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1 Introduction

In the sequel we are concerned with Turing machine computations with time
bounds of the form id+r where id denotes the identity function on integers and
r € o(id) a sublinear function. Most of the previous investigations in this area
have been done in terms of one-dimensional real-time and linear-time Turing
machines.

For the time bounds in question nondeterministic Turing machines would not
be fruitful devices for investigations. From [6] we know that the real-time
and linear-time classes are identical for one-tape machines NTIME;(id) =
NTIME;(LIN). In [2] it has been shown that the complexity class Q which
is defined by nondeterministic multitape real-time computations (NTIME(id))
is equal to the corresponding linear-time languages (NTIME(LIN)). Moreover, it
has been shown that two working tapes and a one-way input tape are sufficient
to accept the languages from Q in real-time. Thus, for almost all nondetermi-
nistic Turing machines there is no difference between real-time and linear-time.

The same does not hold true for deterministic machines. Though in [6] for one
tape the identity DTIME; (id) = DTIME; (LIN) has been proved, for a total of at
least two tapes the real-time languages are strictly included in the linear-time
languages. Consequently, the investigations have to be in terms of deterministic
Turing machines.

Another aspect that, at first glance, might attack the time range of interest
is a possible speed-up. The well-known linear speed-up [5] from ¢(n) to id +
e - t(n) for arbitrary ¢ > 0 yields complexity classes close to real-time (i.e.
DTIME(LIN) = DTIME((1 + €) - id)) for k-tape and multitape machines but
does not allow assertions on the range between real-time and linear-time. An
application to the time bound id + r, r € o(id), would result in a slow-down to
id+¢e- (id+r) >id+e-id.

Let us recall known time hierarchy results. For a number of k£ > 2 tapes in [4, 10]
the hierarchy DTIME (') C DTIME(t), if t' € o(t) and ¢ is time-constructible,
has been shown. By the linear speed-up we obtain the necessity of the condition
t' € o(t). The necessity of the constructibility property of ¢ follows from the
well-known gap theorem.

Since in case of multitape machines one needs to construct a Turing machine
with a fixed number of tapes that simulates machines even with more tapes, the
proof of a corresponding hierarchy involves a reduction of the number of tapes.
This costs a factor log for the time complexity. The hierarchy DTIME(t') C
DTIME(t), if t' - log(t') € o(t) and t is time-constructible, has been proved in
[5].

Due to the necessary condition t' € o(t) resp. t’ - log(t’') € o(t), again, the range
between real-time and linear-time is not affected by the known time hierarchy
results. On the other hand, it follows immediately from the condition ¢’ € o(¢)
and the linear speed-up that there are no infinite hierarchies for time bounds
of the form ¢ + r, r € o(id), if t > ¢ -id, ¢ > 1.



Related work concerning higher dimensional Turing machines can be found e.g.
in [7] where under the different constraint of on-line computations the trade-
off between time and dimensionality is investigated. Upper bounds for the
reduction of the dimensions are dealt with e.g. in [9, 11, 12, 14].

Here, on one hand, we are going to present time hierarchies below linear-time
for any dimension. On the other hand, dimension hierarchies are presented for
every time bound in the range in question. Thus, we obtain a two-dimensional
time-dimension hierarchy.

The basic notions and a preliminary result of a technical flavor are the objects
of the next section. Section 3 is devoted to the hierarchies below linear-time. In
particular, by generalizing a well-known equivalence relation to time complex-
ities above real-time it is shown that specific languages which are constructed
dependent on the given time complexity are not acceptable by d-dimensional
multitape Turing machines obeying the smaller time bound. Conversely, it is
proved by construction that these languages are acceptable by d-dimensional
Turing machines whereby the larger time bound is obeyed. In Section 4 the
dimension hierarchies are proved by similar witness languages and the same
method.

