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Kurzzusammenfassung

Diese Dissertation befasst sich mit Existenz und Eigenschaften stationérer
Losungen fiir die Bewegung von N Punktwirbeln in einer idealisierten zweidi-
mensionalen Fliissigkeit in einem beschrénkten Gebiet €2, die bestimmt wird
durch ein Hamiltonsches System

Zdt N ayz 1y--+» <N . - -
F.%__‘?Hﬂ(z ZN) wobei 2 = (zi,4i), 1 =1,..., N,
zdt = 6%1 1ye--3 2N

wobei Hq(z) := Z;\le F?h(zj) + Z%:M# ;TG (2, zj) die sogenannte
»Kirchhoff-Routh—path function® ist, unter verschiedenen Bedingungen an
die ,, Wirbelstirken“ I';, sowie verschiedenen geometrisch—topologischen An-
nahmen iiber das Gebiet {2, wie vor allem Symmetrie und mehrfacher Zu-
sammenhang. Des Weiteren werden moégliche Anwendungen der vorliegenden
Resultate auf die Untersuchung der sinh—Poisson—Gleichung sowie der Lane—-

Emden—Fowler—Gleichung diskutiert.

Abstract

This dissertation is concerned with the study of existence and properties
of stationary solutions for the dynamics of N point vortices in an idealised
fluid constrained to a two—-dimensional domain €2, which is governed by a
Hamiltonian system

1T, — ‘<21,...,ZN)
Ccllgj aay_ZEIQ where Zp = (xiayi)v @ = 17 < 'an
ZT; =~ m (215, 2N)
i

where Hgq(z) = Z;VZI F?h(zj) + ij:u# I'\TjG (2, z5) is the so—called
Kirchhoff-Routh—path function under various conditions on the “vorticities”
I'; and various topological and geometrical assumptions on {2, notably sym-
metry and multiple connectivity. Further, possible applications of the results
to the study of the sinh—Poisson equation and the Lane-Emden—Fowler equa-
tion are discussed.
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1 Introduction

The N—-vortex—problem of fluid dynamics is concerned with the dynamics of N point
vortices z1,...,zn in an ideal fluid constrained to a two—dimensional domain € with
corresponding vortex strengths (so-called vorticities) I'j,...,I'y € R, whose absolute
values determine the degree to which the surrounding fluid is curled and whose signs
determine the direction of revolution for the surrounding fluid. It is governed by a
Hamiltonian system

Iy dt = o Q(zla"'az]\f)
Yi where z; = (z5,y:), i =1,...,N,  (1.1)
F-% = —aHQ(z ZN)
qt T op, b AN

which is derived as a limit of the Euler—equations for the motion of the whole fluid. The
geometry of the domain comes into play through the hydrodynamic Green’s function, a
generalisation of the classical Green’s function of the first kind for the Laplacian on 2,
which plays a dominant role in the Hamilton function Hgq.

Since its derivation by Helmholtz, Kirchhoff, Lord Kelvin and Routh in the second
half of the 19*" century, this model has played a central role in the research on fluid
dynamics, motivated by prominent examples of it’s applicability in turbulences of the
earth’s atmosphere and oceans up to the dynamics of an electron plasma, see for example
the survey article [I] as well as the monographies [14] [15] [16].

There is plenty of literature in the case that € is the whole Euclidean plane and all the
vorticities have the same sign. For research about these cases [I}, [14], 15| [16] are a very
good starting point. In particular, a lot of research has been done considering questions
of integrability and ergodicity as well as existence and geometrical form of stationary or
periodic solutions.

In these papers it is crucial that if 2 is the whole Euclidean plane, the Hamilton
function is explicitly given by

N
1
H(Zl,.. . ,ZN) = —7 Z FiI‘jln\zi - Zj|-
Tri,j:l
i#j

Much less is known about the behaviour of solutions of (1.1)), if € is a bounded domain
and some of the vorticities I'; are positive, others negative, so that the vortices are
rotating in different directions. Hg is then defined on the so-called configuration spacd]]

FNQi={(21,...,2n) € QY : z; # zj for i # 5},

which is an open subset of @V and therefore of all of CV.

IThis space is of great importance in algebraic topology. The term “configuration space” comes from
there and is not to be confused with the configuration space of some mechanical system in physics,
though both spaces share the same historical origin.



In this case the Hamilton function, which in the literature is commonly called “Kirch-
hoff-Routh path function” is given by

N N
Hq(z1,...,2n8) = Z szh(zj) + Z PZ‘F]’G(ZZ', Zj),
j=1 i,j=1
i#]
where G : F2Q — R is the hydrodynamic Green’s function with regular part g(x,y) =
G(z,y) + 5= In|z — y[, and h(z) = g(z, z) is the so-called Robin’s function.

Basic results concerning GG, h and the dynamics of the equation in the case N =1
were proven in [10, 11, 13]. For N > 2 there are plenty of papers of numerical nature by
mathematicians, physicists and engineers, especially for special domains, whose Green’s
function is either explicitly known or can be described by methods of complex analysis.

Contrary to that, there are only a few analytical papers concerned with the case of
a general domain 2, notably [2, [4] [6l, [7], where, under some special conditions on
and the coefficients I';, critical points of Hp and thereby stationary solutions of
are obtained. In [6] it is assumed that I'; = 1 for all ¢ € {1,..., N} and that Q is not
simply connected. In [7] very special simply connected (“dumbbell shaped”) domains
are allowed, but again only for the case I'; = 1 for all 7 € {1,..., N}. The paper [2] is
concerned with the case N =2, 'y = —1, I'y = 1, and 2 an arbitrary bounded domain,
this is the first instance where a stationary configuration of counterrotating vortices in
an arbitrary domain is found. Lastly, in [4] a stationary solution of N counterrotating
vortices lying on the symmetry axis of a axially symmetric domain is found for arbitrary
N and T; = (—1)* for i € {1,..., N}. Additionally, the much more complicated case of
a general bounded domain € with I'; = (—1)* is settled in [4] successfully for N = 3 and
N =4.

It shall also be mentioned that, somewhat surprisingly, in the papers [2] [6, [7] the
Hamiltonian Hq appears as a limit functional for some elliptic boundary value problems
in ) and the existence of critical points of certain perturbations of Hq gives rise to
solutions of these problems.

The goal of this dissertation is to investigate the existence and properties of critical
points of Hgq (and hence of stationary solutions to equation ) under various condi-
tions on the vorticities I'; as well as some geometrical and topological assumptions (such
as symmetry or multiple connectivity) on €2, but for general N € N. To some extent we
are also able to prove the existence of new nodal solutions to the elliptic boundary value
problems considered for example in [2].

Although the problem of finding critical points of Hgq is finite dimensional, the problem
has proven itself to be considerably refractory. The most obvious difficulty is that for
an arbitrary domain {2 the Green’s function as an essential part of Hg is only implicitly
given as a solution of a partial differential equation, thus all relevant properties of Hg
have to be derived through the analysis of the corresponding partial differential equation.
More importantly, Hq is only defined on the incomplete manifold Fx {2 and is for general
vorticities I'; strongly indefinite. In fact, it may be the case that Hq(z) remains bounded
for dist(z, 0Fn§2) — 0, which in the model corresponds to collisions of multiple vortices



with each other or with 9€). This lack of compactness is crucial, since it prevents us from
using standard methods of critical point theory, such as the “mountain—pass”—theorem.
Hence a more detailed study of the behaviour of Hq is necessary. The usual methods of
critical point theory, all of which apply some sort of modified gradient flow of Hq are
difficult to apply due to the incompleteness of Fn (2. Success in applying these methods
is therefore intimately connected to a good analytical understanding of collisions, that
is of flow lines z : (t~(20),t"(20)) — Fn € to the gradient flow of Hg satisfying

min {|z(t) — 2;(t)], dist(z(t), 0Q) 6,5 € {1,...,N},i # 5} — 0

for t — t*(z9). This, in turn, depends very sensitively on the constellation of the
vorticities I';.

The space Fn€) on the other hand exhibits a rich topology even for simply connected
), such that, given appropriate compactness properties of Hq, finding critical points of
Hgq is a rather easy task.

The bulk of this thesis is therefore concerned with deriving conditions on the vorticities
I'; and on the domain €2 such that the gradient flow of Hg has a compact flow line. The
relevant condition on the T'; has in part already been conjectured in [4] and is a rather
strict one for larger N. In particular, for general €2, the "model case” T'; = (—1)* is not
covered by our results, which therefore complement the results given in [4].

If Q is dihedrally symmetric, we are able to gain some compactness and relax the
conditions on the I';. It is here where we are also able to derive new nodal solutions to
the elliptic boundary value problems mentioned before.

This thesis is organized as follows. In chapter [2| we give some preliminary results
concerning the behaviour of the Green’s and Robin—functions. We also give an abstract
deformation argument which will be perpetually used throughout the whole thesis. In
chapter [3| we consider the (considerably simpler) case of a dihedrally symmetric domain
Q2 and derive several critical points of different geometrical type for Hg. Chapter [] is
concerned with the careful analysis of the behaviour of Hp along ”collision” flowlines.
Chapter [5| then provides linking properties for Hgq, consequently proving the existence
of critical points of Hg also in the case of a general domain Q. Lastly, chapter [f] is
dedicated to the discussion of the stability of the previous results as well as possible
applications to the elliptic boundary value problems mentioned before.

1.1 Statement of results

In this subsection we give an outline of the theorems proven in this thesis. In order not
to get too deep into technicalities already in the introduction, we state the results in
a simplified rather than their fully general version in order to give an overview of the
topics covered.

Let therefore 2 C C be a smooth domain and denote the Kirchhoff-Routh—path—
function with vorticities I' € RY in Q by H{,. We will prove more general versions of
the following theorems:



Theorem 1.1. Let I' € RY satisfy > i jes Til'j # 0 and deJ 5> ijes [Til] for all

i#] i#]
JC{l,...,N}, |J| > 2, as well as T; = (=1)7|Iy|, 5 € {1,..., N}, where |T;| < |[j41]
forje{l,...,N —1}. Then H}; has a critical point.

If © is not simply—connected, we may exploit the richer topology of the configuration
space Fn() to abolish the necessity for alternating vorticities.

Theorem 1.2. Assume € is not simply—connected and let, as before, T € RN satisfy
Yoijes il # 0 and ZJGJF > Y ijes |TiTy| for all J C {1,...,N}, |J| > 2. Then H§
i#j

i#]
has a critical point.

For D,-symmetric domains 2, where D, denotes the symmetry group of a regular
p—gon, and where without loss of generality we may take 0 € C to be the symmetry
center of {2, the conditions on I are much less severe.

Theorem 1.3. Assume 2 is D,-symmetric, 0 € Q, and let I' € RFP satisfy Ljtw =
Iy = (=1)7|Ly|, for j € {1,...,k}, L € {1,...,p — 1}, where |I';| < |I'jq1| for j €
{1,...,k—=1}. Then H}; has a critical point, whose components are symmetrically aligned
with alternating vortices and increasing or decreasing modulus along the symmetry axes

of Q.

Further, we have a result stating that under slightly stricter conditions on I', we may
replace the hole at the symmetry center of Q by a sufficiently strong vortex.

Theorem 1.4. Assume Q is D,—symmetric, 0 € Q, and let (Lo, ..., Ty,) € RFH satisfy
Djpie = Ty = (=151, forj € {1,...,k}, L € {1,...,p— 1}, where [I'j| < |Tj41| for
jeA{l,....,k—1}. There is I'g > 0, such that for all Ty > T'g the Kirchhoff-Routh—
path—function Hg has a critical point, whose components are symmetrically aligned with
alternating vortices and decreasing modulus along the symmetry axes of Q0 with the vortex
with strength Ty placed in the symmetry center of §2.

More general versions of the above theorems are found in theorems5.1] concerning
the case of an asymmetric domain 2 as well as theorems [3.6] and [3.9] respectively, where
symmetric domains are considered.



2 Preliminaries

2.1 Hypotheses and basic notation

Hypothesis 2.1. Let 2 C C be a bounded domain with C3-boundary. A fortiori,
is finitely connected and satisfies a uniform exterior ball condition, that is there exists
a constant r > 0 such that for any z € 02 there is 2* € C such that B,(z*) C C\ Q
as well as x € 0B, (z*). Let ko := rankm;(Q2), and denote the bounded components (if
any) of C\ Q by Q;, j € {1,...,ko}.

For convenience in stating our results and further hypotheses, we start by fixing some
useful notation.

Definition 2.2 (Basic notation). The configuration space of N point vortices in 2 is
defined as

FnQ = {ZGQN:zizzjﬁi:j},
which is an open subset of OV and therefore of all of CV. We denote its boundary
in CN by 0FnQ. We set Ay = {t € (0,00)N i t; <tip1 Vie{l,...,N — 1}}, and for
a € C and v € S' we define the space of ordered configurations of N vortices along the
line @ + R - v through 2 to be the N-dimensional submanifold of Fx{) defined by

Ly(a,v) = (EH—AN-U)OQN:{(a+t1U,...,a—|—tnv)GQN:(tl,...,tn)eAN},

where @ = (a,...,a) € CV. The symmetric group ¥ on N symbols acts freely on Fy2
via
YN XFNQ3(0,2) = 0% 2= (2-1(1)5 -+ -5 Zo-1(n)) € FNEY,

hence it is possible to define
L% (a,v) =07 x Ly(a,v)

as well as
¥ = U LY (a,v)
(a,w)eQax St
for o € ¥n. Lastly, for 0 # C C {1,...,N} it will be useful to define the orthogonal
projection m¢ by
TC - CVszm (Zj)jeC e Cl°l,

Definition 2.3 (Reflection at 9€). Since €2 is C? there is ¢ > 0 such that the orthogonal
projection
p: Qe i={z € Q:dist(z,00) < e} — 00N

is a well-defined C?-map satisfying |p(z) — z| = dist(z,9f2). The reflection at 9 is



Figure 1: A configuration z € Eg12)(345)(a7 v) C F58d.

then defined as the szmafﬂ

Qe>2—7z:=2p(z)—z€C.
Additionally, in what comes we will always abbreviate d(z) := dist(z, 9Q).

We are now ready to state the general sufficient assumptions on the function G for
carrying out our arguments.

Hypothesis 2.4. Let G : F2) — R satisfy the following hypotheses: G is bounded
below by some constant Cy and has logarithmic singularities on the diagonal in Q x €,
more precisely, the map F2Q > (z,y) — G(z,y) + % In |z — y| € R has a continuation
g € C1(Q?), which is bounded from above by some constant C; > 0. Thus, we may
write

1
Glz,y) = g(a,y) — 5 Injz —yl. (2.1)
i
Further, for every € > 0 there is Cs > 0 depending only on 2 and e such that
G(@,y)| + [V G(z,y)| + [VyG(z,y)| < Co (22)

for every x,y € Q with |z —y| > €. Similarly, there is a constant C5 > 0, also depending
only on € and €2, such that

(@, y)[ + Vot (2, y)| + [Vy(z, y)| < Cs, (2.3)

for every x,y € Q., where (z,y) = g(z,y) — %lnki —y| and z +— T is reflection at
0f). Further there exists a constant C4 > 0 such that for any line L = Rv 4+ w C C with

2Here and in all what follows, when talking about differentiability, we regard C = R2?, and thus mean
differentiability in the real-valued sense. We regard 2 C C simply because the elegant geometrical
properties of complex multiplication allow us to state some things more concisely.



