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ABSTRACT

We provide a classification of affine twin buildings of type Cs having at least
one exceptional residue with one exception in the case E7 in characteristic
two. Relying on the main results of [TW], [W09] and [MPW] we settle the
uniqueness. The existence part is settled by refining and adapting the theory
of descent in buildings developed in [MPW] to our specific situation.

KURZFASSUNG

Wir klassifizieren diejenigen affinen Zwillingsgebédude vom Typ Cs, die min-
destens ein Residuum vom Ausnahmetyp enthalten. Ein noch offenes Prob-
lem bildet der Spezialfall E; in Charakteristik zwei. Die Eindeutigkeit
basiert auf den Hauptresultaten in [TW], [W09] und [MPW]. Der Exis-
tenzbeweis beruht auf einer Weiterentwicklung der Theorie iiber descent in
buildings in [MPW].
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INTRODUCTION

Buildings have been introduced by J. Tits in order to provide a unified ge-
ometric framework for understanding semisimple complex Lie groups and,
later, semisimple algebraic groups over an arbitrary field. The definition
evolved gradually during the 1950s and 1960s and reached a mature form in
about 1965. At that time, Tits thought of a building as a simplicial complex
with a family of subcomplexes called apartments, subject to a few axioms.
Each apartment is made up of chambers, which are the top-dimensional
simplices. In the more 'modern’ approach, introduced by Tits in [Ti81], one
forgets about all simplices except the chambers. The definition is recast
entirely in terms of objects called chamber systems.

One of the most important results in the theory of buildings is the classi-
fication of irreducible spherical buildings of rank at least 3 in [Ti74]. At
the heart of the classification is the famous Theorem 4.1.2 of [Ti74] which
states that every ’local isomorphism’ from one thick irreducible spherical
building to another extends to an isomorphism of the buildings in question.
Meanwhile, there is a simplified proof in [TW] which makes use of the clas-
sification of Moufang polygons. Irreducible spherical buildings of rank 2
are called generalized polygons. Generalized polygons themselves are too
numerous to classify, but it was observed that (as a consequence of 4.16
of [Ti74]) every thick irreducible spherical building of rank at least 3 as well
as every irreducible residue of such a building satisfies the Moufang condi-
tion. As a consequence, every thick irreducible spherical building of higher
rank is an amalgamation, in a certain sense, of Moufang polygons. Accord-
ing to [TW], Moufang n-gons exist only for n = 3,4,6 or 8 and there are
six families of Moufang quadrangles. The family of Moufang quadrangles of
type Eg, E7 or Eg together with the family of Moufang quadrangles of type
F4 constitutes the exceptional Moufang quadrangles.

About 30 years ago, M. Ronan and J. Tits defined a new class of buildings
which generalize spherical buildings in a natural way, namely the class of
twin buildings. The motivation of their definition is provided by the theory
of Kac-Moody groups: Twin buildings are naturally associated to ’groups of
Kac-Moody type’ in the same way that spherical buildings are associated to
algebraic groups. The main idea of a twin building is that a twin building



consists of a pair (A4, A_) of two buildings of the same type together with
a symmetric relation between the chambers of the two different buildings
which has properties similar to the opposition relation on the chambers of a
spherical building. In this way, the twin building behaves in many respects
like a spherical building, whereas the individual buildings Ay and A_ are
generally not spherical.

In view of the classification of spherical buildings it is natural to ask whether
it is possible to classify higher rank twin buildings. A large part of [Ti92]
deals with this question. As a first observation, it turns out that such a
classification seems only to be feasible under the additional assumption that
the entries in the corresponding Coxeter matrices are all finite. The classi-
fication program described in [Ti92] is based on the conjecture that there
is a bijective correspondence between twin buildings of a given type Il and
certain Moufang foundations of type II for each 2-spherical Coxeter diagram
II.

In [Ti92], J. Tits conjectures that one can classify all 2-spherical twin build-
ings if one has a classification of all rank 3 twin buildings. This conjecture
is true under the assumption that all rank 3 residues are spherical, due to
unpublished results in [BM]. This is of course a severe restriction. In his
Habilitationsschrift [MHab], B. Miihlherr reduces the proof of the general
conjecture to the verification that each 2-spherical twin building of rank 3
can be constructed via Galois descent. Most of the rank 3 twin buildings
can be handled with the methods established in [MHab] and [M99]. How-
ever, there are some exceptions which need to be considered separately. The
verification for twin buildings of type Ao and those of triangle type 443 are
a consequence of [WDis]. The only serious case left is the case of affine twin
buildings of type Cy. It turns out that, if all panels of the twin building
contain at least four chambers, the halves of such a twin building are so-
called Bruhat-Tits buildings, i.e. these are affine buildings whose building at
infinity is Moufang. There are unpublished partial results about the classifi-
cation of twin buildings of type Co by B. Miihlherr and H. Van Maldeghem
in [MvM20]. They treat the case in which each residue is a classical (i.e.
non-exceptional) Moufang quadrangle. The goal of this thesis is a classifi-
cation of all affine twin buildings of type C, having at least one exceptional
Moufang quadrangle as a residue. Except for one specific case in character-
istic 2 having a residue of type E7, we provide a complete solution of this
problem.

A generalization of Tits” extension theorem by B. Miihlherr and M. Ronan
in [MR] states that almost all twin buildings, just as spherical buildings,
are uniquely determined by their 'local structure’ or, more precisely, by the
rank 2 neighbourhood of one of its chambers which can be thought of an
amalgamation of Moufang polygons. As a first step along the classification
of the exceptional Co- twin buildings we determine those amalgamations of



two Moufang quadrangles which are candidates for being the local structure
of a twin building. For this, we extensively make use of the classification of
Moufang polygons in [TW] and the classification of Bruhat-Tits buildings of
type Cy in [W09] and [MPW, part 2]. Another ingredient which is needed
is a property of possible residues called (Ind). This property is satisfied in
almost all of our cases. Once we have carved out all possible candidates, we
finally have to prove that these can, in fact, be realized as the local structure
of a twin building. We will show the existence of such twin buildings by
giving an explicit construction of those as fixed point structures of certain
automorphism groups in higher rank twin buildings. This relies on the
work of B. Miihlherr, H. Petersson and R. Weiss in [MPW]. Their main
result about the descent in buildings states that (under minimal and clearly
necessary conditions) the set of residues of a building A stabilized by an
arbitrary subgroup of Aut(A) form a thick building. In [MW], B. Miihlherr
and R. Weiss apply the theory of descent in buildings to give elementary
constructions of the exceptional Moufang quadrangles as the fixed point
building of a Galois involution of a higher rank building. We will use their
descriptions and extend them in a suitable way.

In part II of this thesis we provide the combinatorial properties of the in-
cidence geometries associated with the spherical buildings in question and
give elementary constructions of certain local automorphisms (which will
later on appear as restrictions of the automorphisms used by B. Miihlherr
and R. Weiss in [MW]).

Part III is dedicated to the generalization of the theory of descent in build-
ings to a theory of descent in twin buildings. In order to combine descent
theory and the extension theorem we have to adjust the notion of a founda-
tion of a building. This requires some careful analysis of the extension the-
orem and descent theory. We examine the interplay between the I'-residues
of the different halves of the twin building and derive a slight variation of
the famous extension theorem of B. Miihlherr and M. Ronan which provides
a pair of opposite I'-chambers. This is necessary since, even though the
theory of descent in buildings ensures that the fixed point structure of each
half of the twin building is itself a building, we need a codistance function
between the chambers of these two fixed point buildings in order to form
a twin building. As is shown, the existence of a suitable pair of opposite
I'-chambers provides the existence of such a codistance function.

Part IV deals with the determination of possible candidates for being the
local structure of Co-twin buildings having an exceptional residue. Using the
results of part II and part III we give an explicit construction of all Co-twin
buildings as fixed point structures in higher rank twin buildings whose local
structure coincides with the candidates of part IV.

In this way we obtain an almost complete classification of all exceptional
twin buildings of type Cy except in the one specific case mentioned above.
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Chapter 1

Parameter systems

In this chapter we fix notation which will be used throughout and recall
definitions and results from the literature which play an essential role in
what follows.

Vector spaces

1.1 Definition
A skew field is a triple (K, +,-) such that the following hold:

(SF1) The pair (K, +) is a commutative group.
(SF2) The pair (K, -) is a group.
(SF3) For all r,s,t € K we have

r-(s+t)=r-s+r-tand (r+s)-t=r-t+r-s.

A commutative skew field is called field.

1.2 Definition
Let K, K’ be skew fields. An (anti-)isomorphism is an additive bijective
transformation o: K — K’ such that for all s,t € K:

o(st) =o(s)o(t) (respectively o(st) = o(t)o(s)).

1.3 Definition

A right vector space is a pair (V,K) consisting of a commutative group
(V,+) and a skew field K together with a scalar multiplication -: VxK — V
satisfying

VoeV:iv-lg=v, YveV,s,t,ecK:(v-s)-t=wv-(st)
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and

VoweV,s,teK: (v+w)-s=v-s+w-s, v-(s+t)=v-s+wv-t.

If (V,K) is a vector space, we also say that V' is a K-vector space or that V'
is a vector space over K. If K is a field we consider vector spaces over K as
left vector spaces.

1.4 Definition

Two vector spaces (V,K) and (V’,K') are isomorphic if there is a pair (¢, ¢)
of isomorphisms ¢: K — K and ¢: V — V'’ of skew fields and groups,
respectively, satisfying

VseKveV:ipw:-s)=p):o(s).

If (p,0): (V,K) — (V',K') is an isomorphism of vector spaces, we also say
that ¢ is a ¢-semi-linear isomorphism.

Sesquilinear forms

Let K be a skew field and let V' be a vector space over K.

1.5 Definition
Let 0: K — K be an anti-automorphism. A o-sesquilinear form is a bi-
additive transformation f: V x V — K such that

VoweV st eK: fv-s,w-t)=o0(s) f(v,w) t.

A o-sesquilinear form f: V x V — K is called non-degenerate, if for any
Oy # v € V there exists a vector Oy # w € V such that f(v,w) # Og and
vice versa.

1.6 Proposition
Let 0: K — K be an anti-automorphism and let f: V x V — K be a non-
degenerate o-sesquilinear form. The following two conditions are equivalent:

(i) f is reflexive, i.e. for all v,w € V, the relation
flv,w) =0k & f(w,v) =0k
holds.
(ii) f1is (o,¢e)-hermitian, i.e. there exists ¢ € K such that
flw,v) = o(f(v,w))e

for all v,w € V. Note that € # Ok since f is presumed to be non-
degenerate.
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Proof This is [Ue, 4.5.8]. O

1.7 Definition
Let idg # o0: K — K be an anti-automorphism such that ¢? = idg. A
(0, —1g)-hermitian form f is also called skew-hermitian (with respect to o).

1.8 Lemma
Let f: V xV — K be a (0,¢)-hermitian sesquilinear form and suppose that
0% =idg and € = 1g. Then the following hold:

(a) o(e) =€ and

(b) ¢ € Z(K).

Proof By [Ue, 4.5.10(a)] we have ¢ = e~ = o(¢). Due to [Ue, 4.5.10(c)]
we have A = 02(\) = e)e for any ) € K. O

Quadratic spaces

1.9 Definition
A quadratic space is a triple A := (K, V, Q) such that

(i) K is a commutative field,
(ii) V is a vector space over K and

(i) @: V — K is a quadratic form, i.e. the map fo: V x V — K defined
by
fo(v,w) == Qv+ w) — Qv) — Q(w)
is bilinear and for all v € V, A € K we have Q(\v) = A2Q(v).

Clearly, if U <g V is a subspace of the K-vector space V, the triple
(K,U,Ql|vr) is a quadratic space and we will call it a quadratic subspace
of A.

1.10 Definition

Let A = (K,V,Q) and A’ = (K, V', Q') be quadratic spaces over the same
field K. The orthogonal sum A & A’ of A and A’ is the quadratic space
(K,2Vae V', Q®Q"), where the quadratic form Q & Q' is given by

QOQ (v,v) =Q(v) +Q'(v)

for all v € V and all v € V'. Note that foaq((v,0y/), (0y,v")) = Ok for all
veVandall v € V.
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1.11 Definition

Let A = (K, V, Q) be a quadratic space and let E be an extension field of K.
We form the tensor product Vg = V ® E and endow Vg with the structure
of an E-vector space in the usual way, i.e. s- (v®t) = (v®st) for allv e V
and all s,t € E.

As is shown, for example, in [J69, 1.7-1.8], there exists a unique quadratic
form Qg on Vg over E such that

Qr(v® s) = Q(v)s? and fo,(u® s,v ®@t) = fo(u,v)st

forallu,v € V and s,t € K. We will call the quadratic space Ag = (E, Vg, Qr)
the scalar extension of A from K to E.

1.12 Definition
Let A := (K, V,Q) be a quadratic space. We set

Def(A) :=={v eV | folv,w) =0 VweV}

and
Rad(A) := {v € Def(A) | Q(v) = Ok }.

The quadratic space A is
o non-degenerate if Def(A) = {0y} and it is
o regular if Rad(A) = {0y }.

1.13 Remark
Let A = (K, V, Q) be a quadratic space and let U <g V be a subspace of V.
We define the orthogonal complement of U by

Ut :={veV]| folu,v) =0g VuecU}.

This is a subspace of V and we set (K,U,Q|y)*" := (K, U, Q|y1).
If dimg (V) < o0 and (K, U, Q|y) is non-degenerate, [EKM, 1.6] yields that
A= (Kv U, Q‘U) D (K7 U, Q|U)J_‘

1.14 Definition
Let A := (K, V,Q) be a quadratic space.

o A vector Oy # v € V is called isotropic if Q(v) = Ok.

o A subspace U <k V is called anisotropic if Q(v) # Ok for all Oy # v € U.
It is called isotropic otherwise. If Q| = 0 the subspace U <k V is called
totally isotropic.

o The quadratic space A is called (an)isotropic if V' is (an)isotropic.
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o The quadratic space A is called proper, if it is anisotropic and if the
associated bilinear form f¢ is not identically zero.

¢ The Witt indexr of A is the maximal dimension of a totally isotropic
subspace.

1.15 Definition

Let A := (K,V,Q) be a quadratic space and let Ox # t € K. The triple
A= (K, V,tQ), where tQ: V — K is given by (tQ)(v) = tQ(v), is a
quadratic space, called the t-translate of A.

1.16 Definition
Let A= (K,V,Q) and A" = (K', V', Q') be two quadratic spaces.

¢ An isometry from A to A’ is an isomorphism of vector spaces

(¢,9): (K, V) = (K, V') such that Q"o ¢ = ¢ 0 Q.

o A similarity from A to A’ is an isometry from A onto A} for some
O #t € K.

1.17 Definition

Let A = (K, V, Q) be a quadratic space. A hyperbolic pair of A is a pair of
elements v,w € V such that Q(v) = Q(w) = Ok and fg(v,w) = 1k.

For each hyperbolic pair (v, w) of A we denote by H(v,w) the corresponding
quadratic (sub)space (K, (v, w), Q| w))-

If (v,w) is a hyperbolic pair of a quadratic space A then, in view of 1.13,
A = H(v, w) @ H(v, w)*.

1.18 Lemma
Let A = (K, V,Q) be a regular quadratic space of Witt index k£ > 1. Then
there exists a hyperbolic pair (v, w) of A.

Proof This follows from [EKM, 7.13] O

1.19 Definition
Let A = (K,V,Q) be a quadratic space. A norm splitting of A is a triple
(E, -, {v1,...,v4}) such that

(i) E/K is a separable quadratic extension,

(ii) - is a scalar multiplication from E x V to V extending the scalar mul-
tiplication from K x V' to V' and
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(iii) {vi,...,vq} is a basis of V over E (with respect to -) and
d d
Q (Z ti - Ui) = Z siN ()
i=1 i=1

for all ¢1,...,tq € E, where s; = Q(v;) for all 1 < i < d and N is the
norm of the extension E/K.

The elements s1,...,sqs € K are called the constants of the norm splitting.

Note that the definition of a norm splitting requires the vector space to be
finite-dimensional. This will be sufficient for our purposes.

Hyperbolic quadratic spaces

1.20 Definition
A quadratic space A is called hyperbolic if there exist finitely many hyper-
bolic pairs (vy,w1), ..., (v, w,) of A such that

A =H(vi,wy) @ - -+ @ H(vy, wy).

Note that, by definition, a hyperbolic quadratic space is finite dimensional
and non-degenerate (and thus regular).

1.21 Remark

Let A = (K, V, @) be a hyperbolic quadratic space. Let (v, w1),. .., (vn, wy)
be hyperbolic pairs of A such that A = ;" | H(v;, w;). Then dimg (V) = 2n
and for any x = Y1 | \jv; + piw; € V owe have Q(x) = >0 Aigti-

1.22 Lemma

Let N be the norm of a quadratic extension E/K and let A = (K,E, N)
be the associated quadratic space. The scalar extension Ag is a hyperbolic
quadratic space.

Proof Let a € E\K. By [MPW, 2.12], the element 1 ® a —a® 1 c EQE
is isotropic. The assertion now follows from 1.18. g

1.23 Definition

A quadratic space A = (K, V, Q) is called pseudo-split if it can be written as
A =N @A, where A’ is a hyperbolic quadratic space and A” an anisotropic
quadratic space whose associated bilinear form is identically zero.
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Quadratic spaces of type Eg, E; and Eg

1.24 Definition
Let A = (K, V,Q) be a quadratic space. Then

(i) A is of type Eg if @ is anisotropic, dimg (V) = 6 and A has a norm
splitting.

(ii) A is a quadratic space of type E7 if @ is anisotropic, dimg (V') = 8 and
A has a norm splitting (E, -, {v1,...,v4}) with constants s1, ..., s4 such
that s1---s4 ¢ N(E)

(iii) A is a quadratic space of type Eg if @ is anisotropic, dimg (V) = 12
and A has a norm splitting (E, -, {v1,...,vs}) with constants sy, ..., sg
such that —s;---s¢ € N(E).

1.25 Remark
Let A = (K,V,Q) be a quadratic space of type Ej for some k € {6,7,8}
and let (E,-, {v1,...,v4}) be a norm splitting of A. Since A is anisotropic,

si # Ok for all 1 <14 < d and hence Def(A) = {0y }.

1.26 Lemma
Let A = (K, V,Q) be a quadratic space of type Eg, E7 or Eg. For any norm
splitting (E, -, {v1,...,v4}) of A the quadratic space Ag is pseudo-split.

Proof By [TW, 12.10] the quadratic space A is isomorphic to the quadratic
space (K,E% 51N @ --- @ s4N). The assertion follows from lemma 1.22. [

1.27 Definition

Let A = (K, V,Q) be a quadratic space of type Ej for k € {6,7,8}, choose
Oy # ¢ € V and replace Q by Q(e)1Q (so Q(¢) = 1k). Let (E, -, {v1,...,vq})
be a norm splitting as in 1.24 and let X be as in [TW, 13.9] (thus, Xy is a
vector space of dimension 273 over K). Let g: Xo x Xo — K be defined as
in [TW, 13.26] and set S := Xy x K. For (a,s), (b,t) € S we define

(a,s)-(b,t) ;== (a+b,s+t+ g(a,b)).

The pair (S, ) is a (non-abelian) group.

Quadratic spaces of type F,

1.28 Definition
A quadratic space A = (K,V,Q) is of type F4 if char(K) = 2 and the
following hold:

(i) A is anisotropic,
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(ii) Q(Def(A))/Q(p) is a subfield of K for some Oy # p € Def(A) and

(iii) for some complement Sy of Def(A) in V/, the corresponding quadratic
subspace (K, Sy, Q|s,) has a norm splitting (E, -, {v1,v2}) with con-
stants s1, s2 € K such that s1s2 € Q(Def(A))/Q(p).

1.29 Lemma
Let A = (K, V, Q) be a quadratic space of type Fy, let Oy # p € Def(A) and
let F be the subfield of K as in 1.28(ii).

(a) The field F is independent of the choice of the element 0y # p € Def(A).

(b) K2ZCFCK
Proof This follows from [TW, 14.2 and 14.4]. O

1.30 Lemma

Let A = (K, V,Q) be a quadratic space of type F4, let Sy be a complement
of Def(A) in V' and let (E, -, {vi,v2}) be a norm splitting of the quadratic
subspace (K, Sp, Q|s,)- Then the quadratic space Ag is pseudo-split.

Proof By [TW, 12.10] the quadratic space (K, Sp, Q|s,) is isomorphic to the
quadratic space (K, E? s1N @ s2N). It follows from 1.22 that (K, So, Q|s,)E
is a hyperbolic quadratic space. Since the bilinear form associated to Def(A)
is identically zero, proposition [MPW, 2.29] gives that the scalar extension
(K, Def(A), Q|pef(a))E is anisotropic. We conclude that Ag is pseudo-split,
since for all u ® s,v ® t € Def(A) ® E we have

fQ]E(u® S,V ®t) = fQ(U,’U)St = OE

1.31 Definition

Let A = (K, V,Q) be a quadratic space of type Fy, let Sy be a complement
of Def(A) in V and let (E,-,{v1,v2}) be a norm splitting of (K, Sy, Q|s,)
with constants sj, s € K. Let F be the subfield of K as in 1.28(ii). Let D
denote the composite field EF and set X := D @& . We define a quadratic
form Q on the F-vector space V=X 3K via

Q(ﬂ?, Y, t) := s152N(x) + sl_lsgN(y) +t2

for all (z,y,t) € V, where N denotes the norm of the extension D/F.
The quadratic space A = (F,V, Q) is called a dual of A.



Chapter 1. Parameter systems 15

1.32 Remark

Let A be a quadratic space of type Fy, let Sy be a complement of Def(A) in
V and let (E, -, {v1,v2}) be a norm splitting of (K, Sp, Q|s,) with constants
51,582 € K. Let A be the quadratic space constructed in 1.31 with respect to
these data.

(a) By [TW, 14.13], A is a quadratic space of type Fu.

(b) Even though A appears to depend not only on the quadratic space A
but also on the choice of some Oy # p € Def(A), some complement Sy
of Def(A) in V' and a norm splitting (E, -, {v1,va2}) of (K, Sp,Q|s,), it
follows from [TW, 28.44] that, up to similarity, this quadratic space
is, in fact, independent of these choices.

Thus, we will refer to A as the dual of A in the following, without
emphasizing the chosen element Oy # p € Def(Q), the complement Sy
of Def(Q) in V or the norm splitting (E, -, {v1,v2}).

(c) Applying the recipe for the dual to A, we find that the dual of A is
similar to the original quadratic space A.

(d) According to [TW, 14.25] there exist quadratic spaces of type F4 which
are isomorphic to its dual space. We call such spaces self-dual.

Semi-linear similitudes

1.33 Definition

Let A = (K,V,Q) be a quadratic space with dimg(V) > 0. An additive
bijection 7: V' — V is a semi-linear similitude of A if there exist an auto-
morphism ¢ € Aut(K) and p € K such that 7 is o-semi-linear and

Q(7(v)) = p o(Q(v))

holds for all v € V.
We also say that 7 is a o-semi-linear p-similitude.
We denote the set of all semi-linear similitudes of A by TO(A).

The following lemma will be needed in section 8.2.

1.34 Lemma

Let A = (K, V,Q) be a regular quadratic space of Witt index n > 1 and let
7 € TO(A) be a o-semi-linear p-similitude such that 72 = ¢ - idy for some
0 # ¢ € K. Then the following hold:

(a) O’2 = idK,

(b) ¢ =po(p),
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(c) c e Fix(o).

Proof

(a) Choose any 0 # v € V. For any A € K we have
ch-v="3(N-v) =%\ - T2(v) = a*(N)c - v,
which implies that o2(\) = \.
(b) Let (v,w) be a hyperbolic pair of A (which exists by 1.18). Then
¢ = folev,cw) = fo(r*(v), 7 (w))
= Q(r*(v +w)) = Q(7*(v)) = Q(r*(w))
=po(Q(r(v+w))) = po(p- Qv+ w))

— 110 () o(Qo + w))
— 110 (n) o fo(v,w) + Q) + Q(w)) = 1 o).

(c) Let 0 # v € V be any vector and calculate

c-m(v) = 73(1(v)) = 7(7%(v)) = 7(c-v) = o(c) - T(v).

Pseudo-quadratic spaces

1.35 Definition
A (right) pseudo-quadratic space is a quintuple = = (K, Kg, 0, V,Q), where

(i) K is a skew-field, o is an involutory anti-automorphism of K and Ky
is an additive subgroup of K such that

1k € Ko, {a+0(a)]|aecK} CKyC Fix(o), Va € K: o(a)Kga C K,

(ii) V is a right vector space over K and

(iii) @ is a pseudo-quadratic form on V' with respect to o, i.e. there is a
skew-hermitian form f on V such that the following hold:

(PS1) Va,b e V:Q(a+b) =Q(a)+ Q(b) + f(a,b) mod K,
(PS2) Vae V,t e K: Q(at) = o(t)Q(a)t mod K.

If, in addition
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(PS3) Q(a) =0x mod Kq only for a = 0y,
then = is called anisotropic with respect to Kg.

1.36 Definition
A pseudo-quadratic space = = (K, Ko, 0,V,Q) is called proper if o # idg,
V # {0y} and if the associated skew-hermitian form f is non-degenerate.

1.37 Definition
Let 2 = (K, Ky, 0,V, Q) be a pseudo-quadratic space. We set

T:=TE):={(a,t) e VxK|Qa) -t € Ko}
and for (a,t), (b,s) € T we define

(a,t)~(b,s) = (a+b7t+s+f(b7a))'

The pair (T, -) is a group with (a,t)™! = (—a, —o(t)) for each (a,t) € T and
Z(T) ={(0v,1) | t € Ko} ~ Ko.

1.38 Definition

Let E = (K, Ky, 0,V, Q) be a pseudo-quadratic space, let Og # v € Ko, set
Ko := 7Ky and define 6: K — K by 6(t) := yo(t)y!. Let Q: V — K be
defined by Q(a) = vQ(a) for all a € V. Then g = (K, Ko,&,V,Q) is a
pseudo-quadratic space, called the translate of Z with respect to ~y.

1.39 Definition
Let 2 = (K,Kp,0,V,Q) and =/ = (K',K[,0’, V', Q") be pseudo-quadratic
spaces.

e An isomorphism from Z onto Z’ is an isomorphism of right vector

spaces (¢, ¢): (V,K) — (V',K’) such that
¢(KO) :K67 gf)oa:o"ogj)7 gonEQ/ocp mod K6

e A similarity from Z onto Z’

some Ogs # v € Kj,.

is an isomorphism from = onto Efy for
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Buildings

Coxeter systems

Let I be a non-empty set with |I| < oo.

2.1 Definition

A Cozxeter matriz is a symmetric array [m;;] with index set I and entries in
NU {oo} such that m;; > 2 if ¢ and j in I are distinct and m;; = 1 if they
are not.

The Cozeter diagram of a Coxeter matrix [m;;] is the graph with vertex set
I and edge set consisting of all unordered pairs {i,j} such that m;; > 3
together with the labeling which assigns the label m;; to the edge {i,;}.
The label m;; = 3 is usually suppressed and the label m;; = 4 is often rep-
resented by a double edge connecting ¢ and j.

A Coxeter diagram II is called irreducible if its underlying graph is con-
nected.

2.2 Definition
Let [m;;] be a Coxeter matrix with index set I and let II denote the corre-
sponding Coxeter diagram. The Coxeter group of type 11 is the group

W= (S:={s;|iel}|{(si55)"7 =1]4,j€l,mi <oo}).

The pair (W, S) will be called the Cozeter system of type II. The diagram
I is called spherical if |W| < oo.

2.3 Notation
The following Coxeter diagrams will arise several times throughout this the-
sis. We fix the following labeling of the vertices which follows [B]:

18



Chapter 2. Buildings

19

1

[ Jeol

o

[ N



20 Chapter 2. Buildings

2.4 Definition
Let (W, S) be a Coxeter system. For w € W we define

ls(w) :=min{k e N|Jty,...,t, €S :w=1t1-tx}
and call £g: W — N the length function on W with respect to S.

2.5 Definition
Let II be a Coxeter diagram and let (W, S) be the corresponding Coxeter
system.

(a) For any subset J C S, we denote by W the subgroup (J) generated
by J.

(b) We let IT; denote the subdiagram of IT whose vertex set is J and where
to vertices 7, j € J are joined by an m;;-labeled edge if they are joined
by an m;j-labeled edge in II.

(c) A subset J C S is called spherical, if the subgroup W is finite.
(d) A subset J C S is called irreducible, if the diagram II; is connected.

2.6 Remark

Let II be a Coxeter diagram and let (W,S) be a Coxeter system of type
II. For any subset J C S the pair (W, J) is a Coxeter system of type II;.
Moreover, by [AB, 2.14], £;(w) = £s(w) for any w € W.

2.7 Definition

Let (W,S) and (W', S’) be Coxeter systems. An isomorphism of Coxeter
systems is a group isomorphism o: W — W’ such that o(S) = 5.

We identify isomorphisms between Coxeter systems with isomorphisms be-
tween their Coxeter diagrams. In particular, if (17, 5) is a Coxeter system
of type IT we will think of Aut(W,.S) and Aut(II) as being the same.

2.8 Proposition
Let (W,S) be a Coxeter system and let J,K C S. For w € W we set
JE(w) :={s € S | ls(ws) = lg(w) £ 1}.

(a) Every double coset WywWg € W;/W\Wpk has a unique element of
minimal length. We denote this element by min{ W, wWx}.

(b) Let w; := min{Wj wWg}. Every element w € W wiWg can be
written as w = w'wiw” with w' € W; and w” € Wk such that
fs(w) = Es(w/) + Es(wl) + fs(w”).

(c) f we W and J C Jt(w), then w = min{wW,} and for all v € W
we have £g(wv) = lg(w) + £s(v).
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(d) If J C S is spherical, then W; has a unique element of maximal
length. We denote this longest element by ;. Since £5(r; ') = €s(r,),
the element r; must have order two.

(e) If w e W and J C J (w), then J is spherical, w = min{wW;} r;
and lg(w) = Lg(min{wW;}) + £s(ry). Moreover, for any u € Wy we
have lg(w) = lg(wu) + £g(u). In particular, w is the unique element
of maximal length in wW; and will be denoted by max{wW}.

Proof This follows from [AB, 2.23] and [MPW, 19.8]. O

2.9 Remark

Let II be a Coxeter diagram and let (W, S) be the corresponding Coxeter
system. Let J C S be spherical. The map s — rssry is an automorphism
of the subdiagram II;. We denote this map by op;. The map op; stabilizes
every connected component of II; and acts non-trivially on a given connected
component if and only if it is isomorphic to the Coxeter diagram A, (n > 2),
Dn(n > 5 odd), Eg or la(n)(n > 5).

If IT is a connected spherical or affine Coxeter diagram with | Aut(II)| > 2,
then II is isomorphic to the Coxeter diagram A, (n > 2), Dy, D,(n > 4) or
Es. Thus, if IT is a connected spherical or affine Coxeter diagram not in this
short list, then | Aut(IT)| < 2.

2.10 Lemma
Let (W,S) be a Coxeter system and suppose that there exists s € S such
that st = ts for all t € S. Then

(a) If w € W and tq,...,t, € S are such that w = t;---t,, where
n = lg(w), then t; = s for at most one 1 <1i < n.

(b) Suppose that W is finite and let J := S\{s}. Then rg =r; s =sr;.

Proof

(a) Suppose that there exist 1 < i < j < n such that t;, = s = t;. As
st=tsforallte S

W= 88ty ti1tip1 - tiatii1 oty =t1tiativr - tio1tjs1 - ta.
But this is a contradiction to the fact that £g(w) = n.

(b) By definition S C J~(rg) and hence J C J~(rg). By 2.8(e) we thus
have rg = min{rsW;}r; and ls(rs) = ls(min{rsWy}) + £s(ry).
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On the other hand, by part (a), rs = sw for some w € W; and
ls(rg) = Lg(sw) = Lg(w) + 1. Now

ls(rs) — Ls(min{rsWy}) = Ls(ry) > Ls(w) = Ls(rs) — 1.

It follows that ¢g(min{rsW;}) = 1 and thus ¢s(r;) = ¢s(w). By
2.8(d) it follows that r; = w.

Tits indices
2.11 Definition
A Tits index is a triple T = (II, ©, A) consisting of

(i) a Coxeter diagram II,

(ii) a subgroup © < Aut(W,S), where (W,S) is the Coxeter system cor-
responding to II, and

(iii) a proper subset A C S stabilized by © such that for each s € S\A
the subset J, := O(s) U A is spherical and rj, Ar;, = A, where O(s)
denotes the ©-orbit containing s.

2.12 Definition
Let T = (II, ©, A) be a Tits index. The Coxeter system (W, S) (equivalently
the Coxeter diagram II) is called the absolute type of T.

2.13 Remark
Let T = (II, ©, A) be a Tits index. Let J C S be a O-invariant subset of S
such that A is a proper subset of J. Then the triple

T;:=(11,0,,4)
is a Tits index, where O denotes the subgroup of Aut(Il;) induced by ©.

2.14 Definition
Let T = (II,0, A) be a Tits index and let (W,S) be the Coxeter system
corresponding to II. For each s € S\ A we define

§:=ryra, S:={5|seS\A}and W :=(5|5¢€85).

Note that the element § depends only on the orbit ©(s), not on the element
s itself.
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2.15 Remark

Let T = (I, ©, A) be a Tits index and let S and W be as in 2.14. Let
w e W and let §1,...,5; € S such that w = §; - - - §,. We say that the tuple
(81,...,5k) is a compatible representation if {g(w) = Zle ls(5;).
According to [MPW, 20.18], every element of W has a compatible represen-
tation and by [MPW, 20.24], if (8},...,5;) is another compatible represen-

tation of w, then k& = n. Thus we may define ¢(w) to be the length of any
compatible representation of w.

2.16 Proposition
Let T = (II,0, A) be a Tits index and let (IW,.S) be the Coxeter system

corresponding to II. Let S, W and £ be as in 2.14 and 2.15. Then

(a) The pair (W, S) is a Coxeter system and the length on W with respect
to S is given by /.

(b) (W,S) is spherical if and only if (W, S) is spherical. If (W,S) is
irreducible/ affine, then (W, S) is also irreducible/ affine.

Proof This follows from [MPW, 20.32, 20.35(i), 20.40 and 20.43]. O

2.17 Definition ) }
Let T = (II, ©, A) be a Tits index. Let S and W be as in 2.14. The Coxeter

system (S,W) (or equivalently the corresponding Coxeter diagram II) is
called the relative type of T.

Buildings

We fix a Coxeter system (W, S) and let ¢ := fg be the length function on
W with respect to S. Let II be the corresponding Coxeter diagram.

2.18 Definition

A building of type (W,.S) is a pair A = (C, ) consisting of a nonempty set
C, whose elements are called chambers, together with a map 6: C xC — W,
called the Weyl distance function, such that for all ¢,d € C the following
three conditions hold:

(WD1) 6(c,d) = 1y if and only if ¢ = d.

(WD2) If 6(c,d) = w and ¢ € C satisfies 6(¢/,¢) = s € S, then §(c,d) = sw
or §(c/,d) = w. If, in addition, £(sw) = (w) + 1, then §(c/, d) = sw.

(WD3) If §(c,d) = w, then for any s € S there is a chamber ¢’ € C such that
5(c,c) = s and §(c,d) = sw.
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The building A is spherical, if the set S is spherical, or, equivalently, if W
is finite. It is irreducible, if S is irreducible, or, equivalently, if the Coxeter
diagram II is connected.

When we refer to the type of a building A, we mean either the corresponding
Coxeter system (W, .S) or, equivalently, the corresponding Coxeter diagram
II.

2.19 Remark

Note that there is more than one approach to buildings. Originally, buildings
were defined as chamber complexes (cf., for instance, [Ti74]) . The definition
of a building as a chamber system was introduced in [Ti81] and a slight
variation of it was taken as the definition of a building in the books by
Ronan [R] and Weiss [W03]. This approach is closely related to our definition
of a building. They define the Weyl distance using galleries. Conversely, the
algebraic properties of our Weyl distance function ¢ given in 2.18 enable us
to define adjacency and galleries (cf., for instance, [AB, 5.15 and 5.16]).
The reason, why we introduce buildings as an abstract system (C, d) subject
to axioms characterizing the Weyl distance function §, is, that twin buildings
are defined in a similar way. For a discussion of the equivalence between
these points of view, see, for example, [Ti81, 2.2], [AB, 5.93] and [AB, 5.23].

2.20 Definition
Let A = (C,6) and A" = (C’,¢) be buildings of type II. Let X C C and
X' C (. A bijective mapping ¢: X — X’ is called an

(i) isomorphism if there exists o € Aut(II) such that for all ¢,d € X the
following holds:

0'(p(c), p(d)) = o(d(c, d)).

In this case we also call ¢ a o-isometry.

(ii) isometry if it is an isomorphism and o = idyy.

As usual, an automorphism of a building A = (C, J) is an isomorphism from
C onto C. We denote the corresponding group by Aut(A).

2.21 Definition
Let A = (C,6) be a building of type (W, S).

¢ Given J C S and ¢ € C the set
Rj(c):={deC|d(c,d) € W;}

is called the J-residue of A containing the chamber c. Note that
Ry(c) =Ry(d) if 6(c,d) € Wy.
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o A residue of A is a subset R C C such that R = R (c) for some J C S
and ¢ € C. The set J is called the type of R and it is denoted by
Typ(R). The number r = |J| is the rank of R and it is denoted by
rk(R).

¢ A residue of rank 1 is called panel. Single chambers are residues of
rank 0 and type 0.

o The building A is thick, if every panel of A contains at least three
chambers. It is called thin, if every panel of A contains exactly two
chambers.

Note that the intersection of two residues R and T of a building A is either
empty or a residue of type Typ(R) N Typ(T).

2.22 Lemma
Let A = (C,¢) be a building of type (W,S), let R C C be a J-residue and
let 7 C C be a K-residue of A.

(a) Let ¢ € R and d € T be chambers and set w := d(c,d). Then
(R, T) ={0(z,y) |x e R,y € T} =WjwWg.

(b) The pair (R,d|rxr) is a building of type (W, J).
Proof This follows from [AB, 5.29 and 5.30]. O

2.23 Example

If we define dy: W x W — W by ow(wy,ws) = wl_lwg, then the pair
(W, 0w ) is a thin building of type (W,S). We call (W, oy ) the standard
thin building of type (W, S5).

Projections

Let A = (C,6) be a building of type (W, S).

2.24 Definition
Let ¢,d € C be chambers. We define

dist(c,d) := £(d(c, d)).
Note that, since inverting is an automorphism of the Coxeter system (W, S),
dist(c, d) = dist(d, ¢) for all ¢,d € C.

2.25 Definition

Let R be a residue of A and let ¢ € C be a chamber. Due to [AB, 5.34]
there exists a unique chamber d € R such that d(d, ¢) = min{d(R, c)}. This
chamber d has the following properties:
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(i) 0(z,c) = d(z,d) 6(d,c) for all chambers z € R.

(ii) dist(zx,c) = dist(x, d) + dist(d, ¢) for all chambers z € R.

This unique chamber is called the projection of ¢ onto R and is denoted by
projr (c).

2.26 Definition
Let R and T be residues of A.

(a) We set projr(T) := {projr(c) | ¢ € T} and call it the projection of
T onto R. Note that, by [AB, 5.36(2)], the set proj(7) is again a
residue of A.

(b) The residues R and T are parallel, if T = proj;(R) and R = projz (7).

2.27 Lemma
Let R and 7T be parallel residues of A.

(a) The restriction of projgz to T is an isomorphism from 7 to R, the
restriction of proj; to R is an isomorphism from R to 7 and these
two isomorphisms are inverses of each other.

(b) The element w := 6(c, projy(c)) is independent of the choice of ¢ € R.

Proof This follows from [MPW, 21.10(i) and (ii)]. O

2.28 Lemma
Let R, 7T be residues of A.

(a) If T C R we have proj+(c) = projr(projg(c)) for all ¢ € C.
(b) f RNT # (), then projx(T) =RNT.
Proof Part (a) is [MPW, 21.6(iii)]. For part (b) note that, if RNT # 0,

we have min{§(R,7)} = ly. The assertion now follows from [AB, 5.36(1)],
since projr(7) ={ce R | 1w € d(c,T)}. O
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Apartments
Let A = (C,6) be a building of type (W, S).

2.29 Definition
(a) Let M be a nonempty subset of C. If (M, d|rxaq) is a building of
type (W, S), then it is called a subbuilding of A.

(b) A thin subbuilding of A is called an apartment of A.

(c) Let ¥ be an apartment of A. A root of ¥ is a subset a C ¥ such that
a = {c e X | dist(c,x) < dist(c,y)} for some ordered pair (z,y) of
chambers such that §(z,y) € S.

(d) A root of A is a root of some apartment of A.

2.30 Lemma
Let X be an apartment of A and let R be a residue of A such that RNX # ).
Then projx(c) € ¥ for each chamber ¢ € X.

Proof According to [W03, 8.9], apartments are convex. The assumption
now follows from [AB, 5.45]. O

2.31 Lemma
Let ¢, d, e be chambers of A. Then they are contained in a common apart-
ment of A if and only if

d(c,e) =d(c,d)d(d,e).

Proof The only if part is [AB, 5.55].

Conversely, let (W, dw) be the standard thin building of type (W, S) (cf.
2.23) and consider the map g: {c,d,e} — {1,4d(c,d),d(c,e)} C W defined by
B(x) :==d(c,x). If §(c,e) = d(c,d)d(d, e) holds, it is an isometry. According
to [AB, 5.73], any subset of C that is isometric to a subset of W is contained

in a common apartment.
O

Moufang spherical buildings

An important concept along the classification of spherical buildings is the
Moufang property: Thick, spherical buildings with the Moufang property
have turned out to be classifiable (cf. [TW]). Roughly speaking, the Moufang
property ensures that A has a great deal of symmetry. A remarkable theorem
of Tits says that every thick, irreducible, spherical building of rank at least
3 has the Moufang property.
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2.32 Definition

Let A be a spherical building of rank at least two, let a be a root of A, and
let U, denote the subgroup of Aut(A) consisting of all elements which act
trivially on every panel P of A with |PNa| = 2. The subgroup U, is called
the root group associated with the root a.