2 Preliminaries

We denote the rational numbers by Q, the integers by Z, the positive integers
{1,2,...} by N and the set N U {0} by No. The empty word is denoted by A
and the reversal of a word w by w’. For the length of w we write |w|. We use
C for inclusions and C if the inclusion is strict. Let ¢; = (0,...,0,1,0,...,0)
(the 1 is at position i) denote the ith d-dimensional unit vector, then we define
E;={0}U{e; |1 <i<d}U{—e; |1 <1i<d}. Fora function f: Ny — N we
denote its i-fold composition by fl, i € N. If f is increasing then its inverse is
defined according to f~!(n) = min{m € N | f(m) > n}. The identity function
n +— n is denoted by id. As usual we define the set of functions that grow
strictly less than f by o(f) = {g : Ng — N | lim,, % = 0}. In terms of
orders of magnitude f is an upper bound of the set O(f) = {g : Ny — N |
dng,c € N:Vn>ng:g(n) <c-f(n)}. Conversely, f is a lower bound of the

set Q(f) = {g: No > N | f € O(g)}.

A d-dimensional Turing machine with £ € N tapes consists of a finite-state
control, a read-only one-dimensional one-way input tape and k infinite d-dimen-
sional working tapes. On each tape a read-write head is positioned. At the
outset of a computation the Turing machine is in the designated initial state
and the input is the inscription of the input tape, all the other tapes are blank.
The read-write head of the input tape scans the leftmost symbol of the input
whereas all the other heads are positioned on arbitrary tape cells. Dependent
on the current state and the currently scanned symbols on the k£ + 1 tapes, the
Turing machine changes its state, rewrites the symbols at the head positions of
the working tapes and possibly moves the heads independently to a neighboring
cell. The head of the input tape may only be moved to the right. With an eye



towards language recognition the machines have no extra output tape but the
states are partitioned in accepting and rejecting states. More formally:

Definition 1 A deterministic d-dimensional Turing machine with k& € N tapes
(DTM%) is a system (S, T, A, 6, so, F'), where

1. S is the finite set of internal states,
T is the finite set of tape symbols containing the blank symbol v,

A C T is the set of input symbols,

N

sg € S is the initial state,
5. F C S is the set of accepting states,

6. 6:Sx (AU{u}) x T — S x T* x {0,1} x E¥ is the partial transition
function.

Since the input tape cannot be rewritten we need no new symbol for its current
tape cell. Due to the same fact ¢ may only expect symbols from AU {u} on the
input tape. The set of rejecting states is implicitly given by the partitioning,
i.e. S\ F. The unit vectors correspond to the possible moves of the read-write
heads.

If the set of tape symbols is a Cartesian product of some smaller sets T =
Ty x Ty x - - - x Ty we will use the notion register for the single parts of a symbol.
The concatenation of a register of all tape cells of a tape forms a track.

Let M be a DTMg. A configuration of M at some time ¢ > 0 is a description
of its global state which is a (2(k 4+ 1) + 1)-tuple (s, fo, f1,-- - [k, P0sP1s - - - » Pk)
where s € S is the current state, fo : Z — A and f; : Z¢ — T are functions
that map the tape cells of the corresponding tape to their current contents, and
po € Z and p; € Z% are the current head positions, 1 < i < k.

The initial configuration (so, fo, f1,---, [k, 1,0,...,0) at time 0 is defined by
the input word w = a1 - - - a, € A*, the initial state sy and blank working tapes:

am f1<m<n
u  otherwise

fotm) = {
filmy,...,mg) =0 for1 <i<k

Subsequent configurations are computed according to the global transition func-
tion A: Let (s, fo, f1,---» ks P0,P1,---,Pr) be a configuration and

6(3af0(p0)af1(pl)a N afk(pk)) defined to be (g,flfl, s axkajﬂajla' .. ajk)



Then the successor configuration is as follows, 1 <7 < k:

(Slafﬂaf{a"' af]:;ap6aplla"' ap;c) = A((safﬂafla--' afkapOapla"'apk)) <~

!
S =

VAN

fl(mla---amd) _ {fi(m1,...,md) if (ml,...,md) fpl

: T; if (ma,...,mq) = p;i
P = pi+Ji, Po=Po+Jo

Thus, the global transition function A is induced by d.

u ‘a| ‘ag‘ag‘a4‘a5‘aﬁ‘a7‘a8‘ ]

Figure 1: Two-dimensional Turing machine with k£ working tapes and an input
tape.

