥ @i (1), Y (7)) = 00 ast — 0.

Equation (3.1) implies #; = 0 because o; # 0. This holds for all i, hence u = 0 and
Dy F¢(y, ¥) must be onto.

4 Proof of Theorem 1.2
Theorem 1.2 follows easily from the following lemma.

Lemma4.1 Ifo; >0 i =1,....,mth li A4 = 0.
[fo; > 0fori m enx_>a(1)r(n\AX)| fe(x)|g =00

Proof of Theorem 1.2 Lemma 4.1 implies that the set of critical points of f; is compact.
It follows that if f, is a Morse function, then it has only finitely many critical points,

and any C2-perturbation of fg is also a Morse function. Therefore Riemﬁ;ﬁfe(E) is

an open subset of Riem**2% (). By Theorem 1.1 it is also a dense subset.

Proof of Lemma 4.1 Consider a sequence x" € X \ Ay such that
XM= x® e d(X\Axy) = Ax U(OD) x @2)" ") c = x @z

CASE 1.x®¥ € Ay C 3! x (9x)" .

Then, there exists £ € ¥ such that the set 7 = {i € {1,...,m} : x> = &}
contains at least two elements. Moreover, if £ € f], then C {1,---,l};if& € 0%,
then I C {{+1,---,m}. In either case, we have that

[VERS()| = O(1) and |V G4 (x}', x})| = O(1)  asn — +oo,

fori € Iand j ¢ I,and |[ViHE(x]', x)| = O(1) for i, j € I. Let yg : U§) —
B R2 be the isothermal chart with Ve (§) = Ointroduced in Sect.2. Then fori € I,
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setting y7 = Ve (x;‘) € R? for j € I and assuming yi' # 0, we obtain as n — oo:

|vgfg(x")|g > |V§ifg(x")|g =2|V§ Z 0i0 G4 (x}', x| +O(1)
jel\i}
8

2
= — V& Y oiojlog|yv:(x]) — e (<D +O)

“@ | i .
2¢

=25 [V 2 cwoilogls! -yl +0M)
* jeli)
2¢ =i

jeliy P

2c i —y] !

>——| Y oo ,< 5, == )+ 0(0)
€@ | G\ DT

The second inequality is a consequence of the fact that there exists ¢ > 0 such that
for any functiong : U(§) — R:

|V§g(x)|g > C|V(goy§_1)(y§(x))| for x € U(§).

Now for n € N we choose i(n) € I with |yl."(n)| > |y;?| for all j € I. This implies
Yim # 0 and

1 2 . .
()’?(n) - )’?s Y;l(n)) = §|Y;1(n) - )’7| >0 forjel\{i(n)},

hence

Yiy = Y] Vi
2

1
> for j e I'\ {i(n)}.
|yl{1(n) - > 2|yin(n)|

lyl-"(n)l

As a consequence we obtain, using o;0; > O forall i, j € I:

1
V& o], = [VE fe M, = > i T + O

(E) jen\im)} Vi

— 00 asn — 0.

CASE 2. x® ¢ Ax. Then there exists i € {l,...,1} such that xl." — & for some
EedX.
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We fix an isothermal chart (ys, U(§)) around & as introduced in Sect. 2. For any
¢ € Uy, (§), we decompose G# (-, ¢) as follows:

- 1
G8(-,0)=H8(,¢) — K—;)x(4|ys(~)) — v /re) loglys () — ye (O)]. (4.1)

Equation (2.2) implies R8(¢) = HS(C,0)+ #@)wg (yg (C)). Let 01, 0> be the standard
basis of R? and define ¢, 0z, € T, X be the corresponding basis of the tangent space
of Yat¢ e U(§). -

Fix ¢ € Uy, (§) N X and set § := yg(§)2 > 0. The representation formula for H
yields:

A HE (0, O)|y= S HE(, O)dvg — | GE(-, 0)Agdy HE (-, O)dv
1 n n=¢ =l Jx 1 g 5 g9 g
+ /32 G2 (-, £)dy, 0 HE (-, £)dsg

= 1] G4(¢,x)0,,0
- 27_[ . Ca-x Vg {1

X (X (4lye(0) = ye(©)1/rg) log |ye (x) = ye (©)]) dsg(x) + O(1)

1
-l G (¢35 ) x@ly = ye@)l/re)

27 JpEnor2.
8 2(y1 — ye (@)1 (2 — y£(£)2)
ly = ye(O)I*
S o G* (s“ e (85, 0) + (£ (¢) 0)))
27 é —&/8 e ’ 5 b

2s

dy +0()

as§ — 0. Here e € (0, %) is chosen sufficiently small. Decomposing G¢ as in (4.1),
we deduce for ¢ € U(§) with ye(£)2 < %:

G (.7 (65,0 + (@)1, 0) ) = A% (£, 37 (35, 0) + ()1, 0)))

1
—— log|[(8s, —d)|,
i
Now we apply the mean value theorem for H¢ and obtain as 8s — 0:

A% (g, y; ' (65, 0) + (e (£)1. 0))) = H® (c, e (e, o))

+0O(18s] sup IVeHE(, V) lex)) (43)
xX€eoXx
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This implies as § — O:

! o0 g -1
“ﬁ/_g/ﬁ (@ g (5. 0) + 0601, 0) 55

(s2 + 1)2

1 ~ 2s
g8 -1 =
S5 H (@ (yg(cn,o))/lslss/a A

252 1
+1|0 </ ds) + [ log(8v/s2 + )
‘ si<ess (2 +1)2 2728 Jis1<e /s ¢ 1)2

< O().

<

Now (4.2) yields o, H&(c,0) = OQ) for ¢ € Uy, (§) N 3%. Consequently, for
¢ € Up (&) with y£(£)2 < %, we have proven that:

Iy RE() =0O)  as|ys(0)| — 0. (4.4)

The representation formula of HS yields for ¢ € U, (§) N ¥ asd — O

~ 1 ~ ~
B, HE (1, &) ly=¢ :@/;BQHg('vf)dvg_/;:Gg('aC)Aga;'zHg(',g)dUg
+/ G8 (-, ), 0, HE (-, £)ds,
X
1
3 |, G40 2

271
x (x (4|)’s(x) — ¥ (©)1/re) log ys (x) — ye (O)]) dsg(x) + O(1)

I g -1 _
=5, — GE(C, ye (DX @y = ye(©)l/re)

()’1 — ¥ @)D? = (02 — ¥:(0)2)?

ly = ye (@I
e/8 52 —

1
gy » Gg(( Ve H((85,0) + (e (1, 0))

Ay e 1. 0) i d
o , i
= 278 Yo el isl<ess (s + D2

s(s> — 1)
1 LAY}
+O( +/|s|§8/8 (s241)? ds)

log(8~1) s2—1
2725 e
7T Is|<e/s (s + 1)

1 1 s2—1
+—= lo ds + O(1)
2728 /Mgs/s : («/s2 + 1) (s2+1)?
1 VsTZHT) s
=555 lo 2 5ds
278 Jis=1 V241 ) 5+ D)

dy +0()

1
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—L/ log( ! ) it ds
2728 Ji512¢/5 V321 1) 2+ 1)?

10g(8’1)8
282+ £2)

< 1 / 1 ( 2) Sz —1 d —|—(9(8_%) < 1
—_ (0] S ——=das _——
=272 o BV 212 ="

+ 067 + 0dog6™H) + 1)

The last inequality used the identity

f log(s2) o1
0g(s)——=ds=m
Is|=1 (s241)?

From the above estimate we deduce for ¢ € >N Uy (§):

I, RE(¢) < as |yg(£)2| — 0. 4.5)

27 )ye (0)a

Now if [ := {i e{l,....m}:x]' > E} contains only a single element i then (4.5)
yields

V& o], = [VE fo M, = |0 VE RS () + 201 ) VEGE (], x) + VERG™)|,
J#
2,v8 n ca
= o7 IVE RSP+ O(1) 2 s——1— 4+ O(1)
27 | ye

x"2|

— 00 asn — oo.
Here ¢ > 0 is a constant such that for any function F : U(§) — R:
|V§F(x)|g > c|V(Fo yg_l)(yg(x))| forx € U (). (4.6)

Next we consider the case that / contains at least two elements. Then £ € U (§)
for n large and i € I. By a direct calculation we obtain for j € I\ {i},t = 1,2 and
n— o0:

3, G (X, Ol = g HE (], )=y
+ : 1 1 d
og 7
) Iy () — ye ()

o X 41y (X)) — ye(OI/re)le=xn

1

1
+ ——x(@]ye (") — ye (x])|/re)d, log —————————
X)) log s »

K (x')

1 Oe(x) — ye (X)),
K (x]) [ye () = ye (xDI?

= B HE (X, O)|eur — oM. (@7
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For n € N we set
On = max ({yg(xin)z vie I U{lyex) — yeDil i, j € I withi # j}).