LNQ#0
G(w+rv,w+ sv) — G(w + rv,w + tv) > —Cl. (2.4)

for all r < s < t, for which the left hand side is defined. Finally, if € is invariant under
some symmetry group U acting on €2 by linear isometries, the functions g and h respect
these symmetries, that is

glu-a,0-y) = g(z,u"'v-y)

h(u-z) = h(z) (2:5)

for any z,y € Q, u,v € U.

Definition 2.5. For I' € RY we define the Kirchhoff-Routh path function for vortices
with vorticities I';, ¢ € {1,..., N} to be the function

N N
Hg  FN§) D (2’1, ... ,ZN) — erzh(zj') + Z FiFjG(ZZ‘,Zj) € R,
j=1 ij=1
i#]
where the functions G and h satisfy the above hypotheses. If the parameter I is
understood, we will drop it from the notation, writing Hq instead of Hg .

2.2 Preliminary results

Theorem 2.6. Green’s function of the first kind for the Dirichlet Laplacian in € satisfies
hypothesis [2.4)

ProoOF. All of the conditions in [2.4] are either well known properties of the Dirichlet
Laplacian, see for example [12] or verified in [4] except for property , which is a
slight sharpening of the result given there.

To see that holds assume on the contrary that there is a sequence L,, = a,, +Ruv,
of lines with QN L,, # 0 as well as r,, < s, < t,, such that

G(an + TnUn, an + Snvn) - G(an + TnUn, Gn + tnvn) — —00 (2'6)

as n — 00, where by selecting appropriate subsequences we may take the sequences
(an) C Q and (v,) C S! to be convergent to some a € Q and v € S1, respectively.
Now since G is bounded below ([2.6)) implies

1
G(xn, zn) = g(xn, 2n) — %ln [tn, — 0| — 00,

hence [t,, — r,| — 0, such that ry,, sy, t, — ¢ as n — oo, since g is bounded from above,
and where we abbreviated x, := a, + Ty Un, Yn := Ap + SpUn, 2n = ap + tyUy.
If a + tv € Q this leads to a contradiction via

Sn — Tn

G(»’Um?/n)*G(l“n,Zn)EC*QLIH ZC*IDlZC,
T

n—Tn



for some constant C, since g is bounded on compact subsets of 2 x €.
Thus a + tv € 99, so if n is large enough, x,,yn, 2, € €, where we may use the
approximation

1 Ty — Tp — 2
Gl th) = Gl 20) = 5 o o= B2 o)
n n n n

as n — 0o. Considering the differentiable function

[T — an — vy |?

fi(rm,00) 3 am eR

|zy, — an — avp|?
we easily compute

(U, Ty — G — Q) [T — ay — avp|? + (Un, T — ap — @) [Tn — an — avy|?

flla) =2

|zy, — an — avp |

(4dy,, (vn, Ve,) + 0 — 1) (00 — rn)z + 2 (vy, 0 — ay) [Tn — an — vy, 2

|y, — an — avp|*

= 2 ((den <’Um an> (04 - 'rn)2 + (a - Tn)g

|zy — an — avy|?

+(TTL - O[) (4d§n + (TTL - a)2 - 2dl"n (TTL - a) <’Un, Vxn>) >

8d§n (rn — )

- |zy — an — avy|?

<0,

thus f is decreasing, in other words

|ﬂ_yn’2 ‘ﬁ_ Zn|2
B Z U0l fs0) > f(tn) = m =l
|37n - yn’2 ( n) ( n) \xn — Zn’2
hence o
|$l_QN‘ ) |Tr — 2n] > 1,
Tn — znl  |Tn — Ynl
from which we deduce
1 7 _ _

27 ‘ﬁ - Zn’ ’xn - yn‘
>Inl1+4+0(1) =0(),
as n — 0o, which is the desired contradiction. ]

Rather than the regular Green’s function for the Dirichlet Laplacian, the single most
important class of Green’s functions G for fluid dynamics is the class of so-called hydro-
dynamic Green’s functions, which we will now introduce. An excellent motivation and
introduction to the topic of hydrodynamic Green’s functions is provided by [11].

10



Definition 2.7 (Hydrodynamic Green’s function). The hydrodynamic Green’s function
with periods Yo,...,Yk, € R, subjected to the condition Z?OZO v; = —1 is the unique
solution G' € C%(F,9) of the problem

—AG(-,y) =6y for every y € Q2
(V:G(x,y),72) =0 for every y € Q,x € 0Q
faﬂj (VoG(z,y), V) ds(z) = for every j € {0,...,ko}

Joo G(@,y) (Vo G(z,2),vp) ds(x) =0 for every y, z € Q,

where 909 = 90\ U2, 99;.
Using this definition we have the following

Theorem 2.8. Any hydrodynamic Green’s function satisfies hypothesis giwen the
prescribed periods are symmetric if € is symmetric.

PrOOF. Nearly all of this follows from the fact that there is a symmetric positive semidef-
inite matrix (g*!) € RFo>**0 guch that

ko+1

Gla,y) = Ce,y) + Y g upr (@u(y),
k=1

where GO is the Green’s function of the Dirichlet Laplacian in Q and the u; are the
unique solutions of

Aup =0 in Q
U = 5kl on an,

see [I1], proposition 7.By assumption on 0f) each of the ug has bounded gradient

and is bounded by the maximum principle. Therefore (2.1)), (2.2), (2.4) and (2.5)) are
immediate and so is (2.3)), since

U(@,y) = g(z,y) — o= |z —y| = go(z, ) = Y _ gMur(@)w(y) — 5 In|z —yl,
Tl

in other words ¥(z,y) = vo(z,y) — >y, g"'uy(z)u;(y) and we are done. O

Concerning the analysis of the boundary behaviour of Hq, the condition is of
course crucial. The detailed study of boundary collisions will be postponed until chapter
but by then we will need a technical lemma, which may be a simple case of some
general theorem known to differential geometers. Its proof though is pretty easy, so that
we place it here for further reference.

Lemma 2.9. There 1s € > 0 such that

Dp(z)v = (v, T2) T2

1—k,d,

11



KRz
1—k,d,
holds for any z € ., where T, is the unit tangent vector to 0Q at p(z), such that the

basis (T,,v) is positively oriented and k, is the curvature of O at p(z) with respect to
the induced orientation of 0S).

Dvv = — (T2, v) T2

PROOF. Let € > 0 so that p : Q. — 99 is well-defined and ¢ < m, where k

is the curvature of 0. Fix z € Q. and let v : (—6,0) — 9 for some 6 > 0 be a local
parametrisation of 92 by arc length such that v(0) = p(z) and (¥(0),v,) is positively
oriented. Then ¥(t) = K. ()Vy(t), and further setting

F 1 (=6,6) x Bs(2) 3 (t,2) = (3(8), 2~ 1(8)) € R
we observe that F is C!, and since z — p(2) LT,,,y0: F(0,z) = 0, as well as
F(0,2) = (3(0), 2 = 7(0)) = (¥(0),%(0)) = d=rz — 1

by the chain rule. Since F;(0, z) # 0 by construction, the implicit function theorem tells
us that there is a C'-map = — 0(z) satisfying F(6(x),r) = 0 with derivative

1
VO(z) = —(Fi(0,2)) " Fu(0,p(2)) = TR

By the chain rule we infer

. 1

Dp(z)v = D(v 0 8)(z)v = ¥(0) (VO(z),v) = T, (v, 72) T2,
as well as
Dv,v = JD(§ 0 0)(z)v = J¥(0) (VO(z),v) = Jlﬁzljzm (T2, )
Rz
=T ad (T2 V) Tzy

which are precisely the claimed formulae and where we used the fact that v, = J7,
where J = <? _01> O

Lemma 2.10. There are € > 0 and constants Cg,C7,Cg > 0 depending only on € such
that the inequalities

max{d(x) +d(y),Cs|lz — y|} < |z —y| < |z —y| + 2d(y) (2.7)
|z —g|* > Crlp(z) — py)|? (2.8)
|z — 7 — [Z — y|” < Cs(d(z) + d(y))Ip(z) — p(y)? (2.9)

hold for any z,y € Q..

12



PrOOF. Concerning the first inequality consider the straight line joining z and §. This
line intersects 02 at some point z € 92, which implies

[z —7| = |z —z[+ |z — 9| = d(z) + d(y) = d(z) + d(y).
The other direction is immediate from the triangle inequality, since
[z =yl =le—y+y—ul=lzr—y+2dyy| <|z—-yl+2dy),
and the other inequalities are verified as (2.1), (2.4) and (2.5) in [4]. O

We are now ready to define a very important class of parameters.

Definition 2.11 (£-admissible parameters). A parameter I' € R¥ is called £L-admissible
if there is o € Xy such that (o0 *T') € Ay or —1(c %) € Ay, where ¢ : RY — RV is the
..... ‘ )N

Similarly, we call T" strictly £—admissible, if c(o % T') € Ay or —1(o *T') € Ap.

With this notation, we have the following theorem, which lies on the very foundation
of this thesis. Its proof is similar to the one given for the case of axially symmetric
2 in [4] but works out just as well for general £L-admissible parameters I' without any
assumptions on symmetry.

Theorem 2.12. Let I' be L—admissible with corresponding permutation 6 € Xn and
let o € {66,6}, where 6 € Yy is the order—reversing permutation. Then HQ’£UQ is
N

bounded above, and fizing a line L = a+Rv C C witha € C\ Q, v € St and QN L # 0,
we have that
Ho| o (2) > —0c0 as z— ILY(a,v),
ﬁ[\](aﬂv)

where the boundary of the N —dimensional submanifold LS (a,v) of FnSY is to be taken
in LN,
PRrROOF. Let I' be L—admissible. Since the change I' — —I" leaves Hq unaffected we may

assume without loss of generality that T'; = (—1)7|I'j| and |T'j41| < |T'j|. Thus Hgq takes

the form
N

N
Ho(z) =Y Tih(z;) + Y (1) 0Ty Glas, ;)
i=1 ij=1
i
N-1

N
= Tih(z;) +2 ) Gi(x),
j=1

i=1
where for N — i even we have

N—i

2
Gi(z) = Z T <|Fi+2k\G(wi,xi+2k) - \F¢+2k1|G($i,$i+2k1)>7
k=1

13



whereas for N — ¢ odd

N—i—1
2

Gi(x)= > Ty (!PH%\G(%JH%) - |Fi+2k1!G($i,$i+2k1)) — il N |G (23, 2N)
k=1

We now are able to infer from hypothesis (2.4]) that for any line L = {a + tv : t € R}
with a € 9Q, v € S, and such that QN L # ()

Gla+rv,a+sv) — Gla+rv,a+tv) > —Cy

for all r < s < t for which the left hand side is defined, so combining this result with the
condition |I';_1| > |I';| and the fact that G > Cy we get for a x € Ly(a,v) and N — ¢
even, that G;(x) is equal to

N—i
o
> Il [’Fi+2k| <G(xi,$z'+2k) - G($i7$i+2k—1)> + ([Pigor| — |Pi+2k—1|)G($i7$i+2k—1)]
k=1

<Cy <0
N—i
2
< Z <|F¢Ti+2k;|04 + Taf (ITiv2r| = [Ti2r—1) C'o>’
k=1

whereas analogously for N — i odd

N—i—1
2

Gi(z) < > (’Fifiwk!@; + |Tal (ITior] — Tivor-1]) Co> — [T NG (23, 2N) -
k=1

>0 N |Co

Since by hypothesis h is bounded from above by C4, this gives the required upper
bound.

Now fixing a and v, every z € Ly(a,v) has a unique representation z = a + tv with
t € Ay, where @ := (a,...,a) € CV. Setting

R:={te AV :a+tve FyQ}
as well as
E:R>t— Hq(a+tv) € R,

we have to show that E(t) — —oo as dist(¢,0R) — 0. Therefore consider a sequence
(t") C R with the property that ¢ — R as n — oco. Let us first consider the case that
d(a +t}v) — 0 as n — oo for some k € {1,...,N}. Since 301 (1) [I,T|G(a +
tiv,a + t7v) is bounded from above as n — oo and h(a + tjv) — —oc for n — oo we
infer that indeed E(t") — —oo as claimed.

Hence we may assume that

liminf d(a + tjv) > 0 (2.10)
n—oo

14



for all j € {1,...,N} and that
thy —ty — 0 asn— o0 (2.11)

for some k € {1,..., N — 1}. By assumption (2.10) the first two sums in

N

N N
I,L;
E(t") =Y Tih(a+tjv)+ > TiTjgla+tfv,a+tiv) — > (-1 )Zﬂ' o ily In [t — t7|
Jj=1 ,7=1 i,j=1
i#£] i#]
remain bounded as n — co. We then expand
N " N-1 N o N-1
SO (=D)TIND | — 7] =2 Y (D)L It — 7 =2 [T Ineki(),
i,j=1 i=1 j=i+1 i=1

i#£]
where for N — i even

N—1

2

Yi(t) = H Ea;

1| Tixos
tz“ i+2;]

n||Tiaoi|—|Tixoi—
H ’tz+2] 1_ti‘| it2i|—Tita—1] ZC

j=1 |ti+2j—1 - t?||Fi+2j—1|
and for N — i odd
N—i—1 .
q/}(t) = ; ﬁ ‘tZ—I—QJ — t?“ i+2;] c
Z - : . —_
’tR/' - t?“FNI j=1 |ti+2j_1 - t?||Fz+23—1| |t’1(, — t?“FNl

for some constant C' > 0, since |I;1ox| — [Tiyor—1] < 0. It thus remains to show that
Yy (t™) = oo for n — oo for some k € {1,..., N —1}. Let k be maximal satisfying (2.11)).
If k= N —1 we infer ¢)y_1(t") — oo for n — oo and the proof is done. Otherwise there
is 0 > 0 such that

1
6 < |thy, —t7] < 5 for all j > k (2.12)

and n sufficiently large. Therefore, if N — k is even,

_n ’le+2|

th o Ly
Pi(t) =
L _tZ“Fk*” H 5 Ithiai 1

—t7 “ k23] C - §ITk+2l

%
n
_tk‘\1k+1|

_tmll“mzrﬂ - ‘tZ—i-l

as n — oo by (2.11) and (2.12)), whereas for N — k odd

‘\Fk+2| ‘l k+27]

o — U5 105 — 1k
W) = T n\r | H Trroy]
— tk‘ k+1 |t —t | N — tm k+2j—1

L j=2 k+2] 1
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C - §ITk+2l+1

> — 00 asn — 0o,
‘tZ—i-l —tZUFk+1|

again by (2.11)) and (2.12) and the proof is done. O

2.3 A general deformation argument

For simplicity in stating our results, we find the following definition useful:

Definition 2.13 (p-complete deformations). Let X be a topological space and let ¢ be
a flow on FyQ. We call a family 8 C [a] € [X, FNQ] of homotopic maps p-complete, if
for any o € 8 and any continuous map 7 : a(X) — [0,00) such that T'(z) € [0,t1(z))
for all z € a(X) the map

Xz o(T(a(x)),a(x)) € FNQ
is in .
Denoting the gradient flow of Hg by

v |J ()t () x {2} = Fae,
2€EFNS)

in the sequel, we will frequently use the following

Lemma 2.14 (general deformation argument). Suppose there is a subset L C Fn<Q,
such that Hq is bounded above on L by o, that is

supHQ‘E =0 < 0. (2.13)

Further let X be a topological space, B C [a] € [X, FnSQ] be p-complete, and such that
for any representative o € B the intersection

a(X)NLAD
is nonempty. Then, fizing some representative oy, there is x € ap(X), such that

lim Hq(e(t,z)) < co.
=i+ (x)

PROOF. Assume not. Then for every z € ag(X) there is a minimal T'(z) € [0,t1(z))
such that
Ho(p(T'(z),x)) =0 + 1.

