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Introduction

Risk is omnipresent in existing financial systems. There exist various categories of
financial risk addressing different aspects and perspectives. This thesis is devoted to
two specific types of risk: portfolio credit risk, which originates in the possibility that
borrowers are not able to repay their debts as previously agreed upon, and systemic
risk covering the risk of an entire financial system. Throughout this thesis we go
beyond the perspective of a single firm and study the interaction between multiple
entities.

The recent financial crisis shed light on modeling approaches concerning both
types of risk. First of all, it has revealed several problems of existing models for
credit derivatives and portfolio credit derivatives in particular. Consequently, valu-
ation and risk management of these instruments and especially the development of
accurate and still tractable models is an important field of research. In addition to
that, we have seen the consequences arising out of a loss of trust between market
participants and the questioning of their own models. On the one hand, they adapt
a more risk averse behavior, which results in counterparty contagion. For instance,
contagion could spread from lender to borrower. While this behavior may still be
rational, in the recent financial crisis panic led to much more drastic contagion ef-
fects and finally resulted in a collapse of financial markets. The topic of systemic
risk is closely related to these observations, and the events of this crisis illustrate
the importance of identification, measuring and controlling this specific type of risk.

Focusing on portfolio credit risk in the first part of this thesis, we consider a credit
portfolio with n counterparties. More precisely, we look at securities issued by these
firms. In this framework, important products are basket credit derivatives which
offer protection against the ith default in the underlying portfolio.

The existence of various counterparties leads to the question of how to deal with
the complex dependencies between these different entities. We adopt the so called
top down perspective, which means that we do not explicitly study the relationship
between the considered firms but focus on the portfolio as a whole. Consequently,
we are interested in the so called default counting process, which simply counts the
defaults in the underlying portfolio without telling us anything about the identity
of the defaulted name.

Starting with a structural definition of default in the sense of Black and Cox
(1976), we develop the first top down first-passage model for portfolio credit risk.
Structural variables in our model are the portfolio value process of the underlying
portfolio and different time independent default barriers. We model the portfolio
value process by a time changed geometric Brownian motion and suppose that a
default occurs if this process hits a specific barrier. Because we have to model sev-
eral defaults, our model consists of n possibly stochastic sequential default barriers.
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In order to obtain a tractable model, we additionally introduce an incomplete in-
formation framework which uses some of the ideas in Giesecke (2006). We study
different incomplete information models with different assumptions on the availabil-
ity of information concerning the portfolio value process and the default barriers.
As a consequence of this, we obtain reduced form formulas for prices of credit sen-
sitive securities and an algorithm to simulate the default times. Nonetheless, the
most important feature in our top town first-passage default model is the specific
time change which itself depends on the default times. This type of time change has
also been studied in Giesecke and Tomecek (2005). Due to the dependence on prior
defaults, the time change determines how sequential defaults depend on each other
and the resulting default counting process is self-affecting. Therefore, our model has
the flexibility to incorporate feedback of default events to future events. This allows
for the possibility that a default increases the likelihood of the next default. As a
result of this, we are able to model the contagion effects discussed above.

While in portfolio credit risk modeling we deal with a rather limited number of
counterparties, in the context of systemic risk the situation is quite different because
we consider an entire financial system with much more entities. The second part of
this thesis is devoted to systemic risk measurement. Here, we change the perspective
from a modeling point of view towards the view of a financial regulator or a central
bank. These entities are interested in measuring and managing the risk in order to
maintain the stability of the financial system.

In the context of single-firm risk measurement, Artzner et al. (1999) introduced
and Delbaen (2000, 2002) generalized an axiomatic approach. They studied so called
coherent risk measures which assign risk to random payments and satisfy four eco-
nomically desirable properties. Later, Follmer and Schied (2002) and Frittelli and
Rosazza Gianin (2002) extended these approaches and introduced convex risk meas-
ures. Coherent risk measures, as well as convex risk measures, can be characterized
by their corresponding acceptance sets, and both risk measures admit a specific
dual representation which clarifies the relationship between a risk measure and the
largest expected loss with respect to a family of probability measures. A further
generalization includes dynamic aspects of risk measurement. For instance, taking
into account the availability of additional information leads to the theory of con-
ditional risk measures. Another possibility is to define risk measures on stochastic
processes which represent the evolution of firm specific financial values; see Artzner
et al. (2007), Cheridito et al. (2006) and others.

In line with these approaches for single-firm risk measurement, we generalize the
approach in Chen et al. (2013) who studied positively homogeneous systemic risk
measures on a finite probability space. Throughout the second part of this thesis we
work on a general probability space and consider a network of n firms. The main
objects of interest are convex systemic risk measures which are defined by dropping
the axiom of positive homogeneity in the approach of Chen et al. (2013). Our convex
systemic risk measures can be decomposed into a convex single-firm risk measure
and a so called aggregation function. The latter function determines how to pool
the losses of the individual firms contained in the underlying financial system and
provides, in contrast to the classical portfolio approach, more flexible possibilities to
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do so. Based on this fundamental decomposition result, we are able to characterize
our convex systemic risk measure in terms of acceptance sets. In addition, we
obtain a dual representation result, which is applied to another important subject
in the context of systemic risk measurement. We consider the question of what
fraction each firm contributes to the systemic risk of the whole financial system.
More precisely, based on our dual representation result, we study an appropriate
risk attribution method.

Beyond the scope of these static convex systemic risk measures, we develop in
Chapter 7 the first dynamic approach to systemic risk and study conditional and
dynamic convex systemic risk measures. In more detail, we study systemic risk
measures for multi-dimensional bounded discrete time stochastic processes and in-
corporate the availability of new information over time. We are able to extend our
decomposition and primal representation result directly to this setting and with some
of the techniques from Cheridito et al. (2006) we also obtain a dual representation
of conditional systemic risk measures.

Another important aspect in conjunction with dynamic risk measurement is the
question of how risk measures at different points in time depend on each other. In
literature, there exist several different suggestions for this issue of time-consistency.
We study the notion of so called strong time-consistency in line with the idea from
Riedel (2004) or Artzner et al. (2007) to use the Bellman principle in conjunction
with the axiomatic risk measurement approach. Because our dynamic systemic
risk measures can be decomposed into a dynamic single-firm risk measure and a
dynamic aggregation function, time-consistency is studied for each of these objects.
In particular, we discuss the relation between these properties and focus on the
question of what time-consistency means for the underlying aggregation function.






Part |I.

Portfolio credit risk modeling: a
top down first-passage default
model
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Credit risk originates in the possibility that a person or an organization, the
borrowing entity, is not able to repay its debt as previously arranged in a contractual
agreement. To manage this risk, the question of how to model the risk of a single
security or even a whole portfolio of securities is essential.

Among the standard credit risk modeling approaches there are two types of mod-
els: structural and reduced form models.

The basis of all structural models, starting with the approaches of Merton (1974)
and Black and Cox (1976), is the definition of the default event. This default event is
defined by using the firm’s structural variables. We can, for example, define the time
of default as the first time the value of the firm’s assets falls below a specific barrier,
and this barrier may depend on the value of the firm’s debt. In this case, relevant
structural variables are the firm’s assets and the value of the firm’s debt. Models of
this kind are models in which a default is triggered by the first hitting of a specific
barrier. These are called first-passage models. Because of this explicit definition of
the default event, we know the reason for this default: The firm asset value is too
low and too close to the value of the firm’s debt. Another important feature of most
structural models is that all the information which is needed to specify the default
time of a specific firm is always publicly available for everyone, which in reality is
generally not the case. We discuss this aspect of structural models in more detail in
Subsection 2.1.3.

Reduced form models and intensity models do not establish a direct connection
between the default event and the firm’s structural variables. The first models of this
type were introduced by Jarrow and Turnbull (1992), Artzner and Delbaen (1995)
and Duffie and Singleton (1999). In reduced form models a default occurs if the so
called default indicator process jumps. But in contrast to structural models, this
process is exogenously given. This implies that we do not know the reason for the
default, we only know that a default has occurred. Nevertheless, an advantage of the
definition of the default time in reduced form models is that much less information
is required: We do not necessarily need to know the value of the firm’s assets and
debt to obtain its time of default. Indeed, “reduced form models were originally
constructed to be consistent with the information that is available to the market”
(Jarrow and Protter (2004), p. 5). As a consequence, an important advantage of re-
duced form models is that pricing formulas are often tractable, and hence applicable
in practice.

As discussed so far, structural and reduced form models distinguish between the
assumptions on the information that is available to the modeler. Jarrow and Protter
(2004) and Elizalde (2006) discuss this information based distinction of structural
and reduced form models in detail. Jarrow and Protter (2004) emphasize that a
structural model can be converted into a reduced form model if we transform the
set of available information. This means that we have to relax the assumption that
all information is publicly available. Therefore, a link between these two approaches
is given by so called incomplete information models. For a more detailed discussion
we refer again to Subsection 2.1.3. Since these models based on incomplete infor-
mation can be arranged between structural and reduced form models, they have the
potential to combine the advantages of both approaches. This means they have the
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advantage of an economically explainable default event as in structural models and
provide applicable pricing formulas as in reduced form models; see also Giesecke and
Goldberg (2004a,b).

In this part of the thesis we are interested in credit risk at the portfolio level.
Therefore, we consider a reference portfolio consisting of n names. Giesecke (2008)
points out that every model of portfolio credit risk has three main objects of in-
terest. These are the available information, the default times (and in conjunction
with these, the corresponding process counting the defaults in the portfolio) and
finally the loss distribution at a default event. For simplicity we concentrate on the
available information and the default times and consider a constant loss at a default
event. The available information is modeled by a filtration which is denoted by G
throughout this thesis. Moreover, we distinguish between two types of default times.
On the one hand, we consider the default time of a specific firm ¢ € {1,...,n}; on
the other hand, we study the time of the ith default in the underlying portfolio. In
the latter case, we do not necessarily know which firm belongs to the ith default.

With this terminology we are able to distinguish between top down and bottom
up approaches in credit risk. Brigo et al. (2010) propose a very intuitive distinction.
In bottom up models we try “to model dependence by specifying dependence across
single default times” (Brigo et al. (2010), p. 2). In the top down framework we
“could completely give up single-name default modelling and focus on the pool
loss and default-counting process” (Brigo et al. (2010), p. 8). By using a more
technical distinction, we can concentrate on the content of the filtration G; see also
Giesecke (2008) and Bielecki et al. (2010) who provide a detailed overview focused
on reduced form models. In top down and bottom up approaches the filtration
G contains enough information to identify the default events, but in bottom up
models an investor or a modeler is also informed about the identity of a defaulted
name. Hence, in comparison to top down models, the information filtration contains
additional information.

We can find reduced form approaches with a top down perspective as well as
reduced form approaches with a bottom up perspective. But to our knowledge, in
the context of structural models, there exist only bottom up models in the literature
so far. For an overview see the table below. Examples of these different approaches
are discussed in Section 2.2.

model type | top down | bottom up
structural X v
reduced form v v

We develop the first top down first-passage model for portfolio credit risk. More
precisely, we start with a structural definition of default and incorporate the idea
that only partial information about the structural variables is available to investors
in the market. Structural variables in our model are the portfolio value process of the
underlying portfolio that consists of n names (corresponding to the firm’s asset value
process in case of a single entity) and different time independent default barriers K*
with K1 > K2 > ... > K™ The time of the ith default in the underlying portfolio
is denoted by T; and defined as the first time the portfolio value process hits the ith
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default barrier K. Since our model is an incomplete information model, it does not
only have the advantage of an economically explainable default event, but it also
incorporates advantages of reduced form models. Indeed, we obtain explicit solutions
for the so called default trends of the different default times T; for ¢ € {1,...,n}.
The specific form of these default trends allows us to determine tractable solutions
for prices of credit sensitive securities. In detail, we consider prices of contingent
claims that pay a specific amount at time T only if the ith default in the underlying
pool of names did not occur up to time T, i.e., if T' < T;; otherwise, the payout is
equal to zero. Moreover, we will see that our default times are totally inaccessible,
which is typical for reduced form models and a desired property. As Jarrow and
Protter (2004) point out, totally inaccessible default times imply that default is not
predictable, i.e., it occurs by surprise. Finally, based on the previous results for
default trends, we are able to determine the compensator of the default counting
process of the underlying portfolio, and we obtain an algorithm to simulate our
default times in a similar way to Giesecke and Goldberg (2004b). This algorithm is
typical for reduced form models.

To implement the idea of partially available information, we use the ideas from the
incomplete information approach of Giesecke (2006). This approach has also been
considered in the bottom up first-passage structural model in Giesecke and Goldberg
(2004b). Here, the authors model for each firm an individual firm value process and
suppose that these are correlated with each other in order to model the dependence
on common market factors. The default time is equal to the first time this process
falls below a firm specific stochastic barrier, and these barriers are supposed to be
dependent. This is justified by the observation that debt levels of different firms
depend on each other. Moreover, neither the asset values nor the default barriers
are available to investors. As a consequence of this modeling approach, the model
covers contagion effects such as jumps in prices of credit sensitive securities after a
default event.

There also exist top down reduced form models with a similar property. To be
more precisely, the conditional portfolio default rate, i.e., the portfolio intensity A,
is sensitive to the occurrence of a default. Technically, this means that after each
event, the portfolio intensity possibly changes and not simply because there are
less potential defaulters in the portfolio; see Giesecke (2008). Examples of such
approaches are Giesecke and Tomecek (2005), Arnsdorf and Halperin (2009), Ding
et al. (2009) and Cont and Minca (2013) among many others. We refer to Giesecke
(2008) for a more detailed overview and more references.

In addition, we can find other models that focus on such contagion effects and
which are closely linked to the previously introduced incomplete information ap-
proaches; see, for instance, Jiao (2009), Chapter 2 in Kchia (2011) and El Karoui
et al. (2013). All previously mentioned approaches start with a default-free reference
filtration and consider enlargements of this filtration with respect to ordered or un-
ordered default times. The model in El Karoui et al. (2013) is based on the approach
in El Karoui et al. (2010) and mainly studies the case of ordered default times. A
key assumption in El Karoui et al. (2013) is the existence of conditional densities
for the default times. Thus, these kinds of models are referred to as conditional
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density approaches. As a result of the model definition in El Karoui et al. (2013),
“conditional densities given the global information depend explicitly on the past
defaults” (El Karoui et al. (2013), p. 8). In particular, the timing of these defaults
matters. Kchia (2011) analyzes credit contagion in the conditional density approach
with the focus on unordered default times. Jiao (2009), who also concentrates on
unordered default times, studies a model framework which allows to remove the den-
sity hypothesis. In our model we do not claim a corresponding assumption to the
density hypothesis in El Karoui et al. (2013), but due to our incomplete information
framework, we also work with successively enlarged filtrations. Moreover, we will
see that in our model the timing of past defaults is also relevant for future default
events.

Since we want to construct a top down first-passage default model, the question is
how to incorporate feedback of default events (see Giesecke (2008)) in such a model
framework. Our solution to this problem is the usage of time change techniques. A
time change can be seen as a map that transforms calendar time in financial time in
the sense that the financial time is strongly connected with the financial activities
that occurred up to calender time t. If, for example, the volatility in the market is
very high in a given period, then financial time will run faster than the corresponding
calender time. See, for instance, Albanese et al. (2003) or Carr and Wu (2004) for
this interpretation.

In general, we can distinguish between two types of time changes. A first possibil-
ity is to use nondecreasing Lévy processes; see Cont and Tankov (2004). These time
changes are also called Lévy subordinators and the first application in finance of
such time changes can be found in Clark (1973). Second, we can focus on absolutely
continuous time changes which are defined as integrals of stochastic processes.

Time change techniques are well known and often applied in equity modeling.
Geman et al. (2001) consider models for financial market price processes that are
given by purely discontinuous time changed Brownian motions. Important examples
of time changed Brownian motions with a specific Lévy subordinator are the well
known Variance Gamma process, see Madan and Seneta (1990) and Madan et al.
(1998), or the Normal Inverse Gaussian model of Barndorff-Nielsen (1998). There
are also many applications of absolutely continuous time changes in equity modeling;
see, for instance, the stochastic volatility models of Heston (1993) and Carr et al.
(2003).

Time changes are also increasingly popular in credit risk modeling. Albanese et al.
(2003) consider, for example, the so called credit quality process of a specific firm,
which takes values in [0, 1]. This credit quality process is given by a diffusion process
that is time changed by a gamma process. Therefore, the resulting process includes
jumps such that migration rates can be correctly fitted by the model.

Examples of time change models in multi-name credit risk are the bottom up
structural models in Overbeck and Schmidt (2005), Luciano and Schoutens (2006)
and Hurd (2009). Overbeck and Schmidt (2005) study the case of two underlying
names and assume that the ability-to-pay processes are given by correlated Brownian
motions which are transformed by deterministic time changes. In this approach the
time change differs for each firm. In contrast to this, Luciano and Schoutens (2006)
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use the same gamma time change for all names in the portfolio. Hurd (2009) models
the so called log-leverage ratio process as a time changed Brownian motion. Here,
each time change is the weighted sum of a firm specific time change and a common
time change shared by all names.

In the context of top down reduced form approaches, examples of models using
time change techniques are the models in Giesecke and Tomecek (2005) and Ding
et al. (2009). The first approach models the default counting process of the under-
lying portfolio as a time changed Poisson process and the second approach assumes
that this counting process is given by a time changed birth process. Both approaches
have a self-exiting default counting process in common, which means that prior de-
faults have an influence on the arrival of future default events. This is exactly the
property we want to incorporate in our model. But while in the model of Ding
et al. (2009) the self-affecting default counting process is a direct consequence of the
definition of the underlying birth process, Giesecke and Tomecek (2005) obtain this
result by the specific time change which depends at time ¢ on all default times that
occurred up to this point in time.

We will use this property and define our portfolio value process as a time changed
geometric Brownian motion, and our time change is similar to the one introduced
in Giesecke and Tomecek (2005). In Chapter 3 we will see that the resulting default
counting process is also self-affecting such that the timing of past defaults is relevant
for future default events.

The outline of the first part of this thesis is the following. In Chapter 1 we
repeat important mathematical preliminaries. The aim of Chapter 2 is to give an
overview of the different perspectives in modeling (portfolio) credit risk. Therefore,
the differences between structural and reduced form models and bottom up and top
down models are discussed in detail. Chapter 3 contains the main results of this
part of the thesis. Here, we introduce and study our top down first-passage default
model. To be more precisely, we discuss two different models based on different
assumptions concerning the availability of information. At the end of this chapter
we analyze a specific time change and determine the implications to our model.



1. Mathematical preliminaries

In this chapter we introduce the terminology needed in the subsequent study. In
the first part of this thesis we focus on the jump process that counts the defaults
in a given portfolio. These processes are specific types of so called point processes.
We discuss in Section 1.1 important facts about point processes in general. Section
1.2 is dedicated to compensator processes and their computation. Throughout this
chapter let (2, F,P) be the underlying probability space and let F = (F¢)¢>0 be a
filtration on this space.

1.1. Point processes

The following definitions and statements are based on Brémaud (1981).

Definition 1.1.1. A point process over [0,00) is a sequence ((y,) of random vari-
ables with values in [0, 00] such that (o = 0 and (m, < oo implies G < Gnt1- If we
define (o := limy, 00 G, then the associated process N defined by

- m iftE[CmaCmJ,-l),mGNo
P 4o ift > (o

is called counting process. The point process ((y,) is called nonexplosive if and only
if (oo = 00 or equivalently N < oo P-almost surely (a.s.) for all t > 0. We say that
A is integrable if and only if E[A{] < oo for all t > 0.

Remark 1.1.2. Since there exists a one-to-one correspondence between the se-
quence ((,) and the corresponding process .4, the process .4 is also called point
process.

The following definition introduces a specific point process.

Definition 1.1.3. Consider a point process A that is adapted to the filtration F
and let A be a nonnegative, measurable process such that

1. A is Fo-measurable for all t > 0,
2. fot Asds < 0o P-a.s. for all t > 0.

We call A an F-doubly stochastic Poisson process with (stochastic) intensity A if
and only if

Efexp(iu( A — )| F,] = exp ((ew _1) / /\Udv> (1.1)

for all0 < s <t and all w € R. If X is deterministic, then A4 is called F-Poisson
process and if A = 1, then we say that A is a standard F-Poisson process. In case
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of F =F" = (F/ V>0 with F;* := (AN : s <), we call & a Poisson process. If
F=F" and A\ =1, then A is called standard Poisson process.

Remark 1.1.4. Brémaud (1981) points out that the first property and Equation
(1.1) in Definition 1.1.3 enable us to condition on Fy in (1.1) such that

Elexp(iu(Af — A5))|Fo] = exp <(ei“ - 1)/ )\vdv> = Elexp(iu(A; — A5))|Fs V Fol.

Hence, 4] — A is P-independent of Fs given Fy. Moreover, (1.1) implies the well
known property

(f; )\vdv>k

I for ke Npand 0 <s <t

t
P[A; — N5 = k| Fs] = exp <—/ /\vdv>

(1.2)
In case of a standard F-Poisson process .4 starting in 0, it follows from Equation
(1.2) that

(t—s)*

PLA; — Ay = KIF] = exp (~(t = 8)

for ke Ngand 0 <s<t.

The previous equation implies that in this special case of a standard F-Poisson
process, the waiting times ((;, —(m—1)men are P-independent and additionally satisfy

P[¢m — Cm—1 > t] = exp(—t) for m € Nand t > 0.

This means that the waiting times are exponentially distributed with parameter
A = 1. Furthermore, it follows that P[(, < oo =1 for all m € Ng. We refer to
Section 10.2 in Meintrup and Schéffler (2005) for more details.

So far, we have defined the intensity of a specific point process, the so called Pois-
son process. The following definition clarifies the term for general point processes.

Definition 1.1.5. Consider an F-adapted point process A and a nonnegative, F-
progressive process A\ that satisfies fot Asds < oo P-a.s. for all t > 0. If for all
nonnegative, F-predictable processes Y the equation

o[ v 5[ [

holds, then we say that A" admits the (IF-)intensity A.

Theorem 1.1.6 (See Theorem T8, Chapter IT in Brémaud (1981)). Suppose that
the point process A admits the F-intensity A\. Then A4 is nonexplosive and the
following statements hold:

1. M defined by M; := N; — fot Asds is an F-local martingale.

2. If X is an F-predictable process with E[fot | Xs|\sds] < oo for all t > 0, then
the process Y defined by Y; := fg XsdMy is an F-martingale.
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3. If X is an F-predictable process with fg | Xs|A\sds < o0 P-a.s. for allt > 0, then
the process Y defined by Y; := fot XsdM; is an F-local martingale.

The next result characterizes the intensity in terms of martingale properties.

Theorem 1.1.7 (See Theorem T9, Chapter II in Brémaud (1981)). Consider a
nonezxplosive, F-adapted point process A and let X be a nonnegative, F-progressive

process such that the process JV/\Cm ftAc Asds)i>0 is an F-martingale for all
m € N. Then X is the F-intensity of A .

According to Theorem T12, Chapter II in Brémaud (1981), F-predictable inten-
sities are unique, and Theorem T13, Chapter II in Brémaud (1981) states that for
every point process .4 with F-intensity ), there always exists an F-intensity \ that
is F-predictable.

The following results are special cases from the results in Chapter A.2 in Brémaud
(1981) and will be applied in Chapter 3.

Theorem 1.1.8 (See Theorem T23, Chapter A2 in Brémaud (1981)). Consider a
point process N with corresponding sequence ((,). Then the following statements
hold:

1. Cm is an B -stopping time for all m € Ny.
2. .7:;5/1/ = U<I{Cm§8} s <t,me N)

Theorem 1.1.9 (See Theorem T26 and Theorem T28, Chapter A2 in Brémaud
(1981)). Consider an (R, B(R))-valued process Y such that there exists for allt > 0
and all w € Q an e(t,w) > 0 with

Yits(w) = Yi(w) on [t,t+¢e(t,w)).

Then the natural filtration FY is right-continuous and for all FY -stopping times T,
we have
FY = o(Yspr 182> 0).

T

Theorem 1.1.10 (See Theorem T30, Chapter A2 in Brémaud (1981)). Consider
a point process N with corresponding sequence ((n). Then the following equations
are satisfied:

1. f&/xza(ci:()gigm)forallmEN.
2. F =F =o(GiieNy).

1.2. The compensator of a stochastic process

The following theorem is well known and enables us to define the so called compen-
sator of a stochastic process. In what follows, we assume that F satisfies the usual
conditions.

We call a cadlag process (a process which is right-continuous with left limits)
C = (Ct)t>0 an increasing process if the paths of C : t — C}(w) are nondecreasing
for almost every (a.e.) w € Q.
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Theorem 1.2.1 (Doob-Meyer decomposition; see, e.g., Theorem 11, Chapter III in
Protter (2005)). Consider a cadlag F-supermartingale X with Xo = 0 such that the
family

{X;|7 is a finite stopping time}

s uniformly integrable. Then there exists a unique, increasing, F-predictable process
C with Cy = 0 such that the process M given by M; = X; + Cy is a uniformly
integrable F-martingale.

Definition 1.2.2. We call the process C the (P,[F)-compensator of X. If there is
no confusion about the probability measure, we also use the term F-compensator or
simply compensator.

In the subsequent study we are interested in point processes .4 which have a finite
number of jumps, i.e., there exists n € N such that (,, = co for m > n. Since A4 is
an increasing and bounded process, we know from the Doob-Meyer decomposition
theorem that .4 admits the unique compensator C such that .#° — C is an F-
martingale. If we additionally assume that there exists a nonnegative, F-progressive
process A such that C; = fg Asds P-a.s., then it follows from Theorem 1.1.7 that A
is the intensity of .#". Thus, the compensator of .4 is strongly connected to the
intensity. Nevertheless, this does not imply the existence of such an intensity.

For the following remark and the corresponding proof see also Chapter II in Bré-
maud (1981).

Remark 1.2.3. Let us again consider a nonexplosive, F-adapted point process .4
and a nonnegative, F-progressive process A such that

tACm
(J%/\gm — / )\Sds> is an F-martingale for all m € N. (1.3)
0 >0

If we additionally assume that A is right-continuous and bounded, then we obtain
1
As = lim ——E [ A — A Fs] P—as.
tls t—s
This equation can be verified as follows: Fix 0 < s < ¢t. The martingale property

in (1.3) yields E[Anc, — Nanc,|Fsl = E[fne" Audu| Fy] P-as. for all m € N. For
m — oo we obtain

t
EW—JVSMS]ZEV Audu

]:8] P — a.s.

If A is right-continuous and bounded, it follows from Lebesgue’s averaging theorem
and Lebesgue’s dominated convergence theorem that

1 1 ¢
lim ——E [ A] — 5| Fs] = lim E l/ Audu
tls t — 8 tls t — s s

fs] =E[Xs| Fs] = As P—as.

Finally, the following lemma addresses important properties of the so called com-
pensated process A — C.
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Lemma 1.2.4 (See Lemma 3.1 in Pang et al. (2007)). Let A" be a nonexplosive,
integrable, F-adapted point process with compensator C. If C is continuous, then
the F-martingale M := A — C is square-integrable and the corresponding quadratic
variation process satisfies [M]=A".

Computing the compensator via the Jeulin-Yor theorem

Let us consider a nonnegative random variable 7. If 7 is not an F-stopping time,
we can expand I and obtain an expanded filtration G = (G:);>0 such that 7 is a
G-stopping time. For the remaining part of this section we suppose that 7 is not an
F-stopping time.

We are interested in computing the compensator of the process (I {rgt})t20~ Note
that (I1;<¢})t>0 is a G-submartingale such that this process admits a G-compensator
according to the Doob-Meyer decomposition theorem. We call this compensator G-
compensator of T.

First, we distinguish between three different filtration expansions.

Definition 1.2.5. The minimal filtration expansion G' = (Gj)i>0 is the smallest
expansion such that T is a stopping time with respect to this filtration, i.e., it is
given by

Gii=FVo(tAt)=FVo({r <s}:s<t).

The progressive filtration expansion is defined as the filtration GT = (G] )¢>0 such
that
G ={A e G| e Fr, An{r >t} =Fn{r >t}}

with Goo = Foo V 0(T). Finally, we say that a filtration expansion G = (G¢)t>o0 is of
the Guo-Zeng type if 7 is a G-stopping time and

Qtﬂ{7'>t}:]:tﬂ{7>t}.

For a detailed discussion of these filtration expansions we refer to Guo and Zeng
(2008), who focus on the last filtration expansion, and Okhrati (2013). Chapter VI
in Protter (2005) considers filtration expansions in general.

Note that the progressive filtration expansion is right-continuous; see also Chapter
VI in Protter (2005). By the definition of the progressive filtration expansion, we
have Foo N {7 <t} C G]. This means that on the event {7 < t}, the o-algebra G
contains the entire information included in F,, i.e., it contains the whole information
that is encoded in the smaller filtration F up to time co. Guo and Zeng (2008) point
out that this is not realistic from a modeling point of view. In contrast to the
progressive filtration expansion, the minimal filtration expansion does not satisfy
this critical property. Moreover, both the minimal filtration expansion and the
progressive filtration expansion are expansions of the Guo-Zeng type. We refer
again to Guo and Zeng (2008) for more details.

Now, we come back to our problem of computing the compensator of the process
(Itr<ty)i>0- If we define the F-conditional survival probability by

Zy = E[I{T>t}“Ft]v
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then Z is an F-supermartingale since for all s < ¢, we have

Zs = E[1 = Ii7<5y|Fs] = E[1 = I{7 <3| F]
= E[E[l - I{TSt}|]:t”fs] = E[Zt|f5] P — a.s.

The following definition is closely related to this F-supermartingale. This defini-
tion is based on Definition 5.1 in Giesecke (2006), and we will see below that the
introduced process will play an important role in computing the G-compensator of
T.

Definition 1.2.6. Suppose that Z; > 0 P-a.s. for allt > 0 and let Z;_ := limgyy Zs
and Zo_ = 1. If €% denotes the F-compensator of Z, then the process o/ defined
by

t
— 1 z
,th.—/o Zg_d‘fs (1.4)

1s called default trend.

Jeulin and Yor (1978) proved in case of a progressive expansion G = G” that the
problem of computing the G-compensator of 7 can be transformed to the problem
of computing the F-compensator of Z. This result was extended by Guo and Zeng
(2008) to the more general expansions of the Guo-Zeng type.

Theorem 1.2.7 (Extended Jeulin-Yor theorem; see Theorem 1.1 in Guo and Zeng
(2008)). Let the filtration F satisfy the usual conditions with Foo C F and let G
be a filtration expansion of the Guo-Zeng type of F. Then the G-compensator of

(I{z<iy)t>0 is given by
tAT 1
/ de?.
0 Zs—




2. Modeling (portfolio) credit risk

In this chapter we first take a closer look at the two main types of models among the
standard credit risk modeling approaches. We discuss the main ideas of structural
and reduced form models in Section 2.1. For this purpose it suffices to consider
the case of a single counterparty. In Section 2.2 we analyze the two main types for
modeling portfolio credit risk, i.e., bottom up and top down models.

Throughout this chapter let (2,G,G,P) be a filtered probability space and let
G = (Gt)s>0 satisfy the usual conditions. From now on, we assume that the filtration
G models the flow of information over time which is available to an investor in the
market. Hence, we call this filtration information filtration or investor filtration.

2.1. Structural versus reduced form models

2.1.1. Important structural models

The basis of all structural models is the definition of the default event. In structural
models a firm defaults if its firm value is lower than a given trigger level. Since
all structural models have such a default barrier in common, they are also called
threshold models. In this subsection we shortly introduce two important structural
models: the Merton model, which can be considered as the first structural model,
and the Black-Coxr model, the first first-passage model. The second model is of
special interest since our model in Chapter 3 is strongly connected to the ideas of
this approach.

In this subsection let the filtration G be generated by o(Ws : s < t) where W is a
standard Brownian motion with respect to the risk neutral probability measure P.

Merton (1974) used the setting of the standard Black-Scholes model with time
horizon T”. To define the time of default of a given firm, the main structural variables
considered by Merton are the firm’s asset value and the value of the firm’s debt. In
Merton’s model a firm’s asset value V' is described by a continuous-time geometric
Brownian motion, i.e.,

dVy = Virdt 4+ ViodW;

where r is a constant risk-free rate of a money market account and o > 0. The firm’s
capital structure is assumed to be given by equity and debt which is a zero coupon
bond with maturity 7' < T" and face value K. The equity value at time T is given
by Sr = max{Vp — K, 0}, and the payoff of the bond is equal to By = min{ K, V}.
In the Merton model a firm defaults at time 7" if the firm’s asset value is too low to
pay back the face value of the debt to the bondholders, i.e., if Vp < K. Therefore,
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the probability of default as a function of T can be easily computed by

—log(Vo/K) — (r — 0?/2)T
oVT '

Black and Cox (1976) extended the Merton model in the sense that a firm can also
default at points in time with ¢t < T, i.e., a default can occur before the maturity
T of the bond. Default is defined as the first time the firm value falls below a
deterministic barrier. Originally, the barrier was thought of as the point at which
safety covenants of the bond are responsible for the default of the firm. Again, the
firm value is given by a geometric Brownian motion as in Merton (1974), and the
default barrier is modeled by

IP’[TgT]:}P’[VT<K]:<I><

K; = K exp(—(T — t)),

for v > 0 and a constant K such that K exp(—y(T —t)) < K exp(—r(T —t)) for all
t € [0,T]. Hence, the payoff to debt at time 7" is equal to By = min{K, Vr} 1~y
Since the default time is given by

r=inf{t € [0,V < Ki} (inf0 = +o0),

we obtain in case of a constant default barrier (i.e., K; = K for all t € [0,T7]) that
Plr <T] =P [ inf_(log(Vo/K) + (r — 02/2)s + W) < 0] .
0<s<T

This probability is well known (see, for instance, Chapter 3 in Jeanblanc et al. (2009)
or Section 2.8 in Karatzas and Shreve (1988)) and given by

—log(Vo/K) — (r — 0%/2)T
oV'T

4 o= 20r=02/2) log(Vo/ K)o gy —log(Vo/K) + (r = o?/2)T'\
oVT

Finally, note that this probability of default is equal to the Merton probability of
default plus an additional term. This additional term is justified by the fact that in
the Black-Cox model default can also occur prior to 7. Obviously, this implies that
the probability P[r < T’ has to be higher than in Merton’s model.

]P’[TST]:<ID<

2.1.2. Reduced form models

In contrast to structural models, reduced form models, which were pioneered by
Jarrow and Turnbull (1992), Artzner and Delbaen (1995) and Duffie and Singleton
(1999), do not explicitly consider the relationship between default and the firm’s
financial situation. Here, default is indicated by a jump process which is given
exogenously.

As discussed in Jeanblanc and Le Cam (2008), in the context of reduced form
models, we can distinguish between two types: intensity based and hazard process
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models. In this subsection we shortly introduce both approaches and highlight
important aspects. For more details we refer the reader, for instance, to Elliot et al.
(2000), Jeanblanc and Rutkowski (1999, 2000), Bielecki and Rutkowski (2004) and
Lando (2004).

The intensity based approach: An important feature of intensity based models,
in particular in comparison to hazard process approaches, is that solely the investor
filtration G is considered. In intensity based approaches the default time 7 is a
positive random variable. Its conditional distribution can be described by using the
intensity process \; see, for instance, Lando (2004). We can interpret the intensity
A as a conditional default rate in the sense that

Pl < s+ As|Gs] & I(75AsAs. (2.1)

More precisely, we assume that the G-stopping time 7 denotes the time of a firm’s
default. The corresponding jump process is given by (I{;<;})¢>0. As a nondecreasing
indicator process, (I{Tgt})tz() is a G-submartingale such that by the Doob-Meyer
decomposition theorem (see Theorem 1.2.1), there exists a compensator C(7) such
that (I;<y — Ct(T))tZO is a G-martingale. Since Ij;<;pn;) = I{;<; for each ¢ > 0

and (Ii;<inry — Ct(/T\)T)tzo is still a G-martingale, it follows from the uniqueness of

the compensator that C’t(T) = t(;)T for all £ > 0.

In intensity based models it is assumed that C'(7) is absolutely continuous with
respect to the Lebesgue measure (P-a.s.), i.e., the compensator C' (7) is given by

t
C't(T) = / Asds forallt >0
0

(P-a.s.) for a G-progressive, nonnegative stochastic process A, which is called the
(G- )intensity of T.

Since (I {Tgt})tzo is a G-adapted, nonexplosive point process .4 with (1 = 7 and
(m = 400 for m > 1, we know from Theorem 1.1.7 that A is the G-intensity of
(I{r<ty)t>0 in the sense of Definition 1.1.5. If X is additionally bounded and right-
continuous, then it follows from Remark 1.2.3 that

. 1
As = 1&2 EE[I{TSt} — I <s5y1Gs). (2.2)
Since 7 is a G-stopping time, we have {7 > s} € G. It follows

. 1 . 1
Iiro s = 15? 7 Elr<y = L)) > |Gs] = Lrss 1&? 7 Elr<n|Gs]

. 1 1
= Iir>s) ltlgl ;P[T < tGs] = Iirssy 1}%1 EP[T < s+ h|G].

Thus, Equation (2.2) is the exact version of Equation (2.1) and clarifies why the
intensity is said to express the conditional probability of a default in the next instant.

An important advantage of reduced form models is the availability of more tractable
pricing formulas for defaultable contingent claims. The following pricing formula was
originally proved in Duffie et al. (1996).
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Proposition 2.1.1 (See, e.g., Section 1.1 in Jeanblanc and Le Cam (2008)). Con-
sider a Gp-measurable, integrable random variable X which describes a defaultable
promised payoff at time T'. Then, in absence of a risk-free interest rate, the price of
X at time t < T is given by

PV (t,T) = E[ X117 |Gt = Ly (Vi — E[AYZ <7 |G])
where the process Y is defined by
Y; = exp(C7)ELX exp(~C)\Gi]
where AY; denotes the jump of Y at 7.

In an intensity based model with Ct(T) = fg Asds where Y is continuous at 7, the

price of the defaultable contingent claim X is given by
Qt}

T
PV (t,T) = Iy E [X exp (—/ rs + /\Sds> ‘ Qt]
t

T
PV(t,T) = IpryE lX exp (—/ )\sds>
t

in case of a zero interest rate and by

in case of an interest rate r which is not equal to zero. Because of the last equation,
a defaultable contingent claim can be priced as a risk-free security if the risk-free
rate r is replaced by the adjusted rate r + A.

The hazard process approach: In contrast to intensity based models, the hazard
process approach, in general, relies on two filtrations. In addition to the investor
filtration G, a smaller filtration F = (F;)s>0 is considered. From now on, we as-
sume that the filtration IF, as well as the filtration G, satisfies the usual conditions.
Moreover, the default time 7 is supposed to be a nonnegative random variable on
(©2,G,P) such that P[t = 0] = 0 and P[r > 0] > 0 for all ¢ > 0. The filtration
G = (Gt)t>0 is given by

Gri= [\ FuVolli<g s < u).
u>t
Due to this definition, G is split into two filtrations. Obviously, the filtration gener-
ated by 0([{;<s) : s < t) contains the default information, and a common assumption
in applications is that the filtration F represents the default-free information which
is available in the market. Note that 7 is not necessarily an F-stopping time, but 7
is a G-stopping time by construction.
In all hazard process approaches the process F' defined by

Ft = ]P[T < t|ft]

plays a prominent role. This process F' is a bounded, nonnegative F-submartingale
with E[F}] = P[r < t]. Thus, we can work with the cadlag modification of F'; see,
for instance, Theorem 9, Chapter I in Protter (2005).
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Definition 2.1.2. Suppose that the process F' satisfies Fy < 1 for all t > 0. Then
the process T' defined by I'y := —log(1 — F}) is called the F-hazard process of 7.

For the remaining part of this subsection it is assumed that the condition F; < 1
is satisfied for all ¢ > 0 such that the F-hazard process always exists. In particular,
this means that 7 is not an F-stopping time. The following lemma clarifies the
relationship between conditional expectations with respect to the filtrations F and

G.

Lemma 2.1.3 (See, e.g., Lemma 3.2 in Jeanblanc and Rutkowski (2000)). Consider
a G-measurable, integrable random variable X. Then we have for allt >0

E[l <y X|F]

Ellt<ry X1Ge] = Ippary— = 7

= Ijerye B[l oy X|F.

The pricing rule in the context of hazard process based models reads as follows.

Proposition 2.1.4 (See, e.g., Proposition 3.1 in Elliot et al. (2000)). Consider an
Fr-measurable, integrable random variable X which describes a defaultable promised
payoff at’T'. Then, in absence of a risk-free interest rate, the price of X at timet < T
is given by

PV(t,T) = E[XIir<ry|Gi] = Li<ry E[X exp(Ty — I'r)| Fi]-

If we additionally assume that the F-hazard process is absolutely continuous, i.e.,
r, = fg vsds for all ¢ > 0 and an F-progressively measurable process 7y, then this
process vy is called F-intensity of 7. Moreover, we obtain

T
PV(t,T) = I;peryE [X exp (/ 78d5> | ]:t] .
t

In order to study martingales with respect to the filtrations IF and G, an important
requirement in hazard process approaches is the following hypothesis:

(H) Every square integrable F-martingale is a square integrable G-martingale.

It is well known (see, for instance, Lemma 6.4 in Jeanblanc and Rutkowski (1999))
that this hypothesis is equivalent to

Pl < s|Foc] = P[r < s|F;] forall s <t. (2.3)

Furthermore, the (H)-hypothesis implies that every F-Brownian motion is also a
Brownian motion with respect to the larger filtration G.
Let us now consider the following definition.

Definition 2.1.5. An F-martingale hazard process of a random time 7 is defined
as an F-predictable, right-continuous, increasing process A with Ag = 0 such that the
process (Ii;<yy — Aar)i>o0 i a G-martingale.
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According to the Doob-Meyer decomposition theorem, the G-compensator c)
of (I{Tgt})tzo is unique. Thus, the F-martingale hazard process is unique up to the
random time 7. More precisely, for two F-martingale hazard processes A and A’ we
have Aqpn; = AL, for all t > 0.

In order to compute this F-martingale hazard process, we first consider the case
in which the following hypothesis is satisfied:

(G) F admits a modification with increasing paths.

Proposition 2.1.6 (See, e.g., Proposition 6.1.1 in Bielecki and Rutkowski (2004)).
Suppose that F is an increasing and F-predictable process. Then the F-martingale
hazard process A of T is given by

dF, dP[T < u|Fy)
A = / _dh / . 9.4
" Joa 1= Fue Jog 1-Plr <ulF] (2.4)

Note that the F-hazard process I' is continuous if and only if the process F' is
continuous. Therefore, we distinguish between two cases.

Proposition 2.1.7 (See, e.g., Proposition 6.2.1 in Bielecki and Rutkowski (2004)).
Suppose that (G) holds. Then the following statements are satisfied:

1. If the increasing process F' is continuous, then we obtain the following equality:
I'y = Ay = —log(l — F) for all t > 0. In particular, the F-martingale hazard
process A is also continuous.

2. If the increasing process F' is F-predictable and discontinuous, then

exp(—TI't) = exp(—Af) H (1 - AA,)
O<u<t

where A® denotes the continuous component of A, i.e., Af := Ay—> g <p ANy

In general, (G) is not necessarily satisfied. Nevertheless, we can specify the F-
martingale hazard process by a formula which is similar to (2.4).

Let €* be the F-compensator of F, i.e., € is the unique, F-predictable, increasing
process with 64 = 0 such that F' — € is an F-martingale.

Proposition 2.1.8 (See, e.g., Proposition 6.1.2 in Bielecki and Rutkowski (2004)).
Suppose that one of the following two conditions holds:

o (G) is not satisfied.
e (G) is satisfied and the increasing process F' is not F-predictable.

Then the following statements hold:

1. The F-martingale hazard process A of T is given by

der
A::/ — 2.5
© o 1= P 2
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2. Suppose that € = €L for allt > 0. Then the F-martingale hazard process
A of T is given by A = €.

Note that if ¥ satisfies the requirements from the extended Jeulin-Yor Theorem
(see Theorem 1.2.7), then we already know from this theorem that (I{;<;} —Asar)i>0
with A given in (2.5) is a G-martingale.

Let us now consider the relationship between hypothesis (G) and (H). Since the
(H)-hypothesis is equivalent to (2.3), it is obvious that we can find a modification
of F' which is increasing if hypothesis (H) is satisfied. Hence, the (H)-hypothesis is
stronger than the (G)-hypothesis.

Proposition 2.1.9 (See, e.g., Proposition 6.7 in Jeanblanc and Rutkowski (1999)).
Let the process F' be continuous. Then the following statements are equivalent:

1. The process F' is increasing.

2. If the process (Yi)i>0 is an F-martingale, then the stopped process (Yinr)i>o s
a G-martingale.

In particular, the previous result states that models in which (G) is satisfied and
F' is continuous admit the property that stopped F-martingales are still martingales
with respect to the enlarged filtration G.

Finally, we will discuss the relationship to intensity based models. More precisely,
we are interested in the G-intensity process A, i.e., the G-progressive, nonnegative
process such that the G-compensator C(7) of (I{r<¢)i>0 satisfies Ct(T) = fg Asds for
all ¢ > 0. In the following, we will consider two specific cases.

First, let F' be increasing and continuous. Then we know from Proposition 2.1.7
that

Ay =Ty =—log(l —F;) forallt>0.

If additionally I'y = fg ~vsds for all ¢ > 0, then the G-intensity of 7 is, for instance,
given by A := Iy
In case of Proposition 2.1.8, we have

F
At:/ ﬂ for all ¢t > 0.
04 1 = Fu-

Now, let us suppose that the process € is absolutely continuous with respect to
the Lebesgue measure, i.e., ‘ftF = f(f csds for all t > 0 and an appropriate process c.
Then the G-intensity A of 7 can be specified by A := ¢;/(1 — Fi—) I ;<1

2.1.3. The role of information

An important advantage of structural models is that they link the default event
with structural variables of the firm. Because of this dependence, the default time
is economically founded. Therefore, these models are also called “cause and effect
approach(es]” (Giesecke and Goldberg (2004a), p. 11). On the other hand, in tradi-
tional structural models it is assumed that the necessary structural variables, which
are, for instance, the firm’s asset value and the value of the firm’s debt, are available
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for everyone in the market. As Jarrow and Protter (2004) point out, this means that
the modeler’s information set corresponds with the information set of a firm’s man-
ager. This so called complete information approach has two well known problems:
First of all, it is unrealistic that an investor or a modeler has full information. For
example, in practice an investor faces always some uncertainty about the true asset
value of a firm. Moreover, Jarrow and Protter (2004) argue that the approach of
publicly available information very often leads to a predictable default time, which
means that there exists an announcing sequence of stopping times. An exception are
approaches in which the asset value is modeled by a process that has jumps; see, for
instance, Zhou (2001). In case of a continuous asset value process V', the sequence
(Tm) defined by 7, := inf{t > 0|V; < K + 1/m} is a possible announcing sequence
for the first-passage default time 7. As a consequence, the default is never a real
surprise because an investor is always aware of the “distance of the firm to default”
(Giesecke (2006), p. 2285). Moreover, it is well known that under some technical
requirements, predictable default times lead to short credit spreads which are equal
to zero; see, for instance, Proposition 3.2 in Giesecke (2006). But zero short spreads
mean that for short time horizons, investors in defaultable bonds do not ask for an
additional compensation in form of a higher yield compared to the risk-free yield.
This is intuitively very unrealistic and contradicts the outcome of empirical studies;
see, for example, Sarig and Warga (1989).

In contrast to structural models, reduced form models are based on the assumption
that much less information is available. Jarrow and Protter (2004) make clear that
the modeler’s information set coincides with the information set of the market.
Technically, this means that in reduced form models an exogenously given jump
process is used to model the default of a firm such that it is not necessary to model
the firm’s asset value. As a consequence, an investor does not know how close the
firm is to a default, and hence the default event occurs surprisingly, which is much
more realistic. Indeed, in most reduced form models the default time 7 of a specific
firm is totally inaccessible, which means that

P[t =60 < oo] =0 for every predictable stopping time 6.

Another advantage of reduced form models is the existence of tractable pricing
formulas.

An information based distinction between structural and reduced form models
can, for example, be found in Jarrow and Protter (2004) and Elizalde (2006). The
authors of the former paper point out that “structural models can be transformed
into reduced form models as the information set changes and becomes less refined,
from that observable by the firm’s management to that which is observed by the mar-
ket” (Jarrow and Protter (2004), p. 2). Thus, a link between these two approaches
is given by so called incomplete information models. Incomplete information ap-
proaches are structural models which assume that only partial information about
the structural variables is available to the modeler. Since these models based on
incomplete information can be arranged between structural and reduced form mod-
els, they have the potential to combine the advantages of both approaches. That
is, the default event is economically explainable, and in addition, incomplete infor-
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mation models provide applicable pricing formulas; see also Giesecke and Goldberg
(2004a,b).

The model in Duffie and Lando (2001) can be seen as the first structural incom-
plete information model where the true asset value is not observable. The authors
assume that discrete asset information is available to bondholders only. In this case,
the default time is totally inaccessible as in most reduced form models. Moreover,
the authors are able to compute a default intensity for their model. Kusuoka (1999)
and Nakagawa (2001) have introduced early filtering models assuming that investors
cannot observe the asset value process directly. Nevertheless, they observe another
process continuously in time which is related to the asset value. Other incomplete
information approaches are Cetin et al. (2004), Giesecke (2006), Coculescu et al.
(2008), Frey and Schmidt (2009), Cetin (2012) and Frey and Lu (2012) to name a
few.

In our top down first-passage model we also work with such an incomplete infor-
mation framework. More precisely, we consider the setting of Giesecke (2006), who
introduces the “extreme” cases of incomplete information.

As stated by Jarrow and Protter (2004), incomplete information models have in
common that they focus on two filtrations F and G satisfying F C G. Here, the
larger filtration G represents again the investor filtration. In case of so called first-
passage default models, the filtration F is considered in more detail below. For the
following definition see also Definition 2.1 (and the subsequent remarks) in Giesecke
(2006).

Definition 2.1.10. Let G be the investor filtration and consider a firm with asset
value process V' and random default barrier K. Let the G-stopping time T be the
time of the firm’s default which is given by

T =inf{t > 0|V; < K}. (2.6)

Moreover, let the subfiltration F C G describe the information available relative to
(2.6), i.e., F contains some kind of information about V and K. Then the pair (1,F)
is called (first-passage) default model with model filtration F.

Varying the information in F results in different default models. As already men-
tioned, Giesecke (2006) discusses the “extreme” cases of incomplete information.
This means that the following scenarios are considered:

Complete information: The asset value V' and the default barrier K are publicly
available. This means that F is generated by o(V; : s <t)V o(K). In this case, 7 is
an F-stopping time. Consequently, G = [ is a possible choice.

Incomplete information 1: The default barrier K is publicly available, but the
asset value V' is not known. Hence, F is generated by o(K).

Incomplete information 2: Neither the asset value nor the default barrier is pub-
licly available. This means that I is generated by the trivial o-algebra.
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Incomplete information 3: The asset value V is publicly available, but the default
barrier is unknown. In this scenario F is generated by o(Vs : s < t).

2.2. Bottom up versus top down

To classify our model correctly in Chapter 3, the understanding of the differences
between top down and bottom up approaches in portfolio credit risk modeling is
essential. Good references for this topic are Giesecke (2008) and Bielecki et al.
(2010).

From now on, we focus on a portfolio consisting of n names. As already pointed
out in the introduction, we can distinguish between two types of default times.

Notation 2.2.1. The default time of name k is a random time denoted by 75 for
k€ {1,...,n}. Moreover, we denote the time of the ith default in the portfolio by
T; for i € {1,...,n}. The ordered default times T1,...,T, satisty T} < ... <T,.

With these random times we define the default indicator processes N*) and N*
by
k i .
Nt( ) = I{Tk.gt}a Ntl = I{Tigt} for k,l S {1,...,77,}

and the default counting process N by

Ny = Z I{Tkgt} = ZI{TiSt}'
k=1 i=1

The first process N*) indicates the default of firm k, the second process N indicates
the ith default in the portfolio and N counts the absolute number of defaulted names.

The intuitive idea from Brigo et al. (2010) to distinguish between bottom up and
top down approaches is the following: In bottom up models we consider every single
name in the portfolio, and by choosing a specific dependence structure between the
default times of each firm, the relationship between the different firms is defined. In
contrast to this, in top down models the focus changes. We are not interested in
single-name modeling any more, but we solely study the overall process that counts
the defaults in the underlying portfolio and, if necessary, the losses occurring at a
default event.

For a more technical distinction, we have to take a look at the investor filtration
G and the different types of default times introduced above. The difference between
bottom up and top down approaches is based on the content of the investor filtration
G that models the information which is available to an investor. In both approaches
the investor filtration contains enough information to identify a default event. But
in bottom up models the investor is also informed about the identity of the defaulted
name. In conclusion, the investor knows which firm has defaulted. Technically, this
means that in bottom up approaches the investor filtration G is finer than in the
top down framework. As a consequence, in bottom up models the default times
Tk, k € {1,...,n}, are stopping times with respect to G. In contrast to this, in
top down models the investor does not have information about the identity of a
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defaulted name. This implies that T3, i € {1,...,n}, are G-stopping times and 7,
k € {1,...,n}, are only random times, i.e., random variables with values in [0, co].
We can summarize this aspect by stating that the difference between bottom up and
top down models is information based.

There exist reduced form models in both approaches. Examples of top down re-
duced form approaches are Schonbucher (2005), Bennani (2005, 2006), Giesecke and
Tomecek (2005), Lopatin and Misirpashaev (2008), Sidenius et al. (2008), Arnsdorf
and Halperin (2009), Laurent et al. (2011), Giesecke et al. (2011) and Cont and
Minca (2013) to name a few. Typically, these models admit a portfolio intensity
which is sensitive to default events. This means that there is a possible change in
the structure of the portfolio intensity after a default. This can be justified by two
facts: On the one hand, there are less firms in the underlying portfolio due to the
default. In other words, the portfolio contains less potential defaulters. On the
other hand, a modified intensity could establish real feedback of default events; see
Giesecke (2008). Consequently, the model incorporates possible default contagion.

Bottom up reduced form models have been studied in Duffie and Gérleanu (2001),
Jarrow and Yu (2001), Frey and Backhaus (2008, 2010) and Eckner (2009) among
many others. In case of these models, there exists the possibility to incorporate
feedback of default events, too. We refer the reader to Giesecke (2008) and Bielecki
et al. (2010) for a more detailed classification of reduced form models.

Finally, we can also find bottom up structural approaches in the literature; see, for
instance, Giesecke and Goldberg (2004b), Overbeck and Schmidt (2005), Luciano
and Schoutens (2006) or Hurd (2009).

The approach of Giesecke and Goldberg (2004b) works with the incomplete infor-
mation model from Giesecke (2006), which also provides an important basis for our
model in Chapter 3. Moreover, this bottom up structural model incorporates possi-
ble feedback of default events to prices of credit sensitive contingent claims, i.e., it
covers financial contagion. The models proposed in Overbeck and Schmidt (2005),
Luciano and Schoutens (2006) and Hurd (2009) share the idea to use time change
techniques with our approach in the following chapter. Overbeck and Schmidt (2005)
consider a threshold model based on time changed Brownian motions and obtain an
analytic solution for the probability of joint default in case of two entities. In this
approach the time change differs for each firm. Luciano and Schoutens (2006) choose
another model based on the idea of Black and Cox (1976) where the same gamma
time change is used for all names in the portfolio. Finally, Hurd (2009) models the
so called log-leverage ratio process as a time changed Brownian motion where each
time change is the weighted sum of a firm specific time change and a common time
change which is shared by all names.

The aim of the following chapter is to find a top down first-passage model for
portfolio credit risk which incorporates possible feedback of default events on future
defaults. We will see that this is implemented by using a specific stochastic time
change which was originally introduced by Giesecke and Tomecek (2005).



3. A top down first-passage default
model

Chapter 3 is the main contribution of the first part of this thesis. Here, we construct
and study the new top down first-passage default model. After motivating and
discussing the idea of a time changed portfolio value process in Section 3.1, we
introduce our model in Section 3.2. This model relies on some ideas in Giesecke and
Tomecek (2005) and Giesecke (2006). We specify the different default events, the
incomplete information model and the time change in Subsections 3.2.1-3.2.4. In
Section 3.3 we derive conditional distributions of the corresponding arrival times.
These are an important building block for the following section, where we consider
default trends conditional on prior defaults. The specific form of these trends allows
us to determine tractable solutions for prices of default sensitive securities. In detail,
we derive prices of contingent claims that pay a specific amount at time T if the
1th default in the underlying pool of names did not occur up to this point in time,
i.e., if T < T;; otherwise, the payout is equal to zero. At the end of Section 3.4 we
apply our results to the default trends and determine the compensator process of the
default counting process of the underlying portfolio. After discussing an additional
incomplete information model in detail in Section 3.5, we study in Section 3.6 more
specific examples of the time change. Finally, based on the results of Sections 3.4
and 3.5, we introduce an algorithm to simulate our default times which is similar
to the algorithm in the bottom up first-passage structural model in Giesecke and

Goldberg (2004b).

3.1. Motivation

Our aim is the construction of a top down first-passage default model. In this
section we consider the naive way to derive such a model and finally discuss why
this approach is not appropriate for our purposes.

Throughout this section fix a probability space (€2, A, P) that supports a standard
Brownian motion W. We focus on a portfolio consisting of n defaultable firms. More
precisely, we consider securities issued by these firms. Suppose that the portfolio
value process V is given by the geometric Brownian motion

dVy = Vipy dt + VioydWy

with constants uy € R and oy > 0. Note that V; = Vpexp{(uy — 0¥ /2)t + oy W;}.
Without loss of generality, we assume that Vj = vy > 0 is constant.

