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Kurzfassung:

Radiale Basisfunktionen (RBFs) sind ein wichtiges Werkzeug der numerischen Mathe-
matik zur Approximation von Funktionen anhand gestreuter Daten. Oft werden diese
als Interpolationsmethode verwendet. Dabei muss ein lineares Gleichungssystem gelost
werden. Die Grofle des linearen Gleichungssystems hédngt von der Anzahl der Interpola-
tionspunkte ab. Mit steigender Anzahl von Interpolationspunkten neigt die Losung zu
numerischer Instabilitdt, wodurch die Approximation der Funktion anhand der gestreu-
ten Daten fehlerhaft wird. Ein moglicher Ansatz, um dieses Problem zu umgehen, ist die
Quasi-Interpolation mittels RBFs. Die Quasi-Interpolation bietet eine effiziente Appro-
ximationsmethode, ohne dass ein lineares Gleichungssystem gelost werden muss. Genau
wie die Interpolation mit RBF's ist die Quasi-Interpolation in beliebigen Dimensionen
anwendbar. Da viele Aufgaben aus Industrie und Wissenschaft auf die Approximation
gestreuter Daten zuriickzufiihren sind, kommt der Erforschung effizienter Approximati-
onsmethoden eine zentrale Rolle zu. Mit der stark steigenden Anzahl verfiigbarer Daten
gewinnt die Quasi-Interpolation im Vergleich zur klassischen Interpolation zunehmend
an Bedeutung.

Zur Berechnung der Quasi-Interpolation muss vorab eine RBF bestimmt werden.
Die Wahl der RBF beeinflusst die Giite der Approximation. Die optimale RBF fiir ein
gegebenes Approximationsproblem zu wéhlen ist ein offenes Forschungsgebiet.

In dieser Arbeit werden zwei neue Klassen von RBFs vorgestellt, die die Approxima-
tion mittels Quasi-Interpolation verbessern. Die Giite einer Approximation wird durch
die Approximationsordnung bestimmt. Eine Aussage iiber die Approximationsordnung
liefern die Strang- und Fix-Bedingungen. Fiir deren Anwendung wird das asymptoti-
sche Verhalten der distributionellen Fourier-Transformation der RBF benétigt. Neben
den zwei neuen Klassen von RBFs wird zudem eine neue Klasse von nicht-RBFs fiir die
Verwendung in der Quasi-Interpolation eingefiihrt. Die Analyse der Approximationsord-
nungen zwischen RBFs und nicht-RBF's unterscheidet sich fundamental und eréffnet neue
Ansatzpunkte fiir weitere nicht-RBFs in der Quasi-Interpolation. Die Ergebnisse zeigen
ausgezeichnete Konvergenzeigenschaften bei geringem Rechenaufwand. Die vorgestellten

theoretischen Ergebnisse werden durch numerische Beispiele verifiziert.
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Abstract:

Radial basis functions (RBFs) are considered an important tool in numerical mathe-
matics for approximating functions based on scattered data. They are often used as an
interpolation method. In this process, a system of linear equations has to be solved.
The size of the linear system is determined by the number of interpolation points. As
the number of interpolation points increases, the solution tends to become numerically
unstable, which results in the approximation of the function based on the scattered data
becoming inaccurate. One possible approach to avoid this problem is provided by quasi-
interpolation using RBFs. Quasi-interpolation is an efficient approximation method that
does not require a system of linear equations to be solved. Just like interpolation with
RBF's, quasi-interpolation is applied in arbitrary dimensions. Since many problems in
industry and science are based on the approximation of scattered data, efficient approxi-
mation is regarded as a central task. With a rapidly increasing amount of available data,
quasi-interpolation is gaining importance compared to classical interpolation.

To compute the quasi-interpolation, a RBF has to be selected in advance. The ap-
proximation quality is affected by the selected RBF. The determination of an optimal
RBF for a given approximation problem is considered an open research challenge.

In this work, two new classes of RBFs are presented that are used to improve ap-
proximation by quasi-interpolation. The quality of an approximation is determined by
the approximation order. A statement about the approximation order is provided by the
Strang and Fix conditions. For their application, the asymptotic behavior of the distri-
butional Fourier transform of the RBF is required. In addition to the two new classes
of RBFs, a new class of non-RBF's is also introduced for use in quasi-interpolation. The
analysis of approximation orders between RBFs and non-RBF's is fundamentally distin-
guished, and new approaches for further non-RBFs in quasi-interpolation are opened up.
The results are shown to yield excellent convergence properties with low computational

effort. The theoretical results presented are verified by numerical examples.
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‘It is not knowledge, but the act of learning, not possession but the act of getting there,

which grants the greatest enjoyment.’

— Carl Friedrich Gauss
(Gauss to Bolyai 1808)
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Chapter 1
Introduction

Multivariate approximation theory is a branch of mathematical analysis that deals with
approximating multivariate functions. This field has numerous applications across scien-
tific and engineering disciplines, including numerical analysis, machine learning, and data
fitting. The primary objective is to develop methods to approximate a given multivariate

function f : R™ — R using compositions of more tractable functions.

In machine learning, for example, radial basis functions (RBFs) are used in regression
and classification problems to predict outcomes based on input features [48]. In computer
graphics, surface reconstruction and modeling require approximation techniques to gen-
erate smooth surfaces from discrete data points [36], [47]. Geostatistics utilizes kriging,
a method for spatial interpolation, which relies on approximating spatial data to predict
values at unobserved locations [7]. Engineering applications often involve approximating
stress and strain distributions to aid in the design and analysis of structures [54]. In
the domain of robotics, this methodology is also employed for the purpose of predictive
maintenance [41]. RBFs have also great impact on the solution of partial differential
equations [18].

Several methods are employed for multivariate approximation. Polynomial interpola-
tion extends the concept of univariate polynomial interpolation to multivariate functions.
However, there are limitations to this approach, particularly with regard to the construc-
tion of an adequate polynomial space that can guarantee the unisolvence of the inter-
polation problem [25]. Spline interpolation uses piecewise polynomials to approximate
functions, with B-splines and NURBS (non-uniform rational B-Splines) being commonly
used in computer graphics and CAD (computer-aided design) [45]. Wavelet transforms
offer a multi-resolution approach to approximating functions and are useful in signal pro-

cessing and image compression [38]. RBFs, which use radially symmetric basis functions
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for interpolation and approximation, have gained popularity due to their flexibility and
ability to handle scattered data efficiently [52]. The contents of this thesis are mainly
based on the approximation with RBFs.

1.1 Radial Basis Functions

RBF's are a powerful tool for multivariate interpolation and approximation, particularly

useful for scattered data in higher dimensions [3].

A RBF is a real-valued function ¢ : R — R that depends only on the radial part of

the argument, and can therefore be expressed as

¢(x) = o([lz[]),

where || - || denotes the Euclidean norm and ¢ : R — R is the associated univariate RBF.
Commonly used RBFs are listed in table 1.1. Most of the examples listed provide the

so-called shape parameter ¢ > 0, which can be chosen arbitrarily.

Name Multivariate RBF Univariate RBF
Gaussian P(z) = e—cllzll? o(r) = o—(cr)?

Vizl? 4 e

() = w(r)
Thin plate spline | ¢(z) = ||:10||2 log(||z]]) | @(r) = r?log(r)
(z) = w(r)

\/||9ﬂH2+C2
Table 1.1: List of commonly used RBFs [12, p. 4].

Multiquadric o(x

X

Inverse multiquadric | ¢

Given a finite set of data points {(z;, fi)}X,, where N € N, z; € R", and f; € R, the

RBF interpolation problem seeks to find a function s(x) of the form:

N
= Z )\z¢<x
i=1

with the condition
s(x;) = flx4), Vie{l1,2,...,N}.
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The set of coefficients {);} is determined by solving the linear system of equations [41]

Oy —x1) olxy —x2) ... olx; —zyN) A f(z1)
¢($2 — .Z’l) ¢($2 — xg) RN ¢($2 — $N) )\2 f(xg)

oley —x1) Play —x2) ... olay —zxN)| | AN flzn)
) X - T Y

The form of the interpolant can also be interpreted as a fully connected, single-layer
neural network [6]. Consequently, there exists a close resemblance to adaptive network
theory [8]. In this interpretation, s(x) is called a RBF-network [50]. However, this
particular interpretation will not be the focus of the discussion. Instead, a conventional
perspective on the issue of interpolation will be adopted. The interpolation condition
can only be satisfied if the system of linear equations has a unique solution. The RBFs
listed in table 1.1 ensure that the aforementioned linear system of equations has a unique
solution. This is primarily demonstrated through the property of positive definiteness.

This property is addressed in the following section.

1.1.1 Positive Definiteness and Solvability

The key property of many RBFs is positive definiteness. A function ¢ is said to be positive
definite if for any set of distinct points {z;}¥ ;, the matrix A with entries A;; = ¢(z; —x;)

is positive definite. This implies that for any non-zero vector v,
vIAv > 0.

Positive definiteness guarantees that the interpolation matrix A is invertible, ensuring
that the linear system AX = f has a unique solution [52]. For example, the Gaussian
RBF is positive definite, which can be proven using the Bochner theorem, that states a
function ¢(z) is positive definite if and only if it is the Fourier transform of a non-negative

measure [33]. The Fourier transform of a Gaussian is again a Gaussian [49, p. 309

~ [1yl]

¢(1’) — e—62||xH2’ ¢(y) _ 7Tn/26—nef 12 ’

which is always non-negative, thus proving its positive definiteness. In this thesis, the
n-dimensional Fourier transform is defined as f = Jan€ ™ f(z)dz. In theory, the

parameter ¢ > 0 does not influence the problem’s structure, or its solvability. However,
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in practical applications, it has been demonstrated that the shape parameter exerts a
significant influence on the function’s behavior between two interpolation points. A vast
variety of literature has been published on the subject of selecting an appropriate shape

parameter for a given set of data points [17], [40].

1.1.2 Advantages of RBF's

RBFs offer several advantages. They are mesh-free, so they do not require a grid or
mesh, making them a promising candidate for the approximation of scattered data. In-
terpolating with RBF's does not depend on the dimensionality of the data, making them
suitable for high-dimensional problems. Different RBFs can be selected based on the
specific requirements of the problem, offering flexibility in approximation. Additionally,
the positive definiteness of certain RBFs ensures that the linear system of equations is

always solvable, which is a significant benefit in real-world applications.

1.1.3 Disadvantages of RBFs

RBF-interpolation suffers from some disadvantages. Solving the linear system of equa-
tions has a computational cost of O(N?) for direct methods [53]. This turns out to
be prohibitively expensive for large datasets. The interpolation matrix can become ill-
conditioned, especially for certain choices of the shape parameter or when the data points
are clustered. This leads to numerical instability and inaccuracies in the solution. The
condition number also depends on the choice of the shape parameter. Finding the opti-
mal shape parameter is often non-trivial and may require costly cross-validation or other
optimization techniques. Many researchers are looking for the best algorithms to de-
termine the shape parameter for specific problems [23], [17], [28]. Lastly, the choice of
the RBF itself can significantly impact the interpolation quality. There is no universally
optimal RBF, and the optimal choice may depend on the specific problem and dataset
characteristics.

Some of these disadvantages can be compensated by going from interpolation to

quasi-interpolation.

1.2 Quasi-Interpolation

Quasi-interpolation is an alternative to interpolation that provides a way to approximate

a function without necessarily passing through all given data points. Quasi-interpolation
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Figure 1.1: Visualization of a quasi-Lagrange function in one dimension. The used

function is ¥(z) = 3é(z — 1) — ¢(z) + ¢(z + 1). The function ¢(z) = 1/0.252 + ||| [? is

also visualized in figure 1.2.

constructs an approximant @Q[f] that approximates the function f based on a set of
points, but softens the requirement that Q[f](x;) = f(z;) for all <. This approach leads

to a reduction of complexity and numerically stable computations [15].

In the context of quasi-interpolation, the conventional condition of interpolation is
substituted by the condition of polynomial reproduction. This substitution ensures the
exact approximation of polynomials up to a certain degree. For many functions f, the
Taylor series can be employed to approximate the function locally as a polynomial. The
first terms of the Taylor series can be reproduced exactly, leading to accurate local
approximations. Quasi-interpolation using RBF's involves constructing a quasi-Lagrange

operator of the form

Qulfl(x) = > (iR (x/h—j), heRzeR",

jezn

where h is some grid spacing and W is the quasi-Lagrange function, which is not required
to perform exact interpolation. The quasi-Lagrange operator is a linear operator that
maps a function or a set of data points to an approximating function. To give an intuition
of how the quasi-Lagrange functions look like, an example is shown in figure 1.1. In the
sum of the quasi-Lagrange operator, the quasi-Lagrange function serves as a weighting
function for each given data point. This can alternatively be interpreted as a smoothing
technique for the data points. This thesis deals with the question of how quasi-Lagrange

functions can be constructed to improve the approximation properties. To do so, the
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Figure 1.2: Visualization of the shifted RBF ¢(x) = /0.252 + ||z||2.

following approach for the quasi-Lagrange function is chosen

U(x) = Z pep(x — k), x € R"™ (1.1)

kezn

In other words, the quasi-Lagrange function is a linear combination of shifted RBFs. An
example of a shifted RBF is shown in figure 1.2. This example explicitly demonstrates
that the RBFs used in this thesis grow for large values of x, whereas the linear combina-
tion (the quasi-Lagrange function) decays for large arguments, see figure 1.1. An explicit
example is provided in subsection 1.2.2. To achieve this behaviour, the growing parts of
the asymptotic series of the RBF have to be canceled out. Therefore, the choice of the
RBF and the coefficients p; are important for the accuracy of the quasi-interpolation.
In classical quasi-interpolation, the coefficients p; are compactly supported, meaning
that the sum is finite, thus avoiding issues with convergence. This concept can be ex-
tended to non-compactly supported coefficients, but it is no longer referred as classical

quasi-interpolation [16].

In the following, we will first focus on the quasi-Lagrange function and determine the
properties that need to be satisfied. Subsequently, we will construct a quasi-Lagrange
function that fulfills these properties. The construction will be achieved by determining
the weights py for a given choice of RBF. As mentioned previously, the objective is to

achieve some form of polynomial reproduction.
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1.2.1 Polynomial Reproduction

Polynomial reproduction is a desirable property of quasi-interpolants, where the quasi-
interpolation operator Q[ f] exactly reproduces polynomials up to a certain degree. This
property ensures that the quasi-interpolant is accurate for analytic functions and can

provide high-quality approximations.

Polynomial reproduction by the quasi-Lagrange operator @Q,[f] can be described

mathematically as
Qnlp)(x) = p(x) for all polynomials p with deg(p) < m. (1.2)

For the quasi-Lagrange function to satisfy this condition, sufficient rapid decay is required
to ensure the quasi-Lagrange operator is absolutely convergent. Further conditions will be
derived using the Poisson summation formula, which will result in conditions not directly
related to the quasi-Lagrange function but to the corresponding Fourier transform. For
clarity, a short yet representative example in one dimension is presented, using a grid
with a grid spacing of h = 1. The goal is to find ¥(z) such that the quasi-Lagrange
operator reproduces polynomials of degree one. To do so, we first assume that W¥(x)
decays fast enough so that the quasi-Lagrange operator is absolutely convergent. The

Poisson summation formula states that [21]

> w() =) U(2rk).

JEZ kEZ

We begin with the reproduction of constants, i.e., p(z) = C. In this case, the

condition (1.2) translates to

o0

C=Qpl) =Y p(h)¥(z - ) CZ (z — 7).

Jj=—00 j=—00

Due to the linearity, the specific constant C' does not affect the result. So the condition

to the quasi-Lagrange function is

[e.9]

1= Y Wz —j).

j=—o0

The utilization of the Poisson summation formula with the incorporated shift of x results
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in the following equation

[e.o] o0 oo

1= Y Wa—j) =Y VErk+a)= Y ™0 (2rk).
j=—00 k=—o00 k=—00
The equation has to hold for all x € R, and since the exponential functions are linear
independent, all terms except of the zeroth have to vanish. Hence, in order to reproduce

constants, the Fourier transform of the quasi-Lagrange function has to satisfy

A

V(2rk) =60, VkEZ, (1.3)

sin(x)

xT

where gy denotes the Kronecker delta function. As an example the sinc(z) =
function satisfies the condition.
In the next step we extend the aforementioned condition by reproducing linear poly-

nomials, say p(x) = ax + C with C,a,x € R. The condition of polynomial reproduction

is then
ar+C = Qulplx) = D7 p)Ve —j)= Y () +C)¥(z - j)
=C .Z U(r —j)+a 42 7Y (x — j).

Using the conditions for the reproduction of constants and the linearity of the quasi-

Lagrange operator, the following observation can be made

x = Z JU(x —j) = Z /t‘lf(x —t)e "dt )
JE— k=—o0 R y=27k
= Z i— [ U(x—t)e™dt
k=—00 dy R y:2ﬂ']€
00 d ~ ' B R
= > i [ U(H)e T vdr
k=—00 dy R y:27l'k
> d ..
=Y (g ien)
e\ y=2rk
: = —i2nkx d .
=z 41 Z e @\I/(—y)
k=—00 y=27k

In the last line, the derivative is evaluated and the condition for the reproduction of
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constants is used. The remaining sum has to be identically zero for all x € R, and
since the exponential functions are linearly independent, the derivative of the Fourier
transform of the quasi-Lagrange function must vanish at all lattice points. To reproduce

linear polynomials, ¥ has to satisfy the additional condition

—U(y) =0, Vk € Z.

y=27k

For this example we have now derived all the conditions the quasi-Lagrange function has
to satisfy. In a similar way, higher-order polynomial reproduction can be demonstrated

to lead to additional conditions for higher derivatives of 0.

So far, we have identified the conditions that the quasi-Lagrange function has to
satisfy. The next subsection deals with the construction of a quasi-Lagrange function

that meets these properties.

1.2.2 Determining the Coefficients

While the required properties of the quasi-Lagrange functions are known, the construction
of a function that precisely satisfies these properties remains open. Upon examining the
conditions, the necessity of the Fourier transform as an essential component becomes

clear. We recall the approach of the quasi-Lagrange function from equ. (1.1)

U(r) =Y mp(z—k), zeR"

kezZm

The Fourier transform of the approach results in

U(y) =D e ™o(y), yeR"

keZ

= o) > me™ = d(y) P(y).

kEZ

The Fourier transform of the quasi-Lagrange function is the product between the Fourier
transform of a given RBF and a 27-periodic function P(y). The function P(y) is called
the trigonometric polynomial. We begin by addressing the reproduction of constants

and, to that end, recall the conditions from equ. (1.3)

A

U(2rk) = G0y, VE € Z. (1.4)
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Figure 1.3: Visualization of the components of the Fourier transform of the quasi-

Lagrange function with the explicit functions P(y) = cos(y) — 1, ¢(y) = —ﬁ‘y'l(l (%)

and U = ¢(y)P(y). Here, K, denotes the modified Bessel function of the second kind.

In general, the Fourier transform of the RBF will not vanish at the desired positions.
However, the trigonometric polynomial can be enforced to vanish at the origin, and
through the 27-periodicity, we can ensure that P(y) vanishes at all required lattice points.
If we do so, U satisfies the conditions (1.4) everywhere except at the origin. At this
point, the RBF comes into consideration. To achieve ‘i/(O) = 1, the Fourier transform
of the RBF has to be singular at the origin and the zero of P(y) has to be of the same
order as the singularity. It becomes evident that we cannot rely on classical Fourier
transforms, as they would not exhibit singularities. For instance, the commonly used
Gaussian RBF fails to reproduce constants, as the corresponding Fourier transform is
also Gaussian and lacks a singularity at the origin. If we choose an RBF that grows at
least at a polynomial rate for large arguments, the generalized (or distributional) Fourier
transform will exhibit a singularity at the origin. This is precisely the approach employed
in this thesis. We will compute the generalized Fourier transforms of new RBFs, analyze
the singularity at the origin, and construct P(y) such that the conditions for \i/(y) are
satisfied. Figure 1.3 visualizes the Fourier transform of the quasi-Lagrange function by
separately showing an example of the generalized Fourier transform of the RBF ¢E(y), the
trigonometric polynomial P(y) and the Fourier transform of the quasi-Lagrange function

A

as the product of the two aforementioned components, ¥ (y) = ¢(y)P(y).

For further illustration, let us examine a short example. We choose our RBF to be
o(x) = /A +]|z||>,x € R,e > 0. This is the well-known multiquadric and has the

generalized Fourier transform

o(y) = —2(c/lyDEKi(cly|),  yER,
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where K is the modified Bessel function of the second kind [15, p. 154]. The function K,
is smooth, decays exponentially for large arguments and is singular at zero. This is also
visualized in figure 1.3. More precisely, for small arguments the Bessel function behaves

as

1 clyl | cyly | cyl cly| 2
K = — + + 1 +0

where v denotes the Euler-Mascheroni-constant. In total we have
: 2 (1 cly]
b =5+ (5-) @ - og (1) + 00

Knowing the behaviour of the generalized Fourier transform of the RBF, we can now
construct the trigonometric polynomial such that the product of ¢(0) and P(0) is one.

To do so, we expand the exponential function in the well-known series representation

2
= Zﬂke_zky = Zuk (1 —iyk — %kQ + 0(93)>

keZ keZ
%
|
—Zuk—zyZukk——Zuklﬂ2+O :——+(9( 5.
keZ keZ kEZ

Equating the coefficients we get three equations

Zﬂk =0,

keZ
Z :U’kk = 07
kEZ
Z ,U/kk2: 17
keZ

called the moment conditions. Since we have potentially infinitely many coefficients to
determine, there is no unique solution to these three equations. One of the most common
solution is given by

1 1

57 Mo = _17 M1 = 57

=0 VkeZ\{-1,0,1}.

H—1 =

With this choice, the trigonometric polynomial simplifies to P(y) = cos(y) — 1, which is

visualized in figure 1.3. Furthermore, the coefficients are compactly supported, ensuring
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that the quasi-Lagrange function in equ. (1.1) remains well-defined and finite. A finite
selection of coefficients is always possible if the highest-order term has an even power,
which is consistently the case in classical quasi-interpolation. Otherwise, an infinite
solution may be applicable. In this case, one must verify that the sum is convergent.
This thesis adopts classical quasi-interpolation throughout, and references to alternative

approaches if this condition does not hold.

Continuing with the example we end up with

— (_% + <% — 7) & — ?log (%) + O(y)) <_y; + 0(3/3))

=14+ 0O(y).

So far we have coefficients for a given RBF such that W(0) = 1 and ¥(27k) = 0 Vk €
Z\{0}. In other words, we have constructed an explicit quasi-Lagrange function that

reproduces constants. Explicitly, we constructed

U(z)=> mox—k), zeR

kEZ

= S0lr— 1)~ 6(x) + 5oz — 1)

1 1
=5V + e —1IP = Ve +lelP + 5ve +[le + 1P,

which is the exactly example visualized in figure 1.1.

The next step is to check if linear polynomials can also be reproduced. We recall the

condition for reproducing linear polynomials

-0, VkeZ

y=27k

First, we have a look on every point k& € Z\{0}. The derivative can be written as

d . d /-
370 = 3, (60 Pw)

:(%&w)mw+ﬂw%P@

y=2mk

We already know that P(2rk) =0 Vk € Z, so the first term vanishes.
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Since P(y) = —% + O(y?), we know that

and conclude

d

y=0

Due to the periodicity of P(y), the second term is also zero for all k € Z\{0}. Therefore,
these conditions are already satisfied. Finally, we need to check if this holds true for
k = 0. For k = 0, we have to figure out the next order behaviour of W(y) for small

arguments. To do so, we have to expand P(y) to further orders and obtain

2 .
Y 13 3 4
Piy)=-L 1 .
() = =5 + v Dk’ + O(y")
keZ
Since Y o ik® = 0 is already satisfied with the given coefficients, we have P(y) =
—y—; + O(y*). Multiplying the result with the expansion of the RBF at the origin results

in

)
2 1 2 2 cly| y? 4
Z(—E—I—(§—7>c—clog(7 + O(y) —§+(9(y)
c’y’ cly|
—1 — O(y?).
5 log ( 5 ) +0(y)
The derivative of the Fourier transform of the quasi-Lagrange function near the origin is

given by
d . 1 cly|
—U(y) = =y [ 21 kAl 1 O(y).
i (y) 20y( og(2>+ >+ (y)

In this form, we can observe that lim, di\i/(y) = 0, since lim, o ylog(|ly|) = 0. In
fact, the conditions for linear polynomial reproduction are already satisfied with the
given coefficients. Thus, we have constructed a quasi-Lagrange function that reproduces
polynomials of degree one. The most important aspect is the expansion of U near the
origin. To achieve this, we have to multiply the expansion of the Fourier transform of

the RBF with the trigonometric polynomial near the origin. From this, the conditions on
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the coefficients p;, emerge. Note that this always results in a linear system of equations,
which can thus be solved systematically.

