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1 Introduction

Linear arrays of finite automata can be regarded as models for massively parallel
computers. Mainly they differ in how the automata are interconnected and in
how the input is supplied. Here we are investigating arrays with two very
simple interconnection patterns. Each node is connected to its both immediate
neighbors or to its right immediate neighbor only. Correspondingly they are
said to have two-way or one-way communication lines. The input mode is
parallel. At initial time each automaton fetches an input symbol. Such arrays
are commonly called cellular automata.

Although deterministic, nondeterministic and alternating finite automata have
the same computing capability there appear to be essential differences when
they are used to construct deterministic (CA), nondeterministic (NCA) and al-
ternating (ACA) cellular automata. (We use the denotation OCA, NOCA and
AOCA to indicate one-way communicationlines.) For example, it is a famous
open problem whether or not CAs and OCAs have the same computing power
(Z(OCA) =7 Z(CA)) [11] but the problem is solved for nondeterministic
arrays ((Z(NOCA) = Z(NCA)) [3]. It is known that the real-time OCA lan-
guages are properly contained in the linear-time OCA languages (.%+(OCA) C
Z1(OCA)) [2, 13, 5]. But on the other hand .Z,;,(NOCA) = £, (NOCA) has
been shown in [1]. Since .Z;(NOCA) = Z+(NCA) (which follows from the
closure of .%,;(NOCA) under reversal [1] and .£;(NOCA) = ZE(NCA)) we
have the identity .Z;(NOCA) = .£,;(NCA). For deterministic arrays it holds
Z1(0OCA) C Z4(CA) [11].

Here we consider arrays built by alternating finite automata. In [7] from the
point of view of time-varying cellular automata first results concerning a re-
stricted variant of ACAs are shown. In a second work on alternating cellular
automata [8] three models are distinguished. In nonuniform ACAs each cell
computes its next state independently according to the local transition func-
tion. In uniform ACAs at every time step one deterministic local transition is
nondeterministically chosen from a finite set of such functions and is applied to
all the cells. The last notion defines the weak ACAs where only the leftmost cell
of the array is an alternating automaton; all the others are nondeterministic. In
[8] it is shown that nonuniform ACAs are the most powerful of the devices and
that linear-time weak and uniform ACAs coincide. Some other results deal with
simulations between alternating Turing machines and ACAs. This topic is also
the main contribution of [10] where the simulation results of [8] are extended
and some others are shown.

Our main interest are nonuniform ACAs under real-time restriction. The basic
notions are defined in the next section. Section 3 is devoted to the question
whether or not two-way ACAs are more powerful than one-way AOCAs. We
prove the answer to be ‘no’. Especially, the equivalence between ACAs and
AOCAs is shown for all time complexities. A second result in Section 3 is
the important technical lemma which states that a specific subclass of ACAs
can be sped up by a constant factor as long as the time complexity does not
fall below real-time. For such devices, especially, the equivalence of real-time



and linear-time follows. In Section 4 the relations between real-time ACAs
and deterministic and nondeterministic cellular automata are investigated. It
is proved that even the real-time ACAs gain exponential speed-up against non-
deterministic NCAs. Comparing ACAs with deterministic CAs it is shown that
real-time ACAs are strictly more powerful than real-time CAs. The latter result
becomes important in so far as it is not known whether one of the following
inclusions is strict:

Z1(CA) € £,(CA) € Z(0CA) € Z(CA) C Z(NCA)

2 Basic notions

We denote the rational numbers by Q, the integers by Z, the positive integers
{1,2,...} by N, the set N U {0} by Ny and the powerset of a set S by 2°. The
empty word is denoted by e and the reversal of a word w by w. For the length
of w we write |w|.

An alternating cellular automaton is a linear array of identical alternating finite
automata, sometimes called cells, where each of them is connected to its both
nearest neighbors (one to the left and one to the right). For our convenience we
identify the cells by positive integers. The state transition of the cells depends
on the actual state of the cell itself and the actual states of its both neigh-
bors. The finite automata work synchronously at discrete time steps. Their
states are partitioned into existential and universal ones. What makes a, so
far, nondeterministic computation to an alternating computation is the mode
of acceptance, which will be defined with respect to the partitioning. More
formally:

Definition 1 An alternating cellular automaton (ACA ) is a system (S, 6, #, A, F')
where

a) S is the finite, nonempty set of states which is partitioned into existential

(Se) and universal (S,) states: S = Se U Sy,

b) #¢ S is the boundary state,

c) A C S is the nonempty set of input symbols,

d) F C S is the set of accepting states,

e) ¢ is the finite, nonempty set of local transition functions which map from

(SU{#})’ to 5.

