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Abstract

We define and study root graded groups, that is, groups graded by finite root
systems. These provide a uniform framework to investigate several existing
concepts in the literature, including in particular Jacques Tits” notion of RGD-
systems. The most prominent examples of root graded groups are Chevalley
groups over commutative associative rings. Our main result is that every root
graded group of rank at least 3 is coordinatised by some algebraic structure such
that a variation of the Chevalley commutator formula is satisfied. This result can
be regarded as a generalisation of Tits’ classification of thick irreducible spherical
buildings of rank at least 3 to the case of non-division algebraic structures.

All coordinatisation results in this thesis are proven in a characteristic-free
way. This is made possible by a new computational method that we call the
blueprint technique.

Deutsche Zusammenfassung

Wir definieren und untersuchen Wurzel-graduierte Gruppen, das heifit, Gruppen
mit einer Graduierung durch ein endliches Wurzelsystem. Diese liefern einen
einheitlichen Rahmen, um verschiedene Konzepte aus der Literatur zu studieren,
insbesondere Jacques Tits” Begriff von RGD-Systemen. Das bekannteste Beispiel
von Wurzel-graduierten Gruppen sind Chevalley-Gruppen iiber kommutativen
assoziativen Ringen. Unser Hauptresultat besagt, dass alle Wurzel-graduierten
Gruppen vom Rang mindestens 3 durch eine algebraische Struktur koordi-
natisiert sind, sodass eine Abwandlung der Chevalley-Kommutatorformel erfiillt
ist. Dieses Resultat ldsst sich als Verallgemeinerung von Tits” Klassifikation der
dicken irreduziblen sphirischen Gebdude vom Rang mindestens 3 auf den Fall
von algebraischen Strukturen ohne Division interpretieren.

Alle Koordinatisierungsresultate in dieser Thesis werden in einer charakteris-
tik-freien Weise bewiesen. Dies ist moglich durch eine neue Technik, die wir die
Blueprint-Methode nennen.






Acknowledgements

I would like to thank my supervisor Bernhard Miihlherr for his profound positive
impact on my mathematical education, from my undergraduate algebra courses
to the supervision of my Bachelor, Master and PhD theses. He led me to this
beautiful research topic and was always available to share his advice on and
discuss mathematics, academia or anything else. He was also the one who
initially suggested the idea of the blueprint technique, which grew into much
more than any of us initially expected.

Further, I want to thank Richard Weiss for answering and asking questions
on my project, for sharing his thoughts on both my thesis draft and my postdoc
grant application and for showing interest in my work. His initial note on the
blueprint computations in C3 was a big help when I wrote my Master thesis.

Many thanks go to Philippe Gille, who invited me to Lyon several times and
who spent countless hours teaching me about linear algebraic groups, as well as
going hiking with me. My trips to Lyon were a defining part of my PhD during
which I got to know many wonderful people.

I am grateful to Kai-Uwe Bux for inviting me to Bielefeld during the final
months of my PhD as a guest of the SFB/TRR 358. I spent a magnificent time
there in a fantastic working group.

For his support of my postdoctoral grant application and his valuable feed-
back, I want to thank Tom De Medts. I am certain that I will have a great time at
Ghent.

I also want to thank Max Horn for sparking my interest in computational
algebra during my undergraduate studies and for inviting me to Kaiserslautern.
That GAP course turned out to be quite useful for computing the commutator
relations.

I am thankful to Holger Petersson for answering several questions about
composition algebras, conic algebras and quadratic forms over rings.

All my present and former colleagues at Gieflen, including many motivated
students who made teaching a joyful task, deserve a special thanks for the
wonderful time and the many opportunities to learn. In particular, Stefan Witzel’s
Oberseminar was always a pleasure to attend.

Finally, I want to thank my family and friends outside of academia for always
supporting me. My life would be much less interesting without them.

This work was supported by the DFG Grant MU1281/7-1.






Contents

[Preface]

I Preliminacies
[L.T  Elementary Notation and Group-theoretic Factsf. . . . . . .. ..
[2 RootSystems . .............................
.37 WeylGroups| . . . ... ... ... i
1.4  Foldings of RootSystems| . . . . ... ................

2 Root Graded Groups: Definition and General Observations|
21 Groups with Commutator Relations|. . . .. ............
22 WeylElements| . . .. .........................
24 Bijectivity of the ProductMap| . . .. ................
25 RootGraded Groups . ........................
2.6 Foldings of Root Graded Groups| . ... ..............
2.7 Root Graded Groups in the Literature]. . . . .. .. ... ... ..

B Chevalley Groups

B.I  Semisimple Lie Algebras| . . . ... .................
B2 Construction of the Chevalley Groups| . .. ............

B.3 Weyl Elements in Chevalley Groups|. . . . ... ..........

I TheP isafion T l
4.1 Motivation and Overview of this Chapter| . . . . ... ... ...
42 ParityMaps|. . . . . ...
4.3 Parametrisations and Twisting Structures| . . .. ... ... ...
44  Compatibility Conditions|. . . . ... ................
4.5 Proof of the Parametrisation Theorem|. . . . . .. ... ... ...
4.6 Criteria for the Compatibility Conditions|. . . . . ... ... ...
4.7 Remarks on the General Strategy] . . ... ... ... .......

[> Root Gradings of Simply-laced Type|

|§.1 Nonassociative R1rﬁ .........................

.2 The Simply-laced RootSystems] . . . ... .............
.3 Construction of Simply-laced Root Graded Groups| . . . . . . . .
b.4  Rank-2Computations| . . . .. ....................
b.5  Standard Twisting Systems] . . . .. .................
b.6 StandardSigns| . . .................... ... ...

5.7 The Coordinatisation] . . . . . . .« v v v v v v v i

|6 The Blueprint Technique|
[.1 The Idea of the Blueprint Technique . . . . . ... ... ... ...




8 Contents
0.2  The Formal Framework of the Blueprint Technique| . . . . . . .. 162
6.3 Blueprint Computationsfor A3| . . . ... ... .......... 165
6.4 Concluding Remarks| . . . ... ...... .. ........... 169

[7__Root Gradings of Type B 173
7.1 uadratic Maps and Modules| . . . ... ... . ... ... ... 174
[72  RootSystemsof Type B . . . .. ................... 179
[73 Construction of B,-graded Groups| . . . .. ............ 184

Rank-2 Computations, Non-crystallographic Case] . .. ... .. 193

[75  Rank-2 Computations, Crystallographic Case| . . . ... ... .. 197
[7.6  Rank-3 Computations| . . . .. .................... 201
[77 StandardSigns . ... .......... ... ... ... ... 206
[7.8  Admissible and Standard Partial Twisting Systems| . . . . . . .. 209
[7.10 Co putatlon of the Blueprint Rewriting Rules| . . . . ... ... 213
[711 The Blueprint Computation] . . . .................. 219
[8 Jordan Modules and Related Structures| 227
. Weakly QuadraticMaps|. . . ... ... ... ... . ... ... 228
B2 AlternativeRings| . .. ........................ 230
. Rings with Involution| . . . . ... .. ... ... ... ...... 234
(8.4  InvolutorySets| . . . .. .. ... ... ... .. ... .. ... 238
B.5 Pseudo-quadraticModules| . . ... ....... ... ... .. .. 241
[8.6 JordanModules| . .. ... ... ... .. ... .. .. .. .. ... 251
8.7 A Near-classification of Jordan Modules| . . . .. .. ... .... 257
[8.8  Purely Alternative Rings and Jordan Modules| . . . . . . ... .. 262

9 Root Gradings of Types C and B(C| 265
PI  RootSystems of Types Cand BQ|. . . . . .. ... ..o .. 266
0.2 The Relationship between Root Gradings of Types B, C and B(| . 270
0.3 Construction of BC,-graded Groups| . . .. ... ......... 272
0.4  Rank-2 Computations| . . . .. .................... 282
0.5  Rank-3Computations| . . . .. .................... 285
0.6  StandardSigns . . ........................ ... 289
0.7 Admissible and Standard Partial Twisting Systems| . . . . . . . . 292
0.8 TheParametrisation] . . . . . . . . . ... ... 295
9.9  Computation of the Blueprint Rewriting Rules| . . .. ... ... 296
9.10 Blueprint Computations| . . .. .. ... ............ .. 301

[10 Root Gradings of Type 315
[10.1  Conic Algebras and Related Structures] . . . ... ......... 316
[10.2 Composition Algebras and Pre-composition Algebras| . . . . . . 324
[103 TheRootSystem Fy| . ... ...................... 328
[10.4 Construction of F;-graded Groups via Foldings| . . . .. ... .. 330
momputatlons in F;-graded Groups| . . . . ... ... . ... .. 336

The Parametrisation] . . . . . . . . . . oottt 338
ll&LThﬂlQQIdlD@;tlSﬁ.tlQDl ......................... 340
Bibliography 350

Index 351



Preface

Let ® be a finite irreducible root system. A ®-grading of a group G is a family of
non-trivial subgroups (Uy).co generating G, called the root groups of G, such that
some commutator relations and a non-degeneracy condition are satisfied and
such that so-called Weyl elements exist for each root. If the root system @ is not
specified, we will also call these objects root gradings, and the pair (G, (Uy)sca) is
called a ®-graded group or root graded group. Our definition of ®-gradings makes
sense for any finite root system, crystallographic or not, but all the central results
of this thesis concern mainly the crystallographic root systems. We will briefly
remark on the situation in the non-crystallographic case in the last part of this
preface. Except for this detour, all root systems in the preface are assumed to be
crystallographic.

Motivation and Examples: Chevalley Groups

The main examples of root graded groups are the Chevalley groups, which were
introduced by Chevalley in his famous Tohoku paper [Che55]. By construction,
every Chevalley group G is defined over a commutative associative unital ring R:
It is a matrix group with coefficients in R, and for each root group U, there exists
a canonical isomorphism 6,: (R,+) — U,. Further, the celebrated Chevalley
commutator formula asserts that
[0a(a), 0p(0)] =TT Oiacjp(capija’®)
iocl]]%écb

for all non-proportional roots &, f and all 2,b € R where c,g;; are integral con-
stants which do not depend on R, 2 and b. In other words, commutators in G are
described by the ring multiplication. For any root «, an element w, € U_,U,U_,
is called an a-Weyl element if it is a “lift” of the reflection o, in the Weyl group
of ® to the group G. By this we mean that ng’“ = Uy, (p) for all roots B. It turns
out that an element w, € G is an a-Weyl element if and only if it has the form
Wy = 0_(—a"1)0,(a)0_,(—a"!) where a is an invertible element of R. In partic-
ular, x-Weyl elements exist because there exists at least one invertible element
in R, namely 1. We conclude that the group-theoretic structure of a Chevalley
group G is intricately connected with the algebraic structure of the ring R over
which it is defined.

On the other hand, the definition of root graded groups is purely combinato-
rial: it does not refer to any underlying algebraic structure. In fact, the axioms of
a root grading can be seen as a list of the most important properties of Chevalley
groups which can be formulated without reference to the underlying ring R.
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Goals

The Coordinatisation Problem

It is now a natural question whether the combinatorial axioms of a root graded
group are enough to construct (or, in the special case of Chevalley groups, re-
construct) a ring “over which it is defined”. To make this precise, we say that
a root graded group (G, (Uy)aco) is coordinatised by the ring R if there exist iso-
morphisms (6, : (R, +) — Uy)sece such that the Chevalley commutator formula
holds. Thus the question is whether each root graded group is coordinatised by
some commutative associative unital ring (R. While this question is a step in the
right direction, it is too naively posed to admit a positive answer. We will explain
why in the following.

First of all, the theory of root graded groups seems to be very unruly without
additional assumptions in the lower-rank cases. For this reason, we will largely
restrict ourselves to the case that @ is of rank at least 3.

Secondly, we cannot hope for the ring to be commutative in all cases be-
cause, for example, (a variation of) the construction of Chevalley groups of
type A, works for non-commutative rings. There are even constructions of A»-
and Cz-graded groups from so-called alternative rings, which form a class of
nonassociative rings.

Thirdly, even if we allow a more general class of rings, we make the following
observation: If G is coordinatised by a single ring R, then in particular, all root
groups must be pairwise isomorphic. However, we will see that the axioms of a
root grading merely imply that U, is isomorphic to Up if « and f§ are conjugate
under the Weyl group of ®. Thus in general, we have to allow the distinct
orbits of root groups to be coordinatised by distinct algebraic structures. For
example, we can construct B,-graded groups in which the long root groups
are coordinatised by a commutative associative unital ring £ and the short root
groups are coordinatised by a quadratic A-module (M, q) (that is, a A-module M
with a quadratic form g: M — £). The commutator formulas in these groups
look exactly like the Chevalley commutator formula, except that terms a2 for
a € M are replaced by q(a) and terms 2ab for a,b € M are replaced by f(a,b)
where f denotes the linearisation of 4.

In light of the previous paragraph, we make the following definition where
O denotes the set of orbits in ®: A coordinatisation of (G, (Uy)xeq) consists of a
family of (usually abelian) groups (Mo )oco called the coordinatising groups or
coordinatising structures, a family of maps between the coordinatising groups
(Mo)oeco which “equips (Mp)oeo with an algebraic structure” and a family of
group isomorphisms 6, : Mo — U, for O € O and & € O. We further require that
a generalised version of the Chevalley commutator formula (involving the maps
between (Mo )oeo and the isomorphisms (6, ) 4c) is satisfied. For example, in the
case of B,-graded groups, the coordinatising structures are abelian groups (%, +)
and (M, +) and we have a map £ x £ — £ which turns £ into a commutative
associative unital ring, a map £ x M — M which turns M into a £-module and
amap M — £ which is a quadratic form on M. The connection between Weyl
elements in G and invertible elements in the algebraic structure that we have seen
earlier for Chevalley groups remains valid in this more general setting, though of
course the precise meaning of “invertibility” depends on the specific algebraic
structure. (For example, an element v in a quadratic module (M, q) is called
“invertible” if g(v) is invertible, and its “inverse” is then defined to be g(v) 'v.)
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In particular, the existence of Weyl elements in G yields that there exists at least
one “invertible” element in each algebraic structure that we encounter. For this
reason, all rings in this thesis are unital.

With these refinements in mind, we can now formulate the main goal of
this work: For each irreducible crystallographic root system @ of rank at least 3,
show that there exists a class Co of (families of) algebraic objects such that each
®-graded group is coordinatised by an object in Cg. This is the coordinatisation
problem. We will discuss in a moment which results in this direction have already
been obtained in the literature. In this thesis, we present a complete solution to the
coordinatisation problem which does not rely on any previous work on abstract
root gradings. We emphasise that our results are completely characteristic-free,
whereas some previous works exclude the case of “characteristic 2”.

Apart from elementary undergraduate algebra, the list of mathematical pre-
requisites that we need is short: We will use the basic theory of finite reflection
groups and some results on Chevalley groups, though the latter could be replaced
by a sequence of long but easy computations in a purely combinatorial setting.
Further, we will cite a few elementary results on nonassociative rings without
proof. We will also encounter several interesting algebraic structures, such as
quadratic modules, composition algebras and involutions on rings, but we will
derive all their basic properties in this text.

We briefly summarise the specific coordinatisation results that we obtain
for each root system. For all n € IN>>, we show that each A,-graded group is
coordinatised by a (possibly nonassociative noncommutative) unital ring which
must be associative if n > 3 (Theorem [5.7.14). Now let n € IN>3. Root graded
groups of types D, or E, are coordinatised by commutative unital rings (again
Theorem [5.7.14). Root graded groups of type B, are coordinatised by pairs
(M, k) where £ is a commutative associative unital ring and M is a quadratic
k-module (Theorem [7.11.21). Root graded groups of type F, are coordinatised by
pairs (A, k) where £ is a commutative associative unital ring and A is a multi-
plicative conic alternative algebra over £ in the sense of [GPR, Sections 16, 17]
(Theorem [10.7.8). The latter objects should be regarded as a generalisation of
composition algebras. If £ is a field of characteristic not 2 and a certain norm
function on A is non-degenerate, then 4 is a composition algebra in the classical
sense.

The results for the root systems C, and BC,, are more technical. We will show
that every root graded group of type C, or BC, is coordinatised by a pair (], R)
where R is an alternative ring with nuclear involution and M is a Jordan module
over (R, o) which must be abelian if the root system is C,, (Theorem . The
notion of Jordan modules is new and specifically tailored to be exactly the kind
of algebraic structure which coordinatises (B)C,-graded groups. As important
special cases, the class of abelian Jordan modules contains the class of involutory
sets which are known from the classification of Moufang quadrangles while the
class of non-abelian Jordan modules contains the groups T which are constructed
in [TWO02, (11.24)] from pseudo-quadratic modules over (R. Here an involutory
set over an alternative ring R with nuclear involution ¢ is a certain subgroup of
the set of fixed points of ¢. If 2 is invertible, then we can prove the following
statement in a purely algebraic manner: Every abelian Jordan module over R is
the direct product of an involutory set with an R-module and every non-abelian
Jordan module can be constructed from a pseudo-quadratic module over R as in
[TWO02, (11.24)].



12 Preface

The Existence Problem

As a second goal, it is of course desirable to show that the class Cg in our solution
of the coordinatisation problem is chosen optimally. In other words, for every
object X in Co there should exist a ®-graded group which is coordinatised by X.
This is the existence problem or construction problem. In most cases, the objects in
Co are related to associative rings and we can easily construct ®-graded groups
from these objects by writing down some (generalised) matrices. However, the
classes Co for @ € { C3, BC3, F; } involve alternative rings. For the subclass of Co
consisting only of the “associative objects”, a construction in terms of matrices is
usually still possible, but the general construction problem is much more difficult.

For F;-graded groups, no general construction is known. However, if the
desired coordinatising ring (R (which is equipped with the structure of a mul-
tiplicative conic algebra) is not only associative but also commutative, then we
know that there exists an E¢-graded group G which is coordinatised by R (for
example, a Chevalley group of type Eg). Using the general mechanism of foldings
of root graded groups, we obtain an F4-graded group which is coordinatised by the
conic algebra R. This provides a partial solution of the existence problem for this
special case.

Now consider BCz-graded groups. There are strong indications that, while
alternative rings R can technically appear in this setting, only “the associative
part of R is relevant” and thus we can restrict ourselves to the case of associative
rings with good conscience. In this situation, we provide a construction which
works for all objects in Cpc, for which 2 is invertible (and also for a large subclass
of objects in which 2 is not invertible).

For Cs-graded groups, Zhang provides a strategy to solve the existence prob-
lem for a certain subclass of Cc, in [Zhal4, Section 4.2]. We are confident that his
construction can be adapted to the general case, and we plan to address this in
future work.

The class C4, involves non-associative rings as well. By a construction of
Faulkner (see [Fau83, Section 3] and the appendix of [Fau89]), this class is known
to contain all alternative rings, but it is unclear whether it contains more general
rings. Just like Zhang’s construction of C3-graded groups, Faulkner’s construc-
tion realises the desired group as a group of automorphism of the Tits-Kantor-
Koecher algebra of a certain Jordan pair.

Root gradings, RGD-systems and Moufang Buildings

We now turn to the history of the subject. As already said, Chevalley groups were
introduced [Che55]. It should be noted, however, that the list of Chevalley groups
contains several classical groups which had been studied before, such as the
special linear group over a field. These are the earliest examples of root graded
groups that have been considered, albeit without the abstract combinatorial
framework of root gradings.

The first and most important example of an abstract structure that is similar
to (but less general than) root gradings is Tits” notion of RGD—systemsﬂ These

IThe letters “RGD” stand for “Root Groups Data”. Tits remarks in [Tit92, p. 258] that he chose
this name “for lack of a better idea (or rather, because all appropriate names that I can think of
seem to be already taken!)”. It goes without saying that the same could be said about the name
“root grading”, which carries essentially the same information as “root group data”.
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objects were introduced under this name in [Tit92, p. 258], but predecessors of
the RGD-axioms can be found as early as in [Tit62, p. 140]. A definition which is
very similar to the one in [Tit92] is the one of données radicielles in [BT72, (6.1.1)].
Further, RGD-systems are essentially the same thing as the groups with Steinberg
relations in [Fau77]].

The crucial property that differentiates RGD-systems from root gradings is
that in an RGD-system, every non-trivial root group element b, € U, \ {15} can
be “extended” to a Weyl element w, = a_,b,c_,. In a root grading, we only
require that some element b, € U, \ {1} has this property. Thus by the corre-
spondence between Weyl elements and invertible elements, any RGD-system that
is coordinatised by an algebraic structure must be coordinatised by a “division
structure”. In fact, the coordinatisation problem for RGD-systems is already
solved by the work of Tits-Weiss in [TWO02], but this fact is usually not stated in
the group-theoretic language of RGD-systems. In order to explain this, we first
have to make a brief detour through the theory of spherical buildings.

Spherical buildings were introduced by Tits “in an attempt to give a systematic
procedure for the geometric interpretation of the semi-simple Lie groups and, in
particular, the exceptional groups” (quotation from [Tit74, p. V]). More generally,
they even provide a geometric framework to study simple algebraic groups over
arbitrary fields. There are several different ways to define spherical buildings,
but the technical details are not relevant for our purposes. Each building has
an associated type which is a Coxeter system (or equivalently, a root system).
The rank of a spherical building is by definition the rank of its type, and it is
called irreducible if its type is irreducible. There also exist buildings which are
not spherical (which means that their type is not spherical), but they are not
relevant in this context. Further, there exist a notion of thickness of buildings
and of the so-called Moufang property A spherical building which satisfies the
Moufang property is called a Moufang building. It is a highly non-trivial fact,
proven in [Tit77, 3.5], that every irreducible spherical building of rank at least
3 is automatically Moufang. The notion of generalised polygons is equivalent to
that of spherical buildings of rank 2, and generalised polygons which satisfy the
Moufang property are called Moufang polygons.

Thick irreducible spherical buildings of rank at least 3 have been classified
by Tits in [Tit74], and this classification has later been extended to Moufang
polygons by Tits-Weiss in [TW02]. In fact, the classification of Moufang poly-
gons is completely independent of [Tit74], and the classification of higher-rank
spherical buildings can be deduced from the classification of Moufang polygons
(see [TWO02, Chapter 40]). The statement of these classification results is that each
thick irreducible spherical Moufang building of rank at least 2 is “coordinatised”
by some algebraic division structure.

The interest in Moufang buildings for the theory of root graded groups stems
from the following fact: Modulo technical details, the geometrical notion of thick
Moufang buildings of type ® is essentially equivalent to the group-theoretic
notion of RGD-systems of type @ (see [ABO8, Section 7.8] for details). More
precisely, the Moufang condition ensures the existence of an RGD-system in the
automorphism group of such a spherical building, and a spherical building can

2This condition is named after Ruth Moufang, who is known for her work on the class of
projective planes which today are called Moufang planes. In fact, a projective plane is the same
thing as a thick spherical building of type Aj, and a Moufang plane is a thick spherical building of
type A, with the Moufang property.
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be constructed abstractly from an RGD-system. Thus the classification results
for Moufang buildings that we have cited above provide a complete solution of
the coordinatisation problem for RGD-systems of rank at least 3. In this sense,
the work of this thesis can be seen as a generalisation of the classification of
thick irreducible spherical buildings of rank at least 3 to the case of “non-division
structures”. It is noteworthy that the arguments in [TWO02] are very similar in
style to our work: At first Tits-Weiss construct a root group sequence from any
Moufang polygon, which is essentially its RGD-systems, and then they classify
root group sequences. The proofs in [Tit74], on the other hand, have a more
geometric flavour.

Known Results about Root Gradings

We now turn to root gradings which are not necessarily RGD-systems. The
terminology of “®-graded groups” appears for the first time in the paper [Shi93]
by Shi. As in our definition, Shi only requires the existence of Weyl elements and
not the stronger “division axiom” that appears in the definition of RGD-systems.
In fact, Shi’s definition of ®-graded groups (G, (Uy)aca) is essentially equivalent
to our definition except for one additional axiom: that G contains a homomorphic
image of the Steinberg group of type ® over some commutative associative unital
ring. Here the Steinberg group is a certain group defined by generators and
relations which mimic the commutator relations in Chevalley groups. We will
explain the motivation behind this axiom in the following paragraph. One of
the main results of [Shi93] is the solution of the coordinatisation problem for
all root graded groups (in Shi’s more restrictive sense) of type A, D or E and of
rank at least 3. That is, Shi coordinatises root graded groups for all simply-laced
types of rank at least 3. He arrives at the same conclusion that we do with our
more general definition of root gradings. In fact, a non-trivial corollary of our
coordinatisation result is that any root graded group in our sense is also a root
graded group in Shi’s sense.

Shi introduced his notion of root graded groups as a group-theoretic analogue
of root graded Lie algebras. These Lie algebras were introduced in [BM92a] by
Berman and Moody, of whom Shi is a student. A complete classification of root
graded Lie algebras is available by the combined work of several authors, see
[BM92a; BZ96; Neh96; ABGO0; ABG02; BS03; BGP09]. It plays an important role
in the classification of semisimple Lie algebras over algebraically closed fields of
characteristic at least 5. One of the axioms of a ®-graded Lie algebra L is that it
contains a subalgebra L’ which is split simple with root system ®. Clearly this
axiom motivated the additional axiom in Shi’s definition which we discussed in
the previous paragraph. A consequence of this additional axiom is that a certain
sign problem which appears in the coordinatisation of root graded groups can
be solved very efficiently in Shi’s setting. This problem is related to a similar
problem about the signs appearing in the Chevalley commutator formula. In
order to solve this problem in our situation, we introduce a machinery which
is independent of the root system ® and which builds upon the solution of
the word problem in Coxeter groups. The main result of this machinery is the
parametrisation theorem that we will discuss in a moment. See also Remark [4.1.23]
for more details on the sign problem.

The only work known to us which considers root gradings for root systems
which are not simply-laced is the PhD thesis [Zhal4] of Zhang, a student of
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Zelmanov. Using essentially the same definition for root gradings as Shi, Zhang
proves some partial results concerning Cs-gradings. Namely, he shows that every
Cs-graded group satisfying some additional conditions is coordinatised by a
nonassociative ring R with involution. One of these additional conditions on
the group implies that 24 is invertible in R, so it essentially excludes the case
of “characteristic 2”. The general case is significantly more difficult, so this is
a serious restriction. Further, Zhang constructs a C3-graded group from every
alternative ring with involution in which 2 is invertible. The assumption on the
alternativity of the ring is necessary because, as we will show in the main part of
this work, the ring which appears in the coordinatisation of C3-graded groups
must actually be alternative. We prove this using a new method which we call
the blueprint technique.

Finally, there are contributions of Faulkner on A,-gradings that are important
from the historical perspective. In [Faul4, Section 13.3], he defines groups of
Steinberg type, which are essentially the same thing as A>-graded groups in our
sense. Faulkner proceeds to show that every such group is coordinatised by a
nonassociative ring. It is unlikely that arbitrary nonassociative rings can appear
here, so this solution of the coordinatisation problem is incomplete. The most
general known construction of Ay-graded groups, given in [Fau83|] and in the
appendix of [Fau89], starts from an alternative ring.

We can thus summarise the previous state of the literature for root gradings
of rank at least 3 as follows. For RGD-systems, the coordinatisation and existence
problems are completely solved. For root gradings, all known coordinatisation
results use Shi’s more restrictive definition of root gradings. With this caveat,
the coordinatisation problem for the simply-laced case is completely solved by
[Shi93]] and the existence problem is easy in this case. For C,-gradings, there
exist partial results by [Zhal4]. For gradings of type B, BC and F;, there are no
previous results.

Another noteworthy work in the context of root gradings is [LN19], although
its interest does not lie in the coordinatisation and existence problems in our
sense. Still, Loos-Neher define groups with ®-commutator relations (where ® can be
a root system, but also any subset of a free abelian group satisfying some axioms),
citing [Fau77] as their inspiration (see [LN19, p. 72]). Further, they also define the
notion of Weyl elements. A ®-graded group in our sense is essentially the same
thing as a group with ®-commutator relations in which Weyl elements exist and
which satisfies a non-degeneracy condition.

A Uniform Approach to Root Graded Groups

Since the class Co of coordinatising algebraic structures depends on the root
system @, it is clear that a certain amount of case-by-case analysis is necessary in
the study of root graded groups. However, we will encounter two root-system-
independent tools which form the cornerstones of our work, and which are both
new: the parametrisation theorem and the blueprint technique. The parametrisation
theorem is our solution to a very delicate and technical sign problem, and it
streamlines the coordinatisation process of root graded groups. The blueprint
technique lies at the heart of our work, and it is pivotal for the determination of
the class Co for each root system ®. In particular, a characteristic-free solution to
the coordinatisation problem would not have been possible without the blueprint
technique. Together, these two tools provide a conceptual approach to root
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gradings which is as uniform as is possible.

The Parametrisation Theorem

Before we delve into the technicalities of the parametrisation theorem, we should
clarify our conventions regarding the notions of “coordinatisations” and “para-
metrisations”. Let G be a ®-graded group and denote the set of all orbits in
@ under the Weyl group by ©. Under a parametrisation of G, we understand a
family (Mp)oeo of groups and for each O € O a family (6,: Mo — Ua)sco Of
isomorphisms satisfying a certain consistency condition. Thus a coordinatisation
of G in the sense that we have defined earlier is simply a parametrisation of G
together with a family of maps between the parametrising groups satisfying two
conditions: Firstly, these maps describe the commutator relations between the
root groups, and secondly, they equip the parametrising groups with some alge-
braic structure. Hence essentially, a coordinatisation is a parametrisation by an
algebraic structure, and we will use this distinction between “coordinatisations”
and “parametrisations” throughout this thesis.

Our approach to the coordinatisation problem consists of first finding a
parametrisation of G and then turning this parametrisation into a coordinatisa-
tion. The parametrisation theorem is the one and only criterion that we will use to
establish the existence of a parametrisation of G. The main difficulty in the proof
of the parametrisation theorem is a certain sign problem which is related to the
consistency condition in the definition of parametrisations. This problem could
be solved efficiently if the additional axiom in Shi’s definition of root gradings
were satisfied. In this sense, the parametrisation theorem is the solution of the
sign problem in our more general setting.

The requirements of the parametrisation theorem say that, in order to find a
parametrisation, we have to do three things. Firstly, we have to understand the
action of w? on each root group where § is an arbitrary simple root (with respect
to some fixed root base A) and w; is an arbitrary 6-Weyl element. Secondly;,
we have to show that Weyl elements satisfy the braid relations. These first two
properties correspond to the homotopy moves which appear in the solution of
the word problem in Coxeter groups, and the parametrisation theorem is proven
by performing the same kind of moves on the level of Weyl elements. It should be
noted that the braid relations for Weyl elements can be verified in a uniform way
for all root systems, using the beautiful argument of Tits-Weiss in [TWO02, (6.9)].
Thirdly, we have to a find a suitable “system of signs” 17 which is “consistent”.
Technically, 77 is a map from ® x A to a finite abelian group A of exponent 2
which acts on each root group, and “consistency” refers to a set of combinatorial
properties that it should satisfy.

Observe that the system of signs 7 in the previous paragraph is a map between
finite sets. Thus the necessary consistency properties could, in theory, be checked
by a long sequence of easy computations. However, there exists a more elegant
way of doing this: By verifying that  appears as the system of signs in some
example of a “sufficiently generic” root graded group. For the simply-laced root
systems, the Chevalley groups are sufficient for this purpose. In the general
case, a complete solution of the existence problem always produces a sufficiently
generic example as a by-product. Even in the cases where no complete solution
of the existence problem is available, we are still able to construct a group which
is “sufficiently generic” to produce a suitable map .

After these three problems are tackled, we can apply the parametrisation the-
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orem to obtain a parametrisation of G. In order to turn it into a coordinatisation,
we have to equip the parametrising groups with an algebraic structure. This is
where the blueprint technique comes into play.

The Blueprint Technique

The blueprint technique is a powerful tool which reduces the problem of deter-
mining the commutator relations in root graded groups with a parametrisation
to a straightforward computation involving certain rewriting rules. It is inspired
by the work of Ronan-Tits on the construction of buildings in [RT87] and the key
to our characteristic-free approach to root gradings.

The basic idea of the blueprint technique is as follows. We begin with a
reduced representation f of the longest word p in the Weyl group W of ®. Then
there exists a sequence hy, ..., h, of elementary homotopy moves which trans-
forms f into itself and which, speaking very loosely in terms of algebraic topology,
“moves around the hole in the Cayley graph of W”. For example, the Cayley
graph of the Weyl group of A3 can be drawn on the 2-sphere with the identity ele-
ment 1y at the north pole and the longest element p at the south pole, and there is
a way to move f (which is a path from 1y to p) once around the sphere. Further,
we take a word f “corresponding to f” whose letters are arbitrary elements (in
some sense, “indeterminates”) of the parametrising groups of G.

The blueprint technique associates each elementary homotopy move /; on
f to a rewriting rule /; on f. This rule /; involves the maps appearing in the
commutator relations of G. Now the blueprint computation consists of iteratively
determining all words which are obtained from f by applying the rewriting rules
hy, ..., h,. This computation is purely mechanical, albeit lenghty, and perfectly
suited to be executed on a computer. For abstract reasons, the end result of the
blueprint computation must be the same as the initial word f, so we obtain a
sequence of identities (one for each letter in f) which are valid in the parametris-
ing structures. These identities allow us to explicitly compute the commutator
relations in G, and the maps involved in these formulas equip the parametrising
groups of G with an algebraic structure.

Organisation of the Thesis

In chapter |1} we recall some basic preliminaries, mainly from the theory of finite
root systems. In chapter [2, we introduce the language of root graded groups
and prove some general results: the bijectivity of certain product maps and the
braid relations for Weyl elements. Chapter |3|is devoted to a brief summary
of the theory of Chevalley groups. We prove the parametrisation theorem in
chapter @ Afterwards, we begin our investigation of ®-graded groups for all
root systems @ of rank at least 3. As explained in the previous section, the
general strategy is independent of ®: We first verify that the requirements of the
parametrisation theorem are satisfied, then we apply it and finally, we use the
blueprint technique to compute the commutator relations. The only exception
to this rule are the simply-laced root systems, which are covered in chapter
because the commutator relations in this case are so simple that we do not need
to use the blueprint technique. In chapter [p| we formally introduce the blueprint
technique. Afterwards, we study root graded groups of type B in chapter[7} of
type BC (which contains type C as a special case) in chapter[9|and of type F; in
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chapter[10] Chapter 8]is a prelude to chapter [9]which introduces Jordan modules,
the algebraic structure that coordinatises root gradings of type BC.

Remarks on Related Topics

We now turn back to geometrical aspects of the theory. Recall that Moufang
polygons are geometric objects which correspond to RGD-systems of rank 2. In
[MW?22a], Miihlherr-Weiss have introduced Tits polygons, which generalise Mo-
ufang polygons. In [MW19], they show that Tits polygons correspond bijectively
to root gradings of rank 2 which satisfy the so-called stability condition. On the
algebraic side of coordinate systems, this condition corresponds to the notion of
rings of stable rank 2, sometimes simply called stable rings.

The concept of stability originally stems from K-theory, but it was realised
by Veldkamp in [Vel81] that stable rings are precisely those rings over which
projective planes can be defined in a meaningful way. He gives combinatorial
axioms for such planes, which today are called Veldkamp planes, and proceeds to
show that a Veldkamp plane is the projective plane of a stable ring if and only if
it is Desarguesian. See also [Vel95] for additional information.

In [MW22b, 2.8], Miihlherr-Weiss define the notion of Veldkamp n-gons, or
simply Veldkamp polygons. A Veldkamp plane is exactly the same thing as a
Veldkamp triangle (that is, a Veldkamp 3-gon). In this language, a Tits polygon
is a Veldkamp polygon which satisfies the Moufang condition. Higher-rank
analogues of Veldkamp polygons can be defined, which leads to the notion
of Veldkamp buildings (of rank at least 3). It seems likely that every Veldkamp
building of rank at least 3 has an associated stable root graded group (of rank
at least 3), and thus the results of this thesis yield a classification of (or at least
strong coordinatisation results for) Veldkamp buildings of rank at least 3. In fact,
this relation to Veldkamp buildings is a strong motivation for our work. The
absence of stability conditions in this thesis is simply due to the fact that they are
not necessary to build a meaningful theory on the group-theoretic side, at least in
the higher-rank situation.

It is possible to define an analogue of Veldkamp buildings without the stability
condition, the so-called Faulkner buildings. Since the stability condition has proven
crucial in the context of projective geometry, it is not at all clear whether Faulkner
buildings actually describe a meaningful geometry. However, they are the natural
class of spaces which correspond to general root graded groups.

We end with a few words on the non-crystallographic root systems Hj and
Hy. It is known from [Iit77, Hauptsatz] that there exist no thick buildings
(and thus no RGD-systems) of these types, so one might expect the same to
be true for root gradings. However, this is wrong: Starting from a Dg-graded
group (G, (Ux)aep,), one can fold (Us)aep, to obtain an Hz-grading (Vg)gen,
of the same group G in which each root group Vg equals the product of two
commuting root groups in (Uy)aep,. In particular, if (Uy)sep, is coordinatised
by a commutative associative ring £, then (Vg)gep, is coordinatised by the ring
k x k. A similar construction for Hs-graded groups is possible. In collaboration
with Lennart Berg, we have shown in the joint and yet unpublished work [BW||
that every ®-graded group for ® € { H3, Hy } is of this form. Incidentally, this
provides a new proof of the known fact that RGD-systems of these types cannot
exist: The ring £ X £ is never a field, even when £ is a field.



Chapter 1

Preliminaries

In this chapter, we will recall some standard definitions and facts which will be
needed throughout this thesis. The first section collects a variety of definitions
and results from various areas which have no logical place elsewhere. The
following sections are devoted to the theory of finite root systems and their Weyl
groups, which plays a major role in the theory of root graded groups. None of
the material in this chapter is new.

1.1 Elementary Notation and Group-theoretic Facts

1.1.1 Notation. We denote the sets of natural numbers (including 0), positive
integers, integers, real numbers and complex numbers by INo, N, Z, R and C,
respectively.

We will often consider sets of integers of the form {#,...,m } where n <
m. Since intervals of real numbers are completely absent from this thesis, the
following notation is not ambiguous.

1.1.2 Notation (Integer intervals). For all n,m € Z, we set

ifn >m,

(%)
nm|=4{ieZ|n<i<m} =
| J=A nmsism} {{n,...,m} if n < m.

Further, we put

) [nym] ifn <m,
n,m) = {[m,n] ifn>m.

Note that the statement “i € (n,m)” can be interpreted as “i lies between n
and m”, independent of whether n < m or m < n.

As we have already seen in the preface, we have to adopt a very general
definition of rings in this work.

1.1.3 Convention. A ring is always understood to be unital, but the multiplication
is not assumed to be associative or commutative. All the necessary background
on these objects will be introduced in section However, it suffices to know
only the definition of these objects until we reach section 5.1}

1.1.4 Note. Of course, a ring in our sense can be commutative without being
associative. (Linear) Jordan algebras provide examples of such objects. In this
thesis, however, we will never encounter a situation in which a ring is assumed
to be commutative but not assumed to be associative.
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1.1.5 Notation (Matrices). For any associative ring (R and for any positive integers
n,m, we denote by M,,,(RR) or by R™*™ the set of matrices with n rows and m
columns. Further, we put M,,(R) :== My, (R).

Note the assumption on the ring R to be associative in the definition of
matrices. We could, of course, define matrices over arbitrary rings in the same
way, but then the matrix multiplication is not necessarily associative. In particular,
we cannot construct groups from such matrices, which makes them useless for
our purposes.

1.1.6 Definition (Words). Let S be a set. A word over S is a tuple (s1,...,5k)
for some k € Ny such that sy, ..., lie in S. The free monoid over S is the set
JL(S) of words over S together with the multiplication (s1,...,sk) - (f1,..., 1) =
(s1,---,Sk t1,. .., ). Its neutral element, the empty tuple, is called the empty word
and denoted by @. When there is no danger of confusion, we will also denote a
word (s1,...,5¢) by s1 - - - sg. The free group over S is denoted by F(S).

1.1.7 Notation. Let M be a monoid, let m € INg and let x,y € M. We denote
by Py (x,y) the word [T}, z; where z; := x for all odd i € [1,m] and z; := y for
alleveni € [1,m]. In particular, Py(x,y) = 1y. If x, y lie in a set S which is not
equipped with a multiplication, we denote by P, (x,y) the word P, ((x), (v)) =
(x,y,x,...) in the free monoid over S.

1.1.8 Notation (Group-theoretic notions). Let G be a group. For any subset
U of G, we denote by (U) the subgroup of G which is generated by U. For all
¢, h € G, the commutator of g and h is [g, h] := ¢~ 'h~'¢h and the conjugate of g by h
is ¢ == h~1gh.

1.1.9 Note. Some authors define the commutator by [g,h]' = ghg 'h~! and
conjugation by "¢ := hgh~!. These slightly different conventions are related to
our definitions by the simple relations [g, k]’ = [¢~,h~!] and "¢ = ¢" . Thus
every statement in this thesis can easily be translated to a statement using any
other set of conventions, and vice versa. This problem is of practical importance
for our purposes: We will cite several statements about the constants which
appear in the Chevalley commutator formula, and some of the cited references
use a different convention than we do. See Remark [3.2.19/for more details.

1.1.10 Definition. Let G be a group and let H be a subset of G. For any g € G,
we say that g acts on H by inversion if h8 = h™! for all h € H (where h~! is not
assumed to lie in H) and we say that g acts trivially on H if h8 = hforallh € H.
Further, for any a,b € G, we say that a and b act identically on H if h* = hb for all
heG.

We end this section with some relations which hold in arbitrary groups. The
relations in[1.1.11| form the backbone of many computations, and we will often
use them without specifically saying so.

1.1.11 Relations. Let G be a group and let g, g1, g2, 11, h1, h2 € G. Then the follow-
ing relations hold:
M &" = glg 1.
(i) "= [h g ']g.
(iii) [g1,82)" = [g}, gl and (g182)" = g185-
(iv) gh = hg".
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(v) gh=hglg,h] = [g~, h ']hg.

Vi) [g,h]"1 = [, g].
(vii) [8182, 1] = [g1,h]%*[g2, ] and [g, Inha] = [g, ho][g, n]™.
(viil) [g192,h] = [g2,h] if [§1,h] = 1c and [g, hiha] = [g, ho] if [g, 1] = 16.
Further, note that [g, h] = 1¢ is equivalent to each of the following conditions:
gh=hg,g" =g [hgl=1c g7 ] =1gand [g, 1] = 1c.

Another relation which holds in arbitrary groups is the Hall-Witt identity.
As a special case, it says that under certain conditions on the group elements,
the commutator map is associative. It is used in this specific form in [Shi93|
(2.23)] to show that for any simply-laced root system ® of rank at least 3, any
ring which coordinatises a ®-graded group is associative. Further, the general
form of the Hall-Witt identity given in Lemma1.1.12 plays an important role in
the computation of the commutator relations in C,-graded groups (for n > 3)
in [Zhal4, 3.4.15, 3.4.16, 3.4.18]. Thus the Hall-Witt identity holds an important
place in the theory of root graded groups. It is therefore surprising that all results
in this thesis can actually be proven without invoking the Hall-Witt identity. This
is made possible by the blueprint technique, a new tool which we will introduce
in chapter [6]

1.1.12 Lemma (Hall-Witt identity). Let G be a group. Then for all x,y,z € G, we
have

[, y], 2% [z x), v*] [y, 2], Y] = 16.

Proof. Let x,y,z € G be arbitrary. We have

[[x,y1,2*] = [ty hay, a7 hax] = (y~ oy (o 2 ) (Y ) (6 2x)

= y’lx’lyz’ly’lxyx’lzx.
Since x, y, z are arbitrary, it follows that
[z, x],y7] = x71

[y, z], x| = z ly ez yzy Ly

1

z ey I lzaz yz and

hold as well. Thus

1 1

[[x, 9], 2] [z %], ] = (v *xtyzty oy zx) (o 2ty e zez  Hyz)

eyt zaz lyz

=y W lyz ly (e tzaa
=y " lyz ly zaz yz = [y, 2], 2] -
This finishes the proof. O

1.1.13 Lemma (Special case of the Hall-Witt identity). Let G be a group and let
x,z,y € G such that [x,z] = 1g and [[y,x~ '], [y, z]] = 1g. Then

[y, 2] = [x [y.2]].

Proof. By the Hall-Witt identity, we have [[x,y],z] [[y,z],xY] = 1¢. Applying
Relation[1.1.11 (ii)|and [1.1.11 (vii), we infer that
-1

[yl z] = [z, 2] = [, [y,2]] = [y, "]x [y, 2]]
= [y, 27" v 2] [x v.2)] =[x [v.2]],
as desired. 0
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1.2 Root Systems

In this section and the following one, we collect all the necessary definitions and
facts about finite root systems and their Weyl groups that will be needed later.
We assume that the reader is already familiar with the basics of this theory. It
should be noted, however, that all standard references include either the property
of being reduced or the property of being crystallographic (or even both) in their
definition of root systems. This is a reasonable decision: Either the length of
each root is not considered to be important, in which case there is no reason to
consider non-reduced root systems, or it is considered to be important, and then
the crystallographic condition is indispensable.

While we are ultimately only interested in crystallographic root systems in
this thesis, we want to proof the parametrisation theorem in chapter [ in full
generality. The reason for this is that we will also use it in [BW] in the study
of root graded groups of types H3z and Hy, which are non-crystallographic root
systems. Thus it is practical for us to work in the framework of general (finite)
root systems. Since this is an unusual approach, we will explicitly state all
definitions and results that we will need throughout this thesis. Further, we will
also state some classical results in slightly higher generality than usual. None of
these generalisations are difficult, but we will still spell them out for clarity.

A standard reference for the material presented in this section and the follow-
ing is [Hum90|], which considers only reduced root systems. Most statements
from [Hum90] transfer to the non-reduced setting by using Construction[1.2.16]
Further, we will refer to [Bou81] and [Hum?72| for statements which are specific
to crystallographic root systems. It should be noted that root systems in [Hum?72]
are assumed to be reduced and crystallographic.

1.2.1 Notation for this section. Starting from subsection we assume that @
is a root system in some Euclidean space (V, ).

1.2.A The Definition of Root Systems

1.2.2 Definition (Euclidean space). A Euclidean space is a pair (V, -) consisting
of a finite-dimensional real vector space V and an inner product -: V x V — R.
That is, - is a symmetric bilinear form on V with the property that v - v > 0 for all
v € V\ {0}. For any v € V, we denote by v := {w € V |v-w = 0} the set of
vectors which are orthogonal to v. For any v € V, the length of v is ||v|| :== /v - v.

1.2.3 Convention. In the context of root systems, we use the the convention that
automorphisms of a Euclidean space (V, -) act from the right-hand side. Thus the
image of v € V under an automorphism ¢ is denoted by v¥, and the composition
of two automorphisms ¢, ¢ is the map ¢y which sends v to (v?)?¥. The reasoning
behind this somewhat unusual convention will be explained in Note

1.2.4 Definition (Orthogonal group). Let (V, ) be a Euclidean space. The orthog-
onal group of (V, -), denoted by O(V, -), is the group of all automorphisms ¢ of V
such that x? - y¥ = x -y forallx,y € V.

1.2.5 Definition (Reflection). Let (V,-) be a Euclidean space. Then for all v €
V\ {0y}, the map
X0

0, V—=oV,x—x"=x—-2"—v
V-V
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is called the reflection associated to v or the reflection along v. We will also denote
it by o(v). Further, for any word ¢ = (vy,...,v,) over V \ {Oy}, we define

05 = Op,.p,, = Oy, - * Op,,, which is the map x +— ((x71)"")%» and which we also
denote by ¢ (3) or o(v1 - - - Um).

1.2.6 Remark (Computation rules for reflections). Letv € V' \ {0y }. Then we
have o, ! = 0y, 0y = 0, forall A € R\ {0} and ¢(v)? = o(v?) forall ¢ € O(V, ).
(The validity of the last statement relies on the fact that reflections act on V from
the right side: If they act from the left, we have ¢(v)? = o(v? ').) Further, o,
lies in the orthogonal group O(V, -), so in particular, o(v)?®) = ¢(v7(®)) for all
we V\{0y}.

1.2.7 Note. In Definitions[7.1.16|and [7.1.20, we will see that the concepts of or-
thogonal groups and reflections can be generalised to modules over commutative
associative rings which are equipped with a quadratic form. By taking the canon-
ical quadratic form v — v - v on the Euclidean space (V, -), we obtain the notions
in this section as special cases. However, this observation is irrelevant for the
theory of root systems.

1.2.8 Definition (Root system). Let (V,-) be a Euclidean space. A root system
in (V,-) is a finite non-empty subset ® of V \ {0y} such that g7*) € ® for all
a, B € ®. The elements of ® are called roots (of $) and the dimension of the vector
space generated by @ is called the rank of ®. For any root «, its opposite root is —u.

1.2.9 Definition (Reduced root system). A root system ® is called reduced if
RaN® ={wa,—a}foralla € .

1.2.10 Definition (Root subsystem). Let ® be a root system. A subset &’ of P is
called a root subsystem of ® if 0, (') = &' forall w € P'.

1.2.11 Note. There exists no standard terminology for subsystems of root systems.
Definition is the most general notion that one can think of, but it will
not actually be useful to us in this generality. The reason for this is that root
subsystems @’ in this general sense do not give rise to ®’-graded subgroups of
®-graded groups. This is only true if @' is a closed root subsystem, a notion that
we will introduce in Definition Most of the time, the root subsystems that
we consider will even have the stronger property of being parabolic, which we
also introduce in Definition

1.2.B Basic Notions

1.2.12 Notation for this section. From now on, we assume that & is a root system
in some Euclidean space (V, ).

1.2.13 Definition (Weyl group). The Weyl group of ® or the Coxeter group of ® is
the group
Weyl(®) := (o, |a € @) < O(V, ).

We will study the Weyl group and its action on ® in more detail in section

1.2.14 Definition (Divisible roots). A root a € ® is called indivisible (in ®) if A«
is not a root (in ®) for all 0 < A < 1, and it is called divisible (in ®) otherwise.
For any set ¥ of roots, we denote the set of all indivisible roots in ¥ by ¥ndiv,
Further, a subset ¥ of & is called reduced if all roots in ¥ are indivisible in ®.
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1.2.15 Remark. For any root system ®, the set ®"" is a reduced root subsystem
of @ (which has the same Weyl group). However, it is in general not closed in the

sense of Definition[1.2.39]

1.2.16 Construction (of root systems from reduced root systems). Let O be an
orbit of the Weyl group in ® and let A € R\ {0}. Then ® U AO is a root system as
well. Since for any root system ® the subset @4 is a reduced root system which
contains a scalar multiple of each root in ®, every root system can be constructed
from a reduced root system in this way in a finite number of steps. For this
reason, many statements about reduced root systems can easily be generalised to
arbitrary root systems.

1.2.17 Note (on Convention[1.2.3). One of the defining properties of ®-graded
groups (G, (Uy)aeo) will be that there exist so-called Weyl elements w, € G such
that U;’”‘ = Ugow for all o, B € ®. Thus we have a connection between the action
of a reflection o, on (V, -) and the conjugation action in G. Since it is customary
to write conjugation in groups from the right, we will do the same for reflections.
This explains Convention However, as the distinction between left and
right actions is only relevant when we compose two reflections, we will still
sometimes write 0, (w) instead of w” for v, w € V, but we will never write o5(w)
in place of w™ when @ is a word over V. In fact, we will usually write 0 in
this situation to avoid excessive nesting of superscripts and subscripts.

1.2.18 Definition (Total ordering, [Hum90, p. 71). Let W be a finite-dimensional
real vector space. A total ordering of W is a relation < on W with the following
properties.
(i) «is transitive.
(ii) < is total. That is, for all v,w € W, exactly one of the statements v < w,
v = w, w < v holds.
(iii) < is compatible with addition: For all u,v,w € W with u < v, we have
U+w<do+w.
(iv) Forallv,w € Wwithv <wand all A € R\ {0}, we have Av < Awif A >0
and Aw < Avif A < 0.
Given a total ordering <, an element v € W is said to be positive if Oy < v, and it
is called negative if v <1 Oyy.

1.2.19 Definition (Positive system). A subset IT of ® is called a positive system in
@ if there exists a total order < on V such that

[I={aecd|0y<v}.
We then say that I1is the positive system induced by <.

1.2.20 Remark. For any basis of a finite-dimensional real vector space, there exists
a total ordering with respect to which all basis vectors are positive.

1.2.21 Remark. Let ITbe a subset of ®. Then I1is a positive system in @ if and
only if there exists a non-zero linear form f: V — R with f(«) # 0 for all roots «
such that

[M={ac®|f(x) >0}

Note that the kernel of f is a hyperplane in V which divides V into two half-
spaces. The positive system I1 is exactly the set of roots which lie in one of these
half-spaces.
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1.2.22 Definition (Root base, [Bou81, Proposition VI1.1.20, Corollaire 3]). A root
base of ® is a subset A of ® satisfying the following conditions:

(i) Ais abasis of the R-vector space spanned by .

(ii) If 41,...,6; are the pairwise distinct elements of A and Aq,...,A; € R are
such that 2521 Aidi is aroot, then Ay, ..., A; are all non-negative or all non-
positive.

(iii) All the roots 44, ..., d; are indivisible.

Further, an ordered root base of ® is a tuple (4y,...,6;) such that d&y,...,6; are
pairwise distinct and { d1, ..., ; } is a root base of ®. A rescaled root base is a set A
for which there exist positive real numbers (As)sea such that {A;6 |6 € A}isa
root base. A root base A will sometimes be called a proper root base to emphasise
that it is not merely a rescaled root base. If a root base A is fixed, its elements are
called simple roots and the corresponding reflections are called simple reflections.

1.2.23 Note. If the root system & is reduced, then every rescaled root base of ®
is in fact a root base. Thus the distinction between root bases and rescaled root
bases is only relevant in the non-reduced case. Hence by the classification result
that we will state in Theorem|[1.2.53} it is only relevant for root systems of type BC.
We will explain in Remark[4.1.3T|why the slightly more general notion of rescaled
root bases will be needed for root systems of this type. For the moment, the
distinction between proper root bases and rescaled root bases is not relevant, and
it suffices to notice that some well-known results about root bases (specifically,
Propositions|1.2.24}1.3.12and [1.3.16) remain valid in this more general situation.

1.2.24 Proposition. Every rescaled root base A of ® lies in a unique positive system
IT(A) (namely, TI(A) == ® N { Ys5ea Asd | As > 0 forall § € A'}), and every positive
system 11 contains a unique root basis A(IT1) (namely, A(IT) is the set of roots in I1
which cannot be expressed as an R~ o-linear combinations of two or more roots in I1). In
particular, root bases exist.

Proof. This is proven in [Hum90, Theorem 1.3] for reduced root systems and
non-rescaled root bases. The general assertion follows easily from this fact by
considering the reduced root system @iV, O

1.2.25 Definition. Let A be a rescaled root base. The positive system IT(A) in
Proposition is called the positive system corresponding to A. Its elements are
called the positive roots with respect to A (or II(A)), and the elements of —IT(A) are
called the negative roots with respect to A (or II(A)).

1.2.C Crystallographic Root Systems
We now turn to the definition of crystallographic root systems.

1.2.26 Definition (Cartan number). Let &, B be two elements of a V. The number
(a|B) == 22%’; € R is called the Cartan number for (x, §). For any root base A, the
matrix ((«[B))apea is called the Cartan matrix of ® (with respect to A).

Using Proposition it is not difficult to show that the Cartan matrix does
not depend on the choice of A up to a permutation of the rows and columns.

1.2.27 Definition (Crystallographic root system). The root system & is called
crystallographic if for all «, B € @, the Cartan number (a|B) is an integer, which is
then called the Cartan integer for (a, ).
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The following properties are specific to crystallographic root system and not
true in general.

1.2.28 Lemma. Assume that ® is crystallographic. Let « be a root and let A > 0 such
that Aw is also a root. Then A € {1/2,1,2}.

Proof. Since @ is crystallographic, the numbers

o Aw 2 Aw -

(o Aa) —2/\“‘)\“ =3 and (Aaja) =2 o

must be integers. The latter fact implies that A = m/2 for some m € N,
and then the former fact yields that 4/m is an integer. Thus m € {1,2,4}, so

Ae{1/2,1,2}. O

=2A

1.2.29 Lemma. Let A be a root base of ® and let « be a positive root with respect to A.
Assume that ® is crystallographic. Then there exist n € N4 and 61, ...,0, € A such
that w = Y_j" ; 6; and such that for each m € [1,n], the partial sum Y ;" | 6; is a root. In
particular, the coefficients of any root with respect to A are always integral.

Proof. For reduced root systems ®, this is exactly the statement of [Hum?72,
Corollary of Lemma 10.2.A]. The general assertion is proven in [Bou81|, but the
other way around: It is first proven in [Bou81 Théoréme VI.1.3, p. 156] that the
coefficients of any root with respect to A are always integral. This implies that
every positive root « can be written as a sum )" ; 6; of simple roots 1, ...,6, € A
and then by [Bou81, Proposition VI.1.19, p. 159], there exists a permutation 7t of
[1,n] such that each partial sum )i ; 6(;) for m € [1,n] is a root. O

1.2.D Root Intervals and Root Subsystems

The following definition introduces root intervals. This notion will be crucial
for the definition of groups with ®-commutator relations. It is a special case
of the notion of commutator sets (of subsets of ®) that we will introduce in

Definition

1.2.30 Definition (Root intervals). Let a, 8 be non-proportional roots. The open
Coxeter root interval for («, B) is

Jt, Bleoy = { A+ pp [ A p € Roo p N @

and the open crystallographic root interval for («, B) is

Ja, Bl = {Aa+up [ A € Ny} N @ C Ja, Bleoy
The roots & and B are called adjacent if |, B[, is empty, and they are called
crystallographically adjacent if |a, B[ is empty. Further, the sets

[ Blcox = {a,p}U]a Blce and [a, Bl := {a,p}U]a p]

are called the closed Coxeter root interval for («, ) and the closed crystallographic
root interval for («, B), respectively.
1.2.31 Note. In [LN19, (1.5.2), (1.6.3)], root intervals are defined as follows for all
w,p e d:

[a,B] =dN{ma+np|a,pecNym+n>0},

lo, Bl:=PN{ma+np|a,pcNy}.

These definitions differ from ours in two ways. Firstly, there is no assumption
on « and B to be non-proportional. For example, we have [¢,a] = ® NN«
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and Ja, a[ = © N N>pa. Secondly, the closed root interval [, B] in the sense of
Loos-Neher contains, in addition to the closed root interval in our sense, all the
roots in |a, a[ U], B = @ N (N2 UN>2p).

1.2.32 Note. The open interval between « and B consists of the roots which lie
“between « and B”. In the crystallographic setting, it is natural to consider only
those roots which can be written as integral linear combinations of « and . As
explained in the preface of this section, we will only consider crystallographic
root gradings in the main part of this work, which is why we simply write |a, B[
for the crystallographic root interval (and not, say, |, B] Cry). Still, many results
and proofs remain valid for Coxeter root intervals. See also Note

1.2.33 Note. Let &, B be non-proportional roots and assume that ® is irreducible
and crystallographic. Clearly, the crystallographic root interval is a subset of the
Coxeter root interval. (In particular, adjacent roots are automatically crystallo-
graphically adjacent.) In the general case, it can be smaller. Using the classification
of root systems (Theorem [1.2.53), we can prove the following statements by an
inspection of the irreducible root systems ®:

(a) If ® is simply-laced (that is, of type A, D or E), then the Coxeter and
crystallographic intervals are the same for all pairs of roots.

(b) If @ is not of type G, then |a, B, has at most two elements, and if it has
two elements, it equals |a, .

Thus if @ is not of type G, then the only difference between Coxeter and crystallo-
graphic root intervals is that for some pairs of roots, |, B[ is empty but |a, B[,
has exactly one element. Specifically, using the standard representations, this
happens exactly for the pairs of roots (e(e; — ¢;),£(e; 4 ¢;)) in B, and the pairs
(€2e;,€'2¢;) in (B)C, (Where i, j € [1,n] are distinct and ¢, &' € {£1} are signs).

Since the interval between two roots lies in a subspace of dimension 2, it is
geometrically clear that there exist two “natural” ways to put an order on the
roots in this interval. These two natural orders will be called interval orderings.

1.2.34 Definition (Interval ordering). Let ® be root system and let S be a subset of
&4 which does not contain a pair of opposite roots. Denote by k the cardinality
of S. An interval ordering of S is a tuple (aq,...,ax) such that S = {ay,...,a; }

ndv _ £, li<r<j}foralli<jel,k.

and Ja;, ajfc

1.2.35 Remark. Let S be a subset of a root system ®"4V and assume that there
exists an interval ordering (a1, ...,ax) of S. Then we have

di .
S = { K1, , K } = { X1, Kj } U ][Xl,ﬂék[lcno)iv = [Dq,D(k]glg;V.

Thus if there exists an interval ordering of S, then S is the set of indivisible roots

in a (closed) root interval. Conversely, any set of the form S = [a, ]2 for

a, B e ®ndiV has an interval ordering (a1, ...,ax), and the only other interval

ordering of S is (ay, ..., a1).

1.2.36 Note. We could also define “crystallographic interval orderings” by requir-
ing that ]oci,acj[indiv ={a |i<r<j}foralli <je [1,k]. However, there is no
need to do this: We will only use interval orderings of root intervals of length 2,
and for these there is no difference by Note in our situation.

Using interval orderings, we can introduce a practical way of indexing the
roots of ® in the rank-2 case, which depends only on the choice of a root base.
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1.2.37 Remark (Rank-2 root systems, [TW02, (4.14), (4.15)]). Assume that ® is
reduced and of rank 2, put n := |®|/2 and choose a root base («, 8). Denote by
(a1,...,a,) the unique interval ordering of [«, B]cox with a3 = a« and a,, = B (see
Remark [1.2.35). Further, put a;, :== —a; for all i € [1,n]. In this way, we have
identified ® with the set [1,2n]. It is practical to define a, = a, forallz € Z
where 2’ is the unique element of [1,2#1] which is congruent to z modulo 2. Then
foralli < j € Zwithj—i<n—1,thetuple (&;,...,4;) is the unique interval
ordering of |a;, a;[- which starts with a;. Observe that for all z € Z, the pair
A = (a7, 0,1—1) is a root base, and the labeling which is induced by A’ is given
by &) = a,_14; for all i € Z. Further, we have
“?(a]) = tjyni
foralli,j € Z.

1.2.38 Definition (Rank-2 labeling). Assume that ® is reduced of rank 2 and
let (a, B) be a root base. The rank-2 labeling of ® induced by («, B) is the map
Z — ®,i — «; which we constructed in Remark[1.2.37] A rank-2 labeling of ® is
the rank-2 labeling induced by some root base.

The notion of root intervals leads in a natural way to the notion of closed sets
of roots. We will study this property more closely in section 2.3}

1.2.39 Definition (Closed set of roots). Let ¥ be a subset of ®. Then ¥ is called
closed if |, B[, C ¥ for all non-proportional &, B € ¥, and it is called crystallo-
graphically closed if Ja, B[ C ¥ forall a, B € Y.

1.2.40 Remark. Every closed set is also crystallographically closed, but the con-
verse is not true.

We now refine our notion of root subsystems from Definition[1.2.10

1.2.41 Lemma. Let V' be a subspace of the Euclidean space V surrounding ® and put
P’ = V' N . Assume that ' is non-empty. Then the following hold:

(a) @ is a root system in V' which is closed in ®. If ® is reduced and/or crystallo-
graphic, then ®' has the same properties.

(b) Let A be a root base of ®'. Then there exists a root base A of ® such that
AND' =A.

(c) Let IT' be a positive system in ®'. Then there exists a positive system I in O such
that IIN Q" = 1T

Proof. The first assertion is easily verified. Now let A’ be a root base of ®'.
It is proven in [Bou81, Proposition VI.1.24] for crystallographic @ that there
exists a root base A of ® containing A’, and the same proof applies in our more
general situation. Thus A’ is contained in A N ®’. Assume that there exists a root
(6 € AND')\ A'. Then A’ U {4} is a linearly independent subset of @' of higher
cardinality than A. This contradicts the fact that A’ is an R-basis of (®')R, so we
must have A N ®’ = A’. Thus the second assertion holds. The third assertion
follows from the second one by the correspondence between root bases and

positive systems (see Proposition|1.2.24). O

1.2.42 Definition (Closed and parabolic root subsystems). Let ®’ be a non-empty
subset of ®. Then @’ is called a (crystallographically) closed root subsystem of ®
if it is (crystallographically) closed in the sense of Definition[1.2.39and a root
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subsystem in the sense of Definition|1.2.10} It is called a parabolic root subsystem of
® if there exists a subspace W of V such that &' = & N W. For any non-empty
subset A of ®, the root subsystem spanned by A is ® N (A)R.

1.2.43 Note. By Lemma every parabolic root subsystem is a closed root
subsystem, and clearly every closed root subsystem is a root subsystem. We
will show in Proposition [2.5.11] that closed root subsystems @' of ® give rise to
ol -graded subgroups of ®-graded groups. Most of the time, we will consider
root subsystems spanned by a subset (often of cardinality 2) of ®, which are
parabolic by definition.

1.2.44 Remark. Every root subsystem @' of @ is contained in the parabolic sub-
system ®” := (®')g N P. Note that the ranks of &' and ®” are identical because

()R = ()R-

1.2.45 Lemma. Let A be a root base of O and let A be a subset of A. Then A’ is a root
base of the subsystem that it spans.

Proof. 1t is clear that A satisfies the axioms of Definition|1.2.22 O

1.2.46 Remark. The statement of Lemma(1.2.41 (c)|remains true for closed root
subsystems which are not parabolic: If IT' is a positive system of a (crystallo-
graphically) closed root subsystem @’ in ®, then there exists a hyperplane H' in
(®’)r which does not meet @’ such that all roots in IT’ lie on one side of H" and
all roots in —IT' lie on the other side of H. We can extend H' to a hyperplane H in
V which does not meet ®. Now all roots in IT" lie on one side of H and all roots
in —IT' lie on the other side. Thus H defines a positive system IT in ® such that
[I=1I'No.

1.2.E The Classification of Root Systems

We now turn to the classification of crystallographic root systems. We will also
make some remarks on the non-crystallographic case.

1.2.47 Definition (Irreducible root system). A root system ® is called reducible if
there exists a non-empty proper subset I of ® which is orthogonal to @ \ I (which
means thatw - =0foralla € Tand g € @\ I). Itis called irreducible otherwise.
An irreducible component of ® is a root subsystem @’ of ® which is irreducible and
orthogonal to ® \ @'.

It should be noted that the properties “reduced” and “reducible” have nothing
to do with each other despite sounding similar.

1.2.48 Remark. Using induction, it is not difficult to see that every root system
can be written as a disjoint union of irreducible components. This decomposition
is, in fact, unique. Further, any irreducible component &’ of ® is a parabolic root
subsystem of ® because it is orthogonal to ® \ &'.

In order to state a precise classification theorem, we need a proper notion of
isomorphism between root systems.

1.2.49 Definition (Isomorphic root systems, [Hum?72, Section 9.2], [Bou81, Propo-
sition VI.4.1]). Let &’ be another root system in some Euclidean space V’. We
say that ® and @’ are isomorphic if there exists a vector space isomorphism
f:(®)r — (P')r (wWhich is not necessarily an isometry) such that f(P) = @’

and such that (f(«)|f(B)) = («|B)
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1.2.50 Example. For any A € R\ {£1}, themap f: V — V,v — Avis an
isomorphism between ® and A®, but it is not an isometry.

1.2.51 Remark. Example shows that the length of a root is not invariant
under isomorphisms. However, the ratio of root lengths is: For all roots &, , we
have («|B)(Bla)~! = % In particular, the knowledge of the Cartan numbers is
enough to decide whether a is shorter or longer than B. Further, all root intervals
from Definition [I.2.30]are invariant under isomorphisms. The same holds for the
properties of orthogonality and opposition. Since these are all the properties of
root systems that we will use, we are thus free to treat isomorphic root systems
as “the same”.

1.2.52 Remark (List of crystallographic root systems). We now give a list of all
irreducible crystallographic root systems up to isomorphism. For the moment,
we introduce only their names. Precise definitions can be found in [Hum?72, Sec-
tion 12.1], [Hum90, Section 2.10] and [Bou81|, Section VI1.4]. First of all, there are
five infinite families of such root systems: (Ay)n>1, (Bn)n>2, (Cu)n>2, (BCp)u>1
and (Dy,),>4. Further, there exist the root systems Fy, Eg, E7, Eg and G, which
are called exceptional because they do not belong to an infinite family. In each
case, the subscript denotes the rank of the root system. All these root systems
are crystallographic. Further, they are pairwise not isomorphic except for the
pair B, = C; and they are reduced except for BC,, which is not reduced. We will
provide an explicit description of the root systems of types A, D, B, BC, C and F4
in Remarks[5.2.3}5.2.4,(7.2.2,9.1.2,19.1.3|and [10.3.1}, respectively.

1.2.53 Theorem (Classification of root systems). Let ® be an irreducible crystallo-
graphic root system and denote its rank by n. Then ® is isomorphic to one of the root

systems in Remark|(1.2.52

Proof. For reduced ®, this is proven in [Hum?72, Theorem 11.4] and [Bou81,
Theoréme VI1.4.3]. The extension to the non-reduced case and can be found in
[Bou81|, Section VI1.4.14]. O

1.2.54 Remark. By computing the Cartan integers of the root systems in Re-
mark [1.2.52} one can show that a reduced root system is uniquely determined by
its Cartan matrix. This cedes to be true for non-reduced root systems, however:
B, and BC,, have the same Cartan matrix. In fact, we will see in Remarks
and that their standard root bases in the standard representation are exactly
the same.

1.2.55 Remark (Coxeter and Dynkin diagrams). Let A be a root base of ®. For
all ,0' € A we denote by msy € IN>1 U {co} the order of 0505 in the Weyl group.
The matrix (45 )55 ca is called the Coxeter matrix of ®. The Coxeter matrix is
independent of the choice of A and we will see in Remark1.3.13|that it determines
the Weyl group of ® up do isomorphism. However, it does not determine ® up
to isomorphism: The root systems B, and C,, have the same Coxeter matrix and
the same Weyl group.

Another way of expressing the Coxeter matrix of ® is by its Coxeter diagram
(with respect to A): This is the edge-labelled graph whose vertex set is A and
where two vertices § # ¢’ are connected by an edge if and only if msy > 3. If
J,0" are connected by an edge, then this edge is labelled by mg gy if mss > 3,
and otherwise it is not labelled. Edges without labels are also called simple edges.
If @ is crystallographic, then the Dynkin diagram of ® is essentially the Coxeter
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diagram of ® with some additional “decorations” which tell us for every pair
(a, B) of roots in A whether ||a|| < ||B]|, ||a]| > ||B] or ||a|| = ||B]|- This additional
information allows us to reconstruct the Cartan matrix of ® and thus the Dynkin
diagram determines the root system up to isomorphism.

1.2.56 Remark. For any parabolic root subsystem @' of ®, the Dynkin diagram
of @' is a subgraph of the Dynkin diagram of ®. This is a consequence of

Lemma|(1.2.41 (b)

1.2.57 Remark (Non-crystallographic root systems). A classification of reduced
root systems which are not assumed to be crystallographic can be found in
[Hum90, Chapter 2]. Note that the reducedness assumption is harmless by
Construction The only non-crystallographic root systems of rank at least 3
which appear in this classification are Hz and Hy. We will not study them and
their associated root graded groups in this work, but we will sometimes remark
on them in informal discussions.

The following terminology will be used often.

1.2.58 Definition (Type of a root system). Let ® be a crystallographic root system
andlet X € { A,B,BC,C,D,E,F,G }. We say that ® is of type X if it is isomorphic
to X,, for some n € IN,..

1.2.59 Note. We will also refer to Hz and Hy as the “root systems of type H”,
though we have not defined the notion of isomorphism for non-crystallographic
root systems.

1.2.60 Notation (Direct products of root systems). Let ®,..., D, be the irre-
ducible components of ® and let Xj, ..., X, denote their respective types. Then
the type of @ is X1 x - - - x Xj,.

Using the classification of crystallographic root systems, we can easily state
the definition of simply-laced root systems. We will give some more equivalent
characterisations of these root systems in Remark

1.2.61 Definition (Simply-laced root system). A crystallographic root system &
is called simply-laced if each irreducible component of ® is of type A, D or E. (We
do not assume that all irreducible components have the same type.)

1.3 Weyl Groups

1.3.1 Notation for this section. We denote by @ an arbitrary root system in some
Euclidean space (V, ).

In this section, we study properties of the Weyl group of ® that we have
introduced in Definition[1.2.13

1.3.2 Remark. Recall from Remark[1.2.15that the set @™V of indivisible roots
in ® is a reduced root system. Since 0, = 0, foralla € ® and A € R\ {0},
it has the same Weyl group as ®. As a consequence, most statements about
Weyl groups of reduced root systems can easily be generalised to arbitrary root
systems.
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1.3.A Basic Properties

We begin with some properties of the action of the Weyl group on ®. This
comprises several transitivity properties.

1.3.3 Lemma. The Weyl group Weyl(®) acts faithfully on the subset ® of V. In
particular, it is a finite group.

Proof. This is proven in [Hum90, p. 7] for reduced root systems, which implies
the general assertion. O

1.3.4 Proposition. Let a be an indivisible root and let A be a root base of ®. Then there
exist § € A and w € Weyl(®) such that o = 5.

Proof. This is proven for reduced root systems in [Hum90, Corollary 1.5] and for
crystallographic root systems in [Bou81, Proposition VI.1.15, p. 154]. The general
assertion follows from the one for reduced root systems because both « and A

are contained in "9 (by Axiom|[1.2.22 (iii)|in the latter case). O

1.3.5 Proposition (Corollary of [1.3.4 and [1.3.12). Let a be any root and let A be
a rescaled root base of ®. Then there exist 6,61,...,0, € Aand A € Ryg and
a word & over A such that Aa = 57010m)  [n particular, o, = 05 where p =
(=6n,...,—61,0,01,...,0n). If D is reduced, then we have A = 1.

1.3.6 Proposition. The Weyl group of ® acts simply transitively on the set of root bases
and positive systems of P.

Proof. This is proven in [Hum90, Theorem 1.4, 1.8] for reduced root systems.
Since any root base of ® is contained in ®"4V by Axiom [1.2.22 (iii)| the general
assertion follows. O

1.3.7 Lemma (Corollary of [1.3.6). Let &’ be a parabolic root subsystem of ®, let A’ be
a root base of ' and let A be a root base of ®. Then there exists w € Weyl(®) such that
A is a subset of AV.

Proof. By Lemma(1.2.41 (b)| there exists a root base A, of ® containing A’. Using
Proposition we find w € Weyl(®) such that A, = A¥, and the assertion
follows. O

In crystallographic root systems, “all roots of the same length are essentially
the same”. The following result makes this statement precise.

1.3.8 Proposition. Assume that ® is crystallographic and irreducible and let & € ©.
Then the orbit of « under the Weyl group is { B € @ | ||a|| = ||B]| }, the set of roots
which have the same length as «.

Proof. This is proven in [Hum?72, Lemma 10.4.C] for reduced ®. If ® is crystallo-
graphic, irreducible and not reduced, then it is of type BC. It is not difficult to
verify that the assertion is true in this case as well. O

In light of Proposition we introduce the following notation.

1.3.9 Notation (Orbits). Assume that ® is irreducible and either crystallographic
or of type H. We put Orb(®) := (Oy, ..., Ok) where Oy, ..., Oy are the orbits of ®
under the Weyl group, ordered by ascending length of roots. This means that for
alli <j€[l,kl]andalla € O;, B € O;, we have ||«| < ||B||. Further, we denote
by Orb™ (®) the sub-tuple of Orb(®) which contains only the indivisible orbits,
that is, the orbits consisting of indivisible roots.
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1.3.10 Note. The point of Notation is that, in Definition [4.3.4] of parametrisa-
tions of root graded groups, we will need to fix some ordering on the set of orbits.
The ordering of ascending root length is simply a practical way to introduce
such an ordering for all irreducible root systems. This definition makes sense for
crystallographic root systems by Proposition and it also makes sense for
root systems of type H because these root systems have only one orbit of roots.

The following result about point stabilisers will be needed in our proof of the
parametrisation theorem in chapter [4]

1.3.11 Proposition. Let & € ®. Then the stabiliser of a in the Weyl group W is the
subgroup of W which is generated by { og | p € ®,f-a =0 }.

Proof. This is proven in [Hum90, Theorem 1.12] for reduced root systems, and
the general assertion follows easily. O

1.3.B The Presentation of Weyl Groups and the Word Problem

We can find a simple finite presentation of the Weyl group. At first, we need a
practical generating set.

1.3.12 Proposition. Let A be a rescaled root base of ®. Then the Weyl group of ® is
generated by the reflections { o5 |6 € A'}.

Proof. This is proven in [Hum90, Theorem 1.5] for reduced root systems and root
bases. The general result follows because 0, = 0, foralla € ®and A € R\ {0}
and because for any root system @, the set &4 is a reduced root system (with
the same Weyl group). O

1.3.13 Remark (Presentation of Weyl groups). Let W be the Weyl group of ® and
let A be any rescaled root base of ®. For all 6,9’ € A, denote the order of 0505 in
W by m(8,4"). Then we have the relation (0505 )"™(?') =1 for all 6,8’ € A, simply
by the definition of m(6,4’). Put S := { 05| 6 € A }. Itis a non-trivial fact that W
is not only generated by S, but that W is in fact isomorphic to the abstract group
generated by the set S with respect to the relations (o505 )"(%") = 1 for 6,8’ € A.
A proof of this well-known result can be found in [Hum90, Theorem 1.9]. For
& = &', this relation says that 07 = 1. Using this fact and Notation we can
rewrite the relation (0505)™(0%") = 1for & # &' as Pyy(5,5) (05,05 ) = Pous 51y (07, 05).
In this form, these relations are called the braid relations.

We now turn to the word problem, which is of course strongly related to the
presentation of the Weyl group from Remark By Remark it is not
surprising that the classical solution of the word problem generalises to the case
of rescaled root bases without a problem.

1.3.14 Definition (Homotopy). Let A be a rescaled root base and let &, 8 be two
words over A U (—A). We say that &, B are square-homotopic if there exist words
p,{ over AU (—A) and aroot § € A such that & = p¢ and = pdé{ or such that
B = pl and & = pé5C. We say that &, B are braid-homotopic if there exist words p, {
and simple roots §,6’ € A such that & = pP,(6,6') and B = pPy(6',6)C where m
denotes the order of g505 in the Weyl group and where Py, is as in Notation [1.1.7]
We say that &,  are elementary homotopic if they are square-homotopic or braid-
homotopic, and we say that they are homotopic if they lie in the symmetric reflexive
transitive closure of the relation “elementary homotopic”.
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1.3.15 Note. We define homotopy for words over A U (—A) and not merely
for words over A. In the context of the word problem, this may seem like an
unnecessary generalisation because of the relation o_s = 05. However, we will
later use words § = (61,...,6¢) over AU (—A) to represent group elements
W5 = Wy, - - - Ws, Where (Ws)sea is a fixed family of so-called Weyl elements in a
root graded group and where w_s := w; ! for all § € A. In this setting, it is not
(necessarily) true that w_; = w;, and thus it makes sense to consider words over
AU (—A).

1.3.16 Proposition. Let A be a rescaled root base of ® and let &, B be two words over A.
Then &, B are homotopic if and only if o5 = g

Proof. 1t is clear from Remark [1.3.13| that homotopic words &, f automatically

satisfy 0y = 0. The other implication is proven in [Hum90, Theorem 8.1]
for reduced root systems and root bases, and the general assertion is an easy
consequence. O

1.3.17 Note. Proposition|1.3.16/is only a weaker form of the solution of the word
problem in Weyl groups, and not sufficient to actually decide the word problem
computationally. However, it will be adequate for our purposes.

1.3.18 Note (continuing . Observe that the words @ and B in Proposi-
tion are not allowed to contain letters from —A. As a counterexample,
the words & := (4, —0) (for any ¢ € A) and the empty word represent the same
element in the Weyl group, but they are not homotopic. This fact will be relevant

in the proof of Lemma

1.3.C The Length Function

1.3.19 Notation for this section. From now on, we denote by @ a root system, by
A arescaled root base of ®, by I1 the unique positive system in ® which contains
A (as in Proposition[1.2.24) and by W the Weyl group of ®.

The length of any element w in the Weyl group can be characterised as the
cardinality of a certain set N(w) of roots. This fact is usually proved by induction
on the length of w. In the proof, the set N(w) is “constructed” element by element,
which provides a natural ordering of the set N(w). We will show in section2.4]
that in any ®-graded group, a certain product map with respect to this natural
ordering of N(w) is bijective. This will imply that, in the crystallographic setting,
the product map with respect to any ordering of the set T is bijective.

In this subsection, we introduce the aforementioned natural ordering of N(w),
using the notion of root sequences. Standard references are [Hum90, 1.6] and
[How96], the latter being closer to our presentation. We will also see that there
exists a unique element p in W of highest length, and that this element satisfies
N(p) = T4V A corollary of our observations is that the length of any w € W is
indeed the cardinality of N(w), but this fact will not be needed later.

In the literature, the results of this section are usually only phrased for reduced
root systems. They easily generalise to arbitrary root systems, but we have to
make sure to consider T4 instead of IT. Further, the main results (Lemma
and Proposition[I.3.28) hold only for proper root bases.

1.3.20 Definition (Length function). Let w € W. An expression of w is a word
5 = (61,...,6) over A such that w = 05, - - - 05, and the number k is called the
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length of 5. If A is not clear from the context, then an expression of w is also called
a A-expression of w. The length of w is the minimal length of an expression of w,
and it is denoted by {5 (w) (or simply by ¢(w)). A reduced expression of w is an
expression of w of length ¢(w), and an arbitrary word 6 over A is called reduced if
it is a reduced expression of oj.

1.3.21 Definition. For all w € W, we define
N(w) := Nii(w) == {a € TI™V | 4@ ¢ _TT}.

1.3.22 Note. In most references (for example in [Hum90, Section 1.6]), the Weyl
group acts on the root system from the left and the root system is reduced. Then
N(w) is defined as { « € IT | w(a) € —I1}.

1.3.23 Lemma. Let w € W and let « € ®"¥\ N(w). Then there exists a positive
system 1" which contains N (w) but not «.

Proof. Since  is not contained in N(w), we have either « € —ITor a® ' € IL

In the first case, we can choose IT' := II. In the second case, we can choose
IT:= (—-IT)~. d
1.3.24 Lemma. Forall § € A, we have (IT\ R+¢6)7®) = T1\ Rod. In particular,
N(os) = {6}

Proof. Itis proven in [Hum90, Proposition 1.4] for reduced & that (IT\ {6})7(®) =
IT\ {6}. The general assertion follows. O

The following result is, essentially, the induction step of Proposition
It provides an explicit description and even a natural ordering of the set N(w).
In Proposition [2.3.22} we will show that this ordering has the property of being
“extremal”, essentially by Lemma

1.3.25 Lemma. Assume that A is a proper root base. Let w € W and let § € A such that
{(wos) > £(w). Then N(wos) = N(w)?©) LI {8} (where “L1” denotes disjoint union).

Proof. This statement is the essence of the proof of [Hum90, Lemma 1.6], albeit
with different conventions (see Note|1.3.22). O

The natural ordering on N(w) is captured by the notion of root sequences.

1.3.26 Definition (Root sequence). Let § = (Jy,...,d;) be a reduced word over
A. The tuple (B4, ..., Bx) where B; == 5;7(“’*1”'“") foralli € [1,k — 1] and By == &
is called the root sequence associated to 6. Further, the tuple (B, ..., B1) is called
the inverse root sequence associated to 6.

1.3.27 Remark. Leté = (dy,...,6;) be a reduced word over A such that k > 0 and
put s := 0(d¢). Denote by (ay, ..., ar_1) the root sequence of (J1,...,d_1). Then
it is clear from Definition 1.3.26|that the root sequence of é is (a5, ..., & 1, 0k)-

1.3.28 Proposition. Assume that A is a proper root base. Let w € W, let § =
(61,...,0) be a reduced expression of w and let & = (ay,...,ax) be the associated
root sequence. Then N(w) = { ay,...,ax } and [N(w)| =k = {(w).

Proof. This is clear for k = 0 because N (1) = &. For k > 0, the assertion follows
from Lemma|1.3.25|by induction on k. O
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We will show in Proposition [2.3.22| that the ordering of N(w) given by an
inverse root sequence has the desirable property of being extremal.

1.3.29 Proposition ((Hum90)). There exists a unique element p of W such that £(p) >
{(w) for all w € W. This element has length |IT"¥%| and satisfies p~' = p and
o(IT) = —I1. In particular, N(p) = TTindiv,

Proof. This is proven in [Hum90, Theorem 1.8] for reduced root systems. In
general, the subset @M1V of @ is a reduced root system which has the same Weyl
group as ®, and the assertion follows easily from this observation. O

1.3.30 Definition (Longest element). The element p from Proposition|1.3.29|is
called the longest element of W (with respect to A).

1.4 Foldings of Root Systems

We have seen in section that there are many ways to see root systems as
subsystems of other root systems. Foldings, on the other hands, behave more like
“quotients of root systems”. If a root system @’ is a folding of @, then ®’-graded
groups can be constructed from ®-graded group in a way which we will describe
in section We will use this strategy in section to construct F;-graded
groups from Es-graded groups.

In this section, we follow the exposition in [Car72, 13.1, 13.2].

1.4.1 Notation for this section. We denote by ® a crystallographic root system in
the Euclidean space (V, -) such that V is generated by @, and we choose a root
base A of ®. We denote by W the Weyl group of ® and by p an isomorphism
of the Coxeter diagram of ® with respect to A. That is, p is a vector space
automorphism of V such that p(A) = A and such that the group elements 0,05
and 0,,(,)0,() have the same order for all o, € A. We denote by 7: V — V the
unique automorphism of V which maps any v € V '\ {0} to the unique element
w € Rop(v) with w - w = v - v. Further, we put

F={veV|t(v)=v}
and we denote by 7r: V' — F the orthogonal projection on F. Finally, we set
D' = 11(D).

1.4.2 Notation. Following the conventions in [Car72, 13.1, 13.2], we let the Weyl
group of ® act on V from the left side in this section.

1.4.3 Note. The map p is not necessarily an isometry of V, and the map 7 is
precisely the unique isometry which maps any v € V' \ {0} to a positive scalar
multiple of p(v). If all roots in ® have the same length, then T = p. In practice,
we will only need the case ® = Eg in which this assumption is satisfied.

1.4.4 Lemma ([Car72, p. 217]). Let v € V and denote by | the orbit of v under T in V.
Then 1t(v) is the average of the vectors in J. That is, we have

1
n(v) == Y u
Proof. Putv’ = ‘17| Yuey . Then 71(v") = v, s0 v’ is contained in F. Further, since

T is an isometry, we have for all k € IN; and u € F that

u-v="1u) ™) =u-7%0).
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Hence ¢’ is an element of F with u-v = u - ¢’ for all u € F. Since 71(v) is the

unique element with this property, it follows that 7t(v) = '. O

1.4.5 Definition (Folded Weyl group). We put
W={weW|tlwtr=w}={wecW|wr=1w}

1.4.6 Lemma. Forallw € W and v € V, we have t(w(v)) = w(m(v)).

Proof. Denote by | and ]’ the orbits of v and 7(v) in V, respectively. Since
wtk(v) = ™8 (w(v)) for all k € N by the definition of W/, we have w(]) = J'.
Since 71(w(v)) is the average of ]’ and 71(v) is the average of | by Lemmal(l.4.4,
the assertion follows. O

1.4.7 Lemma ([Car72, 13.1.1]). Forall w € W', we have w(F) = F, and the action of
W' on F is faithful.

Proof. Forallw € W andallu € F={ve V|t(v) =v}, we have

T(w(v)) = w(t(v)) = w(v),
so w(F) C F. Since W’ consists of automorphism of V, the first assertion follows.

The remaining part of the proof can be found in [Car72, 13.1.1]. O

1.4.8 Notation. Let | be any subset of A. We denote by W} the subgroup of W
which is generated by { 0, |« € J}. This is the Weyl group of the root system
(J)r N P with respect to the root base ], and we denote its longest element by w(]).
1.4.9 Lemma ([Car72, 13.1.2, 13.1.3]). The following hold:

(a) For any orbit | of p in A, the element w(]) lies in W', and its action on F agrees with
the one of 0y for every a € J.

(b) The set {w(]) | ] orbit of p in A '} generates W'.

The following result is a simple corollary of Lemma but its specific form
will be useful later.

1.4.10 Lemma. Let o € ®, B € A and denote by | the orbit of B under p. Then
(wh(a)) = o) ((a).

Proof. By Lemma n(w(])(oc)) = w(])(n(oc)). By Lemma
wh((w)) = 0(p)(M(@)).

The assertion follows. ]

1.4.11 Proposition ([Car72, 13.2.2]). The following hold:
(a) ® = (D) is a root system in F which spans F.
(b) The set of indivisible elements in 7t(A) is a root base of ¥’

1.4.12 Proposition. The following hold:
(a) Let I1 be a positive system in ®. Then 1t(I1) is a positive system in @'.
(b) Every root base and every positive system in @' is induced by a corresponding
object in @ via .

(c) Let o/, B’ € @' be non-proportional. Then there exists a positive system in ®
which contains { y € ® | (y) € {«’,p'} }.
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Proof. Let I be a positive system in @ and denote by A the corresponding root
base. By Proposition A' = (A)™ is a root base of ®'. Now 7(IT)
consists of positive linear combinations of A’ while 7t(—IT) consists of negative
linear combinations of A, and the disjoint union of these two sets is ®’. Hence
7t(I1) is a positive system in ®'. This proves (a).

Now let I be an arbitrary positive system in & and let IT be an arbitrary
positive system in ®. By Proposition there exists an element w of the Weyl
group of ' such that IT" = w(7(IT)). By (a), we can regard w as an element of
W’. Hence by Lemma w(7(IT)) = rr(w(I1)). Thus IT is induced by the
positive system w(IT) in ®. The assertion for root bases can be proven similarly,
so (b) holds.

Now let &/, B € @' be non-proportional. Then there exists a positive system
IT" in @’ which contains «’ and p’. Denote by I1 a positive system in ® such that
m(IT) = IT. Leta € 7t~ 1(a’) N @ be arbitrary, and suppose for a contradiction
that « ¢ I1. Then a lies in —I1, so

o =mn(a) € m(—I1) = —IT".

This contradicts the choice of IT. Hence 7r~!(a’) N @ is contained in I1. In a
similar way, we can show that 77 !(8’) N @ is contained in I1. This finishes the
proof. O

1.4.13 Definition (Folding). The root system @' is called a folding of ®. We will
sometimes refer to the map 77: ® — @’ as a folding as well.



Chapter 2

Root Graded Groups: Definition
and General Observations

In this chapter, we introduce the protagonists of this work: ®-graded groups
where @ is an arbitrary root system. These are groups G together with a family
(Uy)wea of subgroups such that, technical details aside, two crucial properties
are satisfied: They satisfy some commutator relations and they have Weyl ele-
ments. These two conditions are relatively straightforward to define, and we will
separately introduce them in sections[2.1{and respectively.

For technical reasons, the commutator relations and Weyl elements are not
enough to build a satisfactory theory of root graded groups. The reason for this is
that we want to decompose certain commutators [x,, x,] in G (where &, y are non-
proportional roots and x, € Uy, x, € Uy) as products x; - - - x,, where x; € Up,
and B, ..., Bm are the roots in the root interval |, [, . For this decomposition
to exist and be unique, we have to assume that the product map (on the set of
roots |, Y[, ) in G is bijective, which need not be the case in general. This should
be thought of as a non-degeneracy condition which any root graded group has to
satisfy.

Unfortunately, it is not at all clear how exactly this non-degeneracy condition
should be formulated. There are several possible candidates which seem like a
reasonable choice (and which we compare in Note[2.5.13). In order to understand
the situation better, we will first introduce and study the purely combinatorial
(that is, root-system-theoretic) notion of closed sets of roots in section This
concept is indispensable for a proper study of the product maps in root graded
groups. In section we will investigate several conditions which imply the
injectivity or surjectivity of certain product maps. The main result of this section
is a simple criterion which guarantees the bijectivity of all product maps on
closed sets of roots. This criterion serves as the third axiom for root graded
groups, which we can finally introduce in section In section we describe
a construction of ®'-graded groups from ®-graded groups for every folding
m: ® — @' In section we discuss various special cases of root gradings
which have already been considered in the literature, and we summarise the
results which have been obtained.

2.1 Groups with Commutator Relations

2.1.1 Notation for this section. We denote by ® an arbitrary root system.
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2.1.A Definition and Comments

We begin by introducing the notion of ®-pregradings. Without further assump-
tions, this is not an interesting concept, but it allows us to avoid writing “family
of subgroups of G” all the time.

2.1.2 Definition (Pregradings). Let G be a group. A ®-pregrading of G is a family
(Uy)wea consisting of subgroups of G. These subgroups are called the root groups
of G. For any subset S of ®, we denote by Ug the subgroup of G which is
generated by (Uy)qes. For any word & = (a, ..., ax) over ®, we define Uy :=
Uy, X -+ X Uy,. If @is of rank-2 and Z — ®,i — a; is a fixed rank-2 labeling of
® (in the sense of Definition [1.2.38), then we put U; := U,, for alli € Z.

2.1.3 Convention. Let G be a group with a ®-pregrading (Uy)sce- If X is a
property that roots may or may not have, we will also refer to X as a property
of the root groups. For example, a root group U, is called indivisible if « is an
indivisible root. Most of the time, we will use this convention when refering to
root lengths: A root group Uy is called short or long if « is short or long.

2.1.4 Definition (Group with commutator relations). Let G be a group with a
P-pregrading (Uy )pce. We say that G has ®-commutator relations with root groups
(Uy)aea if the following conditions are satisfied:

(RGG-Com) For all distinct, non-proportional roots «, B, we have

Uy, Ug] € U

‘X’ﬁ [Cox :

(RGG-Div) If a is a root such that 2« is also a root, then
Uy, C Uy, [uzx/ uZoc] = {1G} and [uou ua] C Uy,.

2.1.5 Definition (Group with crystallographic commutator relations). Let G be
a group which has ®-commutator relations with root groups (Uy)gew- We say
that G has crystallographic ®-commutator relations if the following stronger version

of (RGG-Com)|is satisfied:

(RGG-Com-cry) For all distinct, non-proportional roots «, B, we have
(Ua, Up] € Uy, -
This definition merits several comments.

2.1.6 Note (Commutators for opposite and equal roots). We have no commutator
relations for [U,, U_,| and [U,, U,] unless 2« is a root, in which case [U,, U,]| C
Uy,. However, if the additional axioms of a ®-graded group (see Deﬁnition
are satisfied, the latter problem disappears: We will show (in Propositions
and that for all irreducible crystallographic root systems & of rank at
least 3 as well as for Ay, any ®-graded group satisfies [U,, Uy] = {15} (which
means that U, is abelian) for all roots & for which 2« is not a root. The same holds
for root systems of type H because every root in Hj is contained in a parabolic
subsystem of type A,.

2.1.7 Note (The crystallographic assumption). The notion of crystallographic
commutator relations can be defined even when @ is not crystallographic. In
practice, however, we will not consider crystallographic commutator relations if
@ is not crystallographic. Conversely, we will not consider non-crystallographic
commutator relations if ® is crystallographic. The only exception to this rule will
be section[7.4} where we study non-crystallographic By-gradings. However, this
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is not due to a genuine interest in non-crystallographic B,-gradings, but rather
motivated by the fact that certain results about crystallographic BC,-gradings can
be more easily formulated in the language of non-crystallographic B,-gradings.
Recall from Note[1.2.33|that if @ is crystallographic, then the extra assumption
of crystallographic commutator relations says precisely that for some pairs (&, y)
for roots with |, y[-,, = {B} for some root B, we have the trivial commutator
relation [U,, U,| = {1} instead of the commutator relation [U,, U,] C Up.

2.1.8 Note (Commutator relations in the sense of Loos-Neher). The specific
terminology of “groups with ®-commutator relations” appears for the first time
in [Fau83, p. 183]. It also appears in [LN19] by Loos-Neher, who cite [Fau77]
as their inspiration (see [LN19, p. 72]). However, our Definitions and
differ from the one in [LN19, p. 23] in a few aspects. First of all, while we restrict
our attention to root systems ®, Loos-Neher define arbitrary R-gradings where R
is any subset of a free abelian group X such that R contains 0 and spans X. Many
of the facts and concepts that we introduce in this chapter are studied in this
broad generality in [LN19, Chapter 1]. In particular, R is allowed to be infinite.
However, when we restrict our attention to reduced root systems, we see
that our definition is actually less restrictive than the one in [LN19]. For once,
Neher-Loos only consider what we call crystallographic commutator relations.
Further, the commutator axiom in [LN19] says that [U,, Ug] C U, g for any
so-called nilpotent pair («, ), which includes the case « = B. In our notation,
the interval |a, a[ is not defined (see Definition [1.2.30), but in the notation of
[LN19], we have |a, 2] = IN>oa N ®. For reduced root systems, this set is empty.
Thus the commutator axioms in [LN19] require that each root group is abelian
if @ reduced, which (for the root systems we are interested in) is redundant by

Note

2.1.9 Note (Reducedness). The axiom can be omitted if ® is reduced.
Recall from Theorem that the only crystallographic root system which is
not reduced is BC,. In fact, [RGG-Div)|is specifically tailored for this root system.
For root systems which are neither reduced nor crystallographic, the axioms
should be modified.

2.1.10 Note (Commutator formulas). Axioms[[RGG-Com)|and [[RGG-Com-cry)|
can be seen as “global” conditions: They tell us what happens on the level on
root subgroups. However, they provide no “local” information: They do not give
a formula for the commutator of two specific root group elements x, € U, and
xp € Up. Our main goal for root graded groups is to find such formulas for all

pairs («, B). See Goal for more details.

2.1.11 Note (The rank-1 case). Assume that ® = A;. In other words, ® consists
of exactly two roots « and —a. Then there exist no non-proportional roots in
®, so that every Aj-pregrading has Aj-commutator relations. For this reason,
root gradings of type A; (or of type Ay X - -- X A;) are much more difficult to
understand than root gradings for other root systems.

As a consequence, we often have to assume that every root in ® is contained
in a root subsystem which is not of type A} for some n € IN . Examples in which
this assumption is explicit are Lemmas[2.2.5|and [2.2.20| In many other situations,
this assumption is not made explicit because it is always satisfied for irreducible
root systems of rank at least 2.

Closed root subsystems induce subgroups with commutator relations in a
natural way. We will extend this result to root graded groups in Proposition[2.5.11
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2.1.12 Lemma. Let G be a group which has ®-commutator relations with root groups
(Un)aco and let @' be a subset of . Denote by H the group which is generated
by (Uy)peqr- If D' is a closed root subsystem, then H has ®'-commutator relations
with root groups (Uy)peqr. If @' is a crystallographically closed root subsystem and
the commutator relations of G are crystallographic, then H has crystallographic ®'-
commutator relations with root groups (Uy)yeqr-

Proof. This follows from the fact that the interval between a, € @' does not
depend on whether we consider «, B as elements of ® or as elements of ®'. [

2.1.B Commutator and Product Maps

We will often be faced with situations in which we want to decompose a com-
mutator [Xq - -+ X, Y1 - - - Ym), Wwhere x1,...,x, € Uy and yy,...,ym € U, for non-
proportional roots «, 7, into a product of of more “basic” elements, for example
into commutators [x;, y;]. Such a decomposition is always possible, but its na-
ture depends on the number of roots in |a, ¥[c.. If |, ¥[coy IS empty, then
(X1, X0, Y1,---,Ym] = 1g. The following Lemma describes the situa-
tion in which |a, 'y[icngiv contains exactly one element. This is always the case in
simply-laced root systems, and even in the non-simply-laced case, we can find
many pairs of roots («, v) which satisfy this condition.

2.1.13 Lemma. Let G be a group which has ®-commutator relations with root groups

(Uy)aep and let a, vy be roots such that |a, 'y[?od;v has exactly one element. Then we have

[XaYa, Xy] = [Xa, Xy ] [Ya, X0 and  [Xa, Xqyy] = [Xa, Yo ][Xa, %]
forall xo,ys € Uy and x,y, € U,. In particular,
]—1

= [xa,x_l]

[xa ' xy] = e, xy %

forall x, € Uy and x., € U,.

indiv

Proof. Denote the unique root in |a, y[r, by B and let x4, o € Uy, X,y € U,.

Then Relation [1.1.11 (vii)|says that

[XaYu, Xo] = [Xa, X ¥ [Ya, X7]  and  [xa, Xq¥q] = [Xa, Yol [Xa, X9 ]7"

Observe that [x,, x| lies in Ug by (RGG-Com)|and that & is adjacent to B. It

follows that y, commutes with [x,, x|, so the first assertion follows. In particular,
we have

Ig = [1g,xq] = [xaxajl,xy] = [xa,xv][xa’l,xy],

50 [Xg, x,] 71 =[x, x,]. Similarly, we can see that [x,, x,] ! =[x, x']. O

2.1.14 Remark. Lemma has the minor flaw that the order of the commuta-
tors in the formula [x,, X,y ] = [Xa, Yy ][Xa, X, ] is reversed. In practice, however,
it will always be the case that either Uy or U, is abelian, which implies that

[Xar Xy Yy ] = [Xar X9 ) [ X0, Y )-

If Ja, 'y[m " contains more than one root, then the situation is more delicate.
Before we can consider this, we have to introduce some notation.

2.1.15 Notation (Product map). Let G be a group with a ®-pregrading (Uy)ca,
let k be a positive integer and let a4, . . ., a; be pairwise distinct roots. The product
map on Uy, X - - - x Uy, (or simply the product map on (a1, . ..,ax)) is the map

Llal><---><Uak—><U,,¢lU---Uuak>,(g1,...,gk)r—>g1---gk.
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2.1.16 Definition. Let G be a group which has ®-commutator relations with
root groups (Uy)qea- Let a, f be non-proportional, indivisible roots and denote
by (ay,...,a;) the unique interval ordering of [a, B]24" such that a; = a and
a; = B (see Remark . Assume that the product map on Uy, X - -+ X Uy, _, is
bijective. (We will see in Remark[2.4.16| that this assumption is always satisfied if
G is rank-2-injective in the sense of Definition[2.1.19]) Then we denote by

([ Tyt ]0(,‘: Uﬂé X U,B - u’)‘i/ (x“’ x,B) = [x“’ xﬁ]“i)l'G[z,k—l]

the unique family of maps with the property that

[Xa, xﬁ] = [xmxﬁ]az T [x“’xﬁ]“k—l

for all x, € U,, xg € Ug. In other words, for each i € [2,k — 1] we denote by
[Xa, Xpa; the unique element of U,, with the property that

. u

Xf—1-*

2.1)

Mivy "

[xouxﬁ] € Uy, - - Uy, [x“’xﬁ]“iu

The surjectivity of the product map in Definition [2.1.16|guarantees the exis-
tence of an element [x,, x4, with the property (2.1), and the injectivity of the
product map guarantees that it is uniquely determined. Before we can continue,
there is a subtlety in Definition that we have to point out.

2.1.17 Note (on Definition[2.1.16). We emphasise that [ -, - ], is a map on the
product Uy x Upg (on the two arguments x, and xg), not a map on Uj, 5/ (on
the argument [x,, xg]). The reason for this is that we fix an interval ordering of
[, B]idlY in Definition [2.1.16, and this is only possible (without ambiguity of
choice) if we declare which of the roots «, f should be the first one and which
should be the last one. In other words, we cannot (without ambiguity) define a
family of maps
(u}a'ﬁ[COX - u“i/g = g“i)iG[Z,kfl]

because it is not clear whether the elements g4,,...,4s, , are defined by the
property & = g, * - 8, Or by the property g = gu, *** 8-

2.1.18 Remark. The notational subtleties of Note 2.1.17]are insubstantial if k = 4
because the root groups Uy, and U,, commute by [RGG-Com)] Indeed, it follows
from this that for all ¢ € (U,, U U,,) there exist unique elements g, € U,, and
g3 € Uy, suchthat g = gog3 = g3¢». Since closed root intervals in crystallographic
root systems of rank at least 3 contain at most 4 indivisible roots, this means that
we can largely ignore the implications of Note in this work.

We continue to assume that k = 4. Then for all x; € U,,, x4 € U, and
i € {2,3}, it follows from the previous remarks and Relation that
[x1, X4]a, = [x4,%1];; because

ey, 4] = g, 1] = ([, 21 (e, 1) = [y, 1] e, a2

with [x4, xl],;sl € U, and [xg, x1];21 € U, In other words, “([x4, x1]71)s, =
([x4,%1]a;) " (which we put in quotes because the notation ([x4, x1] 1), is not

actually defined by Note[2.1.17).

Using Definition [2.1.16, we can prove analogues of Lemma [2.1.13[ for the

case that |a, ’)/[léfiv contains more than one element. These formulas involve

not only basic commutators [x;, y;] but also nested commutators and the maps
from Definition [2.1.16 We will derive them for the case that |«, 'y[icngiv contains
exactly 2 elements in Lemmas[7.4.4] [7.5.3land [9.4.3] Since these formulas will be
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used a lot, it is essential that the bijectivity assumption on the product map in
Definition[2.1.16]is always met. We will see in Lemma[2.4.15|that we automatically
have surjectivity, but injectivity need not hold in general. Thus we introduce the
following condition.

2.1.19 Definition (Rank-2-injective). Let G be a group. A ®-pregrading (Uy )aco
of G is said to be rank-2-injective if for all parabolic root subsystems @’ of ® of
rank 2, all positive systems IT" in @' and all interval orderings (a7, ...,ax) of
(IT)"di¥ the product map on (a1, ..., &) is injective.

The following result is an easy consequence of rank-2-injectivity.

2.1.20 Lemma. Let G be a group with a ®-pregrading (Uy)xew. If a1,..., a5 are
pairwise distinct roots such that the product map on (a4, . .., «x) is injective, then for all
distinct i,j € [1,k|, we have Uy, N Us; = {1} In particular, if G is rank-2-injective,
then U, N Ug = {1} for all non-proportional roots «, B.

Proof. Let i,j € [1,k] be distinct and let x € Uy N Uy. Denote by ¢;(x) the
tuple (1g,...,16,%,1¢,...,1g) with x at position i, and define ¢;(x) in a similar
way. Then both ¢;(x) and ¢;(x) are mapped to x under the product map on
(a1, ..., ar). By the injectivity of this map, it follows that x = 15, as desired. [

2.1.C Generalised Commutator Relations

Groups with commutator relations satisfy a commutator relation of the form
[UIXI U.B] g u}‘x’ﬁ[Cox.
The goal of this subsection is to derive a stronger formula of the form
[UA, UB] g u]A/B[Cox
where A, B are subsets of ® satisfying some conditions. This formula is called the
generalised commutator relation. We closely follow the arguments in [LN19, 3.9 (a)],
but we have to be careful because of the differing conventions concerning root
intervals (see Note[1.2.31).
2.1.21 Definition (Commutator set). Let A, B be two subsets of ®. Then the sets
. n,mée Ny,
/\llxl—’—zy]ﬁ] Al/---l/\n/ylr”-/]/lmER>0/ s
j=1 wl,...,DCnEA,ﬂ1,...,,BmEB
n,meNy, A, A H, - um € NG,
X1,...,60 €A, B1,...,pm €B

]A/B[Cox =on

n

i=1

JA,B[:=®nN { Y o A+ ) uiBi
i—1 =1

are called the commutator set of (A, B) and the crystallographic commutator set of
(A, B), respectively.

2.1.22 Remark (Root intervals as commutator sets). Let «, B be non-proportional
roots. Then

Jo, Bl = H{a}, {B} and Ja, Blco, = {a}, {B}coxs

so root intervals are a special case of commutator sets. While root intervals are
defined only for pairs of non-proportional roots, there is no such restriction for
commutator sets. For example, we have

Mo} {a}[ = ®NNoow and J{a}, {a}lop = @ N Ropa.
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Note that the set [{a}, {a}[ is precisely the set |, [ in the notation of [LN19], see
Note[1.2.31]

2.1.23 Remark. Let A, A/, B, B’ be subsets of ® such that A C A’ and B C B'.
Then |A,B] C |A/,B'[ and |A, B[c,, € |A, B'[oy- Further, if C := ]A, B[, then
JAUB,C| C C, and similarly for non-crystallographic commutator sets.

We begin with an auxiliary lemma from group theory.

2.1.24 Lemma ([LN19, 3.7]). Let G be a group, let H be a subgroup and let X;, Xp
be subsets of G normalising H (meaning that H* = H for all x € X1 U Xp) such that
[X1, X2] C H. Denote by Gy and G, the groups generated by Xy and Xp, respectively.
Then Gy, Gy normalise H and they satisfy [G1, Go] C H.

Proof. It is clear that Xy I and X5 I hormalise H as well. Hence G1 and G; nor-
malise H. Further, it follows from Relation [1.1.11 (vii)| that

1g =[x x1, x0) =[xy Y, x0] 1 [x1, 22
for all x; € Xj, xo2 € X, which implies that
71 x0] = ([xg, %) )Y € HY = H.

Thus we also have [Xf 1,X2] C H. In a similar way, it can be shown that
(X1, Xz_l] C H and [Xl_l, Xz_l] C H. Therefore, by replacing X; with X; U Xl_1
and X, with Xp U X 1 we can assume that G; and G, are generated by X; and
X> as monoids, respectively.

Now let x1,y1 € Xj and x2 € X,. Then again by Relation[I.1.1T (vii)} we have
[x1y1, X2] = [x1, x2]¥1[y1, x2] where [x1,x2] and [y1, x] lie in H by assumption.
Further, since X; normalises H, we also have that [x1, x]¥! lies in H. Thus
[x1y1, x2] lies in H. By a straightforward induction using a similar argument, we
conclude that [g1, 2] lies in H for all ¢; € Gy and g2 € Gy, as desired. O

2.1.25 Lemma ([LN19, 3.9]). Let G be a group with a ®-pregrading (Uy) e and let
A, B, C be subsets of . Assume that for alla € A, B € B, we have [U,, Ug] € Uc and
that foralla € A, B € B, v € C, we have [U,, U, | C Uc and [Uﬁ, U,] C Uc. Then
U4 and Upg normalise Uc and we have (U4, Ug] C Uc.

Proof. Put X1 := Uyea Ua, X2 := Upep Up and H := Uc. The first assumption on
commutation relations in G yields that [X;, X»] € H and the second one yields
that X; and X5 normalise H. Thus the assertion follows from Lemma[2.1.24] [

2.1.26 Remark (Cones). Let W be a finite-dimensional real vector space and let C
be a subset of W. Then C is called a cone if it is closed under addition and scalar
multiplication with R~. The cone of C, denoted by Cone(C), is the smallest cone
which contains C. Equivalently, it is the convex hull of R+(C, and it is also the
additive semigroup generated by R-oC. Note that a cone may, but need not
contain Oypy.

2.1.27 Proposition (Generalised commutator relation, [LN19, 3.9]). Let G be a
group with a O-pregrading (U;);co and let A, B be subsets of ® such that
Cone(A) NCone(—B) = .

Assume that  is reduced or crystallographic and that for all roots ¢ for which 2 is not
a root, the root group Uy is abelian. Then the following hold:
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(a) If G has ®-commutator relations with root groups (Ug )z ca, then
(Ua, Us) € Uia g,
(b) If G has crystallographic ®-commutator relations with root groups (U;)co, then
[Ua, Up] C Uy p-

Proof. We only consider the case that G has ®-commutator relations with root
groups (Uz)zco. The other assertion can be proven in the same way. Recall from
Lemma that the only positive multiples of a root « which can possibly be
a root are 7&, & and 2a. Our goal is to verify the conditions in Lemma for
C =4, Blyy

Leta € Aand B € B. If « # B # —a, then it follows from the commutator
relations of G and Remark that

[Us, Up] € Uy, < U

If &« = B, then
{1¢} if2a ¢ @,

U,, Ug| C
(U ﬁ]—{uza if 20 € @

by assumption and Axiom [((RGG-Div), so [Uy, Uﬁ] C Uc in any case. Further,
the case « = —p cannot occur because A N (—B) C Cone(A) N Cone(—B) = @.

Thus we have [U,, Uﬁ] C Ucforalla € Aand € B.
Now leta € Aand y € C =] A, B, Again, if & # ¢ # —a, then

[u“/ u’y] g u]“l'Y[Cox g U]A/C[Cox g UC
by Remark[2.1.23| If &« = -, then

u u]c{{lc} if 20 ¢ @,
ar Uy] =

Us, if20 € &

by the same argument as in the previous paragraph, so [U,, U,] C Uc in any
case. Now suppose for a contradiction that « = —+. By the definition of C, there
existn,m € Ny, Ay, .., Ay, i1, ..., ym € Rug, 1,..., 0y € Aand By,..., B €B
such that v = Y4 Aja; + 174 pB;. Hence

n m
a+ Y Awj=—Y u;Bj € Cone(A) N Cone(—B) = &,
i=1 j=1

which is impossible. We conclude that [U,, U,] € Uc foralla € Aand ¢ € C. By
interchanging the roles of A and B, we observe that [Ug, U,] C Uc forall p € B
and 7y € C as well. Hence the conditions of Lemma [2.1.25|are satisfied, and it
follows that [U, U] C Uja g/ - O

2.1.28 Remark. Let IT be a positive system in ®. Then Cone(IT) N Cone(—I1) =
@. It follows that for any subsets A, B of I1, the assumption in Proposition
that Cone(A) N Cone(—B) = @ is satisfied.

Recall from Note that for ®-graded groups, the assumption in Proposi-
tion [2.1.27|that certain root groups are abelian is automatically satisfied if ® is of
rank at least 3. However, this is a non-trivial fact which we still have to prove.

2.1.29 Proposition. Let W be a subspace of the Euclidean space V surrounding ® and
denote by 7t: V. — W some projection onto W. (That is, ¢ is a surjective homomorphism
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which fixes W pointwise, but it is not necessarily orthogonal.) Let G be a group which
has (crystallographic) ®-commutator relations with root groups (Uy)yea, and put

Uy = (Uy |a € D, (a) = ')

forall o/ € ®'. Assume that ' = 71(®P) is a reduced root system in W and that for
all non-proportional o, ' € &', there exists a positive system 11 in ® which contains
SN (m Y a") U Y(B')). Assume further that ® is reduced or crystallographic and
that for all roots { for which 2 is not a root, the root group Uy is abelian. Then G also
has (crystallographic) ®'-commutator relations with root groups (U )y cqr.

Proof. We prove only the crystallographic assertion. The proof for the non-
crystallographic assertion is similar. Let &/, / be non-proportional roots in
®'. Put A = n 1 (a')N® and B := n!(B') N®. By assumption, there ex-
ists a positive system containing A U B, which by Remark implies that
Cone(A) N Cone(—B) = @. Thus it follows from Proposition 2.1.27] that

[y, Ug] = [Ua, Ug] C Uy py.
For any v € ®, we have U, C LAI,Tm, so Ujap LAI,T(]A,BD. Further,
o/, B[ = (), m(B)[ = @' N {nm(a) + mm(B) [n,m € N, }

= Nn({na+mp|nmeN;})

and

nt(la, B]) = (@ N{na+mp|nmeNy})

=d'Nr(®N{na+mp|nmeN})
Co'nna({na+mp|nmeNyg}).