Polynomial reproduction of order higher than one cannot be achieved because the
second derivative of P(y) will not be zero at the lattice points anymore. For the given
RBF, the coefficients obtained are optimal. Other RBFs may achieve higher polynomial
reproduction and approximation orders. The main focus of this thesis is the investigation
of new RBF's and their applications in quasi-interpolation. The following subsection will
address the approximation order, which is a criterion for the quality of a RBF used in

quasi-interpolation.

1.2.3 Approximation Order

The approximation order of a quasi-interpolation scheme refers to the rate at which the
approximation error decreases as the density of the data points increases. We continue
with the previous example and outline how to derive the approximation order of the
quasi-Lagrange operator. To do so, we define a linear polynomial for some function f to

be approximated

The polynomial is of degree one, and consequently, the quasi-Lagrange operator will
exactly reproduce it. Furthermore, the polynomial has the special value p(x) = f(z). In
other words, Qn[p|(y) = p(y), and in particular, Qy[p](x) = p(z) = f(z). For the proof
of the approximation order, we explicitly require the decay rate of the quasi-Lagrange
function. One method is to expand asymptotic series of the RBF for large arguments
and determine the decay rate with the previously calculated coefficients ;. In chapter 4
we will show an easier method to determine the decay rate. For now, we assume that
U(z) = O((14+x)*) as © — +oo. The approximation order is then derived by the

following steps

|f(2) = Qulf1(2)| = [Qulpl(2) — Qulf](2)]

= [Qulp — f(=)|
=| 2 (pGh) = f(m) ¥ (x/h = )

< Y Ip(ih) = FGR)Y(z/h — j)]

j=—00
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1o aq (£ —Jh g Bt
< 5 Z (:E—]h)\I/( . )—1— Z ($—jh>m

14 o 1
2 oY

oy

where C7, Cy and C5 are some constants. In line five we used that p— f can be estimated
using the Taylor error bound. This holds if the function f is two times continuously
differentiable and the second derivative is bounded. In line seven, we used the fact that
U(z) is nearly one (or finite) for small arguments, and for large arguments, it decays
like 7%, We also estimated the sum by the integral. The example demonstrates an
approximation order of two. In this thesis, we introduce novel classes of RBFs, whose
primary objective is to determine the approximation order for each class. The provided
example illustrates the methodological steps required to achieve this goal.

The concepts underlying the proof can be extended to higher dimensions, an achieve-
ment attributed to Strang and Fix. The polynomial reproduction property and the
approximation order in full detail are established by the famous theorem of Strang and

Fix.

1.2.4 Strang and Fix Conditions

Let ¥ : R®™ = R be a continuous function such that

1. there exists a positive £ such that for some nonnegative integer m, when ||z|| — oo,
U (z)| = O(||z]|7""™*), which immediately implies m-fold differentiability of the

Fourier transform,
2. D*W(0) =0, Va € Z", 1 < |a| < m, and ¥(0) = 1,
3. DU (27j) =0, Vj € Z"\ {0} and Yo € Z" with |a| < m.
Then the quasi-interpolant

=Y fGh¥(/h—j), zeR"

JEL™

is well-defined and exact on the space of polynomials of degree m and the approximation
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error can be estimated by

O(h™4), when 0 < ¢ < 1,
|Qn[f] — fllo = § O(K™* ' log(1/h)), when £ =1,
O(h™t1), when ¢ > 1,

for h — 0 and a bounded function f € C™*(R™) with bounded derivatives [16].

The Strang and Fix conditions play a central role in this thesis. They are employed
to determine the approximation order of the quasi-interpolants. The steps outlined in
the following chapters are necessary to establish the requirements for applying the Strang
and Fix conditions. Thus, the overarching goal throughout this thesis is to apply this

theorem.

1.2.5 Choice of RBF

The assumption that the Fourier transform has a singularity at the origin is only valid
if the RBF does not have a classical Fourier transform. The order of the singularity also
limits the polynomial reproduction rate and, consequently, the approximation order. The
selection of the RBF has a significant influence. However, the order of the singularity of
the Fourier transform is dependent on the spatial dimension n. Consequently, an even
order is only attainable in certain dimensions. This phenomenon is referred to as the curse
of dimensionality. Classical quasi-interpolation often uses the multiquadric function in
odd dimensions and the shifted thin plate spline p(r) = (¢* + r?)log(c* + r?) is used in
even dimensions. But as previously mentioned, this limitation can be overcome by using
non-compactly supported coefficients . [16].

A universal method for determining the optimal RBF does not exist. Consequently,
the investigation of novel RBF's, that are more effective than traditional approaches, is
a highly relevant area of research. This thesis presents a comprehensive generalization
of existing and commonly used RBFs, demonstrating the potential of these novel RBF

classes to enhance the approximation achieved through quasi-interpolation.

1.3 Concluding Remarks

In order to analyze the approximation order and to illustrate the concepts with short
examples, we will use gridded data. For the sake of simplicity, every formula is presented

for gridded data. However, it should be noted that quasi-interpolation is a mesh-free
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multivariate approximation method. For scattered data, the formulas undergo only slight
modifications. Let = C R" be a set of scattered data points. The quasi-Lagrange function

is then given by

Ve(x) =Y peedl—¢),  (€Z,zeR™

£e=

Accordingly, the quasi-Lagrange operator is given by

Qlfl(x) =D (T ().

CeE

The conceptual framework and the method for determining the coefficients remain un-
changed.

This thesis is structured such that we will derive all relevant properties of our new
classes of RBF for the use of the Strang and Fix conditions 1.2.4. First, we derive a
general result of the Fourier transform for a broad class of RBFs and then explicitly
calculate the Fourier transform for our purposes. In section 3 we will see how to extract
the asymptotic behaviour for small and large arguments in general and explicitly expand
the functions of our interest. In chapter 4 we will apply the Strang and Fix condition
to the RBF's of interest using the results from the previous chapters. Furthermore, we
abandon the RBF approach and derive some new non-RBF functions which can be used
in quasi-interpolation. This gives new insight in the method itself and rise to new proof
and practical use strategies. In chapter 5 we present some numerical examples with the
RBFs derived in previous sections. Finally, we provide a summary of the results and an

outlook in chapter 6.
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Chapter 2
Fourier Transform

To apply the Strang and Fix conditions, the Fourier transform of the quasi-Lagrange func-
tion is required. Since the quasi-Lagrange function is a linear combination of RBF's, the
Fourier transform of the quasi-Lagrange function can be expressed in terms of the Fourier
transform of the RBFs. This chapter begins with the derivation of a general expression
for the Fourier transform of a large class of RBFs. These results are subsequently ap-
plied to a newly generalized version of the multiquadric and a newly generalized version
of the thin plate spline, both of which serve as RBFs of particular interest in quasi-
interpolation applications. For each class of RBF's, a connection between the general
form of their Fourier transforms and certain special cases where the Fourier transform is
already known is established. The Fourier transform is calculated using special function
representations that involve contour integrals. Finally, the general results are validated

with respect to powers of logarithms, which cannot be represented as special functions.

2.1 Preface

Prior to addressing the calculation of the Fourier transform, we revise some special func-
tions that are useful in this section. The first one is the Gamma function, which is defined

as
['(z) = /OO t*le~tdt, Re(z) > 0.
0
The Gamma function is a continuation of the factorial function in such a way that
I'(m)=(m-—1), m € N,

19
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Furthermore, the Gamma function can be evaluated for arguments with negative real

part by the property
L(z+1) =zI'(2), z € C.

From this property, we can deduce that there are poles for all negative integers including
zero, for example
r I'(1 (1 1
lim T(—1+¢) = lim L = gy 2EFE) oy IOy L
e—0, =01 —14+e =04 (—1+e)e =04 (—1+e)e =04 (—1+e)e

= —0OQ.

These are important properties we will employ in the following subsections. Further
introduction to the Gamma functions can be found in [22], [2]. The Gamma function
is often part of Mellin-Barnes type integrals. Two prominent representatives of Mellin-
Barnes type integrals are the Meijer G-function and the Fox H-function. These functions
are highly versatile, with the capacity to express a multitude of functions. The Meijer

G-function is defined by the Mellin-Barnes integral
. 1 T ), T(Q—a;+t
G;n;l’n ay, , Ap )= — / ql_[jfl ( J ) ijl ( 7 ) Zt dt’
’ bi, ..., b, 2mi S 1 r

j=m+1 (1 - bj + t) ?:n+1 F(aj - t)
where the integration path L separates the poles of the factors I'(b; — ¢) from those of
the factors I'(1 — a; + t) [1]. There are three possible choices for L

1. L goes from —ico to ico. The integral converges if p + ¢ < 2(m + n) and |arg z| <
(m+n—3(p+q)m.

2. L is a loop that starts at infinity on a line parallel to the positive real axis, encircles
the poles of the I'(b; —¢) once in the negative sense and returns to infinity on another
line parallel to the positive real axis. The integral converges for all z(z # 0) if p < ¢,
and for 0 < |z| < 1ifp=¢q > 1.

3. Lis aloop that starts at infinity on a line parallel to the negative real axis, encircles
the poles of the I'(1 — a; + t) once in the positive sense and returns to infinity on
another line parallel to the negative real axis. The integral converges for all z if

p>gq,and for |z| > 1if p=¢qg > 1.

If multiple paths are applicable, they yield the same value for the Meijer G-function.
Figure 2.1 visualizes the three different cases for the path L.
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First case. Second case. Third case.

Figure 2.1: Visualization of the possible paths L for the Meijer G-function. The dots
visualize the poles of the Gamma functions of I (b; — t) and I' (1 — a; + t), respectively.

The Meijer G-function has two important properties that are particularly useful in

Serd el LT R (2.1)
"\ bgq " \bgq+p

a 1—b
Gm,n P > — Gn,m q Zfl ’ 929

where a, = [ai,...,a,] and by = [by,...,b,| are the parameter vectors. The Fox H-

this context. These properties are

and

function is a further generalization of the Meijer G-function and is defined as

2tde,

Hmn (al?Al)ﬂ"'7(aP7Ap)
P <617Bl)7'--7(th7Bq)

Jo i/ H;nzl F(bj - Bjt) H;L:1 F(l —aj+ Ajt)
- 2mi [T T =05 + Bjt) [T, 41 T(a; — Ajt)

j=n+1

where A;,..., A, and By,..., B, are positive real numbers. The path L is one of three
possible choices, analogous to the case of the Meijer G-function. The convergence proper-
ties are more challenging to determine and can be found in [10]. The utilization of these
functions forms a framework of highly generalized integral formulas for the calculation

of the Fourier transform.

In the following, we assume that the RBF of interest can be represented as a Mellin-
Barnes integral. The Meijer G-function and the Fox H-function are notable examples

demonstrating that this assumption holds for a wide class of functions. If a function is
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not initially given as a Mellin-Barnes integral, the Mellin transform

M(f)(s) = F(s) = / ¥ fyrlar

can be applied, where C7 < Re(s) < Cy for some constants C and Cy, such that the

integral is well defined. Furthermore, the inverse Mellin transform is given by

M = 1) = [ " (s,

C'—ioco

where r > 0 and C; < C < Cy [29, p. 417].

2.2 General Calculation of the Fourier Transform

In this chapter, we explicitly calculate the n-dimensional generalized Fourier transform

of a function ¢ : R” — R with the following properties:
e ¢ is non-singular for Vo € R™\{0},

e o(x) € O(||z||™) as ||z|| = oo for some m € N,

o olx) = o J, 70) (1) ar,

where a € R, ¢ € R, and L is some path in the complex plane and the function f(¢)
ensures that the integral along the path is absolutely convergent for all parameters a, ¢
and for all x € R™. The function typically consists of Gamma or trigonometric functions
containing poles or branch cuts [44, p. 179]. For many cases, the function f is the Mellin
transform of the RBF. Note that this includes any function that can be expressed as a
Mellin-Barnes integral, such as Meijer G-functions and Fox H-functions. At the end of
the section, we explicitly show the Fourier transform of the new types of RBFs that we
propose and analyze for use in quasi-interpolation.

For an integrable function f, we recall the Fourier transform as

~

fly) = . f(x)e™™v¥dx,  y € R™

For every radially symmetric function, the Fourier transform is also radially symmetric
[30]. We can use this to work with the univariate function ¢(||z||) = ¢(x) instead of
the multivariate one. Furthermore, we introduce the shorthand notation ||z|| = r. As

mentioned in the introduction, we have to deal with generalized Fourier transforms, since
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we assume that the Fourier transform of the RBF is singular at the origin. To calculate
the generalized Fourier transform, we have to introduce some regularization [30], [27].

This is done by introducing a Gaussian function, resulting in

o(y) = lim (z)e @ veellell* gy y € R".

e—=04 R

A considerable amount of literature discusses Fourier transforms of tempered distribu-
tions [34], [19], [51]. The fact that the Fourier transform of an RBF is also an RBF allows

us to rewrite the Fourier transform as a Hankel or Mellin transform

n

“ . 27T % b n —er?
5(s) = lim 20 / () Ty dr, s =yl

e—=04 s2°

where Jz_;(sr) denotes the Bessel function of the first kind. Next, we use the integral

representation of the RBF o(r), yielding

. . @2m): [~ .1 7\ ot -
gz)(s)zalggl+ e 7“2% Lf(t) (E) dtJ%,l(sr)e dr, s=lyl|.

The change of the integration is valid through the theorem of Fubini-Tonelli. Thus, we

can write

2m)2 1 t) [ » 2
o(s) = lim ( ZT)2 LA )/ r2 ¥ n g (sr)e”" drdt.
0

e—04 35_1 27T1 L Cat

Next, we express the Bessel function as a Meijer G-function [37, p. 307]

and get
o @M L) [ a0 -
SD(S) B €1i>I(?+ g2 1 % I ct 0 " GO’Q n—2 _n-—2

After the substitution 7 = r%, we obtain

po) = Jig L L (IO G(
0

e—04 285 1 27T1 L Cat
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Using the property from equ. (2.1) with p = "T_2 we get

on z 1 > _
¢(s) = lim m: 1 [ f) / fgagg)(
0

e—04 4572271 f, ¢

In this form, the solution of the inner integral is shown in [10, p. 350] and provides

~

w2 1 t at -4
¢(s) = lim U &6_1_2G117’21( 21

e~0y 45772271 f;

The resulting Meijer G-function can be expressed in the form

. _at
_I_L 171 2
€ 2 G1,2

at

5? o T (M) 82\ 77
_) — 5_1_2(—2@) (4_5) + R(s,t,e,n,a)

g - 1,0 4e I (_7)
I (ntat 2\ ~1-%
_ r(fit)) <SZ) "4 R(s,t,e,n,0), (2.3)
2

where the remainder R(s,t,&,n,a) can be upper bounded by

3__at

1 82 22
Retenal<sicman ()
where C'(n,a,t) is some function no longer depending on s and . These results are
obtained by analyzing the asymptotic behavior of the Meijer G-function for large ar-
guments. The derivation of this approach is presented in detail in chapter 3.1. Using

equ. (2.3), we get

. . 2nre 1 Ft) (T (252) /s2\ 7%
=1 Py = ¢ dt
90(5) 6_1%1 4572 91 ( ;. cat < T (_at) 4 + R(S, ,E, M, a) ,

2

where the first part does not depend on e anymore, and the remaining part can be

estimated by an upper bound

ri 1 [ ()

A eon ), o R(st,e,n,a) dt‘
_2me 1] f(t)

< _

_slg&r 4572271 [, | R(s,t,e,n,a)) dt
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at

n _3_at

. 12"tz 1 f(t) s\ 22
< — [ Y il — 0.
- eli%igz 4sn=227 o | e C¢ln.a,t) (4 dt=0

The remaining part vanishes in the limit ¢ — 0. The integral in the last step is absolute
convergent. This is also demonstrated in chapter 3.1, where we explicitly show the form
of the function C'(n,a,t).

In summary, we end up with the final integral representation of the Fourier transform
of the RBF,

This is a very general result, which is useful for determining the asymptotic behaviour
without solving the integral explicitly. We will use this in the following section. However,

in many special cases, the integral can be evaluated.

2.3 New Radial Basis Functions

In this section, we will use the derived integral representation and apply it to new classes

of RBFs. We calculate the Fourier transform of new classes of generalized multiquadrics
)= (+r)",  AeR BeRN, r=z|, z €R"
and generalized thin plate splines
o(r) = (* + 1) log(c” + 1), AP EeER, r=||z||, z € R™
Furthermore, we calculate the Fourier transform of powers of logarithms
o(r) = r*log(r), keN, NeR, r=||z], z € R",

to demonstrate the wide range of applications where this approach can be employed. We
always relate the result to known special cases where the Fourier transform has been
established in the literature.

Prior to advancing with the first generalization, we first revisit the residue theorem,

which is a useful tool to evaluate certain integrals and will be utilized extensively in the
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subsequent chapter. The residue theorem states that if f is an analytic function in the
complex plane C except for a countable set of isolated singularities at points aq, as, .. .,
and L is a closed contour in C such that for all j € N, the singularity a; does not lie on the
contour L, then the contour integral of f around L is given by the following expression
o[ £ =Y (L)) Res, 1

— z)dz = n a;) Res,. f,

2 Jp, - Y !
where the function Ind(L, a;) counts how many times the path L encircles the singularity
a; in a positive mathematical sense [39, p. 141]. If the singularity of the function f at a;
is a pole of order m, then the residue can be calculated by the formula

1 dm-!

Ress, f = oy im s (2 )" ().

There is a large body of literature introducing the topic of complex analysis [35, p. 106], [9,
p. 219], and [31, p. 86]. A special case that will be frequently used is the residue of the
Gamma function. The Gamma function has countably many simple poles at the negative
integers, including zero. The residues of the Gamma function evaluated at these poles

are given by [4, p. 16]

(="

Res_ I'(2) = o keN, (2.5)
M

Resp I'(—2) = =™ k e N.

ko

We now present a brief example to illustrate how the residue theorem can be applied to

evaluate a Meijer G-function. As an example, we use the function

22> = QLm/LF(—t)z%dt. (2.6)

The poles and the path L are shown in figure 2.2. The path L is a loop that contains

countably many poles of the Gamma function. Hence, the integral is equal to the sum of

infinitely many residues of the Gamma function. The residues for the poles are given by
Reso I'(—t)(—2)* = —1
Res; I'(—t)(—2)* = 2?

Resy I'(—t)(—2)% = 5
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6 1 2 3
—————o— o — 0o —0o—)

Figure 2.2: Visualization of the poles of I'(—s) and the path L in the complex plane for
the Meijer G-function Gloy’é( 22).

0

Resp I'(—t)(—2)% = —~—~"—

Every pole is encircled in the mathematical negative sense. Hence, a minus sign has to

be included. Summing up all residues, we end up with

[e.e]

z2> = QLM/LF(—S)zztdt = Z % —e 7. (2.7)

k=0

The series representation of the Meijer G-function is equal to the series representation
of the exponential function e, Additionally, the example showed how to evaluate a
Meijer G-function, and we found the Meijer G-function representation of the exponential
function.

After providing these insights into the evaluation of a Mellin-Barnes type integral, we
now proceed with the Fourier transforms of the new classes of RBFs and their known

special cases.
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o(r)
.‘i —A>0,8>0
31 v |[---A>0,8<0
Yol---X<0,8>0

" ...... )\<07ﬂ<0

‘-,
-~

-

Figure 2.3: Visualization of the generalized multiquadric ¢(r) = (¢* + 7‘)‘)5 for different
signs of the parameters A and . The visualization is generated using the parameters
Al=2, || =3, and c = 1.

2.3.1 Generalized Multiquadric

The first new RBF is the generalized multiquadric
C)\ﬁ Gl,l 1 + 5 (C)A
r(=g) "\ o c

_ rfﬁ)%/f(_t)r(_ﬁ +1) (g)” dt.

o) = (¢t +1)" =

The RBF is visualized in figure 2.3. Note that the qualitative behaviour of the function
is intrinsically dependent on the signs of the parameters A and 3. As stated in the
introducing example, the Meijer G-function representation can be verified by the series

representation. Comparing the integral representation with the assumed form of the RBF
o(r) = 55 [, f(t) (E)at dt, we obtain

1) = =T~ (5+ 1)
t) = —)[(—=5 +1).
I'(=p)
Using equ. (2.4), the Fourier transform of the generalized multiquadric is given by
i 1 [ D(—t)D (=B + )T (252) 9\
o) = L L [ ICONCH Y G5 (2)" (28)
L'(—=p)s"2ni J,, r(-%) cs

where L is a path from —ioco to ioco, separating the poles of the Gamma functions in the

numerator. The direction in which the path L can be closed at infinity depends on the
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signs of the parameters A and 3. The parameters A and 3 are pivotal in determining
which poles have to be taken into account to employ the residue theorem. For the special
case A = 2d,[3 = %, d € N, this result was first discovered by [42]. The formula presented
here is valid for A € R and 8 € R\N and therefore more general.

2.3.1.1 Special Cases

In order to determine the residues of the relevant poles, the locations of poles in the
complex plane that are encircled by the path of integration must be known. For the

generalized multiquadric this is illustrated in figures 3.2, 3.3, 3.4, and 3.5.

1. The first special case is given for A\ = 2 and ¢ N. The Fourier transform from

equ. (2.8) simplifies to

N5 20 2t
o(s) = I%W—Czni,/Lr(—ﬁH)F (g+t> (3> dt

CS

(2))

using property (2.2), we obtain

_ 2" P 2,0( -
- n 072 n
I'(=p)s -B,5%

(3)

5 :

This Meijer G-function can be simplified to the modified Bessel function of the
second kind [37, p. 307]

q2o ~
0.2 (a,b

With this representation, we proceed with the calculation of the Fourier transform

R Mz s\ 3-8
¢(s) = WQ (5) Kzip(cs)

ORI+ B B+p
- T(=B)s2 P

ors (202
() Kl

22) = 22T K, _4(22), a,b,z € R.

Ky p(cs)
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For this special case, the abstract contour integral simplifies to well-known func-

tions.

. A further specialization is the most famous and widely used RBF, Hardy’s mul-

tiquadric (A = 2, 8 = %) In this case, the Fourier transform further simplifies
to
n 1
R 272 2¢\ 212
o(s) = ey (?) Ka (cs)
o\
= -7} (ic) Kuii(cs),
S 2
where we used that I' (—3) = —2/7. This result is also stated in [15, p. 154]
and [11, p. 108].
. The next special case is the inverse multiquadric (A = 2,5 = —%) The Fourier

transform evaluates to

Using I' (1) = /7, we get

n—1

9 (2&) 7 Kua(es),

S

This result is also presented in [15, p. 156].

. The last special case of the generalized multiquadric is the limit ¢ — 0,. Without

loss of generality, we set A\ = 2. There are three different scenarios to consider. The
first is for § € N. In this case the RBF is a polynomial, and the generalized Fourier
transform is given by derivatives of the Delta distribution, denoted by d(s)

p(s) = 2m)" (1) (82 +---+2)"6(s), BeN

This case is well known and can be looked up, for example in [27, p. 359].

The second scenario is for 3 ¢ N and f ¢ —N — 2. This limit can be evaluated

using the residue theorem. The only non-vanishing term is induced by the simple
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pole at t = 3. Using the identity (2.5), the Fourier transform simplifies to

n% 2t
@@)zhmgllfilQ/P¢ﬂ+¢n(@+¢)(3> dt
L

c—0 ['(—f)s" 2 2 cs
_ 2n+2ﬂﬂ.%r (% + ﬁ) —n—28

— S

I'(=5) ’

This result is also stated in the literature [34] and [27].