If there exists i (n) € I such that g, = ys¢ (xf'(n)) theni(n) € {1, ...,1} satisfies

27
Ve (xj)2 — ve (X7)2 = 0 and yg (x7(,))2 = [(ve ()1 — ye (X))1| foreveryi, j € 1.

Given¢ = xl.”(n) andn = x;.’ with j € IN{1, ..., I}\{i(n)}), we will calculate the upper

bound of 8;21:15’(77, ¢)asn — 0. Settinga = yz(n)2 > 0and b = y:({)1 — ye (M
we have for |b| < g, asn — oc:

- 1 N -
9, HE (1, ¢) =WL%Hg(-,{)dvg—/EGg(-,n)Agangg(nC)dvg
g

+/ G* (-, m)dy, 0, HE (-, £)ds,
X

1
=00 + 5= /a  GF 00, (x (43 () = w5 1)
x1og |y (x) — ye (©)[)dsg (x)

1
_ g —1 _
<O+ 5 /BEHaRi G4 (n, y ' (M x@ly = ye (Ol /re)

L o= Ye(©)1)? — (2 — y£(0)2)?

dy
ly — ye (@I

O e/on < 1 S2—1 d
<0 GS(n, vi .0 ,0)———
=0+ 5 — /_ g, GE 0 (0ns, 0+ 06(O1, ) oy
@3 1 - s2—1

< ——HE, v (e(0)1,0)) ————ds

27 0n Ye (el isl<e/on (87 + 12

2_
+0 (1 + / Mm)
Isl<e/o, (87 + 1)

log(a) s2—1
52 2 5ds
2720n Jisi<e/on (57 + 1)

N 1 / . 1 s2—1 4
— og s
277200 Jisi<¢/0, 1+ (ons + b)2/ja2 ) (2 +1)?

1 /‘ 1 1
< - log(a™") + log
2m%gn |s|>e/g,l( V14 (ous +b)?/a?
2
sc—1
———d
X G2E 1) s

1 1 -1 2742 2 _
! / log V14 (@ns~ ' +b)?/a 52 _ds
2o Jisiz1 VI+(ens +0)?/a? ) 5=+ 1)

+0(1 +log(o, H)
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< O(log(e, H)

Here we used the inequalities:

log (Y1 F(ens "+ b)2/a?
V14 (ons + b)2/a?

) <0, for [b] < g, |s| =1

and

|2
D=

2
—1
0 <logy/a? + (ons + bR <C
2+ 1)

for some constant C > 0,any s € {s € R : |s| > ¢/0,, a® + (ons + b)? > 1}. We
notice that we have for j e IN{{ +1,..., m}:

1w

N

|0, HE (L Oy, | = 10 HE (G )= | O)  asn— 00 (4.8)
andforj e IN{l,...,}\{i(n)}, 0n = yg(xlf“(n)):
|06, HE (<, Ole=z, | < O(logle, D) asn — oo, 4.9)

Now (4.5)-(4.9) imply for n — oo:

|VE fo ()] =

Vf[(n) (crizRg(x["(n)) + 20 Z 0 G8 ([, X)) + h(x"))
J#i(n)

8

>c

+O(1)

Axiiny)2 (di2(11)Rg(‘§in(n))+20i(") > ang(si(n),gj)))
jel\lim)

_ c
> O(log(o, M) + Ui2<n>ﬂ

— OQ.

Here ¢ > O is asin (4.6). If g, > max{yg (xi") :i € I}, then we take i(n) € I such
that y (xlf“(n))l = max{ys(x]') : i € I}. The proof of Lemma 6 in [16] implies for
x € U(§) and y; (x) := (ye(X)1, —ys (x)2):

<C

1 1
H G (-, x) 4 = log|ye () — ye ()| + 5= log |y: () — y{ ()] <
2 2 Cl (U )

where C > 0 depends only on (X, g) and on &. Therefore we have for j € I \ {i(n)}
asn — 00:

1 ye ()1 — ye (X1
2 |yg(xl.”(n)) - yé(x}l”z

8{'1 G(x;‘l9 §)|§:xln(n) =
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1 yé(xin(n))l - yf(x;‘l)l

—5 oGl = yg(x;.’)|2 +0Q). (4.10)

We cantakei’(n) € I'\{i(n)}suchthato, = yz (xl.”(n))l — )t (xl.”,(n))l by the assumption.
The inequality (4.10) yields

1
05 G (X} (s € e asn — oo. (4.11)

< —
i(n) 47TQn

From (4.4) together with (4.10) and (4.11) we derive the following estimate for the
gradient of f, asn — 00:

IV fo(x)g = | Vi | 07 REGS) + 2010y Y 0GB (X, X1 + h(x™)

J#i(m) p
> ¢ B | i REEly) + 201y Y 0GB Gy, £)) ||+ O(1)
Jjel\{i(n)}
. c
> O(1) + oimo (i’ (n)) o
n

— OO

Again ¢ > 0 is as in (4.6). This completes the proof of Lemma 4.1.
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