Let M = (S,0,#,A,F) be an ACA. A configuration of M at some time ¢ > 0 is
a description of its global state, which is actually a mapping ¢; : [1,...,n] = S
for n € N. The configuration at time 0 is defined by the initial sequence of states.
For a given input word w = wy -+ w, € AT we set co(2) = w;, 1 <4 < n.
Subsequent configurations are chosen according to the global transition A:
Let n € N be a positive integer and c resp. ¢’ be two configurations defined by
$1y--+,8n € S TESP. 81,...,8, €8S.

deAl) < Fb6,...,0pb€0:
s = 61(#,81,89), 85 = 02(81,52,83)s---, 8, = On(Sn—1, Sn, ¥)



Thus, A is induced by §. Observe, that one can equivalently define ACAs
by requiring just one unique nondeterministic local transition that maps from
(Su {#})3 to (2°\ 0). But with an eye towards later constructions we are
requiring a finite, nonempty set of deterministic local transitions from which
each cell nondeterministically chooses one at every time step. Obviously, both
definitions yield equivalent devices.

The evolution of M is represented by its computation tree.

The computation tree Ty, of M under input w € A" is a tree whose nodes are
labeled by configurations. The root of Tz, is labeled by cp 4. The children
of a node labeled by a configuration ¢ are the nodes labeled by the possible
successor configuartions of c¢. Thus, the node ¢ has exactly |A(c)| children.

If the state set is a Cartesian product of some smaller sets S = Sy x S1x -+ X S,
we will use the notion register for the single parts of a state. The concatenation
of a specific register of all cells forms a track.

If the flow of information is restricted to one-way, the resulting device is an al-
ternating one-way cellular automaton (AOCA). Le. the next state of each cell
depends on the actual state of the cell itself and the state of its immediate neigh-
bor to the right. Thus, we have information flow from right to left. Accordingly
acceptance is indicated by the leftmost cell of the array: A configuration c is
accepting iff ¢(1) € F.

In order to define accepting computations on input words we need the notion
of accepting subtrees.

Definition 2 Let M = (S,0,#, A, F) be an ACA or an AOCA and Ty, be
its computation tree for an input word w € A", n € N. A finite subtree T" of
Tam,w Is said to be an accepting subtree iff it fulfills the following conditions:
a) The root of T' is the root of Ty -
b) If ¢ € A(c) is a child of a non-leaf node labeled by a configuration c¢ then
the set of all its children is {c" € A(c) | ¢"(i) = (i) forall1 < i <
n such that c(i) € S.}.
c¢) The leafs of T" are labeled by accepting configurations.

From the computational point of view an accepting subtree is built by letting
all the cells in existential states do their nondeterministic guesses and, sub-
sequently, spawning all possible distinct offspring configurations with respect
to the cells in universal states.

Conversely, one could build the subtree by spawning all possible distinct off-
spring configurations with respect to the cells in universal states at first, and
letting cells in existential states do their guesses in each offspring configuration
independently. Fortunately, it has been shown [10] that both methods lead
to time complexities which differ at most by a constant factor. Moreover, the
proofs given in the following can easily be adapted to that mode of acceptance
such that both methods are equivalent in the framework in question.



Definition 3 Let M = (5,4, #, A, F) be an ACA or an AOCA.

a) A word w € A" is accepted by M if there exists an accepting subtree of
Tht -

b) L(M) = {w € A" | w is accepted by M} is the language accepted by
M.

c) Let t : N — N, t(n) > n, be a mapping. If for all w € L(M) there exists
an accepting subtree of Taq,, the height of which is less than t(|w|), then
L is said to be of time complexity t.

An ACA (AOCA) M is nondeterministic if the state set consists of existen-
tial states only. An accepting subtree is now a list of configurations which
corresponds to a possible computation path of M. Nondeterministic cellular
automata are denoted by NCA resp. NOCA.

An ACA (AOCA) is deterministic if the set ¢ of local transition functions is
a singleton. In these cases the course of computation is unique for a given
input word w and, thus, the whole computation tree is a list of configurations.
Deterministic cellular automata are denoted by CA resp. OCA.

