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Random (noisy) processes can be characterized by the way consecutive data are correlated. The data can be uncorrelated

(white noise), short-range correlated (often called red noise), or long-range correlated (sometimes called pink noise). Here

we describe the properties and applications of these different kinds of noise. We discuss, how they influence (i) the diffu-

sion process, (ii) the occurrence of rare extreme events and (iii) the detection of an external trend that is superimposed on

the noise; (ii) and (iii) are particularly relevant in the context of detecting anthropogenic global warming by data analysis.
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1 Introduction

Noisy patterns and random processes are everywhere in our
daily life. Our heartbeat and our breathing frequency are
random, our gait lengths are random, the weather is ran-
dom, catastrophic events are random, and in case we are
active on the stock market, we also know that daily gains
and losses are random. In all games of chance that have
been known since primeval times consecutive events are
independent, and the first mathematical studies of random
processes were actually on dice games, for example by
Christian Huygens on the gambler’s ruin [1].

Probably the most important and best studied random
process is diffusion. Diffusion can be modelled by a random
walker who walks randomly in space. Applications range
from the spreading of epidemics and innovations to the
random movement of atoms and ions in complex materials.
For recent reviews, see two books [2, 3] edited by our jubilee
Jörg Kärger, who contributed significantly to this important
field.

It was believed until last century that most random pro-
cesses in nature indeed are like roulette or dice games. In re-
cent years there is growing evidence that not all random
processes in nature consist of independent steps, i.e., are
white noise, but a large number of processes show correla-
tions over time, some of them (like the climate) even corre-
lations over many centuries. When the correlations have a
finite range, one often refers to these processes as red noise,
when the range is infinite, they are sometimes referred to as
pink noise.

Here, we compare these three types of noise and discuss
the consequences of the different kinds of correlations
(i) on diffusion properties, (ii) on the occurrence of rare

extreme events, and (iii) on the detection of external deter-
ministic trends in noisy data. Item (iii) sounds a bit abstract
but is important in the context of global warming when
searching for anthropogenic effects in climate data. Here
the challenge is to distinguish anthropogenic effects driven
by man-made external trends from natural effects driven by
long-term correlated noise.

2 Characterization of Noise

Consider a record yi of discrete numbers, where the index i
runs from 1 to L and all data are drawn from the same dis-
tribution, for example from a Gaussian. Let us assume that
the length L of the record is very large and can be consid-
ered as infinite. Without loss of generality, we assume that
the mean of the data is zero and the variance equal to one.
(When records with periodic trends are considered, they
must be first detrended).

For quantifying correlations in the record, it is
convenient to look at the autocorrelation function

C sð Þ ” yiyiþsh i ”
1

L� s

XL�s

i¼1

yiyiþs. By definition, C(0) = 1.

When all data are independent of each other, C(s) vanishes
for s > 0. In this case the noise is called white noise.

In many cases, successive data yi and yi+1 depend on each
other. When the correlations have a finite range, the noise is

www.cit-journal.com ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH Chem. Ing. Tech. 2023, 95, No. 11, 1758–1767

–
1Prof. Dr. Armin Bunde
(arminbunde00@googlemail.com)
1Justus-Liebig-Universität Gießen, Institut für Theoretische Physik,
Heinrich-Buff-Ring 16, 35392 Gießen, Germany.

1758 Research Article
Chemie
Ingenieur
Technik

http://crossmark.crossref.org/dialog/?doi=10.1002%2Fcite.202300031&domain=pdf&date_stamp=2023-08-07


called short-range correlated or red noise [4]. This happens,
for example, when C(s) decays exponentially,

C sð Þ ¼ ps; s ¼ 0; 1; 2; . . . (1)

with ⏐p⏐ < 1. By definition, p is identical to the lag-1
autocorrelation C(1). For p > 0, C(s) can be written as
C(s) = exp(–s/x), where x ”

R¥
0 C sð Þds ¼ 1=j lnpj denotes

the correlation (persistence) length. For p < 0, C(s) describes
anticorrelations.

Of great importance in nature are noisy data, where the
autocorrelation function decays by a power law (see, e.g.,
[5, 6]),

C sð Þ ¼ 2� gð Þ 1� gð Þ
2

s�g; s > 0 (2)

with g between 0 and 1. Such correlations are named ‘‘long-
range’’ since the mean correlation length x diverges in the
limit of infinite record length L. These data are sometimes
referred to as pink noise. With increasing g the correlations
decrease. In the limit of g = 1 we have white noise.

