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We assume the reader to be familiar with formal language theory as contained in [5]. In
particular, a regularly controlled grammar is a quintuple G = (N, T, S, P, R), where N, T, P,
and S are specified as in a context-free grammar, and R is a regular set over P, the so called
control language. The language L(G) generated by G consists of all those words w € T* such
that there is a context-free derivation

S =), Q1 =>p, g =py =, Ay =W
with pipaps...pn € R. Let X be a family of languages. Then we set
L(X)={L(G) | G is a regularly controlled grammar with control language R € X }.

Obviously, L({ PT | P is an alphabet }) is equal to CFL, the well-known family of context-free
languages, and additionally, £(REG) is equal to the family of languages generated by matrix
grammars with context-free rules [5].

The language families £(X) induced by sub-regularly controlled grammars, i.e., the control
language is from a sub-regular language family X, fall into three classes depending on X—see,
e.g., [1-3]: either £(X) is equal to

1. the family of finite languages FIN,
2. the family of context-free languages CFL, or
3. the family of matrix grammar languages, which is identical to the language family £(REG).

For instance, FIN = L(FIN). Obviously for language families X and Y with X C Y, we
have £(X) C L(Y). For example, for the family of definite languages’ DEF and the family
of star-free languages? SF, we have DEF C SF, and thus £(DEF) C £(SF). In fact, in [1] it was
shown that CFL = £(DEF), while £L(SF) = L(REG).

For the family of ordered languages ORD we know DEF C ORD C SF. A language L C X*
is ordered if and only if the language is accepted by some deterministic finite automa-
ton A = (Q, X, 9, qo, F) with an input alphabet X, a finite set @ of states, a start state gg € @Q,
a set F' C @ of accepting states and a transition mapping § where (Q, <) is a totally ordered
set and, for any input symbol a € X, the relation ¢ < ¢’ implies d(q,a) < (¢, a). To the best
of our knowledge, the category into which £(ORD) falls is not known. We close this gap in the
forthcoming. Before we can state our result we need some facts from [5] on matrix grammars.

A matriz grammar is a quadruple G = (N, T, M, S), where N, T, and S are specified as in
a context-free grammar, and P is a finite set of sequences of context-free rules, i.e.,

M = {ml,mg, o mn}
and

mi = (Aix = i1, Aia = o, Aik, = Qik,)s

where A;; € N and o5, € (N U T)*, for 1 <i <randl1l < j < k;. We associate labels
with the rules in the matrices, and if A;; — o;; in m; is labeled by p; j, the matrix m; is
described by m; = p;1pi2...Dpik,. The language L(G) generated by the matrix grammar G
can be described by control sets as follows: let G’ = (N, T, P, S, R) be a regularly controlled
grammar, where P is the set of all rules occurring in the matrices of M. Then L(G) = L(G)
with R = M ™. In fact, one can relax the control set to M* instead of M.

1 A language L C X* is a definite language if and only if if it can be represented in the form L = AU X*B
where A and B are finite subsets of X*.

2 A regular language L C X* is star-free or non-counting if and only if there is a natural number k& > 1 such
that, for any three words € ¥*, y € £*, and z € £*, it holds zy*z € L if and only if zy**1z € L.



For matrix grammars the following normal form exists: N is the union of two disjoint sets [Ny
and No and M contains only matrices of length 2, i.e., m = pq, for any matrix m € M, and the
productions labeled by p rewrite a nonterminal of N, and the productions labeled by ¢ replace
a nonterminal of No. Now we are ready to prove the following theorem.

Theorem 1. £(ORD) = L(REG).

Proof. Since ORD C SF and thus £L(ORD) C £(REG) it suffices to prove that L(REG) C £L(ORD).
Since L£(REG) is equal to the family of languages accepted by matrix grammars by combin-
ing the above facts we argue that for any regularly controlled grammar G with control set R
there is a regularly controlled grammar G’ with control set M*, where M = {my,ma,...,my,}
with m; = p;q; with p; # ¢;, for 1 <4, j < n such that L(G) = L(G’). We prove that M* is an
ordered language.

Consider the following deterministic finite automaton A = (Q, P, 4,0, {0}) with

Q={L}u{o,1,....,n}U{T}
and
P={p|1<i<n}U{g|1<i<n},
and the transition relation is given by
6(L,pj) =9d(L,q) =1, for1<j<n,

5(i,p;) = 7, ifi=0and 1<j<mn,
/ T otherwise,

1, ifi<jand1<j<n,
8(i,gj) =40, ifi=jand1<j<n,

T, ifi>jand 1<j<n,
oT,pj) =0(T,q;) =T, forl<j<n,

where 0 < ¢ < n. A drawing of the automaton is shown in Figure 1. By construction it is easy to
see that L(A) = M* as desired. It remains to show that there is a total order that respects the
transition relation, i. e., for any input symbol a € P, the relation s < s’ implies (s, a) < d(s',a).
To this end we argue as follows: let

1<20<1=---=<n=<T.
Then we consider the following cases—consider an arbitrary pair of states (s,s’) with s < s’

— If s = L, then by construction §(s,a) = s, for every a € P, and hence s = §(s,a) < §(s',a),
for very a € P. A similar argumentation applies for s’ = T.

— Neither s = L nor s = T. Thus, let s = ¢ and s’ = j with ¢ # j. By assumption s < ¢/,
hence i < j together with i # j gives us ¢ < j. Then we distinguish the following sub-cases:
e Assume i = 0. Then for p, € P, for 1 < k < n, we have d(s,pr) = 6(0,px) = k,
while 0(s', pr) = 0(j, pr) = T. Moreover, for letter qx € P, for 1 < k < n, by construction

we have §(s,qr) = 6(0,qr) = L. Thus for every p € P we have §(s,p) < 4(s, p).
e Finally, let 1 < i < n — 1. Then §(s,pi) = 6( ’,pk) = T, for every 1 < k < n. Next,

for 1 < k < i we have §(s,qx) = (i,qx) = T = 8(J,qr) = 0(8',qr). For k = i, the
construction of the automaton gives us (s, q ) =08(i,q)) =0 =T =0(4,q) = 0(s, q)-
Finally, in case i < k we have §(s,qr) = L = (s, qr). Thus, §(s,p) =< 0(¢',p), for
every p € P.

This proves the stated claim. ]



Fig. 1. Ordered automaton A. Here p (q, respectively) abbreviates p; (g;, respectively), for 1 <4 < n. Moreover q«;
(g>i, respectively) is a short hand notation for g;, for 1 < j < ¢ (for i < j < n, respectively).

Thus, we have shown that the family of languages generated by regularly controlled gram-

mars with control languages accepted by ordered automata is equal to the family of languages
generated by matrix grammars. It is worth mentioning that, recently, it has been shown inde-
pendently in [4] that £L(ORD) = L(REG).
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