The family of all languages which can be accepted by a device POLY with
time complexity ¢ is denoted by .Z;(POLY). If ¢ equals the identity function
id(n) := n acceptance is said to be in real-time and we write .%.;(POLY). The
linear-time languages .£3;(POLY) are defined according to

Zy(POLY) := | Z.a(POLY)
keQ,k>1

3 Equivalence of one-way and two-way information
flow and linear speed-up

This section is devoted to the relationship between ACAs and AOCAs and the
speed-up of a restricted version that becomes important in subsegent proofs.
The main results are that for arbitrary time complexities there is no difference
in acceptance power between one-way and two-way information flow and the
possibility to speed up so-called uniformly universal ACAs and AOCAs by a
constant factor as long as they do not fall below real-time. Especially by the
latter result we can show the results in the next sections even for real-time
language families.

Thus, in M’ either all cells are in existential or all cells are in universal states
and, moreover, this changes from time step to time step. Since 0 is even the
computation starts with existential states.

Without loss of generality we may assume that once a cell becomes accepting
it remains in accepting states permanently. Such a behavior is simply imple-
mented by setting a flag in an additional register that will never be unset. It
remembers the cell that it has been in an accepting state before.

The next result states that one-way information flow in alternating cellular
automata is as powerful as two-way information flow. This, on one hand, gives



us a normalization since for proofs and constructions it is often useful to re-
duce the technical challenge to one-way transitions and, on the other hand,
indicates the power of alternations since it is well known that deterministic
one-way languages form a proper subset of the deterministic two-way languages:

Z(OCA) C Z+(CA) [11].
Theorem 4 Lett: N — N, t(n) > n, be a mapping. Then

Z(AOCA) = %(ACA)

Proof. For structural reasons it suffices to show Z;(ACA) C %4 (AOCA).

The idea for the simulation of an ACA by an AOCA without any loss of time
is as follows: A cell of the AOCA ‘knows’ the actual states of itself and of its
neighbor to the right. Additionally, it guesses the state of its neighbor to the
left nondeterministically and simulates the two-way transition of the ACA. In
order to verify whether or not the guesses are correct each cell stores its guessed
state and its old state in additional registers. After performing a simulation
step the verification can simply be done by comparing the old state of a cell
with the guessed state of its neighbor to the right. Thus, the verification is
done by the neighbor to the left of a cell, respectively.

Obviously, the guesses of the leftmost cell are not verified. But we can restrict
the local transition as follows: If the initial state of a cell is an existential one
all the guessed left neighbor states that are not the border state are marked by
a ‘=’ during the first time step. If the initial state of a cell is an universal one
all the guessed left neighbor states that are not the border state are marked
by a ‘+’. The effect of these marks is that the cells with a ‘-’ will never and
the cells with a ‘+’ will always accept. Thus, if the cell is not the leftmost cell
this behavior does not affect the overall computation result. But if the cell
is the leftmost cell only the correct guesses are relevant during the remaining
computation.

Moreover, al left border state is guessed by a cell if and only if that cell has
guessed a left border state at the first time step, and the not marked cells are
only allowed to switch to accepting states if they have guessed a left border
state. Therefore, to guess a left border state at every time step is the only
way for the leftmost cell to become accepting. But exactly in these cases it has
simulated the correct behavior of the leftmost cell of the two-way ACA.

Up to now we kept quiet about a crucial point. Whereas the verification itself
is a deterministic task which can be performed by cells in existential as well
as in universal states, responding to the result of the verification needs further
mechanisms.

We distinguish two cases: If the old state of a cell is an existential one and the
verification by the left neighboring cell fails then the latter sends an error signal
to the left that prevents the not marked cells passed through from accepting.
Therefore, in an accepting subtree there are only nodes labeled by configurations
in which existential cells have guessed right and, hence, have simulated the



two-way transition correctly. If the verification succeeds no further reaction is
necessary.

In the second case the old state of a cell is an universal one. If the verification
by the left neighboring cell fails it sends an error signal to the left that enforces
all not marked cells passed through to switch into an accepting state. Again, if
the verification succeeds no further reaction is necessary.

What is the effect of these mechanisms: In an accepting subtree in all con-
figurations with a common predecessor cells that have been existential in the
predecessor are in the same states, respectively. Due to the first case these cells
have simulated the two-way transition correctly. Since all siblings (spawned by
universal states) have to lead to subtrees with accepting leafs but acceptance ac-
cording to the two-way ACA depends on the configurations with correct guesses
only all configurations with wrong guesses are forced to accept to achieve the
desired behavior.

