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I

Kurzfassung:

Radiale Basisfunktionen (RBFs) sind ein wichtiges Werkzeug der numerischen Mathe-

matik zur Approximation von Funktionen anhand gestreuter Daten. Oft werden diese

als Interpolationsmethode verwendet. Dabei muss ein lineares Gleichungssystem gelöst

werden. Die Größe des linearen Gleichungssystems hängt von der Anzahl der Interpola-

tionspunkte ab. Mit steigender Anzahl von Interpolationspunkten neigt die Lösung zu

numerischer Instabilität, wodurch die Approximation der Funktion anhand der gestreu-

ten Daten fehlerhaft wird. Ein möglicher Ansatz, um dieses Problem zu umgehen, ist die

Quasi-Interpolation mittels RBFs. Die Quasi-Interpolation bietet eine effiziente Appro-

ximationsmethode, ohne dass ein lineares Gleichungssystem gelöst werden muss. Genau

wie die Interpolation mit RBFs ist die Quasi-Interpolation in beliebigen Dimensionen

anwendbar. Da viele Aufgaben aus Industrie und Wissenschaft auf die Approximation

gestreuter Daten zurückzuführen sind, kommt der Erforschung effizienter Approximati-

onsmethoden eine zentrale Rolle zu. Mit der stark steigenden Anzahl verfügbarer Daten

gewinnt die Quasi-Interpolation im Vergleich zur klassischen Interpolation zunehmend

an Bedeutung.

Zur Berechnung der Quasi-Interpolation muss vorab eine RBF bestimmt werden.

Die Wahl der RBF beeinflusst die Güte der Approximation. Die optimale RBF für ein

gegebenes Approximationsproblem zu wählen ist ein offenes Forschungsgebiet.

In dieser Arbeit werden zwei neue Klassen von RBFs vorgestellt, die die Approxima-

tion mittels Quasi-Interpolation verbessern. Die Güte einer Approximation wird durch

die Approximationsordnung bestimmt. Eine Aussage über die Approximationsordnung

liefern die Strang- und Fix-Bedingungen. Für deren Anwendung wird das asymptoti-

sche Verhalten der distributionellen Fourier-Transformation der RBF benötigt. Neben

den zwei neuen Klassen von RBFs wird zudem eine neue Klasse von nicht-RBFs für die

Verwendung in der Quasi-Interpolation eingeführt. Die Analyse der Approximationsord-

nungen zwischen RBFs und nicht-RBFs unterscheidet sich fundamental und eröffnet neue

Ansatzpunkte für weitere nicht-RBFs in der Quasi-Interpolation. Die Ergebnisse zeigen

ausgezeichnete Konvergenzeigenschaften bei geringem Rechenaufwand. Die vorgestellten

theoretischen Ergebnisse werden durch numerische Beispiele verifiziert.
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Abstract:

Radial basis functions (RBFs) are considered an important tool in numerical mathe-

matics for approximating functions based on scattered data. They are often used as an

interpolation method. In this process, a system of linear equations has to be solved.

The size of the linear system is determined by the number of interpolation points. As

the number of interpolation points increases, the solution tends to become numerically

unstable, which results in the approximation of the function based on the scattered data

becoming inaccurate. One possible approach to avoid this problem is provided by quasi-

interpolation using RBFs. Quasi-interpolation is an efficient approximation method that

does not require a system of linear equations to be solved. Just like interpolation with

RBFs, quasi-interpolation is applied in arbitrary dimensions. Since many problems in

industry and science are based on the approximation of scattered data, efficient approxi-

mation is regarded as a central task. With a rapidly increasing amount of available data,

quasi-interpolation is gaining importance compared to classical interpolation.

To compute the quasi-interpolation, a RBF has to be selected in advance. The ap-

proximation quality is affected by the selected RBF. The determination of an optimal

RBF for a given approximation problem is considered an open research challenge.

In this work, two new classes of RBFs are presented that are used to improve ap-

proximation by quasi-interpolation. The quality of an approximation is determined by

the approximation order. A statement about the approximation order is provided by the

Strang and Fix conditions. For their application, the asymptotic behavior of the distri-

butional Fourier transform of the RBF is required. In addition to the two new classes

of RBFs, a new class of non-RBFs is also introduced for use in quasi-interpolation. The

analysis of approximation orders between RBFs and non-RBFs is fundamentally distin-

guished, and new approaches for further non-RBFs in quasi-interpolation are opened up.

The results are shown to yield excellent convergence properties with low computational

effort. The theoretical results presented are verified by numerical examples.
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‘It is not knowledge, but the act of learning, not possession but the act of getting there,

which grants the greatest enjoyment.’

— Carl Friedrich Gauss

(Gauss to Bolyai 1808)
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Chapter 1

Introduction

Multivariate approximation theory is a branch of mathematical analysis that deals with

approximating multivariate functions. This field has numerous applications across scien-

tific and engineering disciplines, including numerical analysis, machine learning, and data

fitting. The primary objective is to develop methods to approximate a given multivariate

function f : Rn → R using compositions of more tractable functions.

In machine learning, for example, radial basis functions (RBFs) are used in regression

and classification problems to predict outcomes based on input features [48]. In computer

graphics, surface reconstruction and modeling require approximation techniques to gen-

erate smooth surfaces from discrete data points [36], [47]. Geostatistics utilizes kriging,

a method for spatial interpolation, which relies on approximating spatial data to predict

values at unobserved locations [7]. Engineering applications often involve approximating

stress and strain distributions to aid in the design and analysis of structures [54]. In

the domain of robotics, this methodology is also employed for the purpose of predictive

maintenance [41]. RBFs have also great impact on the solution of partial differential

equations [18].

Several methods are employed for multivariate approximation. Polynomial interpola-

tion extends the concept of univariate polynomial interpolation to multivariate functions.

However, there are limitations to this approach, particularly with regard to the construc-

tion of an adequate polynomial space that can guarantee the unisolvence of the inter-

polation problem [25]. Spline interpolation uses piecewise polynomials to approximate

functions, with B-splines and NURBS (non-uniform rational B-Splines) being commonly

used in computer graphics and CAD (computer-aided design) [45]. Wavelet transforms

offer a multi-resolution approach to approximating functions and are useful in signal pro-

cessing and image compression [38]. RBFs, which use radially symmetric basis functions

1



2 Chapter 1. Introduction

for interpolation and approximation, have gained popularity due to their flexibility and

ability to handle scattered data efficiently [52]. The contents of this thesis are mainly

based on the approximation with RBFs.

1.1 Radial Basis Functions

RBFs are a powerful tool for multivariate interpolation and approximation, particularly

useful for scattered data in higher dimensions [3].

A RBF is a real-valued function ϕ : Rn → R that depends only on the radial part of

the argument, and can therefore be expressed as

ϕ(x) = φ(∥x∥),

where ∥ · ∥ denotes the Euclidean norm and φ : R → R is the associated univariate RBF.

Commonly used RBFs are listed in table 1.1. Most of the examples listed provide the

so-called shape parameter c > 0, which can be chosen arbitrarily.

Name Multivariate RBF Univariate RBF

Gaussian ϕ(x) = e−c
2||x||2 φ(r) = e−(cr)2

Multiquadric ϕ(x) =
√
||x||2 + c2 φ(r) =

√
r2 + c2

Thin plate spline ϕ(x) = ||x||2 log(||x||) φ(r) = r2 log(r)

Inverse multiquadric ϕ(x) = 1√
||x||2+c2

φ(r) = 1√
r2+c2

Table 1.1: List of commonly used RBFs [12, p. 4].

Given a finite set of data points {(xi, fi)}Ni=1, where N ∈ N, xi ∈ Rn, and fi ∈ R, the

RBF interpolation problem seeks to find a function s(x) of the form:

s(x) =
N∑
i=1

λiϕ(x− xi)

with the condition

s(xi) = f(xi), ∀i ∈ {1, 2, . . . , N}.
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The set of coefficients {λi} is determined by solving the linear system of equations [41]
ϕ(x1 − x1) ϕ(x1 − x2) . . . ϕ(x1 − xN)

ϕ(x2 − x1) ϕ(x2 − x2) . . . ϕ(x2 − xN)
...

...
. . .

...

ϕ(xN − x1) ϕ(xN − x2) . . . ϕ(xN − xN)


︸ ︷︷ ︸

A


λ1

λ2
...

λN


︸ ︷︷ ︸

λ

=


f(x1)

f(x2)
...

f(xN)


︸ ︷︷ ︸

f

.

The form of the interpolant can also be interpreted as a fully connected, single-layer

neural network [6]. Consequently, there exists a close resemblance to adaptive network

theory [8]. In this interpretation, s(x) is called a RBF-network [50]. However, this

particular interpretation will not be the focus of the discussion. Instead, a conventional

perspective on the issue of interpolation will be adopted. The interpolation condition

can only be satisfied if the system of linear equations has a unique solution. The RBFs

listed in table 1.1 ensure that the aforementioned linear system of equations has a unique

solution. This is primarily demonstrated through the property of positive definiteness.

This property is addressed in the following section.

1.1.1 Positive Definiteness and Solvability

The key property of many RBFs is positive definiteness. A function ϕ is said to be positive

definite if for any set of distinct points {xi}Ni=1, the matrix A with entries Aij = ϕ(xi−xj)
is positive definite. This implies that for any non-zero vector v,

vTAv > 0.

Positive definiteness guarantees that the interpolation matrix A is invertible, ensuring

that the linear system Aλ = f has a unique solution [52]. For example, the Gaussian

RBF is positive definite, which can be proven using the Bochner theorem, that states a

function ϕ(x) is positive definite if and only if it is the Fourier transform of a non-negative

measure [33]. The Fourier transform of a Gaussian is again a Gaussian [49, p. 309]

ϕ(x) = e−c
2||x||2 , ϕ̂(y) = πn/2c−ne−

||y||2

4c2 ,

which is always non-negative, thus proving its positive definiteness. In this thesis, the

n-dimensional Fourier transform is defined as f̂(y) =
∫
Rn e−ix·yf(x) dx. In theory, the

parameter c > 0 does not influence the problem’s structure, or its solvability. However,
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in practical applications, it has been demonstrated that the shape parameter exerts a

significant influence on the function’s behavior between two interpolation points. A vast

variety of literature has been published on the subject of selecting an appropriate shape

parameter for a given set of data points [17], [40].

1.1.2 Advantages of RBFs

RBFs offer several advantages. They are mesh-free, so they do not require a grid or

mesh, making them a promising candidate for the approximation of scattered data. In-

terpolating with RBFs does not depend on the dimensionality of the data, making them

suitable for high-dimensional problems. Different RBFs can be selected based on the

specific requirements of the problem, offering flexibility in approximation. Additionally,

the positive definiteness of certain RBFs ensures that the linear system of equations is

always solvable, which is a significant benefit in real-world applications.

1.1.3 Disadvantages of RBFs

RBF-interpolation suffers from some disadvantages. Solving the linear system of equa-

tions has a computational cost of O(N3) for direct methods [53]. This turns out to

be prohibitively expensive for large datasets. The interpolation matrix can become ill-

conditioned, especially for certain choices of the shape parameter or when the data points

are clustered. This leads to numerical instability and inaccuracies in the solution. The

condition number also depends on the choice of the shape parameter. Finding the opti-

mal shape parameter is often non-trivial and may require costly cross-validation or other

optimization techniques. Many researchers are looking for the best algorithms to de-

termine the shape parameter for specific problems [23], [17], [28]. Lastly, the choice of

the RBF itself can significantly impact the interpolation quality. There is no universally

optimal RBF, and the optimal choice may depend on the specific problem and dataset

characteristics.

Some of these disadvantages can be compensated by going from interpolation to

quasi-interpolation.

1.2 Quasi-Interpolation

Quasi-interpolation is an alternative to interpolation that provides a way to approximate

a function without necessarily passing through all given data points. Quasi-interpolation
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Figure 1.1: Visualization of a quasi-Lagrange function in one dimension. The used
function is Ψ(x) = 1

2
ϕ(x− 1)− ϕ(x) + 1

2
ϕ(x+ 1). The function ϕ(x) =

√
0.252 + ||x||2 is

also visualized in figure 1.2.

constructs an approximant Q[f ] that approximates the function f based on a set of

points, but softens the requirement that Q[f ](xi) = f(xi) for all i. This approach leads

to a reduction of complexity and numerically stable computations [15].

In the context of quasi-interpolation, the conventional condition of interpolation is

substituted by the condition of polynomial reproduction. This substitution ensures the

exact approximation of polynomials up to a certain degree. For many functions f , the

Taylor series can be employed to approximate the function locally as a polynomial. The

first terms of the Taylor series can be reproduced exactly, leading to accurate local

approximations. Quasi-interpolation using RBFs involves constructing a quasi-Lagrange

operator of the form

Qh[f ](x) =
∑
j∈Zn

f(jh)Ψ(x/h− j), h ∈ R, x ∈ Rn,

where h is some grid spacing and Ψ is the quasi-Lagrange function, which is not required

to perform exact interpolation. The quasi-Lagrange operator is a linear operator that

maps a function or a set of data points to an approximating function. To give an intuition

of how the quasi-Lagrange functions look like, an example is shown in figure 1.1. In the

sum of the quasi-Lagrange operator, the quasi-Lagrange function serves as a weighting

function for each given data point. This can alternatively be interpreted as a smoothing

technique for the data points. This thesis deals with the question of how quasi-Lagrange

functions can be constructed to improve the approximation properties. To do so, the
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−4 −2 0 2 4
0

2

4

6

x

ϕ(x− 1)
ϕ(x)
ϕ(x+ 1)

Figure 1.2: Visualization of the shifted RBF ϕ(x) =
√

0.252 + ||x||2.

following approach for the quasi-Lagrange function is chosen

Ψ(x) =
∑
k∈Zn

µkϕ(x− k), x ∈ Rn. (1.1)

In other words, the quasi-Lagrange function is a linear combination of shifted RBFs. An

example of a shifted RBF is shown in figure 1.2. This example explicitly demonstrates

that the RBFs used in this thesis grow for large values of x, whereas the linear combina-

tion (the quasi-Lagrange function) decays for large arguments, see figure 1.1. An explicit

example is provided in subsection 1.2.2. To achieve this behaviour, the growing parts of

the asymptotic series of the RBF have to be canceled out. Therefore, the choice of the

RBF and the coefficients µk are important for the accuracy of the quasi-interpolation.

In classical quasi-interpolation, the coefficients µk are compactly supported, meaning

that the sum is finite, thus avoiding issues with convergence. This concept can be ex-

tended to non-compactly supported coefficients, but it is no longer referred as classical

quasi-interpolation [16].

In the following, we will first focus on the quasi-Lagrange function and determine the

properties that need to be satisfied. Subsequently, we will construct a quasi-Lagrange

function that fulfills these properties. The construction will be achieved by determining

the weights µk for a given choice of RBF. As mentioned previously, the objective is to

achieve some form of polynomial reproduction.
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1.2.1 Polynomial Reproduction

Polynomial reproduction is a desirable property of quasi-interpolants, where the quasi-

interpolation operator Qh[f ] exactly reproduces polynomials up to a certain degree. This

property ensures that the quasi-interpolant is accurate for analytic functions and can

provide high-quality approximations.

Polynomial reproduction by the quasi-Lagrange operator Qh[f ] can be described

mathematically as

Qh[p](x) = p(x) for all polynomials p with deg(p) ≤ m. (1.2)

For the quasi-Lagrange function to satisfy this condition, sufficient rapid decay is required

to ensure the quasi-Lagrange operator is absolutely convergent. Further conditions will be

derived using the Poisson summation formula, which will result in conditions not directly

related to the quasi-Lagrange function but to the corresponding Fourier transform. For

clarity, a short yet representative example in one dimension is presented, using a grid

with a grid spacing of h = 1. The goal is to find Ψ(x) such that the quasi-Lagrange

operator reproduces polynomials of degree one. To do so, we first assume that Ψ(x)

decays fast enough so that the quasi-Lagrange operator is absolutely convergent. The

Poisson summation formula states that [21]∑
j∈Z

Ψ(j) =
∑
k∈Z

Ψ̂(2πk).

We begin with the reproduction of constants, i. e., p(x) = C. In this case, the

condition (1.2) translates to

C
!

= Q1[p](x) =
∞∑

j=−∞

p(j)Ψ(x− j) = C
∞∑

j=−∞

Ψ(x− j).

Due to the linearity, the specific constant C does not affect the result. So the condition

to the quasi-Lagrange function is

1
!

=
∞∑

j=−∞

Ψ(x− j).

The utilization of the Poisson summation formula with the incorporated shift of x results
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in the following equation

1
!

=
∞∑

j=−∞

Ψ(x− j) =
∞∑

k=−∞

Ψ̂(2π(k + x)) =
∞∑

k=−∞

e2πikxΨ̂(2πk).

The equation has to hold for all x ∈ R, and since the exponential functions are linear

independent, all terms except of the zeroth have to vanish. Hence, in order to reproduce

constants, the Fourier transform of the quasi-Lagrange function has to satisfy

Ψ̂(2πk) = δ0,k, ∀k ∈ Z, (1.3)

where δ0,k denotes the Kronecker delta function. As an example the sinc(x) = sin(x)
x

function satisfies the condition.

In the next step we extend the aforementioned condition by reproducing linear poly-

nomials, say p(x) = ax+ C with C, a, x ∈ R. The condition of polynomial reproduction

is then

ax+ C
!

= Q1[p](x) =
∞∑

j=−∞

p(j)Ψ(x− j) =
∞∑

j=−∞

(aj + C)Ψ(x− j)

= C
∞∑

j=−∞

Ψ(x− j) + a
∞∑

j=−∞

jΨ(x− j).

Using the conditions for the reproduction of constants and the linearity of the quasi-

Lagrange operator, the following observation can be made

x
!

=
∞∑

j=−∞

jΨ(x− j) =
∞∑

k=−∞

(∫
R
tΨ(x− t)e−itydt

∣∣∣∣
y=2πk

)

=
∞∑

k=−∞

(
i

d

dy

∫
R

Ψ(x− t)e−itydt

∣∣∣∣
y=2πk

)

=
∞∑

k=−∞

(
i

d

dy

∫
R

Ψ(t̃)e−i(x−t̃)ydt̃

∣∣∣∣
y=2πk

)

=
∞∑

k=−∞

i

(
d

dy
e−ixyΨ̂(−y)

) ∣∣∣∣
y=2πk

= x+ i
∞∑

k=−∞

e−i2πkx
d

dy
Ψ̂(−y)

∣∣∣∣
y=2πk

.

In the last line, the derivative is evaluated and the condition for the reproduction of
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constants is used. The remaining sum has to be identically zero for all x ∈ R, and

since the exponential functions are linearly independent, the derivative of the Fourier

transform of the quasi-Lagrange function must vanish at all lattice points. To reproduce

linear polynomials, Ψ̂ has to satisfy the additional condition

d

dy
Ψ̂(y)

∣∣∣∣
y=2πk

= 0, ∀k ∈ Z.

For this example we have now derived all the conditions the quasi-Lagrange function has

to satisfy. In a similar way, higher-order polynomial reproduction can be demonstrated

to lead to additional conditions for higher derivatives of Ψ̂.

So far, we have identified the conditions that the quasi-Lagrange function has to

satisfy. The next subsection deals with the construction of a quasi-Lagrange function

that meets these properties.

1.2.2 Determining the Coefficients

While the required properties of the quasi-Lagrange functions are known, the construction

of a function that precisely satisfies these properties remains open. Upon examining the

conditions, the necessity of the Fourier transform as an essential component becomes

clear. We recall the approach of the quasi-Lagrange function from equ. (1.1)

Ψ(x) =
∑
k∈Zn

µkϕ(x− k), x ∈ Rn.

The Fourier transform of the approach results in

Ψ̂(y) =
∑
k∈Z

µke
−ikyϕ̂(y), y ∈ Rn

= ϕ̂(y)
∑
k∈Z

µke
−iky = ϕ̂(y)P (y).

The Fourier transform of the quasi-Lagrange function is the product between the Fourier

transform of a given RBF and a 2π-periodic function P (y). The function P (y) is called

the trigonometric polynomial. We begin by addressing the reproduction of constants

and, to that end, recall the conditions from equ. (1.3)

Ψ̂(2πk) = δ0,k, ∀k ∈ Z. (1.4)
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−4π −2π 0 2π 4π

−2

−1

0

1

y

Ψ̂(y)
P (y)

ϕ̂(y)

Figure 1.3: Visualization of the components of the Fourier transform of the quasi-

Lagrange function with the explicit functions P (y) = cos(y) − 1, ϕ̂(y) = − 1
10|y|K1

(
|y|
20

)
and Ψ̂ = ϕ̂(y)P (y). Here, K1 denotes the modified Bessel function of the second kind.

In general, the Fourier transform of the RBF will not vanish at the desired positions.

However, the trigonometric polynomial can be enforced to vanish at the origin, and

through the 2π-periodicity, we can ensure that P (y) vanishes at all required lattice points.

If we do so, Ψ̂ satisfies the conditions (1.4) everywhere except at the origin. At this

point, the RBF comes into consideration. To achieve Ψ̂(0) = 1, the Fourier transform

of the RBF has to be singular at the origin and the zero of P (y) has to be of the same

order as the singularity. It becomes evident that we cannot rely on classical Fourier

transforms, as they would not exhibit singularities. For instance, the commonly used

Gaussian RBF fails to reproduce constants, as the corresponding Fourier transform is

also Gaussian and lacks a singularity at the origin. If we choose an RBF that grows at

least at a polynomial rate for large arguments, the generalized (or distributional) Fourier

transform will exhibit a singularity at the origin. This is precisely the approach employed

in this thesis. We will compute the generalized Fourier transforms of new RBFs, analyze

the singularity at the origin, and construct P (y) such that the conditions for Ψ̂(y) are

satisfied. Figure 1.3 visualizes the Fourier transform of the quasi-Lagrange function by

separately showing an example of the generalized Fourier transform of the RBF ϕ̂(y), the

trigonometric polynomial P (y) and the Fourier transform of the quasi-Lagrange function

as the product of the two aforementioned components, Ψ̂(y) = ϕ̂(y)P (y).

For further illustration, let us examine a short example. We choose our RBF to be

ϕ(x) =
√
c2 + ||x||2, x ∈ R, c > 0. This is the well-known multiquadric and has the

generalized Fourier transform

ϕ̂(y) = −2(c/|y|)K1(c|y|), y ∈ R,
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where K1 is the modified Bessel function of the second kind [15, p. 154]. The function K1

is smooth, decays exponentially for large arguments and is singular at zero. This is also

visualized in figure 1.3. More precisely, for small arguments the Bessel function behaves

as

K1(c|y|) =
1

c|y|
− c|y|

4
+
c|y|γ

2
+
c|y|
2

log

(
c|y|
2

)
+ O(|y|2),

where γ denotes the Euler-Mascheroni-constant. In total we have

ϕ̂(y) = − 2

y2
+

(
1

2
− γ

)
c2 − c2 log

(
c|y|
2

)
+ O(|y|).

Knowing the behaviour of the generalized Fourier transform of the RBF, we can now

construct the trigonometric polynomial such that the product of ϕ̂(0) and P (0) is one.

To do so, we expand the exponential function in the well-known series representation

P (y) =
∑
k∈Z

µke
−iky =

∑
k∈Z

µk

(
1 − iyk − y2

2
k2 + O(y3)

)
=
∑
k∈Z

µk − iy
∑
k∈Z

µkk −
y2

2

∑
k∈Z

µkk
2 + O(y3)

!
= −y

2

2
+ O(y3).

Equating the coefficients we get three equations∑
k∈Z

µk = 0,∑
k∈Z

µkk = 0,∑
k∈Z

µkk
2= 1,

called the moment conditions. Since we have potentially infinitely many coefficients to

determine, there is no unique solution to these three equations. One of the most common

solution is given by

µ−1 =
1

2
, µ0 = −1, µ1 =

1

2
,

µk = 0 ∀k ∈ Z\{−1, 0, 1}.

With this choice, the trigonometric polynomial simplifies to P (y) = cos(y) − 1, which is

visualized in figure 1.3. Furthermore, the coefficients are compactly supported, ensuring
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that the quasi-Lagrange function in equ. (1.1) remains well-defined and finite. A finite

selection of coefficients is always possible if the highest-order term has an even power,

which is consistently the case in classical quasi-interpolation. Otherwise, an infinite

solution may be applicable. In this case, one must verify that the sum is convergent.

This thesis adopts classical quasi-interpolation throughout, and references to alternative

approaches if this condition does not hold.

Continuing with the example we end up with

Ψ̂(y) = ϕ̂(y)P (y)

=

(
− 2

y2
+

(
1

2
− γ

)
c2 − c2 log

(
c|y|
2

)
+ O(y)

)(
−y

2

2
+ O(y3)

)
= 1 + O(y).

So far we have coefficients for a given RBF such that Ψ̂(0) = 1 and Ψ̂(2πk) = 0 ∀k ∈
Z\{0}. In other words, we have constructed an explicit quasi-Lagrange function that

reproduces constants. Explicitly, we constructed

Ψ(x) =
∑
k∈Z

µkϕ(x− k), x ∈ R

=
1

2
ϕ(x− 1) − ϕ(x) +

1

2
ϕ(x− 1)

=
1

2

√
c2 + ||x− 1||2 −

√
c2 + ||x||2 +

1

2

√
c2 + ||x+ 1||2,

which is the exactly example visualized in figure 1.1.

The next step is to check if linear polynomials can also be reproduced. We recall the

condition for reproducing linear polynomials

d

dy
Ψ̂(y)

∣∣∣∣
y=2πk

= 0, ∀k ∈ Z.

First, we have a look on every point k ∈ Z\{0}. The derivative can be written as

d

dy
Ψ̂(y) =

d

dy

(
ϕ̂(y)P (y)

)
=

(
d

dy
ϕ̂(y)

)
P (y) + ϕ̂(y)

d

dy
P (y)

∣∣∣∣
y=2πk

.

We already know that P (2πk) = 0 ∀k ∈ Z, so the first term vanishes.
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Since P (y) = −y2

2
+ O(y3), we know that

d

dy
P (y) = −y + O(y2)

and conclude

d

dy
P (y)

∣∣∣∣
y=0

= 0.

Due to the periodicity of P (y), the second term is also zero for all k ∈ Z\{0}. Therefore,

these conditions are already satisfied. Finally, we need to check if this holds true for

k = 0. For k = 0, we have to figure out the next order behaviour of Ψ(y) for small

arguments. To do so, we have to expand P (y) to further orders and obtain

P (y) = −y
2

2
+

i

6
y3
∑
k∈Z

µkk
3 + O(y4).

Since
∑

k∈Z µkk
3 = 0 is already satisfied with the given coefficients, we have P (y) =

−y2

2
+O(y4). Multiplying the result with the expansion of the RBF at the origin results

in

Ψ̂(y) = Φ̂(y)P (y)

=

(
− 2

y2
+

(
1

2
− γ

)
c2 − c2 log

(
c|y|
2

)
+ O(y)

)(
−y

2

2
+ O(y4)

)
= 1 +

c2y2

2
log

(
c|y|
2

)
+ O(y2).

The derivative of the Fourier transform of the quasi-Lagrange function near the origin is

given by

d

dy
Ψ̂(y) =

1

2
c2y

(
2 log

(
c|y|
2

)
+ 1

)
+ O(y).

In this form, we can observe that limy→0
d

dy
Ψ̂(y) = 0, since limy→0 y log(|y|) = 0. In

fact, the conditions for linear polynomial reproduction are already satisfied with the

given coefficients. Thus, we have constructed a quasi-Lagrange function that reproduces

polynomials of degree one. The most important aspect is the expansion of Ψ̂ near the

origin. To achieve this, we have to multiply the expansion of the Fourier transform of

the RBF with the trigonometric polynomial near the origin. From this, the conditions on
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the coefficients µk emerge. Note that this always results in a linear system of equations,

which can thus be solved systematically.

Polynomial reproduction of order higher than one cannot be achieved because the

second derivative of P (y) will not be zero at the lattice points anymore. For the given

RBF, the coefficients obtained are optimal. Other RBFs may achieve higher polynomial

reproduction and approximation orders. The main focus of this thesis is the investigation

of new RBFs and their applications in quasi-interpolation. The following subsection will

address the approximation order, which is a criterion for the quality of a RBF used in

quasi-interpolation.