Hence 7t(Ja, B]) is a subset of |a’, B/[. Altogether, we infer that

[, Ug] € Uppp; € Urapy € U g,

which proves Axiom |(RGG-Com-cry), Further, Axiom |(RGG-Div)|is empty by
the assumption that @’ is reduced. This finishes the proof. O

2.1.30 Note. Let everything be as in Proposition[2.1.29] except that ® and @' are
not assumed to be root systems. (The notion of “positive systems in ® and ®'” is
defined exactly as in[1.2.19}) Then the same proof as above shows that the groups
(U, wcqr satisfy the desired commutator relations.

2.2 Weyl Elements

2.2.1 Notation for this section. Unless otherwise specified, we denote by ® an
arbitrary root system and by G a group which has ®-commutator relations with
root groups (Uy )aco.

In this section, we study Weyl elements. The second axiom of root graded
groups will be that a-Weyl elements exist for all roots «.
2.2.A Definition and Basic Observations

2.2.2 Definition (Weyl elements, Weyl triples). Let G be a group with a -
pregrading (Uy )aco-
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(a) Let a be any root. An a-Weyl element (in G) is an element w, € U_,U,U_,
with the property that Ug’"‘ = U,,(p) for all roots B. The set of all a-Weyl
elements is denoted by M,.

(b) A Weyl element is an a-Weyl element for some root «.

(c) Let a be any root. An a-Weyl triple is a triple (a_,, by, c—y) consisting of
A_y,c—y € U_y and b, € U, such that the product a_,b,c_, is an a-Weyl
element, called the Weyl element corresponding to (a_q, by, c—4).

(d) A Weyl triple is an a-Weyl triple for some root «.

(e) Let a be any root. An element b, € U, is called a-invertible if there exists
elements a_,,c_, € U_, such that (a_y, by, c_4) is an a-Weyl triple. We
denote the set of a-invertible elements of U, by Uf. We will also write
Weyl-invertible in place of a-invertible if the root « is not specified.

(f) If ®isof rank 2 and Z — ®,i — «; is a fixed rank-2 labeling of ® (in the
sense of Definition [1.2.38)), then we put UP = U&i and M; := M,, for all
ie”Z.

2.2.3 Note. The terminology of “Weyl elements” appears for the first time in
[Fau83, p. 184], though of course these elements had already been considered
before in the contexts of Chevalley groups, algebraic groups and RGD-systems.
Many results about Weyl elements in a more general setting can be found in
[LN19, Section 5].

2.2.4 Note. The notion of Weyl elements does not appear to be useful in groups
without ®-commutator relations. However, the way we have phrased Defini-
tion[2.2.2]allows us to discuss Weyl elements in groups which have not yet been
proven to have commutator relations.

Before we begin a proper investigation of Weyl elements, we observe that
under reasonable assumptions, the trivial element 1 is never a-invertible. These
assumptions will always be satisfied if ® is irreducible of rank at least 2 and the
root groups form a root grading in the sense of Definition[2.5.2]

2.2.5 Lemma. Let G be a group which has ®-commutator relations with root groups
(Uy)weo and let « be any root. Assume that there exists a root B such that («,B) is
the root base of a closed rank-2 subsystem of ® which is not of type A1 x Ay. (In other
words, we assume that « is contained in a closed rank-2 root subsystem @' of ® which is
not of type Ay x Ay.) Assume further that Ug N Uy, () = {1c} and that Up # {1}
Then 1¢ ¢ UL,

Proof. Assume that 1 is contained in Uﬁ. Then there exist a_,,c_, € U_,
such that a_,c_, is an a-Weyl element. In other words, there exists an a-Weyl
element w, which is contained in U_,. Choose an element x5 € Ug \ {1 }. Then
xg’“ € u,, (B)- At the same time, since f is adjacent to —a, we have x;’“ = xpg € Ug.
By our assumptions, it follows that xz = 1, which is a contradiction. O

The following properties of Weyl elements in Proposition[2.2.6]are elementary
and will be used all the time. Interestingly, their proof does not rely on the
®-commutator relations of G at all. We will prove more specific variations of
some of these statements in Lemmas [2.2.23|and [2.2.24] for groups which have
“unique Weyl extensions”.

2.2.6 Proposition. Let G be a group with a ®-pregrading (Uy )wew. Then the following
statements hold for all roots :
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(@) If (a_n, b, c—y) is an a-Weyl triple, then (c=L, b1, a”}) is an a-Weyl triple as
well (with corresponding Weyl element w;1). In partzcular the sets My and U},
are stable under group inversion.

(b) Let wg be a B-Weyl element for some root B. If (a—, by, c—s) is an a-Weyl

triple with corresponding Weyl element w,, then (a"?, by",c"" ) is a og(a)-Weyl

triple with corresponding Weyl element wy". In particular, M* = My (o) and
(uvﬁt)wﬁ = ug’ﬁ(ﬂ)'

(c) If (a_y, by, c—y) is an a-Weyl triple with corresponding Weyl element w, =
a_ybyc_y, then (c al,a w, b)) and (by, c_y,a™) are (—a)-Weyl triples and all
three Weyl triples have the same corresponding Weyl element. In particular,
M, = M_,.

(d) If (a_y, by, c—y) is an a-Weyl triple, then a_, and c_, are (—a)-invertible.

(e) If wis a root such that 2« is also a root, then every 2u-Weyl triple is also an a-Weyl
triple.

Proof. For the whole proof, we fix an arbitrary root « and an a-Weyl triple
(a_4, by, c—y), whose corresponding Weyl element we denote by w,. For (a),
let B be another arbitrary root. Since w, is an a-Weyl element, we have

n wil
LIZ(/}) = Uﬁ, SO Uﬁ = u%(lg).

Further, we have
w,l=c b ta”l e U UU,.

Altogether, we conclude that (¢}, b;",a"}) is an a-Weyl triple with correspond-
ing Weyl element w, !. In partlcular b 1 lies in U}. This proves (a). Using that
Up00p = o(a”()) by Remark [1.2.6] assertion (b) can be proven in a similar way.

We turn to(c)} A simple computation, using only the definition of conjugation
in groups, shows that

w,
bac_ya”t, = Wy = c a_aba.

Further, a* and Cw'; 1 lie in U, and 0_, = 0y, so it follows that (¢ ( e a_,x, b,) and
(b, -, aw“ « ) are (—a)-Weyl triples, both with corresponding Weyl element w,.
This proves [(c)}, and [(d)]is a consequence of[(c)} Finally, [(€)|holds because U5, is
contained in Uy, by O

2.2.7 Lemma. Assume that ® is reduced. Let A be a root base of ® and assume that

there exists a 5-Weyl element ws for each 6 € A. Then there exists an a-Weyl element for

each root .

Proof. Let a be an arbitrary root. By Proposition(1.3.4} there exist 4, d1,...,d, € A
ZU5n

such that & = §7(%1%)_ Then it follows from Proposition[2.2.6 (b)|that ww‘s1 is
an x-Weyl element, which finishes the proof. O

2.2.8 Remark. Lemma and its proof remain valid if ® is of type BC and
A is the standard rescaled root base (see Remark [9.1.2). For proper root bases
of non-reduced root systems, however, it is not true: The existence of a-Weyl
elements does not imply the existence of 2ax-Weyl elements.

2.2.9 Lemma. Assume that G is rank-2-injective. Let «, B, ¢ be roots, let 7y € |a, ﬁ[?f;v
and let wg be a G-Weyl element for some root &. Then we have

[Xa, )y = [xi”ﬁxZ’@]%m
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forall x, € Uy and all xg € Ug. In particular,

wz w2 wé

[xa, xp]y" = [xag/x;s Iy

forall x, € Uy and all xp € U.

Proof. Denote by (71, ..,7x) be the unique interval ordering of [«, B]i4l such
that ;1 = a and 7, = B, and leti € [1 k] such that y = 7;. Then ('ya(g), .. ,'y,‘:(g))
is the unique interval ordering of [x(¢), B¢ ]md“’ whose first element is #7¢) and
whose last element in 7(¢). By the definition of [x,, xp]y, we have

[xmxﬁ] €Uy, -+~ Uy, [x“’xﬁ]’Yu'YiH Uy

k
and [x,, xg]y € U,. It follows that

[xi"é,xz)g] = [xa, xp]"¢ € Uy -~ Uyt

[xmxﬁ]wé u%+1 ce ux’ké

1—

= Uﬁ@ e Uv @) [xa/xﬂ] U o) - U o)

i—1 i+1 Tk
and [x,, x],° € Uy, (,)- This implies that [x;ué,xﬁg]%w = [xa, xp]5". O

The following result is crucial in [TW02], and it will be an important tool in
our computations as well.

2.2.10 Proposition ([TWO02, (6.4)]). Put n := |®|/2. Assume that ® has rank 2
with n > 3 and that G is rank-2-injective. Further, we ﬁx a rank-2 labeling of ® and
we will use Notation Let z € Z, let by € UL, and let x, € U,y Let
A1gn, Clon € U° LIS such that (a1.4,b1,c140) isa (z+ 1) -Weyl triple, and denote by
wy the associated Weyl element. For all i € [2,n — 1], we put x; == [by, x,}],4i € Uy,
so that [by, x; 1] = x2 - - - x,_1. Then the following hold:

(a) x3' = xo = [by, x;;Y]210. In particular, x; lies in U* Lo if x, lies in LIEM

(b) [x2, ¢, = x5 -2
Proof. Putw := w1 = ay,bic14,. Since

[0t % '] € [Uznsr, Uzin] = {16},
it follows from Relation[1.1.11 )| that

[blrxﬁl] [alinwcljn’ xil] [wclln’xil]'

Therefore,

xp Xy = [by, x| = [wepl, 2 an = (cranw ™ xpwer ]2t x

_ w.—1 _ Jw/,w\—1 w.—-1 _ wr,w —1
= ClpnXy C oy = X (X)) 7 CrinXy oy, = X5 [X3, e,
Note that ¢11, lies in U, ,+1 and that x7} lies in
(U B () —
Uy = Uy, = u2(z+1)+n7(z+n) = Uzp2

by Remark Thus [x¥, | lies in U, 3. ,)- Therefore, it follows from

Cl—l—n

XpX3 Xy = X [xn,cljn]

and the rank-2-injectivity of G that x, = x%¥ and x3 - - - x,, = [x¥, cl’jn] = [xp, 0111 -
This finishes the proof. O]

2.2.11 Note. Special cases of Proposition2.2.10| for specific values of n can also
be proven in a slightly different way. We will see this in Lemmas and
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We will also perform a similar computation in Lemma|7.5.12|for a pair of roots
which does not form a root base.

2.2.B Balanced Weyl Triples

Any Weyl triple (a, b, ) is associated with four elements of G: 4, b, c and w := abc.
These four elements are related by the equation w = abc, so in particular, the
knowledge of any three of these group elements determines the missing fourth
element. We now investigate under which conditions we can find more relations
between these four elements.

2.2.12 Definition (Balanced Weyl triple). A Weyl triple (a, b, c) with correspond-
ing Weyl element w := abc is called weakly balanced if a = c, and it is called
balanced if, in addition, it satisfies the equivalent conditions of the following

Lemma

2.2.13 Note. We will also refer to the Weyl element w in Definition as
(weakly) balanced if the corresponding conditions are satisfied, but this is ac-
tually abuse of notation: In general, the Weyl triple (a,b,c) is not necessarily
uniquely determined by the Weyl element abc. (For examples, see Remarks
and ) However, it will always be clear from the context what we mean.

2.2.14 Lemma ([LN19, 5.15]). Let a be a root and let (a_y, by, a_y) be a weakly balanced
a-Weyl triple with corresponding Weyl element w, := a_,bya_,. Then the following
statements are equivalent:

(a) by* = a_,.
(b) a™ = b,.

(C) Wy = b“a,aba.

Proof. We know from Proposition[2.2.6 (c)|that the Weyl elements w), := ai"i] a_yby
and w), := bya_,a"", are both equal to w,. Clearly, w}, equals bya_,b, if and only

if zﬂil = by, so (a) is equivalent to (c). Similarly, w) equals bya_,b, if and only if

a™ = by, so (b) is equivalent to (c) as well. O

The notion of balanced Weyl triples is due to [LN19, 5.15] while the terminol-
ogy of weakly balanced Weyl triples is, to our knowledge, new. It is clear that
in a weakly balanced Weyl triple, the knowledge of two of the elements a, b and
w = aba is enough to reconstruct the third one.

2.2.15 Remark. If (a_,, by, a_,) is a balanced a-Weyl triple with associated Weyl
element w,, then

2
w w_
baa g a,aa e le'

A natural question to ask is whether weakly balanced Weyl triples are auto-
matically balanced. We will see in Lemma that that this is true if the
group has unique Weyl extensions. This extra assumptions will be satisfied in all
cases that we are interested in by Proposition In more general situations,
however, the distinction between balanced and weakly balanced Weyl triples is
relevant. Still, we make the following observation.

2.2.16 Proposition. If « is a root such that all a-Weyl triples are weakly balanced, then
all a-Weyl triples are balanced. In particular, if all Weyl triples in G are weakly balanced,
then all Weyl triples in G are balanced.
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Proof. Let a be a root and assume that all xa-Weyl triples are weakly balanced. If
there exist no a-Weyl triples, then there is nothing to prove, so we can assume
that there exists an a-Weyl triple (a_g, by, a_,) with corresponding Weyl element
Wy = A_gbya_y. If (34, b_4,¢y) is a (—a)-Weyl triple, then (ay*,b™,cy*) is an
a-Weyl triple by Proposition so it follows from our assumptions that
ay" = Cy". We conclude that all (—«)-Weyl triples are weakly balanced as well.
Since (by, a 4,4 ) is a (—a)-Weyl triple by Proposition[2.2.6 (c)} this implies that
by = a™, s0 (a_y, by, a_y) is balanced. This finishes the proof. ]

2.2.17 Note. A second natural question is whether every Weyl triple is weakly bal-
anced. We will show in Proposition [5.4.10| that every Weyl element in A>-graded
groups is weakly balanced and thus, by Proposition 2.2.16|or Lemma
balanced. This implies that the same is true for all roots « in an arbitrary root
system which are contained in a (crystallographically) closed subsystem of type
Aj. This holds, for example, for the long roots in B;, the short roots in C;, (where
n > 3) and for all roots in H3 and Hy;. However, it does not hold for the short
roots in B, and the long roots in C,. We can still prove that all Weyl elements
for such roots are balanced (see Lemmas and [9.6.4), but this proof relies on
computations in the coordinatising structures of these groups. The only remain-
ing case are the short roots in BC,, for n > 3. For these roots, there do in fact exist
examples of Weyl elements which are not weakly balanced. We will encounter
them in Definition

2.2.C Unique Weyl Extensions

2.2.18 Definition (Unique Weyl extensions). Let « € ®. We say that G has
unique x-Weyl extensions if for all b, € Ug, there exist unique elements a_,,c_, €
U_, such that (a_,, by, c_,) is an a-Weyl triple. If this is the case, we define
K, Aot UE — U, to be the unique maps for which #, (by )by (by) is an a-Weyl
element for all b, € U, Further, we define Ut UL — My, by — K4 (ba)baAa(Dy).
We say that G has unique Weyl extensions if it has unique x-Weyl extensions for all
roots «. We will sometimes leave out the subscripts of the maps x, A and y if they
are clear from the context.

The property of having unique Weyl extensions says precisely that a Weyl
triple is uniquely determined by its “middle element”. Under mild conditions on
the root system and the root groups, it is in fact true that a Weyl triple (a,b, c) is
uniquely determined by any of the elements g, b, c. This is the statement of the
following Lemma which is a special case of [LN19, 5.20]. It is also proven
in a less general context in [TW02, (6.1)]. We begin the proof of Lemma
with an auxiliary lemma.

2.2.19 Lemma. Let a, B be roots such that U, N Uaﬁ(a) = {1} and assume that there
exists a B-Weyl element wg. Then if x, is an element of U, which centralises Up and
U_g, it follows that x, = 1g.

Proof. By assumption, we have x, = x," where the element on the left-hand
side lies in U, while the element on the right-hand side lies in Uy, (,). Since

u,n Uaﬁ(“) = {1¢}, it follows that x, = 1. O

2.2.20 Lemma ([LN19|, 5.201). Let « be a root and let

u= (afa, ba, Cfa) Lll’ld ﬁ — (ﬁfa, b(x, C*DC)
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be two a-Weyl triples. Assume that « is contained in a parabolic rank-2 closed subsystem
@’ of O which is not of type A1 x Ay and that there exists a B-Weyl element for some
root p € @' adjacent to «. Assume further that G is rank-2-injective. Then if one of the
three statements a_, = d_g, by = by, €y = ¢_4 holds, it follows that u = fi.

Proof. Denote by @' a parabolic rank-2 subsystem of ® and by B a root which are
chosen as in the assertion. Without loss of generality, we assume that &' = ®,
and we fix the unique rank-2 labeling i — «; of ® with a; = a and a; = B.
Further, we put m := |®|/2. Since P is not of type A; x A, we have m > 3.

We begin with the case b, = b,. Put

Wy = a_ybyc_y and Wy = d_ubyC_y

1

R . P
Then fora_, :==d_,a_,,¢_y = c_,C_ and for all x,, € U,,,, we have

-
X = g = () = W xle ey,

Note that xj* and xj,* lie in U, (@) = Ua, while [x", ¢ lies in Uy, 0 ([ =
Uy, - - - Uy, for all x,;, € U,,,. Since the product map on & is injective, we conclude
that xjn* = xfw* and [}, ¢_,] = 1¢ for all x,, € U,,,. In particular, ¢_, centralises
Uy = Uy, = Ug. As a is adjacent to  (and thus —a is adjacent to —f), we also
have that ¢, centralises U_g. Note further that U_, N U, B) = Uy, N Uy, =
{1} by Lemma Thus it follows from Lemma that¢_, = 1¢. In other
words, c_, = ¢_,. Since (c_1, by, a”}) and (67}, b1, 4", ) are a-Weyl elements as
well (by Proposition[2.2.6 (a)), the same chain of arguments yields thata_, = d_,,
too. This finishes the proof of the case b, = U},.

Now assume that c_, = ¢_,. By Proposition we also have (—«)-
Weyl triples (by, c_q,a% ) and (by, &4, @,). Observe that the requirements of
the current lemma are also satisfied for —« in place of a because the existence
of a B-Weyl element implies the existence of a (—p)-Weyl element, again by
Proposition[2.2.6 (c)} Thus the conclusion of the previous paragraph allows us to
infer that b, = b, and 2% = 4. The second equation says precisely that

c i tala pa ybec g = 0 A A Wd oDaC g,
which implies that a_, = d_, because we already know that b, = byand c_, =
¢_4. We conclude that u = {i in this case as well. The case a_, = i_, can be
proven in the same way by considering the (—a)-Weyl triples (szi,"l, A_q, by) and
H—1 ~

(&%, Gy, by). O
2.2.21 Note. Lemma does not rule out the possibility of two distinct Weyl
triples having the same associated Weyl element. In fact, there exist short Weyl
elements in root gradings of types B and BC which have two distinct associated
Weyl triples: see Remarks[7.3.14and [0.3.12] However, in Ay-graded groups, every
Weyl element has a unique associated Weyl triple (Proposition [5.4.10 (b)).

For most applications, we can reduce Lemma [2.2.20| to the following state-
ment.

2.2.22 Proposition. Assume that ® does not have an irreducible component of type A,
that Uf, # & for all roots o and that G is rank-2-injective. Then G has unique Weyl
extensions.

Proof. It follows from the assumption on ® that every root is contained in a rank-
2 subsystem which is not of type A; x Aj;. Thus the assertion is a consequence of

Lemma O
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We now investigate some properties of groups with unique Weyl extensions.
The following two statements are essentially reformulations of Proposition [2.2.6]
using the maps y, x and A. The proofs use the same arguments as in [TW02], but
in a more general context.

2.2.23 Lemma ([TW02, (6.2)]). Let « be a root such that G has unique a-Weyl exten-
sions. Then the following hold:

(@) pa(byl) = pa(ba) ™Y, xu(byt) = x4(by) ™t and Ay (byY) = Ag(by) ™! for all
b, € UL,

(b) Let B be a root for which there exists a B-Weyl element wg. Then G has unique
o (a)-Weyl extensions. Further, we have
Va,;(oc)(bz]ﬁ) = ‘ua(b,x)wﬁ, KUﬁ(zx)<bZ}ﬁ) = le(btx>wﬁf )‘Ulg(oc)(bz}ﬁ) = Aa (o)™
forall b, € US.

Proof. The first assertion follows from Proposition and the second one
from Proposition O

2.2.24 Lemma ([TWO02, (6.3)]). Let « be a root such that G has unique x-Weyl exten-
sions and assume that there exists b, € U%. Then G has unique (—a)-Weyl extensions,
the images of k, and A, are contained in U* , and the following hold:

(a) ]/luc(ba) = HU—ua (Kﬂé(ba)) = H-u (/\“(bo‘))‘
(B) %0 (Aa(B)) = by = Ay (1 (b))
(c) A—a ()\a(ba)) = Ka(ba)y'x(ba)-

1

(Ad) Ko (1 (Da)) = Aa(by) e ()"
(e) If/\“(ba) - Ka(b“), then
bga(ba) — Ka(b[x) - /\a(ba).
That is, every weakly balanced x-Weyl triple is balanced.

Proof. 1t follows from Lemma [2.2.23 (b)|that G has unique (—a«)-Weyl extensions
(because 0, («) = —a) and from Proposition [2.2.6 (c)| that the images of x, and A,
are contained in U* ,. We know from Proposition that

(ba/ A (ba)/ Ky (buc)ya(ba))
is a (—a)-Weyl triple with associated Weyl element i, (b, ). This implies that
H—u (Atx(bzx)) == ya(brx)r K_pn ()\a(btx)) = ba/ /\foc ()\a(ba)) == Koc(bvc)m(b“)-
Similarly, we know from Proposition that
(Au(Ba) "), k4 (Ba), ba)
is a (—a)-Weyl triple with associated Weyl element i, (b, ), which implies that
-1
]’l—zx(K(x(buc)) = ,uoc(btx>/ K_n (sz(boc)) = /\zx<b1x)ya(ba) ’ A—a("a(hx)) = bzx-

This finishes the proof of the first four assertions. If Ay (by) = k(b ), then it
follows from the previous assertions that

by = K-a (/\zx(ba)) = K—u (Ka(boc)) = )\a(bzx)m(b“r
Conjugating both sides by p, (b, ), the final assertion follows. O

1
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2.2.D The Braid Relations for Weyl Elements

In the proof of the parametrisation theorem in chapter |4, we will require that a
fixed family of Weyl elements satisfies the same braid relations as the Weyl group.
We will also use these relations in the computation of certain “blueprint rewriting
rules” which are needed to apply the blueprint technique. To formulate the braid
relations for Weyl elements, we first have to define A-systems of Weyl elements.

2.2.25 Notation (System of Weyl elements). Let A be a rescaled root base of
®. A A-system of Weyl elements (in G) is a family (ws)sea such that w; is a J-
Weyl element for each § € A. Given such a A-system of Weyl elements, we put
w_s = w; ' forany § € A and w; = ws, - - w;,, for any word & = (&1,...,0m)
over AU (—A) (with the convention that ws = 15 if ¢ is the empty word).

2.2.26 Definition (Braid relations). Let A be a rescaled root base of ® and let
(ws)see be a A-system of Weyl elements. We say that (w;)sen satisfies the braid rela-
tions (in G) if for any distinct a, f € A, we have Py (g, ¢ (wa, wp) = Po(a,05) (wp, wy)
where 0(0,0p) is the order of ¢,05 in the Weyl group. Similarly, we say that
(ws)sen satisfies the braid relations modulo Z(G) if the images of Po(%gﬁ)(wa,wﬁ)
and Py (g, q) (wp, wy) in G/Z(G) are equal for all distinct &, 8 € A. Further, we
say that G satisfies the braid relations for Weyl elements (modulo Z(G)) if for any

root base A, each A-system of Weyl elements satisfies the braid relations (modulo
Z(G)).

For the purposes of the parametrisation theorem and the blueprint technique,
it would be sufficient to find one A-system of Weyl elements which satisfies the
braid relations modulo Z(G). In practice, we can prove a stronger statement
(Theorem [2.2.34): Any A-system of Weyl elements satisfies the braid relations
in G, provided that G has unique Weyl extensions and that it is rank-2-injective.
This is proven in [TWO02, (6.9)] under less general assumptions, but the same
arguments remain valid in our context. We present this proof in the remaining
part of this subsection.

To avoid notational problems, we briefly rule out the trivial case of the root
system A1 x Aj.

2.2.27 Proposition. Assume that ® = Ay x A;. Let A = {«, B} be a root base of
Ay X Ay and assume that there exist an a-Weyl element w, and a B-Weyl element wpg.
Then the family (w.,) e satisfies the braid relations.

Proof. We only have to show that w,wpg = wgw,, which is trivial because the
subgroup (U, U_4) commutes with (Ug, U_g) by the commutator relations. [

2.2.28 Setup. Putn := |P|/2. Assume that ® is reduced of rank 2 with n > 3 and
fix a rank-2 labeling of @ (in the sense of Definition [1.2.38) as well as elements
u € Uf, v € U}. Assume further that G is rank-2-injective and that it has unique
Weyl extensions for all roots. Define sequences (ex)ren, and (fi)ken, in G by

el =uc LI%, fi=ve urﬁz = uL(n—l) and
o = Iili(elkfl) c ll)j, fri=Alexq) € l,IéJr(nfl) forall k € N>,.

(All these elements are Weyl-invertible in the sense of Definition by
Lemma|2.2.23 (b)land Lemma [2.2.24]) For all k € IN_, we define

Xi1 = € € U,E and xp, = fy € u£+(n—1)'
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Further, we put
Xki = [ek/fz:l]k+i—1 € Ukyi
forallk € N4 and all i € [2,n — 1]. Thus we have
(X1 X p] = X2+ Xign—1 2.2)

for all k € IN;. Finally, we put wp := u(v) and wy := p(e;) for all k € IN;. Our
goal is to show that (wy, w1 ) satisfies the braid relations, that is, that P, (wp, w1 ) =
Pn (w1 , ZU()) .

2.2.29 Lemma. Let everything be as in[2.2.28, Then

fie = Xin = X101 = Xeqom—2 = -0 = Xgn-11 = Chpn—1
forall k € IN. In particular, fi = ejrn_1 forall k € IN,.
Proof. Let k € IN, be arbitrary. By Proposition [2.2.10 (a)|and the definition of
ex+1, we have

_ _ eiler) _ p(x) _
Xk+1,1 = €k+1 = fk = Xin = Xk2.

Further,
Xip1n = fro1 = Alex) = A(xgq)-
Together with (2.2), these equations imply that
Xk+1,2 " Xkt1n—1 = [xk+1,1,x,;31,n] = [xk,zr/\(xk,l)fl] = Xk3° Xkn-
Since G is rank-2-injective, we infer that x;1; = x4 ;41 foralli € [2,n — 1]. The

assertion follows. O

The following statement is a mere corollary of Lemma [2.2.29} but it is worth
to be pointed out on its own.

2.2.30 Lemma. Let G, ® and the rank-2 labelling be as in[2.2.28} Let by € U} and
by € Uf. Then forall i € [2,n — 1], the element [by, b,]; lies in UF.

Proof. Putu := by € Uf and v := b;;!. By Proposition[2.2.6 (a)| v is contained in
U, Thus we can define sequences (ex)ken,, (fk)ken, and (Xk,i)keN, ic[2n—1] @S
in[2.2.28 Then for alli € [2,n — 1], we have

(b1, bn)i = %1, = x;1 = ¢; € U},

as desired. O

2.2.31 Lemma. Let everything be as in|2.2.28| Then we have wy, = wy., for all k € Ny
and w;* | = wyyq forallk € N

Proof. Let k € IN,. It follows from Lemma [2.2.24 (a), Lemma [2.2.29 and the

definition of f; that

wi = p(er) = p(Mex)) = p(fer1) = plerrn) = Wipn.
Similarly,
wo = p(v) = u(f1) = plen) = w.
This proves the first claim. Further, we have
ei1 = f1\Y =k, .
By Lemma and the previous claim, this implies that

W1 = plexr1) = P‘(eﬁnﬂ) = p(exsnt1)™ = wkwinfl = w*y,
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as desired. O

2.2.32 Lemma. Let everything be as in|2.2.28, Then for all k € INy, we have

_wy(wowy ) _ (wowy )k
Wk = W, and  Wokyq = Wy .

Proof. We prove that statement by induction on k. For k = 1, it is a direct
consequence of Lemma that

k-1
w1 (wow
Wop = Wy = wg)l = wol( ow1) and
_ oy wilwowy wowy o (wows )
Wok41 = W3 = Wy~ = Wy = w, = Wy .

Now assume that the desired statement is true for some k € IN_.. We proceed to
show that it is true for k 4 1 as well. Again by Lemma[2.2.31} we have

oWk o —1
Wokt2 = Wy = Wy, WokWok11-

By the induction hypothesis, it follows that

— (o (@ow1)* \ =1 wy (wowy K (wowr)* wo\—1 wo @1 (wow )<
Wy = (w; ) w, w, = ((w]®) ™ wo(wy?))
-1, -1 -1 w1 (wowq )*1 -1_,.—1 wy (wowy )F1
= (wy "wy fwowowy wiwy) = (wy "wy 'wowiwy)
_ k
_ w1wo \wq (wows )t wi(wowy)
= (wy™™) = w, :

In the same way, we have

Wi 1 (w1 (wow )FN =1 (wown)E ws (wows )k
Wok+3 = Wy = Wop Wk +1W2k+2 = (wp ) w Wy

k k
= ((wgul)flwlwéul)(woun) — (wflwalwlwlw;1w0w1>(wowl)
)(ZUOZUl)k _ (w;()owl)(wowl)k _ wgwowl)kJrl

This finishes the proof. O

1,1
= (wy 'wy " wywow,

2.2.33 Remark. Assume that @ is a root system which is crystallographic and
not reduced and let G be a group which has ®-commutator relations with root
groups (Uy)4ce. We do not assume that these commutator relations are crystallo-
graphic. For any root &, we denote by &’ the unique indivisible root in R~ oa. Then
a' € {a,a/2} for all roots & by Lemma Thus it follows from axiom
that U, C U, for all roots a. Hence every a-Weyl element is also an a’-Weyl
element for all roots a and the groups (U, ) ,cginav satisfy ®"4V-commutator rela-
tions. We conclude that, in order to verify the braid relations for Weyl elements
in (G, (Uy)4eq), it suffices to verify the braid relations in (G, (Uy) yegina )-

2.2.34 Theorem ([TWO02, (6.9)]). Assume that ® is crystallographic or reduced, that G
is rank-2-injective and that U} # @ for all roots a. Then G satisfies the braid relations
for Weyl elements.

Proof. If @ is of rank 1, there is nothing to show, so we assume that it has rank at
least 2. Let A be any root base and let &, B € ® be distinct. It suffices to consider
the root subsystem spanned by { «, B }, so we can assume that ® is of rank 2.
Further, we can assume by Remark that ® is reduced.

Put n := |®|/2. If n = 2, then the assertion holds by Proposition [2.2.27 so
assume that n > 3. In this situation, we know from Proposition that G
has unique Weyl extensions. Fix the rank-2 labeling of ® which is induced by
(a,B), so that U, = Uy and Uy = U,. Letu € U%, v E Ufl and put wy = u(u),
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wo = p(v). Then we are in the situation of and we have to show that
P, (w1, wo) = Py(wo, w1).
At first, assume that 7 is even and put [ := n/2 € IN.. Then it follows from
Lemma[2.2.32] that
wy (wow )~

-1 _
Wy = Wy = Wy = W, = (wl(wowl)l D7 g - w1 (wowy)! 1.

-1

Multiplying this term from the left side with w; (wow;)' ", we infer that

I-1 -1

w1 (wown)' ™ wo = wowy (wowy )

In other words, P, (wq, wg) = P,(wo, w1 ), as desired.
Now assume that n is odd, so that n = 2] + 1 for some [ € IN>;. Then

! -1
Wy = Wy = W41 = wﬁwwl) = ((wowl)l) s Wt (wowl)l

by Lemma2.2.32| Multiplying from the left side with (wow1)!, we infer that
(wowl)lwo = (wowl)l.

Again, this says precisely that P, (w1, wo) = P,(wo, w1 ), which finishes the proof

of the braid relations. O

2.2.35 Note. The main ingenuity in the proof of Theorem [2.2.34/in [TWO02, (6.9)]
lies in the fact that it manages to cover all values of n at the same time. More
explicit variants of the proof which cover only specific root systems will be given

in Remarks[5.4.11][7.6.17/and 0.5.14]

2.3 Closed and Ordered Sets of Roots

2.3.1 Notation for this section. We denote by ® a root system and we will
frequently use Convention

Our next goal is to study under which conditions the product map on a
positive system in @ is bijective. The notion of closed sets of roots, which we have
already introduced in Definition [1.2.39) will be indispensable in this context. The
current section is dedicated to a proper investigation of these objects. This can be
done on a purely combinatorial, root-system-theoretic level without reference to
any ®-graded group. We could have already covered this subject in chapter
but we decided not to because it is less standard than the other topics of chapter/T}
Further, the motivation is more obvious after having introduced groups with
d-commutator relations and product maps.

Apart from some basic properties, our goal is to show that every positive
system of ® has an extremal ordering (except when ® is not reduced, in which
case we have to remove roots until only one root from each ray remains). This is
Proposition[2.3.24] In Lemma[2.4.17, we will show that under a suitable condition
on a group G with ®-commutator relations, the product map for any extremal
ordering is bijective.

None of the material in this section is new or surprising, but the literature on
this topic can be confusing because no single reference provides all the facts that
we will list here. Further, there are subtle differences in the used definitions. This
concerns, in particular, the case of non-reduced root systems. Some references on
this topic are [Bou81, Section VI.1.7] and [Ste67, Lemmas 16-18].
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2.3.2 Definition (Ideals). Let ¥ be a subset of ®. A subset I of ¥ is called an ideal
of ¥ if |, B[,y C I for all non-proportional @ € I and € ¥, and it is called a
crystallographic ideal of ¥ if o, B| C I for all non-proportional « € I and g € ¥.

2.3.3 Warning. The terminology “crystallographic ideal” makes it sound like
being crystallographic is a property that an ideal may or may not have, but it is
actually the other way around: Every ideal is also a crystallographic ideal, but
not every crystallographic ideal is an ideal.

2.3.4 Example. For any element w of the Weyl group and any positive system I1
in @, the set N(w) := Npj(w) := {a € TI"V | 4@ ¢ T} from Definition [1.3.21
is closed.

The same remarks as in Note apply to (crystallographically) closed
set and to (crystallographic) ideals: The crystallographic properties are well-
defined even in the non-crystallographic setting, but they are only useful in the
crystallographic setting.

2.3.5 Convention. In the following, we will often put the words “crystallo-
graphic” and “crystallographically” in brackets. Any assertion of this form
should be interpreted as two statements, once with and once without all words
in brackets. For example, the following Remark asserts that any ideal is
closed and that any crystallographic ideal is crystallographically closed. On
the contrary, it does not assert that any crystallographic ideal is closed. By the
end of this section, it should be clear that the underlying principle is always
the same. In Note we will indicate how the crystallographic and the
non-crystallographic theory could be treated in a more uniform way:.

2.3.6 Remark. Let Y be a subset of ® and let I be a subset of ¥. If I is a (crystallo-
graphic) ideal of ¥, then clearly I is (crystallographically) closed. Conversely,
if | =¥\ {a} for some « € ¥ and ¥ is (crystallographically) closed, then I is
automatically a (crystallographic) ideal of ¥ if I is (crystallographically) closed.
Further, ¥ is a (crystallographic) ideal of ¥ if and only if ¥ is (crystallographically)
closed.

The following two lemmas would fit into section [1.2]as well. However, we
will only need them in the proof of Lemma so we have put them here.

2.3.7 Lemma. Assume that ® is crystallographic and let a, B be non-proportional roots.
Ifa-B>0,thena — Bisaroot. Ifa - B <0, then a + B is a root.

Proof. This is proven in [Hum?72, Lemma 9.4] for reduced root systems, but the
same arguments work in the general case. Alternatively, since BC,, is the only
crystallographic root system which is not reduced (by Theorem [1.2.53), we could
prove the general case by an inspection of this root system. O

2.3.8 Lemma. Assume that ® is crystallographic. Let a, B be non-proportional roots
and let i,j € N such that ia + jp is a root. Then either (i — 1)a + joria + (j —1)B
is a root.

Proof. Set 7y := in + jB. Sincei > land j > 1, the sets {w,y } and { B, } are
linearly independent. Therefore, it follows from Lemmathat (i—1la+jp €
Pify-a>0andia+ (j—1)B € ®if y- B > 0. Now suppose that y -« < 0 and
v -B < 0. Then

vy =7-(la+jp) =i(y-a)+jly-p) <0.
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Since - is positive-definite, it follows that o -y = 0 and thus v = 0. This
contradicts the fact that -y is a root. O

The following result shows that the condition in the definition of crystallo-
graphic ideals can be slightly weakened.

2.3.9 Lemma. Assume that ® is crystallographic. Let Y be a crystallographically closed
subset of @ and let I be a subset of Y with the property that for all non-proportional
« € Land B € Y for which o + B is a root, « + B lies in 1. Then I is a crystallographic
ideal of Y.

Proof. Leta € I, B € ¥ and v € |a, B[. Then there exist i,j € IN; such that
v = ix + jB. By induction on i 4 j, we show that 7y liesin I. If i +j = 2, then
v = a + B and so v lies in I by the assumption on I. Now assume thati +; > 3.
By Lemma[2.3.8) we have (i — 1)a + jB € ® oria + (j — 1) € ®. The induction
hypothesis now implies that (i — 1)a 4+ jB € Toria + (j — 1) € I. In the first
case, it follows that
y=({—-1Da+jp)+acl

because ¥ € ®, (i —1)a+jB € I and @ € ¥. Similarly, in the second case it
follows that

v=(in+(G—1)B)+B el
This finishes the proof. O

We make a brief detour into a slightly different notion of closedness, which
will be needed in the proof of Proposition[2.3.12](and only there). Alternatively,
we could prove Proposition[2.3.12]by citing [LN19, 1.14], but this would require a
similar amount of notational setup.

2.3.10 Definition (Bourbaki-closed). Assume that ® is crystallographic. We
say that a subset Y of ® is Bourbaki-closed if it is closed in the sense of [Bou81,
Définition VI.1.4, p. 160], which means that for all«, € ¥ witha + € ®, we
havea +p € Y.

2.3.11 Lemma. Assume that ® is crystallographic and let Y be a subset of ®. Then the
following hold:

(a) IfY is Bourbaki-closed, then Y is crystallographically closed.

(b) Assume that Y is crystallographically closed. Then Y is Bourbaki-closed if and
only if it satisfies the following conditions for all roots « for which 2 is also a root:
Ifa € ¥Ythen2a € ¥ if 20, —x € ¥ thena € Y.

(c) If @ is reduced, then Y is crystallographically closed if and only if it is Bourbaki-
closed.

(d) Assume that ¥ is crystallographically closed and that —Aa ¢ Y for all x € ¥ and
A > 0. Then Y is contained in a Bourbaki-closed set ¥’ with ¥’ N (—¥') = @.

Proof. By Lemma any Bourbaki-closed set ¥ is a crystallographic ideal of
itself, which by Remark[2.3.6/means precisely that ¥ is crystallographically closed.
This proves (a). However, a crystallographically closed set ¥ is not necessarily
Bourbaki-closed because the roots «, B in Definition[I.2.39 are required to be non-
proportional. Thus a crystallographically closed set ¥ is Bourbaki-closed if and
only if for all roots « € ¥ and for all A € R such that A« € ¥ and (1+ A)a € O,
we have (1+ A)a € ¥. By Lemma we can restrict to A € {1/2,1,2},
which yields precisely the statement of (b). Assertion (c) follows from (b). In (d),
we can take ¥/ := (Y U2Y¥) N . O
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2.3.12 Proposition. Assume that ® is crystallographic and let ¥ be a crystallographi-
cally closed subset of ® such that for all « € ¥, we have —Aa & ¥ forall A > 0. (If
is reduced, this simply means that ¥ N (—Y) = @.) Then there exists a positive system
IT in ® which contains Y.

Proof. This is proven in [Bou81, Proposition VI.1.22, p. 163] under the slightly
modified assumptions that ¥ is Bourbaki-closed and ¥ N (—¥) = @. We have
proved in Lemma that ¥ is contained in a set ¥’ with these properties,
so the assertion follows. O

2.3.13 Definition (Extremal root). Let ¥ be a subset of ® and let « € ¥. Then
w is called extremal in ¥ if there exists a point p in the Euclidean space (V,-)

surrounding ® which is not orthogonal to any root in ® such that « - p > 0 and
B-p<Oforallpe ¥\ {a}.

2.3.14 Remark. Let Y be a subset of ®. Then a root & € ¥ is extremal in ¥ if and
only if there exists a positive system IT in ® which contains ¥ \ {a} but not .

2.3.15 Definition (Root ordering). Let ¥ be a subset of ®. An ordering of ¥ is a tu-
ple (aq,...,ay) such thatay, ..., a,, are pairwise distinctand ¥ = { &y, ..., &, }.

2.3.16 Definition (Properties of orderings). Let ¥ be a subset of ® and let & =
(a1,...,ay) be an ordering of ¥.

(a) & is called extremal if a; is extremal in { ;, ..., a, } foralli € [1,m].

(b) & is called (crystallographically) normal if { a;, ..., &, } is a (crystallographic)
ideal of ¥ for alli € [1,m].

(c) & is called (crystallographically) subnormal if ¥ is (crystallographically) closed
and { &j;1,...,an } is a (crystallographic) ideal of { &;, ..., &y, } foralli €
[1,m—1].

(d) ais called a height ordering if ¥ is contained in some positive system I'T and

ht(aq) < --- < ht(ay,,) where ht denotes the height function with respect to
IT.

We will now investigate various basic properties of the notions defined in

Definition [2.3.16/

2.3.17 Remark (Basic properties of extremal orderings). Leta = (aq,...,a,,) be
an ordering of a subset ¥ of ®.

(1) If & is extremal, then there cannot exist distinct 7, j € [1,m] and A > 0 such
that N = )qu.

(2) Leti € [1,m] and A € R~ such that Aw; is a root. Then (ay,...,a,) is
extremal if and only if (a1, ..., Awj, ..., &) is extremal.

(3) Let ¢ be an orthogonal automorphism of the Euclidean space (V, -) sur-
rounding ®. Then (a1, ...,a;) is an extremal ordering of ¥ if and only if

(allp, ...,&}) is an extremal ordering of ¥¥.

(4) Any tuple which is obtained from & by deleting an arbitrary number of
entries is also extremal.

2.3.18 Remark (Basic properties of (sub-) normal orderings). Let ¥ be a subset
of ®and let& = (ay,...,a,) be an ordering of ¥.

(1) If & is (crystallographically) normal, then it is also (crystallographically)
subnormal.
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(2) If & is (sub-) normal, then it is also crystallographically (sub-) normal.

(3) If & is (sub-) normal, then for all for all i € [1,m], the tuple (a;, ..., &) isa
(sub-) normal ordering of { «;, ..., &, }. The same assertion holds for the
crystallgraphic properties.

(4) If & is (crystallographically) normal, then ¥ is a (crystallographic) ideal of
itself, and so it is (crystallographically) closed by Remark[2.3.6]

(5) It follows from Remark that & is (crystallographically) subnormal if
and only if all sets {&;,...,a, } for i € [1,m] are (crystallographically)
closed.

Observe that we had to require in the definition of (crystallographically) subnor-
mal orderings that ¥ is (crystallographically) closed, which was not necessary
for (crystallographically) normal orderings.

2.3.19 Example (of a subnormal extremal ordering). Let S = [a, "4V for some
indivisible roots «, f and let & = (ay,...,a;) be an interval ordering of S in
the sense of Definition Then it follows from Remark that a is
subnormal. Further, it is clear that & is extremal.

2.3.20 Lemma. Assume that ® is crystallographic, let Y be a crystallographically
closed subset of ® and let & = (aq,...,0y) be a height ordering of Y. Then & is a
crystallographically normal ordering of Y.

Proof. Leti € [1,m]. We have to show that I := {«;,..., &, } is a crystallographic
ideal of ¥. By the definition of height orderings, there exists a positive subsystem
IT of ® which contains ¥ such that ht(a;) < --- < ht(ay,). By Lemma it
suffices to show that for non-proportional « € ¥ and € I for whicha + fis a
root, & + B lies in I. Since Y is crystallographically closed, a + 8 lies in ¥, so there
exists j € [1,m] such that « + B = a;. Now ht(a;) = ht(a) +ht(8) > ht(8) >
ht(a;), so j > i. This implies that a; lies in I, which finishes the proof. O

2.3.21 Lemma. Let Y be a (crystallographically) closed subset of . Then every extremal
ordering®@ = (a1, ..., &n) of ¥ is (crystallographically) subnormal, and for all i € [1,m],
the set { a;, ..., o } is (crystallographically) closed.

Proof. Since (ay, .. .,ay) is also extremal by Remark[2.3.17 (4)} it suffices by induc-
tion to show that { ay, ..., & } is (crystallographically) closed and a (crystallo-
graphic) ideal of Y. By Remark we only have to prove the first state-
ment because it implies the second one. Let i,j € [2,m] such that aj, 0 are
non-proportional. Write I := |a;, a;[ for the proof of the crystallographic assertion
and I := Ja;, ;|- for the proof of the non-crystallographic assertion. Since ¥
is (crystallographically) closed, we have I C ¥, so it suffices to show that a; is
not contained in I. Assume that a1 = Aa; + pa; for some A, € R-o (Where
A, u € INy for the crystallographic assertion). Since a; is extremal in ¥, there
exists a point p in the surrounding Euclidean space of ® such that a; - p > 0 and
a;-p,aj-p < 0. Then

0<ar-p=Aa-p)+ulaj-p) <0,

which is a contradiction. O

We now prove some existence results concerning extremal orderings. The
following result is essentially a stronger version of Proposition [1.3.28t It provides
not only a description of the set N(w), but even an extremal ordering of N(w).
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2.3.22 Proposition. Choose a root base A of @ and denote by I1 the corresponding
positive system. Let w be an element of the Weyl group of ®, let 6 = (51,...,6) bea

A-expression of w and let & = (ay, . .., a1) be the inverse associated root sequence frqm
Definition |1.3.26| Then & is an extremal ordering of the set N(w) = { g € TT™iv |

B € —I1} from Definition|1.3.21

Proof. 1If k = 0, then w = 1y and there is nothing to prove. We proceed by induc-
tion and assume that k > 0. Put § := &, 6’ := (61,...,6_1) and w’ := 5. Then
& is a reduced expression of w’ and ¢(w'cs) = ¢(w) > {(w'). Denote the root
sequence of &' by (B1,...,Br_1). By the induction hypothesis, (Bx_1,...,B1) is
an extremal ordering of N(w'). Thus by Remark2.3.17 (3)} ( [5‘;(_51) e [5‘17(‘))) is an
extremal ordering of N (w’)?(). Recall from Remark|[1.3.27| that the root sequence
of ¢ is (/3‘1’(‘5),...,/3‘,391),5) and from Lemma [1.3.25/ that N(w) = N(w')7) LI
{5}. Hence it remains to show that ¢ is extremal in {6} U N(w')’®). Equiva-
lently, we have to show that 67(%) is extremal in {67()} U N(w’), which holds by
Lemma This finishes the proof. O

2.3.23 Proposition. Choose a root base A of ® and denote by I1 the corresponding
positive system. Put m = |T1"|, let § = (61,...,0,) be any reduced expression of
the longest element p of W with respect to A and denote by & the inverse root sequence
associated to 5. Let ¥ be any subset of T4 and let B be the tuple which is obtained
from @& by deleting all entries in T1\ Y. Then B is an extremal ordering of Y.

Proof. Since N(p) = IT"4 by Proposition(1.3.29} it is a consequence of Proposi-
tion[2.3.22|that & is an extremal ordering of IT"". Thus by Remark[2.3.17 (4), B
is an extremal ordering of Y. O

2.3.24 Proposition. Let I1 be a positive system in @ and let ¥ be a subset of 1 consisting
of pairwise non-proportional roots. Then there exists an extremal ordering of Y.

Proof. For any root a € ¥, there exists a unique indivisible root a’ (which might
be equal to ) such that Re = Ra’. Then ¥ := { & |« € ¥ } is a subset of [TV,
Thus Proposition [2.3.23|yields an extremal ordering &' of ¥. Scaling the roots in

&' appropriately and applying Remark 2.3.17 (2), we obtain an extremal ordering
of ¥. O

2.3.25 Note. Continuing the remarks in Convention[2.3.5, we briefly describe how
the crystallographic and the non-crystallographic considerations in this section
(and in the rest of this thesis) could be treated in a more uniform way. Define a root
system with intervals to be a tuple ¥ = (@, ((«, B) )a,5) Where ® is a root system in
the regular sense and ({&, B) ) g is a family of subsets of ® where «, B runs over
all pairs of non-proportional roots in ®. We require that («, ) C ]a, B[, for all
non-proportional roots &, 8. Now a group with Y-commutator relations is defined
as in Definition except that we must have [U,, Uﬂ] C U p)- Similarly, the
notions of ideals and closed sets of roots are defined with respect to the sets
(w,B).

Now let @ be a root system. There are only two root systems with intervals
corresponding to ® that are interesting:

d = (cp, (]“,,B[Cox)mﬁ) and O = (CD' (]“"B[)""ﬁ)'

Note that in this setup, the information “whether we use the crystallographic
terminology or not” is part of the datum of a root system with intervals. For



64 2. Root Graded Groups: Definition and General Observations

example, “C3 regarded as a root system in the Coxeter sense” and “Cs regarded
as a crystallographic root systems” are two distinct objects, namely C; and C5”.
Thus Cs-graded groups are precisely Cs-graded groups and crystallographic
Cs-graded groups are precisely C;~ -graded groups.

Many (though not all) results in this thesis which concern ®-graded groups
for arbitrary root systems & can be stated and proven for ¥-graded groups where
Y = (@, ({&, B) )a,p) is an arbitrary root system with intervals. In this setup, root
gradings, root intervals, ideals and closed sets of roots are understood to be
defined with respect to the sets («, ). Thus the crystallographic and the non-
crystallographic case would not have to be considered separately most of the
time. There are only a few results for which this strategy would not work, such
as Proposition[2.4.13}

Despite the advantages of this approach, we will not use the language of
root systems with intervals in the sequel. The reason for this is that the regular
notion of root systems is well-established and that the distinction between the
crystallographic and the non-crystallographic case is only a minor nuisance.

2.4 Bijectivity of the Product Map

2.4.1 Notation for this section. We denote by ® a root system and by G a group
with ®-commutator relations with root groups (Uy)see. Further, we will fre-
quently use Convention[2.3.5]

2.4.2 Definition. Let ¥ be a subset of @, let & = (a1, ..., ;) be an ordering of
¥ and let G be a group with ®-commutator relations with root groups (Uy)sca-
Then a is called G-injective, G-surjective or G-bijective if the product map on & is
injective, surjective or bijective, respectively.

The goal of this section is to find a criterion which guarantees the existence
of a G-bijective ordering on a (crystallographically) closed subset ¥ of ®. In the
crystallographic setting, we will even find that every ordering of ¥ is G-bijective.

2.4.3 Note (The product map in Chevalley groups). Assume that ® is crystallo-
graphic and reduced and that G is a Chevalley group of type ® (which implies
that G has crystallographic ®-commutator relations). Let ¥ be a crystallographi-
cally closed subset of ® such that ¥ N (—¥) = @. Itis shown in [Ste67, Lemma 17]
that every height ordering of ¥ is G-bijective. Further, it is shown in [Ste67,
Lemma 18] that the existence of a crystallographically normal G-bijective or-
dering of ¥ implies that every ordering of ¥ is G-bijective. Since every height
ordering is crystallographically normal by Lemma it follows that every
ordering of G is bijective.

Our approach in this section is motivated by the strategy for Chevalley groups
outlined above, but some of the arguments do not carry over to our more gen-
eral setting. We begin this section with an investigation of product maps in
arbitrary groups H. This includes Steinberg’s result that the existence of a crys-
tallographically normal G-bijective ordering of ¥ implies that every ordering
of ¥ is G-bijective (Lemma [2.4.6). Unfortunately, this result is not applicable in
our situation, and we state it purely for completeness. In its place, we will use
Lemma which is due to Tits and which says that a similar assertion holds if
G has a central series with certain properties. Lemma came to our attention
in the form of [LN19, 3.10].
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In the second part of this section, we prove the existence of a G-bijective
ordering of ¥ (where ¥ is any subset of a positive system of ® whose roots are
pairwise non-proportional). By the same arguments as in [Ste67, Lemma 17],
every subnormal ordering of ¥ is G-surjective (Lemma [2.4.14). However, Stein-
berg’s proof of G-injectivity uses the natural action of a Chevalley group on a
certain module, so it cannot be generalised to ®-graded groups. Instead, we will
show in Lemma that every extremal ordering of ¥ is G-injective. Since ex-
tremal orderings exist by Proposition and are subnormal by Lemma
we infer that there exists a G-bijective ordering of ¥ (Proposition[2.4.18). In gen-
eral, this existence result is the best we can do because Steinberg’s Lemma @
does not hold for subnormal orderings and the conditions of Tits’ Lemma[2.4.9)
are not satisfied for general ®-gradings. However, Tits” lemma does apply in the
crystallographic setting, so we infer that every ordering of ¥ is G-bijective in this
case.

2.4.A Purely Group-theoretic Observations

2.4.4 Lemma. Let H be a group, let m € IN>q and let Uy, ..., Uy, be subgroups of H.
Then the product map py: Uy x --- x Uy, — H is injective, surjective or bijective if
and only if the product map yy: Uy, X - - - x Uy — H is injective, surjective or bijective,
respectively.

Proof. Let g; € U; foralli € [1,m]. Then we have

w81, 8m) = 128’ 87)
The assertion follows. O

2.4.5 Lemma. Let H be a group, let m € N> and let Uy, ..., U, be subgroups of H
such that Uy U - - - U Uy, generates H. Put V; .= (U; | j € [i,m]) forall i € [1,m]. If
Viy1 is normal in V; for all i € [1,m — 1], then the product map Uy X --- x U, - H
is surjective.

Proof. For m = 1, there is nothing to prove. Now assume that m = 2. Since V; is
normal in V;, we have that U; normalises U. Hence by Relation [I.T.1T (iv)| U; U
is a subgroup of H. In fact, U;U, = H because U; U U, generates H. Thus the
assertion holds for m = 2. The assertion for arbitrary m follows by induction. [

For completeness, here is the lemma used in [Ste67] to deduce G-bijectivity of
arbitrary orderings.

2.4.6 Lemma ([Ste67, Lemma 18]). Let H bea group, let m € IN>qyandlet Uy, ..., Uy,
be subgroups of H such that Uy U - - - U U, generates H. Put V; == (U; | j € [i,m])
foralli € [1,m]. Assume that V; is normal in H for all i € [1,m] and that the product
map Uy X --- x U, — H is injective. Then for all permutations o: [1,m] — [1,m],
the product map Uy 1y X + -+ X U,y — H is bijective.

To state Tits” lemma, we briefly recall the notion of central series.

2.4.7 Definition (Central series). Let H be a group. A central series of H is a finite
subgroup sequence
{1¢}=2,<42,19---<Z1=H

such that [H,Z;] C Z;,4 foralli € [1,n — 1]. In particular, Z, ..., Z, are normal
subgroups of H.
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2.4.8 Lemma. Let H, K be groups and let t: H — K be a surjective homomorphism. If
{lu}=2,<272,1<---421=H
is a central series in H, then
(1} = 7(Zy) S 7(Zy 1) D+ A7(Z1) =K
is a central series in K.
Proof. Foralli € [1,n — 1], we have
(K, 7(2))] = [7(H), 7(2:)] = 7([H, Z)) € 7(Zis1),
as desired. O
2.4.9 Lemma ([Tit87, 4.7, Lemma 2, p. 559]). Let H be a group and let Hy, ..., H,
be subgroups such that H is generated by Hy U - - - U H,,. Assume that H possesses a

central series
1} =2192,1---22,=H
such that forall j € {1,...,h}, wehave Z; C (Hy), Zj11) for somei(j) € {1,...,n}.
Then the following hold:
(a) For every permutation o of the set {1,...,n }, the product map

Uo: Ha(l) X X H(T(n) — X

is surjective.

(b) If the product map u, is injective for some permutation o, then it is injective for
all permutations o.

2.4.B Existence of a Bijective Ordering

We now turn away from arbitrary groups and back to the group G with ®-
commutator relations. We begin with our only criterion for G-injectivity.

2.4.10 Lemma. Let & = (&, ..., &) be an extremal ordering of Y. Assume that for
any positive system IT in ® and any B € —I1, we have Ug N Ur = {1g}. Then & is
G-injective.

Proof. We prove by induction on m that the product map
Uz ua] X oo X Uy, — Uy

is injective. The case m = 1 is trivial, so assume that m > 1. Let (g1, ...,gm) and
(h1,...,hy) be two elements of Uy, X - -+ X Uy, such that g1---gm = hy -+ hy,.
Then

hitgr=hy- - hn(g2- -~ gm) " € Usy N (U, | € [2,m]). (2.3)

Since a is extremal in ¥, there exists a positive system II which contains
{way, ...,y } but not ay, so

U, N (Uy | € [2,m]) € Uy, N Un = {16} 2.4)
Putting and together, we infer that g1 = hyand g2 -+ - g = ha - - - .

By the induction hypothesis, it follows that g; = h; for all j € [1,m]. Thus p; is
injective. t

As a next step, we make the connection between ideals of ® and normal
subgroups of G. This is done in Lemma for reduced root systems and in
Lemma for non-reduced crystallographic root systems. Both lemmas make
essentially the same assertion, and they will be summarised in Proposition [2.4.13]
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2.4.11 Lemma. Assume that ® is reduced. Let ¥ be a subset of ® with ¥ N (—Y) = &
and let I be a subset of Y. Assume that I is a (crystallographic) ideal of ¥ (and that G
has crystallographic ®-commutator relations). Then Uy is normal in Uy.

Proof. Let w € I and let B € Y. Let x, € Uy, xp € Ug. We have to show
that [x(x,xﬁ] lies in Uj. If B lies in I, then this is clear, so we can assume that
B lies in ¥ \ I. In particular, « # B. Since ¥ N (—¥) = &, we also have a #
—pB. As @ is reduced, this implies that « and B are non-proportional. If G has
crystallographic ®-commutator relations, then [x,, xg] lies in Uj, g/, so it lies in
U; if I is a crystallographic ideal of ¥. In general, [x,, X/g] lies in LI] wBlcoy’ SO it lies
in Uy if I is an ideal. This finishes the proof.

2.4.12 Lemma. Assume that ® is crystallographic and not reduced. Let ¥ be a subset
of ® such that —Aa € Y forall « € Y and all A > 0. Let I be a subset of Y. Assume
that I is a (crystallographic) ideal of ¥ (and that G has crystallographic ®-commutator
relations). Then Uj is normal in Uy.

Proof. Just like in the proof of Lemma we only have to show that [x,, x]
lies in U; wherea € I, B € Y\ I, x, € U, and xg € Ug. If « and B are non-
proportional, we can proceed as in the proof of Lemma Otherwise we
have B = Aa for some A € R+ \ {1}. Since @ is crystallographic, we must have
A =2orA=1/2by Lemma[1.228 If A = 2, then x, and x both lie in U, by

(RGG-Div), and thus [x,, xg] € Uy C U;. If A = 1/2, then

[xa, xp] € [Unp, Up] € [Up, Up] € Upp = Uy € Uy,
again by [(RGG-Div), This finishes the proof. O

2.4.13 Proposition. Assume that ® is reduced or crystallographic. Let ¥ be a subset
of ® such that —Aa ¢ Y forall « € Y and all A > 0. Let I be a subset of ¥. Assume
that 1 is a (crystallographic) ideal of Y (and that G has crystallographic ®-commutator
relations). Then Uj is normal in Uy.

Proof. This follows from Lemmas[2.4.11jand 2.4.12] O

As a consequence of Proposition[2.4.13) we obtain a criterion for G-surjectivity.

2.4.14 Lemma. Assume that ® is reduced or crystallographic. Let Y be a subset of ®
such that —Aa ¢ ¥ foralla € Y and all A > 0. Let & = (ay, ..., &y ) be an ordering of
Y. Assume that & is (crystallographically) subnormal (and that G has crystallographic
D-commutator relations). Then & is G-surjective.

Proof. Put U; := Uy, for alli € [1,m] and V; := (U;|j € [i,m]) foralli € [1,m].
Since & is (crystallographically) subnormal, it follows from Proposition
that V;;1 isnormal in V; for all i € [1,m — 1]. Hence by Lemma the product
map Uy, X --- x Uy, — G is surjective, as desired. O

A consequence of Lemma [2.4.14] is that the product map on every closed
root interval is surjective. In particular, if G is rank-2-injective (in the sense of
Definition [2.1.19), then it is actually “rank-2-bijective”.

2.4.15 Lemma. Let S = [a, B9 for non-proportional a, p € O and let & =
(a1,...,a¢) be an interval ordering of S in the sense of Definition [1.2.34] Then & is
G-surjective.

Proof. We know from Example[2.3.19|that & is a subnormal ordering of S. Thus
the assertion follows from Lemma O
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2.4.16 Remark. It follows from Lemma [2.4.15|that the maps in Definition
are always well-defined if G is rank-2-injective.

Putting everything together, we obtain a criterion for G-bijectivity.

2.4.17 Lemma. Let Y be a subset of I1. Assume that Y is (crystallographically) closed
(and that G has crystallographic ®-commutator relations). Assume further that for any
positive system IT' in ® and any v € —I1', we have U, N Uy = {1¢}. Then any
extremal ordering of Y is G-bijective.

Proof. Any such ordering is G-injective by Lemma 2.4.10]and G-surjective by
Lemmas[2.3.21land 2.4.14] ]

In particular, G-bijective orderings exist under natural conditions.

2.4.18 Proposition. Let I1be a positive system in ® and let ¥ be a subset of 1 consisting
of pairwise non-proportional roots. Assume that ¥ is (crystallographically) closed (and
that G has crystallographic ®-commutator relations). Assume further that for any
positive subsystem IT" of ® and any v € —I1, we have U, N Uy = {1¢}. Then there
exists a G-bijective ordering of Y.

Proof. By Proposition [2.3.24] there exists an extremal ordering of ¥ and this
ordering is G-bijective by Lemma O

2.4.19 Note. The assumption in Proposition [2.4.18|that ¥ is (crystallographically)
closed is essential for the G-surjectivity of ¥. Even if ¥ is not (crystallographically)
closed, there exists an extremal ordering of ¥ by Proposition[2.3.24} but we cannot
apply Lemma However, such an extremal ordering is still G-injective by
Lemma

2.4.C All Orderings are Bijective for Crystallographic Root Systems

In the crystallographic setting, we can apply Lemma [2.4.9]to infer that all order-
ings are G-bijective. Here we have to assume that certain root groups are abelian.
For ®-graded groups of rank at least 3, this will be proven to automatically be
true (see Note[2.1.6), and the proof of this fact does not rely on Proposition
The first two assertions of the following result are essentially a special case of
[LN19, 3.12].

2.4.20 Proposition. Assume that ® is crystallographic, that G has crystallographic ®-
commutator relations and that for all roots « for which 2w is not a root, the root group U,
is abelian. Let Y be a crystallographically closed subset of ® such that —Aa & Y for all
« € Yandall A > 0. Assume further that the roots in Y are pairwise non-proportional.
Then the following hold:

(a) Any ordering of Y is G-surjective.

(b) If some ordering of Y is G-injective, then every ordering of ¥ is G-bijective.

(c) If U, N Uy = {1} for any positive system I1" in ® and any v € —I1, then

every ordering of ¥ is G-bijective.

Proof. By Proposition[2.3.12} there exists a positive system I1in ® which contains
Y. Denote by ht: ® — Z the height function with respect to I, choose a height
ordering & = (a1, ..., &) of ¥ and define Z; := (Uy, | j € [i,m]) foralli € [1,m].
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Then by the generalised commutator relation (Proposition 2.1.27), which we can
apply by the assumption on certain root groups to be abelian, we have

[Uqf, Zi] - <U,x | S <I>,ht(1x) > ht(OCZ')> - Zi+1
foralli € [1,m — 1]. Hence
{16} 22,22, 4--- 271 =Uy

is a central series of Uy. Further, it is clear that Z; = (U,,, Z;41) for all i €
[1,m — 1]. Thus the conditions of Lemma are satisfied. The assertions of (a)
and (b) follow. Using Proposition assertion (c) follows from (b). O

2.5 Root Graded Groups

2.5.1 Notation for this section. We denote by ® an arbitrary root system.

In Propositions 2.4.18| and [2.4.20, we have found a simple criterion for the
existence of G-bijective orderings in positive systems of ®. This criterion is
the final axiom for root graded groups, which should be thought of as a “non-
degeneracy condition”. In Note we will discuss several variations of this
condition and how they relate to each other.

2.5.2 Definition (Root graded group). Let G be a group. A ®-grading of G is a
d-pregrading (Uy)wcep with the following properties:

(i) G is generated by (Uy)aee and U, # {1} for all roots a.

(ii) G has ®-commutator relations with root groups (U, )see (in the sense of
Definition [2.1.4).

(iii) For all & € ®, there exists an a-Weyl element in G (in the sense of Defini-

tion[2.2.2).
(iv) For all positive systems ITand all « € ® \ IT, we have Uy N U, = {15}

If, in addition, G has crystallographic ®-commutator relations with root groups
(Ux)aco (in the sense of Definition[2.1.5), then (Uy)«co is called a crystallographic
®-grading of G. In this context, the pair (G, (Uy)xco) is called a (crystallographic)
D-graded group.

2.5.3 Notation. If (G, (Uy)seo) is a P-graded group, then the root system P is
called the type of (G, (Uy)xea) or simply the type of G. We adopt the convention
that if X is a property of @, then G is also said to have property X. For example,
a root graded group is said to be irreducible, simply-laced or of rank r if its type
has the corresponding property.

Note that the definition of root graded groups is purely combinatorial: it
only involves a root system and its Weyl group. There is no algebraic structure
(like a ring or a module) hidden in the axioms, and there is at first glance no
reason to believe that such a thing should exist. However, in chapter 3| we will
see that Chevalley groups provide a large and well-known class of examples
of crystallographic root graded groups which are “defined over a commutative
associative ring”. The goal of this thesis is to show that every crystallographic
root graded group of rank at least 3 is “of algebraic origin” in a similar way. The
following remark makes this statement more precise.

2.5.4 Goal (Coordinatisations of root graded groups). Let G be a group with
a ®-grading (U, )sco and denote by © := Orb™d(®) = (Oy,...,Oy) the set of
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indivisible orbits of ® (see Notation . Let X = (Xj,...,Xx) be a family of
algebraic structures (each of which has an underlying group structure) and put
Xy = Xj(y) foralla € ®NdV where i(a) is the unique index such that & € Oi(n)-
A coordinatisation of G by X is a family of maps (6a)sce with the following
properties:
(i) For all a € ®M1V the map 0,: X, — U, is an isomorphism between the
underlying group of the algebraic structure X, and the root group U,.

(ii) Let (a, B) be a pair of non-proportional indivisible roots and denote by

(71,---,7p) an interval ordering of |a, B[, Then there exist maps

(fit X X Xp — X%)ie[l,r’]

such that the following generalisation of the Chevalley commutator formula
(see Theorem [3.2.16)) holds:

p

=1

[901 (ﬂ), Gﬁ(b)] = H 9"7,‘ (fi(a/ b))

1

foralla € X, and b € Xg. Further, the maps fi,..., f, can be described
explicitly using only the structural maps of the algebraic structures in JXC.

The preceding definition should be regarded more as a template than as a pre-
cise definition. For each type of @ in the classification of root systems, we will
introduce a more concise definition of coordinatisations of ®-graded groups:
see Definition [5.6.2] for types A, D and E, Definition [7.7.2] for type B, and Defi-
nition for type BC (which includes type C as a special case). For type F;,
technicalities prevent us from using a definition in the exact same spirit, see
Definition[10.4.15land Note [10.4.16

For all crystallographic root systems & of rank at least 3, the goal of this
thesis is to find a class Co of algebraic structures such that every crystallographic
P-graded groups is coordinatised by an object X' € Cg. This is precisely the
content of Theorems|5.7.14}(7.11.21},[9.10.26|and [10.7.8]

2.5.5 Note. The axiom that G is generated by (U, ).co is harmless: If G is a group
with a ®-pregrading (U, ).ce which satisfies all axioms except for this one, then
(Uy)aeo is a P-grading of the group G’ which is generated by (Uy )yee- Since our
interest lies in the coordinatisation of the root groups, everything outside of G’ is
irrelevant for our purposes, so we simply require that G = G'.

We will never need the notion of homomorphisms of root graded groups, but
there is no harm in stating the obvious definition.

2.5.6 Definition (Homomorphisms of root graded groups). Let (G, (Uy)xca)
and (G/, (U} )peew) be ®-graded groups. A group homomorphism f: G — G’
is called a homomorphism of root graded groups if f(U,) C U, for all roots a. A
homomorphism of root graded groups is called an isomorphism of root graded
groups if it is an isomorphism of groups whose inverse is also a homomorphism
of root graded groups.

We now record some special cases of previous results from this chapter.

2.5.7 Proposition. Let G be a group with a ®-grading (Uy )aew. Choose a root base A
of ® and denote by 11 the corresponding positive system. Let w be an element of the Weyl
group of @, let 6 = (81, ..,08%) be a reduced A-expression of w and let & = (ay, ..., ax)
be the associated root sequence from Definition Then the product map on & in G
is bijective.
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Proof. Denote by &' := (ag,...,a1) the inverse root sequence. Then N(w) =
{a1,...,a; } by Proposition where N is defined as in Definition
Further, & is an extremal ordering by Proposition[2.3.22Jand N (w) is clearly closed,
so the product map on &' in G is bijective by Lemma [2.4.17] Using Lemma 2.4.4] -
we infer that the product map on & is bijective as well.

2.5.8 Proposition. Assume that ® is crystallographic and let G be a group with a
crystallographic ®-grading (Uy ) wew. Assume further that for all roots a for which 2w is
not a root, the root group U, is abelian. Let 11 be a positive system in @ and let ¥ be a
crystallographically closed subset of I1 whose elements are pairwise non-proportional.
Then the product map on any ordering of Y is bijective.

Proof. This follows from Proposition [2.4.20 (c) O

By Note the assumption in Proposition on certain root groups to
be abelian is always satisfied if ® is of rank at least 3. However, we still have to
prove this fact.

2.5.9 Lemma. Let G be a group with a ®-grading (Uy)wee. Then G is rank-2-injective.

Proof. Let IT be a positive system in a parabolic rank-2 subsystem of ® and let
& = (a1,...,ax) be an interval ordering of (IT)"dV, Then ¥ == {ay,...,a} is
closed and @ is an extremal ordering of ¥. Thus it follows from Lemma
that the product map on & is bijective, which finishes the proof. ]

2.5.10 Theorem (Braid relations). Let G be a group with a ®-grading (U, )weq and
assume that O is crystallographic or reduced. Then G satisfies the braid relations for
Weyl elements.

Proof. By Lemma G is rank-2-injective. Hence the assertion is a special case
of Theorem O

The following result, the analogue of Lemma for root gradings, guar-
antees the existence of many root graded subgroups in a root graded group. It
allows us to prove many properties of root graded groups by restricting to the
cases of rank 2 or rank 3.

2.5.11 Proposition. Let G be a group with a ®-grading (U, )weq and let @ be a subset
of ®. Denote by H the group which is generated by (Uy)yeqr. If @' is a closed root
subsystem, then(Uy) yeqr is a D'-grading of H. If &' is a crystallographically closed root
subsystem and the commutator relations of G are crystallographic, then (Uy)ycqr is a
crystallographic ®'-grading of H. For any root « in @', every a-Weyl element in G is
also an «-Weyl element in H.

Proof. The assertion about Weyl elements is clear. The subgroup H has the
desired (crystallographic) ®’-commutator relations by Lemma [2.1.12| Further,

Axiom is satisfied by Remark[1.2.46 O

The existence of Weyl elements implies that many pairs of root groups are
isomorphic. However, it does not provide canonical isomorphisms between these
root groups. The purpose of the parametrisation theorem, which we will study
in chapter [4} is precisely to rectify this problem.

2.5.12 Lemma. Let G be a group with a ®-grading (Uy )ace and let a, B be roots which
lies in the some orbit under the Weyl group. Then U, is isomorphic to Ug.
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Proof. Choose an element u of the Weyl group such that a = p. By the definition
of the Weyl group, there exist roots 1, ...,y such that u = o (1) - - - 0(yx). For
eachi € [1,k], we choose a 7;-Weyl element w;, and we put w := w; - - - wx. Then
the map x — x® is an isomorphism from U, to Uy. O

We end this section with a discussion of Axiom

2.5.13 Note (Possible choices of the non-degeneracy condition). Let G be a
group which has ®-commutator relations with root groups (Uy )xce. We consider
the following conditions on G:

(i) For all positive systems ITin ®, we have Uy NU_11 = {15}.
(i) Axiom For all positive systems IT and all « € @ \ I1, we have
Unopnu, = {1(;}.

(iii) For any positive system I1, every ordering of I1 is G-bijective.

(iv) For any positive system I1, there exists a G-bijective ordering of I1.

(v) G is rank-2-injective.

(vi) For all non-proportional roots &, 8, we have U, N Up = {1¢}.
Then we have implications “(i) = (ii) = (iv)” and “(iii) = (v) = (vi)”
where the non-trivial implications hold by Proposition and Lemma
Further, if ® is crystallographic and G has crystallographic ®-commutator rela-

tions, then we also have “(iii) <= (iv)” by Proposition [2.4.20 (b)l Thus under
crystallographic assumptions, we have a clean chain

(i) = (i) = (iil) <= ({v) = (v) = (vi).

Most of our proofs work under the relatively weak assumption (v) on rank-2-
injectivity. However, the blueprint technique itself requires the stronger condition
(ii), which is why we have chosen it as an axiom for root graded groups. It is
interesting to note that the coordinatisation of simply-laced root graded groups
in chapter |5/ (which does not rely on the blueprint technique) even works under
the weaker condition (vi). This suggests that it might be possible to prove the
coordinatisation results on non-simply-laced root systems under slightly weaker
assumptions than (ii) if one found a way to work without the blueprint technique.
However, even Zhang’s computations on C,-graded groups in [Zhal4] require
condition (iii), so it seems that this is the minimal condition which has to be used
in any case.

As a final remark, it is worth mentioning that all specific examples of root
graded groups that we construct in this thesis (including all Chevalley groups)
even satisfy the strongest condition (i). In these examples, Uy can be regarded as
a group of upper triangular (generalised) matrices while U_t7 consists of lower
triangular matrices.

2.6 Foldings of Root Graded Groups

2.6.1 Notation for this section. We use the same notation as in for &, V,
Ap, T, F={veV]|tlv)=v}, nm:V - Fand ® = n(P). In addition, we
denote by G a group with a ®-pregrading (Uy)nco-

In this section, we describe how the folding 7: & — @' gives rise to a
construction of ®'-graded groups from ®-graded groups. This construction is
closely related to the construction of the twisted groups from Chevalley groups
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(see [Car72} 13.4]), but more general. We will use it in section to construct
examples of Fy-graded groups as foldings of E¢-graded groups.

We use a similar method in [BW] to construct Hz-graded groups as fold-
ings of D¢-graded groups. However, this requires a more general approach
because H3 cannot be realised as a folding of D which is induced by a diagram
automorphism, but only by a folding in the more general sense of [Mii92].

By construction, roots in @’ can be identified with their preimages under 7 in
®, that is, with sets of roots in ®@. Thus the following definition of a &’-pregrading

A

(Uy )y eqr is not surprising.

2.6.2 Definition (Folded pregrading). For all &’ € @', we put
Uy = (Uy |a € D, r(a) = a').

The ®'-pregrading (U, )y cqr is called a folding of (Uy)xea-

The goal of this section is to find conditions on (G, (Uy)xee) which guarantee
that (G, (Uy ) weo) is a @'-graded group. (Note that group G remains the same in
both gradings, only the family of root subgroups changes.) Clearly, we should
require that (G, (Uy)sco) itself is a P-graded group, but it turns out that we need
a bit more.

2.6.3 Lemma (Commutator relations). Assume that ®' is reduced and that for all
roots { for which 2 is not a root, the root group Uy is abelian. If G has (crystallographic)
d-commutator relations with root groups (Uy )weo, then it also has (crystallographic)

A

®'-commutator relations with root groups (Uy ) yeqr-

Proof. This follows from Proposition [2.1.29] whose assumptions are satisfied by
Proposition(1.4.12 (c O

2.6.4 Lemma (Non-degeneracy). If U N U_r1 = {1} for all positive systems I1 in
®, then also Uy NU_1y = {15} for all positive systems T1 in @'

Proof. Let IT be a positive system in ®'. By Proposition|1.4.12 (b)} there exists a
positive system IT in ® such that 77(IT) = IT. Then for all § € ®, we have B € I1
if and only if 71(pB) € IT because @ is the disjoint union of IT and —IT. It follows
that

Uy NnU_w CUnNU-_i1 = {1},

as desired. O

2.6.5 Note. We cannot show that the validity of the more general Axiom
for (Uy)uea (thatis, Uy NU, = {16} for all « € & \ IT) implies the validity of

A

Axiom|2.5.2 (iv)|for (U, )y ecqr- The reason for this is that root groups in (U, )y cqr

are not necessarily contained in root groups of (Uy)xca-

2.6.6 Lemma (Weyl elements). Let | be an orbit of A under p and let u, be an a-Weyl
element (with respect to (U, )yco) for all « € J. Choose k € N and ay, ..., 0, € ]
such that & = (aq,..., ) is an expression of the longest element wy = wé of the
subgroup Wy == (0, | & € J) of Weyl(®). Put u = [T'_; ua, and denote by ' the
unique element in 7t(J). Then lflg, = U(ﬁ,)gw) forall B’ € ®'. If, in addition, the roots
in | are pairwise orthogonal, then u is an o’-Weyl element (with respect to (U1).yca).
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Proof. Let B € ® and put B’ := 71(B). As a first step, we prove that Ug < ua
Since (11,),c are Weyl elements, Ug lies in the root group associated to

(B

ﬁa(le)---a(ock) — ﬁwo c d.
Now it follows from Lemma [[.4.10] that
m(B) = m(B)7 ) = (B)" .

We conclude that LIE is contained in l:I( By

It follows from the conclusion of the previous paragraph that Uy C l:I( gy

for all B/ € ®'. Note that (ag,..., ;1) is an expression of (wg) ™! = wp, and

that u; ! is also an a-Weyl element for all « € J. Hence we can also apply the
conclusion of the previous paragraph to it := u ' - - - u, ! = u~!, which yields that
l]g, C H(ﬁ/)y(u/) for all B/ € @'. Replacing ' by (B')"“) and using that @ = u~!,
we infer that ﬁ( B)re) - l:lg/ for all B’ € ®'. We conclude that HE/ = ﬁ( B)re) for
all B € @', which proves the first part of the claim.

To prove that u is an a’-Weyl element, it remains to show that it is contained
in U_pUyU_,. By construction, it is contained in Hﬁle U_p Uy, U_y,. The as-
sumption on | implies that it is a root base of type A’{. In particular, ay, ..., a
must be pairwise distinctand | = { a1, ..., a; }. We conclude that for all distinct
i,j € [1,k], the groups Uy, and (Uaj, U_,X],) commute. Hence the factors of u can

be reordered in a way which yields

k k k
we TTU o] TUe U o € U Uty
i=1 i=1 i=1
The assertion follows. O
We can summarise the previous results as follows.

2.6.7 Proposition. Let (G, (Uy)acw) be a (crystallographic) ®-graded group with
U NU_11 = {16} for all positive systems 11 in ®. Assume that &' is reduced and
that for all roots { for which 2 is not a root, the root group Uy is abelian. Assume
further that for each orbit | of A under p, all roots in | are pairwise orthogonal. Then
(G, (Uy)weq) is a (crystallographic) ®'-graded group with Ury N U_1p = {15} for
all positive systems 1" in @'

Proof. This is the culmination of Lemmas 2.6.3) 2.6.4] and 2.6.6, We also use
Lemma to ensure that Weyl elements exist for all roots and not merely for
the simple roots. O

Recall from Note that the assumption on certain root groups to be abelian
is automatically satisfied if ® is irreducible of rank at least 3.

2.7 Root Graded Groups in the Literature

In this section, we briefly review several different notions of root gradings which
have been discussed in the literature. All of them are special cases of our defini-
tion. We have already given an overview of this topic in the preface of this thesis,
so we restrict ourselves to filling in the technical details that are missing. Some
references to later parts of this thesis will be necessary at certain points.

We begin with Tits” notion of RGD-systems.



2.7. Root Graded Groups in the Literature 75

2.7.1 Definition (RGD-system, [Tit92, p. 258]). Let ® be a root system. An RGD-
system of type ® is a ®-graded group (G, (Uy)ueq) such that Ui = U, \ {15} for
all roots a.

As discussed in the preface, predecessors of the RGD-axioms can be found as
early as in [Tit62} p. 140], and essentially the same definition is given in [Fau77].

2.7.2 Note. Definition does not agree precisely with the one given in [Tit92,
p- 258]. First of all, the root system @ is not assumed to be finite in [Tit92], which
makes the formulation of the commutator relation axiom slightly more technical.
Secondly, an RGD-system in the sense of Tits is not assumed to be generated by
(Uy)wed, but by (U,) U H where H denotes the intersection of the normalisers
of all root groups. Since our interest lies in coordinatising the root groups of a
root graded group, we are free to replace an RGD-system in Tits’ sense by the
subgroup generated by all root groups. Thirdly, Axiom is replaced
by the slightly weaker assumption that for any root base A and for all § € A,
the root group U_; is not contained in Uty where I1 denotes the positive system
corresponding to A. Fourthly, the definition in [Tit92] only requires that U, \ {1}
is a subset of Uf, but by Lemma this is equivalent to our requirement that
Ui = U, \ {1} (except possibly for root systems with irreducible components
of type Ay).

2.7.3 Note (Invertible elements in root gradings). Let G be a root graded group
which is coordinatised by some algebraic structure A. We will show in Proposi-
tions[5.6.6,[7.7.6|and 9.6.5|and Remark that for any root «, the elements of
U: are in bijective correspondence with the elements of 7 which are invertible
(in a suitable algebraic sense). Thus RGD-systems are precisely the root graded
groups which are coordinatised by “division structures”.

We now turn to notions of root gradings which do not have “division assump-
tions”.

2.7.4 Note (Faulkner’s A;-graded groups). In [Faul4, 13.3], Faulkner defines
groups of Steinberg type. These are the same as Aj-graded groups, except for a few
minor differences. Firstly, the commutator axiom [RGG-Com)|in Definition
is required to hold for @ = B as well, which says precisely that all root groups are
abelian. (That is, Faulkner uses the same definition of commutator relations as
Loos-Neher, see Note[2.1.8]) We will show in Proposition 5.4.9 that this axiom is
unnecessary. Secondly, a-Weyl elements in our sense are (—a«)-Weyl elements in
Faulkner’s sense, but this is practically irrelevant by Proposition[2.2.6 (c)] Thirdly
and finally, Axiom [2.5.2 (iv)|is not part of the definition of a group of Steinberg
type. Instead, the weaker axiom that U, N Ug = {1} for all distinct roots &, B is
an additional assumption in Faulkner’s coordinatisation theorem. We will see
that our proof of the coordinatisation theorem for A,-gradings (Theorem
works under this more general assumption as well. We conclude that Faulkner’s
definition is essentially the same as our definition of A,-graded groups.

We now turn to Shi’s definition of root graded groups. It is formulated in
[Shi93|] only for the simply-laced root systems, but the generalisation to arbitrary
(finite) reduced root systems is immediate. Essentially the same definition is used
in [Zhal4, 3.1.5]. Before we can phrase it, we have to introduce Steinberg groups.
Their definition relies on some structure constants in Chevalley groups which
will be properly introduced in chapter
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2.7.5 Definition (Steinberg group). Let £ be a commutative associative ring, let
® be a reduced crystallographic root system and let ¢ = (¢4, ) pea be a family of
Chevalley structure constants of type ® (in the sense of Definition [3.1.18). The
Steinberg group of type ® over £ with respect to c is the abstract group defined by
the following presentation: The generators are symbols £,(r) fora € ®andr € £
and the following relations hold.
(i) 2o(r+s) = %4(r)%a(s) foralla € ®and all r,s € 4.
(ii) Let &, B be non-proportional roots and define
9(a,B) == {(i,j) € N} |ia+ jB € }
as in Notation|3.2.15] Then for all », s € £, we have a relation
(£ (7), 2p(s)] = H Rintjp (Coc,ﬁ,i,jrisj)
(ij)ed

which has exactly the same form a the Chevalley commutator formula

(Theorem [3.2.16). Here the integers c, g, ; can be computed from c as in
Remark

We denote this group by Ste,c(£) or simply by Ste(£). For each root «, the
subgroup U, := { £,(r) | r € £ } is called the root group of Ste (%) corresponding
to «. For any root & and any invertible element r in £, we define
Wy (r) = 2o (=1 DR (1) & _o(—r71).
2.7.6 Definition (Shi’s notion of root gradings, [Shi93| (2.1)]). Let ® be a reduced
crystallographic root system and let G be a group. A ®-grading of G in Shi’s sense
is a ®-pregrading (Uy)sco for which there exist a family ¢ = (cap)apea Of
Chevalley structure constants, a commutative associative non-zero ring £ and a
homomorphism ¢: Ste(£) — G with the following properties:
(i) There exists a positive system IT in @ such that the restriction of ¢ to (U, |
a € TT) is injective.
(ii) ¢(U,) is contained in U, for all roots a.
(iii) G is generated by (Uy)qea-
(iv) G has crystallographic ®-commutator relations, and all root groups are
abelian.
(v) For all distinct roots a, B, we have U, NUg = {1¢}.
(vi) For all roots «, the element ¢(@,(14)) is an a-Weyl element in G.

Observe that all root groups in Definition are not equal to {1} because A
is non-zero.

2.7.7 Note. Let ® be a reduced crystallographic root system, let « be an arbitrary
root and put wy = ¢(Ws(1z)). In [Shi93], it is not assumed that w, is an a-Weyl
element, but only that for all roots § such that («, B) is a root base of the subsystem
that it spans, we have Ug’"‘ = Uy, (g)- It is then shown in [Shi93, (2.4) (ii)] that the
same equation holds for all roots B, which implies that w, is indeed an a-Weyl
element. Thus Definitionis equivalent to Shi’s definition in [Shi93, (2.1)] for
simply-laced root systems. However, it is not at all clear that [Shi93} (2.1)] also
holds for non-simply-laced root systems. Hence Definition[2.7.6|seems to be the
correct way to formulate Shi’s definition for arbitrary (reduced crystallographic)
root systems.

2.7.8 Remark (Comparison). Let ® be a reduced crystallographic root system.
It is immediate that every ®-graded group in Shi’s sense is a crystallographic
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®-graded group in our sense. Conversely, assume that ® is simply-laced of
rank at least 2 and that (G, (Uy)xeco) is a O-graded group in our sense. Our
coordinatisation result for such groups (Theorem says precisely that there
exists a ring R such that G satisfies the same relations as in Definition
In other words, G is a quotient of “Stg (R)” for an appropriate ¢, though R
need not be commutative associative. Denote by £ the commutative associative
subring of (R which is generated by 1, so that £ is isomorphic to Z or to Z/nZ
for some n € IN>,. Then there exists a homomorphism ¢: Ste(£) — G with the
properties in Definition Here the injectivity of ¢ on (U, | € IT) follows
from the fact that the commutator relations on (U, | « € IT) (and thus on (U, |
a € IT)) already determine the group multiplication on this subset. This can
be proven as in [TWO02, (8.13)], and it is also a consequence of the arguments in
section[2.4l

We conclude that Shi’s definition of root gradings is in fact equivalent to
ours for simply-laced root systems of rank at least 2. For non-simply-laced
root systems, the situation is more delicate because the involved coordinatising
structures are no longer mere rings. For example, assume that (G, (ua)a€B3) isa
crystallographic Bs-graded group. Theorem 7.11.21] yields a pointable quadratic
module (M, q) over a commutative associative ring £ which coordinatises G via
root isomorphisms (6, )acp,. Choose vy € M with g(vg) = 14. Then we have a
homomorphism ¢: Ste(%) — G (for an appropriate family ¢) whose image is

G":= ({6u(r) |along,r € £ } U{6g(rvg) | Bshort,r € £ }).

However, it is not clear that the restriction of ¢ to (U, |« € IT) is injective for some
positive system I1. For example, if # = Z/nZ, it is not obvious that mvy # 0 for
every proper divisor m of n. This illustrates that Definition [2.7.6]is not adequate
to capture the more general phenomena which may occur in non-simply-laced
root graded groups.

While the involvement of the Steinberg group makes Shi’s definition more
complicated, it has practical benefits: It simplifies the (sign problem in the)
parametrisation of these groups. See Remark 4.1.29|for a few more details.

2.7.9 Coordinatisation results in the literature. Let ® be a root system. Recall
from the preface that RGD-systems of type ® are essentially the same thing as
Moufang buildings of type ® (see [AB08, Section 7.8] for details). Thus Tits’
classification of irreducible Moufang buildings for root systems of rank at least 3
in [Tit74] yields coordinatisation results for irreducible RGD-systems of rank
at least 3. It should be noted, however, that the language of [Tit74] is rather
different from the one in this thesis. In contrast, the classification of irreducible
Moufang buildings of rank 2 (that is, of Moufang polygons) in [TWO02] uses
a group-theoretic language which is very similar to ours and which provides
explicit commutator formulas. In [TW02, (40.22)], the classification of irreducible
Moufang buildings of rank at least 3 is deduced from the classification of Moufang
polygons, and explicit commutator relations are provided for some (but not all)
pairs of roots. By Tits” famous Theorem 4.1.2 (see [Tit74} 4.1.2]), the commutator
relations on all pairs of (non-proportional) roots are uniquely determined by the
commutator relations in [TW02, (40.22)].

We now turn to ®-gradings which are not assumed to be RGD-systems.
Our coordinatisation result for simply-laced root gradings of rank at least 2
(Theorem is given in essentially the same way in [Shi93, (2.3)] for root
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gradings in Shi’s sense. For root gradings of types B, BC and F,, there exist no
prior results.

For C,-graded groups in Shi’s sense with n > 3, a weaker version of our coor-
dinatisation result (Theorem[9.10.26) can be found in 3.4.19 of Zhang’s PhD thesis
[Zha14]. The result in [Zhal4] is obtained under the additional assumption that
the root groups are 2-divisible, and it remains a conjecture that the coordinatising
ring is alternative. Further, due to a problem in the proof of [Zhal4, 3.4.8 (4)],
Zhang overlooks the examples of C,-graded groups which are coordinatised
not only by a ring R with involution o, but by a tuple (R, M) where M is an
additional module over R. See section[9.3]and, in particular, Remark [9.3.29] for
more details on these additional examples. We can solve all these problems in
the setting of BC,,-gradings (which properly generalise C,-gradings) using the
blueprint technique.



Chapter 3

Chevalley Groups

The main examples of root graded groups are Chevalley groups, which were
introduced by Chevalley in his famous paper [Che55] in 1955. By construction,
every Chevalley group is coordinatised by a commutative associative ring R
in the sense that its root groups are isomorphic to the additive group (R, +).
Further, the celebrated Chevalley commutator formula states that commutators
of root group elements can be described in terms of the multiplication on R. In
this chapter, we outline the construction of Chevalley groups and their basic
properties. This will motivate the definition of coordinatisations of root graded
groups. Some subtleties, like the sign problem, are already visible in this context.
However, this chapter is merely a survey: We will give no proofs and state
only those definitions which are either simple or absolutely necessary for this
introduction. None of the material is new, but the viewpoint of root graded
groups lets us see some results in a different light.

Standard references on this topic are [Hum?72] for the basic theory of Lie
algebras and [Ste67;|Car72| for the material on Chevalley groups. It should be
noted that [Hum?72, Chapter VII] also contains the construction of Chevalley
groups (but not many properties of these groups beyond that) and that [Car72]
only covers adjoint Chevalley groups, not general Chevalley groups. Further, all
three references have the disadvantage that they only introduce Chevalley groups
over fields and not over commutative associative rings. However, all the basic
results in this chapter remain valid over commutative associative rings, and only
minor modifications of the proofs are necessary. A survey of Chevalley groups in
this general setting is [VP96]. It contains all the results which we introduce in
this chapter, albeit usually without proofs.

3.1 Semisimple Lie Algebras

Before we can turn to Chevalley groups, we have to introduce semisimple Lie
algebras. By “integrating” these algebras, we will obtain Chevalley groups. The
standard reference for the material in this section is [Hum?72].

3.1.1 Definition (Lie algebra, [Hum72, 1.1]). Let £ be a commutative associative
ring. A Lie algebra over £ is a £-module L together with a £-bilinear operation
[-,-]: LxL—L,(x,y)— [x,y] which satisfies the following properties:

(i) Antisymmetry: [x,x] = 0 forall x € L.

(i) Jacobiidentity: [x,[y,z]] + [y, [z, x]] + [z, [x,y]] =0forallx,y,z € L.
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3.1.2 Example. For any associative £-algebra A, the £-module A together with
the commutator bracket [-, -|: A x A — A, (x,y) — xy — yx is a Lie algebra.

3.1.3 Definition (Ideals and subalgebras, [Hum72, 2.1]). Let £ be a field, let L
be a Lie algebra over £ and let U be a £-subspace of L. Then U is called an ideal
of Lif [x,y] € Uforall x € Land y € U, and it is called a Lie subalgebra of L if
[x,y] € Uforall x,y € U.

3.1.4 Remark. A Lie algebra is called semisimple if it contains no non-trivial
solvable ideal ([Hum?72, 3.1]). Further, we define a Cartan subalgebra of L to be a
maximal torus. For any Cartan subalgebra H, we denote by H* the vector space
of £-linear maps from H to £.

3.1.5 Notation for this section. From now on, we denote by £ an algebraically
closed field of characteristic 0, by L a semisimple Lie algebra over £ and by H a
Cartan subalgebra of L.

3.1.6 Definition (Root system of a Lie algebra). For any £-linear map a: H — £,
we call
Ly:={xeL|[hx]=alh)xforallh € H}

the root subspace of L corresponding to x. We call a a root of L (with respect to H) if
L, # {0} and & # 0. We denote the set of all roots of L with respect to H by
® := ®(L, H) and call it the root system of L (with respect to H).

3.1.7 Proposition ((Hum72, 8.2, 8.5]). The Killing form x: H x H — H is non-
degenerate, and it induces an inner product kR on the real vector space H* ®q R.

3.1.8 Definition. For each « € H*, we denote by ¢, the unique element of H

which satisfies «(ty, h) = a(h) for all h € H, and we further put h, = K(%ta)t“'

3.1.9 Remark. For any « € H*, we have a(h,) = ZK?t(:”‘ti) = 228Zi3 =2.

3.1.10 Proposition ((Hum72, Theorem 8.5]). The set ® is a reduced crystallographic
root system in the Euclidean space (H* ®g R, kR ).

3.1.11 Theorem (Root space decomposition, [Hum?72, 8.1, 8.2, 8.4]). As a k-vector
space, we have the following root space decomposition of L:

L=H® D L.
wed(L,H)

Further, dim Ly, = 1 for all roots a and [Ly, Lg] = L for all roots «, B.

This finishes our outline of the basic theory of semisimple Lie algebras. We
now turn to Chevalley bases and their structure constants. The key idea here is
that a Chevalley basis equips L with an integral structure, which will later allow
us to base change to arbitrary commutative associative rings. This will be crucial
for the definition of Chevalley groups over these rings.

3.1.12 Notation for this section. From now on, we denote by ® := ®(L, H) the
root system of L with respect to H and by ¢ the rank of this root system.

3.1.13 Definition (Chevalley basis, [Hum?72, Proposition 25.2]). Choose an or-
dered root base A = (a1, ...,a;) of ®. A Chevalley basis of L of type A (with respect
to H) is a family C = (x4 )aco U (hi)icp1,q With the following properties:
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(i) h;j = h,, foralli € [1,4].
(i) [xy, x_y] = hy forall a € P.

(iii) Let a, B be roots such that a + B is a root. If the scalars ¢, g,c 4,5 € £ are
defined by [x4, xg] = cqpXatpand [x o, X _pg] = c_o_pX_o_p, thenc_, g =
—Cu,B-

A Chevalley basis of L (with respect to H) is a Chevalley basis of some type.

3.1.14 Note. Let A, A’ be two ordered root bases of ® and let C = (xy)4eqp U
(hi)icp1, be a Chevalley basis of type A. Then (x4)xca U (hs)sca is a Chevalley
basis of type A’, and this is the unique Chevalley basis of type A’ which extends
(x4 )wed- This shows that the crucial objects in a Chevalley basis are the root space
elements (x,),ce and not the torus elements (/15)sca. In particular, the type of a
Chevalley basis usually plays only a minor role, if at all.

3.1.15 Remark. Let C = (xq)uco U (hi)icn,q be a Chevalley basis of L. Then
hi = hy, =[x, X—4,] for all i € [1,¢] where a; is the corresponding simple root. It
follows that (x,)sco generates L as a Lie algebra.

3.1.16 Remark. Let C = (x4)acw U (hi)iep,g and €' = (xy)aco U (h])icp,q be two
Chevalley bases of L. Since each root space L, is one-dimensional, there exists
a family (Ay)aeo of non-zero complex coefficients such that x,, = A4x, for all
n € ®. Since

hy = [x:x/ x/_a] = )\IX)\*IX['XIJLI x*ﬂ(] = AaA_ghy,
wehave A_, = A 1 foralla € ®.

3.1.17 Definition (Chevalley structure constants). Let C = (xy)aco U (hi)icp
be a Chevalley basis of L. For any pair of roots &, B, we define ¢, g € £ by the
equation [x,, xg] = capXayp if & + B is a root, and we define ¢, 3 := 0 if & + B is
not a root. The scalars (cy p)q pee are called the (Chevalley) structure constants of L
(with respect to C).

3.1.18 Definition. Let ¢ = (¢4 p)qspco be a family of integers. We say that cis a
family of Chevalley structure constants of type ® if there exist a semisimple complex
Lie algebra L with root system ® and a Chevalley basis C of L such that (c, )« gea
are the Chevalley structure constants of L with respect to C.

Observe that the structure constants of a Chevalley basis C = (x4)yeqp U
(hi)ic1,q depend only on (x4 )ace and not on (k) i1,

3.1.19 Example (of a Chevalley basis). Consider the root system ® = A, for
some ¢ € IN. Without loss of generality, we can use the standard representation
of Ag:

Ay ={ei—eli#je10+1]}

where (e, ...,ep11) is an orthonormal basis of some Euclidean space. (See Re-
mark for more details.) The corresponding Lie algebra is

(41
Y Ai=0g.
i=1

Foralli,j € [1,£+ 1], we denote by b;; the matrix in My (%) with 1; at position
(i,j) and zero at every other position. For any root & = ¢; —e; € A, we now put
Xy = X;j = bjj. Further, we put h; := b;; — bi1,41. Then H := (h; |i € [1,/])s,

L= sl (R) = { A € Myi4(R)
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the space of diagonal matrices in L, is a Cartan subalgebra of L, and the spaces
Ly := (x,) for all &« € A, are the root spaces of L. Using the formulas

b b, — biq lf]:pl
hoTH 0 otherwise,

one can easily compute that [x;;, xjx] = xj and [xj, x;;] = —xj for all pairwise
distinct 7, j, k € [1,£ + 1]. It follows that (x4 )xca, U (hi>ie[1,€} is a Chevalley basis
of L and that the numbers Cei—ejiej—e; = 1 and Cej—epei—¢; = —1 for all pairwise

distinct i, j, k € [1,£+4 1] and ¢, g := 0 for all other pairs of roots &, § € P are the
structure constants of this Chevalley basis.

3.1.20 Remark. In continuation of Example3.1.19, we can easily determine all
Chevalley bases of type A;. The only root bases of A; are A = {e; —ep } and
A" = {e; —e1 }. In Example|3.1.19| we have seen the Chevalley basis

(x12 = b1p, x21 = bo1, b1 = b1y — b)

of type A. By Remark|3.1.16} any other Chevalley basis of type A must be of the
form
(x12 = Ab1a, x21 = A~ by, Iy = b1y — ba)

for some A € C\ {0}, and it is easy to see that this is indeed a Chevalley basis for
all A € C\ {0}. Similarly, the Chevalley bases of type A’ are exactly the tuples of
the form

(x12 = Ab1a, X1 = A by, by = by — byy)

where A € C\ {0}.
We now cite some essential properties of Chevalley bases.
3.1.21 Lemma ([Hum?72, Proposition 25.2]). There exists a Chevalley basis of L.

3.1.22 Lemma ([Hum?72, Proposition 25.2]). Let C be a Chevalley basis of L. Then C
is a basis of the k-vector space L, and the Z-span of C is a Lie subalgebra of L over Z.

3.1.23 Lemma. Let C be a Chevalley basis of L. Then the Chevalley structure constants
of L with respect to C have the following properties:
(a) For all roots w, B, we have cy g = —Cp o ANd C_y, g = —Cy p.
() If w, B are roots such that o + B is a root, then c, g € { £(r + 1) } where r is the
maximal non-negative integer such that p — ra is a root.
(c) All structure constants of L with respect to C are integers, and their absolute
values are uniquely determined by the root system P.
(d) If C"is another Chevalley basis of L with structure constants (c; g)a,pea, then
cp € { Ecwp } for all roots a, B.
(e) If C" is another Chevalley basis of L with structure constants (cy g)a,pea such that
Cap = C‘/X,ﬁ for all roots a, B lying in some positive system T1in @, then c,p = c;, 8
for all roots w, P.

Proof. The property ¢, 5 = —cg o follows from the anti-commutativity of the Lie
bracket while the second part of (a) is part of the definition of a Chevalley basis.
A proof of (b) can be found in [Hum?72, Theorem 25.2]. Parts (c) and (d) are
consequences of (b). Property (e) holds by [VP96, (14.8)]. O

3.1.24 Remark. It follows from Lemma [3.1.23 (b)| that in a simply-laced root
system, we have ¢, g € {£1} for all roots «, B for which & + f is a root.



3.2. Construction of the Chevalley Groups 83

3.1.25 Note (The sign problem for Chevalley bases). We emphasise the state-
ment of Lemma The structure constants of a Chevalley basis are only
unique up to a sign. However, not every choice of signs corresponds to a Cheval-
ley basis. This raises the following natural question: How much freedom do we
have in the choice of signs, and can we describe an algorithm which produces
an (or any) explicit choice of signs? This problem is well-known in the theory of
Chevalley groups, and we will refer to it as the sign problem (for Chevalley groups).
In [Car72, Section 4.2], it is shown that the signs can be chosen arbitrarily for so-
called extraspecial pairs of roots, and then all other signs are determined by these
arbitrary choices. More information can also be found in [VP96, Sections 14, 15].

A direct consequence of the sign problem for Chevalley bases is that the signs
in the Chevalley commutator formula are not unique either. Similarly, the signs
which appear in certain conjugation formulas for Weyl elements depend on the
signs of the Chevalley basis. See Notes[3.2.23|and [3.3.8|for more details. Further,
a variation of the sign problem is the main difficulty in the parametrisation of
root graded groups. We will elaborate on this in Remark [4.1.14]

The following fact on complex semi-simple Lie algebras will be needed in
Lemma (3.3.13] Its proof relies on standard arguments, but it is hard to find an
explicit reference in the literature.

3.1.26 Lemma. Let A be a root base of @, let C = (xy)aco U (h;)icq1,¢ be a Chevalley
basis of L of type A (with respect to H) and let (c, p)a,pee be the corresponding structure
constants. Let A" be a non-empty subset of A and denote by @’ the root system which
is spanned by A'. Put H' := (hs |6 € A') and L' := ((x3)yeqr UH'). Then L' is a
semisimple Lie algebra, H' is a Cartan subalgebra of L', the root system of L’ with respect
to H' can be identified with ®' in a canonical way and C' := (xy)geqr U (hs)senr is a
Chevalley basis of L of type A with respect to H'. Further, the structure constants of C’

are precisely (Co,p)a,ped-

3.2 Construction of the Chevalley Groups

3.2.1 Notation for this section. We denote by £ an algebraically closed field of
characteristic 0, by L a semisimple Lie algebra over £ with a Cartan subalgebra H
and (reduced crystallographic) root system ® := ®(L, H) and by C = (x4)seco U
(hi)icp1,¢ @ Chevalley basis with structure constants (cs g )a,pea-

In the previous section, we studied only the Lie algebra L. We now introduce
representations of L. For any such representation 6§, we will define Chevalley
groups of type J by “integrating ”.

3.2.2 Definition. For any £-vector space V, we denote by gl(V) the Lie algebra
consisting of the vector space Endg (V') with the commutator bracket.

3.2.3 Definition (Representations). A representation of L is a homomorphism
0: L — gl(V) for some £-vector space V. It is called finite-dimensional if V is
this context, the vector space V is also called an L-module. An L-module V is
called called irreducible if V # {0} and if there exists no non-trivial submodule
of V.

3.2.4 Example. The homomorphism ad: L — gl(L),y — ad, is a representation
of L, called the adjoint representation of L.
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3.2.5 Lemma. Let §: L — gl(V) be a finite-dimensional representation of L. Then
0(x) is nilpotent for all x € ®.

Proof. This is a consequence of [Hum?72, Lemma 20.1]. O

3.2.6 Strategy. Fix any representation d: L — gl(V) of L. For all &« € ®, we can
define a map

Ou: (A, +) = Auts(V), A — exp(Ad(xy)) = Z 5 EN

Here the sum in the exponential is actually finite by Lemma so we need not
worry about analytic considerations. It is not too difficult to show that the maps
(0x)nece are injective homomorphisms (see, however, Remark . We put
U, := 0,(#) for all « € ®. The Chevalley group of type é over £ is the group G
which is generated by (Uy).ce, and we will see that (U, ).eo is a crystallographic
d-grading of G.

The construction above was relatively easy because we worked over £, and it
is not at all clear how it should be extended to arbitrary commutative associative
rings. The key idea will be to find a suitable Z-structure of V, and these Z-
structures will be called admissible lattices.

3.2.7 Definition (Admissible lattices). Let 6: L — gl(V) be a finite-dimensional
representation of L. An additive subgroup M of V is called a lattice if there exists
a f-basis B of V such that M is the Z-span of B. It is called an admissible lattice
(with respect to C and ¢) if, in addition, (5(’:1“!)" (M) C M for all non-negative integers
nandalla € ®.

It is a non-trivial fact that admissible lattices always exist. This is relatively
easy to prove for the adjoint representation, but the general proof uses Kostant’s
Theorem (see [Hum?72, Section 26]).

3.2.8 Proposition ((Hum?72, Proposition 25.5]). The Z-span of C is an admissible
lattice in L with respect to the adjoint representation ad: L — gl(L).

3.2.9 Proposition ((Hum72, Theorem 27.1]). Let 6: L — gl(V) be any finite-
dimensional representation of L. Then there exists an admissible lattice in V with
respect to 0.

Finally, we have everything we need to construct Chevalley groups.

3.2.10 Remark (Construction of the root homomorphism). Letd: L — gl(V) be
a finite-dimensional faithful representation of L and choose an admissible lattice
M in V (which exists by Proposition[3.2.9). Let a be an arbitrary root and let R
be an arbitrary commutative associative ring. For any non-negative integer n,

( )"

the endomorphism of V leaves M invariant because M is admissible, and

thus ( ) can be regarded as an endomorphism 6, , of M. Then we also have an
R- endomorphlsm Oan ®idg of V(R) := M ®z R. Now we can define a map

0u: (R, +) — Endg (V T Zr Opm ®idg)

where the sum is actually finite because J(x,) is nilpotent (by Lemma 3.2.5). The
map 0, is actually a homomorphism and thus its image lies in Autg (V(R)).
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3.2.11 Definition (Chevalley groups). Letd: L — gl(V) be a finite-dimensional
faithful representation of L, let M be an admissible lattice in V, let (R be a com-
mutative associative ring and put V(R) := M ®z R. For all roots «, we define
the corresponding root homomorphism to be the homomorphism

Op: (R, +) — Autg(V(R))

from Remark [3.2.10jand we define the corresponding root subgroup, denoted by
Uy, to be the image of 0,. The Chevalley group of type é over R (with respect to M
and C) is the subgroup of Autg (V(R)) which is generated by (Uy)ycqp. We let it
act on V(R) from the left-hand side (which, in particular, determines in which
order we compose elements of the Chevalley group). A Chevalley group of type
® over R is a Chevalley group over R which is defined with respect to some
Chevalley basis of L, some finite-dimensional faithful representation ¢ of L and
some admissible lattice M in this representation. We will say that a Chevalley
group of type ® over R is defined with respect to ¢ if " = (c}, ) peo is the family
of Chevalley structure constants of a Chevalley basis with respect to which G is
defined.

3.2.12 Note (Adjoint Chevalley groups). The Chevalley groups of type ad are
called adjoint Chevalley groups. Since the existence of admissible lattices for this
representation is relatively easy to verify (see Proposition[3.2.8), the construction
of adjoint Chevalley groups is easier than the general construction. In [Car72], ad-
joint Chevalley groups are actually the only Chevalley groups which are defined.
We will see that the Chevalley commutator formula (Theorem is indepen-
dent of the chosen representation. Since this formula is the essential property
that we are interested in from the viewpoint of root graded groups, we could
theoretically restrict ourselves to adjoint Chevalley groups as well. However,
the additional effort to define general Chevalley groups is very low as long as
we skip the proof of Proposition[3.2.9] Further, while adjoint Chevalley groups
are easier to define, we will see in Example that Chevalley groups for the
natural representation of L are easier to compute because this representation is
simply the identity map in terms of matrices.

3.2.13 Note (Chevalley groups over rings). In many references, for example
in [Hum?72; |Car72; Ste67], Chevalley groups are only defined over fields, and
many results do not extend to rings. For example, adjoint Chevalley groups are
nearly always simple (see [Ste67, Chapter 4]), but Chevalley groups over rings
containing a proper ideal are not simple. However, the basic construction of
Chevalley groups remains the same over rings, and our definition agrees with
the one in [VP96, Section 6].

3.2.14 Example (Chevalley groups of type A,). Consider the Lie algebra L :=
sly1(C) of type Ay. Denote by C = (xa)aca, U (hi)icp1,¢) the Chevalley basis of
L from Example Put V := C**! and denote by §: L — gl(V) the natural
representation of L. Thus for each x € L, the transformation matrix of 4(x) with
respect to the standard basis of V is exactly x. Further, we denote by M the
abelian group which is generated by the standard basis in V. Since for alla € Ay,
we have that 6(x,) has integral entries and satisfies §(x,)? = 0, the lattice M is
admissible with respect to C and ¢.

Now let R be an arbitrary commutative associative ring and let (6)xc 4,
denote the family of root homomorphisms of the Chevalley group G of type J over
R with respect to M. Then for each & = ¢; —¢; € A, the matrix of 6,(A) for A € R



86 3. Chevalley Groups

is exactly idy; 1 +Ax, = id, 41 +Abjj. Matrices of this form are called elementary
matrices. The Chevalley group G is exactly the group which is generated by these
matrices. We call it the elementary group (over R), and we will also denote it by
E,+1(R). Clearly, all elementary matrices have determinant 1, so this group is
contained in SLy, 1 (R). If R is a field, then we have SL;,1(R) = E;1(R).
Observe that elementary matrices and the elementary group can also be de-
fined for an arbitrary associative ring (R which is not assumed to be commutative.
This group is no longer a Chevalley group, but it is still an A,-graded group.

Finally, we can state the Chevalley commutator formula, which is the most
important result of this chapter. Not only does it say that a Chevalley group has
crystallographic ®-commutator relations with respect to its root groups, but it
also provides explicit formulas for the commutator of two root group elements.

3.2.15 Notation. For any pair of non-proportional roots «, B, we put
(e, p) = {(i,j) e N% |ia+jp e @} = {(i,j) € N} |ia +jB € |, B[ }.

3.2.16 Theorem (Chevalley commutator formula, [Ste67, Lemma 15]). Let «, 8
be non-proportional roots and put 9 = J(«, B). Endow the set § with an arbitrary
but fixed order. Then there exists a unique family (cup,i;) (i j)eg of integers (which may
depend on the chosen order on 9) such that for all commutative associative rings R and
for all Chevalley groups G of type ® over R, the corresponding root homomorphisms
(0) e satisfy N
[0 (r), 0p(s)] = [T Ounrjplcnpijr's')
(i,j)ed

forallr,s € R. In particular, G has crystallographic ®-commutator relations with root
groups (Uy) yea-

3.2.17 Definition (Chevalley structure constants). The integers ¢, g;; (Where a,
are non-proportional roots and (i,j) € 9(a, B)) in Theorem[3.2.16|are called the
(Chevalley) structure constants of (the Chevalley group) G.

We close this section with some complementary remarks.

3.2.18 Note. The structure constants of a Chevalley group G are already deter-
mined by the semisimple Lie algebra L from which G is constructed, so it would
be more precise to call them “structure constants of L”. However, the terminology
in Definition 3.2.17]is well-established in the literature.

3.2.19 Remark (Commutator conventions). Recall from Note that we have
defined commutators by [x,y] := x 'y~ !xy while some authors prefer the con-
vention [x,y] := xyx~'y~1. Of course, the Chevalley structure constants Cupij
depend on the convention we use. Passing from one convention to the other
one means that we replace r and s by —r and —s on the left-hand side of Theo-
rem so the structure constant ¢, ;j has to be multiplied by (—1)""/. This has
practical relevance for us because [VP96] and [Ste67] use the second convention
for commutators while the convention in [Car72]] coincides with ours.

3.2.20 Note. In the way Theorem is stated in [Ste67], it is not actually a
statement about the Chevalley group G but rather about the universal enveloping
algebra U of L (or, more precisely, about a Z-form of U which is determined by
the Chevalley basis C). Even though Steinberg only considers Chevalley groups
over fields, it follows from the statement of [Ste67, Lemma 15] that the Chevalley



3.2. Construction of the Chevalley Groups 87

commutator formula holds for Chevalley groups over arbitrary commutative
associative rings. A reference which states the Chevalley commutator formula
over commutative associative rings is [VP96, p. 94].