Since for each x € ag(X) Hq o (-, x) is strictly increasing (otherwise we are done), the
map

T:o0(X)>2z—T(z)eR
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is continuous. It follows, that unambiguously defining

a: X 3 & o (tT(a(§)), a0 (§)) € Fn,

where t € [0,1]: ap ~ oy and a; € (3, since 8 is p-complete, hence there is £ € X with
a1(&) € L, but Ho(a1(§)) = o + 1, in contradiction with (2.13), and we are done. [
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3 The symmetric case

3.1 Developing a convenient language

This chapter is devoted to develop the correct notion of symmetry for our problem as
well as to devise some useful definitions, which enable us to state our results as concisely
as possible, while remaining also in the most general form. The techniques used in the
proofs are as basic as is the intuition behind the results, which is quickly explained using
pictures rather than words, nonetheless, without devising some appropriate language,
the notation will quickly become cluttered.

To get well beyond this, we will supplement the more abstract sounding theorems by
more concrete examples later on.

When speaking of stationary solutions to the N—vortex problem, to a physicist, vor-
tices with equal strengths are indistinguishable. To satisfy this intuition, we thus shall
work in the quotient space Fn€2/% of Fn under the group action of some appropriate
subgroup ¥ < Y. When some symmetry of {2, represented by a symmetry group G
comes into play, we are thus really interested in the quotient space (Fy€/3)/G, which
is not the nicest space to work with, since in the interesting cases, the action of G on
FnQ/Y is, of course, not free.

Since all calculations take place in (particularly nice) subsets of Fx {2 anyway, we thus
might as well develop our concept of symmetry for the N—vortex problem solely working
on this space.

Definition 3.1 (Symmetric points). As stated in definition , the symmetric group
Yn on N symbols acts on RY and FxQ € CV by permutation of coordinates:

g *xzZ = (20—1(1), - .,ZU—l(j))

Further, if € is D,-invariant, the dihedral group D, also acts diagonally on Fy{) by
linear isometries of €, in fact, without loss of generality we may take the dihedral group

D,, as (go, s0), wherein the rotation element gg acts on € by multiplication with e% and
S0 is complex conjugation.

Let X(T) := (Xn)p be the stabilizer of I' € RY, and let U < D, be a subgroup. We
say that z € FyQ is an U—-invariant (or U-symmetric) point for I', if for any u € U
there is o € ¥(I') such that

U-2=0%Z2. (3.1)

We denote the set of U-symmetric points for I' by

SO :={zc FyQ:VuecUIoecX():u-2=0x%z},

and denote by R
CIORE {zEGng: EIkE{l,...,N}:zk:O}.

the set of all U-symmetric points for I' where one vortex is placed in the symmetry
center of (2.
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For the discussions to come, we want to restrict Hg to certain subsets 6%] Q and @g Q,
respectively, so we want to introduce some useful notation for that.

Lemma 3.2. The element o in (3.1) is uniquely determined, in fact, we have a locally
constant map

T: 6%]9 D2 T, € HOH’I(U, Z(F))7

such that
u-z=7(u)"t xz (3.2)

for allu € U, z € 6YQ[]

Figure 2: A D3—symmetric configuration z € 6113 3Q C F15Q for a Dg—symmetric domain
Q satisfying 7.(g3) = (321)(654)(987)(141210)(151311) as well as 7.(so) =
(1011)(23)(56)(89)(13 14)(1215)

PROOF. Let 2z € &5, u € U, and let 0,0’ € X(T) satisfy u-z = 0 x z = ¢’ * 2, that
is 25-1() = 2(o1)-1(j) for every j € {1,...,N}. Since z € FyQ and the group action of
Y (T) is free on Fy(2, this is only possible if o = ¢/, hence there is a map 7, : U — X(T")

30utside this section the letter 7 is reserved for the positively oriented tangent vector field to 9, which
is not needed in this section, so we want this notation to hold only in this section.
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satisfying (3.2]). This map is clearly a homomorphism, because

1 -1

T(u-v) xz=(u-v)-z=u-(v-2) =u-(1(v) " *2),

and since U acts diagonally on Fn 2, both the U-action and the ¥(I")-action commute,
therefore this is equal to

=7t (u- z) = TZ(’U)_l * (TZ(U)_l % 2) = (Tz(v)_l -Tz(u)_l) * 2,
hence
T (u - v)_l = Tz(v)_l . 7',z(u)_1 = (72(u) - Tz(v))_la

which is what we were to show.
Concerning the local constancy of the map 7, we have for z € GIFJ QuelU:

|Tz(u)_lz — Ty (u)_1z| < |Tz(u)_lz — Ty (u)_lz/| + |7 (u)_lz/ + Ty (u)_1

Z|
=lu-z—u- 2|+ (W) e =) < L+ (w))]z = 2,

where we identify 7,/(u) with the matrix A € GLy(C) representing it and | - | denotes
the induced matrix norm. Since X(I')z C Fy € is discrete and X(I") acts freely on Fn§2
this means 7,(u) = 7,/ (u) for 2’ close enough to z and the proof is done. O

Definition 3.3. Throughout this section we select an arbitrary fundamental domain
J = J, for the U-action on {1,..., N} defined by

Ux{l,...,N}>3 (u,j) = u-j:=7(u)(y) € {1,...,N},
that is a subset J C {1,..., N} such that the map
Joj—U-je{l,...,N}JU
is bijective.
PRrROOF. This is really a U—action since
(uv) - j = 72 (u0)(§) = (72 (u)7=(0))(4) = 7= (u) (7=(0) () = w- (v - j).
O]

Remark (Simplifying notation). The U—action on {1,..., N} and hence its fundamental
domain J of course depend heavily on z € 6%] Q). However, the proofs to come only
employ the gradient flow of Hg, so hypothesis implies that once we chose an
initial value zg € Gg ), we may choose the same fundamental domain J for every 2!,
t € (0,t7(29)), since X(T') acts on Fy by isometries, too, and the gradient flow ¢
of Hq is therefore equivariant with respect to those transformations, that is for zy €
FNQ, g € Dy and o € (T') satisfying g - z0 = 0 * 20 and ¢t € (t7(2),¢7(z)) we have
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(t™(20),t%(20)) = (7 (g 20),t7 (g - 20)) = (t~ (0 % 20), 17 (0 * 20)) and
g ¢1(20) = @1(g - 20) = pi(0 * z0) = o * pi(20), (3.3)

hence the suppression of the z—dependence of J in our notation is justified, thereby
considerably increasing readability.

As mentioned before, the different group actions of X(I') and U on Fy may be rep-
resented in terms of commuting linear isometries CV — CV. It is therefore safe to
henceforth denote both group actions simply by juxtaposition.

We now continue by developing a formula for Hg which takes all its invariance prop-

erties into account.

Lemma 3.4. Let U < G be a rotation subgroup, z € GIQQ and J = J, as above. Then

Ho(z) = |U| | DY T2h(z) + Y TGz z) + > Y LilG(zi,uz) |, (3.4)
jeJ w#eJ ueU\{id} i,jeJ
1]

if zj # 0 for every j € J as well as

Hgq(z) = T2h(0) + \U|< > Tihlz) + Y > TGz, uz))
jeJ\{n} i,j€J uel
7] (3.5)

+ Z Z F?G(zj,uzj))

je\{n} ueU\{id}

if zn = 0.
PRrOOF.
N N
HQ(Z) = erzh(zj‘) + Z FZ‘F]'G(ZZ', Zj) = Z Z Fih(zk) + Z FkFlG(zk, Zl)
j=1 ij=1 jEJ keU-j ijed
i#j keU-,leU-j
kAl
= Z Z F%h(zk) + Z I‘kI‘lG(zk, Zl> + Z FkFlG(zk, Zl)
je€J keU-j 1,7€J Jj€J
keU-i,leU-j k,leU-j
1#] k#l

Now if k € U - j we have k = u - j = 7.(u)(j) for some u € U, so we have I'y, = I'; by
the definition of X(I') as well as zp = 2z, (u)(j) = T=(u) "'z = u - zj, so h(z) = h(z;) by
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condition (2.5)), and we are left with

Z|U j]th] Z Z ]UMHUMFFGUZZ’UZ] Z Fsz,zl

jedJ i,7€J u,vel jeJ
i#j k,leU-j
kL
—E U]th E g FFGz,u VZj g %G (2, 1),
| | J | ’L||U| ( ? ] . J ( )
jeJ i,7€J u,vel jeJ
i£j k,leU-j
kAl
since the index k = u - j is achieved precisely |Uy| = |U,.;| times as u ranges through U
and |U,.;| = |Uj|, since U,.; and U; are conjugate subgroups of U.

Since U is a rotation subgroup of G, we have U; = {id} if z; # 0 and U; = U otherwise,
hence in these cases |U - j| = |U| and |U - j| = 1, respectively. Now if z; # 0 for every
j € J we therefore obtain

= |U]ZF?h(zj) + Z Z I0G (2, u  vzg) + Z F?G(zk,zl)

jeJ i,5€J uwel jeJ
i) k€U 5
kAl

= |U| Zl“?h(zj) + Z FiFjG(ZZ‘,Zj) + Z Z Fier(ZZ',UZJ’) ,

jeJ ijed weU\{id} i,jeJ
i#]
since k = u-j,l =v-j € U-j are equal if and only if 2, = 2, therefore if u='v = id, which
has precisely |U| solutions, and, more generally the equation w = v~ v has precisely |U]
solutions for w € U fixed.
If, on the other hand, z, = 0 for some n € J, we obtain

Ho(z) =T2h(0) + U | Y. Tiha(z)+ Y. > TilG(zi,uz)

jeJ\{n} i,jE.J\.{n}ueU
7]
r r )
+2 Z,0)+[U > > TiG(z,uz)
jeI\{n} uwel je\{n} ueU\{id}

icJ\{n i,jeJ ucU
jeJ\{n} by
+ Z Z F?G(zj,uzﬂ>,
jeJ\{n}ueU\{id}
and the proof is done. O
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3.2 Statement of results

In this section we state our results on critical points of Hq for symmetric domains 2 in
general form. The next section is concerned with the proofs of the theorems given here,
and in section [3.5] we give some important examples and discuss the results further.
The most complicated part of the theorems given here is not the existence of critical
points, this is achieved by elementary means by showing that Hq restricted to certain
symmetric submanifolds of Fn (2 assumes a local maximum, but to state a corresponding
multiplicity result. In order to do so, we find the following definition useful.

Definition 3.5. The group II, := ¥, X Z; acts on an arbitrary set M of r—dimensional
arrays of vectors via

I, x M 3 ((0,v),(21,...,27)) = (0,0) 0 (21, .., 20) =0 % (V1 © 21,...,0, © 2) € M,

where 1 ® z is the result of reversing the order of components of z and X, acts on M
by permutation of components as usual.

Theorem 3.6. Suppose Q has dihedral symmetry of order p and that 0 € 2. Then for
any rotation subgroup U < D, such that there is a z € GIQQ # () the Kirchhoff-Routh—
path function Hq has at least N1(I',Q,U) distinct U-symmetric critical points, whose
components lie on the symmetry azes of the Dy —action on S, that is, on

2mik

Sy ::R-{e o1 :ke{o,...,yU|—1}}mQ.

Here N1(T',Q,U) is given by

l ey
) <l> ' ‘Hr o {(acwcl“)ca? . P partition of J,[P| =1, ¥C € P : mcT }

r is L—admissible with permutation oo ’

r=1

where J = J, is a fundamental domain for the U-action on {1,...,N} and l is the
number of connected components of [0,00) N QY if U] is even and of RN QY if |U] is odd.
If [U| =1, that is, 2 is only azially symmetric, the condition 0 & Q may be dropped.

Corollary 3.7. The consequence of the above theorem also holds if one replaces the
condition “0 ¢ Q7 by “[0,00) N Q is disconnected”. If then additionally 0 € Q, the
multiplicity result is more complicated: If @FQ =, one has to replace | in N1(T',Q,U)
by l—1, placing all vortices away from the middle. On the other hand, if @gﬂ # (), there
additionally is the possibility to place a single vortex into the component of [0,00) N Q
containing the symmetry center. We are then in the situation of theorem[3.9, and the
multiplicity result there holds.

We are also able to give a positive result if the hole at the symmetry center of Q is
replaced by a sufficiently strong vortex in the symmetry center. In order to do this, we
need one additional definition.
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Figure 3: Symmetric critical points of Hg according to theorem for |U| even and |U|
odd, respectively.

Definition 3.8 (Center—admissibility). A strictly £-admissible parameter I' € R" is
called center-admissible for a rotation subgroup U < D), with |U| > 1 if

2, ... +T2_,
|FU_1(T)| > (|U’ _ 1) | max oc~1(j+1) a=1(j) ,‘Fg—l(j)|
jef{l,...,r—2} !TU—I(j+1)| - |Fa—1(j)’

for » > 3, where o € X, is such that —tol' € A, or tol' € A, as in definition If
r € {1,2} the above condition is empty, in this case we call T center—admissible if it is
L-admissible.

Theorem 3.9. Suppose 2 is D,—symmetric with 0 € Q. Then for any rotation subgroup
U < D, such that there is z € @{JQ # (), the Kirchhoff-Routh path function Hgq has
at least No(I',Q, U) critical points, whose components lie on the symmetry axes Sy as
before and where one of the vortices is located in the symmetry center of (). Here, the
number No(I',Q,U) is given by

=1 P partition of
> ( . ) U {ocmeT} x |0 (oemeD)cep:  J\C* [Pl =, ,
r=0 crcJ VC € P :wcl is L—a.

ToxI'is c.—a.

where J = J, is as before, | is the number of connected components of [0,00) N and
“L—-a.” and “c.—a.” stand for “L—admissible” and “center—admissible”, respectively.

Despite their complex statement, proof and concept of these theorems are fairly simple.
The proof is constructive in every case: One places certain vortices U-symmetrically onto
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Figure 4: The situation of corollary

the symmetry axes of €0, such that the vorticities are increasing or decreasing along the
symmetry axes by modulus and have alternating signs, and this pattern may be broken
between different connected components of the symmetry axes. The multiplicity result
is then obtained by rigorously counting all the different possibilities one has for doing
S0.

The proof will be relatively descriptive, and we will discuss simpler cases and examples
of this theorem later on.

Of course it is theorem [2.12] concerning the behaviour of the Kirchhoff-Routh path
function Hgq for vortices lying on a line together with a form of the principle of symmetric
criticality which lies at the heart of all of this (and of almost all of the results to come).