In the past decades, long-range correlated noise has
increasingly become the focus of interest, since a large num-
ber of well-known noisy data in nature are long-range cor-
related. River flows [5–12], atmospheric and sea surface
temperatures [13–31], sea level heights [32–34], or wind
fields [35] and midlatitude cyclones [36] are long-range
correlated. In addition, there are indications that also the
intervals between consecutive large earthquakes are long-
term correlated [37]. In the human body, noncoding DNA
sequences [38, 39], heartbeat intervals [40, 41] and gait
lengths [42] show long-range correlations, and even in
man-made noise long-range correlations can be observed:
examples are the volatility in financial records [43, 44] and,
perhaps surprisingly, human writing [45, 46].

Long-range correlated records can also be characterized
by the power spectral density S(f) = ⏐y(f)⏐2, where y(f) is
the Fourier transform of {yi}. With increasing frequency f,
S(f) decays by a power law

S fð Þ~f�b (3)

with b = 1 – g [4]. For uncorrelated data, b = 0, i.e., the
spectrum is flat. Eq. (3) can be used to generate Gaussian
distributed long-range correlated records with fixed g [4].
The numerical procedure consists of two steps: (i) one gen-
erates uncorrelated Gaussian data and transforms them to
Fourier space; (ii) one multiplies the result by f–b/2 and
transforms it back to time space. The final result is long-
range correlated with g = 1 – b. By definition, S(f) follows
Eq. (3).

Fig. 1 compares parts of an uncorrelated record (a) with
three long-range correlated records, with g = 0.8 (b), 0.4 (c),
and 0.2 (d); all series have been generated by the algorithm
described above. The red line is the moving average over
30 data points. For the uncorrelated data, the moving aver-

age is close to zero, while for the long-range correlated data
sets, the moving average can have large deviations from the
mean, forming some kind of mountain valley structure. Let
us assume, for example, that the data in Fig. 1d represent
annual temperatures, and let us further assume that we
know only the first 250 data points (first 250 years) and
want to predict what will happen in the next 50 years. If we
would know nothing about the natural persistence of the
record and assume tacitly that the record is a superposition
of white noise describing the natural fluctuations and some
linear anthropogenic trend, we were inclined to draw a
trend line and to extrapolate the line into the future to esti-
mate future warming. However, since the data are long-
range correlated, this simple procedure (which actually has
been used quite often in geoscience in the past century) will
fail, and one needs more elaborate techniques to distinguish
natural from deterministic trends. The figure shows also
that, as a consequence of the strong persistence, the
extremes are not distributed randomly in time, but occur in
clusters. We will come back to both issues, clustering of
extreme events and trend detection, in Sects. 6 and 7.

First, we study how diffusion depends on the type of
noise considered and how the diffusion properties can be
used to detect the type of noise.

3 Diffusion

We focus on a simple random walk along a line. A random
walker starts at X0 and carries a long list of random num-
bers yi, i = 1, 2,K, L, with zero mean and variance one. In
the ith time step, the walker steps to the right, when yi is
positive, and to the left, when yi is negative. The step length
is ⏐yi⏐. After s steps, the position of the random walker is
Xs. Accordingly, after L steps the walker generated the se-
quence X1, X2,K, XL–1, XL.

We would like to know what the typical distance is the
random walker has traveled after s steps. To this end, we
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Figure 1. Comparison of an uncorrelated record with three
long-range correlated records with g = 0.8, 0.4, and 0.2. The full
line is the moving average over 30 data points.
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consider also the positions X1, X2,K, XL–1, XL–s as starting
points of a random walk, and obtain Ls ≡ L+1 – s random
walk sequences of length s. Let us denote each of these seg-
ments by the index n and the s random numbers in segment
n by yi

(n), i = 1,K, s. Then the distance the random walker
travelled in segment n is given by

DXn sð Þ ¼
Xs

i¼1

y nð Þ
i (4)

Since the random numbers have zero mean, the mean
distance averaged over all segments n is zero. In order to
find the typical range covered by the random walker after s
steps it is convenient to look at the mean square displace-
ment, where (DXn(s))2 is averaged over all segments n,

DXð Þ2 sð Þ
� �

”
1
Ls

XLs

n¼1

Xs

i;j¼1

y nð Þ
i y nð Þ

j

 !
¼ sþ

Xs

i „ j

yiyj
� �

(5)

Using the definition of the autocorrelation function C(s)
and the fact that the variance of the random numbers is 1,
Eq. (5) can be written as [47]