3.2.21 Remark (Computation of the structure constants). Since, as explained in
Note the Chevalley commutator cormula is actually a statement about L
and its Chevalley basis C, it is not surprising that the Chevalley structure con-
stants c,;; of its Chevalley groups can be computed from the structure constants
cap of L. We now explain how. Let a,  be non-proportional roots and define, for
eachm € N4,

1 2 1
M“,/g,m = % Hca,ﬁ+(i_1)a = %Ca,ﬁca,wrﬁ T Ca,(m—l)oc—&-ﬁ'
1=

Using Lemma one can show that these numbers are binomial coef-
ficients, so in particular, they are integers (see [Car72, p. 62]). Observe that
Myp1 = copand M, g,, = 0if & + (m — 1) is not a root. Choose any order <
on J(a, B) with the property that i +j < i’ + j’ implies (i,j) < (7,}'). For this
order of J(«, B), [Car72, 5.2.2] supplies formulas for the structure constants ¢/, Bij
defined by the following slightly different version of the Chevalley commutator

formula:
(1) 0p(1) 0 (1)B5 (1) = 00 (1), B5(0)] = T [ O 0 ('),
(7:4)
Clearly, these structure constants are related to our structure constants by the
formula ¢y p;; = (—1)'ci jp.«- Thus the formulas in [Car72, 5.2.2] yield:

— / _ i+1 .
CaBjl = —ClLjpa = (=1)" Myp,,

Capri = (—1)'clypo = (1) Mpaiy

2
/
Cap32 = C23pu0 = —gMHﬁ,a,z,

1
Cap22 = _Cé,z,lg,a = _gMochﬁ,/S,Z-

Further, all these numbers lie in { £1, £2, £3 } by [Car72, 5.2.2]. Note that the
formula for ¢, g ; ; differs from the one given in [VP96, p. 95] by the sign (—1)i+j
because of the differing convention for commutators (see Remark. Further,
note that ¢, 511 = My p1 = Cap-

3.2.22 Example. Assume that the root system @ is simply-laced. Then we know
from Remark that for all non-proportional roots &, the interval ], B[ is
either {« + B} or empty. Hence by Remark the Chevalley commutator
formula has the form

[904 (1’), 95 (S)] = 9a+5 (Ctx,ﬁrs)
for all non-proportional roots «, B for which & 4- B is aroot and for all7,s € R. In

the group E/ ;1 (R) from Example|3.2.14] the commutator formula thus has the
form

[inffj(r)leejfek(s)] = Geifek(rs) and [Gej*ek(r)/gei*ej(s)] = eei*f?k(_rs)

for all pairwise distinct i,j,k € [1,{+ 1] and all ,s € R. Note that each of
these two formulas is a simple consequence of the other one by the relation
[x,y]~! = [y, x]. Further, the first formula remains valid in the group E,,{(R) for
any associative ring R which need not be commutative, but we have to replace
rs in the second formula by sr.
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3.2.23 Note (The sign problem in the Chevalley commutator formula). We have
seen in Remark [3.2.2| that the structure constants in the Chevalley commutator
formula can be computed from the structure constants of the Chevalley bases.
Since the latter are only unique up to a sign by Note it follows that the
former are only unique up to a sign as well. This is the second occurrence of the
sign problem in the theory of Chevalley groups.

3.2.24 Note. We have already remarked in Note that Carter only covers
adjoint Chevalley groups in [Car72]. However, we know from Theorem
that the structure constants do not depend on the choice of a representation, so
the formulas in Remark [3.2.21] are still valid for all representations.

3.2.25 Remark (Injectivity of the root homomorphisms). Let a be any root. The
homomorphism 6,: (R, +) — U, is surjective by the definition of U,, and it is in
fact also injective. This is proven in [Ste67, Corollary 1 of Lemma 17] for fields,
but the proof does not transfer to rings: it uses that Av = 0 implies A = 0 where
v is a non-zero vector in a module over a field and A is a scalar. However, it
remains true over commutative associative rings (for example, this is stated in
[VP96| below (9.1)]), but this is a non-trivial fact.

3.2.26 Lemma. Let A be a root base of ® such that A is the type of C, let A’ be a subset
of A and denote by @’ the root system which is spanned by A'. Let 6: L — gl(V) bea
finite-dimensional faithful representation of L, let M be an admissible lattice in V with
respect to C, let R be a commutative associative ring and let G be the Chevalley group of
type 6 over R with respect to C and M. Denote the root groups and root homomorphisms
of G by (Uy)aco and (64 )acae, respectively. Put G == (U, |a € ®') and let L' be
the Lie subalgebra of L of type ® with Chevalley basis C' from Lemma Then
the restriction 8’ of 6 to L' is a finite-dimensional faithful representation of L', M is an
admissible lattice in V with respect to 6" and C" and G’ is the Chevalley group of type ¢’
over R with respect to C and M. Further, the root groups and root homomorphisms of
G’ are (Uy)aeo and (0y)aco, respectively.

Proof. The only difficulty lies in proving that €’ is indeed a Chevalley basis, which
we already know from Lemma 3.1.26| The remaining assertions are straightfor-
ward to check. O

3.3 Weyl Elements in Chevalley Groups

3.3.1 Notation for this section. We denote by £ an algebraically closed field of
characteristic 0, by L a semisimple Lie algebra over £ with a Cartan subalgebra
H and (reduced crystallographic) root system ® := ®(L, H), by ¢ the rank of ®
and by C = (x4)aee U (hi)ie1, @ Chevalley basis of L (with respect to H) with
structure constants (c, )« ped. We fix a finite-dimensional faithful representation
0: L — gl(V), an admissible lattice M in V and a commutative associative ring
R. We denote by G the Chevalley group of type é over R (with respect to M), by
(Uy)aea its root groups and by (6, )xee its root homomorphisms.

Since we already know from the Chevalley commutator formula that G has
crystallographic ®-commutator relations with root groups (Uy)4ca, it remains to
establish the existence of Weyl elements in G. However, we will not settle for a
mere existence result. Instead, we will give explicit formulas for the conjugation
action of Weyl elements on the root groups, and we will derive properties of the
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signs which appear in these formulas. In particular, we will encounter the square
formula for Weyl elements (see Note[3.3.12) which plays an important role in the
theory of root graded groups (see Definitions 4.2.10 (e)|and |4.4.4).

3.3.2 Note. Essentially all results in this sections are consequences of [Ste67,
Lemma 19 (a), (c)]. It is slightly problematic that Lemma 19 is only formulated
for fields. However, the statements of Lemma 19 (a) and (c) remain valid over
commutative associative rings: For each equation in Lemma 19 (a) and (c), we
can find a certain integral Laurent polynomial

f6Z[tl,...,tn,ul,...,um,ul’l,...,ual]

such that the validity of the desired equation (over R) is equivalent to the asser-
tion that f vanishes at all points in R" x (R*)™ (where R* is the set of invertible
elements in R). If the desired results holds over C, then f must be the zero poly-
nomial, and hence it vanishes at all points in any commutative associative ring.
Thus if Lemma 19 (a) and (c) hold over C, then they hold over all commutative
associative rings. In fact, Steinberg only proves [Ste67, Lemma 19] over C and
then invokes the same argument that we have just described to infer that it holds
over arbitrary fields.

Similarly, it can be shown that statement of Lemma 19 (b) in [Ste67] remains
true over commutative associative rings. However, the existence assertion in
Lemma 19 (b) makes the required argument more subtle. In any case, we will not
need this result.

The validity of [Ste67, Lemma 20 (b), (c)] over commutative associative rings
can be proven by similar arguments. Alternatively, since these results are direct
consequences of Lemma 19 (a) and (c), one can also apply the same proof as
in [Ste67], but with references to Lemma 19 replaced by references to the more
general assertions for commutative associative rings.

We will show that the elements in the following definition are Weyl elements,
and investigate their properties.

3.3.3 Definition. Let « be a root and let r be an invertible element of R. We define
the following two elements of G:

Wo (1) = 0_o(—1r )0, (r)0_o(—r71), W (1) = 0, (r)0_o(—1 1), (r).

Further, we put w, = w,(1) and w), := w),(1). The elements (w, ),cqe are called
the standard Weyl elements in G.

3.3.4 Note. Clearly, we have the following relations:
wy (r) ™" = wa (=), w, ()™ = wy (=),
wa(r) = wl o (=), wy = 1wl (=1) = (w,) 7.

The reason that we introduce both w,(r) and w/, () is that [Ste67]] uses the ele-
ments w), () while we prefer to work with the elements w, (). For this reason, we
will first cite the results in [Ste67] involving w/ (r) and then state the analogous
results involving w, (r) as a corollary.

The essential result for our purposes is the following one.

3.3.5 Lemma. For any pair of roots w, B, there exists a unique 1y, (a, ) € {£1lx}
(independent of the choice of the representation 6 and of the admissible lattice M, but not
of the choice of C) such that

Wi Bp(A) (w)) ™" = 0, (p) (1 (&, B)A)
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forall A € R. Further, these constants satisfy

N (0, B) = (e, =) and (e, P (,00(B)) = (—1) P,
Proof. The first statement is [Ste67, Lemma 20 (b)] and the relation 7 (a, ) =
i (e, —B) is part of [Ste67, Lemma 19 (a)]. For any invertible element r of
R, we define 1, (r) = wl (r)w,(—1) (as in [Ste67, Lemma 19]). Then [Ste67,
Lemma 20 (c)] says that

B (N)O(AH(r) ™ = Bp(rF12)
for all invertible r € (R and all A € R. Applying this statement with  := —14 (so
that 1, (r) = wl,(—1)? = (w),) ~?), we infer that
(wy) "205(A) (w)? = 65((—1)FA)
forall A € R. Thus
6p(A) = () 05 (1) P1VA) (W) 7% = Wby, ) (1ix (, B) (= 1) P2 () !

= 05 (1 (0, 0 (B))1x (3, B) (1) P/ 2)
forall A € R. Since 6 is injective by Remark 3.2.25} the last assertion follows by
putting A == 1g. ]

3.3.6 Note. Lemma 19 in [Ste67] is actually formulated for all elements w; (1)
where A € R is invertible, and not just for A = 1. Lemma 20, on the other hand,
is not stated in this generality. An adaption of the proof of Lemma 20 makes it
possible to show that

wy (r)0p(A) (w) (r) ™! = 0, (g) (i (@, B)r~ PV 1)
for all invertible r € R. However, the weaker statement of Lemma will be
sufficient for our purposes.

In order to suit the conventions of this thesis, we will now write down the
assertion of Lemma for the elements w, in place of w), and for 5% (B, &) in

place of 17, («, B).

3.3.7 Lemma. For any pair of roots a, B, there exists a unique g (p,a) € {£lg}
(independent of the choice of the representation 6 and of the admissible lattice M, but not
of the choice of C) such that

w, ' 0p(A)wa = 6y, (5) (12 (B, 2)A)
forall A € R. Further, these constants satisfy
N (B,0) = na(—p,a) and qz(B, &)z (ou(p),a) = (—1)F1.

Proof. Using that w,! = w'_,, the first assertion follows from Lemma and
we see that 7z (B, &) = 1, (—«, B). Now

ne(B, &) = g (—a,B) = ng(—a, —B) = 1z (=B, «)

and

nx (B, —)nz (0u(B), —) = (&, B)iip (a,00(B)) = (—1) %),
Since 0, = 0_,, the latter equality implies that

(B, (00 () ) = (~1)/P1¥) = (~1) ") = ()P,
which finishes the proof. O
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3.3.8 Note (The sign problem for Weyl elements in Chevalley groups). The
numbers 77/, (¢, f) in Lemma (and, therefore, also the numbers 17z (B, «) in
Lemma depend only on the root system ® and the Chevalley basis C and
not on the choice of the representation 6. However, they do depend on the choice
of the Chevalley basis C, and thus on the choice of the signs which appear in
the structure constants of C. This is the third and final occurrence of the sign
problem in the theory of Chevalley groups (see also Notes[3.1.25)and 3.2.23). It
is essentially a special case of the sign problem that we will be faced with in the
parametrisation of root graded groups. See Remark [4.1.23|for more details.

3.3.9 Remark. Note that the numbers 7% (B, «) and 777, («, f) in Lemmas [3.3.5]
and lie in {£+1x}, notin {£1z}. We can of course lift them to numbers
fr(a,B) € {£1z} and 7, (B, ) € {£1z}, but this lift is only uniquely deter-
mined if 1z # —1g (thatis, if 2z 7# Og). Nonetheless, the uniqueness assertions
in Lemmas and [3.3.7remain true if 24 = Ox because in this case, {1} isa
singleton and thus, of course, contains a unique element.

In [Ste67, Lemma 19 (a)], it is shown that if R is a field, then the numbers
iz («, B) “do not depend on R” in the sense that there exists c(a, B) € {£1z}
such that i1}, (¢, B) = strg (c(a, B)) for all fields (R (where strg denotes the unique
ring homomorphism from Z to R). The same remains true over commutative
associative rings (see Note[3.3.2), and we then of course have c(«, ) = 1 (a, B).
Similar assertions hold for the elements 7% (B, «) in Lemma[3.3.7]

We conclude that we have constants (B, &) := nz(p, «) which depend only
on L (or in other words, on the root system ®) and the choice of a Chevalley basis
(which comes with a choice of Chevalley structure constants). These constants
describe (an important part of) the structure of all Chevalley groups of type L
which are defined with respect to this fixed Chevalley basis. Equivalently, they
describe the structure of all Chevalley groups of type ® for some fixed family
of Chevalley structure constants. We have seen that these constants satisfy the
relations

n(B,a) =n(—p,&) and 7(B,a)y(ox(B), —a) = (1)1,

3.3.10 Definition (Chevalley parity map). The map 17: & x & — {£1z} from
Remark is called the Chevalley parity map for ¢ = (Ca,p)a,ped-

We will see in Remark 3.3.14| that 7 can be computed from ¢, which justifies
the name.

3.3.11 Remark. It follows from Lemma that for all roots «, B, we have
W = 0o (—1)70,(1)“P0_y(—1)7F
= 0oy () (=11(=, B)) Oy ) (11(2t, B)) 050y (=11 (—t, B))
= 050 (—17(2, B)) By (11 (2, B)) 0o (=11 (s B)) = WZE’E‘;’?-

Recall from Propositionthat every root can be written as 6°(%) for some 6 € A
and some word ¢ over A. It follows that the whole family (w,),ce of standard
Weyl elements can be reconstructed from (w;)sca using only conjugation and
group inversion.

We will later see that for any A-system (w;)sea of Weyl elements in a root
graded group H of rank at least 3, we can find a coordinatisation of H such
that elements (w;)sca behave in a similar ways as the standard Weyl elements
in Chevalley groups. More precisely, the coordinatisation is constructed in a
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way which ensures that the elements (ws)sca satisfy a similar formula as in

Lemma[3.3.71
3.3.12 Note. The formula (B, «)1(0x(B), —a) = (—1)#1¢) implies that
B5(1)"% = 05((~1)F12)

forall A € R, so it describes the action of squares of (certain) Weyl elements on
the root groups. For this reason, we will also call it the square formula for Weyl
elements. It will turn out that, except for a few special cases, the action of squares
of arbitrary Weyl elements in root graded groups of rank at least 3 adheres to
the same formula. See Propositions[5.4.17, [7.6.15 and [9.5.13|In fact, the square
formula and the braid relations for Weyl elements are the main results which
have to be shown in order to parametrise root graded groups.

Observe that the square formula can be formulated purely in terms of the
group G and its root groups (Uy)4ca, without reference to the root isomorphisms:
We have

wp _

Xg" = x%
for all roots a, B and all x4 € Ug, where & := (—1)<ﬁ‘“>.

3.3.13 Lemma. Forall x € ®, we have n(a, &) = n(—a, ) = —1 where n(a, «) is the

constant from Definition |3.3.10

Proof. We know from Remark 3.3.9|that 17(«, &) = 17(—a, a), so we only have to
show that 77(a, #) = —1. By Lemma[3.2.26] the group G’ which is generated by
U, UU_, is a Chevalley group of type A; over R. Since 1 can be computed inside
G', we can thus assume that ® = A;. Since 7 does not depend on the choice of a
representation, it suffices to prove the statement for the natural representation.
It remains to show that for every Chevalley basis C of L, there exists an
admissible lattice in the natural representation of L with respect to C such that the
constants # satisfy 77(x,a) = —1 for all & € A;. (It then follows that the statement
holds for any admissible lattice because these constants do not depend on the
choice of a lattice.) This means that we have to show that 6,(1)% = 6_,(—1).
For the specific Chevalley basis C = (x12, 21, h1) and the specific admissible
lattice M = (by, by)z that are chosen as in Example we can prove this
with a simple computation. Further, we know from Example that any
other Chevalley basis must be of the form ¢’ = ()\xu,)\_lxm,hi) for some
hi € {hy,—h; } and some A € C\ {0}. Then M := (Aby, by)z is an admissible
lattice with respect to C’. Denote the root isomorphisms of the Chevalley group
defined with respect to ¢’ and M’ by (6, )aca,. Then we see that for all « € A;
and all 4 € R, the matrix of 6, (a) with respect to (Aby, by) is the same as the
matrix of 6, (a) with respect to (b3, by). We conclude that the desired statement
holds for any Chevalley basis of L, which finishes the proof. O

3.3.14 Remark (Computation of the Chevalley parity map). Let a, B be roots.
If « € {+p}, then we know from Lemma [3.3.13|that 7(8,a) = —1. If , f are
linearly independent, then we can perform computations similar to the ones in
Lemmas and to determine 7 (B, «) in terms of the structure constants
which appear in the Chevalley commutator formula. Since the structure con-
stants in the Chevalley commutator formula can be computed from the structure
constants ¢ = (C,,5),,sce of the Chevalley basis by Remark we conclude
that there exists an algorithm to compute 7 (B, «) from c. For the simply-laced
root systems, the resulting formulas can be found in Lemma
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In order to conclude that G is a ®-graded group, we have to make a final
observation.

3.3.15 Proposition. There exist an R-basis B of V(R) and a positive system 11 in ®
such that the matrices of elements of Ury are unipotent upper-triangular while matrices
of elements of U_ry are unipotent lower-triangular. In particular, Uqg N U_r = {1}.

Proof. This is proven in [Ste67, Corollary 3 of Lemma 17] for fields, but the same
proof is valid for arbitrary commutative associative rings. O

3.3.16 Theorem. (U, )quco is a crystallographic ®-grading of G.

Proof. By definition, G is generated by (Uy)sce. The Chevalley commutator for-
mula (Theorem 3.2.16)) yields that G has crystallographic ®-commutator relations
with root groups (U )eeo. By LemmaB.3.7, (wy)aco is a family of Weyl elements

in G. Finally, Axiom Definition is satisfied by Proposition (3.3.15 O

3.3.17 Note (see also Note[3.3.2). In its generality, Theorem 3.3.16]relies on the fact
that everything we cite from [Ste67] remains true over the arbitrary commutative
associative ring R. However, this fact is only needed to ensure the existence of
Weyl elements. Alternatively, the existence of Weyl elements can be deduced
from the concrete form of the Chevalley commutator formula. We will see a
sketch of the necessary computation in Proposition and we will also use

this fact in Propositions and






Chapter 4

The Parametrisation Theorem

As explained in the preface and in[2.5.4} the goal of this thesis is to coordinatise
root graded groups (G, (Uy)ca) by algebraic structures. Our general strategy to
construct such a coordinatisation can be broken down into two steps. In the first
step, we construct a parametrisation of G. That it, we construct a family of groups
(My)aeo (Where M, = My if &, B are conjugate under the Weyl group) and a
family (0,: My — Uy)qeo of isomorphisms which satisfies a certain consistency
condition. A precise definition of parametrisations will be given in We
emphasise that throughout this thesis, we will carefully distinguish between
“parametrisations” in the sense just described and “coordinatisations” in the
sense of Goal[2.5.4 From this point on, this distinction will be crucial.

In the second step of our general strategy, we show that the commutation
maps which are defined on the parametrising groups satisfy certain identities.
This is done using the blueprint technique, which is described in chapter 6} These
identities turn out to be the axioms of certain algebraic structures. We conclude
that the commutation maps impose an algebraic structure on the parametrising
groups, thereby turning the parametrisation into a coordinatisation.

The present chapter is dedicated to the first step in our general strategy,
that is, to the construction of a parametrisation. The goal of this chapter is the
parametrisation theorem (Theorem , which is a criterion for the existence
of a parametrisation. In section we give a detailed and slightly informal
overview of the technical machinery and language that will be used throughout
this chapter. From a purely formal viewpoint, section [4.1]is redundant because
all necessary definitions and statements will be presented in full detail in the
following sections. However, the reader may find the motivation given in sec-
tion[d. T helpful. A detailed overview of the sections in this chapter will be given
in Note after we have introduced the necessary technical language.

4.1 Motivation and Overview of this Chapter

4.1.1 Notation for this section. We denote by ® a root system of rank at least 3
and by A a rescaled root base of ®. In order to avoid technicalities in this
outline, we assume that ® is reduced. Further, we write © = Orbred(tb) =
Orb(®) = (O1,...,0x) (see Notation [1.3.9). Unless otherwise specified, we
denote by (G, (Uy)xco) a P-graded group.

This section serves as an overview of the chapter. All definitions and results
that we introduce here will be repeated in the following sections, and we will
sometimes leave out technical details. We will address in Remark why Ais
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allowed to be a rescaled root base, and why it is not sufficient for root systems of
type BC to only consider proper root bases. Further, we will discuss in Note4.1.10
the changes which are necessary if ® is not reduced.

41.A Goals

We begin with a summary of the properties which relate the structure of a Cheval-
ley group to the structure of the commutative associative ring over which it is
defined.

4.1.2 Summary (Coordinatisations of Chevalley groups). Assume that the root
system @ is crystallographic and let G be a Chevalley group of type ® with root
groups (Uy)sco. Then the following three properties are satisfied:

(1) There exist an abelian group (R, +) and isomorphisms
(GN: (G&, +) — uvc)oced%

(2) There exists a bi-additive map R x R — R which turns R into a com-
mutative associative ring such that the Chevalley commutator formula

(Theorem is satisfied.

(3) We have a “standard” family of Weyl elements (w,)scep Which satisfy
0p(A)“ = 6,,(p) (11(B,&)A) for all roots &, fand all A € R, where 17(B, &) €
{+1z } is a sign which does not depend on A (and, in the Chevalley group
setting, not even on the choice of (R and the representation J). These Weyl
elements are defined with respect to the “standard invertible element” 14
in R.

In the context of root graded groups, we have to adjust our expectations. The
following three remarks describe how the three properties in Summary
generalise to root gradings. We have already elaborated on this in great detail
in the preface of this thesis, so there will naturally be some overlap. However,
we are now in a better position to introduce some more technical details. In
particular, the material in Remarkhas not been discussed beforehand.

4.1.3 Remark (Parametrising groups). We know from Lemma that roots «,
B which lie in the same orbit under the Weyl group have isomorphic root groups
U, = Ug. However, there is no reason for this to be true for arbitrary pairs («, ).
Thus instead of a single group (R, +) which parametrises all root groups, our
goal is to find multiple groups My, ..., My and a family (6,: M; — Uy )qxco, of
isomorphisms for all i € [1,k]. The groups My, ..., My are called the parametrising
groups (of G). Given parametrising groups My, ..., Mg, we put M, := M, for
all roots a where i(a) € [1,k] is the unique index such that a € Oj(y).

4.1.4 Remark (Commutation maps). Assume that we have parametrising groups
Mj, ..., My and root homomorphisms (6,)4ce as in Remark Let o, B be
non-proportional roots and let (1, ..., ) be the unique interval ordering of
&, Blcox such that 41 = a and 7y, = B (as in Remark [1.2.35). Since the root
homomorphisms are bijective, the so-called commutation maps

lplx,ﬁ,j: MD( X Mﬁ — M’yj/ (El, b) — 9,;]1([90((61),(%(1))]%)

are well-defined for all j € [2, m — 1]. In other words, we have

[Oa(a H9 C)
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foralla € My, b € Mp. This equation already looks like the Chevalley commuta-
tor formula. However, it is a purely formal observation. At this point, we know
nothing about the maps ¢, g ;. Furthermore, we need a large number of different
maps g ; to describe this commutator formula. In contrast, only a single map
f: R xR — R is required in Summary and we know that this map
turns R into a commutative associative ring. In other words, we know that f
satisfies the identities
floy) = f(y,%), f(fGay)2) = f(x f(y2),
fxtyz)=fuz)+ fly2),  floy+z)=flxy) +fyz2), @D
f(x1g) = x = f(lg, x)

for all x,y,z € R and for some (necessarily unique) 1z € R.

Our next two goals from this point on are straightforward: Reduce the number
of maps which are needed to describe the commutator relations, and show that
the remaining maps satisfy some identities. These identities will be “nice” in
the sense that they are precisely the axioms of some algebraic structure, just like
the identities in are exactly the axioms which turn an abelian group (R, +)
into a commutative associative ring (R, +, f) with identity element 1. We will
see in Note that the reduction of the number of necessary commutation
maps poses no serious problem. The computation of identities, however, is more
complicated and relies on the blueprint technique, which we will introduce in
chapter [6]

4.1.5 Remark (The twisting group). Assume again that we have found parame-
trising groups Mj, ..., My and root homomorphisms (6, )4ca as in Remark
We will later see several examples of root graded groups which illustrate that
we cannot, in general, hope for a formula of the form 65(A)“ = 6, (g) (7(B,®)A)
where 77(B, a) is 1 or —1 (as it is the case for Chevalley groups).

As an example, let R be any associative ring which is equipped with an
involution 0: R — R,r — r7. (We will define involutions in Definition [8.3.2]
but for the moment, it suffices to think of the complex numbers equipped with
the conjugation map.) In section we will construct a C3-graded group in
which, for some roots &, f and a “standard” Weyl element w,, we have 65 (A)Wx =
0,(p) (A7) for all A € R. This example shows that, in our more general setup, the
formula in Summary should not only allow signs 17(B,a) € { +1 } but
more general “twistings” of the parametrising structures.

Further, it turns out to be more practical to only consider a family (w;s)sea
of Weyl elements for a rescaled root base A, not a “full” family (w,)qeq of Weyl
elements. The reasoning behind this will be explained in Note

We conclude that our goal is as follows: We want to find a (finite abelian)
group A which acts on the parametrising groups Mj, ..., My, a family (w;)sea of
Weyl elements and a map #7: ® x A — A such thatforalla € ®and § € A, we
have

0a (M) = 6,0 (11(a,8).A)  forall A € M,. (4.2)

Before we move on, we give a name to the objects that we encountered in
Remark [4.1.5 We do not include finiteness in the definition of twisting groups
because this is not necessary in the abstract theory. However, in our concrete
situation, all twisting groups will be of the form {+£1}” for some p € [1,3].

4.1.6 Definition (Parity map). Let A be an abelian group. A parity map (with
valuesin A)isamap 7: ® X A — A, (a,0) — 1,5 = 17(w, ).
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4.1.7 Definition (Parameter system). A parameter system is a tuple
P = (A, M,..., M)

consisting of groups My, ..., My and an abelian group A which acts on each of
the sets Mj, ..., M. The group A is called the twisting group of . Further, we
put M, = M;(,) for all roots & where i(a) € [1, k] denotes the unique index such
that o € Oi(ac)'

4.1.8 Definition (Parametrisation). Let # = (A, M;,..., My) be a parameter
system, let (ws)sca be a A-system of Weyl elements and let 77 be a parity map
n with values in A. A parametrisation of G by P with respect to 1 and (ws)sen
is a family (0,: My — Uy)qce of isomorphisms satisfying (4.2). Formula
is called the conjugation formula for Weyl elements (with respect to # and 1), and
(ws)sen is said to be compatible with (6, )q.co if it satisfies the conjugation formula
for Weyl elements. The maps (6, ).co are called root isomorphisms.

4.1.9 Example. Recall from Remark[4.1.5/that we can construct a C3-graded group
from any associative ring (R with involution ¢. In this example, the twisting group
is {+1}? and its action on R is given by (—1,1).r = —rand (1, —1).r = r“ for all
r € R. (It is worth pointing out that only the short root groups in this example
are parametrised by R, but for the motivational purposes of this section, it is
sufficient to only consider these root groups.)

4.1.10 Note. We briefly consider what happens if ® is not reduced. In this case,
a parameter systems consists of a parametrising group for each indivisible orbit
and a parametrisation consists of a root isomorphism for each indivisible root.
However, this data automatically yields a parametrisation of all remaining, non-
indivisble groups: If a root is of the form 2« for some root «, then Uy, is a subgroup
of Uy, so a root isomorphism 6,: M, — U, provides a parametrising group
My, =6, 1(1,[2“) for Uy, and a corresponding root isomorphism 6, = 6, My, -
We should also require that any parity map # satisfies 7, 5 = 1,4, for all roots
x € ®,6 € Aand all A > 0 for which Aa is a root. Apart from this technicality,
non-reduced root systems are treated in the exact same manner as reduced root
systems. For simplicity, we will stick to the assumption that ® is reduced for the
scope of this section. However, we will proceed in full generality in the remaining
part of this chapter.

4.1.B The General Strategy

Before we can outline our general strategy to obtain a parametrisation, we have
to introduce another definition of twisting groups which is similar to the one
in Definition[4.1.7] We will clarify the relation between these two definitions in
Remark Both notions will be needed to formulate the parametrisation
theorem.

4.1.11 Definition (Twisting groups for root gradings). A twisting group for G is
an abelian group A which acts on each root group of G and which satisfies some
additional technical conditions which we will specify in Definition 4.3.13

4.1.12 Strategy. The order of the three points in Summary reflects the or-
der in which we encountered these three properties in the context of Chevalley
groups: The isomorphisms (0, ),ce appeared from the beginning, then we estab-
lished the Chevalley commutator formula and then we computed the conjugation
formulas for Weyl elements.
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Our strategy for root graded groups will follow a different order: Starting
from a A-system (ws)scn of Weyl elements, a twisting group A for G and a parity
map 1, we construct parametrising groups Mj, ..., My on which A acts and
root homomorphisms (6, ).ce such that the conjugation formula is satisfied.
This construction is precisely the content of the parametrisation theorem. In
other words, the parametrisation theorem reduces the problem of constructing
My, ..., My and (64 )sco to the problem of finding an appropriate parity map 7o
and an appropriate twisting group Ae for G such that certain conditions relating
G, Ao and 7¢ are satisfied. The statement and proof of the parametrisation
theorem is independent of the root system.

After My, ..., My and (0, ),co are constructed, we can define commutation
maps as in Remark [4.1.4 It then remains to compute the identities which these
commutation maps verify. This is done using the blueprint technique. We will
elaborate on this in chapter[6|and focus on the parametrisation theorem for the
rest of this chapter.

4.1.13 Note. Recall that we have defined a large number of commutation maps
s p,j in Remark Using the conjugation formula and Lemma we
can reduce the number of these maps as follows. Recall that i, g ; is defined by
the formula

[0 (a), eﬁ(b)]'Yj = Q'Yj (lptx,ﬁ,j (a, b))

foralla € M, and b € Mg. Here a, B are non-proportional roots and (y1,...,Vm)
is an interval ordering of [«, B]cox. For any § € A, we can conjugate this equation
by w; to obtain

[005(2) (10,6-20), 0058 (118,5-0) | 05(1) = Oury(oy) (1,6 Wa (2, b))

foralla € My = M,y and b € Mg = M, ). At the same time, by the definition
of Yy (a),05(p),» We also have

[00(a) (10,6-2), B0 8) (115,5-0) 5 (1) = o) (Vo). (8), (M50, 1p 5-b) )

foralla € M,y and b € M, (5). Thus we can compute ¢ (4) 05(p), from ¥y g ; if
we know the parity map 7 and the action of the twisting group. This shows that
we only need to compute a low number of commutation maps because all the
other ones can be obtained by twisting.

4.1.14 Remark (Twisting groups in the parametrisation theorem). Observe that
we have defined two notions of twisting groups: A twisting group for G is a
group which acts on each root group while a twisting group of a parameter sys-
tem (A, M, ..., My) is a group A which acts on each of the parametrising groups
My, ..., M. The purpose of the parametrisation theorem can be rephrased as fol-
lows: Starting from a twisting group A for G, we want to construct parametrising
groups Mj, ..., My on which A acts and root isomorphisms (6,).ce such that,
among other properties, we have

O (a.x) = a.0,(x) (4.3)

foralla € A, all roots « and all x € M,. This process turns the twisting group A
for G into a twisting group of the parameter system (A, My, ..., My).

Observe the following subtlety: Let A be a twisting group for G and let «
be a root. Then for any isomorphism 6, : M, — U,, we can of course define a
unique action of A on M, which satisfies (4.3). This might make the goal from
the previous paragraph seem trivial. However, if we choose another root a’ with
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M, = M,, then it is not clear that the aforementioned procedure defines the
same action on M,. Thus we have to carefully choose the isomorphisms (6,)ca,
and we need some conditions on the twisting group A for G which guarantee
that for two roots &, &’ lying in the same orbit, the actions of A on U, and U, are
in some way related.

4.1.C The Parametrisation Theorem

The following remarks outline the strategy for our proof of the parametrisation
theorem.

4.1.15 Convention. For the sake of a less technical explanation, we will in the
following always assume that there is only one orbit of roots under the Weyl
group. In the general situation, all constructions that we describe below have to
be performed separately for each orbit of roots.

We begin with a first naive construction which will be improved later on.

4.1.16 Construction (of the root isomorphisms). It is not difficult to parametrise
a single root group for a fixed root ag € ®: We simply choose a group M which is
isomorphic to U,, and we choose an isomorphism 6,,: M — U,,. Since all root
groups are isomorphic by Lemma and Convention it is clear that
there exist isomorphisms 63: M — U for all B € @\ {ap} as well. The proof
of Lemma even tells us how to construct them: simply conjugate by an
appropriate sequence of Weyl elements. To make this precise, we fix a rescaled
root base A of @ and a A-system (ws)sca of Weyl elements. Then for all B € P,
we define an isomorphism 6g: M — Ug as follows:

(1) Choose a Weyl group element u with g = B.
(2) Choose roots 9y, ..., 0y, € Asuchthat u = (1) - - - 0(dy). (This is possible

by Proposition|1.3.12})
(3) Define 0g(A) := 04, (A) 2" forall A € M.

It is not clear that the map 6 is independent of the choices that we make in (1)
and (2). In fact, it is not. Still, this construction is a good starting point that we
will improve upon in the following.

4.1.17 Remark (on Construction 4.1.16). If we could show that the definition
of 04 is independent of the choices made in Construction [4.1.16} then it would
follow that

05(A)0 = (Bay (M) )™ =6, 5)(A) (4.4)

forall A € M and all § € A, simply by the definition of 6,,(4). This formula
is clearly too much to ask for because it does not involve any twisting group.
Instead, we will show that 6 is only almost independent of the choices we made

above: We can find a twisting group A which acts on M such that, if G’ﬁ is the root
/

isomorphism defined by a different choice of " and 4], . . ., J, ., then there exists
a € A such that G’ﬁ()t) = 6g(a.A) for all A € M. In other words, 6 is uniquely
determined up to twisting. Even more, we can predict the precise value of a only
from dy,...,6, and 83, ..., 6, , using a suitably chosen parity map. A precise first
formulation of this statement will be given in Goal [4.1.21} which will be refined
in Goal

4.1.18 Note (Canonicity of the Weyl elements). In a first naive approach, we
might have been tempted to fix a “full” system (w.,),ce of Weyl elements and



4.1. Motivation and Overview of this Chapter 101

not merely a A-system (w;s)scp of Weyl elements. However, recall from Sum-
mary [£.1.2 (3)|that in the setting of Chevalley groups, formula holds only for
a certain “standard” family (w$M"),cqo of Weyl elements. Further, we have seen
in Remark 1/that (w$"Y)4eo is already uniquely determined by (w§")sea.
Thus we carmot (or should not) expect that any arbitrary choice of Weyl elements
(wy)yeo in G can be used to construct a parametrisation which satisfies the con-
jugation formula. However, it seems plausible that any A-system (w;)sea can be
used to construct a parametrisation with respect to which it is “standard” (in the
sense that the conjugation formula is satisfied). This is precisely what happens in
the parametrisation theorem.

Before we can formulate Goal[4.1.21] we have to introduce some notation
concerning parity maps.

4.1.19 Notation. Letn: ® x A — A be a parity map (with values in some abelian
group A). We define ;7(a, —6) := 1(a”?),5) " foralla € &, € A and

HW 01 i 1 Z) = 17([)(’ (51) . 17(0(0-(51)’52> e W(“U(él"'émfl)’ém)

for any word 6 = (81,...,6m) over AU (—A). We use the convention that 77, & =
14 for the empty word @. We will also sometimes write 7, 5 in place of 77(«, J).

4.1.20 Note. Let (w;)sep be any A-system of Weyl elements which is compatible
with a family of root isomorphisms (6, )sceo With respect to a parity map 7 (in
the sense of Definition [4.1.8). Notation 4.1.19)is made precisely to ensure that the
following generalisation of holds:

0 (M) = 90’5(06) (77(“/ 5))‘)

for all roots , all words § over AU (—A) and all A € M,. Here wjy is defined as
in Notation[2.2.25, A detailed proof of this fact can be found in Remark

4.1.21 Goal. Find a twisting group A for G and a parity map #7: ® x A — A such
that for all words § and p over A U (—A) with zxg((s) = [Xg(p ) we have

xzévoé =4 (xtxo )
where a := 1 (ao, ") ' (o, 5).
We will see in Remark 4.1.25/that due to some technical difficulties, this goal is
not well-formulated for the root systems of types B, C, BC and F;. In Goal
we will propose a more refined and more general version.

We begin our pursuit of Goal[4.1.2T|with an investigation of the twisting group.
At first, we analyse the effect of the choice which is made in Construction[4.1.16 (2)|
The choice in Construction [4.1.16 (I)] presents more technical difficulties, which
we will address in Remark [4.1.25

4.1.22 Remark (Construction of the twisting group, part 1). The construction of
the twisting group A and its action on the root groups depend on the root system
®, but the general approach is always the same. Recall that we will always have
A = {£1}* for some p € {1,2,3}, so in each case, we merely have to determine
the value of p and the action of each direct factor of A on the root groups.

Let 6 and p be two words over A U (—A) such that (6) and ¢(p) map ag to
the same root. For the scope of this remark, we focus on step so we
assume that 0(6) = o(p). To avoid technical difficulties, we also assume that &
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and p do not contain letters from —A. Then by the solution of the word problem
in Weyl groups (Proposition [L.3.16), we know that p can be obtained from &
by a sequence of elementary homotopy moves. Thus in order to understand
the difference between the actions of w; and w;, we have to understand the
conjugation action of w% for all { € A and the difference between the conjugation
actions of Py, (wg, w,) and Py, (w,, w) for all p, € A where m denotes the order
of 070,. The latter is easy to understand: We know from Theorem 2.5.10] that Weyl
elements satisfy the braid relations, so the actions of Py, (w¢, w,) and Py, (w,, wy)
agree. In fact, it would be sufficient in this situation to know that the braid
relations are valid modulo the center.

Thus it remains to study the actions of squares of Weyl elements. These
actions are not always trivial, but we will see that in nearly all cases, they are
either trivial or the group inversion. Even more, we will show that the square
formula for Weyl elements that we have seen in Note for Chevalley groups
is nearly always satisfied for root graded groups. For this reason, the twisting
group A will always have one direct factor {1} in which —1 acts on all root
groups by group inversion. We adopt the convention that this is always the first
factor of A.

We will also encounter some situations in which p > 2. In these situations, the
action of the other direct factors of A on a root group U, is defined via conjugation
by w% where  is some root (which depends on &) and @, is any {-Weyl element.
In all cases, we can show that this action is independent of the choice of W
and that we even have some freedom in choosing the root . In particular, the
definition of the twisting action is independent of the fixed A-system (w;)sea of
Weyl elements.

4.1.23 Remark (Choice of a parity map: The sign problem). It is clear that the
parity map 7 in Goal cannot be chosen arbitrarily. For example, we will
prove that for certain roots « € ® and § € A, w? acts on U, by inversion, so 17 ss
must be an element of A which acts on U, by inversion. More generally, 77, 55
must act on U, in the same way as w3 for alla € ® and § € A. In the language of
Definition this says precisely that G must be square-compatible with respect to
1 and (ws)sea. Similarly, the validity of the braid relations shows that we should
require 17(a, Py (01,602)) = (&, Pu(62,61)) for all & € ® and all 41,6, € A where
m denotes the order of 7(d1)0(62). This property will be called braid-invariance
(of ).

Generally speaking, we will derive several conditions on 7 which ensure that
a “consistent” parametrisation with respect to  is possible. One might expect 7
to be uniquely determined by these properties, but this is not true. In fact, we
will see in Remark [4.3.12]that as soon as we have found one adequate parity map
1, we can obtain a large number of similar maps from 5 by “twisting #”. Thus,
for lack of an abstract existence result, we will have to explicitly determine a
map 17: ® x A — A satisfying all desired properties. We refer to the problem of
finding such a map as the sign problem (for root graded groups). When we specialise
to Chevalley groups, it is precisely the sign problem that we have already seen in
this context (see Note and also Notes[3.1.25/and [3.2.23).

The best way to find a suitable parity map 7 is to “read it off” from an
appropriate “model” H, that is, from a ®-graded group H which is known to be
coordinatised by some algebraic structure. For example, in the case of simply-
laced root systems, we can take precisely the constants that appear in Chevalley
groups (see Lemma[3.3.7). It is easy to verify that a parity map which is defined
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in this way automatically satisfies all the consistency conditions that we ask for
(except for the condition of stabiliser-compatibility, which we will introduce in
Remark [4.1.28). For example, it follows from Note and the braid relations
for Weyl elements that any parity map 77 which comes from a ®-graded group H
satisfies that 1 («, P, (8,6")) and #(«, Py, (9, 6)) act identically on U, for all roots
« and all 4,6’ € A. Under suitable faithfulness conditions, this implies that
n(a, Py (6,8")) = n(a, Py(d,6)). A precise statement of the results of this kind is
given in Lemma and Proposition

Of course, for the strategy from the previous paragraph to work, we have
to require that the parity map 7 can actually be read off from the group H in a
unique way. This essentially amounts to saying that the twisting group A acts
faithfully on each root group of H. If this is not the case, then 7 is not uniquely
determined by H. (In practice, we will have to use a slightly weaker condition
than true faithfulness, see Note[4.3.9]) For example, if H is a Chevalley group
defined over a ring R with 14 = —1g, then we have

00 (L) = 05 (2) (M) = Oy (a) (—A)

for all roots w € @, 6 € Aand all A € R. Thus we cannot read off 7(«, §) from
this specific group H. This example shows that the group H has to be sufficiently
generic, which roughly means that “all twisting phenomena which may arise in
general ®-graded groups can be observed in H”. The only type of twisting which
occurs in Chevalley groups is additive inversion in the ring, so we can only use
Chevalley groups of type ® as a model if this is the only type of twisting which
occurs in all ®-graded groups. This is true for the simply-laced root systems, but
not for the other root systems.

As a more complicated example, consider C3-graded groups. Recall from
Example that there exist C3-graded groups with twisting group A = {+1}?
where the second factor of A represents an involution ¢ of some associative ring (R.
Thus in order to find a suitable parity map #, we need a C3-graded group H in
which all four elements of A act differently on the root groups. Specifically, this
means that the maps idg, —idg, 0 and —c on R have to be pairwise distinct. In
other words, we have to require that 13 # —1x and ¢ # idg (because 0 = —idg
is not possible for a ring involution ¢ unless 13 = —1g).

4.1.24 Note (Existence problem and coordinatisation problem). Recall from
the preface of this thesis that the coordinatisation problem for ®-graded groups
consists of finding a class Cg of algebraic objects such that each ®-graded group
is coordinatised (in a suitable sense) by an object in this class. The existence
problem, on the other hand, consists of finding a ®-graded group Gx which is
coordinatised by X for any object X in C. We have seen in Remark that
our approach to the coordinatisation problem is closely tied to the existence
problem: Before we can coordinatise all ®-graded groups, we have to construct
one sufficiently generic ®-graded group H.

It is interesting to note that the group H does not have to be as generic
as the class Co allows, only generic enough to read off the parity map. For
example, general Cz-graded groups are coordinatised by alternative rings R
with involution which need not be associative (and by some more data which
is irrelevant for this discussion), but the associativity of R plays no role for
the twisting group actions. Thus we can read off the parity map from a group
which is defined over an associative ring. This means that our solution of the
coordinatisation problem is independent of the general solution of the existence
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problem. This will be particularly relevant for F4;-graded groups because no
complete solution of the existence problem is available for these groups, but we
can still construct groups which are generic enough to supply a suitable parity
map.

Finally, we turn to the choice in Construction4.1.16 (1), which causes more
technical problems.

4.1.25 Remark (Construction of the twisting group, part 2). Let «( be the fixed
root in Construction and let u, v be elements of the Weyl group such that
af = af. Then vu~! stabilises ap, which by Proposition means that it is
a product o(B1) - - - 0(B,) where By, ..., B, are roots orthogonal to ag. Thus in
order to understand the difference between the actions of w; and wy, we have to
understand the conjugation action of Weyl elements wg on Uy, for roots p which
are orthogonal to «y.

Our first impulse is to proceed similarly as in Remark [4.1.22; For every root
a, choose a root B(a) which is orthogonal to « and a B(a)-Weyl element @g,
and declare that (some direct factor of) A acts on U, through conjugation by
Wp(x)- However, unlike in Remark this definition is not independent of the
choices of B(a) and @g,), which renders it unfeasible.

Since the well-definition of the “orthogonal twisting actions” causes problems,
we simply take the approach of not defining them at all (for the beginning) and
trying to proceed without them. As a consequence, we split the twisting group
into two parts: one part A which is a twisting group as before, equipped with the
actions from Remark [4.1.23 and one part B which is simply an abstract group
without any actions. This leads to Goal

4.1.26 Goal (Refinement of Goal 4.1.21). Find a twisting group A for G, an
abelian group B and parity maps 7: ® x A = A, yu: & x A — B such that for all

words é and p over AU (—A) with zxg(g) = ag(ﬁ) and u(ag,8) = u(ao, p), we have
Yo = a.(%g)
where a := 1 (xg, 8)7(xo,p) '

4.1.27 Remark (Twisting systems). The tuple (4,7, B, ) in Goal[4.1.26]is called
a partial twisting system for G because only the first part is equipped with twisting
actions on the root groups. See Definition [4.3.18|for a proper definition of partial
twisting system which includes all the necessary technical requirements.

For root system of types A, D, E and H, any pair («, B) of orthogonal roots is
automatically adjacent and thus every f-Weyl element acts trivially on U,. This
will allow us to take B = {1} for these root systems, thereby simplifying the the-
ory. A partial twisting system (A, #, B, i) for which B (and, as a consequence, 1)
is trivial will be called a twisting system. If this is the case, we drop B and y from
the notation and simply refer to (A, 77) as a twisting system.

As soon as we have proven the statement in Goal[4.1.26} we can easily define
an action of B on each root group, thereby turning A x B into a twisting group.
In other words, the statement in Goal allows us to turn the partial twisting
system (A, 1, B, i) into a twisting system (A x B, 5 x ).

4.1.28 Remark (on the proof of [4.1.26). The flexibility of not having to define
an action of B on the root groups from the beginning comes with a price: the
parity map u has to satisfy some additional properties. In general, these prop-
erties are not satisfied for the map 7. This illustrates that the conditions in the
parametrisation theorem are carefully balanced against each other.



4.1. Motivation and Overview of this Chapter 105

The first necessary condition on y is square-invariance, which means that
#(a,60) = 1p foralla € ® and § € A. Together with braid-invariance (see
Remark , this property implies that for all « € ® and all words ¢ over
AU (—A), the value of y(a,6) depends only on ¢(9).

Secondly, we have to require a somewhat technical property called stabiliser
compatibility of G with respect to (17, u) and (ws)sca. This property roughly says that
any u € Weyl(®) which stabilises some root « and which satisfies pi(a, u) = 1p
“behaves tamely”. It is specifically tailored to make a proof of Goal[#.1.26|possible,
so we have to work some more to verify it for each root system ®. In fact, it is
usually the most difficult property to verify because it is not a consequence of the
way the parity map y is defined. See Remark and also Note [4.4.2|for more
technical details. In every case, Proposition[1.3.11]will play a crucial role.

4.1.29 Remark for simply-laced root systems). The simply-laced root
systems have the property that every pair of orthogonal roots is adjacent. Thus
whenever &, B are roots such that 0, (8) = B, the root groups U, and Uz commute
and hence every a-Weyl element acts trivially on Ug. As a consequence, the
property of stabiliser compatibility is trivially satisfied in this situation. See
Lemma for a precise formulation of this statement.

Using this simplification and Shi’s more restrictive definition of root gradings
(2.7.6), Shi proves in [Shi93, (2.11)] that the assertion of Goal#.1.21|holds for the
specific Weyl elements ¢ (@,(14)) in Axiom and for simply-laced root
systems. His proof uses in a significant way that these Weyl elements come from
the homomorphic image of a Steinberg group, which makes it more concise but
less general than our proof of the parametrisation theorem. In particular, the
role of the parity map # (and thus of the sign problem) is not as prominent in
Shi’s work because any ®-graded group in Shi’s sense comes, by definition, with
a family ¢ = (cy8)a,pce of Chevalley structure constants which determine the
parity map. However, the main ideas in Shi’s approach are similar: One has
to understand the action of squares of Weyl elements and the actions of Weyl
elements on orthogonal root groups (which is trivial in the simply-laced setting).

4.1.30 Note (The rank-2 case). Assume that ® is irreducible crystallographic
of rank 2 and choose a positive system IT in ®. Recall that irreducible RGD-
systems of type ® were classified by Tits-Weiss in [TW02]. More precisely, they
classify root group sequences. Here root group sequences are pairs (Ury, (Uy)xerr)
consisting of a group Uy and a family (U )aerr satisfying some axioms. For any
RGD-system (G, (Uy)aew), the pair (Ury, (U )aerr) is a root group sequence, and
any RGD-system is essentially determined by its root group sequence. For more
details, see (8.7), (8.10) and (8.11).

By inspecting the classification of irreducible crystallographic root systems of
rank 2, we see that ® has at most 16 elements, so I'T has at most 8 elements. This
low number of roots allows Tits-Weiss to parametrise the root groups “by hand”,
without using a machinery similar to the one in the parametrisation theorem. The
same is true for [Faul4, 13.7] in which Faulkner parametrises Aj-graded groups.

4.1.31 Remark (Rescaled root bases and type BC). Recall from Notation [4.1.]|
that A is not necessarily a proper root base of ® but only a rescaled root base (in
the sense of Definition . For reduced root systems, there is no difference
between these notions, so we assume that ® = BC,, for some n € IN>3. In the
standard representation of BC,, (see Remark , the standard root base of BC,,
is

N={e—ey|ic[l,n—1}U{e,}
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and the only rescaled non-proper root base which can be obtained by rescaling
Ais
A={e—e1]|ie[l,n—1]}U{2e,}.

The only reason for fixing a rescaled root base is that we want to fix a correspond-
ing system of Weyl elements, so the question is: Should we fix an e,-Weyl element
or a 2e,-Weyl element? Since every 2e,-Weyl element is also an e,-Weyl element,
every statement which can be proven for a fixed A’-system of Weyl elements
can also be proven for a A-system of Weyl elements. However, a A-system of
Weyl elements might allow us to prove more. In other words, if we chose a
A'-system, then we would ignore the information that U} is non-empty for all
long roots. Therefore, we should prefer A over A'. This is the reason why many
statements concerning arbitrary root systems — the preliminaries in chapter|1} the
parametrisation theorem and the blueprint technique — are proven for rescaled
root bases not merely for root bases.

4.1.32 Note. We can now give an overview of the sections in this chapter. In
section 4.2 we introduce and study parity maps. This will be done on a purely
combinatorial level, without reference to any ®-graded group or any action on
root groups. In section 4.3} we define parameter systems, twisting groups and
(partial) twisting systems. In section we study the interplay between the
notions from the previous two sections in the form of compatibility conditions.
The parametrisation theorem is proven in section[4.5 In section 4.6, we collect
some criteria which will be used in later chapters to prove the compatibility
conditions for specific partial twisting systems. In section4.7, we end with some
remarks on how we will apply the parametrisation theorem in the subsequent
chapters.

4.2 Parity Maps

4.2.1 Notation for this section. In this section, ® is a root system and A is a
rescaled root base of ®.

In this section, we study the purely combinatorial notion of parity maps,
without reference to some ®-graded group.

4.2.2 Definition (A-expressions). For any word & = (ay,...,a,,) over AU (—A),
we define the corresponding inverse word by a ! := (—ay,, ..., —a1). For any root
«, a A-expression of « is a word over AU (—A) of the form (§71,6,6) where 6 € A
and ¢ is a word over A U (—A) such that 67) = a.

Note that a A-expression of the root & is automatically a A-expression of the
element o («) in the sense of Definition|1.3.20

4.2.3 Remark. Let G be a group with a ®-pregrading (Uy )aco, let (ws)sen be a
A-system of Weyl elements and let « be a root. Then by Proposition[2.2.6 (b)}, w;
is an a-Weyl element for any A-expression g of a. Further, w;—1 = w; ' for any
word & over A U (—A). Further, note that we have already seen A-expressions in

Proposition[I.3.5

4.2.4 Definition (Parity map). Let A be an abelian group. A A-parity map with
valuesin Aisamapn7: ® x A — A, («,8) — 11,5 = 1(a, ) with the property that
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Na,s = Naas Whenever A is a positive real number such that « and Aa are roots.
Given any such map, we define 17(a, —6) := 17(a”®),§) "1 foralla € ®,5 € A and

m
;7“,5— = Hﬂ(ag(ﬁl"'éi—l)léi) — ;7(0(, 51) . ;7(“0(51),52) N U(“U(ﬁl"'éntfl)lém)
i=1

for any word 6 = (61,...,6,) over AU (—A). We use the convention that 77, 5 =
14 for the empty word &. This defines a map
N: ®@xL(AU(-A)) — A

which we will sometimes call the extended A-parity map. Here L(A U (—A))
denotes the free monoid over the set A U (—A), see Definition When A and
A are clear from the context, we will simply say that # is a parity map.

4.2.5 Example. Assume that ® is crystallographic and reduced. Then we have a
Chevalley parity map 77: ® x & — {£1} from Definition[3.3.10] Its restriction to
® x Ais a A-parity map with values in {£1}.

We begin with some easy consequences of Definition

4.2.6 Remark. Let 5 be a parity map with values in some abelian group A and
leta € ®,6 € A. Then

(2, =6) = (a7, 5)" = y(a,6)"!
This implies that

No(o,-0) = 1(0, )7 (a7, =6) = y(a, )y (a7, 6) 71 =1,

and that, similarly, 7, (55 = 1a. Thus for any word 5 over AU (—A), we
can delete any occurence of (6, —0d) for any 6 € AU (—A) without changing
the value of 7, for any p € ®. In other words, the extended parity map
d x L(AU(—A)) — A defined by 7 factors through a map ® x F(A) — A where
F(A) denotes the free group on A. Further, since 17, (_g) = a5 = 11(27%), —=5) 71,
we see that 77(a, —p) = 77(a?®), p) " holds for all p € AU (—A) (and not merely
forallp € A).

4.2.7 Lemma. Let 1 be a parity map with values in some abelian group A, let o € @ and
let B = (B1,...,Bm) beaword over AU (—A) where m > 1. Then n(a”P), 1) =

1(a, B)~L. In particular, Mot = ’7;51 ifa”B) = q.
Proof. Write B~ = (B,...,By) = (—Bm, ..., —P1). On the one hand,

-1
B <H77(“U(ﬁlmﬁil)r,3i)> = Hﬂ(&g(ﬁl"'ﬁi—l),ﬁi)—l

i=1

3

(with the convention that o(B1 - - - Bi—1) = or i = 1). On the other hand,

p(6e®, 51 = Ty (BB
i=1

Performing the index shift j :== m + 1 — i, we infer that

n(a ﬁv otrFi), —B;).

=1

By Remark we have (a1 ﬁ] —Bj) = (zx” (P11 ,8]) Lforallj €
{1,...,m}, soit follows that 7 (a”P), 1) = y(a, B) " O

(.51"'.Bm+1—i), _ﬁm+1_i).

|
=
=
=
=
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4.2.8 Lemma. Let 1 be a parity map with values in some abelian group A, let o be a root
and let 8, 5 be words over AU (—A) such that a°®) = w. Then Nao®) 5155 = M-

Proof. By induction on the length of p, we can assume that the word p consists of
a single root p € AU (—A). Then

Naoe),(—p,5,0) = Macte),—pMa,6Mac@) p-

Since 7 wo®),—p = Ma, ; Remark4.2.6/and since a7(%) = «, the assertion follows. [

We now define some properties of parity maps that will be needed throughout
this chapter.

4.2.9 Note. Every property X that we define in this chapter will be of the form
“a-X holds for all « € ®” where a-X is another property which is defined for
every root . However, we will only define the properties a-X for those X for
which this terminology will be needed later, and simply define X directly in all
other cases.

4.2.10 Definition. Let A be an abelian group and let 77 be a A-parity map with
values in A.

(a) We say that 7 is trivial if 7,5 = 1 foralla € ® and 6 € A.

(b) For any root y, we say that 1 is y-braid-invariant if for all «, B € A, we have
1(v, Pu(a, B)) = 1(7v, Pu(B,«)) where m denotes the order of 0,05 in the
Weyl group. We say that 7 is braid-invariant if it is y-braid-invariant for all
v € D.

(c) We say that 7 is square-invariant if for alla € ®,6 € A, we have 17,55 = 14.

(d) We say that 1 is Weyl-invariant if it is braid- and square-invariant.

(e) For any root a, we say that 1 satisfies the square formula for a if A = {£1}¥
for some p € Ny and 17,55 = (—1,1,..., 1)<”“‘5> for all § € A. Further, we
say that y satisfies the square formula if it satisfies the square formula for all
LSRR

(f) For any root & € @, we say that 7 is a-adjacency-trivial if for any g € P
such that « is adjacent to f and —p and for any A-expression p of B, we
have 77,5 = 14. We say that 5 is crystallographically a-adjacency-trivial if
the same property holds with “adjacent” replaced by “crystallographically
adjacent”. Further, we say that 7 is (crystallographically) adjacency-trivial if it
is (crystallographically) a-adjacency-trivial for all roots a.

4.2.11 Remark. Recall from Note|1.2.33|that adjacency implies crystallographic
adjacency. It follows that crystallographic adjacency-triviality implies adjacency-
triviality.

4.2.12 Note. Braid-invariance and square-invariance are the most essential prop-
erties in Definition #.2.10} The square formula (which we have already seen, in
a different form, for Chevalley groups in Note is merely a useful tool
for proving square compatibility for groups which satisfy the square formula
for Weyl elements, see Definitions and In a similar way, adjacency-
triviality is merely a tool for proving stabiliser compatibility in certain cases, see
Definition [4.4.5) Proposition [4.6.3) and Lemma Both the square formula and
adjacency-triviality have the useful property that they can be phrased purely in
terms of parity maps, without reference to a specific root graded group. We will
elaborate on this in Note
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4.2.13 Remark (Weyl-invariant parity maps). Let 77 be a square-invariant parity
map with values in some abelian group A. Then foralla € ® and § € A, we have

Na,=6 = Na,—6M o (-0) 55 = Ma,(~6,6,0)"
Applying Remark [4.2.6] we infer that 17, _s = 7], for alla € ® and § € A. Now
assume that 7 is, in addition, braid-invariant (so that it is Weyl-invariant). By the
solution of the word problem in Coxeter groups (Proposition [1.3.16), we then
have that 7, 5 depends only on « and o( B) but not on the representation  of
o(B), which justifies the name “Weyl-invariant”. Thus in this case, we can and
will regard # as a map defined on ® x Weyl(®P).

The notion of transporter sets has not appeared in the motivational section [4.1]
because it is of a rather technical nature. It will become important when we
define twisting actions of the group B in a partial twisting system (A, 7, B, u) on
the root groups. See Remark [4.1.27 for more details.

4.2.14 Definition (Transporter sets). Let A be an abelian group and let # be a
A-parity map with values in A. For any roots &, B which lie in the same orbit
under the Weyl group, the set

Ay asp = {1,506 word over AU (—A) with ¥ =gyc A

is called the transporter set for («, B) with respect to 1. If 7 is clear from the context,
we will usually write A, for A, 4 p.

4.2.15 Remark. Let 7 be a parity map with values in some abelian group A. Then
for all roots a, B, ¥ which lie in the same orbit as « under the Weyl group, we
have A, ,5Ag sy C An—r, A;i}ﬁ = Aggand 14 € Ay, In particular, A, g is
not necessarily a subgroup of A, but A,_,, always is.

In practice, we are only interested in parity maps for which all transporter
sets within any orbit are the same (though different orbits may have different
transporter sets). The following Lemma provides some (seemingly weaker)
criteria from which this property follows. Here we always denote by &, 5 roots
which are prefixed with an existential quantifier and by «, B roots which are
prefixed with a universal quantifier.

4.2.16 Lemma. Let 1 be a parity map with values in some abelian group A and let O be
an orbit of ® under the Weyl group. Then the following properties are equivalent:
(i) There exists & € O such that for all B € O, we have 14 € Az .
(ii) There exists & € O such that for all B € O, we have 14 € Ag_,4.
(iii) There exist &, B € O such that A, _,p is a subgroup of A which contains Ag_, 5 for
all B € O.
(iv) There exist &, 3 € O such that Az pisa subgroup of A which contains A, for
allw, B € O.
(v) Foralla,B,v,6 € O, we have Ay_5 = Ay 5.
Proof. The implications “(v) = (iv) = (iii)” and “(i) <= (ii)” are clear. Now
assume that (iii) holds, and choose &, f as in the assertion. We want to prove (i).
Forall B € O, we have
A&%BAB%ﬁ < A&—>ﬁ
by Remark By assumption, A, _, ; contains A, g. Since it is a subgroup of
A, it also contains Aﬁ_i 5 Thus the inclusion above implies that 14 is contained

in A; g forall B € O, which proves (i).
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Now assume that (i) holds. We want to prove (v). Let & be as in (i). Note that
property (ii) is also satisfied for &, too, because Ag .5 = Al g- Further, for all
B € O, it follows from Remark that

AjsaAasp © Aasp and Az pAp s C Asa-

Since A&%‘B and A‘B%& both contain 1,4, we infer that Ay .3 C A&A,B C Az 4,80
Aaa = Azp forall B € O. In particular, Ay 4 is a group, so Ag .z = Aiiﬁ =

14
Asp = Aaa forall B € O as well. Now for arbitrary B, y, we have
A,B—mA&ay - Aﬁ—w and A&—>/SA/S—>7 C Agqy

where 14 lies in Ag_; and in A 5. By similar arguments as above, it follows
that Az, = Ap,, forall B,y € O. Since we already know that Az, = Az—a,
we conclude that all the groups (Ag_.,)s,,co0 are equal to A; 4. In particular,
they are pairwise equal. This finishes the proof of (v). O

4.2.17 Remark. Note that property is automatically satisfied if A, 5 =
A for some &,B € O. In this case, we have A, ,5 = A foralla,f € O.

4.2.18 Definition (Transporter properties). Let A be an abelian group and let i
be a A-parity map with values in A.

(a) We say that # is complete if Ay, = A for all roots a.

(b) We say that 7 is semi-complete if for all roots «, the group A,—., has a group-
theoretic complement in A. That is, there exists a subgroup C, of A such
that Ay,o NCy = {1} and A,,,Cy = A.

(c) For any orbit O of ® under the Weyl group, we say that 7 is transporter-
invariant on O if it satisfies the equivalent conditions in Lemma [4.2.16for O.
Further, we say that 7 is transporter-invariant if it is transporter-invariant on
all orbits of ®.

4.2.19 Remark. Let 17 be a transporter-invariant A-parity map with values in
some abelian group A and let «, B be roots which lie in the same orbit. Since
Aysp = Ag—sa, it follows from Remark that 14 is contained in A, 4.

4.2.20 Note. Clearly, any complete parity map is also transporter-invariant and
semi-complete. In practice, we would like our parity maps to be complete, but
there will be situations in which this is not the case. We delay an explanation of
this fact until Note[4.3.11} There we will also sketch an alternative approach which
would allow us to only consider complete parity maps, but which introduces
other difficulties.

The notion of semi-completeness is particularly strange. It will be used in
Definition [4.5.9]to construct an action of the group B which appears in a partial
twisting system (A, #, B, u) on each of the root groups. It will be clear how
this action should be defined on the transporter sets B,_,,. The existence of a
complement C, of B,_,, allows us to extend this action to B by simply declaring
that C, acts trivially on all root groups. In all cases that we consider, the twisting
group will be of the form A = {£1}” forsome p € {1,2,3 } and every transporter
set in A will simply be the product of some of the p components of A. In this
situation, it is clear that we can simply choose the complement to be the product
of the remaining components.

We have discussed in Remark that we want to turn a partial twisting
system (A, 1, B, it) into a twisting group A x B with a parity map # x u. To this
end, we briefly state some properties of products of parity maps for later use.
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4.2.21 Notation. Let 77, u be two parity maps with values in some abelian groups
A, B, respectively. Then we denote by X u the parity map

D xA— AxB,(a,8) — (Nap tap)-

4.2.22 Remark. If A, B are two abelian groups and 7] is a parity map with values
in A x B, then there exist unique parity maps #, 4 with values in A, B, respectively,
such that7 =7 x p.

4.2.23 Definition (Independent parity maps). Let A, B be two abelian groups
and let 17, u be parity maps with values in A, B, respectively. The parity maps 7
and y are called independent if (A X B)yxua—sa = Apa—sa X Buasa forall a € ®.

4.2.24 Remark. Let 771,17, be two parity maps with values in respective abelian
groups Aj and A;. Denote by 711 and 71, the canonical projection homomorphisms
from A; x A onto A1 and A;, respectively. Then for all roots «, B which lie in
the same orbit under the Weyl group and for alli € {1,2 }, we have

7Tz'(<A1 X A2)111><112,aﬁ/3) g (Ai)m,zxﬁﬁ-

In particular, if (A X B);xp,u—q contains Ay 4, and By, 4, for all roots a, then 7
and yu are independent.

4.2.25 Lemma. Let 1, i be two parity maps with values in respective abelian groups A
and B, let « be any root and let O be any orbit in P.

(a) For all the following properties, it is true that 1 X u has this property if and
only if n and y both have this property: square-invariance, (x-) braid-invariance,
Weyl-invariance, (crystallographic) (x-) adjacency-triviality.

(b) For all the following properties, it is true that y and y both have this property if
n X u has this property: completeness, transporter-invariance (on O).

Proof. The assertions of (a) are easy to verify. The assertions of (b) follow from

Remark using criterion4.2.16 (i)| to prove transporter-invariance. O

4.3 Parametrisations and Twisting Structures

4.3.1 Notation for this section. In this section, ® is a root system an G is a group
with a ®-pregrading (U, )aco. Further, we fix a rescaled root base A of ® and we
assume that there exists a A-system (w;)scp of Weyl elements in G, which we
also fix.

In this section, we study the interplay of parity maps with root graded groups.
We begin with the notion of parametrisations.

4.3.2 Definition (Parameter system). Write Orb™(®) = (O, ..., Oy) (see Nota-
tion. A parameter system (of type @) is a tuple P = (A, My, ..., M) consisting
of an abelian group A and groups Mj, ..., M such that A acts on each of the
sets My, ..., M. The group A is called the twisting group of # and the actions
of Aon Mjy,..., My are called the twisting actions. Given a parameter system
P = (A, Mj,..., M) and aroot a« € O, we denote by M, the group M;(,) where
i(a) € [1,k] is the unique index such that & € Oj(,).

4.3.3 Note. The root system ® appears in the definition of parameter systems
of type @ only insofar that the number k of groups Mj, ..., My is the number of
indivisible orbits in ®. However, the definition of the groups (M,).ce clearly
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depends on ®. For this reason, we use the terminology of “parameter systems of
type ®”.

Further, observe that we do not require A to act on My, ..., My by group
automorphisms. Thus we need not have a.(xy) = (a.x)(a.y) foralla € A and
x,y in one of the parametrising groups. However, this additional condition will
often be satisfied.

4.3.4 Definition (Parametrisation). Denote by Orb™(®) = (Oy,...,0y) the
tuple of indivisible orbits of @, let # = (A, My, ..., M) be a parameter system
of type ® and let 17 a A-parity map with values in A. A parametrisation of G by &
with respect to 1 and (ws)sep is a family

(9,,(: M, — LLX)

€ Pindiv

such that for all roots & € @4V § € A and all x € M,, we have

Ga(x)wé = 905(&)(7704,5'35)'
If B is a root which is not indivisible and ' is the unique indivisible root in R~(p,
then we define Mg = 9571(11[;/) and 0 := 9/3/|Mﬁ : Mg — Upg. The family (6, )aco
will also be called a parametrisation of G, and the maps in this family are called

the root isomorphisms of G. We will also say that G is parametrised by P with respect
to n and (ws)sea and root isomorphisms (6, )yeco-

See also Note[4.1.10|for a discussion of Definition in the setting of non-
reduced root systems.

4.3.5 Remark. Let everything be as in Definition[4.3.4 Let« € ® and x € M,. It
follows from the equation

O (x)% - 905(0() (’704,5'3()
that

Ou(x) = 9[75(04)(770(,5-x)w5_1'
Replacing a by 0;5(«) and x by 17;6%“)1 5-X, we infer that
By ) (g 57X) = Oa(X)™
Thus
O ()0 = a(x)wEl = 05,(0) (q;{l(a)lé.x) = 0o,(0) (Ma,—5-x).
This implies that for all words é over AU (—A), we have

O (2)" = 6,06 (14,5-%)-

The notion of faithfulness for parameter systems will not be needed during
the actual parametrisation process. However, as discussed in Remark
it is necessary to “read off” a parity map from a root graded group with a
parametrisation.

4.3.6 Definition (Faithfulness with respect to parity maps). Let A be any group
acting on a set M and let 77 be a A-parity map with values in A. For any root «, we
say that the action of A on M is a-faithful with respect to 1, or simply y,,.-faithful if
for all words 4, g over AU (—A) such that 77, 5 and 7,5 act identically on M, we
have 17, 5 = 1ap-

4.3.7 Remark. Equivalently, A acts a-faithfully on M with respect to # if and only
if the subgroup U peo Ay u—p acts faithfully on M where O denotes the orbit of a
in @. If  is transporter-invariant, then Ugco Ayap = Ayaa-
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4.3.8 Definition (Faithfulness for parameter systems). Let # = (A, My, ..., M)
be a parameter system of type ®. We say that # is faithful if A acts faithfully on
all groups My, ..., M. For any A-parity map # with values in A, we say that %
is y-faithful if for all roots , the group A acts a-faithfully with respect to 77 on all
groups My, ..., My.

In practice, we will only consider transporter-invariant parity maps 7 and
n-faithful parameter systems (A, My, ..., My). In this setting, all groups A, ,_p
act faithfully on M, for all «, B in the same orbit and all i € [1,k|.

4.3.9 Note. Let # = (A, My, ..., M) be a parameter system of type ® and let 7 a
A-parity map with values in A. In all practical situations, the map

n: @ x LAU(=A)) = A

will always be surjective because otherwise, we would simply shrink the codo-
main to the image of 7. However, this does not imply that the map

ot LAU(—A)) = A (4.5)

is surjective for all « € ®. This is illustrated by Example[4.3.10} As a consequence,
faithfulness of all twisting actions of A is a stronger property than #-faithfulness
of #. However, y-faithfulness of  is precisely the property that we need to show
that a parity map which is read of from some ®-graded group automatically
satisfies most of the properties that we need (see Lemma [4.4.10).

4.3.10 Example. Let £ be a commutative associative ring and let M be a £-module.
Assume that there exist a £-quadratic form g: M — £ and an element vy € M
with q(vg) = 14, and denote the reflection corresponding to vy by 0y,: M — M.
(We will give precise definitions of quadratic forms and reflections in Defini-
tions [7.1.8/and [7.1.20] but they are actually not relevant for the moment.) Put
A := {£1}? and define actions of A on £ and M by

(e1,€2).a:=¢e1a and (e1,€).0:= {Elv %f =1
€104, (v) ifeg = —1

forall (e1,€2) € A, alla € £ and all v € M. In other words, the first component
of A acts on £ and M by additive inversion while the second component acts
trivially on £ and by oy, on M. Thus the action of A on M is faithful in the generic
case (that is, unless we specifically choose M and vy to satisfy, for example,
0y, = —idpy), but the action of A on £ is never faithful. There is no way to
avoid this in our setup because we need two twisting actions on M but only one
twisting action on £, so there must be a part of A which acts trivially on £.

In section we will construct a Bs-graded group H which is parametrised
by the parameter system & := (A, M, £). Since the action of A on £ is not faithful,
there is no unique parity map n with respect to which H is parametrised: We
can freely choose the second component of 7, 5 for all long roots « and all § € A.
However, we can choose a parity map 1 by declaring that the second component
should always be 1 when it is not uniquely determined. It is not difficult to see
that & is y-faithful for this map 7.

4.3.11 Note. The fact that certain components of the twisting group A might
only act on some of the parametrising groups but not on all of them, as we have
seen in Example is also responsible for the problems in Note If
all components of A acted on all parametrising groups, then the map in
Note [.3.9 would be surjective for all « € ® and thus 7 would be complete. In
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particular, any y-faithful parameter system would be faithful. Since this is not
the case, we have to work with the weaker conditions of semi-completeness and
transporter-invariance that we introduced in Definition

These problems could be avoided by introducing a separate twisting group
Ap for each orbit O of roots (or equivalently, one such twisting group for each
parametrising group). In Example we would have A; = {£1} for the
orbit L of long roots and As = {+1}* for the orbit S of short roots. The action
of Ar on £ would be given by additive inversion while the action of As on M
would be given by additive inversion in the first component and by oy, in the
second component. The advantage of this approach is clear: We have to worry
neither about transporter sets and semi-completeness nor about faithfulness with
respect to 7. However, this not only increases the number of twisting groups that
we have to carry along, but also the number of parity maps 70: O x A — Ap.
Most root systems have two indivisible orbits S and L of short and long roots,
so this would mean that we need twisting groups As, Ay, groups Bs, By, and
parity maps s, ., Us, {1 in order to parametrise the corresponding root graded
groups. This would make our notation rather unwieldy, so we have opted to let
a single twisting group act on all root groups simultaneously.

4.3.12 Remark (Twisted parametrisations). Let # = (A, My, ..., M) be a param-
eter system of type @, let 77 be a A-parity map with values in A and let (0, ), co
be a parametrisation of G by # with respect to # and (w;)sea. Fix an arbitrary
root « and an arbitrary element a € A. Assume that the action of a on M, is
a group endomorphism (and thus an isomorphism). We define a twisted root
isomorphism for U, by

0, : My — Uy, x — 0,(a.x).

The assumption on a assures that 0, is indeed a homomorphism. Further, define

0 := 0 for all roots B distinct from «. Then (6/), <o is also a parametrisation of

G by & with respect to (ws)sca, but the corresponding parity map 7’ is distinct
from 7. Namely, we have
Moo = Aas

forallé € A and

Mhs =a Mg
forall B € ® and § € A such that 05(B) = a. We say that (0),),cq is obtained
from (6.),eo by twisting, and similarly for 5" and 5. More generally, we say that a
parametrisation or a parity map is obtained from another one by twisting if it can
be obtained by a finite number of twistings in the previous sense. It is clear that,
once we have found one parametrisation and a corresponding parity map, we
can construct a large number of different parametrisations and parity maps by
twisting. In Remark [4.5.18) we will show that all parity maps which satisfy the
necessary compatibility conditions for some root graded group G are the same up
to twisting if G is sufficiently generic (which, in more technical terms, translates
to some faithfulness assumptions).

We now turn the the structures which are needed as a stepping stone in the
construction of a parametrisation: twisting groups and (partial) twisting systems.
Since we have already given sufficient motivation in section 4.1, we simply state
their definitions.

4.3.13 Definition (Twisting group). A twisting group for (G, (ws)sea) with respect
to Ais a tuple (A, (wy)acw) With the following properties:
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(i) Aisan abelian group.
(i) For each roota, wy: A x Uy, — Uy, (a,g) — a.g is a group action of A on
the set U,, called the twisting action of A on U,.
(iii) The twisting action on G commutes with conjugation by the fixed set of
Weyl elements and their inverses: Foralla € ®,6 € AU (—A)anda € A,
we have (a.x,)% = a.(xy?) for all x, € U,.
We will usually simply say that A a twisting group for G, leaving the twisting
actions, the root base and the Weyl elements implicit.

4.3.14 Note. In every example that we will see, the twisting action is the conjuga-
tion by some element of G. Thus it would make sense to write it as a right action
instead of as a left action. However, writing it as a left action makes it easier to
distinguish between twisting actions and conjugation by elements in (ws)sca,
as in Axiom Since twisting groups are abelian, this does not make a

formal difference in any way.

The following twisting group will play an important role for every root system
that we consider.

4.3.15 Example. Consider the multiplicative group A := {£1} of order 2 and
define that the non-trivial element of A acts on all root groups by group inversion.
That is, a.x, := x,! for all « € ®, x, € U, and the non-trivial element a €
A\ {1a}. Then A is a twisting group for G. Note that for all « € ®, the twisting
action on U, is compatible with the multiplication on U, (thatis, A acts by group
automorphisms) if and only if U, is abelian.

4.3.16 Note. In every example, property follows from the fact that,
even though the twisting action can be expressed as conjugation by a certain
group element (which is not uniquely determined), it can be defined “naturally”

without makini any choices (see Remark4.1.22). For example, the twisting group

in Example 4.3.15acts by inversion, and it is clear that (x;°)~! = (x;1)%. In
fact, we will always see that property [4.3.13 (iii)]is not only satisfied for the fixed
A-system (ws)scp of Weyl elements but in fact for all Weyl elements. However,
the weaker condition[4.3.13 (iii)] will be sufficient to prove the parametrisation
theorem.

4.3.17 Definition. Let A be a twisting group for G, let ¢ € G and leta € A. For
any root a, we say that g acts on U, by a if ¢ normalises U, and x§ = a.x, for all
Xy € Uy,

4.3.18 Definition (Partial twisting system). A tuple (4,7, B, ) is called a par-
tial twisting system for (G, (ws)sen) with respect to A if it satisfies the following
properties:
(i) A is a twisting group for (G, (ws)sea) and 7 is a parity map with values
in A.
(ii) B is an abelian group and y is a parity map with values in B.
(iii) # is braid-invariant.
(iv) uis Weyl-invariant and semi-complete.

(v) 7 X u is transporter-invariant and 7, p are independent in the sense of
Definitions 4.2.18|and 14.2.23|

We will usually leave the root base A implicit.
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Recall from Lemma 4.2.25 (b)| that, as a consequence of Axiom 4.3.18 (v)| the

parity maps 77 and y in a partial twisting system are transporter-invariant as well.
For root systems of types A, D, E and H, we do not need the generality of
partial twisting systems, so we can work with the following definition.

4.3.19 Definition (Twisting system). A twisting system for (G, (ws)sea) with re-
spect to A is a tuple (A, 77) where A is a twisting group for (G, (ws)sea) and 7 is
a transporter-invariant braid-invariant parity map with values in A. In other
words, it is a tuple (A, 77) such that (A, 7, {1}, («,8) — 1) is a partial twisting
system, which is then called the partial twisting system associated to (A, ).

4.3.20 Example (Parametrisations of Chevalley groups). We briefly investigate
how the notions defined in this section can be used in the context of Chevalley
groups. Assume that @ is crystallographic and reduced. Let (R be a commutative
associative ring, let c = (c4,8)a,pco a family of Chevalley structure constants of
type @ (in the sense of Definition [3.1.17) and let G be a Chevalley group of type
® over R with respect to c. Denote by (Uy).co the root groups of G, by (6,)ca
the root isomorphisms of G and by (w,)xco the standard Weyl elements from
Definition Then the Chevalley parity map

Nn:dxd— A

from Definition induces a A-parity map with values in A := {£+1z}.
Declaring that A acts on all root groups (Uy).ce by inversion, this group is
a twisting group for (G, (ws)sea). Even more, (A,7) is a twisting system for
(G, (ws)sen ). Further, the tuple @ := (A, R, ..., R) is a parameter system of type
®, where R appears |Orb(®)| times in the tuple and A acts on all copies of R by
additive inversion. This parameter system is faithful if and only if 1% # —1g, or
in other words, 2% # O. Finally, by Lemma m (0« )wee is a parametrisation of
G by ® with respect to (ws)sea and 7.

4.4 Compatibility Conditions

4.4.1 Notation for this section. We continue to use Notation [4.3.1]

4.4.2 Note. Until now, all conditions that we imposed on parity maps were
independent of the twisting actions on G, and vice versa. This clean separation
is desirable: We will prove in Lemma and Proposition that every
parity map # which is read off from an example group H automatically has all
the properties that we want, but only with respect to H. For properties which
are phrased purely in terms of parity maps, such as braid-invariance, this is
no restriction. However, the compatibility conditions that we now introduce
relate 77 only to the specific ®-graded group H, so we still have to prove that
arbitrary ®-graded groups (equipped with suitably defined twisting actions) are
compatible with 7. For square compatibility, this is usually easy because in most
cases, the square formula provides a clean separation between the combinatoric
side and the group-theoretic side. Stabiliser compatibility, on the other hand, will
cause more difficulties.

4.4.3 Definition (Square compatibility). Let 77 be a A-parity map with values in
some twisting group A for G. For any root a, we say that G is a-square-compatible
with respect to 17 (and (ws)sea) if for all 6 € A, the element w? acts on Uy by 77,55
Further, we say that G is square-compatible with respect to 11 (and (ws)sea) if it is
a-square-compatible with respect to # (and (ws)sca) for all a € P.
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4.4.4 Definition (Square formula). Let « be a root. We say that G satisfies the
square formula (for Weyl elements) for a if for all roots B, we have x = x§ for all
x, € U, where w is the square of any B-Weyl element and ¢ := (—1)*f). Further,
we say that G satisfies the square formula (for Weyl elements) if it satisfies the square
formula for all roots.

4.4.5 Definition (Stabiliser compatibility). Let 1, i be two A-parity maps with
values in some abelian groups A, B where A is a twisting group for G and u
is Weyl-invariant. For any root & € ®, we say that G is a-stabiliser-compatible
with respect to (17, u) (and (ws)sea) if for all u € Weyl(®) such that p,,, = 15 and
a" = a, there exists a word 6 over AU (—A) such that 05 = u and wj acts on U,
by 1, 5. We say that G is stabiliser-compatible with respect to (1, i) (and (ws)sea) if
it is a-stabiliser-compatible with respect to (7, it) (and (ws)secp) for all « € ®. If
these conditions are satisfied for the trivial parity map p, we will simply say that
G is (a-) stabiliser-compatible with respect to i (and (ws)sep)

4.4.6 Remark. If 7 is a parity map with values in some abelian group A and G is
a-stabiliser-compatible with respect to 7 and (w;)see, then for any abelian group
B and any parity map p with values in B, the group G is a-stabiliser-compatible
with respect to (17, u) and (ws)sen.

4.4.7 Note. Any element u in Definition[4.4.5)can be writtenas u = o'(1) - - - o/(Bx)
for some roots B, . . ., Bx which are all orthogonal to « by Proposition[1.3.11] Thus
one might think that it would be sufficient to require u in Definition to be
of the form o for some root § which is orthogonal to «. However, the condition
in Definitionm is stronger: We could have u = o0, for roots 8,y which are
orthogonal to a such that j, g = 1,3 (s0 that pie,, = 1) but pag # 1 # pay

4.4.8 Note (Admissible partial twisting systems). Both square compatibility and
stabiliser compatibility are needed in the proof of the parametrisation theorem,
so it is tempting to make these conditions part of the definition of partial twisting
systems. Instead we take the following approach: For root systems ® of type B,
C, BC or F, we will later (in the corresponding chapters) define the notions of
“admissible partial twisting systems”, which are partial twisting systems with
some additional properties which are specific to the root system in question. For
example, the isomorphism types of A and B will be prescribed, and also some
specific values of y. We will then show that any ®-graded group is automatically
square-compatible and stabiliser-compatible with respect to an admissible par-
tial twisting system. Hence it makes sense to not require square and stabiliser
compatibility in the definition of partial twisting systems.

4.4.9 Note (Square compatibility with respect to p). Let (A, 7, B, u) be a partial
twisting system for G. Formally, it does not make sense to ask whether G is
square-compatible with respect to 17 X u because there is no action of B given
on the root groups. However, since y is square-invariant, we have y, 55 = 1p
forallx € ® and 6 € A anyway. Thus for any action of B on the root groups, it
follows from the assumption that G is square-compatible with respect to # that it
is square-compatible with respect to 7 x p as well.

As announced in Remark[4.1.23} we want to define the parity maps 77 and p by
reading them of from an example group. More precisely, we will define a parity
map 7] in this way and then use Remark to split it into two parity maps
1, u such that 7 = n x u. The following result states that a parity map which
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is defined in this way automatically has many desirable properties. However,
the restrictions of Note apply. For this reason, only Proposition is
truly useful, whereas Lemma merely serves to illustrate the connection
between some of the concepts we have introduced, and to show that they are
natural conditions.

4.4.10 Lemma. Write Orb™ (®) = (Oy,...,Oy) for the tuple of indivisible orbits in
®. Let P = (A, My, ..., My) be a parameter system of type ® and let i be a A-parity
map with values in A. Assume that there exists a parametrisation (6y)yco of G by P
with respect to y and (ws)sca. For each root o, we define an action w, of A on U, by

1.0, (m) == 6, (a.m) forallm € M,.
Then the following hold:

(1) (A, (wa)nea) is a twisting group for G.
(b) G is square-compatible and stabiliser-compatible with respect to n and (ws)sea-

Proof. For (a), the only non-trivial thing to show is that the twisting actions
commute with conjugation by the fixed Weyl elements. Leta € ®,5 € AU (—A)
and let x, € U,. Leta € A and put m := 6, !(x,). Then

(a.x0)" = (a.0,(m))" = O (a.m)" = 0y, () (Ha,60.m) and

a.(xi") = a.(0a(m)“) = a.0q, (o) (Ha,6:1) = Oy () (Al]a5.11).
Since A is abelian, we conclude that (a.x,)" = a.(x,"), as desired.

For (b), leta € &, € A and x, € U,. Then we have

w3 w W
Xi® = 00 (1) = 05 ) (15-1)™ = O (s () 670a5-11) = O (5.11) = Mo 5-Xe

where m = 0, 1(x,). Thus G is square-compatible. For stabiliser compatibility,
we have to show that for all « € ® and all u € Weyl(®) with a* = a, we can
find a representation 6 of u over A such that ws acts on U, by 7, 5. Since G is
parametrised with respect to 7 and (ws)sea, this actually holds for all representa-
tions 6 of u. O

4.4.11 Proposition. Let everything be as in Lemma[4.4.10)and let a be a root. Assume
that the action of Ay x—a 0n My is a-faithful with respect to . Then the following hold:
(a) 1 is a-adjacency-trivial. If the commutator relations of G are crystallographic, then

n is crystallographically a-adjacency-trivial.

(b) If the family (ws)scna satisfies the braid relations modulo Z(G), then n is a-braid-
invariant.

(c) Assume that G satisfies the square formula for Weyl elements and that A = {£1}F
for some p € N ;. Assume further that (=1,1,...,1) lies in Ay 4o and that it
acts on all parametrising groups My, ..., My be inversion. Then 1 satisfies the
square formula for .

Proof. For (a), let B be a root such that « is adjacent to f and —p and let p be a
A-expression of B. Then ¢ (p) = o(p) and w := w; is a f-Weyl element. By the
assumption on adjacency, it follows that w acts trivially on U,, so that

Ou(m) = 0, (m)” = 6,0) (Hap-m) = 0,06) (Ma,p-1) = Ou(Hap.11)
for all m € M,. Since the action of A on M, is a-faithful with respect to 7,

this implies that 77, ; = 14. Thus 7 is a-adjacency-trivial. The assertion for the
crystallographic case can be proven in the same way.



4.5. Proof of the Parametrisation Theorem 119

For (b), let B,y € A be distinct, denote the order of o0, by 0 and put p =
Py(B,Y), { := Po(7, B). By the braid relation in the Weyl group, we have ¢; = 0z
and we denote this element by ¢. Now for all m € M,, we see that 6, (m)“r =
Ouo (1a,5-m) and 6, (m)“? = Oue (17, z.m). Since (w;)sen satisfies the braid relations
modulo Z(G), these two group elements are equals. We infer that 7,5 and 77, 7
act identically on M,. Since the action of A on M, is 77,,.-faithful by assumption,
it follows that 1745 = 1, 7, S0 77 is a-braid-invariant.

For (c), let 6 € A and pute := (—1)*/®) and w := w2. Let m € M, be arbitrary.
Since G satisfies the square formula for Weyl elements, we have

Ou (1a55-1m) = 0o ()" = Oy (em).
If e = 1, then it follows from the fact that A,—, acts faithfully on M, that

Huos = la. If e = —1, then we see that 17, 55 and (—1,1,...,1) act identically
on M. Since both elements lie in A, it follows that #, s5 = 14 in this case as
well. O

4.5 Proof of the Parametrisation Theorem

4.5.1 Notation for this section. We denote by ® a root system, by G is a group
with a ®-pregrading (Uy)qca, by A a rescaled root base of ®, by (w;)sea a A-
system of Weyl elements in G and by (A, #, B, 4) a partial twisting system for
(G, (ws)sen). We assume that G is square-compatible with respect to 7 and
stabiliser-compatible with respect to (17, #) and that (w;)sca satisfies the braid
relations modulo Z(G). Further, Notation holds from the point where it is
introduced.

Finally, we have gathered all the necessary tools to prove the parametrisation
theorem (Theorem[4.5.16). Our first intermediate goal is Proposition[4.5.6, which

is precisely Goal

4.5.2 Note (Braid relations). If G is a ®-graded group and @ is reduced or
crystallographic, then it automatically satisfies the braid relations for Weyl el-
ements by Theorem However, since the proof of the parametrisation
theorem works without any reference to Axiom we formulate it for
more general groups with a ®-pregrading. Hence we need to make the assump-
tion that (w;)sep satisfies the braid relations modulo Z(G). Note that the braid
relations are only required for this specific system of Weyl elements, not for any
system, and that they are only required to hold modulo Z(G).

4.5.3 Lemma. Let a be a root and let B = (,Bl,...,,[%m), ¥ = (71,--.,7) be two
homotopic words over AU (—A) such that «”P) = & = a°7), Then the following
assertions are equivalent:

(i) wg acts on Uy by 11, .

(ii) wy acts on Uy by 17, 5.

Proof. By induction, we can assume that y and B are either braid-homotopic or
square-homotopic. In the case of braid-homotopy, we have 1, g = 74,5 (because
11 is braid-invariant) and the conjugation actions of wg and w4 on G are identical
(because (ws)seca satisfies the braid relations modulo Z(G)). Hence the assertion
is clear for braid-homotopy. In the case of square-homotopy, we can assume that

F=(Bi,- Bp,6,8,Bps1, -, B
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for some p € [0, m] and some 6 € A. Put

@=B1,....Bp), L= (Bps1,---,Bm) and p:=a’@.
Observe that
n(a,7) = n(a,@)y(p,00)1(p,§) = (e, @)1 (e, $)n(p,86) = 1(a, B)1(p, 6)

and wy = w@w(%wg-. Since G is square-compatible with respect to 77 and the action
of A commutes with conjugation by w; (by Axiom#.3.13 (ii1)), we have

Wx -\ W7 U)@wg ZUE
X' = (’79155'75;%) t= Mp,06-Xa = Np,66-Xa -
Since 1a,y = 1], plp,06, the assertion follows. 0

The following statement allows us to restrict our attention to words over A
(and not over AU (—A)).

4.5.4 Lemma. Let o be a root and let B = (B1,. .., Bm) be a word over AU (—A) such
that a°P) = w. Choose an arbitrary i € [1,m] and put

B = (B1,--- Bi-1,—BiBit1,- -, Bm)
Then the following assertions are equivalent:
(i) wg acts on Uy by 17, 5.
(ii) wg acts on Uy by 17, g

Proof. Note that the word B” := (B4, ..., Bi—1, —Bi, Bi, Bi, Bi+1, - - -, Bm) is square-
homotopic to f. Thus it follows from Lemma that (ii) is equivalent to the
statement “wg, acts on Uy by 77, z.”. However, wg, = wp (because w_g, = wg,_l)
and 77, gv = 11,3 (because of Remark 4.2.6). The assertion follows. O

4.5.5 Lemma. Let « € @ andlet 6 = (61,...,6,) be a word over AU (—A) such that
2’ = a and Uy 5 = 1p. Then wg acts on Uy by 17, 5.

Proof. Since G is stabiliser-compatible with respect to (1, 1), there exists a word
p over AU (—A) such that 0; = 05 and such that w; acts on U, by #,,5. Denote
by ¢’ and &’ the words obtained from g and ¢ by replacing each letter in —A by
its negative. Then 0 = 0; = 05 = 05. Hence it follows from Proposition
that o’ and " are homotopic. (Here we use that ¢’ and ¢’ are words over A and
not over AU (—A). See also Note ) Since wp acts on U, by 77,5, it follows
from Lemma that wy acts on U, by 77, 5. By Lemma this implies that
wg acts on U, by wy. Again by Lemma4.5.4] it follows that w; acts on U, by w;.
This finishes the proof. O

4.5.6 Proposition. Let & € ® and let p = (B1,...,Bm), 7 = (71,...,7) be two
words over AU (—A) such that «”®) = «"() and Hop = May- Puta:=1,z5- 170;%.

Then xy" = (a.x4)"7 for all x, € U,.

Proof. Consider ¥~! = (=7, ..., —71) and § := (B, '). Since us® — g,
we have a® = a. Further, the following hold by Lemma [4.2.7

1(e,8) = (e, By (P, 771 = n(a, By (@7, 571 = e, Byn(a, 1) =1,
w(a,8) = ple, B)p(a®,571) = u(a, BV, 771) = p(a, B)u(a, 1) " = 15,
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It follows from the second equation and Lemma [4.5.5|that w; acts on U, by a, that
is, by n7(a, 7) ~!. Therefore, we have shown that

xzj’;% D=l =,
for all x, € U,. This finishes the proof. O

The following special case of Proposition will often be useful.

4.5.7 Proposition. Let « € ® and let B = (B4 Bm), ¥ = (71,---,7) be two
words over AU (—A) such that a”(F) = 7(7), 17“; = N5 and Jo g = Mo,y Then

wp Ws
Xy = xy" forall x, € U,.

4.5.8 Notation for this section. From now on, we write Orb™ (®) = (Oy, ..., Oy)
and for each root &, we fix a complement C, of B, 4, in B (which exists because
y is semi-complete).

Thanks to Proposition we can now define an action of B on the root
groups. For this, the semi-completeness of u finally becomes relevant.

4.5.9 Definition. Let « € ®. Denote by 77,: B — B,_., the canonical projection
with respect to the decomposition B = B,_,; X C,. We define an action of B
on the set U, by b.x, = x.0 forall b € B and x, € U, where § is any word
over AU (—A) such that a?®) = g, a5 = 1aand p, 5 = 714(b). (This action is
well-defined by Proposmon-and because 77 and y are independent.) If J is
any word with these properties, we say that ¢ induces the action of b on U,.

4.5.10 Remark. Equivalently, we could define the action in Definition by
first defining an action of B,—,, on U, in the same way, but without using 7., and
then declaring that C, acts trivially on U,.

4.5.11 Note. Without the assumption that y is semi-complete, it is not clear that
the action of B,_,, in Definition [£.5.9 can be extended to all of B. Since a different
choice of the complement C, would, in general, yield a different action, we have
fixed the choice of (Cy)4cq in Notation In practice, we will only ever be
interested in the action of elements from B,_,, so this choice of complements is
harmless in practice.

This observation has two interesting consequences: Firstly, instead of declar-
ing that C, acts trivially on U,, we could choose an arbitrary action and the
results of this section would remain true (because these results do not make any
assertions about this action). Secondly, it implies that suitable modifications of
the statements in this section remain true even if u is not semi-complete if we
take care to replace B by B,_,, in appropriate places. However, the assumption of
semi-completeness is satisfied in all practical examples and it simplifies notation,
which is we why we use it.

As anext goal, we want to show that A x B is a twisting group for (G, (ws)sea)

(Proposition 4.5.14).

4.5.12 Lemma. For each « € ®, the action w, of B on U, in Definition is a
well-defined group action. With these actions, (B, (wy)ace) is a twisting group for

(G, (ws)sen)-

Proof. Let o € ®. For every b € B there exists a word 6 which induces the action
of b on U,. To show that this defines a group action, we have to show that
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15.x4 = x4 and biby.x, = by.(by.x,) for all x, € U, and all by, by € B. The first
assertion is clear because the empty word & satisfies yy, 5 = 1p, so that

1p.xy = x4° = x6 = x, forall x, € U,.

For the second assertion, let &1, 5, be two words over A U (—A) such that

DCU—(&) =, 171)6,5_1' = 1A and }1“,51. - na(bi)

foralli € {1,2}. Then the word § := (81, 5,) satisfies

(XU(S) = Q, Nas = 14 and Has = n“(blbz)’

so that e
bibyxy = x4° = (%, 51)20‘52 = by.(b1.x,) forall x, € Uy.

Since B is abelian, we conclude that w, is indeed an action. (In this context, it is
worthwhile to recall Note [4.3.14])

To see that (B, (wa)«eca) is a twisting group for G, it remains to show that the
twisting action is compatible with conjugation by the fixed set of Weyl elements
and their inverses. Leta € ®,6 € AU (—A), x4 € U, and b € B. Choose words
@, over AU (—A) such that @ induces the action of b on U, and { induces the
action of b on U ;). Then
wswg

(b.xy)? = x¥% and  b.(xy?) = x4

and also ) )
1706,(4_) = lA = ]7“0(5),5 and (XU(LU) =N = “U(g)

We now compute that

Na, w6 = Ha,oMa,6 = Na,6/ Na,62 = N6 o) f = a6

Huws = Haohas = Dllas, Hast = MaoMao) f = Haob = Dpas.
Thus 114,05 = Nas0 and U ws = Hase- By an application of Proposition we
conclude that the actions of ws;ws and wswz on U, are identical, as desired. [

4.5.13 Lemma. Let &« € ®. Then the actions of A and B on U, commute. That is,
a.(b.xy) = b.(a.x,) foralla € A, b € Band x, € U,.

Proof. Leta € A, b € B and x, € U,. Choose a word { over AU (—A) which
induces the action of b on U,. Using Axiom we see that

a.(b.xy) = a.xy " = (a.x,)% = b.(a.xy),
as desired. O

4.5.14 Proposition. A X B is a twisting group for G (with the natural action induced
by the actions of A and B) and (A x B,n x u) is a twisting system for G.

Proof. By Lemma the actions of A and B induce a natural action of A X B
on each root group. Since the actions of A and B commute with conjugation by
Weyl elements, so does the action of A x B. Thus A x B is indeed a twisting
group for G. Further, it is clear that 17 X p is braid-invariant (because both # and

y are, see Lemmaf4.2.25 (a)) and transporter-invariant (by Axiom4.3.18 (v)), so

(A x B,n x p) is a twisting system for G. [

4.5.15 Notation. We define 77 := 17 X p.
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4.5.16 Theorem (Parametrisation theorem). There exist a parameter system P =

(A x B,M;, ..., M) of type ® (in the sense of Definition whose twisting group

is A x B and a parametrisation (6,: My — Uy)neca of G by P with respect to ij and

(ws)sen (in the sense of Definition such that for all roots «, the twisting action of

A x B on M, is compatible with the twisting action of A X B on U,, meaning that
c.0,(m) = 6, (c.m)

forallc € A x Bandallm € M,.

Proof. For the whole proof, we fix an arbitrary i € [1,k]. Choose an arbitrary root
a; € O;, a group M; which is isomorphic to U,, and an isomorphism 0,,: M; —
U,,. For each g € O;, we define an isomorphism
Gﬁ: M; — Uﬁ,x — Gai(x)w“’
where @ is any word over A U (—A) such that
IX?((D) =B and Moo = (1A/ 13).

Since 7] is transporter-invariant, such a word @ exists by Remark [£.2.19] Further,
we know from Proposition[4.5.7 that 65 does not depend on the choice of @. Thus
0p is well-defined.

Now we define an action of A x B on M; by c.x = 6, '(c.0,,(x)) for all
c € Ax Band x € M;, so that 6,,(c.x) = c.0,(x). By definition, this action is
compatible with the twisting action of A. Since A x B is a twisting group for G,
it follows for all B € O; that

0p(c.x) = 04, (c.x)™5 = (c.04,(x))™" = .04, (x)“% = c.05(x)

forall x € M; and ¢ € A x B, where § is an arbitrary word over AU (—A) such
that 65(y) = 604, (y)™? for ally € M;. Thus the action of A x B on M; is compatible
with all root isomorphisms (64)geo;-

Now let B € O;, 6 € Aand x € M;. We want to show that 65(x)" = 6. (c.x)
where 7 := ¥ and ¢ := 7g. By its definition, c lies in (A x B)g_,,, so it also
lies in (A X B),—, because 7 is transporter-invariant. Thus there exists a word @
over AU (—A) such that

(v, @)=c and 7@ =1
Further, by Remark there also exists a word  over A U (—A) such that
7i(a;, ) = (14,13) and tx?@ = B.
By their respective definitions, these words satisfy
c.0,(x) =0,(c.x) =0, (x)" and 6, (x)"7 = Op(x). (4.6)

Further

filwi, Go0™1) = 71w, O (B, )77 (7, @) = eff (v
=cc !t = (14,13).

By the definition of 6., it follows that w = wgw(swgl satisfies 6, (x)¥ = 6, (x).
Therefore,

By (x)" = b, (x)“5".
Applying both equations in (4.6), we infer that
97(C.X) = Gﬁ(X>W5/
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which finishes the proof. O

4.5.17 Remark. It is clear from the first lines of the proof that the statement
of Theorem can be slightly strengthened: For all i € [1,k] choose a root
«; € O;, a group M; which is isomorphic to U, and an isomorphism 6,,: M; —
U,,. Then there exist an action of A x B on each of the sets M, ..., M and a
family of isomorphisms (0y)sce extending (6, );c(14 such that the assertions
in Theorem hold. In other words, whenever we can construct multiple
parametrisations of a group (for different parity maps, for example), we can
always arrange it so that they are parametrised by the same groups Mjy, ..., M.
This technical observation will be useful in the parametrisation of F;-graded
groups, in which we will parametrise certain B3- and Cz-graded subgroups and
then consider their “overlap”.

The following remark says that different choices of parity maps yield the
same parametrisations up to twisting.

4.5.18 Remark. We briefly consider what changes when we choose another
pair i1/, u' of A-parity maps with values in A and B, respectively. Assume that
(A, 7', B, i) satisfies the same assumptions as (A, 17, B, ) in Notation[4.5.1} Specif-
ically, this means that (A, 7, B, i’) is a partial twisting system for (G, (ws)sca)
and that G is square-compatible with respect to 7" and stabiliser-compatible with
respect to (1, ). Assume further that Buu—sa = By for all roots &, and
choose the same complement C, of these groups in B.
The parametrisation theorem yields two parameter systems

P =(AXB,M,...,My) and % =(AxB,M)|,...,M})

of type @ and corresponding parametrisations (6y)yce and (0} )qca of G with
respect to (ws)sea and 7 X p or ' x p’, respectively. For each i € [1, k], we fix a
root ; € O;. Using Remark we can assume that M; = M; and 6,, = 0, for
all i € [1,k]. However, observe that the parameter systems % and %’ are not the
same because the actions of A x B on Mj, ..., My may be different. We solve this
notational issue by writing w;(c, x) for the action of # and w/(c, x) for the action
of #', wherei € [1,k],x € Myandc € A X B.

We begin by comparing the different twisting actions. Fix i € [1, k] for the
scope of this paragraph. For alla € A, we have

07 (wi(a,x)) = a.0,,(x) = b, (wi(a, x))
for all x € M; because the twisting action of A on U, is fixed. It follows that the
two actions of A on M; are identical. Now let b € By, 4,4, = By 0,54, and choose
aword é over AU (—A) such that ¢(J) stabilises a; and such that (17 x )’ 5 =b.
Then
0% (wh(b, %)) = 00, (1) = B4, (5 = O (i (7 1))
= 00, (wi((n X )y, 50, %))

for all x € M;. We conclude that, while the actions w;(b, - ) and wi(b, - ) for
individual elements b might be distinct, each action w;(b, - ) can be expressed as
wi(b', -) for some b’ € B. In fact, it is not difficult to show that the map b — V'
is an automorphism of the group By, 4,—4;- By choosing the same complement
Cy for By a;—a; and By s, s, in Definition we can extend b — b’ to an

automorphism of B which still has the property that w;(b, - ) = w!(¥’, - ) for all
b € B.
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We now compare the different root isomorphisms. Again, let i € [1,k] be
arbitrary. Let  be any root in O; and let § be a word over A U (—A) such that
0(6) maps w; to B. Since 6,, = 6}, we then have

O (wi((n' X 1)a,5, %)) = 05, (%)"5 = 00, (x)"5 = 6 (wi((7 X )5 %))
for all x € M;. Using the conclusion of the previous paragraph, it follows that
there exists c € A x B such that

05(x) = 05 (wi(c, x))
for all x € M;. We conclude that (6/,),ce can be obtained from (6,),co by
twisting (in the sense of Remark 4.3.12). Observe that c automatically has the
property that wj(c, - ) is a group automorphism of M; because both 65 and 9;3 are
homomorphismes.

Finally, assume in addition that % is (5 x u)-faithful and %’ is (4" x p’)-
faithful. (By the previous observations, this is already true if it holds for one of
the parameter systems.) Since then 1 x y and ' x y’ are determined by their
corresponding parametrisations (6, ),ce and (67 ),co, it follows that 7" x 3’ can
be obtained from 77 x u by twisting as well.

4.5.19 Note. In all examples of root graded groups of rank at least 3, the group B is
{+£1} or trivial. It follows that the automorphism B — B,b — b’ in Remark4.5.18]
must be the identity map. In an imaginary example where B is of the form {£1}?,
it would however be possible that b — b’ interchanges some components of B.

4.5.20 Note. A consequence of Remark is that the specific choice of the
parity maps 77 and y is ultimately not relevant. Thus there is no harm in choosing
explicit parity maps 17¢ and pe during the parametrisation process of ®-graded
groups. The reader who prefers a different choice of parity maps 7}, and p}, does
not have to repeat all our proofs: Instead, they can simply take our parametri-
sation (6, )yce (Which respects ¢ and ip) and twist it appropriately to obtain a
parametrisation (6}, ),co with respect to 77, and .

4.6 Criteria for the Compatibility Conditions

4.6.1 Notation for this section. We denote by ® an arbitrary root system, by A
a rescaled root base of @, by G a group with a ®-pregrading (Uy,).ce and by
(ws)sen a A-system of Weyl elements in G.

In this chapter, we collect some criteria which will be used to prove the com-
patibility conditions in the parametrisation theorem. We begin with a criterion
for square compatibility. Surprisingly, it will be applicable in many situations,
and similar ideas work in all remaining situations.

4.6.2 Lemma. Let A := {£1}" be a twisting group for (G, (ws)sea) for some n € N
and assume that the first component of A acts on all root groups by inversion. Let «
be any root and let i be a A-parity map with values in A. Assume that both 17 and G
satisfy the square formula for a. Then G is a-square compatible with respect to n (and
any A-system of Weyl elements).

Proof. Letd € A, setw = w? for some 6-Weyl element w; and put e := (—1)*/).

Then x = x{ for all x, € U, because G satisfies the square formula for « and
Nuss = (€,1,...,1) because 7 satisfies the square formula for «. It follows that w
acts on U, by 1, 55, as desired. O
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The following result is the main criterion for stabiliser compatibility. It is very
general and can be applied for all root systems. However, it is unnecessarily
complicated in many situations, which is why we state a simpler, less general
version in Lemma[4.6.4l We use Convention [2.3.5to formulate both assertions.

4.6.3 Proposition. Assume that G has (crystallographic) ®-commutator relations with
root groups (Uy)aca. Let A be a twisting group for G, let i be a (crystallographically)
adjacency-trivial parity map with values in A such that G is square-compatible with
respect to 17 and (ws)sep and let u be a Weyl-invariant parity map with values in the
abelian group B = {+1p}. Fix a root « and define the following sets:

O={pecd|a-p=0},
A = { B € O|uis (crystallographically) adjacent to p and — B },
= { B € O|w is (crystallographically) adjacent to B }

A =0\ A.
Assume that we have i, o) = 1p forall p € A and p, 55y = —1p forall p € A.
Assume further that for all A-positive roots B, B’ € A, there exist words 6,6 over
AU (=A) such that 0(8) = o(B), 0(8') = 0(B'), .5 = a5 and such that ws and
wg act identically on U,. Then G is a-stabiliser-compatible with respect to (17, u) and
(ws)sea-
Proof. Let u € Weyl(®) such that a* = « and p,, = 1p. By Proposition|1.3.11
there exist p1,...,0r € O such that u = 0, -+ 0p,. Since 0, = o, for all
i € [1,n], we can choose p1, . .., o so that all of them are A-positive. At first, we
only consider the special case that all roots py, . . ., ok lie in A. We will show that
for each i € [1,k|, there exists a word &' over A U (—A) such that o(6') = o(p;)
and such that w5 acts on U, by 77, 5. 5. By the assumption on the map p, we
have

1B—,utxu_,u(x(7p1 H.utxap, 1B)k1

which implies that k is even. For alli € [1,k/2], we can now by assumption
choose words 5%, 5% over AU (—A) such that

o() =0loai-1),  o(6*) =0lpa), Mgt = o
and such that w1 and ws: act identically on Uy,. Then wy .. 5 and Hf/ (521 act
identically on U,. Since G is square-compatible with respect to 7, it follows that
ws...5 acts on U, by HZ? W 5252 - Since No 521 = My i and ngi(oc) =0 = Opi1 (1x)
foralli € [1,k/2], we also have that
k/2 k/2 k/2

H’?a 52ig2i = H’?a 52l 52i = H’h 5211y 52i = H’?a 5i = My, b1...5k-

It follows that wj.. 5 acts on U, by 77, 51...5¢, as de51red.
Now we consider the general case. Leti(1),...,i(n),j(1),...,j(m) be pairwise
distinct indices from [1, k] such that

{pelLklppeca}={id),...,in)}, i(1) <---<i(n),
{pelLilpoyca}t={j),....j(m)}, jA) <--- < jim).
Put u' == o (pjn)) - - - 0(Pj(m))- By the assumption on y, we have Hao(py,y) = 1B

for all p € [1,n], and thus py,,» = pau = 1. Hence by the conclusion of the
previous paragraph, we can for each p € [1,m] find a word 67 over AU (—A)
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such that 0(6”) = o(pj()) and such that wz . s acts on Uy by 1, 51...5n. For every
p € [1,n], we choose an arbitrary A-expression {* of p;(,). For each g € [1, k], we
can now define ¢7 := 6" if g = j(p) for some p € [1,m] and &7 := {7 if g = i(p)
for some p € [1,n]. Note that for each p € [1,n], we have 7, 7 = 14 because 7 is
(crystallographically) adjacency-trivial and we also have that w, acts trivially on
Uy because it is a p;(,-Weyl element and p;(, lies in A. This implies that ws .. a
and wz...5» act identically on U, and that 17, &1,z = 77, 51..5n. We conclude that
wa..z acts on U, by N8, as desired. O

In the following result, we consider the special case that 4 is empty. In this
situation, we can easily drop the assumptions on the parity map y. Again, we
use Convention

4.6.4 Lemma. Assume that G has (crystallographic) ®-commutator relations with root
groups (Uy)wew. Let 17 be a A-parity map with values in some twisting group A for
(G, (ws)sen) and let & € . Put

AWV = {5" |6 € A u € Weyl(®) }.

Assume that 1 is (crystallographically) a-adjacency-trivial and that any root in AW which
is orthogonal to « is also (crystallographically) adjacent to «. Then G is x-stabiliser-
compatible with respect to 1.

Proof. Let u be an element of the Weyl group of ® such that a* = a. Then by
Proposition there exist roots B, ..., B € ® which are all orthogonal to
a such that u = o0, - - - 0,,. For the rest of this paragraph, we fix an arbitrary
i € [1,m]. Applying Proposition we can find a A-expression g’ of Ap
for some A € R.p. By Remark Wi is a AB;-Weyl element. Since A[ﬂi
has a A-expression, it lies in AW and it is orthogonal to a because ,Bi is. The
same assertions hold for —AB’. Thus it follows from our assumptions that «
is (crystallographically) adjacent to Af; and —Ap;. Hence w; centralises U,.
Further, 77, 5 = 14 because 7 is a-adjacency-trivial. We conclude that w; acts on
U,X by ﬂa,ﬁi.

It follows from the conclusion of the previous paragraph that w; acts on U,
by 7.5 where p == (p',...,p™). Since u = Opy 0B, = Op1 =+ Opgn = 0p, Plisa
representation of u. The assertion follows. O

4.6.5 Remark. If ® is reduced, then the set A" in Lemma is the whole root
system by Proposition[I.3.5 In contrast, assume now that & is the non-reduced
root system BC, in standard representation for some n > 2 and that A is the
standard rescaled root base of BC,,. (We will formally define these objects in
Remark but we have already seen A in Remark ) Then AW consists of
all roots which are long or of medium length. Let a be an short root. Then « does
indeed have the property that any root 8 in A" which is orthogonal to a must be
crystallographically adjacent to a. This conclusion does not hold if B is short: For
example, the roots a := e; and 8 = e; are orthogonal but not crystallographically
adjacent.

4.7 Remarks on the General Strategy

As we have emphasised before, the parametrisation theorem allows us to ap-
proach ®-graded groups for different root systems ® in a uniform way. For this
reason, chapters|5/and 7| to [L0|all follow a common outline. In this section, we
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describe this outline. We always denote by @ the specific root system which is
studied in the corresponding chapter (or one of these root systems if there are
multiple).

4.7.1 The parametrising algebraic structures. Each of the aforementioned chap-
ters begins with an investigation of the algebraic structures that coordinatise
®-graded groups. Most of the time, these are well-known structures with a
highly developed underlying theory. We confine ourselves to covering the basics
of these theories, though we will sometimes go beyond what is strictly neces-
sary for our purposes. In the case of root gradings of type (B)C, the algebraic
structures in question are so involved that they are covered in a separate chapter.
For each algebraic structure, we define a standard parameter system, which
is a parameter system in the sense of Definition We will show that every
d-graded group can be parametrised by a parameter system of this form.

4.7.2 The root system. As a next step, we study the combinatorial properties of
®. We will give a standard representation of ®, that is, a specific description of
the roots as linear combinations of an orthonormal basis of a Euclidean space.
Using this representation, we can easily compute the Cartan integers, which
will later allow us to prove the square formula for Weyl elements in ®-graded
groups (in most cases). Further, we will prove some minor lemmas concerning
the relationship between arbitrary roots a and p.

4.7.3 Construction of a generic example. Before we turn to the investigation
of arbitrary ®-graded groups, we construct examples of such groups. In these
examples, we will see the commutator relations that we ultimately want to estab-
lish in every ®-graded group. Further, we will also see the standard parameter
system from in action.