2.33 Definition

Let A be a spherical building of rank at least two. Then A has the Moufang
property if for each root o of A, the root group U, acts transitively on the
set of all apartments of A containing a.

2.34 Remark

Note that in the definition sphericity is not used. But it turns out that this
definition is to weak in the non-spherical case. We will discuss this later in
chapter 10 of part II.

2.35 Theorem
Every thick irreducible spherical building of rank at least three has the
Moufang property.

Proof This is [W03, 11.6]. O

In light of 2.35, we will call a spherical building Moufang if it is thick,
irreducible, has rank at least two and satisfies the Moufang condition.

2.36 Theorem
Every irreducible residue of rank at least two of a Moufang spherical building
is a Moufang spherical building.

Proof This is [W03, 11.8]. O

Descent in Buildings

In this chapter we assemble the results of [MPW] on descent in buildings
that we will require.

Throughout, let A = (C, ) be a building of type (W,S) and let IT be the
corresponding Coxeter diagram.

2.37 Definition
Let I be a subgroup of Aut(A).

o A I'-residue is a residue of A stabilized by T.

o A I'-chamber is a I'-residue which is minimal with respect to inclusion.
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o A T-panel is a I'-residue P such that for some I'-chamber C, P is
minimal in the set of all I'-residues containing C' properly.

¢ The group I' is called isotropic if there exist I'-residues other than A
itself.

o The group I is called spherical if there exist spherical I'-chambers.

2.38 Notation

Suppose that ' < Aut(A) is isotropic and let © denote the subgroup of
Aut(W,S) induced by T. We denote by C' the set of all T-chambers of
A. By [MPW, 22.3(iii)], any two I'-chambers C, D € C' are parallel and
§(c,projp(c)) € Fix(0) for all ¢ € C. We define 6: C'' x C'' — Fix(©) by

0(C, D) := d(c,projp(c)) for any c € C.

2.39 Definition
A subgroup I" < Aut(A) is a descent group of A if it is isotropic and if each
I'-panel contains at least three I'-chambers.

2.40 Theorem

Let I" be a spherical descent group of A. Then all I'-chambers are of the
same type A C S, the triple T = (II,0, A) is a Tits index and the pair
AT = (C', ) is a thick building of type (W, S), where C'" and ¢ are as in
2.38 and (W, S) is the relative type of T.

Proof Thisis [MPW, 22.25]. O

2.41 Theorem
Suppose that A is a Moufang spherical building and let I" be a descent group
of A. Let Al be the fixed point building as in 2.40 and let k be the rank of
the building AT

(i) If k > 2, then Al satisfies the Moufang condition.
(ii) If k = 1, then there exists a Moufang structure M as defined in [MPW,
24.6] such that the pair (A, M) is a Moufang set as defined in 9.1.1.

Proof This is [MPW, 24.31]. O

2.42 Theorem

Suppose that A is spherical and let I be isotropic. If there exists a I'-
chamber C' such that every I'-panel containing C' contains at least three
I'-chambers the following hold:

(a) T = (II,©, Typ(C)) is a Tits index.
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(b) Typ(D) = Typ(C) for all I'-chambers D.

(c) 6(C,D) € W, where (W, S) denotes the relative type of the Tits index
T.

(d) If each I'-panel contains at least two I'-chambers, then AL = (C",9)
is a building of type (W, S).

(e) If there exists a ['-chamber C such that §(C,C}) equals the longest
element in the relative type of T, then I' is a descent group.

Proof Part (a) follows from [MPW, 22.37(i)]. Parts (b)-(d) follow from
[MPW, 22.14(i)-(iii)], knowing that T = (II,©, Typ(C)) is a Tits index.
Part (e) is [MPW, 22.37(ii)]. O

Twin Buildings

In this section we will give a brief introduction to twin buildings and assem-
ble some basic properties. We fix a Coxeter diagram II with corresponding
Coxeter system (W, S) and let £: W — N denote the length function on W
with respect to S.

2.43 Definition

A twin building of type (W,S) is a triple (A4, A_,d,) consisting of two
buildings Ay = (C4,04) and A_ = (C_,d_) of type (W, S) together with a
codistance function

§o: (Cox CLYU(Co X Cy) = W

satisfying the following conditions for each ¢ € {+, —}, any ¢ € C. and any
d € C_., where w := d,(c, d):

(Twl) 6.(c,d) = 6.(d,c)" 1.

(Tw2) If ¢ € C. satisfies 0.(c',c) = s with s € S and {(sw) < ¢(w), then
0.(d,d) = sw.

(Tw3) For any s € S, there exists a chamber ¢ € C. with d.(¢/,c) = s and
0.(d,d) = sw.

2.44 Definition
Let A = (A4, A_,d,) be a twin building of type (W, .5).

o A is called thick if each of the buildings A, and A_ is thick.
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o A residue (panel) of A is a residue (panel) of one of the buildings A
or A_.

o A is called 2-spherical, if each subset J C S with |J| = 2 is spherical.

2.45 Definition
Let A = (A4, A_,d,) be a twin building of type (W, S) and let € € {+, —}.

o We define the numerical codistance between chambers ¢ € C. and
d e C_. by
dist(c, d) := £(d«(c, d)).

o Two chambers ¢ € C; and d € C_. are opposite, if dist.(c,d) = 0 or,
equivalently, if d.(c,d) = 1.

2.46 Definition

A twin apartment of a twin building A = (A4, A_,d,)isapair X = (X4,3_)
such that ¥ is an apartment of Ay, ¥_ is an apartment of A_ and ev-
ery chamber in ¥ UX_ is opposite (as defined in 2.45) precisely one other
chamber in ¥, UX_.

2.47 Remark

Let ¥ = (¥4,%_) be a twin apartment of a twin building A = (AL, A_,d,).
We define the opposition involution opy, to be the map which associates to
each chamber ¢ € ¥ U X_ the unique chamber ¢ := opy(c) € Xy UX_
satisfying d.(c, ) = 1lw.

According to [AB, 5.173(1)] for each ¢ € {4, —} the map opy: ¥, — X_. is
an isometry.

If A is a 2-spherical twin building satisfying the following connectivity con-
dition, then, by [MR, 1.4], the local structure of A determines the global
structure:

2.48 Definition

A twin building A = (A4, A_,4,) satisfies (co) if for every ¢ € {+,—}
and every chamber ¢ € Cg, the set ¢’ of chambers opposite c is a gallery-
connected subset of C_..

2.49 Remark
Almost all thick, irreducible , 2-spherical twin buildings of rank at least 3
satisfy (co). More precisely:

(a) According to [MR, 1.5], A satisfies (co) if every rank 2 residue satisfies

(co).
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(b) According to [AvM], there are only four Moufang spherical buildings
of rank 2 that do not satisfy (co), namely the buildings associated to
the finite groups Sp(Fz), G2(F2), Go(F3) and 2F4(Fs).

In particular, the unique building of type Bs which does not satisfy
(co) is the unique example with three chambers per panel.

We shall need the following lemma in section 9.2:

2.50 Lemma
Let A = (A4, A_,d,) be a twin building of type (W, S) and let ¢ € {+, —}.
For all ¢ € C. and d, e € C_. we have

dist(c, d) > dist(c, e) — dist(e, d).

Proof We proceed by induction on [ := dist(d, e).

[ =0: Then e = d and the assertion is trivially true.

[ > 1: Then e # d and hence w := J_.(e,d) # lw. Let s € S such that
l(sw) = L(w) — 1. By (WD3) there exists a chamber ¢ € C_. such that
0_c(c,e) =s and d_.(¢,d) = sw. Thus

dist(d, ') = l(sw) = L(w) — 1 =1—1 < | = dist(d, e)
and the induction hypothesis gives dist(c, d) > dist(c, ) — dist(¢/, d).
Let v := d.(e, ¢). By [AB, 5.139(1)] we have d.(¢/,c) € {v, sv}.
Consequently,

dist(c, d) > dist(c, ¢') — dist(c/, d) > dist(c,e) — 1 — (dist(e,d) — 1).
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Spherical buildings,
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Chapter 3

Point-line-spaces related to
buildings

3.1 Point-line-spaces

3.1.1 Definition

A point-line-space is a pair S = (P, L) consisting of a set P (whose elements
will be called points) and a subset L C Py(P) := {X € 27 | | X| > 2} (whose
elements will be called lines).

3.1.2 Definition
Let S = (P, L) be a point-line-space.

(a) Two points of S are said to be collinear if there exists a line of S
containing both or if they are equal.

(b) A point p and a line [ are said to be incident, if the point p is contained
in the line [.

(c) For any point p € P we define p* := {¢ € P | p and ¢ are collinear}
and for any subset X C P we set X+ := MNeex zt.

(d) A subset X C P is called singular if X C X+,

3.1.3 Definition
A subset U C P is called a subspace of S if the relation |l N U| > 2 implies
[ C U for each line [ € L.

3.1.4 Definition
Let S = (P, L) be a point-line-space.

(a) A hyperplane of S is a proper subspace h of S, such that any line of
S has at least one point in common with A.

35
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(b) For any subspace U of S we have a point-line-structure Sy := (U, Lyy)
on U induced from S, where Ly ={l € L |l C U}.

(c) A subspace U of S is singular, if the set U is singular.

3.1.5 Definition

Let S = (P, L) and 8’ = (P', L') be point-line-spaces. A map a: P — P’ is
a homomorphism of point-line-spaces if for each line [ of § there exists a line
I of 8’ such that a(l) C I'. An isomorphism of point-line spaces is a bijective
homomorphism « such that the inverse map o~ ! is also a homomorphism.
An automorphism is defined in the obvious way.

3.1.6 Lemma
Let S = (P, L) be a point-line-space.

(a) The intersection of any family of (singular) subspaces of S is a (singu-
lar) subspace of S.

(b) Any set X C P of pairwise collinear points of S generates a singular
subspace

(X) = ﬂU | U singular subspace, X C U.

It is the smallest singular subspace of S containing the set X.

Proof This follows from [Ue, 4.2.1] and [Ue, 4.2.3]. O
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3.2 Projective Spaces

3.2.1 Definition
A projective space is a point-line-space S = (P, L) having at least two dis-
tinct lines such that the following axioms are satisfied:

(PS1) Any two points of S are collinear and each line is uniquely determined
by two of its points.

For any 5-tuple of pairwise distinct points
a,b,c,p,q € P such that a,b,p and a,c, q are

(PS3) collinear on distinct lines, the line through b
and ¢ and the line through p and ¢ have a
common point.

It readily follows from the definition that a subspace of a projective space
is singular. A projective space S is said to be thick if each line is incident
with at least three points.

3.2.2 Lemma

Let S = (P, L) be a projective space and let U be a subspace of S such
that there are at least two lines in U. Then the point-line-space Sy is a
projective space.

Proof This is [Ue, 1.4.1]. O

3.2.3 Definition
Let S = (P, L) be a projective space. We put
rk(S) ;= min{|X|| X C P,(X) = P} — 1.
This number will be called the rank of S. If U is a subspace of S we put
dim(U) := rk(Sy).

3.2.4 Remark

Let K be a skew field and let V be a left vector space over K of positive
dimension. We denote by V(V) the set of all subspaces of V. For each
X € V(V), we define

P(X) i= {U <g X | dimg(U) = 1}

and
LX) :={PU) | dimg(U) = 2}.

The pair P(V) = (P(V),L(V)) is a projective space, called the projective
space associated with V.
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The next theorem is known as The First Fundamental Theorem for Projec-
tive Spaces:

3.2.5 Theorem

Let § = (P, L) be a projective space of finite rank n > 3. Then there exists
a skew field K and a left vector space V over K with dimg (V') = n+ 1 such
that S ~ P(V).

Proof This follows from [Ue, 2.6.1 and 3.7.18]. O

Polarities

3.2.6 Definition

Let S = (P, L) be a projective space of finite rank n and let § be a bijective
transformation of the set of points of S onto the set of hyperplanes of S.
Then 0 is a duality of S if for any three collinear points p,q,r € P the
hyperplanes §(p), d(¢) and §(r) meet in a common subspace of codimension
2, that is

d(p)Nd(g) =d(p)Nd(r) =d(qg) Né(r) =d(p) Nd(g) N(r).

According to [Ue, 4.4.4] dualities act on subspaces as follows:

3.2.7 Proposition
Let S = (P, L) be a projective space of finite rank n and let § be a duality
of §. For any subspace U of S we have

s(U) = (1 8(=).

zeU

3.2.8 Definition

Let § = (P, L) be a projective space of finite rank n > 2 and let m be a
bijective transformation of the set of points of S onto the set of hyperplanes
of §. Then = is a polarity of S if for any two points p,q € P the relation
p € w(q) implies the relation g € m(p).

Equivalently well, a polarity of a projective space S is a duality of S of order
2.

We will use the following theorem of Birkhoff and von Neumann which
claims that polarities of projective spaces over vector spaces are induced
by sesquilinear forms. A proof of this theorem can be found, for example,
in [Ue, 5.11].
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3.2.9 Theorem (Birkhoff, von Neumann)

Let K be a skew field and let V' be a left vector space over K. Let 7w be a
polarity of the projective space P(V). Then there exists a (o, ¢)-hermitian
sesquilinear form f on V with 02 = idg and ¢ € {41k} such that

() ={w e v | fv,w) = Ok}

forallv e V.
Given a polarity 7 of a projective space P(V'), in general, there exist more
than one reflexive sesquilinear form f: V x V — K inducing 7. This is due

to the fact that the polarity 7 is defined on the 1-dimensional subspaces of
V', whereas f is defined on the elements of V.

3.2.10 Definition
Let S = (P, L) be a projective space and let 7w be a polarity of S.

(a) A point p € P is called absolute with respect to m if p € 7(p).
(b) A subspace U of S is called absolute with respect to 7 it U C w(U).

3.2.11 Theorem
Let S = (P, L) be a projective space and let 7 be a polarity of S.

(a) If U is a subspace of S which is absolute with respect to 7, every point
of U is absolute with respect to .

(b) Let p and g be points of S which are absolute with respect to 7. Then
the line through p and ¢ is absolute with respect to « if and only if

q € ©(p).

Proof This is [Ue, 4.4.6]. O



40 Chapter 3. Point-line-spaces related to buildings

3.3 Polar Spaces

3.3.1 Definition
A point-line space § = (P, L) is called a polar space if the following axiom
is satisfied:

Let [ be a line and let p be
a point not on /. Then either
(P;) there exists exactly one point ¢ ¢
on [ collinear with p or p is
collinear with all points on [.

A polar space § = (P, L) will be called non-degenerate if

(Py) for every point p of S there exists a point ¢ of S such that p and ¢ are
non-collinear.

3.3.2 Definition
Let S = (P, L) be a non-degenerate polar space.

(a) We say that S is of finite rank n if there exists a natural number n such
that for every chain () # Uy C Uy € -+ C U, of singular subspaces the
relation » < n holds and if there is at least one chain of length n.

(b) A singular subspace U of S has finite rank n if there exists a natural
number n such that for every chain ) # Uy C Uy € --- C U, = U of
proper singular subspaces the relation r < n holds and if there is at
least one chain of length n.

(c) A polar space S of finite rank n is called thick if every line contains
at least three points and if every singular subspace of rank n — 1 is
contained in at least three maximal subspaces.

(d) A hyperbolic pair of S is a pair of non-empty singular subspaces U and
Vof Ssuch that UNV+ =0=V UL

3.3.3 Lemma
Let S = (P, L) be a non-degenerate polar space.

(a) Each point is incident with at least two lines.
(b) For any set X C P, the set X is a subspace of S.

(c) If S is of finite rank 2, only the first case of axiom (P;) occurs, i.e. S
satisfies the stronger condition
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(Py) Let I be a line and let p be a point not on [. Then there exists a
unique point = on [ such that z and p are collinear.

(d) Let P':= L and L' := P and define [ € P’ and p € L’ to be incident
if and only if they are incident in §. If § is of finite rank 2, the pair
S’ ;= (P', L) is a non-degenerate polar space of rank 2.

Proof

(a) Let p € P be a point and let [ € L be a line. First suppose that

p is not incident with [. If all points on [ are collinear with p, p is
incident with a line through each point on [. Since there are at least
two points on [, the assertion follows. Otherwise there exists a unique
point g on [ such that p and ¢ are collinear. Choose a point z which
is non-collinear with ¢ and let A be the unique line through 2z and a
point of [. As p is collinear with at least one point on h, the assertion
follows.
No suppose that p is contained in [ and let ¢ be a point non-collinear
with p. There exists a unique point z on [ which is collinear with q.
Let = be point non-collinear with z. Let h be the line through = and
a unique point on the line through ¢ and z. Then p is collinear with
at least one point on h.

(b) Let p € X be a point and let [ € L be a line such that |l N p*| > 2.
Then p is collinear with all points on ! and hence | C p-. Now let
I € L be a line such that [l N X+| > 2. Since X+ C zt for all z € X
the assertion follows.

(c) This follows from [Ue, 4.2.20].

(d) This is [Ti74, 7.2.8]

3.3.4 Proposition

Let S = (P, L) be a non-degenerate polar space of finite rank 2 and suppose
that there exists a line [ € L which is incident with at least three points and
a point p € P which is incident with at least three lines. Then S is thick.

Proof According to Let [ and ¢ be two disjoint lines. Then each point
on [ is collinear with a unique point on g and vice versa. Hence there is
a bijection between the point sets of two disjoint lines. In particular, two
disjoint lines have the same number of points.
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Now let p € P be a point which is incident with at least three lines. Let
[ and g be two lines which are not incident with p. We show that [ and g
have the same number of points. Let L, := {l € L | p € [}. By assumption
we have |L,| > 3.

Assume that there are h # h' € L, such that
INh#0#INA and let x and 2’ denote the
corresponding intersection points. Note that,
since | ¢ Ly, we have z # p # z/. But then
the point p is collinear with two points on [
which is a contradiction to (Pf).

Hence | and g can intersect at most one line through p each, there exist at
least one line h” € L, which is disjoint to both, ! and g. Hence [, g and h”
have the same number of points.

g !
Now let h,g be two lines through p and let ¢

be a point on h different from p. Let [ be a
line through ¢ different from h. Then [ is a
line not through p (since h # 1) and gN Il =

h since otherwise the intersection point would
be collinear with two points on h.

We have seen that each line not through p has the same number of points
and moreover, each line through p has the same number of points as a line
not through p. We conclude that each line is incident with the same number
of points. As there is at least one line which is incident with at least three
points, all lines are incident with at least three points.

We now set P/ := L and L' := P and &' := (P’,L’). According to 3.3.3(c)
S’ is a non-degenerate polar space of rank 2. By assumption there is a line
of & which is incident with at least three points of S. Whence there is a
point of &’ which is incident with at least three lines of §’. We now use the
previous considerations to obtain that every line of &’ is incident with at
least three points. Thus every point of S is incident with at least three lines

3.3.5 Lemma
Let § = (P, L) be a non-degenerate polar space of finite rank n > 2. Then
the following hold:

(a) Any two points of S are incident with at most one line of S.

(b) For any singular subspace U of S containing at least two lines the
point-line-space Sy is a projective space.
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(c) If p,q € P are non-collinear, then Sy, := (pt Nqt, L,1n,1) is a non-
degenerate polar space.

(d) Let (U, V) be a hyperbolic pair of S. Then rk(U) = rk(V) and the
point-line-space Sy = (U N V+ Lyiqye) is a non-degenerate
polar space.

Proof

(a) This is [BC, 7.4.11].

(b) This is [BC, 7.4.13(iv)].
(c) This is [BC, 7.4.8]
)

(d) Induction on the rank of U using part (c).

3.3.6 Remark

Let & be a non-degenerate polar space and [ and g be two lines such that
(I,9) is a hyperbolic pair of S. Let x be a point on [ and suppose that x is
collinear with all points on g. Then x € [ N g = @, a contradiction. Hence
each point on [ is collinear with a unique point on g and vice versa.

3.3.7 Lemma

Let S = (P, L) be a non-degenerate polar space, let U be a singular subspace
of § of finite rank k£ > 2 and let p be a point which is not collinear with all
points of U. Then U N p™ is a singular subspace of S of rank k — 1.

Proof Note that, since U contains at least one line, the intersection U Np~+
is non-empty and hence [ := k(U N p*) > 1.

According to 3.3.3(b), the set p is a subspace of S. Thus, in view of
3.1.6, the intersection U Np* is a subspace of S which is singular since it is
contained in the singular set U. Let ) # Uy C Uy € --- C Uj_y C Uy = Unpt
be a maximal chain of singular subspaces. As U Npt C U we conclude that
[<k-1.

We show by induction on k: If U is a singular subspace of S of rank k£ such
that U & p*, then tk(U Npt) >k — 1.

If k = 2 (P;) implies that U N p* consists of a single point (since p is not
collinear with all points on U).

Suppose that k > 2 and let ) # Uy C Uy C - C Uxy S Up = U be a
maximal chain of singular subspaces. If Up_1 C pl, then Up_1 N 10L =Up_1
and hence tk(U Npt) > k — 1. If Up_; € p~ we may apply the induction
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hypothesis and obtain rk(Uz_; Npt) > k — 2. Let 2 € U\Uj_1 be a point.
If = is collinear with p, then rk(U N p*) > rk(Up_; Np*) > k — 2. Thus,
assume that x is non-collinear with p and choose a point y € Ui_1 which
is also non-collinear with p. As U is singular, the points = and y lie on a
common line h. Let z be the unique point on A which is collinear with p.
As Uy_; is a subspace, z ¢ Ui_1 (otherwise h C Ug_1 which is impossible
since x ¢ Up_1). Thus, Up_1Np- CUNptand 1 >k — 1.

We obtain k —1 <1<k —1.
O

The geometry of totally isotropic subspaces of a vector space with a suitable
form give the most familiar examples of polar spaces. These spaces are called
embeddable.

3.3.8 Proposition

Let S = (P, L) be a projective space and let 7 be a polarity of S such that
there exists at least one absolute line with respect to . The absolute points
and the absolute lines with respect to 7 define a polar space.

Proof This is [Ue, 4.4.7]. O

3.3.9 Remark
Let S = (P, L) be a projective space and let 7 be a polarity of S such that
there exists at least one absolute line with respect to .

(a) The polar space of proposition 3.3.8 is called the polar space defined
by m and it is denoted by S;.

(b) A point and a line of Sy are incident in Sy if they are incident in S.
(¢) Two points p and g of S, are collinear if and only if p € 7(q).

3.3.10 Remark

As a special case we obtain the following:

Let A = (K,V,Q) be a quadratic space of Witt index & > 2. Then the
associated bilinear form fq is a (idk, 1x)-hermitian sesquilinear form on V.
We denote by V(A) all non-trivial totally isotropic subspaces of V. We set

P(A) := {U € V(A) | dimg (U) = 1}

and
LA)={PU)|U € V),dimg(U) = 2}.

The pair P(A) := (P(A), L(A)) is a polar space of finite rank k. It is called
the polar space associated with A.
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3.3.11 Remark
(a) If the quadratic space A is regular, the associated polar space P(A) is
non-degenerate: Indeed, by 1.18 there exists a hyperbolic pair (v, w)
of A. The corresponding line (v, w) of the polar space P(A) is not
totally-isotropic, since

Qo +w) = folv,w) - Q(v) — Qw) = folv,w) = 1 #0.

(b) The totally isotropic subspaces of V' of dimension d are in one-to-one
correspondence with the singular subspaces of P(A) of rank d.

The next result shows that each semi-linear similitude of the quadratic space
A induces an automorphism of the associated polar space P(A). If the
dimension of V is , high enough“, every automorphism of the polar space is
induced by a semi-linear similitude.

3.3.12 Proposition
Let A = (K, V,Q) be a regular quadratic space of Witt index k > 1.

(a) There is a natural homomorphism ¢ : T'O(A) — Aut(P(A)) from the
set, of all semi-linear similitudes of A onto the set of all automorphisms
of the polar space P(A). Its kernel is HT(V) = {\idy | A € K}. The
map @, is defined by

for all « €e TO(A) and v € V.

(b) If dimg (V) > 5 and k > 2, the homomorphism ¢, is surjective.
Proof Thisis [MPW, 2.38]. O

3.3.13 Remark

Let A = (K, V,Q) be a regular quadratic space of Witt index k > 3 and let
(v, w) be a hyperbolic pair of A. Let S := P(A) be the polar space associated
with A and let p := (v) and ¢ := (w). Furthermore, we set H := H(v,w)"
and A" := (K, H,Q|x). Now

x is a point of P(A)
& Ju € H(v,w)?t isotropic such that z = (u)

< Ju €V isotropic such that fo(v,u) =0 = fo(w,u), (v) ==
ST e pL N ql

shows that the point sets of P(A’) and S, coincide. As two points of P(A)
(respectively Sp,) are collinear if and only if they are collinear in S, we
conclude that Spy = P(A).
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Polar Spaces of type D

3.3.14 Definition
Let S = (P, L) be a non-degenerate polar space.

(a) A submazimal singular subspace of S is a proper hyperplane in a
maximal singular subspace.

(b) The polar space S is called of type D if it is of finite rank and if
each submaximal singular subspace of S is contained in precisely two
maximal ones.

3.3.15 Remark

Let S be a polar space of type D of finite rank n. According to [Ti74,8.4.3], S
is the polar space associated with a hyperbolic quadratic space of dimension
2n.

Automorphisms

In this section we assemble some basic results about automorphisms of polar
spaces. Let S = (P, L) be a non-degenerate polar space.

3.3.16 Lemma

Let o € Aut(S) be an automorphism. If [ € L is a line stabilized by « and
p € P is a point fixed by a which is collinear with a unique point x on [,
then z is fixed by a.

Proof Since « preserves collinearity, the points a(p) = p and «a(x) are
collinear. Since «(z) is incident with [ and since there is precisely one point
on [ which is collinear with p, we conclude that a(x) = x. O

3.3.17 Lemma

Let o € Aut(S) be an involution and let U and U’ be singular subspaces
of & which are stabilized by a. If the subset U U U’ is singular, then the
singular subspace M := (U,U’) is a-invariant.

Proof By definition, M := (U,U’) is the smallest singular subspace of S
which contains the subset U UU’. As UUU' = «(UUU’) C a(M), we
conclude that M C a(M).

Let € a(M) be a point and let y € M such that a(y) = z. As « is an
involution and since y € M C «(M), there exists z € M such that y = a(z).
Now z = a(y) = a?(2) = 2 € M and hence a(M) C M. O



Chapter 3. Point-line-spaces related to buildings 47

3.3.18 Lemma

Let § = (P, L) be a non-degenerate polar space of finite rank n > 4, let
a € Aut(S) be an involution and let U be a singular subspace of S with
rk(U) = 4 such that a(U) = U. Suppose that o does not fix any points of
U. Then U contains at least two a-invariant lines of S. If each line of § is
incident with at least three points, then U contains at least three a-invariant
lines.

Proof Let p € U be any point. By assumption a(p) € U and a(p) # p.
Since U is singular, the points p and «(p) lie on a common line { which is
completely contained in U. Choose a point z € U which does not lie on
. Again, z # a(z) € U and the points z and «(z) lie on a common line g
which is completely contained in U.

Note that «(l) is a line which contains the points a(p) and a?(p) = p. In
view of 3.3.5(a), a(l) = [. Similarly, a(g) = g. Since z is a point on g which
is not on [, we conclude that [ # g.

Suppose that | and ¢ intersect in a single point z, i.e. [N g = {z}. Then
alz) = a(llng) C all)Nalg) = INg = {z}. Since there are no fixed
points, this is impossible. Assume that each line is incident with at least
three points.

Let h C U denote the line which is incident
with the points z and p and choose a point x N
on h different from z and p. Then = # a(z) l o(x)
and = and «(z) lie on a common line which is ﬁ Ja(p)
a-invariant. h




Chapter 4

Spherical buildings and
geometries

4.1 Opposites in spherical buildings

Throughout this section let (W, S) be a spherical Coxeter system, let II be
the corresponding Coxeter diagram and let A = (C, ) be a building of type
I

A finite Coxeter group W always has a unique element of maximal length
(cf. 2.8). The existence of a longest element in W leads to the fundamental
concept that distinguishes spherical buildings from general buildings:

4.1.1 Definition
(a) Two chambers ¢, d € C are called opposite, if §(c,d) = rg.

(b) Two residues R and 7 are called opposite, if for each ¢ € R there
exists d € T such that §(c,d) = rg and vice versa. Equivalently, R
and T are opposite if there exists a pair of chambers (¢,d) € R x T
such that §(c,d) = rg and Typ(R) = opg(Typ(T)).

4.1.2 Lemma
Two opposite residues of A are parallel.

Proof A proof can be found in [AB, 5.114]. O

4.1.3 Lemma
Let s € S such that st =ts for all t € S and set J := S\{s}.

(a) If R is a residue of type J and c is a chamber not contained in R, then
5(c, proj(c)) = .

48
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(b) Any two residues R and T of type J are either equal or opposite.

Proof Choose a chamber d € R and let ¢ € C\R. Then w := (¢, d) = sw’
for some w’ € W by 2.10(a). Hence

d(c, projr (c)) = min{d(c,d)W;} = min{wW;} = s.

Let R and T be two residues of type J and suppose that R # 7. Since the
opposition map opg stabilizes every connected component of II (cf. 2.9) we
have Typ(R) = J = opg(J) = opg(Typ(T)). Let ¢ € R be any chamber.
Since ¢ ¢ T, part (a) implies that §(c, projy(c)) = s. Choose a chamber d
opposite proj(c) in 7. Then, by 2.10(b),

d(c,d) = 6(c, projr(c)) d(projr(c),d) = srj=rg.

4.1.4 Lemma
Let ¢ and d be opposite chambers of A. There exists a unique apartment of
A containing ¢ and d.

Proof This is [WO03, 9.2] O

4.1.5 Lemma

Let 7 € Aut(A) be an involution and set I' := (7) < Aut(A). Let C be a
I'-chamber of A and set A := Typ(C). Then for each chamber ¢ € C we
have d(¢e,7(c)) =Ta.

Proof By assumption we have 7|¢ € Aut(C) and the group I'c := (7|¢)
stabilizes no proper residues of C. Now, by [MPW, 25.17], each chamber
¢ € C is opposite to its image 7(c) in C, i.e. §(¢,7(c)) = ra. O

4.2 TIsometries on buildings

Throughout this section let II be a Coxeter diagram with vertex set I and
let (W, S) denote the corresponding Coxeter system. Let £: W — N denote
the length function on W with respect to S.

4.2.1 Definition
A subset X C 29 is called essential if the following conditions are satisfied:

(el) S ¢ X,
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(€2) Uprex M = S and

(e3) for each irreducible subset J C S with |J| = 2 there exists a subset
M € X such that J C M.

4.2.2 Definition
Let A = (C,9) be a building of type (W,S). Given a chamber ¢ € C we
define

(a) Ek(c) :=J scs Ry(c) for any natural number k € N.

[J]<k

(b) Ei(c) := U scs conectea Ry(c).

[J]<2
(¢) Ex(c) == ex Ry(c) for any subset X C 25.

4.2.3 Proposition

Let IT be the Coxeter diagram A; x A; and let A = (C,d) and A’ = (C', )
be thick buildings of type II. Let ¢ € C and ¢ € C’ and suppose that
¢: E1(¢) — Eq(d) is an isometry such that ¢(c) = ¢/. Then ¢ extends
uniquely to an isometry from A onto A

Proof Let S = {s,t} and note that E1(c) = Ps(c)UPy(c). Let d € C\E1(c).
Then 6(c,d) = st = ts. We set

ds := projp, (¢ (d) and d; := projp,(c)(d).

Then ds,d; € E1(c)\{c} and ¢(ds), p(d:) € El( d)\{c'} are defined. More-
over, for each r € S, ¢'(p(d,), ) = 0(dy, c) =
Note that, since ¢’ = projp, () (¢ (dt)), we have

0'(p(ds), p(dr)) = 6'(p(ds), ) 0'(c, p(dr)) =

and whence the chambers p(ds) and ¢(d;) are opposite in A’. In particu-
lar, the panels Pi(¢(d;)) and Pi(p(ds)) are opposite and thus parallel (cf.
4.1.2). Hence, d' = projp,(,(a,)) (#(dt)) is the unique chamber in P(¢(d;))
satisfying 0'(p(dt),d’) = s. Similarly, d” := projp_(,(a,))(¢(ds)) is the unique
chamber in the panel Pg(¢(d;)) satisfying 0’ (p(ds),d”) = t. By construc-
tion, d' € Ps(¢(di)) N Pi(p(ds)) and thus d' = d”.

This enables us to define

(P(d) = prOjPS(@(dt)) (@(ds))

In this way we extend ¢ to a map ¢: C — C’.

Let x € C'. If x € Ey(c), then, by assumption, there exists a chamber
y € Eq(c) such that ¢(y) = z. Suppose that z € C'\Ei(¢/). Then z is
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opposite to the chamber ¢’. Let x5 := projp, (»)(z) and z; := projp, () (7).
By assumption there exist chambers ys; € Ps(c) and y; € Pi(c) such that
©(ys) = x5 and p(y;) = z¢. Let ¥ be the unique apartment of A containing
the chambers c¢,ys; and y; and let d € ¥ be the unique chamber which is
opposite to c¢. Then, by 2.30, ys = projp_(,(d) and y: = projp,(,(d). We
claim that ¢(d) = .

Indeed, by definition, ¢(d) = projp, (,,)(s) is the unique chamber in P (z;)
satisfying 0’(¢(d), zs) = t. Hence, ¢(d) = x and we conclude that the map
@p: C — C' is surjective.

It remains to show that ¢ is an isometry. In view of [AB, 5.61] it suffices
to show that for any two chambers x,y € C with dist(z,y) = 1 we have

5"(p(@), e(y) = 6(z,y).
Let x,y € C be such that §'(z,y) € S.

If 2,y € Ei(c) then the assumption on ¢ gives &' (¢(z), p(y)) = 6(z,y).

So suppose that x € FEi(c) and that y ¢ Ei(c) and let s € S such that
d(z,y) =s. Then y is a chamber opposite to ¢ and since dist(z,y) =1
we have x = projp,()(y). Let ys := projp ()(y). By definition we have
p(y) € Ps(p(x)) N Pilp(ys)) and hence §'(o(x), ¢(y)) € {1w,s}. Suppose
that &' (p(x), p(y)) = 1w, i.e. p(z) = p(y). Since ¢ is a bijection on Ei(c)
this fact implies that ¢(y) # ¢(ys). Now

3'(c,0(y) = 0'(c,p(x) =t = (), p(ys))-

But this implies ¢(ys) € Pi(c’) N Ps(d) = {¢}, a contradiction. Hence,
' (p(x),0(y)) = .

Let 2 # y be chambers both opposite to ¢ and let s € S such that d(x,y) = s.
Then d := projp,(,)(c) is the unique chamber in Ps(z) = Ps(y) satisfying
0(e,d) = t. In particular, d € E1(c). The considerations in the previous case
imply that

8'(e(d), () = 0(d, ) = 5 = 6(d,y) = &' ((d), £(y)).

Hence, as ¢(z), ¢ (y) € Ps(e(d)), §'(¢(x), p(y)) = s.

We conclude that ¢ is an isometry from A onto A’.

Now let 1,¢': C — C' be isometries which coincide on Ej(c). Let ¥ C C
be an apartment of A containing the chamber c. As ¥|x: ¥ — ¢(X) is an
isometry, we conclude that the set ¥(X) is isometric to the standard thin
building (W, dw ) of type (W, S) (cf. 2.23). Hence, ¥(X) is an apartment
of A’. Similarly, ¢/'(X) is an apartment of A’. Let ¢s and ¢; be the unique
chambers of ¥ satisfying d(c,cs) = s and (¢, ¢;) = t. Since cg,¢; € Eq(c),
both apartments 1(X) and v'(X) contain the chambers 9(cs) and ¥(ct)
which are opposite in A’. In view of 4.1.4 we conclude that ¢(X) = ¢/(X2).
In particular, if d := opy(c) is the unique chamber in ¥ which is opposite
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to ¢, then (d) = '(d). Now ¢ o¢'~t: C — C is an isometry which fixes
E1(c) U{d} pointwise. The rigidity theorem [AB, 5.205] yields that 1 o’~!
is the identity. O

4.2.4 Proposition
Let A = (C,0) and A" = (C’,¢’) be thick buildings of type II. Let ¢ € C and
¢ € C’ and suppose that ¢: Fs(c) — Ex(c) is a bijective mapping such that

(i) ¢(c) = and

(ii) for all J C S with [J| < 2 the restriction @[z, ): Rs(c) = Ry(c) is
an isometry.

Then ¢ is an isometry.

Proof Let x,y € Ea(c) and let J, K C S be subsets with |J|,|K| < 2 such
that z € R;(c) and y € Ri(c).

Case 1: J C K or K C J. Then z,y € Ri(c) or z,y € Ry(c) and the
assertion follows by assumption (ii).

Case 2: JN K = (. In this case Rj(c) N Rk(c) = {c} and hence, in view
of 2.28(b), projr, ()(¥) = c. Note that p(x) € R,(c') and ¢(y) € Ri(c).
Since R () N Ri(c') = {¢'} we conclude that projg, ()(p(z)) = . We
obtain

6(z,y) = 0(z, Projg . (¢) (%)) d(Projg (¢ (%), y) = d(z,c) d(c,y)
= ' (p(2), p(c)) 3'(p(e), p(y)) = d(p(x), &) 8'(c, p(y))
= 0'(p(), Projr () (¢(x))) &' (Projg () (#(2)), ¢(y))
= ' (p(2), 0(y)),

where we used that ¢ is an isometry on both, R ;(c) and Rk (c).

Case 3: |J| =2 = |K| and |JNK| =1. Let s € S be such that J N K = {s}.
We may assume that neither x nor y is contained in the panel Ps(c) (oth-
erwise the assertion follows from case 1). Using again 2.28(b), we obtain

Projr . (o) (z) € Ps(c) and projg . () (p(x)) € Ps(c’). By (ii), ¢ restricts to
an isometry Ps(c) — Ps(¢’). The map = — ¢(x) extends this restriction
to an isometry Py(c) U {x} — Ps() U {p(z)} (since Ps(c) U{z} C Ry(c)).
Now [MR, 4.2] gives that ¢(projp, () = projp, ) (¢(z)). Futhermore, by
2.28(a),

Projp, (o) () = Projp, () (Projr . (o) (¥)) = Projr . (¢) (),

since projg, () (z) € Ps(c). Similarly,

projp, () (¢(x)) = Projp, () (Projr . () (#(2))) = Projg . () (#(z)),
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since projg () (¢(x)) € Ps(c’). Hence

6(x,y) = 6(x, Projr . () (2)) 6(Projr () (), )
= 6(x, projp, ) () d(projp,(¢) (), y)
(2), p(projp, () (%)) &' (¢(projp, () (%)), ¢(y))
@(x), projp, () (¢(x))) &' (projp, ¢ (¢(x)), ¥ (y))
@(), Projg . () (¢(2))) &' (Projg () (#(2)), ¢(y))
e(@), e(y)).

!/

!/

=0'(¢
=&
= 0'(
=&

4.2.5 Proposition

Let II be a spherical Coxeter diagram with vertex set I, let (W,.S) be the
corresponding Coxeter system and let A = (C,d) be a building of type II.
Let R be a residue of type J and let T be a residue which is opposite to R.
Let o € Aut(W,S) be given by o(s) := (rgry)s(rsry)~! for all s € S.

(a) The projection map proj?: R — T is a o-isometry.

(b) The projection maps proj77§ and proj77£ are mutually inverse.

(c) For any ¢ € Aut(A) we have ¢ o proj¥ = projié?)) op|R.-

Proof Parts (a) and (b) of the assertion follow from [AB, 5.116].
Let 7 € Aut(W,S) be the accompanying automorphism of ¢. Let ¢ € R
and d € T be chambers and set w := d(c,d). Then,

£(8(¢p(c), p(projr(c)))) = £(7(d(c, projr(c)))) = £(6(c, projr(c)))
(min{d(c, T)} = Z(min{wWopS(J)})

(min{7 (W)W (opg(s))) = Lmin{d((c), o(T))})-

e conclude that ¢(projr(c)) = proj,1(¢(c)). O

14
14
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4.3 Building geometries

We freely use the interplay between spherical buildings and flag complexes
of geometries as developed in [Ti81, section 1], [Ti74, chapters 6-9] and [BC,
chapter 3].

Let I be a set.

4.3.1 Definition
A triple G = (X, 7, %) is called an incidence system over I if

(i) X is a set;
(ii) * is a symmetric and reflexive relation on X;

(iii) 7 is a map from X to I such that for any two elements z,y € X with
7(z) = 7(y), the relation x x y holds if and only if z = y.

The elements of X are called the wvertices of G, the relation x is called
incidence relation and the image under 7 of a vertex is called its type.

4.3.2 Definition
Let G = (X, *,7) be an incidence system over I.

(a) If A C X, we say that A is of type 7(A) and of rank |7(A)|. The cotype
of Ais I\7(A) and the corank of A is the cardinality of I\7(A).

(b) Given Y C X, weset Y*:={z e X |zxyVyecY}.

(¢c) A flag of G is a set of mutually incident elements of G. Flags of G of
type I are called chambers.

(d) We denote the set of all flags of G by flag(G).

4.3.3 Definition
An incidence system over I in which every maximal flag is a chamber is
called geometry over I.

4.3.4 Definition
A geometry G is thick if every flag of type other than I is contained in at
least three distinct chambers of G.