Throughout the paper we are dealing with so-called multitape machines:

DTM? = | J DTM{
keN

A Turing machine halts iff the transition function is undefined for the current
configuration. An input word w is accepted by a Turing machine if the machine
halts at some time in an accepting state, otherwise it is rejected.

Definition 2 Let M = (S,T, A, 0, so, F') be a Turing machine.

1. A word w € A* is accepted by M if M on input w halts at some time in
an accepting state.

2. L(M) ={w € A* | w is accepted by M} is the language accepted by M.

3. Let t: No = N, ¢(n) > n+ 1, be a function. A Turing machine is said to
be t-time-bounded or of time complexity ¢ iff it halts on every input of
length n after at most t(n) time steps.



The family of all languages which can be accepted by DTM% with time com-
plexity t is denoted by DTIMEZ(#). For multitape machines it holds

DTIME*(t) = | ] DTIME}(2)
keEN

If ¢ equals the function id 4+ 1 acceptance is said to be in real-time. The linear-
time languages are defined according to

DTIME{(LIN) = | J DTIME}(c-id)
ceQ,c>1

Since time complexities are mappings to positive integers and have to be greater
than or equal to id + 1, actually, ¢ - id means max{[c - id],id + 1}. But for
convenience we simplify the notation in the sequel.

In order to prove tight time hierarchies in almost all cases honest time bounding
functions are required. Usually the notion “honest” is concretized in terms of
computability or constructibility of the functions with respect to the device in
question.

Definition 3 Let d € N be a constant. A function f : Ng — N is said to be
DTMtime-constructible iff there exists a DTM? which for every n € N on
input 1™ halts after exactly f(n) time steps.

Another common definition of time-constructibility demands the existence of an
O(f)-time-bounded Turing machine that computes the binary representation of
the value f(n) on input 1. Both definitions have been proven to be equivalent
for multitape machines [8].

The following definition summarizes the properties of honest functions and
names them.

Definition 4

1. The set of all increasing, unbounded DTM-time-constructible functions
f with the property O(f(n)) < f(O(n)) is denoted by 7 (DTM?).

2. The set of their inverses is 7 '(DTM?Y) = {f ' | f € 7(DTM%)}.

The properties increasing and unbounded are straightforward. At first glance
the property O(f(n)) < f(O(n)) seems to be restrictive, but it is not. It is
easily verified that almost all of the commonly considered time complexities
have this property. As usual here we remark that even the family .7 (DTM!) is
very rich. More details can be found for example in [1, 15].

Due to the small time bounds the devices under investigation are too weak for
diagonalization. In order to separate complexity classes counting arguments
are used. The following equivalence relation is well-known. At least implicitly
it has been used several times in connection with real-time computations, e.g.
in [5, 13] for Turing machines and in [3] for iterative arrays.



Definition 5 Let L C A* be a language over an alphabet A and [ € Ny be a
constant.

1. Two words w and w' are [-equivalent with respect to L if

ww, € L <= w'w; € L for all w; € Al

2. N(n,l, L) denotes the number of l-equivalence classes of words of length
n — [ with respect to L (i.e. |lww;| =n).

The underlying idea is to bound the number of distinguishable equivalence
classes. The following lemma gives a necessary condition for a language to be
(id 4 r)-time acceptable by a DTM¢.

Lemma 6 Let » : Ny — N be a function and d € N be a constant. If L €
DTIME®(id 4 r) then there exists a constant p € N such that

N(n,1,L) < pltr)?