3.3 Proof of theorem [3.6

This section is devoted to the proofs of theorems|3.6|and its corollaries. We will explicitly
construct a starting value zg € 61({ Q which will converge to a critical point z* € 61[{ Q
of Ho under the gradient flow ¢, while meticulously keeping track of all the choices we
could have made, thereby proving the multiplicity result.

We start out noting that in order to prove theorem |3.6| we necessarily have N = k- |U|
if there shall be any chance of having an U-symmetric point at all. Further, we may
then assume without loss of generality that the fundamental domain J = J,, is equal to
{1,...,k} and that our vortices are sorted appropriately such that their corresponding
vorticities are k-periodic, that is I'j 1, =T’ for any j € J and n € {1,...,|Ul}.

The first easy observation we make allows us to generalise theorem [2.12] a little bit.

Lemma 3.10 (Vortex addition lemma). Suppose we decompose {1,...,N} as the dis-
joint union of A and B and further suppose there is p > 0 such that |z; — z;| > p for
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Figure 5: A symmetric critical point according to theorem

any i € A, j € B. Then there is a constant C > 0 depending only on Q and p such that

HY(2) — HEA (maz2) — HgBF(sz)‘ + ‘VH}; (2) = VHIA (ma2) — VHEP! (152)| < C,
(3.6)

—_—

where H;;AF is the obvious continuation of H;;AF to FnS2.

ProoF. We observe

Hy(2) = H (maz) + HP (mp2) +2 ) TGz, ).
i€A,jeEB

Since |z; — zj| > p for i € A, j € B, (3.6)) is a direct consequence of hypothesis (2.2)
together with the triangle inequality. O

Corollary 3.11. If L = a+R-v is a line with a € O and v € S* such that a+(0, 00)vNS
has | connected components, and P = {C1,...,Cy} is a partition of {1,..., N} with
|P| =7 <1 such that m¢,T is L-admissible with permutation 6; and o; € {664,565} for
any j € {1,...,r}, where, as before, 6 is a permutation which reverses order, then we
have

Hﬂ‘g(a U)(z) — —00  for z — 0&(a,v),
where
dL4,...,L. € A pairwise disjoint
E(av):=SzeFyL: Vje{l,...,r}ie{l,... N}:
T,z € Elaéjl(a,v),zi €eL;sicCj

)

l
E(a,v) = U &r(a,v),
r=1
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A is the set of connected components of a+ (0,00)v NQ and the boundary is to be taken

in LN, as in theorem .

PROOF. Let z € &,(a,v). Since 2 satisfies a uniform exterior ball condition by hypoth-
esis 2.1 we have p := min{dist(L;, L;) : 4,5 € {1,...,1},i # j} > 0 so that |z — z;| > p
if i € Cy, j € C), for m # n. Hence we may apply (3.6) inductively to get

Ho(z) = Y Hy™ (ne;2) + W(z),
j=1

where W : £.(a,v) — R is uniformly bounded in the C''-sense. Since m¢,z € E%ﬂ(a, v)

and 7¢,I" is L-admissible for every j € {1,...,7} each of the terms chjr(ﬂ'cjz) is
bounded from above by theorem Now if z — 0&(a,v) we have z — 9&,(a,v) for
some r € {1,...,l} since dist(&(a,v),Es(a,v)) > p for r # s by the uniform exterior
ball condition on 2 and therefore 7,z — aﬁréj‘(a, v) for at least one j € {1,...,r},
hence Hq(z) — —oo as claimed. O

In proceeding with the proof of theorem |3.6| will first consider the case that |U] is odd.
Define the map

2mi 2 (|U|=1)i

sy Fr(2NR) 3z (z,elUlz,...,e 101 z) e FnQ.

sy is well-defined, linear and injective since |U| is odd, hence, if £(a,v) is as in Lemma
with k in place of N, the set R := sy (€(a,1))) C &YQ, where a = inf(QNR), is a
differentiable k—dimensional submanifold of Fx{2 and s;; is a parametrisation of R.

If, what we now assume, |U| is even, we have to proceed a little differently. Since in
this case the counterclockwise rotation by m provides us with an involution of R N €2, s
as defined before is not well-defined any more. Instead, we have to define

2mi 2n(|U|—1)i

SU:fk(Qﬂ[O,oo))Bzr—)(z,el|z,...,e ol Z)E]:NQ.

sy is then well-defined, linear and injective as before, and the set R := sy (£(0,1))) C
6%] Q) is again a differentiable k—dimensional submanifold of Fx{2 parametrised by s .

Our goal is now to apply an argument similar to the principle of symmetric criticality
to HQ}R Using lemma we obtain for z = syz € R, Z € £(a,1) or Z € £(0,1),
respectively:

Holn(2) = Ul | D T3h(z) + Y TilG(ziz) + Y. Y TilG(z,uz)
jeJ z‘,;%eJ uweU\{id} i,j€J
i#]
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= ‘U| . HSJF‘E(a,l)(g) + |U’ Z Z FinG(Zi, ”U,Zj), (3.7)
ueU\{id} i,j€J

independent of the parity of |U|.
Since {2 satisfies a uniform exterior ball condition by hypothesis there is p > 0
such that B,(0) C C\ €, hence

™

|zi — uzj| > 2psin <|U> >0
for any i,7 € J and w € U \ {id}, which immediately implies that the last term of ([3.7)
is uniformly bounded on R. Also note that this inequality is trivially fulfilled if |U| = 1,
which implies that the condition 0 ¢ €2 may be dropped in this case.
Corollary |3.11| now implies that H)’ F} £(ayp) ASSUINES A local maximum in each con-

nected component of £(a,v), and so does HQ‘R at some z* € R.

It remains to show that the critical point z* of Hq|g is indeed a critical point of Hg
and to count the connected components of £(a,v). This is precisely what we do within
the next few lemmata.

Lemma 3.12. R is invariant under the gradient flow ¢ of Hq.

PROOF. Let zp € R, that is z9p = sy( for some ( € Fr(2 N R) if |U| is odd and
¢ € Fr(2N[0,00)) if |U] is even. Since Hg is invariant under the group actions of U and
¥(I"), the gradient flow is equivariant with respect to these operations. If o € 3(I") is
the permutation which shifts indices k times cyclically, we obtain for ¢ € (¢~ (z0),t" (20))

and j € {1,...,|U|}

o7 01(20) = r(07 20) = u(17 20) = 1 i (20),
by construction, where r = e%, in other words ¢(z9) = symspi(z0). Now
somsei(20) = wrsopr(z0) = mrei(soz0) = mrei(sosuC) = mrei(susoC),
where sz = (z,'rflz, ... ,r*|U‘z), since sord = r~7sy. Now so¢ = (, thus sy = 72 for
some 7 € 3(I') whose fixed point set is J. It follows

somrpe(20) = mrpe(suQ) = mrpe(T20) = TyTPL(20) = TIP1(20),

in other words we have shown that myp:(z0) € Fr(RN Q) for all ¢ € (¢ (20),t"(20)),
which implies that the order of components of 7;z9 = ( is preserved under the gradient
flow, and of course none of these components can switch into another component of
QNR which means 77 (z0) € £(0,1) or myp(20) € E(a, 1), respectively, hence p;(zp) =
sumrer(zo0) € R and the proof is done. a

Lemma 3.13. Any critical point z* of HQ‘R 18 also a critical point of Hgq.

PROOF. Since R is a k—dimensional differentiable submanifold of Fnx{2 the fact that z*
is a critical point of HQ‘,R means that VHq(z*) is orthogonal to T,»R. On the other
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hand R is invariant under the gradient flow ¢ by Lemma thus VHq(z*) € TR,
hence VHq(z*) = 0 and we are done. O

Lemma 3.14. R has precisely N1(I',Q,U) connected components.

PROOF. The connected components of R are the images of connected components of
E(a, 1), where a is either inf(Q2 NR) if |U] is odd or a = 0 if |U] is even. Connected
components of these spaces are special connected components of F;. L, and in either case
L is the disjoint union of [ open intervals. A component of FiL is completely specified
by placing k vortices into r of the [ intervals. Such a component of FiL belongs to
&r(a,v) if and only if the vortices are ordered such that their corresponding vorticities
are increasing or decreasing in modulus and have alternating signs within each interval.
Summing over r then gives the asserted result. O

This finishes the proof of theorem a fortiori we have proved theorem IfogQ
there is also nothing left to show for corollary If, on the other hand 0 € Q and
[0,00) N Q is disconnected, the statement of corollary is easily obtained following
the lines of the proof for theorem with p = sup L1, where L; is the first connected
component of [0,00) N Q and using £(p, 1) instead of £(0,1) and E(a, 1), which ensures
that no vortices are placed into the connected component of R N €2 containing 0.

3.4 Proof of theorem [3.9]

The proof of theorem is completely analogous to the proof of theorem except
that we need a sort of strengthening of theorem in order to prevent the vortices from
colliding in the symmetry center of {2, this is what the condition of center—admissibility
is made for and the first thing we state here.

Note that throughout this section we leave the rotation subgroup U < D, fixed. If
20 € ég Q # () we then necessarily have N = k - |[U| 4+ 1, and without loss of generality
we may assume J = J,, = {1,...,k+1}.

Lemma 3.15. Let I' € RY be such that m;T € R is center-admissible, 0 € €.
Without loss of generality we may assume I'; = (=1)7|Iy| for j € J, |Tjp1| < |Ty| for
every j € {1,...,k}. Defining

R = {0} X SUﬁk(O, 1),
where sy is as before, we obtain

HQ‘R(Z) — —o00 aszj —0

for any j C J.
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PROOF. We argue similarly to the proof of theorem Equation (3.5)) implies

k+1 k+1
Hol(2) = T31(0) +101( Y 120(5) + 30 3 Tl us)
j=2

i,j=1uel
i#]

k+1
+Z Z F?G(Zj,UZj)),

J=2 ueU\{id}

k+1 k+1
:F%h(())—i— |U’Hg‘]*r(z)+2|U|ZF1F]'G(O,Z]')+ |U’ Z Z Fier(zi,UZj)
Jj=2 weU\{id} i,j=2

where J* = J\ {1}. Using theorem and hypothesis (2.2) together with the fact that
|zi — uzj| for u € U\ {id} is small only if 2;,z; are close to 0 € { we obtain that the
term g(z;, uz;) is bounded by hypothesis hence there is a constant C' such that

k+1 k+1

. |U
Hql|n(2) <C — HZFJ‘I y,y—u > > Dilyn|z — uz)l

weU\{id} i,j=2

k+1 k+1k+1

'U'Z T LU S D) 3 ot M 1 | MY

ueU\{id} j=2 i=j

k+1

k+1
- U . o
=0 DS [zl + YD S0 n s -
Jj=2 ueU\{id} i=j

e '
= Y (LY Tlin 2]+ v5(2))
j=2
where
= | |
N2 —1
Yi(2)= Y | =T n]z —uzj\+Z|F |In e “z"|lr, |
e\ {id} = |2j42r — uz;|Foter
Tkt [T I |21 — iz
if K — j is even and
k—j—1
2 - |2jar—1 — uz;|Tovar]
vi(z) = > | =IT Pz —uz+ > [Ty|n = TP
ueU\{id} r=1 ’Zj+2T - UZj’ e
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if K — j is odd. Using the fact that z € R, we obtain |zj19,—1 — uz;| < |zj42, — uzjl,
which leaves us with

i (2) < —([U] = DIT; P Inz] + ¢’

for some constant C’ > 0 in any case. Thus we obtain

(=Y 04T In |z5] = (JU] = 1)TF In]21)

= 0+ U (7 - (U1 - DI ) ] = € 4 i),

where, if k is even,

k
2|, IC2r P = (U1 =1) T2 )

h 1 |z2py1 [IT2r+2 (T2 +(UI=1)[T2r41])

T1|(|T2p|— T2 —(|JU|-1)(|T2p+1|2+|T2r|?
< ’Z2r+1“ 1(IT2r|= T2 y1))—(JU]=1) (IT2r 1] |2|)7

-

1

and if £ is odd

k-1

2 r I'1|—-(|U|-1)|T
B(2) = |z [T (Da1=0U=DICes) T |29, 12 T3 =TT~ DIT2-D
|29y 1 [IP2r+2 (D1 +(U=1)[F2r41])

(3.9)

k-1
2
|\Fk+1|(\F1\—(\U|—1)|Fk+1I) H |Z2r+1’|F1|(\F2TI*IF2T+1I)*(\Ulfl)(lfzrﬂ|2+\F2r|2).

r=1

< |2k+1

Since 7;I" is center—admissible for U we have that each of the exponents in P(z) is
nonnegative, hence 1 is bounded above since ) is bounded.
It follows that HQ}R is bounded above, and upon recalling that

k+1 k41
Haolx(2) = TIh(0)+|UHG™ " (2)+2[U| Y ThT,G0, 2)+[U] D> > TGz, uz))
Jj=2 weU\{id} i,j=2

we infer that Ho |y (2) = —oo if oz — 0 for any C' C J with 3 € J, since then HW"*F( )
does S0. If on the other hand, zp — 0 and z; > p for some p >0 and j € {3,...,k+ 1}

and (3.9) imply 1(z) — 0, since |U||T1| > (JU|—1)|T2|) and € is bounded, therefore
HQ‘,R ) — —oo and we are done. ]

Now the rest of the proof of theorem follows easily. Denote the set of connected
components of [0,00) N by A, and let | = |A|. Let r € {1,...,l} and suppose
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P ={Ci,...,Cy} is a partition of J such that m¢,T" is L-admissible for j € {1,...,r}
and that mc,I' is center-admissible. Select connected components Li,...,L, € A,
where L; is the connected component containing 0. Let A be a connected compo-
nent of Fii1([0,00) N2) such that z; € L; if and only if j € C; for j € J, i €
{1,...,1} and the vortices are ordered with descending moduli inside L;, placing the
strongest vortex in the symmetry center, and that the other vortices are either or-
dered with ascending or descending moduli inside their respective connected components.
Renumbering the vortices we may without loss of generality assume that |z;| < |zi41]
for all @ € {1,...,k}, a fortiori 21 = 0, and that the vorticities satisfy I'j;;, = T;
for i € {1,...,|U] —1} and j € {2,...,k + 1}. Defining A := {0} x spA, I :=
{L,j+ki:jeCi\{1},i €{0,...,|U| —1}}, I' :=={1,...,N}\ I we may write

Ho| ,(2) = Hy " (nr2) + HY' (mp2) + W (2),

where W : A — R is uniformly bounded by I3.1OI Now if z — A either HJ' U(rrz) =

—o0 by theorem@ and lemmaor Hgf/r(m/z) — —o0 by corrolary hence Hq }A
assumes a local maximum which is a critical point of Hg by arguing as in lemmata [3.12
and taking into consideration that Z; = 0 for any z € A due to the symmetry
assumption.

The multiplicity result then follows by rigorously counting all the possibilities for
the connected component A. This works out exactly the same way as for lemma
except we now have to meet the condition that the vorticities of the vortices that are
placed into the central connected component of [0, 00) N2 need to be center—admissible
and descending in modulus away from the symmetry center. This finishes the proof of
theorem [3.9] and of course also of theorem [1.4]

3.5 Examples and further discussion

This section is devoted to the discussion of the results obtained in section [3.2] and to
some simpler examples. Namely the cases where I'; = (—1)? are of significant importance
because of their applicability to partial differential equations, which will be discussed in
chapter [6 This is most easily done if p=1or p > 1, N even and 0 & Q. The case p =1
is the one discussed in [4], and we give a slight sharpening of their theorem here. The
other case is a simple application of theorem [3.6, which we state first.