1.2.3 Approximation Order

The approximation order of a quasi-interpolation scheme refers to the rate at which the

approximation error decreases as the density of the data points increases. We continue

with the previous example and outline how to derive the approximation order of the

quasi-Lagrange operator. To do so, we define a linear polynomial for some function f to

be approximated

p(y) = f(x) + (x− y)f ′(x).

The polynomial is of degree one, and consequently, the quasi-Lagrange operator will

exactly reproduce it. Furthermore, the polynomial has the special value p(x) = f(x). In

other words, Qh[p](y) = p(y), and in particular, Qh[p](x) = p(x) = f(x). For the proof

of the approximation order, we explicitly require the decay rate of the quasi-Lagrange

function. One method is to expand asymptotic series of the RBF for large arguments

and determine the decay rate with the previously calculated coefficients µk. In chapter 4

we will show an easier method to determine the decay rate. For now, we assume that

Ψ(x) = O ((1 + x)−4) as x → ±∞. The approximation order is then derived by the

following steps

|f(x) −Qh[f ](x)| = |Qh[p](x) −Qh[f ](x)|

= |Qh[p− f ](x)|

=

∣∣∣∣∣
∞∑

j=−∞

(p(jh) − f(jh))Ψ(x/h− j)

∣∣∣∣∣
≤

∞∑
j=−∞

|p(jh) − f(jh)||Ψ(x/h− j)|



1.2. Quasi-Interpolation 15

≤ C1
||f ′′||∞

2

 ∑
|x−jh|<h

(x− jh)2Ψ

(
x− jh

h

)
+

∑
|x−jh|≥h

(x− jh)2
h4

(x− jh)4


≤ C2

||f ′′||∞
2

(
h2 + h3

∫ ∞

h

1

y2
dy

)
≤ C3

||f ′′||∞
2

h2,

where C1, C2 and C3 are some constants. In line five we used that p−f can be estimated

using the Taylor error bound. This holds if the function f is two times continuously

differentiable and the second derivative is bounded. In line seven, we used the fact that

Ψ(x) is nearly one (or finite) for small arguments, and for large arguments, it decays

like x−4. We also estimated the sum by the integral. The example demonstrates an

approximation order of two. In this thesis, we introduce novel classes of RBFs, whose

primary objective is to determine the approximation order for each class. The provided

example illustrates the methodological steps required to achieve this goal.

The concepts underlying the proof can be extended to higher dimensions, an achieve-

ment attributed to Strang and Fix. The polynomial reproduction property and the

approximation order in full detail are established by the famous theorem of Strang and

Fix.

1.2.4 Strang and Fix Conditions

Let Ψ : Rn → R be a continuous function such that

1. there exists a positive ℓ such that for some nonnegative integer m, when ∥x∥ → ∞,

|Ψ(x)| = O(∥x∥−n−m−ℓ), which immediately implies m-fold differentiability of the

Fourier transform,

2. DαΨ̂(0) = 0, ∀α ∈ Zn+, 1 ≤ |α| ≤ m, and Ψ̂(0) = 1,

3. DαΨ̂(2πj) = 0, ∀j ∈ Zn \ {0} and ∀α ∈ Zn+ with |α| ≤ m.

Then the quasi-interpolant

Qh[f ](x) =
∑
j∈Zn

f(jh)Ψ(x/h− j), x ∈ Rn,

is well-defined and exact on the space of polynomials of degree m and the approximation
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error can be estimated by

∥Qh[f ] − f∥∞ =


O(hm+ℓ), when 0 < ℓ < 1,

O(hm+1 log(1/h)), when ℓ = 1,

O(hm+1), when ℓ > 1,

for h→ 0 and a bounded function f ∈ Cm+1(Rn) with bounded derivatives [16].

The Strang and Fix conditions play a central role in this thesis. They are employed

to determine the approximation order of the quasi-interpolants. The steps outlined in

the following chapters are necessary to establish the requirements for applying the Strang

and Fix conditions. Thus, the overarching goal throughout this thesis is to apply this

theorem.

1.2.5 Choice of RBF

The assumption that the Fourier transform has a singularity at the origin is only valid

if the RBF does not have a classical Fourier transform. The order of the singularity also

limits the polynomial reproduction rate and, consequently, the approximation order. The

selection of the RBF has a significant influence. However, the order of the singularity of

the Fourier transform is dependent on the spatial dimension n. Consequently, an even

order is only attainable in certain dimensions. This phenomenon is referred to as the curse

of dimensionality. Classical quasi-interpolation often uses the multiquadric function in

odd dimensions and the shifted thin plate spline φ(r) = (c2 + r2) log(c2 + r2) is used in

even dimensions. But as previously mentioned, this limitation can be overcome by using

non-compactly supported coefficients µk [16].

A universal method for determining the optimal RBF does not exist. Consequently,

the investigation of novel RBFs, that are more effective than traditional approaches, is

a highly relevant area of research. This thesis presents a comprehensive generalization

of existing and commonly used RBFs, demonstrating the potential of these novel RBF

classes to enhance the approximation achieved through quasi-interpolation.

1.3 Concluding Remarks

In order to analyze the approximation order and to illustrate the concepts with short

examples, we will use gridded data. For the sake of simplicity, every formula is presented

for gridded data. However, it should be noted that quasi-interpolation is a mesh-free



1.3. Concluding Remarks 17

multivariate approximation method. For scattered data, the formulas undergo only slight

modifications. Let Ξ ⊂ Rn be a set of scattered data points. The quasi-Lagrange function

is then given by

Ψζ(x) =
∑
ξ∈Ξ

µζ,ξϕ(x− ξ), ζ ∈ Ξ, x ∈ Rn.

Accordingly, the quasi-Lagrange operator is given by

Q[f ](x) =
∑
ζ∈Ξ

f(ζ)Ψζ(x).

The conceptual framework and the method for determining the coefficients remain un-

changed.

This thesis is structured such that we will derive all relevant properties of our new

classes of RBF for the use of the Strang and Fix conditions 1.2.4. First, we derive a

general result of the Fourier transform for a broad class of RBFs and then explicitly

calculate the Fourier transform for our purposes. In section 3 we will see how to extract

the asymptotic behaviour for small and large arguments in general and explicitly expand

the functions of our interest. In chapter 4 we will apply the Strang and Fix condition

to the RBFs of interest using the results from the previous chapters. Furthermore, we

abandon the RBF approach and derive some new non-RBF functions which can be used

in quasi-interpolation. This gives new insight in the method itself and rise to new proof

and practical use strategies. In chapter 5 we present some numerical examples with the

RBFs derived in previous sections. Finally, we provide a summary of the results and an

outlook in chapter 6.
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Chapter 2

Fourier Transform

To apply the Strang and Fix conditions, the Fourier transform of the quasi-Lagrange func-

tion is required. Since the quasi-Lagrange function is a linear combination of RBFs, the

Fourier transform of the quasi-Lagrange function can be expressed in terms of the Fourier

transform of the RBFs. This chapter begins with the derivation of a general expression

for the Fourier transform of a large class of RBFs. These results are subsequently ap-

plied to a newly generalized version of the multiquadric and a newly generalized version

of the thin plate spline, both of which serve as RBFs of particular interest in quasi-

interpolation applications. For each class of RBFs, a connection between the general

form of their Fourier transforms and certain special cases where the Fourier transform is

already known is established. The Fourier transform is calculated using special function

representations that involve contour integrals. Finally, the general results are validated

with respect to powers of logarithms, which cannot be represented as special functions.

2.1 Preface

Prior to addressing the calculation of the Fourier transform, we revise some special func-

tions that are useful in this section. The first one is the Gamma function, which is defined

as

Γ(z) =

∫ ∞

0

tz−1e−tdt, Re(z) > 0.

The Gamma function is a continuation of the factorial function in such a way that

Γ(m) = (m− 1)!, m ∈ N.

19
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Furthermore, the Gamma function can be evaluated for arguments with negative real

part by the property

Γ(z + 1) = zΓ(z), z ∈ C.

From this property, we can deduce that there are poles for all negative integers including

zero, for example

lim
ε→0+

Γ(−1 + ε) = lim
ε→0+

Γ(ε)

−1 + ε
= lim

ε→0+

Γ(1 + ε)

(−1 + ε)ε
= lim

ε→0+

Γ(1)

(−1 + ε)ε
= lim

ε→0+

1

(−1 + ε)ε

= −∞.

These are important properties we will employ in the following subsections. Further

introduction to the Gamma functions can be found in [22], [2]. The Gamma function

is often part of Mellin-Barnes type integrals. Two prominent representatives of Mellin-

Barnes type integrals are the Meijer G-function and the Fox H-function. These functions

are highly versatile, with the capacity to express a multitude of functions. The Meijer

G-function is defined by the Mellin-Barnes integral

Gm,n
p,q

(
a1, . . . , ap

b1, . . . , bq

∣∣∣∣∣ z
)

=
1

2πi

∫
L

∏m
j=1 Γ(bj − t)

∏n
j=1 Γ(1 − aj + t)∏q

j=m+1 Γ(1 − bj + t)
∏p

j=n+1 Γ(aj − t)
zt dt,

where the integration path L separates the poles of the factors Γ(bj − t) from those of

the factors Γ(1 − aj + t) [1]. There are three possible choices for L

1. L goes from −i∞ to i∞. The integral converges if p+ q < 2(m+ n) and | arg z| <
(m+ n− 1

2
(p+ q))π.

2. L is a loop that starts at infinity on a line parallel to the positive real axis, encircles

the poles of the Γ(bj−t) once in the negative sense and returns to infinity on another

line parallel to the positive real axis. The integral converges for all z(z ̸= 0) if p < q,

and for 0 < |z| < 1 if p = q ≥ 1.

3. L is a loop that starts at infinity on a line parallel to the negative real axis, encircles

the poles of the Γ(1 − aj + t) once in the positive sense and returns to infinity on

another line parallel to the negative real axis. The integral converges for all z if

p > q, and for |z| > 1 if p = q ≥ 1.

If multiple paths are applicable, they yield the same value for the Meijer G-function.

Figure 2.1 visualizes the three different cases for the path L.
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First case. Second case. Third case.

Figure 2.1: Visualization of the possible paths L for the Meijer G-function. The dots
visualize the poles of the Gamma functions of Γ (bj − t) and Γ (1 − aj + t), respectively.

The Meijer G-function has two important properties that are particularly useful in

this context. These properties are

zρ Gm,n
p,q

(
ap

bq

∣∣∣∣∣ z
)

= Gm,n
p,q

(
ap + ρ

bq + ρ

∣∣∣∣∣ z
)

(2.1)

and

Gm,n
p,q

(
ap

bq

∣∣∣∣∣ z
)

= Gn,m
q,p

(
1 − bq

1 − ap

∣∣∣∣∣ z−1

)
, (2.2)

where ap = [a1, . . . , ap] and bq = [b1, . . . , bq] are the parameter vectors. The Fox H-

function is a further generalization of the Meijer G-function and is defined as

H m,n
p,q

(
(a1, A1) , . . . , (ap, Ap)

(b1, B1) , . . . , (bq, Bq)

∣∣∣∣∣ z
)

=
1

2πi

∫
L

∏m
j=1 Γ(bj −Bjt)

∏n
j=1 Γ(1 − aj + Ajt)∏q

j=m+1 Γ(1 − bj +Bjt)
∏p

j=n+1 Γ(aj − Ajt)
zt dt,

where A1, . . . , Ap and B1, . . . , Bq are positive real numbers. The path L is one of three

possible choices, analogous to the case of the Meijer G-function. The convergence proper-

ties are more challenging to determine and can be found in [10]. The utilization of these

functions forms a framework of highly generalized integral formulas for the calculation

of the Fourier transform.

In the following, we assume that the RBF of interest can be represented as a Mellin-

Barnes integral. The Meijer G-function and the Fox H-function are notable examples

demonstrating that this assumption holds for a wide class of functions. If a function is
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not initially given as a Mellin-Barnes integral, the Mellin transform

M(f)(s) = f ∗(s) =

∫ ∞

0

f(r)rs−1dr

can be applied, where C1 < Re(s) < C2 for some constants C1 and C2, such that the

integral is well defined. Furthermore, the inverse Mellin transform is given by

M−1(f ∗)(r) = f(r) =

∫ C+i∞

C−i∞
f ∗(s)r−sds,

where r > 0 and C1 < C < C2 [29, p. 417].

2.2 General Calculation of the Fourier Transform

In this chapter, we explicitly calculate the n-dimensional generalized Fourier transform

of a function ϕ : Rn → R with the following properties:

� ϕ is non-singular for ∀x ∈ Rn\{0},

� ϕ(x) ∈ O(||x||m) as ||x|| → ∞ for some m ∈ N,

� ϕ(x) = 1
2πi

∫
L
f(t)

(
||x||
c

)at
dt,

where a ∈ R, c ∈ R+ and L is some path in the complex plane and the function f(t)

ensures that the integral along the path is absolutely convergent for all parameters a, c

and for all x ∈ Rn. The function typically consists of Gamma or trigonometric functions

containing poles or branch cuts [44, p. 179]. For many cases, the function f is the Mellin

transform of the RBF. Note that this includes any function that can be expressed as a

Mellin-Barnes integral, such as Meijer G-functions and Fox H-functions. At the end of

the section, we explicitly show the Fourier transform of the new types of RBFs that we

propose and analyze for use in quasi-interpolation.

For an integrable function f , we recall the Fourier transform as

f̂(y) =

∫
Rn

f(x)e−ix·ydx, y ∈ Rn.

For every radially symmetric function, the Fourier transform is also radially symmetric

[30]. We can use this to work with the univariate function φ(||x||) = ϕ(x) instead of

the multivariate one. Furthermore, we introduce the shorthand notation ||x|| = r. As

mentioned in the introduction, we have to deal with generalized Fourier transforms, since
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we assume that the Fourier transform of the RBF is singular at the origin. To calculate

the generalized Fourier transform, we have to introduce some regularization [30], [27].

This is done by introducing a Gaussian function, resulting in

ϕ̂(y) = lim
ε→0+

∫
Rn

ϕ(x)e−ix·ye−ε||x||
2

dx, y ∈ Rn.

A considerable amount of literature discusses Fourier transforms of tempered distribu-

tions [34], [19], [51]. The fact that the Fourier transform of an RBF is also an RBF allows

us to rewrite the Fourier transform as a Hankel or Mellin transform

φ̂(s) = lim
ε→0+

(2π)
n
2

s
n
2
−1

∫ ∞

0

r
n
2φ(r)Jn

2
−1(sr)e

−εr2 dr, s = ||y||,

where Jn
2
−1(sr) denotes the Bessel function of the first kind. Next, we use the integral

representation of the RBF φ(r), yielding

φ̂(s) = lim
ε→0+

(2π)
n
2

s
n
2
−1

∫ ∞

0

r
n
2

1

2πi

∫
L

f(t)
(r
c

)at
dtJn

2
−1(sr)e

−εr2 dr, s = ||y||.

The change of the integration is valid through the theorem of Fubini-Tonelli. Thus, we

can write

φ̂(s) = lim
ε→0+

(2π)
n
2

s
n
2
−1

1

2πi

∫
L

f(t)

cat

∫ ∞

0

r
n
2
+atJn

2
−1(sr)e

−εr2 dr dt.

Next, we express the Bessel function as a Meijer G-function [37, p. 307]

Jn
2
−1(sr) = G 1,0

0,2

(
−

n−2
4
,−n−2

4

∣∣∣∣∣ (sr)2

4

)

and get

φ̂(s) = lim
ε→0+

(2π)
n
2

s
n
2
−1

1

2πi

∫
L

f(t)

cat

∫ ∞

0

r
n
2
+atG 1,0

0,2

(
−

n−2
4
,−n−2

4

∣∣∣∣∣ (sr)2

4

)
e−εr

2

dr dt.

After the substitution r̃ = r2, we obtain

φ̂(s) = lim
ε→0+

(2π)
n
2

2s
n
2
−1

1

2πi

∫
L

f(t)

cat

∫ ∞

0

r̃
n−2
4

+at
2 G 1,0

0,2

(
−

n−2
4
,−n−2

4

∣∣∣∣∣ s2r̃4
)

e−εr̃ dr̃ dt.
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Using the property from equ. (2.1) with ρ = n−2
4

we get

φ̂(s) = lim
ε→0+

2nπ
n
2

4sn−2

1

2πi

∫
L

f(t)

cat

∫ ∞

0

r̃
at
2 G 1,0

0,2

(
−

n
2
− 1, 0

∣∣∣∣∣ s2r̃4
)

e−εr̃ dr̃ dt.

In this form, the solution of the inner integral is shown in [10, p. 350] and provides

φ̂(s) = lim
ε→0+

2nπ
n
2

4sn−2

1

2πi

∫
L

f(t)

cat
ε−1−at

2 G 1,1
1,2

(
−at

2
n
2
− 1, 0

∣∣∣∣∣ s24ε

)
dt.

The resulting Meijer G-function can be expressed in the form

ε−1−at
2 G 1,1

1,2

(
−at

2
n
2
− 1, 0

∣∣∣∣∣ s24ε

)
= ε−1−at

2
Γ
(
n+at
2

)
Γ
(
−at

2

) ( s2
4ε

)−1−at
2

+R(s, t, ε, n, a)

=
Γ
(
n+at
2

)
Γ
(
−at

2

) (s2
4

)−1−at
2

+R(s, t, ε, n, a), (2.3)

where the remainder R(s, t, ε, n, a) can be upper bounded by

|R(s, t, ε, n, a)| ≤ ε
1
2C(n, a, t)

(
s2

4

)− 3
2
−at

2

,

where C(n, a, t) is some function no longer depending on s and ε. These results are

obtained by analyzing the asymptotic behavior of the Meijer G-function for large ar-

guments. The derivation of this approach is presented in detail in chapter 3.1. Using

equ. (2.3), we get

φ̂(s) = lim
ε→0+

2nπ
n
2

4sn−2

1

2πi

(∫
L

f(t)

cat

(
Γ
(
n+at
2

)
Γ
(
−at

2

) (s2
4

)−1−at
2

+R(s, t, ε, n, a)

)
dt

)
,

where the first part does not depend on ε anymore, and the remaining part can be

estimated by an upper bound

lim
ε→0+

∣∣∣∣ 2nπ n
2

4sn−2

1

2πi

∫
L

f(t)

cat
R(s, t, ε, n, a) dt

∣∣∣∣
≤ lim

ε→0+

2nπ
n
2

4sn−2

1

2π

∫
L

∣∣∣∣f(t)

cat
R(s, t, ε, n, a)

∣∣∣∣ dt
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≤ lim
ε→0+

ε
1
2︸ ︷︷ ︸

=0

2nπ
n
2

4sn−2

1

2π

∫
L

∣∣∣∣∣f(t)

cat
C(n, a, t)

(
s2

4

)− 3
2
−at

2

∣∣∣∣∣ dt︸ ︷︷ ︸
<∞

= 0.

The remaining part vanishes in the limit ε→ 0+. The integral in the last step is absolute

convergent. This is also demonstrated in chapter 3.1, where we explicitly show the form

of the function C(n, a, t).

In summary, we end up with the final integral representation of the Fourier transform

of the RBF,

φ̂(s) =
2nπ

n
2

sn
1

2πi

∫
L

f(t)
Γ
(
n+at
2

)
Γ
(
−at

2

) ( 2

cs

)at
dt. (2.4)

This is a very general result, which is useful for determining the asymptotic behaviour

without solving the integral explicitly. We will use this in the following section. However,

in many special cases, the integral can be evaluated.

2.3 New Radial Basis Functions

In this section, we will use the derived integral representation and apply it to new classes

of RBFs. We calculate the Fourier transform of new classes of generalized multiquadrics

φ(r) =
(
cλ + rλ

)β
, λ ∈ R, β ∈ R\N, r = ||x||, x ∈ Rn

and generalized thin plate splines

φ(r) = (cλ + rλ) log(cβ + rβ), λ, β ∈ R, r = ||x||, x ∈ Rn.

Furthermore, we calculate the Fourier transform of powers of logarithms

φ(r) = rλ logk(r), k ∈ N, λ ∈ R, r = ||x||, x ∈ Rn,

to demonstrate the wide range of applications where this approach can be employed. We

always relate the result to known special cases where the Fourier transform has been

established in the literature.

Prior to advancing with the first generalization, we first revisit the residue theorem,

which is a useful tool to evaluate certain integrals and will be utilized extensively in the
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subsequent chapter. The residue theorem states that if f is an analytic function in the

complex plane C except for a countable set of isolated singularities at points a1, a2, . . . ,

and L is a closed contour in C such that for all j ∈ N, the singularity aj does not lie on the

contour L, then the contour integral of f around L is given by the following expression

1

2πi

∫
L

f(z)dz =
∑
j

Ind(L, aj) Resaj f,

where the function Ind(L, aj) counts how many times the path L encircles the singularity

aj in a positive mathematical sense [39, p. 141]. If the singularity of the function f at aj

is a pole of order m, then the residue can be calculated by the formula

Resaj f =
1

(m− 1)!
lim
z→aj

dm−1

dzm−1
((z − aj)

mf(z)) .

There is a large body of literature introducing the topic of complex analysis [35, p. 106], [9,

p. 219], and [31, p. 86]. A special case that will be frequently used is the residue of the

Gamma function. The Gamma function has countably many simple poles at the negative

integers, including zero. The residues of the Gamma function evaluated at these poles

are given by [4, p. 16]

Res−k Γ(z) =
(−1)k

k!
, k ∈ N, (2.5)

Resk Γ(−z) =
(−1)k+1

k!
, k ∈ N.

We now present a brief example to illustrate how the residue theorem can be applied to

evaluate a Meijer G-function. As an example, we use the function

G 0,1
1,0

(
−
0

∣∣∣∣∣ z2
)

=
1

2πi

∫
L

Γ(−t)z2tdt. (2.6)

The poles and the path L are shown in figure 2.2. The path L is a loop that contains

countably many poles of the Gamma function. Hence, the integral is equal to the sum of

infinitely many residues of the Gamma function. The residues for the poles are given by

Res0 Γ(−t)(−z)2t = −1

Res1 Γ(−t)(−z)2t = z2

Res2 Γ(−t)(−z)2t = −z
4

2
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0 1 2 3

Figure 2.2: Visualization of the poles of Γ(−s) and the path L in the complex plane for

the Meijer G-function G 0,1
1,0

(
−
0

∣∣∣∣ z2).

...

Resk Γ(−t)(−z)2t = −(−1)kz2k

k!
.

Every pole is encircled in the mathematical negative sense. Hence, a minus sign has to

be included. Summing up all residues, we end up with

G 0,1
1,0

(
−
0

∣∣∣∣∣ z2
)

=
1

2πi

∫
L

Γ(−s)z2tdt =
∞∑
k=0

(−1)kz2k

k!
= e−z

2

. (2.7)

The series representation of the Meijer G-function is equal to the series representation

of the exponential function e−z
2
. Additionally, the example showed how to evaluate a

Meijer G-function, and we found the Meijer G-function representation of the exponential

function.

After providing these insights into the evaluation of a Mellin-Barnes type integral, we

now proceed with the Fourier transforms of the new classes of RBFs and their known

special cases.



28 Chapter 2. Fourier Transform

1 2 3
0

1

2

3

r

φ(r)

λ > 0, β > 0
λ > 0, β < 0
λ < 0, β > 0
λ < 0, β < 0

Figure 2.3: Visualization of the generalized multiquadric φ(r) =
(
cλ + rλ

)β
for different

signs of the parameters λ and β. The visualization is generated using the parameters
|λ| = 2, |β| = 1

2
, and c = 1.

2.3.1 Generalized Multiquadric

The first new RBF is the generalized multiquadric

φ(r) =
(
cλ + rλ

)β
=

cλβ

Γ (−β)
G 1,1

1,1

(
1 + β

0

∣∣∣∣∣ (rc)λ
)

=
cλβ

Γ (−β)

1

2πi

∫
L

Γ(−t)Γ(−β + t)
(r
c

)λt
dt.

The RBF is visualized in figure 2.3. Note that the qualitative behaviour of the function

is intrinsically dependent on the signs of the parameters λ and β. As stated in the

introducing example, the Meijer G-function representation can be verified by the series

representation. Comparing the integral representation with the assumed form of the RBF

φ(r) = 1
2πi

∫
L
f(t)

(
r
c

)at
dt, we obtain

f(t) =
cλβ

Γ(−β)
Γ(−t)Γ(−β + t).

Using equ. (2.4), the Fourier transform of the generalized multiquadric is given by

φ̂(s) =
2nπ

n
2 cλβ

Γ(−β)sn
1

2πi

∫
L

Γ(−t)Γ(−β + t)Γ
(
n+λt
2

)
Γ
(
−λt

2

) (
2

cs

)λt
dt, (2.8)

where L is a path from −i∞ to i∞, separating the poles of the Gamma functions in the

numerator. The direction in which the path L can be closed at infinity depends on the
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signs of the parameters λ and β. The parameters λ and β are pivotal in determining

which poles have to be taken into account to employ the residue theorem. For the special

case λ = 2d, β = 1
2
, d ∈ N, this result was first discovered by [42]. The formula presented

here is valid for λ ∈ R and β ∈ R\N and therefore more general.

2.3.1.1 Special Cases

In order to determine the residues of the relevant poles, the locations of poles in the

complex plane that are encircled by the path of integration must be known. For the

generalized multiquadric this is illustrated in figures 3.2, 3.3, 3.4, and 3.5.

1. The first special case is given for λ = 2 and β /∈ N. The Fourier transform from

equ. (2.8) simplifies to

φ̂(s) =
2nπ

n
2 c2β

Γ(−β)sn
1

2πi

∫
L

Γ(−β + t)Γ
(n

2
+ t
)( 2

cs

)2t

dt

=
2nπ

n
2 c2β

Γ(−β)sn
G 0,2

2,0

(
1 + β, 1 − n

2

−

∣∣∣∣∣
(

2

cs

)2
)
,

using property (2.2), we obtain

=
2nπ

n
2 c2β

Γ(−β)sn
G 2,0

0,2

(
−

−β, n
2

∣∣∣∣∣ (cs2 )2
)
.

This Meijer G-function can be simplified to the modified Bessel function of the

second kind [37, p. 307]

G 2,0
0,2

(
−
a, b

∣∣∣∣∣ z2
)

= 2za+bKa−b(2z), a, b, z ∈ R.

With this representation, we proceed with the calculation of the Fourier transform

φ̂(s) =
2nπ

n
2 c2β

Γ(−β)sn
2
(cs

2

)n
2
−β
Kn

2
+β(cs)

=
2

n
2
+1+βπ

n
2 c

n
2
+β

Γ(−β)s
n
2
+β

Kn
2
+β(cs)

=
2π

n
2

Γ(−β)

(
2c

s

)n
2
+β

Kn
2
+β(cs).
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For this special case, the abstract contour integral simplifies to well-known func-

tions.

2. A further specialization is the most famous and widely used RBF, Hardy’s mul-

tiquadric (λ = 2, β = 1
2
). In this case, the Fourier transform further simplifies

to

φ̂(s) =
2π

n
2

Γ(−1
2
)

(
2c

s

)n
2
+ 1

2

Kn
2
+ 1

2
(cs)

= −π−1

(
2πc

s

)n+1
2

Kn+1
2

(cs),

where we used that Γ
(
−1

2

)
= −2

√
π. This result is also stated in [15, p. 154]

and [11, p. 108].

3. The next special case is the inverse multiquadric (λ = 2, β = −1
2
). The Fourier

transform evaluates to

φ̂(s) =
2π

n
2

Γ(1
2
)

(
2c

s

)n
2
− 1

2

Kn
2
− 1

2
(cs).

Using Γ
(
1
2

)
=

√
π, we get

= 2

(
2πc

s

)n−1
2

Kn−1
2

(cs).

This result is also presented in [15, p. 156].