DXð Þ2 sð Þ
� �

¼ sþ 2
Xs�1

m¼1

s�mð ÞC mð Þ (6)

Eq. (6) allows us to determine the mean square displace-
ment for the different kinds of noise. For white noise,
C(m) = 0 for m ‡ 1, and thus Æ(DX)2(s)æ = s, which is the
well-known diffusion law. For short-range correlated noise,
C(m) = pm, and Eq. (6) yields

DXð Þ2 sð Þ
� �

¼ sþ 2p

1� pð Þ2
s� ps� 1þ psð Þ (7)

For small correlations, where p tends to zero,
Æ(DX)2(s)æ = s, as expected. For strong correlations where
the correlation length x is large, we can expand p into
p ≡ exp(–1/x) » 1 – 1/x +(1/x)2/2. It is easy to see that in
this case,

DXð Þ2 sð Þ
� �

@ s2; s� x
2x s� xð Þ; s� x

�
(8)

Accordingly, for s well below x, the diffusion is ballistic
(as expected), while well above x, diffusion is fast with a
diffusion constant proportional to x.

In the presence of anticorrelations, p is negative. For
strong anticorrelations, Eq. (7) yields

DXð Þ2 sð Þ
� �

@ 1=2
1þ s=xþ 1� s=xð Þ �1ð Þs; s� x
1þ s=x; s� x

�
(9)

Accordingly, for s well below x, Æ(DX)2(s)æ oscillates be-
tween 1 and s/x. Well above x we observe regular diffusion
with a very small diffusion constant 1/x. Such a behavior

can be observed in solid ionic conductors where ions are
coupled by the Coulomb interaction. When an ion jumps to
a neighboring site, it is out of equilibrium and the Coulomb
forces tend to drive the ion back to where it came from.
This behavior, which is described by Eq. (9), has been
termed cage effect by Funke [48]. The ion is like in a cage
and needs many foreward-backward jumps to escape the
cage, and this leads to the well-known dispersion of the ion-
ic conductivity in ionic glasses [48].

For long-range correlated noise where C(m) decays by a
power law, Eq. (6) yields [47]

DXð Þ2 sð Þ
� �

¼ s2�g ” s2a (10)

where a can be identified with the Hurst1) exponent [5, 13].
For g fi 1, we recover the white noise result, for g fi 0,
diffusion tends to ballistic motion.

Eqs. (8)–(10) allow to determine the kind of noise by gen-
erating a random walk: (i) when Æ(DX)2(s)æ is proportional
to s already for small s, the data can be considered as white
noise; (ii) when Æ(DX)2(s)æ starts with an exponent close to 2
at small s and then crosses to normal diffusion with an
exponent 1 for larger s, the data can be considered as short-
range correlated. Finally, when (iii) Æ(DX)2(s)æ shows power
law behavior with an exponent above 1, the data are long-
range correlated.

4 Hierarchical Detrended Fluctuation
Analysis

In several important applications, for example in climate
records, external deterministic trends (e.g., by global warm-
ing) may be superimposed to the natural fluctuations. Since
the effects of trends and long-range correlations resemble
each other (see Fig. 1), there is a general problem to distin-
guish between them. To detect long-range correlations in the
presence of smooth polynomial trends of order n – 1, the hier-
archical detrended fluctuation analysis (DFAn) [49] has been
introduced. DFAn is a simple modification of (4): In each seg-

ment n of length s, we now consider DXn lð Þ ¼
Xl

i¼1

y nð Þ
i , where

l runs from 1 to s, and fit DXn(l) by a polynomial of order n.
Then we determine the variance Vn

(n)(s) of DXn(l) around the
polynomial, and average Vn

(n)(s) over all segments n of length
s to obtain the detrended fluctuation function

F nð Þ sð Þ ¼ 1
Ls

XLs

n¼1

V nð Þ
n sð Þ

 !1=2

(11)
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The fitted polynomial represents the local trend in each
segment n. When n-order polynomials are used, the analysis
is called DFAn, n = 0, 1, 2,K.

In trend-free data, (F(n)(s))2 scales with s in the same way
as Æ(DX)2(s)æ (see Eqs. (8)–(10)), irrespective of n. Trends of
order k – 1 in the original data are eliminated by DFAk,
while they contribute to DFA(k – 1) and DFA(k – 2) etc.
This allows to determine the correlation exponent g in
long-range correlated data in the presence of trends. For
example, in the presence of a linear trend, DFA0 and DFA1
will exaggerate the asymptotic exponent ~a, while DFA2,
DFA3 etc. will show the same slope a characterizing the
natural fluctuations of the record. In [21] the difference
between ~a and a was used to estimate qualita-
tively the strength of anthropogenic trends in
Central Asia.