4.3.5 Definition

Let G = (X,*,7) and G’ = (X', ¥, 7') be geometries over type sets I and I’
respectively. A bijection a: X — X' is an isomorphism if o and o' are
incidence preserving.

Moreover, if I = I’ and 7 = 7/ o «, then « is called special.
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4.3.6 Definition

Let G be a geometry and let F' € flag(G) be a flag. Set res(F') := F*\F and
let xp and 7p be the restrictions of * (resp. 7) to res(F) x res(F) (resp.
res(F)). The residue of F' in G is the geometry Res(F) := (res(F), *p, Tr)
over the type set I\7(F).

4.3.7 Remark

Let IT be a Coxeter diagram with vertex set I and let A be a building of type
II. Then A can be seen as the flag complex of a geometry G over the type
set I. More precisely: the elements of A may be identified with the flags of
G. To every residue R of A there corresponds a flag Fr of G in such a way
that R ~ Flag(Res(Fr)). In particular, the chambers of A correspond to
the maximal flags of G. Geometries arising in this way from a building are
called building geometries.

Let G be a building geometry. The associated building A = Flag(G) is thick
if and only if G is thick.

4.3.8 Remark (Building geometries of type A,)

Let II be the Coxeter diagram A,, labeled as in 2.3. Let S = (P, L) be a
projective space of finite rank n and let V(S) be the set of all non-trivial
subspaces of S. We define 7: V(S) — {1,...,n} via 7(U) := dim(U) + 1
as well as an incidence relation * on V(S) by putting U * W if and only if
UC W or W CU. The resulting triple G(S) = (V(S), *,7) is a geometry,
called the projective geometry associated with S. The corresponding flag
complex Flag(G(S)) is a building of type A,,.

Conversely, if A is a building of type A,,, there exists a projective space S’
of finite rank n such that A ~ Flag(G(S’)), where G(S') is the projective
geometry associated with S’.

An automorphism of the projective space S induces an automorphism of the
geometry G(S) (and thus an automorphism of the building Flag(G(S))). The
following is well known: Let a € Sym(V(S)) be an automorphism of G(S).
Then « either preserves inclusion or it reverses inclusion. Moreover, if «
preserves inclusion, then there exists a unique automorphism of § inducing
a. If a reverses inclusion, it is induced by a unique duality of S.

Two elements U,V € V(S) are said to be opposite, if U NV = () and
(U,V) = P. Two flags F,F" € flag(G(S)) are opposite if for each U € F
there exists V' € F’ such that U and V are opposite and vice versa.

Let F = {p,h} and F’' = {q,h'} be opposite flags each consisting of a point
and a hyperplane. Then G(Res(F)) ~ G(Shan)-

4.3.9 Remark (Building geometries of type C,)

Let II be the Coxeter diagram C,, labeled as in 2.3. Let S = (P, L) be a
non-degenerate polar space of finite rank n and let V(S) be the set of all
non-trivial singular subspaces of S. We define 7: V(S) — {1,...,n} via
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7(U) :=1k(U) as well as an incidence relation * on V(S) by putting U « W
if and only if U C W or W C U. The resulting triple G(S) = (V(S), *,7) is
a geometry, called the polar geometry associated with S. The corresponding
flag complex Flag(G(S)) is a building of type C,.

Conversely, if A is a building of type C,,, there exists a non-degenerate polar
space 8’ of finite rank n such that A ~ Flag(G(S’)), where G(S’) is the polar
geometry associated with S'.

An automorphism of the polar space & induces an automorphism of the
geometry G(S) (and thus an automorphism of the building Flag(G(S))).
Let o € Sym(V(S)) be an automorphism of G(S) and suppose that n > 3.
Then « preserves inclusion and there exists a unique automorphism of S
inducing «.

Two elements U,V € V(S) are said to be opposite, if (U,V) is a hyperbolic
pair of S. Two flags F', I € flag(G(S)) are opposite if for each U € F' there
exists V € F’ such that U and V are opposite and vice versa.

Let p and ¢ be two non-collinear points of S. Then G(Res(p)) ~ G(Spq)-

4.3.10 Remark (Building geometries of type D,)

Let II be the Coxeter diagram D,, labeled as in 2.3. Let S = (P, L) be a
polar space of type D of finite rank n and let V,(S) be the set of all non-
trivial singular subspaces of S which are not submaximal. We fix a maximal
singular subspace M of S. We define a map 7: V,(S) — {1,...,n} via

i, 1<rk(U)=i<n-2
TU):=4n—1, UNM €V,(S)
n, otherwise

as well as an incidence relation * on V,(S) by U = W if and only if U C W
or W CUorif UNW ¢ V,(S). The resulting triple G,(S) = (V,(S), *,7)
is a geometry, called the oriflamme geometry associated with S. The flag
complex Flag(G,(S)) is a building of type D,,.

Conversely, if A is a building of type D,,, there exists a polar space S’ of
type D of finite rank n such that A ~ Flag(G,(S’)), where G,(S’) is the

oriflamme geometry associated with S'.

If n > 5, each o, € Aut(G,(S)) is an inclusion-preserving permutation
of V,(S). Moreover, Aut(G(S)) stabilizes the set V,(S) and the mapping
T 7|y, (s) is an isomorphism from Aut(G(S)) onto Aut(Go(S)).

4.3.11 Remark

It readily follows from the definitions that the automorphism groups of G
and Flag(G) are the same and that the stabilizer of a subset X’ C X in
Aut(G) corresponds to the stabilizer of flag(X’) in Aut(Flag(G)).
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If G is a geometry associated to a projective or polar space & as described
in 4.3.8 and 4.3.9, we identify the automorphisms of Aut(S) with the auto-
morphisms of G they induce.

4.3.12 Definition
Let A be a building and let G be a geometry such that A ~ Flag(G).

(a) Let F and F' be two flags of G corresponding to residues R and T of
A. We set R’ := projr(7T) and let F” be the flag corresponding to
R'. We define projp(F’) := F"\F.

(b) Let F' and F’ be opposite flags in G. We define the mapping
projg,: Res(F) — Res(F') by projg/ := PIOjpr |Res(F)-

4.3.13 Remark

Let G be a spherical building geometry and let F, F’ € flag(G) be oppo-
site flags of G. Then the projection mappings projg, and projg/ are mu-
tually inverse isomorphisms and they commute with every automorphism

a € Aut(G), i.e.

.a(F) . Na
PrOj,, () O Res(F) = 0 © PIOjp -
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Some specific extensions

5.1 Sesquilinear forms

5.1.1 Notation

Let V be a vector space over a skew field K of finite dimension n > 3. Choose
linearly independent v,w € V and let B := {v,w, bs, ..., b,} be a basis of V.
Let H := (b3, ..., b,) and suppose that f: H x H — K is a (0, ¢)-hermitian
sesquilinear form with o2 = idg and €2 = 1x.

Let pry: V — H be the projection onto H with respect to the basis B, i.e.
for any @ =} ,cg Ao - b € V there is pr(z) = 3 pep fpw) Ab - 0- Similarly we
let v,: V — (v) and 7,: V — (w) be the projections onto (v) and (w) with
respect to the basis B respectively, i.e. v,(x) = A\, and v, () = Ay

To abbreviate notation we write A instead of () for all A € K.

5.1.2 Definition
We define a map fy: V x V — K via

fow(®,y) = e70(2) v (Y) + Yo ()1 (y) + fpE(7), PH(Y))).

5.1.3 Proposition
The map f := f, 4 is a reflexive non-degenerate o-sesquilinear form on V'

and flg = f.

Proof Let z,2’,y,y € V. An easy calculation, using that v,,v,: V — K
and py: V — H are linear, shows that

fla+a,y+y) = flxy) + f@,y)+ @@ y) + f@',y).

o8
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Furthermore, since € € Z(K), for ¢,d € K we have

fle-x,d-y) = ey(cx)yw(dy) + yw(cx)yv(dy) + f(pu(cr), pu(dy))
= c(evo (€)Y (y) + (@)1 (Y)d + cf (P (), pE(y))d
= cf(x, y)a.

Hence, f is a o-sesquilinear form on V.

Next we show that f is reflexive. For, let x,y € V such that

f(@,9) = e70(®) Y0 (y) + Yo (@) (y) + fou(2),pu(y))) = Ok.

Multiplying the equation with € yields

Ox = &*7%0(2) 7w (y) + evw ()70 (y) + e f (0 (2), pr ()))-

Applying the anti-automorphism o yields

Ox = ’Yv(x>7w(y) + 5'7w(x>7v(y) + 5f(pH($),pH(y)))
= &% (V)Y (@) + (W)W (@) + f (P (y), pa(z) = fy, ).

In order to show that f is non-degenerate, due to the fact that f is re-
flexive, it suffices to show that for any = € V there exists a vector y € V
such that f(z,y) # 0 — K. Since f is non-degenerate it suffices to con-
sider the case that 7,(z) # Ox or vu(x) # Og. In the first case choose

B € K\{(em(2)) (=7 (x))}. Then

fl,v+ B-w) = en(@)yw(v + 8- w) + (@) (v + 8- w)
= e7(2)B + () # Ok.

If v, (z) = Og choose v € K\{Ox}. Then

flz,v-v) = 3u(2)7 (v - v) = % (2)V # Ok.
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5.2 Semi-linear similitudes

5.2.1 Notation

Let A = (K, V, Q) be a regular quadratic space of finite dimension and Witt
index k > 4. Let (v,w) be a hyperbolic pair of A and set H := H(v, w)".
Let A" := (K, H,Q|y). Let By be a basis of H and set B := By U {v, w}.
As in the previous section we let prr: V. — H, 7, V — (v) and v, : V — (w)
be the corresponding projections with respect to the basis B.

Let 7 € TO(A’) be a semi-linear similitude such that 72 € HT(H). Let
o € Aut(K) and p € K* be the accompanying automorphism and constant
of 7 and let ¢ € K be such that 72 = cidy. Note that, by 1.34(a) we have
0? =idg. To abbreviate notation we write A instead of o()) for all A € K.
We suppose that there exist A\j, Ay € K satisfying M\ = ¢ = AyAy and
A2 =

5.2.2 Definition
We define a map 7(, ), ,00): V — V via

Tww),(Ahe) (£) 7= A% (%) - v 4 Aoy (2) - w + 7(pr (2)).

5.2.3 Proposition
The map 7 := T(y, w),(A1,),) IS @ o-semi-linear y-similitude such that 72 = cidy
and T|g = 7.

Proof First notice that for any = € V' we have the following:
Q) = Qpa () + (@) yw(@)- (5.1)
Now for all z,y € V and v € K we have
T(z+y) = M@ +y) v+ Az +y) - w+7(pr(e +y)
= A17(@) v + Aoy (@) - w + T(pr () + MY (y) - v
+ A (y) w4+ T(pu(Y))

= (@) +7()
as well as
T(vx) =My -z) v+ Xy -z) - w+7(pg(v-x))
= (A1 (z)v + Aoy (2)w + T(pg(2)) = 07 ()
and

Q(T(z)) = Qlpu(7(x) )y (7(2))
Q(r(pr(x))) + My (@) Aoy ()

= uQ(pa () + Moy () (2)
w(Q(pu () + Yo (2)Vw(2)) = pQ(2).

7(2))) + 7 (7(2)) 7w
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Moreover, for any z € V

(@) = (@) - v+ oy@) - w + 7(pn ()
A

) v+ AadoYu () - w + 72 (pr (x))
=c- ('Yv(x) 'U+'7w(x) Cw pH<$)) =Cc- .

5.2.4 Notation

Let A = (K, V,Q) be a hyperbolic quadratic space of dimension 2n > 10.
Let v1,...,Un,w1,...,w, € V such that V = @ | H(v;, w;).

Let H := @;" 3 H(v;, w;) and A’ = (K, H,Q|x). As in the previous section
we let pg: V. — H, v,: V — (v;) and 7y, V — (w;) for i = 1,2 be the
corresponding projections with respect to the basis {vi,..., vy, w1, ..., wy}.

Let 7 € TO(A’) be a semi-linear similitude such that 72 = cidy € HT(H)
for some ¢ € K. Let 0 € Aut(K) and p € K* be the accompanying auto-
morphism and constant of 7. By 1.34, 0% = idk, o(c) = ¢ and ¢? = po(u).

We may assume that fg(ve, w2) = c .

To abbreviate notation we write A instead of o(\) for all A € K.

5.2.5 Definition

We define a map 7 (vawo) V =V via

1}1,’[,()1),

T(v1,w1),(v2,w2) (.%') = Yoo (x)c'v1+7U1 (H?)'Ug—l—’}/wz (x>'w1+7w1 (1‘)6"[1)24-7'(17]{ (.’E))

5.2.6 Proposition
The map 7 := T(y; wy),(v2,wz) 18 & o-semi-linear p-similitude, 72 = cidy and
7_'|H =T.

Proof For all z,y € V and A € K we have

T(x+y) =y (T +y)c-v1 + 7 (T +y) - v2 + Y (T +y) - w1
+ Y, (& + y)c - wa + T(pH(z + Y))
=7(2) +7(y)

as well as

TA-z) =y, (A 2)c-v1 + Yo, (A - 2) 02 + Yy (A - ) - w1 + Yy (A - @) - wo
+7(pa(X- )
= Xr(@)).
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Note that

Q(x) = Q(yv, () - V1 + Yoo (@) - V2 + Yo, (¥) - W1 + Y (2) - w2 + P ()

= fo(o1 () - v1 + Yo () - v2 + Yoy (%) - W1 + Yo () - w2, PH ()
+ QYo () - V1 4 Y02 () - V2 + Yay () - W1 + Yy (@) - W2)
+ Q(pu(z))

= fQ(Vor (%) - V1 + Yo, (T) - W1, Yoo (T) - V2 + Yauy () - W2)
+ Q(Voy () - V1 4 Yay () - w1) + QY () - V2 + Yy () - Ww2)
+ Q(pu())

= fQ (Vo1 () - V1,70, () - w1) + fQ (V0o () - V25 Yo () - Ww2)
+ Q(pu(z))

= Yon ()Y, () + € 17, (€)Y, () + QP11 ().

Using this it follows that

Q(7(2)) = Q(un (T)¢ - 01 + Yy () - V2 + Yy (%) - W1 + Yoy () - w2

+ 7(pH(2)))

= QYo ()¢ - 01 + Y0 () - V2 + Yy (%) - W1 + Yap, () - w2,
T(pu(2))) + Q(T(pu(2)))
+ Q(up ()¢ - V1 + Y0, (T) - V2 + Yy () - W1 + Yy (X) - w2)

= fo(Vuo (T)C - U1 + Yoo (@) - W1, Yo, () - V2 + Yo, ()€ - W2)
+ Q(Yor ()¢ V1 + Yy () - w1)
+ Q0 () - v2 + Yy (2)C - w2) + 1Q(prr ()

= fo(ys (z)c - v1, Y, (@) - w1) + fQ (Y0, (2) - v2, Yy ()€ - Ww2)
+ pQ(pr (x))

= Yoy ()Y, (%) + 170, (2) V0, (2) + 1Q(pH (7))

= p(e™ Y0, ()Y () + Y0, (€) 00, (2) + Q01 (1)) = pQ(x).

Moreover,
7 (z) = T(%Q(:v)c V1 + Yoy (T) + V2 + Y (T) - W1+ Yoy ()€ - W2
+ 7(pr(z)))
= Yo, (T)€ - V1 + Y, ()T - V2 + Yay (T)C - W1 + Yo (T)C - W2
+7%(pu(2))
= ¢ (Yo, (@) - V1 + Yy (T) - V2 + Y (T) - W1 + Yo () - w2 + pH(T))
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5.3 On projective spaces

Throughout this section let S = P(V) be a projective space of dimension
d>5. Let F = {p,h} € flag(G(S)) be a flag of the projective geometry
associated with S consisting of a point p and a hyperplane h. Let F' = {q, h'}
be a flag opposite to F' and let H <g V be such that &' := Sy~ = P(H).
Let v,w € V be such that p = (v) and ¢ = (w).

We choose a Basis By of H and let B := By U {v,w}. Let py:V — H
be the projection onto H with respect to the basis B, let v,: V — (v) and
Yw: V — (w) be the projections onto (v) and (w) with respect to the basis
B respectively.

We suppose that there is a polarity m of S’ such that there exist at least
three points of &’ which are absolute with respect to 7 such that there are
no absolute subspaces of dimension higher than 0. According to 3.2.9 there
exists a reflexive sesquilinear form f on H inducing the polarity .

Let f := Jo,w be the reflexive non-degenerate sesquilinear form on V' defined
in 5.1.2 and let 7 be the polarity of S induced by f.

5.3.1 Lemma
A point z = (z) of S is contained in 7(p) if and only if v, (z) = Og. It is
contained in 7(q) if and only if ~,(z) = Ok.

Proof
Let z € V and let z = () be the corresponding point of S. Then

z € 7(p) & flv,2) = 0k
e (V)N () + Y (V)T (2) + f(pr (v), pr(z)) = Ox
& eV (x) = 0g & Yw(z) = 0k

where the last equivalence follows since € # Og. Similarly we have

z € 7(q) € w(x) = Ok.

5.3.2 Corollary
(a) The points p and ¢ are absolute with respect to 7.

(b) The unique line through p and ¢ is not absolute.

(c) If z is a point of S’ which is absolute with respect to =, it is also
absolute with respect to @ and the unique line of S through p and z
is absolute.
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(d) 7(p) = h.

Proof In view of 3.2.11(b), parts (a)-(c) follow from 5.3.1. By 5.3.1 we
have 7(p) = P(Ker(yy)) is a (d — 1)-dimensional projective space. Since
(H,v) C Ker(v,) we conclude that h = P((H,v)) C 7(p). Since 7(p) is a
hyperplane, equality holds. ([l

5.3.3 Lemma
For any point z of 8’ we have 7(z) = (7(2),p, q).

Proof Let x € H such that z = (z). Since f is an extension of f we have
by definition

n(z) ={y € H| f(z,y) =0k} S{u e V| f(z,u) = 0x} = 7(2).

Since p and ¢ are contained in 7(z) by 5.3.1 and since dim(7(z)) = d — 3
while dim(7(z)) = d — 1 we conclude that 7(z) = (7(2),p, q). O

5.3.4 Lemma
Let U be a subspace of S which is absolute with respect to 7. Then U is a
point or a line.

Proof Let U be a subspace of S which is absolute with respect to 7 and
suppose that dim(U) > 1.

Assume that p € U. Thenp € U C 7(U) C 7(p) an hence U € res({p, 7(p)}).
Thus U’ := U N 7(q) is a subspace of &' with dim(U’) = dim(U) — 1.

By definition 7#(U’) = {z € H | f(y,x) = O0x Vy € U'}. Let u,u’ € U' C U.
Since U is presumed to be absolute with respect to @ we have

Ox = f(u, ') = f(u,u)

and hence U’ C w(U’), i.e. U’ is absolute with respect to 7. Our assumption

yields that U’ has to be a point. Hence, since dim(U) = dim(U’) + 1, U is

a line.

Now suppose that p ¢ U. Then U C 7#(U) € 7(p). Let z € U be a point

which is not contained in 7(p). Note that z is absolute with respect to 7 by

3.2.11. Since z ¢ 7(p) the two flags F}, := {p,7(p)} and F, := {z,7(2)} are

opposite, stabilized by 7 and, by construction, U € res(F).

Let U := proj%(U). Then, applying 4.3.13 and using the fact that U C 7(U),
we obtain

U’ = proji (U) C projiz (7(U)) = 7 (projyz (U)) = 7(U).
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Thus, U’ is a subspace containing p which is absolute with respect to 7. In
view of the first part of this proof, U’ is a line and the assertion follows since
1 =dim(U’) = dim(U). O

5.3.5 Lemma
There exist at least three lines containing p which are absolute with respect
to 7.

Proof By our assumption there are at least three points z1, 29, 23 of &’
which are absolute with respect to w. For each 1 < ¢ < 3 the subspace
(p, x;) is a line containing p. In view of 5.3.2 each of these lines is absolute
with respect to 7. ]

5.3.6 Proposition
The polar space Sz is thick, non-degenerate and of finite rank n = 2.

Proof
It follows from 5.3.4 that rk(Sz) = 2.

Consider the points p and ¢. Since p ¢ 7(q), p and ¢ are non-collinear.
Now let z be any point of S which is absolute with respect to @. If z is
non-collinear with p or with ¢ there is nothing to do. So suppose that z is
collinear with both, p and ¢. By 5.3.1, z = (z) for some z € H and it is
absolute with respect to m. By assumption there exists a second point 2’
of &’ which is absolute with respect to w. The line through z and 2’ is not
absolute with respect to m. Hence 2’ is a point of S which is absolute with
respect to 7 and non-collinear with z.

By 5.3.5 there exists an absolute point which is incident with at least three
absolute lines. Let [ be an absolute line. Since [ is incident with at least
three points and all these points are absolute by 3.2.11, it follows from 3.3.4
that S- is thick. O

5.3.7 Corollary

Let S be a projective space of finite dimension d > 3, let F' and F’ be
opposite flags of the associated projective geometry G(S) each consisting
of a point and a hyperplane. Let m be a polarity of the projective space
associated to the geometry Res(F') and suppose that there are at least
three points which are absolute with respect to 7 but no higher dimensional
absolute subspaces. Then 7 can be extended to a polarity 7 of S stabilizing
the flag F' such that the polar space defined by 7 is thick, non-degenerate
and of finite rank 2.
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5.4 On polar spaces I

Throughout this section let S = P(A) be a polar space defined over a finite-
dimensional regular quadratic space A = (K, V', @) of Witt index k > 4.
Let p, q be two non-collinear points of S, let v,w € V be such that (v) = p
and (w) = q. Set H := H(v,w)* and A’ := (K, H,Q|y). With this setup
we have Spq = P(A') (cf. 3.3.13).

Suppose that there is an involution o € Aut(S,,) which fixes at least three
pairwise non-collinear points but no higher rank singular subspaces. By
3.3.12(b) there exist o € Aut(K) and p € K such that « is induced by a
o-semi-linear p-similitude 7 € TO(A’).

Since « is an involution, 72 € Ker(ps/) = HT(H). In particular, there exists
¢ € K such that 72 = cidpy.

Let x,y be two non-collinear points of Sy, such that o(z) = z and a(y) =y
and let w1, us € H such that (u;) = = and (u2) = y. We may assume that
uy and up were chosen in such a way that fg(ui,ug) = 1. Let A, A2 € K
such that 7(u;) = Aju; for i = 1,2. Then

cu; = 7‘2(ui) = Nio(A\)u;
and whence A\;o(\;) = ¢ for i = 1,2. Moreover,

MA2 = fo(Aur, Aug) = fo(r(ur), m(u2))
= Q(7(u1) + 7(uz)) — Q(t(w1)) — Q(7(u2))
= Q(7(u1 +uz2)) = po(Qur + uz)) = po(fo(ur,uz)) = u,

since u; and ug are isotropic.
Let 7 1= T(yw),(A,)2) € TO(A) be the o-semi-linear p-similitude defined in
5.2.2 and let ¢ := @ (7T) € Aut(S) be the automorphism induced by 7.

5.4.1 Proposition
The automorphism ¢ € Aut(S) has the following properties:

a is an involution.

(
(b) ¢ fixes the points p and q.

(
d

) ¢
)
¢) ¢ stabilizes three lines through p.
) The line through p and x is incident with three fixed points.
)

(e) If U is a singular subspace of S which is stabilized by ¢, then U is a
point or a line.

(f) Each line of S which is stabilized by ¢ is incident with at least two
fixed points.
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Proof

(a)

(b)

By 3.3.12(a) we have
ids = palcidy) = pa(7?) = pa(7)%.
By definition we have

p(p) = (T(v)) = (M) = (v) =p
and similarly, since 7(w) = Aaw, ¢(q) = q.

By assumption there exist three points x1, x2, x3 € Sp; which are fixed
by a and hence by ¢. For ¢« = 1,2,3 let I; be the unique line through
p and x;. Since x; is non-collinear with x; for all 1 <1 # j < 3 the
lines [; are pairwise distinct. Now ¢(l;) is a line through the points
o(p) = p and p(x;) = alz;) = x;, hence p(l;) = 1.

Recall that z = (u1) and 7(u1) = 7(u1) = Ajui. By definition we have
p = (v) and 7(v) = A\jv. The unique line [ through p and x is given by
I = (u1,v). Consider the point z := (u; + v). Then z is incident with
[ and fixed by ¢ since 7(u1 +v) = A1 (ug + v).

Let U be a singular subspace of S which is stabilized by ¢ and suppose
that k :=rk(U) > 3.

If U C pt Ngt, the assumption yields rk(U) = 1, a contradiction. So
U Z gt or U Z p*t. Suppose that U € ¢ but U C p-. Then, by
3.3.7, U' := U N ¢"* is a singular subspace of S of rank k — 1 > 2.
By construction, U’ is a subspace of S, which is stabilized by « and
hence rk(U’) < 1. Again, this is impossible. As the same contradiction
arises in the case U ¢ p and U C ¢+ we conclude that U Z pt U gt.
Let x € U be a point such that x and p are non-collinear. Note that
U C x* and that p(z) € U is a point non-collinear with ¢(p) = p. Let
U’ := projy(U). Then, in view of 4.2.5 and 4.3.12,

e(U") = p(proj2(U)) = proje™(p(U)) = projz™(U) = U".

Hence, U’ is a singular subspace of rank k satisfying U’ C p* which is
stabilized by ¢. The considerations above imply that such a subspace
does not exist.

Let [ be a line of § which is stabilized by .

First assume that [ is a line through p. Then ¢ is collinear with a
unique point on [ and by 3.3.16 this point is a fixed point. Similarly
each line stabilized by ¢ through ¢ is incident with two fixed points.
Suppose that [ is not incident with p nor with ¢. Let z and 2’ be
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the unique point on [ which is collinear with p and ¢ respectively. If
2 # 2’ then the assertion follows since z and 2’ are fixed by ¢ by 3.3.16.
Otherwise z = 2’ is a fixed point of S, and we may choose another
fixed point y € Spq. Since z and y cannot be collinear (otherwise there
would exist a line in S, which is stabilized by «) there is a unique
point on [ collinear with y and this point is fixed according to 3.3.16.

O

We have seen that there are points and lines which are stabilized by .
Moreover, as each such line is incident with at least two fixed points, we are
able to make the following definition:

5.4.2 Definition
We define a point-line space S, = (P,, L,,) via

P,:={pe P|p(p) =p}
and

Ly ={leL|gl) =1}

5.4.3 Proposition
The point-line space S, is a thick, non-degenerate polar space of rank 2.

Proof Let [ be a line of S, and let p be a point of S, not on [. Since [ is
a line of S and p is a point of § axiom (Pj) gives that p is either incident
with all points on [ or with precisely one point on /. In particular, in the
first case, p is collinear with all fixed points on [. If p is collinear with a
unique point on [, this point needs to be a fixed point by 3.3.16. Thus (P})
is satisfied.

Recall that the points p and ¢ are non-collinear. So let x be a point of S,
collinear with p and ¢. Then z is a point of Sp, which is fixed by «. Since
there are at least three points in S, which are fixed by o and since all such
points are pairwise non-collinear, there is a fixed point non-collinear with x.
It follows from 5.4.1(b) that S, is of rank 2.

According to 5.4.1 (c) and (d) the point p is incident with three yp-invariant
lines and at least one of these lines is incident with at least three fixed points.
According to 3.3.4 the polar space S, is thick. O

5.4.4 Corollary

Let S be a non-degenerate polar space defined over a quadratic space of
finite rank n > 4 and let p and ¢ be two non-collinear points of S. Let «
be an involutory automorphism of the polar space S,, and suppose that o«
fixes at least three points but no singular subspaces of higher rank. Then «
can be extended to an involutory automorphism & of S fixing the point p
such that the polar space defined by the fixed points and lines of & is thick,
non-degenerate and of finite rank 2.
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5.5 On polar spaces II

Throughout this section let S be a polar space of type D of finite rank n > 6
and let A = (K, V, @) be a hyperbolic quadratic space such that S ~ P(V).

Let I,g be two lines of S such that (,g) is
a hyperbolic pair of § and let p be a point

Yy ¢/
incident with [. By 3.3.6 there exists a unique
point g on g collinear with p. Choose a second
P q
/ 4

point p’ on [ and let ¢’ be the unique point on

g collinear with p’.

Let vy, w1, vy, we € V be such that (v1) = p, (v2) = p/, (w1) = ¢ and
(wg) = q. Since the pair (p,q’) is a hyperbolic pair of S, the vectors v;
and w; can be chosen such that (vi,w;) is a hyperbolic pair of A. Simi-
larly, we may assume that (ve,wsy) is also a hyperbolic pair of A. Set
H := H(vi,w1)* N H(vg,wo)t and A’ := (K, H,Q|x). With this setup
we have S ) = P(A’) (applying 3.3.13 twice).

Suppose that there is an involution a € Aut(S; 4)) which fixes at least three
pairwise opposite lines but no points or higher rank singular subspaces. By
3.3.12(b), there exist ¢ € Aut(K) and p € K such that « is induced by a
o-semi-linear p-similitude 7 € TO(A’).

Since « is an involution, 72 € Ker(pa/) = HT(H). In particular, there exists
¢ € K such that 72 = cidgy.

We may assume that fo(ve, ws) = ¢ 1u. Let 7 := T(w1,w1),(va,we) € TO(A) be
the o-semi-linear p-similitude defined in 5.2.5 and let ¢ := pp(7) € Aut(S)
be the automorphism induced by 7. Note that, by 1.34(c), o(c) = c.

For reasons of brevity we write ) instead of o()) for all A € K.

5.5.1 Lemma
(a) ¢ is an involution.

(b) There exists no A € K such that A\ = c.

Proof Part (a) is just the same as the proof of 5.4.1(a).

Let h be a line of the polar space S(; 4) which is stabilized by o and choose
a point x on h. By assumption a(z) is a point on h different from z. Let
v € H be isotropic such that z = (v). Then a(x) = (7(v)). Let A € K such
that A\ = ¢ and consider the isotropic vector u := Av + 7(v) € H. Then

7(u) = 7(M) + 7(7(v)) = A\7(v) + ¢ v = A(7(v) + \v) = I

and the corresponding point (u) of S 4 is fixed by a. But such points do
not exist.

g
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5.5.2 Lemma
The involution ¢ has the following properties:

(a) ¢ does not fix any points.

(b) ¢(p) =p" and ¢(q) = ¢

(c) ¢ stabilizes the lines [ and g.

Proof

(a) Let = be a point of S and suppose that ¢(x) = z. Let u € V such that
x = (u). Then there exists A € K such that 7(u) = Au. Thus

cu = 72(u) = 7(\u) = M (u) = M,
but this is a contradiction to 5.5.1(a).
(b) This follows from the definition of 7, since 7(v1) = vy and 7(w2) = wy.

(¢) According to (b) we have ¢(p) = p/. Since ¢ is an involution we also
have ¢(p') = ©%(p) = p. Thus, ¢(1) is a line through p and p’. Whence,
(1) = 1. Similarly ¢(g) = g.

5.5.3 Lemma
Let U be a singular subspace of & which is stabilized by ¢. Then either U
is a line or rk(U) = 4.

Proof According to 5.5.2(a) the automorphism ¢ does not fix any points
of §. Let U be a singular subspace of S which is stabilized by ¢ with
k:=rk(U) > 3.

First suppose that [ C U. Since p € U and since ¢’ is non-collinear with
p, the set U; := U N ¢+ is a singular subspace of S of rank k —1 > 2
(cf. 3.3.7). Note that p’ € Uy and that ¢ is a point non-collinear with p/.
Applying again 3.3.7, we obtain that Uy := U; N ¢+ is a singular subspace
of § of rank k —2 > 1. By construction, Us is a singular subspace of §(; ¢
which is stabilized by «. Hence rk(U’) = 2 and thus k = rk(U) = 4.

If | £ U we have |UNI| < 1. Suppose that U Nl = {z} for some point z of
S. Since U and [ are stabilized by ¢, the intersection-point z needs to be
fixed by . But this is impossible and hence U N1 = (.

If all points of U are collinear with all points on [/, consider the singular sub-
space M := (U,l). It contains the line [, is -invariant by 3.3.17 and, using
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the dimension formula for projective spaces, rk(M) > 5. The considerations
above show that such a subspace does not exist and we conclude that there
exists a point x € U which is not collinear with all points on [. Let x; be
the unique point on [ collinear with z.

As U is p-invariant, ¢(x) € U and
since U is singular, the points x and
o(z) are collinear. Let h denote
the unique line through z and ¢(z).
Since ¢ preserves collinearity, ¢(x) is
collinear with a unique point on [,

namely ¢(z;) # ;.

o(@1)

z

The pair (h,1) is a hyperbolic pair of S: If there exists z € h NI+, the
point z; has to be collinear with all points on h, in particular with ¢(z).
But this is a contradiction to the fact that z; and ¢(x) are non-collinear.
A similar argument shows that [ N ht = ). Note that U € res(h) and set
U’ := projl(U). Then, using 4.2.5,

p(U') = p(projf (U)) = proj ) (o(U)) = projf(U) = U".

Hence, U’ is a @-invariant singular subspace of S containing the line [.
According to the considerations above rk(U) = rk(U’) = 4. O

5.5.4 Lemma
There exist at least three @-invariant singular subspaces of rank 4 which
contain the line [.

Proof By assumption there exist three pairwise opposite lines in §; 5) which
are stabilized by « and hence by ¢. Since each of these lines is contained in
I+, each such line, together with the line [, spans a singular subspace of S
which is p-invariant by 3.3.17 and is thus of rank 4 according to 5.5.3. Note
that the subspaces are pairwise disjoint, since the lines are assumed to be
pairwise opposite. ]

We have seen that there are lines and singular subspaces of rank 4 which
are stabilized by . Moreover, according to 3.3.18, each ¢-invariant singular
subspace of rank 4 is incident with at least two -invariant lines. This
enables us to make the following definition:

5.5.5 Definition
We define a point-line-space S, = (P,, L) via

Po={leL|p)=1)
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and
L, ={UecV(S) |rk(U)=4,0U)=U}

by claiming that a line [ € P, is incident with a subspace U € L, if and
only if I C U. Furthermore, two lines [,I" € P, are collinear if and only if
the set [ U’ is singular.

5.5.6 Lemma
Let [ and I’ be p-invariant lines of S and let U be a p-invariant singular
subspace of S of rank 4.

(a) If 1 # 1" we have [N = 0.
(b) If the set [ U’ is not singular, then the pair (I,1") is a hyperbolic pair.

(¢) I Z U, theniNU = 0.

Proof

(a) If I # I’ the intersection [ N1’ is a single point 2. Now

p(x) =Nl) Col)nel’) =Inl' = {x},
which is a contradiction to 5.5.2(a).

(b) Suppose that the set [ U " is not singular, in particular, [ # I’. Then

there exist x, 2’ € [ U’ such that x and 2’ are non-collinear. As [ and
I are both singular, we may assume that x € [ and 2’ € I'. Because of
(Py) the point x is collinear with a unique point on I’
Suppose that there exists a point y € I-NI’. Then x and y are collinear.
Whence, y is the unique point on I’ collinear with x. Since ¢ preserves
collinearity and as I’ is p-invariant, also ¢(y) is a point on I’ collinear
with all points on [. In particular, ¢(y) is collinear with z. Thus,
©(y) = y. The singular subset {y} Ul spans a singular subspace of S
which is ¢-invariant by 3.3.17 and, since y ¢ [ by (a), this subspace is
of rank 3. But this is a contradiction to 5.5.3. Hence - N1’ = ().

(¢) Suppose that I € U. Then [[NU| < 1. Suppose that the intersection
INU consists of a single point = of S. Again

p(@) = p(LNT) C o) N(U) = 1NT = {a}.

Because of 5.5.2(a) this is impossible.
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5.5.7 Proposition
The point-line-space S, is a thick, non-degenerate polar space of rank 2.

Proof Let U be a singular subspace of S which is (p-invariant and of rank
4. Let [ be a line stabilized by ¢ and suppose that U and [ are not incident.
In view of 5.5.6(c) this implies [N U = (.

Furthermore assume that there exists a line h C U which is ¢-invariant such
that the set [ U h is not singular. Choose a point x € [. Since (I,h) is a
hyperbolic pair, there exists a unqiue point y¥ on h such that = and y are
collinear. In particular, x is not collinear with all points of U. By 3.3.7,
therefore, Uy := U Nzt is a singular subspace of rank 3. Note that y € U;
and that ¢(x) is a point on ! which is non-collinear with y (since z is the
unique point on I collinear with y). Hence, Uy := Uy N (x)* is a singular
subspace of rank 2. Moreover, Us is g-invariant: Indeed, let z € Us. Then,
as U is p-invariant and ¢ respects collinearity, ¢(z) € U and ¢(z) € 7, i.e.
©(z) € Uy. Moreover, as z € U; C 2, we conclude that ¢(z) € ¢(x)* and
hence ¢(z) € Us. In particular, any point z € Us is collinear with both, x
and ¢(x) and hence it is with all points of I. Thus, Uy C [+ and U Ul is a
singular subset.

Suppose that there are two lines g,g’ C U which are p-invariant such that
the sets ¢ Ul and ¢’ Ul are singular. Since the set g U ¢’ Ul is singular,
too, the subspace M := (g U g Ul) is a singular subspace of S which is
wp-invariant. Using the dimension formula for projective spaces, we obtain
that dim(M) > 5, i.e. M is a singular subspace of rank at least 5 which
is p-invariant. This is a contradiction to 5.5.3. Hence there is at most one
p-invariant line g C U such that g U is singular. We conclude that S, is a
polar space.

Let h be a ¢-invariant line of S. Then either one of the pairs (h,1) or (h,g)
is a hyperbolic pair of § or h is a line of the polar space S 4). In the first
case, h is non-collinear with [ or g. If | C I-Ng' there exists by assumption
a line A’ C I+ N g+ which is p-invariant and non-collinear with k. Thus, S,
is non-degenerate.

According to 5.5.3, 1k(S,) = 2 and by 3.3.18, 5.5.4 and 3.3.4, the polar
space S, is thick. O

5.5.8 Corollary

Let S be a quadratic space of type D of finite rank n > 5 and let [ and g be
two opposite lines of S. Let o be an involutory automorphism of the polar
space S(4) and suppose that a stabilizes at least three pairwise opposite
lines but no points or singular subspaces of higher rank. Then « can be
extended to an involutory automorphism ¢ of S stabilizing the line [ such
that the polar space defined by the fixed lines and singular subspaces of rank
4 is thick, non-degenerate and of finite rank 2.
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5.6 On buildings of type A,

5.6.1 Proposition
Let A be a thick building of type A, for some n > 3, let Q € Aut(A) be an
involution such that I'" := (2) is a descent group of A with corresponding

Tits index

Let S be a projective space of finite rank n such that A ~ Flag(G(S)).
Then there exists a polarity 7 of S inducing 2 on A and this polarity has
the following properties:

(a) If U is a subspace of S which is absolute with respect to =, then U is
a point.

(b) There exist at least three points of S which are absolute with respect
to .

Proof Let the Coxeter diagram A,, be labeled as in 2.3. Let p, g, r be three
collinear points of & = (P, L), i.e. they lie on a common line [ € L of S.
By assumption, 2 € Aut(G(S)) acts bijectively on the set of subspaces of S,
maps points onto hyperplanes and ? = idy(s)-

Moreover, according to [MT, 4.7], Q({p}) N Q{q}) = Qp,q)) = Q)
as well as Q({p}) N Q({r}) = Q) and Q({q}) N Q2({r}) = Q). Thus,
Q{p}) NQ{¢}) NQ{r}) = Q2(I). We conclude that Q|p is a polarity.

(a) Let U be a subspace of S which is absolute with respect to m. Then
the flag F':= {U,n(U)} € flag(G(S)) is stabilized by Q and thus the
corresponding residue R of A is a I'-residue of rank m — 2. Thus,
Typ(R) = {s2,...,8n—1} and 7(F) = {1,n}. Hence, dim(U) = 0.

(b) By 2.40, there are at least three I'-chambers of A and each I'-chamber
is of type A := {s2,...,8,—1}. Let C be a I'-chamber, let p be a
point and h a hyperplane of S such that C' corresponds to the flag
F = {p,h} € flag(G(S)). As C is I'-invariant, the corresponding flag
F' is stabilized by m. We conclude that the point p is absolute with
respect to 7.

To conclude: Each I'-chamber of A corresponds to a point of S which
is absolute with respect to .



Chapter 5. Some specific extensions 75

5.6.2 Theorem

Let A be a thick building of type A,, for some n > 5. Let IT be the Coxeter
diagram A,, labeled as in 2.3, let (W, S) be the corresponding Coxeter system
and let J := S\{s1, sp}. Let Ay be a residue of A of type II;. Suppose that
there is an involution Qg € Aut(Ay) such that I'y := () is a descent group
of Ay with corresponding Tits index

D=

There exists an extension of )y to an involutory automorphism Q € Aut(A)
such that T := (Q) is a descent group of A with Tits index

and such that the fixed point building Al is a Moufang quadrangle.

Proof Let & = (P,L) be a projective space of finite rank n such that
A ~ Flag(G(S)) and let F' = {p, h} € flag(G(S)) be the flag consisting of a
point p and a hyperplane h of S corresponding to the residue Ag.

Choose a flag F' = {¢, h'} which is opposite to F'. Then

Ay ~ Flag(Res(F)) ~ Flag(G(Surw))-

According to 5.6.1, there is a polarity 7 of the projective space Sy inducing
the involution Qg on Ag. Furthermore, there are at least three points of S,
which are absolute with respect to m and all subspaces of Spnp of positive
dimension ain’t absolute.

