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Abstract

In this thesis we study the prescribed Mean Curvature Problem for Riemannian manifolds
with boundary. Given a compact four-dimensional Riemannian manifold with boundary
(M, g), the prescribed Mean Curvature Problem asks for conditions on K : ∂M → R,
such that K can be realized as the mean curvature hg̃ of a conformal metric g̃ ∈ [g]
with vanishing scalar curvature Rg̃ in M . The prescribed Mean Curvature Problem
is equivalent to the existence of a solution to the following non-linear boundary value
problem: 

−∆gu+ 1
6Rgu = 0 in M

∂νu+ hgu = K(x)u2 on ∂M

u > 0.

These solutions are in one-to-one correspondence to critical points of a functional, de�ned
on a Sobolev-space. Since this functional does not satisfy the Palais-Smale condition,
standard variational methods can not be applied.
We use the method of critical points at in�nity, developed by Abbas Bahri, to study
non-converging �ow lines of a suitable pseudo gradient vector �eld. We understand "limit
sets" of these �ow lines and understand the di�erence of topology in the variational space,
induced by the non-converging �ow lines. Comparing this di�erence of topology to the
topology of the variational space yields existence results for critical points of the given
functional. And therefore conditions on K such that K can be realized as the mean
curvature of a conformal metric.
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1. Introduction

1.1. The prescribed Mean Curvature Problem

A very famous problem, which has been solved during the last decades, is the Yam-

abe Problem. To introduce the Yamabe Problem let (M, g) be a compact Riemannian
manifold of dimension greater than or equal to 3. The Yamabe Problem asks for the
existence of a metric ḡ in the conformal class of g with constant scalar curvature. Com-
bining [35, 34, 6, 31] the authors H. Yamabe, N. Trudinger, T. Aubin and R. Schoen were
able to prove the existence of a conformal metric with constant scalar curvature for any
compact Riemannian manifold of dimension greater than or equal to 3. A very compre-
hensive survey about the Yamabe Problem was written by J. Lee and T. Parker (see [24]).

A variation of the Yamabe Problem to manifolds with boundary is given as follows:
Let (M, g) be a compact Riemannian manifold with boundary ∂M of dimension greater
than or equal to 3. Find a metric ḡ conformal to g with zero scalar curvature in M and
constant mean curvature on ∂M . This problem was �rst introduced by Escobar in [19].

As a generalization we will now introduce the prescribed Mean Curvature Prob-

lem: Let (M, g) be a Riemannian manifold with boundary of dimension n greater than
or equal to 3 and K : ∂M → R a smooth function. Does there exist a metric ḡ conformal
to g with zero scalar curvature in M and mean curvature precisely given by K on ∂M?
This problem was �rst introduced by Cherrier in [16].
The prescribed Mean Curvature Problem is equivalent to a non-linear boundary value

problem on M . To be more precise let ḡ = u
4

n−2 g be a conformal metric to g and u a
positive, smooth function on M . Then (see [16]) the metric ḡ has zero scalar curvature
in M and mean curvature given by K i� u solves the boundary value problem

(PMCP )


−∆gu+ n−2

4(n−1)Rgu = 0 in M

∂νu+ n−2
2 hgu = n−2

2 K(x)u
n
n−2 on ∂M

u > 0.

(1.1)

Here ν is the outward normal vector �eld on ∂M , Rg the scalar curvature in M and hg
the mean curvature on ∂M.
Let us �rst look into the case where K is constant. The boundary value problem then

1



1. Introduction

has variational structure. To be more precise, let J : Σ+ ∩ U → R, where

J(u) =

∫
M

(
|∇u|2g + n−2

4(n−1)Rgu
2
)
dVg + n−2

2

∫
∂M hgu

2dσg(∫
∂M |u|

2(n−1)
n−2 dσg

)n−2
n−1

,

Σ+ := {u ∈ H1(M) : ||u||H1(M) = 1, u ≥ 0 a.e.} and

U :=

{
u ∈ H1(M) :

∫
∂M
|u|

2(n−1)
n−2 dσg > 0

}
.

Here H1(M) is the Sobolev-space of functions onM such that one weak derivative exists.

Due to a regularity result by Cherrier (see [16]) critical points u of J correspond to
smooth, positive solutions of (1.1) with K = 2

n−2 l(u), where

l(u) =

∫
M

(
|∇u|2g + n−2

4(n−1)Rgu
2
)
dVg + n−2

2

∫
∂M hgu

2dσg∫
∂M |u|

2(n−1)
n−2 dσg

.

Unfortunately the functional J does not satisfy the Palais-Smale condition. The Sobolev

trace embedding H1(M) ↪→ L
2(n−1)
n−2 (∂M) is critical and hence not compact. This lack

of compactness makes the variational theory complicated and standard methods can not
be applied. Nonetheless in [19, 20] Escobar was able to show that

Q(M,∂M, [g]) := inf
{
J(u) : u ∈ Σ+ ∩ U

}
. (1.2)

is achieved provided

−∞ < Q(M,∂M, [g]) < Q(Bn, ∂Bn, [geucl]). (1.3)

Thus the Yamabe Problem on manifolds with boundary is solved if (1.3) holds. Here
Bn is the unit ball in Rn and geucl the Euclidean metric. Furthermore Escobar (see [18])
proved that

Q(Bn, ∂Bn, [geucl]) = inf


∫
Rn+
|∇u|2(∫

∂Rn+
|u|

2(n−1)
n−2

)n−2
n−1

∣∣∣∣ u ∈ C∞0 (
Rn+
)

; u|∂Rn+ 6= 0


is the sharp constant in the Sobolev trace embedding. Furthermore the minimum is
achieved by a function u i� u belongs to the following family of functions:

α

(
λ

(1 + λt)2 + λ2|x− a|2

)n−2
2

; λ > 0, a ∈ ∂Rn+, α 6= 0, (x, t) ∈ Rn−1 × R+ = Rn+.

(1.4)
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1. Introduction

Using these functions Escobar (see [19]) showed that the inequality

Q(M,∂M, [g]) ≤ Q(Bn, ∂Bn, [geucl])

holds true for every compact manifold with boundary. Therefore the solution of the
Yamabe Problem on manifolds with boundary was reduced to proving the strict inequality
(1.3). Through the works of Escobar [19, 21], Marques [28, 27], Almaraz [2], Chen [15]
as well as Mayer and Ndiaye [30], the Yamabe Problem on manifolds with boundary is
completely solved and we have the following Theorem due to the previous authors.

Theorem. Let (M, g) be a compact Riemannian manifold with boundary of dimension
greater than or equal to 3. If Q(M,∂M, [g]) > −∞, then there exists a conformal metric
with zero scalar curvature in M and constant mean curvature on ∂M. Moreover the
constant can be chosen to be sign (Q(M,∂M, [g])) , where sign(0) := 0.

It is worth to mention that the authors in [19, 21, 28, 27, 2, 15] use some appropriate
test functions "close" to (1.4) to prove (1.3), whereas the authors in [30] use an algebraic
topological argument, developed by Bahri and Coron [9].

From now on we turn back to the prescribed Mean Curvature Problem. First we consider
the case −∞ < Q(M,∂M, [g]) ≤ 0, which is much simpler to handle than the positive
case. Since we have not found any reference for the case Q(M,∂M, [g]) < 0, let us brie�y
explain how to solve (1.1) in this case, if K(x) < 0 on ∂M . We essentially use the method
of sub- and supersolutions like in [21] or [23]. To write (1.1) in a shorter form we intro-
duce the conformal Laplacian Lgu := −∆gu + n−2

4(n−1)Rgu and the conformal boundary

operator Bgu = ∂νu + n−2
2 hgu, which are conformally covariant. Thus if ḡ = v

4
n−2 g for

some positive, smooth function, then

Lg(uv) = v
n+2
n−2Lḡ(u), Bg(uv) = v

n
n−2Bḡ(u). (1.5)

Due to the previous Theorem we can �nd a metric ḡ, conformal to g, with zero scalar
curvature and mean curvature constant −1.With this metric and (1.5), (1.1) is equivalent
to : 

Lḡu = 0 in M

Bḡu = n−2
2 K(x)u

n
n−2 on ∂M

u > 0.

(1.6)

We call a positive function u ∈ C2(M) subsolution (supersolution) to (1.6) if

Lḡu ≤ (≥) 0 and Bḡu ≤ (≥)
n− 2

2
K(x)u

n
n−2 .
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1. Introduction

Since −∞ < Q(M,∂M, [g]) < 0 the �rst eigenvalue λ1 of the problem{
Lḡu = 0 in M

Bḡu = λu on ∂M
(1.7)

is negative (see [19]). Using that the �rst eigenfunction ϕ1 can be chosen to be positive,
we observe that αϕ1 is a subsolution if α is positive but small. Furthermore a large
constant function C can be chosen to be a supersolution, because K < 0.
Let (uk)k∈N be the sequence of smooth functions, de�ned by: u0 = αϕ1,{

Lḡuk = 0 in M

Bḡuk +Muk = n−2
2 K(x)u

n
n−2

k−1 +Muk−1 on ∂M

for k ≥ 1 and a large positive constant M. Due to the maximum principle

αϕ1 ≤ uk−1 ≤ uk ≤ uk+1 ≤ C

for all k ∈ N. Hence, using methods, similar to those used in [23], it is possible to prove
the existence of a smooth positive solution u of (1.6) by showing that (uk)k converges in
an appropriate space (weak convergence in H1(M) is su�cient). This proves the exis-
tence of a conformal metric with zero scalar curvature and mean curvature given by K.

In case Q(M,∂M, [g]) = 0 Escobar was able to give a complete answer to the prescribed
Mean Curvature Problem:

Theorem ([21]). Let (M, g) be a compact Riemannian manifold of dimension greater
than or equal to 3 such that Q(M,∂M, [g]) = 0 and K : ∂M → R smooth. Then K is
the mean curvature of a conformal metric with zero scalar curvature if and only if

K changes sign and

∫
∂M

Kdσg < 0.

This proof also uses the method of sub- and supersolutions.

Lastly, we turn to the case Q(M,∂M, [g]) > 0. This case is much more complicated
and the techniques are quite di�erent to the previous ones. Like in the constant mean
curvature case, the problem has variational structure and smooth, positive solutions of
(1.1) are critical points of the functional J : U → R, where

J(u) =

∫
M

(
|∇u|2g + n−2

4(n−1)Rgu
2
)
dVg + n−2

2

∫
∂M hgu

2dσg(∫
∂M K(x)|u|

2(n−1)
n−2 dσg

)n−2
n−1

(1.8)
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1. Introduction

and

U :=

{
u ∈ H1(M) :

∫
∂M

K(x)|u|
2(n−1)
n−2 dσg 6= 0, u ≥ 0 a.e.

}
.

As already mentioned, this functional does not satisfy the Palais-Smale condition which
makes it a priori impossible to apply standard variational techniques. Nevertheless, using
similar methods as in the constant mean curvature case, it is possible to �nd conditions
on K such that minimizing sequences of J , under the constraint∫

∂M
K(x)|u|

2(n−1)
n−2 dσg = 1,

are still relative compact. First, Escobar [21] used this method and obtained �rst ex-
istence results for general manifolds. To state the Theorem, we need further notations.
Therefore let ∇ be the Levi-Civita connection of (M, g). We denote by h(X,Y ) :=
g(∇Xν, Y ) the second fundamental form on ∂M . A point a ∈ ∂M is called umbilic if
the umbilicity tensor

Π := h− hgg (1.9)

vanishes at a. Let us remark that the norm |Π(a)|2 is conformal invariant if g̃ is a metric,
conformal to g, such that g̃(a) = g(a).

Theorem. ([21]) Let (M, g) be a compact Riemannian manifold of dimension n ≥ 3
and Q(M,∂M, [g]) > 0. If K : ∂M → R is smooth and positive somewhere, then g is
conformal to a metric with zero scalar curvature and mean curvature given by K if

1. n = 3 and M is not conformally equivalent to the ball B3.

2. n = 4, M is not conformally equivalent to B4, ∂M is umbilic and ∇2K(x) = 0 for
a global maximum point x.

3. n ≥ 5, M is locally conformally �at, not conformally equivalent to Bn with umbilic
boundary such that ∇lK(x) = 0 for some global maximum x and 1 ≤ l ≤ n− 2.

4. n ≥ 6 and K has a global maximum point x, which is not umbilic, such that
∆gK(x) ≤ c(n)|Π(x)|2, where c(n) is some dimensional constant.

Here |Π(x)| is the norm of the umbilicity tensor at x.

Since the ball is umbilic the previous Theorem excludes the ball. Existence results of
(1.1) for the ball were obtained by Escobar and Garcia [22] , Chang et al. [14] as well as
Ahmedou et al. [1].
As far as we know there are no more works, which prove results for the prescribed Mean
Curvature Problem.
In the next section we will state our results and give some analytical background.
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1. Introduction

1.2. Preliminaries and statement of results

From now on let (M, g) be an n-dimensional compact Riemannian manifold with bound-
ary ∂M and positive Sobolev quotient Q(M,∂M, [g]). Furthermore let K : ∂M → R be
a smooth, positive function. Since Q(M,∂M, [g]) > 0, there exists a metric ḡ conformal
to g with positive scalar curvature and zero mean curvature at the boundary (see [19]).
Henceforth we assume the metric g to have the previous properties. On H1(M) we de�ne
the scalar product

< u, v >:=

∫
M

(
∇u · ∇v +

n− 2

4(n− 1)
Rguv

)
dVg, (1.10)

which induces a norm || · ||, equivalent to the standard norm on H1(M). Our aim is to
prove the existence of critical points of

J(u) =
||u||2(∫

∂M K(x)|u|
2(n−1)
n−2 dσg

)n−2
n−1

on Σ+ ∩ U, where Σ+ :=
{
u ∈ H1(M) : ||u|| = 1, u ≥ 0 a.e.

}
, which leads to smooth,

positive solutions of (1.1). Because of technical reasons, which will become clear in
chapter 3, we can not restrict to Σ+ ∩ U. For ε0 > 0 small we de�ne

Vε0
(
Σ+
)

:=

{
u ∈ U : ||u|| = 1, J(u)

n−1
2 ||u−||

L
2(n−1)
n−2 (∂M)

< ε0

}
,

where u− = max(0,−u) is the negative part. If u ∈ Vε0 (Σ+) is a critical point of J
then

−||u−||2 =< u, u− > = J(u)
n−1
n−2

∫
∂M

K(x)u|u|
2

n−2u−dσg

= −J(u)
n−1
n−2

∫
∂M

K(x)|u−|
2(n−1)
n−2 dσg

and hence

||u−||2
L

2(n−1)
n−2 (∂M)

≤ C maxKJ(u)
n−1
n−2 ||u−||

2(n−1)
n−2

L
2(n−1)
n−2 (∂M)

,

which implies u− = 0 if ε0 is small. Thus u will be a positive solution of (1.1). From
now on we assume ε0 to be small enough. As already mentioned J does not satisfy the
Palais-Smale condition. Nevertheless the non-compactness is well understood. Therefore
let λ > 0 and de�ne

δλ(x, t) :=

(
λ

(1 + λt)2 + λ2|x|2

)n−2
2

(1.11)

6



1. Introduction

as in (1.4). This family of functions solves the boundary value problem:{
∆δλ = 0 in Rn+,

∂tδλ = (2− n)δ
n
n−2

λ on ∂Rn+.
(1.12)

Furthermore, for a ∈ ∂M let Ua be an open neighbourhood of a inM and ψa : Ua → B+
2ρ0

be Fermi-coordinates around a. A very detailed description of Fermi-coordinates is given
in appendix A. Since ∂M is compact we can choose ρ0 such that ψa : Ua → B+

2ρ0
is a

di�eomorphism for all a ∈ ∂M. Finally let χρ : R → [0, 1] be a smooth function such
that {

χρ(t) = 1 if t ≤ ρ,
χρ(t) = 0 if t ≥ 2ρ.

For a ∈ ∂M de�ne the smooth function

δa,λ : M → R, δa,λ(x) := χρ (|ψa(x)|) δλ (ψa(x)) .

For p ∈ N and ε > 0 de�ne

W (p, ε) :=

{
u ∈ Vε0(Σ+)

∣∣∣∣ ∃a1, · · · , ap ∈ ∂M ; λ1, · · · , λp ∈
(

1

ε
,∞
)
s.t.

∣∣∣∣∣∣∣∣u− 1

J(u)
n−1
2

p∑
i=1

(
n− 2

K(ai)

)n−2
2

δai,λi

∣∣∣∣∣∣∣∣ < ε; εij < ε ∀ i 6= j

}
, (1.13)

where

εij =

(
λi
λj

+
λj
λi

+ λiλjdg(ai, aj)
2

) 2−n
2

. (1.14)

Here dg(·, ·) is the distance (on ∂M) with respect to the metric g. Now we are prepared
to understand the non-compactness of J .

Proposition 1. Assume that J does not have any critical point in Vε0(Σ+). Let
(un)n∈N ⊂ Vε0(Σ+) be a Palais-Smale sequence of J , then there exists p ∈ N and a
sequence εn ↘ 0 such that un ∈W (p, εn) along a subsequence.

The proof of Proposition 1 is, up to minor modi�cations, the same as the proof by Al-
maraz [3] in the case where K is constant. Similar results in domains have been obtained
by Struwe [32]. Se also Bahri-Coron [9], Brezis-Coron [13], Bahri [7] and Mayer [29].
For our purpose the functions (bubbles) δa,λ will not be good enough. In chapter 3 we
will de�ne the sets W (p, ε) with new bubbles, which we will call ϕa,λ. This is possible,
because ||δa,λ − ϕa,λ|| → 0 for λ→∞.

7



1. Introduction

From now on let (M, g) be a four-dimensional Riemannian manifold with boundary and
K : ∂M → (0,∞) a Morse-function. Since Q(M,∂M, [g]) is positive there exists a unique
positive Green's function G(·, ·) of the operator (Lg, Bg) such that

u(x) =

∫
M
G(x, y)Lgu(y)dVg +

∫
∂M

G(x, y)Bgu(y)dσg ∀ u ∈ C2(M)

For a ∈ ∂M let ga = u2
ag be a family of metrics such that

√
ga(x, t) = 1 +O(|(x, t)|10)

in Fermi-coordinates w.r.t. ga at a. The existence was proved in [27] by Marques. The
normalized Green's function Ga(a, ·) at a with respect to the operator (Lga , Bga) is ex-
panded in appendix E (see Proposition 32). Here normalized means:

lim
x→a

dga(a, x)2Ga(x) = 1.

It can be written as
Ga(a, x) = Γa(x) +Ha(x),

where Γa is singular at a and Ha is regular (in C2,α for some α). Let crit(K) :=
{x1, · · · , xm} be the set of critical points of K. Henceforth we assume

2|S3
+|Hx(x) +

2I4

9

∆K(x)

K(x)
6= 0 ∀ x ∈ crit(K). (1.15)

Here S3
+ is the upper half sphere in R4 and

I4 =

∫
R3

|x|2

(1 + |x|2)3
dx.

For 1 ≤ p ≤ m de�ne

Fp :=

{
(x1, · · · , xp) ∈ crit(K)p

∣∣∣∣ 2|S3
+|Hxi(xi) +

2I4

9

∆K(xi)

K(xi)
< 0 ∀i; xi 6= xj ∀ i 6= j

}
.

For y = (y1, · · · , yp) ∈ Fp we de�ne the matrix M(y) = Mij ∈ Rp×p by

Mii := −2|S3
+|
Hyi(yi)

K(yi)2
− 2I4

9

∆K(yi)

K(yi)3
, Mij := −2I1

G(yi, yj)

K(yi)K(yj)
for i 6= j.

Since the Green's function is symmetric, also M(y) is symmetric. Let ρ1(y) be the least
eigenvalue of M(y). From now on we assume

ρ1(x) 6= 0 for all x ∈ Fp. (1.16)

Finally de�ne
F∞p = {x ∈ Fp | ρ1(x) > 0}.

8



1. Introduction

We assume crit(K) to be an ordered subset. Thus x1 < x2 < · · · < xm. Lastly we set

F∞ :=

y = (y1, · · · , yp) ∈
⋃

1≤q≤m
F∞q

∣∣∣∣ y1 < y2 < · · · < yp

 .

We are now able to state our Theorems:

Theorem 1. Let (M, g) be a four-dimensional compact Riemannian manifold with bound-
ary such that Q(M,∂M, [g]) > 0. Let K : ∂M → (0,∞) be a Morse-function such that
(1.15) and (1.16) hold. Furthermore assume that all critical points of K are also umbilic
points, then (PMCP) has a solution if

2|S3
+|Hx(x) +

2I4

9

∆K(x)

K(x)
> 0

at a point x ∈ ∂M where K(x) = supK.

Theorem 2. Let (M, g) be a four-dimensional compact Riemannian manifold with bound-
ary such that Q(M,∂M, [g]) > 0. Let K : ∂M → (0,∞) be a Morse-function such that
(1.15) and (1.16) hold. Furthermore assume that all critical points of K are also umbilic
points, then (PMCP) has a solution if

1 6=
∑
x∈F∞

(−1)
∑p
i=1 ind(xi,K)+1, (1.17)

where x = (x1, · · · , xp) and ind(x,K) is the Morse-index of K at x.

From Theorem 1 we can deduce a Corollary. Therefore we need to introduce the ADM -
mass of an asymptotically �at manifold with boundary.

De�nition 1. A Riemannian manifold with boundary (N, g) is called asymptotically �at
of order τ > 0 if there exists a compact set K ⊂M and a di�eomorphism φ : M \K →
Rn+ \B1(0) such that

|gij(x)− δij |+ |x| · |∇gij(x)|+ |x|2 · |∇2gij(x)| = O(|x|−τ ) (|x| → ∞),

where gij are the coe�cients of the metric in the chart φ.

If τ > n−2
2 , Rg is integrable on N and hg is integrable on ∂N , then the ADM-mass

m(g,N) := lim
r→∞

(∫
Sn−1
r,+

(∂µgµν − ∂νgµµ)
xν
r
dS +

∫
Sn−2
r

gin
xi
r
dS

)

9



1. Introduction

is well de�ned (see [4, 5]). Here Sn−1
r,+ is the upper half-sphere in Rn with radius r and

Sn−2
r is the sphere of radius r in Rn−1. Furthermore the positive mass theorem for man-

ifolds with boundary (see [5]) asserts that m(g,N) > 0 if Rg ≥ 0, hg ≥ 0, dim(N) ≤ 7
and (N, g) is not isometric to (Rn+, gst).

Let Ga(x, ·) be the Green's function of the metric ga and (M, g) a four-dimensional
Riemannian manifold with boundary. De�ne (M̂, ĝ) = (M \{a}, Ga(a, ·)2ga) then (M̂, ĝ)
is a four-dimensional asymptotically �at manifold with boundary of order τ = 2, if a is
an umbilic point. Furthermore Rĝ = 0 and hĝ = 0. If (M, g) is not conformally di�eo-
morphic to (B4, gst) then (M̂, ĝ) is not isometric to (R4

+, gst). The positive mass theorem
implies m(ĝ, M̂) > 0 in this case. If a is umbilic it is not di�cult to show the equality

Ha(a) =
1

12|S3
+|
m(ĝ, M̂) > 0 (1.18)

by using the expansion of the Green's function. Hence, the following Corollary is an
immediate consequence from (1.18) and Theorem 1.

Corollary. Let (M, g) be a four dimensional compact Riemannian manifold with bound-
ary such that Q(M,∂M, [g]) > 0. Moreover assume that (M, g) is not conformally dif-
feomorphic to (B4, gst). Let K : ∂M → (0,∞) be a Morse-function such that (1.15) and
(1.16) holds. Furthermore assume that all critical points of K are also umbilic points.
Then there exists ε > 0 such that (PMCP) has a solution if

∆K(x)

K(x)
> −ε

at a point x ∈ ∂M where K(x) = supK.

1.3. Outline of the thesis

In chapter 2 we de�ne appropriate test functions (bubbles) ϕa,λ for λ > 0 and a ∈ ∂M .
These are "close" to the test function, de�ned in the previous section. We prove some �rst
estimates that are needed in subsequent chapters. Furthermore we justify the de�nition
of W (p, ε), where δa,λ is replaced by ϕa,λ.
Since it will be important for our theory we introduce new variables α1, · · · , αp > 0 such
that every u ∈W (p, ε) can be written as follows:

u =

p∑
i=1

αiϕai,λi + v,

where the reminder

v ∈ E(α,a,λ) :=

〈
ϕai,λi ,

∂

∂λi
ϕai,λi ,

∂

∂ami
ϕai,λi

∣∣∣∣ 1 ≤ i ≤ p, 1 ≤ m ≤ 3

〉⊥
⊂ H1(M).

10



1. Introduction

This will be proved in chapter 3 by using a minimization argument. Moreover we de�ne
new neighbourhoods V (p, ε) of non-compact Palais-Smale sequences, which are equivalent
to W (p, ε) and will be used in the rest of this thesis. Since the functional J is not as
smooth as needed for the theory, we introduce a slightly di�erent functional such that
critical points of the new functional lead to critical points of J. In chapter 4 we expand
the functional for

u =

p∑
i=1

αiϕai,λi + v ∈ V (p, ε),

which helps to understand the behaviour of J with respect to the variables αi, ai, λi for
1 ≤ i ≤ p and v.
We use this expansion in chapter 5 to show that

E(α,a,λ) 3 v 7→ J

(
p∑
i=1

αiϕai,λi + v

)

has a local minimizer v̄, close to zero. This will become very important for the theory.
In chapter 6 we expand the gradient of J in V (p, ε) to prove that the expansion in chapter
4 is valid also in a C1-sense.
Based on the gradient expansions in chapter 5 and 6, we construct a pseudo-gradient
vector �eld X, which allows us to understand �ow lines of u̇ = −X(u). Under the
assumption that J does not have any critical point, all �ow lines do not converge. We
call these �ow lines critical �ow lines at in�nity.
Using this pseudo-gradient in chapter 7 we prove that critical �ow lines at in�nity

have to remain in some V (p, ε) for t large. More precisely we understand the behaviour
of those �ow lines with respect to the variables (α, a, λ, v).
In chapter 8 we show that critical �ow lines at in�nity in V (p, ε) have to accumulate
around (a, λ, v) = (x,∞, 0), where x = (x1, · · · , xp) ∈ F∞p is called a critical point at
in�nity. Using this knowledge we prove a deformation lemma and a Morse lemma at
in�nity to compute the change of topology, induced by this critical points at in�nity.
Finally, under the assumption that J does not have any critical point, the topology of the
variational space can be compared to the di�erence of topology, induced by non-compact
�ow lines, which proves Theorem 1 and 2.

11



2. De�nition of the test functions and

preliminary expansions

As already mentioned in the introduction the standard bubbles δa,λ, which appear in the
de�nition of W (p, ε), are not good enough. Since they are local they do not carry any
information about the global geometry of the manifold. Therefore we glue the standard
test functions δa,λ with the Green's function of the conformal operator (Lg, Bg). This is
motivated by Schoen [31].

For (x, t) ∈ R3 × R+ = R4
+ and r > 0 let us introduce the sets

B+
r = B+

r (0) = {(x, t) ∈ R4
+ | |(x, t)| < r}, Br = Br(0) = {x ∈ R3 | |x| < r}.

From now we assume the reader to be familiar with Fermi-coordinates at points a ∈
∂M (see appendix A). Due to Marques [27] there exists a positive, smooth function
u : ∂M ×M → R, u(a, x) = ua(x) such that

|√ga(x, t)− 1| ≤ C|(x, t)|10 (2.1)

for (x, t) ∈ B+
2ρ0

in ψa Fermi-coordinates around a with respect to the metric ga = u2
ag.

Here
√
g
a
(x, t) is the volume element with respect to the metric ga. Moreover, since ∂M

is compact, ρ0 and the constant in (2.1) can be chosen to be independent of a. Further-
more the function ua can be chosen such that ua(a) = 1 for all a ∈ ∂M.

We now choose a family (ψa)a∈∂M of Fermi-coordinates with respect to this family of
metrics (ga)a∈∂M . Furthermore let χ : R → [0, 1] be a smooth function such that

χ(t) = 1 if t ≤ 4
3 and χ(t) = 0 if t ≥ 5

3 . For ρ > 0 set χρ(t) := χ
(
t
ρ

)
. Finally let Ga(a, ·)

be the normalized Green's function at a ∈ ∂M with respect to the operator (Lga , Bga).
The normalized Green's function satis�es

lim
x→a

dga(a, x)2Ga(a, x) = 1 (x ∈ ∂M).

Here dga(·, ·) is the distance with respect to the metric ga.
For a ∈ ∂M and λ > 0, we de�ne the family of global test functions (bubbles) as follows

ϕ̂a,λ(x) := χρ (|ψa(x)|) δλ (ψa(x)) +

(
1− χρ (|ψa(x)|)

)
Ga(a, x)

λ
(2.2)

12



2. De�nition of the test functions and preliminary expansions

and ϕa,λ := uaϕ̂a,λ. Here δλ is the standard bubble on R4
+, which was de�ned in (1.11).

Furthermore we set

δ̂a,λ(x) := χρ (|ψa(x)|)
(
δλ (ψa(x))

)
(2.3)

and δa,λ = uaδ̂a,λ.

Let us remark that M × ∂M ×R+ 3 (x, a, λ) 7→ ϕ̂a,λ(x) is smooth. Furthermore it holds
LgaGa(a, x) = 0 and BgaGa(a, x) = 0 for all x 6= a.
From now on we will always identify x ∈M with ψa(x) = (x, t) ∈ R3 × R+ = R4

+.

Proposition 2. If 2 ≤ λρ, then

|Lgaϕ̂a,λ(x)| ≤ C
(

λ2|Π(a)|
(1 + λt) + λ|x|)3 +

λ

(1 + λ|(x, t)|)2

)
1{|(x,t)|≤ρ}

+ C

(
1

λ2ρ5
+
|Π(a)|
λρ3

)
1{ρ≤|(x,t)|≤2ρ}

as well as

|Bgaϕ̂a,λ − 2ϕ̂2
a,λ| ≤ Cχρ ·

1

λ
+ C

1

λ2ρ4
1{ρ≤dga (a,x)},

where |Π(a)| is the norm of the umbilicity tensor, de�ned in (1.9), with respect to the
metric ga.

Here, and in the rest of this work, C always represents a constant which does not depend
on any variable.

Proof. Using the de�nition of the conformal Laplacian we get

Lgaϕ̂a,λ = −∆gaϕ̂a,λ +
1

6
Rgaϕ̂a,λ

= −∆gaχρ · δλ − 2∇gaχρ · ∇gaδλ − χρ∆gaδλ

+ ∆gaχρ
Ga(a, ·)

λ
+ 2∇gaχρ · ∇ga

Ga(a, ·)
λ

+
1

6
Rgaχρδλ

= −∆gaχρ

(
δλ −

1

λ|(x, t)|2

)
− 2∇gaχρ · ∇ga

(
δλ −

1

λ|(x, t)|2

)
− χρ∆ga · δλ + ∆gaχρ

(
Ga(a, ·)

λ
− 1

λ|(x, t)|2

)
+ 2∇gaχρ · ∇ga

(
Ga(a, ·)

λ
− 1

λ|(x, t)|2

)
+

1

6
Rgaχρδλ. (2.4)
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2. De�nition of the test functions and preliminary expansions

The expansion of the Green's function, given in appendix E, yields∣∣∣∣∇k(Ga(a, ψ−1
a (x, t)

)
− 1

|(x, t)|2

)∣∣∣∣ ≤ C ( |Π(a)|
|(x, t)|1+k

+
1

|(x, t)|k

)
, k = 0, 1, 2. (2.5)

Furthermore it holds∣∣∣∣∇k(δλ − 1

λ|(x, t)|2

)∣∣∣∣ ≤ C 1

λ2

1

|(x, t)|3+k
, k = 0, 1, 2;

2

λ
≤ |(x, t)|. (2.6)

Hence from (2.4)− (2.6) we infer:

|Lgaϕ̂a,λ(x)| ≤C
(

1

λ2ρ5
+
|Π(a)|
λρ3

)
1{ρ≤|(x,t)|≤2ρ}

+ |χρ∆gaδλ|+
∣∣1
6
Rgaχρδλ

∣∣. (2.7)

In ψa Fermi-coordinates the coe�cients of the inverse metric are expanded as follows:

gij(x, t) = δij + 2hij(a)t+O(|(x, t)|2) 1 ≤ i, j ≤ 3

as well as gi4(x, t) = 0, 1 ≤ i ≤ 3 and g44(x, t) = 1 (see (A.1)). Here hij are the
coe�cients of the second fundamental form with respect to ga. Since hga(a) = 0,
Πij(a) = hij(a), where Πij are the coe�cients of the umbilicity tensor. Therefore a
simple computation yields

∆gaδλ = −8λ5 hij(a)xixjt

((1 + λt)2 + λ2|x|2)3

+ ∂i
(
(gij − δij − 2hijt)∂jδλ

)
+ ∂i log(

√
ga)g

ij∂j(δλ). (2.8)

Due to the fact that
√
ga(x, t) = 1 +O(|(x, t)|10),

|∆gaδλ| ≤ C
(

λ2|Π(a)|
(1 + λt) + λ|x|)3 +

λ

(1 + λ|(x, t)|)2

)
1{|(x,t)|≤2ρ}. (2.9)

Finally adding (2.9) to (2.7) proves the �rst assertion.

In the following we prove the second inequality. First observe that

Bgaϕ̂a,λ = χρBgaϕ̂a,λ = χρ

(
− ∂tδλ + hga(x)δλ

)
= 2χρδ

2
λ + χρhga(x)δλ (2.10)

and hence

|Bgaϕ̂a,λ − 2χρδ
2
λ| ≤ Cχρ ·

1

λ
.

Since

|2ϕ̂2
a,λ − 2χρδ

2
λ| ≤ C

1

λ2ρ4
1{ρ≤dga (a,x)},

the stated inequality follows.
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2. De�nition of the test functions and preliminary expansions

Furthermore we need estimates for the derivatives of ϕ̂a,λ with respect to λ and a. First
we estimate the derivative with respect to λ.

Proposition 3. If 2 ≤ λρ then∣∣∣∣λ ∂

∂λ
Lgaϕ̂a,λ(x)

∣∣∣∣ ≤ C( λ2|Π(a)|
(1 + λt) + λ|x|)3 +

λ

(1 + λ|(x, t)|)2

)
1{|(x,t)|≤ρ}

+ C

(
1

λ2ρ5
+
|Π(a)|
λρ3

)
1{ρ≤|(x,t)|≤2ρ}

and ∣∣∣∣λ ∂

∂λ
Bgaϕ̂a,λ(x)− 2λ

∂

∂λ
ϕ̂2
a,λ

∣∣∣∣ ≤ Cχρ · 1

λ
+ C

1

λ2ρ4
1{ρ≤dga (a,x)}.

Proof. First observe that

∣∣λ ∂

∂λ
∇kδλ

∣∣ ≤ C λk+1

(1 + λ|(x, t)|)k+2
k = 0, 1, 2 (2.11)

and ∣∣∣∣λ ∂

∂λ

(
1

(1 + λt)2 + λ2|x|2)
m
2

) ∣∣∣∣ ≤ C(m)

(1 + λt)2 + λ2|x|2)
m
2

, m ∈ N. (2.12)

In addition it holds∣∣∣∣λ ∂

∂λ
∇k
(
δλ −

1

λ|(x, t)|2

)∣∣∣∣ ≤ C 1

λ2

1

|(x, t)|3+k
, k = 0, 1, 2. (2.13)

Therefore the estimates (2.11)-(2.13), combined with the expansions (2.4) and (2.8),
prove the �rst claim. It remains to prove the estimate on the boundary. But from (2.10)
and (2.11) we derive the estimate∣∣∣∣λ ∂

∂λ
Bgaϕ̂a,λ − 2χρλ

∂

∂λ
δ2
λ

∣∣∣∣ ≤ Cχρ · 1

λ
. (2.14)

Since ∣∣∣∣2λ ∂

∂λ
ϕ̂2
a,λ − 2χρλ

∂

∂λ
δ2
λ

∣∣∣∣ ≤ C 1

λ2ρ4
1{ρ≤dga (a,x)}

the second claim follows through the previous inequality and (2.14).

We �nally need to estimate the derivative with respect to a ∈ ∂M .

15



2. De�nition of the test functions and preliminary expansions

Proposition 4. If 2 ≤ λρ then∣∣∣∣ 1λ∇aLgaϕ̂a,λ(x)

∣∣∣∣ ≤ C( λ2|Π(a)|
(1 + λt) + λ|x|)3 +

λ

(1 + λ|(x, t)|)2

)
1{|(x,t)|≤ρ}

+ C

(
1

λ2ρ5
+
|Π(a)|
λρ3

)
1{ρ≤|(x,t)|≤2ρ}

and ∣∣∣∣ 1λ∇aBgaϕ̂a,λ(x)− 2
1

λ
∇aϕ̂2

a,λ

∣∣∣∣ ≤ Cχρ · 1

λ
+ C

1

λ2ρ4
1{ρ≤dga (a,x)}.

Proof. We choose ψa0 Fermi-coordinates and want to estimate 1
λ

∂
∂amLgaϕ̂a,λ at a0 ∈ ∂M

in this coordinates. Here we identify am = ψma0(a) for m = 1, 2, 3. If x /∈ B2ρ(a0) then
Lgaϕ̂a,λ = 0 for a close to a0. Otherwise we identify x = ψa0(x, t) and observe

Lgaϕ̂a,λ(x) = −∆gaϕ̂a,λ(x) +
1

6
Rgaϕ̂a,λ(x)

= − 1√
ga(x, t)

∂µ

(√
ga(x, t)g

µ,ν
a (x, t)∂νϕ̂a,λ

)
+

1

6
Rgaϕ̂a,λ(x).

Moreover

1√
ga(x, t)

∂µ

(√
ga(x, t)g

µ,ν
a (x, t)∂νϕ̂a,λ

)
= ∂µ log(

√
ga(x, t))g

µ,ν
a ∂νϕ̂a,λ + ∂µ (gµ,νa (x, t)∂νϕ̂a,λ) .

Since ga(x, t) = u2a
u2a0

ga0(x, t) and ua(a) = 1 for all a ∈ ∂M we get

∂

∂am|a0
∂µ log(

√
ga(x, t))g

µ,ν
a = O(|x, t|9)

and

∂

∂am|a0
gµ,νa (x, t) = O(|(x, t)|).

Furthermore

|
(
∇kϕ̂a,λ

)
(ψ−1

a (x, t))| ≤ C

λ

(
1

1
λ + |(x, t)|

)2+k

, k = 1, 2

provided 2 ≤ λρ and therefore

1

λ

∂

∂am|a0
∆gaϕ̂a,λ = ∆ga0

(
1

λ

∂

∂am|a0
ϕ̂a,λ

)
+O(δ̂a0,λ).
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2. De�nition of the test functions and preliminary expansions

Using Lemma 10 in appendix A we derive

1

λ

∂

∂am|a0
ϕ̂a,λ(ψa0(x, t)) =

1

λ

∂

∂bm|0
(δλ(x− b, t))

+
λ(1 + λt)O(|(x, t)|2) + λ2O(|(x, t)|3)

((1 + λt)2 + λ2|x|2)2 (2.15)

for |(x, t)| ≤ ρ and hence

∆ga0

(
1

λ

∂

∂am|a0
ϕ̂a,λ(ψa0(x, t))

)
=

1

λ

∂

∂bm|0
∆ga0

δλ(x− b, t) +O (δλ) .