Ideally, we would construct a ®-graded group for any object in the class
of algebraic structures which were studied in However, we will restrict
ourselves to certain special cases whenever a general construction would be much
more complicated. In some cases, it is even true that no general construction is
known. Yet, the groups that we construct will be sufficiently generic (in the sense
of Remark [4.1.23) to yield adequate parity maps. These parity maps will later be
used in the parametrisation of ®-graded groups.

4.7.4 Computations in ®-graded groups. As a next step, we study the action
of Weyl elements in ®-graded groups on the root groups, independently of
any choice of a parity map. These results form the mathematical core of the
study of ®-graded groups for any specific root system ®. Our goal is to obtain
some fundamental results which will later be used to prove the compatibility
conditions which appear in the parametrisation theorem. This means that we
have to investigate the actions of squares of Weyl elements on all root groups and
the action of f-Weyl elements on any root group which is orthogonal to 8. Further,
we will give alternative proofs of the braid relations that were established in
Theorem

In order to prove the aforementioned statements, we need two computational
tools. At first, we investigate how the commutator maps [ -, - |, behave under
products in the first and second argument. We will see that these maps are always
additive or, in a loose sense, “quadratic” in each argument, which is precisely the
behaviour that we have seen in the commutator relations in[4.7.3] Secondly, we
need the formulas from Proposition[2.2.10] Using the identities from the previous
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step, we will give alternative, more explicit proofs of these formulas for each root
system.

With these tools in hand, we can approach the problems from the first para-
graph. While all computations in the previous paragraph take place in root
graded subgroups of rank 2, we will now have to use the rank-3 assumptions in
a few places. However, some partial results still hold in the rank-2 situation, and
we will prove as much as we can in this generality.

4.7.5 Standard signs in ®-graded groups. We say that a ®-pregrading is coor-
dinatised with standard signs if there exist an algebraic structure as in and
root isomorphisms which satisfy the precise commutator relations of the example
in[4.7.3| (or a suitable generalisation of these relations). The terminology is due
to the fact that the signs in these relations are not canonically determined, as we
have seen in Remark Thus we (somewhat arbitrarily) declare that the signs
which occur in[4.7.3]are the “standard ones”. Using the parity maps from
our goal is to show that every ®-graded group is coordinatised with standard
signs.

Note that the notion of coordinatisations with standard signs is defined for
arbitrary pregradings. It is clear that any pregrading which is coordinatised in
this way automatically has (crystallographic) ®-commutator relations, but the
existence of Weyl elements is not obvious. However, we can use our specific
knowledge of the commutator relations to show that any element of the coordi-
natising structure which is invertible (in a suitable sense) induces a Weyl element,
and that every Weyl element is of this form. Thus any ®-pregrading which has a
coordinatisation with standard signs is automatically a ®-grading, except that

the validity of Axiom is not clear.

4.7.6 Note (On the choice of a parity map). After working with parity maps in
a purely abstract way for the whole chapter, it might seem disappointing that
we ultimately prove our coordinatisation theorems only for a specific choice
of standard signs and not in a more abstract way. However, observe that as
soon as we have established the existence of one coordinatisation 6 = (6, )yco
(with standard signs), we can easily twist 6 (as in Remark to obtain
coordinatisations of the same group with non-standard signs. By Remark [4.5.18}
essentially every coordinatisation can be obtained in this way. Thus it is not a
serious restriction to only consider standard signs. See also Note

4.7.7 Admissible partial twisting systems and the parametrisation of ®-graded
groups. Recall that the parametrisation theorem starts from a partial twisting
system (A, 7, B, u) and a ®-graded group G which satisfies some compatibility
conditions. It is clear that these compatibility conditions impose some restrictions
on the partial twisting system, so not every imaginable partial twisting system
can be used to parametrise ®-graded groups. A ®-admissible partial twisting system
is, by definition, an admissible partial twisting which satisfies some additional
conditions which depend on ®. These conditions are, unlike the compatibility
conditions, easy to verify if the parity maps 77 and u are explicitly given.

The standard partial twisting system (of type ®) is defined to be the partial
twisting system (A, 17, B, 1) that we see in[4.7.3) except that we “forget” the actions
of B on the root groups. We will show that the standard partial twisting system
of type @ is ®-admissible. Further, we will prove that every ®-graded group G
satisfies the compatibility conditions with respect to any ®-admissible partial
twisting system. As a consequence, we can apply the parametrisation theorem to
G and its standard partial twisting system, which yields a parametrisation of G.
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4.7.8 Note (Admissible partial twisting systems). We could in principle work
without the abstract notion of admissible partial twisting systems: It would be
sufficient to simply show that the standard partial twisting system satisfies all
compatibility conditions with respect to any ®-graded group. However, this
would not simplify our proofs in a significant way: We would still, as a first step,
show that the standard partial twisting system has some properties (which are
exactly the axioms of admissible partial twisting systems) and then, as a second
step, use only these properties to prove the compatibility conditions.

4.7.9 Note (Standard signs and twisting systems for simply-laced groups).
Our approach to standard signs and standard (partial) twisting systems for the
simply-laced root graded groups will be slightly different than described in[4.7.5]
and The reason for this is essentially that we want to cover types A, D and
E at the same time, so we cannot use a single explicit standard twisting system
or a single explicit set of standard signs. We will elaborate on this in sections

and (.6

4.7.10 Blueprint computations. As a final step, we apply the blueprint technique
to compute the commutator relations with respect to the chosen parametrisation.
We will elaborate on this in chapter|f] For these computations, it will be crucial
that the signs in our parametrisation are explicitly given. We emphasise that there
is nothing specific about the standard signs that makes the blueprint computation
work: The only relevant fact is that we make some explicit choice of signs.



Chapter 5

Root Gradings of Simply-laced
Type

In this chapter, we begin our investigation of ®-graded groups for specific root
systems ® with the case that ® is simply-laced (that is, of type A, D or E) and of
rank at least 2. The main result of this section is Theorem [5.7.14 Every ®-graded
group is coordinatised by a ring which must be associative if ® is of rank at
least 3 and commutative if @ is of type D or E. It turns out that, after our hard
work to establish the parametrisation theorem, there is actually not much left to
do to prove this. We can even carry out the complete coordinatisation of these
groups without using the blueprint technique.

The coordinatisation result of this section has already been proven by Shi in
[Shi93]], but for a more restrictive definition of root gradings. (See also section )
Hence our results are more general than Shi’s, though many of the arguments
are the same. The main additional difficulty in our generality is the sign problem
in the sense of Remark[4.1.23) which we solve using the parametrisation theorem.
A corollary of our coordinatisation result is that every simply laced root graded
group in our sense is also a root graded group in Shi’s sense. Thus the two
notions of root gradings are actually equivalent, but this is a non-trivial fact.

This chapter is organised in the way described in section[4.7} We begin with a
brief introduction to nonassociative rings. In the following section, we study some
purely combinatorial properties of the simply-laced root systems and compute
the Cartan integers for these root systems. In section 5.3} we discuss the existence
problem for simply-laced root graded groups. The main mathematical work of
this chapter happens in section 5.4 We prove that ®-graded groups satisfy the
square formula for Weyl elements. In sections [5.5/and we introduce standard
twisting systems and standard signs for root graded groups, respectively. Further,
we show that every ring which coordinatises a ®-graded group (with standard
signs) must be associative if ® is of rank at least 3 and commutative if ® is, in
addition, of type D or E. In section we carry out the coordinatisation of
simply-laced root graded groups.

5.1 Nonassociative Rings

One of our first actions in this thesis was to announce the frightening Conven-
tion that rings are not assumed to be associative. We will sometimes call
these objects “nonassociative rings” to emphasise this convention. In this section,
we introduce the most basic notions which are relevant in the theory of nonas-



132 5. Root Gradings of Simply-laced Type

sociative rings. Technically, only the definition of these objects is needed in this
chapter, but it seems prudent to go a bit beyond that. Some of the results in this
section will only be needed in later chapters.

Of particular interest to us are rings which satisfy the so-called alternative
laws, and which are called alternative rings. While we can merely show that
every Ap-graded group is coordinatised by a nonassociative ring with no further
properties, all known examples of rings which appear as coordinatising rings of
Aj-graded groups are in fact alternative. See section for a few more details.
However, since we do not need the notion of alternative rings until we investigate
root graded groups of type (B)C in chapter [0} we delay their introduction until
section[8.21

A standard reference for most of the material in this section is [Sch66].

5.1.1 Definition (Ring). A ring is a triple (R, +,-) consisting of a set R and two
binary operations
4+, RXR—>R
such that the following conditions are satisfied:
(i) (R,+) is an abelian group.
(ii) There exists an element 13 € R suchthatlg - x = x = x - 14 forall x € R.
(iii) The distributive laws are satisfied. That is,

(x+y)-z=(x-2)+({y-2z) and x-(y+z)=(xy)+(x 2
forall x,y,z € R.

A subring of R is a subset of (R which is closed under addition, additive inversion
and multiplication and which contains 1. An ideal of R is a subgroup I of (R, +)
such thatax € Iand xa € [ foralla € Rand x € I.

5.1.2 Definition (Homomorphism of rings). Let R, & be two rings. A map
f: R — &8 is called a homomorphism of rings if it preserves addition and multipli-
cation and f(1g) = 1g.

5.1.3 Notation for this section. For the rest of this section, (R, +, -) is a ring.

5.1.4 Notation. The neutral element of the group (R, +) will always be denoted
by Oz and the identity element from Axiom will always be denoted by
1%. Further, we will often leave out the multiplication dot.

5.1.5 Remark. For any ideal I of R, the quotient R /I has a canonical ring struc-
ture, as in the associative setting.

The standard parameter system for a ring can be defined immediately.

5.1.6 Definition (Standard parameter system). Put A := {£1} and declare that
A acts on (R, +) by inversion. That is, we put 14.7 :=r and —14.r := —r. Then
the pair (A, R) is called the standard parameter system for R.

It is a well-established fact that the commutator is a useful tool for studying
noncommutative structures. Naturally, we can apply the same idea to nonasso-
ciative structures.

5.1.7 Definition (Associator). The associator map or simply the associator is defined

by
RXRXR—R,(a,b,c)—ab,c|:=(ab)c—a(bc).
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A ring element of the form [x,y,z] for some x,y,z € R will also be called an
associator. For any subsets A, B, C of R, we denote by [A, B, C] the ideal which is
generated by { [a,b,c]|a € A,b € B,c € C}.

By the distributive laws, the associator map is additive in each component.
Many of the additional properties which can be imposed on rings, such as the
alternative laws, can be phrased in terms of vanishing of certain associators. We
will get back to this in Definition[8.2.2}

5.1.8 Remark. Clearly, R/[R, R, R] is an associative ring, and any ideal I for
which R/ is associative contains [R, R, R].

It is well-known that any associative ring has a center, which is itself an
associative commutative ring. We can define a similar object for nonassociative
rings, called the nucleus, but here the definition is a bit more delicate because
we have to distinguish between left, middle and right nucleus. We will see in
Remark [8.2.8|that this distinction is superfluous for alternative rings.

5.1.9 Definition (Nucleus and center). We define the following subsets of R,
called the left nucleus, middle nucleus and right nucleus:

LNucl(R) :={x € R|[x,y,z] =0forally,ze R},

MNucl(R) :={y € R|[x,y,z] =0forallx,z € R },

RNucl(R) :={ze R|[x,y,z] =0forallx,y € R }.
Further, we define the nucleus of R by

Nucl(R) := LNucl(R) N MNucl(®R) N RNucl(R).
Finally, the center of R is
Z(R) ={x e Nuc(R)|xy =yxforallx,y € R } C Nucl(R).

5.1.10 Remark ([Sch66, p. 13]). By the distributive laws, all the nuclei defined

in are closed under addition and additive inverse. Less obviously, they are
also closed under multiplication: Let x, x’,y,z € R. If x,x" € LNucl R, then

((xx)y)z = (x(x'y))z = x((x'y)z) = x(¥'(y2)) = (xx)(y2),
so xx’ € LNucl(R). If x, x € MNucl(R), then
(y(xx"))z = ((yx)x')z = (yx) (+' ) y(x(x'2)) =y((xx")z),
so xx" € MNucl(R). If x, x" € RNucl(R), th
(y2) (xx) = ((y2)x)x" = (y(ZX))x = y((zx)x')
so xx" € RNucl(R). Further, the center of R has the same properties because
(xx)y = x(xy) = x(yx) = (xy)x’ = (yx)x" = y(xx')

forall x,x’ € Z(R) and y € R. Since 14 is clearly contained in the center of R, it
follows that all the sets defined in are subrings of R.

5.1.11 Remark (I[McC04, 21.2.1]). Since nuclear elements, in the words of Mc-
Crimmon, “slip in and out of parentheses”, we have

nlx,y,2) = [nx,v,2], [, y,2] = [x,ny,2],

[x,yn,z] = [x,y,nz], [x,y,zn] = [x,y,z]n
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forall x,y,z € R and all n € Nucl(R). For example,

nlx,y, 2] = n((xy)z) —n(x(yz)) = (n(xy))z — (nx)(yz)
= ((nx)y)z - (n2)(y2) = [nx,y,7].
In Lemma|8.2.12, we will see stronger versions of these formulas for alternative
rings .

In an associative ring, an element a is called invertible if there exists b € R
such that ab = ba = 14. We could make the same definition for nonassociative
rings, but the resulting notion of invertibility is not satisfactory. To see why,
assume that we have ring elements a, x, y such that ax = y. If a is invertible with
inverse b and the ring is associative, then we can multiply by b from the left to
obtain

by = b(ax) = (ba)x = x.

Clearly, this computation relies on the associativity law. Thus, if we want that
ax = y implies x = by, we need to strengthen our assumptions.

5.1.12 Definition (Invertibility, [Faul4, p. 190]). For all x € R, we define left and
right multiplication maps Ly, rx: R — R by I(y) :== x -y and rx(y) := y - x for all
y € R. For any x,y € R, we say that y is an inverse of x if I, and r, are invertible
maps such that /7! = I, and ;! = r,. Further, we say that x is invertible if there
exists z € R such that z is an inverse of x.

5.1.13 Note. There exists no standard notion of invertibility in nonassociative
rings. For example, elements a,b € R are called inverses of each other in [Sch66,
p.38lif ab = 1% = ba, which by Note[5.1.20]is a weaker notion of invertibility than
ours. However, we will see in Lemma that the two notions are equivalent
for alternative rings.

Our notion of invertibility is precisely the one which relates to Weyl-invertible
elements in root gradings (in the sense of Definition [2.2.2 (e)). This fact was
tirst observed by Faulkner in [Faul4, Theorem 13.8], and we will prove it in

Proposition

5.1.14 Remark. The product of two invertible elements is not necessarily invert-
ible. This is, of course, a major drawback of our notion of invertibility.

5.1.15 Definition (Division ring). A division ring is a ring in which every non-zero
element is invertible.

5.1.16 Remark. Let x,y € R. Then y is an inverse of x if and only if all the maps
lyoly,lyoly, ryoryand r, o ry are trivial, which is to say that

x(yz) =y(xz) =z = (zx)y = (zy)x forallz € R.
Thus clearly, if y is an inverse of x, then x is an inverse of y.

5.1.17 Lemma. Forall x,y € R, the following assertions are equivalent:

(i) x is an inverse of y.

(ii)) xy =yx = lg and [x,y,z] = [y, x,z] = [z,x,y] = [z,y,x] = Ox forall z € R.
Proof. At first, assume that x is an inverse of y. Putting z := 14 in Remark[5.1.16
yields that xy = 1x = yx. Further, it follows from Remark5.1.16|that x(yz) =
z =1gz = (xy)z forall z € R, so [x,y, z] = Og. The remaining statements in (ii)
can be proven similarly. In essentially the same way, it follows from (ii) that x is
an inverse of y. O
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5.1.18 Lemma. Let x € R be invertible. Then the following statements are equivalent
forally € R:

(i) y is an inverse of x.
(ii) xy = 1g.
(iii) yx = 1g.
Further, there exists a unique y € R satisfying these properties.

Proof. If y is an inverse of x, we have already shown in Lemma that
xy = lg = yx. Conversely, assume that y € R satisfies xy = 1. Since x is
invertible, there exists an element x ! which is an inverse of x. Multiplying the
equation xy = 1g = xx~! by x~! from the left, we obtain y = x~!. Thus any
y € R satisfying xy = 1 equals x~!. Similarly, we can prove that any y € R
satisfying yx = 1 equals x 1. In particular, every inverse of x equals x !, so all
inverses of x are identical. This finishes the proof. O

5.1.19 Notation. If x is an invertible element of R, we denote its unique inverse
by x~1.

5.1.20 Note. The assumption that x is invertible in Lemma is crucial. In
general, if x and y are arbitrary elements of R such that xy = 1g = yx, then by
Lemma it is not clear that x and y are invertible. Further, the product of
two invertible ring elements is not necessarily invertible.

For nuclear elements, the warning in Note |5.1.20| does not apply.

5.1.21 Lemma. Let x € NuclR and y € R such that xy = 1g = yx. Then x is
invertible and x ! = v.

Proof. This follows from Lemma O

We end this section with a brief introduction of modules over nonassociative
rings which will be needed in chapter 9} The definition is word by word the
same as for associative rings. However, for reasons that we will see in Observa-
tion it is not standard in nonassociative algebra. In fact, we are not aware
of a single reference which uses this definition.

5.1.22 Definition (Module). A right R-module is an abelian group (M, +) together
with a scalar multiplication x: M x R — M satisfying the following conditions
forallr,s € R and all v,w € M:
() (v+w)xr=(vxr)+ (wxr).

() vk (r+s)=(v*r)+ (v*s).

(iii) vx (r-s) = (vxr) *s.

(iv) vx1g = v.
It is called faithful if for any r € R with v xr = 0 for all v € M, we have r = Og.
Further, left R-modules are defined similarly.

5.1.23 Observation. Let M be a module over R. Leta,b,c € R and letv € M.
Using only Axiom [5.1.22 (iii), we see that

v ((ab)c) = (v* (ab)) xc = ((vxa)xb) *c = (v*a)* (bc) = v* (a(bc)).
Thus M is actually a module over the associative ring R /[R, R, R]. This explains

why Definition 5.1.22|is not standard in the theory of nonassociative rings. How-
ever, it is of use in the theory of root graded groups: We will see root graded
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groups of type (B)C in which some root groups are coordinatised by a ring (R
while other root groups are coordinatised by an algebraic structure which in-
volves a module over R. In this setting, we do not have the “freedom” to replace
R by R/[R, R, R] because the full ring R is needed as a coordinatising structure
for some root groups.

On a final note, recall that a module over an associative ring R can also be seen
as an abelian group (M, +) together with a homomorphism R — End(M, +).
Since the ring End (M, +) is associative, it is natural from this viewpoint that any
module structure over R should factor through R/[R, R, R].

5.2 The Simply-laced Root Systems

5.2.1 Notation for this section. Unless otherwise specified, we denote by ® a
simply-laced root system in the sense of Definition [1.2.61

In this section, we investigate the simply-laced root systems. We begin with
some more characterisations of these objects.

5.2.2 Remark. Let ® be a crystallographic root system. Then the following
properties are equivalent:

(1) @ is simply-laced in the sense of Definition[I.2.61] That is, all irreducible
components of ® are of type A, D or E.
(2) For all non-proportional roots «, B, we have |a, B[, € {« + B}. In particu-
lar, Ja, B[ = ], Blcox-
(3) If a, B are two non-proportional roots in @, then ® N («, B)r is of type
Al X Al or Az.
(4) If A is a root base of @, then for all distinct a, § € A, the order of 0,05 is
2 or 3. (This says precisely that all edges in the Coxeter diagram of ® are
simple in the sense of Remark which motivates the terminology
“simply-laced”.)
If ® is irreducible, then these properties are equivalent to the property that all
roots have the same length.

We now turn to the standard representations, that is, to the actual definitions
of the root systems A and D. The standard representation of D will never be
needed, but we give it anyway because it is easy to write down. We skip over the
more complicated standard representations of E¢, E; and Eg, however. They can
be found, like all the other standard representations, in [Hum?72, Section 12.1].

5.2.3 Remark (Standard representation of A,). Let n € IN; and let V be a
Euclidean space of dimension n + 1 with orthonormal basis (e, . ..,e,+1). The
standard representation of A, is

Ap={e—eili#jc[l,n+1]}
Note that a root e; — ¢; is uniquely determined by the tuple (i, j) of indices. For
this reason, we will often use the notation 7j in place of ¢; — ¢;. For example, we
could write U;; for the root group Uei_e/.. The standard (ordered) root base is
A={ei—e1|lic[L,n]}  (orAya:=(e1—€2..., 60 —€ni1))
and the corresponding positive system is

M= {e—e|li<je[l,n+1]}.
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Observe that V is not spanned by A,.

5.2.4 Remark (Standard representation of D,). Let V be a Euclidean space of
dimension n > 4 with orthonormal basis (ey, ..., e,). The standard representation
of Dy is

D, = {e1e; +ezej|i #j € [1,n],e,e2 € {£1} }.

The standard root base is
A={e—e1]ie[l,n—1]}U{e,—1+e,}
and the corresponding positive system is
IT:={e—ej|li<je[LnfU{e+ei|i#]jec[l,n]}.

5.2.5 Remark. Itis clear to see that the standard root base of A,,_; can be regarded
as a subset of the standard root base of D,,. Thus D,, contains A,,_1 as a root
subsystem. This subsystem is, in fact, parabolic.

5.2.6 Definition (Aj-pairs and A;-triples). Let ® be any root system. An Ay-pair
(in @) is a tuple («, v) of roots such that { &, v } is a root base of the parabolic root
subsystem that it spans. An Ax-triple (in ®) is a triple (&, B, ) of roots such that
(a, ) is an Ap-pairand g = a + 7.

Figure 5.1: An Aj-triple (&, 8, 7).

5.2.7 Remark. In an A-triple («, B,), the roots «, B, v are exactly the positive
roots of the corresponding A>-subsystem (with respect to the root base (a, y)).
Further, the reflection ¢, interchanges p with v, —p with —v and a with —a. See
Figure5.1|for an illustration.

5.2.8 Note. The terminology of “A;-pairs” is borrowed from [Shi93, (1.4)]. We
will introduce obvious variants of this notion for the root systems B, and BC; as

well (Definitions and9.1.7).

We now collect some simple facts about simply-laced root systems.

5.2.9 Remark (The Weyl group of A,). Let n € IN; and let A be the standard
root base of A,. An easy computation shows that

?(ejfek) = Ciin
foralli,j, k € [1,n+ 1] with j # k where (j k) denotes the transposition which
interchanges j and k. It follows that there exists an isomorphism ¢ from the Weyl
group W of A, to the symmetric group on [1,7 + 1] which maps o (e; — ¢) to
(j k) for all distinct j, k € [1,n + 1]. This isomorphism satisfies e’ = e;,(.) for all
w € Wandi € [1,n+ 1]. Observe that ¢ depends on the choice of the ordered
orthonormal base (eq, ..., e,11).
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5.2.10 Remark. If @ is irreducible and of rank at least 2 (or more generally, if ®
does not contain an irreducible component of type A1), then every root lies in an
Ap-triple.

5.2.11 Lemma. Let «,  be roots. Then the subsystem which is spanned by «, B is of
type A1, Ay or A1 X Aj.

Proof. This follows from Remark|1.2.56 O

By the following result, we do not have to distinguish between A;-subsystems,
closed Aj-subsystems and parabolic A;-subsystems of P.

5.2.12 Lemma. Every subsystem of ® of rank at most 2 is parabolic.

Proof. Since ® is reduced, every rank-1 subsystem is parabolic. Now let ' be
a rank-2 subsystem and denote by ®” the parabolic subsystem that ' spans.
Then ®” is of type A or A; X A; by Lemma Since none of these root
systems contains a proper rank-2 subsystem, it follows that & = ®". Thus @' is
parabolic. O

5.2.13 Lemma. If a, B € ® are orthogonal, then w is adjacent to B and —p.

Proof. Since A, has no pair of orthogonal roots, it follows from Lemma [5.2.11
that the subsystem spanned by «, f must be of type A; x A;. The assertion
follows. O

We now compute the Cartan integers. They will play an important role in the
proof of the square formula for Weyl elements (Proposition 5.4.17).

5.2.14 Proposition (Cartan integers). Let w, § be roots. The Cartan integer (Bla) =
2% is determined as follows:

(a) (B|la) = 0ifand only if « and B are orthogonal (or equivalently, if and only if they

lie in no common Ap-subsystem).

(b) (Bla) = —1ifand only if («, B) is an Ay-pair.

(c) (Bla) = 1ifand only if (x, —B) is an Ay-pair.

(d) (Blay =2 ifand only if « = B.

(e) (Blay = =2 ifand only if x = —p.
Further, (a|B) = (B|a).

Proof. At first, we assume that ® is irreducible. Since all roots have the same
length by Remark we have («|B) = (B|a). The first assertion is clear. If
(«, B) is an Ap-pair, then we can easily compute the Cartan numbers

(Bla) = =1, (=Bla) =2, (afa) =2, (—ala) = -2,

which proves one implication in the remaining assertions. Conversely, assume
that (B|a) # 0. Then a and B lie in an Ay-subsystem by the first assertion. Since
we have just computed all Cartan integers which appear in a root system of type
Aj, the other implications follow.

We now consider the general case. If the subsystem spanned by « and B is of
type Az or Ay, then they lie in a common irreducible subsystem and the observa-
tions from the previous paragraph apply. Otherwise they lie in a subsystem of
type A1 X Aj,so (¢|B) = 0 = (B|a). In this case, all assertions hold as well. [
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We end this section with the notion of positive A>-pairs. They will be needed
to properly define coordinatisations of A,-graded groups (Definition 5.6.2).

5.2.15 Definition (Positive A>-pair). Let («, B), (¢/, B') be two Ay-pairs in ®. We
say that («/, B') is (&, B)-positive if they lie in the same orbit under the Weyl group
Weyl(®), that is, if there exists u € Weyl(®) such that " = a’ and p* = .

The following result is an easy computation. It is the underlying reason why
any ring which coordinatises a root graded group of type D or E is commutative
while the same is not true for root graded groups of type A.

5.2.16 Lemma ([BM92b, 1.4]). Let (w0, Bo) be an Ap-pair in ®, and assume that ® is
irreducible.

(a) If ® is of type A, then the set of Ay-pairs has exactly two orbits under the Weyl
group of ®: The set of (no, Bo)-positive Ar-pairs and the set of (Bo, ao)-positive
Ap-pairs.

(b) If @ is of type D or E, then every Ap-pair is (wo, Bo)-positive.

The following result on positive Ay-pairs will be needed to prove that the
coordinatising ring of an Az-graded group is associative (Proposition 5.6.9).

5.2.17 Lemma. Assume that ® is of rank at least 3 and choose some Aa-pair (a0, Yo)-
Then there exist roots a, B, vy with the following properties:

(i) (&, B, v)r NP is a root subsystem of type Az with root base { a, B,y }.
(ii) («,B) and (B, y) are (wg, o)-positive Ax-pairs.

Further, any such choice of roots has the property that (« + B,7y) and («, B + 7y) are
(@0, v0)-positive Ap-pairs.

Proof. Since @ is of type A, D or E, it is easy to see that ® has a parabolic
subsystem of type As. Thus we can choose roots «, B,y such that {«, B, } is
a root base of a parabolic Az-subsystem of ® and such that («, ), (B, ) are
Ap-pairs. We will show that either both («, ) and (B, ) or both (v, B) and (5, «)
are (g, 70 )-positive. Note that («, ) and (B, 7) lie in the same orbit under the
Weyl group because 0,030, maps (&, B) to (B,7):

p " g st (atB) =B,
B pty T pr(prm =7 — "y

By the same argument, (B,«) and (v, 8) lie in the same orbit. Thus for the
existence assertion, it only remains to show that («, B) or (B, «) is («o, o )-positive.
This holds by Lemma

Now let «, B, ¥ be any roots with the desired properties. Then o, maps (B, y)
to (a4 B,7),so («+ B,7y) is an (ag, yo)-positive Az-pair (because (B, v) has the
same properties). Similarly, o, maps («, 8) to (¢, 8+ ), so (&, B+ ) is also an
(«o, v0)-positive Ap-pair. This finishes the proof. ]

5.3 Construction of Simply-laced Root Graded Groups

For simply-laced root graded groups, the existence problem is (nearly) com-
pletely solved by the theory of Chevalley groups. In this sections, we collect
some remarks on this topic. Recall that the existence problem was defined in

Note
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5.3.1 The existence problem for types D and E. For any root system &, the
Chevalley groups of type ® constitute examples of ®-graded groups for any
commutative associative ring. Since we will show that every root graded group
of type D or E is coordinatised by such a ring, the Chevalley groups thus provide
a complete solution of the existence problem for these types. We emphasise that
this does not mean that every root graded group of type D or E is isomorphic to
a Chevalley group. Instead, it means that every such group G is coordinatised
by a commutative associative ring R which also coordinatises some Chevalley
group H such that G and H satisfy the same commutator relations.

5.3.2 The existence problem for type A in rank at least 3. We will show that
Ap-graded groups for n > 3 are coordinatised by associative rings which need
not be commutative. Thus the Chevalley groups only provide a partial solution
of the existence problem. However, a complete solution of this problem is not
far away: Recall from Examples[3.2.14/and [3.2.22| that for any commutative ring
R, the group E,+1(R) is a Chevalley group of type A, and that the definition of
this group makes sense even when (R is not assumed to be commutative. It is not
difficult to see that E,. 11 (R) is A,-graded for any associative ring R. Thus this
group solves the existence problem for type A,.

It is noteworthy that, even though Chevalley groups do not solve the existence
problem for type A, they are still sufficiently generic in the sense of Remark
to read off a parity map for the parametrisation of arbitrary A,-graded groups.

5.3.3 Note (Existence problem for A>-graded groups). The rank-2 case (which,
we recall, is only of secondary concern in this thesis) is more difficult. For any
alternative ring R, Faulkner constructs in [Fau83} Section 3] a Jordan pair V =
V(R), a Tits-Kantor-Koecher algebra T = TKK(V) and a group G(R) = G(T)
such that G(R) is As-graded and coordinatised by R. Essentially the same
construction, but phrased without the language of Jordan pairs, can also be found
in the appendix of [Fau89]. This is the most general known construction of
Ar-graded groups. There is no known example of an Aj-graded group which is
coordinatised by a ring that is not alternative. However, the problem whether
every such ring is alternative remains open.

5.4 Rank-2 Computations

5.4.1 Notation for this section. We denote by ® any irreducible simply-laced root
system of rank at least 2 and by G a group which has ®-commutator relations
with root groups (Uy)«eo (in the sense of Definition2.1.4). Further, we assume
that all for all non-proportional roots &, B, we have U, N Ug = {15}.

In this section, we study the action of Weyl elements in simply-laced root
graded groups. Our goal is to show that G satisfies the square formula for
Weyl elements (Proposition[5.4.17). This is also essentially the content of [Shi93,
(2.4)(iii)] and [TWO02, (19.3)], but we prove it in a more general setting (see
section[2.7). The core arguments, however, are mostly the same.

Most of the time, we will fix some Aj-triple and perform all computations in
the corresponding A>-graded subgroup (see Proposition[2.5.11). Since every root
lies in a parabolic subsystem of type A, by Remark [5.2.10} this is no restriction of
generality.

Observe that we do not assume that U? is non-empty for all roots a. However,
we will most of the time make statements about arbitrary Weyl elements, and
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these statements are of course empty if no such elements exist. All statements
which do not involve Weyl elements are independent of their existence, however.
Further, note that we do not require Axiom[2.5.2 (iv)} simply because all proofs
work without difficulty under the weaker assumption that U, N Uy = {15} for
all non-proportional roots &, . See also Note

We begin with a computational result which will be our main tool in this
section. It is essentially the special case of n = 3 in Proposition [2.2.10] (which is
the equivalent of [TW02, (6.4)]), but we prove it again in a slightly different way.
The same arguments can be found in the proof of [Shi93, (2.4)]. The same result
for RGD-systems is proven in [TW02, (19.1)].

5.4.2 Lemma. Let (a,B,y) be an Ap-triple, let a_,,c_o € U_,, let b, € U, and set
Wy = A_ybyc_y. Then the following statements hold:

(a) Forany x, € U, we have x7* € Up if and only if x,, = [[x,, by],c_a] ", In this
case, Xy =[x, ba].

(b) Forany xg € Ug, we have xg’“ € U, ifand only if xg = [[xﬁ,a,a],ba]_l. In this
case, Xg* = [xp, A_a].

Proof. Let x, € U,. Using the commutator axiom of root graded groups and
Relation[1.1.11 (i), we perform the following computation:

Wy bapc—o __ Coa __ Cn Cop
X = 2t = (2 [x, ba]) T = x5 X, ba] T = X [, ba] [[X, bal, 4]

Note that [[x,, bs], c_4] lies in U, while [x,,b,] lies in Ug, so these two terms
commute. Thus we can write

X = x [y, ba], c—a] [x, ba]

with x,[[x,, bs],c_s] € U, and [x,,bs] € Ug. Thus if x,, = [[x,, ba],c—a] "}, then
x5 lies in Ug, and in this case x5 =[x, by]. Conversely, if x* lies in Ug, then
xz"‘ [xry, blx]_l == xf)/ [[xr)/, ba], C_D(i|

where the left-hand side lies in Uz and the right-hand side lies in U,. Since
Ug N Uy = {1} by assumption, we infer that x,[[x,, bs],c—a] = 1g. In other
words, x, = [[x,, ba], c_s] L. This finishes the proof of (a).

Now let xg € Ug. We perform the same kind of computation as in (a), but the
result is slightly more complicated because xg and a_, do not commute:

[

X = (xplp, a_o))™ ™ = (xplxp a-u) [[xp,a-a], ba])
= xg[xp, c—al[xp, a—a][[xp, a—a], ba] [[[xﬁ,a_“],b,x},c_“].

Note that xg and [[xg, a_4], bs] lie in Ug while all the other factors on the right-
hand side lie in U,. It follows that if x5 = [[xg,a-4], b1, then x;"" lies in U,.

Conversely, if xz’“ lies in U,, then

x5 [[xﬁ,afa],ba] = xg’w <[X/5,sz][xl3,ﬂzx] {[[x,g,aa],b,x],ca] > )

where the left-hand side lies in U and the right-hand side lies in U,. Since
Ug N U, = {1¢}, it follows that xg = [[xg,a_a], bs] ' and

We

xgt = [xp, c—a][xp, a-d] [[[xﬁ,aa],ba],ca] = [xl;,c,“][xﬁ,a,a][xlgllc,a].
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Note that [xﬁ, c_y) lies in U,, so it commutes with xpg and a_, and thus also with
[xg,a_4]. Hence we have xz’“ = [xﬁ,a,a][xﬁ,c,a][xgllc%] where [x/gl,c,a] =

[xp,c—«] ! by Lemma[2.1.13, so xg’“ = [xg,a_4]. This finishes the proof of (b). [

In practice, we will usually apply Lemma in the form of the following
formulas.

5.4.3 Proposition (Corollary of Lemmal[5.4.2). Let («, B, y) be an Ap-triple. Assume
that (a_y, by, c—y) is an a-Weyl triple and denote its corresponding Weyl element by w,.
Then the following statements hold:

(a) For any x, € U, we have x, = [[xy, by], c_o] " and x5 = [x,, by].

(b) Forany xg € Ug, we have xg = ([xp,a_4], bs] " and xg’“ = [xp,a4].

Proof. Since w, is an a-Weyl element, we have x%* € Uy for all x, € U, and
xz’“ € U, for all x5 € Ug, so these statements follow from Lemma|5.4.2 O
5.4.4 Note. In the following, we will often use that for any A,-triple («, B,7),
(—a,y,B) is an Ap-triple as well. This is easily seen from Figure Thus
Proposition not only tells us how a-Weyl elements act on U, but also
how (—a)-Weyl elements act on Ug. Since any a-Weyl element is a (—a)-Weyl
element as well (by Proposition [2.2.6 (c)), this is a powerful tool. In fact, this
provides us with an alternative way to prove Proposition See Note

for more details.

We will show in Proposition 5.4.10 (a)| that every Weyl triple is weakly bal-
anced (and thus balanced by Proposition [2.2.16{or by Lemma [2.2.24 (e)). The

following result is a first step into this direction.

5.4.5 Lemma. Let («, B, ) be an Ap-triple and assume that (a_, by, c—y) is an a-Weyl
triple. Then [xg,a_o] = [xp,c_4] for all xg € Ug.

Proof. Let xg € Up and denote by w, = a_byc—, the Weyl element corre-
sponding to (a_q, by, c—y). We already know from Proposition |5.4.3 (b)| that
xg’"" = [xg,a_,]. Further, we know from Proposition [2.2.6 (c)|that (b, c—s,a"%)

is a (—a)-Weyl triple with corresponding Weyl element w,. Applying Proposi-
tion 5.4.3 (a)| to the Ax-triple (—a,y, B) and the (—a)-Weyl triple (by, c_q,a%),
we obtain that xg" = [xg, c_]. This finishes the proof. O

5.4.6 Note. Let everything be as in the proof of Lemma By choosing the

Weyl triple (ci"il, a_y, by) instead of (b, c_,a",), we obtain that xg* = [xg,a_,].

This provides a different proof of (the main result of) Proposition which
does not rely on the computation in the proof of Lemma

Recall that the axioms of a group with ®-commutator relations merely require
that [U,, U, ] is a subset of Uy if (#, ) is an As-triple. By the following result,
we actually have equality, provided that there exist enough Weyl elements.

5.4.7 Proposition ([Shi93| (2.4)())]). Let («, B, ) be an Ax-triple. Then for all b, €
U;, the map
U, — Ug, xy > [xy, by

is an isomorphism of groups. In particular, [U,, U, ] = Ug if Us is non-empty.
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Proof. Choose a_y,c—, € U_, such that w, := a_,b,c_, is an a-Weyl element. By
Proposition the map in the assertion is simply the map

w

which is clearly a homomorphism. Further, it is bijective because w, is an x-Weyl
element. n

As a consequence of the previous result, the root groups must be abelian if
we have sufficiently many Weyl elements.

5.4.8 Lemma. Let (w, B,7) be an Ay-triple and assume that U5 is non-empty. Then Upg
is abelian.

Proof. We have U = [U,, U] by Proposition5.4.7} Since Uy commutes with U,
and U, by the commutator axiom, we infer that Ug commutes with itself. In
other words, Ug is abelian. O

5.4.9 Proposition. Assume that U? is non-empty for all roots a.. Then all root groups of
G are abelian.

Proof. Every root lies in an A>-triple by Remark|5.2.10} so the assertion follows
from Lemma O

We are now in a position to prove many desirable properties of Weyl elements
in G. While we already know from Proposition that G has unique Weyl
extensions, we will give a new proof of this fact to show how it can be derived
from the previous results in this section.

5.4.10 Prqposition. Assume that LI% is non-empty for all roots B. Then for any root w,
the following statements hold:

(a) Every a-Weyl triple is balanced.

(b) If (a_y, by, c—y) and (a’_, b}, ") are two a-Weyl triples whose corresponding
Weyl elements are identical, then (a_y, by, c—) = (a’_, bl, c",).

(c) G has unique a-Weyl extensions.

Proof. Choose roots B,y such that («, B, y) is an A,-triple and choose invertible
elements x5 € us, Xy € Ug. We will keep these choices throughout the whole
proof.

For (a), let (a_y, by, c—y) be an a-Weyl triple. By Lemma we have
[xg,c—a] = [xp,a—4], which implies that

[o—a,xp) = [xp,c—a) " = [xp,a-0] " = [0, xp].

Since (—a, 7, B) is an Ap-triple and Xp is invertible, we know from Proposi-
tionthat the map U, — U,, x4 > [x_4, xg] is an isomorphism. Thus it
follows that a_, = c_,, proving that every a-Weyl triple is weakly balanced. By
Proposition it follows that every a-Weyl triple is balanced, so (a) holds.

Now let (a4, by, c—o) and (a’,, b, c’_,) be two a-Weyl triples whose cor-
responding Weyl elements are identical. Denote their common Weyl element
by w,. Then by Proposition we have [xg,a_,] = xg"" = [xg,a",] and
[xy,ba] = x5 = [x,,b}]. As in the proof of (a), this implies thata_, = a’ , and
by = bl,. Tt follows that c_, = (a_ub,) " 'w, = (a’_ b)) 'w, = ¢’_,. This finishes
the proof of (b).
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Now let b, € Ug. By the definition of U,,ﬁ‘ and by (a), there exists a_, € U_,
such that (a_,, by, a_,) is an a-Weyl triple. To show the uniqueness of a_,, we

take another element a’ , € U_, such that (a’_,, by,a’_,). (Note that a_,b,a_, and
a’_,bua’, are allowed to be distinct.) By Proposition 5.4.3 (b), we have

[[xg,a-a), ba] = xlgl = [[xg,a" 4], ba].

Using the same arguments as in (a) and (b) and the fact that b, is invertible, we
infer that [xg,a_,] = [xg,a’,]. Another application of the same argument, using
that x4 is invertible, yields a_, = a’,. This finishes the proof of (c). O

5.4.11 Remark (Braid relations). We already know from Theorem [2.5.10|that G
satisfies the braid relations for Weyl elements. In the following, we show how
this result can be derived from the previous results in this section. The proof is
ultimately similar to the one in Theorem but more explicit because we
have fixed the choice of the root system.

Without loss of generality, it suffices to consider the root system A, which
we consider in its standard representation (from Remark [5.2.3): We write

Azz{ei—e]-|i,j€ [1,3]}

and we choose the standard root base A = {e; — ey, ex — e3 }. Let (a21, b1p, a21) be
an (e — ep)-Weyl triple, let (a%,, ), a%,) be an (ex — e3)-Weyl triple and denote
by w1y == abiaay and woz == aj,bysa%, the corresponding Weyl elements. We
have to show that wiywr3wiy = Wozw12wWos3. Since

— W3 W12
W12W23W1p = W23W12W15

it suffices to show that w(7*“? = wy3. Recall that w{7*"* is a Weyl element by

Proposition[2.2.6 (b)l More precisely, its corresponding root is

e~y (0er—e3 (€1 — €2)) = 0o,y (61 —€3) = €2 — €3

and its corresponding Weyl triple is (a5

of Proposition we have
b1 = [big, by = [[b1a, U], az] = [[bds, b1a] ", a2
Using Lemma 2.1.13|and Proposition we infer that

biuzzswu = [[bé:i/ blZ]/ aZ]] - - bé3.

Thus we have an (e; — e3)-Weyl triple (a37""2, b);, a,>"?) corresponding to

w2 and an (e, — e3)-Weyl triple (a},, b),, a%,) corresponding to wy3. By Propo-
sition|5.4.10 (c), these two Weyl triples must be identical, so that w;3°"" = wy3.
This finishes the proof of the braid relation.

, b1 P2, 0,212 By two applications

Our next goal is to prove the square formula for Weyl elements (Proposi-
tion[5.4.17). To do this, we consider arbitrary roots &, f and compute for each
possible “configuration” of («, ) how the squares of a-Weyl elements act on
Ug. Here by “configurations” we essentially mean the different cases in Proposi-

tion[5.2.141

5.4.12 Reminder (see Definition [1.1.10). Let w be an element of G and let « be a
root. We say that w acts trivially on U, if x{ = x, for all x, € U, and we say that
w acts on Uy, by inversion if x¥ = x; Lfor all x, € U,.

The following proof uses the ideas from Note An alternative proof is
given in Remark [5.4.14
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5.4.13 Lemma. Let («, B, ) be an Ap-triple and assume that w, is an a-Weyl element.
Then w} acts on Ug and on U, by inversion.

Proof. Choose an a-Weyl triple (a_,, by, a_,) such that w, = a_,ba_, and let
xg € Ug be arbitrary. Put w := w3. Using the formulas from Proposition
two times, we see that

xg = [xp,a—a]™ = [[xp, a-a], ba].

By Proposition 5.4.3 (b), this means that xg = x/;l, so w acts on Ug by inversion.

Since w, is also a (—a)-Weyl element and (—u«, 7, B) is an Ax-triple, it follows
that w acts on U, by inversion as well. O

5.4.14 Remark (Alternative proof of Lemma [5.4.13). Let x5 € Up. In addi-
-1

tion to the Weyl triple (a_4, by, a_,), we consider the Weyl triple (a_}, b, 1, a:i)
ﬁ2.2.6 (a)

whose corresponding Weyl element is w, ! (see Proposition ). By Proposi-
tion|5.4.3 (b), we have
xg* = [xp,a-s] and x;’“—'l = [xg,a_,].

Since [xg,a_}] = [xp,a_4) ! by Lemma[2.1.13, we infer that

xg);l — (xgja)—l.

This means that w? acts on x; by inversion. Using similar arguments, we can
deduce from Proposition 5.4.3 (a)| that w? acts on U, by inversion.

Lemma [5.4.13|was relatively straightforward to prove because we only had
to apply the formulas from Proposition For the action of wg on its “own”
root group Ug, however, we have no such formula. Instead, we have use the fact
that Up can be written as the commutator of two adjacent root groups, and then

apply Lemma 5.4.13

5.4.15 Lemma. Assume that U} is non-empty for all roots a and let B be any root. Then
for all B-Weyl elements wg, w% acts trivially on Ug and U_g.

Proof. By Remark [5.2.10| there exist roots a,y such that («, 8, y) is an Ax-pair.
Let xg € Ug be arbitrary and put w := w% By Proposition [5.4.7, there exist
Xp € Uy and x,, € U, such that x5 = [x,, x,]. Thus it follows from Lemmas 2.1.13
and that

xf = b xg] = by ] =[x 3] = xg.
That is, w acts trivially on Upg. Since wg is also a (—p)-Weyl element by Proposi-
tion this implies that w acts trivially on U_g, too. O

5.4.16 Lemma. Let «, 3 be orthogonal roots and assume that w, is an a-Weyl element.
Then w? acts trivially on Up.

Proof. 1t follows from the assumptions and Lemma 5.2.13|that § is adjacent to «
and —a. This implies that Ug commutes with (U,, U_,) and thus with w,. The
assertion follows. O

The previous results cover all possible “configurations” of pairs of roots («, ).
It is now a straightforward computation to check that the square formula is
satisfied in each case.
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5.4.17 Proposition. Assume that LI,ﬁy is non-empty for all roots y and let w, B be two
roots. Let w, be an a-Weyl element, put w = w2 and set ¢ = (—1)Pl% where
(Bla) = Zﬁ * is the Cartan integer for (B, a). Then xg = xp forall xg € Ug. In other
words, G satzsﬁes the square formula for Weyl elements (see Definition [4.4.4).

Proof. We only have to put Lemmas|5.4.13} |5.4.15|and |5.4.16| together and apply
Proposition [5.2.14}

5.5 Standard Twisting Systems

5.5.1 Notation for this section. We denote by ® an irreducible simply-laced root
system and by ¢ = (¢4 8)a,peo a family of Chevalley structure constants of type
@ (in the sense of Definition 3.1.18).

In this section, we collect some properties of the Chevalley structure constants
of simply-laced type and of the standard twisting systems which they define.

5.5.2 Note. In and we declared that the “standard (partial) twisting
system” and the “standard signs” for ®-graded groups are the ones which occur
in some kind of “standard example”. For the root systems of types B, BC, C
and F, we will state explicit formulas for the involved signs and parity maps. In
the setting of simply-laced root graded groups, however, this approach is not
possibe because we want to cover three types of root systems at the same time.
For instance, a parity map 7 defined on A, cannot be used to parametrise root
graded groups of type D or E.

Instead, we take a more general approach in this chapter: We define not
a single standard twisting system, but rather a twisting system for every fam-
ily ¢ of Chevalley structure constants of simply-laced type (Definition [5.5.6).
Similarly, we will define coordinatisations of ®-graded groups with signs c in
Definition In other words, we can cover all simply-laced root systems at
the same time by working with the family c (which is not explicitly given). An
additional advantage of this approach is that it makes the connection to Chevalley
groups more evident.

It should be noted that the strategy described above is only possible because
simply-laced root graded groups have the exact same twisting systems and
commutator relations as Chevalley groups. The more complicated root systems
will require a different approach.

5.5.3 Note. We will, throughout this section, often consider a Chevalley group H
of type @ over C with respect to ¢, and we will denote its root groups, its root
isomorphisms and the standard Weyl elements from Defmltlonmby ) acd,
(0x)wece and (wy)qca, respectively. By choosing the complex numbers as a base
ring, we ensure that the set {417} embeds into the base ring. Thus we can write
6 (a) for any a € {£1z}, and 6,(a) = 6,(b) impliesa = b foralla, b € {£1z}
and all & € ®. This is the only property of the base ring that we need, so we
could as well replace C by any commutative associative ring R with 2@ # Og.
However, the choice of the complex numbers has the additional benefit that the
construction of Chevalley groups over C is easier than over arbitrary rings by

Strategy

At first, we show how the parity map in simply-laced Chevalley groups can
be computed from the family c. Similar computations could be done for all other
crystallographic root systems as well.
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5.5.4 Lemma. Let 17: ® x ® — {£1z} the Chevalley parity map for ¢ from Defini-
tion|3.3.10, Then for all roots &, 6, the value of 11, s is determined by c in the following
way:

(@) n(a,a) =n(a, —a) = —1.
(b) n(a,6) =1ifa, 6 are orthogonal.
(c) n(a,0) = cop if (,0) is an Ap-pair.

(d) n(a,8) = —cq s if (&, —0) is an Ap-pair.

Proof. Let H, (Uy)xew, (0a)xcwd and (wy)ace be as in Note[5.5.3] The first assertion
holds by Lemma If « and ¢ are orthogonal, then ws commutes with U,
and so 17(«, 6) = 1, which implies the second assertion. Now assume that (&, ) is
an Aj-pair, and put  := « + J. Then it follows from Proposition[5.4.3 (a)] that

Op(11,6) = 0 (1) = [62(1),65(1)] = Op(cas),
SO Hu,5 = Cu- NOW assume that («, —9) is an Ap-pair, and put v := a — 6. Then
(6,a,7) is an Ap-triple, so it follows from Proposition [5.4.3 (b)| that

0y (1a,6) = Ou(1)™ = [6a(1),0-5(=1)] = 0y (—Ca,—s)-
Thus 7,5 = —ca,—s. This finishes the computation of 7. O

5.5.5 Example. We consider the family of Chevalley structure constants for A,
from Example|3.1.19} which is given by

C(?,'*(?]',Ejfek = 1/ Ce]-fek,e,'fej = _1

and c, g = 0 for all other pairs a, § of roots. Let i, j,k,I € [1,1 + 1] such thati # j
and k # [. Write cijx for Cei—ejep—e;- We want to compute 2 := ei—ejer—e- By the
first two assertions in Lemma we havea = —1if [{i,j} N{k,[}| =2and
a = 1if {i,j} N {k,1} = @. From now on, we assume that |{i,j} N {k,[}| = 1.
Then

Cij,jl =1 lf] = k,

_Cij,jk = -1 lf] = l,

_Cij,li =1 lfl = k,

Cij,ki =-1 ifi =1.

In summary, we have

(-1 fre{i ),
Teieje—er = 1  otherwise.

5.5.6 Definition (Standard twisting system). Let A be a root base of ®. The
standard twisting system of type ® defined by c with respect to A is the pair (A, 1| 5)
where A := {+17} and 7 is the Chevalley parity map for ¢ (which is given by the
formulas in Lemma[5.5.4). If G is a group with a ®-pregrading, then the standard
twisting system for G defined by c with respect to A is the same pair together with
the additional information that A acts on all root groups of G by inversion.

5.5.7 Lemma. Let G be a group with a ®-pregrading, let A be a root base of ® and let
(ws)sen be a A-system of Weyl elements in G. Denote the standard twisting system
for G defined by c with respect to A by (A,n). Then (A,n) is a twisting system for
(G, (ws)sen). Further, n is complete and adjacency-trivial and it satisfies the square
formula.
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Proof. By Example[4.3.15 A is a twisting group for (G, (ws)sca ). We know from
Lemma that A, = A for all roots «, so 7 is complete. In particular, it
is transporter-invariant by Remark Using that the map 7 is read off from
the Chevalley group H in Note[5.5.3|and that Weyl elements in this group satisfy
the braid relations by Theorem it follows from Proposition that
17 is braid-invariant as well. Similarly, since H satisfies the square formula for
Weyl elements by Proposition[5.4.17} it follows from Proposition[4.4.1T (c) that 7
satisfies the square formula. Finally,  is adjacency-trivial by Proposition[4.4.1T (a)}
This finishes the proof. O

We end this section with two properties of ¢ and 7 which, at the moment,
are completely unmotivated. Lemma will be used in the proof of the
associativity of the coordinatising ring (Proposition[5.6.9). Lemma5.5.9|will be
applied when we transport the commutator formula on one fixed A;-pair (ag, y0)

to all other A>-pairs (Lemma5.7.10).

5.5.8 Lemma. Assume that ® is of rank at least 3 and let «, 3,y be roots such that
{, B, } is a root base of a parabolic As-subsystem of ® and such that o - -y = 0. Then

Ca,pCartpy = CpyCaptr
Proof. By the Chevalley commutator formula (Theorem [3.2.16), we have
0.(1),0,(1)] =1y  and
[05(1), 0a(1) 7], [0(1), 05 (] € [Untp, Upsy] = {11}

Thus it follows from the variant of the Hall-Witt identity given in Lemma|1.1.13
that

[162(1), 85(1)],0,(1)] = [0a(1), [65(1), 65 (1)]].
By the Chevalley commutator formula, this means precisely that
Outpry (CapCatpr) = Outpiy(CpaCapin):

The assertion follows. O

5.5.9 Lemma. Let 17 be the Chevalley parity map for c, let («, 7y) be any Ap-pair and let
0 be any word over ®. Then 1], 511g 5Coo) (o @) = Nat,5Ca7-

Proof. Let H, (Uy)ned, (6a)xced and (wy ) e be as in Note By the Chevalley
commutator formula (Theorem [3.2.16)), we have

[0a(1),0,(1)] = Outq(Capy)
Conjugating this equation by wj, we obtain
(006 (110,5) 1 006) (11,5)] = 006) 10 (Ca Masr 5)-

However, we also have

(040 (M0,6), 0006 (117,5)] = 0400 1006 (Ca(6) (@ M 571,6) -
Since 6,0 e() is injective, the assertion follows. O

5.6 Standard Signs

5.6.1 Notation for this section. We denote by ® an irreducible simply-laced root
system of rank at least 2, by (ap, o) an arbitrary As-pairin @, by ¢ = (cs)apeco a
family of Chevalley structure constants of type ® (in the sense of Definition|3.1.18)
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and by G a group with a ®-pregrading (Uy)scep. We assume that there exists a
coordinatisation of G by a ring R based at (g, y9) with signs c (in the sense of
the following Definition 5.6.2), and we fix this coordinatisation.

In this section, we define the notion of coordinatisations of G with signs c, as
explained in Note Further, we will show that any ring which coordinatises G
must be associative if rank(®) > 3 and, if ® is of type D or E, even commutative.
In particular, these properties are independent of the specific construction the we
will undertake in section 5.7

5.6.2 Definition (Coordinatisations). Choose an Ax-pair (g, o) and let R be a
ring. A coordinatisation of G by R based at (xg, o) with signs c is a family

(Ga: (m/ +) — utx)oced>

of isomorphisms such that for all r,s € R and all («g, o)-positive Ar-pairs («,y)
(in the sense of Definition 5.2.15)), we have the commutator formula

[02(7),04(5)] = Outq(Cay?s).
5.6.3 Remark. If ® is of type D or E, then any Ax-pair is («g, o )-positive for any

other Aj-pair (ap,v0) by Lemma [5.2.16 (b)l Hence we can drop the “based at
(ag, v0)” part in Definition for these root systems.

5.6.4 Remark. Let («,y) be an Ap-pair which is not («, yo)-positive. Then (-, «)

is («p, y0)-positive by Lemma(5.2.16| Since ¢4 = —cq,, by Lemma|3.1.23 (a)} it

follows that
[0a(7),0,(s)] = [97(5),6a(r)]_1 = Outy (—CyaST) = Outq(CapysT).

forall 7,s € R. Thus non-positive A,-pairs satisfy the same commutator relations
as positive Aj-pairs except that rs is replaced by sr. This is the key observation
that we will use in Proposition[5.6.1T|to show that (R must be commutative if ®
is of type D or E.

5.6.5 Example. Assume that @ is the root system A, in standard representation
for some n > 2 and let ¢ be the family of Chevalley structure constants from
Example(3.1.19} Further, let (xo, 70) := (e; — ¢j, ¢; — ;) for some pairwise distinct
i,j,k € [1,n+ 1]. Then a coordinatisation (6,),c 4, by a ring R based at (g, yo)
with signs ¢ satisfies the same commutator relations as the group E,1(R) in

Example[3.2.22
[Qeifﬁj(r)leejffk(s)] = eeﬁek(rs) and [Gejfek(r)leeﬁej(s)] = eﬂ’i*ek(_sr)

for all pairwise distinct 7,j,k € [1,£+ 1] and all r,s € R. In this case, the set
of (ap,yo)-positive Ap-pairs (that is, the set of Aj-pairs which have rs in the
commutator formula and not sr) coincides with the set of A,-pairs which have a
positive sign in the commutator formula. However, for other choices of (g, 7o)
and ¢, these sets may be distinct.

Note that we have defined coordinatisations for arbitrary ®-pregradings.
However, it is clear from the definition that any pregrading with a coordinati-
sation has ®-commutator relations. The following result says that pregradings
with standard coordinatisations also have Weyl elements.

5.6.6 Proposition. For all roots a and all invertible r € R, define
Wo (1) == 0_o (=1 10 (r)0_n(—r1).
Then the following hold:
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(a) The maps
R* — Uﬁ,r = 0, (r) and  R* — My, v — wy(r)

are well-defined bijections for all roots «. Here R*, U and M, denote the sets of
invertible elements in (R (in the sense of Definition|5.1.12), the set of a-invertible
elements in U, and the set of a-Weyl elements, respectively.

(b) There exists an «-Weyl element for each root «.

(c) Let A be any root base of ® and denote by (A, n) the standard twisting system for
G defined by c with respect to A (as in Definition . Then G is parametrised
by (A, R) with respect to 17 and (ws(1g))sen-

Proof. Let a be any root and let w, = 0_,(7)0,(s)0_4(t) be an a-Weyl element for
some r,s,t € R. Choose a root 7y such that («, ) is a («g, yo)-positive Ar-pair,
and put B := a + 7. Then it follows from Proposition[5.4.3 (a)|that for all 2 € R,
we have

0, (a) = [[0,(a),0u(s)],0-a(t)] = [0p(cqasa),0-a(t)] = 0, (cp—aCra(t(sa))).
By performing the same computation in a Chevalley group of type ®, one can
show that cg 40 = —1. Thus we infer that s is invertible with inverse —t. In
a similar way, one can show that the same assertion holds for t replaced by r.
Hence every Weyl element in G has the desired form. This says precisely that the
second map in (a) is surjective (if it is well-defined).

Now let  be an arbitrary root, let r € R be invertible and consider wg :=
wg(r). Using Lemma a similar computation as in the previous paragraph
shows that Ugﬂ = Uy forall € @ \ { &, —a }. It remains to show the same
statement for { € {«, —a }. Choose an («g, yo)-positive Ap-pair (&, y) such that
B = a+ . Then Ug = [U,, U, ] because 0g(a) = [9,,6(6;;1@),97@)] foralla € R.
Similarly, U_g = [U_4, U_,]. It follows that

ZUﬁ

w w
Uy = [Usw, Usy " = [Usp, Usf] = [Usy, Uga] = Usp.

Hence wpg(r) is indeed a B-Weyl element. This shows that the second map in (a)
is well-defined. Further, it is injective by Proposition[5.4.10 (b)] It follows that the
first map in (a) is a well-defined bijection as well.

Assertion (b) follows from (a) because R* contains 1. Finally, assertion (c)
can be proven by similar computations as above, using Proposition[5.4.3| O

Observe that Proposition says precisely that the Weyl elements
(wa(1g))aco satisfy the same conjugation formulas as in Chevalley groups
(Lemma|3.3.7).

5.6.7 Remark. It follows from Proposition that G satisfies U} = U, \ {1¢}
(the additional condition of being an RGD-system) if and only if R is a division
ring.

5.6.8 Example. Assume that @ is the root system A, in standard representation
for some n > 2 and let (64).co be a coordinatisation of G by a ring R with
signs and base point chosen as in Example Then by Example the
conjugation formula in Proposition [5.6.6 (c)|says that

00y (r)0i(1) — {QT(k),T(l)(r) ifj ¢ {k 1},
Oy ey (=1) ifj € {k 1}



5.6. Standard Signs 151

foralli,j,k,1 € [1,n+ 1] withi # jand k # [ and all r € R, where T is the
transposition which interchanges i and ;.

5.6.9 Proposition. Let (R be a ring which coordinatises G (with signs c and based at
some Ap-pair (o, Yo)) and assume that ® is of rank at least 3. Then the ring R is
associative.

Proof. Choose roots &, B, as in Lemma and let r,s,t € R. By the same
arguments as in the proof of Lemma the Hall-Witt identity in the form of

Lemma(l.1.13|yields that
[16a(r), 65(5)), 05 (£)] = [6a(r), [6p(5), 65 (1)]]-
By the properties of the roots «, B,y from Lemma this says precisely that

Ou+py (CapCaspr (T +5) - t) = Ouspiy (CpoCapiy - (5-1)).

Since ¢y, pCu1p,y = CpyCapry Dy Lemma it follows that (r-s) -t =r- (s - t).
Thus R is associative. O

5.6.10 Remark (Invertible elements are Moufang elements). In [Faul4, Theo-
rem 13.8], it is shown that, in addition to the statement of Proposition
every invertible element a € R is a Moufang element. This means that for all
Y,z € R, the Moufang identities hold:

a(y(az)) = (a(ya))z,

((za)y)a = z((ay)a),

(ay)(za) = (a(yz))a.
By Proposition this statement is only of interest if @ is of rank 2, which
means that ® = A,. We will see in Proposition that a ring satisfies the
Moufang identities for all 2,y,z € R if and only if it is an alternative ring. That is,
R is alternative if and only if every element is a Moufang element. Since Og is
always a Moufang element, it follows that (R must be alternative if it is a division
ring. In other words, any ring which coordinatises an RGD-system of type A;
must be alternative. For general A,-gradings, this is not known to be true. See

also Note

5.6.11 Proposition. Assume that ® is of type D or E. Then any ring R which coor-
dinatises G (with signs c) is associative and commutative.

Proof. Since root systems of type D are E have rank at least 4, the associativity
of R follows from Proposition For the commutativity, let 7,s € (R and let
(«, ) be any Ap-pair. By Remark the reversed Aj-pair (v, &) satisfies the
commutator formula

[67(r), 0a(5)] = Baty (cqa57)-

On the other hand, since (7, «) is itself positive with respect to any Aj-pair
(a0, 70) by Lemma|5.2.16 (b)| we also have the usual commutator formula

[01(7),04(5)] = Outq (cy,a75).-
It follows that rs = sr, as desired. O

5.6.12 Note. Propositions[5.6.9/and [5.6.11|are not specific to standard signs: By
Note every coordinatisation of G with non-standard signs can be obtained
from a standard coordinatisation via twisting, and this process does not change
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the coordinatising ring. Thus Propositions 5.6.9/and [5.6.11| hold for non-standard
coordinatisations as well.

5.7 The Coordinatisation

5.7.1 Notation for this section. We denote by ® any irreducible simply-laced
root system of rank at least 2, by A a root base of ® and by G a group which has
®-commutator relations with root groups (U, ).ce and which satisfies U} # &
for all roots &. We assume that all for all non-proportional roots «, B, we have U, N
Ug = {1¢}. Further, we choose a family ¢ = (cyp)s pece of Chevalley structure
constants of type ® and we denote by (A, 17) the standard twisting system for G
defined by c (in the sense of Definition[5.5.6). From Construction[5.7.6/on, we will
also fix an arbitrary A,-pair («g, Yo).

5.7.2 Reminder. We know from Lemma that 77 is complete and adjacency-
trivial.

In this section, we can finally construct the coordinatising ring for G. We begin
by verifying that the assumptions of the parametrisation theorem are satisfied.

5.7.3 Lemma. G is stabiliser-compatible with respect to 1 and (ws)sce.

Proof. By Lemma5.2.13} any pair of orthogonal roots in a simply-laced root sys-
tem is adjacent. Further, we know that 7 is adjacency-trivial. Thus the assertion
follows from Lemma O

5.7.4 Lemma. G is square-compatible with respect to y and (ws)scq.

Proof. Since G satisfies the square formula for Weyl elements by Proposition
and 7 satisfies the square formula, this follows from Lemma [4.6.2] O

5.7.5 Construction (of the coordinatising ring). Having verified that all the
conditions in Notation are satisfied, we can now apply the parametrisation
theorem (Theorem 4.5.16). We conclude that there exist a group (R, +) and a
parametrisation (6,),ca of G by the parameter system # = (A, R) with respect
to 7 and (ws)sce. By Proposition[5.4.9) the root groups of G are abelian, so (R, +)
is abelian as well. Further, the action of A on the set R is given by the equation

a.0,(r) = Oy (a.r)

foralla € A, all roots « and all ¥ € R. It follows that 14.r = rand (—14).r = —r
for all ¥ € R. Since (R, +) is abelian, this implies that A acts on R by group
automorphisms, so that a.(r +s) = (a.r) + (a.s) foralla € Aand allr,s € R.

5.7.6 Construction (of the ring multiplication). For the remainder of this section,
we fix an arbitrary As-pair (ag, o). Since ¢y, lies in {+1z} by Remark[3.1.24}
we can regard it as an element of A and thus let it act on (R. With this convention,
we now define a multiplication on (R by

R X R = R, (@) = Cugryg Bty (1820 (@), 6 (B)]).

Put differently, we define - to be the unique multiplication on R which satisfies
[0y (2), 04 (D)] = O 470 (Cago-(a - b))

forall a,b € R. (Here we have used that c,,jolm) = Cay,yo-) SINCE Cay90,1,1 = Cagyo DY
Remark|3.2.21} this is the same formula that is satisfied in Chevalley groups, see
Example|3.2.22] We will later show that this multiplication turns (R into a ring.
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5.7.7 Note. A priori, the action of A on R is defined independently of the mul-
tiplication on R, and it does not rely on the existence of a “unit element 1%”.
However, we will soon show that R does indeed have a unit element 14, and
then it is clear that a.r = i(a) -r foralla € A and r € R where i(14) := 1g and
i(—lA) = —1gq.

It remains to verify two properties: Firstly, that (R is a ring. Secondly, that the
commutator formula is satisfied for all («g, 7o )-positive As-pairs and not merely
for (o, 70). We begin with the distributive laws. They are proven in essentially
the same way in [Shi93, (2.19)] and [TWO02, (19.7)].

5.7.8 Lemma (Distributive laws). The multiplication on (R satisfies
a-(b+c)=a-b+a-c and (a+b)-c=a-c+b-c

forall a,b,c € R. In particular, we have (—a)-b = —(a-b) = a- (=b) for all

a,beR.

Proof. Let a,b,c € R and denote by (a,7y) = («o, y0) the fixed Aj-pair from
Construction By Lemma we have

[0u(a +b),0,(c)] = [6a(a)6a(b), 0, (c)] = [6a(a),0,(c)][0a(b), 0, (c)].
We conclude that

Ouy (cnsy-((a ) - €)) = [Bala -+ b),6,()] = [6a(a), 6 (€)][6u (b), 0, (c)]
= Ot (Capy-(a - €))Outy (Cay-(D - )
= O+ (Capy-(a - €) + Cay.(b - €)).
Thus
Cay-((A+D)-c) = cayy-(a-c)+capy.(b-c).
Since the right-hand side equals ¢, ,.((a - ¢) + (b - ¢)) by Construction it

follows that (a +b) - ¢ = (a-c) + (b c¢). The right distributive law can be proven
in a similar way. O

5.7.9 Note. From now on, we will simply write ar in place of a.r fora € A and
r € R. Since a.(r-s) = (ar)-s = r-(as) forallr,s € Rand alla € A by
Lemma this will not cause any confusion.

5.7.10 Lemma. Let (a,7y) be an Ap-pair which lies in the orbit of (wo, o) under the
Weyl group of @ (where (wo, yo) is the fixed Ax-pair from Construction . Then we
have

[0a(7), 05 (5)] = Ousy(canr-s) and  [0y(s),0a(r)] = Ouin(Cyar - s)
forallr,s € R. In particular, if (xo, o) and (a, y,) are two Ap-pairs which are con-

jugate under the Weyl group, then replacing (o, o) by (a, v() in Constructionp.7.6]
does not change the multiplication on R.

Proof. By Construction the first formula is satisfied for (a,v) = (a0, Y0)-
Now let u be an arbitrary element of the Weyl group of ® and put a = ag,
B = B Since the simple reflections generate the Weyl group (Proposition|[1.3.12),
we can choose a word J over A such that u = 03, and we put w := w;. Letr,s € R
be arbitrary. Conjugating the equation

[9060 (7’), 670 (S)] = 9060+’Yo (Clxo,%r ’ S)
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by w, we obtain that

[sz(’?lxoj”)r 97(’770,55” = 9w+7(’7ao+70,5cwmo” +5).
By Lemma this says that

[90((7/040,57)/ 9'7(;7’)/0,55)] = 90“"7(’70{0,517’}/0,5(:“/71/ ’ S)'

Replacing r by ;7;0151’ and s by 17;0155, this gives us the desired first formula.

For the second formula, observe that by Relation|1.1.11 (vi)| the first formula
yields that

[0(5), 0 (r)] = [Bu(r), 07(5)] ™" = By (—Cayo - 5)-
Since ¢4 = —C4, by Lemma3.1.23 (a)} the second formula follows. O

5.7.11 Construction (of the identity element). Fix an arbitrary simple root dy.
By Proposition there exist unique a_;, € U_;, and b;, € Us, such that
ws, = A_g,bs,a_5,- We can thus define an element 1 = 9(%1 (bs,) which, a priori,
depends on the choice of &y.

5.7.12 Lemma ([TW02, (19.9)]). We haver -1g =rand 1g -v =r forallr € R. In
particular, 1 does not depend on the choice of 5y in Construction|5.7.11

Proof. Let r € R and write w;, = a_s,bs,a_;, as in Construction 5.7.11} Since
the Weyl group acts transitively on ®, there exists a root p such that (p, &) is an

Ap-pair which lies in the orbit of (ag,y0). Recall that o5, (0) = p + . Now it
follows from Lemmas and 5.7.10/ that

Op+60 (Co,a0" * 1) = [0p(r), 05, (1)) = [6o(7), s)]
= 9p(7’)w‘5° = 014, (Wpﬁo”)-
Since (p, ) is an Ap-pair, we know from Lemma that 77,5, = ¢p6,- Thus
r-lg =v.
The proof of the identity 1 - r = r is similar, but with a twist. This time we

choose a root ¢ such that (dy, ¢) is an Ap-pair in the orbit of («g, o). Then again
by Lemmas|5.4.2land 5.7.10, we have

O5p+¢ (Canelm - 1) = [05,(1), Oz (r)] = [6(r), ba]
= (0g(r)"0) ™" = Ogva (—Mz7).
As above, we know from Lemma that 17z 5, = cg g, Since cz s, = —c5,z by
Lemma[3.1.23 (a)| we infer that 14 - 7 = r.
Now assume that 17, is the element which is defined by the choice of another

simple root §). Then it follows from the previous results that 17, = 17, - 1g = 1g,
which finishes the proof. O

5.7.13 Proposition. (R,+,") is a ring.
Proof. This is a consequence of Lemmas[5.7.8/and 5.7.12] O

We can now state our main result for simply-laced root graded groups.
For simplicity, we phrase it for ®-graded groups (which have to satisfy Ax-
iom 2.5.2 (iv)), but we have seen that it is actually true for any group G as in
Notation Recall further from Remark [5.6.3| that the “base point” of a coordi-
natisation is only relevant if ® is of type A and that in this case, it is possible to
choose (g, 70) and ¢ in a way which yields the simple commutator formulas in

Example
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5.7.14 Theorem (Coordinatisation theorem for A,, D,,, E,;). Let ® be an irreducible
simply-laced root system of rank at least 2 and let (G, (Uy)nca) be a O-graded group.
Choose any Ax-pair (a0, vo) and any family ¢ = (cap)a,pea, of Chevalley structure
constants (in the sense of Definition [3.1.18). Then there exist a ring R and a coordi-
natisation of G by R based at (wo, o) with signs c. If ® is of rank at least 3, then R
is necessarily associative. If ® is of type D or E, then R is necessarily associative and
commutative. Further, if we fix a A-system of Weyl elements in G, then we can choose
the root isomorphisms (0)xee S0 that ws = 0_5(—1x)05(1r)0_s(—1r) forall 6 € A.

Proof. We have constructed R in Constructions and shown that it is a
ring in Proposition and proven the commutator formulas in Lemma
By Propositions[5.6.9|and 5.6.11} the assertions about the associativity and com-
mutativity of R hold. By Lemma the Weyl elements have the desired
form. O







Chapter 6

The Blueprint Technique

In [RT87], Ronan-Tits proved the existence of a large class of thick buildings by
constructing them from so-called “blueprints”. Here a blueprint is, essentially, a
local parameter system for a building which encompasses certain commutator
relations in the rank-2 residues. A blueprint is said to be realisable if there exists a
building which conforms to it, and Ronan-Tits give a simple realisability criterion
for blueprints. This criterion involves computations with certain rewriting rules
which are induced by a self-homotopy of the longest element in the Coxeter
group. For example, they show that a blueprint of type Aj3 is realisable if and
only if it is associative (in a suitable sense). The corresponding computation is
the same one that we will perform in section[6.3]

The blueprint technique is a novel method which consists of performing the
same kind of computations as in [RT87] in the context of root graded groups. It
makes sense for arbitrary root systems, but it will become apparent in this chapter
that it only produces meaningful results if the root system is of rank at least 3.
While the computations in the blueprint technique follow the same algorithm as
in [RT87]], the underlying logic is, in a certain sense, inverted: Ronan-Tits start
from explicit commutator relations and then perform computations to derive
conditions on these relations. These extra conditions guarantee that a building
with the given commutator relations exist. On the other hand, we start with
an existing (arbitrary) root graded group G (which one should think of as a
“generalised building”) and use the blueprint computations to obtain information
about the commutation maps in G (in the sense of Remark [4.1.4).

The initial idea to “turn around” the computations of Ronan-Tits in this
way was suggested by Bernhard Miihlherr. Originally, the only objective of
this approach was to prove that coordinatising rings for Cz-graded groups are
alternative. It later turned out that the blueprint technique can be used in a more
general way to not only prove identities in the coordinatising algebraic structure
(such as the alternative law), but to actually equip the parametrising groups with
an algebraic structure. See Note for more details.

We begin this chapter with a section which describes the general idea of the
blueprint technique in a slightly informal way. In the following section, we state
and prove the results which make this technique work. In the third section, we
show how the blueprint technique can be used to obtain a new proof of the
fact that the coordinatising rings for root graded groups of type A in rank at
least 3 are associative. We end this chapter with some concluding remarks which,
in Strategy also contain a summary of the blueprint technique. Later in
chapters[7and [9} we will apply the blueprint technique to root graded groups of
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types B and (B)C, respectively. It should be noted that the specific computations
for types B and (B)C have not been performed in [RT87].

6.1 The Idea of the Blueprint Technique

6.1.1 Notation for this section. We denote by @ a root system of rank n, by
A = (4y,...,0,) arescaled ordered root base of ® and by W := Weyl(®) the Weyl
group. Further, we denote by G a ®-graded group with root groups (Uy )nco-

In this section, we describe the idea of the blueprint technique. At some
points, we will restrict ourselves to the root system ® = A3 and the standard
root base A to simplify notation, but it will always be clear how our arguments
should be generalised to arbitrary root systems. Recall from Remark that
the Weyl group of A3 can be identified with the symmetric group of [1,4] in a
canonical way (as soon as a suitable root basis has been fixed).

6.1.2 Notation. In the context of the blueprint technique, we will often write i for
the simple root ;. For example, we write U; for the root group Uy, or 121 for the
word (61,82, 01).

At first, we have to introduce homotopy cycles.

6.1.3 Definition (Homotopy cycles). Let w be an arbitrary element of W and let
& be any expression of w (in the sense of Definition [1.3.20). A homotopy cycle of &
is a sequence of braid homotopy moves (in the sense of Definition [1.3.14) which
transforms & into itself. A homotopy cycle is said to be trivial if every homotopy
step is “reversed” by a later step, and non-trivial otherwise.

6.1.4 Note. Our definition of triviality for homotopy cycles is admittedly rather
vague. However, it will only be used in informal discussions, so this poses no
problem.

6.1.5 Example (Homotopy cycles in A3). Consider the root system ® = A3z. Here
we have the braid moves

121 — 212, 232 — 323, 13 — 31

(and their inverses) which correspond to the braid relations
0(01)0(02)0(81) = 0(62)0(61)0(62), 0(02)0(93)0(02) = 0(83)0(62)0(63),
a(01)0(63) = 0 (63)0(d7).
Thus the sequences 121 — 212 — 121 and 12113 — 21213 — 21231 — 12131 —
12113 are examples of homotopy cycles. Clearly, they are trivial. A reduced

expression of the longest element p in W (in the sense of Proposition [1.3.29) is
given by &; = 123121. A non-trivial homotopy cycle of &; is given in Figure

6.1.6 Remark (Homotopy cycles in Cayley graphs). The Cayley graph of W with
respect to the generators o(é1),...,0(d,) is, by definition, the graph whose vertex
set is W and whose edge set is

{{w,wo(6;)} |lwe W,ie[l,n]}.

Further, any edge of the form {w, wo(4;)} is labelled with i. As an example, we
consider the Weyl group of A3z. Recall from Remark that this group can be
identified with Sym([1,4]) such that 0, ¢, = (12), 0¢,—e; = (2 3), ey, = (34).
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(1) 123121 (8) 321323
2) 121321 ©9) 321232
(3) 212321 (10) 312132
4) 213231 (11) 132312
(5) 231213 (12) 123212
(6) 232123 (13) 123121
(7) 323123

Figure 6.1: A non-trivial homotopy cycle for the longest word in Weyl(A3) (taken
from [TW02, Fig. 8, p. 472]).

The Cayley graph of Sym([1,4]) with respect to these standard generators is
depicted in Figure on page Now the (reduced) expressions of any
element w correspond to the paths from id to w (of minimal length) and the
braid homotopy moves correspond to certain transformation rules for these
paths.

The homotopy cycle of the longest element p in Figure|6.1|can be interpreted
as follows. The Cayley graph in Figure [6.2| can also be drawn on the sphere
S? with the large outer square (whose top-left corner is id) on the top and the
small inner square (whose bottom-right corner is p) on the bottom. Then id and
p lie on opposite points of S2. Now any minimal path from id to w goes in an
approximate semicircle from the top to the bottom, and the homotopy moves in
Figure 6.1 “push this semicircle once around (the hole in) S?”. The first and the
seventh path of this sequence are depicted in Figures and respectively.

As a corollary of the observations in the previous paragraph, we observe that
p is the only element of W for which non-trivial homotopy cycles exist: reduced
expression of any other word are “too short to be pushed around the sphere”.
This statement remains true if we replace ® by any other root system, and it is
the reason why we will only consider reduced expressions of the longest element
in the blueprint technique.

6.1.7 Note. We have observed in Remark that every element of W which is
not the longest element has only trivial homotopy cycles. If ® has rank 2, then
even the longest element has only trivial homotopy cycles: If { 5,4’ } is the root
base of such a root system, then the only reduced expressions of the longest
element p are P,,(6,6") and Py, (&', 6) for m := |®|/2. Hence the only homotopy
cycles of p are Py, (6,6') — Py(6',0) — Py(6,6") and P, (8',6) — Pu(6,6') —
Py, (6,9") (and iterations of these cycles). Clearly, these cycles are trivial.

Using the language of homotopy cycles, we can now describe the idea of the
blueprint technique.

6.1.8 The blueprint technique. For ease of presentation, we consider only the
root system ® = Aj in this introduction, but the underlying principle applies to
all root systems. We use the standard representation of A3 from Remark[5.2.3]and
we denote by A = { 1, 62,93 } the standard root base of A3, so that 6; = e; — e;11
foralli € [1,3]. By Theorem[5.7.14) we have a ring (R, +, -) and isomorphisms
(0x: (R, +) — Uy)necao- This ring must be associative by Theorem but we
proceed as if we did not know this, and we try to derive a new proof of this fact.

For each i € [1,13], we denote by &; the reduced expression of the longest ele-
ment p in the i-th column of Pigure For example, &1 = (81,2, 03,01,02,01) =
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(a) The path 123121 (rows 1 and 13 in Figureon page(159).

(b) The path 323123 (row 7 in Figure[6.1jon page[159).

Figure 6.2: The Cayley graph of Sym([1, 4]) for the standard generators sy, s, s3

and two reduced paths from id to the longest element p. See Remark|6.1.6
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A13 o, in simplified notation, #; = 123121 = &y3. Further, we choose arbitrary
ring elements a,b,¢,d, e, f € R and consider the tuple

y1 = (61(a),62(b), 65(c), 01(d), B2(e), 61(f))-
In other words, y; denotes an arbitrary element of
Uz, = Uy x Up x Uz x Uy x Up x Uy.

Recall that Figure|6.1|depicts a non-trivial homotopy cycle of &; which uses
the braid moves from Example Using the theoretical framework of the
blueprint technique, we can compute a “sensible” rewriting rule on the tuple y;
for each of these homotopy moves. For examples, the braid moves 13 — 31 and
121 — 212 correspond to rewriting rules

U, x Uz — Uz x Uy,

(61(x),65(y)) = (63(y),61(x))  and
Uy x Uy x U7 — Uy x Uy x Uy,

(01(x),02(y),01(2)) — (62(2),01(—y — zx),02(x)).

Now the main part of the blueprint technique consists of “working down” the
column in Figure|6.1|and applying the corresponding rewriting rule to the tuple
y1 in each step. We refer to this procedure as the blueprint computation. In the
tirst step, we apply the elementary homotopy 31 — 13 to &;, which produces
ay = 121321. Simultaneously, we apply the corresponding rewriting rule Uz x
U; — Uy x Uz to y;. This yields a tuple

y2 = (61(a),02(b),01(c"), 03(d"), 02(e), 1(f)) € Us,

where ¢/, d’ € R are new ring elements which depend on ¢ and d. In the next
step, we apply the elementary homotopy 121 — 212 to @, to obtain the word
a3 = 212321. Again we use the associated rewriting rule to compute a new tuple

ys = (02(a"),01(0'),602(c"),05(d"), 62(e),01(f)) € Us,

where @', b, ¢”” depend on a, b and ¢’. After applying twelve transformations in
total, we end up with &13 = 123121 = @&; and a tuple

y13 = (61(a),02(b),05(¢),01(d),62(2),61(f)) € Uz, = Us,.

For reasons which will be explained later, we know that we must have y; = y13,
sod=ab=0,..., f = f. Since g,..., f can be calculated explicitly (using
our rewriting rules), we obtain six relations which hold for arbitrary elements
a,...,f € R. When we actually perform these calculations, five of these relations
turn out to be trivial, but we will see that the last relation is equivalent to the
associativity law. Therefore, the blueprint technique yields that any ring which
coordinatises an Az-graded group must be associative.

6.1.9 Remark (Formal justification). In order to actually perform the calculations
in[6.1.8] we need to state the rewriting rules on our tuples. These rules should be
chosen in a way which guarantees that, at the end of the computation, we have
y13 = y1. The idea is as follows: For every reduced expression 8 = (B4, ..., Bm)
of the longest element, we define a certain map yg: Up, X - -- x Up, — G and we
choose our rewriting rules so that yz,,, (vi+1) = 7a, (v;) for all i. In other words,
we can think of 7 as an invariant of the involved tuples, and the rewriting rules
are chosen precisely to leave the invariant unchanged. Thus we have

Yo (V1) = Y (¥2) = -+ = Yoy, (V1) = Ya (V) = Y& (Vi)
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where k is the length of the homotopy cycle in question. Now it remains to show
that 3, is injective, which is done in Proposition

6.1.10 Remark (Simplification of the blueprint computation). Instead of work-
ing down an entire homotopy cycle, we will in practice perform two separate
computations: One working “halfway down”, which transforms the initial tuple
1 into some tuple x, and another one working “halfway up”, which transforms
y1 into some other tuple x’. By the same arguments as in Remark|[6.1.9} we have
Y(x') = v(y1) = v(x”), so we infer that x’ = x”. We will do this because the
tuple entries in the blueprint computation become more complicated with each
step, so it is more efficient to perform two short computations than to perform
one long computation.

6.2 The Formal Framework of the Blueprint Technique

6.2.1 Notation for this section. We denote by @ a root system of rank n, by
A = (01,...,6n) a rescaled ordered root base of ®, by II the corresponding
positve system in ® and by W := Weyl(®) the Weyl group. Further, we denote
by G a ®-graded group with root groups (Uy)ce» and we fix a A-system (ws)sea
of Weyl elements in G.

The first part of this section is devoted to the introduction of the invariant y
that we announced in Remark and the proof that it is an injective map
(Proposition [6.2.7). In the second part, we state some basic results concerning
rewriting rules which will be used later on.

6.2.2 Reminder. Recall from Definition that for any word & = (a1, ..., ax)
over @, we put
Us = Uy, X -+ x U,

This should not be confused with the notation Ug := (U, |« € S) for any subset
S of ®.

6.2.3 Definition (Blueprint invariant). Let J be a word over A. The blueprint
invariant of type & (with respect to (ws)sea) is the map

m
V5 Us = G, (81, 8m) = [ Jwagi = ws, 81+ - ws, gm.
i=1
Further, the reduced blueprint invariant of type & (with respect to (ws)sea) is the
composition of 45 with the canonical projection to G/Z(G):

6.2.4 Definition (Blueprint rewriting rules). Let &, 3 be words over A. A rewriting
rule of type (&, B) (with respect to (ws)sen) is a map Uz — Up. A rewriting rule ¢
of type (&, B) is called a blueprint rewriting rule if it respects the reduced blueprint
invariant: YgO P = Ya-

The main result in this section is the fact that the reduced blueprint invariant
is an injective map. For the non-reduced blueprint invariant, this is a direct
consequence of the injectivity of the product maps (Proposition , but we
have to work a bit more to see that it also holds modulo the center.

6.2.5 Lemma. Let & = (aq,...,ay) be a reduced word over A (where m > 1) and let
v = o (a). Then Uy, N Z(G) = {1} where Z(G) denotes the center of G.
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Uz

Up

G/Z(G)

Figure 6.3: The condition of being a blueprint rewriting rule.

Proof. It suffices to prove the statement for the root base corresponding to A, so
we can assume that A is a proper root base. This allows us to apply Lemma
and Proposition[1.3.28] The statement is trivial if m = 1, so we assume that m > 1.
Let B = (B1,. .., Bm) be the root sequence associated to & as in Definition
so that N(w) = {B1,---,Bm } by Proposition [1.3.28 Let x € Uy, N Z(G).
We want to show that x = 1. By Proposition 2.5.7] the product map on j is
bijective, so there exist x; € Ug,, ..., xm € Up, such that x = x7 - - - x,,. Choose
an arbitrary §,,-Weyl element w,,, and observe that 8,, = a;, by the definition of
root sequences. In particular, B, is a simple root. Now x7 - - - X, = x7™ - - - x3,"
because x; - - - x5, is central, which implies that

w w, -1 W
(xlm...xm'il) xl...xm_xmm_

Note that the element on the left-hand side lies in Uy (because (IT\ Rxoy)?(") =
IT\ R>oy C II for any v € A by Lemma while the element on the right-
hand side lies in U_g,,. Since Uit N U4, = {1} by Axiom[2.5.2 (iv)} it follows
that x)," = 1, so x,, = 1.

We conclude from the previous paragraph that x = xq---x,,_1. Put v’ ==
vo (). Note that (aq,...,a,-1) is a reduced expression of v'. By Lemma

{B1,- ,Bm-1}=N@)\{Bn}=N() \{an} = N(w')7 (@),

] . w; w. w.
Thus xq - - - x,;;—1 lies in UN(U,)U(W,M = UN’("U/), so xy"--x,"y

follows that x = x7 - - - x| € Uy(yw) N Z(G). Using induction, we infer that

x = 1g, as desired. O

lies in Uy(y). It

6.2.6 Proposition. U1 NZ(G) = {1}

Proof. The longest word p satisfies N(p) = IT"%" by Proposition [1.3.29| Since
Uppinaiv = Uy, the assertion follows from Lemma O

6.2.7 Proposition. Let & = («ay,..., &) be a reduced word over A. Then the reduced
blueprint invariant vz of type & with respect to (ws)sca is injective.

Proof. As in Notation we put U; = Uy, and w; = wy, for alli € [1,n]. Let
¢ =1(g1,.-.,9m) and h = (hy,..., hy) be elements of Uy X --- x Uy, such that
Ya(g) = va(h). Then there exists z € Z(G) such that

W1g1W282 * * * Win—18m—1Wmm = Wihiwohy - - - W1 hyy 1 Wil z.

We want to show that ¢ = h. Using that ab = ba® for all a,b € G, we see that the
product on the left side equals

W W3 Wi Wi

& 8m—18m-
A similar transformation can be done on the right-hand side. We infer that

S g = BTz (6D

w
wiwy - - - wmg12
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Put

Wa Wy W3 W

§= (&8 gt gm), = (T T ).
Note that for eachi € [1,m], g;"""
to (x?(“i“"'“"l). It follows that ¢ and £ lie in L[B where B = (B1,..., Bm) denotes
the root sequence associated to &. Thus says that pg(g) = B(fz)z where g

denotes the product map on B. Hence
z = pp(h) "' pp(g) € Un N Z(G).

By Proposition it follows that z = 1¢, so we actually have uz(g) = p(h).

Using Proposition we conclude that § = h. Since conjugation by Weyl
elements is an automorphism, this yields ¢ = h, so 75 is indeed injective. O

and h; """ lie in the root group associated

We can now state the essence of the blueprint technique as follows.

6.2.8 Theorem. Let &, B be two reduced words over A such that oz = 03 let x € Uz
and let 1, o2 Uy — Upg be two blueprint rewriting rules. Then y1(x) = ().

Proof. Since 1; and ¢, are y-compatible, we have

1(¥1(%) = 7a(x) = 75(¢a(x)).
Since 'y is injective by Proposition the assertion follows. O

6.2.9 Note. In practice, all blueprint rewriting rules in this thesis will be compati-
ble with the non-reduced blueprint invariant, and not merely with the reduced
blueprint invariant. Thus it would have been sufficient for our purposes to only
prove the injectivity of the non-reduced blueprint invariant, which would have
been slightly easier.

The rest of this section is a collection of elementary facts about blueprint
rewriting rules.

6.2.10 Remark. Let& = (aq,...,a,) and B = (B1,..., Bm) be two words over A,
let g; € Uy, foralli € [1,n] and let h; € Ug, forall j € [1,m]. Then
'Yaﬁ(glz cer8ns hi,... ,hm) = ')/a‘c(gll - /gn)’)’ﬁ(hlr e ,hm)
6.2.11 Remark. Let &, B be words over ® and let ¢: Uz — Ug be a bijective
blueprint rewriting rule. Then 3 0 ¢ = 7z, so
Te=Tp0P09  =1a0 .
That is, ¢! is also a blueprint rewriting rule.

6.2.12 Remark. Clearly, the concatenation of two blueprint rewriting rules is
again a blueprint rewriting rule.

In the following Lemma|6.2.13|and its proof, we will identify (g, h) (for any
tuples § = (g1,--.,8n), h = (h1,..., hy)) with the tuple (g1,...,8n 1, ..., hm).

6.2.13 Lemma. Let &, B, &', B be words over ® and let
¢: Uz — Uy, &+ @(g) and ¢: Uz — U, 1 p(h)
be blueprint rewriting rules. Further, define
@ X 7#: UR‘B = U,;C X UB — UO_C’IB/ = U@/ X u’B/, (g_,ljl) — ((P(g_),ll)(ljl))
Then ¢ X v is a blueprint rewriting rule.
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Proof. Letg € Uy andleth € Up. By Remark|6.2.10, we have

Vap(&h) = 7a(@)vp(h).

On the other hand,
(v © (9 x9)) (& h) = 1ap (9(), ¥(7) = 7 (#(3)) vp ($(1))-
Since ¢ and ¢ are blueprint rewriting rules, the assertion follows. O

The following result says that it is sufficient to compute blueprint rewriting
rules for the basic braid moves, for example for 121 — 212 in Ajz. These basic
rewriting rules can then be extended to rewriting rules which are defined on
reduced expressions of the longest word.

6.2.14 Proposition. Let &y, &y, &3, &, be words over A and let ¢: Uz, — U% be a
blueprint rewriting rule. Then the map

id x @ xid: Uz, X Uz, X Usy = Uz, X Uy, X Usy, (81,82, 83) — (81, 9(82),83)

is a blueprint rewriting rule.

Proof. The identity map is clearly a blueprint rewriting rule, so this is a conse-

quence of Lemma|6.2.13 O

The following blueprint rewriting rule is easy to compute and will be used
for all root systems.

6.2.15 Lemma. Let a, 3 € ® be such that B is adjacent to a and to —«. Then the map
@: Uy x Ug — Up x Uy, (xXa, xp) — (xﬁ,x,x).

is a blueprint rewriting rule.

Proof. Note that —f is adjacent to —a because f is adjacent to a. Similarly, —f
is adjacent to « because f is adjacent to —a. Thus (U,, U_,) commutes with
(Ug, U_g). Hence

YVap(Xa, Xp) = WaXaWpXp = WEXBTWaXy and
(Vga © @) (Xa, Xp) = Ypa(Xp, Xa) = WpXpWaXy

for all x, € U, and all x5 € Ug. In other words, ¢ is a blueprint rewriting
rule. O

6.3 Blueprint Computations for A;

6.3.1 Notation for this section. We consider the root system A, for n > 3 in
standard representation and with its standard ordered root base A = (d1,...,d,).
Further, we denote by G a group with an A,-grading (Uy)aca, and by (6a)sca,
a coordinatisation of G by some ring (R with signs and base point chosen as in
Example and by (ws)seca a fixed A-system of Weyl elements in G.

6.3.2 Notation. We will usually (and in contrast to Notation[6.1.2) identify any
root ¢; — ¢; with the pair (7, j) and we will always write ij instead of (i, j). In other
words, we set Uj; := U,,—; and 0;; == 0,,—; for all distinct i, j € [1,n + 1]. Further,
we denote by

wij = wij(1g) = 0i(—1x)0;i(1%)0;(1x)

the Weyl element from Proposition [5.6.6]
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In this section, we will demonstrate how the blueprint technique can be used
to show that the coordinatising ring R must be associative. In other words, we
give a new proof of the A,-case in Proposition All computations in this
section will take place in the parabolic root subsystem

Az = {e,-—e]-|i7éj€ [1,4]}
of A, and in the corresponding As-graded subgroup of G. No further information
can be obtained from the blueprint technique by considering larger subsystems.
At first, we have to compute the blueprint rewriting rules for Az. We begin

by explicitly stating them. In the proof of Lemma we will see how to arrive
at these specific formulas.

6.3.3 Definition (Rewriting rules for A3). We define the following rewriting
rules:
P123: Ui X Ung X Upp — Ups X Uiz X Uiz,
(612(a),023(b), 012(c)) — (023(c),012(—b — ca), 023(a));
P34t Ung X Uss X Uz — Uza X Ups X Usa,
(623(a),034(D), 023(c)) — (O3a(c), 023(—b — ca),b34(a)); and
@: Urp X Uzg — Uss X Usa,
(012(a),034(D)) — (034(b), 012(a)).
It is easy to see that these maps are bijections whose inverses are given by
Wiy s Uns x Upp x Uy — Ugp x Uz x Usy,
(623(a),612(b), 023(c)) > (612(c),023(—b — ac), 612(a));
Pyt Uz x Upg X Usg — Upg x Usg x Ups,
(034(a),023(b), 034(c)) — (023(c),034(—b — ac), 623(a)); and
@i Usy x Upp — Usp X Usg,
(034(b), 012(a)) — (612(a), 034(D)).

6.3.4 Lemma. 123, Y05, P34, Pray, @ and ¢~ ' are blueprint rewriting rules (with
respect to the Weyl elements wip, w3, w34).

Proof. By Remark we only need to prove that 1123, 234 and ¢ are blueprint
rewriting rules. Further, ¢ is a blueprint rewriting rule by Lemma We
proceed to prove that 123 is a blueprint rewriting rule (and the proof for ¢34 is
identical). Let a,b,c € R and set

&= (eg —eyex—e3,e1—ey) and = (ex —e3,e1 —ep, €2 —e€3).
On the one hand, we have
x = (v50¥123) (612(a), 023(b), 012(c)) = v5(023(c), 612(—b — ca), 623(a))
= w3023 (Cc)wi2612(—b — ca)wyb;(a)
= Woaw1pW3023(¢) 2% 015 (—b — ca)“>6y3(a).
Using the conjugation formula from Example we can compute that
023(c) 128015 (—b — ca)“®03(a) = 013(—c)“2013(—b — ca)ba3(a)
= 012(c)b13(—b — ca)bs(a)
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On the other hand, we have
v = 7a(012(a), 023(D), 012(c)) = wib12(a)wa3023(b)wr2612(c)
= W1pWwwW12012(a) > 2023 (b) 2012 (c)
where
012 (a)“2“120,5(b)“12015(c) = 613(a)“12013(—b)012(c) = O23(a)613(—b)612(c).

We have to prove that x = y. Since wozwipwy3 = wipwo3wi2 by Theorem [2.5.10), it
only remains to show that

012(c)013(—b — ca)0a3(a) = 023(a)013(—b)b12(c).

In order to prove this, we apply the commutator relations in Az-graded groups:
023(a)013(—b)012(c) = 023(a)012(c)013(—b) = 012(c)623(a)[023(a), 612(c)]613(—D)
= 012(c)03(a) [012(c), 023(a)] 613(—b)

= 012(¢)023(a)013(—ca)013(—b) = 012(c)013(—b — ca)br3(a).
Thus x = v, so 123 is a blueprint rewriting rule. This finishes the proof. O

Now that we have determined the blueprint rewriting rules for A3, we can
apply the ideas from [6.1.8/and |6.1.10|in practice.

6.3.5 Theorem. The multiplication - on (R is associative.

Proof. In this proof, we drop Notation and go back to Notation instead.
That is, we write 0; in place of 6; ;1. Leta, b,c,d, e, f € (R be arbitrary and set
X = (91 (61), Qz(b), 93(C), 91 (d), 92 (6), 91 (f)) .

A homotopy cycle for the longest word in A3 is given in Figure on page
Working down rows 1 to 7 and applying the corresponding blueprint rewriting
rules in the process (as in Figure [p.4a)), we obtain a tuple y = (y1,...,Ys) where

y1 = 05(f), Y2 = b2(—e — fd), y3 = 05(d),
ya=01(c+ea+ f(b+da)), ys = 0(—b —da), ye = 03(a).
Further, working up rows 13 to 7 yields a tuple z = (z1,...,26) where

z1 = 05(f), zp = O)(—e — fd), z3 = 05(d),

z4 =01 (c+ fb+ (e + fd)a), z5 = 02(—b — da), z6 = 03(a).
(For the intermediate steps of these two calculations, see Figures and [6.4b])
Since each used rewriting rule is a blueprint rewriting rule, an application of
Theorem yields y; = z; for all i € [1,6]. In particular, y4 = z4, so

ct+ea+ f(b+da)=c+ fb+ (e+ fd)a  foralla,b,c,d,e, f € R.

Setting b = ¢ = e = 0, we conclude that f(da) = (fd)aforalla, f,d € R. Thatis,
R is associative. O

6.3.6 Note. We could set b, c and e to zero right at the beginning of the computa-
tion in Figure [6.4] to obtain an easier (and yet flawless) proof of Theorem [6.3.5
Of course, this is only possible with the knowledge which variables turn out to
be immaterial, and we can only obtain this knowledge by performing the full
computation.
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1) 123121
) 121321
(3) 212321
(4) 213231
(5) 231213
(1) 123121 | 61(a) 02(D) 03(c) 01(d) 02(e) 01(f) (6) 232123
(2) 121321 | 6y1(a) 02(D) 01(d) 05(c) 02(e) 01(f) (7) 323123
va NH@H mmﬁnmv QH A|® — va %NAQV mwAnv %NANV %H Cmv va mNHE
(4) 213231 | 62(d) 61(—b—da) 05(e) 0>(—c —ea) 05(a) 61(f) (9) 321232
(5) 231213 | 62(d) 03(e) 01(—b — da) 02(—c — ea) 01(f) 03(a) (10) 312132
(6) 232123 | 6,(d) 65(e) 62(f) O1(ct+ea+ f(b+da)) 62(—b—da) 65(a) (11) 132312
(7) 323123 | 05(f) 62(—e— fd) 05(d) 01(c +ea+ f(b+da)) 6,(—b—da) 63(a) (12) 123212

(a) The first part of the blueprint computation: rows 1 to 7. (13) 123121

(c) A homotopy cycle.
(13) 123121 | 61(a) (D) 65(c) 0,(d) 62(e)  6:(f)
AHNV H@HN QH A&v Qmva mmﬁnv QNQ..V mHmlm — \h&v QNAQV
(11) 132312 | 61(a)  65(f) 82(—c — fb) 65(b) 61(—c— fd) 6:(d)
:.Ov wEwN mwQﬁ.v QH AQV QNA|Q |\wv QHA|N |\.&v %wmwv QNAQV
(9) 321232 mmm.\nv QNA|m |.\..&v 01 Aﬁ AT\.@ —+ AWATN&VQV QNAQV mm@v mmﬂmv
va mNme mw Cnv QNA|m — \.&v QH An + ‘\.w + Am + \ﬁ&vmv mwﬁ&v milw — &mv mw mmv
(7) 323123 | 05(f) 62(—e— fd) 63(d) 01(c+ fb+ (e+ fd)a) 6(—b—da) 63(a)

(b) The first part of the blueprint computation: rows 13 to 7.

Figure 6.4: The blueprint technique applied to As.
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6.3.7 Note. Observe that we have never applied the distributive laws in the com-
putation in Figure[6.4] In fact, these laws follow from the blueprint computations:
Putting ¢ = b = 0 and f = 1in the equation y4 = z4 in the proof of Theorem [6.3.5]
we obtain that

ea+da= (e+d)a.

Conversely, putting c = d = 0 and d = 1, we infer that

f(b+a) = fb+ fa.
This proof is independent of the one in Lemma We will get back to this
observation in Remark

6.3.8 Note. In the same manner as for A3, we can use the blueprint technique
to show that any ring which coordinatises a D4-graded group is commutative.
Since all the root systems Eg, E7, Eg and D,, for n > 4 contain Dy as a parabolic
subsystem, it follows that the same assertion holds for these root systems as well.

6.4 Concluding Remarks

We end this chapter with some remarks.

6.4.1 Remark (Commutation maps). In section we have shown that any
ring (R, 4, -) which coordinatises an As-graded group (with standard signs) is
associative. We can also phrase this as follows: We have shown in Lemma
Theorem and Note that for any group (R, +) which coordinatises an
As-graded group with standard signs, the commutation map f: R x R — R
satisfies the identities in Remark which turn R into an associative
ring. This viewpoint — that the blueprint computations yield identities for the
commutation maps which are precisely the axioms of some algebraic structure —
will generalise without problems to the more complicated root systems.

6.4.2 Remark (Classes of identities). It will be beneficial to informally distin-
guish two classes of identities for commutation maps. We say that an identity
is a rank-2 identity if it follows from computations “within a single rank-2 sub-
group”, and we say that it is a higher-rank identity if it requires computations in a
subgroup of rank 3 or higher. For example, the “bi-additivity” of commutators
in Lemma is proven in the rank-2 setting, and so the distributive laws for
the ring multiplication in Lemma are rank-2 identities. We will see other
examples of rank-2 identities in Lemmas[/.4.4 [7.5.3land 9.4.3] On the other hand,
the associativity and commutativity laws in Propositions [5.6.9and [5.6.11| are
higher-rank identities.

Both kinds of identities can in principle be derived with the blueprint tech-
nique, as we have seen in Theorem and Note However, since the
rank-2 identities can be proven in an easy and straightforward way, it is usually
more efficient to derive them directly and then to use them during the blueprint
computation to simplify terms.

Another important type of identities are those which we call Weyl identities.
These are, by definition, identities which hold for the specific elements that
parametrise the fixed A-system (w;)seca of Weyl elements. In the As-case, the
identity 1 -7 = r = r - 1g (where 1 is defined to be the unique element of R
which satisfies ws, € U_5,05,(1z)U_s,) is an (and the only) example of a Weyl
identity. These identities always follow from formulas as in Proposition
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Technically, they are rank-2 identities, but it is beneficial to consider them sepa-
rately because they do not follow from the blueprint computations. The reason
for this is that the blueprint computations only produce identities which hold for
arbitrary parameters whereas the Weyl identities involve the specific elements
which parametrise (ws)sca.

6.4.3 Strategy. Let ® be a root system of rank at least 3 and let G be a ®-graded
group. We can summarise the steps in the blueprint technique for ®-graded
groups as follows:

(1) Compute a reduced expression of the longest element in Weyl(®) and a
non-trivial homotopy cycle of this expression.

(2) Define commutation maps in G, as in Remark and Note4.1.13

(8) Compute the rank-2 identities of the commutation maps, including the
Weyl identities.

(4) For each braid homotopy move in Weyl(®), compute a blueprint rewriting
rule. These rewriting rules involve the commutation maps in G.

(5) Perform the blueprint computations, as in Figure

(6) Show that the set of identities which result from the blueprint computations
is equivalent to a set of “smaller, easier-to-understand” identities. This
is done by putting several of the involved variables to zero (or to 1 or to
similar “canonical” elements) and then using the resulting identities to
simplify the original identities.

6.4.4 Note (The original conception of the blueprint technique). Using the Hall-
Witt identity, Zhang shows in [Zhal4, 3.4.9 to 3.4.18] that the commutation maps
in certain Cz-graded groups can be described explicitly in terms of the algebraic
structure of a ring with involution. The original idea of the blueprint technique
was to apply it only after these Hall-Witt computations are done, which results
in more explicit formulas for the blueprint rewriting rules. This in turn makes
the blueprint computation much less cumbersome, essentially because many of
the identities which would “normally” result from the blueprint computation
have already been verified “by hand”. The only new identity which follows from
the “original” blueprint computation is the alternative law, which is in fact all
that we wanted to prove at this time. It is a crucial observation that the blueprint
computations work just as well if the rewriting rules are given only in terms of
abstract commutation maps, which significantly streamlines our approach to root
graded groups for all root systems. See also Remark|[6.4.1]

6.4.5 Remark (Rank higher than 3). The length of the longest word in Weyl(®)
and thus of the blueprint computation increases with the rank of @, so there is a
high incentive to keep this rank as low as possible. It turns out that, in all types
of root systems for which we perform the blueprint computation, there is no
need to go higher than rank 3. For example, if we were to perform the blueprint
computation for A4, we would obtain only the associativity of the coordinatising
ring but no further identities. For this reason, we will always restrict the blueprint
computations to the rank-3 case.

We emphasise that this restriction of the blueprint computation does not lead
to a restriction of the generality of our coordinatising results. To see why, observe
that every root system of type X, for X € { A,B,C,BC } and n > 3 contains a
subsystem of type X3. Thus every X-graded group G contains an X3-graded
subgroup G’. The blueprint computations in rank 3 show that the commutation
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maps in G’ satisfy a certain set of identities. Using the ideas in Note we
can describe all commutation maps in G using only the commutation maps in G’.
Thus the blueprint computation yields information about the computation maps
in all of G, not only in G'.






Chapter 7

Root Gradings of Type B

In this chapter, we investigate B,-graded groups for n > 2, though we will
restrict ourselves to the case n > 3 for the main results. Except for the case
of RGD-systems, we are not aware of any prior literature on this topic. The
standard reference for RGD-systems of type B; is Chapter 23 in [TW02]. Many
of the arguments in [TWO02] no longer work in the setting of root graded groups.
Instead, we have to deploy several “rank-3 arguments”.

Unlike the simply-laced root systems, B, (and every other root systems that
we study from this point on) has multiple orbits of roots, so we will for the first
time see root graded groups with non-isomorphic pairs of root groups. Since
every long root in By, is contained in an A>-subsystem (Lemma7.2.12), we should
expect the long root groups to be coordinatised by some ring £. In the end, we
will show that this ring must be commutative associative and that the short root
groups are coordinatised by a quadratic module M over £.

More precisely, we prove the following two statements. Firstly, there exist
an abelian group (£, +) which parametrises the long root groups and another
abelian group (M, +) which parametrises the short root groups. Secondly, the
commutation maps will be described by a map £ x £ — £ which turns £ into
a commutative associative ring, a map £ x M — M which turns M into a left
k-module, a £-quadratic form q: M — £ and a £-bilinear form f: M x M — £
which is the linearisation of . The commutator formula has the exact same form
as the Chevalley commutator formula, except that expressions of the form v? and
2vw for v,w € M (which do not make sense for module elements) are replaced
by q(v) and f (v, w), respectively.

This chapter is organised in the way described in section We begin
with a brief introduction to quadratic modules over commutative associative
rings. In section we study some purely combinatorial properties of the
root system B, and compute its Cartan integers. In section [7.3] we show how a
so-called elementary orthogonal group can be constructed from any quadratic
module, which provides a complete solution of the existence problem. The rank-2
computations are split into two parts: We begin with the general case of (non-
crystallographic) B,-gradings in section |/.4|and continue with crystallographic
B-gradings in section [7.5] Results from both sections will be used in chapter[Jas
well.

From the second half of the chapter on, we consider B,-gradings for n > 3.
In section we prove that Weyl elements in these groups satisfy the square
formula. In sections|7.7|and|7.8, we define the notions of standard partial twisting
systems and standard signs for B,-graded groups, respectively. In section|7.9| we
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apply the results from the previous sections and the parametrisation theorem
to construct parametrising groups (£, +) and (M, +). The commutation maps,
their rank-2 identities and the blueprint rewriting rules are defined, derived and
computed in section[7.10] Finally, we perform the blueprint computations for B3
in section[7.11} and we state our final result in Theorem [7.11.21

7.1 Quadratic Maps and Modules

7.1.1 Notation for this section. We denote by # an arbitrary commutative asso-
ciative ring. Unless otherwise specified, all modules are understood to be left
modules over £ (in the standard sense of Definition |5.1.22).

In this section, we introduce the basic terminology of quadratic maps, forms
and modules. These objects are often only considered over base fields, but the
basic notions (which are all that we need) translate to the case of commutative
associative base rings without a change. With this caveat, all the material in this
section is standard and can be found, for example, in [EKMOS8, Section 7]. A
reference which treats quadratic modules over arbitrary commutative associative
rings is [Knu91], though it only considers quadratic modules which are finitely
generated projective.

Some of the results in this section will be generalised in section[8.T|to the more
general weakly quadratic maps.

We begin with the notion of quadratic maps between arbitrary £-modules.

7.1.2 Definition (Polarisation, [EKMO08, 7.1]). Let (M, +), (N, +) be two abelian
groups and let f: M — N be any map (not necessarily a homomorphism). The
polarisation of f is the map

MxM — N, (v,w) — f(v+w)— f(v) — f(w).

More generally, let n be a positive integer, let (M1, +), ..., (M,, +), (N, +) be
abelian groups and let f: My X - -- X M, — N be any map. Then for all i € [1, ],
the polarisation of f at position i is the map

M1><-~‘><Mi,1><Mi><Mi><Mi+1X"‘XMH—>N,
(01,..,0i_1,0;,W;, Vis1,.--,0n) — f(vi+w;) — f(v;) — fF(w;)
where f(ui) = f(v1,...,0i-1, Ui, Vit1,- -, Un).

7.1.3 Definition (Quadratic map, [EKMO08, 7.1], [Knu91, (5.3.5)]). Let M, N be
f-modules. A map g: M — N is called £-quadratic (or simply quadratic) if it
satisfies the following two conditions:

(i) g(Av) = A%q(v) forall A € £, v € M.
(ii) The polarisation f: M x M — N, (v,w) — q(v+w) — q(v) — q(w) of f is
f£-bilinear. This map is also called the linearisation of q.

In practice, we will only be concerned with the case that N = £, which we
study from Definition on.

7.1.4 Note (Polarisations and linearisations). The terms “polarisation” and “lin-
earisation” are often used interchangeably in the literature. In this thesis, we will
use “polarisation” as a general descriptor for the maps defined in Definition [.1.2]
while only the polarisations of quadratic maps will be called “linearisations”. In
other words, a polarisation will only be called a linearisation if it is actually linear
(or rather, bilinear).
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7.1.5 Lemma. Let M, N be k-modules, let qg: M — N be a quadratic map and let f
denote its linearisation. Then the following statements hold:

(@) q(v+w) =q(v) +q(w) + f(v,w) forall v,w € M.
(b) Foralln €e Ny andall vy,...,v, € M, we have
q<zvi> =L@+ ) fony).
i=1 i=1 i=1j=i+1
(c) fis symmetric, that is, f(v,w) = f(w,v) forall v,w € M.
(d) q(0m) = On.
(e) f(v,v) =24q(v) forallv € M.
Proof. The first assertion is simply a reformulation of the definition of f and the

second assertion follows from the first one by induction. The third assertion is
clear. The fourth assertion follows from the equation

q(0m) = q(0m + 0m) = q(0m) + q(0m) + f(Orm1, 0m) = 24q(0m)-
For the last assertion, let v € M. On the one hand,

q(240) = 23q(v) = 44q(0).

On the other hand,
9(240) = g(v +v) = ¢4(v) + q(v) + f(v,0) = 2q(0) + f (0, 0).
Thus 44q(v) = 24q(v) + f(v,v), or in other words, 2;q(v) = f(v,v). O

The following Lemma says that for commutative associative rings in
which 2 is invertible, a quadratic map from M to N is essentially the same thing
as a symmetric bilinear map from M x M to N. Thus the study of quadratic
maps reduces to the study of symmetric bilinear maps in this case. In the general
situation, however, we will see in Example that a quadratic map “contains
more information” than its linearisation. For this reason, quadratic maps are bet-
ter suited to the study of general commutative associative rings than symmetric
bilinear forms.

7.1.6 Lemma. Assume that 2 is invertible and let f: M x M — N be a symmetric
k-bilinear map between k-modules M, N. Then

g: M — N,v+— f(Z;v)
is a k-quadratic map with linearisation f, and it is the unique map with these properties.
Thus we have a bijective correspondence between symmetric k-bilinear maps M x M —
N and k-quadratic maps M — N if 2 is invertible.

Proof. 1t is easy to check that v — @ defines a quadratic map, and it fol-
lows from Lemma that a quadratic map is uniquely determined by its
linearisation. ]

7.1.7 Lemma. Let M, N be i-modules. Then the set of quadratic maps from M to N is
closed under addition and k-scalar multiplication.