4. The last special case of the generalized multiquadric is the limit c→ 0+. Without

loss of generality, we set λ = 2. There are three different scenarios to consider. The

first is for β ∈ N. In this case the RBF is a polynomial, and the generalized Fourier

transform is given by derivatives of the Delta distribution, denoted by δ(s)

φ̂(s) = (2π)n(−1)β
(
∂21 + · · · + ∂2n

)β
δ(s), β ∈ N.

This case is well known and can be looked up, for example in [27, p. 359].

The second scenario is for β /∈ N and β /∈ −N − n
2
. This limit can be evaluated

using the residue theorem. The only non-vanishing term is induced by the simple
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pole at t = β. Using the identity (2.5), the Fourier transform simplifies to

φ̂(s) = lim
c→0

2nπ
n
2 c2β

Γ(−β)sn
1

2πi

∫
L

Γ(−β + t)Γ
(n

2
+ t
)( 2

cs

)2t

dt

= 2n+2βπ
n
2

Γ
(
n
2

+ β
)

Γ (−β)
s−n−2β, β /∈ N and β /∈ −n

2
− N.

This result is also stated in the literature [34] and [27].

The third scenario is for β = −k− n
2
, k ∈ N. The first non-vanishing term is induced

by the double pole at t = β. Evaluating the residue at t = β leads to

Resβ Γ(−β + t)Γ (−k − β + t)

(
2

cs

)2t

=
(−1)k

(
2
cs

)2β (
2 log

(
2
cs

)
+ ψ(0)(k + 1) − γ

)
k!

,

where ψ(0)(k + 1) =
d

dz
log (Γ(z)) |z=k+1 is the Digamma function [20, p. 89]. In

summary, we derive

φ̂(s) = lim
c→0+

(−1)kπn/2s2k
(

log
(

2
cs

)
+ ψ(0)(k+1)

2
− γ

2

)
22k−1k!Γ

(
k + n

2

)
=

(−1)kπn/2s2k

22k−1k!Γ
(
k + n

2

) (log

(
2

s

)
+
ψ(0)(k + 1)

2
− γ

2
− lim

c→0+
log(c)

)
= ∞.

In the limit c → 0+, we see that the Fourier transform divergences. Consequently,

this particular case will be excluded from further studies. The finite part of the

expression corresponds precisely to what Jones asserted as the Fourier transform

[34]. Our position is that Jones’ assertion is erroneous, and the Fourier transform

for this case cannot be properly calculated. This viewpoint is also supported by [27].

With these special cases, the calculation of the generalized Fourier transform of the

generalized multiquadric is completed. We calculated the Fourier transform in general

and demonstrated for special cases that it is consistent with those reported in the existing

literature. In the next subsection, the generalized Fourier transform for the generalized

thin plate spline is presented.
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φ(r)

λ > 0, β > 0
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Figure 2.4: Visualization of the generalized thin plate spline φ(r) = (cλ + rλ) log(cβ + rβ)
for different signs of the parameters λ and β. The visualization is generated using the
parameters |λ| = 2, |β| = 1

2
and c = 1.

2.3.2 Generalized Thin Plate Spline

In this section, we calculate the Fourier transform of a generalized version of the shifted

thin plate spline

φ(r) = (cλ + rλ) log(cβ + rβ), ||x|| = r ∈ R>0, x ∈ Rn.

The function is visualized in figure 2.4. Furthermore, we derive some known expressions

for special cases. Ortmann and Buhmann showed the calculation in the case that λ = β

are even positive numbers [43]. In order to achieve this, the function is decomposed into

four distinct parts. Subsequently, each part is transformed individually. These four parts

are:

φ(r) = φ1(r) + φ2(r) + φ3(r) + φ4(r),

φ1(r) = cλ log(cβ),

φ2(r) = rλ log(cβ),

φ3(r) = cλ log

(
1 +

(r
c

)β)
,

φ4(r) = rλ log

(
1 +

(r
c

)β)
.

The generalized Fourier transforms of φ1(r) and φ2(r) are well documented [34]. The

function φ1(r) is a constant and hence the generalized Fourier transform is given by

φ̂1(s) = (2π)ncλ log
(
cβ
)
δ(s). Since we are interested in φ(s) for s > 0, this term has
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no further relevance in the subsequent analysis. Later it can be shown that the sum∑
k∈Zn µkφ1 (||x− k||) = 0 vanishes identically. The Fourier transform of φ2(r) is shown

in section 2.3.1 in the limit for c→ 0+ and is also presented in [34]. It is given by

φ̂2(s) =

β log(c)
Γ(n+λ

2 )
Γ(−λ

2
)

2λ+nπn/2s−n−λ, λ
2
/∈ N ∧ λ

2
/∈ −N− n

2

β log(c) (2π)n (−1)
λ
2 (∂21 + · · · + ∂2n)

λ
2 δ(s), λ

2
∈ N.

In the next step, we explicitly present the calculation of φ4(r). The calculation of the

Fourier transform of φ3(r) follows the same approach. The Meijer G-function represen-

tation of the logarithm is given by [29, p. 478]

log

(
1 +

(r
c

)β)
= G 1,2

2,2

(
1, 1

1, 0

∣∣∣∣∣ (rc)β
)
.

Hence, φ4(r) can be written as

φ4(r) = rλG 1,2
2,2

(
1, 1

1, 0

∣∣∣∣∣ (rc)β
)

= cλ
((r

c

)β)λ
β

G 1,2
2,2

(
1, 1

1, 0

∣∣∣∣∣ (rc)β
)

= cλG 1,2
2,2

(
β+λ
β
, β+λ

β
β+λ
β
, λ
β

∣∣∣∣∣ (rc)β
)

= cλ
1

2πi

∫
L

Γ
(

1 + λ
β
− t
)

Γ
(
−λ
β

+ t
)2

Γ
(

1 − λ
β

+ t
) (r

c

)βt
dt.

Comparing this with the general Fourier transform in equ. (2.4), we conclude that f(t) =

cλ
Γ(1+λ

β
−t)Γ(−λ

β
+t)

2

Γ(1−λ
β
+t)

. The Fourier transform is expressed as

φ̂4(s) =
2nπ

n
2 cλ

sn
1

2πi

∫
L

Γ
(

1 + λ
β
− t
)

Γ
(
−λ
β

+ t
)2

Γ
(
n+βt
2

)
Γ
(

1 − λ
β

+ t
)

Γ
(
−βt

2

) (
2

cs

)βt
dt

and analog

φ̂3(s) =
2nπ

n
2 cλ

sn
1

2πi

∫
L

Γ (1 − t) Γ (t)2 Γ
(
n+βt
2

)
Γ (1 + t) Γ

(
−βt

2

) (
2

cs

)βt
dt.
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Note that φ̂3(s) = cλ
(
φ̂4(s)

∣∣∣∣
λ=0

)
. If λ

β
< 1, then the path L for φ̂3(s) and φ̂4(s) can

be chosen identically, and therefore the integrands can be added. The addition of the

integrands is also valid if β ∈ 2N and λ
β
∈ N. In this case, all poles of the integrands

φ̂3(s) and φ̂4(s) tending to plus infinity cancel out. In this case, we obtain

φ̂3(s) + φ̂4(s) =
2nπ

n
2 cλ

sn
1

2πi

∫
L

Γ
(
n+βt
2

)
Γ
(
−βt

2

) (Γ (1 − t) Γ (t)2

Γ (1 + t)
+

+
Γ
(

1 + λ
β
− t
)

Γ
(
−λ
β

+ t
)2

Γ
(

1 − λ
β

+ t
) )(

2

cs

)βt
dt.

If this is not the case, the functions have to be analyzed individually.

2.3.2.1 Special cases

In general, visualizing the location of the poles in the complex plane and the path of

integration is advisable. For the generalized thin plate spline, this is done in the figures

3.6, 3.7, 3.8, and 3.9 for different signs of λ and β.

1. The first special case is given for λ = β ∈ 2N, where 2N denotes the set of all

positive even integers. Hence, the Fourier transform simplifies to

φ̂3(s) + φ̂4(s) =
2nπ

n
2 cλ

sn
1

2πi

∫
L

Γ
(
n+λt
2

)
Γ
(
−λt

2

) (Γ (1 − t) Γ (t)2

Γ (1 + t)
+

+
Γ (2 − t) Γ (−1 + t)2

Γ (t)

)(
2

cs

)λt
dt. (2.9)

Using the identity zΓ(z) = Γ(z + 1),∀z ∈ C, the sum can be simplified to

Γ (2 − t) Γ (t− 1)2

Γ (t)
= −Γ (2 − t) Γ (t− 1)

1 − t
= −Γ (1 − t) Γ (t− 1)

= Γ (−t) Γ (t)
t

t− 1

and analog

Γ (1 − t) Γ (t)2

Γ (1 + t)
= −Γ (−t) Γ (t) .
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Summing both expressions leads to

Γ (2 − t) Γ (t− 1)2

Γ (t)
+

Γ (1 − t) Γ (t)2

Γ (1 + t)
= Γ (−t) Γ (t)

1

t− 1
= Γ (−t) Γ (t− 1) .

Using this in equ. (2.9) results in

φ̂3(s) + φ̂4(s) =
2nπ

n
2 cλ

sn
1

2πi

∫
L

Γ (−t) Γ (t− 1) Γ
(
n+λt
2

)
Γ
(
−λt

2

) (
2

cs

)λt
dt. (2.10)

This result is also shown in [43]. Note that φ̂1(s) and φ̂2(s) also have to be

taken into account for the initial Fourier transform of the generalized thin plate

spline. However, these are merely Delta distributions and, as such, are not fur-

ther considered. This is caused by the fact that in this special case the sums∑
k∈Zn µkφ1 (||x− k||) = 0 and

∑
k∈Zn µkφ2 (||x− k||) = 0 will vanish identically.

2. The next case is the well-known thin plate spline (λ = β = 2). With these param-

eters, the Fourier transform simplifies to

φ̂3(s) + φ̂4(s) =
2nπ

n
2 c2

sn
1

2πi

∫
L

Γ (t− 1) Γ
(n

2
+ t
)( 2

cs

)2t

dt

=
2nπ

n
2 c2

sn
G 0,2

2,0

(
1 − n

2
, 2

−

∣∣∣∣∣
(

2

cs

)2
)

=
2nπ

n
2 c2

sn
G 0,2

2,0

(
−

n
2
,−1

∣∣∣∣∣ (cs2 )2
)

=
2nπ

n
2 c2

sn

(cs
2

)n−2
2
G 0,2

2,0

(
−

n+2
4
,−n+2

4

∣∣∣∣∣ (cs2 )2
)

= 4 (2π)
n
2

(c
s

)n
2
+1

Kn
2
+1(cs).

The result is also stated in the literature [15, p. 156]. As before, φ̂1(s) and φ̂2(s)

are Delta distributions and are therefore not further considered.

3. The last special case is the limit cλ → 0+. Without loss of generality, we can

use λ = β. Again, there are some cases to distinguish. First let λ = 2k, k ∈ N.

Then we can make use of equ. (2.10). The first non-vanishing pole is of first order.

Evaluating the residue at t = 1 leads to

φ̂3(s) + φ̂4(s) = (−1)k+12n+2kπ
n
2

sn+2k
kk!Γ

(
k +

n

2

)
.
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Up to some Delta distribution, this result matches the result given in [34, p. 530]

and [27, p. 364].

If λ ̸∈ 2N, then the functions have to be analyzed separately. For φ̂3(s), the first

non-vanishing pole is located at t = 0. Evaluating the residue at t = 0 leads to

∣∣∣lim
c→0

φ̂3(s)
∣∣∣ = lim

cλ→0

∣∣∣∣∣2nπ
n
2 cλ

sn
1

2πi

∫
L

Γ (1 − t) Γ (t)2 Γ
(
n+λt
2

)
Γ (1 + t) Γ

(
−λt

2

) (
2

cs

)λt
dt

∣∣∣∣∣
≤ lim

cλ→0

∣∣Ccλ∣∣ = 0.

The residues of the following poles vanish even faster than the evaluated pole. For

φ̂4(s), the first non-vanishing pole is located at t = 1. The pole is of second order,

and evaluating the residue leads to

φ̂4(s) = lim
cλ→0

πn/22λ+n−1Γ
(
n+λ
2

)
s−λ−nλ

(
2 log

(
2
cs

)
+ ψ(0)

(
−λ

2

)
+ ψ(0)

(
n+λ
2

))
Γ
(
−λ

2

) .

Note that in the limit, the expression is singular but the logarithmic singularity is

exactly canceled by

φ̂2(s) = λ log(c)
Γ
(
n+λ
2

)
Γ(−λ

2
)

2λ+nπn/2s−n−λ.

In summary, we obtain

φ̂(s) =
λπn/22λ+nΓ

(
n+λ
2

)
s−λ−n

Γ
(
−λ

2

) (
log

(
2

s

)
+

1

2
ψ(0)

(
−λ

2

)
+

1

2
ψ(0)

(
n+ λ

2

))
.

Note that in the limit, φ̂1(s) is also zero. This finding also agrees with the results

reported in the literature [34, p. 530] and [27, p. 364] .

2.3.3 Powers of Logarithms

In this subsection, we focus on the RBF

φ(r) = rλ logk(r), k ∈ N, λ ∈ R.

The function is visualized in figure 2.5. Powers of logarithms can be covered by the
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−0.4

−0.2

0
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r

φ(r)

λ > 0
λ < 0

Figure 2.5: Visualization of powers of logarithms φ(r) = rλ logk(r) for different signs of
the parameter λ. The visualization is made with the parameters |λ| = 2 and k = 3.

following contour integral

logk(r) =
Γ (k + 1)

2πi

∮
L

rt

tk+1
dt,

where L is a circle centered at the origin. Note that in this case we use the abstract

contour integral representation, which is explicitly not a Meijer G- or Fox H-function

representation. This equation can be verified using the residue theorem. Hence,

rλ logk(r) =
Γ (k + 1)

2πi

∮
L

rt

(t− λ)k+1
dt,

where L is a circle centered at λ. This result is valid for k ∈ N. Note that the gener-

alization to k ∈ R is complicated because the contour L then depends on the argument

r. This is due to the fact that the integrand has no isolated singularities anymore, but

a branch cut. For 0 < r < 1, the path L encircles the branch cut of the negative real

line, while for r > 1 the path L encircles the positive real axis. This is why we stick to

the special case k ∈ N and find f(t) = Γ (k + 1) (t − λ)−k−1. The Fourier transform is

therefore given by

φ̂(s) =
2nπ

n
2

sn
1

2πi

∫
L

Γ (k + 1)

(t− λ)k+1

Γ
(
n+t
2

)
Γ
(
− t

2

) (2

s

)t
dt.

While the only contributing pole is at t = λ, we can explicitly use the residue theorem

and obtain

φ̂(s) =
2nπ

n
2

sn
lim
t→λ

(
d

dt

)k Γ
(
n+t
2

)
Γ
(
− t

2

) (2

s

)t
.
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For the special cases k = 1 and k = 2, this result matches with the results presented

in [26, p. 350].

This result further demonstrates the universality of the derived formula. However,

this particular case will not be pursued further, as the focus will shift towards classical

quasi-interpolation, which requires the highest singularity to be algebraic.

2.4 Summary

In this chapter, we derived an expression for the generalized Fourier transform applicable

to a wide class of RBFs. For an RBF satisfying the properties

� ϕ is non-singular for ∀x ∈ Rn\{0},

� ϕ(x) ∈ O(||x||m) as ||x|| → ∞ for some m ∈ N,

� ϕ(x) = 1
2πi

∫
L
f(t)

(
||x||
c

)at
dt,

the generalized Fourier transform is given by

φ̂(s) =
2nπ

n
2

sn
1

2πi

∫
L

f(t)
Γ
(
n+at
2

)
Γ
(
−at

2

) ( 2

cs

)at
dt.

Furthermore, we verified these result through several special cases and compared them

to those reported in the literature. In the next section, we will use this representation of

the Fourier transform to analyze the asymptotic behavior for large and small arguments.



Chapter 3

Asymptotic Behaviour of the Fourier

Transform

The goal of this chapter is to determine the asymptotic behaviour of the Fourier transform

of the RBF for small and large arguments, in order to apply the Strang and Fix conditions

(1.2.4). Remember that the Fourier transform of the quasi-Lagrange function is given by

Ψ̂(y) =
∑
k∈Zn

µke
−ik·yφ̂(||y||) = P (y)φ̂(||y||), y ∈ Rn,

where P (y) =
∑

k∈Zn µke
−ik·y is the trigonometric polynomial, and φ̂(||y||) is the Fourier

transform of our RBF calculated in the previous chapter. To apply the Strang and Fix

conditions, the minimum requirements are

Ψ̂(0) = 1 and Ψ̂(2πj) = 0, ∀j ∈ Zn\{0}. (3.1)

The trigonometric polynomial is 2π- periodic and if we choose the coefficients µk such

that P (0) = 0, then the second condition in equ. (3.1) is satisfied under the constraint

that φ̂(s) is finite on these points. This chapter will demonstrate that some of the

previously calculated Fourier transforms are singular at the origin. This is exactly what

is required to fulfill the first condition in equ. (3.1). One can select the order of the zeros

of P (y) in such a manner that the singularity of the RBF at the origin cancel out each

other, and therefore Ψ̂(0) = P (0)φ̂(0) = 1. For all other values, the Fourier transforms

of the RBFs are finite and so the first order conditions of Strang and Fix are satisfied.

Note that the singularity of the Fourier transform of the RBF determines the order of

the zeros of P (y), which in turn constrains the order of the Strang and Fix conditions

39
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that can be satisfied. This relationship highlights the influence of the RBF on the quasi-

interpolation method, underscoring the significance of selecting an appropriate RBF. To

determine the trigonometric polynomial, we need to know how the Fourier transform of

the RBF behaves near the origin. The decay rate for large arguments for the function

and its derivatives is needed to determine the decay behaviour of the quasi-Lagrange

function.

The starting point of the analysis is the general form of the Fourier transform of the

RBF

φ̂(s) =
2nπ

n
2

sn
1

2πi

∫
L

f(t)
Γ
(
n+at
2

)
Γ
(
−at

2

) ( 2

cs

)at
dt,

see chapter 2. This representation of the Fourier transform allows us to determine the

asymptotic behaviour in a very elegant way.

3.1 Asymptotic Behaviour of General Integral Represen-

tations

In this section, we adapt the notation presented in [5] and define the asymptotic relation

”∼” for some continuous functions f and g as an equivalence relation

f(x) ∼ g(x) as x→ x0 ⇔ lim
x→x0

f(x)

g(x)
= 1.

Note that the value of x0 may also be infinite. The asymptotic relation provides more

information compared to the Landau big-O notation and both will be used depending

on whether the precise behaviour is required.

The asymptotic behaviour of φ̂(s) is determined by the poles of the integrand and the

path of integration. We also used this in the last chapter 2.3.1.1 for the special case 4,

where we calculated the Fourier transform in the limit c→ 0+. When the poles and the

path of integration are known, the limit for small arguments is determined by the first

non-vanishing pole inside the contour. The term ”first” denotes the ordering of the poles

according to the values of their real parts, arranged in either ascending or descending

order, contingent upon the direction of the path of integration. Evaluating the residue

leads to the asymptotic behaviour. Evaluating all other poles inside the integration

contour determines the full series representation of the function. This is exactly what

we did in the example of the residue theorem in the previous chapter. If the integrand
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is analytic and there is no singularity or branch cut inside the contour, then the value of

the integral vanishes. Using the example from the previous chapter, see equ. (2.7), we

have

G 0,1
1,0

(
−
0

∣∣∣∣∣ − z

)
=

1

2πi

∫
L

Γ(−s)(−z)tdt

∼ −Res0 Γ(−t)(−z)t = 1 as z → 0.

To ascertain the higher-order asymptotic behaviour, additional poles have to be taken

into account, leading to an asymptotic series

G 0,1
1,0

(
−
0

∣∣∣∣∣ − z

)
∼

N∑
k=0

zk

k!
as z → 0,

for some N ∈ N.

For large values of the argument, determining the asymptotic behaviour becomes more

complex. Two scenarios are particularly noteworthy: The first one arises when poles lie

outside the contour, which restricts the ability to displace the contour towards infinity.

This can be seen in figure 3.1. The second scenario occurs when no singularities exist

outside the contour, allowing the path to be displaced towards positive or negative infin-

ity. This is visualized in figure 2.2. We start with the first case, as utilized in equ. (2.3),

where we determined the limit ε→ 0 of a Meijer G-function for large arguments. As an

illustrative example and to justify the presented calculations in the previous chapter, we

now determine the asymptotic behaviour for ε→ 0 of

ε−1−at
2 G 1,1

1,2

(
−at

2
n
2
− 1, 0

∣∣∣∣∣ s24ε

)
=
ε−1−at

2

2πi

∫
L

Γ
(
n
2
− 1 − v

)
Γ
(
1 + at

2
+ v
)

Γ(1 + v)

(
s2

4ε

)v
dv.

The basic idea is to shift the path of integration over the first pole that does not contribute

to the original integral. The residue of this pole is the leading order term for large

arguments. The error introduced by considering only the leading pole is determined by

the integral over the displaced contour. Figure 3.1 visualizes the method, the poles, and

the path of integration L for the given Meijer G-function. The leading order term can

be computed using the residue theorem. The result is given by

ε−1−at
2 G 1,1

1,2

(
−at

2
n
2
− 1, 0

∣∣∣∣∣ s24ε

)
= ε−1−at

2
Γ
(
n+at
2

)
Γ
(
−at

2

) ( s2
4ε

)−1−at
2

+R(s, t, ε, n, a)
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−at−2
2

−at−4
2

n−2
2

n
2

−1−2

L

=

G 1,1
1,2

(
−at

2
n
2
− 1, 0

∣∣∣∣ s24ε)

−at−2
2

−at−4
2

n−2
2

n
2

−1−2
+

Leading order

−at−2
2

−at−4
2

n−2
2

n
2

−1−2

L̃

+

R(s, t, ε, n, a)

Figure 3.1: Visualization of the method for the determination of the asymptotic behaviour
for large arguments. The dots denote the poles of the Gamma function Γ

(
n
2
− 1 − v

)
and Γ

(
1 + at

2
+ v
)
, respectively. The circles represent the poles of the Gamma function

Γ(1 + v).

=
Γ
(
n+at
2

)
Γ
(
−at

2

) (s
2

)−2−at
+R(s, t, ε, n, a),

where R(s, t, ε, n, a) is the integral over the displaced path L̃. What we need to show

next is that the remaining part R(s, t, ε, n, a) does not grow faster than the leading term

as ε → 0. This can be shown by setting up an upper bound for the remaining part as

follows

R(s, t, ε, n, a) =
ε−1−at

2

2πi

∫
L̃

Γ
(
n
2
− 1 − v

)
Γ
(
1 + at

2
+ v
)

Γ(1 + v)

(
s2

4ε

)v
dv.

With the parametrization v = iT − 3
2
− at

2
, we get

=
ε−1−at

2

2π

∫ ∞

−∞

Γ
(
n+1+at

2
− iT

)
Γ
(
−1

2
+ iT

)
Γ(−1

2
− at

2
+ iT )

(
s2

4ε

)iT− 3
2
−at

2

dT

≤ ε−1−at
2

2π

(
s2

4ε

)− 3
2
−at

2
∫ ∞

−∞

∣∣∣∣∣Γ
(
n+1+at

2
− iT

)
Γ
(
−1

2
+ iT

)
Γ(−1

2
− at

2
+ iT )

∣∣∣∣∣ dT
=
ε

1
2

2π

(s
2

)−3−at
∫ ∞

−∞

∣∣∣∣∣Γ
(
n+1+at

2
− iT

)
Γ
(
−1

2
+ iT

)
Γ(−1

2
− at

2
+ iT )

∣∣∣∣∣ dT
= ε

1
2

(s
2

)−3−at
C(n, a, t).

The function C(n, a, t) is independent of the variables s and ε. The subsequent step is to

demonstrate that C(n, a, t) remains finite for all arguments. Following this, we proceed

by comparing the remaining terms to show that they are subdominant relative to the

leading order. C(n, a, t) is finite if the integrand decays sufficiently fast for all possible
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values of the parameters n, a and t. To demonstrate this, we employ the asymptotic

behaviour of the absolute value of the Gamma function [1]

|Γ(x+ iy)| ∼
√

2π |y|x−
1
2 e−π|y|/2 as y → ±∞ x, y ∈ R.

Using the identity, we get∣∣∣∣∣ Γ
(
n+1+at

2
− iT

)
Γ(−1

2
− at

2
+ iT )

∣∣∣∣∣ ∼
√

2π|T |n+at
2 e−π|T |/2

√
2π|T |−1−at

2 e−π|T |/2
= |T |

n
2
+1+at as T → ±∞

and ∣∣∣∣Γ(−1

2
+ iT

)∣∣∣∣ ∼ √
2π|T |−1e−π|T |/2 as T → ±∞.

The integrand decays exponentially, and therefore, the function C(n, a, t) is finite. We

clearly see that in the limit ε → 0 the remainder term vanishes while the leading order

term stays constant. Hence, the asymptotic behaviour and the limit ε→ 0 is determined,

thereby validating the calculations presented in the previous chapter. Higher-order terms

can be computed by displacing the contour path over the second pole, third pole, and

so on [44]. This example also illustrates the method for determining the asymptotic

behaviour of Mellin-Barnes integrals for large arguments.

So far, we discussed how to determine the asymptotic behaviour for large arguments

when there are poles outside the contour. The second important case arises when there

are no poles outside the contour, allowing the path to be displaced arbitrarily towards

positive or negative infinity. In this case, the path can be chosen such that the arguments

of all functions are large, and the integrand can be replaced by its asymptotic form. For

example, every Gamma function can be replaced by Stirling’s formula

Γ(z) ∼ e−zzz
(

2π

z

) 1
2

as |z| → ∞, arg(z) < π.

With this in mind, the saddle point method can be used to determine the asymptotic

behaviour of the Mellin-Barnes integral [44, p. 197]. Using this approach, one can also

rigorously identify whether the asymptotic behaviour exhibits exponential decay or os-

cillatory characteristics. The saddle point method is not employed in the context of this

thesis. Instead, we utilize the following result.

If the Mellin-Barnes integral can be parametrized such that the endpoints are at ±i∞
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and there are no poles outside of the contour then the Mellin-Barnes integral decays

more rapidly than any polynomial can grow. We illustrate this with the same example

presented in the previous chapter

G 0,1
1,0

(
−
0

∣∣∣∣∣ z2
)

=
1

2πi

∫
L

Γ(−t)z2tdt, z ∈ R,

see equ. (2.6) and figure 2.2. From the properties of Meijer G-functions (see section 2.1),

we know that the path can also be parameterized by L = −R+ iT , where R > 0, and T

is the integration variable ranging from negative infinity to positive infinity. With this

parametrization we get

G 0,1
1,0

(
−
0

∣∣∣∣∣ z2
)

=
1

2πi

∫
L

Γ(−t)z2tdt

=
1

2π

∫ ∞

−∞
Γ(R− iT )z−2R+2iTdT

≤ z−2R

2π

∫ ∞

−∞
|Γ(R− iT )| dT.

Using the asymptotic relation

|Γ (R− iT )| ∼
√

2π|T |R− 1
2 e−π|T |/2 as T → ±∞,

we can deduce that the integral is absolutely convergent for all R > 0. Moreover, since R

can be chosen arbitrarily large, the Meijer G-function decays faster than any polynomial

can grow.

In the following, these two methods are employed to determine the asymptotic be-

haviour of the newly introduced classes of RBFs, in order to analyze their behaviour

for small and large arguments. The behaviour for small arguments is necessary for the

construction of the trigonometric polynomial, ensuring that the Fourier transform of the

quasi-Lagrange function satisfies the Strang and Fix conditions of a certain order. The

behaviour for large arguments will be essential in the next chapter to determine the decay

rate of the quasi-Lagrange function.
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3.2 New Radial Basis Functions

In this subsection we analyze the asymptotic behaviour of the new classes of RBF. We

will see that there are many cases to distinguish and not all of them are suitable for quasi-

interpolation. We will restrict the analysis to the cases where classical quasi-interpolation

can be applied. This means that the RBF has a singularity of even order at the origin

such that we can use finitely many coefficients for the trigonometric polynomial. All

cases are analyzed with respect to their asymptotic behaviour for small arguments, but

will not be further considered if classical quasi-interpolation is not applicable.