By 5.3.7, the polarity m can be extended to a polarity @ of & in such a
way that it stabilizes the flag F' and such that the polar space defined by
7 is thick, non-degenerate and of finite rank 2. Let Q be the involutory
automorphism of A induced by 7 and set I" := (€2). The fixed point structure
Al is isomorphic to the flag complex Flag(G(Sz)), which is a thick building
of type Co. Hence, by 2.42, T" is a descent group of A with Tits index
T = (An, (0pg), {s3,- -+ ,Sn—2}). As A satisfies the Moufang condition, 2.41
implies that Al is a Moufang quadrangle.

0
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5.7 On buildings of type C,

5.7.1 Proposition

Let A be a building of type C, for some n > 3, let Q € Aut(A) be an
involution such that I' := (Q) is a descent group of A with corresponding
Tits index

@—0—&———4—0:{

Let S be a non-degenerate polar space of finite rank n such that
A ~ Flag(G(S)). Then there exists an automorphism « € Aut(S) inducing
Q on A and it has the following properties:

(a) If U is a singular subspace of S which is a-invariant, then U is a point.

(b) There exist at least three points of S which are fixed by a. Moreover
these points are pairwise non-collinear.

Proof Let IT be the Coxeter diagram C,, labeled as in 2.3. By assumption,
2 € Aut(G(S)) acts bijectively on the set of singular subspaces V(S) of S
and QQ = idV(S)'

According to [MT, 5.14], 2 preserves inclusion and « := Q|p € Aut(S).

(a) Let U be a subspace of S which is stabilized by « and let i := rk(U).
Then U corresponds to a residue of A of type S\{s;} which is stabilized
by 2. We conclude that s; = s1, i.e. U has rank 1 and thus is a point.

(b) By assumption each I'-chamber of A corresponds to a point of S which
is fixed by «. If two of such points would be collinear, o would stabilize
the line through these points. But this is a contradiction to (a).

5.7.2 Theorem

Let A = (K, V,Q) be a regular but not hyperbolic quadratic space of Witt
index n > 4, let S := P(A) be the associated non-degenerate polar space of
rank n and let A := Flag(G(S)) be the associated thick spherical building
of type C,. Let Ag be a residue of A of type C,,_1 and suppose that there
is an involution Q¢ € Aut(Ag) such that Iy := () is a descent group of
Ag with corresponding Tits index

There exists an extension of )y to an involutory automorphism Q € Aut(A)
such that I := () is a descent group of A with Tits index
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and such that the fixed point building Al is a Moufang quadrangle.

Proof

Let p be the point of S corresponding to the residue Ag and choose a point
q of § which is non-collinear with p. Then

Ao ~ Flag(Res(p)) = Flag(9(Spo))-

According to 5.7.1 there is an involutory automorphism o € Aut(S,q) in-
ducing the involution ¢ on Ag. Furthermore, « fixes at least three pairwise
non-collinear points but stabilizes no higher rank singular subspaces of Sy.
By 5.4.4, the automorphism « can be extended to an involutory automor-
phism @ € Aut(S) such that it fixes the point p and such that the fixed
points and stabilized lines constitute a thick, non-degenerate polar space of
finite rank 2. Let € be the involutory automorphism of A induced by & and
set I := (). The fixed point structure AT is isomorphic to the flag complex
Flag(G(S,)), which is a thick building of type Co. Hence, by 2.42, I' is a de-
scent group of A with Tits index T = (C,, {id}, {s3,...,Sn}). As A satisfies
the Moufang condition, 2.41 implies that Al is a Moufang quadrangle.

0
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5.8 On buildings of type D,

5.8.1 Proposition

Let A be a thick building of type D,, for some n > 5, let Q € Aut(A) be
an involutory isometry such that I' := (Q) is a descent group of A with
corresponding Tits index

i

Let S be a polar space of type D and rank n such that A ~ Flag(Go(S)).
There exists an involution a € Aut(S) inducing 2 on A and it has the
following properties:

(a) If U is a singular subspace of S which is a-invariant, then U is a line.

(b) There exist at least three lines of S which are stabilized by «. More-
over, these lines are pairwise opposite.

Proof Let the Coxeter diagram D,, be labeled as in 2.3. By [MT, 6.2],
2 € Aut(G,(S)) is an inclusion-preserving permutation on the set V,(S) of
all non-trivial singular subspaces of § which are not submaximal. Moreover,
there exist a unique automorphism € € Aut(G(S)) such that [y, (s) = €.

(a) Let U be a subspace of § which is stabilized by « and set k := rk(U).
The corresponding flag F' := {U} € flag(G(S)) is stabilized by © and
hence the corresponding residue of A is I'-invariant and of type S\ {s }.
We conclude that s = 2 and hence U is a line.

(b) By 2.40 there are at least three I'-chambers of A and each I'-chamber
is of type A := S\{s2}. Let C be a I'-~chamber and let [ be the line of
S such that C corresponds to the flag F' = {i} € flag(G(S)). As C is
[-invariant, the corresponding line [ is stabilized by a.
Let I and g be two lines corresponding to different I'-chambers. In
particular, I N g = () since there are no fixed points. Suppose that
gNI+ # 0 and let € g NI+, Since g is a-invariant and a preserves
collinearity, a(z) € gN I'-. Then [ is a proper subspace of the singular
subspace (I, gNI+) which is a-invariant. But this is a contradiction to

(a).
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5.8.2 Theorem

Let A be a thick building of type D,, for somen > 7. Let Ag be a residue of A
of type D,,—9 and suppose that there is an involutory isometry Qp € Aut(Ay)
such that I'g := () is a descent group of Ay with corresponding Tits index

i

There exists an extension of )y to an involutory automorphism Q € Aut(A)
such that I := (Q) is a descent group of A with Tits index

¥W

and such that the fixed point structure Al is a Moufang quadrangle.

Proof Let S = (P, L) be a polar space of type D and finite rank n such
that A ~ Flag(G,(S)) and let F' = {p,(} € flag(G,(S)) be the flag consisting
of a point p and a line [ of S corresponding to the residue Ag. Choose a flag
F’' ={q, g} which is opposite to F. Then

Ap =~ Flag(Go(Res(F))) ~ Flag(Go(S(1q))-

According to 5.8.1 there is an involution o € Aut(S(;4)) inducing the invo-
lution Qg on Ag. Furthermore, there exist at least three pairwise opposite
lines of §(; 4) which are stabilized by a but no a-invariant singular subspaces
of rank not equal to two.

By 5.5.8 the involution « can be extended to an involution & € Aut(S) in
such a way that it stabilizes the line [ and such that the stabilized lines and
singular subspaces of rank 4 constitue a thick, non-degenerate polar space
S, of finite rank 2. Let € be the involutory automorphism of A induced by
@ and set " := (Q). The fixed point structure Al is isomorphisc to the flag
complex Flag(G(S,)), which is a thick building of type Cy. Hence, T' is a
descent group of A with Tits index T = (D, {id}, {s1, 53, S5, .-, Sn—1, Sn})-
As A satisfies the Moufang condition, 2.41 implies that Al is a Moufang
quadrangle. O

5.8.3 Proposition

Let A be a thick building of type D, for some n > 5, let Q € Aut(A)
be an involuory isometry such that I' := () is a descent group of A with
corresponding Tits index
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T

Let S be a polar space of type D of finite rank n such that A ~ Flag(G,(S)).
Then there exists an involution « € Aut(S) inducing Q2 on A and it has the
following properties:

(a) If U is a singular subspace of S which is a-invariant, then U is a point.

(b) There exist at least three points of S which are fixed by a. Moreover
these points are pairwise non-collinear.

Proof Let II be the Coxeter diagram D,, labeled as in 2.3.

By [MT, 6.2], 2 € Aut(G,(S)) is an inclusion-preserving permutation on the
set V,(S) of all non-trivial singular subspaces of S which are not submaximal.
Moreover, there exist a unique automorphism ' € Aut(G(S)) such that

Ay, s) = 2

(a) Let U be a subspace of S which is stabilized by « and let i := rk(U).
Then U corresponds to a residue of A of type S\{s;} which is stabilized
by €. We conclude that s; = s1, i.e. U has rank 1 and thus is a point.

(b) By assumption each I'-chamber of A corresponds to a point of S which
is fixed by «. If two of such points are collinear, o would stabilize the
line through these points. But this is a contradiction to (a).

5.8.4 Theorem

Let A be a thick spherical building of type D,, for some n > 6. Let Ay be
a residue of A of type D,_1. Suppose that there is an involutory isometry
Qo € Aut(Ag) such that Ty := () is a descent group of Ay with corre-

sponding Tits index
»—I—o --- 4—@

There exists an extension of )y to an involutory isometry 2 € Aut(A) such
that T' := (Q) is a descent group of A with Tits index

I
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and such that the fixed point structure Al is a Moufang quadrangle.

Proof Let & = (P, L) be a polar space of type D and rank n such that
A =~ Flag(Go(S)). According to 3.3.15, S ~ P(A), where A is a hyperbolic
quadratic space of Witt index k£ > 6.
Let p be the point of S corresponding to the residue Ag and choose a point ¢
of S which is non-collinear with p. Then Ag =~ Flag(Go(Spq)). According to
5.8.3 there is an involutory automorphism a € Aut(S,,) fixing at least three
pairwise non-collinear points but stabilizing no higher rank singular sub-
spaces. According to 5.4.4, o can be extended to an involution ¢ € Aut(S)
which fixes the points p and ¢. Let ¢’ € Aut(G,(S)) be induced by .
Let Q be the involutory automorphism of A induced by ¢’ and define
' := (Q). Then the fixed point structure Al is isomorphic to the flag com-
plex Flag(G(Sy)), which is, by 5.4.4, a thick building of type Co. Hence, I
is a descent group of A with Tits index T = (Dy, {id}, {s3,...,sn}). As A
satisfies the Moufang property, 2.41 gives that Al is a Moufang quadrangle.
O

5.8.5 Theorem

Let A be a thick building of type D,, x Ay for some n > 6. Let Ay be
a residue of A of type D,_1 X A;. Suppose that there is an involutory
isometry Qy € Aut(Ag) such that Ty := (Q) is a descent group of Ay with
corresponding Tits index

R IS

There exists an extension of {2y to an involutory isometry Q2 € Aut(A) such
that I := () is a descent group of A with Tits index

R I

and such that the fixed point structure Al is a Moufang quadrangle.

Proof Let II be the Coxeter diagram D, x A; and let (W,S) be the
corresponding Coxeter diagram. Let s € S be such that st = ts for all
t € S and let J := S\{s}. We label the vertices of II; as in 2.3. Let
K = J\{s1} = S\{s1,s} and L := K\{s2}.

Let Ag be a residue of type D,,—1 x A; and let ©y € Aut(Ap) be an involution
such that Ty = (Qg) is a descent group of Ay with Tits index
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R R

Choose a I'p-chamber C of Ay and fix a chamber ¢ € C. According to 2.40,
A = Typ(C) = LU {s} is the type of any I'j-chamber. By 4.1.5 and 2.10
we have 0(c, Qy(c)) =ra =rps.

Set ¢’ := Qo(c). The restriction Qo|g, (¢ is an isometry from Rx(c) onto
Ri(c). Lemma 4.1.3 yields that the residues Ry (c) and R (') are op-

posite residues of Ag, 4.2.5 implies that the projection map projgi Ei;)

a o-isometry with inverse projgigg), where o € Aut(Wgygs, K U {s}) is
given by

is

o(t) =rgugsy TK tTK TRULs) =t
for all t € K U {s}, in particular, the projection maps projgigg) and
(c)

projgi (o) are mutually inverse isometries. We define

o= projgigz)) o0l Rr () € Aut(Ri(c)).

In view of 4.2.5(c) we have a = Qg o proj%ig) and thus o? = 1dR e (o)

There is the following connection between I'g-residues of Ay and («)-residues
of Rk (c):

Claim 1: If 7 C Rg(c) is an a-invariant residue, then the unique
residue of type Typ(T)U{s} of Ag containing 7T is Qo-invariant. Con-
versely, if 7 is a To-residue of Ay, then projg () (T) = T N Rk(c) is
o-invariant.

Proof of claim 1: Let 7 C Rk (c) be an a-invariant residue and let 7
be the unique residue of type Typ(7)U {s} such that 7 C 7T;. Choose
any chamber d € T. According to 4.1.3(a) 6(d, projg . (+)(d)) = s and
hence projg () (d) € Ts for any d € T. Now

T = a(T) = Qo(projg“ (9 (T)) € (Ts)

and since Typ(Qo(7s)) = Typ(Ts) we conclude that Qy(7s) = Ts.

Conversely, let T be a I'g-residue of Ay and let d € 7. By assumption
s € Typ(T). By 4.1.3(a) we have §(d, projg, (¢)(d)) € {1,s} and thus
TNRk(c) # 0. In view of 2.28(b) we have projg, () (T) = TNRk(c).
Similarly, T NRp(c') # 0 and thus projg, (y(T) = T NRi(c'). Now

(Projr (o) (T)) = Q(T NRk()) € T NRk(c) = projr, (o (T)-

0
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In particular, if C' is a I'p-chamber of Ay, then projg, () (C) is an (a)-
chamber of Rx(c). Conversely, if D is an («)-chamber of Rx(c), then the
unique residue of Ag of type L U {s} containing D is a I'p-chamber of Ay.

Claim 2: The group (o) < Aut(Rx(c)) is a descent group of Rx(c)

with Tits index
>—I—o—o --- *—@

Proof of claim 2: Note that Ri/(c) is the only (a)-panel. By as-
sumption there exist at least three I'g-chambers of Ag. Let C' and D
be two of them. Then, by (1), C’ := projg, ((C) = C N Rk(c) and
D" := projg, (D) = D N Rk(c) are (a)-chambers of Rk (c). Note
that, since C' # D, we have C' # D’. Thus, there exist at least three
(ar)-chambers in Rx(c) and () is a descent group of R (c) with Tits
index T = (D,,—1, {id}, L). O

Using 5.5.8 we obtain that a can be extended to an involutory isometry
a € Aut(Ry(c)) such that (&) < Aut(Rs(c)) is a descent group of R ;(c)

with Tits index
>—I—o—0 - 4—@—@

and such that the fixed point structure R J(c)<5‘> is a Moufang quadrangle.

Again, by 4.1.3, the residues R ;(c) and R ;(¢') are opposite in A and thus,
by 4.2.5 the projection maps projgj E?) and projgj Ei)) are mutually inverse

isometries. We define an isometry

Ry(c _
Q= prOJRjEcz) oa: Ry(c) = Ry(c).
For z € C\R,(c) we set ¢; := projg, ;) (c). By 4.1.3(a), d(c,c;) = s and
thus ¢, € C, where C is the unique I'g-chamber of Ay containing c. In
particular, Qy(c;) € C is defined. For any chamber x € C we define

o) i {Q’(m), z € Ry(c)

B (Projr., (0 (e.)) O © PrOjg ,(¢))(2), otherwise '

Note that the chambers ¢, and Qq(c;) are oppsoite in C, since by 4.1.5 we
have §(cz, Qo(cz)) = ra. Thus, Ry(cz) # Ry (Qo(cz)) and moreover, in view
of 4.1.3, these residues are opposite.
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N

RJ(\Q-O/(CQ:))
Claim 3: Q: C — C is an isometry.

Proof of claim 3: Once we showed that € is surjective, according
to [AB, 5.61], it suffices to show that 6(Q(z),Q2(y)) = d(x,y) for all
z,y € C such that d(z,y) € S.

Let y € C be any chamber. If y € Rj;(c), then, by assumption,
there exists © € Rj(c) such that y = Q'(x) = Q(x). So suppose that
y ¢ R,(c'). Then cj := projg ,(c') is the unique chamber in R ;(y)
satisfying d(c, ¢,) = s and thus ¢, € C. Note that

(e, QQ(C;)) =0(Q(c),c,) =46(d,¢c) =s,

' Cy ' Cy
in particular, Qo(c;,) = projRJ(QO(CL))(c).
Let 2 := projg,, (g (c,) oQ’_loprOjRJ(C/)(y). By definition, z € R.;(Q0(c},))
and, furthermore, c, := projg (»)(c) = Qo(cy)). Thus,

Q(2) = projg, () °Q’ 0 projg (¢ (2)
= projg,, () o' (¥~ (projg, () (1))
= prOjRJ(y) © projR](C,) (y) = y7

where we used that the residues R j(z) and R (c) are opposite as well
as the residues R(y) and R ().

Now choose z,y € C such that §(z,y) € S.

If §(z,y) € J, then the residues R;(x) and R ;(y) coincide and thus
ProjR ,(z)(€) = ¢z = ¢y = Projg ) (c).

Since the composition projgj gg())(cx)) o) o pro Jgj Ef)) is an isometry from
R(x) onto R;(Qo(cz)), we conclude that d(2(x), Qy)) = 0(z, y).

So suppose that §(z,y) = s and set 2’ := projg () (z) as well as
Yy’ := projg, (¢ (y). Since §(z,2"),0(y,y’) € {lw,s} we conclude that
i',y') € {lw,s}t. As ',y € Ry(c) and s ¢ J it follows that
d(2',y") = 1w and hence 2’ = y/. Now, by definition,

Q(z) = projr,, ((e.)) (' (2))
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and

Q(y) = Projg, (g (e,)) (' ().
Again, 0(Q(z), ' (2")) € {1w, s} as well as 6(2(y), ¥ (z")) € {1w, s}.
We conclude that 6(Q(x), Q(y)) € {1w, s}.
Our assumption on x and y gives that Ry(z) N R;(y) = 0. Hence,
3(Qo(cz)), Qo(cy)) = 6(cq,cy) = s and as s ¢ J this fact implies that
R.1(Q(cz)) N Ry (Q0(cy)) = 0 and thus §((x), Q(y)) = s.

O

Claim 4: Q|a, = Qo.

Proof of claim 4: Let x € Ag = Rg(s)(c) be any chamber. Then
Projz,, (o) (z) € Ri(c) and hence Qo(projg () (z)) = projg () ($20(x))
by 4.2.5. Moreover, as projg (,)(¢) € Rx(z) we conclude that the
residues R 7(Qo(c;)) and R ;(Qp(z)) coincide. Now

Q(z) = projr,, (9,(z)) (¥ (Projx, (¢ ()))
= PIOjR (0o (x)) (L0(Projz () (z)))
= PIojg (0o (x)) (Proir, () (0(2))) = Qo(z),

since Q| (o) = Qo- O

Claim 5: T' := () < Aut(A) is a descent of A with Tits index

R I

and the fixed point structure Al is a Moufang quadrangle.

Proof of claim 5: Similar as in the proof of claim 1 one verifies
the following connection: If 7 C Rj(c) is an (@)-residue, then the
unique residue of A of type Typ(7)U {s} containing 7 is Q-invariant.
Conversely, if T is a I'-residue of A, then projg () (7) is a (@)-residue.

According to (4), the I'p-chamber C'is a I'-chamber and A is a I'-panel
containing C'. By assumption, Ag contains at least three I'-chambers.
Let P be a I'-panel containing C' other than Ay. Due to the remark
above, projz (¢)(P) is a (@)-panel and as (@) is a descent group of
R(c), Projg,(c)(P) contains at least three (a&)-chambers and each is
of type L. For any (@)-chamber D of R ;(c) the unique residue of type
LU {s} containing D is a I'-chamber. Hence P contains at least three
I-chambers. By 2.42, T = (D,, x A, {id}, A) is a Tits index. Note
that the relative types of the Tits indices T and (D, {id}, L) coincide.
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As (@) is a descent group of R j(c), there exists a (&)-chamber D’ such
that 6(projg S0(C); D’) equals the longest element in the relative type
of the Tits index T. Now let x € C' be any chamber and let D be the
unique I'-chamber containing D’. Then, if x € CNR;(c),

§(z,projp(z)) = min{rgWa} = rg,

since A C J*(rg) by [MPW, 20.13(iii)]. Otherwise, if z ¢ R;(c), we
have §(z, projg (¢ (*)) = s and, according to the previous considera-
tions,
5(DFOJRJ(C) (), pfOJD(pl“OJRJ(c) (2))) =rs.

Again, since s € A C J*(rg) we have £(srg) = {(rg) + 1 and thus
by (WD2), 8(a, projp (projg (o) (#)) = rs. Again, d(z, projp(a)) =
min{rzWa} = rg. Thus, by 2.42(e), I' is a descent group of A.
According to 2.40, the fixed point structure Al is a building of type
Cy (since the relative type of the Tits index (D, {id}, L) is Cg). As
the the map C' — projg () (C) is an isometry from AT onto Ry(c)®
we conclude that Al is a Moufang quadrangle. O

This finishes the proof.
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Chapter 6

Twin buildings

6.1 Projections in twin buildings

Given a residue R and a chamber ¢ of a building A, there exists a unique
chamber x € R which is ,nearest” c in the sense that it minimizes the dis-
tance from ¢ onto R. Although there are no galleries between a chamber
¢ € C4 and a chamber d € C_, one should think of the numerical codis-
tance dist(c, d) as a measure of how far away ¢ and d are from each other.
Decreasing codistance should be thought of as increasing distance. We will
now see that any spherical residue in C. contains precisely one chamber that
is ,,closest® to a given chamber d € C_. in the sense that it has maximal
codistance from d among all chambers in R.

As is common in the theory of twin buildings, we do not distinguish in
notation and terminology between the projections in one building and the
projections between the two “halves® of a twin building. Note, however,
that the latter exist only for spherical residues. It will always be clear from
the context which type of projection we mean.

Throughout this chapter let IT be a Coxeter diagram with vertex set I, let
(W, S) be the corresponding Coxeter system and let A = (A4, A_,J,) be a
twin building of type (W,S). Let ¢ € {+, —}.

6.1.1 Proposition
Let R be a residue of A, of type J C S.

(a) If T is a residue of A_; of type K C S, then
0:(R,T):={0:(c,d) | c€e R,d e T} =Wy du(x,y) Wk
foranyx e Randy € T.

89
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(b) If J is spherical and d is a chamber in C_., then there is a unique
chamber z € R such that 0.(z,d) = max{d.(R,d)}. This chamber z

satisfies
dx(c,d) = dc(c, 2) 64(2,d)
and
dist(c, d) = dist(z, d) — dist(c, 2)
for all c € R.
Proof Part (a) is [AB, 5.148] and part (b) is [AB, 5.149]. O

6.1.2 Definition
If R,d and z are as in 6.1.1(b), then z is called the projection of d onto R
and is denoted by projz(d).

6.1.3 Definition
Let R be a spherical residue of A; and let 7 be an arbitrary residue of A_..
We define

projr(7) := {projr(z) | z € T}.

6.1.4 Lemma

Let R be a spherical residue of A. of type J C S and let T be a residue
of A_, of type K C S. Let w; := min{d,(R,7T)} and let r; := max{W;}.
The projection P := projx (7))

(a) is given by P ={x € R | rjwy € d«(x,T)};

(b) is a residue of type J' := r;(J Nwi Kw;)r;t.

Proof Let x € R such that rjw; € d.(z,7) and y € T such that
84(x,y) = rjwy. Note that d,(y,2) = wi'r; and w;' = min{d.(T,R)}.
Thus, J C J*(w;!) and by 2.8(c) we have £(w; 'v) = £(w ") + £(v) for all
v € Wj. In particular, wl_lrJ = max{fwl_lWJ} and hence

0x(z,y) = ryw; = max{Wyw;} = max{6.(R,y)}.

We conclude that 2 = projz (y) € projz (7).

Conversely, let y € T, set & := projrp(y) and w :=d.(z,y) € (R, T).
Consider the element rjw € Wjyw;Wg. According to 2.8(b) the element
ryjw can be written as rjw = wywiwg with wy € W; and wg € Wi and
Lrjw) = l(wy) + l(wr) + l(wk). As w=max{«(R,y)} = max{Ww},
w™! = max{w™ W} and by 2.8(e), £(w™lv) = £(w™1) —£(v) for all v € W.
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In particular, w=!r; = min{w ='W} and hence ryw = min{W, w}. Sup-
pose that wy # 1y. Then, since K C J T (wy),

E(w}lmw) =Ll(wwg) = L(wy) + L(wg)
< l(wy) + l(wg) + L(wy) = L(rjw).

But this is a contradiction to the minimality of ¢(rjw) in W w. Thus,
wy = ly and hence ryjw = wiwg. Therefore,

rgwy = (wy'ry) 7t = (wgw )T € wWik = 0u(z, T)

and (a) holds.

Now let x € projr(7) and y € T such that d.(z,y) = rjw;. The proof of
part (a) implies = projg(y). For z € C. we have

0x(2,9) = 0c(2,2) du(,y) = 0c(2, ) Tyw1.

Hence,
z € projp(T) & z € R, rjws € 04(2,T) = 0c(2,x)ryjun Wik
& 0.(z,x) € Wy, (rywy) o:(z,2)(rjw) € Wi
& 0e(z,2) € WynN erlVVwalrjl.
Since

WinN erlWle_lrjl =r;(Wyn w1WKw1_1)7“31
_ -1
= TIW nw kw1

'I"J(Jﬁ'LUlK'LUfl)T;l7

we conclude that z € projz (7) if and only if z € Rm(mlew;1)T}1(x) and
(b) holds.

0

6.1.5 Lemma
Let ¢ € Cc be a chamber and let 7 C R C C_. be spherical residues. Then

projr(c) = projr(projr(c)).

Proof Since projr(c) € T C R we use 6.1.1(b) and obtain

dist(projr(c), c) = dist(projg (c), ¢) — dist(proj(c), projz (c)).
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Using the properties of the projection in the building A_. (cf. 2.24) we
obtain

dist(projr(c), projg (¢)) = dist(projr(c), proj(projr(c)))
+ dist(projr(projr (c)), projg (c))-
It follows that
dist(projs(c), c) = dist(projg (c), ¢) — dist(projs(c), projr(projz (c)))
— dist(projy(projz (c)), projr (c))

= dist(proj-(proj (¢)), ¢)
— dist(proj(c), projr(proj (¢))).

It proj-(c) # proj(proj (¢)), then dist(proj(c), projr(projg (c))) > 0 and
dist(proj(c), c) < dist(proj-(projz (¢)), o),

which is a contradiction since proj;(c) is the unique chamber in 7 such that
5. (projr(c), ¢) = max{d,(T, c)}. O
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6.2 On parallel and opposite residues

There is a notion of parallel residues in arbitrary buildings. We will extend
this notion to spherical residues contained in different halves of a twin build-
ing. Since we use projections, the residues need to be spherical, whereas the
notion of parallel residues in arbitrary buildings makes no requirements on
the type of the residues.

We will then give the definition of opposite residues which exist in every twin
building while opposite residues do only exist in spherical buildings. At first
sight the convention that opposite residues have the same type seems to be
inconsistent with the definition of opposite residues in spherical buildings.
We will give an equivalent definition of being opposite which justifies this
part of the definition.

Throughout this section let II be a Coxeter diagram with vertex set I, let
(W, S) be the corresponding Coxeter system and let A = (A4, A_,J,) be a
twin building of type (W, S). Let ¢ € {+, —}.

6.2.1 Definition

Let R be a spherical residue of A, and let 7 be a spherical residue of
A_.. The residues R and 7 will be called parallel if R = projz(7T) and
T = projr(R).

6.2.2 Lemma

Let R C C. and T C C_. be spherical residues of A. Then R and T are
parallel if and only if the projection maps projr and proj; induce mutually
inverse bijections between R and 7.

Proof The only if part is clear. So suppose that R and 7 are parallel.
Choose z € R, let y € T such that x = projz (y) and set z := projy(z). By
6.1.1(b), dist(z,y) = dist(z, z) — dist(z, y) and by 2.50 we obtain

dist(projz(2), ) > dist(projz(2), 2) — dist(z,y)
> dist(z, z) — dist(z, y) = dist(z, y).

But z is the unique chamber in R such that 0, (z,y) = max{d.(R,y)}, so we
conclude that = projg (2) = projr (projr(x)). A similar argument shows

that y = projz(x) = projr(projg (y))- O

There is a notion of opposite chambers and residues for spherical buildings.
As we will work with twin buildings whose type is not necessarily spherical,
we will not make use of this notion and introduce instead the notion of an
opposition relation between the two halves of a twin building.
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6.2.3 Definition
Two residues R C C. and T C C_. are called opposite if Typ(R) = Typ(T)
and there exists a pair of chambers z € R,y € T such that §,(z,y) = 1.

6.2.4 Lemma
Let R CC. and T C C_. be residues of A. The following are equivalent:

(i) The residues R and T are opposite.

(ii) For every chamber x € R there exists a chamber in y € 7 which is
opposite x and vice versa.

Proof Let R and T be opposite residues as defined in 6.2.3. Let z € R
and y € T such that d.(xz,y) = 1y and set J := Typ(R) = Typ(T).
Note that w; := min{d.(R,7T)} = lw. Choose a chamber z € R. Then
0x(2,T) = 04(z,y) Wy and since §,(z,y) € 0+(R,T) = W; we conclude that
ly € 04(2z,T). Similarly for every d € T there exists a u € R such that

Set J := Typ(R) and K := Typ(T). Since for any chamber z € R there ex-
ists y € T such that d.(x,y) = 1y we have d,(z,T) = 0«(x,y) W = Wk for
any chamber x € R. Similarly d,(R, z) = W for any chamber z € T. Now
let ¢ € R be any chamber, w € Wi and d € T such that w = d.(c,d). Then
w € 0x(R,d) = W; and hence Wi C W;. Similarly, let d € T be any cham-
ber, w' € Wy and ¢ € R such that v’ = 0.(c,d). Then w' € 0.(c,T) = Wk
and hence W; C Wg. We conclude that J = K. O

Opposite chambers and residues have quite similar properties as opposite
chambers and residues in spherical buildings.

6.2.5 Lemma
Let R and T be opposite residues of spherical type J in the twin building
A. Then R and T are parallel.

Proof This follows from proposition [AB, 5.152] together with 6.2.2. [

6.2.6 Lemma
Let R C C. and T C C_. be opposite residues of A of spherical type J C S.
Then d,(c, proj(c)) = ry for all c € R.

Proof Choose a chamber ¢ € R. By 6.2.4 there exists d € T such that
d:+(¢,d) = 1y and hence 6. (c, projr(c)) = max{d.(c,T)} = max{W;} =r.
O
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6.3 Convex subsets and twin apartments

Throughout this chapter let IT be a Coxeter diagram with vertex set I, let
(W, S) be the corresponding Coxeter system and let A = (A4, A_ ;) be a
twin building of type (W,S). Let ¢ € {+, —}.

6.3.1 Definition

A pair (M4, M_) of nonempty subsets My C C4 and M_ C C_ is called
convez if projp(c) € My U M_ for any ¢ € My U M_ and any panel
P C C4 UC- that meets M, UM_.

6.3.2 Lemma
Let (M4, M_) be a convex pair of A. Let R be a residue of A, of spherical
type J C S with RN M. # (). Then projp(z) € M, for all x € My UM_.

Proof Since R N M. # () we may choose ¢ € RN M.. Let z € M. and
let P C C. be a panel that meets M. Since (M4, M_) is a convex pair,
it follows by definition that projp(z) € M.. It follows from [AB, 5.46] that
M, is a convex subset of C. as defined in [AB, 5.43]. The assertion now
follows by [AB, 5.45].

So let x € M_, and set w := d,(c,z). Then 0.(R,z) = W d.(c, x) is finite
and we may define d := max{d.(R,z)}.

If w = d, then ¢ = projg(x) and hence projg(z) = ¢ € M.. Otherwise
there exists s € J such that ¢(sw) > ¢(w). Let P := Ps(c) and note that
0+(P,x) = {w,sw}. As s € J is such that {(sw) > ¢(w), we conclude
that ¢ # projp(x). Set ¢s := projp(x). Since (M4, M_) is a convex pair,
cs € M.NR and satisfies dist(cs, x) > dist(c, x). Continuing in this way, we
obtain a gallery c,cs,... in R N M, along which the numerical codistance
to x is strictly increasing. Since J is spherical, the process must terminate
after finitely many steps with projz(z) € R N M..

g

6.3.3 Lemma
Let ¥ = (¥4,%_) be a twin apartment of A.

(a) Given ¢ € ¥, and w € W there exists a unique chamber d € ¥_. such
that d.(c,d) = w.

(b) For any three chambers ¢,d,e € X1 UX_,
0(c,e) =d(c,d) - d(d,e),

where each § is to be interpreted as d4,d_ or d,, whichever one makes
sense.
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(c) X is convex.

Proof Thisis [AB, 5.173]. O

6.3.4 Corollary

Let A = (C4,C_,0,) be a twin building, let ¥ = (X4,X_) be a twin apart-
ment of A and let R be a spherical residue of A which meets . Then for
any x € 3 we have projg(z) € X.

Proof By 6.3.3(c), ¥ = (X4,X_) is a convex pair of A. The assertion now
follows by 6.3.2. O

6.3.5 Proposition

Let ¢4 € C4+ and c_ € C_ be opposite chambers of A. Then there exists
a unique twin apartment of A containing ¢y and c_. This twin apartment
will be denoted by ¥{c;,c_}. Moreover, for any d € ¥{c,,c_}NC. we have
0c(Ceyd) = 04(c_e, d).

Proof This follows from [AB, 5.179(1)] and [AB, 5.173(2)]. O

6.3.6 Theorem
Suppose that A is thick, choose a chamber ¢ € Cy UC_ and suppose that
there is a finite subset X C 2% with the following properties:

(i) Each J € X is spherical.
(i) V K,J € X such that KNJ #0: KNJe X.

(iii) There exists a family of apartments (X7) cx, where ¥ is an apart-
ment of R;(c) containing ¢ and for J, K € X with K C J we have
YXr=X5N RK(C).

Then there exists a twin apartment ¥a = (X4,¥_) of A such that for all
J € X we have YA NXjy=3X7.

Proof Choose an apartment system A of A, set A, :={X € A|ce X}
and note that, in view of [AB, 5.179(3)], A. # 0.

Choose a twin apartment ¥ = (X4,%_) € A.. If XN X; = 3; holds for all
J € X, we are done. Thus, suppose that there exists a set J € X such that
XN Xy #X;. Note that ¢ € XN X . Suppose that ¢ € C..

Let ¢® € ¥y be the unique chamber such that é.(c,c?) = r;. Then ¢® ¢ %,
since otherwise Y ; C 3 according to the fact that X is convex. Thus there
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exist chambers d,e € ¥ such that d.(d,e) = s for some s € J and d € ¥
while e ¢ X. Set P := Ps(d) C Ry(c) and note that ¥; NP = {d,e} and
projp(c) = d.

Claim 1: For all x € (Jgcy Xk projp(z) € {d, e}.

Proof of claim 1: Let K € X such that x € Yg. Note that
c € Xk NRy(c). We consider two cases:

First, suppose that L := K NJ # (. Then, by (ii), L € X and
according to (i), ¥ = X¥xg NRL(c) = ¥x NRy(c). Similarly we
obtain ¥ =3;NRL(c) =Xxg NRy(c). As X is convex, [AB, 5.45]
implies that

Projr,(¢)(z) € Ex NRy(c) =X =¥, NRk(c) C Xy
Hence, using 2.28(a),
projp () = projp(projg, () (z)) € projp(Xy) = {d, e}.
If KNJ =0, then R;(c) NRi(c) = {c} and thus projg () = ¢ by
2.28(b). Hence,
projp(z) = projp(projg, () ()) = projp(c) = d.

O

Claim 2: There exists a twin apartment X' of A with the following
properties:

(B1) ¥ € A,
(By) SNSk CY Mg forall K € X,
(Bg) ZOEJQEIOZJ.

Proof of claim 2: Let ¢ € ¥ be the unique chamber such that
PNY ={de}. Define

ae = {x € X, | dist(d,x) < dist(e/, z)}

and

a:={y € X | dist(opy(d),y) < dist(ops(e’), y)}-
According to [AB, 5.190] the pair a := (a4, a_) is a twin root of X.
By definition PNa. = {d}. Let A(a) be the set of all twin apartments
containing the twin root o. By [AB, 5.198] the convex hull of the set
{{e} Ua} is a twin apartment ¥’ of A. This twin apartment ¥’ has
the desired properties:
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(B2) Let K € X and = € ¥ N Xk be any chamber. Then by claim 1
and [AB, 5.45] projp(z) € {d,e} N ¥ = {d} and thus

dist(z, €') = dist(x, projp(z)) + dist(projp(z), ') = dist(z, d) + 1.

We conclude that z € a. Ca C Y. Hence XNYx C X' NYk.
(B1) Since ¢ € ¥ N X the assertion follows by (Ba).

(B3) By (B2) we already know that X N3y C X' N X,;. Moreover, the
chamber e lies in X’ N X but not in X N 3.

O

If X' NY; # Xy, we apply claim 2 to the twin apartment ¥’ to obtain a twin
apartment X’ € A, such that X’ NYX; C X' NY;and ¥ N C X' NIk
for all K € X. Since |¥;| < oo we finally end up with a twin apartment
SEAC such that SDEJ:EJ andiﬂEK CYXnNXg.

We now apply claim 2 sequentially to the finitely many K € X (if necessary)
to obtain a twin apartment XA € A. such that for all K € X we have
YANYg =Yk.

O
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Isometries on twin buildings

7.1 Basic concepts

In this section we introduce isomorphisms between twin buildings and prove
some basic results for those.

Throughout this section let II be a Coxeter diagram with vertex set I and
let (W, S) be the corresponding Coxeter system.

7.1.1 Definition
Let A = (Ay,A_,4,) and A" = (A, A_,4,) be twin buildings of type II.
Let XY CCL UC_ and X’ CC\ UC_. A mapping ¢: X — X’ is called an

(i) isomorphism, if there exists o € Aut(II) such that for each € € {+, -}
the restriction ¢|xnc. is a o-isometry from X NC. onto X’ NC. and for
allce XNC. and d € X NC_. we have

0.(p(c), (d)) = o(b:(c, d)).
In this case we also call ¢ a g-isometry.

(ii) isometry, if it is an isomorphism with o = idy.

As usual, an automorphism of a twin building A = (A4, A_,J,) is an iso-
morphism from C; UC_ onto C4 UC_. We denote the corresponding group
by Aut(A).

7.1.2 Lemma

Let A = (Af,A_,d,) and A" = (A’ , A’ |6}) be twin buildings of type II,
let ¢: CL UC_ — C. UC_ be an isometry and let ¥ be a twin apartment of
A. Then ¢(X) is a twin apartment of A’.

99



100 Chapter 7. Isometries on twin buildings

Proof Let X = (34,3_) be a twin apartment of A. For each e € {4, —} the
map |x. is an isometry from ¥, onto ¢(X.). As 3. is an apartment of A,
[AB, 5.67] provides an isometry ¢: W — X, from the standard thin building
(W, 0w) of type (W,S) onto the apartment ¥.. Thus, po ¢: W — ¢(3;)
is an isometry and hence, by [AB, 5.67], p(X:) is an apartment of A’.
Choose a chamber ¢ € p(X4) U p(X_) and let z € ¥4 U 3_ be the unique
chamber such that ¢(x) = ¢. Let y := opy;(x) be the unique chamber in
Y4+ UX_ such that d,(z,y) = 1w and let d := ¢(y). Then

0.(c,d) = 8. (p(x), o(y)) = d«(z,y) = 1w

and we conclude that d € p(X4) U p(X_) is a chamber which is opposite to
c. Let e € p(X4) Up(X_) be a chamber opposite to ¢ and let z € ¥, UX_
be such that ¢(z) = e. Then = and z are opposite and, by [AB, 5.178], it
follows that z = y. Hence, e = d and thus the pair p(X) = (p(X4), ¢(X-))
is a twin apartment of A’. g

The following lemma will be called standard uniqueness argument for twin
buildings:

7.1.3 Lemma

Let A be a twin building of type II, let ¥ be a twin apartment of A and
let ¢ € Aut(A) be an isometry. Then ¢ fixes ¥ pointwise if and only if it
stabilizes > and fixes some chamber ¢ € 3.

Proof The only-if part is clear.

Let ¢ € ¥ be such that ¢(c) = ¢ and let ¢ € {+,—} such that ¢ € %..
Choose any chamber d € ¥ and let w := d.(c,d) if d € 3. and w := d,(c, d)
ifd e ¥_.. As @ is an isometry we have ¢(31) = X4 as well as p(X_) = 3_
and

w = (50(0, d) == (50(()0(0)7 (P(d)) = 50(07 gO(d))’

where d,, is to be interpreted as 0. or d,, whichever one makes sense. By [AB,
5.66] and 6.3.3(a), it follows that ¢(d) = d. O

7.1.4 Lemma

Let A and A’ be two twin buildings of type II. Let ¥ = (3X4,%_) and
¥ = (¥,%") be twin apartments of A and A’ respectively. For ¢ € {4+, —}
and any pair of chambers (¢,c’) € X, x X, there exists a unique isometry
¢: 3 — ¥ sending ¢ onto (.

Proof Let ¢ € {+,—} and choose ¢ € X, and ¢ € X.. Let (W,dw) be
the standard thin building of type (W,S) (cf. 2.23). Consider the map
¢c: Xe = W,z 6.(x,¢). Then, for x,y € X,

5W(¢C(x)> (Z)C(y)) = (56(x7 6)56(% C)_1 = (55(.T,C)(55(C,y) = 6€(x,y),
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where the last equality follows from 6.3.3(b). By [AB, 5.66], the map ¢, is bi-
jective and hence an isometry. Similarly we define an isometry ¢ : XL — W
via ¢u (z) := 8.(x, ') and

Qe = d);l 0 Qe Mg — Elg

which is an isometry sending ¢ onto ¢’

Let d := opy(c) € ¥_. be the unique chamber opposite c¢. Similarly, we
let d’ := opsy(¢/) € X', be the unique chamber opposite ¢. Just as the
construction above, there exists an isometry ¢_.: X_. — Y’ _ sending d
onto d’. We define

£

¢e(x), x€X.

¢: X — ¥ via ¢(z) = {gzﬁ_g(:c), ves.