Finally (2.8) yields ∣∣∣∣∆ga0

(
1

λ

∂

∂am|a0
ϕ̂a,λ(ψa0(x, t))

) ∣∣∣∣ ≤
C

(
λ2|Π(a)|

(1 + λt) + λ|x|)3 +
λ

(1 + λ|(x, t)|)2

)
if |(x, t)| ≤ ρ. In the case ρ ≤ |(x, t)| ≤ 2ρ we easily derive the estimate∣∣∣∣∆ga0

(
1

λ

∂

∂am|a0
ϕ̂a,λ(ψa0(x, t))

) ∣∣∣∣ ≤ C

λ2ρ5
.

Therefore the �rst assertion is proved. It remains to prove the second inequality. From
(2.10) and Lemma 10 in appendix A we derive∣∣∣∣ 1λ ∂

∂am|a0
Bgaϕ̂a,λ − 2

1

λ

∂

∂am|a0
χρδ

2
a,λ

∣∣∣∣ ≤ C ( 1

λ

)
1{|x|≤2ρ}.

Lastly we easily estimate∣∣∣∣ 1λ ∂

∂am|a0
ϕ̂2
a,λ −

1

λ

∂

∂am|a0
χρδ

2
a,λ

∣∣∣∣ ≤ ( 1

λ2ρ4
+

1

λ3ρ5

)
1{ρ≤dga (a,x)}.

Adding the previous two estimates proves the second assertion.

As already mentioned in the introduction we want to de�ne the sets W (p, ε) with the
functions ϕa,λ instead of

δ̃a,λ(x) := χρ(|̃ψa(x)|)δλ(|̃ψa(x)),

where ψ̃a are Fermi-coordinates with respect to the metric g. Remember that we used
Fermi-coordinates ψa with respect to the metric ga in the de�nition of ϕa,λ. Therefore
we need to prove that ||ϕan,λn − δ̃an,λn ||H1(M) → 0 if λn →∞, which will be justi�ed by
the following Lemma.
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2. De�nition of the test functions and preliminary expansions

Lemma 1. (a) ||ϕa,λ − uaδa,λ||2H1 ≤ C log(λρ)
λ uniformly in a ∈ ∂M.

(b) If (an)n ⊂ ∂M and λn →∞, then ||δ̃an,λn − uanδan,λn ||H1 → 0.

Proof. (a) Using the conformal covariance of (Lg, Bg) (see (1.5)) we compute

||ϕa,λ − uaδa,λ||2H1 =

∫
M
Lga
(
ϕ̂a,λ − δa,λ

)
(ϕ̂a,λ − δa,λ)dVga

+

∫
∂M

Bga
(
ϕ̂a,λ − δa,λ

)
(ϕ̂a,λ − δa,λ)dσga

≤
(∫

M

∣∣Lga(ϕ̂a,λ − δa,λ)∣∣ 43 dVga) 3
4

||ϕa,λ − uaδa,λ||H1

+

(∫
∂M

∣∣Bga(ϕ̂a,λ − δa,λ)∣∣ 32 dσga) 2
3

||ϕa,λ − uaδa,λ||H1 . (2.16)

The computation of those integrals can be done easily by using the de�nition of the
bubbles, which proves (a).
(b) First observe that ||δ̃an,λn ||2 = 2I0 + o(1) = ||uanδan,λn ||2, where

I0 =

∫
R3

1

(1 + |x|2)3
dx

and o(1)→ 0 for n→∞. Hence

||δ̃an,λn − uanδan,λn ||2H1 = 4I0 − 2 < δ̃an,λn , uanδan,λn > +o(1)

= 4I0 − 4

∫
∂M

χρ(|ψ̃a(x)|)δλn(ψ̃an(x))2uanδan,λndσg + o(1)

= 4I0 − 4

∫
Bρ(an)

δλn(ψ̃an(x))2uanδλn(ψan(x))dσg + o(1). (2.17)

In appendix A (see page 112) we prove the smoothness of the function

∂M ×M 3 (a, x) 7→ χρ0(|ψa(x)|)
(

1 + λ2|ψa(x)|2
)
.

A Taylor expansion in Fermi-coordinates at a yields:

1 + λ2|ψa
(
ψ̃−1
a (z)

)
|2 = 1 + λ2|z|2 +O(λ2|z|3) ∀ |z| ≤ 2ρ << ρ0, (2.18)

where we use Lemma 10 and ga(a) = g(a). Furthermore ψ̃−1∗
an dσg(x) = 1 + O(|x|2) and

uan(ψ−1
an (x)) = 1 +O(|x|2), where the O-terms do not depend on a. These observations,
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2. De�nition of the test functions and preliminary expansions

combined with and (2.17), yield

||δ̃an,λn − uanδan,λn ||2H1

= 4I0 − 4

∫
Bλnρ

(
1

1 + |x|2

)2
(

1

1 + λ2
n|ψan

(
ψ̃−1
an ( x

λn
)
)
|2

)
dx+ o(1)

= 4I0 − 4

∫
Bλnρ

(
1

1 + |x|2

)2
 1

1 + |x|2 +O
(
|x|3
λn

)
 dx+ o(1)

= 4I0 − 4

∫
R3

(
1

1 + |x|2

)3

dx+ o(1) = o(1).

So far we have de�ned the bubbles and proved some technical estimates which will become
important in the expansion of the functional and its gradient. For p ∈ N and ε > 0 we
now set

W (p, ε) :=

{
u ∈ Vε0(Σ+)

∣∣∣∣ ∃a1, · · · , ap ∈ ∂M ; λ1, · · · , λp ∈
(

1

ε
,∞
)
s.t.

∣∣∣∣∣∣∣∣u− 1

J(u)
3
2

p∑
i=1

(
2

K(ai)

)
ϕai,λi

∣∣∣∣∣∣∣∣ < ε; εij < ε ∀ i 6= j

}
. (2.19)

Here εij was de�ned in (1.14). Due to Lemma 1, Proposition 1 holds true with W (p, ε)
de�ned in (2.19). In the next chapter we will prove a convenient parametrization for
functions u ∈ W (p, ε) and de�ne new neighbourhoods V (p, ε) of non-converging Palais-
Smale sequences.
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3. An appropriate representation in

W (p, ε) and the modi�ed functional

3.1. Minimization in W (p, ε)

For u ∈ W (p, ε) we write u = J(u)−
3
2
∑p

i=1

(
2

K(ai)

)
ϕai,λi + v with ||v|| < ε. Since

u ∈ Σ

1 = ||u||2 =

∣∣∣∣∣∣∣∣J(u)−
3
2

p∑
i=1

(
2

K(ai)

)
ϕai,λi

∣∣∣∣∣∣∣∣2 +O(ε),

where |O(ε)| ≤ Cε for some universal constant, which does not depend on u. Remark 4
in appendix B implies | < ϕai,λi , ϕaj ,λj > | ≤ Cεij ≤ Cε from which we deduce

1 = J(u)−3
p∑
i=1

(
2

K(ai)

)2

||ϕai,λi ||
2 +O(ε).

Furthermore, the identity ||ϕai,λi ||2 = 2I0 +O(ε) yields∣∣∣∣∣∣∣J(u)−
3
2 − 1√

2I0

 p∑
j=1

(
2

K(aj)

)2
− 1

2

∣∣∣∣∣∣∣ ≤ Cε
as well as ∣∣∣∣∣∣∣J(u)−

3
2

(
2

K(ai)

)
− 1√

2I0

 p∑
j=1

(
K(ai)

K(aj)

)2
− 1

2

∣∣∣∣∣∣∣ ≤ Cε (3.1)

uniformly in W (p, ε).

Since K is a positive, smooth function on ∂M the quantity 1√
2I0

(∑p
j=1

(
K(ai)
K(aj)

)2
)− 1

2

may be bounded from below by 0 < 1
γ and from above by γ. With this notations we

de�ne

Bp
ε,γ :=

{
(α, a, λ) ∈ Rp+ × (∂M)p × Rp+

∣∣∣∣ λi > 1

ε
, εij < ε,

1

2

1

γ
< αi < 2γ ∀i, j

}
.
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3. An appropriate representation in W (p, ε) and the modi�ed functional

From now on we choose ε small such that 1
2

1
γ < J(u)−

3
2

(
2

K(ai)

)
< 2γ for all u ∈W (p, ε).

In this chapter we prove the following Proposition:

Proposition 5. There exists ε0 > 0 such that the minimization problem

inf
(α,a,λ)∈Bp2ε,γ

∣∣∣∣∣∣∣∣u− p∑
i=1

αiϕai,λi

∣∣∣∣∣∣∣∣2
has, up to permutation of (α, a, λ), a unique solution, provided u ∈ W (p, ε0). Moreover,
for the minimizer (α, a, λ) there holds∣∣∣∣∣∣∣αi −

1√
2I0

 p∑
j=1

(
K(ai)

K(aj)

)2
− 1

2

∣∣∣∣∣∣∣→ 0 iniformly in W(p, ε) if ε→ 0.

We prove this Proposition in several steps. Essentially we follow the proof in [9]. First
we need the following Lemma:

Lemma 2. Let (αn, an, λn), (α̃n, ãn, λ̃n) ∈ Rp+ × (∂M)p × Rp+ two sequences such that

λni , λ̃
n
i →∞; εnij , ε̃

n
ij → 0; 1

C ≤ α
n
i , α̃

n
i ≤ C and∣∣∣∣∣∣∣∣ p∑

i=1

αni ϕani ,λni −
p∑
i=1

α̃ni ϕãni ,λ̃ni

∣∣∣∣∣∣∣∣→ 0

for n→∞, then (up to permutation):

|αni − α̃ni | → 0, λni λ̃
n
i dg(a

n
i , ã

n
i )2 → 0,

λni
λ̃ni
→ 1 for i = 1, · · · , p. (3.2)

Proof. From now on we omit the index n and we write o(1) whenever a term tends to zero
for n→∞. Since < ϕai,λi , ϕaj ,λj >= O(εij) (see Remark 4 in appendix B), it follows

o(1) =

∣∣∣∣∣∣∣∣ p∑
i=1

αiϕai,λi −
p∑
i=1

α̃iϕãi,λ̃i

∣∣∣∣∣∣∣∣2
=

p∑
i=1

α2
i ||ϕai,λi ||

2 − 2

p∑
i,j=1

αiα̃i < ϕai,λi , ϕãj ,λ̃j > +

p∑
j=1

α̃2
j ||ϕãj ,λ̃j ||

2 + o(1). (3.3)

For all i exists at most one j such that wij := λi
λ̃j

+
λ̃j
λi

+ λiλ̃jdg(ai, ãj)
2 is bounded.

Because if there were j and k such that

λi

λ̃j
+
λ̃j
λi

+ λiλ̃jdg(ai, ãj)
2 and

λi

λ̃k
+
λ̃k
λi

+ λiλ̃kdg(ai, ãk)
2
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3. An appropriate representation in W (p, ε) and the modi�ed functional

would be bounded, then also λ̃k
λ̃j

+
λ̃j
λ̃k

+ λ̃iλ̃jdg(ãk, ãj)
2 would be bounded, which is a

contradiction to ε̃jk = o(1).
Set

M := {i ∈ {1, · · · , p} | ∃j s.t. wij is bounded}.

We permute such that wii is bounded for all i ∈M . Using (3.3) we derive

o(1) =
∑
i∈M
||αiϕai,λi − α̃iϕãi,λ̃i ||

2 +
∑
i∈Mc

α2
i ||ϕai,λi ||

2 +
∑
i∈Mc

α̃2
i ||ϕãi,λ̃i ||

2 (3.4)

along a subsequence. Since αi and α̃i are bounded from below and ||ϕa,λ||2 = 2I0 + o(1)
we have proved M = {1, · · · , p} and

o(1) =

p∑
i=1

||αiϕai,λi − α̃iϕãi,λ̃i ||
2. (3.5)

Equation (3.5) implies

o(1) = ||αiϕai,λi − α̃iϕãi,λ̃i ||
2 ≥

(
αi||ϕai,λi || − α̃i||ϕãi,λ̃i ||

)2
,

hence αi − α̃i = o(1), because

lim
n→∞

||ϕai,λi ||
2 = lim

n→∞
||ϕãi,λ̃i ||

2 = 2I0.

Due to Lemma 1, ϕa,λ = δ̃a,λ + o(1) in H1(M). Therefore (3.5) implies

o(1) = ||δ̃ai,λi − δ̃ãi,λ̃i ||
2. (3.6)

Since λiλ̃idg(ai, ãi)2 is bounded from above, dg(ai, ãi) tends to zero. To continue the proof
we need an expansion of dg(ãi, ψ̃−1

ai (x))2 for n large, where ψ̃ai are Fermi-coordinates at
ai w.r.t. g.
Claim: For x ∈ Bρ(0) it holds

dg(ãi, ψ̃
−1
ai (x))2 = |x− ψ̃ai(ãi)|2 +O

(
|x− ψ̃ai(ãi)|3

)
. (3.7)

Proof of the claim. In appendix A (see page 113) we prove that the function

∂M ×M 3 (a, y) 7→ w(a, y) = χ2ρ(|ψ̃a(y)|)|ψ̃a(y)|2

is smooth. If n is large then dg(ãi, ai) = |ψ̃ãi(ai)| < ρ and hence |ψ̃ãi(y)| < 2ρ for
y ∈ Bρ(ai). Therefore a Taylor-expansion at x̃ = ψ̃ai(ãi) yields

dg(ãi,ψ̃
−1
ai (x))2 = |ψ̃ãi(ψ̃−1

ai (x))|2

=

3∑
k,l=1

<
∂

∂xk|x̃
ψ̃ãi(ψ̃

−1
ai (x)),

∂

∂xl|x̃
ψ̃ãi(ψ̃

−1
ai (x)) > (xk − ψ̃ai(ãi)k)(xl − ψ̃ai(ãi)l)

+O
(
|x− ψ̃ai(ãi)|3

)
,
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3. An appropriate representation in W (p, ε) and the modi�ed functional

where the O-term does not depend on n. Since Fermi-coordinates are Riemannian normal
coordinates at the boundary:

<
∂

∂xk
ψ̃ãi(ψ̃

−1
ai (x)),

∂

∂xl
ψ̃ãi(ψ̃

−1
ai (x)) >= g|ãi

(
(dψ̃−1

ai )|x̃(ek), (dψ̃
−1
ai )|x̃(el)

)
.

Let (v1, v2, v3) be an orthonormal basis of Tai∂M such that

ψ−1
ai (x) = expai

(
3∑
i=1

xivi

)
where expai is the geodesic exponential map. Then

g|ãi

(
d(ψ̃−1

ai )|x̃(ek), d(ψ̃−1
ai )|x̃(el)

)
= g|ãi

(
(d expai)| expai(

∑3
i=1 x̃ivi)

[vk], (d expai)| expai(
∑3
i=1 x̃ivi)

[vl]
)

= g|ai(vk, vl) = δkl,

where we used the Gauss's Lemma (see [17]) for the last step. Finally we have proved

dg(ãi, ψ̃
−1
ai (x))2 = |x− ψ̃ai(ãi)|2 +O

(
|x− ψ̃ai(ãi)|3

)
,

which proves the claim.

To use (3.6) we need to expand the interaction < δ̃ai,λi , δ̃ãi,λ̃i >. Therefore we compute:

< δ̃ai,λi , δ̃ãi,λ̃i >=

∫
M
Lg δ̃ai,λi δ̃ãi,λ̃idVg +

∫
∂M

Bg δ̃ai,λi δ̃ãi,λ̃idσg

= 2

∫
∂M

δ̃2
ai,λi

δ̃ãi,λ̃idσg + o(1)

= 2

∫
Bρ(0)

(
λi

1 + λ2
i |x|2

)2
(

λ̃i

1 + λ̃2
i dg(ãi, ψ

−1
ai (x))2

)
dx+ o(1)

= 2

(
λ̃i
λi

)∫
Bλiρ(0)

(
1

1 + |x|2

)2
(

1

1 + λ̃2
i dg(ãi, ψ

−1
ai ( xλi ))

2

)
dx+ o(1) (3.8)

Since λ̃i
λi

and λiλ̃id(ai, ãi)
2 = λiλ̃i|ψai(ãi)|2 are bounded form above we can assume

λ̃i
λi
→ µ > 0 and λ2

iψai(ãi)→ b ∈ R3

along a subsequence. Hence expansion (3.7) implies:(
1

1 + |x|2

)2
(

1

1 + λ̃2
i dg(ãi, ψ

−1
ai ( xλi ))

2

)
1Bλiρ(0)(x)

n→∞−−−→(
1

1 + |x|2

)2( 1

1 + µ2|x− b|2

)
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3. An appropriate representation in W (p, ε) and the modi�ed functional

pointwise in R3. Since∣∣∣∣∣
(

1

1 + |x|2

)2
(

1

1 + λ̃2
i dg(ãi, ψ

−1
ai ( xλi ))

2

)
1Bλiρ(0)(x)

∣∣∣∣∣ ≤
(

1

1 + |x|2

)2

∈ L1(R3), (3.9)

we can use Lebesgue's theorem and (3.8) to conclude

< δ̃ai,λi , δ̃ãi,λ̃i >= 2

∫
R3

(
1

1 + |x|2

)2( µ

1 + µ2|x− b|2

)
dx+ o(1). (3.10)

From (3.6) and (3.10) we derive 0 = ||u1,0 − uµ,b||2D1,2(R4
+)
, where

uλ,b(x, t) =

(
λ

(1 + λt)2 + λ2|x− b|2

)
, λ > 0, b ∈ R3

are the unique solutions (see [25]) to
∆u = 0 in R4

+

∂tu = −2u2 on ∂R4
+

u > 0.

Hence µ = 1 and b = 0, which implies

λiλ̃idg(ai, ãi)
2 → 0 and

λ̃i
λi
→ 1

along a subsequence. Finally a sub-subsequence argument proves the Lemma.

Remark 1.

(a) From Lemma 2 we deduce the following statement: For all δ > 0 exists ε > 0 such
that ∣∣λi

λ̃i
− 1
∣∣+ |αi − α̃i|+ λiλ̃idg(ai, ãi) < δ ∀i

if (α, a, λ), (α̃, ã, λ̃) ∈ Bp
2ε,γ and∣∣∣∣∣∣∣∣ p∑
i=1

αiϕai,λi −
p∑
i=1

α̃iϕãi,λ̃i

∣∣∣∣∣∣∣∣ < 2ε.

(b) The following statement is a conclusion from (a) and (3.1). For all δ > 0 exists
ε > 0 such that

(α, a, λ) ∈ Bp
2ε,γ , u ∈W (p, ε) s.t. ||u−

p∑
i=1

αiϕai,λi || < 2ε
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3. An appropriate representation in W (p, ε) and the modi�ed functional

implies ∣∣∣∣∣∣∣αi −
1√
2I0

 p∑
j=1

(
K(ai)

K(aj)

)2
− 1

2

∣∣∣∣∣∣∣ < δ.

Now we are prepared to prove the Proposition.

Proof of Proposition 5.
(i) Existence of a minimizer:

We choose ε small such that Remark 1 (a) is true for δ < 1/2. Since u ∈ W (p, ε) there
exits a1, · · · , ap ∈ ∂M and λ1, · · · , λp > ε−1 such that∣∣∣∣∣∣∣∣u− p∑

i=1

αiϕai,λi

∣∣∣∣∣∣∣∣ < ε, where αi = J(u)−
3
2

(
2

K(ai)

)
.

Let (αn, an, λn) ∈ Bp
2ε,γ be a minimizing sequence, then∣∣∣∣∣∣∣∣ p∑
i=1

αni ϕani ,λni −
p∑
i=1

αiϕai,λi

∣∣∣∣∣∣∣∣ < 2ε for n large.

Hence, from Lemma 2 we deduce that the λni are bounded from above and below. Thus
(αn, an, λn) → (ᾱ, ā, λ̄) ∈ Bp

2ε along a subsequence. Using Remark 1 (b) we can choose
ε smaller, if necessary, to obtain 1/2 1

γ < ᾱi < 2γ.

Claim: (ᾱ, ā, λ̄) ∈ Bp
ε,γ for ε small.

If the claim was wrong we could �nd un ∈ W (p, εn) with εn → 0, (ᾱn, ān, λ̄n) ∈ Bp
2ε,γ \

Bp
ε,γ such that ∣∣∣∣∣∣∣∣J(un)−

3
2

p∑
i=1

(
2

K(ani )

)
ϕani ,λni −

p∑
i=1

ᾱni ϕāni ,λ̄ni

∣∣∣∣∣∣∣∣ < 2εn.

But then Lemma 2 would imply

λni
λ̄ni

= 1 + o(1), λni λ̄
n
i dg(a

n
i , ā

n
i )2 = o(1),

which contradicts (ᾱn, ān, λ̄n) ∈ Bp
2ε,γ \B

p
ε,γ for n large. This proves the claim.

So far we have proved the existence of a minimizer in Bp
2ε,γ for ε small. It remains

to prove uniqueness.

(ii) Uniqueness of the minimizer:

The proof of the uniqueness follows essentially from the fact that the function

25



3. An appropriate representation in W (p, ε) and the modi�ed functional

Bp
2ε,γ 3 (α, a, λ) 7→

∣∣∣∣u −∑p
i=1 αiϕai,λi

∣∣∣∣2 is locally a convex function, hence the gradi-
ent is a strictly monotone operator, which guaranties uniqueness. These arguments are
hidden in the following proof, which works by contradiction.
From now on assume that the statement of the Proposition is wrong. Since we already
have proved the existence of a minimizer we can �nd a sequence un ∈ W (p, εn) with
εn → 0 and two minimizing sequences (αn, an, λn), (α̃n, ãn, λ̃n) ∈ Bp

2εn,γ
. From now on

we omit the index n in our notation and we will use o(1) for sequences that tend to zero
for n→∞. Furthermore we de�ne v := u−

∑p
i=1 αiϕai,λi , ṽ := u−

∑p
i=1 α̃iϕãi,λ̃i and

f(α, a, λ) :=

∣∣∣∣∣∣∣∣u− p∑
i=1

αiϕai,λi

∣∣∣∣∣∣∣∣2.
Taking the derivative w.r.t. αi at the minimizers yields

0 =< v,ϕai,λi > − < ṽ, ϕãi,λ̃i >=< v − ṽ, ϕai,λi > + < ṽ, ϕai,λi − ϕãi,λ̃i >

=

p∑
j=1

< α̃jϕãj ,λ̃j − αjϕaj ,λj , ϕai,λi > − < ṽ, ϕãi,λ̃i − ϕai,λi > . (3.11)

Since εn → 0 Lemma 2 implies

||ṽ||+ λiλ̃idg(ai, ãi)
2 + |αi − α̃i| = o(1) as well as

λi

λ̃i
= 1 + o(1), (3.12)

hence dg(ai, ãi) = o(1). We choose n large such that ãi is in the domain of de�nition of
Fermi-coordinates around ai.
Next we apply Lemma 13 and 14 in appendix D to obtain

| < ṽ, ϕãi,λ̃i − ϕai,λi > | ≤ Co(1)

(
λidg(ai, ãi) +

∣∣∣∣∣1− λ̃i
λi

∣∣∣∣∣
)

(3.13)

as well as

< α̃jϕãj ,λ̃j − αjϕaj ,λj , ϕai,λi > = (α̃j − αj)(2I0δij + o(1))

+O

 p∑
j=1

λ2
jdg(aj , ãj)

2 +

∣∣∣∣∣1− λ̃j
λj

∣∣∣∣∣
2
 . (3.14)

We combine (3.11), (3.13) and (3.14) to infer that

c

p∑
j=1

|αj − α̃j |

≤ o(1)

 p∑
j=1

λjdg(aj , ãj) +

∣∣∣∣∣1− λ̃j
λj

∣∣∣∣∣
+O

 p∑
j=1

λ2
jdg(aj , ãj)

2 +

∣∣∣∣∣1− λ̃j
λj

∣∣∣∣∣
2
 .

(3.15)
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Now we take the derivative of f w.r.t. ai at the minimizers to get

0 =< v,
1

λi

∂

∂ami
ϕai,λi > − < ṽ,

1

λ̃i

∂

∂ami
ϕãi,λ̃i >

=< v − ṽ, 1

λi

∂

∂ami
ϕai,λi > − < ṽ,

1

λ̃i

∂

∂ami
ϕãi,λ̃i −

1

λi

∂

∂ami
ϕai,λi >

=

p∑
j=1

< α̃jϕãj ,λ̃j − αjϕaj ,λj ,
1

λi

∂

∂ami
ϕai,λi > − < ṽ,

1

λ̃i

∂

∂ami
ϕãi,λ̃i −

1

λi

∂

∂ami
ϕai,λi >

(3.16)

From Lemma 13 and 14 in appendix D and (3.16) we derive the following inequality

c

p∑
j=1

λjdg(aj , ãj) ≤o(1)

 p∑
j=1

λjdg(aj , ãj) +

∣∣∣∣∣1− λ̃j
λj

∣∣∣∣∣+ |αj − α̃j |


+O

 p∑
j=1

λ2
jdg(aj , ãj)

2 +

∣∣∣∣∣1− λ̃j
λj

∣∣∣∣∣
2

+ |αj − α̃j |2
 . (3.17)

In a last step, we take the derivative of f w.r.t. λi to compute

0 = < v, λi
∂

∂λi
ϕai,λi > − < ṽ, λ̃i

∂

∂λi
ϕãi,λ̃i >

=

p∑
j=1

< α̃jϕãj ,λ̃j − αjϕaj ,λj , λi
∂

∂λi
ϕai,λi > − < ṽ, λ̃i

∂

∂λi
ϕãi,λ̃i − λi

∂

∂λi
ϕai,λi > .

(3.18)

Again from (3.18) and Lemma 13 and 14 in appendix D we get the inequality

c

p∑
j=1

∣∣∣∣∣1− λ̃j
λj

∣∣∣∣∣ ≤o(1)

 p∑
j=1

λjdg(aj , ãj) +

∣∣∣∣∣1− λ̃j
λj

∣∣∣∣∣+ |αj − α̃j |


+O

 p∑
j=1

λ2
jdg(aj , ãj)

2 +

∣∣∣∣∣1− λ̃j
λj

∣∣∣∣∣
2

+ |αj − α̃j |2
 . (3.19)

Finally from (3.14), (3.17) and (3.19) we obtain

c

 p∑
j=1

λjdg(aj , ãj) +

∣∣∣∣∣1− λ̃j
λj

∣∣∣∣∣+ |αj − α̃j |


≤ o(1)

 p∑
j=1

λjdg(aj , ãj) +

∣∣∣∣∣1− λ̃j
λj

∣∣∣∣∣+ |αj − α̃j |


+ O

 p∑
j=1

λ2
jdg(aj , ãj)

2 +

∣∣∣∣∣1− λ̃j
λj

∣∣∣∣∣
2

+ |αj − α̃j |2
 ,
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3. An appropriate representation in W (p, ε) and the modi�ed functional

which contradicts (3.12) for n large. Hence the minimizer must be unique for ε small.
Thus we have proved the minimization part of the Proposition. The stated estimate is
an immediate consequence of Remark 1.

Due to Proposition 5 and Remark 1 every u ∈W (p, ε) has a unique presentation

u =

p∑
i=1

αiϕai,λi + v,

where (α, a, λ) ∈ Bp
2ε,γ is unique up to permutation and

v ∈ E(α,a,λ) :=

〈
ϕai,λi , λi

∂

∂λi
ϕai,λi ,

1

λi

∂

∂ami
ϕai,λi

∣∣∣∣ 1 ≤ i ≤ p, 1 ≤ m ≤ 3

〉⊥
⊂ H1(M).

Furthermore ∣∣∣∣∣∣∣αi −
1√
2I0

 p∑
j=1

(
K(ai)

K(aj)

)2
− 1

2

∣∣∣∣∣∣∣→ 0

uniformly if ε→ 0.
We de�ne new neighbourhoods of non-converging Palais-Smale sequences, which we will
use from now on. For p ∈ N and ε > 0 set

V (p, ε) :=

{
u ∈ Σ

∣∣∣∣∣ u =

p∑
i=1

αiϕai,λi + v s.t. λi >
1

ε
∀i, εij < ε ∀ i 6= j,

v ∈ E(α,a,λ), ||v|| < ε,

∣∣∣∣∣∣∣αi −
1√
2I0

 p∑
j=1

(
K(ai)

K(aj)

)2
− 1

2

∣∣∣∣∣∣∣ < ε ∀i

}
. (3.20)

Clearly V (p, ε1) ⊂ W (p, ε2) ⊂ V (p, ε3) for ε1 << ε2 << ε3. Therefore we can work in
V (p, ε) instead of W (p, ε).

3.2. The modi�ed functional

The negative gradient �ow of J induces a "shadow" �ow with respect to the variables
(α, a, λ, v) for u =

∑p
i=1 αiϕai,λi + v ∈ V (p, ε). We would like to construct a pseudo-

gradient, which represents the major terms of this shadow �ow and which simpli�es the
movement of (α, a, λ, v).
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3. An appropriate representation in W (p, ε) and the modi�ed functional

Unfortunately, for our argument the functional J is not smooth enough. Nevertheless it
is possible to remedy this issue by introducing the new functional:

I(u) :=
||u||2(∫

∂M K(x)u3dσg
) 2

3

,

de�ned on the set

U := Σ ∩
{
u ∈ H1(M)

∣∣∣∣ ∫
∂M

K(x)u3dσg > 0

}
.

This replacement is justi�ed by the following Lemma:

Lemma 3. (a) Critical points of I are critical points of J .

(b) Palais-Smale sequences of I in U are Palais-Smale sequences of J in Vε0(Σ+).

Proof. First we prove (a). Let u ∈ U be a critical point of I, then

0 =< u, h > − 1∫
∂M K(x)u3dσg

∫
∂M

K(x)u2hdσg

for all h ∈ H1(M), especially for h = u− = max{0,−u}, which implies

||u−||2 +
1∫

∂M K(x)u3dσg

∫
∂M

K(x)(u−)3dσg = 0

and therefore u ≥ 0 a.e. in M . Hence u is also a critical point of J .
(b) Let (un)n be a Palais-Smale sequence of I. Since I is bounded form below

sup
||h||≤1

∣∣∣∣< un, u > −I(un)
3
2

∫
∂M

K(x)u2
nhdσg

∣∣∣∣ = o(1).

||u−n || ≤ 1, which implies ||u−n || → 0 if n→∞. Hence we derive∫
∂M

K(x)|un|3dσg =

∫
∂M

K(x)
(
(u+
n )3 + (u−n )3

)
dσg =

∫
∂M

K(x)
(
(u+
n )3 − (u−n )3

)
dσg

+ 2

∫
∂M

K(x)(u−n )3dσg =

∫
∂M

K(x)u3
ndσg + o(1),

which yields J(un) = I(un) + o(1). Therefore

DJ(un)[h] = (2I(un) + o(1))

(
< un, h > −

(
I(un)

3
2 + o(1)

)∫
∂M

K(x)un|un|h
)

= 2I(un)

(
< un, h > −I(un)

3
2

∫
∂M

K(x)un|un|h
)

+ o(1)||h||

= 2I(un)

(
< un, h > −I(un)

3
2

∫
∂M

K(x)u2
nh

)
+ o(1)||h||

= DI(un)[h] + o(1)||h||.
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3. An appropriate representation in W (p, ε) and the modi�ed functional

Thus (un)n is a Palais-Smale sequence of J . Furthermore (un)n ⊂ Vε0(Σ+) if n is
large.

From now on and in the rest of our proof we assume that I does not have any critical
point in U . This assumption yields the following Proposition.

Proposition 6. Let (un)n ⊂ U be a Palais-Smale sequence of I. Then there exist p ∈ N
and a sequence εn → 0 such that un ∈ V (p, εn) along a subsequence.

Proof. The result follows through Proposition 1, Lemma 3 and the de�nition of V (p, ε).

From now on we again write J(u) instead of I(u), hence

J(u) =
||u||2(∫

∂M K(x)u3dσg
) 2

3

.

Since we assume that J does not have critical points, �ow lines of the negative gradient
�ow will enter V (p, ε) for some p ≥ 1. Therefore we need to understand the behaviour
of J in V (p, ε). A �rst step is the expansion of J in V (p, ε) which gives us a �rst
understanding of the behaviour in V (p, ε) with respect to the variables (α, a, λ, v). This
expansion will be done in the next chapter.
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4. Expansion of the functional

In this chapter we expand the functional in V (p, ε) which will give us a rough idea how
the functional behaves with respect to the variables (α, a, λ, v). Again let G(·, ·) be the
Green's function of the operator (Lg, Bg). Moreover let Ha(x) be the regular part, which
appears in the expansion of the Green's function Ga(a, ·) with respect to the operator
(Lga , Bga). See appendix E for more details.

For (λi, ai), (λj , aj) ∈ R+ × ∂M we de�ne the interaction

I(εij) :=uaj (ai)χρ(|ψaj (ai)|)

 1
λi
λj

+
λj
λi

+ λiλjdgaj (ai, aj)
2


+
(
1− χρ(|ψaj (ai)|)

)G(ai, aj)

λiλj
. (4.1)

in case λi ≥ λj and I(εij) := I(εji) in case λj > λi.

Let |Π(a)| be the norm of the umbilicity tensor (see (1.9)) at a ∈ ∂M with respect
to ga, then the functional can be expanded as follows:
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4. Expansion of the functional

Proposition 7. Let u =
∑p

i=1 αiϕai,λi + v ∈ V (p, ε) and 2 ≤ λiρ2 ∀i, then

J(u) =
Q(B4, ∂B4)

∑p
i=1 α

2
i(∑p

i=1 α
3
iK(ai)

) 2
3

{
1 +

J

I06

p∑
i=1

α2
i∑p

j=1 α
2
j

|Π(ai)|2 log(λiρ)

λ2
i

−
p∑
i=1

(
α2
i∑p

j=1 α
2
j

|S3
+|Hai(ai)

I0
+

α3
i∑p

j=1 α
3
jK(aj)I0

I4

9
∆K(ai)

)
1

λ2
i

+ 2I1

∑
i 6=j

(
αiαj∑p
l=1 2I0α2

l

− K(ai)α
2
iαj∑p

l=1 α
3
lK(al)I0

)
I(εij)−

2∑p
j=1 α

3
jK(aj)I0

f∗(v)

+
1

2
∑p

j=1 α
2
jI0

(
||v||2 − 4

p∑
i=1

αiK(ai)
∑p

j=1 α
2
j∑p

l=1 α
3
lK(al)

∫
∂M

ϕai,λiv
2dσg

)}

+O

∑
i 6=j

ρεij

+ o

∑
i 6=j

εij

+O

(
p∑
i=1

ρ

λ2
i

+
|Π(ai)|2

λ2
i

)
+ o

(
p∑
i=1

1

λ2
i

)

+O

(
p∑
i=1

log(λiρ)

λi
+

1

λiρ

)
||v||2 +O(||v||3).

Here f∗(v) is a linear map on E(α,a,λ) given by

f∗(v) =

∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)2

vdσg

such that

||f∗||

≤ C

 p∑
i=1

|∇K(ai)|
λi

+
log(λi)

2
3

λ2
i

+
1

λ2
i ρ

2
+
|Π(ai)| log(λiρ)

3
4

λi
+
ρ

λi
+
∑
i 6=j

εij log(ε−1
ij )

2
3

 .

(4.2)

Moreover J, I0, I1 are positive constants.

Proof. First we expand the nominator. Since v ∈ E(α,a,λ)

||u||2 =

p∑
i=1

α2
i ||ϕai,λi ||

2 +
∑
i 6=j

αiαj〈ϕai,λi , ϕaj ,λj 〉+ ||v||2.

We compute the norm of ϕa,λ, therefore we essentially follow the computations in [15, 28].
Since

hga(x) =
1

2
∂t
(

log(det(ga(x))) = O(|x|9)
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4. Expansion of the functional

in ψa Fermi-coordinates with respect to the metric ga, we conclude hga(a) = ∇hga(a) = 0.
This identities will become very useful in the sequel. Furthermore we often will apply
the following formula: ∫

Sn−2
r

qdS =
r2

d(d+ n− 3)

∫
Sn−2
r

∆qdS (4.3)

for a homogeneous polynomial q of degree d.