Proof. This is clear from the definition of quadratic maps. O

From now on, we specialise to the case that the codomain of the quadratic
map in question is £. This is the only case of relevance for our purposes.
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7.1.8 Definition (Quadratic form). Let M be a £-module. A quadratic form on M
is a A-quadratic map q: M — £ where £ is regarded as a £-module in the natural
way. It is called anisotropic if g(v) = 0 implies v = 0 for all v € M.

7.1.9 Definition (Quadratic module). A quadratic module (over £) is a pair (M, q)
consisting of a (left) £-module M and a quadratic form g on M. It is called
anisotropic if q is anisotropic.

7.1.10 Example. The map q: £ — £,7 — rZisa quadratic form with linearisation

f:h xk— Rk, (r,s)— 2rs. In fact, the group that we will construct in section
for an arbitrary quadratic module (M, ) will be a Chevalley group if we take
M=fandg: r— r%

More generally, the map

n
q: B = ko Y of
i=1
is a quadratic form with linearisation

n
fi R xR — R, (0,w) — 2 ) viw.
i=1
Note that f = 01if 24 = 04. In particular, if 2; = 04, then g and the zero map are
two quadratic forms which are distinct (unless £ is the zero ring) but have the
same linearisation. This shows that in general, a quadratic form “contains more
information” than its linearisation.

7.1.11 Lemma (Direct sum of quadratic modules). Let (M,q), (M',q") be two
quadratic modules and let f, f' denote the linearisations of q and q', respectively. Then
the direct sum M & M’ together with the map

geq: MM — £, (v,0) — g(v) +4 (V)
is a quadratic module, called the direct sum of (M, q), (M',q’). The linearisation of
q@q'is
fof:MoM)x(MaeM) =k ((uu),(v,0)) — flu,o)+ fu',0).
Proof. This follows from a simple computation. O

7.1.12 Remark (Inner direct sum). Let (M, q) be a quadratic module with sub-
spaces A, B and with linearisation f. We say that M is the (inner) direct sum of
A and B, and we write M = A & B, if M is the (inner) direct sum of A and B
as f-modules and f(a,b) = 0foralla € A, b € B. If this is the case, then M is
isomorphic to the outer direct sum of A and B in the sense of Lemma A
subspace C of M is called a direct summand of M if there exists a subspace D such
that M = C ® D (as quadratic modules).

7.1.13 Example (Hyperbolic space, [EKMO08, p. 40], [Knu91, (5.6.2)]). Let n €
IN>; and let V := £". Denote by V* the dual space of V. The hyperbolic space of
dimension 2n over £ is the A-module M = V @ V* together with the quadratic
form

g: M — £, (v, f) — f(v).
If we denote the canonical basis of V by (ey, ..., e,) and the corresponding dual
basis by (e_1,...,e_,), then g is given on coordinates by

n
q: AT DR — B, ((/\1,...,/\n),(/\,l,...,)t_n)) — Z)\,‘/\_l’.
i=1
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The pairs (e;, e_;) are called hyperbolic pairs. More abstractly, a pair (v, w) of
elements in a quadratic module (M’, q') with linearisation f is called a hyperbolic
pairif g (v) =0=¢'(w), f'(v,w) =1 and (v, w); is a direct summand of M’ (in
the sense of Remark [7.1.12). Such a pair is automatically /-linearly independent:
If A, u € £ satisfy Av + pw = 0, then

0r = f'(v,0) = f'(v, Av + pw) = Af'(v,0) + uf' (v, w) = 2Aq'(v) + p = p,

and similarly A = 04. Thus v, w span a direct summand of M which is isomorphic
to the hyperbolic plane A2.

7.1.14 Note. The condition in Example [7.1.13| that the module spanned by a
hyperbolic pair is a direct summand will not be relevant in our context. It is
absent from the definition of hyperbolic pairs in [GPR, 11.17].

7.1.15 Lemma. Let (M, q) be a quadratic k-module which contains an element vy € M
such that q(vo) is invertible. Then for all a € k with avy = Oy, we have 2a = 0. In
particular, M is a faithful k-module if 2 is not a zero divisor.

Proof. Let a € £ such that avgy = 0 and denote the linearisation of g by f.
Then af (v, vy) = f(avy,vg) = 0. At the same time, af(vo,vo) = 2aq(vo) by
Lemma Since g(vp) is invertible, it follows that 2a = 0, as desired. In
particular, any a € £ with aM = {0} satisfies avg = 0 and thus 22 = 0. Hence M
is faithful if 24 is not a zero divisor. O

The notions of orthogonality and orthogonal groups which are known for
inner products (see Definitions and [1.2.4) transfer to the setting of quadratic
forms without surprises.

7.1.16 Definition (Orthogonal group). For any quadratic module (M, q), we call
O(g) ={¢ € Auty(M) | q(¢(v)) = q(v) forallv € M }

the orthogonal group of q. We use the convention that it acts on M from the left
side, so that the composition ¢ o ¢ of ¢, € O(g) is the map x — ¢(¢(x)).

7.1.17 Remark. Let (M, q) be a quadratic module and let ¢ € O(g). Then we also
have f(¢(u), p(v)) = f(u,v) for all u,v € M where f is the linearisation of 4.

7.1.18 Note. Recall from Convention and Note that in the context of
root systems in a Euclidean space (V, -), we always let automorphisms of V act
from the right side. The reason for this is that we often need reflections in the
context of Weyl elements, whose conjugation action is also written on the right
side. Since this specific reasoning does not apply to quadratic forms, we have the
freedom to let O(gq) act on M from the left side, “as usual”.

7.1.19 Definition (Orthogonality). For any quadratic module (M, g), we say that
v,u € M are orthogonal if f(u,v) = 0 where f is the linearisation of 4. For any
k-subspace U of M, we define U+ := {v € M| f(u,v) = Oforallu € U} and
we put v+ = (v)7 forallv € M.

Even the notion of reflections, which we defined in Definition [I.2.5] for inner
products, can be generalised to the setting of quadratic forms. However, we
have to be a bit more careful at this point. Recall from Definition that the
reflection corresponding to a non-zero vector v in a Euclidean space (V, -) is the
map

X0

0p: V=2V, x—=x% =x—-2—u.
V-V
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We can write down the same definition for arbitrary symmetric bilinear forms f
as long as we assume that f (v, v) is invertible. However, since f(v,v) = 2q(v)
by Lemma this assumption is never satisfied if 24 is not invertible. The
solution to this problems consists of removing the coefficient 2 from the definition
of 0y,. If 24 is invertible, then the resulting definition is equivalent to the naive
definition above.

7.1.20 Definition (Reflection, [EKMO08, 7.2], [Knu91, (6.1.2)]). Let (M, q) be a
quadratic module over £, denote by f the linearisation of 4 and let v € M such
that g(v) is invertible in &. The reflection corresponding to v is the map

0p: M = M,u v u—q(v)" f(u,0)o.

Reflection in quadratic modules satisfy some of the main properties that we
are used to from reflections in Euclidean spaces. The most important caveat is
that in general, we cannot expect the module M to decompose as (v); & v.

7.1.21 Lemma. Let (M, q) be a quadratic module over £, denote by f the linearisation
of q and let v € M such that q(v) is invertible in k. Then o lies in O(q) and satisfies
op(u) = uforallu € v*, 0,(v) = —vand 02 = idp.

Proof. Ttis clear that o, is A-linear and that it is the identity on v*. Further, since
f(v,v) = 2q(v) by Lemma7.1.5 (e)| we have
0p(v) =v—q(v)  f(v,0)v =020 = —0.
This implies that for all u € M,
o5 (1) = o (u —q(v) " f(1,0)0) = oo(u) — q(0) " f (1, 0) 05 (v)

=u—q(v) " f(u,0)0+q(v)  f(u,0)0 = u.

Finally, by Lemma(7.1.5 (a)},
9(0o(u)) = q(u—q(0) 7' f(u,0)0)

= q(u) +q(=q(0) "' f(u,0)0) + f (1, —q(v) " f(u,0)0)

= q(u) +q(v) *f(u,0)*q(0) —9(0) 7' f(u,0) f (u,0) = q(u).
This finishes the proof. ]

We now turn to pointed quadratic modules.

7.1.22 Definition (Pointed quadratic module). A pointed quadratic module over £
is a triple (M, q,e) where (M, q) is a quadratic module over £ and e is an element
of M with g(e) = 14. The element e is called the base point. A quadratic module
(M, q) is called pointable if there exists e € M such that (M, g,e) is a pointed
quadratic module.

7.1.23 Note. Recall from Lemma that in simply-laced root graded groups,
the ring element 1; which appears in the decomposition of the fixed Weyl ele-
ments turns out to be the unit element in the coordinatising ring. We will observe
a similar phenomenon in B,-graded groups: The module element e which ap-
pears in the decomposition of the fixed short Weyl element will ultimately satisfy
g(e) = 1. Thus the quadratic module that we construct from any B,-graded
groupg is pointable, and the choice of a A-system of Weyl elements determines
a “canonical” choice of a base point. However, note that the unit element of a
ring is uniquely determined by the ring structure whereas a pointable quadratic
module may have many possible base points.
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7.1.24 Note (see [GPR, 11.14]). Let (M, g, ¢) be a pointed quadratic module and
denote by f the linearisation of 4. One can define a trace map

tr: M — Auvw f(e,u) = f(u,e)
and a conjugation map
M — M,uw— u=tr(u)e — u.

Observe that, since g(e) = 14, we have = = —0, where 0, denotes the reflection
corresponding to e.

We will not need the trace and conjugation maps in this generality. However,
we will encounter them in Definition in the special case that (M, q) is a
conic algebra. Further, we will see similar concepts in section

Finally, we can define the standard parameter system for pointed quadratic
modules.

7.1.25 Definition (Standard parameter system). Let (M, g, e) be a pointed qua-
dratic module. Put A := B := {+1}. Declare that A acts on £ and M by inversion
and that B acts trivially on £ and by ¢, on M. More precisely, this means that

—1pa=—a, —-1pm=-m, —lga=a, —lgm=oc..m
foralla € £ and all m € M. Then the triple (A x B, M, £) is called the standard
parameter system for (M, g, e).

7.1.26 Remark. To obtain an induced action of A x B on M and £, we have to
observe that the actions of A and B commute. This holds because the reflection
map 0y, is linear.

7.2 Root Systems of Type B

7.2.1 Notation for this section. We denote by n an integer at least 2.

In this section, we collect some basic facts about the root system B,, which will
be needed later on. Note that we exclude the case n = 1 because the resulting
root system B; would be isomorphic to A;.

7.2.2 Remark (Standard representation of B,). Let V be a Euclidean space of
dimension n with orthonormal basis (ey, ..., e,). The standard representation of B,
is

By = {eie;+exej|i #£j€ [1,n],e1,e2 € {£1} }U{ee;|i€[l,n],ec {£1}}.
The long roots are exactly those which lie in the first set and the short roots are
exactly those in the second one. The standard root base is

A={e—e1|ic[l,n—1]}U{e,}
and the corresponding positive system is
M= {e—e|li<je[Ln}U{e+ei|i#je[l,n]}U{el|ic(l,n]}.

7.2.3 Remark. It is clear to see that the standard root base of A, 1 (from Re-
mark [5.2.3) can be regarded as a subset of the standard root base of B,. Thus
B, contains A,_; as a parabolic root subsystem. We also see that all roots in the
standard representation of D,, (from Remark are also contained in B,, and
that they even form a crystallographically closed subset of B,,. However, this
subset is not closed (in the non-crystallographic sense) and, consequently, not
parabolic.
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7.2.4 Definition (B,-pairs and B;-quadruples). Let ® be any root system. A
By-pair (in ®) is a pair («,d) of roots such that («,d)g N P is a root subsystem
of ® of type B, with root base («, ) with a being the long simple root in this
subsystem and J being the short simple root. A By-quadruple (in ®) is a quadruple
(a, B,7,9) of roots in @ such that («, ) is a By-pair, f = « + 6 and v = a + 26.

—u o Y
—p p

Figure 7.1: A By-quadruple (a, B, 7, 9).

7.2.5 Remark. In a By-quadruple («, B, 7,9), the roots «, B, v, 6 are exactly the
positive roots of the corresponding B,-subsystem (with respect to the root base
(«,0)). All reflection maps on this subsystem can be read off from the diagram in

Figure[7.1]

7.2.6 Remark (compare Remark [9.1.11). Let G be a group with a B-grading
(Uy)aeB, and let (a,B,y,6) be a B-quadruple. Then this grading is crystallo-
graphic if and only if the commutators [U,, Uy, are trivial for all e, € {£1}.

We now state some simple results, mostly on the possible ways in which to
roots can “relate” to each other. Since every pair of roots lies in a parabolic rank-2
subsystem, there is only a handful of cases which can occur.

7.2.7 Lemma. Let a, B be roots. Then the subsystem which is spanned by «, f3 is of type
Al, Az, A1 X A1 or Bz.

Proof. This follows from Remark(1.2.56 O

We can imitate the proof of Lemma to show that B, contains no non-
parabolic subsystems of types A, and B,. Thus we do not have to distinguish
between Aj-subsystems, closed A>-subsystems and parabolic A-subsystems in
the following, and similarly for B,-subsystems. However, the same is not true
for subsystems of type A; x Aj: The short roots in B, form a subsystem which is
neither parabolic nor crystallographically closed. Similarly, the long roots in B
form a subsystem which is crystallographically closed but not parabolic.

7.2.8 Lemma. Every Aj-subsystem and every By-subsystem of By, is parabolic.

Proof. Let @' be an Ay-subsystem of B,. Then @’ is contained in the parabolic root
subsystem ®” := (®’)g N P. Since A; x A; and B, do not contain a subsystem
of type Ay, it follows from Lemma that ®" is of type Az, so @' = @”. The
proof for B,-subsystems is similar. O

7.2.9 Remark. The assertion of Lemma remains true for A, and B, replaced
by A, and By, for m € [2,n].

7.2.10 Lemma. Let B, § be two short roots such that B & {£6}. Then there exist long
roots w, 7y such that («, B, 7y, ) is a By-quadruple. In fact, we must have « = B — § and

v=p+9.
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Proof. In the standard representation of B,, there exist distinct 7, j € [1,n] such
that B € {#e;} and § € {£e¢;}. Now it can be easily seen that the long roots
a = B — 6 and v := B+ 4 have the desired property, and that they are the only
roots with this property. O

7.2.11 Lemma. Let p, { be two orthogonal roots in B,,. Then one of the following two
conditions is satisfied:

(i) pis crystallographically adjacent to { and —(.
(ii) p and  are both short and there exist long roots w,y such that («,p,7,() is a
Br-quadruple.

Proof. Denote by @' the root subsystem which is spanned by p, . Then &' must
be of type A1 x Ay, Az or B, by Lemma In the first case, (i) holds. The
second case is not possible because there are no orthogonal roots in A. Now
assume that we are in the third case. Then p and ¢ must have the same length. If
they are both short, then (ii) holds by Lemma Otherwise (i) holds. This
finishes the proof. O

7.2.12 Lemma. Ifn > 3, then every long root in By, lies in an Aj-subsystem.

Proof. Roots of the form ¢; — e; span an Aj-subsystem together with e; — ¢, while
roots of the form +(e; + ¢;) span an As-subsystem together with +(e; — e;), were
k is any index from [1,n]\ {i,j }. O

7.2.13 Lemma. Ifn > 3, then two long roots a, y in By, lie in a common Ap-subsystem
if and only if they are not orthogonal.

Proof. 1f « and -y are orthogonal, then they cannot lie in common Aj-subsystem
because A; contains no pair of orthogonal roots. Now assume that « and 7y are
not orthogonal. Note that for any element w of the Weyl group, « and -y liein a
common Aj-subsystem if and only if % and % lie in a common Aj-subsystem.
Since the Weyl group acts transitively on the set of long roots, we can thus assume
that a = 7 + e5.

Since B is long, there existi # j € [1,n] and €1,&; € {£1} such that p = e1¢; +
eze;. Atfirst, assume that {,j } = {1,2 }. Then we must have 8 € { £« } because
« and B are not orthogonal. In this case, any A;-subsystem which contains « must
also contain B. Since there exists at least one A>-subsystem which contains « by
Lemma the assertion follows. Now assume that {i,j} # {1,2}. Then
{1,2} n{i,j} contains exactly one element, because otherwise a« and y would
be orthogonal. Without loss of generality, assume that i = 1. Replacing 8 by —pf
if necessary, we can further assume that ¢; = 1, so that f = e + ¢¢;. Then a and
B lie in the common Az-subsystem { £(e; +e2), =(¢; —e2), £(e1 +¢;) }. O

7.2.14 Note. If n = 2, then long roots &, v with v € { £a } do not lie in a common
Aj-subsystem (because B, has no A;-subsystem) but they are not orthogonal.
That is why we have to assume n > 3 in Lemma|7.2.13

7.2.15 Lemma. Let « be a long root and let B be a short root. Then «, B lie in a common
By-subsystem if and only if they are not orthogonal.

Proof. Since the statement is invariant under the action of the Weyl group, we
can assume without loss of generality that § = e;. Leti # j € [1, n] be the unique
indices such that « € { £e; +-¢; }. Then , B lie in a common B,-subsystem if and
only if 1 € {i,j}, which is the case if and only if they are not orthogonal. This
finishes the proof. O
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In the computation of the Cartan integers, it is practical to consider each orbit
of roots separately. By Proposition [1.3.8] the orbits in B,, are precisely the set of
long roots and the set of short roots. Thus we end up with four cases to consider.
We do not give proofs, but all statements follow from a simple investigation of
the standard representation of B,,.

7.2.16 Lemma. Let o,y be two long roots. Then the Cartan integer (a|y) = 2% is
determined as follows:

(a) («|y) = 0ifand only if « and -y are orthogonal. (If n > 3, this is equivalent by
Lemmal/.2.13|to « and 7y lying in no common As-subsystem).

(b) («|y) = —1ifand only if (x,7y) is an Ay-pair.

(c) {a|y) = lifand only if (x, —) is an Ay-pair.
(d) {(a|y) =2ifand only if x = 7.
(e) (a|y) = —2ifand only if x = —y.

7.2.17 Lemma. Let B, 6 be two short roots. Then the Cartan integer (B|0) is determined
as follows:

(a) (B|0) = 0 if and only if p and & are orthogonal (or equivalently, if and only if
Bé&{£d})
(b) (B|6) =2 ifand only if B = 6.
(c) (B|o) = —2ifand only if B = —4.
7.2.18 Lemma. Let « be a long root and let B be a short root. Then the Cartan integer

(«|B) is determined as follows:

(a) («|B) = 0ifand only if x and B are orthogonal (or, equivalently by Lemma
if and only if they do not lie in a common By-subsystem).

(b) («|B) = 2 ifand only if («, B) is a By-pair.

(c) (a|B) = =2 ifand only if (a, —B) is a By-pair.
7.2.19 Lemma. Let « be a long root and let B be a short root. Then the Cartan integer
(B|a) is determined as follows:

(a) (Bla) = 0ifand only if « and B are orthogonal (or equivalently, if and only if they
do not lie in a common By-subsystem).

(b) (Bla) = 1ifand only if («, B) is a By-pair.
(c) (Bla) = —1ifand only if («, —PB) is a By-pair.
Since we will usually only be interested in the number (—1)/# (or, in other

words, the parity of the Cartan integer), the following summary will be very
useful.

7.2.20 Proposition. Let p,{ be two roots in By,. Then (p|C) is an even number if and
only if one of the following conditions is satisfied:

(i) { is short.
(ii)) pe { £C }.
(iii) p and { are orthogonal.
Equivalently, we can replace the last statement by the following one:
(iii’) p is long and and p, { do not lie in a common subsystem of type A or B;.

We end this section with the definition of a certain subset B, of B, which will
prove useful later on.
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7.2.21 Remark. As we have discussed in Note we will not work with a
“full” family (wy)qee of Weyl elements during the coordinatisation of B,,-graded
groups, but only with a A-system (w;s)sea (Which is chosen arbitrarily). Since
the simple reflections generate the Weyl group by Proposition[I.3.12} this poses
no problem on the theoretical side. On the practical side, however, the number
of generators which are needed to express an element of the Weyl group with
respect to A may be rather large, which makes computations more cumbersome.
As a compromise, it will in some situations be useful to consider a B,-extension
of (ws)sea (in the sense of the following Deﬁnition where B,, is the subset

B, ={e—eliFjec[l,n}U{elic(ln]}

of B,. In other words, By, is the union of the canonical subsystem of type A, 1
and the set of positive short roots. Observe that this set is neither closed nor a
root system.

The set S := {0, |« € B, } is a practical set of generators for the Weyl group
for the following reason: For all roots «, B € B, which lie in the same orbit, we
need at most four reflections from S to go from a to B. In other words, there
exist m € [0,4] and a word & over B, of length m such that «”®) = B. The idea
here is to use the subgroup Weyl(A,,_1) of Weyl(B,,) to permute the basis vectors
(€i)iej1,0) (Which requires at most two reflections) and the reflections (¢, )1, to
change the signs of the basis vectors (which also requires at most two reflections).

7.2.22 Definition (Standard A-expression). Let A denote the standard root base
of B,. For any root « € B,, we define a A-expression p* of a (in the sense of
Definition 4.2.2) as follows:
(a) If & € A, we put p* := ().
(b) If « = ¢; for some i € [1,n — 1], we define p% := (e; — ej11, P+, i1 — €;).
(c) Ifa =e¢; —ejforsomei < j € [1,n—1] withi+1 < j, we define g% :=
(e]' — (3]'_1,(361'_6/'*1,6]'_1 — 6])
(d) f & = ¢j —¢; forsome i < j € [1,n — 1] withi+1 < j, we define p° % =
(Pt
The word p* will also be called the standard A-expression of a. We also put o' := p®
foralli € [1,n] and p := g%~ for all distinct i, € [1,n].

7.2.23 Definition (B,-extensions). Let A denote the standard base of B,, let G be
any group with a B,-pregrading (Uy).ep, and let (w;)sea be a A-system of Weyl
elements in G. Then we define a family (w,), B, called the standard B,-extension
of (ws)sen, by wy = wpe for all « € B,,. We will sometimes write wj; for We,—e;
and w; for w,,.

7.2.24 Note. Since 0, = 0_, for all roots &, we could remove all negative roots
in A, 1 from B, without changing the set S of generators in Remark [7.2.21

However, it will be more practical to have both Weyl elements w;; and w;; = w, j
available. By contrast, we will show in Proposition|7.6.16|that for all i € [1,#],
the short Weyl elements w; and w; ! act identically on all root groups. Thus there

is no need to include the short negative roots in B,,.

7.2.25 Note. The main computations during which we use B,-extensions are

Lemma and Proposition[7.11.19| The reason why B,-extensions are useful
in this context are Lemma|7.3.28/and Proposition|7.10.2
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7.3 Construction of B,-graded Groups

7.3.1 Notation for this section. We denote by £ a commutative associative ring,
by (M, gq,vp) a pointed quadratic module over £ and by f: M — £ the linearisa-
tion of 4. Further, we fix an integer n € IN>», the root system ® := B,, in standard
representation (as in Remark and the standard root base A of B,,. We will at
some points consider the subset B, of B, defined in Remark|7.2.21

The construction of RGD-systems of type B, from a quadratic module over a
tield is well-known. For example, the required matrices can be found for n = 2
in [VMO8, p. 469]. The construction in [VM9§] is, in fact, more general than what
we need because it starts not from a quadratic module, but from a c-quadratic
module where ¢ is an anti-involution of the field. Taking ¢ to be the identity map,
we obtain the regular notion of quadratic modules. The construction outlined
in this section is essentially an adaption of the one in [VMO98] to arbitrary n and
with the field replaced by a commutative associative ring. We will change some
minor specifics of the construction, like signs and the order of the matrix rows
and columns, but in its essence it is the same.

The group EO(gq) that we construct in this section can also be implemented on
a computer. All computational results that we state in this section can be verified
in this way. See Note for a few details on the implementation.

7.3.2 Convention. As in Definition|7.1.16| we consider endomorphisms of any
module to be acting from the left. Thus the composition ¢ o ¢ of two such
endomorphisms is the map x — ¢(¢(x)).

7.3.A Construction

Our example of a B,-graded group will be a group of orthogonal automorphissm,
but not of the quadratic module (M, g). Instead, we have to add n hyperbolic
pairs to M (in the sense of Example|7.1.13).

7.3.3 Construction. We put V, = £", V_ .= f"and V .= M@V, ®V_. We
denote by (by,...,by,) the standard basis of V., by (b_1,...,b_,) the standard
basis of V_ and we will always consider V. and V_ to be subsets of V without
specifying the natural embedding. We will usually denote elements of V., V_ by
the letters v, w, elements of M by the letters m, u and elements of V by the letters
x,y. Further, we define a map
n
V= hmd(v1,...,00) @ (0-1,...,0-n) — q(m) + Y vjo_;
i=1

which clearly extends g, and which we denote by g as well.

7.3.4 Lemma. The map q: V — £ is a quadratic formon V.

Proof. In fact, V is simply the direct sum of (M, q) with the hyperbolic space of
dimension 2n from Example|7.1.13} so this follows from Lemma|7.1.11 O]

7.3.5 Remark (Generalised matrices). Since M is not free, we cannot represent
automorphisms of V by matrices with coefficients in £. However, using the direct
sum decomposition of V, we can represent them by “generalised matrices” which
are elements of

Hom(M, M) Hom(V,, M) Hom(V_, M)

Hom(M,V;) Hom(V,,V_) Hom(V_,V,) |,

Hom(M,V_) Hom(V,,V_) Hom(V_,V_)
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where Hom stands for the group of £-linear homomorphisms. Further, since V.
and V_ are free of rank 1, we can represent elements of Hom(V,, V;) by (n x n)-
matrices over £, elements of Hom(V;, M) by (1 x n)-matrices with entries in
M and elements of Hom(M, V;) by (n x 1)-matrices with entries in Hom(M, #).
Here ¢ and ¢ denote arbitrary signs. The elements of Hom(M, ) that we en-
counter will always be of the form f(u, - ) for some u € M, which is the map
v f(u,0).

We can now construct the desired root homomorphisms.

7.3.6 Construction (Long root homomorphisms). Leti,j € [1,7] be distinct and
leta € £. We denote by 0, (a) the unique /-linear endomorphism of V' which is
given on the direct summands of V as follows, where m, v, v~ denote arbitrary
elements of M, V., V_, respectively:

Oci—e,(@):  m > m, v ot £ avj*bi, v = v —av; b_j.

Now assume that, in addition, i < j. Then we define 0, ., (a) and O—c;—e; (a) by
the following formulas:

: + + - - - -
Ocite;(a): mi—>m, v'—0", v =0 + av; -bj — av; - b;,
O—ci—e(a):  m—m, v =0T av b — av;’ b, v = v,
Examples of the corresponding generalised matrices are given in Figure

7.3.7 Construction (Short root homomorphisms). Leti € [1,n] and letu € M.
Then we define 6, (1) and 6_,, (1) to be the unique £-linear endomorphisms of V
which are given on the direct summands of V' as follows, where m, vT, v~ denote
arbitrary elements of M, V., V_, respectively:

O, (u): me>m+ f(u,m) b, v" 0", v v —v; u—ov;q(u)- b,
0_c,(u): m—m—f(um)-b_;, vt —»ot+of-u—0vgv) b, v 0.

Examples of the corresponding generalised matrices are given in Figure

7.3.8 Lemma. For each short root B and for each long root «, the maps 0,: (K, +) —
End;(V) and 685: (M, +) — Ends (V) are injective homomorphisms. In particular,
their images lie in Aut (V).

Proof. The injectivity of these maps can be deduced from their matrix represen-
tations. The homomorphism property follows from a straightforward matrix
computation. [

Now the definition of the elementary orthogonal group, our main example of
a B,-graded group, is not surprising.

7.3.9 Definition (Elementary orthogonal group). For each root &, we denote
the image of 6, in Aut, (V') by U,, and we denote by EO(g) the group which is
generated by (Uy)wea. We call EO(q) the elementary orthogonal group of q.

7.3.10 Note. A straightforward computation shows that each root group is con-
tained in the orthogonal group O(g) from Definition (Here q denotes
the quadratic form on V and not the one on M.) It follows that the elementary
orthogonal group EO(g) is contained in O(g), just like the elementary group from
Example is contained in the special linear group. However, we will never
formally use this fact, so we do not carry out the tedious computation.
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idy
1 a
1
961*62 (a) = 1 ’
1
—a 1
1
idp
1 a
1 —a
0€1+€z (a) = 1 ’
1
1
1
id
1
1
9—61—62 (a) = 1
—a 1
a 1
1

Figure 7.2: The long root homomorphisms for Bs.

7.3.B  Weyl Elements

We can define Weyl elements in EO(g) which look just like the ones in Chevalley
groups (Definition 3.3.3)), except that the notion of “inverses of elements of M” is
not obvious.

7.3.11 Definition (Weyl elements). For all distinct i,j € [1, 1] and all invertible
a € k, we define

wi]'(a) = weﬁej(a) = 96;*61(_51_1) © 96’1*6]'(”) ° 96]'*61(_51_1) € EO(Q)

and wjj == we,—; = wjj(14). Foralli € [1,n] and all u € M for which q(u) is
invertible, we define

wi(u) = wei(“) = g—ei(_q(”)_lu) ° 961(”) 00 (_Q(u)_lu)
and w; := w,, := w;(vo).

7.3.12 Note (see also[7.2.2T). Observe that we have defined Weyl elements only
for the roots in the set B,, from Remark In theory, it would be enough to
only consider the Weyl elements w; ;+1(a) fori € [1,n — 1] and wy,(u), that is, the
ones which correspond to the root base A. However, by the considerations in
Remark it will be more practical to have an explicit a-Weyl element for
alla € B,. At the same time, while we could easily define Weyl elements for all
remaining roots in B, as well, there is no additional benefit in doing so.

7.3.13 Definition (Standard system of Weyl elements). The standard system of
Weyl elements for EO(q) is the family (ws)sca given by Definition|7.3.11

7.3.14 Remark (Short Weyl elements). Let u € M such that g(u) is invertible.
The goal of this remark is to explicitly compute the generalised matrix of w1 (u).
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1dM —Uu
flu, ) |1 —q(u)
1
961(”) 1
1
1
1
1dM u
1
1
0_c (u) = 1
—fu, ) | —q(u) 1 )

1

Figure 7.3: The short root homomorphisms for Bs.

We will leave out the rows and columns which correspond to (b;)icp,, and
(b—i)ie[Z,n] because they are trivial. We begin the computation with

961 (u)()*el (_q(u)_lu)

id 0 —u id —q(u)'u 0
=|—f(u,-) 1 q(u)) ( 0 1 O)
o 0 1 qu) " f(u,-)  —q)™ 1
id=g(0) S, Ju gl kg e
= [~ ) + gl fw, ) r(u) —q(u)
q(u) " f(w, ) —q(u)™! 1
id—q(u)~ 1f(u u 0 —u
= 0 —q(u)
q(u)” 1f( DAY () R

where r(u) == —q(u) " f(u,u) + 1+ q(u)g(u) ! = 0 because f(u,u) = 2g9(u) by
Lemma|7.1.5 (e)] Now
w1 (1) = Oy (=) " 11) 0oy ()0, (—q (1) "ut)

(
( id —q(u)"tu O)
= 0 1 0
q)~ f(u, ) —q)™t 1
(id —q(u) 1 f(u, - )u 0 —u )
- 0 0 —q(u)
g) ' f(u, ) —q)™t 1
(Mﬂwlﬂm-w 0 u — g(u)1g(u)u )
= 0 0 —q(u)
¢ —q(u)™" =) f () + q(u) " q(u) +1
where ¢: M — £ is the map which sends x € M to

q(u) 7 f (u,x —q(u) ™" f(u, x)u) +q(u) 7" f(u, x)
= q(u) " (f(u,x) — q(u) " f(u, %) f(u,u) + f(u,x)) = 0.
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We conclude that

id—q(u) 1 f(u, - )u 0 0
wi(u) = ( 0 0 q(u)) .
0 —qw)~t 0

Hence wy (au) = wq(u) for all a € £ with a? = 1;. In particular, wq () = wy(—u).
We conclude that a short Weyl element may in general be represented by distinct
Weyl triples.

The following results show that the elements in Definition are indeed
Weyl elements. Even more, we have specific formulas for their conjugation
actions. We can see from these formulas that, in addition to additive inversion
on £ and M, we can expect a second kind of twisting in B,-graded groups: the
reflection o, on M. Note that, unlike the unit element 1; in the ring £, the
element vy is not uniquely determined by (M, q), but rather an arbitrary (but
fixed) element of M with the property that q(vp) = 14.

7.3.15 Lemma. Leti,j € [1,n] be distinct and let a € k be invertible. Then w = wj;(a)
is an (e; — e;)-Weyl element. It satisfies the following formulas for all b € k and u € M:

(@) ;e (D) = Be,—e, (—a2b) and B, ¢, (b)" = O, ¢, (—a’b).
(b) Forallk € [1,n]\ {i,j}, we have

O, (D) = 6o, (a'D), O, ()" = Bey e (61 <i’j>a’1b),
0oy, (b)" = ¢, —,(ab), O, ()" = 0, (8 D).
(c) Forallk € [1,n]\ {i,]}, we have
Oc,—e, (D) = 0c, o, (—ab), Ocj-re, (D) = ey (—Opc 1),
Ooe—e,(0)" = 0o, (—a7'D), 0o (D) =00, (—0c <l.,].>a‘1b).

(d) 0, ()" = ng(aflu) and 0_,,(u)* = 0, (au).

(€) Be, ()" = B, (—au) and 6, (u)” = 0_,(—a"'u).

(f) For any root a for which no formula for the conjugation action of w on U, is given
above, this action is trivial.

Proof. This follows from a straightforward computation. See also Note|7.3.29, [

7.3.16 Remark. Leti,j € [1,n] be distinct and let a € £ be invertible. Since w :=

wjj(a) is a Weyl element by Lemma [7.3.15} it follows from Proposition [2.2.6 (c)

that
wij(a) = 961-*6,- (”)Ge;fei(_ail)eeﬁe,‘(_ail)w
= Gei—ej (ﬂ)eej_gi(_a_l)egi_ej (a) = wji(—a_l).

. _ -1
In particular, w;; = (O

7.3.17 Lemma. Let i € [1,n] and let v € M such that q(v) is invertible. Then

w = w;(v) is an e;-Weyl element. It satisfies the following formulas for all b € k and
ue M:

(a) Forallk € [1,n] \ {i}, we have
eei_ek<b>w = G—Ei—ek (‘Si;kq«))ilb)/ 93i+ek(b)w = Gek_ei ((5z‘7>kq<v)71b)/
Oe,—e; (D) = Oepe (0244 (0)1), O—e;—e ()" = Oe,—e, (02,9 (0)D).
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(b) B, ()" = 0, (9(0) 0 (1)) and 6, ()" = B, (4(0)00 (1)),

(c) Forallk € [1,n)\ {i}, 6e, (1)" = 0, (00 (11)) and 6_q, (1) = 0_¢, (00 (u1)).

(d) For any root w for which no formula for the conjugation action of w on U, is given
above, this action is trivial.

Proof. This follows from a straightforward computation. See also Note[7.3.29, [J

7.3.C Parity Maps and Twisting Structures

We can read off the correct definition of the twisting groups and parity maps in
EO(gq) (with respect to the standard system of Weyl elements) from the above
formulas. In other words, the parity maps and twisting groups are chosen
precisely to ensure that Lemma [7.3.2T] holds.

7.3.18 Notation for this section. From now on, we denote by (A x B, M, £) the
standard parameter system for (M, ¢,vo) (as in Definition [7.1.25). Further, we
define maps 77: B, X B, — Aand u: B, x B, — B by the formulas in Figure
where B, is as in Remark By restricting the second component to A, we
obtain A-parity maps which we also denote by # and y, and which we call the
standard parity maps of type By,.

e Haei—e; Ha,ei—e; e Nue; Hae;
:|:(€1' — €]) —14 1p :t(ei - ek) 51';](114 1
j:(ei+e]~) 14 1p i—(ei +€k) 5i_>k1A 1p
:t(ei—ek) 1x 1p +er L g 14 1p
i(ei + ek) 51:€<i,j>1A 1p +e; 14 —13p
:|:<€] — ek) —14 1z Tex 1a —1s
:|:(€] + Ek) _51:€<i,j>1A 1p

:]:Ek + ey 1A 13
:|:€i 1A 13
iej _1A 1B
iek 1A 13

Figure 7.4: The definition of 7, g and p, foralla € B, and B € B,,, see Nota-
tion In the left table, we assume that i, j, k, | are pairwise distinct. In the
right table, we assume that 7, k, [ are pairwise distinct. For small values of 7, it is
of course not possible to choose three or four pairwise distinct indices, in which
case the corresponding rows should be ignored.

7.3.19 Note. The values 77, g for € B, \ A in Figure are not relevant for the
definition of the A-parity map 7 because it is defined on the set ® x A. However,
the assertion of the following Lemma holds forall g € B, not merely for
B € A. We will use this observation in Lemma [7.3.28|to express some values of
the extended parity map

n: ®x LAU(=A)) - A
(which we defined in|4.2.4) in terms of the values (7a,8) ¢, pc,- We conclude

that, while the values 77, 5 for B € B, \ A are not needed to define the parity map
n: ® x A — A, they nonetheless express important properties of this map. The
fact that we can directly read off these values from Figure [7.4 will allow us to
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simplify some later computations, for example in Lemma Similar remarks
apply for p in place of 7.

7.3.20 Remark. Consider A, 1 = {¢; —¢;|i # j € [1,n] } as a subset of B, in the
natural way. Then for all «, B € A1, the value 77, 4 in Figureis the same as

the one in Example
7.3.21 Lemma. Leta € B, and B € B,. Let x € £ if wis longand let x € M if a is
short. Then 6, (x)“ = 9%(“)(;7“,5;1“,5.9().

Proof. This follows from Lemmas|7.3.15/and [7.3.17|by putting a := 14 and v := v,
respectively. O

7.3.22 Remark. Note that, even though the definition of 7 and y is clearly moti-
vated by Lemmas[7.3.15/and [7.3.17] it is completely independent of the choices of
£, M, g and vg. This is evident from Figure As a consequence, we can obtain
information about 57 and y by performing computations in the group EO(q) for
any fixed choice of the parameters £, M, g and vy. In the sequel, we will often
choose £ .= C,M :=C?,q: M — C, (x,y) — x> +y?and vg := (1,0). This choice
of parameters has the following two crucial properties: Firstly, 1, # —14, so that
the inversion map on (£, +) is non-trivial; and secondly, that oy, is neither the
inversion map nor the identity map on (M, +). These properties imply that the
standard parameter system (A x B, M, #) from Definition[7.1.25is (1 x y)-faithful
(in the sense of Definition 4.3.8).

7.3.23 Lemma. The root isomorphisms (0,)sep, from Constructions and
form a parametrisation of EO(q) by (A x B, M, k) with respect to 1 X y and (ws)sen-

Proof. This follows from Lemma|7.3.21 O

7.3.24 Lemma. Let (wy),cp beas in Definition|7.3.11} Then the following hold:
(a) For all pairwise distinct i, j,k € [1, n], we have

IU]k
ij
For all distinct i,j € [1,n], we have
Wij

W
o -
w; ' = w; and w, " = w;

Wkj __

w. =wy and w.' = wy.

i
1~
(b) (wa),ep, is the standard B,-extension of (ws)sea, the standard system of Weyl

elements.

Proof. The first assertion follows from Lemma [7.3.21| and an inspection of the
values in Figure The second assertion follows from the first one and from
Remark[7.3.16 O

7.3.D Commutator Relations

We now proceed to show that (Uy).eB, is a crystallographic B,-grading of EO(g).

7.3.25 Proposition. The group EO(q) satisfies the following commutator relations. For
all distinct i,j € [1,n],all a € £ and all v € M, we have

8¢, (0), 8, (0)] = 0 (a0) e 1o, (629 (0)),

8-, (0),0—,(0)] = 0, (~0)6,¢, (61 jaq(0)),
810, (a), 0 <v>]—9el(l<] 0)fe,—e, (572,24(0)),
0-0,-¢,(a), 8 (0)] = 0, (572 a0) 8, (5,2,20(0)).
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For all distinct i,j € [1,n] and all v,w € M, we have
[931.(0),96].(10)] = Oc,4e; (5i7<]‘f(vrw))/
[6e,(0), 0, (w)] = Oc, e, (f (v, ),
[0—¢,(0),0—¢,(w)] = 0—¢,—¢; (1~ f (v, w)).
For all pairwise distinct i,j,k € [1,n] and all a,b € k, we have
[0, (“ (b)] = be,—e(ab),
e (0,8 ()] = B (5 ),
[0, — (a)/g—ek e (D)) = 9—6, e ( k¢<1]>”b)
(2 e,+e]( )/G*Ek ¢ (b)] = 93] ek( le<]k)ab).

Proof. This follows from a straightforward computation. See also Note|7.3.29 [

7.3.26 Proposition. Let Il denote the standard positive system in B,,. Then the group
EO(q) satisfies Uiy N U_1 = {1}.

Proof. Recall that the generalised matrices of the root homomorphisms with
respect to the decomposition V.= M @ V @ V_ and with respect to the ordered
bases (b1, ...,by) of Vi and (b_y,...,b_,) of V_ are given in Figures[7.2]and [7.3]
Consider instead the generalised matrices with respect to the decomposition
V =V, @& M® V_ and with respect to the ordered bases (b, ...,b,) of V; and
(b_p,...,b_1) of V_. For n = 2, some of these matrices are displayed in Figure
With respect to this decomposition, all generalised matrices of positive root
isomorphisms are upper triangular while all generalised matrices of negative
root isomorphisms are lower triangular. The assertion follows. O

7.3.27 Theorem. The family (Uy)xeB, is a crystallographic B,-grading of EO(q).

Proof. By Lemmas|7.3.15/and |7.3.17, there exist Weyl elements for all simple roots
and by Lemma it follows that there exist Weyl elements for all roots. The
remaining conditions are satisfied by Propositions[7.3.25 and [7.3.26] O

7.3.E Concluding Remarks

We state another brief technical observation on the parity maps 7 and p which will
be useful for later computations. Specifically, it will be used in Proposition[7.10.2
See also Remark|7.2.21

7.3.28 Lemma. Let « € By, let & be the standard A-expression of « in the sense of
Definition[7.2.22)and let { be an arbitrary root. Then the element 1, from Figure[7.4]
equals the value 17 5 of the extended parity map n: ® x L(AU (=A)) — A (from
Definition[4.2.4). The same assertion holds for y in place of 1.

Proof. Observe that the assertion is independent of £, M, g and vy, so we have

the freedom to choose these parameters as in Remark|7.3.22| Let x € £ = Cif  is
7.3.24

long and let x € M = C? if { is short. Recall from Lemma|7.3.24that the family
(wp) pes, of Weyl elements in EO(gq) from Definition [7.3.11| coincides with the

standard B,-extension of (ws)sen by Lemma|7.3.24] This implies that w, = w;,

50 07 (x)™* = 7(x)"*. By Lemma|7.3.21} we have
9€<X)wa = 94"7(“) (ﬂg/a‘ué,a.x).
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1 a
1
Oc;—e, (a) = idy ’
1 —a
1
1 a
1 —a
O, +e (’1) = idy ’
1
1
1
1
R (El) = idy ’
a 1
—a 1
U f) | —u
1 —q(u)
O, (1) = idy ,
1
1
1
1
0_e, (1) = u idy
1
—q(u) —fQu, )] 1

Figure 7.5: The generalised matrices of some root isomorphisms with respect to
the decomposition of V' in the proof of Proposition|7.3.26

On the other hand, since (63)scp, is a parametrisation of EO(q) by (A x B, M, £)
with respect to 17 x p and (ws)sea by Lemma|7.3.23|and since & is a A-expression
of &, we also have

07 (x)“* = Oz0) (Ngabig,a-x) = Opotw) (1g,ate,a-X)-

As the parameter system (A x B, M, £) is (17 x p)-faithful (in the sense of Defini-
tion4.3.8) by Remark[7.3.22} we infer that 177 sz 5 = 77 a}i¢,a, as desired. O

7.3.29 Note (Implementation of the elementary orthogonal group). Every single
computation in this section can be performed by hand in principle, but the
number of necessary computations is rather large. Hence an implementation of
the group EO(g) in a computer algebra system is desirable, for which we have
used the GAP system [Gap]. In the following, we describe the general strategy of
our implementation. First of all, observe that it suffices to consider the case that
# is a (commutative associative) polynomial ring over the integers in sufficiently
many indeterminates and that M is a free module of sufficiently high rank over
k. For example, if we prove that

[961—61 (t)/ 9€j—€k (u)] = 0c,—¢, (tu)

holds for indeterminates ¢, u in £, then the same equation holds for all elements
t, u in an arbitrary commutative associative ring (and for an arbitrary choice of
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(M, q))-

Denote by (b1, ..., by) a k-basis of M. In order to describe the maps g and f,
we introduce indeterminates (u;);c1,m and (t;j)i<jep,m in £ which represent the
values (q(b:))ic1,m and (f(bi, bj))i<je1,m- Using the formulas in Lemma
we can explicitly define the maps g: M — £ and f: M X M — £ in terms of these
indeterminates. In other words, there exists a unique £-quadratic map g: M — £
such that q(b;) = u; for all i € [1,m], and similarly for f. Since (u;);c[1,, and
(tij)i<jeq1,m are indeterminates, any computation involving (b;)ic[,» and the
values of these module elements under g and f is also valid for any family
(b?)ief1,m of elements in any quadratic module (M’, 4') with linearisation f’ over
any commutative associative ring 4'.

Once the ring £ and the quadratic module (M, q) are represented in GAP, it is
a straightforward task to implement the root homomorphisms and to verify that
all claimed identities (in particular, the commutator relations and the conjugation
formulas for Weyl elements) hold.

7.4 Rank-2 Computations, Non-crystallographic Case

7.4.1 Notation for this section. We denote by G a group which has B,-commu-
tator relations with root groups (Uy).cp, (in the sense of Definition and
we choose pairwise non-proportional roots «, 8,7, é such that («, 8, 7,9) is an
interval ordering of [«, §]cox. Further, we assume that G is rank-2-injective.

Our rank-2 computations are split into two parts. In this section, we derive
several formulas in the higher generality of non-crystallographic commutator
relations. In the following section, we will specialise to crystallographic com-
mutator relations to simplify our results. This approach has the advantage that
the distinction between long and short roots disappears, as we will explain in
Note Thus every computation that can be performed in this generality
saves us the trouble of performing two separate computations later on.

7.4.2 Note. Throughout this section, we will often use that root group elements
from adjacent root groups commute. However, it is a priori not clear (and, in the
general situation of Notation not even true) that the root groups themselves
are abelian. This will only be proven in Proposition [7.6.2] for the higher-rank case.

7.4.3 Note. Since our only assumption on («,f,7,d) is that it is an interval
ordering of a closed root interval, and since we do not assume that the B»-
commutator relations are crystallographic, everything that we prove in this
section will also be true for the root quadruple (6, v, B, «). In particular, we do
not assume that (&, 8,7y, 6) is a Bo-quadruple, so we do not assume that «, 7y are
long and B, ¢ are short.

Before we can perform any serious computations, we have to derive an
analogue of Lemma [2.1.13|for open root intervals with two elements.

7.4.4 Lemma. The following relations hold for all x,, x), € Uy and all y;,y}; € Us:
@) o, vs951s = (5,31l volpe I particular, [xa, 3 g = [xa,5)5
(1) [ysys xalp = Yo, Xalplys Xalp. In particular, [yglrxvc]ﬁ = [ys, xa],gl'
(©) [xa,yay Jy = [xa Yoo [[xas vl 5] [Xas yol
(d) | Iy = (Yo, Xalo [[ye xalp 5] Y5 Xal -
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(e) [xaxy, 5]/8 [xuu}/o] [ Xa, Ys) yr X } wyé]/}

) [ys, xaXt]p = [Ys, X p[[Yor Xalys X0 Y5, Xl p-

(g) [xax{x, sy = (%, Yoly (x4, ys)y. In particular, [xz ', ys), = [xa,y(;];l
(1) [ys, XaXily = [Ys, X0y (Y5, Xa]. In particular, [ys, x; '], = [ys, xa]n;l'

Proof. Using Relation|[1.1.11 (vii), we compute that

[xmyéyis] = [xﬂuyfs] : [xowy&]y:’ = [xaryfs]ﬁ[wiyfs]w[xaryé]? [x“,yg;]}ff.

Applying Relation|1.1.11 (i) and the fact that U, commutes with Us and with Ug,
we infer that

[ Ysys] = [Xa, Y5l [%es Yl [Xas Yol p [ (X vol . V5] [Xas voly
= [xa, Y51plxar Yolp - (X Yol [[xer Yol g, Y5] [Xar vl
Since the product map on (f, ¥) is injective by assumption, this implies that (a)

and (c) hold. Using Remark[2.1.18/and, in the second computation, Lemma2.1.13
we infer that

Yoy, xalp = [Xa Yoyl = [Xa Yol [Xa Y515 = Ve, alplyb xalp  and

st Xaly = [xayaysly ' = [ yaly ! [ yalp vs]) e 517"
= [Ys, Xuly [[y(s, xoc]ﬁryﬂ Y5/ Xuly,
thereby proving (b) and (d).

By Note the results of the previous paragraph also hold for (4,7, B, «)
in place of (&, B,7,9). Thus (a) implies (h), (b) implies (g), (c) implies (f) and (d)
implies (e). O

Using Lemma we can give an alternative proof of Proposition {2.2.10
just like we did in Lemma for simply-laced root graded groups.

7.4.5 Lemma. Let x5 € Us, leta_,,c_, € U_,, let b, € U, and set wy := a_,byc_,.
Then x§* lies in Ug if and only if the following conditions are satisfied:

(l) [X(5/ [X(S, ng]lg} [X5, btx],), Hx(SI bﬂt]‘B/ C,a] E:C(S,b:t]’y — 1G'
(”) X§ [[X§, b“],g’ c_“] 5[[.7(5, ba]fy, C—ag] — 1G.

Further, in this case, x3* = [Xs, bs] B
Proof. Using Relation|1.1.11 (i), we compute that

x?’a — xg e = (xé [x(SI bot])c_ﬂ = x(S[x(S/ bDé] “x5/ bzx]/ C*Dé] .
We want to express x5 as a product of root group elements, so we use the maps
from Definition [2.1.16|to split each factor into its root group components:
x5 = x5[x5,ba] (X5, baly [[X5, bap[X5, balys € o]
By Relation|[1.1.11 (vii
[[x(SI ] [x(SI ]’)// C—Dé] == [[x5/ bﬂé]ﬁl C—Dé] X5, blx]’)// C—Dé]

= [[o, balp ¢-a] " [, bl oy 125, bal € o).

Further, X5[X§, ba]ﬁ = [X&, ba]‘gx(s[Jq, [JQ;, ba]ﬁ] by Relation [1.1.11 (v)} Thus alto-
gether, using that U, commutes with Uy and U, we have

[x5,ba] [[

X5 = [x5,balp - Yoy - Yo
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where
x(,\,ba
Yy = [x5/ [x5/ btx]ﬁ] [szz ba]’y[[xdl b(x]ﬁ/ C—a],[y }
Ys == X5 ng, bzx]‘BI Cfﬂt]é Hx(51 ba]’yr C*Dé] € U(S'

Now the assertion follows from the injectivity of the product map on (8,,6). O

Telu, and

We will usually apply Lemma in the following form. The analogous
statement for RGD-systems is proven in [TW02, (21.19)].

7.4.6 Lemma. Assume that (a_,, by, c_y) is an a-Weyl triple and denote by w, =
a_gbyc_y the corresponding Weyl element. Then the following statements hold for all
x5 € Us:

(a) xg)a = [x(s, btx]ﬁ-

(b) [xs, [x5,ba]p] (%6, baly [[6, Dalps C—a] oy — 6,

g
(©) x5[[%5,balps c—a] 5[[X5, baly, c—a] = 16
Proof. This follows from Lemma|7.4.5 O

Similarly to the strategy described in Note we can apply Lemma
to the root quadruple (—a, d,y, B), using the (—a)-Weyl triples given by Proposi-
tion[2.2.6 (c)

7.4.7 Lemma. Assume that (a_,, by, c_y) is an a-Weyl triple and denote by w, =
a_gbyc_y the corresponding Weyl element. Then the following statements hold for all
Xg S Uﬁ:

(a) x;’“ = [xp,a-als = [xp,c—als.

[xﬁr“fw]w

. = 1c.

(b) [xp, [xp, a—als][xp a—aly[[Xp, a—a]s, ba]
(c) xg[[xp a—als, ba]ﬁ[[xﬁ,a_,x]y, by = 1¢.

Proof. By Proposition

(c%l,u_a,ba) and (b, c_q,a™)
are (—u)-Weyl triples corresponding to the (—a)-Weyl element w,. Applying
Lemma to the second Weyl triple and to the root quadruple (—«, 4,7, B), we
see that xg’“ = [x5,¢c—a)s. Applying Lemma to the first Weyl triple, we obtain

the remaining assertions. ]

7.4.8 Note. In Lemma [7.4.7, we did not write down all relations which can be
obtained by applying Lemma to the Weyl triple (by, c_y,a%%,). The reason
for this is simply that these relations are more cumbersome and that we will not
need them in the sequel.

Using Lemma we obtain a first formula for the action of squares of Weyl
elements.

7.4.9 Lemma. Let (a_y, by, c_y) be an a-Weyl triple, denote by w, = a_,byc_, the
corresponding Weyl element and put w := w?. Then [x;, b;l]g’ = [x5,ba]p for all
xs € Us.

Proof. Let x5 € U;. By Lemma we have

-1
x{" = [x5,ba)p and x5* = [xs,b;']p,
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applying Proposition|2.2.6 (a)|in the second case. Since w?2 clearly maps ng; "to
x§*, the assertion follows. O

7.4.10 Note. It is curious that in Lemma we cannot prove the stronger
statement that

[xs, %] = [x, %3 ]p (7.1)
for all x, € U, and x5 € Us. In the more specialised setting of crystallographic
BC;y-graded groups, we will be able to show that every square v = wﬁﬂ of a
2B-Weyl element wyg has the property that

[xs, xa]f = [x5, %5 ]

for all x, € U, and x5 € U; (see Lemma [9.4.12). This will be enough to
conclude that the actions of w and v on Ug are identical, so in particular, w
does indeed satisfy (see Lemma [9.4.15). However, this proof is only valid
for crystallographic BC;-graded groups, not for the more general case of (non-
crystallographic) By-graded groups.

7.4.11 Proposition. Forall b, € ll}i, the map Us — Upg, x5 — [xs5, by p is an isomor-
phism of root groups.

Proof. Choose a_,,c_, such that w, = a_sbs,c_, is an a-Weyl element. By
Lemma the map above is simply the map x; — x5, which is an iso-
morphism by the definition of U. O

We end this section with some purely notational observations which will make
future referencing easier. They follow from the previous results by replacing

(a, B,y,0) with (6,7, B, a).

7.4.12 Lemma. Assume that (a_s,bs,c_s) is a 6-Weyl triple and denote by ws =
a_sbsc_s the corresponding Weyl element. Then the following statements hold for all
Xy € Uy:

(a) x3° = [Xa, bs)y.
(b) [Xa, [Xa, b5]y ] [Xar bs)p[[Xar Ds)ys c—s] an,b(ﬂﬁ ~1c.
(€) X [[Xa, bs]y, € 5] [[Xa, bo]p o] = 1.

Proof. This is a reformulation of Lemma using Note[7.4.3] O

7.4.13 Lemma. Assume that (a_s,bs,c_s) is an 6-Weyl triple and denote by w;s :=
a_sbsc_s the corresponding Weyl element. Then the following statements hold for all
Xy € Uy:

(a) xi‘;‘s = [xouﬂ—&]oc = [xou C—(S]tx-

0) [y, ey, asla] vy, 0l [, a-slu bs] ;7 = 1.

(C) x’y [[x’y/ a*(s]a/ b(S] ¥ [[x')'/ a*&]ﬁ/ b(S] = 1G'
Proof. This is a reformulation of Lemma using Note O

7.4.14 Proposition. For all by € US, the map U, — Uy, X — [Xa, b5y is an isomor-
phism of root groups.

Proof. This is a reformulation of Proposition|7.4.11} using Note O
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7.5 Rank-2 Computations, Crystallographic Case

7.5.1 Notation for this section. We denote by G a group which has crystallo-
graphic By-commutator relations with root groups (Uy)aep, and we choose a
By-quadruple (&, B, 7, 6). Further, we assume that G is rank-2-injective.

In this section, we mostly simplify the results from the previous section under
the additional assumption that the commutator relations are crystallographic.
We will also perform a handful of new computations. Due to the crystallographic
assumption, the distinction of root lengths matters from now on. In particular,
the roles of («, B,7y,d) and (4, v, B, ) are no longer interchangeable.

7.5.2 Note. Since the root system B, is isomorphic to C,, all results in this section

are also valid for crystallographic C>-gradings. We will explain how this works
in Remark[9.2.8

7.5.3 Lemma. The following relations hold for all x,, x), € Uy and all y;,y}; € Us:
@) [xa,YsYslp = [xa Y5)plxes yslp. In particular, [xa, y5']p = [xa,yelg -
(b) [ysys xulp = W, XalplVs, xalp. In particular, [y5', xa]p = [vs, x“]lgl.
©) [xarYsysly = (e Yl [[Xaryolp Y] [Xar Yol

Ip
Jy
(@) [ysys Xaly = (Yo, Xaly [[Yo, Xalp 5] W50 Xaly-
(e) [xaX Yolp = [Xa Yol gl X vsl . In particular, [x;", ys|p = [xa, yo] 5"
1 Yo, xaxi)p = s, x4y, Xalp. In particular, [ys, x; g = [y, xa]ﬁ’l.
(8) [xaXi Ysly = [Xas Ysly [0 Yslo. In particular, [x; 1/%5]7 =[xyl
() [y, xaxily = o, xe)y Yo, Xaly- In particular, [ys, x3 ']y = [yo, Xal5

Proof. These statements follow from Lemma with the additional assumption
that the commutator relations are crystallographic. More precisely, we only need
that U, and U, commute and the only changes are in (e) and (f). O

Since there are two orbits of roots and we want to investigate the actions of
(squares of) Weyl elements on all root groups, we have to distinguish four cases.
For better clarity, we study each of these cases in a separate subsection. The case
of long Weyl elements acting on long root groups will not be covered in this
section because we can reduce it to the study of Az-subsystems in section[7.6]

7.5.A The Action of Long Weyl Elements on Short Root Groups

In this subsection, we show that squares of long Weyl elements act on the short
root groups in the same B,-subsystem by inversion (Lemma|7.5.6).

7.5.4 Lemma. Assume that (a_, by, c_y) is an a-Weyl triple with corresponding Weyl
element wy = a_ybyc_y. Then the following hold:

(@) x% = [x5, ba]p.

(b) |:x5/ [x5/ ba]ﬁ] [x(SI ba]'y [[x(SI ba]ﬁ/ C*OL] ,[;5’bW]'Y = 1G'

(c) x5 = [[x5, ba]ﬁfc—a]gl

Proof. Using that U_, and U, commute in a crystallographic By-grading, these
statements follow from Lemma O
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7.5.5 Lemma. Assume that (a_,, by, c_y) is an a-Weyl triple with corresponding Weyl
element wy == a_ybyc_y. Then the following hold:

(a) xgj“ = [xp,a-4]s = [xp,C—als-

[xﬁ'a*l%]"y — 1G-

(b) [xp, [xp, a—als][xp, a—aly[[Xp, A—als, b”}v

(c) xg = [[xg,a_als, ba]gl.

Proof. Using that U, and U, commute in a crystallographic B;-grading, these
statements follow from Lemma O

7.5.6 Lemma. Assume that w, is an a-Weyl element. Then w? acts on Ug and U, by
inversion.

Proof. We apply the same strategy as in the proof of Lemma5.4.13| Choose an
a-Weyl triple (a_g, by, c—_y) such that w, = a_,b,c_, and let x; be an arbitrary
element of U;. Put w := w?. Using first Lemma and then Lemma we
have

ng = [X&, ba]’ZBU,x = Hx(51 blx]ﬁl C—a]zs-

Again by Lemma m we infer that x¥ = x; !, so w acts on U; by inversion.

Since w, is also a (—a)-Weyl element by Proposition|2.2.6 (c)|and (—«, 6,7, B) is
a By-quadruple, it follows that w acts on Ug by inversion as well. O

7.5.7 Remark (Alternative proof of Lemma|7.5.6). Recall that we gave an alterna-
tive proof of Lemma5.4.13|in Remark|5.4.14, Using the same strategy, we can also

prove Lemma in a different way. Let x5 € Us. In addition to the Weyl triple
(a_y, by, c—y), we consider the Weyl triple (c:}‘, bt u:i) whose corresponding
2.2.6 (a)

Weyl element is w, ! (see Proposition ). By Lemma we have

x5 = [x5,ba]p and x?’“ﬂ = [xs, bﬂjl]ﬂ‘

Using Lemma we infer that
xg)zl = (x¥)71,

This means that w? acts on Us by inversion. By similar arguments, we can deduce

from Lemma @ that w?2 acts on Up by inversion.

The ideas from the previous paragraph can also be phrased in a slightly
different way: Any xg € Up can, by Proposition be written as x5 =
[x5,b, ] for some x5 € Uy, and it follows from Lemma that

w

x;‘;’ = [X(s, b;l]ﬁ = [x(;,ba]/;.

By Lemma|7.5.3 (f)| it follows that xg’ = xﬁ’l.

7.5.8 Proposition. Assume that U, is non-empty. Then Up and Uy are abelian.

Proof. A group H is abelian if and only if the inversion map h — h~!is an
endomorphism (and thus an automorphism) of H. By Lemma the inversion
maps on Ug and Us are the same as conjugation by w3 for any a-Weyl element
w,, and conjugation by any group element is a homomorphism. The assertion
follows. O

7.5.9 Note. In the rank-2 setting, we cannot prove that the long root groups are
abelian as well, but this poses no problem: In the rank-3 setting, every long root
is contained in an Aj-subsystem by Lemma so every long root group is
abelian by Proposition [5.4.9]
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7.5.B The Action of Short Weyl Elements on Long Roots

In this subsection, we obtain no conclusive results. We will revisit this case in the
rank-3 setting.

7.5.10 Lemma. Assume that (a_s,bs,c_s) is a 5-Weyl triple and denote by w; =
a_sbsc_s the corresponding Weyl element. Then the following statements hold for all
Xy € Uy:

(a) x3° = [xq,bs],.

b,

(b) [xa, b(s]‘g [[xa, b(s],},, c_(s] E‘ 5]ﬁ — 1G'

(c) xq onc/ bé]’w C—(S] a [[Xa, b5]ﬁl C—(S] = lc.
Proof. This follows from Lemma|7.4.12} using the additional information that U,
and U, commute in a crystallographic B;-grading. O

7.5.11 Lemma. Assume that (a_s,bs,c_s) is an 6-Weyl triple and denote by w; :=
a_sbsc_s the corresponding Weyl element. Then the following statements hold for all
Xy € Uy:

(a) x$§ = [x’)/la—(s]ﬂl = [x’y/ C—5]0€'

(b) [xy,a_5g[[Xy, a—5]a, bs] va,a,(;}ﬁ = 1c.

(c) -x'y[[x'y/a—&]a/bé]v[[x’y/a—(ﬂﬁ/ bs| = 1¢.

Proof. This follows from Lemma|7.4.12} using the additional information that U,
and U, commute in a crystallographic B;-grading. O

7.5.C The Action of Short Weyl Elements on Short Root Groups

Again, there are no conclusive results in this subsection because rank-3 assump-
tions are necessary.

Note that the following result is not the specialisation of computation in the
non-crystallographic setting, but a new one. The reason for this is simply that
even under crystallographic assumptions, the computation is tedious, and it
would be even more so in the general case.

7512 Lemma. Leta g,c g€ U g, letbg € Ug, let x5 € Us and set wg == a_gbgc_p.
Then x;‘)ﬁ lies in Uy if and only if the following conditions are satisfied:
(i) 1 = [xs,c—p] [[xs, bpl,c—p] _, [x6,a-p][[[xs,ap], bp] ; -]
[[[xs,a—p], bg] o c—p] _,-
(ii) [[xg,a_ﬁ],b5]7 = [xs, bg] L.
Further, in this case,

xs" = x5 [[xs,bgl, c—p] ; [[xs,a-p], b 5 [ [[x5, a—g], bg] ., c—p] 5
Proof. As in Lemmas and we use Relation to perform the

following computation:
X" = (xals,a-g]) "

= (xs[xs, b][xs, a—p] [[xs, a—p], bp] s [[xs, a—p. bp]. )

= x5[xs,c_p][xs, bg] x5, bp], c ] [xs,a—p] [[xs,a—p], bp]

[[xs a-p], bp] 5 ] [[x5,a-p), bg]. [ [[x5, 0], bg] ]

cp
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= Xg[xg, C—ﬁ] [X(;, bﬁ] [[X5, bﬁ]/ C—ﬁ] —x [[x(S/ b,B]I C—,B]5[x5/ a—ﬁ] [[x(;, a—ﬁ]l bﬁ]&
- [[[xs,a—pl bg] 5 c—p] [[xs,- ), b]. [ [[x5, 0], bp].,, c-p]
[[lxs,a—pl, bg] el

Note that each of the factors lies in U_,, Us or U, and that each of these
root groups commutes with the other two because G has crystallgrophic B;-
commutator relations. (However, we do not have any information on any of the

groups U_,, U; or U, being abelian.) Thus we can write x?ﬁ = Y_aYs5Y, Where
Y—u =[5, cp] x5, bp) c—p] _[xs,a-p] [ [[xs,a-p], bp] 5 ¢ g]
[[[xs,a-pl bg]. c—p] s

Yo = x5 [[xs,bpl,c—p]; [[xs,a—p), bg) s [[[xs,a-p], bp]., c—p] 5

Yoy = [x5, bg] [[th,a_/g],bﬁ],y.
Now by the injectivity of the product map on (—«,d,7), x?ﬁ lies in Uy if and only
ify_o = 1¢ = y,, and in this case, x?ﬁ = 5. The assertion follows. O

We know from Note that all root groups will ultimately be proven to

be abelian in the higher-rank setting. With this knowledge, we can simplify the
statement of Lemma

7.5.13 Lemma. Let everything be as in Lemma |/.5.12} and assume additionally that
the root groups U_, Us, U, are abelian. Then x?ﬁ lies in Uy if and only if the following
conditions are satisfied:

(Z) [x(;, C_‘B][X5,El_ﬁ] [[[x(;,a_/g],bﬁb,c_ﬁ] = 1G'
(ii) [[X5,a,ﬁ],b5],y = [X5,blg]_l.

Further, in this case, xzuﬁ = x5([xs,a_p], bg]s.

Proof. Define y_4,Ys,y, as in the proof of Lemma[7.5.12 At first, assume that
x;" lies in U;. Then [[x5,a_p), bg]y = [xs,bg] ! by Lemma|7.5.12, Plugging this
relation into the definitions of y_, and y;, we obtain that

Yo = [x5,¢p][[x5,bp), cp] _ [xs,a_g] [[[xs,8p], bg] s, c ] [, 8] " cp]

ys = %s[xs, byl cp] s [[x5 0], bp] s [[xs bp] s ] 5
Note that

[[xs,bg) " cpls = [[xs,bg),cpl; " and  [[x5,b5) 7" e p) o = [[x5,bp), cp] =4
by Lemma and Lemma respectively. Since U_, and U, are

abelian, it follows that
Y = [X5, C,‘B][x(s,ﬂ,ﬁ] [[[x(;,a,ﬁ],bﬁ] 5,C,/g] and Ys = X5 [[x(;,a,ﬁ],bﬁ](s.

Since y_y = lgand y; = x;uﬁ by Lemma|7.5.12} this proves the first implication
of the assertion.
Conversely, assume that (i) and (ii) are satistied. Using (ii) and the same
computation as in the first paragraph, but reversed, we see that the term in (i)
. wp 4.
equals y_,. Thusy_, = 15, and so it follows from Lemma [7.5.12| that x;" lies
in LL;. [

As usual, we give a reformulation of Lemma [7.5.13| under the assumption
that wg is a Weyl element.
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7.5.14 Lemma. Let (a_g,bg,c_p) be a B-Weyl element and denote by wg = a_gbgc_p
the corresponding Weyl element. Assume that the root groups U_,, Us, U., are abelian.
Then the following hold:

(@) x5° = x5[[xs,a_p], bgls.
(b) [X5,C,/3][X5,El,ﬁ] [HJ@,ELﬁ],bﬁ] J,C,/g] = ]G.
(c) “x(s,ﬂ_[g],blg]ry = [JQ;, bﬁ]fl.

Proof. This is a consequence of Lemma|7.5.13 O

7.6 Rank-3 Computations

7.6.1 Notation for this section. We denote by G a group which has crystallo-
graphic B,-commutator relations with root groups (Uy)xep, for some fixed in-
teger n > 3. We assume that U} is non-empty for all « € ® and that G is
rank-2-injective.

In this section, we prove that G satisfies the square formula for Weyl elements
(Proposition[7.6.15). Using the square formula, we can give a new proof of the
braid relations in G (Remark[7.6.17).

Before we begin, we make a brief observation which will simplify many
computations.

7.6.2 Proposition. All root groups of G are abelian.

Proof. Every short root lies in a Bo-quadruple, so it follows from Proposition [7.5.§]
that all short root groups are abelian. Further, every long roots lies in an A;-
subsystem by Lemma so all short root groups are abelian by Proposi-
tion[5.4.9 O

7.6.A The Action of Long Weyl Elements on Short Root Groups

In this case, everything is essentially done by the rank-2 computations, specifically
by Lemma It remains to put everything together.

7.6.3 Lemma. Let « be a long root, let B be a short root and let w, be an a-Weyl element.
If w and B are orthogonal, then wy, acts trivially on Ug. Otherwise w} acts on Ug by
inversion.

Proof. If « and B are orthogonal, then 8 is adjacent to « and —a by Lemma
because « is long. This implies that w? acts trivially on Ug. If they are not orthog-
onal, then they lie in a common B;-quadruple, so it follows from Lemma
that w? acts on Upg by inversion. ]

7.6.4 Proposition. Let « be a long root, let B be a short root, let w, be an a-Weyl
element. Put w := w? and set ¢ :== (—1)'Fl*), Then x%" = xeﬁfor all xg € Upg.

Proof. We know from Proposition|7.2.20|that ¢ = 1 if «, 8 are orthogonal and that
¢ = —1 if they are not. Thus the assertion follows from Lemma[7.6.3| O
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7.6.B  The Action of Long Weyl Elements on Long Roots

In this case, we can reduce everything to the case of gradings of type A, and
A1 X Al.

7.6.5 Proposition. Let «,y be two long roots and let w, be an a-Weyl element. Put
w = w? and set e :== (—1){"1%, Then xy = xi, for all x,, € U,.

Proof. If a and 7y lie in a common Aj-subsystem, then the assertion holds by
Proposition [5.4.17 If they do not lie in a common Aj-subsystem, then they must
be orthogonal by Lemma(7.2.13|and thus we have & = 1. In this case, 1y is adjacent
to « and —a by Lemma and thus w, acts trivially on U,. The assertion
follows. ]

7.6.6 Note. The proof of Proposition fails if n = 2 because Lemma 7.2.13
does not hold in this case. In fact, it is not necessarily true that w? acts trivially

on U, in a crystallographic B,-graded group. We will see a counterexample in
Note9.3.30

7.6.C The Action of Short Weyl Elements on Long Root Groups

In Lemma we have already derived a simple formula for the action
of short Weyl elements on long root groups. In order to arrive at a formula
for the action of squares, we need to understand the behaviour of the map
(Xa, X5) > [x4, X5], under inverses in the second component. This is only possible
in the rank-3 setting because we have to use Proposition[7.6.5|

7.6.7 Lemma. Let («,f,y,0) be a By-quadruple. Then [x,x,x(s_l]y = [Xq, X5] for all
Xy € Uy and all x5 € Us.

Proof. Let x, € U, and let x; € U;. Further, choose an arbitrary y-Weyl ele-
ment w, and set w = w% Since x¥ = x;' by Lemma and x{ = x, by
Proposition it follows from Lemma that

[xa, %515 =[x, %]y = [xa, x5y

However, we also know that w acts trivially on U, by Proposition SO
[xa,x(g]g’ = [Xa, X5]. The assertion follows. O

7.6.8 Note. Thinking in terms of the commutator relations that we will ultimately
prove for G (see Proposition[7.3.25), Lemma corresponds to the fact that
g(—v) = q(v) for a quadratic form g.

7.6.9 Lemma. Let («,B,y,0) be a By-quadruple and let ws be a 6-Weyl element. Then
w% acts trivially on U, and on U,,.

Proof. Choose a 6-Weyl triple (a_s, bs, c_s) whose corresponding Weyl element is
w; and let x, € U,. By Proposition[2.2.6 (a)} (c_}, b5 ', a”}) is a 6-Weyl triple with

corresponding Weyl element wgl. Thus it follows from Lemma|7.5.10 (a)|that

Ws __ wo'_l _ -1
xy? = [x5,ba]y, and  x,° = [x5b, .

These terms are equal by Lemma This implies that w? acts trivially on x,
and this on all of U,. Since w; is also a (—J)-Weyl element and (v, B, a, —J) isa
B,-quadruple, it follows that w3 acts trivially on U, as well. ]



7.6. Rank-3 Computations 203

7.6.10 Proposition. Let & be a short, let « be a long root and let ws be a 5-Weyl element.
Put e == (—1)) and w := w?. Then x¥ = x¢, for all x, € U,. Even more, we always
have ¢ = 1 and w acts trivially on all long root groups.

Proof. By Lemma («|d) is an even number, so ¢ = 1. If x and J lie in a
common By-subsystem, then w acts trivially on U, by Lemma Otherwise
they are orthogonal, and thus « is adjacent to § and —J by Lemma It
follows that w acts trivially on U, in this case, too. O

7.6.D The Action of Short Weyl Elements on Short Root Groups

In this section, the rank-3 assumption is used implicitly when we refer to results
from subsection

We already know that every long Weyl element in G is balanced by the
corresponding result for A,-graded groups (see Proposition [5.4.10 (a)). For short
Weyl elements, this is not yet clear and will only follow from a combination of
Proposition and Theorem However, the following result is a first
step into this direction.

7.6.11 Lemma. Let (a,,7,0) be a By-quadruple and let (a_g, bg,c_g) be a B-Weyl
triple. Then [xs,a_g| = [xs,c_g] for all x5 € Us.

Proof. By Proposition [2.2.6 (a) (c:}z,b'gl,a:k) is also a B-Weyl triple. Thus it
follows from Lemma|7.5.12 (i1)| that

[[x(;,a,ﬁ],bﬁ]v = [x5,bg] ' = [bg,xs] and [[x(;,c:}g],bgl]v = [b;l,xg].
Note that by Lemma and Lemma 2.1.13} respectively, we have
1y - —17-1 - -
(s 65"], = [rsegl, b1, and (550 xs] = [bp,x5)

Further, [[x;,c_g], bgl]y = [[xs,c_p], bg], by Lemma Altogether, we con-
clude that

[[X5,El,ﬁ], bﬁ]’Y = [bﬁ,X§] = [bgl,m]’l = HX&C:H,bgl];l = [[X5,C,5],bﬁ]7.

Since the map U, — Uy, x4 = [x_4, bgl, is an isomorphism by Proposi-
tion|7.4.14} we infer that [x;,a_g| = [x5,c_p], as desired. O

7.6.12 Lemma. Let («,f,y, ) be a By-quadruple and let wg be a B-Weyl element. Then
w% acts trivially on Us.

Proof. Choose a B-Weyl triple (a_g, bg, c_g) whose corresponding Weyl element
is wg. By Proposition 2.2.6 (a) (c:}}, bﬁ_l,a:lls) is a (—pB)-Weyl triple with corre-
sponding Weyl element wgl. Applying Lemma|7.5.13|to these two Weyl triples,

we see that
1

-
= xs[[xs,a_p],bp]; and x;7 = x5[[xs, C:}g]/ bﬁ_l] 5
Using Lemma[2.1.13|and Lemma we can simplify the last term as follows:

wil

x5 = xs[[xs e p g

Since [xs5,a_pg] = [x5,c_pg] by Lemma[7.6.11} we conclude that wg and wgl act
identically on Us. In other words, wy acts trivially on Us, which finishes the
proof. O

wg
X5
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7.6.13 Lemma. Let  be a short root and let wg be a B-Weyl elements. Then w% acts
trivially on Ug and U_g.

Proof. Choose roots «, 7y, ¢ such that («, B, 7y, ) is a By-quadruple. Further, choose
any a-Weyl element w,. By the definition of Weyl elements, we have Uy = U™, so
Up is contained in the group generated by Us; U U, U U—,. Since w% acts trivially

on U; by Lemma [7.6.12| and trivially on U, and U_, by Proposition [7.6.10, it
follows that w% acts trivially on Ug as well. Since wg is also a (—)-Weyl element

by Proposition[2.2.6 (c)| this implies that w% acts trivially on U_4 as well. O

7.6.14 Proposition. Let B, J be two short roots and let wg be a B-Weyl element. Put
e:=(=1)CP and w = wj. Then x§ = x5 for all x5 € Us. Even more, we always have
e = 1 and w acts trivially on all short root groups.

Proof. By Lemma (0]B) is always an even number, so ¢ = 1. It is clear
that f and J lie in a common Bj-subsystem. Thus w acts trivially on U; by
Lemmas|7.6.12|and [7.6.13] which finishes the proof. O

7.6.E Summary

We can summarise the results of the previous subsections as follows.

7.6.15 Proposition. Let &, be any two roots in B, and let w; be a {-Weyl element. Put
w = w% and e == (—1)CI%), Then xg = xg forall xg € Ug. In other words, G satisfies
the square formula for Weyl elements (see Definition [4.4.4).

Proof. This is simply a summary of Propositions[7.6.4}[7.6.5,[7.6.10jand [7.6.14, [

The following result is simply a special case of Proposition [7.6.15, but it
deserves to be pointed out.

7.6.16 Proposition. Let B be a short root and let wg be a B-Weyl element. Then wé lies
in the center of G.

Proof. By Propositions |7.6.10| and |7.6.14l w% acts trivially on all root groups. Since

these generate G, it follows that w% acts trivially on G. In other words, it lies in
the center of G. ]

7.6.F Final Observations

7.6.17 Remark (Braid relations). We already know from Theorem that
G satisfies the braid relations for Weyl elements, but as in Remark we
can give an alternative proof of this fact using the results in this section. Let
A be a root base of B, and denote by («, ) the unique B,-pair which appears
in A. (Note that since A was chosen arbitrarily, this can be any B,-pair in B,;.)
Choose roots B,y such that (&, 8, v, ) is a Bo-quadruple. We have to show that
WaWsWaWs = Wy WsW,. Since

WyWsWaWs = wéwawéwz}‘sw“w&/
we only have to show that w, = w,°™". Put w := wsw,ws, and note that

w = wiw,®. Since wy” is a y-Weyl element by Proposition 2.2.6 (b))} it lies in
(U, UU_,) and thus it commutes with w,. Further, w$ even lies in the center of
G by Proposition|7.6.16| We conclude that wy = w,, which finishes the proof.



7.6. Rank-3 Computations 205

7.6.18 Note (on([7.6.17). We emphasise the ever-present assumption in this section
that n > 3. While it is true by Theorem that any By-graded group satisfies
the braid relations for Weyl elements (even without crystallographic assump-
tions), the proof in Remark only works for crystallographic By-graded
groups which occur as root graded subgroups of a B3-graded group. For general
B,-graded groups, it is not necessarily true that w? acts trivially on U,. We will
see a counterexample in Note

Before we end this section, we make a quick detour to prove Proposition[7.6.21
It will be needed in the proof of stabiliser-compatibility for B,-graded groups

(Proposition|7.9.3).

7.6.19 Lemma. Let (w, 8,7, ) be a Bo-quadruple and choose an a-Weyl element w,
and a 6-Weyl element ws. Let p be any short root which does not lie in { £, +6 }. Then
the Weyl elements w;s and wy" act identically on U,.

Proof. The only short roots which lie in a common B,-subsystem with a are those
in { £B, 40 }, so U, commutes with U, and U_,. The assertion follows. O

7.6.20 Lemma. Let &, B,y be roots which form a root base for a subsystem of B, of type
Bs such that («, B) is an Ap-pair and (B, ) is a By-pair. Choose corresponding Weyl
elements wy, wg, W Then the actions of w., and wg}ﬁ “ on LIﬁ are identical.

Proof. Without loss of generality, we can assume that the Bz-subsystem is in stan-
dard form (as in Remark|7.2.2). Thus we assume that there exists an orthonormal
basis (e1, ez, e3) of («, B, v)r which satisfies

x=e — ey, B=e—e and g =es.
Further, we put
o =1 — =1 —
W12 = Wy, W21 = Wqp, W23:= w)g, W32 ‘= Wyz, W3 = Wy.

For an arbitrary x, € U,,, we have to show that
w3 __ W21 W3 W3W3W12
Xy =X, .

Since x;”“ lies in U,,, this element commutes with w3y, so

walw32w3w23w12 _ xw21w3w23w12
2 - 2 :

Similarly, xgj 2193 Jjes in U,, and thus commutes with w3, so

W1 W3 W3 W W1 W3wW
x221 3W23 W12 :x221 3 12.

Finally, w3 commutes with w1, S0 Wy w3wi2 = woywipw3 = ws. This finishes the
proof. O

7.6.21 Proposition. Write B, in standard representation and denote by A the standard
root base of By. Let (ws)scn be a A-system of Weyl elements in G and let (wy),p be
its standard B,,-extension (as in Definition . Then for all i, ],k € [1,n] such that
k & {i,j}, the actions of we, and we; on Uy, and U_,, are identical.

Proof. The assertion is trivial if i = j, so we can assume that i, j, k are pairwise
distinct. Foralli € [1,1n — 1], we put wjy1 i= W, ,,, and w1, = w; ' . Further,
we put w; == w,, for all i € [1,n]. We begin by showing that for all i € [1,n] and
allk € [1,n — 1]\ {i}, the actions of w; and w, on U,, and U_,, are identical. We
prove this by induction on i, the case i = n being trivial. Thus assume that i < n.
If k # i+ 1, then ¢; and —ey are not contained in { te;, £¢;.1 }, so it follows from
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Lemma that w; = w;ﬁ“ and w;; act identically on U,, and U_,,. By the
induction hypothesis, it follows that w; and w, act identically on U,, and U_,,.
Now assume thatk =i+ 1. Theni+2=k+1 <n,so

Wit2,i+1Wi+1,i

i+2

Thus it follows from Lemma that w; and w;, act identically on U,,,, and
U_.,,,. Again by the induction hypothesis, we infer that w; and w,, act identically
on U, and U_,,.

Now let i, j,k € [1, n] be pairwise distinct. If k # n, then it follows from the
conclusion of the previous paragraph that w; and w; act on U,, and U, in the
same way as wy, so in particular, w; and w; act identically. Now assume that
k = n. Without loss of generality, assume that i < j. Applying Lemma
inductively, we can easily see that all the Weyl elements

w; =w

Wjji—1 Wij-1Wj—1,j-2 Wjj—1"Wit1,i
j , W [ ey, j
act identically on U,, and U_,,. Since

ZUj, w

R ji—1 i+1,i
Wi = w; ,

the assertion follows. O

7.7 Standard Signs

7.7.1 Notation for this section. We fix an integer n > 3 and consider the root
system B, in its standard representation (as in Remark[7.2.2). We denote by G a
group with a B,-pregrading (Uy).cp,, by £ a commutative associative ring and
by (M, q) a quadratic module over 4. We assume that there exists a coordinati-
sation (6y).eB, of G by (M, q) with standard signs (in the sense of the following
Definition[7.7.2), and we fix this coordinatisation.

7.7.2 Definition (Coordinatisation with standard signs). Let G be a group with
a By-pregrading (Uy).cB,, let £ be a commutative associate ring and let (M, q) be
a quadratic module over 4. A coordinatisation of G by (M, q) with standard signs is
a family (6,).cp, with the following properties:

(i) For all roots &, the map 6, is an isomorphism from (%, +) to U, if « is long
and it is an isomorphism from (M, +) to U, if a is short.

(ii) The same commutator relations as in Proposition [7.3.25|are satistfied. We
will refer to them as the standard commutator relations.

We will show in Theorem that every B,-graded group is coordinatised
by some quadratic module with standard signs.

In the remaining part of this section, we investigate some properties of groups
with a standard coordinatisation. We begin by showing that all Weyl elements in
such groups are balanced, which by Theorem shows that Weyl elements
in all B,-graded groups are balanced.

7.7.3 Lemma. Let ¢ be a short root and let w; be a 5-Weyl element in G. If v/, v,v" € M
are such that ws = 0_5(v")05(v)0_5(v"), then q(v) is invertible and v/ = v" =
—q(v)~Yo. In particular, ws is weakly balanced.

Proof. We prove this for the short root § = e,. The assertion for all other short
roots can be proven similarly. Let w, be a e;-Weyl element and let v/, v,v" €
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M be such that wy = 0_,,(v")6,,(v)0_,(v"). For all a € £, we know from
Lemma|7.5.10 (a), Lemma|/.5.11 (a)|and the standard commutator relations that
66’1 —e2 (a)wz = [061*6’2 (ﬂ), 662 (v)]€1+€2 = 9€1+€2 (_QQ(U)) and

961 +e2 (a)wz = [981 +e2 (ﬂ), 9762 (U/)]el —e — 991 —e (_QEI(U/))'
This implies that 6, —, (15 @i = (9(v)g(v")). On the other hand, we know that
0o, e, (15)%2 = 0, .,(14) by Proposition|7.6.10} so it follows that q(v)q(v') = 1.
In particular, g(v) is invertible. Further, it follows from Lemma|7.5.10 (b)|that
1G = [961 —e (1)1 962 (v)]el [[961 —e (1)' 962 (U)]El +ep7s 9*32 (U/)] e
= Ue (U) [9614—62 (—q(v)), 9—62 <v,>]gl = 961 (U + q(v)v,)'

/

It follows that v = —q(v)v’. Since g(v) is invertible, this implies that v/ =
1

—q(v)~1v. The same argument can be applied to the Weyl element w,' =
0_¢,(—0")0e,(—0)0_¢, (—0"), which then yields that —v" = —g(—v)~!(—v). Thus
we have v’ = —q(v) v = v’ as well. O

7.7.4 Note. The element v € M in Lemma need not be uniquely determined

by w;: See Remark|7.3.14

7.7.5 Proposition. All Weyl elements in G are balanced.

Proof. For long Weyl elements, we already know this from the corresponding as-
sertion for Ay-graded groups, see Proposition 5.4.10 (a)l For short Weyl elements,
this follows from Lemma and Proposition[2.2.16 O

7.7.6 Proposition. The following hold:
(a) Let « be a long root. Define

Wo (1) = 0_o (= 10 (r)0_o(—r71)
for all invertible r € k. Then the maps
B — Us,r e 0,(r) and A* — My, 7 — wy(r)

are well-defined bijections. Here £*, U and M, denote the sets of invertible
elements in £ (in the sense of Definition , the set of a-invertible elements in
U, and the set of a-Weyl elements, respectively.

(b) Let 6 be a short root and put M* = {u € M| q(u) € £* }. Define
ws(u) = 05 (—q(u) "u)0s(u)0_s(—q(u) 'u)
forallu € M*. Then the maps
M* — Ub,u s 05(u) and M* — My, u— ws(u)
are well-defined surjections, and the first one is a bijection.

(c) The Weyl elements defined above satisfy the same conjugation formulas as in
Lemmas and

(d) Let A be any root base of B, and choose an element vy € M with q(vy) = 1.
Define A, B, 17 and u as in Notation Put wy == wy (1) for all long roots
in A and wg := wg(vo) for the unique short root in A. Then G is parametrised by
(A x B, M, k) with respect to 1 x p and (ws)sea-

Proof. By Proposition we already know that the maps in[(a) are bijective
if they are well-defined. Using computations as in Lemmas and one
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can show that elements of the form w, = w,/(r) satisfy UE’“ = Uy, () for all short
roots B. This proves (a).

We know from Lemma that the maps in (b) are surjective if they are
well-defined. Further, the first map is injective because 05 is injective. Now
let u € M* and put ws; := ws(u). Using the rank-2 computations and the
commutator relations, one can show that LI;U * = Uy forall p € By \{£d}.
Even more, these computations show that the same conjugation formulas as
in Lemmas|[7.3.15|and [7.3.17] are satisfied. It remains to prove the assertion for
p € {£J }. We do this for § = e; = p and the remaining cases can be covered in
a similar way. Let v € M be arbitrary. By the standard commutator relations, we
have

982 (U) = [96‘2*61 (1fz )/ 961 (U)]Ez = [962*31 (1ft)/ 961 (U)] [962*91 (1/i )’ 991 (U)];}Fﬁz
= [0e,—e, (14), e, (0)]0e; 4, (—q(v)) .
Using that the conjugation formulas in Lemma are satisfied, we infer that
Oy (0)7) = [0y (1)), B, (0) 2180, s, (—g1(2)) """
= [9*61*62 (_q(u)il)' 961 (Uu (U))] 961762 (q(u)ilq(v))

where

[9—81—62 (_‘1(”)71)1 Oe, (‘Tu (U))] =0_, (q(”)ilgu(v))eel—q (_‘1(”)71‘1 (‘Tu(v)))
=0, (9(1) "' 0u(0)) Oy, (—q(11) 'q(0)).
It follows that

O, (v>w2(u) =0 (‘1(“)71% (v)),

which is precisely the desired conjugation formula in Lemma [7.3.17 (b)| for this
choice of roots. This finishes the proof of (b).

Assertions (c) and (d) follow from similar computations as above, or have
already been proven. ]

7.7.7 Note. In the proof of Proposition|7.7.6 (b)| it is not valid to argue that
Oe, (v)wZ(u) = [962—61 (1k), Oe, (v)]gf(u) = [962—81 (14 )wz(u)/ Oe, (v)wz(u)] —e

= [9*31*92 (_Q(u)_l)/ 981 (UM(U))] —e = 9732 (Q(u)_lau(v))

because we would have to use Lemma for the second equality. This would
not be correct because w, (1) is not yet proven to be a Weyl element (and also
because G is not assumed to be rank-2-injective). Instead, we have to use the
workaround outlined above.

7.7.8 Remark. It follows from Proposition that G satisfies U} = U, \ {1¢}
(the additional condition of being an RGD-system) if and only if £ is a field and
(M, q) is anisotropic.

The following result is a special case of Proposition We prove it
explicitly because it will be used in Lemma|7.11.20

7.7.9 Lemma. Let 8 be a short root, let wg be a B-Weyl element and let v € M such

that wg = 0_g(—q(v) 'v)0s(v)0_g(—q(v)'v). Then for all short roots & which are
orthogonal to B, we have

05 (1) = 65(c (1))
for all u € M where 0,: M — M,u — u — q(v) "' f(v,u)v denotes the reflection
associated to v (as in Definition (7.1.20).
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Proof. Letu € M. By Lemma|7.2.10} there exist unique long roots «, v such that
(a, B,,9) is a By-quadruple. Then by Lemma we have
05(u) " = 605(u) [[05(u),0_p(—q(v) '0)],65(v)] .
Choose e1,e2 € {£1} and i,j € [1,n] such that 6 = e1e; and B = eze;. Using the
standard commutator relations, one can show that
[[0s(u),0-5(—q(v)"0)],65(v)] ; = 65(—4(v) " f(u,v)0)

in every possible case. See Figure|/.6|for a detailed computation. We conclude
that

05(u)" = 05 (u—q(v) " f(u,0)0) = 05(cu(w)),

as desired. ]
&1 & X = [9816,'(”)/9*826’]‘(_q(v)_lv)] [X, 9523}' (U)]sle,-
o0 a0 Y w,0)  0a(=b b () f(u,0)0)
+ + Gei*f?j(_CI(U)ilf(urv)) 631 (_51(0)711:(”/0)0)
+ - 96,-+e]-(_5i_<]“7(v)_1f(”10)) Ge,.(—5i_<j(5i_<jq(v)_1f(u,v)v)
- - (@) fow) 0_., (—q(0) £ (0,)0)

Figure 7.6: The computation in Lemma

7.8 Admissible and Standard Partial Twisting Systems

7.8.1 Notation for this section. We fix an integer n > 3 and consider the root
system B, in its standard representation (as in Remark with its standard
root base A. We choose £ := C, M := C?, g: M — Cand vy := (1,0) as in
Remark[7.3.22] We define the B,-graded group EO(g) with root groups (Us)aes,
as in Definition We denote the root isomorphisms from Constructions|7.3.6]
and [7.3.7]by (0a)«ep, and the standard system of Weyl elements from Defini-
tion |7.3.13|by (w;)sea. Further, we denote by (A, 7, B, it) the standard partial
twisting system of type B, in the sense of the following Definition [7.8.2]

In this section, we introduce the standard partial twisting system for any
By-graded group. Its definition is motivated by the twisting structure of the
elementary orthogonal group in section We will show that it has some
desirable properties which serve as the axioms of admissible partial twisting
systems. The goal of the following section [7.9|is that any admissible partial
twisting system satisfies the conditions of the parametrisation theorem. In the
final sections of this chapter, we will then use the standard partial twisting system
to construct a parametrisation of any B,-graded group with standard signs.

7.8.2 Definition (Standard partial twisting system). The standard partial twisting
system of type By, (with respect to A) is the tuple (A, 7, B, u) where A := B := {£1}
and where 77, i are the A-parity maps from Notation[7.3.18] If G is a group with a
B,-pregrading, then the standard partial twisting system for G (with respect to A) is
the same tuple together with the additional information that A acts on all root
groups of G by inversion.
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7.8.3 Note. Technically, the standard partial twisting system of type B, is not
a partial twisting system because a partial twisting system has to be defined
with respect to a pair (G, (ws)sea) where G is a group with a B,-pregrading and
(ws)sen is a A-system of Weyl elements. In particular, the group A has to be
equipped with actions on the root groups of G. For this reason, we distinguish
between the “abstract” standard partial twisting system of type B, and the
standard partial twisting system for a specific group G. Note further that it is not
obvious that the standard partial twisting system for a B,-graded group satisfies
all the axioms of a partial twisting system in Definition [4.3.18] We will verify this
throughout this section.

7.8.4 Remark. We can also regard the groups A and B in the standard partial twist-
ing system (A, 7, B, it) as part of the standard parameter system (A x B, M, £)
from Definition[7.1.25] Note that in the former interpretation, A acts on the root
groups and B is equipped with no action while in the latter interpretation, A x B
acts on M and A.

7.8.5 Reminder. Recall from Theorem that (Uy )aep, is a crystallographic
B,-grading of EO(g). Thus we can apply all rank-2 and rank-3 computations from
the previous sections to EO(g). Further, we know from Lemma [7.3.23|that EO(q)
is parametrised by the standard parameter system (A x B, M, £) with respect to
1 x yand (ws)ses and from Remark[7.3.22|that (A x B, M, &) is (1 x p)-faithful.

We now prove some basic properties of the parity maps # and . Since all
values of 77 and y are given explicitly in Figure all these properties could be
proven with a straightforward but lengthy computation. However, we will see
that they are much easier to derive by performing certain computations in the
group EO(g).

7.8.6 Lemma. 7 is braid-invariant and adjacency-trivial and y is Weyl-invariant and
adjacency-trivial.

Proof. By Theorem [2.5.10} the system (w;)sea satisfies the braid relations. Thus it
follows from Proposition that 77 x p is braid-invariant and adjacency-trivial,
which by Lemma[4.2.25 (a)|implies that 77 and y have the same properties. Further,
an inspection of Figure shows that y is even square-invariant. Hence yu is
Weyl-invariant, which finishes the proof. O

7.8.7 Lemma. yu is semi-complete.

Proof. Note that the only subgroups of B are {1} and B, both of which have a
complement. Thus every parity map with values in B is semi-complete, which
makes the assertion trivial. O

7.8.8 Lemma. 7 X y is transporter-invariant and 1, y are independent.

Proof. At first, we consider the orbit of short roots. Put & := e;. Then
(77 X .u)ﬁc,(e] —ep,e1—€) (77 X .u)ellelfez (77 X .u)ez,ﬁ*ez = (1A11A)(_1A/13)
= (—1A,1B) and
(7 X Wae, = (1a,—1p).
Since these elements generate A X B, it follows that (A x B);—2 = A x B. By

Remark this implies that 77 x y is transporter-invariant on the orbit of short
roots.
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Now we consider the orbit of long roots. By an inspection of Figure it is
clear that
(AXB)asp € Ax{1p}

for all long roots «, B. Further, we have
(A X B)€1*€2%€2*€1 =AX {13}
because (17 X U)e;—eye;—e, = (—14,1p). By criterion 4.2.16 (iv), we infer that  x u

is transporter-invariant on the orbit of long roots as well.
Finally, the previous computations together with Remark[4.2.24]show that ;7
and p are independent in the sense of Definition |4.2.23]

7.8.9 Lemma. For all roots & € ® and 6 € A, we have 1, 55 = (—14) ) where («|5)
denotes the Cartan integer for («, ). In other words, 1 satisfies the square formula (in

the sense of Definition |4.2.10 (e)).

Proof. It suffices to verify that the conditions of Proposition [4.4.1T (c)]are satisfied.
We have proven in Proposition that G satisfies the square formula for Weyl
elements. Further, by definition, A = {£1} and —14 acts on both £ and M
by inversion. Finally, by the transporter-invariance of 7 and an inspection of
Figure we have A,_,, = A for all roots «. This finishes the proof. O

7.8.10 Lemma. Leti,j € [1,n] and let k € [1,n]\ {i,j}. Then the words @', p/ from

Definition|7.2.22|satisfy (11 X W) e, 5 = (1 X )ge, 5i for all € € {£1}.

Proof. We know from Proposition7.6.21|that w, and w,; act identically on U, .
Since the action of (A x B, M, £) is (7 x u)-faithful by Remark[7.3.22} the assertion
follows. m

7.8.11 Lemma. If p, C are short roots in By, then p, ;) = —1p.

Proof. For the simple root { = e,;, we can immediately read this off from Figure[7.4]
Now let { = e, for some m € [1,n — 1] and put J; := e¢; —¢;11 foralli € [1,n —1].
Then = ¢ On=10m) g
Hoo(£7) = HPpdm--dn-rendn-1-0m = HpdmbuaPprlom-u1) o Hpolom=bn_yen) 5.5
= 1p(—1p)1p = —1p.
The assertion follows. O

7.8.12 Note. Lemma [7.8.11] also follows from Lemma [7.3.17 (b)| and [7.3.17 (c)
because the parameter system is (7 x u)-faithful.

7.8.13 Definition (Admissible partial twisting system). Let G be a group with a
B,-pregrading (Uy)«cp, and let (w})sca be a A-system of Weyl elements in G. A
By-admissible partial twisting system for (G, (w))sca) is a partial twisting system
(A',y', B, )" for (G, (wf)sea) with the following additional properties:
(i) A’ = {£1} and —14 acts on all root groups of G by inversion.

(i) B' = {+1}.

(iii) #’ and p’ are adjacency-trivial.

(iv) #' satisfies the square formula.

(v) For all i,j € [1,n] and k € [1,n]\ {i,j}, the words p', p/ from Defini-

tion [7.2.22| satisfy ﬂéek = 17£e 7 foralle € {+1}.
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(vi) If p, ¢ are orthogonal short roots in B, then ‘u; Q) = —1p.

We will sometimes refer to such objects as admissible partial twisting systems if the
root system B,, is clear from the context.

7.8.14 Proposition. Let G be a group with a B,-pregrading (Uy)ycp,. Then for any A-
system (wy)sen of Weyl elements in G, the standard partial twisting system (A, 1, B, jt)
is a By-admissible partial twisting system for (G, (ws)sea ). In particular, admissible
partial twisting systems exist for each group with a B,-pregrading.

Proof. We have to check that (A, 7, B, jt) satisfies the axioms of a partial twisting
system for (G, (ws)sena) (see Definition 4.3.18) and the axioms in Definition
By Example A is a twisting group for (G, (ws)sca). All the remaining
axioms follow from the results in this section. ]

7.8.15 Note. We have proven in Lemma that y, ;) = —1p holds for
any pair of short roots. In Axiom Jl !owever, we only require that
this holds for orthogonal pairs (p,{). In other words, we do not require that
Hoo(p) = —1p. In fact, we could for any i € [1, n] replace the homomorphism 6,
in Construction by 0", 0+ 0_¢ (09 (v)). Then the corresponding Weyl

elements would have to be redefined as

;i (1) 1= e, (1) = 0, (—q (1) "0, (1)) © 0, (1) 0 0, (—q () "0 (1))
for all u € M for which g(u) is invertible. Further, the resulting parity map p
would then satisfy pit,, () = 1, but we would still have j1;.,, o(,) = —1p for all
j € [1,n]\ {i}. This illustrates that property [7.8.13 (vi)|is intrinsic to the group
EO(g) (that is, invariant under a twisting of the parametrisation) while the value
of 11,0y can be different for distinct parametrisations of EO(q).

7.9 The Parametrisation

7.9.1 Notation for this section. We fix an integer n > 3 and consider the root
system B, in its standard representation (as in Remark [7.2.2) with its standard
root base A. We denote by G a group which has crystallographic B,-commutator
relations with root groups (U, )4ep, such that U is non-empty for all a € ® and
such that G is rank-2-injective. We fix a A-system (w;)sea of Weyl elements and
we denote by (A, 7, B, it) a B,-admissible partial twisting system for (G, (ws)sen )-

In this section, we show that G satisfies the conditions in the parametrisation
theorem with respect to any B,,-admissible partial twisting system. In particular,
this holds for the standard partial twisting system, which will be the only case
that we are interested in. After the work in the previous sections, all that is truly
left to do is the verification of stabiliser-compatibility. For this we use the criterion

from Proposition

7.9.2 Proposition. G is square-compatible with respect to 1.

Proof. Since both G and 7 satisfy the square formula (by Proposition [7.6.15/and
Axiom [7.8.13 (iv)), this follows from Lemma Here we have to use Ax-
iom[9.7.11 (ii) O

7.9.3 Proposition. G is stabiliser-compatible with respect to (1, u) and (ws)sea-
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Proof. Let a be any root. We know from Axiom [7.8.13 (iii)| that 7 is a-adjacency-
trivial and we want to show that G is a-stabiliser-compatible. If « is long, then it
has the property that all roots which are orthogonal to « are adjacent to «, and
thus it follows from Lemma that G is a-stabiliser-compatible with respect to
1. Thus it is also a-stabiliser-compatible with respect to (17, 1) by Remark [4.4.6]
as desired.

Now assume that « is short. Write « = eey for some ¢ € {+1} and k € [1, n].
As in Proposition [4.6.3, we consider the following sets:

O={pe®la-p=0}={oe|ic[l,n]\{k},oce{£l1}},
A = { B € O|ais crystallographically adjacent to p } = &,
A=0\A =0.

For all B € A, we have i, 5 = —1p by Axiom Now let B, B’ € A.
Leti,j € [1,n] and ¢,¢' € {£1} such that = ¢¢; and ' = €ej. Let§ == p'
and &' := p/ be the words from Definition By definition, they satisfy
0(6) =0o(e;) = o(B) and ¢ (8') = o(e;) = o(B'). Further, we have 1, 5 = 1, 5 by
Axiom|[7.8.13 (v)|and the actions of w; and wjy are identical by Proposition[7.6.21]
Thus all conditions in Proposition[4.6.3] are satisfied, and we conclude that G is
a-stabiliser-compatible. This finishes the proof. O

7.9.4 Proposition. There exist abelian groups (k, +) and (M, +) (each equipped, as
a set, with an action of A x B) and a parametrisation (6,)yecp, of G by (A x B, M, k)
with respect to 7 x y and (ws)sea such that the action of A on k and M is given by
group inversion.

Proof. This follows from the parametrisation theorem (Theorem 4.5.16), whose
assumptions are satisfied by Propositions and and Theorem 2.5.10, [

710 Computation of the Blueprint Rewriting Rules

7.10.1 Notation for this section. We fix an integer n > 3 and consider the root
system B, in its standard representation (as in Remark with its standard
root base A. We denote by G a group with a crystallographic B,-grading (Uy )aep, -
We fix a A-system of Weyl elements (w;)sca and denote its standard B,-extension
by (wg)gep, - To simplify notation, we put wjj := w,,—; for all distinct i, j € [1, 7]
and we put w; = w,, for alli € [1,n]. We denote the standard partial twisting
system for G by (A,#,B,u), by (k,+), (M, +) any groups which satisfy the
assertion of Proposition and by (6x)xeB, the corresponding parametrisation
of G. The groups £ and M are equipped with actions of A x B, and we call the
map
M— M,v—v:=—1g.v

the involution on M. Further, we choose elements v_1,vy,v1 € M such that
Wy = 0, (v-1)0e,(v0)0—, (v1)-

In this section, we define the commutation maps of the parametrisation
(0x)aeB, and derive their rank-2 identities. Our goal is to define the blueprint
rewriting rules for B, and to prove that they are indeed blueprint rewriting rules.

We will frequently apply the following result without reference. It says
that the action of the B,-extension (wp) peB, of (ws)sea on the root groups is
determined by the values in Figure
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7.10.2 Proposition. Let « € B, and let B € B,,. Let x € £ if w is long and let x € M
if a is short. Then 0n(x)™" = 6, (n) (a,pa,p-X) Where 1s,g and iy g are the values in

Figure

Proof. Denote by B the standard A-expression of  from Definition|[7.2.22| Since

G is parametrised by (A x B, M, £) with respect to 17 x p and (w;)sen, we have
le(x)wﬁ - GUﬁ(a)(Wa,B]’la,B'x)'

We know from Lemma|/.3.28/that 17, g}i, 5 = 7o, pHa,p, SO the assertion follows. [

7.10.3 Lemma. The involution M — M, v +— T is an automorphism of M with o = v
forallv € M.

Proof. Since the involution is induced by the action of —1p and (—1 3)2 = 1p, we
have © = v for all v € M. Further, since (77 X pt)e, ., = (14, —15), we have

B, (TF10) = 0, (04 1)1 = B, (0)" 8, () = B, (26, (1) = 0, (0.+71)
forallv,u e M,sov+u=0v+1. O
7.10.4 Lemma. For all i € [1,n], we have w; = 60_,,(v_1)6,,(v0)0—c,(v1) for all
i€[l,n].

Proof. By the choice of v_1,vg,v1, this is clear for i = n. Since w; = wy" and
(1 X U)+e,e,—e; = (1,1), the general assertion follows from Proposition|7.10.2, [
7.10.5 Definition (Commutation maps). We define
R XKk — Kk (a,b)—ab:=a-b,
g:hAxM— M, (a,v)— g(av),
g: kxM — £k, (a,0) — q(a,0),
f:MxM— £, (u,0)— f(u,0)
to be the unique maps which satisfy
[961*82 (a)/ 96’2*63 (b)] = 96’1*63 (a ’ b)/
[96’1—62 (‘1)/ 932 (U>] = 962 (g<a/ v))9€1+€2 (_q(a/ U))r
[961 (u)/ 932 (U)] = 9€1+€2 (_f(u/ Z)))
foralla,b € fand all u,v € M.
Our goal is to show that - turns £ into a commutative associative ring, that

¢ defines a A-modules structure on M, that M — £,v — q(14,v) is a quadratic
form with linearisation f and that q(r,v) = rq(14,v) forallr € £ and v € M.

7.10.6 Lemma (Rank-2 identities, part 1). The maps -, g, q and f are additive in all
components except for the second component of q, which satisfies

90,0+ w) = q(a,0) + q(a,w) + £ (g(a,0), w)
foralla € kandall v,w € M.

Proof. The additivity assertions follow from Lemma [2.1.13} as in the proof of
Lemma Now let a € £ and let v,w € M. By Lemma and the
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definition of the maps g, g and f, we have
961-‘1-82 (_Q(r/ v+ w))
= [Ber—e (), 0, (V) B, (W) ey 4,
= [0ey—e;(2), 0 (W) ey +e [ [Oe1 e (2), 0y (V)] Oy ()] [0y —e, (2), By (0) ey e
= Oerer (—9(a,w)) [Be, (8(a,0)), 00, ()] 6oy e, (—4(a,0))
= Oerver (—q(a,w) — f(g(a,0), w) —q(a,0)).
By the bijectivity of 0, 1,, the second assertion follows. O

7.10.7 Lemma. For all pairwise distinct i,j,k € [1,n] and all a,b € &, the following
commutator relations hold:

[0e;—e; (), O;—e, (b)] = Oc,—e, (ab),
[Geﬁej(a)reejJrek (b)] = Ocite, (‘5k_e<i,]'>”b)/
[Gel'—e]'(a)/e—ek—ei(b)] = 0_¢—¢ (51:¢<i,]'>“b)r
[991+ej(a)’9_ek_ei(b)] = Gej—ek ((51._6<].’k>ab).

Proof. Leta,b € k. We will frequently apply Proposition [7.10.2 without explicitly
saying so. By definition, the first assertion holds if (7,j,k) = (1,2,3). Thus
it suffices to show that if i,j,k € [1,n] are distinct and ¢ is a permutation of
[1, n], then the validity of the first equation for (i, j, k) implies the validity of the
first equation for (i%,j7, k7). Since the group of permutations is generated by
transpositions, it suffices to prove this for transpositions ¢. Thus let i, j, k € [1, n]
be distinct and such that

[961._3]. (a),@e]._ek(b)] = 0¢—¢ (a-b) foralla,bek (%)
and let o be the transposition which interchanges the distinct numbers p,q €
[1,n]. I {ijk}N{p q} = @, the assertion is clear. If |{i,j,k} N{p,q} =1,
conjugating () by wy, (if p € {1i,],k}) or by wy, (if g € {1, ],k }) shows that the
assertion holds. Now assume that [{i,j,k}N{p,q} =2. It {p,q} = {ij},
then conjugating (*) by w;; and applying Lemma yields

[961'73]‘ (a)r 961761( (b)]wij = [931'*6]' (r)wi// gej*ek (S)wﬁ] = [96]'*61 (—1’), 9€i*f—’k (_S)]
= [gej—ei(r)lgei_ek (S)] and
[Qei_ei (a)/ er_ek(b)]w"f = eei_ek (7’ ) S)Wij - Gej_gk (1’ ' S>'

The assertion follows in this case. Similarly, conjugating (+) by wj or by wj
shows that the assertion holds for the transposition interchanging j and k or i and
k, respectively. This finishes the proof of the first equation.

Now conjugating the first equation by wy yields

[931._3/.(51),9€j+gk(5]:>].b)] = 0Oc, ¢, (0~ ;ab) foralla,b € £,

which (by replacing b with ¢, ;b) implies that
[0e;—e; (@), 0c; 16, (b)] = Oc,e, (0~ 0y~ ab)  foralla,b € A.

k>i"k>j

By going through all possible cases, it is easy to observe that 6,_ ;6 i = Ore Y
which proves the second equation. In a similar manner, we can conjugate the
first equation by w; to obtain

[ee,»+e,» (6 a),G_E]._ek((S.* b)] = 0,—¢ (ab) foralla,b € k.

j>i j>k
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This is equivalent to
[96i+ej(a),9_€j_ek(b)] = O, ((5].’E<i’k>) foralla,b € A.

Interchanging the roles of i and j yields the fourth equation. Finally, conjugating
the fourth equation by w;, we see that

[0, (6,i0),0—e,—¢, ()] = 0, (6,20, ;D) foralla,b € 4.

This implies that

[931,_6], (a),0_¢—c (b)] = g—ej—ek(5]'_>i(sj_>k5i_e<j,k)ab) foralla,b € .

Consulting the truth table in Figure[7.7, we see that J;_ iéj; 10ic k) = Oy (i) which
finishes the proof. O
Osi Ok Ve Opi%ik0icip Okl

i<j<k - + + — -

i<k<j - - + + +

j<i<k + + - - -

j<k<i + + + + +

k<i<j - — - - -

k<j<i + - + - —

Figure 7.7: A truth table which shows that § =010 Qe = Org (i) for all pairwise
distinct i, j, k € [1,n].

7.10.8 Remark. We could perform the same computations as in Lemma
for the other commutation maps. However, it will be more efficient to do so at a
later point, when we have acquired more information about the maps f, g and g.
For the moment, we only note that for all i < j € [1, 1], conjugating the equations
in Deﬁnitionby wo;w1; (Where wy is interpreted as 1) yields that

60-e,(), B, (0)] = B, (3(0,2)) By, (—4(a,2)),
0, (1), 0 (0)] = By, (— £ (1,0))

foralla € £ and all u,v € M. We delay the remaining computations until

Proposition

7.10.9 Lemma (Rank-2 identities, part 2). (£, +,-) is a ring. If we denote its identity
element by 1, we have w;j = 96],,@(—1/;)981.,8].(1/%)961,,31.(—1,;)for all distinct 1,j €
[1,n].

Proof. We already know from Lemma that the multiplication satisfies the
distributive law, so we only have to verify the existence of an identity element.
Leti,j € [1,n] be distinct and let x € £ be arbitrary. Since n > 3, we can choose
some k € [1,n] \ {i,j}. By Proposition[5.4.10} there exist unique 4, b € £ such that
Wij = Op;—¢;(2)0¢;—¢; (D)0e;—c; (@) and we have 0, (a) = O,—¢; (D)™ = O¢;—e,(—D),
so a = —b. Using Proposition[5.4.3 (a)} we can now compute that

Qekfej(x -b) = [Qekfei(x)/eeﬁej(b)] = Gek*ei(x)w” = Qek*ef(x)’
Gei—ek(b ’ x) = [eei—ej(b)’gej_ek(x)] = [ee]'_ek(x»ge"_ef(b)]il
= (eej*ek(x)wij)_l = Oe;—e, (%)
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It follows that £ is a ring with identity element 14 := b and that
wl] = ee]-—ei (_1ﬁ )ee,’—e]' (1/2' )961'—6,‘ (_1/é>

Since the identity element of a ring is uniquely determined by the ring structure,
our construction does not depend on our choice of i and j. Thus we also have

Wit = B¢ (_1/%)9%—61 (1/€)961—€k(_1/€)

for any choice of distinct indices k,I € [1,n]. O

7.10.10 Note. The assertion of Lemma 7.10.9]involves only roots which lie in the
canonical A,_;-subsystem of B,. Further, the signs of # on this subsystem are
the same as in Example 5.5.5by Remark[7.3.20/and y is trivial on this subsystem.
Thus Lemma is also a direct consequence of Lemma

7.10.11 Lemma (Rank-2 identities, part 3). We have g(14,v) = v forallv € M and
g(a,vo) = aforalla € k.

Proof. Let v € M. By the definition of g, we have
0e, (§(L,0)) = [0e;—e, (1), 0e, (0) e
By an application of Remark[2.1.18/and Lemma we can compute that
_ -1
[061—62 (1)/ 062 (v)]fz = [962 (Z)), 961 —e (1>]ezl = (962 (v)wu) - 062 (0),

so ¢(1,v) = v. Now leta € £. In a similar way as above, it follows from

Proposition|7.10.2Jand Lemma |[7.5.10 (a)| that
Oe+e, (_q(a/ UO)) = [931—62 (a), B, (UU)]EH-Cz = Oe,—e, (1) = Oc, 10, (1),
so q(a,vy) = a. O
We now compute the blueprint rewriting rules. As explained in Remark

we will only perform the blueprint computation in the rank-3 case: Namely, in
the subgroup of G corresponding to the root subsystem spanned by

{e1—eye0—e3,e3}.