Altogether it follows that the AOCA can simulate the ACA without any loss
of time. |

Corollary 5 .%,(AOCA) = Z,,(ACA)

As we have shown extending the information flow from one-way to two-way
does not lead to more powerful devices. The next lemma states that increasing
the computation time by a constant factor does not either if we restrict the
computations to the uniformly universal mode. A corresponding result does
not hold for deterministic cellular automata. Instead, .%+(OCA) C Z;(OCA)
has been shown [2, 13, 5]. The relationship is a famous open problem for
deterministic two-way devices (e.g. [4, 12]).

Uniform ACAs have been introduced in [7, 8]. The main difference between
uniform ACAs and (nonuniform) ACAs is the induction of the global transition.
Whereas in an ACA at every time step each cell chooses independently one local
transition from the set in an uniform ACA at every time step one local transition
is choosen globally and applied to all the cells:

Let M = (S,4,#, A, F) be an uniform ACA, n € N be a positive integer and ¢
resp. ¢ be two configurations defined by s1,...,s, € S resp. s7,...,s, € S.

deN(c) < Fo,€6:
sh = 0u(#, 51, 82), 85 = 0u(51,52,83),..., 80 = O0u(Sn_1, Sn, #)

Thus, in a computation tree of an uniform ACA each node has at most |d]
successors. Now a whole configuration is labeled universal (existential) if the
leftmost cell is in an universal (existential) state. An accepting subtree is a
finite subtree of the computation tree that includes all (one) of the successors
of a universal (existential) node. As usual all leafs have to be labeled with
accepting configurations.

Now we are considering a computation mode that is nonuniform for existential
and uniform for universal states. It is called uniformly universal mode and the



corresponding devices are denoted by UUACA and UUAOCA. Besides their
technical importance such devices are interesting for their own.

For our purposes it is sufficient to consider UUAOCAs M = (S, 6, #, A, F') which
are alternation normalized as follows:

ACS,and V§; €6:
(V s1,82 € Se U {#}: 6i(s1,82) € S, and
V81,82 €S, U {#} : 6i(81,82) € Se)

Thus, at every even time step all the cells are in existential and at every odd
time step all the cells are in universal states.

Lemma 6 Let t : N — N, t(n) > n, be a mapping and k € Q, k > 1, be
a constant. For every alternation normalized UUAOCA M that accepts a

language L(M) with time complexity k-t there exists an alternation normalized
UUAOCA M’ with time complexity t such that L(M) = L(M") and vice versa.

Proof. Let M = (S,6,#, A, F). W.lo.g. we can assume that the cells in M
once they have entered an accepting state are remaining in accepting states.

Now in a first part we are going to construct an UUAOCA M’ that simulates
M with double speed. Basically, the idea is to simulate a sequence of four steps
of M by two steps in M'.

From time 4 - %, t € Ny, an accepting computation of M runs through config-
urations such that 3cg411 € A(cgt) such that Vegsro € A(csrr1) such that
Jcat+3 € Acat42) such that Vg 1) € Alcstss)-

Note, that due to the normalization the configurations of only universal states
have at most |§| successors, respectively (i.e. [A(cgs41)| < |0] and |A(cqe43)| <
141).

The expression is replaced by the equivalent expression Jcgp11 € Acs)
such that Jcgiy3(caeq2) such that Vegppo € A(cagq1) such that Vg1 €
A(catt3(catr2)) where caqis(caqto) denotes a mapping which gives a config-
uration c4.ty3 depending on c4.44+2. (Again, there exists only a finite number of
possible configurations cs.419.)

For a moment let us assume that in M every cell is connected to its three
immediate neighbors to the right such that the local transition depends on the
actual states of four cells. Under this assumption both successive existential as
well as both successive universal steps can be performed in one step respectively.
Obviously, the resulting UUAOCA M’ = (5',¢',#, A, F') is again alternation
normalized. Formally it is constructed as follows. Let 6 = (d1,...,d4) and
therefore |§| = d € N.

Si=8SuU(Sxdl), S:=8, S :=8x%xd F:=FU(Fxd),
§ = {66, . | 1<iyj1,enrja<d}U{SY [1<i,j <d}
Vpl € Sa P2,P3,P4 € Su {#} :

5ij1,---7jd (p17p25p3,p4) = (5i(p17p2)15j15 .. 75jd)



( 17f11a '7f1d) €8x 6d7 (pmafmu"'afmd) € (S X 6d) U{#}a2 S m S 4:
05 ((1s frys -5 F1a)s (P2, fars -+ fog)s (D35 f315 - -5 f30)s (P4 fags o5 fay)) 1=
6j(T17T2)
where 1 = f1,(q1,92), T2 = f2;(q2,3)
where ¢ = d;(p1,p2), ¢2 = 0i(p2,p3), q3 = di(p3,p4)

The construction of the local transitions of M’ for existential states simulates a
corresponding local transition of M and additionally guesses d local transitions
of M. By these d transitions the mapping is realized that gives a configuration
c4.4+3 depending on c4.442. Each cell uses one of the local transitions in each
of the d possible configurations c4.;12 which yields an independently guessed
successor, respectively.