Now we expand the norm:

||ϕa,λ||2 =

∫
M

(
|∇ϕ̂a,λ|2ga +

1

6
Rgaϕ̂

2
a,λ

)
dVga +

∫
∂M

hgaϕ̂
2
a,λdσga . (4.4)

In the following we identify B+
ρ ⊂ R4

+ with its image under ψ−1
a . We begin with a local

expansion of the gradient.∫
B+
ρ

|∇ϕ̂a,λ|2gadVga =

∫
B+
ρ

(
|∇ϕ̂a,λ|2 + (gij − δij)∂iϕ̂a,λ∂jϕ̂a,λ

)(
1 +O(|(x, t)|10)

)
dxdt

=

∫
B+
ρ

(
|∇ϕ̂a,λ|2 + (gij − δij)∂iϕ̂a,λ∂jϕ̂a,λ

)
dxdt+O

(
ρ2

λ2

)
. (4.5)

First observe∫
B+
ρ

|∇ϕ̂a,λ|2 =

∫
B+
ρ

|∇δλ|2 = 2I0 +

∫
S3
ρ,+

∂νδλδλdS +O

(
1

(λρ)3

)
. (4.6)

Next we expand ∫
B+
ρ

(gij − δij)∂iϕ̂a,λ∂jϕ̂a,λ =

∫
B+
ρ

(gij − δij)∂iδλ∂jδλ. (4.7)

Let Rijkl and R̄µ,ν,α,β be the coe�cients of the curvature tensors of ∂M and M respec-
tively and hij be the coe�cients of the second fundamental form of the metric ga in
Fermi-coordinates, then (see (A.1)):

gij = δij + 2hijt+
1

3
Rikjlxkxl + 2∂khijtxk + (R̄ninj + 3hikhkj)t

2 +O(|(x, t)|3). (4.8)

We use (4.3), (4.8) as well as R̄nn = −|Π(a)|2 to compute∫
B+
ρ

(gij − δij)∂iδλ∂jδλ =
8

3

|Π(a)|2

λ2

∫
B+
λρ

t2|x|2(
(1 + t)2 + |x|2

)4 +O
( ρ
λ2

)
. (4.9)

Furthermore

1

6

∫
B+
ρ

Rgaϕ̂
2
a,λdVga =

1

6

∫
B+
ρ

Rgaϕ̂
2
a,λdxdt+O

( ρ
λ2

)
= −1

6

|Π(a)|2

λ2

∫
B+
λρ

1(
(1 + t)2 + |x|2

)2 +O
( ρ
λ2

)
, (4.10)
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4. Expansion of the functional

where we used that Rga(x, t) = −|Π(a)|2 +O(|(x, t)|) in Fermi-coordinates. Finally, since
hga(x) = O(|x|9) in Fermi coordinates,∫

Bρ

hgϕ̂
2
a,λdσga = O

( ρ
λ2

)
. (4.11)

From (4.4), (4.6) and (4.9)-(4.11) we derive the expansion∫
B+
ρ

(
|∇ϕ̂a,λ|2ga +

1

6
Rgaϕ̂

2
a,λ

)
dVga +

∫
Bρ

hgaϕ̂
2
a,λdσga = 2I0 +

∫
S3
ρ,+

∂νδλδλdS

+
8

3

|Π(a)|2

λ2

∫
B+
λρ

t2|x|2(
(1 + t)2 + |x|2

)4 − 1

6

|Π(a)|2

λ2

∫
B+
λρ

1(
(1 + t)2 + |x|2

)2
+O

( ρ
λ2

)
+O

(
1

(λρ)3

)
. (4.12)

It remains to compute∫
M\B+

ρ

(
|∇ϕ̂a,λ|2ga +

1

6
Rgaϕ̂

2
a,λ

)
dVga +

∫
∂M\Bρ

hgaϕ̂
2
a,λdσga

=

∫
M\B+

ρ

Lgaϕ̂a,λ

(
ϕ̂a,λ −

Ga(a, ·)
λ

)
dVga +

∫
S3
ρ,+

(
∂νϕ̂a,λ

Ga(a, ·)
λ

− ∂ν
Ga(a, ·)

λ
ϕ̂a,λ

)
dσga

+

∫
∂M\Bρ

Bgaϕ̂a,λ

(
ϕ̂a,λ −

Ga(a, ·)
λ

)
dσga +

∫
S3
ρ,+

∂νϕ̂a,λϕ̂a,λdσga . (4.13)

We use the expansion of the Green's function (see appendix E) as well as the de�nition
of the bubble to get the estimate∣∣∣∣ϕ̂a,λ − Ga(a, ·)

λ

∣∣∣∣ = χρ

∣∣∣∣δλ − Ga(a, ·)
λ

∣∣∣∣ ≤ C ( |Π(a)|
λρ

+
1

λ
+

1

λ2ρ3

)
(4.14)

provided λρ ≥ 2 and dga(a, x) ≥ ρ. Furthermore, under the previous conditions, Propo-
sition 2 yields

|Lgaϕ̂a,λ| ≤ C
(

1

λ2ρ5
+
|Π(a)|
λρ3

)
. (4.15)

From (4.14) and (4.15) we derive the estimate∫
M
Lgaϕ̂a,λ

(
ϕ̂a,λ −

Ga(a, ·)
λ

)
dVga ≤ C

(
|Π(a)|2

λ2
+
ρ2

λ2
+

1

λ3ρ2

)
. (4.16)

In the following we expand the last integral in (4.13).∫
S3
ρ,+

∂νϕ̂a,λϕ̂a,λdσga =

∫
S3
ρ,+

√
g

ρ
gij∂iδλxjδλdS

=

∫
S3
ρ,+

1

ρ
gij∂iδλxjδλdS +O

(
ρ2

λ2

)
=

∫
S3
ρ,+

∂νδλδλdS +O

(
|Π(a)|2

λ2
+
ρ2

λ2
+

1

λ3ρ2

)
. (4.17)
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4. Expansion of the functional

Furthermore we �nd the estimate∣∣∣∣∣
∫
∂M\Bρ

Bgaϕ̂a,λ
(
ϕ̂a,λ −

Ga(a, ·)
λ

)
dσga

∣∣∣∣∣ ≤ C
(
|Π(a)|2

λ2
+
ρ2

λ2
+

1

λ3ρ2

)
. (4.18)

Finally we need to expand∫
S3
ρ,+

(
∂νϕ̂a,λ

Ga(a, ·)
λ

− ∂ν
Ga(a, ·)

λ
ϕ̂a,λ

)
dσga

=

∫
S3
ρ,+

(
∂νϕ̂a,λ

Ga(a, ·)
λ

− ∂ν
Ga(a, ·)

λ
ϕ̂a,λ

)
dS

+

∫
S3
ρ,+

(
gij − δij

)(
∂iϕ̂a,λ

Ga(a, ·)
λ

− ∂i
Ga(a, ·)

λ
ϕ̂a,λ

)
xj
ρ
dS +O

(
ρ2

λ2

)
=

∫
S3
ρ,+

(
∂νδλ

Ga(a, ·)
λ

− ∂ν
Ga(a, ·)

λ
δλ

)
dS +O

(
|Π(a)|2

λ2
+
ρ2

λ2

)
=

1

λ2

∫
S3
ρ,+

(
∂ν

1

|(x, t)|2
Ga(a, ·)− ∂νGa(a, ·)

1

|(x, t)|2

)
dS +O

(
|Π(a)|2

λ2
+

ρ

λ2
+

1

λ3ρ3

)
= −2|S3

+|
Ha(a)

λ2
+O

(
|Π(a)|2| log(ρ)|

λ2
+

ρ

λ2
+

1

λ3ρ3

)
. (4.19)

By adding (4.12),(4.13) and (4.16) - (4.19) we have proved the following expansion if
λρ ≥ 2 :

||ϕa,λ||2 = 2I0 − 2|S3
+|
Ha(a)

λ2

+
8

3

|Π(a)|2

λ2

∫
B+
λρ

t2|x|2(
(1 + t)2 + |x|2

)4 − 1

6

|Π(a)|2

λ2

∫
B+
λρ

1(
(1 + t)2 + |x|2

)2
+O

(
ρ

λ2
+

1

λ3ρ3

)
+ o

(
1

λ2

)
. (4.20)

Furthermore, due to ([28]),∫
B+
λρ

t2|x|2(
(1 + t)2 + |x|2

)4 = log(λρ)|S2|
∫ ∞

0

r4

(1 + r2)4
dr +O(1),∫

B+
λρ

1(
(1 + t)2 + |x|2

)2 = log(λρ)|S2|
∫ ∞

0

r2

(1 + r2)2
dr +O(1).

Since ∫ ∞
0

r4

(1 + r2)4
dr =

1

8

∫ ∞
0

r2

(1 + r2)2
dr,

||ϕa,λ||2 = 2I0 − 2|S3
+|
Ha(a)

λ2
+

1

3

|Π(a)|2 log(λρ)

λ2
J

+O

(
|Π(a)|2

λ2
+

ρ

λ2
+

1

λ3ρ3

)
+ o

(
1

λ2

)
, (4.21)
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4. Expansion of the functional

where

J = |S2|
∫ ∞

0

r2

(1 + r2)2
dr.

In Proposition 25, appendix B, we expand the interaction of two di�erent bubbles, which
is given by:

〈ϕai,λi , ϕaj ,λj 〉 = 2I1I(εij) +O (ρεij) + o (εij) (εij → 0),

provided 2 ≤ λiρ2, λjρ
2. Hence (4.21) implies

||u||2 = 2I0

p∑
i=1

α2
i − 2|S3

+|
p∑
i=1

α2
i

Hai(ai)

λ2
i

+
J

3

p∑
i=1

α2
i

|Π(ai)|2 log(λiρ)

λ2
i

(4.22)

+ 2I1

∑
i 6=j

αiαjI(εij)

+O

(
p∑
i=1

|Π(ai)|2

λ2
i

+
ρ

λ2
i

+
1

λ3
i ρ

3

)
+O

∑
i 6=j

ρεij

+ o

∑
i 6=j

εij


+ ||v||2. (4.23)

Now we turn to the expansion of the denominator:∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi + v

)3

dσg =

∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)3

dσg

+ 3

∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)2

vdσg + 3

∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)
v2dσg +O(||v||3).

(4.24)

First we compute∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)3

dσg =

p∑
i=1

α3
i

∫
∂M

K(x)ϕ3
ai,λi

dσg

+ 3
∑
i 6=j

α2
iαj

∫
∂M

K(x)ϕ2
ai,λi

ϕaj ,λjdσg +O

∑
i 6=j

∫
∂M

ϕ
3
2
ai,λi

ϕ
3
2
aj ,λj

dσg

 . (4.25)

∫
∂M

K(x)ϕ3
ai,λi

dσg = K(ai)

∫
∂M

ϕ̂3
ai,λi

dσgai +

∫
∂M

(
K(x)−K(ai)

)
ϕ̂3
ai,λi

dσgai

and ∫
∂M

ϕ̂3
ai,λi

dσgai =

∫
Bρ

ϕ̂3
ai,λi

dσgai +

∫
∂M\Bρ

ϕ̂3
ai,λi

dσgai

= I0 +O

(
|Π(ai)|2

λ2
i

+
1

(λiρ)3

)
+

∫
∂M\Bρ

ϕ̂3
ai,λi

dσgai

= I0 +O

(
|Π(ai)|2

λ2
i

+
1

(λiρ)3

)
.
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4. Expansion of the functional

Moreover∫
∂M

(
K(x)−K(ai)

)
ϕ̂3
ai,λi

dσgai =

∫
Bρ

(
K(x)−K(ai)

)
ϕ̂3
ai,λi

dx+O

(
1

(λiρ)3

)
=

∫
Bρ

(
K(x)−K(ai)

)
δ3
λi
dx+O

(
1

(λiρ)3

)
=
I4

6

∆K(ai)

λ2
i

+O

(
1

(λiρ)3

)
+ o

(
1

λ2
i

)
,

where

I4 =

∫
R3

|x|2(
1 + |x|2

)3dx.
Hence∫

∂M
K(x)ϕ3

ai,λi
dσg = K(ai)I0 +

I4

6

∆K(ai)

λ2
i

+O

(
1

(λiρ)3

)
+ o

(
1

λ2
i

)
. (4.26)

Next we expand the second integral in (4.25). Proposition 2 implies∫
∂M

ϕ2
ai,λi

ϕaj ,λjdσg =
1

2

∫
∂M

Bgϕai,λiϕaj ,λjdσg +O

(
1

λ2
iλjρ

4

)
+O

(
ρ

λiλj

)
. (4.27)

Thus ∫
∂M

ϕ2
ai,λi

ϕaj ,λjdσg =
1

2
〈ϕai,λi , ϕaj ,λj 〉 −

1

2

∫
M
Lgϕai,λiϕaj ,λjdVg

+O

(
ρ

λiλj

)
+ o

(
1

λ2
i

+
1

λ2
j

)

Since ua is smooth, there exist constants C, c, ρ0 > 0 such that

cdga(a, x)2 ≤ |ψa(x)|2 ≤ Cdga(a, x)2 ∀a ∈ ∂M, ∀x ∈M : dga(a, x) ≤ 2ρ0 (4.28)

and

cdga(a, x)2 ≤ dg(a, x)2 ≤ Cdga(a, x)2 ∀a ∈ ∂M, ∀x ∈M. (4.29)

Therefore, from Proposition 2, (4.28), (4.29) and the estimate

ϕa,λ ≤ C

(
λ(

1 + λdg(a, x)
)2
)

for λρ ≥ 2, (4.30)

we derive∫
M
Lgϕai,λiϕaj ,λjdVg = O

(∫
B+

2ρ(ai)

(
λ2
i

(1 + λidg(ai, x))3

)(
λj

(1 + λjdg(aj , x))2

)
dVg

)

+
1

ρ
O

(∫
B+

2ρ(ai)

(
λi

(1 + λidg(ai, x))2

)(
λj

(1 + λjdg(aj , x))2

)
dVg

)
.
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4. Expansion of the functional

If λi ≥ λj and λi
λj
≥ λiλjdg(ai, aj)2 the previous integral can be easily estimated by∣∣∣∣∫

M
Lgϕai,λiϕaj ,λjdVg

∣∣∣∣ ≤ Cρεij .
In all other cases we integrate both integrals over B+

2ρ(ai) ∩A and B+
2ρ(ai) ∩Ac, where

A =

{
x ∈M | 2dg(aj , x) ≤ 1

λi
+ dg(ai, aj)

}
(4.31)

to obtain ∣∣∣∣∫
M
Lgϕai,λiϕaj ,λjdVg

∣∣∣∣ ≤ Cρεij .
Hence, in any case∫

∂M
K(x)ϕ2

ai,λi
ϕaj ,λjdσg = K(ai)I1I(εij) +

∫
∂M

(
K(x)−K(ai)

)
ϕ2
ai,λi

ϕaj ,λjdσg

+O(ρεij) +O

(
ρ

λiλj

)
+ o

(
1

λ2
i

+
1

λ2
j

)
.

Lastly∫
∂M

(
K(x)−K(ai)

)
ϕ2
ai,λi

ϕaj ,λjdσg =

∫
Bρ(ai)

(
K(x)−K(ai)

)
ϕ2
ai,λi

ϕaj ,λjdσg

+O

(
1

λ2
iλjρ

4

)

= O

(∫
Bρ

|K(x)−K(ai)|3δ3
λi

) 1
3 (∫

∂M
ϕ

3
2
ai,λi

ϕ
3
2
aj ,λj

) 2
3

+O

(
1

λ2
iλjρ

4

)

= O

(
log(λi)

1
3

λi
εij log(ε−1

ij )
2
3

)
+O

(
1

λ2
iλjρ

4

)

= o

(
1

λ2
i

+
1

λ2
j

)
+ o(εij).

Here we used the estimate∫
∂M

ϕ
3
2
ai,λi

ϕ
3
2
aj ,λj

dσg ≤ Cε
3
2
ij log(ε−1

ij ), (4.32)

which can be proved by integrating over A ∩ ∂M and Ac ∩ ∂M (see also Estimate 2 in
[7]). Summing up, we have shown∫

∂M
K(x)ϕ2

ai,λi
ϕaj ,λjdσg = K(ai)I1I(εij) +O(ρεij) + o(εij)

+O

(
ρ

λiλj

)
+ o

(
1

λ2
i

+
1

λ2
j

)
. (4.33)
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4. Expansion of the functional

We add (4.25), (4.26), (4.32) and (4.33) to get the expansion

∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)3

dσg =

p∑
i=1

α3
iK(ai)I0 +

p∑
i=1

α3
i

I4

6

∆K(ai)

λ2
i

+ 3
∑
i 6=j

α2
iαjK(ai)I1I(εij) +O

∑
i 6=j

ρεij

+ o

∑
i 6=j

εij


+O

(
p∑
i=1

ρ

λ2
i

+
|Π(ai)|2

λ2
i

)
+ o

(
p∑
i=1

1

λ2
i

)
. (4.34)

The next step is to estimate the integral∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)2

vdσg =

p∑
i=1

α2
i

∫
∂M

K(x)ϕ2
ai,λi

vdσg

+
∑
i 6=j

∫
∂M

K(x)αiαjϕai,λiϕaj ,λjvdσg.

The second integral is bounded from above by∣∣∣∣∫
∂M

K(x)αiαjϕai,λiϕaj ,λjvdσg

∣∣∣∣ ≤ C (∫
∂M

ϕ
3
2
ai,λi

ϕ
3
2
aj ,λj

dσg

) 2
3

||v|| ≤ Cεij log(ε−1
ij )

2
3 ||v||,

hence it remains to estimate the �rst integral.∫
∂M

K(x)ϕ2
ai,λi

vdσg = K(ai)

∫
∂M

ϕ2
ai,λi

vdσg +

∫
∂M

(
K(x)−K(ai)

)
ϕ2
ai,λi

vdσg

= K(ai)

∫
∂M

ϕ2
ai,λi

vdσg +O

(∫
Bρ(ai)

(
K(x)−K(ai)

)
ϕ2
ai,λi

vdσg

)
+O

(
1

λ2
i ρ

2

)
||v||

= K(ai)

∫
∂M

ϕ2
ai,λi

vdσg +O

(∫
Bρ(ai)

|K(x)−K(ai)|
3
2 δ3
λi
dx

) 2
3

||v||

+O

(
1

λ2
i ρ

2

)
||v||

= K(ai)

∫
∂M

ϕ2
ai,λi

vdσg +O

(
|∇K(ai)|

λi
+

log(λi)
2
3

λ2
i

+
1

λ2
i ρ

2

)
||v||.

Since v ∈ E(α,a,λ)

0 =< v,ϕai,λi >=

∫
M
Lgϕai,λivdVg +

∫
∂M

Bgϕai,λivdσg
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4. Expansion of the functional

and therefore

2

∫
∂M

ϕ2
ai,λi

vdσg =

∫
∂M

Bgϕai,λivdσg +

∫
∂M

(
2ϕ2

ai,λi
−Bgϕai,λi

)
vdσg

= −
∫
M
Lgϕai,λivdVg +

∫
∂M

(
2ϕ2

ai,λi
−Bgϕai,λi

)
vdσg

= O

((∫
M
|Lgai ϕ̂ai,λi |

4
3dVgai

) 3
4

+

(∫
∂M
|
(
2ϕ̂2

ai,λi
−Bgai ϕ̂ai,λi

)
|
3
2dσgai

) 2
3

)
||v||.

Thus Proposition 2 implies∣∣∣∣∫
∂M

ϕ2
ai,λi

vdσg

∣∣∣∣ ≤ C
(
|Π(ai)| log(λiρ)

3
4

λi
+
ρ

λi
+

1

λ2
i ρ

)
||v||

and therefore∣∣∣∣ ∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)2

vdσg

∣∣∣∣ ≤
C

 p∑
i=1

|∇K(ai)|
λi

+
log(λi)

2
3

λ2
i

+
1

λ2
i ρ

2
+
|Π(ai)| log(λiρ)

3
4

λi
+
ρ

λi
+
∑
i 6=j

εij log(ε−1
ij )

2
3

 ||v||.
(4.35)

Finally we expand the last integral in (4.24):∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)
v2dσg

=

p∑
i=1

K(ai)αi

∫
∂M

ϕai,λiv
2dσg +O

(
p∑
i=1

log(λiρ)

λi
+

1

λiρ

)
||v||2. (4.36)

We add (4.34), (4.35) and the last expansion to (4.24) to get∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi + v

)3

dσg =

p∑
i=1

α3
iK(ai)I0 +

p∑
i=1

α3
i

I4

6

∆K(ai)

λ2
i

+ 3
∑
i 6=j

α2
iαjK(ai)I1I(εij) + 3f∗(v) + 3

p∑
i=1

K(ai)αi

∫
∂M

ϕai,λiv
2dσg

+O

∑
i 6=j

ρεij

+ o

∑
i 6=j

εij

+O

(
p∑
i=1

ρ

λ2
i

+
|Π(ai)|2

λ2
i

)
+ o

(
p∑
i=1

1

λ2
i

)

+O

(
p∑
i=1

log(λiρ)

λi
+

1

λiρ

)
||v||2 +O(||v||3). (4.37)
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4. Expansion of the functional

Lastly we use the Taylor-expansion (1 + t)−
2
3 = 1− 2

3 t+O(t2) to expand∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi + v

)3

dσg

−2
3

and multiply the expansion with (4.22), which proves the Proposition.

Using Proposition 7 we can know have a �rst look into the behaviour of the functional in
V (p, ε). Since the expansion in Proposition 7 holds in the C1-sense, which will be proved
precisely in chapter 5 and 6, we can try to understand the behaviour of J in V (p, ε)
through the variables (α, a, λ, v), where

u =

p∑
i=1

αiϕai,λi + v.

We have to be careful because v is not independent of (α, a, λ). But for a rough un-
derstanding let us assume v to be independent. Due to the de�nition of V (p, ε) (see
(3.20)):

αiK(ai) = αjK(aj) + o(ε) in V (p, ε) uniformly for ε→ 0.

Moreover, the assumptions of our Theorems yield |Π(a)| ≤ C|∇K(a)| on ∂M . Let
us �rst try to understand the behaviour with respect to (α, a, λ). The v-term will be
investigated precisely in the next chapter. Therefore, by neglecting all lower order terms
in Proposition 7, we get the rough expansion:

J

(
p∑
i=1

αiϕai,λi

)

≈
Q(B4, ∂B4)

∑p
i=1 α

2
i(∑p

i=1 α
3
iK(ai)

) 2
3

{
1−

p∑
i=1

α2
i∑p

j=1 α
2
j

(
|S3

+|Hai(ai)

I0
+

I4

9I0

∆K(ai)

K(ai)

)
1

λ2
i

− I1

I0

∑
i 6=j

αiαj∑p
l=1 α

2
l

I(εij)

}
.

We set

f(α, a) =
Q(B4, ∂B4)

∑p
i=1 α

2
i(∑p

i=1 α
3
iK(ai)

) 2
3

.

Hence, �rst we could move (α, a) along the �ow of ∇f(α, a), which is a pseudo gradient
of J as long as

|∇f(α, a)|2 ≥ O

 p∑
i=1

1

λ2
i

+
∑
i 6=j

εij

 .
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4. Expansion of the functional

If

|∇f(α, a)|2 ≤ O

 p∑
i=1

1

λ2
i

+
∑
i 6=j

εij


we have to add a vector �eld, which moves the λ-variables. Due to the interaction εij
we have to distiguish many cases, which makes a rough understanding complicated. For
simplicity, let us assume p = 1. Then

J
(
αϕa,λ

)
≈ Q(B4, ∂B4)

K(a)
2
3

(
1−

(
|S3

+|
Ha(a)

I0
+

I4

9I0

∆K(a)

K(a)

)
1

λ2

)
.

Since a is close to a critical point in this case, a natural pseudo gradient has so increase
λ, if

|S3
+|
Hx(x)

I0
+

I4

9I0

∆K(x)

K(x)
> 0 (4.38)

and decrease λ, if

|S3
+|
Hx(x)

I0
+

I4

9I0

∆K(x)

K(x)
< 0 (4.39)

Therefore, �ow lines of a negative pseudo gradient vector �eld, which remain in V (1, ε(t))
for ε(t) → 0 will accumulate at critical points of f . Furthermore they have to accumu-
late at critical points of K such that (4.39) holds. For p ≥ 2 it is more complicated to
understand �ow lines, which remain in V (p, ε). A rigorous proof will be given in chapters
7 and 8 (see Proposition 19).

Next chapter we expand the gradient of J with respect to the v-part to get a precise
understanding for the movement of the v-variable for

p∑
i=1

αiϕai,λi + v ∈ V (p, ε).
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5. Minimization of the v-part

Let us �rst introduce some notation which will be used frequently in the rest of this
thesis. For p ∈ N and ε > 0 we set:

Bp
ε :=

{
(α, a, λ) ∈ Rp+ × ∂Mp × Rp+

∣∣∣∣ λi > 1

ε
∀i, εij < ε ∀ i 6= j,∣∣∣∣∣∣∣αi −

1√
2I0

 p∑
j=1

(
K(ai)

K(aj)

)2
− 1

2

∣∣∣∣∣∣∣ < ε ∀i

}
. (5.1)

In this chapter we prove the following Proposition:

Proposition 8. There exist ε0 > 0 and δ0 > 0 such that for all (α, a, λ) ∈ Bp
ε0 the

minimization problem

min

{
J

(
p∑
i=1

αiϕai,λi + v

) ∣∣∣∣∣ v ∈ E(α,a,λ) ∩Bδ0(0)

}

has a unique solution v̄ = v̄(α, a, λ). Moreover it exits C > 0 such that

||v̄|| ≤ C||f∗||

≤ C

 p∑
i=1

|∇K(ai)|
λi

+
log(λi)

2
3

λ2
i

+
1

λ2
i ρ

2
+
|Π(ai)| log(λiρ)

3
4

λi
+
ρ

λi
+
∑
i 6=j

εij log(ε−1
ij )

2
3

 .

Crucial for the proof of this statement is the following Proposition which has been proved
in [4] by using ideas of [7] and [12].

Proposition 9. For all p ∈ N there exists ε(p) > 0 and c(p) > 0 such that

||v||2 − 4

p∑
i=1

∫
∂M

ϕai,λiv
2dσg ≥ c(p)||v||2 for all v ∈ E(α,a,λ)

provided (α, a, λ) ∈ Bp
ε(p).
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5. Minimization of the v-part

We set

q(v) := ||v||2 − 4

p∑
i=1

∫
∂M

ϕai,λiv
2dσg,

which is a quadratic form on E(α,a,λ) due to Proposition 9.
We need a rough expansion of

p(α, a, λ)∇J

(
p∑
i=1

αiϕai,λi + v

)
,

where p(α, a, λ) is the orthogonal projection (in H1(M)) onto E(α,a,λ). For h ∈ E(α,a,λ)

and u =
∑p

i=1 αiϕai,λi + v we obtain

< ∇J(u), h >=
1(∫

∂M K(x)u3dσg
) 2

3

(
2 < v, h > −2l(u)

∫
∂M

K(x)u2hdσg

)
.

Here

l(u) =
||u||2∫

∂M K(x)u3dσg
.

For f ∈ L3(∂M) let B−1
g (f) ∈ H1(M) be the unique weak solution of the boundary

value problem: {
Lgu = 0 in M

Bgu = K(x)f on ∂M.

Then

p(α, a, λ)∇J(u) =
1(∫

∂M K(x)u3dσg
) 2

3

(
2v − 2l(u)p(α, a, λ)B−1

g

(
u2
))
.

Hence
p(α, a, λ)∇J(u) = 0⇔ v − l(u)p(α, a, λ)B−1

g

(
u2
)

= 0.

Set u = u(v) =
∑p

i=1 αiϕai,λi + v and F : E(α,a,λ) → E(α,a,λ),

F (v) := v − l(u)p(α, a, λ)B−1
g

(
u2
)

as well as

r(u)[h] := l(u)

(∫
∂M

K(x)u2hdσg − f∗(h)− 2

∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)
hvdσg

)
.

We easily derive the estimate

|r(u)[h]| ≤ C||h|| · ||v||2. (5.2)
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5. Minimization of the v-part

Moreover the same expansion as in (4.36) yields

l(u)

∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)
hvdσg = l(u)

p∑
i=1

K(ai)αi

∫
∂M

ϕai,λivhdσg

+O

(
p∑
i=1

log(λi)

λi
+

1

λiρ

)
||v|| · ||h||

= 2

p∑
i=1

∫
∂M

ϕai,λivhdσg + o(ε)||v|| · ||h||, (5.3)

because

l(u) =
2
∑p

i=1 α
2
i∑p

i=1 α
3
iK(ai)

+ o(ε).

Hence, the identity

< F (v), h >=< v, h >

− l(u(v))

(
f∗(h) + 2

∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)
hvdσg

)
− r(u)[h],

(5.2) and (5.3) implie

F (v) = −l(u)a+
1

2
∇q(v) + o(ε)||v||+ o(||v||), (5.4)

where a ∈ E(α,a,λ) such that < a, h >= f∗(h) for all h ∈ E(α,a,λ). Let
B : E(α,a,λ) × E(α,a,λ) → R,

B(h,w) =< h,w > −4

p∑
i=1

∫
∂M

ϕai,λihwdσg

the bilinear form such that q(v) = B(v, v). Proposition 9 yields that B is coercive, hence
there exists a linear, selfadjoint operator A : E(α,a,λ) → E(α,a,λ) such that
B(h,w) =< Ah,w >. Since c||v||2 ≤ q(v) ≤ C||v||2 for all (α, a, λ) ∈ Bp

ε , we get
cId ≤ A ≤ CId. Thus A is an isomorphism and ||A−1|| ≤ 1

c . Therefore F is equal to

F (v) = l(u(v))a+Av + o(ε)||v||+ o(||v||). (5.5)

We also need to expand the derivative of F .

< DF (v)[h], w > =
d

dt|t = 0
< F (v + th), w >

=< h,w > −Dl(u(v))[h]

∫
∂M

K(x)u(v)2wdσg

− 2l(u(v))

∫
∂M

K(x)u(v)hwdσg.
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5. Minimization of the v-part

As in (5.3) an expansion yields

< h,w > −2l(u(v))

∫
∂M

K(x)u(v)hwdσg =< Ah,w > + < r1(v)[h], w >,

where
||r1(v)|| ≤ C (o(ε) + o(||v||)) .

It remains to estimate the second term

Dl(u(v))[h]

∫
∂M

K(x)u(v)2wdσg = Dl(u(v))[h] < B−1
g (u(v)2), w >,

where

Dl(u(v))[h] =
2∫

∂M K(x)u3dσg

(
< v, h > −3

2
l(u)

∫
∂M

K(x)u3hdσg

)
=

2∫
∂M K(x)u3dσg

(
3

2
l(u)f∗(h) +O(||v||)

)
||h||

= (o(ε) +O(||v||)) ||h||

for h ∈ E(α,a,λ). Therefore, the previous expansions yield

DF (v) = A+ r1(v) +B−1
g (u(v)) ·Dl(u(v)), (5.6)

where
||r1(v) +B−1

g (u(v)) ·Dl(u(v))|| ≤ C (o(ε) +O(||v||)) .

Set F̃ (v) = −A−1 (l(u(v))a+ o(ε||v||) + o(||v||)) = v − A−1F (v). Due to Proposition 7,
||l(u(v))a|| = o(ε). Hence it exist ε, δ > 0 such that F̃ maps Bδ(0) into itself, if ε is
small. Moreover, form (5.6) we derive for v1, v2 ∈ Bδ(0) :

||F̃ (v2)− F̃ (v1)|| ≤
∫ 1

0
||DF̃

(
v1 + t(v2 − v1)

)
||dt · ||v2 − v1|| = (o(ε) +O(δ)) ||v2 − v1||.

Therefore, it exists ε0, δ0 > 0 such that

F̃ : Bδ0(0) ∩ E(α,a,λ) → Bδ0(0) ∩ E(α,a,λ)

is a contraction for all (α, a, λ) ∈ Bp
ε0 . The contraction mapping principle yields a unique

�xpoint for F̃ and hence a unique solution of F (v) = 0. Summing up, we have proved
the following statement:

Proposition 10. There exists ε0 > 0 such that the equation

p(α, a, λ)∇J

(
p∑
i=1

αiϕai,λi + v

)
= 0

has exactly one solution v̄ = v̄(α, a, λ) ∈ E(α,a,λ) ∩Bδ0(0) provided (α, a, λ) ∈ Bp
ε0.
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5. Minimization of the v-part

In the last part of this section we show that v̄ minimizes

E(α,a,λ) ∩Bδ0(0) 3 v 7→ J

(
p∑
i=1

αiϕai,λi + v

)

for all (α, a, λ) ∈ Bp
ε0 and ε0 small. Due to Proposition 10 it remains to show:

D2J

(
p∑
i=1

αiϕai,λi + v

)
[h, h] ≥ c0||h||2 ∀h ∈ E(α,a,λ) and v ∈ E(α,a,λ) ∩Bδ0(0). (5.7)

For u =
∑p

i=1 αiϕai,λi + v we compute:

D2J(u)[h, h] =< D∇J(u)[h], h >

=
1(∫

∂M K(x)u3dσg
) 2

3

[
−

2
∫
∂M K(x)u2hdσg(∫
∂M K(x)u3dσg

) < F (v), h >

+ < DF (v)[h], h >

]
=

1(∫
∂M K(x)u3dσg

) 2
3

(
2 < Ah, h > +o(ε)||h||2 +O(||v||)||h||2

)
≥ c0||h||2

for ε and ||v|| small. Therefore v̄ form Proposition 10 is a minimizer. From the equation
0 = F (v̄) (see (5.4)) we derive the estimate

||v̄|| ≤ C||a|| = C||f∗||.

Hence the stated estimate in Proposition 8 follows from (4.2). Therefore the proof of
Proposition 8 is completed.

Remark 2. Returning to the question of understanding the behaviour of J in V (p, ε),
we can now understand the behaviour with respect to v. Since

v 7→ J

(
p∑
i=1

αiϕai,λi + v

)

is a convex functional with a local minimizer, a natural negative pseudo gradient of J has
to move v such that v comes closer to v̄.
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6. Expansion of the gradient

In the previous chapter we analysed the behaviour of J with respect to the v-part. This
chapter is crucial for the construction of a pseudo gradient vector �eld which moves the
variables (α, a, λ).
For any h ∈ H1(M) and u ∈ U it holds

< ∇J(u), h >= 2J(u)

(
< u, h > − ||u||2∫

∂M K(x)u3dσg

∫
∂M

K(x)u2hdσg

)
. (6.1)

In the following u =
∑p

i=1 αiϕai,λi + v ∈ V (p, ε) and h is either one of this bubbles
or a derivative of this bubbles with respect to λi or ai. We did the expansion of the
functional in the general case. Since we assume that all critical points are umbilic points
there exits a constant such that |Π(a)| ≤ C|∇K(a)| for all a ∈ ∂M . This estimate is true
because K is a Morse-function. From now on we use this inequality in the expansion of
the gradient.

6.1. Expansion of the gradient applied to a bubble

Proposition 11. For u =
∑p

i=1 αiϕai,λi + v ∈ V (p, ε) it holds:

< ∇J(u), ϕaj ,λj > = 4I0J(u)

(
αj −

α2
jK(aj)

∑p
i=1 α

2
i∑p

i=1 α
3
iK(ai)

)

+O

 p∑
i=1

1

λ2
i

+
|Π(ai)|2 log(λiρ)2

λ2
i

+
∑
i 6=j

εij

+O(||v||2).
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6. Expansion of the gradient

Proof. Since u ∈ V (p, ε) and v ∈ E(α,a,λ)

<

p∑
i=1

αiϕai,λi + v, ϕaj ,λj > = αj ||ϕaj ,λj ||
2 +O

∑
i:i 6=j

εij


= 2I0αj +O

(
|Π(aj)|2 log(λjρ)

λ2
j

+
1

λ2
j

)
+O

∑
i:i 6=j

εij

 ,

(6.2)

where we used (4.21). Furthermore we expand∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi + v

)2

ϕaj ,λjdσg =

∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)2

ϕaj ,λjdσg

+ 2

∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)
ϕaj ,λjv +O(||v||2). (6.3)

The �rst term on the right hand side can be computed as follows∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)2

ϕaj ,λjdσg =

p∑
i=1

α2
i

∫
∂M

K(x)ϕ2
ai,λi

ϕaj ,λjdσg

+ 2
∑
i 6=l

αiαl

∫
∂M

K(x)ϕai,λiϕal,λlϕaj ,λjdσg.

In addition
p∑
i=1

α2
i

∫
∂M

K(x)ϕ2
ai,λi

ϕaj ,λjdσg

= α2
jK(aj)I0 +O

(
1

λ2
j

)
+O

∑
i 6=j

∫
∂M

ϕ2
ai,λi

ϕaj ,λjdσg


and ∫

∂M
ϕ2
ai,λi

ϕaj ,λjdσg ≤ C
∫
∂M

(
λi

1 + λ2
i dg(ai, x)2

)2
(

λj
1 + λ2

jdg(aj , x)2

)
dσg.

In case λi ≥ λi and λi
λj
≥ λiλjdg(ai, aj)2 we obtain∫

∂M

(
λi

1 + λ2
i dg(ai, x)2

)2
(

λj
1 + λ2

jdg(aj , x)2

)
dσg

≤ λj

(∫
Bρ0 (ai)

(
λi

1 + λ2
i dg(ai, x)2

)2

dσg

)
+O

(
λj
λ2
i

)
≤ Cλj

λi
≤ Cεij .
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6. Expansion of the gradient

In all other cases we integrate over

A :=

{
x ∈ ∂M : 2dg(aj , x) ≤ 1

λi
+ dg(ai, aj)

}
and Ac to get the estimate∫
∂M

(
λi

1 + λ2
i dg(ai, x)2

)2
(

λj
1 + λ2

jdg(aj , x)2

)
dσg ≤ C

(
1

λj
λi

+ λiλjdg(ai, aj)2

)
≤ Cεij .

Hence, in any case we obtain ∫
∂M

ϕ2
ai,λi

ϕaj ,λjdσg ≤ Cεij (6.4)

and therefore

p∑
i=1

α2
i

∫
∂M

K(x)ϕ2
ai,λi

ϕaj ,λjdσg

= α2
jK(aj)I0 +O

(
1

λ2
j

)
+O

∑
i 6=j

εij

 . (6.5)

Finally∣∣∣∣∣∣2
∑
i 6=l

αiαl

∫
∂M

K(x)ϕai,λiϕal,λlϕaj ,λjdσg

∣∣∣∣∣∣ ≤ C
∑
k 6=l

∫
∂M

ϕ2
ak,λk

ϕal,λldσg ≤ C
∑
k 6=l

εkl,

hence∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)2

ϕaj ,λjdσg = I0α
2
jK(aj) +O

(
1

λ2
j

)
+O

∑
k 6=l

εkl

 . (6.6)

Therefore the �rst term of the right hand side of (6.3) is expanded. Now we estimate
the linear term∫

∂M
K(x)

(
p∑
i=1

αiϕai,λi

)
ϕaj ,λjv

=

∫
∂M

K(x)αjϕ
2
aj ,λj

vdσg +O

∑
i 6=j

(∫
∂M

ϕ
3
2
ai,λi

ϕ
3
2
aj ,λj

dσg

) 2
3

 ||v||
= O

 |∇K(aj)|
λj

+
log(λj)

λ2
j

+
|Π(aj)| log(λjρ)

λj
+

ρ

λj
+
∑
i 6=j

εij log(ε−1
ij )

2
3

 ||v||,
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6. Expansion of the gradient

where we used the same estimates as in the expansion of the functional. Hence we have
derived the following expansion:

∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi + v

)2

ϕaj ,λjdσg = I0α
2
jK(aj) +O

(
1

λ2
j

)
+O

∑
k 6=l

εkl


+O

 |∇K(aj)|
λj

+
log(λj)

λ2
j

+
|Π(aj)| log(λjρ)

λj
+

ρ

λj
+
∑
i 6=j

εij log(ε−1
ij )

2
3

 ||v||
+O(||v||2). (6.7)

Finally, using the expansion of the functional, we obtain

||u||2∫
∂M K(x)u3dσg

= 2

∑p
i=1 α

2
i∑p

i=1 α
3
iK(ai)

+O

 p∑
i=1

1

λ2
i

+
|Π(ai)|2 log(λiρ)

λ2
i

+
∑
i 6=j

εij

+O(||v||2). (6.8)

From (6.2), (6.7) and (6.8) we derive

< u,ϕaj ,λj >−
||u||2∫

∂M K(x)u3dσg

∫
∂M

K(x)u2ϕaj ,λjdσg

= 2I0αj − 2I0

α2
jK(aj)

∑p
i=1 α

2
i∑p

i=1 α
3
iK(ai)

+O

 p∑
i=1

1

λ2
i

+
|Π(ai)|2 log(λiρ)

λ2
i

+
∑
i 6=j

εij

+O(||v||2),

which proves the Proposition.

6.2. Expansion of the gradient applied to a derivative w.r.t.

λ

In this section we prove a precise expansion of < ∇J(u), λj
∂
∂λj

ϕaj ,λj >. This expres-
sion will tell us how the non-compact variables λj will move along a suitable pseudo
gradient.
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6. Expansion of the gradient

Proposition 12. If u =
∑p

i=1 αiϕai,λi + v ∈ V (p, ε) and 2 ≤ λiρ2 for all i, then

< ∇J(u), λj
∂

∂λj
ϕaj ,λj >= 2J(u)

(
2|S3

+|αj
Haj (aj)

λ2
j

+ 2

∑p
i=1 α

2
i∑p

i=1 α
3
iK(ai)

α2
j

I4

9

∆K(aj)

λ2
j

+
∑
i 6=j

αj2I1λj
∂

∂λj
I(εij)− 2

∑p
i=1 α

2
i∑p

i=1 α
3
iK(ai)

∑
i 6=j

I1

(
α2
iK(ai) + αiαjK(aj)

)
λj

∂

∂λj
I(εij)

)

+O

(
ρ

λ2
j

+
1

(λjρ)3

)
+O

∑
i 6=j

ρεij

+ o

∑
i 6=j

εij


+ o

(
|∇K(aj)|2

λj
+

1

λ2
j

)
+O(||v||2).