Corollary 3.16. Let N be even, 2 be D,—symmetric, 0 ¢ Q and T; = (=1)7, j €

{1,...,N}. Then for any common divisor ¢ > 1 of p and & there are at least
N
l -
OIED DL, S—
—r)! Ao bl el d)
r=1 (a,b,c,d)EVq,r Ha) =r)! iy @t bt et dy!

distinct Dg—symmetric critical points of Ho whose components lie on the symmetry azes
of the Dy—action on Q such that the vorticities have alternating signs, where l(q) is the
number of connected components of [0,00) N if q is even, and of RN, if ¢ is odd and
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where

N N N

=
=
I
—~
S
S
o
Sy
SN—
: |
<
I
<
Il
—

Corollary 3.17. If p = 1, that is Q) is only azially symmetric, the assumptions “N
even” and “0 & Q7 are not needed, and the minimum number of critical points of Hq is
then given by

I 5
Z Z (l—r 1;1 -d;!’

r=1 (a,b,c,d)e\jr

where | now is the number of connected components of RN Q and

242) = R
» LN+1J 21 (aj +bj +cj+dj) = Z aj = Zlbj
Vri=1<(a,b,¢,d) € N = J

ke

]
125 = (e +b)) +2j(e; +d)l = N

J

This is a small sharpening of theorem 3.3 in [{)], since now we are allowed to break the
pattern of alternating vorticities from one connected component to another.

PROOF. We prove corollaries [3.16] and [3.17] at once. This is clearly an application of
theorem [3.6) we just have to evaluate the number Ni(I',Q,U) for U = Z,. To this
end fix a common divisor ¢ > 1 of p and & 5 and put k : %. In the case F = (—1)°
L—-admissibility simply means we have to alternate the signs of vorticities for adjacent
vortices along a line, possibly breaking this pattern between two connected components
of 2N[0,00) and 2 N R, respectively, depending on the parity of 2 and rotate this
configuration ¢ — 1 times to get the other vortex locations. To do this, necessarily k
has to be even, and it in fact is by assumption. We are thus left to count the number
of alternating configurations of k£ vortices put into r of the [ connected components.
To count these effectively, we form four different groups of configurations of vortices
(“chains”) which can occur in one single connected component. We possibly have a;
chains of vortices of length 2j —1 which start with +1, b; chains of length 2j — 1 starting
with —1, ¢; chains of even length 2j starting with +1 and finally d; chains of length 2j
starting with —1. In order for this to be a proper description of the situation, j has to
range from 1 to 2—]\2, and there have to be precisely r chains, that is

Nk

(aj—l—bj+cj+dj):r
1

.
Il
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Further, we have to meet the condition that the sum of all vorticities vanishes if ¢ > 1.
This is the case if and only if

N N

2q 2q

E (Ij = E bj.
j=1 j=1

Finally, there are precisely k vortices to be distributed, in other words

&=

(27 — )(a; +b;) + 2j(cj + dj)] = k.

J
Vg,r is precisely the set of all tuples (a, b, ¢, d) satisfying these constraints. Each of the a;
chains of length 2j — 1 are indistinguishable from each other and similarly for the other

groups of chains. The number of orderings of such things is given by the multinomial
coefficient

a]' : bj! : Cj! : dj!

Summing over Vi, in combination with the fact that there are (fq) ways to choose r
out of [ connected components gives the expected result. Finally, if ¢ = 1 the condition
that IV is even may be dropped, hence it may be possible for the total vorticity to be .1
instead of 0. The definition of V. precisely takes care of that. O

Example. If, for example N = 24, I'; = (—1)? and € has the symmetry group of a regular
hexagon such that 2 N R has four connected components this gives 20260 axially sym-
metric, 780 Ds—symmetric and 12 Dg—symmetric critical points for Hg. There are also
36 Do—symmetric critical points, but these are already included in the axially symmetric
ones.

One may ask whether the geometry of symmetric critical points of Hq described within
theorem theorem [3.9] and their corollaries is the most general one or even the only
one possible. In both cases the answer is negative. This is most easily seen when € is
U-symmetric and |U| is even as well as 0 ¢ €. In th1s case there exists a second set
of symmetry axes, namely the rotations of the axis Re® Applylng theorem . for a
fixed rotation subgroup U to  with vorticities I'y and to Q := e 107Q) with vorticities Iy
such that GYQ # () for T' € {I'1,T2} we are left with two U-symmetric critical points
2] and 25 of Hgl and HL2. Tt follows easily that 25 1= 6_%25 is a critical point of HSSQ
and, applying the vortex addition lemma and lemma o((2],23),t) — z* for
t — t+((2},23)), where ¢ denotes the gradient flow of H} for I' = (I';,I'3) and 2* is a
critical point of HY, with vortices distributed on all of the U-symmetry axes of Q.

The question if it is necessary, that all of the components of critical points have to lie
on the symmetry axes of ) is harder to answer, but the answer is also negative.

Theorem 3.18. Let Q) be symmetric with respect to the reflection sg : z — Z on R,
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N=3T1=I3= —%, I's =1 and consider symmetric constellations of vortices

Fod :={(z1,292,23) € F3Q: 20 € QNR, 23 = Z1}.
Then Hq has a critical point z* € Fofd.

PROOF. Since F») is so-invariant, it follows similarly to lemmathat a critical point
of HQ‘J}QQ is also a critical point of Hq.

We begin by choosing appropriate coordinates on Fodi zg =z € QNR, 1 := x+71€*%,
x3 := T1, where 7 > 0 and ¢ € (0,7) are chosen such that (z1,z2,23) € F30. With
respect to these coordinates Hg)| 7,0 has the form

4 . 1 1 1
Ho(z,x +re'?,x+re %) = h(z) + éh(xl) +2 EG(xl,a:T) — 2G(a:,a:1)]

1 1 1 1 1
- - 2 | —g(1,71) — —— In |2r sin | — = ~
h(z) + 8h(a:1)+ 16g(x1,x1) 397 n |27 sin | 2g(m,a:1)+ - nr]

1 . 1 . . : 1 i 1
= h(x)+ gh(x +re'?)+ gg(x +rex+re ) —g(z,x+re'¥) — Ton In 51;1790 Tor

and we infer, using that the g— and h—terms are bounded, that
Hq(71,z2,T1) — 00 (3.10)

as ¢ — 0 or ¢ — 7, as we keep x and r fixed such that B,(x) C Q.
On the other hand we have the following

Lemma 3.19. Hgq is bounded above on 53(2 = L30N ng.

PROOF. We have for z = (21, 29,%7) € 539:

Ho(2) = h(z) + éh(zl) + éG(zl,zT) — G(29, 1)

9 1 7 9 1 7
< gCI +t3 (G(21,71) — G(22,21)) — gG(Zz, z1) < §C1 + §C4 - gco
by hypothesis and we are done. O

We now are ready to apply a mountain-pass-type argument to Hgq| B To this end,

fix xg € QNR and ¢ > 0 such that Ba,,(xo) C 2. Denote the supremum of Hq on EgQ
by o. Next we define a path

0 : (0,7) Dt (xo + Toeit,:(}o,xo + 7’06_”) € ﬁQQ.

From (3.10) we infer that there is & > 0 such that Hq(%(9)) > 041, Ho(J0(m—0)) > o+1
for every 6 € (0,6). Further observe that

Re(50,1(t) —F02(t)) =m0 (t —0),
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therefore there is d € (0,4) such that
Re(90,1(6) — 0,2(0)) = po > 0.
Set g := %\[5’7%5] and define the following class of paths in ]:"QQ:

8= {7 € CO([5, 7 — 8], F2) : 7 & 90, Ha(h([0, 1] x {87 — 8})) > o + 1} .

Denoting the gradient flow of Hg by ¢ we have the following
Lemma 3.20. 3 is p-complete and for each v € B we have

Y([8,m = 8]) N L # 0. (3.11)

Figure 6: The map ~p.

PrOOF. Clearly § is ¢-complete, since Hq(p(z,-)) is non-decreasing. For the second
part let v € g and let ® be a homotopy connecting vg and 1 := ~ as in the definition
of B, that is is

Ho (®([0,1] x {6,7 — 6})) > o + 1. (3.12)

Define H : [0,1] x [0,m — 0] — R, H(s,t) := Re[®Pi(s,t) — Pa(s,t)]. We claim that
H(s,d) > 0 for all s € [0,1]. To see this, observe that H(0,d) = po > 0 and assume
there is so € [0,1] such that H(sp,d) < 0. Then, by the intermediate value theorem,
there is s; € [0,1], such that H(s;,d) = 0, which means that ®(s1,6) € £3Q, hence
Hq(h(s1,0)) < o, in contradiction with (3.12). Hence H(s,d) > 0 for all s € [0,1],
and a similar argument shows H(s,m —¢) < 0 for all s € [0, 1]. In particular, again by
the intermediate value theorem, there is tg € (0,7 — d) such that H(1,ty) = 0, that is
’y(to) € 239. ]
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We see by applying Lemma to 3, that there is some zg € Fa() satisfying

lim Haq(e(z0,t)) < 0o.

t—>t+(Z0)

In slight anticipation of chapter 4 we may note that I' = (—%, 1, —%) is A—admissible and
O—-admissible, hence proposition implies that Hq has a critical point z* € FoQ. O
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4 Singularities of Hg

We will now leave the case of symmetric 2 for the rest of this thesis and work with a
general bounded domain €2 which still satisfies hypothesis During the last chapter
we have taken massive advantage of the fact that the vortices were constrained to a
line, hence their order would not change under the gradient flow, which induced some
compactness into the problem of finding critical points. This is not to be expected if we
work on a general domain €2, hence we are led to investigate possible conditions on I"
and, from time to time, also on €2 which enable us to give some positive results.

As work on this thesis started out, the paper 4] was the main starting point for the
research conducted here. As of this writing, it still is the only reference known to the
author dealing with both general {2 and alternating signs of vorticities at once. By the
time the problem of collisions of vortices under the gradient flow of Hq in the interior
of the domain seemed to be the largely unsolved one, except in the cases I'; = (—1)°
and N < 4, whereas the problem of vortices colliding with 02 was dealt within [4]
in great generality, but as it turned out, the result concerning the latter case given
there is erroneous. More precisely, it is the proof of lemma 4.2 in [4] that contains
an error. Although the statement of lemma 4.2 appears to be wrong in general, the
authors [3] were able to recover their results for N < 4 and general I'; using different
methods, but for larger values of N the problem turned out to be the more difficult one,
leading to more severe conditions on the vorticity vector I' than are needed for smaller
values of N. In fact, it turns out ([3]) that for N < 4 the condition ) ; je;I;I'; < 0

(2
for any J C {1,...,N}, |J| > 3 is sufficient for recovering the results 0f¢[]4]. This is
only slightly more restrictive than our condition of A—admissibility below, which has
been previously conjectured to be sufficient in [4]. The author believes, partly based on
numerical simulations of the problem, that the severe restriction of 0—admissibility is in
fact unnecessary and may be completely abolished or at least be weakened, as it is done
by Bartsch et al. in the case N < 4.
This section is devoted to the study of Hq near collisions with the boundary 9 or
with each other away from the boundary and to give conditions on I' and €2 which
prevent these. We start out by simply stating the relevant conditions on I'.

Definition 4.1 (A-admissibility). We call a parameter I' € RY A-admissible, if for
every C C {1,...,N}, |C| > 2:
Z I,T; # 0.

i,jec
i#]

Definition 4.2 (9-admissibility). We call a parameter I' € RY J-admissible, if for
every C C {1,...,N}, |C| > 2:

M TP > Y nTyl.

ieC i,j€C
i#£]
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If Q is strictly convex, this condition may be replaced by

dYri> ) Iry

e’ i,j€C
r;r;<o

The intuition behind these definitions is simple: the idea is that A-admissibility
prevents collisions of vortices inside the “diagonal” A = {z € QY : z; = zj for some ¢ #
j} from happening while the energy Hg of the system remains finite. Since I';I';G(2;, 2;)

becomes large if z; and z; collide inside €2, we may regard the quantity > ; jec I'iI'j as a
i#]
kind of “collision weight” associated to the vortices with indices in C'. Since F?h(zj) —

—oo if z; — 0Q, we may, by the same intuitive reasoning, regard the quantity » ;. FZZ
as a kind of weight for the boundary interaction of the vortices z;, ¢ € C, and the
condition of J—admissibility then simply states that the boundary interaction outweighs
the collision weight.

The goal of this section is to prove the following

Proposition 4.3. Let I' € RN be 0-admissible and A—admissible. Then there is § > 0
such that [VHq(2)| > 1 for every z in Mg, where

M ={z2€ FnQ:|z; — 2| < ord(z;) < for somei,je{l,... , N}, i#j}.

In particular, Hq satisfies the Palais—Smale—condition. Further, if there is z € Fn§)
such that
lim Hq(p(z,t)) < oo,
t—tt(2)
we have tT(2) = oo and there is a sequence s, — oo such that defining 25" := ¢(2, 8,),
we have z° — z* € Fn§Q where VHq(z*) =0, hence Hq has a critical point.

The proof of proposition of course involves a detailed study of the behaviour of
Hgq near its singularities. The functional Hq has singularities at the boundary 0F N2 of
Fn§in CVN. This boundary consists of points z € Q" with zj € 0§) or z; = z;j for some
indices 4,7 € {1,..., N}, i # j, corresponding to collisions of vortices with the boundary
or with each other in €2, respectively.

In order to deal with the problem of collisions effectively, we first introduce some
convenient notation for dealing with different types of collisions of vortices within €,
corresponding to the respective parts of the boundary dFnQ of FxQ in CV.

First note that collisions of vortices correspond to partitions of the set {1,..., N} as

follows: Given a point z € ﬁN, we define
P, ={CC{l,...,N}:z=z;<1i,jecC},

which is clearly a partition of {1,..., N}. We call an element C' € P a cluster, if it has
more than one element itself. Denote the subset of clusters of P, by C(P,). Now for
C € P, define z¢ to be the unique element of {z; : j € C'}. With this notation, the proof
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splits essentially into two major cases of types of collisions which have to be excluded.
The one which can be settled most easily is the case of interior collisions, that is, given
an initial value zy € Fn{) there exists a point z € 0Fn(Q, such that the partition P, has
a cluster C' € C(P) satisfying z¢ € Q, such that ¢(z0,t); = zc as t — t7(2¢) if and only
if 7 € C. We denote the set of interior collision points as

Ot FNQ ={2 € OFNQ: 3 C € C(P,) such that zc € Q}.

Note that this does include the case of vortices colliding with the boundary, as long as
there are some other vortices, which collide inside €2 at the same time.