6¢Nandﬁ§é—g—N.

The third scenario is for 8 = —k—3,k € N. The first non-vanishing term is induced
by the double pole at ¢t = 3. Evaluating the residue at ¢t = 3 leads to

2 (=1)F (2)* (210g (2) + O (k +1) =)

2t
Resg I'(—p+t)I' (—k — B +1) (E) = - X ,

where O (k + 1) = ilog ['(2)) |.=k11 is the Digamma function [20, p. 89]. In
1 +
2

summary, we derive

(_1)kﬂ.n/282k (log (%) YO (k+1) _ 1)

p(s) = li ? 2

S) = 11Im

v c—04 22k—1LIT (k‘ + g)
B (—1)k7Tn/282k 2 QZJ(O)(/{—F 1) ~ . -
o ey VBT T log(c) | = o0.

In the limit ¢ — 04, we see that the Fourier transform divergences. Consequently,
this particular case will be excluded from further studies. The finite part of the
expression corresponds precisely to what Jones asserted as the Fourier transform
[34]. Our position is that Jones’ assertion is erroneous, and the Fourier transform

for this case cannot be properly calculated. This viewpoint is also supported by [27].

With these special cases, the calculation of the generalized Fourier transform of the
generalized multiquadric is completed. We calculated the Fourier transform in general
and demonstrated for special cases that it is consistent with those reported in the existing
literature. In the next subsection, the generalized Fourier transform for the generalized

thin plate spline is presented.
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o(r)
8+ I| : _)\>0*5>0

: === A>0,6<0

vl leeiN<0,8>0
6 + ‘_‘ ...... A<0,8<0
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............................... r
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1 2 3

Figure 2.4: Visualization of the generalized thin plate spline ¢(r) = (¢* +7*)log(c? +1?)
for different signs of the parameters A and 5. The visualization is generated using the
parameters [A\| =2, [8| = 5 and ¢ = 1.

2.3.2 Generalized Thin Plate Spline

In this section, we calculate the Fourier transform of a generalized version of the shifted

thin plate spline
p(r) = (A + 1) log(c¢? +17),  ||z]| =7 € Rog,x € R™.

The function is visualized in figure 2.4. Furthermore, we derive some known expressions
for special cases. Ortmann and Buhmann showed the calculation in the case that A = (8
are even positive numbers [43]. In order to achieve this, the function is decomposed into

four distinct parts. Subsequently, each part is transformed individually. These four parts

are:

p(r) = @i(r) + pa(r) + @3(r) + palr),
o1(r) = log(cﬂ),
©a (1) = 1 log(c?),

03(r) = A log (1 + (£)5> ,
oa(r) = ™ log (1 + (E)B) .

The generalized Fourier transforms of ¢q(r) and ¢o(r) are well documented [34]. The
function ¢;(r) is a constant and hence the generalized Fourier transform is given by

¢1(s) = (2m)"c*log (c”) 8(s). Since we are interested in ¢(s) for s > 0, this term has
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no further relevance in the subsequent analysis. Later it can be shown that the sum
Y rezn M1 ([|# — E||) = 0 vanishes identically. The Fourier transform of () is shown

in section 2.3.1 in the limit for ¢ — 0, and is also presented in [34]. It is given by

Blog(c)r(%x)?w"ﬁ"ﬂsf"*)‘ 2¢NA2¢-N—12
Pa(s) = F=2) B X ’ ’
Blog(c) (2m)" (—=1)2 (O} + -+ + 0;)* 8(s), ;EN

In the next step, we explicitly present the calculation of ¢4 (7). The calculation of the
Fourier transform of ¢3(r) follows the same approach. The Meijer G-function represen-

tation of the logarithm is given by [29, p. 478§]

r\ B 1,1
1 1 (_) a2l ®
0g< + p ) 2.2 1.0

Hence, ¢4(r) can be written as

()

ou(r) = G(

Comparing this with the general Fourier transform in equ. (2.4), we conclude that f(t) =
\L(1+3 )0 (-3 +4)°

c (3 ) . The Fourier transform is expressed as
2
n A A n+/3t
A() P | F(l—FB—t)F(—B—i—t) F( 5 )<2)5tdt
Pa(s) = - —
o2
s i J; F(l—%+t>f‘(—%) cs
and analog

s 1 [T(A—t)T (¢t

P3(s) = svo2miJ, D(L+¢) (_,Bt)

S~—
[\
=
—~
3
o+
>
SN—"
VR
[ b0
~_
®
o~
o,
~

=
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Note that @3(s) = * | @a(s) I % < 1, then the path L for ¢s(s) and ¢4(s) can
A=0

be chosen identically, and therefore the integrands can be added. The addition of the

integrands is also valid if § € 2N and % € N. In this case, all poles of the integrands

©3(s) and @4(s) tending to plus infinity cancel out. In this case, we obtain

P3(s) + Pals) = om B\ T+

st 1 (T (M) (T -6)D @)
sn 271—1 L F (—

_|_

o1 +f(1 t_)j +(t>% +1) ) (2)"a

If this is not the case, the functions have to be analyzed individually.

2.3.2.1 Special cases

In general, visualizing the location of the poles in the complex plane and the path of
integration is advisable. For the generalized thin plate spline, this is done in the figures
3.6, 3.7, 3.8, and 3.9 for different signs of A and f.

1. The first special case is given for A = g € 2N, where 2N denotes the set of all

positive even integers. Hence, the Fourier transform simplifies to

s 1 T (M) (T -
@3(s) + @als) = sn O LF(_§)< ['(1+1¢) *
FE-Or (148" (2"
=+ O )(cs> dt. (2.9)

Using the identity zI'(z) = I'(z + 1),Vz € C, the sum can be simplified to

RS L TeDED ey
:F(—t)F(t)t_Ll

and analog
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Summing both expressions leads to

r2—-trt—1)7° T -t (t)? 1
T (1) A G t—1

Using this in equ. (2.9) results in

nr% e _ _ ndAt At
903(8)+904(8)=2 " % LF( t)rlft(_g)r( 2 )(3> dt.  (2.10)

cs
This result is also shown in [43]. Note that ¢1(s) and ¢o(s) also have to be
taken into account for the initial Fourier transform of the generalized thin plate
spline. However, these are merely Delta distributions and, as such, are not fur-
ther considered. This is caused by the fact that in this special case the sums

Y rezn M1 ([lo = E||) =0 and >, n prp2 (|| — k[|) = 0 will vanish identically.

. The next case is the well-known thin plate spline (A = g = 2). With these param-
eters, the Fourier transform simplifies to
B 23?1

P3(s) + Pa(s) = — [ T(t-1)T (ﬁ + t> <3)Qt dt

s™ 2w g

_ 2 a (152
= 2,0

The result is also stated in the literature [15, p. 156]. As before, ¢1(s) and Pa(s)

are Delta distributions and are therefore not further considered.

. The last special case is the limit ¢ — 0,. Without loss of generality, we can
use A = (. Again, there are some cases to distinguish. First let A = 2k, k € N.
Then we can make use of equ. (2.10). The first non-vanishing pole is of first order.

Evaluating the residue at t = 1 leads to

X X 2n+2k,ﬂ_% n
Bols) + Pals) = (=1 kI (k+ 3 )
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Up to some Delta distribution, this result matches the result given in [34, p. 530]
and [27, p. 364].

If A & 2N, then the functions have to be analyzed separately. For ¢s(s), the first

non-vanishing pole is located at ¢ = 0. Evaluating the residue at ¢ = 0 leads to

st 1 /P(l—t t)QP("“t)( )
— .
L

s* 27 ra+yr (—’\7) cs

lim ¢3(s)| = lim

c—=0 cr—0

< lim ‘C’c’\| =0.
cA—0
The residues of the following poles vanish even faster than the evaluated pole. For
4($), the first non-vanishing pole is located at t = 1. The pole is of second order,

and evaluating the residue leads to

o) — i T2 () 7 log (2) + 00 (£3) + 00 ()

cA—0 I‘C—%)

Note that in the limit, the expression is singular but the logarithmic singularity is
exactly canceled by
n+

Pa(s) = )\log(c)%zwm n/2g-n-x

—A—n
1 () o () (1)

Note that in the limit, ¢1(s) is also zero. This finding also agrees with the results
reported in the literature [34, p. 530] and [27, p. 364] .

In summary, we obtain

AﬂJM22A+nI‘(
r(-

P(s) =

N[>~
\_/w—i-

2.3.3 Powers of Logarithms

In this subsection, we focus on the RBF

o(r) = log"(r), keN, AeR.

The function is visualized in figure 2.5. Powers of logarithms can be covered by the
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o(r)

1 —A>0
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1

Figure 2.5: Visualization of powers of logarithms (1) = r*log®(r) for different signs of
the parameter A\. The visualization is made with the parameters |A\| = 2 and k = 3.

following contour integral

2mi tht1

log’“(r)zr(kﬂ)jé ay

where L is a circle centered at the origin. Note that in this case we use the abstract
contour integral representation, which is explicitly not a Meijer G- or Fox H-function

representation. This equation can be verified using the residue theorem. Hence,

I'(k+1) rt
Mogh(r) = ?{ dt
rlogin) = =55 § Tyt

where L is a circle centered at A. This result is valid for £ € N. Note that the gener-
alization to k£ € R is complicated because the contour L then depends on the argument
r. This is due to the fact that the integrand has no isolated singularities anymore, but
a branch cut. For 0 < r < 1, the path L encircles the branch cut of the negative real
line, while for » > 1 the path L encircles the positive real axis. This is why we stick to
the special case k € N and find f(t) = T (k+1) (¢t — \)7""1. The Fourier transform is
therefore given by

o= [ e ()

While the only contributing pole is at ¢ = A\, we can explicitly use the residue theorem

and obtain
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For the special cases k£ = 1 and k = 2, this result matches with the results presented
in [26, p. 350].

This result further demonstrates the universality of the derived formula. However,
this particular case will not be pursued further, as the focus will shift towards classical

quasi-interpolation, which requires the highest singularity to be algebraic.

2.4 Summary

In this chapter, we derived an expression for the generalized Fourier transform applicable

to a wide class of RBFs. For an RBF satisfying the properties
e ¢ is non-singular for Vz € R™\{0},
o o(z) € O(||x]|™) as ||z|] = oo for some m € N,

o o(r) = o [, 1) (1) " ar,

the generalized Fourier transform is given by

o) = 20 L[y EE) (i)at dt.

st 2w, I(—4) \cs

Furthermore, we verified these result through several special cases and compared them

to those reported in the literature. In the next section, we will use this representation of

the Fourier transform to analyze the asymptotic behavior for large and small arguments.



Chapter 3

Asymptotic Behaviour of the Fourier

Transform

The goal of this chapter is to determine the asymptotic behaviour of the Fourier transform
of the RBF for small and large arguments, in order to apply the Strang and Fix conditions

(1.2.4). Remember that the Fourier transform of the quasi-Lagrange function is given by

U(y) = e ™ o(lyl) = P)elyl). v eR,

kezn

where P(y) = Y 4czn twe”*¥ is the trigonometric polynomial, and ¢(||y||) is the Fourier
transform of our RBF calculated in the previous chapter. To apply the Strang and Fix

conditions, the minimum requirements are

A

T(0)=1 and U(27j) =0, VjeZ"\{0}. (3.1)

The trigonometric polynomial is 27- periodic and if we choose the coefficients p; such
that P(0) = 0, then the second condition in equ. (3.1) is satisfied under the constraint
that ¢(s) is finite on these points. This chapter will demonstrate that some of the
previously calculated Fourier transforms are singular at the origin. This is exactly what
is required to fulfill the first condition in equ. (3.1). One can select the order of the zeros
of P(y) in such a manner that the singularity of the RBF at the origin cancel out each
other, and therefore ¥(0) = P(0)$(0) = 1. For all other values, the Fourier transforms
of the RBFs are finite and so the first order conditions of Strang and Fix are satisfied.
Note that the singularity of the Fourier transform of the RBF determines the order of

the zeros of P(y), which in turn constrains the order of the Strang and Fix conditions

39
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that can be satisfied. This relationship highlights the influence of the RBF on the quasi-
interpolation method, underscoring the significance of selecting an appropriate RBF. To
determine the trigonometric polynomial, we need to know how the Fourier transform of
the RBF behaves near the origin. The decay rate for large arguments for the function
and its derivatives is needed to determine the decay behaviour of the quasi-Lagrange
function.

The starting point of the analysis is the general form of the Fourier transform of the
RBF

A(s) = — H—22(2) a
o= 205 [0y (2)
see chapter 2. This representation of the Fourier transform allows us to determine the

asymptotic behaviour in a very elegant way.

3.1 Asymptotic Behaviour of General Integral Represen-

tations

In this section, we adapt the notation presented in [5] and define the asymptotic relation

Wi

~" for some continuous functions f and g as an equivalence relation
, x
fl@)~g(z)asz =y < lim —= =1

Note that the value of xy may also be infinite. The asymptotic relation provides more
information compared to the Landau big-O notation and both will be used depending
on whether the precise behaviour is required.

The asymptotic behaviour of ¢(s) is determined by the poles of the integrand and the
path of integration. We also used this in the last chapter 2.3.1.1 for the special case 4,
where we calculated the Fourier transform in the limit ¢ — 0. When the poles and the
path of integration are known, the limit for small arguments is determined by the first
non-vanishing pole inside the contour. The term "first” denotes the ordering of the poles
according to the values of their real parts, arranged in either ascending or descending
order, contingent upon the direction of the path of integration. Evaluating the residue
leads to the asymptotic behaviour. Evaluating all other poles inside the integration
contour determines the full series representation of the function. This is exactly what

we did in the example of the residue theorem in the previous chapter. If the integrand
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is analytic and there is no singularity or branch cut inside the contour, then the value of

the integral vanishes. Using the example from the previous chapter, see equ. (2.7), we

1 t
- z) = 2—71_1/1;1_‘(—8)(—2) dt

~ —Resp['(=t)(—2)" =1 as z — 0.

have

To ascertain the higher-order asymptotic behaviour, additional poles have to be taken

into account, leading to an asymptotic series

_ Nk
G%(O _Z>NZ% as z — 0,
k=0

For large values of the argument, determining the asymptotic behaviour becomes more

for some N € N.

complex. Two scenarios are particularly noteworthy: The first one arises when poles lie
outside the contour, which restricts the ability to displace the contour towards infinity.
This can be seen in figure 3.1. The second scenario occurs when no singularities exist
outside the contour, allowing the path to be displaced towards positive or negative infin-
ity. This is visualized in figure 2.2. We start with the first case, as utilized in equ. (2.3),
where we determined the limit ¢ — 0 of a Meijer G-function for large arguments. As an
illustrative example and to justify the presented calculations in the previous chapter, we

now determine the asymptotic behaviour for ¢ — 0 of

cta(F [ 2) ot T an g oy
b2 4e 2mi g I'(1+wv) 4e :

5—1,0
The basic idea is to shift the path of integration over the first pole that does not contribute

to the original integral. The residue of this pole is the leading order term for large
arguments. The error introduced by considering only the leading pole is determined by
the integral over the displaced contour. Figure 3.1 visualizes the method, the poles, and
the path of integration L for the given Meijer G-function. The leading order term can
be computed using the residue theorem. The result is given by

. _at

—1—at 11
et 2Giy | 2
5—1,0

_1-—at

2 atF n+at 2 2
s_> _ D05 (2) 7 s riateno)

4e
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at
1,1 —3 52 .
Gi) (@ ~10 ’ 4;) Leading order R(s,t,e,n,a)
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Figure 3.1: Visualization of the method for the determination of the asymptotic behaviour
for large arguments. The dots denote the poles of the Gamma function I (% —1-— v)

and I’ (1 + % + v), respectively. The circles represent the poles of the Gamma function
I'(1+w).

where R(s,t,e,n,a) is the integral over the displaced path L. What we need to show
next is that the remaining part R(s,t,&,n,a) does not grow faster than the leading term

as € — 0. This can be shown by setting up an upper bound for the remaining part as

follows
=% rr(2—1—-0)T(1+%+0v 2\"
R(,s’t,g’n’a,) = < .2 / (2 ) ( 2 ) 8_ dv.
2 Ji I'(1+wv) 4e
With the parametrization v =iT — % — %t, we get

at 00 n a . . iT—3_at
:5_1_2/ (=5 —iT) T (=5 +17) (32)T Car

T V=

[ (2t — 7)) T (-1 +1i7)

at

1% 2\ ThY oo
2m <4_€) /_Oo

< dT
- -} -§+0T)

. g% <S>3at /oo F (_n+12+at — IT) F (—% + IT) dT

2w \2 . (-5 —%+iT)

—¢2 <§) o C(n,a,t).

The function C(n,a,t) is independent of the variables s and . The subsequent step is to
demonstrate that C'(n,a,t) remains finite for all arguments. Following this, we proceed
by comparing the remaining terms to show that they are subdominant relative to the

leading order. C(n,a,t) is finite if the integrand decays sufficiently fast for all possible
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values of the parameters n, a and t. To demonstrate this, we employ the asymptotic

behaviour of the absolute value of the Gamma function [1]
IT(z +iy)| ~ V2r |y|x7% eI/ asy — oo  xz,y €R.

Using the identity, we get

r (n+12+at . IT) /_27T|T‘ n-;at e_”|T|/2 o %+1+at . .
_1_ at 1 ~ _1—at —x|T|/2 - ’ ‘ as — (0. @]
F< 2 2 +1T> vV 27T|T| 2 e
and
1
'F <_§ + iT) ‘ ~ V2r|T| e T2 as T — +o0.

The integrand decays exponentially, and therefore, the function C'(n,a,t) is finite. We
clearly see that in the limit ¢ — 0 the remainder term vanishes while the leading order
term stays constant. Hence, the asymptotic behaviour and the limit € — 0 is determined,
thereby validating the calculations presented in the previous chapter. Higher-order terms
can be computed by displacing the contour path over the second pole, third pole, and
so on [44]. This example also illustrates the method for determining the asymptotic

behaviour of Mellin-Barnes integrals for large arguments.

So far, we discussed how to determine the asymptotic behaviour for large arguments
when there are poles outside the contour. The second important case arises when there
are no poles outside the contour, allowing the path to be displaced arbitrarily towards
positive or negative infinity. In this case, the path can be chosen such that the arguments
of all functions are large, and the integrand can be replaced by its asymptotic form. For

example, every Gamma function can be replaced by Stirling’s formula

1
[(z) ~e %27 (%T) ) as |z| — oo, arg(z) <.

With this in mind, the saddle point method can be used to determine the asymptotic

behaviour of the Mellin-Barnes integral [44, p. 197]. Using this approach, one can also

rigorously identify whether the asymptotic behaviour exhibits exponential decay or os-

cillatory characteristics. The saddle point method is not employed in the context of this

thesis. Instead, we utilize the following result.

If the Mellin-Barnes integral can be parametrized such that the endpoints are at +ioco
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and there are no poles outside of the contour then the Mellin-Barnes integral decays
more rapidly than any polynomial can grow. We illustrate this with the same example

presented in the previous chapter

- 1
GOt 2] = —/F — )22 dt R
1,0 (O z i L ( )Z ) z € )

see equ. (2.6) and figure 2.2. From the properties of Meijer G-functions (see section 2.1),

we know that the path can also be parameterized by L = —R 41T, where R > 0, and T
is the integration variable ranging from negative infinity to positive infinity. With this

parametrization we get

1 o[> .
=50 ] T(R—iT)z2#Tar
»—2R 00
< (R —iT)|dT.
<5 [ -

Using the asymptotic relation
T (R —iT)| ~ V2r|T|% 2e ™12 as T — 400,

we can deduce that the integral is absolutely convergent for all R > 0. Moreover, since R
can be chosen arbitrarily large, the Meijer G-function decays faster than any polynomial
can grow.

In the following, these two methods are employed to determine the asymptotic be-
haviour of the newly introduced classes of RBF's, in order to analyze their behaviour
for small and large arguments. The behaviour for small arguments is necessary for the
construction of the trigonometric polynomial, ensuring that the Fourier transform of the
quasi-Lagrange function satisfies the Strang and Fix conditions of a certain order. The
behaviour for large arguments will be essential in the next chapter to determine the decay

rate of the quasi-Lagrange function.
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3.2 New Radial Basis Functions

In this subsection we analyze the asymptotic behaviour of the new classes of RBF. We
will see that there are many cases to distinguish and not all of them are suitable for quasi-
interpolation. We will restrict the analysis to the cases where classical quasi-interpolation
can be applied. This means that the RBF has a singularity of even order at the origin
such that we can use finitely many coefficients for the trigonometric polynomial. All
cases are analyzed with respect to their asymptotic behaviour for small arguments, but

will not be further considered if classical quasi-interpolation is not applicable.

3.2.1 Generalized Multiquadric

As a reminder, we found that for ¢(r) = (¢* + r’\)ﬁ, with the parameters A € R and
B € R\N, the Fourier transform is

L mie 1 DDA+ 0D (55) 2\
o6) = / . (_> .

5 CS

(3.2)

where L is a path from —ioco to ico separating the poles of the Gamma functions in the
numerator. The contour can be deformed according to Cauchy’s integral theorem, such
that other paths of integration are applicable.

In figure 2.3 we showed that the generalized multiquadric behaves fundamentally
different for different signs of the parameters A and 5. The same applies to their Fourier
transforms. Therefore, we have to analyze the four cases individually. We start with the
case A > 0 and § > 0. For clarity and better insight, each case is introduced with a
brief visualization (see table 3.1) of the RBF and the associated contour integral of the

Fourier transform.
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3.2.1.1 Casel: A>0,6>0

Parameter 8 ) .
. RBF ¢(r) = (¢t + 1) Contour integral of the Fourier
configuration .
transform ¢(s)
A O I PO e :
\ —XA>0,8>0 \
1 3 1
1 =25 —1 [ 1
1 [ o [ . o ° I
1 1
' 2 /1 2 3 '
roA>0,86>0 .
. —n—4 —n—2 —n S 0 o o
: 1 o« 4, s & 2 4 :
1 L4 1
1 . 1
| 0 . T :
b SN S 2 .. SN NN [N .
o(r) A>0,8<0
3
L[] L] L]
) B-28-1 B
1 2 3
A>0,6<0 »
—n—4 —n-2 -n 0 ° o o
1 \ o« s, s s J s
[ 4
0 T
1 2 3
o(r) A<0,68>0
3
B-9ds—1 B
L] L] L] L] L] L]
2 1T 2 3
A<0,6>0 »
o o o) —n —n—=2 —n—4
4 2 A Iy X
1 BN by . o , o .
A}
0 d
1 2 3
g(]) A< 0, /3 <0
3
B-28-1 B
[ ] [ ] L]
2 T2 3
A<0,6<0 »
o o o -n -—n—2 —n—4
1 S o 4 ,e e
\
0 ‘ ‘ LT
1 2 3

Table 3.1: Overview of the cases considered for the generalized multiquadric. The focus
is on the framed case.

We start by analyzing the asymptotic behaviour for small arguments. The poles
of the Gamma functions and the path of integration are visualized in figure 3.2. The

asymptotic behaviour for A\,3 > 0 is contingent upon the specific values of A and £,
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A>0,6>0 T

o eWw

>0 eND

°
[ 3%
[ P

|
o>a|:
>0 e

Figure 3.2: Visualization of the poles from equ. (3.2) for A > 0,5 > 0. The singularities
of the Gamma functions in the numerator are depicted as dots, whereas the singularities
of the Gamma function in the denominator are represented by circles, which may cancel
poles. For the purpose of enhanced visualization, the poles have been represented as if
they had an imaginary component, although this is not the case. Every pole lies on the
real axis. Additionally, the path of integration is depicted and indicates which poles have
to be included. The example is provided for || = 2, |8| = g, n=1.

requiring a further distinction of certain cases. The leading-order term is induced by a
pole of order one or order two. First, we assume that the leading order term is induced
by a pole of order one. Let a € {0,1,2,...,|3]} and therefore § —a > 0. If there is
a pole with positive real part that is not cancelled, this pole determines the asymptotic

behaviour of ¢(s) for small arguments. Consequently, the following holds

n+A(/3fa>)
2

L8] _1)a 9nHAB—a) Aa kT (_ T (
(s)~> ( a!) St A(B—a) (pﬁ;) ) . (_@) ,ass— 04 (33)
If there is at least one nonzero summand, this expression holds, and the asymptotic
behaviour for s — 04 is determined. Otherwise, all poles with a positive real part are
canceled, and the subsequent poles with negative real parts have to be considered, as,
for instance, in the case of A =4 and g = % These poles may be either of order one or
order two. Finally, if 5 — [] > —%, then the first pole with negative real part is of order
one and located at t =  — [3] and the asymptotic behaviour is then given by

g AB-1ED 3 ABT ()11 D(=B+ [T <%—WD>
) ~ T(—B)s"E=18D T ([B] + 1) P(_W—2W> :

as s — Oy.