Proof. First we compute

< u,λj
∂

∂λj
ϕaj ,λj >

= αj < ϕaj ,λj , λj
∂

∂λj
ϕaj ,λj > +

∑
i 6=j

αi < ϕai,λi , λj
∂

∂λj
ϕaj ,λj >

= αj2|S3
+|
Haj (aj)

λ2
j

+O

(
log(ρλj)|Π(aj)|2

λ2
j

+
ρ

λ2
j

+
1

(λjρ)3

)

+
∑
i 6=j

αi

(
2I1λj

∂

∂λj
I(εij) +O(ρεij) + o(εij)

)
. (6.9)

Here we used Proposition 26 and 27 in appendix C. Furthermore we need to expand the
expression ∫

∂M
K(x)

(
p∑
i=1

αiϕai,λi + v

)2

λj
∂

∂λj
ϕaj ,λjdσg,

which will be done in the following.∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi + v

)2

λj
∂

∂λj
ϕaj ,λjdσg

=

∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)2

λj
∂

∂λj
ϕaj ,λjdσg

+ 2

∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)
λj

∂

∂λj
ϕaj ,λjvdσg +O(||v||2). (6.10)
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6. Expansion of the gradient

Moreover∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)2

λj
∂

∂λj
ϕaj ,λjdσg =

p∑
i=1

α2
i

∫
∂M

K(x)ϕ2
ai,λi

λj
∂

∂λj
ϕaj ,λjdσg

+
∑
i 6=l

αiαl

∫
∂M

K(x)ϕai,λiϕal,λlλj
∂

∂λj
ϕaj ,λjdσg (6.11)

and ∑
i 6=l
αiαl

∫
∂M

K(x)ϕai,λiϕal,λlλj
∂

∂λj
ϕaj ,λjdσg

= 2
∑
i 6=j

αiαj

∫
∂M

K(x)ϕai,λiϕaj ,λjλj
∂

∂λj
ϕaj ,λjdσg

+O

 ∑
l 6=k 6=m

∫
∂M

ϕal,λlϕak,λkϕam,λmdσg


= 2

∑
i 6=j

αiαj

∫
∂M

K(x)ϕai,λiϕaj ,λjλj
∂

∂λj
ϕaj ,λjdσg +O

∑
k 6=l

ε2
kl log(ε−1

kl )


which we have already seen in the expansion of the functional.

2

∫
∂M

K(x)ϕai,λiϕaj ,λjλj
∂

∂λj
ϕaj ,λjdσg =

∫
∂M

K(x)ϕai,λiλj
∂

∂λj
ϕ2
aj ,λj

dσg

= K(aj)

∫
∂M

ϕai,λiλj
∂

∂λj
ϕ2
aj ,λj

dσg +O

(∫
∂M
|K(x)−K(aj)|ϕai,λiϕ

2
aj ,λj

dσg

)
= K(aj)

∫
∂M

ϕai,λiλj
∂

∂λj
ϕ2
aj ,λj

dσg

+O

((∫
∂M
|K(x)−K(aj)|3ϕ3

aj ,λj
dσg

) 1
3
(∫

∂M
ϕ

3
2
ai,λi

ϕ
3
2
aj ,λj

dσg

) 2
3

)

= K(aj)

∫
∂M

ϕai,λiλj
∂

∂λj
ϕ2
aj ,λj

dσg

+O

((∫
∂M
|K(x)−K(aj)|3ϕ3

aj ,λj
dσg

) 1
3

εij log(ε−1
ij )

2
3

)
.

Furthermore∫
∂M
|K(x)−K(aj)|3ϕ3

aj ,λj
dσg

=

∫
Bρ0 (aj)

|K(x)−K(aj)|3ϕ̂3
aj ,λj

dσgaj +

∫
∂M\Bρ0 (aj)

|K(x)−K(aj)|3ϕ̂3
aj ,λj

dσgaj

≤ C

(
|∇K(aj)|3 log(λj)

λ3
j

+
1

λ3
j

)
,
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6. Expansion of the gradient

hence

O

((∫
∂M
|K(x)−K(aj)|3ϕ3

aj ,λj
dσg

) 1
3

εij log(ε−1
ij )

2
3

)
= o

(
|∇K(aj)|2

λj
+

1

λ2
j

+ εij

)
,

where we used Young's inequality. Therefore

2

∫
∂M

K(x)ϕai,λiϕaj ,λjλj
∂

∂λj
ϕaj ,λjdσg

= K(aj)

∫
∂M

ϕai,λiλj
∂

∂λj
ϕ2
aj ,λj

dσg + o

(
|∇K(aj)|2

λj
+

1

λ2
j

+ εij

)
. (6.12)

It is left to expand the �rst integral on the right hand side in the previous equation.

2

∫
∂M

ϕai,λiλj
∂

∂λj
ϕ2
aj ,λj

dσg

=

∫
∂M

ϕai,λiBgλj
∂

∂λj
ϕaj ,λjdσg

+

∫
∂M

ϕai,λi

(
2λj

∂

∂λj
ϕ2
aj ,λj

−Bgλj
∂

∂λj
ϕaj ,λj

)
dσg

=< ϕai,λi , λj
∂

∂λj
ϕaj ,λj > −

∫
M
ϕai,λiLg

(
λj

∂

∂λj
ϕaj ,λj

)
dVg

+

∫
∂M

ϕai,λi

(
2λj

∂

∂λj
ϕ2
aj ,λj

−Bgλj
∂

∂λj
ϕaj ,λj

)
dσg

= 2I1λj
∂

∂λj
I(εij) +O(ρεij) + o(εij),

where we used Proposition 3, Proposition 27 and the same estimates as in the expansion
of the functional. Hence the previous expansion and (6.12) yield∑

i 6=l
αiαl

∫
∂M

K(x)ϕai,λiϕal,λlλj
∂

∂λj
ϕaj ,λjdσg

=
∑
i 6=j

αiαjK(aj)I0λj
∂

∂λj
I(εij) +O

∑
i 6=j

ρεij

+ o

∑
k 6=l

εkl


+ o

(
|∇K(aj)|2

λj
+

1

λ2
j

)
. (6.13)

In (6.11) it is left to expand the �rst term on the right hand side:

p∑
i=1

α2
i

∫
∂M

K(x)ϕ2
ai,λi

λj
∂

∂λj
ϕaj ,λjdσg

= α2
j

∫
∂M

K(x)ϕ2
aj ,λj

λj
∂

∂λj
ϕaj ,λjdσg +

∑
i 6=j

α2
i

∫
∂M

K(x)ϕ2
ai,λi

λj
∂

∂λj
ϕaj ,λjdσg.
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6. Expansion of the gradient

A simple computation shows

λj
∂

∂λj
ϕaj ,λj = −ϕaj ,λj + 2uajχρδaj ,λj

(
1

1 + λ2
jdgaj (aj , x)2

)

on ∂M . A computation as in the expansion of the functional (see (4.26)) yields∫
∂M

K(x)ϕ3
ai,λi

dσg = K(ai)I0 +
I4

6

∆K(ai)

λ2
i

+O

(
1

(λiρ)3

)
+ o

(
1

λ2
i

)
.

In addition∫
∂M

K(x)ϕ2
ai,λi

2uajχρδaj ,λj

(
1

1 + λ2
jdgaj (aj , x)2

)
dσg

=

∫
Bρ(aj)

K(x)ϕ̂2
ai,λi

2χρδaj ,λj

(
1

1 + λ2
jdgaj (aj , x)2

)
dσgaj

+

∫
∂M\Bρ(aj)

K(x)ϕ̂2
ai,λi

2χρδaj ,λj

(
1

1 + λ2
jdgaj (aj , x)2

)
dσgaj

=

∫
Bρ(aj)

K(x)ϕ̂2
ai,λi

2χρδaj ,λj

(
1

1 + λ2
jdgaj (aj , x)2

)
dσgaj +O

(
1

(λρ)3

)

= 2K(aj)

∫
Bρ

(
λ3
j(

1 + λ2
j |x|2

)4
)
dx+

∫
Bρ

D2K(aj)[x, x]

(
λ3
j(

1 + λ2
j |x|2

)4
)
dx

+O

(
1

(λρ)3

)
= K(aj)I0 +

1

3

∆K(aj)

λ2
j

∫
R3

|x|2(
1 + |x|2

)4dx+O

(
1

(λρ)3

)
= K(aj)I0 +

I4

18

∆K(aj)

λ2
j

+O

(
1

(λρ)3

)
and therefore

α2
j

∫
∂M

K(x)ϕ2
aj ,λj

λj
∂

∂λj
ϕaj ,λjdσg = −α2

j

I4

9

∆K(aj)

λ2
j

+ o

(
1

λ2
j

)
. (6.14)

Finally, the same computations as for (6.13) give the expansion∑
i 6=j

α2
i

∫
∂M

K(x)ϕ2
ai,λi

λj
∂

∂λj
ϕaj ,λjdσg =

∑
i 6=j

α2
iK(ai)I1λj

∂

∂λj
I(εij)

+O

∑
i 6=j

ρεij

+ o

∑
k 6=l

εkl

+ o

(
|∇K(aj)|2

λj
+

1

λ2
j

)
. (6.15)
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6. Expansion of the gradient

Hence from the previous expansions we derive∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)2

λj
∂

∂λj
ϕaj ,λjdσg = −α2

j

I4

9

∆K(aj)

λ2
j

+
∑
i 6=j

I1

(
α2
iK(ai) + αiαjK(aj)

)
λj

∂

∂λj
I(εij) +O

∑
i 6=j

ρεij


+ o

∑
k 6=l

εkl

+ o

(
|∇K(aj)|2

λj
+

1

λ2
j

)
. (6.16)

For a precise expansion of (6.10) it is left to estimate the linear term.

2

∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)
λj

∂

∂λj
ϕaj ,λjvdσg = 2αj

∫
∂M

K(x)ϕaj ,λjλj
∂

∂λj
ϕaj ,λjvdσg

+O

∑
i 6=j

(∫
∂M

ϕ
3
2
ai,λi

ϕ
3
2
aj ,λj

dσg

) 2
3

 ||v||
= 2αj

∫
∂M

K(x)ϕaj ,λjλj
∂

∂λj
ϕaj ,λjvdσg +O

∑
i 6=j

εij log(ε−1
ij )

2
3

 ||v||,
because

∣∣∣λj ∂
∂λj

ϕaj ,λj

∣∣∣ ≤ Cϕaj ,λj if 2 ≤ ρλj . This inequality also implies

2

∫
∂M

K(x)ϕaj ,λjλj
∂

∂λj
ϕaj ,λjvdσg

= 2K(aj)

∫
∂M

ϕaj ,λjλj
∂

∂λj
ϕaj ,λjvdσg +O

(
|∇K(aj)|

λj
+

log(λj)

λ2
j

+
1

(λjρ)2

)
||v||.

Furthermore

4

∫
∂M

ϕaj ,λjλj
∂

∂λj
ϕaj ,λjvdσg = 2

∫
∂M

λj
∂

∂λj
ϕ2
aj ,λj

vdσg

=

∫
∂M

(
2λj

∂

∂λj
ϕ2
aj ,λj

−Bg
(
λj

∂

∂λj
ϕaj ,λj

))
vdσg +

∫
∂M

Bg

(
λj

∂

∂λj
ϕaj ,λj

)
vdσg

=

∫
∂M

(
2λj

∂

∂λj
ϕ2
aj ,λj

−Bg
(
λj

∂

∂λj
ϕaj ,λj

))
vdσg −

∫
M
Lg

(
λj

∂

∂λj
ϕaj ,λj

)
vdVg,

where we used that v ∈ E(α,a,λ). Finally, we use Proposition 3 to derive the estimate∣∣∣∣∫
∂M

ϕaj ,λjλj
∂

∂λj
ϕaj ,λjvdσg

∣∣∣∣ ≤ C
(
|Π(aj)| log(λjρ)

3
4

λj
+

ρ

λj
+

1

(λjρ)2

)
||v||.
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6. Expansion of the gradient

Therefore the linear term can be estimated by:

2

∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi

)
λj

∂

∂λj
ϕaj ,λjvdσg

= O

 |Π(aj)| log(λjρ)
3
4

λj
+

ρ

λj
+
|∇K(aj)|

λj
+

log(λj)

λ2
j

+
∑
i 6=j

εij log(ε−1
ij )

2
3

 ||v||.
(6.17)

Hence, adding (6.10), (6.16) and (6.17) yields the expansion∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi + v

)2

λj
∂

∂λj
ϕaj ,λjdσg = −α2

j

I4

9

∆K(aj)

λ2
j

+
∑
i 6=j

I1

(
α2
iK(ai) + αiαjK(aj)

)
λj

∂

∂λj
I(εij) +O

∑
i 6=j

ρεij

+ o

∑
k 6=l

εkl


+O

(
ρ2

λ2
j

+
|Π(aj)|2 log(λjρ)2

λ2
j

)
+ o

(
|∇K(aj)|2

λj
+

1

λ2
j

)
+O(||v||2). (6.18)

Finally, multiplying (6.8) with (6.18) and adding (6.9) proves the Proposition.

6.3. Expansion of the gradient applied to a derivative w.r.t.

a

Proposition 13. If u =
∑p

i=1 αiϕai,λi + v ∈ V (p, ε) and 2 ≤ λiρ2 for all i, then

< ∇J(u),− 1

λj
∇ajϕaj ,λj · ∇K(aj) >= 2J(u)

(
2

∑p
i=1 α

2
i∑p

i=1 α
3
iK(ai)

α2
j

2

3
I4
|∇K(aj)|2

λj

)
+O

(
|∇K(aj)|

(λjρ)3

)
+ o

(
|∇K(aj)|2

λj
+

1

λ2
j

)

+O

∑
i 6=j

εij

 |∇K(aj)|+O(||v||2).

Proof. Due to Proposition 26 and 27 in appendix C

< u,
1

λj
∇ajϕaj ,λj · ∇K(aj) >= O

 |∇K(aj)|
λ2
j

+
∑
i 6=j

εij |∇K(aj)|

 . (6.19)
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6. Expansion of the gradient

Since
∣∣∣ 1
λj
∇ajϕaj ,λj · ∇K(aj)

∣∣∣ ≤ C|∇K(aj)|ϕaj ,λj we can use the same estimates as in

the proof of the previous Proposition to obtain∫
∂M

K(x)

(
p∑
i=1

αiϕai,λi + v

)2
1

λj
∇ajϕaj ,λj · ∇K(aj)dσg

= α2
j

∫
∂M

K(x)ϕ2
aj ,λj

1

λj
∇ajϕaj ,λj · ∇K(aj)dσg +O

|∇K(aj)|
∑
i 6=j

εij


+ 2αj

∫
∂M

K(x)ϕaj ,λj
1

λj
∇ajϕaj ,λj · ∇K(aj)vdσg +O

∑
i 6=j

εij log(ε−1
ij )

2
3

 ||v||
+O(||v||2). (6.20)

Furthermore, due to Proposition 4, we can estimate the second integral on the right hand
side in the previous equation as follows

2αj

∫
∂M

K(x)ϕaj ,λj
1

λj
∇ajϕaj ,λj · ∇K(aj)vdσg

= O

(
|Π(aj)| log(λjρ)

3
4

λj
+

ρ

λj
+
|∇K(aj)|

λj
+

log(λj)

λ2
j

)
|∇K(aj)| · ||v||.

(6.21)

It is left to expand the integral∫
∂M

K(x)ϕ2
aj ,λj

1

λj
∇ajϕaj ,λj · ∇K(aj)dσg.

Since

1

λj
∇ajϕaj ,λj · ∇K(aj) = uaj

1

λj
∇aj ϕ̂aj ,λj · ∇K(aj) + ϕ̂aj ,λj

1

λj
∇ajuaj ·K(aj)

and ∇ajuaj (aj) = 0, due to ua(a) = 1 for all a ∈ ∂M , we can �rst estimate∫
∂M

K(x)ϕ2
aj ,λj

1

λj
∇ajϕaj ,λj · ∇K(aj)dσg

=

∫
Bρ(aj)

K(x)ϕ̂2
aj ,λj

1

λj
∇aj ϕ̂aj ,λj · ∇K(aj)dσgaj +O

(
|∇K(aj)|

(λjρ)3

)

=

3∑
m=1

∂mK(aj)

∫
Bρ

K(x)δ3
λj

(
2λjxm +O(λj |x|3)

1 + λ2
j |x|2

)
dx+O

(
|∇K(aj)|

(λjρ)3

)
=

2

3

|∇K(aj)|2

λj

∫
R3

|x|2(
1 + |x|2

)4dx+O

(
|∇K(aj)|

(λjρ)3

)
=

2

3
I5
|∇K(aj)|2

λj
+O

(
|∇K(aj)|

(λjρ)3

)
,
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6. Expansion of the gradient

where

I5 =

∫
R3

|x|2(
1 + |x|2

)4dx.
We combine the previous estimates to derive the expansion∫

∂M
K(x)

(
p∑
i=1

αiϕai,λi + v

)2
1

λj
∇ajϕaj ,λj · ∇K(aj)dσg

= α2
j

2

3
I4
|∇K(aj)|2

λj
+O

(
|∇K(aj)|

(λjρ)3

)
+ o

(
|∇K(aj)|2

λj
+

1

λ2
j

)

+O

∑
i 6=j

εij

 |∇K(aj)|+O(||v||2). (6.22)

Finally, multiplying (6.8) with (6.22) and adding (6.19) proves the Proposition.
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7. Construction of a pseudo gradient

In this chapter we construct a pseudo gradient Z on V (p, ε) such that, along the �ow of
u̇ = Z(u) in V (p, ε), the following inequality holds true:

< ∇J(u), Z(u) > ≥ c0

(
p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij + |α− |α|ᾱ|2 + ||v − v̄||2
)
.

(7.1)

Here u =
∑p

i=1 αiϕai,λi + v, v̄ is the minimizer from Proposition 8 and ᾱ = ᾱ(a) is the
unique critical point of

Sp−1 3 α 7→ |α|2(∑p
i=1 α

3
iK(ai)

) 2
3

such that ᾱi > 0 for all i. The vector �eld will be constructed in such a way that the
movement of (α, a, λ, v − v̄) will be properly understood.

7.1. Finite dimensional reduction

Let Sp be the symmetric group on p letters. The symmetric group on p letters Sp acts
on Bp

ε via

(α, a, λ)π :=
(
απ(1), · · · , απ(p), aπ(1), · · · , aπ(p), λπ(1), · · · , λπ(p)

)
.

and on T(α,a,λ)B
p
ε through the same de�nition. We call a vector �eld W = (Wα,Wa,Wλ)

Sp-equivariant if

Wα((α, a, λ)π)i =Wα(α, a, λ)π(i), Wa((α, a, λ)π)i = Wa(α, a, λ)π(i),

Wλ((α, a, λ)π)i = Wλ(α, a, λ)π(i)

for all π ∈ Sp.

In this section we assume the existence of a Sp-equivariant vector �eld
W = (Wα,Wa,Wλ) on Bp

ε such that, along the �ow of this vector �eld, the following
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7. Construction of a pseudo gradient

inequality holds:

d

dt
J

(
p∑
i=1

αiϕai,λi + v̄

)
≥ c0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij + |α− |α|ᾱ|2
 . (7.2)

Furthermore, we assume

|W i
α|, |λiW i

a|, |λ−1
i W i

λ| ≤ C ∀ 1 ≤ i ≤ p.

The existence will be proved in section 7.4.

First remember that any u ∈ V (p, ε) can be written as

u =

p∑
i=1

αiϕai,λi + v,

where (α, a, λ) ∈ Bp
ε and v ∈ E(α,a,λ). This representation is unique up to permutation

of (α, a, λ). De�ne

E :=
⋃

(α,a,λ)∈Bpε

{(α, a, λ)} × E(α,a,λ) ⊂ Bp
ε ×H1(M).

We would like to show that E is a smooth submanifold in Bp
ε ×H1(M) of codimension

N := dim
(
E⊥(α,a,λ)

)
. Thus let f : Bp

ε ×H1(M)→ RN the smooth map de�ned by

f(α, a, λ, v) :=

 < v,ϕai,λi >

< v, ∂
∂λi

ϕai,λi >

< v, ∂
∂ami

ϕai,λi >


and observe E = f−1(0).We need to show that Df(α, a, λ, v) is onto for (α, a, λ, v) ∈ E.
Observe that

Df(α, a, λ, v)[0, 0, 0, h] =

 < h,ϕai,λi >

< h, ∂
∂λi

ϕai,λi >

< h, ∂
∂ami

ϕai,λi >

 .

For b ∈ RN we would like to solve the equation

Df(α, a, λ, v)[0, 0, 0, h] =

b1b2
b3

 (7.3)

with the ansatz

h =

p∑
j=1

xjϕaj ,λj +

p∑
j=1

yjλj
∂

∂λj
ϕaj ,λj +

p∑
j=1

Zj ·
1

λj
∇ajϕaj ,λj
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7. Construction of a pseudo gradient

and
(x, Z1, · · · , Zp, y, h) ∈ Rp × Ta1∂M × · · · × Tap∂M × Rp.

Set

2I2 := lim
λ→∞

∣∣∣∣∣∣∣∣λ ∂

∂λ
ϕa,λ

∣∣∣∣∣∣∣∣2, 2I3 := lim
λ→∞

∣∣∣∣∣∣∣∣ 1λ ∂

∂am
ϕa,λ

∣∣∣∣∣∣∣∣2,
then (7.3) is equivalent to(

diag(2I0, · · · 2I0, 2I2, · · · 2I2, 2I3, · · · , 2I3) + o(ε)

)xy
Z

 =

 b1
λib2
1
λi
b3

 ,

where o(ε) → 0 uniformly if ε → 0. Here, we used the estimates from Lemma 11 in
appendix C. Hence (7.3) has, for ε small, a unique solution with the previous ansatz.
Therefore Df is onto and hence E a smooth submanifold of �nite codimension. The
tangent space is T(α,a,λ,v)E = kerDf(α, a, λ, v). We now de�ne a parametrization, given
by ψ : E → H1(M) :

ψ(α, a, λ, v) :=

p∑
i=1

αiϕai,λi + v.

Since ψ is smooth on Bp
ε ×H1(M) it is also smooth from E to H1(M). The main goal is

to show that ψ : ψ−1(V (p, ε))→ V (p, ε) is a local di�eomorphism. Therefore it is useful
to show that the derivative Dψ is an isomorphism form the tangent space to H1(M).
Let u0 =

∑p
i=1 αiϕai,λi + v ∈ V (p, ε), then (α, a, λ, v) ∈ ψ−1(V (p, ε)). Remember that

kerDf(α, a, λ, v) =

{
(x, Z, y, h) ∈ Rp × Ta∂Mp × Rp ×H1(M) :

< h,ϕaj ,λj >

< h, ∂
∂λj

ϕaj ,λj > + < v, yj
∂2

∂λ2j
ϕaj ,λj +

∑3
m=1 Z

m
j

∂2

∂amj ∂λj
ϕaj ,λj >

< h, ∂
∂amj

ϕaj ,λj > + < v,
∑3

l=1
∂2

∂alja
m
j

ϕaj ,λjZ
l
j + yj

∂2

∂amj ∂λj
ϕaj ,λj >

 = 0

}
. (7.4)

Let (x, Z, y, h) ∈ kerDf and assume

Dψ(α, a, λ, v)[x, Z, y, h] = 0.

We need to show that x = y = Z = h = 0. More precisely:

Dψ(α, a, λ, v)[x, Z, y, h] =

p∑
i=1

xiϕai,λi +

p∑
i=1

yi
λi
λi

∂

∂λi
ϕai,λi +

p∑
i=1

λiZi ·
1

λi
∇aiϕai,λi + h.

Dψ(α, a, λ, v)[x, Z, y, h] = 0 implies:

< Dψ(α, a, λ, v)[x, Z, y, h], ϕaj ,λj >= 0 =< Dψ(α, a, λ, v)[x, Z, y, h], λj
∂

∂λj
ϕaj ,λj >,

0 =< Dψ(α, a, λ, v)[x, Z, y, h],
1

λj

∂

∂amj
ϕaj ,λj > ∀ 1 ≤ j ≤ p, 1 ≤ m ≤ 3. (7.5)
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7. Construction of a pseudo gradient

Using (7.4) and the interaction estimates in appendix B, C as well as ||v|| < ε in V (p, ε),
(7.5) is equivalent to

(
diag(2I0, · · · 2I0, 2I2, · · · 2I2, 2I3, · · · , 2I3) + o(ε)

) x

λ−1
i y
λiZ

 = 0,

which implies x = y = Z = 0 if ε is small. But then h must be zero as well. Hence, we
have proved that Dψ(α, a, λ, v) is into. It remains to show that Dψ is onto.
Let u ∈ H1(M) and write

u =

p∑
i=1

xiϕai,λi +

p∑
i=1

yi
λi
λi

∂

∂λi
ϕai,λi +

p∑
i=1

λiZi ·
1

λi
∇aiϕai,λi

+ u−

(
p∑
i=1

xiϕai,λi +

p∑
i=1

yi
λi
λi

∂

∂λi
ϕai,λi +

p∑
i=1

λiZi ·
1

λi
∇aiϕai,λi

)
.

We need to �nd x, y, Z such that

u−

(
p∑
i=1

xiϕai,λi +

p∑
i=1

yi
λi
λi

∂

∂λi
ϕai,λi +

p∑
i=1

λiZi ·
1

λi
∇aiϕai,λi

)

in an element of the tangent space. Due to (7.4), this is equivalent to

(
diag(2I0, · · · 2I0, 2I2, · · · 2I2, 2I3, · · · , 2I3) + o(ε)

) x

λ−1
i y
λiZ

 =

 < u,ϕaj ,λj >

< u, λj
∂
∂λj

ϕaj ,λj >

< u, 1
λj

∂
∂amj

ϕaj ,λj >

 .

Provided ε is small, the previous equation has a unique solution (x, y, Z) for all u ∈
H1(M). Moreover, this solution depends smooth on (α, a, λ, v, u). Hence we have proved
that Dψ is onto as well. Therefore Dψ(α, a, λ, v) is an isomorphism provided∑p

i=1 αiϕai,λi + v ∈ V (p, ε).

Now we will construct a vector �eld Z̃ on E. We assume that the vector �eld W =
(Wα,Wa,Wλ) on Bp

ε exists. We make the following ansatz for the vector �eld

Z̃(α, a, λ, v) = (Wα + tα,Wa,Wλ, C(v − v̄)+ < ∇v̄, (Wα,Wa,Wλ) > −tv̄ −R),

where

R =

p∑
i=1

xiϕai,λi +

p∑
i=1

yi
λi
λi

∂

∂λi
ϕai,λi +

p∑
i=1

λiZi ·
1

λi
∇aiϕai,λi

for some unknown x, y, Z and t ∈ R, C > 0.The correction term tα is needed to make
the �ow preserve the norm. We �rst choose R, depended on t ∈ R, and later t. We need
to �nd R such that Z̃ is tangential to E. Later we will prove (see Lemma 5) that

| < Dv̄[W ], u > | ≤ C(m)||v̄|| ∀u ∈ E⊥(α,a,λ), ||u|| ≤ m.
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7. Construction of a pseudo gradient

Using this inequality and (7.4), Z̃ is tangential i�(
diag(2I0, · · · 2I0, 2I2, · · · 2I2, 2I3, · · · , 2I3) + o(ε)

) x

λ−1
i y
λiZ


=

 〈< ∇v̄, (Wα,Wa,Wλ) >,ϕaj ,λj 〉
〈< ∇v̄, (Wα,Wa,Wλ) >, λj

∂
∂λj

ϕaj ,λj 〉
〈< ∇v̄, (Wα,Wa,Wλ) >, 1

λj
∂

∂amj
ϕaj ,λj 〉

 .

The previous equation has a unique solution (x, y, Z), which does not depend on t,
such that |x|, | yiλi |, ||λiZi|| = O (||v̄||) . We now de�ne Z̃t(α, a, λ, v) as the unique vector
�eld tangent to E, depending on t, constructed above. Finally we would like to choose
t = t(α, a, λ, v) such that ∣∣∣∣∣∣∣∣ p∑

i=1

αiϕai,λi + v

∣∣∣∣∣∣∣∣2
is preserved under the �ow of d

ds(α, a, λ, v) = Z̃t(α, a, λ, v). Hence the equation, which
needs to be satis�ed is:

0 =
1

2

d

ds

∣∣∣∣∣∣∣∣ p∑
i=1

αiϕai,λi + v

∣∣∣∣∣∣∣∣2
= t

∣∣∣∣∣∣∣∣ p∑
i=1

αiϕai,λi

∣∣∣∣∣∣∣∣2 + t < v̄, v >

+ <

p∑
i=1

W i
αϕai,λi +

p∑
i=1

αiW
i
λ

∂

∂λi
ϕai,λi +

p∑
i=1

αiWai · ∇aiϕai,λi ,
p∑
j=1

αjϕaj ,λj >

+ < C(v − v̄)+ < ∇v̄, (Wα,Wa,Wλ) > −R, v > . (7.6)

Since ∣∣∣∣∣∣∣∣ p∑
i=1

αiϕai,λi

∣∣∣∣∣∣∣∣2+ < v̄, v >= 2I0|α|2 + o(ε) > 0

for ε small, there exists exactly one t(α, a, λ, v) ∈ R such that (7.6) is satis�ed. Due
to the implicit function theorem t = t(α, a, λ, v) is C2. Furthermore t is bounded. Set
Z̃(α, a, λ, v) = Z̃t(α,a,λ,v)(α, a, λ, v), which de�nes a vector �eld on E such that the norms

are preserved. Finally, in V (p, ε) we de�ne Z(u) = Dψ(α, a, λ, v)[Z̃(α, a, λ, v)], where
(α, a, λ, v) ∈ E is such that

u =

p∑
i=1

αiϕai,λi + v.

Since ψ is a local di�eomorphism Z is C2. Since the vector �eld W is Sp-equivarinat
the de�nition of Z(u) does not depend on the preimage of u under ψ. Hence Z is a well
de�ned C2-vector �eld in V (p, ε). Our main goal is to show that Z is a pseudo gradient,
provided (7.2) holds and C is large. Due to the construction of Z we have an obvious,
but important Lemma, which we will need later.
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7. Construction of a pseudo gradient

Lemma 4. If u ∈ V (p, ε) moves along d
dtu = Z(u) and u(t) =

∑p
i=1 αi(t)ϕai(t),λi(t)+v(t),

then (α, a, λ, v) moves along d
dt(α, a, λ, v) = Z̃(α, a, λ, v).

Proof. Let u move along d
dtu = Z(u), then locally around u =

∑p
i=1 αiϕai,λi + v, ψ is a

di�eomorphism and hence

d

dt
(α, a, λ, v) =

d

dt
ψ−1(u(t)) = Dψ−1(u)[Dψ(α, a, λ, v)[Z̃(α, a, λ, v)] = Z̃(α, a, λ, v).

Due to Lemma 4 (a, λ) moves along the �ow of (Wa,Wλ) and

d

dt
||v − v̄||2 = 2 <

d

dt
(v − v̄), v − v̄ >= 2C||v − v̄||2.

Using the previous observations, we are prepared to prove that Z is a pseudo gradient.

Proposition 14. In V (p, ε) there holds

< ∇J(u), Z(u) >≥ c0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij + |α− |α|ᾱ|2 + ||v − v̄||2
 .

Proof. Let u move along u̇ = Z(u), then

< ∇J(u), Z(u) >=< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

(
p∑
i=1

αiϕai,λi + v

)
>

+

∫ 1

0
D2J

(
p∑
i=1

αiϕai,λi + v̄ + s(v − v̄)

)
[v − v̄, d

dt

(
p∑
i=1

αiϕai,λi + v

)
]ds.
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7. Construction of a pseudo gradient

The �rst term can be estimated by:

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

(
p∑
i=1

αiϕai,λi + v

)
>

=< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

(
p∑
i=1

αiϕai,λi + v̄

)
+
d

dt
(v − v̄) >

≥ c0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij + |α− |α|ᾱ|2


− o(ε)

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij + |α− |α|ᾱ|2


≥ c1

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij + |α− |α|ᾱ|2


for ε small. Since(
D2J

(
p∑
i=1

αiϕai,λi + v̄ + s(v − v̄)

)
−D2J

(
p∑
i=1

αiϕai,λi + v̄

))
[h, h′]

≤ c||v − v̄|| · ||h|| · ||h′||,

we deduce∫ 1

0
D2J

(
p∑
i=1

αiϕai,λi + v̄ + s(v − v̄)

)
[v − v̄, d

dt

(
p∑
i=1

αiϕai,λi + v

)
]ds

≥ D2J

(
p∑
i=1

αiϕai,λi + v̄

)
[v − v̄, d

dt

(
p∑
i=1

αiϕai,λi + v

)
]− c||v − v̄||2

= D2J

(
p∑
i=1

αiϕai,λi + v̄

)
[v − v̄, d

dt

(
p∑
i=1

αiϕai,λi + v̄

)
+
d

dt
(v − v̄)]− c||v − v̄||2.

In addition

D2J

(
p∑
i=1

αiϕai,λi + v̄

)
[v − v̄, d

dt

(
p∑
i=1

αiϕai,λi + v̄

)
]

= − < ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt
(v − v̄) >

= o

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij + |α− |α|ᾱ|2
 .
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7. Construction of a pseudo gradient

Lastly

D2J

(
p∑
i=1

αiϕai,λi + v̄

)
[v − v̄, d

dt
(v − v̄)] ≥ C||v − v̄||2 − c||v − v̄||2

+ o

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij + |α− |α|ᾱ|2
 .

Hence, if we choose C in the de�nition of Z̃ large enough, the previous estimates yield

< ∇J(u), Z(u) >

≥ c0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij + |α− |α|ᾱ|2 + ||v − v̄||2


provided ε is small. Therefore the Proposition is proved.

Before we can construct the vector �eld W on Bp
ε we need to prove some technical

Lemmas. This will be done in the following two sections.

7.2. C2 dependence of v̄.

Let us recall Proposition 8. There exists ε0, δ0 > 0 such that the minimization problem

min
v∈Bδ0 (0)∩E(α,a,λ)

J

(
p∑
i=1

αiϕai,λi + v

)
has a unique solution v̄ = v̄(α, a, λ) for all (α, a, λ) ∈ Bp

ε0 .

We are now going to prove that the (α, a, λ) dependence of v̄ is at least C2. Therefore
de�ne

V(α,a,λ) :=

〈
ϕai,λi ,

∂

∂ami
ϕai,λi ,

∂

∂λi
ϕai,λi

∣∣∣∣ i = 1, · · · , p, m = 1, 2, 3

〉
.

For ε small this vector space has dimension d = 5p. Since these vectors depend smoothly
on (a, λ) we can construct an orthonormal basis (v1, · · · , vd) of V(α,a,λ) by using the Gram-
Schmidt procedure, which depends smoothly on (a, λ). Furthermore E(α,a,λ) = V ⊥(α,a,λ).

Fix (α0, a0, λ0) ∈ Bp
ε .

Claim: For (α, a, λ) close to (α0, a0, λ0), the orthogonal projection

p : E(α,a,λ) → E(α0,a0,λ0) , p(u) = u−
d∑
i=1

< u, vi(a0, λ0) > vi(a0, λ0)
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7. Construction of a pseudo gradient

is an isomorphism.

Proof. De�ne the matrix A = (aij) by aij(a, λ) =< vi(a, λ), vj(a0, λ0) >. Since A de-
pends smooth on (a, λ) and A(a0, λ0) = Id, A is invertible for (α, a, λ) in a neighbourhood
U of (α0, a0, λ0).
(a) injectivity: If p(u) = 0, then u =

∑d
i=1 < u, vi(a0, λ0) > vi(a0, λ0). But u is also in

E(α,a,λ), hence

0 =
d∑
i=1

< u, vi(a0, λ0) >< vi(a0, λ0), vj(a, λ) > for j = 1, · · · , d.

This implies < u, vi(a0, λ0) >= 0 for all i, because A is invertible. Therefore u = 0.
(b) p is surjective: For w ∈ E(α0,a0,λ0) we need to �nd numbers β1, · · · , βd such that

w +
∑d

i=1 βivi(a0, λ0) ∈ E(α,a,λ). This is equivalent to

< w, vj(a, λ) >= −
d∑
i=1

βi < vi(a0, λ0), vj(a, λ) > for j = 1, · · · , d,

which has a unique solution (β1, · · · , βd) because A is invertible.

Using this observation we know prove the main result in this section.

Proposition 15. The map (α, a, λ) 7→ v̄(α, a, λ) is C2.

Proof. Let p(α, a, λ) : H1(M)→ E(α,a,λ) the (smooth) orthogonal projection.
We set p = p(α0, a0, λ0) and de�ne F : U × E(α0,a0,λ0) → E(α0,a0,λ0) by

F (α, a, λ, w) = p

(
p(α, a, λ)∇J

(
p∑
i=1

αiϕai,λi + p(α, a, λ)w

))
.

Here U is a neighbourhood of (α0, a0, λ0) such that p(α, a, λ) is an isomorphism on U .
We have F (α0, a0, λ0, v̄(α0, a0, λ0)) = 0. Moreover

DwF (α0, a0, λ0, v̄) = (p ◦D∇J)

(
p∑
i=1

αiϕai,λi + v̄

)
is invertible onE(α0,a0,λ0), which was proved in chapter 5 (see (5.7)). The implicit function
theorem implies w = w(α, a, λ) is a C2 map locally around (α0, a0, λ0). Therefore also
w̄(α, a, λ) := p(α, a, λ)w(α, a, λ) is C2. The claim implies that F (α, a, λ, w(a, α, λ)) = 0
is locally equivalent to

p(α, a, λ)∇J

(
p∑
i=1

αiϕai,λi + w̄(α, a, λ)

)
= 0.

Since v̄(α, a, λ) is the only solution, w̄ = v̄ and hence v̄ is C2.
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7. Construction of a pseudo gradient

7.3. Technical Lemmas

We set

F(α,a,λ) :=

〈
1

λi

∂

∂ami
ϕai,λi , λi

∂

∂λi
ϕai,λi

∣∣∣∣ i = 1, · · · , p, m = 1, · · · , 3
〉
⊂ H1(M).

If (α, a, λ) ∈ Bp
ε with ε small, then there exist constants c, C, independend of (α, a, λ),

such that

c

(
p∑
i=1

3∑
m=1

|tim|2 +

p∑
i=1

|ri|2
)
≤ ||φ||2 ≤ C

(
p∑
i=1

3∑
m=1

|tim|2 +

p∑
i=1

|ri|2
)

for all

φ =

p∑
i=1

3∑
m=1

tim
1

λi

∂

∂ami
ϕai,λi +

p∑
i=1

riλi
∂

∂λi
ϕai,λi .

Lemma 5. If W = (0,Wa1 , · · · ,Wap ,Wλ1 , · · · ,Wλp) ∈ Rp×Ta1∂M ×· · ·×Tap∂M ×Rp
is a tangential vector, then

| < Dv̄(α, a, λ)[W ], φ > | ≤ C||v̄|| · |W̃ | · ||φ||

for (α, a, λ) ∈ Bp
ε . Here

W̃ = (0, λ1Wa1 , · · · , λpWap ,
1

λ1
Wλ1 , · · · ,

1

λp
Wλp).

Proof. Since v̄ ∈ E(α,a,λ) we have

<
∂

∂alj
v̄,

1

λi

∂

∂ami
ϕai,λi > = −δij < v̄,

1

λi

∂

∂alj

∂

∂ami
ϕai,λi >,

<
∂

∂λj
v̄,

1

λi

∂

∂ami
ϕai,λi >= −δij < v̄,

1

λi

∂

∂λj

∂

∂ami
ϕai,λi >

as well as

<
∂

∂alj
v̄, λi

∂

∂λi
ϕai,λi > = −δij < v̄, λi

∂

∂alj

∂

∂λi
ϕai,λi >,

<
∂

∂λj
v̄, λi

∂

∂λi
ϕai,λi >= −δij < v̄, λi

∂

∂λj

∂

∂λi
ϕai,λi > .