The second case, which in the following is termed ”boundary collisions” is more com-
plicated to settle. In this case the collision point z € 9FnN(Q satisfies z¢ € 9N for each
cluster C' € C(P), and it holds that (zo,t); — zc ast — t1(z) forall j € C, C € C(P.).
We denote the set of boundary collisions with

abdry]:NQ = {Z €O0FNQ: V(e C(Pz) 1 Zo € 89}

Clearly 0Fn{2 is the disjoint union of these two sets.
Before we turn to the proof of proposition 4.3}, we state some essential lemmata which
help us settle the above two cases.

4.1 Interior collisions

Lemma 4.4. Let I be A-admissible and for any partition P of {1,...,N}, C € C(P)
define
Jo: FNC3 2z Y TiTjIn|z — z| €R,
i,jeC
()
Jp:fNCBZH Z Jc(Z)E]R.
CceC(P)

Further define the constant Ct by

CF = min min Z Fl]-_‘j )
P partition CeC(P) | <
of {1,..,N} i,j€C
C(P)D i#

which is positive since I' is A—admissible. With this notation the inequality

1
2
‘VJPZ (w)| Z CF max <Z ]wi — Zc‘2> .

cec(P:) \ =2,

holds for every z € OFNC, w € FnC.

PROOF. Fix points z € 0FNC, w € FyC and some cluster C € C(P,), put z¢ =
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(z¢,--.,2¢) € CN and define
jo:(0,00) 37— Jo(ze +r(w—z¢)) € R.

Then
je(1)= ) il #0
i,j€C
7]
and letting cc := [j¢(1)| we infer

NI

0<ce=[i'1)] =Vic(w),z —2zc)| < [VJc(w)] - <Z |w; — ZC|2>

1eC

for any w € FyC. Together with min c¢¢ > Cr and

Cec(P,)
2
Vip.(w) = D Ve | > max [VJo(w)
cec(P.) cec(P:)
the claim follows. O

Lemma 4.5. Let I' be A—admissible and Z € Oy FN§2 with corresponding partition Ps,
and let C € C(Pz) be an interior collision cluster, that is Zo € . There exists § > 0,
such that for each z € Us(z) N Fn2:

_1
C 2
|VHo(z)| > 47? (Z 2 — mP) .

icC

PrROOF. We decompose Hq as

1
Hq(z) = —gJPZ(Z) + K(z2),
where
N
K(z)= ZF?h(Zj) + Z Z I‘Z-Fjg(zl-, Zj) + Z Fier(ZZ', Zj).
Jj=1 IeC(Pz) i,j€l i,j€{1,....N}
1#£] 31,JePz,icl,jed

INJ=0

Fixing some interior collision cluster C', we have

VHa(2)| > [VHa(2)|o = }—;Twpz(z) +VE(2)

C
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1 1
> — : — = _
> VIR (e — VK)o = 5-VJo()| - VK)o

1
2 5 IVJe(2)] - S TEVR(z) = > DT (IV29(z02)| + V2 9(2, %))
jec ijec
o (4.1)

- > V.G, 2)l,
1€C,jgC
where for ¢ € CV: |¢|¢ = |mcC], and 7 : CV — {z € CV : 2; = 0if j € C} is the
orthogonal projection. For z € CV define

ro(z) :(=min< min |z — z;|, mindist(z;,08) ;.
o(z) = min { min, |5~ 5, iy dis(5,0) |

Since 8y := rc(2) > 0 and r¢ is clearly continuous, there is 6 > 0, such that rco(z) > %0
for every z € Uz(z) N Fn{2, which by means of hyothesis implies that on Uz(z) N FnQ
the last terms of are bounded by some constant C' > 0.

Now applying lemma [4.4] yields

1

~3 -

Since (Z |zi — Zc]2> — oo for z — Z, we may choose some ¢ € (0,4), such that for
eC

every z € Us(Z) N FnSd:

1
2 vYe;
=12
(Z |zi — Zc| ) > o

ieC
so that

_1
C 2
|VHo(z)| = 471; (Z |2i — Zc|2> ,

iceC

which is what we were to show. O

4.2 Boundary collisions

Now we study the behaviour of Hg near Oqry Fn§). Let therefore be zZ € Opgry FN (2, that
is Pz is a partition of {1,..., N}, such that we have distinct points zo € 9 for every
cluster C' € C(Pz). It may as well be that C(Pz) = 0. In this case we have z € FyOQ.

Settling the case of interior collisions is relatively easy since, away from 0f2, the loga-
rithmic singularity of G dominates the interaction between vortices. If two vortices x,y
are near to the boundary and to each other, this is no longer true, since then the term
g(z,y) cannot be neglected. The next lemma is the key to the understanding of the
interaction taking place between vortices near the boundary.
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Lemma 4.6. Setting
A(z,y) =21 (VoG (2,y), duv) + (VyG(2,y), dyry))

for x,y € Q, we have

A(:U,y) — <.CU—§, Vy>2 <x_yaVy>2 +0(1)’

|z —|? |z —y|?

as well as
|A(z,y)| <14 o0(1)

as x,y — xo € 0. Moreover, if Q is strictly convex, we have
o(1) < A(z,y) <1+o0(1)

PROOF. By hypothesis 2.4 we may write

1 |z —y
G = —1

+ O(1),

as o,y — xo € 02, and the approximation holds in the Cl-sense, therefore (since
T =2p(z) - )

L=y r—y
27V, G(x,y) = (2Dp(z) —id) Ry —p + O(1)

Yy—T r—y 2 T—y
= — , 0(1),

T o T () oW
which leads to

Yy—x r—y r—y y—
A = — d — d 1
(#:9) <rx—yr2 Ty x”’”>+<ry—x12 T yP y”y>“”

—x+2d,v r—vy+2d,v, T —
= <y ‘i' — y‘Qz x’dmyx> + < ’gy_ :IT;/ y’dyyy> — <’x — yy|27d3:7/x — dyVy> + 0(1)

d2 d? dv d,v
=2 —=— 4 +<y—m,_zm>+<x—y,_”>
Qw—m2 g — |z —y? g —af?

— <H dyvy — dyyy> +0o(1)

|z —y2" "

d2 d? dyv dyv
=2l —= 4+ Y —|—<x—y,yy —$x>—1
<M—y2 |y —xf? g—a [z -yl

+ <x__y’2,p(w) —P(?J)> +o(1)

43



Since p(x) — p(y) = Dp(y)(z — y) + o(|x — y|) we have, using lemma

d2 d? dyv dyv
A:c,y —9 _x +_ZJ +<x_y7_yy __z;r>_1
(:9) (x—m2 w—xP> G—a  T—yP

<:E - Y, Ty>2
(1 = rydy)|z — y/?

Py s+ — —<x—y, e _?;Vy>+ (&= y,7) o1
Z—yl* |y -z |z — 9l (1 = Kydy)|z — y|
1 1
- <.Z‘ - yadacyx> ( ) + 0(1).

z—yl? |z —gP?
We shall now see, that the whole last line of (4.2)) is in fact o(1):

_|_

+o(1)

(4.2)

1 1
[z -yl |z -yl

1
7 —yPPlz —y[?

Iz =y~ Jz — g

<w—y,dxvz>( >'§dx]x—y|.

dy|z — dy(dy +dy)|T — 2
e elds t+ d o) — p(y)? < B BT

< e —y| = o(1)

z =yl

~z—yPlr gl |2 — yl*le —y[?

for some constants ¢, ¢ > 0, where we used lemma [2.10|repeatedly. For the sake of a more
readable presentation, we continue by estimating the second term of (4.2) separately.

<x—y, (s __dyyy> _ =l —< x___y|2,p(x) —p(y)>

Cr—gP?

Therefore

A(m,y):2< &% )—’x_?f’2+<$_y’79>2< S )—1+0(1)

[z -yl |y —af? [z =g |z —y?

dz dy |z — y/? of 1 1
=2 25+ —5 |- "=+ (z—y,T ( — + )—1
(w—m2 Galf) o—gE T\ TE T e

L[ 1 1 1
- —1 1).
+emvnl” (g ) (g 1) +o0

Since |g — x| > é|lx — y| for some ¢ > 0 and dy = o(1), whereas &, is bounded, the last
line of the preceding formula is again o(1). Since |z —y|? = (z — y, 7)) + (z — y, v,)” we
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may then rewrite A(z,y) as

2 2 7 — ul2
A(:E,y):2< s + dy ) ‘ y‘ +<x_y>7—y>2< ! ! >—1+O(1)

_ - — ~ — +
lz -yl |ly—=z?) |z—yg? r—g? |z -yl

d2 d2 1 1
=2 —Ee 4 —4& —:U—y,z/Q( — + )+01)
Qx—M? m—xQ) vl e P e ) T
i + d; 1 1
=27 y—x—y,I/2< — + >
g2 T\ o T e

—2d§< L1 >+o(1).

=gl |z —yl?

Again, the last line is o(1), since

1 1
d? —
N <!m—ﬂ!2 if—y!2>

which is also obtained using lemma In the following we abbreviate o = (z — y, 1),
B = (x —y,7y), hence

dQHi’—y\Z—]a:—gH d2|p(m)—p(y)]2
I — — S & f el dm+d = o(1 7
|z — y[?|z — gI? 17— y[2|z — g2 (dztdy) = o(1)

T —y = avy + By,
r—y=1c—y+2dyry = (o +2dy)vy + 1y,
d; = dy + Dd*(y)(z — y) + 3D’ (y)[z — y, = — y] + o(|x — y[*)
= dy +2dy (x — y,v) + (x — y, (i[d =Dp(y))(z — y)) + o(|z — y[*)

1
= d32/ —|—20édy +a2 +B2 — mﬁQ +O(’CL' —y|2)
Yy

1

=d? + 2ad 2482 (1 —
, T 2ad, +a”+ 3 1=y,

)+dm—m%
= d2 +2ady + o® + o(|z — y[?),
which implies

4dy +dady +20° —a® o +o(1) = (a+2dy))* o
(o +2dy)* + B2 a® + 52  (a+2dy)>+ 5% a2+ 2

Az,y) = +o(1),

which is precisely our first claim. The second claim also follows easily, since 523% € [0,1]
for every € € R.

We will now show that the above is in fact nonnegative up to an error of o(1) if € is
strictly convex.

First observe that A(x,y) = 0 for § = 0. On the other hand, setting f(¢) := % for
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6 # 0 and t € R we may apply the mean value theorem to get

2
Ala,y) = fla+2dy) = (@) +0(1) = 24, 16) + o(1) = 73235 + o)

for some & € [, o + 2d,].

Now define o = (x — y, 1) and o := (y — x, ;). In the sequel, we will show that for
any x,y € Q. one of both scalar products is nonnegative if |z — y| is small enough.

Assume on the contrary that there are sequences ("), (y") C Q. with |z™ — y™| — 0
as n — oo such that a,, = (" —y",yyn) < 0 and «), = (Y" — 2", vzn) < 0 for every
n € N. Then we have

0> an +ay = (2" —y" vy —ven) = (@ — ", —Dyyn (@ — y") + o(|2" — y"[))

Ka.n
= <x" -y", ﬁ (@ =y, myn) Tyn 4 o(|z"™ — y”|)>
yn Gyn

. Ryr 0o n__ .n|2

hence 32 := (z" — y”,Tyn>2 = o(|z™ — y"|?), since k, > & for all y € . and some & > 0
if Q is strictly convex. Since a2 + 52 = |2 — y"|? we infer

2 2
_ %% 4 _ Pn 1
xn_yn|2 ‘xn_yn‘Q

as n — 0o, which implies

Qn
— = -1
|z — y"|

as n — 0o, since we have assumed a,, < 0. It follows that

’ 2
e O OntOn Ry Pi 4 o(fa™ — ) > 0
=yl T e =yt T T g o ]

as m — 0o, which is the desired contradiction.

Hence for every x,y € Q). sufficiently close to each other, one of the two scalar products
a, o is nonnegative, and since A(x,y) is symmetric in z,y by definition, we might
interchange the roles of x and y to assume « > 0, which in turn implies £ > 0 and we
are done. O

Lemma 4.7. Let I' be 0-admissible, Z € OparyFNSY and let C € Pz satisfy zc € OS.
There is 6 > 0 such that for every z € Us(Z) N FNS

[NIES

ec
VHo() 2 52 [ Sde)?|
jeC
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where the constant ¢ > 0 is given by

ac::% ZP?— Z IXIVIN S

ieC i,jeC
i#]

if Q is not strictly convex, and by

ec :=% dori— Y nTy|

ieC 1,j€C
FiFj <0

instead, if it is strictly convex.

PROOF. Note that in each case ec > 0 by the condition of J-admissibility. There is
d > 0, such that z; € Q. for any j € C, z € Us(2) N Fn§2. We thus may consider the
function

O Us(2) NFNQ D 2 7Y d(z)” € [0,00)
jeC
and simply compute

(VHq(2), VOc(2)) = 2m Y (V. Ho(2), d(z)v(2))
jec

:Qﬁz<r§vmzj)+2 > Fz-FszjG@j,zi)+0(1>,d(Zj)v(Zj)>

jec i€C\{j}
=2m ) (T3Vh(zy), d(z)v()) +4m D Til'3 (VG2 2), d(z)v()) + 0(1)
jec z,ij;jC
_ 2 /&) v T A(z 2:) + 0
—;F] <d(zj)’d( J) ( ])> +2i§CFZFJA( (&) ]) + (1)
1<)

as z — z. Here we have used the fact that V. G(zj,2;) = O(1) for j € C, i ¢ C as

z — Z by hypothesis
In case €2 is not strictly convex, we may estimate this by

>3 T5-2) DTyl +0(1) =) T7— Y [Iil[+o(1) = 2e¢ + o(1)
jec 1,jeC jeC i,jeC
1<j 127

as z — Z by use of lemma
If, on the other hand, € is strictly convex, we may again use lemma [4.6| and similarly
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conclude

(VHo(2),V®c(2)) > Y T7—2 > |ITy|+o(1)
jecC i,jeC
1<g, ;<0
=Y T5— Y DTyl +0(1) = 2¢¢ + o(1)
jec i,7€C
Fil—‘j<0

as z — z. In any case we obtain that there is § € (0,4) such that
(VHq(2),VOc(2)) > ec

for every z € Us(z) N Fn§2.
On the other hand we have

N|=

(VHg(2), V@0 (2)) < [VHo(2)| - [V®e(2)| = 27 - [VHa(2)| - [ D d(z)?
jec

by simply applying the Cauchy—Schwarz—inequality, hence we obtain

N[

VHa(:)| > 55 | Y d(z)”

jec
for every z € Us(Z) N Fn§2 and we are done. O

4.3 Proof of proposition

Equipped with these estimates we now turn to the proof of proposition which is
comprised of the next few lemmata.

Lemma 4.8. There is § > 0 such that |VHq(z)| > 1 for every z € Mj.

PROOF. Assume on the contrary that there are sequences 6,, — 0, d,, > 0 and 2" € M,
such that |[VHq(2")| <1 for all n € N. Then, upon choosing a convergent subsequence,
we may assume z" € Us, (2) for some z € 0FyQ and every n € N. Now if Z € Oyt Fn§2
there are ng € N and C' € C(P3) satisfying zZo € € such that

1
-3
_ Cr
VHq(z™")| > — 2 —Z 2 > -
VHa(")] = O (2 | c\) > e

for every n > ng by lemma Similarly, if Z € Opary FN 2 there are ng € N and C € P;
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satisfying Zo € 02 such that

[NIES

ec
¥ Hol e >_fc
IVHa(z = 20/IC6n

jeC

for every n > ngy by lemma This, however, contradicts the fact that |[VHq(2")| <1
for all n € N and the proof is done. ]

Since My is a neighbourhood of 9 F (2 in ﬁN, this in particular shows that Hq satisfies
the Palais—Smale—condition.