Proof. Let M = (S,T,A,6,s0,F) be a (id + r)-time DTM? that accepts a
language L.

In order to determine an upper bound for the number of l-equivalence classes we
consider the possible situations of M after reading all but [ input symbols. The
remaining computation depends on the current internal state and the contents
of the at most (2(I+r(n))+1)? cells on each tape that are still reachable during
the last at most [ + r(n) time steps.

Let py = max{|T], |S|}.

d
For the (2(I + r(n)) + 1)¢ cells per tape there are at most p§2(l+r(n))+1) dif-
ferent inscriptions. For some k € N tapes we obtain altogether at most

d
plf(Q(Hr(n))H) *1 Qifferent situations what bounds the number of [-equivalence

classes. The lemma follows for p = pgk+1)'3d.

3 The Time Hierarchies

In this section we will present the time hierarchies between real-time and linear-
time for any dimension d € N.

Theorem 7 Let r: Ny — N and r’ : Ny — N be twllo increasing functions and
d € N be a constant. If r € 7' (DTMY), r € O(idd) and r' € o(r) ifd =1 or
' € o(r'#) for an arbitrarily small € > 0 if d > 1 then

DTIME®(id + ') C DTIME®(id + r)



Proof. At first let us adjust a constant g dependent on the . Choose ¢ such
that

d—1
<e
di4+d —
ford >1and ¢g=1 ford=1.
Since 7 € .7~ 1(DTMY) there exists the function ! € .7(DTM?).
Now we are prepared to define a witness language L; for the assertion.

The words of Li are of the form

g—1
e Dy $wlewo$wiie - - - ¢w Swlied; - - - dpy

alb” '
where [ € N is a positive integer, s = 9, m = (d — 1) - 147", y,w; € {0,1},
1<i<s,andd; € Eg_q1,1 <i<m.

The acceptance of such a word is best described by the behavior of an accepting
DTM? M.

During a first phase M reads a' and stores it on a tape. Since d and ¢ are
constants f(I) = [ g g polynomial and, thus, time-constructible. 7!
is constructible per assumption. The time-constructible functions are closed
under composition. Therefore, during a second phase M can simulate a time-
constructor for 7~'(f) on the stored input a’ and verify the number of b’s.

Parallel to what follows M verifies the lengths of the w; to be [ (with the help
of the stored a!) and the numbers s and m (s = 19" as well as m = (d—1)- 19"~
are time-constructible functions).

When the w; appears in the input M begins to store the subwords w; in a
d-dimensional area of size [9°" x -+ x [ x [1¥4""" If, for example, the
head of the corresponding tape is located at coordinates (my,...,mgy) then the
following subword w; is stored into the cells

(mla"'7md—17md)7(mla"'amd—lamd+]-)7"'7(m17"'7md—17md+l_]-)

Temporarily, w; is also stored on another tape. Now M decides where to

store the next subword w;q (for this purpose it simulates appropriate time-

constructors for ldq_l). Dependent on whether one of the first d — 1 or the dth

coordinate has to be changed M moves its head back to position (mq,...,mg)

or keeps its head on position (mq,...,mg +[) while reading wZR. In both cases
R

w;* is verified with the temporarily stored w;. While reading the following

symbol ¢ the head changes to the new coordinates.

The last phase leads to acceptance or rejection. After storing all subwords
w; the last coordinate of the head position is 1147 While reading the d;
M changes its head simply by adding d; to the current position. Since d; €
FE,_1 the dth coordinate is not affected. This phase leads to a head position
(my,...,mg_1, Lt ). Now the subword y is read and stored on another tape.
Finally, M verifies whether or not y matches one of the subwords which have
been stored into the cells

—1
(mlﬂ"'amdflao),---,(ml,...’mdil’llerq _1)



(if there are stored subwords in these cells at all). M accepts if and only if it
finds a matching subword.