For

φ =

p∑
i=1

3∑
m=1

tim
1

λi

∂

∂ami
ϕai,λi +

p∑
i=1

riλi
∂

∂λi
ϕai,λi
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7. Construction of a pseudo gradient

these identities yield∣∣∣∣〈 ∂

∂alj
v̄, φ

〉∣∣∣∣ ≤ Cλj ||v̄|| · ||φ|| and

∣∣∣∣〈 ∂

∂λj
v̄, φ

〉∣∣∣∣ ≤ C 1

λj
||v̄|| · ||φ||.

For (a1, · · · , ap) we choose Riemannian normal coordinates at these points. Then the
vectors Waj have the expansion Waj = W l

aj∂l and

Dv̄(α, a, λ)[W ] =

p∑
j=1

n−1∑
l=1

∂

∂alj
v̄W l

aj +

p∑
j=1

∂

∂λj
v̄Wλj .

Hence

| < Dv̄(α, a, λ)[W ], φ > | ≤ C

 p∑
j=1

λj |Waj |+
1

λj
|Wλj |

 ||v̄|| · ||φ|| ≤ C||v̄|| · |W̃ | · ||φ||.

Lemma 6. If all critical points of K are umbilic points, then there exists a constant
C > 0, independent of (α, a, λ) ∈ Bp

ε , such that

∣∣∣∣ < ∇J( p∑
i=1

αiϕai,λi + v̄

)
, φ >

∣∣∣∣ ≤ C
 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij + ||v̄||2
 ||φ||

for all φ ∈ F(α,a,λ).

Proof. The proof is a direct application of Proposition 12 and 13 in chapter 6.

For a tangential vector Z = (Zα1 , · · · , Zαp , Za1 , · · ·Zap , Zλ1 , · · · , Zλp) at (α, a, λ) we de-
�ne the vector

Z0 := (0, Za1 , · · · , Zap , Zλ1 , · · · , Zλp).

Lemma 7. With the notation from above we have

∣∣∣∣ < ∇J( p∑
i=1

αiϕai,λi + v̄

)
, Dv̄[Z] >

∣∣∣∣ ≤ C
 p∑
i=1

1

λ3
i

+

p∑
i=1

|∇K(ai)|2

λ2
i

+
∑
i 6=j

ε2
ij

 |Z̃0|.

for (α, a, λ) ∈ Bp
ε and ε small.
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7. Construction of a pseudo gradient

Proof. Since

∇J
( p∑
i=1

αiϕai,λi + v̄

)
∈ E⊥(α,a,λ),

we conclude

∇J
( p∑
i=1

αiϕai,λi + v̄

)
=

p∑
j=1

βjϕaj ,λj + φ with φ ∈ F(α,a,λ).

Furthermore 0 =< ∂
∂αi

v̄, ϕaj ,λj >= 0 =< ∂
∂ami

v̄, ϕaj ,λj >= 0 =< ∂
∂λi

v̄, ϕaj ,λj > and
therefore∣∣∣∣ < ∇J( p∑

i=1

αiϕai,λi + v̄

)
, Dv̄[Z] >

∣∣∣∣ = | < φ,Dv̄[Z0] > | ≤ C||φ|| · ||v̄|| · |Z̃0|.

The result follows by Proposition 8 in chapter 5 and Lemma 6.

7.4. Construction of a vector �eld on Bp
ε .

This section is crucial for our argument because we construct a vector �eld W , which
will help us to understand the behaviour of (α, a, λ) if u ∈ V (p, ε). This construction is
motivated by a construction of a pseudo gradient in [11], which goes back to [8].

In the following we have to introduce some notation which we need in the proof of the
main Proposition. We de�ne the function

f : Rp+ × ∂Mp → R, f(α, a) :=
Q(B4, ∂B4)

∑p
i=1 α

2
i(∑p

i=1 α
3
iK(ai)

) 2
3

.

For a ∈ ∂Mp �xed, the function

Rp+ 3 α 7→ f(α, a)

has exactly one critical point ᾱ = ᾱ(a) with |ᾱ| = 1 and ᾱi > 0 for all i. To be more
precise:

ᾱi =
1√∑p

j=1
K(ai)2

K(aj)2

.
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Proposition 16. There exists an Sp-equivariant vector �eld W = (Wα,Wa,Wλ) on Bp
ε

such that
|W i

α|, |λiW i
a|, |λ−1

i W i
λ| ≤ C ∀ 1 ≤ i ≤ p,

d

dt
J

(
p∑
i=1

αiϕai,λi + v̄

)
≥ c0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij + |α− |α|ᾱ|2


if p ≥ 2 and

d

dt
J (αϕa,λ + v̄) ≥ c0

(
1

λ2
+
|∇K(a)|2

λ

)
if p = 1, as soon as (α, a, λ) moves along d

dt(α, a, λ) = W (α, a, λ).

Moreover max{λ1, · · · , λp} is decreasing along the �ow, if (α, a, λ) /∈ V2, where

V2 :=

{
(α, a, λ) ∈ Bp

ε :
|∇K(ai)|2

λi
< γ

1

λ2
j

∀ i; dg(ai, xi) < ρ0 for some x ∈ F∞p ;

|α− |α|ᾱ|2 < R

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij

}.
Here R, γ > 0 are some constants.

Before we proof this Proposition, we recall the gradient expansions, which we have proved
in the previous chapter. Since we assume that all critical points of K are umbilic points,
the estimate |Π(a)| ≤ C|∇K(a)| hold true on ∂M . Using these estimate we can state a
re�ned expansion of the gradient:

For u =
∑p

i=1 αiϕai,λi + v̄ ∈ V (p, ε) it holds (see Proposition 11-13)

< ∇J(u), ϕaj ,λj >= 2l(u)
∂

∂αj
f(α, a) +O

 |∇K(aj)|2

λj
+

1

λ2
j

+
∑
i 6=j

εij

 , (7.7)

where

l(u) =
1(∫

∂M K(x)u3dσg
) 2

3

.

Furthermore if

|α− |α|ᾱ|2 ≤ R

 p∑
i=1

|∇K(aj)|2

λj
+

p∑
i=1

1

λ2
j

+
∑
i 6=j

εij

 ,

72



7. Construction of a pseudo gradient

then

< ∇J(u), λj
∂

∂λj
ϕaj ,λj >= 2l(u)

{
αj

(
2|S3

+|Haj (aj) +
2I4

9

∆K(aj)

K(aj)

)
1

λ2
j

− 2
∑
i:i 6=j

αiI1λj
∂

∂λj
I(εij) + o

(
1

λ2
j

+
|∇K(aj)|2

λj

)
+ o

∑
i 6=j

εij


+O

(
ρ2

λ2
j

)
+O

∑
i 6=j

ρεij

} (7.8)

and

< −∇J(u),
1

λj
∇K(aj) · ∇ajϕaj ,λj >

≥ c0
|∇K(aj)|2

λj
+ o

(
|∇K(aj)|2

λj
+

1

λ2
j

)
+O

∑
i:i 6=j

εij |∇K(aj)|

+O

(
p∑
i=1

ρ2

λ2
i

)
.

(7.9)

Proof of Proposition 16. First we construct a vector �eld W in B1
ε . Let

crit(K) = {x1, · · · , xm} be the set of critical points of K on ∂M.We de�ne the following
sets:

V0 :=

{
(α, a, λ) ∈ B1

ε :
|∇K(a)|2

λ
>

1

λ2

}
as well as

Vi :=

{
(α, a, λ) ∈ B1

ε :
|∇K(a)|2

λ
< 2

1

λ2
, d(a, xi) < ρ0

}
for 1 ≤ i ≤ m,

where ρ0 is chosen small such that Vi ∩ Vj = ∅ for i 6= j. W.l.o.g. we assume that

x1, · · · , xl are those critical points with 2|S3
+|Hxi(xi) + 2I4

9
∆K(xi)
K(xi)

> 0 and xl+1, · · · , xm
are those critical points such that 2|S3

+|Hxi(xi) + 2I4
9

∆K(xi)
K(xi)

< 0. If necessary, we choose
ρ0 smaller such that the previous inequalities hold true in Vi.
We de�ne the vector �eld

W0(α, a, λ) = (0,−∇K(a)

λ
, 0) ∈ R× Ta∂M × R,

which yields

− < ∇J(αϕa,λ + v̄), α
1

λ
∇K(a)·∇aϕa,λ >

≥ c0

(
|∇K(a)|2

λ
− C |∇K(a)| log(λ)

λ2

)
= c0

(
|∇K(a)|2

λ
+ o

(
|∇K(a)|2

λ

)
+ o

(
1

λ2

))
. (7.10)
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7. Construction of a pseudo gradient

For (α, a, λ) ∈ V0, (7.10) implies the estimate:

− < ∇J(αϕa,λ + v̄), α
1

λ
∇K(a)·∇aϕa,λ >≥

c0

4

(
|∇K(a)|2

λ
+

1

λ2

)
for ε small. Hence W0 is a pseudo gradient in V0. For (α, a, λ) ∈ Vi we de�ne

Wi(α, a, λ) = (0, 0, λ) if 1 ≤ i ≤ l and Wi(α, a, λ) = (0, 0,−λ) otherwise.

In any case we obtain on Vi:

< ∇J(αϕa,λ + v̄),Wi
∂

∂λ
ϕa,λ >≥ c0

1

λ2
≥ c1

(
|∇K(a)|2

λ
+

1

λ2

)
(7.11)

for ε small. Finally choose a smooth partition of unity ηi, subordinate to the cover (Vi)
m
i=0

and set

W = W0 +

m∑
i=1

ηiWi,

which is a pseudo-gradient due to (7.10) and (7.11).

It is left to construct a vector �eld W in Bp
ε for p ≥ 2. For our argument later (see

Proposition 19) it is crucial that the ai move in any case. Hence we de�ne a �rst vector
�eld on Bp

ε by

W0(α, a, λ) :=
(
0,−∇K(a1)

λ1
, · · · ,−∇K(ap)

λp
, 0
)
. (7.12)

We subdivide the proof in many cases and we add di�erent vector �elds to W0 to prove
the stated inequality. For R > 0 large, which will be chosen �xed later, we de�ne:

Uα :=

(α, a, λ) ∈ Bp
ε : |α− |α|ᾱ|2 < R

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij


and

U cα :=

(α, a, λ) ∈ Bp
ε : |α− |α|ᾱ|2 > 2R

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij

 .

We begin to construct a vector �eld on U cα and set

W (α, a, λ) =
(
∇αf(α, a), 0, 0

)
+W0(α, a, λ).

Clearly W is Sp-equivariant. Along the �ow of W we obtain:

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >

≥ c0|∇αf(α, a)|2 − C0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij

 .
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7. Construction of a pseudo gradient

It remains to show |∇αf(α, a)| ≥ c1|α − |α|ᾱ|. First we work on the sphere of radius
r := 1√

2I0
and set α̂ = 1√

2I0
ᾱ. Due to Remark 1, |α − α̂| = o(ε). Hence, the di�erence

can be chosen arbitrary small. A computation yields

D2
αf(α̂, a)[h, h] = −2

f(α̂, a)

|α̂|
|h|2 ≤ −β|h|2

for h ∈ Tα̂Sp−1
r and some constant β > 0, which does not depend on a. Furthermore,

form the mean value theorem we derive the estimate

|D2f(α, a)[h, h]−D2f(α̂, a)[h, h]| ≤ C|α− α̂||h|2

for arbitrary h , if α is close to α̂. We choose ρ small such that C|α − α̂| < β
4 for all

α ∈ Bρ(α̂) ∩ Sp−1
r . For α in this neighbourhood we choose a geodesic γ : [0, 1] → Sp−1

r

such that γ(0) = α̂ and γ(1) = α and compute

<∇αf(α, a), γ̇(1) >=

∫ 1

0
D2
αf(γ(t), a)[γ̇(t), γ̇(t)]dt

=

∫ 1

0
D2
αf(α̂, a)[γ̇(t), γ̇(t)]dt+

∫ 1

0

(
D2
αf(γ(t), a)−D2

αf(α̂, a)
)

[γ̇(t), γ̇(t)]dt

≤
∫ 1

0
D2
αf(α̂, a)[γ̇(t), γ̇(t)]dt+

β

4

∫ 1

0
|γ̇(t)|2dt.

Denote by p the orthogonal projection onto Tα̂S
p−1
r . Since < α̂ >= kern(D2

αf(α̂, a)), we
conclude∫ 1

0
D2
αf(α̂, a)[γ̇(t), γ̇(t)]dt =

∫ 1

0
D2
αf(α̂, a)[pγ̇(t), pγ̇(t)]dt ≤ −β

∫ 1

0
|pγ̇(t)|2dt

≤ −3β

4

∫ 1

0
|γ̇(t)|2dt

for ρ small, which implies

< ∇αf(α, a),−γ̇(1) >≥ β

2

∫ 1

0
|γ̇(t)|2dt =

β

2
|γ̇(1)|2

and �nally

|∇αf(α, a)| ≥ 〈∇αf(α, a),
−γ̇(1)

|γ̇(1)|
〉 ≥ β

2
d
Sp−1
r

(α̂, α) ≥ β

2
|α̂− α|. (7.13)

If |α| 6= r, then a scaling argument yields

|∇αf(α, a)| ≥ c1|α− |α|ᾱ| (7.14)
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7. Construction of a pseudo gradient

for some uniform constant c1. Therefore the stated inequality is proved. Hence we get
the estimate

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >

≥ c0|α− |α|ᾱ|2 − C0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij


for some uniform constants c0, C0. We choose R big enough such that c0R > 5C0 to get
the stated inequality:

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >

≥ c

|α− |α|ᾱ|2 +

p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij


in U cα. From now on R is �xed. Observe that λ is not moving in U cα along the �ow of W .
It remains to construct a vector �eld in Uα.

For γ >> 1, which will be chosen later, we de�ne the following sets

U :=

{
(α, a, λ) ∈ Uα :

|∇K(ai)|2

λi
< 2γ

1

λ2
i

∀ 1 ≤ i ≤ p
}
,

U1 :=

{
(α, a, λ) ∈ U : d(ai, aj) >

1

4
min
k 6=l

d(xl, xk)

}
.

If (α, a, λ) ∈ U1, then a1, · · · , ap are close to critical points of K. Furthermore the second
condition says that di�erent ai are close to di�erent critical points, hence it exist a well

de�ned map U1 3 (α, a, λ)
β−→ crit(K)p which maps (α, a, λ) to (x1, · · ·xp) i� ai is close

to xi. Since we assume the non-degeneracy condition

2|S3
+|Hx(x) +

2I4

9

∆K(x)

K(x)
6= 0 for all x ∈ crit(K),

the following sets are well de�ned ((x1, · · · , xp) = β(α, a, λ)):

V1 :=

{
(α, a, λ) ∈ U1 : ∃i ∈ {1, · · · , p} s.t. 2|S3

+|Hxi(xi) +
2I4

9

∆K(xi)

K(xi)
> 0

}
,

V2 :=

{
(α, a, λ) ∈ U1 : 2|S3

+|Hxi(xi) +
2I4

9

∆K(xi)

K(xi)
< 0, ∀i ρ1(β(α, a, λ)) > 0

}
,

V3 :=

{
(α, a, λ) ∈ U1 : 2|S3

+|Hxi(xi) +
2I4

9

∆K(xi)

K(xi)
< 0 ∀ i, ρ1(β(α, a, λ)) < 0

}
.
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7. Construction of a pseudo gradient

Here ρ1 is the least eigenvalue of the matrix M(x), de�ned in (1.16).
We start with constructing a vector �eld on V2. Therefore we de�ne the equivariant
vector �eld

W2(α, a, λ) := (0, 0,−λ1, · · · ,−λp) ∈ Rp × ∂Mp × Rp

and observe along the �ow

d

dt
J

(
p∑
i=1

αiϕai,λi + v̄

)
= − < ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,

p∑
j=1

αjλj
∂

∂λj
ϕaj ,λj +Dv̄[W2] >

= 4I0l(u)

− p∑
j=1

α2
j

(
2|S3

+|Haj (aj) +
2I4

9

∆K(aj)

K(aj)

)
1

λ2
j

− 2I1

∑
i 6=j

αiαj
G(ai, aj)

λiλj


+ o

 p∑
j=1

1

λ2
j

+ o

∑
i 6=j

εij

+O

 p∑
j=1

ρ2

λ2
j

+O

∑
i 6=j

ρεij

 .

Moreover, from the expansion

l(u) =
1(∑p

l=1 α
3
lK(al)I0

) 2
3

1 +O

 p∑
j=1

1

λ2
j

+O

∑
i 6=j

εij


we derive

d

dt
J

(
p∑
i=1

αiϕai,λi + v̄

)

=
4I0(∑p

l=1 α
3
lK(al)I0

) 2
3

(
−

p∑
j=1

α2
j

(
2|S3

+|Haj (aj) +
2I4

9

∆K(aj)

K(aj)

)
1

λ2
j

− 2
∑
i 6=j

I1αiαj
G(ai, aj)

λiλj

)

+ o

 p∑
j=1

1

λ2
j

+ o

∑
i 6=j

εij

+O

 p∑
j=1

ρ2

λ2
j

+O

∑
i 6=j

ρεij


=

4I0(∑p
l=1 α

3
lK(al)I0

) 2
3

(
−

p∑
j=1

α2
jK(aj)

2

(
2|S3

+|
Haj (aj)

K(aj)2
+

2I4

9

∆K(aj)

K(aj)3

)
1

λ2
j

− 2I1

∑
i 6=j

αiK(ai)αjK(aj)
G(ai, aj)

K(ai)K(aj)

1

λiλj

)
+ o

 p∑
j=1

1

λ2
j

+ o

∑
i 6=j

εij

 .

Since

|α− |α|ᾱ|2 ≤ C

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λj
+
∑
i 6=j

εij

 ,
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7. Construction of a pseudo gradient

ᾱiK(ai) = ᾱjK(aj) for all i, j and dg(ai, β(α, a, λ)i) ≤ C 1√
λi
, we get

d

dt
J

(
p∑
i=1

αiϕai,λi + v̄

)

=
4I0ᾱ

2
1K(x1)(∑p

l=1 ᾱ
3
lK(xl)I0

) 2
3

(
< Λ,M(x)Λ > +o

 p∑
j=1

1

λ2
j

+ o

∑
i 6=j

εij


+O

 p∑
j=1

ρ2

λ2
j

+O

∑
i 6=j

ρεij

),
where Λ =

(
1
λ1
, · · · , 1

λp

)t
and M(x) is the matrix de�ned in (1.16). Since the least

eigenvalue ρ1(x) is positive, we have shown:

d

dt
J

(
p∑
i=1

αiϕai,λi + v̄

)
≥

c1

 p∑
i=1

1

λ2
i

+ o

 p∑
j=1

1

λ2
j

+ o

∑
i 6=j

εij

+O

 p∑
j=1

ρ2

λ2
j

+O

∑
i 6=j

ρεij

 .

Furthermore,

εij ≤ C
(
λiλjd(ai, aj)

2
)−1 ≤ C

(
1

λ2
i

+
1

λ2
j

)
in V2, which implies

d

dt
J

(
p∑
i=1

αiϕai,λi + v̄

)
≥ c0

 p∑
i=1

1

λ2
i

+
∑
i 6=j

εij


in V2 for ε and ρ small. Finally in V2 we de�ne the vector �eld

W (α, a, λ) := M ·W2(α, a, λ) +W0(α, a, λ)

and observe for M large, but �xed,

d

dt
J

(
p∑
i=1

αiϕai,λi + v̄

)
≥ c0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij + |α− |α|ᾱ|2


along the �ow of W .

We continue with constructing a vector �eld W in V3. For x = (x1, · · · , xp) ∈ Krit(K)p

such that xi 6= xj for i 6= j and ρ1(x) < 0, we de�ne the open sets

V x
3 := {(α, a, λ) ∈ V3 : β(α, a, λ) = x} ,
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7. Construction of a pseudo gradient

which cover V3 and are disjoint for di�erent x. Since ρ1(x) < 0, Mii > 0 ∀ i and Mij <
0 ∀ i 6= j, the matrix M(x) has a unique normalized eigenvector e1(x) with strictly
positive components.

For (α, a, λ) ∈ V x
3 we de�ne

W x
3 (α, a, λ) = |Λ|

(
0, 0, λ2

1e
1
1(x), · · · , λ2

pe
p
1(x)

)
,

which de�nes an equivariant vector �eld on V3 becauseM(xσ)ij = M(x)σ(i)σ(j) and hence

ei1(xσ) = e
σ(i)
1 (x) for all σ ∈ Sp. Here Λ =

(
1
λ1
, · · · , 1

λp

)t
.

Along the �ow of W x
3 , the same computations as in the previous case yield:

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >

= 4I0l(u)

|Λ| p∑
i=1

α2
j

(
2|S+

3 |Aaj +
2I4

9

∆K(aj)

K(aj)

)
ej1(x)

λj
+ 2

∑
i 6=j

αiαj
I1G(ai, aj)

λi
ej1(x)|Λ|


+ o

 p∑
j=1

1

λ2
j

+ o

∑
i 6=j

εij


=

4I0α
2
1K(a1)(∑p

l=1 α
3
lK(al)I0

) 2
3

−|Λ| < Λ,M(x)e1(x) > +o

 p∑
j=1

1

λ2
j

+ o

∑
i 6=j

εij

 .

Observe that

−|Λ| < Λ,M(x)e1(x) > = −ρ1(x)|Λ| < Λ, e1(x) >= |ρ1(x)||Λ|2 < Λ

|Λ|
, e1(x) >

≥ c0|ρ1(x)||Λ|2, (7.15)

where
c0 = min{< z, e1(x) > | z ∈ Sp−1

+ } > 0.

Hence, using the same arguments as for V2, (7.15) implies

<∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >≥ c0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij


on V x

3 . Therefore, as in the previous case, the vector �eld

W (α, a, λ) := M ·W x
3 (α, a, λ) +W0(α, a, λ)

is a pseudo gradient vector �eld on V x
3 for M large enough. Since the sets V x

3 cover V3

we have constructed a vector �eld on V3. Moreover all λi are decreasing along the �ow
of −W in V3.
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7. Construction of a pseudo gradient

Next, we construct a vector �eld W1 in V1. For x = (x1, · · · , xp) ∈ Krit(K)p such that

xi 6= xj for all i 6= j and 2|S3
+|Hxj (xj) + 2I4

9
∆K(xj)
K(xj)

> 0 for at least on xj we de�ne the
sets

V x
1 := {(α, a, λ) ∈ V1 : β(α, a, λ) = x} .

Since the sets V x
1 are open and cover V1 it su�ces to construct a vector �eld W x

1 on V x
1 .

Set

B(x) :=

{
1 ≤ j ≤ p : 2|S3

+|Hxj (xj) +
2I4

9

∆K(xj)

K(xj)
> 0

}
and

W̃1(α, a, λ) =
(
0, 0, λ11{1∈B(x)}, · · · , λp1{p∈B(x)}

)
,

which de�nes an equivariant vector �eld, because σ(B(xσ)) = B(x) for all σ ∈ Sp.

Along this �ow we get

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
∑

j∈B(x)

αjλj
∂

∂λj
ϕaj ,λj >

= 4I0l(u)

 ∑
j∈B(x)

α2
j

(
2|S3

+|Haj (aj) +
2I4

9

∆K(aj)

K(aj)

)
1

λ2
j

+ 2
∑

j∈B(x)

∑
i 6=j

αiαjI1
G(ai, aj)

λiλj


+ o

 p∑
j=1

1

λ2
j

+ o

∑
i 6=j

εij

+O

 p∑
i=1

ρ2

λ2
i

+
∑
i 6=j

ρεij


≥ c0

 ∑
j∈B(x)

1

λ2
j

+
∑

j∈B(x)

∑
i 6=j

εij

+ o

 p∑
j=1

1

λ2
j

+ o

∑
i 6=j

εij


+O

 p∑
i=1

ρ2

λ2
i

+
∑
i 6=j

ρεij

 .

To get the asserted estimate we need to add another vector �eld. Therefore let A(x) =
{1, · · · , p} \B(x) and de�ne for A ⊂ A(x):

V x
1 (A) := {(α, a, λ) ∈ V x

1 : λi <
1

4
λ̄min ∀ i ∈ A, λi >

1

8
λ̄min ∀ i ∈ Ā}.

Here λ̄min = min{λj : j ∈ B(x)} and Ā = {1, · · · , p} \
(
B(x) ∪A

)
. Furthermore we set

V x
1 (B) := {(α, a, λ) ∈ V x

1 : λi >
1

2
λ̄min ∀ i ∈ A(x)}.

If (α, a, λ) ∈ V x
1 (B) then

∑
i∈B(x)

1

λ2
i

=
1

2

∑
i∈B(x)

1

λ2
i

+
1

2

∑
i∈B(x)

1

λ2
i

≥ 1

2

∑
i∈B(x)

1

λ2
i

+
1

8p

∑
i∈A(x)

1

λ2
i

≥ c0

p∑
i=1

1

λ2
i

,
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7. Construction of a pseudo gradient

which implies

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
∑

j∈B(x)

αjλj
∂

∂λj
ϕaj ,λj >

≥ c0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij


in V x

1 (B) if ε and ρ are small. Hence W̃1 is pseudo-gradient on V x
1 (B). It is left to

construct a second vector �eld on V x
1 (A). If the least eigenvalue ρ1 ((xi)i∈A) > 0, we set

W̃A
1 (α, a, λ) =

(
0, 0,−λ11{1∈A}, · · · ,−λp1{p∈A}

)
and if ρ1 ((xi)i∈A) < 0, we set

W̃A
1 (α, a, λ) = (0, 0,W3 ((αi, ai, λi)i∈A)) ,

whereW3 is the vector �eld constructed above for V3 ⊂ Bq
ε , q = |A|. If (α, a, λ) ∈ V x

1 (A),

then (α, a, λ)σ ∈ V xσ
1 (σ−1(A)) and hence W̃ σ−1(A)

1 =
(
W̃A

1

)σ
.

In both cases we get along the �ow of W̃A
1 :

− < ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
∑
j∈A

λj
∂

∂λj
ϕaj ,λj >

≥ c0

∑
j∈A

1

λ2
j

+
∑
i 6=j∈A

εij

− C∑
j∈A

∑
i 6∈A

εij ,

where we did the same computations as for V2 and V3. We set

W̃ x
2 =

∑
A⊂B(x)

ηAW̃
A
1 ,

where (ηA)A is a smooth partition of unity, subordinate to the cover (V x
1 (A))A of V x

1

with the following property:

ησ−1(A)((α, a, λ)σ) = ηA(α, a, λ) ∀ σ ∈ Sp.

For r > 0 small, we �nally de�ne

W1 = W̃ x
1 + rW̃ x

2 .
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7. Construction of a pseudo gradient

Along the �ow of this vector �eld we obtain

<∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >

≥ c0

 ∑
j∈B(x)

1

λ2
j

+
∑

j∈B(x)

∑
i 6=j

εij

+ rc0

∑
j∈A

1

λ2
j

+
∑
i 6=j∈A

εij


− Cr

∑
j∈A

∑
i 6∈A

εij + o

 p∑
j=1

1

λ2
j

+ o

∑
i 6=j

εij

+O

(
p∑
i=1

ρ2

λ2
i

)
+O

∑
i 6=j

ρεij


≥ c0

∑
j∈Ac

1

λ2
j

+
∑

j∈B(x)

∑
i 6=j

εij

+ rc0

∑
j∈A

1

λ2
j

+
∑
i 6=j∈A

εij

− Cr∑
i∈Ac

1

λ2
i

+ o

 p∑
j=1

1

λ2
j

+ o

∑
i 6=j

εij

+O

(
p∑
i=1

ρ2

λ2
i

)
+O

∑
i 6=j

ρεij


≥ c0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij

 ,

if we choose r small.
Finally set W (α, a, λ) := MW1(α, a, λ) +W0(α, a, λ) on V1 and �nd the estimate

d

dt
J

(
p∑
i=1

αiϕai,λi + v̄

)
≥ c0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij + |α− |α|ᾱ|2


for M large. Moreover, due to the construction, λ̇i ≤ 0 along the �ow of −W in V1

whenever λi = max{λj : 1 ≤ j ≤ p}.
Hence we have constructed an equivariant vector �eld in V1. Since U1 splits into V1, V2

and V3, we have constructed a vector �eld in U1. Observe that max{λ1, · · · , λp} is de-
creasing along the �ow of −W in V1 ∪ V3.

We continue with the construction of a vector �eld on U \ U1. Let K = {x1, · · · , xl} ⊂
crit(K) be a subset such that |K| = l ≤ p− 1 and de�ne

Abb(p,K) := {r : {1, · · · , p} → K onto} .

For r ∈ Abb(p,K) we set

Vr(K) := {(α, a, λ) ∈ U : dg(ai, r(i)) < ρ0} ⊂ U open.

Thus

U = U1 ∪
⋃
K

⋃
r∈Abb(p,K)

Vr(K),
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7. Construction of a pseudo gradient

where this union is disjoint. Hence it su�ces to construct a vector �eld on each Vr(K).
Therefore let K = {x1, · · · , xl} be a subset as above, r ∈ Abb(p,K) and Bj = r−1({xj}).
Furthermore we choose a smooth, non-negative, monotone increasing function χ : R→ R
such that χ(t) = 0 if t ≤ 1

4 and χ(t) = 1 if t ≥ 1. For l ∈ Bj we set

χ̄(λl) =
∑

l 6=k∈Bj

χ

(
λl
λk

)
if |Bj | ≥ 2. Otherwise we set χ̄(λl) := 0. We now de�ne a �rst equivariant vector �eld as
follows

W̃K
r (α, a, λ) = (0, 0, λ1χ̄(λ1), · · · , λpχ̄(λp)).

Along the �ow we obtain

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >

= 4I0l(u)

( ∑
|Bj |≥2

∑
χ̄(λl)6=0

χ̄(λl)

(
α2
l

(
2|S3

+|Hal(al) +
2I4

9

∆K(al)

K(al)

)
1

λ2
l

− 2
∑
i 6=l

I1αlαiλl
∂

∂λl
I(εil)

))

+ o

 p∑
j=1

1

λ2
j

+ o

∑
i 6=j

εij

+O

(
p∑
i=1

ρ2

λ2
i

)
+O

∑
i 6=j

ρεij

 .

Furthermore

−
∑
i 6=l
I1αlαiλl

∂

∂λl
I(εil) = −

∑
l 6=i∈Bj

I1αlαiλl
∂

∂λl
I(εil) +

∑
i∈Bcj

I1αlαi
G(ai, al)

λiλl
.

Since

−χ̄(λl)λl
∂

∂λl
I(εil)− χ̄(λi)λi

∂

∂λi
I(εil) ≥

c

2
εil

in any case, if is ε small and l, i ∈ Bj , we obtain

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >

≥ c0

 ∑
|Bj |≥2

∑
χ̄(λl)6=0

∑
i 6=l

εil

− C ∑
|Bj |≥2

∑
χ̄(λl)6=0

1

λ2
l

+ o

 p∑
j=1

1

λ2
j

+ o

∑
i 6=j

εij

+O

(
p∑
i=1

ρ2

λ2
i

)
+O

∑
i 6=j

ρεij


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7. Construction of a pseudo gradient

If χ̄(λl) 6= 0, it exists i ∈ Bj such that λl
λi
≥ 1

4 , hence

1

λ2
l

1

εil
=

1

λiλj
+
λi
λ3
l

+
λi
λl
d(ai, al)

2 = o(1).

This implies 1
λ2l

= o(εil) and therefore

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >≥ c0

∑
|Bj |≥2

∑
χ̄(λl) 6=0

 1

λ2
l

+
∑
i 6=l

εil


+ o

 p∑
j=1

1

λ2
j

+ o

∑
i 6=j

εij

+O

(
p∑
i=1

ρ2

λ2
i

)
+O

∑
i 6=j

ρεij

 .

We need to add a further vector �eld to guarantee the stated estimate. Therefore we
need to subdivide Vr(K). W.l.o.g. assume |B1|, · · · , |Bk| ≥ 2 for k ≤ l and de�ne

M := {A1 ∪ · · · ∪Ak : Ai ⊂ Bi, |Ai| = |Bi| − 1 ∀ 1 ≤ i ≤ k}.

For A ∈M we set

V Ar (K) := {(α, a, λ) ∈ Vr(K) : χ̄(λj) > 0 for j ∈ A}

and λ = min{λj : j ∈ A}. Furthermore, for B ⊂ {1, · · · , p} \ A we de�ne the sets

V A,Br (K) := {(α, a, λ) ∈ V Ar (K) : λi <
1

4
λ ∀i ∈ B; λi >

1

8
λ ∀i ∈ B̄}

and

V A,Cr (K) :=

{
(α, a, λ) ∈ V Ar (K) : λi >

1

8
λ ∀i ∈ {1, · · · , p} \ A

}
.

Here B̄ = {1, · · · , p} \ (A ∪B) . We remark that

(α, a, λ) ∈ V A,Br (K)⇔ (α, a, λ)σ ∈ V σ−1(A),σ−1(B)
r◦σ (K).

Now we are prepared to construct a second vector �eld. Observe that

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >

≥ c0

∑
|Bj |≥2

∑
χ̄(λl)6=0

 1

λ2
l

+
∑
i 6=l

εil

+ o

∑
i 6=j

εij

+O

(
p∑
i=1

ρ2

λ2
i

)
+O

∑
i 6=j

ρεij


≥ c0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij



84



7. Construction of a pseudo gradient

for ε small along the �ow of W̃K
r in V A,Cr (K). Hence it is not needed to construct a

second vector �eld in the previous situation.
If (α, a, λ) ∈ V A,Br (K), then d(ai, aj) ≥ ρ0 for all i, j ∈ B because they are located at
di�erent critical points. Therefore the point (αi, ai, λi)i∈B ∈ U1 ⊂ Bq

ε , where q = |B|.
Hence we choose as second vector �eld

WA,Br (α, a, λ) := (0, 0,WU1((αi, ai, λi)i∈B)),

where WU1 is the vector �eld on U1, which we have already constructed. Along the �ow
of WA,Br we get in V A,Br (K) :

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >≥ c0

∑
i∈B

1

λ2
i

+
∑
i 6=j∈B

εij

− C ∑
i∈B,j∈Bc

εij .

Therefore, if (α, a, λ) moves along the �ow of W̃K
r + µWA,Br and µ is small, we obtain

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >≥ c0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij


in V A,Br (K). Finally we choose a smooth partition of unity ηA,B, subordinate to the cover(
V A,Br

)
A,B

(K) of Vr(K) with the property

ησ−1(A),σ−1(B)((α, a, λ)σ) = ηA,B(α, a, λ) ∀ σ ∈ Sp (7.16)

and de�ne

WK
r := W̃K

r + µ
∑
A,B

ηA,BW
A,B
r

which de�nes an equivariant vector �eld on Vr(K) . Finally we set

W (α, a, λ) := MWK
r (α, a, λ) +W0(α, a, λ),

which de�nes a vector �eld on Vr(K) with the property

d

dt
J

(
p∑
i=1

αiϕai,λi + v̄

)
≥ c0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij + |α− |α|ᾱ|2


for β small andM large. Moreover if λi = max{λ1, · · · , λp}, then λ̇i ≤ 0 if (α, a, λ) moves
along the �ow of −W in Vr(K). Hence we have constructed a vector �eld on U \ U1.

It is left to construct a vector �eld on U c. For ∅ 6= A ⊂ {1, · · · , p} we de�ne

OA :=

{
(α, a, λ) ∈ Uα :

|∇K(ai)|2

λi
> γ

1

λ2
i

for i ∈ A;
|∇K(ai)|2

λi
< 2γ

1

λ2
i

for i ∈ Ac
}
.
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7. Construction of a pseudo gradient

Due to (7.9) we obtain along the �ow of W0:

< −∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,

p∑
j=1

1

λj
∇K(aj) · ∇ajϕaj ,λj >

≥ c0

p∑
j=1

|∇K(aj)|2

λi
+O

 p∑
j=1

ρ

λ2
j

− c2

∑
j∈A

∑
i 6=j

εij + o

∑
j∈Ac

∑
i 6=j

εij


≥ c0

∑
j∈A

|∇K(aj)|2

λi
+
∑
j∈A

γ

p

1

λ2
j

+
∑
j∈Ac

|∇K(aj)|2

λj
− c2

∑
j∈A

∑
i 6=j

εij

+O

 p∑
j∈Ac

ρ

λ2
j

+ o

∑
j∈Ac

∑
i 6=j

εij


if ε is small.

We subdivide Bp
ε into the sets

Oσ :=
{

(α, a, λ) ∈ Bp
ε : λσ(1) < 2λσ(2) < · · · < 2pλσ(p)

}
for σ ∈ Sp. Furthermore we set λ̄ = min{λi : i ∈ A} and for B ⊂ Ac:

OBA :=

{
(α, a, λ) ∈ OA : λi <

1

4
λ̄ for i ∈ Ac \B; λi >

1

2
λ̄ for i ∈ B

}
.

On Oid ∩OBA we de�ne the vector �eld

WA
id := (0, 0, 2λ11{1∈A∪B}, · · · , 2pλp1{p∈A∪B})

and observe along the �ow

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >

=< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
p∑

j∈A∪B
2jαjλj

∂

∂λj
ϕaj ,λj >

≥ −c0

∑
j∈A∪B

2j
∑
i 6=j

αiαjI1λj
∂

∂λj
I(εij)− c

∑
j∈A∪B

1

λ2
j

− c1ρ
∑

j∈A∪B

∑
i 6=j

εij + o

∑
i 6=j

εij


≥ c2

∑
j∈A∪B

∑
i 6=j

εij − c
∑

j∈A∪B

1

λ2
j

+ o

∑
i 6=j

εij


if ρ and ε are small. On Oπ ∩OBA we de�ne the vector �eld

WA
π (α, a, λ) := (0, 0, 2π

−1(1)λ11{1∈A∪B}, · · · , 2π
−1(p)λp1{p∈A∪B})
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7. Construction of a pseudo gradient

and observe along the �ow in Oπ ∩OBA :

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >

≥ c2

∑
j∈A∪B

∑
i 6=j

εij − c
∑

j∈A∪B

1

λ2
j

+ o

∑
i 6=j

εij

 .

For M > 0 we de�ne on Oπ ∩OBA

W̃ := W0 +MWA
π

and get along the �ow

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >

≥ c0

∑
j∈A

|∇K(aj)|2

λi
+
∑

j∈A∪B

γ

p

1

λ2
j

+
∑
j∈Ac

|∇K(aj)|2

λj
− c2

∑
j∈A

∑
i 6=j

εij

+O

 p∑
j∈Ac

ρ

λ2
j

+ o

∑
j∈Ac

∑
i 6=j

εij


+ c1M

∑
j∈A∪B

∑
i 6=j

εij − cM
∑

j∈A∪B

1

λ2
j

+ o

∑
i 6=j

εij

 .

First we choose M large such that c1M > 2c2 and then γ large such that γ > 2pcM ,
then

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >

≥ c

 p∑
j=1

|∇K(aj)|2

λi
+
∑

j∈A∪B

1

λ2
j

+
∑

j∈A∪B

∑
i 6=j

εij

+O

 p∑
j∈Ac

ρ

λ2
j

+ o

∑
i 6=j

εij

 .

Since this is still not the estimate we need, we have to add a third vector �eld on OBA .