3.2.1 Generalized Multiquadric

As a reminder, we found that for φ(r) =
(
cλ + rλ

)β
, with the parameters λ ∈ R and

β ∈ R\N, the Fourier transform is

φ̂(s) =
2nπ

n
2 cλβ

Γ(−β)sn
1

2πi

∫
L

Γ(−t)Γ(−β + t)Γ
(
n+λt
2

)
Γ
(
−λt

2

) (
2

cs

)λt
dt, (3.2)

where L is a path from −i∞ to i∞ separating the poles of the Gamma functions in the

numerator. The contour can be deformed according to Cauchy’s integral theorem, such

that other paths of integration are applicable.

In figure 2.3 we showed that the generalized multiquadric behaves fundamentally

different for different signs of the parameters λ and β. The same applies to their Fourier

transforms. Therefore, we have to analyze the four cases individually. We start with the

case λ > 0 and β > 0. For clarity and better insight, each case is introduced with a

brief visualization (see table 3.1) of the RBF and the associated contour integral of the

Fourier transform.
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3.2.1.1 Case 1: λ > 0, β > 0

Parameter
configuration

RBF φ(r) =
(
cλ + rλ

)β
Contour integral of the Fourier

transform φ̂(s)

λ > 0, β > 0

1 2 3
0

1

2

3

r

φ(r)

λ > 0, β > 0

λ > 0, β > 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ 2

λ
4
λ

λ > 0, β < 0

1 2 3
0

1

2

3

r

φ(r)

λ > 0, β < 0

λ > 0, β < 0

ββ − 1β − 2
1 2 3

−n
λ

−n−2
λ

−n−4
λ 2

λ
4
λ

λ < 0, β > 0

1 2 3
0

1

2

3

r

φ(r)

λ < 0, β > 0

λ < 0, β > 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ2

λ
4
λ

λ < 0, β < 0

1 2 3
0

1

2

3

r

φ(r)

λ < 0, β < 0

λ < 0, β < 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ2

λ
4
λ

Table 3.1: Overview of the cases considered for the generalized multiquadric. The focus
is on the framed case.

We start by analyzing the asymptotic behaviour for small arguments. The poles

of the Gamma functions and the path of integration are visualized in figure 3.2. The

asymptotic behaviour for λ, β > 0 is contingent upon the specific values of λ and β,
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λ > 0, β > 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ 2

λ
4
λ

Figure 3.2: Visualization of the poles from equ. (3.2) for λ > 0, β > 0. The singularities
of the Gamma functions in the numerator are depicted as dots, whereas the singularities
of the Gamma function in the denominator are represented by circles, which may cancel
poles. For the purpose of enhanced visualization, the poles have been represented as if
they had an imaginary component, although this is not the case. Every pole lies on the
real axis. Additionally, the path of integration is depicted and indicates which poles have
to be included. The example is provided for |λ| = 2, |β| = 3

2
, n = 1.

requiring a further distinction of certain cases. The leading-order term is induced by a

pole of order one or order two. First, we assume that the leading order term is induced

by a pole of order one. Let a ∈ {0, 1, 2, . . . , ⌊β⌋} and therefore β − a ≥ 0. If there is

a pole with positive real part that is not cancelled, this pole determines the asymptotic

behaviour of φ̂(s) for small arguments. Consequently, the following holds

φ̂(s) ∼
⌊β⌋∑
a=0

(−1)a

a!

2n+λ(β−a)cλaπ
n
2

sn+λ(β−a)
Γ (−β + a)

Γ (−β)

Γ
(
n+λ(β−a)

2

)
Γ
(
−λ(β−a)

2

) , as s→ 0+. (3.3)

If there is at least one nonzero summand, this expression holds, and the asymptotic

behaviour for s → 0+ is determined. Otherwise, all poles with a positive real part are

canceled, and the subsequent poles with negative real parts have to be considered, as,

for instance, in the case of λ = 4 and β = 3
2
. These poles may be either of order one or

order two. Finally, if β−⌈β⌉ > −n
λ
, then the first pole with negative real part is of order

one and located at t = β − ⌈β⌉ and the asymptotic behaviour is then given by

φ̂(s) ∼ 2n+λ(β−⌈β⌉)π
n
2 cλ⌈β⌉

Γ(−β)sn+λ(β−⌈β⌉)
(−1)⌈β⌉

Γ (⌈β⌉ + 1)

Γ(−β + ⌈β⌉)Γ
(
n+λ(β−⌈β⌉)

2

)
Γ
(
−λ(β−⌈β⌉)

2

) , as s→ 0+.
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On the other hand, if β−⌈β⌉ < −n
λ
, then the first pole with negative real part is located

at t = −n
λ
. The asymptotic behaviour is given by

φ̂(s) ∼ π
n
2 cλβ+n

Γ(−β)

Γ(n
λ
)Γ(−β − n

λ
)

Γ
(
n
2

) , as s→ 0+.

Finally, if β − ⌈β⌉ = −n
λ
, then the pole is of order two and we have to evaluate

φ̂(s) ∼ 2nπ
n
2 cλβ

Γ(−β)sn
lim
t→−n

λ

∂

∂t

(
t+

n

λ

)2 Γ(−t)Γ(−β + t)Γ
(
n+λt
2

)
Γ
(
−λt

2

) (
2

cs

)λt
, as s→ 0+

=
(−1)⌈β⌉+1πn/2Γ

(
n
λ

)
cβλ+n

λΓ(−β)Γ
(
n
2

)
Γ(⌈β⌉ + 1)

(
2λ log

(cs
2

)
− 2H⌈β⌉ + γ(λ+ 2) − λψ(0)

(n
2

)
+ 2ψ(0)

(n
λ

))
,

where H⌈β⌉ is the harmonic number, γ is the Euler-Mascheroni constant, and ψ(0) is

the Digamma function. These cases represent all possible scenarios for the asymptotic

behaviour for small arguments.

By understanding the leading asymptotic behaviour of the Fourier transform of the

RBF, we identify the most practical cases for quasi-interpolation. For these cases, we

also determine higher order terms of the asymptotic expansion. This is essential for

constructing the trigonometric polynomial in such a manner that the Strang and Fix

conditions are fulfilled at the origin. In classical quasi-interpolation, the singularity

of the RBF has to be an even power of s. Then the trigonometric polynomial can be

constructed with a finite number of coefficients µk. The first power of s in the asymptotic

expansion that is not even (whether it is odd, some other real number, or logarithmic)

should appear as late as possible in the asymptotic expansion [42].

With this criterion, we achieve the highest order singularity for a = 0 and λβ /∈ 2N.

Since we would like to get a singularity of even order, it follows that this is only achievable

in odd dimensions n with λβ ∈ 2N − 1. To maximize the number of even powers of s

in the asymptotic series until a non-even power of s appears, we continue with the

condition λa ∈ 2N, ∀a ∈ {0, 1, 2, . . . , ⌊β⌋}. Thus, λ should also be an even integer.

Hence, β ∈ N + 1
2
.

In summary, the best way to achieve this requirement is given by

λ ∈ 2 + 4N and β ∈ N +
1

2
.

With this specific choice of parameters, a double pole appears, leading to a logarithmic

term in the asymptotic behaviour. Given the particular interest in this case for quasi-
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interpolation, we now derive the form of the asymptotic series up to the first logarithmic

term.

To identify the location of the first double pole, we round the value −n
λ

to the nearest

negative half-integer. This can be expressed as the formula t =
⌊
−n
λ

+ 1
2

⌋
− 1

2
. This pole

gives rise to a logarithmic singularity, and all poles of order one with real part larger than

the double pole can be summed up, as shown below. The asymptotic series is given by

φ̂(s) ∼
⌈n

λ
− 1

2⌉+⌊β⌋∑
j=0

Cj(c, n, λ, β)s−n+λ(j−β) +

1
2(−n+λ(⌈n

λ
− 1

2⌉+ 1
2))∑

j=0

C̃j(c, n, λ, β)s2j

+ C(c, n, λ, β)s−n+λ(⌈
n
λ
− 1

2⌉+ 1
2) log(cs) as s→ 0+ , (3.4)

where Cj, C̃j and C are some constants depending on c, n, λ, β and j and can be computed

by the residue theorem. The first sum collects the residues of all poles from Γ (−β + t).

The formula for the first constants Cj are given in equ. (3.3), but here we also include all

poles of order one with negative real parts up to the first pole of order two. The second

sum encompasses the residues of the poles of Γ
(
n+λt
2

)
up to and including the first pole

of order two. The last term is the logarithmic part induced by the first pole of order two.

As λ or β increases, more even powers of s appear between the leading-order and

the logarithmic part in the asymptotic series. In Section 4.1, we will show that this

leads to improved decay rates for the quasi-Lagrange functions and enhanced polynomial

reproduction. Consequently, this results in higher approximation orders. It is worth

noting that the classical Hardy’s multiquadric (λ = 2, β = 1
2
) corresponds to this specific

choice, and we have demonstrated how this can be extended to other values of λ and β.

The analysis of the asymptotic behaviour as s → 0+ is now complete. As a next

step, we investigate the behaviour of φ̂(s) for large arguments. To do so, we have to

consider different values of λ and first assume that λ ∈ 2N. In this case, all poles outside

the contour will cancel out and the contour can be displaced arbitrarily far towards

infinity. As shown in section 3.1, we use Cauchy’s integral theorem and parametrize the

contour as s = R + iT , where T ∈ (−∞,∞) and R > 0 is arbitrarily large. With this

parametrization, equ. (3.2) transforms to

φ̂(s) =
2nπ

n
2 cλβ

Γ(−β)sn
1

2π

∫ ∞

−∞

Γ(−R− iT )Γ(−β +R + iT )Γ
(
n+λ(R+iT )

2

)
Γ
(
−λ(R+iT )

2

) (
2

cs

)λ(R+iT )

dT
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≤ Cs(−n−λR)

∫ ∞

−∞

∣∣∣∣∣∣
Γ(−R− iT )Γ(−β +R + iT )Γ

(
n+λ(R+iT )

2

)
Γ
(
−λ(R+iT )

2

)
∣∣∣∣∣∣ dT.

Using the asymptotic expansion of the Gamma function

|Γ (x+ iy)| ∼
√

2π|y|x−
1
2 e−

π
2
|y| as y → ±∞, x ∈ R, (3.5)

we can deduce that the integral is absolutely convergent while R is finite. Therefore, the

Fourier transform can be upper-bounded by

φ̂(s) ≤ CRs
−n−λR,

where CR is some constant depending on R. Since R is arbitrarily large, we showed that

φ̂(s) decays faster than every polynomial can grow. In fact, we have not derived the

exact asymptotic behaviour, but instead we got an upper bound on the decay rate of

φ̂(s) for large arguments. Note that the same applies to all derivatives of φ̂(s)

∂ρ

∂sρ
φ̂(s) =

2nπ
n
2 cλβ

Γ(−β)

1

2π

∫ ∞

−∞

Γ(−R− iT )Γ(−β +R + iT )Γ
(
n+λ(R+iT )

2

)
Γ
(
−λ(R+iT )

2

) ∂ρ

∂sρ
s−n

(
2

cs

)λ(R+iT )

dT

≤ Cs(−n−λR−ρ)
∫ ∞

−∞

∣∣∣∣∣∣
Γ(−R− iT )Γ(−β +R + iT )Γ

(
n+λ(R+iT )

2

)
Γ
(
−λ(R+iT )

2

)
∣∣∣∣∣∣ dT.

The integrand decays exponentially and keeps the integral absolutely convergent. This

also ensures that the change of the integral and the derivative is valid. As before, R is

arbitrarily large, so the derivative of φ̂ also decays faster than any polynomial grow.

For λ /∈ 2N, the first non-vanishing pole outside the contour is at t = 1. So the

leading-order asymptotic behaviour is determined by the residue at t = 1. We get

φ̂(s) ∼ −
2λ+nβπn/2cλ(β−1)Γ

(
n+λ
2

)
Γ
(
−λ

2

) s−n−λ as s→ ∞.

For the derivatives we get

dρ

dsρ
φ̂(s) ∼ (−1)ρ+1 (n+ λ+ ρ)!

(n+ λ)!

2λ+nβπn/2cλ(β−1)Γ
(
n+λ
2

)
Γ
(
−λ

2

) s−n−λ−ρ as s→ ∞.
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In summary, the derivatives decay even faster than the function itself. These results will

be needed in the following section to apply the Strang and Fix conditions. Thus far,

we have analyzed all possible asymptotic behaviours corresponding to various values of

λ > 0 and β > 0.
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3.2.1.2 Case 2: λ > 0, β < 0

Parameter
configuration

RBF φ(r) =
(
cλ + rλ

)β
Contour integral of the Fourier

transform φ̂(s)

λ > 0, β > 0

1 2 3
0

1

2

3

r

φ(r)

λ > 0, β > 0

λ > 0, β > 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ 2

λ
4
λ

λ > 0, β < 0

1 2 3
0

1

2

3

r

φ(r)

λ > 0, β < 0

λ > 0, β < 0

ββ − 1β − 2
1 2 3

−n
λ

−n−2
λ

−n−4
λ 2

λ
4
λ

λ < 0, β > 0

1 2 3
0

1

2

3

r

φ(r)

λ < 0, β > 0

λ < 0, β > 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ2

λ
4
λ

λ < 0, β < 0

1 2 3
0

1

2

3

r

φ(r)

λ < 0, β < 0

λ < 0, β < 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ2

λ
4
λ

Table 3.2: Overview of the cases considered for the generalized multiquadric. The focus
is on the framed case.

This case is a generalization of the classical inverse multiquadric (λ = 2, β = −1
2
).

For better comprehensibility, we define β̃ = −β and work with the positive variable β̃.

The poles are visualized in figure 3.3. The only difference to the first case is that there
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λ > 0, β < 0

ββ − 1β − 2
1 2 3

−n
λ

−n−2
λ

−n−4
λ 2

λ
4
λ

Figure 3.3: Visualization of the poles from equ. (3.2) for λ > 0, β < 0. The singularities
of the Gamma functions in the numerator are depicted as dots, whereas the singularities
of the Gamma function in the denominator are represented by circles, which may cancel
poles. For the purpose of enhanced visualization, the poles are represented as if they
had an imaginary component, although this is not the case. Every pole lies on the real
axis. Additionally, the path of integration is depicted and indicates which poles have to
be included. The example is provided for |λ| = 2, |β| = 3

2
, n = 1.

are no poles with positive real part inside the contour. Hence, we get analogous results

to the first case and find the behaviour for s→ 0+

φ̂(s) =


O
(
s−n+λβ̃

)
, β̃ < n

λ

O (1) , β̃ > n
λ

O (log(s)) , β̃ = n
λ
.

For the sake of clarity the big-O notation is used. The exact asymptotic behaviour

was determined in the previously considered case. The utilization of classical quasi-

interpolation is constrained by the dimension n, owing the assumption of a singularity at

the origin. For a sufficiently large dimension n, this limitation can be advantageous for

classical quasi-interpolation, as it enables the reduction of the singularity at the origin

to a certain degree. The asymptotic behaviour as s → ∞ is equivalent to the behaviour

previously examined. For λ ∈ 2N, the Fourier transform and all its derivatives decay

faster than every polynomial and for λ /∈ 2N we get

∂ρ

∂sρ
φ̂(s) ≤ Cs−n−λ−ρ, ρ ∈ N.
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3.2.1.3 Case 3: λ < 0, β > 0

Parameter
configuration

RBF φ(r) =
(
cλ + rλ

)β
Contour integral of the Fourier

transform φ̂(s)

λ > 0, β > 0

1 2 3
0

1

2

3

r

φ(r)

λ > 0, β > 0

λ > 0, β > 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ 2

λ
4
λ

λ > 0, β < 0

1 2 3
0

1

2

3

r

φ(r)

λ > 0, β < 0

λ > 0, β < 0

ββ − 1β − 2
1 2 3

−n
λ

−n−2
λ

−n−4
λ 2

λ
4
λ

λ < 0, β > 0

1 2 3
0

1

2

3

r

φ(r)

λ < 0, β > 0

λ < 0, β > 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ2

λ
4
λ

λ < 0, β < 0

1 2 3
0

1

2

3

r

φ(r)

λ < 0, β < 0

λ < 0, β < 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ2

λ
4
λ

Table 3.3: Overview of the cases considered for the generalized multiquadric. The focus
is on the framed case.

We define λ̃ = −λ to be positive. Under this assumption, the poles and the contour

itself change due to the convergence properties of the Gamma functions. This is visualized

in figure 3.4. The poles induced by Γ (−β + t) lie outside of the contour. To distinguish
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λ < 0, β > 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ2

λ
4
λ

Figure 3.4: Visualization of the poles from equ. (3.2) for λ < 0, β > 0. The singularities
of the Gamma functions in the numerator are depicted as dots, whereas the singularities
of the Gamma function in the denominator are represented by circles, which may cancel
poles. For the purpose of enhanced visualization, the poles are represented as if they
had an imaginary component, although this is not the case. Every pole lies on the real
axis. Additionally, the path of integration is depicted and indicates which poles have to
be included. The example is provided for |λ| = 2, |β| = 3

2
, n = 1.

the poles outside and inside, they are now allowed to coincide. As a formula, this means

that β /∈ N and (β − N) ∩ n+2N
λ̃

= ∅. Given this, the asymptotic behaviour can be

determined in the same manner as before. When calculating the residue, there appears

one minus sign due to the direction of the contour integral. For n
λ̃
< 1 we get

φ̂(s) ∼ 2π
n
2 cn−λ̃β

Γ(−β)λ̃

Γ(−n
λ̃
)Γ(−β + n

λ̃
)

Γ
(
n
2

) , as s→ 0+,

which is just a constant and has no singularity at the origin. The more suitable case is
n
λ̃
> 1, because the asymptotic behaviour is given by

φ̂(s) ∼ 2n−λ̃π
n
2 cλ̃(1−β)β

sn−λ̃

Γ
(
n−λ̃
2

)
Γ
(
λ̃
2

) , as s→ 0+.

Therefore, there is a singularity if λ < n. In certain scenarios, this can be advantageous,

for example, as reduction of the singularity for large dimensions. Finally, if n
λ̃

= 1, we

evaluate the residue of the double pole to obtain

φ̂(s) ∼ −βπ
n/2cn(1−β)

nΓ
(
n
2

) (
2n log

(cs
2

)
+ 2H−β + γn− nψ(0)

(n
2

)
− 2
)
, as s→ 0+.
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In summary, we get for β /∈ N and β − N ∩ n+2N
λ̃

= ∅,

φ̂(s) =


O (1) , n < λ̃

O
(
s−n+λ̃

)
, n > λ̃

O (log(s)) , n = λ̃.

A remarkable fact is that the order of the singularity does not depend on β. Hence,

one could think that β can be chosen arbitrarily. However, the asymptotic behaviour for

s → ∞ is limited by β. In the next chapter, we will see its affect on the approximation

order or the quasi-Lagrange operator.

For large arguments the asymptotic behaviour is given by the residue of the first

non-vanishing pole outside the contour. This is for t = β and the evaluation leads to

φ̂(s) ∼
πn/22−βλ̃+nΓ

(
1
2
(n+ βλ̃)

)
Γ
(
−βλ̃

2

) s−n+λ̃β as s→ ∞. (3.6)

For the derivatives we get

dρ

dsρ
φ̂(s) ∼ Cs−n+β̃λ−ρ as s→ ∞,

where C is some constant which can be derived by differentiating the leading asymptotic

term of φ̂(s). The decay rate of the derivative is faster than that of the function itself.

Up to this point, all results seems to be applicable to quasi-interpolation. However,

for this choice of parameters, the RBF itself becomes singular. This problem can be

addressed in two ways. The first one is, that the quasi-Lagrange function is a linear

combination of the RBFs and the coefficients µk have to ensure that the singularity

cancels out. The second possibility is to use a linear combination of different parameters

c within the RBF. Since the singularity of the Fourier transform depends on the constant

c, this linear combination will not affect the order of the singularity. We will see in the

next chapter that the decay rate of the Fourier transform of the RBF is not fast enough

and therefore, this case is not usable in classical quasi-interpolation.



3.2. New Radial Basis Functions 57

3.2.1.4 Case 4: λ < 0, β < 0

Parameter
configuration

RBF φ(r) =
(
cλ + rλ

)β
Contour integral of the Fourier

transform φ̂(s)

λ > 0, β > 0

1 2 3
0

1

2

3

r

φ(r)

λ > 0, β > 0

λ > 0, β > 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ 2

λ
4
λ

λ > 0, β < 0

1 2 3
0

1

2

3

r

φ(r)

λ > 0, β < 0

λ > 0, β < 0

ββ − 1β − 2
1 2 3

−n
λ

−n−2
λ

−n−4
λ 2

λ
4
λ

λ < 0, β > 0

1 2 3
0

1

2

3

r

φ(r)

λ < 0, β > 0

λ < 0, β > 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ2

λ
4
λ

λ < 0, β < 0

1 2 3
0

1

2

3

r

φ(r)

λ < 0, β < 0

λ < 0, β < 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ2

λ
4
λ

Table 3.4: Overview of the cases considered for the generalized multiquadric. The focus
is on the framed case.

The last parameter configuration is λ, β < 0. Again, we define λ̃ = −λ and β̃ = −β.

The visualization of the poles is shown in figure 3.5. Analogous to the previous case but

without the restriction on β, we find that the leading order pole can only be simple or
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λ < 0, β < 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ2

λ
4
λ

Figure 3.5: Visualization of the poles from equ. (3.2) for λ < 0, β < 0. The singularities
of the Gamma functions in the numerator are depicted as dots, whereas the singularities
of the Gamma function in the denominator are represented by circles, which may cancel
poles. For the purpose of enhanced visualization, the poles are represented as if they
had an imaginary component, although this is not the case. Every pole lies on the real
axis. Additionally, the path of integration is depicted and indicates which poles have to
be included. The example is provided for |λ| = 2, |β| = 3

2
, n = 1.

double. If n < λ̃, then the first pole is at t = n
λ̃

and the asymptotic behaviour for s→ 0+

is evaluated as

φ̂(s) ∼ 2π
n
2 cn+λ̃β̃

Γ(β̃)λ̃

Γ(−n
λ̃
)Γ(β̃ + n

λ̃
)

Γ
(
n
2

) , as s→ 0+.

If n > λ̃, then the first pole is located at t = 1 and we obtain

φ̂(s) ∼ −2n−λ̃π
n
2 cλ̃(1+β̃)β̃

sn−λ̃

Γ
(
n−λ̃
2

)
Γ
(
λ̃
2

) , as s→ 0+.

Finally, if n = λ, then the first pole double is located at t = 1 and we get

φ̂(s) ∼ β̃πn/2cn(1+β̃)

nΓ
(
n
2

) (
2n log

(cs
2

)
+ 2Hβ̃ + γn− nψ(0)

(n
2

)
− 2
)
, as s→ 0+.
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In summary, for s→ 0+, we have

φ̂(s) =


O (1) , n < λ̃

O
(
s−n+λ̃

)
, n > λ̃

O (log(s)) , n = λ̃.

These are the same results as in the previous case, just with a negative sign for β.

The noticeable difference is in the asymptotic behaviour as s → ∞. As before, if all

poles located outside the contour vanish, than φ̂(s) decays faster than any polynomial

grows. Otherwise, the decay rate is limited by the first non-vanishing pole outside the

contour. Suppose that the first non-vanishing pole is at t = −β̃ − a for a ∈ N. Then, we

get for large arguments

φ̂(s) ∼ (−1)a+1

Γ(a+ 1)

2n+λ̃(β̃+a)π
n
2

cλ̃asn+λ̃(β̃+a)

Γ
(
n+λ̃β̃

2

)
Γ
(
− λ̃β̃

2

) , as s→ ∞.

The derivatives decay even faster.

So far, we have discussed all possible asymptotic behaviours for different parameters

λ and β. We found that the most useful case for quasi-interpolation is given for

λ ∈ 2 + 4N and β ∈ 1

2
+ N.

Other cases are also suitable but not as good as this choice. Consequently, a comprehen-

sive analysis of these parameters will be conducted in chapter 4.

Before proceeding with the analysis of the decay rate of the quasi-Lagrange function,

we analyze the asymptotic behaviour of the generalized thin plate spline.

3.2.2 Generalized Thin Plate Spline

As a reminder, we defined the generalized thin plate spline as

φ(r) =
(
cλ + rλ

)
log
(
cβ + rβ

)
, r = ||x||, x ∈ Rn, λ, β ∈ R
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and splitted this up into four functions φ1(r), . . . , φ4(r), see chapter 2. We derived the

following expression for the Fourier transform of the generalized thin plate spline

φ̂4(s) =
2nπ

n
2 cλ

sn
1

2πi

∫
L

Γ
(

1 + λ
β
− t
)

Γ
(
−λ
β

+ t
)2

Γ
(
n+βt
2

)
Γ
(

1 − λ
β

+ t
)

Γ
(
−βt

2

) (
2

cs

)βt
dt (3.7)

and analog

φ̂3(s) =
2nπ

n
2 cλ

sn
1

2πi

∫
L

Γ (1 − t) Γ (t)2 Γ
(
n+βt
2

)
Γ (1 + t) Γ

(
−βt

2

) (
2

cs

)βt
dt.

The Fourier transforms φ̂1(s) and φ̂2(s) are Dirac delta distributions or constants mul-

tiplied by some power of s, depending on the parameters λ and β. More precisely, we

derived

φ̂2(s) =

β log(c)
Γ(n+λ

2 )
Γ(−λ

2
)

2λ+nπn/2s−n−λ, λ
2
/∈ N ∧ λ

2
/∈ −N− n

2

β log(c) (2π)n (−1)
λ
2 (∂21 + · · · + ∂2n)

λ
2 δ(s), λ

2
∈ N

φ̂1(s) = (2π)ncλ log
(
cβ
)
δ(s).

We concluded that φ̂1(s) and φ̂2(s) are identically zero for s > 0, or alternatively, that

the asymptotic behaviour is already determined. This is why they are mostly neglected in

this section. Furthermore, we only analyze φ̂4(s) in detail because φ̂3(s) = cλ
(
φ̂4(s)

∣∣
λ=0

)
can be derived from φ̂4(s).

As in preceding analyses, the RBF exhibits qualitatively distinct behaviour both near

the origin and for large arguments, depending critically on the signs of the parameters

λ and β, see figure 2.4. Consequently, a separate analysis of each of the four possible

sign configurations is required. As before, every case starts with an overview table of

the behaviours of the RBF and the visualization of the contour integral of the Fourier

transform.
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3.2.2.1 Case 1: λ > 0, β > 0

Parameter
configuration

RBF
φ(r) =

(
cλ + rλ

)
log
(
cβ + rβ

) Contour integral of the Fourier
transform φ̂4(s)

λ > 0, β > 0

1 2 3
0

2

4

6

8

r

φ(r)

λ > 0, β > 0

λ > 0, β > 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

0 2
β

4
β

λ < 0, β > 0

1 2 3
0

2

4

6

8

r

φ(r)

λ < 0, β > 0, λ̃ > β

λ < 0, β > 0, λ̃ = β

λ < 0, β > 0, λ̃ < β

λ < 0, β > 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

0 2
β

4
β

λ > 0, β < 0

1 2 3
0

2

4

6

8

r

φ(r)

λ > 0, β < 0

λ > 0, β < 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

02
β

4
β

λ < 0, β < 0

1 2 3
0

2

4

6

8

r

φ(r)

λ < 0, β < 0

λ < 0, β < 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

02
β

4
β

Table 3.5: Overview of the cases considered for the generalized thin plate spline. The
focus is on the framed case.