We define default times as first hitting times; see Black and Cox (1976). This
means that the time of the ith default in our portfolio is the first time the portfolio
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Figure 3.1.1.: Portfolio value process and default barriers (without time change)

value process V hits the deterministic barrier K*. Let Vj = K > K' > ... >
K™ > 0 and set k' := log(K*""'/K") fori € {1,...,n}. Eventually, we define the ith
default time by

S; :=inf{t > 0|V; < K'} for any i€ {1,...,n}

and set Sy := 0. Figure 3.1.1 visualizes the first idea of the model. If we set
p=py — o /2 and o := oy, then S;, i € {1,...,n}, satisfy
S; = min{t > 0| log(Vo/K") + ut + cW; = 0}
= min{t > 0|(u/o)t + W; = —log(Vo/K")/o}.

Note that for each i € {1,...,n}, the random time S; is a stopping time with

respect to the standard Brownian filtration FWV = (FV)i>0.

Remark 3.1.1. In general, S; satisfies P[S; = oo] > 0 for each ¢ € {1,...,n}: It is
well known (see, for instance, Section 3.2.3 in Jeanblanc et al. (2009)) that

P[S; < oo] = exp(—2ulog(Vo/K")/o?) if — plog(Vo/K")/o? < 0.

Since log(Vo/K*)/a? > 0, this means P[S; = oo] = 1 — P[S; < oc] > 0 if x> 0. On
the other hand, we have P[S; = co] =1 — P[S; < oo] = 0 if pu < 0.

We can now easily compute the distribution of the inter-arrival times S; — S;_1
for each i € {1,...,n}. But note that the difference S; — S;_; is only well defined
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on the event {S;_1 < oo}. Therefore, we introduce a new probability measure P*~!
on (92, A) by '
PI1[A] ;= P[A|S;_1 < 00] for A€ A.

Let us consider the corresponding probability space (21, A1 Pi~1) with Q1 .=
{S;i1 <oo}and A7 :=ANQ1:={ANQ A € A}

Remark 3.1.2. Fixi e {1,...,n}.
1. For each A € A, we have
PA] = PIAIQT =P AN QT QT =P AN Q.

Hence, if we want to compute the probability of A € A under P!, it suffices
to compute the probability of the corresponding element A N Q1 € A1,

2. Let £ C A be a sub-c-algebra with Q°~! € £ and consider X : Q! — R.
Then X is £NQ~L-measurable if and only if X Igi-1 :  — R is £-measurable.

The following lemma will be very helpful in the remaining part of this chapter.
Lemma 3.1.3. Fizi€ {1,...,n}.

1. We have B YIalgi1] = B 4] for all A € A.
2. If € C A is a sub-c-algebra with Q=1 € £, then for all A € A, it follows that

EIAE] = B HIAENQ  gin P —as. (3.1)

3. Let £ C A be a sub-o-algebra and X, Y > 0 random variables on the probability

space (1, A1 PI=1). Moreover, assume thatY is independent of €N Q1
and let X be &N Q~L-measurable. If F(t) := P=[Y <] for all t >0, then

Py < XIENQ ) =F(X) P! —as.

Proof. The first assertion follows directly from Remark 3.1.2. Moreover, for each
E c & and A € A, we have

E B [T gnqi1 [E1E] = B [T angi-1I5] = B {Tangi-1 Ipngin1]
= Eifl[Eifl[IAmQFl |5 N Qifl]IEmQFl] = Eiil[Eifl[IAinfl |5 N Qifl]fgifl IE}.

Thus, Remark 3.1.2 yields B! [I4qi-1|€] = B gnqi-1|E N Qg1 for each
A € A. Equation (3.1) follows from

ENIAIE] = B T angi-1 1€] + B [T angs,_ 1 —oc} €]
= Ei_l[IAin—l |€] = Ei_l[IAin—1 ‘5 N Qi_l]IQi—l = Ei_l[IA‘g N Qi_l]IQi—l.

It remains to show the third assertion. To this end, we have to verify

E T E Iy <xy [ENQTNIL] = B F(X)14]
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for all A € £ENQL Let 0gi-1(X) be the smallest sub-o-algebra of A1 such that
X is measurable and define ogi-1(A) = {Q1 0, A, Q" NA}. Then ogi1(X) V
ogi-1(A) C ENQtforall A € ENQi~L ¢ ANQI~! = A~ The P~ l-independence
of Y and £ N Q! implies that Y is Pi~l-independent of ogi-1(X) V oqi-1(A).
If we apply Lemma A.1.2 for the measurable function f : R?> — R defined by
f(z,y) := I{y<ay, then

/ / _ I{Y(wg)gX(wl)}d]P)i1(w1)d]P)i1(W2):/I{Y§X}dﬂﬂl‘ (3.2)
w1€A JwoeNi—1 A

The right hand side of the previous equation is equal to
/A Iy<xydP ™' =B Iyexyla]l = B E ™ Iy < xy |€ N QT 14]L

Since F' : Ry — [0,1] is monotone, F' is measurable. This means F(X)(w;) =
F(X(wy)) for Plae. w; € Q1. Hence, the left hand side of Equation (3.2) is
equal to

/ (/ .I{Y(w2)<X<w1>}dPi1(w2)>dﬂ”“(m)=/ F(X (w1))dP'™ ! (wy)
w1 €A ngQ’_l w1 €A

B / Qi1 F(X)(wl)IA(wl)dPi_l(wl) = Ei_l[F(X)IA],

which yields the third assertion. O

Remark 3.1.4. Note that the third part of the previous lemma is also true for the
probability space (2, A,P): Let £ C A be a sub-o-algebra and X,Y > 0 random
variables on the probability space (€2, .4, P). Moreover, assume that Y is independent
of £ and let X be E-measurable. If F(t) := P[Y < ¢] for all ¢ > 0, then

PY <X|]=F(X) P-as.

Proposition 3.1.5. For each i € {1,...,n}, the Pi~'-distribution of S; — S;_1 is
given by

P [S; — Sic1 < t] =P |min(s’ + oWy +pus) <O for t > 0. (3.3)
§S

Proof. Fix i € {1,...,n}. We can easily see that
(Sl - 51;1)[{51._1<00} = inf{s > O|V5i_1+s = Ki}I{Si—1<oo}'

Since V' satisfies V; = Vyexp(ut + cWy) for all ¢ > 0, we obtain the following
equations on {S;_; < co0}:

Vs, 145 = Vo eXp(UWS¢71+8 + p(Si-1 + 8))
=Voexp(oWs, 45 —oWs, | +0Ws, | + u(Si—1 +s))
=W eXp(uSi—l + O-Wsifl) eXp(U(WSFH-S - WSifl) + :U’S)'
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K= = Vyexp(uSi_1 + cWgs, ,) on {S;_1 < oo} yields

(Si = Si—1)I(s, 1 <o}
= inf{s > 0‘K271 exp(c(Ws, y+s — Ws,_,) + ps) = K1}1{51‘71<00}
— inf{s > 0| log(K~1/K%) + 0(Ws, 1y — Wis,_,) + 15 = 0} (5, e}

Hence, we obtain for all t > 0

PLS — Sy < ]

~ P[{inf{s > 0|x" + 0(Ws,_,4s — Ws,_,) + s = 0} <t} N {S;_1 < co}]
P[Si—1 < o]

= P! [{inf{s > 0|x" + 0 (Ws,_, 45 — Ws,_,) + ps = 0} < t}]

= Plinf{s > 0|’ + oW, + us = 0} < ].

To the last equality: S;—1 is an FW-stopping time and (W;, F}V );>¢ is a Brownian
motion. According to the strong Markov property (see Theorem A.1.1), the process
(Ws,_,+s—Ws,_, )s>0 is a Brownian motion on the probability space (Q¢~1, A*~1 Pi~1)
which is P*~L-independent of }"gi/_l NQL Since Q7 = {5, < 0} € fgg_l N1,
the last equality holds.

Finally, Equation (3.3) follows from

Plinf{s > O|x" + oW+ pus =0} < t] =P {mgl(ﬁz +oWs+pus) <0].
s>

Notation 3.1.6. We denote
FAS(t,z) =P [m<11£1(33 +oWs+ pus) < O} forz > 0and ¢t > 0.
S

The function FA%(t,z) is well known for > 0 and t > 0; see, for instance,
Chapter 3 in Jeanblanc et al. (2009) or Section 2.8 in Karatzas and Shreve (1988)
(see also Appendix A.1). It is given by

FAS(t 4) = {<I> (Z2pt) 4 e/ @ (Z2H4) for &> 0 and > 0

oVt )
0 forx >0and t=0

Since x' is deterministic, we obtain the following corollary.
Corollary 3.1.7. The distribution in (3.3) is given by
PSS, — Siy < t] = FA9(t, k%) fort>0.
Moreover, the fg/q -conditional P~ -distribution of S; satisfies
PS; < t[FY ] =FA5(t - Sic1, k)5 <y P —as.

for each t >0 .
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Proof. Fix i € {1,...,n} and ¢ > 0. The first equation is obvious. For the second
equation note that S;_; is an F"-stopping time, which yields

P8y <t FE ] =PNS < tFE s, <y FPUUS S HFS s, >0
=P[s; < | S Misi_i<ty
=P (S — Sic) (s, <oy < (t— Sic1)TIFS, M s, <ty
=P 1[51 St Si)MFY QT s oy (3.4)

The last equality in (3.4) follows from the second statement of Lemma 3.1.3. More-
over, we know from the proof of Proposition 3.1.5 that

(Si = Si—1)I(5,_ 1 <o0}
= inf{s > 0| log(K271/K1) +o(Ws, 145 = Ws,y) + s = O}I{Si—1<00}

and that (Ws,_, s — Ws,_,)s>0 is a Brownian motion on (Q~1, A"~!, Pi~1) which is
P~ 1-independent of ]-'g‘;l NQ~1. This implies that S; — S;_; is P!~ !-independent of
fgi/il NQ=1 on (1 AL PL). Since (t—S;-1)T is fW ~measurable, it follows
directly that (¢ — S;—1)" considered as a mapping on QZ 1 is also F¥ s N QL
measurable. The third statement of Lemma 3.1.3 implies

P — Si1 < (¢ = Sim)TIFY, N = FAS((t — Sim1) T, kD).
Together with Equation (3.4), we obtain
PUS < t|FY 1= FA5((t = Si) T 6 (s, y<ry = FA5(t = Sic, 6) (s, <iy-
[

The previous corollary shows that the P*~!-distribution of the inter-arrival times
S; — S;—1 only depends on x' = log(K*~!/K") and the parameters p and o of V.
Similarly, the F. V‘;l—conditional P~ L distribution of S; depends on %, i, o and S;_1.
This means, apart from the dependence on the time which has passed since the last
default, prior default events do not influence the conditional default probability of
the remaining names in the portfolio. To be more specific, if, for instance, n = 10
and k' = k2 and if we consider the conditional distribution functions of S; and
So, then only the time which has passed since the last default is relevant for the
conditional distribution (note that S;_; = Sy = 0 if ¢ = 1; hence, there is no prior
default), but it makes no difference whether there has been no default or one default
in the portfolio so far. This is obviously not a desirable property. Our intention
is to construct a top down first-passage default model that incorporates default
contagion, which means that a default of one name influences future defaults in the
underlying portfolio directly. In particular, the model should allow for a switch of
regimes after each default. To generate such contagion effects, the model above is
not suitable. It is obvious that we have to include more stochastic features to obtain
the desired property.
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A possible solution to this problem provides the approach of Giesecke and Tomecek
(2005) which considers a specific time change model. In the following sections we
adapt their reduced form approach to our first-passage model. Therefore, we suppose
that the portfolio value process is a time changed geometric Brownian motion and
analyze the corresponding first hitting times. As a result of this definition, our top
down first-passage model is flexible enough to incorporate default contagion.

3.2. Model definition

As already pointed out at the end of the previous section, the most important object
of our model is a time change which depends on prior defaults. The next definition
clarifies this term in our setting.

Definition 3.2.1. Fiz a probability space (2, A, P). A right-continuous, strictly in-
creasing, [0, oo]-valued process G with Gy = 0 is called time change. The time change
1s called continuous if G has P-a.s. continuous paths and absolutely continuous if
G has P-a.s. absolutely continuous paths, i.e., there exists an appropriate process g
such that for all t > 0, we have

¢
GtZ/gsds P — a.s.
0

Remark 3.2.2. Note that if a continuous time change G satisfies G; < oo P-a.s. for
all t > 0 and limy_,o Gy = 0o P-a.s., then the inverse process G~' defined by

Gy Hw) == inf{s > 0|Gs(w) >t} fort>0andw e N

is again a continuous time change that satisfies G, '« o0 P-as. for all t > 0 and
limy 0o Gy ' = 00 P-a.s. Moreover, G~ satisfies G;! = min{s > 0|G, = t} and
GG_1 =t P-a.s. for all t > 0.

t

Since we want to construct a top down first-passage model where the default of one
firm can influence the default probability of the remaining firms in our portfolio, we
have to choose a specific time change G for our model. In the following subsection
we introduce our first-passage model with a general (absolutely continuous) time
change G. A more detailed specification of G follows in Subsections 3.2.2 and 3.2.4.

3.2.1. Default events

The construction of the following top down structural model is strongly connected
to the top down reduced form model of Giesecke and Tomecek (2005), which is one
of the main building blocks of our model.

Let (2, A,P) be a probability space that supports a standard Brownian motion
W and an absolutely continuous time change G that satisfies G; < oo P-a.s. for
all t > 0 and lim;_,o G+ = oo P-a.s. Moreover, consider the underlying geometric
Brownian motion V given by

dVy = iy dt + VioydWy



36 3. A top down first-passage default model

Figure 3.2.1.: Portfolio value process and default barriers (with time change)

Kz [P

TO T, T,

with constants puy € R and oy > 0. We assume that Vyj = vy > 0 is constant.
Let ', ..., k"™ be independent random variables with values in (0, 00) that are inde-
pendent of o(W; : t > 0).

Again, our starting point is a portfolio consisting of n defaultable firms. We
assume that the portfolio value process of this portfolio is given by the time changed
process V. Moreover, the ith default barrier, i € {1,...,n}, is defined by K’ :=
K= lexp(—~') with K? := V4. Note that in this case, k' = log(K*"!/K?) and
K%> K'> ... > K" >0. A default occurs if the portfolio value process hits one
of the barriers K, i € {1,...,n}. More precisely, the ith default occurs if Vg, < K*
for the first time such that

T; .= inf{t > 0|Vg, <K'}  (Tp:=0)

describes the time of the ith default in the underlying portfolio, see Figure 3.2.1 for
an illustration. In addition, we define the first hitting time of barrier K* by V by

S;:=inf{t >0[V; <K'} (Sp:=0).

Remark 3.2.3. Fixie{l,...,n}.

1. S; and T; are random times, i.e., A-measurable random variables with values
in [0, co], which can be represented in the following way:

S; = inf{t > 0]log(V;/K") < 0}
= inf{t > 0|log(Vo/K") + (uv — op/2)t + oy Wy < 0}
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and
T; = inf{t > 0| log(Ve, /K") < 0}
= inf{t > 0|log(Vy/K*) + (uy — 0% /2)Gs + oy Weg, < 0}.

If we define the process X' by X} := log(Vo/K®)+ut-+oW; with p := py—oi /2
and o := oy, then S; = inf{s > 0| X! < 0} and T; = inf{s > 0|X}, < 0}.

2. Following the same steps described at the beginning of Section 3.1, we obtain
that in general P[S; = oo] > 0.

3. If we define G := 00, then the properties of G imply S; = G, and T} = Ggil
P-a.s.

4. The previous item implies P[S; = oo] = P[T; = oo]. As a consequence of this,
we obtain that in general P[T; = oco] > 0.

So far, our default model has obviously a structural character. Nevertheless, in
the following subsections we focus on the default counting process

n
Ne=)_ Iin<n
i=1
and the adjunct process N := Y%, I {s;<t}- Note that by definition, the default
counting process N is nonexplosive.

Remark 3.2.4. In Giesecke and Tomecek (2005) the authors define a reduced form
model directly: Their starting point is a standard (marked) Poisson process with
respect to a specific filtration HE?. This process is from now on denoted by N&T:0,
and the corresponding arrival times of this HT-Poisson process are denoted by
(SiGT)ieNO. The default counting process N¢T in the approach of Giesecke and
Tomecek (2005) is a time changed Poisson process. This means

NET = NGEP for t >0
t

where GET denotes a specific time change. Moreover, the arrival times of N7 i.e.,
the times TiGT in which this process jumps, satisfy SZGT = G%T;T P-a.s. Note that
in our model the hitting times S; and T;, i € {1,...,n}, depena on each other in a
similar way (see 3. in Remark 3.2.3).

Nevertheless, in our first-passage model the arrival time T} or, in other words, the
point in time in which the process N jumps for the ith time, can be interpreted
as the first time the portfolio value process hits the ith barrier. In the reduced
form model of Giesecke and Tomecek (2005) there does not exist an explanation for
the occurrence of a jump of the default counting process N7, Another important
difference between the arrival times SZ-GT, 1 € N, and our first hitting times .5;, ¢ €
{1,...,n}, is that all ST are P-a.s. finite as arrival times of a standard H%”-Poisson
process (see Remark 1.1.4), while in our model we have in general P[S; = oo] > 0
(see 2. in Remark 3.2.3).

Because of the specific construction of the time change G¢T in the model of
Giesecke and Tomecek (2005), the resulting time changed process N7 is self-
affecting. Hence, the time change G in our model is constructed in a similar way to
the time change GT.



38 3. A top down first-passage default model

3.2.2. Time change

In this subsection we discuss the time change G in more detail. The main idea is
that the time change should have two important properties. On the one hand, G
should depend on the first hitting times T;, i € {1,...,n}, which results in a self-
affecting default counting process. On the other hand, G should be general enough
to depend on other stochastic factors. As a consequence, the model is able to take
into account additional dependencies on the random environment.

In order to implement this property of G, we assume that there exists a filtration
K := (K¢)t>0 C A satisfying the usual conditions. Additionally, Koo and o(Wy : t >
0) are assumed to be independent. A possible choice for K is the filtration generated
by a Brownian motion B that is independent of W.

In the following, we introduce a general assumption that has to be satisfied by the
underlying time change G. As a consequence, if we specify a time change G (see, for
instance, Subsection 3.2.4), then we have to verify that G meets this requirement.

Assumption 3.2.5. The time change G is adapted to the filtration generated by the
o-algebras

]Ct \/U(I{Tigs} 18 < t,Z < TL)

Note that the previous assumption allows for the time change G; to depend on
the arrivals that occurred before ¢ and on the random environment described by K.
We will see later in more detail (see Section 3.6) that if the filtration K is trivial,
then the time change G solely depends on the arrival times and ¢. For instance, a
time change being deterministic between arrival times is an appropriate choice. On
the other hand, if K is not trivial, then the time change might depend on additional
stochastic variables.

3.2.3. Setting of the first incomplete information model (1IM1)

So far, we have developed a top down first-passage structural model where the
portfolio value process is given by a time changed geometric Brownian motion. In
this subsection we specify important features of the incomplete information model.

For each random time T}, i € {1,...,n}, we define a default model (T;, Fi~!) in
the sense of Giesecke (2006) (see also Definition 2.1.10). In the following, we will
specify the investor filtration G and the model filtrations F*~!, i € {1,...,n}, such
that F*=! C G. For each i € {1,...,n}, the model filtration F'~! is the key to define
our incomplete information model. If we apply Definition 2.1.10 to our context, then
we have to specify the information which is available with respect to

T; = inf{t > 0|Vg, < K'} (3.5)

for each i € {1,...,n}. Consequently, in order to define Fi~! we have to specify
how much information is available with respect to V, G and K°.

Note that the investor filtration G models the information which is available to an
investor and not only the information which is available with respect to (3.5). Since
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Fi~! ¢ G and since an investor indeed observes all defaults, the investor filtration
G = (Gt)t>0 has to satisfy

.Ff_IVJ(I{TkSS}:SSt,kSn) CG forallt>0andi€{1,...,n}.

Specification of the first incomplete information model: In our model the fol-
lowing information should be available on {t < T;_;}:

o K' ... K"

e K up to time ¢

e Number of defaults up to time ¢

Time of all defaults that occurred up to time ¢
o Ggfors<t

On {t > T;_1}, the following information should additionally be available:
e K up to time ¢

This means that an investor always knows the barriers which trigger a default in
the underlying portfolio. As long as t < T;_1, we also suppose complete information
about the random environment represented by K and the defaults that occurred
up to time t. As a consequence, the time change G is observable up to this point
in time. In case of t > T;_1, the flow of new information is much smaller: There
is additional information available about the random environment described by K
only.

Since an investor never receives any information about the underlying process V/,
the portfolio value process Vi is unobservable. Hence, the ith default is not observ-
able with the information available with respect to (3.5). Note that by Assumption
3.2.5, the time change G; might depend on all defaults that occurred up to time ¢. In
this case, the fact that the ith default is not observable implies that the information
which is available with respect to (3.5) contains only partial information about the
time change after the (i — 1)st default.

The following definitions guarantee the requirements from above: Let !, ..., k" >
0 be deterministic, which leads to deterministic default barriers K, ..., K™. Define
the model filtrations F*~1 := (F/ 1)ys0, i € {1,...,n}, by

Fil=KuVollires s <uk<i—1).

u>t

The investor filtration G, which models the information available to an investor and
not only the information available with respect to (3.5), is assumed to be given by

G = ﬂ Ky V U(I{Tkgs} is<u,k <n).

u>t

Moreover, to specify the time change G in the next subsection, we need the filtrations
Gli= (‘F%i__ll—i-t)tzo for i e {1,...,n}.
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Remark 3.2.6. 1. Note that the o-algebra K is independent of o(Ws : s > 0)
by definition. Because K°, K, ..., K™ and k', ..., k" are deterministic, the o-
algebra o(k!, ..., k") is trivial. Furthermore, S; is a stopping time with respect
to the right-continuous filtration A = (A;)i>0 C A generated by o(Ws : s <
t)Vao(kl, ..., k") V Ks, and W is still a Brownian motion with respect to this
filtration.

2. The default counting process N is G-adapted and T;_; is a stopping time
with respect to F©=1 ¢ G*~! for i € {1,...,n}. Furthermore, T; is not an
Fi~l stopping time. Later, we will see that these default times are totally
inaccessible in G.

In order to analyze this incomplete information model, we have to consider the
filtration H := (H:)s>0 defined by

Hi =Ko Vo(lig<sy 15 <t,i<n).

By definition, each S;, ¢ € {1,...,n}, is an H-stopping time. Moreover, the filtration
(0(I1s,<sy + 8 < t,7 < n))i>o is right-continuous; hence, so is H. Given H;, we know
the number of jumps of N? up to time ¢ and at which points in time these jumps
have occurred, but we do not know the exact value of V.

3.2.4. Exact definition and properties of the time change

In the following definition we specify the time change G by using the filtrations
G, i € {1,...,n}, from the previous subsection. An important aim in this sub-
section is to prove that this time change satisfies Assumption 3.2.5. This specific
form of the time change is not entirely new: Indeed, Giesecke and Tomecek (2005)
introduced time changes of this type and pointed out that such time changes are
especially tractable in view of simulating the arrival times (TiGT)ieNO. Remark 3.2.8

discusses the approach in Giesecke and Tomecek (2005), and Section 3.6 presents
the advantages of this choice for G.

Definition 3.2.7. For each i € {1,...,n}, consider a G '-adapted, absolutely
continuous time change G* with G% < 00 P-a.s. for allt > 0 and limy_, Gi = 00
P-a.s. The (overall) time change G is defined by

Gt — ’lic;ll Gl%kakfl + Gi*Tifl on {Tl'*l S t < z_’z} fO?”i € {1, ey TL} .
Zz;ll G§1k_Tk—1 + G?—Tn,l on {T, <t}

Since each G* is G !-adapted, G% depends on the information in K up to time
T;_1+tand on Tpy,...,T;_1. By this definition, GG is absolutely continuous, strictly
increasing with Gy = 0 and satisfies Gy < oo P-a.s. for all ¢ > 0 and lim;_,o Gt = 0
P-a.s.

If i > 1, then for each j € {1,...,i — 1}, T} is given by T} = inf{t > 0|Vg, <
K7} = inf{t > Tj_1|Vg, = K’} on {T;_1 < oo}. Definition 3.2.7 and Ty = 0 imply

7y = inf{t > T Vg

k=1

ak = Kj} on {Tj_1 < oo}.

el
Ty TGy



3.2. Model definition 41

Figure 3.2.2.: Example of time change G

Time change G
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Hence, for each j € {1,...,i — 1}, T; depends on V, K* and G* for k < j only.

Moreover, G is constructed such that after each default, a new term is added to
the time change. This property is illustrated in Figure 3.2.2, which shows a possible
path of G. In this example it is assumed that K is trivial, and the arrival times are
given by Typ =0, Ty = 1.5, 15, = 3, T35 = 5 and Ty = 8. We observe that after each
default, the time change G changes its slope. In more detail, the time evolves faster
after each default. The change in the slope of G after the (i — 1)st arrival time is
determined by the specific form of the ith time change G*. We will discuss this and
other examples of G in more detail in Section 3.6.

In the subsequent study we will see that this property of G, i.e., the possible
change in the evolution of financial time after each default, leads to a self-affecting
default counting process.

Remark 3.2.8. In Giesecke and Tomecek (2005 the authors also consider con-
tinuous time changes (G&77);cy that satisfy G " < 0o P-as. for all t > 0 and
lims_, o0 GGT’ = oo P-a.s. for all i € N. Here, the overall time change G7 is de-
fined by countably many (S&7);cn, which are arrival times of a standard (marked)
HET-Poisson process, and (GET%);cy is such that

7T

)

— T = (9T L sor_ger fori€N (3.6)
and lim;_,oo TET = 0o P-a.s. More precisely, in Giesecke and Tomecek (2005) the
time change G is given by

i—1

GOT = Z GGGT g6t + Gijlz_GTl on {T¢T <t < TETY for i e N.

k=1 o
Note that (GET%); ! < oo P-a.s. for all t > 0 and i € N. Moreover, since S are
arrival times of a standard (marked) HST-Poisson process, we know from Remark
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1.1.4 that P[SYT = oo] = 0 for all i € Ny. Therefore, Equation (3.6) implies
P[TET = o] = 0 for all i € N.

The next proposition shows that Equation (3.6) is also satisfied in our setting on
the event {S;_1 < oo}.

Proposition 3.2.9. For each i € {1,...,n}, the time change G* satisfies P-a.s.
T, —T,—1 = (Gi)gil_SFl on {Sifl < OO}

Proof. Fix i € {1,...,n}. Since S; = Gr,, we have {S; < oo} = {T; < oo}.
Moreover, together with T; = inf{t > T;_1|Vg, = K'} on {T;,_1 < 0o}, we obtain

T, —T,_1= inf{t > Ti_l‘v i—1 Gk
k=1 k

_ il
G, _K} Ti

—Tk—1 i—1

= inf{s > 0|Vg,, 4o =K'}

on {S;—1 < co}. Note that the equality VG, = Vs, holds on {Si—1 < oo}. This

implies that T; —T;_1 = (Gi)i;l%{U>0|Vsi_l+u:K"} on {S;—1 < oo}. On the other hand,

we can easily compute that S; — S;—1 = inf{u > 0|Vs,_ 1, = K} on {S;_1 < oo}.
Together, we see directly that T; — T;_1 = (G")gil_sii1 on {S;_1 < oco}. O

Next, we will show that G defined in Definition 3.2.7 satisfies Assumption 3.2.5.
We deduce this property from the following lemmas. Note that in the model setting
of Giesecke and Tomecek (2005) the authors discuss analogous results in Remark A .4,
Lemma A.5 and Lemma A.6. Nevertheless, as stated in Remark 3.2.8, TZGT satisfy
P[TET = oo] = 0 for all i € N, and in our model we have in general P[T; = oc] > 0

for i € {1,...,n} (see 4. in Remark 3.2.3). Therefore, we prove the relevant results
in our model setting.
First, consider the random variables R}, ..., R? defined by

i min{T; — T;1, (t = T-1) Y} r <oy foric{l,...,n—1}
Pt =Tuo))t fori=n

for t > 0.

Lemma 3.2.10. For any i € {1,...,n} and t > 0, (t — T;,_1)" is a finite G-
stopping time, and R: is a finite G'-stopping time.

Proof. Fix i € {1,...,n} and t > 0. The random times (¢t — T;—1)* = (¢t —
Ti—1)TI{7, <00} and R} are finite by definition. Moreover, we know that (¢ —
Ti_1)+I{Ti,1<oo} > 0 and R: > 0. Then we have for u > 0

{(t=Ti-)" <u} = {Ti1 = o0} U({(t = Th-1)" <u} N {Ti-1 < o0})
— [T =00} U({t < Tim1 +u} N {Ti_1 < co}).
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Since T;_; is a stopping time with respect to F'=1, we have {T;_; = oo} € .F%‘}l =
gé_l C Gl Similarly, we get {T;-1 < oo}, {t < Tj—1 + u} € G~ such that
(t —T;_1)T is a G '-stopping time. Now, consider i € {1,...,n — 1}. Then
{Ré <wu} = {min{T;, — T;_1,(t — T;_1)" }I{Tl <oo} S u}
={Ti-1 = oo} U ({mln{Tz’ — T, (t—Tim) "} <u}n{Ti1 < o0})
={Ti-1 =00} U({T: — Tim1 < uj U{t = Tiy < u}] N {Ti-1 < o0})
= {Tiy = 0o} U({Ts < Tiy +u} ULt < Ty +u}] N {Tiy < oo}(). |
3.7

Since T; and T;_; are stopping times with respect to F?, we have {T; < T;_1 +u} €
Fr. 1w € Froyy = Gy Similarly, we obtain {T;—1 = oo}, {t < Tj—1 +u}, {Ti-1 <

>} € G, which proves the second assertion in case of i € {1,...,n —1}. If i = n,
then R} = (¢t — T,,—1)". Because of the first part of this proof, (t — T,,—1)" is a
G™ !-stopping time, which implies the G"-stopping time property. ]

Lemma 3.2.11. For anyi€ {1,...,n} andt >0, Géthiil)Jr 18 fti_l—measumble.

Proof. Fix i € {1,...,n} and ¢t > 0. According to the previous lemma, (¢t — T;_1)"
is a finite G'~!-stopping time. Moreover, G’ is continuous and Gi_l—adapted by
definition. This implies that Gzt Ti 1)+ is measurable with respect to Q’_l =

Fr vty Since Tioy+(t— z 1) < tVT;_y, it follows directly that G(t Tt
is measurable with respect to ]-" Iy i71‘ This yields

{GZ('thi,l)+ <u}e ‘7:;\7711_1 for all w > 0.
Due to Fi 7. ={A€ A[AN{tV T3 <u} € Fi! for all u > 0}, we obtain

{Gzt—Ti_1)+ <uyn{tvT,_; <tyecF ' forallu>0.
Since {t V T—1 < t} = {Tj—1 < t} € Fy ', it follows

{Git T+ S u}
= ({Glr s Sw{Tia <tH UG gy SupN{t <Tia})
<{Glt oy S {Ta <thH UG <ubn{t <Tia})
= {Glor e Sk {Tia <tHU{E<Tia} e 770

Lemma 3.2.12. For alli € {1,...,n} andt >0, G Ri is F}-measurable.

Proof. Fix i € {1,...,n} and t > 0. Equation (3.7) yields that R} is a finite
(F7,_, +u)uz0-stopping time. Moreover, G* is continuous and G*~1(C (Ff, | 1, )u>0)-

adapted by definition. Hence, Gi is .7-1} R -measurable. Since T;_1 + Ri <

T 1+ (t—Ti—1)" <tV Ty, the remammg part of the proof is analogous to the
proof of Lemma 3.2.11 if we replace (t — Tj_1)* by R} and Fi ' by F/. O
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With the previous lemmas we can conclude as Giesecke and Tomecek (2005).

Proposition 3.2.13. The overall time change G satisfies Assumption 3.2.5, and
Gt_1 is a G-stopping time for each t > 0.

Proof. First of all, note that

Gé—Ti_ll{Ti—ISt<Ti} + Glj—\l_Tl_ll{TlSt} fOI" Z (S {1, “ e ,n - 1}

Gi A =
R} {Ti-1<00} { ;LTn_lI{Tn—lSt} fori=n

Moreover, the overall time change G satisfies Gy = > ;_; Gl;zk for each t > 0 since
t

n—1
k n
kz_:l Gmin{Tk_Tk—l7(t_Tk—1)+}I{Tk71<oo} + G(t—’Tn_l)+
n—1 /n—1
Z (; Gmln{Tk —Th—1,(t~Tk- 1)+}I{Tk <o} +G(t Tp—1)t )I{Ti—1§t<Ti}
i= 1

1
n—1
(k-z: Gmln{Tk —Ty— 17(t Ty— 1)+}I{Tk 1<oo} G?t_Tn—l)JF) I{Tnflgt}
1
1

Z <Z GTk Tk 1 + G%T11> I{T171St<Ti}

i=1

n—1
+ (Z Gl%k*Tk—l + GILTnl) I{Tnflﬁt}‘
k=1

Lemma 3.2.12 yields that G* R is FF(C G;)-measurable for each k € {1,...,n} and

t > 0. It follows 1mmedlately that G is G-adapted. Furthermore, it follows from
Gyt =inf{s > 0|G, > t} = min{s > 0|G =t} that

{G71<s}={t<G,} €G, foralls>0.
This means that G, 1is a G-stopping time for each t > 0. O
To prove the last proposition in this subsection, we need the following lemma

which is similar to Theorem T28, Chapter A2 in Brémaud (1981) (see Theorem
1.1.9).

Lemma 3.2. 14 Let A be a nonexplosive point process and define the filtration
E (51; )t>0 by

EtOO/V Koo Vo(A:s<t).
Then for every E®+" -stopping time 0, the following equality holds:

£ = Koo V o(Mops = s > 0).
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Proof. Since Ko C Efo’ﬂ/ and Ay, is Egi’t‘A/(C Ego’w)-measurable for each t > 0,
the inclusion “D” is trivial. The proof of the inclusion “C” is analogous to the proof
of Theorem T28, Chapter A2 in Brémaud (1981) if one recalls that

5;0"/‘/ =o0(MsIc:5<a,C e€Ky) forevery a e Ry
since Koo = 0(Ilo: C € Koo). O
Remark 3.2.15. For .4/ = N, we obtain from Theorem 1.1.8 that Etoo"/V = Hs.
Thus, Lemma 3.2.14 yields Hy = Koo V 0(N§,, : s > 0) for every H-stopping time 6.

Proposition 3.2.16. For eachi € {1,...,n}, T1,...,T; are measurable with respect
to Hs,. In particular, we have G, C Hsg,.

Proof. Fix i € {1,...,n}. We know from Remark 3.2.15 that Hg, = Koo \/O’(Ngi/\s :
s > 0). Moreover, because ftNo = o(N? : s < t), Theorem 1.1.9 yields fé\fo =
0(Ng.rs : s > 0), and from Theorem 1.1.10 we know that fé\jo =o0(S;: 7 <)

Hence, we obtain
Hs, = Ko Vo(S; 15 <1).

Measurability of T1,...,7T; follows directly from the definition of G' by
Gt = i Glitkak,l +Gi_p , on {T,1 <t<T;} forie{l,...,n}
Zz;]l. G]"%k—Tk_l + G?—Tn,1 on {Tn S t}
and the fact that
Tj = Gy, =inf{t > 0/G, = 8;} forall j<i:

First, consider Ty which is given by T1 = inf{t > 0|G; = S1} = inf{t > 0|G} = S1}.
Then for each s > 0, we have

{T) < s} ={inf{t > 0|G} = 81} < s} ={S1 <G}}.

Since S; is o(S; : j < i) measurable and G} is Ko-measurable by definition, this
yields {Th < s} € Koo Vo (S; 1 j < i) for each s > 0. Thus, T is measurable with
respect to Koo V o (S : j < 1).
If ¢ > 1, then measurability of Ty follows from measurability of 7T7: Due to the
definition of G, we have G, = Gilrl‘ Therefore, G%pl = 51. Moreover, we have
Ty = inf{t > 0|Gy = S2} = inf{t > Ty |G}, + Gi_p, = Sa}
= inf{t > T\|Gp, + Gf,_r1)+ = Sa}  on {T1 < oo},

Together, we obtain for all s > 0
{Ty < s} ={Ty <s}n{inf{t > T1|G}, + G{,_p)+ = S2} < s}
= {Tl < S} N {inf{t > TﬂSl + G%thl)‘*' = SQ} < 8}
— [Ty < s} N {S% < S1+ G2 gy}
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We have already proved that 77 is measurable with respect to oo V o(S; : j <),
Furthermore, it is obvious that S; and Sy are o(S; : j < i)-measurable. By Lemma
3.2.11, G%SiTl)Jr is Fl-measurable. Since

Fl= ﬂ KuVo(lip<py v <u) CKeo Vo(Ti) C Ko Va(S;:j<i)

u>s

for all s > 0, we finally obtain that {T5 < s} € Koo V o(S; : j < i) for all s > 0.
This means that T is measurable with respect to Koo V (S : j < i).

By this procedure, we successively obtain that all T}, for k < i are Koo V 0 (5] :
j <i)-measurable. This yields the first assertion.

The inclusion Gr, C Hg, follows from Lemma 3.2.14: Note that G, C £° N = KooV
0(Ng : s <t). According to Lemma 3.2.14, we have EE’N = Koo Vo(Nrps i s > 0).
Since Koo V 0(Njps 15 > 0) = Koo Vo (T} 1 j < 4), it follows

EXN = Koo Vo(Ty 1 j <4).
Finally, the second assertion holds due to G7, C E;f N and because T 1,--.,1; are
measurable with respect to Hg,. O

3.3. Conditional distribution of the arrival times

In this section we determine conditional Pi~1-distributions of the inter-arrival times
T; — T;_1 and the arrival times T; by using the results from Section 3.1.

Lemma 3.3.1. For each i € {1,...,n}, the inter-arrival time S; — S;_1 is Pi~1-
independent of Hg,_, N QL on (i1, AL P,

Proof. Fixi € {1,...,n} and consider A = (A¢)¢>0 defined in Subsection 3.2.3 as the
right-continuous filtration generated by o(Ws : s < t) V o(k!,..., k") V Ks (Note
that because x!,...,x™ are deterministic, the o-algebra o(k!,..., k") is trivial.).
Since S; is an A-stopping time, S; is Ag;-measurable for each j € {0,...,i — 1}.
This implies that Sp, ..., S;—1 are Ag, ,-measurable, and hence Hg, | = Koo Vo (S; :
j <i—1)C Ags,_,. Together with the P*~!-independence of (Ws, ,+s — Ws,_,)s>0
and Ag,_, N1 on (1 AL P71 this yields that (Ws,_,+s—Ws,_, )s>0 is P 1-
independent of Hg, , N Q1 on (=1 AL P=1). From the proof of Proposition
3.1.5 we know that

(Si = Sim1)I(5,_, <00y = inf{s > O|K" + 7 - (W, ;15 = Ws, ;) + 5 = 0} (5, <oc}-
Since ! is deterministic for each i € {1,...,n}, we finally obtain the assertion. [J

Before we arrive at the main result of this section, we have to consider the following
lemma which is related to Lemma A.11 in Giesecke and Tomecek (2005).

Lemma 3.3.2. For eachi € {l,...,n} andt >0, S; — S;—1 is P~ independent of
.7:%,_1 N Q1 and P~ -independent of .7:;\7% Nt on (Q7L, AL PiRY).
i—1 i—1
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Proof. Fix i € {1,...,n} and t > 0. We know from Lemma 3.3.1 that S; — S;_1 is
Pi~Lindependent of Hg, , N Q! on (21 AL Pi~1). Now, consider the count-
ing process A; = 22;11 Ii7,<¢y. Due to Lemma 3.2.14, we have E;fjf/ = Koo V
o( N7, _yns = 8 > 0). Moreover, Theorem 1.1.9 yields Fj{l = o(M_ns 25 > 0),
and from Theorem 1.1.10 we know that .7:7{1 =o(T;:j <i—1). It follows
5;?:{:Koo\/a(7} 1 <i-—1).
According to Theorem 1.1.10, we have £ = Koo V o(Tj : j < i —1). Therefore,
the inclusions £ "’ Soowt C £2+" and SOOJV Cép /Vt c £+ imply

N N . .
goj 1+t = goo Tt = Koo VoI j <i—1).

Furthermore, by definition of F*~! and E>" | we have Fi=' C £2" for all s > 0.
As a consequence, we obtain

i—1 00, N
‘F +tC5 —1+t T

Fit o cerl =Ko Vo(lj:j<i-1).

=K Vo(Tj:j<i—1) and

Since T}, j < i — 1, are Hg, ,-measurable by Proposition 3.2.16, this means
Fp i CHs_, and Fr', CHs,_,. (3.8)

Finally, the P~ independence of S; — S;_1 and Hg,_, N Q" on (Q71, AL Pi-t)
and (3.8) yield the assertion. O

The next theorem is the main result of this section. In particular, we derive the
f}:_ll-conditional distribution function of the inter-arrival times 7; — T;_1 and the
Fi~!-conditional distribution function of T; under the probability measure P*~! for
each i € {1,...,n}. Later on, we will use this result to compute intensities. Note
that Giesecke and Tomecek (2005) proved a similar statement for their inter-arrival
times.

We have already determined the P~ !-distribution function of S; — S;_; in Propo-
sition 3.1.5 and Corollary 3.1.7, namely

PUS; — iy < t] = FAS(t, k1) = P {mgg(ﬁi + oWy + ps) < 0} for ¢ >0
§S

and

O (E) =2/ (ZEH) for ¢ > 0

FAS(t, k1) = { .
0 fort =10
Theorem 3.3.3. For eachi € {1,...,n} and 0 < s < t, we have
P(Ty — Tic) Ir <00y < P54
= B FA(GL ) (g, <oyl P 2y] P —as,
and the F'='-conditional P~ -distribution function of T; is given by

Piil[ﬂ S t|JT'Z_ ] FAS( t—T;_1> ')I{Ti71<t} ]P)iil — a.S.
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Proof. Fix i € {1,...,n} and t > 0. First, note that Lemma 3.1.3 and Proposition
3.2.9 yield

P (T — To ) {7y <00y < HFG 4]
- PZ 1[Tz - Ti—l < t|FZT,-_11+t N Ql ]I{T¢,1<oo}

=P S — S S GHUFE L L N gy cooy

Since G is G~ !-adapted, G! is Fr}i__ll 4 measurable. It follows that G considered

as a random variable on (Q°~!, A*~1 P~1) is measurable with respect to ]:%;11 N

QL. Due to Lemma 3.3.2, S; — S;_1 is P*"l-independent of -7:%-__11+t N Q-1 on
(=1, A= P=1). Hence, we obtain from Lemma 3.1.3 (in a similar way to the
proof of Corollary 3.1.7)

P(T = Tioa) gy <ooy < HF 1) = FR(GL )7, <oy

Since ]ﬂ 45 C f’{}l 4, for s <t, it follows that

-1

PZ 1[(T T; I)I{Tl 1<oo} <t|~7:1_ 1+s]
=B P(T — Tiea) Iz, 1<o0} <t P )
=E" 1[ (Gfta )I{Tz 1<oo}‘ T;_ 1+s]

In order to prove the second assertion, note that since T;_; is an F*~-stopping time,
It <py 18 Fi~'-measurable. Hence,

PNT <t F 1 = PNT <t F ey + PTG < HF 5y
= Pl_l[(n - ﬂ—l)I{Ti71<OO} S (t - E—1>+"F¥_1]I{Ti71<t}'

Because T; — Tj—1 = (Gi)gil_si_1 on {S;—1 < oo} and {S;—1 < oo} = {T;—1 < 0},
this means that

]Pi—l[Ti < t|f?_1] — ]P’i_l[(si — 5'@71)]{51.71<oo} < Gét—Ti,1)+|]:ti_1]I{Ti71<t}'
With Lemma A.1.3 and the second part of Lemma 3.1.3, we obtain
PUT, <t F 1 =P H(Si = Sic1) s,y <00} < Gloory o+ 1 Fivr, Jmioi<t)
PZ 1[5 SZ 1 < G(t Tz 1 +‘ Z\/ql-s 1 ﬁQZ_l]I{T171<t}

Furthermore, we know from Lemma 3.2.11 that G%t_T_ )+ 18 Fl(c fz\jTl )-

. i—1 : i—1
measurable, and Lemma 3.3.2 yields P~ !-independence of S; — S;_; and f;‘\}}iil N
Q! on the probability space (21, A*~1 Pi~1). As above, this implies by Lemma
3.1.3

Pi_l[ﬂ S t’]:tz_l] = FAS(G%thifl)'*‘?K‘i)I{Ti71<t} = FAS( i—Ti,17Ri)I{Ti71<t}'
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Especially in contrast to Corollary 3.1.7 that considers the case of a portfolio value
process which is given by a simple geometric Brownian motion, the previous result
clarifies the advantage of the time change approach.

In Section 3.1 we have defined the time of the ith default in our underlying portfo-
lio by the first time the geometric Brownian motion V hits the deterministic barrier
K*®. This point in time is denoted by S;. Moreover, we have stated after Corollary
3.1.7 that the ]:g‘:il—conditional P~ 1_distribution of S; depends on !, u, o and
S;_1. Hence, apart from the dependence on the time since the last default, there
is no influence of the previous defaults on the conditional default probability of the
remaining firms in the portfolio.

In order to overcome this property, we have introduced the time change G and
defined the time of the ith default as the first point in time 7; in which the time
changed geometric Brownian motion Vg hits the deterministic barrier K*. As a
consequence, Theorem 3.3.3 states that the F~!-conditional P*~!-distribution of
the ith default time depends on %, pu, o (which are deterministic) and T;_; and
additionally on the ith time change G*. This dependence on G* is new and the key
property of our model.

In Subsection 3.2.4 we have pointed out that the ith time change G? is responsible
for a possible change in the slope of the overall time change G. Now, Theorem
3.3.3 clarifies that by choosing an appropriate time change G*, we can specify how
a default of one firm influences the conditional distribution of the next default.
Examples of such time changes G* will be considered later on in Section 3.6.

3.4. Conditional survival probabilities, default trends and
intensities

This section is related to the work of Giesecke (2006) and focuses on the deter-
mination of the ith default trend for each default time T;, i € {1,...,n}. These
trends are used to derive tractable solutions for prices of credit sensitive securities
which depend on the ith default in the underlying pool of names and to construct
an algorithm to simulate default times.

We start with a short introduction to the terminology which is needed later on.
Thereafter, we apply the results of Giesecke (2006) to our model setting. This means
that we determine the ith default trend for each default time 73, i € {1,...,n}, and
prove that default intensities with respect to the different model filtrations F*~1
exist. Moreover, we will see that our default times are totally inaccessible in G,
which is typically for reduced form models. Finally, in Subsection 3.4.3 we derive
the (P, G)-compensator C' of the default counting process N by using the results
from the previous sections. Since N — C is a martingale, C encodes the upwards
tendency of the default counting process. Thus, NV can be specified in terms of its
compensator.
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3.4.1. General definitions

In this subsection we introduce important terms which are discussed in the following
subsections in more detail. We also refer to Section 1.2, where the case of a single
firm is considered.

Notation 3.4.1. For each i € {1,...,n}, the Fi—!_conditional survival probability
of Tj is denoted by Z°, i.e., Z} := E[l — N}|F 1.

Remark 3.4.2. We know from Section 1.2 that Z! is a (P, F'~!)-supermartingale
for each i € {1,...,n}. Moreover, since each default indicator process N’ is a
nondecreasing process, N' is a (P, G)-submartingale.

Because of the previous remark, each N’ admits a (P, G)-compensator C* such
that N — C? are (P,G)-martingales. If G is for each Fi~! a filtration expansion
of the Guo-Zeng type (see Definition 1.2.5), then we obtain these compensators by
using the extended Jeulin-Yor theorem (see Theorem 1.2.7).

Hereafter, we show that G is indeed a filtration expansion of F©~! of the Guo-Zeng
type for each i € {1,...,n}. To this end, recall that 0 =Ty <77} < ... < T, <
and F* cF! C ... CcF":=G.

Lemma 3.4.3. For everyi € {1,...,n} and every t > 0, we have
Fo 0T >ty = F 0 AT >t

Proof. Fixi € {1,...,n}andt > 0and let G’ be the progressive filtration expansion
of Fi=1 ie.,

Gli = {A € & |FF, e FLAN{T; >t} = F, 0 {T; > t}}
with s 1= Figt V o(T?). We have

Fi = ﬂ’CuVU(I{Tkgs} cs <wu,k <i)
u>t

= Fo'Vollireg s <u) = (G (3.9)

u>t u>t

where (G1) = ((G"1)})t>0 denotes the minimal filtration expansion of F*~!. Since
(G~1)' is the smallest filtration expansion of F*~! such that T} is a (G*~!)’-stopping
time, we have (G*1)’ ¢ G*i. Moreover, the progressive filtration expansion G is
right-continuous (see Chapter VI in Protter (2005)). Therefore, it follows from (3.9)
that 7/ C G}*. This implies

Fin{T' >t} cGln{Tl >t} = F ' n{T" >t}

The assertion follows by noting that the reverse implication 7} N {T* >t} D Fi ' n
{T* > t} is obvious. O

The following lemma is a special case of Lemma 9, Chapter 1 in Kchia (2011).
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Lemma 3.4.4. For every j with 1 <i < 35 <n and everyt > 0, we have
FIn{T >t} =F ' n{T; > t}. (3.10)
Especially, we have
GN{T; >t} =F " n{T; >t} forallic{l,...,n}

Proof. Note that the assertion holds for j = i due to Lemma 3.4.3. Moreover, Lemma
3.4.3 yields F{n{Tj41 >t} = FI Ty >t} foreacht > 0andj € {i,...,n — 1},
which implies that F/ N {Tja > t}n{T; > t} = Fithn {Tj1 >t} n{T; > t}. Since
the default times are increasing, we have {T; > t} C {T;41 > t}. Hence, the last
equation is equivalent to F; N {T; > t} = F/*' N {T; > t}. But this implies that
if (3.10) is true for j, then it is also satisfied for j + 1. Since the statement holds
for j = 4, the proof of the first assertion is completed. The second statement is the
special case j = n. O

According to the previous lemma, G is indeed a filtration expansion of Fi~! that
is of the Guo-Zeng type for each i € {1,...,n}. Hence, we can apply the extended
Jeulin-Yor theorem as described above.

To compute the (P, G)-compensator processes C* of the indicator processes N'
for i € {1,...,n}, we adopt definitions from Giesecke (2006) to our default models
(T;,Fi=1). Giesecke (2006) considers the case of only one defaultable firm and uses
progressive filtration expansions. Nevertheless, we will see that we obtain similar
results in our multi-firm setting due to the extended Jeulin-Yor theorem.

Definition 3.4.5. Fiz i € {1,...,n} and let Z}_ := limgy Z! and Z_ := 1. The
ith default trend 7% is defined by

t

, 1 .

o) = / 7 de; (3.11)
0 s—

where the process € is the (P, Fi=1)-compensator of Z'. We say that (T;, F*=1) is

an intensity based default model if there exists an F'~!-progressive and nonnegative

process \' such that <) = fg Ads P-a.s. for allt > 0. The process \' is called the
1th intensity process.

Remark 3.4.6. We will see later on that Zg > 0 P-a.s. for all ¢t > 0 (see Lemma
3.4.15). Thus, we do not divide by 0 in (3.11).

Definition 3.4.7. For i € {1,...,n}, we say that the default model (T;,F~1) is
strongly intensity based if there exists an F'~'-progressive and nonnegative process
A such that for each t > 0, we have

t
Z} = exp (—/ Aids) P— a.s.
0
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If (T;,F~1) is an intensity based default model, then it follows from the extended
Jeulin-Yor theorem that C* = (&7%)T with (&)1 = szftz/\Tl = g/\T" Aids P-a.s. is the
(P, G)-compensator of N*. Because of that, we are interested in the detailed form of
/% and \'. But first, let us state a few remarks concerning the previous definitions.

Remark 3.4.8. 1. Although the previous definitions are based on the definitions
in Giesecke (2006), we have modified the required properties of the involved
intensity. If we would adopt the definition from Giesecke (2006) directly to
our approach, then the intensities would be bounded, nonnegative and F~!-
predictable. Boundedness is needed in Proposition 5.10 in Giesecke (2006)
which proves that intensities in the sense of Definition 3.4.7 are indeed short
credit spreads. Moreover, Giesecke (2006) uses a progressive filtration ex-
pansion to obtain this result. For a more general result with respect to the
filtration expansion which also requires relaxed predictability and boundedness
assumptions, we refer to Okhrati (2013).

2. Note that the ith default trend 27? defined in Definition 3.4.5 corresponds with
the F-martingale hazard process A in Proposition 2.1.8. Indeed, the model and
the results in Giesecke (2006) and the model in this chapter are closely related
to the hazard process approach.

3. Let A and A be two Fi~l-predictable ith intensity processes. Then A* and
M\ are also G-predictable since Fi~! € G. Moreover, note that for every ith
intensity process A’ and every t > 0, we have

tAT; ) t
Ct = A, _/0 )\’Sds_/o MNlps<rnds P —as.

Therefore, it follows from Theorem T12, Chaptgr IT in Brémaud (1981) that
the G-predictable processes ()\if{tgn})tzo and (Aif{thi})tZO satisfy

A lg<ry) (W) = Mpery) (W) P(dw) x dN/(w)-a.e.

The next lemma, which was proved in Giesecke (2006), states that the “strongly
intensity based” property of (T}, F"~1) is really stronger than the “intensity based”

property.

Lemma 3.4.9 (See Proposition 5.8 in Giesecke (2006)). For every i € {1,...,n},
the following statements are satisfied:

1. If a default model (T;, F*=1) is strongly intensity based, then it is intensity based
in the sense of Definition 3.4.5.

2. If a default model (T;,F*~1) is intensity based in the sense of Definition 3.4.5
and additionally satisfies €' =1 — Z', then it is also strongly intensity based.

3.4.2. Default trends

In this subsection we determine the default trends (and hence the compensators
of the processes N') in our default model with deterministic barriers and unknown
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portfolio value process. Moreover, at the end of this subsection we use these trends to
determine prices of contingent claims depending on the ith default in the underlying
pool of names.

In Theorem 3.3.3 we have already computed the F*~!-conditional P*~!-distribution
function of T; for each i € {1,...,n}. The next corollary follows from Theorem 3.3.3
and addresses the F*~!-conditional survival probability of T;.

Corollary 3.4.10. For eachi € {1,...,n} and each t > 0, we have
PT; < t|F ] =P T < UF Mg, < = FA5(Gior #) g <y P— as.
In particular, for each t > 0, Z' satisfies
Zy=1-F*Gi_p, k)1, <y P—as
Proof. Fix i € {1,...,n} and ¢ > 0 and note that
PNT < t|F N =P T <t F g < P —as
It follows for B := {T; <t} and every F € Fi

EE[IsIr, <) Fi HrLr,  <oo}]
P[Efl < OO}
_ Ellplir, <ty Irlir,  <o0}]
]P’[Ti_l < OO]
— EZ_I[IBI{Ti_le}IF]
= E%l[E%l[IBI{T¢71<t}‘-7:tZ_1]IF]-

ENE[Ip I, <ty F 1] =

By the definition of the conditional expectation, this means
Ellplir,_ <iy|Fi ' =B gl pl '] P! —as.
As a consequence, we have
]P)[E < t|‘thL’_1]I{Ti71<t} = ]P)i_l[n < t|f7;i_1]I{Ti71<t}
= FAS( é—Ti_17 /{i)I{Ti_1<t} ]P)i_l — a.s.,
where the last equality follows from Theorem 3.3.3. Finally, Lemma 3.4.11 yields
the desired result. O

Lemma 3.4.11. Let X and Y be random variables on (0, A,P*~1) for some i €
{1,...,n}. Then XIir, cooy = Y <o} Pi~l.q.s. implies that XIr, <oy =
YI{Ti,1<oo} P-a.s.

Proof. Fix i € {1,...,n} and note that P*"1[A] = P[AN {T;_1 < co}]/P[T;—1 < 0]
for each A € A. Because
{ X, <oy = Y1 <00y} = (X713 <00y = Y1, <o} } N {Ti-1 < 00})
U X1 <oy = Y1, <oy} N{Tim1 = o0})
= ({ X1y <o0) = Y1, <o}t N{Tim1 < 00})
U{Ti-1 = oo},
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we obtain

IP>[‘X*I{T7;71<OO} = YI{T¢71<OO}} = ]P)iil[XI{Tz’—1<00} = Y‘[{Ti71<00}]P[E_1 < OO]

+ ]P)[Ti—l = OO]
= ]P’[Ti_l < OO] + P[Ti_l = OO]
= 1.

Remark 3.4.12. Because of the definition of T}, we have

PIT; < t|F =P min Vg, < K’
S8

ff_l} P —as.

Hence, if we fix ¢ > 0 and consider P[T; < t|F;~!] as a function in K*, then we can
interpret this function as the Fi~'-conditional distribution function of the portfolio
minimum at time t given by M; = ming<s<; Viz,. Giesecke (2006) studies this
perspective in detail.

To derive the ith default trend .27%, the process F'(x) defined for each = > 0 by
th(':v) = FAS( i—Ti,1 ’ $)I{Ti71<t} (312)

plays an important role. In the following, we discuss this process in detail and verify
important properties which are essential to obtain the desired ith default trend.
Since the process F'(x) is strongly connected to the function F2%(-, x), we start
with important properties of this function.