Lemma 4.9. Let z € FnS§) satisfy

li H = .
m,  Ho(p(2,1)) = co < 00

Then t*(z) = oc.

PROOF. In general we have for s,t € [0,t7(2)), s <t and 2! := p(2,t)

4o < /\VHQ(ZT)\dT < Vis s\//t IV Ho(27)[2dr = Vi —s+/Ho() — Ha(+")

<Vt = sl\Veo — Ha(z*) (4.3)

Now if t*(2) < oo we may take the limit ¢ — ¢7(z) on the right hand side of

to obtain that for every e > 0 there is tg € [0,¢7(2)) and any s,t € [to,t7(2)), s < t:

|2t — 2%] < g, hence 2! — z as t — tT(2) for some z € FNQ = 0", since Q" is compact.
Let § > 0 be such that the consequences of lemmata [£.5 and [4.7] - 7| hold.

If Z € Opary FNQ we find C' € Ps and ¢y € [0,¢7(2)) such that for every ¢ € [to,t7(2))

d
E% = (VHq(2"),V®c(z")) > ec > 0,
by application of lemma [£.7] which is a contradiction.

If, on the other hand, z € 9, Fn 2, we have C € C(P;) as well as ty € [0,¢7(2)), such

that for all ¢ € [tg, t1(2))

|V Heq (2! (Z\z — zCP)

eC

M\»—‘

by lemma We thus may compute for s € [to,t7(2)), t € (s,t7(2))

M\H

HQ(zt)HQ(ZS)Z/ |V Ho (2" (Zp« ZC|2> dr

S ieC
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[SIES
SIS

t _
CF . T T = 12
=47r/|zr<2|zz-—zcr>

1eC

t
>CF/
~ A4r

S
d - 12 t B
_C’p/ E(Ziec|zz_20‘) dT>_C’p/fT(Zi€C|ziT—zc|2) dr
4 o 123 - 4 s 125
m (Ziec‘zi _ZC|2)2 m s (Ziec‘zi _ZC|2)2

S

iceC

<7rc’737, m» (Z 2] — 20|2> Car

icC

t _
CF T T = 12
dr > 47r/|7TcZ | (Z‘Zi - zo| ) dr

N

t

N[

_Cr In Yicc|# — Z|?

8T Yo el - EP?
contrary to our assumption. It follows that ¢t7(z) = oo, which is what we were to
show. O

— oo (t—tt(2)),

The next lemma, finishes the proof of proposition 4.3

Lemma 4.10. If there is z € Fn§) satisfying

li H ,t)) = ¢o < 00,
t_é{rn(z) a(e(z,t)) =cp < o0

there is a sequence (z") C Fn and a point z* € FynQ such that z" — z* and
VHq(2") = 0 as n — oo.

PROOF. Since t*(z) = oo by lemma consider a sequence (t,) C [0,00), t, — 00,
such that z'» — 2* as n — oo.

Let us assume at first that there are ng € N, § > 0, such that § < ¢,41 — ¢, and
|VHq(zt)| > - for all n > ng and for all t € [t,,,t, + 6]. Then we have

vn
tj+5
n n (5
Ho(z") > Ho(z") + > / |VHq(2%)[?ds = Ho(2"0) + ) 5 oo (n — 00),
Jj=no t; J=no

contrary to our main assumption.

Thus there exists a sequence 6, — 0, §,, > 0 for all n € N, such that with s,, := t,, 4+ d,:
|VHq(2%)| < % It follows that 2" — z* as n — oo because of ([£.3), since |s, —t,| =
dn — 0. Abbreviating z°» by 2" we have VHq(z") — 0 as well as 2" — z* as n — oc.
Lemma [4.8 now implies z* € Fn{) and the proof is finished. O

This also finishes the proof of proposition All that is left to do for proving our
main results concerning asymmetric domains is to provide a sort of linking argument for
Hg, that is finding a point z € Fy such that Hq(2?) has a finite limit for ¢ — co. This
is done by applying lemma [2.14] within the next section.
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5 Linking phenomena for H

The goal of this section is to prove the following two theorems.

Theorem 5.1. For any N € N and any L—-admissible, 0—admissible and A-admissible
parameter I' € RN, the Kirchhoff-Routh path function Hq has a critical point in FySQ.

Theorem 5.2. Suppose that 71(2) # 0. Then for any N € N and for any 0—admissible
and A-admissible parameter T' € RY, the Kirchhoff-Routh path function Hq has a
critical point in Fn§Q.

5.1 The simply connected case

This subsection is concerned with the proof of theorem

Let T" be 0— and A—admissible, and let I" be L—admissible with corresponding permu-
tation o. Reordering the vortices, we may without loss of generality assume that o = id
and hence abbreviate L) := CiJ%Q.

The theorem is trivial for N < 2, for then Hq(z) — —oo for z — 99 and consequently
Hq assumes a local maximum in Fx§2, since h(z;) — —oo for z; — 0Q, j € {1,2} as
well as T'1T'9G (21, 22) — —o0 if |21 — 22| — 0, since 1’9 < 0.

In what comes we thus consider the case N > 3 and begin to construct an explicit
linking for Hgq.

Without loss of generality we may assume 0 € Q. Choose p > 0 such that By,(0) C .
Define

70 : TV=2 .= (SHN 2 & FnQ

Y,1(C15- -, CN—2) =0, Yo,8(C1y- -, Cv—2) = (N — 1)p,
Y0,5(C1s - -+, Cv—2) = (j — 1)pGj-1,
for j € {2,..., N — 1}, where 7o ; denotes the j-th component of vy. Setting
To:={y € COTN%, FnQ) : v~ v},
we have the following

Lemma 5.3. For every v € Tg: v(TN=2) N LyQ # (.

PROOF. Let H : TN=2 x [0,1] — FnQ be a deformation from ~o to . For t € [0, 1]
define
he : TN=2 % [0,1]V72 — cN -2

by setting
hig(Cos) i= sy (1) = Hysa(G)) + (1= s3) (Hja(C 1) = Hya (1)

for j € {1,...,N —2}. Obviously 7(¢) € Ln if and only if hi((,s) = 0 for some
s € [0,1]¥=2. Furthermore hy((, s) # 0 for all s € 9 ([0, 1]V~2), ¢ € [0, 1], since H((,t) €
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Figure 7: The map ~p.

Fn§2, so the map

§:(TN=2x [0,1]V 2% [0,1], TV 2% 9 ([0, 1]¥2) x [0,1]) — (CN~2,CN=2\{0})
g(Ca S, t) = ht(ga 5)

is well-defined and continuous.
Using the Kiinneth—formula for the pair

(5.1)

(X, A) = (TV 2 x [0, V2, TN "2 x 9 ([0,1]V %)) = (TN =2 x DV 72, TN =2 x §V—3)
we easily get that
Hon—a (TV=2 5 0,772, TV=2 5 0 ([0,1)77%)) = 2,

where we are using singular homology with coefficients in Z. Since g is a homotopy of
pairs by (5.1), h; induces a homomorphism in homology

ho : Hon—a (TN 72 x [0, 1]V 72, TV "2 x 9 ([0,1]¥72)) — Han_q (CV72,CN72\ {0}),

which is independent of ¢ € [0,1]. We claim that the degree h.(1) € Z of hg is nonzero.

Observe that hg has a unique zero at p := ((p, o) := (1, R %, ceey %) Abbreviating
(Y,B) := (CN=2,CN=2\ {0}) we thus have the following commutative diagram:
h
(X, 4) —— (¥, B)
. u B
i w = hol(w. (p),U- W)\ {p})

X, X\ {p}) L= (U-00). U-0) \ ().
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where v in the middle is given by u : (X, X \ {p}) — (Y, B),z — ho(x). Taking the
(2N —4)-th homology, we notice that the restriction homomorphism i, is an isomorphism
since A is the boundary of the 0-manifold X, where X \ A is orientable and i, maps a
generator { X} of Hon_4(X, A), which is a fundamental class corresponding to a global
orientation of X to a local orientation of X, i.e. a generator of the local homology group
Hon_4(X, X \ {p}) of X. See, for example [18], chapter V, theorem 13.1 for further
details and rigorous proofs. Since j, is an excision isomorphism, we have

. U
Rs = Uslye = Wy ], s,

so we are done if the map w, to the right is an isomorphism. But this is surely the case,
as wy(1) € Z for small € > 0 is the local degree of the differentiable map hy at p and is
nonzero, which can be easily computed as follows: We have (regarding CV=2 as R?V—4)

9 1 0y @ (0 0 1 0
@ho,j(p) =5U-Dp <1> : %ho,j(p) =—Jjp (1) : @ho,y-(p) =50+ (1> :

0 1
= hai(p) = —2 ’
whereas all the other partial derivatives vanish. Reordering the Jacobian of hg at p, such
that the first N — 2 rows correspond to the imaginary parts of the hg ;, we get that

oro(r) = (07 1)

where By = diag(—2p) € RWV=2*(N=2) Developing the last N — 2 columns of
det Dhy(p), and using multilinearity to get rid of the p-factors, we get

-1 1 0 0
1 3
0 1 -3 2 0
| det Dho(p)| = 2V 2p*N % abs
0 A2 s 5P 0
- 0 AP s AP
0 o0 e .. 0 % ~(N-2)

By looking at the first N — 3 rows of the above matrix, we see that if v € R¥=2 is in
the kernel, v must have all components equal to some vy € R. The last row then implies
that vo = 0, hence det Dho(p) # 0 and we are done. O

By applying lemma to the homotopy class I'g, we get that there is ¢ € TN—2
such that Hg remains bounded along the trajectory of (¢). Since Hgq satisfies the
Palais—Smale—condition, the proof of theorem is finished.
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5.2 The case m1(Q2) # 0

This subsection is devoted to the proof of theorem Hence let the paramter I" be 90—
and A—admissible.

Let m1(Q) # 0, that is kg = rank71(Q2) > 1 and select a bounded component € of
C\ Q. Without loss of generality we may assume 0 € ;. Defining

S = {ZG.FNQ: VjE{l,...,N}:i 62?},

Bl
we have the following
Lemma 5.4. HQ}S is bounded from above.

Proor. Hypothesis implies that 2 satisfies an exterior ball condition, hence there
is p > 0 such that |z; — zj| > p for i,j € {1,...,N}, i # j. Using hypothesis the
assertion is immediate. O

Since € is a 9-manifold with 99 a component of 9 there exists a collar of 90 = S*,
that is, an open neighborhood U of 9€); in © and a homeomorphism

h:SYx[0,1) = U
satisfying h(S! x {0}) = 9. Setting
hi=hlgi i y:8 =0

for j € {1,..., N}, the h; are Jordan curves with disjoint images enclosing €. Thus

0 :=h1 X x hy : TV = FnQ
is well defined, and setting

Lo :={y: TV = FnQ: v =0},
we have the following

Lemma 5.5. For all v € Ty
y (TN) NS # 0.

PROOF. Let v € Iy, and let H : TV x [0,1] — FnQ be a homotopy connecting v and
0. Setting

z
T:QBZHTGSJ,
z

Ui=rx--xr: FyQ— TV,
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Figure 8: The map ~p.

U is well-defined and continuous, and the assertion is equivalent to & € U(y(TY)), where
€= (62;’”> (N} e TN. Now for every t € [0,1], the map f; := ¥ o H(,t) induces a
je{l,...,

homomorphism

fe:Z = Hy(TV) — Hy(TV) 2 Z,

in singular homology which is independent of ¢. Since h; is a homeomorphism onto its
image and h; ~ h; for i,j € {1,..., N}, the map r o h; : S1 — S! has winding number
+1, hence induces an isomorphism (7 o h;). = (r o hy)s : h1(SY) — hi(S'). Now if
{S'} € H{(S') = Z is a generator, {TV} = {S'} x --- x {S'} is a generator of Hy(T%)
and we compute

FUTNY) = (W0r0).({S" x - x {81}) = ((roha) x -+ x (ro hy)), ({S'}x - x {S"})
= (rohn)({8")) x - x (r o m)({S"}) = £{S"} x - x {§'} = £{T"},

hence f, is an isomorphism. Now if &€ & W(v(T")), the isomorphism f, factorizes over
Hy (TN \ {&}), that is we have a commutative diagram

Z = Hy(TY) ‘i Hy(TN)=7Z
Jx
Hy(TV\ {e})

where j : TV \ {€} < TV. Further we have the exact sequence

Hy(T¥\ {2}) 2 Hy(TY) > Hy(TY, TV {e)).
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The restriction homomorphism to the right is an isomorphism since TV is a compact
orientable connected N—dimensional manifold, see for example [I8], chapter V, theorem
12.1. Since the sequence is exact, we conclude that the homomorphism j, is trivial,
which is a contradiction and the proof of is complete. O
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6 Outlook and application to partial differential equations

The purpose of this section is to discuss the stability of the results given in the previous
sections as well as to give applications of our theorems to the nonlinear elliptic problems
mentioned in the introduction, namely the sinh—Poisson—equation and the Lane-Emden—
Fowler equation.

It is intuitively clear that the critical points of Hq constructed in the previous chapters
are saddle points of Hgq, hence are unstable as stationary points for the gradient flow
of Hn. On the other hand, being derived largely by topological means and given the
axiomatic setting of section [2, which in particular allows us to disturb the Green’s—
function G as a main ingredient of the functional Hg, by an arbitrary function in C! (ﬁz),
it is to be expected that our results are stable in the sense that one can disturb Hq quite
a lot at least in compact subsets of Fxn €2 and still derive the existence of a critical point.

This is precisely what we do in the first subsection. We then go on to apply these re-
sults to find sign—changing solutions to the sinh—Poisson— and the Lane-Emden—Fowler—
equation. Unfortunately, the case of |I'j| # 1 is of no use for these questions, so the only
new solutions arising to these problems are those where the case I'; = (—1)7 is allowed,
namely the situation of theorem [3.6]

Nevertheless, every solution of a Poisson—equation on ) gives rise to a stationary so-
lution for the Euler—equations of an incompressible fluid, and so do the solutions to the
sinh—Poisson— and Lane-Emden—Fowler equations. Only recently [5] have constructed a
more complicated equation whose solutions concentrate around a critical point of Hq,
but without giving any existence results. They are able to obtain their result by ad-
mitting general vorticities I', and our results complement theirs by giving corresponding
existence results, consequently leading to new stationary vorticity solutions for the Euler
equations.

6.1 Stability of previous results

The first results we state here are some fairly standard arguments which specify, how ro-
bust our results on symmetrical domains are with respect to symmetrical perturbations.

Theorem 6.1. Let Q@ C C be a D,-symmetric domain satisfying hypothesis and let
Ve C’l(ﬁN), n € N be a Dy-and X(I')~invariant functional. Then for every critical
point z* of Hq according to theorems and corollaries thereof the functional
Hq +V has a corresponding critical point.