First we assume that λ, β > 0. Figure 3.6 visualizes the poles of the Gamma functions

and the path of integration. The first contributing pole is at t = λ
β
. This pole is of order
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λ > 0, β > 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

0 2
β

4
β

Figure 3.6: Visualization of the poles from equ. (3.7) for λ > 0, β > 0. The singularities
of the Gamma functions in the numerator are depicted as dots, whereas the singularities
of the Gamma function in the denominator are represented by circles, which may cancel
poles. Dots with circles around represent double poles. For the purpose of enhanced
visualization, the poles are represented as if they had an imaginary component, although
this is not the case. Every pole lies on the real axis. Additionally, the path of integration
is depicted and indicates which poles must be included. The example is provided for
|λ| = 2, |β| = 5

2
, n = 1.

two if λ /∈ 2N, and a straightforward evaluation leads to

φ̂4(s) ∼
βπn/22λ+n−1Γ

(
n+λ
2

) (
2 log( 2

cs
) + ψ(0)

(
−λ

2

)
+ ψ(0)

(
n+λ
2

))
sn+λΓ

(
−λ

2

) as s→ 0+.

For λ ∈ 2N, we evaluate the simple pole at t = λ
β

and get the asymptotic behaviour

φ̂4(s) ∼ (−1)
λ
2
+12n+λ−1πn/2βs−n−λΓ

(
n+ λ

2

)
Γ

(
λ

2
+ 1

)
as s→ 0+.

Extracting the information from φ4(s) leads to the asymptotic behaviour of φ3(s)

φ̂3(s) ∼ −2n−1πn/2βcλs−nΓ
(n

2

)
as s→ 0+.

In summary, as s→ 0+, we have

φ̂(s) =

O
(
s−n−λ log(s)

)
, λ /∈ 2N

O
(
s−n−λ

)
, λ ∈ 2N.

Of special interest for quasi-interpolation is the case where we have as many even



3.2. New Radial Basis Functions 63

powers of s in our asymptotic expansion as possible. This is only achievable if λ ∈ 2N
and hence, we conclude that in this case the dimension n should be even. This is in

contrast to the case of the generalized multiquadric where this result was only achievable

for odd dimensions.

We now assume that n, λ ∈ 2N. The poles of Γ
(
−λ
β

+ t
)

are located at t = λ
β
− d,

d ∈ N while the poles of Γ
(
−n+βt

2

)
are located at t = −n−2v

β
, v ∈ N. A double pole

appears if there exist some positive integer d and v so that λ − dβ = −n − 2v. Hence,

if β ∈ Q, then there exist d, v ∈ N such that the equation holds and so a pole of order

two will appear. This pole interrupts the series of even powers in s. On the other hand,

if β ∈ R\Q, then there will be no double pole, but the pole at t = λ
β
− 1 will not result

in an even power of s. The case, where t = λ
β
− 1 does not results in an even power of s

will be further analyzed in the next chapter.

The second case is for β ∈ 2N. Then, all poles until the double pole will result in

even powers of s. The first double pole is located at t =
⌊
−λ−n
β

⌋
+ λ

β
. So, the form of the

asymptotic series is given by

φ̂4(s) ∼
⌈λ+n

β ⌉∑
j=0

Cj(c, n, λ, β)s−n−λ+jβ +

−n−λ+β⌈n+λ
β ⌉

2
−1∑

j=0

C̃j(c, n, λ, β)s2j

+ Ĉ1(c, n, λ, β)s−n−λ+β⌈
n+λ
β ⌉ log

(cs
2

)
, as s→ 0+, (3.8)

where Cj, C̃j and Ĉ1 are some constants depending on c, n, λ, β and j which can be

evaluated using residue theorem for the corresponding poles. These results are also

presented in [43] for the special case β = λ = 2d, d ∈ N. Similarly, we get for φ̂3(s) an

asymptotic series of the same structure

φ̂3(s) ∼
⌈n

β⌉∑
j=0

Cj(c, n, β)s−n+jβ +

−n+β⌈n
β⌉

2
−1∑

j=0

C̃j(c, n, β)s2j

+ Ĉ1(c, n, β)s−n+β⌈
n
β⌉ log

(cs
2

)
, as s→ 0+, (3.9)

for some other constants Cj, C̃j and Ĉ1 depending on c, n, β and j. Note that in both

cases the power of s in the logarithmic term is always greater than or equal to zero.

Hence, we have determined the asymptotic behaviour for small arguments and found

that this RBF can only be used for quasi-interpolation if λ ∈ 2N.

We continue to consider the case λ ∈ 2N. The decay rate as s → ∞ is given by
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the first non-vanishing pole greater than λ
β
. Let’s assume that the first non-vanishing

pole outside the path of integration is at t = λ
β

+ 1 which occurs for β /∈ 2N. With the

parametrization t = it̃+ λ
β

+ 1 − ε we obtain

φ̂4(s) =
2nπ

n
2 cλ

sn
1

2πi

∫
L

Γ
(

1 + λ
β
− t
)

Γ
(
−λ
β

+ t
)2

Γ
(
n+βt
2

)
Γ
(

1 − λ
β

+ t
)

Γ
(
−βt

2

) (
2

cs

)βt
dt

=
2nπ

n
2 cλ

sn
1

2π

∫ ∞

−∞

Γ
(
ε− t̃

)
Γ
(
1 − ε+ it̃

)2
Γ
(
n
2

+ λ+β−εβ+iβt̃
2

)
Γ
(
2 − ε+ it̃

)
Γ
(
−λ+β−εβ+iβt̃

2

) (
2

cs

)λ+β−εβ+iβt̃

dt̃

≤ C

cβ(1−ε)sn+λ+β(1−ε)

∫ ∞

−∞

∣∣∣∣∣∣
Γ
(
ε− it̃

)
Γ
(
1 − ε+ it̃

)2
Γ
(
n
2

+ λ+β−εβ+iβt̃
2

)
Γ
(
2 − ε+ it̃

)
Γ
(
−λ+β−εβ+iβt̃

2

)
∣∣∣∣∣∣ dt̃.

The integral is independent of s and finite. This can be seen applying equ. (3.5) to

the absolute values of the Gamma functions individually. Since ε > 0 is arbitrary we

conclude that

φ̂4(s) = O
(
s−n−λ−β

)
, as s→ ∞.

With the same logic we obtain

φ̂3(s) = O
(
s−n−β

)
, as s→ ∞.

From the previous chapter, we also know that

φ̂2 =

O
(
s−n−λ

)
, λ /∈ 2N as s→ ∞

0, λ ∈ 2N as s→ ∞.

Together we have

φ̂ = O
(
s−n−β

)
, as s→ ∞, λ ∈ 2N, β /∈ 2N.

The decay rate of the derivatives of the Fourier transforms are even higher. This can

be shown analogously to the cases of the generalized multiquadric. If there is no pole

outside the contour due to pole cancellation for λ, β ∈ 2N, then the decay rate of φ̂(s)

and of all its derivatives is faster than any polynomial can grow. This is the optimal
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setup for quasi-interpolation because of the high decay rate of the Fourier transform and

the determinable even singularity at the origin.
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3.2.2.2 Case 2: λ < 0, β > 0

Parameter
configuration

RBF
φ(r) =

(
cλ + rλ

)
log
(
cβ + rβ

) Contour integral of the Fourier
transform φ̂4(s)

λ > 0, β > 0

1 2 3
0

2

4

6

8

r

φ(r)

λ > 0, β > 0

λ > 0, β > 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

0 2
β

4
β

λ < 0, β > 0

1 2 3
0

2

4

6

8

r

φ(r)

λ < 0, β > 0, λ̃ > β

λ < 0, β > 0, λ̃ = β

λ < 0, β > 0, λ̃ < β

λ < 0, β > 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

0 2
β

4
β

λ > 0, β < 0

1 2 3
0

2

4

6

8

r

φ(r)

λ > 0, β < 0

λ > 0, β < 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

02
β

4
β

λ < 0, β < 0

1 2 3
0

2

4

6

8

r

φ(r)

λ < 0, β < 0

λ < 0, β < 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

02
β

4
β

Table 3.6: Overview of the cases considered for the generalized thin plate spline. The
focus is on the framed case.

As before, we define λ̃ = −λ to be positive. For this case, the RBF itself can

be singular. To avoid this singularity, we can use the special constant value c = 1 and

β ≥ λ̃. Nevertheless, we analyze the RBF and will see if this case can be used for classical
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λ < 0, β > 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

0 2
β

4
β

Figure 3.7: Visualization of the poles from equ. (3.7) for λ < 0, β > 0. The singularities
of the Gamma functions in the numerator are depicted as dots, whereas the singularities
of the Gamma function in the denominator are represented by circles, which may cancel
poles. Dots with circles around represent double poles. For the purpose of enhanced
visualization, the poles are represented as if they had an imaginary component, although
this is not the case. Every pole lies on the real axis. Additionally, the path of integration
is depicted and indicates which poles have to be included. The example is provided for
|λ| = 2, |β| = 5

2
, n = 1.

quasi-interpolation. The poles of the Gamma functions and the path of integration are

visualized in figure 3.7. There are two possible scenarios: If λ̃ > n, then the leading

order pole of φ̂4(s) is at t = −n
β

which results in a constant leading behaviour as s→ 0+.

If λ̃ < n, then the leading order pole is of order two at t = −λ̃
β

, which results in a

logarithmic term. Lastly, if λ̃ = n, then the leading order pole is of order three resulting

in a logarithmic squared term. In summary, we have

φ̂4(s) =


O(1), λ̃ > n

O(s−n+λ̃ log(s)), λ̃ < n

O(log2(s)), λ̃ = n.

None of these cases are suitable for classical quasi-interpolation because we can not

achieve an even power of s for small arguments. Since λ < 0 the leading order singularity

is not generated by φ̂4(s) but rather by φ̂3(s). The leading order is given by the pole of

order one located at t = 0.

φ̂3(s) ∼ c−λ̃β
(
−2n−1

)
πn/2s−nΓ

(n
2

)
, s→ 0+.
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Remember that

φ̂2(s) = β log(c)
Γ
(
n−λ̃
2

)
Γ( λ̃

2
)

2−λ̃+nπn/2s−n+λ̃,

where the parameter configuration λ̃ /∈ 2N + n has to be satisfied.

For large arguments the decay rate is determined by the residue of the first non-

vanishing pole outside the contour. For the different functions we get

φ̂4(s) = O(s−n+λ̃−β), s→ ∞,

φ̂3(s) = O(s−n−β), s→ ∞,

φ̂2(s) = O(s−n+λ̃), s→ ∞.

The decay rate for large arguments is limited by φ̂2(s) and is slower than s−n. In the

next chapter, we will see that this decay rate is not fast enough for quasi-interpolation.

Therefore, this case will not be considered further.
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3.2.2.3 Case 3: λ > 0, β < 0

Parameter
configuration

RBF
φ(r) =

(
cλ + rλ

)
log
(
cβ + rβ

) Contour integral of the Fourier
transform φ̂4(s)

λ > 0, β > 0

1 2 3
0

2

4

6

8

r

φ(r)
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λ
β

λ
β
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β
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β
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β
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β
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β

0 2
β

4
β

λ < 0, β > 0

1 2 3
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4

6

8

r

φ(r)

λ < 0, β > 0, λ̃ > β

λ < 0, β > 0, λ̃ = β

λ < 0, β > 0, λ̃ < β

λ < 0, β > 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

0 2
β

4
β

λ > 0, β < 0

1 2 3
0

2

4

6

8

r

φ(r)

λ > 0, β < 0

λ > 0, β < 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

02
β

4
β

λ < 0, β < 0

1 2 3
0

2

4

6

8

r

φ(r)

λ < 0, β < 0

λ < 0, β < 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

02
β

4
β

Table 3.7: Overview of the cases considered for the generalized thin plate spline. The
focus is on the framed case.

Next, we analyze the case of positive λ and negative β. We define β̃ = −β to be

positive. The RBF itself is singular for this choice of parameters. There is no special

case to avoid this singularity directly. However, it can be addressed by using a linear
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λ > 0, β < 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

02
β

4
β

Figure 3.8: Visualization of the poles from equ. (3.7) for λ > 0, β < 0. The singularities
of the Gamma functions in the numerator are depicted as dots, whereas the singularities
of the Gamma function in the denominator are represented by circles, which may cancel
poles. Dots with circles around represent double poles. For the purpose of enhanced
visualization, the poles are represented as if they had an imaginary component, although
this is not the case. Every pole lies on the real axis. Additionally, the path of integration
is depicted and indicates which poles have to be included. The example is provided for
|λ| = 2, |β| = 5

2
, n = 1.

combination of different values of λ and constants c, for example

φ(r) = (cλ11 + rλ1) log

(
1

cβ̃1
+

1

rβ̃

)
− (cλ22 + rλ2) log

(
1

cβ̃2
+

1

rβ̃

)
,

provided that cλ11 = cλ22 and λ1 ̸= λ2. Then the linear combination is not singular and

we can examine its applicability for quasi-interpolation. To do so, we still analyze the

single RBF and not the linear combination directly. When β is negative, the contour and

all poles compared to the previous case change their signs. This is shown in figure 3.8.

If the first pole is at t = −n
β
, then the asymptotic behaviour of the Fourier transform

of the RBF at the origin is characterized by either a constant or a logarithmic term,

depending on whether the pole is simple or of order two. Both cases are not useful for

classical quasi-interpolation as they do not yield singularities with even powers of s. To

achieve such behaviour, the leading-order term must be induced by a pole of the function

Γ
(

1 + λ
β

+ t
)

. This means, for the values of λ and β there have to exist some d ∈ N such

that n + λ − dβ̃ > 0 and λ − dβ̃ /∈ 2N. While the first condition ensures that we get a

singularity at the origin, the second condition guarantees that this pole does not cancel

out. Note that only finitely many values of d must be considered. Additionally, more than
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one value of d may satisfy both conditions. The leading order is therefore determined by

the smallest value of d satisfying both conditions. Consequently, we obtain

φ̂4(s) ∼
(−1)dπn/2cdβ̃2−dβ̃+λ+nΓ

(
1
2
(n− dβ̃ + λ)

)
sn+λ−dβ̃dΓ

(
−λ−dβ̃

2

) as s→ 0+.

Since λ − dβ̃ /∈ 2N, we know that classical quasi-interpolation is only applicable in odd

dimensions n provided that λ − dβ̃ is odd. The most favorable scenario is for d = 1

because in this case, we achieve the highest order singularity at the origin. We now

determine the asymptotic series for the most likely case d = 1, n odd, λ odd and β̃ even.

For this special case the first double pole appears at t = −λ
β̃

+
⌈
λ+n
β̃

⌉
and thus, the

asymptotic expansion is of the form

φ̂4(s) ∼

⌈
λ+n

β̃

⌉∑
j=1

Cj(c, n, λ, β̃)s−n−λ+jβ̃ +

−n−λ+β⌈n+λ
β ⌉

2
−1∑

j=0

C̃j(c, n, λ, β̃)s2j

+ Ĉ1(c, n, λ, β̃)s−n−λ+β⌈
n+λ
β ⌉ log

(cs
2

)
, as s→ 0+,

where Cj, C̃j and Ĉ1 are some constants which can be evaluated using the residue theorem

for the corresponding pole. The same series holds for φ̂3 with λ = 0. It is noteworthy

that, aside from the logarithmic term present in both series, only even powers of s appear.

The logarithmic part is multiplied by some power of s, which is greater than or equal to

zero. For the combined Fourier transform, the sum of both series has to be taken into

account.

Finally, assume that β̃ is not even. Then the pole at t = λ
β̃

+ 2 will not result in

an even power of s. Assuming that the second pole is not a double pole, we obtain the

asymptotic series

φ̂4(s) ∼
2∑
j=1

Cj(c, n, λ, β̃)s−n−λ+jβ̃ +

⌊
−n−λ+2β̃

2

⌋∑
j=0

C̃j(c, n, λ, β)s2j, as s→ 0+.

However, for φ̂3, the first non-even power of s appears at t = 1 which can reduce the

capacity of the polynomial reproduction later on. The asymptotic behaviour for s→ ∞
is limited by the pole at t = −λ

β̃
. If this pole is double (this is for λ /∈ 2N), we find that

φ̂4(s) = O
(
s−n−λ log(s)

)
as s→ ∞,
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and

φ̂3(s) = O
(
s−n
)

as s→ ∞.

If this pole is simple (this is for λ ∈ 2N), we find that

φ̂4(s) = O
(
s−n−λ

)
as s→ ∞,

and

φ̂3(s) = O
(
s−n
)

as s→ ∞.

In this case the decay rate of the Fourier transform is entirely determined by the di-

mension n. In the next chapter we will see that this decay rate is too low to reproduce

polynomials and therefore cannot be used. For this reason, this case will be excluded

from further analysis.
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3.2.2.4 Case 4: λ < 0, β < 0

Parameter
configuration

RBF
φ(r) =

(
cλ + rλ

)
log
(
cβ + rβ

) Contour integral of the Fourier
transform φ̂4(s)

λ > 0, β > 0

1 2 3
0

2

4

6

8

r

φ(r)

λ > 0, β > 0

λ > 0, β > 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

0 2
β

4
β

λ < 0, β > 0

1 2 3
0

2

4

6

8

r

φ(r)

λ < 0, β > 0, λ̃ > β

λ < 0, β > 0, λ̃ = β

λ < 0, β > 0, λ̃ < β

λ < 0, β > 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

0 2
β

4
β

λ > 0, β < 0

1 2 3
0

2

4

6

8

r

φ(r)

λ > 0, β < 0

λ > 0, β < 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

02
β

4
β

λ < 0, β < 0

1 2 3
0

2

4

6

8

r

φ(r)

λ < 0, β < 0

λ < 0, β < 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

02
β

4
β

Table 3.8: Overview of the cases considered for the generalized thin plate spline. The
focus is on the framed case.

For the last case, we define λ̃ = −λ > 0 and β̃ = −β > 0. The RBF is singular in

this configuration. Therefore, it is necessary to consider a linear combination involving
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λ < 0, β < 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

02
β

4
β

Figure 3.9: Visualization of the poles from equ. (3.7) for λ < 0, β < 0. The singularities
of the Gamma functions in the numerator are depicted as dots, whereas the singularities
of the Gamma function in the denominator are represented by circles, which may cancel
poles. Dots with circles around represent double poles. For the purpose of enhanced
visualization, the poles are represented as if they had an imaginary component, although
this is not the case. Every pole lies on the real axis. Additionally, the path of integration
is depicted and indicates which poles have to be included. The example is provided for
|λ| = 2, |β| = 5

2
, n = 1.

different values of c, λ, and β, for example

φ(r) =

(
1

cλ̃11
+

1

rλ̃1

)
log

(
1

cβ̃11
+

1

rβ̃1

)
−

(
1

cλ̃22
+

1

rλ̃2

)
log

(
1

cβ̃22
+

1

rβ̃2

)
,

where we assume that cλ̃11 = cλ̃22 and cβ̃11 ̸= cβ̃22 . A finite linear combination exists for

the original RBF, and the following analysis will start with this fact. The poles of this

last case are visualized in figure 3.9. The separation of the poles is only possible if

λ̃ − dβ̃ /∈ n + 2N for all d ∈ N. If λ̃ + β̃ > n, then the leading order pole is at t = n
β̃

which results in a constant behaviour of the Fourier transform of the RBF at the origin.

If λ̃+ β̃ = n, then the leading-order term exhibits a logarithmic singularity at the origin

and is therefore not feasible for quasi-interpolation. Hence, we assume that λ̃ + β̃ < n,

and the leading order term is induced by the pole at t = λ̃
β̃

+ 1. This results in the

asymptotic behaviour of

φ̂4(s) ∼ −
πn/2cβ̃2−β̃−λ̃+nΓ

(
1
2
(n− β̃ − λ̃)

)
sn−λ̃−β̃Γ

(
λ̃+β̃
2

) as s→ 0+.
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Even more interesting is the function φ̂3, because the leading term for β̃ > n is given by

φ̂3(s) ∼ −
πn/2cβ̃2−β̃+nΓ

(
1
2
(n− β̃)

)
sn−β̃Γ

(
β̃
2

) as s→ 0+,

which includes the higher singularity. Assume that β̃ is even. Then a double pole will

appear at t = −β̃
⌈
n
β̃

⌉
and the asymptotic series up to and including this double pole is

given by

φ̂3(s) ∼

⌈
n
β̃

⌉∑
j=1

Cj(c, n, β̃)s−n+jβ̃ +

−n+β̃

⌈
n
β̃

⌉
2

−1∑
j=0

C̃j(c, n, β̃)s2j

+ Ĉ1(c, n, β̃)s
−n+β̃

⌈
n
β̃

⌉
log
(cs

2

)
, as s→ 0.

If β̃ /∈ 2N, then the second pole does not result in an even power of s. To determine

the polynomial reproduction and approximation order, the sum of φ̂3 and φ̂4 has to be

taken into account.

Furthermore, as s→ ∞, the decay is governed by the first non-vanishing pole outside

the contour, yielding

φ̂4(s) = O
(
s−n+λ̃ log(s)

)
and

φ̂3(s) = O
(
s−n
)
.

As in the previous case, the decay rate of the Fourier transform behaves like s−n which is

too slow for polynomial reproduction. Therefore, this case is also excluded from further

analysis.

3.3 Summary

In this chapter, we determined the asymptotic behaviour of the Fourier transforms of the

generalized multiquadric and the generalized thin plate spline for all possible parameter

configurations λ and β. Understanding the asymptotic behaviour is essential for the

subsequent determination of the coefficients µk of the quasi-Lagrange functions, in order
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to ensure that the Strang and Fix conditions are satisfied. We identified a few interesting

cases for classical quasi-interpolation, on which we will focus on in the following chapter.

1. For the generalized multiquadric we will further analyze the cases

� λ > 0, β > 0 with λ ∈ 2 + 4N, β ∈ 1
2

+ N and n is odd

� λ > 0, β > 0 with λβ ∈ 1 + 2N and n is odd

� λ > 0, β < 0 with λβ̃ < n

� λ < 0, β > 0 with n, λ̃ ∈ 2N, n > λ̃ and λ̃β < n+ 1

� λ < 0, β < 0 with n, λ̃ ∈ 2N and n > λ̃.

2. For the generalized thin plate spline we will focus on the cases

� λ > 0, β > 0 with λ, β ∈ 2N

� λ > 0, β > 0 with λ ∈ 2N and β /∈ 2N.



Chapter 4

Quasi-Interpolation

In this section, we will employ the Strang and Fix conditions to determine the polynomial

reproduction and the approximation order of the quasi-interpolant. The applicability of

the Strang and Fix conditions requires the asymptotic decay rate of the quasi-Lagrange

function for large arguments. To determine the decay rate of the quasi-Lagrange function,

we utilize the following theorem.

Theorem 4.1 (Modified version of Theorem A from [14]). Let φ(|| · ||) : Rn → R be a

continuous function with at most polynomial growth so that it can be viewed as a tempered

distribution. Therefore it has a distributional Fourier transform φ̂ which we specifically

require to be of the form

φ̂(s) =
F (s) + bG0(s) log(cs)

G(s)
(4.1)

for s = || · || near the origin, say for s ∈ B1(0). Here b and c are constants, G0 is a

homogeneous polynomial of of degree n0, n0 is a nonnegative integer, and F and G are

real-valued functions satisfying the following conditions:

(2A) G is a homogeneous polynomial of positive even degree 2m1 and G(s) ̸= 0 for all

s > 0.

(2B) F ∈ Cm0 (B1(0)) ∩ Cm0+n+1 (B1(0)\{0}) for some nonnegative integer m0, F (0) ̸=
0, and there exists θ ∈ (0, 1] such that for all γ ∈ N with γ ≤ m0 + n+ 1,

|Dγ [F (s) − τm0(s)]| ≤ Csm0+θ−γ, as s→ 0,

where τm0 denotes the Taylor polynomial of F of degree m0 at the point s = 0.

77
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(2C) The Fourier transform φ̂ of φ is (m0 + n+ 1)-times continuously differentiable on

the domain {s ∈ R+ : s > 1
4
}, and

max
γ≤m0+n+1

∫
||s||≥ 1

4

|Dγφ̂(s)| ds ≤ C <∞. (4.2)

Under this assumptions, there exists coefficients µk such that the quasi-Lagrange function

Ψ(x) =
∑
k∈Zn

µkφ (||x− k||) , x ∈ Rn,

has the decaying property

|Ψ(x)| ≤ C (1 + ||x||)−n−m2 , x ∈ Rn,

where

m2 =

m0 + θ, if b = 0

min{m0 + θ, n0}, if b ̸= 0

and furthermore, the operator defined by (”quasi-interpolation”)

Qh[f ](x) =
∑
j∈Zn

f(jh)Ψ

(
x− jh

h

)

reproduces all polynomials of total degree at most ℓ0 = min{m0, 2m1−1} that is, Qh[p] = p

for all p ∈
∏n

ℓ0
.

Theorem 4.1 provides a framework for applying the Strang and Fix conditions by uti-

lizing properties (2A)–(2C ) to determine the decay rate of the quasi-Lagrange function.

The condition (2C ) is particularly crucial, as it ensures that the decay rate of the Fourier

transform of the RBF, along with that of its derivatives, is sufficiently fast to guarantee

the finiteness of the associated integral. This condition was employed in Section 3, where

it was demonstrated that certain special cases are not suitable due to an insufficient rate

of decay.
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4.1 Polynomial Reproduction and Approximation Order

We start with Theorem 4.1 in conjunction with the Strang and Fix conditions to deter-

mine the polynomial reproduction and the approximation order for the identified cases

stated in chapter 3. We choose the approximation order as an objective to measure effec-

tiveness of the quasi-interpolation method for different RBFs. We begin with the cases

of the generalized multiquadric.

4.1.1 Generalized Multiquadric

Case 1: λ, β > 0

For λ, β > 0 there are multiple applications for quasi-interpolation. In the following,

we focus on the most practically relevant case. In the previous section we established

that the highest singularity at the origin of φ̂(s) can be achieved if λ ∈ 2 + 4N and

β ∈ 1
2

+N. This case is especially interesting because in odd dimensions n all powers of s

are even such that a finite trigonometric polynomial can handle them. On the other hand,

there appears a double pole leading to a logarithmic term located at t =
⌊
−n
λ

+ 1
2

⌋
− 1

2
.

Comparing the asymptotic behaviour from equ. (3.4) with equ. (4.1), we get

φ̂(s) ∼
⌈n

λ
− 1

2⌉+⌊β⌋∑
j=0

Cj(c, n, λ, β)s−n+λ(j−β) +

1
2(−n+λ(⌈n

λ
− 1

2⌉+ 1
2))∑

j=0

C̃j(c, n, λ, β)s2j

+ C(c, n, λ, β)s−n+λ(⌈
n
λ
− 1

2⌉+ 1
2) log(cs) as s→ 0+

!
=
F (s) + bG0(s) log(s)

G(s)

from which we conclude that

G(s) = sn+λβ,

F (s) =

⌈n
λ
− 1

2⌉+⌊β⌋∑
j=0

Cj(c, n, λ, β)sjλ +

1
2(−n+λ(⌈n

λ
+ 1

2⌉− 1
2))∑

j=0

C̃j(c, n, λ, β)s2j+n+λβ,

G0(s) = sλ(⌈
n
λ
− 1

2⌉+ 1
2
+β),

b = C(c, n, λ, β).

Checking the conditions of Theorem 4.1, we observe that G0(s) is a homogeneous

polynomial of degree n0 = λ
(⌈

n
λ
− 1

2

⌉
+ 1

2
+ β

)
and that b ̸= 0. Furthermore,
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Parameter
configuration

RBF φ(r) =
(
cλ + rλ

)β
Contour integral of the Fourier

transform φ̂(s)

λ > 0, β > 0

1 2 3
0

1

2

3

r

φ(r)

λ > 0, β > 0

λ > 0, β > 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ 2

λ
4
λ

λ > 0, β < 0

1 2 3
0

1

2

3

r

φ(r)

λ > 0, β < 0

λ > 0, β < 0

ββ − 1β − 2
1 2 3

−n
λ

−n−2
λ

−n−4
λ 2

λ
4
λ

λ < 0, β > 0

1 2 3
0

1

2

3

r

φ(r)

λ < 0, β > 0

λ < 0, β > 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ2

λ
4
λ

λ < 0, β < 0

1 2 3
0

1

2

3

r

φ(r)

λ < 0, β < 0

λ < 0, β < 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ2

λ
4
λ

Table 4.1: Overview of the cases considered for the generalized multiquadric. The focus
is on the framed case.

(2A) G(s) is a homogeneous polynomial of positive even degree 2m1 = n + λβ, whose

only zero is located at the origin.