Let WU be the vector �eld, previously constructed in U ⊂ Bq
ε , q = |Ac \B|. Set

WA
3 (α, a, λ) := (0, 0,WU ((αi, ai, λi)i∈Ac\B).
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7. Construction of a pseudo gradient

Along the �ow of WA
3 we get

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >

≥ c0

 ∑
i∈Ac\B

1

λ2
i

+
∑

i∈Ac\B

|∇K(ai)|2

λi
+

∑
i 6=j∈Ac\B

εij


− c1

∑
i∈Ac\B

∑
j∈Bc

εij +O

(
p∑
i=1

ρ

λ2
i

)
+O

∑
i 6=j

ρεij

 .

Finally we set on OBA ∩Oπ W
A,B
π := W̃ + δWA

3 and observe along the �ow

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >

≥ c0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij + |α− |α|ᾱ|2


for δ, ρ and ε small.

We choose a partition of unity (ωσ) subordinate to the cover (Oσ) such that
ωπ((α, a, λ)σ) = ωσ◦π(α, a, λ) and a partition of unity ηA,B with the invariance property
as in (7.16) and de�ne

W =
∑
σ∈Sn

∑
A,B

ωσηA,BW
A,B
σ ,

which de�nes an equivariant vector �eld on
⋃
AOA. Finally we glue the vector �elds in⋃

AOA and U along an Sp-invariant partition of unity to obtain an equivariant vector
�eld on Uα. As an important fact of this construction max{λ1, · · · , λp} is decreasing as
long as (α, a, λ) /∈ V2. Thus we have constructed an equivariant vector �eld W on Bp

ε

such that

< ∇J

(
p∑
i=1

αiϕai,λi + v̄

)
,
d

dt

p∑
j=1

αjϕaj ,λj >

≥ c0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij + |α− |α|ᾱ|2


in any case. Due to Lemma 7 we also get the asserted estimate

d

dt
J

(
p∑
i=1

αiϕai,λi + v̄

)
≥ c0

 p∑
i=1

1

λ2
i

+

p∑
i=1

|∇K(ai)|2

λi
+
∑
i 6=j

εij + |α− |α|ᾱ|2


for ε small. Hence the proof is �nished.
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7.5. The global pseudo gradient

In the previous sections we constructed a pseudo gradient vector �eld Z = Zp in V (p, εp)
for εp small. For p ∈ N we choose local Lipschitz functions ηp : H1(M)→ [0, 1] such that
ηp(u) = 1 for u ∈ V (p, εp/2) and ηp(u) = 0 in H1(M) \ V (p, εp). We de�ne our global
pseudo gradient X in U as follows:

X(u) :=
∞∑
p=1

ηp(u)Zp(u) +

1−
∞∑
p=1

ηp(u)

∇J(u). (7.17)

Since V (p, ε) ∩ V (q, ε) = ∅ for p 6= q and ε small, X(u) = Zp(u) in V (p, εp/2). Since we
assume that J does not have critical points in U , Proposition 7.1 implies∇J(u)·X(u) > 0
in U . Therefore X is a global pseudo gradient.

In the next chapter we prove some general facts about this pseudo gradient which will
allow us to proof Theorem 1 and 2.

89



8. The topological argument and proof

of the Theorems

8.1. General facts about the �ow

As in chapter 3 de�ned, let

U :=

{
u ∈ Σ :

∫
∂M

K(x)u3 > 0

}
.

Proposition 17. Let ∆ ⊂ R × U and Φ : ∆ → U be the �ow of u̇ = −X(u), where X
is de�ned in (7.17). Then all maximal solutions exist on [0,∞).

Proof. Let u0 ∈ U and u : [0, T+)→ U be the maximal solution of:{
u̇ = −X(u)

u(0) = u0.

Then u is well de�ned, because X is locally Lipschitz continuous. We need to show that
T+ =∞ which will follow if we show that ||X|| is bounded along the �ow. First observe
that

d

dt

∫
∂M

K(x)u3dσg > 0,

because J decreases along the �ow and ||u(t)|| remains constant along the �ow. Hence∫
∂M K(x)u3dσg is bounded from above and below along u. Since

∇J(u) =
2(∫

∂M K(x)u3dσg
) 2

3

(
u− l(u)B−1

g

(
u2
))
,

we conclude ||∇J(u)|| ≤ C(u0) along the �ow. If u ∈ V (p, ε) the expansion of J implies

J(u) =
Q(B4, ∂B4)

∑p
i=1 α

2
i(∑p

i=1K(ai)α3
i

) 2
3

(1 +O(ε)) .
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8. The topological argument and proof of the Theorems

Furthermore |α− |α|ᾱ| = o(ε), which yields

J(u) =
Q(B4, ∂B4)

∑p
i=1 ᾱ

2
i

(
∑p

i=1K(ai)ᾱi3)
2
3

(1 +O(ε)) .

Let ᾱm := min{ᾱ1, · · · , ᾱp}, then

J(u) ≥
Q(B4, ∂B4)

(
pᾱ2

m

) 1
3

(K(am)ᾱm)
2
3

(1 +O(ε)) ≥ Q(B4, ∂B4)

max(K)
2
3

p
1
3 (1 +O(ε))→∞ (p→∞).

Therefore u(t) intersects only �nitely many V (p, ε) along the �ow. Hence the proof will
be completed once we will have shown that ||X(u)|| ≤ C(p) for all u ∈ V (p, ε). Since
X(u) = ηp(u)Zp(u)+(1−ηp)∇J(u) in V (p, ε) it su�ces to show that Z = Zp is bounded
in V (p, ε). Z(u) = Dψ(α, a, λ, v)[Z̃(α, a, λ, v)], therefore

Z(u) =

p∑
i=1

(
W i
α + t(α, a, λ, v)αi

)
ϕai,λi +

p∑
i=1

W i
λ

∂

∂λi
ϕai,λi +

p∑
i=1

W i
a · ∇aiϕai,λi

+ C(v − v̄) +Dv̄[W ] + t(α, a, λ, v)v̄ −R.

Due to Proposition 16 W i
α, λ

−1
i W i

λ, λiW
i
a are bounded. Moreover ||v̄|| is bounded, hence

Lemma 5 implies that Dv̄[W ] is bounded as well. Furthermore R, t and v are also
bounded. Hence Z is bounded in V (p, ε) which proves the Proposition.

Proposition 18. Assume J does not have any critical point in U . Let u0 ∈ U and
u : [0,∞)→ U be the solution of {

u̇ = −X(u)

u(0) = u0,

then there exists p ∈ N such that for all ε > 0: u(t) ∈ V (p, ε), provided t ≥ t(ε) for some
t(ε) ≥ 0.
In other words, it exists p ∈ N and ε(t)↘ 0 (t→∞) such that u(t) ∈ V (p, ε(t)), if t is
large.

Proof. As we have seen in the proof of Proposition 17 there exists p0 such that u(t) 6∈
V (p, εp) for all p ≥ p0, provided εp is small. From now on we assume that
ε < min{εp : 1 ≤ p ≤ p0}.
Claim 1: There exists tn →∞ such that

u(tn) ∈
⋃
p≤p0

V (p,
ε

8
).
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8. The topological argument and proof of the Theorems

Proof of the claim. Assume the claim is wrong. Then there exists t1 ≥ 0 such that
u(t) 6∈

⋃
p≤p0 V (p, ε8) for all t ≥ t1. Since we assume that J does not have any critical

point

inf

|∇J(u)|2
∣∣∣∣ u ∈ U \ ⋃

p∈N
V (p,

ε

8
); J(u) ≤ J(u0)

 = c0 > 0.

Furthermore

inf

< ∇J(u), X(u) >

∣∣∣∣ u ∈ ⋃
p≤p0

(
V (p, ε) \ V (p,

ε

8
)
) = c1 > 0,

which implies < ∇J(u(t)), X(u(t)) >≥ min{c0, c1} for all t ≥ t1. Hence

J(u(t))− J(u(t1)) = −
∫ t

t1

< ∇J(u(s)), X(u(s)) > ds ≤ −min{c0, c1}(t− t1)→ −∞

for t → ∞ which contradicts the fact that J is bounded from below. Hence claim 1 is
true.

Due to claim 1 there exists a sequence tn → ∞ and p ∈ {1, · · · , p0} such that u(tn) ∈
V (p, ε8) for all n ∈ N. Assume there exists a sequence sn →∞ such that u(sn) /∈ V (p, ε4)
for all n ∈ N. After passing to sub-sequences we can assume that ...tn < sn < tn+1... for
all n ∈ N. Set

t̂n = inf{t ≥ tn : u([t, sn]) ⊂ V (p,
ε

8
)c}.

Then u([t̂n, sn]) ⊂ V (p, ε8)c. Since u is continuous, we can assume that u([t̂n, sn]) ⊂
V (p, ε2). From the estimate above we derive

J(u(sn))− J(u(t̂n)) ≤ −c1|sn − t̂n|.

Furthermore

0 < d0 := dist
(
V (p,

ε

4
)c, V (p,

ε

8
)
)
≤ ||u(sn)− u(t̂n)|| ≤

∫ sn

t̂n

||X(s)||ds ≤ C|sn − t̂n|,

which yields
J(u(sn))− J(u(t̂n)) ≤ −c1d0,

and hence J(u(sn)) → −∞, thus a contradiction. Therefore the assumption is wrong
and such a sequence (sn)n does not exist. Thus u(t) ∈ V (p, ε) for t large.
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8. The topological argument and proof of the Theorems

8.2. Critical points at in�nity

Let u : [0,∞) → U be a �ow line of −X. From the previous section we know that
u(t) ∈ V (p, ε) for some p ∈ N and t large. Therefore, for t large we can write

u(t) =

p∑
i=1

αi(t)ϕai(t),λi(t) + v(t)

where (α, a, λ, v) ∈ E move along −Z̃ (see Lemma 4).

We call a tupel (ᾱ(x), x) ∈ Sp−1 × ∂Mp critical point at in�nity if x = (x1, · · · , xp)
is contained in the following set

F∞p :=

{
(y1, · · · , yp) ∈crit(K)p

∣∣∣∣ yi 6= yj for i 6= j,

2|S3
+|Hyi(yi) +

2I4

9

∆K(yi)

K(yi)
< 0 ∀i, ρ1(y1, · · · , yp) > 0

}
.

Here ρ1 is the least eigenvalue, de�ned in (1.16). We are now able state the main
Proposition in this section.

Proposition 19. Let

u(t) =

p∑
i=1

αi(t)ϕai(t),λi(t) + v(t)

be a solution of u̇ = −X(u), which remains in V (p, ε) for all t ≥ 0, then

a(t) = (a1(t), · · · ,ap(t))→ (x1, · · · , xp) ∈ F∞p ; λi →∞ ∀i; εij → 0 ∀i 6= j;

|α− |α|ᾱ| → 0; |α| → (2I0)−
1
2 ; ||v − v̄|| → 0

for (t→∞).

Proof. From Proposition 18 we immediately infer

λi →∞, εij → 0, |α− |α|ᾱ| → 0 and ||v − v̄|| → 0

and therefore also ||v(t)|| → 0.
Since

1 = ||u(t)||2 =

p∑
i=1

αi(t)
2||ϕai,λi(t)||

2 +O

∑
i 6=j

εij(t)

+ ||v(t)||2

= 2

p∑
i=1

αi(t)
2I0 +O

(
p∑
i=1

1

λi(t)2

)
+O

∑
i 6=j

εij(t)

+ ||v(t)||2,
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8. The topological argument and proof of the Theorems

we derive 2I0|α(t)|2 → 1. It remains to prove the statement for a(t). Since (α, a, λ, v)
moves along −Z̃, ai moves along −W i

a. Hence

ȧi =
∇K(ai)

λi
.

Let βi : [0, T+)→ [0,∞) be the solution of β̇i(s) = λi(βi(s)), βi(0) = 0, then
bi : [0, T+) → ∂M , bi(s) := ai(βi(s)) solves ḃi(s) = ∇K(bi(t)); bi(0) = ai(0). If T+ < ∞
then ai(t)→ bi(T

+) =: a∞ for t→∞. Since a∞ is not a critical point in this case,

∇K(ai(t))

λi(t)
> 2γ

1

λi(t)2

for t large. Due to the construction of W , max{λ1(t), · · · , λp(t)} is decreasing for t large
and therefore λi is bounded, which is a contradiction. Hence T ∗ =∞ and a∞ is a critical
point of K. Therefore

(a1(t), · · · , ap(t))→ (x1, · · · , xp) ∈ crit(K)p (t→∞).

If (x1, · · · , xp) /∈ F∞p , then (α, a, λ)(t) /∈ V2 for t large. Thus, due to to the construction
of W , max{λ1(t), · · · , λp(t)} is decreasing for t large, which is a contradiction, because J
is bounded from below. Therefore (a1(t), · · · , ap(t))→ (x1, · · · , xp) ∈ F∞p which �nishes
the proof.

Remark 3. If p > |crit(K)| then F∞p = ∅. Therefore �ow lines of u̇ = −X(u) are
contained in ⋃

p≤|crit(K)|

V (p, ε)

for t large.

For x ∈
⋃
p≤|crit(K)|F∞p de�ne

c(x) := Q(B4, ∂B4)

(
p∑
i=1

1

K(xi)2

) 1
3

.

Let u : [0,∞) → U be any �ow line of u̇ = −X(u). Since J does not have any critical
point, Proposition 7 and Proposition 19 yield J(u(t)) → c(x) (t → ∞) for some x ∈⋃
p≤|crit(K)|F∞p . Especially

inf{J(u) | u ∈ U} = min

{
c(x) | x ∈

⋃
p≤|crit(K)|

F∞p
}
,

hence

inf{J(u) | u ∈ U} ≥ Q(B4, ∂B4)
(

maxK
)− 2

3 (8.1)

We are now able to prove Theorem 1.
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8. The topological argument and proof of the Theorems

Proof of Theorem 1. Let x ∈ ∂M such that K(x) = maxK and
2|S3

+|Hx(x) + 2I4
9

∆K(x)
K(x) > 0. The expansion of the functional (see Proposition 7) yields

J (ϕx,λ) < Q(B4, ∂B4)
(

maxK
)− 2

3

for λ large. This contradicts (8.1). Therefore J must have a critical point in this case.

8.3. A Morse lemma at in�nity

Let r̂ = 1√
2I0

and x = (x1, · · · , xp) ∈ F∞p . Furthermore let

ϕ : Br0(0)×Br0(0)p → Sp−1
r̂ × ∂Mp

be a Morse-chart around the critical point (r̂ᾱ(x), x) of the function

f(α, a) =
Q(B4, ∂B4)|α|2(∑p

i=1 α
3
iK(ai)

) 2
3

,

de�ned on Sp−1
r̂ × ∂Mp. Hence, for (α, a) = ϕ(h, y) it holds

f(α, a) = c(x)− |h|2 +

p∑
i=1

(
−|y−i |

2 + |y+
i |

2
)
.

Here (y−i , y
+
i ) ∈ R3 are the coordinates of unstable and stable manifold of −∇ 1

K at
xi. Under the identi�cation (α, a, λ) = (ϕ(h, y), λ) Proposition 7 yields the following
expansion:

J

(
p∑
i=1

αiϕai,λi + v̄

)
= c(x)− |h|2 +

p∑
i=1

(
−|y−i |

2 + |y+
i |

2
)

+ c∗(x) < M(x)Λ,Λ >

+O (|h|+ |y|) |Λ|2 +O
(
ρ|Λ|2

)
+O

(
|y−|4 + |y+|4

)
+O

(
|Λ|3

)
.

if (α, a) are close to (r̂ᾱ(x), x), where

c∗(x) = c(x)
1

2I0

(
p∑
i=1

1

K(xi)

)−1

and Λ =
(

1
λ1
, · · · , 1

λp

)t
. Furthermore we choose r << r0 and de�ne the function

g : Rp−1×(R3)p × Rp+ → R,

g(h, y, λ) = c(x)− |h|2 +

p∑
i=1

(
−|y−i |

2 + |y+
i |

2
)

+ c∗(x) < M(x)Λ,Λ > .
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and the vector �eld Ṽ (h, y, λ) = (Dϕ−1[Wα,Wa],Wλ). Let
Φ̃(h, y, λ, t) be the �ow of this vector �eld. We would like to show

d

dt
g
(
Φ̃(h, y, λ, t)

)
≥ c0

|α− |α|ᾱ|2 +

p∑
i=1

|∇K(ai)|2

λi
+ |Λ|2 +

∑
i 6=j

εij

 (8.2)

for all (h, y, λ) ∈ Br(0)×Br(0)p × Rpε, where

Rpε := {y ∈ Rp | yi > ε ∀ i } .

Since
(α(t), a(t), λ(t)) = (ϕ(h(t), y(t)), λ(t)) ∈ U cα ∪ V2

⋃
∅6=A⊂{1,··· ,p}

OA

along the �ow of Ṽ , we have to check the inequality in each set separately (see page 74,76
and 85 for the de�nition of the previous sets). In U cα it holds

d

dt
g
(
Φ̃(h, y, λ, t)

)
=

d

dt

(
c(x)− |h|2 +

p∑
i=1

(
−|y−i |

2 + |y+
i |

2
))

=
d

dt
f(α, a)

= |∇αf(α, a)|2 +

p∑
i=1

∇aif(α, a) ·Wai

≥ c

(
|α− |α|ᾱ|2 +

p∑
i=1

|∇K(ai)|2

λi

)

≥ c

|α− |α|ᾱ|2 +

p∑
i=1

|∇K(ai)|2

λi
+ |Λ|2 +

∑
i 6=j

εij

 .

Next we check the inequality in V2.

d

dt
g
(
Φ̃(h, y, λ, t)

)
=

d

dt

(
c(x)− |h|2 +

p∑
i=1

(
−|y−i |

2 + |y+
i |

2
))

+
d

dt
c∗(x) < M(x)Λ,Λ >

=
d

dt
f(α, a) + 2c∗(x) < M(x)Λ,Λ >

≥ c

(
p∑
i=1

|∇K(ai)|2

λi
+ |Λ|2

)

≥ c

|α− |α|ᾱ|2 +

p∑
i=1

|∇K(ai)|2

λi
+ |Λ|2 +

∑
i 6=j

εij

 .

Finally we prove the inequality in some OA. OA is subdivided in the sets OBA ∩Oπ. Fore
the precise de�nitions see page 86. In OBA ∩Oπ we have

λ̇i = M2π
−1(i)λi i ∈ {A ∪B}, λ̇i = −δλi i ∈ Ac \B,
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thus

d

dt
g
(
Φ̃(h, y, λ, t)

)
=

d

dt

(
c(x)− |h|2 +

p∑
i=1

(
−|y−i |

2 + |y+
i |

2
))

+
d

dt
c∗(x) < M(x)Λ,Λ >

≥ c

(
p∑
i=1

|∇K(ai)|2

λi
+ |Λ|2

)

≥ c

|α− |α|ᾱ|2 +

p∑
i=1

|∇K(ai)|2

λi
+ |Λ|2 +

∑
i 6=j

εij

 .

Therefore, the stated inequality is profed. Finally de�ne

V (h, y, λ) :=
Ṽ (h, y, λ)

|α− |α|ᾱ|2 +
∑p

i=1
|∇K(ai)|2

λi
+ |Λ|2 +

∑
i 6=j εij

We choose r, ε small such that

c(x)− c0 < J

(
p∑
i=1

αiϕai,λi + v̄

)
, g(h, y, λ) < c(x) + c0,

if (h, y) ∈ Br(0)×Br(0)p and λi > 1
ε ∀i. If necessary, we choose r smaller such that the

�ow Φ(h, y, λ, t) of V , de�ned on ∈ Br0(0)×Br0(0)p ×Rp+, exists at least for t ∈ [−2, 2],
if (h, y, λ) ∈ Br(0)×Br(0)p × Rpε.

Due to (8.2), t 7→ g(Φ(h, y, λ, t)) is strictly increasing with

g(Φ(h, y, λ, 2)) ≥ g(Φ(h, y, λ, 0)) + 2c0 > c(x) + c0

and
g(Φ(h, y, λ,−2)) ≤ g(Φ(h, y, λ, 0))− 2c0 < c(x)− c0.

Due to the mean value theorem, there exists exactly one t = t(h, y, λ) ∈ (−2, 2) such
that

J

(
p∑
i=1

αiϕai,λi + v̄

)
= g
(
Φ(h, y, λ, t(h, y, λ))

)
.

By the implicit function theorem t depends smooth on (h, y, λ). We de�ne the (smooth)
map

w(h, y, λ) := Φ(h, y, λ, t(α, a, λ)).

Since
d

dt
J

(
p∑
i=1

αiϕai,λi + v̄

)
> 0,
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8. The topological argument and proof of the Theorems

if (h, y, λ) move along the �ow of V , w is into. We would like to show that w is a
di�eomorphism. Therefore we construct an inverse map. Since

d

dt
J

(
p∑
i=1

α̃iϕãi,λ̃i + v̄

)
≥ c1,

if (h̃, ỹ, λ̃) = (ϕ−1(α̃, ã), λ̃) move along the �ow of V , there exists exactly one t̃ = t̃(h̃, ỹ, λ̃)
such that

J

(
p∑
i=1

αiϕai,λi + v̄

)
= g(h̃, ỹ, λ̃),

where (α, a, λ) = (ϕ(h, y), λ) ans (h, y, λ) = Φ(h̃, ỹ, λ̃, t̃(h̃, ỹ, λ̃))).

We set w̃(h̃, ỹ, λ̃) = Φ(h̃, ỹ, λ̃, t̃), which de�nes a smooth map as well.

For r, ε small, the map w̃◦w is well de�ned on Br(0)×Br(0)p×Rpε. Furthermore observe
w(w̃(h, y, λ)) = Φ(t,Φ(t̃, h, y, λ)) = Φ(t+ t̃, h, y, λ) as well as

g(h, y, λ) = g(Φ(t+ t̃, h, y, λ)).

Thus, (8.2) implies t + t̃ = 0 and therefore w ◦ w̃ = id. The same arguments show
w̃ ◦ w = id. Hence w is a di�eomorphism.

Summing up, we have proved the following Morse lemma at in�nity:

Proposition 20. Let x = (x1, · · · , xp) ∈ F∞p , u =
∑p

i=1 αiϕai,λi + v̄ ∈ V (p, ε), where
dg(ai, xi) < r, |α| = r̂ , |α − ᾱ(x)r̂| < r and ε, r are small, then it exists a change of
variables Rp−1 ×

(
R3
)p × Rp ⊃ Br ×Bp

r × Rpε 3 (h, y, λ′)←→ (α, a, λ) such that

J

(
p∑
i=1

αiϕai,λi + v̄

)
= c(x)− |h|2 −

p∑
i=1

|y−i |
2 +

p∑
i=1

|y+
i |

2 + c∗(x) < M(x)Λ′,Λ′ > .

Moreover the map can be chosen such that 1
2λ
′
i ≤ λi ≤ 2λ′i ∀ i.

Furthermore (y−i , y
+
i ) ∈ V −i ⊕ V

+
i = R3, where dim(V −i ) = ind( 1

K , xi) = 3− ind(K,xi).

8.4. The topological argument

First observe that the set

C :=

{
c(x)

∣∣∣∣ x ∈ ⋃
p≤|crit(K)|

F∞p
}

(8.3)
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is �nite. We set 4µ0 := mina,b∈C |a− b| and for x ∈ F∞p , ε, δ small we de�ne

Uε,δ :=

{
u =

p∑
i=1

αiϕai,λi + v ∈ V (p,
ε

4
)

∣∣∣∣ dg(ai, xi) < δ, | α
|α|
− ᾱ(x)| < δ,

||v − v̄|| < ε

8
, λi >

100

ε

}
⊂ V (p,

ε

4
).

For u ∈ Uε,δ there exist a unique map q : Uε,δ → Bp
ε , q(u) = (α(u), a(u), λ(u)) such that

dg(ai(u), xi) < δ and u = ψ(q(u), v) for some v ∈ Eq(u), where ψ : E → H1(M) :

ψ(α, a, λ, v) :=

p∑
i=1

αiϕai,λi + v.

Since ψ is a local di�eomorphism, q is smooth.

Choose an open neighbourhood U ⊂ Sp−1
r̂ ×∂Mp around (r̂ᾱ(x), x) and a di�eomorphism

φ : U × Rpε → V × Rpε as in Proposition 20 such that

U ⊂ {(α, a) ∈ Sp−1
r̂ × ∂Mp | |α− r̂ᾱ(x)| < δ

4
, d(ai, xi) <

δ

4
}.

Here V = B2r(0)×B2r(0)p ⊂ Rp−1 × (R3)p. Then in V × Rpε holds:

J

(
p∑
i=1

αiϕai,λi + v̄

)
= c(x)− |h|2 +

p∑
i=1

−|y−i |
2 + |y+

i |
2 + c∗(x) < M(x)Λ′,Λ′ >,

where we use the same notations as in the previous section.
Clearly (α, a, λ) = φ−1(h, y, λ

′
).

Furthermore we de�ne ηδ ∈ C∞(R) such that

ηδ(t) = 1, t ≤ δ, ηδ(t) = 0, t ≥ 2δ, −2δ−1 ≤ η′δ ≤ 0.

For u =
∑p

i=1 αiϕai,λi + v ∈ Uε,δ and µ > 0 we de�ne the map

g(u) = µ · ηδ
(
|h|2 + |y|2 + |Λ′|2 + ||v − v̄||2

)
,

where (h, y, λ′) = φ
(
α
|α| r̂, a, λ

)
. Outside of Uε,δ we set g(u) = 0. Then g is smooth in

H1(M).
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Moreover if g(u) > 0, then

J(u) = J

(
p∑
i=1

αiϕai,λi + v̄

)

+
1

2

∫ 1

0
D2J

(
p∑
i=1

αiϕai,λi + v̄ + t(v − v̄)

)
[(v − v̄), (v − v̄)]

≤ c(x)− |h|2 −
p∑
i=1

|y−i |
2 +

p∑
i=1

|y+
i |

2 + c∗(x) < M(x)Λ′,Λ′ > +C||v − v̄||2

≤ c(x) + Cδ < c(x) + µ0

if δ is small.

We set F (u) = J(u)− g(u).

Lemma 8. It holds
∇F (u) ·X(u) > 0,

if µ, δ are small.

Proof. If g(u) = 0 the statement follows from(7.1). Therefore let g(u) > 0. If u moves
along the �ow of X, then (r̂ α

|α| , a, λ) move along the �ow of W . Hence∣∣∣∣ ddt r̂ α|α|
∣∣∣∣ ≤ ∣∣∣∣∇αf (r̂ α|α| , a

)∣∣∣∣ , d

dt
ai =

∇K(ai)

λi
,

∣∣∣∣ ddt |Λ|2
∣∣∣∣ ≤ C|Λ|2.

Moreover
d

dt
||v − v̄||2 = C||v − v̄||2.

Since (h, y, λ′) move along the �ow of Ṽ :∣∣∣∣ ddt |h|2
∣∣∣∣ ≤ C|h|2, ∣∣∣∣ ddt |yi|2

∣∣∣∣ ≤ C |yi|2λi
,

∣∣∣∣ ddt |Λ′|2
∣∣∣∣ ≤ C|Λ′|2.

Thus:

|∇g(u) ·X(u)| =
∣∣∣∣ ddtg(u)

∣∣∣∣
≤ Cµ

δ

d

dt

(
|h|2 + |y|2 + |Λ′|2 + ||v − v̄||2

)
≤ Cµ

δ

(
|h|2 +

p∑
i=1

|yi|2

λi
+ |Λ′|2 + ||v − v̄||2

)

≤ Cµ

δ

(
|α− |α|ᾱ|2 +

p∑
i=1

|∇K(ai)|2

λi
+ |Λ|2 + ||v − v̄||2

)
.
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If µδ is small (7.1) implies

∇F (u) ·X(u) ≥ c

(
|α− |α|ᾱ|2 +

p∑
i=1

|∇K(ai)|2

λi
+ |Λ|2 + ||v − v̄||2

)
> 0.

Therefore the Lemma is proved.

For every x ∈ F∞ we can construct a function gx as above. Then Lemma 8 still holds
for

F (u) = J(u)−
∑
x∈F∞

gx(u). (8.4)

Remember that F∞ was de�ned in the introduction. Using F we now prove the defor-
mation Lemma

Lemma 9. Choose F from (8.4), then

Jc(x)+µ0 = F c(x)+µ0 ∼= F c(x)−µ
2 .

Proof. The �rst identity is clear, we only need to proof the homotopy equivalence. There-
fore let

Φ : [0,∞)× F c(x)+µ0 → F c(x)+µ0

be the �ow of u̇ = −X(u). Due to Proposition 19 we know that J(u(t))→ c(z) for some
z ∈ F∞. Either c(z) < c(x) − µ

2 or c(z) = c(x). In the second case g(u(t)) → −µ and
hence F (u(t)) < c(x) − µ

2 in any case for t large. Since ∇F (u) · X(u) > 0 there exists
exactly one t = t(u), which depends C1 on u, such that F (Φ(t(u), u)) = c(x)− µ

2 .We set

H : [0, 1]× F c(x)+µ0 → F c(x)+µ0 , H(s, u) = Φ(s · t(u), u),

which is the stated homotopy equivalence.

The main goal in this section is to compute the relative homology

H∗(J
c(x)+µ0 , Jc(x)−µ

2 ;F2) = H∗(J
c(x)+µ0 , Jc(x)−µ

2 ),

where F2 is the �eld with two elements. For simplicity we assume that there are no other

critical tupels y ∈ F∞ at the level c(x). Set A := F c(x)−µ
2 \ Jc(x)−µ

2 , then Jc(x)+µ0 ∼=
Jc−

µ
2 ∪A and hence

H∗(J
c(x)+µ0 , Jc(x)−µ

2 ) = H∗(J
c(x)−µ

2 ∪A, Jc(x)−µ
2 ).
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From the construction of g we derive

A ⊂
{ p∑
i=1

αiϕai,λi + v ∈ Uε,δ | |h|2 + |y|2 + |Λ′|2 + ||v − v̄||2 < 2δ

}
.

Furthermore we de�ne a bigger open set

B :=

{ p∑
i=1

αiϕai,λi + v ∈ Uε,δ | |h|2 + |y|2 + |Λ′|2 + ||v − v̄||2 < 2δ′
}
.

where δ′ is slightly bigger than δ.
Claim 1:

H∗(J
c(x)−µ

2 ∪A, Jc(x)−µ
2 ) = H∗(J

c(x)−µ
2 ∩B ∪A, Jc(x)−µ

2 ∩B).

Proof of claim 1. We would like to apply the excision axiom for homology. Therefore we
need to cut out Jc(x)−µ

2 \B ⊂ Jc∗(x)−µ
2 , which can be done if

Jc(x)−µ
2 \B ⊂ int

(
Jc(x)−µ

2

)
,

where we need to take the closure and interior w.r.t. Jc(x)−µ
2 ∪A.

Since Jc(x)−µ
2 \B ⊂ Jc(x)−µ

2 ∪A is closed it remains to show

Jc(x)−µ
2 \B ⊂ int

(
Jc(x)−µ

2

)
.

If u ∈ Jc(x)−µ
2 \ B, then u /∈ B. Hence there exists r > 0 such that Br(u) ∩ A = ∅ and

thus
Br(u) ∩

(
Jc(x)−µ

2 ∪A
)

= Br(u) ∩ Jc(x)−µ
2 ⊂ Jc(x)−µ

2 ∪A

is open. Therefore u ∈ int
(
Jc(x)−µ

2

)
, which proves the claim.

For all u ∈ B exists exactly one t = t(u) > 0 such that |α(u)t(u)| = r̂. We de�ne the
homeomorphism ψ : B → B := ψ(B), ψ(u) = t(u)u, which maps Jc(x)−µ

2 ∩ B ∪ A to
Jc(x)−µ

2 ∩B ∪A and Jc(x)−µ
2 ∩B to Jc(x)−µ

2 ∩B. Here Ā = ψ(A).
Hence

H∗(J
c(x)−µ

2 ∩B ∪A, Jc(x)−µ
2 ∩B) = H∗(J

c(x)−µ
2 ∩B ∪A, Jc(x)−µ

2 ∩B).

Moreover for u =
∑p

i=1 αiϕai,λi + v ∈ Jc(x)−µ
2 ∩B ∪A we de�ne

ut :=

p∑
i=1

αiϕai,λi + v̄ + (1− t)(v − v̄).

Claim 2: ut ∈ Jc
∗−µ

2 ∩B ∪A for all t ∈ [0, 1].
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Proof of Claim 2. We show ut
||ut|| ∈ J

c(x)−µ
2 ∩ B ∪ A, which proves the claim. Therefore

we need to show ut
||ut|| ∈ B and F ( ut

||ut||) ≤ c
∗(x)− µ

2 for all t. Since J is homogeneous of
degree zero and v̄ is a minimizer:

J

(
ut
||ut||

)
= J

(
p∑
i=1

αiϕai,λi + v̄ + (1− t)(v − v̄)

)
is decreasing. Moreover

v̄

(
α

||ut||
, a, λ

)
=
v̄(α, a, λ)

||ut||
and t 7→ ηδ(t) is decreasing. Therefore it remains to show that

(1− t)2 ||v̄ − v||2

||ut||2

is monotone decreasing. But

d

dt

(1− t)2

||ut||2
= −2(1− t)

||ut||2
− 2

(1− t)2

||ut||4
< u̇t, ut >≤ 0⇔ −||ut||2 ≤ (1− t) < u̇t, ut > .

In addition

||ut||2 = ||
p∑
i=1

αiϕai,λi ||
2 + ||v̄||2 + 2(1− t) < v̄, v − v̄ > +(1− t)2||v − v̄||2

and

< u̇t, ut >= −(1− t)||v̄ − v||2− < v̄, v − v̄ >,

thus

d

dt

(1− t)2

||ut||2
≤ 0⇔ −||

p∑
i=1

αiϕai,λi ||
2 − ||v̄||2 ≤ (1− t) < v̄, v − v̄ > .

The last inequality is true if ||v − v̄||2 ≤ ||
∑p

i=1 αiϕai,λi ||2, which is satis�ed for δ and ε
small. Therefore the claim is true.

De�ne

C1 :=

{
u ∈ Jc∗−

µ
2 ∩B ∪A

∣∣∣∣ u =

p∑
i=1

αiϕai,λi + v̄

}
⋃{

u ∈ Jc∗−
µ
2 ∩B ∪A | J(u) ≤ c∗ − µ

2

}

and
C2 = Jc

∗−µ
2 ∩B ∪A \ C1.
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For u ∈ C2 we set

τ(u) = sup

{
t ∈ [0, 1]

∣∣∣∣ J(ut) > c∗ − µ

2

}
.

Claim 3: τ : C2 → (0, 1] is continuous.

Proof of claim 3. If t(u) < 1, the claim follows by the implicit function theorem, because
∂tJ(ut) =< ∇J(ut), v̄ − v > 6= 0 in this case. It remains to prove the claim if τ(u) = 1.
Let un ∈ C2 converge to u, then J(u1) ≥ c(x)− µ

2 and

J(unt ) = J

(
p∑
i=1

αni ϕani ,λni + v̄n + (1− t)(vn − v̄n)

)

= J

(
p∑
i=1

αni ϕani ,λni + v̄n

)

+ (1− t)2

∫ 1

0
D2J

(
p∑
i=1

αni ϕani ,λni + v̄n + s(1− t)(vn − v̄n)

)
[vn − v̄n, vn − v̄n]ds

≥ J(u1) + o(1)

+ (1− t)2

∫ 1

0
D2J

(
p∑
i=1

αni ϕani ,λni + v̄n + s(1− t)(vn − v̄n)

)
[vn − v̄n, vn − v̄n]ds

≥ c(x)− µ

2
+ o(1) + c0(1− t)2||vn − v̄n||2 = c∗ − µ

2
+ o(1) + c0(1− t)2||v − v̄||2.

Furthermore

c(x)− µ

2
+ o(1) + c0(1− t)2||v − v̄||2 > c(x)− µ

2

if and only if

(1− t)2 > −o(1),

which is true if |1 − t| > o(1). Hence J(unt ) > c(x) − µ
2 if |1 − t| > o(1) which implies

that τ(un)→ 1. Thus the claim is proved.

Claim 4: Let (un)n ⊂ C2 then τ(un)→ 0 if un → u ∈ C1 such that

J(u) = J

(
p∑
i=1

αiϕai,λi + v

)
≤ c(x)− µ

2

and v 6= v̄.
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Proof of claim 4. Clearly J(u) = c(x)− µ
2 , J (

∑p
i=1 αiϕai,λi + v̄) < c(x)− µ

2 and

J(unt ) = J(ut) + o(1).

Since ∂tJ(ut) < 0 for t ∈ [0, 1), J(ut) < c(x)− µ
2 for all t > ε and therefore J(unt ) < c(x)−

µ
2 for n large and t > ε, which implies τ(un) ≤ ε for n large and hence τ(un)→ 0.

With the previous two claims we are prepared to de�ne a homotopy which retracts the
v-part. Set

H : [0, 1]× Jc(x)−µ
2 ∩B ∪A→ Jc(x)−µ

2 ∩B ∪A, H(t, u) :=

{
u u ∈ C1

utτ(u) u ∈ C2.

H is well de�ned. It remains to show that H is continuous. Let (tn, un) → (t, u). First
let u ∈ C1. If un ∈ C1 the convergence is clear. Let us assume un ∈ C2. If u is as in
claim 4, then τ(un)→ 0 and therefore untnτ(un) → u = H(t, u). If u =

∑p
i=1 αiϕai,λi + v̄,

then

H(tn, un) =

p∑
i=1

αni ϕani ,λni + v̄n + (1− τ(un)tn)(vn − v̄n)→
p∑
i=1

αiϕai,λi + v̄ = H(t, u),

because ||vn − v̄n|| → 0.
If u ∈ C2 then un ∈ C2 for n large and hence H(tn, un) = utnτ(un) → utτ(u) = H(t, u).
We used that τ is continuous. Therefore H is continuous.

Set

Â :=

{
u ∈ Ā

∣∣∣∣ u =

p∑
i=1

αiϕai,λi + v̄

}
,

then H retracts Jc
∗−µ

2 ∩B ∪A onto Jc
∗−µ

2 ∩B ∪ Â by deformation, which implies

H∗(J
c(x)−µ

2 ∩B ∪A, Jc(x)−µ
2 ∩B) = H∗(J

c(x)−µ
2 ∩B ∪ Â, Jc(x)−µ

2 ∩B).

Set

B̂ :=

{
p∑
i=1

αiϕai,λi + v̄ | |h|2 + |y|2 + |Λ′|2 < 2δ′

}
⊂ B.

Then the homotopy h : [0, 1] × Jc∗−
µ
2 ∩ B ∪ Â → Jc

∗−µ
2 ∩ B ∪ Â, h(t, u) = ut retracts

Jc
∗−µ

2 ∩B ∪ Â onto Jc
∗−µ

2 ∩ B̂ ∪ Â by deformation, which yields

H∗(J
c∗−µ

2 ∩B ∪ Â, Jc∗(x)−µ
2 ∩B) = H∗(J

c∗−µ
2 ∩ B̂ ∪ Â, Jc∗(x)−µ

2 ∩ B̂).

Let (h, y, λ′) = φ(α, a, λ). De�ne

Û :=
{

(h, y, λ′) | |h|2 + |y|2 + |Λ′|2 < 2δ′
}
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and the homeomorphism ψ̄ : Û → B̂, ψ̄(h, y, λ′) :=
∑p

i=1 αiϕai,λi + v̄. In Û the following
expansion holds true:

J
(
ψ̄(h, y, λ′)

)
= c(x)− |h|2 +

p∑
i=1

−|y−i |
2 + |y+

i |
2 + c∗(x) < M(x)Λ′,Λ′ > .