Lemma 3.4.13. For each x > 0, F29(-,x) is continuous and increasing and satis-
fies FA5(t,z) < 1 for each t > 0. Moreover, FA%(-,z) is absolutely continuous with
derivative f25(-, ) which is given by

A5t @) = 6_2‘”“"/02;15_3/2@ (W) fort > 0. (3.13)

In particular, f29(-,x) satisfies limy o f25(t,z) = 0.

Proof. Fix x > 0. Continuity and monotonicity are obvious. Moreover, F2%(0, z) =
0 and F25%(t,z) € [0,1] for each t > 0. Therefore, FA%(t,z) < 1 for ¢t > 0 if and

only if
+ ut _ 2 —x + ut
FASt,le—CI><x )+62w/vq><) 1.
(t,x) - i #

This means that we have to prove that Y(a,b,c) := 2%/ & ((a + b)/c) — B((—a +
b)/c) # 0 for a <0, b€ R and ¢ > 0. On the one hand, we have

2ab 2ab 1 1

a+b> 1 /a _,(y+b)2 /a 2ab_ y? by _
[} c2 (I) = e 2 e 2 c d = [ 2 2¢2 2 2.2 d .
( c V2T J_oo 4 V21 oo Y
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On the other hand, we obtain

—a+b / —1(= 2a+b
0} = 2 ) d
( c ) C\/ 2 c 4

_ % y2ay by 2a% 2ab
= [ 202+ 2 2 2+c 2c2dy.

cV2m
If we define [ (y) := exp ((2ab — by)/c2 - (y2 + v%)/(2¢?)), then we get

|:1 20,y—22a2 :| d
— € c .
cV 2T Y

Since a < 0, we have 2ay — 2a? > 0 for all y € (—o0, a). Together with [(y) > 0 this
yields Y(a, b, c) # 0.
Moreover, from %[(—x + put) /()] = (x/20)t=3/% £ (u/20)t~1/2 it follows that

(g (2

—2uz/o? (xt—s/z Mt—1/2) (—fU + Mt>
e 20 + 20 4 o/t '

Y(a,b,c) =

Since

this yields Equation (3.13).
Finally, we consider the limit ¢ | 0. First, note that for each ¢t > 0, we have
£3/2, (‘95 + Mt) _ 1 6—%logt—fr—2+%—“f2t‘
oVt

Since u%t/(202) — 0 and
2 22 22
3logt + 2= logt® + log eo%t = log(t?’eﬁ) — 00,
o2t
we obtain limy o f25(t, ) = 0. d
For the remaining part of this chapter we only consider time changes G?, i €

{1,...,n}, that satisfy the following assumption.

Assumption 3.4.14. For each i € {1,...,n} and all t > 0, the time change G"
satisfies

t
Giz/ gids P — a.s. (3.14)
0

for a G*'-adapted, right-continuous and positive density process g*.
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Lemma 3.4.15. For eachi € {1,...,n} and each x > 0, the process F*'(x) satisfies
the following properties:

1. Fi(z) <1 P-a.s. for all t > 0.
2. F'(x) is continuous and increasing.

3. F'(z) is absolutely continuous with a nonnegative and right-continuous density
process f'(x) which is for t > 0 given by

—z+ MG%—T1—1

i i —2px/o? L ¢ i -
fi () =9t-1,_,€ 2/ ;( th,.,l) 3/2<P (2) I{T¢,1<t} (3.15)
U«/Gt—Ti,l

P-a.s.
Moreover, fi(x) is F*"L-predictable if g* is G*~-predictable.

Proof. Fix i € {1,...,n} and > 0. Note that by Lemma 3.4.13, F29 (. z) is
increasing, continuous and satisfies FA%(t,z) < 1for all t > 0 and lim; o F25(t,7) =
0. Since G* has monotone and continuous paths by definition, the first two properties
are obvious.

For w € {T;_; > t}, we obviously have f}(w) = 0. According to Lemma 3.4.13,
FA25(.,x) is absolutely continuous with derivative

AS _ —2uz/o®T —3/2 (—$+M3> ‘ 0

=2 (s,z)=e R s or s > 0.
For w € {T;_1 < t}, we have [F}(z)](w) = FAS(GLTiil(w)(w),x). Because of
Equation (3.14), we obtain by the chain rule that

v el T 52
@) = g,y (@)™ (Gl (@) ¢( G, @)

Since g' is right-continuous by Assumption 3.4.14, it follows from limy o f25(t, ) = 0
(see Lemma 3.4.13) that f*(z) is also right-continuous. Thus, the third property is
satisfied. The last assertion follows directly from Lemma 3.4.16. O

Lemma 3.4.16. Fizi € {1,...,n} and let g* be G~ 1-predictable. Then the process

gf.,TH)J{TFK.} :(0,00) x 2 = R,

gé-fTi,1)+I{Ti—l<'}(t7w) = géthi,l(w))"'(w)I{Ti—l(w)<t} is F*~L-predictable.

Proof. Fix i € {1,...,n}. The predictable o-algebra is generated by processes f
which are G*~!-adapted and caglad (left-continuous with right limits) on (0, 00).
Hence, it suffices to prove the assertion for such processes f.

Since (t—T;_1)" is a finite G'~!-stopping time for every ¢ > 0, J(t—1,_,)+ is measur-
able with respect to gé;}TH)+. From T; 1+ (t—T;_1)" <tV T;_1 it follows directly

that f;_7,_,)+ is measurable with respect to ffv_Tli_l. Moreover, because I11, | < is
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Fi Y (c .F;LvT | )-measurable, we obtain that f,_7, )+ {1, < is measurable with
respect to ffvr}i_l
Now, it follows analogously to the proof of Lemma 3.2.11 that f,_7_ )+ I(1,_, <}
is F/~l-measurable. As (fie=1,_ 1)+ L{1i_1 <t} )t>0 1s also caglad on (0, 0c), this implies
the assertion.
O

In the following, we determine the ith default trend and ith default intensity. For
the corresponding result in the single-firm setting of Giesecke (2006) we refer to
Proposition 6.4 in this paper.

Proposition 3.4.17. For each i € {1,...,n}, the ith default time T; is totally
inaccessible in G, and the ith default trend o/* is continuous. For each t > 0, we
have

o = —log(1l — Fi(k')) P— a.s. (3.16)

Moreover, the default model (T;, F=1) is strongly intensity based, and </* admits a
right-continuous ith intensity process A' given by

i_ fi(x") _
Af = = () P—a.s. (3.17)

fort > 0.

Proof. Fix i € {1,...,n}. From Lemma 3.4.15 we know that F}(k’) < 1 for all
t > 0. Consequently, we have Z} = 1 — F}(k') € (0,1] for all t > 0. Moreover,
F(xk) is continuous and increasing by Lemma 3.4.15. Thus, Z° is continuous and
decreasing. Because Z' is Fi~'-adapted by definition, it follows from the continuity
property of Z¢ that Z¢ is F*~!-predictable.

Since by the Doob-Meyer decomposition theorem (see Theorem 1.2.1) the com-
pensator ¢ is unique, F*~!-predictability and monotonicity of Z? are sufficient for
€' =1— Z'. In this case, we obtain

. t 1 .
42/;:/ —dl—Z’ /dZ’ —log Z;,
0o 24

where the last equality follows by change of variables (see, for instance, Theorem
54, Chapter I in Protter (2005)). The previous equation yields (3.16). Furthermore,
continuity of Z% implies continuity of («7*)”%, which is the (P, G)-compensator of N*
according to the extended Jeulin-Yor theorem. Therefore, T; is a totally inaccessible
G-stopping time (see, for instance, Chapter V, Theorem T40 in Dellacherie (1972)).

Since F(k') satisfies the third property in Lemma 3.4.15, &/% inherits absolute
continuity from F'(x?). Moreover, ! is the derivative of .2/ with respect to ¢ P-a.s.
and is given by (3.17).

At last, note that we have an intensity based model with €* = 1 — Z*. Thus, it
follows from Lemma 3.4.9 that the model is also strongly intensity based. O
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Remark 3.4.18. Note that
) = —log(1 — F{(W'))[{z,_, <ty = —log(Z)[(1,_,<ty P—as.
since ZzI{Ti—IZt} =P[T; > t|]:ti71]I{T¢_12t} = I{1,_, >4 P-a.s. Hence,

- IOg(Z;) = - log(ZtiI{Ti71<t} + I{Tiflzt})
= — log(ZtZ)I{Ti,1<t} +0- I{Tiflzt} = — log(ZtZ)I{Ti71<t} P—a.s.

Moreover, from (3.15) it follows directly that X = f7(x")/(1—F{(x")) {1, <py P-a.s.

Explicit form of .&7* and \:  We know exactly how &/ and A’ in Proposition
3.4.17 look like. Because of (3.12) and (3.15), we obtain P-a.s.

. /{i + MG%?T. i/2 _K‘i + NG%',T.
%z = —log ((I) (zl — g2k /o ) : i—1 I{Ti,1<t}
o /Gf:_Tl__1 O /G%_Ti_1

(3.18)

and

. ; P —Ki+uGt .
) —2ukt 0% K 7 —-3/2 " t—Ti_1
9t-1;,_,€ it/ ?( t_Ti—l) { ¥ ( ; )

, , . . i<ty
o K -i-MthTi_1 oo —K -I—LLGFTi_1
g G;—Ti_l g G;—Ti_l

According to Proposition 3.4.17, the ith default trend .«7* satisfies .7 = —log(1—
F}(K")) P-as. for i € {1,...,n}. The following proposition uses this result to de-
termine prices of default sensitive contingent claims. More precisely, we consider
securities paying out the bounded, Gr-measurable amount X at time 7' if the ith
default in the underlying pool of names did not occur up to this point in time, i.e.,
if T'< T;. In case of T' > T;, the payout is equal to zero.

In general, the price of this security at time t < T is given by

]

if r denotes the deterministic risk-free interest rate and P is assumed to be the risk
neutral probability measure. The subsequent proposition and the corresponding
proof are closely related to Proposition 5 in Giesecke and Goldberg (2004b) and
Proposition 5.4 and Corollary 5.5 in Giesecke (2006).

X =

T
PV(t,T)=E [X exp (—/ 7‘st> LIirery
t

Proposition 3.4.19. Consider a defaultable promised payoff X at time T and let
X be bounded and Gr-measurable. Moreover, suppose that the risk free interest rate
r = (rs)s>0 s deterministic and fix i € {1,...,n}. If the process Y defined by
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Y; = E[X exp(#} — )| F}] is P-a.s. continuous at T;, then the price of X at time
t < T is given by

T
PV(t,T)=E lXexp (—/ reds + o — 42%}) ‘ ]—'4 Iyery P—as.  (3.19)
t

On {t < T;}, we have for every T' >t
P[T; < T'|Gi] = 1 — Elexp(et)’ — o) Fi] P — a.s. (3.20)

Proof. 1t suffices to consider the case of a zero interest rate, i.e., r = 0. Define the
processes L by L; := E[X exp(—a/)|F}]. Since & is Fj-measurable, this means

Y, = E[X exp(« — )| F{] = exp(e )E[X exp(—a/7)|F;] = exp(’) Ly

for all ¢ > 0. Moreover, </ is continuous and of finite variation such that the
quadratic covariation of L and exp(</*) satisfies d[L, exp(</*)]; = 0. Integration by
parts leads to

dY; = exp()dLi+ L d(exp(]))+d[L, exp(e/")]; = exp(#)dLi+ Ly d(exp(7,)).
Moreover, by change of variables, we obtain
dY; = exp()dL; + Y, -d].
From Theorem 28, Chapter II in Protter (2005) we know that
[V, 1 - Ny =Yo(1— Ng) + Y AY;A(1 - N})
0<s<t

where AY; :=Y; — Y;_. By assumption, the process Y does not jump at 7T;. There-
fore, we obtain d[Y,1 — N%|; = 0 for all t < T. If we define the process U by
U; == Y;(1 — N}), then integration by parts yields
dU; = —Y;_dN} + (1 — N/_)dY; +d[Y,1 — N];
= —Y;dN{ + (1 = N_)(exp()dL; + Y;—ds7;)
= Y dNj + (1 Ni_)exp(e )L, + Yi_ddj,
— (1= Nj_)exp()dL; — Ye_(dN] — A,

In other words, we have

T . . T . .
Ur — Uy = / (1— N )exp(a/i)dL, — / Y, (AN? — defl\p.) (3.21)
t t

for all t < T. Note that both integrators in Equation (3.21) are square-integrable
Fi-martingales: It is easily seen that L is a bounded F‘-martingale. Furthermore,
we know from Lemma 3.4.4 that F* is a filtration expansion of the Guo-Zeng type

of F*~1. Thus, according to the extended Jeulin-Yor theorem, (N} — @7 )i>0 is
an [*-martingale, and Lemma 1.2.4 states that (N} — &, 1, )1>0 is square-integrable
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with quadratic variation [N? — (&7%)Ti) N' — (&/")Ti] = Ni. Moreover, the integrands
in Equation (3.21) are bounded and Fi-predictable. Together, we obtain that U is
an F-martingale. Hence, it follows for all ¢+ < T that

V(1= Ny) = Uy = E[Ur| ] = E[Yr(1 - Np)|F]

= E[E[X|F7)(1 = Np)|F] = E[X(1 = Np)| 7],
ie.,

Yiltrery = E[X exp() — o) | Fillpery = BIX Lipemy | F]-
By Lemma 3.4.4, we have G, N {T; >t} = F{ N {T; >t} for all t > 0, which implies
E[X Iypery | F] = E[X Itrory|Gi] on {t < T;}. This yields the first assertion since
PV (t,T) = E[XI{7<13|Gi] = E[X Ii7 1| Fy] = E[X exp() — o) | Fillj<ryy-

If we use r =0, X =1 and T =T’ in Equation (3.19), we arrive at

PV (t,T") = Ellypr ey | Fill jr<ryy = Elexp( — )| Fil i<y

which implies Equation (3.20). O

3.4.3. The compensator of the default counting process

So far, we have determined the default trends </ and the (P, G)-compensators C"
of the indicator processes N°* for i € {1,...,n}. It remains to consider the default
counting process N given by

n
Ny => Iipy<yy fort>0
=1

and to compute the (P, G)-compensator C' of this process. For a similar result, we
refer to Theorem 12, Chapter 1 in Kchia (2011). Moreover, note that our default
trends ./% are absolutely continuous and admit the density A\’ for all i € {1,...,n}.
The following theorem shows that the (P, G)-compensator of N is also an absolutely
continuous process.

Theorem 3.4.20. The (P,G)-compensator C' of the default counting process N is
for each t > 0 given by

n
Cy = Zsszmt P—a.s.
i=1

Moreover, N admits the right-continuous (P, G)-intensity AN given by

n
A=Y M <iery P—as
i=1

fort > 0.
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Proof. We know from Proposition 3.4.17 that the (P, G)-compensator of N' is given
by Cf = g, = [} \ids and A’ satisfies

i i fi K
AL = /\tI{T¢71<t} = 1= Fi(ri) —t}(f”ti(Li) (3.22)

with fi(x) given in (3.15) and F"(z) given in (3.12) for x > 0. As F(x) is continuous
and fi(x) is right-continuous (see Lemma 3.4.15), it follows directly that A* has P-
a.s. right-continuous paths. Therefore, we obtain

n ) n Tint t n ) INT, m .
A= Z/o Agds = /0 > N7, <t<1yyds = /0 > NI <ieryyds.
=1 7

=1 =1 =1

The process (321 AT (Ti_1<t<T;})¢>0 is obviously G-adapted and nonnegative. More-
over, it inherits right-continuity from A" and (I{7,_,<¢<1;})e>0, @ € {1,...,n}. In
particular, (3°; Ail{,_ <4<7})t>0 is G-progressive.

The process (3_;1 @7 54)t>0 is increasing, continuous and G-adapted, which im-
plies G-predictability. Furthermore, we have

n

n n n
Ne= ) i =D Ni =3 pp =D (N] = C).
i=1 i=1 i=1

i=1

Since N — C* is a (P, G)-martingale for every i € {1,...,n}, so is the process (N; —

A ;szlZ At)t>0. Because the compensator is unique, this completes the proof. [

Remark 3.4.21. As the compensator C' is G-predictable by definition, we are able
to find a G-predictable intensity A\V; see, for instance, Proposition 3.13, Chapter
I in Jacod and Shiryaev (2003). If all ¢/, i € {1,...,n}, are additionally G*~1-
predictable, then this G-predictable intensity is given by

n
M =Y M «<ny P-as,

=1

for ¢ > 0. This can be verified as follows: We know from Lemma 3.4.15 that
fi(k%) is Fi~lpredictable if ¢* is G'~!-predictable. Since \i = fi(k?)/(1 — F}(k?))
P-a.s. for all t > 0 and F*(x') is continuous, this means that A\’ is F‘~'-predictable.
The inclusion Fi~! € G implies that A\’ is G-predictable, and hence the process
(3211 MLy, <t<Tyy)i=0 satisfies the same property.

Remark 3.4.22. Giesecke and Tomecek (2005) prove for their time changed Poisson

process N7 (see Remark 3.2.4) that for each i € N, (Ng?GT - Gtcij%GT)tZO is

a martingale with respect to their investor filtration G&T. Moreover, if TZGT — 00
P-a.s., then N6T —GET is a GET-local martingale. In this case, GE7 is the (P, G&T)-
compensator of NT. We refer to Theorem 3.3 in Giesecke and Tomecek (2005) for
more details.
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3.5. Another incomplete information model

Note that in Subsection 3.2.3 the incomplete information model in the definition
of our top down first-passage model (IIM1) was constructed such that the default
barriers K!,..., K" (and hence !,..., k") are deterministic and the portfolio value
process Vg is not observable by the investor. But if we take into account Subsection
2.1.3, there exist two more extreme cases of incomplete information:

e Information model in which neither the portfolio value process nor the default
barriers are publicly available.

e Information model in which the portfolio value process is publicly available,
but the default barriers are unobservable.

Replacing the incomplete information model (IIM1 from Subsection 3.2.3) by an-
other incomplete information model results in a new top down first-passage ap-
proach.

In general, we could study both additional cases of incomplete information. Nev-
ertheless, assuming that the portfolio value process is observable, the corresponding
model in Giesecke (2006) relies on independence between the single default barrier
and the firm’s asset value process. But this is not an appropriate requirement in
our multi-firm setting because the portfolio value process Vi, modeled as a time
changed Brownian motion, depends on the default barriers. This is a consequence
of the time change construction in Subsection 3.2.4. More precisely, G satisfies

= G!%k*kal + GLTF1 on {Ti-1 <t<T;} forie{l,...,n}

Gt - n—1 ~k n
S G, TG, on {T, <t}

by definition, and hence the overall time change is closely connected to the arrival
times 77, ...,T,—1. Since our default times are defined as first hitting times, they
also depend on the default barriers K1, ..., K®~!. Thus, the model setting in the
third incomplete information model in Giesecke (2006) is not suitable for our top
down first-passage approach.

In conclusion, we just focus on the incomplete information model in which neither
the portfolio value process nor the default barriers are available. After defining this
additional incomplete information model in detail, we discuss the results of Sections
3.3 and 3.4 in the context of this new model.

3.5.1. Setting of the second incomplete information model (1IM2)

In order to study the model with stochastic and unobservable default barriers and
unobservable portfolio value process Vi, we have to specify the model filtration F*~1
of the default model (T;, F*~1) and the investor filtration G which satisfies Fi=! ¢ G
for each 7 € {1,...,n}. Recall that in case of the model filtration F'~!, this means
that we have to specify how much information is available with respect to

T; = inf{t > 0|Vg, < K'}, (3.23)

i.e., how much information is available with respect to V, G and K*.
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Specification of the second incomplete information model: In IIM2 the following
information should be available on {t < T;_1}:

e K up to time ¢

e Number of defaults up to time ¢

e Time of all defaults that occurred up to time ¢
o Gy fors<t

On {t > T;_1}, the following information should additionally be available:
e K up to time ¢

By these assumptions, an investor cannot observe the barriers any more which trigger
the default in the underlying portfolio. Since an investor never has any information
about the underlying process V', the portfolio value process Vi is unobservable as in
IIM1. The available information with respect to G and the defaults also coincides
with IIM1. Note that with the information which is available with respect to (3.23)
the ¢th default is not observable.

The requirements from above are satisfied if we define the model filtrations F¢~!
and G'~! fori € {1,...,n} exactly as in IIM1 and suppose that x%, i € {1,...,n}, are
independent random variables with values in (0, c0). In addition to the independence
of o(Wy : t > 0), which has already been claimed at the beginning of Section 3.2,
we assume that k!,... k™, o(W; : t > 0) and Ko are independent. The distribution
function of each s’ is based on the approach in Yi et al. (2011). We assume that it
is given by

2
o(x;0i+vi,04)— i p(zv;—a;,0;) itz >0

i X L a;tv; \ 72aivi/a.2 v;—a;
1/} ($aaivviaai) = (b( o ) € i o

0 ifx<O

672aivi/o

with o; > 0 and a; > |v;|. Here, ¢(x; 1, 0) denotes the probability density function of
the normal distribution A'(ji,5%). Figure 3.5.1 shows some examples of the density
Y for different parameters. If we set ¥! (z) := P[x* < z], then ¥i(z) =0 if x < 0
and

if z > 0. Finally, recall that K’ = K'~!exp(—x"). Consequently, the default barriers
K*', ... K™ are also random.

Remark 3.5.1. The random variable s’ is P-independent of Hg, , for all i €
{1,...,n}. If i = 1, this follows directly from the assumptions on ! and Hs, =
Ho = K. Therefore, let us consider i € {2,...,n}. We know from the proof of
Proposition 3.2.16 that Hg, |, = Koo V 0(Sj : j < i —1). Because S; is measur-
able with respect to o(W; : t > 0) Vo(k!,...,x?) for j € {1,...,i — 1}, we obtain
Hs, , Co(Wi:t>0)Va(kl,...,k )V Ky. Again, the assumptions on ! imply
that x’ and Hg, , are P-independent.
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Figure 3.5.1.: Density functions v (z; a;, v;, o) of k*

vi=0.2, ci=0.3 ai=0.8, oi=0.3
2.5 - - —a=03 25 — — —v=0.1
2 ai=0.8 2 vi=0.2
ai=1.3 Vi=0'3
= 15 < 15
= =
1 1
0.5 0.5
0 0
-0.5 25 -0.5 25
X X

3.5.2. Conditional distribution of the arrival times

IIM2 differs from IIM1 by stochastic s for i € {1,...,n}. Suppose that i €
{1,...,n} is fixed. We know from the proof of Proposition 3.1.5 that

(SZ - Si—l) I{Si71<00} - inf{s > O‘Ki + U(W5i71+8 - W5i71) + ps = O}I{S¢,1<oo}-
Moreover, Proposition 3.1.5 and Corollary 3.1.7 yield
IP’i_l[Si — Sifl < t|/€i = l‘]
=P inf{s > 0|’ + 0(Ws,_,4+s — Ws,_,) + s = 0} < t|x' = 2]

= F29(t,2) for x> 0.

Since £ is P-independent of Hg, , = Koo V 0(Sj : j <i— 1) (see Remark 3.5.1), x!
and S;_1 are P-independent. Hence,

Pk <o) =PI’ < alSi1 < o] =Pl <a] = W(a) forw€R.
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Altogether, we obtain the P'~!-distribution of the inter-arrival times S; — S;_1 by
integrating over possible values of k', i.e., for each t > 0, we have

]P’i*l[Si — 81 <]
= ]P’i*l[inf{s > 0|I€i +o(Ws;_14s — Ws,_,) + s =0} < ]
B P it (s 2 O+ (W, 4 — W) + 15 = 0} < t]s']

= / h FAS(t, ) dW (z). (3.24)
0

This integral was computed by Yi et al. (2011) (see Theorem A.1.5 and Proposition
A.1.7) such that we arrive at the following corollary.

Corollary 3.5.2. In I[IM2 the distribution in (3.24) is given by

P8, — Sy <t] = OOFAS(t 2)dV (z) = ()
7 i—1 > 0 ) & (aﬂrvi) o 6—20,1-1)2-/(71.2(1) (vifai)
g; (ex7
fort > 0 where Yi(t) :== A (t) + Bi(t) — C(t) — D'(t) with
) ) . t e — oy
Az(t):(DQ _al—I_’UZ_‘_/IL ,— al ' Ul7pz(t) ,
\J o2 + o2t Ti
) 4w —2u02/0? — ut —a; — v + 2u0/0? .
Bi(t) — by _ai+v; —2p07 /0" — p . a; vﬁ—‘ uo?jo S
\o?+ ot i
. e 2ulaitvi) /o +2pP 0} fot
O(t) = @y [ - UL TU i) ) 2ot
o2+ o%t Ti
, C—a; — 2uo2/o?r —ut  —wv; + a; + 2uo?/o?
Di(t) = @, (Um0 2u0i/om it i 200 i
/o2 + o2t i
. e—2aivi/0'i2—2u(vi—ai)/02+2u2a?/a4
and p'(t) = % Here, ®o(x1,x2, p) denotes the 2-dimensional normal distribu-
oé+o

tion function with standard normal marginal distributions and correlation coefficient
p. In the special case of u/o® = v;/o?, we have

i
P[S — S <
o O',L- o Ui 3 7
o (ai:vi) o 3_2‘1“’1'/012(1) (vi—ai>

2 (2

We are interested in conditional P~ !-distributions of T; — T;_; and T} for all
i € {l,...,n}. Again, we compute these distributions by using the unconditional
P~ l-distribution of the inter-arrival times S; — S;_1. But first, we have to prove a
corresponding result to Lemma 3.3.2 from IIM1.
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Lemma 3.5.3. For each i € {1,...,n}, the inter-arrival time S; — S;_1 is Pi~1-
independent of Hg,_, N QL on (Qi71, AL P,

Proof. Fix i € {1,...,n}. We have

(Sz - Si—l) I{Si,1<oo} = inf{s > O”%Z +to- (WSi—1+S - WSi—l) + s = O}I{Si71<oo}'
(3.25)
The assumptions on x',...,k" o(W; : t > 0) and Ko imply that W is a Brown-
ian motion with respect to A where the right-continuous filtration A = (A¢)¢>0 is
generated by o(Ws : s < t)Vo(k!,...,k") V Ks. By the strong Markov property
(see Theorem A.1.1), we know that (Ws, ,+s — Ws,_,)s>0 is P~ -independent of
As,_, N Q71 on the probability space (Qi71, A1 Pi=1). Since o(k') V Hs, , =
oK) VKoo Va(Sj:j<i—1) C Ag, ,, it follows that (Ws, 15 — Ws, ,)s>0 is
Pi~Lindependent of (o(k*) V Hg, ,) N QL.

Furthermore, the o-algebras o(x') N Q=1 and Hg, , N1 are P!~ !-independent
on (21 A1 P-1): From Remark 3.5.1 we know that ' is P-independent of
Hs, ,,ie., P[CNH] = P[C] - P[H] for each C € o(x") and each H € Hg, ,. Consider
Deo(k)NQ L and F € Hg,_,NQ"1. This means D = CNQ* L and E = HNOQ !
for some C € o(k') and H € Hg, ,. Because Q! € Hg, |, we obtain E € Hg, ;.

1

It follows
P DNE] = PICO ET @] _ PIC- P[E.fm L P[C]-PTYE].  (3.26)
PIQ-1] PI-1]
Moreover, note that
P[C N QY

PHD] = PO N QT = (3.27)

P[]
Since ' is P-independent of Hg, , and Q! € Hg, ,, Equation (3.27) implies
Pi~1[D] = P[C]. Together with (3.26), this yields P*"1[D N E] = Pi~1[D] - Pi~1[E]
for all D € o(k') N Q! and all E € Hg,_, N QL

To sum up, we obtain that the o-algebra generated by x° and (W, ,+s—Ws,_,)s>0
is P'~L-independent of Hg, , N1 on (1, A"~1 Pi~1). Together with (3.25), this
implies the assertion. ]

Now, we obtain the desired result.

Lemma 3.5.4. For each i € {1,...,n} and t > 0, in IIM2 the inter-arrival time
Si—Si'_l is ]I?”'*l—i'ndependent off}i__lﬁtﬁﬁi*l and P~ '-independent off:t‘v_Tli_IOQi*1
on (szlezfl’]P;zfl)_

Proof. This follows analogously to the proof of Lemma 3.3.2 from the P~ !-inde-
pendence of S; — S;_1 and Hg, , N Q1 on (1 AL Pi-l), =

Finally, we are able to prove the following result with regard to the conditional
P~ distributions.
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Theorem 3.5.5. For each i € {1,...,n} and t > 0, denote F>)(t) := P"71[S; —
Si—1 < t] in IIM2 and consider 0 < s < t. Then we have

PTG — Tima) gy <ooy < HFE L
=EFCN G r, oyl it 1] P —as, (3.28)
and the F'~'-conditional P~ -distribution function of T; is given by
PTG < t|F = FOGly, )<y P = aus,
Proof. Fixi e {1,...,n}and t > 0. As in the proof of Theorem 3.3.3, we know that

P(T — T Igryy <ooy < HF5 4]

= ]P’ifl[Si -5 < Gﬂf‘;‘}-—_ll—&—t N Qiil]I{TFl«)o}.

Since Gf; is ‘7:’};11 +t—measurable and S; — S;_1 is PP~ -independent of ]-7};1 nQi-1

1+t
on (1 A1 Pi~1) (see Lemma 3.5.4), Lemma 3.1.3 yields
P(Ts — Ti) {7y <00y < H1FR 0 = FE (GO I7, | <o)

Equation (3.28) follows as in the proof of Theorem 3.3.3.
Moreover, we obtain analogously to proof of Theorem 3.3.3 that

PUT, <t =P S = Sic1 < Gl g+ 1 Fiun , N <y

Since Gét—Ti,1)+ is 771 (c ff\}}ifl)-measurable (see Lemma 3.2.11) and S; — S;—1

and f;lv_%i_l N Q! are Pi~l-independent on the probability space (i~1, Ai=1 Pi~1)
(see Lemma 3.5.4), Lemma 3.1.3 implies

Pi_l[ﬂ S t’f?_l] = F(27i) (Gét—Ti,1)+)I{Ti71<t} = F(271)( i—Tifl)I{Ti71<t}'

3.5.3. Default trends

An important variable for computing the ith default trend and the ith default inten-
sity is Z% for i € {1,...,n}, namely the F'~!-conditional survival probability of Tj.
In IIM1 Z is given in Corollary 3.4.10. Similarly, we obtain in IIM2 from Theorem
3.5.5 and Equation (3.24) that

Zi=1-PT < 7
=1- F(Q’i)( é—Ti_l)I{Ti_1<t}

=1- [A FAS( i—TZ‘,px)d\Pi(x) I{Ti,1<t}

=1- /() F(z)d¥V'(z) P -—as. (3.29)
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where F'(x) is defined in (3.12). Moreover, the previous equation and Corollary
3.5.2 yield

' Ti Z‘, .
ZZ =1- ((I) (M) N i;aj;/;;q) (M)) I{Ti,1<t} P—a.s. (3.30)

[ep g4

where Y¢(t) is given in Corollary 3.5.2.

The following proposition yields the ith default trend and the ith default intensity
in this model. See Proposition 6.5 in Giesecke (2006) for the corresponding result
in the single-firm setting.

Proposition 3.5.6. For each i € {1,...,n}, in IIM2 the ith default time T; is
totally inaccessible in G, and the ith default trend </* is continuous. For eacht >0,
we have

o} = —log (1 — /OOO F;(x)dqﬂ(x)) P— a.s. (3.31)

Moreover, the default model (T;,F=1) is strongly intensity based, and </* admits a
right-continuous ith intensity process \' given by

i Fi@)av @)
1— [° Fi(x)d¥ (z)

M= P— a.s. (3.32)

fort>0.

Proof. Fix i € {1,...,n}. From Lemma 3.4.15 we know that F} (z) < 1 for each
x>0 and t > 0. Hence, Z* given in (3.29) satisfies Z} € (0,1] for all ¢ > 0. Since
F?(z) is a continuous and increasing process for each x > 0, Z° is continuous and
decreasing. Thus, the compensator €” is given by ¢° = 1 — Z’. As in the proof
of Proposition 3.4.17, we obtain that &% satisfies Equation (3.31) and that T} is a
totally inaccessible G-stopping time. Again, A\’ is the derivative of the ith default
trend .7 with respect to ¢t P-a.s. It follows that

; 1 1 o , o '
i =——lim—|1— F g _1 Fi o
Ay Zi a0 e [ /0 tre(2)d¥" () +/0 V(z)d (m)}
L o
=glims | (Bl (@) - F (@)d¥' (@) P-as

Since fi(x) > 0 for all z > 0 and because it is easily seen that f(-) is pointwise
bounded, i.e., for P-a.e. w € €, there exists b(t,w) € R such that |f}(-)(w)| < b(t,w),
Equation (3.32) holds due to Lebesgue’s dominated convergence theorem.

Finally, it follows analogously to the proof of Proposition 3.4.17 that the default
model (T;,F*~1) is strongly intensity based. ]
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Explicit form of »7’:  The previous proposition and Equations (3.29) and (3.30)
yield P-a.s.

A Tz i_ .
JZ{tz = —log (1 - (@ (%) N i;azj;i/;;Q (vl;al)) I{Ti—1<t})

Tz(Gz_ . )
= —log (1 - P (m) _ e_;ai/(lfgq) (U_a)> Ier, <ty (3.33)

g5 g;

where Y(t) is given in Corollary 3.5.2. Note that the second equality follows analo-
gously to Remark 3.4.18.

3.5.4. The compensator of the default counting process

It remains to consider the (P, G)-compensator of the default counting process N in
IIM2. Note that in IIM1, as well as in IIM2, the (P, G)-compensator of N' is given
by C* with Cf = %’/\TZ Pi~l.a.s. Moreover, in both models the ith default trend
szf’ is of the form o = — log(Y:)If1,_, <ty P-a.s. for a continuous process Y. Thps,
/" and X" in IIM2 have similar properties compared to IIM1. For instance, 7* is
absolutely continuous and

Jo fi@)d¥ (x) [y fi(z)d¥ (x)

N T R @ (@) 1= [ B ()dv (z)

I <ty P—as.

F(z) defined in Equation (3.12) is continuous and f(z) is given in Equation (3.15)
by

—x + /,LG,Z;_TF1

= I{Ti,1<t} ]P) — a.Ss.
U\/ Gllf*Tiﬂ )

for z > 0. Since G* has a right-continuous density process g* by Assumption 3.4.14,
we know from Lemma 3.4.15 that fi(z) is also right-continuous. Lebesgue’s domi-
nated convergence theorem yields that A\’ is right-continuous, too.

If ¢* is additionally G'~!-predictable, then fi(x) is F*~l-predictable for each z > 0
due to Lemma 3.4.15. Note that [f{(-)](w) is for P-a.e. w € © continuous and define
fH(0) := limgjo f{(z) = 0. Then for every y > 0, the Lebesgue-Stieltjes integral
satisfies

> HEDI@W W) — P () = /Oy[ff(w)](w)d‘l’i(x) (m — o)

Y Ypy1€Tm

. . _ o . _
fi(x)=gi_1 e 2uz/o g( b)) 32 (

for P-a.e. w € Q and all ¢ > 0. Here, m, = {yi",y{",...,y} is a sequence of
finite partitions of [0,y], i.e., 0 = yi* < y{* < ... < y; =y, with limy,, oo (Y, —
yit) =0 for all k € {0,...,m — 1} and 2 € [y}, ;" ;]. This implies that the map
I3 fi(x)d¥(z) : (0,00) x Q@ — R is F*"!-predictable. Finally, it follows directly that
Jo© fi()dP(z) : (0,00) x Q — R is also F*~!-predictable.

Hence, the results from Subsection 3.4.3 are also satisfied in 1IM2.
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3.6. Examples of time changes

In this section we study the overall time change G in more detail. More precisely,
we discuss explicit examples which are related to those in Giesecke and Tomecek
(2005). All time changes are supposed to be absolutely continuous such that we
have

t . t .
Gt = / gsds P—as. and G} = / gsds P —as. (3.34)
0 0

for suitable processes g and g%, i € {1,...,n}. By Assumption 3.4.14, the density
processes g' are G'~-adapted, right-continuous and positive.

In the following, we distinguish between two cases. In the first case, the filtration
K is trivial and the time change G is deterministic between arrival times. In the
second case, K is not trivial any more, which implies that G might depend on
additional stochastic variables between the arrival times T3, i € {0,...,n}.

3.6.1. Preliminary remarks

By the definition of the overall time change in Subsection 3.2.4, we have

n—1 /i1—1
Gy = Z (Z G’%k*Tk—l + G§T¢1> I{Ti71§t<Ti}
i=1 \k=1

n—1
+ (Z Gl%k*qu + G?Tn—l> I{Tn—lﬁf}' (3.35)
k=1

Since G and G', i € {1,...,n}, satisfy (3.34), this implies

n—1
gt = Z gz*Tiflj{Tiflgt<Ti} + g?;Tn—II{Tn—ISt}' (3.36)
=1

Because all ¢' are right-continuous and positive, so is g. Moreover, in a similar
way to the proof of Lemma 3.2.11 we can show that g{_;  Itr, <y is F{ ' (C Gi)-
measurable for each i € {1,...,n} and ¢ > 0, which implies that ¢ is G-adapted.

In this section we specify the time changes G° and their corresponding density
processes ¢° for i € {1,...,n}. Since the time change G* is only relevant on subsets
of {T;_1 <t} in Equation (3.35), we specify G' on the set {T;_; < oo} and define

G} = GiIir, | <ooy + T, —oo)- (3.37)

Note that T;_1 is measurable with respect to fol = ]:%;11 1t for each ¢ > 0 such

that the sets {Tj_; < oo} and {T}_; = oo} are elements in G/~! for all t > 0. A
consistent density process to G* defined in (3.37) is given by

9t = 91{r,_ <o} + 11y =oc}- (3.38)
Now, let us consider the following properties of G¢, i € {1,...,n}:

(i) GiI{TFKm} is G'~'-adapted.
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(ii) G'I {T)_1<oo} 18 absolutely continuous.
(i)  Gin <o} <00 P-as. forall ¢t > 0.
(iv) limy oo G = 0o P-a.s. on {T;_1 < oc}.

If G defined in (3.37) satisfies (i)-(iv), then G* meets all requirements from Definition
3.2.7.

3.6.2. Time change that is deterministic between arrival times

In this subsection we focus on time changes that are deterministic between arrival
times. Thus, we assume that K = (K;);>0 is trivial. This means that ; = N for
each t > 0 where N denotes the set of all P-null sets of A.

We adapt the idea of Giesecke and Tomecek (2005) and study time changes G,
i€ {l,...,n}, of the form

t i—1  pt
G = /0 V2+Ti_1d5 + Z/o V§+Ti_l_de8 on {T;—1 < oo} (3.39)
k=1

for specific processes v* for i € {0,...,n — 1}. The next definition specifies these so
called impact processes.

Definition 3.6.1. For each i € {0,...,n — 1}, the impact process v is given by

VY =g} and

L
Ui {gi — 9t4T,-T on {T; < oo}
t

o on {T; = oo}
forie{l,...,n—1}.

Note that the density process of the overall time change G satisfies for i €
{1,...,n—1}

gt = gifTi,l on {Ti—l <t< TZ}7
gre =g on{T <T+t < T} N{T; < o0}
Hence, it follows for each i € {1,...,n — 1}
Agr, = 95" = g1, =vh on {T; < oo}
This explains why the processes v%, i € {1,...,n — 1}, are called impact processes:
The density process g jumps at time T; by v§ on {T; < oo}, and ¥} encodes the
impact of the ith default on g at time T; +¢. In case of i = 0, ¥ is equal to the
density process of the time change up to the first default. See also Giesecke and
Tomecek (2005) for this interpretation of the impact processes.
Because after the nth default there is no possible future default in our underly-
ing portfolio, it is not necessary to consider a jump of g at time 7,. Indeed, by
construction, g does not jump at T,: In case of ¢ = n, we have gt = g;' 1, | on

{Th1 <t < Tp} and g1, = 97, 47, , o0 {1y < oo}. This means Agy, =

g%nan_l — g%rTn_1 =0on {7, < oo}.
Because of Definition 3.6.1, we obtain the following result.
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Proposition 3.6.2. For each i € {0,...,n — 1}, the impact process V' satisfies the
following properties:

1. Vi]{Ti<oo} is right-continuous and G'-adapted.
2. vf > -S4 Vf+Ti_Tk P-a.s. on {T; < oo} for allt > 0.
3. fot vids < 0o P-a.s. on {T; < oo} for allt > 0.

Proof. Fix t > 0. The first and the last assertion are obvious for ¢ = 0. Thus, let us
consider ¢ € {1,...,n — 1}. Right-continuity follows directly from the definition of
v*, and the third assertion holds because G% and G4 are finite for all £ > 0. Note
that (t +T; — Ti—1)I{1,_, <00} is an (f}i71+5)520—st0pping time because

{(t +1; — 71i—l)I{Ti—1<OO} < S}
={Ti-1 =00} U({T}o1 < oo} N{t+T; < Tj—1 + s}) € Ff,_,,, foralls>0.

Since g¢' is right-continuous and adapted with respect to the filtration G'~!
(f:’pi_l+t)t20, the random variable gEt+Ti_Ti71)I{Ti71<oo}I{(t+Ti7Ti*1)[{Ti,1<00}<OO} is

7

(4 Ti—Ti_1) I{TFKOO}—measurable. Furthermore, it follows from

Tia+ @+ T —Tic) 7y <o0y = Tic1liry, =0y + (Ti + )11 e} < Ti + 1

I (+T =Ty ) Igr, | <00y <00} 18 f;ipi+t(: GY)-measurable. The

%
that g(t+Ti_Ti71)I{Ti71<oo} {

inclusion

implies that

) _ 1
g(t+Ti_Ti71)I{Ti71<oo}I{(t+Ti_Ti—1)I{Ti_1<oo}<OO}I{Ti<OO} - gt+Ti—Ti—1I{Ti<00}

is Gi-measurable. Finally, we obtain that yfI{TKOO} = (g;'Jrl — 9§+T¢—Ti_1)I{Ti<oo} is

G/{-measurable.

From now on, consider again i € {0,...,n — 1}. In order to prove the inequality
in the second assertion, note that summing up over all v* for k € {0,...,i} yields
on {T; < oo}

i i
0 k 1 k+1 k i+1
Viyr, + Z VerTi—1y, = 9t+T; + Z(gt':_Ti_Tk - gt+Ti*Tk+Tk*Tk71) = g?— : (3'40)
k=1 k=1
The second assertion holds because ¢'t! is positive. O

Remark 3.6.3. Equation (3.40) ensures that all Gi = Otgéds, i€{l,...,n}, satisfy
(3.39).

Finally, we are interested in how the density process g of the overall time change
G depends on the impact processes. If we sum up over all v* for k € {0,...,i—1},
we obtain on {T;_; <t}

i—1 i—1
0 ko1 k41 k i
vy + Z Vi, = G + Z(gthk - gt—Tk_l) =97, -
k=1 k=1



3.6. Examples of time changes 73

Together with Equation (3.36), this yields

n—1 i—1 n—1
g = (V? +> Vf-ﬂ) It <ieriy + <V? +> Vtk—Tk> Iir, <ty

=1 k=1 k=1
-1
I I 3.41
=Vt Zyt—Tk {T.<t}- (3.41)
k=1

In the remaining part of this subsection we determine the time change G and
the time changes G* for i € {1,...,n} by specifying impact processes v* for i €
{0,...,n — 1} that satisfy the properties from Proposition 3.6.2 and additionally
guarantee that lim; o, GiT' = oo P-a.s. on {T} < co}. Note that if 1%, i € {0,...,n—
1}, meet all these requirements, then G*, i € {1,...,n}, given in Equation (3.39)
satisfy (i)-(iv) defined in Subsection 3.6.1.

Giesecke and Tomecek (2005) state examples of positive and negative impact
processes; see Examples 3.11 and 3.12 in Giesecke and Tomecek (2005) and Examples
3.6.4 and 3.6.6 below. In the following, we take a closer look at their proposed impact
processes. Since we would like to model the situation in which one default in our
portfolio increases the likelihood of further defaults, the case of positive impact
processes is more relevant to us. Hence, we add another example of positive impact
processes and then discuss differences and similarities.

Example 3.6.4 (Positive impact process I). Define v} := a;e % on {T; < oo} with
;> 0and B > 0fori € {1,...,n—1} and set v := age 7! = ag with Sy := 0
and ag > 0 constant. Moreover, «; and §; may depend on Ty, ..., T;.

Note that it is obvious that these v, i € {0,...,n — 1}, satisfy the conditions

from Proposition 3.6.2 and additionally guarantee that lim;_,oo GiH = 00 P-a.s. on
{T; < c0}. Moreover, G*, i € {1,...,n}, is on {T;_1 < oo} given by

ti—1 t
Gl /0 Z Vet 1— des = apt + Z/ akeiﬁk(s+TiiliTk)ds

= aot + Z (Z: =B (Ti—1=Ty) _ Cﬁtze_ﬂk(t'i‘Ti—l_Tk)) ’ (3.42)

and ¢° satisfies on {T;_1 < oo}
i—1
g; = Z Vf+Ti717Tk Z ape PrtHTim=Tk) (3.43)
k=0
Finally, Equation (3.41) yields

n—1 n—1 n—1
o=+ viglimey = 00t Y are” Mgy = 3 age T .
k=1 k=1 k=0
(3.44)
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Example 3.6.5 (Positive impact process IT). Define v/} := ~;(t+1)~% on {T; < oo}
with v; > 0 and &; > 1 fori € {1,...,n — 1} and set v := o(t + 1)7% = 7 with
0o := 0 and 7 > 0 constant. Again, v; and §; may depend on Ty, ..., T;.

Again, the conditions from Proposition 3.6.2 are satisfied and lim;_, s Gi“ = 00
P-a.s. on {T; < co}. More precisely, G%, i € {1,...,n}, is on {T;_1 < oo} given by

t
G§:’70t+2/ ’7/€(S+Tz’—1—Tk+1)_5kd5

=yt + Z ( t + T — T+ 1)76k+1 — #(Ti—l — Ty + 1)6k+1> .

Furthermore, ¢° satisfies on {T}_1 < oo}

i—1
=> w4+ Ty = T+ 1)7%, (3.45)
k=0
and g is given by

n—1
ge =Yt — T+ 1) %L <y
k=0

Example 3.6.6 (Negative impact process). Consider a constant impact process 0

that satisfies Y > 0 and py, ..., pn 1 € (0,1). We obtain a negative impact process
by setting v := —1°(1 — p;) H] Y pj on {T; < oo} for i € {1,...,n — 1}. Moreover,
p; may depend on Tp,...,T;.

The impact processes ¢, i € {1,...,n — 1}, defined above obviously satisfy the
first and third condition from Proposition 3.6.2 and guarantee that lim; Gf;“ =
oo P-a.s. on {T; < oco}. The second condition from Proposition 3.6.2 is satisfied
since on {7; < oo}, we have

1—1 k—1
> vinon, =V +Z (1=p) [ ps Z—VOHPJ<%
k=0 j=1 7=1

Remark 3.6.7. Suppose that giI{TFKOO} is given by (3.43) or by (3.45). Then
g specified in Equation (3.38) is continuous and G'~!-adapted, and hence G*~!-
predictable. Moreover, ¢* is bounded.

Figure 3.6.1 shows a possible path of g and G for the exponential impact processes
from Example 3.6.4 and Figure 3.6.2 shows a realization of Example 3.6.5. In both
figures we have identical default times Ty = 0, 177 = 1.5, 15 = 3, T3 = 5 and Ty = 8§,
and the parameters of the time change satisfy a; = ~; and §; = ¢; for i € {0,...,4}.
We see that at the default time T;, the path of the density process jumps by «; (7).
As a consequence, the graph of the corresponding time change gets steeper after this
default, i.e., time evolves faster. After the jump by «a; (7;), the density decreases
again. This is controlled by the choice of the parameter 5; in case of Figure 3.6.1 and
by the parameter §; in case of Figure 3.6.2: The greater 3; (6;), the faster decreases
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Figure 3.6.1.: Example I: density process g and time change G for a portfolio of size

n>4
Density process g Time change G
9 20
8
’ 15
6
=~ 5 =
3 32 10
3
2 5
1
0 : : : : 0
0 1.5 3 5 8 10 0 1.5 3 5 8 10

t t

The default times are Ty = 0, 171 = 1.5, 15, = 3, T3 = 5 and T, = 8. The parameters
of the time change are given by ag = 1, a1 =6, ag = 7, a3 = 5, ag = 6, Fy = 0,
ﬁ1:7, 52:5, B3:3andﬁ4:1.5.

Figure 3.6.2.: Example II: density process g and time change G for a portfolio of size
n>4

Density process g Time change G

g (w)

N W A OO N 00 ©
-
N

5
t t

The default times are Ty = 0, 17 = 1.5, 15 = 3, T3 = 5 and Ty = 8. The parameters
of the time change are given by vg = 1, v1 =6, 72 =7, v3 =5, 74 = 6, o = 0,
61:7, 52:5, 63:3and54:1.5.
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the density process g after T;. This shape of g is plausible for our model: Directly
after a default, which occurs by surprise, there is uncertainty in the market. This
uncertainty results in a financial time evolving faster than usual. After some time
to adapt to the new situation, the market becomes more stable, and hence financial
time evolves slower again.

If we compare the density processes of Figure 3.6.1 and Figure 3.6.2, then they
look very similar at the first glance. But if we look more closely, then we see that
in Figure 3.6.1 g decreases faster after the defaults. This is a natural consequence
of the exponential form of the impact processes. Moreover, this also implies that in
case of a; = 7; and 3; = §; and identical default times, the corresponding path of the
time change in Example 3.6.4 is always greater than or equal to the corresponding
path of the time change in Example 3.6.5. Indeed, this holds since e 5% < (2 +1)~"
for 5 > 0 and each x > 0, which implies

n—1 n—1

S ape T [ ey <3 ap(t — Ti(w) + 1) Iy o)<ty
k=0 k=0

In case of IIM1, Figure 3.6.3 shows the dependence of the conditional survival
probability P[Ty > t|F}] for T} = 1 on the parameters of the time change defined
in Example 3.6.4. Since we set 17 = 1, this conditional survival probability is equal
to 1 up to time 77 = 1. We see that the conditional survival probability decreases
faster over the course of time if a; is higher. This comes up to our expectations
since the higher the jump of g at time 77, the faster the time change G evolves after
the first default event and the likelier is the next default. The dependence on (5;
shows a reverse situation. The higher (1, the steeper is the decrease of g after the
first default in Figure 3.6.1. Therefore, the conditional survival probability increases
with ,31.

In IIM2 the (conditional) survival probability additionally depends on the pa-
rameters of the barrier distribution. Figure 3.6.4 shows this dependence of P[T} >
t|FY] = P[Ty > t] in case of a piecewise deterministic time change with parameters
Oé():landﬁ():o.

Simulating default times

We have constructed a top down first-passage model of default with features of
reduced form models. Hence, we can simulate our totally inaccessible default times
Ti,...,T, by an algorithm that is typical for reduced form models; see, for instance,
Section 5.3 and 7.7 in Schonbucher (2003) for the case of doubly stochastic Poisson
processes. A very similar algorithm was used in Giesecke and Goldberg (2004Db)
to generate the totally inaccessible default times in their bottom up first-passage
model.

IIM1 and IIM2 have in common that there is no available information about the
portfolio value process. As a consequence, the ith default trends 27%, i € {1,...,n},
do not depend on this process, which leads to a tractable simulation process. The
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explicit form of &7? is given by

A Ii—i—uGtT 2k /o2 —rK' +uGtT
o = —log (cp ( —e R = It <ty
O /GLTF1 0, /GLTF1

(3.46)
P-a.s. in IIM1 (see Equation (3.18)) and by
' TG, )
edl — —1 1 _— 1—1 I | 347
t 0og ( P (%lvz) — e*Qaivi/criQ(I) (vzg;lal) {Ti_1<t} ( )

P-a.s. in IIM2 (see Equation (3.33)) where Yi(¢) is specified in Corollary 3.5.2.
Moreover, the time changes G* are given in Equation (3.39) and satisfy in case of
Example 3.6.4 on {T;_; < oo}

ti—1
Gi— /0 ZVHTZ s = aon( B —Bi(Tica Tk)_oﬁ‘zeﬁk(wﬂlm)

We generate each default time conditioned on the available information. In case
of IIM1 and IIM2, this means that we generate the ith default, i € {1,...,n},
conditioned on the information that is available up to the (7 — 1)st default because
K is assumed to be trivial. In detail, the algorithm for simulating default times
T,,...,T, reads as follows:

1. Initialize ¢ = 1 and Ty = 0.

2. Simulate an independent standard uniform random variable U".
3. Set T; = inf{t > T;_1|«/} > —logU'}.

4. If i = n, then stop, else set ¢ =17 + 1.

%; in step three is given as the ith default trend <7 (see (3.46) or (3.47)) where T}
is replaced by T'; for j € {0,...,i—1}.

3.6.3. Time change that is stochastic between arrival times

To construct a time change G that is stochastic between arrival times, we can apply
the two fold time change used by Giesecke and Tomecek (2005) to construct time
changed Hawkes processes. An important advantage of time changes of this specific
type is an easier simulation of the default times T;, i € {1,...,n}, compared to
models with a general time change.

As already mentioned at the beginning of this section, the time change might
depend on additional stochastic factors apart from 77,...,7T;,_1 if K is not trivial
any more. We assume that K = (K;);>0 is generated by a stochastic process Y.
A possible example of Y is a Brownian motion B. Note that K, has to be P-
independent of o(Ws : s > 0) by assumption, which implies for Y = B that W and
B are independent Brownian motions.

Giesecke and Tomecek (2005) propose a time change G that satisfies

Gy = My,
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where M and H are both appropriately measurable, absolutely continuous time
changes. In the subsequent section we show that if M is constructed similarly to G
in Subsection 3.6.2 and if, given Ky, H is an independent, absolutely continuous, K-
adapted time change, then (Mg, ):>o satisfies Definition 3.2.7, and hence (Mg, )i>0
is adapted with respect to G.

From now on, let H be an absolutely continuous time change admitting the form

t
Ht:/ hsds
0

for a K-adapted process h such that H satisfies Hy < oo P-a.s. for all ¢ > 0 and
lim; .o H; = oo P-a.s. In analogy to GG in the previous subsection, let M be defined
by

i—1 1k ‘ - - :
M, = { leMTk o T Mg on {Tj—1 <t<T;}forie{l,...,n}
n k T
e Mz T, TMI g on {T,, <t}
where T; is given by T; := ]\45_2,1 for i € {0,...,n} (M1 is the inverse process of
M) and M, ..., M" are absolutely continuous time changes that satisfy M < oo
P-a.s. for all t > 0 and lim;_,oo M} = oo P-a.s. foralli € {1,... 7n}.ﬁAddition_a'lly7 we
assumeit‘hat each M?, i € {1,...,n}, is adapted to the filtration G'~! := (G/ ')1>0
where Gi ! : .7-"1111“ and F;~ 1 =KoVollip<y:s<tk<i—1).

Now, let us consider the process G defined by G; := Mpy,. Obviously, G is an
absolutely continuous time change with G; < oo P-a.s. for all t > 0 and lim;_,o Gt =
oo P-a.s. Using this time change to define the portfolio value process Vi leads to

Ti:GE HMI_1 for i € {0,...,n}

(H~! is the inverse process of H). It follows
T; = Mg' = Hy, forie{0,...,n}.
In the following, we verify that G admits the representation from Definition 3.2.7.

Lemma 3.6.8. For eachi € {1,...,n}, the process G* defined by

Gt T (MHH-TZ- 1—HT

i—1

) {T;_1<o0} T U{Ti,lzoo} (3.48)

is a G'"'-adapted, absolutely continuous time change with Gi < oo P-a.s. for all
t > 0 and limy_,oo G} = 00 P-a.s.

Proof. Fixi € {1,...,n}. Since M* and H are time changes, G* is strictly increasing
and satisfies Gf, = 0. Absolute continuity, finiteness and lim;_,o, G% = oo P-a.s. fol-
low directly from the corresponding properties of M? and H. To prove that G* is
G'~l-adapted, we have to show that {Gi < s} € ]:};11“ for all s > 0 and t > 0.

Hence, fix s > 0 and ¢ > 0 and note that the properties of M imply

(G} < s} = ({Hypr_, — Hr_, < (M);'} N {Tiey < 00}) U({t < s} N {Tiet = 00}).
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Thus, we have to prove that
{Horr, s Iy <o0y = Hr 1 Iy <ooy < (M)} 0 {Tioa < o0} € Frl e (3.49)
Since M is Fist(= KoV o(Tj: j <i— 1))-measurable for each u > 0, we have
(MY ' <ul={s<M.}yeKoVo(Tj:j<i—1) foreachu>0.
It follows that (M?%); 1 is KoV o (T} : j < i— 1)-measurable. Moreover, we know that
H is K(C F*~1)-adapted and that Ty, ..., T;_1 and T;_1 +t are Fiil—stopping times.

This implies that Hry 117, <00y 18 Fr, Z4_1—measu1rable for each k € {0,...,i—1} and that
Hr,_ +tly1,_ <0} is measurable w1th respect to .7:T L1t Since T, = Hryy Ity <ooy +

00l —c) for each k‘ € {0,. — 1}, this means that T, ..., T;_1 are measurable
with respect to FL .1t~ To sum up, we obtain:
1. (M%);! is measurable with respect to KoVo(Tj:j <i—1) C f{f C Fi 11+t

2. Heyr  Iyr,_ <o) — Hr_ I{7,_ | <50y is measurable with respect to .7’-'Z 11+t
But this implies (3.49). Therefore, G? is G'~-adapted. 0

The following lemma specifies the overall time change which is obtained by using
the time changes G%, i € {1,...,n}, given by Equation (3.48).