7.10.12 Definition (Blueprint rewriting rules). We define the following rewriting
rules:

P12: Uey—ey X Ugy—e5 X Uey—ey —> Uey—ey X Upy—y X Uy —e,,

(981*92 (11),932,33 (b)leelfez (C)) = (962763 (C)/Gelft’z(_b - Ca)/9€2*€3 (a))/
1/)1le3 u62—6’3 X uﬁl—fz X uffl—f—’z - u61—6’2 X uﬁz—fs X u€1—62/

(982*93 (11),931,32 (b)lefzﬂ% (C)) = (061762 (C)/Gezft’s(_b - ac)/9€1*€2 (a))/
4)13: u€1*€2 X u€3 — u€3 X u81*€2/

(931_32(61),953(0)) = (9€3<v)f9€1—€2<u))/
@1zt Uey X Uey—ey — Uey—ey X Uey,

(933(0),961_32(61)) = (961—62({’1)/063(0))
and
P31 Uey X Upy—py X Uy X Upy—ey —+ Uey—ey X Upy X Upy—py X Upy

which maps (6e,(0), 0e,—e, (a), 0, (1), 0e,—e; (b)) to

(66233@,6% (i~ 306,9)), 600, (x),e@(—v))
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where x :=a —q(b,—7) — f(u— g(b,9),7).
7.10.13 Lemma. The maps 1o, Y1,', 13, @15 and o3 in Definition |7.10.12| are

blueprint rewriting rules (with respect to (ws)senr). Further, Y12 and ;' are inverses
of each other, and the same holds for @13 and ¢ ;.

Proof. The second statement about inverses is easy to verify. Further, we know
from Lemma 6.2.15|that @13 and ¢;; are blueprint rewriting rules. Observe that
the rewriting rule 11, and its inverse are the same rules that we have used for
As. Since the restriction of 7 to Ay = {e; — ;41 | i € [1,2] } yields the same parity
map that we have used for A3 (see Remarkm the same computation as in
Lemma shows that 1, and ¢;,' are blueprint rewriting rules. It remains
to show that 3 is a blueprint rewriting rule. For this, let a,b,c,d € £, let
v,u,hk € Mand put
&= (e3,e2 —e3,e3,e0—e3) and P:= (ex—e3,e3,62 —e3,€3).
Further, we set
X = (06 (0), 0y -3 (2), O (1), Ber—e5 (D))
On the one hand, we have
Va (x) = w30, (v)w236€2*€3 (a)w30€3 (u)w236€2*€3 (b)
= w3w23w3w23963 (U)wze,waum 962723 (a)w3wz3 963 (u)wzseez*% (b)
= W3W23W31W230e, (—0) 2 e, 1o, (=)0, (—14)0e,—e5 (D)
= w3w23w3w239€3( )9€2+€3( a)gez(_”)eez—%(b)'
On the other hand, we put
x/ = (96’2—6’3 (C)/ 963 (h)/ 962—63 (d)/ 963 (k)) .
Then
’75 (x/) = W30y —es (C)w36€3 (h )w23962*€3 (d)w39€3 (k)
= WaTW3W23W30e,—ey (€) 2 0oy (1) 25 0p, —o; () 0e, (K)
= w23w3w23w39€2+€3( )wZSWBQ ( ) €2+€3( d)9£’3 (k)
= WswW3W23W30e, e (C)0ey (— 1) 0oyt (—d) s (K).

In order to compare these two terms, we have to change the order of the product
in the first one, using the commutator formulas in Remark [7.10.8| as well as

Relation[1.1.11 (v)|
963(_5)9e2+e3(_”)962(_”)962 63(b)
= Oe; (—0)0er—e3 (D) Oeytes (—a)0e, (—14)
= Oey—e5 ()0 (—0 )[ 5(—=0), 0, Es(b)] Oer-tes (—a)0e, (—11)
= Oe,—e; (0)0e; (— ) ( (b, =0))0e, 45 (9(b, =) ) Oer+e5 (—a)0e, (—11)
= Bey—3(b)0e ( — 1) 015 (9(b, —0) — )0, (—0)
(e, 9 .(8(6,7) —u)]
= Be,—;(0)0e, ( — 1)1, (9(b, —0) — )0, (—0)
Bey ey (f(g(b,v) —1u,—7))
= Oc,—e5 (0)0e, (g(b,0) — )

Bt (9(6,7) 0+ (1= (6,),5) )8 (~).
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Since w3wyswswrz = wywszwyzws by Theorem [2.5.10| and since G is rank-2-
injective, we conclude that ¥z (x) = 44(x") if and only if
c=", ~h=g(bo) —u,
—d=q(b,—7)—a+ f(u—g(bhv),7) and k= —7.

In other words, 7z (x) = 93(x") if and only if x' = ¢23(x), which shows that ¢23
is a blueprint rewriting rule. This finishes the proof. O

711 The Blueprint Computation

7.11.1 Notation for this section. Notation[7.10.1] continues to hold.

Finally, we have everything ready to perform the blueprint computation. This
computation takes place within the Bs-subsystem which is spanned by A’ from
Notation and there are no new identities which could be obtained by
performing the computation in larger subsystems.

7.11.2 Remark (Blueprint computation). A homotopy cycle of the longest word
in the Weyl group of Bs is given in Figure We begin with the tuple

(03(u),02(a),6:1(b),05(v),02(c), 03(w), B2(d), 61(r), 62(s))

where 01 := 0, —¢,, 02 := 0¢,—¢,, 03 := 0., and where u,v,w € M and a,b,c,d,r,s €
k are arbitrary. Working down rows 1 to 12 in the homotopy cycle and applying
the respective blueprint rewriting rules in the process, we obtain a tuple

(Qz(xl),el (xy_),92(x3),93(x4),62(x5),93(x6),91 (X7),92(X8),93(X9)).

Conversely, working up from row 23 to row 12, we obtain a tuple

(62(y1),01(y2), 02(y3), 03(ya), 02(ys), 03(ys), 1 (y7), 62(ys), 03 (yo)).
Here x;,y; € Mforalli € {4,6,9 } and x;,y; € i foralli € {1,2,3,5,7,8 }. Now
x; = y; foralli € [1,9] by Theorem The precise results of this computation
can be found in Figures|7.9|to The intermediate steps of the computation
have been performed with GAP [Gap].

(1) 321323212 (13) 213232123
(2) 321232312 (14) 213231213
(3) 321232132 (15) 231213213
@) 312132132 (16) 232123213
(5) 132312132 (17) 232123231
(6) 132321232 (18) 232132321
(7) 123231232 (19) 232312321
(8) 123213232 (20) 323212321
9) 123212323 (1) 323121321
(10) 123121323 (22) 321323121
(11) 121323123 (23) 321323212

(12) 212323123

Figure 7.8: A homotopy cycle of the longest word in Weyl(Bs) (taken from [TW02,
Fig. 8, p. 472]).

7.11.3 Note. Throughout this section, we denote by u, v, w arbitrary elements of
Mand by a, b, c, d, r, s arbitrary elements of £.
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(1)s=s, (2) —r—sd=—r—ds, (3)d=d,

(6) —v+g(s,u) =—v+g(s,u), (9) u=u.
Figure 7.9: The equations “(i) x; = y;” fori € {1,2,3,6,9 } in Remark|7.11.2

w—g(d,0) —g(r,u) =w—g(r,u) —g(ds,u) — g(d,v) —I—g(d,g(s,ﬁ))
a—q(s,u) — f(o,u) + f(g(s,u),u) = a—q(s,~u) — f(v,u) + f(g(s, %), %)

Figure 7.10: The equations x4 = y4 and xg = yg in Remark[7.11.2} respectively.

Since all identities in Figures [7.9] to hold for arbitrary values of the
variables, they hold in particular if we replace some variables by 0, 14 or vg. This
allows us to derive shorter identities. We can then use these shorter identities to
simplify the original identities. We continue this process until we have proven
that the set of identities in Figures [7.9] to is equivalent to the axioms of a
quadratic module (M, v — q(15,v)) over a commutative ring £ with linearisation
f and scalar multiplication g. The map v — v will turn out to be the reflection oy, .

7.11.4 Lemma (Equations 2, 6). The ring £ is commutative, and we have g(s,u) =
g(s,u) foralls € k, u € M.

Proof. The first equation follows from equation 2 with » = 0, the second one from
equation 6 with v = 0 (see Figure[7.9). O

Lemma7.11.4{clearly covers all non-trivial identities which can be derived
from Figure

7.11.5 Lemma (Equation 4). We have g(ds,u) = g(d,g(s,u)) forall d,s € k and
ue M.

Proof. Using the relation g(s,u) = g(s, u) from Lemma|7.11.4{and the fact that
the involution on M is of order at most 2 by Lemma|7.10.3} we see that both sides
of equation 4 in Figure contain the term w — g(d,v) — (¥, u). Removing
these terms from the equation, we are left with g(ds, u) = g(d, g(s, ) ), which by
the same considerations as before yields the desired relation. O

Again, it is clear that no more identities can be deduced from equation 4.

7.11.6 Lemma (Equation 8). The following hold:
(a) f(O,u) = f(v,u)and f(0,u) = f(v,u) forall u,v € M.
(b) q(s,—u) =q(s,u) foralls € k, u € M.

Proof. Putting a := s := 04 in equation 8 in Figure we see that iiv,u) =

f (v, %), which implies that f(7,%) = f(v,u) = f(v,u). Using Lemma|7.11.4, we

infer that
f(g(s,m),m) = f(g(s,u),u).

Thus we can cancel nearly all terms from equation 8, and what remains is
q(s, —u) = q(s,u). This finishes the proof. O

Only equations 5 and 7 remain. We begin with equation 7 because it is shorter,
except that we quickly derive the following fact from equation 5 to simplify our
notation.
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x5 =c—q(d,—0) — f(w,0) + f(g(d,7),7) + ra

ys =c+sb— (a—q(s,—u) — f(v,u) + f(g(s,u),1)) (—r — ds)
—q(d, —v+g(s, %)) — f(@,0) + f(@,&(s,7)) + f(g(r,u),v)
— f(g(r,u),8(s,m)) + f(g(ds, u),v) — f(g(ds,u),g(s, 7))
+f(8(d,v),0) — f(g(d,v),8(s, ) — f(g(d,g(s,1)),v)
+f(8(d, (s, 1)), g(s, 1)),

x7 = —b—ad —q(r,~70) — f(@, %) + f (g(d,7), %) + f(g(r, ), 1),

Y7 = —b —q(r,u) — g(ds,u) — Flaw,u) + F(g0r,0),u) + f((ds, 1), )
—d(a—q(s,—u) — f(v,7) + f(g(s,7),7)).

Figure 7.11: The values of x5, y5, x7, y7 in Remark|7.11.2

7.11.7 Lemma. The ring £ is associative.

Proof. Putting all variables except for a,d, s in equation 5 in Figure to zero,
we obtain that (ad)s = a(ds). O

7.11.8 Remark (Equation 7, simplification). With the knowledge obtained so far,
we can cancel many terms in equation 7 in Figure which yields the following
simplified equation:

f(8(d,0),1) = —q(ds,u) + f(g(ds,u),u) +dq(s, 1)
T df (o,1) — df (g(s, 1), 7).
By Lemmas|7.11.4|and |7.11.6} this is equivalent to the following equation:
f(8(d,v), 1) = —q(ds,u) + f(g(ds,u),u) +dq(s, u)
+ df (o,m) — df (g(s,u), ).
7.11.9 Lemma (Equation 7). The following hold:

(a) f(g(d,v),u) =df(v,u) foralld € £ and all u,v € M.
(b) q(d,u) =dq(1s,u) foralld € k and all u € M.

Proof. Putting s := 0 in equation 7 in Remark|7.11.8, we see that f(g(d,v), ) =
df (v, u). This proves the first assertion because the involution on M is a bijection.
Using the first assertion and the associativity of £, we see that

f(g(ds,u),u) = (ds)f(u,u) =d(sf(u,u)) =df (g(s,u),u).
Thus we can now simplify equation 7 to obtain q(ds, u) = dq(s,u), from which
the second assertion follows by putting s := 1;4. O

7.11.10 Remark. As a variation of Lemma|7.11.9 (a)}, we also have f(g(d,v),u) =
df (v, u) because, by Lemma|7.11.6 (a)}

f(g(d,v),u) = f(g(d,v),u) = df(v,u) = df (7, u).

7.11.11 Remark. At first glance, the equation q(ds, u) = dg(s, u) that we have
proven in Lemma|7.11.9|may seem stronger than the equation q(d, u) = dq(14,u).
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However, the first equation follows from the second one together with the asso-
ciativity of £:

q(ds,u) = (ds)q(1s,u) = d(sq(1s,u)) = dq(s, u).
Thus we do not lose any information by only recording the second equation in
Lemma[Z11.9]
7.11.12 Notation. From now on, we put q(v) := g(1,v) forallv € M.

7.11.13 Remark (Equation 5, simplification, part 1). We are now left with only
equation 5 in Figure[7.11} the most complicated one. Using the previously derived
identities, we can simplify this equation. First of all, note that the right-hand side
of this equation contains the terms

£ (g(ds, u),0) — f(g(d, g(s,)),0)  and
~ £ (3(ds w), 85, 1)) + F(g(d, g(s, 1)), 8(s,)),
both of which are zero. Further, observe that the left-hand side contains
¢ — f(w,?) 4+ bs + f(g(d,),9)
while the right-hand side contains
c— f(@,v) +sb+ f(g(d,v),v).

Since these terms are equal, we can cancel them. What remains are the following
expressions for x5 and ys:

x5 = —q(d,—0) +ra
—(—m—qm—w @)+ £(3(,9) )+f@@whw)&
ys = —(a— q(s, ) — F(o,) + f(g(s, @), W) (—r — ds)
—q(d,—v+(s,0) + F@,8(s, 1) + £(30), 0)
~ F30 ), 5(5,m) — f(8(d,0), 3(5,7))

Applying the distributive law and the previously established identities, we see
that

x5 = —dq(v) +ra+ads +rsq(u) +sf(w,u) —dsf(v,u) — rsf(u,u),
ys = ar + ads — rsq(u) — ds* q( ) rf(v,u) — f( v, )+ rsf(u,u)
+ds*f(u,u) —dq(g(s,u) —v) + f(w,g(s,u)) +rf(w,0) —rsf(u,u)
—dsf(v, 7).
Clearly, the term

ra+ads —dsf(v,u) —rsf(u,u)
on the left-hand side cancels the term
ar +ads —dsf (v, u) —rsf(u,u)
on the right-hand side, so we are left with
x5 = —dq(0) + rsq(u) + f (w, ),
ys = —rsq(u) — ds*q(u) — rf(v, @) +rsf(u,u) +ds*f(u,u)
— dq(g(s, 1) — v) + £ (@, g5, M) + rf (7, 0) — dsf (0,7).
7.11.14 Lemma (Equation 5, part 1). The following hold:
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(a) f(u,v) = f(v,u) forallu,v € M.
(1) f(v,g(d,u)) =df(v,u) forallu,v € M, d € k.

Proof. Putting s :=0,d := 0,7 := 1 in equation 5 (see Remark|7.11.13), we obtain
0= —f(v,u)+ f(u,v). Since the involution on M is a bijection, this implies the
tirst assertion. Now the second assertion together with Lemma|7.11.9 (a)|yields

that
f(o.g(d,u)) = f(g(d,u),v) =df(u,0) = df (v,u),

as desired. O

7.11.15 Remark (Equation 5, simplification, part 2). Lemma|[7.11.14]allows us
to simplify equation 5 even further: The term sf(w, u) on the left-hand side
cancels the term f (@, g(s,)) on the right-hand side. Further, we see that the
term —rf(v,u) + rf (i, v) on the right-hand side equals zero. Thus we obtain
X5 = —dq(v) + rsq(u),
ys = —rsq(u) — ds*q(u) + rsf(u,u) +ds* f (u,u) — dq(g(s, ) — v) — dsf (v, ).
7.11.16 Lemma (Equation 5, part 2). The following hold:
(a) f(u,u) =2q(u)forallu € M.
() q(—v) =q(v) = q(v) forallv € M.

Proof. Puttingr :=1,s :=1,d := 0 and v := 0 in equation 5 in Remark|7.11.15
we see that q(u) = —q(u) + f(u, u), which implies the first assertion. Using this
identity, we obtain the following simplified version of equation 5:

—dq(v) = —ds*q(u) — dq(g(s, %) — v) — dsf (v, ).
Putting u := 0 and d := 1, we see that q(v) = q(—v). Since we know that
q(—v) = q(v) by Lemma|7.11.6 (b)| the second assertion follows. O

7.11.17 Remark. It is not immediately obvious that no further relations can
be deduced from equation 5. However, using the rank-2-computation from
Lemma(7.10.6, we see that

dq(g(s,w) —v) = dq(g(s,u)) +dq(—0v) +df (g(s,1), —0)
= ds’q(u) +dq(v) — dsf(u,0).
Thus the simplified version of equation 5 in the proof of Lemma reduces
to 0 = 0. It is noteworthy that, up to this point, we have never used the non-linear
identity from Lemma in our computations. This shows that, even if we
had not proven this identity in our rank-2-computations, we would have derived
it from the blueprint computations.

7.11.18 Summary. The following hold:

(a) The ring £ is associative and commutative.

(b) Themap g: £ x M — M defines a £-scalar multiplication in M which turns
it into a £-module.

(c) The involution on M is a A-linear automorphism of M with @ = v and
q(0) = q(v) forallv € M.

(d) Themap f: M x M — M is a symmetric £-bilinear form on M and the map
q: M — £,v— q(1,0) is a k-quadratic form on M with linearisation f.
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7.11.19 Proposition. G satisfies the same commutator relations as the group EO(q) in
Proposition|7.3.25| In other words, (64)uep, is a parametrisation of G by (M, q) with
standard signs.

Proof. The third set of relations (concerning commutators of medium-length
roots) is satisfied by Lemma|7.10.7} Now leti < j € [1,n],letr € R and letv € M.
Throughout this computation, we will frequently apply Lemma|7.11.6 (a)|and

Lemma|7.11.16 (b)l We know from Remark|7.10.8|that
[eei_ej(r)’ 06/(0)] = 9€i<rv)0€i+€j (—rq(v)).
Conjugating this equation by w;;, we infer that
[96]'*61‘ (—1"), 06;‘ (—ZJ)] = 96]' (rv)6€i+ej (—7’0[(0)) :
In other words,
8,4, (1), 00,(0)] = 8, (0)00 1, (rq(0))-
This says precisely that for all distinct i, j € [1, 1], we have
[0c,—¢; (1), B¢ (0)] = ¢, (10)0c,+; (J;-7q(0)), (7.2)
which is the first relation in Proposition[7.3.25
Continue to assume thatr € R, v € M and that i,j € [1,n] are distinct (but
not necessarily that i < j). Conjugating by w;, we see that
[9€f+€j ((5]-;1-1’), 9*91' (6)] = b, (ﬁ) 961‘*6]' (5]‘_>i5i_<jW(U)) .
In other words,
[Oc;e; (1), 0—e;(0)] = 0c, (0,2 70)0e,—¢; (0,279 ().
This is the third relation in Proposition[7.3.25, Conjugating it by w;, we obtain
[9@]‘—61' ((51.;].1’), 0 (5)] =0 (5]‘;1'@) R (51‘;]“5]';1‘”7(0))'
This says that
[Be;—e; (1), 0—¢;(v)] = 0—e;(—70)0_¢,—¢; (672,79(0)),
which is the second relation in Proposition|7.3.25, Now we conjugate by w;.
This yields
[9—61'—6]' ((5;jr), Oe; (9)] = 0, () Oe;—e; (‘Si;j‘si;j”q (0)).
Hence
[0—ci—e (1), 8¢ (0)] = 0—,(62;70)0¢;—, (5, ;7(0)),

which is the fourth relation in Proposition|7.3.25 This finishes the proof of the
first set of relations in Proposition|7.3.25

Now leti,j € [1, n] be distinct and let u,v € M. We know from Remark|7.10.8
that

[0e, (), eej(“)] = 9€i+€j (—f(U, ”))
if i <j. In this case, conjugating this equation by w;; yields
10,(0), 00 (—1)] = B, (— F(0,u)).
We conclude that
8,,(0), 8, ()] = Burvey (672, (0,1))
holds for all distinct 7, j € [1, n]. This is the fifth relation in Proposition We
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can conjugate it by w; to obtain
[0, (0), 0, ()] = e, ((Si;].éi;jf(v,u)),

which means that
[0—c,(0), 8¢, ()] = Oc;—e; (— f (v, 11)). (7.3)

Since [0—,(v), 0, (1)] = [0, (1),0—.,(v)] ! and f is symmetric, this is the sixth
relation in Proposition7.3.25 Finally, we can conjugate by w; to obtain

[0 (), 0, ()] = 0, (—0,2:f (v,11)).

In other words,

[9—61‘ (U), 9—61‘ (u)] = G—Ej—fi (5j;if(vf u))/
which is the seventh relation in Proposition[7.3.25, This finishes the proof. O

Before we state the main result of this chapter, we make a final observation.

7.11.20 Lemma. We have v_1 = vy = —vg and q(vo) = 1 as well as U = o, (u) for
all u € M. In particular, (M, q,e) is a pointed quadratic module.

Proof. As in the proof of Lemma we can easily compute that

Oer—e; (1) = Bey1e,(—4(0))-
On the other hand, by Proposition|7.10.2, we know that

- (D)™ = Oci+e» (—1).
It follows that q(v9) = 1. By Lemma this implies that

v 1 =101 = —q(vp) vy = —y.

Finally, we have shown in Lemma for every u € M that 0, (u)"? =
Be, (0, (1)), but we also know that 6,, (1)“2 = 6,, (). This finishes the proof. [

7.11.21 Theorem (Coordinatisation theorem for B,). Let G be a group with a
crystallographic By,-grading (Uy)acp, for some n € N>3. Then there exist a com-
mutative associative ring £ and a pointable quadratic module (M, q) over £ such that
G is coordinatised by (M, q) with standard signs (in the sense of Definition [7.7.2).
Further, if we fix a A-system of Weyl elements in G, then we can choose the root iso-
morphisms (0y)aep, S0 that wy, = 0_(—14)0x(14)0_o(—14) for all long simple roots
aand ws = —0_5(—00)05(v0)0_5(—v0) for the short simple root § where vy is some
element of M with q(vg) = 1.

Summary of the proof. Choose a root base A of B, and a A-system (ws)sea of Weyl
elements. Denote by (A, 7, B, u) the standard admissible partial twisting system
for G, as in Definition[7.8.2} Then by Proposition[7.9.4 there exist abelian groups
(£,4) and (M, +) on which A x B acts and a parametrisation (6,).co of G by
(A x B, M, k) with respect to (ws)sep and 7 x p. We can define commutation
maps as in Definition[7.10.5] By Summary these maps equip /£ with the
structure of a commutative associative ring and M with a £-module structure
and a £-quadratic form g: M — £. By Proposition (0x)aco is a coordi-
natisation of G by (M, q) with standard signs. By Lemmas|7.10.9|and [7.11.20} the
Weyl elements (ws)sca have the desired form. O







Chapter 8

Jordan Modules and Related
Structures

Chapters[5|and [/]each started with a section which introduced the coordinatising
algebraic structures of relevance in the respective chapter. For root gradings of
types C and BC, the corresponding algebraic structures are the so-called Jordan
modules. The theory of these objects is rather involved, and we will need several
other algebraic structures to define and investigate them properly. Further, Jordan
modules are a new algebraic structure which we introduce specifically to describe
root gradings of types C and BC. For these reasons, we dedicate an own chapter
to the study of these objects.

Section 8.1 begins with an introduction of weakly quadratic maps, which
generalise quadratic maps. We will also introduce square-modules (M, +), which
are groups equipped with a weakly quadratic scalar multiplication. They serve as
the fundamental language in which we describe the other algebraic structures in
this chapter. In sections|8.2|and [8.3, we list some known properties of alternative
rings and (nonassociative) rings with involution, respectively. Section is
dedicated to involutory sets, which are alternative rings R equipped with an
involution and a certain subset of R. In section 8.5, we define pseudo-quadratic
modules over involutory sets. Any pseudo-quadratic module M gives rise to a
group T(M) which is our main (and in fact, the only known) example of a Jordan
module.

In section we can finally define Jordan modules. A Jordan module is
a pair of groups (J,R) equipped with a family of maps satisfying exactly the
identities which result from the blueprint computation for root gradings of type
BC. The group R in a Jordan module is always equipped with the structure of an
alternative ring with involution. We will show in sectionthat if 2 is invertible,
then every Jordan module is of the form T(M) for some pseudo-quadratic module
M. Thus Jordan modules should be regarded as a slight generalisation of the class
of groups T(M) which allows us to capture certain “characteristic-2 phenomena”.
It should be noted that we are not aware of examples of Jordan modules which
are not of the form T(M), but we cannot exclude their existence.

In section we will present a notion of “purely alternative rings” which
was introduced by Slater in [Sla67]. We will show that such rings do not admit
non-zero modules. This fact will not formally be needed in the sequel. Rather, it
illustrates that the non-associativity of the base ring in the definition of pseudo-
quadratic modules should be seen as a technicality: Alternative rings admit
pseudo-quadratic modules only insofar that they are not purely alternative.
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The present chapter is independent from chapter 9} with a few exceptions:
The material on pseudo-quadratic modules will be needed in the construction
in section and some results on alternative rings will be used in section[9.10}
Hence the the enthusiastic reader may wish to skip ahead to chapter[9|and return
to the current chapter only later.

8.1 Weakly Quadratic Maps

8.1.1 Note. Throughout this chapter, we will often consider groups (M, +) which
are not assumed to be commutative but which are still written additively because
we think of them as “modules” and because, in some important cases, they
turn out to be abelian. We indicate this non-commutativity by the hat on the
operator. The neutral element of such groups will always be denoted by 0 and
the inverse of an element x € M will be denoted by ~x. In particular, we have
Z(x+y) = 2y = x. We will later see that in root gradings of type C, only the
commutative case is relevant.

In this section, we introduce weakly quadratic maps and square-modules.
Their theory provides the basic but essential language in which we describe
Jordan modules and related algebraic structures. None of the results in this
section are difficult, but we are not aware of any literature in which weakly
quadratic maps appear.

Weakly quadratic maps generalise quadratic maps (Definitions and[7.1.3)
in two ways: Firstly, the involved groups are allowed to be nonabelian. Secondly,
we do not require Axiom

8.1.2 Definition (Weakly quadratic maps). Let (M, +), (N, +) be groups and let
q: M — N be a map. The polarisation of q is the map

f: MxM— N, (v,w) — ~q(w) =q(v) +q(v+ w).

We say that q is weakly quadratic if its polarisation is bi-additive, in which case the
map f is also called the the linearisation of q.

8.1.3 Remark. Equivalently, the polarisation of a map q: M — N is the unique
map f: M x M — N which satisfies

(v +w) = g(v) +q(w) + f (v, w)

for all v, w € M. In particular, if g is weakly quadratic, we have

q(0) = q(0+0) = q(0) +4(0) + £(0,0) = 9(0) +4(0),
so that 4(0) = 0.

8.1.4 Example. Let M, N be groups. Clearly, any additive or constant map
q: M — N is weakly quadratic because its polarisation is the zero map. Further,
if M and N are abelian, then they are Z-modules and any Z-quadratic map
g: M — N is weakly quadratic. Further, if N is abelian, then the sum of two
weakly quadratic maps from M to N is weakly quadratic. Thus in the abelian
setting, sums of quadratic, linear and constant maps are examples of weakly
quadratic. However, not every weakly quadratic map can be written in this way.

Our interest in weakly quadratic maps stems from the fact that in this chapter,
we will frequently see groups which are “modules” over some ring except that
the scalar multiplication is only weakly quadratic in the scalar. Such objects will
be called square-modules.
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8.1.5 Definition (Square-module). Let R be a ring. A (right) square-module over R
is a group (N, +) together with a map w: N x R — N (called the square-scalar
multiplication) satisfying the following properties:

(i) w is additive in the first component.
(ii) Forallv € N, the map R — N, — w(v,r) is weakly quadratic.
(iii) w(v,1g) =vforallv € N.

8.1.6 Definition (Properties of square-modules). Let (N, 4) be a square-module
over a ring R with square-scalar multiplication w.

(a) We say that N is properly quadratic if N is abelian and the map in Ax-

iom[8.1.5 (ii)]is Z-quadratic in the sense of Definition[7.1.3]

(b) We say that N is multiplicative if w(w(v,r),s) = w(v,rs) forallv € N and
r,s € R.

(c) A subgroup U of N is called a square-submodule if w(u,r) € U forallu € U
andr € R.

8.1.7 Remark. Let R be a ring. A square-module (M, w) over R is an R-module
(in the regular sense of Definition [5.1.22) if and only if it is abelian, multiplicative
and w is additive in the second component.

The most important examples of square modules in our setting come from
alternative rings with nuclear involutions, their involutory sets and pseudo-
quadratic modules over these objects: see Example and Lemmas
to[8.4.7/and [8.5.34] All the interesting examples of square-modules will be mul-
tiplicative. However, these examples often arise as square-submodules of (less
interesting) non-multiplicative square-modules, which justifies the higher gener-
ality in our definition of square-modules. An example of a square-module which
is not known to be multiplicative but which contains interesting multiplicative
square-submodules is given in8.4.2]

8.1.8 Remark. By Remark the scalar multiplication on a square-module N
satisfies w(v,0x) = Oy forallv € N.

8.1.9 Definition. Let (N, w), (N/,w’) be two square-modules over a ring (R and
let f: N — N’ be a map.

(a) We say that f preserves the square-scalar multiplication if

flw(o,r)) = ' (f(0),7)
forallv € Nandallr € R.

(b) We say that f is a homomorphism of square-modules from N to N’ if it is a ho-
momorphism of additive groups which preserves the scalar multiplication.
It is called an isomorphism of square-modules if it is a bijective homomorphism
of square-modules, and it is called an automorphism of square-modules if, in
addition, (N, w) = (N/,«’).

We record the following standard facts from module theory which remain
valid in this generality.

8.1.10 Lemma. Kernels and images of homomorphisms of square-modules are square-
submodules. Further, intersections of square-submodules are square-submodules.
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Proof. Let f: (N,w) — (N',w’) be a homomorphism of square-modules over
some ring R. If v € N is such that f(v) = 0, then

f(w(v,r) = (f(v),r) =w'(0,r) =0

for all ¥ € (R, so the kernel of f is a square-submodule of N. Further, forallv € N,

we have
W' (f(v),r) = f(w(ov,r))

forall ¥ € R, so the image of f is a submodule of N’. Finally, the assertion about
intersections is clear. ]

8.1.11 Lemma. Let (M, w) be a square-module over some ring R and let U be a square-
submodule of M. Denote by m: M — M/U the canonical projection, which is a
homomorphism of groups. Then there exists a unique map

@: (M/U) xR — M/U
such that
@(m(x),r) = m(w(x,r))
forall x € Mand r € R. Further, (M /U, @) is a square-module, 7t is a homomorphism
of square-modules and (M /U, @) is multiplicative if (M, w) is.
Proof. This follows from standard arguments. O

On any multiplicative square-module, we have a canonical “involution”.

8.1.12 Definition (Involution on square-modules). Let (M, w) be a multiplica-
tive square-module over some ring R. The map

M — M, x — w(x, —1g)
is called the canonical involution on (M, w).

8.1.13 Lemma. Let (M, w) be a multiplicative square-module over some ring R. Then
the canonical involution on (M, w) is an automorphism of the square-module (M, w)
which is its own inverse.

Proof. For all x € M, we have
¥ =w(wx —1g), —1g) = w(x, (-1g)(—1g)) = w(x,1) = x,

so - is its own inverse. Further, it is a homomorphism of groups because w is
additive in the first component. Finally, we have for all x € M and r € R that

w@r) =w(w(x,—1g),r) = w(x, —r) = w(w(x,r), —1g) = w(x,7).

Thus ™ is a homomorphism of square-modules, which finishes the proof. O

8.2 Alternative Rings

8.2.1 Notation for this section. We denote by R an arbitrary ring.

We have already introduced nonassociative rings and the basic related no-
tions in section In this section, we record some elementary facts about the
special case of alternative rings. We will also see some other related classes of
nonassociative rings. A basic reference on this subject is [Sch66, Chapter III], but
we will also cite various other sources.
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8.2.2 Definition (Associativity properties, [Sch66, Chapter III]). We say that (R
is alternative if

x(xy) = (xx)y and (xy)y = x(yy)
for all x,y € R. We say that R is weakly alternative if
[x,y,z] = —[y,x,z] and [xyz]=—[xzyY]
for all x,y,z € R. We say that R is flexible if
(xy)x = x(yx)

for all x,y € R. Further, for all 2, x,y,z € R, the following relations are called the
Moufang identities:

(x(ax))y = x(a(xy)), (LM)
y(x(ax)) = ((yx)a)x, (RM)
(xy)(ax) = x((ya)x). (MM)

The terminology of “weakly alternative rings” is borrowed from [Fau89,
p- 170]. It is not standard.

8.2.3 Example. The standard examples of rings which are alternative but not
associative are octonion algebras. These are 8-dimensional composition algebras
over an arbitrary field. In fact, if R is an alternative simple ring, then [Kle53] says
that R is either associative or an octonion algebra over a field. We will encounter
a generalisation of composition algebras over commutative associative rings in

section[10.2]

8.2.4 Note. We will mostly be concerned with alternative rings in this thesis. The
notions of flexible and Moufang rings interest us only insofar that they appear
in the characterisation of alternative rings that we give in Proposition
The notion of weakly alternative rings, on the other hand, matters to us for
technical reasons: In section we will prove that any ring (R which arises
from a (B)Cs-graded group is always alternative. In the course of the proof, we
will first show that R is weakly alternative (Lemma [9.10.14), which allows us
to apply Remark [8.2.8, Only later can we show that R is actually alternative

(Proposition 9.10.16)).

8.2.5 Reminder (Alternating maps). Let n € IN; and let f: R" — R be a map
which is additive in each component. Then f is alternating if for all vq,...,v, € R
such that at least two of the elements vy, . . ., v, are equal, we have f(vy,...,v,) =
Og. Further, it is called weakly alternating or antisymmetric if

F@o)s- - 0o(my) = (=¥ f (v, 0,)

for any permutation ¢ of [1, n] where sgn(c’) denotes the signum of ¢. (It suffices
to verify this condition for transpositions ¢ because they generate the permutation
group.) Any alternating map is weakly alternating, and if 2 is not a zero divisor
in R, then every weakly alternating map is alternating.

We have the following characterization of alternative rings. The main parts
of the proof can be found in [Sch66, III.1]. The fact that alternative rings satisfy
property is usually referred to as Artin’s Theorem. We will see variations

of this theorem in Lemma and Proposition|8.3.16

8.2.6 Proposition (Artin’s Theorem). The following conditions on R are equivalent:
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(i) R is alternative.

(ii) R is alternative and flexible.

(iii) The associator map is alternating.

(iv) Every subring of R which is generated by at most two elements is associative.
(v) R satisfies the Moufang identities (LM)), (RM)) and (MM).

(vi) R satisfies the left and right Moufang identities and (RM).

8.2.7 Lemma. Every alternative ring is weakly alternative. If R is a weakly alternative
ring in which 2 is not a zero divisor, then R is alternative.

Proof. This follows from Reminder and Proposition[8.2.6 O

8.2.8 Remark. Recall the different notions of nuclei from Definition5.1.9] If R is
weakly alternative, then
Nucl(R) = LNucl(R) = MNucl(R) = RNucl(R).

We will use this fact in Lemma 9.10.14} in a situation in which R is weakly
alternative but not yet proven to be alternative.

Recall from Definition [5.1.12| that the notion of invertibility is slightly surpris-
ing (and non-standard) in nonassociative rings. In alternative rings, it turns out
that we can use the usual notion of invertibility from associative ring theory.

8.2.9 Lemma. Assume that R is alternative. For all x,y € R, the following assertions
are equivalent:

(i) x is an inverse of y in the sense of Definition|5.1.12
(ii) xy = 1g = yx.

Proof. Assume that xy = 1z = yx. Using the Moufang identities, it is proven in
[Sch66, p. 38] that [x,y,z] = Og for all z € R. Since R is alternative, it follows

that [y, x,z] = [z,x,y] = [z,y,x] = Og for all z € R as well. Thus the assertion
follows from Lemma O

8.2.10 Lemma. If R is weakly alternative and x is an invertible element of the nucleus
of R, then x 1 lies in the nucleus as well.

Proof. Let x be an invertible element of the nucleus and let y,z € R be arbitrary.
Then we have

yz = (x(x'y))z = x((x"'y)z).

Multiplying by x ! from the left side yields x~!(yz) = (x~!y)z. That is, we have
[x71,y,2z] = 0g forall y,z € R. Using Remark we conclude that x ! lies in
the nucleus. O

We will have occasion to use the following identities.

8.2.11 Lemma. Assume that R is alternative. Then the following assertions hold for all
x,x,y,z € R:

(a) [x%,y,z] = x[x,y,2] + [x,y,2]x.

(b) The right bumping formula: [x,y,z]x = [x, xy, z] = [x,y, xz].

(c) The left bumping formula: x[x,y,z] = [x,yx,z] = [x,y, zx].

@) [x,yz|x + [x,yz]x = [x,x'y,z] + [¥/, xy,z] = [x,y, X'z] + [x',y, x2].
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(e) x[x',y,z] +x'[x,y,z] =[x, yx',z] + [¥/,yx,z] = [x,y,2x"]| + [, y, zx].

Proof. The first three identities are (2.12), (2.13) and (2.14) in [BK51, Lemma 2.2],
albeit with a typo in (2.14). The last two identities are linearisations of [(b)]and
By this we mean the following: At first, observe that the formula in|(b)|is additive
in y and z but “quadratic” in x. Replacing x by x + x” in this formula, we obtain

[x,y,z]x + [x,y, z]x + [x,y,z]x" + [, y, z]x’
= [x,y,xz) + [x,y, xz] + [x,y,X'z] + [X,y, x'z].

All summands in which only one of the variables x and x! appears cancel by
S0 we remain with

[x",y,z]x + [x,y,z]x =[x, y,xz] + [x,y,xz].

This is precisely one of the equations in (d). The remaining assertions can be
proven similarly. O

We now state some formulas concerning nuclear elements.

8.2.12 Lemma (“Nuclear Slipping Formula”, [McC70, 3.1.6], [McC04, 21.2.1]).
Assume that R is alternative. Then for all x,y,z € R and all n € Nucl(R), we have

nlx,y,z) = [nx,y,z] = [xn,y,z] = [x,ny,z] = [x,yn,z]
= [x,y,nz] = [x,y,zn] = [x,y,z]n.
In particular, nuclear elements commute with associators.

Proof. Letx,y,z € R and let n € Nucl(R). We know from Remark[5.1.11|that in
any nonassociative ring, we have

nlx,y,z] = [nx,y,z], [xn,y,z] = [x,ny,z],
[x,yn,z| = [x,y,nz], [x,y,zn] = [x,y,z]n.

Further, since the associator is alternating, we also have

nlx,y,z| = —nly, x,z] = —[ny, x,z] = [x,ny, z].
A similar computations yields that we also have n[x, y, z] = [x, y, nz|. Further,
[x,y,nz] = [x,yn,z] = —[x,z,yn] = —[x,z,y|n = [x,y,z]n.
Combining all statements, the assertion follows. O

8.2.13 Lemma ([McC70; (1.8), (1.9)]). Assume that (R is alternative. Then the following
statements hold, where [x,y] = xy — yx denotes the commutator for x,y € R:

(a) [Nucl(R), R] € Nucl(R).
(b) [x,n][x,y,z] = O0g forall x,y,z € R and all n € Nucl(R).

Proof. Let x,y,z € R and let n € Nucl(R). Then it follows from Lemma [8.2.12
that

[[n,x],y,2z] = [nx,y,z] — [xn,y,2] = nlx,y,z] — n[x,y,z] =0,

which implies the first assertion. The second assertion follows from another
application of Lemma [8.2.12] in combination with the left bumping formula

(Lemma|[8.2.1T (c)): We have
(xn)[x,y,z] = x(nx,y,z]) = x([x,y,z]n) = (x[x,y,z])n
= [x,yx, z]n = nx,yx,z] = n(x[x,y,z]) = (nx)[x,y,z],

which implies that [x, n][x, y, z] = Ox. O
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We end this section with some results on associative subrings of alternative
rings.

8.2.14 Definition (Strongly associative set, [GPR, 14.1]). A subset A of R is
called strongly associative if [a,a’,x] = Ox foralla,a’ € A and all x € R.

8.2.15 Lemma ([BK51, Theorem 1.2]). Assume that R is alternative and let A, B, C
be subsets of R satisfying [A, A, R] = [B,B,R] = [C,C,R] = [A,B,C] = {0}. (That
is, A, B, C are strongly associative sets such that [A, B, C| = {0}.) Then the subring of
R which is generated by A U B U C is associative.

8.2.16 Note. Property is a special case of Lemma|8.2.15; Assume that R
is alternative and let x,y € R. Then thesets A== {x},B:={y}andC:={0}

satisfy the conditions of Lemma [8.2.15, and so the subring of R generated by
{x,y} is associative. Similarly, it follows from Lemma [8.2.15|that the subring
generated by { x,y,z } where x,y,z € R satisfy [x,y, z] = 0 is alternative.

8.2.17 Lemma ([BK51, Theorem 1.3]). Assume that R is alternative and let A, B be
subsets of R such that A is an associative subring of R and [A, A, B] = [B, B, R] = {0}.
(That is, B is a strongly associative subset of R and A is an associative subring of R such
that [A, A, B] = {0}.) Then the subring of R generated by A U B is associative.

The following corollary of Lemma|8.2.17|is a useful generalisation of Artin’s
Theorem (Proposition |8.2.6).

8.2.18 Proposition. Assume that R is alternative and let x,y € R. Then the subring
generated by { x,y } UNucl(R) is associative.

Proof. This follows from Lemma(8.2.17|/for A := Nucl(R) and B:= {x,y}. O

8.3 Rings with Involution

8.3.1 Notation for this section. Unless otherwise specified, we denote by R a
ring with an involution o: R — R in the sense of the following Definition 8.3.2]

In this section, we study involutions on rings. All rings with involution
that we are interested in will be alternative. However, we will be faced with
situations in which a ring with involution is alternative, but not yet proven to
be alternative. For this reason, it is more practical to introduce involutions on
arbitrary rings. A valuable, albeit not easily accessible reference on this subject is
[McC70, Section 9.5]. Another comprehensive book on the subject in the setting
of algebras over a field is [Knu+98].

8.3.A Basic Definitions and Observations

8.3.2 Definition (Involution). An involution of R isamap c: R — R,r > 17
satisfying (r +s)” =17 +s%, (r-s)? =s’-r" and (r7)" =rforallr,s € R. We
will refer to the second property as anti-compatibility with the ring multiplication.
Elements r € R with the property that 7" = r are called symmetric, and we denote
the set of all symmetric elements by Fix ().

8.3.3 Example. The identity map is an involution on R if and only if R is com-
mutative. If this is the case, it is called the trivial involution (on R).
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8.3.4 Example. The conjugation map C — C,a + bi — a — bi is an involution on
the field of complex numbers. More generally, any conic algebra has a conjugation
map which is an involution in certain situations. See Lemmas[10.1.19} [10.1.23|
and [10.1.27] for more details.

8.3.5 Remark. The set of symmetric elements is an additive subgroup of (R, +),
and it contains 14 because

Ig = (1%)" = (1% - 1&)” = 1% - (12)7 = 1% - 1z = 1%.

However, it is in general not a subring of R: For all ,s € Fix(c), we have
(rs)? = s"r” = sr which, in general, is distinct from rs.

8.3.6 Lemma. Let r € R be invertible. Then 17 is invertible and (r7)~! = (r~1)7.

Proof. For all s € R, we have
s7 = (r'l(rs))” = (s7r") (r 1),
It follows that (sr7)(r~!)? = s for all s € R. Similarly, one can show that the

other properties in Definition |5.1.12|are satisfied. Thus r7 is invertible and its
inverse is (r1)7. O

8.3.7 Notation. For any invertible r € R, we denote the element (7)1 = (r~1)¢
by r=7.

We can define norm and trace maps on any ring with involution. The latter in
particular will be crucial in the theory of Jordan modules.

8.3.8 Definition (Traces and norms). The map Tr = Tr,: R — R, r —r+17is
called the trace (on R) and the map N = N,: R — R, r — r’r is called the norm
(on R). We will also refer to ring elements which lie in the image of these maps
as traces and norms and denote the sets of such elements by Tr(R) and N(R),
respectively. Further, we define a bi-additive map

R x R — Tr(R),(a,b) — Tr(a,b) = Tr(ab”)
which we also denote by Tr or Tr,.

8.3.9 Note. In the definition of the norm, we make the somewhat arbitrary choice
that N(r) = r?r and not N(r) = rr?. Observe that the set N(R) is independent
of this choice because the norm of 7 in the first sense equals the norm of 7 in the
second sense. In particular, the notions of nuclear and central involutions that
we will introduce in Deﬁnition do not depend on this choice. Further, we
will show in Lemma that the two definitions coincide if the involution ¢ is
central.

8.3.10 Lemma. The following hold:
(a) Every trace and every norm in R is symmetric, and the trace is an additive map.
(b) If 24 is invertible, then N(R) C Tr(R) = Fix(c).

Proof. The first assertion is clear. Now assume that 2 is invertible and let r € R

be symmetric. Then
r+r r 17
= > —E—FE—TI‘(V/Z),
which shows that Fix(c) is contained in Tr(®R). Thus N(R) C Fix(c) = Tr(c), as

desired. O
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The following result shows that the mere existence of an involution on a ring
makes it easier to prove that a ring is (weakly) alternative. We will use these facts
in the blueprint computations for BC, see Lemma [9.10.14|and Proposition(9.10.16,

8.3.11 Lemma. The following hold:

(a) We have [x,y,z|” = —[z7,y7,x7] forall x,y,z € R.

(b) Let R’ be any ring which admits an involution o and which satisfies [x,y,z] =
—[x,z,y] forall x,y,z € R'. Then R’ is weakly alternative.

(c) Let R’ be any ring which admits an involution o and which satisfies [x,y,y] =0
forall x,y € R. Then R’ is alternative.

Proof. The first assertion is a simple computation:

[, y,2)7 = ((xy)z = x(y2))" = 27(y"x%) = (Y )x" = = [2%,y, 7).

The second assertion follows from the first one because

[y 2] = =277, 2% = 2227, y°]" = =y, x,2]
for all x,y,z € R’, which together with the property [x,y,z] = —[x, z, y] means
that R’ is weakly alternative. The third assertion can be proven in a similar way:
[x,x,y] = —[y7,x7,x7]" = -0 =0
for all x,y € R/, and thus R’ is alternative. O

If (R is not associative, we usually need additional assumptions on the involu-
tion o to develop a satisfactory theory. In the context of Jordan modules, nuclear
involutions are particularly important. The stronger notion of central involutions
is not relevant for Jordan modules, but we will see it again in section m

8.3.12 Definition (Nuclear and central involutions). The involution ¢ is called
nuclear if every norm lies in the nucleus of R. It is called central if every norm lies
in the center of R.

If the ring R is equipped with the structure of an algebra over some commu-
tative associative ring £, then we can also define the notion of scalar involutions
in a similar way. See Definition

8.3.13 Remark. Assume that o is nuclear. Then for all » € R, the element
A+ A+r)=14r"4+r+1r

lies in the nucleus. As the nucleus is closed under addition, this implies that
the trace r + 7 lies in the nucleus. Thus if ¢ is nuclear, then all traces lie in the
nucleus as well. Similarly, if ¢ is central, then all traces lie in the center. If 2
is invertible, then it is clear that the converses of these statements are also true
because then every norm is a trace by Lemma In Propositions
and we will see that the same remains true for alternative rings even
without assumptions on the invertibility of 2.

8.3.B Nuclear Involutions

We now study nuclear involutions. A recurring theme here is that many asso-
ciativity results involving a ring element r remain true if we replace some (but
not necessarily all) occurrences of r by r7. The main example of this behaviour is
Artin’s Theorem for nuclear involutions, see Proposition Another main
result in this subsection is Proposition [8.3.17}
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8.3.14 Lemma. Assume that every trace is nuclear. Then for all r,s,t € R, we have
[r7,s,t] = —[r,s,t],[r,s7,t]| = —[r,s,t] and [r,s,t7] = —[r,s,t]. In particular, if R is
alternative, then [r,17,s|, [r,s,r7]| and [s,r,+"] are zero for all r,s € R.

Proof. Letr,s,t € R. Since ¢ is nuclear, we have [r + 17,s,t] = 0. This implies
that [r7,s,t| = —[r, s, t]. The other assertions can be proven similarly. O

8.3.15 Lemma (Bumping formulas for nuclear involutions). Assume that R is
alternative and that every trace is nuclear. Then for all x,y,z € R, the following
variations of the bumping formulas from Lemma|8.2.11|are satisfied:

(X7, y,zlx =[x, xy,z] = [x7,y,xz] and x[x°,y,z] = [x7,yx,z] = [x7,y, zx]
Proof. This is a consequence of Lemma 8.3.14|and the original bumping formulas.
For example,

[x7,y,z]x = —[x,y,z]x = —[x,xy,z] = [x7, xy, z].

The other formulas can be derived in the same fashion. O

8.3.16 Proposition (Artin’s Theorem for nuclear involutions). Assume that R is
alternative and that the involution on R is nuclear. Then for all r,s € R, the subring of
R generated by { r,s,17,s” } UNucl(R) is associative.
Proof. Set A= {r,r" },B:={s,s” } and C := {0 }. Then by Lemma|8.3.14] we
have

[A,A,R] =[B,B,R] =[C,C,R] = [A,B,C] = {0}.

Thus it follows from Lemma|8.2.15|that the subring D of (R which is generated by
{r,1%,s,57 } is associative. Applying Lemma we conclude that the subring
generated by D U Nucl (R is associative. O

8.3.17 Proposition ([McC70, Section 9.5]). Assume that R is alternative. Then the
following assertions on the involution o are equivalent.

(i) Every norm lies in the nucleus of R. That is, ¢ is nuclear.
(ii) Every trace lies in the nucleus of R.
Proof. We already know from Remark 8.3.13|that every trace lies in the nucleus if
o is nuclear. Conversely, assume that every trace is nuclear. Let x,y,z € R. By
the linearised right bumping formula (Lemma(8.2.11 (d)), we have
[x,x7, ylz+ [z, x7,y]x = [x,2x7, y] + [z, xx7, y].

Since the associator is alternating, we can shift all associators on the right-hand
side of the equation one step to the left, which yields that

xx7,y,z] = [x, 27, y]z + [z, x7, y]x — [2x7,y, x].
Using Lemma we obtain that
557, ,2) = —[x, 3, y)z + [yl + [x20,y,x) = [, 270 — [3,y, 52°]
By the right bumping formula (Lemma|[8.2.11 (b)), we conclude that [xx7,y,z] = 0.
This shows that every norm is nuclear as well. O

8.3.18 Lemma. If o is nuclear and 2 is invertible, then
N(R) C Tr(R) = Fix(¢) € Nucl(R).

Proof. We have seen in Lemma 8.3.10 (b)|that N(®R) C Tr(®R) = Fix(c). Since o is
nuclear, we have that Tr(R) C Nucl(R). O
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8.3.19 Lemma. Assume that (R is alternative and that the involution o is nuclear. Then
the map Tr: R — R,a — a + a is associative in the sense that Tr((ab)c) = Tr(a(bc))
foralla,b,c € R.

Proof. Leta,b,c € R. Since
Tr((ab)c) = (ab)c+ ¢ (b7a”) and Tr(a(bc)) = a(be) + (¢“b%)a’,

we have to show that [a,b, c|] = [¢7, b7, a”]. This follows from Lemma|8.3.14|and
the fact that the associator is alternating. O

8.3.C Central Involutions

As already mentioned, central involutions are not relevant for the theory of
Jordan modules. Still, it is worth recording that an analogue of Proposition
remains true for this type of involution.

8.3.20 Lemma. Assume that every trace in o is central. Then aa” = a”a and Tr(ab”) =
Tr(a’b) forall a,b € R.

Proof. Leta,b € R. Then a(a+a”) = (a+ a”)a, which implies that aa” = a%a.
Linearising this identity, we obtain that

ab” +ba” = a’b + V.
In other words, Tr(ab?) = Tr(a”b), as desired. O

8.3.21 Proposition ([McC70, Section 9.5]). Assume that R is alternative. Then the
following assertions on the involution o are equivalent.

(i) Every norm lies in the center of R. That is, o is central.
(ii) Every trace lies in the center of R.

Proof. We already know from Remark[8.3.13|that every trace lies in the center if
o is central. Now assume that every trace lies in the center. In particular, every
trace is nuclear. Thus we already know from Proposition8.3.17| that every norm
is nuclear, which is to say that ¢ is nuclear. Using Lemmas8.3.14]and [8.3.20] we
now compute that
(aa”)b = a(a’b) = a(Tr(a”b) — b7a) = aTr(a”b) — a(b”a) = Tr(a"b)a — a(ba)
= (ab”)a+ (ba”)a — a(b’a) = (ba”)a = b(a’a).

foralla,b € R. In other words, the norm aa? lies in the center, as desired. O

8.4 Involutory Sets

8.4.1 Notation for this section. Unless otherwise specified, we denote by (R an
alternative ring with nuclear involution c.

In this section, we study involutory sets, which are a slight refinement of
alternative rings with a nuclear involution. The terminology of “involutory sets”
was introduced in [TWO02, (11.1)], but more general notions had been studied
beforehand. We will discuss this in Note

The following map plays a major role in the context of involutory sets. We
will always interpret it in the language of square-scalar multiplications from
section[8.1]
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8.4.2 Example. Let (R be an alternative ring with nuclear involution. We define a
square-scalar multiplication on R by
w:RXR—=R,(r,8)— s7rs = (s7r)s =5(rs),

which is well-defined by Proposition[8.3.16] It is called the canonical square-scalar
multiplication on (R. With this structure, R is a properly quadratic square-module
over itself. It is also multiplicative if (R is associative, but it is not known to us
whether the same is true for alternative rings.

In the following, we will frequently apply Proposition without com-
ment to avoid excessive use of brackets. Further, we will always use the square-
module structure on R given by Example We begin by identifying several
interesting square-submodules of (R.

8.4.3 Lemma. Fix(0) is a square-submodule of R.

Proof. Tt is clear that Fix(c) is an additive subgroup of R, and we further have
(r7%sr)? =r7sr = rsrforallr € R, s € Fix(0). O

8.4.4 Lemma. N(R) is stable under the square-scalar multiplication of R.

Proof. Letr,s € R. Then r'N(s)r = r?(s%s)r = (r?s”)(sr) = N(sr) by Proposi-
tion[8.3.16| so the assertion follows. O

8.4.5 Lemma ([McC70, Section 9.5]). The nucleus of R is a multiplicative square-
submodule of R.

Proof. Let x,y,z € R and let n € Nucl(®R). We want to show that x“nx lies in
the nucleus. Observe that x“nx = [x7, n|x 4+ nx”x where nx“x lies in the nucleus
because the involution is nuclear. Thus

(x7nx,y,z] = [[x7,n]x,y,z] + [nx7x,y,z] = [[x7,n]x,y,z].
Since [x7, n] lies in the nucleus by Lemma8.2.13 (a)} it follows from Remark/5.1.11
and Lemma 8.3.14]yields that

w2 = (16, nlx, 2] = (3 n)[x,y,2) =~ ]2, y,2).

Using Lemma [8.2.13 (b), we infer that [x“nx,y,z] = Og. By Remark

this shows that x“nx lies in the nucleus. Thus the nucleus is indeed a square-
submodule of R, and it is multiplicative by Artin’s Theorem for nuclear involu-

tions (Proposition|8.3.16). O

8.4.6 Lemma. The map Tr: R — Nucl(R) NFix(c),r — r+ 17 is a homomor-
phism of square-modules. In particular, Tr(RR) is a multiplicative square-submodule of
Nucl(®R) N Fix(0).

Proof. For allr,s € R, we have
Te(r7sr) = r7sr+ (r7sr)? =17sr +17s7r = r7(s +s7)r = r" Tr(s)r

which proves the first statement. It follows that Tr(R) is the image of a homo-
morphism of square-modules, so it is a square-submodule of Nucl(®R) N Fix(c)
by Lemma Since the square-module Nucl(R) is multiplicative, so is every
square-submodule. O

8.4.7 Lemma. The additive subgroup generated by N(R) U Tr(R) is a multiplicative
square-submodule of Fix(c) N Nucl(R).
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Proof. 1t is a square-submodule of R by Lemmas [8.4.4| and [8.4.6| it is clearly
contained in Fix(c) and it is contained in Nucl(R) by Proposition(8.3.17 O

With these elementary observations in mind, we can now define involutory
sets.

8.4.8 Definition (Involutory set). A tuple (R, Ry, 0) is called a pre-involutory set
(in (R, o)) if R is an alternative ring, ¢ is a nuclear involution on R and Ry is a
square-submodule of R such that

Tr(R) C Ry C Fix(c) N Nucl(R).

It is called an involutory set if, in addition, Ry contains 1. It is called associative if
the ring (R is associative and it is called an involutory division set if (R is a division
ring (in the sense of Definition |5.1.15).

8.4.9 Remark (on Definition 8.4.8). Let (R, Ry, ) be a pre-involutory set. If it is
an involutory set, then for all r € (R, we have

N(r) =r71gr € r"Ror C Ro.

Thus Ry contains N(R). Conversely, if Ry contains N(R), then it contains
N(lg) = 1g.

8.4.10 Note (Involutory sets in the literature). The terminology of “involutory
sets” was introduced in [TW02, (11.1)], but in a less general context: Involutory
sets in the sense of [TW02] are exactly the associative involutory division sets in
our sense. Since [TWO02] considers only RGD-systems, the division assumption
on involutory sets is not surprising. Further, since every simple alternative ring is
either associative or a Cayley-Dickson algebra by [Kle53], an involutory division
set is either associative or comes from a Cayley-Dickson algebra. Involutory
division sets of the latter form are called honorary involutory sets in [TW02, (38.11)].
Hence the non-associative case is not actually absent from [TWO02], but simply
given a different name.

It should be noted that involutory sets in our sense are the same thing ample
subspaces (of R) in [McC70, Section 9.5]. Further, they are a special case of form
parameters in the sense of [HO89, 5.1.C] and [Knu91, p. 23], except that all rings
in the latter references are associative.

The following observation illustrates that the notion of involutory sets is only
a slight refinement of alternative rings with a nuclear involution and that its main
purpose is to capture certain “characteristic-2 phenomena”.

8.4.11 Remark. Assume that 2 is invertible in R. Then
Tr(R) UN(R) = Tr(R) = Fix(c) = Fix(c) N Nucl(R)

by Lemma8.3.18 It follows that (R, Fix(0), ¢) is the only pre-involutory set in
(R,0), and it is in fact an involutory set. Thus if we restrict our attention to rings
in which 2y is invertible, then an involutory set carries exactly the same data as
an alternative ring with nuclear involution.

In the general situation, denote by T; the additive group that is generated by
Tr(R) UN(R). Then

(R, Tr(R),0) and (R, Ty,0)

are the minimal pre-involutory set and the minimal involutory set in (R,0),
respectively. Further,
(R, Nucl(R) NFix(c),0)
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is the maximal pre-involutory set in (R, ¢), and it is also an involutory set.
We close this section with some basic facts about involutory sets.

8.4.12 Remark. Let (R, Ry, o) be a pre-involutory set and assume that R = R.
Then R = Fix(c) N Nucl(R), so o must be the identity map and R must be
associative. By Example the first fact implies that R must be commutative
as well. We conclude that the case R = R can only arise under very specific
circumstances.

8.4.13 Remark. Let (R, Ry, o) and (R, R}, 0’) be two pre-involutory sets. Then
(RB R, Ry ® R), 0 @ 0’) is also an involutory set where o & ¢’ is the nuclear
involution which maps (r,s) to (7,57 ). Note that this involutory set is never an
involutory division set unless R or R’ is zero. Further, it is an involutory set if
and only if both (R, Ry, o) and (R’, R}, ¢’) are involutory sets.

8.4.14 Lemma. Let (R, Ro, o) be a pre-involutory set, let h € Rg and let r,s € R.
Then r7hs + s” hr lies in Ry.

Proof. Note that, since h is nuclear, the expression r“hs + s”hr is well-defined.
Further,

r7hs +s"hr = (r +5)7h(r +s) — r"hr — s"hs

where the element on the right-hand side lies in Ry because each summand does.
This finishes the proof. O

8.4.15 Remark. Even when / is an arbitrary element of R, the expression on the
right-hand side of the equation in the proof of Lemma [8.4.14|is still well-defined
by Proposition|8.3.16] This observation yields that

(rh)s + (s"h)r = r7(hs) + s (hr)
for all r,s,h € R, but this element does not necessarily lie in Ry.

The following argument is used several times in [TW02, Chapter 11], where all
involutory sets are assumed to have division. It has some important consequences
for pseudo-quadratic modules over these involutory sets, which we collect in
Lemmas(8.5.20|and 8.5.21] In our more general settings, these arguments do not
apply. We merely state them to illustrate the additional difficulties that arise in
the non-division setting.

8.4.16 Lemma. Assume that R is a division ring and that Ry # R. Let s € R such
that sr € Ro forall r € R. Then s = Og.

Proof. Assume that s # 0 and choose t € R \ Ro. Then by putting r := s~ 1, we
infer that t = sr € Ry, which is a contradiction. ]

8.5 Pseudo-quadratic Modules

In this section, we study pseudo-quadratic forms on modules. These objects were
introduced over associative division rings by Tits in [1it74} Section 8.2] during
the classification of thick spherical buildings of rank at least 3. Unsurprisingly,
they also play in important role in the classification of thick spherical Moufang
buildings of rank 2 in [TW02]. Most arguments in this section stem from the
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latter reference, though in some cases, they only prove weaker results in our
more general setting.

Any pseudo-quadratic module is defined with respect to some involutory set.
As usual, we cannot restrict our attention to division rings in the context of root
graded groups. In contrast, it is a surprising observation that we even have to
allow alternative rings in this setting. (Recall from Definition [8.4.8|that the ring
R in an involutory set is assumed to be alternative, and also that the involution
o is nuclear.) However, it will turn out that this is more of a technical nuisance
and that all “interesting” phenomena occur within the associative world. We will
investigate this more deeply in section

It is noteworthy that pseudo-quadratic modules over associative rings are a
special case of quadratic modules over rings with a form parameter in the sense
of [HO89, Section 5.1D] (see also Note[8.4.10). However, we are not aware of a
reference which specifically covers the special case of pseudo-quadratic forms in
the generality of non-division base rings. Further, we do not know a previous
reference which treats this subject in the nonassociative setting.

8.5.A Definition and Examples

Before we can define pseudo-quadratic forms, we have to introduce skew-
hermitian forms. These objects relate to pseudo-quadratic maps in a similar
way as symmetric bilinear forms relate to quadratic maps. In this section, we
will only encounter skew-hermitian forms on R-modules. However, we will also
need skew-hermitian forms on square-modules over (R to define Jordan modules
in section[8.6, which is why we define them in this generality.

8.5.1 Definition (Sesquilinear form). Let R be an alternative ring with involu-
tion o and let (M, w) be a right square-module over R. A sesquilinear form on M
with respect to o is a bi-additive map f: M x M — Nucl(R) which satisfies

flw(u,r),w(v,s)) =r"f(u,0)s
forallr,s € R and u,v € M. Itis called hermitian with respect to o if, in addition, it
satisfies f(u,v)” = f(v,u) for all u,v € M. Itis called skew-hermitian with respect
to o if it satisfies f(u,v)” = —f(v, u). The zero map M x M — Nucl(R) is called
the trivial sesquilinear form.

8.5.2 Note. The requirement in Definition that the image of f lies in the
nucleus of R is necessary because otherwise, the formula f(ur,vs) = r? f(u,v)s
is not well-defined. Alternatively, we could define a sesquilinear form on M to
be a bi-additive map f: M x M — (R which satisfies the two separate formulas
fur,v) =17 f(u,v) and f(u,vs) = f(u,v)s forallu,v € Mandallr,s € R.If f
is a sesquilinear form in this sense, then

(rf(u,v))s = f(ur,v)s = f(ur,vs) =" f(u,vs) = r’(f(u,v)s)
forallu,v € Mandr,s € R. In other words, the image of f necessarily lies in the
middle nucleus of R. For alternative rings, we know from Remark that the
middle nucleus coincides with the nucleus, so the two definitions of sesquilinear
forms are equivalent.

8.5.3 Definition (Pseudo-quadratic module). Let (R, Ry, o) be a pre-involutory
set and let M be a right module over R. A pseudo-quadratic form on M with respect
to (R, Ro,0) is a map q: M — Nucl(R) for which there exists a skew-hermitian
form f on M such that the following properties are satisfied:
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(i) glu+v) =q(u)+q(v) + f(u,v) (mod Ry) forall u,v € M.

(i) q(ur) =r7q(u)r (mod Ry) forallu € M, r € R.
A map f with these properties is called a skew-hermitian form associated to q. The
form q is called anisotropic if, in addition, the following axiom is satisfied:

(iii) g(u) =0 (mod Ry) implies u = 0y for all u € M.
Two pseudo-quadratic forms g, g’ are called equivalent if g(v) = q(v") (mod Ry)
for all v € M. A pseudo-quadratic form is called trivial if it is equivalent to
the zero map. A pseudo-quadratic module (over (R, Ry, 0)) is a triple (M, g, f)
consisting of right module M over (R, a pseudo-quadratic form g on M and a
skew-hermitian form f associated to g. If R is an associative division ring, these
objects will also be called pseudo-quadratic spaces. A pseudo-quadratic module
(M, q, f) is called anisotropic if q is anisotropic.

8.5.4 Remark. We have already seen in Remark[8.4.12]that a pre-involutory set
can satisfy R = Rp only under very specific assumptions. Assume that this is
the case. Then all axioms in Definition are trivially satisfied, so every map
g: M — R is a pseudo-quadratic form. Further, the only anisotropic pseudo-
quadratic module in this situation is the zero module.

In [TWO02], all pseudo-quadratic modules of interest are anisotropic. It follows
from previous remarks that if (M, g, f) is an anisotropic pseudo-quadratic module
over (R, Ry, o), then either M = {0} or R # Ry.

8.5.5 Note. In [TWO02, (11.19)], it is shown that in any pseudo-quadratic module
(M, q, f) over an associative involutory division set (R, Ro, o) with R # Ry, the
map f is uniquely determined by q. (We will repeat the proof of this fact in
Lemma [8.5.21]) Using Remark it follows that the same is true for every
anisotropic pseudo-quadratic module. As a consequence, the map f is not part
of the structure of a pseudo-quadratic space in the definition in [TWO02, (11.17)].

8.5.6 Example. For any R-module M, the zero map from M to R is a pseudo-
quadratic form. Thus (M, 0,0) is a pseudo-quadratic module.

8.5.7 Example. Let (R, Ro, o) be an involutory set and let n € IN;. Assume that
there exists i € Nucl(R) such that h“ = —h, and choose such an element. We
define the following maps:

n
f:R" X R = R, (u,0) — 2) ufhvj,
i=1

n
1
q: R* = R,u e Y ufhu; (= Ef(u,u) if 24 is invertible).
i=1
Note that if 23 = Og, then f is the zero map, but g is not necessarily trivial. It
is clear that f is skew-hermitian with respect to c. We want to show that g is
pseudo-quadratic with associated pseudo-quadratic form f. Let u,v € R" and
let r € R. Itis clear that

g(ur) = i(uir)”huir =17 (i u?hul) r=rq(u)r.

i=1 i=1
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(Note that this equality holds in R, not merely modulo Rg.) Further,
n
(u+0) =Y (ufhu; + of hu; + uf ho; + o7 hv;)
i=1

n

= q(u) +q(0) + )_ (o hu; + ui hv;).
i=1

By the choice of 1, we have ufhv; = —(v/hu;)? for alli € [1,n]. Putr; := vhu;

foralli € [1,n]. Then we see that

n

q<u+v>=q<u>+q<v>+§<n—r?> 000 +4(0) + 231~ Yo (ri )

= q(u) +q(v) =) (ri+17)
i=1
Since R( contains all traces, it follows that q(u +v) = q(u) + q(v) + f(u,v)
(mod Ry).

8.5.8 Example. We can take (R, Ry, o) := (C,R,0) (where o denotes complex
conjugation), i := i and n := 1 in Example Then for all 4,b,c,d € R, we
have

fla+bi,c+di)=2(a—bi)i(c+di) =2(b+ai)(c+di)
= 2(bc —ad) 4 2(bd + ac)i,

a(a + bi) = %f(a+bi,a +bi) = (@ + )i,
That is, q is precisely the usual norm function on C, but multiplied with i.

The fact that the images of g and f need to lie in the nucleus of R illus-
trates that pseudo-quadratic modules do not really belong to the nonassociative
world. However, we can still obtain examples of pseudo-quadratic modules over
alternative rings which are not associative using direct sum constructions.

8.5.9 Remark (Direct sums of pseudo-quadratic modules). Let X = (R, Ry, o)
and X' = (R, R}, ') be two involutory sets and let (M, g, f) and (M', ¢/, f')
be pseudo-quadratic modules over X and X', respectively. We have seen in
Remarkthat XeX =(RdR, Ry® R}, 0@ 0’)is also an involutory set.
We can equip the group M @& M’ with an (R & R’)-module structure by putting

(w,u") - (r,7") == (ur,u't")

forallu € M, w' € M',r € Rand ' € R'. It is now easy to verify that
(MeM,qdq, f @ f') is a pseudo-quadratic module over X & X’. This pseudo-
quadratic module is anisotropic if and only if both (M, g, f) and (M, 4/, f') are
anisotropic.

8.5.10 Note (Pseudo-quadratic modules over alternative rings). Let everything
be as in Remark and assume in addition that (M',¢/, f') = ({0},0,0).
Then M & M’ can be identified with M, so Remark[8.5.9]yields that the pseudo-
quadratic module (M, g, f) over (R, Rp, o) can also be regarded as a pseudo-
quadratic module over (R, Ro, o) & (R',R},0’). Here (R’,R),¢’) can be an
arbitrary involutory set. Taking (R’, R(, ¢”) to not be associative, we conclude
that every pseudo-quadratic module can be regarded as a pseudo-quadratic
module over an involutory set which is not associative.
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While the previous example shows that pseudo-quadratic modules over rings
which are not associative exist, it should be regarded as a technicality: Only
the associative ideal R & {0} of the alternative ring R & R’ contributes to the
(pseudo-quadratic) module structure of M. We would like to say that, while
R & R’ is alternative but not associative, it is not “purely alternative” either. In
this example, the ring splits into an alternative part and an associative, but we
cannot expect a similar decomposition to exist for arbitrary alternative rings.
Thus it is not at all clear what a reasonable definition of “purely alternative rings”
should be.

Following [Sla67], we will present a reasonable abstract notion of pure al-
ternativity for rings in section We will show that purely alternative rings
do not admit any non-zero modules, so in particular, they do not admit non-
zero pseudo-quadratic modules. This fact substantiates our previous claim that
“pseudo-quadratic modules do not belong to the nonassociative world”. How-
ever, we emphasise that we are not aware of a theorem which allows us to
decompose an arbitrary alternative ring into an associative part and a purely
alternative part. Thus there is still some interest in allowing the underlying
involutory set (R, Ry, o) to not be associative.

8.5.B Basic Properties

8.5.11 Notation for this section. From now on, we denote by (R, Ry, o) a pre-
involutory set, by M a right module over (R and by g a pseudo-quadratic form
with respect to (R, Ry, o). Further, unless otherwise specified, the symbol “="
will always be used to denote congruence modulo Ry.

8.5.12 Remark. Let h: M — Ry be any map. Then g + h is also a pseudo-
quadratic form on M because all axioms are defined modulo Ry. Further, a
skew-hermitian form f: M x M — R is associated to g 4 h if and only if it is
associated to . Thus the equivalence class of g can be identified with the induced
map §: M — Nucl(R)/Ro. (In fact, this is exactly the approach that is taken
in [HO89, 5.1D].) However, it will be important in some contexts that we have
chosen a fixed coset representative q(v) in R for every v € M. See, for example,

Note[8.5.271
8.5.13 Remark. It follows from Axiom [8.5.3 (ii)| that
q(0m) = q(0m0x) = 0%q(0m)0x = Og.

8.5.14 Remark. Letr,s € R such that r = s and let t € R. Since t Ryt C Ry, it
follows that t7rt = t7st. If Rot C Ry, then we also have rt = st, but this is not
true in general. Similarly, all t € R such that tRy C Rg have the property that
r = s implies ts = ts. For example, these properties hold for all t in the image of
Zin R.

The following result is the analogue of Lemmas and for pseudo-

quadratic modules.

8.5.15 Lemma. Let f be a skew-hermitian form associated to q. Then the following hold:
(b) f(v,v) =2q(v) forallv € M.
(c) 19 = —rforallr € R.
(d) f(v,u) = f(u,v) forallu,v € M.
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(v,0)

[~~~

(e) If 2 is invertible, then the map q': M — R, v +—
form which is equivalent to q and which satisfies q' (vr)
modulo Ro) forallv € Mand all v € R.

(f) If 2 is invertible and f is trivial, then q is trivial as well.

is a pseudo-quadratic
7q(v)r (in R, not just

I

r

Proof. First of all, note that
q(0m) = q(0m + 0m) = q(0m) + 9(0m) + £ (Orm, Om) = 29(0m).
This implies that q(0p1) = O. In a similar way, we have for all v € M that
7(20) = 2°9(0)2 = 4q(0) and q(20) = g(0+v) = 2q(0) + f(0,0).

It follows that 2q(v) = f(v,v). Since Ry contains all traces, we have r + 17 =
for all r € R. In other words, r” = —r for all ¥ € R. This implies that f(u,v) =
f(v,u) forall u,v € M because f is skew-hermitian.

Now assume that 24 is invertible and define ¢': M — R,v — f (Z’v) . Then
by (d) and the definition of ¢/,

q (0 +u) = flo+u,v+u) _ f(v,0) +f(u,u) _I_f(v,u) +f(u,z;)

2 2 2 2 2
=q @) +q' W)+ =5+ =5==4(0) +4'u) + f(o,u)
for all u,v € M. Further,

ur, vr 7 f(v,v)r
q/(vr) — f( 2 ) — f(2 ) — r(fq(v)r
forallv € M and r € R. Thus (e) holds. Now assume in addition that f is trivial.
Then ¢’ is trivial by definition. Since 4’ is equivalent to g, it follows that ¢ is trivial
as well, which finishes the proof. O

In analogy to the orthogonal group of a quadratic module (Definition [7.1.16),
we can define the unitary group of a pseudo-quadratic module.

8.5.16 Definition (Unitary group, [HO89, 5.2A]). The group

U(M) = { ¢ € Autz(M) | g(¢(v)) = q(v) and f(¢(u), ¢(v)) forall u,v € M }

is called unitary group of M = (M, q, f). We use the convention that it acts on
M from the left side, so that the composition ¢ o ¢ of ¢, € O(q) is the map

x = (¢ (x))-

8.5.17 Remark. In the following, we will often consider elements i € R with the
property that i = g(v) for some v € M. Since Ry and the image of g are, both by
definition, contained in the nucleus of R, all such elements are nuclear.

An important result about pseudo-quadratic spaces over associative involu-
tory set is [TWO02, (11.19)]. It is not true in the present generality. The following
Lemmas 8.5.18/and [8.5.19|are the parts which remain valid in our general setting.
Lemmas|8.5.20|and 8.5.21| are exactly the assertion of [TWO02, (11.19)], except that
the assumption on R to be associative turns out to be unnecessary. We will not

have occasion to apply any of these results, but we state them for the record.

8.5.18 Lemma. Let v € Mand let r,s,h € R such that h = q(v). Then f(vs,vr) =
s7hr +r7hs.

Proof. On the one hand,
q(v(s+71)) = q(vs) + q(or) + f(vs,vr) = s7q(v)s + r7q(v)r + f(vs,vr).
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On the other hand,
q(v(s+ r)) = (s+7)%q(v)(s+r)=s"q(v)s+1r'g(v)r+s7g(v)r+r7g(v)s.

This implies that the assertion holds for i = ¢(v). In general, we have h = g(v) + ¢
for some t € Ry, and it remains to show that s?tr + r“ts = 0. This is exactly the
statement of Lemma 8.4.14} so the proof is finished. O

8.5.19 Lemma. Let v € Mand let h € R such that h = q(v). Then
(f(v,0) —h+h")r=0 forallr € R.
In particular, f(v,v) =h—h" = q(v) — g(v)°.

Proof. Putting s := 1g in Lemma [8.5.18| yields f(v,v)r — hr —r°h = 0. Since
r"h = —(r"h)” = —hr, the assertion follows. O

Observe that the assertion of Lemma 8.5.19|is stronger than the special case
f(v,v) = h—h” by Remark [8.5.14, However, for division rings, we have the
following result.

8.5.20 Lemma. Assume that R is a division ring and that Ro # R. Then for allv € M
and all h € R with h = q(v), we have f(v,v) = h — h? (in R, not just modulo Ro). In
particular, f(v,v) = q(v) —q(v)? forallv € M.

Proof. For any v € M and any h € g(v) + Ry, it follows from Lemmas [8.4.16
and [8.5.19|that f(v,v) — h + h? is zero. Since g(v) lies in g(v) + Ry, the second
assertion follows. O

8.5.21 Lemma. Assume that R is a division ring and that Ry # R. Then there exists
exactly one skew-hermitian form which is associated to q.

Proof. Assume that f, f’ are two such forms. Then g := f — f’ is a sesquilinear
form whose image is contained in Ry. For all u,v € M and r € R, it follows that
g(u,v)r = g(u,vr) € Ry. By Lemma|[8.4.16} this implies that g(u, v) = O for all
u,v € R,s0f=f. O

Motivated by Lemma 8.5.20, we introduce the following definition.

8.5.22 Definition (Standard pseudo-quadratic module). A pseudo-quadratic
module (M, g, f) over (R, R, o) is called standard if f(v,v) = q(v) —q(v)” for
allv € M.

8.5.23 Note. Being standard is a rather weak condition which is automatically
satisfied in many situations:

(1) We have seen in Lemma that every pseudo-quadratic module over a
division ring with R # Ry is standard. Further, the zero module is clearly
standard as well. By Remark[8.5.4} this means that every pseudo-quadratic
module that appears in [TW02] is standard.

(2) Assume that 2y is invertible and let (M, g, f) be a pseudo-quadratic module.
It follows from Lemma 8.5.15 (e)|that g is equivalent to a pseudo-quadratic
form g’ such that (M, ¢/, f) is a standard pseudo-quadratic module.

We will see that the standard condition is necessary to construct a Jordan mod-
ule from a pseudo-quadratic module (Example [8.6.7). Further, every pseudo-
quadratic module which arises from a Jordan module (that is, from a root grading
of type C or BC) is standard (Lemma [8.7.14). We conclude that standardness
is the right condition to extend the theory of pseudo-quadratic modules to our
general setting.
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8.5.C The Group T(M)

8.5.24 Notation for this section. In addition to Notation|8.5.11, we will from now
on fix a skew-hermitian form f such that (M, g, f) is a pseudo-quadratic module
over (R, Ry, 0).

For any pseudo-quadratic module M, we can define a group T(M). If M
is standard, this group can be equipped with the structure of a Jordan module
(Example[8.6.7). In section 8.7, we will show that every Jordan module arises in
this way if 24 is invertible.

8.5.25 Definition. We define
T(M) =T(M,q,f) = {(uh) € MxR[gq(u) =h}
and (u,h) - (v,k) .= (u+v,h+k+ f(u,v)) forall (u,h), (v,k) € T(q).

Observe that the multiplication on T(M) depends on the choice of the skew-
hermitian form f. Further, this multiplication is in general not abelian because f
is, in general, not symmetric.

8.5.26 Remark. We have a canonical bijection
M x Ro = T(M), (u, 1) = (u,q(u) +h)
of sets which, in general, is not a group homomorphism with respect to the

canonical group structure on M x Ry.

8.5.27 Note. If ¢’ is another pseudo-quadratic form which is equivalent to g, then
T(M,q, f) and T(M, g, f) are not only isomorphic, but in fact the same set with
the same group multiplication. However, the bijection in Remark depends
on the choice of g.

8.5.28 Remark. If g is trivial, then T(M) = M x Ry as sets and the bijection in
Remarkis the identity map. However, the multiplication on T(M) is not
necessarily the component-wise addition on M X Ry. This is only the case if f
is trivial as well. Note that if 2 is invertible, then the triviality of f implies the

triviality of g by Lemma(8.5.15

8.5.29 Remark. The map Ry — T(M),ro — (Op,70) is an injective homo-
morphism of square-modules. It is well-defined because g(0y;) = Oz by Re-

mark [8.5.13
8.5.30 Remark. Let (u,h), (v,k) € T(M). Then

(w,h) - (v,k) = (v,k) - (u,h) - (0, f(u,0) — f(o,u))
where f(u,v) — f(v,u) = f(u,v) + f(u,0)” = Try(f(u,0)).

8.5.31 Lemma. The multiplication on T(M) defines a group structure with identity
element (Opr, Og ) and inverses given by

(u,h) ™' = (—u, f(u,u) —h)
forall (u,v) € T(q).

Proof. For all (u,h),(v,k) € T(M), it follows from the axioms of a pseudo-
quadratic form that

q(u+0) = q(u) +q(0) + f(w,0) =h +k+ f(u,0),
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so (u+v,h+k—+ f(u,v)) liesin T(q). We infer that the multiplication on T(M) is
well-defined. Further, it is associative because for any (u1, hy), (uz, ha), (u3, h3) €
T(M), both ((u1,h1)(u2,h2)) (us, h3) and (u1, h1) ((u2, ho)(us, h3)) equal

(u1 + up +uz, hy + ho + h3 + f(ul,uz) +f(u1, u3) + f(uz, ug)).

It is clear that (0,0) is an identity element in T(q). Finally, for all (u,h) € T(q),
we have

(u,h)(—u, f(u,u) —h) = (0,h — h+fu u) — f(u,u)) = (0,0)
= (—u, f(u,u) —h)(u,h),
(=

so (u,h) is invertible with inverse (—u, f(u, u) h). This finishes the proof. [J

8.5.32 Remark. Note that, if (M, g, f) is standard, then the inverse of (u, h) € T(q)
is given by (—u, —h").

The following observation will be used to define (non-balanced) Weyl ele-
ments in root gradings of type BC. See Definition [9.3.10)

8.5.33 Lemma. Let (M, q, f) be a pseudo-quadratic module over (R, Ry, o) and let
(u,h) € T(M) such that h is invertible. Then (uh=',h=") and (—uh=,h=) lie in
T(M).

Proof. Since (u,h) liesin T M) there exists rg € Rg such that (1) = h+ ry. Thus

quh Y =hqu)h =" +h k' =k and
g(—uh™%)=h" 1q(u)h C=h 4+ hrgh =00,
This proves the claim. O

We now define several maps on T (M) which will later be seen to turn T(M)
into a Jordan module over (R,c). As a first step, we define a square-scalar
multiplication on T(M).

8.5.34 Lemma. Define
¢: T(M) x R — T(M), ((v,h),r) — (or,17hr).
Then (T(M), @) is a well-defined multiplicative square-module.
Proof. For all (v,h) € T(M) and all r € R, it follows from Axiom [8.5.3 (i) and
Remark [8.5.14] that
q(or) =r%q(v)r = rhr,

so that (vr, r7hr) lies in T(M). Thus ¢ is well-defined. It is clear that ¢(f,1x) = ¢
forallt € T(M). Forall r,s € R and all (v,h) € T(M), we have (vr)s =

v(rs) by Axiom [5.1.22 (iii)| and s”(r7hr)s = (s"r")h(rs) by Proposition
and Remark[8.5.17] Hence ¢ is multiplicative.

To see that ¢ is weakly quadratic in the second component, let (v,h) € T(M)
and let r,s € R. By the formula for inverses in T(M) from Lemma we
have

¢((0,h),5) " p((v,h),r) "
= (vs,5"hs) " (or, r7hr) !
= (—wvs, f(vs,vs) — s”hs) (—or, f(vr,or) — r"hr)
= (—vs —or, f(vs,vs) — s"hs + f(vr,or) — r7hr + f(vs, vr)).
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Further,
¢((v,h),r+5) = (vr +vs,r"hr + 17hs + s"hr + shs).
Thus the polarisation of ¢ in the second component is
¢((v,h),s) 71(p((v,h), r)fl(p((v,h), r+s)
= (Om, f(vs,vs) — s"hs + f(vr,vr) — r"hr + f(vs, vr)
+ 17hr 4+ 17hs 4 s"hr + s7hs — f(vs + vr,vs + vr))
= (O, 77hs + s"hr — f(vr,vs)).

This expression is bi-additive in (r,s), so ¢ is weakly quadratic in the second
component. Finally, we have for all (v, ), (v/,h') € T(M) and r € R that

¢((0.m) (@ H),1) = o((v+0, h+H + f(0,0),7)
= (vr +0'r,thr +17h'r + 17 f (0, 0")r)
= (vr +0'r,1hr + 17h'r + f(vr,0'r))
= (or, P h) (@', ) = g((0,h),7) (2, 1), 7).

Hence ¢ is additive in the first component. This finishes the proof. O

8.5.35 Remark. If (M, g, f) is standard, then the polarisation of ¢ in Lemma|8.5.34
in the second component is

(Oa1, 77hs + s”hr — f(vr,vs)) = (Op, s”hr 4+ s7h%s) = (Opm, Try (s7hr)).
Here the “polarisation in the second component” is defined as in[7.1.2}

8.5.36 Observation. By Definition|8.1.12, we have a canonical involution on the
multiplicative square-module (T (M), ¢). It is precisely the map

“:T(M) — T(M), (u,h) — (—u,h).
As a next step, we define maps 711 and Tj.

8.5.37 Lemma. The projection map
my: T(M) — Nucl(R), (v,h) — h
is compatible with the square-scalar multiplication ¢ from Lemma|8.5.34

Proof. We denote the canonical square-scalar multiplication on Nucl(R) by w (see
Example and Lemma . At first, observe that the image of 71y is indeed
contained in the nucleus of R by Remark[8.5.17] Now for all t = (v,h) € T(M)
and for all r € R, we have

i (@(t,r)) = mi((or,r7hr)) = rhr = w(h,r) = w(m(t),r).
This finishes the proof. O
8.5.38 Lemma. The map
Ti: R = T(M),r — (Op, Tro(r)) = (Opp, 7 +17)
is a homomorphism of square-modules.

Proof. This map is the composition of the map Tr,: R — R from Lemma
with the embedding Ry — T(M) from Remark [8.5.29, Since both maps are
homomorphisms of square-modules, the assertion follows. O
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We have now defined all maps that are needed to equip M with the structure
of a Jordan module. Before we turn to the definition of Jordan modules, we make
a final observation.

8.5.39 Remark (Direct products and T(M)). Write X := (R,Rg,0), let X' =
(R, R}, ") be another involutory sets and let (M, g/, f') be a pseudo-quadratic
module over X'. By Remark[8.5.9) we can equip M & M’ with the structure of a
pseudo-quadratic module over X & X’. We then have

ueMu e M, he R, K € R,
) 7

T(M& M) = { (i) R ID) o o ) = (1) (mod Ro @ R

which is clearly isomorphic to
ueMu eM heR,HK e R,
T(M)® T(M') =< ((u,h), (', h)) g(u) =h (mod Ry),
g(w)=h (mod R))
Under this identification, the maps ¢, 711 and T; defined on M & M’ are precisely
the respective sums of the maps ¢, 711, T1 defined on M and M'. In the (not
yet introduced) terminology of Jordan modules, this says precisely that the

identification between T(M & M’) and T(M) & T(M') is an isomorphism of
Jordan modules.

8.6 Jordan Modules

Finally, we can define to the protagonists of this chapter.

8.6.A Definition and Examples

8.6.1 Definition (Jordan module). Let R be an alternative ring with a nuclear
involution ¢ and denote the square-scalar multiplication on R from Example
by w. A Jordan module over (R, ) is a tuple § = (], ¢, 711, T1, ) consisting of a
multiplicative right square-module (], ¢) over R, a map

m: (], ¢) = (Nucl(R), w)
which preserves the square-scalar multiplication, a homomorphism

Ti: (R,w) = (], 9)
of square-modules and a skew-hermitian form
P: ] x ] = Nucl(R)
with respect to ¢ such that the following conditions are satisfied:

(i) T1(a”) = T1(a) and Ty ((ab)c) = Ty (a(bc)) forall a,b,c € R. Thus we can
omit brackets in the argument of Ty without ambiguity.

(i) 7m1(u)” = m(u) — ¢(u,u) forallu € J.
(iii) ¢(T1(a),u) =0=4(u,T1(a)) foralla € R, u € J.
(iv) The following “linearisation properties” hold forall u,v € Jand alla,b € R:
m(u+v) = m(u) + m(v) +p(u,0), (8.1)
@(u,a+0b) = @(u,a) + ¢(u,b) + T1 (b1 (1)a), (8.2)
utv=ovtutTi(p(u0)). (8.3)
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(v) Forallr € R, we have 711(Ty(r)) = r+r°.
(vi) There exists vy € ] such that 711 (vg) = 1 and ¢(vo, u) = Ox = (1, vg) for
allu € J.

Further, the Jordan module ¢ is called abelian if (], +) is an abelian group, it
is called of type C if ¢ is the zero map and it is called anisotropic if 71 (1) = Og
implies u = 0 for all u € |. If the Jordan module ¢ is fixed, we will refer to 77; as
the Jordan module projection, to Ty as the Jordan module trace and to ¢ as the Jordan
module skew-hermitian form. We will sometimes refer to | as a Jordan module if
the remaining objects in ¢ are clear from the context.

8.6.2 Remark. The requirements on the maps 71, T1, ¢ which are given in the
first paragraph of Definition can be expressed by the following formulas:

1 (@(u,a)) = a”mi (u)a,

Tl(a+b) Tyi(a) +Ti(b),
¢(T1(a),b) = Ty1(b%ab),
TR T v+v): Y(u,0) +(u, o)+, 0) +p',o),

P(u,0)” = —yp(v,u),
¥(p(u,a), (v,b)) = a”p(u,v)b
forallu,v,u’,v' € Jand alla,b € R.

8.6.3 Note. We will show in chapter [Jthat Jordan modules of type C are precisely
those Jordan modules which coordinatise C,;-graded groups for n > 3. General
Jordan modules appear in the coordinatisation of BC,,-graded groups.

8.6.4 Note. The name “Jordan module” is motivated by the fact that every Jordan
module of type C can be equipped with the structure of a quadratic unital Jordan
algebra, except that these Jordan algebras are only “weakly quadratic”. We will
make this observation more precise in subsection 8.6.C}

We now consider a sequence of three examples of Jordan modules, each being
a generalisation of the previous one. Hence it suffices to verify that the last
example satisfies the axioms of a Jordan module, which we do in Lemma|8.6.8]
We will show in section[8.7)that if 2 is invertible, then every Jordan module is
of the form in Example We do not know an example of a Jordan module
which is not of this form.

8.6.5 Example. Let (R, Ry, o) be an involutory set. Denote by (], ¢) the square-
module Ry with its canonical square-scalar multiplication and by m: | —
Nucl(R) the canonical embedding of | into R. Further, we put

Ty =Te: R — J,r—r+1r7

and we denote by ¢: | x ] — R the zero map. Then § = (], ¢, 11, Tq,¢) is
an abelian Jordan module over (R, Ry, o) of type C. Since 717 is an injective
homomorphism of groups, § is anisotropic.

8.6.6 Example. Let (R, Ry, o) be an involutory set and let M be a right R-module.
Put | := M x Rg, which is an additive abelian group, and

¢: [ xR —],((v,h),r) — (vr,rhr).

Further, we denote by 711: ] — R the canonical projection on the second compo-
nent and by ¢: | X | — R the zero map. Finally, set

Ti: R — J,r— (Op, 7+ 17).
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Then § = (], ¢, 711, T1, ) is an abelian Jordan module over (R, Ry, o) of type C.
The special case M = {0} is precisely Example Further, ¢ is anisotropic if
and only if M = {0}.

8.6.7 Example. Let (R, Ro, o) be an involutory set and let (M, g, f) be a standard
pseudo-quadratic module over (R, Ro, o). Denote by | :== T(M) C M x R the
group from Definition[8.5.25land by ¢: | x R — ] the square-scalar multiplica-
tion from Lemma[8.5.34, Further, denote by 771 : ] — Nucl({R) the projection map

from Lemma Finally, we put
Ti: R— J,r— (Op,r+717) and ¢: ] x]—= R, ((v,h), (0, 1)) — f(v,0).

Then § := (], ¢, 11, T1,¥) is a Jordan module over (R, Ry, ). A Jordan module
which is isomorphic to one of this form is called of pseudo-quadratic type.

Note that if g and f are trivial (so that the pseudo-quadratic module (M, g, f)
is essentially an (R-module with no additional structure), then it follows from
Remark [8.5.28| that this Jordan module is precisely the one from Example
Note further that f is trivial if and only if T(M) is of type C, and that the triviality
of f implies the triviality of g if 2 is invertible (Lemma [8.5.15 (f)).

8.6.8 Lemma. Let (R, Ry, o) be an involutory set and let (M, q, f) be a standard
pseudo-quadratic module over (R, Ry, o). Then the tuple § = (], ¢, 11, T1, ) from
Example(8.6.7)is indeed a Jordan module.

Proof. By Lemma (], ¢) is a multiplicative square-module. The map
71 is compatible with the square-scalar multiplication by Lemma By
Lemma the map T; is a homomorphism of square-modules. Since f
is a skew-hermitian form, the same holds for . Axiom holds by
Lemma[8.3.19] Axiom[8.6.1 (ii) holds because (], g, f) is standard. By the defini-
tion of ¢, T1 and 711, Axioms|8.6.1 (iii) and [8.6.1 (v)|are satisfied. Equation (8.1
holds by the definition of the multiplication on T(M). Equation holds by
Remark Equation holds by Remark In Axiom we

can take vy := (0, 1%). This finishes the proof. O

8.6.9 Lemma. Let (R, Ro, o) be an involutory set, let (M, q, f) be a standard pseudo-
quadratic module over (R, Ro, ) and let § == (], ¢, 11, T1, ) be the Jordan module

from Example[8.6.7} Then (M, q, f) is anisotropic if and only if § is anisotropic.

Proof. At first, assume that (M, g, f) is anisotropic. Let (u,h) € ] such that
1 (u, h) = 0, that is, such that h = 0. Then g(u) = h = 0 modulo Ry. Since g is
anisotropic, it follows that u = 0. Thus (u, h) = 0y, so ¢ is anisotropic.

Now assume that ¢ is anisotropic and let u € M such that (1) = 0 modulo
Ro. Then (u,0) lies in ] and we have 71(1,0) = Og. Since ¢ is anisotropic, it
follows that (1,0) = 0y, so u = 0p. Hence (M, g, f) is anisotropic. O

8.6.B Basic Properties

8.6.10 Notation for this section. From now on, we denote by (R an alternative
ring with a nuclear involution ¢ and by ¢ = (], ¢, 11, T1, ¢) a Jordan module
over (R,0).

8.6.11 Definition (Homomorphism of Jordan modules). Let

g =09, m, TLy)
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be another Jordan module over (R,0). A homomorphism from ¢ to ' is a ho-
momorphism f: (J,¢) — (J',¢') of square-modules such that m; = 7} o f,
Ty = foTiand ¢ = ¢’ o (f X f). An isomorphism of Jordan modules is a bijective
homomorphism of Jordan modules and an automorphism of Jordan modules is an
isomorphism from a Jordan module to itself.

8.6.12 Definition (Jordan submodule). A Jordan submodule of § is a square-
submodule U of (], ¢) which contains the image of T; and which satisfies Ax-

iom8.6.1 (vi)

Clearly, every Jordan submodule of ¢ is a Jordan submodule itself with
respect to the restrictions of the maps ¢, 7r1, T and .

Any Jordan module has a canonical involution. It will appear as one of the
twisting actions in the standard parameter system of type BC (Definition[8.6.20).

8.6.13 Definition (Jordan module involution). The canonical involution on the
multiplicative square-module (], ¢) in the sense of Definition|8.1.12|is called the
Jordan module involution (on §). It is the map

= Ju—u=¢@(u,—1).

8.6.14 Lemma. The Jordan module involution is an automorphism of | which fixes the
image of Ty element-wise.

Proof. Letu,v € J and r € R. Then we have
m (1) = m (e, —1x)) = (=1x)7m () (= 1) = 1 (u),
p(@,9) = (o, —1x), (0, —1x)) = (1) 9 (,0)(~1x) = ¥ (u,0),
Tu(r) = (Ta(r), —1a) = To((~1a)77(~1a))
Since ~ is a homomorphism of square-modules by Lemma the assertion

follows. O

8.6.15 Remark. For all u € |, we have

(M OJQ) (Ll 1ﬂ+(—1ﬂ)>
o(u,1g) + ¢(u, —=1g) F T1((=1)7m1(u)1x)
ud =Ty (m(u)).

This shows that Ty (711 (1)) = u + . Together with Axiom[8.6.1 (v), we conclude
that the diagram in Figure 8.1|commutes.

R a—a+a’ R

Tll lTl
J J

Figure 8.1: The commutative square in Remark|8.6.15

N

u—u-+u

The properties of being abelian and of being of type C are closely related, but
not equivalent.

8.6.16 Lemma. The following statements hold:
(a) ¢ is abelian if and only if Ty o ¢ = 0.
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(b) § is of type C if and only if rt1: | — R is a homomorphism of square-modules.

(c) If 4 is of type C, then it is abelian.

(d) If § is abelian, then 1 is symmetric.

(e) ¢ is symmetric if and only if its image lies in the set {r € R |17 = —r} of
skew-symmetric elements.

Proof. Assertions (a) and (b) follow from Axiom Further, (a) implies (c).
Now assume that ¢ is abelian. Then forall u, v € ], it follows from Axiom|8.6.1 (iv)|
that

m(v) + m(u) + (o, u) = m(v+u) = m(uto)=mu)+m0) +p(u,o).

Since (R, +) is abelian, we infer that i is symmetric. This proves (d).
Now let u,v € J. Since ¢ is skew-hermitian, we have (1,v)” = —¢(v, u).
Thus the following assertions are equivalent:

Y(u,0) = (o, u) <= P(u,0)” = P(o,u)? <= P(u,0)” = —p(u,0).
It follows that (e) holds. O
8.6.17 Remark (The radical). Denote by
R:=Rad(yp)={u e R|¢p(xu)=0=¢(ux)forallx € J}

the radical of the skew-hermitian form . This is a square-submodule of ].
Further, Axiom says precisely that the image of Ty is contained in
R. Similarly, Axiom [8.6.1 (vi)| says that there exists vy € Rad(y) such that
7'[1(2)0) = 1g¢. Thus

9" = (R, ¢lgxn, Tilg, T1, ¥lrur)

is also a Jordan module over (R, ). In fact, |z,  is the zero map, so §’ is of
type C.

8.6.18 Remark. Assume that 24 is invertible and put v := T; (2(7{1) € J. Then

m(v)) = 25 + (24")° = 1g by Axiom 8.6.1 (v) and v}y € Rad(y) by Ax-
iom[8.6.1 (iii)] We conclude that Axiom [8.6.1 (vi)|is redundant if 2 is invertible.

8.6.19 Remark. We can define the following maps:
] X R = R, (u,a) —am(u) and T: R X R — ], (a,b) — Ty(ab’).

It is straightforward to verify that the following properties, which we will need
later, follow from the axioms of a Jordan module:

p(u,a) = ¢(p(u,a),=1) = ¢p(u, —a) = ¢(¢(u, —1),a) = ¢(#,a),

Ti(a) = ¢(Ti(a), —1) = Ty ((=1)"a(-1)) = Ti(a),
p(,0) = (=1)7¢(u,0) = p(u,0)(=1) = ¥(,0),
n(i,a) = am (@(u,—1)) = a(=1)"m (u)(—1) = 7(u,a),
7t(T(a,b),c) = crmy (T1(ab”)) = c(ab”) + c(b%a)
= (ca)b” + (cb”)a — [c,a,b°] — [c,17,a] = (ca)b’ + (cb”)a,
mt(@(u,a),b) = by (@(u,a)) = ba”rmi (u)a,
T(a,b) = T1(ab”) = Ty ((ab”)?) = Tq(ba”) = T(b,a),

(
1(abc”) = T1(cb"a”) = T(cb?,a) = T(a,cb”),
= ¢(T1(ab”),c) = T1(c%ab’c) = T(c’a,c’b) = T(cb,c"a)
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foralla,b,c € Rand all u € J. (Here we have used Proposition to write
the term ba” 7ty (1)a without brackets.)

The maps 7 and T are the ones which describe the commutator relations
in root gradings of type BC. Thus in some sense, they are more fundamental
for our group-theoretic interests than the maps 711 and T;. However, the latter
allow for a more concise treatment of Jordan modules in the algebraic setting. In
particular, the fact that 711 and T; are homomorphisms of square-modules (except
for the minor nuisance that 771 is not necessarily additive) and that we have the
commutative square in Remark 8.6.15 cannot be expressed as succinctly in terms
of the maps rr and T.

Jordan modules arise from root gradings of type (B)C in the form of the
following parameter system.

8.6.20 Definition (Standard parameter system). Define A := {£1}? and B :=
{£1}. Denote the elements of A by (+14,+1,) and the elements of B by +15.
We declare that the first component of A acts on (R, +) and (], ) by inversion
and that the second component of A acts trivially on R and by the Jordan module
involution on J. Further, we declare that B acts by ¢ on R and trivially on T.
More precisely, these declarations mean that

(—1A,1A).1’: -7, (—1A,1A).u: iLl, (1A,—1A).1”:1’, (1A,—1A).M:ﬂ,
—1gr =17, —lgu=u

forallr € R and all u € J. Then the triple (A x B, ], R) is called the standard
parameter system for (.

8.6.21 Remark. The action of A X B on T and R in Definition [8.6.20|is induced
by the respective actions of A and B. Such an induced action exists because the
actions of A and B commute.

8.6.22 Reminder. If the Jordan module ¢ is of the form T(M, g, f) for a standard
pseudo-quadratic module (M, g, f) (as in Example [8.6.7), then for all (1,h) €
T(M,q, f), the inverse —(u,h) equals (—u, —h") (see Lemma and Re-
mark . In this situation, the Jordan module involution is given by (u,h) =

(—u, h) (see Observation|8.5.36).

8.6.C Jordan Modules and Jordan Algebras

We now investigate the relation of Jordan modules to Jordan algebras. Nota-
tion[8.6.10 continues to hold.

8.6.23 Definition (Weak Jordan algebra). A weak Jordan algebra is a tuple (J, U, 1j)
consisting of an abelian group | = (J,+), an element 1; € ] and a weakly
quadratic map U: | — Hom(J, J), x — U, such that the following properties are
satisfied for all x,y,z,v € |, where
{'/ “ } ]X]XI%]/(XJ//@ — ux+z]/—ux]/—uz]/
denotes the tri-linearisation of U:
Uulyv = uXUyu_xv,
Ux({y, x,z}) = {Uxy, z,x},
Uiv =0,
{Uxy, v, {x,y,2}} = U Uy ({x,0,2}) + {x, U,Uyv, 2},
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{Usy, 0, Uzy} + Ugyy 3o = UUy Uz + U UyUyo + {x, Uy ({x,7,2}), 2},

Ux({y,v,2}) +{x {y, x,2}, 0} = {Uxy, 2,0} + {{x,y,0}, 2, x}.

Further, (], U, 1) is called a Jordan algebra if, in addition, the map U is (properly)
Z-quadratic in the sense of Definition[7.1.3]

8.6.24 Note. What we call “Jordan algebra” could, in more detail, be called
“unital quadratic Jordan algebra over Z”. Our definition agrees with the one
in [Jac81} 1.3.4], but it is phrased in a slightly different way. Observe that the
last three identities in Definition are precisely the polarisations of the first
two identities. (See, for example, [McC66, p. 1072].) It follows from this fact
that (J, U, 1j) is a Jordan algebra if and only if for all commutative associative
rings £, the scalar extension (], U, (17)s) satisfies the first three identities in
Definition[8.6.23] This is precisely the definition that is given in [Jac81].

The observation in the previous paragraph relies on the fact that a quadratic
map U has a unique and well-defined extension Uy to any scalar extension. (For
a proof, see for example [GPR, 11.5].) This is not clear for weakly quadratic
maps. Thus there is no way to phrase the definition of weak Jordan algebras in
the language of scalar extensions. In particular, scalar extension of weak Jordan
algebras do not necessarily have the structure of a weak Jordan algebra, and need
not even exist.

8.6.25 Remark (Jordan algebras from Jordan modules). Assume that ¢ is of type
C (thatis, that ¢ = 0). We define amap U: ] - Homz(],]), x — U, by

Ue: ] = J,u— ¢(v, 7t(x))
for all x € J. Further, we define a tri-additive map
{'/'/'}:]X]X]%]r
(x,y,2) = Uxgzy — Uxy — Uzy = T (7(x) 7 (y) 7 (2)).
Since the map | x | — Hom(J,]), (x,z) — {x, -,z} is the polarisation of U, it

follows that U is weakly quadratic. A straightforward computation shows that
(J,U,vp) is a weak Jordan algebra where vy is any element as in Axiom 8.6.1 (vi)

8.7 A Near-classification of Jordan Modules

8.7.1 Notation for this section. Unless otherwise stated, we denote by R an
alternative ring with a nuclear involution ¢ and by ¢ = (J, ¢, 11, T1, ¥) a Jordan
module over (R, 7).

In this section, we show that under some weak assumptions, every Jordan
module ¢ is of pseudo-quadratic type in the sense of Example These
assumptions will always be satisfied if 2 is invertible.

Note that, a priori, the Jordan module ¢ is defined over the ring R with a
nuclear involution ¢ whereas a pseudo-quadratic module M is defined over an
involutory set (R, Ry, ). Thus as a first step, we should locate an appropriate
subset Ry of R. We know from Remark [8.4.11|that this set is uniquely determined
if 24 is invertible, but in general it is not. It turns out that our choice of Ry will
depend on the choice of a so-called involutory submodule of .

8.7.2 Definition (Involutory submodule). An involutory submodule of ¢ is a
square-submodule D of | which satisfies

T1(®R) C D C Rad(y)
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where Rad(y) denotes the radical of ¢ (see Remark 8.6.17). It is called unital
if there exists d € D such that 771 (d) = 1g. Itis called an embedding involutory
submodule if the restriction 711|, : D — R is injective.

8.7.3 Remark. Let D be an involutory submodule of ¢. Since D is contained

in Rad(y), it follows from Remark and Lemma [8.6.16| that i is zero on

D x D, that D is abelian and that the restriction of 7r; to D is a homomorphism
of square-modules.

The following result justifies the terminology of “involutory submodules”.

8.7.4 Lemma. Let D be an involutory submodule of §. Then the triple (R, 711(D), o)
is a pre-involutory set. It is an involutory set if and only if D is unital.

Proof. 1t follows from Lemma and Remark that 771(D) is a square-
submodule of Nucl(R). Further, since 9|, is the zero map, it follows from Ax-
iom8.6.1 (ii)| that 711 (D) is contained in Fix(c). Finally, as D contains T1(R ), Ax-
iom[8.6.1 (v)|implies that 7r1 (D) contains Tr(®R). We conclude that (R, 7r1(D), o)
is a pre-involutory set. The second assertion is trivial. O

8.7.5 Example (of an involutory submodule). Assume that ] is the Jordan mod-
ule T(M) from Example for some pseudo-quadratic module (M, g, f) over
a pre-involutory set (R, Rg, o). Then D := {0;} x Rg C T(M) is an embedding
involutory submodule of T(M) (which is unital if and only if (R, Ry, o) is an
involutory set).

We have seen in Example that the existence of a embedding involutory
submodule of | is a necessary condition for | to be of pseudo-quadratic type. The
main result of this section is precisely that this is also a sufficient condition.

Before we turn to the proof of our main result, we investigate the existence of
embedding involutory submodules. It is clear that both T1(R) and Rad(y) are
involutory submodules of §. Further, since the element vy from Axiom 8.6.1 (vi)|
lies in Rad(y), the square-submodule generated by T;(R) U {vp} is a unital
involutory submodule of . Thus the main difficulty lies finding an involutory
submodule which is embedding. Under suitable assumptions on 2-torsion and
related phenomena, we will show that T;(RR) satisfies this condition. In the
general situation, however, we have no result which guarantees the existence of
an embedding involutory submodule in J.

Recall from Remark that the restriction of 71y to T1(R) is a homomor-
phism of groups. Hence to show that T; (R) is embedding, it suffices to verify
that the preimage of Ox in T1(R) under 7 is trivial.

8.7.6 Lemma. Assume that there exists no 2-torsion on T1(R). (That is, if d € T1(R)
satisfies d +d = 0y, then d = 0;.) Then Ty (R) is a embedding involutory submodule

of .
Proof. Let d € T1(R) such that 711(d) = Ox. We want to show that d = 0;.
Applying Remark|8.6.15| we see that

0] = T1(Om) = T1 (7T1(d)) =d —T—H
Since d lies in T1(R), we have d = d by Lemma 8.6.14] Thus d 4 d = 0;, which
implies that d = 0;. We infer that the restriction of 771 to T (R) is injective. ~ [

8.7.7 Lemma. Assume that 2 is invertible. Then T1(R) is a unital embedding involu-
tory submodule of §.
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Proof. By Remark [8.6.18, we have 711 (v)) = 1g for vfy :== T1(2'), so T1(R) is
unital. Now let d € T1(R) such that 711(d) = Og. We want to show thatd = 0.
Choose r € R such thatd = Ty(r). It follows from Axiom|8.6.1 (v)|that

r+17=m(Ti(r)) = m(d) = Og.

Hence d’ == T1(2,'r) also satisfies

mi(d) = m(T1(25'r)) = % - (;)0 = %(r—i—r") = Og.

Again by Axiom and Lemma we infer that
0, =Ti(0x) =T1(m(d)) =d +d =d +d
=T1(2;'r) + T1(25'r) = T1(25'r + 25'r) = T1(r) = d.
Thus the restriction of 711 to T1(R) is injective, as desired. O
8.7.8 Notation for this section. From now on, we fix an involutory submodule

D of §. We put M := |/D and we denote by ¢: M x R — M the multiplicative
square-scalar multiplication on M from Lemma|8.1.11| That is, we have

o(e(u,7)) = ¢(o(u),r)

forallu € M, r € R where p: | — M denotes the canonical homomorphism of
square-modules.

For the first few observations, we do not have to assume that D is embedding.
This will only be necessary in Lemma

We begin by equipping M with the structure of a pseudo-quadratic module.
First of all, we have to verify that (M, ) is an R-module and not merely a
square-module.

8.7.9 Lemma. The group (M, +) (whose group structure is induced by the one on ]) is
abelian.

Proof. Letu,v € J. Then
utv=vFut+Ti(p(u0))

by Axiom Applying p, and using that D contains the image of T;, we
infer that p(u) + p(v) = p(v) + p(u). Since p is surjective, it follows that M is
abelian. O

8.7.10 Lemma. (M, §) is an R-module (in the regular sense of Definition |5.1.22).

Proof. By construction, (M, ¢) is a square-module. Thus it only remains to show
that ¢ is additive in the second component. Let u € | and let 7,5 € (R. We know

from Axiom that
P(u,r+s) = @(u,r) + ¢(u,s) + Ty (s (u)r).
Applying p and using that D contains the image of Ty, we infer that
Plo(u),r+s) = ¢(p(u),r) +¢(o(u),s).
Since p is surjective, the assertion follows. O
We now construct the pseudo-quadratic structure on M.

8.7.11 Lemma. There exists a unique map f: M x M — Nucl(R) such that

flo(u),p(0)) = ¥ (u,0)
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forallu,v € . This map is a skew-hermitian form with respect to .

Proof. For all u,v € M and all d,d’ € D, we have ¢(u+d,v+d') = ¢(u,0)
because D is contained in the radical of ¢. Thus such a map f exists. Since p
is surjective, f is uniquely determined. Further, it is skew-hermitian because
is. [

Recall from Remark [8.5.12] that the equivalence class of a pseudo-quadratic
form g: M — Nucl(R) can be identified in a canonical way with the induced
map §: M — Nucl(R)/Ry. Since the group T(N) depends only on the equiv-
alence class of a pseudo-quadratic module N, it thus makes sense to begin by
constructing 4 and then lifting it (in an arbitrary way) to a map q: M — Nucl(R).

8.7.12 Lemma. There exists a unique map §: M — Nucl(R)/m1(D) such that
§(o(u)) = mm1(u) + 11 (D) forall u € J.

Proof. For any subgroup A of ], the map mr1: | — Nucl(R) induces a map
J/A — Nucl(R)/ 1 (A). The assertion follows by taking A := D. O

8.7.13 Notation. We choose a map q: M — Nucl(R) such that g(u) € §(u) for
allu € M.

8.7.14 Lemma. The tuple (M, q, f) is a standard pseudo-quadratic module with respect
to the pre-involutory set (R, 11 (D), o).

Proof. Forall u,v € ], it follows from Axiom[8.6.1 (iv)] that
q(p(u) +p(v)) = G(p(u+v)) = m(u+0) +m(D)
— 1 (u) + 1 (0) + (,0) + m (D)
=q(p(w)) +q(p(v)) + f(o(u),p(v)) + m(D).

Further, since 711 is compatible with the square-scalar multiplication, we have

G(@(p(u),r)) =d(p(e(nr))) = m(ewr)) +m(D)
=17y (u)r + (D) 2 #7 (1 (u) + 11 (D)) r = g (p(u))r.
forall u € J and r € R. It follows that

q(x+y) = q(x) +4(y) + f(xy) and g(¢(x,r)) =r7q(x)r
modulo 711(D) for all x,y € M and all r € R. We conclude that (M, g, f) is a
pseudo-quadratic module.
To see that (M, g, f) is standard, let i € M be arbitrary and choose u € | such
that 7 = p(u). Then it follows from Axiom8.6.1 (ii)|and the definition of f that

my(u) —my(u)” = m(u) — m(u) + p(u,u) = f(4,i).
Since q(if) lies in §(#1) = m1(u) + (D), there exists d € D such that (i) =
11 (u) 4 7t1(d). Then

g

q(it) —q(a)” = m(u) — 1 (u)
because 711 (d) lies in Fix(c) by Lemma It follows that g(i1) — q(%1)7 =
f (i1, i), so we conclude that (M, g, f) is standard. O

Having constructed a pseudo-quadratic structure on M, we can now consider
the group T(M) = T(M, g, f). It remains to find an isomorphism between this
group and J.
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8.7.15 Definition. We define a map
w: | = T(M),u— (p(u), m(u)).