An extension of DFAn is the multifractal
DFAn [50], MF-DFAn, where instead of (11) the
more general average

F nð Þ
q sð Þ ”

1
Ls

XLs

n¼1

V nð Þ
n sð Þ

� �q=2
0
@

1
A

1=q

(12)

is considered, with q between –¥ and +¥. For
q � –1 the small fluctuations dominate the
sum, while for q � 1 the large fluctuations are
dominant. It is generally assumed that the q-de-
pendent average scales with s as

F nð Þ
q sð Þ~sh qð Þ (13)

By definition, h(2) = a. If h(q) is independent
of q, Fq

(n)(t) ~ sa, and both large and small fluc-
tuations scale the same. In this case, a single
exponent is sufficient to characterize the record,
which then is referred to as monofractal. If h(q)
is not identical to a, the record is called multi-
fractal (for a review, see [51]). In this case,
the dependence of h(q) on q characterizes the
record. Temperature records can be considered
as monofractal, while precipitation and river
flow records with their pike-structure usually
show weak to modest multifractality [7, 10, 25].
Multifractal data are more erratic than mono-
fractal data and can show extreme events out of
the blue (‘‘black swans’’). Pronounced multifrac-
tality occurs in financial data sets (see, e.g.,
[43, 44, 52] and references therein), for example
in the daily returns of an asset.

5 Long-Range Correlations in Climate
Records

Fig. 2 shows three representative temperature, river run-off,
and precipitation records. The data below or above the peri-
odic seasonal trend are in blue or red. The patches in Fig. 2a
and 2b indicate correlations. In a correlation analysis, the
periodic seasonal trend must be subtracted from the data.

Fig. 3 shows the results of a DFAn analysis, for six tem-
perature, precipitation and river run-off records. For conti-
nental temperatures, the exponent a is around 0.65, while
for island stations and sea surface temperatures a is consid-
erably higher. There is no crossover towards uncorrelated

Chem. Ing. Tech. 2023, 95, No. 11, 1758–1767 ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH www.cit-journal.com

Figure 2. The figure shows 4-year-sections of a) the temperature record of
Potsdam, b) the run.off record of the Weser River near Vlotho, and c) the pre-
cipitation record of Potsdam.
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Figure 3. DFAn analysis of three temperature records (a–c), one precipitation
record (d) and two run-off records (e,f). The symbols correspond to DFA0, DFA1,
and DFA2 (from top to bottom). The straight lines are power law fits. The num-
bers denote the asymptotic slopes of the DFA2 fluctuation functions. The bend-
ing down of the fluctuation functions for very small s is an artefact of DFAn.
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behavior at larger time scales. For the precipitation data, a
is close to 0.55, not being significantly larger than for uncor-
related records. In the Pusan record, the DFA0 curve bends
up, which is a clear indication of an external trend. A more
comprehensive analysis has shown that the distribution of
a-values is quite broad for run-off, sea-surface temperature,
and precipitation records, but quite narrow for continental
temperatures where a is close to 0.65 [17]. This feature can
be used as an efficient test bed for climate models
[22, 53, 54] and paleo reconstructions [55].

The time window accessible by DFAn is typically 1/4 of
the length of the record. For instrumental records, the time
window is thus restricted to about 50 years. For extending
this limit, one can either take reconstructed records or
model data, which roughly range up to 2000 years. Both
have, of course, large uncertainties, but it is remarkable that
exactly the same kind of long-range correlations can be
found in model data, thus extending the time scale where
long-range memory exists to at least 500 years [20, 22].
Paleo reconstructions show stronger long-range correla-
tions where the exponent a is exaggerated [55].

6 Clustering of Extreme Events

Next, we consider the rare events in a record. Understand-
ing (and predicting) the occurrence of extreme and often
hazardous events is one of the major challenges in science
(see, e.g., [52]). An important quantity here is the time
interval between large events (see Fig. 4), and by under-
standing the statistics of these return intervals one aims to
better understand the occurrence of the extremes.