Suppose that © € ¥. and y € ¥_.. In view of 6.3.5 we have ¥ = ¥{¢,d}
and ¥/ = ¥{c,d'} and

0—c(d,y) = d.(c,y) and 0" (d', ¢(y)) = 0.(¢, 9(y))-

Using 6.3.3(b) we obtain

= 0u(p(x), )" (d', $(y)) = (d(), )d.(c, d(y))
= 0.(6(2), (v))-

Hence, ¢: ¥ — X' is an isometry with the desired properties. Let ¢: ¥ — X/
be an isometry sending ¢ onto ¢’. Then 1y~ o ¢: ¥ — 3 stabilizes ¥ and
fixes the chamber ¢. By 7.1.3, ¢»~! o ¢ is the identity. 0

7.1.5 Lemma

Let A = (AL,A_,d,) and A" = (A’ ;A ,6,) be twin buildings of type II.
Let R C C;+ and R’ C C/_ be spherical residues of the same type and let
¢: R — R’ be an isometry. Let (¢,d) € R x C_ and (¢/,d') € R x C_
be pairs of opposite chambers. If p(projz(d)) = projg/(d’), then the map
d — d’ extends ¢ to an isometry from R U {d} onto R’ U {d'}.

Proof Let J C S denote the type of the residues R and R’. Choose a
chamber x € R. Then

5. (o(x), d') = 8, (), proj () &L (projr(d), )
= &, (p(a), ¢ (projr(d)) s
— 5. (x, projr (d)) 6. (projr (d), d) = . (x, d).
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It follows from the extension theorem of B. Miihlherr and M. Ronan in [MR]
that almost all thick, irreducible, 2-spherical twin buildings of rank at least
3 are completely determined by their local structure. In order to apply this
result we need the following preliminary work:

7.1.6 Proposition

Let A = (Ay,A_,0,) and A" = (A/,A’,,) be thick 2-spherical twin
buildings of type II. Let ¢ € C; and ¢ € C/, be two chambers and suppose
that there is an isometry ¢: Eo(c) — FEa(c’) sending ¢ onto ¢’. Then there
exist chambers d € C_ and d’ € C'_ which are opposite to ¢ and ¢’ respectively
and such that the map d — d' extends ¢ to an isometry from Fs(c) U {d}
onto Ey(c) U {d'}.

Proof The basic idea of the proof is to start with arbitrary chambers d
and d’ which are opposite to ¢ and ¢ respectively. We then go through all
subsets J C S of cardinality at most 2 one after another (starting with the
subsets of cardinality 1) and “correct” the chamber d', if necessary.

Choose a chamber d € C_ which is opposite to c¢. For z € C' such that z is
opposite to ¢ we define S, := {s € S | ¢(projp, (¢ (d)) = projp ()} If
x € C' is opposite to ¢’ such that S, = S, then the map d — z extends the
restriction ¢|g, ()1 E1(c) — E1(c’) to an isometry Fy(c)U{d} — E1(c)U{z}:
Indeed, let y € Eq(c) and let s € S such that y € Ps(c). As s € S = Sy,
7.1.5 yields that the map d — x extends the isometry Ps(c) — Ps(c’) to an
isometry from Ps(c)U{d} onto Ps(c’)U{x} and whence . (¢(y), x) = 0+(y, d).

Let d' € C' such that ¢ and d’ are opposite. If Sy = S, we are done. So
suppose that there is s € S such that ¢(projp, () (d)) # projp, () (d').

Since the chambers ¢ and d are opposite chambers of A, projp, () (d) # ¢
and hence ¢(projp,_(y(d)) # ¢’. Let d” := projp, (4 (#(projp,(¢)(d))). As the
panels Ps(c’) and Ps(d’) are opposite, [AB, 5.153] implies that d” is opposite
to the chamber ¢’ and, in view of 6.2.5 and 6.2.2,

projp, () (d") = projp, () (Projp, () (#(Projp (¢ (d)))) = ¢(projp, () (d)).

In particular, s € Sg». Moreover, we have Sy C Sg:

To see this let t € Sy, i.e. p(projp,(c)(d)) = projp,(y(d'). We need to show
that ¢ (projp,()(d)) = projp,((d"). Note that, by definition, d” € Ps(d’).
By 6.1.4(a), the set projp, () (Ps(d’)) is a residue of Pi(c’) whose type is, by
6.1.4(b), t({t} N{s})t = 0, i.e. projp,()(Ps(d')) is a single chamber. Hence,
projp, (e (d”) = projp, ) (d') = @(projp, ) (d)).

Thus, d” is a chamber which is opposite to ¢ and Sy U {s} C Sz. We
replace d’ by d”.

Applying the construction described above sequentially to each of the finitely
many s € S (if necessary), we finally obtain a chamber d’ € C" which is op-
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posite to the chamber ¢’ and which satisfies Sy = S.

We translate the ideas of the rank 1 case to the rank 2 case without loosing
the achievements we obtained so far. Let S’ denote the set of all subsets of
S of cardinality 2. Just as in the rank 1 case we define for a chamber x € C”
which is opposite to ¢’ a subset

Joi={J € 5" p(proj, (¢)(d)) = Projr, () (x)}-

If x € C" is opposite to ¢ such that J, = S’, then the map d — = extends
the isometry ¢: Fa(c) = Eo(c) to an isometry Fs(c) U{d} — FEa(d) U {x}
just as desired: Indeed, let y € Es(c) and let J € S’ such that y € R;(c).
As J € S8 = J,, 7.1.5 yields that the map d — x extends the isometry
Rj(c) = Ry() to an isometry from R;(c) U {d} onto R;(¢') U {z} and
whence 8, (¢(y), z) = 0+(y, d).

Let d’ € C'_ be the a chamber which is opposite to ¢’ and such that Sy = S.
If Jp = S’ we are done.

So suppose that J € S’ is such that projg ,((d') # ¢(projg, () (d))-

Let d” := projg ,(a)(¢(Projr, (¢ (d))). Since the residues R;(c’) and R ;(d’)
are opposite we have

Projg () (d") = Projg () (Projr, (@) (P (Projr () (d)))) = ¢ (Projx (¢ (d))
in view of 6.2.5 and 6.2.2. According to 6.2.6,
0:(d, projr () (d)) = 15 = 8,(d", projg (1 (d"))

and hence the calculation

5.(c,d") = &' (¢, projg () (d")) 71 = 84 (¢, projr () (d)) 7.1
= dx(c,d) 0x(d, projg () (d)) 77 = 1w

shows that the chamber d” is opposite to the chamber ¢’. In particular,
J e Jyr.

We show that the chamber d” has the following properties:
(i) Sgr =S
(il) Jg C Jgn
To (i): Let s € S. First suppose that s € J. Then, by 6.1.5,
Projp, (¢)(d) = projp, (¢)(Projr ¢y (d))

as well as
/!

projp, () (d") = projp, () (Projr () (d")).
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Now it follows from [MR, 4.2] that

@(Projp, () (d)) = ©(Projp, () (Projx,, () (d)))
= pI“ijS(C/) (projRJ(C/)(d”)) = projps(c/)(d”).
If s ¢ J, then projp, () (d") € projp, (»)(Rs(d')) which is, by 6.1.4, a residue

of Ps(c') of type s({s} NJ)s = 0. Hence, projp, ()(R,(d')) is a single cham-
ber and thus projp,_()(d") = projp, ()(d') = ¢ (projp,(d)), as desired.

To (ii): Let K € Jy. Then, by definition, projg, () (d') = ¢(projg, (¢ (d))-
We need to show that projg, () (d”) = @(Projr()(d))-

Suppose that J N K = (). Then, projg () (d") € projg, ) (Rs(d)). By
6.1.4(a), the set projg, (»)(Rs(d’)) is a residue of Rx(c') whose type is,
by 6.1.4(b), rx (K N J)rg = 0. Hence, it is a single chamber and therefore
Projg, () (d") = projg . () (d’) = ¢(Projg . () (d))-

Suppose that K N J = {s} for some s € S. Let v = projg, ((d)
and y = projRK(C/)(d”) and suppose that x # y. Since the projection
Projg, () (R(d’)) is a residue of R (c') of type rx (K NJ)rg = rigsrg we
have &', (z,y) = risri.

Note that, by (i),

1/

@(projp, (¢ (d)) = projp, () (d") = projp, () (Projg . () (d"))

and similarly, as Sy = S,
@(projp, (¢)(d)) = projp () (d') = projp, () (Projr () (d'))-

In particular, projp, () = projp, () (y)-

As the chambers d’ and ¢ are opposite, [MR, 3.3] gives that ¢’ (c,z) = rx
and hence &, (z,projp (. (z)) = rrs. Now, as &, (y,r) = rgsrg and
lrgsrkg ris) =L(rkx) =4L(rks)+1, (WD2) implies that

& (y, projp, () (2)) = 04 (y, Projp, () (¥)) = Tk,

a contradiction. Thus, projg . (y(d") =y = = = projg,()(d").
Thus, d” is a chamber which is opposite to ¢ and Jp U {J} C Jg. We
replace d’ by d”.

Applying the construction described above sequentially to each of the finitely
many J € S’ (if necessary), we finally obtain a chamber d’ € C’ which is
opposite to the chamber ¢ and which satisfies Jy = S’.
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7.2 Translates

Let IT be a Coxeter diagram with vertex set I, let (W, .S) be the correspond-
ing Coxeter system and let o € Aut(W,S). We denote by £: W — N the
length function on W with respect to S.

7.2.1 Definition
Let A = (C,0) be a building of type II. We define a map §7: C xC - W

Via

87 (e,d) :=o(d(c,d))
for all ¢,d € C.

7.2.2 Lemma

Let A = (C,0) be a building of type IT and let §7: C x C — W be defined
as in 7.2.1. Then the pair A7 := (C,07) is a building of type II and the
identity-map on C is a o-isometry from A onto A7.

Proof First, we verify the axioms (WD1)-(WD3):

(WD1) Let ¢,d € C be chambers such that 67 (c,d) = 1y. Then
d(e,d) = 07 1(87(e,d)) = 0 (lw) = 1w
and thus ¢ = d. Conversely, if ¢ = d we have

5% (c,d) = o(8(c,d)) = o(1y) = L.

(WD2) Let ¢,d € C be chambers and set w := §7(¢,d). Let ¢ € C such
that 67(c/,c) = s € S. By definition this yields 6(c,d) = o~ !(w) and
§(c/,¢) = 071(s) € S. Thus, applying axiom (WD2) of A, we obtain

5(c,d) € {o (sw),o H(w)}.

Hence, §7(¢/,d) = o(6(¢,d)) € {sw,w}.

Suppose that ¢(sw) = £(w)+1. Since o (and thus o~1) is an automor-

phism we have £(c~!(sw)) = £(sw) = {(w)+1 = (o™ (w)) 4+ 1. Thus,

again by (WD2), (', d) = o~ (sw) and 67 (c/,d) = o(5(c,d)) = ws.

(WD3) Let ¢,d € C and w := 09(c,d). Choose s' € S and let s € S be the
unique element such that o(s) = s’. By (WD3) there exists a chamber
¢’ € C such that §(c/,¢) = s and 6(c’,d) = so~!(w). Thus the chamber
¢ € C satisfies §7 (¢, c) = o(s) = s and 67(c,d) = s'w.
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Hence, A? := (C,§7) is a building of type II.
Consider the map id¢: C — C given by id¢(¢) = ¢ for all ¢ € C. Then

07 (ide(¢),ide(d)) = 07 (¢, d) = o(d(c, d))
shows that id¢ is a o-isometry from A onto A°. O

The building A? is called the translate of A with respect to o. A similar
construction can be done for twin buildings:

7.2.3 Definition
Let A = (Ay,A_,d,) be a twin building of type II. We define a map
5;71 (C+ X C,) U (C, X C+) — W via

07 (e,d) = 0(d«(c,d))
for all (¢,d) € (C4 x C_)U (C— x Cy).

7.2.4 Lemma

Let A = (A4, A_,d,) be a twin building of type II. For ¢ € {+,—} let
A?Z be the translate of A, with respect to o as described in 7.2.2. Let
07: (C+ x C_)U (C— x C4+) — W be defined as in 7.2.3. Then the triple
A7 := (A%,A%,67) is a twin building of type II and the identity-map on
C4+ UC_ is a o-isometry from A onto A“.

Proof Let e € {+,—}. According to 7.2.2 the pair AZ = (C,d7) is a
building of type II. We verify the axioms (Twl)-(Tw3): Let c € C.,d € C_.
and set w := 07(c,d) € W.

(Twl) Applying (Twl) for A we obtain

69 (c,d) = 0(6.(c,d)) = 0(84(d, c)™Y) = 0(0x(d, ¢)) ™t = 69(d, ¢) L.

(Tw2) Let ¢ € C. be a chamber such that 67(c/,¢) = s € S . Suppose that
{(sw) < £(w). Then £(c~H(w)) = L(w) > l(sw) = £(c!(sw)) and
5-(c,c) = o7 1(s) € S. Axiom (Tw?2) yields d,(c,d) = o~ !(sw) and
thus 67(c,d) = sw.

(Tw3) Let s € S. Since s’ := 07!(s) € S, (Tw3) for A provides a chamber

¢ € Ce such that §.(c/,c) = s’ and d.(c’,d) = s'o~!(w). The chamber
d is as desired, since §7(c/,¢) = s and 67(c,d) = sw.

Hence, A? := (A9,A%,47) is a twin building of type IL.
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Let C := C4 UC_ and let id¢: C — C be defined by id¢(c) = ¢ for all ¢ € C.
By 7.2.2, the restriction id¢ |c. is a o-isometry from A. onto A? for each
e€{+,—} Let c€C. and d € C_.. Then

67 (ide(c), ide(d)) = (8. (ide(e), ide(d))) = 7(bu(c, )
shows that id¢ is a o-isometry from A onto A°. O

The twin building A? is called the translate of A with respect to o.
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7.3 An extension theorem

One of the main results in [Ti74] asserts that a building of spherical type is
determined by its local structure. More precisely, an isomorphism between
thick spherical buildings is uniquely determined by what it does on a small
part of the domain. There is also an existence theorem, which says that an
isomorphism can be arbitrarily prescribed in the neighbourhood of a given
chamber, provided the buildings are irreducible and of rank at least 3.
Even though the rigidity theorem and its proof remain valid for automor-
phisms of thick twin buildings, the situation for the extension theorem is
more complicated. There does exist an extension theorem for a class of twin
buildings, due to work of Miihlherr and Ronan in [MR] that is based on ear-
lier results of Tits [Ti92]. The following statement follows from [MR, 1.1,1.2
and 1.3]:

7.3.1 Theorem
Let A = (A4, A_,6,) and A" = (A!,, A”_,0}) be thick 2-spherical twin build-
ings of the same type which satisfy condition (co). Let (cy,c_) € C4 x C—
and (c,,c_) € C. x C__ be two pairs of opposite chambers. Then each isom-
etry from Eo(cy)U{c_} onto Es(c/,)U{c_} extends uniquely to an isometry
from A onto A/.

Throughout this section let II be a Coxeter diagram with vertex set I and
let (W, .S) be the corresponding Coxeter system.

We will be interested in the following consequences of the extension theorem
7.3.1:

7.3.2 Corollary

Let A = (Ay,A_,6,) and A" = (A, A’ ,0}) be thick 2-spherical twin
buildings of type IT which satisfy condition (co) and let ¢ € C; and ¢ € C/,
be chambers. Let ¥ = (X4,X_) and ¥’ = (X, %X’ ) be twin apartments of
A and A’ containing the chambers ¢ and ¢ respectively.

Let ¢: Ea(c) = Eo(c) be an isometry with ¢(c) = ¢ and let ¢: ¥ — ¥/ be
an isometry that coincides with ¢ on the intersection ¥ N Ea(c). Then there
is a unique isometry from A onto A’ extending ¢ and ).

Proof Let X, ¢ and ¢ be as in the theorem. Let d := opy(c) and
d' := opsy(c) and note that X' = X{c/,d’'} is the unique twin apartment
of A’ containing the opposite chambers ¢ and d'. As ¢ € F3(c) N X the
assumption on ¢ and 1) yields ¥(c) = ¢(c) = .

We proceed in a series of steps:

Claim 1: ¢(d) =d’
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Proof of claim 1: Since d € X it follows that ¢(d) € ¥'. As

04 (¥(d), ') = 0. (¥(d), ¥(c)) = dx(d, c) = 1w,

we conclude that ¢ (d) = opy/(c/) = d'.
U

Claim 2: Let J C S with |J| < 2 and set R := R (c) as well as
R’ :=R (). Then ¢(projr(d)) = projg/(d).

Proof of claim 2: Note that J is spherical. According to 6.3.4 we
have projz(d) € X, since ¥ is convex and ¥ N R # (). In particular,
projr(d) € ¥NR C ¥ N Ea(c). The assumption on ¢ and 1 gives
od(projr(d)) = Y(projr(d)) € ¥'. Similarly, lemma 6.3.4 gives that
projr/(d') € ¥'.
We use 6.3.5 and obtain
0.(d’, ¢(projr(d))) = d.(c, p(projr (d))) = 0z((c), d(projr(d)))
= 0:(c, projr(d)) = d(c,d) d.(projr(d),d) ™"
= Iy max{W;} ! =

On the other hand we have
0.(d’, projri(d')) = max{d.(d', )W} = 7.
In view of 6.3.3(a) we have projg,(d') = ¢(projg(d)). O
Claim 3: For all z € Fs(c) we have 0, (z,d) = 8, (p(x),d").
Proof of claim 3: Let z € Es(c) and let J C S with |J| < 2 such

that € R := Rj(c). Then ¢(z) € R’ := R (') and by using claim 2
we obtain

0u(¢(x), d)

dz(¢(x), projr:(d')) &, (projr:(d'), d)
d-(¢(x), ¢(projr(d))) rs

de(x, projr (d)) ry
0e (
0« (@,

I
Mmoo~ M~

c(z, projr (d)) dx(projg(d),d)

d).

*

g

Thus, the map d — d’ extends ¢ to an isometry Fa(c)U{d} = Ea(c/)U{d'}.
Applying 7.3.1 we obtain a unique isometry ¢: A — A’ extending ¢.
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We consider the restriction ¢|sx. According to 7.1.2, ¢(X) is a twin apart-
ment of A’. Moreover, as ¢(X) containins the chambers p(c) = ¢(c) = ¢
and ¢(d) = d’, we conclude that p(3) = ¥'. Hence, ¢|y is an isometry from
Y onto ¥’ mapping ¢ onto . In view of 7.1.4 we have p|y, = 1. U

Before we will give another consequence of the extension theorem, which
we will apply in the sequel to construct certain automorphisms on twin
buildings, we recall the definition of an essential set (cf. 4.2.1): A subset
X C 29 is called essential, if S ¢ X,UprexM = S and if for each irreducible
subset J C S having cardinality 2 there is a set M € X such that J C M.

7.3.3 Corollary

Let A = (Ay,A_,6,) and A" = (A, A’ ,0}) be thick 2-spherical twin
buildings of type IT which satisfy condition (co) and let ¢ € C; and ¢ € C/,
be chambers. Let X C 25 be an essential set such that each subset M € X
is spherical. Let p: Ex(c) — Ex(c') be a bijective map such that ¢(c) = ¢
and such that for all M € X the restriction ¢y 1= @’RM(c) is an isometry
from Rps(c) onto Ras(c).

Let X and Y be twin apartments of A and A’ containing the chambers ¢
and ¢ respectively and suppose that ¢ maps ¥ N Rys(c) bijectively onto
Y N Ru(c) for all M € X. Then there exists a unique isometry from A
onto A’ extending each ;.

Proof Let x € Ey(c). Then there exists a subset J C S with |J| < 2 such
that x € R;(c).
If J is irreducible there exists a subset M € X such that J C M and
thus z € Ex(c) and p(z) € Ex(c) is defined. Moreover, the restriction
¢ = 9umlr, (e is an isometry from R ;(c) onto R(c).
If J is reducible, |J| = 2 and II; is the diagram A; x A;. For each s € J
the map @, := ¢|p, () is an isometry from Ps(c) onto Ps(c’). By 4.2.3, there
exists a unique isometry p;: Rj(c) = Rj() extending ¢ for each s € J.
We define a mapping

@: Ey(c) = Ey(d)

by ¢(z) := @s(x) if © € Ry(c). Note that this map is well-defined since
for any two subsets J, K C S of cardinality at most 2 with J NS # 0
the corresponding maps ¢ and ¢ coincide on Ry (c). By construction,
@ satisfies the properties of proposition 4.2.4 and whence is an isometry
Es(c) — Eq(d).

Let ¢: ¥ — Y’ be the unique isometry mapping the chamber ¢ onto the
chamber ¢ (cf. 7.1.4).

Let 2 € Eo(c) N'X. We show that ¢(x) = ¢(x):



Chapter 7. Isometries on twin buildings 111

First suppose that = € E3(c) and let M € X such that € Ry(c). Then
x € XNRu(e) and ¢(x) = ¢(x) € X' N Ry (). Since ¢, g(x) and ¢(z) are
chambers of ¥, we may apply 6.3.3(b) and obtain

04 (p(), d(2)) = 04 (p(2), ) 0. (d, o(x))

=d4(z,c) 04 (c,z) = Ly,

which implies that ¢(z) = ¢(x).

If © ¢ E3(c) there exists a reducible subset J = {s,t} C S such that
z € Ry(c). Note that, since z ¢ Ps(c) U Pi(c), = is the unique element in
¥ such that d4(c,x) = rj = st = ts. We conclude that ¢(z) is the unique
element in ¥’ such that ¢’ (¢, ¢(x)) =1y = st =ts.

Let ¢ be the unique element in ¥’ such that ¢/, (¢, ¢,) = s and similarly let
¢; be the unique element in ¥’ such that ¢, (¢, ¢}) = t. Following the proof
of 4.2.3, we obtain

@(x) = @s() = Projp, (p(e)) (#(ch))

and since ¢(c,) € X' NPi(p(c})) we conclude that g(z) € ¥’ by 6.3.2. As

8" (¢, @(x)) = 04(c,x) = ry we conclude that ¢(z) = ¢(x).
By 7.3.2, there is a unique isometry ®: A — A’ extending ¢ and ¢.

Choose M € X and let d € ¥ be the unique chamber such that d4(c,d) =
ru- Set EM(c) := Ueps Ps(c) and choose z € E{Y(c). Then there exists
s € M such that x € Py(c) and as Ps(c) C E5(c) we have

O(z) = ¢(x) = p(x) = pur(x).

Clearly, ®(d) = ¢(d) is the unique element in ¥’ such that &’ (¢, ®(d)) =
By assumption, ¢y (d) € X' and since o) is an isometry from T\’,M(c) on
Ru (), we have &', (¢, orr(d)) = 64(c,d) = rp. Whence ®(d) = par(d )

Now ®~! o)y is an isometry from Rps(c) onto Ras(c) fixing EM (c) U {d}

pointwise. The rigidity theorem [AB, 5.205] implies that ® and ¢, coincide
on Ras(c). O



Chapter 8

Descent

8.1 TI'-residues

The main idea of this section is to generalize the concepts and results of
chapter 22 of [MPW] to twin buildings.

Throughout this section let II be a Coxeter diagram with vertex set I and
let (W,S) be the corresponding Coxeter system and denote by ¢: W — N
the length function on W with respect to S. Let A = (A4, A_,d,.) be a
twin building of type II (not necessarily thick) and let " be a subgroup of
Aut(A). We denote by © the subgroup of Aut(W,S) induced by T

8.1.1 Definition
(i) A T-residue is a residue of A stabilized by T'.

(ii) A I'-chamber is a I'-residue which is minimal with respect to inclusion.

(iii) A T'-panel is a I'-residue P such that for some I'-chamber C' C P,
‘P is minimal in the set of all I'-residues containing C. Equivalently,
a [-panel is a ['-residue P that contains a I'-chamber C such that
Typ(P)\ Typ(C) is a single O-orbit.

8.1.2 Remark

For each £ € {+,—} the restriction of I" to the building A. is a subgroup
I'. < Aut(A.) and a I'-residue (panel/chamber) of A contained in A. is noth-
ing else than a I'.-residue (panel/chamber) of A, as defined in [MPW, 22.2].

8.1.3 Lemma
Let R be a I'-residue and let 7 be a residue containing R. Then T is a
[-residue if and only if Typ(7) is ©-invariant.

112
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Proof Let e € {+,—} such that R C T C C.. For each v € I" we denote by
0, € O the accompanying automorphism of v. Conversely, for each o € ©
there exists v € I" such that o, = 0.

Let 0 € © and let v € I" such that 0, = 0. Suppose that T is a I'-residue,
let s € Typ(T) and choose z,y € T such that J.(z,y) = s. We have
v(x),7(y) € T and hence

05 (0e(, ) = 0=(v(),7(y)) € Typ(T).

Q
—~
w
S~—
I
Q

2
—~
V2]
~—
I

Conversely, choose a chamber ¢ € R and let J := Typ(T) be ©-invariant.
Then 7 = Ry(c) and v(c) € R for all v € I'. Let x € T be any chamber
and set w := 0:(c,z) € W;. Since o(w) € Wy for all o € © we have

d:(7(c),v(2)) = 04(d:(c, @) = oy (w) € Wy

Thus, v(z) € Rs(v(c)) =Ry(c) =T.

8.1.4 Lemma
Let € € {+, —}, let R be a spherical I'-residue in C. and let 7 be a I'-residue
in C_.. Then the projection projz(7) is a I'-residue.

Proof According to 6.1.4, the set projz(7) is a residue.

Let J := Typ(R) C S and let w; := min{d.(R,7T)}. Let v € T and let
o € O be the accompanying automorphism of «. Since R is a [-residue, its
type is ©-invariant by 8.1.3. Hence, o(r;) € W; and since o preserves the
length, in view of 2.8(d), we conclude that o(r;) = r;. Let w € 0.(R,T)
and let ¢ € R,d € T such that d.(c,d) = w. Then

o(w) = 0(d(¢c,d)) = d.(7(c),7(d)) € 6«(R, T),

since y(c) € R and y(d) € T. Since o preserves the length, in view of 2.8(a),
we conclude that o(wq) = w;. Now, using the characterization in 6.1.4, the
fact that y(y) € 7 for all y € T and the considerations above,

z €projr(T) < FyeT :dux,y) =rjwy
S IyeT :o(0(z,y)) =rjw
eIy eT:6:(v(x),7(y) =rjw
< rjwy € 0.(y(x),T)
< (z) € projr(T).
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8.1.5 Lemma
Let T be a I'-residue which is parallel to a spherical I'-chamber. Then T is
also a I'-chamber.

Proof Let C be a spherical I'-chamber parallel to 7. According to 2.27(a)
and 6.2.2, the projection maps projo: 7 — C and projr: C' — T induce
mutually inverse bijections. Suppose that there exists a proper I'-residue
X C T and choose a chamber d € T\X. By 8.1.4, projo(X) C C is a I'-
residue and hence proj-(X) = C. Let ¢ := projo(d) € C. As C = projo(X)
there exists € X such that projo(x) = ¢. Thus,

d = projr(projo(d)) = projr(c) = projr(projo(z)) =z € X,

a contradiction. O

8.1.6 Corollary
Let ¢ € {4, —}, let C be a spherical I'-chamber in C. and let D be a I'-residue
in C_. which is opposite to C. Then D is a I'-chamber.

Proof By 6.2.5, opposite residues of spherical type are parallel. The asser-
tion now follows from 8.1.5. O

8.1.7 Corollary
Let ¢ € {+,—}, let R be a spherical I'-residue in C. and let C' be a spherical
I-chamber in C_.. Then the projection projg (C) is a I'-chamber.

Proof By 8.1.4, X := projz(C) C R is a I'-residue. We show that C' and
X are parallel and then the assertion follows from 8.1.5.
Let x € X and ¢ € C such that projz(c) = x. According to 6.1.5 we have

projx(c) = projx (projg (c)) = projx(z) = ,

and hence X C projy(C) € X. Applying again 8.1.4, we obtain that
projo(X) C C is a I'-residue. As C' is minimal with respect to inclusion, we
conclude that proj-(X) = C and X and C are parallel. O

8.1.8 Lemma

Let R4+ C C4 and R_ C C_ be opposite I'-residues of spherical type and
let C4 € Ry and O~ C R_ be I'-chambers. Then w := d«(c, projo__(c)) is
independent of the choice of the chamber ¢ € C; for each € € {+, —}.
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Proof Let ¢ € {+,—} and J := Typ(R4) = Typ(R-). According to
8.1.7, the set projr__(C:) is a I-chamber contained in R_. and by 6.2.6,
d«(c,projr__(c)) = ry for all ¢ € C.. Note that, by [MPW, 22.3(iii)] the I'-
chambers C_. and projg__(C:) are parallel. In view of 2.27(b), the element
v := d_(d,projc__(d)) is independent of the choice of the chamber d €
projr__(C:). Hence, using 2.28(a), for each c € C.,

0x(c, proje._, (¢)) = dx(proj_(¢), )™

= (6—(projc_,(¢), projr__(c)) d«(projg__(c),¢))
=717 6_c(projg__(c),projc__(projg__(c))) =rs v

-1

is independent of the chamber c. O

8.1.9 Proposition

Let P be a spherical I'-residue and suppose that P contains two I'-residues
C and D of the same type A such that Typ(P)\A is a single ©-orbit. Let
¢ be an apartment of C. If C' and D are opposite in P the following hold:

(a) There exists a unique apartment Yp of P such that ¥p N D # ) and
YpNC =3Xc.

(b) If ¥¢ is T-invariant, then so is Xp.

Proof Let ¢ € {4, —} such that P C C..

(a) Choose a chamber ¢ € ¥ and let z € ¥¢ be the unique chamber such
that d.(x,c) = 4.
Let d := projp(x). Since C' and D are opposite, they are parallel and
thus x = proj-(d). Now [W03, 9.11(iii)] gives that

6€(da ZL‘) =To(ua TA

and thus

5€(da C) = 5€(d7 x) 58(:67 C) = To(s)UATATA = To(s)UA-

In particular, the chambers ¢ and d are opposite in P. Let Xp be the
unique apartment of P containing the chambers ¢ and d. Applying
[AB, 5.45] gives that for all y € ¥p the chamber proj-(y) € Xp, since
Yp NC # 0. In particular, x = proj-(d) € ¥p. As ¥pNC is an
apartment of C containing the chambers ¢ and z, we conclude that
SpNC =3Xe.

Now let 3, be another apartment of P such that ¥, N C' = X¢ and
Y5 ND # 0. Again, by [AB, 5.45], d = projp(z) € ¥%. As d and c
are opposite in P, we conclude that ¥p = X%,.
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(b) Let v € T" and suppose that v(X¢c) = X¢. Let ¥p be the unique
apartment of P containing X such that ¥p N D # (. Then (Xp) is
an apartment of P containing v(X¢) = X¢. Let y € DNYp. As D is
a [-residue, v(y) € DN~v(Ep). Thus, v(Xp) = Lp.

8.1.10 Lemma

Let C be a spherical I'-chamber and suppose that there exists a twin apart-
ment ¥ of A which is stabilized by I" such that XN C # ). Then there exists
a I'-chamber D which is opposite to C.

Proof Let ¢ € {+,—} such that C C C.. Set A := Typ(C) and choose
c € CNX. Note that, since C' is a I'-chamber, A is ©-invariant. Since both,
C and X, are I'-invariant, we conclude that y(c) € CNX for all vy € T

Let d := opyx:(c), let v € I and let 0 € © be the accompanying automorphism
of v. Set w := d-(c,v(c)) € W4. Note that y(d) € ¥ and thus, by 6.3.5 and
6.3.3(b),

0—c(d,¥(d)) = d:(c,7(d)) = de(e,v(c)) 0+ (v(e), 7(d))
=w 0(0«(c,d)) = w € Wy.

Thus, v(d) € Ra(d) for all y € I'. Set D := Ra(d) and let x € D be any
chamber. Then w' := d_.(x,d) € W4 and hence

0—c(v(2),7(d)) = 0(0-c(z,d)) = o(w') € Wa.

We conclude that v(x) € Ra(y(d)) = D which implies that D is I'-invariant.
Hence, D is a I'-residue opposite to C and thus, according to 8.1.6, D is a
I'-chamber. ([l

8.1.11 Definition
A T-chamber C' of A will be called thick if every I'-panel containing C
contains at least three I'-chambers.

8.1.12 Proposition
Let C be a thick I'-chamber of A. Then every I'-chamber opposite C' is
thick.

Proof Let A:= Typ(C) and let D be a I'-chamber opposite C. Let Pp be
a I'-panel containing D. Hence Typ(Pp)\A is a single O-orbit. Let Pc be
the unique residue of the same type as Pp which contains the I'-chamber C.
By 8.1.3, P¢ is a I'-panel. By assumption the I'-panel P¢c contains at least
three I'-chambers.
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For every I'-chamber C’ C P, the set projp, (C') € Pp is a I'-chamber
(cf. 8.1.7). As, by construction, the two I'-panels Po and Pp are opposite
residues, they are parallel. In particular, the projection maps projp, and
projp,, are mutually inverse bijections. We conclude that for any two I'-
chambers X # Y C Pc we have projp, (X) # projp, (Y). Thus, D is thick.

O

8.1.13 Proposition
Let C' be a thick I'-chamber such that every I'-panel containing C is of

spherical type. Then
T := (I1,0, Typ(C))

is a Tits index.

Proof Let A := Typ(C). The assumption on C' yields that A is spherical
and the assertion follows from [MPW, 22.13]. O
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8.2 Fixed point buildings

Throughout this section let II be a Coxeter diagram with vertex set I, let
(W, S) be the corresponding Coxeter system and let £: W — N denote the
length function on W with respect to S. Let A = (A4, A_,d,) be a twin
building of type (W, S).

Let I' be a subgroup of Aut(A) and let © < Aut(WW,S) be the subgroup
induced by T.

We suppose that C is a spherical I'-chamber in C, of type A and that C_
is a I'-chamber in C_ which is opposite to C; such that T := (I, ©, A) is a
Tits index.

We let (W, S) be the relative type of T and denote by £: W — N the length
function on W with respect to S.

8.2.1 Remark

In view of [MPW, 22.14](i) every I'-chamber of A is of type A. Hence, if P
is a I'-panel, there exists s € S\ A such that Typ(P) = O(s) U A. Moreover,
as T is a Tits index, each I'-panel is of spherical type.

8.2.2 Lemma
Let P and P’ be opposite I'-panels. The relation of non-opposition induces
a bijection between the I'-chambers of P and the I'-chambers of P’.

Proof We may suppose that P C C; and P’ C C_. Let s € S\A such
that J := Typ(P) = ©(s) U A and let C be a I'-chamber in P. By 8.1.7 the
projection D := projp/(C) is a I'-chamber. In view of 6.2.5 and 6.2.2 we
also have projp(D) = C.

Let ¢ € C. Since d(c, D) = d«(c, projp/(c))Wa = r;Wa, we conclude that
0x(c,d) # 1y for all d € D because of [MPW, 20.9]. Hence, C' and D can
not be opposite.

Let X be a I'-chamber in P’ different from D, let d := projp/(c) € D and
choose a chamber x € X such that 6_(z,projx(d)) = r4. Then

5* ($, C) =0- (l’, d) 5* (d7 C) =0- (377 prOjX(d)) o (pI’ij(d), d) 5* (dv C)'
According to [MPW, 22.14](ii) 6_(d, projx(d)) = § =ryra = rary. Thus,
Su(x,¢) =1a 517 =1% 1% = 1w,

and since Typ(C) = Typ(X) = A we conclude that the I'-chambers C' and
X are opposite. ]

8.2.3 Proposition
Every I'-panel contains at least two I'-chambers.
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Proof Let P be a I'-panel. Let ¢ € {+,—} be such that P C C. and
let C' be any I'-chamber in C.. According to [MPW, 22.3(i) and (ii)], the
projection projp(C') is a I'-chamber parallel to C' and by [MPW, 22.15(ii)],

5.(C, projp(C)) € W
We will show that for each n € N the following statement holds:

If P is a I-panel in C; and if there exists a pair of opposite I'-chambers
(X4+,X_) € AL x A_ such that £(6.(X., projp(Xc))) = n, then P has at
least two I'-chambers.

We proceed by induction on n.

First, let P be a I'-panel in C. containing the I'-chamber C. and define
D := projp(C_¢). By 8.1.7, D is a I'-chamber in P and since C} and C_
are opposite, Cz # D by 8.2.2. Hence our assertion is true for n = 0.

Next suppose that P is a T-panel in C. such that £(5.(C:, proj»(C.))) =  for
some s € S\ A. Let P’ be the unique residue of type ©(s)U A containing C-.
In view of 8.1.3, P’ is a I'-panel which contains the I'-chamber projp(C:).
Let Q be the unique residue of type ©(s)U A containing the I'-chamber C_.
and let X := projgo(C:). Again by 8.1.7, X is a I'-chamber in Q and in view
of 8.2.2, X and projp(C;) are opposite. Now (projp(Cs), X) € A.x A, is
a pair of opposite I'-chambers such that projp(C:) € P. The considerations
in the first case show that P has at least two I'-chambers.

Let P be a I-panel in C, let w := §:(C¢, projp(Cs)) € W and suppose that
l(w) =n. Let s1,...,8, € S\A such that w = §; - - - §,,. Note that for ¢ € C;

w = d:(c, projp(c)) = min{d.(c, P)}. (8.1)
Let P;1 be the unique residue of type O(s;) U A containing C.. In view of

8.1.3, this is a I'-panel. Let C; := projp, (projp(C:)). By 8.1.7, C; is a
I'-chamber in P; and we show that the following hold:

(i) C1 # C; and
(ii) if projp(Ci) = projp(Ce) then
{(3:(C1, projp(C1))) < £(0:(Cx, projp(C:)))-

Indeed, let ¢ € C¢,d := projp(c) and ¢; := projp, (d). Note that, since C.
and projp(C;) are parallel, due to 2.28(a),
¢ = projg, (d) = proje, (projp, (d)) = proje, (c1).

Now d.(d,c) = w=! and thus 0.(d,C.) = w™'W4. In particular, if = is a
chamber of C. there exists v € W4 such that 6.(d,z) = w™'v. According
to [MPW, 20.13(iii)], A € J™(w™!) and thus, by 2.8(c),

((0(d, z)) = £(w™ o) = L(w™) + L(v) > L(w™) = L(w). (8.2)
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Conversely, since Typ(P1) = O(s1) U A and since 51 € Wg(s,)ua there exists
a chamber = € P; such that d.(d,z) = w15, = 5, --- 5. By [MPW, 20.31]
we have L(w™151) = £(5,--32) = Y.r o 0(5;) = L(w) — £(51) < (w). In
particular, ¢(d:(d,c1)) < £(w) — £(51) < £(w). In view of 8.2 we conclude
that ¢; ¢ C.. Whence C. # projp, (projp(C:)) = C1 and (i) holds.

This implies 6 (c, ¢1) = 9:(Ce, C1) = 51. Moreover,

d:(projp(Ch), Ch) = 6:(d, c1) = 0:(d, ¢)oc(c1, ¢)

=w 1§ =35, 5.

Hence

0(6:(C1, projp(C))) = £(6-(c1,d)) = (39~ 5p) =n — 1
<n= g(ég(cg,projp(Ca)))

and (ii) follows.

If the projection projp(Ci) is not equal to the projection projp(C:), then
the I'-panel P contains at least two I'-chambers, as desired. In view of (ii),
if both projections are equal, it suffices to give a I'-chamber D opposite C}
and the assertion follows by induction.

For this, let 77 be the unique residue of type ©(s;) U A containing C_..
Then 77 is a I'-panel and, by construction, P; and 7; are opposite. Since
C_. is contained in 71 we have 6_.(C_, projr (C_c)) = 0 and it follows by
induction that 77 contains at least two I'-chambers. By 8.2.2; at least one
is opposite to C]. g

8.2.4 Corollary
For each ¢ € {4,—} the fixed point structure Al: is a building of type
(W, S). This building is thick if and only if every I-panel contains at least
three I'-chambers.

Proof According to 8.2.3, each I'-panel of A, contains at least two I'-
chambers. The assertion now follows from [MPW, 22.14(iii)]. O

8.2.5 Proposition
If one of the I'-chambers C'; or C_ is thick, all I'-chambers are thick.

Proof In accordance with 8.1.12, both I'-chambers C'y and C_ are thick.
Since the set of I'-chambers of each half is connected (cf. 8.2.4), it suffices to
show that each I'-chamber contained in a common I'-panel with C or C_ is
thick. For this, let X be a I'-chamber such that there exists a I'-panel P such
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that P contains the I'-chambers C. and X. Let P’ be the unique I'-panel of
type Typ(P) containing the I'-chamber C_.. By construction, P and P’ are
opposite and, due to 6.2.5, parallel. Since the chambers C; and C_ are thick,
the I'-panels P and P’ both contain at least three I'-chambers. In particular,
there exists a I'-chamber Y C P’ such that projp/(C:) # Y # projp/(X). In
view of 8.2.2, the I'-chamber Y is opposite to both, X and C.. Now 8.1.12
applied to Y gives that Y is thick. Once again we apply 8.1.12 and obtain
that X is thick. O

As an immediate consequence of 8.2.5 and 8.2.4 we obtain the following
corollary:

8.2.6 Corollary
If one of the I'-chambers C; or C_ is thick, then for each ¢ € {+,—} the

group I'; is a descent group of Af. In particular, the fixed point structure
Al: is a thick building of type (W, S).

Proof Proposition 8.2.5 implies that each I'-panel contains at least three
I'-chambers. The second assertion follows from 2.40. ]

The following observations will be needed for the construction of a codistance
function between the I'-chambers of A, and the I'-chambers of A_.

8.2.7 Proposition

Let R4 C C4 and R_ C C_ be opposite I'-residues of spherical type J C S.
Let C be a I'-chamber in Ry and let D be a I'-chamber in R_. We define
X :=projg_(C) and Y := projg, (D). Then

(a) For every ¢ € C we have ¢ = projq(projg, (projp(projz_(c)))) and
for every d € D we have d = projp(projg_(projc(projg, (d))))-

(b) 64(C,Y)=1r;0_(X,D) rj, where rj = max{Wj}.