(2B) F (s) is a polynomial of degree n0. Therefore, it is C∞(R+) and the Taylor polyno-

mial is exact with m0 = n0.
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(2C) We showed that in this case the Fourier transform decays faster than any polynomial

grows and the same holds for its derivatives. Hence, the integral in equ. (4.2)

remains finite.

Applying Theorem 4.1, we conclude that there exist finitely many coefficients such that

|Ψ(x)| ≤ C(1 + ||x||)−n−λ(⌈
n
λ
− 1

2⌉+ 1
2
+β).

Furthermore, the quasi-interpolation operator reproduces all polynomials of degree n +

λβ − 1. With all necessary components now established, the Strang and Fix conditions

can be applied, leading to the following uniform error estimate

||Qh[f ] − f ||∞ =

O
(
hn+λβ log(1/h)

)
if n

λ
− 1

2
∈ N,

O
(
hn+λβ

)
if n

λ
− 1

2
/∈ N.

So far, we have the final results for the first special case of the generalized multi-

quadric. Other combinations of λβ = 2d+ 1, d ∈ N are also suitable. Since double poles

only appear for negative t, we conclude that

φ̂(s) ∼
1∑
j=0

Cj(c, n, λ, β)s−n+λ(j−β) +

⌊ 1
2
(−(β−1)λ−n)⌋∑

j=0

C̃j(c, n, λ, β)s2j as s→ 0+

!
=
F (s) + bG0(s) log(s)

G(s)
.

From this, it follows that

G(s) = sn+λβ,

F (s) =
1∑
j=0

Cj(c, n, λ, β)sjλ +

⌊ 1
2
(−(β−1)λ−n)⌋∑

j=0

C̃j(c, n, λ, β)s2j+n+λβ,

G0(s) = 0,

b = 0.

(2A) G is a homogeneous polynomial of degree 2m1 = n+ λβ.

(2B) F is a monomial of degree n0 = λ. If λ /∈ N, then we choose m0 = ⌊λ⌋. The Taylor

polynomial τm0(s) is identically zero but the inequality holds with θ = λ− ⌊λ⌋. If
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λ ∈ N, then F is a polynomial and the Taylor polynomial is exact with m0 = λ.

(2C) In general, we showed that φ̂(s) decays for large arguments like s−n−λ, and the

derivatives decay even faster. Therefore the integral in condition (2C) remains

finite.

For all suitable combinations (β /∈ N, λβ odd, and odd dimension n), the decay rate of

the quasi-Lagrange function is upper bounded by

|Ψ(x)| ≤ C(1 + ||x||)−n−λ

for some constant C and is capable of reproducing polynomials of degree ⌊λ⌋. Further-

more, we achieve the error estimate via the Strang and Fix conditions

||Qh[f ] − f ||∞ =

O
(
hλ
)

if λ /∈ N

O
(
hλ log(1/h)

)
if λ ∈ N.

While multiple choices of the parameters λ and β are possible to use, classical quasi-

interpolation is not achievable in even dimensions.
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Case 2: λ > 0, β < 0

Parameter
configuration

RBF φ(r) =
(
cλ + rλ

)β
Contour integral of the Fourier

transform φ̂(s)

λ > 0, β > 0

1 2 3
0

1

2

3

r

φ(r)

λ > 0, β > 0

λ > 0, β > 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ 2

λ
4
λ

λ > 0, β < 0

1 2 3
0

1

2

3

r

φ(r)

λ > 0, β < 0

λ > 0, β < 0

ββ − 1β − 2
1 2 3

−n
λ

−n−2
λ

−n−4
λ 2

λ
4
λ

λ < 0, β > 0

1 2 3
0

1

2

3

r

φ(r)

λ < 0, β > 0

λ < 0, β > 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ2

λ
4
λ

λ < 0, β < 0

1 2 3
0

1

2

3

r

φ(r)

λ < 0, β < 0

λ < 0, β < 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ2

λ
4
λ

Table 4.2: Overview of the cases considered for the generalized multiquadric. The focus
is on the framed case.

The asymptotic behaviour in this case is quite similar to the previous one. Since

classical quasi-interpolation requires a singularity of the Fourier transform of the RBF at

the origin, we have the requirement that β̃ < n
λ
, where β̃ = −β. Furthermore, we assume



84 Chapter 4. Quasi-Interpolation

the leading-order singularity to be an even power of s, meaning that n − λβ̃ ∈ 2N. A

direct consequence is that the dimension n has to be greater than or equal to three.

The best case occurs when λ ∈ 2N with n − λβ̃ ∈ 2N. In this situation, only even

powers of s appear in the series until a logarithmic term arises. Note that there is no

restriction on the parity of the dimension n. Comparing the asymptotic forms, we obtain

φ̂(s) ∼
⌈n

λ
− 1

2⌉+⌊−β̃⌋∑
j=0

Cj(c, n, λ, β̃)s−n+λ(j+β̃) +

1
2(−n+λ(⌈n

λ
− 1

2⌉+ 1
2))∑

j=0

C̃j(c, n, λ, β̃)s2j

+ C(c, n, λ, β̃)s−n+λ(⌈
n
λ
− 1

2⌉+ 1
2) log(cs) as s→ 0+

!
=
F (s) + bG0(s) log(s)

G(s)
.

From this, we conclude that

G(s) = sn−λβ̃

F (s) =

⌈n
λ
− 1

2⌉+⌊−β̃⌋∑
j=0

Cj(c, n, λ, β̃)sjλ +

1
2(−n+λ(⌈n

λ
+ 1

2⌉− 1
2))∑

j=0

C̃j(c, n, λ, β̃)s2j+n−λβ̃

G0(s) = sλ(⌈
n
λ
− 1

2⌉+ 1
2
−β̃)

b = C(c, n, λ, β̃).

To apply Theorem 4.1, we observe that G0(s) is a polynomial of degree n0 =

λ
(⌈

n
λ
− 1

2

⌉
+ 1

2
− β̃

)
and that b ̸= 0. Furthermore,

(2A) G(s) is a homogeneous polynomial of positive even degree 2m1 = n − λβ̃ and

G(s) ̸= 0 for all s > 0.

(2B) F (s) is a polynomial of degree n0. Therefore, the Taylor-polynomial is exact with

m0 = n0.

(2C) φ̂(s) decays faster than any polynomial grows. Therefore, the integral is finite.

The application of Theorem 4.1 results in

|Ψ(x)| ≤ C(1 + ||x||)−n−(λ(⌈n
λ
− 1

2⌉+ 1
2
−β̃)),
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and the polynomial reproduction is limited to polynomials of degree n− λβ̃− 1, and the

error estimate is given by

||Qh[f ] − f ||∞ =

O
(
hn−λβ̃ log(1/h)

)
if n

λ
− 1

2
∈ N,

O
(
hn−λβ̃

)
if n

λ
− 1

2
/∈ N.

Notice that this result does not depend on the parity of the dimension n.

A second case is for λ ̸∈ 2N. Then the pole located at t = −β̃ − 1 results in a

fractional or irrational power of s. Comparing the asymptotic behaviour with the form

given in Theorem 4.1, we get

φ̂(s) ∼
1∑
j=0

Cj(c, n, λ, β̃)s−n+λ(j+β̃) +

⌊ 1
2
((β̃+1)λ−n)⌋∑

j=0

C̃j(c, n, λ, β̃)s2j as s→ 0+

!
=
F (s) + bG0(s) log(s)

G(s)

from which we conclude that

G(s) = sn−λβ̃

F (s) =
1∑
j=0

Cj(c, n, λ, β̃)sjλ +

⌊ 1
2
((β̃+1)λ−n)⌋∑

j=0

C̃j(c, n, λ, β̃)s2j+n−λβ̃

G0(s) = 0

b = 0.

Checking the conditions leads to

(2A) G is a homogeneous polynomial of degree 2m1 = n− λβ̃.

(2B) F is a monomial of degree n0 = λ. If λ /∈ N, then we choose m0 = ⌊λ⌋. The Taylor

polynomial τm0(s) is identically zero, but the inequality holds with θ = λ− ⌊λ⌋. If

λ ∈ N, then F is a polynomial and the Taylor polynomial is exact with m0 = λ.

(2C) In general, we showed that φ̂(s) decays for large arguments like s−n−λ, and the

derivatives decay even faster. Therefore the integral in condition remains finite.
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With these conditions, we obtain the upper bound for the quasi-Lagrange function

|Ψ(x)| ≤ C(1 + ||x||)−n−λ

for some constant C and is capable of reproducing polynomials of degree ⌊λ⌋. Further-

more, we achieve the error estimate via the Strang and Fix conditions

||Qh[f ] − f ||∞ =

O
(
hλ
)

if λ /∈ N

O
(
hλ log(1/h)

)
if λ ∈ N.

So far, we have investigated the most relevant cases of quasi-interpolation for this pa-

rameter configuration.

Case 3: λ < 0, β > 0

For this case, we notice that condition (2C) from theorem 4.1 is not fulfillable because

the decay rate of φ̂(s) ≤ Cs−n+λ̃β is not sufficient to keep the integral finite, see equ. 3.6.

Therefore, this case can not be used for quasi-interpolation.
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Case 4: λ, β < 0

Parameter
configuration

RBF φ(r) =
(
cλ + rλ

)β
Contour integral of the Fourier

transform φ̂(s)

λ > 0, β > 0

1 2 3
0

1

2

3

r

φ(r)

λ > 0, β > 0

λ > 0, β > 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ 2

λ
4
λ

λ > 0, β < 0

1 2 3
0

1

2

3

r

φ(r)

λ > 0, β < 0

λ > 0, β < 0

ββ − 1β − 2
1 2 3

−n
λ

−n−2
λ

−n−4
λ 2

λ
4
λ

λ < 0, β > 0

1 2 3
0

1

2

3

r

φ(r)

λ < 0, β > 0

λ < 0, β > 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ2

λ
4
λ

λ < 0, β < 0

1 2 3
0

1

2

3

r

φ(r)

λ < 0, β < 0

λ < 0, β < 0

ββ − 1β − 2

1 2 3

−n
λ

−n−2
λ

−n−4
λ2

λ
4
λ

Table 4.3: Overview of the cases considered for the generalized multiquadric. The focus
is on the framed case.

As before, we define λ̃ = −λ and β̃ = −β to be positive. In chapter 3 we found out

that the only way to achieve a singular leading-order near the origin is for n > λ̃. Since

we aim for an even power of s, we assume that n − λ̃ ∈ 2N. A direct consequence is
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that the dimension n ≥ 3 is required. In both cases (n odd or n even), there appears a

double pole, leading to logarithmic terms in the asymptotic behaviour of our RBF near

the origin. If n is even, then λ̃ is also even and the first double pole is at t0 =
⌈
n
λ̃

⌉
. All

poles less than t0 lead to even powers of s such that a finite trigonometric polynomial

can handle them. Comparing this with the conditions from theorem 4.1, we get

φ̂(s) ∼
⌈n

λ̃
⌉−1∑
j=1

Cj(c, n, λ̃, β̃)s−n+jλ̃ +

λ̃
2⌈n

λ̃
⌉∑

j=0

C̃j(c, n, λ̃, β̃)s2j

+ C(c, n, λ̃, β̃)s−n+λ̃⌈
n
λ̃
⌉ log(cs) as s→ 0+

!
=
F (s) + bG0(s) log(s)

G(s)

from which we conclude that

G(s) = sn−λ̃,

F (s) =

⌈n
λ̃
⌉∑

j=0

Cj(c, n, λ̃, β̃)sjλ̃ +

λ̃
2⌈n

λ̃
⌉∑

j=0

C̃j(c, n, λ̃, β̃)s2j+n−λ̃,

G0(s) = sλ̃(⌈
n
λ̃
⌉−1),

b = C(c, n, λ̃, β̃).

We see that G0(s) is a polynomial of degree n0 = λ̃
(⌈

n
λ̃

⌉
− 1
)

, with b ̸= 0 and

(2A) G(s) is a polynomial of degree of positive even degree 2m1 = n− λ̃.

(2B) F is a polynomial of degree n0, and for m0 = n0 the Taylor polynomial is exact.

(2C) The integral of this condition is finite since φ̂(s) ≤ Cs−n−λ̃β̃, and the derivatives

decay even faster.

Applying Theorem 4.1 results in the decay rate of the quasi-Lagrange function is

|Ψ(x)| ≤ C(1 + ||x||)−n−λ̃(⌈
n
λ̃
⌉−1)

and the polynomial reproduction holds for all polynomials of degree n − λ̃ − 1. With

this result, we can apply the Strang and Fix conditions to determine the uniform error
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estimate of order hn−λ̃ or hn−λ̃ log(1/h), respectively. This fact is mathematically given

by

||Qh[f ] − f ||∞ =

O
(
hn−λ̃ log(1/h)

)
if n, λ̃ ∈ 2N, n > λ̃,

⌈
n
λ̃

⌉
= n

λ̃

O
(
hn−λ̃

)
if n, λ̃ ∈ 2N, n > λ̃,

⌈
n
λ̃

⌉
> n

λ̃
.

Next, we analyze the case where n is odd. Then we also have to choose λ̃ odd. As

a consequence, the residue evaluated at t = 2 contains an odd power of s. Hence, for n

odd, we obtain the asymptotic series

φ̂(s) ∼
1∑
j=0

Cj(c, n, λ, β̃)s−n+λ(j+1) +

−n+2λ̃−1
2∑
j=0

C̃j(c, n, λ, β̃)s2j as s→ 0+

!
=
F (s) + bG0(s) log(s)

G(s)

from which we conclude that

G(s) = sn−λ̃

F (s) =
1∑
j=0

Cj(c, n, λ̃, β̃)sjλ +

−n+2λ̃−1
2∑
j=0

C̃j(c, n, λ, β̃)s2j+n−λ̃

G0(s) = 0

b = 0.

(2A) G(s) is a polynomial of positive even degree 2m1 = n− λ̃ and G(s) ̸= 0 for all s > 0

(2B) F (s) is a polynomial of degree λ̃, and for m0 = λ̃ the Taylor polynomial is exact.

(2C) Again, the integral from this condition is finite for every choice of λ, β < 0.

Therefore, we obtain

Ψ(x)| ≤ C(1 + ||x||)−n−λ̃−1.

The polynomial reproduction rate is given by ℓ0 = min{λ̃, n−λ̃−1}. The highest possible

order of polynomial reproduction is therefore given for λ̃ = n−1
2

. With these results, we

apply the Strang and Fix conditions and end up with a uniform error estimate of order
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hλ̃ or hλ̃ log(1/h), respectively. This can be expressed as

||Qh[f ] − f ||∞ =

O
(
hλ̃+1 log(1/h)

)
if λ̃ ≤ n−1

2

O
(
hn−λ̃

)
if λ̃ > n−1

2
.

A comprehensive overview of the results achieved in this section for the generalized

multiquadric is presented in table 4.4. These results are in complete agreement with

examples found in the literature, for instance [16, p. 14]. They constitute a significant

contribution of this thesis, presenting the findings for the first time in such a general

form.

Conditions Uniform error estimate

Case 1: λ > 0, β > 0
λ ∈ 2 + 4N β ∈ 1

2
+ N n ∈ 1 + 2N n

λ
− 1

2
∈ N O

(
hn+λβ log(1/h)

)
λ ∈ 2 + 4N β ∈ 1

2
+ N n ∈ 1 + 2N n

λ
− 1

2
/∈ N O

(
hn+λβ

)
λ ∈ N β /∈ N, β > 0 n ∈ 1 + 2N λβ ∈ 1 + 2N O

(
hλ log(1/h)

)
λ /∈ N, λ > 0 β /∈ N, β > 0 n ∈ 1 + 2N λβ ∈ 1 + 2N O

(
hλ
)

Case 2: λ > 0, β < 0

λ ∈ 2N n > λβ̃ n− λβ̃ ∈ 2N n
λ
− 1

2
∈ N O

(
hn−λβ̃ log(1/h)

)
λ ∈ 2N n > λβ̃ n− λβ̃ ∈ 2N n

λ
− 1

2
/∈ N O

(
hn−λβ̃

)
λ /∈ 2N n > λβ̃ n− λβ̃ ∈ 2N λ /∈ N O

(
hλ
)

λ /∈ 2N n > λβ̃ n− λβ̃ ∈ 2N λ ∈ N O
(
hλ log(1/h)

)
Case 4: λ < 0, β < 0

λ̃ ∈ 2N n > λ̃ n ∈ 2N n
λ̃
∈ N O

(
hn−λ̃ log(1/h)

)
λ̃ ∈ 2N n > λ̃ n ∈ 2N n

λ̃
/∈ N O

(
hn−λ̃

)
λ̃ ∈ 1 + 2N n > λ̃ n ∈ 1 + 2N λ̃ ≤ n−1

2
O
(
hλ̃+1 log(1/h)

)
λ̃ ∈ 1 + 2N n > λ̃ n ∈ 1 + 2N λ̃ > n−1

2
O
(
hn−λ̃

)
Table 4.4: A comprehensive overview of the results achieved for the generalized multi-
quadric.
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4.1.2 Generalized Thin Plate Spline

In chapter 3.2.2 we showed that the only usable case for quasi-interpolation is the first

one, when λ, β > 0. Hence, we will determine the approximation order for some possible

choices of the parameters λ and β.

Case 1: λ, β > 0

Parameter
configuration

RBF
φ(r) =

(
cλ + rλ

)
log
(
cβ + rβ

) Contour integral of the Fourier
transform φ̂4(s)

λ > 0, β > 0

1 2 3
0

2

4

6

8

r

φ(r)

λ > 0, β > 0

λ > 0, β > 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

0 2
β

4
β

λ < 0, β > 0

1 2 3
0

2

4

6

8

r

φ(r)

λ < 0, β > 0, λ̃ > β

λ < 0, β > 0, λ̃ = β

λ < 0, β > 0, λ̃ < β

λ < 0, β > 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

0 2
β

4
β

λ > 0, β < 0

1 2 3
0

2

4

6

8

r

φ(r)

λ > 0, β < 0

λ > 0, β < 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

02
β

4
β

λ < 0, β < 0

1 2 3
0

2

4

6

8

r

φ(r)

λ < 0, β < 0

λ < 0, β < 0

λ
β

λ
β
− 1λ

β
− 2 λ

β
+ 1 λ

β
+ 2

−n
β

−n−2
β

−n−4
β

02
β

4
β

Table 4.5: Overview of the cases considered for the generalized thin plate spline. The
focus is on the framed case.
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This is the only case where the RBF itself is not singular and can be used directly. In

the last chapter, we found out that classical quasi-interpolation is possible if n, λ ∈ 2N.

The best results are achievable if β ∈ 2N. We found in equ. (3.8) and (3.9) that

the asymptotic series contains only even powers of s until the first logarithmic term

appears. This logarithmic term is multiplied by some positive power of s. The form of

the asymptotic series is given by

φ̂(s) ∼

n+λ+d0
2∑
j=0

Cj(c, n, λ, β)s−n−λ+2j + Ĉ1(c, n, λ, β)sd0 log
(cs

2

)
, as s→ 0+

!
=
F (s) + bG0(s) log(s)

G(s)
,

where d0 = min
{
−n+ β

⌈
n
β

⌉
,−n− λ+ β

⌈
n+λ
β

⌉}
≥ 0. Comparing this asymptotic

behaviour with Theorem 4.1, we see that G0(s) is a polynomial of degree n0 = n+λ+d0

and b ̸= 0. Furthermore, we get

(2A) G is a homogeneous polynomial of positive even degree 2m1 = n+ λ, which has all

zeros at the origin.

(2B) F is a polynomial of degree n0. Therefore, it is C∞(R+) and the Taylor-polynomial

is exact with m0 = n0.

(2C) For this special case, the Fourier transform decays faster then any polynomial grows,

and the same applies to the derivative. Hence, the integral stated above stays finite.

We conclude that there exist finitely many coefficients such that

|Ψ(x)| ≤ C(1 + ||x||)−2n−λ−d0 .

Furthermore, the quasi-interpolation operator reproduces all polynomials of degree n +

λ − 1. With all necessary components now established, the Strang and Fix conditions

can be applied, leading to the following uniform error estimate

||Qh[f ] − f ||∞ =

O
(
hn+λ log(1/h)

)
if d0 = 0,

O
(
hn+λ

)
if d0 > 0.

Next, we determine the approximation order if λ ∈ 2N but β /∈ 2N. In this case, the
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asymptotic series is of the form

φ̂(s) ∼

n+λ
2

+⌊β
2 ⌋∑

j=0

Cj(c, n, λ, β)s−n−λ+2j + Ĉ1(c, n, λ, β)s−n−λ+β as s→ 0+

!
=
F (s) + bG0(s) log(s)

G(s)
.

Comparing this with the requirements from Theorem 4.1, we see that b = 0, and therefore

G0 is irrelevant. Furthermore,

(2A) G(s) is a homogeneous polynomial of positive even degree 2m1 = n+ λ, which has

all zeros at the origin.

(2B) F (s) is not necessarily a polynomial but with m0 = ⌊β⌋ and θ = m0 − ⌊β⌋, the

required inequality holds.

(2C) The decay rate is given by s−n−β and all derivatives decay even faster. Therefore,

the integral given above is finite.

Under these conditions, theorem 4.1 guarantees the existence of finitely many coefficients

such that

|Ψ(x)| ≤ C(1 + ||x||)−n−β.

Furthermore, the quasi-interpolation operator reproduces all polynomials of degree

min {⌊β⌋, n+ λ− 1}. With all necessary components now established, the Strang and

Fix conditions can be applied, yielding to the following uniform error estimate

||Qh[f ] − f ||∞ =


O
(
hβ
)

if ⌊β⌋ < n+ λ− 1,

O
(
hβ log(1/h)

)
if ⌊β⌋ = n+ λ− 1,

O
(
hn+λ

)
if ⌊β⌋ > n+ λ− 1.

The comprehensive overview of the results obtained in this section for the generalized

thin plate spline are presented in table 4.6.
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Conditions Uniform error estimate
λ ∈ 2N β ∈ 2N n ∈ 2N d0 = 0 O

(
hn+λ log(1/h)

)
λ ∈ 2N β ∈ 2N n ∈ 2N d0 > 0 O

(
hn+λ

)
λ ∈ 2N β /∈ 2N n ∈ 2N β < n+ λ O

(
hβ
)

λ ∈ 2N β /∈ 2N n ∈ 2N β = n+ λ O
(
hβ log(1/h)

)
λ ∈ 2N β /∈ 2N n ∈ 2N β > n+ λ O

(
hn+λ

)
Table 4.6: A comprehensive overview of the results achieved for the generalized thin plate

spline. Here, d0 = min
{
−n+ β

⌈
n
β

⌉
,−n− λ+ β

⌈
n+λ
β

⌉}
≥ 0.

4.2 Quasi-Interpolation of non-RBFs

Apart from quasi-interpolation using RBFs, which offers a constructive method for con-

structing the approximant, there exist other, more sophisticated approaches. Bessel

functions offer numerous identities, including summation formulas that are structurally

similar to those arising in the quasi-Lagrange operator. Bessel functions are also em-

ployed as kernels in classical RBF interpolation, even in cases where they are not positive

definite [24]. Additionally, the von Neumann series plays a noteworthy role in function

approximation.

Numerical experiments indicate that the Bessel function of the first kind is a suitable

candidate as a quasi-Lagrange function. Summation over the index of the Bessel function

reproduce polynomials of degree two. For x ∈ R, we have found numerical evidence that∑
j∈Z

Jj(x) = 1,∑
j∈Z

jJj(x) = x,∑
j∈Z

j2Jj(x) = x2.

We will prove these claims later. While the first relation is widely known, the remaining

two are less prominent. To the best of our knowledge, these relations have not been

previously considered in the context of quasi-interpolation. For this reason, we propose

using Bessel functions as our quasi-Lagrange functions, setting Ψj(x) = Jj(x). For integer

values of j the Bessel functions provide some useful symmetry properties

J−j(x) = (−1)jJj(x),

Jj(−x) = J−j(x).
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Consequently, many terms in the aforementioned sums cancel out. The behaviour of the

Bessel function for large j and x > 0 is given by

Jj(x) ∼ 1

Γ (j + 1)

(x
2

)j
as j ∈ Z, j → ∞

Jj(x) ∼ (−1)j

Γ (−j + 1)

(
2

x

)j
as j ∈ Z, j → −∞.

The behaviour for x < 0 can be figured out using the above identities. For x = 0 we have

J0(0) = 1, (4.3)

Jj(0) = 0, ∀j ∈ Z\{0}. (4.4)

In all cases, the above sums are absolutely convergent for polynomials of any degree.

Note that the equ. (4.3) and (4.4) can also be written as Jj(0) = δj,0 and therefore, the

quasi-Lagrange operator will interpolate every function at x = 0. For an integer j the

Bessel function has the integral representation

Jj(x) =
1

2π

∫ π

−π
ei(jτ−x sin(τ))dτ.

With these identities, we now prove that the Bessel function, when used as a quasi-

Lagrange function, reproduces polynomials of degree two. For k ∈ N we find

∑
j∈Z

jkJj(x) =
∑
j∈Z

jk
1

2π

∫ π

−π
ei(jτ−x sin(τ))dτ

=
1

2π

∫ π

−π
e−ix sin(τ)

∑
j∈Z

jkeijτdτ

=
1

2π

∫ π

−π
e−ix sin(τ)

∑
j∈Z

dk

dτ k
(−i)keijτdτ

=
(−i)k

2π

∫ π

−π
e−ix sin(τ) dk

dτ k

∑
j∈Z

eijτ︸ ︷︷ ︸
2π∆2π(τ)

dτ, (4.5)
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where ∆2π(τ) denotes the Dirac comp with period 2π. Since τ ∈ [−π, π], we can reduce

the Dirac comp to the Dirac delta distribution. The sum
∑

j∈Z eijτ does not converge in

a classical sense but can be interpreted as a functional in the sense that is explained in

equation (4.7) and (4.8).

Integration by parts leads to

∑
j∈Z

jkJj(x) = ik
∫ π

−π
δ(τ)

dk

dτ k
e−ix sin(τ)dτ

= ik
dk

dτ k
e−ix sin(τ)

∣∣∣∣
τ=0

. (4.6)

The evaluation of the sum is now reduced to the calculation of the kth derivative of

two chained functions. In equ. (4.5) we used a series representation of the Dirac delta

distribution. This is justified by the relations

lim
n→∞

∫ π

−π
δn(x)f(x)dx = f(0), (4.7)

where

δn(x) =
1

2π

n∑
j=−n

eijx. (4.8)

Further details and related identities concerning the representation of the Dirac delta

distribution can be found in [1]. For the proof of the approximation order, we require

equ. (4.6) in an explicit form. The kth derivative of a composition of two k-times differ-

entiable functions f and g can be expressed using Faà di Bruno’s formula

dk

dτ k
f (g(τ)) =

∑ k!

m1!m2! · · ·mk!
f (m1+···+mk) (g(τ)) ·

k∏
ℓ=1

(
g(ℓ)(τ)

ℓ!

)mℓ

,

where the sum is over all non-negative integer tuples (m1, . . . ,mk) in conjunction with

the constraint 1m1 + 2m2 + 3m3 + · · ·+ kmk = k, [46, p. 85]. Applying this formula with

f(y) = ey and g(τ) = −ix sin (τ), we obtain

∑
j∈Z

jkJj(x) = ik
∑ k!

m1!m2! · · ·mk!
(−i)m1+···+mke−ix sin(τ) ·

k∏
ℓ=1

(
x ∂ℓ

∂τℓ
sin(τ)

ℓ!

)mℓ ∣∣∣∣
τ=0

.



4.2. Quasi-Interpolation of non-RBFs 97

Next, we set τ to zero. If ℓ is even, then the ℓth derivative of sin(τ) evaluated at zero

is zero. Since any zero term causes the entire product to vanish, the only way for a

summand to remain non-zero is if mℓ = 0 for all ℓ ∈ 2N. We define k̃ to be the largest

odd integer less than or equal to k and k̂ be the largest even integer less than or equal

to k. From this, it follows that

2m2 + 4m4 + · · · + k̂mk̂ = 0,

which implies all mℓ = 0 for even ℓ. Therefore, the sum runs only over non-negative

integer tuples (m1,m3 . . . ,mk̃) satisfying the constraint

1m1 + 3m3 + · · · + k̃mk̃ = k.