>
—~
»
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On the other hand, if  — [#] < —%, then the first pole with negative real part is located

at t = —%. The asymptotic behaviour is given by

w3 TIN5 - §)

I'(=5) T (%) +
Finally, if 3 — [#] = —%, then the pole is of order two and we have to evaluate
oy AP o n\2 D(=)T (=B + )T (Z52) /9 At
p(5) ~ = lim — [+ 2 2z
o(s) NG t_l)r_n% ot ( + )\> F(—%) (CS) , as s — 04

—1)[Bl4+1n/2D (1) BA+n
( ) T ()\) ¢ <2)\10g (f

T OB (2) T([8] + 1) 3) ~ 2Hin #9002 = (5) +200 (1))

A
where Hyg) is the harmonic number, v is the Euler-Mascheroni constant, and PO s
the Digamma function. These cases represent all possible scenarios for the asymptotic

behaviour for small arguments.

By understanding the leading asymptotic behaviour of the Fourier transform of the
RBF, we identify the most practical cases for quasi-interpolation. For these cases, we
also determine higher order terms of the asymptotic expansion. This is essential for
constructing the trigonometric polynomial in such a manner that the Strang and Fix
conditions are fulfilled at the origin. In classical quasi-interpolation, the singularity
of the RBF has to be an even power of s. Then the trigonometric polynomial can be
constructed with a finite number of coefficients p;. The first power of s in the asymptotic
expansion that is not even (whether it is odd, some other real number, or logarithmic)

should appear as late as possible in the asymptotic expansion [42].

With this criterion, we achieve the highest order singularity for a = 0 and A3 ¢ 2N.
Since we would like to get a singularity of even order, it follows that this is only achievable
in odd dimensions n with A\ € 2N — 1. To maximize the number of even powers of s
in the asymptotic series until a non-even power of s appears, we continue with the
condition Aa € 2N, Va € {0,1,2,...,|8]}. Thus, A should also be an even integer.
Hence, g € N+ %

In summary, the best way to achieve this requirement is given by
1
A€2+4+4N  and ﬂEN—FE.

With this specific choice of parameters, a double pole appears, leading to a logarithmic

term in the asymptotic behaviour. Given the particular interest in this case for quasi-
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interpolation, we now derive the form of the asymptotic series up to the first logarithmic

term.

To identify the location of the first double pole, we round the value 5* to the nearest
negative half-integer. This can be expressed as the formula t = L—% + %J — % This pole
gives rise to a logarithmic singularity, and all poles of order one with real part larger than

the double pole can be summed up, as shown below. The asymptotic series is given by

[3-31+18] (oM ([3-31+32))
o(s) ~ Cj(c,n, \, B)s " HAU=E) ¢ Z Cile,n, A, B)s™
=0 =0
+ C(c,n, )\,B)s_"“([%_%h%) log(cs) as s — 0y, (3.4)

where C}, C'j and C are some constants depending on ¢, n, A\, 5 and j and can be computed
by the residue theorem. The first sum collects the residues of all poles from I' (—5 + t).
The formula for the first constants C; are given in equ. (3.3), but here we also include all

poles of order one with negative real parts up to the first pole of order two. The second

n+At
2

of order two. The last term is the logarithmic part induced by the first pole of order two.

sum encompasses the residues of the poles of I’ ( ) up to and including the first pole

As X or [ increases, more even powers of s appear between the leading-order and
the logarithmic part in the asymptotic series. In Section 4.1, we will show that this
leads to improved decay rates for the quasi-Lagrange functions and enhanced polynomial
reproduction. Consequently, this results in higher approximation orders. It is worth
noting that the classical Hardy’s multiquadric (A = 2,8 = %) corresponds to this specific

choice, and we have demonstrated how this can be extended to other values of A and £.

The analysis of the asymptotic behaviour as s — 0, is now complete. As a next
step, we investigate the behaviour of ¢(s) for large arguments. To do so, we have to
consider different values of A and first assume that A € 2N. In this case, all poles outside
the contour will cancel out and the contour can be displaced arbitrarily far towards
infinity. As shown in section 3.1, we use Cauchy’s integral theorem and parametrize the
contour as s = R +iT, where T' € (—o0,00) and R > 0 is arbitrarily large. With this

parametrization, equ. (3.2) transforms to

prpted 1 oo DR = DD(=B+ R+iT)T (P20 )\ ameir)
L(=B)s"2r J_ r (_M) cs

2
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v |[T(=R —iT)[(—=B + R +iT)T (W)
< CslnA) dT.
- - r <_)\(R+1T)>
2
Using the asymptotic expansion of the Gamma function
T (x + iy)| ~ V 27r|y|x_%e_%‘y| asy — too, z€R, (3.5)

we can deduce that the integral is absolutely convergent while R is finite. Therefore, the

Fourier transform can be upper-bounded by
p(s) < Crs™" M,

where Cg is some constant depending on R. Since R is arbitrarily large, we showed that
(s) decays faster than every polynomial can grow. In fact, we have not derived the
exact asymptotic behaviour, but instead we got an upper bound on the decay rate of

(s) for large arguments. Note that the same applies to all derivatives of ()

or

O ey =B L |

dsP I'—p) 2 AMRAiT)
S ( 5) T J -0 I (—TJr)

s 1 oo D(=R—ITI(=f + R+iT)T (W) or _ 2\
/ @S dT

CS

v |D(—=R —iT)T(—B + R +iT)T (M

< Cs(—n—)\R—p) 2 ) dT
- - T (_ ,\(R+1T)) '
2

The integrand decays exponentially and keeps the integral absolutely convergent. This
also ensures that the change of the integral and the derivative is valid. As before, R is

arbitrarily large, so the derivative of ¢ also decays faster than any polynomial grow.

For A ¢ 2N| the first non-vanishing pole outside the contour is at ¢ = 1. So the

leading-order asymptotic behaviour is determined by the residue at t = 1. We get

X 2)\+nﬁﬂ,n/20)\(ﬁ—1)r (%)\)
T

s as s — 00.

For the derivatives we get

ds

T ls) ~ (-1

(n+ A+ p 2B PV (252)

(n+)\)| F(—%) S as s — oQ.
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In summary, the derivatives decay even faster than the function itself. These results will
be needed in the following section to apply the Strang and Fix conditions. Thus far,
we have analyzed all possible asymptotic behaviours corresponding to various values of
A>0and g > 0.
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3.2.1.2 Case2: A >0,6<0

Parameter 8 ) .
. RBF ¢(r) = (¢t + 1) Contour integral of the Fourier
configuration .
transform ¢(s)
o(r) A>0,8>0
—\>0,6>0
3
0—=25—-1 [
L] L] L] L] L] L]
2 (T 2 3
A>0,6>0 .
—n—4 —n=2 -—n o 2 o
| . 3.3 2l
(4
0 : J
1 2 3
A G NS>0, <0 T4 T T TTTT :
| :
1 3 1
1 1
1 ° 1
. ) B-28—-1 B W !
! 1 2 3
oA >0,8<0 »
—n—4 —n—-2 —n o o o o 1
: Iy A N J 2 4 1
' ° L) ) . . by by .
1 1
1 1
1 1
1 1
5 I <. O (S 1
A<0,68>0
B-2A8—1 B
L] L] L] L] L] L]
T2 3
A<0,6>0 »
o o) o —n  —n-2 —n—4
4 2 A A X
A A o o , e .
A}
0 d
1 2 3
g(]) A< 0, /3 <0
3
B—28-1
L] L) L]
2 T2 3
A<0,6<0 »
o o o —-n -—n—2 —n—4
4 2 A Y By
1 by by ° o , 0 °
\
0 ‘ ‘ LT
1 2 3

Table 3.2: Overview of the cases considered for the generalized multiquadric. The focus
is on the framed case.

The poles are visualized in figure 3.3. The only difference to the first case is that there

This case is a generalization of the classical inverse multiquadric (A = 2,5 = —3

1
2

).

For better comprehensibility, we define B = — [ and work with the positive variable B .
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Figure 3.3: Visualization of the poles from equ. (3.2) for A > 0,5 < 0. The singularities
of the Gamma functions in the numerator are depicted as dots, whereas the singularities
of the Gamma function in the denominator are represented by circles, which may cancel
poles. For the purpose of enhanced visualization, the poles are represented as if they
had an imaginary component, although this is not the case. Every pole lies on the real
axis. Additionally, the path of integration is depicted and indicates which poles have to
be included. The example is provided for |A\| = 2,|5| = %, n=1.

are no poles with positive real part inside the contour. Hence, we get analogous results

to the first case and find the behaviour for s — 0

O (s’"*’\5> , B < 5
P(s) =4 0(1), f>n
O (log(s)) B=1%

For the sake of clarity the big-O notation is used. The exact asymptotic behaviour
was determined in the previously considered case. The utilization of classical quasi-
interpolation is constrained by the dimension n, owing the assumption of a singularity at
the origin. For a sufficiently large dimension n, this limitation can be advantageous for
classical quasi-interpolation, as it enables the reduction of the singularity at the origin
to a certain degree. The asymptotic behaviour as s — oo is equivalent to the behaviour
previously examined. For A € 2N, the Fourier transform and all its derivatives decay

faster than every polynomial and for A ¢ 2N we get

or .

dsp

(s) < Cs P, p e N.
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3.2.1.3 Case3: A< 0,6>0

Parameter 8 ) .
. RBF ¢(r) = (¢t + 1) Contour integral of the Fourier
configuration .
transform ¢(s)
Qp(r) A>0,8>0
—A>0,6>0
3
0—=25—-1 [
L] L] L] L] L] L]
2 /1 2 3
A>0,6>0 .
—n—4 —n=2 —n o o o
A A A 2 4
1 . o, o ) 5y by
4
0 ‘ ‘ —
1 2 3
o(r) A>0,6<0
3
L[] L] L]
) B-28-1 8
1 2 3
A>0,6<0 J »
—n—4 —n—-2 -—n o o o o
Iy A Iy 2 4
° o, o o A A
L4
N e AN<0, >0 4 T TTTTTTTT \
! |
1 1
' 3—2A8—-1 B '
1 . . . . . . :
1
| T 2 3 '
A< 0,6>0 »
1 o 2 (2 7Tn 7n)\—2 —71)\—4 1
! by by . o , o . :
I N '
! r I
1 0 1
b e e e e D G 2 _____z S | ) __________ !
o(r) A<0,8<0
3
B-28-1 8
[ ] [ ] L]
2 T 2 3
A<0,6<0 »
o o o —n —n—=2 —n—4
4 2 A Py A
1 b by ) o , o .
A)
0 ‘ ‘ ‘ r
1 2 3

Table 3.3: Overview of the cases considered for the generalized multiquadric. The focus
is on the framed case.

We define A = —\ to be positive. Under this assumption, the poles and the contour

itself change due to the convergence properties of the Gamma functions. This is visualized
in figure 3.4. The poles induced by I" (= + t) lie outside of the contour. To distinguish
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Figure 3.4: Visualization of the poles from equ. (3.2) for A < 0,5 > 0. The singularities
of the Gamma functions in the numerator are depicted as dots, whereas the singularities
of the Gamma function in the denominator are represented by circles, which may cancel
poles. For the purpose of enhanced visualization, the poles are represented as if they
had an imaginary component, although this is not the case. Every pole lies on the real
axis. Additionally, the path of integration is depicted and indicates which poles have to
be included. The example is provided for |A\| = 2,|5| = %, n=1.

the poles outside and inside, they are now allowed to coincide. As a formula, this means
that 8 ¢ N and (8 —N) N @ = (). Given this, the asymptotic behaviour can be
determined in the same manner as before. When calculating the residue, there appears

one minus sign due to the direction of the contour integral. For ¥ <1 we get

. 2rs M T(=3)(=B+ %)
(—B)A (%) ’

as s = 04,

which is just a constant and has no singularity at the origin. The more suitable case is

% > 1, because the asymptotic behaviour is given by

on=Ars A1-F) 3 I (”%’\)
p(s) ~ X 1
Q)

as s — 0.

Therefore, there is a singularity if A < n. In certain scenarios, this can be advantageous,
for example, as reduction of the singularity for large dimensions. Finally, if % =1, we

evaluate the residue of the double pole to obtain

n/2 n(1-p3)
P(8) ~ _pre 7 (2n log (E) +2H 5+ yn —nyp? <E> — 2) : as s — 0.
nl (%) 2 2
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In summary, we get for 3 ¢ N and § — NN @ =0,

01), n <
pe)=q0(sH), n>a
O (log(s)), n=AM

A remarkable fact is that the order of the singularity does not depend on 3. Hence,
one could think that 8 can be chosen arbitrarily. However, the asymptotic behaviour for
s — oo is limited by #. In the next chapter, we will see its affect on the approximation
order or the quasi-Lagrange operator.

For large arguments the asymptotic behaviour is given by the residue of the first

non-vanishing pole outside the contour. This is for ¢t = [ and the evaluation leads to

w/22- A (Ln + BA))
P(s) ~ T <_%>

—n+A3

s as s — 00. (3.6)

1

For the derivatives we get

d? |

1o (s) ~ Cs~ AP as s — 00,
s

where C' is some constant which can be derived by differentiating the leading asymptotic
term of ¢(s). The decay rate of the derivative is faster than that of the function itself.
Up to this point, all results seems to be applicable to quasi-interpolation. However,
for this choice of parameters, the RBF itself becomes singular. This problem can be
addressed in two ways. The first one is, that the quasi-Lagrange function is a linear
combination of the RBFs and the coefficients p; have to ensure that the singularity
cancels out. The second possibility is to use a linear combination of different parameters
¢ within the RBF. Since the singularity of the Fourier transform depends on the constant
¢, this linear combination will not affect the order of the singularity. We will see in the
next chapter that the decay rate of the Fourier transform of the RBF is not fast enough

and therefore, this case is not usable in classical quasi-interpolation.



3.2. New Radial Basis Functions 57

3.2.1.4 Case4: A< 0,6<0

Parameter ) .
. RBF ¢(r) = (* + 7“)‘)6 Contour integral of the Fourier
configuration .
transform ¢(s)
79(7”) )\>0,/3>0
3,
=25 —1 [
2 T 2 3
A>0,6>0 »
—n—4 —n=2 —n o o o o
A A A 2 4
1 . o, o ° BN by
4
0 : : —
1 2 3
o(r) A>0,6<0
3,
L[] [ ] L]
9 g-28-1 p
r 1 2 3
A>0,6<0
—n—4 —n—-2 —n le) o o o
Iy A Iy 2 4
1 ) °, o .J)\ by
\ 7
0 T
1 2 3
;(y) A<0,8>0
3,
g-28-1 8
L] L] L] L] L] L]
2+ T 2 3
A<0,8>0 :
o o o) —n —n—=2 —n—4
1 2 e o L8 e
A}
0 d
1 2 3
A e A<0,8<0 1+ T \
| :
1 31 !
| B—28-1 B [
1 . . . :
1
| 21 T 2 3 '
A< 0,6<0 - »
| o o o -n —n—2 —n—4 1
\ 1+ % %L;\ 3 ﬁ . !
| ( 1
! I
I r '
! 0 ‘ |
|___________________________l ______ 2_ ______ S e _____ !

Table 3.4: Overview of the cases considered for the generalized multiquadric. The focus
is on the framed case.

The last parameter configuration is A\, 5 < 0. Again, we define A= —\and B = —0.
The visualization of the poles is shown in figure 3.5. Analogous to the previous case but

without the restriction on 3, we find that the leading order pole can only be simple or
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A<0,6<0 T
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Figure 3.5: Visualization of the poles from equ. (3.2) for A < 0,5 < 0. The singularities
of the Gamma functions in the numerator are depicted as dots, whereas the singularities
of the Gamma function in the denominator are represented by circles, which may cancel
poles. For the purpose of enhanced visualization, the poles are represented as if they
had an imaginary component, although this is not the case. Every pole lies on the real
axis. Additionally, the path of integration is depicted and indicates which poles have to
be included. The example is provided for |A\| = 2,|5| = %, n=1.

double. If n < ), then the first pole is at t = 2 and the asymptotic behaviour for s — 0

is evaluated as

n
A

as s — 0.

If n > ), then the first pole is located at ¢ = 1 and we obtain

2n75\7.‘_%05\(1+ﬁ~)5 T (nT—S\>
SO(S) ~ - N ’
r(3)

as s — O4.
gn—A +
Finally, if n = A, then the first pole double is located at ¢t = 1 and we get

N>

2.n/2,n(1+53)
P(s) ~ pre 7 <2n log <§> +2H; +yn — np©® <E> — 2) , as s — 0g.
nl (%) 2 2
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In summary, for s — 0., we have

o (1), n<\
p(s) =4O (S*"”) , n> A
O (log(s)), n=A\

These are the same results as in the previous case, just with a negative sign for [.

The noticeable difference is in the asymptotic behaviour as s — oo. As before, if all
poles located outside the contour vanish, than ¢(s) decays faster than any polynomial
grows. Otherwise, the decay rate is limited by the first non-vanishing pole outside the
contour. Suppose that the first non-vanishing pole is at t = —3 —afor a € N. Then, we

get for large arguments

as s — OoQ.

(_1)a+1 2n+5\(ﬂ~+a)ﬂ.% T <n+25\6~)
p(s) ~
r

[(a+ 1) chagnti(B+a) <_E> ’
)

The derivatives decay even faster.

So far, we have discussed all possible asymptotic behaviours for different parameters

A and B. We found that the most useful case for quasi-interpolation is given for
1
A€E2+4Nand g € §+N.

Other cases are also suitable but not as good as this choice. Consequently, a comprehen-

sive analysis of these parameters will be conducted in chapter 4.

Before proceeding with the analysis of the decay rate of the quasi-Lagrange function,

we analyze the asymptotic behaviour of the generalized thin plate spline.

3.2.2 Generalized Thin Plate Spline

As a reminder, we defined the generalized thin plate spline as

go(r):(c’\+r’\)log(cﬂ+rﬁ), r=|lz||,zeR", \,f €R
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and splitted this up into four functions ¢;(r),...,@4(r), see chapter 2. We derived the

following expression for the Fourier transform of the generalized thin plate spline

s 2mi cs

2
n A A nﬁt
. Mt 1 /I(1+3—0F(—E+QIW%T)<2
L

Bt
Pa(s) = F<L—%+0TW—%) —) dt  (3.7)

and analog
2 i le—wr@frtim>(2)&dt
s) = — — :
73 sto2mJ, T+t (-%) cs

The Fourier transforms ¢;(s) and ¢s(s) are Dirac delta distributions or constants mul-
tiplied by some power of s, depending on the parameters A and 3. More precisely, we

derived

(=)

m%@hvyzﬂww%wﬂ, 2¢NAS ¢ -N-12

Blog(c) (2m)" (~1)% (B + - +02)78(s), 2 €N
¢1(s) = (2m)"* log (cﬂ) i(s).

Pa(s) =

N[>

2

We concluded that ¢;(s) and @9(s) are identically zero for s > 0, or alternatively, that
the asymptotic behaviour is already determined. This is why they are mostly neglected in
this section. Furthermore, we only analyze ¢4(s) in detail because ¢3(s) = ¢ (4(s)] )\:0)
can be derived from ¢,(s).

As in preceding analyses, the RBF exhibits qualitatively distinct behaviour both near
the origin and for large arguments, depending critically on the signs of the parameters
A and 3, see figure 2.4. Consequently, a separate analysis of each of the four possible
sign configurations is required. As before, every case starts with an overview table of
the behaviours of the RBF and the visualization of the contour integral of the Fourier

transform.
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3.2.2.1 Casel: A>0,06>0

Parameter . .
. RBF Contour integral of the Fourier
configuration Ao 5, .8 A
o(r) = (* + 1) log (¢ + ) transform ¢,(s)
A 5(7) ________________________ D R o | '
: 81 |
1 1
1 1
! 61 =231 5 |g+13+2 !
. o . . ° ® . ° |
oA >0,>0 41 o
1 L[] L[] L[] [ ] (o) o) o) 1
X —72—4 —7:3—2 —Tn % % |
| 2 | > ‘ :
1 1
: 0 \ \ :
|___________________________l ______ 2_ ______ R I !
o(r) A<0,8>0 ~
81 —\<0,8>0,A>4
---A<0,3>o,§:ﬂ
6+ \ | A<0,8>0,A<p %72%71 % A+1 %+2
. . ® ) . .
A<0,8>0 41 S
L] L] L] L] [e] [e] e}
—n—4 —n—2 —nj 2 A
91 ﬁ; B 3 B B
0 .....
1 2 3
o(r) A>0,8<0 1
s
6 3-24-1 4 [J+15+2
o . ® ° . .
A>0,6<0 4 »
(o] [e] [e] L] L] L] [ ]
4 2 -n —n—-2 —n—4
; 58 48
2 B B (
0 : ‘
1 2 3
o(r) A<0,8<0 1+
s
SN A A A A A
6 $-23-1 5 [5+15+2
. ) . ® . )
A<0,8<0 41 S
o) [0 [0) L] [ ] [ ] [ ]
4 2 —n —n—2 —n—4
B B ] B B
2+ [ (/
0
1 2 3

Table 3.5: Overview of the cases considered for the generalized thin plate spline. The

focus is on the framed case.

First we assume that A\, 8 > 0. Figure 3.6 visualizes the poles of the Gamma functions

and the path of integration. The first contributing pole is at ¢t = % This pole is of order
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A>0,60>0 T
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Figure 3.6: Visualization of the poles from equ. (3.7) for A > 0,5 > 0. The singularities
of the Gamma functions in the numerator are depicted as dots, whereas the singularities
of the Gamma function in the denominator are represented by circles, which may cancel
poles. Dots with circles around represent double poles. For the purpose of enhanced
visualization, the poles are represented as if they had an imaginary component, although
this is not the case. Every pole lies on the real axis. Additionally, the path of integration

is depicted and indicates which poles must be included. The example is provided for
Al=2,18l=2n=1.

two if A ¢ 2N, and a straightforward evaluation leads to

o BT (22) (2log(2) + 40 (-3) + 40 (252))
S T (=3)

as s — 0.

For A\ € 2N, we evaluate the simple pole at ¢t = % and get the asymptotic behaviour

A A
Gu(s) ~ (—1)2HlgmtA=lgn/2gg—n-Ap (n—;— ) r (§ + 1) as s — 0.

Extracting the information from @4(s) leads to the asymptotic behaviour of 3(s)
A n—-1_n/20 \A_,—n n
P3(s) ~ =2 M BT 5 as s — 0.

In summary, as s — 0, we have

O (s *log(s)), A ¢ 2N

¢(s) =
O (s ), A € 2N.

Of special interest for quasi-interpolation is the case where we have as many even
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powers of s in our asymptotic expansion as possible. This is only achievable if A € 2N
and hence, we conclude that in this case the dimension n should be even. This is in
contrast to the case of the generalized multiquadric where this result was only achievable
for odd dimensions.

We now assume that n, A € 2N. The poles of I" (—A + t) are located at t = % —d,
d € N while the poles of I" (—%Bt) are located at t = 6 ,v € N. A double pole
appears if there exist some positive integer d and v so that A — df = —n — 2v. Hence,
if 5 € Q, then there exist d,v € N such that the equation holds and so a pole of order
two will appear. This pole interrupts the series of even powers in s. On the other hand,
if 8 € R\Q, then there will be no double pole, but the pole at ¢t = % — 1 will not result
in an even power of s. The case, where t = 2 — 1 does not results in an even power of s

B
will be further analyzed in the next chapter.