Altogether, M needs n time steps for reading the whole input and at most an-
other {1+4"~" time steps for comparing the y with the stored subwords. The first
part of the input contains r~*(1'+9""") symbols b. Therefore, n > r~!(I1+d""")
and since r is increasing r(n) > r(r 1(11+%7")) = (1497 We conclude that
M obeys the time complexity id + r and, hence, L; € DTIMEY(id + r).

Assume now L, is acceptable by some DTM? M with time complexity id + 7.

Two words -
—1(14+d9™
alo” T D swlewa$whie - - - qwsSwhe
and ot
—1(714+d9™
alp™ Jw) $w' Fewh$wife - ¢w! $uw'Fe
are not (m + l)-equivalent with respect to L; if the sets {wi,...,ws} and
{wf,...,wl} are not equal. There are exactly (lﬁi) different subsets of {0, 1}!

with 1% elements. Tt follows:

2! 2[ _ldq
N(n,l+m,L1) > (ldq> > <T>

141

AV
VR
= N
5N
\—/

Il
—
[\
N~
L
19
9
=
_
~—

v
[\]
N
|
=
=
+
9
ry

for all sufficiently large [.

On the other hand, by Lemma 6 the number of equivalence classes distinguish-
able by M is bounded for a constant p € N:

N(n,1 +m, Ly) < ptm+r' )’
For n we have
no=1+r Y L 20 +2) 1Y 4 (d—1) 1 41
_ O(lqu) +T71(11+dq—1)
Since r € O(idﬁ) it follows r—1 € Q(id%). Therefore,
r—l(l1+dq*1) c Q(ld—l—dq)

We conclude

n<c -r

lqu_l) for some ¢; € N

4
Due to the property O(r—'(n)) < r1(O(n)) we obtain

n < 7'_1(02 . lH'dq_l) for some ¢y € N



q—14 1
From 1 —e<1— 4L — di4l _ & +y

7 = Girq = gy and ' € o(r'7?) it follows

T’(n) S 7",(7"_1(02 R l1+d1171))
< o(r(r™(eg - 1M )T

- 0(15"“1‘171)
By l+m=1+(d—1)-1¢" =0@%") it holds
(L+m+r'(n)h = (00" ™") +o(lat® ™))"
— 0(l§+dq_1)d — O(ZH-dq)
Finally, the number of distinguishable equivalence classes is
l1+dq) _ 20(l1+d‘1)

N(n,l+m,Ly) Sp"(

Now we have the contradiction that previously N(n,l+ m, L) has been calcu-
q
lated to be at least 22("*") what proves L; ¢ DTIME®(id + r'). O

For one-dimensional machines we have hierarchies from real-time to linear-time.
Due to the possible speed-up from id + r to id + € - r the condition r’ € o(r)

cannot be relaxed. Example functions for every dimension are idi and log[i]
(cf. Example 10).

4 The Dimension Hierarchies

By a similar witness language and the same method infinite dimension hier-
archies for the time complexities in question can be shown.

Theorem18 Let r : Ng — N be an increasing function and d € N be a constant.
Ifr € o(idd) then

DTIME®*!(id) \ DTIME®(id 4 ) # 0

Proof. The words of the witness language Lo are of the form
w1 Swlew $whe - - - qw Swlaed; - dpny

where [ € N is a positive integer, s = 14, m = d -1, y,w; € {0,1}, 1 <i < s,
and d; € Eg, 1 <1 <m.

An accepting (d + 1)-dimensional real-time machine M works as follows. The
subwords w; are stored into a (d + 1)-dimensional area of size [ X [ x --- x [.
The first symbols of the w; are stored at the [¢ positions

(0,0,...,0) to (1 —1,0—1,...,0—1,0)

The words itself are stored along the (d + 1)th dimension.