With these results, we obtain

∑
j∈Z

jkJj(x) =
∑

ik+3(m1+m3+...mk̃)(−1)m3+m7+···+mk
k!

m1!m3! · · ·mk̃!

k∏
ℓ=1

(x
ℓ!

)mℓ

.

Next, we analyze the interaction between the imaginary unit and the minus signs. To do

so, we write

ik+3(m1+m3+...mk̃)(−1)m3+m7+···+mk = ik+3(m1+m3+...mk̃)+2(m3+m7+···+mk)

= i
k+3

(
m1+

∑ k̃−1
2

p=1 m2p+1

)
+2
∑⌊ k+1

4 ⌋
p=1 m4p−1

and subsequently focus only on the exponent. Using the relation m1+3m3+· · ·+k̃mk̃ = k

for m1, we get

k + 3

m1 +

k̃−1
2∑

p=1

m2p+1

+ 2

⌊ k+1
4 ⌋∑

p=1

m4p−1

=4k + 3

−
k̃−1
2∑

p=1

(2p+ 1)m2p+1 +

k̃−1
2∑

p=1

m2p+1

+ 2

⌊ k+1
4 ⌋∑

p=1

m4p−1

=4k − 3

k̃−1
2∑

p=1

2pm2p+1 + 2

⌊ k+1
4 ⌋∑

p=1

m4p−1
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=4k − 3

⌊ k+1
4 ⌋∑

p=1

4pm4p+1 − 3

⌊ k+1
4 ⌋∑

p=1

(4p− 2)m4p−1 + 2

⌊ k+1
4 ⌋∑

p=1

m4p−1

=4k − 3

⌊ k+1
4 ⌋∑

p=1

4pm4p+1 −
⌊ k+1

4 ⌋∑
p=1

(12p− 4)m4p−1

=4

k − 3

⌊ k+1
4 ⌋∑

p=1

pm4p+1 −
⌊ k+1

4 ⌋∑
p=1

(3p− 1)m4p−1

 .

Since all mk and the index p are positive integers, we have shown that the exponent is

an integer multiple of four. As i4 = 1, it follows that i raised to this exponent equals one.

Consequently, all signs and powers of the imaginary unit cancel out, yielding

∑
j∈Z

jkJj(x) =
∑

m1,m3,...,mk̃

k!

m1!m3! · · ·mk̃!

k∏
ℓ=1

(x
ℓ!

)mℓ

, (4.9)

with the conditions

0 = mℓ, ℓ ∈ 2N

k = m1 + 3m3 + · · · + k̃mk̃.

The evaluations of equ. (4.9) for the first few values of k are given in table 4.7.

k
∑

j∈Z j
kJj(x)

0 1
1 x
2 x2

3 x+ x3

4 4x2 + x4

5 x+ 10x3 + x5

6 16x2 + 20x4 + x6

Table 4.7: Evaluation of the first six polynomials generated by equ. (4.9).

Note that for every k ∈ N, the polynomial has only positive coefficients, and these

polynomials are not orthogonal with respect to any inner product. This can be demon-

strated using the recurrence relations that characterize orthogonal polynomials, [1].

Higher-degree monomials can be represented as linear combinations of the preceding

polynomials. This is illustrated in Table 4.8
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Monomial
∑

j∈Z j
kJj(x)

1
∑

j∈Z Jj(x)

x
∑

j∈Z jJj(x)

x2
∑

j∈Z j
2Jj(x)

x3
∑

j∈Z(j3 − j)Jj(x)

x4
∑

j∈Z(j4 − 4j2)Jj(x)

x5
∑

j∈Z(j5 − 10j3 + 9j)Jj(x)

x6
∑

j∈Z(j6 − 20j4 + 64j2)Jj(x)

Table 4.8: Linear combinations for higher order monomials.

This enables the definition of more complex linear operators capable of reproducing

higher-degree polynomials. We will not explore this topic further. Instead, we focus on

modifying the quasi-Lagrange function to achieve higher polynomial reproduction.

Knowing the polynomial reproduction properties of the Bessel functions, we use them

as our quasi-Lagrange functions and determine the approximation order of the quasi-

Lagrange operator

Qh[f ] =
∑
j∈Z

f(jh)Jj

(x
h

)
.

To this end, we assume f is an analytic function with bounded derivatives. We define

p(y) = f(x) + f ′(x)(y − x) +
f ′′(x)

2
(y − x)2

as a polynomial of degree two. Note that the quasi-Lagrange operator will reproduce this

special polynomial, hence

p(y) =
∑
j∈Z

p(jh)Jj

(y
h

)
.

For the special case y = x, we have

p(x) =
∑
j∈Z

p(jh)Jj

(x
h

)
= f(x).

The function f is analytic and therefore, we can write f through the Taylor series eval-

uated at the point x and get

f(y) − p(y) =
∞∑
k=3

f (k)(x)

k!
(y − x)k.
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With these identities we determine the approximation order

Qh[f ](x) − f(x) =
∑
j∈Z

(f(jh) − p(jh)) Jj

(x
h

)
=
∑
j∈Z

∞∑
k=3

f (k)(x)

k!
(jh− x)kJj

(x
h

)
,

using the binomial theorem results in

=
∑
j∈Z

∞∑
k=3

f (k)(x)

k!

k∑
ℓ=0

k!

ℓ!(k − ℓ)!
(−x)k−ℓ(jh)ℓJj

(x
h

)
.

Interchanging the order of summation and using the summation formula for the Bessel

function results in

=
∞∑
k=3

f (k)(x)
k∑
ℓ=0

(−x)k−ℓhℓ

ℓ!(k − ℓ)!

∑
m1,m3,...,mℓ̃

ℓ!

m1!m3! · · ·mℓ̃!
·

ℓ∏
j=1

(
x

j!h

)mj

,

where again m1+3m3+ · · ·+ ℓ̃mℓ̃ = ℓ and m2,m4, . . . ,mℓ̂ = 0. Here, ℓ̃ denotes the largest

odd integer less than or equal to ℓ and ℓ̂ the largest even integer less than or equal to ℓ.

The lowest order in h (O(h0)) appears if and only if m1 = ℓ. The summation condition

ensures that only positive and even powers of h are obtained. The next order is then

O(h2), corresponding to m1 = ℓ − 3,m3 = 1. This implies that ℓ ≥ 3. All subsequent

terms appear at order O (h4) or higher, occurring only for ℓ ≥ 5. Many terms arise only

for sufficiently large ℓ. To handle these terms, we introduce the Heaviside step function

as

Θ(x) =

1, x ≥ 0

0, x < 0.

Evaluating the first terms of the sum results in

Qh[f ](x) − f(x) =
∞∑
k=3

f (k)(x)
k∑
ℓ=0

(−x)k−ℓhℓ

(k − ℓ)!

(
xℓ

ℓ!hℓ
+
xℓ−2Θ(ℓ− 3)

(ℓ− 3)!3!hℓ−2
+ Θ(ℓ− 5)O(h4−ℓ)

)

=
∞∑
k=3

f (k)(x)
k∑
ℓ=0

(−x)k−ℓ

(k − ℓ)!

(
xℓ

ℓ!
+
xℓ−2h2Θ(ℓ− 3)

(ℓ− 3)!3!
+ Θ(ℓ− 5)O(h4)

)
.

(4.10)



4.2. Quasi-Interpolation of non-RBFs 101

We now consider the first term

k∑
ℓ=0

(−x)k−ℓ

(k − ℓ)!

xℓ

ℓ!
=

(−x)k

k!

k∑
ℓ=0

(−1)ℓk!

ℓ!(k − ℓ)!

=
(−x)k

k!

k∑
ℓ=0

(−1)ℓ
(
k

ℓ

)
= 0. (4.11)

Since k > 0, the sum over alternating binomial coefficients is zero, and the first order

O(h0) cancels out. Next, we consider the second order:

k∑
ℓ=0

(−x)k−ℓ

(k − ℓ)!

xℓ−2h2Θ(ℓ− 3)

(ℓ− 3)!3!
=

(−x)k−2h2

3!

k∑
ℓ=3

(−1)ℓ

(k − ℓ)!(ℓ− 3)!

=
(−1)k−3xk−2h2

3!(k − 3)!

k−3∑
ℓ=0

(−1)ℓ(k − 3)!

(k − ℓ− 3)!ℓ!

=
(−1)k−3xk−2h2

3!(k − 3)!

k−3∑
ℓ=0

(−1)ℓ
(
k − 3

ℓ

)
︸ ︷︷ ︸

=δk,3

=
xh2

3!
δk,3.

Substituting the results back into equ. (4.10) results in the approximation order of O(h2)

or more precisely

Qh[f ](x) − f(x) =
f (3)(x)

3!
xh2 + O(h4). (4.12)

Note that our quasi-Lagrange operator converges quadratically but not uniformly to the

function f . At x = 0, the error is zero, meaning that we interpolate exactly there, but

the error increases as |x| grows.

This discovery gives rise to several natural questions:

1. Can we modify the Bessel function such that we achieve a higher polynomial re-

production and approximation order?

2. How can this be extended for scattered data?

3. Can uniform convergence be achieved in place of pointwise convergence?

4. Can this approach be extended to higher dimensions?



102 Chapter 4. Quasi-Interpolation

The answers to these questions are affirmative, and in the subsequent subsections, we

will rigorously explore the procedures through which this can be achieved.

4.2.1 Enhanced Approximation Order

Instead of utilizing the Bessel function as the quasi-Lagrange function, we now modify

the integral representation in the following manner

Ψj(x) =
1

2π

∫ π

−π
ei(jτ−xg(τ))dτ, j ∈ N,

for some function g which needs to be determined. For g(τ) = sin(τ), this corresponds

to the definition of the Bessel function. With the assumption that Ψj decays sufficiently

fast (a condition we will verify later), we obtain an expression analogous to equ. (4.6)

∑
j∈Z

jkΨj(x) = ik
dk

dτ k
e−ixg(τ)

∣∣∣∣
τ=0

, k ∈ N. (4.13)

To determine the conditions on the function g for polynomial reproduction, we examine

the first derivative (k = 1)

x
!

= xe−ixg(τ)g(1)(τ).

From this, we can immediately deduce that g(0) = 0, and g(1)(0) = 1. If we differentiate

the right-hand side of this equation, we obtain only monomials, as every higher derivative

of g(τ) vanishes at τ = 0. This result is summarized in table 4.9.

Order of polynomial reproduction Accumulated conditions

0 g(0) = 0
1 g(1)(0) = 1
2 g(2)(0) = 0
3 g(3)(0) = 0
...

...
k g(k)(0) = 0

Table 4.9: Conditions the function g(τ) from equ. (4.13) must fulfill in order to achieve
the desired polynomial reproduction, under the assumption that the sum converges.

The conditions are essential to ensure that the function g(τ) satisfies the required

properties for polynomial reproduction. However, the convergence of the sum has to be
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rigorously established to ensure that the series is well-defined and that the desired results

hold consistently. This requirement, does not always hold. A clear illustration of this

phenomenon is provided by the trivial solution g(τ) = τ . In this case the conditions are

satisfied for polynomials of any degree. However, the quasi-Lagrange function can be

evaluated exactly as Ψj(x) = 2π sinc(j − x) = 2 sin(π(j−x))
j−x , which decays so slowly that it

is only capable of reproducing constants.

From this example, we observe that the function g influences the decay rate of the

quasi-Lagrange function. Therefore, we aim to identify the specific properties of g that

govern this decay behavior.

The integral representation of the quasi-Lagrange function can be interpreted as the

j-th Fourier coefficient of a 2π-periodic function eixg(τ). The decay rate is therefore closely

linked to the Fourier series of eixg(τ), where the decay rate is governed by the properties of

g(τ). If g(τ) is not 2π-periodic, the periodic continuation of g(τ) will not be continuous.

As a result, the decay rate of the Fourier coefficients will be in O(1
j
). This slow decay

rate arises because the discontinuity in the periodic extension introduces additional high-

frequency components, leading to a less rapid decay of the Fourier coefficients. For higher

decay rates, the function g(τ) must be 2π-periodic. In this case, the smoothness of g(τ)

directly influences the decay rate of the Fourier coefficients. Specifically, the smoother

the function, the faster the decay of the Fourier coefficients. If the function g(τ) is in

Ck, then the quasi-Lagrange function will decay at a rate of O( 1
jk+1 ). This means that

the smoother g(τ), the faster the decay of the corresponding quasi-Lagrange function.

Finally, if g(τ) is smooth, the decay rate of the quasi-Lagrange function will exceed

any polynomial rate, decaying faster than any polynomial function of j can grow. This

represents the optimal decay rate achievable, which also holds true for the Bessel function.

To achieve the highest possible decay rate, we use the following approach

g(τ) =
1

i

N
2∑

k=−N
2

ake
ikτ =

N
2∑

k=0

bk sin(kτ), (4.14)

where we assume N ∈ 2N to be finite, and the coefficients ak ∈ R respectively bk ∈ R
must be chosen such that the conditions summarized in table 4.9 are met. This approach

guarantees the high decay rate as g(τ) is 2π-periodic and smooth. Using this approach,

every second order of the derivatives evaluated at zero vanish automatically. Therefore,

the degree of polynomial reproduction is even. For this approach, we can precisely
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determine the decay rate of Ψj. We begin with the integral representation

Ψj(x) =
1

2π

∫ π

−π
eijτe−ixg(τ)dτ =

1

2π

∫ π

−π
eijτ

∞∑
ℓ=0

(−ix)ℓ

ℓ!
g(τ)ℓdτ

=
∞∑
ℓ=0

(−ix)ℓ

ℓ!

1

2π

∫ π

−π
eijτg(τ)ℓdτ

=
∞∑
ℓ=0

(−x)ℓ

ℓ!

1

2π

∫ π

−π
eijτ

 N
2∑

k=−N
2

ake
ikτ

ℓ

dτ

=
∞∑
ℓ=0

(−x)ℓ

ℓ!

1

2π

∫ π

−π
eijτ

∑
|α|=ℓ

(
ℓ

α

)
aαe

iτ
∑N

2

k=−N
2

kαk

dτ

=
∞∑
ℓ=0

(−x)ℓ

ℓ!

∑
|α|=ℓ

(
ℓ

α

)
aαδ

j,
∑N

2

k=−N
2

kαk

=
∞∑

ℓ=⌈ 2j
N ⌉

∑
|α|=ℓ

(−x)ℓaα

α!
δ
j,
∑N

2

k=−N
2

kαk

,

where α = (α−N
2
, α−N

2
+1, . . . , αN

2
) is the multi-index and a = (a−N

2
, a−N

2
+1, . . . , aN

2
) is

the vector containing the expansion coefficients of the sum. Non-vanishing terms in this

sum occur only if ℓ ≥ 2j
N

, as only in this case the Kronecker delta condition is satisfied.

From this expression, we observe that for large j, the function decays factorially, thereby

ensuring that the quasi-Lagrange operator is well-defined for every polynomial. For a

given N and coefficients ak, this expression can be used to derive the series representation

of the quasi-Lagrange function, which enables significantly faster evaluation compared to

numerical integration.

With these results, we can now construct quasi-Lagrange functions that are capable of

reproducing polynomials of arbitrary degree. For example, the quasi-Lagrange function

using g(τ) = 4
3

sin(τ) − 1
6

sin(2τ) reproduces all polynomials of degree four. While these

results are promising, our primary interest lies not in polynomial reproduction itself, but

in the approximation order. The next step is therefore to determine the approximation

order of our newly constructed quasi-Lagrange functions.

Analogously to equ. (4.9), we now have a slight modification

∑
j∈Z

jkΨj(x) =
∑

m1,m3,...,mk̃

k!

m1!m3! · · ·mk̃!

k∏
ℓ=1

x∑N
2
p=1 bpp

ℓ

ℓ!

mℓ

, (4.15)
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with the conditions

0 = mℓ, ∀ℓ ∈ 2N,

k = m1 + 3m3 + · · · + k̃mk̃,

where bp are the coefficients from equ. (4.14). As before, k̃ denotes the largest odd integer

less than or equal to k. To derive the approximation order, we perform calculations similar

to the previous case for the Bessel function. We assume that we have a quasi-Lagrange

function that reproduces all polynomials of degree n ∈ 2N. We define

p(y) =
n∑
k=0

f (k)(x)

k!
(y − x)k

for the function f to be approximated and write

Qh[f ](x) − f(x) =
∑
j∈Z

(f(jh) − p(jh)) Ψj

(x
h

)
=
∑
j∈Z

∞∑
k=n+1

f (k)(x)

k!
(jh− x)kΨj

(x
h

)
.

Applying the binomial theorem yields

=
∑
j∈Z

∞∑
k=n+1

f (k)(x)

k!

k∑
ℓ=0

k!

ℓ!(k − ℓ)!
(−x)k−ℓ(jh)ℓΨj

(x
h

)
.

Interchanging the order of summation and using the summation formula for the new

quasi-Lagrange function from equ. (4.15) leads to

=
∞∑

k=n+1

k∑
ℓ=0

f (k)(x)

ℓ!(k − ℓ)!
(−x)k−ℓhℓ

∑
m1,m3,...,mℓ̃

ℓ!

m1!m3! · · ·mℓ̃!

ℓ∏
j=1

x∑N
2
p=1 bpp

j

hj!

mj

,

where again m1 + 3m3 + · · · + ℓ̃mℓ̃ = ℓ and m2,m4, . . . ,mℓ̂ = 0. The lowest order in

h (O(h0)) appears if and only if m1 = ℓ. The next order is then given by O(hn) for

m1 = ℓ−n− 1,mn+1 = 1. Recall that, from the conditions for polynomial reproduction,
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we know that

g(1)(τ) =
∑
k

bkk cos(kτ)

∣∣∣∣∣
τ=0

=1 ⇒
∑
k

bkk =1

g(3)(τ) =
∑
k

bkk
3 cos(kτ)

∣∣∣∣∣
τ=0

=0 ⇒
∑
k

bkk
3 =0

...

g(n−1)(τ) =
∑
k

bkk
n−1 cos(kτ)

∣∣∣∣∣
τ=0

=0 ⇒
∑
k

bkk
n−1=0.

Therefore, all orders between 1 and n, vanish identically. The second non-vanishing term

is for ℓ ≥ n+ 1. All following terms are of order hn+2 and appear for ℓ ≥ n+ 3. Taking

these comments into consideration, the approximation error can be expressed as

Qh[f ](x) − f(x) =
∞∑

k=n+1

k∑
ℓ=0

f (k)(x)

(k − ℓ)!
(−x)k−ℓhℓ

 xℓ

ℓ!hℓ
+
xℓ−nΘ(ℓ− n− 1)

∑N
2
p=1 bpp

n+1

(ℓ− n− 1)!(n+ 1)!hℓ−n

+ Θ(ℓ− n− 3)O(hn+2−ℓ)

)

=
∞∑

k=n+1

k∑
ℓ=0

f (k)(x)(−x)k−ℓ

(k − ℓ)!

xℓ
ℓ!

+
xℓ−nhnΘ(ℓ− n− 1)

∑N
2
p=1 bpp

n+1

(ℓ− n− 1)!(n+ 1)!

+ Θ(ℓ− n− 3)O(hn+2)

)
.

Analogous to the Bessel case, the sum over the first term cancels out. The calculation is

shown in equ. (4.11). We will now focus on the second term

k∑
ℓ=0

(−x)k−ℓ

(k − ℓ)!

xℓ−nhnΘ(ℓ− n− 1)

(ℓ− n− 1)!(n+ 1)!
=

(−x)k−nhn

(n+ 1)!

k∑
ℓ=n+1

(−1)ℓ

(k − ℓ)!(ℓ− n− 1)!

=
(−1)k+1xk−nhn

(n+ 1)!(k − n− 1)!

k−n−1∑
ℓ=0

(−1)ℓ(k − n− 1)!

(k − n− 1 − ℓ)!ℓ!

=
(−1)k−3xk−nhn

(n+ 1)!(k − n− 1)!

k−n−1∑
ℓ=0

(−1)ℓ
(
k − n− 1

ℓ

)
︸ ︷︷ ︸

=δk,n+1
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=
xhn

(n+ 1)!
δk,n+1.

Utilizing the results obtained, the final approximation order is derived as O(hn). The

following formula expresses this result in more detail

Qh[f ](x) − f(x) =
f (n+1)(x)

(n+ 1)!
xhn

N
2∑

p=1

bpp
n+1 + O(hn+2),

where N
2

is the number of coefficients bp used for the modification of the Bessel function

as our new quasi-Lagrange function. To answer the initial question, we have developed

an approach that enables the construction of a quasi-Lagrange function with polynomial

reproduction and an approximation order of arbitrary degree.

4.2.2 Scattered Data

The majority of approximation tasks require approximating a function based on a set

of scattered data. In the case of RBFs, the expansion of the trigonometric polynomial

outlines the conditions necessary for handling scattered data. However, the application

of our novel approach remains to be explored. In this subsection, we first derive an

expression using the Bessel function and then generalize these results to achieve a higher

approximation order.

Before we start, we define the set Ξ = {xj, j ∈ Z} as the set of distinct scattered

points with the associated function values fj. Furthermore, we assume that Ξ is ordered

and xj → ±∞ as j → ±∞. In other words, Ξ is a quasi-uniform set.

Instead of directly using the Bessel function or the modified approach presented in the

last subsection, we now use a linear combination of them as the quasi-Lagrange function

Ψj(x) =
∑
k∈Z

µj,kJj+k(x).

For better comprehension, we use the Bessel function. However, the modification is one

to one interchangeable. We assume the coefficients µj,k to be finitely supported with

respect to k. In the following, we will figure out how to determine these coefficients to

make this approach applicable to scattered data.

We represent each scattered point as xj = jh+x0 +∆j, where h is some grid spacing,

x0 is some translation, and ∆j is the difference from the grid point to the actual data

point. The translation x0 is chosen such that ∆0 = 0. We then interpolate the function
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f at x0. The translation has no impact on the approximation order. Note that ∆j is

not necessarily small and depends on h. While the theoretical results are independent of

h, in real world applications, the parameter h affects the summation convergence speed.

This is due to the fact that both, the differences ∆j and the coefficients µj,k, change their

values, and the argument of the Bessel function shrinks for larger values of h. Since the

value of the Bessel function decays factorially, this effect has a greater impact and leads

to practically faster convergence.

The decay rate of the quasi-Lagrange function is the same as that of the Bessel

functions, and therefore, we know that the sum converges absolutely for every polynomial.

Starting with the reproduction of constants, we obtain

1
!

=
∑
j∈Z

Ψj

(
x− x0
h

)
=
∑
j∈Z

∑
k∈Z

µj,kJj+k

(
x− x0
h

)
=
∑
j∈Z

∑
k∈Z

µj−k,kJj

(
x− x0
h

)
.

With the condition
∑

k∈Z µj−k,k = 1, ∀j ∈ Z, we end up with

=
∑
j∈Z

Jj

(
x− x0
h

)
= 1.

In the following step, we identify the conditions for linear polynomial reproduction

x
!

=
∑
j∈Z

xjΨj

(
x− x0
h

)
=
∑
j∈Z

(jh+ x0 + ∆j)
∑
k∈Z

µj,kJj+k

(
x− x0
h

)
=
∑
j∈Z

∑
k∈Z

(jh+ x0 − kh+ ∆j−k)µj−k,kJj

(
x− x0
h

)
=
∑
j∈Z

(jh+ x0)
∑
k∈Z

µj−k,k︸ ︷︷ ︸
=1

Jj

(
x− x0
h

)
+
∑
j∈Z

∑
k∈Z

(∆j−k − kh)µj−k,kJj

(
x− x0
h

)

=x+
∑
j∈Z

∑
k∈Z

(∆j−k − kh)µj−k,kJj

(
x− x0
h

)
.

With the condition
∑

k∈Z(∆j−k − kh)µj−k,k = 0, ∀j ∈ Z, we end up with

=x.
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Finally, we check the required conditions for quadratic polynomial reproduction

x2
!

=
∑
j∈Z

x2jΨj

(
x− x0
h

)
=
∑
j∈Z

(jh+ x0 + ∆j)
2
∑
k∈Z

µj,kJj+k

(
x− x0
h

)
=
∑
j∈Z

∑
k∈Z

(jh+ x0 + ∆j−k − kh)2µj−k,kJj

(
x− x0
h

)
=
∑
j∈Z

∑
k∈Z

(
(jh+ x0)

2 + 2(jh+ x0)(∆j−k − kh) + (∆j−k − kh)2
)
µj−k,kJj

(
x− x0
h

)
=
∑
j∈Z

(jh+ x0)
2Jj

(
x− x0
h

)∑
k∈Z

µj−k,k︸ ︷︷ ︸
=1

+
∑
j∈Z

2(jh+ x0)
∑
k∈Z

(∆j−k − kh)µj−k,k︸ ︷︷ ︸
=0

Jj

(
x− x0
h

)

+
∑
j∈Z

∑
k∈Z

(∆j−k − kh)2µj−k,kJj

(
x− x0
h

)
=x2 +

∑
j∈Z

∑
k∈Z

(∆j−k − kh)2µj−k,kJj

(
x− x0
h

)
.

With the condition
∑

k∈Z(∆j−k − kh)2µj−k,k = 0, ∀j ∈ Z, we end up with

=x2.

In summary, we find that the quasi-Lagrange function Ψj(x) reproduces all polynomials

of degree two for scattered data, provided that the coefficients satisfy the conditions

�

∑
k∈Z µj−k,k = 1, ∀j ∈ Z

�

∑
k∈Z(∆j−k − kh)µj−k,k = 0, ∀j ∈ Z

�

∑
k∈Z(∆j−k − kh)2µj−k,k = 0, ∀j ∈ Z.

The solution is not unique, as the number of coefficients is not fixed. In this specific

example, we solve the system of equations using three non-zero coefficients, namely

µj+1,−1 =
∆j (∆j−1 − h)

(∆j − ∆j+1 − h) (−∆j−1 + ∆j+1 + 2h)

µj,0 =
(h− ∆j−1) (∆j+1 + h)

(−∆j−1 + ∆j + h) (−∆j + ∆j+1 + h)

µj−1,1 =
∆j (∆j+1 + h)

(−∆j−1 + ∆j + h) (−∆j−1 + ∆j+1 + 2h)
.
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In the final step, we shift back the index j and obtain the final scattered data represen-

tation for the Bessel function

Ψj(x) =
∆j−1 (∆j−2 − h)

(∆j−1 − ∆j − h) (−∆j−2 + ∆j + 2h)
Jj−1 (x)

+
(h− ∆j−1) (∆j+1 + h)

(−∆j−1 + ∆j + h) (−∆j + ∆j+1 + h)
Jj (x)

+
∆j+1 (∆j+2 + h)

(−∆j + ∆j+1 + h) (−∆j + ∆j+2 + 2h)
Jj+1 (x) ,

where ∆j = jh + x0 − xj and h is the grid spacing which can be chosen arbitrarily.

However, choosing h on the order of the distance between the data points is a reasonable

approach. Up to this point, we showed for the explicit example of the Bessel function

how we can derive a quasi-Lagrange operator which can also handle scattered data. Now,

we will generalize this to the modified Bessel functions from section 4.2.1 and determine

the conditions the coefficients have to satisfy.

Assume a quasi-Lagrange function Ψ̃j(x) is given, where the quasi-Lagrange operator,

as shown in subsection 4.2.1, reproduces all polynomials of degree n on some grid with

grid spacing h. Again we use the convention xj = jh+x0 +∆j. For 0 ≤ ℓ ≤ n, we obtain

xℓ
!

=
∑
j∈Z

xℓjΨj

(
x− x0
h

)
=
∑
j∈Z

(jh+ x0 + ∆j)
ℓ
∑
k∈Z

µj,kΨ̃j+k

(
x− x0
h

)
=
∑
j∈Z

∑
k∈Z

(jh+ x0 + ∆j−k − kh)ℓµj−k,kΨ̃j

(
x− x0
h

)

=
∑
j∈Z

∑
k∈Z

ℓ∑
p=0

(
ℓ

p

)
(jh+ x0)

ℓ−p(∆j−k − kh)pµj−k,kΨ̃j

(
x− x0
h

)

=
∑
j∈Z

ℓ∑
p=0

(
ℓ

p

)
(jh+ x0)

ℓ−p

(∑
k∈Z

(∆j−k − kh)pµj−k,k

)
Ψ̃j

(
x− x0
h

)
.