6.1 Return Intervals

Since extreme events are, by definition, very rare and the
statistics of their return intervals poor, one usually studies
also the return intervals between less extreme events, where
the data are above some threshold q (not to be confused
with the multifractal parameter introduced in Sect. 4) and
where the statistics is better, and hopes to find some general
‘‘scaling’’ relations between the return intervals at low and
high thresholds, which then allows to extrapolate the results
to very large, extreme thresholds (see Fig. 4).

Let us assume that only a small fraction fq of the data is
above q. Then the mean return interval Rq is identical to
1/fq. For uncorrelated data, the return intervals r are inde-
pendent of each other. Also, for short-range correlated data
the return intervals are uncorrelated, as long as Rq is well
above the correlation length x.

For long-range correlated records, the return intervals are
arranged in a long-range correlated fashion: long intervals
are more likely to be followed by long intervals and short
intervals by short intervals. This leads to a clustering of
extreme events. To see this effect in the relatively short
climate records, we follow [56] and distinguish only
between two kinds of return intervals, ‘‘small’’ ones (below
the median) and ‘‘large’’ ones (above the median) and deter-
mine the mean Rþq of those intervals that follow a large (+)
interval and the mean R�q of those intervals that follow a
small (–) return interval.

Fig. 5 shows both quantities (calculated numerically for
long-range correlated Gaussian data) as a function of the
correlation exponent g. The lower dashed line is R�q =Rq, the
upper dashed line is Rþq =Rq. In the limit of vanishing long-
range memory, for g = 1, both quantities coincide, as
expected. Fig. 5 also shows Rþq =Rq and R�q =Rq for five
climate records with different values of g. One can see that
the data agree very well, within the error bars, with the
theoretical curves. The error bars have been obtained by
.numerical simulations of records with the same correlation
exponent g and the same lengths as the climate records.

Therefore, long-range memory can explain the clustering
of extremes that has been observed for example in the
floods in Central Europe during the Middle Ages, or in the
historic water levels of the Nile River, which are shown in
Fig. 4 for 663y. A similar clustering was observed for
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Figure 4. Illustration of the return intervals for three equidi-
stant threshold values q1, q2, q3 for the water levels of the Nile
at Roda (near Cairo, Egypt). One return interval for each thresh-
old (quantile) q is indicated by arrows.
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Figure 5. Mean of the (conditional) return intervals that either
follow a return interval below the median (lower dashed line)
or above the median (upper dashed line), as a function of the
correlation exponent g, for five long reconstructed and natural
climate records. The theoretical curves are compared with the
corresponding values of the climate records (from right to left):
The reconstructed run-offs of the Sacramento River, the recon-
structed temperatures of Baffin Island, the reconstructed pre-
cipitation record of New Mexico, the historic water levels of the
Nile and one of the reconstructed temperature records of the
Northern hemisphere (Mann record) (after [56]).
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extreme floods, winter storms, and avalanches in Central
Europe (see, e.g., Fig. 2 in [9], Figs. 4.4, 4.7, 4.10, and 4.13 in
[57], and Fig. 66 in [58]).

6.2 Distribution of the Return Intervals

To quantify the risk of encountering an extreme event
one needs to study the distribution of the return
intervals Pq(r) and the related exceedence probability

Sq rð Þ ”
Z ¥

r
Pq r ¢ð Þdr ¢. In uncorrelated data, the probability

that l = r – 1 consecutive data points are below q is
(1 – fq)l ≡ (1 – 1/Rq)l ≡ exp(ln(1 – 1/Rq)l » exp(–l/Rq) »
exp(–r/Rq) for Rq � 1. Accordingly, Pq(r) = (1/Rq)

exp(–(r/Rq), which satisfies
Z ¥

0
drPq rð Þ ¼ 1. Thus, the

probability of finding a return interval larger than r is sim-
ply

Sq rð Þ ¼ exp �r=Rq
� �

; Rq � 1 (14)

Short-range correlated data behave in the same way, as
long as Rq is well above x, and a sequential ordering cannot
occur.

The situation is different (but surprisingly not much
more complicated) in long-range correlated records. It has
been shown by extensive numerical calculations [56] that
Sq(r) can be well approximated by

Sq rð Þ ” exp �bg r=Rq
� �g	 


(15)

where the parameter bg ¼
Z ¥

0
dxexp �xgð Þ

� �g

is deter-

mined by the condition Rq ¼
Z ¥

0
dr rPq rð Þ
� �

. In the limit

g fi ¥, Sq reduces to (14). The form of Sq(r) indicates that
return intervals both well below and well above their aver-
age are considerably more frequent for long-range corre-
lated data than for uncorrelated data, which also is a mani-
festation of the clustering of the extremes.