Let w € A™ be a word belonging to L(M). In order to prove the correctness of
the construction we show that for an accepting subtree T' of the computation
tree T, of M there exists an accepting subtree 7" of the computation tree
T of M such that the nodes on level 2-¢ € N of 7" are exactly the nodes
on level 4 - t of T and vice versa. Due to the normalization of M and M’ all
configurations on levels in question consist of existential states only.

The assertion holds true for ¢ = 0 since the initial configurations cg,, of M and
o of M’ (and thus the roots of T and T") are identical.

Let ¢4+ be a node of T' on level 4 - ¢. By inductive hypothesis exists a node ¢},
of T' on level 2 -t where ¢4y = ¢, and vice versa.

“—" Let c4.4+1 be the unique successor node of ¢4y in T (cg4 consists of
existential states only). The successors of c4.41+1 (generated by the applications

(1)

of 01,...,d4) are denoted by c; /5, -- ,ci‘_it)u (€4.4+1 consists of universal states

only) and their unique successors by cz(g 13, 1 <1 < d. The next step yields
the successors cil_’(ltll), cfll ((?4—1) of cg +3 (generated by the applications of

51,...,(5,1) wherelglgd.

By the construction and the hypothesis there exists the successor configuration
chyiq of ¢y onlevel 2-¢ 41 of T' such that ch, 1 (z) = (cat+1(2), fors---» fay)
where fg, (cil_lw(:v),cil_lw(x +1)) = Cz(;l35+3( ),1<1i<d, 1<z <n.

The successors of ¢, are obtained by applying all of the d? mappings 6§fj,
1<14,7 <d, to all the cells.

(4,5)
4-(t+1)°

ition d}; to ¢, q: With the denotations of the construction we have

We obtain the configuration ¢ 1 <14,7 < d, by applying the local trans-

a1 = 0 (car1(@), capr(z +1)) = 4(11 5(7),
(C4t+1( 1), capr1(z+2 ) El)t o(z +1),
Q3—(5(C4t+1($+2) Cat41 $+ ) 4(11_|_2 $+2) and
= fai (C4t o(2), 0511+2(55+ 1) = 4(123:+3(3”),
= fot1; (cy %+2($+ 1), cfl 1+2 (z+2) = c4 t+3 (z + 1) and, hence,
)

(@)
62((75411)(:5) 9; (051.3:+3( ), Cé(l 3:+3($+ 1)) = e

0

&y (@):



“="Let ch sy = (p1, f1us- -5 f14) - (Pns fras - -+ fng) be the unique successor
node of ¢, in T".

The successors of ¢, ; (generated by the applications of 6}';, 1 < i,j < d) are

1(i,9)
2:(1+1)°

By the construction and the hypothesis there exist d, € J such that p, =
6z (cat(z), car(z + 1)) = caqq1(z), 1 < 2 < n. We obtain the configuration

02( (H)—l) 1 <i4,5 <d, by applying the local transition §; to c4.t41, applying the

local transition f;, to the cell z in the successor of c4.141 and, finally, applying
the local transition 9;:

INE
denoted by c,

c4 t+2(:v) 8i(catr1(2), carrr(z + 1)) = 6i(pa; Po+1) = ¢ay 1 <7 <11
c4 t—|—3( T) = fu (04.t+2(:17) caty2(T + 1)) = f2:(qw)Gzt1) =10, 1 <z <
f ,(Jt)+1)(37) = 0j(ca143(2), carr3(@ +1)) = 8j(ra, ra41) =
5u ((pwa Jryse-- afwd)a - (Pet3s fet31s-- s f$+3d)) - C;(Z(’tj‘?‘l)(m)’ lsesn.

From “—” and “<=—" follows the correctness of the construction. Therefore
L(M) = L(M'’) and the time complexity of M’ is half times the time complexity
of M.