Lemma 3.6.9. Suppose that G*, i € {1,...,n}, are given by Equation (3.48). Then
Gy = My, satisfies

G, - 2116‘ g G on (T <t<T} forie{l,...,n}
> hy GTk_Tk—l +GY o, . on {T,, <t}

i Mk . +ML¢7T¢71 on {Ti_1 < H, < T;} fori € {1,...,n}
Zn 1 M’f L TME g oon {T,, < H;} '

In particular, (G¢)i>0 = (Mpu,)i>0 is adapted with respect to G.

Proof. For j € {1,...,n} consider Zi, IIG N Gt 7,_, On {Tj—1 < t}. If we
plug in (3.48), then we obtain

j—1 i

kzlGTk—Tk—l +Gt—Tj 1 kzl HTk Ty 14+Tp_1 IT{T]c 1 +MH,5 Tj_1+T) 1—HT]-_1

_ M .
Z —Tk_1 + H—T;

The assertign holds sincg T, = Hr, and since continuity and strict mongtonicity of
Himply {Ti-1 < Hy < T;} ={T;-1 <t <T;} fori € {1,...,n} and {T,, < H;} =
{T,, <t}. O
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Example 3.6.10. A possible example of h is a squared Brownian motion, i.e.,
h = 6 B? and .
Ht:6/ B%ds for & > 0.
0

Moreover, applying the results from Subsection 3.6.2 yields possible examples of M?,
i € {1,...,n}. For instance, suppose that M* on {T;_; < oo} is given by

+1—1
M} = / ZV3+TZ . Tds—ozot—l—Z/ ape PrltTioi=Ti) g

= aot + Z ( k _/Bk ie1—Tk) _ leje_ﬁk(t'f‘fil_fk))

with g > 0, B9 =0, a > 0 and S > 0 for k € {1,...,n—1}. Note that the impact
processes v*, k € {0,...,mn — 1}, are defined as in Example 3.6.4. Furthermore,
the properties of H and M imply {S; < oo} = {T; < oo} = {T; < oo} for all
ie{l,...,n}.
The density process of M is given by Equation (3.44) in Subsection 3.6.2. More
. t .
precisely, we have M; = fo nsds with

Z ape T .

As a consequence, the overall time change G satisfies Gy = My, = fOHt nsds, which
implies that Gy = fo gsds with

n—1
g9 = hunm, = he Y akefgk(HﬁTk)I{TkgHt}'

k=0
Figure 3.6.5 shows a possible path of the density process g and the time change G in
case of Example 3.6.10. Note that the parameters of the time change M correspond
with the parameters in Figure 3.6.1. Because of the additional randomness in the
density process g, the path of G evolves less smooth than in Figure 3.6.1. We can
still observe changes in the slope of the time change after T} and Ty, but obviously,
these are not only induced by the choice of the parameters «;. In case of the arrival
times T and T3, we see almost no immediate change in the slope of G any more.
Hence, the influence of the impact processes v; is apparently smaller than in case of
piecewise deterministic time changes.

Figure 3.6.6 shows in a similar way to Figure 3.6.3 the dependence of the con-
ditional survival probability P[Ty > t|F}] for T} = 1 on the parameters of G (in
particular, the parameters of M) in case of IIM1. But now, we consider the time
change introduced in Example 3.6.10 which is stochastic between arrival times. Fig-
ure 3.6.6 presents only one path of P[Ty > t|F}] for T} = 1. We see immediately
that the general shape is similar to the piecewise deterministic case, but the surface
is less smooth, which is obviously a consequence of the additional randomness in the
time change.
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Figure 3.6.5.: Example of density process g and time change G that is stochastic
between arrival times for a portfolio of size n > 4

Density process g Time change G
20 18
16
15 14
12
P = 10
3 10 =3

o O
6
5 4
2

0 A A L 0 H H H

0 1.5 3 5 8 10 0 1.5 3 5 8 10
t t

The default times are Ty = 0, 71 = 1.5, 15 = 3, I3 = 5 and T = 8. The parameters
of the time change are given by ag =1, a1 =6, as =7, a3 =5, ay = 6, fp = 0,
B1 =T, 0=5, B3=3, fa=15and H, = ¢ [ B2ds with & = 1.

Simulating default times

Recall again that o7 satisfies

. /{i + /.LG%?T. i/-2 _K:i + NGi,T.
o = —log (‘I’ ( —e g —— | | 7, ,<p)
o, /Gi_Ti_1 0 /Gft_Ti_1
P-a.s. in IIM1 (see Equation (3.18)) and

‘ Tz i, ’
427; - _log (1 - ) (%sz) — (6_;1:;/;;(1) (m(n(zl)) I{Ti71<t}

P-a.s. in IIM2 (see Equation (3.33)). In Example 3.6.10 where h = 6 B? for an inde-
pendent Brownian motion B, the time change G given in Equation (3.48) satisfies
on {T;—1 < oo}

G} = ao[Hyyr,_, — Hr,_, —I—Z( b o=Br(Ti1=Tx)

Ok e—ﬂk([HHTi,l _HTil]"l‘Ti—l_Tk))
Br
t+T5 1 i—1 1 t+T; 1
(6% — i 2 « — L 2
—on & B ds + k ,BkofT Bids k ﬁkaka B2ds .
0
Tis 5k
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Figure 3.6.6.: Path of conditional survival probability P[Ty > ¢|F}] for Ty = 1 in
IIM1 with time change that is deterministic between arrival times

IIM1: Dependence on a, IIM1: Dependence on [51
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In both surface plots we have Vo = 100, py = 0.01, oy = 0.1, K' = 60, K? = 40,
ap =1 and By = 0. On the left hand side, we set 51 = 0.8; on the right hand side,
we set a; = 1. The third subfigure shows the corresponding path of the time change
Hy =6 [ B2ds with & = 1.

If the overall time change G is defined by these G, i € {1,...,n}, then the density
process of the time change H is an additional stochastic variable that also has to be
simulated. In order to simulate the totally inaccessible default times in IIM1 and
I[IM2, we can now apply the algorithm from Subsection 3.6.2 with an additional step
at the beginning:

Simulate a path of B.

Initialize ¢ = 1 and Ty = 0.

Simulate an independent standard uniform random variable U".
Set T; = inf{t > Ii_l\,szji > —logU'}.

If i = n, then stop, else set i =7 + 1.

O W e

The above two fold time change is more tractable than a general time change that is
stochastic between arrival times. Giesecke and Tomecek (2005) point out that this
time change is very applicable if we want to make a comparison between different
parametrizations of the impact processes v, i € {0,...,n — 1}. This is illustrated
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in an example in which each parametrization corresponds to a specific assumption
of how the default counting process N depends on prior defaults:

Let us consider k different parametrizations of the impact processes. With the
algorithm described above we are able to simulate default times (I})i€{17._,,n}, e
(If)i€{17...7n} for only one simulation of the process H by repeating 2.-5. for each
parametrization. As a result, we can compare the different parametrizations by using
the same simulation of H for all parametrizations. In addition, different results for
(Ig)ie{17.._7n}, (If)ie{17.__7n} can be attributed to different assumptions on /%,
i € {0,...,n — 1}. In particular, different realizations of H do not complicate the
comparison, which leads to a much easier situation for the modeler.



Part Il.

Systemic risk measures
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An important feature of our top down first-passage model is the self-affecting
property of the default counting process, which means that a default can increase
the likelihood of the next default. Thus, our model in Part I incorporates possible
feedback of events to prices of credit sensitive securities. The reasons for this phe-
nomenon are different forms of contagion. Direct contagion between counterparties
is the most obvious form since the default of a firm leads to direct financial losses
for its creditors and a loss of funding for its borrowers. But there are also several
types of indirect contagion. Consider, for example, two firms A and B and suppose
that firm A is a creditor of firm B. If now firm B defaults, then market participants
could fear possible negative effects of this default to firm A. As a consequence, a
market participant might not be willing to lend money to firm A any more. Hence,
the situation has deteriorated for firm A although direct contagion has only minor
or no impact. Related effects could occur to firms that are similar to the defaulted
firm because market participants could expect difficulties for such firms in the near
future. Another important form of indirect contagion shows the recent financial
crisis: If market participants lose trust in each other and start to question their own
models, then contagion can occur as a result of panic. For a more detailed discussion
concerning these and other forms of contagion we refer to Staum (2013).

Especially the last mentioned form of contagion clarifies the contribution of con-
tagion to systemic risk in a financial system. The recent financial crisis has revealed
multiple problems concerning identification, measuring and controlling this specific
form of risk. Thus, this research topic became more and more important. The
complex interactions between the different entities of a given system and the various
possible perspectives on this topic lead to various aspects that can be analyzed in
the context of systemic risk. Consequently, many research approaches exist that
study these different aspects:

One possibility is to consider the whole financial system as a network consisting of
nodes and edges. The nodes represent the different firms which are interconnected by
edges representing exposures between these firms. Authors who adopt this network
modeling point of view are especially interested in different types of contagion that —
in the worst case scenario — lead to the destabilization of the whole financial system;
see, for instance, Nier et al. (2007), Gai and Kapadia (2010), Amini et al. (2013),
Hurd and Gleeson (2011) and Cont et al. (2013). Another point of view, which is
closely connected to the network approaches, is taken in so called clearing models.
In these approaches some sort of clearing mechanism is modeled, and the most
important objects are so called clearing vectors. Examples of these kind of models
are Eisenberg and Noe (2001) and generalizations of this approach in Cifuentes et al.
(2005) and Rogers and Veraart (2013). An excellent overview of this far reaching
field of research is provided in Staum (2013).

In the second part of this thesis we study systemic risk from the perspective of
financial regulators or central banks. In contrast to Part I, here we do not study
portfolios from the perspective of a modeler or an investor. Instead, we study
whole financial systems from the viewpoint of financial regulators. Regulators are
interested in measuring and managing the risk in order to maintain the stability of
the financial system. Closely connected to this subject is the attribution of systemic
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risk to the different entities contained in the underlying system.

In case of single-firm risk modeling, risk measurement from the perspective of
a financial regulator is an important and far reaching field of research. Artzner
et al. (1999) introduced an axiomatic approach to this topic and defined so called
coherent risk measures as maps p which assign risk to random payments and satisfy
four economically desirable properties. These are monotonicity, a translation prop-
erty, subadditivity and positive homogeneity. Because of the monotonicity property,
higher payments lead to less risk. The translation property ensures that adding
a sure amount a to a random payment reduces the risk by a. Subadditivity and
positive homogeneity guarantee that the risk measure rewards diversification, which
means that diversification of capital to different investments results in a position
that is less risky. In case of a finite probability space, Artzner et al. (1999) derived a
so called dual representation by which a coherent risk measure can be characterized
as the largest expected loss with respect to a given family of probability measures.
Delbaen (2000, 2002) extended the approach and the results of Artzner et al. (1999)
to general probability spaces. A further generalization was obtained by Follmer and
Schied (2002) and Frittelli and Rosazza Gianin (2002) by replacing the subadditivity
and positive homogeneity axioms by the weaker condition of convexity. Risk meas-
ures of this kind are called convex risk measures. Again, one of the key results is
a dual representation of convex risk measures. Based on these fundamental papers,
the research area of axiomatic single-firm risk measurement has developed very fast,
and there exists a large number of research approaches.

In connection to systemic risk, Chen et al. (2013) introduced an axiomatic ap-
proach and studied so called systemic risk measures which satisfy desirable proper-
ties. This axiomatic approach considers the topic of systemic risk from an entirely
new perspective. Therefore, systemic risk measures provide a new tool for measur-
ing and managing the risk contained in a financial system, in particular in view of
regulatory issues. Moreover, this approach is an extension of the traditional port-
folio approach in which the whole economy is considered as a portfolio managed by
the financial regulator. Several drawbacks of this traditional portfolio framework
are discussed in Chen et al. (2013): The most problematic issue is the possibility to
compensate the losses of one firm with the profits of another. Although this pro-
cedure may be reasonable for a real portfolio manager, a financial regulator might
disagree. Since, in general, different firms with different owners are pursuing quite
different interests, in most cases a regulator “is not able to directly cross-subsidize
different firms” (Chen et al. (2013), p. 1373). Furthermore, a regulator might prefer
a specific loss distribution between the different entities in a financial system. In
conclusion, offsetting gains and losses is not an appropriate concept. This prob-
lem of cross-subsidizing is avoided by introducing systemic risk measures that are
strongly connected to so called aggregation functions. These provide more flexible
possibilities to pool the losses of the individual firms.

Similar to single-firm risk measurement, the axiomatic approach to systemic risk
has the advantage of not depending on the choice of a specific risk measure. On the
contrary, every functional that satisfies the defining properties is covered by this ap-
proach. Therefore, the systemic risk measures introduced in Tarashev et al. (2010),
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Acharya et al. (2012) and Gauthier et al. (2012) can be regarded as special cases of
systemic risk measures in the sense of Chen et al. (2013). However, the approach
in Chen et al. (2013) admits several important drawbacks: Only the case of a finite
probability space is studied and all systemic risk measures have to be positively
homogeneous. Furthermore, they only consider static systemic risk measures which
means that no time-dynamic aspects are taken into account.

The range of possible loss distributions of the different entities in the financial sys-
tem is tremendously reduced by considering a finite probability space. For example,
the normal distribution is not covered by this modeling approach. This emphasizes
the importance of extending the approach in Chen et al. (2013) to a general prob-
ability space. Therefore, Chapter 5 is dedicated to systemic risk measures defined
on multi-dimensional LP-spaces. This chapter is based on the paper “Systemic risk
measures on general probability spaces” which is joint work with E. Kromer and
L. Overbeck. By studying systemic risk measures in conjunction with a general
probability space, we have to work in a much more technical framework compared
to Chen et al. (2013). This is rewarded by the possibility of applying the concept of
systemic risk measures to more general loss distributions.

A second point of criticism concerns the fact that Chen et al. (2013) solely consider
systemic risk measures which are positively homogeneous. Although this property
may be desirable in some cases, positively homogeneous systemic risk measures are
not suitable for every risk measurement framework. To address this problem, we
introduce in Chapter 5 so called convex systemic risk measures which not necessarily
have to be positively homogeneous. Nevertheless, by dropping the axiom of positive
homogeneity, we have to introduce a new property. This is strongly connected to
the constancy property of standard single-firm risk measures, which was originally
studied in Frittelli and Rosazza Gianin (2002). Constancy on a set A C R means
that the risk measure assigns the risk —a to the fixed payment a € A. In the context
of convex systemic risk measures, we introduce and discuss a generalized version of
this property. Nonetheless, the introduction of an appropriate constancy property
for systemic risk measures does not seem to restrict the scope of possible choices for
these risk measures.

Similar to the approach in Chen et al. (2013), our convex systemic risk measures
can be decomposed into a so called convex single-firm risk measure and a convex
aggregation function. Here, the single-firm risk measure is essentially identical with
standard single-firm risk measures and, as indicated above, the aggregation function
specifies how the losses of the different firms in the system are pooled. Based on
this fundamental characterization of convex systemic risk measures, we generalize
the representation results of Chen et al. (2013). In particular, we provide a primal
and a dual representation result for convex systemic risk measures.

The last aspect of systemic risk studied in Chapter 5 is the problem of risk attribu-
tion. We consider the question of what fraction each firm contributes to the systemic
risk of the whole financial system; see Staum and Liu (2012) and Drehmann and
Tarashev (2013). In conjunction with systemic risk measures, a possible solution to
this problem provides our approach in Chapter 5. We will see that if the supremum
in the dual representation of systemic risk measures is attained, then the different
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summands of this optimal value can be used to define a risk attribution method
that satisfies, for instance, the full allocation property. This property states that
by summing up the risk that is attributed to each firm, one obtains the systemic
risk contained in the entire financial system. Obviously, this is a desired property.
Moreover, in the context of the traditional portfolio framework, the full allocation
property is well known and, for instance, was studied in Denault (2001), Tasche
(2004), Kalkbrener (2005), Cheridito and Kromer (2011) and Kromer and Overbeck
(2014).

So far, we have always focused on so called static risk measures. This means
we consider a one period model and valuate, in case of standard single-firm risk
measures, the future value of a financial position or, in case of systemic risk measures,
a random vector where each component represents the loss of a specific firm in the
financial system. There exist many research studies extending the fundamental
results of Artzner et al. (1999) to a dynamic framework. In this context, the term
dynamic can be understood in several ways since there exist various dynamic aspects
of risk measurement.

A first extension of the static approach is the theory of conditional risk measures.
Here, the focus lies on informational aspects. Over time, additional information is
available, and conditional risk measures take into account this information. As a
consequence, a conditional risk measure is a map p; where for each random payment
X, pt(X) depends on the information that is available at time ¢. In this framework
one can specify a dynamic risk measure as a family (p;) of conditional risk measures
such that each p;(X) is measurable with respect to the o-algebra F; representing
the available information at time ¢. Examples of such studies are Bion-Nadal (2004),
Detlefsen and Scandolo (2005) and Féllmer and Penner (2006) among many others.

Another possibility to introduce dynamics is to study risk measures that are de-
fined on discrete-time or continuous-time stochastic processes. These processes rep-
resent, for instance, the market or accounting value of a firm’s equity or the market
value of selected financial securities; see Artzner et al. (2007) and Cheridito et al.
(2006). Examples of research that studies risk measures on discrete-time processes
are Riedel (2004), Artzner et al. (2007), Cheridito et al. (2006), Cheridito and Kup-
per (2011), Jobert and Rogers (2008) and Acciaio et al. (2012). Continuous-time
processes have been discussed in Cheridito et al. (2004, 2005). As, for instance,
Acciaio and Penner (2011) point out, an important advantage of these risk measures
on processes is the possibility to consider the “time value of money”. Moreover,
since bounded discrete-time processes can be identified with random variables on
a specific product space, there exists also a connection between risk measures on
such processes and risk measures on random variables. For more details we refer
to Artzner et al. (2007) and Acciaio et al. (2012). A nice overview of dynamic risk
measures in discrete time is given in Acciaio and Penner (2011).

Finally, one can combine risk measurement on processes with the theory of condi-
tional risk measures. In this way, one obtains dynamic risk measures on processes;
see, for instance, Cheridito et al. (2006), Cheridito and Kupper (2011), Jobert and
Rogers (2008), Acciaio and Penner (2011) and Acciaio et al. (2012).

Note that in the dynamic setting one always considers risk measures at different
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points in time. As a consequence, a natural question in the context of dynamic risk
measurement is how these risk measures at different points in time are connected.
Thus, one has to introduce an appropriate time-consistency concept. Looking at the
relevant literature, we find different suggestions for this issue of time-consistency.
The most widely used approach is the so called strong time-consistency, which is
connected to the dynamic programming principle; see, for instance, Artzner et al.
(2007). This time-consistency concept has been used in most approaches mentioned
so far and can be characterized in several ways, for example, by an additivity prop-
erty of the corresponding acceptance sets or by a supermartingale property of the
risk measures; see, for instance, Delbaen (2006), Cheridito et al. (2006), Penner
(2007) and Acciaio et al. (2012) and the references therein. Since this form of time-
consistency is a rather strong requirement, in particular in view of the existence
of consistent updates, other forms of weaker time-consistency properties were stud-
ied, among others, in Weber (2006), Artzner et al. (2007), Roorda and Schumacher
(2007), Penner (2007) and Roorda and Schumacher (2013).

Static risk measures introduced in Chapter 4 and studied in Chapter 5 in the
context of systemic risk do not allow for any dynamic features. Furthermore, note
that all the approaches to systemic risk in the previously mentioned papers are
essentially static. Thus, we develop in Chapter 7 the first dynamic approach to
systemic risk. The results of this chapter are summarized in the paper “Dynamic
systemic risk measures for bounded discrete-time processes” which is joint work
with E. Kromer and L. Overbeck. We extend the approach from Chapter 5 and
consider conditional convex and positively homogeneous systemic risk measures on
multi-dimensional discrete-time stochastic processes. Note that our systemic risk
measures from Chapter 5 evaluate losses for each node of the underlying network.
Consequently, in the conditional setting in Chapter 7 we assume that each firm in the
network admits a discrete-time stochastic process representing its losses over time.
Here, we use some of the techniques from Cheridito et al. (2006) who have studied
dynamic single-firm risk measures in a non systemic context. After generalizing
the main results from Chapter 5, in particular the decomposition and the dual
representation result, we follow the dynamic approaches for standard single-firm risk
measures and introduce dynamic systemic risk measures as families of conditional
systemic risk measures. Moreover, adjusted to our setting, we consider the concept
of strong time-consistency. Since our dynamic convex systemic risk measures can be
decomposed into a dynamic convex single-firm risk measure and a dynamic convex
aggregation function, we introduce a time-consistency property for both components
and study how these properties depend on each other.

Another possible way to extend the results from Chen et al. (2013) and Kromer
et al. (2014a) to a conditional setting, which was considered independently of the
approach in Chapter 7 and Kromer et al. (2014b), can be found in Hoffmann et al.
(2014). Here, the authors solely focus on the decomposition result in conjunction
with generalized conditional aggregation functions.

The second part of this thesis is organized as follows. First, we introduce static
single-firm risk measures in Chapter 4. We discuss important representation results
and the most important examples. Chapter 5 studies systemic risk measures on
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general probability spaces and extends the results from Chen et al. (2013) to convex,
not necessarily positively homogeneous, systemic risk measures. In Chapter 6 we
discuss some of the concepts in Cheridito et al. (2006) where risk measures on
discrete-time processes are covered. These ideas are used in Chapter 7 in which
we generalize our axiomatic approach to systemic risk regarding different dynamic
aspects. That is, we focus in Chapter 7 on conditional and dynamic convex systemic
risk measures.



4. Introduction to static risk measures

The aim of this chapter is to introduce static risk measures that take into account
the risk of a single firm or one financial position. Most definitions and theorems
of Sections 4.1-4.3 are based on Chapter 4 in Follmer and Schied (2011), which
provides an excellent overview of the research topic on convex risk measures.

We start in Section 4.1 with the basic axioms and define convex and coherent
risk measures. Moreover, we discuss the connection between risk measures and
the corresponding set of acceptable positions. In Section 4.2 we repeat well known
results concerning the dual representations of static risk measures. Sections 4.3 and
4.4 consider risk measures on L°°- and LP-spaces in more detail. Finally, in Section
4.5 we illustrate the previous results by presenting the most important examples of
convex and coherent risk measures.

From now on, a financial position X is considered as a map X : 2 — R, and
X (w) represents the discounted net worth of the financial position X at scenario
w € Q. Furthermore, we suppose that X is an element in the space X of all
financial positions which will be described in detail in the following sections. First,
unless explicitly stated otherwise, we assume that X'P is the linear space of bounded
functions on 2.

4.1. Definitions and important properties
Consider the following properties of a function p : X — R:

(M)  Monotonicity: If X <Y, then p(X) > p(Y) for all X,Y € X,

(T) Translation property: p(X +a) = p(X) —a for all X € X and a € R.

(C)  Convexity: p(aX + (1 —a)Y) < ap(X)+ (1 —a)p(Y) for all X,Y € X and
a € [0,1].

(PH) Positive homogeneity: p(aX) = ap(X) for all X € X'? and a € R,

Definition 4.1.1. A risk measure is a function p : X — R that satisfies the
properties (M) and (T). A convex risk measure is a risk measure that additionally
satisfies the property (C), and a coherent risk measure is a convex risk measure that
additionally satisfies the property (PH).

Because of the monotonicity property, a position with a higher net worth is asso-
ciated with less risk. The translation property ensures that adding a fixed amount
of money a to a financial position X leads to a risk reduction by this amount a.
We can motivate this property by the idea that the risk of a position X represents
the amount which has to be added to X such that the new position X + p(X) is
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acceptable. For example, we could specify acceptable positions by including all po-
sitions X the risk of which does not hit a specific barrier. Note that the translation
property yields p(X + p(X)) = p(X) — p(X) = 0. A risk measure satisfying the
convexity property does not penalize diversification: The risk of the diversified posi-
tion aX + (1 —a)Y is less than or equal to the weighted risk of the positions X and
Y. The last property, i.e., positive homogeneity, states that the risk of a financial
position increases linear with its size. Nevertheless, in many cases this property is
not satisfied. This was the reason for developing the theory of convex risk measures.
Finally, note that if p is positively homogeneous, then the following property holds:

(N)  Normalization: p(0) = 0.

Remark 4.1.2. Artzner et al. (1999) were the first who introduced coherent risk
measures. They defined coherent risk measures by using the properties of mono-
tonicity, the translation property, positive homogeneity and the following property:

(SA) Subadditivity: p(X +Y) = p(X) + p(Y) for all X,Y € &P,

The definition of Artzner et al. (1999) is equivalent to our definition above since
under positive homogeneity, convexity and subadditivity are equivalent.

Let ||| be the supremum norm defined by || X|| := sup,ecq|X(w)| for X € X
and consider a risk measure p : X — R. Since X < Y + || X — Y| implies that
p(X) > p(Y) - ||X =Y for all X,Y € X® we obtain [p(X) — p(Y)| < [| X - Y|
for all X,Y € X'P. This means that every risk measure p : X — R is (1-)Lipschitz
continuous with respect to the supremum norm ||-||

Now, we take a closer look at financial positions that are acceptable. At first, we
define a so called acceptance set which characterizes acceptable positions as positions
X satisfying p(X) < 0. This means that the position X is acceptable if no capital
has to be added. Thereafter, we discuss the relationship between acceptance set and
the corresponding risk measure.

Definition 4.1.3. The acceptance set of a risk measure p is defined by
A, = {X € XP|p(X) < 0}.

Proposition 4.1.4 (See Proposition 4.6 in Follmer and Schied (2011)). Let p :
X — R be a risk measure and A, the corresponding acceptance set. Then the
following properties are satisfied:

1. A, #0 and

a) inf{r e Rjr € A,} > —o0,
b) if X €A, andY € X® withY > X, then Y € A,,
c) A, is ||-||-closed.

2. p admits the representation

p(X) =inf{r e Rlr+ X € A,} for all X € X™.
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3. p is a convex risk measure if and only if the set A, is convez, i.e., aX + (1 —
a)X'" € A, for all X, X" € A, and a € [0, 1].

4. p 1is positively homogeneous if and only if the set A, is a cone, i.e., aX € A,
for all X € A, and a € Ry. In particular, p is a coherent risk measure if and
only if A, is a convex cone.

On the other hand, one can define for every set A C X' of acceptable positions
a risk measure p by using the idea that p(X) represents the smallest amount which
has to be added to X such that the new position X + p(X) is acceptable.

Proposition 4.1.5 (See Proposition 4.7 in Follmer and Schied (2011)). Consider
0 #£ A C X that satisfies the properties 1.a) and 1.b) from Proposition 4.1.4. Then
the so called capital requirement p4 defined by

pa(X) :=inf{r e Rlr+X € A} for X € X
satisfies the following properties:

1. pa: X = R is a risk measure.
2. If the set A is convex, then p4 is a convex Tisk measure.

3. If the set A is a cone, then p 4 is positively homogeneous. Especially, if A is a
convex cone, then p4 is a coherent risk measure.

4. A is a subset of the acceptance set A, ,, and we have A = A, , if and only if
A satisfies property 1.c) from Proposition 4.1.4.

4.2. Representations of risk measures

In this section we first consider representations of risk measures for X% = {X|X :
Q — R} where the state space 2 is supposed to be finite. We will see that this
case of a finite state space is also the starting point in Chapter 5, which studies
systemic risk measures on general probability spaces. A first general representation
of coherent risk measures can be found in Artzner et al. (1999). Recall that X (w)
is the discounted value of the position X. Therefore, we set the total return r in
Artzner et al. (1999) equal to 1.

Theorem 4.2.1 (See Proposition 4.1 in Artzner et al. (1999)). Suppose that 2 is
finite. A risk measure p : X — R is coherent if and only if there exists a family Q
of probability measures on (,B(2)) (B(Q) denotes the set of all subsets of Q) such
that
p(X) = sup Eg[—X] for all X € X,
QeQ

Follmer and Schied (2002) proved the corresponding theorem for convex risk mea-

sures.

Theorem 4.2.2 (See Theorem 5 in Follmer and Schied (2002)). Suppose that €2
is finite and let My(2,B(Q2)) be the set of all probability measures on (£2,B()).
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A risk measure p : X — R is convex if and only if there exists a function o :
M (Q,B(Q)) = (—o0, +00] such that

p(X) = sup {Eg[-X] — a(Q)} for all X € X,
QeM1(Q,PB(Q))

Remark 4.2.3. Note that the representation of coherent risk measures in Theo-
rem 4.2.1 is a special case of the representation of convex risk measures in Theo-
rem 4.2.2. If we consider for a coherent risk measure p the function o(Q) :=
supxexm {Eg[—X] — p(X)} = supxc 4, Eg[—X] for Q € M1(Q2,9(2)) (see, for in-
stance, Follmer and Schied (2002)), then we can easily prove that a(Q) € {0,400}
for all Q € M;(Q,B(€2)). Hence, the representation in Theorem 4.2.1 with Q =
{Q e M1(Q2,B(Q))|a(Q) = 0} follows from Theorem 4.2.2.

From now on, we consider a general measurable space (£, F) and suppose that
X' is the space of all bounded measurable functions on (€, F). Moreover, let
My f = M £(Q, F) be the space of all finitely additive set functions @ : F — [0, 1]
with Q[Q2] = 1 and let M; := M;(Q, F) be the space of all probability measures
on (2, F). In order to facilitate the notation, we adapt the notation from Follmer
and Schied (2011) and denote the integral of X € X' with respect to Q € My ; by
Eq[X].

The representation in the following theorem is called robust representation.

Theorem 4.2.4 (See Theorem 4.16 in Follmer and Schied (2011)). Let p: X — R
be a convex risk measure. Then p admits the representation

p(X) = Qren/\e/xl)if{]EQ[—X] — amin(Q)} for all X € X (4.1)

where the function aumn s given by

Umin(Q) = Sup Eql-X] = sup {Eq[-X]—p(X)} for Qe Myy.
p exXTP

Moreover, this function is minimal in the sense that amin(Q) < a(Q) for all Q €
My ¢ and all functions o : My y — RU{+o0} that satisfy representation (4.1) with
a instead of cupin and infgenm, ; a(Q) € R.

Remark 4.2.5. The functions o : M; y — R U {400} from the previous theorem
that satisfy representation (4.1) with a instead of ayin and infgenm, , a(Q) € R are
called penalty functions of the risk measure p.

The coherent case is a special case of the previous theorem. To prove this special
case, one has to show that the penalty function s, takes only the values 0 and
+00 (see Remark 4.2.3).

Corollary 4.2.6 (See Corollary 4.19 in Féllmer and Schied (2011)). Let p: X — R
be a coherent risk measure. Then p admits the representation

p(X) = ol Eq[-X] forall X € X (4.2)
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where the conver set Qmaz 18 defined by

Omaz ‘= {Q € Ml,f|amin(Q) = O}

Moreover, the largest set Q C My 5 which satisfies representation (4.2) with Q in-
stead of Qmaz 18 equal to Qmaz-

Finally, the set M ; in representation (4.1) can be reduced to the set M if the
risk measure satisfies an additional condition.

Theorem 4.2.7 (See Theorem 4.22 in Follmer and Schied (2011)). Let p: X — R
be a convex risk measure. Then the following statements are equivalent:

1. p is continuous from below, i.e., X,, T X pointwise implies p(Xy,) 4 p(X).

2. The minimal penalty function qpm, of p is concentrated on the set My, i.e.,
amin(Q) < +o0 for Q € My ¢ implies that Q is o-additive.

In particular, if one of these properties is satisfied, then

p(X) = &z}@ﬁ{EQ[—X] — Amin(Q)}  for all X € X'

4.3. Risk measures on L

From now on, let (Q2, F,P) be a general probability space and set XP = L>°(Q, F, P).
This setting was considered first of all in Delbaen (2000, 2002), Follmer and Schied
(2002) and Frittelli and Rosazza Gianin (2002). The results in this section are again
based on Follmer and Schied (2011).
In case of X = L>°(Q, F,P), we focus on risk measures p : L®(Q, F,P) — R
that satisfy
p(X)=p) fX=Y P-—as. (4.3)

Let us write for short L> := L*(Q, F,P) and LP := LP(Q, F,P) for 1 < p < oo.
These spaces are endowed with the usual norms ||-||, and [[-[|,,, respectively. These
are defined by [|X|,, = inf{r € R[|X] < rP-as.} for X € L™ and | X[|, :=
([ |X|PdP)'/P for X € LP.

Define My ((P) := My #(Q, F,P) as the set of finitely additive set functions
Q : F — [0,1] with Q[2] = 1 which are absolutely continuous with respect to
P. Similarly, let M;(P) := M;(Q, F,P) be the set of all probability measures on
(Q, F) which are absolutely continuous with respect to P.

First, we state an important property which follows from (4.3).

Lemma 4.3.1 (See Lemma 4.32 in Follmer and Schied (2011)). Consider a convex
risk measure p that satisfies (4.3) and admits the representation

p(X)= sup {Eg[—X]—a(Q)} forall X e L™
QeMy

for a penalty function o. Then we have a(Q) = +oo for all Q € My f\ M ¢(P).
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In what follows, we need several continuity properties. Since we discuss functions
v: [P — RU {400} for 1 < p < oo in the next section, the following definition
includes such functions.

Definition 4.3.2. Consider a function v : LP — R U {400} for 1 < p < cc.

1. v is called lower semicontinuous (l.s.c.) at X (with respect to the norm topol-
ogy) if for all sequences (X,,) C LP with || X,, — Xollp — 0, it follows that

v(Xp) < l%%iglofv(Xm).

v 1s called lower semicontinuous (with respect to the norm topology) if v is
lower semicontinuous at all X € LP (with respect to the norm topology).

2. v is called continuous from above if for every sequence (X,,) C LP with X,, |
X P-a.s. for some X € LP, it follows that v(X,,) — v(X).

3. v is called continuous from below if for every sequence (X,,) C LP with X, T
X P-a.s. for some X € LP, it follows that v(X,,) — v(X).

4. v satisfies the Fatou-property if for every sequence (X,,) C LP with | X,,| <Y
P-a.s. for some Y € LP and X,, — X P-a.s. for some X € LP, it follows that

v(X) < liminfv(X,,).

m—00

If we focus on the space L™, then we obtain the following representation result.

Theorem 4.3.3 (See Theorem 4.33 in Follmer and Schied (2011)). Let p: L>® — R
be a conver risk measure. Then the following statements are equivalent:

1. There exists a penalty function o : My (P) — RU {+o0} such that

p(X)= sup {Eg[-X]—a(Q)} forall X e L>™. (4.4)
QeM 1 (P)

2. p is continuous from above.
3. p satisfies the Fatou-property.

4. The acceptance set A, is weak™® closed, i.e., it is closed with respect to the
topology o(L>, L1).

In particular, if one of these properties is satisfied, then p can be represented with
the minimal penalty function restricted on M1(P), i.e.,
amin(Q) = sup Eq[-X] = sup {Eg[-X]—p(X)} for Q€ My(P).
XeA, XeLe®

Follmer and Penner (2006) provide in their introduction a well known interpre-
tation of representation (4.4): “[...] the risk of a position is evaluated as the worst
expected loss, suitably modified, under a whole class of probabilistic models. These
alternative models are described by probability measures @ [Q with our notation]
on the underlying set of scenarios. But they are taken seriously at a different de-
gree, and this is made precise by the non-negative penalty function «(Q) [«(Q)].”
(Follmer and Penner (2006), p. 61)

It remains to consider the coherent case.
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Theorem 4.3.4 (See Corollary 4.37 in Follmer and Schied (2011)). Let p: L™ — R
be a coherent risk measure. Then there exists a set @ C M1 (PP) such that p admits
the representation

p(X) = sup Eg[—X] forall X € L™ (4.5)
QeQ

if and only if the equivalent properties from Theorem 4.5.8 are satisfied. In this case,
the set

Omaz = {Q € Ml(P)‘amzn(Q) = O}

is the mazimal subset of M1(P) which satisfies representation (4.5) with Quay in-
stead of Q.

Note that it follows from Theorem 4.2.7 and Lemma 4.3.1 that the supremum in
(4.4) (and hence also in (4.5)) is attained if p is continuous from below.

4.4. Risk measures on [P

Filipovic and Svindland (2007) point out that considering risk measures on L>
reduces the scope of possible risk models dramatically. For example, normal dis-
tributed random variables are excluded by such approaches. Hence, the theory of
risk measures was extended to the theory of risk measures on L? for 1 < p < oo;
see, for instance, Filipovic and Svindland (2007) and Kaina and Riischendorf (2009)
and the references therein. In this section we introduce risk measures on LP-spaces
and repeat important results from the previously mentioned papers.

In case of LP-spaces, we modify the definition of risk measures in the sense that
risk measures now map from LP to RU{+oc0}. Delbaen (2002) motivated this change
of definition by the existence of positions which are so risky that they will never be
acceptable regardless of how much capital is put aside. As a consequence, such
positions X satisfy p(X) = 4o0.

For the remaining part of this section we understand equalities and inequalities
between random variables P-a.s. Now, let us consider the corresponding properties
to (M), (T), (C) and (PH) for functions p : LP — R U {400} and 1 < p < oo:

(M’)  Monotonicity: If X <Y, then p(X) > p(Y) for all X,Y € LP.

(T?)  Translation property: p(X +a) = p(X) —a for all X € LP and a € R.

(C’)  Convexity: p(aX +(1—a)Y) <ap(X)+ (1 —a)p(Y) for all X,Y € LP and
a € [0,1].

(PH’) Positive homogeneity: p(aX) = ap(X) for all X € LP and a € R,

Definition 4.4.1. Let 1 < p < co. A risk measure (on LP) is a function p : LP —
R U {400} that satisfies the properties (M’) and (T’). A convex risk measure (on
LP) is a risk measure (on LP) that additionally satisfies the property (C’), and a
coherent risk measure (on LP) is a convex risk measure (on LP) that additionally
satisfies the property (PH’).
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The following lemma is well known and states that the previous definition can also
be used to define convex risk measures on L°°.

Lemma 4.4.2. For every proper function p : L — R U {400} that satisfies (M’),
(T’) and (C’), we have p(X) < oo for all X € L™, i.e., p: L™ — R.

In particular, this means that p is a convex risk measure in the sense of Definition
4.1.1.

Proof. For each X € L*°, we have X < [|X||,, < oo. Moreover, because p is proper,
there exists some Y € L> with p(Y) < oo and ||Y|,, < co. Since 0 > Y — ||Y] .,
the properties (M”) and (T”) imply p(0) < p(Y — |[Y]|) = p(Y) + ||V < 0o. If
we apply again (M’) and (T”), then we obtain p(X) < p(— || X||) = p(0) + || X, <
00. O

Again, we can study the relationship between risk measures p : LP — R U {+o0}
and their acceptance sets given by

A, ={X e L?|p(X) < 0}.

The subsequent propositions follow from the remarks in Chapter 1 in Kaina and
Riischendorf (2009).

Proposition 4.4.3. Let p: LP — R U {400} be a proper risk measure and A, the
corresponding acceptance set. Then the following properties are satisfied:

1. A, #0 and

a) inf{r e Rlr+Y € Ay} > —oo for all Y € LP where inf () := +o0,
b) if X € Ay andY € LP with Y > X, thenY € A,,.

2. p admits the representation
p(X)=inf{reRjr+X e A,} forall X € LP

where inf () := +oc0.
3. p is a convex risk measure if and only if A, is convex.

4. p is positively homogeneous if and only if A, is a cone. In particular, p is a
coherent risk measure if and only if A, is a convex cone.

Proposition 4.4.4. Consider ) # A C LP that satisfies the properties 1.a) and 1.b)
from Proposition 4.4.3. Then

pa(X) :=inf{r e Rlr+ X € A} for X € L
satisfies the following properties:

1. p4 is a risk measure.
2. If A is conver, then py4 is a convex risk measure.

8. If A is a cone, then p4 is positively homogeneous. Especially, if A is a convex
cone, then p4 is a coherent risk measure.
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4. Ais a subset of the acceptance set A, ,.

Note that in case of X'P = L, it suffices to claim that inf{m € Rjm+Y € A,} >
—oo for Y = 0 only (see Proposition 4.1.5).

At the end of this section we repeat important representation results for risk
measures on LP. For 1 < p < oo, the dual space of LP is given by L? with 1/p+1/q =
1 (up to isomorphism). We define

MI(P) := {Q e M;y(P) ‘Z% € Lq} for 1 <p < 0.

By using the duality theorem for conjugate functions (see Theorem A.2.9), we obtain
a first representation result.

Theorem 4.4.5 (See Theorem 2.4 in Kaina and Riischendorf (2009)). Fiz 1 < p <
oo and let p : LP — R U {400} be a proper convex risk measure on LP. Then the
following statements are equivalent:

1. pisl.s.c.

2. There ezists a subset Q@ C M¥(P) and a function o : Q — RU{+o00} such that
infgeg @(Q) € R and

p(X) = sup{Eq[—X] — a(Q)} forall X € LP.
QeQ

In particular, if one of these properties is satisfied, then p admits the representation

p(X)= sup {Eq[-X]-p"(Q)} forallX € L” (4.6)
QeM{(P)

with p*(Q) := supxc 4, Eg[—X] for Q € M{(P).

Remark 4.4.6. If we replace the proper convex risk measure on L? by a convex risk
measure on L™ in the previous theorem, then the theorem still holds with M (P)
replaced by the space M ¢(P). Additionally, the supremum in (4.6) is attained.
This follows from Theorem 4.2.4 and Lemma 4.3.1. But since risk measures on
L are automatically Lipschitz continuous, this representation does always exist.
Finally, note that the last representation result for convex risk measures on L7,
p < 00, is based on probability measures, which is not the case for the corresponding
representation result for convex risk measures on L.

In case of coherent risk measures, Kaina and Rischendorf (2009) prove a more
specific representation result.

Theorem 4.4.7 (See Theorem 2.9 in Kaina and Riischendorf (2009)). Fiz 1 < p <
oo and let p: LP — R U {+oo} be a proper coherent risk measure on LP. Then the
following properties are equivalent:

1. pisls.c.
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2. There exists a subset Q C MI(P) such that

X) = maxEg[-X X e L’
p(X) = maxo[-X] for a

8. p is finite and continuous with respect to the norm topology.

The previous result shows that the supremum in the dual representation is always
attained if p is a proper and l.s.c. coherent risk measure on LP, p < co.

4.5. Examples of convex and coherent risk measures

In this section we discuss important examples of convex and coherent risk meas-
ures. Again, we refer to Follmer and Schied (2011) for more details and additional
examples.

A risk measure that is frequently used in practice is the Value at Risk.

Example 4.5.1 (Value at Risk). Let LY := L%, F,P) denote the space of all
random variables on (€, F,P). The Value at Risk of a financial position X € X =
LY is defined by

VaR,(X) := inf{r € RIP[X +r < 0] < A} for A € (0,1).

This means that the Value at Risk is the minimal amount one has to add to the
position X such that the probability of a loss of this new position is bounded by A.
One can easily prove that the Value at Risk is monotone, satisfies the translation
property and is positively homogeneous. But it does not satisfy the convexity prop-
erty. For a counterexample see, for instance, Example 4.46 in Foéllmer and Schied
(2011). As a consequence, the Value at Risk does not reward diversification, which
is not a desired property. Another disadvantage is that it does not provide any
information on the size of a loss.

Another risk measure which is based on the Value at Risk is the so called Average
Value at Risk.

Example 4.5.2 (Average Value at Risk). The Average Value at Risk of a position
X € L' is defined by

1

AVaR)(X) := )\/ VaR,(X)dy for A € (0,1].
0

This risk measure, which is indeed a coherent risk measure, is also called Conditional

Value at Risk or Expected Shortfall. The corresponding dual representation is given

by

AVaR)(X) = max Eg[-X] for X € X
Qe

where Q) is the set of all probability measures Q which are absolutely continuous
with respect to P and satisfy dQ/dP < 1/\ P-a.s; see, for instance, Theorem 4.52 in
Follmer and Schied (2011).
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An important example of a convex risk measure is the following.

Example 4.5.3 (Entropic risk measure). Assume that the preferences of an investor
are given by the function U,(X) := Ep[l — e 7] where X € L* and v > 0. If we
consider the set

A, = (X € L®|U,(X) > U, (0)} = {X € L®[Ez[e¥] < 1},

then it is easily seen that A, is convex and satisfies the conditions from Proposition
4.1.5. Hence, the capital requirement p 4., defined by this acceptance set is a convex
risk measure according to Proposition 4.1.5. This risk measures is called entropic
risk measure. Moreover,

1
pA,(X) =inf{r e Rlr+ X € A,} = inf{r € R|Ep[eX] < €7} = = log Eple ™.
Y

The dual representation of this convex risk measure is given by

par(X)= sup {Egl-X] —a™"(Q)} for X € L™
QeM 1 (P)

where the minimal penalty function ay,;, satisfies
1
amin(Q) = ;H(QUP’) for Q € My (P).
Here, H(Q|P) denotes the relative entropy of Q with respect to P defined by

Es |48 log 93] if Q<P

+o00 else

H(Q[P) := {

For more details we refer again to Follmer and Schied (2011).

In our last example we consider a further generalization of the entropic risk meas-
ure.

Example 4.5.4 (Distortion entropic risk measure). Let g : [0,1] — [0, 1] be a non-
decreasing function with g(0) = 0 and g(1) = 1. Then g induces the so called
distorted probability Py defined by Py4[A] := g o P[A] for A € F. By using this dis-
torted probability, we can define the so called distorted expectation E, as a Choquet
integral (see, for instance, Example 4.14 in Follmer and Schied (2011)):

9] 0
Eq[X] ::/ Py (X > t)dt+/ (Pg(X >t) —1)dt for X € L™.
0 —0o0
Furthermore, this distorted expectation enables us to define the distortion entropic
risk measure, which is a generalization of the entropic risk measure introduced in
Example 4.5.3 and given by

1
pgr(X) := ~logEyle 7¥] for X € L and v > 0.
gl



5. Static systemic risk measures on
general probability spaces

This chapter is based on the paper “Systemic risk measures on general probability
spaces” which is joint work with E. Kromer and L. Overbeck. We study the extension
of the approach in Chen et al. (2013) to general probability spaces and convex, not
necessarily positively homogeneous, systemic risk measures. We will see that the
static risk measures introduced in the previous chapter are an important building
block for the construction of systemic risk measures.

The first section in this chapter is dedicated to the introduction of our main ob-
jects of interest: convex and positively homogeneous systemic risk measures. After
introducing our notation, we generalize several different axioms from the theory of
standard single-firm risk measurement. Section 5.2 provides a basic decomposition
result which is essential for the remaining part of this chapter. We will see that each
systemic risk measure can be decomposed into a single-firm risk measure and a so
called aggregation function. Thereafter, we illustrate in Section 5.3 the construction
of systemic risk measures by considering some examples. Since we generalize the
results of Chen et al. (2013), their examples can still be used in our setting. Nev-
ertheless, we study the larger class of convex systemic risk measures, and therefore
we can also add new examples. Section 5.4 is dedicated to different representation
results. We first define acceptance sets corresponding to a given convex systemic
risk measure and then provide a primal representation, which illustrates the connec-
tion between convex systemic risk measures and the corresponding acceptance sets.
Based on this first representation result, we finally prove the dual representation of
convex systemic risk measures. An important application of this dual representation
is considered in Section 5.5. We will see that if the supremum in the dual representa-
tion is attained, then the different summands of the corresponding optimal value can
be used to define a risk attribution method in a sensible way. Thus, our approach
in this chapter enables us to allocate the risk of the financial system to the different
firms contained in this system.

5.1. Model and notation

Throughout this chapter fix the underlying general probability space (2, F,P). We
work in a one-period model and consider a finite set of n firms. From a network
modeling point of view this means that we consider a financial network which consists
of n nodes.

Let LP := LP(Q,F,P) for 1 < p < oo. The random vector X = (Xi,...,X,) €
(LP)™ represents the losses of the different firms, i.e., X; is assumed to be the random
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loss of firm ¢ € {1,...,n}. It is important to note that in this chapter we valuate
losses X1, ..., X,. In contrast to this, in Chapter 4 the random variable X represents
the net worth of a specific financial position. We will see later on that this change
of perspective affects the properties of the risk measures studied in this chapter.

From now on, we interpret equalities and inequalities between random vectors
X,Y € (L»)™, m € N, componentwise P-a.s. This means X,Y € (LP)™ satisfy
X <Y if and only if X; <Y; P-a.s. for alli € {1,...,m}.

In case of 1 < p < 0o, we endow the space LP with the usual LP-norm given by
X1, = ([ | X [PdP)Y/P = E[| X [P]"/P for X € LP. Similarly, if p = oo, then the space
L> is endowed with the norm || X|| := inf{r € R||X| <r P-a.s.} for X € L*°. Let
us now consider the dual space of LP for 1 < p < o0, i.e., the space of all continuous
and linear functionals on LP. It is well known that in case of 1 < p < oo, the dual
space of LP satisfies (LP)* = L7 (up to isomorphism) where ¢ € (1, 00] is such that
1/p+1/q =1, and the pairing (-,-) : LP x LY — R between LP and LY is given by

(X, ) == E[X{];

see, for instance, Theorem IV.8.1 and Theorem IV.8.5 in Dunford and Schwartz
(1957). If we set p = oo, then the dual space of L satisfies (L>°)* = ba (up to
isomorphism) where the Banach space ba := ba (2, F,P) is the space of all bounded,
finitely additive functions p on (€2, F) with the property that P[A] = 0 implies
p[A] = 0. In this case, the pairing (-,-) : L™ X ba — R between L>° and ba is given
by

(X, ) = /QX(W)du(w);

see Theorem IV.8.16 in Dunford and Schwartz (1957). In order to simplify the
notation, we use

(X,6) =E[X¢] for X e LP,¢ e (LP)" andall 1 <p < oo

for the pairing between LP and (LP)*.
Now, let us consider the multi-dimensional case. For m € N, in particular in case
of m > 1, we equip the space (LP)™ for 1 < p < oo with the norm

||X|\pm._ ZHX I, for X = (X1,...,X,,) € (LP)™

The dual spaces satisfy ((LP)™)* = (L?)™ (up to isomorphism) for 1 < p < oo
and ((L*)™)* = (ba)™ (up to isomorphism) for p = oo, and the pairing (-,-)
(LP)™ x ((LP)™)* — R between (LP)™ and ((LP)™)* is given by

(X,8) ;:i iEXfZ for X = (X1,..., X)) € (LP)™
=1 =1

and £ = (&1,..., &) € ((LP)™)".

For all m € N, we use the corresponding norm topology on ((LP)™)* in case of
1 <p<oo. If p=1orp= oo, we consider the weak*-topologies o((L>)™, (L})™)
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and o((ba)™, (L*)™), respectively. Both topologies are compatible with the corre-
sponding pairing above; see Appendix A.2 for more details. Note that with these
notations and definitions we have determined the paired spaces ((LP)™, ((LP)™)*) in
the sense of Definition A.2.1.

Finally, in the multi-dimensional case, we will frequently use the notations 1,, :=
(1,...,1) and 0,, := (0,...,0) (m-times) for m € N.

Now, let us come back to the main objects in this chapter. Recall that we focus
on a network consisting of n firms. Our aim is to define systemic risk measures as
mappings

p: (LP)" = RU{+o0}

which quantify the risk associated with an economy X € (LP)". Moreover, this
economy is specified by the losses X1, ..., X, of the individual firms in the underly-
ing system. In what follows, we will see that systemic risk measures are connected
to convex and coherent risk measures which were discussed in Chapter 4. More
precisely, every systemic risk measure is a decomposition of a single-firm risk mea-
sure, which is essentially identical to a risk measure from Chapter 4, and a so called
aggregation function.

First of all, let us consider important properties of a function pg : LP — RU{+o0}:

(R1) Monotonicity: If X >Y, then po(X) > po(Y) for all X,Y € LP.

(R2) Convexity: pp(aX 4+ (1 —a)Y) < apo(X)+ (1 —a)po(Y) for all X,Y € LP
and a € [0, 1].

(R3) Translation property: po(X + a) = po(X) +a for all X € LP and a € R.

(R4) Positive homogeneity: po(aX) = apo(X) for all X € LP and a € R;..

(R5) Constancy on R C R: po(a) =a for all a € R.

(R6) Normalization: pp(1) = 1.

As we want to quantify the risk of a given economy that is represented by individ-
ual losses, the properties above slightly differ from the corresponding properties in
Chapter 4, where we have considered the worth of a financial position. Because of
these different viewpoints, the inequality in property (R1) is reversed compared to
the monotonicity property from Chapter 4. Similarly, in the translation property
(R3) we add a to po(X) instead of subtracting a from po(X). Nevertheless, the
motivation behind the properties (R1)-(R4) above is analogous to the motivation of
the corresponding properties in Chapter 4.

The constancy property (R5) was originally introduced and studied in Frittelli
and Rosazza Gianin (2002). Note that the translation property and pp(0) = 0
imply constancy on R. Moreover, the normalization property (R3) is equivalent to
constancy on {1}.

Definition 5.1.1. A convex single-firm risk measure is a function pg : LP — R U
{+0o0} that satisfies the properties (R1) and (R2). A positively homogeneous single-
firm risk measure is a convex single-firm risk measure that additionally satisfies
the properties (R4) and (R6). A coherent single-firm risk measure is a positively
homogeneous single-firm risk measure that additionally satisfies the property (R3).
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This definition of convex single-firm risk measures (that satisfy monotonicity and
convexity) is neither equivalent to the definition of standard risk measures in Chapter
4 nor to the definition of standard convex risk measures in Chapter 4. Solely the
term coherent single-firm risk measure coincides with the term coherent risk measure
defined in Chapter 4 (up to the sign change and normalization). We will explain
this difference in detail below. Nevertheless, note that every standard convex risk
measure p defined in Chapter 4 induces a convex single-firm risk measure pg in the
sense of Definition 5.1.1 by po(X) := p(—X) for X € LP.

Let us consider the following properties of a function p : (LP)" — R U {+o0}:

(S1)  Monotonicity: If X > Y, then p(X)

(S2)  Preference consistency: If p(X (w)) >
Q, then p(X) > p(Y).

(S3)  f,-constancy: Either Imp|g» = R and there exists a surjective function
fo : R — R such that p(al,) = fy(a) for all @ € R or Im p|gn = Ry and
there exists a function f, : R — Ry and b € R such that f, is surjective
and strictly increasing on [b, 00), f,(a) = 0 for a < b and p(aly,) = f,(a) for
all a € R.

(S4) Convexity:

(S4a) Outcome convexity: p(aX + (1 —a)Y) < ap(X) + (1 —a)p(Y) for
all X,Y € (LP)" and a € [0, 1].
(S4b) Risk convexity: Suppose p(Z(w)) = ap(X(w)) + (1 — a)p(Y (w)) for
X,Y,Z € (LP)", a given scalar a € [ 1] and for a.e. w € 2. Then
p(2) < ap(X) + (1= a) p(¥).
(S5)  Positive homogeneity: p(aX) = ap(X) for all X € (LP)" and a € R,
(S6)  Normalization: p(1,) = n.

> p(Y) for all X,Y € (LP)".
p(Y (w)) for X, Y € (LP)" and a.e. w €

We understand (S2) and (S4b) in the following way: If the property (S2) is satisfied,
then P[{w € Qlp(&) > p(H),(7,5) = (X(w),V(w))}] = 1 implies that p(X) >
p(Y). Similarly, if the property (S4b) is satisfied, then P[{w € Q|p(2) = ap(z) +
(1 - a)p(®),(2,2,9) = (Z(w),X(w),Y(w))}] = 1 implies that p(Z) < ap(X) +
(1 - a) p(Y). )

Note that p|g» : R™ — R is a measurable function. As a consequence, p|gn 0 X :
Q0 — R is also measurable.

For the remaining part of this chapter it is essential to know that the properties
(S1), (S3) and (S4a) guarantee the existence of the inverse function f, ! of f,.
Moreover, there exist two different cases: If Im p|gn = R, then f, and the inverse
function f;l are maps from R to R. On the other hand, if Im p|gn = Ry, then the
function f, is surjective and strictly increasing on [b,00) and the inverse function
fo ! maps from Ry into [b,o0). Occasionally, we do not distinguish between these
two cases for simplicity.

Definition 5.1.2. A positively homogeneous systemic risk measure is a function
p: (LP)" — R U {400} that satisfies the properties (S1), (S2), (S4), (S5) and
(S6). If p satisfies the properties (S1)-(54) and the function f, from property (S3)
satisfies || fo(Z)|p < oo and ||f,1(Z)||p < oo for all Z € LP (||f;1(2)||p, < oo for
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all Z € L :={X € L|X > 0} if Im f, = Ry ), we call p a convex systemic risk
measure.

Monotonicity (S1), outcome convexity (S4a) and positive homogeneity (S5) have
already been considered in case of single-firm risk measurement, and we can interpret
these properties in the same way. The normalization property (S6) is the systemic
counterpart to property (R6). Preference consistency (S2) and risk convexity (S4b)
were originally introduced, motivated and studied in Chen et al. (2013). To interpret
the preference consistency, consider two economies X and Y. Ifin a.e. scenario w € Q
the systemic risk of an economy Y (w) € R is less than or equal to the systemic risk
of another economy X (w) € R™, then this relation should still be satisfied by the
systemic risk of the random economies X € (LP)” and Y € (LP)". Similarly, the risk
convexity property is based on assumptions on realizations of economies X, Y and
Z. If for a.e. w € Q the systemic risk of Z(w) is equal to the convex combination of
the systemic risk of X (w) and Y (w), then the systemic risk of the random economy
Z is bounded from above by the convex combination of the systemic risk of X and Y.
Note that the transition from constant economies X (w), Y (w) and Z(w), w € Q, to
random economies X, Y and Z can be interpreted as introduction of “randomness”.
Due to property (S4b), this process of transition does not lead to an increase of the
systemic risk of Z beyond the convex combination of the systemic risk of X and Y.