10



After storing the subwords M moves its corresponding head as requested by
the d;. Since the d; are belonging to E,; this movement is within the first d
dimensions only. Finally, when the y appears in the input M tries to compare
the y with the subword stored at the current position. M accepts if a subword
has been stored at the current position at all and if the subword matches the
y. Thus, Ly € DTIME®*!(id 4 1).

In order to apply Lemma 6 we observe that, again, two words

wy $wf¢w2$w§¢ i ¢ws$wf¢

and

w) $wiFews$wie - - - ¢w, $wilie
are not (m + l)-equivalent with respect to Ly if the sets {wi,...,ws} and
{w],...,wl} are not equal. Therefore, Ly induces at least

(1+1)

2l
N(nl+m,Ly) > (m) > 99

equivalence classes for all sufficiently large [.

On the other hand, we obtain an upper bound of the number of distinguishable
equivalence classes for an (id + r)-time DTM? M as follows

N(n,l+m,Ly) < p(HmH(n))d
p(l+d-l+r((2l+2)~ld+l+d-l))d

< plOW+r(erttt )

for some ¢; € N

< pOW+ofer1+h) )

_ pOW+o

— po(l% )4

_ po(ldJrl) _ 20(ld+1)
From the contradiction Ly ¢ DTIME?(id + r) follows. O

The inclusions DTIME?*!(id) C DTIME®*!(id 4+ r) and DTIME%(id + r) C
DTIME®*! (id+r) are trivial. An application of Theorem 8 yields the hierarchies:

Corollary1 9 Letr: Ny — N be an increasing function and d € N be a constant.
Ifr € o(idd) then

DTIME?(id + ) C DTIME®*! (id + )

Note that despite the condition r € o(idﬁ) the dimension hierarchies can touch

1
r =1qdd:

idi € o(idi=1) and DTIME®L(id + idi) c DTIME®(id + id#)

11



The following example is based on natural functions. It combines both types
of hierarchies.

Example 10 Since .7(DTMY) is closed under composition and contains 2%
and id®, ¢ > 1, the functions log[i], 7> 1, and id< are belonging to 7 ~1(DTM?).
(Actually, the inverses of 2/ and id® are [log] and [id %] but as mentioned before
we simplify the notation for convenience.)

For d = 1 trivially id™T € o(id?) and loglit!l € o(logl?).

1
i

For d > 1 we need to find an ¢ such that id+ € o(id71=9)) resp. logl ™!
o((log!)!=*).

In the second case we have log(logl”) and (logl)!~¢ and, therefore, the condition
is fulfilled for all e < 1.

DTIME(id + id) DTIMEZ(id + id?) DTIME?(id + id?) DTIME(id + id%)
U U U U

DTIME(id +log) < DTIME?(id +log) C DTIME?(id +1log) < DTIME?*(id 4+ log) C ---
U U U U

DTIME(id + log?) ¢ DTIME?(id + logl®!) ¢ DTIME?(id + log®?') ¢ DTIME!(id + log?) c ---
U U U U

DTIME(id +1ogl®)) ¢ DTIME?(id 4 logP!) ¢ DTIME?(id + log®) ¢ DTIME*(id + logP®) c ---
U U U U
U U U U

DTIME(id) C DTIME2(id) C DTIME3(id) C DTIME(id) C -

The first case holds if and only if HLI < 2(1 —¢). Thus, if &= < 1—¢ and

: T+l
therefore, if ¢ < 1 — H_Ll We conclude that the condition is fulfilled for all
< L
£< i1
DTIME(id + id)
U
DTIME(id + idz) C DTIME2(id + id?)
U U
DTIME(id + id3) C DTIME2(id + ids) C DTIME3(id + id3)
U U U
DTIME(id + id1) C DTIME2(id + id%) C DTIME3(id + idi) C DTIME(id + id1)
U U U U
U U U U

DTIME(id) <  DTIME?(id) <  DTIME*(id) <  DTIMEYid) cC ---

12
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