The characteristic stretched exponential behavior of Sq(r)
is difficult to see in the comparatively short observational
climate records but can be observed in long historic and
reconstructed climate records [56]. Stretched exponential
behavior appears in many other contexts, e.g., in materials
science [59] (where it is known as Kohlrausch-Williams-
Watts behavior) and in earth sciences [4]. In Sect. 6.4, we
will take a short detour into linguistics and into the mathe-
matical analysis of literary texts, where stretched exponen-
tials can be observed nicely.

6.3 Prediction of Extreme Events: The Hazard
Function

Next we ask: Given that the last ‘‘extreme’’ event above q
occurred t time steps ago, what is the probability Wq(t; Dt)
that in the next Dt time steps an extreme event occurs (see
Fig. 6)? This probability is of great importance since it spec-
ifies, at any time t, the risk associated with an extreme
event. It can be easily verified that W (which is also called
‘‘hazard function’’), is related to P and S by

Wq t; Dtð Þ ¼
R tþDt

t Pq rð ÞdrR¥
t Pq rð Þdr

” 1�
Sq t þ Dtð Þ

Sq tð Þ (16)

Here
R tþDt

t Pq rð Þdr is the probability that an extreme

event occurs between t and t + Dt, and
Z ¥

t
Pq rð Þdr is a nor-

malization factor that ensures Wq(t;¥) = 1.

For white noise,

Wq t; Dtð Þ ¼ 1� exp �Dt=Rq
� �

(17)

is independent of how much time t elapsed since the last
event. Accordingly, an extreme event can never be overdue
(when t exceeds the period Rq of the event). For the most
relevant case Dt� Rq, we obtain Wq(t; Dt) = Dt/Rq.

For long-range correlated records, we approximate Sq by
(15) and obtain

Wq t; Dtð Þ » 1� e�bg tþDtð Þ=Rqð Þg

e�bg t=Rqð Þg (18)

For t = 0, Wq(0;Dt) = 1 – exp(–bg(Dt/Rq)g). Accordingly,
just after an extreme event the probability for observing an-
other extreme event is drastically enhanced compared with
white noise. For Dt/Rq = 1/1000, for example, W = 0.001 for
white noise, while for g = 1/2 where bg =

ffiffiffi
2
p

, W @ 0.044.
For g = 1/4, bg @ 2.2 and thus Wq(0;Dt) @ 0.32.

On the other hand, for t/Rq = n and Dt/Rq � 1, Wq

decreases with n as (Dt/Rq)bg/n1–g. Accordingly, when with-
in the first n mean return intervals no further extreme event
has occurred, the occurrence probability of a second event
is strongly reduced compared with white noise.

Chem. Ing. Tech. 2023, 95, No. 11, 1758–1767 ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH www.cit-journal.com

Q
?last event

elapsed time t prediction time 
t

Figure 6. Hazard function: Given that at t = 0 there is an
extreme event above q and there is no further extreme in the
next t time steps. What is the probability that the next extreme
event occurs between t and t + Dt?
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6.4 Detour: Return Intervals in Literary Texts

Literary texts consist of words, some are rare, some are fre-
quent. The question is how literary texts are structured and
to which extent the structure depends on the language and
the author. Here we are interested in the way rare words are
incorporated in a text. To this end we rank the words, the
most frequent word has rank 1, the next frequent word rank
2, and so on. Punctuations are considered as words. When
we specify each word in a text by its rank, the text is like a
record of numbers and can be analyzed in the same way.

It is well known that the frequency of a word as function
of its rank follows approximately a power law (the famous
Zipf’s law [60]), and also the number of different words in a
text increases with its length roughly by a power law [61].

To characterize the rhythm of a text by the arrangement
of lower and higher ranked words we follow [46] and con-
sider, in a text with L words, the fraction fQ ≡ LQ/L of the
rarest words that by definition have a rank above Q. We
focus on the return intervals between consecutive words
with a rank above Q. The mean interval length RQ = 1/fQ

represents the natural length scale. According to [46], the
return intervals are long-range correlated with an exponent
g around 0.3 but contain also a large fraction of white noise
(g = 1).