The second case is for § € 2N. Then, all poles until the double pole will result in

even powers of s. The first double pole is located at t = L”\B’"J + % So, the form of the

asymptotic series is given by

s el
Cile,n A B)s P4 N Cyle,n, A, B)sY
= j=0

C’ (c,n, N\, B)s™"™ MB[ 5 | log (628> , as s — 0y, (3.8)

|M‘+

where C’j,C’j and C) are some constants depending on ¢,n, A\, and j which can be
evaluated using residue theorem for the corresponding poles. These results are also
presented in [43] for the special case § = A\ = 2d,d € N. Similarly, we get for ¢3(s) an

asymptotic series of the same structure

3] —elal
Gals) ~ 3 Cilem D™+ Y Gyl B)s
Jj=0 j=0
+ Ci(e,n, B)s —n+8[ 5] log <%> : as s — 04, (3.9)

for some other constants Cj, éj and C, depending on ¢,n, 5 and j. Note that in both
cases the power of s in the logarithmic term is always greater than or equal to zero.
Hence, we have determined the asymptotic behaviour for small arguments and found

that this RBF can only be used for quasi-interpolation if A € 2N.

We continue to consider the case A € 2N. The decay rate as s — oo is given by
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the first non-vanishing pole greater than % Let’s assume that the first non-vanishing

pole outside the path of integration is at t = % + 1 which occurs for § ¢ 2N. With the

parametrization t = it + % + 1 — ¢ we obtain

2
n A A ﬂﬁt
N R (FE ST G r<%>(2>w

904(5) = — — dt
no2 A Bt
S T Jg, F(l—E—Ft)F(—?) CS
i 1 (e =)D (1—e+if) D (5 + 2520000 MATERREE
L7 Y T (2 et if) T (_A+B—;6+iﬂf> cs
8. o0 F(g—it)F(l—g—%iﬂQF(g—i—w) i
= B-g)gntA+p(1-e) [ L.

[ (224 if) T (- =50t

The integral is independent of s and finite. This can be seen applying equ. (3.5) to
the absolute values of the Gamma functions individually. Since ¢ > 0 is arbitrary we

conclude that
Pa(s) =0 (s’”’A’ﬂ) , as s — 00.
With the same logic we obtain
P3(s) =0 (87"*[3) , as s — 00.
From the previous chapter, we also know that

X O(s™ ™), X¢2N  ass— o0
$2 =
0, A€ 2N as s — 0.

Together we have
@z@(s’”’ﬂ), as s » 0o, A€2N 5 ¢ 2N,

The decay rate of the derivatives of the Fourier transforms are even higher. This can
be shown analogously to the cases of the generalized multiquadric. If there is no pole
outside the contour due to pole cancellation for A, 5 € 2N, then the decay rate of ¢(s)

and of all its derivatives is faster than any polynomial can grow. This is the optimal
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setup for quasi-interpolation because of the high decay rate of the Fourier transform and

the determinable even singularity at the origin.
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3.2.2.2 Case2: A< 0,6>0

Parameter . .
. RBF Contour integral of the Fourier
configuration Ao 5, .8 A
o(r) = (¢ + 1) log (¢ +r?) transform ¢,(s)
o(r) A>0,8>0 T
§
6 3-25-1 5 |5+15+2
° . . ° ® . °
A>0,6>0 4 >
L[] [ ] [ ] L[] (o) (o] (o]
—n=d4 —n=2 -n 2 4
2 d) 3 3 3 8
0 ‘ ‘ ‘ r
1 2 3
A e A<0, >0 :
1
: 8 —A<0,3>0, A>3 :
' == A<0,8>0,A=4 .
' 61 \ | A<0,8>0,A<p 7231 3 P+1i+2 !
: B ° ! . . ° . . 1
! A<0,8>0 4 >
1 [ [ [] [] (o) [e] [e] I
X —n—4 —n-2 -1 2 i I
' 2 STl | B :
! 1
: . T 1
) 0 1
e e e e e e ) S 2 T N !
o(r) A>0,8<0 n
s
6 2-23-1 % [4+135+2
. . ® "o e .
A>0,6<0 4 »
(o] [e] [e] L] L] [ ] L[]
4 2 -n -—n—2 —n—4
9 B B 3 3 <ﬂ
0 ‘ ‘ ‘ r
1 2 3
o(r) A<0,6<0 +
s
6 =251 5 [5+15+2
° ° ° ® e °
A<0,80<0 4 »
o) o [0) L] [ ] L] L]
4 2 —n —n—2 —n—4
9 B B B B (,e
0 L

1 2 3

Table 3.6: Overview of the cases considered for the generalized thin plate spline. The
focus is on the framed case.

As before, we define A = —\ to be positive. For this case, the RBF itself can

be singular. To avoid this singularity, we can use the special constant value ¢ = 1 and

> X. Nevertheless, we analyze the RBF and will see if this case can be used for classical
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A<0,6>0 T
A A A 2 A
3-235-1 5 Pl+13+2
° ° ® ° . °
. ° ° . o o o
—n—4 —n—2 —n 2 4
By B e B B
[ 4

Figure 3.7: Visualization of the poles from equ. (3.7) for A < 0,5 > 0. The singularities
of the Gamma functions in the numerator are depicted as dots, whereas the singularities
of the Gamma function in the denominator are represented by circles, which may cancel
poles. Dots with circles around represent double poles. For the purpose of enhanced
visualization, the poles are represented as if they had an imaginary component, although
this is not the case. Every pole lies on the real axis. Additionally, the path of integration
is depicted and indicates which poles have to be included. The example is provided for
A =28 =3n=1

quasi-interpolation. The poles of the Gamma functions and the path of integration are

visualized in figure 3.7. There are two possible scenarios: If A > n, then the leading

n

order pole of @4(s) is at t = — 5 which results in a constant leading behaviour as s — 0.
3

- R

logarithmic term. Lastly, if A = n, then the leading order pole is of order three resulting

If A\ < n, then the leading order pole is of order two at t = which results in a

in a logarithmic squared term. In summary, we have

>

O(1), >n
Pua(s) = (’)(s‘”er log(s)), A<n
O(log?(s)), A =n.

None of these cases are suitable for classical quasi-interpolation because we can not
achieve an even power of s for small arguments. Since A < 0 the leading order singularity
is not generated by (¢4(s) but rather by ¢3(s). The leading order is given by the pole of
order one located at ¢ = 0.

P3(s) ~ 8 (=2 /25T <g) , s — 0.
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Remember that

n—>\

[\

) —XMn_n/2 —n+A
2 /s ,

A r(
Pa(s) = Blog(c)r—

—~
N>t
S~—

where the parameter configuration A ¢ 2N + n has to be satisfied.
For large arguments the decay rate is determined by the residue of the first non-

vanishing pole outside the contour. For the different functions we get

Pu(s) = (9(3’”*5"5), s — 00,
P3(s) = (9(3’”’6), 5 — 00,
$a(s) = O(s™™H), 5 — 0.

The decay rate for large arguments is limited by ¢s(s) and is slower than s~". In the
next chapter, we will see that this decay rate is not fast enough for quasi-interpolation.

Therefore, this case will not be considered further.
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3.2.23 Case3: A >0,06<0

Parameter . .
. ur 11n T urier
RBF Conto tegral of the Fourie
configuration Ao 5, .8 A
o(r) = (¢ + 1) log (¢ +1r7) transform ¢,(s)
o(r) A>0,8>0 0N
e
61 3-25-1 5 |5+15+2
° . . ° ® . °
A>0,6>0 41 >
L[] L[] L] [ ] (o) o o)
—n—4 —n—2 -n 2 4
5. 8 B 3
2 3 8
0 ‘ T
1 2 3
o(r) A<0,8>0 ~
8 —A<0,>0,A>4
---A<0,3>o,§:ﬂ
6+ \ | A<0,8>0,A<p %72%71 % A+1%+2
. . ® ) . .
A<0,8>0 41 S
L] L] L] L] [e] o] e}
—n—-4 —n—-2 —n 2 4
9| ﬁ; B B B B
0 ____ T
1 2 3
A R N RS S AR O !
: e |
1 1
1 1
: : =231 3 [T :
| 3 . ® ° ° . |
A>0,6<0 4 >
1 (o] [e] [e] L] L] L] [ ] 1
: 2 < :
1 1
1 0 ‘ T :
. R S 2 3. | ____ |
o(r) A<0,8<0 1+
81
2| A A A A A
6 3-24-1 4 [3+15+2
. . . ® . )
A<0,8<0 41 S
o) o [0) [ ] [ ] [ ] [ ]
4 2 —n —n—2 —n—4
B B 3 B B
2+ [ (/
0 s
1 2 3

Table 3.7: Overview of the cases considered for the generalized thin plate spline. The
focus is on the framed case.

Next, we analyze the case of positive A and negative 5. We define B = —f to be
positive. The RBF itself is singular for this choice of parameters. There is no special

case to avoid this singularity directly. However, it can be addressed by using a linear
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A>0,6<0 T

A A A A A

5-23-1 3 |3+15+2

° ° ® ° ° °
o o o . ° ° .
4 2 —n —n—2 —n—4
B B 8 B__¢8
h)

Figure 3.8: Visualization of the poles from equ. (3.7) for A > 0,5 < 0. The singularities
of the Gamma functions in the numerator are depicted as dots, whereas the singularities
of the Gamma function in the denominator are represented by circles, which may cancel
poles. Dots with circles around represent double poles. For the purpose of enhanced
visualization, the poles are represented as if they had an imaginary component, although
this is not the case. Every pole lies on the real axis. Additionally, the path of integration
is depicted and indicates which poles have to be included. The example is provided for
Al =28 =3n=1.

combination of different values of A\ and constants ¢, for example

1 1 1 1
o(r) = (' + 1) log (—~ + —) — (e3> + 1) log (—~ + —) )
5B 5 B

&1 Co

provided that ¢} = ¢3? and \; # Xo. Then the linear combination is not singular and
we can examine its applicability for quasi-interpolation. To do so, we still analyze the
single RBF and not the linear combination directly. When £ is negative, the contour and
all poles compared to the previous case change their signs. This is shown in figure 3.8.
If the first pole is at t = —%, then the asymptotic behaviour of the Fourier transform
of the RBF at the origin is characterized by either a constant or a logarithmic term,
depending on whether the pole is simple or of order two. Both cases are not useful for
classical quasi-interpolation as they do not yield singularities with even powers of s. To
achieve such behaviour, the leading-order term must be induced by a pole of the function
r (1 + % + t). This means, for the values of A and (3 there have to exist some d € N such
that n + \ — dB >0 and \ — dB ¢ 2N. While the first condition ensures that we get a
singularity at the origin, the second condition guarantees that this pole does not cancel

out. Note that only finitely many values of d must be considered. Additionally, more than
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one value of d may satisfy both conditions. The leading order is therefore determined by

the smallest value of d satisfying both conditions. Consequently, we obtain

(_1)dﬂnﬂ%ﬂﬁ2—dB+A+nI\(%(n/__d64+_A))

Sn-l—)\—d/;’dl" (_ )\—2d5~>

Da(s) ~ as s — 0.

Since \ — dﬁ ¢ 2N, we know that classical quasi-interpolation is only applicable in odd
dimensions n provided that \ — dB is odd. The most favorable scenario is for d = 1
because in this case, we achieve the highest order singularity at the origin. We now

determine the asymptotic series for the most likely case d = 1, n odd, A odd and B even.

For this special case the first double pole appears at t = —% + [’\;an and thus, the
asymptotic expansion is of the form
[242] i -l
B B ;. 2 -1 5 B .
Pa(s) ~ Y Cilen, A\ B)s P+ 3" Cylen, A, B)s”
j=1 §=0
+ C’l(c,n, A, B)s_n_/\J“BPLF%A] log <%> , as s — 04,

where C;, C; and C} are some constants which can be evaluated using the residue theorem
for the corresponding pole. The same series holds for ¢3 with A = 0. It is noteworthy
that, aside from the logarithmic term present in both series, only even powers of s appear.
The logarithmic part is multiplied by some power of s, which is greater than or equal to
zero. For the combined Fourier transform, the sum of both series has to be taken into

account.

Finally, assume that B is not even. Then the pole at t = % + 2 will not result in
an even power of s. Assuming that the second pole is not a double pole, we obtain the

asymptotic series

: =
Pa(s) ~ ZC’j(C, n, A, ﬂN)s—”_HjB + Z Cj(c,n, A, B)s¥, as s — 0.
=1 =0

However, for @3, the first non-even power of s appears at ¢ = 1 which can reduce the
capacity of the polynomial reproduction later on. The asymptotic behaviour for s — oo
is limited by the pole at ¢ = —%. If this pole is double (this is for A ¢ 2N), we find that

Pa(s) = O (s7" og(s)) as s — 00,
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and
¢3(s) =0 (s7™) as § — 00.
If this pole is simple (this is for A € 2N), we find that
Ga(s) =0 (s as s — 00,
and
¢3(s) =0 (s™") as § — 00.

In this case the decay rate of the Fourier transform is entirely determined by the di-
mension n. In the next chapter we will see that this decay rate is too low to reproduce
polynomials and therefore cannot be used. For this reason, this case will be excluded

from further analysis.
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3.2.24 Case4: A< 0,6<0

Parameter . .
. RBF Contour integral of the Fourier
configuration A\ Y 5 3 .
o(r) = (c +7r )log (c +7r ) transform ¢,(s)
o(r) A>0,8>0 T
8
61 3-25-1 5 |5+15+2
o . . ° ® . °
A>0,8>0 41 >
L[] L[] L[] [ ] (o) o) o)
—n—4 —n—2 -n 2 4
] 3 B 38
21 e &
0 ‘ T
1 2 3
o(r) A<0,8>0 ~
81 —\<0,8>0,A>4
---A<0,3>o,§:ﬂ
6+ \ | A<0,8>0,A<p %72%71 % A+1%+2
. . ® ) . .
A<0,8>0 41 S
L] L] L] L] [e] [e] e}
—n—4 —n—2 —nj 2 4
9] ﬁ; B [ B 3
0 L T
1 2 3
o(r) A>0,8<0 T
s
6 3-25-1 % |3+15+2
o . ® ° . .
A>0,6<0 4 »
(o] [e] [e] L] L] L] [ ]
4 2 -n —n—-2 —n—4
; B_"B_48
2 B B (
0 ‘ T
1 2 3
oo "'g(;)""""'""""""'" I N U I I '
: 81 |
1 1
| 1
2| A A A A A
! 6 5-25-L 5 |stl5+2
| . ) . ® . ) 1
A< 0,6<0 41 >
1 o) [0 [0) L ] [ ] [ ] [ ] 1
! 5 3 Z = 77371 '
L & = V)
: 2 < |
| , |
1 0 1
D DD SEPERIRE 2 _____= T N DD '

Table 3.8: Overview of the cases considered for the generalized thin plate spline. The
focus is on the framed case.

For the last case, we define A = —\ > 0 and 8 = —3 > 0. The RBF is singular in

this configuration. Therefore, it is necessary to consider a linear combination involving
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A<0, <0 T
A A ' PG
2-23-1 3 [I3+1 3+2
° ° . ® ° °
o o o . . . .
4 2 —n —n—2 —n—4
B B 8 B__¢8
h)

Figure 3.9: Visualization of the poles from equ. (3.7) for A < 0,5 < 0. The singularities
of the Gamma functions in the numerator are depicted as dots, whereas the singularities
of the Gamma function in the denominator are represented by circles, which may cancel
poles. Dots with circles around represent double poles. For the purpose of enhanced
visualization, the poles are represented as if they had an imaginary component, although
this is not the case. Every pole lies on the real axis. Additionally, the path of integration
is depicted and indicates which poles have to be included. The example is provided for
Al =28 =3n=1.

different values of ¢, A\, and [, for example

(r) = 1_}_11 1+1 1+11 1+1
HRE IR s DT e | B\ E TR )

where we assume that c’;\l = c§2 and cfl # 052. A finite linear combination exists for
the original RBF, and the following analysis will start with this fact. The poles of this
last case are visualized in figure 3.9. The separation of the poles is only possible if
A—dB ¢ n+2NforalldeN. If \+ 5 > n, then the leading order pole is at ¢t = z
which results in a constant behaviour of the Fourier transform of the RBF at the origin.
If A+ 3 = n, then the leading-order term exhibits a logarithmic singularity at the origin
and is therefore not feasible for quasi-interpolation. Hence, we assume that A + 8 < n,
and the leading order term is induced by the pole at ¢t = % + 1. This results in the

asymptotic behaviour of

as s — O4.
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Even more interesting is the function ¢3, because the leading term for B> nis given by

7/2Bo-B+nT (%(n — B))

=T 6

as s = 04,

which includes the higher singularity. Assume that 3 is even. Then a double pole will

appear at t = —f3 {E-‘ and the asymptotic series up to and including this double pole is
given by

P3(8) ~ Z Cj(c,n, B)s‘"“ﬁ + Z C;(c,n, B)s¥
+ Cy(e,n, ~)S—n+5[%w log (62—S> : as s — 0.

If B ¢ 2N, then the second pole does not result in an even power of s. To determine
the polynomial reproduction and approximation order, the sum of 3 and ¢4 has to be
taken into account.

Furthermore, as s — oo, the decay is governed by the first non-vanishing pole outside

the contour, yielding
Bils) = O (57 log(s))

and

@3(s) =0 (s™).

As in the previous case, the decay rate of the Fourier transform behaves like s~ which is
too slow for polynomial reproduction. Therefore, this case is also excluded from further

analysis.

3.3 Summary

In this chapter, we determined the asymptotic behaviour of the Fourier transforms of the
generalized multiquadric and the generalized thin plate spline for all possible parameter
configurations A and S. Understanding the asymptotic behaviour is essential for the

subsequent determination of the coefficients p; of the quasi-Lagrange functions, in order
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to ensure that the Strang and Fix conditions are satisfied. We identified a few interesting

cases for classical quasi-interpolation, on which we will focus on in the following chapter.
1. For the generalized multiquadric we will further analyze the cases

e A>0,8>0with A € 2+4N, € 3+ Nand n is odd
e \>0,8>0with A\f € 1+ 2N and n is odd

e \>0,8<0with \3<n
A<0,8>0withn,A€2N,n>Xand \8 <n—+1

A<0,8<0withn,\€2Nandn > M.

2. For the generalized thin plate spline we will focus on the cases

e \>0,3>0with \, 3 € 2N
e A>0,8>0with A € 2N and g ¢ 2N.



Chapter 4
Quasi-Interpolation

In this section, we will employ the Strang and Fix conditions to determine the polynomial
reproduction and the approximation order of the quasi-interpolant. The applicability of
the Strang and Fix conditions requires the asymptotic decay rate of the quasi-Lagrange
function for large arguments. To determine the decay rate of the quasi-Lagrange function,

we utilize the following theorem.

Theorem 4.1 (Modified version of Theorem A from [14]). Let ¢(|| - ||) : R® — R be a
continuous function with at most polynomial growth so that it can be viewed as a tempered
distribution. Therefore it has a distributional Fourier transform @ which we specifically

require to be of the form

F(s) + bGo(s) log(cs)
G(s)

P(s) = (4.1)

for s = || - || near the origin, say for s € By1(0). Here b and ¢ are constants, Gy is a
homogeneous polynomial of of degree ng, ng is a nonnegative integer, and F and G are

real-valued functions satisfying the following conditions:

(2A) G is a homogeneous polynomial of positive even degree 2my and G(s) # 0 for all
s> 0.

(2B) F € C™ (By(0)) N C™* 1 (B(0)\{0}) for some nonnegative integer mg, F(0) #
0, and there exists 6 € (0,1] such that for all v € N with v < mg+n + 1,

| DV [F(s) = Tig (s)]| < Cs™77,as s =0,

where T,,, denotes the Taylor polynomial of F' of degree my at the point s = 0.

7
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(2C) The Fourier transform ¢ of ¢ is (mg+ n + 1)-times continuously differentiable on
the domain {s € Ry : s > 1}, and

max D7¢(s)|ds < C < o0. 4.2
BT DI (12)

1
1

Under this assumptions, there exists coefficients py such that the quasi-Lagrange function

V()= me(lz—k]), xeR"

kezn
has the decaying property
W) < C(A+]l|)™ ™, xR,
where
mo + 0, ifb=0
mo =
min{mg + 6, no}, ifb#0

and furthermore, the operator defined by (“quasi-interpolation”)

Qi) = Y s (220)

jezn

reproduces all polynomials of total degree at most £y = min{mg, 2m,—1} that is, Qp[p| = p
for allp € [T, -

Theorem 4.1 provides a framework for applying the Strang and Fix conditions by uti-
lizing properties (24)—(2C) to determine the decay rate of the quasi-Lagrange function.
The condition (2C) is particularly crucial, as it ensures that the decay rate of the Fourier
transform of the RBF, along with that of its derivatives, is sufficiently fast to guarantee
the finiteness of the associated integral. This condition was employed in Section 3, where
it was demonstrated that certain special cases are not suitable due to an insufficient rate

of decay.



4.1. Polynomial Reproduction and Approximation Order 79

4.1 Polynomial Reproduction and Approximation Order

We start with Theorem 4.1 in conjunction with the Strang and Fix conditions to deter-
mine the polynomial reproduction and the approximation order for the identified cases
stated in chapter 3. We choose the approximation order as an objective to measure effec-
tiveness of the quasi-interpolation method for different RBFs. We begin with the cases

of the generalized multiquadric.

4.1.1 Generalized Multiquadric
Case 1: \,3 >0

For A\, 3 > 0 there are multiple applications for quasi-interpolation. In the following,
we focus on the most practically relevant case. In the previous section we established
that the highest singularity at the origin of ¢(s) can be achieved if A € 2 + 4N and
B e %~|— N. This case is especially interesting because in odd dimensions n all powers of s
are even such that a finite trigonometric polynomial can handle them. On the other hand,

1

there appears a double pole leading to a logarithmic term located at t = L—% + %J -3

Comparing the asymptotic behaviour from equ. (3.4) with equ. (4.1), we get

[3-31+18] s ([3-31+32))
o(s) ~ Cj(c,n, \, B)s " HAU=E) ¢ Z Cile,n, A, B)s™
j=0 Jj=0

+ C(e,n, A,B)s‘”“q%_%%%) log(es) as s — 04
F(s) + bGo(s) log(s)
G(s)

!

from which we conclude that

G(S) - n+)\67
[3-21+18l s(-nA([5rs]-2))
F(S) - Z Cj(c,n, A 5)337\ + Z Cj(c, n, A\, B)SQJ'JrnJrAﬂ7
=0 is0
Go(s) = sM[5—z]+2+8)
b=C(c,n, A, B)

Checking the conditions of Theorem 4.1, we observe that Go(s) is a homogeneous
polynomial of degree ng = A (H — %W + % + 6) and that b # 0. Furthermore,
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Parameter 8 . .
. RBF o¢(r) = (¢ + 1) Contour integral of the Fourier
configuration )
transform ¢(s)
A o(ry T T X>0, >0 T4 T T T T T \
| :
1 3 1
1 B—=26-1 | !
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i 2 /1 2 3 '
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' 1 o o, & o 2 4 .
1 3 !
1 r !
1 1
1 0 :
S R SRR 2 3 .
o(r) A>0,6<0
3
) 329821 B W
1 2 3
A>0,80<0 :
—T;\—/l —I;\—Z —Tn J 8 2 e} [e]
1 . o, o . by by
\ ?
0
1 2 3
o(r) A<0,8>0
3
B—-2—1 8
[ ] [ ] L] L] [ ] L]
2 T 2 3
A<0,6>0 »
[e] [e] [e] —n —n—2 —n—4
4 2 A A A
1 by by o o , °
A}
0
1 2 3
o(r) A<0,8<0
3
B—28-1 B
L] L] L]
2 T 2 3
A<0,6<0
o) 2 3 -n —n—2 —n—4
1 by by ﬁ z 4, 3 .
A)
0
1 2 3

Table 4.1: Overview of the cases considered for the generalized multiquadric. The focus

is on the framed case.