By the definition of g, the image of « is indeed contained in T(M), so « is
well-defined.

8.7.16 Lemma. The map « is a homomorphism of groups.

Proof. Letu,v € J and put ii := p(u), 3 := p(v). On the one hand,
a(ut0)=(p(utv),m u—I—v) (@43, m(u) + m(v) + ¥ (u,0))
by Axiom On the other hand,
a(u)a(v) = (i, m1(u)) (3,11 (v)) = (@47, m(u) + mi(v) + £(7,0)).

We conclude that « is a homomorphism. O

8.7.17 Lemma. The map « is a homomorphism of Jordan modules (with respect to the Jor-

dan module structure on T(M) from Example[8.6.7\and in the sense of Definition[8.6.11).

Proof. Letu,v € M,letr € R and putii := p(u), 7 := p(v). Denote the structure
maps of the Jordan module T(M) by ¢/, 71}, T} and ¢’. Then we have

a(g(u,r)) = (p(@(u,r)), m(p(u,r))) = (¢(d,r),rm (u)r)
= ¢/ (@, (), r) = ¢'(alu),r),
iy (a(u)) = (1, () = i (u),
w(Ty(r)) = (p(T2(r)), 1 (Ta(r)) = (Om, 7 +17) = Ty (r),
' (a(u),a(v)) = ¢' (@ m(w)), (3, m(v)) = f(#3) = p(u,0).

This shows that « is a homomorphism of Jordan modules. O

8.7.18 Lemma. The map « is surjective.

Proof. Let (ii,h) € T(M) be arbitrary and choose u € | such that il = p(u). By the
definition of T(M), we have h = g(ii) modulo 711 (D), which says precisely that
h € §(i) = m(u) + 11 (D). Thus there exists d € D such that h = 71 (1) + 711 (d).
Now

a(utd) = (i+pd),m(u+d) = (i, m(u)+m(d)+ypud) = (ah).

This shows that « is surjective. O

8.7.19 Lemma. The kernel of w is the kernel of 71 |p. In particular, « is injective if and
only if D is embedding.

Proof. Letu € J. Then a(u) = (p(u), 7ty (u)). Thus « lies in the kernel of « if and
only if it lies in the kernels of 711 and p. Since the kernel of p is D, the assertion
follows. u

We can now put everything together to obtain the following main result.

8.7.20 Theorem. Let (R be an alternative ring, let o be a nuclear involution on R and let
9 = (], 9,11, T1,¥) be a Jordan module over (R, ). Choose any involutory submodule
Dof 4. Put M := |/ D. Then my induces a pseudo-quadratic module structure on M
with respect to (R, 711 (D), o) and there exists a surjective homomorphism «: | — T (M)
of Jordan modules whose kernel is precisely the kernel of 71| .
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Using the criterion from Lemma we can simplify the main result as
follows.

8.7.21 Theorem. Let R be an alternative ring such that 2 is invertible, let o be a
nuclear involution on R and let § be a Jordan module over (R, o). Then § is of pseudo-
quadratic type. That is, there exists a pseudo-quadratic module M over (R, Try(R), o)
such that § is isomorphic to the Jordan module T (M) from Example[8.6.7}

We can also give a precise classification of Jordan modules of type C if 24 is
invertible.

8.7.22 Theorem. Let R be an alternative ring such that 2 is invertible, let o be a
nuclear involution on R and let § be a Jordan module over (R,0) of type C. Put
Ro = Try(R) = Fix(c). Then there exist an R-module M over R such that § is
isomorphic to the Jordan module Ry x M which was constructed in Example[8.6.6]

Proof. This follows from Theorem [8.7.21]and the concluding remarks in Exam-
ple O

8.7.23 Remark. Let (R, Ro, o) be an involutory set and let N be a pseudo-qua-
dratic module over (R, Ry, o). Recall from Example that D := {0;} x
Ry is a unital embedding involutory submodule of T(N), independent of any
assumption on the invertibility of 2. For this choice of D, the isomorphism « is
(up to canonical identifications) the identity map.

Using Remark|8.7.23] we can prove the following corollary of Theorem [8.7.20

8.7.24 Proposition. Let (R, Ry, o) be an involutory set, let N be a pseudo-quadratic
module over (R, Ry, o) and assume that § is the Jordan module T(N ). Let R, be a subset
of Ro such that (R, Ry, o) is an involutory set. Then there exists a pseudo-quadratic
module N' over (R, R}, o) such that T(N) is isomorphic to T(N') as a Jordan module.

Proof. By Example[8.7.5, D’ := {On} x R} C T(N) is an embedding involutory
submodule of T(M). Further, we have r11(D’) = R{. Thus it follows from
Theorem [8.7.20|that T(N)) is isomorphic as a Jordan module to T(N’) for some
pseudo-quadratic module N’ over (R, R}, 7). O

8.8 Purely Alternative Rings and Jordan Modules

Recall from Note that we can easily construct non-trivial pseudo-quadratic
modules M over rings of the form R & R’ where R is associative and R’ is
alternative. However, we observed that only the associative ideal R & {0} of
R & R’ is relevant for the pseudo-quadratic module structure on M. Thus we
attributed the existence of a pseudo-quadratic module over R & R’ to the fact
that R @ R’ is not “purely alternative”, though we gave no precise definition of
this property.

In this section, we present two closely related definitions of pure alternativity
which were proposed by Slater in [Sla67] for not necessarily unital rings. We will
show that purely alternative rings in the stronger sense do not admit any non-
zero modules and that purely alternative rings in the weaker sense do not admit
pseudo-quadratic modules with non-trivial skew-hermitian form. Some more
information on purely alternative rings can be found in [McC70, Section 9.4].

The material in this section is largely independent from the remaining part of
this thesis and will not be referenced in any formal argument. Instead, its main



8.8. Purely Alternative Rings and Jordan Modules 263

purpose is to convince the reader that pseudo-quadratic modules are objects
which do not properly belong to the world of alternative rings.

To avoid confusion, we explicitly point out that Jordan modules, unlike
pseudo-quadratic modules, have their place in the alternative setting: We have
already seen an important class of Jordan modules over arbitrary alternative
rings with nuclear involution in Example This class consists precisely of
the Jordan modules T(M) where M = {0}.

8.8.1 Definition (Nuclear ideal). Let R be a ring. An ideal of R is called nuclear
if it is contained in the nucleus of R.

8.8.2 Remark. The nucleus of a ring R is not (necessarily) a nuclear ideal because
it is not (necessarily) an ideal. However, there exists a unique maximal nuclear
ideal of R: the sum of all nuclear ideals.

8.8.3 Lemma. Let R be an alternative ring and let N be a nuclear ideal. Then the left
annihilator
L={ac®R|aN={0}}

is an ideal of R.

Proof. 1t is clear that L is closed under addition. Now leta € L and x € R. We
want to show that ax and xa lie in L, so let n € N be arbitrary. We clearly have
(xa)n = x(an) = x0x = Ox because n lies in the nucleus. Hence xa lies in L.
Further, since N is an ideal, we have xn € N. Thus (ax)n = a(xn) = 0x because
a € L. The assertion follows. O

8.8.4 Definition (Purely alternative ring, [S1a67, 4.1, 4.2]). Let R be an alternative
ring. We say that R is purely alternative in the weak sense if it has no non-zero
nuclear ideal. We say that R is purely alternative in the strong sense if [R, R, R] = R.
Here [R, R, R] denotes the ideal generated by all associators.

8.8.5 Note. Purely alternative rings in the weak sense are simply called purely
alternative rings in [Sla67, 4.1]. Our notion of purely alternative rings in the strong
sense is suggested in [Sla67, 4.2] as another “reasonable” definition. Further, it
is then shown that any purely alternative ring in the strong sense is also purely
alternative in the weak sense if a mild extra condition is satisfied. This extra
condition is always satisfied in our setting because rings are assumed to be unital.
We will see the precise formulation of this argument in Lemma

8.8.6 Example (Direct sums). Let R be an associative ring and let R’ be an
alternative ring. Assume that both rings are not zero. Then R & {0} is a nuclear
ideal in R ® R’, so R & R’ is not purely alternative in the weak sense. Further,
the associator ideal of R & R’ is contained in {0} & R’, so R ¢ R’ is not purely
alternative in the strong sense either.

8.8.7 Example. Let R be a ring which is simple in the sense that it contains no
non-trivial ideal. Then R is purely alternative (in either sense) if and only if it is
alternative and not associative.

(Note that in the famous theorem from [Kle53] that every simple alternative
ring is either associative or a Cayley-Dickson algebra over a field, a ring is called
simple if it has no non-trivial ideal and contains at least one element which is not
nilpotent.)
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8.8.8 Remark. An alternative ring is purely alternative in the strong sense if and
only if it has no non-zero homomorphic image which is associative.

8.8.9 Lemma ([Sla67, Section 3]). Let R be an alternative ring and let N be a nuclear
ideal of R. Then [R, R, RIN = {0}.

Proof. Let x,y,z € R and let n € N. It follows from the nuclear slipping formula
(Lemma that [x,y,z]n = [x,y,zn]. Since N is an ideal, zn lies in N and
thus in the nucleus. Hence [x, y, zn] = Ox. This shows that [x, y, z] lies in the left
annihilator of N. By Lemma it follows that the whole ideal [R, R, R] which

is generated by all associators is trivial. O

8.8.10 Lemma. Let R be a purely alternative ring in the strong sense. Then R is also a
purely alternative ring in the weak sense.

Proof. It follows from Lemma that RN = {0} for any nuclear ideal N. Since
R contains a unit element 1, this implies that every nuclear ideal is zero. This
says precisely that (R is purely alternative in the weak sense. O

We can now prove the results that we announced in the introduction of this
section.

8.8.11 Proposition. Let (R be a purely alternative ring in the strong sense and let M be
an R-module. Then M = {0}.

Proof. We have seen in Observation that modules over R are actually
modules over R /[R, R, R]. In other words, we have vr = Oy for all v € M and
allr € [R, R, R]. Since R is purely alternative in the strong sense, this means that
M®R = {Op}. At the same time, we have M1z = M. We infer that M = {0}. O

8.8.12 Proposition. Let (R, Ry, o) be an involutory set in which R is purely alternative
in the weak sense and let (M, q, f) be a pseudo-quadratic module over (R, Ry, o). Then
f = 0. In particular, q is trivial if 2 is invertible.

Proof. Denote by I the additive subgroup of (R, +) which is generated by the
image of f. It follows from the sesquilinearity of f that I is an ideal of R. Further,
I is nuclear by Definition Since R is purely alternative in the weak sense,
we infer that I = {0}. Hence f = 0. If 24 is invertible, then the triviality of f

implies the triviality of g by Lemma(8.5.15 O



Chapter 9

Root Gradings of Types C and BC

In this chapter, we study C,-graded groups and BC,-graded groups for n > 2,
though we will assume that n > 3 for the main results. We will see that C,,-graded
groups can be regarded as special cases of BC,-graded groups. This allows us to
restrict our attention to BC,,-gradings most of the time. Similarly to the situation
in root gradings of type B, every medium-length root in BC, is contained in
an Aj-subsystem (Lemma[9.1.13), so it is clear that there exists a ring (R which
coordinatises the medium-length root groups. We will show that (R is alternative
and that it has a nuclear involution ¢. Further, we will parametrise the short root
groups by a (not necessarily abelian) group (], +). The commutator relations
yield maps ¢, 711, T1, ¢ which equip | with the structure of a Jordan module
over (R,0).

Some partial results on C,-gradings for n > 3 have already been obtained by
Zhang in his PhD thesis [Zha14]. See and also Note for more details.
For RGD-systems of type BC,, the standard reference are Chapters 25 and 26 in
[TWO02].

As usual, this chapter follows the outline described in section except
that we have already covered all the relevant algebraic structures in chapter
Hence we can begin with the investigation of the root systems C, and BC,, in
section In section we will uncover several connections between root
gradings of types B, C and BC. In particular, we will show how root gradings of
type C can be regarded as root gradings of type BC with additional properties.
We will also see that the rank-2 results from chapter [7]can also be applied, in a
modified way, to root gradings of type BC. Section 9.3 presents the construction
of a BC,-graded group from a standard pseudo-quadratic module. This does not
provide a complete solution of the construction problem for BC,-graded groups,
and we will summarise what precisely remains to be done.

After this point, the coordinatisation of BC;,-graded groups begins. In sec-
tions (9.4 and 9.5, we will perform the necessary rank-2 and rank-3 computations.
We introduce the notions of standard signs and standard partial twisting systems
for BC,-graded groups in sections [9.6/and respectively. In section we
construct the parametrising groups (R, +) and (], +). The commutation maps,
their rank-2 identities and the blueprint rewriting rules are defined, derived and
computed in section[9.9] Finally, we perform the blueprint computations for BC,
in section [9.10, and we state our final result in Theorem [9.10.26
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9.1 Root Systems of Types C and BC

9.1.1 Notation for this section. We denote by n an integer at least 1.

In this section, we collect some basic facts about root systems of types C
and BC which will be needed later on. We will see in Remark that root
gradings of type C, are special cases of BC,,-graded groups. Hence we can restrict
ourselves to root systems of type BC most of the time.

9.1.2 Remark (Standard representation of BC,). Let V be a Euclidean space of
dimension n with orthonormal basis (ey, ..., e,). The standard representation of
BC, is
BC, = {ere; +ezej|i #j€ [1,n],e1,e0 € {£1} }U{ee;|i € [1,n],ec {£1}}
U{2ee|i€[l,n],eec{£l}}
The long roots are exactly those which lie in the third set, the medium-length

roots are those in the first set and the short roots are those in the second one. The
standard root base is

A={e—ep|ic[l,n—1]}U{e.},
the standard rescaled root base is
A={e—e1]|i€[l,n—1]}U{2e,}
and the corresponding positive system is
M= {e—e¢|li<je[Ln]}U{e+e|i#jc[ln]}
U{Aei|ie[l,n],Ae{1,2}}.

Recall Remark for a discussion why we usually prefer the standard rescaled
root base over the standard root base.

9.1.3 Remark (Standard representation of C,). Let V be a Euclidean space of
dimension n with orthonormal basis (ey,...,e,). Assume that n > 2. (As for
B,, we exclude the case n = 1 because the resulting root system C; would be
isomorphic to Ay.) The standard representation of C, is

Coni={e1eiterej|i#je[l,n],e,ep€ {£1}}U{2¢e|ic[l,n],ec{£l}}.

We can see it as a crystallographically closed subset of (the standard representa-
tion of) BC,, in a natural way. The long roots are exactly those which lie in the
second set and the short roots are those in the first one. The standard root base is

A= {ei—ei+1 ‘ i€ [1,1’1—1]}U{2€n}
and the corresponding positive system is

M= {e—¢jli<je[Ln}U{etelisjeln}u{2e]icin}.

9.1.4 Warning. Roots of the form +e; & ¢; are short roots when considered as
roots in C,, but of medium length when considered roots in BC,,. However, it will
always be clear from the context in which root system we are working.

9.1.5 Remark. As was the case for B, (see Remark[7.2.3), C, contains A,_; as
a parabolic root subsystem and D,, as a root subsystem. However, in this case,
the root subsystem D,, of C, is not crystallographically closed because 2e; =
(e1 — e2) + (e1 + e2). Further, BC, contains both B, and C, as root subsystems,
but only C, is crystallographically closed and none of them are parabolic.
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9.1.6 Observation. Since o), = 0, for all A € R\ {0}, it is clear that the root
systems B, C, and BC,, have the same Weyl group.

9.1.7 Definition (BC,-pairs and BCy-quadruples). Let ® be any root system. A
BCy-pair (in ®) is a pair (&, ) of roots such that («, §)g N P is a root subsystem
of @ of type BC, with root base («, ) with a being the medium-length simple
root in this subsystem and é being the short simple root. A BCy-quadruple is a
quadruple (&, B, 7, ) of roots in ® such that («, ) is a BCy-pair, = a« + ¢ and
v =ua+26.

We can define Cr-pairs and Cy-quadruples in an analogous way, although
they will rarely be needed.

9.1.8 Definition (C;-pairs and C;-quadruples). Let ® be any root system. A
Cy-pair (in ®) is a pair (a, d) of roots such that («, §)z N ® is a root subsystem of
® of type C, with root base («, §) such that ¢ is longer than a. A Co-quadruple is
a quadruple («, B, v, ) of roots in ® such that («, ) is a Co-pair, p = 2a + J and
y=ua+9.

9.1.9 Warning. Note that we consider («, )z N ® in Definition The parabo-
lic root subsystem (a, 6)r N P is allowed to be of type BC».

9.1.10 Remark. Assume that (&, 8,7, 6) is a BC,-quadruple. Then the scaled tuple
(«,2B,,20) is a C-quadruple.

9.1.11 Remark (compare Remark [7.2.6). Let G be a group with a Cp-grading
(Uy)weB, and let (a, B, y,6) be a Co-quadruple. Then this grading is crystallo-
graphic if and only if the commutators [Ugg, U,s] are trivial for all e,c € {£1}.

26 6
—u v
2B —p p
— n
—20 —0
(a) A BCy-quadruple (a, B,7,0). (b) A Cy-quadruple (a, B, 7,0).

Figure 9.1: C;- and BCy-quadruples.

We now prove similar properties as in section[7.2] Unless otherwise specified,
the word “root” always refers to roots in BC,,.

9.1.12 Lemma. Let «, B be roots in BC,,. Then the subsystem which is spanned by «, B
is of type A1, BC1, Az, A1 X Ay or BCa.

Proof. This follows from Remark|1.2.56] O

9.1.13 Lemma. Assume that n > 3 and let « be a medium-length root in BC,,. Then
there exists an Ap-subsystem of BC,, which contains «.
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Proof. We can use the same Aj-subsystems as in Lemma 7.2.12|for B,,. ]
9.1.14 Lemma. Every subsystem of BC,, of type A, or BC; is parabolic.
Proof. This can be proven in the same way as Lemma O

9.1.15 Remark. In the standard representation, the subsystems of BC, of type
BC; are exactly the sets of the form (e;, ¢;)r N ® for distinct 7,j € [1,n].

9.1.16 Lemma. The Weyl group of BC,, acts transitively on the set of BCp-pairs and on
the set of BCo-quadruples.

Proof. Let (w,8), («/,8") be two BC,-pairs. By Lemma [1.2.41 (b)] there exist root
bases A and A’ containing («, ) and («’,6"), respectively. By Proposition [1.3.6}
there exists an element u of the Weyl group which maps A to A’. Note that («, )
is the unique pair of elements in A which forms a BC,-pair, and similarly for
(a/,8") and A'. It follows from this characterisation that u maps (&, J) to («/,d).
Thus the Weyl group acts transitively on the set of BC,-pairs. This implies that it
acts transitively on the set of BCo-quadruples as well. O

9.1.17 Lemma. Let («,B,y, ) be a BCy-quadruple in BC,, and assume that n > 3.
Then there exist medium-length roots <y1,7y2 such that the following conditions are
satisfied:
(i) (v1,7,72) is an Ax-triple. In particular, v = 1 + 2.
(ii) («,7y1) is an Ap-pair.
(iii) («, —72) is an Ap-pair.

Proof. Without loss of generality, we can use the standard representation of BC,
and assume that « = ¢; — ep and 7y = e1 4 e;. Then the roots 1 = e; — e3 and
72 := e1 + ez have the desired properties. O

9.1.18 Lemma. Assume that n > 2. Let « € BC, be a medium-length root and let
0 € BC,, be short. Then « and ¢ lie in a common BCy-subsystem if and only if o - 6 # 0.

Proof. This follows from Remark[9.1.15 O

Let v, w be any non-zero vectors in the Euclidean space surrounding BC,,. By
the definition of the Cartan numbers, we have (Av|w) = A(v|w) and (v|Aw) =
A~ Ho|w) for all A € R\ {0}. Thus as soon as we have computed the Cartan
integers for all short and medium-length roots, we can easily derive the Cartan
integers for all roots in BC,,. Since the Cartan integer of short and medium-length
roots stay the same when we consider them as roots in B;,, we can deduce the
following characterisation from Proposition [7.2.20]

9.1.19 Proposition. Let p,{ be two roots in BCy,. Then {(p|{) is an even number if and
only if one of the following conditions is satisfied:

(a) pis long.

(b) T is short.

(c) pe{£(}.

(d) p and C are orthogonal.

The following lemma will be used in Proposition to prove stabiliser-
compatibility for BC,,-graded groups. Observe that the set A is defined exactly

as in Proposition[4.6.3]
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9.1.20 Lemma. Assume that n > 2. Let a be a medium-length root, choose roots 3, <y, d
such that (a, B, 7y, ) is a BC-quadruple and put

A = aN{p € BC, | p is not crystallographically adjacent to a }.

Then A = { vy, —v }. In particular, for any root base A of BC,,, there exists exactly one
A-positive root in A, and this root has medium length.

Proof. We use the standard representation of BC,. It is clear that v and —+ lie in
A, so it remains to prove the reverse inclusion. By the transitivity of the Weyl
groups on the set of medium-length roots (Proposition [1.3.8), we can assume that
« = e; — ep. If p is a long or short root which is orthogonal to «, then p and —p
are adjacent to «, so p does not lie in A. Now assume that p is a medium-length
root in A. Since p is orthogonal to a, we must have either p € {,—y} or
p = e1e; + ez¢j for some ey, € {£1} and i,j € [3,n]. In the latter case, p is
crystallographically adjacent to , which is not possible if p € A. We conclude
thatp € {7y, —7 }. O

9.1.21 Lemma. Assume that n > 2. Let a, &’ be two orthogonal medium-length roots
which are crystallographically adjacent. Then a and —a' are crystallographically adjacent
as well.

Proof. Since n > 2, we can choose roots 8, 7, ¢ such that (&, 8,7,6) is a BCy-
quadruple. Then it follows from Lemma 9.1.20]that the set
A =a*N{p € BC,|por — pis not crystallographically adjacent to & }

equals { 7, — }. Now suppose for a contradiction that « and —a’ are not crystal-
lographically adjacent. Then —a’ lies in A. Thus &’ € {7, —y }. However, both
v and —+ are not crystallographically adjacent to « whereas &’ is by assumption.
Thus we obtain a contradiction, which finishes the proof. O

9.1.22 Lemma. Assume that n > 2. Then the Weyl group of BC,, acts transitively on

the set
S:= { (2, 7)

Proof. The set S consists precisely of the pairs («,y) for which there exist roots
B, ¢ such that («, B, 7,9) is a BC;-quadruple. Thus the assertion follows from
Lemma O

w, 7y are of medium length, orthogonal
and not crystallographically adjacent |

Recall that we have defined a certain subset B,, of B, in Remark Since
C, and BC,, have the same Weyl group as B,;, the same reasoning leads us to the
definition of the set C, C C, C BC,. We will mainly use this set in Lemma m
and Proposition[9.10.24] In this context, it is worth recalling Remark [4.1.31]

9.1.23 Definition. For all n € IN>;, we define the following subset of C;, and
BC,:
Co={e—eliFjc[l,n]}U{2;]ic[l,n]}CCy.

9.1.24 Definition (Standard A-expression). Let A denote the standard root base of
Cy, considered as a subset of BC,,. For any root « € C,, we define a A-expression
p” of « (in the sense of Definition4.2.2)) as follows:

(a) Ifa € A, we put p* := ().
(b) If & = 2¢; for some i € [1,n — 1], we define g := (e; — ;11,0 €41 — €;).
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(c) Ifa =e¢; —ejforsomei < j € [1,n—1] withi+ 1 < j, we define ™% :=
(6]‘ —€j-1, pejieji]/ejfl - €]>
(d) If &« = ¢j —¢; forsome i < j € [1,n — 1] withi+1 < j, we define p° % =
(pee) .
The word p* will also be called the standard A-expression of a. We also put ' := p*
foralli € [1,n] and p" = p%~“ for all distinct i,j € [1, n].

9.1.25 Note. Let n € IN>;. Denote by Ap the standard root base of B, and by Ac
the standard root base of C,,. Let « € A,,_1. Then a can be regarded as a root in
B, and as a root in C;;, so we have a standard Ag-expression p% and a standard
Ac-expression p¢. In fact, these expression only contain roots from the canonical
Ay _1-subsystems of B, and C,;, and we have p% = p¢.

Now let i € [1,n]. Denote by pj; the standard Ag-expression of ¢; and by
pL the standard Ac-expression of 2¢;. Then gk is the word obtained from g% by
replacing each occurrence of e, by 2e,,.

9.1.26 Definition (C,-extensions). Denote by A the standard rescaled root base
of BC,,. Let G be any group with a BC,-pregrading (Uy)aepc, and let (w;)sca be
a A-system of Weyl elements in G. Then we define a family (w ), e called the

standard Cy,-extension of (ws)sen, by Wa == wpe for all « € C,,. We will sometimes
write w;; for We,—e; and w; for wy,,.

9.2 The Relationship between Root Gradings of Types B,
C and BC

9.2.1 Notation for this section. We denote by n and integer at least 2 and by G
an arbitrary group.

In this section, we investigate how (crystallographic) root gradings of types
B, C and BC can be constructed from each other. All assertions in this sections
are immediate consequences of the definition of root gradings. The most im-
portant results are Remark which says that crystallographic B,-gradings
are the same as crystallographic Cp-gradings, and Remark which says that
crystallographic BC,,-graded groups have crystallographic C,,-graded subgroups.
Both statements together yield that a crystallographic BC,-graded group has
many crystallographic By-graded subgroups to which we can apply the results
of section Further, Remark yields that we do not have to consider
crystallographic C,-gradings separately because they can be seen as a special
case of crystallographic BC,-gradings.

We begin with the situation of non-crystallographic gradings. These observa-
tions are not intrinsically relevant for us because we are ultimately interested in
crystallographic root gradings. Rather, they illustrate that the crystallographic
condition is the key property which differentiates root gradings of types B, C and
BC from each other.

9.2.2 Remark (The non-crystallographic case for B and C). If we consider root
gradings which are not assumed to be crystallographic, the distinction between
B, and C, disappears. To make this precise, consider B, and C, as root systems
in the same Euclidean space and denote by f: B,, — C, the map which sends +e;
to +£2¢; and which fixes all other roots. Let (Uy).eB, be a B,-pregrading of G. Put

Up := Ug-1(p) for all B € Cy. Then (Uy)aes, is a (not necessarily crystallographic)
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By-grading of G if and only if (Ug)pec, is a (not necessarily crystallographic)
Cp-grading of G.

9.2.3 Remark (The non-crystallographic case for BC). Let (U, ).cpc, be a (not
necessarily crystallographic) BC,-grading of G. Then the group Uy, is a sub-
group of Uy, for all i € [1,n]. Further, (Uy)qep, is a By-gradins of G (and thus
also a Cy,-grading of G).

Conversely, let (Uy)scc, be a Cy-grading of G. To this grading we can asso-
ciate a BCy,-grading (Uy).epc, by setting U, :== U.o,,. By the observations in
the previous paragraph, we can construct BC,-gradings from B,-gradings in a
similar way.

We conclude that a BC,-grading (Uy)«cpc, is the same thing as a B,-grading
(Ux)aes, (or a Cy-grading) together with an additional family (Ug)gepc,\s, of
subgroups of the short root groups such that the axioms of a root grading are sat-
isfied for (Uy )aepc,- This additional requirement says precisely that the following
statements are satisfied:

(i) Foreacha € B, there exists an a-Weyl element w, with respect to (Ug)gep,
such that Uy, = Uiy, (2, foralli € [1,n].

(ii) For all i € [1,n], there exists a +2¢;-Weyl element. That is, there exists a
(fe;i)-Weyl element which lies in U=ge, U020, U2,

We now turn to the case of crystallographic root gradings.

9.2.4 Remark (The crystallographic case for B and C). It is clear from Re-
marks|[7.2.6|and [0.1.11] that the map f: B, — C, from Remark[9.2.2no longer in-
duces an equivalence between crystallographic B;,-gradings and crystallographic
Cp-gradings. If n = 2, then we can replace f by a different map to obtain an equiv-
alence between crystallographic B,-gradings and crystallographic Cp-gradings.
We will see this in Remark If n > 2, however, crystallographic B,,-gradings
and crystallographic C,-gradings are not related.

Some of the constructions in Remark remain valid in the crystallographic
setting.

9.2.5 Remark (C,-graded subgroups in BC,-graded groups). Let (Uy)qsepc, be
a crystallographic BC,-grading of G. Since C, is a closed root subsystem of
BC,, it follows from Proposition that (Uy)aec, is a crystallographic C,,-
grading, but of (U, |« € C,) and not of G. However, (Uy)qep, is not necessarily
a crystallographic B,-grading of G: For example, it is not necessarily true that
U,, —e, commutes with U, 1o,.

9.2.6 Remark (C,-graded groups as BC,-graded groups). Now let (Uy,).ec,
be a crystallographic C,-grading of G. Putting U+, = Uiy, foralli € [1,n],
we obtain a crystallographic BC,-grading (Uy).epc, of G. Thus we can regard
crystallographic C,,-gradings as special cases of crystallographic BC,-gradings.
For this reason, we will not specifically consider C,-gradings most of the time in
this chapter.

9.2.7 Remark (BC,-graded groups as C,-graded groups). Let (Uy)sepc, be a
crystallographic BC,-grading of G. Put U}, = U, for all short roots « in BC,
and Llé = Uy for all medium-length roots B in BC,. Then (Uj )sec, is a crystallo-

graphic C,-grading of G if and only if for all distinct i, j € [1, n] and for all signs
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e,0 € { £1}, we have that U,,, commutes with Ugej. In other words, a crystallo-
graphic BC,-grading can be regarded as a crystallographic C,-grading if and
only if pairs of orthogonal short root groups commute. A crystallographic BC,,-
grading is called proper if it cannot be regarded as a crystallographic C,,-gradings
in this way.

9.2.8 Remark (B,-graded groups are C-graded groups). Let («,J) be a By-pair in
B, and let (a/,6") be a Cy-pair in Cy. Then the unique vector space isomorphism
g: (0, 0)r — (&/,8")r which maps « to ¢’ and ¢ to &’ induces an isomorphism
from B, to C, (in the sense of Definition. Now let G be a group, let (Uy)xeB,
be a By-pregrading of G and put Uy := Ug-1(4) for all B € Co. Then (Un)acs,
is a crystallographic B;-grading if and only if (Ug)gec, is a crystallographic Co-
grading. Thus crystallographic By-gradings and crystallographic C;-gradings are
essentially the same thing.

We will usually apply the previous observation in the following form. Let
G be a group with a crystallographic C;-grading (U;)cec, and let (a, 8,7, 0) be
a Cy-quadruple. Then we can regard (U;);cc, as a crystallographic By-grading
of G for which (4,1, B, «) is a By-quadruple. To this grading, we can apply the
results from section[7.5 In other words, we can use the results from section[7.5
by reversing the roles of « and ¢ (and consequently, of § and 7).

Recall from Remark[9.2.5/that any BC,-graded group has a canonical crystallo-
graphic C,-graded subgroup and hence many crystallographic C,-graded sub-
groups. We can apply the observations of the previous paragraph to these
subgroups as well.

9.3 Construction of BC,-graded Groups

9.3.1 Notation for this section. We denote by (R, Ry, ¢) and associative involu-
tory set, by (M, g, f) a standard pseudo-quadratic module over (R, Ry, ) and by
T := T(M) the group from Definition 8.5.25 Further, we fix an integer n € IN>»,
the root system @ := BC, in standard representation (as in Remark9.1.2) and we
denote by A the standard rescaled root base of BC,,.

The goal of this section is the construction of a BC,-graded group EU(q) from
the data in Notation[9.3.1] This construction is similar to the one of the elemen-
tary orthogonal group in section As a consequence, both sections follow
essentially the same outline, and some remarks remain true almost verbatim. In
Note we will explain to which extent the construction in this section solves
the existence problem for crystallographic BC,,-graded groups. Observe that both
f and q are allowed to be zero. In this case, (M, g, f) is simply an R-module with
no additional structure, and the group T equals Ry x M by Remark [8.5.28]

Just like the elementary orthogonal orthogonal group, we have implemented
the group EU(g) in GAP [Gap] to perform all the computations in this section.
See Note for a few details on the implementation.

9.3.2 Convention. In this section, we will consider modules over the ring R.
We use the convention that R-scalars act on such modules from the right while
endomorphisms act from the left. In particular, the composition ¢ o ¢ of two such
endomorphisms ¢, ¢ is the map x — ¢((x)).
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9.3.A Construction

9.3.3 Construction. Weput V, = R", V_ :=R"and V.= Mp V. D V_. We
denote by (by,...,by) the standard basis of V., by (b_1,...,b_,) the standard
basis of V_ and we will always consider V. and V_ to be subsets of V without
specifying the natural embedding. We will usually denote elements of V., V_
by the letters v, w, elements of M by the letters m, u and elements of V by the
letters x, y. We can represent automorphisms of V using generalised matrices in
the same way as in Remark[7.3.5

9.3.4 Construction (Medium-length root homomorphisms). Leti,j € [1,n] be
distinct and let a € &. We denote by 0,,;(a) the unique R-linear endomorphism
of V which is given on the direct summands of V as follows, where m, v*, v~
denote arbitrary elements of M, V., V_, respectively:

Oc,—e;(a): 1= m, vt ot b av]?L, 0" — v —bj-av;.

Now assume that, in addition, i < j. Then we define 9e,-+ej and G,Ei,ej by the
following formulas:
Ocie;(a): 1 m, vt ot v v 4+ b av; +b;- a’v;,

0 ce(a): me—m, vT—=v" b jav] +b-a%0f, v 0.

Examples of the corresponding generalised matrices are given in Figure

idp
1 a
1
961—62 (a) = 1 ’
1
—a’ 1
1
idp
1 a
1 a’
9€1+62 (Cl) = 1 ’
1
1
1
idp
1
1
0—61—62 (a) = 1
a’ 1
a 1
1

Figure 9.2: The medium-length root homomorphisms for BCs.

9.3.5 Construction (Short root homomorphisms). Leti € [1,n] and let (u,h) € T.
Then we define 6y, (1, h) and 6_p. (1, 1) to be the unique R-linear endomor-
phisms of V which are given on the direct summands of V as follows, where m,



274 9. Root Gradings of Types C and BC

vt, v~ denote arbitrary elements of M, V., V_, respectively:
02, (u,h): m—m—"b;-f(u,m), vt —ov", v v —u-v; +b-ho;,
0_se,(u,h): m—sm—0b_;-f(u,m), v" —o" +u-v 7 —b_;-hvl, v 0.

Examples of the corresponding generalised matrices are given in Figure

1dM —u
—f(u,-) |1 h
1
O, (1, h) = 1 ,
1
1
1
1C1M u
1
1
0_c, (u,h) = 1
—f(u, )| —h 1
1
1

Figure 9.3: The short root homomorphisms for BCs.

9.3.6 Lemma. For each medium-length root « and for each short root B, the maps
0u: (R, +) — Endg (V) and 0g: T — Endg (V) are injective homomorphisms. In
particular, their images lie in Autg (V).

Proof. The injectivity of these maps can be deduced from their matrix represen-
tations. The homomorphism property follows from a straightforward matrix
computation. O

We can now define our main example of a BC,;-graded group.

9.3.7 Definition (Elementary unitary group). For each root a, we denote the
image of 6, by U,, and we denote by EU(g) the group which is generated by
(Uy)acw. We call EU(q) the elementary unitary group of q.

9.3.8 Warning. The group EU(g) depends not only on g but also on the choice of
f, which we suppress in our notation.

9.3.9 Note. The same remarks as in Note|7.3.10/hold for the elementary unitary
group: A straightforward computation shows that this group is contained in the
unitary group U(q) from Definition [8.5.16, but we will have no need to formally
use this fact.

9.3.B  Weyl Elements

Weyl elements for medium-length roots are defined in the same way as usual.
However, the formula for short Weyl elements, which is nearly the same as in
[TWO02, (32.9)], is more intricate. In particular, observe that short Weyl elements
are not necessarily balanced (in the sense of Definition[2.2.12).
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9.3.10 Definition (Weyl elements). For all distincti,j € [1,n] and all invertible
a € R, we define

wi]'(a) = wﬁ‘i*@j(a) = Gé’j*t?f(_a_l> © 03[*6’]' (a) © 66’]‘*61'(_”_1)
and wjj = We,—¢; == Wij(1g). Foralli € [1,n] and all (u,h) € T for which h is
invertible, we define
wi(u, h) = wae, (1, h) == 0_g¢,(uh™, h™7) 0 02, (1, 1) 0 0_s0,(—uh™, ™)

and w; := wy,, = w;(0pm, 1z ). Note that w;(u, h) is well-defined by Lemma [8.5.33
and that (0y1, 1» ) lies in T because (R, Ry, o) is an involutory set (and not merely
a pre-involutory set).

9.3.11 Definition (Standard system of Weyl elements). The standard system of
Weyl elements for EU(q) is the family (ws)sca given by Definition[9.3.10

Similar remarks as in Note|7.3.12|apply to Definition 9.3.10; We have only
defined Weyl elements for the subset C,, of BC,,, but this will pose no problem in
the sequel.

9.3.12 Remark (Short Weyl elements, see also[7.3.14). Let (1, 1) € T be such that
h is invertible. The goal of this remark is to explicitly compute the generalised
matrix of wq (1, h). We will leave out the rows and columns which correspond to
(bi)icpn and (b_;)ic[,» because they are trivial. We begin the computation with

O, (11, h)0_¢, (—uh™%,h™7)

id 0 —u id —uh=7 0
= —fu,-) 1 & 0 1 0

0 0 1 ) (h‘ff(u, ) =k 1)

id —uh='f(u, -) —uh™7 +uh™7 —u
=\ —f(u, -)+hh 1 f(u,-) f(u,u)h="+1—hh=° h)

h1f(u, ) —h=7 1
id—uh='f(u,-) 0 —u

= 0 0 h |.

hf(u, ) —h=7 1 )

In the last step, we have used that f(u,u) = h — h” because h € q(u) + Rp and
(M,q, f) is standard. Now

w1 (u,h) = 9,el(uh_1,h_”)6el(u,h)(tel(—uh“’,h“’)

id uh=t 0\ [fid—uhlf(u,-) 0 —u
= 0 1 0 0 0 h

id—uh='f(u,-) 0 —u+uh~'h
= 0 0 h
¢ —h=% —h7f(u,u) —hh+1

where ¢: M — R is the map which sends x € M to
—h 7 f(u,x —uh " f(u,x)) + b f(u, x)
= —hf(u,x) + O f(u,u)h f(u,x) + 1 f(u,x) = 0.
We conclude that

id—uh~'f(u,-) 0 0
wy(u,h) = 0 0 hi.
0 —h=7 0
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Hence wq(ua,h) = wy(u,h) where a is any element of the center of R with
a’a = 1g and aa” = 1. (The first equation implies that (ua, ) lies in T and the
second one implies that wq (ua, h) = wy(u, h).) In particular, wq (1, v) = wy(—u,v)
where (—u,v) is the element obtained from (1, v) by applying the Jordan module
involution. Hence there exist short Weyl elements which can be represented by
distinct Weyl triples. We will see in Note that the same behaviour can be
observed in all BC3-graded groups.

We now prove that the elements in Definition[9.3.10]are indeed Weyl elements.
Since the resulting formulas are rather intricate, we explicitly state the formulas
for the standard Weyl elements separately. Only these simplified formulas will
be needed to see the twisting actions on the root groups.

9.3.13 Lemma. Leti,j € [1,n] bedistinct and leta € R be invertible. Then w = wj;(a)

is an (e; — e;)-Weyl element. It satisfies the following formulas for all b € R and all
(u,h) eT

(a) We have
9@,@],(19)“’ = 0o, (—a'ba71),  Borpe; (D) = oo (—0;(a87;(b)a™")),
z( )Y = Qei—ej<_aba)r 9—e,~—6,~(“)w = 9—31'_6]( 5za>]( U‘Szg<](b) 71))-
(b) Forall k € [1,n]\{z j }, we have
o ()" =0, (a71D),  Bere ()" = Oee (6 (a7 07 (D))),
Oe— el(b)w = Gek e](b“) O—ci—e (D) = 0_¢;—¢, (5}7<k (27671 (b)))-
€ [1,n]\{i,j} wehave
o (0)" = Oe—e,(—ab),  Ooia (D) = Ocppe, (=07 (adf;(D))),
Oc,— EJ(b)w = Og,—e;(— ba™ "), O—cj—e, (D) = O—ei—e, (—07c (a7 ;'T<k(b)))'
(d) 6, (u,h)? = ( 0,0 Yha™) and 0_, (u, h)* = (Le].(ua, a"ha).
() Oe, (1, h)" = 6, (—ua”, aha”) and 6 (u,h)" = 6, (—ua~',a~ha™").

(f) For any root « for which no formula for the conjugation action of w on U, is given
above, this action is trivial.

(c) Forall k

Proof. This follows from a straightforward computation. See also Note[9.3.33] [J

9.3.14 Lemma (Corollary of 9.3.13). Let i,j € [1,n] be distinct. Then w = w;;
is an (e; — e;)-Weyl element. It satisfies the following formulas for all b € R and all
(u,h) € T:

(a) We have
Oc,—e; (D) = Oc;—e,(—D), Oe;+e; (D) = 06i+e].(—b‘7),
Oe;—e;(0)" = Oei—e; (D), O0—e;—e;(a)” = 9_ei_ej(—b").
(b) Forallk € [1,n]\ {i,]}, we have
ee,-fek(b)w = ee,-fek(b)/ Geerek(b)w = Gej+ek (5I(<Te<i,j>(b))'
eek—ei(b)w = eek_fj(b)’ 9—ei—ek(b)w = 9—6j—6k (‘Slge(i,ﬁ(b))'
(c) Forallk € [1,n]\{i,j}, we have
96;—6k(b)w = Qei_ek<_b>’ 93j+€k(b)w = 93i+3k(_5]((7€<']'>(b))’

Qekfe]_(b)w = Bek*ei(_b)’ H*Ej*f?k ()" = H*f?i*ek( 5;(76(1 ])(b))'
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(d) 6, (u,1)" =0, (u,h) and 6_, (u,h)* = 9_ej(u,h).

() Be,(u,h)" = e, (—u,h) and 0 (u,h)" = —e,(—u,h).
(f) For any root a for which no formula for the conjugation action of w on U, is given
above, this action is trivial.

Proof. This follows from Lemma [9.3.13|by putting a := 1. O

9.3.15 Lemma. Let i € [1,n] and let (v,t) € T be such that t is invertible. Then
w = w;(v, t) is an e;-Weyl element. It satisfies the following formulas for all b € R and
all (u,h) € T:

(a) Forall k € [1,n]\ {i}, we have
Qeﬁek(b)w = 9*6[*&( z('7>k(bgt_a))f Oc; e, (b)* = Gekfei(_éik(b)t_a)'
O, —e; (0)" = Ocyie; (071 (D)), 0o, ()" = Oe, e, (17074 (D))
(D) O, (1, )" = 60_¢, (ut=" + 0t~ f (v, u)t~7, ¢t ht~7) and

0_, (1, )" = Ge; (—ut — vt~ f (v, u)t, t°ht).

(©) O, (u,h)* = 6, (u+ vt~ f(v,u),h) and
O e (1, 1) =0 (u+ vt f(v,u),h).

(d) For any root « for which no formula for the conjugation action of w on U, is given
above, this action is trivial.

Proof. This follows from a straightforward computation. See also Note[9.3.33, [J

9.3.16 Lemma (Corollary 0f[9.3.15). Let i € [1,n]. Then w = w; is an e;-Weyl
element. It satisfies the following formulas for all b € R and all (u,h) € T:

(a) Forall k € [1,n]\ {i}, we have

Geifek(b)w = G*Eiﬂ’k( z('7<k(b))' Oe+e (b)w = Oce—; (_5:'7<k<b))'
eek_ei(b)w = 9€k+€i (§?<k(b>)l Q—Ei—ek(b)w = in_gk(_5;7<k(b))'
(b) 0o, (u,h)" = 60_, (1, h) and 6_, (1, h)" = 6, (—u,h).

(c) For any root w for which no formula for the conjugation action of w on U, is given
above, this action is trivial.

Proof. This follows from Lemma 9.3.15|by putting (v,t) := (O, 1w )- O

9.3.17 Remark (compare [7.3.16). Let i,j € [1,1] be distinct and let 2 € R be
invertible. Since w = wj;(a) is a Weyl element by Lemma 9.3.13} it follows from

Proposition that
wij(a) = eei*ej (u)eejfei(_a_l)eejfei(_a_l)w
= 661‘—61‘ (a)eej_ei(_ail)eei_ej(a) = w]‘i(_ail)'

: _ 1
In particular, w;; = Wi

9.3.18 Remark. Let i,j € [1,n] be distinct and put w = wl2 It follows from
Lemma[9.3.16 (b)| that 6, (u, h)* = 6,,(—u,h) for all (u,h) € T. Thatis, w acts on
U,, by the Jordan module involution (see Observation [8.5.36). In particular, the
action of w on U,, is, in general, neither trivial nor by inversion, so it does not
satisfy the square formula for Weyl elements. By Lemma|9.3.14 (d)|and [9.3.14 (e)|
wfj acts on U,, by the Jordan module involution as well.

The observations in this remark also say that the Jordan module involution
coincides with the short involution that we will define in on the short root
groups of any BC,-graded group.
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9.3.C Parity Maps and Twisting Structures

As in Notation [7.3.18, the formulas above tell us how to define the twisting
groups and parity maps for EU(q). They are chosen precisely to make sure that
Lemma holds.

9.3.19 Notation for this section. From now on, we denote by (A x B, T, R) the
standard parameter system (in the sense of Definition for the Jordan
module T which is constructed from the pseudo-quadratic module (M, g, f) as
in Example Further, we define maps

n:BC, xCy, — A and pu:B,xC,— B

by the formulas in Figure where C,, is as in Definition [9.1.23 By restricting
the second components of 77 and u to A, we obtain A-parity maps which we also
denote by # and p, and which we call the standard parity maps of type BC,,.

® Naei—e; Haei—e; © Nu,e; Ha,2e;
+(ei—e)) (—1a,14) 1p ej — ek (1a,14) 0,4 1B
:i:(ei~|—e]-) (—1A,1A) —1p €k — € (1A/1A) 5i_<k13
j:(e,-—ek) (1A/1A) 1p :|:(€i—|—€k) (_1A/1A> §i_<le
:|:(€1 +ek) (1A/1A) 51:€<i,j>13 ter Lt ¢ (1A;1A> 1p
j:(e] — ek) (—1A, 1A) 1p (2)61' (1A/ 1A) 1p
tejt+e) (=1lala) G pyln —(2)ei  (1a,—-14) 13
j:ekiel (1A/1A) 1B :|:(2)€k (1A’1A) 1B
:|:(2>81' (1A/ 1A) 13
:|:(2>€] (1A1_1A) 1p
:|:(2)€k <1A/ 1A) 13

Figure 9.4: The definition of 7, and p,p for all « € BC, and B € C,, see
Notation[9.3.19] In the left table, we assume that i, j, k, | are pairwise distinct. In
the right table, we assume that 7, k, | are pairwise distinct. For small values of 7,
it is of course not possible to choose three or four pairwise distinct indices, in
which case the corresponding rows should be ignored.

9.3.20 Note. Similar remarks as in Note|7.3.19apply in this situation: The values
1a,p for & € BC, and B € C,, \ A are not need in the definition of the parity map
n: BC;, x A — A, but they will appear in Lemma 9.3.31

9.3.21 Remark (compare|7.3.20). Consider the subset
A1 ={e—e|li#je[l,n]}

of B,. Then for all o, € A,_1, the first component of 7,5 in Figure[7.4]is the
same as the value in Example while the second component is trivial.

9.3.22 Lemma. Let « € BC, and B € C,. Let x € R if a is medium-length and let
x € T if ais short. Then 0, (x)*F = 05 (4 (1a,pta,p-X)-

Proof. This follows from Lemmas[9.3.14and 9.3.16 O

9.3.23 Remark. As in Remark|7.3.22} we can perform computations in the group
EU(g) for some fixed choice of the parameters in Notation to obtain in-
formation about the parity maps 7 and p. In the sequel, we will often choose
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(R, Ry, 0) = (C,R,0) where ¢ is complex conjugation and M := C with g and
f defined as in Example Then the inversion map on R and the ring in-
volution are non-trivial and distinct. Further, the inversion map on T and the
Jordan module involution on T are non-trivial and distinct. These observations
imply that the parameter system (A x B, T, R) is ( x u)-faithful (in the sense of
Definition |4.3.8).

9.3.24 Lemma. The root isomorphisms (0)scpc, from Constructions and
form a parametrisation of EU(q) by (A x B, T, R) with respect to n x p and (ws)se.

Proof. This follows from Lemma[9.3.22 O

9.3.25 Lemma. Let (wy),c¢, be as in Definition|7.3.11} Then the following hold:
(a) wl]’ = wy and w;; N — 1wy for all pairwise distinct i,j,k € [1,n), and wjuij = w;
and w; " = w; 1for all distinct i,j € [1,n].
(b) (wa)yee, is the standard C,-extension of (ws) sea.
Proof. The first assertion follows from Lemma [9.3.22|and an inspection of Fig-
ure[9.4] The second assertion follows from the first one and Remark[0.3.171 [

9.3.D Commutator Relations

We now proceed to show that (U, ).epc, is a crystallographic BC,-grading of
EU(q).

9.3.26 Proposition. The group EU(q) satisfies the following commutator relations. For
all pairwise distinct i, j,k € [1,n] and all a,b € R, we have

[0, — —e; (a),6 ¢j —e, ()] = O¢;—e, (ab),

)

[0e; (’1) e]+ek(b)] = el+ek(5k<z ﬂ5k<] ),
[0c,—¢; (), 0e,+¢;(D)] = 6, (Om, Tie( a,07.;(b) ),
[Oe ¢, (@), 0, —;(b)] = 0, (Om, Tr(a”, 57(D))),
(e, (@), 0, (D)] = 0, —¢, (=07 (a7071 (b)),

Oc,—e, (9]<i(a)07 (D))

¢(4),
[Bei-ve; (@), 0—c;—e, (b)] =
+b

where Tr(a, b) == ab” + ba”. For all distinct i,j € [1,n] and all (u,h), (v, k) € T(q),
we have

naieni={li0 G5

[GEi(u,h),G_Ej(v,k)] = Gei—ej(_f(u U))
_ 9761’ e]( ) lfl < j’
10— (14, 1), 6, (0, )] = {G—ei o (—f(u,0)) ifi>].
h) €

For all distinct i,j € | T(q), we have

[Gej (u/ h)/ Gei—e

j

1

( e, (—ua’, aha”)98i+e]( 67 i(ah)),
[0—¢, (1, 1), 0c,—¢; (a

(

(

i>j
—e;(ua,a7ha)0_, ., (67 ;(a7h)),
o (—ud;(a), 67 ;(a)hoy. ;(a)) 0, (67 (a) ),

o (—udij(a), 6. (a)hoi;(a)) 0o e, (h7OTj(a)).

[0_c, (11, 1), ey e

]

[961‘ (u/ h)’ 9—31‘—8/‘
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Proof. This follows from a straightforward but lengthy computation. See also

Note[9.3.33] O

9.3.27 Proposition. Let Il denote the standard positive system in BC,,. Then the group
EU(q) satisfies Ui N U_1 = {1}.

Proof. We consider the same rearrangement of the decomposition of V as in
Proposition [7.3.26] With respect to this rearrangement, the group Uy consists of
upper triangular matrices while U_ry consists of lower triangular matrices. The
assertion follows. O

9.3.28 Theorem. The family (Uy)ycpc, is a crystallographic BCy,-grading of EU(q).

Proof. By Lemmas [9.3.13| and [9.3.15| there exist Weyl elements for all roots in
the standard rescaled root base of BC,,. By Remark it follows that there
exist Weyl elements for all roots. The remaining conditions are satisfied by

Propositions[9.3.26/and 9.3.27] O

9.3.E Concluding Remarks

9.3.29 Remark. It follows from the commutator relations in Proposition
that EU(g) can be regarded as a crystallographic C,-graded group (in the sense
of Remark if and only if f = 0. If 2 is invertible, this property implies
that ¢ is trivial by Lemma In the case that both f and g are zero,
our construction produces a crystallographic C,-graded group whose long root
groups are parametrised by Ry x M where M is an (R-module with no additional
structure.

9.3.30 Note. Assume that M # {0}, q =0, f = 0 and n = 2, so that EU(q) is
a crystallographic Cp-graded group by Remark Then T = M x Ro by
Remark 8.5.28L We have seen in Remarkthat w = w? and v == w3 act on
U,, by the Jordan module involution on T. Since M # {0}, this involution is
neither the identity nor the inversion map.

Now put & := e; and J := e, — ¢; and regard EU(q) as a crystallographic
B,-graded group, as in Remark[0.2.8] Then (a, §) is a B-pair in the B;-grading
of EU(q). The observation in the previous paragraph implies that EU(g) is a
crystallographic By-graded group in which the squares of a-Weyl elements and
J-Weyl do not act trivially on Uj. This is the counterexample that was promised
in Notes and

The following result is the analogue of Lemma|7.3.28| for the root system BC.
It will be used in the proof of Proposition[9.9.2]

9.3.31 Lemma. Let a € C,, let & be the standard A-expression of a in the sense of
Definition [9.1.23|and let { be an arbitrary root. Then the element 11 from Figure[9.4]
equals the value 1z 5 of the extended parity map 1: ® x L(AU (—A)) — A (from
Definition [4.2.4). The same assertion holds for y in place of ;.

Proof. This can be proven in exactly the same way as Lemma [7.3.28| using the
choice of parameters in Remark [9.3.23 O

9.3.32 Note (The existence problem). For a complete solution of the existence
problem for BC,-graded groups, we would have to construct a BC,-graded
group from an arbitrary Jordan module T over an alternative ring R with nuclear
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involution ¢. This section covers exactly the special case that (R is associative and
that T is of pseudo-quadratic type in the sense of Example

The second restriction is relatively minor: We know from Theorem that
every Jordan module is of pseudo-quadratic type if 2 is invertible in the base
ring. Further, we are not aware of an example of a Jordan module which is not of
pseudo-quadratic type.

The restriction on R to be associative is more intricate. Recall from Proposi-
tion that a purely alternative ring R does not admit a pseudo-quadratic
module (M, g, f) with f # 0. Thus it seems reasonable to exclude alternative
rings which are not associative from the discussion if f # 0. By Remark[9.3.29 the
assumption that f # 0 says precisely that (Uy).cpc, is a proper crystallographic
BC,-grading in the sense of Remark Equivalently, it says that the Jordan
module T(M) is not of type C.

We conclude that the construction in this section is close to a complete solu-
tion of the existence problem for proper crystallographic BC,-gradings. However,
the assumption that R is associative is an important restriction in the setting of
crystallographic C,-gradings. In [Zhal4, Section 4.2], Zhang gives a construction
of crystallographic C,-graded groups for alternative rings (R with nuclear involu-
tion in which 24 is invertible. This construction builds on [LN19, 21.12] and the
standard Jordan matrix algebras in [McC66|]. The Jordan module which coordi-
natises the long root groups in this example is always Try (R) = Fix(c). In other
words, this construction covers precisely the Jordan modules in Example for
which 24 is invertible. We are confident that a generalisation of Zhang’s strategy
can be used to solve the existence problem for arbitrary Jordan modules of type C.
We plan to address this problem in future work.

9.3.33 Note (Implementation of the elementary unitary group). The elemen-
tary unitary group can be implemented in GAP [Gap|| in a similar way as the
elementary orthogonal group (see Note[7.3.29), but there are a few additional
complications. At first, we consider the implementation of (R. Again it suffices to
consider the case that R is a polynomial ring over the integers, but this time the
indeterminates in (R are not assumed to commute. Further, the involution o on R
is implemented by introducing for each indeterminate ¢; in (R an indeterminate
u; in R and by declaring that ¢ interchanges t; and u;.

The module M can, as for the elementary orthogonal group, be assumed to be
free, and the map f can be implemented in terms of a family of indeterminates.
The map g causes more problems. In our implementation, it is in fact not repre-
sented by a GAP function at all. Consequently, the short root homomorphisms
are defined on all of M x R and not only on T (because we cannot represent T
internally without representing g). Of course, most formulas in this section are
not valid in this generality. In order to take advantage of the defining identities
of T, we use the following strategy: Let (u,h1) € T where u is a basis vector of
M and h is an indeterminate in R. Since the pseudo-quadratic module (M, g, f)
is standard, we have the identity f(u,u) = h — h’. Hence we can replace each
occurrence of the indeterminate representing f(u,u) by h — h?. Since, in fact, an
element (v,f) € M x R liesin T ifand only if f (v, v) = t — t7, this “rewriting rule”
is sufficient to reduce all claimed identities in this section to the equation 0 = 0.
As a corollary, this approach shows that the property of (M, g, f) to be standard
is not only sufficient but also necessary for the group EU(q) to satisfy the desired
commutator relations.
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9.4 Rank-2 Computations

9.4.1 Notation for this section. We denote by G a group which has crystallo-
graphic BCp-commutator relations with root groups (Uy)sepc, (in the sense of
Deﬁnition and we choose a BCy-quadruple («, B, v, 6). Further, we assume
that G is rank-2-injective.

This section is structured similarly to section[7.5] Our goal is to understand
the action of squares of Weyl elements on all root groups. In most cases, we will
see that this action obeys the square formula. However, we have already seen in
the example of the elementary unitary group that this is not always the case (see
Remark[9.3.18).

Recall from Remark[9.2.3|that (Uy)aep, is a (non-crystallographic) B,-grading
of G. Thus we can freely apply the results from section[7.4, By Reminder[9.4.2)
we can also apply all results from section|7.5]if we reverse the roles of x and 26
(and, consequently, of 25 and 7).

9.4.2 Reminder. Recall from Remark that (Ua)aec, is a crystallographic Cp-
grading of the subgroup of G that it generates. Thus it is also a crystallographic
B,-grading by Remark In this By-grading, (26, ,2p, «) is a Bo-quadruple.

In addition to Lemma we will frequently use the following computation
rule.

9.4.3 Lemma. The following relations hold for all x, € Uy and yas,yhs € Uns:

(@) [Xa, Y26Ynsly = [Xus Yasloy [Xas Y26l
(0) [Y26Y25: Xaly = (Y25, Xuly [Yass Xl -

Proof. By Lemma we have the following relations:

[Xa, Y2sYasly = [Xar Yas)y [[Xas Y25 gs Yas | [Xas Y2slys
[Y25Y25: Xaly = (Y25, Xalo [[Y25, Xal pr Y2s) [Yass Xal -

Since y’2 s commutes with Ug, the assertions follow. O

9.4.4 Note. We will only investigate the actions of squares of {-Weyl elements on
root groups U, when p is not long and  is not short. We do not have to consider
long roots p because the short root groups are contained in the long root groups.
Thus if we know the action of w% on all short and medium-length root groups,
then we know its action on all root groups. Further, we do not consider short
roots { by the observations in Remark

9.4.A The Action of Long Weyl Elements on Medium-length Root
Groups

All results in this subsection follow from the corresponding ones in subsec-
tion using Reminder Thus we obtain that squares of long Weyl
elements act on the medium-length root groups in the same BC;-subsystem by
inversion.

9.4.5 Lemma. Assume that (a_ss,bas, c_2s) is a 26-Weyl triple and denote by wys :=
a_psbasc_os the corresponding Weyl element. Then the following statements hold for all
Xy € Uy:

(1) X% = [xa, bag).



9.4. Rank-2 Computations 283

() [xa, [Xa, b2s)y] [x(x,bzo‘]/s[[xa,bza]wc—zts][ﬁxa'bzﬂﬁ = 1g.

-1

(C) Xy = [[xl)(/ b2(5]’}'/ C—Zﬁ]a .

Proof. Since Ug and U,s commute in a crystallographic B,-grading, these state-
ments follow from Lemma|[7.4.12] Alternatively, this follows from Lemma(7.5.4]

by the considerations in Reminder O

9.4.6 Lemma. Assume that (a_ys,bys, c_ps) is a 26-Weyl triple and denote by wys :=
a_psbasc_os the corresponding Weyl element. Then the following statements hold for all
Xy € Uy:

(a) xg)z'j = [x'y/ a—25]1x = [x'yr C—25]1x-

(D) (x4, [xy,8_25]a] [Xy,ﬂ—zé]ﬁ[[xfy,a—zfs]mbz(s][ﬁxwhmﬁ =1¢.

(c) x, = Hx’)/ra725]061b25];1'

Proof. Since Ug and Ups commute in a crystallographic B,-grading, these state-
ments follow from Lemma|7.4.13| Alternatively, this follows from Lemma
by the considerations in Reminder [9.4.2} O

9.4.7 Lemma. Let wys be a 26-Weyl element. Then w3; acts on Uy, and U., by inversion.

Proof. Using Reminder this follows from Lemma Alternatively, we
can mimic the proof of Lemma (or the alternative proof described in Re-

mark|7.5.7) with references to Lemmas and replaced by references to
Lemmas and O

9.4.8 Note. Recall that we gave an alternative proof of Lemma in Re-
mark In the same way, Lemmas [9.4.3] and [9.4.5| can be used to obtain
another proof of Lemma[9.4.7]

9.4.9 Proposition. Assume that US; is non-empty. Then U, and U., are abelian.

Proof. This follows from Proposition using Reminder or alternatively
by mimicing the proof of Proposition with references to Lemma re-
placed by references to Lemma O

9.4.10 Note. Since we are ultimately interested in the case of rank at least 3,
Proposition[9.4.9]is of no practical use for us: Since every medium-length root of
BC, for n > 3 lies in an Az-subsystem, we already know from Proposition[5.4.7]
that all medium-length root groups are abelian (if there exist invertible elements,
which is always the case in a root graded group).

9.4.B The Action of Long Weyl Elements on Short Root Groups
9.4.11 Lemma. Let wyg be a 2B-Weyl element. Then w%ﬁ acts trivially on Us.

Proof. This is trivial because ¢ is crystallographically adjacent to 28 and —24. [

We have seen in Remark that in the elementary unitary group, the
square of a certain “standard” 28-Weyl element acts on Uy by the Jordan module
involution. The following formula provides a description of this involution in
the general situation. Note that it holds not only for some specific Weyl element,
but in fact for all 23-Weyl elements.
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9.4.12 Lemma. Let wyp be a 23-Weyl element and put w := wgﬁ. Then [xs, xa]%" =

(x5, X, 1] g forall x, € Uy and x5 € Us. In particular, the action of w on Ug does not
depend on the choice of wyg if U5 is non-empty.

Proof. We know that w acts trivially on U; (by Lemma and by inversion
on U, (by Lemma[9.4.7). Thus by an application of Lemma we see that the
action of w on Ug satisfies the first assertion.

Now assume, in addition, that U is non-empty. Then every xg € Ug can be
written as xg = [x, X4 for some x5 € U and x, € U} by Proposition It
follows that the action of w on Uy is completely determined by the formula in
the first assertion. In particular, it does not depend on the choice of wg. O

9.4.C The Action of Medium-length Weyl Elements on Short Root
Groups

We begin with a repetition of some of the formulas in subsection[7.5.B|

9.4.13 Lemma. Assume that (a_,, by, c_y) is an a-Weyl triple and denote by w, =
a_gbyc_y the corresponding Weyl element. Then the following statements hold for all
xs € Us:

() 30 = [x5,bal.

(b) [x5/ blx];l = [[x5/ ba]ﬁ/ C*Dé] ,[:5,17“]7'

(c) x5 [[xéz ba]ﬁ/ C—zx] (5[[35(5/ btx]yz C—zx] =1g.

Proof. This follows from Lemma with the additional information that Up
and U; commute. Alternatively, this follows from Lemma [7.5.10| using the con-
siderations in Reminder O

9.4.14 Lemma. Assume that (a_y, by, c_y) is an a-Weyl triple and denote by w, =
a_gbyc_y the corresponding Weyl element. Then the following statements hold for all
Xg € Uﬂ'

(a) leSU,x = [xﬁ/aﬂx]& == [x‘BI C*N]&'

[xﬁ’a*l’é]W — 1G'

(b) [xp, [xp, a-als] [xp, a—a]y [[Xp, a—als, bu]

(c) xp Hx,Bla—a]rS/ b“]ﬁ[[xﬁ/a—a]'y, ba] =1c.

Proof. This follows from Lemma with the additional information that Ug
and U; commute. Alternatively, this follows from Lemma 7.5.11{using the con-
siderations in Reminder O

We can prove the same formula as in Lemma for the actions of w?
on Ug, but with a caveat: A priori, it is not clear that the element x, € U, in
this formula can be chosen arbitrarily. This will only follow from an applica-
tion of Lemma Recall that this curiosity has already been announced in
Note

9.4.15 Lemma. Let w, be an a-Weyl element and let wog be a 23-Weyl element. Then the
actions of wy and w3 on U are identical. More precisely, we have (x5, xa]if = [x5, %, "]
forall x, € Uy, x5 € Us and w € {wﬁ,wgﬁ 1.



9.5. Rank-3 Computations 285

Proof. Choose a_,,c_, € U_, and b, € U, such that w, = a_,by,c_,. Then by
Lemmas|7.4.9]and|9.4.12} both w} and w3, map [x5, b, "] to [xs, bep forall xs € Us.

Since b, ! lies in U} by Proposition[2.2.6 (a), we know from Proposition [7.4.11| that
any xg € Ug can be written as xg = [x;, b, '] for some x5 € Uj. Thus the actions
of w? and wgﬁ are completely determined by this property. In particular, these

actions are the same, so it follows from Lemma 9.4.12|that they map [x;, x,] xp tO
[x5, 2] g for all x, € U, and all x5 € Us. This finishes the proof. O

9.4.16 Lemma. Let w, be an a-Weyl element and let wg be a p-Weyl element. Then w;
and wy act trivially on Up.

Proof. This is a consequence of Lemma|[9.4.15 O

Using the results of this subsection, we can show that all long root groups are
abelian if sufficiently many medium-length Weyl elements exist.

9.4.17 Lemma. Let b, € UL, Then Uy is generated by U, U Ups U {by }.

Proof. Let xpp € Upp and let a_y,c—y € U—, such that w, = a_4byc—y is an
a-Weyl element. Put xp5 := x;’é‘ € Uys. Then by Lemma|9.4.13 (a)

wy ! -1
Xop = ng‘ = [.7(25,170é ]ﬁ.

Thus [x25, by '] = xop[x26, by '] It follows that

Xop = [x25, by ][x26, b7 '] € (ba, Uy, Uny).
This finishes the proof. O

9.4.18 Lemma. If U}, is not empty, then Uog is abelian.

Proof. Choose an arbitrary element b, € U%. By the crystallographic commu-
tator relations, Ug commutes with U, U Ups U {b,}. Hence it follows from
Lemma that U>g commutes with itself. O

9.5 Rank-3 Computations

9.5.1 Notation for this section. We denote by G a group which has crystallo-
graphic BC,-commutator relations with root groups (Uy)acpc, for some fixed
integer n > 3. We assume that U} is non-empty for all roots a and that G is
rank-2-injective.

The main result of this section is Proposition[9.5.13] which provides a formula
for the action of squares of Weyl elements. In contrast to root gradings of types A,
B, D and E, this formula does not obey the square formula for Weyl elements in
all cases. Instead, we will see an additional involution on the short root groups,
which we call the short involution. The short involution will later turn out to be
precisely the Jordan module involution on the Jordan module which coordinatises
the short root groups.

The main part of the proof of Proposition [9.5.13]is already done by the rank-2
computations in the previous section. We will need the rank-3 assumption only
to determine the action of medium-length Weyl elements on medium-length root
groups.

As usual, we can give an alternative proof of the braid relations for Weyl
elements using the main result of this action (Remark . This time, however,
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there is a caveat: We can only prove the braid relations modulo the center in this
way, and only for the standard rescaled root basis of BC,,.
Before we begin, we make a quick observation.

9.5.2 Proposition. All long and medium-length root groups are abelian.

Proof. For long root groups, this follows from Lemma [9.4.18, Every medium-
length root is contained in a subsystem of type A», so the second assertion holds
by Proposition[5.4.9] O

9.5.A The Short Involution

9.5.3 Note. In the following, we will often say “let  be a short root” and then
make statements about the long root 24. Since every long root can be written this
way, this simply means that we study an arbitrary long root and call it 24.

9.5.4 Definition (Short involution). Let  be a any short root. The (short) involu-
tion on Ug is the map Ug — Upg, x5 — Xp = xp where w = wﬁﬁ for an arbitrary
25-Weyl element wog. If the root B is not specified or if it is clear from the context,
we will sometimes call this map the short involution.

9.5.5 Note. It is of course misleading to talk about the short involution since there
is not only one such map but one for each short root group. Whenever we say
“the short involution has some property”, we mean “for every short root §, the
involution on U has this property”.

9.5.6 Note. Recall from Remark that to any group G’ with a C,-grading
(Uy)xec, we can associate a canonical BCy,-grading (Uy)4epc,- This allows us
to define the short involution on C,-graded groups as well. That is, for every
long root B of C, we have an endomorphism of Ug = Ug,, which is induced
by the conjugation with the square of an arbitrary f-Weyl element, and we call
this endomorphism the short involution on Ug. Thus confusingly, the short
involution on C,-graded groups is defined on the long root groups. We accept
this because, over the course of this chapter, we will nearly always work with the
more general case of BC,-graded groups and rarely refer to the special case of
Cp-graded groups.

9.5.7 Lemma. Let 8 be a short root. Then the short involution (on Ug) has the following
properties:
(a) It is well-defined. That is, it does not depend on the choice of wyg.
(b) It is a group automorphism of Ug of order 1 or 2. In particular, (xgl)* = (x3)7!
forall xg € Usg.
(c) If &, 7y, 6 are roots such that («,B,7y,0) is a BCo-quadruple, then [xs, xa]/’g =
(x5, %, g for all x, € Uy and x5 € Uy.
(d) Let p be any root and let wy be a p-Weyl element. Then (xj)“ = (x;;" )* for all
Xg € Uﬂ

Proof. The first and the third assertion were proven in Lemma Since the
short involution is simply conjugation by some group element, it is a group
automorphism. Further, by the formula in (c) and by Proposition it is clear
that (xg)* = xp for all xg € Up, so the short involution is of order 1 or 2.

The last assertion is, again, essentially a consequence of the formula in (c)
and Proposition Let xg € Ug be arbitrary, choose roots a, y, é such that
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(a, B,7v,9) is a BCy-quadruple and choose x, € Uy, x5 € Us such that xg = [x5, x4].
Then by Lemma we have

*

(xp)™ = ([xo, xalp)™ = 2o, %2 15" = [x5", (x2) oy )

= [, (") Mowip) = %57 515 ) = (e %) = (x57)"
This finishes the proof. O

9.5.B The Action of Long Weyl Elements on Medium-length Root
Groups

9.5.8 Lemma. Let § be a short root, let « be a medium-length root and let wys be a
26-Weyl element. If a and 6 lie in a common BCy-subsystem, then w3 acts on Uy by
inversion. Otherwise w3 acts trivially on U,.

Proof. The first assertion follows from Lemma In the second case, « is
adjacent to 26 and —24, so w% 5 acts trivially on U,. O

9.5.9 Proposition. Let 6 be a short root, let o be a medium-length root and let wys be a
25-Weyl element. Put w := w; and e == (—1)%2), Then x¥ = x& for all x, € U,.

Proof. It follows from Proposition 9.1.19| that ¢ = 1 if and only if a - 6 = 0. By
Lemma 9.1.18] this means that ¢ = —1 if and only if # and J lie in a common
BC,-subsystem. Thus the assertion is simply a reformulation of Lemma O

9.5.C The Action of Long Weyl Elements on Short Root Groups

9.5.10 Proposition. Let 3, 6 be two short roots, let wo;s be a 20-Weyl element and put
w = w3;. Then the following hold:

(a) If B € { £0'}, then w acts on Ug through the short involution. That is, we have
xg = xg forall xg € Up.

(b) If B ¢ { &0}, then w acts trivially on Ug. In particular, we have xg = xg for all
xp € Up where & := (1)) = (—=1)0 =1,

Proof. The first statement is in fact the definition of the short involution, see
Definition The second statement is trivial because f is crystallographically
adjacent to —4 and 4. O

9.5.D The Action of Medium-length Weyl Elements on the Short Root
Groups

9.5.11 Proposition. Let a be a medium-length root, let 5 be a short root, let w, be an
a-Weyl element and put w := w?2. Then the following hold:

(a) If « and ¢ lie in a common BCa-subsystem, then w acts on Us through the short
involution. That is, we have x§ = xj for all x5 € Us.

(b) If a and 6 do not lie in a common BCy-subsystem, then w acts trivially on Us. In
particular, we have x¥ = x§ for all x5 € U; where ¢ := (—1)%1®) = 1.

Proof. At first, assume that a and ¢ lie in a common BC;-subsystem. Then there
exist roots B, y such that either («, 6, y, B) or («, B, 7y, ) is a BC-quadruple. In the
tirst case, assertion (a) follows directly from Lemma In the second case,
it is also a consequence of Lemma but we have to use in addition that
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wy is also a (—a)-Weyl element (which holds by Proposition and that
(—w, 9,7, B) is a BCy-quadruple. This finishes the proof of (a).

Now assume that a and  do not lie in a common BC,-subsystem. Then they
must be orthogonal by Lemma[9.1.18] so (6|a) = 0 and 6 is adjacent to « and —a.
This proves the second assertion. O

9.5.E The Action of Medium-length Weyl Elements on Medium-length
Root Groups

In contrast to the previous subsections, we now have to use that n > 3.

9.5.12 Proposition. Let «,y be two medium-length roots and let w, be an «-Weyl
element. Put w := w? and e := (—1){"1%), Then x§ = xf forall x, € Uy,

Proof. Denote by @’ the root subsystem of BC, which is spanned by « and 7.
By Lemma and because «, y are both of medium length, @’ is of type A;,
Ay X Ay, Ay or BCy. If itis of type A; x Aj, then a, y are orthogonal (so (y|a) =0
and ¢ = 1) and w acts trivially on U,. If ' is of type A; or Ay, then it lies in a
subsystem of type A; and the assertion holds by Proposition [5.4.17

Now assume that @’ is of type BCy. Then there exist short roots B, § such that
(a, B,,0) is a BCy-quadruple. Choose roots 71 and ; as in Lemma and
let x,, € U, be arbitrary. Since (71,7, 72) is an A-triple, it follows from Proposi-
tion[5.4.7 that there exist x; € U,, and x, € U,, such that x, = [x1, x2]. Note that

by the choice of 71,72 and by Lemma 5.4.13, w acts on U, and U, by inversion.
! 2.1.13

Thus x¥ = [x¥,x¥] = [x; ', x; ], which equals [x1, x;] by Lemma In other
words, w acts trivially on U,. Since a and <y are orthogonal, we further have
¢ = 1, so this finishes the proof. O

9.5.F Summary

We can summarise the results of this section as follows. By Note all interest-
ing cases are covered.

9.5.13 Proposition. Let p,{ be any two roots in BC, such that p is either short or
medium-length and such that { is either medium-length or long. Let w; be a {-Weyl

element and put w = wé and ¢ == (—1){10), Then xg = x; for all x, € Uy, unless one
of the following conditions is satisfied:

(i) pis short, { is long and { € {+2p}.
(ii) p is short, { is medium-length and p - { # 0.

In each of these exceptional cases, we have ¢ = 1 and w acts on U, through the short
involution from Definition |9.5.4

Proof. By the combined statements of Propositions to[9.5.12 it only remains
to prove the final assertion on ¢. In the first case, we have

(ol =252 =2 =21
and in the second case,
(plg) =270 = %1,
Thus € = 1 in both cases. O

Using Proposition 9.5.13] we can verify the braid relations modulo the center.
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9.5.14 Remark (Braid relations). Recall from Theorem[2.5.10|that G satisfies the
braid relations. For the root systems A, and B3, we gave alternative proofs of the
braid relations using the specific computations in root gradings of these types
(see Remarks [5.4.11] and [7.6.17). We can do the same for BCsz, but with some
restrictions: Firstly, we can only verify the braid relations modulo Z(G) in this
way. Secondly, the proof only works for the standard rescaled root base A of BC,
(see Remark[9.1.2), but not for a proper root base.

Let wip be a (e1 — e2)-Weyl element and let w; be a 2e,-Weyl element. In the
following, we denote congruence modulo Z(G) by the symbol =. We have to
show that

W12WrW12W2 = WrW12W2W12.

Since

WrW12Wr W1y = W1pWaW1pWs 22712,

-1
. . w
it suffices to show that w5 >***1? = w,. Observe that wipw,w, = w, ? w}, and

-1
that w;]u commutes with w; (because it is contained in (Uz,, U_2,)). Hence

W12W2W12

2
wr . .
W, = w, . Thus it remains to show that wzwfz = w%zwz.

Let a be an arbitrary root. We have to show that the conjugation actions of

wzwfz and w%zwz on U, are identical. At first, assume that « is of the form

a = +e; £ e; for some distinct i,j € [1,n], and put v = a”(222)  Then by
Proposition w%z acts on U, by (—1)<"“61_62>. Further, since both a and
7 are of medium length, it follows from Proposition that (—1){®le1=¢2) and
(—1)(7le1=e2) have the same parity. Thus w?, acts on U, in the same way that
it acts on U,,. Since both the identity map and group inversion commute with
conjugation by wy, we conclude that the actions of wzw%z and wiwz on U, are
identical.

Now assume that « is of the form a« = +e¢; for some i € [1,n]. If i # 2, then w,
centralises U, and thus w2w%2 and w%zwz act identically on U,. Now assume that
& = Fey. Note that U, = Uy, . By what we have already shown, the actions of
wzw%Z and w%zwz on Ui, and on wy, are identical, so it follows that their actions
on Uy,, are identical as well. Finally, assume that « = £2¢; for some i € [1,n].
Then U, is contained in the root group U, and the assertion follows from what
we have already shown. This finishes the proof.

9.5.15 Note. Since we know from Theorem 2.5.10/that the braid relations are sat-
isfied in G (and not merely modulo the center), it follows from the computations
in Remark that we actually have wzw%z = w%zwz. In other words, the Weyl
elements w, and wY are identical where w := w%z. Recall from Proposition
that w acts on Up,, and U_»,., by the short involution. Thus for any 2e,-Weyl
triple (a_2, by, c_»), the Weyl triple (a*,, b3, c* ,) has the same associated Weyl
element. This is precisely the behaviour that we have observed in Remark[9.3.12]

9.6 Standard Signs

9.6.1 Notation for this section. We fix an integer n > 3 and consider the root
system BC, in its standard representation (as in Remark[9.1.2). We denote by G a
group with a BC,-pregrading (Uy )qaep,, by R an alternative ring with a nuclear
involution o and by ¢ = (J, ¢, 11, T1, ) a Jordan module over (R, 0). We assume
that there exists a coordinatisation (6, )sepc, of G by ¢ with standard signs (in
the sense of the following Definition , and we fix this coordinatisation.
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9.6.2 Definition (Standard signs). Let n € IN>, and let G be a group with a
BC,-pregrading (Uy).ecpc,- Let R be an alternative ring with nuclear involution
ocand let § = (], ¢, 711, T1, ) be a Jordan module over (R, o). A coordinatisation
of G by § with standard signs is a family (6,),epc, with the following properties:

(i) For all roots a, the map 6, is an isomorphism from (R, +) to Uy if a is
medium-length and it is an isomorphism from (], +) to U, if « is short.

(ii) The following commutator relations, called the standard commutator relations,
are satisfied. For all pairwise distinct i, j,k € [1,n] and all 2, b € R, we have

[eei_ej<a)’93j_€k(b)] = O¢;—e, (ab),
[Qe,-fej(a) eej+ek(b)] = Oc,t¢ (5lg<i(a51(<7<j<b)))/
[0, ( a),0-¢,—e(b)] = G—Ej—ek(_ ;'T<k(a(7 7k (0))),
[Be;+¢;(a), 0—e—; (D)) = 0o, (67 (@) 67 (b))
For all distincti,j € [1,n] and all a,b € R, we have
[Gei_€j<a)’93i+3j(b)] = 0, (Tl(a5f<](b))),
[Qei—e]'(“)/e—ei—ej(b)] =0 (Tl( U‘S:T<](b)))'
For all distinct7,j € [1,n],allv € M and all a € R, we have
6,/(0), 00, ()] = 0, (90, ~0")) B 1y (~0% (a7 (0)),
00 (20, 0r(0)] = 0o (0,82 (@)8 o (72 (00 (0),
6-,(0), 8-y (@)] = 0, (9(0,)) 0o, (0%, (a1 (0))),
6, (0), 810 ()] = B (9(0,—07.(0))) 60y, (67 (a) ma (u)).
For all distinct,j € [1,n] and all u,v € M, we have
65 (1), 0 ()] = {Zﬁf*@'(")(“’”” L
et (—Y(v,u)) ifi>j,
[eei(“)/e—e;(z’)] = Gei—ej(_¢<“rv>)
00,00} = {g e )
G,Ei,e].(—t,b(u,v)) ifi >j.
9.6.3 Note. The commutator relations in Definition[9.6.2]are exactly the same that
we have seen in Proposition[9.3.26] but expressed in the language of Jordan mod-
ules. In other words, if we take ¢ to be a Jordan module of pseudo-quadratic type
as in Example then the commutator relations in Definition[9.6.2)and Propo-

sition 9.3.26| are the same. In a similar way, the conjugation formulas in root
gradings of type BC are the same as the ones in in Lemmas [9.3.13[and [9.3.15,

but expressed in the language of Jordan modules. For example, the formula
Oc, (11, 1) = O (ua=7,a 'ha=7") for all (u,h) € T in Lemma[9.3.13 (d)|should be

interpreted as 6, (1) = 6, (¢(u,a=")) forallu € J.
We will show in Theorem 9.10.26|that every BC,,-graded group for n > 3 is
coordinatised by a Jordan module with standard signs.

As in Lemma we can show that all long Weyl elements in BC,,-graded
groups with a standard coordinatisation are balanced.

a

a

a

)] =
)]
)]
)]

9.6.4 Lemma. Let J be a short root and let w,; be a 20-Weyl element in G. Choose
v',0,0" € ] such that wys = 0_5(v")0s5(v)0_s(0"). Then m1(v) is invertible with
inverse 111 (v') and ' = 0" = ¢(v, 11 (v) 7). In particular, wys is weakly balanced.
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Proof. We prove this only for § = e, the remaining cases being similar. Let w; be
a 2e,-Weyl element and let v/, v, 0" € ] be such that wy = 0_,,(0")6,,(v)0_,, (v").
For all a € R, we know from Lemmas[9.4.5 (a)land 9.4.6 (a)|and the standard
commutator relations that

931*92 (a)wz = [961782 (a)/gfz (U)]€1+€2 = 6€1+€z (IZTCl (Z))),
9€1+€2 (a)wz = [9614-62 (LZ),Q_EZ(U/)]gl_eZ = 961—62(_‘17(1 (v,)>-
Together with Proposition 9.5.13) this implies that
96’1—6’2(_1@) = 981—62(1@)10% = 931—62 (_7-[1 (0)7'[1 (U,)),
9@1+€2(_1fk) = 0€1+€2(1fk)w§ = 9€1+€z (—7’[1 (U,)nl (U))

We infer that 711 (v) is invertible with inverse 711 (¢').
Further, we know from Lemma(9.4.5 (b)|that

1G = [031*62 (IZ), [961762 (a)leez (v)]€1+€2] [931*82 (11),9@2 (U)]Gl
: “961—62 (a),06,(0)]ey 62, 0, (v”)] Fer e (@) e

€1

for all a € R where
(60,0, (2), [Ber ey (2), By (0)]er tes] = [Ber—en(2), By 1ex (a1 (0))]
= 0, (T1(am1(v)7a")),
01— (), 0e,(0)]e, = e, (Z (v, —a”)),
[[8e, e (2), 06, (0)]ey 42 02, (0")] . = [Bey e (a711(0)), 00, ()],
— 981 (L(P(U“’ —7'[1(0)‘75!‘7)).

1 1

Observe that
O, (@ (0", —mt1(0)7a%)) = b, (¢ (v, — (117'51(0))‘7))71
= [932 (UH)/ 931—32 (6171’1 (v))]ell

so this element lies in Uy, because 6., (v") lies in Up,,. In particular, it commutes
with [0, ¢, (a), 6e,(0)]e,. Thus it follows from the previous computations that

07 = Ti(am(v)7a”) = @(v,—a”) = @(v", —m1(v)7a”)
for all 2 € R. Putting a := 1 in this equation, we infer that

A

0, =0F+027= (v, m(v)7) =v= (v, m(v)7).

In other words,
v=¢(v", m(v)7).

Applying the map ¢(=, 711(v)~7) to both sides of the equation, we obtain
¢(v,m(v)"7) =2".

Since the 2e;-Weyl element wy = 6_,,(v')0,,(v)0_.,(v") is arbitrary, the same
conclusion holds for the Weyl element w, = 6_,,(=0")0,, (=v)0_,,(~v"), which
yields

¢(=v,m(v)™") = =0,
This implies that
v =¢(v,m(v)7) =0"

because ¢ is additive in the first component. This finishes the proof for the root
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26 = 2e. The remaining cases can be covered in a similar way. ]

We also have the usual identification between Weyl-invertible group elements
and “invertible” elements of the coordinatising algebraic structure.

9.6.5 Proposition. The following hold:
(a) Let « be a medium-length root. Define

We (1) = 0_o (=10 (r)0_o(—r71)
for all invertible r € R. Then the maps
R* — UL, r— 0,(r) and R* — My, 7+ w,(r)

are well-defined bijections. Here R*, U% and M, denote the sets of invertible
elements in (R (in the sense of Definition |5.1.12)), the set of a-invertible elements in
U, and the set of x-Weyl elements, respectively.

(b) Let 6 be a short root and put [* :={u € J| my(u) € R* }. Define

ws (1) = 0_s (@i, w1 (1) ™)) 05 (u)0_s (¢ (1, 11 () ~7))
forall u € [*. Then the maps
] = Uk, u—s 05(u) and ] — Ms,u— ws(u)
are well-defined surjections, and the first one is a bijection.

(c) The Weyl elements defined above satisfy the same conjugation formulas as in
Lemmas|9.3.13|and |9.3.15) but expressed in the language of Jordan modules. (See
Note )

(d) Let A be the standard rescaled root base of BC,, and choose an element vy € | with
m1(vg) = 1. Define A, B, i and y as in Notation[9.3.19) Put wy = wy(1g)
for all medium-length roots in A and wg = wg(vo) for the unique long root in A.
Then G is parametrised by (A x B, ], R) with respect to y§ X y and (ws)sen.

Proof. This can be proven in a similar way as Proposition For the proof
of (b), we need Lemma |[9.6.4 O

9.6.6 Remark. It follows from Proposition that G satisfies U} = U, \ {15}
(the additional condition of being an RGD-system) if and only if R is a division
ring and ¢ is anisotropic.

9.7 Admissible and Standard Partial Twisting Systems

9.7.1 Notation for this section. We fix an integer n > 3 and consider the root
system BC, in its standard representation with its standard rescaled root base
A (as in Remark[9.1.2). We choose (R, Ro,0) == (C,R,0), M :=C,q: M — C
and f: M x M — R as in Remark We define the BC,-graded group
EU(q) with root groups (Uy)sepc, as in Definition 9.3.7] We denote the root
isomorphisms from Constructions|9.3.4/and 9.3.5|by (6, )aeB, and the standard
system of Weyl elements from Deﬁnitionby (ws)sen. Further, we denote
by (A,n, B, u) the standard partial twisting system of type BC, in the sense of
the following Definition[0.7.2]

This section is structured similarly to section[7.8} Motivated by the elementary
unitary group from section 9.3} we introduce the standard partial twisting system
of type BC. We will show that it is admissible in the sense that it satisfies a
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number of desirable properties. In section we will see that every admissible
partial twisting system satisfies the condition of the parametrisation theorem.

9.7.2 Definition (Standard partial twisting system). The standard partial twisting
system of type BC,, (with respect to A) is the tuple (A, 7, B, u) where A := {£1}?,
B := {+1} and where 7, p are the A-parity maps from Notation[9.3.19 If G is
a group with a crystallographic BC,-grading, then the standard partial twisting
system for G (with respect to A) is the same tuple together with the additional
information that A acts on all root groups of G as follows: The first component
of A acts on all root groups by inversion while the second component acts
trivially on all medium-length root groups and by the short involution (from
Definition[9.5.4) on the short root groups.

Similar comments as in Note and Remark apply to Definition

9.7.3 Remark. Let G be a group with a crystallographic BC,-grading (U, )sepc,
and let (A, 7, B, ) be the standard partial twisting system for G. We have to
verify that the action of A on the root groups of G is well-defined. For the action
on the medium-length root groups, this is evident. For the action on the short root
groups, we have to verify that the short involution is of order at most 2 and that
it commutes with the group inversion. Both assertions hold by Lemma
Further, the twisting action of A commutes with conjugation by Weyl elements
by Lemma We conclude that A satisfies all the axioms of a twisting

group for (G, (ws)sea) (see Definition [4.3.13).

9.7.4 Note. The assumption in Definition that G has a crystallographic BC,-
grading is necessary to ensure that the short involution exists. In the B;-situation
in Definition no such assumption was necessary.

9.7.5 Reminder (compare[7.8.5). Recall from Theorem that (Uy)aepc, 1S
a crystallographic BC,-grading of EU(g). Thus we can apply all rank-2 and
rank-3 computations from the previous sections to EU(g). Further, we know
from Lemma that EU(q) is parametrised by the standard parameter system
(A x B, T(M),R) (from Definition [8.6.20) with respect to 17 x  and (w;)scs and
from Remark [7.3.22]that (A x B, T(M), R) is (17 x p)-faithful.

We now verify some basic properties of the standard partial twisting system
of type BC by performing computations in the group EU(g).

9.7.6 Lemma. 1 is braid-invariant and adjacency-trivial and y is Weyl-invariant and
adjacency-trivial.

Proof. Using that (w;s)sea satisfies the braid relations by Theorem [2.5.10} this can
be proven in the same way as Lemma(7.8.6| O

9.7.7 Lemma. yu is semi-complete.

Proof. This follows from the fact that the only subgroups of B are {1} and B, just
like in Lemma O

9.7.8 Lemma. 1 X p is transporter-invariant and 1, y are independent.
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Proof. At first, we consider the orbit of short roots. Put & := e¢;. We can read
off from Figure[9.4|that (A x B)s 4 is contained in {14} x {14} x {1p} for all
short roots B. Further, we have (A X B)a—z = {14} X {£14} x {15} because

(77 X V)&,(elfez,elfez) = (77 X V)el,fl—ez(ﬂ X V)62,€1—€2 = (1/1/ 1a, 13)(11‘1/ —14, 13)
= (14, —14,13).

Thus it follows from criterion [4.2.16 (iii)| (with 3 := &) that  x u is transporter-
invariant on the orbit of short roots. The same computations apply for & := 2e;,

so it is transporter-invariant on the orbit of long roots as well.

Now we consider the orbit of medium-length roots. Put & := e; + e,. Again,
we can read off from Figurethat (A X B)spis contained in {14} x {14} X
{#£1p} for all medium-length roots B. Further,

(1 X Wae—e, = (—1a,1a,—13) and
(17 % V)&,(e27e3,e27e3) = (1 X W)erterer—es (N X Werteser—es
= (14,14,18)(=14,14,15) = (—14,14,15p).
Since these two elements generate {14} x {14} x {£13}, it follows that
(A X B)asa = {14} x {14} x {£1p}.

Hence again by criterion (with B := &), we infer that 57 x y is transporter-
invariant on the orbit of medium-length roots.

Finally, the previous computations together with Remark [4.2.24show that 7
and y are independent in the sense of Definition [4.2.23] O

9.7.9 Lemma. Let p,{ be any two roots in BC,, such that p is either short or medium-
length and such that { is either medium-length or long. Then the following hold:

(a) If p is short, { is long and { € {+2p}, then n,7r = (1, —1).
(b) If p is short, { is medium-length and p - { # 0, then n,;r = (1, —1).

(c) In all cases not covered by the previous assertions, we have 1, ;; = ((—1)<P ), 1).

Proof. This follows from Proposition[9.5.13|because (A x B, T(M), R) is (17 X p)-
faithful. In the first two parts, we also use that the Jordan module involution on
T (M) (through which the second component of A acts on T(M)) coincides with
the short involution on EU(g) by Remark O

9.7.10 Lemma. Let a,y be two medium-length roots which are orthogonal. Then
Hao(y) = 1B if @ and vy are crystallographically adjacent and p, () = —1p if they are
not.

Proof. At first, assume that & and <y are crystallographically adjacent. By Propo-
sition there exist A € R~ such that A7y is a root and a A-expression § of
A7. Since 7 is of medium length, we have A = 1. By Lemma « is crystallo-
graphically adjacent to —v as well, so the y-Weyl element w; in EU(g) centralises
U,. On the other hand, we have

le(r)wg = ﬂ(ﬂa,&utx,b"r)
for all 7 € R by Lemma[9.3.24] Since the parameter system (A x B, T(M), R) is
(1 x u)-faithful by Reminder(9.7.5} it follows that 17, ; = (14,14) and p, 5 = 13.
This implies that jt, ,(,) = 1p because § is a A-expression of 7.

Now consider the case that « and <y are not crystallographically adjacent.
By Lemma 9.1.22} there exists an element u of Weyl(BC,,) such that («,v)" =
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(e1 +e2,e1 — e2). Let p be any word over A such that u = ¢(g). Then it follows
from Lemma that

Hao(y) = Hao) o(p)1o(y)o(p) — Haro(yt) = Hertero(er—er) = Herterer—er-
We can read off from Figure[9.4]that yi,, ¢, ¢, —¢, = —1p. Thus the claimed assertion
follows. O

9.7.11 Definition (Admissible partial twisting system). Let G be a group with a
BC,-grading (Uy)«c, and let (w})sca be a A-system of Weyl elements in G. A
BC-admissible partial twisting system for (G, (wf)sca) is a partial twisting system
(A',y', B, 1) for (G, (wf)sen) with the following additional properties:
(i) A’ = {£1}?>and B’ = {+1}.
(i) The element (—14/,14/) acts on all root groups of G by inversion whereas
(147, —14/) acts trivially on the medium-length root groups and by the short
involution on the short and long root groups.

(iii) #" and p’ are adjacency-trivial.
(iv) #’ satisfies the formulas in Lemma m
(v) If &, 7y are orthogonal medium-length roots, then y, , is given by the formula
in Lemma

We will sometimes refer to such objects as admissible partial twisting systems if the
root system BC,, is clear from the context.

9.7.12 Proposition. Let G be a group with a BC,-grading (Uy)acp,. Then for any A-
system (ws)sen of Weyl elements in G, the standard partial twisting system (A, 1, B, i)
is a BCy-admissible partial twisting system for (G, (ws)sena). In particular, admissible
partial twisting systems exist for each group with a BC,,-grading.

Proof. We have to check that (A, 1, B, i) satisfies the axioms of a partial twisting

system for (G, (ws)sea) (see Definition4.3.18) and the axioms in Definition|7.8.13
These properties follow from the results in this section. O

9.8 The Parametrisation

9.8.1 Notation for this section. We fix an integer n > 3 and consider the root
system BC, in its standard representation with its standard rescaled root base
A (as in Remark [9.1.2). We denote by G a group which has crystallographic
BC,-commutator relations with root groups (U, ).ep, such that U is non-empty
for all « € ® and such that G is rank-2-injective. We fix a A-system (ws)scp of
Weyl elements and we denote by (A, #, B, u) a BC,-admissible partial twisting
system for (G, (ws)sen)-

The goal of this section is to show that G satisfies the conditions in the
parametrisation theorem with respect to the admissible partial twisting system
(A,n,B,u). Asin section the main effort lies in the verification of stabiliser
compatibility, for which we will use the criterion from Proposition [4.6.3|

9.8.2 Proposition. G is square-compatible with respect to 1.

Proof. This follows from Proposition9.5.13|and Lemma Here we use Ax-
iom(9.7.11 O

9.8.3 Proposition. G is stabiliser-compatible with respect to (17, ).
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Proof. Let a be any root. We know from Axiom[9.7.11 (iii)| that # is a-adjacency-
trivial and we want to show that G is a-stabiliser-compatible. At first, assume
that « is short. Then it follows from Lemma and Remark that G is
a-stabiliser compatible. Since any long root group is contained in a short root
group, it follows that G is a-stabiliser-compatible for any long root as well.
Now assume that « is medium-length. Then there exist distinct i,j € [1, 7]

and signs ¢;,¢; € {£1} such that @ = ¢;e; 4 ¢je;. As in Proposition we
consider the following sets:

O={ped|a-p=0},

A = { B € O|ais crystallographically adjacent to p and — 8 }

A =0\ A.

By Lemma [9.1.20| we have

A = {eiei — 8]'6]', 8]'6]' — 81'61'} and
A =N (e | ke [1,n]\{i,j}).

Recall that p, .5y = 1p for all B € A and p, s = —1p for all B € A by
Axiom Further, observe that A contains exactly one A-positive root.
This implies that the condition in Proposition [4.6.3|for all A-positive roots 8, p’ €
A is trivially satisfied (because p = p’). Hence all conditions in Proposition[4.6.3]
hold. We conclude that G is a-stabiliser-compatible with respect to (77, ) and

(ws)sen- m

9.8.4 Proposition. There exist an abelian group (R, +), a group (J, +) (both equipped,
as sets, with an action of A x B) and a family (0 )acpc, of maps such that the following
conditions are satisfied:
(i) (6x)neBe, is a parametrisation of G by (A x B, J, R) with respect to 1 x y and
(ws)sea-
(ii) The action of (—14,14) on R and on | is given by group inversion, the action of
(14, —14) on R is trivial and the action of (14, —14) on | is given by the formula

9'[5((114, —1A).Z)) = 9/5(7))*

forall v € ] and all short roots B where 85(v)* denotes the short involution (from

Definition [9.5.4).

Proof. This follows from the parametrisation theorem (Theorem 4.5.16), whose
assumptions are satisfied by Propositions and O

9.9 Computation of the Blueprint Rewriting Rules

9.9.1 Notation for this section. We fix an integer n > 3 and consider the root
system BC, in its standard representation with its standard rescaled root base
A (as in Remark 0.1.2). We denote by G a group with a crystallographic BC;-
grading (Uy).ep,- We fix a A-system of Weyl elements (w;)scp and denote its
standard C,-extension by (wp) peB, - 10 simplify notation, we put w;; = We,
for all distinct i, j € [1,n] and we put w; = wy,, for all i € [1,n]. We denote the
standard partial twisting system for G (from Definition[9.7.2) by (A, 1, B, u), by
(R,4+), (J,+) any groups which satisfy the assertion of Proposition and
by (6«)acBc, the corresponding parametrisation of G. The groups R and | are
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equipped with actions of A x B, and we call the maps
c:R—=>R,r—r":==1gr and “:]—=J,o—0:= (14, —14)0

the involutions on R and |, respectively. Further, we choose elements v_1,vg,v1 € |

such that w, = 0_,, (v_1)0e,(v0)0—c, (v1)-

We will frequently use the following result without reference. It says that the
action of the C,-extension (wg)gce, of (ws)sca on the root groups is determined
by the values in Figure

9.9.2 Proposition. Let « € BCy and let p € Cu. Let x € R if a is of medium length
and let x € [ if ais short. Then 0n(x)™F = 6, (a) (1a,pla,p-X) Where 1,5 and iy g are
the values in Figure

Proof. Denote by B the standard A-expression of  from Definition[9.1.24] Since
G is parametrised by (A x B, J, R) with respect to # x u and (ws)seca, we have

0u ()™ = O, (@) (0 pha pX)-
We know from Lemma 1|that 1, g1ts g = 1a,pla,p, SO the assertion follows. [

9.9.3 Lemma. The involutions on R and | are group automorphisms with (r7)” =r
forallr € Rand v = v forallv € ].

Proof. Since the involutions are induced by the actions of —1 and (14, —14),
respectively, and since both these elements have order 2, we have ()7 = r for
allr € R and ¥ = v for all v € J. Further, since (7 X pt)eye;—e, = (1,—1,1), w
have

961 (” _T_ U) = 962 (u 4\_ v)wu = Ez(u)wlzgé’z (v)wlz = 661 (ﬁ)em (6) = 961 (ﬁ —T_ 5)

for all u,v € J, which proves that the involution on | is an automorphism.
Similarly,

9€2+el ((1” + S)a) = 632*6’1 (1’ + S>W1 = 962*6’1 (r)W1 682*61 (S>W1
= 9€2+€1 (ra)9€2+€1 (Sa) = 9€2+61 (ra + Sg)
forallr,s € R. O
9.9.4 Lemma. Foralli € [1,n], we have w; = 0_,,(v_1)0¢,(v0)0—,(v1).

Proof. By the choice of v_1, vy, v1, this is clear for i = n. Since
" and (Tl X ‘u)ienren_ei = (1’ 1’ 1)
the general assertion follows from Proposition O

w; = wy

9.9.5 Definition (Commutator maps). We define
tRXR— R, (a,b)—ab:=a-b,
T X R =R, (v,a) — 1t(v,a),
¢: [ X R =], (0v,a) — ¢(v,a),
T:RxR —],(a,b)— T(a,b),
P: I x] = R, (u,0)— P(u,v)
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to be the unique maps which satisfy the commutator relations

[0e,—e, (), 0y —e5 (b)] = e, e, (ab),
[0e, (0), O, —e, ()] _6€1+€2( (v, a))0e, (¢(v, —a”)),
[0e1—e, (), 0ey+¢,(D)] = ( (a, b))
(e, (1), e, (0)] = ey e, ((1,0))

foralla,b € Rand all u,v € J.

9.9.6 Goal. In Definitions|9.10.8/and [9.10.19, we will use 7r and T to define maps
m1 and Ty by specialising one of the components to the element 1% (which is not
yet defined). See also Remark 8.6.19} Our goal is to show that - equips R with an
alternative ring structure with respect to which ¢ is a nuclear involution and that
the maps 71, ¢, T1, P equip | with a Jordan module structure over (R, ). The
involution = will turn out to be the Jordan module involution.

Parts of the following lemma are analogous to [Zhal4) 3.4.8].

9.9.7 Lemma (Rank-2 computations, part 1). The following statements hold:

(a) The maps -, i, @, T and i are additive in all components except (possibly) for the
first component of 7t and the second component of ¢.

(b) For all u in the image of T, we have Y(u,v) =0 = (v, u) andu+v=v+u
forallv € J.

(c) m(u+v,a) = n(u,a)+ n(v,a) + ¢ (@(u,a”),v) forallu,v € J,a € R.

d) ¢(u,a+0b)=¢(u,a)+ ¢(u,b) +T(a” (u,b”)) forallu € J,a,b € R.
Proof. The maps -, T and ¢ are bi-additive by Lemma and Remark[2.1.14]
Further, 7t is additive in the second component by Lemma and ¢ is
additive in the first component by Lemma This proves (a).

Now let u be in the image of T. Then 6,, (1) lies in [Ue, —e,, Ue, +e,] and thus in
Uy, . Since Uy, commutes with U, and with U,,, this implies thatu + v =0v f u
and ¢(u,v) = 0 for all v € J. Further, since

Oy (1) = 00, (1) € U2 = U,

we also have ¢(v,u) =0 forallv € J.
Now let u,v € J and leta € R. Then by Lemma we have

Oc,+e, ((u Fv,0)) = [0y (1t F0), 06—, (—) ey e
= [0e, (1), By —e, (=) ey, [0, (1), Bey—er (— ) ey, Be (V)]
106, (), Oey—e, (— ) ey 4,
(re(1,0)) By (9(1,87)). B0 ()]0 1y ((0,))
= Oeyte, ((u,a) + 7(v,a) + Y (@(u,a),0)).
It follows that (c) holds. Finally, letu € Jandleta,b € R. Then by Lemmal[7.4.4 (f),
Oy (911,04 D)) = [0ea(1), oy (—(a+D)7)],
= [962(“)/061—ez<_b0)961—62(_”0)]el
= [962(”)1961762(_‘10)]61 [[962(”)/961*62(_ba)]eﬁEz/Gelfez(_aa)]
(66, (1), 0y —e, (—17) ]y

= eyt 7-[(“/ a
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Here
[962(“>1961—62(_“0>L :961( (u,a))
ngz(”)/Gerez(_ba)]eﬁez/Gerez( a’ } = [ 61+ez(7'f( ) e—er (— ag)}
[ er—er (—07), 61+62( (”/bg))]
=0, (T(a”, 7t (u,07))),
[0, (1), 0, e, (—D7)]e, = 0e, (@ (11, D).
Since the image of T centralises |, we conclude that
Oc, (p(u,a+ b)) = b, (p(u,a) + ¢(u,b) + T(a, 7t(u,b))).
This finishes the proof. O

-1

The following computation will not be needed until the end of the following
section, but there is no reason to delay it either.

9.9.8 Lemma. For all pairwise distinct i,j,k € [1,n] and all a,b € R, the following
commutator relations hold:

[Bei—e; (@), Bej—e (b)] = 6,
[0e;—e (a), e]+ek(b e+ek(5k<z(a‘5k<](b>))
[0c,—c; (@), 60— —e, (b 9—6, e (=07 (707 (D)),
[Bei-re; (@), 6—e—e; (b) ~a(07<j(a)0] (D))
Proof. We can conjugate the equations in Deflnltlonby the same Weyl ele-

ments as in Lemma but the result is slightly different because the values
of the involved parity maps are different. O

b

)] = 6c,—,(ab),
)
)

]
] =
]
]

9.9.9 Remark. We could perform the same computations as in Lemma for
the other commutator maps. However, it will be more efficient to do so at a later
point, when we have acquired more information about the maps 7, ¢, T and .
For the moment, we only note that for all i < j € [1, n], conjugating the equations
in Definitionby wojwy; (Where wy is interpreted as 1¢) yields that

[98]'(0)/931‘*3]‘(”)] = 9€i+€]‘(_7c(v a))@ (QD(U —a ))
[961—6/ ((1), 9€i+€j (b)] = 961‘ (T(LZ, b))/
[Be; (1), B; (0)] = By ve; (¥ (1, 0))
foralla € R and all u,v € J.
9.9.10 Lemma (Rank-2 computations, part 2). (R, +,-) is a ring. If we denote its

identity element by 1g, we have w;; = Oc;—e; (—1/3)9@—(3/ (14 )Ge,»—e,» (—1g) for all distinct
i,je[l,n].

Proof. We have already proven in Lemma that the multiplication satisfies
the distributive law. It remains to verify the existence of an identity element. This
can be done in the same way as for B, in the proof of Lemma|7.10.9 O

9.9.11 Lemma (Rank-2 computations, part 3). We have

p(v,1%)=0v and ¢@(v,—1%) =7
forallv € ] and rt(vy,a) = a forall a € R.
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Proof. Letv € J. Since w12 = Oe,—e, (—1% )0, —e, (1) 0ey—e; (— 1 ) by Lemma|9.9.10
it follows from Lemma[9.4.13 (a)land Lemma 9.4.14 (a)|that

661 (5) = 932 (v)wu = [962 (0)1981*62(190]61 = 96’1 ((P(vl _1.(52))/

9€1<v) = b, (v>w21 = [962 (v)feﬁ—ez(_lm)]ﬁ = 981 ((P(vf 1(5%))'
This proves the first assertion. Now let a € R and recall from Lemma that
wy = 0_¢,(v_1)6e,(v0)0—¢,(v1). Thus by Lemma[9.4.5 (a)

9€1+€2 (LZ) = 931—32 (a)wz = [661—62 (a)/eez (UO)]el+e2 = [962 (UO>/9€1—62 (a)];}FEZ
= 981+62 (7-[(00/ ﬂ)) .

This proves the second assertion. O

We will show in Lemma that 17, = 1g, thereby simplifying the formulas
in Lemma[9.9.711

We can now compute the rewriting rules. As was the case for B,, we will
only consider the BCz-subsystem spanned by { e; — ez, e2 — €2, €3 }. See, however,

Remark

9.9.12 Definition (Blueprint rewriting rules). We define the following rewriting
rules:

P12 Uey—ey X Uey—ey X Uey—0y —> Uey—ey X Uey—ey X Uy oy,

(95»1_62(&1),952_33(b),961_e2(c)) = (962—63 (C)’eel_gz(_b - Ca)/932—33(a))’

Wi Uey—ey X Upy—ey X Uey—ey = Uey—ey X Uey—3 X Upy—ey,

(Bey—e5 (), 01—, (B), 0er—e; (€)) > (Bey—e,(€), 0ey—es (—b — aC), 0, ¢, (a)),
@132 Uey—e, X Uney — Uney X Up —e,,

(Ocy—e(a), 02, (V) = (0265 (0), Oy —e, (),
q)ﬁlz Upey X Uey—ey = Uey—ey X Upe,,

(6233 (U)/ 681 —€ (IZ)) = (661*62 (ll), 6263 (?)))
and

l/J23: u2€3 X u€2—63 X u2€3 X u€2—€3 — UEZ—Eg X u2€3 X u€2—€3 X u2€3

which maps (6e,(0), 0e,—e, (2), 0e; (1), 0e,—e; (b)) to

9.9.13 Lemma. The maps 12, Y1,', @13, P15 and o3 in Definition|9.9.12|are blueprint
rewriting rules (with respect to (ws)sear). Further, 1p and ! are inverses of each
other, and the same holds for 13 and ¢

Proof. The second statement about inverses is straightforward to verify. Further,
we know from Lemma that @13 and ¢;; are blueprint rewriting rules.
Observe that the rewriting rule ¢, and its inverse are the same rules that we
have used for Aj. Since the restriction of 17 to Ay = {¢; —e;1 |i € [1,2] } yields
the same parity map that we have used for A3 (see Remark [9.3.21)), the same
computation as in Lemma shows that ¢1, and ¢, are blueprint rewriting
rules. It remains to show that ¢»3 is a blueprint rewriting rule. For this, let
a,b,c,d e R, letv,u,h,k € Mand put

X = (63,62 —e3,63,6) — 63) and ‘B = (62 —e3,63,6) — 83,63).
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Further, we set x := (0,,(v), 0,—e; (), 0, (1), 0e,—;(b)). On the one hand, we
have

Fa(x) = w30e; (0)W230e,—e5 () W30e, (U)W230¢, e, (D)
:w3w23w3w23933(v)w23w3w239 03 (2) 39500, (1) 200, e, ()
)00 105(a) % 0c, (1) 0, —e; (b)
)Bes+e5(—a”) e, (1) 0,5 (D).
On the other hand, we put X’ 1= (0,,—¢;(C), 0e; (1), 0ey—e; (), Oe, (k)) Then
T5(x') = 12300, —e; (C)W30e, (11)W230¢, e, () w30e, (k)
= Wr3W3Wa3W30e,—e5 (€) 2520y (1) P 0p, ey (d) 0, (k)
= WoW3W2RW30e, 465 (€) 23 0ey (1) ey 15 () ey (k)
= Wo3w3wW23W300, o3 (€7) B0,y (1)0py o5 (d)Bey (K).

In order to compare these two terms, we have to change the order of the prod-
uct in the first one, using the commutator formulas in Remark as well as

Relation[1.1.11 (v)

= W3wW3W3W30, (U
= W3wW3W3W30e, (U

933(5)982-&-63(_“0)962( ) er— 83(17)
= Oc3(0)0cy+e5 (—a7)Be,—e (b) O, (1)
= 0c;(0)0e,—e5 (D) Oey o5 (—7) [Oer+e (—a7), Oy —e5 (D)]6e, (1)
= 0e;(0)0e,—e5 (D) Be, o5 (—7) [Oer—e5 (D), Oe-te5(a7)]6c, (1)
= 04, (T)0ey—e5 (0) 0oy o5 (—a” 962(u+T a’))
= 0,3 (0)8e5 (0) 03, (0), By —e5 ( (u +T(b,a”%) )9€2+€3( a’)
:962_83(b)933(5)9e2 ((P(ab))gezﬂs( )962( + ))962—4—63(_”0)
= 0, —; (0)6e, (¢ (7, D) T(o, ﬂ”))9e2+e3( n(v,b) — )

E+T(b a%))16e, ()
T(b,a"))
—¢(e(v,b) +u+ T(b,a7),7))6,,(0)
Note that
(@ b) +u+T(b,a”),7) =y(¢(T,b) +1u,70)

by Lemma Recall that wswyswswys = wozwswozws by Theorem [2.5.10
and that G is rank-2-injective. We conclude that ¥z (x) = ¥3(x’) if the following

conditions are satisfied:
c=10, h=¢(,b)+utT(ba),
d=T, k=—n(v,b) —a” —¢(¢(T,b) +7,7).

+u,
These conditions are equivalent to the equation x” = ¢3(x), which shows that
o3 is a blueprint rewriting rule. This finishes the proof. O
9.10 Blueprint Computations

Notation continues to hold.

9.10.1 Remark (Blueprint computation). We now have everything ready to
perform the blueprint computation for BC3. Since B3 and BC3 have the same
Weyl group, we can use the same homotopy cycle as in Figure|/.8 on page
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We begin with the tuple
(63(1), 02(a), 01(D), 03(0), 02(c), 3(w), 02(d), 01 (r), 2(s))

where 0 == 0,,—¢,, 02 := 0p,—¢,, 03 := 0,, and where u,v,w € Jand a,b,c,d,7,s €
R are arbitrary. Working down rows 1 to 12 in the homotopy cycle and applying
the respective blueprint rewriting rules in the process, we obtain a tuple

(62(x1),61(x2),02(x3), 03(x4),02(x5), 03(x6), 01 (x7), 02(x3), 03(x9)).
Conversely, working up from row 23 to row 12, we obtain a tuple

(02(y1),61(y2),02(y3),63(ya), 62(y5), 03(ye), 01 (y7), 62(ys), 03 (y9))

where x;,y; € Jforalli € {4,6,9}}and x;,y; € Rforalli € {1,2,3,5,7,8 }. Now
x; = y; for alli € [1,9] by Theorem The results of this computation can
be found in Figures|9.5/to The intermediate steps of the above computation
have been performed with GAP [Gapl].