Chen et al. (2013) point out that in case of an economy that consists of a single
firm, i.e., n = 1, outcome convexity and constancy on R imply risk convexity directly.
Indeed, in this case, p(Z (w)) = ap(X(w)) + (1 —a) p(Y(w)) for X,Y,Z € LP is
equivalent to Z(w) = aX(w) + (1 — a)Y(w) for a.e. w € Q, which means that
Z = aX + (1 —a)Y. Now, the inequality p(Z) < ap(X) + (1 — a)p(Y) follows
directly from outcome convexity.

It remains to discuss the f,-constancy property (S3). This property is new, and
we will see that it is essential in the decomposition result below. Note that the
fo-constancy property tells us something about the behavior of p on constants: Let
us assume that each firm in the financial network has the same constant loss a € R.
Then the systemic risk of this economy is equal to the value of a function f, : R — R
in a. Since for every function from R to R surjectivity, monotonicity and convexity
imply strict monotonicity, we know that f, is strictly increasing and unbounded.
Let us consider a second economy in which each firm has the same constant loss
¢ € R with ¢ > a. Then strict monotonicity of f, implies that the systemic risk of
the second economy is strictly greater than the systemic risk of the first economy,
ie., p(cly) > p(aly). A direct consequence of the unboundedness of f, is that the
systemic risk of al,, increases to infinity if the constant loss a increases to infinity.
Therefore, we solely study systemic risk measures without an upper bound.

Finally, let us consider the following properties of a function A : R — R:

(A1) Monotonicity: If z > gy, then A(Z) > A(y) for all z,y € R™.

(A2) Convexity: Alaz + (1 — a)y) < aA(z) + (1 — a)A(y) for all z,y € R™ and
a € [0,1].

(A3) fa-constancy: Either Im A = R and there exists a surjective function fy :
R — R such that A(al,) = fa(a) for all @ € R or InA = R, and there
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exists a function f, : R — R, and b € R, such that fj is surjective and
strictly increasing on [b, 00), fa(a) =0 for a < b and A(al,) = fa(a) for all
a € R.

(A4) Positive homogeneity: A(az) = aA(Z) for all z € R™ and a € R,..
(A5) Normalization: A(1,) =n.

Definition 5.1.3. A positively homogeneous aggregation function is a function
A : R™ — R that satisfies the properties (A1), (A2), (A4) and (A5). If A satisfies
the properties (A1)-(A3) and the function fx from (A3) satisfies || fa(2)||p, < oo and
1 N (2)||lp < o0 for all Z € LP (||fxH(Z)||p < oo for all Z € LE. if Im fo = Ry ), we
call A a convex aggregation function.

Remark 5.1.4. If p = oo, the properties (A1)-(A3) imply that ||fo(Z2)|, < oo
and [[fyH(Z2)||, < oo for all Z € L (||fi1(2)||, < oo for all Z € L if Tm f) =
Ry ). Therefore, we do not have to claim these additional properties in the previous
definition in case of p = co.

It is well known that every convex and finite valued function on R” is continuous.
Thus, the convex aggregation function A is continuous and measurable. Note that
the fy-constancy property (A3) is similar to the f,-constancy property (S3), and the
motivation for both properties is the same: The value of the aggregation function
of an economy in which every firm has the same constant loss a € R is equal to
the value of f, : R — R in a. We will see in the decomposition theorem below
(see Theorem 5.2.1) that the constancy properties (R5), (S3) and (A3) are highly
dependent on each other. Moreover, the constancy properties are key properties that
enable us to drop the positive homogeneity property and to consider convex systemic
risk measures that are not necessarily positively homogeneous. At this point, it is
important to note that standard convex risk measures p defined in Chapter 4 satisfy
the translation property. In addition to this, many examples of standard convex
risk measures also satisfy p(0) = 0. Since these two properties imply p(a) = —a
for a € R, these standard convex risk measures satisfy the corresponding constancy
property on R. Nonetheless, if we consider single-firm risk measures in conjunction
with systemic risk measures, then the translation property, which is satisfied by all
standard convex risk measures, is not required any more (see again Theorem 5.2.1).
This is precisely the reason for changing the definition of convex single-firm risk
measures in this chapter compared to the standard approach in Chapter 4.

The following lemma clarifies why we claim the fj-constancy property for convex
aggregation functions.

Lemma 5.1.5. Let A : R® — R be a convexr aggregation function with ImA = R
[ImA =Ry]. Then A((LP)") = LP [A((LP)™) = LY ].

Proof. Let us suppose that Im A = R. The proof of the other case is analogous. Fix
X =(Xy,...,X,) € (LP)" and define the random variable Z¢ by

Zg(w) == max{X;(w),..., Xp(w)Ha(w) + min{X; (w), ..., X,(w)H ac(w)
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where A := {w € QJA(X(w)) > 0}. Then Z; € LP because the maximum and the
minimum of LP-integrable (bounded) random variables are LP-integrable (bounded).
The monotonicity property of A implies 0 < A(X(w)) < A(Zg(w)l,) for allw € A

and 0 > A(X(w)) > A(Zg(w)l,) for all w € A°. It follows

AX ()] < [AZg(W)ln)] = [fa(Zg(w))] for all w € Q

which yields E[|A(X)P] < E[|fa(Z%)[P] in case of p < oo and inf{r € R||A(X)] <
r} < inf{r € R||fa(Z5)| < r} in case of p = co. Since ||fa(Zg)|p < oo for all
Z € [P, we obtain

A lp < | £a(Zg)]lp < o0

But this means that A(X) € LP. Thus, A((LP)") C LP.

To prove the other inclusion, consider an arbitrary random variable X € LP. The
properties (A1)-(A3) imply the existence of the inverse function f,'. Therefore, we
can define the random variable Yx by

Yy (w) i= fy (X (w)) forwe Q.

Since ||fy'(Z)|, < oo for all Z € LP, we obtain that Yy € LP. The definition
of Yx implies fa(Yx) = X and the fj-constancy property of A yields A(Yx1,) =
fa(Yx) = X. This means that LP C A((LP)"™). Together with the first part of this
proof, we have A((LP)") = LP. O

The previous lemma, guarantees that for every X € LP, the image A(X) is again
an element in the space LP. On the other hand, the surjectivity of the real valued
function A is transferred to A considered as a mapping from (LP)" to LP.

Lemma 5.1.6. Let A : R" — R be a positively homogeneous aggregation function.
Then A also satisfies the fa-constancy property (A3). The corresponding function
fa is given by

an ifa>0

a(—A(-1,)) ifa<0 (5:1)

fala) = {

in case of Imn A =R and fx(a) = na™ in case of Imn A = R,.

Proof. For every positively homogeneous aggregation function A, we have A(al,,) =
alA(1,) = an for all a € R;. Therefore, Ry C ImA. If A(z) > 0 for all z € R”, then
monotonicity and positive homogeneity lead to 0 < A(al,) < A(0,) =0 for a < 0.
This means that fy(a) = na™.

If there exists z € R™ such that A(z) < 0, then there exists i € {1,...,n}
with z; < 0. If we define y := min;cqy ) Ti, then by monotonicity, we have
A(yl,) < A(z) < 0, and positive homogeneity implies A(yl,,) = (—y)A(—1,). Thus,
A(—1,) < 0 and Im A = R. It remains to prove that fy given by (5.1) is convex.
In other words, we have to show that —A(—1,) < n. But this inequality follows
from convexity and positive homogeneity of A, which imply that 0 = A(0,) =
A, + (—1,)) < A(1ln) + A(—1,). O
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Remark 5.1.7. Note that ||fA(Z)|, < oo and |y (2)||, < oo for all Z € LP
(IfxH(2)|lp < oo for all Z € LX if Tm fy = R.) are automatically satisfied if A is
a positively homogeneous aggregation function. As a consequence, every positively
homogeneous aggregation function is also a convex aggregation function. By repeat-
ing the same argument for systemic risk measures, we obtain that every positively
homogeneous systemic risk measure is also a convex systemic risk measure.

5.2. Structural decomposition

The aim of this section is to generalize the decomposition result in Chen et al. (2013)
for convex systemic risk measures defined on a general probability space. We will
see that each convex systemic risk measure is a composition of a convex single-firm
risk measure and a convex aggregation function. By the final remark in the previous
section, every positively homogeneous systemic risk measure is also a convex systemic
risk measure. Therefore, the positively homogeneous case considered in Chen et al.
(2013) can be regarded as a special case of our decomposition theorem for convex
systemic risk measures.

The proof of the decomposition theorem below is in several arguments similar
to the proof of Theorem 1 in Chen et al. (2013). Nevertheless, the extension from
positively homogeneous systemic risk measures to convex systemic risk measures
which are not necessarily positively homogeneous requires an application of Lemma
5.1.5, which is new in the context of convex systemic risk measurement. Since
this lemma strongly depends on the fj-constancy property of A, the constancy
properties (f,-constancy, fa-constancy and constancy of pg) play a key role in our
decomposition result for convex systemic risk measures.

Theorem 5.2.1 (Convex structural decomposition).

a) A function p : (LP)" — R U {400} with p(R™) = R is a convex systemic risk
measure if and only if there exists a convexr aggregation function A : R™ — R
with A(R™) = R and a convex single-firm risk measure py : LP — R U {+o0}
that satisfies the constancy property on R such that p is the composition of pg
and A, i.e.,

p(X) = (pooA)(X) forall X € (LP)".

b) A function p: (LP)" — RU {400} with p(R") = Ry is a convex systemic risk
measure if and only if there exists a convex aggregation function A : R™ — R
with A(R™) = Ry and a convex single-firm risk measure pg : LP — R U {+oo}
that satisfies the constancy property on Ry such that p is the composition of
po and A, i.e.,

p(X) = (poo A)(X) forall X € (LP)".
Proof. In case of part a), set R =S = R, and in case of part b), set R = R4 and

S = [b,00) for b € Ry. Let p be a convex systemic risk measure with f, : R = R
such that f, is surjective and strictly increasing on S. We define the function A by

A(z) := p(z) for x € R™ (5.2)
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Then the convexity property (A2) follows from the corresponding property of p since
Alaz + (1 = a)y) = plaz + (1 — a)y) < ap(z) + (1 — a)p(y) = aA(Z) + (1 — a)A(y)

for all z,y € R™ and a € [0, 1]. Similarly, monotonicity of p yields the monotonicity
property (A1) of A.
Because p satisfies f,-constancy, the following equality is satisfied for all a € R:

Aalyn) = plaln) = f, (a) .

By setting fj := f,, fa-constancy (A3) of A follows directly. Therefore, A(R") = R.
Furthermore, Lemma 5.1.5 gives A((LP)") = L? in case of a) and A((LP)") = L% in
case of b).

Now, let us define pg : A((LP)") = RU {+o0} by

po(X) := p(X) where X € (LP)" satisfies A(X) = X. (5.3)
Moreover, define pg : LP — RU {+o0} by

po(X) if A((LP)") = LP

po(XH) i A((7)") = L2 o4

po(X) = {

Then py is well-defined: For two economies X,Y € (LP)" with A(X) = A(Y), we
obtain

(V) (w) =
(V) (w) =

for a.e. w € Q. Furthermore, preference consistency of p implies that p(X) = p(Y).
In the following, we will show that py defined by (5.3) is monotone, convex and
satisfies constancy on R. Then it follows immediately that pp defined by (5.4)
satisfies the monotonicity property (R1), convexity (R2) and constancy on R (R5).
In order to prove the monotonicity property, consider X,Y € A((LP)") with

AX)=X,AY)=Y and X <Y. Then

> A
) o < A

p(X (@) = AX)(w) < AY)(w) = p(Y (w))

for a.e. w € Q, and preference consistency of p yields po(X) < po(Y').

It remains to prove the convexity property and constancy on R. First, let XY €
A((LP)") and @ € [0,1] and define Z := aX +(1—a)Y. Moreover, let X,Y, Z € (LP)"
be such that

po(X) = p(X),  po(Y) =p(Y), po(2) = p(Z)
where A(X) = X, A(Y) =Y and A(Z) = Z. Then we obtain
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for a.e. w € 1, and risk convexity of p implies

Po(Z) = p(Z) < ap(X) + (1 — a)p(Y) = apo(X) + (1 — a)jo(Y).

This means that gy satisfies the convexity property. Finally, note that for all @ € R,
there exists £ € R™ with A(Z) = a and po(a) = p(Z). Since a = A(Z) = p(z), we
obtain pg(a) = a for all @ € R. Therefore, py satisfies the constancy property on R.
The equality p = pg o A follows immediately from the definition of pg and A.

For the second part of the proof consider a convex aggregation function A with
fa : R = R that is surjective and strictly increasing on & and suppose that pg is
a convex single-firm risk measure with pg(a) = a for all @ € R. Monotonicity (S1)
and outcome convexity (S4a) of p are satisfied due to the corresponding properties
of po and A. To prove preference consistency (S2), consider X,Y € (LP)" with

(po 0 A)(X(w)) = p(X (w)) = p(Y (w)) = (po 0 A)(Y (w))

for a.e. w € €. Because py satisfies constancy on R and A(R") = R, we obtain
A(X(w)) > A(Y(w)) for a.e. w € Q. The monotonicity property of py leads to

p(X) = (po o M)(X) = (poo A)(Y) = p(Y),

which means that property (52) is satisfied. )
Now, consider X,Y,Z € (LP)" and a € [0,1] and suppose that p(Z(w)) =

ap(X(w)) + (1 —a)p(Y(w)) for a.e. w € Q. Since p = pg o A, this means

po(A(Z(w))) = apo(AX ())) + (1 = a)po(A(Y (w))) (5.5)

for a.e. w € Q. Note again that A(R") = R and pg (¢) = ¢ for all ¢ € R. Therefore,
Equation (5.5) yields

A(Z(w)) = aA(X (@) + (1 = a)A(Y (w))
for a.e. w € Q, ie., A(Z) = aA(X) + (1 —a)A(Y). The convexity property of pg
implies

p(Z) = po(A(2)) < apo(A(X)) + (1 = a)po(A(Y)) = ap(X) + (1 = a)p(Y).

Hence, p satisfies the risk convexity property (S4b). It remains to show the f,-
constancy property (S3). Since A satisfies the fj-constancy property and po(c) = ¢
for all ¢ € R, we have

plaly) = po(A(aly)) = fa(a) for all a € R.
But this means that f,-constancy (S3) is satisfied with f, := fa. O

Remark 5.2.2. In the previous proof Lemma 5.1.5 ensures that gy specified in
Equation (5.3) is a mapping defined on the entire space L? or on the entire space L%
respectively. In the positively homogeneous case studied in Chen et al. (2013), this
property is an immediate consequence of positive homogeneity and normalization.
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The following corollary addresses the positively homogeneous special case of The-
orem 5.2.1.

Corollary 5.2.3 (Positively homogeneous structural decomposition).

a) A function p : (LP)" — RU{4o00} with p(R™) =R is a positively homogeneous
systemic risk measure if and only if there exists a positively homogeneous ag-
gregation function A : R™ — R with A(R™) = R and a coherent single-firm risk
measure pg : LP — R U {400} such that p is the composition of py and A, i.e.,

p(X) = (poo A)(X) forall X € (LP)™.

b) A function p : (LP)" — RU{+o0} with p(R™) = R4 is a positively homogeneous
systemic risk measure if and only if there exists a positively homogeneous ag-
gregation function A : R™ — R with A(R™) = R4 and a positively homogeneous
single-firm risk measure pg : LP — R U {400} such that p is the composition
of po and A, i.e.,

p(X) = (poo A)(X) forall X € (LP)".

Proof. Note that every positively homogeneous systemic risk measure p is also a con-
vex systemic risk measure, and every positively homogeneous aggregation function A
is a convex aggregation function. Similarly, every coherent [positively homogeneous]
single-firm risk measure pg is also a convex systemic risk measure which satisfies
constancy on R [Ri]. Therefore, we can apply the convex decomposition theorem
(see Theorem 5.2.1).

First, let us suppose that p is a positively homogeneous systemic risk measure.
Then it remains to prove that A defined by (5.2) and pg defined by (5.3) are positively
homogeneous and normalized. Note that py defined by (5.4) inherits both properties
from pp. In case of part a), we additionally have to verify the translation property
(R3) for po = po.

Positive homogeneity (A4) and normalization (A5) of A follow directly from the
corresponding property of p. Moreover, A(1,/n) = (1/n)A(1,) = 1 and p(1,/n) =
(1/n)p(1y,) = 1 such that po(1) = p(1,/n) = 1, which means that jy is normalized.
Now, consider X € A((LP)") and X € (LP)" such that A(X) = X. Since A is
positively homogeneous, we have A(aX) = aA(X) = aX for all « € R,. Hence, the
positive homogeneity property of p implies po(aX) = p(aX) = ap(X) = apo(X) for
all a € Ry.

To prove the translation property (R3) in case of part a), note that we know
from Theorem 5.2.1 that pp (a) = a for all a € R. Since py is convex and positively
homogenous, pg is also subadditive (see Remark 4.1.2). It follows for X € LP and
all a € R that

po(X + a) < po(X) + po(a) = po(X) +a and
po(X +a) = po(X — (=a)) = po(X) — po(—a) = po(X) + a.

This means that pg satisfies the translation property (R3).
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For the second part of the proof it remains to show the normalization property
(S6) and positive homogeneity (S5). Obviously, p is positively homogeneous since A
and pg satisfy the corresponding property. Finally, pg has the positive homogeneity
and the translation property in case of a), and pg is positively homogeneous and
satisfies pp(1) = 1 in case of b). Therefore, we have pg(a) = a for all @ € R in both
cases. This property together with the normalization property of A yields that p is
normalized. O

Remark 5.2.4. In the first part of the proof of the previous corollary we have
shown that every positively homogeneous single-firm risk measure py which satisfies
constancy on R also admits the translation property. Consequently, an alternative
formulation for part a) of Corollary 5.2.3 is the following:

a’) A function p : (LP)" — RU{+o0} with p(R") = R is a positively homogeneous
systemic risk measure if and only if there exists a positively homogeneous ag-
gregation function A : R™ — R with A(R™) = R and a positively homogeneous
single-firm risk measure py : LP — R U {400} that satisfies the constancy
property on R such that p is the composition of pg and A, i.e.,

p(X) = (pooA)(X) forall X € (LF)™.

5.3. Examples of systemic risk measures

In this section we provide examples of convex and positively homogeneous systemic
risk measures. Since the positively homogeneous systemic risk measures considered
in Chen et al. (2013) are special cases of our convex systemic risk measures, we can
carry over their examples to our setting. Nevertheless, our systemic risk measures
do not necessarily have to be positively homogeneous such that we can add com-
pletely new examples. We will see that all examples in the subsequent section are
based on the decomposition results above. This means that we construct convex
[positively homogeneous] systemic risk measures by defining the corresponding con-
vex [positively homogeneous| single-firm risk measure and the corresponding convex
[positively homogeneous] aggregation function.

Example 5.3.1. The first possibility to obtain a simple positively homogeneous
aggregation function is to sum up the losses/ profits of each firm ¢ € {1,...,n}. The
resulting aggregation function Agum, : R™ — R is given by

Asum(7) ==Y _ ;. (5.6)
=1

Note that Agum is a linear function. We can generalize this positively homogeneous
aggregation function by considering A,g : R™ — R defined by
Aot (Z) = bz+c¢ forbeR™b>0, and c € R.
We know from Example 4.5.2 that the Average Value at Risk is given by
AVaR ) (X) = Jnax Eg[X] forall X € LP and A € (0, 1] (5.7)
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where Q) is the set of all probability measures QQ which are absolutely continuous
with respect to P and satisfy dQ/dP < 1/X P-a.s. Note that we interpret Xi,..., X,
as losses while in Example 4.5.2 the perspective is reversed. This explains why we
have Eg[X] instead of Eg[—X] in representation (5.7).

If we now consider the corresponding composition, then we obtain the positively
homogeneous systemic risk measure

pseM(X) := AVaR, (Z Xi> for X € (LP)" and X € (0, 1].
i=1

This risk measure, also referred to as Systemic Fxpected Shortfall, has already been
discussed in Acharya et al. (2010). Nevertheless, Chen et al. (2013) point out that
a financial regulator, in general, does not want to compensate the losses of one firm
with the profits of another. In conclusion, the positively homogeneous systemic risk
measure psgM 1S not an appropriate choice to meet these specific demands.

In the next example we provide a positively homogeneous aggregation function
that covers the criticism above. Moreover, by considering this positively homoge-
neous aggregation function in conjunction with a convex systemic risk measure, we
obtain a first example of a convex systemic risk measure which is not positively
homogeneous.

Example 5.3.2. Let the positively homogeneous aggregation function Aj,gs : R" —
R be defined by

Aloss (T) := Zn::fj. (5.8)
i=1

Since this aggregation function sets all profits equal to 0, it is not possible to cross-
subsidize the losses of one firm with the gains of another. The previous aggregation
function defined in (5.8) can be modified by introducing a lower bound which is
not necessarily equal to 0. In this case, we obtain the convex aggregation function
Apjoss : R™ — R, defined by

n

Ab,loss(i') = Z(-i'z — b)+ for b € R+.
=1

If this convex aggregation function is applied, then the losses above b are aggregated
only. Since Ay o is convex but not positively homogeneous and Im A = R, these
aggregation functions are covered by the second part of Theorem 5.2.1.

In order to define a convex systemic risk measure, we can use the aggregation
function A in conjunction with the distortion entropic risk measure defined in
Example 4.5.4. This convex single-firm risk measure is given by

1
P87 (X) = —logE,[e?¥] for X € L™ and v > 0
gl
where E, denotes the distorted expectation for a nondecreasing function g : [0, 1] —

[0,1] with ¢g(0) = 0 and g(1) = 1. Together with the positively homogeneous ag-
gregation function defined in (5.8), we obtain the distortion entropic systemic risk
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measure

1 n o _
Po(X) = ~logB, [ 2 X|  for X € (L%)" and 7 > 0. (5.9)
Y

This systemic risk measure is convex but not positively homogeneous. This follows
from the fact that the underlying distortion entropic risk measure p{”" is not posi-
tively homogeneous. Finally, note that the f, -constancy property is satisfied with
F1p(@) = fape (@) = na* for a € R

Another critical property, which has already been pointed out in Chen et al.
(2013), is that both positively homogeneous aggregation functions Agym and Ajess
do not distinguish between large losses and small losses. As a consequence, one
large loss is as bad as several smaller losses summing up to the same amount. The
following two examples consider convex aggregation functions without this property.

Example 5.3.3. It seems to be reasonable that a financial regulator strongly prefers
several smaller losses against one large loss. Then the convex aggregation function
Aexp : R™ — R defined by

n

Aeop(@) 1= 3 (™ = 1) for >0
i=1

is a possible choice. Here, the regulator penalizes losses exponentially, and hence the
convex aggregation function Aeyp, is not positively homogeneous. The corresponding
function fa,,, is given by fa, (a) = n(e7" —1) for a € R. Since Agyp(X) € L for
all X € (L>)", this convex aggregation function is suitable for convex systemic risk
measures defined on (L*°)"™. As in the previous examples, this aggregation function
does not allow the compensation of losses of one firm with gains of another.

Example 5.3.4. Let us consider the piecewise linear convex aggregation function
Aplin : R™ — R defined by

where A : R — R, is given by

0 for x <0
Az) =4 ax for0<z<ec
b(x —c)+ac forz>c

with 0 < a < b and ¢ > 0. Again, this convex aggregation function is not positively
homogeneous. Furthermore, by applying the aggregation function Apj,, we distin-
guish between losses being below or above the barrier ¢: If a loss increases above
¢, then we pay greater attention to those losses. This is implemented by increasing
the slope of the convex aggregation function Apjy.



118 5. Static systemic risk measures on general probability spaces

The following example has already been discussed in Chen et al. (2013) and is
motivated by the clearing model of Eisenberg and Noe (2001).

Example 5.3.5. Let us consider a financial network consisting of n nodes. These
nodes represent the different firms that are interconnected by the matrix II =
(ILij)s jequ,...,ny denoting the interfirm liabilities. For every firm i € {1,...,n}, II;;
is the proportion of its total liabilities that firm ¢ has to pay to firm j. We suppose
that an external regulator is able to intervene in the system by injecting capital. As
usual, we interpret £ € R" as the realized loss, i.e., T; represents the loss of firm
i €{1,...,n}. To cover these losses, each firm has two options: The first possibility
is to receive money (the amount b;) from the regulator; the other possibility is to
reduce payments to other firms (by y;). However, reducing the payments to other
firms leads to new losses of these firms. More precisely, firm j additionally loses the
amount II;;y;.

In this context, the following function measures the “net systemic cost of the
contagion” (Chen et al. (2013), p. 1380):

Acm(Z) == min {Z Z} forz € R" and v > 1 (5.10)
(7,b)e AT —

where A7 is defined by

n
AT = {(y,b) € R:l_ X Ri“)z +yi >z + Zﬂjigj forallie {1,...,n}}.
j=1
Moreover, we can normalize Acy to
ACM(:I:) n
ACM(ln

Acm(z) = for z € R".

By varying the parameter v in Equation (5.10), a regulator can balance between
losses arising from payment reductions between counterparties (> 1" ; ¥;) and the
costs of supporting the system by injecting new capital (37 b;).

The function Agy is a positively homogeneous aggregation function in the sense
of Definition 5.1.3. This can be verified as follows:

The normalization property (A5) is obvious. To show positive homogeneity (A4),
fix x € R" and a > 0. Then

alom(Z) = (z/artlza/lanem {Z Zi 701} = Acm(ax)
and Ao (0-2) = f\CM(On) =0=0-Acu (z). Hence, Acw is positively homogeneous,
which implies positive homogeneity of Acyg.

Now, note that if Z,0 € R™ with > o, then A® C A” since every (,b) € A®
satisfies b; + 7; — Z’;:l IL;y; > ; > v; for all i € {1,...,n}. It follows directly that
ACM( ) > ACM( ), which means that Acy satisfies the monotonicity property (Al).
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Similarly, if (Z,¢) € A*® and (w,d) € A= for Z,5 € R™ and a € [0,1], then the
following inequality holds for all i € {1,...,n}:

n
(@ + di) + (Zi +wi) > azi + (1 — a)v; + Y ji(Z + wy).
j=1

It follows that (2 + w,¢+ d) € A +(1=9)? "and thus we obtain for all Z,7 € R” and
a € [0,1] that

Acm(az +(1—a)p) =  min {Z Yi +7b1}
=1

(g’b)eAai+(1—a)17

n
<  min {Z Z + ;) + (e + dy) }

(Z C)GA“I ('Ll) d)eA(l—a)v Pt

= mlgm{ZZzﬂ@} it {; }

(w,d)c Al=a)v
= aACM(:):) + (1 — a)ACM(v).

Therefore, Acy satisfies the convexity property (A2).

5.4. Representations of systemic risk measures

This section is dedicated to different representation results for convex and positively
homogeneous systemic risk measures. After defining the acceptance sets of a convex
systemic risk measure, we first provide a primal representation which clarifies the
connection between these acceptance sets and the convex systemic risk measure.
Then, based on this primal representation, we deduce a dual representation result.

From now on, we consider convex [positively homogeneous| systemic risk measures
p = po o A with convex [positively homogeneous| single-firm risk measure py and
convex [positively homogeneous| aggregation function A. This means ImA = R or
ImA =Ry and pg : LP — R U {+o0}. Because of the decomposition results (see
Theorem 5.2.1 and Corollary 5.2.3), pp satisfies constancy on R in case of ImA = R
and constancy on R, in case of ImA = R;.

Definition 5.4.1. The acceptance sets of the convex systemic risk measure p =
po © A with convex single-firm risk measure py and convex aggregation function A
are given by

Ay = {(r, X) € RxLP|r > po (X)} and Ap:={(Y,Z) € LPx(LP)"|Y > A(Z)}.

Before we study the connection between these acceptance sets and the correspond-
ing convex systemic risk measure in detail, let us define the following properties for
a subset of a linear vector space X x ).

Definition 5.4.2. Let X and Y be two linear spaces. A set S C X x Y satisfies the
monotonicity property if (z,y1) € S, yo € Y and y1 > yo imply (x,y2) € S. A set
S C X x Y satisfies the epigraph property if (z1,y) € S, x9 € X and xo > 1 imply
(z2,y) €.
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Proposition 5.4.3. Suppose that p = pgo A is a convex systemic risk measure with
convex single-firm risk measure py and convex aggregation function A. Let A,, and
Ap be the corresponding acceptance sets.

1. A,y and Ay satisfy the following properties:

a) Ay, and Ay satisfy the monotonicity property.

b) Ay, and Ap satisfy the epigraph property.

c) Ay, and Ap are convex sets.

d) (a,a) € Ay, with inf{r € R|(r,a) € Ay} = a for all a € ImA and
(fala),aly) € Ap with essinf{Y € LP|(Y,al,) € Ap} = fa(a) for all
a € R.

If p = po o A is a positively homogeneous systemic risk measure, then the
following properties are additionally satisfied:

e) Ay, and Ap are cones.
f) (n,1,) € Ap with essinf{Y € L?|(Y,1,) € Ap} = n.

2. p admits the so called primal representation
p(X) =inf{r e R|(r,Y) € A, (Y, X) € Ay} forall X € (LP)"  (5.11)
where we set inf () := +oo0.

Proof. The monotonicity properties, the epigraph properties, convexity and the
properties in 1.d) follow directly from the properties of py and A. Similarly, positive
homogeneity and normalization of pg and A imply the additional properties in case
of positively homogeneous systemic risk measures. It remains to prove the primal
representation.

We know that pg is for all X € LP representable by

po (X) =inf{r € Rjr > pg (X)} = inf{r e R| (r,X) € Ay, }.
Analogously, we obtain for all Z € (LP)"
A(Z) = essinf{Y € LP|Y > A(2)} = essinf{Y € LP|(Y,Z) € Ap}.

Together with the equality p = po o A, the previous representations imply that for
all X € (LP)", we have

p(X) = inf{r € R|r > (po o A)(X)} = inf{r € R|(r, A(X)) € Ay, }

= inf{r € R|(r,essinf{Y € L?|(Y, X) € Ap}) € Ay, }-

Finally, representation (5.11) follows from the monotonicity property of A, . O

In the following proposition we start with subsets of R x L? and R x R™ and
study in which cases these sets induce convex or positively homogeneous systemic
risk measures.



5.4. Representations of systemic risk measures 121

Proposition 5.4.4. Assume that 0 # B CR x L? and ) # C C R x R"™ and define

o8 (X) :==inf{r e R|(r, X) € B} for X € LP,

AC(Z) == inf{r € R|(r,Z) € C} for z € R™
Suppose that inf{r € R|(r,X) € B} > —oo for all X € LP and inf{r € R|(r,z) €
C} > —oo for all x € R™. Moreover, let B be such that there exists r € R with

(r,0) € B and let C be such that for all x € R"™, there exists r € R with (r,z) € C.
Then the following statements are satisfied:

1. If B and C satisfy the monotonicity property, then pOB and A€ are monotone.

2. If B and C are convex, then pOB and AC are conver.

3. If B and C are cones, then pg and AC are positively homogeneous.

4. If (1,1) € B with inf{r € R|(r,1) € B} =1 and (n,1,) € C with inf{r €
R|(r,1,) € C} = n, then p§ and AC are normalized.

5. If (a,a) € B and inf{r € R|(r,a) € B} = a for all a € R, then p§(a) = a.

6. Define fe(a) := inf{r € R|(r,al,) € C} for all a € R and suppose that the
function fe : R — R is surjective. Then A€ satisfies fo-constancy with fyc =

fe.

In particular, if B and C satisfy all of the properties from 1.-5., then pC : (LP)" —
R U {400} defined by

PPC(X) :==inf{r e R|(r,Y) € B,(Y,X) € Ayc} for X € (LP)" (5.12)

(where Axc is the acceptance set of A€) is a positively homogeneous systemic risk
measure with pB€ = pg o AC. If B and C satisfy the properties from 1., 2., 5. and
6. and ||fc(Z)Hp < oo and ch_l(Z)Hp < oo for all Z € LP, then pBC defined in
(5.12) is a convex systemic risk measure with pP¢ = pB o AC.

Furthermore, B is a subset of APOB, and C is a subset of Ajc.

Proof. First, let B satisfy the monotonicity property and consider X,Y € LP with
X >Y. Then
{reR|(r,X)eB}Cc{reR|(rY)eB},

which implies that p5 (X) > pB (Y). If the set B is convex, then it follows for
X,Y € L? and a € [0, 1] that

p5(aX + (1 —a)Y) =inf{az+ (1 —a)y € Rla(z,X)+ (1 —a)(y,Y) € B}
<inf{az+(1—a)y e R|(z,X),(y,Y) e B} =ap5 (X)+ (1 —a)p5 (V).

This means that pg is convex. Now, suppose that B is a cone and let a > 0 and
X € LP. Then we have

,olog(aX) = inf {ar € R|(ar,aX) € B} <inf{ar e R|(r,X) € B} :apf)3 (X).

For the other inequality consider z < p§(X) = inf{r € R|(r,X) € B}. Then
(r,X) ¢ B, and thus (az,aX) ¢ B. Tt follows that az < p5(aX) and finally
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pE(aX) = ap§(X). In conclusion, p§ satisfies p5(aX) = apB(X) for all X € LP and
a > 0. This implies p§(0) = p§(a -0) = ap5(0) for all a > 0. Since p§(0) < oo due
to the assumptions on B, this means that p§(0) = 0. Altogether, p§ is positively
homogeneous.

By using the same arguments, we can show that A€ inherits monotonicity, con-
vexity and positive homogeneity from the corresponding properties of C.

Note that part 4, part 5 and part 6 are trivial and that the assumptions on C
imply that A€(Z) = inf{r € R|(r,7) € C} € R for every # € R". Now, suppose that
all of the properties from 1.-5. are satisfied. Then we can consider A€ as a mapping
on (LP)™ that maps into LP, and the composition of p§ and AC leads to

(p§ o A®)(X) = inf{r € R|(r, A°(X)) € B}
— inf{r € R|(r,essinf{Y € LP|(Y, X) € Ac}) € B}
=inf{r e R|(r,Y) € B, (Y, X) € Axc} (5.13)

for X € (LP)". Remark 5.2.4 implies that pB€ is a positively homogeneous systemic
risk measure. Similarly, if the properties from 1., 2., 5. and 6. are satisfied and
ch(Z)Hp < oo and ||f51(Z)||p < oo for all Z € LP, then it follows from (5.13) and

Theorem 5.2.1 that pB€ is a convex systemic risk measure.
It remains to show that B C APOB and C C Ajc. To this end, consider (z, X) € B.

By definition of pf, this implies p5 (X) < 2. Since A = {(r,X) € Rx LP|r >
pE (X)}, we can conclude that (z, X) € Apg. The inclusion C C Apc is verified
analogously. O

The dual representation of convex systemic risk measures requires additional con-
tinuity properties of the convex single-firm risk measure py and the convex aggre-
gation function A. More precisely, pg is supposed to be lower semicontinuous and
A, considered as a mapping on (LP)", is supposed to be continuous. Note that in
Chen et al. (2013) single-firm risk measures are convex functions from Rl to R and
aggregation functions map from R™*€l into R where (2 is a finite probability space.
Since all finite, convex functions on R™, m € N, are continuous, Chen et al. (2013)
do not need to claim any additional properties in their dual representation result.

In the subsequent theorem we consider the dual representation result for convex
systemic risk measures. Thereafter, the positively homogeneous case can be deduced
as a special case. In what follows, we need the indicator function t¢ : X — RU{+o00}

defined by
0 forzxef
te(x) = {

oo else
where £ C X is a subset of a linear vector space X.
Theorem 5.4.5. Suppose that p = pg o A is a convex systemic risk measure char-

acterized by a l.s.c. convexr single-firm risk measure py and a convex aggregation
function A that is continuous on (LP)"™. Then p admits the representation

p(X) = sup {ZH:E[X@]—%(E,E)} for all X € (LP)"  (5.14)
(€O x (@)™ li=l
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where ay, @ (LP)* x ((LP)")* — RU {+o0} is given by

n

an(€,€) = sup {7“ +E[(Y - V)¢l + ZE[Zi&]} : (5.15)

(T,Y)EApO,(V,Z)EAA =1

In addition, a feasible solution (£,€) € (LP)* x ((LP)™)* to optimization problem
(5.14) satisfies )
£>20, E[]<1 and §>0.

If additionally p(R™) = R, then we obtain E[§] = 1.

Remark. Note that in case of p = oo, E[¢] < 1 means [1d¢ = ¢[Q] < 1. If ad-
ditionally p(R™) = R, then we obtain &[] = 1, which means that £ : F — [0, 1]
is a finitely additive set function which is absolutely continuous with respect to P
and normalized to 1. In other words, £ € My f(P). In case of p(R") = R and
1 < p < oo, the first component of a feasible solution (£,&) to (5.14) represents a
density function.

Proof. Fix X € (LP)*. Part 1: First of all, we will verify representation (5.14).
Since every convex systemic risk measure admits the primal representation from
Proposition 5.4.3, we have

p(X) =inf{r e R|(r,Y) € A, (Y. X) € Ap}

- (T,Y)iélﬂngp{r T LAy, (Ta Y) +ta, (K X)}

By definition, the convex conjugate LZPU ‘R x (LP)* - R of v A,, satisfies

G (-5 = swp {—re+EYVE - g, (nY)} = sup {—re+E[VE]}
o (r,Y)ERXLP (rY)EAp,

for (z,£) € R x (LP)*. Note that 14, is convex because A, is convex. Moreover,
since py is assumed to be Ls.c., we know that 14, is closed. It follows from the
duality theorem for conjugate functions (see Theorem A.2.9) that

L, (rY)= sup {ra+E[Y¢ -y (2,8)}
(z,€)ERx (LP)* 0

= sup  {-ra+E[VE -y, (-2,9)}
(z,£)ERX(LP)*

for all (r,Y) € R x LP. Similarly, the convex conjugate ¢% : (LP)* x ((LP)")* = R
of 14, satisfies

ta, (=, 8) = sup {—E[VW + ZH:E[ZZE}] — 14, (V, Z)}

(V,Z)eLP x(LP)™ i=1

= sup {—E[V¢] + i E[Zzgz]}

(sz)EAA
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for (—1p,€) € (LP)* x ((LP)™)*. Furthermore, the continuity property of A implies
closedness of A, which means that the convex function ¢ 4, is closed. Therefore,

wa, (Y, X) = sup {—E[Y¢] + > E[X:&] - LfAA(—@Z),ﬁ)}
(W, 8)e(LP)*x ((LP)"™)* i=1

for (Y,X) € LP x (LP)". Together, we obtain that the systemic risk measure p
satisfies

p(X) B (r,Y)iélﬂngp{T + L'APO (T’ Y) + LAA (Y’ X)}
= inf su r—rx + E|Y¢ — E|[YY] + EX'Z._.
(YIERXLY (o g)emx(Lr)", { vl Rl ; it

(V. E)E(LP)* x((LP)™)*

_Lf‘lpo (—l’,f) LAA }
= sup inf r—rx +E[Y¢] —E[Yy] + Z [X;&]
gx,f)eRX(LP)*, (r,Y)ERXLP Pt
(P, ) €(LP)* X ((LP)™)*
i () — i } (5.16)

sup {ZE[XZ&] — Lf4p0 (-1,¢) — L;A(—g,é)} )
(LEERX(LP)", i—1
(&) E(LP)* < ((LP)"™)*

We are allowed to interchange infimum and supremum in (5.16) due to Lemma 5.4.6.
Representation (5.14) follows directly from

Ui,y (—1.6) + 4, (=€,€) = sup {—7’ +E[(Y - V)¢l + ZE[Zif_i]}
(rY)eAp,(V,Z)EAp i=1
= an(ﬁ,é)

Part 2: In this part of the proof we will verify the claimed properties of feasible
solutions to optimization problem (5.14). In case of p < oo, assume that there exists
A € F with P[A] > 0 and &€ < 0 on A. We will show that this implies a,, (&, &) = oo
Consider an arbitrary element (r,Y) € Ay, and define Zy,,) € L? for m € N by
Ziymy = (=Y =m)la + YIse. Since Y > Zy,,,), the monotonicity property of
Ao yields (7, Ziy.m)) € Ay, for every m € N. Moreover, we have

E[Z(v,m)€] = E[(=|Y| = m)&La] + E[Y {1 4e] = E[(—]Y] — m)S|AJP[A] + E[Y'§Lac].

Because E[(—]Y| —m){|A]P[A] > 0 and E[Y (/4] € R, letting m tend to oo leads to
limyy, 00 E[Z(y,m)€] = 00, and therefore o, (§,£) = oo. In conclusion, it suffices to
consider £ > 0 in optimization problem (5.14).
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Similarly, considering an element & € (LP)™ that satisfies éj <Oonaset AecF
with P[A] > 0 for j € {1,...,n} leads to ay,(&,€) = co. This means that £ > 0.

If p = oo, assume that there exists A € F with P[A] > 0 and {[A] < 0. Consider
again an arbitrary element (r,Y) € Ay, and define Zy,,y € L™ by Zyn) =
(=Y |loc = m)Ia — ||Y||oclac(< Y). The monotonicity property of A, implies that
(7, Z(y,m)) € Ay, for every m € N. Furthermore, we have [ Zy )dé = (=Yoo —
m)E[A] = [|Y]|c0§[A], and boundedness of § yields [{[A€]| < Mg for some M(¢) € R.
Therefore, we obtain limy, e [ Z(y,myd§ = oo, which implies an(€,€) = co. In
conclusion, we only have to consider £ > 0. £ > 0 follows analogously.

From now on, let 1 < p < oo. Assume that £ € (LP)* is such that —1 + E[¢] > 0.
From the constancy property of pg we know that (A, A) € A, for all A > 0. Moreover,
we have limy_oo(—A + E[A¢]) = limy00(A(—1 4+ E[¢])) = oo, which implies that
an(€,€) = co. Therefore, it suffices to consider & € (LP)* with E[¢] < 1.

Finally, suppose that p(R") = R and let £ € (LP)* be such that 1 —E[{] > 0. The
constancy property of pg implies that (=X, —\) € A, for every A > 0. Furthermore,
we have limy_,o0 (A — E[A]) = limy 00 (A(1 — E[{])) = co. Together, it follows that
an(€,€) = 0o, and hence E[¢] > 1. O

Lemma 5.4.6. Suppose that the requirements from Theorem 5.4.5 are satisfied.
Define X := R x LP and U := R x LP x LP x (LP)" and consider the paired spaces
(X, X%) and (U,U*). If1 < p < oo, the spaces X, X* U and U* are endowed with
the corresponding norm topology. If p € {1,00}, then we endow X and U with the
corresponding norm topology and X* and U* are endowed with the weak* topologies
o(X*, X) and o(U*,U), respectively. Let X € (LP)" and K : X xU* — R be defined
by

K((r,Y) (0,6,6,8)) = r—ra+EY € -B[Y 4]+ X&)k, (~2,6)~i, (~,8)

=1

Then we have

inf  sup  K((nY),(z.69,6) = suwp inf K((rY),(z,&9,9).
(V)X (@6 et (@ eus (MYIeX
Proof. Fix X € (LP)". First, note that for every (r,Y) € X, K ((r,Y),-) is up-
per semicontinuous (u.s.c.): This follows from continuity of the linear functional
(x,&,¢,8) = r—rez + E[Y¢] — E[Yy] + >, E[X;&] and closedness (lower semi-
continuity) of Lf4p0 and ¢% ; see, for instance, Theorem 5 in Rockafellar (1974) (see
Theorem A.2.9). Moreover, K is concave in the second argument since (z,6,9,8) —
r—rz+EY¢ —EYy] + 3L E[X;6] is linear and ty,, and ty, are convex; see
again Theorem 5 in Rockafellar (1974). By Theorem 6 in Rockafellar (1974) (see

Theorem A.2.12), K is the Lagrangian of the minimization problem “minimize f
over X” where f is given by f(r,Y) = F((r,Y),0,43) for F : X xU — R defined by

F((r,Y),(s,V. X, Z))

= Sup {K((T‘, Y)>(337§,¢a€)) —Sl‘—E[Vg] _E[X¢] _zn:E[Zzgz]}

3 i=1

("E7£7w75) eu*
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Moreover, Theorem 6 in Rockafellar (1974) states that F'((r,Y),-) is closed and
convex. In addition, F satisfies for (r,Y) € X and (s,V, X, Z) e U

F((r,Y),(s,V, X, Z))

— sup {T‘ —re+E[YE] - E[YY] + ZE[XZEZ] - Lf4p0 (—2,8) — 14, (=7, f_)
(z,€,,8)eU* i

— sz —E[VE] - E[Xy] — zn:E[Z&]}

=7+  sup {—(r+s)x+E[(Y—V)§] —E[(Y + X)y]
(z.€0,8)eU*

+ZE ~ Zi)&i] — i, (—x,f)—LZA(—dJ,&_)}

=r+  sup {~(r+e)z+E[Y - V)E -, (~2,6)}
(z,6)ER X (LP)* 0

+  sup { -E[(Y + X)¢ +ZE — Zi)&) - Lfc\,\(@b,f)}
(W, E)E(LP)* x ((LP)™)*

=744, (r+sY -=V) +ua, (Y + X, X — Z).
Hence, F' is convex in both arguments. Define the convex function ¢ by

50(57‘/7X>Z) ::( 1n)f F((T‘,Y),(S,V,X,Z))

= %%f {r+ia,(r+sY— V)+ua, Y +X,X - 2)}
for (s,V,X,Z) € U. Since Ay, = {(r,X) € R x LP|r > po (X)} and Ay = {(Y, Z) €
LP x (LP)"|Y > A(Z)}, we obtain for ¢ that

o(s,V, X, Z) = (T7%%£X{T+LAPO(T+S’Y_V)+LAA(Y+X’X_Z)}
zirelﬂg{r—FLApo(r—Fs,A()_(—Z) -X-V)}
— (MK —Z)— X~ V) -

Note that po(0) = 0 because pg satisfies the constancy property. This implies that
©(0,0,A(X — Z),Z) = 0, and therefore ¢ is proper. It follows that ¢ is closed
if ¢ is l.s.c. Hence, if we can show that ¢ is L.s.c., then it follows from Theorem
7 in Rockafellar (1974) (see Theorem A.2.13) that we are allowed to interchange
supremum and infimum. We will show that the function ¢ : (V, X, Z) > po(A(X —
Z) — X — V) is Ls.c., which implies the desired lower semicontinuity property of
¢ immediately. Consider a sequence (V(;,), X(m), Z(m)) C LP x LP x (LP)™ with
(Vimys X(m)s Zimy) — (V. X, Z) in LP x LP x (LP)". Because X — Z(y) — X — Z in
(LP)™, the continuity property of A implies A(X — Z( )) — AX —Z)in LP. As a
consequence, we have

A(X—Z(mﬂ—X(m)—‘/(m)%A(X—Z)—X—V in LP.
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Finally, lower semicontinuity of py yields

oV, X,Z) =po(M(X - Z) - X —V)
< lim inf po(A(X = Z()) = X(m) = Vim)) = liminf o(Vi), X(n), Z(m))

which means that o is l.s.c. O

Remark 5.4.7. Theorem 5.4.5 holds for convex aggregation functions A satisfying
LP-continuity. Alternatively, we could claim 1-Lipschitz continuity for A : R — R
because this property implies the required LP-continuity.

This implication can be verified as follows: Suppose that the convex aggregation
function A : R® — R is 1-Lipschitz continuous, ie., |A(Z) — A(y)| < ||z — g =
Sy |® — il for all z,5 € R", and consider a sequence (X(,,)) C (LP)" with

Xim)y — X in LP. First, let us suppose that p < oco. Since A is measurable, 1-
Lipschitz continuity and Holder’s inequality yield

n n 1/p
IA(X () — AX)| <Y 1(X(my)i — Xi| < nlem D/ (Z [(Xm))i — Xz'|p> :
i=1 =1

As a consequence, we obtain

A () ~ A = EA(K () — A7)

<n’'E [Z |(X(my)i — XilP
=1

=" (X my)i = Xill
i=1

NOW, letp = oo. Then ‘A(X(m))—A(X)‘ < Z?:l \(X'(m)),—f(,] and ||YHOO = inf{r S
RIJY| < r} for Y € L* imply

A ) = A oo < D_M1(Xpm))s = Xill
i=1

Thus, H)Z'(m) - )_(Hp — 0 leads to HA()_((m)) — A()_()Hp — 0 for all p € [1, 00], which
means that A is LP-continuous.

The following remark connects the previous theorem with the positively homoge-
neous special case.

Remark 5.4.8. Suppose that the function f, : R — R (see property (A3)) is
positively homogeneous. Note that this does not automatically imply positive homo-
geneity of the corresponding convex aggregation function A. Then every feasible

solution (&,&) € (LP)*x ((LP)™)* to optimization problem (5.14) additionally satisfies

iE[é] < fa(DE[E]. (5.17)
=1

The proof of this inequality is similar to the proof of_’IE[f] < 1: Suppose that (§,€) €
(LP)* x ((LP)™)* is such that — fa(1)E[¢] + i  E[&] > 0. Since A(A1,) = fa(A) =
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Afa(1), we have (Afp(1),A1,) € Ay for every A > 0. Hence, limy 00 (—E[Afa(1)&] 4+
1 EG]) = limy oo (A= fa(DEE] 4321 E[&])) = oo implies that a, (€, &) = oo.

As a consequence, we only have to consider (&,&) € (LP)* x ((LP)™)* with (5.17).
If we additionally assume that A is positively homogeneous, then it follows from

the normalization property that f)(1) = A(1,,) = n. Therefore, in case of a positively

homogeneous aggregation function A, we obtain

S E(E] < nE[¢

i=1
for every feasible solution to optimization problem (5.14).

In the following dual representation result for positively homogeneous systemic
risk measures the following sets play a key role:

AL = {(x,9) € R x (LP)*|ra — E[Y¢)] > 0 for all (1Y) € Ay},

n
Al = {(g,g‘) € (LP)* x (LP)")* |E[VE] = Y E[Z&] > 0 for all (V, Z) € Ay } :
i=1
Theorem 5.4.9. Suppose that p = pgo A is a positively homogeneous systemic risk
measure characterized by a l.s.c. positively homogeneous single-firm risk measure pg
and a positively homogeneous aggregation function A that is continuous on (LP)™.
Then p admits the representation

p(X) = sup En:IE[X,g]] for all X € (LP)™. (5.18)

In addition, a feasible solution (£,€) to this optimization problem satisfies

£€>0, E¢]<1, £€>0 and Zn:IE[&] < nE[¢].
=1

If additionally p(R™) = R, then we obtain E[¢] = 1.

Proof. Since every positively homogeneous systemic risk measure p which is a com-
position of a positively homogeneous single-firm risk measure py and a positively
homogeneous aggregation function A is also a convex systemic risk measure which is
a composition of the convex single-firm risk measure py and the convex aggregation
function A, we can apply the convex dual representation result (see Theorem 5.4.5).
As a consequence, p admits the representation

p(X) = sup {Z E[X&] — an(§,§_)} for all X € (LP)"
(&)e@P) x((LP)")* li=1
where a, : (LP)* x ((LP)")* — R U {400} is given by
an(€,€) = sup {—r +E[(Y = V)¢ + ZE[Zifi]} .
(rY)eAp,(V,2)eAN i=1
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According to Proposition 5.4.3, positive homogeneity of pp and A implies that A,
and A are cones. Then we can easily verify that

an(§,€) =

- {o if (1,6) € A3, and (6,6) € A} (5.19)

oo otherwise

In case of (1,€) € A} and (&,€) € Ai, we have —r +E[(Y = V)¢ + 3" E[Z:&] <0
for all (r,Y) € A,, and (V,Z) € Ay. Since pp(0) = 0 and A(0,) = 0, we obtain
an(€,€) = 0. On the other hand, suppose that (1,&) ¢ A5 . Then there exists
(r,Y) € Ay, such that —r 4+ E[Y'{] > 0. Moreover, we have A (r,Y) € A, for A >0
because A, is a cone. But this implies that (€, €) = co. The same argumentation
applies if we suppose that (&,€) ¢ AL

Since (5.19) leads to representation (5.18), it remains to prove the assertions for
feasible solutions to optimization problem (5.18). But these follow from Theorem
5.4.5 and Remark 5.4.8, which completes the proof. ]

Remark 5.4.10. According to Corollary 2.3 in Kaina and Riischendorf (2009),
convex single-firm risk measures pg on L that satisfy monotonicity (R1), convexity
(R2), the translation property (R3) and pp(0) = 0 are finite and continuous on L*°.
Consequently, if we consider convex systemic risk measures p = A o py on (L>®)"
in conjunction with single-firm risk measures pg satisfying the translation property,
then we do not require any additional continuity property of pg in Theorem 5.4.5
and Theorem 5.4.9.

We are interested in the relationship between the dual representation of p, in par-
ticular the {-component of a feasible solution (&, €) to (5.18), and the subdifferential
of p specified in the following definition.

Definition 5.4.11. Let m € N and suppose that v : (LP)™ — R is proper and
convex. The subdifferential of v at X € domwv is defined as the set

Ou(X) = {5 e (L7)™)"

iE[( Y; — X&) < oY) —v(X) forallY € (Lp)m}

i=1

= {56 ((ZP)™)”

zn:E[Zf_%] +u(X) < (X + Z) forall Z € (Lp)m} .
i=1

If € € Ou(X), then € is called subgradient of v at X € domw. The function v is
called subdifferentiable at X € dom v if dv(X) # 0.

Corollary 5.4.12. Let p be a positively homogeneous systemic risk measure charac-
terized by a l.s.c. positively homogeneous single-firm risk measure py and a positively
homogeneous aggregation function A that is continuous on (LP)"™. Fix an arbitrary
economy X € domp. Then for every optimal solution (£°,£°) to (5.18), £° is a
subgradient of p at X, i.e., £ € Op(X).
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Proof. Fix X € dom p and let (£°,£°) be an optimal solution to (5.18). The assertion

holds since we have for every Y € (LP)"

n n n n

STE((Y; — X)E] =D E[YiE] - Y E[X:E] = Y E[Vi?] — p(X) < p(Y) — p(X).

1=1 =1 =1 =1

5.5. Risk attribution

In this section we return to the problem of risk attribution, i.e., we are interested in
the question of what fraction each firm contributes to the systemic risk of the whole
financial system. We will see that the dual representation results from the previous
section provide a possible solution to this problem.

Before we discuss this specific risk attribution method in detail, let us formally
define the term systemic risk attribution in our setting. Similar definitions can
be found in the traditional portfolio framework; see, for instance, Denault (2001),
Tasche (2004), Kalkbrener (2005), Cheridito and Kromer (2011) and Kromer and
Overbeck (2014).

Definition 5.5.1. Let us consider a network of n firms and fixr a convex systemic
risk measure p. A systemic risk attribution of X € domp is a vector k(X) =
(k1(X), ..., kn(X)) € R™ where k;(X) represents the systemic risk attributed to firm
i€ {1,...,n}. The systemic risk attribution k(X) satisfies the full allocation prop-
erty (with respect to p) if

The full allocation property states that the risk which is attributed to the different
firms adds up to the systemic risk contained in the entire financial system. Because
we try to answer the question of what fraction is caused by which firm in the financial
system, this full allocation property is clearly a desirable property of systemic risk
attributions.

In the following, we propose a possible risk attribution method for both the posi-
tively homogeneous and the convex case.

Positively homogeneous case: Let p = pgoA be a positively homogeneous systemic
risk measure with corresponding positively homogeneous single-firm risk measure pg
and positively homogeneous aggregation function A and fix an economy X € dom p.
Moreover, let us consider the case in which there exists an optimal solution (£°,£°)
to dual problem (5.18), i.e.,

p(X) = sup Y E[X;&) =) E[X:E).
(LEEA;(6,8)EA] i=1 i=1
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Then, based on the idea in Chen et al. (2013), we can define a systemic risk attribu-
tion by
k(X) = k(X,8°) = (ka(X,€%), .. kn(X,€%))

where the risk attributed to firm ¢ € {1,...,n} is given by
ki(X, €°) = E[X.&). (5.20)

Obviously, the systemic risk attribution defined above is unique if the corresponding
optimal solution to (5.18) is unique, and the definition of k(X £°) leads to

Thus, the full allocation property with respect to p is satisfied.

Convex case: Let p = pgoA be a convex systemic risk measure with corresponding
convex single-firm risk measure pg and convex aggregation function A and fix again
an economy X € dom p. Now, consider the case in which there exists an optimal
solution (£2,£°) to dual problem (5.14), i.e.,

p(X) = sup {Z E[X:&] — Oén(faf)} =Y E[Xi&f] — an(€°,£°).

(&e(@r) x((LP)")* Li=1 i—1

A similar risk attribution method to (5.20) that satisfies the full allocation property
can be defined by

k(X) = k(X,€°,6°) i= (ki (X, €°,€°), ..., kn(X,€°,€%))
where the risk attributed to firm i € {1,...,n} is given by
ki(X, €°,€%) := B[Xi&]) — yion (£2,€°). (5.21)
Here, ~; € R are chosen such that 7 ; v, = 1.

In the following, we generalize Theorem 4 in Chen et al. (2013) for positively
homogenous systemic risk measures on general probability spaces. This result is
closely related to the so called no-undercut property of a risk attribution method
which was, for instance, studied in Delbaen (2000) and Denault (2001).