(2A) G(s) is a homogeneous polynomial of positive even degree 2m; = n + A3, whose

only zero is located at the origin.

(2B) F(s) is a polynomial of degree ng. Therefore, it is C*°(R, ) and the Taylor polyno-

mial is exact with mg = nyg.
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(2C) We showed that in this case the Fourier transform decays faster than any polynomial
grows and the same holds for its derivatives. Hence, the integral in equ. (4.2)

remains finite.

Applying Theorem 4.1, we conclude that there exist finitely many coefficients such that
W(@)| < O+ [[af) A TE-3T+349),

Furthermore, the quasi-interpolation operator reproduces all polynomials of degree n +
AB — 1. With all necessary components now established, the Strang and Fix conditions

can be applied, leading to the following uniform error estimate

O (W28 1og(1/h if 2
(OS] = fllu = 4 O BT R Q/M) i
O () 2 _1¢N.

So far, we have the final results for the first special case of the generalized multi-
quadric. Other combinations of A\ = 2d + 1,d € N are also suitable. Since double poles

only appear for negative ¢, we conclude that

| 1(=(5-1)2—n)
Cj(e,n, A, B)s A=A 4 Z C'j(c, n, A, B)s* as s — 0

J=0

P(s) ~

>
<.
I -
o

F(s) 4+ bGy(s)log(s)
G(s) '

From this, it follows that

G(S) _ Sn+)\'8,

1 [3(=(B-1)A-n)]
F(s) = Z Cj(e,n, A, 5)31A 4 Z éj(c, n,\, ﬁ)82j+n+)\ﬁ’

=0 Jj=0

(2A) G is a homogeneous polynomial of degree 2m; = n + AS.

(2B) F'is a monomial of degree ng = \. If A ¢ N, then we choose my = |A|. The Taylor
polynomial 7,,,,(s) is identically zero but the inequality holds with 6 = A — | A]. If
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A € N, then F'is a polynomial and the Taylor polynomial is exact with mg = A.

(2C) In general, we showed that ¢(s) decays for large arguments like s *, and the
derivatives decay even faster. Therefore the integral in condition (2C') remains
finite.

For all suitable combinations (8 ¢ N, A\ odd, and odd dimension n), the decay rate of

the quasi-Lagrange function is upper bounded by
[T ()] < C(1+ [f]|) ™"

for some constant C' and is capable of reproducing polynomials of degree |A|. Further-

more, we achieve the error estimate via the Strang and Fix conditions

O (W) it A ¢ N

|@nlf] = fllo = O (W log(1/h)) if A € N.

While multiple choices of the parameters A and [ are possible to use, classical quasi-

interpolation is not achievable in even dimensions.
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Case 2: A >0,8<0

Parameter . .
. RBF ¢(r) = (* + T)‘)B Contour integral of the Fourier
configuration .
transform ¢(s)
79(7”) A > 0, /3 >0
3 L
=25 —1 [
271 1 2 3
A>0,6>0 »
—n—4 —n=2 —n o o o o
A A A 2 4
1 . ° ., o ) b by
4
0 : .
1 2 3
A ey T A>0,6<0 T \
| :
1 3 B 1
1 1
1 . . . !
| ) g—26—-1 8 W !
! 1 2 3
oA >0,8<0 :
—n—4 —n—-2 —n le) o o o 1
1 X By Y J 2 4 1
I ° ° ., o ° by by .
! 14
1 1
1 1
1 1
1 1
5 I < . (S 1
A<0,8>0
B-28-1 |
L] L] L] L] L] L]
T 2 3
A<0,8>0 =
o o o) —n —n—=2 —n—4
4 2 A By X
A A ° o , o 3
A}
0 d
1 2 3
o(r) A<0,8<0
3 L
B—28-1 8
L] L] L]
2 T 2 3
A<0,6<0 - »
o o o —n —n—=2 —n—4
4 2 A Y A
Ly X A L o o , o .
A)
0 ‘ ‘ ‘ r
1 2 3

Table 4.2: Overview of the cases considered for the generalized multiquadric. The focus
is on the framed case.

The asymptotic behaviour in this case is quite similar to the previous one. Since
classical quasi-interpolation requires a singularity of the Fourier transform of the RBF at

the origin, we have the requirement that B < %, where B = — (. Furthermore, we assume
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the leading-order singularity to be an even power of s, meaning that n — A3 € 2N. A

direct consequence is that the dimension n has to be greater than or equal to three.
The best case occurs when A € 2N with n — A3 € 2N. In this situation, only even

powers of s appear in the series until a logarithmic term arises. Note that there is no

restriction on the parity of the dimension n. Comparing the asymptotic forms, we obtain

@(S) ~ Oj<ca n, )\a B)S—n-l-)\(j-i-ﬁ) + éj<cv n, )\a B)Szj

+ C(e,n, A, B)swﬂﬁ%*ﬂJﬁ) log(es) as s — 04
F(s) + bGo(s) log(s)
G(s) '

From this, we conclude that

G(s) = g
[3-41+(-3) ey
F(s) = Ci(e,n, A, B)s™ + Ci(e,m, A, f)s2+n—33
=0 =
Go(s) = 3)‘< [%*%—IJF%*B)
b=C(ce,m, A, B)

To apply Theorem 4.1, we observe that Gy(s) is a polynomial of degree ng =

)\((g - %W + % — B) and that b # 0. Furthermore,

(2A) G(s) is a homogeneous polynomial of positive even degree 2m; = n — A3 and
G(s) # 0 for all s > 0.

(2B) F(s) is a polynomial of degree ng. Therefore, the Taylor-polynomial is exact with

mo = No.

(2C) ¢(s) decays faster than any polynomial grows. Therefore, the integral is finite.

The application of Theorem 4.1 results in

U(2)| < O + [J|) " (5-21+5-F))

Y
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and the polynomial reproduction is limited to polynomials of degree n — /\B — 1, and the

error estimate is given by

O (h"3log(1/h) if 2 —1eN,
T Ll ) e
0 (n7) if2—1gn,

Notice that this result does not depend on the parity of the dimension n.

A second case is for A € 2N. Then the pole located at ¢ = —B — 1 results in a
fractional or irrational power of s. Comparing the asymptotic behaviour with the form

given in Theorem 4.1, we get

1 I ECER S0l
PO(s) ~ Z Cj(e,n, A, B)s™m A 4 Z Cj(c,m, A, 3)s% as s — 04
=0 =0
F(s) + bGo(s)log(s)
G(s)

from which we conclude that

G(s) = s

) LB +1)r—n) ~
— ZCJ e\ B)s? + Z Cy(c,n, A, B)s@tn=25

j=0

k)

Go(s) =
b=0.

Checking the conditions leads to
(2A) G is a homogeneous polynomial of degree 2m; =n — AB.

(2B) F is a monomial of degree ng = \. If A ¢ N, then we choose my = |A|. The Taylor
polynomial 7,,,(s) is identically zero, but the inequality holds with § = A — [A]. If
A € N, then F'is a polynomial and the Taylor polynomial is exact with mg = A.

(2C) In general, we showed that ¢(s) decays for large arguments like s~"~*, and the

derivatives decay even faster. Therefore the integral in condition remains finite.
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With these conditions, we obtain the upper bound for the quasi-Lagrange function
U ()] < O+ |l=f)) ™

for some constant C' and is capable of reproducing polynomials of degree |A|. Further-

more, we achieve the error estimate via the Strang and Fix conditions

O (k) if A ¢ N

1@nlf] = flloe = O (W log(1/h)) if A € N.

So far, we have investigated the most relevant cases of quasi-interpolation for this pa-

rameter configuration.

Case 3: A <0,8>0

For this case, we notice that condition (2C') from theorem 4.1 is not fulfillable because
the decay rate of p(s) < Cs™" ™ is not sufficient to keep the integral finite, see equ. 3.6.

Therefore, this case can not be used for quasi-interpolation.
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Case 4: )\, <0

Parameter ) .
. RBF ¢(r) = (* + T)‘)B Contour integral of the Fourier
configuration .
transform ¢(s)
79(7”) )\>0,/3>0
3,
=25 —1 [
21 T 2 3
A>0,6>0 »
—n—4 —n=2 —n o o o o
A A A 2 4
1 . ° ., o ) b by
4
0 : : —
1 2 3
o(r) A>0,8<0
3,
L[] [ ] L]
5 g-28-1 p
1 2 3
A>0,6<0
—n—4 —n-2 -n o o o o
Iy A Iy 2 4
1 ) °, o ) J by by
\ 7
0 T
1 2 3
;(y) A<0,8>0
3,
B—-28—-1 |
L] L] L] L] L] L]
2 f T 2 3
A<0,8>0 =
o o o) —n —n—=2 —n—4
1 2 e o L8 e
A}
0 d
1 2 3
A e A<0,8<0 1+ T \
: =
1 3t !
| B—28-1 B [
1 . . . :
1
' 21 T 2 3 '
A< 0,6<0 - »
| o o o —n —n—=2 —n—4 1
\ 1+ % %L /a\ 3 ﬁ . !
| ( 1
! I
I r |
! 0 ‘ |
|___________________________l ______ 2_ ______ T I P !

Table 4.3: Overview of the cases considered for the generalized multiquadric. The focus
is on the framed case.

As before, we define A= —\and B = —f to be positive. In chapter 3 we found out
that the only way to achieve a singular leading-order near the origin is for n > . Since

we aim for an even power of s, we assume that n — A € 2N. A direct consequence is
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that the dimension n > 3 is required. In both cases (n odd or n even), there appears a
double pole, leading to logarithmic terms in the asymptotic behaviour of our RBF near
the origin. If n is even, then ) is also even and the first double pole is at ¢, = {ﬂ All
poles less than ty lead to even powers of s such that a finite trigonometric polynomial

can handle them. Comparing this with the conditions from theorem 4.1, we get

F(s) 4+ bGo(s) log(s)

G(s)
from which we conclude that

G(s) = 5",
AU 1

F(S) = CJ(C,H’ )\’ﬁ)S]A_i_ j(c’ n’A,ﬂ)82]+n7)\7
j=0 j=0

Go(s) = s*[5171),

b= O(Cv n, 5‘) B)

We see that Gy(s) is a polynomial of degree ng = A (k-‘ — 1), with b # 0 and

(2A) G(s) is a polynomial of degree of positive even degree 2m; =n — .
(2B) F is a polynomial of degree ng, and for my = ng the Taylor polynomial is exact.

(2C) The integral of this condition is finite since $(s) < Cs™™ ), and the derivatives

decay even faster.

Applying Theorem 4.1 results in the decay rate of the quasi-Lagrange function is

W(2)] < C(1 + [z AR

and the polynomial reproduction holds for all polynomials of degree n — A — 1. With

this result, we can apply the Strang and Fix conditions to determine the uniform error
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estimate of order h"=> or A7 log(1/h), respectively. This fact is mathematically given
by

O (h”*X 1og(1/h)> if n, A€ 2N, n > A, m _

Qwlf] — fllee = O(h"’;\> ifn,\€2N,n> )\, HW >

M3 >3

Next, we analyze the case where n is odd. Then we also have to choose A odd. As
a consequence, the residue evaluated at ¢t = 2 contains an odd power of s. Hence, for n

odd, we obtain the asymptotic series

1 7n+225\71
Z (c,m, \, B)s A Cj(c,m, A, B)s¥ as s — 04
=0 =0
1 F(s) + bGo(s) log(s)
G(s)
from which we conclude that
G(s) = s
1 —n+22;—1
:ZC] n,\, )™ + Cj(c,n, \, B)s¥+m-
j= §=0
Go(S) =0
b=0.

(2A) G(s) is a polynomial of positive even degree 2m; = n— X and G(s) # 0 for all s > 0
(2B) F(s) is a polynomial of degree \, and for mg = A the Taylor polynomial is exact.

(2C) Again, the integral from this condition is finite for every choice of A\, 8 < 0.

Therefore, we obtain

W()| < C(1+ ||af))

The polynomial reproduction rate is given by £y = min{\, n—A— 1} The highest possible

order of polynomial reproduction is therefore given for A = “=. With these results, we

apply the Strang and Fix conditions and end up with a umform error estimate of order
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h* or h*log(1/h), respectively. This can be expressed as

—_

o (hi“ 1og(1/h)) if A < 2=t
||Qh[f] - f||oo - ) (h”_j‘> i

—_

>

> %

A comprehensive overview of the results achieved in this section for the generalized
multiquadric is presented in table 4.4. These results are in complete agreement with
examples found in the literature, for instance [16, p. 14]. They constitute a significant

contribution of this thesis, presenting the findings for the first time in such a general

form.
Conditions H Uniform error estimate
Case 1: A>0,6>0
A€2+4N | ez +N | nel+2N [ -2 €N [ O(hlog(1/h))
A€2+4+4N | fei+N | nel+2N | 2-2¢N | O(h¥)
ANEN BEN,F>0| nel+2N | AB€1+2N | O (h*log(1/h))
AENA>0|BEN,F>0| nel+2N | Ael+2N | O(h)
Case 2: A>0,6<0
A € 2N n>XM |n-MecaN| 2-leN |0 h”_wlog(l/h)>
€ 2N n>M\ |n-AjeoN| 2-1¢N |0 h”*Mé)
A ¢ 2N n>XA |n-Me2N| A¢N O (h*)
A ¢ 2N n>\ | n—A3e2N AeN O (h*log(1/h))
Case 4: A< 0,6<0
X € 2N n> X n € 2N neN | O h”_;\log(l/h))
A eaN n> A n € 2N 1¢N | o)
Ael+2N n> A nel+2N | A<=l | 0O hi+1log(1/h))
Ael+2N | a>X | mel+oN | Azt o(an)

Table 4.4: A comprehensive overview of the results achieved for the generalized multi-
quadric.
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4.1.2 Generalized Thin Plate Spline

In chapter 3.2.2 we showed that the only usable case for quasi-interpolation is the first

one, when A, 5 > 0. Hence, we will determine the approximation order for some possible

choices of the parameters \ and .

Case 1: )\, >0

Parameter . .
. RBF Contour integral of the Fourier
configuration Ao 5, .8 A
o(r) = (*+ 1) log (¢ +r transform ¢y(s)
A o(ry T TTTTTTTTTTTTmT T I N (R | !
: 81 :
1 1
1 1
' 6t 5-25-1 5 |5+ 342
! ° . . ° . " e " e !
1 1
oA >0,8>0 41 -
1 L] L] L] L] ] o] o] 1
! T 513 !
! 2] > :
1 1
1 0 :
b e DY SED 2 ____ 5 I '
o(r) A<0,8>0 N
871 —A<0,8>0,1>8
S--A<0,8>0,A=4
6l \ | A<0,8>0,A<8 %_2%_1 TR+ A4
. . ® . . .
A<0,8>0 4! >
L] L] L] L] [e] [e] [e]
—n—4 —n—2 —nj 2 4
2+ ﬁ’ B Il B 3
0 .....
1 2 3
o(r) A>0,8<0 N
g
6 3-25-1 % |3+15+2
. . ® o . .
A>0,6<0 4 >
o (o) o L] L] L] L]
4 2 —n —n-2 —n-4
3 B 3 & 3
2 : <
0
1 2 3
o(r) A<0,6<0 +
8 I
6| =241 5 [5+135+2
. . . ® . )
A<0,8<0 41 S
o] o [0) L] L] L ] L ]
4 2 —n —n—2 —n—4
3 B ] B 3
21 5 ¢
0
1 2 3

Table 4.5: Overview of the cases considered for the generalized thin plate spline. The

focus is on the framed case.
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This is the only case where the RBF itself is not singular and can be used directly. In
the last chapter, we found out that classical quasi-interpolation is possible if n, A € 2N.
The best results are achievable if 5 € 2N. We found in equ. (3.8) and (3.9) that
the asymptotic series contains only even powers of s until the first logarithmic term
appears. This logarithmic term is multiplied by some positive power of s. The form of

the asymptotic series is given by

n+A+dg

B(s) ~ 223 Cileyn A, B)s MY 1+ Ciem A B)slog (T) . ass =0,
1 F(s) + bGy(s) log(s)
G(s) ’

where dy = min {—n + 5 {%-‘ ,—n— A+ %g\-‘} > 0. Comparing this asymptotic
behaviour with Theorem 4.1, we see that Gy(s) is a polynomial of degree ng = n+ \+dp

and b # 0. Furthermore, we get

(2A) G is a homogeneous polynomial of positive even degree 2m; = n+ A\, which has all

zeros at the origin.

(2B) F is a polynomial of degree ng. Therefore, it is C>°(R, ) and the Taylor-polynomial

is exact with mg = ng.

(2C) For this special case, the Fourier transform decays faster then any polynomial grows,

and the same applies to the derivative. Hence, the integral stated above stays finite.

We conclude that there exist finitely many coefficients such that
U ()] < C(L+ [Jf]) 7.

Furthermore, the quasi-interpolation operator reproduces all polynomials of degree n +
A — 1. With all necessary components now established, the Strang and Fix conditions

can be applied, leading to the following uniform error estimate

O (h"* log(1/h)) if dg =0,

QT =11k =4 5 e i do > 0.

Next, we determine the approximation order if A € 2N but 5 ¢ 2N. In this case, the
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asymptotic series is of the form

£4(4]
o(s) ~ Cj(c,n, A, B)s AT 4 C’l(c,n, A, B)s AT as s — 0
=0
F(s) 4+ bGo(s) log(s)
G(s) '

!

Comparing this with the requirements from Theorem 4.1, we see that b = 0, and therefore

Gy is irrelevant. Furthermore,

(2A) G(s) is a homogeneous polynomial of positive even degree 2m; = n + A, which has

all zeros at the origin.

(2B) F(s) is not necessarily a polynomial but with my = |5] and 6 = mgo — [3], the
required inequality holds.

(2C) The decay rate is given by s~ # and all derivatives decay even faster. Therefore,

the integral given above is finite.

Under these conditions, theorem 4.1 guarantees the existence of finitely many coefficients
such that
[T (2)] < O+ [a|)™ "

Furthermore, the quasi-interpolation operator reproduces all polynomials of degree
min {[5],n + A —1}. With all necessary components now established, the Strang and

Fix conditions can be applied, yielding to the following uniform error estimate

O (h?) if 8] <n+X-1,
|Qnlf] = flleo = { O (kP log(1/h)) if [Bl=n+A—1,
O (h") if [8]>n+A-1.

The comprehensive overview of the results obtained in this section for the generalized

thin plate spline are presented in table 4.6.
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Conditions Uniform error estimate
ANE2N|BE2N|ne2N| dy=0 | O (" log(1/h))
AE2N| B €2N |ne2N| dy>0 | O(h")

Ae2N | B¢2N | ne2N|B<n+A| O(h)
ANE2N | B¢2N | ne2N | f=n+A Oghﬂlog(l/h))
AE2N | ¢2N |ne2N|B>n+A| O(h")

Table 4.6: A comprehensive overview of the results achieved for the generalized thin plate
spline. Here, dy = min {—n + 8 {%-‘ ,—n— A+ PTJE/\-‘ } > 0.

4.2 Quasi-Interpolation of non-RBFs

Apart from quasi-interpolation using RBF's, which offers a constructive method for con-
structing the approximant, there exist other, more sophisticated approaches. Bessel
functions offer numerous identities, including summation formulas that are structurally
similar to those arising in the quasi-Lagrange operator. Bessel functions are also em-
ployed as kernels in classical RBF interpolation, even in cases where they are not positive
definite [24]. Additionally, the von Neumann series plays a noteworthy role in function

approximation.

Numerical experiments indicate that the Bessel function of the first kind is a suitable
candidate as a quasi-Lagrange function. Summation over the index of the Bessel function

reproduce polynomials of degree two. For x € R, we have found numerical evidence that

Z‘]](x) =1,

JEZ
> idi(x) =,
JEZ
> i) =4
JEZL

We will prove these claims later. While the first relation is widely known, the remaining
two are less prominent. To the best of our knowledge, these relations have not been
previously considered in the context of quasi-interpolation. For this reason, we propose
using Bessel functions as our quasi-Lagrange functions, setting V,(z) = J;(x). For integer

values of j the Bessel functions provide some useful symmetry properties

J_j(x) = (~1Y (@),
Ji(~2) = J_(x).
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Consequently, many terms in the aforementioned sums cancel out. The behaviour of the

Bessel function for large 57 and = > 0 is given by

1 AN _ .
(=17 /2)’ . .

The behaviour for x < 0 can be figured out using the above identities. For x = 0 we have

1, (4.3)
J(0)=0,  Vjez\{o} (4.4)

In all cases, the above sums are absolutely convergent for polynomials of any degree.
Note that the equ. (4.3) and (4.4) can also be written as J;(0) = d; and therefore, the
quasi-Lagrange operator will interpolate every function at x = 0. For an integer j the

Bessel function has the integral representation

1 [ ...
Ji(z) = o~ / lUr—zsin(m)qr,

With these identities, we now prove that the Bessel function, when used as a quasi-

Lagrange function, reproduces polynomials of degree two. For k € N we find

S @) = YA = / eilim—sin(r) g~

JEL JEL

™ .. Y
_ = —iz sin(7) -k ijT
9 | e Z] eV7dr

JEZ
i " —1.7,‘5111(7’ Z k 1]7'd7_
2T dT
]EZ
(_l)k " 7133811’1 T) ijT
=5 di Zej dr, (4.5)

R/—/
2w Aoy (T)
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where Ay, (7) denotes the Dirac comp with period 27. Since 7 € [—7, 7], we can reduce
the Dirac comp to the Dirac delta distribution. The sum » ez e“T does not converge in
a classical sense but can be interpreted as a functional in the sense that is explained in
equation (4.7) and (4.8).

Integration by parts leads to

. : " dk —iz sin(T
Z]ij(x) = 1’“/ 5(7)ﬁe dr

JEZ -

(4.6)

The evaluation of the sum is now reduced to the calculation of the kth derivative of
two chained functions. In equ. (4.5) we used a series representation of the Dirac delta

distribution. This is justified by the relations

™

lim On(z) f(x)dx = f(0), (4.7)

n—oo [_

where
1 ..
Sz) == > e". (4.8)

Further details and related identities concerning the representation of the Dirac delta
distribution can be found in [1]. For the proof of the approximation order, we require
equ. (4.6) in an explicit form. The kth derivative of a composition of two k-times differ-

entiable functions f and ¢ can be expressed using Faa di Bruno’s formula

)mé
where the sum is over all non-negative integer tuples (my, ..., my) in conjunction with

the constraint 1my + 2mg + 3ms + - - - + kmy, = k, [46, p. 85]. Applying this formula with

d* k! ) :
)= il (9(7)) - H

(=1

(9(2!(7)

f(y) =¢¥ and g(7) = —izsin (1), we obtain

F ) — ik k! et sy T [ arsin(r) )"
Z] () =i Zml!mz!“'mk'(_l) e H —

jez (=1
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Next, we set 7 to zero. If £ is even, then the (th derivative of sin(7) evaluated at zero
is zero. Since any zero term causes the entire product to vanish, the only way for a
summand to remain non-zero is if my = 0 for all ¢ € 2N. We define k to be the largest
odd integer less than or equal to k and k be the largest even integer less than or equal
to k. From this, it follows that

which implies all m, = 0 for even ¢. Therefore, the sum runs only over non-negative

integer tuples (mq,ms ..., m;) satisfying the constraint

Imy +3ms +--- + kmy = k.

With these results, we obtain

::]»

ijj<x) — Zik+3(m1+m3+...m,~€)(_1)m3+m7+...+mk
j ’ ml'ms
JEZ ez

(7)"

Next, we analyze the interaction between the imaginary unit and the minus signs. To do

so, we write
ik+3(m1+m3+...m,;)(_1)m3+m7+~~-+mk — ik+3(m1+m3+..‘m;)+2(m3+m7+-~+mk)

k 1 |-k+1J
k3 mi+32,2) mopt1 | 42351 - map—1
= 1

and subsequently focus only on the exponent. Using the relation mq+3ms+- - -—i—/;m,; =k

for mq, we get

é71 Lk+1J
k+3 ml—i-ngpH + 2 Z Myp—1

p=1 p=1
2 2 4
=4k +3| - Z(Qp + 1)m2p+1 + Z Mop+1 + 2 Z Map—1
p=1 p=1 p=1

1%71 Lk+1J
=4k — SZme2p+1+2 Z Map—1

p=1 p=1
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|5 L5 L5
=4k =3 > Apmup —3 Y (Ap—2)mup 1 +2 Y map,

[ [
=4k =3 > Apmup — Y (12p — 4) mypy
p=1 p=1

Ea Ea
:4 k’ — 3 Z pm4p+1 — Z (3]? — ]_) m4p_1

p=1 p=1

Since all m; and the index p are positive integers, we have shown that the exponent is
an integer multiple of four. Asi* = 1, it follows that i raised to this exponent equals one.