(1)s" =57, (2) =" —=sd"=—r"—(ds)?, (3)d’=d°, Du=u

Figure 9.5: The equations “(i) x; = y;” fori € {1,2,3,9 } in Remark(9.10.1

o(u,—s7) +0+T(s,a%) = @(u, —s") + 5+ T(s,a"),
—r(u,s) —a” —p(@(u,—s") +v,u) = —n(i,s) —a” — (e, —s") +7,7)

Figure 9.6: The equations xs = ¥ and xg = yg in Remark|[9.10.1} respectively.

xg =@, —1r7)+ @0, —d?) +w+T(d, ) + T(r, =17 — (ad”)")
va= (o, —s7) + o+ T(s,a%), —d") + @ (u, 17 + (ds)?) + w
FT(—r—ds, b7) + T(d,c” + (sb)” — [A(—r" — (ds)?)]")
where A = —7t(ii,s) —a” — (¢, —s) + 7,7),
x5 = —71(7,d) — " — (90, —d") +W,0) +ra
— (=n(u,r) + b7 + (ad”)” — ¢(B,u))s”
where B := ¢(i1, —17) + ¢(v, —d”) + w + T(d, ),
ys = —mt(@(, —s7) + 74+ T(s,a”),d) — c” — (sb)”
+ [(—=7(a,s) —a” — (e, —s") +9,u)) (=17 — (ds)”)]"
—¢p(CH+w+T(—r—ds,b7), (i, —s”) + 7+ T(s,a”)),
where C := ¢(¢(11, —s7) + 7+ T(s,a”), —d") + ¢(u,r”
x7 = —m(i,r) + b + (ad”)” — (o, —17) + ¢(v,—d%) + w +T(d,c7),u),
y7 = mt(u,—r —ds) + b" +p(@(u, 7 + (ds)”) +w, u)
— d(~(@,3) — a° — p(p(a, ) +5,7))

Figure 9.7: The values of x4, Y4, X5, Y5, X7, y7 in Remark[9.10.1

9.10.2 Note. In the following computations, we have to be careful to remember
that the group | is not abelian. For example, it is not possible to “subtract v from
equation 6” to obtain

o(u,—s") +T(s,a%) = p(ur, —s) + T(s,a")
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because v lies “in the middle” of equation 6. (However, it is still true that
the identity above is a consequence of equation 6 because we can simply put
v := 0;.) Similarly, we will avoid refering to inverses in the group (], +) whenever
possible.

As in section the goal of this section is to show that equations 1 to 9 are
equivalent to the axioms of a Jordan module. Clearly, equations 1, 3 and 9 are
trivial.

9.10.3 Remark (Associativity for n > 4). If n > 4, then BC,, contains a parabolic
subsystem of type Az whose root groups are parametrised by the ring R. In this
case, the blueprint computations for Ajz yield that R must be associative. How-
ever, this is the only identity that can be obtained from the assumption that n > 4.
Note that there is no need to perform a (long) blueprint computation in a rank-4
subsystem: It suffices to perform two separate (short) blueprint computations
in the subsystems A3 and BCs. Of course, the blueprint computation for Az has
already been done in section

9.10.4 Lemma. The map o is an involution of the ring R. In particular, 15, = 1g.

Proof. The first assertion follows from equation 2 in Figure The second
assertion is a consequence of the first one by Remark O

Lemma 9.10.4|clearly covers all non-trivial identities which can be derived
from Figure

9.10.5 Lemma (Equation 6). We have ¢(u,s) = ¢(u,s) and T(a,b) = T(a, b) for all
a,b,se Randallu € |.

Proof. The first assertion follows from equation 6 in Figure[9.6 by putting v := 0
and a := 0. The second assertion follows from the same equation by putting
u:=0andv:=0. O

9.10.6 Lemma (Equation 8). We have ¢(u,v) = ¢(u,v) and t(u,s) = mt(u,s) for
allu,v € Jandall s € R.

Proof. The first assertion follows from equation 8 in Figure0.6|by putting s := 0.
Using Lemma [9.10.5, we can now simplify equation 8 to obtain

—nt(u,s) —a” — (@, —s") Fv,u) = —n(it,s) —a” — (@ (u, —s") + o, u).
This is equivalent to the second assertion. O

Again, it is clear that Lemmas[9.10.5|and [9.10.6|cover everything that can be
deduced from Figure

9.10.7 Lemma (Equation 7). The following hold for all u,v € Jandall a,b € R:
(@) $(1,0) = $(1,7) = —(u,0).
®) p(p(u,a),0) = a"y(u,0).
(c) m(u,a) = ar(u,1g).
(d) (ab)rw(u,1z) + (ab)y(u,u) = a(br(u,1g)) + a(byp(u, u)).

Proof. Putting all variables except for 1 and w in equation 7 to zero, we see that
—p(w,u) = P(w, u). Together with Lemma [9.10.6|and the fact that - is of order
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at most 2, we infer that (a) holds. Putting all variables except for u, v, and d to
zero, we obtain

—¢((v,—d"),u) = dy(v,u),
which proves (b).

Observe that the term b7 + da” appears on both sides of equation 7, that
y(w,u) = —¢(w,u) by (a), that ¢(T(d,c”),u) = Ox by Lemma 9.9.7 (b) and
that 71(u,r) = m(u,r) and 7(it,s) = 7(u,s) by Lemma[9.10.6, It follows that
equation 7 is equivalent to x/, = y/, where

xp = —m(u,r) — (o, —r") + ¢(v,—d%),u),
vy = mt(u,—r —ds) + ¢ (@(u, 17 + (ds)7), u)
—d(—n(u,s) — (e, —s) +7,u)).
Using (a), the bi-additivity of i and the additivity of 7r in the second component
as well as Lemma[9.10.5, we see that

x/7 = —n(u, 1’) - l/J((P(ﬁ, _ra)rﬁ) - lp((P(E/ _da),ﬁ)
= —m(u,r)+rp(u,u)+dp(o,u) and
vy = —m(u,r) — t(u,ds) + (r +ds)p(u,u) +dr(u,s) —d(sp(u,u)) +dp(v,u).

Cancelling the term —7t(u,r) + rip(u, u) + dy(v, u) on both sides, it follows that
equation 7 is equivalent to

Or = —7t(u,ds) + (ds)p(u,u) +dm(u,s) — d(sp(u,u)).

Putting s := 1g, we infer that (c) is true. With this knowledge, equation 7 is
equivalent to

d(smt(u,1x)) + (ds)p(u,u) = (ds)m(u, 1g) +d(sp(u,u)),
which is exactly (d). O

We have seen in Lemma [9.10.7 (c)[that the map 7T is uniquely determined by
the map 77( -, 1&). This motivates the following definition.

9.10.8 Definition. We define a map m11: | = R, u — 7t(u, 1g).

9.10.9 Note. We will later see that a stronger version of Lemma [9.10.7 (d)| holds:
In fact, we have (ab)7t(u,1) = a(brt(u,1)) and (ab)p(u,u) = a(bp(u,u)). We
will also see that R is alternative, so by Remark these equations imply that
7t(u,1) and P(u, u) lie in the nucleus of R. Even more, we will see that ¢(u, v)
lies in the nucleus for all u,v € J.

Once more, the proof of Lemma shows that no further identities can
be obtained from equation 7. Now the only remaining equations are 4 and 5.
Even though equation 4 is shorter, we will continue with equation 5 since it is
an equation in R and not in J. This makes it easier to evaluate because (R, +) is
abelian.

9.10.10 Lemma (Equation 5, part 1). The following identities hold for all u,v € | and
alla,s,d € R:

(@) $(u,0)7 = —p(o,1).

() Y(u, ¢(v,a)) = p(u,v)a.

(c) (T(s,a),d) = (ds)a” + (da)s".
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Proof. We consider equation 5 in Figure Putting all variables except for u, v
and r to zero, we obtain

0= (p@0)r")" - ¢(p(n,r),0).

With 7 .= 1%, Lemma[9.9.11)and Lemma 9.10.7 (a)} this yields (a). Now (b) is a
consequence of (a) and the previous result(9.10.7 (b) because

p(u,9(v,0)) = —p(p(v,a),1)" = —(a"(v,1))" = P(u,v)a.
Replacing all variables in equation 5 except for 4, d and s by zero, we see that
—(ad”)’s” = —7t(T(s,a%),d) + (a”(ds)”)” — (9 (T(s,a), —d"), T(s,a")).

Recall that the last summand on the right-hand side is trivial by Lemma
Thus we obtain
nt(T(s,a”),d) = (ds)a+ (da”)s".

This proves (c). O

9.10.11 Remark. Let u,v € | and a,b € R. By the same computation as in

Note it follows from Lemma[9.10.7 (b)land Lemma[9.10.10 (b)|that
(ap(u,v))b = a(yP(u,v)b).

In other words, the image of ¢ lies in the middle nucleus of R.

9.10.12 Lemma (Equation 5, part 2). The following hold for all u € J:

(a) m1(u)” = m(u) — ¢p(u,u).
(b) 1t1(u) lies in the middle nucleus of R.

Proof. We consider equation 5 in Figure[9.7|and put all variables except for u, r
and s to zero. This yields

—(=n(u,r) — (o, —r"),u))s" = <(—7r(u,s) — (o1, —s”),u))(—r”))
— (o, 1), (@, —5")).
We can simplify this equation to obtain
t(u,r)s” —rip(u,u)s” = rm(u,s)” +rp(u,u)s” —rp(u, u)s’,

or in other words,
mt(u,r)s” —rip(u,u)s” =rm(u,s)’.

For r .= s := 1g, this is exactly assertion (a). Using (a) and Lemma[9.10.7 (c)} the
equation that we have just established simplifies as follows:

(rmma(u))s” —rip(u, u)s” = r(sm(u))g = r(m(u)s”) —rip(u, u)s’.

This implies that (r7ti(1))s” = r(m(u)s”). In other words, 7t1(u) lies in the
middle nucleus, which finishes the proof of (b). O

9.10.13 Remark. Lemma(9.10.7 (c)|together with Lemma[9.10.12 (a)|yields that
mt(u,a) = (amy(u))” = my(u)a” — p(u,u)a’
forallu € Janda € R.

Recall the definition of nuclei from Definition [5.1.9]



306 9. Root Gradings of Types C and BC

9.10.14 Lemma. The ring R is weakly alternative and satisfies
Nucl(R) = LNucl(R) = MNucl(R) = RNucl(R).

Further, the images of 7ty and  lie in Nucl(R) and the involution o is nuclear.

Proof. For any a € R, we have m11(T(1g,a)) = a + a” by Lemma [9.10.10 (c)

In particular, a + 47 lies in the image of 71y, so it lies in the middle nucleus by

Lemma[9.10.12 (b)l By the same computation as in Lemma [8.3.14} this implies

that
[d,a’,s] = —|[d,a,s] foralla,d,sc R. 9.1)

Now leta,d, s € R be arbitrary. On the one hand, Lemma yields that
n(T(s,a),d) = (ds)a’(da)s’.
On the other hand, it follows from Lemma that
n(T(s,a),d) =dn(T(s,a),1z) = d(sa” + as”).

Together, these two identities imply that [d,s,a”] = —[d,a,s”]. Invoking (0.1),
we infer that —[d,s7,a%] = [d,a’,s|. This says precisely that the conditions of

Lemma(8.3.11 (b)|are satisfied, so R is weakly alternative.
By Remark it follows from the weak alternativity of R that nucleus, left
nucleus, middle nucleus and right nucleus coincide. Since we have already seen

in Remark [9.10.11} Lemma[9.10.12 (b)|and that the images of 71y and ¢ and

all traces of R lie in the middle nucleus, the remaining assertions follow. O

9.10.15 Lemma (Equation 5, part 3). We have 7t(¢(u,s),d) = (ds”)mti(u)s for all
u€jandd,s € R.

Proof. We put all variables in equation 5 except for u, d and s to zero. This yields
0= ~re(oT, <)) + (@) ~ 40T, ~),0) (~(@5)) )
(ool 57), ) & p(u, (45)%), 9, —) ).

Using Lemmas to and also Lemma we observe that
(=) - plpta—s),m) (~(a5)) )
= () (= 0,5)” = (gl —) )

= (ds) <7T(M,S)U — ¢ (u, (u, —s”)))
= (ds) (rt(u,s)” +y(u,u)s”) = (ds)r(u,s)” + (ds)p(u, u)s”

and

¢(¢(¢<u, &), %) ¥ p(u, (ds)°), 9T, —sﬁ>)

= (o~ ~d), 900, ~5%) ) + 99, @9), 07, —))

=d (e, —s7),u)s” — (ds)p(u,)s”
= —(dspp(u,u))s” + (ds)p(u, u)s’.
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Therefore,
0=—mn(p(u,—s"),d) + (ds)m(u,s)” + (ds)p(u,u)s”
+ (dspp(u,u))s” — (ds)p(u,u)s”
= —7t(¢(u, —s%),d) + (ds)m(u,s)” + (dsp(u,u))s”
Since

(ds)rt(u,s)” = (ds)rmy(u)s” — (ds)p(u, u)s” and
(ds)(u,u)s” = (dsp(u,u))s’
by Remark[9.10.13|and Lemma respectively, we infer that
rt(@(u, —s7),d) = (ds)rmy(u)s.

Replacing s by —s”, the assertion follows. O
9.10.16 Proposition. The ring R is alternative.

Proof. Lets,d € R and recall that the fixed element vy € ] from Notation[9.9.7]
satisfies 711 (vg) = 1g by Lemma(9.9.11] Thus on the one hand, Lemma [9.10.15
yields that

mt(@(vo,s),d) = (ds”) 1 (vo)s = (ds”)s.

On the other hand, and together with Lemma[9.10.7 (c), Lemma 9.10.15/implies
that

mt(@(vo,s),d) =d(m(¢@(vo,s),1x)) = d(s"m1(vo)s) = d(s7s).
Thus [d, s7,s] = 0. Since the involution ¢ is nuclear by Lemma [9.10.14} it follows

that [d,s,s] = 0 for all s,d € R. By an application of Lemma [8.3.11 (c)|, we
conclude that R is alternative. O

9.10.17 Remark. It is not clear that no further identities can be deduced from
equation 5 in Figure We verify this by simplifying this equation with our
recently obtained knowledge. For the simplification of y5, we begin with the first
summand. Repeatedly applying Lemma as well as the identities from
this section and Lemma[9.9.7 (b), we see that

(@@, —s") +74+ T(s,a%),d)

= 1t(o(, —s") +7,d) + n(T(s,a”),d) + (¢, —s") +7,d7),T(s,a”))
= nt(o(u, — )+v d) 4+ 7(T(s,a”),d)
= 1t(o(,—s"),d) + n(v,d) + (¢ (¢, —s7),d"),v) + n(T(s,a”),d)
= (ds) 71 (u)s” +d7r1( ) —dsp(u,v) + (ds)a + (da”)s’.
Further,
[(=7(,5) —a” — p(p(@,—s7) +7,7)) (=17 — (ds)")]"
(r+ds)(m(u,s) —|—u—|—1/J( (u,—s") +o,u)”)
= (r+ds)(m(u)s” —p(u,u)s” +a— (u,(p(u, —s7) +v))
= (r+ds) (m (u)s” w w,u)s” +a+p(u,u)s” — ¢ (u,0))
(r+ds) (1 (u)s” +a —p(u,v))
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Finally,
—p(C+wF+T(—r—ds,b7), ¢(u, —s7) + 0+ T(s,a”))

#(C2) = (9o, —57) 55 T(5.0%), ~°) & gl + (85)), )

= —dy((,—s") + 7+ T(s,a%),x) + (r +ds)p(u, x)
= —dsp(u, x) +dy(v,x) + (r +ds)p(u, x).
Altogether, we conclude that
ys = —(ds)my (u)s” — dmy(v) + dsp(u,v) — (ds)a — (da”)s” — 7 — b7s”
+r(m(u)s” +a—(u,0)) + (ds) (1 (u)s” +a — p(u,v))
+ (ds)p(u,u)s” —dyp(v,u)s” — (r+ds)p(u, u)s”
—dsp(u,v) +dyp(v,v) + (r+ds)p(u,v) + p(w,u)s” — p(w, v).

Note that all the summands (ds) 7ty (u)s?, (ds)a, rip(u,v) and (ds)p(u, u)s” appear
once with a positive and once with a negative sign in the expression of ys, and
(ds)p(u,v) even appears twice with a positive and twice with a negative sign.
Thus we have

ys = —dmy(v) — (da”)s” — ¢ — b7s” + r(m1(u)s” + a)
—dp(v,u)s” —rp(u,u)s” +dy(v,v) + p(w, u)s” —p(w,v).
For the simplification of x5, we first observe that
(B, i) = (o, ") + (v, —d%) +w + T(d, ), u)
= ¢(o(u, —17) + ¢(v, —d") + w,u)
= —r¢p(u,u) —dyp(o,u) + p(w,u).
Therefore,
x5 = —dm (v) — " +dy(v,0) — P(w,v) +ra+rm(u)s” —b7s7 — (da”)s”
—rip(u, u)s” —dp(v,u)s” + P(w, u)s’.
It is now easy to verify that the equation x5 = ys5 is equivalent to 0 = 0. Thus

there exist no other identities which can be deduced from equation 5.

9.10.18 Lemma (Equation 4, part 1). The following hold for all u € | and a,b,c € R:
(a) T(ab,c) = T(a,cb”).
(b) T(a,b) =T(b,a).
© ¢(u,—a) = p(u,a).
(d) ¢(T(a,b),c) =T(c"b,c"a).
(e) utv=vFu+T(lg, ¢(u0)).
Proof. We consider equation 4 in Figure Putting all variables except for b, d
and s to zero, we obtain
0; = T(—ds, b") + T(d, (sb)7).
In other words, T(ds, b”) = T(d,1"s”). This proves (a).
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Replacing all variables in equation 4 except for 4, d and r by zero, we see that

T(r, —(ad?)7) = T(d, —((—a”)(=17))7).
This is equivalent to the identity T(r,da”) = T(d, ra), which for a := 1 implies
that (b) holds.
Now we substitute each variable in equation 4 except for u and 7 by zero. In
this way, we obtain

@i, =r7) = ¢(u,17).

Since

@i, —r7) = ¢(u, —17)

by Lemma 9.10.5} assertion (c) follows.
Putting all variables in equation 4 except for a, d and s to zero, we obtain

0; = ¢(T(s,a7),—d?) + T(d, — ((—a")(—(ds)"))").
Note that, by (c) and Lemma we have

¢(T(s,a”),—d’) = ¢(T(s,a7),d?) = ¢(T(s,a”),d”) = ¢(T(s,a”),d").
Hence

¢(T(s,a”),d”) =T(d, (ds)a),
which together with (a) shows that (d) holds.
Next we put all variables in equation 4 except for u, v, d and r to zero. This
yields
o, —17) + ¢(v,—d7) = ¢(v, —d7) + ¢(u,r7) + T(d, —((—y(v,7)) (=17))7).
Using Lemmas [9.10.5/and [9.10.6| we can remove most occurrences of ~ in this
equation to obtain

o(u, —r7) + ¢(v, =d7) = ¢(v, =d7) + ¢(u,r7) + T(d, —r(v,u)?).
Putting d := r := —1g and using (c) and Lemma [9.9.11} we infer that
utv=ov+utT(lg, ¢p(u,0)),

which is exactly the assertion of (e). O

Motivated by Lemma [9.10.18 (a) and [9.10.18 (b), we make the following
definition, which is similar to Definition [9.10.8|

9.10.19 Definition. We defineamap T1: R — J,a +— T(a,1g) = T(1g, a).

9.10.20 Remark. Leta, b,c € R. Then Lemma9.10.18|yields the following prop-
erties of the map Ti:

¢(T1(a),c) =T(c, c%a) = T(1g, c"ac) = T1(c%ac),
( ) =T(1ga,1g) = T(1lg, 1ga”) = T1(a”),
T1((ab)c) = T((ab)c,1x) = T(ab,c”) = T(a,c’b") = T(1g, (c’b")a’)
=Ty ((c“b")a”) = T1(a(bc)).
Further, Lemma implies that
m1(Ti(a)) = n(T(a,1g),1x) = a +a”.
This last property is in some sense dual to the following Lemma
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9.10.21 Lemma (Equation 4, part 2). The following identities hold for all u € | and
alls,d € R:

(@) Ty(m(u)) =u+u=1+u
) ¢(@(u,s),d) = @(u,sd).

Proof. In this proof, we will only consider equation 4 in Figure 9.7 with all
variables except for u, d and s replaced by zero. This produces the following
identity:

0= ¢(¢(u,—s),—d") + ¢(u, (ds)?)
4 T(d, —[(=r(@,s) — p(p(E, —s7), 7)) (_(ds>o-)]">
Using the previously computed identities, we can simplify this equation to obtain
0=¢(e(u,—s),—d") + ¢(u,s7d") + T <d, (ds)(—7t(u,s)” + (sp(u, u))0)>

where

T (4, 09) (=l + (s 0)") )

= T(d, (ds) (—m1(u)s” 4+ (u,u)s” — p(u, u)s"))
= T(1g, —dsm(u)s"d”) = Ty (—dsmy (u)s"d").
Replacing s and d by —s” and —d", respectively, we conclude that
0=g(p(us),d)+ ¢(u,sd) +Ti(—d’s"m(u)sd). (9.2)

Putting s := d := 1g, we obtain Ty(my(u)) = u + . Since my(u) = 71(u) by
Lemma it follows that Ty (7r1 (1)) = % + u holds as well. This finishes the
proof of (a).

Using (a) and Lemma we see that

Ty (—d?s"m(u)sd) = = T1 (1 (@(u,sd))) = = (@(u,sd) + ¢(u,sd))
= (Zo(u,sd)) + (“o(u,sd)).
With this information, becomes
0=o¢(¢(u,s),d) + (~¢(u,sd)),
which proves (b). O
9.10.22 Remark. Similarly as in Remark[9.10.17, we will now show that no further

identities can be deduced from equation 4 in Figure The right-hand side of
this equation can be written as

@(u, 17 +57d7)
(dsb)
(@, —s” —i—v,u)a])

va = @(u,s7d7) + (v, —d7) § Ty(dsad”) +
+w+ Ty(—rb —dsb) + Ty1(dc) + Ty

—?T1<d,(r+ds)[— (u,8)" —a—

By Lemma
@(u, 17 +57d7) = @(u,r7) + @(u,s7d7) + Ty (dsmy (u)r”).
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Further,
Ty (d, (r+ds)[—m(u,s)” —a—p(p(u,—s7) F+o, u)ﬂ)
=T <d, (r+ds) [~ (u)7s” —a+ (sp(u,u))’ — 1/)(v,u)‘7]>

=T <d, (r+ds)[—mi(u)’s” —a—¢(u,u)s” + lp(u,v)]>
=Ty (—rmi(u)7s°d” — rad” — rp(u, u)s"d” + rip(u, v)d”)
F T1(—dsmi(u)?s7d” — dsad” — dsp(u, u)s’d” + dsp(u,v)d”).
We conclude that
vy = @(u,s7d%) + (v, —d”) + Ty (dsad”) + @(u,r7) + ¢(u,s7d7)
F Ta (dsrry (u)r”) + w F Ty (—rb — dsb) + Ty (dc) § Ty (dsb)
T1(—rm(u)’s7d” — rad” — rip(u, u)s”d” + rip(u,v)d")
F Ty (—dsmy (u)7s7d” — dsad” — dsp(u, u)s’d” + dsp(u,v)d").
Using that the image of T; lies in the center of | by Lemma that the

summands Ti(dsad”) and Ty (dsb) appear once with a positive and once with a
negative sign, and that

Ty (—rmi(u)’s”d”) =Ty (—(rnl(u)”s”da)g) = — Ty (dsry (u)r”),
we can simplify this expression of vy, as follows:
ya = o(u,s7d%) + ¢(v, =d7) + ¢(u,r7) + ¢(u,7d7) + w + To (=7 )
F Ti(de) + T1(—rad”) + Ty (—rp(u,u)s"d”) + Ty (r ( )
F T1(—dsmi(u)s7d”) 4 T1 (—dsyp(u, u)s7d”) + T1 (dsp(u,v)d”).
The left-hand side of equation 4 is easier to simplify:
xg = @(u,—17) + ¢(v,—d%) + w+ Ty (dc) + T1(—rb) + T1(—rad”).

Subtracting w + Ty (dc) + Ty (—rb) + T1(—rad”) from the right side from both x4
and y4, we see that equation 4 is equivalent to x), = y, where

¥y = plu, =) F g0, —d),
vy =@(u,s7d") F o(v,—d%) + o(u, 1) + ¢(u,s7d7) + Tq (—rip(u, u)s"d’)
+T1(rgp(u,v)d”) + Ty (—dsy (u)s7d”)
F T1(—dsyp(u, u)s7d”) 4 T1 (dsp(u,v)d").
Observe that by Lemma and Lemma
Ty (—dsmy(u)s7d”) = T1(—mi (@(u,87d7))) = (Z(u,57d7)) + (S @(u,s7d")).
Thus
vy =@(u,s7d7) F o(v,—d%) + o(u,r7) + ¢(Fu,s7d7) + T1 (—rp(u, u)s’d”)
F T (rp(u,0)d”) + Ty (—dsyp(u, u)s7d”) + Ty (dsyp(u, v)d”).
Further, by Lemma [9.10.18 (e)}
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Therefore, subtracting ¢(v, —d%) + T1(r¢(u,v)d”) from the left side of the equa-
tion xj = y), we infer that equation 4 is equivalent to x] = y; where x] =
¢(u,—r) and
Va = (10, 574%) + (0, 1) + @(21,57d) Ty (—rp(u, w)sd)
Ty (—dsyp(u, u)s7d).
Again by Lemma 9.10.18 (e), we have
p(1,578%) + (10, 17) = 91, 17) + p(u,57d7) T (dsp(u, 1))

where
Ty (dsyp(u,w)r") = Ty (—dspp(u, u)r”) = Ty (—rgp(u, u)’s"d")
=Ty (r¢p(u, u)s7d").
Therefore, y) = ¢(u,r7). Since ¢(u,r7) = ¢(u, —17) by Lemma [9.10.18 (c))} it

follows that equation 4 is equivalent to 0; = 0;. Thus our computations are
finished.

9.10.23 Summary. It follows from the collection of identities in this section and
the previous one that R is an alternative ring, ¢ is a nuclear involution on R,
(M, ¢, 11, T1, ) is a Jordan module over (R, Ry, ¢) and ~ is the Jordan module
involution on M. If n > 4, then we know in addition that (R is associative (see
Remark[9.10.3). Further, the computations in Remark(8.6.2)show that every Jordan
module satisfies all the identities that we have collected in this section and the
previous one. In other words, Jordan modules are exactly the algebraic structures
which are characterised by the results of the blueprint computations. It remains
to compute the commutator relations which are not covered by Lemma [0.9.§]
and Remark[9.9.9] which is a straightforward task.

9.10.24 Proposition. (0,)aepc, is a coordinatisation of G by (M, ¢, 7t1, T1, ) with
standard signs.

Proof. We already know from Lemma and Remark that the first set
of the standard commutator relations in Definition[9.6.2lholds and that the first
relation in each of the other sets holds if i < j. We begin with the second set of
relations. We already know that

[Qei_ej(a)’ 9€i+ej(b)] = 0, (T1 (aba))
holds for i < j. Conjugating this identity by w;;, we obtain that
[ij—ei (—a), QEH—E]‘ (_bgﬂ = 96]‘ (T1 (abg))'

It follows that the first relation in the second set is true. Conjugating this identity
by w;, we infer that

[6—ei—e; (07;(@)), 66, (—07;(0))] = 0, (Ta(ad];(D))),
which proves the second relatlon.
Now we turn to the third set of equations. We already know that

[93]‘ (0), 9@—&7 (a)] = 0, (90(0, _”J))eeﬂrei (—n(v, ”))-
It follows from this equation by conjugation with w; that

[96‘1‘ (U), 06,'—61‘ (_a)] = 931‘ ((P(vr ag>)95i+5j ( (a7T1 <v))a)'

We infer that the first equation holds. Conjugating it by w;, we see that
[Be; (0),0-ci¢; (07(a))] = 0-c (9 (0, —a"))Be;—; (71 (0)7a7).
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The second equation follows. Conjugating the first equation by w;, we compute
that

[973] (U), 961+e] (5:7>](a)):| = 961’ (QD(U, _ag))gelfe] (LlT[] (U)) .
The fourth equation follows from this one by interchanging the roles of i and ;.
Conjugating the fourth equation by w;, we obtain

[9*61' (0), Oc,—c; (_5;;]‘(”))] =0, (q)(vr _‘5:‘7>j(a)))6*3i*€j (‘5:‘7>j (5;T<j (a) 1 (”)) ) :
This proves the third equation.
Finally, we turn to the last set of equations. Once again, we already know that

[eei (u)’ eej (U)] = 6€j+€j (lp(u/ U)) .
Conjugating this identity by w;;, we obtain that

[961 (u)/ 96]' (5)] = 9€i+€j (—l[)(u, U)a) = 981+€]' (l/)(?), u)) :
Thus the first relation holds. Conjugating this relation by wj, it follows that

_ SO (—9p(1,0)) i<y
0000 = (2D ot 1)

proving the second identity. Finally, the last identity follows from the second one
by conjugation with w;. O

9.10.25 Lemma. We have v_1 = v1 = 7.

Proof. By Proposition[9.10.24] we can apply Lemma This yields that
v_1 =01 = (o, m1(v0) 7).
Since 711 (vg) = 1x by Lemma[9.9.11} the assertion follows. O

We can now state the main result of this chapter. Recall the near-classification
results for Jordan modules in Theorems|[8.7.20|t0(8.7.22

9.10.26 Theorem (Coordinatisation theorem for BC,,). Let n € N>z and let G be a
group with a crystallographic BCy,-grading (Uy)aepc,. Then there exist an alternative
ring R with nuclear involution o and a Jordan module § = (], ¢, 1, T1,¢) over
(R,0) such that G is coordinatised by § with standard signs. The ring R must be
associative if n > 4 and the Jordan module § must be of type C if (Uy)acpc, arises
from a crystallographic C,-grading as in Remark|[9.2.6| Further, if we fix a A-system of
Weyl elements in G, then we can choose the root isomorphisms (0y)wepc, S0 that ws =
0_s(—1x)05(1r)0_5(—1x) for all long simple roots 6 and ws = 6_5(0g)05(v0)0_5(v0)
for the short simple root 6 where v is some element of | with 111 (vg) = 1 and = denotes
the Jordan module involution.

Summary of the proof. Choose the standard rescaled root base A of BC,, and a A-
system (ws)sca of Weyl elements. Denote by (A, 1, B, i) the standard admissible
partial twisting system for G, as in Definition[9.7.2] Then by Proposition[9.8.4}
there exist groups (R, +) and (], +) on which A x B acts and a parametrisation
(6x)aecBec, of Gby (A x B, ], R) with respect to (w;)sea and 77 X p. We can define
commutation maps as in Definition[9.9.5] By Summary these maps equip
R with the structure of an alternative ring with nuclear involution (which must be
associative if n > 4) and the group | with the structure of a Jordan module §. By
Proposition(9.10.24} (6)xcBc, is a coordinatisation of G by ¢ with standard signs.
By Lemmas|9.9.10/and 9.10.25| the Weyl elements (w;)sea have the desired form.
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If (Uy)aepc, arises from a crystallographic C,-grading, then pairs of orthogonal
short root groups commute (see Remark9.2.7). This says precisely that i = 0, or
in other words, that ¢ is of type C. O



Chapter 10

Root Gradings of Type F

In this final chapter, we investigate F4-graded groups. Our goal is to show that
each such group is coordinatised by a multiplicative conic alternative algebra
A over a commutative associative ring £. These objects should be thought of
as suitable generalisations of composition algebras. If the base ring £ is a field
of characteristic not 2 and the norm function on A is anisotropic, then A is
a composition division algebra in the classical sense (Lemma [10.2.17). These
assumptions are always satisfied for multiplicative conic alternative algebras
which coordinatise RGD-systems of type Fj.

While an explicit standard representation for the root system F; is available,
it is much less practical to work with than the standard representations for root
systems of types A, B, C, BC and D. This makes it much more difficult to concisely
write down all commutator relations in F4-graded groups. For this reason, we will
only specify the commutator relations which can be seen in some (standard) root
base. All other pairs of non-proportional roots adhere to commutator relations of
the same form, but with twisted signs.

Recall that the main work in the previous chapters consisted of rank-2 and
rank-3 computations. Since every proper root subsystem of F; is of type A, B
or C (or a product of such root systems), most of the necessary computations
have already been performed in the previous chapters. In fact, we can directly
apply the coordinatisation theorems for Bz-graded groups and Cs-graded groups
to certain subgroups Gp and G¢ of an arbitrary F;-graded group G. All that
remains to do is to investigate the “overlap” of Gg and G¢, by which we mean the
root groups which are contained in both groups. By comparing the commutator
relations of Gg and G¢ on these root groups, we obtain additional identities which
turn the coordinatising structure of the short root groups into a multiplicative
conic alternative algebra.

The outline of this chapter is as follows. We introduce conic algebras and
related algebraic structures in sections and and the root system F; in
section In section we construct an F4-graded group for each multi-
plicative conic algebra which is associative, commutative and faithful. We will
also define the notion of coordinatisations with standard signs and the standard
parity maps in this section. In section[10.5] we perform a few computations which
are specific to F;-gradings. In section we introduce the standard partial
twisting system for Fy-graded groups and show that every F4-graded group has
a parametrisation by a pair of abelian groups (A, £). In section we use
the coordinatisation theorems for Bs and C3 to equip £ with the structure of an
associative commutative ring and A with the structure of a multiplicative conic
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alternative algebra over £. We state this main result in Theorem[10.7.8

10.1 Conic Algebras and Related Structures

10.1.1 Notation for this section. We denote by £ an arbitrary commutative as-
sociative ring. Unless otherwise specified, all modules and algebras are defined
over A.

10.1.A Algebras and Scalar Involutions

Before we can define conic algebras, we should clarify what an algebra is. We
will also introduce the concept of algebras with scalar involutions, which are
closely related to conic algebras. (For a precise formulation of this statement, see
Remark [10.1.20}) While the notion of scalar involutions will not, strictly speaking,
be necessary to study conic algebras, it fits nicely into the framework of nuclear
and central involutions that we have introduced in section[8.3]

There are two equivalent ways of describing algebras, both of which will be
useful in the sequel: As rings equipped with a structural homomorphism, and as
modules equipped with a bilinear multiplication.

10.1.2 Definition (Algebra). A £-algebra is a pair consisting of a ring A and a
homomorphism £ — Z(.A), called the structural homomorphism of A and usually
denoted by str 7. We will often simply call A a £-algebra, leaving the structural
homomorphism implicit. The elements of A which lie in the image of str 7 are
called scalars. Further, an algebra is called faithful if its structural homomorphism
is injective.

Recall from Definition that elements in the center of a ring are not only
assumed to commute with all elements of the ring, but also to lie in the nucleus.

10.1.3 Remark (Algebras as modules). Given a £-algebra (A, str z), we can
define a right £-module structure on A by

*: AXKk— A, (a,A) — strg(A)a=astrg(A).

Since £ is commutative, we can also consider A as a left £-module with the same
scalar multiplication, and we well use both notations depending on the circum-
stances. We will always use the symbol % to denote the scalar multiplication on a
f-algebra.

In fact, we could define a £-algebra to be a ring A together with a £-module
structure x on A such that the ring multiplication of A is £-bilinear. Then the
map strz: £ = A,A — 17 %A is a ring homomorphism, and its image lies in
the center of A because the ring multiplication is A-bilinear.

10.1.4 Notation. Let A be a £-algebra, let A € £ and let a € A. We will often
write Aa for the element A x a = str 7 (A)a to simplify notation. In particular, we
will often write A1z for strz(A). However, we will never write A for str 7 (A)
because the map str 7 is not necessarily injective.

The notion of faithfulness for algebras agrees with the one for modules.

10.1.5 Lemma. Let A be a k-algebra. Then A is faithful as a k-algebra (that is, str 7 is
injective) if and only if it is faithful as a k-module (that is, if A € £ satisfies AA = {0},
then A = 0).
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Proof. Assume that A is faithful as a module and let A € ker(str7). Then we
have A xa = stry(A)a =057 -a = 04 foralla € A. Thus A = 0 because A is
faithful as a module. This shows that A is faithful as an algebra.

Now assume that A is faithful as an algebra and let A € £ suchthat A xa = 04
for all a € A. In particular, we then have str 7 (A) = strz(A) - 17 = Ax17 = 04.
Since A is faithful as an algebra, it follows that A = 0, so 4 is faithful as a module
as well. O

The property of a ring involution (in the sense of Definition [8.3.2) to be
compatible with the algebra structure can be phrased in two equivalent ways.

10.1.6 Lemma. Let A be a k-algebra and let o be an involution of the ring A (in the
sense of Definition . Then the following assertions are equivalent:

(i) The map o is linear with respect to the k-module structure of A.
(ii) The image of the structural homomorphism str.z : k — A is contained in Fix (o).

Proof. The involution ¢ is A-linear if and only if (axA)” = a” x A forall A € £
and a € A. Observe that

(axA)7 = (astr7(A))” =str7(A)7a”  and
a’ x A = a’str 7 (A) = strg(A)a”

forall A € £ and a € A. Thus 0 is clearly linear if the image of str 7 is contained
in Fix(c). Conversely, by putting a := 1 7 in the equations above, we see that
str7(A)7 = strg(A) forall A € £ if ¢ is linear. O

With the notion of algebra involutions at hand, we can now define scalar
involutions.

10.1.7 Definition (Scalar involution). Let A be a f£-algebra. An (algebra) in-
volution of A is an involution ¢ of the ring A which satisfies the equivalent
properties of Lemma It is called scalar involution if all norms (in the sense
of Definition are scalars. That is, a%a lies in str 7 (£ ) for alla € A.

Since all scalars in a £-algebra 1 lie in the center, every scalar involution of A
is central (and thus nuclear) in the sense of Definition [8.3.12} Conversely, every
central involution can be regarded as a scalar involution, though we may have to
change the ground ring.

10.1.8 Lemma ([McC70, Section 9.5]). Let R be a ring with a central involution o
and put Z°(R) = Z(R) NFix(c). Then R is a faithful Z7 (R)-algebra with scalar
involution o.

Proof. Since Z7(R) is a subring of R, the natural inclusion i: Z7(R) — R pro-
vides a faithful Z7(R)-algebra structure on R. Forall A € Z7(R) and alla € R,
we have

(aA)” = A% = Aa® = a°),

so ¢ is an involution with respect to this algebra structure on R. Further, all
norms of ¢ lie in the center of (R because ¢ is central and they satisfy (a7a)” = a”a
for all a € R. We conclude that all norms lie in Z7(RR), which shows that ¢ is a
scalar involution O
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10.1.9 Remark. Let A be a £-algebra with an algebra involution ¢. Recall from
Remark and Propositions 8.3.17]and [8.3.21] that all traces in A are nuclear
(or central) if ¢ is nuclear (or central), and that the converse is true if A is
alternative or if 2 7 is invertible. By the same argument as in Remark[8.3.13] all
traces in A are scalar if ¢ is scalar and the converse is true if 2 7 is invertible. If
we know that A is alternative, the assumption that 2 7 is invertible can be relaxed
slightly: It suffices that some trace in A is invertible, see [McC70, Section 9.5].

10.1.B Conic Algebras

10.1.10 Convention. In this section, we will denote the linearisation of any -
quadratic form q: M — £ by g as well, so that q(x,y) = q(x +y) —g(x) — q(y)
forall x,y € M.

We can now turn to the protagonists of this section. In this subsection, we
will closely follow the exposition in [GPR], which in turn follows [McC85].

10.1.11 Definition (Conic algebra, [GPR| 16.1]). A conic algebra over £ is a pair
(A, n) consisting of a k-algebra A and a £-quadratic form n: A — £ (in the
sense of Definition such that n(17) = 14 and such that the following
Cayley-Hamilton equation is satisfied for all a € A:

a® — n(a, 1ﬂ)a + n(a)lﬂ =04.
The map n is called the norm of A.

If (A,n) is a conic algebra, then (A,n, 1) is a pointed quadratic module.
Thus by Note[7.1.24, we have corresponding conjugation and trace maps.

10.1.12 Definition (Conjugation and trace, [GPR, 16.1]). Let (A, n) be a conic
algebra over /. The map

tr: A — k,a—n(aly)
is called the trace of (A, n) and the map
T=—01,: A= Aa—tr(a)lg—x

is called the conjugation of (A, n).

The fact that conic algebras are pointable quadratic modules also has the
following consequence.

10.1.13 Lemma. Assume that 2 is not a zero divisor and let (A, n) be a conic algebra
over k. Then A is a faithful k-algebra.

Proof. This follows from Lemma|7.1.15 O

10.1.14 Note. In [McC70, Sections 2.1, 2.2] and [McC85, p. 86], an algebra A is
called of degree 2 if there exist a quadratic form n: A — £ and a linear form
tr: A — £ suchthatn(ly) = 14, tr(17) = 25 and

a* —tr(a)a+n(a)lz =0

for all 2 € A. Thus conic algebras are precisely those algebras of degree 2 in
which tr(a) =n(a,14) foralla € A. If A is an algebra of degree 2 with norm n
and trace tr, thenn(a, 1 7)1 = tr(a)l 4 for all a € A by [McC85, (0.8)]. Hence
for faithful algebras, the two notions coincide. In particular, they coincide if 24
is not a zero divisor because Lemma is true for algebras of degree 2 as
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well. Even in the non-faithful setting, many results in this section remain true for
algebras of degree 2, but we will have no need to use this fact.

Here are two examples of conic algebras. The first one motivates the name of
the Cayley-Hamilton equation and the second one will be useful in the construc-
tion of F4-graded groups in section[10.4}

10.1.15 Example. Let A be the £-algebra of (2 x 2)-matrices over £ and put
n(a) := det(a) for alla € A. Then (A, n) is a conic algebra over 4. Its trace is the
usual trace map

tr: A — k,a+— a1 + ax

and its conjugation is

A=A, <ﬂ11 6112> s ( az —6112> '
dr1 d —az1 a1
The Cayley-Hamilton theorem says that any a € A is a root of its characteristic
polynomial, and this is precisely the Cayley-Hamilton equation in this situation.

10.1.16 Example ([GPR| 16.2 (d)]). Put A = £ X £ and n(a,b) := ab for all
(a,b) € A. Then (A, n) is a conic algebra over £ with trace tr(a,b) = a+ b and
conjugation (a,b) = (b,a) for all (a,b) € A. Further, the linearisation of n is

A X A =k, ((a,b),(c,d)) — ad + cb.

Observe that, forgetting the multiplication on A, the quadratic module (A, n) is
the hyperbolic plane (that is, the hyperbolic space of dimension 2) from Exam-

ple|7.1.13

Conic algebras arise from F;-graded groups in the form of the following
parameter system.

10.1.17 Definition (Standard parameter system). Define A := B := {£1}. We
declare that A acts on A and £ by inversion and that B acts trivially on £ and
by conjugation on A (that is, by the switching involution). More precisely, this
means that

—1A./\ = —/\, —1A.[l = —da, —13./\ = /\, —13.61 =a

forall A € £ and all a4 € A. Then the triple (A x B, A, k) is called the standard
parameter system for (A, n).

We now investigate some basic properties of conic algebras. The following
identities are straightforward to verify.

10.1.18 Lemma ([GPR| 16.5]). Let (A, n) be a conic algebra over k. Then the following
hold:

(@) n(1z) =15 and tr(1.7) = 24.

(b) 1z=1zanda=aforalla € A.

(c) aa=n(a)ly =aaanda+a = tr(a)ly foralla € A.

(d) ab+ba = n(a,b)lz foralla,b € A.

(e) n(a) =n(a),n(a,b) =n(a,b) and tr(a) = tr(a) foralla,b € A.

(f) The conjugation and trace maps are k-linear.

In order to show that the conjugation on a conic algebra is an (algebra) invo-

lution, it only remains to show that it is anti-compatible with the multiplication.

This is, however, not true in general. Instead, we have the following characterisa-
tion.
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10.1.19 Lemma ([GPR, 16.10]). Let (A, n) be a conic algebra over k. ;I’hen the con-
jugation of A is an algebra involution if and only if tr(ab)17z = n(a,b)1 7 (that is,
n(ab,14)142 =n(a,b)) foralla,b € A.

10.1.20 Remark (Scalar involutions and conic algebras, [McC85, 1.1]). Let A be
a k-algebra. For the scope of this remark, a linear involution of £ is defined to be
the same thing as an algebra involution except that it is not assumed to be anti-
compatible with the ring multiplication. The notion of scalar linear involutions
is defined in the same way as for algebra involutions. It remains true in this
generality that all traces with respect to a scalar involution are scalars and that,
by the same proof as in Lemma|8.3.20} we have aa” = a’a foralla € A if cisa
scalar linear involution.

Now assume that (,n) is a conic algebra over 4. Then Lemma
says precisely that the linear involution ™ is scalar, though of course it need not
be a ring involution. In particular, it is also central and nuclear.

Conversely, let A be a £-algebra with a scalar linear involution ¢. Denote the
image of £ in A under the structural homomorphism by 4. (If 4 is a faithful
f-algebra, then we can identify £ with £.) We define

tr: A — K,a— Try(a) =a+a” and n: A — k,a+— Ny(a) =aa’” = a’a.

Then for all a € A, we have

a* —tr(a)a+n(a)lg =a*— (a+a%)a+aa =0y and

n(a,lyz)=@@+1z)(a+142)" —aa” =17 =a+a".
Hence (A, 1) is a faithful conic £-algebra with trace tr and conjugation ¢. In
particular, every faithful £-algebra with a scalar linear involution is also a faithful
conic algebra over £. Without faithfulness assumptions, however, it is not at all
clear that n and tr can be lifted from £ to £.
We conclude from the previous two paragraphs that faithful £-algebras with
a scalar linear involution are the same thing as faithful conic algebras.

The following identities, which are well-known in the theory of composition
algebras over a field, turn out to be equivalent.

10.1.21 Lemma ([GPR| 16.12]). Let (A, n) be a conic algebra over £. Then the follow-
ing assertions are equivalent:

(a) n(a,ba) =n(ba,a) = tr(b)n(a) foralla,b € A.

(b) n(a,ab) = n(ab,a) = tr(b)n(a) foralla,b € A.

(c) n(ab,c) =n(a,cb) foralla,b,c € A.

(d) n(ab,c) =n(b,ac) forall a,b,c € A.

(e) tr(ab) = n(a,b) and tr((ab)c) = tr(a(bc)) forall a,b,c € A.

10.1.22 Definition (Norm-associativity, [GPR, 16.12]). A conic algebra is called
norm-associative if it satisfies the equivalent conditions in Lemma[10.1.21

By Lemma|10.1.19|and Lemma(10.1.21 (e), the conjugation in norm-associative

conic algebras is an algebra involution. It turns out that these algebras are
automatically flexible (in the sense of Definition|8.2.2) as well.

10.1.23 Lemma ([GPR| 16.14]). Let (A, n) be a norm-associative conic algebra over £.
Then A is flexible and the conjugation of A is an algebra involution.
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10.1.24 Note. The converse of Lemma is nearly true: If (A, n) is a flex-
ible conic algebra whose conjugation is an involution, and if in addition A is
projective as a £-module, then (A, n) is norm-associative ([GPR| 16.14]). Further,
the projectiveness assumption can be dropped if the algebra structure on 1 is

faithful ([GPR, 16.15]).

In general, the norm of a conic algebra (.7, n) is not uniquely determined by
the algebra A, as is illustrated by the family of examples in [GPR, Exercise 17.8].
However, we have the following result.

10.1.25 Lemma ([GPR, 16.16]). Let A be a f-algebra and let n,n’: A — £ be two
quadratic forms which turn A into a conic algebra. If A is projective as a k-module,
thenn =n'.

The following property is eponymous in the theory of composition algebras.

10.1.26 Definition (Multiplicative conic algebra). A conic algebra (A, n) over A
is called multiplicative if its norm permits composition in the sense that n(ab) =
n(a)n(b) foralla,b € A.

10.1.27 Lemma ([GPR| 17.2]). Multiplicative conic algebras are norm-associative. In
particular, they are flexible and their conjugation is a scalar algebra involution.

Proof. This holds by [GPR| 17.2], except for the assertion that the conjugation is
scalar, which holds by Remark|10.1.20 O

In the following, we list some properties of conic algebras which are, in
addition, alternative.

10.1.28 Lemma (Kirmse’s identities, [GPR, 17.4]). Let (A, n) be a conic alternative
algebra. Then we have
a(ab) =n(a)b = (ba)a

foralla,b e A.

10.1.29 Note ([GPR, 17.4]). Let (A, n) be a conic alternative algebra. One can
show that
n(aba) = n(a)’>n(b)

for all a,b € A. In this sense, conic alternative algebras are “close to being
multiplicative”. Yet, [GPR, Exercise 17.8] provides examples of conic alternative
algebras which are not multiplicative. If A is projective as a £-module, however,
(A, n) is indeed multiplicative by [GPR, 17.6].

10.1.30 Lemma ([GPR, 17.5]). Let (A, n) be a conic alternative algebra over k and let
a € A. Then a is invertible (in A) if and only if n(a) is invertible (in k). In this case,

a ' =n(a)"gandn(a™') =n(a)~".

10.1.C FE;-data

We now define an algebraic structure that we call “F;-datum”. In section [10.7
we will see that F4-data are precisely the kind of structures that coordinatise
Fy-graded groups. The goal of this section is to show, on a purely algebraic
level, that an F;-datum contains the same information as a multiplicative conic
alternative algebra.
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10.1.31 Definition (Fy-datum). An Fy-datum is a tuple
(B, A, %1, (-]), 7, stra, )
with the following properties:
(i) £ is a commutative assocative ring.
(ii) A is an alternative ring and « is a right £-module structure on A (which, a
priori, is not assumed to be compatible with the ring structure).

(iii) n: A — £ is a quadratic form withn(1z) =14, and (- |-): A X A — ks
the linearisation of n.

(iv) 7: A — A is a nuclear involution of the ring A, and we have ~ = —07,
where o7, denotes the reflection corresponding to 17 in the quadratic
module (A, n) (in the sense of Definition[7.1.20).

(v) strz: £ — Nucl(A) is a map which satisfies a x A = a x strz(A) for all
a € A and A € £ (where x denotes the ring multiplication on 7).
(vi) g isthemap £ x A — £, (A,a) — An(a).
(vii) (K, ¢,strz,(-|14),0) is aJordan module of type C over (A, ™).

10.1.32 Note. The definition of F4-data contains a lot of redundancy. For example,
the maps (- |-), = and ¢ are uniquely determined by the remaining part of
an F;-datum. For our application of Fs-data in section however, it will be
practical to keep this redundancy as part of the definition.

10.1.33 Proposition. Let (A,n) be a multiplicative conic alternative algebra over k
and define
¢: kX A — K, (Aa)— An(a).

Then (B, A, *,n,(-|-), =, strg, qo) is an Fy-datum where x denotes the k-module struc-
ture on A (from Remarkm ) denotes the linearisation of n, = is the conjuga-
tion on A, str g is the structural homomorphzsm of the k-algebra A and the k-module
structure on A is taken to be the one induced by the k-algebra structure.

Proof. Axioms|[10.1.31 (i)} [10.1.31 (ii)} [10.1.31 (iii)| are trivial. The conjugation map
~ is a nuclear involution by Lemma(10.1.27|and it equals —07 , by its definition.
Hence Axiom is satisfied. Further, Axioms[10.1.31 (v)|and [10.1.31 (vi)|
hold by the definitions of * and of ¢, respectively. Denote by tr := (- |1) the
trace of the conic algebra (7, n). It remains to show that (£, ¢, str 7, tr, 0) satisfies
the axioms of a Jordan module of type C over (A, ™) from Definition That
is, 711 = str 7z plays the role of the Jordan module projection and T; := tr plays
the role of the Jordan module trace.

At first, we verify that the maps ¢, 711 and T; have the desired properties in
the first paragraph of Definition [8.6.1 We will always denote the square-scalar
multiplication on R from Example by w. It is clear that ¢ is additive in
the first component and weakly quadratic in the second component, so (£, ¢)
is a square-module. Since £ is associative and n admits composition, it is a
multiplicative square-module.

Since A is a £-algebra, the image of str s = 71; lies in the center and thus in
the nucleus of A. Further, str 7 preserves the Jordan scalar multiplication: For all
a € Aand A € £, we have

strz(@(A,a)) = strr(An(a))
=astrgz(A)a =

r7(A)strg(n(a)) = strp(A)aa
am (/\)a w(mi (M), a)
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by Lemma|10.1.18 (c)|and because # is commutative associative.
It is clear that Ty is additive. Now leta,b € A. Then

Ti(w(a, b)) = tr(bab) = n(bab,1z),
which by Lemma [10.1.21 (d)|equals n(ab,b). By Lemma [10.1.21 (a)} this term

equals tr(a) n(b). It follows that

Ti(w(a, b)) = tr(a) n(b) = ¢(T1(a),b),
so T1 is a homomorphism of square-modules. We conclude that the maps ¢, 11
and Ty have all the desired properties in the first paragraph of Definition[8.6.1]

We now turn to the remaining axioms in Definition Since ~ is an
10.1.6

algebra involution, the image of str 7 lies in Fix(~) (by Lemma(10.1.6), which im-

plies that Axiom holds. Axiom holds by Lemma [10.1.18 (e
and Lemma [10.1.21 (e), the latter being applicable by Lemma [10.1.27, Ax-

iom|8.6.1 (ii1)|is trivial because the Jordan module skew-hermitian form is zero.

Now consider Axiom [8.6.1 (iv)} Equation holds because 711 = strz is
additive and equation (8.3) holds because (%, +) is abelian. Further, for all A € £
and a,b € A, we have

p(Aa+b)=An(a+b) =An(a)+An(b) + An(a,b)

where
An(a,b) = An(b,a) = An(b,a) =n(bstrz(A)a,17) = T1(brrr(A)a)

by Lemma [10.1.18 iei[ This shows that equation holds as well, and so
Axiom8.6.1 (iv)|is satisfied.

By Lemma|10.1.18 (c), we have
11 (Ti(a)) =strp(tr(a)) =tr(a)lg =a+a”

foralla € A, so Axiom holds. Finally, Axiom is satisfied for

vy := 14 because 711 (1) = str7(14) = 14. O

10.1.34 Proposition. Let (£, A, *,n,(-|-),~, strg, ¢) be an Fy-datum. Then the
following hold:

(a) The ring A together with the k-module structure x is a k-algebra (in the sense of
Remark|10.1.3), and its structural homomorphism is exactly str .

(b) (A,n) is a multiplicative conic alternative algebra over k with conjugation .

Proof. Putting a := 14 in Axiom[10.1.31 (v)] we see that
strg(A) =1g*strg(A) =17xA (10.1)
forall A € A. In particular, str 7 (14) = 1.4 and str 7 is additive. Further, it follows
from Axiom [10.1.31 (v)| that
strg(Ap) =1gxstrg(Ap) =1gxAu = Qg A)xpu=strz(A)*pu
forall A, u € k. By another application of Axiom[10.1.31 (v)| we infer that
str g (Ap) = strg(A) xstrg(p)

forall A, u € £, so str 7z is a homomorphism of rings. Further, since str 7 is the
Jordan module projection in an abelian Jordan module (by Axiom [10.1.31 (vii)),
we know from Axiom [8.6.1 (ii)| that str 7 (A) = strz(A) for all A € A. Moreover,

~ is k-linear because it equals —c, by Axiom [10.1.31 (iv), In other words,
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axA=uaxAforalla € A and A € £. We infer that

stty(A)xa=strg(A)xa=axstrg(A) =axA=axA=axstrg(A)

foralla € A and A € £. This says precisely that the image of str 7 is contained
in the center of A. Thus (A,stry) is a k-algebra, and by (10.1), its /-scalar
multiplication is exactly x. This proves (a).

We now prove that (A,n) is a conic algebra. We already know from Ax-

iom[10.1.31 (iii)| that n is a quadratic form with n(17) = 14, so it only remains to
verify the Cayley-Hamilton equation. As usual, we denote the square-scalar mul-

tiplication on A by w. Using that the Jordan module projection str 7 preserves
the square-scalar multiplications by Axiom[10.1.31 (vii), we find that
strz(n(a)) = stra(¢(1s,a)) = w(strz(1s),a) = astrz(1x)a = da
for all 2 € A. Together with Axioms|8.6.1 (v)land [10.1.31 (v)|and the fact that the
image of str 7 is central, this implies that
ax(a|lz) =astrz({(a]lz)) =stra({allz))a = (a+a)a
=a® +aa = a* +strz (n(a)) = a* + 17 xn(a)

for all a € A. This says precisely that the Cayley-Hamilton equation is satisfied,
so (A, n) is a conic algebra. By Axiom it is also alternative.

It remains to show that (7, n) is multiplicative. By the definition of ¢ (see
Axiom and the fact that it is the scalar multiplication of the multi-

plicative square-module 4 by Axiom[10.1.31 (vii), we have
n(ab) = ¢(14,ab) = ¢(¢(14,a),b) = ¢(n(a),b) = n(a) n(b)

for all 2,b € A. Thus n permits composition, which finishes the proof. O

10.2 Composition Algebras and Pre-composition Algebras

In the previous section, we have seen that multiplicative conic alternative alge-
bras — that is, the objects that will turn out to coordinatise Fs-gradings — have
many desirable properties. In this section, we address the question which ad-
ditional properties a conic algebra should satisfy in order to deserve the name
“composition algebra”. There exists no standard terminology for these objects
over commutative associative rings, but we will follow the conventions of [GPR,
Chapter IV]. Composition algebras play no particular role in our treatment of
F4-graded groups (except for the fact that they are special cases of multiplicative
conic alternative algebras), so the content of this subsection will not be needed in
the subsequent parts of this chapter.

10.2.A Regularity Conditions on Quadratic Forms

Before can state the definition of composition algebras, we have to introduce the
notions of regular and non-singular quadratic forms. These properties replace the
usual requirement of non-degeneracy in the classical theory, which is inadequate
over rings because it is not stable under base change. Again, there is no standard
terminology. In the following, we present the conventions of [GPR, 11.9, 11.11].

10.2.1 Definition (Radical). Let M be a £-module and let f: M x M — £ be a
symmetric £-bilinear form. The radical of f is

Rad(f) :={ve M| f(u,v) =0forallu € M}.
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If g: M — £ is a £-quadratic form with linearisation f, then the radical of q is
Rad(q) := { v € Rad(f) |q(0) = 0.

10.2.2 Definition (Dual module). Let M be a £-module. The dual of M is M* :=
Homg (M, £). If f: M x M — £ be a symmetric A-bilinear form, we put

fiM— M0 (ue f(o,u)).

10.2.3 Definition (Regularity conditions on quadratic forms). Let M be a £-
module, let g: M — £ be a £-quadratic form and denote by f: M x M — £ its
linearisation.

(a) q is called non-degenerate if Rad(q) is zero.
(b) g is called weakly reqular if Rad(f) is zero.

(c) qis called non-singular if M is projective and for all £-algebras K which are
fields, the scalar extension gk is non-degenerate.

(d) qis called regular if M is finitely generated projective and the map f is an
isomorphism.

10.2.4 Remark (Base change). Let M be a £-module and let g: M — £ be a £-
quadratic form. For any £-algebra R, the base change (M*)r of the dual module
can be identified with the dual (Mg)* of the base change in a canonical way
if M is finitely generated projective (see [GPR, 9.15]). From this it follows that
the notion of regularity is invariant under base change. The same holds for
non-singularity. However, non-degeneracy is not invariant under base change,
and this defect is precisely the motivation to introduce non-singularity.

Some important relations between the regularity conditions can be found in
Figure They are either straightforward to prove or can be found in [GPR,
11.9, 11.11].

£ field, dim M<co

<///_/\

regular weakly regular

£ field,

£ field, char(#)#2, char(#)#2

dim M<oo

non-singular non-degenerate

£ field

Figure 10.1: The relationship between the regularity conditions for a quadratic
formq: M — k.

10.2.B Composition Algebras

With the notions of non-singularity and regularity at hand, we can now define
composition algebras over commutative associative rings.

10.2.5 Definition (Composition algebra, [GPR| 19.5]). A composition algebra over
# is a k-algebra A which satisfies the following conditions.

(a) A is projective as a £-module.
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(b) The rank function spec(#) — INg U {oo}, p +— rank(.A,) is locally constant
with respect to the Zariski topology on spec(# ). Here spec(#) denotes the
set of prime ideals of £ and A, denotes the localisation of A at p.

(c) There exists a non-singular quadratic form n: A — £ that permits compo-
sition in the sense thatn(17) = 15 and n(ab) = n(a)n(b) foralla,b € A.

Further, it is called a regular composition algebra if n can be chosen to be a regular
quadratic form.

10.2.6 Remark (Composition algebras over fields). Assume that £ is a field.
Then Axiom is trivially satisfied because £ has only one prime ideal,
the zero ideal. Further, every vector space over £ is projective. Thus
is the only non-trivial axiom over fields. However, even over fields, there is
no agreement in the literature on the right definition of composition algebras
because the regularity condition on the norm may be chosen differently. See,
however, Note[10.2.16

10.2.7 Note. Some authors do not require the existence of an identity element
in the definition of composition algebras. In the context of root graded groups,
however, this convention is not practical.

Composition algebras fit into the framework of conic algebras as follows.

10.2.8 Proposition ((GPR, 19.12]). Let A be a k-algebra. Then the following assertions
are equivalent:

(i) A is a composition algebra (respectively, a reqular composition algebra).

(ii) A is finitely generated projective as a k-module and there exists a non-singular
(respectively, regqular) quadratic form n: A — k such that (A,n) is a conic
alternative algebra.

In this situation, the norm n is uniquely determined by the k-algebra A. Further,
the conic algebra (A, n) is norm-associative and its conjugation is a scalar algebra
involution.

Proof. The equivalence of the two assertions is proven in [GPR| 19.12]. The
uniqueness of n holds by Lemma It follows from Lemma that
the conic algebra is norm-associative and that its conjugation is a scalar algebra
involution. O

Observe that the norm in condition [10.2.8 (i1)|is necessarily multiplicative by
Note

10.2.9 Lemma ([GPR, 19.11]). Assume that £ is a field of characteristic not 2. Then
every composition algebra over £ is reqular.

10.2.10 Note. Axiom [10.2.5 (b)|is invoked in [GPR, 19.11] to show that a com-
position algebra is finitely generated as a £-module. Conversely, any finitely
generated projective £-module satisfies Axiom[10.2.5 (b)] Thus we could replace
Axiom([10.2.5 (b)|by “ 4 is finitely generated as a A-module” without changing the
meaning of the word “composition algebra”. However, recall that in the classical
setting over fields, the possibility of non-finitely generated composition algebras
is not ruled out from the beginning, and it is instead a theorem that they must be
finitely generated as modules. Axiom[10.2.5 (b)| makes it possible to carry this
result over to the more general situation.
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10.2.C Pre-composition Algebras

In order to discuss composition algebras in the classical situation (that is, over
fields), the notion of pre-composition algebras will be useful.

10.2.11 Definition (Pre-composition algebra, [GPR, 19.1]). A pre-composition
algebra over £ is a k-algebra A which satisfies the following conditions.

(a) A is projective as a £-module.

(b) There exists a non-degenerate quadratic form n: A — £ that permits
composition in the sense that n(17) = 14 and n(ab) = n(a)n(b) for all
a,b € n.

We have the following analogue of Proposition [10.2.8| for pre-composition
algebras.

10.2.12 Proposition ([GPR, 17.6, 19.3]). Let A be a k-algebra. Then the following
assertions are equivalent:

(i) A is a pre-composition algebra.

(ii) A is projective as a k-module and there exists a non-degenerate quadratic form
n: A — £ such that (A, n) is a conic alternative algebra.

In this situation, the norm n is uniquely determined by the k-algebra A. Further,
the conic algebra (A, n) is norm-associative and its conjugation is a scalar algebra
involution.

Again, the norm in condition [10.2.12 (ii)| is necessarily multiplicative by
NoteI0.1.29

10.2.13 Remark. A composition algebra over £ is a pre-composition algebra if
and only if its norm is non-degenerate. By Figure this is always the case
if the composition algebra is regular of if £ is a field. However, as [GPR)| 19.6]
illustrates, it is not true in general.

Unlike composition algebras, pre-composition algebras are not stable under
base change, which makes them significantly less interesting.

10.2.14 Example ([GPR, 19.4]). Let K be a purely inseparable field extension of a
field £ of characteristic 2 such that K2 C 4. Then K is a pre-composition algebra
with anisotropic norm x + x2. This norm is non-degenerate, but not weakly
regular because its linearisation is the zero map. Further, there exists a scalar
extension of £ over which K is no longer a pre-composition algebra. In particular,
K is not a composition algebra.

10.2.15 Lemma. Assume that k is a field of characteristic not 2. Then every pre-
composition algebra over £ is a regular composition algebra.

Proof. At first, assume only that £ is a field, but make no assumption on its
characteristic. In [SV00, 1.2.1], Springer-Veldkamp define a composition algebra
over £ to be a pre-composition algebra over £ whose norm is weakly regularﬂ
If £ is not of characteristic 2, then this definition is equivalent to the notion of
pre-composition algebras.

I1More precisely, they define a composition algebra to be an algebra which satisfies Ax-
iom [10.2.5 (¢)|for a “nondegenerate” norm, where by “nondegenerate” they mean what we call
“weakly regular” (see [SV00, p. 2]).
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Now assume, in addition, that £ is not of characteristic 2. Then by the con-
clusion of the previous paragraph, it follows from [SV00, 1.6.2] that any pre-
composition algebra A over £ is finite-dimensional. By Figure this implies
that A is a regular composition algebra. O

10.2.16 Note. Putting Lemmas[10.2.9)and[10.2.15|together, we see that the notions
of composition algebras, regular composition algebra and pre-composition alge-
bras coincide over fields of characteristic not 2. As Example illustrates,
this ceases to be true over general fields. See also [SV00, 1.2.2] for more remarks
on this topic.

The following result will be useful in the discussion of conic algebras which
coordinatise RGD-systems of type F4.

10.2.17 Lemma. Assume that £ is a field and let (A, n) be a conic alternative algebra
which is anisotropic as a quadratic space in the sense of Definition (but which
is not assumed to be multiplicative). Then A is a pre-composition algebra in which
every non-zero element is invertible. If k is not of characteristic 2, then A is a regular
composition algebra in which every non-zero element is invertible.

Proof. Since n is anisotropic, its radical is zero, which says that n is non-degen-
erate. Hence 7 is a pre-composition algebra by Proposition If £ is
not of characteristic 2, then it follows from Lemma that A is a regular
composition algebra. Further, 7 is a division algebra by Lemma O

10.3 The Root System F,
As usual, we begin our discussion of the root system F; with a standard represen-
tation, even though it is too cumbersome to be of practical use.

10.3.1 Remark (Standard representation of F;). Let V be a Euclidean space of
dimension n with orthonormal basis (b1, . . ., bs). The standard representation of F,
is

Fy={ebj+ebj|i#je [1,n],e,e0€ {£1} YU {eb;|i € [1,n],e€ {£1}}
1
U { 5(81171 + e2by + €3b3 —|—€4b4) €1,...,€84 € {:l:l} }
Its standard root base consists of

1
fi=ba—bs, far=bz—Dby f3: =10y, f4::§(b1_b2_b3_b4)/

so that f1, f, are long while f3, f4 are short. In total, F4 has 48 roots.

o—&——0 —©

A 2 f3 fa

Figure 10.2: The Dynkin Diagram of F;.

We will always consider root bases of F; to be in the following order, which
we call standard.

10.3.2 Definition (Standard order). Let A = (fi, f2, f3, fa) be an ordered root
base of F;. We say that A is in standard order if fy,. .., f4 are as in Figure[10.2] That
is, (f1, f2) and (f3, fa) are Ay-pairs and (f2, f3) is a By-pair (which, in particular,
means that f; is longer than f3).
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10.3.3 Definition (Canonical root subsystems). Let A = (f, f2, f3, f4) be a root
base of Fy in standard order. The canonical subsystem of type B3 (with respect to A)
is the root subsystem generated by { f1, f2, f3 }. The canonical subsystem of type C3
(with respect to A) is the root subsystem generated by { f2, f3, fa }-

10.3.4 Lemma. Every root in Fy is contained in a parabolic subsystem of type Bs, in a
parabolic subsystem of type Cs3 and in a parabolic subsystem of type Aj.

Proof. By an inspection of Figure we see that the root f, has the desired
properties. Since the Weyl group acts transitively on the set of long roots by
Proposition[1.3.8} it follows that the assertion holds for all long roots. By the same
argument, it holds for all short roots because it holds for f3. O

In section we will construct examples of F4-graded groups as foldings of
E¢-graded groups. In this setting, we will describe the root system Fj as follows.

10.3.5 Construction (F; as a folding of Es). Let AE = (e1,...,e6) be an ordered
root base of E¢ which is indexedﬂ as in Figure and denote by p the unique
non-trivial automorphism of this diagram (also as in Figure [10.3). Denote by
(V,-) the six-dimensional Euclidean space surrounding E¢. Since all roots of Eg
have the same length, p is an isometry, so p = 7 in the notation of [1.4.1] Denote
by F the fixed space of 7. Then

F = (ey,eq4,e3+ 05,61 +e6)r and FL = (e3 —es,e1 — e6)R.

Denote by 7t: V — F the orthogonal projection on F (whose kernel is F*). Then
it follows from Proposition that @ := 71(Eg) is a root system of rank 4 in F
and that A’ := 71(AF) is a root base of ®’. An inspection shows that @’ is of type
F, and that the vectors

fi=e, fri=es, fz:=rm(ez)=rt(es)= %(63 + es5),

fa = ner) = mles) = 5 (o1 +e6)

are in standard order. See, for example, [Car72, 13.3.3].

€3 €1
—e] |
€5 €6

Figure 10.3: The non-trivial diagram automorphism p of Eg.

10.3.6 Remark. The long roots in F; are precisely those whose preimage in Eg
under 7t contains exactly one root (namely, the root itself) while the short roots in
F, are those whose preimage contains exactly two roots (wWhose common image
in Fj is their average by Lemma(l.4.4). In particular, every long root in Fj is also
a root in Eg. Further, the two roots in the preimage of a short root are orthogonal
(and thus adjacent). This is clear from Figure for simple roots and it follows
for arbitrary roots by the transitivity properties of the Weyl group.

2This seemingly unnatural ordering of AF agrees with the one in [Hum72]. We use it because it
is the one used by the GAP computer algebra system.
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10.4 Construction of F;-graded Groups via Foldings

10.4.1 Notation for this section. We consider the root system F, as a folding of E¢
as in Construction In particular, we denote by (V, ) the Euclidean space
surrounding Eg, by p = T the non-trivial diagram automorphism of Eg, by F the
fixed space of p, by 71: V — F the orthogonal projection onto F and by AF =
(e1,...,e6) and AT = (f1,..., f1) = (AF) the corresponding root bases. Further,
we fix a family ¢ = (¢4 5)a,pcE, of Chevalley structure constants of type Eg and by
(G, (Uyx)nck,) @ Chevalley group of type E¢ over the commutative associative ring
A with respect to c. We denote the corresponding root isomorphisms by (65) ¢, -

10.4.2 Reminder (see Example(10.1.16). The commutative associative ring A x A
is a multiplicative conic algebra over A with norm n(a,b) := ab, trace tr(a, b) =
a + b and conjugation (a,b) = (b,a) for all (a,b) € A.

We already know from Proposition that the Eq-graded group G has a
crystallographic Fy-grading (U )yer, given by

Uy = (Uy |a € Eg, m(a) = ')

for all &’ € Fy. In this section, we want to show that this F4-grading is coordina-
tised by the multiplicative conic algebra A x A over A. In the first subsection,
we describe the naive approach to this question. Unfortunately, this strategy
turns out to be unsuitable because certain signs do not fit together. In the sec-
ond subsection, we construct a refined coordinatisation of (l:l,x) xcF, by twisting
certain root isomorphism of the naive coordinatisation. Since the choice of root
isomorphisms which have to be twisted depends on the family c, we have to fix ¢
from this point on. For computational practicality, we choose ¢ to be the family
of structure constants that is used in the computer algebra system GAP [Gap].

In the final subsection, we assume that A is equipped with the additional
structure of a faithful multiplicative conic algebra over a commutative associative
ring £. We then construct a crystallographic F4-graded subgroup of G which is
coordinatised by the conic algebra A. This solves the existence problem for F;-
graded groups for multiplicative conic alternative algebras which are, in addition,
commutative, associative and faithful.

10.4.A The Naive Coordinatisation

At first, we need to introduce a total order on F;. There is no abstract reason
to prefer any one order over another, but we need to fix some ordering in the
definition of the (short) root homomorphisms (see Definitions|10.4.6/and [10.4.10).

10.4.3 Reminder (Lexicographic order). Let n € IN,. The strict lexicographic
order on R", denoted by <y, is the strict total order defined as follows: For all
a=(ay,...,an),b=(b1,...,b,) € R", wehave a <y b if and only if there exists
i € [1,n] such thata; = b; forallj € [1,i — 1] and a; < b;. Further, the lexicographic
order on IR" is the total order <j., which is defined as follows: a <j., b holds if
and only if a = b or a <jex b.

10.4.4 Definition (Total order on F;). We define a total order < on the positive
system I1f of F; corresponding to Af by
1000 < 0100 < 0010 < 0001 < 1100 < 0110 < 0011 < 1110 < 0120
< 0111 < 1120 < 1111 < 0121 < 1220 < 1121 < 0122 < 1221
<1122 < 1231 < 1222 < 1232 < 1242 < 1342 < 2342
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where a sequence a1a,a3a4 represents Yi_; a; f;. We extend < to a total order on
F, as follows:

(i) Forall « € I'l, B € —I1f, we declare that « < B.
(ii) For all o, B € —IIF, we declare that « < B if and only if —a < —p.

10.4.5 Note. The ordering of the positive roots in Definition [10.4.4]is a height
ordering in the sense of Definition [2.3.16| and it is also the one used in [VP96,

p- 96].

10.4.6 Definition (Naive coordinatisation). The naive coordinatisation of (Uy) e,
consists of the isomorphisms
N (B, +) = Uy = Uy, a — 0y(a)
for all long roots a’ € Fy and
gt (A Xk +) — Ug = Ug,Ug,, (a,b) — 6, (a)6, (D)

for all short roots B € Fy with corresponding preimage 7t~ (8') N Es = { B1,B2 }
in Eg where 81 < B».

By Remark[10.3.6, the maps in Definition [10.4.6|are well-defined and isomor-
phisms. Note that we need some total order on F; to decide without ambiguity
whether (a, b) should be mapped to 64, (a)8;,(b) or 64, (a)0, (D).

10.4.7 Definition (Naive Weyl elements). For all roots & € F;, we define the naive
standard «-Weyl element to be

wy = 02, (—10)05 (12)60%, (—14)
where 1, = 17 if wislong and 1, = (1.7,17) if a is short.

10.4.8 Remark. Leta, 8,6 € F4 such that « is long and B is short and leta,b € A.
Put w = w}. A straightforward computation shows that in all possible cases, we
have

0 (a) € {65,y (ea) e € {£1}} and
05(a,b)" € {Ggé(ﬁ)(ea,ab),eg‘s(ﬁ)(eb,m) le,oce {£1}}.

This suggests that the twisting group for the coordinatisation of (U, )y cr, should
be Z3 where the actions of the three components on A x A should be given
by (a,b) — (—a,—b), (a,b) — (b,a) and (a,b) — (—a,b) (or (a,b) — (a, —D)).
However, this is a fallacy: By twisting the coordinatisation (6%, ), cr, appropriately,
we can arrange it so that only the inversion action (a,b) — (—a, —b) and the
involution (a,b) — (b,a) are required. Note that the latter is precisely the
conjugation of the conic algebra A x A.

10.4.B A Refined Approach

10.4.9 Notation for this section. From now on, we assume that c is the fam-
ily of structure constants of the simple Lie algebra over Q of type Es which
is constructed in GAP [Gap] with the command SimpleLieAlgebra(‘E”, 6,
Rationals).
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10.4.10 Definition (Refined coordinatisation). Put

. {f2+f3,f3 + fa, fi+ fo+ f3,fo +2f3 +f4,f1+f2+2f3+f4,} CE
fi+2f+2f3+ fa, f1 +2f2+3f3+2f4 o
T =9 U(-T").
The refined coordinatisation of (G, (U, ) wer,) consists of the isomorphisms
0y = 0%: (R, +) —= Uy = Uy,a > 0y(a)

for all long roots «’ € F; and

A 0 05, (b if B/ ¢ T
Op: (k x k,+) — Ug = Ug, Ug,, (a,b) — { g, (a)0, (b) 1 ,3, €7,
0p,(a)bp,(—b) ifp €T
for all short roots B’ € Fy with corresponding preimage 7Y B)NEs={B1,B2}
in E¢ where 1 < Ba.

10.4.11 Note. The set 7’ in Definition [10.4.10| is chosen precisely so that the
following Proposition 10.4.13 holds. The specific form of 7’ has been determined
by trial and error.

10.4.12 Definition (Refined Weyl elements). For all roots « € F;, we define the
refined standard a-Weyl element to be

W = 0o (—1a)0a (1)0_a(—1)

where 1, = 17 if aislong and 1, = (1.7,17) if  is short.

10.4.13 Proposition. Denote by (A x B, A x A, A) the standard parameter system
for the conic algebra A x A over A in the sense of Definition Then there exist
unique AF-parity maps 7: Fy x A — Aand y: Fy x A¥ — B such that (0y)ucr, is a
parametrisation of (G, (Uy)acr,) by (A x B, A x A, A) with respect to (w;) sear and
1 % p and such that p, s = 1p for all long roots & € Fy and all 5 € AF. Further, these
maps satisfy n(a,6) = n(—a,8) and u(a,6) = u(—w,d) forall a € Fyand § € AF.

Proof. For the existence, we have to verify that
0u(a) € {05, (a)(ea) | e € {£1} } and
0p(a,b)™ € {0,,p)(ea,eb), 0, (p) (eb, ea) | e € {£1} }.

for all short roots B € F, for all long roots « € Fy, forall § € Afand alla, b € A.
This is a straightforward computation, which we have performed in GAP [Gap].
The uniqueness follows from the fact that A and B act faithfully on A x A, that
A acts faithfully on A and from the additional requirement that y, s = 1p for
all long roots & € Fy and all § € Af. The property that 57(«,6) = 7(—a,6) and
u(a,8) = u(—a,d) foralla € Fyand § € Af is also a mere computation. O

The precise values of 7 and y can be found in Figure[10.4}

10.4.14 Definition (Standard parity maps). Let &’ be any root system of type
Fy and let A" = (f}, f3, f3, f1) be any root base of @' in standard order. Denote
by ¢: ® — F; the unique isomorphism of root systems with ¢(f/) = f; for
all i € [1,4]. Then the standard A'-parity maps for ®' are the A’-parity maps
0,y @ x AN — Z, defined by

7'(@,0) =1 (p(a), ¢(9)) and p'(a,8) = p(p(a) ¢(9))
foralla € @ and 6 € A’ where 77, ji are as in Proposition [10.4.13]
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o e fi) e fo) 7lefs) 7w fa)
1000 (-1,1) (-L1) (L1) (L1
0100 (1,1) (-1,1) (=1,1)  (1,1)
0010 (1,1 (1,1 (=11  (-1,1)
0001 (1,1) (L1 (1L,1)  (-1,1)
1100 (-1,1) (1,1) (-L,1)  (1,1)
0110 (1,1) (=1,1) (=1,-1) (-1,1)
0011  (1,1) (1,1 (-L,1)  (1,1)
110 (-1,1)  (1,1) (=1,-1) (=1,1)
0120 (1,1) (1,1 (=1,1)  (-1,1)
o111 (1)  (-1,1)  (L,1) (1,1)
1120 (-1,1) (-1,1) (=1,1) (-1,1)
1 (-1,1) (1,1 (1,1) (1,1)
0121 (1,1) (L,1) (-1,,1) (-1,-1)
1220 (1L,1) (L) (L1 (-1,1)
121 (-1,1) (-1,1) (-1,1) (=1,-1)
0122 (1,1) (1,1 (1,1) (-1,1)
1221 (L,1) (L1 (=1L,1) (=1,-1)
122 (-1,1) (-1,1)  (1,1) (-1,1)
1231 (L1 (L1 (1,1) (1,1)
1222 (1,1)  (1,1) (-1,1) (-1,1)
1232 (1L,1) (L1 (-1,-1) (-1,1)
1242 (1,1 (-1,1) (-1,1) (1,1
1342 (-1,1)  (1,1) (1,1) (1,1)
2342 (L,1)  (1L,1) (1,1 (1,1)

Figure 10.4: The values of 77 and y in Proposition|10.4.13| where 77 := # X p. In the
first column, a sequence a1aa3a, represents Y i, a; f;. Further, 77(x, 0) =
foralla € Fyand § € AF.

Alternatively, the standard parity maps with respect to any root base in
standard order can explicitly be defined to be the values given by Figure
We can now compute the commutator relations in G with respect to (6y)acr, -

10.4.15 Definition (Coordinatisation with standard signs). Denote by A’ =
(fi, f3, f3, f1) any root base of F, in standard order, let H be a group with an
Fy-pregrading (Uy).cr, and let (ws)sen be a A-system of Weyl elements. Let
(B,n) be a multiplicative conic alternative algebra with conjugation = and let
(A x B, B, k) denote the standard parameter system for (B,n). A coordinatisation
of H by (B,n) with standard signs with respect to (ws)scpa is a family (0},)qer, of
maps such that the following conditions are satisfied:
(i) (6%)ack, is a parametrisation of (H, (U} )acF,) by (A X B, B, £) with respect
to (ws)sear and 17 X pu. Here 17 and p denote the standard A’-parity maps
of Fy (from Definition [10.4.14).



334 10. Root Gradings of Type F

(ii) The following commutator relations hold forall A,y € £ and all ¢,d € B:

[07,(A), 0, (1)) = 05,11, (—Ap),

[05,(7), 05, (c)] = Op,1. 5, (—cstra(A))0p, 104 (—An(c)),
0,1, (c), 05,(d)] = 0,425, (n(c,d)),

[07,(c), 07, (d)] = Op, 5, (cd).

In the third relation, n: B x B — £ denotes the linearisation of n. These
relations are called the standard commutator relations.

10.4.16 Note. For all root systems @ except for F;, we defined standard coor-
dinatisations by prescribing formulas for the commutator [U,, Ug]| for all pairs
(a, B) of non-proportional roots. The number of such pairs is |®| - (|P| — 2) (if
@ is reduced), which is a large number even if ® is “small”. Until now, we
could always bypass this problem by partitioning the set of root pairs into a
manageable number of subsets and giving one commutator formula which holds
for all pairs in a given subset. For example, we needed 13 formulas to describe
the commutator relations in B, (Proposition [7.3.25), and only one formula to
describe simply-laced root gradings (Definition[5.6.2). In these examples, we did
not have to require that a fixed family of Weyl elements acts on the root groups
in a certain way because this is a consequence of the commutator formulas (see
Propositions[5.6.6 (c)} [7.7.6 (d)|and 0.6.5 (d)).

For F,, we are not aware of a way to partition the set of root pairs in a similar
manner. Instead, we only describe the commutator relations on a small number
of pairs and require in addition that the coordinatisation is compatible with
a certain A’-system of Weyl elements. For any pair (&, ) of non-proportional
roots in F, there exists an element u of the Weyl group such that (a*, p*) is pair
with a prescribed (standard) commutator relation. Conjugating the standard
commutator relation by an appropriate sequence of Weyl elements, we can thus
compute the commutator relation for an arbitrary pair («, ).

10.4.17 Remark (Weyl elements in standard coordinatisations). Let (B,n) be a
multiplicative conic alternative algebra over an associative commutative ring £.
Let (H, (V;)ycr,) be an Fy-graded group and let (61'),cr, be a coordinatisation
of H by (8,n) with standard signs (and with respect to some family of Weyl
elements). Recall from Lemma[10.1.30]that the set B* of invertible elements in 3 is
precisely {b € B |n(b) € £* }. By a similar computation as in Propositions[7.7.6]

and the maps

O A = VI and 65: B = Vj
are well-defined bijections for all long roots « and all short roots . It follows that
if H is an RGD-system, then £ is a field and n is anisotropic. By Lemma|10.2.1
this implies that (4, n) is a pre-composition division algebra, and it is even a
regular composition algebra if £ is not of characteristic 2.

10.4.18 Proposition. The Fy-graded group (G, (Uy)ucr, ) is coordinatised by the conic
algebra A x A over A with standard signs and with respect to (ws)sea-

Proof. We already know from Proposition|10.4.13|that Axiom[10.4.15 (i)|is satisfied.

It is a straightforward computation, which we have performed in GAP [Gapl], to
show that the desired commutator relations hold. ]
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10.4.19 Remark. Let 7 and y denote the standard A-parity maps for F4. Only the
following specific values of these parity maps will be needed in sections [10.6]
and

(nxwpn =(11), mxwppn=(=11),
(n xwpnp=(11), (X W g =(-11),

(mxwpn=(-L1), (< Wpnn=(-11)

(mxwpp=(11), 1 xWpnn=(11),

(X W) p(~pofof) = (=1, =1).
They can be read off from Figure or follow from a short computation.

The following result will be generalised in Lemma and then used to
apply Proposition [4.6.3]

10.4.20 Lemma. Leta € Fyandlet 5 € Asuchthat o -6 = 0. If a is crystallographically
adjacent to 6, then y, ; = 1p. Otherwise, i, 5 = —1p.

Proof. 1f « is crystallographically adjacent to J, then it is also crystallographically
adjacent to —4, so w; acts trivially on U,. Hence y,s = 1p in this case. The
second assertion follows from an inspection of Figure[10.4] O

10.4.C A More General Construction

10.4.21 Notation for this section. From now on, we assume that £ is a commuta-
tive associative ring and that A is equipped with the structure of a multiplicative
conic algebra over £ which is faithful, commutative and associative. We denote
the norm on A by n and its conjugation by ~. Further, we denote by £ the image
of £ in A and by A the subalgebra { (a,a) |a € A } of A x A.

In Proposition[10.4.18| we have solved the existence problem for the specific
kind of conic algebra from Example The goal of this subsection is to
construct a subgroup of G which is coordinatised by the conic algebra A over 4.
Since A can be identified with A and £ can be identified with £, this solves the
existence problem for multiplicative conic algebras which are faithful, commuta-
tive and associative. Observe that the faithfulness assumption is always satisfied

by Lemma|[10.1.13|if 2; is not a zero divisor in 4.

10.4.22 Definition. For all long roots « in Fy, we denote by U, the image of /
under 6, in U,. For all short roots B, we denote by Uﬁ the image of A under g
in Hﬁ. Further, we denote by 6, and 64 the induced isomorphisms

0 :=0s0strg: i — U, and 6Og: A — Ug,a v 0g(a,a)
and by G the subgroup of G which is generated by (U, )cp,.

10.4.23 Proposition. The pair (G, (U, )cr,) is an Fy-graded group which is coordi-
natised by the conic algebra (A,n) over k with standard signs and with respect to

(ws)sen-

Proof. Observe that the Weyl elements (ws)sca do indeed lie in G. Further, £ and
A are invariant under the action of the twisting group A x B in the standard
parameter system (A x B, A x A, A) for A x A and A. It follows that

0% = U,y (10.2)
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forall v € Fy and all § € A. Further, G is generated by (U,y)ye r, by definition,
and G satisfies Axiom [2.5.2 (iv)|because each root group of G is contained in a
root group of G.

We now verify the commutator relations. For all a,b, c € A, we know from
Proposition that the commutator relation

[9f2 (a)/ 9f3 (bl C)] = 9f2+f3 (_(b/ C) ’ (El, a))9f2+2f3(_abc)
holds. This implies that

[07,(A), 05, (0)] = [07,(AL2), O, (b, B)] = Op, 4 1, (—Ab, —AD)Bp, 425, (— ADD)
- éf2+f3 (_b str.z (A))gfer?fs (_An(b))

forall A € £ and b € A. Here we used that bb = n(b)1 7 by Lemma [10.1.18 (c)
Thus the desired commutator relation for [Uy,, Uy,] is satisfied. Further, we know

that
[9f2+f3 (a,b), 9f3 (c, d)] = 9f2+2f3 (<(£l, b) ‘ (c,d) >)

foralla,b,c,d € A where (- | -) denotes the linearisation of the norm on A x A.
By Example(10.1.16} ((a,b)|(c,d)) = ad + bc. We infer that

[6f2+f3 (a)' Gfa (C)] = [9f2+f3 ({;l, ﬁ)/ Gfs (C' E)] = 9f2+2f3 (b‘lf + ﬁc)
= 0p125,(n(a,¢)17) = 05125 (n(a,0))

for all a,b € A. Here we used that ac + ac = n(a,c)1 7 by Lemma [10.1.18 (d)]
Hence the desired commutator relation for [llf2 vy Ufs] is satisfied as Well The
commutator relations for [Uy,, Uy,] and [Uf4, Uy,] can be verified in a similar,
straightforward manner. Together with (10.2), it follows that G has crystallo-
graphic F4-commutator relations with root groups (U,) ek,

Finally, we have to show that the coordinatisation (6, ),cr, is compatible with
the Weyl elements (w;)sea and the standard A-parity maps 7, . That is, we have
to show that

9a(A)w5 = 9_05(04) (T]alé‘ya,(s.)\) and éﬁ(a)wff = goﬁ(a) (ﬂa,g}lal(sﬂ)

for all long roots «, all short roots B, alld € A,all A € £ and all a € A. Since
a similar statement is true for the coordinatisation (6, ),cr,, we only have to
verify that the restriction of the standard parameter system (A x B, A x A, A) to
(A, k) is the standard parameter system for A. Evidently, the inversion action on
A X A and A restricts to the inversion action on A and £. Further, the switching
involution (a,b) — (b, a) restricts to the conjugation (a,a) — (a,a) = (@,a) on
A. This finishes the proof. O

10.5 Computations in F;-graded Groups

10.5.1 Notation for this section. We fix a root base A of F;.

Most rank-2 and rank-3 computations that are necessary to parametrise Fy-
graded groups have already been performed in the chapters for Bz and Cz. In
this section, we collect a small number of additional results that are required to
apply the parametrisation theorem for F;-graded groups.

We begin with a verification of one of the conditions in Proposition We
have already shown that it holds for ® € { B3, C3 }. By a reduction to rank-3
subsystems, we can lift the result to F;.
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10.5.2 Lemma. Let ® € { B3, C3, F4 }, let A be a root base of ® and let « € ®. As in
Proposition we define sets

O:={Bed®|a-p=0},

A = { B € O|uwis (crystallographically) adjacent to p and — B },

A =0\ A.

Then for all A-positive roots B1,B2 € ©, there exist words 15, ,0 over AU (—A)
such that 0(;6) = o(B1), 0(,6) = o(B2) and such that for any group G which has
crystallographic ®-commutator relations with root groups (Uy),cr, and for any A-
system (w;)sen of Weyl elements in G, the actions of w 5 and w 5 on U, are identical.

Proof. If « is long, then A is empty, so we can assume that « is short. If & = Cj,
then A contains exactly one element A-positive root (see Lemmal[9.1.20), so the
desired statement is trivially satisfied (because we can choose ;6 = ,0). For
® = B, the desired statement holds by Proposition [7.6.21]

We proceed to show that the claim holds for ® = F; as well. Throughout
the proof, we denote by G a group which has crystallographic F;-commutator
relations with root groups (U, ),cr, and by (w;)sca a A-system of Weyl elements
in G. We will make sure that all constructions in this proof are independent of
the choices of G, (U,)per, and (ws);sea. Denote by @' a parabolic subsystem of Fy
of rank 3 which contains &, 81, B2. Note that &' must be of type A, x Aj, Bz or
C3. In the first case, we can simply take ;6 and ,6 to be A-expressions of 1 and
B2, respectively, and then both w 5 and w ; act trivially on U, because orthogonal
roots in A, x A are adjacent. Thus from now on, we can assume that @' is of
type B3 or Cs.

Choose an arbitrary root base A’ of . By Lemma there exists u €
Weyl(®) such that A is a subset of A*. By Proposition e can find a word
¢ =(C,...,C) over AU (—A) such that u = ¢({). Choose roots 61,682,083 € A
such that A’ = {4],07,05 } where ¢/ := ¢! for all i € {1,2,3}. Further, define
Wl = wZ:Z foralli € {1,2,3}, so that (w},)ycna is a A’-system of Weyl elements
in the group generated by (U)),cq'- Since the assertion is known to be true for
® € { B3, C3 }, there exist words 1¢',,0' over A’ U (—A’) such that o(16") = o(B1),
0(,0") = 0(B2) and such that the actions of wi 5 and w; 5 on Uy are identical. For

eachi € {1,2}, we can write ;6’ as

(81‘,15;/1(1',1)/ e Si,mﬁ;/q(i,mi))
for integers m; € Ny, n(i,1),...,n(i,m;) € {1,2,3} and €;1,...,€im € {£1}
because ;0 is a word over A’ U (—A'). Now we can define
15 = (571,81',1(5”(1-’1), e /Si,miéﬂ(i,m,')’g_) foralli € { 1,2 }

In the following, for any word p over A U (—A) we will write w(p) instead of w,
for better legibility, and similarly for w’(p’). Then foralli € {1,2 }, we have

., W@ _
w(;6) = (H w(5n(i,j))g’”’> = [Tw(G)
4 1

J

m
Y iy
1w (6i)

=1
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and, similarly,

11 7(0) 111 = 11 5 111
o(;0) = (H (7(511(1‘,]‘))) = qa<5n(i,j))g(é) = qa(éﬂﬁf]))) = 1_{‘7(5:1(1',]'))
j= j=
=0(;8") = o(Bi).

We conclude that the words ;5 and ,6 have the desired properties. O

10.5.3 Remark. Denote by 1 and p the standard A-parity maps for F;. By the
uniqueness of these maps, the words ;6 and ,6 in Lemma [10.5.2lautomatically
satisfy 17(a, 16) = 17(a,,0) and p(a, 1) = u(a,,9).

10.5.4 Lemma. Let G be a group with a crystallographic Fy-grading (Uy)xco and let
D¢ be a parabolic subsystem of Fy of type C3. Let H be the corresponding ®c-graded
subgroup of G. Then the short involution on H (which, by Note[9.5.6} is defined on the
long root groups of H) is trivial.

Proof. Let a be a long root in ® and let w, be any a-Weyl element. By an applica-
tion of Lemma we find a parabolic Ay-subsystem ® 4 of F; which contains
«. Hence it follows from Lemma that w? acts trivially on U,. This action
is precisely the short involution on U, (by Definition[9.5.4), which finishes the
proof. O

10.5.5 Lemma. Let G be a group with a crystallographic Fy-grading (Uy )weo. Then G
satisfies the square formula for Weyl elements.

Proof. Let «, B be roots and let @ be a parabolic rank-3 subsystem of F; which
contains « and . Then @ is of type B3, C3 or Ay X Aj. In each case, the square
formula is satisfied by Propositions [5.4.17} [7.6.15/and 9.5.13] In the case where ®
is of type C3, we have to use in addition that the short involution in G is trivial,
which holds by Lemma O

10.6 The Parametrisation

In this section, we define the standard partial twisting system for F, show that it
satisfies all desired compatibility conditions, and use it to parametrise arbitrary
F4-graded groups.

10.6.1 Notation for this section. We choose a root base A of F; in standard order
and we denote by (A, 7, B, u) the standard partial twisting system of type Fs with
respect to A in the sense of the following Definition [10.6.2

10.6.2 Definition (Standard partial twisting system). The standard partial twisting
system of type Fy (with respect to A) is the tuple (A, #, B, u) where A :== B := {£1}
and where 7, j are the standard A-parity maps for Fy. If H is a group with an
Fy-pregrading, then the standard partial twisting system for G is the same tuple
together with the additional information that A acts on all root groups of H by
inversion.

We begin with the purely combinatorial properties of the parity maps.

10.6.3 Lemma. 7 is braid-invariant, y is Weyl-invariant and both are adjacency-trivial.
Further, y satisfies the square formula.
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Proof. Braid-invariance and adjacency-triviality follow from Proposition
The square formula follows from Proposition together with Lemma|10.5.5
The square-invariance of y can be verified computationally. O

10.6.4 Lemma. 1 X p is transporter-invariant and 1, y are independent.

Proof. We begin with the orbit of long roots. Put & := f,. For all long roots j,
we know from Proposition [10.4.13 that (A x B);,4 is contained in A x {13}.
Further,

1 x W pppn=(=11)
by Remark[10.4.19| Hence (A X B)a—s = A x {1p}. Thus it follows from crite-
rion |4.2.16 (iii)[ (with B := &) that 57 x u is transporter-invariant on the orbit of
long roots.

For the orbit of short roots, we consider 3 := f3. Again by Remark|10.4.19, we
have

(;7 X ]’l)fa,f4f4 = (_1/1) and (17 X V)fg,,(*fz,fg,,fz) = (_1/ _1)

Since o (fafs) and o(—fa, f3, f») stabilise f3, it follows that (A x B)s—z = A X B.
Hence again by criterion4.2.16 (iii)| (with ,3 = &), we infer that # X y is transporter-
invariant on the orbit of short roots as well.

Finally, the previous computations together with Remark show that 5
and p are independent. O

10.6.5 Lemma. y is semi-complete.

Proof. This follows from the fact that the only subgroups of B are {1} and B, just
like in Lemma O

We conclude that the standard partial twisting system is indeed a partial
twisting system.

10.6.6 Lemma. Let (G, (U )acE,) be a crystallographic Fy-graded group and choose any
A-system (ws)sen of Weyl elements in G. Then the standard partial twisting system
(A,n,B,u) for G (in the sense of Definition [10.6.2) is a partial twisting system for
(G, (ws)sen) (in the sense of Definition [4.3.18).

Proof. By Example A is a twisting group for (G, (Uy)xck, )- The remaining
properties are satisfied by Lemmas|(10.6.3|to[10.6.5 O

It remains to verify the compatibility conditions. We begin with a generalisa-
tion of Lemma

10.6.7 Lemma. Let o, B € Fy be orthogonal. Then p, o5y = 1p if « and B are crystallo-
graphically adjacent and p, ,g) = —1p otherwise.

Proof. By Lemma|10.4.20} the assertion is true if  lies in A. In general, we know
from Proposition [1.3.4|that there exists u € Weyl(F;) such that § := p* lies in A.
Choose a word p over A such that () = u. Then it follows from Lemma[4.2.§
that

n(a,08) = n(w”(p),af;laﬁap).

Here 05 logoy = o(B7P)) = o(8). Note that a and B are orthogonal if and only

if «* and ¢ are orthogonal, and the same holds for crystallographic adjacency.
Hence the general assertion follows from the special case in Lemma(10.4.20, [J
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10.6.8 Proposition. Let (G, (Uy)acr,) be a crystallographic Fy-graded group and let
(ws)sen be a A-system of Weyl elements in G. Then G is square-compatible with respect
ton and (ws)sen-

Proof. We know from Lemma|10.5.5|that G satisfies the square formula for Weyl
elements and from Lemma [10.6.3|that 7 satisfies the square formula. Hence the
assertion follows from Lemma O

10.6.9 Proposition. Let (G, (Uy)qacF,) be a crystallographic Fy-graded group and let
(ws)sen be a A-system of Weyl elements in G. Then G is stabiliser-compatible with

respect to (17, u) and (ws)sea-

Proof. By Lemmas|10.5.2|and [10.6.7]and Remark|10.5.3} the conditions of Proposi-
tion[4.6.3] are satisfied. The assertion follows. O

Finally, we can apply the parametrisation theorem.

10.6.10 Proposition. Let (G, (Uy)ack,) be a crystallographic Fy-graded group, let
(ws)sen be a A-system of Weyl elements in G and let (A, 1, B, i) be the standard partial
twisting system for G. Then there exist abelian groups (£, +) and (A, +) (both equipped,
as sets, with an action of A x B) such that G is parametrised by (A x B, A, k) with
respect to 11 X u and (ws)sea and such that the action of A on k and A is given by
group inversion.

Proof. This follows from the parametrisation theorem (Theorem |4.5.16), whose
conditions are satisfied by Propositions[10.6.8/and [10.6.9} O

10.7 The Coordinatisation

10.7.1 Notation for this section. We denote by A = (fi, f2, f3, f1) a root base of
F, in standard order and by (V, -) the Euclidean space which is generated by A.
We consider a group G group with a crystallographic Fy-grading (Uy)xcr, and
a A-system of Weyl elements (w;)sca. We denote by (A, 7, B, i) the standard
partial twisting system for G (from Definition , by (k,+), (A, +) abelian
groups as in Proposition (which are equipped, as sets, with actions of
A x B) and by (6, )acr, the corresponding parametrisation of G. The action of
—1p on A is denoted by

A = A,a—a:=—1g.a.
We choose elements 1; € £ and 1 7 € A such that
wy, € U,fzefz(l,i)u,ﬁ and Wy, € u,f39f3(1])u,f3.

Put A’ := {£1}2. We identify A with the subgroup { (£1,1) } of A’ and we
declare that the second component of A’ acts trivially on all root groups. Further,
we denote by Gp and G the root graded subgroups of G which correspond to the
canonical root subsystems of types B and C3, respectively (as in Definition[10.3.3).

It follows from Proposition 5.4.10 (b)|that 1; and 1 7 are uniquely determined
by wy, and wy,.

10.7.2 Remark (on the proofs of Lemmas and [10.7.5). In the proof of
Lemma |10.7.3| we will apply the parametrisation theorem for Bs-graded groups
(Proposition|7.9.4) to the subgroup Gg of G. A priori, this yields a new group £’
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which parametrises the long root groups and a new group A’ which parametrises
the short root groups. Further, the groups A’ and A’ are, as sets, equipped with an
action of A x B. Afterwards, Theorem [7.11.21| provides the commutator relations
in Gp with respect to £’ and A’

By Remark we can choose £ to be equal (and not just isomorphic)
to £ and A’ to be equal to A’. However, it is a priori not clear that the actions
of A X Bon £" and A’ agree with the respective actions on 4 and A after this
identification. In other words, the notation (a,b).x is (possibly) ambiguous for
a€ A, be Band x € £U A. For the action of A, no ambiguity arises because
we know that —14 acts by group inversion in both cases. Further, the action of
B on £ will never be relevant (see Note [4.5.11). However, it will turn out that
the action of B on A does not, in general, agree with the action of B on A’. This
inconvenience is not relevant in the proof of Lemma so we delay a more
detailed investigation of this phenomenon until Remark[10.7.4,

A similar remark holds for the proof of Lemma where we apply the
parametrisation theorem for C3-graded groups (Proposition [9.8.4). One notable
difference is that the parametrisation theorem for Cz-graded groups provides
actions of the large group A’ x B on the parametrising structure, not of the group
A x B. However, we can quickly focus our interest on the action of this subgroup.
Further, we will have to investigate the relationship between the two actions of
B on A during the proof of Lemma (and not, as in Lemma as an
afterthought). It will turn out that the two actions of B on A are, in fact, identical.

10.7.3 Lemma. There exist a commutative associative ring structure on £ whose identity
element is 1y, a (right) k-module structure x on A and a k-quadratic formn: A — k
withn (1) = 14 such that the following commutator relations hold for all A, yu € £ and
all c,d € A, where (- | -) denotes the linearisation of n:

07, (A), 05, ()] = 05,15, (—Ap),
[ 2(/\) 9f3( )] = 9f2+f3(_c*A)9f2+2f3(_)‘n(c))’
0,15, (), 85,(d)] = 05,425, ({c|d)).

Proof. Denote by AB := (by,by,b3) := (f1, f2, f3) the ordered root base of the
canonical Bz-subsystem of F; and by #8: B; x AP — A and u®: By x AB — B
the AB-parity maps which we defined in This means that, if we choose
an orthonormal basis (el, e, ¢63, e4) of Vsuch that by = e; — ey, bp = e — e3 and
by = e3, then the maps 7® and u® are given by the exact same formulas as in
Figure[7.4 on page[189} Observe that (A, 7®, B, u”) is the standard partial twisting
system for Gp with respect to AP (from Definition .

We know from Proposition [7.9.4] that there exist groups (£’,+) and (A/, +)
(each equipped with an action of A x B), an isomorphism 02: (#/,+) — U, for
each long root & in B3 and an isomorphism 95 : (A, +) — Ug for each short root

Bin B; such that Gp is parametrised by (A x B, A’, £") with respect to 7% x u® and
(ws)sear and such that the action of A on A’ and £’ is given by group inversion.
Denote the corresponding root 1somorph1sms by (6 ),,(633 By Remark

can achieve that #’ = £, A' = A, 68 r = = 0y, and 08 r = = 0. (See, however the
warning in Remark [10.7.2})

We now turn to the relationship between the two families of root isomor-
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phisms. We know from Remark[10.4.19| that
mxwpp=01,  Gxpppp=01,  @xpps=(-11)
and (7 x p)pp = (1,1).
Using the table in Figure we can also compute that
(773 X ,”B)fz J1 = (’YB X .”B)Ezfeg,erf& = (-1,1),

(" > p )fz Sifr = = (" x u )62—63,(61—62,62—63)
= (1" X 1) er—eser—es (17 X UP)e) —en00—e5
=(-1L1)(-1,1) = (L1),
= (" x )62—63,63 =(-1,1),
(7" x )63,62—63 =(-11).

<773 )fz g3 T
<773 >f3 S =

Since

M =fit o FIP = f B = fr2fs and £ = St f,

it follows that

(a)h = 08 (a) = 0%, (~a),
p,(a)“h% = 07 (a)*h"" = 0F (a),
(—u)h = 67 (—u)s = 07 5, (u),

O, () = O, ()% = 0, ()% = 67 (—u).

We can now investigate the commutator relations. From Theorem [7.11.21
we know that there exist a commutative associative ring structure on £ whose
identity element is 14, a (left) £-module structure +' on A and a A-quadratic
formn: A — £ withn(14) = 1; such that Gp is coordinatised by (A, £) with

standard signs. In particular, this means that the following commutator relations
hold forall A, u € £ and all u,v € A, where (- | - ) denotes the linearisation of n:

(07, (1), 05, ()] = 05 4, (An),
[67,(A), 08, (c)] = 07, 1, (A% ©)0F, 151, (—An(c)),
107,15, (), 07, (d)] = 0F o, (—(cld)).
Using the formulas above for the root isomorphisms, and replacing the left
module structure +” by the corresponding right module structure defined by

cx A := A+ ¢, we conclude that the desired commutator relations hold. This
finishes the proof. O

10.7.4 Remark. Recall from Remark[10.7.2]that we have two actions of B on the
module A from Lemma The goal of this remark is two compare these
two actions. First of all, we have to make our notation precise: For all c € A, we
define ¢ := —1g.c where —1g.u denotes the action from Proposmonm 10.6.10| (as in
Notatlon 1) and we define ¢® := —13.c where —1p.c denotes the action from
Propos1t1on

Recall from Remark that (7 X )¢, (—f5,5) = (=14, —1p). Further,
we can compute that

(T]B X VB)f;;,(*fz,fg,,fz) = (17 X ]/lB)ES,(€3762,C3,€2783)

= (77 X VB)€3,€3*€2 (778 X VB)Ezres(WB X VB)€2,€2*€3
= (1,1)(1,-1)(1,1) = (1,-1).

B

B
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For all ¢ € A, it follows that

w1 -1
0f,(—C) = 07, ()2 ™ = 07 ()2 ™ = 0 (¢¥) = 0,(c"),

SO = —=¢

Since P is precisely the action of B on . that we have studied in sectionm
it follows from Lemma that it is the reflection corresponding to 1 7 in the
sense of Definition it,  B=0mn - Thus it follows from the conclusion
of the previous paragraph that =~ = —o7 .

10.7.5 Lemma. There exist an alternative ring structure on A whose identity element
is 1.7 and maps ¢, str 5, Tq such that (£, ¢, strz,T1,0) is a Jordan module of type C
over A, the map ~~ from Notation is a nuclear involution of A, str 7 (1z) = 14
and the following commutator relations hold for all A € k and all ¢,d € A:

[9f4 ) 9f3( )] - 0f3+f4<Cd)/
[05,(A), 05,(c)] = Op 125, (— (A, —0)) O, p (—cstra(A)),
[9f2+f3( )’9f3( c)] = 9f2+2f3 (Tl(ca))'

Proof. Denote by A® = (c1,¢2,¢c3) == (fu, f3, f2) the ordered root base of the
canonical Cs-subsystem of Fy and by 7¢: C3 x A© — A’ and u“: C3 x A© — B
the AC-parity maps which we defined in This means that, if we choose
an orthonormal basis (e1,ez,e3,e4) of V such that c; = e; — ey, ¢ = €3 — €3
and c3 = 2e;, then the maps 1% and u? are given by the exact same formulas
as in Figure 9.4/ on page Further, we denote by 7¢: C3 x A© — A < A’
the projection of 7€ to the first component. Observe that (A’,7C, B, u®) is the
standard partial twisting system for G¢ with respect to A€ (from Definition .
(Here we use that the short involution on G is trivial by Lemma so that
the action of A’ on the root groups has the desired form.)

We know from Proposition [9.8.4] that there exist an abelian group (£',+)
and a group (A’, +) (each group being equipped with an action of A’ x B), an
isomorphism 6$: (A’,+) — U, for each long root a in C3 and an isomorphism
9%: (A',+) — Ug for each short root B in C such that Gc is parametrised by

(A" x B, A', k") with respect to ¢ x u¢ and (ws)scpc and such that the action of
(=14,14) on A’ and #’ is given by group inversion, the action of (14, —14) on
A is trivial and the action of (14, —14) is given by the short involution. Since
the short involution on Gg is trivial, we see that (14, —14) acts trivially on both
groups £’ and A'. Thus the second component of A’ is irrelevant. In a more
technical language, this means that G is parametrised by (A’, ') with respect
to ¢ x u¢ (and not 7€ x u¢) and (ws)sepc. By Remark we can achieve
thatt' =4, A' = A, 0}32 = 0y, and 0}33 = 0y, (which shows that, in particular, A !
must be abelian).

As in the proof of Lemma Remark[10.7.2|applies in our situation. We
begin by proving that the two actions of B on A are, in fact, equal. By the same
arguments as in Remark[10.7.4} it suffices to show that

1 % W = 17X B ppfofer
We already know from Remark[10.4.19|that

URS ‘u)fsr(*fzrf&fz) = (=14, —1p).
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Further, we can compute that

(’7C X Vc)fsf(*fsz&fz) = (Wc X ‘uc)62*63/(*263,‘?2*93,293)
= (1% X 1) eres, 265 (1 X B )ertes er—es (1S X P ) eyes 265
= (1" X U)o es2es (17 X B ) exes,en—es (10 X U ey tes 2es
=(-1L1)(-1,-1)(-1,1) = (=14, —1p).

This shows that the two actions of B on A. In the following, we will denote them

by ~, as in Notation [10.7.1

We can now turn to the relationship between the two families of root isomor-
phisms. We know from Remark[10.4.19|that

(17 X :u)fz,f3 = (_1/1)/ (17 X V)fs,fz = (1/1)
(77 X V>f3rf4 = (_1/1)/ (77 X V>f3,f4f3 = (1/1)'

Further, we can compute that

~

(UC XU )fzf3 (n € x C)Zes er—e; = (1,1),
(’7C X .“ fsfz =(n € x C)ez —es2e = (1, 1),
(’7C XU )f3f4 (UC C)ez e = (—1,1),
(X 1) fapufs = (1° X B ) ey (e1—erer—es)
= (1 X U )er—erer—e (1S X U ey —ener—es
=(-L1)(-1,1)=(11)

and

fg(fS) = fr+2f;, fg(fz) = o+ f3, fg(f4) = f3+ f3 and f§(f4f3) = fu.
As in the proof of Lemma [10.7.3} it follows that
0,425, (A) = 9192+2f3(_/\)’ Oht s (c) = ngerfs ()
9f3+f4 (c) = efc3+f4 (C)/ 9f4 (u) = 91(;4 (c)
forallA € fand allc € A.

Finally, we can investigate the commutator relations. By Theorem [9.10.26
there exist an alternative ring structure on A whose identity element is 1 7, a nu-
clear involution on A (which coincides with the map ~ defined in Notation|10.7.1)
and maps ¢, str 7, T1, i such that § = (£, ¢, strz, T1, ¢) is a Jordan module over
A (where ¢ = 0 because G¢ is Cs-graded), str7(14) = 14 and Gc¢ is coordina-
tised (as a BC3-graded group) by ¢ with standard signs. In particular, this means

that the following standard commutator relations from Definition hold for
allA € fandallc,d € A:

105, (c), 05, ()] = 05, (cd),
[05,(1), 05,(c)] = 05, 15, (9(A, —0))65,, , (—cstra(A)),
[9f3( c), 9f2+f3(d)] = 9}%+2f3 (Tl(Cd))-
Using the formulas above for the root isomorphisms, the assertion follows.  [J

We have the following identities which relate the maps from Lemma [10.7.3|to

the maps from Lemma|10.7.3

10.7.6 Lemma. The following hold:
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(a) ¢ = —oy,(c) for all c € A where oy, denotes the reflection in the quadratic
module (A, n) corresponding to 1 z (in the sense of Definition|7.1.20).

(b) cx A =cstrg(A) forallc € Aandall A € k.

(c) p(A,c) =An(c) forallA € k,c € A.

(d) (c|d) = Tyi(cd) forall c,d € A. In particular, {c|17) = Ty(c) forall c € A.
Proof. Assertion (a) holds by Remark For the remaining assertions, let
A € £ and ¢,d € A be arbitrary. The rank-2 root subsystem generated by
{ f2, f3 } is contained in both the canonical Bs-subsystem and the canonical C3-

subsystem, so it follows from Lemmas(10.7.3|and|10.7.5|that we have the following
“overlapping” commutator relations:

9f2+f3(—C*/\)9f2+2f3(—)LH(C)) = [9f2<A)’9f3(C)]
= 0425 (= 9V, =) O s (—estra(A)),
9f2+2f3(<c|d>) = [051£(0), 05 (d)] = 0,125, (T1(cd)).

We conclude that
cxA=cstrz(A), An(c) = @A, —c), (c|d) = Ti(cd).

This proves (b) and (d). For (c), observe that n(c) = n(cy ,(c)) because o7 , lies in
the orthogonal group O(n) by Lemma Since ¢ = —07, (c) by assertion (a),
we infer that

¢(A,—t) = An(c) = An(o1,(c)) = An(—0).

As the map c — —c is bijective, it follows that (c) holds. O

10.7.7 Summary. Altogether, we have assembled the following algebraic struc-
tures which coordinatise G and describe its commutator relations:
(1) An associative commutative ring £ with identity element 1;.
(2) An alternative ring A with identity element 17 and with a A-module
structure *.
(3) A f-quadratic form n: (A, x) — £ withn(1z) = 14 and its linearisation
(+]): AXA— k.
(4) A nuclear involution ~ on A.
(5) Maps ¢, strz and T; such that (£, ¢,strz,T1,0) is a Jordan module of
type C.
Further, we know that the identities in Lemma [10.7.6 hold. We conclude that

F = (fi,ﬂ,*,l’l,<' | : >’Strﬂ’¢)

is an Fy-datum. By Proposition[10.1.34} it follows that the ring 7 is a £-algebra
with structural homomorphism str 7 and associated scalar multiplication x and
that (A, n) is a multiplicative conic alternative algebra over £ with conjugation
~. By Proposition [10.1.33} the multiplicative conic alternative algebra structure
on A determines the remaining objects in 7.

10.7.8 Theorem (Coordinatisation theorem for F;). Let G be a group with a crystallo-
graphic Fy-grading (Uy )acr, and let (ws) sea be a A-system of Weyl elements in G. Then
there exist a commutative associative ring £ and a multiplicative conic alternative algebra
(A, n) over £ such that (G, (Uy)aer,) is coordinatised (A, n) with standard signs and

with respect to (ws)sea (in the sense of Definition [10.4.15).
Proof. This is a consequence of Summary (10.7.7] ]
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Cayley-Hamilton theorem,
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