Theorem 5.5.2. Let p = pgo A be a positively homogeneous systemic risk measure
that admits representation (5.18) and fir X € domp. For a € R, let us define
axX :=(a1X1,...,a,.Xy) € (LP)™. If (£°,£°) is an optimal solution to (5.18), then

En: aiki (X, %) < plax X).
i=1
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Proof. Fix X € domp. If pla * X ) = 400, the assertion is trivial. Hence, suppose
that a x X € domp. The dual representation result for positively homogeneous
systemic risk measures yields

plaxX) = sup Z a;E[X;&). (5.22)
(LOEAs, (E£EAL i=1

Let (£2,£°) be an optimal solution to (5.18), i.e

p(X) = sup iE[ngz] = iE[ngﬂv

(LE)eAs  (§)eA; i=1 i=1

and let k(X) = k()z,g") be the corresponding systemic risk attribution. Then
(1,6%) € A5, and (£°,£°) € A}, which implies that (§°,£°) is a feasible solution to
optimization problem (5.22) for all @ € R’}. Thus, we obtain

O]

The previous result can be interpreted as follows: Fix an arbitrary economy
X € domp and define a new economy @+ X by scaling the original economy X
componentwise by the vector a € R”}. Then the systemic risk of this new economy
ax X, ie., plaxX), is always bounded from below by the weighted sum of the
attributed risk components of the original economy X.

Finally, we deal with the question of differentiability of positively homogeneous
systemic risk measures and study the relation to systemic risk attribution. Again,
the dual representation proved in Theorem 5.4.9 plays a key role to answer this
question. A definition of the necessary notions of differentiability can be found in
Appendix A.2.3.

Let us now consider the set

2% = {(€,€) € (LP)" x ((LP)")"|(1,€) € A7, (£,€) € A}}
of all feasible solutions to optimization problem (5.18) and the set

Z7(X) = {(5,@ e z¥|p

of all optimal solutions to (5.18) for a fixed economy X € (LP)™.

Theorem 5.5.3. Let p = pgo A be a finite valued positively homogeneous systemic
risk measure that admits representation (5.18). Then p has a directional derivative
at X € (LP)" in the direction Y € (LP)" that is given by

dt o(X)(Y ma ]E
p(X)(Y) = €a02X o Z
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Proof. Consider an arbitrary element (U, Z) € LP x (LP)™. Since p is finite valued,
this is also true for the positively homogeneous single-firm risk measure pg. As a
consequence, there exists 7y € R such that po(U) < ry, and thus (ry,U) € Ap,.
From (£,€) € Z# it follows that (1,£) € A7, and (€, €) € A;. Furthermore, (1,¢) €
A5, implies that E[U{] < ry. Moreover, since A(Z) € LP, there exists Y, € LP such
that A(Z) < Yy, and (£,€) € A} yields Y14 E[Z:&] < E[Yz€]. Since po is finite,
we can find an element 75 € R such that po(Y ) <rz. As above, (1,§) € A} again
implies E[Y{] < 7. Thus, there exists M 7y > 0 Wlth

E[UE] + Y E[Z:&) < Mz, for all (€,€) € 2%,
i=1
It follows that for each (U, Z) € LP x (LP)", there exists M > 0 such that
E[UE + > E[Z&)| < M forall (¢,&) € 27,
i=1

This means that Z# is pointwise bounded. Moreover, this property is equivalent to
norm boundedness of Z# due to the uniform boundedness principle (see Theorem
A.2.3). Since Z# is convex, weak*-closed and norm bounded, Alaoglu’s theorem
(see Theorem A.2.4) implies weak*-compactness of Z#. Now, consider the function
J: (LP)" x Z# — R defined by
— — n — — - —
J(Z.(&8) =Y _E[Z:&) = (Z,€),.
i=1

If we fix X,Y € (LP)" and endow (LP)* x ((LP)™)* with the weak* topology o ((LP)* x
((LP)™)*, LP x (LP)™), then the function J satisfies assumption D1 from Bernhard and
Rapaport (1995) (see Condition A.2.18): The first two properties are trivial since
Z# is weak*-compact and for all (¢,€) € Z#, the map (¢, (£,€)) — J(X +1tY, (&, €))
is continuous at (0, (&,€)). The third condition is satisfied with

) = J(X +tY,(£,9))

4K 417, (6,0)(7) = tim 7E NGO

i1 E[(X; +(t+U)5_’z)§] 1 E[(X: + Y5

= lim
u0
— lim i1 E[Uffzé:z]
u0 u
= J(Y,(£,9)) (5.23)

for t > 0 and (£,€) € Z#. (5.23) implies that (¢, (£,€)) — df J(X +tY,(&6)(Y)
is continuous at (0, (¢,&)) for each (£,€) € Z#, which yields the forth condition.
Finally, we obtain with Theorem D1 in Bernhard and Rapaport (1995) (see Theorem
A.2.19) that p given by p(Z) = SUP (¢ ) z# J(Z,(€,€)) for Z € (LP)™ satisfies

d*p(X)(Y) = a2 df J(X, (£,€)(Y).



134 5. Static systemic risk measures on general probability spaces

The assertion follows from

A IR (D)D) =ty TEFDCOD IR _ 5 przg,

ul0 U i1

Finally, we obtain the following corollary.

Corollary 5.5.4. Let p = pgo A be a finite valued positively homogeneous systemic
risk measure that admits representation (5.18). If (5.18) has a unique solution
(€°,€°) € Z# at X € (LP)", then p is Gateaux differentiable at X. Moreover, the
Gateauz derivative of p at X is given by
n
Dap(X)(V) = S EVE) for all ¥ € (L7)".
i=1

Proof. If (5.18) has a unique solution (£°,£°) € Z# at X € (LP)", then we know
from Theorem 5.5.3 that
dtp(X)(Y) = ZED—Q&)] for all Y € (LP)".
i=1

Hence, the mapping d* p(X) : (LP)" — R is linear and continuous. As a consequence,
the assertion holds with Dgp(X) = d™ p(X). O

Remark 5.5.5. If we consider convex systemic risk measures on (L>°)" where p =
pooA and pg satisfies (R1)-(R3), then finiteness of p follows from properness of p (see
Lemma 4.4.2). Thus, in this specific case it is sufficient to require proper positively
homogeneous systemic risk measures in Theorem 5.5.3 and Corollary 5.5.4.

Note that Corollary 5.5.4 provides a link between our systemic risk attribution
proposed in this section and the differentiability of the corresponding systemic risk
measure. By fixing X € (LP)"” and assuming that a finite, positively homogeneous
systemic risk measure p = pg o A admits representation (5.18) with the unique
optimal solution (£°,£°) € Z#, we obtain for each i € {1,...,n} that

ki(X,€°) = E[Xi€f] = Dap(X) (1 (i) * X)

where 1, ;) € R is defined by

n,t

1 ifj=1
Linay)i = for j € {1,...,n}.
( ( ’))J {O otherwise Jed }

That is, the ith component of the systemic risk attribution k(X, £°) defined in Equa-
tion (5.20) is equal to the Gateaux derivative of p at X in the direction 1, ;)x X. Let
us consider the function r : R} — R defined by r(a) := p(ax X). Then the Gateaux
derivative of p at X in the direction 1, ;)* X corresponds with the ith partial deriva-
tive of r at 1,, i.e., Dgp(X)(1(,4) * X) = 0ir(1,). Therefore, as already pointed
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out in Chen et al. (2013), for positively homogeneous systemic risk measures which
satisfy the requirements from Corollary 5.5.4, the risk attribution method defined
in (5.20) corresponds to the well known Aumann-Shapley prices given by

1
EAS .= / Oir(tly)dt = 0ir(1,) forie {1,...,n}.
0

This risk attribution method is also called Euler allocation rule. For additional
information concerning this specific method we refer the reader, for instance, to
Denault (2001) and Tasche (2008).



6. From static to dynamic risk measures

Static risk measures introduced in Chapter 4 do not take into account any dy-
namic features like the availability of additional information over a specific period of
time. Another possibility is to consider not only random variables as input for risk
measures but discrete-time or continuous-time stochastic processes. These processes
represent, for instance, the market or accounting value of a firm’s equity or the mar-
ket value of selected financial securities; see Artzner et al. (2007) and Cheridito et al.
(2006).

We have already pointed out in the introduction to this part of the thesis that
there exist multiple approaches studying these different dynamic aspects of risk
measurement. For an overview we refer to Acciaio and Penner (2011).

In this chapter we discuss the approach introduced in Cheridito et al. (2006) and
Cheridito and Kupper (2011). This approach provides an excellent starting point for
a dynamic generalization of our systemic risk measures studied in Chapter 5. From
now on, the main objects of interest are conditional risk measures on discrete-time
stochastic processes. Thus, we combine risk measurement on processes with the
theory of conditional risk measures where the focus lies on informational aspects.
As a consequence of this, the corresponding risk measures depend at time ¢ on the
available information at this point in time.

Focusing on risk measures which depend on different (discrete) points in time leads
to the new problem of time-consistency of these risk measures. Consequently, we
have to study how the different risk measures depend on each other. As a possible
solution, Cheridito et al. (2006) use the concept of strong time-consistency. In this
chapter we repeat this notion of time-consistency and highlight important results
from Cheridito et al. (2006).

The outline of this chapter is the following: In Section 6.1 we introduce the nota-
tion, important definitions and properties of conditional risk measures for bounded
discrete-time processes. Thereafter, Section 6.2 repeats dual representation results
for the convex and the coherent case. After introducing dynamic risk measures in
this context in Section 6.3, we consider the strong time-consistency property. Fi-
nally, in Section 6.4 we present some examples from Cheridito et al. (2006) and
Cheridito and Kupper (2011).

6.1. Notation, definitions and important properties

Throughout this chapter we fix the underlying filtered probability space (2, F,F,P)
with F = (F)ien, and Fo = {0,Q}. We denote the space of all extended random
variables by L°(R), i.e., L%(R) contains all measurable functions v : (Q,F,P) —
(R, B(R)) where R = R U {£oo}, and B(R) denotes the corresponding Borel-o-
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algebra. We equip the space L' := L' (Q, F,P) with the usual L'-norm, i.e., sl =
[|s|dP for ¢ € L', and the space L™ = L* (2, F,P) is equipped with the norm
7]l == inf{r € R||y| < r P-a.s.} for v € L.

In this chapter we understand equalities and inequalities between random variables
and stochastic processes P-a.s. For processes X and Y this means that X <Y if
and only if X; <Y; P-a.s. for all t € Ng. Let R° be the space of F-adapted processes
and define

R :={X € R||X|pec <00} and A':={&eR°[¢] 1 < oo}

with

1 = inf{r eR

sup|Xt‘ < r} and
teNg

I€l] 40 :=E

> 1A

teNp

where £ 1 :=0, A =& — &1 for t € Ny.

If we consider the bilinear form (-,-) : R> x A! — R defined by

I

(X,8) =E [Z XA

teNg

then the topology o(R>, A!) denotes the weakest topology on R> such that for all
¢ € A, the functional X — (X, &) on R*™ is continuous and linear. Similarly, the
topology (A, R>) denotes the weakest topology on A! such that for all X € R>,
the functional £ — (X, ¢) on A' is continuous and linear. For additional information
concerning these definitions we refer to Section 7.1 and Appendix A.2.

Let 7 be a finite (F-)stopping time and 6 be an (F-)stopping time such that
0 < 7 < 6 < 0o. Then the projection p™? : RO — RO is given by

pT70(X)t = I{Tgt}Xt/\G for t € Ny.

Furthermore, we define

| X||. , := essinf {7 € L¥

sup [p™? (X;)| < 'y} for X € R*
teNp

with L := L>®(Q, Fr,P). At last, define Ry C R™ and Ai,e c A' by
o = pPR>®  and A;g = pfAL

Cheridito et al. (2006) define risk measures on the space R25. Thus, the main objects
of interest are processes on the interval [7,0] NNy := {(t,w) € Ng x Q|7 (w) <t <
6(w)}. It is important to note that in accordance with the static setting in Chapter
4, these processes are assumed to represent the evolution of different financial values.
This means that we focus on value processes in this chapter.
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For v € L and X € R®, the processes Y := 7l 9) and Z := X, g are
understood in the following way:

Yiw) = v(w)l}rg)(t,w) and Zi(w) = Xi(w)I};6)(t,w) for t € No,w € Q.
Now, consider the following properties of a mapping p : R7j — L

(n) Normalization: p(0) = 0.

(m)  Monotonicity: If X >V, then p(X) < p(Y) for all X,V € RY.

(t) Fr-translation property: p(X + vl o)) = p(X) — v for all X € RY) and
v e Lx.

(c) Fr-convexity: p(vX + (1 =7)Y) <vp(X) + (1 —7)p(Y) for all X,Y € R,
and v € L with 0 <y < 1.

(ph)  Fr-positive homogeneity: p(vX) = yp(X) for all X € R} and v €
(LF); i= {7 € L=}y > 0},

Definition 6.1.1. A conditional risk measure (on R2) is a mapping p : R% — L
that satisfies the properties (n), (m) and (t). A conditional convex risk measure (on

ﬁf’@) is a conditional risk measure (on R?oe) that additionally satisfies the property
(c¢), and a conditional coherent risk measure (on RZY) is a conditional conver risk
measure (on RYy) that additionally satisfies the property (ph). For a conditional

risk measure p on Ry and X € R, we set p(X) := p(p™?(X)).

We can interpret the properties above as in the static case. Nevertheless, in contrast
to the static approach, conditional risk measures take into account the information
available at the stopping time 7. For technical reasons, Definition 6.1.1, which is
based on Definition 3.1 in Cheridito et al. (2006), requires the normalization property
(n) for conditional risk measures on R2. Furthermore, note that the main objects
in Cheridito et al. (2006) are so called conditional monetary utility functions (on

Sy ) defined by ¢ := —p for conditional risk measures p on RYy. Since we are
studying risk measures throughout this thesis, we adapt the results from Cheridito
et al. (2006) to our setting.

In the conditional setting in this chapter the translation property holds for random
variables v € L2°. Thus, we obtain a stronger notion of Lipschitz continuity.

Proposition 6.1.2 (See Proposition 3.3 in Cheridito et al. (2006)). Every mapping
p: Ry — L with (m) and (t) satisfies the following properties:

(lc)  Fr-Lipschitz continuity: |p(X) — p(Y)| < || X — YHT,G for all XY € RY.
(lp)  Local property: p(IaX + 14Y) = Iap(X) + Lacp(Y) for all X,V € R
and A € F,.

First of all, let us discuss the dependence between the set of acceptable positions
and the corresponding conditional risk measure p on R5.

Definition 6.1.3. The acceptance set of a conditional risk measure p on Ry is
defined by
B, :={X € RX|p(X) < 0}.



6.1. Notation, definitions and important properties 139

The following two propositions are based on Propositions 3.6, 3.9 and 3.10 in
Cheridito et al. (2006). For the corresponding results regarding static risk measures
see Proposition 4.1.4 and Proposition 4.1.5.

Proposition 6.1.4. Let p : R7} — L7° be a conditional risk measure and B, the
corresponding acceptance set. Then the following properties are satisfied:

1. B, #0 and

a) 0 € B, and essinf{y € L°|v[; ) € B,} = 0,
b) if X € B, and Y € R>y withY > X, then'Y € B,

c) if (X™) c B, and X € Ry with | X0 — X, = 0 P-a.s., then
X € B, ’

d) if Ae Fr and X,Y € By, then InX 4+ 1acY € B,.

2. p admits the representation

p(X) = essinf{y € L|X + VI o0) € By} for all X € R,

3. p is a conditional convezx risk measure on R if and only if B, is Fr-convez,
e, YX + (1 —=7)Y forall X,Y € B, and v € L® with 0 <y < 1.

4. p is positively homogeneous if and only if B, is an Fr-cone, i.e., vX € B, for
all X € B, and v € (LY)4. In particular, p is a conditional coherent risk
measure on Ry if and only if B, is an Fr-convex Fr-cone.

Now, suppose that B C RY, is a set of acceptable positions. If we define a
conditional risk measure p on R7% by using the idea that p(X) is the smallest amount
that has to be added to the position X such that the new position is acceptable,
then we obtain the following proposition.

Proposition 6.1.5. Consider () # B C Ry that satisfies the properties 1.a) and
1.b) from Proposition 6.1.4. Then

pB(X) :=essinf{y € L|X +vlj; o) € B} for X € RY
satisfies the following properties:

1. pp is a conditional risk measure on R5.
2. If B is Fr-convex, then pg is a conditional convex risk measure on RS.

8. If B is an F,-cone, then pp is positively homogeneous. Especially, if B is an
Fr-conver Fr-cone, then pp is a conditional coherent risk measure on ’R;’,f’e.

4. B is a subset of the acceptance set By, and the smallest subset of Ry that
contains B and satisfies the properties 1.c) and 1.d) from Proposition 6.1.4 is
equal to B, .
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6.2. Representation of conditional risk measures

In the conditional setting studied in this chapter there exist several dual representa-
tion results for conditional risk measures on R2%. In this section we present selected
representation results from Cheridito et al. (2006). But first, let us consider the
following definition.

Definition 6.2.1. For X € R® and ¢ € A, we define

<X’ §>T’9 =E |: Z XtAft Fr

te[r,0]NNg

The sets A%, (A}_’Q)JF and D, are defined by

AL ={¢ € A'|A& >0 for all t € N},
(Aﬂl'ﬁ)‘l* ZZPT’QAL,
Do i={€ € (Arg)+] (1,67 = 1}.
Remark 6.2.2. 1. For X € R® and £ € A;e , we have

(X,6)=E | XiA&| =E |E =E[(X,&)"].

teNp

> X Ag

teNp

F.

2. Because of the Radon-Nikodym theorem, we can identify probability measures
Q which are absolutely continuous with respect to P by its densities % where
le% € {s € L' > 0,E[¢] = 1}. Hence, Cheridito et al. (2006) point out
that we can consider processes in D, g as conditional probability densities on
the product space Ny x 2. We will see below that regarding the dual repre-
sentations, the set D,y replaces the set of absolutely continuous probability
measures from the static results.

To obtain a dual representation, Cheridito et al. (2006) introduce a continuity
property for mappings v : R2y) — L.

Definition 6.2.3. A mapping v : 2?9 — L2° s called continuous for bounded

decreasing sequences if for X € RY and every decreasing sequence (X (m)) C R
with X{™ | X; P-a.s. for all t € Ny, it follows that limy,_e0 v(X (™) = v(X) P-a.s.

We also need generalized penalty functions which are appropriate for the setting
in this chapter.

Definition 6.2.4. Define the spaces LY(R) and L2(R,) by
Lo(R) := {y € L°(R)|y is F,-measurable} and L°(R,):={y e LoY(R)|y > 0}.
Then a penalty function (on D, ) is a mapping o™ : D,y — L2(R,) that satisfies

essinfa™(¢) = 0.
cssint €3]
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The following theorem is the adaption of the corresponding result in Cheridito
et al. (2006) to our setting.

Theorem 6.2.5 (See Theorem 3.16 in Cheridito et al. (2006)). Let p: R>y — LY
be a conditional convex risk measure. Then the following properties are equivalent:

1. p admits the representation

p(X) = esssup{(~X. O™ —a™ (€} for X € R, (6.1)
7,0
where o™ is a penalty function on D;y.

2. The acceptance set B, is a 0(R>, A')-closed subset of R™.

3. p is continuous for bounded decreasing sequences.

In particular, if one of these properties is satisfied, then p can be represented with
the minimal penalty function

Qi (€) 1= esssup (=X, )77 = ess sup{ (=X, )7 = p(X)}  for € € Drg.
P T,0

Moreover, this penalty function on D;y is minimal in the sense that a;ﬁn(ﬁ) <
a0(&) for all € € D; g and all penalty functions a™ on D, g that satisfy represen-
tation (6.1).

The coherent special case reads as follows.

Corollary 6.2.6 (See Theorem 3.18 in Cheridito et al. (2006)). Let p : R3S — L2°
be a conditional coherent risk measure. Then there exists a set ) # Q9 C D, g such
that p admits the representation

p(X) = esssup (—X, &)™ for all X € RS (6.2)
EEQT,Q

if and only if the equivalent properties from Theorem 6.2.5 are satisfied. In this case,
the set

Q0 = {£ € Dyglald (¢) = 0}

is the smallest O'(.AI,ROO)-CZOS@d, Fr-convex subset of D, g that contains Qr¢ and
satisfies representation (6.2) with QQ,G instead of Q.

Let us compare the previous dual representation results for conditional convex and
coherent risk measures on R7% with the dual representation results for convex and
coherent risk measures on L from Section 4.3. The additional information which
is available at time 7 is represented by the fact that we use conditional expectations
in (6.1) and (6.2) (recall that <—X,§>T’9 is defined as a conditional expectation)
instead of the usual expectations in (4.4) and (4.5), respectively. Moreover, the
penalty function on D,y is also random. If we interpret the elements in D,y as
conditional probability measures on the product space Ny x Q (see Remark 6.2.2),
then we obtain the conditional convex risk measure p on R by considering the
essential supremum over different probabilistic models.



142 6. From static to dynamic risk measures

6.3. Time-consistent dynamic risk measures

This section addresses another dynamic aspect in the axiomatic risk measurement
approach. We adopt the definition from Cheridito et al. (2006) and define dynamic
risk measures as families of conditional risk measures at different points in time. In
order to clarify the relationship between these different conditional risk measures,
we subsequently introduce and discuss an appropriate time-consistency concept. For
a detailed analysis we refer the reader to Cheridito et al. (2006) and Cheridito and
Kupper (2011).
Throughout this section let S € Ny and 7' € Ng U {+o0} with S < T

Definition 6.3.1. For every t € [S,T] N No, let prr : Ry — L° be a conditional
risk measure on R with acceptance set Byr. A dynamic risk measure is defined
as a family (pt,T>te[S,T]ﬂN0- The corresponding family of acceptance sets is given by
(Bi.1)iels,minn, - Let 7 and 6 be stopping times with 7 < 0o and S <7 <6 <T and
define prp: Ry — L by

pro(X) = Y prr(I—pyX). (6.3)
te[S,T]NNy
The corresponding set Brg C Ry is given by
Bro = {X e R?_%H{T:t}X € By for allt € [S,T] N Np}.

A dynamic risk measure (p.r)ie[s,T)nN, 8 called convex [coherent] if all pyr, t €
[S,T) NNy, are conditional convex [coherent] risk measures on Ry

Cheridito et al. (2006) point out that p;g defined in (6.3) is a conditional risk
measure on R75 with acceptance set 5 ¢ that inherits convexity and positive homo-
geneity from (py1)ie[sm)nn,- Similarly, prg is continuous for bounded decreasing
sequences if all py 7, t € [S,T] N Ny, satisfy this property.

Definition 6.3.2. A dynamic risk measure (py1)ic[s,1)nN, 5 called time-consistent
if the following property is satisfied for all finite stopping times 7,0 with S < 7 <
0<T:

(TC) If X,Y € R, with
XI[T,O) = YI[T,H) and ,OG,T(X) < p97T(Y)a

then pT,T(X) < PT,T(Y)-

Time-consistency is equivalent to the following property (TC’). For a proof see
Proposition 4.4 in Cheridito et al. (2006).

(TC’) For each t € [S,T] N Ny and every finite stopping time 6 that satisfies
t <60 < T, equation

pr.17(X) = pe. (X1 9) — po.7(X)[9,00))
holds for all X € R;OT.
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The time-consistency property (TC) can be described as follows: Let us consider two
processes X and Y that are equal up to the stopping time 0, i.e., X[, g) = Y1, g),
and let the time-6-risk of one process be greater than or equal to the time-6-risk of
the other process, i.e., pg7(X) < ppr(Y). Then this relation is still satisfied for the
risk of these processes at the smaller stopping time 7.

In case of T € N or in case of a dynamic risk measure (p:1).e[s, 710N, Where all
conditional risk measures are continuous for bounded decreasing sequences, time-
consistency and the weaker property of so called one-step time-consistency are
equivalent. More precisely, the following result is satisfied.

Proposition 6.3.3 (See Proposition 4.5 in Cheridito et al. (2006)). Consider a
dynamic risk measure (Pt,T)te[S,T]mNo that satisfies one-step time-consistency, i.e.,

pt,T(X) = pt,T(XI{t} _pt+1,T(X)I[t+1,oo)) fO?" all t € [S, T— 1] ﬂNo and X € RtO?T
Additionally, suppose that at least one of the following conditions holds:

1. T eN.

2. All conditional risk measures py, t € [S,T] NNy, are continuous for bounded
decreasing sequences.

Then the dynamic risk measure (ptT)ie[s,1)nN, 5 time-consistent.

The connection between time-consistent dynamic risk measures and their ac-
ceptance sets is discussed in Theorem 4.6 in Cheridito et al. (2006).

Finally, we introduce the term relevant risk measures, which was originally studied
in Artzner et al. (1999). Following the idea that a position X with X <0and X # 0
has positive risk, i.e., p(X) > 0, Cheridito et al. (2006) adapt the definition from
Artzner et al. (1999) to their setting of conditional risk measurement.

We will see that this property guarantees the existence of time-consistent dynamic
extensions of conditional risk measures on RZ’p.

Definition 6.3.4. Consider a conditional risk measure p : RZ — L2°. Then p is
called O-relevant if

A C{p(—elalpg,o0y) > 0}
foralle >0,t €Ny and A € Fipng. The set D;eel is defined by

P

D% = E€Dry
G>tAO

Z A§j>O] :1f0rallt€No}.

Remark 6.3.5. 1. Cheridito et al. (2006) point out that if # is finite, then
f-relevance of a conditional risk measure p on RY is equivalent to A C
{p(—elalp o)) > 0} for all ¢ > 0 and A € Fp. 7Furthermore, supposing
that the previous property is satisfied, we have

D% = {¢ € D, o|P[AE > 0] = 1}.
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2. There exist specific dual representations of #-relevant conditional convex and
coherent risk measures on Rif’@. In these representations the set D:fal replaces
the set D7y from representations of general conditional risk measures on R2.
For more details we refer to Section 3.3 in Cheridito et al. (2006).

We close this section by stating an important result for T-relevant risk measures.

Proposition 6.3.6 (See Corollary 4.8 in Cheridito et al. (2006)). Consider a T'-
relevant conditional risk measure p on Rgp. Then we can find at most one time-
consistent dynamic risk measure (py.r)ic(s, )N, that satisfies psT = p.

6.4. Examples of dynamic risk measures

In this section we present examples of dynamic convex and coherent risk measures.
To this end, we have to introduce two additional spaces and the pasting of probability
measures or the pasting of the corresponding densities, respectively.

Definition 6.4.1. For T' € No U {400}, we define the sets
Dr:={ce Ly¢>0,E[] =1} and Dy :={ce Li|c>0,E[c] =1}

where {L% = LYQ, Fp,P). If T = oo, we use Foo := 0(Usen, Ft). Moreover, for
s, € Dr, s € [0, T|NNy and A € F, let us define the pasting ¢ ®°% ¥ by

s g S on A°U{E[9|Fs] =0}
COAV = NRARI Y on AN {EWIFE] > 0
< E gty on AN {EDIF] > 0)

A subset P of Dr is called ml-stable if ¢ ®@% 9 €P foralls,yeP,sel0,T]NNy
and A € Fs.

Remark 6.4.2. Suppose that 7' € N. Then we can identify ¢ € Dy with & € .A(lLT
defined by

. JOo forte[0,T—1]NNyp
"¢ forte[loo)NNy

Thus, we have Dy C Dor = {¢ € (A(l),T)+| <1af>0’T =1} and 155“61 C Dg,e% ={¢ €
Do,r|Plér —&r—1 > 0] =1} in case of T' € N.

The following three examples are considered in detail in Section 5 in Cheridito
et al. (2006). In order to verify the assertions from the following examples, one
needs additional results from Sections 3 and 4 in Cheridito et al. (2006). Repeating
these results would go beyond the scope of this introductory chapter. Nevertheless,
the following examples give a good impression of the structure of time-consistent
dynamic convex and coherent risk measures.
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Example 6.4.3 (Dynamic coherent risk measures defined by worst stopping). Con-
sider T € Ng U {400} and a set P" that satisfies () # P’ C Di¢t and define for all
t e [0, j”] N Ny
E(y) :=ess supL_gw]:t]
cepret E[G]|F]

If Prel is ml-stable and if we set

for vy € LF. (6.4)

pX%wS(X) := esssup{=¢(Xp)|d is a finite stopping time with ¢t < 6 < T}
for all t € [0, T]NNp and X € RS, then <pz\§“s)t€[07T]ﬁNo is a time-consistent dynamic
coherent risk measure and every ,02’}8 is T-relevant.

Example 6.4.4 (Dynamic coherent risk measures that depend on an average over
time). Define for T € No U {+o0}, 0} # P c Dyl and ¢ € [0, T] N Ny

<Zse[t,T]mN0 s Xs
Zse[t,T]mNo Ts

[1]

Pp(X) =5y > for X € Ry%

where Z; is defined by (6.4) and (rs)secp,7)nn, 18 @ sequence of nonnegative real
numbers that satisfy

Z re=1 and Z rs >0 forall ¢t € [0,7] N Np.
s€[0,T]NNg s€[t,T]NNg
Then (Pé%)te[o,T]mNo defines a dynamic coherent risk measure and every pi‘% is T-
relevant. If additionally P" is m1l-stable, then (Pé%)te[o,T}nNO is time-consistent.

From now on, we focus on dynamic convex risk measures.

Example 6.4.5 (Dynamic robust entropic risk measure). Consider T' € Ny, a set
Prel that satisfies ) # P € Dyl and a > 0. For each ¢ € [0,7] N Ny, we define
pER by

entr

piT (X) 1= esssup
ceprel

—log

{1 E[s exp(—aX7)|F]
a HE[§LF}]

} for X € RyT.

Cheridito et al. (2006) prove that for every t € [0,T] N No, pf%" is a T-relevant
conditional convex risk measure on Ry7. Moreover, each ,0?7“7? is continuous for
bounded decreasing sequences, and if P is m1-stable, then (pf%r)te[07T}mNO is time-
consistent.

In addition, for every t € [0,7] N Ny, the conditional convex risk measure pﬁgﬁr
satisfies pf3*(X) = po%f(Xp) for X € RS where piaft + L — L° admits the
representa‘éion 7 ’ ,

1
FME(y) = esssup {E[—ﬁfy]}}] _ Ht(19|g)} for v € LS.
cePret e Dye! a

Here, H¢(9|s) denotes the conditional relative entropy defined by

Hi(¥|s) :=E {ﬂlog f‘ ]:t} for ¢, € Dyl
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The last example in this section shows how we can generate time-consistent dy-
namic convex risk measures by using so called generators. For proofs and additional
information we refer to Cheridito and Kupper (2011).

Example 6.4.6 (Generating time-consistent dynamic convex risk measures). Fix
T € N and consider for ¢ € [0,T — 1] N Ng mappings H; : Ly, — Lg° that satisfy
the following properties:

(H1) H,(0) = 0.
(H2) If Xt+1 > Y;H—h then Ht(Xt+1> < Ht(Y;H—l) for all Xt+1, Y;+1 € L;f)—?-l
(H3) Hy(Xiy1+a) > H(X41) —aforall Xypq € LS, and a € (L§°)4.

Then the family (H¢).ejo,7—1]nn, generates a time-consistent dynamic risk measure
(Pt,T)te[oyT]mNO by

—Xr ift=T

. for X € Ri7p.
—X; + Ht(*thrl,T(X) — Xt) ift<T ’

prr(X) == {

Moreover, (pr,1)tecfo, 1NN, is convex if each H; satisfies

(H4) Hi(aXi1+(1—a)Yig1) <aHy(Xip1)+(1 —a) H(Yigr) forall Xy pq,Yi €
L{7, and a € Ly® with 0 <a < 1.

We call mappings H; : L§Y; — Lg° that satisfy (H1)-(H3) generators of the time-
consistent dynamic risk measure (Pt,T)te[o,T]mNo- A specific kind of these generators
are composed generators which are defined in the following way:

For t € [0,7 — 1) NNy, consider a map F; : LYy — L° that satisfies the following
properties:

(F1) F,(0) = 0.
(F2) If Xiy1 > Y, then Ft(Xt+1) < Ft(Y;H—l) for all X1, Y1 € L?—?—l
(F3) Fy(Xiq1+a)=F(X¢1)—aforall Xypg € LgY, and a € L.

Let hy : R — R, t € [0,7 — 1] N Ny, be such that

(h1)  hu(0) =0,
(h2)  h; is monotonically decreasing,
(h3)  |ht(r1) — he(r2)| < |r1 —rof for all 1,7 € R.

Then Hy := hyo(—F}) : L§Y, — Lg° satisfies the properties (H1)-(H3). In particular,
(htaFt)te[O,Tfl]ﬂNo induces a time-consistent dynamic risk measure. Moreover, if
additionally all F} satisfy

(F4) F(aXipi+(1—a)Yi) < aFy( X))+ (1 —a) Fy(Yigr) for all Xyp1,Y41 €
Lyt and a € L with 0 <a <1

and all hy are convex, then H; satisfies (H4), which means that we obtain a time-
consistent dynamic convex risk measure.



7. Conditional and dynamic systemic risk
measures

In this chapter we generalize the model from Chapter 5 by using the setting of
Cheridito et al. (2006) presented in Chapter 6 and study conditional and dynamic
systemic risk measures on multi-dimensional bounded discrete-time processes. We
refer the reader to the paper “Dynamic systemic risk measures for bounded discrete-
time processes” which is joint work with E. Kromer and L. Overbeck and provides
a summary of the results in this chapter.

After introducing general notations, we define in Section 7.1 conditional convex
and positively homogeneous systemic risk measures. In Section 7.2 we prove a
decomposition result for conditional convex systemic risk measures which is similar
to the corresponding result in the static case. In conclusion, we can represent every
conditional convex systemic risk measure as a composition of a conditional convex
single-firm risk measure and a convex aggregation function. This decomposition is
the basis for the subsequent study. In Section 7.3 we discuss different representation
results for conditional convex systemic risk measures. Section 7.3.1 provides the
primal representation result, which is proved analogously to the corresponding result
in Chapter 5. In the following subsection we apply techniques from Cheridito et al.
(2006) and introduce and study continuity properties of the underlying conditional
convex single-firm risk measure and the underlying convex aggregation function.
Based on these results, we finally prove a dual representation result for conditional
convex systemic risk measures in Subsection 7.3.3.

In Section 7.4 we go one step further and introduce dynamic systemic risk measures
as families of conditional systemic risk measures. Furthermore, we use the concept
of strong time-consistency and study time-consistent systemic risk measures. In
this context, we introduce in Subsection 7.4.1 a time-consistency property for our
convex aggregation function and examine how this property depends on the time-
consistency property of the corresponding systemic risk measure. In Subsection 7.4.2
we consider examples of time-consistent dynamic aggregation functions and finally
we discuss our results concerning time-consistent dynamic systemic risk measures.

7.1. Notation and definitions

In this chapter we fix a filtered probability space (2, F,F,P) with F = (F;)sen,
and Fp = {0,Q}. As in Chapter 5, we consider a finite set of n firms or, in other
words, n nodes in a financial network. The n-dimensional discrete-time process
X = (X',...,X") represents the losses of these n firms over time. Here, X° is
supposed to be an element in the space R*> defined in Chapter 6 and describes the
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loss process of firm ¢ € {1,...,n}.

From now on, let m € N be arbitrary. In this chapter we need the following
generalizations of the spaces introduced in Chapter 6:

Let R%™ be the space of F- adapted m-dimensional processes X = (Xt)teNO such
that for each i € {1,...,m}, X’ = (X})sen, is an element in R°. Again, we under-
stand equalities and mequahtles between random variables and (multi-dimensional)
stochastic processes P-a.s. This means m-dimensional processes X = (X;)en, €
RO™ and Y = (Yi)ien, € RO™ satisfy X < Y if and only if X} < Y} P-a.s. for all
t € Ng and all i € {1,...,m}. Furthermore, define

RO™M .= {X € RO’mH!XHme < oo} and AV = {fc RO’mH!gHALm < oo}

with

m
[ Xllgoem = masx [IX g and €] gom = D_MIE ]
i=1
and note that R°! and Ab! are equal to R™ and A', respectively.

By definition of the space R>™, each X € R>®™ satisfies X* € R™ for all i €
{1,...,m}. Thus, X; = (X/,...,X/") is an element in (L>)™ := (L>®(Q, F,P))™
for each t € Ny.

We define the bilinear form (-,-), : R™ x AM™ — R by

The following remark is based on statements in the proof of Lemma 3.17 in Cheridito
et al. (2006).

Remark 7.1.1 (Connection between processes in R*> and random variables).

1. Note that any stochastic process X = (X¢)ien, € R® isamap X : NgxQ — R
with X (t,w) = Xi(w). Let H be the o-algebra on Ny x  generated by the
sets {t} x B, t € Ny, B € F; and define the measure n on (Ng x Q,H) by

n({t} x B):=2""VP[B] forteNyand B e F,.
Then R* = L§7 := L*(Ng x Q,H,n) since for every X € R, we have

||X||L%o = inf{r € R|| Xy (w)| < r for n-a.e. (t,w) € Ny x Q}
inf{r € R||X;(w)| <r for all t € Ny and P-a.e. w € Q}

:inf{reR

sup | X¢(w)| < r for P-ae. w € Q}
teNp

= [ Xlgee -

Moreover, A! can be identified with L}, := L
= € L}, with ¢& € A where £Z; := 0 and

x Q,H,n) by identifying each

'(No
€ (w) = 27 TVE(t w) + &7 (w)
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for t € Ng and w € €). In this case, we obtain

= = =2(t,w)ldn(t,w) = / =(t,w 2~ (D gp(w
=0, /(t,meNom'( Nan(t.) = Y [ (i) ®

teNg v W
=5 [ AR ) —E | 3 1A | = 1)L
teNy Y wel t€No
Similarly, the pairing (-, ->L$§’L%{ : LS? x LI, — R given by (X, E}L%L%{
[ XZdn satisfies
(X201 /X_dn E| Y XAE| = (X,69).
teNp

2. By repeating the same arguments, R°"™ = (L37)™ and AL™ can be identified
with (L1)™ where (L59)™ and (L},)™ are equipped with the norms

1€ o= g 1y 3 gy o= SN
for X € (LK)™ and = € (L},)™. Furthermore, the pairing <-,;>‘(7L%<J)m’(L%{)m

(Iig_?zm X (L%-l) — R defined by < >(L°°) :(L%-L)ni = QL f XZEZCE',Z satisfies
<X,E>(L%o) iy = (X, §~> for X € (L)™, = € (L%j;)m and £& € Ab™
defined by (£5)i, := 0 and (£5)i(w) := 2~ HDFi (¢, w) + (£5)i_, (w) for t € Ny,

weQandie{l,...,n}.
3. By these deﬁnitions, the norm on (L37)™ satisfies
1K (zsoym = (X, =) gy (uzym| for all X € (L))"
= || (L, )m<1

This can be verified as follows: It is easily seen that

m
v o= i =i
sup (X2 oorm (11 ym| = sup (X" 2" o 1
= (L'H ) 7(L'H) m =i N L’H ’L’H
H:‘H(L%{)mgl Zi*l ”:' ”Ll <1|i=1
>  max sup ‘ XZ,:Z ‘— max \X HLoo
7,6{1, ,m} ”:\1” 1 <1 ZG{I, .L,m

On the other hand, for every i € {1,...,m} and = € (L},)™, we have
(XL E e g [/IE L = \<Xi,é@'/||éiu%>m o,

due to HX’ZHL%, = Sup|zi| , <1|< ) >Loo LY, | But this leads to
’H

< |x

Ls3,L}, I Ly

sup
m —_5
Z¢:1 H:Z”L%_le

< 2
s SR E

m

i=1 i 1II”ZHL%{< i=1

< ‘ .
e [1X0 e
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4. Note that (L},)™ separates points of (L37)™ and (L$)™ separates points of

1 \m :
(L3;)™ under (-, ‘>(L3{°)M,(L;L)m7 which means that

>

€ (L%O)m and <X, E>(ng)m,
€ (Ly)™ and (X, E)

(Li)m = 0 for all = € (L%_[)m = X =

[1]

. v co\m = _
(L (LL)m = 0forall X € (L))" = E=

Because of the previous remark, A%™ separates points of R*™ and R sepa-
rates points of AL™ under <,>m Hence, we can define o(R>™, A™) as the
weakest topology on R°*™ such that for all £ € AY™, the functional X ~ (X, §_>m
on R*™ is continuous and linear. Analogously, the topology o(A"™, R°™) denotes
the weakest topology on AM™ such that for all X € R°™, the functional & —
(X, € ),, on Ab™ is continuous and linear.

From now on, let 7 be a finite (F-)stopping time and 6 be an (F-)stopping time
such that 0 < 7 < # < co. Then we define the projection pJ¥ : RO™ — RO™ by

prl(X)y = I{TSt}Xt/\g for t € Np.
The spaces ng’m C R*™ and Aizgﬂ c AY™ are defined by
Rfém = plIR™  and Ai:;n =prfAbm,
and the set (R7))4+ C R is given by
(RE)+ = {X € RE|X = 0},

In this chapter we want to define conditional convex and positively homogeneous
systemic risk measures on Rfé", i.e., we focus on stochastic processes X € Rfén,
which describe the evolution of losses in the interval [7,60] N Ny. In analogy to the
static case discussed in Chapter 5, we change the perspective from value processes,
considered in the standard approach in Chapter 6, to loss processes.

Before we introduce the defining properties of conditional convex and positively
homogeneous systemic and single-firm risk measures, note that for 4 € (L2°)™ and

X € R°™, we understand Y := Y179y and Z .= XI[Tﬁ) in the following way:

V(@) = 3(@) gy (1) and
Zi(w) = )_(,f(w)l[ﬁg)(t,w) for t € No,w € Q,i € {1,...,n}.

Let us consider the following properties of a mapping po : ng — L

(r1)  Monotonicity: If X >V, then po(X) > po(Y) for all X,Y € R

(r2)  Fr-convexity: po(vX+(1-7)Y) < ypo(X)+(1—7)po(Y) for all X, Y € R,
and v € L with 0 <~ < 1.

(r3)  Fr-translation property: po(X + V/jr00)) = po(X) + 7 for all X € R2% and
v e Lx.

(r4)  Fr-positive homogeneity: po(7X) = ypo(X) for all X € R>) and v €
(L) +-
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(r5)  Constancy on R C L: po(Vljro0)) = v for all v € R.
(r6)  Normalization: po(/|;) = 1.

Most of these properties, i.e., (rl)-(r4), have already been introduced in Chapter
6. The constancy property (r5) is known from Chapter 5, and a special case of
constancy on R C L is constancy on {1}, which corresponds with property (r6).

Definition 7.1.2. A conditional convex single-firm risk measure (on R25) is a
mapping po : R3Sy — L2° that satisfies the properties (r1) and (r2). A conditional
positively homogeneous single-firm risk measure (on Riog) is a conditional convex
single-firm risk measure (on R2S) that additionally satzsﬁes the properties (r4) and
(r6). A conditional coherent smgle—ﬁrm risk measure (on ROO) is a conditional
positively homogeneous single-firm risk measure (on R ) that addztwnally satisfies

the property (r3). For X € R*, we set po(X) := po(p” (X))

In general, we do not postulate pg(0) = 0 (this is the normalization property (n)
from Chapter 6) for conditional convex single-firm risk measures. Nevertheless, in
Section 7.2 we will see that conditional convex single-firm risk measures py that are a
part of the decomposition of a conditional convex systemic risk measure (see below)
indeed satisfy this additional property.

Moreover, if pg(0) = 0 holds, then constancy on L2° is equivalent to the translation
property for X = 0 since

Po(V7,00)) = po(0 + Y17 00)) = po(0) +v =~ for v € L.
Now, consider the following properties of a mapping p : R73" — L2°:

(s1)  Monotonicity: If X > Y, then p(X) > p(Y) for all X,Y € 7?,:?9’”.
(s2)  Preference consistency: If p(X;(w)l700)) > p(Yi(w)jr00)) for X, Y € RT,",
all t € Ny and a.e. w € Q, then p(X) > p(Y).
(s3)  f,-constancy: Either Im p|gn, Ly = R and there exists a surjective function
fo : R = R with f,(0) = 0 such that p(al,l}; ) = fp(a) for all a € R or
Im p|R”I[T,oo) = R and there exists a function f, : R — R4 and b € Ry such
that f, is surjective and strictly increasing on [b,00), fy(a) = 0 for a < b
and p(alylj; o)) = fp(a) for all a € R.
(s4)  F;r-convexity:
(s4a) Fr-outcome convexity: p(7X + (1 —7)Y) < vp(X) + (1 —4)p(Y)
forallXYGRoonand’yEL‘x’wrchOS <1
(s4b) F,-risk convexity: Suppose p(Z; (w w) Ijr.00)) = v(w)p (Xt (W) 7 00)) +
(1 = y(W)p(Ye(w)iro0y) for X, Y, Z € RY", v € Ly® with 0 <
7 < 1and for all t € Ny and a.e. w € Q. Then p(Z) < vp(X) +
(1=) p(¥). ) ) )
(sb)  Fr-positive homogeneity: p(vX) = vp(X) for all X € Ri?én and all v €
(L) +-
(s6)  Normalization: p(1,1}; ) = n
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As in the static case, property (s2) means that if

P[{w € Q|p(i‘t-[[7',oo)) > p(gtI[T,oo))u (jtvgt) = (Xt(w)vﬁ(w)) for all ¢ € NO}] = 1’

then p(X) > p(Y), and (s4b) means that

P

{w S Q’p(ZtI[T,oo)) = Wp(jtj[r,oo)) + (1 - 7)p(gtl[fr,oo))a
(2, Zt, 1) = (Zt(w), Xi(w), Yi(w)) for all t € No}

implies p(Z) < vp(X) + (1 — v) p(Y'). Furthermore, it is important to note that the
properties (s1), (s3) and (s4a) guarantee the existence of an inverse function f, ! of

fo:

Definition 7.1.3. A conditional positively homogeneous systemic risk measure (on
Rfén) is a mapping p : Rfé" — L that satisfies the properties (s1), (s2), (s4),
(s5), (s6) and Im P|Rn1[ o © R. If p satisfies the properties (s1)-(s4), we call p

a conditional convex systemic risk measure (on R>}"). For X € R™", we set
k)

p(X) == p(pi?(X)).

Remark 7.1.4. Every conditional positively homogeneous systemic risk measure p
satisfies the f,-constancy property (s3). The corresponding function f, is given by

an ifa>0
Jola) = {a(—p(—lnI[Tvoo))) ifa<O0 (7.1)

in case of Im plgn; =R and fy(a) = na™ in case of Im P|Rn1[ ., = Ry. This

[1,00

can be verified analogously to Lemma 5.1.6. As a consequence, every conditional
positively homogeneous systemic risk measure is also a convex systemic risk measure.

It remains to consider aggregation functions. In Chapter 5 we have introduced in
Definition 5.1.3 convex and positively homogeneous aggregation functions as func-
tions from R" to R. In the conditional case, we can use these aggregation functions
as well. To be more precisely, because of Remark 7.1.1 and Rf’@’" C R°"™, we use
the aggregation functions from Chapter 5 for p = co.

Finally, note that in contrast to the definition of property (S3) in Chapter 5,
we additionally assume f,(0) = 0 in property (s3). The reason for this additional
requirement is the dependence of the convex systemic risk measure p and the corre-
sponding convex aggregation function A. This convex aggregation function has to
guarantee that A(R73") = R3%. In particular, A has to map every X e R toa

process A(X) that is equal to 0 before time 7, i.e., A(X) = A(X)][; o). We will see
below that A satisfies this property if we assume that f,(0) = 0.

Remark 7.1.5. Since A : R" — R is convex, A is continuous and measurable. If
we consider X € R°™ as a function X : (No x Q,H) — (R",B(R")) and A as a
function A : (R™, B(R")) — (R, B(R)), then A(X) := Ao X is a measurable function

A(X): (No x Q,H) — (R, B(R))
such that A(X;(w)) = A(X)¢(w) for all t € Ng and all w € Q.
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In the remaining part of this section we will show that every convex aggregation
function A : R™ — R induces a mapping A : R73" — R,

Lemma 7.1.6. Let g : R — R be an increasing function. Then we have g(R>) C
Ree. If additionally g(0) = 0, then g(R2,) C RY.

Proof. Note that g is measurable since each increasing function g : R — R is mea-
surable. For each X € R, there exists rx € R, such that supteNO|Xt\ < rx.
Monotonicity of g implies g(—rx) < g(X;) < g(rx) for all ¢ € Ny. This means
|9(X)||gee < 00 such that g(X) € R®. g(X) € R, follows directly from g(0) =
0. O

The following lemma can easily be deduced from Lemma 5.1.5. Moreover, note
that we need the additional assumption f)(0) = 0 to guarantee that A(R}") =
0"
Lemma 7.1.7. Let A : R" — R be a convex aggregation function with fx(0) = 0
and InA =R Im A =R,/ Then A(Rfén) =R [A(R:f’én) = (R3%)+/-

Proof. First, let In A = R. Because of Remark 7.1.1, we can consider every X €
R7;" as an element in the space (L3;)". Lemma 5.1.5 yields A((Lg)") C Lg or,
in other words, A(R*"™) C R*°. Moreover, the additional assumption f,(0) = 0
implies that A(0,) = fo(0) = 0. As a consequence, we obtain A(R>3") C R

On the other hand, fix an arbitrary process X € RZ%. Since fA is a bijective

function, the inverse function le exists and we can define a process Y X by
V¥ (w) = il (Xi(w)) fort € Ngand w € Q. (7.2)

Because of Lemma 7.1.6, we know that fy'(Z) € Ry for all Z € RY. 1t follows
YX e R and fa(YX) = X. By using the f)-constancy property of A, we obtain
for all X € RS a process Y¥1, € R2," such that

AY¥1,) = f(VY) = X.

This yields R9, C A(RY"). Summing up, we arrive at A(R7") = R

If ImA = Ry, we have fy' : Ry — [b,00) and f;'(0) = b. Hence, the process
defined in (7.2) satisfies YX € RGp for X € (R%y)+. Nevertheless, the process
(Y™) defined by (YX) := Y1}, ) satisfies (YX)' € R, and (Y)Y =X. O

7.2. Structural decomposition

In this section we extend the structural decomposition results from Chapter 5 to our
conditional setting. Although the proof of the following theorem is similar to the
proof of the static decomposition, we provide the proof in order to obtain a deeper
understanding of the relationship and dependence between conditional systemic risk
measures, conditional single-firm risk measures and aggregation functions.
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Theorem 7.2.1 (Convex structural decomposition).

oo,n

a) A mapping p : R7;" — LY with p(R"I;; «)) = R is a conditional convex
systemic risk measure if and only if there exists a convex aggregation function
A :R™ = R with f5(0) =0 and A(R™) = R and a conditional convex single-
firm risk measure pg : oo — LT that satisfies the constancy property on R
such that p is the composition of py and A, i.e.,

p(X) = (poo A)(X) forall X € R

b) A mapping p : R7;" — LY with p(R"I;; o)) = Ry ds a conditional convex
systemic risk measure if and only if there exists a convex aggregation function
A R" —» R with A(R") = Ry and a conditional convex single-firm risk
measure po : Ry — LT° that satisfies the constancy property on Ry such that
p is the composition of pg and A, i.e.,

p(X) = (poo A)(X) forall X € RT".

Proof. In case of part a), set R = & = R, and in case of part b), set R = R} and
S = [b,00) for b € R4. Let p be a conditional convex systemic risk measure with
fp : R — 9 such that f, is surjective and strictly increasing on &. We define the
function A by

A(a_:) = p(a_;I[T,OO)) for x € R™.

The monotonicity property (Al) and the convexity property (A2) follow directly
from the corresponding property of p. Because p satisfies the f,-constancy property,

we have
Alaly) = plalnliroe)) = fp(a) foralla € R.

If we set fo := f,, then we obtain the fj-constancy property (A3). Because
f»(0) = 0, we also obtain the required property of fy. Moreover, Lemma 7.1.7
gives A(R7") = RS in case of a) and A(R7") = (R5%)+ in case of b).

Now, define py : A(Rfén) — L by

po (X) :=p(X) where X € R>}" satisfies A(X) = X. (7.3)
Furthermore, define po : Ry — L by

po(X) I ARZ") =R

po(XH) if A(RZG") = (R2)+ (7.4)

po(X) = {

where the stochastic process X+ € (R2%)4 is defined by X (w) :== max{X;(w),0}
for t € Ny and w € Q. o B B

First, note that pg is well-defined: Let X,Y € Rfén be such that A(X) = A(Y).
Then

DX () o)) = AK()) = AX)s(w) = AT )elw) = AF (W) = p(F() T )



7.2. Structural decomposition 155

for all ¢t € Ny and a.e. w € Q, and preference consistency of p yields p(X) = p(Y).
In what follows, we will verify monotonicity, F,-convexity and constancy on R for

the mapping po defined by (7.3). Then it follows directly that py defined by (7.4)

satisfies the monotonicity property (rl), F,-convexity (r2) and constancy on R (r5).
To prove the monotonicity property for pg, let X,Y € A(Roo ") with A(X) = X,

A(Y) =Y and X <Y. Then we have

P (W)]fr00)) = AXi(w)) = AX)e(w) < AV )i(w) = AY2(w)) = p(Ye(w)jr00))

for all t € Ny and a.e. w € Q. Furthermore, preference consistency of p implies
po(X) < po(Y).

It remains to show F,-convexity and constancy on PR. First, consider X,Y €
A(Rfén) and y € L® with 0 <y <1landset Z:=7X + (1 —9)Y. Let X,Y,Z €
Rfé" be such that

po(X) =p(X), po(Y)=p(Y), po(Z)=pZ)
where A(X) = X, A(Y) =Y and A(Z) = Z. Then we obtain

P(Ze()ir00)) = MZ)1(w)
=7 (w)
= (W)X (w) + (1 =7(w)) ¥i (w)
= (@) AX)(w) + (1 = (@) AY)e(w)
= Y(W)p(Xe (@) r00)) + (1 = 7(w)) p(Yi(w)[7.00))

for all t € Ny and a.e. w € 2. Now, F,-convexity follows from the F,-risk convexity
property of p since

po(Z2) = p(Z) < vp(X) + (1 =) p(Y) = vpo (X) + (1 —7) po (V).

Finally, note that for all a € R, there exists T € R" with A(Z) = a and po(al|;)) =
P(Tljr00)). Since a = A(Z) = p(T1; ), we obtain po(alj;)) = a for all a € R.
This means that pg satisfies the constancy property on fR. The equality p = pg o A
follows immediately from the definition of pg and A.

For the second part of the proof let A be a convex aggregation function with
fa : R — R that is surjective and strictly increasing on & and satisfies f,(0) = 0.
Moreover, assume that pg is a conditional convex single-firm risk measure with
po(alj; o) = a for all a € ;. Monotonicity (s1) and Fr-outcome convexity (sda) of
p follow from the corresponding properties of A and pg. In order to prove preference
consistency (s2), fix X,Y € R;o@’n with

(pooA) (Xt (w) I[T,oo)) = p(Xt (w) I[’T,OO)) = ,O(ﬁ (w) I[T,oo)) = (poo A)(ﬁ (w) I[T,oo))

forallt € Np and a.e. w € Q. Note that A(R") = R (and thus A(R"[; o)) = RI[; o))
and po(alj; ) = a for all a € R. It follows that A(X; (w)) > A(Y; (w)) for all t € Ny
and a.e. w € ). The monotonicity property of pg yields

p(X) = (poo A)(X) > (poo A)(Y) = p(Y),
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which means that property (s2) is satisfied.
Now, consider X,Y,Z € R>}" and v € L with 0 < v < 1 and assume that

P(Ze()Ifr.00)) = 1 (W) p(Xe(W) [ 00)) + (1 = (W) p(Ye(w)fr00)) for all t € Ny and
a.e. w € Q. Since p = pp o A, this means

Po(A(Ze(w) 117 0))) = 7(@) po(A(Xe (W) 7 00))) + (1 = 7)) po(A(Ye(w)[r o)) (T-5)

for all ¢ € Ng and a.e. w € Q. Together with A(R" [, o)) = RI|; ) and po(alj; ) =
a for all a € R, Equation (7.5) yields

A(Z; (W) = V(@) A(Xe (W) + (1 = y(w)) A(Yz (w))
for all t € Ng and a.e. w € ). The F, -convexity property of py implies

p(Z) = po(A(Z)) < po(A(X)) + (1 =) po(A(Y)) = 7p(X) + (1 =) p(Y).
Hence, p satisfies F-risk convexity (s4b). It remains to show the f,-constancy
property (s3). The constancy properties of A and py and f,(0) = 0 imply

plalplir o)) = po(A(alnlr o)) = po(fa(a)fr,00)) = fala) forall a € R.

In conclusion, f,-constancy is satisfied with f, := fa. O

The positively homogeneous case reads as follows. The proof is analogous to the
proof of Corollary 5.2.3.

Corollary 7.2.2 (Positively homogeneous structural decomposition).

a) A mapping p : ng’” — L° with p(R"[; )) = R is a conditional positively
homogeneous systemic risk measure if and only if there exists a positively homo-
geneous aggregation function A : R™ — R with A(R™) = R and a conditional
coherent single-firm risk measure py : R7G — L° such that p is the composi-
tion of po and A, i.e.,

p(X) = (poo A)(X) for all X € R

b) A mapping p: R7G" — L with p(R™I[; ) = Ry is a conditional positively
homogeneous systemic risk measure if and only if there exists a positively homo-
geneous aggregation function A : R™ — R with A(R™) = R4 and a conditional
positively homogeneous single-firm risk measure po : R7G — L7 such that p is
the composition of pg and A, i.e.,

p(X) = (poo A)(X) forall X € RZS".