Now we have to show the result for automata in which the cells are connected

to one neighbor only. The idea is to compress the input such that each cell

of M’ simulates three adjacent cells of M in different registers. Due to the

normalization all simulated cells are either universal or existential and there

appear no conflicts.

The compression is done in the first existential time step. The compressed
n

input is guessed by the leftmost [%] cells. In [1] it has been shown how the
verification of the guess can be done deterministically in real-time.

Since M’ is again an alternation normalized UUAOCA the whole method can
be iterated i times until 2 > k to obtain the required speed-up. O

The construction of Lemma 6 bounds the possible speed-up by the time needed
for the verification of the guessed compression. Therefore, computations cannot
be faster than real-time.

Corollary 7 Let t : N — N, t(n) > n, be a mapping and k € Q, k > 1, be a
constant. For every alternation normalized UUACA M that accepts a language
L(M) with time complexity k-t there exists an alternation normalized UUACA
M’ with time complexity t such that L(M) = L(M') and vice versa.

Proof. The construction of Theorem 4 does not affect the status of the cells
(i.e. whether they are existential or universal). Therefore, for a given alter-
nation normalized UUACA there exists an equivalent alternation normalized
UUAOCA with the same time complexity. The UUAOCA can be sped up
and the resulting automaton, trivially, can be transformed into an alternation
normalized UUACA again. O

10



4 Comparisons with (non)deterministic cellular
automata

It is a famous open problem whether or not the inclusion .%,;(CA) C? .4;(CA)
is a proper one. Moreover, the seemingly easier problem .%:(CA) C? .Z(CA)

is open, too. The same holds for nondeterministic cellular automata: It is not
known whether or not the inclusion .%,,(NCA) C? .Z(NCA) is strict.

Since Z(NCA) coincides with the context-sensitive languages and .Z(CA) with
the deterministic context-sensitive languages the properness of the inclusion
Z+(CA) C? Z(NCA) is also open due to the open problems mentioned and
the famous lba-problem (i.e. in our terms .Z(CA) =7 .Z(NCA)). The open
problem .%;(CA) C? Z,1(NCA) stresses the dilemma. Altogether, the follow-
ing inclusions follow for structural reasons but it is not known whether one of
them is strict.

%4(CA) C £(OCA) C .2(CA) C £(NCA) and
Zrt(CA) C Z(NCA) C Z(NCA).

In the present section we compare real-time ACAs to deterministic and non-
deterministic cellular automata. The next result shows that adding alternations
to nondeterministic computations yields enormous speed-ups.

Theorem 8 Z(NCA) C .%,(ACA)

Proof. Let M = (S,0,#,A,F) be an NCA. Since the number of cells is
bounded by the length of the input n the number of configurations is bounded

by |S|". Therefore, we can assume that M has the exponential time complexity
|S]™.

The following construction is done for |S| = 2. A generalization is straight-
forward. The first step is to define an alternation normalized UUACA M’ =
(S',0',#, A, F') which needs 3 - n time steps to simulate 2" steps of the ACA
M. For the main part of M’ (a deterministic track is added later) we set
S':=AuUS?uUS83 S.:=AUS8? S =83

6 =107, 11 <4, 5 <|S, 1 <k <|F}U{df |1 <4< |S|}U{d},d5}

Let n denote the length of the input, 6 = {d1,...,04}, S = {s1,...,,} and
F= {fla""f’u}-

In its first time step M’ saves its input configuration, guesses an accepting
configuration of M and another configuration of M:

Vpi,p2 € A,ps € AU {#}:

€

67 ;. k(P1,p2,p3) = (P2, 5i, S5)
6ij,k(#7p27p3) = (anSiafk)a 1 < 17.7 < |S|7 1 < k < |F|

The idea is to guess successively an accepting computation path c¢g,...,con of
M. The configuration on the second track should be con—1 and the accepting
configuration on the third track should be con.
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From now on at every universal step for each configuration two offsprings are
spawned. One gets the configurations on the first and second track and the
other the configurations on the second and third track:

V (p1,1,P1,2:P1,3), (P3,1,P3,2,P3,3) € S> U {#}, (p2,1,p2,2,p2,3) € %

8 ((p1,1,P1,2:P1,3)s (P2,1,P2,2,P2,3), (P3,1, 13,2, P3,3)) == (P2,1,P2,2)
8% ((p1,1,21,2,P1,3); (P2,1, 92,2, P2.3), (P3,1,P3,2:03,3)) := (P2,2,P2,3)

Thus, ¢} represents the configurations cg, con—1 and con. Its both successors
represent the configuration pairs (cg, con—1) and (cgn-1,con).