PROOF. Theorems [3.6] and [3.9] deliver us with local maxima of some reduced functional
E : W — R for some open and connected set W C RF. Since oV s compact and
E(z) — —o0 as z — OW by theorem and lemma respectively, for instance in
the situation of theorem the functional E 4+ V o sy also has a local maximum, which
is also a critical point of the whole functional by the invariance assumption. O

Theorem 6.2. Let ) C C be a D,-symmetric domain satisfying hypothesis let
I € RY be L-admissible and let V,, € CH(FnQ), n € N be D,— and %(T')—invariant
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functionals, and let further V,, — 0 uniformly on compact subsets of FnS2. There is
ng € N such that for every n > ng and for any U-symmetric critical point z* of Hq
according to theorems and corollaries thereof the functional Hg 4+ V,, has a
U-symmetric critical point z".

PROOF. As noted before, theorems [3.6] and deliver us with a local maximum z* of
some reduced functional E : W — R for some open connected set W C RF. Now for
small € > 0 the set K. :={z € W : E(z) > E(z*) — e} is compact by theorem and
lemma [3.15] respectively. Since V;, — 0 uniformly on compact subsets of Fn{) there
is ng € N such that, for instance in the situation of the proof of theorem [3.6] for any
n > ng: sup,ek. |Va(suz)| < §. It follows that for every z € OK.:

E(2) + Va(su(2)) = E(27) — e + Valsu(2)) < E(2") + Va(su(27)),

hence F +V,, o sy achieves a local maximum 2z, in K.. By the invariance assumption z,
is a critical point of Hg + V,. O

For the nonsymmetric case of course similar stability properties hold.

Theorem 6.3. Let V € Cl(ﬁN) and T' € RY be 0- and A-admissible. Then if either
m1(2) # 0 or I' is L-admissible, Ho + V has a critical point.

SKETCH OF PROOF. This is proven by verifying that all the estimates on Hn and VHgq
remain untouched when switching from Hq to Hq + V. If, for example, Hq is bounded
above on £ C Fn€2, so is Hqg + V, since Q" is compact. Similarly there is a constant
C > 0 such that |VV(z)| < C for all z € Fy(2, so by the triangle inequality and the fact
that |[VHq(z)| — oo as z — OFnS2 under the above assumptions it follows, that all of
the arguments hold for Hgp + V' as well. O

Theorem 6.4. Let I' be A— and 0—admissible. Let 6 > 0 such that |VHq(z)| > 1 for
all z € Ms. If V € CHFnQ) satisfies |V (z) — Ho(2)| < g and |VV (z) — VHq(z)| < §
for all z € FNQ\ M;y. Then if either I' is L-admissible or 71(Q2) # 0, the functional
V' has a critical point.

SKETCH OF PROOF. This is done precisely as in [4]: Since one does not know much about
the behaviour of VV near the boundary 0Fn¢2, in particular one does not know whether
V satisfies the Palais—Smale—condition, one constructs a suitable pseudo—gradient vector
field v which “blends” VV into VHq near Fn€2. One then proceeds to find some point
z € Fn§) whose energy remains finite along the gradient flow of Hq via the linking
arguments in chapter [5| and using an analogue of lemma one subsequently shows
that this z in fact leads also to a critical point of V' under the flow corresponding to the
vector field v. For further details we refer the reader to section 5 and 6 of [4]. O

6.2 The sinh—Poisson equation

In this section we apply theorem to the sinh—Poisson equation. We cite the relevant
result from [4] without proof. For further details we refer the reader to the original
references [2, [6].
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Theorem 6.5. Every critical point of the functional
I,(2): FNQ3 z = —8Nwlnp 4 24N7In2 — 16N« — 3272 Ho(2) + r,(2) € R,

where 1, is ©(I')~ and D,~invariant if Q is D,~symmetric and r, — 0 in CL_(FnQ) as
p — 0, gives rise to a solution u, of

(6.1)

—Ay = psinhy  in Q
v =0 on 0N).

Applying theorems and together we immediately get

Theorem 6.6. Let N be even, p > 1 and Q be Dp-symmetric, 0 € Q and T; = (—1)7,
jeA{l,...,N}. Then there is pg > 0 such that for any p € (0,po) and any common
divisor ¢ > 1 of p and % there are at least

S (o)
2 2 -t

ajil- bl -c;l-dj!
r=1 (a,b,c,d)EVq,r J J J J J

1

distinct symmetric solutions u, of (6.1). These solutions have the property that for any
sequence pn, — 0 there exists z* € 6?‘19 such that the vorticity field satisfies

N
pnsinhu, — 87 2(71)36@
j=1

weakly in the sense of measures in ) along a subsequence, where z* is a critical point
of Ho whose components lie on the symmetry azes of the Dgy—action on € such that the
vorticities have alternating signs and we adopted the notation of corollary [3.16.

PrROOF. Define for p > 0:

1

WTP(Z) S R.

Vp:]:NQ >z~ Hq(z) —

Then V, is X(T')- and D,-invariant and since r, — 0 in ClL _(Fn) the assertion follows
from theorem together with the observation that any critical point of V), is also a
critical point of I,,. O
6.3 The Lane—Emden—Fowler equation

The procedure is entirely analogous to the one used before. The main references in this
subsection are [8, 9] and, of course [4], from where we adopt the notation.
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Theorem 6.7. Every critical point of the functional

~ 4 8relnp — 3272
Jp(z):]:NQBZHNE—Nwenzp €_o2eme
p P P

1
Hq(z) + FTP(Z) €R,

where rp, is ©(T')~ and Dy—invariant if Q is Dy—symmetric and rp — 0 in CL_(FnQ) as
p — 00, gives rise to a solution u, of

—Au = |[ulP"lu  in Q
(6.2)

u=20 on 0N2.
Here, c is a fized constant, see [{] for further detail.
Applying precisely the same procedures we get

Theorem 6.8. Let N be even, p > 1 and Q2 be Dy—symmetric, 0 ¢ Q and T'; = (—1)7,
j€{l,...,N}. Then there is po > 0 such that for any p > py and any common divisor
qg>1ofpand % there are at least

S 10}
2 2 G-

ajil-bil-c;l-dj!
r=1 (a,b,c,d)EVq,r J J J J J

1

distinct symmetric solutions u, of (6.2]). These solutions have the property that for any
sequence p, — oo there exists z* € G{?qQ such that

N

pnupn|upn|p"_1 — 8me Z(_l)jéz;‘
j=1

weakly in the sense of measures in Q along a subsequence, where z* is a critical point
of Ho whose components lie on the symmetry axzes of the Dy—action on € such that
the vorticities have alternating signs and we adopted the notation of corollary[3.16 and
replaced p by p.

PROOF. Define for p > 0:

1

%FNQBZ'—)HQ(Z>—m7’p

(2) €R.

Then V, is X(I')- and D,-invariant and since 7, — 0 in CL_(Fn§2) as p — oo the
assertion follows from theorem @ together with the observation that any critical point
of V, is also a critical point of J,. O

Remark. Tt is also possible to obtain symmetric solutions of (6.1)) and (6.2)) in the case
that N is odd and 0 € €2, provided that RN ) has more than one connected component:
One places the first vortex in the symmetry center and at most one other (differently
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oriented) vortex into the connected component of [0,00) N Q. One then places the
additional vortices alternatingly into the other connected components of [0, 00) N €.
Since the condition of center—admissibility is fulfilled for I' = (—=1,1) or I' = —1, the
vortex addition lemma together with lemma and corollary ensures that
Hgq has a symmetric critical point, which is of course stable with respect to symmetric
C'-perturbations and hence produces solutions for and .

6.4 Connection to the Euler equations

The study of Poisson problems is intimately connected to stationary solutions of the
Euler equations for incompressible two—dimensional fluids by means of the following
method, which can be found, for example, in [17].

Considering a solution of Ay = f(¢) in Q for an arbitrary f € C*(R), the functions

v:=J Vi,

1
p=F) -5 [V,

0

where J = <1

_01> and F(s) = [; f(t)dt form a stationary solution of the Euler

equations

(6.3)

v+ (v-V)o+Vp=0
V.-v=0

with velocity v and pressure p, since
V"UZV'(J'Vw) = —0102¢ + D019 = 0,

as well as

0o+ (v VYo + Vp = ((J - Vib) - V) (J - V) + VE() — %v Vo

(OO + 01 D2 [~ L0 ((010)* + (5211))2))

- (—aw 01+ o 52) ( or ) IEAAL <82 (011)* + (D206)?)
_ < Dot - D1091) — 019 - O31p — D11 - OF¢p — Dot - D1 D2t > (A

T\ =000 - OFp + 10 - DaOitp — D11 - B102¢p — Do) - D3

= (AY)VY — (Ay) VY = 0,

where we adopted the usual physics jargon. The quantity w = V x v = d1vg — dovy is
called the vorticity of the solution v. Observe that in our situation w = Ay = f(v),
thus the obtained solutions to the equations considered before give stationary solutions
of the Euler equations with prescribed vorticity functions.
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On the other hand, by the Biot—Savart law

Jz

U:—w*w,

where * denotes convolution, the velocity v can be recovered from w, and admitting
singular solutions of the form w = Z;V=1 I'j0., (1), corresponding to

via the Biot-Savart law we obtain that the vortex centres (2;(t));e1,...n) Obey the
Hamiltonian system studied here, see [I1] for rigorous arguments on this.
From this view, theorems and deliver us with stationary solutions to the Euler
equations where the singular vorticity has been regularized to smooth “vorticity blobs”.
For the sinh—Poisson equation and the Lane-Emden—Fowler equation this process is
limited to the case that |I';| =1 for all j € {1,..., N}. But recently, by studying the
semilinear elliptic problem

T, p
—e?Au = Zje{l,...,N} X9, (u —q— 3= In %)
F]'>0 ; in Q
=2 {1, N} XQ; ( u +q+ < In %)
;<0 +

u=20 on 0f,

(6.4)

where §; are mutually disjoint subdomains of €2 such that 27 € €2; for a critical point
z* of the Kirchhoff-Routh path function and xg, is the characteristic function of €2,
j€{1,...,N}, and applying their results to the Euler equations as sketched above, the
authors of [5] succeeded in proving the following

Theorem 6.9. Suppose Q2 C C is a bounded simply—connected smooth domain. Taking
the Kirchhoff-Routh path function as

N
Hq(z) = Ha(z) +2)_ Tjtho(2),
j=1

where Vg is uniquely defined up to a constant as the solution of

—Awo =0 in Q
—(1,V) = v, on 0Q

and vy, € L*(0Q) for some s > 1 satisfying faﬂ vp = 0, we have that for any C'-stable
critical point z* of ﬁIQ there is €9 > 0 such that for every e € (0,g¢) the Euler equations
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(6.3) have a solution ve with outward boundary fluz given by v, and vorticity w. satisfying
supp ws C U Bee(z5),

where C' > 0 is a constant independent of € and z; € Q; for j € {1,...,N}. Moreover,
as e — 0,
(21, y2n) = (2], -+, 2N)

/ we = I Vjie{l,...,N}, as well as
BCe(ZJ)

N
[w=30rs
Q =

This is theorem 1.1 of [5] translated into our notation. Combined with the results in
this thesis we may now supplement this theorem by the existence result giving us
the following theorem, which marks a suitable endpoint for this thesis.

Theorem 6.10. Let Q2 be a smooth simply—connected bounded domain, let v, € C1(9Q)
and let T be L—-, A— and O—admissible. Then there iseq > 0 such that for every e € (0,0)
the Euler—equations (6.3) have a solution v. satisfying the properties stated in theorem

[6.9.

SKETCH OF PROOF. In the case that ¢y = 0 the theorem follows easily from theorem
which basically states that the critical points of Hg = Hg are Cl-stable. If 1y # 0
we define

N
V. ﬁN S Z 22Fj¢0(2j) € R,
=1

so that Ho = Hq + V and, since Yo € C1(Q) by standard elliptic theory, more precisely,
since by integrating the boundary condition we get that ¢ satisfies the Dirichlet problem

—AI/)U =0 in
—po =V, on 0N

for some V,, € C?(8Q) and V;, has a continuation V,, € Cz( ), for O is of class C3,

the assertion that 1y € C'(Q) and consequently V € Cl(Q ) follows by theorem 6.14
of [I2]. The assertion of the theorem follows now from theorem |6 6.3 and [6.4] applied to
HQ This is possible since the proof of |6.4] in [4] only uses the properties of Hg which
can also be verified for HQ, just as in the proof of theorem . more precisely, the only
ingredient needed is that there is § > 0 such that |[VHgq| > 1 on My, which, of course,
can also be verified for f[?) instead of Hg. O
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List of Symbols

*

o

©

L—admissible

A-admissible

O—admissible

C(P:)
Obdry FNEQ
Ot FNEL
d(z)

Fa

Ly(a,v)
L (a,v)
£5,0
M

group action of ¥ on FxQ and R by permutation of coordinates, page 7

group action of II, on arbitrary sets of r—dimensional arrays of vectors via
component—wise order—reversal and permutation of coordinates, page 23

group action of Zy on R* defined by 1 ® v = & % v, where § € X, reverses
the order of components, page 23

The components of I' can be ordered to have alternating sign and ascend-
ing modulus, page 13

for every subset C' C {1,...,N}, |[C] > 2: > jec IiT'j # 0, page 37
i#]

for every subset C' C {1,...,N}, |C| > 2: > ..~ 2> 5 iccllily]. If Q
7]

is strictly convex: Y. T2 >3 ;jcc [IiL| , page 38
r;r;<o

set of clusters of P, {C € P, : |C| > 2}, page 38

boundary collisions, {z € 0FNQ: V C € C(P,) : zc € 0}, page 39
interior collisions, {z € dF N2 : I C € C(P,) such that zo € Q}, page 39
dist(z,00), page 8

ordered configuration space, equal to {z e QN iz = 2j & 1= j}, page 7

called Green’s function, if not otherwise stated: a function satisfying hy-
pothesis 2.4] page 8

Regular part of the Green’s function G, g(z,y) = G(z,y) + 3= In|z — y,
page 8

Robin function of the domain Q, h(x) = g(z, z), page 8
Kirchhoff-Routh path function with vorticity T', H}(z) = Zjvz 1 F?h(zj) +
Z,]-szl G (%, 25), page 9
i#]
space of ordered configurations of IV vortices along the line a + Rv, page 7
o1 % Ly(a,v) for some o € Xy, page 7
Utavyeaxst £X(a,v), page 7
{z e FnQ:3(i,5) € Fo{l,...,N} |z — zj| <6 Vd(z5) < I}, page 38
{z € Q: dist(z,00) < €}, page 7
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I

el

partition of {1,..., N} defined by {C C{l,...,N}:z =z; <i,j € C},
page 38

projection onto the components corresponding to the indices in C', page 7
the group X, x Zj, page 23

p: Q. — 0N, orthogonal projection onto 02, page 7

stabilizer of I' € R under the obvious ¥ y-action on RY, page 18

U-symmetric points for I', {z € FyQ: Vu e U Jo € (1) :u-z =0 * z},
page 19

U—-symmetric points for I' with one vortex placed in the symmetry center
of Q, {zEGng: dk € {1,...,N}:zk:0},page 19

for z € Q.. Reflection of z at dg, page 8

for z € 0FNQ and C € P, the unique element of {z; : j € C}, page 38
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