With the condition
∑

k∈Z(∆j−k − kh)pµj−k,k = δp,0, ∀j ∈ Z and ∀ 0 ≤ p ≤ ℓ, we

continue with

=
∑
j∈Z

(jh+ x0)
ℓΨ̃j

(
x− x0
h

)
=xℓ.

To summarize this subsection, we conclude that if a quasi-Lagrange operator possesses a
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specified polynomial reproduction ℓ and approximation order on an infinite grid, it can

be extended to scattered data by introducing a new quasi-Lagrange function defined as a

linear combination of the previously used functions. The coefficients µj,k are calculated

by solving the linear system of equations∑
k∈Z

(∆j−k − kh)pµj−k,k = δp,0, ∀j ∈ Z,∀ 0 ≤ p ≤ ℓ.

For the special case of the Bessel function, we have provided the explicit formulas for

these coefficients. For practical computations, using a shifted version is recommended to

avoid redundant evaluation of the same quasi-Lagrange function.

In conclusion, to address the initial question, the approach for the quasi-Lagrange

function can indeed be used for quasi-interpolation of scattered data.

4.2.3 Uniform Convergence

For the Bessel function, we showed in equ. (4.12) that the approximation order is given

by

Qh[f ](x) − f(x) =
f (3)(x)

3!
xh2 + O(h4).

There are some practical issues with the approach presented up to this section. Although

we focus on the Bessel function, the same argument applies to the modified functions.

The primary issue is that the convergence is only pointwise, not uniform. Consequently,

for large arguments x, it is necessary to choose a sufficiently small grid size in order to

achieve an adequate approximation. The second issue occurs also for large arguments

x, because the sum Qh[f ](x) =
∑

j∈Z f(jh)Jj
(
x
h

)
converges slowly. The rapid decay

of the Bessel function is only guaranteed when the order is significantly greater than

the argument. Furthermore, evaluating the Bessel function for large arguments becomes

more costly, as a larger number of terms in the series are required to converge.

To address the issues for large arguments, we propose introducing shifts such that

the argument of the Bessel function always lies within the interval (−h
2
, h
2
]. This can be

achieved by approximating each interval piecewise. Table 4.10 shows some examples of

how the quasi-Lagrange operator changes for different intervals of x.

For the general definition, we need a function that determines in which interval the

argument lies. We call this Λ(x) =
(
x
h

+ 1
2

)
/1, where / is the quotient. In other words,

the /1 operator takes only the integer part of the number. The quasi-Lagrange operator
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x ∈ Qh[f ](x)

(−h
2
, h
2
]

∑
j∈Z f(jh)Jj

(
x
h

)
(h
2
, 3h

2
]

∑
j∈Z f((j + 1)h)Jj

(
x−h
h

)
(3h

2
, 5h

2
]

∑
j∈Z f((j + 2)h)Jj

(
x−2h
h

)
(5h

2
, 7h

2
]

∑
j∈Z f((j + 3)h)Jj

(
x−3h
h

)
...

...

( (2k−1)h
2

, (2k+1)h
2

]
∑

j∈Z f((j + k)h)Jj
(
x−kh
h

)
Table 4.10: Examples of shifts for piecewise approximation of each interval. Analogously,
this can be done in the negative direction of x.

is then given by

Qh[f ](x) =
∑
j∈Z

f((j + Λ(x))h)Jj

(
x− Λ(x)h

h

)
.

There are several things to note with this kind of approximation:

1. The function Λ(x) is not continuous. Therefore, the entire quasi-Lagrange operator

is not continuous on the interval boundaries.

2. Since the function Λ(x) evaluates integer values, only the known values of f on the

grid are utilized.

3. The argument of the Bessel function lies within the interval (−h
2
, h
2
], which results

in a rapidly converging quasi-Lagrange operator. Additionally, the evaluation of

the Bessel function becomes more efficient.

4. Since the argument of the Bessel function is bounded by h
2
, we get an approximation

order of O(h3), which is expressed as

Qh[f ](x) − f(x) =
f (3)(x)

3!

h3

2
+ O(h4).

This proves not only uniform convergence, but also an improvement in the approx-

imation order by one degree compared to previous results. This is a noteworthy

outcome.

5. In fact, we are not merely interpolating the function at x = 0, but now for all given

grid points. This is due to the property Jj(0) = δj,0, which holds for the Bessel

functions. This property also extends to the modified Bessel functions employed to



4.3. Summary 113

achieve enhanced approximation order. With these modifications, we have not only

developed a quasi-interpolation method, but also an actual interpolation method,

which represents a significant and remarkable result.

6. The concept can be similarly extended to scattered data in an analogous manner.

If x ∈
(xk−1+xk

2
, xk+xk+1

2

]
, k ∈ Z, then we can write

Qh[f ](x) =
∑
j∈Z

f(xj+k)Ψj

(
x− xk
h

)
.

In this particular example, the quasi-Lagrange function is denoted by Ψ, due to the

necessity of a linear combination of Bessel functions when dealing with scattered

data.

4.2.4 Higher Dimensions

We have achieved significant results for quasi-interpolation by utilizing modifications of

the Bessel function as the quasi-Lagrange function. The only limitation is, that these

results are restricted to one dimension. For the RBFs, we employed the Euclidean norm

to reduce the problem to a univariate function, which allowed us to handle it effectively.

For the Bessel function approach, this is not feasible because it relies on specific

terms canceling each other out. As such, the use of any absolute value is not applicable

in this context. The simplest approach in higher dimensions is to use a tensor product for

approximations. Let x ∈ Rn and j ∈ Zn, then we can define the quasi-Lagrange function

as

Ψj(x) = Jj1(x1)Jj2(x2) · · · Jjn(xn).

All properties and approximation orders will be consistent with the one-dimensional

results. We have not identified a more elegant method to generalize these results to

higher dimensions yet.

4.3 Summary

In this chapter, we presented the results for the new generalized multiquadric (see ta-

ble 4.4) and the new generalized thin plate spline (see table 4.6) for the best parameter

configurations usable in classical quasi-interpolation. To the best of our knowledge,
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these results are shown for the first time in this level of generality. Furthermore, we

achieved higher approximation orders than those of the classical multiquadric and thin

plate spline. Beside the RBFs approach, we introduced a new non-RBF approach using

Bessel or Bessel-like functions. We showed how the quasi-Lagrange function has to be

modified to achieve sufficient approximation order. The extension to scattered data was

presented, and the convergence properties and practical implementation were discussed.

In summary, while the RBF approach is well known, we presented new results for

more general RBFs. The non-RBF approach is totally different in the results and the

proof structure. There are two downsides to the non-RBF approach at the moment. On

the one hand, the quasi-Lagrange operator is not continuous, and there is no elegant

way for data in higher dimensions. On the other hand, the quasi-Lagrange operator has

great convergence properties leading to efficient evaluation, and the approximation order

compared to the classical quasi-interpolation in one dimension is quite high.

The non-RBF approach is presented here for the first time, and further research needs

to be done for additional properties and applications.



Chapter 5

Numerical Examples

In this chapter, we present some numerical examples to illustrate the theoretical results

achieved in chapter 4. For the sake of traceability, we consider examples in one and

two dimensions, based on gridded data. We also present the exact coefficents used in

the approximations. With these coefficients, one can directly evaluate the approxima-

tions and compare them to alternative methods of interest, without requiring a detailed

understanding of the underlying theory developed in the preceding chapters.

5.1 Examples in 1D

To demonstrate the accuracy of our quasi-interpolation using the newly discovered func-

tions, we employ three different test functions f1, f2, f3 for approximation. These func-

tions are also employed in [42].

f1(x) = (x+ 1)3 exp

(
−x

2

10

)
cos(x− 2),

f2(x) = 25 exp

(
−x

2

15

)
|sin(x)|3 ,

f3(x) = 25 exp

(
−x

2

15

)
|sin(x)| sin (x)9 ,

where x ∈ R. While f1 ∈ C∞(R) is analytic, f2 ∈ C2(R) is twice continuously dif-

ferentiable, and f3 ∈ C9(R) is nine times continuously differentiable. For comparison,

a Gaussian function scaled by a factor of 25 is used to ensure that the test functions

are approximately localized in the interval [−10, 10] and have similar magnitudes. For

115
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simplicity, we use gridded data with grid spacing h. The error is measured by

err[f ] =

(∫ 10

−10

(f(x) −Qh[f ](x))2 dx

) 1
2

.

The error integral is evaluated via NIntegrate, Mathematica’s built-in function using a

local adaptive integration strategy [32].

5.1.1 Generalized Multiquadric

In the previous chapter, we observed that the best results are achieved when λ ∈ 2 + 4N
and β ∈ 1

2
+ N. To illustrate the method, we vary the parameter λ while fixing β = 1

2
,

as in the classical multiquadric function. The RBFs are then given by

φ1(r) =
√
c2 + r2,

φ2(r) =
√
c6 + r6,

φ3(r) =
√
c10 + r10.

The first RBF is the classical multiquadric. The quasi-Lagrange function for the classical

multiquadric is given by The quasi-Lagrange functions are given by

Ψ1(x) =
1

2
φ1(||x− 1||) − φ1(||x||) +

1

2
φ1(||x+ 1||).

This quasi-Lagrange function exhibits the decay property Ψ1(x) ∈ O ((1 + ||x||)−3) as

||x|| → ∞. Furthermore, the quasi-Lagrange operator reproduces all polynomials of

degree one, and the approximation order is given by O (h2 log(1/h)).

The second quasi-Lagrange function is

Ψ2(x) =
4∑

k=−4

µkφ2(||x− k||),

where the coefficients are

µ−4 =µ4 =
14
√
π − 135c4Γ

(
7
6

)
Γ
(
7
3

)
5760

√
π

, µ−3 = µ3 =
45c4Γ

(
7
6

)
Γ
(
7
3

)
− 8

√
π

240
√
π

,

µ−2 =µ2 =
338

√
π − 945c4Γ

(
7
6

)
Γ
(
7
3

)
1440

√
π

, µ−1 = µ1 =
945c4Γ

(
7
6

)
Γ
(
7
3

)
− 488

√
π

720
√
π

,
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µ0 =
7
(
26
√
π − 45c4Γ

(
7
6

)
Γ
(
7
3

))
192

√
π

.

This quasi-Lagrange function exhibits the decay property Ψ2(x) ∈ O ((1 + ||x||)−7) as

||x|| → ∞. Furthermore, the quasi-Lagrange operator reproduces all polynomials of

degree three, and the approximation order is given by O (h4).

The last quasi-Lagrange function is

Ψ3(x) =
7∑

k=−7

µkφ3(||x− k||),

where the coefficients are given by

µ−7 =µ7 = − c8q

110592
+

c6p

82944
+

37

3628800
, µ−6 = µ6 =

7c8q

55296
− c6p

5184
− 2767

14515200
,

µ−5 =µ5 = − 91c8q

110592
+

115c6p

82944
+

6271

3628800
, µ−4 = µ4 =

91c8q

27648
− 31c6p

5184
− 73811

7257600
,

µ−3 =µ3 = −1001c8q

110592
+

1441c6p

82944
+

157477

3628800
, µ−2 = µ2 =

1001c8q

55296
− 187c6p

5184
− 1819681

14515200
,

µ−1 =µ1 = −1001c8q

36864
+

1529c6p

27648
+

286397

1209600
, µ0 =

143c8q

4608
− 55c6p

864
− 353639

1209600
,

where q = 5
√
5π2

23/5Γ(− 8
5)Γ(− 1

5)
2 and p = 5

√
5π2

5√2Γ(− 6
5)Γ(− 2

5)
2 .

This quasi-Lagrange function exhibits the decay property Ψ3(x) ∈ O ((1 + ||x||)−11) as

||x|| → ∞. Furthermore, the quasi-Lagrange operator reproduces all polynomials of

degree five, and the approximation order is given by O (h6).

Figure 5.1 shows the results of these approximants. The approximation order in-

creases with higher values of the parameter λ, provided that the approximated function

is sufficiently smooth. When aiming for an accurate approximation, the smoothness of

the target function should be taken into consideration.



118 Chapter 5. Numerical Examples

−10 −5 0 5 10

−20

−10

0

10

20

x

f1(x)
Q1,1[f1](x)
Q1,2[f1](x)
Q1,3[f1](x)

10−2 10−1 1

10−10

10−8

10−6

10−4

10−2

1

h

err1[f1]
err2[f1]
err3[f1]

−10 −5 0 5 10

0

10

20

x

f2(x)
Q1,1[f2](x)
Q1,2[f2](x)
Q1,3[f2](x)

10−2 10−1 1

10−7

10−5

10−3

10−1

101

h

err1[f2]
err2[f2]
err3[f2]

−10 −5 0 5 10

−20

−10

0

10

20

x

f3(x)
Q1,1[f3](x)
Q1,2[f3](x)
Q1,3[f3](x)

10−2 10−1 1

10−12

10−9

10−6

10−3

1

h

err1[f3]
err2[f3]
err3[f3]

Figure 5.1: On the left side, the test functions f with their associated approximants
is displayed. The first two approximants use an shape parameter c = 1 while the last
one use c = 1

2
. On the right side, the error of the approximants to the test functions is

visualized.
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5.1.2 Non-Radial Basis Functions

As shown in Section 4.2.1, we present the first three approximants with increasing ap-

proximation order. Furthermore, we approximate each interval individually, as shown

in section 4.2.3. This enables efficient computation of the modified Bessel function and

facilitates fast convergence of the quasi-Lagrange operator. For demonstration purposes,

we use gridded data. The quasi-Lagrange operator is given by

Qh,k[f ](x) =
∑
j∈Z

f((j + Λ(x))h)Ψk,j

(
x− Λ(x)h

h

)
, k ∈ {1, 2, 3},

where k decides which quasi-Lagrange function is chosen and Λ(x) =
(
x
h

+ 1
2

)
/1, where /

is the quotient, as shown in section 4.2.3. The first quasi-Lagrange function is the Bessel

function itself, hence

Ψ1,j(x) = Jj(x).

The Bessel function is well known and for small arguments the evaluation can be done

efficiently using the series representation Jj(x) =
∑∞

k=0
(−1)k

k!Γ(j+k+1)

(
x
2

)2k+j
. The quasi-

Lagrange operator reproduces all polynomials of degree two and converges uniformly with

O(h3). The second approximant is built using the following quasi-Lagrange function

Ψ2,j(x) =
1

2π

∫ π

−π
eijτ−ix(

4
3
sin(τ)− 1

6
sin(2τ))dτ.

Unfortunately, we were not able to derive a handy formula for the series representation,

as we did for the Bessel function. However, for each j, the series representation can be

determined using

Ψ2,j(x) =
∞∑

ℓ=⌈ 2j
N ⌉

∑
|α|=ℓ

(−x)ℓaα

α!
δ
j,
∑N

2

k=−N
2

kαk

,

where a =
(
− 1

12
, 4
6
, 0,−4

6
, 1
12

)
. All series representations up to order ten that are used for

the approximation (j ∈ [−15, 15]) are shown in the tables 5.1 and 5.2 .

They can be directly employed for approximation or to verify the previous formula.

The quasi-Lagrange operator for this quasi-Lagrange function reproduces all polynomials

of degree four, and the approximation order is given by O(h5).
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122 Chapter 5. Numerical Examples

The last approximant is built using the quasi-Lagrange function

Ψ3,j(x) =
1

2π

∫ π

−π
eijτ−ix(

3
2
sin(τ)− 3

10
sin(2τ)+ 1

30
sin(3τ))dτ.

Again, there is no handy series representation for all orders j, but for each j, the series

representation can be determined using Ψ3,j(x) =
∑∞

ℓ=⌈ 2j
N ⌉
∑

|α|=ℓ
(−x)ℓaα

α!
δ
j,
∑N

2

k=−N
2

kαk

,

where a =
(

1
60
,− 3

20
, 3
4
, 0,−3

4
, 3
20
,− 1

60

)
. The series representations up to order ten for the

used approximations are shown in the tables 5.3 and 5.4. As before, they can be directly

employed for approximation or to verify the previous formula. This quasi-Lagrange

operator for the quasi-Lagrange function reproduces all polynomials of degree six, and

the approximation order is given by O(h7).

The results of the approximations are shown in figure 5.2. The left side reveals dis-

continuities in the approximations. The step size is chosen such that we can observe the

discontinuity while also seeing that the approximation remains close to the function. The

right side shows the corresponding error for different step sizes h. The error converges to

zero, and, as expected, higher approximation orders result in faster convergence. Com-

pared to the generalized multiquadrics in one dimension, the convergence is faster, and

the evaluation is much quicker.
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Figure 5.2: The left side shows the test functions f(x) together with their associated
approximants. The right side displays the error of the approxmants with respect to the
test functions.



126 Chapter 5. Numerical Examples

5.2 Examples in 2D: Generalized Thin Plate Spline

As in the one-dimensional case, we use three similar test functions. For x ∈ R2, we have

f1(x) = e−
∥x∥2
10 cos

(∥∥∥∥x− (2

2

)∥∥∥∥) ·
∥∥∥∥x− (1

1

)∥∥∥∥3 ,
f2(x) = 25 e−

∥x∥2
15 |sin (∥x∥)|3 ,

f3(x) = 25 e−
∥x∥2
15 |sin (∥x∥)| sin (∥x∥)9 .

The error between the test functions and the approximants is measured by

err[f ] =

(∫
[−10,10]2

(f(x) −Qh[f ](x))2 dx

) 1
2

.

The most promising case for quasi-interpolation is for λ, β ∈ 2N. To be more specific,

we use the following three RBFs

φ1(r) =
(
c2 + r2

)
log
(
c2 + r2

)
,

φ2(r) =
(
c4 + r4

)
log
(
c4 + r4

)
,

φ3(r) =
(
c6 + r6

)
log
(
c6 + r6

)
.

The first RBF is the classical thin plate spline, which represents the classical results,

while the others are our new generalizations to test for practical purposes. For simplicity

and to provide explicit coefficients, we use gridded data. The quasi-Lagrange function

for the classical thin plate spline is given by

Ψ1(x) =
∑

∥k∥1≤3

µkφ1(||x− k||), x ∈ R2, c ∈ R, k ∈ Z2.

The used coefficients are

−3c2 − 2

192π
=µ(3

0)
= µ(−3

0 ) = µ(0
3)

= µ( 0
−3)
,

−9c2 − 2

192π
=µ(2

1)
= µ(−2

1 ) = µ( 2
−1)

= µ(−2
−1)

= µ(1
2)

= µ(−1
2 ) = µ( 1

−2)
= µ(−1

−2)
,

9c2 + 7

48π
=µ(2

0)
= µ(−2

0 ) = µ(0
2)

= µ( 0
−2)
,

9c2 + 5

24π
=µ(1

1)
= µ(−1

1 ) = µ( 1
−1)

= µ(−1
−1)
,
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−171c2 − 154

192π
=µ(1

0)
= µ(−1

0 ) = µ(0
1)

= µ( 0
−1)
,

21c2 + 23

12π
=µ(0

0)
.

With these coefficients, we find that Ψ1(x) ∈ O ((1 + ||x||)−6) as ||x|| → ∞. Further-

more, the polynomial reproduction is exact for all polynomials of degree three, and the

approximation order is given by ||Qhf − f ||∞ = O (h4 log(1/h)) as h→ 0.

The second quasi-Lagrange function is given by

Ψ2(x) =
∑

∥k∥1≤6

µkφ2(||x− k||), x ∈ R2, c ∈ R, k ∈ Z2,

with the coefficients

−63πc6 + 315c4 − 556

24772608π
= µ(6

0)
= µ(−6

0 ) = µ(0
6)

= µ( 0
−6)
,

−315πc6 + 1050c4 − 656

20643840π
= µ(5

1)
= µ(−5

1 ) = µ( 5
−1)

= µ(−5
−1)
,

= µ(1
5)

= µ(−1
5 ) = µ( 1

−5)
= µ(−1

−5)
,

315πc6 − 1470c4 + 2264

5160960π
= µ(5

0)
= µ(−5

0 ) = µ(0
5)

= µ( 0
−5)
,

−105πc6 + 245c4 − 68

2752512π
= µ(4

2)
= µ(−4

2 ) = µ( 4
−2)

= µ(−4
−2)
,

= µ(2
4)

= µ(−2
4 ) = µ( 2

−4)
= µ(−2

−4)
,

1575πc6 − 5250c4 + 3032

5160960π
= µ(4

1)
= µ(−4

1 ) = µ( 4
−1)

= µ(−4
−1)
,

= µ(1
4)

= µ(−1
4 ) = µ( 1

−4)
= µ(−1

−4)
,

−1035πc6 + 4425c4 − 6124

1474560π
= µ(4

0)
= µ(−4

0 ) = µ(0
4)

= µ( 0
−4)
,

−75πc6 + 150c4 − 32

1474560π
= µ(3

3)
= µ(−3

3 ) = µ( 3
−3)

= µ(−3
−3)
,

525πc6 − 1400c4 + 408

860160π
= µ(3

2)
= µ(−3

2 ) = µ( 3
−2)

= µ(−3
−2)
,

= µ(2
3)

= µ(−2
3 ) = µ( 2

−3)
= µ(−2

−3)
,

−3675πc6 + 12530c4 − 7536

1376256π
= µ(3

1)
= µ(−3

1 ) = µ( 3
−1)

= µ(−3
−1)
,

= µ(1
3)

= µ(−1
3 ) = µ( 1

−3)
= µ(−1

−3)
,

10575πc6 − 42750c4 + 56632

2211840π
= µ(3

0)
= µ(−3

0 ) = µ(0
3)

= µ( 0
−3)
,
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−975πc6 + 3025c4 − 1204

245760π
= µ(2

2)
= µ(−2

2 ) = µ( 2
−2)

= µ(−2
−2)
,

5 (441πc6 − 1596c4 + 1240)

172032π
= µ(2

1)
= µ(−2

1 ) = µ( 2
−1)

= µ(−2
−1)
,

= µ(1
2)

= µ(−1
2 ) = µ( 1

−2)
= µ(−1

−2)
,
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.

With these coefficients, we find that Ψ2(x) ∈ O ((1 + ||x||)−10) as ||x|| → ∞. Further-

more, the polynomial reproduction is given for all polynomials of degree five and the

approximation order is determined by ||Qhf − f ||∞ = O (h6) for h→ 0.

The last example of a quasi-Lagrange function is given by

Ψ3(x) =
∑

∥k∥1≤9

µkφ3(||x− k||), x ∈ R2, c ∈ R, k ∈ Z2,

with the coefficients

− c10
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With these coefficients, we find that Ψ3(x) ∈ O ((1 + ||x||)−14) as x → ∞. Further-

more, the polynomial reproduction is given for all polynomials of degree seven and the

approximation order is determined by ||Qhf − f ||∞ = O (h8) for h→ 0.

The results with these approximants are shown in Figure 5.3. The results support

the theory. For small h, numerical errors lead to issues in the evaluation of the quasi-

Lagrange function, as each summand grows larger while the sum itself decays to zero.

This effect becomes more pronounced for higher values of λ. For small grid sizes h, the

effect becomes dominant so that the error no longer decreases significantly. As in the

1D case, the decay rate of the errors err2[f2] and err3[f2] are the same. This occurs
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because the function f2 ∈ C2(R2) is not smooth enough and therefore does not meet the

conditions required by the Strang and Fix conditions.
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Figure 5.3:
The left side shows a slice of the test functions f(1, x), along with their corresponding
approximants. For all approximants, the parameters c = 1 and h = 1 were used. The
right side displays the approximation error with respect to the test functions, integrated
over the entire two-dimensional domain.
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5.3 Summary

In this chapter, we presented three numerical examples. Each example was tested using

three different test functions, representing various classes of differentiability. Further-

more, we provided the exact coeffiencts, such that the results can be verified and tested

against other approximations methods.

In the one-dimensional case we demonstrated that the class of generalized multi-

quadrics outperformed the classical multiquadric for all test functions. As expected, the

numerical results confirmed that higher approximation orders led to faster error decay.

The second one-dimensional example focused on the Bessel approach. The results

confirmed the expected behavior of approximation orders again. Compared to the gener-

alized multiquadrics, the Bessel method yielded even better accuracy while requiring less

computational effort. These results make the approach even more interesting for further

analysis.

Finally, we examined a two-dimensional example using the class of generalized thin

plate splines. As anticipated, higher approximation orders generally improved the re-

sults. However, the error did not decrease significantly for larger values of λ, due to

numerical instabilities. Additionally, the differentiability of the test function influenced

the outcome. Higher approximation orders did not always lead to improved accuracy in

cases where the test function lacked sufficient smoothness.

In conclusion, the theoretical introduced generalizations were validated by the numer-

ical experiments, consistently yielding superior practical performance over the classical

methods.



Chapter 6

Summary and Future Work

In this thesis, we introduced two new classes of RBFs for quasi-interpolation. Our ap-

proach led to significant results, including improved approximation orders and uniform

convergence. In particular, we carried out the following steps, which are also of interest

for other applications.

� We derived an integral representation of the generalized Fourier transform for a

broad class of RBFs. The results were verified against several special cases from

the literature. Additionally, we introduced a new generalized multiquadric and a

new generalized thin plate spline and calculated their Fourier transforms.

� With the explicit integral representation of the generalized Fourier transform, we

were able to determine its asymptotic behavior for both, small and large arguments.

We demonstrated how to extract this information in general and proceeded to an-

alyze the asymptotic behavior of the Fourier transform for the newly introduced

generalized multiquadric and generalized thin plate spline. We distinguished be-

tween several cases, ultimately excluding some because they were not suitable for

quasi-interpolation.

� For the usable cases, we applied the Strang and Fix conditions to determine the

approximation order. We demonstrated how different parameters of our newly

introduced generalizations impact the approximation order and explored how to

adjust these parameters to improve it. The generality of these steps enabled the

efficient determination of the approximation order for other RBF classes as well.

� We further introduced a new class of non-RBFs for quasi-interpolation with the

Bessel function Jν(x) serving as a representative of this class. To the best of

133
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our knowledge, we demonstrated that the Bessel function can be used for quasi-

interpolation for the first time. Additionally, we derived the approximation order

and demonstrated an improvement through the modification of the Bessel function.

Using these functions, we also demonstrated how to handle scattered data and

efficiently evaluate the approximant.

� Finally, we verified the achieved results through numerical examples in one and two

dimensions. For this purpose, we explicitly provided the coefficients used for the

quasi-Lagrange function, enabling others to verify the results or compare them to

other approximation methods.

We summarized the development of a methodology that enables the efficient de-

termination of the approximation order for quasi-interpolation. Additionally, we en-

hanced the understanding of how different parameters impact the approximation order.

Based on these results, the question arises whether there are other, potentially bet-

ter RBFs that offer superior approximation properties compared to the examples we

used for our demonstration. There exist many other functions, like the Dagum-function

φ(r) = 1 −
(

rβ

1+rβ

)γ
, r ≥ 0 which can be used for quasi-interpolation [13]. Further gen-

eralizations of these functions may lead to improved or more efficient quasi-interpolation

approximations.

The use of the Bessel function as a non-RBF quasi-Lagrange function was entirely

novel. This work demonstrated, that the approach is not only possible, but also efficient.

However, several open questions remain in this area. Can we further extend the class of

Bessel functions, along with their modifications, to achieve better approximation orders?

The efficient evaluation was only possible with the trade-off that the approximant was

not continuous. Can we overcome this issue? Finally, is there a more elegant method

for extending the results to higher dimensions than the tensor product? These represent

some of the open questions we intend to explore in future work.
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v Vector

O Landau big-O symbol

µk Coefficients for the quasi-Lagrange function

Ind Winding number

Res Residue operator∏n
ℓ0

Set of all polynomials of degree ℓ0 in n dimensions

∼ Asymptotic equivalence symbol

ε Shape parameter

Ck Set of k-times differentiable functions

L, L̃ Path of integration

r = ∥ · ∥ Radial part of some vector
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