We are interested in the probability SQ(r) that in a given
text an interval between consecutive words with rank
above Q, is longer than a certain interval length r. Fig. 7
shows SQ(r) for five texts and RQ = 2, 4, 8, 16, 32 and 64.
The dashed lines show SQ for the shuffled texts where SQ(r)
= exp(–r/RQ) for RQ � 1. Accordingly, deviations from a
simple exponential can be viewed as measure of the com-
plexity of a text. For RQ = 2, SQ still follows, for most texts,
a simple exponential. But already for RQ ‡ 4, SQ(r) follows

the stretched exponential form Eq. (15), with an exponent
(here denoted by b) roughly between 0.7 and 0.75. As a con-
sequence, just after a rare word the probability for observing
another rare word is strongly enhanced compared with
white noise, see the discussion following Eq. (18). The rea-
son for the universal behavior here (independence of lan-
guage and author) is certainly the universal behavior of the
human brain. One may speculate that when the brain uses a
rare word, it is in some kind of ‘‘excited’’ state which makes
it more likely to produce rare words again, and when it is in
a ‘‘quiet’’ state it prefers to continue with not so rare words.
The mathematical reason for the stretched exponential
behavior is certainly long-range memory in the return
intervals.

7 Detection of External Trends

Finally, we consider how the presence of an external deter-
ministic trend can be discovered in noisy records Wi, for
example in those shown in Fig. 2. This question is particu-
larly relevant for the detection of anthropogenic effects in
climate data. The normal approach is as follows: first we
subtract the periodic seasonal trend from the data set (see
Fig. 2) and obtain a record {yi}, i = 1K, L, with zero
mean. Then we study the correlation properties of {yi} by
DFA2.

To estimate a trend in this record, we perform a regres-
sion analysis: from the regression line ri = bi + d we obtain
the magnitude of the trend D = b(L – 1) as well as the fluc-
tuations around the trend line, characterized by the stan-

dard deviation s = 1=Lð Þ
XL

i¼1

yi � rið Þ2
" #1=2

. The relevant

quantity we are interested in is
the (positively defined) relative
trend

x ¼ jDj=s (19)

When a certain relative trend
has been measured in a data set,
the central question is, whether
this trend can be explained by the
natural variability of the data set
or not (‘‘detection problem’’, see,
e.g. [20]). To answer this ques-
tion, one needs to know the
probability P(x; L)dx that in
model records with the same per-
sistence properties as the consid-
ered data set, a relative trend
between x and x + dx occurs.
From P we derive the p-value

p x; Lð Þ ¼
Z ¥

x
P x ¢; Lð Þdx ¢ (20)

www.cit-journal.com ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH Chem. Ing. Tech. 2023, 95, No. 11, 1758–1767

Figure 7. The probability SQ(r) that in a text the return intervals between words with rank
above Q (see Fig. 1) exceed a certain length r, for five texts and six RQ-values. By definition, SQ(0)
= 1. For transparency, we have multiplied SQ for RQ = 32, 16, 8, 4, and 2 by 10–2,10–4, 10–6, 10–8,
and 10–10, respectively. The dots are the numerical results. The colored lines are the best fit to
Eq. (15). The quality of the fits is striking. The dashed straight lines are for the shuffled texts
(from [46]).
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By definition, p is the probability that the relative trend in
the record is above x, with p(0; L) = 1.

If the p-value of the observed relative trend x is below
0.05, one usually assumes that the considered trend cannot
be fully explained by the natural variability of the record,
and the trend is called significant. For p below 0.01, the
trend is called highly significant. The values x05 and x01

where p = 0.05 or 0.01 are called quantiles. Accordingly, for
x between x05 and x01, the trend is significant, while for x
above x01, the trend is highly significant. For both white
and red noise, P(x; L) follows [62, 63]) a student-t distribu-
tion for large record length L,

P x; Lð Þ / 1þ x=að Þ2

‘ Lð Þ

 !�‘ Lð Þþ1

2
(21)

Here, l(L) = L[1 – C(1)]/[1 + C(1)] – 2 describes the effec-
tive degrees of freedom and a =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12=l Lð Þ

p
is a scaling

parameter; C(1) is the lag-1 autocorrelation. In climate data,
the typical record length L is between 500 and 2000 months.
For l above 100, (21) can be very well approximated by a
Gaussian with the same argument x/a. Then the quantiles
x05 and x01 are simply the quantiles of a Gaussian, multi-
plied by a.