Remark 7.2.3. In the same way to Remark 5.2.4, there exists an alternative for-
mulation for part a) of Corollary 7.2.2:

a’) A mapping p : R73" — L° with p(R"I|;)) = R is a conditional positively
homogeneous systemic risk measure if and only if there exists a positively
homogeneous aggregation function A : R” — R with A(R") = R and a condi-
tional positively homogeneous single-firm risk measure py : Ry — L that
satisfies the constancy property on R such that p is the composition of pg and
A, ie.,

p(X) = (pooA)(X) forall X € R7G".
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7.3. Representations of conditional systemic risk measures

In this section we focus on different representation results for conditional convex and
positively homogeneous systemic risk measures p. From now on, we solely consider
compositions p = pg o A in the sense of Theorem 7.2.1 and Corollary 7.2.2. This
means that the conditional convex [positively homogeneous| systemic risk measure
p is characterized by a convex [positively homogeneous] single-firm risk measure pg
and a convex [positively homogeneous| aggregation function A. Moreover, Im A = R
and fj(0) =0 or ImA = Ry, and pg : RS — L satisfies constancy on R in case
of Im A = R and constancy on R, in case of ImA = R,..

7.3.1. Primal representation

The aim of this subsection is to obtain a first representation of conditional convex
systemic risk measures in terms of their acceptance sets.

Definition 7.3.1. The acceptance sets of the conditional convex systemic risk meas-
ure p = po o A with conditional convex single-firm risk measure py and convezr ag-
gregation function A are given by

Bpo :={(7,X) € L x R%|y > po (X)} and

By = {(Y,X) e R%Y x RI"[Y > A(X)}.

Note that By = {(Y,X) € R x RY,"[Y: > A(X;) forallt € No}. In the
following proposition we use the properties from Definition 5.4.2 for subsets of L2 x
2% and R, x R7G".

Proposition 7.3.2. Suppose that p = pg o A is a conditional convex systemic risk
measure with conditional convex single-firm risk measure py : R7% — L7 and convex

aggregation function A : R™ — R. Let Z’S’po and Bp be the corresponding acceptance
sets.

1. Z:?po and By satisfy the following properties:

a) Bpo and By satisfy the monotonicity property.

b) [;’po and By satisfy the epigraph property.

¢) By, and By are F.-convez sets.

d) (a,alj; o)) € B,, with essinf{y € L¥|(, alir o)) € B,} = a for all
a € ImA and
(fal@)jr o), alnlir o)) € By with essinf{y € L3°| (VI7,00); alnd|ro0)) €
Bp} = fa(a) for all a € R.

If p = pgo A is a conditional positively homogeneous systemic risk measure,
then the following properties are additionally satisfied:

e) By, and By are Fr-cones.

f) (nI[T,OO)’ 171][7—,00)) € Bp with essinf{7 S L;fo|(7[[7700), lnI[T,oo)) S BA} =
n.



158 7. Conditional and dynamic systemic risk measures

2. p admits the so called primal representation
p(X) = essinf{y € L°|(7,Y) € By, (Y, X) € By} for all X € R73" (7.6)
where we set essinf () := +oco.

Proof. All properties in 1.a)-1.f) for BPO and By are satisfied due to the properties
of pg and A. Furthermore, we know that py is for all X € RY representable by

po (X) = essinf{y € L]y > po (X)} = essinf{y € LF|(7, X) € By}

Since R* = L3}, we can consider V' € R as an element in the larger space Lg;.
It follows that

A(Z) =essinf{V € LV > A(Z)} = essinf{V € LV > A(Z),V € R,
=essinf{V € LF|(V,Z) € By}
for all Z € R;oé”. Because equality p = pg o A is satisfied, the representations above
yield
p(X) = essinf{y € L]y = (po o A)(X)} = essinf{y € L|(,A(X)) € By}
= essinf{y € L°|(y,essinf{V € L37|(V, X) € Bp}) € By}

for all X € R2". Representation (7.6) follows from the monotonicity property of
B,,. O

7.3.2. Continuity and closedness

In this subsection we provide closedness results for the acceptance sets of the condi-
tional convex systemic risk measure p = pg o A. These results will be applied in the
next subsection to obtain a dual representation of p.

But first, note that for any v € L2°, we can identify the element vI|; ) € RY.
If we define

By, :={(X,2) € RYy x RZp|X = Vi[; 00 for v € L, v = po(Z)},

then we have a one-to-one relation between the sets B,, and B,,. From now on, we
focus on the set B, .

The following lemma is a generalization of Lemma A.65 in Follmer and Schied
(2011) for multi-dimensional L*°-spaces.

Remark 7.3.3 (See, e.g., Section 5.14 in Aliprantis and Border (2006)). Let (X, V)
be paired spaces and suppose that (-, ) is the corresponding bilinear form. Consider
anet (r,) C X and z € X. Then z, — x in (X, V) if and only if

(z,,v) = (z,v)inR forallveV.

Similarly, if we suppose that (v,) C V is a net and v € V, then v, — v in o(V, X)) if
and only if
(x,v,) = (x,v)in R forallz e X.
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Lemma 7.3.4. Define the set BL, ,, == {X € (L;’f)m\H)_(H(Loo)m <r} forr>0.
’ H

1. For every v > 0, the set BL, , is closed in (L%{)m, i.e., for every sequence
(Y ) ¢ B, ., that converges to'Y in (L3,)™, we have Y € B,

2. A convexr subset C of (L37)™ is o((L3)™, (L},)™)-closed if the set C, := C N
BL  is closed in (L,)™ for every r > 0.

oo, m

Proof. Part 1: Fix 7 > 0 and let (Y(®)) B, with Y®) — ¥V in (L})™. This

means that [|[Y*) — Y”(Ll ym = PN — Y| — 0. Hence, (Y®) — V?
H H _

in L%{ for each i € {1,...,m}. Moreover, there exists a subsequence Y (51) such that

(Yk))e 5 V7 yas. and in L}, for each i € {1,...,m}. In addition, the inequality

V| < | 4 (v ®0) - Y] < (v Y =Y g —as.

Iz
implies
max [V < max (||(y*)

y (k)yi _ yi
g +17O0) = 77))

ie{l,....,m} ~ie{l,..,m}
< vy (k1)yi ykyi _ yri
< iegé?fm}H( N2z T epmax (YY) |
<r+ max |[(Y®)Y vy p—as.
i€{l,...m}

Since the convergence (Y(¥))i — Y holds n-a.s., it follows MaX;c(1,.. m} Y < r
n-a.s. Therefore, we obtain Y < r npas. for all i € {1,...,m}, which implies
[V oo < 7 forall i € {1,...,m} because |[Y'||, .. = inf{c € R|[Y’] < ¢ n-as.}.
H _ H _
But this leads to maxl-e{lw7m}]|Y’HLoo < r, which shows that Y € Bf_,,
H )

Part 2: First, note that the natural injection

T ((L3)™, o (L5)™, (L3)™)) = (L3)™, o (L3)™, (L3)™))

is continuous: To this end, consider a net (X)) C (L35)™ with X — X € (Lg)™
in the topological space ((L39)™, o ((L35)™, (L},)™)). Then

>(Loo) (L )m >(L°°)m (L )m for all = € (L3,)™

Lyl = (Y, Z>(ng)m,(L;{)m for all Y, Z € (L37)™, this implies

<Z’ X(L)>(Loo)7n (Ll )TVL = <X( ) Z

—(X,2Z)

>(L?)7",(L,1H)"L

wspmwigr = B XD gy wym

for all Z € (L3)™. But this means that X® 5 X in ((LI)™, o ((Li)™, (LS)™)).
Hence, T is continuous.
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Now, suppose that C, is closed in (L%{)m for every r > 0 and let C be convex.
Since for X, Y € C, and a € [0, 1], we have

ey loX 0=y < g (51X g + (0= 0V )

< i — Y <
o max X e + (1= a) ieglfyfn}HY lpee <7

the set C, is convex for every r > 0. It follows that each C, is also o((L},)™, (L35)™)-
closed; see, for instance, Theorem A.60 in Follmer and Schied (2011). Continuity of
T implies that C, is o((L9)™, (L},)™)-closed in (L$7)™. Finally, the Krein-Smulian
theorem (see Theorem A.2.5) yields that C is o((L59)™, (L},)™)-closed. O

In the following definition, we introduce continuity properties for mappings defined
on RT g and RYY X Rio(,m. This definition is closely related to Definition 3.15 in
Cheridito et al. (2006) (see Definition 6.2.3).

Definition 7.3.5. We say that a sequence (X¥)) € RZG™ is increasing (decreasing)
if each (X)) ¢ RYG: i € {1,...,m}, is increasing (decreasing) in k. Moreover,
for every s € Ny, )_(s(k) 1 X, P-a.s. for some X € Rfém means that (X's(k))i T (X,)?
P-a.s. for alli e {1,...,m}.

We call a mapping v : Rioém — L continuous for bounded increasing sequences
if for X € R>Y™ and every increasing sequence ()_((k)) C Room with X T X,
P-a.s. for all t € Ny, we obtain limj_,.o v(X®) = v(X) P-a.s.

Similarly, a mapping T : RZ X R2™ — L™ is called continuous for bounded
decreasing sequences in the first argument and bounded increasing sequences in the
second argument if for (X, Y) € R7p X Rioém and every sequence (X, YR))

) X ROO " that satisfies X i X; and Y T Y; P-a.s. for all t € Ny, we obtain
hm,Hoo T(X( ), YR)) = T(X,Y) P-a.s.

The subsequent lemma is one of the main results in this subsection and yields a
closedness result for the acceptance set B,,. For the proof we borrow ideas from
the proof of Lemma 3.17 in Cheridito et al. (2006) and Section 4 in Cheridito et al.
(2004).

Lemma 7.3.6. Let py be a conditional convex single-firm risk measure. If py is
continuous for bounded increasing sequences, then the acceptance set B, is o(R* x

R, A x AY)-closed.

Proof. Consider the map g : R x R2G — L2° defined by o(X,Y) := po(V) — X-. If
po is continuous for bounded increasing sequences, then p is continuous for bounded
decreasing sequences in the first argument and bounded increasing sequences in the
second argument. Moreover, since for each v € L2° and Z € R v = po(Z) if and
only if 0 > o(71[;,«), Z), We obtain

Bﬂo = {(Xa Z) < Ri?@ X R?',OH‘X = fYI[T,OO) for v E L?-o and 0 > Q(’}/I[T,OO)7 Z)}
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Consider a net (X', Y*) C B,, and (X7 ,Y#) € R™® with (X", V') — (X#,Y#)
in the topological space (R™ x R>®, d(R>® x R®, Al x A!)). Then (X# Y#) €
R7p x Ry and X# = 7#1[7700) for some 4# € L. Assume that 0 < o(X7#,Y#)
on a set A € F; with P[A] > 0. The function g : R?) x R2% — R defined by

0(X, Z) := Elo(X+1jr00), Z)1 4]

is obviously decreasing in the first and increasing in the second argument and convex.
Moreover, p is continuous for bounded decreasing sequences in the first argument and
bounded increasing sequences in the second argument: Consider (X,Y) € R‘X’ ><R°°

and a sequence (X Y (*)) ¢ R x R, that satisfies X ) | X, and Y )1y,

P-a.s. for all t € Ny. Then Q(X( )I[T )> Y )y 4 Q(X Ii7,50),Y) P-a.s. Hence, by the
monotone convergence theorem, we obtain (X ®), Y (%)) 1 5(X,Y).

Now, note that R = L$ and identify A! Wlth L},. Define the convex set
D; = {(X,2) € R x R%Y|X = VI[;o0)for v € L and 0 > §(7I[r,00) Z)}. We
will show that the set

Cr =Dy N{(X, 2) € L5 X L& (X, 2) gy < 7}

is closed in L%{ X L%—L for each r > 0. Then it follows from the second part of Lemma
7.3.4 that D; is o (L3 x LSy, Li, x L},)-closed.

To this end, fix » > 0, consider C, as a subset of L%—t ><L}_,5 and let (v(k)l[noo), Z(k)) C
Cr be a sequence which converges to (7/|;,., Z) in L} x Li,.

By the first part of Lemma 7.3.4, we have ||( 'yI[TOO < r. It re-

Mg e
mains to show that 0 > 4(v/[; ), Z). Since (*y(k)I[ﬂoo),Z(k)) C C converges to
(Y jr,0), Z) in L}, x L}, there exists a subsequence (v(kl)I[T’oo),Z(kl)) C L}, x L},
such that (fy(kl)I{TSt},Zt(kl)) — (Y{r<ty, Zt) P-as. for all t € No. If we define
Yt(m) = inlem(Zt(kl) A Z;) for all t € Ny, then (Y(™) is increasing with Yt(m) T Z
P-a.s. for all t € Ny and Y, < Z*™) for all m € N and t € Ny. Similarly, define
(M) = suplZm(’y(kl) V 7) such that (¢(™) is decreasing with ¢(™) | ~ P-a.s. and
pm™) > A Em) for all m € N.

The monotonicity property of g yields @('y(km)f[noo), Zkm)y > 5(p(m) I7.00)5 y (),
and together with the continuity property of 9, we obtain

0 > liminf §(v*) I, o), Z5m)) > lim 3(6"™ (7 0y, Y™) = 8(11}r ), 2).

m— 00 m— 00

Thus, C, is closed in L%{ X L?l-t-

As (X', Y") € By, we know that X* = 4[|, ) and 0 > o(7*I[; o), Y*). This
implies 6(7' 7. 00), Y") = Elo(7v{}r,00), Y) 4] < 0, e, (X*,Y") € Dy. Because Dy is
o(LSy x LS}, LY, x L})-closed, this means that (X#,Y#) € D; and

0> QN(X#v Y#) = E[Q(’Y#I[T,oo)v Y#)IA] = E[Q(V#I[T,oo)? Y#)‘A]P[A]

Since P[A] > 0 and 0 < o(X#,Y#) on A, this is a contradiction. It follows
o(X#,Y#) <0, ie., By, is 0(R® x R, Al x Al)-closed. O
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Before we prove the analogous result to Lemma 7.3.6 for the acceptance set By,
note that every convex aggregation function A : R" — R is automatically continuous.
This implies that A satisfies the following property For X € Room and every

1ncreasmg sequence (X®)) ROO " with Xt 1+ X; P-a.s. for all t € N, it follows
that A(X, ) 1 A(X;) P-a.s. for all t € N.

Lemma 7.3.7. Let A be a convez aggregation function. Then the acceptance set By
is o(ROHL AT _closed.

Proof. Define the mapping T; : R x RYy" — Lg° by Yi(X,2Z) == A(Z;) — X;
for all t € Ny. Since A is continuous, each Y, is continuous for bounded decreasing
sequences in the first argument and bounded increasing sequences in the second
argument. Moreover, since for each (X, Z) € R x RTG", X > A(Zy) for all t € Ny

if and only if 0 > Y;(X, Z) for all t € Ny, we obtain
Ba={(X.2Z) € R% x RZ5"0 > T4(X, Z) for all t € No}.

Consider anet (Y*, X*) C By and (Y#, X#) € R®"H with (Y¢, X*) — (Y#, X#)in
the topological space (R 1 g(R>®n+1 ALY Then (Y#, X#) € Ry x RIG"
Assume that there exists s € Ny such that 0 < T,(Y#, X#) on a set A, € F, with
P[As] > 0. For all other (s #)t € Ny, we set Ay := (). For each t € Ny, the function
Yi: R x RYG" — R defined by

TV, X) :=E[Y (Y, X)I4,]

is decreasing in the first and increasing in the second argument, convex and continu-
ous for bounded decreasing sequences in the first argument and bounded increasing
sequences in the second argument.

From now on, we use that R™ = L9 and identify A with L},. Define Dy :=
{(Y,X) e R x R7G"|0 > T:(Y, X) for all t € Ng} and consider the set

We will show that C, is closed in (L1,)"*! for each r > 0. According to the second
part of Lemma 7.3.4, this implies that D+ is o((L37)" ", (L},)""!)-closed.

Fix r > 0 and let (Z*),U®) c C, be a sequence which converges to (Z,U) in
(L,}_l)n-i-l‘ By the first part of Lemma 7.3.4, we know that [|(Z, 0)’|(Lg§)n+1 <r.
Hence, it remains to verify that 0 > T,(Z, U) for all t € Ny. For t # s this is trivial.
In conclusion, we have to consider the case t = s.

Since (Z®) U®) C C, converges to (Z,U) in the space (L},)"*!, we can find a
subsequence (Z(kl) Uy c (L3,)"*! such that (Z; (k) U&k’)) — (Zy, Uy,) P-a.s. for all
u € Np. Deﬁne (Y)Y 1nfl>m((U( D AU for each i € {1,...,n} and u € N.
Then Y™ 4 U, P-a.s. for all u € Ny and Y™ < U8 for all m e N and u € No.
Similarly, for vim = Supl>m(Zl(L Dy Z w), u € No, we obtain vim i Z,, P-a.s. for all

u € Ny and Vu(m) > Z&km) for all m € N and u € Ny. The monotonicity property of
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T, implies T (ZFm) km)) > ¥ (V) Y(™) and the continuity property of T
yields

0 > liminf Ty(Z2%m) gEn)y > 1im T,V y™) =T (Z,0).

m— 00 m— 00

Altogether, we get the closedness of C, in (L3,)" .

Since (Y, X') € By, we know that 0 > Y,(Y*, X*) for all t € Ng. This implies
T (Y, XY) = E[Ty(Y", X*)14,] <0 for all t € Ny, i.e., (Y*,X*) € Dy. Because Dy
is o((L35)" L, (LY,)"*1)-closed, this means that (Y#, X#) € Dy and

0> T, (Y# X#)=E[Y,(Y#, X#)I4,] = E[Y(Y#, X7)|AP[4;] for all t € Ny.

But this is a contradiction to P[As] > 0 and 0 < T,(Y#, X#) on A,. It follows
T (Y#,X#) <0 for all t € Ng. In other words, By is (R A"+ closed. O

The next lemma is another building block for the proof of the dual representation
result in the following subsection.

Lemma 7.3.8. Let p = pgo A be a conditional convex systemic risk measure charac-
terized by a conditional convex single-firm risk measure pg and a conver aggregation
function A. If pg is continuous for bounded increasing sequences, then the convex
set

Czof/\ ={(V.X,2,2) € ROO 7hLZ)’|V = ¢lj; o) for some ¢ € L7 and
Elpo(A(X — 2) - X — 2)] — El¢] < d)

is o(RoO™H3, AL +3) _closed for each d € R and each X € R

Proof. Fixd € R and X € Rf’@’n and consider the function p : R:?én+3 — R defined
by o(V,X,Z,Z) :=E[po(ANX — Z) — X — Z)] —IE[[/T] —d. Then g is decreasiflg due
to the monotonicity properties of py and A Let (UR) .= (v xF) 7zKk) 7Ky

Riog’"Jr?’ be a decreasing sequence with Ut ) | U, P-as. for all t € NQ and U :

(V,X,Z,7) € RY% 3 Then continuity and monotonicity of A imply A(X — Z(k))t 0

ANX - 2); P-as. for all t € No. Furthermore, the continuity for bounded increasing
sequences and the monotonicity property of py yield po(A(X —Z®)) — X k) — 7)) 4
po(A(X — Z) — X — Z) P-a.s. By the monotone convergence theorem, we obtain
oV x k) Z(k) ZE)) 1 o(V, X, Z, Z).

Since for each (V, X,Z,7) € ROO 3 ,d>E[po(AMX —2Z)— X — Z)] - E[V;] if and
only if 0 > o(V, X, Z, Z), we have

Coin ={(V,X,2,2) € RZ"°|V = 61|, ) for some ¢ € L and
0 > Q((f)I[T’OO), X, Z, Z)}
We will show that the set

d,X 7 00\ N ~
Cr 1= Cy NV, X, Z,2) € (L) | (V. X, 2, 2)]| e 0 < 7)
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is closed in (Lj,)"" for each r > 0. Then Cp A is o (L) 3, (LY,)™+3)-closed due
to the second part of Lemma 7.3.4.

Now, fix r > 0 and let (U®)) := ((ﬁ(k)I[T’oo),X( ), Z2®) Z(K)) < C, be a sequence
that satisfies (U®) — U in (L))" for U = (¢l};.00), X, Z,Z) € (L3)"3. Tt
remains to prove that 0 > g(ﬁ)

Since (U®)! — U’ in L}, for each i € {1,...,n + 3}, there exists a subsequence
(U®)) such that (ﬁ(kl)) — U’ p-a.s. and in LH for each ¢ € {1,...,n + 3}. This
means that (U*)): — U} P-a.s. for all t € Ny. Define (Y (™)i .= suplZm((U(kl))i \Y
U}) for all t € Ngand i € {1,...,n + 3}. Then (Y(™)! c R* is decreasing and
(Ym))i | U} P-as. for all t € Ng and i € {1,...,n + 3}. By the monotonicity
property of o, we have Q(Ut(km)) > o(Y(™), and the continuity property of o implies

0 > liminf o(U%*™)) > lim o(Y ™) = o(0).

m—00 — m—oo

Note that the pairing (-, -),, defined on R°>™ x AY"™ induces the pairing

1
<', >m |R:og,m><Ai,Z’L . RT@ X AT;n — R

defined on R>3"™ x Ai’gl. In the following, we do not distinguish between these two

cases. The next lemma provides a basic property of the spaces R>}™ and Ai’gl
Lemma 7.3.9. R>;™ and Ai’;n satisfy the following properties:

1. R 9m separates points of Alzgl under (-,-), : If€ € Ai:;n and (X, £>m =0 for
all X eRoom then & = 0.

2. .ATﬁ separates points of RTﬂ’m under (-,-), : If X € Rfém and (X, §>m =
for all € € Ai:gl, then X = 0.

Proof. We know from Remark 7.1.1 that R®™ separates points of A»™ and A™
separates points of R>"™ under (:,-), . This means

e A and (X,§) =0forall X e R®™ = (=0, (7.7)
X eR®™and (X,§) =0foral € AV = X =0. (7.8)

Let us first consider £ € A +p and assume that X, € ),, = 0 for all X € RZS™. Then
every Y € R>™ satisfies

¥,6),=> E|> YAG| =) E| > YAG| =(ZE),
i=1 |teNp i=1  |te[r,0)NNy

for Z := }7[[779] + }79[(9700) € R>,™. Hence, it follows (Y, §_>m =0forall Y € R®™
and (7.7) yields € = 0. Therefore, R%™ separates points of Ai’;n under (-, -)

m*
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On the other hand, let X € R:?ém and assume that (X, é)m =0forall £ e Ai:;n
Now, consider an arbitrary ¢ € A"™. Since (X, ) = S E[Y e, XiAY]
and X € Rfém, we can find an element ¢ € .Al’m such that (X, zZ) = (X, qZ;>
Define ¢ € AY™ by ¢ := 0 on {t <7}, A¢i := A} on {T<t<9} AB) =

E[> (6,000 M0 AYE|Fg] and @i := ¢}y on {t > 0} for i € {1,...,m}. Then ¢ € .A
because ¢ = pl?(¢) and

|

< 9l grm < 0.

|

> XiAYj| +E XgE[ > Ay

S Ay

te[f,00)NNg

191 1. ZZE[ > Ay +|E
i=1

te[r,0)NNg

<SE

o

D AN H S N VAUTH

te[r,0)NNg te[f,00)NNg

i=1

Moreover, we have

>, XA +E|Xy > Ay

_tE[T’G)nNO tE[O,oo)ﬂNO

(X,9),,

o
&=

@
Il
—_

o
=

)

=1 _tE[T,@)ﬂNO i te[f,00)NNg
=D (E| > XiAg +E[X5A¢é])

=1 _tE[T,@)ﬂNO
=(X,9), .

Hence, for any 1) € AM™, there exists an element ¢ € Ai’zn such that <)_(,1/;>m =
(X, <Z>>m This implies <)_(,Qﬁ>m =0 for any ¢ € A"™. Thus, (7.8) yields X = 0. In
other words, .Ai’gﬁ” separates points of R>;" under (-,-), . O

m

Because of the previous Lemma, we can define the topology o(R>", Sy ,A n') o
R5™ and the topology U(Ai’gn, R2™) on Ai’gm (see Definition A.2.1). Both topol—
ogies are compatible with the pairing (-,-),,. Let us consider the so called subspace
topology Ty on R>Y™ defined by

= {UNRE"U € o(R™™, AV™)}.
The next remark clarifies the relationship between (R 0 ,.A p) and T

Remark 7.3.10. It is well known that (R, AM™) = o(R°™, F) where .F =
{fe : RO™ = RIfe(r) = (, §> for ¢ € AY™}. Here, the topology o(R°™,.%)
denotes the topology on R deﬁned by the base which is given by all sets of the
form

{Y e R®™||feor (V) = feon (X)| < ei=1,...,n}
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forn € N, X € R®™ and fg@) € % ; see, for instance, Section V.3 in Dunford and
Schwartz (1957). Lemma 2.53 in Aliprantis and Border (2006) states that T, =
J(R:oem, f|Rmm) where .7 |R°°ém = {f5|Rooém : Rre — R|fg € #}. Moreover, in
the proof of Ehe previous lemma we have verified that for each £ e AV we can find
an element ¢ € .Al’ such that (X, §> = (X, qb) for all X € R>;™. This implies
J|Room = {g¢ : "= Rlge(-) = (, ¢), for ¢ e .Ai;n} As a consequence, we
have
%ZU(R;’O@m =9Z|R°°m)—0( A )

Finally, the previous results are combined to the following lemma.

Lemma 7.3.11. Let pg be a conditional convex single-firm risk measure and A be
a convexr aggregation function.

1. If po is continuous for bounded increasing sequences, then the acceptance set
By, is o(R5G X R.‘fb,fl}.e X Al g)-closed.

oo n+1 Al n+1)

2. The acceptance set By is o(R closed.

3. If po is continuous for bounded increasing sequences, then the set Cd Ton 1S
o (R, ALG ™) -closed for all d € R and X € R,

Proof. Note that the T7-closed subsets C of Ry™ are the sets C = D N RG™

where D is some o(R>"™, A™)-closed subset of R°™; see, for instance, Section
2.1 in Aliprantis and Border (2006). Since By, = B,, N (R3H X RYY), it follows from
3:7;+1

Lemma 7 3.6 that B,, is Tz’g—closed. Similarly, we obtain that By is T -closed

and C% 0o A is Tf:gg—closed foralld € Rand X € R7%y- Now, all assertions follow from
the previous remark. O
7.3.3. Dual representation

In order to formulate a dual representation result for conditional convex systemic risk
measures, we have to generalize the definitions from Section 6.2 for m dimensions.

Hence, define for X € R®™ and £ € AM™
fT] |

m m
— — T,@ —_ . —_—
(X, &)= (X&) ZE [ > XA
i=1 [
As in one-dimensional case, we obtain for X € R®"™ and € € Ai’;ﬂ

te[T,0)NNg

S = - i & - i mi\T,0 S\ T,0
(X,€),, =D (X",¢&) = E[(X".&)"] =E[(X,&) ]
i=1 i=1
Finally, consider the following natural extensions of the spaces A} and (Aql_’g)—k
for m dimensions
AL = (€€ AV™MAE >0 for all t € No,i € {1,...,m}}, (7.9)
(A7) o= prf AL (7.10)
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and define ,
Erpi={E € (AL )+ (1) <1}

To prove the dual representation result, we need the following technical lemma. For
a proof see, for instance, Detlefsen and Scandolo (2005).

Lemma 7.3.12. Consider a set Y C L°(R) and suppose that Y is directed upwards,
i.e., for all v,~" € ), there exists v € Y with v" > vV /. Then

E [ess sup ’y] = sup E [v]
yeY yeY

if the expectations exist (finite or infinite).

Theorem 7.3.13. Suppose that p = pg o A is a conditional convex systemic risk
measure characterized by a conditional convex single-firm risk measure pg and a
convex aggregation function A. If pg is continuous for bounded increasing sequences,
then p admits the representation

p(X) = ess sup {(X, §>;’9 —an?(g,€)} forall X € Rfé" (7.11)
(£7§)GET,9X(A:—:2)+

where af : Al 7.0 X Al w — LY(R,) is given by

a;’e(f, ) = esssup {—v+ (Y -V, {)T’e + <Z, §_>;€} (7.12)
(VI[T,oo)vy)eBpof(sz)EBA

If p(R"I; »)) = R, then a feasible solution to optimization problem (7.11) addition-
ally satisfies £ € Dy .

Remark. Note that unlike in the static case, we do not need an additional continuity
requirement for A. In Chapter 5 we additionally claim LP-continuity of A : (L?)™
LP. The reason for this difference is that in case of conditional convex systemic
risk measures, we solely consider the space of bounded processes. In contrast to
this, convex systemic risk measures are defined on (LP)™-spaces for all 1 < p < 0o
in the static framework. Moreover, in case of convex systemic risk measures on
(L), we study the paired space ((L°°)",(ba)™) where (L*°)™ is endowed with
the corresponding norm topology, and in this chapter we study the paired space
(R, AL™) where R is endowed with the topology o (R, A7),

Proof. Fix X € R2;". Part 1: At first, we will verify the following equation:

Ep(X)]=  swp {E[(X6) - a7’ )]}
(€)EAL  x ALY
—E| esssup  {(X,67 —ap’(6.0}| (7.13)

()AL jxALn
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By the primal representation of p in Proposition 7.3.2, we have

p(X) = essinf{y € L$°|(7[[T7OO),Y) € B,,, (Y, X) € By}
- inf I Y Y, X)}.
(mY)eeS?éonmij’g{’y 85 (fro0) ¥) + 05, (Y, X)}

Define the mapping sp,, : Al,a X A;@ — LY(R) for the convex set B,, by

5By, W,f) = esssup {<7][T’Oo)’¢>ﬂ@ + <Y, §>r,9}'

(’YI[T,OO) 7Y)EBP0

Consider the set C := C¥€ := {— <71m) O+ (V0 (Vir00), Y) € Bpy} and

let C := —<7.T[T,OO),7J)>T’9 + (Y, )" ¥ and O = —<7’I[T’Oo),¢)>7’9 + <Y’,£>T’9 be such
that C,C" € C. Moreover, define A := {C' > C'} € F,. Then we have

Cla+ C'Lae = —~((YLa + 7' Ta ) Ippo), )™ + (YIa + Y/ Lye, €)7°

and ((vIa + 7,IAC)I[T,OO)’ VIg+Y'ige) = IA(VI[T,oo)ﬂ Y)+ IAC(’Y/I[T,oo)a Y') € By,
since B, is convex. This means that C is directed upwards and that we can apply
Lemma 7.3.12. Then we obtain a function 3g, : Al,a X Al,a — RU{+o0} by setting

3B,, (¥, §) := Elsp, (¥, )], and 35, satisfies

8, (0, 6) = sup B[~ (Yoo )+ (¥, €)™

(’YI[T,oo)aY)eBpo

= sup {00y ) + (Y6}

(’yI[T,oo)vY)EBPO

for all (¢,&) € AL, x A;e. Furthermore, the convex conjugate of 15, is given by

Gy (0.0 = s (X 0) + (V,6) — s,y (X))

(X,Y)ER, xR,

= sup {_<7-[[T,oo)7 11[}> =+ <Y’ £>} = ngO (—7/)7 6)

(’YI[T,OO) 7Y)EBP0

for (1,&) € AL 70 X Al .0+ Since po is continuous for bounded increasing sequences, it
follows from Lemma 7.3.11 that the acceptance set By, is 0(R>H x R, -Ar,e X .AT7 )-
closed. This implies o(R2, x Rifg,Alﬂ X A;e)—closedness of the function ¢z,
Furthermore, the duality theorem for conjugate functions (see Theorem A.2.9) leads
to

By, (Mro0), Y) = 15, (V[r00),Y)
= sup  {(¥l[r.00), V) +(Y,€) — 15, (¥,€)}

(d}?g) EA-}-VG X Aql—’e

= sup {_<71[7,m)7 w> + <Y7 §> - §Bp0 (_1/}75)} (714)

('(ZJ,&) €A71—79 X -Ai’g

for (v,Y) € L x R
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Similarly, we can define the mapping sg, : .ATG X .A1 w — LY%(R) for the convex
set By by

55, (6, €) = esssup {(Y, )" +(Z,6)"}

(Y7Z)EBA

and show that the set M®¢ = {-(Y, >T’9 (Z, 5>T’9|(Y Z) € By} is directed
upwards. Then the function 53, : ATH X A — R U {+oc} defined by 35, (¢,¢) :=
E[sg, (¢,¢)] satisfies

5,(~0,6) = sup E[-(Y,0)"" (2,6 = sup {~(Y,¢)+(Z,),}

(sz)eBA (Y,Z)GBA

and

LZSA (7¢7 5) = gBA (7(;5’ 5)

for (¢,€) € A;e X Ai’g. According to Lemma 7.3.11, the acceptance set By is
(7(72306;"Jrl Ai’gﬂ)—closed It follows directly that the function ¢z, is closed with

oo n+1 ./41 n—i—l)

respect to the topology o (R and by the duality theorem for conjugate

functions, we obtain
= sup {(Y.o) +(X,6), —5,(6,6)}
= _ sup {_<Y’¢>+<X’g> _SBA( ¢ 5)} (7'15)

for (Y, X) € R x R>". With Lemma 7.3.15, Lemma 7.3.12 and Equations (7.14)
and (7.15) it follows that

B B it O+ o O ) 4,0,

= inf E
(v,Y)eLe xR

¥+ sup {=(ro0), ) +(Y,6) = 35,, (=9, €)}
(VEEAL gx AL

+ sup {—(Y,0) +(X,6), —35,(=0,6)}

(6E)EAL g x ATy
- inf sup {EM— Ypr ooy ) + (Y, &) — (Y, ¢
(WVIELFXRTg ()AL yx AL, ooy, ) +(¥:6) = (V- )
(6£)EAL jx ALT

(XE) —dp, (—1,6) — 38, (~6,E)] } (7.16)
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Now, Lemma 7.3.14 yields

EP(X) = sup lnf {E v — ,YITOO ,w + Y7£ N Y,QS
| | (w,ﬁ)eA;GxA;O,(%Y)eL?xR% [v] =« [r;00) ) (Y. 6) = (Y, 9)
(BE)EAL yx ALY

(X8, — 35, (~,6) — 50, (0.9

1 0
= sup inf {]E[’y(]_ — <1’,¢)>7—7 )] + <Y7§ _ ¢)>
(¢,£)6A;9xA;e,(%Y)eL?ngfe
(¢7§_)€A71_’9><A1’73

FE[(X 87 — s, (-.) — 55, (-0, )]}

— —_ T70 —_
= sup {E[<X7£>n - SBPO(_T%S) - SBA(_§7£)}}'
()AL o x AL o (1) 0=1
(&)eal x AL
(7.17)

The last equation can be verified as follows: First, assume that A := {(1, 1/J>T’9 >
1} € F, satisfies P[A] > 0. Then (™ defined by 7™ := ml, satisfies (™) ¢
L for all m € N and E[y(™)(1 — <1,1/}>T’0)] < 0. As a consequence, we have
limm 00 B[y (1 — <1,1/1>T’9)] = —oo. The same argumentation applies if A :=
{<1,¢>T’0 < 1}. Hence, it suffices to consider ¢ € Aiﬂ with <1,w>7’9 = 1 in the
supremum.

Now, let us assume that there exists s € Ny such that As := {A& < A¢s} € Fs
satisfies P[A] > 0 and define Y™ ¢ R by Y;(m) = mlay—gy for t € Ng and
m € N. Then

(Y, g =) =E | > VA& - 61)| = E[mIaAE — 6,)] <0,
teNg
which implies that lim,, ,o(Y™, ¢ — ¢) = —co. With the same argumentation for

A= {A& > A¢s} it follows that we only have to consider (1, €) € Al,a X Al,o such
that A& = Agy for all t € Ng. Hence, & = ¢ for all ¢t € Ny.

For v € .A;e with (1, ¢>T’9 =1land (£€) € -Ai,e X Ai:g, we obtain

SBpO (_1/17 5) + SB (_57 5)

7,0 7,0 7,0 > \T,0
= esssup {—y(L,9)"" +(V,§) 7} + esssup {—(V,§) 7 +(Z,6), "}
(’YI[T,oo)’Y)GBPQ (V,Z)EBA

= ess sup {—7+<Y—V,§>T’0+<Zjé>;’9}
(’YI[T,OO)7Y)€BPO7(V7Z)€BA

= a}?(&,9).
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Thus, (7.13) follows from Equation (7.17) and an application of Lemma 7.3.16 and
Lemma 7.3.12.
Part 2: Now, we will show that

]E[p(X)] = ~ sup {E[<X7 g>;’9 _ a:L,e (67 g)} }
(675)68779X(Ai13)+

=F [ ess sup {(X,@;’e—a:{e(f,f)}] :
(

£6)EE ox (ALY +

First, note that for every (¢,€) € .A;@ X Ai’g, we have

T . 7,0 > A\T,0
Elo;’(€,€)] =E esssup  {=y (Y =V, +(2,6)"}
('YI[T,oo)’Y)eBﬂov(vvz)EBA
T, > A\T,0
- sup E[y+ (Y =V, (2,677
(7I[T,w)7Y)GBp07(V’Z)€BA
= sup {-EN] + (Y = V,&) +(Z,6),.}

(’71[7,00) 7Y)€BPO 7(VyZ)GBA

because the set {—y + (Y — V,§>T’9 +(Z, §_>;’0](7I[T7OO),Y) € By, (V,Z) € Bp} is
directed upwards.

Assume that there exists s € Ny such that Ay < 0 on As € Fs with P[A5] > 0. We
will show that this implies E[a7?(¢,€)] = oo: The constancy property of py yields

po(0) = 0, and hence (0,0) € B,. Define Y™ € R, by V"™ := —mls Ij_y for
t € Ngand m € N. Then 0 > Y™ and (0,Y(™) ¢ B, for every m € N due to the
monotonicity property of B,,. Moreover, we have

™. e)=E |3 v,"Ag

teNp

= E[-ml,A&) >0,

which implies lim, ,oo(Y ™, €) = co. Together, we obtain E[a?(£,€)] = co. In
conclusion, we only have to consider £ € (A71_70)+.

The same argumentation applies if we suppose that there exists s € Ny and
j €{l,...,n} such that A& < 0 on A; € Fs with P[As] > 0. Then monotonicity of
the acceptance set By implies E[alf (£, €)] = oo, such that we only have to consider
€€ (Arf)+

Now, let &£ € (AL,)+ be such that —1 + <1,§>T’0 > 0 on A € F, with P[A] > 0.
Since (A7), )\I[T’O’o)) € By, for all A > 0 and since By, is Fr-convex, we obtain
TaA(M 00y, Mir,o0)) + 14¢(0,0) = Ta(M [0, Mr,00)) € Bp,- Moreover, we have for
all A >0

— B Al + (Malfy 000, €) = —E[Ma] + E[(A AT 00), €)™
= AE[(—1 + (1,6)"")I4] > 0,
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and limy 00 (—E[Aa] + (Ml o), §)) = oo implies again that E[a;; 0(¢,8)] =
Hence, £ € &1 p.

Finally, assume that p(R"/|; ) = R. It remains to show that (1, §>T’9 > 1. Con-
sider € € &9 with 1—(1, §>T’9 > 0on A € F; with P[A] > 0. Because p(R"[|; ) =
R, we know that po(—Alj;)) = —A for all A > 0. Thus, (=M ), —A|7.00)) € By,
for all A > 0. Fr-convexity of By, yields Ia(=Al[; o), —=A[ro0)) € Bp, for all A > 0.
Furthermore,

—E[(=N)La] + (- N alr ), €) = AE[(1 = (1, [4] > 0

for all A > 0 and limy_eo(E[(=A)14] + ((=A)1al7),§)) = co. Therefore, we

obtain E[aZ? (¢, €)] = co. Altogether, we arrive at (1,&)” ™.
Part 3: Tt remains to prove that

p(X)=  esssup (X&) —anf(¢,6)}.

(6E)EEr X (ALY +
Let us begin with ” > ”: For (£,€) € £, x (A}_:Z)Jr, we have

ar’(&,€)

= ess sup {—’y+<Y—V,§>T +(Z, §> — 18, (V7,00) Y)—u5,(V,Z)}
(7.Y)ELE xRS,
(V,Z)eRifngfé"

> ess sup {—v+ (Y -Y, §>T’0 + <Z, §_>;’9 — LB, (”yI[T’OO), Y)
(7,Y)ELP xR, ZeR°° )"

- LBA(Yv Z)}

> \T,0
= ess sup {—v+ <Z,§>n — B, (Mr00), Y) — 15, (Y, Z)}

(7, Y)ELL xR, ZeRfé"

and

esssup {(Z, f) p(2)}
ZEROO )"

- 79 —_
= esssup{(Z,@; +  esssup  {—7 —18,,(V[ro0), Y) — 18, (Y, Z)}}
ZeRy" (mY)ELE xR,

> \T,0
= esssup (=7 +{Z.8)," — B,y (V[r.00),Y) — 15, (Y. Z) }.
(7,Y)ELP xRy, ZERT"
Together, we obtain a7?(¢,€) > ess supZeRooén{<Z, §>;’0 — p(Z)}. This inequality
implies a7 (¢, €) > <Z §_>T’6 —p(2),ie., p(Z) > (Z, €>;’9 —anf(,€) forall Z € R
and (&,€) € &4 ¥ (ATG) Therefore, we have
— — 7_70 T —
pX)= esssup  {(X,6)" —a7?(€.6)}. (7.18)

(6E)EEr X (ATY)+
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Since the second part of this proof states that the expectations of both sides of
(7.18) are equal, we get equality in (7.18). O

Lemma 7.3.14. Suppose that the requirements fmm Theorem 7.3.18 are satisfied.
DeﬁneX'—R X R, X = ALy x ALy, U 29 X R X Ry x RIG" and
= Al 7.0 X Al 70 X Al 70 X Al g and consider the pazred spaces (X, X"), U,U"). Let
X e R:gn and K : X xU' — R be defined by
K((X,Y),(®,€,¢,9))
[E ] = (Y700, 8) + (V,€) = (¥, 0) + (X, €),,
= =88, (—1,€) = 88, (~6,8)| if X = YIjyo0) fory € L -
00 else

Then we have

f K((v]
(%Y)eanme s (0, gs;lgeu, (Vfro0), ), (4,6, 9,€))
- sup inf K((eroo)a ) (¢ &0, 5))

(,6,0,6)eUt’ (7, Y)ELE xR,

Proof. The proof of this lemma is similar to the proof of Lemma 5.4.6. Fix X €

Rioen and note that K is concave in the second argument since Sg,, = L%p and
$p, = I, are convex; see, for instance, Theorem 5 in Rockafellar (1974) (see The-

orem A.2.9). Moreover, —K((X,Y),) is o(U’',U)-closed for each (X,Y) € X: If
—K((X,Y),-) = —oo, this holds by definition. Otherwise, we have —K((X,Y),-) =
—K((v1jr,00), Y), ") > —oo for some v € L2°. In this case, the function

is o(U’',U)-continuous. Moreover, according to Theorem 5 in Rockafellar (1974),
the function 3g, = L%p is o(AL 0 X .AT(,,RTQ x Ryy)-closed. The properness of
38,, (we have 3p, (0,0) = 0) implies that 35, is U(AT,Q X .A;O,R?’Og x RYp)-Ls.c.
Similarly, it follows that 35, = 3 is o(AL R ATQ, 2% X R:’én)—l.s.c. Altogether,
we obtain that —K (7]}, Y),") is o(U', U)-1.s.c. Therefore, K (W), Y), ) is
o(U',U)-closed.

By Theorem 6 in Rockafellar (1974) (see Theorem A.2.12), we know that K is the
Lagrangian of the minimization problem “minimize f over X” where f is given by
fW,Y) = F((W,Y),0,43) for F: X xU — R defined by

F(W,Y),(V.X,Z,2))
= sup  AK((WY),(1,€,6,6) = (Vv)) = (X, &) = (Z,6) = (£,9),.}
(¥.€,9,6)eut’
[59B(p.¢ 0 et B D] = (070, 0) + (V)
_<Y7 ¢> + <X7 §>n - SBPO (_1/)7 5) - SBA(_¢7 f)
—(V, ) = (X,€) = (Z,0) = (Z,8),}] it W = I}, o0y for 7 € L

00 else
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Moreover, Theorem 6 in Rockafellar (1974) states that F((W,Y),-) is o(U,U’)-
closed and convex. For (W)Y) € X with W = 4[|, ) for some v € L2° and
(V,X,Z,7) € U, the function F satisfies

F(W,Y),(V. X, 2,7))

(w7§7¢7£)eul

+(X - Z,8), — 3B, (—1,&) — 35, (—9,£)}
=E[y]+ sup  {=(Yl[re0) + Vi) + (Y = X,€) = 38, (=1, )}

(ﬂ’:f)eA}-,g XA}—JQ
— - — ’0 - —
+ sup A=Y+ Z,¢)+(X - Z,6)" —35,(—0,€)}
(6, €AL g x ALY

=EN] + 8,y Hiroo) + V.Y = X) + 13, (Y + Z, X — Z).
Hence, F is convex in both arguments. Now, define the convex function ¢ by
oV, X, Z,7)

= inf F Y X.Z. 7Z
iy (W, Y),(V.X,Z,7))

(77y)€an$OXR$?0{ V] + t8,, (V7,00) +V, )+, (Y + 2, }

for (V,X,Z,7) € U. The definition of B, implies ¢(V, X, Z, 7Z)=oc0if V # A1 o)
for all ¢ € L. On the other hand, if V = ¢l o) for ¢ € LY, then

QD(¢I[T,OO)7X7 Z, Z)

= inf E I Y - X Y+2Z2,X—-2Z
('y’Y)el[I}‘?_Ox’R‘:?G{ [’Y] + LBPO ((’Y + ¢) [7—700), ) ~|» LBA( + , )}

= inf {E[Y] + 5, (v + ¢ [ro0), MX = Z) = X = Z)}
veLZ

=E[po(AMX — Z) = X — Z)] - E[g].
Therefore, ¢ satisfies
Elpo(AX = Z) = X — ) ~Elg] if V = ¢ljy) for ¢ € L

w(V.X,2,2) = {
00 else

(7.19)
Since pp maps into L2° and ¢ € L2°, this means that p(¢l o), X, Z, 7) < oo.
Hence, ¢ is proper. If we can show that ¢ is o(U,U’)-l.s.c., then the assertion
follows from Theorem 7 in Rockafellar (1974) (see Theorem A.2.13). To prove that
@ is o(U,U")-1.s.c., we have to show that the set {(V, X, Z, Z) € U|p(V, X, Z,Z) < d}
is o(U,U’")-closed for all d € R. Equation (7.19) yields for every d € R

{(V.X,2,2) eU|p(V, X, Z,Z) < d}
={(V,X,Z,Z) e UV = ¢l; ) for some ¢ € L and
E[po(A(X — Z2) — X — Z)] - E[¢] < d}

— d7X
- CPOOA
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where the set Cg(’f is defined in Lemma 7.3.8. o(U,U’)-closedness of C  follows
immediately from Lemma 7.3.11. 0

Lemma 7.3.15. For each X € R:oen, the set

N = {7 =+ LByg (71[7700)7 Y) + LBy (Y7X)‘ (77 Y) € L?'O X R??Q

is directed downwards.

Proof. Fix X € RG" and let N, N’ € N with N := v 45, (V][r.00); Y) + 15, (Y, X)
and N' ="+ 15, (V100 Y') + 15, (Y’, X). In order to show that A is directed
downwards, we have to find an N” =" +u5, (V'I[r ), V") + 15, (Y, X) € N such
that N < N A N’. We distinguish between four different cases: If N = N’ = oo,
set Y = A(X) and 7" = po(Y"). If N = 0o and N’ < 0o [N/ = 0o and N < o0,
then define N” = N’ [N” = NJ. At last, consider the case in which N, N’ < oco:
Since N, N’ < oo, we have (VIj;,00), Y), (VI j7,00), Y') € By and (Y, X), (Y', X) € By.
Define the set A := {N > N’} € F,. Then

Tats, (V' [0y, Y') + Lacts,, (Y o0), Y) = 0

and 15, (14(Y 17,00y, Y') +1ac(V[r00), Y)) = 0 since By, is Fr-convex. Similarly, we
obtain B -
IALBA(Y/, X) + IAcLBA(Y7 X) =0

and t5, (1a(Y', X) + I4c(Y, X)) = 0. This yields
N'Ig 4+ NIye
= (v + LBy, (V' Ijr o0y, Y') + i, (Y, XN a+ (v + 1B,y (V[r00), Y) + 15, (Y, X)) ac
=7 Ta+vlac
= (Y Ia+7vIae) 4 18, (Y14 + ¥Ia) 00y, Y Ia + Yae) + 15, (Y'Ta + Y ae, X).
Because (714 + vlac,Y'Ia + Yige) € L x RY, it follows that N is directed

downwards. ]

Lemma 7.3.16. For each X € R>", the set

7'97

M= {(X, )7 — aif(£,6)|(€,€) € ALy x ALy

is directed upwards.

Proof. Fix X € RYy" and let M := (X, & — arf(e,&) and M’ := (X,6)7"
ol?(¢,¢) be such that M, M’ € M. Furthermore, define A := {M > M'} € F,.
Then M" := MI 4+ M'Ige > MV M’ and
= (X, ELa+ dlae).”
— ess sup {—~I4 — A4 + (Y, §IA>T’9 + (Y, ¢IAC>T’9}
(1,Y)€Bpy,(3,Y)EBy,

— esssup {—(VieL)™ — (Vi oLue)™ + (2,600 + (Z,614) 7).
(V.Z2)EBAL(V,Z)eBy
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Moreover, it is easily seen that

(YIa+ Ve, €14+ dIac)™ = (VI 610V + (VI4e, pIxe)™"  and
(ZIa+ Z1ac,€Ls+ GLac)™" = (Z1a, €107 + (Z1ae, d1ac)".
It follows

M// = <X,EIA +§5[Ac>;6

- ess sup {—7[,4—&IAC+<YIA+}A/IAC,§IA+¢IAC>T’9}
(7, Y)€EBpy.(%,Y)EBy,

— esssup  {—(VIg+ VIge, €Ia+ ¢Iae)"’
(V.2)EBA(V,2)eB,

+ {214+ ZLne, E14 + QZ;IAC>;’0}

< (X, €4+ QEIACXL’G — esssup {—y+ (Y, &l4 + ¢IAC>T’9}
(v,Y)€Byg

— esssup {—(V.&la + 0lae)"" + (Z.E0a + 01ae),)"}.
(V,Z)eB,

Since (£1a + ¢lac,&la + dlac) = 1a(€,€) + Lac(¢, ) € ALy X Ai;g, the set M is
directed upwards. O

In the remaining part of this subsection we consider the positively homogeneous
special case of Theorem 7.3.13. In order to prove the corresponding result, we borrow
ideas from the proof of Corollary 11.6 in Follmer and Schied (2011). Let us define

Z = {(V[r,00), Y. V. Z) € REY x Ry x R X RGN (W 7,00), Y) € Bpo, (V. Z) € By}
and
Z# = {(6,8) € ALy x AL — 7+ (Y — V.0 +(Z,6" <0
for all (v1[; ), YV, Z) e Z}.

Theorem 7.3.17. Suppose that p = pg o A is a conditional positively homogeneous
systemic risk measure characterized by a conditional positively homogeneous single-
firm risk measure pg and a positively homogeneous aggregation function A. If pg is
continuous for bounded increasing sequences, then p admits the representation

p(X) = esssup (X, §>:L’9 for all X € R (7.20)
(& Qez#

In addition, a feasible solution to optimization problem (7.20) satisfies
= n A\ T,0 7,0
§€&p, E€(AZp)y and (1,)7" <n(1,6)"".

If additionally p(R"I; o)) = R, then & € Dr4.
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Proof. Since every conditional positively homogeneous systemic risk measure char-
acterized by a conditional positively homogeneous single-firm risk measure py and a
positively homogeneous aggregation function A is also a conditional convex systemic
risk measure characterized by the conditional convex single-firm risk measure py and
the convex aggregation function A, we can apply Theorem 7.3.13. Hence, p satisfies

p(X) = esssup  {(X, @;’9 —al(g,€)} forall X € R (7.21)
(6O X (ALD)+

0. gl Ln 0R.) is oi
where a” : A7 g x Ay — LI(Ry) is given by

T = 7,0 > I\ T,0
an’e(ﬁ,f) = esssup. {—y+({Y -V, &) +<Z,§>n b
(’YI[T,OO)iY7‘/"Z)€Z

Moreover, Theorem 7.3.13 states that every feasible solution to (7.21) satisfies £ €
Dy if p(R"1[; «)) = R. Since pyp and A are (F:-)positively homogeneous, we know
that B,, and By are Fr-cones. This implies that

{a7?(£,) =0} U{a](€,€) =00} =Q forall (¢,€) € ALy x A7j

To prove the previous equality, fix (¢, £) € A;e XAi:g and consider A := {a7?(¢,€) >
0} € Fr. For every (v[r),Y,V, Z) € Z, we have Ma(Vjrx),Y) € By, and
M4 (V, Z) € By for all X > 0. Hence, we obtain

ol (€,8) = ess sup {—7+<Y—K§>T’9+<Z,E>;’e}

(’YI[T,OO>7Y1‘/;Z)€Z

> esssup  {—=MyIa + (A\YIq — AV g, 5>T’9 + (\Z14, §>;9}
(71[7,00)7}/7‘/72)62

= M4a70(¢,8). (7.22)

It follows that a7 (£,€) = 0o on A since )\IAaTG(ﬁ £) — ool 4 P-a.s.

Now, let us c0n51der of@(f §) for (¢,€) € Z#. By definition of Z#, we have
—y+H{Y =V, )" +<Z §>T’ < 0 for all (v1;,00), Y, V, Z) € Z. Since (0,0,0,0,) €
this implies a,?(¢,€) = 0 for all (&,¢) € Z7#.

On the other hand, consider (£,£) ¢ Z#. Then there exists (r, 0, Y5V, Z)eZ
and B € F, with P[B] > 0 such that

(Y V) 2,6 ) g = g+ (YIp—VIp, &) +(Z15,6)" >0 on B.

Note that Equation (7.22) is also true with B instead of A. As a consequence,
al?(€,6) = oo on B. Hence, we only have to consider (¢£,€) € Z# in Equation
(7.21).

It remains to verify the inequality (1,,¢ > <n(1,¢ >T’0 for feasible solutions (&, €)
o (7.20). Since B,, and B, satisfy (0,0) € Bpo and (fa(1)1jr,00)> Inlr.00)) € Ba, we
know that (0,0, fa(1)/[r,cc), Inl[r,ec)) € Z. Thus, it follows

7,0 o\ T,0 7,0 o\ T,0
(AW 1700y €)™+ (LT 00y )77 = (= fa (1), )™ + (1, 6)7° <
for all (¢,€) € Z#. Normalization of A leads to the desired inequality. O
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7.4. Dynamic systemic risk measures

In this section we define dynamic systemic risk measures as families of conditional
systemic risk measures at different points in time. This dynamization of conditional
systemic risk measures requires an appropriate time-consistency concept, which is
introduced and studied in Subsection 7.4.1.

For the remaining part of this section fix S € Ny and T € Ny such that S < T
and set S := [S,T] N Ny. Note that we analyze dynamic systemic risk measures on
a finite interval only. This is similar to the model setting in Cheridito and Kupper
(2011).

Definition 7.4.1. For each t € S, let pyr : R)7" — L§° be a conditional convex
[positively homogeneous| systemic risk measure with pyr = P?,T o Ay1 for a condi-
tional convex [positively homogeneous| single-firm risk measure Pg,T : Ry — Lg®
that satisfies the Fi-translation property and a convex [positively homogeneous] ag-
gregation function Ay : R™ — R. Then we call the family (p,1)tcs dynamic convex
[positively homogeneous] systemic risk measure. Moreover, we call the corresponding
family (P?,T)tes dynamic convex [coherent] single-firm risk measure, and the family
(At1)tes is called dynamic convex [positively homogeneous] aggregation function.

Because of the previous definition, dynamic convex risk measures (p;7)tcs can
be decomposed into a dynamic convex single-firm risk measure (pg r)ies and a dy-
namic convex aggregation function (A 7)ies. For the remaining paLrt of this thesis,
we solely consider dynamic convex single-firm risk measures (pY;)ies and dynamic
convex aggregation functions (A 7)ies being part of a dynamic convex systemic risk
measure (p;7)ies in the sense of Theorem 7.2.1 and Corollary 7.2.2, i.e., we have
prT = pgT oAy for eacht € S.

Thus, for every dynamic convex aggregation function (A;7)tcs, we have either
ImA;7 = R and fAt,T(O) = 0or ImAy7 = Ry for t € §. Furthermore, for
every dynamic convex single-firm risk measure (,OgT)teSa each pgT, t € S, addi-
tionally satisfies the JFi-translation property. Because of Theorem 7.2.1, we know
that every P?,T satisfies constancy on {0}. As a consequence, it follows directly that
pgT(aI [too)) = pgT(O) +a = a for all a € R. In conclusion, for every dynamic convex
single-firm risk measure (P?,T)te& each P?,T satisfies constancy on R.

If ImAy7 = Ry for t € S, then the corresponding function fy, . in the fa, .-
constancy property is a map from R to R;. According to the prdperties of At:T,
there exists by 7 € Ry such that fy, , |[bt,T,oo) is a bijective, strictly increasing function
from [b; 7, 00) to Ry with fy, ,.(a) = 0for all a < by 7. Moreover, the inverse function
fng maps from R to [b;7,00) and is also strictly increasing.