We set Â := ψ̄−1(Â) as well as Ã := {(h, y−, 0, λ′) ∈ Â | J (ψ(h, y, λ′)) ≥ c∗− µ
2}, where

we split y = (y−, y+). Since ψ̄ is a homeomorphism

H∗(J
c(x)−µ

2 ∩ B̂ ∪ Â, Jc(x)−µ
2 ∩ B̂) = H∗((J ◦ ψ̄)c(x)−µ

2 ∩ Û ∪ Â, (J ◦ ψ̄)c(x)−µ
2 ∩ Û).

Furthermore a retraction yields

H∗((J ◦ ψ̄)c(x)−µ
2∩Û ∪ Â, (J ◦ ψ̄)c(x)−µ

2 ∩ Û)

= H∗((J ◦ ψ̄)c(x)−µ
2 ∩ Û ∪ Ã, (J ◦ ψ̄)c(x)−µ

2 ∩ Û).

The retraction can be de�ned similarly to H, de�ned on page 105, to retract the v-part.
Moreover

H∗((J ◦ ψ̄)c(x)−µ
2 ∩ Û∪Ã, (J ◦ ψ̄)c(x)−µ

2 ∩ Û)

= H∗((J ◦ ψ̄)c(x)−µ
2 ∩ Ũ ∪ Ã, (J ◦ ψ̄)c(x)−µ

2 ∩ Ũ),

where
Ũ = {(h, y−, 0, λ′) | |h|2 + |y−|2 + |Λ′|2 < 2δ′}.

Here we used the homotopy h̃(t, h, y−, y+, λ′) = (h, y−, (1− t)y+, λ′).

Next we set

Ãµ :=

{
(h, y−, 0, λ′) ∈ Ã

∣∣∣∣ p∑
i=1

1

λ′2i
≤ µ

}
.

Claim 5:

H∗((J ◦ ψ̄)c(x)−µ
2 ∩ Ũ ∪ Ã, (J ◦ ψ̄)c(x)−µ

2 ∩ Û)

= H∗((J ◦ ψ̄)c(x)−µ
2 ∩ Ũ ∪ Ãµ, (J ◦ ψ̄)c(x)−µ

2 ∩ Ũ).

Proof of claim 5. De�ne

Ã1 :=
{

(h, y−, 0, λ′) ∈ Ã | |Λ′ |2 > µ, J(ψ(h, y−, 0, λ′)) > c(x)− µ

2

}
and τ : Ã1 → (1,∞), where

τ(h, y, λ′) = sup

{
t ≥ 1 : |Λ′ |2 1

t2
> µ, J(ψ(h, y−, 0, λ′t)) > c(x)− µ

2

}
.
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τ is continuous because d
dtJ(ψ̄(h, y−, 0, λ′t)) < 0 and d

dt

∑p
i=1

1
λ′2i

1
t2
< 0. We de�ne the

homotopy H : [0, 1]× (J ◦ ψ̄)c(x)−µ
2 ∩ Ũ ∪ Ã → (J ◦ ψ̄)c(x)−µ

2 ∩ Ũ ∪ Ã

H(t, h, y, λ′) =

{
(h, y, τtλ′) (h, y, λ′) ∈ Ã1

(h, y, λ′) else.

Since τ → 1 if (h, y, λ′)→ (h0, y0, λ0) ∈ Ãc1, H is continuous.

Claim 6:

Ãµ =

{
(h, y−, 0, λ′) : |h|2 + |y−|2 ≤ µ

2
+ c∗(x) < M(x)Λ′,Λ′ >,

p∑
i=1

1

λ′2i
≤ µ

}
.

Proof of claim 6. Clearly, if (h, y, λ′) ∈ Ãµ, then J(ψ̄(h, y, λ′)) ≥ c(x) − µ
2 , which is

equivalent to

|h|2 + |y−|2 ≤ µ

2
+ c∗(x) < M(x)Λ′,Λ′ > .

Therefore the �rst inclusion is proved. To prove the second inclusion it is left to show
that F (ψ̄(h, y, λ′)) ≤ c(x)− µ

2 . But the conditions yield

|h|2 + |y−|2 + |Λ′|2 ≤ µ

2
+ Cµ < δ.

Hence g(ψ̄(h, y, λ′)) = µ and J(ψ̄(h, y, λ′)) ≤ c(x) + µ
2 , which proves the claim.

Next we set Ũµ := {(h, y−, 0, λ′) ∈ Ũ : |Λ′|2 ≤ µ}, then homotopy arguments, familiar
by now, show

H∗((J ◦ ψ̄)c(x)−µ
2 ∩ Ũ ∪ Ãµ, (J ◦ ψ̄)c(x)−µ

2 ∩ Û)

= H∗((J ◦ ψ̄)c(x)−µ
2 ∩ Ũµ ∪ Ãµ, (J ◦ ψ̄)c(x)−µ

2 ∩ Ũµ).

Furthermore, due to claim 6, the pair ((J ◦ ψ̄)c(x)−µ
2 ∩ Ũµ ∪ Ãµ, (J ◦ ψ̄)c(x)−µ

2 ∩ Ũµ) is
homotopy equivalent to

(X,A) =

({
(h, y−, λ′)

∣∣ |h|2 + |y−|2 ≤ µ

2
+ c∗(x) < M(x)Λ′,Λ′ >, |Λ′|2 ≤ µ

}
,{

(h, y−, λ′)
∣∣ |h|2 + |y−|2 =

µ

2
+ c∗(x) < M(x)Λ′,Λ′ >, |Λ′|2 ≤ µ

})
.

De�ne k = k(x) = p− 1 + 3p−
∑p

i=1 ind(xi,K) = 4p−
∑p

i=1 ind(xi,K)− 1,

Y :=
{

(z, λ′) ∈ Dk × Rp+ | |Λ′|2 ≤ µ
}
, B :=

{
(z, λ′) ∈ Sk−1 × Rp+ | |Λ′|2 ≤ µ

}
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and the homeomorphism

φ : (Y,B)→ (X,A), ψ(z, λ′) =

 z√
µ
2 + c∗(x) < M(x)Λ′,Λ′ >

, λ′

 .

Here Dk is the unit ball in Rk and Sk−1 = ∂Dk. Therefore

H∗(X,A) = H∗(Y,B) = H∗(D
k × Rp+, Sk−1 × Rp+)

= H∗(D
k, Sk−1;F2) =

{
F2 ∗ = 0, k

{0} else.

For x ∈ F∞p we set k(x) = 4p−
∑p

i=1 ind(xi,K)− 1. The previous homotopy arguments
have shown:

Proposition 21. Let x ∈ F∞ then

H∗(J
c(x)+µ0 , Jc(x)−µ

2 ) ∼=
∑

y∈F∞ : c(y)=c(x)

H∗(D
k(y), Sk(y)−1).

Using Proposition 21,we can now prove Theorem 2:

Proof of Theorem 2. Let C = {c1, . . . , cm}, where c1 < c2 < · · · < cm and C is de�ned
in (8.3). Furthermore let Y0 := ∅ and Yk = Jck+ε, where ε is chosen very small, such
that Proposition 21 holds true:

H∗(J
ck+ε, Jck−ε) ∼=

∑
y∈F∞ c(y)=ck

H∗(D
k(y), Sk(y)−1).

Since we assume that J does not have any critical point in U , J(u(t))
t→∞−−−→ b ∈ C for

�ow lines of u̇ = −X(u). Thus Ym is a strong deformation retract of U .
Let F2 be the �eld with two elements, (X,A) a pair of topological spaces and

P (X,A; t) =
∞∑
n=0

dim(Hn(X,A;F2))tn,

be the Poincaré polinomial, then (see [10]):

P (Ym, Y0,−1) =

m∑
k=1

P (Yk, Yk−1,−1) =
∑
x∈F∞

(−1)
∑p
i=1 ind(xi,K)+1. (8.5)

Since U is contractible

1 = χ(U) = χ(Ym) = P (Ym, Y0,−1),
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8. The topological argument and proof of the Theorems

where χ is the Euler-characteristic. Therefore, we have shown:

1 =
∑
x∈F∞

(−1)
∑p
i=1 ind(xi,K)+1.

Thus, if 1 6=
∑

x∈F∞(−1)
∑p
i=1 ind(xi,K)+1, then J must have a critical point in U. Hence,

(1.1) must have a solution in this case, which proves Theorem 2.
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A. Conformal Fermi-Coordinates

A.1. De�nition and Existence

Let (M, g) be a n-dimensional manifold with boundary. First we need to de�ne Fermi-
coordinates around a point a ∈ ∂M with respect to g. Therefore we choose an or-
thonormal basis (e1, · · · , en−1) of Ta∂M and de�ne for (x, t) ∈ Rn−1×R+ close to (0, 0)
ψ−1
a (x, t) := γx(t), where γx(t) is the unique geodesic such that

γx(0) = expa

(
n−1∑
i=1

xiei

)
and γ̇x(0) = −ν

(
expa

(
n−1∑
i=1

xiei

))
,

where ν is the unit outer normal vector �eld on ∂M and expa is the exponential map of
∂M at a. The map ψa : U → Rn−1 × R+ = Rn+, de�ned on a neighbourhood of a ∈ M ,
is called a chart in Fermi-coordinates around a and ψ−1

a is its parametrization.
For the previous de�nition we chose an orthonormal basis of Ta∂M , hence
Fermi-coordinates at a point a ∈ ∂M are unique up to O

(
n−1

)
− transformations. More

precisely, two di�erent Fermi-coordinate parametrisations ψ−1
a and ψ

−1
a are related by

ψ−1
a (x, t) = ψ

−1
a (Ax, t), where A ∈ O

(
n− 1

)
.

The existence of Fermi coordinates will be proved in Proposition 22 below. First we
would like to present the following useful expansion in Fermi-coordinates (see [28]):

Let ψ−1
a be Fermi-coordinates around a ∈ ∂M and gij(x, t) the coe�cients of the inverse

metric in this coordinates then gnn(x, t) = 1, gin(x, t) = 0 and

gij(x, t) = δij + 2hijt+
1

3
Rikjlxkxl + 2hij,ktxk + (R̄ninj + 3hikhkj)t

2 +O
(
|(x, t)|3

)
(A.1)

for all 1 ≤ i, j ≤ n−1. Here hij , Rikjl, R̄ninj are the coe�cients of the second fundamental
form and the Riemannian curvature tensors of ∂M and M at the point a.

Let u : ∂M×M → (0,∞) be a smooth function. Then ga(x) := u(a, x)
4

n−2 g(x) is smooth
family of conformal metrics on M . We call ψa : U → Rn+ a conformal Fermi-coordinate
chart at a ∈ ∂M if ψa is a Fermi-coordinate chart at a ∈ ∂M with respect to the metric
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A. Conformal Fermi-Coordinates

ga. In the following we prove the existence of conformal Fermi-coordinates as well as some
properties. Therefore we need to introduce some more notations. For ρ > 0, de�ne

B+
ρ :=

{
(x, t) ∈ Rn+ : |(x, t)| < ρ

}
, Bρ := Bρ(0) := {x ∈ Rn−1 : |x| < ρ}.

Proposition 22. Let u : ∂M ×M → (0,∞) be a smooth function and ga = u
4

n−2
a g be a

smooth family of metrics on M then:

(a) Conformal Fermi-coordinates exist.

(b) There exists ρ0 > 0, independent of a ∈ ∂M , such that all parametrisations in
conformal Fermi-coordinates ψ−1

a are de�ned on B+
ρ0. Furthermore they are di�eo-

morphisms onto its image in M.

Moreover let gij : B+
ρ0 → R be the coe�cients of the metric g in arbitrary conformal

Fermi-coordinates around a, then for N ∈ N exists C = C(N) > 0, independent of a,
such that |∂αgij(x, t)| ≤ C for all 1 ≤ i, j ≤ n, |α| ≤ N and (x, t) ∈ B+

ρ0/2
.

Proof. (a) Let ϕ : U → B+
4r be a chart of M around a ∈ ∂M with ϕ(a) = 0. For

y, x ∈ B4r let Γkij(y, x) denote the Christo�el symbols on ∂M with respect to gϕ−1(y,0)

at the point ϕ−1(x, 0) ∈ ∂M. They depend smoothly on y and x. Locally around 0 let
(e1(y), · · · , en−1(y)) be a smooth family of vector �elds which are an orthonormal frame
at ϕ−1(y, 0) w.r.t. gϕ−1(y,0). For y ∈ B4r and v ∈ Rn−1 we de�ne the geodesic initial
value problem on B4r: {

γ̈k(t) + Γkij(y, γ(t))γ̇i(t)γ̇j(t) = 0

γ(0) = y, γ̇(0) =
∑n−1

i=1 vidϕ[ei(y)].

We denote by γ(y, v, t) the maximal solution of the previous initial value problem. Since
the coe�cients are smooth it exists t0 > 0 such that γ(y, v, ·) is de�ned on [−t0, t0] for
all y ∈ B3r and v ∈ B1. Since γ(y, v, t) = γ(y, tv, 1),

γ : B3r ×Bt0 → B4r, γ(y, v) := γ(y, v, 1)

is well de�ned and smooth. For (y, v) ∈ B3r × Bt0 the map c(t) = ϕ−1(γ(y, v, t), 0) is
a geodesic on ∂M w.r.t. gϕ−1(y,0) and initial conditions c(0) = ϕ−1(y, 0) and ċ(0) =∑n−1

i=1 ei(y)vi. Hence for y ∈ B3r the maps

Bt0 3 v 7→ ϕ−1 (γ(y, v), 0)

are normal coordinates on ∂M around ϕ−1(y, 0) w.r.t. gϕ−1(y,0) if they are di�eomor-
phisms. This will be justi�ed in the following. Therefore set

Φ : B3r ×Bt0 → B4r × Rn−1, Φ(y, v) = (γ(y, v, 1), γ̇(y, v, 1)).
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A. Conformal Fermi-Coordinates

Since

DΦ(0, 0) =

(
id id
0 id

)
,

Φ is a local di�eomorphism around (0, 0) which proves that the map

Br0 3 v 7→ ϕ−1 (γ(y, v), 0) ∈ ∂M

is a di�eomorphism for all y ∈ Br0 as long as r0 is small enough.

Now de�ne Γ
k
ij(y, x, t) to be the Christo�el symbols of gϕ−1(y,0) on M at the point

ϕ−1(x, t). For (y, v) ∈ Br0 ×Br0 we de�ne the geodesic initial value problem on B+
r{

c̈k(t) + Γ
k
ij(y, c(t))ċ

i(t)ċj(t) = 0

c(0) = γ(y, v), ċ(0) = −dϕ (ν (γ(y, v))) ,

where ν(x) is the outer normal vector at ϕ−1(x, 0). Let c(y, v, t) be the maximal solution.
The theory of ordinary di�erential equations implies that c : Br1 ×Br1 × [0, ε)→ B+

4r is
well de�ned and smooth for ε and r1 < r0 small . A similar argument as above shows
that we can �nd r2 > 0 small, such that the map

B+
r2 3 (v, t) 7→ c(y, v, t) ∈ B+

4r

is a di�eomorphism onto its image for all y ∈ Br2 . Now, for b ∈ ∂M close to a, we set

ψ−1
b (v, t) := ϕ−1 (c(y, v, t)) where (y, 0) = ϕ(b).

Then ψ−1
b are conformal Fermi-coordinates by construction, which proves the existence.

(b) follows immediately from the proof of (a) since we have already constructed con-
formal Fermi-coordinates, which are de�ned on B+

r2 for all b ∈ ∂M close to a ∈ ∂M .

Since ∂M is compact it su�ces to �nd bounds locally around a point a ∈ ∂M . But
this is guaranteed for the special construction in (a). Finally, di�erent Fermi-coordinates
around a special point di�er by an action of the compact group O(n − 1) which proves
global bounds for all conformal Fermi-coordinates at ∂M w.r.t. ga.

We state a very important result which is due to [27]. A familiar result for Riemannian
normal coordinates was proved by [24].

Proposition 23. For 3 ≤ N ∈ N there exists a smooth positive function u : ∂M ×M →
R and a conformal family of metrics ga = u(a, ·)

4
n−2 g such that in conformal Fermi-

coordinates (
ψ−1
a

)∗
dVga(x, t) =

(
1 +O

(
|(x, t)|N

))
dxdt, (A.2)
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where dVga is the volume form on M w.r.t. ga and dxdt is the standard volume form on
Rn+.
Furthermore it holds

h(a) = ∇h(a) = Ric(a) = 0, Rga(a) = −|Π(a)|2.

Here h is the mean curvature, Ric the Ricci-curvature of ∂M , Rga the scalar curvature
and Πij = hij − hgij the umbilicity tensor with respect to ga.

From now on we use this function ua = u(a, ·) stated in Proposition 23 for N large. We
choose ρ0 as in Proposition 22 such that all conformal Fermi-coordinates are de�ned at
least on B+

8ρ0
. Furthermore let χ ∈ C∞(R) such that χ = 1 if t ≤ 3ρ0 and χ = 0 if

t ≥ 4ρ0. Set
g : ∂M ×M → R, g(a, x) = χ (|ψa(x)|) |ψa(x)|2,

where ψa are conformal Fermi-coordinates around a. First observe that g does not depend
on the choice of Fermi-coordinates. We would like to prove that g is smooth. Therefore
let (a0, x0) ∈ ∂M ×M . The only not trivial case is |ψa0(x0)| ≤ 4ρ0, which we assume
from now on. Then |ψa(x0)| < 5ρ0 for a close to a0. Let c(y, x, t) be the solution of
the initial value problem from Proposition 22 in ψa0-coordinates. Hence the chart ϕ is
replaced by ψa0 . Set Φ(y, x, t) = ψ−1

a0 (c(y, x, t)), then Φ(0, x, t) = ψ−1
a0 (x, t). Furthermore

de�ne

F : Br ×B6ρ0 ×B8ρ0 → Rn, F (y, x, t, z) = c(y, x, t)− z. (A.3)

Let (x0, t0, z0) be given such that F (0, x0, t0, z0) = 0. Since (x, t) 7→ Φ(0, x, t) is a dif-
feomorphism, also (x, t) 7→ c(0, x, t) is a di�eomorphism and hence D2F (0, x0, t0, z0) an
isomorphism. Locally around (0, x0, t0, z0) the implicit function theorem yields smooth
functions x(y, z), t(y, z) such that F (y, x(y, z), t(y, z), z) = 0. For a chart ψa we set
ta(x) = ψna (x) and ψa(x) = (ψ1

a(x), · · · , ψn−1
a (x)). Then ta(x) and |ψa(x)|2 are indepen-

dent of the choice of Fermi-coordinates w.r.t. ga. With the notations from above, we
see

tΦ(y,0)

(
ψ−1
a0 (z)

)
= t(y, z), |ψΦ(y,0)

(
ψ−1
a0 (z)

)
|2 = |x(y, z)|2

which are smooth functions locally around (0, ψa0(x0)). This �nally proves that g is
smooth.

A.2. General properties

As above we set ψa(x) = (ψ̄a(x), ta(x)) where ψa(x) = (ψ1
a(x), · · · , ψn−1

a (x)).

Lemma 10. For a0 ∈ ∂M choose conformal Fermi-coordinates around a0. In these
coordinates we obtain
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A. Conformal Fermi-Coordinates

(a) ∂
∂ai|a0

∣∣ψa(x)
∣∣2 = −2ψa0(x)i +O(dga(x, a)3),

(b) ∂2

∂aj∂ai|a0

∣∣ψa(x)
∣∣2 = −2δij +O(dga(x, a)2),

(c) ∂
∂ai|a0 ta(x) = O(dga(x, a)2),

(d) ∂2

∂aj∂ai|a0 ta(x) = O(dga(x, a)).

Proof. To prove this Lemma we need the Function F in (A.3) and some of its derivatives.
F (y, x, t, z) = c(y, x, t)− z, where c(y, x, t) is the solution of the initial value problem in
the proof of Proposition 22. First we compute the �rst derivatives at zero.
Claim:

1. D1F (0, 0, 0, 0)[h] = (h, 0) for h ∈ Rn−1,

2. D2F (0, 0, 0, 0)[h] = (h, 0) for h ∈ Rn−1,

3. d
dt|t=0F (0, 0, t, 0) = en,

4. D4F (0, 0, 0, 0)[h] = −h for h ∈ Rn.

Proof of the claim. F (y, 0, 0, 0) = (y, 0) which proves 1. Furthermore F (0, th, 0, 0) =
(γ(0, th, 1), 0) = (γ(0, h, t), 0) which proves 2. The equations in 3. and 4. are obvious
from the de�nition of F .

We also need the second derivatives of F . Since F (y, 0, 0, 0) = y, it follows that
D2

1F (0, 0, 0, 0) = 0. Observe that F (0, sei + rej , 0, 0) is γ(s, r, 1), where γ(s, r, ·) is the
solution of {

γ̈k(s, r, t) + Γkij(γ(s, r, t))γ̇i(s, r, t)γ̇j(s, r, t) = 0

γ(s, r, 0) = y, γ̇(s, r, 0) = sei + rej
.

Set β(t) = ∂2

∂r∂sγ(0, 0, t), then β solves the initial value problem

β̈(t) = 0; β(0) = 0, β̇(0) = 0

since γ(0, 0, t) = 0 and Γkij(0) = 0 in Fermi-coordinates. Hence β = 0 which proves
D2

2F (0, 0, 0, 0) = 0.
Now we compute the second derivative w.r.t. t. We have F (0, 0, t, 0) = c(0, 0, t). From

the initial value problem, which is solved by c, we infer c̈k(0) = −Γ
k
nn(0) = 0. This

implies d2

dt2|t=0
F (0, 0, t, 0) = 0.
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In the following we show that also the mixed second derivatives are zero. We begin with
D1D2F (0, 0, 0, 0).

D2F (ty, 0, 0, 0)[x] =
d

dt|t = 0

n−1∑
i=1

ei(ty)xi,

where (e1(y), · · · , en−1(y)) is a local g-orthonormal frame. Since Fermi coordinates are
normal coordinates at the boundary, the metric vanishes up to second order and therefore
D1D2F (0, 0, 0, 0) = 0. Now F (y, 0, t, 0) = c(y, 0, t), where c(y, 0, ·) solves the ODE{

c̈k(y, 0, t) + Γ
k
ij(y, c(y, 0, t))ċ

i(y, 0, t)ċj(y, 0, t) = 0

c(y, 0, 0) = y, ċ(y, 0, 0) = en.

Thus D1D3F (0, 0, 0, 0) = 0. With the same arguments as above we get
D3F (0, x, 0, 0) = en. Hence D2D3F (0, 0, 0, 0) = 0. Altogether we have proved that the
second derivative of F vanishes at (0, 0, 0, 0).
Taking the derivative of 0 = F (y, x(y, z), t(y, t), z) at (0, 0, 0, 0) yields

Dyx(0, 0)[ei] = −ei, Dyt(0, 0) = 0, Dzx(0, 0)[ei] = ei, Dzt(0, 0)[ei] = 0 if i < n;

Dzx(0, 0)[en] = 0, Dzt(0, 0)[en] = 1. (A.4)

Furthermore, taking the second derivatives at (0, 0, 0, 0) gives

D2
yx(0, 0) = 0, D2

zx(0, 0) = 0, D2
yt(0, 0) = 0, D2

zt(0, 0) = 0,

DyDzx(0, 0) = 0, DyDzt(0, 0). (A.5)

We use (A.4), (A.5) and Taylor expansion to derive

∂

∂ai|a0

∣∣ψa (ψa0(z))
∣∣2 =

∂

∂yi|0
∣∣ψΦ(y,0)

(
ψ−1
a0 (z)

) ∣∣2 =
∂

∂yi|0
|x(y, z)|2,

= −2zi +O(|z|3)

∂2

∂aj∂ai|a0

∣∣ψa (ψa0(z))
∣∣2 = −2δij +O(|z|2),

∂

∂ai|a0
ta
(
ψ−1
a0 (z)

)
=

∂

∂yi|0
t(y, z) = O(|z|2)

as well as

∂2

∂aj∂ai|a0
ta
(
ψ−1
a0 (z)

)
= O(|z|).

Therefore the Lemma is proved.
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In this chapter we expand the scalar product of two di�erent bubbles under the assump-
tion

(A) εij :=

 1
λi
λj

+
λj
λi

+ λiλjdg(ai, aj)2

→ 0 and λi, λj →∞.

Proposition 24. Under (A) it holds∫
∂M

(
uai δ̂ai,λi

)2
uaj δ̂aj ,λjdσg = I1χρ (|ψai(aj)|)uaj (ai)

(
1

λi
λj

+ λiλjdgaj (ai, aj)
2

)
+o(εij)

provided λi ≥ λj . Here

I1 =

∫
R3

(
1

1 + |x|2

)2

dx.

Proof. From now on we assume λi ≥ λj . We would like to expand the integral∫
∂M

(
uai δ̂ai,λi

)2
uaj δ̂aj ,λjdσg =

∫
∂M

uaj
uai

δ̂2
ai,λi

δ̂aj ,λjdσgai . (B.1)

Therefore, we need an expansion of δ̂aj ,λj in conformal Fermi-coordinates at ai. Since
(a, x) 7→ |ψa(x)|2 is smooth for d(a, x) < 8ρ0, we get the following expansion if |z| ≤ 4ρ0 :

|ψaj (ψ−1
ai (z))|2 = dgaj (aj , ai)

2 +
3∑
i=1

∂

∂zi|0
|ψaj (ψ−1

ai (z))|2zi +O(|z|2), (B.2)

in which
|∇|ψaj (ψ−1

ai (0))||2 = |∇ai |ψaj (ai)|2| ≤ Cdgaj (aj , ai).

Under the assumption |x| ≤ ε λiλj or |x| ≤ ε
√
λiλjdaj (ai, aj) the following expansion is
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due to (B.2):

1

λi
δ̂aj ,λj (ψ

−1
ai (

x

λi
)) = χρ

(
|ψaj (ψ−1

ai (
x

λi
))|
)(

1
λi
λj

+ λjλi|ψaj (ψ−1
ai ( xλi ))|

2

)

= χρ(dgaj (aj , ai))

(
1

λi
λj

+ λjλidgaj (aj , ai)
2

)(
1−

λj∇|ψaj (ψ−1
ai (0))|2 · x

λi
λj

+ λjλidgaj (aj , ai)
2

)

+

λj
λi
O(|x|2)(

λi
λj

+ λjλidgaj (aj , ai)
2
)2 . (B.3)

We now expand (B.1) under the assumption εij → 0. Since λi ≥ λj either

λiλjd(ai, aj)
2 ≤ λi

λj
→∞ or

λi
λj
≤ λiλjd(ai, aj)

2 →∞.

We �rst assume λiλjd(ai, aj)
2 ≤ λi

λj
. In this case a �rst expansion yields∫

B ε
λj

(ai)

uaj
uai

δ̂2
ai,λi

δ̂aj ,λjdσgai

=

∫
|x|≤ε λi

λj

(
1

1 + |x|2

)2(
uaj (ai) +O(

|x|
λi

)

)
1

λi
δ̂aj ,λj (ψ

−1
ai (

x

λi
))(1 +O(

|x|10

λ10
i

))dx

= I1uaj (ai)χρ(dgaj (aj , ai))

(
1

λi
λj

+ λjλidgaj (aj , ai)
2

)
+ o(εij). (B.4)

Since λi
λj

+λiλjdgaj (x, aj)
2 ≥ 1

2

(
λi
λj

+ λiλjdgaj (ai, aj)
2
)
in this case, we have the following

estimate:∫
B2ρ(ai)\B ε

λj
(ai)

uaj
uai

δ̂2
ai,λi

δ̂aj ,λjdσgai ≤ Cεij
∫
|x|≥ε λi

λj

(
1

1 + |x|2

)2

dx = o(εij). (B.5)

Hence form (B.4) and (B.5) we derive the expansion∫
∂M

(
uai δ̂ai,λi

)2
uaj δ̂aj ,λjdσg = I1uaj (ai)χρ(dgaj (aj , ai))

(
1

λi
λj

+ λjλidgaj (aj , ai)
2

)
+ o(εij).
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From now on we assume λi
λj
≤ λiλjd(ai, aj)

2 →∞. We �rst expand∫
B
ε

√
λj√
λj
d(ai,aj)

(ai)

uaj
uai

δ̂2
ai,λi

δ̂aj ,λjdσgai

=

∫
|x|≤ε
√
λiλjd(ai,aj)

(
1

1 + |x|2

)2(
uaj (ai) +O(

|x|
λi

)

)
1

λi
δaj ,λj (ψ

−1
ai (

x

λi
))dx+ o(εij)

= I1uaj (ai)χρ(dgaj (aj , ai))

(
1

λi
λj

+ λjλidgaj (aj , ai)
2

)
+ o(εij), (B.6)

where we used (B.3) again. Set B := B 1
10

(aj). Then it holds d(x, ai) ≥ 9
10d(ai, aj) on B,

which implies

∫
B

uaj
uai

δ̂2
ai,λi

δ̂aj ,λjdσgai ≤C
(

1

1 + λ2
i d(ai, aj)2

)2(λj
λi

)∫
|x|≤λid(ai,aj)

 1

1 +
λ2j
λ2i
|x|2

 dx

≤ C εij
λid(ai, aj)

= o(εij).

Finally on C = (B ∪B
ε

√
λj√
λj
d(ai,aj)

(ai))
c we have the estimate

∫
C

uaj
uai

δ̂2
ai,λi

δ̂aj ,λjdσgai

≤C

(
1

λi
λj

+ λjλidgaj (aj , ai)
2

)∫
|x|≥ε
√
λiλjd(ai,aj)

(
1

1 + |x|2

)2

dx = o(εij).

Hence the proof is completed.

With the help of Proposition 24 we now proof an expansion of the interaction between
two di�erent bubbles.

Proposition 25. If 2 ≤ λiρ, λjρ and λj ≤ λi, then

< ϕai,λi , ϕaj ,λj > = I1uaj (ai)χρ(|ψaj (ai)|)

 1
λi
λj

+
λj
λi

+ λjλidgaj (aj , ai)
2

+ o(εij)

+ I1

(
(1− χρ(|ψaj (ai)|))

G(aj , ai)

λjλi

)
+O

(
1

λ2
iλjρ

3

)
+O(ρεij).
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Proof.

< ϕai,λi , ϕaj ,λj > =

∫
M
Lgϕai,λiϕaj ,λj +

∫
∂M

Bgϕai,λiϕaj ,λjdσg∫
∂M

Bgϕai,λiϕaj ,λjdσg =

∫
∂M

uaj
uai

Bgai ϕ̂ai,λiϕ̂aj ,λjdσgai

=

∫
∂M

uaj
uai

(
2χρδ̂

2
ai,λi

+ hgaiχρδ̂ai,λi

)(
χρδ̂aj ,λj + (1− χρ)

Gaj (aj , ·)
λj

)
dσgai . (B.7)

Due to Proposition 24 we have∫
∂M

uaj
uai

χρδ̂
2
ai,λi

(
χρδ̂aj ,λj + (1− χρ)

Gaj (aj , ·)
λj

)
dσgai

= I1uaj (ai)χρ(|ψaj (ai)|)

 1
λi
λj

+
λj
λi

+ λjλidgaj (aj , ai)
2

+ o(εij)

+

∫
∂M

1

uai
χρδ̂

2
ai,λi

(
(1− χρ)

G(aj , ·)
λj

)
dσgai .

Furthermore a Taylor expansion yields

1

uai
(ψ−1

ai (z))

(
(1− χρ)

G(aj , ψ
−1
ai (z))

λj

)
=

(
(1− χρ(|ψaj (ai)|))

G(aj , ai)

λj

)
+ IN +O

(
|z|2

ρ4λj

)
,

where IN is a linear term (in z). The O-term does neither depend on ρ nor on aj .
Therefore∫

∂M

1

uai
χρδ̂

2
ai,λi

(
(1− χρ)

G(aj , ·)
λj

)
dσgai

=

∫
Bρ(ai)

1

uai
δ̂2
ai,λi

(
(1− χρ)

G(aj , ·)
λj

)
dx+O

(
1

λ2
iλjρ

3

)
=

∫
Bλiρ

(
1

1 + |x|2

)2 1

uai
(ψ−1

ai (
x

λi
))

(
(1− χρ)

G(aj , ψ
−1
ai ( xλi ))

λjλi

)
dx+O

(
1

λ2
iλjρ

3

)
= I1

(
(1− χρ(|ψaj (ai)|))

G(aj , ai)

λjλi

)
+O

(
1

λ2
iλjρ

3

)
. (B.8)

Hence ∫
∂M

uaj
uai

χρδ̂
2
ai,λi

(
χρδ̂aj ,λj + (1− χρ)

Gaj (aj , ·)
λj

)
dσgai

= I1uaj (ai)χρ(|ψaj (ai)|)

 1
λi
λj

+
λj
λi

+ λjλidgaj (aj , ai)
2

+ o(εij)

+ I1

(
(1− χρ(|ψaj (ai)|))

G(aj , ai)

λjλi

)
+O

(
1

λ2
iλjρ

3

)
.
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B. Interaction Estimates

Moreover observe that

|ϕ̂aj ,λj (x)| ≤ C

(
λj

1 + λ2
jdgaj (aj , x)2

)

if 2 ≤ ρλj . Since
cdga(x, y) ≤ dg(x, y) ≤ Cdga(x, y)

for a ∈ ∂M, x, y ∈M and two universal constants c, C we have

|ϕ̂aj ,λj (x)| ≤ C

(
λj

1 + λ2
jdgai (aj , x)2

)
.

This estimate implies∣∣∣∣ ∫
∂M

uaj
uai

hgaiχρδ̂ai,λiϕ̂aj ,λjdσgai

∣∣∣∣
≤ C

∫
B2ρ(ai)

(
λi

1 + λ2
i dgai (aj , x)2

)(
λj

1 + λ2
jdgai (aj , x)2

)
dσgai ≤ Cρεij ,

provided 2 ≤ ρλj . Here we integrated over the sets B2ρ ∩A and B2ρ ∩Ac, where

A :=

{
x ∈ ∂M | 2dai(aj , x) ≤ 1

λi
+ dgai (ai, aj)

}
.

Finally we have to estimate the integral inM . From Proposition 2 we derive the estimate

|Lgai ϕ̂ai,λi | ≤ C

(
λ2
i

(1 + λidgai (ai, x))3
+

1

ρ

(
λi

1 + λ2
i dgai (ai, x)2

))
1dgai (ai,x)≤2ρ.

Set

A :=

{
x ∈M | 2dai(aj , x) ≤ 1

λi
+ dgai (ai, aj)

}
.

As above, integration over B2ρ ∩A and B2ρ ∩Ac yields∣∣∣∣∫
M
Lgϕai,λiϕaj ,λjdVg

∣∣∣∣ ≤ Cρεij .
We add the previous expansions and estimates which proves the Proposition.

Remark 4. Since cdg(a, x) ≤ dga(a, x) ≤ Cdg(a, x) uniformly for a, x ∈ ∂M , we easily
derive the estimate

| < ϕai,λi , ϕaj ,λj > | ≤ Cεij
from the previous Proposition.
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C. Interaction with the derivatives

C.1. Sel�nteractions

In this section we expand the scalar product of a bubble with its derivatives w.r.t. λ and
a.

Proposition 26. It holds

(a)

< ϕa,λ, λ
∂

∂λ
ϕa,λ >= 2|S3

+|
Ha(a)

λ2
+O

(
|Π(a)|2 log(λρ)

λ2
+

ρ

λ2
+

1

(λρ)3

)
,

(b) ∣∣∣∣< ϕa,λ,
1

λ

∂

∂am
ϕa,λ >

∣∣∣∣ ≤ C 1

λ2
.

Proof. We �rst prove (a):
Since

wa,λ := λ
∂

∂λ
ϕ̂a,λ + ϕ̂a,λ = 2χρδa,λ

(
(1 + λt)

(1 + λt)2 + λ2|x|2

)
(C.1)

the scalar product is given by

< ϕa,λ, λ
∂

∂λ
ϕa,λ > = −||ϕa,λ||2 +

∫
M
∇ϕ̂a,λ · ∇wa,λ +

1

6
Rgaϕ̂a,λwa,λdVga

+

∫
∂M

hgaϕ̂a,λwa,λdσga . (C.2)
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C. Interaction with the derivatives

Moreover∫
B+
ρ

∇ϕ̂a,λ · ∇wa,λdVga =

∫
B+
ρ

∇ϕ̂a,λ · ∇wa,λdxdt+O

(
1

λ3

)
=

∫
B+
ρ

∇δλ · ∇wλdxdt+

∫
B+
ρ

(gij − δij)∂iϕ̂a,λ∂jwλdxdt+O

(
1

λ3

)
=

∫
B+
ρ

∇δλ · ∇wλdxdt+O

(
|Π(a)|2

λ2
+

log(λρ)

λ3

)
= 2

∫
Bρ

δ2
λwλdx+

∫
S3
ρ,+

∂νδλwλdS +O

(
|Π(a)|2

λ2
+

log(λρ)

λ3

)
= 4

∫
Bρ

λ3

(1 + λ2|x|2)4
dx+O

(
|Π(a)|2

λ2
+

log(λρ)

λ3
+

1

(λρ)3

)
= 2I0 +O

(
|Π(a)|2

λ2
+

log(λρ)

λ3
+

1

(λρ)3

)
and

1

6

∫
B+
ρ

RgaδλwλdVga +

∫
Bρ

hgaδλwλdσga = O

(
|Π(a)|2

λ2
+

log(λρ)

λ3

)
.

Hence ∫
B+
ρ

∇ϕ̂a,λ · ∇wa,λ +
1

6

∫
B+
ρ

Rgaϕ̂a,λwλdVga +

∫
Bρ

hgaϕ̂a,λwλdσga

= 2I0 +O

(
|Π(a)|2

λ2
+

log(λρ)

λ3
+

1

(λρ)3

)
. (C.3)

Furthermore, partial integration yields∫
M\B+

ρ

∇ϕ̂a,λ · ∇wa,λ +
1

6

∫
B+
ρ

Rgaϕ̂a,λwλdVga +

∫
∂M\Bρ

hgaϕ̂a,λwλdσga

=

∫
M\B+

ρ

Lgaϕ̂a,λwa,λdVga +

∫
∂M\Bρ

Bgaϕ̂a,λwλdσga −
∫
Sρ,+

∂νϕ̂a,λwa,λdSga

= O

(
1

(λρ)3

)
(C.4)

due to Proposition 2. Therefore (a) is proved by adding (C.2), (C.3), (C.4) and the
expansion of ||ϕ̂a,λ||2.

Proof of (b): We take the derivative at a with respect to ψa Fermi-coordinates. In
Lemma 10 we proved the expansions

∂

∂am
|ψ̄a(x)|2 = −2ψa(x)m +O(dga(a, x)3),

∂

∂am
ta(x) = O(dga(a, x)2).
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C. Interaction with the derivatives

In general

1

λ

∂

∂am
ϕa,λ =

1

λ

∂

∂am
uaχρδa,λ + ua

1

λ

∂

∂am

(
δa,λ + (1− χρ)

G(a, ·)
λ

)
, (C.5)

form which we derive the inequality∣∣∣∣ 1λ ∂

∂am
ϕa,λ

∣∣∣∣ ≤ Cϕa,λ
provided 2 ≤ λρ. Furthermore, the previous expansions yield on B+

ρ

1

λ

∂

∂am
ϕa,λ

(
ψ−1
a (x, t)

)
=

1

λ

∂

∂am
uaχρδa,λ + ua

4λ2xm + λ2O(|x, t|3) +O
(
1 + λt)|(x, t)|2λ

)(
(1 + λt)2 + λ2|x|2

)2 .