Proof According to 8.1.4, the projection X is a I'-chamber in R_ while the
projection Y is a I'-chamber in R . Thus, the elements w := 6, (C,Y) € W
and w' := §_(X,D) € W are well-defined by [MPW, 22.3(iii)] and [MPW,
21.8(iii)]. In view of 6.2.6 we have d.(y,projr (y)) = ry for any y € R4
and similarly d.(z, projg, (x)) = ry for any z € R_.

Now let ¢ € C' be any chamber. We set z := projgr_(c),d := projp(z) and
y = projg, (d). In view of 6.1.5 we have
d = projp(z) = projp(projr_(c)) = projp(c).

Now
0u(d,c) = 0_(d,z) 6y(x,c) = w1 ry.
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Hence

5+(07y) = 6+(Ca y) 6*(y7d) ry= 5*(05 d) rJ
=0u(d,c)  ry=ryuw ry.

As J C Sissuch that A C J, the triple T; = (Il;,©;, A) is a Tits index (cf.
2.13). Since the absolute type (W, J) of T is spherical, also the relative
type (W3, J) is spherical by 2.16(b). Moreover, part (ii) of [MPW, 20.35]
yields that r; =75 rq4 =74 rj Due to this

/ / /
dp(cy)=rgw' rg=rjraw rarj=rjuw rj

since, by [MPW, 22.14(ii)] w’ € W; and W; C Cy, (r4) by [MPW, 20.11(i)].

Since opj: Wj — Wj defined by op;(3) := r; 5 r; is an automorphism
(cf. 2.9) we have £(r; w' r;) = £(w'). As 64(c,Y) = d1(c,y)Wa and A C
JT(w'") by [MPW, 20.13(iii)], we conclude that y € Y is such that d, (c,y) =
min{d;(c,Y)}. By [AB, 5.34], y = projy(c) and, as C and Y are parallel,
¢ = proj-(y). Thus, (a) follows. Moreover, (b) is satisfied since

64+ (CY) =64(cy) =r;w rj.
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8.3 2-twinnings

In [M98], B. Miihlherr gives a local criterion for a relation between the cham-
bers of two buildings to be the opposition relation of a codistance function
of the buildings in question. More precisely, he requires the existence of
an opposition relation on the set of pairs of rank-2-residues, a so-called 2-
twinning:

8.3.1 Definition

Let IT be a Coxeter diagram with vertex set I, let (W, .S) be the correspond-
ing Coxeter system and let AL and A_ be two buildings of type II. A set
O C (CyxC_)U(C= xCy) is called a 2-twinning of the pair (A4, A_) if the
following axioms are satisfied:

(T1) O #0,
(T2) (x,y) € O if and only if (y,z) € O,

(T3) if J C S is such that |J| < 2 and if R4 and R_ are J-residues of A
and A_ respectively, then either ON((R4+ X R_)U(R-xR4)) =0 or
ON((R+XR_)U(R—-xR4)) is the opposition relation of a codistance
function between Ry and R_.

The precise statement of [M98] reads as follows:

8.3.2 Theorem

Let IT be a Coxeter diagram, let Ay = (C4+,04) and A_ = (C_,d_) be two
thick buildings of type II and let O C (C+ x C-) U (C— x C4). Then O is
the opposition relation of a codistance function between A, and A_ if and
only if O is a 2-twinning.

8.3.3 Notation

Throughout this section let IT be a Coxeter diagram with vertex set I, let
(W, S) be the corresponding Coxeter system and let A = (A4, A_,d,) be a
twin building of type II.

Let T be a subgroup of Aut(A), let © < Aut(W,S) be induced by I' and
suppose that for each € € {4, —} the group I'; is a spherical descent group
of the building A..

We suppose that we are given two opposite I'-chambers ¢y C Ci and
C_ C C_ of type A such that T := (II, 0, A) is a Tits index. Let (W S) be
the relative type of T and let {: W — N be the length function on W with
respect to S. We assume that each subset J C S with |.J| < 2 is spherical.

8.3.4 Remark
Let e € {+,-}.
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(a) According to 2.40, all I'-chambers of A are residues of type A and the
pair Als = (Cl=,6,) is a thick building of type (W, S).

(b) Let R be a I'-residue of A, and let J = Typ(R) C S. Choose elements
S1,...,8 € S\A in distinct ©-orbits such that

J=0(s1)U---UO(sx) UA.
Let I'g denote the subgroup of Aut(R) induced by T, let
T, := (HJa @Ja A)

be as in 2.13 and let
J: {51,75]{;}7

where §; for all 1 <7 <k is as in 2.14.
Then I'g is a descent group of R with Tits index T; and the fixed
point building RI'® is a J-residue of the building Agg.

We show that there exists a 2-twinning of the pair (Afj, AE’) in order to
ensure the existence of a codistance function between the I'-chambers of A
and A_ and hence the existence of a twin building of type (W, S) whose
chambers are the I'-chambers of A.

8.3.5 Definition
Let R+ C C4+ and R_ C C_ be opposite ['-residues of spherical type J C S.
For € € {+, —} and I'-chambers C' C R, and D C R_. we define

0.(C, D) :=r4 0.(C, D),
where §,(C, D) is as in 8.1.8.

8.3.6 Lemma

Let Ry, R_,C, D and 8, be as in 8.3.5. Let sq,...,5; € S\ A be in distinct
©-orbits such that J = ©(s;) U ---UO(s;) UA and set J := {51,..., 35}
Note that, since .J is spherical, also .J is spherical (cf. 2.16(b)). Then

'r_

X RLH) = W

I,

St (R x RU)U(R

is a codistance function.
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Proof Let e € {+,—}. In view of 8.3.4, I'g_ is a descent group of R. and
the set of I'-chambers contained in R, constitutes a building of type (W 7> J ).
In particular, for any two I'-chambers X,Y C R. we have 6.(X,Y) € Wj.
According to [MPW, 20.35(ii)] we have r4r; = r;. Thus, by 8.1.8,

6:(C,D) =14 6,(C,D) =74 15 6_c(projr__(C), D)
7 -c(projg__(C), D) € Wj.

Let w := 0,(C, D) € Wj. We verify the axioms (Twl)-(Tw3):

(Twl)

(Tw2)

(Tw3)

We use 8.2.7 and obtain

5.(D, C) = r; 8:(projr. (D), )
= Tj ’I”j (5_5(D7 prOijs (C)) 'f'j
= 0_.(D,projg__(C)) r;

(rj 6—c(projr__(C), D))" =4.(C,D)"".

Let C’ be a I'-chamber in R. such that 56((}’, C) = 5 € J and suppose
that £(5w) < £(w). We need to show that d,(C’, D) = sw.

Let w := é_(projr__(C),D) € Wj. Since the I'-residues R and R_
are opposite, they are parallel and hence projz__(C) # projp__(C")
due to 6.2.2. Note that, by definition, w = &(C,D) = rjw and by
8.2.7 it follows that

5_c(projr__(C),projg_(C")) =r;3r; € J.

Now, since 7 ; is the unique element in the Coxeter group W,

Ur; 5 rw) =L(r; §w)=L(r;) — {(3w)
1

We apply axiom (WD2) and obtain

6_c(projr__(C"),D) =r; §r; w.
Thus
6,(C", D) = r; 64 (projg__(C"),D) =35 r; & = sw,
as desired.
Let § € J. We need to show that there exists a [-chamber ¢! C R.

such that 4.(C’,C) = 5 and 0,(C", D) = 5w.
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Let w := 6_.(projr__(C),D) € W and note that w = rjw. We apply
(WD3) and obtain that there exists a I'-chamber D’ C R_. such that

o_(D',projg_(C))=r;3r;€ Jand d_(D',D)=r; 5 r;j .
Let ¢’ := projg_(D'). Using 8.2.7 we obtain 6.(C’,C) = § and thus

6.(C"\D)=rj0_.(D',D)=5r;w= 3w,

as desired.

8.3.7 Definition
We define

={(C,D) e (C};Jr xClyu (e x CJFFJ’) | C and D are opposite}.

8.3.8 Proposition
O is a 2-twinning of the pair (Aljj, AI:’).

Proof We verify the axioms (T1)-(T3):

(T1) By our assumption we have (C,C_) € O.

(T2) If C is opposite to D, then D is also opposite to C.

(T3) Let J C S with |.J| < 2, let Ry and R_ be residues of Ai* and AL~ of

type J respectively and suppose that ON((Ry xR_)U(R_ xR )) # 0.

Let 0,: (Ry x R_)U(R_ x Ry) — W; be the codistance function
defined in 8.3.6. Then ON ((R x 7§_) U(R_ xRy)) is the opposition
relation of the codistance function dy:

Let (C,D) € ON((Ry x R_)U (R_ x Ry)). Since C and D are
opposite I'-chambers of A, we have 0, (c, projp(c)) =14 for all ¢ € C.
Hence,

0.(C, D) = ra 8,(C,projp(C)) =15 = lw = Ly,
We conclude that C and D are opposite with respect to Oy
Conversely, let C' € Ry and D € R_ be such that §,(C,D) = 1V~Vj.
Choose a chamber ¢ € C'. Then
Ly =1lw = 0.(C, D) =14 b.(c,projp(c)).

J
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Let d € D be a chamber opposite to projp(c). Then
6.(d, ¢) = 6_(d, proj p(e)) 8. (projp(c), ) = 1% = L.

Since A = Typ(C) = Typ(D) and since there exists a pair of opposite
chambers (c¢,d) € C'x D we conclude that the I'-chambers C' and D
are opposite residues of A, i.e. (C,D) € O.

8.3.9 Corollary
There exists a codistance function
sUo (Al x Al yual- x Al - w

between the I'-chambers of A, and the I'-chambers of A_ . In particular,
the triple (Ai*, AE’,&E) is a twin building of type (W, S).

Proof By 8.3.8 there exists a 2-twinning of the pair (Aljj, AE_). In view
of 8.3.2, this 2-twinning is the opposition relation of a codistance function
between AE* and A"~ O
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Chapter 9

Moufang polygons

9.1 Moufang sets

Moufang sets were introduced by Jacques Tits in [Ti92]. Moufang sets are
the rank-one-case of Moufang buildings.

9.1.1 Definition
A Moufang set is a pair M = (X, {Uz}zex), consisting of a set X with
| X | > 3 and a set of root groups {U, }zex satisfying the following conditions:

(M1) For each = € X, the group U, < Sym(X) fixes x and acts sharply
transitively on X\{z}.

(M2) For all z,y € X and each g € U, we have gUyg_1 = Uy(y)-

9.1.2 Remark

As developed in [dMW], every Moufang set is completely determined by the
structure of one of the root groups together with one additional permutation
of the non-trivial elements of this group.

Conversely, let (U,+) be a group, let X := U U {oo} be the disjoint union
of U and {oo} and let 7 € Sym(X) be a permutation interchanging 0 and
oo. We define groups {U;}.ex as follows: For each a € U we let a, be
the permutation of X fixing co and mapping each x € U to « + a. Then
Us := {aq | a € U} is a subgroup of Sym(X) isomorphic to U. Now we
define Uy := 77 1Us7 and U, := o 'Upay, for each 0 # a € U.

One of the main results of [dMW] is a necessary and sufficient condition for
the resulting data M(U, 1) := (X, {U, }zex) to be a Moufang set (cf. [dMW,
3.2]).

9.1.3 Remark
An important property of all Moufang sets is the u-action: Let M = M(U, 1)
be a Moufang set and let a € U\{0}. By (M1) there exist g1, g2 € Up such
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that g1(0c0) = —a and g2(a) = oo and these maps are uniquely determined
by these properties. Thus, the map pg := g2 0 @ © g1 is the unique element
in the double coset Uya,Up interchanging 0 and oc.

We list the Moufang sets which appear as residues in Moufang quadrangles
of quadratic, pseudo-quadratic or exceptional type. The formulas for the
double p-maps of Moufang sets of quadratic and pseudo-quadratic form
type can be deduced from [TW, 33.11 and 33.13].

Desarguesian Moufang sets Given a skew field K, the corresponding
Moufang set of linear type is

M(K) := M(K, 7), where 7: K* — K*
1

T— —T .

Moufang sets of quadratic form type Given an anisotropic quadratic
space A = (K, V,Q), the corresponding Moufang set of quadratic form type
is
M(A) := M(V,71), where 7: V* — V*
v —Qv) v

For a,b € V* the corresponding double py-map is given by

m(0) = (o 1)) = G (o)

for all v € V, where m,(v) =v — (%a).

Moufang sets of pseudo-quadratic form type Let= = (K, Ky, 0,V,Q)
be a pseudo-quadratic space and let T'= T'(Z) as in 1.37. The corresponding
Moufang set of pseudo-quadratic form type is

M(E) := (T, 1), where 7: T* — T*
(a,t) — (at™t, —t71).

For (a,t) € T* the corresponding double p-map is given by
= L -1 _ o —1 o o
m(a,t) (ba U) i (N(a,t) © M(QJ)) (ba U) - (bt —at f(a7 b)t 7tvt )

for all (b,v) € T.
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Moufang sets of type E, Let A = (K,V,Q) be a quadratic space of
type Eg,E7 or Eg, choose Oy # € € V and replace Q by Q(¢)7'Q. Let
(E,-,{v1,...,v4}) be a norm splitting of A as in 1.24 and let S, 7 and g be
as in 1.27 and [TW, 13.26 and 13.28]. The corresponding Moufang set of
type E,, is

M(S) := (S, 7), where 7: S* — S*

afo(e,m(a) +te)e — (w(a) +te) —t+ g(a,a)
(@.8) ( Ql(a) + 12) QO (a) + te)) '

9.1.4 Lemma

Let = = (K,Kq,0,V,Q) be a proper anisotropic pseudo-quadratic space
with associated skew-hermitian form f, let T" be the group defined in 1.37
and choose (0,t) € Z(T)*. For (b,v) € T we define

) = {(a.s) € T* | m, , om%, , (b,v) € (bK,K)}

and set b+ = {z € V | f(b,z) = Og}. Then (a,s) € Ql(tb ») U{(0y,0k)} if and
only if a € bK U b

Proof First, let a € bK U b and let s € K such that (a,s) € T (which
exists since (a,Q(a)) € T). If s = Ok then, as (a,s) € T, Q(a) € Ky implies
that a = Oy since = is anisotropic. Thus we may suppose that s # Oy, in
particular (a,s) € T*.

Suppose that there is r € K such that a = br. Then

mam) o m(Eo,t)(b7 v) = mar’s)(ba(t), tut)
= (bo(t)o(s) — brs L f(br,bo(t))o(s), stuto(s))
= (b (o(st) —rs Lf(br,bo(t))o(s)), stuto(s))
is contained in (bK,K). Suppose that a € b*. Then
m(a,s) © m(O,t)(b7 U) = m(Ea,s)(bU(t)v t'l}t)
= (bo(t)o(s), stvto(s)) € (bK, K).
Conversely, suppose that (a, s) € be )" Then there exist r,u € K such that

(br, u) = mi, 5 0 M 4(b,v)

)
= (bo(t)o(s) — as~ L f(a,bo(t))o(s), stuto(s))
= (bo(t)o(s) —as~ fla,b)a(t)o(s), stuta(s)).
If a ¢ b+, then x := —s~ ' f(a,b)o(t)o(s) # Ox and thus

a="0b(r—o(t)o(s)z™t) € bK.
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9.1.5 Definition

Let (X, {Uz}zex) and (Y, {Uy}ycy) be two Moufang sets. An isomorphism
between (X, {U,}zex) and (Y, {Uy}yecy) is a bijection f: X — Y such that
for all € X the map u — BufB~! defines a group isomorphism from U,
onto Ug(y)-

We also give a definition in terms of groups and permutations:

9.1.6 Definition

Let M := M(U,7) and M’ := M(U’, 7’") be Moufang sets. An isomorphism
of Moufang sets 3: M — M’ is an isomorphism of groups 3: U — U’ such
that M(U’, ') = M(U’, Br871).

In [dMS, 3.1] they give a necessary and sufficient condition on the two permu-
tation maps 7’ and 878! on U’ providing that M(U’, ") = M(U’, B3~ 1).

9.1.7 Lemma

Let M = M(U, 7) and M’ = M(U’, 7") be Moufang sets, let 3: M — M’ be
an isomorphism and let 0 # a,z € U. Then S(pq(x)) = “lﬁ(a) (B(x)) for the
p-multiplications in the corresponding Moufang sets.

Proof By assumption 3: U — U’ is an isomorphism of groups and hence
B(0) = 0. We extend S to a bijection U U {oo} — U’ U {oc'} by defining
B(o0) := oo’. Recall that for 0 # a € U the map p, is the unique map
in the double coset Upa,Uy interchanging 0 and oo and that p, is given
by g2 0 ag © g1, where g1, g2 € Uy are uniquely determined by g1(c0) = —a
and go(a) = oo. Similarly, ,u’ﬁ(a) is the unique map in the double coset
Uy ag(q) Uy interchanging 0" and oo

By definition, # induces an isomorphism of root groups Uy — Uy via
g+ BogoB~l. Hence, g} := BogioB~! € Uy and gj(0) = —B(a).
Similarly, g4 := S0 g2 03871 € Uy and gh(B(a)) = .

In particular, this implies gy 0 ag(q) © ¢) € Uy agq)Uy and

(95 © apay 0 91)(0') = 00’ as well as (g5 0 ag(a) 0 g1)(00’) = 0.
We conclude that pg) = g5 © agq) © 9. Now, for any = € U,

B(pa(z)) =Bogroagogi(z) =gyoBoagof ' ogi(B(x))
= g5 0 g(a) © 91(B(2)) = p(a) (B(2)),

since B(aa (87 (1)) = BB~ (y) +a) =y + B(a) for all y € U". O
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9.2 Moufang polygons and root group sequences

9.2.1 Definition
A Moufang n-gon (for n > 3) is a thick building of type

which satisfies the Moufang property (cf. 2.33). A Moufang polygon is a
Moufang n-gon for some n.

See [TW, 4.2] for an equivalent definition in terms of bipartite graphs. The
classification of Moufang polygons was carried out in [TW]. According to
[TW, 17.1] Moufang n-gons only exist for n = 3,4,6 and 8. Moreover, the
classification says that each Moufang polygon is uniquely determined by a
root group sequence as defined in [TW, 8.7] and these root group sequences
in turn are determined by certain algebraic data.

9.2.2 Remark
Let A be a Moufang n-gon for some n > 3, let X be an apartment of A
and let ¢ be a chamber of ¥. Let aq,...,as, be the roots of ¥ numbered

either clockwise or counterclockwise such that {c¢} = a3 N---Nay,. For each
1 <7 < n let U; denote the root group U,, and set U[Ln] = (Uy,...,Up).

(a) The sequence
Q= Uy, Uty -, Un)

is a root group sequence as defined in [TW, 8.7]. It is called the root
group sequence of A based at (¥, c).

The tuple Q° := (Uj1,5), Un, - .., U1) is also a root group sequence as
defined in [TW, 8.7] and it is called the opposite root group sequence
of Q.

(b) Let Q be as in (a). The root group sequence {2 is uniquely determined
(up to opposites) by the pair (X,c¢). By [W03, 11.12], the subgroup
G' of Aut(A) which is generated by all the root groups of A acts
transitively on the set of ordered pairs consisting of an apartment of
A and a chamber contained in this apartment. It follows that the
root group sequence ) is - up to opposites and conjugation in G -
independent of the choice of the apartment ¥ and the numbering of
its roots. This fact justifies referring to € as the root group sequence
of A.

9.2.3 Definition

Let Q = (Up ), U, .-, Up) and Q' = (U[’1 ]

sequences as defined in [TW, 8.7] for some n > 3. An isomorphism from 2

,Uf,...,U}) be two root group
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to Q' is an isomorphism of groups U, — U[’1 n) mapping Uj to U] for all
1 <1< n.

9.2.4 Remark

Let A be a Moufang polygon, let 3 be an apartment of A and let Q be the
root group sequence of A. Due to [TW, part III] we can assume that the
numbering of the roots of the apartment 3 has been chosen so that there
is an isomorphism from 2 to one of the root group sequences described
in [TW, 16.1-16.9]. We identify Q with its image under this isomorphism.
Thus, €2 is the root group sequence defined by one of the recipes mentioned
above in terms of a suitable parameter system © and isomorphisms z; from
some part of © to the root group U;, one for each i € [1,n].

We list those standard root group sequences appearing as root group se-
quences of Moufang quadrangles of quadratic, pseudo-quadratic or excep-
tional type:

9.2.5 Notation
(Q) Quadrangles of quadratic form type

Let A = (K,V,Q) be an anisotropic quadratic space with V' # {0}
and let fo denote the bilinear form associated with Q). For i = 1,3 let
x; be an isomorphism from the additive group of K to a group U; and
for ¢+ = 2,4 let x; be an isomorphism from the additive group of V to
a group U;. Let U[y 4) be the group generated by the groups Uy, Uz, Us
and U4.

The root group sequence

Qo(A) := (Up g 21(K), 22(V), 23(K), 24 (V))

with commutator relations [Uy, Us] = [Us, Us] = [Us, U] = [U1,Us] = 1
as well as
[£2(a), 24(b) '] = 23(fo(a, b))

for all a,b € V and
[1(t), 4 (a) '] = a(ta)z3(tQ(a))

for all t € K and all a € V is the standard root group sequence with
respect to A.

(P) Quadrangles of pseudo-quadratic form type
Let = = (K, Ky, o0, Lo, Q) be an anisotropic pseudo-quadratic space,
let f denote the skew-hermitian form associated with ) and let T be
the group defined in 1.37. For ¢ = 1,3 let x; be an isomorphism from
T to a group U; and for ¢ = 2,4 let x; be an isomorphism from the
additive group of K to a group U;. Let Ujj 4 be the group generated
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by the groups Uy, Us, Us and Uy.
The root group sequence

Q'P(E) = (U[IA] y L1 (T)7 T2 (K)a :E3(T)a .’E4(K))
with commutator relations [Uy, Us] = [Us, Us] = [Us, Us] = 1 as well as
[561((1, t)v x3(b7 u)il] = $2(f(a, b))7
[22(v), z4(w) ] = 23(0, 0 (v)w + o(w)v)
and
[z1(a,t), z4(v) Y] = za(tv)z3(av, o(v)tv)

for all (a,t),(b,u) € T and all v,w € K is the standard root group
sequence with respect to =.

Quadrangles of type Eg, E7 and Eg

Let A = (K, V,Q) be a quadratic space of type Eg, E7 or Eg, choose
Oy # ¢ € V and replace Q by Q()7'Q. Let (E,-, {v1,...,v4}) be
a norm splitting of A as in 1.24 and let S be the non-commutative
group defined in 1.27. For ¢ = 1,3 let x; be an isomorphism from S
to a group U; and for ¢ = 2,4 let x; be an isomorphism from V to a
group U;. Let Upy4) be the group generated by the groups U, Uz, Us
and U4.

The standard root group sequence with respect to A is defined by

Qe(A) = (U[1,4]7$1(S)’ z2(V), 23(5), z4(V)),

the defining commutator relations depend on several mappings and
can be found in [TW, 16.6].

Quadrangles of type F4

Let A = (K, V, @) be a quadratic space of type F4 and let A= (F, v, Q)
be the dual of A as defined in 1.31. For i = 1,3 let x; be an isomor-
phism from V to a group U; and for ¢ = 2,4 let x; be an isomorphism
from V' to a group U;. Let U[y 4) be the group generated by the groups
Ul, UQ, U3 and U4.

The standard root group sequence with respect to A is defined by

Qr(A) := (Upap 21 (V), 22(V), z3(V), 24(V)),

the defining commutator relations depend on several mappings and
can be found in [TW, 16.7].

9.2.6 Remark

(a)

Let Q = (U} ), Us, - - -, Up) be one of the root group sequences in [TW,
16.1-16.9]. According to [TW, 8.11 and 7.5| there is a unique Moufang
polygon A such that €2 is isomorphic to a root group sequence of
A. The classification of Moufang polygons in [TW] says that, up to
isomorphism, there are no other Moufang polygons.
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(b) Let A be a quadratic space of type E,,. By [TW, 27.20], the root group
sequence Qg (A) is independent (up to isomorphism) of the choice of
the element ¢ and the norm splitting (E, -, {v1,...,v4}).

(c¢) Let A be a quadratic space of type F4. By [TW, 28.43], the root group
sequence Qr(A) is independent (up to isomorphism) of the choice of
the complement Sy and the norm splitting (E, -, {v1, v2}).

9.2.7 Notation

As in the notion in [W09, 30.15], the Moufang quadrangles corresponding
to the cases (Q),(P),(€) and (F) described in 9.2.5 are, in order, called:
B5(A), BY'(E),B5(A) and BJ (A).

9.2.8 Remark

In [TW, 35.8 and 35.10-35.12] it is determined to what extend the alge-
braic structure is an invariant of the corresponding Moufang quadrangle of
quadratic, pseudo-quadratic or exceptional type:

(i) Let A and A’ be proper anisotropic quadratic spaces. Then
Qo(A) ~ Qp(A) if and only if A and A’ are similar.

(ii) Let = and Z’ be proper anisotropic pseudo-quadratic spaces. Then
9p(E) ~ Qp(Z) if and only if = and =’ are similar.

(iii) Let A and A’ be quadratic spaces of type Eg, E7 or Eg. Then
Qg(A) ~ Qg(A') if and only if A and A are similar.

(iv) Let A and A’ be quadratic spaces of type F4. Then Qr(A) ~ Qx(A)
if and only if A and A’ are similar.

(v) Let A be a quadratic space of type F4 and let A be the dual of A as
defined in 1.31. Then Q%(A) ~ Qx(A).

9.2.9 Remark

Let A be a quadratic space of type F4 which is self-dual as defined in 1.32(d).
Then, in view of 9.2.8(v), Q#(A) ~ Q%(A) ~ Q%(A).

A Moufang quadrangle of type F4 will be called self-dual if it is isomorphic
to a Moufang quadrangle BJ (A) which is defined over a self-dual quadratic
space A of type Fy4.

9.2.10 Remark
Let A be a Moufang polygon and let P be a panel of A. For each x € P define
a subgroup U, < Sym(P) as in [MPW, 1.19]. Then Ma p := (P, {Us}zep)
is a Moufang set.
Let ¥, ¢,aq,...,q0,,U1,...,U, and ) be as in 9.2.2. Let P be the unique

panel of A containing ¢ such that U; acts non-trivially on P. Let M; := M p
denote the corresponding Moufang set. If
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| 2

()

Qo(A) for some anisotropic quadratic space A = (K, V,Q), then
M(K) and My ~ M(A).

(ii)) Q ~ Qp(E) for some anisotropic pseudo-quadratic space
( 0,0,V,Q), then My ~ M(E) and My ~ M(K).

[1] {O

(iii)

/-\

A) for some quadratic space A of type Eg,E7 or Eg, then

K, K
Q¢
M(S) and My ~ M(A).

~
~

)
(iv) Q Q ]:(A) for some quadratic space A of type F4 with dual A, then
M(A) and My ~ M(A).

9.2.11 Notation

Let A be a Moufang polygon and let P be a panel of A. We will say that
P is (non-)commutative if the group describing the Moufang set Ma p is
(non-)commutative. We will say that the panel P is of quadratic form type,
if the corresponding Moufang set M p is isomorphic to a Moufang set of
quadratic form type.
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9.3 Property (Ind)

9.3.1 Remark

Let A be a Moufang n-gon and let P and P’ be two panels of A of the
same type. Choose two chambers ¢ € P and d € P’. Let GT denote the
subgroup of Aut(A) generated by all the root groups of A. By [W03, 11.12],
G' acts transitively on the set of chambers of A. Hence there exists an
isometry g € GT such that g(c) = d and consequently g(P) = P'. We
show that the restriction of g to P induces an isomorphism of Moufang sets
Ma,p — Ma pr:

Clearly, the restriction ¢ := g|p: P — P’ is a bijection. It remains to show
that for any = € P we have ¢U,¢ ! = Up(x)-

For, choose a chamber x € P and an apartment ¥ of A containing z. Let
y € P such that ¥ NP = {z,y}. Let o be the unique root of ¥ containing
x but not y, i.e. « ={z € ¥ | dist(x, z) < dist(y, z)}. The associated root
group U, is given by {¢|p | ¢ € Uy}. Now g(z),g(y) € P, ¥ := g(X) is
an apartment of A and X' NP' = {g(z), g(y)}. Moreover g(«) is the unique
root of X' containing g(z) but not g(y). Since the permutation group Uy,
is independent of the choice of the apartment, Uy = {¢|pr | ¢ € Uy}
According to [AB, 7.25], gUag ™! = Ug(a) and hence Uz~ = Up(a)-

In particular, each automorphism g € Stabpyy(a)(P) induces an automor-
phism of the corresponding Moufang set M p». The converse of this ob-
servation is not true in general. There might be more automorphisms of
the Moufang set as the stabilizer of any panel provide (for example non-
desarguesian planes), cf. [MvMO98, Lemma 2] for a proof of this fact.

9.3.2 Definition
Let A be a Moufang n-gon and let P be a panel of A. We say that A has
property (Ind) at P if the following is satisfied:

(Ind) For every automorphism a € Aut(Ma p) there is an automorphism
¢ € Aut(A) inducing « on P.

9.3.3 Proposition

Let A = (K, V, Q) be an anisotropic quadratic space such that dimg (V') > 3
and fg is not identically zero. Then the Moufang quadrangle A := BQQ(A)
has property (Ind) at each panel P of A satisfying Ma p ~ M(A).

Proof According to 9.2.7, Qg(A) = (Up 4, 21(K), 22(V), 23(K), 24(V))
is a root group sequence of A. Let P be a panel of A. By 9.2.10, the
corresponding Moufang set Ma p is either isomorphic to the Desarguesian
Moufang set M(K) or it is isomorphic to the Moufang set M(A). Suppose
that Mo p >~ M(A) and let & € Aut(M(A)). Thus, a: V — V is a group
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isomorphism respecting the double p-maps (cf. 9.1.7). By [MPW, 6.10],
therefore, there exist ¢ € Aut(K) and ¢t € K* such that « is a ¢-linear
t-similitude of V.

For 1 <i <4 we define group automorphisms 5;: U; — U; as follows:

For i = 2,4 we define S;: x;(V) — x;(V) by Bi(z;(v)) := zi(a(v)). More-
over, we let f1: x1(K) — z1(K) be defined by Si(x1(s)) := z1(¢(s)) and
Bs: r3(K) — x3(K) by Bs(x3(s)) := x3(tp(s)). Since for all v,w € V and
s € K we have

[B2(x2(v)), Ba(za(w)) ™) = [22(a(v)), za(a(w)) ']
(

and

(6(5)), za(c(v)) ']
o(s)a(v)) z3(d(s) Q(a(v)))
a(sv)) z3(¢(s) t d(Q(v)))
z2(sv)) B3(z3(sQ(v)))

[Bi(21(5)), Ba(za(v) '] = [z

= P2

the automorphisms f; induce an automorphism 3: Upy 4 — Upy 4. By [TW,
7.5], B extends uniquely to an automorphism of A.

g

9.3.4 Remark

Let = = (K, Ky, 0,V, Q) be a proper anisotropic pseudo-quadratic space. If
K/K is a separable quadratic extension of fields, ¢ is the non-trivial element
of Gal(K/Ky) and dimg (V') = 4, then it is shown in [MvM20] that the Mo-
ufang quadrangle A := B} (Z) has property (Ind) at each non-commutative
panel P. One conjectures that the same is true if K is a quaternion division
algebra over Ky with standard involution o and dimg (V) = 4. However,
there isn’t any proof, yet.



Chapter 10

Moufang twin buildings and
condition (co)

By [AB, 7.83 and 7.116] there is a one-to-one correspondence between the
set of spherical Moufang buildings and the set of RGD systems of spherical
type as defined in [AB, 7.82]. The concepts and results about spherical
Moufang buildings generalize with minor modifications to twin buildings.
The algebraic version is a theory of RGD systems of arbitrary type (W, S).
This motivates the definition of arbitrary Moufang buildings: An arbitrary
building is said to be Moufang if it is part of a Moufang twin building. This
definition firstly appeared in [R].

Throughout this section let (W, .S) be a Coxeter system which has no isolated
nodes in its Coxeter diagram. Let A = (A4, A_,J,) be a thick twin building
of type (W, S) of rank at least 2.

10.0.1 Definition

Let a be a twin root of A as defined in [AB, 5.190]. The root group U,
is defined to be the set of automorphisms g € Aut(A) such that g fixes P
pointwise for every interior panel P of «.

10.0.2 Definition

Let a be a twin root of A. By [AB, 8.17(2)], the root group U, acts on
the set A(«) consisting of all twin apartments containing the twin root «.
We say that A is Moufang (or, equivalently, a Moufang twin building) if the
action of the root group U, on A(«) is transitive for every twin root « of

A.

10.0.3 Proposition
If A is a Moufang twin building, then every spherical residue of rank at least
two of A is a Moufang spherical building.

142
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Proof This is [AB, 8.21]. O
According to Ronan [R], general Moufang buildings are defined as follows:

10.0.4 Definition

Let A’ be a thick building of type (W, S). The building A’ is called Moufang
if there exists, for a fixed apartment of A, a system (Uy)qce of subgroups
of Aut(A’), where ® is the set of all roots of A’; satisfying the conditions of
proposition [AB, 8.56] together with (RGD2).

Suppose that A is a Moufang twin building. By [AB, 8.47], the system
(G, (Ua)ac®,T), where ® denotes the set of all twin roots of a given twin
apartment ¥ of A, G = (U, | @ € ®) and T = Fixg(X), is a general RGD
system as defined in [AB, 8.6.1]. According to [AB, 8.57], a (general) RGD
system always gives rise to a (general) Moufang building.

Conversely, if A’ is a (general) Moufang building then A’ gives rise to a
(general) RGD system (G, (Uy)aca, T), where the U, are as in the definition
of a (general) Moufang building. By [AB, 8.81], the twin building associated
to the RGD system is Moufang.

10.0.5 Proposition
A thick, irreducible, 2-spherical twin building of rank at least 3 that satisfies
(co) is Moufang.

Proof This is [AB, 8.27]. O

Throughout the rest of this chapter let A = (A4, A_,d,) be a thick twin
building of type Co. Choose a chamber ¢ € C,UC_ and let R and R’ denote
the two irreducible residues of A of rank 2 containing c¢. We assume that
one of these, say R, is a Moufang quadrangle of exceptional type.

Let Q = (Up 4, Un,s -+, U,) be the root group sequence of R. Since R is an
exceptional Moufang quadrangle we may assume that either

Q~ Q¢(A)

for some quadratic space A = (K, V, Q) of type Eg, E7 or Eg or
Q~Qx(A)

for some quadratic space A = (K, V, Q) of type Fy.

10.0.6 Proposition
A satisfies condition (co).
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Proof In view of 2.49(a) it suffices to show that every rank 2 residue of A
satisfies (co). By 2.49(b), therefore, we show that each panel has at least 4
elements.

Consider the residue R ~ Bg (A). By definition, the quadratic space A is
anisotropic and dimg (V) > 4. In view of [T, 11.2], we conclude that the
field K has infinitely many elements. Let P := Pg,(c) and note that P is a
panel of both, R and R'. Since R is a Moufang polygon, the panel P has
an induced structure of a Moufang set (cf. [MPW, 1.19]).

Suppose that A is of type Eg,E7 or Eg. Choose an element 0 # ¢ € V,
replace Q by Q(¢)~!Q and choose a norm splitting (E, -, {vy,...,v4}) of A.
Let S be the group defined in 1.27 with respect to these data. As |K| = oo,
we conclude that the group S as well as the K-vector space V' consist of
infinitely many elements. By 9.2.10, Mo p ~ M(A) or Ma p ~ M(S). In
particular, there is a bijection P — V U {oo} or P — S U {oco} and hence
|P| = oo.

Suppose that A is of type F4 and let F be the subfield of K as in 1.28(ii).
Since K2 C F (cf. 1.29(b)), we conclude that the field F has infinitely
many elements. Let A = (F,V,Q) denote the dual of A as in 1.31. By
9.2.10, Mia p» ~ M(A) or M p ~ M(A). In particular, there is a bijection
P — VU{oco} or P — VU {oo} and hence |P| = co.

Let € € {+,—} such that ¢ € C. and choose a chamber d € C_. opposite
c. Let P' := Pg,(d). By construction, P and P’ are opposite and hence,
by [AB, 5.153], |P| = |P/|.

Now let T be any residue of A, or A_ of type B2 and choose a panel of T
of type {s2}. Then, by [AB, 5.157], this panel is isometric to P (if 7 C C)
or it is isometric to P’ (if T C C_.). In particular it consists of infinitely
many chambers. O

10.0.7 Proposition
A has the Moufang property. In particular, R’ is a Moufang quadrangle.

Proof Since A is thick, irreducible, 2-spherical of rank 3 and satisfies (co)
by 10.0.6, A satisfies the Moufang condition by 10.0.5. The second assertion
follows from 10.0.3. U

Let ¢ € {+, —} such that ¢ € C.. As defined in [W09], a Bruhat-Tits building
is a thick irreducible affine building whose building at infinity is a spherical
Moufang building.

10.0.8 Proposition
The building A, is a Bruhat-Tits building whose building at infinity is an
exceptional Moufang quadrangle.
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Proof We denote the building at infinity associated to A, by AZ°. Since
A satisfies the Moufang condition for twin buildings by 10.0.7, the building
A is a general Moufang building as defined in 10.0.4. Thus, we may apply
the main theorem of [vMvS] and obtain that AZ° is a Moufang quadrangle.

Since 2 ~ Qg(A) or Q ~ Qr(A), we have [Uy,Us] # {1} # [Us2,Ul).
By [AB, 11.107], R can be identified with a subbuilding of A2 and for
all 1 <4 < 4 the root group U; embeds in the corresponding root group of
the quadrangle AZ°. The classification of Moufang polygons in [TW] claims
that every Moufang quadrangle is isomorphic to one of the quadrangles de-
scribed in [TW, (16.2)-(16.7)]. Let © = (U[/1,4]’ Ui,...,U}) be the root group
sequence of AZ°. If A% is of involutory, quadratic or indifferent type, then
[U},Uj 5] = {1} for at least one i € {1,2}. Hence, AZ is either of pseudo-
quadratic or exceptional type.

By [W09, 24.58], a Bruhat-Tits building whose building at infinity is a Mo-
ufang quadrangle of pseudo-quadratic form type has no residues of excep-
tional type. Hence, AT needs to be a Moufang quadrangle of type Eg, E7, Eg
or F4. O
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Foundations

11.1 Basic concepts

Let IT be a Coxeter diagram with vertex set I and let (W, S) be the corre-
sponding Coxeter system. For any subset J C S we let J’ denote the set of
all irreducible subsets of J which have cardinality 2.

11.1.1 Definition
A foundation of type Il is a triple

Fo= ((AJ)JeS/» (c1)sest (Gjik){Sj,si},{si,sk}63’>
such that the following hold:

(F1) Ay =(Cy,0y4) is a building of type II; with ¢y € C; for each J € S;

(F2) each glueing Ojir: Ps,(c(s;,5;3) = Ps;(cs;,5,)) 18 a bijection sending

C{Sjasi} onto C{Siask};

(F3) Orit 0 i, = 0y for all s;, 85, s,,5 € S such that s; ¢ {s;, sk, s;} and
{Sk, 3i}7 {Sia Sl}7 {Sj7 Si} € S/'

11.1.2 Remark

Let F be a foundation of type II. If s;,s; € S are such that {s;,s;} € &,
axiom (F3) yields 60j;; o 6,5 = 0j;;. Since 0;;; is a bijection, it is the
identity on the panel Psi(c{sijsj}). Hence, if s;,s;,5; € S are such that
{si,s;},{si, sk} € S’ we have Oy 0 0, = 0;;; and thus 0Oy;; = 9]_“11€

11.1.3 Definition
A foundation F = <(AJ)J€5/7 (c1)sest (ejilc){sj,si},{si,sk}ES’) of 2-spherical
type II will be called a Moufang foundation if the following hold:
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(MF1) For all J € S’ the building A is a Moufang polygon.

(MF2) If s}, s;, s, € S are such that {sj, s;}, {s;, si.} € S’, then the glueing 6,
induces an isomorphism between the Moufang sets Mia (or0:3Psi (
7] 2

and MA{si,sk}vpsi (C{si,sk}) :

C{Sivsj})

11.1.4 Definition
Let F be a foundation of type II and let K C S. The K-residue of F is the
foundation

Fr = ((As)serr, (cr)serr (Ojik) (s, s (50,0 ) €K7)-

11.1.5 Definition
Let F and F’ be foundations. An isomorphism of foundations p: F — F’
is a system ¢ := {m,ay | J € S’} of isomorphisms

m: I — 1T, OZJ:AJ—>A;,(J)

such that ay(cy) = c;(J) and for all s;, s, s, € S with {sj,s;}, {si,sx} € 5’
and all z € Py, (cys;,5,3) We have

(9;(j)7r(i)7r(k) ° Oé{sj,si})(x) = (a{si,sk} o ejik)(x)'
An isomorphism ¢: F — F' is special if II = II' and 7 = idp.

11.1.6 Remark
Let A = (A4, A_,d,) be a twin building of type II, let ¢ € {4, —} and let
¢ € C. be a chamber. The union of all irreducible rank 2 residues of A,
containing ¢ provides a foundation in a canonical way: For each J € S’ we
set

AJ = (RJ(C)75<€‘RJ(C)XRJ(C)) and Cj:=2¢C

and for s;,s;,sp € S such that {sj,s;},{si,sx} € S’ we let 0, be the
identity on the panel Ps,(c). Now the resulting triple

F(A,e) = ((Ay)ses (¢)yes, (Ojik) i,y {ikyes’)

is a foundation of type II. It is called the foundation of A based at c.