We have already pointed out that in contrast to Sections 7.1-7.3, in this sec-
tion we solely study conditional convex single-firm risk measures P?,T satisfying the
Fi-translation property. Note that standard dynamic convex risk measures from
Chapter 6 (see Definition 6.1.1 and Definition 6.3.1) admit the corresponding F-
translation property by definition. Thus, the Fi-translation property is a feasible
assumption. Nonetheless, note that p; 7 = ,0?7T o Ay 7 does not inherit this property



7.4. Dynamic systemic risk measures 179

because the convex aggregation function A7 does not satisfy any sort of translation
property.

Since Ay r(aln) = fa,,(a) for all a € R, we obtain for v € L§°, u € Ny and
a.e. w € (2 that

A 1) ift<
At (VI o0)) (U, w) = A 2 (Ynd g o)) (1, w)) = { tifl%i) ) ;f t> Z}

= fAt,T((fYI[t,oo))(ua W)) = fAt,T (Wl[t,oo))(uﬂ*))'

From At,T(On) =0= fAt,T(O) it follows that At,T(’VlnI[t,oo)) = fAt,T('yI[t,oo)) =
Ther (M1 [t,00) for all v € L{°. Because each pgT satisfies the Fi-translation property

and pgT(O) = 0, this implies

ot (VnIjt00)) = PLr(Mer(Vind00))) = P27 (Farr (V) jt00))
=007 (0) + fa,+ (V) = fa,.. ()

for all v € Lg°. Note that in case of a dynamic convex systemic risk measure (p; 7)ics
with py 7 = pg’T oAy for all t € S, we have f, . = fp, . Therefore, the following
property is satisfied:

7))  pr(Vnlj o)) = fp,p(7) forallt € S and v € Lg°.

7.4.1. Time-consistency

Our next aim is to introduce an appropriate time-consistency concept for dynamic
convex systemic risk measures which establishes a connection between the different
conditional convex systemic risk measures in time. At the beginning of this part of
the thesis we have already pointed out that the concept of strong time-consistency is
frequently used in the literature about dynamic single-firm risk measurement. In line
with these approaches, we introduce a version of this time-consistency property for
our dynamic convex systemic risk measures. Since our dynamic convex single-firm
risk measures additionally satisfy the JFi-translation property and pg’T(O) =0, they
correspond with the dynamic convex risk measures considered in Cheridito et al.
(2006), Cheridito and Kupper (2011) and Section 6.3 in this thesis. More precisely,
because of the different perspectives concerning the processes X € Rfo 2, for every
dynamic convex risk measure (p; 1)tcs in the sense of Definition 6.3.1, we can define
a dynamic convex single-firm risk measure (pz(f],T)tES by pgT(X ) == prr(—X) for
t € Sand X € Ry. Consequently, we can carry over the definition from Section
6.3 to dynamic convex single-firm risk measures and adapt this concept for dynamic
convex systemic risk measures and dynamic convex aggregation functions.

Because of Proposition 6.3.3 and T' < 400, we can use the following definition for
time-consistent dynamic convex single-firm risk measures.

Definition 7.4.2. A dynamic convex single-firm risk measure (P?,T)tes is called
time-consistent if the following property is satisfied:
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(r-TC) For every pair s,t € S with s <t and X,Y € R,
Xljgp =Yy and plr(X) < plp(Y)

imply p3p(X) < pd7(Y).
Similarly, we define time-consistent dynamic convex aggregation functions.

Definition 7.4.3. A dynamic convex aggregation function (A1 )ies is called time-
consistent if the following two properties are satisfied:

(a-TC1) Either all Ay, t €S, map into R or all Ay, t €S, map into Ry.
(a-TC2) For every pair s,t € S with s <t and X,Y € Ry4",

XI[SJ/) = ?I[s,t) and At,T(XI[t,oo)) < At,T(?I[t,oo))

imply AS7T(X) § AS’T(Y).

In property (a-TC1) we distinguish between R-valued and R,-valued dynamic
convex aggregation functions (A¢7)ies. We claim this property because a mixture
of both approaches does not seem to be consistent. A possible interpretation of
property (a-TC2) is the following: Consider two economies X,Y € RZDT’" which
are equal up to time ¢. If additionally the time-t-aggregation of economy X It o)
is less than or equal to the time-t-aggregation of the other economy Y [t,00), then
this relation should still hold if we use the time-s-aggregation function and consider
the processes X and Y. At this point, note that XI[M) = }7[[57,5) and A;7(0,) =
0 directly imply AS,T(X)I[s,t) = AS,T(XI[s,t)) = AS,T(YI[s,t)) = AS,T(Y)I[s,t)' In
addition, for every time-consistent dynamic convex aggregation function (Ay7)ies
with A;7(X) = 0 for X € R} and some t € S, we also have A;7(X) = 0 for all
s €S with s <t. ’

Further, because each Ay7, t € S, is measurable and satisfies A;7(0,) = 0,
property (a-TC2) is equivalent to the following property:

(a-TC2’) For every pair s,t € S with s <t and z,y € R",
A () < Ar(Y)
implies As 7(Z) < Ag ().

It seems reasonable to define time-consistent dynamic convex risk measures by using
Definition 7.4.2 and Definition 7.4.3.

Definition 7.4.4. A dynamic convex systemic risk measure (py1)ies is called time-
consistent if the corresponding dynamic convexr single-firm risk measure (Pg,T)tES
is time-consistent and if the corresponding dynamic convexr aggregation function
(At1)ies is time-consistent.

In the subsequent study we analyze the relationship between the properties (r-
TC), (a-TC1), (a-TC2) and the following properties of a dynamic convex systemic
risk measure (pg1)tes:



7.4. Dynamic systemic risk measures 181

(s-TC1) Either all p, 7, t € S, satisfy py7(R" ;o)) = Ror all py 7, t € S, satisfy
P (R I o)) = Ry
(s-TC2) For every pair s,t € S with s <t and X,Y € R,

Xy =Yy and  prr(Xu(W)jpoo) < prr(YVa@)lpooy)  (7.23)
for all w >t and a.e. w € )

imply ps7(Xu(W) s ,00)) < ps,7(Yu(w)[s,0)) for all u € Ng and a.e. w € Q.
(s-TC3) For every pair s,t € S with s <t and X,Y € R;ofn,

Xl[at) = }_/I[s,t) and Pt,T(X) < pt,T(}_/)

imply ps7(X) < ps7(Y).

If the dynamic convex systemic risk measure (p:7)ics satisfies (s-TC2), then (s-
TC2) and preference consistency of pyr and psp imply the following sequence of
implications for X, Y € R "

(7.23) = ps,T(Xu(W)I[s,oo)) < Ps,T(Yu(W)I[spo)) for all u € Ny and a.e. w €
= psr(X) < psr(Y).

We can interpret (s-TC3) similarly to (a-TC2): Consider two economies XY ¢
R that are equal up to time ¢, i.e., XIjs ;) = YI};4), and let the time-t-systemic
risk of one economy be lesser than or equal to the time-t-systemic risk of the other
economy, i.e., p7(X) < pr(Y). Then the time-s-systemic risk should satisfy the
same relation.

We will see that time-consistent dynamic convex systemic risk measures (p7)ies
satisfy property (s-TC2) (see Proposition 7.4.8). This property can be interpreted

as follows: Fix economies X,Y € Ry that are equal up to time t. For fixed
(u,w) € ([t,T] N Npy) x €, consider the n-dimensional processes )_(u(w)l[t,oo) and

Y (w)] [t,00)+ These are constant after time ¢ and represent a possible realization of

X (or Y) at time u > t. Supposing that the time-t-systemic risk of one of these
processes is lesser than or equal to the risk of the other process for each u > ¢
and a.e. w € €) leads to the same relation regarding the time-s-systemic risk of
the processes )_(u(w)f[s,oo) and Yu(w)I[s?oo) for all w € Ny and a.e. w € Q. Note

that ps 7(Xu(W)[s00)) = ps,17(Yu(w)][500)) is obviously satisfied for u < ¢ since

XI[s,t) = YI[s,t) and X, Y € Rz’oj’«n

Lemma 7.4.5. For every dynamic convex systemic risk measure, property (s-TC3)
implies property (s-TC2).

Proof. Let s,t € S with s < t and consider processes X,Y € RE?T’n that satisfy
(7.23). Obviously, we have

pS,T(Xu(w)I[S’OO)) < ps,T(Yu(w)I[syoo)) for all u < ¢ and a.e. w € Q.
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Moreover, for u > t and a.e. w € €, define the processes X @) y(wu) ¢ Rg,on by
X (wu) .— Xu(w)l[tm) and Y@ .= Yu(w)l[tpo)- According to these definitions, we
have )_((w’“)l[s,t) =0, = }7(“’“)[[570 and (7.23) means that

per(X @) = py (X (W) jr.o0)) < Per(Yulw) g o)) = pr(Y @),

Since
ps 7 (Z) = pg 1 (Zu(w) 1 00)) = Por(Asr(Zu(@)jt.00))) = P20 (Mo (Zia(w)) 1 00))

is satisfied for Z = X and Z = Y, property (s-TC3) yields p87T(AS,T(Xu(w))I[t7OO)) <
p27T(Af7T(Yu(w))I [t,oo))- Furthermore, pgT satisfies constancy on R, which implies
As 7(Xy(w)) < Ag7(Yy(w)). The monotonicity property of pgT yields

PS,T(XU(W)I[S,OO)) = PS,T(AS,T(Xu(W))I[s,oo))
< pg,T(AS,T(Yu(w))I[s,oo)) = ps,T(Yu(w)I[s,oo))'

Summing up, we get Ps,T(Xu(W)I[s,oo)) < pS’T(}_fu(w)I[spo)) for all v € Ny and
a.e. w € Q. This means that property (s-TC2) is satisfied. O

The following lemma analyzes property (s-TC3) and provides a condition which
implies equivalence between time-consistency of the dynamic convex single-firm risk
measure (P?,T)tes and property (s-TC3) of the corresponding dynamic convex sys-
temic risk measure (p,7)ies.

Lemma 7.4.6. Let (p;7)ics be a dynamic convex systemic risk measure with cor-
responding dynamic convex single-firm risk measure (p?T)teg and dynamic convex
aggregation function (Ay1)ics. Moreover, assume that the following property is sat-
isfied for all s,t € S with s <t and X,Y € R?OT”

PrAer(X) < plr(Mer(Y) & pr(Asr(X)) < plr(Asr(Y))  (7.24)

)

Then (,o(tJ )tes is time-consistent if and only if (pt1)ies satisfies (s-TC3).

Proof. “=" Let (PtT)tGS be time-consistent and consider s,t € S with s < ¢ and
X,Y € RooTn with X I}, = YI[st) and ptT(X) < per(Y). Then pf (A (X)) <
Pt,T(At,T( )). Since Ay (X)I5py = Ay7(Y )15y, property (r-TC) implies that
pgT(At?T(X')) < PgT(At,T(?))- Finally, (7.24) yields

ps1(X) = 2N (X)) < pLr(As (V) = psr(Y).

"«<" Let (s-TC3) be satisfied and consider s,z € S with s <t and X,Y € RS
with X1, 0 =Ygy and ptT( ) < pgT(Y). Then there exist X,Y € R with
XI[S 4 = YI[S 1> A (X) = X and Ay 7(Y) =Y. Due to property (s-TC3), it follows
0.0 (Byir(X)) < 7 (A (¥)), and (7.24) yields

Por(X) = r(Ar(X)) < Rr(Ar(Y)) = g2 (Y).
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Example 7.4.7. The equivalence in (7.24) is satisfied if (p?’T)tes is a dynamic
positively homogeneous single-firm risk measure and (A 7)ses is given by Ay 7 = ;A
for t € S, a convex aggregation function A and ¢ € R;\{0}. In this case, we have

PS,T(At,T(X)) = qtpgvT(A()_()) for each s,t € S and X € REOT"

Therefore, for all s,t € S and all X,Y ¢ R, the inequality PS,T(At,T(X)) <
pgyT(AtyT(?)) is satisfied if and only if pgT(A(X’)) < pgT(A(Y)), which implies the
equivalence in (7.24).

The next result provides a characterization of time-consistent dynamic convex
aggregation functions.

Proposition 7.4.8. Let (p:1)tcs be a dynamic convex systemic risk measure with
corresponding dynamic convex single-firm risk measure (P?T)tes and dynamic convex

aggregation function (Ayr)ics. Moreover, let (pg’T)tes be time-consistent. Then
(pt.1)tes is time-consistent if and only if (pi1)ies satisfies (s-TC1) and (s-TC2).

Proof. First, we will show that (s-TC1) is equivalent to (a-TC1): Since all PQ,T satisfy
constancy on R, we have pt,T(iI[t,oo)) = pgT(At,T(fI[t,oo))) = pgT(At,T(f)I[t,oo)) =
Ay r(z) for all z € R™ and ¢t € S. This equality implies the desired equivalence.

Let (pt,1)tes satisty (s-TC2). Instead of proving property (a-TC2), we will show
the equivalent property (a-TC2’). For s,t € S with s < ¢, consider z,y € R™ with
Ay (%) < Ayr(y) and define the process Z € R;),Or_,’w" by Z := T[54y + Yl 00)- Then
ZI[s,t) = ij[s,t) and At7T(.’f) < At,T(g) = At,T(Zu(w)) for all u > ¢ and a.e. w € €.
Monotonicity of p?,T implies

pe1 (T 00)) = PLr(Ae 0 (Fljt.00)) = pLr (Mt (Z) I o0))
< P (At (Zuw(@) i 00)) = PLr (At (Zu(w) T00))) = Pr.1(Zu(@) Tt,00))
for all u >t and a.e. w € . Due to property (s-TC2), it follows
pS,T(EI[s,oo)) < ps,T(Zu(w)I[s,oo)) for all u > ¢ and a.e. w € .
This means that
P2 (M7 (B)[5,00)) = P20 (Ns (T (5.00))) < P9 (Ms 1 (Zu(w) ][5 00)))
= p(s],T(A&T(gI[s,oo))) = pg,T(AS,T(g)I[s,oo))

for all w > t and a.e. w € §2. Since png satisfies constancy on R, this implies
As () < Agr(y). Therefore, (pr,7)ies is time-consistent.

On the other hand, assume that (p;7)ies is time-consistent. To show (s-TC2),
consider s,t € S with s <t and X,Y € Ry with Xy = Y, and

PR (Mo (X (W) t00)) = o1 (Xu(@) 1,00
< e (Yu (W)t o0)) = pLr(Aer(Ya (W) jt.00))
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for all v > ¢ and a.e. w € Q. Then the constancy property of Pg,T on R yields
A r(Xu(w)) < Apr(Yu(w)) for all w > ¢ and ae. w € Q. Hence, At7T(XI[t7OO)) <

At,T(YI[t,oo))- Time-consistency of (Ayr)ics implies A 7(X) < AS7T(Y), which
means that

As 7(Xu(w)) < Asr(Yu(w)) for all u € Ny and a.e. w € Q.

Finally, because p! » is monotone, we arrive at
b}

P 1 (Xu(W)[5.00)) = Por(As (X (W))I[s )
< 0 (Asr (Ya(w )) o0)) = P (Yu(w) s 00))
for all u € Ny and a.e. w € Q. O

Summing up the previous results, we obtain the following corollary.

Corollary 7.4.9. Let (pi1)ies be a dynamic convex systemic risk measure with
corresponding dynamic convex single-firm risk measure (Pg,T)teS and dynamic conver
aggregation function (Ayr)ies. Moreover, assume that (a-TC1) is satisfied. Then
(pt.7)tes is a time-consistent dynamic conver systemic risk measure if (PgT)teS 18
time-consistent and (7.24) is satisfied.

Proof. If (PgT)teS is time-consistent and (7.24) is satisfied, then we know from
Lemma 7.4.6 that (p; 7)tcs satisfies (s-TC3). Furthermore, Lemma 7.4.5 yields that
(s-TC2) holds. Finally, we obtain with Proposition 7.4.8 that (p;7)tcs is time-
consistent. O

Next, we consider equivalent properties to (s-TC3), (s-TC2) and (a-TC2). The
corresponding result in terms of standard dynamic risk measures was proved in
Proposition 4.4 in Cheridito et al. (2006). For completeness, we reformulate their
result and the corresponding proof for our dynamic convex single-firm risk measures.

Proposition 7.4.10. Let (Pg,T)teS be a dynamic convex single-firm risk measure.
Then the following statements are equivalent:

1. (PgT)teS is time-consistent.

2. For every pair s,t € S with s <t and X € R;OT, we have
0r(X) = 00 (XTjsny) + 2 (X) 100)
Ps,T Ps,T [s,t) T P, [t,00) /-

Proof. 1. = 2. : Consider X € R} and define Z := XTj ) + pgT(X)I[t,oo). Then
the Fi-translation property of pgT and pgT(O) = 0 imply

Pg,T(Z) = Pg,T(Pt’T(Z)) = pg,T(pg,T(X)I[t,oo)) = Pg,T(X)~

Since (r-TC) is satisfied, it follows p) 7(X) = ps1(Z).
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2. = 1. : Let X,Y € R with X1y = Yy and pf o(X) < p0p(Y). By
monotonicity of P27T7 we obtain

P(s),T(X) = PS,T(XI[s,t) + pg,T(X)I[t,oo)) <p (Xf[s t) T Py T(Y)I[t,oo))
= pg,T<YI[s,t) + p?,T(Y)I[t,oo)) = PS,T(Y)-
]

The corresponding result for dynamic convex systemic risk measures reads as
follows.

Proposition 7.4.11. Let (pi1)tes be a dynamic convex systemic risk measure.
Then the following statements are equivalent:

1. (pt1)tes satisfies (s-TC3).
2. For every pair s,t € S with s <t and X € R;ojfL, we have

ps,T(X) = ps7T(XI[s,t) + fp:}T (pt,T(X))lnI[t,oo))

Proof. 1. = 2. : Let X € R and define Z = XIigy + 15,5 (pe0 (X)) 1n I}y o).
Property (s7) yields

per(2) = Pt,T(f,;}T (Pt,T()_())lnI[t,oo)) = fpt,T(fp_t’lT(pt,T(X))) = pr7(X).

Since (s-TC3) is satisfied, we have psT( X) = psr( )7 ) B
2. = 1. Con51der XY ¢ R? with XI[S ) = Yy and ppr(X) < prr(Y).

Monotonicity of and p, 1 yields

PT

Ist +fp_tlT(ptT(X))1 I[too))
[st +fptT(ptT(X))1 I[too))
Tigy + foroe (67 (V) 1T}t o)
)-

pS,T( ) Ps,T

'*< I

< ps,T

(X
= ps,1(
Y
(

’"< [

= Ps, T

Analogously, we obtain the following proposition regarding property (s-TC2).

Proposition 7.4.12. Let (pi1)ies be a dynamic convex systemic risk measure.
Then the following statements are equivalent:

1. (pt1)tes satisfies (s-TC2).
2. For every pair s,t €S with s <t and X € R, we have

pS,T(XU(W)I[spo)) = pS’T(Zu(w)I[&OO)) for all uw € Ny and a.e. w € (2

where Zy(w) = Xy (w) for u <t and Z,(w) := f’;}T(pt’T()_(u(w)I[t’oo)))ln for
u > t.
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Proof. 1. = 2. : Let X € R?fn and define Z as above. For u > t and a.e. w € Q,
property (s7) yields

pie.0(Zu(@) it 00) = e (Fon o (027 (X (@) T,00))) 1 00))

= Four (Fory (027 (Xu(@) 1t.00)))) = pe.10(Xu(w) It 00))-
Since (s-TC2) is satisfied, we have ps,T(Xu(w)I[s’oo)) = pS,T(Zu(w)I[S,OO)) for all
uENOanda.e.wEQ._ B B )

2. = 1.:Consider X,Y € 'R,ij’«n such that XI[s,t) = YI[S7t) and pt,T(Xu(W)I[t,oo)) <
pth(Yu(w)I[tvoo)) for all w > ¢ and a.e. w € Q. Obviously, psvT()_(u(w)I[&oo)) =
ps,T()_/u(w)I[&oo)) for u < t and a.e. w € . Moreover, for u >t and a.e. w € €, we
get

P (Xu()(s.00)) = P (f gy (010 (X () T1,00))) L[5 00))
< Pt (f oy (087 (Ya (@) Iit,00)) ) 1n T 5,00)) = ps. 1 (Yu(w )I[s o))

since ps 7 and o, T are monotone. O

The following remark addresses another important property of dynamic convex
aggregation functions (At 7)ies which is needed to derive an analogous result for

(At,T)teS-

Remark 7.4.13. Let (A 7)ies be a dynamic convex aggregation function and fix
teS. If ImA;7 =R, we have

Aer(fy), (X) 1n) = fa, r(fy,, (X)) =X forall X € R™.

If Im Ay 7 = R4, then the corresponding inverse function folT maps from R, into
[be, 1, 00) for by € Ry and

A ( fX:T (X)) = fa, o ( fAjT (XT) =X forall X € R®

where X is defined by X" (w) := max{X;(w),0} for t € Ny and w € €.

Proposition 7.4.14. Let (A 7)ics be a dynamic convex aggregation function. Then
the following statements are equivalent:

1. (At1)tes satisfies (a-TC2).
2. For every pair s,t € S with s <t and X € RST , we have

A (X) = Moo (X py + fX,j (A (X)) 1Tt o0))- (7.25)

3. For every pair s,t € S with s <t and T € R, we have

Roir(®) = Aoir(f3), (Ber(@)1n). (7.26)
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Proof. 1. = 2. : Let X € R;oT’" and define Z := )_(I[Sﬂf) + thlT(At,T(X))lnI[t,oo)'
Remark 7.4.13 yields ’

A (Z1 o)) = At,T(inT (A0 (X T 00)1n) = A7 (X g o00))-

Since (a-TC2) is satisfied, it follows A (X) = Ag7(Z).

2. = 3.: Fix ¢ € R" and consider the corresponding process ZIj; o) € R?Tn For
all u > t and a.e. w € Q, Equation (7.25) and the measurability property of A,
Ay and fgiT imply

As1(Z) = As (T o)) (0, w0) = As,T(fK:T (A7 (2 00))) 1ndt,00) ) (U, W)
= Ay (fy, ) (Ao (Z 1 00) (0, 0))) Lo g o) (1, 0)) = A (f2), (A7 () 1)

3. = 1. : We will show that (A¢7)ies satisfies (a-TC2’) which is equivalent to (a-
TC2). Consider z,y € R™ with Ay 7(z) < Ay7(y). Then monotonicity of Agp and
fgtlT and Equation (7.26) yield

Ao (Z) = AS,T(f/::T (A (7))1n) < AS,T(fX:T (A (9))1n) = A0 (Y)-

The following corollary sums up the previous results.

Corollary 7.4.15. Let (p;7)tcs be a dynamic convex systemic risk measure with
corresponding dynamic convex single-firm risk measure (p?,T)tes and dynamic convex
aggregation function (Ay1)ies that satisfies (a-TC1). Then the following statements
are equivalent:

1. (pt.1)tes is time-consistent.

2. For every pair s,t € S with s < t, the following equalities hold for every
X € R and every X € R3G":

PS,T(X) = pg,T(XI[s,t) + pg,T(X)I[t,oo))7
As(X) = Asp (X T ) + f/;%T(At,T(X))lnI[tm)).

3. For every pair s,t € S with s < t, the following equalities hold for every
X € Ry and every X € R3;":

PS,T(X) = p(s),T(XI[s,t) + pg,T(X)I[t,oo))a

P, 7(Xu(W) (s 00)) = ps,17(Zu(W) s 00))  for all u € Ng and a.e. w €

where Z,(w) = Xy, (w) for u <t and Z,(w) = fp:}T(puT()?u(w)I[tm)))ln for
u>t.

Proof. The equivalence 1. < 2. follows from the definition of time-consistent dy-
namic systemic risk measures, Proposition 7.4.10 and Proposition 7.4.14. The equiv-
alence 1. < 3. is a consequence of Proposition 7.4.10, Proposition 7.4.12 and Propo-
sition 7.4.8. O



188 7. Conditional and dynamic systemic risk measures

Summary 7.4.16. Let (p;7)ies be a dynamic convex systemic risk measure with
time-consistent dynamic convex single-firm risk measure (PgT)teS and dynamic con-
vex aggregation function (A;7)ics. Moreover, let (7.24) be satisfied. Then Figure
7.4.1 sums up Lemma 7.4.5, Lemma 7.4.6 and Propositions 7.4.8, 7.4.11, 7.4.12 and
7.4.14.

Figure 7.4.1.: Summary: time-consistency properties

(I‘—TC) = (S-TC3) ~ p&T(X) = ps,T(XI[s,t) + fp:}T (pt,T(X))lnI[t,oo))

4

(s-TC2) | &

0

(a-TC2) | & AS,T(X) = As,T(XI[s,t) + f,;jT (At,T(X))lnI[t,oo))

According to Proposition 4.5 in Cheridito et al. (2006) (see Proposition 6.3.3),
standard dynamic risk measures that satisfy so called one-step time-consistency are
time-consistent if 7" € N. The next proposition states the corresponding result for
dynamic convex aggregation functions (A¢7)ies. For the proof we borrow the idea
from the proof of Proposition 4.5 in Cheridito et al. (2006).

Proposition 7.4.17. Let (A¢1)ies be a dynamic convex aggregation function that
satisfies (a-TC1). Then the following properties are equivalent:

(a-tc) A57T(X) = A87T(XI{S} + fl;lerl,T(A8+17T(X))1”I[5+17°O)) fOT all X S R;OT’”
and s € [S,T — 1] N Ny.

(a-te’) Ao (®) = Aar(fi, (Aerrr(3)1y) for all 7 € R and s € [$,T — 1]NN.

In addition, if one of these equivalent properties is satisfied, then the dynamic convex
aggregation function (Ay71)ics is time-consistent.

Proof. The implication (a-tc) = (a-tc’) follows as in the proof of Proposition 7.4.14.
In order to show the reverse implication, fix X € R;%" and s € [S,T — 1] N No.
Obviously, we have

Asr(X)(5,0) = Ao (X5 (W) = Mo r (X gy + fr ) (A, 7(X0)) L5 11,00 (5, )

for a.e. w € Q. Moreover, for u € [s+ 1,00) NNy and a.e. w € Q, it is easily seen
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that (a-tc’) and the measurability property of Ag 7, f/:slﬂ and Agy; 7 imply

T

AS,T(X)(% w) = AS,T(XU(W)) = AS,T(f/::_H,T (As+1,T(XU(W)))1n)
= AS,T<XI{S} + f/;51+17T (A5+1,T(X))1nj[s+l,oo))(uv W)-

This means that property (a-tc) holds.
Now, suppose that (a-tc’) is satisfied and consider s,t € S with s < ¢, z € R” and
Y= fgtlT (A 7(z))1,,. Because of Proposition 7.4.14, it suffices to show that

Aur(E) = A (3) (= Ax(f3), (A0 (D)1)). (7.27)

We will prove this equality by backwards induction: If s = T, then this equality is
trivial because s = t = T'. Therefore, consider s < T'—1 and for all ¢’ € [s+1, T]NNy,
assume that

As+1,T(2) = As+1,T(f/;;T(At’7T(§))1n) for all z € R"™. (728)

Since s < t, we know that either t = s or ¢t > s+ 1. Obviously, (7.27) is satisfied if
t = s. Thus, assume that ¢ > s+ 1. Then Equation (7.28) implies

Asr1,7(Z) = Mo (), (s (@)1n) = Asr 7(9),
which yields together with (a-tc’)
AS,T(@ = AS,T(JLX:JFLT (AS-H,T(CZ))ln) = AS,T(JLX:JFLT (AS-H,T(Q))ln) = AS,T(§)~

This means that (A¢7)ies is time-consistent. d

7.4.2. Examples of time-consistent dynamic aggregation functions

According to Definition 7.4.4, we can construct time-consistent dynamic convex
systemic risk measures as a composition of time-consistent dynamic convex single-
firm risk measures and time-consistent dynamic convex aggregation functions.

Since every time-consistent standard convex risk measure (p;)tcs defined in Sec-
tion 6.3 induces a time-consistent dynamic convex single-firm risk measure (P?,T)tes
by pgT(X ) == prr(—X) for t € S and X € RS, we have already discussed exam-
ples of time-consistent dynamic convex single-firm risk measures in Section 6.4. It
remains the question of how time-consistent dynamic convex aggregation functions
look like. A first step to answer this question is the following proposition, which
yields equivalent properties to time-consistency.

Proposition 7.4.18. Let (At 1)ies be a dynamic convex aggregation function that
satisfies (a-TC1).

1. If all Ay, t € S, are R-valued, then (Ay1)ics is time-consistent if and only
if thlT(At,T(i')) does not depend ont € S for all z € R".

2. If all Ay, t € S, are Ry -valued, then (A 1)ies is time-consistent if and only
if the following properties are satisfied:
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a) by < bsq forall s,t € S with s <t.
b) The following conditions hold for all s,t € S with s < t:

i If Mr(Z) > 0 and Asp(z) = 0 for T € R”, then fy! (Ayr(7)) <
f/fslyT (As,r(2))(= bs,1)-

. If Ae(Z) > 0 and Agp(Z) > 0 for & € R”, then fX:T(At,T(f)) =
fXS%T(As,T(f))'

In particular, (A¢7)ies is time-consistent if Ay = A for a convex aggregation
function A and ry € R4 \{0}.

Proof. Part 1: Let (Ay7)tcs be time-consistent and R-valued and fix z € R". Then
it follows from Proposition 7.4.14 that

AS7T(5Z') = AS,T(fX:T (AS,T(@)ln)
= Asz(f;tlT (Ayr(2))1,) forall s,t € S with s <. (7.29)

Moreover, the fj, ,-constancy property implies

Ao (Z) = fa, fAjT (As () = fa, fAjT (Ay7(7))) for all s,t € S with s < t.

(7.30)
Bijectivity of fj, , : R — R leads to f/;sl,T (Asr(Z)) = fKJT (At 7(z)). This yields the
“only if” part of the assertion.

The “if” part follows from Proposition 7.4.14 since fKS%T (Asr(Z)) = ijT (A 7(Z))
for all s,t € S implies immediately that (7.30) holds for all z € R™.

Part 2: Now, assume that all A; 7 map into R. Note that in this case, each
Sa.r + R — Ry is such that fAt,T|[bt,T,oo) is a bijective, strictly increasing function
from [by,00) to Ry and fj, . (a) = 0 for all a < by 7. Moreover, thlT Ry —
[by 1, 00) is strictly increasing, too. ’

At first, let (Ay7)tcs be time-consistent, fix £ € R™ and consider s,t € S with
s < t. Then either Ay 7(Z) =0 or Ayp(x) > 0.

If Av7(z) = 0, then Ag7(Z) = 0 due to (a-TC2’). Moreover, Equation (7.30)
yields

0= Aur(@) = fa o (il (Mair (@) = Faup (F, (0)).
fK:T (0) = by, now implies that 0 = fAs,T(bth)' Therefore, we obtain b, 7 < by 7.

If Ay7(x) > 0, then we distinguish between two cases: Either A;7(z) > 0 and
As7(Z) =0o0r Ayp(z) > 0and Agp(z) > 0. In both cases, we have leT (A p(z)) >

b; T because f/;tlT is a strictly increasing function.
If Ay (z) > 0 and Ag7(Z) = 0, the equality

0=N7(@) = fa, r(fx,,(Asr(@)) = fa, 2 (f2,, (A7 (7))

implies fy ! (Ay7(2)) < by = fr )}, (As7(2)).
Now, suppose that A, r(7) > 0 and A 7(Z) > 0. Because fy, . is strictly increas-
ing on [bs,00) and fy, ,.(a) = 0 for all a < by, Equation (7.30) and As (%) > 0
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imply fA—:T (A¢7(Z)) > bsr and fA—s{T (As7(%)) > bsr. Further, bijectivity and
(7.30) lead to fAjT (Av7 (7)) = fAij (As7(2)). This yields the “only if” part of the
assertion.

In order to prove the “if” part, it suffices again to show (7.30) for z € R™. Then the
assertion follows from Proposition 7.4.14. To this end, consider s,t € § with s < ¢.
In case of Ay 7(Z) > 0 and A 7(z) > 0, Equation (7.30) is obvious. If Ay 7(z) > 0 and
As7(Z) = 0, we have 0 = Ay (7) = fa,,(Fr(Msr (7)) > fa, o (f3,, (Aer(2)))-
Hence, it follows that 0 = fAS,T(fX;T(At,T(E)»- Finally, if Ay 7(Z) = 0 and As r(Z) =
0, then by 1 < bs 7 implies that As 7(Z) = 0= fa, (be1) = fa, + (fXST(Ath(;T:))).

To the last assertion: Consider Ay = A for ry € Ry \{0}. At first, assume that
all Ay, t € S, are R-valued. Then fy, ,.(a) = rtfa(a) and fXjT(a) = fy(a/rs) for
all t € § and a € R. This means

faly e (@) = {7 A (@)/re) = [ (reA(@) /re) = [ (M) for T € R™.

Thus, f/;jT (At 7(z)) does not depend on t for each £ € R™. The first part of this
proposition implies that our dynamic convex aggregation function is time-consistent.

On the other hand, let all Ay 7, t € S, be R;-valued. Then for each t € S, we have
fair(a) = 71ifa(a) for all @ € R and f;:T(a) = fy'(a/ry) for all @ € Ry. Moreover,
b= b, and fgiT (Ae7 (7)) = f 1 (A(2)) for # € R® and all t € S. Hence, the second
part of this proposition yields time-consistency of (A¢1)ies. O

The following lemma considers dynamic convex aggregation functions (A 7)ics
that admit a specific form.

Lemma 7.4.19. Let (Ay7)ies be a dynamic convexr aggregation function with
n
A(®) =Y ger(@ —br)™)  forz e R” (7.31)
i=1

where by € Ry and g7 : Ry — Ry are convex and strictly increasing functions
with g¢7(0) = 0. Then (At 1)tes is time-consistent if and only if by = b for all
teS and fi' (Asx(Z) = f1! (Ao(E)) for allZ € R and s,t € S.

Remark. Note that the convex aggregation function A;r defined in (7.31) satisfies
fao (@) = Ayr(aly) = ngr((a —byr)™) for all a € R and all t € S. Therefore, the
values by 1 are indeed the b’s from the corresponding f, ,-constancy property.

Proof. If byp = b for all t € S and fi' (Asr(2)) = fr' (A7 (Z)) for all € R”
and s,t € S, then (A¢7)ies is time-consistent due to the second part of Proposition
7.4.18.

To prove the other direction, suppose that (A 7)ies is time-consistent and fix z €
R™ and s,t € S with s <t. The second part of Proposition 7.4.18 yields b, 7 < bs 7.
We will show that b; 7 < b, leads to a contradiction. To this end, suppose that



192 7. Conditional and dynamic systemic risk measures

by < bsr. Equation (7.31) implies for all u € S that fy, ,(a) = ngyr((a —bu7)")
for a € R and fX:T(a) = g;}(a/n) + by, 1 for a € Ry. It follows

Fal Mg (@) = gur(Aur(2)/n) + bur

= 9171T <Z Gur(T; — bu,T)'F)/n) +byr forallueS. (7.32)
i=1

For y € R" defined by y1 =bs 7+ 1, y2 = ... = yp = by, we get
n

Asr(@) =D 9sx((§i —bsr)) = gs7(1) > 0 and Ay 7(§) = g0 (bsr+1—br7) > 0.
i=1

Since (A¢7)tes is time-consistent, the second part of Proposition 7.4.18 yields that
ik, ez @) = £, (Aer(@), L.

9;%(95,T(1)/n) +bs = g{%(gt,T(bs,T +1—-bir)/n) +ber.

Similarly, for z € R" defined by 21 = b7+ 1, 22 = b7 +¢, Z3 =... = 2" = by 7 for
¢ := (bs;r — by 7)/2 > 0, we obtain

AS7T(5) = gs,T(l) >0 and AtyT(E) = gt,T(bS,T +1- bt,T) + gtyT(c) > 0.

The second part of Proposition 7.4.18 gives fgslT(A&T(E)) = f/;lT (At 7(2)), e,

9o 1(9s7(1)/n) + bs = g, 7917 (b7 + 1 = by.7) + gr.7(c)]/n) + bi.7.

Altogether, we obtain
9i(grr(bs e +1=ber)/n) = g, 1[92 (bs 7 + 1 = bir) + g1.0(0)]/n).

But this is a contradiction because g, TI : Ry — Ry is a strictly increasing function
and g¢7(c) > 0.
It remains to prove that Ay7(z) > 0 and As7(Z) = 0 imply f&tlT (Aer(z)) =

fK:T (A, (Z)) = b. Since (A¢ 7)tes is time-consistent, the second part of Proposition
7.4.18 tells us that fgtlT(AtyT(a_c)) < b. Suppose that fgtlT(AtyT(a_c)) < b. Then it
follows with Equation (7.32) that

f/;:T(At,T(ff)) = g;% <i gt,T((fEi — b)+)/n> +b< b’
=1

which is a contradiction to 9;%(2?:1 grr((Z; —b)*)/n) > 0. O

With the previous results and the convex aggregation functions introduced in
Section 5.3 we can easily construct time-consistent dynamic aggregation functions.



7.4. Dynamic systemic risk measures 193

Example 7.4.20. Consider Aguy, defined by
Agum (Z) := Zi“z for z € R™.
i=1
Then (Af7")ies defined by

N E) =1 Y T, for z € R™ and ry € R1\{0}
i=1

is a time-consistent dynamic convex aggregation function. In the same way, we

can construct the time-consistent dynamic convex aggregation functions (A}f‘?%s)teg,

b,loss li
(At”TObb)teSy (Afzg)tes and (Azglrn)tes by
n
AP (@) =1 Y&
i=1

A?:;?Ss(f) =T Z(a_cz —b)t forbe Ry

=1

ATF(Z) i= 1 Z(eﬂj —1) fory>0
i=1

APR(E) =10 > M)
i=1

0 for x <0
AMz) =< ax for0<z<c
b(x —c)+ac forx>c

with 0 <a < band ¢ > 0.

By using the second part of Proposition 7.4.18, we obtain the following two ex-
amples.

Example 7.4.21. Define the convex aggregation function AE;p} fort € § by
ASPl(Z) := e e 1 for 7 € R” and r, € Ry \{0}.
In this case, we have f, jexp) (@) = e _1 for a € R and f/;[ixp] (a) = log(a+1)/(rin)
t,T t, T
for a € R4, which implies

noo—4
log (ert YT 1+ 1) no o+
-1 lexp] 1 =\y _ i=1 T = n
fAf;p] (At,T (x)) - en = o for all x € R".

Since all conditions in the second part of Proposition 7.4.18 are satisfied, (Af;p])teg

is a time-consistent dynamic convex aggregation function according to Proposition
7.4.18.
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Example 7.4.22. Fix k > 1 and define the convex aggregation function A%q for

teS by
n k
Al[tk]T(f) = <7"t Zij) for z € R" and r, € Ry \{0}.
i=1

In this case, we have f, (a) = (rna®)* for a € R and f;[i] (a) = {/a/(rFnk) =
t, T t, T

&a/rin for a € Ry, which implies

k n =tk no o=+
f (A,;T(l’)) = o = - for all z € R".

k
Alr

Again, all conditions in the second part of Proposition 7.4.18 are satisfied. Thus,
(AE’f]T)teg is a time-consistent dynamic convex aggregation function.

Let us recapitulate the results in this section. We have studied time-consistent
dynamic convex systemic risk measures (p; 7)ies as a composition of time-consistent
dynamic convex single-firm risk measures (Pg,T)teS and time-consistent dynamic
convex aggregation functions (A;7)tcs. Here, each P?,T is a mapping from R{% to
Lg°, and each A7 is a function from R™ to R. We can compose these mappings
since every A7 is measurable, and thus induces a mapping from Rtoo 2 to R;"T (see
Lemma 7.1.7). In this setting, we have studied how the time—consisténcy properties
of (pt,1)tes, (P?T)tes and (A¢7)tes, which are based on the strong time-consistency
concept, depena on each other. A key result clarifying the relation between these
properties is the characterization of time-consistent dynamic convex systemic risk
measures in Proposition 7.4.8.

It is important to mention that convex aggregation functions — defined as convex,
increasing functions from R™ to R — have a rather simple structure. In a certain
sense, this definition limits the possibilities to construct dynamic convex aggregation
functions that additionally satisfy the time-consistency property from Definition
7.4.3.

Despite this strong notion of time-consistency and the simple setting of functions
from R” to R, we have found several interesting examples of time-consistent dynamic
convex aggregation functions in Subsection 7.4.2. In particular, we refer to Lemma
7.4.19 and Examples 7.4.20-7.4.22. Moreover, an additional example is the trivial
time-consistent dynamic convex aggregation function. Here, we fix the (static) con-
vex aggregation function A at the beginning of the considered period of time and
then this specific aggregation function is used for every following point in time, i.e.,
Ayr=Aforallt eS.

Finally, one could argue that it also makes sense to introduce time-consistent dy-
namic convex systemic risk measures by considering time-consistent dynamic convex
single-firm risk measures and fixing the convex aggregation function. This means
that we use the trivial time-consistent dynamic convex aggregation function in order
to specify time-consistent dynamic convex systemic risk measures, i.e., py.7 = pg’ToA.
Consequently, all dynamics of the corresponding dynamic convex systemic risk meas-
ure (p¢ 1)tes are determined by the underlying dynamic convex single-firm risk meas-
ure.
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A.1. Appendix to Part |

A.1.1. General results in probability theory

The following version of the strong Markov property, originally proved in Hunt
(1956), is needed in Chapter 3.

Theorem A.1.1 (See Theorem 3.5.1 in Petersen (1977)). Consider the filtered prob-
ability space (0, A, F,P) with filtration F = (Fi)i>0 and suppose that this probabil-
ity space supports a standard Brownian motion W. Let 0 be an optional time,
i.e., {0 <t} € F; for all t > 0, and define the probability space (Qq, Ag,Py) by
Qg :={0 < o0}, Ag :={ANQY|A € A} and Py[A] = P[A|Q]. Then

1. The process (Wiro — Wy)i>o0 is a standard Brownian motion on (g, Ag, Pp).
2. (Wis9—Wy)e>0 is independent of Fpi- N8y in the probability space (g, Ag, Pp).
(For ={Ac AJAN{0 <t} € F; for allt > 0})

Lemma A.1.2 (See Lemma 3.5.2 in Petersen (1977)). Consider a probability space
(Q, A, P) and suppose that X and Y are independent random variable and let A C Q

be a measurable set. If Y is independent of o(A) V o(X) and f : R? — R is
measurable, then

/ / FOX (@1), Y (w2))dP (w1 )dP(wn) = / F(X,Y)dP.
w1€A JwrEQ) A

Lemma A.1.3. Consider a filtered probability space (2, F,F,P) with F = (Fi)t>0
and let 0 and T be F-stopping times. Then every integrable random wvariable X
satisfies

E[X Iipsry | Fovr] = BIX|Fovr 1oy = E[X g~ 7} Fo]-

Proof. Consider A € Fyy,. Since { > 7} € Fyyr, we know that AN{f > 7} € Fyy,.
By definition of Fyy,, this implies

An{d>rin{d<t}=An{d>1in{dvr<t}eF foralt>0,
which means that AN {0 > 7} € Fyp. For each B € B(R), we obtain

{w € QE[X|Fovr]{p>ry) (W) € B}
—({<TIn{wene BYU{D > 7} N {w e QE[X|For](w) € BY) € Fy

since {0 < 7} N{w € Q|0 € B} € Fy and {w € QE[X|Fpy.](w) € B} € Fpy,. This
means that E[X|Fgy] 1y~ is Fg-measurable.
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Now, consider C' € Fy C Fpy-- Then
E[E[X g7y Follc] = E[X IpsryIc] = E[E[X (g [Fov-lIc].

Since {0 > 7} € Fyyr, it follows E[E[X I g~ -} [Fov-]lc] = E[E[X|Fpy-|I{p~ryIc], and
thus E[X Ty~ -y |Fo] = E[X[Fovr] I (o> O

A.1.2. Hitting times

In this subsection we repeat important results for first hitting times in two different
approaches. At the beginning, we focus on the standard approach considering a
Brownian motion with drift; see, for example, Chapter 3 in Jeanblanc et al. (2009)
or Section 2.8 in Karatzas and Shreve (1988).

For the remaining part of this subsection fix a probability space (€2,.4,P) that
supports a standard Brownian motion W and a random variable Xy. The process
X is defined by

X =Xo+put+ oWy for p € Rand o > 0.
We are interested in the first hitting time Ts< of level 0 for the process X, i.e.,
T5* = inf{t > 0|X; = 0}.

Theorem A.1.4. In case of Xg = x > 0 constant, the probability that the first
hitting time T5< is less than or equal to t > 0 is given by

. —x — ut _ 2 —x + pt
}P’TX<t:IP’[ X8<0}:<I>(H>+ 2“35/”@().
o <1 hap e = oVt ¢ oVt

Yi et al. (2011) generalize this approach by assuming that X is given by a random
variable. They obtain the following result.

Theorem A.1.5 (See Proposition 3.1 in Yi et al. (2011)). Suppose that Xo and Wy
are independent for each t > 0 and let the density of Xo be given by

_ 2
(z;a0+v0,00) —e 20"/ p(a3v9—ap,00) ife>0
ap+v —2aqv /02 vpg—a -
l/J(.’L‘;CL(],’U(],J()) = (I)< 0000>_e 0%0 O(I)( 0000>

0 ifr <0

with o9 > 0 and ag > |vo| where ¢(x, 1,7) denotes the probability density function
of the normal distribution N'(ji,5%). Then the probability that the first hitting time
TOX is lesser than or equal to t > 0 is given by

A(t)+ B(t) — C(t) — D(t)
o) - e ()

PTy <t]=P [minXs < o} =
s<t
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with
ap+vo+put  —ap — v
Alt) =2 | ———= P |
\/ UO + U2t 0
Bt) = o _ag+vg — 2uocl/o? — ut _ —ap— v+ 2ucd/o? o(t)
i \og + o%t ’ 90 ’
0
,6—2H(00+U0)/U2+2M203/U4’
— t —
C(t) = @ v 2ao +p — voa+ a07p(t) 672(101;0/037
\J 0§ + ot 0
D) = & W —ag — 2uod/o? — ut _ —vo+ag + 2u03 [o? (1)
’ \/od + o2t ’ 90 ’
0
_e—2aovo/08—2u(vo—ao)/a2+2u208/a4
and p(t) = —=22— where ®o(x1,x2,p) denotes the 2-dimensional normal distribu-

2 2
ogt+o“t
tion function with standard normal marginal distributions and correlation coefficient
p-

Remark A.1.6. Note that the distribution function ¥, i.e., ¥ (z) := P[X < z] for
x € R, is given by

U (z) =
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for £ > 0 and ¥(z) =0 for = < 0.

Proposition A.1.7 (See Example 3.2 in Yi et al. (2011)). Let the assumptions from
Theorem A.1.5 be satisfied and suppose that p/o? = Uo/O'g. Then for every t > 0,
we have

® ( ao+vo+,ut> + 6—2aou/02q> ( ao—vo—,ut)
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A.2. Appendix to Part Il

A.2.1. Functional analysis

The following definitions and results are taken from Dunford and Schwartz (1957),
Rockafellar (1974) and Aliprantis and Border (2006).

Definition A.2.1. Let X and V be two linear spaces. A pairing between X and V
is a real-valued bilinear form (-,-). A subset A C V separates points of X’ under (-, -)
if (x,v) =0 for allv € A implies © = 0. Similarly, a subset B C X separates points
of V under (-,-) if (x,v) =0 for all x € B implies v = 0.

We call a topology ¥ on X compatible with the pairing if it is a locally convex
topology such that for all v € V, the linear functions

(Lv)y: X >R, zw+— (z,v) (A.33)

are continuous and every continuous linear function on X admits a representation
of this form for some v € V. Compatible topologies on V are defined analogously.

We call X and V paired spaces, denoted by (X,V), if a specific pairing has been
chosen, if X separates points of V and V separates points of X under this pairing
and if X and V are equipped with compatible topologies.

If a specific pairing has been chosen and if V separates points of X under this
pairing, then the V-topology on X, denoted by o(X,V), is the weakest (coarsest)
topology on X for which every linear function given in (A.33) is continuous.

The following theorem shows that the topology o(X, V) is compatible with the
pairing (-, ).
Theorem A.2.2 (See, e.g., Section V.3 in Dunford and Schwartz (1957)). Consider

the paired spaces (X,V) and let (-,-) be the corresponding pairing. Then the following
properties hold:

1. (X,0(X,V)) is a locally convex space.

2. The linear functionals on X which are o(X,V)-continuous are precisely the
functionals given by (A.33).

Theorem A.2.3 (Uniform boundedness principle; see, e.g., Theorem 6.14 in Alipran-
tis and Border (2006)). Consider a Banach space X and a nonempty subset A C
L(X,R). Then A is norm bounded if and only if it is pointwise bounded, i.e., for
each © € X, there exists My > 0 such that |f(x)| < M, for each f € A.

Theorem A.2.4 (Alaoglu’s theorem; see, e.g., Theorem 6.21 in Aliprantis and
Border (2006)). Consider a normed vector space X and let X* be the dual space of
(X, |- |1). Then the closed unit ball of X* is o(X*, X)-compact. Thus, a subset of
X* is o(X*, X)-compact if and only if it is o(X*, X)-closed and norm bounded.

Theorem A.2.5 (Krein—gmulian; see, e.g., Theorem V.5.7 in Dunford and Schwartz
(1957)). Consider a Banach space X and let X* be the dual space of (X,] - ).
Moreover, suppose that A C X* is a convex subset of X*. Then A is o(X*, X)-
closed if and only if AN{l € X*|||l||x+ < r} is o(X*, X)-closed for all r > 0.
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A.2.2. Convex optimization

This subsection is based on the definitions and results in Rockafellar (1974). Let us
suppose that (X,V) and (U,)) are paired spaces.

Definition A.2.6. Consider a function f : X — R. The effective domain of f
is defined by dom f := {z € X|f(z) < oo}. [ is called proper if dom f # () and
f(z) > —oo for all x € X. The convex hull of f, denoted by conv f, is defined as
the greatest convex function h that satisfies h < f. The function f is called lower
semicontinuous (l.s.c.) if the set {z € X|f(x) < r} is closed for all r € R. The
greatest l.s.c. function g with g < f is called 1.s.c. hull of f and is denoted by lsc f.
Finally, the closure of f, denoted by cl f, is defined by

Isc f(z) forallzeX if lscf(x)>—oc0 forallxeX
—00 forallz € X if lscf(zx)=—oco forsomez € X’

cl f(z) = {

and we say that f is closed if f=cl f.

Theorem A.2.7 (See Theorem 4 in Rockafellar (1974)). Consider a convex function
f:X = R. Thenlscf and cl f are convez, too. If Isc f(x) € R for some v € X,
then it follows that lsc f and f are proper, and we have cl f = lsc f. If1sc f(z) €
{—00, +00} for all x € X, then lsc f satisfies

—o0o if x € cldom f

Isc f(z) = .
/@) {+oo if x ¢ cldom f

Moreover, in case of Isc f(x) € {—o0,+00} for all x € X, we have cl f(x) = lsc f(x),
except in the case where x ¢ cldom f # () (then —oo = cl f(z) # Isc f(x) = +00).

Definition A.2.8. C’(ﬁzsider a function f : X — R. The convex conjugate of f is
the function f*:V — R defined by

[ (v) = sup{{z,v) = f(x)}.

reX

The convex biconjugate of f : X — R is defined as the convex conjugate of f*. The
conjugate in the concave sense of a function g : X — R is the function ¢g* : V - R
defined by

* e

g"(v) = int {(z,0) — g(x)}.

Theorem A.2.9 (Duality theorem for conjugate functions; see Theorem 5 in Rock-
afellar (1974)). Consider an arbitrary function f : X — R. Then the convex conju-
gate f* is a closed convex function on V, and we have f** = clconv f. Moreover,
the mapping f — f* (called Fenchel transform) induces a one-to-one correspondence
f = h (with h = f* and f = h*) between the closed convex functions on X and the
closed convex functions on V.

Consider a function f : X — R and the following optimization problem
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(P) Minimize f over X.
Moreover, suppose that

f(z) = F(z,0) for F: X xU — R. (A.34)
Definition A.2.10. The Lagrangian function K on X x Y is defined by

K(z,y) = 5161{{{F(x,u) + (u,y)},

i.e., K(x,-) is the conjugate in the concave sense of —F(x,-).

Remark A.2.11. Rockafellar (1974) points out that if the function —F(z,-) is
closed and concave, i.e., F(z,-) is closed and convex for € X, then it follows with
the duality theorem that —F(z,-) is the conjugate in the concave sense of K (z,-).
Hence,

F(z,u) =sup{K(z,y) — (u,y)} if F(x,-) is closed and convex.
yeYy
Theorem A.2.12 (See Theorem 6 in Rockafellar (1974)). Let K be the Lagrangian.
Then for each x € X, the function K(z,-) is closed and concave. If additionally
F(x,-) is closed and convex, then

f(z)= sggK(x, Y). (A.35)

On the other hand, suppose that K is any R-valued function on X x Y that satisfies
(A.35). If additionally K (z,-) is closed and concave, then K is the Lagrangian with a
uniquely determined representation (A.34) where F(x,-) is closed and convex. More
precisely, F : X x U — R is given by

F(r,u) = Zgg{K(x,y) —(u,y)}.

Finally, if we suppose that F(z,-) is closed and convez, then K(-,y) is convez if and
only if F(-,+) is conver.

Let us now define the dual problem to (P):
(D) Maximize g over ) where g(y) := infyex K(x,y) for y € Y.

Define

o(u) := a}lelffF(:z,u) foruel.

The following theorem shows the connection between g and .

Theorem A.2.13 (See Theorem 7 in Rockafellar (1974)). Consider the function g
defined in (D). Then g is closed and concave. Moreover, we have g = (—¢)* and
—g* = clconv . Here, (-)* denotes the conjugates in the concave sense. It follows
that

sup g(y) = (clconv ) (0),
yey
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whereas
inf = .
Inf f(z) = (0)
In particular, if the function F (-,-) is convex, then —g* = cly and

iming
ztelgg(y) im inf o (u),

unless 0 ¢ cldom ¢ # 0 and the function lsc ¢ satisfies lsc p(u) € {—o0, 400} for
allw € U. (In this case, we have liminf, ,op(u) = infrcx f(z) = ¢(0) = 400 and
g(y) = —oo for all y € Y such that sup,cy g(y) = —o0.)

The next remark emphasizes the importance of the previous theorems.

Remark A.2.14. Suppose that the function F(z,-) is closed and convex for all
x € X and let F'(+,-) be convex. Then it follows from Theorem A.2.13 in conjunction
with Theorem A.2.12 that

©(0) = (clconv ) (0) = clp(0)

implies

inf sup K(x,y) = inf f(x) =su =sup inf K(z,y).
Inf, sup (z,y) = inf f(z) yegg(y) sup Inf (z,y)

Thus, if ¢(0) = cl¢(0), then we are allowed to exchange infimum and supremum.

A.2.3. Differential calculus

For the following notions of differentiability we refer the reader to Kurdila and
Zabarankin (2005) and Aliprantis and Border (2006).

Definition A.2.15. Let X be a normed vector space. Then we say that the mapping
v : X — R is differentiable at xo € X in the direction = € X if the limit

1 v(xo +ur) — v(zo)
dtv(zo)(x) = Hﬁ)l 0 " 0

exists. In this case, d*v(xg)(z) is called directional derivative of v at g in the
direction x.

Definition A.2.16. Let X and Y be normed vector spaces. A mapping YT : X — Y
is called Gateaux differentiable at o € X if the mapping DgY (zg) : X — Y satisfies
the following properties:

1. Forallx € X,

DGT(ZL‘())(ZL') = Bﬁ)l T(fL'O + Uz) - T(fEO)

exrists.

2. The mapping DgY (x¢) is linear.
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3. The mapping DY (xo) is bounded, i.e., for every x € X, there exists M > 0
such that ||DgY (zo)(x)||y < M|z -

If Y is Gateauz differentiable at xy € X, then the mapping DcY(x¢) is called
Gateaux derivative of T at xg.

Remark A.2.17. Note every linear mapping T : X — ) between normed vector
spaces is continuous if and only if it is bounded; see, for instance, Lemma I1.3.4 in
Dunford and Schwartz (1957). We denote the set of all bounded linear operators from
X toY by L(X,)). This space can be equipped with the operator norm topology.
This topology is defined by the so called operator norm given by

Y
IT]| == sup @)y for T € L(X,)).
cex\{0} lzllx

For the following condition let us consider a subset A of a Banach space X, a
subset B of a topological space ) and a function J : A x B — R.

Condition A.2.18 (See Hypotheses D1 in Bernhard and Rapaport (1995)). Let
a € Aand h € A be fixed.

1. B is compact.
2. For all b € B, the function (t,b) — J(a + th,b) is u.s.c. at (0,b).

3. For all b € B and all ¢ in a right neighborhood of 0, there exists a bounded
directional derivative
J(a+ (t+u)h,b) — J(a+th,b)

df th,b)(h) := li .
1 (a+th,b)(h) = lim ”

4. For all b € B, the function (¢,b) + di J(a + th,b)(h) is u.s.c. at (0,b).

Theorem A.2.19 (See Theorem D1 in Bernhard and Rapaport (1995)). Let A be a
subset of a Banach space X and B be a subset of a topological space Y and consider
the function J : A x B — R. If Condition A.2.18 is satisfied, then the function J
defined by

J(d'):=supJ(a',b) fora € A
beB

has a directional derivative at a € A in the direction h € A, which is given by

dtJ(a)(h) = bergi)((a) di J(a,b)(h)

where B (a) := {b € B|J(a,b) = J(a)}.
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