We compute

< ϕa,λ,
1

λ

∂

∂am
ϕa,λ > =

∫
M
Lgϕa,λ

1

λ

∂

∂am
ϕa,λdVg +

∫
∂M

Bgϕa,λ
1

λ

∂

∂am
ϕa,λdσg

=

∫
M
Lgaϕ̂a,λ

1

ua

1

λ

∂

∂am
ϕa,λdVga +

∫
∂M

Bgaϕ̂a,λ
1

ua

1

λ

∂

∂am
ϕa,λdσga .

First observe∫
M\B+

ρ

Lgaϕ̂a,λ
1

ua

1

λ

∂

∂am
ϕa,λdVga +

∫
∂M\Bρ

Bgaϕ̂a,λ
1

ua

1

λ

∂

∂am
ϕa,λdσga

= O

(
|Π(a)|
λ2ρ

+
ρ

λ2
+

1

(λρ)3

)
.

Moreover∫
B+
ρ

Lgaϕ̂a,λ
1

ua

1

λ

∂

∂am
ϕa,λdVga +

∫
Bρ

Bgaϕ̂a,λ
1

ua

1

λ

∂

∂am
ϕa,λdσga

=

∫
B+
ρ

Lgaϕ̂a,λ
1

λ

∂

∂am
ϕ̂a,λdVga +

∫
Bρ

Bgaϕ̂a,λ
1

λ

∂

∂am
ϕ̂a,λdσga

+O

(
|Π(a)|2

λ2
+

log(λρ)

λ3

)
= O

(
1

λ2

)
,

which �nally proves the Proposition.
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C. Interaction with the derivatives

C.2. Interaction with the derivatives

For the expansion of the gradient we also need the interaction between a bubble and the
derivative of a di�erent bubble.

Proposition 27. It holds

(a)

< ϕai,λi , λj
∂

∂λj
ϕaj ,λj >= 2I1λj

∂

∂λj
I(εij) +O(ρεij) + o(εij)

(b) ∣∣∣∣< ϕai,λi ,
1

λj
∇ajϕaj ,λj · ∇K(aj) >

∣∣∣∣ ≤ C|∇K(aj)|εij .

Proof. Proof of (a). We �rst assume that λj ≤ λi in which case we compute

< ϕai,λi , λj
∂

∂λj
ϕaj ,λj > =

∫
M
Lgϕai,λiλj

∂

∂λj
ϕaj ,λjdVg +

∫
∂M

Bgϕai,λiλj
∂

∂λj
ϕaj ,λjdσg

=

∫
∂M

Bgϕai,λiλj
∂

∂λj
ϕaj ,λjdσg +O (ρεij) ,

where we estimate the �rst integral like in Proposition 25 using the estimate∣∣∣λj ∂
∂λj

ϕaj ,λj

∣∣∣ ≤ Cϕaj ,λj . Furthermore, the derivative on ∂M is given by:

λj
∂

∂λj
ϕaj ,λj (x) = uajχρδ̂aj ,λj

(
1− λ2

j |ψaj (x)|2

1 + λ2
j |ψaj (x)|2

)
− (1− χρ)

G(aj , ·)
λj

.

Integration as in proof of Proposition 24 and 25 yields∫
∂M

Bgϕai,λiλj
∂

∂λj
ϕaj ,λjdσg = 2I1λj

∂

∂λj
I(εij) +O(ρεij) + o(εij).

Therefore (a) is proved under the assumption λj ≤ λi. From now on we assume λi ≤ λj .
In this case

< ϕai,λi , λj
∂

∂λj
ϕaj ,λj >

=

∫
M
Lg

(
λj

∂

∂λj
ϕaj ,λj

)
ϕai,λidVg +

∫
∂M

Bg

(
λj

∂

∂λj
ϕaj ,λj

)
ϕai,λidσg

=

∫
M
λj

∂

∂λj
Lg
(
ϕaj ,λj

)
ϕai,λidVg +

∫
∂M

λj
∂

∂λj
Bg
(
ϕaj ,λj

)
ϕai,λidσg
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C. Interaction with the derivatives

Due to Proposition 2 and 3, λj ∂
∂λj

Lg
(
ϕaj ,λj

)
satis�es the same estimate as Lgϕaj ,λj .

Hence the following inequality holds true:∣∣∣∣∫
M
λj

∂

∂λj
Lg
(
ϕaj ,λj

)
ϕai,λidVg

∣∣∣∣ ≤ Cρεij .
Furthermore,

∂

∂λj
Bg
(
ϕaj ,λj

)
= u2

ajχρ

(
2
∂

∂λj
δ2
aj ,λj

+ hgaj
∂

∂λj
δaj ,λj

)
,

which implies∫
∂M

λj
∂

∂λj
Bg
(
ϕaj ,λj

)
ϕai,λidσg =

∫
∂M

u2
ajχρ

(
2λj

∂

∂λj
δ2
aj ,λj

)
ϕai,λidσg +O (ρεij)

= 2I1λj
∂

∂λj
I(εij) +O(ρεij) + o(εij).

Here we integrated like in Proposition 24 and 25. Therefore part (a) is proved.
Proof of (b): Since ∣∣∣∣ 1

λj
∇ajϕaj ,λj · ∇K(aj)

∣∣∣∣ ≤ C|∇K(aj)|ϕaj ,λj ,

we deduce∣∣∣∣ < ϕai,λi ,
1

λj
∇ajϕaj ,λj · ∇K(aj) >

∣∣∣∣
≤ C|∇K(aj)|

(∫
M
|Lgϕai,λi |ϕaj ,λjdVg +

∫
∂M
|Bgϕai,λi |ϕaj ,λjdσg

)
≤ C|∇K(aj)|

(∫
B2ρ(ai)

δ̂2
ai,λi

(
λj

1 + λ2
jdgai (ai, aj)

2

)
dσgai + Cρεij

)
≤ C|∇K(aj)|εij ,

where we integrate over the set A∩B2ρ(ai) and Ac∩B2ρ(ai) to estimate the last integral.
Here

A :=

{
x ∈ ∂M | 2dgai (aj , x) ≤ 1

λi
+ dgai (ai, aj)

}
.

Therefore the proof is completed.

C.3. Further estimates

We need more expansions and estimates which we mainly use in chapter 7.
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C. Interaction with the derivatives

Lemma 11. It holds

(a) < λ ∂
∂λϕa,λ, λ

∂
∂λϕa,λ >= I2 +O

(
1
λ

)
,

(b) < λ ∂
∂λϕa,λ,

1
λ

∂
∂ai
ϕa,λ >= O

(
log(λ)
λ

)
,

(c) < 1
λ

∂
∂aj

ϕa,λ,
1
λ

∂
∂ai
ϕa,λ >= I3δij +O

(
1
λ

)
,

(d)
∣∣∣< 1

λj
∂

∂amj
ϕaj ,λj ,

1
λi

∂
∂aki

ϕai,λi >
∣∣∣+
∣∣∣< 1

λj
∂

∂amj
ϕaj ,λj , λi

∂
∂λi

ϕai,λi >
∣∣∣ = O(εij),

(e)
∣∣∣< λj

∂
∂λj

ϕaj ,λj , λi
∂
∂λi

ϕai,λi >
∣∣∣ = O(εij)

where

I2 = 4

∫
R3

(
1

1 + |x|2

)3(1− |x|2

1 + |x|2

)2

dx

and

I3 =
16

3

∫
R3

|x|2

(1 + |x|2)5dx.

Proof. (a)

< λ
∂

∂λ
ϕa,λ, λ

∂

∂λ
ϕa,λ >

=

∫
M

(
λ
∂

∂λ
Lgaϕ̂a,λ

)
λ
∂

∂λ
ϕ̂a,λdVga +

∫
∂M

(
λ
∂

∂λ
Bgaϕ̂a,λ

)
λ
∂

∂λ
ϕ̂a,λdσga .

Due to Proposition 3 ∣∣∣∣∫
M

(
λ
∂

∂λ
Lgaϕ̂a,λ

)
λ
∂

∂λ
ϕ̂a,λdVga

∣∣∣∣ ≤ C 1

λ
.

Furthermore∫
∂M

(
λ
∂

∂λ
Bgaϕ̂a,λ

)
λ
∂

∂λ
ϕ̂a,λdσga = 4

∫
Bρ

δ3
λ

(
1− λ2|x|2

1 + λ2|x|2

)2

dx+O

(
1

λ3

)
= I2 +O

(
1

λ3

)
.

Hence (a) is proved.
(b) In this case we expand as follows

< λ
∂

∂λ
ϕa,λ,

1

λ

∂

∂ai
ϕa,λ >

=

∫
M
λ
∂

∂λ
Lgaϕ̂a,λ

1

λ

∂

∂ai
ϕ̂a,λdVga +

∫
∂M

λ
∂

∂λ
Bgaϕ̂a,λ

1

λ

∂

∂ai
ϕ̂a,λdσga .
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Like in the previous case the interior integral is bounded by
C

λ
. On the boundary we get∫

∂M
λ
∂

∂λ
Bgaϕ̂a,λ

1

λ

∂

∂ai
ϕ̂a,λdσga

= 8

∫
Bρ

δ3
λ

(
1− λ2|x|2

1 + λ2|x|2

)(
2λxi +O(λ|x|3)

1 + λ2|x|2

)
dx+O

(
log(λ)

λ

)
= O

(
log(λ)

λ

)
,

which proves (b).
(c) Due to Proposition 4 the same estimates as in (a) yield∣∣∣∣∫

M

1

λ

∂

∂aj
Lgϕa,λ

1

λ

∂

∂ai
ϕa,λdVg

∣∣∣∣ ≤ C 1

λ
.

We are left to expand the boundary integral∫
∂M

1

λ

∂

∂aj
Bgϕa,λ

1

λ

∂

∂ai
ϕa,λdσg

= 2

∫
Bρ

1

λ

∂

∂aj

(
u2
aδ

2
a,λ

) 1

λ

∂

∂ai
(uaδa,λ) dσg +O

(
log(λ)

λ

)
= 2

∫
Bρ

1

λ

∂

∂aj
δ2
a,λ

1

λ

∂

∂ai
δa,λdx+O

(
log(λ)

λ

)
= 16

∫
Bρ

δ3
λ

(
λxj +O(λ|x|3)

1 + λ2|x|2

)(
λxi +O(λ|x|3)

1 + λ2|x|2

)
dx+O

(
log(λ)

λ

)
= I3δij +O

(
log(λ)

λ

)
.

Hence (c) is proved.
(d)+(e) follow easily by using the same arguments as in the proof of Proposition 27
(b).
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Lemma 12. There exists a constant C > 0, independent of a, such that

(a) |ϕa,λ|, |λ ∂
∂λϕa,λ|, |

1
λ∇aϕa,λ| ≤ C

(
λ

1+λ2dg(a,x)2

)
,

(b) |λ2 ∂2

∂λ2
ϕa,λ|, | 1

λ2
∇2
aϕa,λ|, | ∂∂λ∇aϕa,λ| ≤ C

(
λ

1+λ2dg(a,x)2

)
.

Proof. If dg(a, x) ≤ 2δ and k ∈ N a computation yields

∂

∂ai

(
(1 + λta(x))2 + λ2|ψa(x)|2

)− k
2

= −k
2

(
(1 + λta(x))2 + λ2|ψa(x)|2

)− k
2
−1
(

2(1 + λta(x))λ
∂

∂ai
ta(x) + λ2 ∂

∂ai
|ψa(x)|2

)
,

(D.1)

hence Lemma 10 implies∣∣∣∣ ∂∂ai ((1 + λta(x))2 + λ2|ψa(x)|2
)− k

2

∣∣∣∣ ≤ Cλ((1 + λta(x))2 + λ2|ψa(x)|2
)− k

2 . (D.2)

Furthermore, with the use of (D.1) and Lemma 10 we estimate∣∣∣∣ ∂2

∂ai∂aj

(
(1 + λta(x))2 + λ2|ψa(x)|2

)− k
2

∣∣∣∣ ≤ Cλ2
(
(1 + λta(x))2 + λ2|ψa(x)|2

)− k
2 (D.3)

as well as∣∣∣∣ ∂∂λ ∂

∂ai

(
(1 + λta(x))2 + λ2|ψa(x)|2

)− k
2

∣∣∣∣ ≤ C((1 + λta(x))2 + λ2|ψa(x)|2
)− k

2 . (D.4)

In addition, there holds

|∇aG(a, x)| ≤ C 1

dg(a, x)3
, |∇2

aG(a, x)| ≤ C 1

dg(a, x)4
.

Since (1+λta(x))2 +λ2|ψa(x)|2 ≥ (1+λ2|ψa(x)|2) ≥ c
(
1 + λ2dg(a, x)2

)
, if dg(a, x) ≤ 2ρ,

the Lemma follows from the previous estimates.

128



D. More Estimates

Lemma 13. Let a, b ∈ ∂M such that dga(a, b) ≤ ρ0 and v ∈ H1(M). If 1
2 ≤

λ
µ ≤ 2 then

(a) | < v,ϕb,µ − ϕa,λ > | ≤ C||v||
(
λdg(a, b) +

∣∣1− µ
λ

∣∣) ,
(b) | < ϕa,λ, ϕb,µ − ϕa,λ > | ≤ C

(
λ2dg(a, b)

2 +
∣∣1− µ

λ

∣∣2) ,
(c) | < v, µ ∂

∂µϕb,µ − λ
∂
∂λϕa,λ > | ≤ C||v||

(
λdg(a, b) +

∣∣1− µ
λ

∣∣) ,
(d) | < ϕb,µ − ϕa,λ, λ ∂

∂λϕa,λ > | ≤ C
(
λ2dg(a, b)

2 +
∣∣1− µ

λ

∣∣2) ,
(e) | < v, 1

µ
∂
∂ai
ϕb,µ − 1

λ
∂
∂ai
ϕa,λ > | ≤ C||v||

(
λdg(a, b) +

∣∣1− µ
λ

∣∣) ,
(f) | < ϕb,µ − ϕa,λ, 1

λ
∂
∂ai
ϕa,λ > | ≤ C

(
λ2dg(a, b)

2 +
∣∣1− µ

λ

∣∣2) .
Proof. Since Lgϕa,λ = u3

aLgaϕ̂a,λ and Bgϕa,λ = u2
aBgaϕ̂a,λ, the following estimates are

an immediate consequence of Lemma 10 and the proof of Lemma 12.∣∣∣∣∣∣∣∣ 1λ∇aLgϕa,λ
∣∣∣∣∣∣∣∣
L

4
3 (M)

+

∣∣∣∣∣∣∣∣ 1

λ2
∇2
aLgϕa,λ

∣∣∣∣∣∣∣∣
L

4
3 (M)

≤ C, (D.5)

∣∣∣∣∣∣∣∣ 1λ∇aBgϕa,λ
∣∣∣∣∣∣∣∣
L

3
2 (∂M)

+

∣∣∣∣∣∣∣∣ 1

λ2
∇2
aBgϕa,λ

∣∣∣∣∣∣∣∣
L

3
2 (∂M)

≤ C, (D.6)

∣∣∣∣∣∣∣∣λ ∂

∂λ
Lgϕa,λ

∣∣∣∣∣∣∣∣
L

4
3 (M)

+

∣∣∣∣∣∣∣∣λ2 ∂
2

∂λ2
Lgϕa,λ

∣∣∣∣∣∣∣∣
L

4
3 (M)

≤ C, (D.7)

∣∣∣∣∣∣∣∣λ ∂

∂λ
Bgϕa,λ

∣∣∣∣∣∣∣∣
L

3
2 (∂M)

+

∣∣∣∣∣∣∣∣λ2 ∂
2

∂λ2
Bgϕa,λ

∣∣∣∣∣∣∣∣
L

3
2 (∂M)

≤ C, (D.8)∣∣∣∣∣∣∣∣∇a ∂∂λLgϕa,λ
∣∣∣∣∣∣∣∣
L

4
3 (M)

+

∣∣∣∣∣∣∣∣∇a ∂∂λBgϕa,λ
∣∣∣∣∣∣∣∣
L

3
2 (∂M)

≤ C. (D.9)

With the help of these estimates we can now proof the assertions.
(a)

< v,ϕb,µ − ϕa,λ >=

∫
M
Lg (ϕb,µ − ϕa,λ) vdVg +

∫
∂M

Bg (ϕb,µ − ϕa,λ) vdσg.

In conformal Fermi coordinates at a let x = ψ−1
a (y). We compute

Lg (ϕb,µ − ϕa,λ) (x) =

∫ 1

0

(
∂

∂yi|
Lgϕy(t),λ(t)(x)ψa(b)

i +
∂

∂λ
Lgϕy(t),λ(t)(x)(µ− λ)

)
dt,
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where (y(t), λ(t)) = (tψa(b), λ+ t(µ−λ)). We use Hoelder inequality for p = 4
3 to obtain

|Lg (ϕb,µ − ϕa,λ) (x)|p ≤Cp
∫ 1

0
|∇yLgϕy(t),λ(t)(x)|pdt |ψa(b)i|p

+ Cp

∫ 1

0
| ∂
∂λ
Lgϕy(t),λ(t)(x)|pdt |µ− λ|p.

Hence integration over the manifold and switching the integration, combined with (D.5)
and (D.7), yields

||Lg (ϕb,µ − ϕa,λ) ||
L

4
3 (M)

≤ C
(
λ|ψa(b)|+ |

µ

λ
− 1|

)
≤ C

(
λdg(a, b) + |µ

λ
− 1|

)
.

If we use the same arguments as above we can also prove that

||Bg (ϕb,µ − ϕa,λ) ||
L

3
2 (∂M)

≤ C
(
λdg(a, b) + |µ

λ
− 1|

)
.

Claim (a) follows from the last two estimates.
(b) We again choose conformal Fermi-coordinates around a. In this coordinates b =
ψ−1
a (z). By Taylor expansion we obtain

ϕb,µ(x)− ϕa,λ(x) =
∂

∂λ
ϕa,λ(x)(µ− λ) +

∂

∂ai
ϕa,λ(x)zi+∫ 1

0
(1− t)

(
∂2

∂λ2
ϕa(t),λ(t)(µ− λ)2 +

∂2

∂λ∂ai
ϕa(t),λ(t)(µ− λ)zi +

∂2

∂ai∂aj
ϕa(t),λ(t)z

izj
)
dt

(D.10)

where
(a(t), λ(t)) = (tz, λ+ t(µ− λ))

in coordinates. We expand

< ϕa,λ, ϕb,µ − ϕa,λ >=

∫
M
Lgϕa,λ (ϕb,µ − ϕa,λ) dVg +

∫
∂M

Bgϕa,λ (ϕb,µ − ϕa,λ) dσg.

As an example we estimate:∣∣∣∣∫
M
Lgϕa,λ

∫ 1

0
(1− t)λ(t)2 ∂

2

∂λ2
ϕa(t),λ(t)dtdVg

∣∣∣∣
=

∣∣∣∣∫ 1

0
(1− t)

∫
M
Lgϕa,λλ(t)2 ∂

2

∂λ2
ϕa(t),λ(t)dVgdt

∣∣∣∣
≤ C

∫ 1

0
||Lgϕa,λ||

L
4
3 (M)
||λ(t)2 ∂

2

∂λ2
ϕa(t),λ(t)||L4(M)dt ≤ C
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due to Lemma 12. The same estimate also holds for the other integrals in (D.10). Hence

< ϕa,λ, ϕb,µ − ϕa,λ >=< ϕa,λ, λ
∂

∂λ
ϕa,λ > (

µ

λ
− 1)+ < ϕa,λ,

1

λ

∂

∂ai
ϕa,λ > λzi

+O

(∣∣∣µ
λ
− 1
∣∣∣2 + λ2|z|2

)
=< ϕa,λ, λ

∂

∂λ
ϕa,λ > (

µ

λ
− 1)+ < ϕa,λ,

1

λ

∂

∂ai
ϕa,λ > λzi

+O

(∣∣∣µ
λ
− 1
∣∣∣2 + λ2dg(a, b)

2

)
= O

(
1

λ2

)(∣∣∣µ
λ
− 1
∣∣∣+ λdg(a, b)

)
+O

(∣∣∣µ
λ
− 1
∣∣∣2 + λ2dg(a, b)

2

)
where we used Proposition 26. Therefore (b) is proved.
(c) We write

< v, µ
∂

∂µ
ϕb,µ − λ

∂

∂λ
ϕa,λ >

=

∫
M
Lg

(
µ
∂

∂µ
ϕb,µ − λ

∂

∂λ
ϕa,λ

)
vdVg +

∫
∂M

Bg

(
µ
∂

∂µ
ϕb,µ − λ

∂

∂λ
ϕa,λ

)
vdσg

=

∫
M
Lg

(
µ
∂

∂µ
ϕb,µ − µ

∂

∂λ
ϕa,λ

)
vdVg +

∫
∂M

Bg

(
µ
∂

∂µ
ϕb,µ − µ

∂

∂λ
ϕa,λ

)
vdσg

+ (
µ

λ
− 1)

∫
M
λ
∂

∂λ
Lgϕa,λvdVg + (

µ

λ
− 1)

∫
∂M

λ
∂

∂λ
Bgϕa,λvdσg

=

∫
M
Lg

(
µ
∂

∂µ
ϕb,µ − µ

∂

∂λ
ϕa,λ

)
vdVg +

∫
∂M

Bg

(
µ
∂

∂µ
ϕb,µ − µ

∂

∂λ
ϕa,λ

)
vdσg

+O
(∣∣∣µ
λ
− 1
∣∣∣ ||v||) .

With the notations of above we expand

µ
∂

∂µ
ϕb,µ − µ

∂

∂λ
ϕa,λ = µ

∫ 1

0

∂2

∂λ2
ϕa(t),λ(t)(λ− µ) +

∂2

∂λ∂ai
ϕa(t),λ(t)z

idt.

Hence the same method as in (a) implies∫
M
Lg

(
µ
∂

∂µ
ϕb,µ − µ

∂

∂λ
ϕa,λ

)
vdVg +

∫
∂M

Bg

(
µ
∂

∂µ
ϕb,µ − µ

∂

∂λ
ϕa,λ

)
vdσg

= O
(∣∣∣µ
λ
− 1
∣∣∣+ λdg(a, b)

)
||v||,

which proves (c).
(d) From the same Taylor expansion of ϕb,µ − ϕa,λ as in (b) we derive the following
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estimate

< ϕb,µ − ϕa,λ, λ
∂

∂λ
ϕa,λ >

=< λ
∂

∂λ
ϕa,λ, λ

∂

∂λ
ϕa,λ >

(µ
λ
− 1
)

+ <
1

λ

∂

∂ai
ϕa,λ, λ

∂

∂λ
ϕa,λ > λzi

+O

(∣∣∣µ
λ
− 1
∣∣∣2 + λ2dg(a, b)

2

)
= I2

(µ
λ
− 1
)

+O

(
log(λ)

λ

)(∣∣∣µ
λ
− 1
∣∣∣+ λdg(a, b)

)
+O

(∣∣∣µ
λ
− 1
∣∣∣2 + λ2dg(a, b)

2

)
.

The last expansion follows by Lemma 11.
(e) Similar to (c) we get

< v,
1

µ

∂

∂ai
ϕb,µ −

1

λ

∂

∂ai
ϕa,λ >

=

∫
M

1

µ

(
∂

∂ai
Lgϕb,µ −

∂

∂ai
Lgϕa,λ

)
vdVg +

∫
∂M

1

µ

(
∂

∂ai
Bgϕb,µ −

∂

∂ai
Bgϕa,λ

)
vdσg

+

(
λ

µ
− 1

)∫
M

1

λ

∂

∂ai
ϕa,λvdVg +

(
λ

µ
− 1

)∫
∂M

1

λ

∂

∂ai
ϕa,λvdσg

= O
(∣∣∣µ
λ
− 1
∣∣∣+ λdg(a, b)

)
||v||,

which proves (e).
(f) The same ideas as in (b) and (d) yield

< ϕb,µ − ϕa,λ,
1

λ

∂

∂ai
ϕa,λ >

=< λ
∂

∂λ
ϕa,λ,

1

λ

∂

∂ai
ϕa,λ >

(µ
λ
− 1
)

+ <
1

λ

∂

∂aj
ϕa,λ,

1

λ

∂

∂ai
ϕa,λ > λzj

+O

(∣∣∣µ
λ
− 1
∣∣∣2 + λ2dg(a, b)

2

)
= I3λψa(b)

i +O

(
log(λ)

λ

)(∣∣∣µ
λ
− 1
∣∣∣+ λdg(a, b)

)
+O

(∣∣∣µ
λ
− 1
∣∣∣2 + λ2dg(a, b)

2

)
,

which proves (f).

Lemma 14. If λ̃iλidg(ãj , ai)→ 0, λ̃iλi → 1 then

(a) < ϕãi,λ̃i − ϕai,λi , ϕaj ,λj >= O(εij)
(
λidg(ãj , ai) +

∣∣∣ λ̃iλi − 1
∣∣∣)

(b) < ϕãi,λ̃i − ϕai,λi , λj
∂
∂λj

ϕaj ,λj >= O(εij)
(
λidg(ãj , ai) +

∣∣∣ λ̃iλi − 1
∣∣∣)
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(c) < ϕãi,λ̃i − ϕai,λi ,
1
λj

∂
∂amj

ϕaj ,λj >= O(εij)
(
λidg(ãj , ai) +

∣∣∣ λ̃iλi − 1
∣∣∣)

Proof. (a) Since dg(ãj , ai)→ 0, we choose ψai Fermi coordinates and write ψai(ãi) = z.
Furthermore we set

(z(t), λi(t)) = (tz, λi + t(λ̃i − λi)); ai(t) = ψ−1
ai (tz)

and obtain

ϕãi,λ̃i(x)− ϕai,λi(x) =

∫ 1

0

∂

∂λi
ϕai(t),λi(t)(x)

(
λ̃i − λi

)
+

∂

∂ami
ϕai(t),λi(t)(x)zmdt.

Hence

< ϕãi,λ̃i − ϕai,λi , ϕaj ,λj >

=

∫
M
Lgϕaj ,λj

(
ϕãi,λ̃i − ϕai,λi

)
dVg +

∫
∂M

Bgϕaj ,λj

(
ϕãi,λ̃i − ϕai,λi

)
dσg

=

∫ 1

0
< ϕaj ,λj , λi(t)

∂

∂λi
ϕai(t),λi(t) >

(
λ̃i − λi

)
λ(t)

dt

+

∫ 1

0
< ϕaj ,λj ,

1

λi(t)

∂

∂ami
ϕai(t),λi(t) > λi(t)z

mdt

=

∫ 1

0
O(εij(t))dt

(
λidg(ãj , ai) +

∣∣∣∣∣ λ̃iλi − 1

∣∣∣∣∣
)
≤ Cεij

(
λidg(ãj , ai) +

∣∣∣∣∣ λ̃iλi − 1

∣∣∣∣∣
)
,

which proves the assertion. (b)-(c) follow similarly.
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Let ψa be conformal Fermi-coordinates around a ∈ ∂M . In what follows (M, g) is a four-
dimensional compact Riemannian manifold with boundary and positive Sobolev-quotient
Q(M,∂M, [g]). In this chapter we prove an appropriate expansion of the Green's function
Ga(·) at a with respect to the conformal operator (Lga , Bga). We will use that

det ga(x, t) = 1 +O(|(x, t)|10) (E.1)

in these coordinates, which implies

hga(x) = O(|x|9). (E.2)

We would like to expand Ga as follows

Ga(x) = Γ(ψa(x)) +Ha(x),

where

Γ(x, t) =
1

|(x, t)|2
(
1 + ψ(x, t)

)
with some appropriate function ψ ∈ C∞(R4 \ {0}) and Ha ∈ C2,α(M). In the following
we always write g instead of ga. Locally around 0 ∈ R4

+ we de�ne the operators

Ku := ∂i
(
(gij − δij)∂ju

)
, Lu = −|(x, t)|2∆u+ 4 < ∇u, (x, t) > .

Then, due to (E.1)

|(x, t)|4LgΓ = Lψ − |(x, t)|4K
(

ψ

|(x, t)|2

)
− |(x, t)|4K

(
1

|(x, t)|2

)
+

1

6
Rg|(x, t)|2

(
1 + ψ

)
+O

(
|(x, t)|10|D2ψ|

)
. (E.3)

Here and in the following g(y) = O(f(y)) means

|∇kg(y)| ≤ C(k)|∇kf(y)|, k = 0, 1, 2.

Furthermore

BgΓ = − ∂tψ

|(x, t)|2
+ hgΓ. (E.4)
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We need to �nd ψ such that LgΓ ∈ C0,α and ∂tψ = 0. Then BgΓ ∈ C1,α, which is
crucial for our argument. We will successively remove the singularities in (E.3) by using
homogeneous function of increasing degree.
Let Hk be the space of (smooth) homogeneous functions on R4

+ and C l the space of
functions u ∈ C∞(R4

+ \ {0}) such that u(x, t) = O
(
|(x, t)|l

)
. Now we state a �rst

Lemma.

Lemma 15. If ψ ∈ Hk, k ≤ 2, then

(a) ∂αψ ∈ Hk−|α| for all multiindizes α

(b) −|(x, t)|4K
(

1
|(x,t)|2

)
+ 1

6Rg|(x, t)|
2
(
1 + ψ

)
∈
∑4

l=k+1Hl + C5.

Since we work with homogeneous functions on R4
+, boundary value problems on R4

+ can
be reduced to boundary value problems on the upper half sphere S4

+. Therefore we need
the following Propositions.

Proposition 28. Let f̄ ∈ C∞(Sn−1
+ ) and ψ̄ ∈ C∞(Sn−1

+ ) be a solution of the boundary
value problem {

−∆Sn−1
+

ψ̄ + k(n− 2− k)ψ̄ = f̄ Sn−1
+

∂νψ̄ = 0 ∂Sn−1
+ ,

(E.5)

then ψ(x, t) := |(x, t)|kψ̄
(

(x,t)
|(x,t)|

)
is a homogeneous function of degree k, which solves the

boundary value problem {
Lnψ = f Rn+ \ {0}
∂tψ = 0 ∂Rn+ \ {0}.

(E.6)

Here f(x, t) := |(x, t)|kf̄
(

(x,t)
|(x,t)|

)
and Lnu = −|(x, t)|2∆u+ 2(n− 2) < ∇u, (x, t) > .

Proof. With n-dimensional polar-coordinates the Laplacian is given by

∆u =
1

rn−1

( d
dr

(
rn−1 d

dr
u
))

+
1

r2
∆Sn−1

+
u.

If we write (x, t) = rω with ω ∈ Sn−1
+ , then

∆ψ(x, t) = k(k + n− 2)rk−2ψ̄(ω) + rk−2∆Sn−1
+

ψ̄(ω).
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Furthermore, since ψ is homogeneous of degree k we have the equality < ∇ψ, (x, t) >=
kψ. The previous identities yield

Lnψ(x, t) = −rk∆Sn−1
+

ψ̄(ω)− k(k + n− 2)rkψ̄(ω) + 2(n− 2)krkψ̄(ω)

= rkf̄(ω) = f(x, t).

The boundary equation follows easily. Therefore the proof is completed.

If we want to solve (E.5) we need to have knowledge about the sectrum σ(−∆Sn−1
+

) of

the Laplacian on Sn−1
+ with respect to Neumann boundary conditions.

Proposition 29. For f̄ ∈ C∞(Sn−1
+ ) the boundary value problem{

−∆Sn−1
+

ψ̄ − λψ̄ = f̄ Sn−1
+

∂νψ̄ = 0 ∂Sn−1
+

(E.7)

has a solution i� f̄ ∈ ker
(
−∆Sn−1

+
− λ
)⊥
. Moreover

σ(−∆Sn−1
+

) = {l(l + n− 2) : l ∈ N0}.

Furthermore if λ /∈ σ(−∆Sn−1
+

), then

||ψ̄||C2,α ≤ C||f̄ ||C0,α .

Proof. The statement follows from standard elliptic theory (see [26, 33]) and the identity

σ(−∆Sn−1
+

) = σ(−∆Sn−1).

Now we are prepared to begin the expansion of the Green's function. For ψ = 0, (E.3)
yields

−|(x, t)|4K
(

1

|(x, t)|2

)
+

1

6
Rg|(x, t)|2 =

4∑
k=1

gk + C5,

where gk are homogeneous function of degree k on R4
+ \ {0}. More precisely

g1(x, t) = −16
thijxixj
|(x, t)|2

,
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where hij are the coe�cients of the umibilicity tensor Π at a ∈ ∂M in ψa Fermi-
coordinates. We set ḡ1 = g1|S3

+
and observe that the boundary value problem{
−∆S3

+
ψ̄ + ψ̄ = −ḡ1 S3

+

∂νψ̄ = 0 ∂S3
+,

has a unique solution ψ̄1. Proposition 28 implies that the function

ψ1(x, t) := |(x, t)|ψ̄1

(
(x, t)

|(x, t)|

)
solves Lψ1 = −g1 and ∂tψ1 = 0. Furthermore Proposition 29 implies

|∇kψ1| ≤ C|Π(a)||(x, t)|1−k

for k = 0, 1, 2. In addition ∫
S3
+

ψ1dS = 0,

because hg(a) = 0.

We set Γ1(x, t) = 1
|(x,t)|2

(
1 + ψ1(x, t)

)
and observe by (E.3) and Lemma 15 that

|(x, t)|4LgΓ1 =
4∑
l=2

b1l + C5,

where b1l ∈ Hl. Now we want to remove the function b12. This can be done with the
ansatz

Γ2(x, t) =
1

|(x, t)|2
(
1 + ψ1(x, t) + ψ2(x, t)

)
if the unknown function ψ2 solves the equation Lψ2 = −b12 and ∂tψ2(x, 0) = 0. This is
equivalent to

{
−∆S3

+
ψ̄ = −b̄21 S3

+

∂νψ̄ = 0 ∂S3
+,

which is not solvable unless ∫
S3
+

b̄21dS = 0,

Since this identity is wrong in general we need a further Proposition to continue the
expansion.
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Proposition 30. If k ∈ {2, 3, 4},m ∈ N0 and p ∈ Hk, then there exist p0, · · · , pm+1 ∈ Hk

such that ∂tpi = 0 on ∂R4
+ and

L

(
m+1∑
i=0

pi log(|(x, t)|)i
)

= p log(|(x, t)|)m.

Proof. We prove this statement by induction on m. Therefore we frequently use the
formula

L(q log(r)m) = Lq log(r)m +m(2− 2k)q log(r)m−1 −m(m− 1)q log(r)m−2 (E.8)

for m ≥ 0, q ∈ Hk and r = |(x, t)|.
m = 0 : Let < ē1, · · · , ēl >= kern

(
−∆S3

+
+ k(2− k)id

)
. Furthermore we write

p̄ =
l∑

j=1

〈p̄, ēj〉L2(S3
+)ēj +

p̄− l∑
j=1

〈p̄, ēj〉L2(S3
+)ēj

 =: p̄′ + p̄′′.

Then there exists q̄′′ such that{
−∆S3

+
q̄′′ + k(2− k)q̄′′ = p̄′′ S3

+

∂ν q̄
′′ = 0 ∂S3

+.

Let p, p′, p′′, q′′ ∈ Hk be the homogeneous extensions of the previous functions then

p = p′ + p′′, L(p′) = 0, L(q′′) = p′′

and (E.8) implies

L

(
q′′ +

1

2− 2k
p′ log(r)

)
= p′′ + p′ = p.

Hence the case m = 0 is proved.

m − 1 7→ m. As above we write p log(r)m = p′ log(r)m + p′′ log(r)m, where L(p′) = 0,
L(q′′) = p′′ for some q′′ ∈ Hk. Again (E.8) yields

L

(
q′′ log(r) +

p′

(m+ 1)(2− 2k)
log(r)m+1

)
− p′ log(r)m − p′′ log(r)m

= m(4− 2k)q′′ log(r)m−1 −m(m+ 1)p′ log(r)m−1 −m(m− 1)q′′ log(r)m−2.

By induction we can solve the last equation, which proves the Proposition.

Now we return to the expansion of the Green's function. Since ker(−∆S3
+

) = R,
L(|(x, t)|2) = 0. The proof of the previous Proposition in case m = 0 implies the
existence of p ∈ H2 and c ∈ R such that

L
(
p+ c|(x, t)|2 log(r)

)
= −b12.
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Moreover ∫
S3
+

pdS = 0 and c = − 1

2|S3
+|

∫
S3
+

b21dS.

Furthermore, due to (A.1),

c =
1

2|S3
+|

∫
S3
+

b21dS = β|Π(a)|2

for some constant β > 0. We set ψ2 := p+ c|(x, t)|2 log(r) and observe

|(x, t)|4LgΓ2(x, t) =
4∑
l=3

b2l + c1|(x, t)|4 log(r) + C5(1 + log(r)), c1 ∈ R

with b2l ∈ Hl. Finally, due to Proposition 30 we �nd p1, p2 ∈ H3 and q1, q2, q3 ∈ H4 such
that

|(x, t)|4LgΓ4(x, t) = C5(1 + log(r)2),

if we set

Γ4(x, t) =
1

|(x, t)|2

(
1 +

4∑
i=1

ψi(x, t)

)
and

ψ3 = p1 + p2 log(r), ψ4 = q1 + q2 log(r) + q3 log(r)2.

Furthermore, due to our construction ∂tΓ4(x, 0) = 0. Finally on M, we de�ne Γ(x) =
χρ(|ψa(x)|)Γ4(ψa(x)) which is in C∞(M \ {a}). More precisely, our construction and
assumption (1.2) yield {

LgΓ ∈ C0, 1
2 (M),

BgΓ ∈ C1, 1
2 (∂M)

(E.9)

as well as Γ, |∇Γ| ∈ L1(M). Using the Green formulas, we easily deduce the following
Proposition.

Proposition 31. For ϕ ∈ C2(M) the following identity holds true:

2|S3
+|ϕ(a)

=

∫
M

Γ(x)LgϕdVg +

∫
∂M

ΓBgϕdσg −
∫
M
LgΓϕdVg −

∫
∂M

BgΓϕdσg.

Since Q(M,∂M, [g]) > 0, the operator

(Lg, Bg) : C2,α(M)→
(
C0,α(M), C1,α(∂M)

)
, u 7→ (Lgu,Bgu)
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is an isomorphism. Due to (E.9), there exits exactly one function Ha ∈ C2, 1
2 (M) such

that
LgHa = −LgΓ, BgHa = −BgΓ.

We set

Ga(x) := Γ(x) +Ha(x)

and observe

2|S3
+|ϕ(a) =

∫
M
Ga(x)LgϕdVg +

∫
∂M

Ga(x)Bgϕdσg ∀ϕ ∈ C2(M),

hence Ga is the normalized Green function at a.

Summing up we have proved the following expansion of the normalized Green's function
Ga in conformal Fermi-coordinates.

Proposition 32. Let (M, g) be a four-dimensional compact Riemannian manifold with
boundary and positive Sobolev-quotient. If g is a metric such that (E.1) holds, then

Ga(x) = Γ(ψa(x)) +Ha(x),

where Γ is singular at 0 and Ha ∈ C2, 1
2 (M). More precisely:

Ga(ψ
−1
a (x, t)) =

1

|(x, t)|2
(
1 + ψ1(x, t) + ψ2(x, t)

)
+ c|Π(a)|2 log(r) +Ha(a) +O(r log(r)),

where ψi are homogeneous functions of degree i such that∫
S3
+

ψidS = 0

and Π(a) is the umbilicity tensor at a.
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