It is a (not completely trivial) fact that for any chamber d € C. we have
F(A,d) ~ F(A,c) . Moreover, for ¢/,d € C_. we have F(A,d) ~ F(A,d)
and the isomorphism class of F(A, ¢’) is uniquely determined by the isomor-
phism class of (A, ¢) and vice versa.

If A satisfies the Moufang condition, the foundation F(A,c¢) is a Moufang
foundation for every chamber c € C; UC_.

11.1.7 Definition
A foundation F of type Il is called integrable, if there exists a twin building
A of type IT and a chamber ¢ of A such that F ~ F(A,¢).
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11.1.8 Remark
Let A = (C,6) be a Moufang spherical building of type II and let ¢ € C be
a chamber. Again, the triple

F(A,c) == ((Ry(c))jes (€)ses (id) iy {5, k1es)
is a Moufang foundation of type II. In view of [AB, 8.81], A is part of a
Moufang twin building A’ and F(A,c¢) ~ F(A’,¢). Thus, the foundation
F(A,c) is integrable.

11.1.9 Lemma
Let F be an integrable foundation of type IT and let J C S such that |J| > 2.
Then the J-residue F is integrable.

Proof This is Theorem 20.1 of [WDis]. O

11.1.10 Definition
A foundation F = ((Aj)ses's (€)sests (0jik) (i gy, 1ikyes) of type IT satisfies

(Ico), if for any J € S’ the building A is spherical and for each chamber
c € Cj the chamber system defined by the set of chambers opposite ¢
is connected.

(Isco), if IT is 3-spherical and if each panel Ps(cy) has at least 17 elements for
any s € S and J € S’ with s € J.

11.1.11 Theorem
Let F be a Moufang foundation of affine, irreducible type II which satisfies
(Ico) and (Isco). Then the following are equivalent:

(i) F is integrable.

(ii) For each irreducible subset J C S with |J| = 3 the J-residue Fy is
integrable.

Proof Let D be as in [BM], which is an RGD-system since II is affine. The
assertion now follows by Theorem 3.20 of [BM]. The second implication is
11.1.9. O

As has been announced earlier, almost all twin buildings are uniquely de-
termined by the foundation of one of its halves:

11.1.12 Theorem

Let A = (A4, A_,0,) and A" = (A!,A”,¢}) be thick, irreducible, 2-
spherical twin buildings of type II which satisfy (co) and let ¢ € C4 and
¢ € C!, be chambers such that the foundations F(A,c) and F(A’,) are
isomorphic. Then A and A’ are isomorphic.
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Proof Let ¢ = {m ay|J € S'}: F(A,¢) — F(A',d) be an isomorphism,
where S’ denotes the set of all irreducible subsets of S of cardinality 2. For
all J € 8 the map aj: Ry(c) = Ryy(c) is a m|s-isometry which maps
¢ onto ¢. By replacing A’ by A" ' via the 7 -isometry id (cf. 7.2.4),
each map o/} :=idoay: (R(c),04) — (R(;(c’),é_’fl) becomes an isometry
mapping ¢ onto ¢. If s € S and J,K € S’ are such that s € K N .J,
then (IoF2) ensures that o/;(z) = o/ (z) holds for all € Py(c). Hence
the mapping ¢: Ej(c) — E5(¢) defined by ¢(x) := ay(z) if x € Ry(c) is
well-defined.

Let s,t € S be such that st = ts. As Il is irreducible we may choose
J,K € S with s € Jand t € K. Let x € Ps(c) and let y € P;(c) such that
x # ¢ #y. Then, by 2.28, ¢ = projp () (¢(y)) and ¢ = projp,_(.)(y). Hence

0y (d(x), b)) = 8 (6(2), )y (' d(y)) = 04 (x, )04 (c,y) = o1 (2,y)

implies that ¢|p, (¢)up,(c) 1s an isometry from Py (c)UP;(c) onto Ps(c')UPi(c).
Using 4.2.3 we extend ¢ to a map ®: Ea(c) — FEa(c¢’) which, by construction,
satisfies the properties of 4.2.4. Thus, ® is an isometry Es(c) — Es(d).
According to 7.1.6, there exist chambers d € C_ and d’ € C’ which are
opposite to ¢ and ¢ respectively such that the map d — d’ extends ® to an
isometry Fa(c) U {d} — Es(c)U{d'}.

By 7.3.1, ® extends uniquely to an isometry from A onto A" . As A/ is
isomorphic to A" (cf. 7.2.4), the assertion follows. O

11.2 nm2-foundations

Let 3 < n,m € N. Throughout the rest of this section let II be the 2-
spherical Coxeter diagram

We denote the corresponding Coxeter system by (W, S) and let

F = ((A{Sl,sz}) A{52,33})7 (0{51,52}7 C{s2,33})7 (0123))

be a Moufang foundation of type II.

Note that, in view of 11.1.2, it suffices to consider the glueing 0123. The
building Ay, 4,) is a Moufang n-gon while Ay, .1 is a Moufang m-gon.
We set P := Py, (s, 5,}) and let M :=Ma _ _ p denote the corresponding
Moufang set. Similarly, we set P’ := Ps,(c(s,,5,}) and M’ := MA(,, o) P
Note that 0123(Cfs,,501) = Csz,s5}-
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11.2.1 Remark

Let d be any chamber of Ay, o) and set Q := Py, (d). Let Gt denote
the subgroup of Aut(Ag,, ,}) generated by all the root groups of Ay, 3.
According to [WO03, 11.12] there exists g € GT such that 9(Csy,00y) = d
and by 9.3.1, ¢ induces an isomorphism of the corresponding Moufang sets
M — Ma,, ..o In particular, the map 7123 := th23 0 (glp)™t: Q=P is
a bijection inducing an isomorphism of Moufang sets Ma (5159102 M’ and
o := {idyy, g,ida {SQ,SS}} is an isomorphism of foundations

a: F— ((A{81,82}7 A{sg,sg})v (d7 ’7123((1))7 ('7123))-

11.2.2 Lemma
Let d € P be a chamber. Then F =~ ((Agy, 501> A}ss,s3})s (45 0123(d)), (0123))-

Proof If d = ¢y, 4,1 the assertion is clear. So suppose that d # cgy, o1
Since Ay, s,y is thick we may choose 2 € P\{cys, «,),d}. By property (M1),
there exists a unique g € U, such that g(cg,, s,1) = d. Similarly, there exists
a unique g' € Uy, ,, () such that g'((c(s, s,1)) = 123(d).

Let G denote the subgroup of Aut(A {s1,52}) generated by all the root groups
of Ay, ) and similarly let G denote the subgroup of Aut(Agy, 5)) gen-
erated by all the root groups of Ay,, ,.3. There exist ¢ € G' and ¢ € Gt
inducing the maps g and ¢’ respectively. Then « := {id, p, ¢} is an iso-
morphism of foundations

F = ((Afsy 501 Dfsyse1)s (d,0123(d)), (g 0 a3 0 g7 1)),

Since 6123 can be seen to be an isomorphism of Moufang sets M — M’ we
have 9123Uz01_213 = Up,45(z)- In particular, 6123 ogoé?1_213 € Up,yy()- Moreover,
as (0123 0 g 0 O155)(0123(c)) = B123(d), we conclude that 193 0 g o 0oy = ¢
Hence, ¢’ 0 f193 0 g~' = 0123 and the assertion follows. O

11.2.3 Lemma
If Agg, sy satisfies (Ind) at P or if Ay, .,y satisfies (Ind) at P’, the founda-
tion F is uniquely determined by Ay, o,y and Agg, o3

Proof Let F' := ((Afs 50} D{sa,sa})s (d,7123(d)), (7123)) be a foundation
of type II. In view of 11.2.1 we may assume that d = c(g, 5.}

Let G denote the subgroup of Aut(Ag,, s,1) generated by all the root
groups of Ay, 3. Let g € G such that 9(0h23(cfsy,503) = 71123(CLsy,501)-
Following 9.3.1, g induces an isomorphism of the corresponding Moufang

. !/
sets ‘g|lpl - M - MA{52,53}7P82 (7123(0{51,52}))'
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Suppose that Ay, ) satisfies (Ind) at the panel P. Because of this property
there is p € Aut(Ay,, 4,1) inducing ¢ := vﬁé o glpr 0 0123 € Aut(M). Now
a := {idm, ¢, g} is an isomorphism

ar F = ((Afsy,s0)r Disa,sst)s (0(Cfsy,50))s 1123(0(Chsy,150))))s (V123))-
As p(cs, 5,3) € P, lemma 11.2.2 gives that F ~ F'.

If Ay, s, satisfies (Ind) at the panel P’, there exists ¢ € Aut(Agy, ,})
inducing ¢ := g];,l 0 Y193 0 0155 € Aut(M'). Now a := {idﬂvidA{sl,SQ}ag op}
is an isomorphism F — F.

O

11.2.4 Remark

Choose an apartment Y19 of Ay, ,,3 containing the chamber c(y, ;1. By
9.2.2 the Moufang n-gon Ay, ,,} can be described by the root group se-
quence Q19 = (U4, Uy,...,Uy,) based at (X9, ¢y, s,1)- Similarly, Ay, oy
can be described by a root group sequence o3 = (UL, Uj,...,U;,). We
choose the labeling in such a way that the glueing 6123 is an isomorphism
M,, — M. If at least one of the polygons satisfies (Ind) at the glueing panel,
lemma 11.2.3 enables us to briefly describe the foundation by F = (12, Q93).

For the rest of this section we assume that n = m = 4, i.e. F is a foundation
of type Ca.

11.2.5 Remark
Let m € Aut(II) be the non-trivial automorphism of the Coxeter diagram

Co. Then a := {77,1dA{31732},1dA{32733}} is an isomorphism

a: F— F° = ((A{SQ,Sg}a A{Sl,SQ})’ (C{SQ,Sg}a C{sl,sz})a (9321))-

We continue to assume that at least one of the polygons satisfies (Ind)
at the glueing panel and let 215 and {293 denote the corresponding root
group sequences such that F = (12, {23). The considerations above yield
(€12, Q93) = F =~ F° = (35, Q1)

11.2.6 Lemma

Suppose that Ay, o1 >~ BS(A) for some quadratic space A of type Ej, for
some k € {6,7,8} and that Ag,, o) ~ BE(A'), where A’ is an anisotropic
quadratic space. Then the glueing is along the panels of quadratic form
type.

Proof Let A = (K,V,Q) and A’ = (K, V', Q’). Note that the Moufang
sets M(V’) and M(K') are commutative. Hence the glueing needs to be an
isomorphism M(V) — M(V') or M(V) — M(K’). In view of [KDis, 3.3.5],
the latter is impossible, since dimg (V') > 6 and Def(A) # V by 1.25. O
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11.2.7 Lemma

Suppose that Ay, .3 =~ Bg(A) for some quadratic space A of type Ej for
some k € {6,7,8} and that Ay, ov ~ BY(Z), where Z is an anisotropic
pseudo-quadratic space. Then the glueing is along the non-commutative
panels.

Proof Let A = (K,V,Q) and = = (K',K{, ¢, V’,Q’). Suppose that the
quadrangles are glued along their commutative panels. Then there is an
isomorphims of Moufang sets M(V) — M(K’). In view of [KDis, 3.3.5], this
is impossible, since dimg (V') > 6 and Def(A) # V by 1.25. O

11.2.8 Lemma

Suppose that Ay, =~ BJ (A) for some quadratic space A of type F4 and
that Ay, o) =~ B2Q(A’ ), where A’ is an anisotropic quadratic space. Then
the glueing is along panels of quadratic form type.

Proof Let A = (K,V,Q), let A = (F,V,Q) be the dual of A and let
AN = (K, V', Q). Note that both Moufang sets associated to a Moufang
quadrangle of type F4 are of quadratic form type. Since dimg (V') > 4 and
V # Def(Q) as well as dimp(V) > 4 and Def(Q) # V by definition, the
assertion follows from [KDis, 3.3.5]. O

11.2.9 Theorem

Let Ay = (Ky,V1,Q1) and Ay = (Kg, Vo, Q2) be either quadratic spaces of
type Eg or let A; and Ay be quadratic spaces of type E; with char(K;) # 2.
Let 21 = (K, K§, 01, V4, Q1) and Z = (K, K2, 09, V2, Q2) be proper pseudo-
quadratic spaces. For i = 1,2 let F; := ((B§(A:), B} (Z:)),7:) be integrable
Moufang foundations of type Ca, where the Moufang quadrangles are glued
along their non-commutative panels in each case. Then each isomorphism
¢: B§(A1) — B§(Az) extends to an isomorphism of foundations F; — Fo.

Proof Let i € {1,2}. As F; is assumed to be integrable, there exists a
twin building A; = (A4, Ay —, 6;) of type Cy and a chamber ¢; € Ci. for
some ¢ € {+,—} such that F; ~ F(A;,¢;). By 10.0.8, the building A; .
is a Bruhat-Tits building whose building at infinity is an exceptional Mou-
fang quadrangle. According to the classification of Bruhat-Tits buildings of
type C, having an exceptional Moufang quadrangle as building at infinity
given in [MPW, 14.3 and 17.3|, we obtain that =; is a 4-dimensional proper
anisotropic pseudo-quadratic space.

Moreover, if A; is of type Eg, then, by [MPW, 14.3(2)(iii)(a)], K;/K} is a
separable quadratic extension and o; is the non-trivial element of Gal(K; /K}).
If A; is of type E7, then, by [MPW, 14.3(3)(ii)(a)], K; is a quaternion division
algebra, K is its center and o; is the standard involution on K;.
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For i = 1,2 choose e; € V;, replace Q; by Qi(e;)™1Q; (so Q;(e;) = 1k,) and
choose a norm splitting (E;, -, {vi,,...,vi,}) of A; and set s;; := Q;(v;;) for
each 1 < j < d}. We may assume that v;, = e;. Let S; be the group defined
in 1.27 with respect to these data and let T; be the group defined in 1.37
with respect to the anisotropic quadratic space =;.

Let ¢« € {1,2}. Set X; := S;/Z(S;) (so if A; is of type Ex, X; is a vec-
tor space over K; of dimension 2k_3). If A; is of type Eg set I; := E;.
By [TW, 13.9], X; is a 4-dimensional vector space over D;. If A; is of
type E7 let D; = (E; /Ky, $i,SizSiy). AS 8iy8i38i, ¢ N(E;) by definition, D;
is a quaternion division algebra and, by [WO06, 3.6], there exists a scalar
multiplication *: D; x X; — X; extending the scalar multiplication of K;
on X; which gives X; the structure of a vector space over I);. Note that
By [TW, 13.6], the K;-vector space V; acts on X; and, by [TW, 12.53], this
action has a unique extension to a map X; x C(Q;,e;) — X; making X;
into a right C(Q;, e;)-module, where C(Q;, ;) denotes the Clifford algebra
of Q; with basepoint e; as defined in [TW, 12.47]. As is shown in [W06, 3.8],
the centralizer of this action in Endg,(X;) is isomorphic to ;. Since also
K; centralizes the action of V; on X;, we conclude that K; can be identified
with ;.

Now consider the group T;. As Z; is a pseudo-quadratic space, T3 /Z(T;) ~ V;
is a 4-dimensional vector space over K; ~ ;. On the other hand, by as-
sumption, there is an isomorphism of Moufang sets ;: M(S;) — M(T;) (and
hence of the underlying groups) which carries the structure of a vector space
over D; from S;/Z(S;) = X; onto T;/Z(T;). Thus, ~; induces an isomorphism
of vector spaces.

Suppose that we are given an isomorphism ¢: B§(A;) — B§(Ag). Let P
be a non-commutative panel of B§(A1). Then the restriction v := o|p
induces an isomorphism of Moufang sets: y: M(S1) — M(S2). Since ¢ is an
isomorphism of Moufang quadrangles, it respects the actions of V; on 57 and
V5 on Ss and hence it is compatible with the D;-vector space structure of
X;. Hence there is an isomorphism of skew fields ¢: D; — Dy such that the
map ¢1: S1/Z(S1) — S2/Z(S2) induced by -y is ¢-semi-linear. Moreover,
the map v/ ==y 070 fyl_l is an isomorphism M(Z;) — M(E2) of Moufang
sets such that for all 2 € X = S1/Z(S1) we have 75, ' 07/ o y1(z) = @1 ().
According to [WDis, 7.15], v/ is well-defined on the first component and thus
induces an isomorphism of groups v1: 71/Z(Th) — T2/Z(T) which can be
thought of to be a ¢-semi-linear map of the underlying vector spaces due to
the considerations above.

Let (0x,,t) € Z(T») be such that 7/(0x,, 1p,) = (0x,,t). Let b € X; and
v € Dy be such that (b,v) € Ty and let (a,s) € T}. Let s',v" € Dy be such
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that v/'(a, s) = (74(a),s") and +'(b,v) = (71(b),v"). In view of 9.1.7 we have

=

7 (MG © Moy 1) (8:0)) = 7 (G (B:0))

=7 (Hs © “i)lxl,lw (b,v))
E = -1

= /J'»y?(a,s) © MV?(OlellDl) (")/<b, U))
= = -1

= Ky (a).e) O Hony ) (1(0),0)

= M @) © My =) (T (0): V).

In particular, if (a, s) € QE?;), where Qbﬂji}) is defined as in 9.1.4, then there

: I =) =2 _ /
exist u,u’ € Dy such that mg o m(lel,lml)(b’U) = (bu,u’). Hence,

M ) © M0 =) (7 (0:0)) = 7 (g (b,0)
=7 (bu,u') = (N (0)$(u), u") € (1 (b)D2, D)

implies that 7/(a,s) € Qtwj(lbw). Note that this is reasonable since ¢t~1 € K2
by [TW, 11.6].

Let i € {1,2}. For a better readability we now identify each element b € X
with its image ~;(b) € T;/Z(T;). Let f; be the skew-hermitian form as-
sociated with @; and let 7; be the polarity of the projective space P(X;)
induced by f;, i.e. 7 is defined by 7;({(x)) = z* for all 2 € X;. Note that for
all 0x, # b € X; we have b ¢ b*, since the fact fi(b,b) = Op, implies that
Q:(b) € K which in turn implies that b = Oy, since Z; is anisotropic. In
particular, (b) N b+ = {0x,} for all b € X;.

Moreover, for all b € X; we have +{(m1((b))) = m2((v1(b))) : Indeed, let
a € b+. Clearly, if a = Oy, then vj(a) = Ox, € 7;(b)*. Otherwise, by
9.1.4, we have (a,Q1(a)) € le]il@ﬂb))
that v/(a, Q1(a)) € Q’t);(thl(b)) and thus, by 9.1.4, v/ (a) € (7} (b)) U~;(b)*.
As a ¢ bD1, 71 (a) € 71 (b)" = m2(71 (D).

This illustrates that the skew-hermitian forms f := ¢o fi o (v % yfl) and
f2 induce the same polarity on P(X3). Thus, they are “proportional®, i.e.
there exists ¢ € D} such that f(a/,b') = cfo(d,b') holds for all a/, b € Xo.
By [BC, 7.3.14], f=cfrisa (6, €)-hermitian form, where & is given by
6(s) = cog(s)e™! for all s € Dy and é = —coa(c)™!. Since f is skew-
hermitian, we conclude that ¢ € Fixp,(02) = Kg ~ Z(S9) =~ Z(T3) ~ K3.
Note that Z(D2) = Fixp,(o2) also holds for Dy being a quaternion divi-
sion algebra with standard involution o9 since we excluded the case that
char(Kg) = 2.

If char(Ky) # 2 the pseudo-quadratic forms Q:=¢oQ;o v Land Qs are
uniquely determined by their associated skew-hermitian forms (cf. [TW,

and the considerations above show

1
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11.28]) and we conclude that Q = ¢Qy. If char(Ky) = 2, then [TW, 11.19]
implies that the skew-hermitian forms are trace-valued and thus again de-
termine the associated pseudo-quadratic forms. In particular, the pair (v, ¢)
is a similarity from Z; onto Z9. According to [TW, 35.19 and 7.5], this simi-
larity extends to an isomorphism v: B (Z1) ~ B (Zs).

Furthermore, since ¢|p = @1, |, (py = 71 and 71 0 y1(x) = 71 © Y1()
holds for all € P, the system {id, ¢, 1} is an isomorphism of foundations
F1 — Fo.

g



Chapter 12

Determining the local
structure

12.0.1 Theorem

Let A = (A4, A_, ) be a thick twin building of type Cy and suppose that
for some chamber ¢ € C; the rank 2 residue R := Ry, s,1(c) is isomorphic
to a Moufang quadrangle of exceptional type. Let R’ := Ry 52753}(0) and let
F := F(A,c) be the foundation of A based at ¢. Then

(Ee)

if R ~ B‘; (A) for some quadratic space A of type Eg, then the founda-
tion F is uniquely determined by R and R’ and either

F ~(Qe(A), Qu(A)) or F ~ (Q2(A), Qp(T)),

where = is a proper anisotropic pseudo-quadratic space which is uniquely
determined (up to similarity) by R;

if R ~ B§(A) for some quadratic space A of type E7, then either F is
uniquely determined by R and R’ and

F =~ (Qe(A), Q3(A)), or F =~ (Q2(A), Op(2)),

where = is a proper anisotropic pseudo-quadratic space which is uniquely
determined (up to similarity) by R if char(K) # 2;

if R ~ Bg (A) for some quadratic space A of type Eg, then the founda-
tion F is uniquely determined by R and R’ and

F = (Qe(A), Qo(A));

if R ~ Bf (A) for some quadratic space of type Fy, then the foundation
F is uniquely determined by R and R’ and

F = (Qr(A), Q5(A)) or F ~ (Qr(A), Q3 (A)),
where A denotes the dual of A as defined in 1.31.

156
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Proof According to 10.0.7, the foundation F is a Moufang foundation.
Moreover, by 10.0.8, the building A, is a Bruhat-Tits building whose build-
ing at infinity is an exceptional Moufang quadrangle. Thus we may use the
classification of exceptional Bruhat-Tits buildings of B. Miihlherr, H. Pe-
tersson and R. Weiss summarized in [MPW, 14.3 and 17.3] to determine the
structure of the residue R’.

(Ee)

Suppose that R is a Moufang quadrangle of type Eg. Then, by [MPW,
14.3 and 17.3] the building A% is either a Moufang quadrangle of type
E6 or E7.

In the first case [MPW, 11.4(i)] implies that R’ is a Moufang quadran-
gle of quadratic form type. Thus, there exists an anisotropic quadratic
space A’ = (K', V', Q') such that the root group sequence of R’ is iso-
morphic to the root group sequence Qg(A’). According to 11.2.6,
R and R’ are glued along their panels of quadratic form type and
hence there is an isomorphism of Moufang sets v: M(A) — M(A’), i.e.
~v:V — V' is an isomorphism of groups which, by 9.1.7, respects the
p-multiplication. Therefore, according to [MPW, 6.10], A’ is similar to
A and hence, by [TW, 35.8], Qo(A) ~ Qo(A’). By 9.3.3, R’ satisfies
(Ind) at the glueing panel and hence 11.2.3 implies that the foundation
F is uniquely determined by R and R'. Thus, F =~ (Qg(A), Q5(A)).
If A% is of type E7, [MPW, 12.8(iv)] implies that there exists a proper
anisotropic pseudo-quadratic space = = (E,K', 0, V', Q"), where E/K’
is a separable quadratic extension, ¢ is the non-trivial element of
Gal(E/K’) and dimg(V') = 4 such that the root group sequence of
R’ is isomorphic to the root group sequence Qp(Z). According to
11.2.7, R and R’ are glued along their non-commutative panels. Thus
we have F ~ (QZ(A), Qp(Z)). Moreover, by 11.2.9, the foundation F
is uniquely determined by the isomorphism class of R.

Note that, in view of [TW, 38.9], the two foundations given can not
be isomorphic.

Suppose that R is a Moufang quadrangle of type E7. Then, by [MPW,
14.3 and 17.3] the building AS° is either a Moufang quadrangle of type
E7 or Eg.

In the first case [MPW, 11.4(i)] implies that R’ is a Moufang quadran-
gle of quadratic form type. Thus, there exists an anisotropic quadratic
space A = (K', V', Q') such that the root group sequence of R’ is iso-
morphic to the root group sequence Qg(A’). According to 11.2.6,
R and R’ are glued along their panels of quadratic form type and
hence there is an isomorphism of Moufang sets v: M(A) — M(A'), i.e.
~v:V — V' is an isomorphism of groups which, by 9.1.7, respects the
p-multiplication. Therefore, according to [MPW, 6.10], A’ is similar to
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(F4)

A and hence, by [TW, 35.8], Qo(A) ~ Qo(A’). By 9.3.3, R’ satisfies
(Ind) at the glueing panel and hence 11.2.3 implies that the foundation
F is uniquely determined by R and R’. Thus, F =~ (Qg(A), Q% (A)).
If A% is of type Eg, [MPW, 12.9(i)] implies that there exists a proper
anisotropic pseudo-quadratic space = = (D, K/, o, V', Q’), where D is
a quaternion division algebra over K’, o is the standard involution
of D and dimp(V') = 4 such that the root group sequence of R’ is
isomorphic to the root group sequence Qp(Z). According to 11.2.7,
R and R’ are glued along their non-commutative panels. Thus we
have F ~ (QZ(A), @p(E)). Moreover, if char(K) # 2, by 11.2.9, the
foundation F is uniquely determined by the isomorphism class of R.

Note that, in view of [TW, 38.9], the two foundations given can not
be isomorphic.

Suppose that R is a Moufang quadrangle of type Eg. Then, by [MPW,
14.3 and 17.3] the building A% is a Moufang quadrangle of type Eg.

By [MPW, 11.4(i)], R’ is a Moufang quadrangle of quadratic form type.
Thus, there exists an anisotropic quadratic space A’ = (K, V', Q') such
that the root group sequence of R’ is isomorphic to the root group
sequence Qo(A). According to 11.2.6, R and R’ are glued along their
panels of quadratic form type and hence there is an isomorphism of
Moufang sets v: M(A) — M(A'), ie. v: V — V' is an isomorphism
of groups which, by 9.1.7, respects the p-multiplication. Therefore,
according to [MPW, 6.10], A’ is similar to A and hence, by [TW, 35.8],
Qo(A) ~ Qg(A). By 9.3.3, R/ satisfies (Ind) at the glueing panel and
hence 11.2.3 implies that the foundation F is uniquely determined by
R and R'. Thus, F ~ (Qe(A), Q%(A)).

Suppose that R is a Moufang quadrangle of type F4. The classification
in [MPW, 14.3 and 17.3] shows that, irrespective of the type of A%,
R’ is a Moufang quadrangle of quadratic form type in each case. Thus,
there exists an anisotropic quadratic space A" = (K', V’, Q') such that
the root group sequence of R’ is isomorphic to the root group sequence
Qo(A).

Let A denote the dual of A. By 11.2.8, the glueing induces an isomor-
phism between two Moufang sets of quadratic form type. By [MPW,
6.10], therefore, the quadratic space A’ is similar to A or A, depend-
ing on the glueing panel. Hence, by [TW, 35.8], Qg(A) ~ Qg(A’) or
Qo(A) ~ Qo(A'). As R’ satisfies (Ind) at the glueing panel (cf. 9.3.3),
11.2.3 implies that the foundation F is uniquely determined by R and
R'. In view of 11.2.5 and 9.2.8(v) we have F ~ (Qr(A), Q(A)) or

F = ((Q%(8), @5(4)) = ((Qr(R), Q3 (A)).
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Chapter 13

Existence of certain twin
buildings of higher rank

~

13.1 Buildings of type E,

Let A be a building of type D,, (n > 4) or E, (n = 6,7,8). According
to [Ti74, 6.7], each irreducible rank-2-residue of A is associated to a Desar-
guesian projective plane and each of these projective planes is defined over
the same skew field K. By [Ti74, 6.12 and 6.13], the defining skew field K
is a field and it determines the building A up to isomorphism.

Moreover, for each field K there exists such a building of type D,, (n > 4)
or E, (n=6,7,8) which will be denoted by D,,(K) or E,(K), respectively.

13.1.1 Notation

Throughout this section we fix a quadratic space A = (K, V, Q) of type E,
for n € {6,7,8}. We let E/K be a separable quadratic extension such that
{E,{v1,...,v4}} is a norm splitting of A.

13.1.2 Proposition

Let II be the Coxeter diagram E, labeled as in 2.3. There exists a twin
building A = (AL, A_,d,) of type E, such that for some ¢ € {+, -} each
residue of type {s1,...,s6} in C; is isometric to the building E, (E).

Proof

n =6 Let Aj be the building E¢(E), let the corresponding diagram be labeled
as in 2.3 and choose a chamber ¢ € A;. Let Ag be the building D5(E).
Let R := Rys,,ss,54,54}(¢) De a residue of Ay of type Dy. If R' is a
residue of As of type Dy, the classification of spherical buildings yields
that there is an isomorphism ¢: R — R'. Let d := ¢(c). We relabel
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n==17
n=38

the diagram D5 in such a way that (R, ;1(c)) = Rys, s;3(d) holds
for all {i,5} € {{2,4},{3,4},{4,5}} and the unique vertex which does
not belong to the subdiagram D4 will be labeled by 0. Then

F = ((R{s1,53}(0)7 R{53,54}(C)7 R{sz,&;} (C)a R{so,sg} (d)>
R{S4,S5}(c)7 R{S5,86}(C))’
(C, G C, d7 c, C)a

(0134, 6342, 0245, O4s56)),

where 0400 = <,0|7>{32}(C) and 6;;; = id in all the other cases, is a foun-

dation of type Eg. According to [WDis, 25.1], the foundation F is
integrable. Let A = (A4, A_,d,) be a twin building of type E¢ and
let © € C; UC_ be such that F(A,z) ~ F. Let J := {s1,...,s6}.
Then, F; ~ F(A1,c) and thus, by [AB, 5.209], Rj(z) ~ A; ~ E¢(E).
In view of [AB, 5.157], each spherical residue of type J which is con-
tained in the same half as the chamber x is isometric to the building

Es(E).

Let Aj be the building E7 (), let the corresponding diagram be labeled
as in 2.3 and choose a chamber ¢ € A;. Let Ay be the building D¢(E).
Let R := Rys,,...s51(c) be a residue of Ay of type D5. If R’ is a residue
of As of type Ds, the classification of spherical buildings yields that
there is an isomorphism ¢: R — R'. Let d := ¢(c). We relabel the
diagram Ds in such a way that ¢(Ry, s,3(c)) = Ry, s;3(d) holds for
all {i,7} € {{1,3},{2,4},{3,4}{4,5}} and the unique vertex which
does not belong to the subdiagram Dy will be labeled by 0. Then

‘F = ((R{SO,S1}(d)7 R{sl,S;g}(C)’ R{S3,S4} (C)’ R{82,84} (6)7 R{S4,S5}(C))
R{55,56} (C), R{36,s7} (C)),
(d? C? C? c? C? C? C)?

(Bo13, 0134, 0342, 0345, 0245, 0456, O567) ),

where 0p13 = @_l‘p{SI}(d) and 6;;, = id in all the other cases, is a

foundation of type E7. According to [WDis, 25.1], the foundation F is
integrable. Let A = (A4, A_,d,) be a twin building of type E; and let
x € C4 UC_ be such that F(A,z) ~ F. Let J := {s1,...,s7}. Then,
Fy ~ F(A1,c) and thus, by [AB, 5.209], Rj(z) ~ A; ~ E7(E). In
view of [AB, 5.157], each spherical residue of type J which is contained
in the same half as the chamber z is isometric to the building E7(E).

Let A; be the building Eg(E), let the corresponding diagram be labeled
as in 2.3 and choose a chamber ¢ € A;. Let Ag be the building Dg(E).
Let R := Rys,,.. s} (c) be the unique residue of A; of type D7. If R/
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is a residue of Ay of type D7, the classification of spherical buildings
yields that there is an isomorphism ¢: R — R'. Let d := p(c). We
relabel the diagram D7 in such a way that p(Ry, s,3(¢)) = Rys, 5,3 (d)
holds for all {i,5} € {{2,4},{i,i+ 1} | 3 < i < 7} and the unique
vertex which does not belong to the subdiagram D7 will be labeled by
0. Then

F = ((R{S1,53} (C)7 R{83,54} (C)v R{82,84} (C)7 R{54785} (C),
R{55,56} (C)v R{56757} (C), R{S7,58} (6)7 R{sg,so} (d))a
(07 C? C’ C’ C’ C7 C7 d)’

(0134, 0342, 0345, 0245, 0456, 567, , O678, 0780) ) »

where 6750 = 90\7;{88}(0) and 0,5, = id in all the other cases, is a foun-

dation of type Eg. According to [WDis, 25.1], the foundation F is
integrable. Let A = (A4, A_,4,) be a twin building of type Eg and
let x € C+ UC_ be such that F(A,z) ~ F. Let J := {s1,...,58}.
Then, Fj ~ F(Ay,c) and thus, by [AB, 5.209], Rs(x) ~ A; ~ Eg(E).
In view of [AB, 5.157], each spherical residue of type J which is con-
tained in the same half as the chamber x is isometric to the building
Es(E).

0

13.1.3 Proposition
For n = 6,7 let II be the Coxeter diagram E,; labeled as in 2.3. There
exists a twin building A = (A, A_,d,) of type E,41 such that for some

e € {+, —} each residue of type {s1,..., s} in C; is isometric to the building
E.(E).

Proof Let A be the twin building of type En+1 described in 13.1.2. Then,
for some chamber x of A, Ry, ,3(*) = Epp1(E). In view of the clas-
sification, since Rj(x) is a residue of E, 1 of type E,, Rj(c) ~ E,(E).
By [AB, 5.157], each spherical residue of type J which is contained in the
same half as the chamber x is isometric to the building E,, (E). O

13.2 Buildings of type |~:4

Let L/K be an inseparable extension of fields with char(K) = 2 such that
L2 C K C L. Let ¢: L — K denote the quadratic form which is defined by
q(x) := 22 for all x € L. According to [Ti74, 10.2] there exists a unique
building of type F4 such that its residues of type Cs are isomorphic to the
building BE(K, L, ¢). We denote this building by F4(L/K).
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13.2.1 Notation

Throughout this section we fix a quadratic space A = (K, V', Q) of type Fy.
Let F be asin 1.29, let (E, -, {v1,v2}) be a norm splitting of some complement
of Def(A) in V' and let D denote the composite field EF. Thus D/E is an
extension such that D? C E C D. Moreover, in view of [T, 11.2], the field E
has infinitely many elements.

13.2.2 Proposition

Let II be the Coxeter diagram F, labeled as in 2.3. There exists a twin
building A = (A4, A_,d,) of type Fy such that for some ¢ € {+,—} each
residue of type {s1,...,84} in C; is isometric to the building F4(D/E).

Proof Let A; be the building F4(ID/E), let ¢ be a chamber of A; and let
Fy := F(A1, ¢) be the foundation of Ay based at ¢. By 11.1.8, the foundation
JF1 is integrable and Moufang.

We consider the quadratic space A’ := (E, V', Q’), where V' := D@ (E)® and
Q': V' — Eis defined by Q'(wo, 21, . .. ,28) := 23+ 2123+ ToT4+T576 + 2778
for all zgp € D, x1,...,2z8 € E. Let Ay := Flag(G(P(A’))). Thus Ag is a
building of type C4. In view of 11.1.8, the foundation F(Aq,d) is integrable
and Moufang for each chamber d of As.

Let R := Rys, 55,55} (¢) be a residue of Aj of type C3 and let R’ be a residue
of Ay of type C3. Due to the classification of buildings of type F4 and
the construction of As, the Co-residues of R and R’ of type Cy are both
isomorphic to the building BQQ(IE,]D),@" — 22). Thus, according to [Ti74,
8.8(ii)] there is an isomorphism ¢: R — R'. Let d := ¢(c). We relabel the
diagram C4 in such a way that (R, s,.,1(c)) = Rys, s,,,1(d) holds for all
1 <7 <2 and the unique vertex which does not belong to the subdiagram
C4 will be labeled by 0. Then

F = ((Riso,s13(d), (Rys; 5,13 (€))1<i<3); (d, (¢)1<i<3), (Oo12, 0123, 0234) ),

where 012 = 90_1|7331(d) and 0,5 = id in all the other cases, is a Mo-

ufang foundation of type Fy. Let s € {s0, s1,s2}. Then the Moufang set
M, p,(4) is isomorphic to the Desarguesian Moufang set M(E) and since E
has infinitely many elements, we conclude that |Ps(d)| = oco. Similarly, if
s € {s3, 84}, the Moufang set M, p,(¢) 18 isomorphic to the Desarguesian
Moufang set M(D) and as D has at least |E| many elements, we conclude
that |Ps(c)| = oco. In particular, in view of [MR], the foundation F satisfies
(Ico) and (Isco) (cf. 11.1.10).

Let J C {so,...,s4} be an irreducible subset of rank 3. Then the residue
Fy is isomorphic to a residue of one of the foundations F; = F(Aq,¢) or
Fo := F(Ag,d). As, by 11.1.9, each residue of F; or F» of rank 3 is inte-
grable, we conclude that F; is integrable. According to 11.1.11, therefore,
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F is integrable. Let A = (A4, A_,6,) be a twin building of type F, and
let x € Cy UC_ be such that F(A,z) ~ F. Let J := {s1,...,84}. Then,
Fy~ F(Aq,c) and thus, by [AB, 5.209], Rj(z) ~ A; ~ F4(D/E). In view
of [AB, 5.157], each spherical residue of type J which is contained in the
same half as the chamber z is isometric to the building F4(D/E). O



Chapter 14

Exceptional fixed point
buildings

In [MW] Miihlherr and Weiss apply the theory of descent for buildings to
give elementary constructions of the exceptional Moufang quadrangles as
the fixed point buildings of involutions of higher rank buildings. As we will
extend their constructions, we list the main results here.

14.0.1 Theorem

Let A = (K,V,Q) be a quadratic space of type Eg. Then there exists a
separable quadratic extension E/K such that Qg is hyperbolic and for each
such extension E/K, there exists an involution 2 of the building A = Eg(E)
such that the group I' := () is a descent group of A with Tits index

e

and the fixed point building A" isomorphic to BS(A).
Proof Thisis [MW, 14.11]. O

14.0.2 Theorem

Let A = (K,V,Q) be a quadratic space of type E;. Then there exists a
separable quadratic extension E/K such that Qg is hyperbolic and for each
such extension E/K, there exists an involution 2 of the building A = E7(E)
such that the group I" := () is a descent group of A with Tits index

e
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and the fixed point building A" is isomorphic to B§(A).

Proof Thisis [MW, 13.12]. O

14.0.3 Theorem

Let A = (K,V,Q) be a quadratic space of type Eg. Then there exists a
separable quadratic extension E/K such that Qg is hyperbolic and for each
such extension E/K, there exists an involution 2 of the building A = Eg(E)
such that the group I' := (Q) is is a descent group of A with Tits index

s

and the fixed point building AT is isomorphic to B (A).

Proof Thisis [MW, 11.21]. O

14.0.4 Theorem

Let A = (K, V,Q) be a quadratic space of type F4 and let F be as in 1.29.
Then there exists a separable quadratic extension E/K such that Qg is
pseudo-split and for each such extension E/K, there exists an involution {2
of the building A = F4(EF,E) such that the group I' := () is a descent
group of A with Tits index

@—c:.—@

and the fixed point building Al is isomorphic to B (A).

Proof This is [MW, 17.14]. O



Chapter 15

Existence of exceEtional twin
buildings of type (o

15.1 Case Eg

Throughout this section let A = (K, V, Q) be a quadratic space of type Eg
and fix a norm splitting (E, -, {vi,...,v3}) of A.

15.1.1 Theorem y
There exists a twin building A of type Cy such that for some chamber ¢ of
A we have

F(A; ) = (Qe(A), Qa(A))-

Proof Let A = (A4, A_,d,) be the twin building of type E¢ constructed
in 13.1.2. Let II be the Coxeter diagram Eg labeled as in 2.3 and let (W, S)
be the corresponding Coxeter system. Then each residue of AL of type
{s1,...,86} is isomorphic to the building Eg(E). As each rank 2 residue
of A is either of type As or of type Ay x Aq, A satisfies condition (co)
by [MR, 1.5].

Choose a chamber x € C;. and let Ag := Ry, . s1(7) = Eg(E) be the unique
residue of A of type {s1,..., ¢} containing the chamber x.

According to 1.26, the quadratic form Qg is pseudo-split and hence we
may apply theorem 14.0.1 to obtain an involution Qy € Aut(4Ag) such that
[y := () is a descent group of Ay with Tits index

T, ::©::>-—@
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and such that the fixed point building Ago is isomorphic to the Moufang
quadrangle BS(A).

We fix a I'y-chamber C C Ag and let A; denote the unique residue of type
{s0,82,...,55} of AL containing C. Then Ag; := Ag N A; is the unique
residue of type D4 containing C'. By assumption, Ao is a T'g-panel of Ag and
hence contains at least three ['g-chambers. According to 2.42, the restriction
Qo1 := Qolay, € Aut(App) is an involution and the group gy := (Qp1) is a
descent group of Ag; with Tits index

e

By 2.41, the fixed point building Agfl can be equipped with a Moufang
structure M such that the pair (Agfl,M) is a Moufang set. It follows from
MW, 10.4] that

(A5, M) ~ M(A). (15.1)

By 5.8.5, the involution 21 can be extended to an involution ©; € Aut(A;)
such that the group I'; := (Q;) is a descent group of A; with Tits index

T = > —® @

and such that the fixed point building Alfl is a Moufang quadrangle.

Choose a chamber ¢ € C and let ¢ := Qy(c) = Qi(c) € C. We define
subsets M := {82, ..., 85, 80}, My = {51, e 56}7 Moy := Mo N My and
A = {s3, 84,55} of S and set X := {My, My, My1, A}. The set X is a finite
essential set as defined in 4.2.1.