Consequently, all signs and powers of the imaginary unit cancel out, yielding

. k! PN
ijjj(x) - Z mylms!---mj! el_Il (E) ’ (4.9)

JEZ m1,m3,...,mg,

with the conditions

0 = my, (e 2N
k=my +3ms + -+ kmg.

The evaluations of equ. (4.9) for the first few values of k are given in table 4.7.

ZjeZ " ()

1

T

72

x + 23

42?4 24

x4+ 1023 4 2°
1622 + 20x* + 25

UL W N~ O

Table 4.7: Evaluation of the first six polynomials generated by equ. (4.9).

Note that for every k£ € N, the polynomial has only positive coefficients, and these
polynomials are not orthogonal with respect to any inner product. This can be demon-
strated using the recurrence relations that characterize orthogonal polynomials, [1].

Higher-degree monomials can be represented as linear combinations of the preceding

polynomials. This is illustrated in Table 4.8
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Monomial | 3., 7*J;(x)
1 ZjeZ Jj(x)
Z Zjezj‘]j(x)
a? Zjer Ji(z)
a’ > ien(d® = 3)J;(2)
! 2362(4—43) i()
z? > ien(° = 105° + 95) J;(2)
x° ez (3® = 205* + 6452) J;(x)

Table 4.8: Linear combinations for higher order monomials.

This enables the definition of more complex linear operators capable of reproducing
higher-degree polynomials. We will not explore this topic further. Instead, we focus on

modifying the quasi-Lagrange function to achieve higher polynomial reproduction.

Knowing the polynomial reproduction properties of the Bessel functions, we use them

as our quasi-Lagrange functions and determine the approximation order of the quasi-

, x
= f(ih)J; (ﬁ) :
JEL
To this end, we assume f is an analytic function with bounded derivatives. We define

f=)
)

Lagrange operator

p(y) = f(z)+ f(x)(y — =) + (y— )

as a polynomial of degree two. Note that the quasi-Lagrange operator will reproduce this

special polynomial, hence

. Yy
= Zp(Jh)Jj (ﬁ> :
JEL
For the special case y = x, we have
= > p(i)J; (7 ) = F@).
JEZ

The function f is analytic and therefore, we can write f through the Taylor series eval-

uated at the point z and get

0 £(k) (4
sz k,( J(y— 2"

k=

w
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With these identities we determine the approximation order

using the binomial theorem results in

S f(k)($> : k! k—0/ :7\0 z
=>.2. i ;E!(k—é)!<_x) (Gh); (E)

JEZ k=3

Interchanging the order of summation and using the summation formula for the Bessel

function results in

o0 k k—p0 | ¢ m;
N o) b Tl
J9@) 0k —0)! > malmg! - mj] H i)
k=3 =0 mi1,m3,...,mj j=1
where again m;+3mg+- - ~—|—l7mg = { and mgy, my, ..., m; = 0. Here, { denotes the largest

odd integer less than or equal to ¢ and { the largest even integer less than or equal to £.
The lowest order in h (O(h°)) appears if and only if m; = ¢. The summation condition
ensures that only positive and even powers of h are obtained. The next order is then
O(h?), corresponding to m; = £ — 3,m3 = 1. This implies that ¢ > 3. All subsequent
terms appear at order O (h?) or higher, occurring only for £ > 5. Many terms arise only
for sufficiently large ¢. To handle these terms, we introduce the Heaviside step function
as

1, z >0

0, x < 0.

& Mozt gt 2000 -3 4p
1) ; <(k )— 0 (elhf = 3)<!3!hf—)2 +O(E=5)0(h >>

(—x)F* (xe 2 72h20(0 — 3)

Tt —a—sm O 5)0(}#)) .

(4.10)
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We now consider the first term

Z

k k—e
£=0

(ot
ore okl ;
k

— (‘]j)k > (1) (E) — 0. (4.11)

Since k£ > 0, the sum over alternating binomial coefficients is zero, and the first order

O(h®) cancels out. Next, we consider the second order:

k k € - 2h2®(€—3) B (_x)k—2h2 k (_1)4
ZZ 0)! -3 3! — (k=0 -3)!
(—1)R=32=2p2 2 (= 1)4(k — 3)!
Bl(k—3)! & (k—(—3)!

)
(
G s ’;ié(_l)e (k: - 3)1

31(k — 3)!

(.

v~

=6k,3
xh?

R

Substituting the results back into equ. (4.10) results in the approximation order of O(h?)
or more precisely
fO(x)

nlf)(z) = f(@) = =5 —ah® + O(h"). (4.12)

Note that our quasi-Lagrange operator converges quadratically but not uniformly to the
function f. At x = 0, the error is zero, meaning that we interpolate exactly there, but
the error increases as || grows.

This discovery gives rise to several natural questions:

1. Can we modify the Bessel function such that we achieve a higher polynomial re-

production and approximation order?
2. How can this be extended for scattered data?
3. Can uniform convergence be achieved in place of pointwise convergence?

4. Can this approach be extended to higher dimensions?
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The answers to these questions are affirmative, and in the subsequent subsections, we

will rigorously explore the procedures through which this can be achieved.

4.2.1 Enhanced Approximation Order

Instead of utilizing the Bessel function as the quasi-Lagrange function, we now modify

the integral representation in the following manner

1"
U, (x) / eUT=29dr,  jeN,

~or

—T

for some function g which needs to be determined. For g(7) = sin(7), this corresponds
to the definition of the Bessel function. With the assumption that ¥; decays sufficiently

fast (a condition we will verify later), we obtain an expression analogous to equ. (4.6)

: ke N. (4.13)

7=0

& S
ZJ Ui(z) =1 @e T

To determine the conditions on the function ¢ for polynomial reproduction, we examine
the first derivative (k = 1)

x = ge~#9(M) g(1) (7).

From this, we can immediately deduce that g(0) = 0, and ¢!V (0) = 1. If we differentiate
the right-hand side of this equation, we obtain only monomials, as every higher derivative

of g(7) vanishes at 7 = 0. This result is summarized in table 4.9.

Order of polynomial reproduction | Accumulated conditions
0 g(0) = 0
1 gMO) = 1
2 g®(0) = 0
3 g3 (0) 0
k g® ) = 0

Table 4.9: Conditions the function g(7) from equ. (4.13) must fulfill in order to achieve
the desired polynomial reproduction, under the assumption that the sum converges.

The conditions are essential to ensure that the function g(7) satisfies the required

properties for polynomial reproduction. However, the convergence of the sum has to be
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rigorously established to ensure that the series is well-defined and that the desired results
hold consistently. This requirement, does not always hold. A clear illustration of this
phenomenon is provided by the trivial solution g(7) = 7. In this case the conditions are
satisfied for polynomials of any degree. However, the quasi-Lagrange function can be

2sin(7w(j—x)

evaluated exactly as V;(x) = 27 sinc(j — z) = =1 ) which decays so slowly that it

is only capable of reproducing constants.

From this example, we observe that the function g influences the decay rate of the
quasi-Lagrange function. Therefore, we aim to identify the specific properties of ¢g that

govern this decay behavior.

The integral representation of the quasi-Lagrange function can be interpreted as the
j-th Fourier coefficient of a 27-periodic function e?*9(7) . The decay rate is therefore closely
linked to the Fourier series of ?*9(") where the decay rate is governed by the properties of
g(7). If g(7) is not 2m-periodic, the periodic continuation of g(7) will not be continuous.
As a result, the decay rate of the Fourier coefficients will be in (’)(%) This slow decay
rate arises because the discontinuity in the periodic extension introduces additional high-
frequency components, leading to a less rapid decay of the Fourier coefficients. For higher
decay rates, the function ¢g(7) must be 2m-periodic. In this case, the smoothness of g(7)
directly influences the decay rate of the Fourier coefficients. Specifically, the smoother
the function, the faster the decay of the Fourier coefficients. If the function g(7) is in
C*, then the quasi-Lagrange function will decay at a rate of O(J,C%) This means that
the smoother g(7), the faster the decay of the corresponding quasi-Lagrange function.
Finally, if ¢g(7) is smooth, the decay rate of the quasi-Lagrange function will exceed
any polynomial rate, decaying faster than any polynomial function of j can grow. This

represents the optimal decay rate achievable, which also holds true for the Bessel function.

To achieve the highest possible decay rate, we use the following approach

N
2

1 _
g(1) =~ are®™ =Y by sin(kT), (4.14)
1

—__N =
k=—14 k=0

m‘z

where we assume N € 2N to be finite, and the coefficients a; € R respectively b, € R
must be chosen such that the conditions summarized in table 4.9 are met. This approach
guarantees the high decay rate as g(7) is 2m-periodic and smooth. Using this approach,
every second order of the derivatives evaluated at zero vanish automatically. Therefore,

the degree of polynomial reproduction is even. For this approach, we can precisely
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determine the decay rate of ;. We begin with the integral representation

1 s ™
U,(z) = 2—/ ITe I qr = — T dr
7T —T
o0 Z T
—ix)" 1 iir
= ( é') %/ T g(r) dr
£=0 -
N ¢
- (_x)é 1 /W T - ikt
= — e ae dr
; & 2, :z_:N
2
> () 1 L / irS 2 ko
:Z( ;) 2_/ e’ ( >a°‘e R
=0 TJ-r g\
o0 ¢
—x l
XSS (L)ee s
(=0 e N Py ke
0 L«
—x)'a
- ( a)v 0¥
=% lal=t Rl
where o = (a_%,oz_%ﬂ,...,a%) is the multi-index and a = (a_ N,a N+1,...76L%) is

the vector containing the expansion coefficients of the sum. Non—vamshmg terms in this
sum occur only if £ > %, as only in this case the Kronecker delta condition is satisfied.
From this expression, we observe that for large 7, the function decays factorially, thereby
ensuring that the quasi-Lagrange operator is well-defined for every polynomial. For a
given N and coefficients ay, this expression can be used to derive the series representation
of the quasi-Lagrange function, which enables significantly faster evaluation compared to

numerical integration.

With these results, we can now construct quasi-Lagrange functions that are capable of
reproducing polynomials of arbitrary degree. For example, the quasi-Lagrange function
using ¢(7) = %sin(T) — %sin(QT) reproduces all polynomials of degree four. While these
results are promising, our primary interest lies not in polynomial reproduction itself, but
in the approximation order. The next step is therefore to determine the approximation

order of our newly constructed quasi-Lagrange functions.

Analogously to equ. (4.9), we now have a slight modification

my

Y@= Y b m,H p“”p SNCEL)

JEL mi,ms,...,mj,
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with the conditions

0 = my, Vi € 2N,
/{;:m1—|—3m3—|—~--—|—l~€m,~€,

where b, are the coefficients from equ. (4.14). As before, k denotes the largest odd integer
less than or equal to k. To derive the approximation order, we perform calculations similar
to the previous case for the Bessel function. We assume that we have a quasi-Lagrange

function that reproduces all polynomials of degree n € 2N. We define

— f¥(x)
pw) =) G y—2)
k=0
for the function f to be approximated and write

Q) — £ = 32 (GH) — ) 5 ()

jez

- > Egn-ar, (5).

JEZ k=n+1

Applying the binomial theorem yields

k)

> ®) () & k! . T
=2 > ! k'( );E!(k—f)!(_x)k )", <E>

JEZ k=n+1

Interchanging the order of summation and using the summation formula for the new

quasi-Lagrange function from equ. (4.15) leads to

mj

) k N .
_ f® () k=t ¢ 4 z Y0 bpp?
=2 2o 2 o T

where again m; + 3mg + --- + Emg = { and mgy,my,...,m; = 0. The lowest order in
h (O(h®)) appears if and only if m; = ¢. The next order is then given by O(h") for

my =f—n—1,m,.1 = 1. Recall that, from the conditions for polynomial reproduction,
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we know that

(1) Z bk cos(kT)

=1 = ) bk =l
k

=0 = ) bk’ =0
k

7=0

g¥(r) = Z bk? cos(kT)
k

7=0

g V(7 Zbkk,‘” Y cos(kT)

=0 = > hk"'=
k

=0

Therefore, all orders between 1 and n, vanish identically. The second non-vanishing term
is for £ > n + 1. All following terms are of order h"*2 and appear for £ > n + 3. Taking

these comments into consideration, the approximation error can be expressed as

00 k {—n % n+1
f(k kze at 7Ol —n —1) ~y bpp
Qnlf](z z:;%k W et @—n—1Mn+Umf"

k=n+1

—~

+@w—n—aomw2§>

i i f(k — IE N x@—nhn@(g —n— 1) % , bppn—i-l
2 k e 17 T—n=DinL1)

k=n+1

+@w_n—a0mma)

Analogous to the Bessel case, the sum over the first term cancels out. The calculation is

shown in equ. (4.11). We will now focus on the second term

i k 0 l- "RO(C —n — 1) (_x>k—nhn k (_1)£
= (l—n—1l(n+1)! (n+1)! Pt (k=0 —n—1)!
( 1k+1knhn knl _n_1>
T+ D)I(k—n—1) k—n—1—@a

)
G
miiifgfn"fﬁ.“l v ()
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B xzh™

————— Okt
(n+1)| kn+1

Utilizing the results obtained, the final approximation order is derived as O(h™). The

following formula expresses this result in more detail

fo (@ n - n+1 n+2
Q) = 1) = et S b+ 0

where % is the number of coefficients b, used for the modification of the Bessel function
as our new quasi-Lagrange function. To answer the initial question, we have developed
an approach that enables the construction of a quasi-Lagrange function with polynomial

reproduction and an approximation order of arbitrary degree.

4.2.2 Scattered Data

The majority of approximation tasks require approximating a function based on a set
of scattered data. In the case of RBFs, the expansion of the trigonometric polynomial
outlines the conditions necessary for handling scattered data. However, the application
of our novel approach remains to be explored. In this subsection, we first derive an
expression using the Bessel function and then generalize these results to achieve a higher
approximation order.

Before we start, we define the set = = {x;,7 € Z} as the set of distinct scattered
points with the associated function values f;. Furthermore, we assume that = is ordered
and z; — 00 as j — £oo. In other words, = is a quasi-uniform set.

Instead of directly using the Bessel function or the modified approach presented in the

last subsection, we now use a linear combination of them as the quasi-Lagrange function

Ui(x) =Y piwdin(x).
keZ

For better comprehension, we use the Bessel function. However, the modification is one
to one interchangeable. We assume the coefficients p;; to be finitely supported with
respect to k. In the following, we will figure out how to determine these coefficients to
make this approach applicable to scattered data.

We represent each scattered point as z; = jh+xo+ A, where h is some grid spacing,
xo is some translation, and A; is the difference from the grid point to the actual data

point. The translation x is chosen such that Ay = 0. We then interpolate the function
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f at xyp. The translation has no impact on the approximation order. Note that A; is
not necessarily small and depends on h. While the theoretical results are independent of
h, in real world applications, the parameter h affects the summation convergence speed.
This is due to the fact that both, the differences A; and the coefficients p; j, change their
values, and the argument of the Bessel function shrinks for larger values of h. Since the
value of the Bessel function decays factorially, this effect has a greater impact and leads

to practically faster convergence.

The decay rate of the quasi-Lagrange function is the same as that of the Bessel
functions, and therefore, we know that the sum converges absolutely for every polynomial.

Starting with the reproduction of constants, we obtain

LY, (x—:v0> S5 (x—xo)

JEZ JEZ k€EZ
r — 2o
=>> :Mj—k,k(]j< . )
JEL kEL

With the condition ), ., ptj—rx =1, Vj € Z, we end up with

Y/ <x—hx0> ~1.

JET

In the following step, we identify the conditions for linear polynomial reproduction

P () = St 0T (5)

JEZL JEZL kEZ
. r—T
:Z Z(]h + Ty — kh + Aj_k),uj_k,ij ( A O)
JEZ keZ
r — X9 r — X9
—Zjh+l’o ZM; kkJ< ) ZZ A —kh)p;- kkJ< . )
JEZL keZ JEZ keZ

r—T
=r+ ) > (Ajok = kh)pjokpd; < - ) :

JETZ keZ

With the condition ), ,(A;_x — kh)pj—rr =0, Vj € Z, we end up with
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Finally, we check the required conditions for quadratic polynomial reproduction

! T — %o . T —

JEZ JEZ keZ
. r—
:ZZ(]h—FxO—FA],k —kh)ZNj,kijj ( h 0)
jeZ keZ
. . r — X
=30 (4 a0 20+ )y~ )+ Ay~ W)y (S5
JEZ keZ
- r—x . r—x
=> (jh+z0)*J; ( ; O) Dtk Y 20k 4 x0) Y (A — kR)pypn ( W 0)
jez keZ jeL keZ )
] =0
+ZZ(A. w— kR —p T~ %o
‘ J— J—RRY] h
JEZL k€EZ
xr — X
=27+ ) ) (Ajk — kb ik ( W O> :
Jez kez

With the condition »°, ,(Aj_x — kh)?pj_rr =0, Vj € Z, we end up with

In summary, we find that the quasi-Lagrange function W;(z) reproduces all polynomials

of degree two for scattered data, provided that the coefficients satisfy the conditions
® D kez Mi—kk =1, VjeZ
® > en(Bjk —kh)pjrx =0, VjEZ
® > en(Bjk — kh)?uj-ke =0, Vje€Z

The solution is not unique, as the number of coefficients is not fixed. In this specific

example, we solve the system of equations using three non-zero coefficients, namely

_ A (Aj-1 —h)
T T A = A — ) (— Ay + Aj + 20)
o (h—Aj1) (Aj1+h)
Hi0 = (A T A+ h) (A, + Ay + )
o Aj(Aji1+h)
A T CA L A+ ) (A, + A +20)
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In the final step, we shift back the index 7 and obtain the final scattered data represen-
tation for the Bessel function

Ajy (Aj_y — h)
By =B —h) (A, 51 A, 1 2ny 1 @)
(h Aj1) (Ajr1+h) J ()
(—Ajo1 + A5+ h) (=4 + Aj + h)
Aji1 (Ajyz + h) Tiur (2)
(A + Aj +h) (A, + Aj oy +20) 7D

V(z) =

+

+

where A; = jh + 29 — z; and h is the grid spacing which can be chosen arbitrarily.
However, choosing h on the order of the distance between the data points is a reasonable
approach. Up to this point, we showed for the explicit example of the Bessel function
how we can derive a quasi-Lagrange operator which can also handle scattered data. Now,
we will generalize this to the modified Bessel functions from section 4.2.1 and determine

the conditions the coefficients have to satisfy.

Assume a quasi-Lagrange function q/](:v) is given, where the quasi-Lagrange operator,
as shown in subsection 4.2.1, reproduces all polynomials of degree n on some grid with

grid spacing h. Again we use the convention z; = jh+xo+A;. For 0 < ¢ < n, we obtain

1 r—2 . ~ Tr—2x
£ :ng\ljj (T()) = Z(jh—i‘l’o +Aj>ZZNj,k‘I}j+k < A 0)

JEZ JEZ keZ
X ~ xr — X
=YD Ghtwo+ Ak = kh) s ( . 0)
JEZ keZ
—zzz ( Yt 2 ks (£522)
JEL keZ p=0
. _ ~ r—X
JEZ p=0 p keZ

With the condition ), ,(Aj_x — kh)Ppj_pr = Opo, Vj € Z and VO < p < £, we
continue with

. ~ r—T
:Z(JthIo)e‘I’j( . 0)
JEZ
:Ie.

To summarize this subsection, we conclude that if a quasi-Lagrange operator possesses a
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specified polynomial reproduction ¢ and approximation order on an infinite grid, it can
be extended to scattered data by introducing a new quasi-Lagrange function defined as a
linear combination of the previously used functions. The coefficients 1, are calculated

by solving the linear system of equations

D (Djok = kh)pj gk = 0po, Vi EZNO<p< L

keZ
For the special case of the Bessel function, we have provided the explicit formulas for
these coefficients. For practical computations, using a shifted version is recommended to
avoid redundant evaluation of the same quasi-Lagrange function.

In conclusion, to address the initial question, the approach for the quasi-Lagrange

function can indeed be used for quasi-interpolation of scattered data.

4.2.3 Uniform Convergence

For the Bessel function, we showed in equ. (4.12) that the approximation order is given
by
fO()

nlf](x) = f (@) = =5 —xh® + O(K").

There are some practical issues with the approach presented up to this section. Although
we focus on the Bessel function, the same argument applies to the modified functions.
The primary issue is that the convergence is only pointwise, not uniform. Consequently,
for large arguments z, it is necessary to choose a sufficiently small grid size in order to
achieve an adequate approximation. The second issue occurs also for large arguments
z, because the sum Qu[f](x) = >, f(iR)J; (%) converges slowly. The rapid decay
of the Bessel function is only guaranteed when the order is significantly greater than
the argument. Furthermore, evaluating the Bessel function for large arguments becomes
more costly, as a larger number of terms in the series are required to converge.

To address the issues for large arguments, we propose introducing shifts such that
the argument of the Bessel function always lies within the interval (—%, 2]. This can be
achieved by approximating each interval piecewise. Table 4.10 shows some examples of
how the quasi-Lagrange operator changes for different intervals of x.

For the general definition, we need a function that determines in which interval the
argument lies. We call this A(z) = (z + %) /1, where / is the quotient. In other words,

h
the /1 operator takes only the integer part of the number. The quasi-Lagrange operator
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(_%7 %] dez f( h)']J (%)
(5 3h]] > e F(G+Dh)T; (52)

dez f((] + Z)thg (zi%)

—~
||
o[t

(@k-1h  (2k+1)h
(= =]

Table 4.10: Examples of shifts for piecewise approximation of each interval. Analogously,
this can be done in the negative direction of x.

is then given by

=" £ + A@)h) (iﬁ) |

jEz

There are several things to note with this kind of approximation:

1.

The function A(z) is not continuous. Therefore, the entire quasi-Lagrange operator

is not continuous on the interval boundaries.

Since the function A(z) evaluates integer values, only the known values of f on the

grid are utilized.

The argument of the Bessel function lies within the interval (—2 which results

27 5]
in a rapidly converging quasi-Lagrange operator. Additionally, the evaluation of

the Bessel function becomes more efficient.

Since the argument of the Bessel function is bounded by %, we get an approximation

order of O(h*), which is expressed as

fO() b

Qul)(a) - flw) =

5+ O(h%).

This proves not only uniform convergence, but also an improvement in the approx-
imation order by one degree compared to previous results. This is a noteworthy

outcome.

In fact, we are not merely interpolating the function at x = 0, but now for all given
grid points. This is due to the property J;(0) = 4,0, which holds for the Bessel

functions. This property also extends to the modified Bessel functions employed to
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achieve enhanced approximation order. With these modifications, we have not only
developed a quasi-interpolation method, but also an actual interpolation method,

which represents a significant and remarkable result.

6. The concept can be similarly extended to scattered data in an analogous manner.

If ¢ € (=22 Zetl] k€ 7, then we can write

Qulflla) = X flepmw (157).

JEZ

In this particular example, the quasi-Lagrange function is denoted by W, due to the
necessity of a linear combination of Bessel functions when dealing with scattered
data.

4.2.4 Higher Dimensions

We have achieved significant results for quasi-interpolation by utilizing modifications of
the Bessel function as the quasi-Lagrange function. The only limitation is, that these
results are restricted to one dimension. For the RBF's, we employed the Euclidean norm
to reduce the problem to a univariate function, which allowed us to handle it effectively.