In long-term correlated records characterized by the
Hurst exponent a, P can be also approximated by (21) [64],
but with different l and a. Here we follow a different route.
Using scaling arguments, it has been shown [23] that for L
between 500 and 2000, p decays exponentially below p = 0.1
and thus can be approximated by

p x; Lð Þ ¼ 0:05 · 1=5ð Þ
x�x05

x01�x05 ; p £ 0:1 (22)

The quantiles x05 and x01 depend on the Hurst exponent
a and on L. They have the form

xq ¼ C L; qð Þad Lð Þ; q ¼ 05 or 01: (23)

The exponent d(L) increases logarithmically with L and
ranges from d(500) @ = 3.22 to d(2000)
@ 4.06. The power-law dependence of xq

on a implies

xq a2ð Þ ¼ xq a1ð Þ
a2

a1

� �d Lð Þ
(24)

Accordingly, the significance of an ob-
served trend x depends strongly on the
Hurst exponent a of the record. Let us
consider two records of length 2000, with
a1 = 0.6 and a2 = 0.9. Since (0.6/0.9)4.06

» 0.19, a trend in record 2 must be 5.2
times larger than in record 1 to be signif-
icant. This shows how important it is to
analyze properly the correlation features
of a record.

In climate science, this fact has been overlooked for a
long time, see, e.g., the IPCC report from 2013 [65] or [66].
Until recently it was quite popular among climate scientists
to tacitly assume (instead of carefully analyzing the data)
that climate records are governed by sort-range correlated
(red) noise, and to use (21) to determine the p-values sim-
ply by measuring C(1). Critical evaluations of this approach
can be found in [28, 31]. Tab. 1 taken from [28] compares
the results of this procedure with the result based on the
proper correlation analysis, for stations on the Antarctic
Peninsula and the South Pole. The Antarctic Peninsula is of
particular interest since, in contrast to East Antarctica, its
temperature increased in the past decades. The table shows
that the popular approach (last two columns) clearly over-
estimates the significance of the trend. When averaged over
all stations, the temperature increase of the Antarctic Penin-
sula was far from significant (p = 0.172), while the popular
approach suggested a nearly highly significant warming.

8 Conclusions

In this tutorial mini-review dedicated to Jörg Kärger, I have
discussed the most important types of noise and shown
how important it is to know the correct type of noise when
analyzing data sets. For example, data that are long-term
correlated like atmospheric or sea surface temperatures,
exhibit a pronounced mountain valley structure with
mountains and valleys on all length (= time) scales. When
one falsely assumes, without having analyzed the data prop-
erly, that the structure consists of white (or short-range cor-
related ‘‘red’’) noise plus external trends, one is led to the
wrong conclusion that strong external trends are superim-
posed to the noise. The same happens with the clustering of
rare events, which is not only the consequence of an in-
creasing external trend but is also a natural consequence of
long-range correlations. A natural clustering of rare events
can be seen in the historic water levels of the Nile River. It
can be also observed in the daily volatility of financial assets,
where long periods with low volatility can be followed by

Chem. Ing. Tech. 2023, 95, No. 11, 1758–1767 ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH www.cit-journal.com

Table 1. Persistence and trend characteristics of temperature records from the Antarctic
Peninsula and the South Pole (Amundsen-Scott station), ending in 2014: The first 3 col-
umns describe the record length N in months, the trend D and the standard deviation s
around the trend line in �C. Columns 4 and 5 show the Hurst exponent a obtained by
DFA2 and the proper p-value. The last 2 columns show the lag-1 auto-correlation C(1)
and the p-value based on (21). Redrawn from [28].

Station N
[month]

D [�C] s [�C] a [–] p [–] C(1) [–] p[–]

Bellingshausen 537 0.83 1.61 0.77 0.352 -0.05 0.030

Vernadsky 752 3.34 2.29 0.83 0.042 0.36 0.0004

Rothera 432 2.39 2.26 0.82 0.146 0.25 0.019

Peninsula average 432 1.82 1.78 0.83 0.172 0.18 0.012

Amundsen-Scott 671 –0.06 2.41 0.51 0.868 –0.01 0.917
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long periods with high volatility. In both examples, the
long-range correlations in the data drive the clustering of
the rare events.

In the climate system, there is a general consensus that in
the past 70 years the mean earth temperature has signifi-
cantly increased by an anthropogenic trend driven by
greenhouse gases, and also the advanced methods discussed
here confirm the high significance of the trend. But this
does not mean that every part of the globe has warmed
equally. While the Arctic has warmed up drastically in the
past century, in Antarctica a significant warming has not
yet been observed. But this does not mean that it will not
come; indications for a beginning anthropogenic reduction
of the sea ice coverage around Antarctica have already been
noticed [67].
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