Let 0 € Aut(II) be the automorphism fixing the vertices 4,2 and 0 and
interchanging the vertices 1 and 6 as well as 3 and 5 respectively. Let
A7 = (AT, A7,67) be the translate of A with respect to o (cf. 7.2.4). For
i =0,1let 0; :== o|m,, and note that o; € Aut(Ily,). With this setup €; is
a oy-isometry of the bhilding A;.

We define a mapping ¢ from Ex (c) onto Ex(c’) (where the last is considered
as a subset of the building A7) via

)

2 idoQo(z), =€ Ruy(c)
ple) = {idoﬂl(x), 2 € R ()

which is well-defined since for each M € X we have M C My or M C M,
and since Q and € coincide on the intersection of their domains Ry, (¢).
The map ¢ is bijective, the inverse on Ry, (¢) is given by ©; 0id™! for each
i=0,1.
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For each M € X let ¢n = ¢|r,, () be the restriction of ¢ to the residue
Ra(c). For x,y € Ry(c) we have

0% (m(z), our(y)) = 65 (1d(Qi()), 1d(2i(y)))
= 0(04(Qi(z), Q(y)))
= 02(04 (a,9)) = 8- (2, ),
where ¢ = 0 or ¢ = 1 depending on wether M C My or M

-
particular, for each M € X the map @) is an isometry from (R
onto (R (c),d9).

M. In
(c),0+)

By 4.1.5, the chambers ¢ and ¢ are opposite in C. Let X4 be the unique
apartment of C' containing ¢ and ¢/. Since Qy(X4) is an apartment of C
containing the chambers Qq(c) = ¢ and Qy(c’) = ¢, we conclude that 34 is
[lg-invariant. Similarly, as Qg and €21 coincide on C, ¥ 4 is also I'1-invariant.
Choose a I'g-chamber D of Ag; different from C. Then the I'g-chambers C
and D are opposite in Ag;. By 8.1.9(a), there exists a unique apartment
of Agy containing the apartment >4 and intersecting D non-trivially. We
denote this apartment by X,s,,. Moreover, by 8.1.9(b), the apartment ¥y,
is I'p- and I'j-invariant.

Since (A?’, 8;) is a spherical building for each i € {0,1}, we may choose a
T';-chamber C; of Afi such that &;(C;,C) = g, where rg is the longest
element of the relative type of the Tits index T;. Thus, by [MPW, 20.35],
64 (e, proje,(c)) = rg, = rara and in particular there exists a chamber
z € C; such that 6(c,z) = rp;. As the opposition map stabilizes A we
conclude that C and C; are opposite residues of A;. Let P; be the unique
residue of A; of type Dy containing the I';-chamber C;. Then P; and Ay
are opposite spherical I';-residues of A;. Again, by 8.1.9(a), there exists a
unique apartment of A; containing the apartment ¥y, and intersecting P;
non-trivially. We denote this apartment by ¥,s,. In view of 8.1.9(b), the
apartment Xy, is I';-invariant.

With the notations as above, the set X satisfies ‘the conditions of theorem
6.3.6. Thus there exists a twin apartment X5, of A such that for all M € X
we have ¥y C ¥ x,. Now, for M € X and ¢ as above,

SD(EAU N RM(C)) = (,O(EM) =Xy = ZAO‘ N RM(C/).

According to the extension theorem 7.3.3, there is a unlque isometry Q from
A onto A? extendlng id o€y and idoQy. Set Q := id"'oQ. Then Q is an
isometry from A onto A extending Qo and Q;. Let I := Q) < Aut(A).
Let P be a I'-panel containing C. Then P is spherical and P is a I';-panel
of A; for i = 0 or ¢ = 1. Hence P contains at least three I';-chambers, i.e.
at least three I'-chambers.
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By 8.1.10, there exists a I'-chamber which is opposite to C in A and by

8.1.13
T := ©:>—@—@

is a Tits index. Using 8.2.6 we obtain that for ¢ € {4, —} the group
I'. :=T'|a. is a descent group of A..

Let II be the relative type of the Tits index T. In view of 2.16, the diagram
IT is connected, of rank 3, its corresponding Coxeter system is affine and,
by construction, has two subdiagrams of type Bs. We conclude that the
relative type of T is Co. In particular, for each ¢ € {+, =} the fixed point
structure Als is a building of type Co.

According to 8.3.9 there exists a codistance function 6! between the I'-
chambers of A, and the I'-chambers of A_. Hence, A := (Ai*, Al ,08) is

a twin building of type Co.

Let F(A,C) be the foundation of A based at C. The irreducible rank 2
residues of A containing C' are precisely AOFO and Alfl. As Ag‘) ~ B§(A)
and Ago and Alfl are glued along a panel of quadratic form type (cf. 15.1),
theorem 12.0.1 implies that F (A, C) =~ (Qg(A), Q5 (A)). O

15.1.2 Theorem
There exists a twin building A of type Cs such that for some chamber ¢ of
A we have

F(A,¢) = (Q¢(A), Qr(5))

for some anisotropic pseudo-quadratic space Z.

Proof Let A = (Ay,A_,6,) be the twin building of type E; constructed
in 13.1.3. Let II be the Coxeter diagram E; labeled as in 2.3 and let (W, S)
be the corresponding Coxeter system. Then each residue of Ay of type
{s1,...,86} is isomorphic to the building Es. As each rank 2 residue of Ais
either of type As or of type A; x Ay, A satisfies condition (co) by [MR, 1.5].

Choose a chamber x € C; and let Ag := Ry, . 51(7) = Eg(E) be the unique
residue of A of type {s1,...,s¢} containing the chamber z.

According to 1.26, the quadratic form Qg is pseudo-split and hence we
may apply theorem 14.0.1 to obtain an involution Qy € Aut(Ag) such that
Ty := (o) is a descent group of Ay with Tits index

T, ::©::>»—@

and such that the fixed point building AOFO is isomorphic to the Moufang
quadrangle BS(A).
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We fix a ['g-chamber C' C Ay and let A; denote the unique residue of type
{s0, 51, 83,...,57} of Ay containing C'. Then Ag; := Ay N A is the unique
residue of type As containing C'. By assumption, Ag; is a I'g-panel of Ay and
hence contains at least three I'g-chambers. According to 2.42, the restriction
Qo1 := Qola,, € Aut(App) is an involution and the group I'g; := (Qp1) is a
descent group of Ag; with Tits index

=

By 2.41, the fixed poi9nt building Ag{” can be equipped with a Moufang
structure M such that the pair (Agfl) is a Moufang set. It follows from [MW,
14.10] that

(A5 =~ M(S). (15.2)

By 5.8.5, the involution 21 can be extended to an involution ©; € Aut(A;)
such that the group I'y := (1) is a descent group of A; with Tits index

and such that the fixed point building A?l is a Moufang quadrangle.

Choose a chamber ¢ € C and let ¢ := Qy(c) = Qi(c) € C. We define
subsets M := {81, 83,...,87, So}, My = {81, ceey 86}, My, := My N My and
A = {s3,84,85} of S and set X := {My, My, My1, A}. The set X is a finite
essential set as defined in 4.2.1.

Let o € Aut(II) be the automorphism fixing the vertices 4 and 2 and inter-
changing the vertices 0 and 7, 1 and 6 as well as 3 and 5 respectively. Let
A = (A7,A%,57) be the translate of A with respect to o (cf. 7.2.4). For
i =0,1let 0; := o|m,, and note that o; € Aut(II,). With this setup, €2;
is a o;-isometry of thelbuilding A;.

We define a mapping ¢ from Ex (c) onto Ex (¢’) (where the last is considered
as a subset of the building A7) via

)

idoQo(z), x € Ruylc)
p(x) =1 ’
idofi(x), x € Ra(c)
which is well-defined since for each M € X we have M C My or M C M,
ans since g and € coincide on the intersection of their domains Ry, (¢).
The map ¢ is bijective, the inverse on Ry, (c) is given by ©; 0id ™! for each
i=0,1.
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For each M € X let ¢u = ¢|g,,(¢) be the restriction of ¢ to the residue
Ru(c). For z,y € Ry(c) we have

6% (pm (), o (y)) = 65 (1d(S2%(2)),1d(Qi(y)))
= 0(64(Q(2), % (y))) = (64 (2,y)) = 61 (x,y)

where ¢ = 0 or ¢ = 1 depending on wether M C My or M C M;. In
particular, for each M € X the map @) is an isometry from (Rps(c),04)
onto (Rar(c'),d9).

By 4.1.5, the chambers ¢ and ¢ are opposite in C. Let ¥4 be the unique
apartment of C' containing ¢ and ¢’. Since Q¢(X4) is an apartment of C
containing the chambers Qg(c) = ¢ and Qy(c’) = ¢, we conclude that 34 is
[g-invariant. Similarly, as Qg and €2y coincide on C, ¥ 4 is also I'y-invariant.
Choose a I'g-chamber D of Ag; different from C. Then the I'g-chambers C
and D are opposite in Ag;. By 8.1.9(a) there exists a unique apartment of
Ag1 containing Y4 and intersecting D non-trivially. We denote this apart-
ment by ¥jz,,. Moreover, by 8.1.9(b) this apartment is I'p- and I'-invariant.

Since (Azri, 8;) is a spherical building for each i € {0,1}, we may choose a
I';-chamber C; of A{" such that 6;(C;,C) = 3. where rg, is the longest
element of the relative type of the Tits index T;. Thus, by [MPW, 20.35],
d4+(c,projg,(c)) = rg = rm,ra and in particular there exists a chamber
z € C; such that d(c,z) = ra,. As the opposition map stabilizes A we
conclude that C' and C; are opposite residues of A;. Let P; be the unique
residue of A; of type As containing the I';-chamber C;. Then P; and Agy
are opposite spherical I'j-residues of A;. Again by 8.1.9(a) there exists a
unique apartment of A; containing the apartment ¥, and intersecting P;
non-trivially. We denote this apartment by X,s,. In view of 8.1.9(b), the
apartment Xy, is I';-invariant.

With the notations as above, the set X satisfies ‘the conditions of theorem
6.3.6. Thus there exists a twin apartment X5, of A” such that for all M € X
we have ¥ C ¥ 3,. Now, for M € X and ¢ as above,

(p(EAJ ﬂRM(C)) = QO(EM) =Xy = EA“ ﬂRM(C/).

According to the extension theorem 7.3.3, there is a unique isometry Q from
A onto A7 extending id o€y and idof2;. Set Q := id ' o). Then Q is an
isometry from A onto A extending Q and Q;. Let T' := (Q) < Aut(A).
Let P be a I'-panel containing C. Then P is spherical and P is a [';-panel
of A; for i = 0 or i = 1. Hence P contains at least three I';-chambers, i.e.
at least three I'-chambers.

By 8.1.10, there exists a I-chamber which is opposite to C' in A and by

8.1.13
= [ =0



174 Chapter 15. Existence of exceptional twin buildings of type Co

is a Tits index. Using 8.2.6 we obtain that for ¢ € {+,—} the group
I'. :=T|a, is a descent group of A..

Let II be the relative type of the Tits index T. In view of 2.16, the diagram
II is connected, of rank 3, its corresponding Coxeter system is affine and,
by construction, has two subdiagrams of type Bs. We conclude that the
relative type of T is Cy. In particular, for each ¢ € {+, —} the fixed point
structure Al¢ is a building of type Co.

According to 8.3.9 there exists a codistance function 6! between the I'-
chambers of Ay and the I'-chambers of A_. Hence, A := (Ai*, AE’,(S}:) is

a twin building of type Cs.

Let F(A,C) be the foundation of A based at C. The irreducible rank 2
residues of A containing C' are precisely AOFO and Al'. As AOFO ~ B§(A) and
Ag“ and Alfl are glued along a non-commutative panel (cf. 15.2), theorem
12.0.1 implies that there exists an anisotropic pseudo-quadratic space = such

that F(A,C) ~ (Q2(A), Op(2)). O
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15.2 Case E;

Throughout this section let A = (K, V, Q) be a quadratic space of type E7
and fix a norm splitting (E, -, {vi,...,v4}) of A.

15.2.1 Theorem 5
There exists a twin building A of type Cy such that for some chamber ¢ of
A we have

F(A, ) = (Qe(A), Q5(A)).

Proof Let A = (A4, A_,d,) be the twin building of type E; constructed
in 13.1.2. Let II be the Coxeter diagram E; labeled as in 2.3 and let (W, S)
be the corresponding Coxeter system. Then each residue of Ay of type
{s1,...,s7} is isomorphic to the building E7(E). As each rank 2 residue
of A is either of type Ay or of type A; x Aj, A satisfies condition (co)
by [MR, 1.5].

Choose a chamber x € C; and let Ag 1= Ry, . ) (z) = E7(E) be the
residue of A of type {s1,...,s7} containing the chamber x.

According to 1.26, the quadratic form Qg is pseudo-split and hence we
may apply theorem 14.0.2 to obtain an involution £y € Aut(Ap) such that
[y := (Q) is a descent group of Ay with Tits index

T, ::w

and such that the fixed point building Ago is isomorphic to the Moufang
quadrangle BS(A).

We fix a I'g-chamber C' C Ag and let A denote the unique residue of type
{s0,...,85,87} of AL containing C. Then Ag; := Ag N A; is the unique
residue of type D5 x A; containing C'. By assumption, Ag; is a ['g-panel
of Ay and hence contains at least three I'g-chambers. According to 2.42,
the restriction Qo1 := Qo|a,, is an involutory automorphism of Ag; and the
group I'o; := (Qo1) is a descent group of Ag; with Tits index

By 2.41, the fixed point building Agfl can be equipped with a Moufang

structure M such that the pair (Ag{”,M) is a Moufang set. It follows from
IMW, 10.4] that

(A5, M) ~ M(A). (15.3)
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By 5.8.5, the involution y; can be extended to an involution €; € Aut(A;)
such that the group I'; := (1) is a descent group of A; with Tits index

T, ;:@ﬁ '

and such that the fixed point building Alfl is a Moufang quadrangle.

Choose a chamber ¢ € C and let ¢ := Qy(c) = Qi(c) € C. We define
subsets M; := {so, s1,...,85,87}, Mo := {s1,...,s7}, Mo1 := My N M; and
A = {sg9,...,85,587} of S and set X := {M;, My, Mo, A}. The set X is a
finite essential set as defined in 4.2.1. Note that for each M € X we have
M C My or M C M;. Hence we may define a mapping

Qo(z), =€ Ruy(c)
Ql(z), T € RM1 (C)

)

0: Ex(c) = Ex(c) via ¢(z) := {

which is well-defined since €y and € coincide on the intersection of their
domains Ry, (¢). As both Qg and € are involutions, the map ¢ is bijective.
For each M € X let pyr := go]RM(C) be the restriction of ¢ to the residue
Rar(c) and note that all these maps are isometries from R/ (c) onto Ras(c).

By 4.1.5, the chambers ¢ and ¢ are opposite in C. Let ¥4 be the unique
apartment of C' containing ¢ and ¢/. Since Qy(X4) is an apartment of C
containing the chambers Qq(c) = ¢ and Qy(c’) = ¢, we conclude that 34 is
Ilg-invariant. Similarly, as Qg and €24 coincide on C, ¥ 4 is also I'y-invariant.
Choose a I'g-chamber D of Ag; different from C. Then the I'g-chamber C
and D are opposite. By 8.1.9(a) there exists a unique apartment of Ag;
containing ¥ 4 and intersecting D non-trivially. We denote this apartment
by X, Moreover, by 8.1.9(b), this apartment is I'p- and I';-invariant.

Since (A '/;) is a spherical building for each i € {0,1}, we may choose a
I';-chamber C; of AF such that &;(C;,C) = rg,, where rg is the longest
element of the relatlve type of the Tits index T;. Thus, by [MPW, 20.35],
04 (c,projg,(c)) = rg, = rara and in particular there exists a chamber
z € C; such that d(c, z) = rpr,. As the opposition map acts trivially on the
diagram IIs, we conclude that C' and C; are opposite residues of A;. Let
P; be the unique residue of A; of type D5 x A; containing the I';-chamber
C;. Then P; and Ag; are opposite spherical I';-residues of A;. Again by
8.1.9(a), there exists a unique apartment of A; containing the apartment
XMy, and intersecting P; non-trivially. We denote this apartment by Xjy,.
In view of 8.1.9(b) the apartment Xy, is I';-invariant.

With the notations as above, the set X satisfies the conditions of theorem
6.3.6. Thus there exists a twin apartment X3 of A such that for all M € X
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we have Y3y C X 5. Now, for M € X and ¢ as above,
P(Bx NRu(c) = p(Xnm) = Tpr = Bz NRu().

According to the extension theorem 7.3.3, there exists a unique isometry
2 € Aut(A) extending Qp and ;. Set I' := () < Aut(A).

Let P be a I'-panel containing C. Then P is spherical and P is a [';-panel
of A; for i = 0 or ¢ = 1. Hence P contains at least three I';-chambers, i.e.
at least three I'-chambers.

By 8.1.10, there exists a I'-chamber which is opposite to C in A and by

8.1.13
T .=

is a Tits index. Using 8.2.6 we obtain that for ¢ € {4, —} the group
I'; :=T'|a. is a descent group of A..

Let II be the relative type of the Tits index T. In view of 2.16, the diagram
II is connected, of rank 3, its corresponding Coxeter system is affine and,
by construction, has two subdiagrams of type Bs. We conclude that the
relative type of T is Co. In particular, for each ¢ € {+, =} the fixed point
structure Als is a building of type Co.

According to 8.3.9 to obtain a codistnace function 61 between the I'-chambers
of Ay and the I'-chambers of A_. Hence, A := (Ai*,AI;_,é}:) is a twin
building of type Co.

Let F(A,C) be the foundation of A based at the chamber C. The irre-
ducible rank 2 residues of A containing C are precisely AOFO and A{ 1. As
Ago ~ B§(A) and Ago and Alfl are glued along a panel of quadratic form
type (cf. 15.3), theorem 12.0.1 implies that F(A,C) =~ (Qs(A), Q3 (A)). O

15.2.2 Theorem
There exists a twin building A of type Cs such that for some chamber ¢ of
A we have

F(A,¢) = (Qz(A), Qp(2))

for some anisotropic pseudo-quadratic space Z.

Proof Let A = (A4, A_,d,) be the twin building of type Eg constructed
in 13.1.3. Let II be the Coxeter diagram Eg labeled as in 2.3 and let (W, S)
be the corresponding Coxeter system. Then each residue of A, of type
{s1,...,s7} is isomorphic to the building E7(E). As each rank 2 residue
of A is either of type Ay or of type A; x Aj, A satisfies condition (co)
by [MR, 1.5].

Choose a chamber x € C; and let Ag := Ry, . 5;1(7) = E7(E) be the unique
residue of A of type {s1,...,s7} containing the chamber z.
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According to 1.26, the quadratic form Qg is pseudo-split and hence we
may apply theorem 14.0.2 to obtain an involution Q¢ € Aut(Ag) such that
[y := () is a descent group of Ay with Tits index

T, ;_w

and such that the fixed point building Ago is isomorphic to the a Moufang
quadrangle BS(A).

We fix a I'g-chamber C C Aj and let A; denote the unique residue of
type {s2,...,88,80} of Ay containing C. Then Ay := Ag N Ay is the
unique residue of type Dg containing C. By assumption, Agy is a ['g-panel
of Ag and hence contains at least three I'g-chambers. According to 2.42,
the restriction Qo1 := Qo|a,, is an involutory automorphism of Ag; and the
group g1 := (Qo1) is a descent group of Ag; with Tits index

[

By 2.41, the fixed point building Ag{” can be equipped with a Moufang
structure M such that the pair (Agfl,M) is a Moufang set. It follows from
[MW, 13.11] that

(A59T, M) ~ M(S). (15.4)

By 5.8.2, the involution 21 can be extended to an involution ©; € Aut(A;)
such that the group I'y := (1) is a descent group of A; with Tits index

T, ::T@—%

and such that the fixed point building A{l is a Moufang quadrangle.

Choose a chamber ¢ € C and let ¢ := Qy(c) = Qi(c) € C. We define
subsets My := {sa,...,88,50}, Mo := {s1,...,87}, Mo1 := Mo N M; and
A = {s9,...,85,87,50} of S and set X := {My, My, Mo1, A}. The set X is
a finite essential set as defined in 4.2.1. Note that for each M € X we have
M C My or M C M;. Hence we may define a mapping

Qo(z), x€ Ruy(e)
Qi (z), x€Ru(e)

)

¢: Ex(c) = Ex(c) via p(z) := {



Chapter 15. Existence of exceptional twin buildings of type Co 179

which is well-defined since g and ) coincide on the intersection of their
domains Ry, (¢).

For each M € X let ¢y := 90|RM(C) be the restriction of ¢ to the residue
Rar(c) and note that all these maps are isometries from R (c) onto Ras(c’).

By 4.1.5, the chambers ¢ and ¢ are opposite in C. Let ¥4 be the unique
apartment of C containing ¢ and ¢’. Since Q¢(X4) is an apartment of C'
containing the chambers Qg(c) = ¢ and Qy(¢’) = ¢, we conclude that X 4 is
[p-invariant. Similarly, as 29 and 2; coincide on C, ¥ 4 is also I';-invariant.
Choose a I'g-chamber D of Ag; different from C. Then the I'j-chamber C
and D are opposite. By 8.1.9(a) there exists a unique apartment of Ag;
containing > 4 and intersecting D non-trivially. We denote this apartment
by X, - Moreover, by 8.1.9(b), this apartment is I'p- and I';-invariant.

Since (AF' 5;) is a spherical building for each i € {0,1}, we may choose a
I';-chamber C; of AF such that 6;(C;,C) = g, where rg is the longest
element of the relatlve type of the Tits index T;. Thus, by [MPW, 20.35],
4 (c, proje,(¢)) = rg = ram;ra and in particular there exists a chamber
z € C; such that d(c,z) = rp,. As the opposition map acts trivially on
the diagram II;;, we conclude that C' and C; are opposite residues of A;.
Let P; be the unique residue of A; of type Dg containing the I';-chamber
C;. Then P; and Ag; are opposite spherical I';-residues of A;. Again by
8.1.9(a), there exists a unique apartment of A; containing the apartment
XMy, and intersecting P; non-trivially. We denote this apartment by Xjy,.
In view of 8.1.9(b) ,the apartment Xy, is I';-invariant.

With the notations as above, the set X satisfies the conditions of theorem
6.3.6. Thus there exists a twin apartment X3 of A such that for all M € X
we have ¥y C ¥ 5. Now, for M € X and ¢ as above,

(p(EA N RM(C)) = QO(EM) =Xy = EA N RM(C/).

According to the extension theorem 7.3.3, there exists a unique isometry
Q € Aut(A) extending Qp and Q5. Set I' := (Q) < Aut(A).

Let P be a I'-panel containing C. Then P is spherical and P is a [';-panel
of A; for ¢ = 0 or i = 1. Hence P contains at least three I';-chambers,
i.e. at least three I'-chambers. By 8.1.10, there exists a I'-chamber which is
opposite to C in A and by 8.1.13

e

is a Tits index. Using 8.2.6 we obtain that for ¢ € {+,—} the group
I'; :=T'|a. is a descent group of A..

Let II be the relative type of the Tits index T. In view of 2.16, the diagram
IT is connected, of rank 3, its corresponding Coxeter system is affine and,
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by construction, has two subdiagrams of type Bs. We conclude that the
relative type of T is Cy. In particular, for each € € {4, —} the fixed point
structure Als is a building of type Cs.

According to 8.3.9 there exists a codistance function 6! between the I'-
chambers of A} and the I'-chambers of A_. Hence, A := (Ai*, AE’,(S}:) is
a twin building of type Ca.

Let F(A,C) be the foundation of A based at C. The irreducible rank 2
residues of A containing C' are precisely AOFO and A{l. As AOFO ~ B§(A) and
Ago and Alfl are glued along a non-commutative panel (cf. 15.4), theorem

12.0.1 implies that there exists an anisotropic pseudo-quadratic space = such
that F(A,C) ~ (Q2Z(A), Qp(2)). O
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15.3 Case Eg

Throughout this section let A = (K, V, Q) be a quadratic space of type Eg
and fix a norm splitting (E, -, {v1,...,v}) of A.

15.3.1 Theorem 5
There exists a twin building A of type Cy such that for some chamber ¢ of
A we have

F(A, ) = (Qe(A), Q5(A)).

Proof Let A = (A4, A_,d,) be the twin building of type Eg constructed
in 13.1.2. Let II be the Coxeter diagram Eg labeled as in 2.3 and let (W, S)
be the corresponding Coxeter system. Then each residue of Ay of type
{s1,...,s8} is isomorphic to the building Eg(E). As each rank 2 residue
of A is either of type Ay or of type A; x Aj, A satisfies condition (co)
by [MR, 1.5].

Choose a chamber x € C; and let Ag := Ry, . 5} (7) =~ Eg(E) be the unique
residue of A of type {s1,...,ss} containing the chamber z.

According to 1.26, the quadratic form Qg is pseudo-split and hence we
may apply theorem 14.0.3 to obtain an involution £y € Aut(Ap) such that
[y := (Q) is a descent group of Ay with Tits index

T, :z@ﬁ—@

and such that the fixed point building Ago is isomorphic to the Moufang
quadrangle BS(A).

We fix a I'g-chamber C C Ap and let A; denote the unique residue of
type {s2,...,88,50} of A containing C. Then Ag; := Ag N Ay is the
unique residue of type D7 containing C. By assumption, Ag; is a I'g-panel
of Ay and hence contains at least three I'p-chambers. According to 2.42,
the restriction Qo1 := Qo|a,, is an involutory automorphism of Ag; and the
group o1 := (Qo1) is a descent group of Ag; with Tits index

| .

By 2.41, the fixed point building Agfl can be equipped with a Moufang
structure M such that the pair (Ag{”,M) is a Moufang set. It follows from
MW, 10.4] that

(A5, M) ~ M(A). (15.5)
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By 5.8.4, the involution y; can be extended to an involution ©; € Aut(A;)
such that the group I'; := (1) is a descent group of A; with Tits index

T, ‘:T—%@

and such that the fixed point building Alfl is a Moufang quadrangle.

Choose a chamber ¢ € C and let ¢ := Qy(c) = Qi(c) € C. We define
subsets M; := {sa,...,88,50}, Mo := {s1,...,88}, Mo1 := Mo N M; and
A={sg,...,s7} of S and set X := {My, My, My1, A}. The set X is a finite
essential set as defined in 4.2.1. Note that for each M € X we have M C M,
or M C M;. Hence we may define a mapping

Qo(z), =€ Ruy(c)
Ql(z), S RM1 (C)

)

o: Ex(c) = Ex(c) via ¢(z) := {

which is well-defined since €y and € coincide on the intersection of their
domains Ry, (¢).

For each M € X let pyr := go]RM(C) be the restriction of ¢ to the residue
R (c) and note that all these maps are isometries from R/ (c) onto Ras(c).

By 4.1.5, the chambers ¢ and ¢ are opposite in C. Let ¥4 be the unique
apartment of C' containing ¢ and ¢/. Since Qy(X4) is an apartment of C
containing the chambers Qq(c) = ¢ and Qy(c’) = ¢, we conclude that 34 is
Ilg-invariant. Similarly, as Qg and €2y coincide on C, ¥ 4 is also I'y-invariant.
Choose a I'g-chamber D of Ag; different from C. Then the I'g-chamber C
and D are opposite. By 8.1.9(a), there exists a unique apartment of Ag;
containing ¥ 4 and intersecting D non-trivially. We denote this apartment
by X, Moreover, by 8.1.9(b), this apartment is I'p- and I';-invariant.

Since (A '/;) is a spherical building for each i € {0,1}, we may choose a
I';-chamber C; of AF such that &;(C;,C) = rg,, where rg is the longest
element of the relatlve type of the Tits index T;. Thus, by [MPW, 20.35],
04 (c,projg,(c)) = rg, = rara and in particular there exists a chamber
z € Cj such that d(c,z) = rp;,. As the opposition map acts trivially on
the diagram IIj;, we conclude that C and C; are opposite residues of A;.
Let P; be the unique residue of A; of type D7 containing the I';-chamber
C;. Then P; and Ag; are opposite spherical I';-residues of A;. Again by
8.1.9(a), there exists a unique apartment of A; containing the apartment
XMy, and intersecting P; non-trivially. We denote this apartment by Xjy,.
In view of 8.1.9(b), the apartment ¥y, is I';-invariant.

With the notations as above, the set X satisfies the conditions of theorem
6.3.6. Thus there exists a twin apartment X3 of A such that for all M € X
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we have Xy € X 5. Now, for M € X and ¢ as above,
P(Xx NRu(c) = (X)) = Ear = Bz NRu().

According to the extension theorem 7.3.3, there exists a unique isometry
Q € Aut(A) extending Qp and Q5. Set I' := (Q) < Aut(A).

Let P be a I'-panel containing C. Then P is spherical and P is a [';-panel
of A; for ¢ = 0 or i = 1. Hence P contains at least three I';-chambers,
i.e. at least three I'-chambers. By 8.1.10 there exists a I'-chamber which is
opposite to C in A and by 8.1.13

S

is a Tits index. Using 8.2.6 we obtain that for ¢ € {+,—} the group
I'. :=T|a, is a descent group of A..

Let II be the relative type of the Tits index T. In view of 2.16 the diagram
II is connected, of rank 3, its corresponding Coxeter system is affine and,
by construction, has two subdiagrams of type Bs. We conclude that the
relative type of T is Cy. In particular, for each ¢ € {+, —} the fixed point
structure Als is a building of type Co.

According to 8.3.9 there exists a codistance function 6! between the I'-
chambers of A, and the I'-chambers of A_. Hence, A := (Afj, A"~ ,05) is
a twin building of type Ca.

Let F(A,C) be the foundation of A based at C. The irreducible rank 2
residues of A containing C are precisely Ago and A{l. As Ago ~ B§(A),
theorem 12.0.1 implies that F(A,C) =~ (Qe(A), Q5 (A)). O
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15.4 Case Fy

Throughout this section let A = (K, V, Q) be a quadratic space of type Fy.
Fix a complement Sy of Def(A) in V' and a norm splitting (E, -, {v1,v2}) of
(K, So,Qls,)- Let F be as in 1.29 and let D denote the composite field EF.
Thus, D/E is an extension such that D?2CECD.

15.4.1 Theorem
There exists a twin building A of type Cy such that for some chamber ¢ of
A we have

F(A,c) = (Qr(A), Qo (A)).

Proof Let A = (A,,A_,4,) be the twin building of type F4 constructed
in 13.2.2. Let II be the Coxeter diagram F, labeled as in 2.3 and let (W, S)
be the corresponding Coxeter system. Then each residue of AL of type
{s1,...,s4} is isomorphic to the building F4(D/E). By construction, A
satisfies condition (co).

Choose a chamber z € Cy and let Ag := Ry, . 5,1(z) ~ F4(D/E) be the
unique residue of Ay of type F4 containing the chamber x.

According to 1.30, the quadratic form Qg is pseudo-split and hence we
may apply theorem 14.0.4 to obtain an involution Qy € Aut(Ag) such that
Iy := (Q) is a descent group of Ay with Tits index

Ty .= @—q:p—@

and such that the fixed point building Ago is isomorphic to the Moufang
quadrangle B (A).

We fix a ['g-chamber C' C Ag and let A; denote the unique residue of type
C4 of Ay containing C'. Then Ay := Ag N Aq is the unique residue of
type Cs containing C'. By assumption Ag; is a I'g-panel of Ay and hence
contains at least three I'g-chambers. According to 2.42, the restriction
Qo1 == Qolayna, € Aut(App) is an involution and the group I'o; := (Qo1) is
a descent group of Ag; with Tits index

(&O—a«—»

By 2.41, the fixed point building Agfl can be equipped with a Moufang
structure M such that the pair (A{?, M) is a Moufang set. Tt follows from
MW, 17.12] that

(AFT, M) =~ M(A). (15.6)
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Due to the construction of A, the polar space corresponding to Ag is the
polar space associated with a regular but not hyperbolic quadratic space
A. Thus, by 5.7.2, the involution €)p; can be extended to an involution
Q1 € Aut(A1) such that the group I'y := (£21) is a descent group of A; with
Tits index

R G e —

and such that the fixed point building A{l is a Moufang quadrangle.

Choose a chamber ¢ € C and let ¢ := Qg(c) = Q1(c) € C. We define
subsets M1 := {so, s1, 52,53}, Mo = {s1, 82, 3,84}, Mo1 := My N M; and
A = {so2,s3} of S and set X := {M;, My, Mo, A}. The set X is a finite
essential set as defined in 4.2.1. Note that for each M € X we have M C M
or M C M;. Hence we may define a mapping

Qo(z), =€ Ruple)
Qi (z), x€Ru(e)

)

: Ex(c) = Ex(c) via ¢(z) := {

which is well-defined since g and 7 coincide on the intersection of their
domains Ry, (c). For each M € X the restriction oy 1= @|r,, () 15 an
isometry from R (c) onto R(c).

By 4.1.5, the chambers ¢ and ¢ are opposite in C. Let ¥4 be the unique
apartment of C containing ¢ and ¢’. Since Q¢(X4) is an apartment of C'
containing the chambers Qg(c) = ¢ and Qy(¢’) = ¢, we conclude that X 4 is
Ip-invariant. Similarly, as 29 and 21 coincide on C, ¥ 4 is also I';-invariant.
Choose a I'g-chamber D of Ag; different from C. Then the I'g-chambers C
and D are opposite in Ag;. By 8.1.9(a), there exists a unique apartment of
A1 containing ¥4 and intersecting D. We denote this apartment by X, .
Moreover, by 8.1.9(b), this apartment is I'g- and I'j-invariant.

Since (Al7,4;) is a spherical building for each i € {0,1}, we may choose a
I';-chamber C; of AF such that 6;(C;,C) = g, where rg is the longest
element of the relatlve type of the Tits index T;. Thus, by [MPW, 20.35],
6+ (c,proje,(c)) = rg = rara and in particular there exists a chamber
z € Cj such that 0(c, z) = rar,. As the opposition map acts trivially on the
diagram IIs, we conclude that C' and C; are opposite residues of A;. Let P;
be the unique residue of A; of type Cs containing the I';-chamber C;. Then
P; and Ag; are opposite spherical I';-residues of A;. Again, by 8.1.9(a),
there exists a unique apartment of A; containing the apartment s, and
intersecting P;. We denote this apartment by ¥,. In view of 8.1.9(b), the
apartment Xy, is I';-invariant.

With the notations as above, the set X satisfies the conditions of theorem
6.3.6. Thus there exists a twin apartment X3 of A such that for all M € X
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we have Xy € X 5. Now, for M € X and ¢ as above,
Xz NRu(e) = (Xm) = Sy = Bz NRu(c).

According to the extension theorem 7.3.3, there exists a unique isometrie
Q € Aut(A) extending Qg and €. Set I' := (Q) < Aut(A).

Let P be a I'-panel containing C. Then P is spherical and P is a [';-panel
of A; for i = 0 or ¢ = 1. Hence P contains at least three I';-chambers, i.e.
at least three I'-chambers.

By 8.1.10, there exists a I'-chamber which is opposite to C' in A and by

8.1.13

T =@®O—(——e«a— ()

is a Tits index. Using 8.2.6 we obtain that for ¢ € {4,—} the group
I'; :=T'|a. is a descent group of A..

Let II be the relative type of the Tits index T. In view of 2.16, the diagram
II is connected, of rank 3, its corresponding Coxeter system is affine and,
by construction, has two subdiagrams of type Bs. We conclude that the
relative type of T is Co. In particular, for each ¢ € {+, —} the fixed point
structure Al¢ is a building of type Co.

According to 8.3.9 there exists a codistance function 6! between the I'-
chambers of A, and the I'-chambers of A_. Hence, A := (Ai*, AI:’,(S}:) is
a twin building of type Cs.

Let F(A,C) be the foundation of A based at C. The irreducible rank 2
residues of A containing C' are precisely Ago and Al'. As Ago ~ BJ (A) and
in view of (15.6), theorem 12.0.1 implies that F(A,C) ~ (Qr(A), Q5 (A)).
U



Part VI

Conclusion

187






Conclusion 189

Combining the results of the previous chapters we finally obtain the following
classification:

15.4.2 Theorem
Let A be a Moufang quadrangle of type Eg. Then there exist, up to isomor-

phism, exactly two twin buildings of type Cy which have a residue isomorphic
to A.

Proof Fix a quadratic space A of type Eg such that A ~ B§(A) and note
that A is uniquely determined up to similarity by [TW, 35.11]. Let A; be
the twin building constructed in 15.1.1 and let ¢; be a chamber of A;. Then
F(Ar,c1) = ((Qe(A), Qu(A)). Let Az be the twin building constructed in
15.1.2 and let cp be a chamber of Ay. Then F(Ag,c2) >~ ((Q2(A), Qp(2)),
where = is a proper anisotropic pseudo-quadratic space which is, up to simi-
larity, uniquely determined by A. In view of [TW, 38.9], the twin buildings
Aj and A, are non-isomorphic. Thus, there exist at least two twin buildings
of type C, which have a residue isomorphic to A.

Let A" = (A1, A_,¢,) be a twin building of type C, having a residue iso-
morphic to A. Choose such a residue R C C; and a chamber ¢ € R. In view
of 12.0.1, either F(A’,c) =~ (Qe(A), QH(A)) or F(A,c) ~ (Qg(A), Qp(E)),
where = is a proper anisotropic pseudo-quadratic space which is, up to simi-
larity, uniquely determined by A. According to 11.1.12, therefore, the twin
building A’ is either isomorphic to Aj or it is isomorphic to As. O

15.4.3 Theorem

Let A be a Moufang quadrangle of type E7. Then there exist at least two
twin buildings of type C, which have a residue isomorphic to A. If the
characteristic of the defining field is not equal to 2, there exist exactly two
twin buildings of type C, which have a residue isomorphic to A.

Proof Fix a quadratic space A of type E7 such that A ~ B§(A) and note
that A is uniquely determined up to similarity by [TW, 35.11]. Let A; be
the twin building constructed in 15.2.1 and let ¢; be a chamber of A;. Then
F(Ar,c1) = ((Qe(A), Qp(A)). Let Az be the twin building constructed in
15.2.2 and let co be a chamber of Ag. Then F(Ag, c2) ~ ((QZ(A), Qp(2)),
where = is a proper anisotropic pseudo-quadratic space. In view of [TW,
38.9], the twin buildings A; and Ay are non-isomorphic. Thus, there exist
at least two twin buildings of type Cy which have a residue isomorphic to

A.

Suppose that char(K) # 2 and let A’ = (A4, A_,d,) be a twin building of
type Co having a residue isomorphic to A. Choose such a residue R C Cy
and a chamber ¢ € R. In view of 12.0.1, either F(A’,c) >~ (Qg(A), Q3 (A))



190 Conclusion

or F(A,c) ~ (Q%(A),Qp(E)), where = is a proper anisotropic pseudo-
quadratic space which is, up to similarity, uniquely determined by A. Ac-
cording to 11.1.12, therefore, the twin building A’ is either isomorphic to
A7 or it is isomorphic to As. O

15.4.4 Theorem

Let A be a Moufang quadrangle of type Eg. Then there exists a twin build-
ing of type Cy having a residue isomorphic to A and this twin building is
uniquely determined up to isomorphism.

Proof Fix a quadratic space A of type Eg such that A ~ B§(A) and note
that A is uniquely determined up to similarity by [TW, 35.11]. Let A’ be
the twin building constructed in 15.3.1 and let ¢’ be a chamber of A’. Then
F(A', ) = ((Qe(A), Q5(A)). Thus, there exists a twin building of type Co
which has a residue isomorphic to A.

Let A" = (Ay,A_,d,) be a twin building of type Cy having a residue
isomorphic to A. Choose such a residue R C C4 and a chamber ¢ € R. In
view of 12.0.1, F(A”, ¢) ~ (Qe(A), Q4(A)). According to 11.1.12, therefore,
the twin building A” is isomorphic to A’. O

15.4.5 Theorem

Let A be a Moufang quadrangle of type F4. If A is self-dual as defined
in 9.2.9 there exists a unique twin building of type Co having a residue
isomorphic to A. Otherwise there exist, up to isomorphism, exactly two
twin buildings of type Cy having a residue isomorphic to A.

Proof Fix a quadratic space A of type F4 such that A ~ Bzf (A) and let
A denote the dual of A as defined in 1.31. Note that, by 1.32(a), A is a
quadratic space of type F4 and that A and A are uniquely determined up to
similarity by [TW, 35.12]. Let A; be the twin building constructed in 15.4.1
with respect to the quadratic space A and let ¢; be a chamber of Ay. Then
F(Ar,c1) = ((Qr(A), Qu(A)). Let Az be the twin building constructed in
15.4.1 with respect to the quadratic space A and let ¢o be a chamber of
Ay. Then F(Ag,c2) =~ ((Qr(A), Q%(A)). In view of [TW, 38.9], the twin
buildings Ay and As are isomorphic if and only if the quadratic space A is
self-dual as defined in 1.32(d).

Let A’ = (A4, A_,d,) be a twin building of type Cp having a residues
isomorphic to A. Choose such a residue R C C4+ and a chamber ¢ € R. In
view of 12.0.1, F(A/,¢) = (Qr(A), Q4(A)) or F(A,c) =~ (Qx(A), Qo(A)).
According to 11.1.12, therefore, the twin building A’ is isomorphic to A; or
it is isomorphic to As. O
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Indices for the exceptional Co-twin buildings

A quadratic space of type Eg (15.4.2)

B5(A) BZ(A)

BY(2) BS(A)

@:@}—@

A quadratic space of type E;7 (15.4.3)

BZ(A) BS(A)

e

BS(A) BY(2)

S i

A quadratic space of type Eg (15.4.4)

BS(A) B5(A)

R

A quadratic space of type F4 (15.4.5)

B2 (A) BJ (A)
& ——Q

BS(A) BJ (A)
@ ————®
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