For the Bessel function approach, this is not feasible because it relies on specific
terms canceling each other out. As such, the use of any absolute value is not applicable
in this context. The simplest approach in higher dimensions is to use a tensor product for
approximations. Let z € R™ and j € Z", then we can define the quasi-Lagrange function

Ui(z) = Jj (v1)Jjp(22) - T, ()

All properties and approximation orders will be consistent with the one-dimensional
results. We have not identified a more elegant method to generalize these results to

higher dimensions yet.

4.3 Summary

In this chapter, we presented the results for the new generalized multiquadric (see ta-
ble 4.4) and the new generalized thin plate spline (see table 4.6) for the best parameter

configurations usable in classical quasi-interpolation. To the best of our knowledge,
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these results are shown for the first time in this level of generality. Furthermore, we
achieved higher approximation orders than those of the classical multiquadric and thin
plate spline. Beside the RBFs approach, we introduced a new non-RBF approach using
Bessel or Bessel-like functions. We showed how the quasi-Lagrange function has to be
modified to achieve sufficient approximation order. The extension to scattered data was
presented, and the convergence properties and practical implementation were discussed.

In summary, while the RBF approach is well known, we presented new results for
more general RBFs. The non-RBF approach is totally different in the results and the
proof structure. There are two downsides to the non-RBF approach at the moment. On
the one hand, the quasi-Lagrange operator is not continuous, and there is no elegant
way for data in higher dimensions. On the other hand, the quasi-Lagrange operator has
great convergence properties leading to efficient evaluation, and the approximation order
compared to the classical quasi-interpolation in one dimension is quite high.

The non-RBF approach is presented here for the first time, and further research needs

to be done for additional properties and applications.



Chapter 5
Numerical Examples

In this chapter, we present some numerical examples to illustrate the theoretical results
achieved in chapter 4. For the sake of traceability, we consider examples in one and
two dimensions, based on gridded data. We also present the exact coefficents used in
the approximations. With these coefficients, one can directly evaluate the approxima-
tions and compare them to alternative methods of interest, without requiring a detailed

understanding of the underlying theory developed in the preceding chapters.

5.1 Examples in 1D

To demonstrate the accuracy of our quasi-interpolation using the newly discovered func-
tions, we employ three different test functions fi, fo, f3 for approximation. These func-

tions are also employed in [42].

2

8

i) = (o + DPexp (=15 ) conle - 2)

1

=}

o) = 25ep (12 ) snlel”
72
fs(z) = 25exp (_E) |sin(z)]| sin (z)”
where z € R. While f; € C*®(R) is analytic, f, € C*(R) is twice continuously dif-
ferentiable, and f3 € C?(R) is nine times continuously differentiable. For comparison,
a Gaussian function scaled by a factor of 25 is used to ensure that the test functions

are approximately localized in the interval [—10, 10] and have similar magnitudes. For

115
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simplicity, we use gridded data with grid spacing h. The error is measured by

eﬂﬂz(/wuuww%muwdﬁé

10

The error integral is evaluated via NIntegrate, Mathematica’s built-in function using a

local adaptive integration strategy [32].

5.1.1 Generalized Multiquadric

In the previous chapter, we observed that the best results are achieved when A € 2 + 4N
and 8 € % + N. To illustrate the method, we vary the parameter A while fixing § = %,

as in the classical multiquadric function. The RBF's are then given by

(,01(7“) =V c? + 7’2,
902(r) =V 66 + TG:
3(r) = Vel 410,

The first RBF is the classical multiquadric. The quasi-Lagrange function for the classical

multiquadric is given by The quasi-Lagrange functions are given by

W(x) =gr (Il — 1) — erlllel]) + gealllz + 1),

This quasi-Lagrange function exhibits the decay property ¥i(z) € O ((1 + ||z]|)73) as
l|z|| — oo. Furthermore, the quasi-Lagrange operator reproduces all polynomials of

degree one, and the approximation order is given by O (h*log(1/h)).

The second quasi-Lagrange function is

Us(w) = > pupa(llz — k),

k=—4
where the coeflicients are
14/7 — 1356 T (L) T (%) A5AT (DT (L) —8y/m
H—g =g = ) H—3 = U3 = )
5760/ 240~/
338y/m — 945¢'T (£) T (%) 945¢'T () T (5) — 488/

e 1440y/7 S 720/7
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_7(26yT —45¢'T () T (3))
fo = 192/7 '

This quasi-Lagrange function exhibits the decay property Wy(z) € O ((1+ ||z][)™") as
||z|| — oo. Furthermore, the quasi-Lagrange operator reproduces all polynomials of
degree three, and the approximation order is given by O (h?).

The last quasi-Lagrange function is

7

Uy(x) = > meps(|le — kI|),

k=—T7
where the coefficients are given by
o N Sp N 37 g Fp 2767
Her =HT = 7170592 © 82944 T 3628800 H=6=H6 = 55506 ~ 5184 14515200’
o 91c%q n 115c%p n 6271 o 91c%q  31c5p 73811
H=s =15 = 7170592 © 82944 ' 3628800’ Hod == 50648 ~ 5184 7257600
o 1001c%q n 1441c%p . 157477 o 1001c®q  187c%p 1819681
H=3 =M = 7990500 " 82044 ' 36288007 M2 M7 T55206 5184 14515200°
1001c®q  1529c¢% 286397 143c®¢  55c¢°% 353639
H—1 =1 = — + + , o = — — ,
36864 | 27648 1209600 1608 864 1209600

55w 55w
SO e
This quasi-Lagrange function exhibits the decay property ¥3(z) € O ((1+ ||z||)~!) as

where g = s and p =

||z|| — oo. Furthermore, the quasi-Lagrange operator reproduces all polynomials of
degree five, and the approximation order is given by O (h°).

Figure 5.1 shows the results of these approximants. The approximation order in-
creases with higher values of the parameter \, provided that the approximated function

is sufficiently smooth. When aiming for an accurate approximation, the smoothness of

the target function should be taken into consideration.
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h
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h

Figure 5.1: On the left side, the test functions f with their associated approximants
is displayed. The first two approximants use an shape parameter ¢ = 1 while the last
one use ¢ = % On the right side, the error of the approximants to the test functions is

visualized.
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5.1.2 Non-Radial Basis Functions

As shown in Section 4.2.1, we present the first three approximants with increasing ap-
proximation order. Furthermore, we approximate each interval individually, as shown
in section 4.2.3. This enables efficient computation of the modified Bessel function and
facilitates fast convergence of the quasi-Lagrange operator. For demonstration purposes,

we use gridded data. The quasi-Lagrange operator is given by

Qualf(2) =3 (G Jh) Uy (%) . ke{1,2,3},

JEZL

where k decides which quasi-Lagrange function is chosen and A(z) = (£ + 1) /1, where /
is the quotient, as shown in section 4.2.3. The first quasi-Lagrange function is the Bessel

function itself, hence
V() = Jj(x).

The Bessel function is well known and for small arguments the evaluation can be done
cfficiently using the series representation J;(z) = Y 7o, #ﬁl—)kk—i—l) (% )2k+]. The quasi-
Lagrange operator reproduces all polynomials of degree two and converges uniformly with

O(h?). The second approximant is built using the following quasi-Lagrange function

| .
Ta(2) = 5 / i (5 sin(r)—g sin2)

Unfortunately, we were not able to derive a handy formula for the series representation,
as we did for the Bessel function. However, for each j, the series representation can be

determined using

:?
Mg
Ww\z

kak

a|:€ =4

v
-
2\&’

where a = (—i 4.0, —% 1—) All series representations up to order ten that are used for

2
the approximation (j € [—15,15]) are shown in the tables 5.1 and 5.2 .

They can be directly employed for approximation or to verify the previous formula.
The quasi-Lagrange operator for this quasi-Lagrange function reproduces all polynomials

of degree four, and the approximation order is given by O(h?).
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Jo| Ya(a)
15| — 56059210 _ 17892° _ x8
1560317578444800  78015878922240 270888468480
14 85310 + 568312° + 8 + z7
3715041853440 ' 208042343792640 ' 9674588160 ' 180592312320
13| — 29184120 _ 6943z° _ 14928 _ x7
312063515688960 3250661621760 90296156160 3224862720
~19 943820910 + 12983x° + 1179728 + z7 + 6
4993016251023360 ' 1218998108160 ' 722369249280 ' 134369280 ' 2149908480
11 117784720  950092° 130128 31927 S
702142910300160 3250661621760 12899450880 3224862720 44789760
_ 1696579110 5395212° 34518 401927 x8 x®
10 877678637875200 | 52010585048160 | 9674588160 | 5159780352 | 2239488 | 29850810
9 2578433210 + 11523713z° 2357928 62927 63725 &P
78015878922240 ' 58511909191680 54177693696 179159040 134369280 746496
_8 227369021210  67667z° 66670018 + 701" + 9919z + z° + z?
5617143282401280 135444234240 4334215495680 ' 100776960 ' 358318080 ' 46656 ' 497664
_7 | = 19268093z  3097792° + 23257328 + 85067z 345128  1272% z*
100306130042880 2167107747840 ' 38698352640 ' 11287019520 44789760 746496 15552
—6 461267210 + 7449853x° 138049z% 503167z + 21125 + 38392° + xt + a3
6501323243520 ' 3467372396544 67722117120 8599633920 ' 33592320 ' 5971968 ' 1296 ' 10368
_5 185696671z  3616872°  5383979x% + 1068727 + 45528 5392  7xt 2%
390079394611200 216710774784 270838468480 ' 214990848 ' 995328 933120 1728 432
/R 256393591210  1136092° + 725203128 + 1997327 16289z%  652° + 277z + z3 | 2%
499301625102336 27088846848 ' 309586821120 ' 134369280 26542080 23328 ' 41472 ' B4 T 288
—3 | - 635149710 + 4058693x° + 114029328 26149927 5787126 + 991x® + 652 61z 2?
10402117189632 ' 650132324352 ' 38698352640 1074954240 67184640 ' 186624 ' 5184 1296 18
_9 913986710 + 3787247z° 58291728 3960581z + 217725 + 106252°  131z* 4323 + 222
7801587892224 ' 990677827584 9674588160 25798901760 ' 1119744 ' 2985984 3888 1152 9
1 9139867x'0  1338155x°  582917x% + 37181327 + 217708 49125 13122 + 1122 | 22 2z
31206351568896 123834728448 38698352640 ' 806215680 ' 4478976 41472 15552 72 18
0 8942916720 + 9914470928 29344126 + 1451z% 6522 +1
59440669655040 ' 1238347284480 107495424 27648 144

Table 5.1: Series representation up to order ten of the quasi-Lagrange function W, ;(z) used for the approximations.
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The last approximant is built using the quasi-Lagrange function

LT | "
\I/3J~<:L'> = ﬁ/ elﬁ'—zx(%sm(’r)—% s1n(27—)+%5m(37_))d7_'

—T

Again, there is no handy series representation for all orders j, but for each j, the series
Laats

|
]75: N kay,
k=—=%

). The series representations up to order ten for the

representation can be determined using Vs ;(z) = Z;’irﬂ} =t
I N

1 _33( _33 _1
607 207477 4720 60

used approximations are shown in the tables 5.3 and 5.4. As before, they can be directly

where a = (

employed for approximation or to verify the previous formula. This quasi-Lagrange
operator for the quasi-Lagrange function reproduces all polynomials of degree six, and
the approximation order is given by O(h7).

The results of the approximations are shown in figure 5.2. The left side reveals dis-
continuities in the approximations. The step size is chosen such that we can observe the
discontinuity while also seeing that the approximation remains close to the function. The
right side shows the corresponding error for different step sizes h. The error converges to
zero, and, as expected, higher approximation orders result in faster convergence. Com-
pared to the generalized multiquadrics in one dimension, the convergence is faster, and

the evaluation is much quicker.
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9 | — 44543923954321°  14861346511547892° + 53248337118 + 7031222659x7 715815 + 286272° + 3
3009871872000000000  1218998108160000000000 ' 1161216000000000 ' 671846400000000 1152000000 ' 373248000 40000 ' 1296000
10 | — 83737674221249x10 + 45102417222012° + 135140927928 661205963x7 + 488156325  696532° + 3724
1160950579200000000000 ' 6449725440000000000 ' 12541132800000000  74649600000000 ' 248832000000 5184000000 ' 17280000
11 611373604570572'0  6173374848827x% 279346774328 + 13577213327 _ 55375120 + 90125 2*
812665405440000000000  45148078080000000000  3135283200000000 ' 37324800000000 124416000000 ' 518400000 8640000
12 | — 397060054574903z°  64896621203z° + 34354650934928 171547927 + 171277725 1925 + xt
14627977297920000000000  1254113280000000000 ' 677221171200000000 1658880000000 ' 2239488000000 115200000 ' 311040000
13 34513820097721° + 2402256740567x° 338554276723 + 332791927 1260728 + 232>
270888468480000000000 ' 45148078080000000000  18811699200000000 ' 14929920000000 124416000000 ' 2073600000
14 7601340551920 __ 156444480661x° + 1591507728 986474927 + 64325 _ x®
19349176320000000000  6449725440000000000 ' 335923200000000  261273600000000 ' 62208000000 2073600000
15 | — 3842863928630 + 3147488469463z . 2052829928 + 1026917927 - 1128 + x®
150493593600000000000 ' 406332702720000000000  2090188800000000 ' 2015539200000000 13824000000 ' 93312000000
16 1087366221530 . 5423804627z + 12382336075 o 122687z + 1126
108355387392000000000  2821754880000000000 ' 752467968000000000  223948800000000 ' 248832000000
17 | — 1602732923920 + 174458062572° N 21188063z + 103927 o 26
54177693696000000000 ' 45148078080000000000  94058496000000000 ' 22394880000000 622080000000
18 3415189177272 . 107338279x° + 1067575928 i x7 + o
4875992432640000000000  1672151040000000000 ' 423263232000000000 331776000000 ' 33592320000000
19 | — 1860401939219 + 4013479132° _ 21571128 + x7
135444234240000000000 ' 45148078080000000000  94058496000000000 ' 6998400000000
20 383661163120 . 16573512° + 1253328 - x7
1693052928000000000000  1612431360000000000 ' 75246796800000000  223948800000000

Table 5.4: Series representation up to order ten of the quasi-Lagrange function W3 ;(z) used for the approximations.
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Figure 5.2: The left side shows the test functions f(x) together with their associated
approximants. The right side displays the error of the approxmants with respect to the
test functions.
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5.2 Examples in 2D: Generalized Thin Plate Spline

As in the one-dimensional case, we use three similar test functions. For x € R?, we have

e =% o= ) - )

folw) = 25~ 1 [sin (|lz]))[°
falz) = 25075 Sln(||x||)|siﬂ(||$||)9~

3

Y

The error between the test functions and the approximants is measured by

entf)= ([ (- @) W)

The most promising case for quasi-interpolation is for A, 5 € 2N. To be more specific,

we use the following three RBF's

p1(r) = (02 + 7‘2) log (02 + TQ) ,
wo(r) = (04 + 7’4) log (04 + 7"4) ,
p3(r) = (66 + 7"6) log (06 + 7"6) )

The first RBF is the classical thin plate spline, which represents the classical results,
while the others are our new generalizations to test for practical purposes. For simplicity
and to provide explicit coefficients, we use gridded data. The quasi-Lagrange function

for the classical thin plate spline is given by

T) = Z wer(|x — El)), reR* ceRkeZ

lIkll1<3

The used coefficients are

—3c? -2
1027 1G) THE) THRE) TG
—9¢? — 2
1027 MG THE) THC) THE) THO) THRG) TR TR
92 + 7
asr MR TR THRE) TR
92 +5
2dr PG THGH TR T HRC)
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—171¢2 — 154
1020 PG TR THRE) TR
21¢% + 23
r 0

With these coefficients, we find that Ui(z) € O ((1+ ||z]])7°) as ||z|| = oo. Further-
more, the polynomial reproduction is exact for all polynomials of degree three, and the
approximation order is given by ||Qnf — f|lee = O (h*log(1/h)) as h — 0.

The second quasi-Lagrange function is given by

Uy(x) = Y mpa(lle—Kll), 2R’ ceR ke
|

[kl[1<6

with the coefficients

—63mcS + 315¢* — 556

24772608 THE) THE) THRE) T )
— 31578 4 1050¢* — 656
206438407 THE) THRE) THRE) TR
“HG) THRGH TR T RE)
315mcd — 1470c* + 2264
51609607 THE) TR THRE) TR
10570 4 245¢* — 68
27525121 THE) THRE) T TR
THE) TR TRC) THREY
157578 — 5250c* + 3032
51609607 THE) THREY TR TR
TR THRE) TR THRCEDY
103570 + 4425¢F — 6124
14745607 THE) THE) T RO TR
— 757 4+ 150¢* — 32
14745607 —HE) TR TRC) TREY
525mcS — 1400¢* + 408
8601607 THE) THE) TR TR
“HG) TR T RC) T RE)

—3675mc + 12530¢* — 7536 B B
13762567 THRE) TR TRE) TR

10575mc® — 42750 + 56632 -
92118407 THE) TR THRE) TR
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—975mc® + 3025¢* — 1204

2457607 = HE) TR TR TR
5 (441mc® — 1596¢* + 1240) B _ _
1720327 THEY TR T RE) T )

—276675mc® + 1117375¢* — 1546588 B

137625607 —HE) THE) THRE) T M)
1717575 4+ 67750¢* — T7568
4915207 THG) TR TR THRCGY
219457¢% — 92750¢* + 150536
4300807 THE) THE) TR TR
—26715mc® 4 118545¢" — 235804
3686407 —HE)

With these coefficients, we find that Wa(z) € O ((1+ ||z]|)~*°) as ||z|] — oco. Further-
more, the polynomial reproduction is given for all polynomials of degree five and the

approximation order is determined by ||Qnf — fl|lee = O (hY) for h — 0.

The last example of a quasi-Lagrange function is given by

Us(z) = Z weps(||x — K]), r€R* ceR ke Z?

lI1k[l1<9
with the coefficients
10 n I 1615 4679 B B B B
922355./3 | 92036y/3 223755 216385211 H(0) ~ M) THG) T H(S)
cto 7B 2875 4201

_222335\/3 + 22036\/3 N 222365 B 216373857 - N(?) - 'UJ(QS) - u(fl) - ,u(:?)

cto 67¢8 n 7c8 n 381511 B - -
220335,/3 221363 218357 | 218365277 1) T M) THE) T AL
e 118 35¢° 5221

Tom35y3 219363 2930r | augimrrra M) TG T M) TR

10 538 . 3436 Lo B B
917335./3  21836y/3 | 293%5r | 2123652777 1) T M) T A TH(ED

B N A (4 (N 1 (L
022335, /3 | 92036/3 22357 216365277 () — M) THE) TH()
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e . 7 91t 6763 B
920315, /3 | 91935\/3 2203557 2133852777 L(5) T H(F) T H(E) T H(E)
THE) THE) TR TR
70 3018 . 581¢6 Los02037 B
Q183353 219363 | 2173657 | 216375277, () TR TH(S) TR
THE) THE) TR TRy
1210 . 1519 5621° 387041
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B 710 N 78 2178 5 _ _ B
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—HE) THRE) TR THRE)
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With these coefficients, we find that U3(z) € O ((1+ ||z||)~**) as  — oco. Further-

more, the polynomial reproduction is given for all polynomials of degree seven and the

approximation order is determined by ||Qnf — f||ec = O (h®) for h — 0.

The results with these approximants are shown in Figure 5.3. The results support

the theory. For small h, numerical errors lead to issues in the evaluation of the quasi-

Lagrange function, as each summand grows larger while the sum itself decays to zero.

This effect becomes more pronounced for higher values of A\. For small grid sizes h, the

effect becomes dominant so that the error no longer

decreases significantly. As in the

1D case, the decay rate of the errors errs[fs] and errs[fs] are the same. This occurs



5.2. Examples in 2D: Generalized Thin Plate Spline

131

because the function f, € C*(R?) is not smooth enough and therefore does not meet the

conditions required by the Strang and Fix conditions.

20 +
10 +
O |
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v S T
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h
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Figure 5.3:

The left side shows a slice of the test functions f(1,x), along with their corresponding
approximants. For all approximants, the parameters ¢ = 1 and h = 1 were used. The
right side displays the approximation error with respect to the test functions, integrated
over the entire two-dimensional domain.
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5.3 Summary

In this chapter, we presented three numerical examples. Each example was tested using
three different test functions, representing various classes of differentiability. Further-
more, we provided the exact coeffiencts, such that the results can be verified and tested
against other approximations methods.

In the one-dimensional case we demonstrated that the class of generalized multi-
quadrics outperformed the classical multiquadric for all test functions. As expected, the
numerical results confirmed that higher approximation orders led to faster error decay.

The second one-dimensional example focused on the Bessel approach. The results
confirmed the expected behavior of approximation orders again. Compared to the gener-
alized multiquadrics, the Bessel method yielded even better accuracy while requiring less
computational effort. These results make the approach even more interesting for further
analysis.

Finally, we examined a two-dimensional example using the class of generalized thin
plate splines. As anticipated, higher approximation orders generally improved the re-
sults. However, the error did not decrease significantly for larger values of A, due to
numerical instabilities. Additionally, the differentiability of the test function influenced
the outcome. Higher approximation orders did not always lead to improved accuracy in
cases where the test function lacked sufficient smoothness.

In conclusion, the theoretical introduced generalizations were validated by the numer-
ical experiments, consistently yielding superior practical performance over the classical

methods.



Chapter 6
Summary and Future Work

In this thesis, we introduced two new classes of RBFs for quasi-interpolation. Our ap-
proach led to significant results, including improved approximation orders and uniform
convergence. In particular, we carried out the following steps, which are also of interest

for other applications.

e We derived an integral representation of the generalized Fourier transform for a
broad class of RBFs. The results were verified against several special cases from
the literature. Additionally, we introduced a new generalized multiquadric and a

new generalized thin plate spline and calculated their Fourier transforms.

e With the explicit integral representation of the generalized Fourier transform, we
were able to determine its asymptotic behavior for both, small and large arguments.
We demonstrated how to extract this information in general and proceeded to an-
alyze the asymptotic behavior of the Fourier transform for the newly introduced
generalized multiquadric and generalized thin plate spline. We distinguished be-
tween several cases, ultimately excluding some because they were not suitable for

quasi-interpolation.

e For the usable cases, we applied the Strang and Fix conditions to determine the
approximation order. We demonstrated how different parameters of our newly
introduced generalizations impact the approximation order and explored how to
adjust these parameters to improve it. The generality of these steps enabled the

efficient determination of the approximation order for other RBF classes as well.

e We further introduced a new class of non-RBFs for quasi-interpolation with the

Bessel function J,(z) serving as a representative of this class. To the best of

133
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our knowledge, we demonstrated that the Bessel function can be used for quasi-
interpolation for the first time. Additionally, we derived the approximation order
and demonstrated an improvement through the modification of the Bessel function.
Using these functions, we also demonstrated how to handle scattered data and

efficiently evaluate the approximant.

e Finally, we verified the achieved results through numerical examples in one and two
dimensions. For this purpose, we explicitly provided the coefficients used for the
quasi-Lagrange function, enabling others to verify the results or compare them to

other approximation methods.

We summarized the development of a methodology that enables the efficient de-
termination of the approximation order for quasi-interpolation. Additionally, we en-
hanced the understanding of how different parameters impact the approximation order.
Based on these results, the question arises whether there are other, potentially bet-
ter RBF's that offer superior approximation properties compared to the examples we

used for our demonstration. There exist many other functions, like the Dagum-function

o(r)=1- (ﬁiﬁ)v ,7 > 0 which can be used for quasi-interpolation [13]. Further gen-
eralizations of these functions may lead to improved or more efficient quasi-interpolation
approximations.

The use of the Bessel function as a non-RBF quasi-Lagrange function was entirely
novel. This work demonstrated, that the approach is not only possible, but also efficient.
However, several open questions remain in this area. Can we further extend the class of
Bessel functions, along with their modifications, to achieve better approximation orders?
The efficient evaluation was only possible with the trade-off that the approximant was
not continuous. Can we overcome this issue? Finally, is there a more elegant method
for extending the results to higher dimensions than the tensor product? These represent

some of the open questions we intend to explore in future work.
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