In every further existential step the configuration between the represented con-
figurations is guessed:

V (p1,1,01,2), (93,1, p3,2) € S2U{#}, (p2,1,p2,2) € S*:
6¢((p1,1,01,2)s (P2,1,02,2), (P3,1,P3,2)) == (P21, 8i,P22), 1 <i<|S]|

Thus, the two possible configurations of M’ at time step 3 are representing the
configuration triples (cg, cyn-2,Co.9n—2) and (cg.gn-2,Cg.9n—2,Cp.on—2). One time
step later we have the four pairs (cp, con—2), (Con—2,Co.0n—2), (Co.9n—2, C3.9n—2) and
(C3.2n—2 , C4.2n—2).

Concluding inductively it is easy to see that at time 1 < t < n there ex-
ist 2! configurations of M’ representing the pairs (cg,con—t), (Con—t,Co.0nt),
(Co.gn—t,C3.0n—1), ., (C(at_1).2n—1, Cot.gn—t).

For ¢t = n we obtain (cg,c1), (¢1,¢2), .-, (can_1,¢9n). Now M’ can locally check
whether the second element of a pair is a valid successor of the first elements of
the cell and its neighbors according to the local transitions of M. If the check
succeeds M’ has guessed an accepting computation path of M and accepts the
input.

In order to perform the check each cell of M’ has to be aware of the time step
2 - n. For this purpose a deterministic FSSP algorithm [9, 14] is started on an
additional track which synchronizes the cells at time 2-n. Altogether the result
of the check is available at time step 2 -n + 1 and needs another n — 1 time
steps to get into the leftmost cell. We conclude that M’ has time complexity
3-n. By Lemma 6 the alternation normalized UUACA M’ can be sped up to
real-time.

It remains to show that .£,,(UUACA) C % ;(ACA). The proof is a straight-
forward adaption of the proof that (nonuniform) ACAs are at least as powerful
as uniform ACAs [8]. ]

Corollary 9 .Z(NCA) C .Z.(AOCA)

Extending the previously mentioned chains of inclusions by the last result we
obtain

£.,(CA) C £(OCA) C Z(CA) C Z(NCA) C .Z,(ACA) and
Zrt(CA) C Z(NCA) C Z(NCA) C Z4(ACA).

12



The next result shows that in both chains one of the inclusions is a proper one.
It states .Z+(CA) C .Z+(ACA). We prove the inclusion by the use of a specific
kind of deterministic cellular spaces as connecting pieces. A deterministic cel-
lular space (CS) works like a deterministic cellular automaton. The difference
is the unbounded number of cells. In cellular spaces there exists a so-called
quiescent state qo such that the local transition satisfies 6(qo, g0, q0) = qo- At
time 0 all the cells from Z except the cells 1,...,n which get the input are in
the quiescent state. Obviously, at every time step the number of nonquiescent
cells increases at most by 2.

In [6] an infinite hierarchy of language families has been shown: If r € Q, r > 1,
and € € Q, € > 0, then %+ (CS) C Z,+-(CS).

Especially, for r = 1 and ¢ = 1 it holds .%(CS) C .Z,2(CS).

Cellular spaces which are bounded to the left (and unbounded to the right)
are equivalent to the original model since both halflines can be simulated on
different tracks in parallel. Moreover, one obtains again an equivalent model if
the number of cells is bounded by the time complexity. Let w = w; - - - w, be
an input word and s : N — N, s(n) > n, be a mapping. The family of languages
acceptable by deterministic cellular automata with initial configuration

w; if 1 <i < |wl

cow 1, 8(lw))] = 5, cow = {qO if |w| +1 <4 < s(|w)

is denoted by .Z; ;(CA). It follows immediately .Z;(CS) = £ +(CA) (here we
assume always 6(qo, qo, #) = qo)-

Theorem 10 .Z,,(CA) C Z,(ACA)

Proof. From .Z(CS) = %, (CA) for t = id we obtain .Z;(CS) = %, ,(CA).
The latter family is based on simultaneously n-time bounded and n-space
bounded cellular automata, i.e. real-time (classical) cellular automata. Thus,
Zr1(CS) = Lo n(CA) = Z4(CA). By the result in [6] for r = 1 and ¢ = 1
it follows .%+(CS) C .£,2(CS) which is equivalent to .%+(CA) C .£,2(CS) =
Zp2 n2(CA). Now in order to prove the theorem we have to show .Z),> ,»(CA) C
Zri(ACA).

The following construction results in an alternation normalized UUACA M’
which simulates a simultaneously n’-time bounded and n?-space bounded CA
M. Note that a deterministic computation task is per se alternation normalized
and meets the conditions of the uniformly universal computation mode.

Let cg,--.,c,2 denote the configurations of an accepting computation path of
M on input w = wy ---w,. M’ gets the input ¢f(i) = (i) = w;, 1 <17 < n,
and ‘knows’ cy(i), n + 1 < i < n?, to be the quiescent state gq.

The key idea for M’ is to guess the states c¢,2_,(1),...,cp2_,(n) existentially
during the first time step and subsequently to spawn two offspring computa-
tions universally. One of them is the deterministic task to simmulate M on input
cp2n(1), ..., ¢cp2_p(n) for n time steps in order to check whether M would ac-
cept. The second offspring has to verify whether the guess has been correct (i.e.
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M produces a corresponding configuration at time step n? — n). Therefore, at

the third time step it guesses the states ¢,2_9.,(1),...,¢p2_2.,(2 - n) two times
on three tracks: On one track in the compressed form (i.e. every cell contains
two states), on another track the states ¢,2_9.,(1), ..., ¢p2_9.,(n) and on a third

track the states c,2_o.,(n+1),...,¢ch2_9.,(2-n). (Whether or not the guess
yields two times the same sequence can deterministically be checked. Details
are omitted here.) At the next time step M’ universally spawns three offsprings:
One of them is the deterministic task to simulate M on c,2_o.,(1),...,¢cp2_0.,(2-
n) for n time steps to check whether M would compute the previously guessed
states cp2_p,(1),...,cp2_p,(n) and, thus, to verify the previous guess. The second
and third offsprings have to verify whether the new guesses are correct. The
second offspring guesses ¢,2_3.,(1),...,¢,2_3.,(2-n) and iterates the described
procedure. The third task has to guess the states ¢,2_3.,(1),...,¢p2_3.,(3 - n)
two times at four tracks: In the compressed form (i.e. three states per cell) and
Cp2_3m(), ... cp2_gn(n) and ¢2 3., (n+1),...,¢2 3.,(2:n) and ¢,2_3.,(2n +
1),...,¢p2_3.,(3-n) on separate tracks. (Again, whether or not the guess yields
two times the same sequence can deterministically be checked.) Now a corres-
ponding procedure is iterated. After the guessing one offspring simulates M for

n time steps on ¢,2_3.,(1),...,¢,2_3.,(3 - n) in order to verify whether it com-
putes the states ¢,2_o.,(n+1),...,¢,2_9.,(2-n), and another three offsprings are
verifying the guesses ¢,2_3.,(1),...,¢p2_3.,(n) and ¢2_3.,(n+1),...,cp2_3.,(2-

n) and ¢,2_3.,(2n+1),...,¢2_3.,(3-n).

Concluding inductively at time 2 - 4 there exist offspring computations for the
verification of ¢,2_;.,(j -n+1),...,¢ch2_;.,((7 + 1) - n) where 2 < i < n and
0<ji<i—1.

For i = n the sequences co(j-n+1),...,co((j +1)-n) have to be verified. This
can be done by checking whether the states match the initial input. For this
reason the cells have to be aware of the time step 2 - n what can be achieved
by providing a deterministic FSSP algorithm on an additional track as has
been done in the previous proof. Moreover, the computations have to know to
which initial input symbols their sequences have to be compared. These that
verify the sequences c,;2_;.,,(1),...,¢p2_;.,(n) behave slightly different. They are
spawning three (instead of four) offsprings at every universal step. Since exactly
the sequence co(1), ..., co(n) has to be compared to the input wy - - - w, whereas
all other sequences simply have to be compared to qq,-..,qg, the verification
can be done.

The FSSP fires at time 2 - n. Afterwards the (partially) simulation of M needs
another n time steps. To collect the result of that simulation and to get it into
the leftmost cell needs at most n further time steps. Altogether, M’ has the
time complexity 4 - n. Following the last steps of the proof of Theorem 8 the
alternation normalized UUACA M’ can be sped up to real-time and one can
conclude L(M') € Z,(ACA). O

Another interpretation of the last theorem is the possibility to save time and
space simultaneously when adding alternation to a deterministic computation.
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Moreover, now we know that at least one of the following inclusions is strict:

Zrt(CA) C Z+(NCA) C Z4(ACA)
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